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Deep neural networks have become the state-of-the-art tool to solve many computer vision problems.

However, these algorithms face a lot of computational and optimization challenges. For example,

a) the training of deep networks is not only computationally intensive but also requires a lot

of manual effort and parameter turning, b) for some particular use-cases, such as adversarial

deep networks, it’s even challenging to optimize to achieve good or stable performance. In this

dissertation, we address these challenges by targeting the following closely related problems.

First, we focus on the problem of automating the step-size and decay parameters in the training

of deep networks. Classical stochastic gradient methods for optimization rely on noisy gradient

approximations that become progressively less accurate as iterates approach a solution. The large

noise and small signal in the resulting gradients makes it difficult to use them for adaptive step-size

selection. We propose alternative “big batch” SGD schemes that adaptively grow the batch size

over time to maintain a nearly constant signal-to-noise ratio in the gradient approximation. The



high fidelity gradients enable automated learning rate selection and do not require stepsize decay.

Also, big batches can be parallelized across many machines, reducing training time and efficiently

utilizing resources.

Second, in the similar pursuit of automated and efficient training of deep networks, we explore the

use of L-BFGS for large-scale machine learning applications. L-BFGS, a very successful second-

order optimization method for convex problems, is not even considered an algorithm of choice

for these applications. Recent work has shown that a stochastic version of L-BFGS can perform

comparably to the current state-of-the-art solvers such as SGD or Adam for classification tasks.

However, their work is limited to deep networks that do not use batch normalization. Since batch

normalization is a de facto standard and essential for good performance in practical industrial-

strength deep networks, this renders their work somewhat less practical. To this end, we propose a

new variant of stochastic L-BFGS, which can work for deep networks that use batch normalization.

We demonstrate the effectiveness of the proposed method by providing both convergence analysis

and empirical results on standard deep networks and image classification. The proposed method

outperforms Adam and existing approaches for L-BFGS by a large margin (10% in some cases)

and is comparable to carefully tuned SGD for some cases. Although we do not surpass the

generalization performance of carefully tuned SGD, this work marks another significant step towards

considering L-BFGS as an effective algorithm for large-scale machine learning.

Third, we propose a stable training method for adversarial deep networks. Adversarial neural

networks solve many important problems in data science, but are notoriously difficult to train.

These difficulties come from the fact that optimal weights for adversarial nets correspond to saddle

points, and not minimizers, of the loss function. The alternating stochastic gradient methods



typically used for such problems do not reliably converge to saddle points, and when convergence

does happen it is often highly sensitive to learning rates. We propose a simple modification of

stochastic gradient descent that stabilizes adversarial networks. We show, both in theory and

practice, that the proposed method reliably converges to saddle points, and is stable with a wider

range of training parameters than a non-prediction method. This makes adversarial networks less

likely to “collapse”, and enables faster training with larger learning rates.

Finally, we propose to efficiently compute the Neural Tangent Kernel (NTK) by establishing (both

theoretically and empirically) that for most practical use-cases, NTK can be replaced by the well-

known Laplace kernel, which is computationally much cheaper than NTK. NTK is interesting and

important because it can reasonably well approximate the solution of a massively overparameterized

neural network that is trained using SGD. So, another advantage of this finding is that one can get

more insight into infinite width real neural networks by analyzing the Laplace kernel, which has a

simple closed form (which NTK does not have).



IMPROVED TRAINING OF DEEP NETWORKS
FOR COMPUTER VISION

by

Abhay Kumar Yadav

Dissertation submitted to the Faculty of the Graduate School of the
University of Maryland, College Park in partial fulfillment

of the requirements for the degree of
Doctor of Philosophy

2021

Advisory Committee:
Professor David W. Jacobs, Chair/Advisor
Professor Abhinav Shrivastava
Professor Behtash Babadi
Professor Ramani Duraiswami
Professor Tom Goldstein



© Copyright by
Abhay Kumar Yadav

2021



Dedication

To the existence

ii



Acknowledgments

I owe my gratitude to all the people who have made this dissertation possible and because of whom

my graduate experience has been one that I will cherish forever. I apologize in advance to whom I

could have inadvertently left out in this acknowledgement.

First and foremost, I would like to thank my advisor, Professor David W. Jacobs, an excellent

research mentor who has provided more than everything I could ask for from an advisor. He gave

me a lot of freedom to explore my research, take internships, and spend time with my family. He

always helped me, whether its academia or personal, or professional. He would suggest that I

might be wrong but would still encourage me to see my own mistake without forcing his views,

which I believe is an integral part of the learning process. I think not only he is a wonderful mentor

but also a wonderful human being. Probably only thanking him would not be sufficient.

It is an honor to have Professor Abhinav Shrivastava, Professor Behtash Babadi, Professor Ramani

Duraiswami, and Professor Tom Goldstein on my dissertation committee. I am thankful to them

for serving on my committee and providing insightful and diverse suggestions to improve this

dissertation. I also would like to thank Professor Rama Chellappa and Professor Tom Goldstein

for their insightful and valuable suggestions during my dissertation proposal.

iii



I want to extend my special thank to Professor Tom Goldstein for the intense and fruitful research

discussions that expanded my understanding of seeing things from different perspectives, which

led to many publications. I would like to thank Dr. Carlos, Dr. Soham De, Dr. Sohil Shah, Dr.

Rajeev Ranjan, and my research colleagues at UMD for making my Ph.D. years memorable.

I would like to thank Professor Ronen Basri for his insightful discussion of deep networks and

kernel methods. I would also like to thank my collaborators at Weizmann Institute of Science,

Israel. It was a pleasure to work with them all.

I would like to acknowledge the help and support from the staff members from Computer Science

Department, Prof. Jeff Foster, Jeniffer Story, Tom Hurst, Jodie Gray, Sharron McElroy, and Janice

Perrone. I would like to thank UMIACS staff members for supporting my GPU workstations.

Last but not least, I owe my deepest thanks to my family for their unconditional love and support.

They always stood behind me and helped me get through all those challenging times.

Lastly, thank you all and myself!

iv



Table of Contents

Dedication ii

Acknowledgements iii

Table of Contents v

List of Tables ix

List of Figures x

Chapter 1: Introduction 1
1.1 Big Batch SGD: First-order method . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.2 Frozen-Batch L-BFGS (FbLBFGS): Second-order method . . . . . . . . . . . . . 3
1.3 Stabilizing Adversarial Nets With Prediction Methods . . . . . . . . . . . . . . . . 4
1.4 Similarity between the Laplace and Neural Tangent Kernels . . . . . . . . . . . . . 6
1.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

Chapter 2: Automated Inference using Adaptive Batch Sizes 9
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
2.2 Related work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
2.3 Big Batch SGD . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

2.3.1 Preliminaries and motivation . . . . . . . . . . . . . . . . . . . . . . . . . 13
2.3.2 A template for big batch SGD . . . . . . . . . . . . . . . . . . . . . . . . 15

2.4 Convergence Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
2.4.1 Comparison to classical SGD . . . . . . . . . . . . . . . . . . . . . . . . . 19

2.5 Practical Implementation with Backtracking Line Search . . . . . . . . . . . . . . 20
2.6 Experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

2.6.1 Convex Experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
2.6.2 Neural Network Experiments . . . . . . . . . . . . . . . . . . . . . . . . . 24

2.7 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

Chapter 3: Making L-BFGS Work with Industrial-Strength Nets 27
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
3.2 Background and Related Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

3.2.1 Multi-Batch L-BFGS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30
3.2.2 Stable Quasi-Newton Updates . . . . . . . . . . . . . . . . . . . . . . . . 31
3.2.3 Stochastic Line Search . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

v



3.2.4 Batch Normalization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
3.3 Proposed Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

3.3.1 Stable Quasi-Newton Updates With BatchNorm: . . . . . . . . . . . . . . 34
3.3.2 Line Search: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
3.3.3 On Convergence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

3.4 Experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37
3.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

Chapter 4: Stabilizing Adversarial Nets With Prediction Methods 45
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
4.2 Proposed Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46
4.3 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

4.3.1 Adversarial Networks as a Saddle-Point Problem . . . . . . . . . . . . . . 48
4.3.2 Stabilizing saddle point solvers . . . . . . . . . . . . . . . . . . . . . . . . 49

4.4 Interpretations of the prediction step . . . . . . . . . . . . . . . . . . . . . . . . . 50
4.4.1 An intuitive viewpoint . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
4.4.2 A more mathematical perspective . . . . . . . . . . . . . . . . . . . . . . 51
4.4.3 A rigorous perspective . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

4.5 Experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54
4.5.1 MNIST Toy problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55
4.5.2 Generative Adversarial Networks . . . . . . . . . . . . . . . . . . . . . . . 56
4.5.3 Domain Adaptation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59
4.5.4 Fair Classifier . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

4.6 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

Chapter 5: On the Similarity between the Laplace and Neural Tangent Kernels 63
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64
5.2 Related Works . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66
5.3 NTK vs. the Exponential Kernels . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

5.3.1 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69
5.3.2 NTK in Sd−1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71
5.3.3 NTK vs. exponential kernels in Sd−1 . . . . . . . . . . . . . . . . . . . . . 73
5.3.4 NTK vs. exponential kernels in Rd . . . . . . . . . . . . . . . . . . . . . . 75

5.4 Experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78
5.4.1 UCI dataSet . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78
5.4.2 Large scale datasets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79
5.4.3 Hierarchical convolutional kernels . . . . . . . . . . . . . . . . . . . . . . 80

5.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

Chapter 6: Conclusion 83

Appendix A: Automated Inference using Adaptive Batch Sizes 86
A.1 Proof of Lemma 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86
A.2 Proof of Theorem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87
A.3 Proof of Lemma 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

vi



A.4 Proof of Theorem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88
A.5 Proof of Theorem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89
A.6 Algorithmic Details for Automated Big Batch Methods . . . . . . . . . . . . . . . 91
A.7 Details of Neural Network Experiments and Additional Results . . . . . . . . . . . 93

Appendix B: Making L-BFGS Work with Industrial-Strength Nets 95
B.1 Performance overview of FbLBFGS for different datasets and deep networks . . . . 95

B.1.1 Overview of FbLBFGS for STL10 on different deep networks . . . . . . . 95
B.1.2 Overview of FbLBFGS for CIFAR-10 on different deep networks . . . . . 97
B.1.3 Overview of FbLBFGS for CIFAR-100 on different deep networks . . . . . 98

Appendix C: Stabilizing Adversarial Nets With Prediction Methods 100
C.1 Detailed derivation of the harmonic oscillator equation . . . . . . . . . . . . . . . 100

C.1.1 Proof of Theorem 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104
C.2 Experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

C.2.1 MNIST Toy example . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109
C.2.2 Domain Adaptation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110
C.2.3 Fair Classifier . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111
C.2.4 Generative Adversarial Networks . . . . . . . . . . . . . . . . . . . . . . . 111

Appendix D: On the Similarity between the Laplace and Neural Tangent Kernels 119
D.1 Formulas for NTK . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119
D.2 NTK on Sd−1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122

D.2.1 RKHS for sums and products of kernels. . . . . . . . . . . . . . . . . . . . 122
D.2.2 The decay rate of the eigenvalues of NTK . . . . . . . . . . . . . . . . . . 123

D.3 Laplace Kernel in Sd−1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127
D.3.1 Proof of main theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . 132

D.4 NTK in Rd . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133
D.5 Experimental Details . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 138

D.5.1 The UCI dataSet . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 138
D.5.2 Large scale datasets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139
D.5.3 C-Exp: Convolutional Exponential Kernels . . . . . . . . . . . . . . . . . 140

Appendix E: Biconvex Relaxation for Semidefinite Programming in Computer Vision 142
E.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 142

E.1.1 Contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 144
E.2 Background and Relevant Prior Art . . . . . . . . . . . . . . . . . . . . . . . . . . 145

E.2.1 Semidefinite Programs (SDPs) . . . . . . . . . . . . . . . . . . . . . . . . 145
E.2.2 SDR for Binary-Valued Quadratic Problems . . . . . . . . . . . . . . . . . 146
E.2.3 Specialized Solvers for SDPs . . . . . . . . . . . . . . . . . . . . . . . . . 147

E.3 Biconvex Relaxation (BCR) Framework . . . . . . . . . . . . . . . . . . . . . . . 148
E.3.1 Biconvex Relaxation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 148
E.3.2 Alternating Minimization (AM) Algorithm . . . . . . . . . . . . . . . . . 151
E.3.3 Initialization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 152
E.3.4 Advantages of Biconvex Relaxation . . . . . . . . . . . . . . . . . . . . . 154

vii



E.4 Benchmark Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 154
E.4.1 General-Form Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . 155
E.4.2 Image Segmentation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 156
E.4.3 Co-segmentation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 159
E.4.4 Metric Learning on Manifolds . . . . . . . . . . . . . . . . . . . . . . . . 162

E.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 165

Bibliography 167

viii



List of Tables

3.1 Comparison of train/test accuracy for STL-10 on ResNet, DenseNet, and Wide
ResNet respectively. The results are shown in the format of ‘mean±std’ computed
over 5 random seeds. Higher are better. ⋆ denotes highly tuned SGD with grid
search and potentially over-fitting the test set for a particular model. We report
these results for complete perspective. . . . . . . . . . . . . . . . . . . . . . . . . 40

3.2 Comparison of train/test accuracy for CIFAR-10 on ResNet, DenseNet, and Wide
ResNet respectively. The results are shown in the format of ‘mean±std’ computed
over 5 random seeds. Higher are better. ⋆ denotes highly tuned SGD with grid
search and potentially over-fitting the test set for a particular model. We report
these results for complete perspective. . . . . . . . . . . . . . . . . . . . . . . . . 40

3.3 Comparison of train/test accuracy for CIFAR-100 on ResNet, DenseNet, and Wide
ResNet respectively. The results are shown in the format of ‘mean±std’ computed
over 5 random seeds. Higher are better. ⋆ denotes highly tuned SGD with grid
search and potentially over-fitting the test set for a particular model. We report
these results for complete perspective. . . . . . . . . . . . . . . . . . . . . . . . . 40

4.1 Comparison of Inception Score on Stacked GAN network with and w/o G prediction. . . . 58
4.2 Comparison of target domain accuracy on OFFICE dataset. . . . . . . . . . . . . . . . . 60

5.1 Performance on the large scale datasets. We report MSE (lower is better) for the regression
problem, and AUC (higher is better) for the classification problems. . . . . . . . . . . . . 81

5.2 Classification accuracy for the CIFAR-10 dataset for our C-Exp hierarchical kernels, compared
to CNTK. The two columns show results with training on the full dataset and on the first
2000 examples. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

D.1 Hyper-parameters chosen with cross validation for the different kernels. . . . . . . . . . . 140

E.1 Results on image segmentation. Numbers are the mean over the images in Fig. E.2. Lower
numbers are better. The proposed algorithm and the best performance are highlighted. . . 161

E.2 Co-segmentation results. The proposed algorithm and the best performance is highlighted. . 161
E.3 Image set classification results for state-of-the-art metric learning algorithms. The last

three columns report computation time in seconds. The last 3 rows report performance
using CDL-LDA after dimensionality reduction. Methods using the proposed BCR are
listed in bold. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 165

ix



List of Figures

1.1 An example of Adversarial Networks (Generative Adversarial Network). . . . . . . . . . 5
1.2 A schematic depiction of gradient methods. (a) Classical networks are trained by marching

down the loss function until a minimizer is reached. Because classical loss functions are
bounded from below, the solution path gets stopped when a minimizer is reached, and the
gradient method remains stable. (b) Adversarial net loss functions may be unbounded
from below, and training alternates between minimization and maximization steps. If
minimization (or, conversely, maximization) is more powerful, the solution path “slides
off” the loss surface and the algorithm becomes unstable, resulting in a sudden “collapse”
of the network. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.3 Left: An overlay of the NTK for a 6-layer FC network with ReLU activation
with the Laplace and Gaussian kernels, as a function of the angle between their
arguments. The exponential kernels are modulated by an affine transformation to
achieve a least squares fit to the NTK. Note the high degree of similarity between
the Laplace kernel and NTK. Right: eigenvalues as a function of frequency in S1.
The slopes in these log-log plots indicate the rate of decay, which is similar for
both the Laplace kernel and for NTK for the FC network with 6 layers. (Empirical
slopes are -1.94 for both Laplace and NTK-FC.) The eigenvalues of the Gaussian
kernel, in contrast, decay exponentially. . . . . . . . . . . . . . . . . . . . . . . . 7

2.1 Convex experiments. Left to right: Ridge regression on MILLIONSONG; Logistic regression
on COVERTYPE; Logistic regression on IJCNN1. The top row shows how the norm of
the true gradient decreases with the number of epochs, the middle and bottom rows show
the batch sizes and stepsizes used on each iteration by the big batch methods. Here ‘passes
through the data’ indicates number of epochs, while ‘iterations’ refers to the number of
parameter updates used by the method (there may be multiple iterations during one epoch). 23

2.2 Neural Network Experiments. The three columns from left to right correspond to results
for CIFAR-10, SVHN, and MNIST, respectively. The top row presents classification
accuracies on the training set, while the bottom row presents classification accuracies on
the test set. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

x



3.1 A side-by-side schematic depiction of curvature pair (yk, θk) update scheme in
SdLBFGS [1] and FbLBFGS (ours). Here, the dotted box represents the batch
used for a curvature pair update and the solid box represents the batch used for the
gradient step. The SdLBFGS method computes an auxiliary stochastic gradient at
xk using the sample Sk−1 from the (k − 1)-st iteration, which is used for gradient
differencing only (to update yk). Then a gradient step is taken on a new batch
Sk and the process repeats. On the other hand, FbLBFGS (proposed) does not
compute any auxiliary gradients but skips the first curvature pair update (k-th
iteration), takes a gradient step, and in the next iteration ((k+1)-st) the same frozen
batch Sk is used both to update the curvature pair and to take another gradient step.
In the following next iteration (xk+2), when the batch changes to Sk+1, the Hessian
update is skipped, and the process repeats. . . . . . . . . . . . . . . . . . . . . . . 36

3.2 Overview of the performance of STL-10 on Wide ResNet. The solid lines represent
train accuracy and dashed lines represent test accuracy, respectively. . . . . . . . . 41

3.3 The number of function evaluations per line search for STL-10 on Wide ResNet.
The average of every consecutive 100 iteration is plotted for display purpose. . . . 41

3.4 Overview of the performance of CIFAR-10 on DenseNet. The solid lines represent
train accuracy and dashed lines represent test accuracy, respectively. . . . . . . . . 42

3.5 The number of function evaluations per line search for CIFAR-10 on DenseNet.
The average of every consecutive 100 iteration is plotted for display purpose. . . . 42

3.6 Overview of the performance of CIFAR-100 on ResNet. The solid lines represent
train accuracy and dashed lines represent test accuracy, respectively. . . . . . . . . 43

3.7 The number of function evaluations per line search for CIFAR-100 on ResNet. The
average of every consecutive 100 iteration is plotted for display purpose. . . . . . . 43

xi



4.1 A schematic depiction of the prediction method. When the minimization step is powerful
and moves the iterates a long distance, the prediction step (dotted black arrow) causes the
maximization update to be calculated further down the loss surface, resulting in a more
dramatic maximization update. In this way, prediction methods prevent the maximization
step from getting overpowered by the minimization update. . . . . . . . . . . . . . . . 52

4.2 Comparison of the classification accuracy (digit parity) and discriminator (noisy vs. no-
noise) accuracy using SGD and Adam solver with and without prediction steps. θf and θd
refers to variables in eq. (4.5). (a) Using SGD with learning rate lr = 10−4. Note that the
solid lines of red, blue and green are overlapped. (b) SGD solver with higher learning rate
of lr = 10−3, and (c) using Adam solver with its default parameter. . . . . . . . . . . . . 56

4.3 Comparison of GAN training algorithms for DCGAN architecture on Cifar-10 image datasets.
Using default parameters of DCGAN; lr = 0.0002, β1 = 0.5. . . . . . . . . . . . . . . 58

4.4 Comparison of GAN training algorithms for DCGAN architecture on Cifar-10 image datasets
with higher learning rate, lr = 0.001, β1 = 0.5. . . . . . . . . . . . . . . . . . . . . . 59

4.5 Model selection for learning a fair classifier. (a) Comparison of yt,delta (higher is
better), and also ydisc (lower is better) and yacc on the test set using AFLR with and
without predictive steps. (b) Number of encoder layers in the selected model. (c)
Number of discriminator layers (both adversarial and task-specific) in the selected
model. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

5.1 Left: An overlay of the NTK for a 6-layer FC network with ReLU activation with the
Laplace and Gaussian kernels, as a function of the angle between their arguments. The
exponential kernels are modulated by an affine transformation to achieve a least squares
fit to the NTK. Note the high degree of similarity between the Laplace kernel and NTK.
Middle left: eigenvalues as a function of frequency in S1. The slopes in these log-log plots
indicate the rate of decay, which is similar for both the Laplace kernel and for NTK for the
FC network with 6 layers. (Empirical slopes are -1.94 for both Laplace and NTK-FC.) The
eigenvalues of the Gaussian kernel, in contrast, decay exponentially. Middle right: Same
for S2. (Empirical slopes are -2.75 for the Laplace and NTK-FC.) Right: Same estimated
for the UCI Abalone dataset (here we show eigenvalues as function of eigenvalue index). . 65

5.2 Left: plots of the eigenfunctions of NTK for a two layer FC network with bias on the unit
disk, arranged in decreasing order of the eigenvalues. The radial shape of the eigenfunctions
is evident. For two layers, the eigenvalues of kFC0(2) are zero for odd k ≥ 3, while those
of kBias(2) are zero for even k ≥ 2. Therefore we see two “DC components" (top left
and 2nd in 2nd row) and four k = 1 components (2nd and 3rd in 1st row and 1st and
2nd in third row). The rest of the frequencies are represented twice each. Right: Absolute
correlation between the eigenfunctions of NTK and those of the Laplace kernel for data
sampled uniformly on the unit disk. It can be seen that eigenfunctions of higher frequency
for NTK correlate with eigenfunctions of higher frequency for the Laplace. However,
relatively low order components for NTK contain higher frequency components of the
Laplace. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

5.3 Performance on the UCI dataset. Lower F-Rank and higher P90, P95, PMA are better
numbers. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

5.4 Performance comparisons between NTK and H-Laplace on the UCI dataset. . . . . . . . 80

xii



5.5 Fitting the Laplace kernel to NTK. The graph shows optimal width (c) of the Laplace kernel
that is fitted to NTK with different number of layers. . . . . . . . . . . . . . . . . . . . 80

A.1 Neural Network Experiments. Figure shows the change in the loss function for CIFAR-10,
SVHN, and MNIST (left to right). . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

B.1 Overview of the performance of STL-10 on ResNet. The solid lines represent train
accuracy and dashed lines represent the test accuracy, respectively. . . . . . . . . . 95

B.2 Overview of the performance of STL-10 on DenseNet. The solid lines represent
train accuracy and dashed lines represent the test accuracy, respectively. . . . . . . 96

B.3 Overview of the performance of STL-10 on Wide ResNet. The solid lines represent
train accuracy and dashed lines represent the test accuracy, respectively. . . . . . . 96

B.4 Overview of the performance of CIFAR-10 on ResNet. The solid lines represent
train accuracy and dashed lines represent the test accuracy, respectively. . . . . . . 97

B.5 Overview of the performance of CIFAR-10 on DenseNet. The solid lines represent
train accuracy and dashed lines represent the test accuracy, respectively. . . . . . . 97

B.6 Overview of the performance of CIFAR-10 on Wide ResNet. The solid lines
represent train accuracy and dashed lines represent the test accuracy, respectively. . 98

B.7 Overview of the performance of CIFAR-100 on ResNet. The solid lines represent
train accuracy and dashed lines represent the test accuracy, respectively. . . . . . . 98

B.8 Overview of the performance of CIFAR-100 on DenseNet. The solid lines represent
train accuracy and dashed lines represent the test accuracy, respectively. . . . . . . 99

B.9 Overview of the performance of CIFAR-100 on Wide ResNet. The solid lines
represent train accuracy and dashed lines represent the test accuracy, respectively. . 99

C.1 Comparison of the classification accuracy of parity classification and noise discrimination
using the SGD and Adam solvers with and without prediction step. . . . . . . . . . 110

C.2 Comparison of GAN training algorithms on toy dataset. Results on, from top to
bottom, GAN, GAN with G prediction, and unrolled GAN. . . . . . . . . . . . . . 112

C.3 Comparison of GAN training algorithms on toy dataset of mixture of 100 Gaussians.
Results on, from top to bottom, batch size of 64 and 6144. . . . . . . . . . . . . . . 113

C.4 Comparison of GAN training algorithms for DCGAN architecture on Cifar-10
image datasets. Using higher momentum, lr = 0.0002, β1 = 0.9. . . . . . . . . . . 114

C.5 Comparison of GAN training algorithms for DCGAN architecture on Cifar-10
image datasets. lr = 0.0004, β1 = 0.5. . . . . . . . . . . . . . . . . . . . . . . . . 115

C.6 Comparison of GAN training algorithms for DCGAN architecture on Cifar-10
image datasets. lr = 0.0006, β1 = 0.5. . . . . . . . . . . . . . . . . . . . . . . . . 116

C.7 Comparison of GAN training algorithms for DCGAN architecture on Cifar-10
image datasets. lr = 0.0008, β1 = 0.5. . . . . . . . . . . . . . . . . . . . . . . . . 117

C.8 Comparison of Inception scores on high resolution Imagenet datasets measured at
each training epoch of ACGAN model with and without prediction. . . . . . . . . . 118

E.1 Results on synthetic data for varying number of linear constraints. . . . . . . . . . . . . 156
E.2 Image segmentation results on the Berkeley dataset. The red and blue marker indicates the

annotated foreground and background super-pixels, respectively. . . . . . . . . . . . . . 159

xiii



E.3 Co-segmentation results on the Weizman horses and MSRC datasets. From top to bottom:
the original images, the results of LR, SDCut, and BCR, respectively. . . . . . . . . . . . 162

xiv



Chapter 1: Introduction

Deep neural networks [2, 3] have become indispensable tools in computer vision and emerged

as a clear winner in many important applications such as image classification [2, 4, 5], object

detection [6, 7], Generative Adversarial Networks [8, 9], etc. Despite their enormous success, one

faces a lot of computational and optimization challenges to apply deep networks [10] successfully.

For example: a) For image classification, one has to empirically decide many hyper-parameters

such as the number of layers, filter size, batch size, training algorithm, learning rate schedule,

and the list goes on. And deciding even a single factor from this list is quite challenging due

to the large manual effort and computation involved, b) Adversarial deep networks [9, 11, 12]

solve many significant problems in computer vision, but are difficult to train because their training

involves alternating minimization and maximization operations on a multi-task objective function,

c) Recent works have shown that infinite width deep networks are equivalent to Neural Tangent

Kernels (NTK) which makes it possible to approximate the function learned by an infinite width

deep network using an equivalent NTK-regressor. However, memory and time requirements for

NTK computation grow linearly with the number of layers (because of its recursive definition),

which makes it expensive especially for large-scale data. This hinders the further exploration and

application of NTK for large-scale datasets to some extent (For example, 5x time and memory

computation is needed for a 5 layered infinite width deep network equivalent NTK).
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In this work, we target the problems mentioned above using principled optimization methods for

deep networks. In particular, Chapter 2 focuses on efficient and automated first-order training

methods that are empirically comparable or better performing than other standard methods, but

without requiring an expert user to choose learning rates and decay parameters. In a similar

direction, in Chapter 3, we propose a new version of L-BFGS, a second-order method for the

training of deep networks for classification tasks. In Chapter 4, we present a simple modification

to the alternating stochastic gradient descent (SGD) method, called a prediction step, that improves

stability in the training of adversarial deep networks. In Chapter 5, we establish that NTK is

equivalent to the classic standard Laplace kernel for most of the practical use-cases, thus for those

use-cases, one can compute the Laplace kernel, which is computationally cheap as compared to

NTK. Finally, in Chapter 6, we summarize the current work and suggest some possible future

directions.

1.1 Big Batch SGD: First-order method

In Chapter 2, we study a “big batch” strategy for the SGD methods [13] and its impact in the

efficient and automated training of deep networks. It is common practice to progressively reduce

the step size (learning rate) while using SGD methods, especially while training deep networks [14,

15], but finding the right learning rate and decay schedule is manual and inefficient. Rather than

decreasing the step size, we let the minibatch adaptively grow in size to maintain a constant signal-

to-noise ratio of the gradient approximation. This approach has two main advantages: 1) Big

batches can be parallelized across many machines, reducing training time and efficiently using

resources, 2) Using this batching strategy, we can keep the step size constant, or let it adapt using
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a simple Armijo backtracking line search [16], making the method much more manageable to

automate and requiring much less user oversight than classical small batch SGD. Recent results

[17] have shown that large fixed batch sizes fail to find good minimizers for non-convex problems

like deep neural networks. Adaptively increasing the batch size over time overcomes this limitation:

intuitively, in the initial iterations, the increased stochasticity (corresponding to smaller batches)

can help land the iterates near a good minimizer, and larger batches, later on, can increase the

speed of convergence towards this minimizer. The proposed automated methods are empirically

comparable or better performing than other standard methods, but without requiring an expert user

to choose learning rates and decay parameters.

1.2 Frozen-Batch L-BFGS (FbLBFGS): Second-order method

In Chapter 3, we explore and promote the use of second-order methods for large-scale machine

learning applications in a stochastic setting. L-BFGS, a second-order optimization method, has

had much success and been celebrated in convex optimization because of "ease of training" (For

example, one can use line search to choose learning rates that need almost no parameter tuning,

and it converges reliably even for poorly conditioned objectives where SGD fails). But it is

not even considered an algorithm of choice for large-scale machine learning applications, and

hence is not explored compared to existing first-order methods such as SGD and Adam. Recent

work [18] has shown that a new stochastic version of L-BFGS can get comparable or even better

results than SGD or Adam for classification tasks. However, that can only work when batch

normalization (BatchNorm) is not used. Since BatchNorm is a de facto standard and important for

good performance in practical deep networks, this still limits the use of L-BFGS in these scenarios.
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This motivates and warrants further exploration of L-BFGS for more practical deep nets.

In particular, we propose to freeze and reuse the same batch twice for a stable curvature pair update

in the stochastic L-BFGS method for deep networks with BatchNorm. This approach is generic

enough to be applied to any L-BFGS method that employs a finite gradient differencing approach,

making it even more appealing as one can borrow existing tricks and trades of the existing L-BFGS

variants. We also provide convergence proof and empirical results on the classification task. The

proposed approach performs consistently better than existing L-BFGS approaches and Adam by a

large margin (more than 10% generalization accuracy for some problems) and also achieves results

that are on par with carefully manually tuned SGD (SOTA). Although the proposed method is not

able to surpass the state-of-the-art results achieved by SGD, this work marks another significant

step towards making L-BFGS competitive for large-scale machine learning.

