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The pneumonia-like illness that emerged late in 2019, caused by SARS-CoV-2 (and

coined COVID-19), became the greatest public health challenge humans have faced

since the 1918/1919 influenza pandemic, causing over 670 million confirmed cases

and 7 million fatalities globally. This dissertation contributes in providing deep qual-

itative insights and understanding on the transmission dynamics and control of the

pandemic, using mathematical modeling approaches together with data analytics and

computation. Specifically, it addresses some of the pertinent challenges associated

with modeling the dynamics of the disease, notably the disproportionate effect of

the disease on certain (risk and demographic) populations (inducing various hetero-

geneities) and behavior changes with respect to adherence or lack thereof to inter-

ventions. An m−group model, which monitors the temporal dynamics of the disease



in m heterogeneous populations, was designed and used to study the impact of age

heterogeneity and vaccination on the spread of the disease in the United States. For

instance, the disease-free equilibrium for the case of the model with m = 1 (i.e.,

the model with a homogeneous population) was shown to be globally-asymptotically

stable for two special cases (when vaccine is perfect or when disease-induced mortal-

ity is negligible) whenever the associated reproduction number of the homogeneous

model is less than one. The homogeneous model has a unique endemic equilibrium

whenever the reproduction threshold exceeds unity (this equilibrium was shown to be

globally-asymptotically stable for a special case, using a nonlinear Lyapunov function

of Goh-Volterra type). The homogeneous model was fitted to the observed cumula-

tive mortality data for the SARS-CoV-2 pandemic in the United States during the

period from January to May of 2022 (when Omicron was the predominant variant).

It was shown that vaccine-derived herd immunity (needed to eliminate the disease)

cannot be attained using the homogeneous model regardless of the proportion of in-

dividuals fully vaccinated. Such vaccine-derived immunity can, however, be achieved

using the m-group heterogeneous model, with m = 2 (where the total population is

split into two groups: those under 65 years of age, and those 65 years and older), if

at least 61% of the susceptible population is fully vaccinated. Thus, this dissertation

shows that heterogeneity reduces the level of vaccine coverage needed to eliminate the

pandemic (and models that do not account for heterogeneity may be over-estimating

the vaccination coverage needed to achieve herd immunity in the community). To



quantify the impact of human behavior changes on the spread and control of the

pandemic, we designed a novel behavior-epidemiology model which considers numer-

ous metrics for inducing human behavior changes (such as current level of disease

burden and intervention adherence fatigue). Unlike the equivalent model without

human behavior explicitly incorporated, the behavior-epidemiology model fits the

observed cumulative mortality and predicts the observed daily mortality data very

well. It was also shown that the behavior metrics related to the level of SARS-CoV-2

mortality and symptomatic transmission were more influential in inducing positive

behavior changes than all other behavior metrics considered. Finally, a model was

developed to assess the utility of wastewater surveillance to study the transmission

dynamics and control of SARS-CoV-2 in a community. Specifically, we developed

and calibrated a wastewater-based epidemiology model using wastewater data from

Miami-Dade county, Florida, during the third wave of the SARS-CoV-2 pandemic.

The model showed a strong correlation between the observed (detected) weekly case

data and the corresponding weekly data predicted by the calibrated model. The

model’s prediction of the week when maximum number of SARS-CoV-2 cases will

be recorded in the county during the simulation period precisely matched the time

when the maximum observed/reported cases were recorded (August 14, 2021). Fur-

thermore, the model’s projection of the maximum number of cases for the week of

August 14, 2021 was about 15 times higher than the maximum observed weekly case

count for the county on that day (i.e., the maximum case count estimated by the



model was 15 times higher than the actual/observed count for confirmed cases). In

addition to being in line with other modeling studies, this result is consistent with

the CDC estimate that the reported confirmed case data may be 10 times lower than

the actual (since the confirmed data did not account for asymptomatic and presymp-

tomatic transmission). Furthermore, the model accurately predicted a one-week lag

between the peak in weekly COVID-19 case and hospitalization data during the time

period of the study in Miami-Dade, with the model-predicted hospitalizations peaking

on August 21, 2021. Detailed time-varying global sensitivity analysis was carried out

to determine the parameters (wastewater-based, epidemiological and biological) that

have the most influence on the chosen response function (namely, the cumulative vi-

ral load in the wastewater). This analysis identified key parameters that significantly

affect the value of the response function (hence, they should be targeted for interven-

tion). This dissertation conclusively showed that wastewater surveillance data can

be a very powerful indicator for measuring (i.e., providing early-warning signal and

current burden) and predicting the future trajectory and burden (e.g., number of

cases and hospitalizations) of emerging and re-emerging infectious diseases, such as

SARS-CoV-2, in a community.
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Chapter 1

INTRODUCTION

1.1 Introduction

Throughout history, human civilization has repeatedly faced devastating disease pan-

demics, ranging from the bubonic plague (which caused 200 million deaths from 1347

to 1351), Smallpox (which caused 56 million deaths in 1520 alone), the plague of

Justinian (which caused 30 to 50 million deaths from the year 541 to 542 AD), the

third plague (which caused 12 million deaths in 1855 alone), the 1919 influenza pan-

demic (which claimed 40 million to 50 million lives), the HIV/AIDS epidemic (which

resulted in 25 to 35 million deaths since its inception in 1981) [1, 2, 3] to the 2019

novel coronavirus pandemic (COVID-19). COVID-19, caused by the SARS-CoV-2,

was first identified in the Wuhan province of China in December of 2019 and rapidly

spread around the world causing the greatest public health challenge humans have

faced since the 1918 influenza pandemic [1, 4, 5, 6]. Figure 1.1 presents a visual com-

parison of the death tolls attributed to various infectious diseases throughout human

history (up to March 1, 2023), arranged from highest to lowest death toll.

Since infectious diseases present a heavy burden to humanity, understanding how

these diseases originate in humans may help curtail their spread. Jones et al. [7]

analyzed a database of 335 emerging infectious disease (EID) ‘events’ (origins of

EIDs) between 1940 and 2004 and found that over 70% of these EID events originate

in wildlife (for example, severe acute respiratory virus and Ebola virus). Figure 1.2

shows the transmission path for various bat-borne viral diseases such as Middle East

1



Figure 1.1: Death toll due to various infectious diseases. The figure is generated
by Visual Capitalist and is based on various data sets including that from Johns
Hopkins University, CDC, WHO, and BBC [1]. The data presented in the above
figure represents the latest death toll due to various infectious diseases until March
1, 2023.
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respiratory syndrome (MERS), severe acute respiratory syndrome (SARS), Ebola

and SARS-CoV-2. Land-use change, agricultural industry change, and international

travel and commerce have been attributed as the global top three drivers of zoonoses

[7, 8]. Other primary drivers of diseases include medical industry changes, war and

famine, climate and weather, human demography and behavior, breakdown of public

health, bushmeat, and food industry change [7, 8]. As evident by the emerging

disease outbreaks through wildlife trade, including monkeypox virus [9] SARS-CoV-1

[9], and probably SARS-CoV-2 [9, 10, 11], shutdown or strictly regulating wildlife

market may help slowdown the pathogens spillover in humans. Since the above-listed

top three contributors to zoonotic spillover, namely land-use change, agricultural

industry change, and international travel and commerce, are recurring phenomena

in various parts of the world, new infectious diseases can originate from any city

(and thus from any country), however, their effect may be felt globally. Figure 1.3

highlights the first detection area and spatial spread of some animal-origin diseases

affecting human health. As evident from this figure, the emergence of a new disease

can have a global impact. Specifically, COVID-19, which was first detected in Wuhan,

China in late 2019, quickly spread throughout the globe.
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Figure 1.2: Transmission paths of bat-borne viral diseases [12].
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Figure 1.3: Some diseases of animal-origin affecting human health [13]. The local
where the pathogen was first reported is denoted with a blue symbol on the map
while the spatial spread of the disease is highlighted in red. The major routes of
transmission in the zoonotic source population, primary zoonotic event and mode of
maintenance in the human population are depicted with blue, red and green arrows,
respectively. [13]. For each disease, the year of initial identification (round symbols
on the timeline) or declaration of a public health emergency of international concern
(square symbols on the timeline) are shown [13].

On March 11, 2020, after more than 118,000 cases in 114 countries and 4,291 deaths,

the WHO declared COVID-19 a pandemic [14, 15]. It has caused over 670 million

confirmed cases and 7 million deaths globally during the first three years since its
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emergence [16]. In addition, COVID-19 has induced a severe socio-economic burden

(with an estimated $12.5 trillion cost to the global economy projected through 2024

[17]). Figure 1.4 shows the world map with confirmed cumulative mortality due to

COVID-19 since the beginning of the pandemic till February 4, 2024.

Figure 1.4: Global map of confirmed cumulative mortality due to COVID-19 since
the beginning of the pandemic till February 4, 2024 [18].

Curtailing a pandemic of such scale requires the utmost attention from not only pol-

icymakers, scientists and healthcare workers but also modelers. Specifically, models

can help support policy-makers in making the most informed decisions. Models can

be used to make scenario-based predictions to better inform not only the policy-

makers but also the general public. Numerous modeling efforts have been undertaken

to answer various questions related to the COVID-19 pandemic. Numerous mathe-

matical models, of varying types, have been developed and used to gain insight into

the transmission dynamics and control of the pandemic. For instance, models that

take the form of deterministic systems of nonlinear differential equations have been
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used to assess the impacts of non-pharmaceutical interventions (such as face-masks

usage, social-distancing, quarantine and self-isolation) [19, 6, 20, 21], pharmaceutical

interventions (such as vaccination and the use of antiviral drugs) [21, 22, 23, 24, 25]

and human mobility between neighboring countries [26] on the transmission dynam-

ics and control of the COVID-19 pandemic. Similarly, agents-based (or individual-

based) models have been used to study various aspects of the pandemic, such as

the impact of contract tracing [27, 28] and the impact of pharmaceutical and non-

pharmaceutical interventions against COVID-19 [29, 30, 31]. Network models have

been used to study the impact of testing and contact tracing [32] and social-distancing

etc. [33, 34, 35, 36]. Rahimi et al. reviewed various statistical models used to forecast

the outbreak of COVID-19 [37].

1.1.1 Outline of the Dissertation

This dissertation began with an introductory chapter, which will then be followed

by three technical chapters, each of which model an important research question

pertaining to COVID-19.

The primary objective of Chapter 2 is to assess the population-level impact of age

heterogeneity and vaccination on the transmission dynamics and control of the SARS-

CoV-2 pandemic in the United States. In order to achieve this objective, Chapter 2

begins by introducing a general heterogeneous model, which stratifies the total popu-

lation into m subgroups and incorporates the use of FDA-EUA administered vaccines

in the United States. The basic theoretical results for the general m−group model

are also presented. The corresponding homogeneous version of the model (i.e., the

general model with m = 1) is rigorously analysed. In addition to fitting the homo-
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geneous model to observed data, detailed global sensitivity analysis, with respect to

the parameters of the model, is also carried out in Chapter 2. It is shown that inter-

vention strategies that target presymptomatic and asymptomatic individuals, such as

contact tracing and mass random testing (implemented with the required coverage

and level of effectiveness), are consistently very effective in combating and mitigat-

ing the SARS-CoV-2 pandemic in the United States. Another special case of the

general heterogeneous model with m = 2 is considered and qualitatively analysed,

with respect to the asymptotic stability of its associated disease-free equilibrium. It

is shown that adding age heterogeneity into a SARS-CoV-2 vaccination model with

homogeneous mixing significantly reduces the level of vaccination coverage needed to

achieve vaccine-derived herd immunity. The consequence of this result is that vacci-

nation models for SARS-CoV-2 that do not explicitly account for age heterogeneity

may be overestimating the level of vaccine-derived herd immunity threshold needed

to eliminate the SARS-CoV-2 pandemic.

Chapter 3 is based on the use of mathematical modeling approaches to assess the

extent to which SARS-CoV-2 transmission dynamics is impacted by population-level

changes of human behavior due to factors such as (a) the severity of transmission

(such as disease-induced mortality and level of symptomatic transmission), (b) fatigue

due to the implementation of mitigation interventions measures (e.g., lockdowns)

over a long (extended) period of time, (c) social peer-pressure, among others. A

novel behavior-epidemiology model, which takes the form of a deterministic system

of nonlinear differential equations, is developed and fitted using observed cumulative

SARS-CoV-2 mortality data during the first wave (March 2020 -June 2020) in the

United States. The model fits the observed data, as well as makes a more accurate

prediction of the observed daily SARS-CoV-2 mortality during the first wave, in
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comparison to the equivalent model which does not explicitly account for changes

in human behavior. Furthermore, it is shown that an increase in the proportion

of exposed individuals who become asymptomatically-infectious at the end of the

exposed period can lead to an increase (decrease) in the control reproduction number

(RC) if the effective contact rate of asymptomatic individuals is higher (lower) than

that of symptomatic individuals. Overall, the findings of the Chapter 3 suggest that,

as more newly-infected individuals become asymptomatically-infectious, the level of

positive behavior change, as well as disease severity, hospitalizations and disease-

induced mortality in the community can be expected to significantly decrease (while

new cases may rise, particularly if asymptomatic individuals have higher contact rate,

in comparison to symptomatic individuals).

Finally, Chapter 4 presents a wastewater-based mathematical model for assessing the

transmission dynamics of the SARS-CoV-2 pandemic in Miami-Dade County, Florida.

