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Abstract -
IKohonen’s Learning Vector Quantizatioﬁ (LVQ) is a neural network architecture that per-
forms nonparametric classification. It classifies observations by comparing them to &k tem-
plates called Voronoi vectors. The locations of these vectors are determined from past labeled
data through a learning algorithm. When learning is complete, the class of a new observation
15 the same as the class of the closest Voronoi vector. Hence LVQ is similar to nearest neigh-
bors, except that instead of all of the past observations being searched only the & Voronoi
vectors are searched. -

In this paper, we show that the LVQ learning algorithm converges to locally asymptotic
stable equilibria of an ordinary differential equation. We show that the learning algorithm
performs stochastic approximation. Convergence of the Voronoi vectors is guaranteed under
the appropriate conditions on the underlying statistics of the classification problem. We also
present a modification to the learning algorithm which we argue results in convergence of
the LVQ error to the Bayesian optimal error as the appropriate parameters become large.
2 Introduction
A common problem in signal processing is the problem of signal classification. An instance
of this problem in radar signal processing, is the determination of the presence or absence
of a target in the reflected signal. In adaptive control, it is manifested as the problem
of determining the operating environment in order to use the approﬁrinte gain in a gain
scheduling algorithm. More generally in feedback control, when a precise systent model is
- not known, pattern classifiers play an increasingly important role; sce for ele‘n-lplc recent
applications in expert controllers. In all cases, a signal processor must be designed which
correctly classifies a new observation based on past obscrvations.

Loosely speaking, the general problem consists in cxtracting the necessary information,
from past observations, in order to build a classifier whicli identifics cach new observation
with the lowest possible error. As such, a classifier is nothing more than a partition of the
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observation space into disjoint regions; observations falling in the same region are declared
to originate from the same pattiern.

Tlhere are basically two approaches for solving this problem. The first one, referred
to as the parametric approach, consists in using the past data to build a model and then
using it in the classification scheme. The second approach, referred to as the nonparametric
approach, consists in using the past data directly in the classification scheme. In the first
approach, a statistical model is postulated a priori and its parameters are determined by
minimizing a cost function which depends on the observation datadnd the assumed model.
The success of the resulting classifier depends crucially on the nature of the assumed model,
the characteristics of the cost function, and the accuracy of the parameters of the optimal
model. Usuallry; simplifying assumptions are made on the model and the cost (e.g. Gaussian
model and quadratic cost) in order to find an optimal solution. Hence, a compromise exists
hetween model accuracy and problem solvability.

In the second approach, a scheme is devised that uses past data directly in the clas-
sification scheme. New observations are classified by computing a suitable quantity which
depends on the observation and comparing that quantity to similar ones computed from past
observations. These tests are computed directly, without the intermediate step of identifying
a statistical model. Among these tests are the nearest neighbor scheme, the kernel method,
the histogram method, and the Learning Vector Quantization (LVQ) method. These tests do
not assume any model form for the underlying problem. Consequently, they are not subject
to the kinds of errors associated with assuming an incorrect model.

In this paper we prove several properties of the nonparametric classification scheme known
as the LVQ method. The LVQ method, subsequently referred to as LVQ), originated in the
neural network community and was introduced by Kohonen (I{ohonen [1986]). Despite the
constderable interest it has generated in the research community, most of the work related to
LVQ is confined to pure simulations. Although this is a natural and important first step in
the development of LVQ, we feel that an investigation of the theoretical underpinnings of the
method is warranted. Our goal 1s to examine LV Q, both theoretically and experimentally,
and determine its performance as a nonparametric classifier. More specifically, the folknviﬁg

contributions are made:

¢ We prove the convergence of the parameter adjustment rule in LVQ under rcasonable

assumptions. -

e We introduce a modification to LVQ which results in convergence in a larger set of

problems.

« \We show by means of simulation results that LVQ has a better overall performance
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.Fjgure 1. Plot of two pattern densities

than other classifiers.

¢ We show that the classification error associated with LVQ can be made asymptotically

optimal in a sense to be specified later.

The main tools used to carry out this program originated from stochastic approximation.
A judicious casting of LVQ as a stochastic approximation algorithm, provides the gencral
framework used to study LVQ.