1.3 Stabilizing Adversarial Nets With Prediction Methods

In Chapter 4, we propose a simple modification of stochastic gradient descent that stabilizes

adversarial networks. Adversarial networks are widely used in many applications such as image

generation [11, 19], domain adaptation [20, 21, 22], fair representation [12, 23], etc. One widely

used instance of adversarial networks is the generative adversarial network (GAN [9], Figure 1.1).

Adversarial networks are difficult to train because adversarial nets try to accomplish two objectives

simultaneously; weights are adjusted to maximize performance on one task while minimizing

performance on another. Mathematically, this corresponds to finding a saddle point of a loss
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Figure 1.1: An example of Adversarial Networks (Generative Adversarial Network).

(a)

saddle

(b)

Figure 1.2: A schematic depiction of gradient methods. (a) Classical networks are trained by marching
down the loss function until a minimizer is reached. Because classical loss functions are bounded from
below, the solution path gets stopped when a minimizer is reached, and the gradient method remains
stable. (b) Adversarial net loss functions may be unbounded from below, and training alternates between
minimization and maximization steps. If minimization (or, conversely, maximization) is more powerful,
the solution path “slides off” the loss surface and the algorithm becomes unstable, resulting in a sudden
“collapse” of the network.

function and can be written as the following optimization problem

min
u

max
v
L(u, v) (1.1)

for some loss function L and variables u and v. A schematic depiction of the difference between

finding a minimizer and finding a saddle point is shown in the Figure 1.2.
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In this work, we present a simple “prediction” step (1.2) that is easily added to many training

algorithms for adversarial nets. We present both theoretical analysis as well as experiments to

show the efficacy of the proposed method.

Prediction Method

uk+1 = uk − αkL′
u(u

k, vk) | gradient descent in u, starting at (uk, vk)

ūk+1 = uk+1 + (uk+1 − uk) | predict future value of u

vk+1 = vk + βkL′
v(ū

k+1, vk) | gradient ascent in v, starting at (ūk+1, vk) .

(1.2)

1.4 Similarity between the Laplace and Neural Tangent Kernels

In Chapter 5, we first show that Neural Tangent Kernel (NTK) has the same set of functions as

the Laplace kernel for an overparameterized fully connected neural network. The underlying

assumptions are that the activation function used in the neural network should be ReLU, and

data should be distributed on the hypersphere. These assumptions are realistic because most

practical neural networks use ReLU activation and normalize the dataset. Experiments show the

similar performance of NTK and Laplace, and indicate a slight advantage to the more general γ-

exponential kernel achieving state-of-the-art results for well-known 102 UCI data sets. This work

has two direct implications: 1) one can replace Neural Tangent kernel with Laplace kernel and thus

can avoid expensive NTK computation, 2) one can also gain much insight about neural networks

from analysis of the well-known Laplace kernel, which has a simple closed form.
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Figure 1.3: Left: An overlay of the NTK for a 6-layer FC network with ReLU activation with the
Laplace and Gaussian kernels, as a function of the angle between their arguments. The exponential
kernels are modulated by an affine transformation to achieve a least squares fit to the NTK. Note
the high degree of similarity between the Laplace kernel and NTK. Right: eigenvalues as a function
of frequency in S1. The slopes in these log-log plots indicate the rate of decay, which is similar
for both the Laplace kernel and for NTK for the FC network with 6 layers. (Empirical slopes are
-1.94 for both Laplace and NTK-FC.) The eigenvalues of the Gaussian kernel, in contrast, decay
exponentially.

1.5 Summary

Deep learning has become an almost essential algorithm to solve many computer vision problems.

Training is still cumbersome and needs a lot of manual effort to tune many knobs. In this work, we

try to make it easier by focusing on automated and efficient training methods. Efficiency matters

because of the considerable energy consumed by deep networks, and automation matters because

of much manual effort involved. Automatic parameter tuning further reduces the computation

required to reach similar results.

Keeping this broad picture in mind, we first focus on efficient and automated first-order methods

for training deep networks for the classification task and then also explore the most popular

second-order method, L-BFGS in a similar direction. Then we focus on different types of deep

networks: adversarial networks and fully connected networks with infinite width. For adversarial
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networks, we propose a novel training algorithm based on prediction methods which improves

stability in the training of adversarial deep networks across a wide range of learning rates. For fully

connected deep networks with infinite width, recent works have shown that those are equivalent to

kernel regressors that use Neural Tangent Kernels (NTKs). However, the computation of NTK is

expensive in terms of memory and time. Thus, we focus on efficient methods for the computation

of NTK and show that NTK can be replaced by classic standard Laplace kernel for most practical

use-cases. The computation of the Laplace kernel, which has a simple closed-form, is way cheaper

than NTK kernels. Another added benefit of this finding is that one can gain more insight by

leveraging existing literature on the well-known Laplace kernel. In the following chapters, we

discuss these research works in detail.
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Chapter 2: Automated Inference using Adaptive Batch Sizes

In this chapter, we focus on first-order stochastic gradient methods. Classical stochastic gradient

methods for optimization rely on noisy gradient approximations that become progressively less

accurate as iterates approach a solution. The large noise and small signal in the resulting gradients

make it difficult to use them for adaptive stepsize selection and automatic stopping. In this chapter,

we propose alternative “big batch” SGD schemes that adaptively grow the batch size over time

to maintain a nearly constant signal-to-noise ratio in the gradient approximation. The resulting

methods have similar convergence rates to classical SGD, and do not require convexity of the

objective. The high fidelity gradients enable automated learning rate selection and do not require

stepsize decay. Big batch methods are thus easily automated and can run with little or no oversight.

This work [24] is in collaboration with Soham De, David Jacobs, and Tom Goldstein.

2.1 Introduction

We are interested in problems of the form

min
x∈X

ℓ(x) :=


Ez∼p[f(x; z)],

1
N

∑N
i=1 f(x; zi),

(2.1)
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where {zi} is a collection of data drawn from a probability distribution p. We assume that ℓ and f

are differentiable, but possibly non-convex, and domain X is convex. In typical applications, each

term f(x; z) measures how well a model with parameters x fits one particular data observation z.

The expectation over z measures how well the model fits the entire corpus of data on average.

When N is large (or even infinite), it becomes intractable to exactly evaluate ℓ(x) or its gradient

∇ℓ(x), which makes classical gradient methods impossible. In such situations, the method of

choice for minimizing (2.1) is the stochastic gradient descent (SGD) algorithm [13]. On iteration

t, SGD selects a batch B ⊂ {zi} of data uniformly at random, and then computes

xt+1 = xt − αt∇xℓB(xt), (2.2)

where ℓB(x) =
1

|B|
∑
z∈B

f(x; z),

where αt denotes the stepsize used on the t-th iteration. Note that EB[∇xℓB(xt)] = ∇xℓ(xt), and so

the calculated gradient∇xℓB(xt) can be interpreted as a “noisy” approximation to the true gradient.

Because the gradient approximations are noisy, the stepsize αt must vanish as t→∞ to guarantee

convergence of the method. Typical stepsize rules require the user to find the optimal decay rate

schedule, which usually requires an expensive grid search over different possible parameter values.

In this chapter, we consider a “big batch” strategy for SGD. Rather than letting the stepsize vanish

over time as the iterates approach a minimizer, we let the minibatch B adaptively grow in size to

maintain a constant signal-to-noise ratio of the gradient approximation. This prevents the algorithm

from getting overwhelmed with noise, and guarantees convergence with an appropriate constant

stepsize. Recent results [17] have shown that large fixed batch sizes fail to find good minimizers

for non-convex problems like deep neural networks. Adaptively increasing the batch size over
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time overcomes this limitation: intuitively, in the initial iterations, the increased stochasticity

(corresponding to smaller batches) can help land the iterates near a good minimizer, and larger

batches later on can increase the speed of convergence towards this minimizer.

Using this batching strategy, we show that we can keep the stepsize constant, or let it adapt using

a simple Armijo backtracking line search, making the method completely adaptive with no user-

defined parameters.

Big batch methods that adaptively grow the batch size over time have several potential advantages

over conventional small-batch SGD:

• Big batch methods don’t require the user to choose stepsize decay parameters. Larger batch

sizes with less noise enable easy estimation of the accuracy of the approximate gradient,

making it straightforward to adaptively scale up the batch size and maintain fast convergence.

• Higher order methods like stochastic L-BFGS typically require more work per iteration than

simple SGD. When using big batches, the overhead of more complex methods like L-BFGS

can be amortized over more costly gradient approximations. Furthermore, better Hessian

approximations can be computed using less noisy gradient terms.

• For a restricted class of non-convex problems (functions satisfying the Polyak-Łojasiewicz

Inequality), the per-iteration complexity of big batch SGD is linear and the approximate

gradients vanish as the method approaches a solution, which makes it easy to define automated

stopping conditions. In contrast, small batch SGD exhibits sub-linear convergence, and the

noisy gradients are not usable as a stopping criterion.

• Big batch methods are much more efficient than conventional SGD in massively parallel/distributed

settings. Bigger batches perform more computation between parameter updates, and thus
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allow a much higher ratio of computation to communication.

For the reasons above, big batch SGD is potentially much easier to automate and requires much

less user oversight than classical small batch SGD.

2.2 Related work

In this section, we focus on automating stochastic optimization methods by reducing the noise

in SGD. We do this by adaptively growing the batch size to control the variance in the gradient

estimates, maintaining an approximately constant signal-to-noise ratio, leading to automated methods

that do not require vanishing stepsize parameters. While there has been some work on adaptive

stepsize methods for stochastic optimization [25, 26, 27, 28, 29], the methods are largely heuristic

without any kind of theoretical guarantees or convergence rates. The work in Tan et al. [27] was a

first step towards provable automated stochastic methods, and we explore in this direction to show

provable convergence rates for the automated big batch method.

While there has been relatively little work in provable automated stochastic methods, there has

been recent interest in methods that control gradient noise. These methods mitigate the effects

of vanishing stepsizes, though choosing the (constant) stepsize still requires tuning and oversight.

There have been a few papers in this direction that use dynamically increasing batch sizes. In

Friedlander and Schmidt [30], the authors propose to increase the size of the batch by a constant

factor on every iteration, and prove linear convergence in terms of the iterates of the algorithm. In

Byrd et al. [31], the authors propose an adaptive strategy for growing the batch size; however, the

authors do not present a theoretical guarantee for this method, and instead prove linear convergence

for a continuously growing batch, similar to Friedlander and Schmidt [30].
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Variance reduction (VR) SGD methods use an error correction term to reduce the noise in stochastic

gradient estimates. The methods enjoy a provably faster convergence rate than SGD and have been

shown to outperform SGD on convex problems [32, 33, 34, 35], as well as in parallel [36] and

distributed settings [37]. A caveat, however, is that these methods require either extra storage or full

gradient computations, both limiting factors when the dataset is very large. In a recent paper [38],

the authors propose a growing batch strategy for a VR method that enjoys the same convergence

guarantees. However, as mentioned above, choosing the constant stepsize still requires tuning.

Another conceptually related approach is importance sampling, i.e., choosing training points such

that the variance in the gradient estimates is reduced [39, 40, 41].

2.3 Big Batch SGD

2.3.1 Preliminaries and motivation

Classical stochastic gradient methods thrive when the current iterate is far from optimal. In this

case, a small amount of data is necessary to find a descent direction, and optimization progresses

efficiently. As xt starts approaching the true solution x⋆, however, noisy gradient estimates frequently

fail to produce descent directions and do not reliably decrease the objective. By choosing larger

batches with less noise, we may be able to maintain descent directions on each iteration and uphold

fast convergence. This observation motivates the proposed “big batch” method. We now explore

this idea more rigorously.

To simplify notation, we hereon use ∇ℓ to denote ∇xℓ. We wish to show that a noisy gradient

approximation produces a descent direction when the noise is comparable in magnitude to the true

gradient.
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Lemma 1. A sufficient condition for −∇ℓB(x) to be a descent direction is

∥∇ℓB(x)−∇ℓ(x)∥2 < ∥∇ℓB(x)∥2.

This is a standard result in stochastic optimization (see the Appendix A.1). In words, if the error

∥∇ℓB(x)−∇ℓ(x)∥2 is small relative to the gradient ∥∇ℓB(x)∥2, the stochastic approximation is a

descent direction. But how big is this error and how large does a batch need to be to guarantee this

condition? By the weak law of large numbers1

E[∥∇ℓB(x)−∇ℓ(x)∥2] =
1

|B|E[∥∇f(x; z)−∇ℓ(x)∥
2]

=
1

|B| TrVarz∇f(x; z),

and so we can estimate the error of a stochastic gradient if we have some knowledge of the variance

of ∇f(x; z). In practice, this variance could be estimated using the sample variance of a batch

{∇f(x; z)}z∈B. However, we would like some bounds on the magnitude of this gradient to show

that it is well-behaved, and also to analyze worst-case convergence behavior. To this end, we make

the following assumption.

Assumption 1. We assume f has Lz-Lipschitz dependence on data z, i.e., given two data points

z1, z2 ∼ p(z), we have: ∥∇f(x; z1)−∇f(x; z2)∥ ≤ Lz∥z1 − z2∥.

Under this assumption, we can bound the error of the stochastic gradient. The bound is uniform

with respect to x, which makes it rather useful in analyzing the convergence rate for big batch

methods.
1We assume the random variable ∇f(x; z) is measurable and has bounded second moment. These conditions will

be guaranteed by the hypothesis of Theorem 1.
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Theorem 1. Given the current iterate x, suppose Assumption 1 holds and that the data distribution

p has bounded second moment. Then the estimated gradient∇ℓB(x) has variance bounded by

EB∥∇ℓB(x)−∇ℓ(x)∥2 := TrVarB(∇ℓB(x))

≤ 4L2
z TrVarz(z)

|B| ,

where z ∼ p(z). Note the bound is uniform in x.

The proof is in the Appendix A.2. Note that, using a finite number of samples, one can easily

approximate the quantity Varz(z) that appears in our bound.

2.3.2 A template for big batch SGD

Theorem 1 and Lemma 1 together suggest that we should expect d = −∇ℓB to be a descent

direction reasonably often provided

θ2∥∇ℓB(x)∥2 ≥
1

|B| [TrVarz(∇f(x; zi))], (2.3)

or θ2∥∇ℓB(x)∥2 ≥
4L2

z TrVarz(z)

|B| ,

for some θ < 1. Big batch methods capitalize on this observation.

On each iteration t, starting from a point xt, the big batch method performs the following steps:
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1. Estimate the variance TrVarz[∇f(xt; z)], and a batch size K large enough that

θ2E∥∇ℓBt(xt)∥2 ≥ E∥∇ℓBt(xt)−∇ℓ(xt)∥2

=
1

K
TrVarzf(xt; z), (2.4)

where θ ∈ (0, 1) and Bt denotes the selected batch on the t-th iteration with |B| = K.

2. Choose a stepsize αt.

3. Perform the update xt+1 = xt − αt∇ℓBt(xt).

Clearly, we have a lot of latitude in how to implement these steps using different variance estimators

and different stepsize strategies. In the following section, we show that, if condition (2.4) holds,

then linear convergence can be achieved using an appropriate constant stepsize. In subsequent

sections, we address the issue of how to build practical big batch implementations using automated

variance and stepsize estimators that require no user oversight.

2.4 Convergence Analysis

We now present convergence bounds for big batch SGD methods (2.5). We study stochastic

gradient updates of the form

xt+1 = xt − α∇ℓBt(xt) = xt − α(∇ℓ(xt) + et), (2.5)

where et = ∇ℓBt(xt)−∇ℓ(xt), and EB[et] = 0. Let us also define gt = ∇ℓ(xt) + et.

Before we present our results, we first state two assumptions about the loss function ℓ(x).
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Assumption 2. We assume that the objective function ℓ has L-Lipschitz gradients:

ℓ(x) ≤ ℓ(y) +∇ℓ(y)T (x− y) +
L

2
∥x− y∥2.

This is a standard smoothness assumption used widely in the optimization literature. Note that a

consequence of Assumption 2 is the property:

∥∇ℓ(x)−∇ℓ(y)∥ ≤ L∥x− y∥.

Assumption 3. We also assume that the objective function ℓ satisfies the Polyak-Łojasiewicz

Inequality:

∥∇ℓ(x)∥2 ≥ 2µ(ℓ(x)− ℓ(x⋆)).

Note that this inequality does not require ℓ to be convex, and is, in fact, a weaker assumption than

what is usually used. It does, however, imply that every stationary point is a global minimizer

[42, 43].

We now present a result that establishes an upper bound on the objective value in terms of the error

in the gradient of the sampled batch. We present all the proofs in the Appendix A.
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Lemma 2. Suppose we apply an update of the form (2.5) where the batch Bt is uniformly sampled

from the distribution p on each iteration t. If the objective ℓ satisfies Assumption 2, then we have

E[ℓ(xt+1)− ℓ(x⋆)] ≤ E
[
ℓ(xt)− ℓ(x⋆)

−
(
α− Lα2

2

)
∥∇ℓ(xt)∥2 +

Lα2

2
∥et∥2

]
.

Further, if the objective ℓ satisfies the PL Inequality (Assumption 3), we have:

E[ℓ(xt+1)− ℓ(x⋆)]

≤
(
1− 2µ

(
α− Lα2

2

))
E[ℓ(xt)− ℓ(x⋆)] +

Lα2

2
E∥et∥2.

Using Lemma 2, we now provide convergence rates for big batch SGD.

Theorem 2. Suppose ℓ satisfies Assumptions 2 and 3. Suppose further that on each iteration the

batch size is large enough to satisfy (2.4) for θ ∈ (0, 1). If 0 ≤ α < 2
Lβ

, where β = θ2+(1−θ)2

(1−θ)2
, then

we get the following linear convergence bound for big batch SGD using updates of the form 2.5:

E[ℓ(xt+1)− ℓ(x⋆)] ≤ γ · E[ℓ(xt)− ℓ(x⋆)],

where γ =
(
1− 2µ(α− Lα2β

2
)
)
. Choosing the optimal stepsize of α = 1

βL
, we get

E[ℓ(xt+1)− ℓ(x⋆)] ≤
(
1− µ

βL

)
· E[ℓ(xt)− ℓ(x⋆)].

Note that the above linear convergence rate bound holds without requiring convexity. Comparing it

with the convergence rate of deterministic gradient descent under similar assumptions, we see that
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big batch SGD suffers a slowdown by a factor β, due to the noise in the estimation of the gradients.

2.4.1 Comparison to classical SGD

Conventional small batch SGD methods can attain only O(1/t) convergence for strongly convex

problems, thus requiring O(1/ϵ) gradient evaluations to achieve an optimality gap less than ϵ, and

this has been shown to be optimal in the online setting (i.e., the infinite data setting) [44]. In

the previous section, however, we have shown that big batch SGD methods converge linearly in

the number of iterations, under a weaker assumption than strong convexity, in the online setting.

Unfortunately, per-iteration convergence rates are not a fair comparison between these methods

because the cost of a big batch iteration grows with the iteration count, unlike classical SGD. For

this reason, it is interesting to study the convergence rate of big batch SGD as a function of gradient

evaluations.

From Lemma 2, we see that we should not expect to achieve an optimality gap less than ϵ until

we have: Lα2

2
EBt∥et∥2 < ϵ. In the worst case, by Theorem 1, this requires Lα2

2
4L2

z TrVarz(z)
|B| < ϵ, or

|B| ≥ O(1/ϵ) gradient evaluations. Note that in the online or infinite data case, this is an optimal

bound, and matches that of other SGD methods.

We choose to study the infinite sample case since the finite sample case is fairly trivial with a

growing batch size: asymptotically, the batch size becomes the whole dataset, at which point we

get the same asymptotic behavior as deterministic gradient descent, achieving linear convergence

rates.
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2.5 Practical Implementation with Backtracking Line Search

While one could implement a big batch method using analytical bounds on the gradient and its

variance (such as that provided by Theorem 1), the purpose of big batch methods is to enable

automated adaptive estimation of algorithm parameters. Furthermore, the stepsize bounds provided

by our convergence analysis, like the stepsize bounds for classical SGD, are fairly conservative and

more aggressive stepsize choices are likely to be more effective.

The framework outlined in Section 2.3.2 requires two ingredients: estimating the batch size and

estimating the stepsize. Estimating the batch size needed to achieve (2.4) is fairly straightforward.

We start with an initial batch size K, and draw a random batch B with |B| = K. We then compute

the stochastic gradient estimate∇ℓB(xt) and the sample variance

VB :=
1

|B| − 1

∑
z∈B

∥∇f(xt; z)−∇ℓB(xt)∥2

≈ TrVarz∈B(∇f(xt; z)). (2.6)

We then test whether ∥∇ℓB(xt)∥2 > VB/|B| as a proxy for (2.4). If this condition holds, we proceed

with a gradient step, else we increase the batch size K ← K + δK , and check our condition again.

We fix δK = 0.1K for all our experiments. Our aggressive implementation also simply chooses

θ = 1. The fixed stepsize big batch method is listed in Algorithm 1.

We also consider a backtracking variant of SGD that adaptively tunes the stepsize. This method

selects batch sizes using the same criterion (2.6) as in the constant stepsize case. However, after

a batch has been selected, a backtracking Armijo line search is used to select a stepsize. In the

Armijo line search, we keep decreasing the stepsize by a constant factor (in our case, by a factor
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Algorithm 1 Big batch SGD: fixed stepsize
1: initialize starting pt. x0, stepsize α, initial batch size K > 1, batch size increment δk
2: while not converged do
3: Draw random batch with size |B| = K
4: Calculate VB and ∇ℓB(xt) using (2.6)
5: while ∥∇ℓB(xt)∥2 ≤ VB/K do
6: Increase batch size K ← K + δK
7: Sample more gradients
8: Update VB and ∇ℓB(xt)
9: end while

10: xt+1 = xt − α∇ℓB(xt)
11: end while

of 2) until the following condition is satisfied on each iteration:

ℓB(xt+1) ≤ ℓB(xt)− cαt∥∇ℓB(xt)∥2, (2.7)

where c is a parameter of the line search usually set to 0 < c ≤ 0.5. We now present a convergence

result of big batch SGD using the Armijo line search.

Theorem 3. Suppose that ℓ satisfies Assumptions 2 and 3 and on each iteration, and the batch size

is large enough to satisfy (2.4) for θ ∈ (0, 1). If an Armijo line search, given by (2.7), is used, and

the stepsize is decreased by a factor of 2 failing (2.7), then we get the following linear convergence

bound for big batch SGD using updates of the form 2.5:

E[ℓ(xt+1)− ℓ(x⋆)] ≤ γ · E[ℓ(xt)− ℓ(x⋆)],

where γ =
(
1− 2cµmin

(
α0,

1
2βL

))
and 0 < c ≤ 0.5. If the initial stepsize α0 is set large enough
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such that α0 ≥ 1
2βL

, then we get:

E[ℓ(xt+1)− ℓ(x⋆)] ≤
(
1− cµ

βL

)
E[ℓ(xt)− ℓ(x⋆)].

In practice, on iterations where the batch size increases, we double the stepsize before running

line search to prevent the stepsizes from decreasing monotonically (algorithm is listed in the

Appendix A.6).

2.6 Experiments

In this section, we present our experimental results. We explore big batch methods with both

convex and non-convex (neural network) experiments on large and high-dimensional datasets.

2.6.1 Convex Experiments

For the convex experiments, we test big batch SGD on a binary classification problem with logistic

regression: minx
1
n

∑n
i=1 log(1+exp(−biaTi x)), and a linear regression problem: minx

1
n

∑n
i=1(a

T
i x−

bi)
2.

Figure 2.1 presents the results of our convex experiments on three standard real world datasets:

IJCNN1 [45] and COVERTYPE [46] for logistic regression, and MILLIONSONG [47] for linear

regression. As a preprocessing step, we normalize the features for each dataset. We compare

deterministic gradient descent (GD) and SGD with stepsize decay (αt = a/(b + t)) to big batch

SGD using a fixed stepsize (BBS+Fixed LR) and with backtracking line search (BBS+Armijo),

as well as the growing batch method described in Friedlander and Schmidt [30] (denoted as

SF; while the authors propose a quasi-Newton method, we adapt their algorithm to a first-order
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Figure 2.1: Convex experiments. Left to right: Ridge regression on MILLIONSONG; Logistic regression
on COVERTYPE; Logistic regression on IJCNN1. The top row shows how the norm of the true gradient
decreases with the number of epochs, the middle and bottom rows show the batch sizes and stepsizes used on
each iteration by the big batch methods. Here ‘passes through the data’ indicates number of epochs, while
‘iterations’ refers to the number of parameter updates used by the method (there may be multiple iterations
during one epoch).

method). We selected stepsize parameters using a comprehensive grid search for all algorithms,

except BBS+Armijo which require no parameter tuning.

We see that across all three problems, the big batch methods outperform the other algorithms. We

also see that the automated method (BBS+Armijo) is always comparable to or better than fixed
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stepsize methods. The automated method increase the batch size more slowly than BBS+Fixed LR

and SF, and thus, this method can take more steps with smaller batches, leveraging its advantages

longer. Further, note that the stepsizes derived by the automated method is very close to the optimal

fixed stepsize rate.

2.6.2 Neural Network Experiments

To demonstrate the versatility of the big batch SGD framework, we also present results on neural

network experiments. We compare big batch SGD against SGD with finely tuned stepsize schedules

and fixed stepsizes. We also compare with Adadelta [29], and combine the big batch method with

AdaDelta (BB+AdaDelta) to show that more complex SGD variants can benefit from growing

batch sizes. In addition, we had also compared big batch methods with L-BFGS. However, we

found L-BFGS to consistently yield poorer generalization error on neural networks, and thus we

omitted these results.

We train a convolutional neural network [48] (ConvNet) to classify three benchmark image datasets:

CIFAR-10 [49], SVHN [50], and MNIST [48]. Our ConvNet is composed of 4 layers, excluding

the input layer, with over 4.3 million weights. To compare against fine-tuned SGD, we used a

comprehensive grid search on the stepsize schedule to identify the optimal schedule. Fixed stepsize

methods use the default decay rule of the Torch library: αt = α0/(1+10−7t), where α0 was chosen

to be the stepsize used in the fine tuned experiments. We also tune the hyper-parameter ρ in the

Adadelta algorithm. Details of the ConvNet and exact hyper-parameters used for training are

presented in the supplemental.

We plot the accuracy on the train and test set vs the number of epochs (full passes through the
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Figure 2.2: Neural Network Experiments. The three columns from left to right correspond to results for
CIFAR-10, SVHN, and MNIST, respectively. The top row presents classification accuracies on the training
set, while the bottom row presents classification accuracies on the test set.

dataset) in Figure 2.2. We notice that the big batch SGD with backtracking performs better than

both Adadelta and SGD (Fixed LR) in terms of both train and test error. Big batch SGD even

performs comparably to fine tuned SGD but without the trouble of fine tuning. This is interesting

because most state-of-the-art deep networks (like AlexNet [2], VGG Net [51], ResNets [5]) were

trained by their creators using standard SGD with momentum, and training parameters were tuned

over long periods of time (sometimes months). Finally, we note that the big batch AdaDelta

performs consistently better than plain AdaDelta on both large scale problems (SVHN and CIFAR-

10), and performance is nearly identical on the small-scale MNIST problem.
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2.7 Summary

In this chapter, we analyzed and studied the behavior of alternative SGD methods in which the

batch size increases over time. Unlike classical SGD methods, in which stochastic gradients

quickly become swamped with noise, these “big batch” methods maintain a nearly constant signal

to noise ratio of the approximate gradient. As a result, big batch methods are able to adaptively

adjust batch sizes without user oversight. The proposed automated methods are shown to be

empirically comparable or better performing than other standard methods, but without requiring

an expert user to choose learning rates and decay parameters.
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Chapter 3: Making L-BFGS Work with Industrial-Strength Nets

In chapter 2, we discussed first-order SGD methods, and now we will explore second-order methods.

L-BFGS has been one of the most popular second-order methods for convex optimization. However,

good performance by L-BFGS in deep learning has been elusive. Recent work has modified L-

BFGS for deep networks for classification tasks and shown performance competitive with SGD

and Adam (the most popular current algorithms) when batch normalization is not used. However,

this work cannot be applied with batch normalization. Since batch normalization is a de facto

standard and essential to good performance in deep networks, this still limits the use of L-BFGS.

In this chapter, we address this issue. Our proposed method can be used as a drop-in replacement

without changing the existing code. The proposed method performs consistently better than Adam

and existing L-BFGS approaches and is comparable to carefully tuned SGD. We show results on

three datasets, CIFAR-10, CIFAR-100, and STL-10, using three different popular deep networks

ResNet, DenseNet, and Wide ResNet. This work marks another significant step towards making

L-BFGS competitive in the deep learning community. This work [52] is in collaboration with Tom

Goldstein and David W. Jacobs.
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3.1 Introduction

Second-order methods like L-BFGS [53] (perhaps the most commonly used second-order method

in machine learning) have a proven track record of performance for simple classifiers. They

automatically select learning rates and provide fast convergence along with several other advantages

over SGD [54]. Recently, several attempts have been made to explore L-BFGS for deep networks

as well [18, 55, 56]. For example, Bollapragada et al. [18] proposed a new stochastic version

of L-BFGS that can get comparable or even better results than SGD or Adam for classification

tasks. One would expect that the advantages of L-BFGS should have popularized the use (or

at least promoted further exploration) of the method for training deep networks. However, the

applicability of L-BFGS has been limited because it does not play well with the state-of-the-art

networks [57, 58, 59] that rely on Batch Normalization [60, 61, 62].

Batch Normalization (BatchNorm) is an integral component of almost all modern deep networks

(Ioffe and Szegedy [60] has more than 15, 000 citations according to Google Scholar). To put

things in perspective, without BatchNorm the classification accuracy of deep networks drops to

almost 70% [18] from 92% [14] on CIFAR-10 using ResNet [57], and one can notice a similar

drop in accuracy for many other popular deep networks and datasets. This discourages researchers

from trying L-BFGS on deep networks without BatchNorm.

In this work we show how to get L-BFGS to work well with BatchNorm, obtaining performance

comparable to SGD. Our method is general enough to apply to a wide range of L-BFGS variants [63,

64, 65], assuming only that curvature pair updates are done using finite gradient differencing.

These updates consist of estimating a component of curvature by taking the difference between the

gradient at different locations. Hopefully, our results will encourage more use of L-BFGS in deep
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learning, and more research on how to further improve its performance.