The model, which takes the form of a deterministic system of nonlinear differential

equations, monitors the temporal dynamics of the disease, as well as changes in vi-

ral RNA concentration in the county’s wastewater system (which consists of three

sewage treatment plants). The model was calibrated using the wastewater data dur-

ing the third wave of the SARS-CoV-2 pandemic in Miami-Dade (specifically, the

time period from July 3, 2021 to October 9, 2021). The calibrated model was used to

predict SARS-CoV-2 case and hospitalization trends in the county during the afore-

mentioned time period, showing a strong correlation (with a correlation coefficient

r = 0.99) between the observed (detected) weekly case data and the correspond-

ing weekly data predicted by the calibrated model. The model’s prediction of the

week when maximum number of SARS-CoV-2 cases will be recorded in the county

during the simulation period precisely matches the time when the maximum ob-
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served/reported cases were recorded (which was August 14, 2021). Furthermore, the

model’s projection of the maximum number of cases for the week of August 14, 2021 is

about 15 times higher than the observed weekly case count for the county on that day

(i.e., the maximum case count estimated by the model was 15 times higher than the

actual/observed count for confirmed cases). Furthermore, the model accurately pre-

dicts a one-week lag between the peak in weekly COVID-19 case and hospitalization

data during the time period of the study in Miami-Dade, with the model-predicted

hospitalizations peaking on August 21, 2021. This chapter shows, conclusively, that

wastewater surveillance data can be a very powerful indicator for measuring (i.e., pro-

viding early-warning signal and current burden) and predicting the future trajectory

and burden (e.g., number of cases and hospitalizations) of emerging and re-emerging

infectious diseases, such as SARS-CoV-2, in a community.
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Chapter 2

AGE HETEROGENEITY AND VACCINATION MODEL

2.1 Introduction

As mentioned before, the COVID-19 pandemic, which was first detected in Wuhan

province of China in December of 2019, and was caused by SARS-CoV-2, became the

greatest public health challenge humans have faced since the 1918 influenza pandemic

[1]. It has, within the three years of its emergence, caused over 670 million confirmed

cases and 7 million deaths globally [16]. When compared to other nations, the United

States has the highest death toll from COVID-19 [38], with over 1.17 million deaths

as of January 27, 2024 [39]. Until the Emergency Use Authorization (EUA) of ef-

fective anti-COVID vaccines, such as Pfizer and Moderna, in December 2020 by the

United States Food and Drug Administration (FDA), control and mitigation strate-

gies against COVID-19 primarily relied on nonpharmaceutical interventions (NPIs)

like social distancing, community lockdowns, face-covering usage, quarantine, isola-

tion, and contact tracing [40, 41, 6].

The significance of heterogeneity in the transmission of the disease has been un-

derscored by the pandemic COVID-19 as certain individuals became more prone to

acquiring the infection, experiencing severe illness and/or dying of the disease. Specif-

ically, heterogeneities arise in numerous forms, such as heterogeneities in mortality

(where individuals with underlying health conditions, such as diabetes and hyper-

tension, are more likely to die of COVID-19 than those without those co-morbidities

[42, 43, 44, 45, 46]), age (where humans of age 65 and older are more likely to suffer
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severe COVID-19 infection and mortality, in comparison to those who are younger

[47, 48]), risk (where some humans, such as health care workers or other essential work-

ers (e.g., grocery workers, law enforcement agents etc.) are more at risk of acquiring

infection than others)[49, 50, 51, 52, 53, 54] and adherence to interventions (where

some individuals are more likely to adhere to interventions than others) [55, 56, 57].

Therefore, it is crucial for models describing the transmission dynamics of COVID-

19 to explicitly integrate the influences of various heterogeneities. However, only a

limited number of models addressing the transmission dynamics of COVID-19 explic-

itly include the effects of these heterogeneities in their modeling procedures. Age-

structured models were developed and used to study the impact of social-distancing

[58] and non-pharmaceutical interventions [59] on the spread of COVID-19. Elbasha

and Gumel [60] used a generalized multigroup vaccination model to analyze the im-

pact of heterogeneities on vaccine-induced herd immunity threshold.

The chapter is organized as follows. The general heterogeneous model, which strati-

fies the total population into m subgroups, is formulated in Section 2.2. The model

incorporates the use of FDA-EUA administered vaccines in the United States. The

basic theoretical results for the general m−group model are also presented. The cor-

responding homogeneous version of the model (i.e., the general model with m = 1) is

rigorously analysed in Section 2.3. In addition to fitting the homogeneous model to

observed data, detailed global sensitivity analysis, with respect to the parameters of

the model, is also carried out in this section. Another special case of the general het-

erogeneous model with m = 2 is considered and qualitatively analysed, with respect

to the asymptotic stability of its associated disease-free equilibrium, in Section 2.4.

The main conclusions of the chapter are presented in Section 2.5.
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2.2 Formulation of the Heterogeneous Model

The general m group heterogeneous model (henceforth called heterogeneous model),

with k distinct subgroups (k = {1, 2, · · ·m}) is formulated by dividing subgroup k

into the mutually-exclusive compartments of unvaccinated susceptible (Sk(t)), fully-

vaccinated susceptible (Vk(t)), exposed/latent (Ek(t)), pre-symptomatic infectious

(Pk(t)), symptomatic infectious (Ik(t)), asymptomatically-infectious (Ak(t)), hospi-

talized (Hk(t)), and recovered (Rk(t)) individuals. Hence, the total number of indi-

viduals in any of the k subgroup at time t, denoted by Nk(t), is given by [61]:

Nk(t) = Sk(t) + Vk(t) + Ek(t) + Pk(t) + Ak + Ik(t) +Hk(t) +Rk(t).

Thus, the total population (in all k subgroups) at time t, denoted by N(t), is given

by [61]:

N(t) =
m∑
k=1

Nk(t). (2.1)

It is assumed that the population of unvaccinated susceptible individuals in subgroup

k (Sk) are fully-vaccinated using an FDA-EUA vaccine with protective efficacy εv,k

at a per capita rate ξv,k. Additionally, the unvaccinated susceptible population is

increased by the recruitment of individuals into the population (either by birth or by

immigration) at a rate Πk, and by the waning of vaccine-derived protective immunity

in fully-vaccinated individuals (at a rate ωv,k). Individuals in the Sk class acquire

COVID-19 infection at a rate λk (force of infection), given by [61]:

λk =
m∑
l=1

akckl,

[
PP,lPl(t) + PI,lIl(t) + PA,lAl(t) + PH,lHl(t)

Nl(t)

]
, (2.2)
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where ak is the average number of contacts made by individuals in group k during

a time period and ckl is the proportion of contacts that individuals in group k have

with individuals in group l [60]. Furthermore, the parameters PP,l, PI,l, PA,l, and

PH,l represent the per contact transmission probability of infectious individuals (in

group l) that are pre-symptomatic (Pl), symptomatic (Il), asymptomatic (Al), and

hospitalized (Hl), respectively. Mixing should meet the closure relation akcklNk =

alclkNl [62]. In other words, the total number of contacts individuals in group k have

with individuals in group l must balance the total number of contacts individuals

in group l have with individuals in group k. Exposed (or latent) individuals in the

kth sub-population progress to pre-symptomatic class in the kth sub-population at a

rate σk, and a proportion rk of these individuals progress to the Ik class (at the rate

rkψk), while the remaining proportion, 1 − rk, progress to the Ak class (at the rate

(1− rk)ψk). Symptomatic individuals in the kth sub-population are hospitalized at a

rate ϕk, recover at a rate γI,k or die due to the disease at a rate δI,k. Asymptomatic

infectious individuals recover naturally at a rate γA,k. It is assumed that recovered

individuals obtain permanent immunity (i.e., no reinfection) from COVID-19. It is

assumed that recovered individuals lose their infection-acquired (natural) immunity

at a rate ωn,k. Furthermore, natural death occurs in all sub-populations at a rate µk.

Based on the above derivations and assumptions, the general m-group heterogeneous

model for the spread of COVID-19 in a population that uses an FDA-EUA vaccine, is

given by the following deterministic system of nonlinear differential equations (where

a dot represents differentiation with respect to time t) [61]:
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

Ṡk(t) = Πk + ωv,kVk(t) + ωn,kRk(t)− λk(t)Sk(t)− (ξv,k + µk)Sk(t),

V̇k(t) = ξv,kSk(t)− (1− εv,k)λk(t)Vk(t)− (ωv,k + µk)Vk(t),

Ėk(t) = λk(t)Sk(t) + (1− εv,k)λk(t)Vk(t)− (σk + µk)Ek(t),

Ṗk(t) = σkEk(t)− (ψk + µk)Pk(t),

İk(t) = rkψkPk(t)− (ϕk + γI,k + µk + δI,k)Ik(t),

Ȧk(t) = (1− rk)ψkPk(t)− (γA,k + µk)Ak(t),

Ḣk(t) = ϕkIk(t)− (γH,k + µk + δH,k)Hk(t),

Ṙk(t) = γI,kIk(t) + γA,kAk(t) + γH,kHk(t)− (ωn,k + µk)Rk(t),

(2.3)

where, λk (the force of infection) is given by Equation (2.2). A flow diagram of the

model (2.3) is depicted in Figure 2.1 and the state variables and parameters of the

model are described in Tables 2.1 and 2.2, respectively.

Some of the main assumptions made in the formulation of the model (2.3) are [61]:

1. Individuals in the vaccinated compartment (Vk) are fully-vaccinated. That is,

in line with the CDC definition of being fully-vaccinated, individuals in the Vk

class are those that have received the single dose of the Janssen/Johnson &

Johnson COVID-19 vaccine or the two doses of any of the approved mRNA

COVID-19 vaccines at least 14 days earlier [63].

2. Only unvaccinated susceptible individuals are vaccinated. Although the CDC

recommends people with COVID-19 symptoms to wait to be vaccinated until

the completion of the isolation period [64], this still opens the possibility for

exposed (i.e., infected but not infectious), pre-symptomatic, and asymptomatic

individuals receiving the SARS-CoV-2 vaccine. Furthermore, although recov-

ered individuals can choose to get vaccinated, our model does not allow for this
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possibility.

The model (2.3) extends the heterogeneous SkVkEkIkRk model in [60] by adding

compartments for pre-symptomatic (Pk), asymptomatic (Ak) and hospitalized (Hk)

infectious individuals and also accounting for the waning of natural immunity (ωnk).

The chapter also contributes by providing detailed asymptotic stability of the model

(including completed global asymptotic stability analysis of the disease-free and en-

demic equilibria of the homogeneous version of the original heterogeneous model).

State variables Description

Sk Number of non-vaccinated susceptible individuals in subgroup k
Vk Number of fully-vaccinated susceptible individuals in subgroup k
Ek Number of exposed (newly-infected but not yet infectious) individuals in

subgroup k
Pk Number of pre-symptomatically-infectious individuals in subgroup k
Ik Number of symptomatically-infectious individuals in subgroup k
Ak Number of asymptomatically-infectious individuals in subgroup k
Hk Number of hospitalized individuals in subgroup k
Rk Number of recovered individuals in subgroup k

Table 2.1: Description of the state variables of the m-group heterogeneous model
(2.3), with k = {1, 2, · · · ,m} [61].

2.2.1 Basic qualitative properties

In this section, the basic qualitative property of the m-group model (2.3) will be

explored. In particular, the invariance properties of the solutions of the model will

be rigorously analysed.

Consider the following biologically-feasible region for the model (2.3), with k =

{1, 2, · · · ,m}:
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Figure 2.1: The flow diagram describing the m-group heterogeneous model (2.3),
with k = {1, 2, · · · ,m} and the infection rate, λk, defined in (2.2) [61].

Ω =

{
(Sk, Vk, Ek, Pk, Ik, Ak, Hk, Rk) ∈ R8m

+ :
m∑
k=1

(Sk+Vk+Ek+Pk+Ik+Ak+Hk+Rk) ≤ N(0)

}
,

where N(0) is the total initial size of the population. We claim the following result:

Theorem 2.2.1. The region Ω is positively-invariant and attracts all solutions of the

model (2.3).

Proof. Adding all equations of the heterogeneous model (2.3) gives:

Ṅ =
m∑
k=1

(
Πk − µkNk − δI,kIk − δH,kHk

)
. (2.4)

It is convenient to define Π =
∑m

k=1
Πk. Then, Equation (2.4) can be rewritten as:
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Parameter Description

Πk Recruitment rate into subgroup k
µk Natural death rate for individuals in subgroup k
ak Average number of contacts per unit time made by individuals

in subgroup k
ck,l Proportion of contacts individuals in subgroup k have with

individuals in subgroup l
PP,k(PI,k)(PA,k)(PH,k) Transmission probability per contact for individuals in the

Pk(Ik)(Ak)(Hk) class
ξv,k Rate at which susceptible individuals in subgroup k are fully-

vaccinated
εv,k Vaccine efficacy for vaccinated individuals in subgroup k
ωv,k Waning rate of vaccine for individuals in subgroup k
ωn,k Waning rate of natural immunity for recovered individuals in

subgroup k
σk Progression rate from Ek to Pk class
rk Proportion of presymptomatic individuals in subgroup k who

show clinical
symptoms of the disease at the end of the presymptomatic
period

rkψk Progression rate from the Pk to the Ik class
(1− rk)ψk Progression rate from the Pk to the Ak class
ϕk Hospitalization rate for symptomatically-infectious individu-

als in subgroup k
γI,k(γA,k)(γH,k) Recovery rate for individuals in the Ik(Ak)(Hk) class
δI,k(δH,k) Disease-induced mortality rate for individuals in the Ik(Hk)

compartment

Table 2.2: Description of the parameters of the m-group heterogeneous model (2.3),
with k = {1, 2, · · · ,m} [61].

Ṅ ≤ Π−
m∑
k=1

(
µkNk

)
. (2.5)

Let, µg = min{µ1, µ2, · · · , µm}, then it follows from (2.5) (and the definition of N(t)

in (2.1)) that:

Ṅ ≤ Π− µgN(t). (2.6)

Hence, if N ≥ Π/µg, then Ṅ ≤ 0. Furthermore, it follows, by applying a standard
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comparison theorem [65] on (2.6), that:

N(t) ≤ N(0)e−µgt +
Π

µg

(
1− e−µgt

)
. (2.7)

In particular, N(t) ≤ Π/µg if N(0) ≤ Π

µg

. If N(0) >
Π

µg

(i.e., if the initial size of the

population exceeds the carrying capacity, Π/µg, and the initial solutions are outside

the region Ω), then N(t) >
Π

µg

for all t > 0 but with lim
t→∞

N(t) =
Π

µg

(and this initial

solution trajectory eventually enters the region Ω [66]). Thus, every solution of the

model (2.3), with µg = min{µ1, µ2, · · · , µm} and initial conditions in Ω, remains in Ω

for all time t > 0, and all initial solutions outside Ω are eventually attracted into Ω.

In other words, the region Ω is positively-invariant and attracts all initial solutions

of the model (2.3).

The epidemiological implication of Theorem 2.2.1 is that the model (2.3) is well-posed

mathematically and epidemiologically in the positively-invariant region Ω [67]. Hence,

it is sufficient to consider the dynamics of the flow generated by the heterogeneous

model in Ω. Before analysing a two-group model, it is instructive to study the dynam-

ics of the model for the case where the population is assumed to be homogeneous (i.e.,

it is instructive to consider, first of all, the model (2.3) with m = 1). The objective

is to determine whether the homogeneous model has certain qualitative features that

may not be present in a heterogeneous model or vice versa.