In the next sections, the LVQ algorithm is presented. Using theorems from stochastic
approximation, we prove that the update algorithm converges under suitable conditions. We
prove that the detection error associated with LVQ converges to the lowest possible error as
the appropriate parameters go to infinity. We also discuss a modification to the algorithm
which provides convergence for a larger set of initial conditions. Finally, we discuss how this

method can be used with the various risks commonly found in classification.

3 Learning Vector Quantization

From the theory of statistical pattern recognition, it is known that the optimal decision
regions for a classifier can be calculated directly from the pattern densities. To illustrate,
suppose there are two patterns and that each pattern density is Gaussian with zero mean.
Figure 1 shows a plot of two such pattern densities. Here pattern 1 has a variance cqual
to 1,-and pattern 2 has a variance equal to 4. The decistion regions are easy to calculate if
we follow the Bayes decision rule for minimum error and assume that cach pattern is éqnally
likely. These regions are displayed in Figure 2. ' '
Tle decision regions are computed usiﬁg the individual pattern deusitics. However, the
pattern densitics are usually not available, instead, the only knowledge available is a sct of

independent observations of each pattern. Given these observations it is possible to construct
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Figure 3: Absolute value of the difference of the pattern densities

a consistent nonparametric density estimator and to use these estimators to find approximate
decision regions.

For the example above, we see that for both densities a majority of the observations
occur near zero. Nonparametric density estimation schemes try to minimize the expected
error. Hence, estimates of both densities will try to minimize the error near zero since that
is where most of the observations are located. However, we are only calculating the densities
in order to calculate the optimal decision regions therefore, we need to be concerned with the

fact that the errors in the density estimates contribute to errors in the resulting classifier. In
general, it is hard to predict how this two step approach will behave. LVQ is an algorithm
which attempts to alleviate this problem by-estimating the decision regions directly. Unlike
some other nonparametric classification schemes, it does not first estimate the densities and
then procecd to calculate the decision regions. o 7

The idea behind LV is to perform vector quantization using the absolute value of the
difference of the two pattern densities. In 'tilis example, this is the function displayed in
Figure 3. This function is dircctly related to the optimal decision regions.

In LVQ, vectors representing averages of past obscrvations are caleulated. These vectors
are called Voronoi vectors. Each vector defines a fcgion in the observation space and Lence

characterizes an associated decision class. In the classification phase, a new observation
< P
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Figure 4: Voronoi vectors and their approximate decision region.

1s compared to all of the Voronoi vectors. The closest Voronoi vector is found and the
observation is classified according to the class of that closest Voronoi vector. Hence, around
each Voronoi vector is a region, called the Voronoi cell, which defines an equivalence class of
points all belonging to the decision class of that vector. An example of a two class problem in
which some of the Voronoi vectors are of class 1 and others are of class 2 is shown in Figure 4.
The shaded region represents the optimal decision boundary and the bold line represents the
LVQ approximation to it. LVQ is similar to nearest neighbor classification except that only
the nearest Voronoi vector is found instead of finding the nearest past observation.

In the design or learning phase, a set of training data consisting of already classified past
observations is used to adjust the locations and the decisions of the Voronoi vectors. The
vectors are initialized by setting both the initial locations and the initial decisions. Once the
initial locations are fixed, the initial decisions are found by a simple majority vote of all the
past ohscrvations falling in each Voronoi cell. ‘This initialization process is discussed in detail
in Section 9. The vectors are then adjusted by a gradient search type algorithm. Specifically,
7 an observation is picked at random from the past observations; if the decision of the closest -
Voronoi vector and the decision associated with the new observation agree, then the Vorono:
vector is moved in the direction of the observe.LtiOﬁ, if however the decisions disagree then the
Voronoi vector is moved away from that observation. This process is continued for several

iterations through the past observations until all the Voronoi vectors’ locations converge.

£
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The heuristic idea behind this adjustment rule is that if the decision of the new obser-
vation and the decision of the closest vector agree then the Voronoi cell is probably close
to the correct position and the Voronoi vector should be moved closer to that obscrvation,
conversely, if the decisions disagree then the Voronoi vector should move away from that
observation. On the average, the vectors.will converge to positions which approximate the
optimal decision regions. We will make this more precise in the scctions to follow. The
amazing feature of this algorithm is that it only takes a small number of vectors to get
satisfactory classification results (LaVigna [1989)). 4