Contributions: We describe a novel scheme for stable curvature pair updates in the stochastic

L-BFGS method for deep networks, in a way that is robust to the presence of BatchNorm. The

scheme is generic enough to be applied to any variant of L-BFGS that employs a finite gradient

differencing approach. This makes our method even more appealing, as it opens the possibility

of borrowing other existing L-BFGS variants and their tricks. An additional advantage is that

the method needs almost no parameter tuning, which is one of the benefits of using L-BFGS,

and very important while training deep networks. Our numerical experiments show that the

method proposed in this chapter – which we call the Frozen-Batch L-BFGS (FbLBFGS) method

– outperforms existing L-BFGS approaches by a large margin (more than 10% in generalization

accuracy for some problems) and also achieves performance comparable to SGD on standard large

scale networks such as ResNet [57], DenseNet [59], and Wide ResNet [58] as demonstrated on

standard datasets including CIFAR-10 [66], STL-10 [67], and CIFAR-100 [68].

Frozen-Batch L-BFGS (FbLBFGS) Method: In this chapter, we study how to design a stable

curvature pair update in a stochastic setting when BatchNorm is used. We first note that it is crucial

to take two gradient steps with the same training batch to obtain a consistent curvature estimate

to use in updating the inverse Hessian. If two different batches are used, the gradient noise may

dominate the curvature computation, destabilizing the update. In the frozen batch method, each

time we select a new batch, we freeze it and take two gradient steps before making the Hessian

update. This is a simple trick, and has been used before in a closely related method for online

L-BFGS [69], namely oLBFGS, which also computes the finite difference of gradients using the

same batch. The key difference is that oLBFGS always uses a fresh batch to take the actual descent

gradient step (the recycled batch is only used for the Hessian update), whereas the proposed method
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uses the recycled batch for both the Hessian update and gradient step. This subtle difference has a

huge impact on performance when BatchNorm is used.

3.2 Background and Related Work

Second-order methods have been studied in both convex and non-convex optimization, for more

details see [1, 18, 24, 55, 65, 69, 70, 71, 72, 73, 74, 75]. Schraudolph et al. [69] proposed an online

L-BFGS (oLBFGS) method to ensure a stable quasi-Newton curvature pair update by computing

gradients on the same batch at the beginning and end of the iteration. Since this results in an

extra computation of the gradients, Berahas et al. [72] proposed to use overlapping batches that

share a subset of their data samples. In this case, the Hessian is updated using only samples that

are shared between two adjacent batches, while the graident descent step uses all samples in a

batch. This idea was further explored for large scale machine learning problems by Berahas and

Takáč [55] and Bollapragada et al. [18]. Wang et al. [1] further extended oLBFGS and proposed

a damped version (SdLBFGS) of it to maintain stable convergence in stochastic setting. Other

approaches approximate curvature using the Fisher information matrix [76, 77, 78]. Krishnan

et al. [79] approximately computes the inverse Hessian by expanding the matrices as the Neumann

power series.

3.2.1 Multi-Batch L-BFGS

Let us consider the problem

min
x∈Rd

F (x)
△
=

1

N

N∑
i=1

Fi(x) =
1

N

N∑
i=1

f(x; zi), (3.1)
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where Fi(x) = f(x; zi), f is a function (parametrized by x), and (zi) is a collection of data drawn

from an unknown probability distribution P (z). A stochastic quasi-Newton method is given by

xk+1 = xk − αkHkg
Sk
k , (3.2)

where the batch gradient is

gSk
k = ∇FSk

(xk)
△
=

1

|Sk|
∑
i∈Sk

∇Fi(xk), (3.3)

the set Sk ⊂ {1, 2, · · · } indexes data points {zi} sampled from the distribution P , and Hk is a

positive definite approximation to the inverse Hessian.

3.2.2 Stable Quasi-Newton Updates

In the L-BFGS methods, the inverse Hessian approximation is updated using the following recursive

formula,

Hk+1 = V T
k HkVk + ρkθkθ

T
k

ρk = (yTk θk)
−1

Vk = I − ρkykθ
T
k

(3.4)

where θk = xk+1 − xk and yk = ∇FSk+1
(xk+1) − ∇FSk

(xk) is the difference in the gradients at

xk+1 and xk. When the batch changes from one iteration to the next (Sk+1 ̸= Sk), yk is computed

using different samples and the updating process (which is very sensitive to noise) may be unstable.

To fix this, one approach is to repeat the same batch twice [1, 69] to compute gradient at both the
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iterates (xk and xk+1), given by

yk = gSk
k+1 − gSk

k . (3.5)

However, this comes at the additional cost of wasted gradient computation. To avoid this, Berahas

et al. [72] and Bollapragada et al. [18] propose to use overlapping batches, and compute Hessian

updates using only the overlapping samples using the formula

yk = gOk
k+1 − gOk

k , (3.6)

where Ok = Sk ∩ Sk+1. This needs no extra computation since the two gradients in this case are

subsets of the gradients corresponding to the samples Sk and Sk+1.

3.2.3 Stochastic Line Search

Historically, L-BFGS is combined with a line search method that automatically selects a stepsize

by checking that the objective decreases sufficiently on each iteration, and cutting the stepsize if

not. Bollapragada et al. [18] propose to perform a backtracking line search that aims to satisfy the

Armijo condition

FSk
(xk − αkHkg

Sk
k ) ≤ FSk

(xk)− c1αk(g
Sk
k )THkg

Sk
k , (3.7)

where 0 < c1 < 1. This condition checks whether the observed decrease in the loss function is

at least c1 times the decrease predicted by a local linear approximation. This condition guarantees

convergence in the deterministic setting, but not in the stochastic setting. The initial value of αk is
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given by,

αk =

1 +
Vari∈Sv

k
{gik}

|Sk|
∥∥∥gSk

k

∥∥∥2


−1

, (3.8)

where Vari∈Sv
k
{gik} = 1

|Sv
k |−1

∑
i∈Sv

k

∥∥∥gik − gSk
k

∥∥∥2, and Sv
k ⊆ Sk.

Other authors suggest using a decaying learning rate such as 1/
√
k [1, 69]. This decaying learning

rate is more theoretically justified in that convergence is guaranteed if the Hessian approximation

is constant, but in practice this may be slow.

3.2.4 Batch Normalization

Batch normalization1 (BatchNorm) normalizes the activation output fl(xk; z
i) of a given layer l as

follows:

µSk ← 1

|Sk|

|Sk|∑
i=1

fl(xk; z
i)

VarSk ← 1

|Sk|

|Sk|∑
i=1

(fl(xk; z
i)− µSk)2

fl(xk; z
i;µSk ,VarSk)← fl(xk; z

i)− µSk√
VarSk + ϵ

≡ BNSk(fl(xk; z
i))

(3.9)

where zi ∈ Sk, Sk is the batch at iteration k, ϵ is a small number used for numerical stability and fl

is the transformation function of the layer l. From Eq 3.9, it is evident that the BN transform does

not independently process each training example. Rather, BNSk(fl(xk; z
i)) is a function of both

the training example and the other examples in that batch. For more details refer to [80].

1For clarity, we omit the learnable parameters γ and β, which produce an affine transformation applied on top of
the batch-norm layer. This is just another trainable layer, not affecting the proposed analysis. See [80] for more details.
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3.3 Proposed Method

3.3.1 Stable Quasi-Newton Updates With BatchNorm:

We now explain the challenges BatchNorm poses for existing L-BFGS approaches and then we

discuss our proposed solution. As per the overlapping batch approach suggested by Bollapragada

et al. [18], Berahas et al. [72], the stochastic gradient difference yk with BatchNorm can be written

as:

yk =
1

|Ok|
∑
i∈Ok

∇Fi(xk+1;BNSk+1)

− 1

|Ok|
∑
i∈Ok

∇Fi(xk;BNSk),

(3.10)

where BNSk represents the batch normalization statistics for the batch Sk. From (3.10), it is clear

that because of the different BatchNorm parameters, the gradients used to compute yk are not

consistent; even though only overlapping samples are used, the batch norm statistics depend on the

non-overlapping samples. This breaks the gradient consistency for the overlapping approach.

To address this issue, one obvious solution is to repeat the same batch twice [1, 69]. However,

this requires that the gradient be evaluated twice for every batch Sk at xk and xk+1. We make

use of the extra gradient computation by actually taking another gradient step. We update the

Hessian only using gradients from the same batch. Specifically, we propose to freeze the batch

for two consecutive iterations, take two gradient steps, and then update the curvature pair (yk,

θk). The newly updated Hessian is applied to a gradient from the same batch. Then in the next

iteration, when changing the batch from Sk to Sk+1, we do not update the curvature pair. Put

another way, we compute two gradients for each batch, and we take a gradient descent step using

both of these gradients. We find that this approach works significantly better than the existing
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approach SdLBFGS [1], improving L-BFGS performance by a large margin. We believe this is

due to the fact that the gradient direction in our method gets pre-conditioned by a Hessian that was

updated on the same batch. While with Wang et al. [1], one takes a (consistent and probably stable)

Hessian update on one batch, and then use it to pre-condition on another.

Algorithm 2 Frozen-Batch L-BFGS (FbLBFGS)
Input: x0 (initial iterate), D = {(zi, ti), for i = 1, . . . , n} (training data), m (memory parameter),
U = False (Flag to control curvature update).

1: Create initial batch S1

2: for k = 1, 2, ... do
3: if k == 1 then
4: Set the search direction pk = −gSk

k

5: else
6: Calculate the search direction pk = −Hkg

Sk
k {Using L-BFGS Two-Loop

Recursion (Procedure 3.1 in [1])}
7: end if
8: Normalize the search direction pk =

pk
||pk||2

9: Set αk = 1
10: while the Armijo condition (3.7) not satisfied do
11: Set αk = αk/2
12: end while
13: Compute xk+1 = xk + αkpk
14: if U is True then
15: Compute the curvature pairs θk = xk+1 − xk and yk = gSk

k+1 − gSk
k

16: Replace the oldest pair (θi, yi) by θk, yk
17: Create the next batch Sk+1

18: Set U = False {Do not update curvature in next iteration}
19: else
20: Set U = True {Update curvature in next iteration}
21: Set Sk+1 = Sk {Freeze the sample in next iteration}
22: end if
23: end for

3.3.2 Line Search:

The stochastic line search (eq 3.7) proposed by Bollapragada et al. [18] requires computation of

the initial value of αk, which in turn requires computation of the variance of the gradient for
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Figure 3.1: A side-by-side schematic depiction of curvature pair (yk, θk) update scheme in
SdLBFGS [1] and FbLBFGS (ours). Here, the dotted box represents the batch used for a curvature
pair update and the solid box represents the batch used for the gradient step. The SdLBFGS method
computes an auxiliary stochastic gradient at xk using the sample Sk−1 from the (k−1)-st iteration,
which is used for gradient differencing only (to update yk). Then a gradient step is taken on a
new batch Sk and the process repeats. On the other hand, FbLBFGS (proposed) does not compute
any auxiliary gradients but skips the first curvature pair update (k-th iteration), takes a gradient
step, and in the next iteration ((k + 1)-st) the same frozen batch Sk is used both to update the
curvature pair and to take another gradient step. In the following next iteration (xk+2), when the
batch changes to Sk+1, the Hessian update is skipped, and the process repeats.

each example. This is not possible when using BatchNorm, since estimation of the variance of

the gradient requires a forward pass for each example one by one, which will change the batch

statistics.

In the stochastic case, sometimes the norm of the search direction can be too large, causing the

algorithm to be very unstable. To cater to this, we propose a heuristic: we normalize the search

direction (-Hkg
Sk
k ) before doing the standard Armijo line search. This heuristic works surprisingly

well in practice for all the datasets and all the models we tried.

3.3.3 On Convergence

In this section, we discuss the convergence of the proposed mehtod (FbLBFGS). The main challenge

in designing a stochastic L-BFGS method for non-convex problem lies in the difficulty in preserving

the positive-definiteness of the inverse Hessian approximation Hk, due to the non-convexity of the

problem and the noise in gradient estimation. Wang et al. [1] proposed to address this issue by
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using damped curvature pair update. We leverage the convergence proof by Wang et al. [1] and

show that we do not break their convergence conditions.

When frozen batch is used, we update the inverse Hessian approximation following [1]:

Hk+1 = V T
k HkVk + ρkθkθ

T
k

ŷk = λkyk + (1− λk)H
−1
k θk

ρk = (ŷk
T θk)

−1

Vk = I − ρkŷkθ
T
k ,

(3.11)

where θk = xk+1−xk and yk = ∇FSk
(xk+1)−∇FSk

(xk) is the difference in the gradients at xk+1

and xk. The damping factor λk is give by,

λk =


0.75θ⊤k H−1

k θk

θ⊤k H−1
k θk−θ⊤k yk

, if θ⊤k yk < 0.25θ⊤k H
−1
k θk,

1, otherwise.

(3.12)

When the batch is changed, we do not update the inverse Hessian approximation, i.e., we skip

the update and set Hk+1 = Hk. So, this ensures that the inverse Hessian approximation always

remains positive-definite.

3.4 Experiments

In this section, we empirically demonstrate the proposed method’s effectiveness on three benchmark

datasets: STL-10 [67], CIFAR-10 [66], and CIFAR-100 [68]. Our results show three main points.

First, without fine tuning, FbLBFGS can obtain generalization performance competitive with
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carefully tuned SGD using practical state-of-the-art architectures that use BatchNorm [80]. Second,

FbLBFGS outperforms existing adaptive optimizers that automatically set the learning rate with

minimal or no user supervision. Third, we show that our simple approach substantially outperforms

existing L-BFGS methods.

It is impressive that FbLBFGS’s performance approaches that of highly tuned SGD. For each

model and dataset, untold grad student hours have been spent on grid search for good hyperparameters.

Often these are chosen based on performance on the test set, instead of a separate held out dataset,

overfitting the data [81]. To get a better sense of this, we also test SGD with a standard method

of automatic parameter tuning. S1 and S2 are defined as follows: the learning rate starts with

0.1 for S1 or 1 for S2 and is reduced by 1/10 after every 100, 200, 300 epochs. FbLBFGS often

outperforms these approaches.

We also compare our method against Adam [28]. Adam is the most popular and effective adaptive

optimizer. We find that other adaptive optimizers [29, 82] perform similarly. FbLBFGS always

significantly outperforms Adam.

Finally, we also compare the proposed method with existing L-BFGS methods. Specifically, we

compare against the overlapping batch approach by Bollapragada et al. [18] and the stochastic

damped L-BFGS (SdLBFGS) method by Wang et al. [1]. We use our line search with both of

these so that we can compare our approach of freezing batches to prior approaches that address the

same issue.

In all experiments, the batch size used is 128, history size is 5, and default parameters for Adam

and other L-BFGS methods are used. We ran all the methods for 350 epochs. It is observed that

as the optimizer reaches towards the solution, the gradients might be too noisy, and to get high

fidelity gradients its recommended to increase the batch size [18, 24]. To address this issue, we
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set the batch size to 25% of the dataset towards the end of the training, for all the experiments.

The deep networks used are WRN-28-10 [58], ResNet-18 [57], and DenseNet-40-12 [59]. The

computational cost of FbLBFGS is increased because it makes two passes from the same frozen

batch twice for each epoch. For a fair comparisons, we ran all other methods with a similar frozen

batch as well (but did not notice any change in the performance as compared to using the batch only

once per epoch). We report results over 5 different random seeds, as shown in Table 3.1, Table 3.2,

and Table 3.3, for STL-10, CIFAR-10 and CIFAR-100, respectively. Figures 3.2, 3.4, and 3.6 show

the training and test accuracy for STL-10, CIFAR-10, and CIFAR-100 on the deep networks Wide

ResNet, DenseNet, and ResNet, respectively2.

From the results, one can observe that our approach (FbLBFGS) always outperforms all the adaptive

methods. Its performance compared with tuned SGD is comparable; sometimes it performs better

than tuned SGD, sometimes about the same, and sometimes a bit worse. This shows the effectiveness

of our approach to BatchNorm and also the practical usefulness of L-BFGS when applying deep

networks to problems in which SGD has not been carefully tuned, since FbLBFGS has no free

parameters.

Figures 3.3, 3.5, and 3.7 show the number of function evaluations per line search for each L-BFGS

method. The overlap and SdLBFGS methods take nearly 10 times more backtracking steps than our

method, which is likely due to a better Hessian approximation by our method. We also observed

that the Armijo condition almost always accepts step-length 1, which means there is little overhead

for using the line search. We believe normalizing the search direction before doing a line search

is an effective heuristic. Without normalizing the search direction, all L-BFGS methods perform

poorly. Hence, we ignored those results.

2All the training curves are in the Appendix B.1
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ResNet DenseNet Wide ResNet
Method Train Test Train Test Train Test

SGD⋆ 99.9 73.7 ±0.3 99.9 73.5 ±0.2 99.9 77.1±0.5
SGD(S1) 99.8 68.0 ±0.2 99.9 63.9 ±0.2 99.9 71.1 ±0.2
SGD(S2) 99.9 72.5 ±0.3 99.9 71.9 ±0.3 99.9 71.8 ±0.6

Adam 99.9 69.5 ±0.1 99.9 70.2 ±0.2 99.9 69.2 ±0.2
Bollapragada et al. [18] 95.8 65.8 ±0.1 98.2 67.2 ±0.4 93.2 62.5 ±0.7

SdLBFGS [1] 96.7 66.8 ±0.3 96.7 69.8 ±0.2 94.8 65.1 ±0.8
FbLBFGS (ours) 99.8 75.1 ±0.1 99.9 73.4 ±0.5 99.9 76.4 ±0.4

Table 3.1: Comparison of train/test accuracy for STL-10 on ResNet, DenseNet, and Wide ResNet
respectively. The results are shown in the format of ‘mean ±std’ computed over 5 random seeds.
Higher are better. ⋆ denotes highly tuned SGD with grid search and potentially over-fitting the test
set for a particular model. We report these results for complete perspective.

ResNet DenseNet Wide ResNet
Method Train Test Train Test Train Test

SGD⋆ 99.9 92.1 ±0.2 99.6 91.2 ±0.3 99.9 95.2 ±0.5
SGD(S1) 99.8 90.6 ±0.3 99.5 89.9 ±0.4 99.9 93.2 ±0.4
SGD(S2) 90.6 89.2 ±0.2 99.9 93.1 ±0.1 99.9 94.8 ±0.2

Adam 97.1 91.4 ±0.5 95.2 89.2 ±0.1 95.1 90.1 ±0.3
Bollapragada et al. [18] 93.7 84.6±0.6 95.0 85.6 ±0.4 95.8 90.1 ±0.3

SdLBFGS [1] 94.5 86.2 ±0.2 95.5 87.4 ±0.3 96.1 88.1 ±0.2
FbLBFGS (ours) 99.9 92.9 ±0.4 99.5 91.2 ±0.1 99.8 94.2 ±0.3

Table 3.2: Comparison of train/test accuracy for CIFAR-10 on ResNet, DenseNet, and Wide
ResNet respectively. The results are shown in the format of ‘mean ±std’ computed over 5 random
seeds. Higher are better. ⋆ denotes highly tuned SGD with grid search and potentially over-fitting
the test set for a particular model. We report these results for complete perspective.

ResNet DenseNet Wide ResNet
Method Train Test Train Test Train Test

SGD⋆ 96.5 66.6 ±0.2 97.1 68.4±0.1 99.9 79.4 ±0.3
SGD(S1) 93.1 63.5 ±0.3 97.9 67.5 ±0.3 99.9 76.7 ±0.4
SGD(S2) 96.0 66.2 ±0.4 96.9 67.0 ±0.2 99.9 79.4 ±0.3

Adam 94.9 63.2 ±0.5 97.5 63.4 ±0.2 97.4 67.0 ±0.4
Bollapragada et al. [18] 89.6 58.8 ±0.3 72.1 62.2 ±0.5 91.2 66.4 ±0.3

SdLBFGS [1] 89.1 59.5 ±0.3 75.3 64.8 ±0.3 95.8 66.6 ±0.1
FbLBFGS (ours) 93.8 65.2 ±0.3 95.2 67.9 ±0.3 99.5 75.4±0.2

Table 3.3: Comparison of train/test accuracy for CIFAR-100 on ResNet, DenseNet, and Wide
ResNet respectively. The results are shown in the format of ‘mean ±std’ computed over 5 random
seeds. Higher are better. ⋆ denotes highly tuned SGD with grid search and potentially over-fitting
the test set for a particular model. We report these results for complete perspective.
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Figure 3.2: Overview of the performance of STL-10 on Wide ResNet. The solid lines represent
train accuracy and dashed lines represent test accuracy, respectively.

0 2500 5000 7500 10000 12500 15000 17500 20000

Iteration

0

2

4

6

8

10

#
F

u
n

ct
io

n
E

va
lu

a
ti

o
n

s
P

er
L

in
e

S
ea

rc
h

Overlap

SdLBFGS

FbLBFGS

Figure 3.3: The number of function evaluations per line search for STL-10 on Wide ResNet. The
average of every consecutive 100 iteration is plotted for display purpose.
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Figure 3.4: Overview of the performance of CIFAR-10 on DenseNet. The solid lines represent
train accuracy and dashed lines represent test accuracy, respectively.
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Figure 3.5: The number of function evaluations per line search for CIFAR-10 on DenseNet. The
average of every consecutive 100 iteration is plotted for display purpose.

42



0 50 100 150 200 250 300 350

Epoch

0

20

40

60

80

100

A
cc

u
ra

cy

Figure 3.6: Overview of the performance of CIFAR-100 on ResNet. The solid lines represent train
accuracy and dashed lines represent test accuracy, respectively.
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Figure 3.7: The number of function evaluations per line search for CIFAR-100 on ResNet. The
average of every consecutive 100 iteration is plotted for display purpose.
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3.5 Summary

It has proven challenging to effectively apply L-BFGS training methods to neural networks with

batch normalization. In this chapter, we have shown how to make a simple and extremely effective

modification to L-BFGS that makes it competitive with well-tuned SGD on classification tasks with

BatchNorm. Our approach uses a frozen batch to ensure that all elements of the Hessian update

are based on the same batch statistics. Along with a new approach to line search that reduces the

number of expensive backtracking steps, we achieve results that considerably improve on previous

L-BFGS implementations for training neural networks with batch normalization.

We find it a bit surprising to see L-BFGS compete with tuned SGD; the community often assumes

that L-BFGS is overly aggressive, and line search methods get stuck in local minima. Interestingly,

when applied to high-performance networks with BatchNorm (with the proposed modifications

to maintain stability), L-BFGS does not suffer from these problems. This further supports the

intuition that BatchNorm, while not understood theoretically, promotes more well behaved loss

functions.
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Chapter 4: Stabilizing Adversarial Nets With Prediction Methods

Adversarial neural networks solve many important problems in data science, but are notoriously

difficult to train. These difficulties come from the fact that optimal weights for adversarial nets

correspond to saddle points, and not minimizers, of the loss function. The alternating stochastic

gradient methods typically used for such problems do not reliably converge to saddle points, and

when convergence does happen it is often highly sensitive to learning rates. In this chapter, we

propose a simple modification of stochastic gradient descent that stabilizes adversarial networks.

We show, both in theory and practice, that the proposed method reliably converges to saddle points,

and is stable with a wider range of training parameters than a non-prediction method. This makes

adversarial networks less likely to “collapse,” and enables faster training with larger learning rates.

This work [83] is in collaboration with Sohil Shah, Zheng Xu, David Jacobs, and Tom Goldstein.

4.1 Introduction

Adversarial networks play an important role in a variety of applications, including image generation [11,

19], style transfer [19, 20, 84, 85], domain adaptation [20, 21, 22], imitation learning [86], privacy [23,

87], fair representation [12, 23], etc. One particularly motivating application of adversarial nets is

their ability to form generative models, as opposed to the classical discriminative models [9, 88,

89, 90].
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While adversarial networks have the power to attack a wide range of previously unsolved problems,

they suffer from a major flaw: they are difficult to train. This is because adversarial nets try

to accomplish two objectives simultaneously; weights are adjusted to maximize performance on

one task while minimizing performance on another. Mathematically, this corresponds to finding

a saddle point of a loss function - a point that is minimal with respect to one set of weights, and

maximal with respect to another.

Conventional neural networks are trained by marching down a loss function until a minimizer is

reached (Figure 1.2a). In contrast, adversarial training methods search for saddle points rather

than a minimizer, which introduces the possibility that the training path “slides off” the objective

functions and the loss goes to−∞ (Figure 1.2b), resulting in “collapse” of the adversarial network.

As a result, many authors suggest using early stopping, gradients/weight clipping [91], or specialized

objective functions [9, 91, 92] to maintain stability.

In this chapter, we present a simple “prediction” step that is easily added to many training algorithms

for adversarial nets. We present theoretical analysis showing that the proposed prediction method

is asymptotically stable for a class of saddle point problems. Finally, we use a wide range of

experiments to show that prediction enables faster training of adversarial networks using large

learning rates without the instability problems that plague conventional training schemes.

4.2 Proposed Method

Saddle-point optimization problems have the general form

min
u

max
v
L(u, v) (4.1)
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for some loss function L and variables u and v. Most authors use the alternating stochastic gradient

method to solve saddle-point problems involving neural networks. This method alternates between

updating u with a stochastic gradient descent step, and then updating v with a stochastic gradient

ascent step. When simple/classical SGD updates are used, the steps of this method can be written

uk+1 = uk − αkL′
u(u

k, vk) | gradient descent in u, starting at (uk, vk)

vk+1 = vk + βkL′
v(u

k+1, vk) | gradient ascent in v, starting at (uk+1, vk) .

(4.2)

Here, {αk} and {βk} are learning rate schedules for the minimization and maximization steps,

respectively. The vectors L′
u(u, v) and L′

v(u, v) denote (possibly stochastic) gradients of L with

respect to u and v. In practice, the gradient updates are often performed by an automated solver,

such as the Adam optimizer [28], and include momentum updates.

We propose to stabilize the training of adversarial networks by adding a prediction step. Rather

than calculating vk+1 using uk+1, we first make a prediction, ūk+1, about where the u iterates will

be in the future, and use this predicted value to obtain vk+1.

Prediction Method

uk+1 = uk − αkL′
u(u

k, vk) | gradient descent in u, starting at (uk, vk)

ūk+1 = uk+1 + (uk+1 − uk) | predict future value of u

vk+1 = vk + βkL′
v(ū

k+1, vk) | gradient ascent in v, starting at (ūk+1, vk) .

(4.3)

The Prediction step (4.3) tries to estimate where u is going to be in the future by assuming its
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trajectory remains the same as in the current iteration.

4.3 Background

4.3.1 Adversarial Networks as a Saddle-Point Problem

We now discuss a few common adversarial network problems and their saddle-point formulations.

Generative Adversarial Networks (GANs) fit a generative model to a dataset using a game in

which a generative model competes against a discriminator [9]. The generator, G(z; θg), takes

random noise vectors z as inputs, and maps them onto points in the target data distribution. The

discriminator, D(x; θd), accepts a candidate point x and tries to determine whether it is really

drawn from the empirical distribution (in which case it outputs 1), or fabricated by the generator

(output 0). During a training iteration, noise vectors from a Gaussian distribution G are pushed

through the generator network G to form a batch of generated data samples denoted by Dfake. A

batch of empirical samples, Dreal, is also prepared. One then tries to adjust the weights of each

network to solve a saddle point problem, which is popularly formulated as,

min
θg

max
θd

Ex∼Dreal
f(D(x; θd)) + Ez∼G f(1−D(G(z; θg); θd)). (4.4)

Here f(.) is any monotonically increasing function. Initially, [9] proposed using f(x) = log(x).

Domain Adversarial Networks (DANs) [22, 23, 93] take data collected from a “source” domain,

and extract a feature representation that can be used to train models that generalize to another

“target” domain. For example, in the domain adversarial neural network (DANN [22]), a set

of feature layers maps data points into an embedded feature space, and a classifier is trained
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on these embedded features. Meanwhile, the adversarial discriminator tries to determine, using

only the embedded features, whether the data points belong to the source or target domain. A

good embedding yields a better task-specific objective on the target domain while fooling the

discriminator, and is found by solving

min
θf ,θyk

max
θd

∑
k

αkLyk
(
xs; θf , θyk

)
− λLd (xs,xt; θf , θd) . (4.5)

Here Ld is any adversarial discriminator loss function and Lyk denotes the task specific loss. θf ,

θd, and θyk are network parameter of feature mapping, discriminator, and classification layers.

4.3.2 Stabilizing saddle point solvers

It is well known that alternating stochastic gradient methods are unstable when using simple

logarithmic losses. This led researchers to explore multiple directions for stabilizing GANs;

either by adding regularization terms [91, 92, 94, 95], a myriad of training “hacks” [96, 97],

re-engineering network architectures [92], and designing different solvers [98]. Specifically, the

Wasserstein GAN (WGAN) [91] approach modifies the original objective by replacing f(x) =

log(x) with f(x) = x. This led to a training scheme in which the discriminator weights are

“clipped.” However, as discussed in Arjovsky et al. [91], the WGAN training is unstable at high

learning rates, or when used with popular momentum based solvers such as Adam. Currently, it is

known to work well only with RMSProp [91].

The unrolled GAN [98] is a new solver that can stabilize training at the cost of more expensive

gradient computations. Each generator update requires the computation of multiple extra discriminator

updates, which are then discarded when the generator update is complete. While avoiding GAN
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collapse, this method requires increased computation and memory.

In the convex optimization literature, saddle point problems are more well studied. One popular

solver is the primal-dual hybrid gradient (PDHG) method [99, 100], which has been popularized

by Chambolle and Pock [101], and has been successfully applied to a range of machine learning

and statistical estimation problems [102]. PDHG relates closely to the method proposed here -

it achieves stability using the same prediction step, although it uses a different type of gradient

update and is only applicable to bi-linear problems.

Stochastic methods for convex saddle-point problems can be roughly divided into two categories:

stochastic coordinate descent [103, 104, 105, 106, 107, 108, 109] and stochastic gradient descent

[110, 111]. Similar optimization algorithms have been studied for reinforcement learning [112,

113]. Recently, a “doubly” stochastic method that randomizes both primal and dual updates

was proposed for strongly convex bilinear saddle point problems [114]. For general saddle point

problems, “doubly” stochastic gradient descent methods are discussed in Nemirovski et al. [115],

Palaniappan and Bach [116], in which primal and dual variables are updated simultaneously based

on the previous iterates and the current gradients.

4.4 Interpretations of the prediction step

We present three ways to explain the effect of prediction: an intuitive, non-mathematical perspective,

a more analytical viewpoint involving dynamical systems, and finally a rigorous proof-based

approach.
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4.4.1 An intuitive viewpoint

The standard alternating SGD switches between minimization and maximization steps. In this

algorithm, there is a risk that the minimization step can overpower the maximization step, in which

case the iterates will “slide off” the edge of saddle, leading to instability (Figure 1.2b). Conversely,

an overpowering maximization step will dominate the minimization step, and drive the iterates to

extreme values as well.