2.3 Model with Homogeneous Population

Before introducing a two-group heterogeneous model, a homogeneous model, obtained

by setting m = 1 in the heterogeneous model (2.3), is rigorously analyzed. The
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aforementioned homogeneous model is given by [61]:

Ṡ(t) = Π + ωvV (t) + ωnR(t)− λS(t)− (ξv + µ)S(t),

V̇ (t) = ξvS(t)− (1− εv)λ(t)V (t)− (ωv + µ)V (t),

Ė(t) = λ(t)S(t) + (1− εv)λ(t)V (t)− (σ + µ)E(t),

Ṗ (t) = σE(t)− (ψ + µ)P (t),

İ(t) = rψP (t)− (ϕ+ γI + µ+ δI)I(t),

Ȧ(t) = (1− r)ψP (t)− (γA + µ)A(t),

Ḣ(t) = ϕI(t)− (γH + µ+ δH)H(t),

Ṙ(t) = γII(t) + γAA+ γHH − (ωn + µ)R(t),

(2.8)

where λ is the force of infection of the homogeneous model (2.8), given by [61]:

λ =

(
βPP + βII + βAA+ βHH

N

)
, (2.9)

and βP , βI , βA, and βH are effective contact rates (i.e., the product of number of

contacts during a given time period and the probability of transmission per con-

tact) associated with disease transmission by individuals in the pre-symptomatic (P ),

symptomatic (I), asymptomatic (A), and the hospitalized (H) compartment, respec-

tively. Let D(t) represent the total number of individuals who have died from the

disease by time t. Hence, it follows from the homogeneous model (2.8) that the rate

of change of this population is given by [61]:

Ḋ(t) = δII + δHH. (2.10)

It is convenient to define the following feasible region for the homogeneous model

(2.8) [61]:

Ω1 =

{
(S, V, E, P, I, A,H,R) ∈ R8

+ : N(t) ≤ Π

µ

}
, (2.11)
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where N(t) is the total population at time t. It can be shown that the region Ω1 is

positively-invariant and attracts all solutions of the homogeneous model (2.8).

2.3.1 Fixed and estimated parameters of the homogeneous model

The homogeneous model (2.8) contains eighteen parameters. The values of twelve of

these parameters are well-known from the literature (these parameters are defined as

fixed parameters), while the values of the remaining six parameters (namely βP , βI ,

βA, βH , δI , and δH) are unknown, and will be estimated from observed COVID-19

data for the United States (these unknown parameters to be estimated from data

are termed as estimated parameters). For data-fitting purposes, we will consider the

following three time periods, corresponding to the major three waves of the COVID-19

pandemic in the United States, namely [61]:

1. Wave A: time period from October 15, 2020 to April 5, 2021 (Alpha was the

predominant variant in the United States during most of this period [68, 69]).

2. Wave B: time period from July 9, 2021 to November 7, 2021 (Delta was the

dominant variant in the United States during this period [70, 71, 72]).

3. Wave C: time period from January 1, 2022 to May 7, 2022 (Omicron was the

dominant variant during this period [70, 71, 72]).

The homogeneous model (2.8) was fitted with observed cumulative COVID-19 mor-

tality data for the United States to obtain the best values of the six unknown pa-

rameters of the model, namely the effective contact rates (βP , βI , βA, and βH) and

disease-induced death rates (δI and δH). The model fitting was done using a stan-

dard nonlinear least squares approach, which involved using the inbuilt MATLAB
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minimization function “lsqcurvefit” to minimize the sum of the squared differences

between each observed cumulative mortality data point (obtained from Johns Hopkins

University COVID-19 repository [73]), and the corresponding cumulative mortality

projection obtained from the simulation of the homogeneous model (2.8). The result

of the fitting for Waves A, B, and C are depicted in Figures 2.2(a), 2.2(b), and 2.2(c),

respectively (and the estimated values of these parameters, corresponding to each of

the three waves, are tabulated in Table 2.3). The goodness of fit (for each of the

figures) was assessed by plotting the predicted daily mortality and the predicted 7-

day rolling averages against the observed daily mortality data and the observed 7-day

rolling average data, respectively. The 7-day rolling average of day tn is calculated

by dividing the sum of the daily mortality on days tn−6, · · · , tn by 7.

Parameter
Estimated (fitted) Value

Wave A Wave B Wave C

βP 0.201 day−1 0.448 day−1 0.724 day−1

βI 0.110 day−1 0.394 day−1 0.448 day−1

βA 0.363 day−1 0.604 day−1 0.846 day−1

βH 2.468× 10−8 day−1 8.889× 10−3 day−1 1.950× 10−3 day−1

δI 1.998× 10−4 day−1 1.001× 10−4 day−1 1.014× 10−5 day−1

δH 5.472× 10−4 day−1 3.088× 10−4 day−1 1.015× 10−3 day−1

Table 2.3: Table of estimated (fitted) parameters of the homogeneous model (2.8)
generated by fitting the model with the observed cumulative mortality data for the
United States during Waves A, B, and C [61].
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Figure 2.2: The left figures are time series illustrations of the least square fit of
the model (2.8), showing the model’s output for the cumulative COVID-19 mortality
compared to the observed cumulative mortality for the United States during the time
periods associated with (a) Wave A, (b) Wave B, and (c) Wave (c) [61]. The middle
figures are simulation result of the model (2.8), showing the daily COVID-19 mortality
cases for the United States as a function of time, using the fixed (see Table 2.3) and
estimated parameter (see Table 2.4) associated with (a) Wave A, (b) Wave B, and
(c) Wave C. The right figures are a seven-day rolling average of daily mortality for
(a) Wave A, (b) Wave B, and (c) Wave C. Red dots indicate data points, while the
solid blue line represents output from the model. The dashed vertical line in Figure
2.2 (a) marks the first day of susceptible individuals (S) entering the fully-vaccinated
compartment (V). The initial conditions used to generate these figures are given in
Table A1 of Appendix A [61].
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Parameter
Value

Source
Wave A Wave B Wave C

Π 11, 670 day−1 11, 670 day−1 11, 670 day−1 [74, 75]

µ 1/(77.8×365) day−1 1/(77.8×365) day−1 1/(77.8×365) day−1 [75]

r 0.6 (dimensionless) 0.6 (dimensionless) 0.6 (dimensionless) [76, 77, 78]

1− r 0.4 (dimensionless) 0.4 (dimensionless) 0.4 (dimensionless) [26, 78]

ϕ 1/5 day−1 1/5 day−1 1/5 day−1 [24]

γI 1/10 day−1 1/10 day−1 1/10 day−1 [79]

γA 1/5 day−1 1/5 day−1 1/5 day−1 [80]

ωv 1/(9× 30) day−1 1/(9× 30) day−1 1/(9× 30) day−1 [24]

ξv 2.356× 10−3 day−1 8.029× 10−4 day−1 2.702× 10−4 day−1 [81]

εv 0.90 (dimensionless) 0.86 (dimensionless) 0.70 (dimensionless) [82, 83]

σ 1/3.5 day−1 1/2.91 day−1 1/1.92 day−1 [84, 85]

ψ 1/2 day−1 1/1.5 day−1 1/1.5 day−1 [76, 84, 86]

γH 1/8 day−1 1/7.6 day−1 1/5.5 day−1 [87]

Table 2.4: Values of fixed parameters of the homogeneous model (2.8) for Waves A,
B, and C. For Wave A, it should be noted that the rate at which susceptible (S) enter
the fully-vaccinated compartment (V) from October 15, 2020 to January 3, 2021 is 0
[61].

2.3.2 Asymptotic stability of disease-free equilibrium (DFE) of homogeneous model

In this section, the asymptotic stability property of the DFE of the homogeneous

model (2.8) is explored. The disease-free equilibrium of the homogeneous model (2.8)

is given by [61]:

E0 : (S
∗, V ∗, E∗, P ∗, I∗, A∗, H∗, R∗) =

(
Π(ωv + µ)

µ(ωv + ξv + µ)
,

Πξv
µ(ωv + ξv + µ)

, 0, 0, 0, 0, 0, 0

)
.

(2.12)

2.3.2.1 Local asymptotic stability of the DFE of the homogeneous model

The local asymptotic stability of the DFE (E0) of the homogeneous model will be

explored using the next generation operator method [88, 89]. Using the notation in

[88], it follows that the associated non-negative matrix of new infection terms (F )
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and the M-matrix of all linear transition terms (V ) are given, respectively, by [61]

F =



0 βPfSV βIfSV βAfSV βHfSV

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0


, (2.13)

and,

V =



σ + µ 0 0 0 0

−σ ψ + µ 0 0 0

0 −rψ ϕ+ γI + µ+ δI 0 0

0 −(1− r)ψ 0 γA + µ 0

0 0 −ϕ 0 γH + µ+ δH


, (2.14)

with fSV =
S∗ + (1− εv)V

∗

N∗ .

It is also convenient to define the quantity (where ρ is the spectral radius) [88, 89]:

Rv = ρ(FV −1) = Rv,P +Rv,I +Rv,A +Rv,H , (2.15)

where,

Rv,P = βP (1− εvv
∗)

σ

(σ + µ)(ψ + µ)
,

Rv,I = βI (1− εvv
∗)

σrψ

(σ + µ)(ψ + µ)(ϕ+ γI + µ+ δI)
,

Rv,A = βA (1− εvv
∗)

σ(1− r)ψ

(σ + µ)(ψ + µ)(γA + µ)
,

Rv,H = βH (1− εvv
∗)

σrψϕ

(σ + µ)(ψ + µ)(ϕ+ γI + µ+ δI)(γH + µ+ δH)
,

(2.16)

with v∗ defined as the proportion of individuals vaccinated at the disease-free equi-

librium, given by

v∗ =
V ∗

N∗ =
ξv

ωv + ξv + µ
, (2.17)
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from which it follows that,

1− εvv
∗ =

S∗ + (1− εv)V
∗

N∗ . (2.18)

The quantity Rv is the vaccination reproduction number of the model (2.8). It mea-

sures the average number of new cases generated by a typical infected individual if

introduced into a population almost completely consisting of susceptible and vacci-

nated individuals. The quantities Rv,P , Rv,I , Rv,A, and Rv,H are the constituent

vaccination reproduction numbers for the pre-symptomatic, symptomatic, asymp-

tomatic, and hospitalized individuals, respectively. The result below follows from

Theorem 2 of [88].

Theorem 2.3.1. The disease-free equilibrium (E0) of the homogeneous model (2.8),

is locally-asymptotically stable (LAS) if Rv < 1, and unstable if Rv > 1.

The epidemiological implication of Theorem 2.3.1 is that a small influx of COVID-19

cases will not generate a large outbreak in the community if Rv < 1. The community-

level transmission of the disease can be controlled if the initial number of infected

individuals is small enough (i.e., if the initial conditions are in the basin of attraction

of the disease-free equilibrium) and the vaccinated reproduction number (Rv) can be

brought to (and maintained at) a value less than one. It is worth mentioning that,

using the definitions (2.17) and (2.18), the vaccination reproduction number (Rv),

given by (2.21), can be re-written as [61]:

Rv = (1− εvv
∗)R0, (2.19)

where,

R0 = βP
σ

k3k4
+ βI

σrψ

k3k4k5
+ βA

σ(1− r)ψ

k3k4k6
+ βH

σrψϕ

k3k4k5k7
, (2.20)
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Reproduction Numbers Wave A Wave B Wave C
Rv 0.88 2.28 3.50
R0 1.35 2.69 3.68

Table 2.5: Values of vaccination (Rv) and basic (R0) reproduction numbers of the
homogeneous model (2.8) for Waves A, B, and C [61]. These values are obtained by
substituting the fixed and estimated (fitted) parameters of the model, tabulated in
Tables 2.4 and 2.3, respectively, into Equations (2.19) and (2.20), respectively [61].

with,

k1 = ξv + µ, k2 = ωv + µ, k3 = σ + µ, k4 = ψ + µ,

k5 = ϕ+ γI + µ+ δI , k6 = γA + µ, k7 = γH + µ+ δH .

(2.21)

The quantity R0 is the basic reproduction number of the homogeneous model (2.8)

(which measures the average number of new cases generated by a typical infected

individual if introduced into a completely susceptible population). The values of the

vaccination (Rv) and basic (R0) reproduction numbers of the homogeneous model

corresponding to the three waves are tabulated in Table 2.5 (this table shows a more

severe epidemic during Waves B and C, in comparison to during Wave A, in line

with the observed data depicted in Figure 2.2). This is in agreement with the fact

that the Delta and Omicron variants, circulating during Waves B and C, were more

transmissible than the Alpha variant, which was the predominant variant during Wave

A [90, 91].

The relative contributions of infectious individuals in the pre-symptomatic, symp-

tomatic, asymptomatic and hospitalized compartments in the generation of new

SARS-CoV-2 cases in the community are compared by computing the percent ratios

of their associated constituent vaccination reproduction numbers, (Rv,j/Rv)× 100%

(with j = {P, I, A,H}) during each of the three waves. The percent contributions

computed for the four infectious classes during each of the three waves are tabulated

in Table 2.6, from which it follows that the main drivers of the pandemic (for all
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three waves) are the pre-symptomatic and asymptomatic individuals (accounting for

a combined total of approximately 84% of all new cases during Wave A, 70% of all

new cases during Wave B, and 76% of all new cases during Wave C). This result is

in line with those reported in [92, 93, 94], which also showed that the main drivers of

the COVID-19 pandemic (during the time periods considered in their study) were the

pre-symptomatic and asymptomatic individuals. It is worth noting from Table 2.6

that the relative contribution of new cases generated by hospitalized infectious indi-

viduals is very low across the three waves (i.e., the vast majority of new SARS-CoV-2

cases were generated in the community, and not in the hospital setting).

Transmission Source
Percent Contribution for New Cases

Wave A Wave B Wave C

Pre-symptomatic (Rv,P ) 29.82% 24.94% 29.53%

Symptomatic (Rv,I) 16.31% 29.23% 24.36%

Asymptomatic (Rv,A) 53.86% 44.82% 46%

Hospitalized (Rv,H) 0% 1% 0.12%

Table 2.6: Percentage of new SARS-CoV-2 cases generated by infectious individuals
in the pre-symptomatic (P ), symptomatic (I), asymptomatic (A), and hospitalized
(H) compartments during Waves A-C of the SARS-CoV-2 pandemic in the United
States. The percentages presented in this table are calculated by considering the
relative contribution of the constituent vaccination reproduction numbers for the
pre-symptomatic, symptomatic, asymptomatic, and hospitalized individuals, given
respectively by Rv,P , Rv,I , Rv,A, and Rv,H , and defined in (2.16), on Rv, during
Waves A-C [61].