4 Description of the Algorithm

Now we describe the LVQ algorithm. To begin with, let the past observations lie in R¢
and let © = {6y,...,0;} be the Voronoi vectors. The observation space is partitioned into
Voronoi cells. Each Voronoi cell has a defining vector §; and an associated decision class
dp,. The cell consists of all points in the observation space which are closer to that vector
than to any other Voronoi vector. An observation z is classified as type dp, if it falls within
the Voronoi cell defined by 6;. Let p(f,2) be a cost function satisfying some reasonable

conditions (LaVigna [{1989]). Voronoi cells are characterized mathematically by
Vo, = {5 € R p00) < pl050), G #4} =1,k 1)

By convention, we assign equidistant points to that Voronoi cell with the lowest index.
The vectors 0; are adjusted as follows. Let {(yn,d,,)}2; be the past observations sct.
This means that y, is observed and has as its pattern class d,,. In order for this problem
to be well-posed, we assume that there are many more observations than Voronoi vectors
(see (Duda & Hart [1973])), i.e., N is much greater than k. Once the Voronoi vectors are
initialized, training proceeds by taking a sample (¥, d,, ) from the past observation data set,

finding the p—closest Voronoi vector, say 0., and then adjusting 6. as follows:
9c(” + 1) = 00(71) - Qy Vép(ec(n)a yn) - (2)

if dp, = dy, and : 7
i Be(n +1) = 0c(n) + an Vop(8e(n), yn) ' (3)

if dy, # d,,. Here n is the iteration number. In words, if y, and 0.(n) have the same
decision then 6.(n) is moved closer to ¥, however, if they have different decisions then ()‘;(7},)
is moved away from y,. The constants {a,} are positive and nonincreasing. Notice that
- only the Voronoi vector which is closest to the-observation is adjusted by the algorithm. The

other vectors remain unchanged.



In the next section, we show convergence of the algorithm in two cases: (1) when the
nwmnber of past observations becomes arbitrarily large and each observation is presented once
and (2) when the number of past observations is fixed and the number of presentations of
cach observation becomes arbitrarily large. In both cases, convergence is shown by finding
a function 1(©) in an associated ODE and studying its properties in order to apply the

convergence theorems (Benveniste, Metivier & Priouret [1987]).

5 Convergence to S.tAationar-y’Points»

The stochastic approximation theorems of (Benveniste;Metivier & Priouret [1987]) show that

as the number of iterations goes to infinity, the estimate ©,, converges to ©, an asymptotic =

stable equilibrium of the associated ODE (8). Given an iterative scheme of the form (2) and

(3), one only needs to find the function h(©) in order to study the convergence properties of

that scheme. In this section, we find h(©) for the case of an infinite number of observations
..and the case of a finite number of observations.

The LVQ algorithm has the general form
91'(77' + 1) = 9,-(77,) + ap 7(dynad0.’(n)) Yn, @n) Vo/?(gi(")v yn) (4)

where the function v determines whether there is an update and what its sign should be. 1t

is given by

'"1{1 €Vp.} ifd,, = dO’(n) -
g dl ad i(n a71z7en - = : o ' 9
(e doiey: 9, On) { Liyaeve,y if dy, # doyn) )
or, more compactly,
V(dyn s doi(nys Y, ©n) = ~Lignevy, H{dy=do,} = Lidyn #ds})- (6)

This is a stochastic approximation algorithm with ¢,(©,z) = 0 (see (Benveniste, Mctivier
& Priouret [1987})). It has the form 7

On+1 =. @n + a’n H(Gnazn) ) V - (7)

where © is the vector with components 6;; H(@,'z) is the Vectorr with components defined in
the obvious manner in (4) and 2, is the randonr pair consisting of the obscrvation and the
assoclated frue pattern number. If the apprppriaﬁe conditions are satisfied by «,, H, and
z., then ©,, approaches the solution of

£6(0) = n(O) | | (s)

for the appropriate choice of ().