The effect of prediction is visualized in Figure 4.1. Suppose that a maximization step takes

place starting at the red dot. Without prediction, the maximization step has no knowledge of

the algorithm history, and will be the same regardless of whether the previous minimization update

was weak (Figure 4.1a) or strong (Figure 4.1b). Prediction allows the maximization step to exploit

information about the minimization step. If the previous minimization step was weak (Figure 4.1a),

the prediction step (dotted black arrow) stays close to the red dot, resulting in a weak predictive

maximization step (white arrow). But if we arrived at the red dot using a strong minimization

step (Figure 4.1b), the prediction moves a long way down the loss surface, resulting in a stronger

maximization step (white arrows) to compensate.

4.4.2 A more mathematical perspective

To get stronger intuition about prediction methods, let’s look at the behavior of Algorithm (4.3) on

a simple bi-linear saddle of the form

L(u, v) = vTKu (4.6)
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(a) (b)

Figure 4.1: A schematic depiction of the prediction method. When the minimization step is powerful
and moves the iterates a long distance, the prediction step (dotted black arrow) causes the maximization
update to be calculated further down the loss surface, resulting in a more dramatic maximization update. In
this way, prediction methods prevent the maximization step from getting overpowered by the minimization
update.

where K is a matrix. When exact (non-stochastic) gradient updates are used, the iterates follow

the path of a simple dynamical system with closed-form solutions. We give here a sketch of this

argument: a detailed derivation is provided in the Appendix C.1.

When the (non-predictive) gradient method (4.2) is applied to the linear problem (4.6), the resulting

iterations can be written

uk+1 − uk

α
= −KTvk,

vk+1 − vk

α
= (β/α)Kuk+1.

When the stepsize α gets small, this behaves like a discretization of the system of differential

equations

u̇ = −KTv, v̇ = β/αKu

where u̇ and v̇ denote the derivatives of u and v with respect to time. These equations describe a
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simple harmonic oscillator, and the closed form solution for u is

u(t) = C cos(Σ1/2t+ ϕ)

where Σ is a diagonal matrix, and the matrix C and vector ϕ depend on the initialization. We can

see that, for small values of α and β, the non-predictive algorithm (4.2) approximates an undamped

harmonic motion, and the solutions orbit around the saddle without converging.

The prediction step (4.3) improves convergence because it produces damped harmonic motion that

sinks into the saddle point. When applied to the linearized problem (4.6), we get the dynamical

system

u̇ = −KTv, v̇ = β/αK(u+ αu̇) (4.7)

which has solution

u(t) = UA exp(−tα

2

√
Σ) sin(t

√
(1− α2/4)Σ + ϕ).

From this analysis, we see that the damping caused by the prediction step causes the orbits to

converge into the saddle point, and the error decays exponentially fast.

4.4.3 A rigorous perspective

While the arguments above are intuitive, they are also informal and do not address issues like

stochastic gradients, non-constant stepsize sequences, and more complex loss functions. We now
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provide a rigorous convergence analysis that handles these issues.

We assume that the function L(u, v) is convex in u and concave in v. We can then measure

convergence using the “primal-dual” gap, P (u, v) = L(u, v⋆)−L(u⋆, v) where (u⋆, v⋆) is a saddle.

Note that P (u, v) > 0 for non-optimal (u, v), and P (u, v) = 0 if (u, v) is a saddle. Using these

definitions, we formulate the following convergence result. The proof is in the Appendix C.1.1.

Theorem 4. Suppose the functionL(u, v) is convex in u, concave in v, and that the partial gradient

L′
v is uniformly Lipschitz smooth in u (∥L′

v(u1, v)− L′
v(u2, v)∥ ≤ Lv∥u1 − u2∥). Suppose further

that the stochastic gradient approximations satisfy E∥L′
u(u, v)∥2 ≤ G2

u, E∥L′
v(u, v)∥2 ≤ G2

v for

scalars Gu and Gv, and that E∥uk − u⋆∥2 ≤ D2
u, and E∥vk − v⋆∥2 ≤ D2

v for scalars Du and Dv.

If we choose decreasing learning rate parameters of the form αk = Cα√
k

and βk =
Cβ√
k
, then the

SGD method with prediction converges in expectation, and we have the error bound

E[P (ûl, v̂l)] ≤ 1

2
√
l

(
D2

u

Cα

+
D2

v

Cβ

)
+

√
l + 1

l

(
CαG

2
u

2
+ CαLvG

2
u + CαLvD

2
v +

CβG
2
v

2

)

where ûl = 1
l

∑l
k=1 u

k, v̂l = 1
l

∑l
k=1 v

k.

4.5 Experiments

We present a wide range of experiments to demonstrate the benefits of the proposed prediction

step for adversarial nets. We consider a saddle point problem on a toy dataset constructed using

MNIST images, and then move on to consider state-of-the-art models for three tasks: GANs,

domain adaptation, and learning of fair classifiers. Additional results, and additional experiments

involving mixtures of Gaussians, are presented in the Appendix C.2.
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4.5.1 MNIST Toy problem

We consider the task of classifying MNIST digits as being even or odd. To make the problem

interesting, we corrupt 70% of odd digits with salt-and-pepper noise, while we corrupt only 30%

of even digits. When we train a LeNet network [48] on this problem, we find that the network

encodes and uses information about the noise; when a noise vs no-noise classifier is trained on the

deep features generated by LeNet, it gets 100% accuracy. The goal of this task is to force LeNet

to ignore the noise when making decisions. We create an adversarial model of the form (4.5) in

which Ly is a softmax loss for the even vs odd classifier. We make Ld a softmax loss for the

task of discriminating whether the input sample is noisy or not. The classifier and discriminator

were both pre-trained using the default LeNet implementation in Caffe [117]. Then the combined

adversarial net was jointly trained both with and without prediction. For implementation details,

see the Appendix C.2.1.

Figure 4.2 summarizes our findings. In this experiment, we considered applying prediction to both

the classifier and discriminator. We note that our task is to retain good classification accuracy while

preventing the discriminator from doing better than the trivial strategy of classifying odd digits as

noisy and even digits as non-noisy. This means that the discriminator accuracy should ideally be

∼ 0.7. As shown in Figure 4.2a, the prediction step hardly makes any difference when evaluated

at the small learning rate of 10−4. However, when evaluated at higher rates, Figures 4.2b and 4.2c

show that the prediction solvers are very stable while one without prediction collapses (blue solid

line is flat) very early. Figure 4.2c shows that the default learning rate (10−3) of the Adam solver

is unstable unless prediction is used.
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Figure 4.2: Comparison of the classification accuracy (digit parity) and discriminator (noisy vs. no-noise)
accuracy using SGD and Adam solver with and without prediction steps. θf and θd refers to variables in
eq. (4.5). (a) Using SGD with learning rate lr = 10−4. Note that the solid lines of red, blue and green
are overlapped. (b) SGD solver with higher learning rate of lr = 10−3, and (c) using Adam solver with its
default parameter.

4.5.2 Generative Adversarial Networks

Next, we test the efficacy and stability of our proposed predictive step on generative adversarial

networks (GAN), which are formulated as saddle point problems (4.4) and are popularly solved

using a heuristic approach [9]. We consider an image modeling task using CIFAR-10 [118] on

the recently popular convolutional GAN architecture, DCGAN [88]. We compare our predictive

method with that of DCGAN and the unrolled GAN [98] using the training protocol described in

Radford et al. [88]. Note that we compared against the unrolled GAN with stop gradient switch1

and K = 5 unrolling steps. All the approaches were trained for five random seeds and 100 epochs

each.

We start with comparing all three methods using the default solver for DCGAN (the Adam optimizer)

with learning rate=0.0002 and β1=0.5. Figure 4.3 compares the generated sample images (at the

100th epoch) and the training loss curve for all approaches. The discriminator and generator

loss curves in Figure 4.3e show that without prediction, the DCGAN collapses at the 45th and

57th epochs. Similarly, Figure 4.3f shows that the training for unrolled GAN collapses in at

1We found the unrolled GAN without stop gradient switch as well as for smaller values of K collapsed when used
on the DCGAN architecture.
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least three instances. The training procedure using predictive steps never collapsed during any

epochs. Qualitatively, the images generated using prediction are more diverse than the DCGAN

and unrolled GAN images.

Figure 4.4 compares all approaches when trained with 5× higher learning rate (0.001) (the default

for the Adam solver). As observed in Radford et al. [88], the standard and unrolled solvers are

very unstable and collapse at this higher rate. However, as shown in Figure 4.4d, & 4.4a, training

remains stable when a predictive step is used, and generates images of reasonable quality. The

training procedure for both DCGAN and unrolled GAN collapsed on all five random seeds. The

results on various additional intermediate learning rates are in the Appendix C.2.4.2.

In the the Appendix C.2.4.2, we present one additional comparison showing results on a higher

momentum of β1=0.9 (learning rate=0.0002). We observe that all the training approaches are

stable. However, the quality of images generated using DCGAN is inferior to that of the predictive

and unrolled methods.

Overall, of the 25 training settings we ran on (each of five learning rates for five random seeds),

the DCGAN training procedure collapsed in 20 such instances while unrolled GAN collapsed in

14 experiments (not counting the multiple collapse in each training setting). On the contrary, we

find that our simple predictive step method collapsed only once.

Note that prediction adds trivial cost to the training algorithm. Using a single TitanX Pascal, a

training epoch of DCGAN takes 35 secs. With prediction, an epoch takes 38 secs. The unrolled

GAN method, which requires extra gradient steps, takes 139 secs/epoch.

Finally, we draw quantitative comparisons based on the inception score [96], which is a widely

used metric for visual quality of the generated images. For this purpose, we consider the current

state-of-the-art Stacked GAN [119] architecture. Table 4.1 lists the inception scores computed
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on the generated samples from Stacked GAN trained (200 epochs) with and without prediction at

different learning rates. The joint training of Stacked GAN collapses when trained at the default

learning rate of adam solver (i.e., 0.001). However, reasonably good samples are generated if the

same is trained with prediction on both the generator networks. The right end of Table 4.1 also list

the inception score measured at fewer number of epochs at higher learning rates. It suggest that

the model trained with prediction methods are not only stable but also allows faster convergence

using higher learning rates. For reference the inception score on real images of CIFAR-10 dataset

is 11.51± 0.17.

Table 4.1: Comparison of Inception Score on Stacked GAN network with and w/o G prediction.

Learning rate 0.0001 0.0005 0.001 0.0005 (40) 0.001 (20)

Stacked GAN (joint) 8.44± 0.11 7.90± 0.08 1.52± 0.01 5.80± 0.15 1.42± 0.01
Stacked GAN (joint) + prediction 8.55± 0.12 8.13± 0.09 7.96± 0.11 8.10± 0.10 7.79± 0.07

(a) With G prediction (b) DCGAN (c) Unrolled GAN
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Figure 4.3: Comparison of GAN training algorithms for DCGAN architecture on Cifar-10 image datasets.
Using default parameters of DCGAN; lr = 0.0002, β1 = 0.5.
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Figure 4.4: Comparison of GAN training algorithms for DCGAN architecture on Cifar-10 image datasets
with higher learning rate, lr = 0.001, β1 = 0.5.

4.5.3 Domain Adaptation

We consider the domain adaptation task [21, 22, 120] wherein the representation learned using

the source domain samples is altered so that it can also generalize to samples from the target

distribution. We use the problem setup and hyper-parameters as described in [22] using the OFFICE

dataset [120] (experimental details are shared in the Appendix C.2.3). In Table 4.2, comparisons

are drawn with respect to target domain accuracy on six pairs of source-target domain tasks.

We observe that the prediction step has mild benefits on the “easy” adaptation tasks with very

similar source and target domain samples. However, on the transfer learning tasks of AMAZON-

to-WEBCAM, WEBCAM-to-AMAZON, and DSLR-to-AMAZON which has noticeably distinct data

samples, an extra prediction step gives an absolute improvement of 1.3− 6.9% in predicting target

domain labels.
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Table 4.2: Comparison of target domain accuracy on OFFICE dataset.

Method
Source AMAZON WEBCAM DSLR WEBCAM AMAZON DSLR

Target WEBCAM AMAZON WEBCAM DSLR DSLR AMAZON

DANN [22] 73.4 51.6 95.5 99.4 76.5 51.7
DANN + prediction 74.7 58.5 96.1 99.0 73.5 57.6

4.5.4 Fair Classifier

Finally, we consider a task of learning fair feature representations [12, 23, 121] such that the final

learned classifier does not discriminate with respect to a sensitive variable. As proposed in Edwards

and Storkey [23] one way to measure fairness is using discrimination,

ydisc =

∣∣∣∣∣ 1N0

∑
i:si=0

η(xi)−
1

N1

∑
i:si=1

η(xi)

∣∣∣∣∣ . (4.8)

Here si is a binary sensitive variable for the ith data sample and Nk denotes the total number of

samples belonging to the kth sensitive class. Similar to the domain adaptation task, the learning

of each classifier can be formulated as a minimax problem in (4.5) [12, 23]. Unlike the previous

example though, this task has a model selection component. From a pool of hundreds of randomly

generated adversarial deep nets, for each value of t, one selects the model that maximizes the

difference

yt,Delta = yacc − t ∗ ydisc. (4.9)

The “Adult” dataset from the UCI machine learning repository is used. The task (yacc) is to classify

whether a person earns ≥ $50k/year. The person’s gender is chosen to be the sensitive variable.

Details are in the Appendix C.2.3. To demonstrate the advantage of using prediction for model
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selection, we follow the protocol developed in Edwards and Storkey [23]. In this work, the search

space is restricted to a class of models that consist of a fully connected autoencoder, one task

specific discriminator, and one adversarial discriminator. The encoder output from the autoencoder

acts as input to both the discriminators. In our experiment, 100 models are randomly selected.

During the training of each adversarial model, Ld is a cross-entropy loss while Ly is a linear

combination of reconstruction and cross-entropy loss. Once all the models are trained, the best

model for each value of t is selected by evaluating (4.9) on the validation set.

Figure 4.5a plots the results on the test set for the AFLR approach with and without prediction

steps in their default Adam solver. For each value of t, Figure 4.5b, 4.5c also compares the number

of layers in the selected encoder and discriminator networks. When using prediction for training,

relatively stronger encoder models are produced and selected during validation, and hence the

prediction results generalize better on the test set.
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Figure 4.5: Model selection for learning a fair classifier. (a) Comparison of yt,delta (higher is
better), and also ydisc (lower is better) and yacc on the test set using AFLR with and without
predictive steps. (b) Number of encoder layers in the selected model. (c) Number of discriminator
layers (both adversarial and task-specific) in the selected model.
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4.6 Summary

In this chapter, we presented a simple modification to the alternating SGD method, called a

prediction step, that improves the stability of adversarial networks. We also presented theoretical

results showing that the prediction step is asymptotically stable for solving saddle point problems.

We demonstrated, using a variety of test problems, that prediction steps prevent network collapse

and enable training with a wider range of learning rates than plain SGD methods.
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Chapter 5: On the Similarity between the Laplace and Neural Tangent Kernels

Recent theoretical work has shown that massively overparameterized neural networks are equivalent

to kernel regressors that use Neural Tangent Kernels (NTKs). Experiments show that these kernel

methods perform similarly to real neural networks. However, memory and time requirements for

NTK computation grow linearly with the number of layers (because of its recursive definition),

limiting its further exploration and application. This chapter caters to this problem by showing that

NTK for fully connected networks with ReLU activation is closely related to the standard Laplace

kernel.

In particular, we show theoretically that for normalized data on the hypersphere both kernels have

the same eigenfunctions and their eigenvalues decay polynomially at the same rate, implying that

their Reproducing Kernel Hilbert Spaces (RKHS) include the same sets of functions. This means

that both kernels give rise to classes of functions with the same smoothness properties. The two

kernels differ for data off the hypersphere, but experiments indicate that when data is properly

normalized these differences are not significant. Finally, we provide experiments on real data

comparing NTK and the Laplace kernel, along with a larger class of γ-exponential kernels. We

show that these perform almost identically. Our results also suggest that much insight about neural

networks can be obtained from analysis of the well-known Laplace kernel, which has a simple

closed form. This work [122] is in collaboration with Amnon Geifman, Yoni Kasten, Meirav
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Galun, David Jacobs, and Basri Ronen.

5.1 Introduction

Neural networks with significantly more parameters than training examples have been successfully

applied to a variety of tasks. Somewhat contrary to common wisdom, these models typically

generalize well to unseen data. It has been shown that in the limit of infinite model size, these

neural networks are equivalent to kernel regression using a family of novel Neural Tangent Kernels

(NTK) [123, 124]. NTK methods can be analyzed to explain many properties of neural networks

in this limit, including their convergence in training and ability to generalize [125, 126, 127,

128]. Recent experimental work has shown that in practice, kernel methods using NTK perform

similarly, and in some cases better, than neural networks [129], and that NTK can be used to

accurately predict the dynamics of neural networks [124, 130, 131]. However, NTK computation is

expensive. For example, roughly 5x time and memory computation is needed for a 5 layered infinite

width deep network equivalent NTK. These observations suggest that a better understanding of

NTK can lead to new ways to compute NTK as well as analyze neural networks.

To this end, we ask the following important question: Is NTK significantly different from standard

kernels? For the case of fully connected (FC) networks, [129] provides experimental evidence that

NTK is especially effective, showing that it outperforms the Gaussian kernel on a large suite of

machine learning problems. Consequently, they argue that NTK should be added to the standard

machine learning toolbox. [126] has shown empirically that the dynamics of neural networks

on randomly labeled data more closely resembles the dynamics of learning through stochastic

gradient descent with the Laplace kernel than with the Gaussian kernel. In this chapter, we show
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Figure 5.1: Left: An overlay of the NTK for a 6-layer FC network with ReLU activation with the Laplace
and Gaussian kernels, as a function of the angle between their arguments. The exponential kernels are
modulated by an affine transformation to achieve a least squares fit to the NTK. Note the high degree of
similarity between the Laplace kernel and NTK. Middle left: eigenvalues as a function of frequency in S1.
The slopes in these log-log plots indicate the rate of decay, which is similar for both the Laplace kernel and
for NTK for the FC network with 6 layers. (Empirical slopes are -1.94 for both Laplace and NTK-FC.) The
eigenvalues of the Gaussian kernel, in contrast, decay exponentially. Middle right: Same for S2. (Empirical
slopes are -2.75 for the Laplace and NTK-FC.) Right: Same estimated for the UCI Abalone dataset (here
we show eigenvalues as function of eigenvalue index).

theoretically and experimentally that NTK does closely resemble the Laplace kernel, already a

standard tool of machine learning.

Kernels are mainly characterized by their corresponding Reproducing Kernel Hilbert Space (RKHS),

which determines the set of functions they can produce [132]. They are further characterized

by the RKHS norm they induce, which is minimized (implicitly) in every regression problem.

Our main result is that when restricted to the hypersphere Sd−1, NTK for a fully connected (FC)

network with ReLU activation and bias has the same RKHS as the Laplace kernel, defined as

kLap(x, z) = e−c∥x−z∥ for points x, z ∈ Sd−1 and constant c > 0. (In general, NTK for deeper

networks is more sharply peaked, corresponding to larger values of c, see Appendix D.) This

equivalence of RKHSs is shown by establishing that on the hypersphere the eigenfunctions of

NTK and the Laplace kernels coincide and their eigenvalues decay at the same rate (see Figure

5.1), implying in turn that gradient descent (GD) with both kernels should have the same dynamics,

explaining [126]’s experiments. In previous work, the eigenfunctions and eigenvalues of NTK have

been derived on the hypersphere for networks with only one hidden layer, while these properties

of the Laplace kernel have been studied in Rd. We derive new results for the Laplace kernel on the
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hypersphere, and for NTK for deep networks on the hypersphere and in Rd. In Rd, NTK gives rise

to radial eigenfunctions, forgoing the shift invariance property of exponential kernels. Experiments

indicate that this difference is not significant in practice.

Finally, we show experiments indicating that the Laplace kernel achieves similar results to those

obtained with NTK on real-world problems. We further show that by using the more general, γ-

exponential kernel [133], which allows for one additional parameter, kγ(x, z) = e−c∥x−z∥γ , we

achieve slightly better performance than NTK on a number of standard datasets.

5.2 Related Works

The connection between neural networks and kernel methods has been investigated for over two

decades. Early works have noted the equivalence between neural networks with single hidden

layers of infinite width and Gaussian Processes (GP) [134, 135], where GP prior can be used to

achieve exact Bayesian inference. Recently [136, 137] have extended the results to deep fully-

connected neural networks in which all but the last layer retain their initial values. In this context,

[138] introduced the Arc-cosine kernel, while [139] showed a duality between neural networks and

compositional kernels.

More recent work introduced the family of neural tangent kernels (NTK) [123, 124]. This work

showed that for massively overparameterized and fully trained networks, their training dynamics

closely follows the path of kernel gradient descent, and that training converges to the solution of

kernel regression with NTK. Follow-up work defined analogous kernels for residual [140] and

convolutional networks [124, 141]. Recent work also showed empirically that classification with

NTK achieves performance similar to deep neural networks with the corresponding architecture
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[124, 141].

The equivalence between kernels and overparameterized neural networks opened the door to studying

inductive bias in neural networks. For two layer, FC networks, [131, 142, 143] investigated the

spectral property of the NTK when the data is distributed uniformly on the hypersphere, showing

in particular that with GD low frequencies are learned before higher ones. [144] extended these

results to non-uniform distributions. [145] analyzed the eigenvalues of NTK over the Boolean

cube, and [146] analyzed its spectrum under approximate pairwise orthogonality. [142, 147]

further leveraged the spectral properties of the kernels to investigate their RKHS in the case of bias-

free two layer networks. Our results apply to deep networks with bias. [148] studied approximation

bounds for two layer neural networks, and [125, 126, 127, 128] studied generalization properties

of kernel methods in the context of neural networks.

Positive definite kernels and their associated RKHSs have been studied extensively, see, e.g., [149,

150] for reviews. The spectral properties of classic kernels, e.g., the Gaussian and Laplace kernels,

are typically derived for input in Rd [151]. Several papers examine the RKHS of common kernels

(e.g., the Gaussian and polynomial) on the hypersphere [152, 153, 154].

Recent work compares the performance of NTK to that of common kernels. Specifically, [129]’s

experiments suggest that NTK is superior to the Gaussian and low degree polynomial kernels.

[126] compares the learning speed of GD for randomly mislabeled data, showing that NTK learns

such data as fast as the Laplace kernel and much faster than the Gaussian kernel. Our analysis

provides a theoretical justification of this result.
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5.3 NTK vs. the Exponential Kernels

Our aim is to compare NTK to common kernels. In comparing kernels we need to consider two

main properties: first, what functions are included in their respective RKHS and secondly, how

their respective norms behave. (These concepts are reviewed below in Sec. 5.3.1.) The answer to

the former question determines the set of functions considered for regression, while the answer

to the latter determines the result of regression. Together, these will determine how a kernel

generalizes to unseen data points. Below we see that on the hypersphere both NTK and exponential

kernels (e.g., Gaussian and Laplace) give rise to the same set of eigenfunctions. Therefore, the

answers to the questions above are determined fully by the corresponding eigenvalues. Moreover,

the asymptotic decay rate of the eigenvalues of each kernel determines their RKHS.

As an example consider the exponential kernels in Rd, i.e., the kernels e−c∥x−z∥γ , where c >

0 and 0 < γ ≤ 2 [133]. These shift invariant kernels have the Fourier transform as their

eigenfunctions. The eigenvalues of the Gaussian kernel, i.e., γ = 2, decay exponentially, implying

that its respective RKHS includes only infinitely smooth functions. In contrast, the eigenvalues

of the Laplace kernel, i.e., γ = 1, decay polynomially, forming a space of continuous, but not

necessarily smooth functions.

Our main theoretical result is that when restricted to the hypersphere Sd−1

HGauss ⊂ HLap = HFCβ(2) ⊆ HFCβ(L),

whereHGauss andHLap denote the RKHSs associated with the Gaussian and Laplace kernels, and

HFCβ(L) denotes the NTK for a FC network with L layers, ReLU activation, and bias. Further
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empirical results indicate that HLap = HFCβ(L) for the entire range L ≥ 2. Indeed, the subsequent

work of [155] proves thatHFCβ(2) ⊇ HFCβ(L), thus together with our results proving thatHFCβ(2) =

HFCβ(L).

Next we briefly recall basic concepts in kernel regression. We subsequently characterize the RKHS

of NTK and the Laplace kernel and show their equivalence in Sd−1. Finally, we discuss how these

kernels extend outside of the sphere to the entire Rd space. All lemmas and theorems are proved

in the Appendix D.

5.3.1 Preliminaries

We consider positive definite kernels k : X × X → R defined over a compact metric space X

endowed with a finite Borel measure V . Each such kernel is associated with a Reproducing Kernel

Hilbert Space (RKHS) of functions, H, which includes the set of functions the kernel reproduces,

i.e., f(x) = ⟨f,k(·,x)⟩H where the inner product is inherited from the respective Hilbert space.

For such kernels the following holds:

1. For all x ∈ X we have that the k(·, x) ∈ H.

2. Reproducing property: for all x ∈ X and for all f ∈ H it holds that f(x) = ⟨f,k(·, x)⟩H.

Moreover, RKHSs and positive definite kernels are uniquely paired.

According to Mercer’s theorem k can be written as

k(x, z) =
∑
i∈I

λiΦi(x)Φi(z), x, z ∈ X , (5.1)
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where {(λi,Φi)}i∈I are the eigenvalues and eigenfunctions of k with respect to the measure V , i.e.,

∫
k(x, z)Φi(z)dV(z) = λiΦi(x).

The RKHS H is the space of functions f ∈ H of the form f(x) =
∑

i∈I αiΦi(x) whose RKHS

norm is finite, i.e., ∥f∥H =
∑

i∈I
α2
i

λi
< ∞. The latter condition restricts the set of functions in

an RKHS, allowing only functions that are sufficiently smooth in accordance with the asymptotic

decay of λk.

The literature considers many different kernels (see, e.g., [156]). Here we discuss the family of

γ-exponential kernels kγ(x, z) = e−c∥x−z∥γ , 0 < γ ≤ 2, which include the Laplace (γ = 1) and

the Gaussian (γ = 2) kernels.

Neural Tangent Kernel. Let f(θ,x) denote a neural network function with ReLU activation and

trainable parameters θ. Then the corresponding NTK is defined as

kNTK(x, z) = Eθ∼P

〈
∂f(θ,x)

∂θ
,
∂f(θ, z)

∂θ

〉
,

where expectation is taken over the probability distribution P of the initialization of θ, and we

assume that the width of each layer tends to infinity. Our results focus on NTK kernels corresponding

to deep, fully connected network architectures that may or may not include bias, where bias, if it

exists, is initialized at zero. We denote these kernels by kFC0(L) for the bias-free version and

kFCβ(L) for NTK with bias and define them in the Appendix D.1.

Kernel regression. Given training data {(xi, yi)}ni=1, xi ∈ X , yi ∈ R, kernel ridge regression is
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the solution to

min
f∈H

n∑
i=1

(f(xi)− yi)
2 + λ∥f∥2H. (5.2)

When λ→ 0 this problem is called minimum norm interpolant, and the solution satisfies

min
f∈H
∥f∥H s.t. ∀i, f(xi) = yi. (5.3)

The solution of (5.2) is given by f(x) = kT
x (K + λI)−1y, where the entries of kx ∈ Rn are

k(x,xi), K is the n × n matrix with Kij = k(xi,xj), I denotes the identity matrix, and y =

(y1, ..., yn)
T . Further review of kernel methods can be found, e.g., in [132, 149].

5.3.2 NTK in Sd−1

We next consider the NTK for fully connected networks applied to data restricted to the hypersphere

Sd−1. To characterize the kernel, we first aim to determine the eigenvectors of NTK. This will be

a direct consequence of Lemma 3. Subsequently in Theorem 5 we will characterize the decay rate

of the corresponding eigenvalues.

Lemma 3. Let kFCβ(L)(x, z), x, z ∈ Sd−1, denote the NTK kernels for FC networks with L ≥

2 layers, possibly with bias initialized with zero. This kernel is zonal, i.e., kFCβ(L)(x, z) =

kFCβ(L)(xTz). (Note the abuse of notation, which should be clear by context.)

We note that for the bias-free kFC0(L) this lemma was proven in [144] and we extend the proof to

allow for bias. It is well known that the spherical harmonics are eigenvectors for any zonal kernel

with respect to the uniform measure on Sd−1 with d ≥ 3. (For background on Spherical Harmonics
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see, e.g., [157]). Therefore, due to Mercer’s Theorem (5.1), any zonal kernel k can be written as

k(x, z) =
∞∑
k=0

λk

N(d,k)∑
j=1

Yk,j(x)Yk,j(z), (5.4)

where Yk,j(.) denotes the spherical harmonics of Sd−1, N(d, k) denotes the number of harmonics

of order k in Sd−1, and λk are the respective eigenvalues. On the circle S1 the eigenvectors

are the Fourier series, and k(x, z) =
∑∞

k=0
1
ck
λk cos(kθ), where θ = arccos(xTz) and ck is a

normalization factor, c0 = 4π2 and ck = π2 when k ≥ 1.

Deriving the eigenvalues for NTK for deep networks is complicated, due to its recursive definition.

For a two-layer network without bias, [142, 147] proved that the eigenvalues decay at a rate of

O(k−d). With no bias, however, two-layer networks are nonuniversal, and in particular λk = 0 for

odd k ≥ 3 [131]. To avoid this issue Theorem 5 establishes that with bias NTK is universal for any

number of layers L ≥ 2, and its eigenvalues decay at a rate no faster than O(k−d). Moreover, with

L = 2 the eigenvalues decay exactly at the rate of O(k−d).

Theorem 5. Let x, z ∈ Sd−1. With bias initialized at zero:

1. kFCβ(L) decomposes according to (5.4) with λk > 0 for all k ≥ 0, and

2. ∃k0 and constants C1, C2, C3 > 0 that depend on the dimension d such that ∀k > k0

(a) C1k
−d ≤ λk ≤ C2k

−d if L = 2, and

(b) C3k
−d ≤ λk if L ≥ 3.

The proof of this theorem for L = 2 borrows techniques from [142]. The proof for L ≥ 3 relies

mainly on showing that the algebraic operations in the recursive definition of NTK (including
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addition, product and composition) do not increase the rate of decay. The consequence of Theorem

5 is that NTK for FC networks gives rise to an infinite size feature space and that its eigenvalues

decay no faster than O(k−d). While our proofs only establish a bound for the case that L ≥ 3,

empirical results suggest that the eigenvalues for these kernels decay exactly as Θ(k−d), as can be

seen in Figure 5.1.