2.3.2.2 Global asymptotic stability of DFE of the homogeneous model:

special case

The local asymptotic stability result established in Theorem 2.3.1 implies that the

effective control of the disease when the vaccination reproduction number of the

homogeneous model (2.8) is less than one depends on the initial sizes of the sub-

populations of the model (i.e., the initial sizes of the sub-populations must lie within
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the basin of attraction of the disease-free equilibrium). For such effective control to

be independent of the initial sizes of the sub-populations of the model, it is necessary

that the disease-free equilibrium is proved to be globally-asymptotically stable when

the vaccination reproduction number is less than one. This is explored for a special

case below. Consider a special case of the homogeneous model with perfect protective

efficacy of the vaccine (i.e., consider the homogeneous model (2.8) with εv = 1). It is

convenient to define R̃v = Rv|εv=1. We claim the following result [61]:

Theorem 2.3.2. The disease-free equilibrium of the special case of the homoge-

neous model (2.8) with perfect vaccine protective efficacy (i.e., εv = 1) is globally-

asymptotically stable in Ω1 if R̃v ≤ s∗ < 1, where s∗ = S∗/N∗ =
ωv + µ

ωv + ξv + µ
< 1.

The proof of Theorem 2.3.2, based on using Lyapunov function theory and LaSalle’s

Invariance Principle [95], is given in Appendix B. The epidemiological implication of

Theorem 2.3.2 is that, for the special case of the homogeneous model with perfect

vaccine-derived protection against acquisition of infection (i.e., εv = 1), the disease

will be eliminated if R̃v can be brought down to (and maintained at) a value less

than s∗ < 1. In other words, for the special case of the homogeneous model with

εv = 1, the requirement R̃v ≤ s∗ < 1 is necessary and sufficient for the effective

control or elimination of the SARS-CoV-2 pandemic. The results of Theorem 2.3.2

are numerically illustrated in Figure 2.3, where all initial conditions converged to the

disease-free equilibrium when the associated reproduction number (R̃v) is less than

s∗.
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Figure 2.3: Simulations of a special case of the homogeneous model (2.8) with εv = 1,
showing convergence of initial solutions to the disease-free equilibrium when R̃v < 1.
Parameter values used in these simulations are those for Wave C, given in Tables 2.4
and 2.3, with εv = 1, βP = βI = βA = 0.1 (so that, R̃v = 0.55 < s∗ = 0.93 < 1) [61].

The global asymptotic stability of the DFE of the homogeneous model can also be

established for another special case as follows. Consider a special case of the homoge-

neous model (2.8) with negligible disease-induced mortality (i.e., consider the model

(2.8) with δI = δH = 0). Setting δI = δH = 0 in the model (2.8), and adding all the

equations, gives the following equation for the rate of change of the total population:

Ṅ = Π− µN, (2.22)

from which it follows that N(t) → Π

µ
as t→ ∞. Thus,

Π

µ
is an upper bound of N(t)

provided that N(0) ≤ Π

µ
. Furthermore, if N(0) >

Π

µ
, then N(t) will decrease to this

value asymptotically. Consequently, we can replace N(t) with its limiting value,
Π

µ
.

Substituting
Π

µ
for N(t) in the expression for the force of infection (2.9) shows that

λ reduces to:
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λ⋄ = β⋄
PP + β⋄

I I + β⋄
AA+ β⋄

HH, (2.23)

where,

β⋄
j =

βjµ

Π
, with j = {P, I, A,H}. (2.24)

Then, it follows from Equations (2.8), (2.12), and (2.23) that:

Ṡ = Π+ ωvV − λ⋄S − (ξv + µ)S

≤ Π+ ωvV − (ξv + µ)S

≤ Π+ ωv(Π/µ− S − E − P − I − A−H −R)− (ξv + µ)S

≤ (ωv + µ)Π

µ
− (ωv + ξv + µ)S

= (ωv + ξv + µ)(S∗ − S),

from which it follows that if S > S∗, then Ṡ < 0. Hence, S ≤ S∗ provided that

S(0) ≤ S∗. Similarly, it follows from the second equation of (2.8) that V̇ ≤ −(ωv +

µ)V + ξvS = (ωv + µ)(V ∗ − V ). If V > V ∗, then V̇ < 0. Thus, V ≤ V ∗ provided

V (0) ≤ V ∗. It follows from these bounds that the region

Ω⋄ = {(S, V, E, P, I, A,H,R) ∈ Ω1 : S ≤ S∗, V ≤ V ∗},

is also positively invariant with respect to the flow generated by the homogeneous

model (2.8), and attracts all solutions of the model in Ω1.

It is convenient to define R⋄
v = Rv|δI=δH=0, the reproduction number of the special

case of the homogeneous model with δI = δH = 0. It follows from the definition of

Rv in (2.19), with (2.20), that:
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R⋄
v = (1− εvv

∗)

[
βP

σ

k3k4
+ βI

σrψ

k3k4k⋄5
+ βA

σ(1− r)ψ

k3k4k6
+ βH

σrψϕ

k3k4k⋄5k
⋄
7

]
, (2.25)

where k⋄5 = ϕ+ γI + µ and k⋄7 = γH + µ. We claim the following result [61].

Theorem 2.3.3. Consider the homogeneous model (2.8) with negligible disease-induced

mortality in the host population (i.e., δI = δH = 0). The disease-free equilibrium of

this special case of the homogeneous model (2.8) is globally-asymptotically stable in

Ω⋄ whenever R⋄
v < 1.

The proof of Theorem 2.3.3, based on using a comparison theorem [65], is given

in Appendix C. The results of Theorem 2.3.3 are numerically illustrated in Figure

2.4, where all initial conditions converged to the disease-free equilibrium when the

associated reproduction number (R⋄
v) is less than one. Thus, based on the analy-

ses above for the two special cases of the homogeneous model, we have identified

two main mechanisms that could lead to the elimination of the pandemic (this is

associated with bringing and maintaining the associated reproduction numbers of

the homogeneous model to a value less than one). First, using highly efficacious

vaccines, such that the vaccine protective efficacy (εv) approaches 100% could lead

to SARS-CoV-2 elimination under the baseline parameter scenario (Theorem 2.3.2).

Similarly, implementing effective therapeutic and other hospitalization measures that

significantly reduce the disease-induced mortality for symptomatic and hospitalized

individuals (e.g., the early detection and hospitalization of symptomatic individuals;

use of highly effective drug therapies and ventilation systems etc.) can lead to the

elimination of the pandemic (Theorem 2.3.3).
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Figure 2.4: Simulations of a special case of the homogeneous model (2.8) with
δI = δH = 0, showing convergence of initial solutions to the disease-free equilibrium
when R⋄

v < 1. Parameter values used are that of Wave C, given in Tables 2.4 and
2.3, with δI = δH = 0 and βP = βI = βA = 0.1 (so that R⋄

v = 0.53 < 1) [61].

2.3.3 Existence and asymptotic stability of endemic equilibria of the homogeneous

model

In this section, conditions for the existence of endemic equilibria of the homogeneous

model (i.e., equilibria where each of the state variable is nonzero) will be explored. Let

(S∗∗, V ∗∗, E∗∗, P ∗∗, I∗∗, A∗∗, H∗∗, R∗∗) represent any arbitrary endemic equilibrium of

the homogeneous model. It can be seen from (2.9) that the force of infection (λ) of

the homogeneous model at an endemic equilibrium (denoted by λ∗∗) is given by [61]:

λ∗∗ =

(
βPP

∗∗ + βII
∗∗ + βAA

∗∗ + βHH
∗∗

N∗∗

)
. (2.26)
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S∗∗ =
Π[(1− εv)λ

∗∗ + k2]

[(1− εv)λ∗∗ + k2](λ+ k1 + ωnτη)− ωvξv
, V ∗∗ =

ξv
(1− εv)λ∗∗ + k2

S∗∗,

E∗∗ = ηS∗∗, P ∗∗ =
σ

k4
ηS∗∗, I∗∗ =

rψσ

k4k5
ηS∗∗, A∗∗ =

(1− r)ψσ

k4k6
ηS∗∗,

H∗∗ =
ϕrψσ

k4k5k7
ηS∗∗, R∗∗ = τηS∗∗,

(2.27)

where η =
λ∗∗
[
(1− εv)λ

∗∗ + k2 + (1− εv)ξv
]

k3
[
(1− εv)λ∗∗ + k2

] and τ =
γI

ωn + µ

rψσ

k4k5
+

γA
ωn + µ

(1− r)ψσ

k4k6
+

γH
ωn + µ

ϕrψσ

k4k5k7
. Substituting the expressions in (2.27) into (2.26) shows that the en-

demic equilibria of the homogeneous model satisfy the following quadratic equation

(in terms of λ∗∗) [61]:

a2(λ
∗∗)2 + a1λ

∗∗ + a0 = 0, (2.28)

where,

a0 = k3(k2 + ξv)(1−Rv),

a1 = [k2 + (1− εv)ξv]ρ− k3(1− εv)(R0 − 1),

a2 = (1− εv)ρ,

(2.29)

with ρ = 1+
σ

k4
+
(
1+

γI
µ+ ωn

) rψσ
k4k5

+
(
1+

γA
µ+ ωn

)(1− r)ψσ

k4k6
+
(
1+

γH
µ+ ωn

) ϕrψσ
k4k5k7

> 0.

The components of an endemic equilibrium of the homogeneous model can be obtained

by solving for for λ∗∗ in the quadratic equation (2.28) and substituting the result into

the expressions in (2.29). Furthermore, it can be seen from (2.29) that the coefficient

a0 is positive (negative) whenever Rv < (>)1. Similarly, the coefficient a2 is always

positive (since 0 < εv < 1). The result below follows from the quadratic (2.28) with

(2.29) [61].

Theorem 2.3.4. The homogeneous model (2.8) has:

(i) a unique endemic equilibrium if a0 < 0 ⇐⇒ Rv > 1;

(ii) a unique endemic equilibrium if a1 < 0 and a0 = 0 or a21 − 4a0a2 = 0;
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(iii) two endemic equilibria if a2 > 0, a1 < 0, and a21 − 4a0a2 > 0;

(iv) no endemic equilibrium otherwise.

While Case (i) of Theorem 2.3.4 implies the presence of a unique endemic equilibrium

for the homogeneous model (2.8) whenever Rv > 1, Case (iii) suggests the possibility

of a backward bifurcation, a dynamic phenomenon characterized by the coexistence of

the stable disease-free equilibrium (DFE) and a stable endemic equilibrium, when the

associated vaccination reproduction number of the homogeneous model (Rv) is less

than one (see [96] for further details about the causes and consequences of backward

bifurcation in the transmission dynamics of infectious diseases). It should be noted

that in the case of a perfect vaccine (εv = 1), a2 = 0, a1 > 0 and the quadratic

equation becomes linear in λ∗∗ (with λ∗∗ = −a0/a1). In this case, the homogeneous

model (2.8) has a unique endemic equilibrium if and only if a0 > 0 (i.e., Rv > 1),

ruling out backward bifurcation in this case (this is consistent with the result in

Theorem 2.3.2, where it was shown that the disease-free equilibrium of the special

case of the homogeneous model with εv = 1 is globally-asymptotically stable when

the associated reproduction number is less than s∗ < 1). It can be shown, following

the approach in Section 2.3.3, that the special case of the homogeneous model (2.8)

with δI = δH = 0 has a unique endemic equilibrium whenever R⋄
v > 1. That is, the

result below holds [61].

Theorem 2.3.5. The special case of the homogeneous model (2.8) with δI = δH = 0

has a unique positive endemic equilibrium whenever R⋄
v > 1.

Furthermore, let R̂v = Rv|δI=δH=ωv=ωn=0, ε=1. We claim the following result. We

claim the following result [61].
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Theorem 2.3.6. Consider the special case of the homogeneous model (2.8) with neg-

ligible disease-induced mortality (i.e., δI = δH = 0), perfect vaccine (εv = 1), and no

waning (ωv = ωn = 0). The associated unique endemic equilibrium of this special case

of the homogeneous model is locally-asymptotically stable if R̂v > 1.

The proof of Theorem 2.3.6, based on using a Krasnoselskii sub-linearity argument

(see [97, 98], and also [99, 100]), is given in Appendix D. The epidemiological impli-

cation of Theorem 2.3.6 is that the disease will persist in the population whenever

R⋄
v > 1. The local asymptotic stability result for the unique endemic equilibrium of

the homogeneous model will be extended to global asymptotic stability for another

special case as follows. It is, first of all, convenient to define the following region (the

stable manifold of the disease-free equilibrium of the homogeneous model) [61]:

Ω0 =

{
(S, V, E, P, I, A,H,R) ∈ Ω1 : E = P = I = A = H = R = 0

}
.

Theorem 2.3.7. Consider the special case of the homogeneous model (2.8) with neg-

ligible disease-induced mortality (i.e., δI = δH = 0), perfect vaccine (εv = 1), and

no waning (ωvωn = 0). The unique endemic equilibrium of this special case of the

homogeneous model is globally-asymptotically stable in Ω1 \ Ω0 whenever R̂v > 1.

The proof of Theorem 2.3.7, based on using a nonlinear Lyapunov function of Goh-

Volterra type, is given in Appendix E. The epidemiological implication of this result

is that the disease will persist in the population whenever the associated reproduction

threshold (R̂v) exceeds unity. The results of Theorem 2.3.7 are numerically illustrated

in Figure 2.5, where all initial conditions converged to the unique endemic equilibrium

when the associated reproduction number (R̂v) exceeds one. Although the global

asymptotic stability property of the endemic equilibrium of the homogeneous model

was only established for a special case, extensive numerical simulations suggest that
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the endemic equilibrium of the full model is indeed globally-asymptotically stable

whenever the reproduction number of the full model (Rv) is greater than one. This

suggests the following conjecture [61].

Conjecture 1. The homogeneous model (2.8) has a unique and globally-asymptotically

stable endemic equilibrium in Ω1 \ Ω0 whenever Rv > 1.

Figure 2.5: Simulations of a special case of the homogeneous model (2.8) with
δI = δH = ωv = 0 and εv = 1, showing convergence of initial solutions to the unique
endemic equilibrium when R̂v > 1. Parameter values used are that of Wave B given
in Tables 2.4 and 2.3, with εv = 1, δI = δH = ωv = ωn = 0, and βP = βI = βA = 2
(so that R̂v = 1.27 > 1) [61].

2.3.3.1 Computation of vaccine-derived herd immunity threshold for the

homogeneous model

Herd immunity, also known as mass immunity, is a form of indirect protection from

an infectious disease that occurs when a minimum percentage of the population is im-

mune to the disease. The two main ways of achieving herd immunity are through vac-
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cination and natural immunity developed through recovery from previous infection.

Vaccination is the safest and fastest way to achieve herd immunity [101, 102, 103].