Throughout this section we consider the case of two pattern densities. In the subsections
helow we treat convergence separately for the cases of infinite past observations presented
consecutively and finite past observations presented inﬁnitély many times. In both cases

we obtain convergence via the ODE method discussed in (Benveniste, Metivier & Priouret
[1987)). |

5.1 Cthergellce for an Infinite Number of Observations

We. assume that the Voronol vectors are ordered so that the first ky vectors have decision
class equal to pattern 1 and the 1em(unmg have dec1$1on class equal to pattern 2. It is shown
that h{©) of the assoc1ated ODE takes the form B

/ q(z) Vo, p(0y,2) dx
Vo,
hl(@) :
: A\ 0, .z)dzx
hko<6) ? »K/oko q(x) OkOP( ko» 7’) x
Dy 41(©) — / g(z) ngoﬂp(ako_*_l, z)dz
V”ko+1
hk(@)
~ | =) Vo0, 2)d
Vo

k

with ¢(2) = po(x) 9 — p1(2) my. To this end, let

£1(6,7) = laevsy Voup(0:,) (Liisko) = Liisko)) (10)

then we see from (9) that
14(0) = / £(0,2) ¢(z) d. (1)

Assume that the training data {z.}20 ;-consist of pairs of independent, identically dis-
tributed observations. The second component of the pair represents the pattern that was
frue when the first component was observed. For cxample a gencnc pair in the training

data can be 1()1)1escnted as z, = (J,,,d,,,) with

Yu

7r>:P’((ly":2)“ and m = P(cl =1), (12)

1 4 7> = 1. For each n, 1, is distributed according to the probability density funetion pa(y)
when d, = 2 and according to p;(y) when d,, = 1.
Next it is shown that H;(©,, z,) = hi(O,) +§ (n) where &;(n) is a noise sequence. Let B,

(10110tos the (\pcct(lhon with respect to the random variable z, ‘where we have dropped the
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subscript n for ease of notation and let F; (resp. Ey) denote the expectation with respect to

pi(y) (resp.

E;[I‘]i(@, Z)] =

p2(y)). To begin the analysis,

E, [1{(1:1}1‘11'(@,(% 1))] + E; [1{(1:2}Hi(@» (’!/,2))] (13)
Ey [H(©, (y,1))] 71 + By [ Hi(©, (y,2))] 2 (14)
By [7(1, oy, 9,©) Vo,p(0s, )] m

+E2[1(2,do,, y,0) Vo0, y)] w2 4 (15)

Ey [1yEV0i (41{i5k0} + 1iiske}) Ve.—ﬂ‘(@,y)} m ;
+Es [lyEVo‘. (Liicro) — Liinko}) Vo.p(0s, ?J')] o (16)
“Bif(0 )t + Blfi(@y)m (17)
 hi(©). ‘ T s

From the results above it is seen that &(n) is a zero mean process with variance given by

where

E. [ |1H{(©,2) - h(O)|I? | = B. [ | H(O, 2)|PP] = I(0)] (19)

E. [ |H10,2)|” |

= B [ Vo0 v)I] (20)

= B [IVo.n(@,9)I] m + B2 [IVo.0(0, )] w2 (21)
v

= Z /Vo- | Vo.-P(ei,x)HQ (p1(x) w1 + po(z) mo) d (22)

We assume that p(6,x) satisfies the following three properties:

(a) p(0,z) is a twice continuously differentiable function of § and = and for every fixed

x € R4 it is a convex function of 4.

(b) For any fixed z, if 8(k) — 00 as k — oo, then p(d(k),z) — oo.

(c) For every compact @ C R4, there exist constants C; and ¢ such that for all § € Q

Ver®, ) <G+l (2

An example of a function which satisfies the properties above-is p(8,2) = ||6; — =||>.

We further assume that the sequence «y, satisfies 3, = 0o and Y @) < co for some

A > 1. We now state the two convergence theorems alluded to.

Theorem 1 Let {z,} be the sequence of independent, identically distributed random vectors

given above. Suppose {a, ¥ and p(0, 2) satisfy the properties above. Assuwmne that the pallern
J /1 n /) y ./ ] it 2 !

densities pi{x) and p>(2) are continuous and h(©) is locally Lipschitz.
1 P2
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If ©,(t) remains in o compact subset of R¢ for allt € [0, T}, then for every § > 0 and all
Voo
S0 = T

11111(1) Ppo{ sup 10, ~ 0,(t,)| >} =0 . (24)

n<m(T)

where ©,, satisfies (7) and (:)a(t) satisfies (8) with h(©) defined in (9) Heret, = 37, ;.