5.3.3 NTK vs. exponential kernels in Sd−1

The polynomial decay of the eigenvalues of NTK suggests that NTK is closely related to the

Laplace kernel, as we show next. Indeed, any shift invariant and isotropic kernel, i.e., k(x,y) =

k(∥x−y∥), in Rd is zonal when restricted to the hypersphere, since x,y ∈ Sd−1 implies ∥x−y∥2 =

2(1 − xTy). Therefore, in Sd−1 the spherical harmonics are the eigenvectors of the exponential

kernels.

[152] shows that the Gaussian kernel restricted to the hypersphere yields eigenvalues that decay

exponentially fast. In contrast we next prove that the eigenvalues of the Laplace kernel restricted to

the hypersphere decay polynomially as Θ(k−d), the same decay rate shown for NTK in Theorem 5

and in Figure 5.1.

Theorem 6. Let x, z ∈ Sd−1 and write the Laplace kernel as kLap(xTz) = e−c
√

1−xT z, restricted

to Sd−1. Then kLap can be decomposed as in (5.4) with the eigenvalues λk satisfying λk > 0, and

∃k0 such that ∀k > k0 it holds that:

B1k
−d ≤ λk ≤ B2k

−d

where B1, B2 > 0 are constants that depend on the dimension d and the parameter c.
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Our proof uses the decay rate of the Laplace kernel in Rd, and results due to [153, 154] that relate

Fourier expansions in Rd to their corresponding spherical harmonic expansions in Sd−1. This

allows us to state our main theoretical result.

Theorem 7. Let HLap denote the RKHS for the Laplace kernel restricted to Sd−1, and let HFCβ(L)

denote the NTK corresponding respectively to a FC network with L layers, ReLU activation, and

bias, restricted to Sd−1, thenHLap = HFCβ(2) ⊆ HFCβ(L).

The common decay rates of NTK and the Laplace kernel in Sd−1 imply that the set of functions

in their RKHSs are identical, having the same smoothness properties. In particular, due to the

norm equivalence of RKHSs and Sobolev spaces both spaces include functions that have weak

derivatives up to order d/2 [154]. We recall that empirical results suggest further that kFCβ(L)

decays exactly as Θ(k−d), and so we conjecture that HLap = HFCβ(L). We note that despite this

asymptotic similarity, the eigenvalues of NTK and the Laplace kernel are not identical even if

we correct for shift and scale. Consequently, each kernel may behave slightly differently. Our

experiments in Section 5.4 suggest that this results in only small differences in performance.

The similarity between NTK and the Laplace kernel has several implications. First, the dynamics

of gradient descent for solving regression (5.2) with both kernels [158] should be similar. For a

kernel with eigenvalues {λi}∞i=1 a standard calculation shows that GD requires O(1/λi) time steps

to learn the ith eigenfunction (e.g., [131, 159]). For both NTK and the Laplace kernel in Sd−1 this

implies that O(kd) time steps are needed to learn a harmonic of frequency k. This is in contrast

for instance with the Gaussian kernel, where the time needed to learn a harmonic of frequency

k grows exponentially with k. This in particular explains the empirical results of [126], where

it was shown that fitting noisy class labels with the Laplace kernel or neural networks requires a
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similar number of SGD steps. The authors of [126] conjectured that “optimization performance

is controlled by the type of non-smoothness," as indeed is determined by the identical RKHS for

NTK and the Laplace kernel.

The similarity between NTK and the Laplace kernel also implies that they have similar generalization

properties. Indeed various generalization bounds rely explicitly on spectral properties of kernels.

For example, given a set of training points X ⊆ Sd−1 and a target function f : Sd−1 → R, then the

error achieved by the kernel regression estimator given X , denoted f̂X , is (see, e.g., [160])

∥∥∥f − f̂X

∥∥∥
∞
≤ C · h(X)α ∥f∥Hk

, f ∈ Hk,

where h(X) := supz∈Sd−1 infx∈X arccos(zTx) is the mesh norm of X (and thus depends on the

density of the points), and α depends on the smoothness property of the kernel. Specifically, for

both the Laplace kernel and NTK α = 1/2.

Likewise, with n training points and f ∈ Hk, [161] derived the following lower bound

EX

(
(f − f̂X)

2
)
≥

∞∑
i=n+1

αi,

where αi are the eigenvalues of f . Both of these bounds are equivalent asymptotically up to a

constant for NTK (with bias) and the Laplace kernel.

5.3.4 NTK vs. exponential kernels in Rd

While theoretical discussions of NTK largely assume the input data is normalized to lie on the

sphere, such normalization is not the common practice in neural network applications. Instead,
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most often each feature is normalized separately by setting its mean to zero and variance to 1.

Other normalizations are also common. It is therefore important to examine how NTK behaves

outside of the hypersphere, compared to common kernels.

Below we derive the eigenfunctions of NTK for deep FC networks with ReLU activation with

and without bias. We note that [142, 147] derived the eigenfunctions of NTK for two-layer FC

networks with no bias. We will show that the same eigenfunctions are obtained with deep, bias-

free networks, and that additional eigenfunctions appear when bias is added. We begin with a

definition.

Definition 1. A kernel k is homogeneous of order α if k(x, z) = ∥x∥α∥z∥αk
(

xT z
∥x∥∥z∥

)
.

Theorem 8. (1) Bias-free kFC0(L) is homogeneous of order 1. (2) With bias initialized at zero, let

kBias(L) = kFCβ(L) − kFC0(L). Then, kBias(L) is homogeneous of order 0.

The two kernels kFC0(L) and kFCβ(L) (but not kBias(L)) are unbounded. Therefore, their Mercer’s

representation (5.1) exists under measures that decay sufficiently fast as ∥x∥ → ∞. Examples

include the uniform distribution on the ∥x∥ ≤ 1 disk or the standard normal distribution. Such

distributions have the virtue of being uniform on all concentric spheres. The following theorem

determines the eigenfunctions for these kernels.

Theorem 9. Let p(r) be a decaying density on [0,∞) such that 0 <
∫∞
0

p(r)r2dr < ∞ and

x, z ∈ Rd.

1. Let k0(x, z) be homogeneous of order 1 such that k0(x, z) = ∥x∥ ∥z∥ k̂0(
xT z

∥x∥∥z∥). Then its

eigenfunctions with respect to p(∥x∥) are given by Ψk,j = a∥x∥Yk,j

(
x

∥x∥

)
where Yk,j are

the spherical harmonics in Sd−1 and a ∈ R.
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Figure 5.2: Left: plots of the eigenfunctions of NTK for a two layer FC network with bias on the unit disk,
arranged in decreasing order of the eigenvalues. The radial shape of the eigenfunctions is evident. For two
layers, the eigenvalues of kFC0(2) are zero for odd k ≥ 3, while those of kBias(2) are zero for even k ≥ 2.
Therefore we see two “DC components" (top left and 2nd in 2nd row) and four k = 1 components (2nd and
3rd in 1st row and 1st and 2nd in third row). The rest of the frequencies are represented twice each. Right:
Absolute correlation between the eigenfunctions of NTK and those of the Laplace kernel for data sampled
uniformly on the unit disk. It can be seen that eigenfunctions of higher frequency for NTK correlate with
eigenfunctions of higher frequency for the Laplace. However, relatively low order components for NTK
contain higher frequency components of the Laplace.

2. Let k(x, z) = k0(x, z) + k1(x, z) so that k0 as in 1 and k1 is homogeneous of order 0. Then

the eigenfunctions of k are of the form Ψk,j = (a ∥x∥+ b)Yk,j

(
x

∥x∥

)
.

The eigenfunctions of NTK in Rd, therefore, are similar to those in Sd−1; they are the spherical

harmonics scaled radially in the bias free case, or linearly with the norm when bias is used.

With bias, kFCβ(L) has up to 2N(d, k) eigenfunctions for every frequency k. Compared to the

eigenvalues in Sd−1, the eigenvalues can change, depending on the radial density p(r), but they

maintain their overall asymptotic behavior.

In contrast to NTK, the Laplace kernel is shift invariant, and therefore its eigenfunctions are

the Fourier transform. The two kernels hence cannot be compared merely by their eigenvalues.

Figure 5.2 shows the eigenfunctions of NTK along with their correlation to the eigenfunctions of

the Laplace kernel. While these differences are large, they seem to make only little difference in

experiments, see Section 5.4 below. It is possible to produce a homogeneous version of the Laplace
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kernel as follows

kHLap(x, z) = ∥x∥∥z∥ exp
(
−c
√

1− xTz

∥x∥∥z∥

)
. (5.5)

Following Thm. 9 the eigenfunctions of this kernel are the scaled spherical harmonics and, following

Thm. 6, its eigenvalues decay at the rate of k−d, much like the NTK.

5.4 Experiments

We compare the performance of NTK with Laplace, Gaussian, and γ-exponential kernels on both

small and large scale real datasets. Our goal is to demonstrate: a) Results with the Laplace kernel

are quite similar to those obtained by NTK, and b) The γ-exponential kernel can achieve slightly

better results than NTK. Experimental details are provided in the Appendix D.5.

5.4.1 UCI dataSet

We compare methods using the same set of 90 small scale UCI datasets (with less than 5000 data

points) as in [129]. The results are provided in Table 5.3 for the exponential kernels and their

homogeneous versions, denoted by the "H-" prefix, as well as for NTK. For completeness, we also

cite the results for Random forest (RF), the top classifier identified in [162], and neural networks

from [129]. Further comparison of the accuracies obtained with NTK vs. the H-Laplace kernel on

each of the 90 datasets is shown in Figure 5.4.

We report the same metrics as used in [129]: Friedman Ranking, Average Accuracy, P90/P95,

and PMA. A superior classifier is expected to have lower Friedman rank and higher P90, P95,

and PMA. Friedman Ranking [163] reports the average ranking of a given classifier compared to

other classifiers. P90/P95 denotes the fraction of datasets on which a classifier achieves more than
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90/95% of the maximum achievable accuracy (i.e., maximum accuracy among all the classifiers [162]).

PMA represents the percentage of maximum accuracy.

From Table 5.3, one can observe that the H-Laplace kernel results are the closest to NTK on

all the metrics. In fact, as seen in Figure 5.4, these methods seem to achieve highly similar

accuracies in each of the 90 datasets. Furthermore, the H-γ-exponential outperforms all the

classifiers including NTK on all metrics. Moreover, the homogeneous versions slightly outperform

the standard kernels. All these methods have hyperparameters that can be optimized. In [129], they

search 105 hyperparameters for NTK. For a fair comparison, we search for the same number for the

γ-exponential and fewer (70) for the Laplace kernels. We note finally that deeper networks yield

NTK shapes that are more sharply peaked, corresponding to Laplace kernels with higher values of

c. This is shown in Fig. 5.5 below.

Classifier F-Rank Average Accuracy P90 P95 PMA

H-γ-exp. 26.26 82.25%±14.07% 92.22% 73.33% 96.07% ±4.83%
γ-exp. 32.98 81.80%±14.21% 85.56% 73.33% 95.49% ±5.31%
H-Laplace 29.60 81.74%±13.82% 88.89% 66.67% 95.53% ±4.84%
Laplace 33.28 81.12%±14.16% 86.67% 65.56% 94.88% ±6.85%
H-Gaussian 32.66 81.46% ± 14.83% 84.44% 67.77% 94.95% ±6.25%
Gaussian 35.76 81.03% ± 15.09% 85.56% 72.22% 94.56% ±8.22%
NTK [129] 28.34 81.95%±14.10% 88.89% 72.22% 95.72% ±5.17%
NN [129] 38.06 81.02%±14.47% 85.56% 60.00% 94.55% ±5.89%
RF [129] 33.51 81.56% ±13.90% 85.56% 67.78% 95.25% ±5.30%

Figure 5.3: Performance on the UCI dataset. Lower F-Rank and higher P90, P95, PMA are better numbers.

5.4.2 Large scale datasets

We leverage FALKON [164], an efficient approximate kernel method to conduct large scale regression

and classification tasks following the setup of [164]. The results and datasets details are reported in

Table 5.1. We searched for hyperparameters based on a small validation dataset for all the methods
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Figure 5.4: Performance comparisons between NTK and H-Laplace on the UCI dataset.
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Figure 5.5: Fitting the Laplace kernel to NTK. The graph shows optimal width (c) of the Laplace kernel
that is fitted to NTK with different number of layers.

and used the standard train/test partition provided on the UCI repository. From Table 5.1, one can

notice that NTK and H-Laplace perform similarly. For each dataset, either the γ-exponential or

Gaussian kernels slightly outperforms these two kernels.

5.4.3 Hierarchical convolutional kernels

Convolutional NTKs (CNTK) were shown to express the limit of convolutional neural networks

when the number of channels tends to infinity, and recent empirical results showed that the two
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MillionSongs [165] SUSY [166] HIGGS [166]

#Training Data 4.6× 105 5× 106 1.1× 107

#Features 90 18 28
Problem Type Regression Classification Classification
Performance Metric MSE AUC AUC
H-γ-exp. 78.6417 87.686 82.281
H-Laplace 79.7941 87.670 81.995
NTK 79.9666 87.673 82.089
H-Gaussian 79.6255 87.689 81.967
Neural Network [166] - 87.500 81.600
Deep Neural Network [166] - 87.900∗ 88.500∗

Table 5.1: Performance on the large scale datasets. We report MSE (lower is better) for the regression
problem, and AUC (higher is better) for the classification problems.

achieve similar accuracy on test data [124, 141]. CNTK is defined roughly by recursively applying

NTK to image patches. For our final experiment we constructed alternative hierarchical kernels, in

the spirit of [167, 168], by recursively applying exponential kernels in a manner similar to CNTK.

The new kernel, denoted C-Exp, is applied first to pairs of 3 × 3 image patches, then to 3 × 3

patches of kernel values, and so forth. A detailed algorithm is provided in the Appendix D.5.3. We

applied the kernel (using the homogeneous versions of the Laplace, Gaussian and γ-exponential

kernels) to the Cifar-10 dataset and compared it to CNTK. Our experimental conditions and results

for CNTK are identical to those of [124]. (Note that these do not include global average pooling.)

Consistent with our previous experiments, Table 5.2 shows that these kernels are on par with the

CNTK with small advantage to the γ-exponential kernel. This demonstrates that the four kernels

maintain similar performance even after repeated application.
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Method Accuracy (50k) Accuracy(2k)

CNTK 66.4% 43.9%
C-Exp Laplace 65.2% 44.2%
C-Exp γ-exponential 67.0% 45.2%
C-Exp Gaussian 66.8% 45.0%

Table 5.2: Classification accuracy for the CIFAR-10 dataset for our C-Exp hierarchical kernels, compared
to CNTK. The two columns show results with training on the full dataset and on the first 2000 examples.

5.5 Summary

In this chapter, we considered the relationship between NTK and the classic Laplace kernel. Our

main result is to show that for data normalized on the unit hypersphere, these two kernels have the

same RKHS. Experiments show that the two kernels perform almost identically on a wide range

of real-world applications. This enables one to replace expensive NTK with the standard Laplace

kernel, which is computationally much cheaper than NTK. Moreover, coupled with prior results

that show that kernel methods using NTK mimic the behavior of FC neural networks, our results

suggest that much insight about neural networks can be obtained from analysis of the well-known

Laplace kernel, which has a simple closed-form.
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Chapter 6: Conclusion

In this dissertation, we have improved training of three types of deep network models from efficiency,

automation and stability point of views, with the main focus on important computer vision applications:

• Big batch SGD (first-order) and Frozen-Batch L-BFGS (second-order) methods to efficiently

train deep networks with almost no parameter turning and little or no user oversight.

– Big batch SGD schemes adaptively grow the batch size to maintain a nearly constant

signal-to-noise ratio in gradient approximation with the intuition that the increased

stochasticity can help land the iterates near a good minimizer in the initial iterations.

Later on, larger batches can increase the speed of convergence towards this minimizer.

The resulting high-fidelity gradients also enable automated learning rate selection,

parallel training, and reliable stopping creation. We show comparable results with

carefully manually tuned SGD and perform consistently better than other standard

methods, but without requiring an expert user to choose learning rates and decay parameters.

– The frozen batch scheme has enabled L-BFGS to work reasonably well on more practical

well-known deep networks that use BatchNorm and achieved comparable results with

SOTA methods, which has further bolstered confidence that second-order method such

as L-BFGS can also be considered for image classification tasks (which is not even

considered as an option to explore for those applications). We achieved consistently
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better results than existing L-BFGS methods and comparable results (in most cases)

with carefully tuned SGD. This work marks another step toward making L-BFGS an

algorithm of choice for large-scale stochastic machine learning (just like L-BFGS is a

default choice for convex optimization).

• The prediction step method stabilizes training of adversarial deep networks and prevents

network mode collapse. We have shown results on various test problems and demonstrated

the method’s stability across a wide range of learning rates. Consequently, one can train with

a faster learning rate for faster convergence, and another advantage is that the method leads

to a simple modification that can be easily integrated with other sophisticated methods.

• At last, we propose to efficiently compute NTK by establishing that for most practical use-

cases (ReLU activation and data distributed on a sphere), NTK can be replaced by the well-

known Laplace kernel, which is computationally way cheaper than NTK. Prior results have

shown that NTK mimics the behavior of real infinite width neural networks, so another

takeaway from this work is that one can get more insight into neural networks from the

analysis of the Laplace kernel, which has a simple closed-form.

Future directions: Though our proposed methods achieve significant progress, there is still scope

for improvement, and we list a few possible research directions below:

• Although we are able to achieve good performance with large batches, the generalization

performance is still not better than SGD. Many recent works have tried to understand the

mysterious properties that make SGD favorable for generalization, but still, it remains inconclusive.

More recent work has shown that some explicit form of regularization can be used with large
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batch to improve the large batch generalization. It would be a direction worth exploring to

combine the proposed methods (Big batch SGD and FbLBFGS) with those explicit regularizations.

• GANs are one of the most important deep networks in computer vision, and the spectral

normalization [169] is a state-of-art regularization technique to achieve good results in GANs.

So, it would be worthwhile to combine the prediction method with spectral normalization,

specifically when it does not incur any significant implementation or computation burden.

Also, to achieve better performance, one would expect to remove the regularization as the

model converges towards the solution, and the prediction method can play a significant role

in that regime due to its asymptotically stable performance for solving saddle point problems.
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Appendix A: Automated Inference using Adaptive Batch Sizes

A.1 Proof of Lemma 1

Proof. We know that −∇ℓB(x) is a descent direction iff the following condition holds:

∇ℓB(x)T∇ℓ(x) > 0. (A.1)

Expanding ∥∇ℓB(x)−∇ℓ(x)∥2 we get

∥∇ℓB(x)∥2 + ∥∇ℓ(x)∥2 − 2∇ℓB(x)T∇ℓ(x) < ∥∇ℓB(x)∥2,

=⇒ −2∇ℓB(x)T∇ℓ(x) < −∥∇ℓ(x)∥22 ≤ 0,

which is always true for a descent direction (A.1).
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A.2 Proof of Theorem 1

Proof. Let z̄ = E[z] be the mean of z. Given the current iterate x, we assume that the batch B is

sampled uniformly with replacement from p. We then have the following bound:

∥∇f(x; z)−∇ℓ(x)∥2 ≤ 2∥∇f(x; z)−∇f(x, z̄)∥2 + 2∥∇f(x, z̄)−∇ℓ(x)∥2

≤ 2L2
z∥z − z̄∥2 + 2∥∇f(x, z̄)−∇ℓ(x)∥2

= 2L2
z∥z − z̄∥2 + 2∥Ez[∇f(x, z̄)−∇f(x, z)]∥2

≤ 2L2
z∥z − z̄∥2 + 2Ez∥∇f(x, z̄)−∇f(x, z)∥2

≤ 2L2
z∥z − z̄∥2 + 2L2

zEz∥z̄ − z∥2

= 2L2
z∥z − z̄∥2 + 2L2

z TrVarz(z),

where the first inequality uses the property ∥a + b∥2 ≤ 2∥a∥2 + 2∥b∥2, the second and fourth

inequalities use Assumption 1, and the third line uses Jensen’s inequality. This bound is uniform

in x. We then have

Ez∥∇f(x; z)−∇ℓ(x)∥2 ≤ 2L2
zEz∥z − z̄∥2 + 2L2

z TrVarz(z)

= 4L2
z TrVarz(z)

uniformly for all x. The result follows from the observation that

EB∥∇fB(x)−∇ℓ(x)∥2 =
1

|B|Ez∥∇f(x; z)−∇ℓ(x)∥2.
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A.3 Proof of Lemma 2

Proof. From (2.5) and Assumption 2 we get

ℓ(xt+1) ≤ ℓ(xt)− αgt
T∇ℓ(xt) +

Lα2

2
∥gt∥2.

Taking expectation with respect to the batch Bt and conditioning on xt, we get

E[ℓ(xt+1)− ℓ(x⋆)] ≤ℓ(xt)− ℓ(x⋆)− αE[gt]T∇ℓ(xt) +
Lα2

2
E∥gt∥2

=ℓ(xt)− ℓ(x⋆)− α∥∇ℓ(xt)∥2 +
Lα2

2
(∥∇ℓ(xt)∥2 + E∥et∥2 + E[et]T∇ℓ(xt))

=ℓ(xt)− ℓ(x⋆)−
(
α− Lα2

2

)
∥∇ℓ(xt)∥2 +

Lα2

2
E∥et∥2

≤
(
1− 2µ

(
α− Lα2

2

))
(ℓ(xt)− ℓ(x⋆)) +

Lα2

2
E∥et∥2,

where the second inequality follows from Assumption 3. Taking expectation, the result follows.

A.4 Proof of Theorem 2

Proof. We begin by applying the reverse triangle inequality to (2.4) to get

(1− θ)E∥∇ℓB(x)∥ ≤ E∥∇ℓ(x)∥
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which applied to (2.4) yields

θ2

(1− θ)2
E∥∇ℓ(xt)∥2 ≥ E∥∇ℓB(xt)−∇ℓ(xt)∥2 = E∥et∥2. (A.2)

Now, we apply (A.2) to the result in Lemma 2 to get

E[ℓ(xt+1)− ℓ(x⋆)] ≤ E[ℓ(xt)− ℓ(x⋆)]−
(
α− Lα2β

2

)
E∥∇ℓ(xt)∥2,

where β = θ2+(1−θ)2

(1−θ)2
≥ 1. Assuming α− Lα2β

2
≥ 0, we can apply Assumption 3 to write

E[ℓ(xt+1)− ℓ(x⋆)] ≤
(
1− 2µ

(
α− Lα2β

2

))
E[ℓ(xt)− ℓ(x⋆)],

which proves the theorem. Note that maxα{α− Lα2β
2
} = 1

2Lβ
, and µ ≤ L. It follows that

0 ≤
(
1− 2µ

(
α− Lα2β

2

))
< 1.

The second result follows immediately.

A.5 Proof of Theorem 3

Proof. Applying the reverse triangle inequality to (2.4) and using Lemma 2 we get, as in Theorem

2:

E[ℓ(xt+1)− ℓ(x⋆)] ≤ E[ℓ(xt)− ℓ(x⋆)]−
(
α− Lα2β

2

)
E∥∇ℓ(xt)∥2, (A.3)

89



where β = θ2+(1−θ)2

(1−θ)2
≥ 1.

We will show that the backtracking condition in (2.7) is satisfied whenever 0 < αt ≤ 1
βL

. First

notice that:

0 < αt ≤
1

βL
=⇒ −αt +

Lα2
tβ

2
≤ −αt

2
.

Thus, we can rewrite (A.3) as

E[ℓ(xt+1)− ℓ(x⋆)] ≤ E[ℓ(xt)− ℓ(x⋆)]− αt

2
E∥∇ℓ(xt)∥2

≤ E[ℓ(xt)− ℓ(x⋆)]− cαtE∥∇ℓ(xt)∥2,

where 0 < c ≤ 0.5. Thus, the backtracking line search condition (2.7) is satisfied whenever

0 < αt ≤ 1
Lβ

.

Now we know that either αt = α0 (the initial stepsize), or αt ≥ 1
2βL

, where the stepsize is decreased

by a factor of 2 each time the backtracking condition fails. Thus, we can rewrite the above as

E[ℓ(xt+1)− ℓ(x⋆)] ≤ E[ℓ(xt)− ℓ(x⋆)]− cmin
(
α0,

1

2βL

)
E∥∇ℓ(xt)∥2.

Using Assumption 3 we get

E[ℓ(xt+1)− ℓ(x⋆)] ≤
(
1− 2cµmin

(
α0,

1

2βL

))
E[ℓ(xt)− ℓ(x⋆)].

Assuming we start off the stepsize at a large value such that min(α0,
1

2βL
) = 1

2βL
, we can rewrite

90



this as:

E[ℓ(xt+1)− ℓ(x⋆)] ≤
(
1− cµ

βL

)
E[ℓ(xt)− ℓ(x⋆)].

A.6 Algorithmic Details for Automated Big Batch Methods

The complete details of the backtracking Armijo line search we used with big batch SGD are

explained in detail in Algorithm 3.
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Algorithm 3 Big batch SGD: backtracking line search
1: initialize starting pt. x0, initial stepsize α, initial batch size K > 1, batch size increment δk,

backtracking line search parameter c, flag F = 0

2: while not converged do

3: Draw random batch with size |B| = K

4: Calculate VB and ∇ℓB(xt) using (2.6)

5: while ∥∇ℓB(xt)∥2 ≤ VB/K do

6: Increase batch size K ← K + δK

7: Sample more gradients

8: Update VB and ∇ℓB(xt)

9: Set flag F = 1

10: end while

11: if flag F == 1 then

12: α← α ∗ 2

13: Reset flag F = 0

14: end if

15: while ℓB(xt − α∇ℓB(xt)) > ℓB(xt)− cαt∥∇ℓB(xt)∥2 do

16: α← α/2

17: end while

18: xt+1 = xt − α∇ℓB(xt)

19: end while
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A.7 Details of Neural Network Experiments and Additional Results

Here we present details of the ConvNet and exact hyper-parameters used for training the neural

network models for our experiments.

We train a convolutional neural network [48] (ConvNet) to classify three benchmark image datasets:

CIFAR-10 [49], SVHN [50] and MNIST [48]. The ConvNet used in our experiments is composed

of 4 layers, excluding the input layer. We use 32× 32 pixel images as input. The first layer of the

ConvNet contains 16 × 3 × 3, and the second layer contains 256 × 3 × 3 filters. The third and

fourth layers are fully connected [48] with 256 and 10 outputs respectively. Each layer except the

last one is followed by a ReLu non-linearity [2] and a max pooling stage [170] of size 2× 2. This

ConvNet has over 4.3 million weights.

To compare against fine-tuned SGD, we used a comprehensive grid search on the stepsize schedule

to identify optimal parameters (up to a factor of 2 accuracy). For CIFAR10, the stepsize starts from

0.5 and is divided by 2 every 5 epochs with 0 stepsize decay. For SVHN, the stepsize starts from

0.5 and is divided by 2 every 5 epochs with 1e−05 learning rate decay. For MNIST, the learning

rate starts from 1 and is divided by 2 every 3 epochs with 0 stepsize decay. All algorithms use a

momentum parameter of 0.9, and SGD and AdaDelta use mini-batches of size 128.

Fixed stepsize methods use the default decay rule of the Torch library: αt = α0/(1 + 10−7t),

where α0 was chosen to be the stepsize used in the fine-tuned experiments. We also tune the

hyper-parameter ρ in the Adadelta algorithm, and we found 0.9, 0.9 and 0.8 to be best-performing

parameters for CIFAR10, SVHN and MNIST respectively.

Figure A.1 shows the change in the loss function over time for the same neural network experiments

shown in the Chapter 2 (on CIFAR-10, SVHN and MNIST).
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Figure A.1: Neural Network Experiments. Figure shows the change in the loss function for CIFAR-10,
SVHN, and MNIST (left to right).
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Appendix B: Making L-BFGS Work with Industrial-Strength Nets

B.1 Performance overview of FbLBFGS for different datasets and deep networks

B.1.1 Overview of FbLBFGS for STL10 on different deep networks
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Figure B.1: Overview of the performance of STL-10 on ResNet. The solid lines represent train
accuracy and dashed lines represent the test accuracy, respectively.
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Figure B.2: Overview of the performance of STL-10 on DenseNet. The solid lines represent train
accuracy and dashed lines represent the test accuracy, respectively.
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Figure B.3: Overview of the performance of STL-10 on Wide ResNet. The solid lines represent
train accuracy and dashed lines represent the test accuracy, respectively.
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B.1.2 Overview of FbLBFGS for CIFAR-10 on different deep networks
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Figure B.4: Overview of the performance of CIFAR-10 on ResNet. The solid lines represent train
accuracy and dashed lines represent the test accuracy, respectively.

0 50 100 150 200 250 300 350

Epoch

20

40

60

80

100

A
cc

u
ra

cy

SGD(*)

SGD(*)

SGD(S1)

SGD(S1)

SGD(S2)

SGD(S2)

Adam

Adam

Overlap

Overlap

SdLBFGS

SdLBFGS

FbLBFGS

FbLBFGS

Figure B.5: Overview of the performance of CIFAR-10 on DenseNet. The solid lines represent
train accuracy and dashed lines represent the test accuracy, respectively.
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Figure B.6: Overview of the performance of CIFAR-10 on Wide ResNet. The solid lines represent
train accuracy and dashed lines represent the test accuracy, respectively.

B.1.3 Overview of FbLBFGS for CIFAR-100 on different deep networks
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Figure B.7: Overview of the performance of CIFAR-100 on ResNet. The solid lines represent train
accuracy and dashed lines represent the test accuracy, respectively.
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Figure B.8: Overview of the performance of CIFAR-100 on DenseNet. The solid lines represent
train accuracy and dashed lines represent the test accuracy, respectively.

0 50 100 150 200 250 300 350

Epoch

0

20

40

60

80

100

A
cc

u
ra

cy

SGD(*)

SGD(*)

SGD(S1)

SGD(S1)

SGD(S2)

SGD(S2)

Adam

Adam

Overlap

Overlap

SdLBFGS

SdLBFGS

FbLBFGS

FbLBFGS

Figure B.9: Overview of the performance of CIFAR-100 on Wide ResNet. The solid lines represent
train accuracy and dashed lines represent the test accuracy, respectively.
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Appendix C: Stabilizing Adversarial Nets With Prediction Methods

C.1 Detailed derivation of the harmonic oscillator equation

Here, we provide a detailed derivation of the harmonic oscillator behavior of Algorithm (4.3) on

the simple bi-linear saddle of the form

L(x, y) = yTKx

where K is a matrix. Note that, within a small neighborhood of a saddle, all smooth weakly convex

objective functions behave like (4.6).To see why, consider a smooth objective function L with a

saddle point at x∗ = 0, y∗ = 0. Within a small neighborhood of the saddle, we can approximate

the function L to high accuracy using its Taylor approximation

L(x, y) ≈ L(x∗, y∗) + yTL′
xyx+O(∥x∥3 + ∥y∥3)

where L′
xy denotes the matrix of mixed-partial derivatives with respect to x and y. Note that the

first-order terms have vanished from this Taylor approximation because the gradients are zero at a

saddle point. The O(∥x∥2) and O(∥y∥2) terms vanish as well because the problem is assumed to be

weakly convex around the saddle. Up to third-order error (which vanishes quickly near the saddle),
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this Taylor expansion has the form (4.6). For this reason, stability on saddles of the form (4.6) is

a necessary condition for convergence of (4.3), and the analysis here describes the asymptotic

behavior of the prediction method on any smooth problem for which the method converges.