As noted in [21, 76], “for vaccine-preventable diseases, such as COVID-19, not every

susceptible member of the community can be vaccinated. For instance people with

underlying health conditions, or females who are pregnant or people who opt out of

vaccination for various reasons (traditional or other reasons) may not be vaccinated”.

Hence, it is critical to determine the minimum proportion of susceptible individuals in

the community that need to be vaccinated in order to protect the ones that cannot be

vaccinated (i.e., achieve herd immunity). To obtain the herd immunity threshold, we

set the vaccination reproduction number (Rv), given by Equation (2.19), to one and

solve for the proportion of individuals fully-vaccinated at steady-state (v∗) [22, 21].

Doing so gives (for R0 > 1 and 0 < εv ≤ 1):

v∗ =
1

εv

(
1− 1

R0

)
= v∗c . (2.30)

It follows from (2.19) and (2.30) that Rv < (>)1 if v∗ > (<)v∗c . Further, Rv = 1

whenever v∗ = v∗c . Hence, the result of Theorem 2.3.1 can be re-written in terms of

the herd immunity threshold as follows:

Theorem 2.3.8. The disease-free equilibrium (E0) of the homogeneous model (2.8)

is locally-asymptotically stable if v∗ > v∗c (Rv < 1), and unstable if v∗ < v∗c (Rv > 1).

The global asymptotic stability results for the disease-free equilibrium (given in Theo-

rems 2.3.2 and 2.3.3) can be similarly re-written in terms of the above herd immunity

threshold.
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Figure 2.6: Contour plot of the vaccine reproduction number (Rv) of the homoge-
neous model (2.8), as a function of vaccine coverage at steady-state (v∗) and vaccine
efficacy (εv), for the United States during (a) Wave A, (b) Wave B, and (c) Wave C.
Parameter values used to generate the contour plots for each wave are given by their
respective values in Tables 2.4 and 2.3 [61]

Figure 2.6 depicts a contour plot of the vaccination reproduction number (Rv), as

a function of coverage of fully-vaccinated susceptible individuals at steady-state (v∗)

and vaccine efficacy (εv), during Wave A-C COVID-19 wave considered in this chap-

ter. This figure shows that using the two-dose Pfizer vaccine (with an estimated

protective efficacy of 90% [82, 83]) during Wave A could lead to the effective control

of the pandemic if at least 29% of the populace is fully-vaccinated (Figure 2.6(a)).

The vaccine coverage required to achieve such effective control during Wave B (Figure

2.6(b)), using the same two-dose Pfizer vaccine (with an estimated efficacy of 85%
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during Wave B [82, 83]), is 74%. However, these simulations show that using the

same two-dose Pfizer vaccine during Wave C (with an estimated protective efficacy of

70% during this wave [82, 83]) could not reduce the control reproduction number to

a value below one (which is needed for achieving the vaccine-derived herd immunity,

and consequently, eliminating the disease) even if every unvaccinated susceptible indi-

vidual is fully vaccinated (Figure 2.6(c)). This result can be attributed to the modest

efficacy of the Pfizer vaccine (70% during Wave C [82, 83]) and a higher basic repro-

duction number (R0 = 3.68), in comparison to the reproduction numbers for Wave

A (R0 = 1.35) and Wave B (R0 = 2.69).

Figure 2.6 also shows that if, on the other hand, a vaccine with moderate protective

efficacy, such as the two-dose of AstraZeneca (with estimated protective efficacy of

67% [104] during Wave B) is prioritized, the coverage needed to achieve herd immu-

nity (and, consequently, disease elimination) during Wave B (Figure 2.6(b)) is 94%.

Likewise, the use of such a vaccine (with an estimated reduced efficacy of 49% during

Wave C [105]) will also fail to reduce the control reproduction number below one even

if the coverage in its usage is 100% during Wave C (Figure 2.6(c)).

2.3.4 Global sensitivity analysis for the homogeneous model

Global sensitivity analysis will be carried, using Latin Hypercube Sampling (LHS)

and Partial Rank Correlation Coefficients (PRCCs) [106, 107, 108], on the homoge-

neous model (2.8) to determine the parameters that have the highest influence on

the transmission dynamics of the disease (as measured by their impact on a chosen

response function) during each of the three pandemic waves considered in this chap-

ter. Specifically, the vaccination reproduction number (Rv) is chosen as the response

function. The application of this method entails using the baseline value of each of
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the 18 parameters in the expression for the vaccination reproduction number (given

by (2.15)), corresponding to each of the three pandemic waves, listed in Tables 2.3

and 2.4. The parameters are assumed to obey the uniform distribution, and the range

of each parameter in the response function is chosen to be 40% to the left and 40%

to the right of its respective baseline value [109]. The range of each parameter is sub-

divided into 1, 000 equal sub-intervals. Since the parameter set is drawn from this set

without replacement, this leads to 1, 000×18 parameter matrix (or hypercube) [109].

A parameter with a negative (positive) PRCC value is said to be negatively (pos-

itively) correlated with the response function (typically, PRCC values in the range

(0.5,1) in absolute value are considered to be correlated [110], with values closer to

−1 (+1) signifying a much higher negative (positive) correlation).

The results obtained for the PRCC values, depicted in Figure 2.7 (see also Table 2.7),

correlated with the response function (i.e., parameters with PRCC values higher than

0.5 in magnitude) during each of the three waves of the pandemic:

(a) The proportion of pre-symptomatic individuals that become symptomatic at

the end of the pre-symptomatic period (r).

(b) The transmission rate of asymptomatically-infectious individuals (βA).

(c) The recovery rate of asymptomatically-infectious individuals (γA).

(d) The rate at which pre-symptomatic individuals become symptomatic or asymp-

tomatic (ψ).

(e) The transmission rate of pre-symptomatic individuals (βP ).

Hence, it follows that two parameters related to disease transmission dynamics by
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asymptomatically-infectious individuals (namely, βA and γA) and two parameters re-

lated to disease transmission dynamics by pre-symptomatically-infectious individuals

(namely, βP and ψ) are highly correlated with the response function (Rv) during

each of the three waves of the pandemic. Consequently, this chapter shows that in-

tervention strategies that target pre-symptomatic and asymptomatically-infectious

individuals, such as contact tracing and mass random testing (implemented with

the required coverage and level of effectiveness), will consistently be very effective in

combating and mitigating the SARS-CoV-2 pandemic in the United States.
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Figure 2.7: Simulations of the homogeneous model (2.8), showing the partial rank
correlation coefficients (PRCCs) values of the parameters in the chosen response func-
tion (Rv) for (a): Wave A; (b): Wave B; and (c): Wave C. Parameter values used in
the simulations are as given by the baseline values in Tables 2.4 and 2.3, and their
ranges are taken to be 40% to the left and 40% to the right of the respective baseline
value. All parameters are assumed to follow a uniform distribution [61].
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Parameter
PRCC Value

Wave A Wave B Wave C

ξv −0.65 −0.43 −0.16

εv −0.82 −0.50 −0.16

ωv +0.65 +0.43 +0.16

γI −0.16 −0.30 −0.27

γA −0.81 −0.81 −0.83

γH −0.007 −0.17 −0.002

βP +0.62 +0.63 +0.71

βA +0.80 +0.81 +0.82

βI +0.40 +0.68 +0.62

βH +0.007 +0.012 +0.018

δI −0.001 −0.016 −0.011

δH −0.005 −0.0001 −0.001

ψ −0.64 −0.63 −0.72

ϕ −0.28 −0.54 −0.49

r −0.85 −0.75 −0.82

σ +0.005 +0.003 +0.012

Table 2.7: PRCC values of the parameters of the homogeneous model (2.8) using the
vaccination reproduction number (Rv) as the response function for the three waves
considered in this chapter. The baseline values used are the parameter values listed
in Tables 2.4 and 2.3, and their ranges are taken to be 40% to the left and 40% to the
right of the respective baseline value. The PRCC value of 0.5 or higher in magnitude
is highlighted in bold face [61].

2.4 Two-Group Heterogeneous Model

In Section 2.3, the m-group heterogeneous model (2.3) was fitted and rigorously

analyzed for the (homogeneous) case with m = 1. In this section, the heterogeneous

model (2.3) will be used to assess the impact of age heterogeneity and variable mixing

patterns on the dynamics and burden of the SARS-CoV-2 pandemic. The SARS-

CoV-2 pandemic is well known to disproportionately affect the elderly population

(in terms of severity of disease, hospitalization and death) [111, 112]. In particular,

although the population of people 65 years and older represents less than 20% of
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the total population of the United States [113], this population suffers the brunt of

COVID-19 mortality (60.92%) and hospitalization (47.10%) in the United States (see

Figure 2.8(a) and (b)). Specifically, it can be seen from Figure 2.8(a) that COVID-

19-induced mortality per 100,000 people in this age group is 7.32 times higher than in

the age group 0− 64. Similarly, Figure 2.8(b) shows that hospitalization per 100,000

in the age group 65 and older is 4.18 times that of the age group 0 − 64. It is also

well known that most COVID-19 cases occur among younger individuals [114, 115].

For example, data from the California Department of Public Health showed that, by

May 9, 2023, 89.1% of the total reported cases of COVID-19 in California were among

people 64 years of age or under [116]. This disproportionate effect of SARS-CoV-2 by

age suggests the need to explicitly incorporate age structure (and the variable mixing

patterns of the age groups considered) into mathematical models for the transmission

dynamics and control of SARS-CoV-2 in a population. For this reason, we consider

the heterogeneous model (2.3) for the case with two groups (m = 2) based on age.

That is, we stratify the total population of the United States into those under 65

years of age (Group 1) and those 65 years and older (Group 2). Individuals in the

two age groups also have variable mixing patterns with individuals in their age group,

as well as with individuals in the other age group, and these variable mixing patterns

need to also be incorporated into the model.
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Figure 2.8: Heterogeneity of COVID-19 burden by age groups, for individuals 0−64
years of age and those that are 65 years of age and older, in the United States until
August 26, 2023. (a) Cumulative COVID-19 mortality (cumulative deaths shown in
red, while cumulative deaths per 100,000 shown in blue) and (b) cumulative COVID-
19 hospitalization (cumulative hospitalization shown in magenta, while cumulative
hospitalization per 100,000 is shown in cyan color). The mortality data [111] used to
generate this figure started in the first week of 2020, whereas the hospitalization data
[112] begins in the tenth week of 2020 [61].

The main objective of this section is to determine whether or not adding these het-

erogeneities (age heterogeneity and the variable mixing patterns by age) significantly

affects the level of the vaccine-derived herd immunity threshold needed to effectively

control and mitigate the burden of the pandemic in the United States (i.e., we seek
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to compare the level of herd immunity threshold generated using the heterogeneous

model of two groups (2.3) with the value obtained from the homogeneous model

2.3). Let Nk(t), with k = {1, 2}, be the total number of individuals in Group k

at time t. This population is split into the sub-populations of susceptible (Sk(t)),

vaccinated (Vk(t)), exposed (Ek(t)), pre-symptomatic (Pk(t)), symptomatic (Ik(t)),

asymptomatic (Ak(t)), hospitalized (Hk(t)) and recovered (Rk(t)) individuals, so that:

Nk(t) = Sk(t) + Vk(t) + Ek(t) + Pk(t) + Ik(t) + Ak(t) +Hk(t) +Rk(t); k = {1, 2}.

The two-group age-structured model for the transmission dynamics of SARS-CoV-2

in the United States (obtained by setting m = 2 in (2.3)) is given by the following

system of nonlinear differential equations:
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

Ṡ1(t) = Π1 + ωv,1V1(t) + ωn,1R1(t)− λ1(t)S1(t)− (ξv,1 + µ1)S1(t),

Ṡ2(t) = Π2 + ωv,2V2(t) + ωn,2R2(t)− λ2(t)S2(t)− (ξv,2 + µ2)S2(t),

V̇1(t) = ξv,1S1(t)− (1− εv,1)λ1(t)V1(t)− (ωv,1 + µ1)V1(t),

V̇2(t) = ξv,2S2(t)− (1− εv,2)λ2(t)V2(t)− (ωv,2 + µ2)V2(t),

Ė1(t) = λ1(t)S1(t) + (1− εv,1)λ1(t)V1(t)− (σ1 + µ1)E1(t),

Ė2(t) = λ2(t)S2(t) + (1− εv,2)λ2(t)V2(t)− (σ2 + µ2)E2(t),

Ṗ1(t) = σ1E1(t)− (ψ1 + µ1)P1(t),

Ṗ2(t) = σ2E2(t)− (ψ2 + µ2)P2(t),

İ1(t) = r1ψ1P1(t)− (ϕ1 + γI,1 + µ1 + δ1)I1(t),

İ2(t) = r2ψ2P2(t)− (ϕ2 + γI,2 + µ2 + δ2)I2(t),

Ȧ1(t) = (1− r1)ψ1P1(t)− (γA,1 + µ1)A1(t),

Ȧ2(t) = (1− r2)ψ2P2(t)− (γA,2 + µ2)A2(t),

Ḣ1(t) = ϕ1I1(t)− (γH,1 + µ1 + δH,1)H1(t),

Ḣ2(t) = ϕ2I2(t)− (γH,2 + µ2 + δH,2)H2(t),

Ṙ1(t) = γI,1I1(t) + γA,1A1(t) + γH,1H1(t)− (ωn,1 + µ1)R1(t),

Ṙ2(t) = γI,2I2(t) + γA,2A2(t) + γH,2H2(t)− (ωn,2 + µ2)R2(t),

(2.31)

where λk is the force of infection for group k, and is given by (the parameters in the

model (2.31) and the expression 2.32 are as defined in Table 2.2 with k = {1, 2}):

λk =
2∑

l=1

akckl

[
βP,lPl(t) + βI,lIl(t) + βA,lAl(t) + βH,lHl(t)

Nl(t)

]
; k = {1, 2}. (2.32)
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It can be shown (using the approach in Section 2.3.2.2) that the region:

Ω2 =

{(
S1, S2, V1, V2, E1, E2, P1, P2, I1, I2, A1, A2, H1, H2, R1, R2

)
∈ R16

+ :

N1(t) ≤
Π1

µ2

, N2(t) ≤
Π2

µ2

}
,

(2.33)

is positively-invariant and attracting with respect to the two-group model (2.31).

Thus, it is sufficient to study the dynamics of the model in Ω2 (where it is well-posed

mathematically and epidemiological).

2.4.1 Contact matrix and parameterization for the two-group model

Before analyzing the qualitative dynamics of the two-group model, with respect to the

existence and asymptotic stability of its equilibria, we will first discuss the derivation

of the associated contact matrix as well as the values of the fixed and estimated

parameters of the model, as follows.