Theorem 2 In addition to the conditions of Theorem 1, assume O is a locally asymptot-
ically stable equilibrium of (8) with domain of attraction D*. Let Q be a compact subsct of

D*. If ©, € Q for infinitely many n then - , -

lim ©, = 0" . -as.- R (25)

Proof of Theorem 1:° 7

We need only verify that [H.1]-[H".5] in (Benveniste, Metivier & Priouret [1987,Chapter
4]) are satisfied then apply their results. The observations z, are independent, identically
distributed and are independent of the values of © and {z;}:<, therefore {Q,,z,} forms a

trivial Markov chain. If we let [Ip(z, B) denote its transition probability then

Plz,41 € B|F,} = Me(za,B) (26)
= /Bpg(:v)m d$+/Bp1(3;)7r1 dx. (27)
Hence hypothesis [H.2] is satisfied.

Note that
|H:(©, 2)| = |V, p(0;, 2)|- (28)

Therefore, in view of (c) above [H.3] is satisfied,

The transition probability function is independent of © therefore if we let v(0, z)
H(O, z) then

i) h(©) = Tlyry, and thercfore [H.4 ii] is satisfied;
i) vie(2)] = |Hi(©, 2)| = |Vq,p(6;, )|, and therefore [H.4 iii] is satisfied using property (c).
Thercfore, [I*I.l]«[H’.S] arc satisfied, which proves Theorem 1. E ]

The proof of Theorem 2 is similar that of Theorem 1.

5.2 Convergence for a Finite Number of Observations

“The convergence above applies when the number of observations goes to infinity. Unfortu-
nately, it 1s usually the case that only a fixed sct of data is available. The update in this

*
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case consists in picking a point uniformly at random from the observation set and present-
ing it to the LVQ update. Scveral iterations are necessary in order to achicve convergence.
T'his method is known as the bootstrap learning method. Next, we explore the convergence
properties of the algorithm using a fixed data set of size V.

Let Z = {2, }1_, represent the set of past observations and let N; represent the number
of observations from pattern 1 and N, represent the number of observations from pattern 2 1n
Z7. For each upda.te, a point z,; 1s picked at random from Z; an update of the LVQ algorithm
18 pcrfonimd; the point is rétumcd to Z and the process starts over again. Here '{z,,j}j‘;l
r«"presents the sequence of upda,tés. We assume that the points are picked indepéndently
“with probability T/N. .

Once Z is given, the randomness in this algorithm enters only through the process of
picking the points to be used in the uprdate of the Voronoi vectors. Estimates of the pattern

densities based on Z are given by

) 1
hi(xN) = 0 8% = yi)la,=1 (29)
1 ;=1
1 N
pQ(fv; IV) = ng Z(S(.’II - yj)l{d!lj:2}’ (30)
j=1
and estimates of the priors are given by
N N.
7}1 == ! and ’f(’g = 2 (31)

N
where §(z) is the delta function. Let H(©,z) be the vector of components defined in (4).

We see that

h(O;N) = E.[Hi(O,z)] (32)
= E\[H(O, (y, ))& + E2[Hi(O, (y,2)))%2 (33)
LN
= _Z\_f_ Z Vo,P JJ’ l{yjevo } (1{‘13/"“‘10 } - 1{dy]¢d0 }) (34)
j=1 )

where h(0; N) denotes the function based on the N observations. We arc now ready to
state convergence theorems analogous to those obtained in the case of an infinite number of

observatious.

Theorem 3 Let {2, 521 be the ind(_zpendcﬁt séqucncc of random ize_cf,o'/‘s picked from Z as
described above. Suppose {a,} and p(0,2) satisfy the same hypotheses as before.

If (:)u(t;rj\") remains in a compact subset of R for all t € [0,T), then f()'/' cvery 6 > 0 and
all Ny = & ‘ | S -
hm Poal sup [0, — Ou(tn; N)| > 6} =0 : (35)

B n<m(T")
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Figure 5: A possible distribution of observations and two Voronot veclors.

where ©,, satisfies (7) and O,(t; N) satisfies (8) with h(O; N) defined by (34). Here t, =

i .

Theorem 4 In addition to the conditions of Theorem 3, assume o~ is.a localiy asymptoti-

cally stable solution of (8) with h(©; N) defined by (34) and with domain of attraction D*.

Let ) be a compact subset of D*. If ©, € Q for ‘inﬁniz:telyi many n then -
lim 0, = 0 a.s. ~ (36)

n—oo

The proofs of these theorems follow directly from the proofs of Theorem 1 and Theorem 2
with {0) = h(O; N) and P(z =.z) = 1/N. We note that by the Strong Law of Large
Numbers (SLLN) as N; and Ny go to infinity, h(©; V) converges with probability onc to the
function h(O) given by (9). This follows since by SLLN we have that p;(x; N), pa(z; N), 71

and 79 converge with probability one to their true values.