We will show that, as the learning rate gets small, the iterates of the non-prediction method (4.2)

rotate in orbits around the saddle without converging. In contrast, the iterates of the prediction

method fall into the saddle and converge.

When the conventional gradient method (4.2) is applied to the linear problem (4.6), the resulting

iterations can be written

xk+1 − xk

α
= −KTyk,

yk+1 − yk

α
= (β/α)Kxk+1.

When the stepsize α gets small, this behaves like a discretization of the differential equation

ẋ = −KTy (C.1)

ẏ = β/αKx (C.2)

where ẋ and ẏ denote the derivatives of x and y with respect to time.

The differential equations (C.1,C.2) describe a harmonic oscillator. To see why, differentiate (C.1)

and plug (C.2) into the result to get a differential equation in x alone

ẍ = −KT ẏ = −β/αKTKx. (C.3)

We can decompose this into a system of independent single-variable problems by considering the
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eigenvalue decomposition β/αKTK = UΣUT . We now multiply both sides of (C.3) by UT , and

make the change of variables z ← UTx to get

z̈ = −Σz.

where Σ is diagonal. This is the standard equation for undamped harmonic motion, and its solution

is z = A cos(Σ1/2t + ϕ), where cos acts entry-wise, and the diagonal matrix A and vector ϕ are

constants that depend only on the initialization. Changing back into the variable x, we get the

solution

x = UA cos(Σ1/2t+ ϕ).

We can see that, for small values of α and β, the non-predictive algorithm (4.2) approximates an

undamped harmonic motion, and the solutions orbit around the saddle without converging.

The prediction step (4.3) improves convergence because it produces damped harmonic motion

that sinks into the saddle point. When applied to the linearized problem (4.6), the iterates of the

predictive method (4.3) satisfy

xk+1 − xk

α
= −KTyk

yk+1 − yk

α
= β/αK(xk+1 + xk+1 − xk) = β/αKxk+1 + βK

xk+1 − xk

α
.
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For small α, this approximates the dynamical system

ẋ = −KTy (C.4)

ẏ = β/αK(x+ αẋ). (C.5)

Like before, we differentiate (C.4) and use (C.5) to obtain

ẍ = −KT ẏ = −β/αKT (Kx+ αAẋ) = −β/αKTKx− β/KTKẋ. (C.6)

Finally, multiply both sides by UT and perform the change of variables z ← UTx to get

z̈ = −Σz − αΣż.

This equation describes a damped harmonic motion. The solutions have the form of z(t) =

A exp(− tα
2

√
Σ) sin(t

√
(1− α2/4)Σ+ϕ). Changing back to the variable x, we see that the iterates

of the original method satisfy

x(t) = UA exp(−tα

2

√
Σ) sin(t

√
(1− α2/4)Σ + ϕ).

where A and ϕ depend on the initialization.

From this analysis, we see that for small constant α the orbits of the lookahead method converge

into the saddle point, and the error decays exponentially fast.
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C.1.1 Proof of Theorem 4

Assume the optimal solution (u⋆, v⋆) exists, then L′
u(u

⋆, v) = L′
v(u, v

⋆) = 0. In the following

proofs, we use gu(u, v), gv(u, v) to represent the stochastic approximation of gradients, where

E[gu(u, v)] = L′
u(u, v), E[gv(u, v)] = L′

v(u, v). We show the convergence of the proposed

stochastic primal-dual gradients for the primal-dual gap P (uk, vk) = L(uk, v⋆) − L(u⋆, vk). We

prove the O(1/
√
k) convergence rate in Theorem 4 by using Lemma 4 and Lemma 5, which present

the contraction of primal and dual updates, respectively.

Lemma 4. Suppose L(u, v) is convex in u and E[∥gu(u, v)∥2] ≤ G2
u, we have

E[L(uk, vk)]− E[L(u⋆, vk)] ≤ 1

2αk

(
E[∥uk − u⋆∥2]− E[∥uk+1 − u⋆∥2]

)
+

αk

2
G2

u (C.7)

Proof. Use primal update in (4.3), we have

∥uk+1 − u⋆∥2 = ∥uk − αk gu(u
k, vk)− u⋆∥2 (C.8)

= ∥uk − u⋆∥2 − 2αk ⟨gu(uk, vk), uk − u⋆⟩+ α2
k ∥gu(uk, vk)∥2. (C.9)

Take expectation on both side of the equation, substitute with E[gu(u, v)] = L′
u(u, v) and apply

E[∥g2u(u, v)∥] ≤ G2
u to get

E[∥uk+1 − u⋆∥2] ≤ E[∥uk − u⋆∥2]− 2αk E[⟨L′
u(u

k, vk), uk − u⋆⟩] + α2
kG

2
u. (C.10)
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Since L(u, v) is convex in u, we have

⟨L′
u(u

k, vk), uk − u⋆⟩ ≥ L(uk, vk)− L(u⋆, vk). (C.11)

(C.7) is proved by combining (C.10) and (C.11).

Lemma 5. SupposeL(u, v) is concave in v and has Lipschitz gradients, ∥L′
v(u1, v)−L′

v(u2, v)∥ ≤

Lv∥u1 − u2∥; and bounded variance, E[∥gu(u, v)∥2] ≤ G2
u, E[∥gv(u, v)∥2] ≤ G2

v; and E[∥vk −

v⋆∥2] ≤ D2
v , we have

E[L(uk, v⋆)]− E[L(uk, vk)] ≤

1

2βk

(
E[∥vk − v⋆∥2]− E[∥vk+1 − v⋆∥2]

)
+

βk

2
G2

v + αkLv (G
2
u +D2

v).

(C.12)

Proof. From the dual update in (4.3), we have

∥vk+1 − v⋆∥2 = ∥vk + βk gv(ū
k+1, vk)− v⋆∥2 (C.13)

= ∥vk − v⋆∥2 + 2βk ⟨gv(ūk+1, vk), vk − v⋆⟩+ β2
k ∥gv(ūk+1, vk)∥2. (C.14)

Take expectation on both sides of the equation, substitute E[gv(u, v)] = L′
v(u, v), and apply

E[∥g2v(u, v)∥] ≤ G2
v to get

E[∥vk+1 − v⋆∥2] ≤ E[∥vk − v⋆∥2] + 2βk E[⟨L′
v(ū

k+1, vk), vk − v⋆⟩] + β2
k G

2
v. (C.15)
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Reorganize (C.15) to get

E[∥vk+1 − v⋆∥2]− E[∥vk − v⋆∥2]− β2
k G

2
v ≤ 2βk E[⟨L′

v(ū
k+1, vk), vk − v⋆⟩]. (C.16)

The right hand side of (C.16) can be represented as

E[⟨L′
v(ū

k+1, vk), uk − v⋆⟩] (C.17)

=E[⟨L′
v(ū

k+1, vk)− L′
v(u

k, vk) + L′
v(u

k, vk), vk − v⋆⟩] (C.18)

=E[⟨L′
v(ū

k+1, vk)− L′
v(u

k, vk), vk − v⋆⟩] + E[⟨L′
v(u

k, vk), vk − v⋆⟩], (C.19)

where

E[⟨L′
v(ū

k+1, vk)− L′
v(u

k, vk), vk − v⋆⟩] (C.20)

≤E[∥L′
v(ū

k+1, vk)− L′
v(u

k, vk)∥ ∥vk − v⋆∥] (C.21)

≤E[Lv ∥ūk+1 − uk∥ ∥vk − v⋆∥] (C.22)

=E[2Ly ∥uk+1 − uk∥ ∥vk − v⋆∥] (C.23)

=E[2Ly ∥αkgu(u
k, vk)∥ ∥vk − v⋆∥] (C.24)

≤Lyαk E[ ∥gu(uk, vk)∥2 + ∥vk − v⋆∥2] (C.25)

≤Lyαk (G
2
u +D2

v). (C.26)

Lipschitz smoothness is used for (C.22); the prediction step in (4.3) is used for (C.23); the primal

update in (4.3) is used for (C.24); bounded assumptions are used for (C.26).
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Since L(u, v) is concave in v, we have

⟨L′
v(u

k, vk), vk − v⋆⟩ ≤ L(uk, vk)− L(uk, v⋆). (C.27)

Combine equations (C.16, C.19, C.26 to getC.27)

1

2βk

(
E[∥vk+1 − v⋆∥2]− E[∥vk − v⋆∥2]

)
− βk

2
G2

v

≤ Lvαk (G
2
u +D2

v) + E[L(uk, vk)]− E[L(uk, v⋆)].

(C.28)

Rearrange the order of (C.28) to achieve (C.12).

We now present the proof of Theorem 4.

Proof. Combining (C.7) and (C.12) in the Lemmas, the primal-dual gap P (uk, vk) = L(uk, v⋆)−

L(u⋆, vk) satisfies,

E[P (uk, vk)] ≤ 1

2αk

(
E[∥uk − u⋆∥2]− E[∥uk+1 − u⋆∥2]

)
+

αk

2
G2

u

+
1

2βk

(
E[∥vk − v⋆∥2]− E[∥vk+1 − v⋆∥2]

)
+

βk

2
G2

v + αkLv (G
2
u +D2

v).

(C.29)

Accumulate (C.29) from k = 1, . . . , l to obtain

l∑
k=1

E[P (uk, vk)] ≤

1

2α1

E[∥u1 − u⋆∥2] +
l∑

k=2

(
1

2αk

− 1

2αk−1

)E[∥uk − u⋆∥2] +
l∑

k=1

αk(
G2

u

2
+ LvG

2
u + LvD

2
v)

+
1

2β1

E[∥v1 − v⋆∥2] +
l∑

k=2

(
1

2βk

− 1

2βk−1

)E[∥vk − v⋆∥2] +
l∑

k=1

βk
G2

v

2
.

(C.30)
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Assume E[||uk − u⋆∥2] ≤ D2
u, E[||vk − v⋆∥2] ≤ D2

v are bounded, we have

l∑
k=1

E[P (uk, vk)] ≤ 1

2α1

D2
u +

l∑
k=2

(
1

2αk

− 1

2αk−1

)D2
u +

l∑
k=1

αk(
G2

u

2
+ LvG

2
u + LvD

2
v)

+
1

2β1

D2
v +

l∑
k=2

(
1

2βk

− 1

2βk−1

)D2
v +

l∑
k=1

βk
G2

v

2
.

(C.31)

Since αk, βk are decreasing and
∑l

k=1 αk ≤ Cα

√
l + 1,

∑l
k=1 βk ≤ Cβ

√
l + 1, we have

l∑
k=1

E[P (uk, vk)] ≤
√
l

2

(
D2

u

Cα

+
D2

v

Cβ

)
+
√
l + 1

(
CαG

2
u

2
+ CβLvG

2
u + CαLvD

2
v +

CβG
2
v

2

)
(C.32)

For ûl = 1
l

∑l
k=1 u

k, v̂l = 1
l

∑l
k=1 v

k, because L(u, v) is convex-concave, we have

E[P (ûl, v̂l)] = E[L(ûl, v⋆)− L(u⋆, v̂l)] (C.33)

≤ E[
1

l

l∑
k=1

(L(uk, v⋆)− L(u⋆, vk))] (C.34)

=
1

l

l∑
k=1

E[L(uk, v⋆)− L(u⋆, vk)] (C.35)

=
1

l

l∑
k=1

E[P (uk, vk)]. (C.36)

Combine (C.32) and (C.36) to prove

E[P (x̂l, ŷl)] ≤ 1

2
√
l

(
D2

u

Cα

+
D2

v

Cβ

)
+

√
l + 1

l

(
CαG

2
u

2
+ CαLvG

2
u + CαLvD

2
v +

CβG
2
v

2

)
. (C.37)
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C.2 Experiments

C.2.1 MNIST Toy example

Experimental details: We consider a classic MNIST digits dataset [48] consisting of 60,000

training images and 10,000 testing images each of size 28 × 28. For simplicity, let us consider

a task (T1) of classifying into odd and even numbered images. Let’s say, that ∼ 50% of data

instances were corrupted using salt and pepper noise of probability 0.2 and this distortion process

was biased. Specifically, only 30% of even numbered images were distorted as against the 70% of

odd-numbered images. We have observed that any feature representation network θf trained using

the binary classification loss function for task T1 has noise bias also encoded within it. This was

verified by training an independent noise classifier on the learned features. This lead us to design

of simple adversarial network to “unlearn” the noise bias from the feature learning pipeline. We

formulate this using the minimax objective in (4.5).

In our model, Ld is a softmax loss for the task (T2) of classifying whether the input sample is

noisy or not. Ly is a softmax loss for task T1 and λ = 1. A LeNet network [48] is considered

for training on task T1 while a two-layer MLP is used for training on task T2. LeNet consist

of two convolutional (conv) layers followed by two fully connected (FC) layers at the top. The

parameters of conv layers form θf while that of FC and MLP layers forms θy and θd respectively.

We train the network in three stages. Following the training on task T1, θf were fixed and MLP is

trained independently on task T2. The default learning schedule of the LeNet implementation in

Caffe [117] were followed for both the tasks. The total training iterations on each task were set to

10, 000. After pretraining, the whole network is jointly finetuned using the adversarial approach.
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(4.5) is alternatively minimized w.r.t. θf , θy and maximized w.r.t. θd. The predictive steps were

only used during the finetuning phase.

Our finding is summarized in Figure 4.2. In addition, Figure C.1 provides head-to-head comparison

of two popular solvers Adam and SGD using the predictive step. Not surprisingly, the Adam solver

shows relatively better performance and convergence even with an additional predictive step. This

also suggests that the default hyper-parameter for the Adam solver can be retained and utilized for

training this networks without resorting to any further hyper-parameter tuning (as it is currently in

practice).
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Figure C.1: Comparison of the classification accuracy of parity classification and noise
discrimination using the SGD and Adam solvers with and without prediction step.

C.2.2 Domain Adaptation

Experimental details: To evaluate a domain adaptation task, we consider the OFFICE dataset

[120]. OFFICE is a small scale dataset consisting of images collected from three distinct domains:

AMAZON, DSLR and WEBCAM. For such a small scale dataset, it is non-trivial to learn features
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from images of a single domain. For instance, consider the largest subset AMAZON, which contains

only 2,817 labeled images spread across 31 different categories. However, one can leverage the

power of domain adaptation to improve cross domain accuracy. We follow the protocol listed

in [22] and the same network architecture is used. Caffe [117] is used for implementation. The

training procedure from [22] is kept intact except for the additional prediction step. In Table

4.2 comparisons are drawn with respect to target domain accuracy on three pairs of source-target

domain tasks. The test accuracy is reported at the end of 50,000 training iterations.

C.2.3 Fair Classifier

Experimental details: The “Adult” dataset from the UCI machine learning repository is used,

which consists of census data from ∼ 45, 000 people. The task is to classify whether a person

earns ≥ $50k/year. The person’s gender is chosen to be the sensitive variable. We binarize all the

category attributes, giving us a total of 102 input features per sample. We randomly split data into

35,000 samples for training, 5000 for validation and 5000 for testing. The result reported here is

an average over five such random splits.

C.2.4 Generative Adversarial Networks

C.2.4.1 Toy Dataset

To illustrate the advantage of the prediction method, we experiment on a simple GAN architecture

with fully connected layers using the toy dataset. The constructed toy example and its architecture

is inspired by the one presented in Metz et al. [98]. The two dimensional data is sampled from

the mixture of eight Gaussians with their means equally spaced around the unit circle centered at
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(0, 0). The standard deviation of each Gaussian is set at 0.01. The two dimensional latent vector z

is sampled from the multivariate Gaussian distribution. The generator and discriminator networks

consist of two fully connected hidden layers, each with 128 hidden units and tanh activations. The

final layer of the generator has linear activation while that of discriminator has sigmoid activation.

The solver optimizes both the discriminator and the generator network using the objective in (4.4).

We use adam solver with its default parameters (i.e., learning rate = 0.001, β1 = 0.9, β2 = 0.999)

and with input batch size of 512. The generated two dimensional samples are plotted in the figure

(C.2). The straightforward utilization of the adam solver fails to construct all the modes of the

underlying dataset while both unrolled GAN and our method are able to produce all the modes.

0

Figure C.2: Comparison of GAN training algorithms on toy dataset. Results on, from top to
bottom, GAN, GAN with G prediction, and unrolled GAN.

We further investigate the performance of GAN training algorithms on data sampled from a mixture

of a large number of Gaussians. We use 100 Gaussian modes which are equally spaced around a

circle of radius 24 centered at (0, 0). We retain the same experimental settings as described above

and train GAN with two different input batch sizes, a small (64) and a large batch (6144) setting.
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The Figure (C.3) plots the generated sample output of GAN trained (for fixed number of epochs)

under the above setting using different training algorithms. Note that for small batch size input, the

default as well as the unrolled training for GAN fails to construct actual modes of the underlying

dataset. We hypothesize that this is perhaps due to the batch size, 64, being smaller than the

number of input modes (100). When trained with small batch the GAN observe samples only

from few input modes at every iteration. This causes instability leading to the failure of training

algorithms. This scenario is pertinent to real datasets wherein the number of modes are relatively

high compared to input batch size.

Figure C.3: Comparison of GAN training algorithms on toy dataset of mixture of 100 Gaussians.
Results on, from top to bottom, batch size of 64 and 6144.

C.2.4.2 Additional DCGAN Results

DCGAN Architecture details: For our experiments, we use publicly available code for DCGAN [88]

and their implementation for Cifar-10 dataset. The random noise vector is of 100 dimensional and

output of the generator network is a 64x64 image of 3 channels.

Experiments on Imagenet: In this subsection we demonstrate the advantage of prediction methods

for generating higher resolution images of size 128 x 128. For this purpose, the state-of-the-
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Figure C.4: Comparison of GAN training algorithms for DCGAN architecture on Cifar-10 image
datasets. Using higher momentum, lr = 0.0002, β1 = 0.9.
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(a) With G prediction (b) DCGAN (c) Unrolled GAN
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Figure C.5: Comparison of GAN training algorithms for DCGAN architecture on Cifar-10 image
datasets. lr = 0.0004, β1 = 0.5.
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(a) With G prediction (b) DCGAN (c) Unrolled GAN
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Figure C.6: Comparison of GAN training algorithms for DCGAN architecture on Cifar-10 image
datasets. lr = 0.0006, β1 = 0.5.
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(a) With G prediction (b) DCGAN (c) Unrolled GAN
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Figure C.7: Comparison of GAN training algorithms for DCGAN architecture on Cifar-10 image
datasets. lr = 0.0008, β1 = 0.5.
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art AC-GAN [171] architecture is considered and conditionally learned using images of all 1000

classes from Imagenet dataset. We have used the publicly available code for AC-GAN and all the

parameter were set to it default as in Odena et al. [171]. The figure C.8 plots the inception score

measured at every training epoch of AC-GAN model with and without prediction. The score is

averaged over five independent runs. From the figure, it is clear that even at higher resolution with

large number of classes the prediction method is stable and aids in speeding up the training.
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Figure C.8: Comparison of Inception scores on high resolution Imagenet datasets measured at each
training epoch of ACGAN model with and without prediction.
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Appendix D: On the Similarity between the Laplace and Neural Tangent Kernels

D.1 Formulas for NTK

We begin by providing the recursive definition of NTK for fully connected (FC) networks with

bias initialized at zero. The formulation includes a parameter β that when set to zero the recursive

formula coincides with the formula given in [124] for bias-free networks.

The network model. We consider a L-hidden-layer fully-connected neural network (in total L+1

layers) with bias. Let x ∈ Rd (and denote d0 = d), we assume each layer l ∈ [L] of hidden units

includes dl units. The network model is expressed as

g(0)(x) = x

f (l)(x) = W (l)g(l−1)(x) + βb(l) ∈ Rdl , l = 1, . . . L

g(l)(x) =

√
cσ
dl
σ
(
f (l)(x)

)
∈ Rdl , l = 1, . . . L

f(θ,x) = f (L+1)(x) = W (L+1) · g(L)(x) + βb(L+1)

The network parameters θ include W (L+1),W (L), ...,W (1), where W (l) ∈ Rdl×dl−1 , b(l) ∈ Rdl×1,

W (L+1) ∈ R1×dL , b(L+1) ∈ R, σ is the activation function and cσ = 1/
(
Ez∼N (0,1)[σ(z)

2]
)
. The

network parameters are initialized with N (0, I), except for the biases {b(1), . . . ,b(L), b(L+1)},
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which are initialized with zero.

The recursive formula for NTK. The recursive formula in [123] assumes the bias is initialized

with a normal distribution. Here we assume the bias is initialized at zero, yielding a sightly

different formulation, which can be readily derived from [123]’s formulation.

Given x, z ∈ Rd, we denote the NTK for this fully connected network with bias by kFCβ(L+1)(x, z) :=

Θ(L)(x, z). The kernel Θ(L)(x, z) is defined using the following recursive definition. Let h ∈ [L]

then

Θ(h)(x, z) = Θ(h−1)(x, z)Σ̇(h)(x, z) + Σ(h)(x, z) + β2, (D.1)

where

Σ(0)(x, z) = xTz

Θ(0)(x, z) = Σ(0)(x, z) + β2.

and we define

Σ(h)(x, z) = cσE(u,v)∽N(0,Λ(h−1)) (σ(u)σ(v))

Σ̇(h)(x, z) = cσE(u,v)∽N(0,Λ(h−1)) (σ̇(u)σ̇(v))

Λ(h−1) =

Σ(h−1)(x,x) Σ(h−1)(x, z)

Σ(h−1)(z,x) Σ(h−1)(z, z)

 .

Now, let

λ(h−1)(x, z) =
Σ(h−1)(x, z)√

Σ(h−1)(x,x)Σ(h−1)(z, z)
. (D.2)
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By definition |λ(h−1)| ≤ 1, and for ReLU activation we have cσ = 2 and

Σ(h)(x, z) = cσ
λ(h−1)(π − arccos(λ(h−1))) +

√
1− (λ(h−1))2

2π

√
Σ(h−1)(x,x)Σ(h−1)(z, z) (D.3)

Σ̇(h)(x, z) = cσ
π − arccos(λ(h−1))

2π
. (D.4)

The parameter β allows us to consider a fully-connected network either with (β > 0) or without

bias (β = 0). When β = 0, the recursive formulation is the same as existing derivations, e.g.,

[123]. Finally, the normalized NTK of a FC network with L + 1 layers, without bias, is given by

1
L+1

kFC0(L+1)(xi,xj).

NTK for a two-layer FC network on Sd−1. Using the recursive formulation above, for points on

the hypersphere Sd−1 NTK for a two-layer FC network with bias initialized at 0, is as follows. Let

u = xTz, with x, z ∈ Sd−1. Then,

kFCβ(2)(x, z) = Θ(1)(x, z)

= Θ(0)(x, z)Σ̇(1)(x, z) + Σ(1)(x, z) + β2

= (u+ β2)
π − arccos(u)

π
+

u(π − arccos(u)) +
√
1− u2

π
+ β2.

Rearranging, we get

kFCβ(2)(x, z) = kFCβ(2)(u) =
1

π

(
(2u+ β2)(π − arccos(u)) +

√
1− u2

)
+ β2. (D.5)
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D.2 NTK on Sd−1

This section provides a characterization of NTK on the hypersphere Sd−1 under the uniform

measure. The recursive formulas of the kernels are given in Appendix D.1.

Lemma 6. Let kFCβ(L)(x, z), x, z ∈ Sd−1, denote the NTK kernels for FC networks with L ≥

2 layers, possibly with bias initialized with zero. This kernel is zonal, i.e., kFCβ(L)(x, z) =

kFCβ(L)(xTz).

Proof. See Appendix D.4.

To prove the next theorem, we recall several results on the the arithmetics of RKHS, following

[139, 149].

D.2.1 RKHS for sums and products of kernels.

Let k1,k2 : X × X → R be kernels with RKHSHk1 andHk2 , respectively. Then,

1. Aronszajn’s kernel sum theorem. The RKHS for k = k1 + k2 is given by Hk1+k2 =

{f1 + f2 | f1 ∈ Hk1 , f2 ∈ Hk2}

2. This yields the kernel sum inclusion. Hk1 ,Hk2 ⊆ Hk1+k2

3. Norm addition inequality. ∥f1 + f2∥Hk1+k2
≤ ∥f1∥Hk1

+ ∥f2∥Hk2

4. Norm product inequality. ∥f1 · f2∥Hk1·k2
≤ ∥f1∥Hk1

· ∥f2∥Hk2

5. Aronszajn’s inclusion theorem. Hk1 ⊆ Hk2 if and only if ∃s > 0, such that k1
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Corollary 1. Let H1,H2 be RKHS on X with reproducing kernels k1 and k2, respectively and let

Hk denote the RKHS of k = k1 + k2, thenH1,H2 ⊆ Hk

This is true sinceH1 andH2 are linear spaces, therefore f ≡ 0 ∈ H1,H2. Using Aronszajn’s sum

of kernels theorem, it yieldsH1,H2 ⊆ Hk.

D.2.2 The decay rate of the eigenvalues of NTK

Theorem 10. Let x, z ∈ Sd−1. With bias initialized at zero and β > 0:

1. kFCβ(L) can be decomposed according to

kFCβ(L)(x, z) =
∞∑
k=0

λk

N(d,k)∑
j=1

Yk,j(x)Yk,j(z), (D.6)

with λk > 0 for all k ≥ 0 and into Yk,j are the spherical harmonics of Sd−1, and

2. ∃k0 and constants C1, C2, C3 > 0 that depend on the dimension d such that ∀k > k0

(a) C1k
−d ≤ λk ≤ C2k

−d if L = 2, and

(b) C3k
−d ≤ λk if L ≥ 3.

We split the theorem into the next two lemmas. The first lemma handles NTK of two-layer FC

networks with bias, and the second lemma handles NTK for deep networks.

Lemma 7. Let x, z ∈ Sd−1 and kFCβ(2)(xTz) as defined in (D.5) with β > 0. Then, kFCβ(2)

decomposes according to (D.6) where λk > 0 for all k ≥ 0 and ∃k0 such that ∀k ≥ k0

C1k
−d ≤ λk ≤ C2k

−d,
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where C1, C2 > 0 are constants that depend on the dimension d.

Proof. To prove the lemma we leverage the results of [142, 147]. First, under the assumption of

the uniform measure on Sd−1, we can apply Mercer decomposition to kFCβ(2)(x, z), where the

eigenfunctions are the spherical harmonics. This is due to the observation that kFCβ(2)(x, z) is

positive and zonal in Sd−1. It is zonal by Lemma 6 and positive, since kFCβ(2) can be decomposed

as

kFCβ(2)(u) =
1

π

(
(2u+ β2)(π − arccos(u)) +

√
1− u2

)
+ β2

=
1

π

(
2u(π − arccos(u)) +

√
1− u2

)
+

1

π
β2 (π − arccos(u)) + β2

:= κ(xTz) + β2κ0(x
Tz) + β2,

where κ(xTz) is the NTK for a bias-free, two-layer network introduced in [147] and κ0(x
Tz) is

known to be the zero-order arc-cosine kernel [172]. By kernel arithmetic, this yields another kernel

and this means that kFCβ(2) is a positive kernel.

Furthermore, according to Proposition 5 in [147]

κ(xTz) =
∞∑
k=0

µk

N(d,k)∑
j=1

Yk,j(x)Yk,j(z),

where Yk,j, j = 1, . . . , N(d, k) are spherical harmonics of degree k, and the eigenvalues µk satisfy

µ0, µ1 > 0, µk = 0 if k = 2j +1 with j ≥ 1 and otherwise, µk > 0 and µk ∼ C(d)k−d as k →∞,

with C(d) a constant depending only on d. Next, following Lemma 17 in [147] the eigenvalues of

κ0(x
Tz), denoted ηk satisfy η0, η1 > 0, ηk > 0 if k = 2j+1, with j ≥ 1 and behave asymptotically

as C0(d)k
−d. Consequently, kFCβ(2) = κ+ β2κ0 + β2, and since both κ and κ0 have the spherical
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harmonics as their eigenfunctions, their eigenvalues are given by λk = µk + β2ηk > 0 for k > 0

and λ0 = µ0+β2η0+β2 > 0, and asymptotically λk ∼ C̃(d)k−d, where C̃(d) = C(d)+β2C0(d).

To conclude, this implies that ∃k0, C1(d) > 0 and C2(d) > 0, such that for all k ≥ k0 it holds that

C1k
−d ≤ λk ≤ C2k

−d

and also, unless β = 0, for all k ≥ 0

λk > 0.

Next, we prove the second part of Theorem 10 that relates to deep FC networks with bias, kFCβ(L),

i.e. we prove the following lemma.

Lemma 8. Let x, z ∈ Sd−1 and kFCβ(L)(xTz) as defined in Appendix D.1. Then

1. kFCβ(L) decomposes according to (D.6) with λk > 0 for all k ≥ 0

2. ∃k0 such that ∀k > k0 it holds that C3k
−d ≤ λk in which C3 > 0 depends on the dimension d

3. HFCβ(L−1) ⊆ HFCβ(L)

Proof. Following Lemma 6, it holds that kFCβ(L) is zonal, and therefore can be decomposed

according to (D.6). In order to prove the lemma we look at the recursive formulation of the NTK

kernel, i.e.,

kFCβ(l+1) = kFCβ(l)Σ̇(l) + Σ(l) + β2. (D.7)

Now, following Lemma 17 in [147] all of the eigenvalues of Σ̇(l) are positive, including λ0 > 0.

This implies that the constant function g(x) ≡ 1 ∈ HΣ̇(l) .
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Now, we use the norm multiplicity inequality in Sec. D.2.1 and show thatH
k
FCβ(l) ⊆ H

k
FCβ(l)·Σ̇(l) .

Let f ∈ H
k
FCβ(l) , i.e., ∥f∥H

k
FCβ(l)

<∞. We showed that 1 ∈ HΣ̇(l) . Therefore, ∥f · 1∥H
k
FCβ(l)·Σ̇(l)

≤

∥f∥H
k
FCβ(l)

∥1∥H
Σ̇(l)

<∞, implying that f ∈ H
k
FCβ(l)·Σ̇(l) .