2.4.1.1 Contact matrix

Using a large cross-sectional survey in eight European countries from 2005 to 2006

(as part of the EU-funded POLYMOD project [117]), Mossong et al. [118] showed

that “contact patterns were highly assortative with age” (specifically, “schoolchildren

and young adults, in particular, tended to mix with people of the same age”). Prem

et al. [119] used the data from [118], together with a Bayesian hierarchical model (us-

ing Markov chain Monte Carlo simulation), to estimate the age-and-location-specific

contact patterns in 144 other countries across the globe, including the United States.

Furthermore, the Prem et al. [119] study provided a 16 × 16 contact matrix that

accounts for the general mixing patterns between sixteen age groups in the United
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States. Since this chapter considers two age-groups only (under 65 and 65 and older),

we will use the data in the 16 × 16 contact matrix (given in Prem et al. [119]) and

adapt it to the 2×2 contact matrix for the variable mixing patterns between our two

age groups. Specifically, In order to accomplish this reduction, the total population

of each of the 16 age groups will be used as a “weight”, and weighted averages of the

number of contacts made by individuals in this age group are computed and used

to generate the entries of the reduced 2 × 2 contact matrix. The resulting contact

matrix, E, is depicted in Figure 2.9, where the entries eij, with i ̸= j, represents the

number of contacts per day an individual in age group i make with individuals in age

group j, while eii (i = {1, 2}) represents the number of contacts per day an individual

in age group i make with individuals in the same age group).

Figure 2.9: Contact matrix accounting for the number of contacts made by individ-
uals in Group 1 (age group 0 to 64 years of age) and Group 2 (age group 65 years of
age and older) per day.

It is worth noting that the contact-related term akck,l in the equation for the force of

infection, λ, given by (2.32) (with ak and ck,l as defined in Table 2.2) can be expressed

in terms of the entries of the contact matrix E as:
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akckl = ekl, k, l = {1, 2}. (2.34)

Hence, Equation 2.34 allows for the computation of the force of infection, λ, using

the entries of the age-stratified mixing matrix, E.

2.4.1.2 Estimated (fitted) and fixed parameters

In this section, the derivation of the values of the estimated (fitted) and fixed param-

eters of the two-group model (2.31) will be discussed. For convenience, we only fit

the two-group model with the cumulative mortality data corresponding to wave C of

the SARS-CoV-2 pandemic in the United States (and not data during previous waves

A and B; we choose wave C for illustrative purposes). It should be recalled from Sec-

tion 2.3.1 that we fitted six parameters for the homogeneous model (2.8), namely the

disease-induced mortality rates (δI and δH) and the effective contact rates (βP , βI , βA

and βH). For the two-group model (2.31), we will also fit the parameters related to

the disease-induced mortality (i.e., δI,1, δI,2, δH,1, and δH,2) and those related to the

effective contact rates. Since the effective contact rate parameters for the two-group

model (2.31) are defined in terms of the product of the inter- and extra-group contact

rates of individuals in the two age groups per day (a1c11, a1c12, a2c21 and a2c22) and

the probability of transmission per contact for the infectious compartments (PP,1,

PP,2, PI,1, PI,2, PA,1, PA,2, PH,1 and PH,2), and the contact rates are known from

the contact matrix E (Figure 2.9), we only need to fit the aforementioned transmis-

sion probabilities. Furthermore, since it is reasonable to assume that no significant

SARS-CoV-2 transmission (if at all) occurs in hospitals during wave C of the pan-

demic in the United States, the transmission probabilities PH,1 and PH,2 can be set

to zero (it is worth recalling that the estimated value of the effective contact rate for
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SARS-CoV-2 transmission in hospital for the homogeneous model, given in Table 2.3,

was very low. This justifies the assumption to set the transmission probabilities for

SARS-CoV-2 in the hospital to zero for the two-group model). Furthermore, we make

the simplifying assumption that the probability of transmission for presymptomatic

and asymptomatic individuals, for both age groups, per contact is the same. That

is, we assume P̃ := PP,1 = PP,2 = PA,1 = PA,2 (hence, we only need to fit three

transmission probabilities). Thus, in summary, we are fitting seven parameters of the

two-group model (namely, δI,1, δI,2, δH,1, δH,2, P̃ , PI,1, and PI,2).

The two-group model (2.31) is used to fit the cumulative mortality of COVID-19 in

the United States during wave C. The same data source [73] and fitting procedure

used for the homogeneous model (see Section 2.3.1 for details on the fitting of the

homogeneous model to the data) are used here as well. Figure 2.10(a) depicts the

result obtained for fitting the two-group model with the cumulative mortality data

for SARS-CoV-2 during wave C in the United States, and the estimated values of

the seven fitted parameters are tabulated in Table 2.9. The goodness of fit of Fig-

ure 2.10(a) is assessed by plotting the predicted daily mortality and the predicted

7-day rolling averages, against the observed daily SARS-CoV-2 mortality data and

the observed 7-day rolling average data (shown in Figure 2.10(b) and Figure 2.10(c),

respectively), showing a reasonably good fit, particularly the 7-day rolling average

Figure 2.10(c). In fact, the predicted 7-day rolling average appears to capture the

peaks of the pandemic better than the predicted daily mortality for both the homoge-

neous and the two-group models (see Figures 2.2 and 2.10, respectively). This may be

due to the delay in reporting of SARS-CoV-2 mortality over the weekend (Bergman

et al. [120] noted that the inclusion of previously unaccounted mortality data from

weekends into weekday mortality data can result in an increase in reported deaths
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on weekdays.) Consequently, this result suggests that the goodness of fit of models

to cumulative SARS-CoV-2 mortality data (and, consequently, improved parameter

estimation) can be improved by using 7-day rolling average mortality data, rather

than daily mortality data (in other words, 7-day daily mortality data should be used

to improve the goodness of fit of models for the next pandemic of COVID-like respi-

ratory pathogen). This suggestion is in line with [121] which proposes that a 7-day

average approach can help smooth out daily fluctuation in data and thus “prevent

major events (such as a change in reporting methods) from skewing the data”.

Parameter
Value

Source
Group 1 Group 2

Πk 9, 622 day−1 2, 048 day−1 [113]

µk 1/(64× 365) day−1 1/(18.4× 365) day−1 [75, 122]

rk 0.56 (dimensionless) 0.803 (dimensionless) [123, 76, 77, 78]

1− rk 0.44 (dimensionless) 0.197 (dimensionless) [123, 26, 78]

ϕk 1/6.69 day−1 1/3.78 day−1 [124]

γI,i 1/10 day−1 1/10 day−1 [79]

γA,k 1/5 day−1 1/5 day−1 [80]

ωv,k 1/(9× 30) day−1 1/(9× 30) day−1 [24]

ωn,k 1/(9× 30) day−1 1/(9× 30) day−1 [24]

ξv,k 0.000418 day−1 0.000102 day−1 [81]

εv,k 0.70 (dimensionless) 0.70 (dimensionless) [82, 83]

σk 1/1.92 day−1 1/1.92 day−1 [84, 85]

ψk 1/1.5 day−1 1/1.5 day−1 [76, 84, 86, 85]

γH,k 1/3.9 day−1 1/6.2 day−1 [87]

Table 2.8: Values of the fixed parameters of the two-group model (2.31) for Waves
C. Group 1 (k = 1) corresponds to individuals age 0 to 64 while group 2 (k = 2)
corresponds to individuals age 65 and older [61].
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Parameter Value

PP,1, PP,2, PA,1, PA,2 0.092 (dimensionless)
PI,1 0.062 (dimensionless)
PI,2 0.054 (dimensionless)
δI,1 2.806× 10−4 day−1

δI,2 2.836× 10−4 day−1

δH,1 4.015× 10−4 day−1

δH,2 5.281× 10−4 day−1

Table 2.9: Table of estimated (fitted) parameters of the two-group heterogeneous
model (2.31) generated by fitting the model with the observed cumulative mortality
data for the United States during Waves C [61].

Figure 2.10: (a) Time series illustrations of the least square fit of the two-group
model (2.31), showing the model’s output for the cumulative COVID-19 mortality
compared to the observed cumulative mortality for the United States during the
time periods associated with Wave C. (b) The simulation result of the model (2.31),
showing the daily COVID-19 mortality cases for the United States as a function
of time, using the fixed (see Table 2.8) and estimated parameter (see Table 2.9)
associated with Wave C. (c) The simulation result displaying seven-day rolling average
of daily mortality for Wave C. Red dots indicate data points, while the solid blue line
represents output from the model [61].
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2.4.2 Asymptotic stability of the DFE of the two-group model

The two-group model (2.31) has a unique disease-free equilibrium given by:

(S∗
1 , S

∗
2 , V

∗
1 , V

∗
2 , E

∗
1 , E

∗
2 , P

∗
1 , P

∗
2 , A

∗
1, A

∗
2, I

∗
1 , I

∗
2 , H

∗
1 , H

∗
2 , R

∗
1, R

∗
2)

= (S∗
1 , S

∗
2 , V

∗
1 , V

∗
2 , 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0),

(2.35)

where,

S∗
k =

Πk(ωv,k + µk)

µk(ωv,k + µk + ξv,k)
and V ∗

k =
Πkξv,k

µk(ωv,k + µk + ξv,k)
, with k = {1, 2}.

The asymptotic stability of the DFE will be explored using the next generation op-

erator method [88, 89](as in Section 2.3.2). Following Elbasha and Gumel [60], we

make the simplifying assumption that the population in each of the two groups (Nk,

with k = {1, 2}) has reached an equilibrium state. That is, we assume that:

N∗
k = Nk(0) =

Πk

µk

, k = {1, 2}.

Furthermore, following Elbasha and Gumel [60], it is convenient to express the pro-

portion of vaccinated individuals in group k (with respect to the total population),

denoted by v∗k. That is,

v∗k =
V ∗
k

N∗
1 +N∗

2

=
N∗

k

N∗
1 +N∗

2

× V ∗
k

N∗
k

= n∗
k ×

ξv,k
ωv,k + µk + ξv,k

, k = {1, 2} (2.36)

where,

n∗
k =

N∗
k

N∗
1 +N∗

2

(2.37)

is the fraction of individuals in group k.

The derivation of the vaccination reproduction number of the two-group model (de-

noted by R†
v), using the next generation operator method, is presented in Appendix
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F. It follows from Equation F.1 that the vaccination reproduction number for the

two-group model (2.31) is given by

R†
v =

1

2

(
∆1 +

√
∆2

1 − 4∆2

)
, (2.38)

where,

∆1 = (1− v∗1εv,1)R
†
11 + (1− v∗2εv,2)R

†
22,

∆2 = (1− v∗1εv,1)(1− v∗2εv,2)(R
†
12R

†
21 −R†

11R
†
22),

(2.39)

with R†
11, R

†
12, R

†
21, and R†

22 defined by

R†
kl = R†

kl,P +R†
kl,I +R†

kl,A +R†
kl,H , k, l = {1, 2}, (2.40)

where,

R†
kl,P = akcklβk,P

σl
(σl + µl)(ψl + µl)

,

R†
kl,I = akcklβk,I

σlrlψl

(σl + µl)(ψl + µl)(ϕl + γl,I + δl,I + µl)
,

R†
kl,A = akcklβk,A

σl(1− rl)ψl

(σl + µl)(ψl + µl)(γA + µ)
,

R†
kl,H = akcklβk,H

σlrψlϕl

(σl + µl)(ψl + µl)(ϕl + γl,I + δl,I + µl)(γl,H + δl,H + µl)
.

(2.41)

The quantity R†
kl, defined in (2.40), is the constituent reproduction number associated

with disease transmission by individuals in group k to those in group l, while the

quantities R†
kl,P ,R

†
kl,I ,R

†
kl,A, and R†

kl,H , given in (2.41), represent the constituent

reproduction numbers associated with disease transmission between groups k and l

by infectious individuals in the P, I, A and H compartments.

The result below follows from Theorem 2 of [88].

Theorem 2.4.1. The disease-free equilibrium, given by (2.31), of the two-group model

(2.31) is locally-asymptotically stable (LAS) in Ω2 whenever R†
v < 1, and unstable if

R†
v > 1.
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Using Equation (2.38), the vaccination reproduction number for the two-group model

(2.31) during Wave C is calculated to be 2.96.

It should be mentioned that the basic reproduction number (R0) associated with the

two-group model (2.31) can be obtained by setting the vaccination-related parameters

in Equation (2.38) to zero (i.e., v∗1 = v∗2 = 0) [60]:

R†
0 =

1

2

[
R†

11 +R†
22 +

√
(R†

11 +R†
22)

2 − 4R†
12R

†
21

]
. (2.42)

The local asymptotic stability result (Theorem 2.4.1) can be extended to global

asymptotic stability for a special case of the two-group model, as follows. Consider a

special case of the two-group model (2.31) with negligible disease-induced mortality

(i.e., set δI,1 = δI,2 = δH,1 = δH,2 = 0). Using the approach in Section 2.3.2.2, it can

be shown that the feasible region

Ω∆
2 =


(S1, S2, V1, V2, E1, E2, P1, P2, I1, I2, A1, A2, H1, H2, R1, R2)

∈ R16
+ : S1 < S∗

1 , S2 < S∗
2 , V1 < V ∗

1 , V2 < V ∗
2

 ,

is positively-invariant with respect to the flow generated by the two-group model

(2.31), and attracts all solutions of the model that reside in the region Ω2. It is

convenient to define R∆

v = R†
v|δI,k=δH,k=0 (with k = {1, 2}), the reproduction number

of the special case of the two-group model (2.31) with δI,k = δH,k = 0 (with k =

{1, 2}). We claim the following result.

Theorem 2.4.2. The disease-free equilibrium of the special case of the two-group

model (2.31) with negligible disease-induced mortality (i.e., δI,k = δH,k = 0, with

k = {1, 2}), given by (2.35), is globally-asymptotically stable in Ω∆
2 whenever R∆

v < 1.

The proof of Theorem 2.3.3, based on using a comparison theorem [65], is given in

Appendix G. Like in the case of Theorem 2.3.3 for the special case of the homogeneous
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model without disease-induced mortality, the epidemiological implication of Theorem

2.4.2 is that, for the special case of the two-group model without disease-induced

mortality, bringing (and maintaining) the reproduction threshold ( R∆
v ) to a value

less than one is necessary and sufficient for the elimination of the pandemic in the

population. Therefore, this result shows that the implementation of a vaccination

program that can bring (and maintain) the reproduction threshold, R∆
v , to a value

below one will lead to the elimination of the pandemic in the United States.