5.3 Remarks on Convergence

The convergence results above require that the initial conditions are close to the stable points
of (8), i.e., within the domain of attraction of a stable equilibrium, in order for the algorithm
to converge. Next a modification to the LVQ algorithm is presented which increases the
number of stable equilibrium for equation (8) and hence increases the chances of convergence.
In the remainder of this section a simple example is presented which emphasizes a defect of
LVQ and suggests an appropriate modification to the algorithm.

Let OO represent an observation from pattern 2 and let A represent an observation from
pattern 1. We assume that_the observations are scalar and that p(f,z) is the Euclidean -
distance function. Figure 5 shows a possible distribution of obsecrvations. Suppose there
arc two Voronol vectors 6; and 6, “with decisions 1 and 2, respectively, initialized as shown
in Figure 5. At cach update of the LVQ algorithm, a point.is picked at random from the
observation set and the Voronol vector corrgsponding to the Voronoi cell within which the
point falls is modificd. We see that during this update, 6,(n) is pushed towards co and 0(n)
15 pushed towards —oo, hence the Voronoi vectors do not converge.

This divergence happens because the decisions of the Voronoi vectors do not agree with

the majority vote of the observations falling in their Voronoi cells. As a result, the Voronoi

12



vectors are pushed away from the origin. This phenomena o;ccuvrs cven though the observation
data is bounded. The point here is that if the decision associated with a Vorouoi vector does
not agree with the majority vote of the observations contained in its Voronoi cell then it
is possible for the vector to diverge. A simple solution to this problem is to correct the
decisions of all the Voronoi vectors after every adjustment so that their decisions correspond

to the majority vote. This is pursued further in the next section.

6 The Modified LVQ Algorithm -

Recall that during the update -pro‘cedure in (4), the Voronoi cells are changed by.changing
the location of one Voronoi vector. After an update, the flnajority vote of the observations
in each new Voronoi cell may not agree with the decision previously assigued to that cell.
In addition, after the majority vote correction, the number of pattern 1 Voronoi vectors can
change. In order to analyze this procedure mathematically, we insist that the correction be

done at each iteration!. Let

1 X 1 X
1 if =5 1y, 1fa, = — 3y 1y, leg, =
g:(O;N) = 1 JV]Z::I {yi€Ve; } 1{dy;=1} > NJ; {yieVe, } H{dy;=2} (37)
2 otherwise.
Then g; represents the decision of the majority vote of the observations falling in Vjp,. The
update equation for 8; becomes

0:(n +1) =0i(n) + '7'(dyu , 9i(On; N, Yn, On) vo.’(n)p(gi(n)a Yn)- (38)

This equation has the same form as (4) with the function H(©, z) defined from (38) replacing
H(O,z). Let h(©; N) be the function for the associated ODE. In the case of a finite number

of observations, it follows that

h(O;N) = E.[Hi(0,z)] - - (39)
: ) 1 X '
= O N)% > Vour(0s, i)l yeve y(1a, =2y — 1ga,,=13) (40)
j=1 . _ . - :
= 5(0; N) (1, =2y — Liap=1)) Bi(&; N) 7 | (41)
~where } ,
R I . ' L
’7,‘(@; ./\") = 81gn {?\7 Z 1{9;'6"'0,-}(1{‘[31,-:2} - 1{([“:]})} (42)
j=1

" practice, the frequency of re-calculation would be determined by the problem and would probably

not he done at every step.

£
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and 1;(0; N) is as defined in (34). Therefore we see that the equilibrium points of 11;(©; N)
arc the same as the cquilibrium points of ﬁ(@; N). Showing that the majority vote modifi-
cation results in a larger number of stable equilibrium points is a hard problem and more
work necds to be done to support this claim.

In the case of an infinite number of observations, we can give a heuristic argument that
supports this claim. Notice that from SLLN as the number of observations goes to infinity,
h(©; N) converges with probability one to h(0) gi-ver; by

) = —sig{ [ a@ia) [ Vapuri@as @

with q(2) = pa(z)ms — pr(x)m. If the size of each Voro'n(r)i cell is small then-by the mean

W(©) = = [ Vap(li,2)lo(a)| de. (44)

value theorem hi(©) is approximately equal to

The right-hand side of the last equation is minus the (i** component of) gradient of the cost

function ,
J0)=3 0z la(z)] e (45)

Therefore, from Lyapunov stability it follows that all of the equilibria are stable.