Finally, according to the kernel sum inclusion in Sec. D.2.1, relying on the recursive formulation

(D.7) we haveH
k
FCβ(l) ⊆ H

k
FCβ(l)·Σ̇(l) ⊆ Hk

FCβ(l+1) . Therefore,

HFCβ(2) ⊆ . . . ⊆ HFCβ(L−1) ⊆ HFCβ(L). (D.8)

This completes the proof, by using Aronszan’s inclusion theorem as follows. Since HkFC(2) ⊆

HkFC(L) , then by Aronszajn’s inclusion theorem ∃s > 0 such that kFCβ(2) << s2kFCβ(L). Since

the kernels are zonal on the sphere (with uniform distribution of the data) their corresponding

RKHS share the same eigenfunctions, namely the spherical harmonics.

Therefore, for all k ≥ 0 it holds

s2λk
FCβ(L)

k ≥ λk
FCβ(2)

k > 0

and for k →∞ it holds that

s2λk
FCβ(L)

k ≥ λk
FCβ(2)

k ≥ C1

kd

completing the proof.
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D.3 Laplace Kernel in Sd−1

The Laplace kernel k(x,y) = e−c̄∥x−y∥ restricted to the sphere Sd−1 is defined as

K(x,y) = k(xTy) = e−c
√

1−xT y (D.9)

where c > 0 is a tuning parameter. We next prove an asymptotic bound on its eigenvalues.

Theorem 11. Let x,y ∈ Sd−1 and k(xTy) = e−c
√

1−xTy be the Laplace kernel, restricted to Sd−1.

Then k can be decomposed as in (D.6) with the eigenvalues λk satisfying λk > 0 for all k ≥ 0 and

∃k0 such that ∀k > k0 it holds that:

B1k
−d ≤ λk ≤ B2k

−d

where B1, B2 > 0 are constants that depend on the dimension d and the parameter c.

Our proof relies on several supporting lemmas.

Lemma 9. ([150] Thm 1.14 page 6) For all α > 0 it holds that

∫
Rd

e−2π∥x∥αe−2πit·xdx = cd
α

(α2 + ∥t∥2)(d+1)/2
, (D.10)

where cd = Γ(d+1
2
)/(π(d+1)/2)

Lemma 10. Let f(x) = e−c∥x∥ with x ∈ Rd. Then, its Fourier transform Φ(w) with w ∈ Rd is

Φ(w) = Φ(∥w∥) = C(1 + ∥w∥2 /c2)−(d+1)/2 for some constant C > 0.
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Proof. To calculate the Fourier transform we need to calculate the following integral

Φ(w) =
1

(2π)d

∫
Rd

e−c∥x∥e−ix·wdx.

According to the Lemma 9, plugging α = c
2π

and t = w
2π

into (D.10) yields

Φ(w) = cd
c

(c2 + ∥w∥2)(d+1)/2
=

cd
c(d+1)

1(
1 + ∥w∥2

c2

)(d+1)/2
= C

(
1 +
∥w∥2
c2

)−(d+1)/2

with C = cd
c(d+1) > 0.

Lemma 11. ([154] Thm. 4.1) Let f(x) be defined as f(∥x∥) for all x ∈ Rd, and let Φ(w) =

Φ(∥w∥) denote its Fourier Transform in Rd. Then, its corresponding kernel on Sd−1 is defined

as the restriction k(xTy) = f(∥x − y∥) with x,y ∈ Sd−1. By Mercer’s Theorem the spherical

harmonic expansion of k(xTy) is of the form

k(xTy) =
∞∑
k=0

λk

N(d,k)∑
j=1

Yk,j(x)Yk,j(y).

Then, the eigenvalues in the spherical harmonic expansion λk are related to the Fourier coefficients

of f , Φ(t), as follows

λk =

∫ ∞

o

tΦ(t)J2
k+ d−2

2

(t)dt, (D.11)

where Jv(t) is the usual Bessel function of the first kind of order v.
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Having, these supporting Lemmas, we can now prove Theorem 11.

Proof. First, k(·, ·) is a positive zonal kernel and hence can be written as

k(xTy) =
∞∑
k=0

λk

N(d,k)∑
j=1

Yk,j(x)Yk,j(y).

Next, to derive the bounds we plug the Fourier coefficients, Φ(ω), computed in Lemma 10, into

the expression for the harmonic coefficients, λk (D.11), obtaining

λk = C

∫ ∞

0

t(
1 + t2

c2

) d+1
2

J2
k+ d−2

2

(t)dt.

Applying a change of variables t = cx we get

λk = c2C

∫ ∞

0

x

(1 + x2)
d+1
2

J2
k+ d−2

2

(cx)dx. (D.12)

We next bound this integral from both above and below. To get an upper bound we observe that

for x ∈ [0,∞) x2 < 1 + x2, implying that x(1 + x2)−(d+1)/2 < x−d, and consequently

λk < c2C

∫ ∞

0

x−dJ2
k+ d−2

2

(cx)dx := c2CA(k, d, c).

The above integral A(k, d, c) was computed in [173] (Sec. 13.41 page 402 with a := c, λ := d,

and µ = ν := k + (d− 2)/2) which gives

A(k, d, c) =

∫ ∞

0

x−dJ2
k+ d−2

2

(cx)dx =
( c
2
)d−1Γ(d)Γ(k − 1

2
)

2Γ2(d+1
2
)Γ(k + d− 1

2
)
. (D.13)
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Using Stirling’s formula Γ(x) =
√
2πxx−1/2e−x(1 + O(x−1)) as x → ∞. Consequently, for

sufficiently large k >> d

λk < c2CA(k, d, c) = c2C
( c
2
)d−1Γ(d)Γ(k − 1

2
)

2Γ2(d+1
2
)Γ(k + d− 1

2
)

∼ c2C
( c
2
)d−1Γ(d)

2Γ2(d+1
2
)
· (k − 1

2
)k−1e−k+ 1

2

(k + d− 1
2
)k+d−1e−k−d+ 1

2

(1 +O(k−1))

= B2k
−d, (D.14)

where B2 depends on c, C and the dimension d.

We use again the relation (D.12) to derive a lower bound for λk. First, note that since t, 1+t2, J2
v (t)

are all non-negative for t ∈ [0,∞) and therefore

λk ≥ c2C

∫ ∞

1

x

(1 + x2)
d+1
2

J2
k+ d−2

2

(cx)dx ≥ c2C

∫ ∞

1

1

2
d+1
2 xd

J2
k+ d−2

2

(cx)dx

=
Cc2

2
d+1
2

(∫ ∞

0

x−dJ2
k+ d−2

2

(cx)dx−
∫ 1

0

x−dJ2
k+ d−2

2

(cx)dx

)

=
Cc2

2
d+1
2

∫ ∞

0

x−dJ2
k+ d−2

2

(cx)dx

1−
∫ 1

0
x−dJ2

k+ d−2
2

(cx)dx∫∞
0

x−dJ2
k+ d−2

2

(cx)dx


=

Cc2

2
d+1
2

A(k, d, c)

(
1− B(k, d, c)

A(k, d, c)

)
,

where B(k, d, c) :=
∫ 1

0
x−dJ2

k+ d−2
2

(cx)dx. The first integral, A(k, d, c), was shown in (D.14) to

converge asymptotically to B2k
−d. To bound the second integral, B(k, d, c), we use an inequality

from [173] (Section 3.31, page 49), which states that for v, t ∈ R, v > −1
2
,

|Jv(t)| ≤
2−vtv

Γ(v + 1)
.
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This gives an upper bound for B(k, d, c)

B(k, d, c) =

∫ 1

0

x−dJ2
k+ d−2

2

(cx)dx ≤
∫ 1

0

x−d2
−2(k+ d−2

2
)(cx)2(k+

d−2
2

)

Γ2(k + d
2
)

dx ≤ ( c
2
)2(k+

d−2
2

)

Γ2(k + d
2
)
.

Applying Stirling’s formula we obtain B(k, d, c) ≤ O

(
( ce

2
)2(k+

d
2 )(k+d)

(k+ d
2
)2(k+

d
2 )

)
, which implies that as k

grows, B(k,d,c)
A(k,d,c)

→ 0. Therefore, asymptotically for large k

λk ≥
Cc2

2
d+1
2

A(k, d, c)

(
1− B(k, d, c)

A(k, d, c)

)
≥ Cc2

2
d+1
2

A(k, d, c),

from which we conclude that λk > B1k
−d, where the constant B1 depends on c, C, and d. We

have therefore shown that there exists k0 such that ∀k > k0

B1k
−d ≤ λk ≤ B2k

−d.

Finally, to show that λk > 0 for all k ≥ 0 we use again (D.11) in Lemma 11 which states that

λk =

∫ ∞

0

tΦ(t)J2
k+ d−2

2

(t)dt.

Note that in the interval (0,∞) it holds that t > 0 and Φ(t) > 0 due to Lemma 10. Therefore

λk = 0 implies that J2
k+ d−2

2

(t) is identically 0 on (0,∞), contradicting the properties of the Bessel

function of the first kind. Hence, λk > 0 for all k.
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D.3.1 Proof of main theorem

Theorem 12. LetHLap denote the RKHS for the Laplace kernel restricted to Sd−1, and letHFCβ(L)

denote the NTK corresponding to a FC network with L layers with bias, restricted to Sd−1, then

HLap = HFCβ(2) ⊆ HFCβ(L).

Proof. Let λLap
k , λFCβ(2)

k , and λ
FCβ(L)

k denote the eigenvalues of the three kernel, kLap, kFCβ(2), and

kFCβ(L) in their Mercer’s decomposition, i.e.,

k(xTz) =
∞∑
k=0

λk

N(d,k)∑
j=1

Yk,j(x)Yk,j(z).

Denote by k0 the smallest k for which Theorems 10 and 11 hold simultaneously. We first show that

HLap ⊆ HFCβ(2). Let f(x) ∈ HLap, and let f(x) =
∑∞

k=0

∑N(d,k)
j=0 αk,jYk,j(x) denote its spherical

harmonic decomposition. Then ∥f∥HLap <∞ implies, due to Theorem 11, that

∞∑
k=k0

N(d,k)∑
j=0

1

B2

kdα2
k,j ≤

∞∑
k=k0

N(d,k)∑
j=0

α2
k,j

λLap
k

<∞.

Combining this with Theorem 10, and recalling that λFCβ(2)

k > 0 for all k ≥ 0), we have

∞∑
k=k0

N(d,k)∑
j=0

α2
k,j

λ
FCβ(2)

k

≤
∞∑

k=k0

N(d,k)∑
j=0

1

C1

kdα2
k,j =

B2

C1

∞∑
k=k0

N(d,k)∑
j=0

1

B2

kdα2
k,j <∞,

implying that ∥f∥2HFCβ(2) < ∞, and so HLap ⊆ HFCβ(2). Similar arguments can be used to show

thatHFCβ(2) ⊆ HLap, proving thatHFCβ(2) = HLap. Finally, following the inclusion relation (D.8)

the theorem is proved.
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D.4 NTK in Rd

In this section we denote rx = ∥x∥, rz = ∥z∥ and by x̂ = x/rx, ẑ = z/rz. We first prove Theorem

13 and as a consequence Lemma 12 is proved.

Theorem 13. Let kFC0(L)(x, z),kFCβ(L)(x, z), x, z ∈ Rd, denote the NTK kernel with L layers

without bias and with bias initialized at zero, respectively. It holds that (1) Bias-free kFC0(L) is

homogeneous of order 1. (2) Let kBias(L) = kFCβ(L) − kFC0(L). Then, kBias(L) is homogeneous of

order 0.

Lemma 12. Let kFCβ(L)(x, z), x, z ∈ Sd−1, denote the NTK kernels for FC networks with L ≥

2 layers, possibly with bias initialized with zero. This kernel is zonal, i.e., kFCβ(L)(x, z) =

kFCβ(L)(xTz).

To that end, we first prove the following supporting Lemma.

Lemma 13. For x, z ∈ Rd it holds that

Θ(L)(x, z) = rxrzΘ
(L) (x̂, ẑ) = rxrzΘ

(L)(x̂T ẑ),

where Θ(L) = kFC0(L+1), as defined in Appendix D.1.

Proof. We prove this by induction over the recursive definition of kFC0(L+1) = Θ(L)(x, z). Let

x, z ∈ Rd, then by definition

Θ(0)(x, z) = xTz = rxrzΘ
(0) (x̂, ẑ) = rxrzΘ

(0)
(
x̂T ẑ

)
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and

Σ(0)(x, z) = xTz = rxrzΣ
(0) (x̂, ẑ) = rxrzΣ

(0)
(
x̂Tz

)
Assuming the induction hypothesis holds for l, i.e.,

Θ(l)(x, z) = rxrzΘ
(l) (x̂, ẑ) = rxrzΘ

(l)
(
x̂Tz

)

and

Σ(l)(x, z) = rxrzΣ
(l) (x̂, ẑ) = rxrzΣ

(l)
(
x̂T ẑ

)
we prove that those equalities are also true for l + 1.

By the definition of λ(l) (D.2) and the induction hypothesis for Σ(l) we have that

λ(l)(x, z) =
Σ(l)(x, z)√

Σ(l)(x,x)Σ(l)(z, z)
=

Σ(l) (x̂, ẑ)√
Σ(l) (x̂i, x̂) Σ(l) (ẑ, ẑ)

= λ(l) (x̂, ẑ) = λ(l)
(
x̂T ẑ

)

Plugging this result in the definitions of Σ (D.3) and Σ̇ (D.4), using the induction hypothesis we

obtain

Σ(l+1)(x, z) = rxrzΣ
(l+1) (x̂, ẑ) = rxrzΣ

(l+1)
(
x̂T ẑ

)
Σ̇(l+1)(x, z) = Σ̇(l+1) (x̂, ẑ) = Σ̇(l+1)

(
x̂T ẑ

)
(D.15)

Finally, using the recursion formula (D.1) (β = 0) and the induction hypothesis for Θ(l), we obtain

Θ(l+1)(x, z) = rxrzΘ
(l+1) (x̂, ẑ) = rxrzΘ

(l+1)
(
x̂T ẑ

)
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A corollary of this Lemma is that kFC0(L) is homogeneous of order 1 in Rd, proving the first part

of Theorem 13. Also, it is homogeneous of order 0 in Sd−1, proving Lemma 12 for β = 0.

We next turn to proving the second part of Theorem 13, i.e., that kBias(L) = kFCβ(L) − kFC0(L)

is homogeneous of order 0 in Rd. By rewriting the recursive definition of kFCβ(L), shown in

Appendix D.1, we can express kBias(L) in the following recursive manner kBias(1) = β2, and

kBias(l+1) = kBias(l)Σ̇ + β2. Therefore, kBias(L) is homogeneous of order zero, since it depends

only on Σ̇, which is by itself homogeneous of order zero (D.15). This concludes Theorem 13.

Finally, Lemma 12 is proved, since kFCβ(L) = kFC0(L) + kBias(L), and when restricted to Sd−1 both

components are homogeneous of order 0.

Theorem 14. Let p(r) be a decaying density on [0,∞) such that 0 <
∫∞
0

p(r)r2dr < ∞ and

x, z ∈ Rd.

1. Let k0(x, z) be homogeneous of order 1 such that k0(x, z) = rxrzk̂0(x̂
T ẑ). Then its eigenfunctions

with respect to p(rx) are given by Ψk,j = arxYk,j (x̂), where Yk,j are the spherical harmonics

in Sd−1 and a ∈ R.

2. Let k(x, z) = k0(x, z) + k1(x, z) so that k0 as in 1 and k1 is homogeneous of order 0. Then

the eigenfunctions of k are of the form Ψk,j = (arx + b)Yk,j (x̂).

Proof. 1. Since k̂0 is zonal, its Mercer’s representation reads

k̂0(x̂, ẑ) =
∞∑
k=0

λk

N(d,k)∑
j=1

Yk,j(x̂)Yk,j(ẑ),

where the spherical harmonics Yk,j are the eigenfunctions of k̂0. Consequently, as noted also
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in [147],

k0(x, z) = a2
∞∑
k=0

λk

N(d,k)∑
j=1

rxYk,j(x̂)rzYk,j(ẑ).

The orthogonality of the eigenfunctions Ψk,j(x) = arxYk,j(x̂) is verified as follows. Let p̄(x)

denote a probability density on Rd such that p̄(x) = p(rx)/A(rx), where A(rx) denotes the

surface area of a sphere of radius rx in Rd. Then,

∫
Rd

Ψk,j(x)Ψk′,j′(x)p̄(x)dx = a2
∫ ∞

0

rd+1
x p(rx)

A(rx)
drx

∫
Sd−1

Yk,j(x̂)Yk′,j′(x̂)dx̂ = δk,k′δj,j′ ,

where the rightmost equality is due to the orthogonality of the spherical harmonics and by

setting

a2 =

(∫ ∞

0

rd+1
x p(rx)

A(rx)
drx

)−1

.

Clearly this integral is positive, and the conditions of the theorem guarantee that it is finite.

2. By the conditions of the theorem we can write

k(x, z) = rxrzk̂0(x̂
T ẑ) + k̂1(x̂

T ẑ),

where x̂, ẑ ∈ Sd−1. On the hypersphere the spherical harmonics are the eigenfunctions of k0

and k1. Denote their eigenvalues respectively by λk and µk, so that

∫
Sd−1

k0(x̂
T ẑ)Ȳk(ẑ)dẑ = λkȲk(x̂) (D.16)∫

Sd−1

k1(x̂
T ẑ)Ȳk(ẑ)dẑ = µkȲk(x̂), (D.17)
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where Ȳk(x̂) denote the zonal spherical harmonics. We next show that the space spanned by

the functions rxȲk(x) and Ȳk(x) is fixed under the following integral transform

∫
Rd

k(x, z)(αrz + β)Ȳk(ẑ)p̄(z)dz = (arx + b)Ȳk(x̂), (D.18)

α, β, a, b ∈ R are constants. The left hand side can be written as the application of an integral

operator T (x, z) to a function Φk
α,β(z) = (αrz+β)Ȳk(ẑ). Expressing this operator application

in spherical coordinates yields

T (x, z)Φk
α,β(z) =

∫ ∞

0

p(rz)r
d−1
z

A(rz)
drz

∫
ẑ∈Sd−1

(rxrzk0(x̂
T ẑ) + k1(x̂

T ẑ)) (αrz + β)Ȳk(ẑ)dẑ.

We use (D.16) and (D.17) to substitute for the inner integral, obtaining

T (x, z)Φk
α,β(z) =

∫ ∞

0

p(rz)r
d−1
z

A(rz)
(λkrxrz + µk)(αrz + β)Ȳk(x̂)drz.

Together with (D.18), this can be written as

T (x, z)Φα,β(z) = Φa,b(x),

where

a

b

 =

λk 0

0 µk


M2 M1

M1 M0


α

β



where Mq =
∫∞
0

rq+d−1
z p(rz)

A(rz)
drz, 0 ≤ q ≤ 2. By the conditions of the theorem these moments
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are finite. This proves that the space spanned by {rxȲ (x̂), Ȳ (x̂)} is fixed under T (x, z), and

therefore the eigenfunctions of kFCβ(L)(x, z) take the form (ārx+ b̄)Ȳ (x̂) for some constants

ā, b̄.

The implication of Theorem 14 is that the eigenvectors of kFC0(L) are the spherical harmonic

functions, scaled by the norm of their arguments. With bias, kFCβ(L) has up to 2N(d, k) eigenfunctions

for every frequency k, of the general form (arx+b)Yk,j(x̂) where a, b are constants that differ from

one eigenfunction to the next.

D.5 Experimental Details

D.5.1 The UCI dataSet

In this section, we provide experimental details for the UCI dataset. We use precisely the same

pre-processed datasets, and follow the same performance comparison protocol as in [129].

NTK Specifications We reproduced the results of [129] using the publicly available code1, and

followed the same protocol as in [129]. The total number of kernels evaluated in [129] are 15

and the SVM cost value parameter C is tuned from 10−2 to 104 by powers of 10. Hence, the total

number of hyper-parameter combinations searched using cross-validation is 105 (15× 7).

Exponential Kernels Specifications For the Laplace and Gaussian kernels, we searched for 10

kernel width values (1/c) from 2−2 × ν to ν in the log space with base 2, where ν is chosen

heuristically as the median of pairwise l2 distances between data points (known as the median

1https://github.com/LeoYu/neural-tangent-kernel-UCI
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trick [174]). So, the total number of kernel evaluations is 10. For γ-exponential, we searched

through 5 equally spaced values of γ from 0.5 to 2. Since we wanted to keep the number of the

kernel evaluations the same as for NTK in [129], we searched through only three kernel bandwidth

values (1/c) which are 1, ν and #features (default value in the sklearn package2). So, the total

number of kernel evaluations is 15 (5× 3).

For a fair comparison with [129], we swept the same range of SVM cost value parameter C as

in [129], i.e., from 10−2 to 104 by powers of 10. Hence, the total number of hyper-parameter

search using cross-validation is 70 (10× 7) for Laplace and 105 (15× 7) for γ-exponential which

is the same as for NTK in [129].

D.5.2 Large scale datasets

We used the experimental setup mentioned in [164] and the publicly available code 3. [164] solves

kernel ridge regression (KRR [175]) using the FALKON algorithm, which solves the following

linear system

(Knn + λnI) α = ŷ,

where K is an n × n kernel matrix defined by (K)ij = K(xi, xj), ŷ = (y1, . . . yn)
T , and λ is the

regularization parameter. Refer to [164] for more details.

In Table D.1, we provide the hyper parameters chosen with cross validation.

2https://scikit-learn.org/stable/modules/generated/sklearn.metrics.pairwise.
rbf_kernel.html

3https://github.com/LCSL/FALKON_paper
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MillionSongs [165] SUSY [166] HIGGS [166]

H-γ-exp. γ = 1.4, σ = 5, λ = 1e−6 γ = 1.8, σ = 5, λ = 1e−7 γ = 1.6, σ = 8, λ = 1e−8

H-Laplace σ = 3, λ = 1e−6 σ = 4, λ = 1e−7 σ = 8, λ = 1e−8

NTK L = 9, λ = 1e−9 L = 3, λ = 1e−8 L = 3, λ = 1e−6

H-Gaussian σ = 8, λ = 1e−6 σ = 3, λ = 1e−7 σ = 8, λ = 1e−8

Table D.1: Hyper-parameters chosen with cross validation for the different kernels.

D.5.3 C-Exp: Convolutional Exponential Kernels

Let x = (x1, ..., xd)
T and z = (z1, ..., zd)

T denote two vectorized images. Let P denote a window

function (we used 3× 3 windows). Our hierarchical exponential kernels are defined by Θ̄(x, z) as

follows:

Θ
[0]
ij (x, z) = xizj

s
[h]
ij (x, z) =

∑
m∈P

Θ[h](xi+m, zj+m) + β2

Θ
[h+1]
ij (x, z) = K(s

[h]
ij (x, z), s

[h]
ii (x,x), s

[h]
jj (z, z))

Θ̄(x, z) =
∑
i

Θ
[L]
ii (x, z)

where β ≥ 0 denotes the bias and the last step is analogous to a fully connected layer in networks,

and we set

K(sij, sii, sjj) =
√
siisjj k

(
sij√
siisjj

)

where k can be any kernel defined on the sphere. In the experiments we applied this scheme to the

three exponential kernels, Laplace, Gaussian and γ-exponential.

Technical details We used the following four kernels:

CNTK [124] L = 6, β = 3.

C-Exp Laplace. L = 3, β = 3, k(xTz) = a + be−c
√

2−2xT z with a = −11.491, b = 12.606, c =
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0.048.

C-Exp γ−exponential. L = 8, β = 3, k(xTz) = a + be−c(2−2xT z)γ/2 with a = −0.276, b =

1.236, c = 0.424, γ = 1.888.

C-Exp Gaussian. L = 12, β = 3, k(xTz) = a + be−c(2−2xT z) with a = −0.22, b = 1.166, c =

0.435.

We set β in these experiments with cross validation in {1, ..., 10}. For each kernel k above, the

parameters a, b, c and γ were chosen using non-linear least squares optimization with the objective∑
u∈U(k(u) − kFCβ(2)(u))2, where kFCβ(2) is the NTK for a two-layer network defined in (D.5)

with bias β = 1, and the set U included (inner products between) pairs of normalized 3 × 3 × 3

patches drawn uniformly from the CIFAR images. The number of layers L is chosen by cross

validation.

For the training phase we used 1-hot vectors from which we subtracted 0.1, as in [176]. For

the classification phase, as in [141], we normalized the kernel matrices such that all the diagonal

elements are ones. To avoid ill conditioned kernel matrices we applied ridge regression with a

regularization factor of λ = 5 · 10−5. Finally, to reduce overall running times, we parallelized the

kernel computations on NVIDIA Tesla V100 GPUs.
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Appendix E: Biconvex Relaxation for Semidefinite Programming in Computer

Vision

Semidefinite programming (SDP) is an indispensable tool in computer vision, but general-purpose

solvers for SDPs are often too slow and memory intensive for large-scale problems. Our framework,

referred to as biconvex relaxation (BCR), transforms an SDP consisting of PSD constraint matrices

into a specific biconvex optimization problem, which can then be approximately solved in the

original, low-dimensional variable space at low complexity. The resulting problem is solved using

an efficient alternating minimization (AM) procedure. Since AM has the potential to get stuck

in local minima, we propose a general initialization scheme that enables BCR to start close to a

global optimum—this is key for BCR to quickly converge to optimal or near-optimal solutions. We

showcase the efficacy of our approach on three applications in computer vision, namely segmentation,

co-segmentation, and manifold metric learning. BCR achieves solution quality comparable to

state-of-the-art SDP methods with speedups between 4× and 35×. This work [177] is in collaboration

with Sohil Shah, Carlos D. Castillo, David W. Jacobs, Christoph Studer, and Tom Goldstein.

E.1 Introduction

Optimization problems involving either integer-valued vectors or low-rank matrices are ubiquitous

in computer vision. Graph-cut methods for image segmentation, for example, involve optimization
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problems where integer-valued variables represent region labels [178, 179, 180, 181]. Problems

in multi-camera structure from motion [182], manifold embedding [183], and matrix completion

[184] all rely on optimization problems involving matrices with low rank constraints. Since these

constraints are non-convex, the design of efficient algorithms that find globally optimal solutions

is a difficult task.

For a wide range of applications [183, 185, 186, 187, 188, 189], non-convex constraints can be

handled by semidefinite relaxation (SDR) [185]. In this approach, a non-convex optimization

problem involving a vector of unknowns is “lifted” to a higher dimensional convex problem that

involves a positive semidefinite (PSD) matrix, which then enables one to solve a SDP [190]. While

SDR delivers state-of-the-art performance in a wide range of applications [180, 181, 183, 184, 185,

191], the approach significantly increases the dimensionality of the original optimization problem

(i.e., replacing a vector with a matrix), which typically results in exorbitant computational costs

and memory requirements. Nevertheless, SDR leads to SDPs whose global optimal solution can

be found using robust numerical methods.

A growing number of computer-vision applications involve high-resolution images (or videos) that

require SDPs with a large number of variables. General-purpose (interior point) solvers for SDPs

do not scale well to such problem sizes; the worst-case complexity is O(N6.5 log(1/ε)) for an

N × N problem with ε objective error [192]. In imaging applications, N is often proportional to

the number of pixels, which is potentially large.

The prohibitive complexity and memory requirements of solving SDPs exactly with a large number

of variables has spawned interest in fast, non-convex solvers that avoid lifting. For example, recent

progress in phase retrieval by Netrapalli et al. [193] and Candès et al. [194] has shown that non-

convex optimization methods provably achieve solution quality comparable to exact SDR-based
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methods with significantly lower complexity. These methods operate on the original dimensions of

the (un-lifted) problem, which enables their use on high-dimensional problems. Another prominent

example is max-norm regularization by Lee et al. [195], which was proposed for solving high-

dimensional matrix-completion problems and to approximately perform max-cut clustering. This

method was shown to outperform exact SDR-based methods in terms of computational complexity,

while delivering acceptable solution quality. While both of these examples outperform classical

SDP-based methods, they are limited to very specific problem types, and cannot handle more

complex SDPs that typically appear in computer vision.

E.1.1 Contributions

We introduce a novel framework for approximately solving SDPs with positive semi-definite constraint

matrices in a computationally efficient manner and with small memory footprint. Our proposed bi-

convex relaxation (BCR), transforms an SDP into a biconvex optimization problem, which can then

be solved in the original, low-dimensional variable space at low complexity. The resulting biconvex

problem is solved using a computationally-efficient AM procedure. Since AM is prone to get stuck

in local minima, we propose an initialization scheme that enables BCR to start close to the global

optimum of the original SDP—this initialization is key for our algorithm to quickly converge to

an optimal or near-optimal solution. We showcase the effectiveness of the BCR framework by

comparing to highly-specialized SDP solvers for a selected set of problems in computer vision

involving image segmentation, co-segmentation, and metric learning on manifolds. Our results

demonstrate that BCR enables high-quality results while achieving speedups ranging from 4× to

35× over state-of-the-art competitor methods [196, 197, 198, 199, 200] for the studied applications.
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E.2 Background and Relevant Prior Art

We now briefly review semidefinite programs (SDPs) and discuss prior work on fast, approximate

solvers for SDPs in computer vision and related applications.

E.2.1 Semidefinite Programs (SDPs)

SDPs find use in a large and growing number of fields, including computer vision, machine

learning, signal and image processing, statistics, communications, and control [190]. SDPs can

be written in the following general form:

minimize
Y∈S+

N×N

⟨C,Y⟩

subject to ⟨Ai,Y⟩ = bi, ∀i ∈ E ,

⟨Aj ,Y⟩ ≤ bj , ∀j ∈ B,

(E.1)

where S+
N×N represents the set of N ×N symmetric positive semidefinite matrices, and ⟨C,Y⟩ =

tr(CTY) is the matrix inner product. The sets E and B contain the indices associated with the

equality and inequality constraints, respectively; Ai and Aj are symmetric matrices of appropriate

dimensions.

The key advantages of SDPs are that (i) they enable the transformation of certain non-convex

constraints into convex constraints via semidefinite relaxation (SDR) [185] and (ii) the resulting

problems often come with strong theoretical guarantees.

In computer vision, a large number of problems can be cast as SDPs of the general form (E.1).

For example, [183] formulates image manifold learning as an SDP, [189] uses an SDP to enforce a
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non-negative lighting constraint when recovering scene lighting and object albedos, [201] uses an

SDP for graph matching, [182] proposes an SDP that recovers the orientation of multiple cameras

from point correspondences and essential matrices, and [184] uses low-rank SDPs to solve matrix-

completion problems that arise in structure-from-motion and photometric stereo.