Owing to the assortative mixing pattern shown by the data used to generate Figure

2.9, it can be seen, using the expressions for the constituent reproduction numbers

(2.40), that the transmission of COVID-19 occurs more due to mixing within each

group than mixing between groups. That is, the following inequality holds (as a

natural consequence of the assortative mixing in favor of within-group mixing):

R†
11R

†
22 > R†

12R
†
21.

It should also be noted from Equations (2.40) and (2.41) that the mixing terms (ak

and ckl) determine the sign of the expression of R†
11R

†
22 − R†

12R
†
21. Specifically, as

shown by Elbasha and Gumel [60],

sign
(
R†

11R
†
22 −R†

12R
†
21

)
= sign

(
a1c11a2c22 − a1c12a2c21

)
, (2.43)

from which, using (2.34), it follows that

sign
(
R†

11R
†
22 −R†

12R
†
21

)
= sign

(
e11e12 − e12e21

)
. (2.44)

Thus, the entries of the mixing matrix (Figure 2.9) determine the biased assortative
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nature of the mixing patterns (in favor of within-group mixing) in the population.

2.4.3 Vaccine-derived herd immunity threshold for the two-group model

In this section, the result of Theorem 2.4.2 will be used to compute an expression for

the vaccine-derived herd immunity threshold (HIT) needed to eliminate the pandemic

using the two-group model. The objective is to determine whether the level of vaccine-

derived HIT obtained using the two-group model differs from the HIT value obtained

for the homogeneous model (given in Section 2.3.3.1). The approach here follows

closely the approach introduced by Elbasha and Gumel [60]. Specifically, in order to

compute the HIT for the two-group model, it is convenient to re-write the proportion

of vaccinated individuals at steady-state as [60]:

V ∗
1 + V ∗

2

N∗
1 +N∗

2

=

(
N∗

1

N∗
1 +N∗

2

)
V ∗
1

N∗
1

+

(
N∗

2

N∗
1 +N∗

2

)
V ∗
2

N∗
2

= n∗
1v

∗
1 + n∗

2v
∗
2, (2.45)

where n∗
k and v∗k are defined by Equations (2.37) and (2.36), respectively. Hence,

following Elbasha and Gumel [60], the computation of the vaccine-derived HIT for

the two-group model (2.31) entails solving the following optimization problem [60]:

minimize(n∗
1v

∗
1 + n∗

2v
∗
2) subject to, 0 ≤ v∗1, v

∗
2 ≤ 1,R†

v ≤ 1. (2.46)

Since individuals in each of the two age groups continued to receive SARS-CoV-2

vaccines in the United States during wave C of the pandemic (i.e., 0 ≤ v∗1, v
∗
2 ≤ 1),

and considering the fact that contact matrix 2.9 produces biased assortative mixing

(i.e., R†
11R

†
22 > R†

12R
†
21), the HIT for Wave C is given by (the derivation of this

expression is given in [60], and not repeated here):
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n∗
1v

∗
1 + n∗

2v
∗
2 =

ε1n∗
2(R

†
11 +R†

12R
†
21 −R†

22R
†
11) + ε2n∗

1(R
†
22 +R†

12R
†
21 −R†

22R
†
11)− 2

√
ε1n∗

2ε2n
∗
1R

†
12R

†
21

ε1ε2(R†
12R

†
21 −R†

11R
†
22)

. (2.47)

Substituting the values of constituent reproduction numbers (R†
11, R

†
12, R

†
21 andR†

22),

vaccine efficacy (ε1 and ε2) and the fraction of the total population that belongs to

a group (n∗
1 and n∗

2) into the right-hand side of Equation 2.47 shows that the value

of HIT for the two-group model is n∗
1v

∗
1 + n∗

2v
∗
2 = 0.61. That is, the computation

in this section shows that, using the two-group model (2.31), vaccine-derived herd

immunity can be achieved in the United States if at least 61% of the population

is fully vaccinated. It should be recalled that, for the homogeneous model (2.8), it

was shown that vaccine-derived herd immunity could not be achieved during Wave C

even if all unvaccinated susceptible individuals were fully vaccinated during that wave.

Thus, this chapter shows that adding age-related heterogeneity into a homogeneous

model for SARS-CoV-2 pandemic that includes a vaccination significantly reduces the

vaccination coverage needed to eliminate the disease. This result is consistent with

[60] where it was theoretically shown that the value of the herd immunity threshold

obtained using the (two-group) heterogeneous model was smaller than that obtained

using the (one-group) homogeneous model.

2.5 Discussion and Conclusions

This chapter is based on using mathematical modeling approaches, together with

data analytics and computation, to unravel the combined population-level impacts of

the disproportionate effect of the SARS-CoV-2 pandemic on the elderly (i.e., age het-

erogeneity and associated mixing patterns), which represents the highest risk group

[125], and vaccination on the transmission dynamics and control of the SARS-CoV-2

pandemic in the United States. The objective of this chapter was achieved via the
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design of a generalized multigroup mathematical model, which takes the form of a

deterministic system of nonlinear differential equations for the temporal dynamics of

the disease within a population with m heterogeneous subgroups (the m heteroge-

neous sub-populations could represent various heterogeneities, such as heterogeneities

with respect to age, risk of acquiring infection, mixing patterns, socioeconomic status

etc.). The m-group model was shown to be well-posed mathematically and epidemio-

logically, by rigorously establishing the boundedness and invariance of its solutions. A

special case of the model with homogeneous mixing (i.e., the model with m = 1) was

considered first of all. The disease-free equilibrium of this (homogeneous) model was

shown to be locally-asymptotically stable whenever a certain epidemiological thresh-

old, known as the vaccination reproduction number, is less than one. The implication

of this result is that the vaccination program implemented in the United States could

lead to the elimination of the pandemic if the reproduction number could be brought

to (and maintained at) a value less than one, provided the initial number of infected

individuals is small enough.

The homogeneous model was fitted using the observed cumulative mortality data for

the United States during three waves of the pandemic. The three waves (denoted

Wave A, B and C) correspond to the time periods when the pandemic was mostly

dominated by the Alpha, Delta and Omicron variants, respectively. The calibrated

model was used to estimate the unknown parameters of the homogeneous model and

to compute the level of vaccine-derived herd immunity threshold needed to eliminate

the pandemic. Our simulations showed that, for the one-group homogeneous model,

vaccine-derived herd immunity cannot be achieved during Wave C even if all the un-

vaccinated susceptible individuals in the population are fully vaccinated during Wave

C. We conducted a detailed global sensitivity analysis to determine the parameters
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of the model that have the highest impact on the vaccination reproduction number

(hence, the burden of the pandemic). A number of parameters (such as parame-

ters related to asymptomatically-infectious individuals) were identified as the most

influential in driving the disease dynamics during the three waves considered in this

chapter. We used these parameters to suggest the most effective control and mitiga-

tion interventions to be implemented during each of the three waves of the pandemic.

This chapter shows that some interventions that may be very effective during one

of the three waves may not always be as effective during the other wave or waves.

However, we showed that interventions related to targeting asymptomatic infectious

individuals is always very effective across the three waves. Therefore, another novel

finding in this chapter is that strategies that focus on rapidly detecting and isolating

asymptomatic infectious individuals (such as wide-scale random testing, rapid detec-

tion, and contact tracing of contacts of identified asymptomatic individuals) will be

very effective in controlling and mitigating the spread of respiratory pathogens, such

as SARS-CoV-2, where asymptomatic transmission is a major feature of its transmis-

sion dynamics.

To account for the disproportionate effect of SARS-CoV-2 on the elderly, we consid-

ered another special case of the generalizedm-group model where the total population

of the United States is stratified into two sub-groups of individuals under 65 years of

age (Group 1) and those that are 65 and older (Group 2). The resulting two-group

model (i.e., the heterogeneous model with m = 2) was rigorously analysed and fitted

with the cumulative mortality data for Wave C (as in the case of the aforementioned

homogeneous model). The main objective is to determine whether age heterogeneity

(together with the associated variability in mixing patterns by age) affects the size

of the vaccination coverage needed to achieve vaccine-derived herd immunity in the

United States (in comparison to the case where the model assumes a homogeneous
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population). Our results showed that, for the two-group model, vaccine-derived herd

immunity can be achieved in the United States during wave C of the pandemic (for

example) if at least 61% of the population is fully vaccinated. Thus, this chapter

shows that adding age heterogeneity to a vaccination model for SARS-CoV-2 that

assumes a homogeneous population dramatically decreases the size of the herd im-

munity threshold needed to eliminate the pandemic (it should be recalled that, for

the case where the homogeneous model was used, such vaccine-derived herd immu-

nity was not attainable during Wave C even if all unvaccinated susceptible members

of the community are fully vaccinated). Thus, adding the realism of the well-known

heterogeneities associated with the SARS-CoV-2 pandemic makes the likelihood of

its elimination using a vaccine more realistically achievable (because it requires vacci-

nation coverage that can perhaps be readily and realistically achieved). This finding

strongly supports the study by Britton et al. [126] (which shows, via numerical sim-

ulations, that the herd immunity threshold obtained through a heterogeneous model

is “substantially less” than one obtained through a homogeneous model) and the

theoretical study by Elbasha and Gumel [60] (which used a geometric approach to

rigorously show that the herd immunity threshold of a vaccination model for an infec-

tious disease that uses heterogeneous populations is lower than that of an equivalent

model with a homogeneous population).

In summary, in addition to highlighting the importance of adding heterogeneities to

mathematical models for the transmission dynamics and control of diseases such as

SARS-CoV-2 and showing that control and mitigation strategies that are very ef-

fective during one wave may not always be very effective during other waves, this

chapter shows that the prospect for the elimination of SARS-CoV-2 using a vacci-

nation program is highly promising, provided the coverage level is high enough to
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achieve herd immunity (adding heterogeneity reduces the coverage level of the herd

immunity threshold needed to achieve herd immunity; hence, makes the elimination

of the pandemic more likely).
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Chapter 3

MATHEMATICAL ASSESSMENT OF THE ROLE OF HUMAN BEHAVIOR

CHANGES ON SARS-COV-2 TRANSMISSION DYNAMICS

3.1 Introduction

A pandemic of COVID-19’s devastating magnitude naturally invokes fear, unprece-

dented chaos, pandemonium, spread of mis(dis)information, mistrust, polarization

resulting in both positive and negative behavior changes with respect to adherence

(or lack thereof) of public health intervention and mitigation measures [127, 128,

129, 130, 131, 132]. Numerous mathematical models, of varying types (such as com-

partmental, agents-based, social network, statistical, and machine learning models)

have been developed and used in an attempt to study the impact of human behavior

changes on the trajectory, transmission dynamics and overall burden of the pandemic.

Specifically, some of these models have accounted for the behavior change due to the

transmission of information through contacts between humans [133, 134, 135, 136, 137]

or due to the prevalence of the pandemic [134, 133, 138]. For instance, using data

collected through a contact diary-based survey, Kummer et al. [139] showed the im-

pact of the seasonal change in the number of contacts made between individuals on

the spread of the disease. Furthermore, d’Onofrio et al. used a deterministic com-

partmental model to study vaccination uptake behavior as a function of prevalence

[140, 141]. Coelho and Codeco [142] used Bayesian inference to model vaccination

behavior as a function of individual perception of vaccine safety [142]. Mooij et al.

[143] developed a large-scale agent-based epidemic model that uses mobility data to
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calibrate the behavior of agents. Similarly, Del Valle et al. [144, 141] used an agent-

based model to showcase the impact of school closure and fear-based home isolation

during a pandemic.

Some studies have shown that a key factor that affects both COVID-19 transmission

dynamics and human behavior changes with respect to the SARS-CoV-2 pandemic is

the level of asymptomatic transmission in the community (i.e., disease transmission

by infectious individuals who do not display clinical symptoms of the SARS-CoV-2

pandemic) [92, 93, 94, 145]. Additionally, it is possible that for various reasons, such

as repeated exposures and partial cross-immunity, the proportion of exposed indi-

viduals who become asymptomatic (as opposed to symptomatic) at the end of the

exposed period may increase. Hence, it is important to assess the impact of the pro-

portion of exposed individuals who become asymptomatic at the end of the exposed

period on the spread of the disease and human behavior. Furthermore, numerous

studies have shown that mathematical models for disease transmission that did not

explicitly incorporate human behavior and heterogeneities failed to accurately cap-

ture the correct trajectory and burden of the pandemic [146, 141, 147]. For example,

although some mathematical models have correctly captured the trajectory and bur-

den of the ongoing COVID-19 pandemic [148, 26, 94, 149], numerous others that did

not explicitly account for social and human behavior aspects have failed to correctly

capture current and/or future course/trajectory of the pandemic (the agents-based

model developed by the United Kingdom’s Scientific Advisory Group on Emergencies

overestimated the burden of the SARS-CoV-2 Omicron at its peak by a factor of 20;

and this discrepancy is attributed, in part, by the lack of explicit incorporation of

human behavior elements into the model [150]).

This chapter focuses on developing and using a novel mathematical model, which
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takes the form of a compartmental deterministic system of nonlinear differential equa-

tions, to assess the impact of human behavior changes on the transmission dynamics

and control of infectious diseases. The proposed model specifically considers human

behavior changes in two distinct population groups, one which strictly adheres to

mitigation measures, and another one which ignores them. We assume that changes

of human behavior in these two groups may occur due to a number of key (epidemi-

ological) factors, such as (a) disease-related information received from members of

the other group, (b) the level of symptomatic transmission in the community (c)

proportion of non-symptomatic (susceptible, exposed, asymptomatic infectious and

recovered) individuals in the community, (d) the level of publicly-available disease-

induced mortality information and (e) fatigue to adherence to control and mitigation

interventions in the community. Another notable feature of the model to be developed

is the inclusion of the impact of asymptomatic transmission on the disease dynamics

as well as on human behavior changes with respect to the spread and burden of the

SARS-CoV-2 pandemic. The chapter is organized as follows. The human behavior

model is formulated in Section 3.2 with the functional form of behavior change func-

tions derived in Section 3.2.1. A behavior-free model is also considered, which is a

special case of the model with behavior changes. Both the behavior and behavior-free

version of the model are fitted with observed data in Section 3.2.2. Numerical simula-

tions are carried out in Section 3.3. The behavior change functions considered in this

chapter are visualized in Section 3.3.1 and their impact on cumulative mortality and

infection is also assessed through simulation. The impact of change in the proportion

of exposed individuals who become asymptomatic on the reproduction number, mor-

tality and behavior change is simulated in Section 3.3.2. Finally, the main results of

this chapter are discussed and summarized in Section 3.4.
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3.2 Formulation of the Mathematical Model

The SARS-CoV-2 transmission model that incorporates human behavior in the dis-

ease dynamics to be developed in this chapter is based on splitting the total human

population at time t, denoted by N(t), into two groups based on adherence or lack

thereof to public health interventions implemented to combat or mitigate the burden

of the pandemic. Specifically, we define the following groups [151]:

• Group 1: Individuals who do not adhere to public health interventions and

mitigation measures (also defined as the non-adherent group).