/ Generalization to Several Patterns

The convergence results above are true in the case of several pattern densities with the
appropriate modification to the notation and some additional assumptions. Suppose there
are ( patterns then
¢
0(,0:) = pay, (¥)7a, — D pi2) 7 (46)
| g
where P(lo;(@ is the pattern density associated with the decision of f; and Ty, its prior

pﬂ'Oba])ﬂit}' of occurrence. The functions h;(©) resulting from equation (11) are given by
n;(0) = —/ Vgip(ﬁi,xjd(a:,ﬁi) de. 1=1,...,k. Y
Vg' - - .

-~ In order for the decision regions to make sense their decisions must agree with the majority
vote of the observations falling in their Voronoi cells. For the binary case discussed above,

this was enforced via the requirement that

/ g(z)da <0 fori <k (48)
Vgl, -

/ gw)de >0 fori >k (49)
£ Vox R
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Two requirements are necessary for the decision regions in the case of several patterns. The
first requirement is that the decision associated with each cell must be the majority vote of

the observations falling in that ccll. More precisely,
dg, = arg max {/ pi(z)7; da} (50)
j=1,..,£ Vi,

where p;(z) is the pattern density for pattern j and = its prior probability of occurrence.

The sccond requirement is that for each Voronoi cell

/ gz, 0)dz >0 i=1,...k (51)
Ve, . - - -

This requirement can be explained by noting that for region Vj, the probability of a correct
decision is equal to - '

P.(Vy) = /Vo- P, (z) Td, dzx | (52)

and the probability of error is equal to

/Vo Z pi(z) w; d. (53)

J=1
J¢d0

Hence this requirement (expressed by equation (51)) is nothing more than the requirement
that the probability of correct decision be greater than the probability of crror for each

region.

8 Decision Error

In this section we discuss the error associated with the modified LVQ algorithm. Here two
results are shown. The first is the simple comparison between LVQ and the nearest neighbor
algorithm. The second result shows that if the number of Voronoi vectors is allowed to go
to infinity at an appropriate rate as the number of observations goes to infinity, then it is
possible to construct a convergent estimator of the Bayes risk. That i is, ‘the crror associated
with LVQ can be made to approach the optimal error. As before, we concentrate on the
binary pattern case for ease of notation. The multiple pattern case can be handled with the

modifications discussed above.

8.1 Nearest Neighbor

If a Voronoi vector 1s assigned to ecaclh observation then the LVQ aleorithm reduces to the
g : g

nearest neighbor algorithm. For that algorithm, it was shown (Cover & Hart [1967]) that
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its Bayes minimum probability of error is less than twice that of the optimal classifier. More
specifically, let 7 be the Bayes optimal risk and let 7 be the nearest neighbor risk. It was

shown that

< r <20 (1 =) < 27 , (54)

Hence in'the case of no iteration, the Bayes’ risk associated with LVQ is given from the

ncarest neighbor algorithm.

8.2 Other Choices for the Number of Voronoi Vectors

We saw above that if the number of Voronoi vectors equals the number of observations then

LVQ coincides with the nearest neighbor algorithm- Let ky represent the number of Voronoi

vectors for an observation sample size of N. We are interested in determining the probability
of error for LVQ when ky satisfies (1) limky = oo and (2) lim(ky/N) = 0. In this case,
there are more observations than vectors and hence the Voronoi vectors represent averages
of the observations.

Létting the number of Voronoi vectors go to infinity with the number of observations
presents a problem of interpretation for the LVQ algorithm. To see what we mean, suppose
that ky = L\/j\—’ |, then every time N is a perfect square, k is incremented by one. When
k is incremented the iteration (7) stops, a new Voronoi vector is added, and the decisions
associated with all of the Voronoi vectors are recalculated. Unfortunately, it is not clear how
to choose the location of the added Voronoi vector. Furthermore, if the number of Voronoi
vectors is large and if the Voronoi vectors are initialized according to a uniform partition
of the observation space, then the LV() algorithm does not move the vectors far from their
initial values. As a result, the error associated with initial conditions starts to dominate the
overall classification error. In view of these facts, we now consider the effects of the initial
conditions on the classification error and examine the algorithm without learning iterations
for large ky. |

Let Oy = {0),...,0;,} and assume that the Voronoi vectors are initialized so that

1
n

Vol(Vy,) = O( ) . (59)

Here we assume that the pattern densities have compact support. Let y € Vp, and suppose

that : i :

. 1 ‘ -

Wy N) ==Y (56)
N &

with

v o ooy Uia,=2 = le,=1)
e ~ Vol(Vp,) :
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Then an argument using the weak law of large numbers shows that G(y; N) converges in
probability to ¢(y). Therefore the decision associated with 6; converges in probability to the
optimal decision, i.c., if ¢(6;) > 0 then 6; is assigned decision class 2 and otherwise 0; is

assigned decision class 1.