E.2.2 SDR for Binary-Valued Quadratic Problems

Semidefinite relaxation is commonly used to solve binary-valued labeling problems. For such

problems, a set of variables take on binary values while minimizing a quadratic cost function

that depends on the assignment of pairs of variables. Such labeling problems typically arise

from Markov random fields (MRFs) for which many solution methods exist [202]. Spectral

methods, e.g., [178], are often used to solve such binary-valued quadratic problems (BQPs)—

the references [179, 180] used SDR inspired by the work of [181] that provides a generalized SDR

for the max-cut problem. BQP problems have wide applicability to computer vision problems,

such as segmentation and perceptual organization [179, 196, 203], semantic segmentation [204],

matching [180, 205], surface reconstruction including photometric stereo and shape from defocus [188],

and image restoration [206].

BQPs can be solved by lifting the binary-valued label vector b ∈ {±1}N to an N2-dimensional

matrix space by forming the PSD matrix B = bbT , whose non-convex rank-1 constraint is relaxed

to PSD matrices B ∈ S+
N×N with an all-ones diagonal [185]. The goal is then to solve a SDP for

B in the hope that the resulting matrix has rank 1; if B has higher rank, an approximate solution

must be extracted which can either be obtained from the leading eigenvector or via randomization

methods [185, 207].
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E.2.3 Specialized Solvers for SDPs

General-purpose solvers for SDPs, such as SeDuMi [208] or SDPT3 [209], rely on interior point

methods with high computational complexity and memory requirements. Hence, their use is

restricted to low-dimensional problems. For problems in computer vision, where the number of

variables can become comparable to the number of pixels in an image, more efficient algorithms are

necessary. A handful of special-purpose algorithms have been proposed to solve specific problem

types arising in computer vision. These algorithms fit into two classes: (i) convex algorithms that

solve the original SDP by exploiting problem structure and (ii) non-convex methods that avoid

lifting.

For certain problems, one can exactly solve SDPs with much lower complexity than interior point

schemes, especially for BQP problems in computer vision. Ecker et al. [188] deployed a number

of heuristics to speed up the Goemans-Williamson SDR [181] for surface reconstruction. Olsson

et al. [206] proposed a spectral subgradient method to solve BQP problems that include a linear

term, but are unable to handle inequality constraints. A particularly popular approach is the SDCut

algorithms of Wang et al. [196]. This method solves BQP for some types of segmentation problems

using dual gradient descent. SDCut leads to a similar relaxation as for BQP problems, but enables

significantly lower complexity for graph cutting and its variants. To the best of our knowledge,

the method by Wang et al. [196] yields state-of-the-art performance—nevertheless, our proposed

method is at least an order of magnitude faster, as shown in Section E.4.

Another algorithm class contains non-convex approximation methods that avoid lifting altogether.

Since these methods work with low-dimensional unknowns, they are potentially more efficient

than lifted methods. Simple examples include the Wiberg method [210] for low-rank matrix
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approximation, which uses Newton-type iterations to minimize a non-convex objective. A number

of methods have been proposed for SDPs where the objective function is simply the trace-norm

of Y (i.e., problem (E.1) with C = I) and without inequality constraints. Approaches include

replacing the trace norm with the max-norm [195], or using the so-called Wirtinger flow to solve

phase-retrieval problems [194]. One of the earliest approaches for non-convex methods are due

to Burer and Montiero [211], who propose an augmented Lagrangian method. While this method

is able to handle arbitrary objective functions, it does not naturally support inequality constraints

(without introducing auxiliary slack variables). Furthermore, this approach uses convex methods

for which convergence is not well understood and is sensitive to the initialization value.

While most of the above-mentioned methods provide best-in-class performance at low computational

complexity, they are limited to very specific problems and cannot be generalized to other, more

general SDPs.

E.3 Biconvex Relaxation (BCR) Framework

We now present the proposed biconvex relaxation (BCR) framework. We then propose an alternating

minimization procedure and a suitable initialization method.

E.3.1 Biconvex Relaxation

Rather than solving the general SDP (E.1) directly, we exploit the following key fact: any matrix

Y is symmetric positive semidefinite if and only if it has an expansion of the form Y = XXT .

By substituting the factorization Y = XXT into (E.1), we are able to remove the semidefinite
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constraint and arrive at the following problem:

minimize
X∈RN×r

tr(XTCX)

subject to tr(XTAiX) = bi, ∀i ∈ E ,

tr(XTAjX) ≤ bj, ∀j ∈ B,

(E.2)

where r = rank(Y).1 Note that any symmetric semi-definite matrix A has a (possibly complex-

valued) square root L of the form A = LTL. Furthermore, we have tr(XTAX) = tr(XTLTLX) =

∥LX∥2F , where ∥ · ∥F is the Frobenius (matrix) norm. This formulation enables us to rewrite (E.2)

as follows:

minimize
X∈RN×r

tr(XTCX)

subject to Qi = LiX, ∥Qi∥2F = bi, ∀i ∈ E ,

Qj = LjX, ∥Qj∥2F ≤ bj, ∀j ∈ B.

(E.3)

If the matrices {Ai}, {Aj}, and C are themselves PSDs, then the objective function in (E.3) is

convex and quadratic, and the inequality constraints in (E.3) are convex—non-convexity of the

problem is only caused by the equality constraints. The core idea of BCR explained next is to relax

these equality constraints. Here, we assume that the factors of these matrices are easily obtained

from the underlying problem structure. For some applications, where these factors are not readily

available this could be a computational burden (worst case O(N3)) rather than an asset.

In the formulation (E.3), we have lost convexity. Nevertheless, whenever r < N, we achieved

a (potentially large) dimensionality reduction compared to the original SDP (E.1). We now relax

(E.3) in a form that is biconvex, i.e., convex with respect to a group of variables when the remaining

1Straightforward extensions of our approach allow us to handle constraints of the form tr(XTAkX) ≥ bk,∀k ∈ A,
as well as complex-valued matrices and vectors.
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variables are held constant. By relaxing the convex problem in biconvex form, we retain many

advantages of the convex formulation while maintaining low dimensionality and speed. In particular,

we propose to approximate (E.3) with the following biconvex relaxation (BCR):

minimize
X,Qi,i∈{B∪E}

tr(XTCX) +
α

2

∑
i∈{E∪B}

∥Qi − LiX∥2F −
β

2

∑
j∈E

∥Qj∥2F

subject to ∥Qi∥2F ≤ bi, ∀i ∈ {B ∪ E},
(E.4)

where α > β > 0 are relaxation parameters (discussed in detail below). In this BCR formulation,

we relaxed the equality constraints ∥Qi∥2F = bi, ∀i ∈ E , to inequality constraints ∥Qi∥2F ≤ bi,

∀i ∈ E , and added negative quadratic penalty functions−β
2
∥Qi∥, ∀i ∈ E , to the objective function.

These quadratic penalties attempt to force the inequality constraints in E to be satisfied exactly.

We also replaced the constraints Qi = LiX and Qj = LjX by quadratic penalty functions in the

objective function.

The relaxation parameters are chosen by freezing the ratio α/β to 2, and following a simple,

principled way of setting β. Unless stated otherwise, we set β to match the curvature of the penalty

term with the curvature of the objective i.e., β = ∥C∥2, so that the resulting bi-convex problem is

well-conditioned.

Our BCR formulation (E.4) has some important properties. First, if C ∈ S+
N×N then the problem

is biconvex, i.e., convex with respect to X when the {Qi} are held constant, and vice versa.

Furthermore, consider the case of solving a constraint feasibility problem (i.e., problem (E.1) with

C = 0). When Y = XXT is a solution to (E.1) with C = 0, the problem (E.4) assumes objective

value −β
2

∑
j bj, which is the global minimizer of the BCR formulation (E.4). Likewise, it is easy

to see that any global minimizer of (E.4) with objective value −β
2

∑
j bj must be a solution to the
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original problem (E.1).

E.3.2 Alternating Minimization (AM) Algorithm

One of the key benefits of biconvexity is that (E.4) can be globally minimized with respect to Q

or X. Hence, it is natural to compute approximate solutions to (E.4) via alternating minimization.

Note the convergence of AM for biconvex problems is well understood [212, 213]. The two stages

of the proposed method for BCR are detailed next.

Stage 1: Minimize with respect to {Qi}. The BCR objective in (E.4) is quadratic in {Qi}with no

dependence between matrices. Consequently, the optimal value of Qi can be found by minimizing

the quadratic objective, and then reprojecting back into a unit Frobenius-norm ball of radius
√
bi.

The minimizer of the quadratic objective is given by α
α−βi

LiX, where βi = 0 if i ∈ B and βi = β if

i ∈ E . The projection onto the unit ball then leads to the following expansion–reprojection update:

Qi ←
LiX

∥LiX∥F
min

{√
bi,

α

α− βi

∥LiX∥F
}
. (E.5)

Intuitively, this expansion–reprojection update causes the matrix Qi to expand if i ∈ E , thus

encouraging it to satisfy the relaxed constraints in (E.4) with equality.

Stage 2: Minimize with respect to X. This stage solves the least-squares problem:

X← argmin
X∈RN×r

tr(XTCX) +
α

2

∑
i∈{E∪B}

∥Qi−LiX∥2F . (E.6)
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Algorithm 4 AM for Biconvex Relaxation
1: inputs: C, {Li}, bi, α, and β, output: X
2: Compute an initializer for X as in Section E.3.3
3: Precompute M =

(
C+ α

∑
i∈{E∪B} L

T
i Li

)−1

4: while not converged do
5: Qi ← LiX

∥LiX∥F
min

{√
bi,

α
α−βi
∥LiX∥F

}
6: X←M

(∑
i∈{E∪B} L

T
i Qi

)
,

7: end while

The optimality conditions for this problem are linear equations, and the solution is

X←

C+ α
∑

i∈{E∪B}

LT
i Li

−1 ∑
i∈{E∪B}

LT
i Qi

, (E.7)

where the matrix inverse (one-time computation) may be replaced by a pseudo-inverse if necessary.

Alternatively, one may perform a simple gradient-descent step with a suitable step size, which

avoids the inversion of a potentially large-dimensional matrix.

The resulting AM algorithm for the proposed BCR (E.4) is summarized in Algorithm 4.

E.3.3 Initialization

The problem (E.4) is biconvex and hence, a global minimizer can be found with respect to either

{Qi} or X, although a global minimizer of the joint problem is not guaranteed. We hope to find a

global minimizer at low complexity using the AM method, but in practice AM may get trapped in

local minima, especially if the variables have been initialized poorly. We now propose a principled

method for computing an initializer for X that is often close to the global optimum of the BCR

problem—our initializer is key for the success of the proposed AM procedure and enables fast

convergence.

The papers [193, 194] have considered optimization problems that arise in phase retrieval where
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B = ∅ (i.e., there are only equality constraints), C = I being the identity, and Y being rank one.

For such problems, the objective of (E.1) reduces to tr(Y). By setting Y = xxT , we obtain the

following formulation:

minimize
x∈RN

∥x∥22 subject to qi = Lix, ∥qi∥22 = bi, ∀i ∈ E . (E.8)

Netrapali et al. [193] proposed an iterative algorithm for solving (E.8), which has been initialized

by the following strategy. Define

Z =
1

|E|
∑
i∈E

biL
T
i Li. (E.9)

Let v be the leading eigenvector of Z and λ the leading eigenvalue. Then x = λv is an accurate

approximation to the true solution of (E.8). In fact, if the matrices Li are sampled from a random

normal distribution, then it was shown in [193, 194] that E∥x⋆ − λx∥22 → 0 (in expectation) as

|E| → ∞, where x⋆ is the true solution to (E.8).

We are interested in a good initializer for the general problem in (E.3) where X can be rank one

or higher. We focus on problems with equality constraints only—note that one can use slack

variables to convert a problem with inequality constraints into the same form [190]. Given that C

is a symmetric positive definite matrix, it can be decomposed into C = UTU. By the change of

variables X̃ = UX, we can rewrite (E.1) as follows:

minimize
X∈RN×r

∥X̃∥2F subject to ⟨Ãi, X̃X̃T ⟩ = bi, ∀i ∈ E , (E.10)

where Ãi = U−TAiU
−1, and we omitted the inequality constraints. To initialize the proposed

AM procedure in Algorithm 4, we make the change of variables X̃ = UX to transform the BCR
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formulation into the form of (E.10). Analogously to the initialization procedure in [193] for phase

retrieval, we then compute an initializer X̃0 using the leading r eigenvectors of Z scaled by the

leading eigenvalue λ. Finally, we calculate the initializer for the original problem by reversing the

change of variables as X0 = U−1X̃0. For most problems the initialization time is a small fraction

of the total runtime.

E.3.4 Advantages of Biconvex Relaxation

The proposed framework has numerous advantages over other non-convex methods. First and

foremost, BCR can be applied to general SDPs. Specialized methods, such as Wirtinger flow [194]

for phase retrieval and the Wiberg method [210] for low-rank approximation are computationally

efficient, but restricted to specific problem types. Similarly, the max-norm method [195] is limited

to solving trace-norm-regularized SDPs. The method of Burer and Montiero [211] is less specialized,

but does not naturally support inequality constraints. Furthermore, since BCR problems are biconvex,

one can use numerical solvers with guaranteed convergence. Convergence is guaranteed not only

for the proposed AM least-squares method in Algorithm 4 (for which the objective decreases

monotonically), but also for a broad range of gradient-descent schemes suitable to find solutions

to biconvex problems [214]. In contrast, the method in [211] uses augmented Lagrangian methods

with non-linear constraints for which convergence is not guaranteed.

E.4 Benchmark Problems

We now evaluate our solver using both synthetic and real-world data. We begin with a brief

comparison showing that biconvex solvers outperform both interior-point methods for general
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SDPs and also state-of-the-art low-rank solvers. Of course, specialized solvers for specific problem

forms achieve superior performance to classical interior point schemes. For this reason, we evaluate

our proposed method on three important computer vision applications, i.e., segmentation, co-

segmentation, and manifold metric learning, using public datasets, and we compare our results

to state-of-the-art methods. These applications are ideal because (i) they involve large scale SDPs

and (ii) customized solvers are available that exploit problem structure to solve these problems

efficiently. Hence, we can compare our BCR framework to powerful and optimized solvers.

E.4.1 General-Form Problems

We briefly demonstrate that BCR performs well on general SDPs by comparing to the widely used

SDP solver, SDPT3 [209] and the state-of-the-art, low-rank SDP solver CGDSP [215]. Note that

SDPT3 uses an interior point approach to solve the convex problem in (E.1) whereas the CGDSP

solver uses gradient-descent to solve a non-convex formulation. For fairness, we initialize both

algorithms using the proposed initializer and the gradient descent step in CGDSP was implemented

using various acceleration techniques [216]. Since CGDSP cannot handle inequality constraints

we restrict our comparison to equality constraints only.

Experiments: We randomly generate a 256× 256 rank-3 data matrix of the form Ytrue = x1x
T
1 +

x2x
T
2 + x3x

T
3 , where {xi} are standard normal vectors. We generate a standard normal matrix L

and compute C = LTL. Gaussian matrices Ai ∈ R250×250 form equality constraints. We report the

relative error in the recovered solution Yrec measured as ∥Yrec−Ytrue∥/∥Ytrue∥. Average runtimes

for varying numbers of constraints are shown in Figure E.1a, while Figure E.1b plots the average

relative error. Figure E.1a shows that our method has the best runtime of all the schemes. Figure
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Figure E.1: Results on synthetic data for varying number of linear constraints.

E.1b shows convex interior point methods do not recover the correct solution for small numbers of

constraints. With few constraints, the full lifted SDP is under-determined, allowing the objective

to go to zero. In contrast, the proposed BCR approach is able to enforce an additional rank-3

constraint, which is advantageous when the number of constraints is low.

E.4.2 Image Segmentation

Consider an image of N pixels. Segmentation of foreground and background objects can be

accomplished using graph-based approaches, where graph edges encode the similarities between

pixel pairs. Such approaches include normalized cut [178] and ratio cut [217]. The graph cut

problem can be formulated as an NP-hard integer program [181]

minimize
x∈{−1,1}N

xTLx, (E.11)

where L encodes edge weights and x contains binary region labels, one for each pixel. This

problem can be “lifted” to the equivalent higher dimensional problem

minimize
X∈S+

N×N

tr(LTX) subject to diag(X) = 1, rank(X) = 1. (E.12)
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After dropping the non-convex rank constraint, (E.12) becomes an SDP that is solvable using

convex optimization [179, 191, 205]. The SDP approach is computationally intractable if solved

using off-the-shelf SDP solvers (such as SDPT3 [209] or other interior point methods). Furthermore,

exact solutions cannot be recovered when the solution to the SDP has rank greater than 1. In

contrast, BCR is computational efficient for large problems and can easily incorporate rank constraints,

leading to efficient spectral clustering.

BCR is also capable of incorporating annotated foreground and background pixel priors [218]

using linear equality and inequality constraints. We consider the SDP based segmentation presented

in [218], which contains three grouping constraints on the pixels: (tTf Px)2 ≥ κ∥tTf Px∥21, (tTb Px)2 ≥

κ∥tTb Px∥21 and ((tf − tb)
TPx)2 ≥ κ∥(tf − tb)

TPx∥21, where κ ∈ [0, 1]. P = D−1W is the

normalized pairwise affinity matrix and tf and tb are indicator variables denoting the foreground

and background pixels. These constraints enforce that the segmentation respects the pre-labeled

pixels given by the user, and also pushes high similarity pixels to have the same label. The affinity

matrix W is given by

Wi,j =


exp
(
−∥fi−fj∥22

γ2
f
− d(i,j)2

γ2
d

)
, if d(i, j) < r

0, otherwise,

(E.13)

where fi is the color histogram of the ith super-pixel and d(i, j) is the spatial distance between i

and j. Considering these constraints and letting X = YYT , (E.12) can be written in the form of
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(E.2) as follows:

minimize
Y∈RN×r

tr(YTLY)

subject to tr(YTAiY) = 1, ∀i = 1, . . . , N

tr(YTB2Y) ≥ κ∥tTf Px∥21, tr(YTB3Y) ≥ κ∥tTb Px∥21

tr(YTB4Y) ≥ κ∥(tf − tb)
TPx∥21, tr(YTB1Y) = 0.

(E.14)

Here, r is the rank of the desired solution, B1 = 11T , B2 = Ptft
T
f P, B3 = Ptbt

T
b P, B4 =

P(tf − tb)(tf − tb)
TP, Ai = eie

T
i , ei ∈ Rn is an elementary vector with a 1 at the ith position.

After solving (E.14) using BCR (E.4), the final binary solution is extracted from the score vector

using the swept random hyperplanes method [207].

We compare the performance of BCR with the highly customized BQP solver SDCut [196] and

biased normalized cut (BNCut) [197]. BNCut is an extension of the Normalized cut algorithm

[178] whereas SDCut is currently the most efficient and accurate SDR solver but limited only

to solving BQP problems. Also, BNCut can support only one quadratic grouping constraint per

problem.

Experiments: We consider the Berkeley image segmentation dataset [219]. Each image is segmented

into super-pixels using the VL-Feat [220] toolbox. For SDCut and BNCut, we use the publicly

available code with hyper-parameters set to the values suggested in [196]. For BCR, we set

β = λ/
√
|B ∪ E|, where λ controls the coarseness of the segmentation by mediating the tradeoff

between the objective and constraints, and would typically be chosen from [1, 10] via cross validation.

For simplicity, we just set λ = 5 in all experiments reported here.

We compare the runtime and quality of each algorithm. Figure E.2 shows the segmentation
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SDCut
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Figure E.2: Image segmentation results on the Berkeley dataset. The red and blue marker indicates the
annotated foreground and background super-pixels, respectively.

results while the quantitative results are displayed in Table E.1. For all the considered images,

our approach gives superior foreground object segmentation compared to SDCut and BNCut.

Moreover, as seen in Table E.1, our solver is 35× faster than SDCut and yields lower objective

energy. Segmentation using BCR is achieved using only rank 2 solutions whereas SDCut requires

rank 7 solutions to obtain results of comparable accuracy.2 Note that while BNCut with rank 1

solutions is much faster than SDP based methods, the BNCut segmentation results are not on par

with SDP approaches.

E.4.3 Co-segmentation

We next consider image co-segmentation, in which segmentation of the same object is jointly

computed on multiple images simultaneously. Because co-segmentation involves multiple images,

it provides a testbed for large problem instances. Co-segmentation balances a tradeoff between

2The optimal solutions found by SDCut all had rank 7 except for one solution of rank 5.
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two criteria: (i) color and spatial consistency within a single image and (ii) discrimination between

foreground and background pixels over multiple images. We closely follow the work of Joulin et

al. [203], whose formulation is given by

minimize
x∈{±1}N

xTAx subject to (xT δi)
2 ≤ λ2, ∀i = 1, . . . ,M, (E.15)

where M is the number of images and N =
∑M

i=1 Ni is the total number of pixels over all images.

The matrix A = Ab+
µ
N
Aw, where Aw is the intra-image affinity matrix and Ab is the inter-image

discriminative clustering cost matrix computed using the χ2 distance between SIFT features in

different images (see [203] for a details).

To solve this problem with BCR, we re-write (E.15) in the form (E.2) to obtain

minimize
X∈RN×r

tr(XTAX)

subject to: tr(XTZiX) = 1, ∀i = 1, . . . , N

tr(XT∆iX) ≤ λ2, ∀i = 1, . . . ,M,

(E.16)

where ∆i = δiδi
T and Zi = eie

T
i . Finally, (E.16) is solved using BCR (E.4), following which one

can recover the optimal score vector x∗
p as the leading eigenvector of X∗. The final binary solution

is extracted by thresholding x∗
p to obtain integer-valued labels [198].

Experiments: We compare BCR to two well-known co-segmentation methods, namely low-rank

factorization [198] (denoted LR) and SDCut [196]. We use publicly available code for LR and

SDCut. We test on the Weizman horses3 and MSRC4 datasets with a total of four classes (horse,
3www.msri.org/people/members/eranb/
4www.research.microsoft.com/en-us/projects/objectclassrecognition/

160



Table E.1: Results on image
segmentation. Numbers are the mean over
the images in Fig. E.2. Lower numbers
are better. The proposed algorithm and the
best performance are highlighted.

Method BNCut SDCut BCR

Time (s) 0.08 27.64 0.97
Objective 10.84 6.40 6.34

Rank 1 7 2

Table E.2: Co-segmentation results. The proposed
algorithm and the best performance is highlighted.

Test Cases
Dataset horse face car-back car-front

Number of images 10 10 6 6
Variables in BQPs 4587 6684 4012 4017

Time (s)
LowRank 2647 1614 724 749

SDCut 220 274 180 590
BCR 18.8 61.8 46.7 44.7

Objective
LowRank 4.84 4.48 5.00 4.17

SDCut 5.24 4.94 4.53 4.27
BCR 4.64 3.29 4.36 3.94

Rank
LowRank 18 11 7 10

SDCut 3 3 3 3
BCR 2 2 2 2

car-front, car-back, and face) containing 6 ∼ 10 images per class. Each image is over-segmented

to 400 ∼ 700 SLIC superpixels using the VLFeat [220] toolbox, giving a total of around 4000 ∼

7000 super-pixels per class. Relative to image segmentation problems, this application requires

10× more variables.

Qualitative results are presented in Figure E.3 while Table E.2 provides a quantitative comparison.

From Table E.2, we observe that on average our method converges ∼ 9.5× faster than SDCut and

∼ 60× faster than LR. Moreover, the optimal objective value achieved by BCR is significantly

lower than that achieved by both SDCut and LR methods. Figure E.3 displays the visualization of

the final score vector x∗
p for selected images, depicting that in general SDCut and BCR produce

similar results. Furthermore, the optimal BCR score vector x∗
p is extracted from a rank-2 solution,

as compared to rank-3 and rank-7 solutions needed to get comparable results with SDCut and LR.
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Figure E.3: Co-segmentation results on the Weizman horses and MSRC datasets. From top to bottom: the
original images, the results of LR, SDCut, and BCR, respectively.

E.4.4 Metric Learning on Manifolds

Large SDPs play a central role in manifold methods for classification and dimensionality reduction

on image sets and videos [199, 200, 221]. Manifold methods rely heavily on covariance matrices,

which accurately characterize second-order statistics of variation between images. Typical methods

require computing distances between matrices along a Riemannian manifold—a task that is expensive

for large matrices and limits the applicability of these techniques. It is of interest to perform

dimensionality reduction on SPD matrices, thus enabling the use of covariance methods on very

large problems.

In this section, we discuss dimensionality reduction on manifolds of SPD matrices using BCR,

which is computationally much faster than the state-of-the-art while achieving comparable (and

often better) performance. Consider a set of high-dimensional SPD matrices {S1, . . . ,Sn} where
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Si ∈ S+
N×N . We can project these onto a low-dimensional manifold of rank K < N by solving

minimize
X∈S+

N×N ,ηij≥0
tr(X) + µ

∑
i,j ηij

subject to DX(Si,Sj) ≤ u+ ηij, ∀(i, j) ∈ C

DX(Si,Sj) ≥ l − ηij, ∀(i, j) ∈ D

(E.17)

where X is a (low-dimensional) SPD matrix, DX is Riemannian distance metric, and ηij are slack

variables. The sets C and D contain pairs of similar/dissimilar matrices labeled by the user, and

the scalars u and l are given upper and lower bounds. For simplicity, we measure distance using

the log-Euclidean metric (LEM) defined by [199]

D(Si,Sj) = ∥ log(Si)− log(Sj)∥2F = tr
(
(Ri −Rj)

T (Ri −Rj)
)
, (E.18)

where Ri = log(Si) is a matrix logarithm. When X has rank K, it is a transformation onto the

space of rank K covariance matrices, where the new distance is given by [199]

DX(Si,Sj) = tr
(
X(Ri −Rj)

T (Ri −Rj)
)
. (E.19)

We propose to solve the semi-definite program (E.17) using the representation X = YYT which

puts our problem in the form (E.2) with Aij = (Ri − Rj)
T (Ri − Rj). This problem is then

solved using BCR, where the slack variables {ηij} are removed and instead a hinge loss penalty

approximately enforces the inequality constraints in (E.4). In our experiments we choose u =

ρ − ξτ and l = ρ + ξτ , where ρ and τ are the mean and standard deviation of the pairwise

distances between {Si} in the original space, respectively. The quantities ξ and µ are treated as
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hyper-parameters.

Experiments: We analyze the performance of our approach (short BCRML) against state-of-the-

art manifold metric learning algorithms using three image set classification databases: ETH-80,

YouTube Celebrities (YTC), and YouTube Faces (YTF) [222]. The ETH-80 database consists of a

10 image set for each of 8 object categories. YTC contains 1,910 video sequences for 47 subjects

from YouTube. YTF is a face verification database containing 3,425 videos of 1,595 different

people. Features were extracted from images as described in [199]. Faces were cropped from each

dataset using bounding boxes, and scaled to size 20× 20 for the ETH and YTC datasets. For YTF

we used a larger 30 × 30 scaling, as larger images were needed to replicate the results reported

in [199].

We compare BCR to three state-of-the-art schemes: LEML [199] is based on a log-Euclidean

metric, and minimizes the logdet divergence between matrices using Bregman projections. SPDML

[200] optimizes a cost function on the Grassmannian manifold while making use of either the

affine-invariant metric (AIM) or Stein metric. We use publicly available code for LEML and

SPDML and follow the details in [199, 200] to select algorithm specific hyper-parameters using

cross-validation. For BCRML, we fix α to be 1/
√
|C ∪ D| and µ as α/2. The ξ is fixed to

0.5, which performed well under cross-validation. For SPDML, the dimensionality of the target

manifold K is fixed to 100. In LEML, the dimension cannot be reduced and thus the final

dimension is the same as the original. Hence, for a fair comparison, we report the performance of

BCRML using full target dimension (BCRML-full) as well as for K = 100 (BCRML-100).

Table E.3 summarizes the classification performance on the above datasets. We observe that

BCRML performs almost the same or better than other ML algorithms. One can apply other

algorithms to gain a further performance boost after projecting onto the low-dimensional manifold.
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Table E.3: Image set classification results for state-of-the-art metric learning algorithms. The last three
columns report computation time in seconds. The last 3 rows report performance using CDL-LDA after
dimensionality reduction. Methods using the proposed BCR are listed in bold.

Method ETH-80 YTC YTF Train (s) Test (s) Total (s)

AIM 89.25 ± 1.69 62.77 ± 2.89 59.82 ± 1.63 - 5.189 1463.3
Stein 89.00 ± 2.42 62.02 ± 2.71 57.56 ± 2.17 - 3.593 1013.3
LEM 90.00 ± 2.64 62.06 ± 3.04 59.78 ± 1.69 - 1.641 462

SPDML-AIM [200] 91.00 ± 3.39 65.32 ± 2.77 61.64 ± 1.46 3941 0.227 4005
SPDML-Stein [200] 90.75 ± 3.34 66.10 ± 2.92 61.66 ± 2.09 1447 0.024 1453.7

LEML [199] 92.00 ± 2.18 62.13 ± 3.13 60.92 ± 1.95 93 1.222 437.7
BCRML-full 92.00± 3.12 64.40 ± 2.92 60.58 ± 1.75 189 1.222 669.7
BCRML-100 92.25 ± 3.78 64.61 ± 2.65 62.42 ± 2.14 45 0.291 127

CDL-LDA [221] 94.25 ± 3.36 72.94 ± 1.81 N/A - 1.073 302.7
LEML+CDL-LDA [199] 94.00 ± 3.57 73.01 ± 1.67 N/A 93 0.979 369

BCRML-100+CDL-LDA 93.75 ± 3.58 73.48 ± 1.83 N/A 45 0.045 57.7

Hence, we also provide a performance evaluation for LEML and BCRML using the LEM based

CDL-LDA recognition algorithm [221]. The last three columns of Table E.3 display the runtime

measured on the YTC dataset. We note that BCRML-100 trains roughly 2× faster and overall runs

about 3.5× faster than the next fastest method. Moreover, on testing using CDL-LDA, the overall

computation time is approximately 5× faster in comparison to the next-best performing approach.

E.5 Summary

We have presented a novel biconvex relaxation framework (BCR) that enables the solution of

general semidefinite programs (SDPs) at low complexity and with a small memory footprint.

We have provided an alternating minimization (AM) procedure along with a new initialization

method that, together, are guaranteed to converge, computationally efficient (even for large-scale

problems), and able to handle a variety of SDPs. Comparisons of BCR with state-of-the-art

methods for specific computer vision problems, such as segmentation, co-segmentation, and metric
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learning, show that BCR provides similar or better solution quality with significantly lower runtime.

While this chapter only shows applications for a select set of computer vision problems, determining

the efficacy of BCR for other problems in signal processing, machine learning, control, etc. is left

for future work.
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