9 Initialization

As with many locally converging adaptive schemes, the initialization of the paramcters in
LVQ is crucial to the ultimate success of the detector. The initialization for this algorithm
involves picking the number of Voronoi vectors-and their locations. The decisions for the

“Yoronoi vectors are given by the majority vote algorithm.

9.1 The' Number of Vectors

In the original presentation of LVQ, Kohonen postulated that in order to preserve the under-
lying probabilistic structure, the relative number of Voronoi vectors for each pattern should
be related to the prior probabilities of occurrence. While this conjecture seems plausible, it
need not be true. Consider the example presented at the beginning of this paper. In that cx-
ample both patterns were equally likely, however, twice as many Voronoi vectors were needed
for pattern 2 as were needed for pattern 1. It seems that the number of Voronoi vectors for
each pattern should be chosen as a function of each pattern variance. This observation was
also made in (Kangas et al. [1989]).

More work needs to be done to state exactly how the number of Voronoi vectors should
relate to the pattern densities, but we note that if the total number of Voronol vectors is
large and if the initial decisions are chosen by majority vote ,then the relative number of
Voronoi vectors assigned to each pattern is related to the pattern variances and the priors.
Therefore, at least indirectly, the modified algorithm already accounts for pattern variance.

At present, picking the number of Voronoi vectors is somewhat arbitrary. A good rule
of thumb is to pick about VN vectors whereiN is the number of past obscrvations used in

training. This number is in keeping with other nonparametric methods (Rao [1983]).-

9.2 The Initial Locations

There are several methods for initializing the locations of the Voronoi-vectors. We will
discuss (1) selecting the locations uniformly in the pattern space; (2) choosing the locations
from the past observations; and (3) calculating the locations using vector quantization on-

the past observations.
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Sclecting the locations uniformly in the pattern space is desirable when the number of
Voronoi vectors is large, or cquivalently, when the resulting Voronoi cells are small. In this
initialization method, the umjofity vote algorithm closely approximates the optimal decision
1'egioﬁs due to the fact that the integral over the Voronoi cell is estimated by the integrand
using the Mean Value Theorem.

Choosing the locations based upon the past observations was first proposed in (ISohonen
[1986]). This method has a drawback in that the observations chosen as initial conditions
may not be 1'c1)1*éselitati\fe of their patterns. In addition, since the locations of observations
are probabilistic, 1t'is possible that large regions in the pattern space could be represented
by one Voronoi vector. Therefore, this method should only be 'usedrvahen the observations
used as initial locations for the Voronoi vectors are represenfative of the whole observation’
set. ' ‘ , A ‘

Calculating the locations using vector quantization is the best method to use when the
number of Voronoi vectors is small in comparison to the number of observations and/or the
dimension of the observations. This method was proposed in (Kangas et al. [1989]). Let
Zn = (Yn,dy,) be an observation. This method involves performing vector quantization on
the data sct Y = {y,}. Once the optimal quantization vectors are found, they are used
as Voronoi vectors with their decisions determined by the majority vote of the observations
contained in their Voronoi cells. This method results in initial vectors whose locations are

representative of the whole observation set.

10 Discussion

In this paper, it was shown that the adaptation rule of LVQ is a stochastic approximation
algorithm and under appropriate conditions on the adaptation parameter, the pattern den-
sities, and the initial conditions, that the Voronoi vectors converge to the stable equilibria
of an associated ODE. We presented a modification to the Iohonen algorithm and argued
that it results in convergence for a wider class of initial conditions. We showed that LVQisa
general histogram classifier and that its risk converges to the optimal risk as the appropriate
parameters went to infinity with the number of past observations. Finally, we discussed
several methods for initializing the Voronoi vectors. We are currently using these techniques

“to further the design of efficient LVQ) schemes.
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