• Group 2: Individuals who strictly adhere to public health interventions and

mitigation measures (also defined as the adherent group).

The total population of individuals in group 1 at time t, denoted by N1(t), is sub-

divided into the mutually-exclusive compartments of non-adherent susceptible (S1(t)),

exposed/latent (E1(t)), symptomatically-infectious (I1(t)), asymptomatically-infectious

(A1(t)) and recovered (R1(t)) individuals, so that [151]

N1(t) = S1(t) + E1(t) + I1(t) + A1(t) +R1(t). (3.1)

Similarly, the total population in group 2 at time t, denoted by N2(t), is sub-

divided into the mutually-exclusive compartments of adherent susceptible (S2(t)), ex-

posed/latent (E2(t)), symptomatically-infectious (I2(t)), asymptomatically-infectious

(A2(t)) and recovered (R2(t)) individuals, so that [151]

N2(t) = S2(t) + E2(t) + I2(t) + A2(t) +R2(t). (3.2)

Thus, the total population at time t, N(t), is given by N(t) = N1(t) + N2(t). Some
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of the main behavior-related assumptions made in the formulation of the model are

[151]:

(i) Individuals change their behavior during disease outbreaks based on the follow-

ing epidemiological and social factors:

(a) disease-related information members of one group received from members

of the other group, (b) the level of symptomatic transmission in the community

(c) the proportion of non-symptomatic (susceptible, exposed, asymptomatic in-

fectious and recovered) individuals in the community, (d) the level of publicly-

available disease-induced mortality information and (e) due to fatigue factor

associated with adherence to interventions over a long-term period.

(ii) Symptomatic individuals in group 2 do not change their behavior (i.e., they do

not move to group 1) for the entire duration of their symptomatic status.

(iii) The proportion of new recruited individuals into the community recruitment

who are adherent to public health interventions depends on the proportion of

symptomatic individuals in the community.

We define the following behavior-related transition rates [151]:

(a) ψc
ij: the rate at which individuals in group i change their behavior, and move

to the other group j (with i, j = {1, 2} and i ̸= j), due to transmission of

disease-related information received from contact with individuals in group j.

(b) ψi
12: the rate at which individuals in group 1 positively change their non-

adherent behavior and move to group 2 due to the level of symptomatic trans-

mission in the community.
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(c) ψns
21 : the rate at which individuals in group 2 negatively change their be-

havior and move to the non-adherent group 1 due to the proportion of non-

symptomatic individuals in the community.

(d) ψm
12: the rate at which individuals in group 1 positively change their behavior

and move to the adherent group 2 due to the level of publicly-available disease-

induced mortality information.

(e) ψf
21: the rate at which individuals in group 2 negatively change their behavior

and move to the non-adherent group 1 due to fatigue to adherence to interven-

tion measures.

The functional forms of the aforementioned behavior-related rates will be derived in

Section 3.2.1. In the formulation of the human behavior SARS-CoV-2 model, we let Π

represent the recruitment rate of individuals into the population or community (and

all recruited individuals are assumed to be susceptible). It is further assumed that a

proportion, p, of these individuals strictly adhere to public health intervention and

mitigation measures (i.e., pΠ is the recruitment rate into the susceptible population

of group 2), while the remaining proportion, 1 − p, are assumed to not adhere to

interventions (i.e., (1− p)Π is the recruitment rate of individuals into the susceptible

population in group 1). Individuals in all epidemiological compartments suffer natural

death or removal at a rate µ. Individuals in group 1 (i.e., non-adherent individuals)

acquire infection at a rate λ (force of infection), given by [151]:

λ = (β)

[
I1 + ηaA1 + (1− εm)(I2 + ηaA2)

N

]
, (3.3)

where β is the effective contact rate associated with disease transmission by symptomatically-

infectious individuals, ηa is a modification parameter accounting for the variability
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in disease transmission by asymptomatically-infectious individuals, in comparison to

symptomatically-infectious individuals and 0 ≤ εm < 1 is the outward efficacy of the

public health intervention and mitigation measures (e.g., face mask) to prevent the

transmission of infection by infectious adherent individuals (group 2) to susceptible

individuals [19, 94]. For simplicity, it is assumed that the inward efficacy of the public

health intervention measures to prevent susceptible individuals in group from acquir-

ing infection, following contact with infectious individuals, is the same as the outward

efficacy, and denoted by εm.

Individuals in group 1 (non-adherents) positively change their behavior and become

adherents due to the positive information they received about the disease from indi-

viduals in group 2 (due to contact at a rate ψc
12). They also change their behavior

positively and move to group 2 due to the level of symptomatic transmission in the

community (at a rate ψi
12) and due to the level of disease-induced mortality in the

community, obtained from publicly-available sources (at a rate ψm
12). Similarly, in-

dividuals in group 2 negatively change their behavior and move to group 1 due to:

the contact-related information received from individuals in group 1 (at a rate ψc
21),

the proportion of non-symptomatic individuals in the community (at a rate ψns
21 ) and

due to fatigue to adherence of intervention (at a rate ψf
21). Adherents susceptible

individuals acquire infection at a reduced rate (1 − εm)λ, where 0 < εm < 1 is the

efficacy of public health intervention and mitigation measures implemented in the

community to prevent the acquisition of infection. Let σ represents the rate at which

exposed (i.e., newly-infected) individuals progress to to either the asymptomatically-

infectious class (at a rate rσ, where 0 ≤ r ≤ 1 is the proportion of these individuals

that become asymptomatically-infectious at the end of the exposed period) or develop

clinical symptoms of the disease (at a rate (1− r)σ, where the complement, 1− r, is
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the proportion of exposed individuals who display clinical symptoms of the disease at

the end of the exposed period). Symptomatic (asymptomatic) infectious individuals

are assumed to recover at a rate γi(γa), and symptomatic-infectious individuals in

group 1 (group 2) suffer disease-induced mortality at a rate δ1(δ2). It follows, based

on the above assumptions and derivations, that the endemic model for the SARS-

CoV-2 pandemic, that explicitly incorporates elements of human behavior during the

outbreaks of the disease, is given by the following deterministic system of nonlinear

differential equations (where a dot represents differentiation with respect to time t)

[151]:



Ṡ1(t) = Π(1− p) + (ψc
21 + ψns

21 + ψf
21)S2 − λS1 − (ψc

12 + ψi
12 + ψm

12)S1 − µS1,

Ṡ2(t) = Πp+ (ψc
12 + ψi

12 + ψm
12)S1 − (1− εm)λS2 − (ψc

21 + ψns
21 + ψf

21)S2 − µS2,

Ė1(t) = λS1 + (ψc
21 + ψns

21 + ψf
21)E2 − (ψc

12 + ψi
12 + ψm

12)E1 − (σ + µ)E1,

Ė2(t) = (1− εm)λS2 + (ψc
12 + ψi

12 + ψm
12)E1 − (ψc

21 + ψns
21 + ψf

21)E2 − (σ + µ)E2,

İ1(t) = (1− r)σE1 − (ψc
12 + ψi

12 + ψm
12)I1 − (γi + µ+ δ1)I1,

İ2(t) = (1− r)σE2 + (ψc
12 + ψi

12 + ψm
12)I1 − (γi + µ+ δ2)I2,

Ȧ1(t) = rσE1 + (ψc
21 + ψns

21 + ψf
21)A2 − (ψc

12 + ψi
12 + ψm

12)A1 − (γa + µ)A1,

Ȧ2(t) = rσE2 + (ψc
12 + ψi

12 + ψm
12)A1 − (ψc

21 + ψns
21 + ψf

21)A2 − (γa + µ)A2,

Ṙ1(t) = γiI1 + γaA1 + (ψc
21 + ψns

21 + ψf
21)R2 − (ψc

12 + ψi
12 + ψm

12)R1 − µR1,

Ṙ2(t) = γiI2 + γaA2 + (ψc
12 + ψi

12 + ψm
12)R1 − (ψc

21 + ψns
21 + ψf

21)R2 − µR2.

(3.4)

In the behavior-epidemiology model (3.4), the proportion p of individuals recruited

into the community who adhere to public health interventions is assumed to defend

on the proportion of individuals who are symptomatic at time t, and is defined as

[151]:
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p = p̃

(
I1 + I2
N

)
, (3.5)

where p̃ is the maximum proportion of recruited individuals who are adherent. The

proportion p is behavior-related, since it is a function of the total proportion of

symptomatic individuals in the community. It is zero if there are no symptomatic

individuals in the community, and it rises to its maximum (p̃) if the proportion of

symptomatic individuals in the community tend towards one; in other words, newly-

recruited individuals choose to remain in group 1 if the proportion of symptomatic

individuals in the community is small, and opt to move to group 2 if the proportion

of symptomatic individuals is large).

It is convenient to define the rate of change of cumulative mortality due to the disease

as [151]

Ḋ(t) = δ[I1(t) + I2(t)], (3.6)

from which it follows that the daily mortality on day k (denoted by Mk) is given by

[151]:

Mk =

∫ k

k−1

Ḋ(t) dt. (3.7)

Figure 3.1 depicts the flow diagram of the model, and the state variables and param-

eters are described in Tables 3.1 and 3.2, respectively.
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Figure 3.1: Flow diagram of the behavior-epidemiology model (3.4), where λ and p
are defined in Equations (3.3) and (3.5), respectively [151]. The state variables and
parameters of the model are described in Tables 3.1 and 3.2, respectively [151].

3.2.1 Derivation of the functional forms of behavior-related parameters of the

model

The behavior-related transition rates of the behavior-epidemiology model (3.4) are

described and derived below [151].

3.2.1.1 Behavior change due to information received from contact with

members of the other group (ψc
ij(t))

Since the behavior-epidemiology model to be developed in this chapter stratifies the

total population into two subgroups, namely group 1 of individuals who do not ad-

here to public health control and mitigation interventions and group 2 consisting of

individuals who strictly adhere to such interventions, contacts between individuals
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of one group with those of the other could induce behavior change with respect to

the adherence (or lack thereof) to interventions (due, for instance, to peer influence

or pressure). It is intuitive to assume that the probability of such contact-induced

behavior change depends on the capacity of (or degree or extent to which) members of

one group to influence members of the other and the relative size of the other group

[133, 134, 135, 136, 137]. Recall that ψc
12(t) (ψ

c
21(t)) represents the rate at which

non-adherent (adherent) individuals become adherents (non-adherents), at time t,

following contacts with adherent (non-adherent) individuals in the community. The

rate ψc
12(t) can then be defined as the product of the maximum rate of behavior

change of non-adherent individuals to become adherents due to contacts with adher-

ent individuals (denoted by αc
12), the probability of influence adherent individuals

have on non-adherent individuals to become adherent due to transmission of disease-

related information by contact (denoted by 0 < qc12 < 1) and the current proportion

of adherent individuals in the community

(
N2(t)

N(t)

)
. Thus, the rate ψc

12(t) is given by

[151]:

ψc
12(t) =

(
αc
12

)
×
(
qc12

)
×

[
N2(t)

N(t)

]
. (3.8)

Similarly, the rate at which adherent individuals in the community become non-

adherent due to contacts with non-adherent individuals at time t (ψc
21(t)) is defined

as the product of the maximum rate of behavior change of adherent individuals due to

contacts with non-adherent individuals (denoted by αc
21), the probability of influence

non-adherent individuals have on adherent individuals to become non-adherents due

to transmission of disease-related information by contacts (denoted by 0 < qc21 < 1)

and the current proportion of non-adherent individuals in the community

(
N1(t)

N(t)

)
,

so that [151]:
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ψc
21(t) =

(
αc
21

)
×
(
qc21

)
×

[
N1(t)

N(t)

]
. (3.9)

3.2.1.2 Behavior change due to the level of symptomatic transmission

(ψi
12(t)) in community

Individuals can also change their behavior with respect to adherence to interventions

based on the current relative level of symptomatic transmission in the community

[133]. Let ψi
12(t) represent the rate at which non-adherent individuals become ad-

herent due to the level of symptomatic transmission in the community. The rate

ψi
12(t) is defined as the product of the maximum behavior change of non-adherent

individuals due to the level of symptomatic transmission in the community (αi
12), the

probability of influence on non-adherent individuals due to the level of symptomatic

transmission in the community (qi12) and the relative level of symptomatic transmis-

sion in the community (given by the Holling Type-II saturation incidence function

(I1(t) + I2(t))/(K + I1(t) + I2(t)), where K > 0 is the saturation constant). That is

[151],

ψi
12(t) =

(
αi
12

)
×
(
qi12

)
×

[
I1(t) + I2(t)

K + I1(t) + I2(t)

]
. (3.10)

3.2.1.3 Behavior change due to the proportion of non-symptomatic (ψns
21 (t))

pool in community

Individuals can also change their behavior due to the proportion of non-symptomatic

(i.e., susceptible, exposed, asymptomatic, and recovered) individuals in the com-
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munity [134]. Let ψns
21 (t) represent the rate at which adherent individuals become

non-adherent due to the current proportion of non-symptomatic individuals in the

community. The parameter for the rate of behavior change of adherent individ-

uals to become non-adherent due to the proportion of non-symptomatic individu-

als in the community (ψns
21 ) is given by the product of the maximum rate of be-

havior change of adherent individuals due to the proportion of non-symptomatic

individuals in the community (αns
21), the probability of influence on adherent in-

dividuals due to the current size of the non-symptomatic pool in the community

(qns21 ) and the proportion of the non-symptomatic pool in the community (given by

(S1(t) + S2(t) + E1(t) + E2(t) + A1(t) + A2(t) +R1(t) +R2(t))/N(t)). Hence [151],

ψns
21 (t) =

(
αns
21

)
×
(
qns21

)
×

[
S1(t) + S2(t) + E1(t) + E2(t) + A1(t) + A2(t) +R1(t) +R2(t)

N(t)

]
.

(3.11)

3.2.1.4 Behavior change due to level of daily reported disease-induced

mortality (ψm
12(t))

Individuals can also change their behavior due to the level of daily reported disease-

induced mortality (obtained from publicly-available information sources, such as the

print/audio/visual/social and the internet) [133]. To model the rate of behavior

change due to such access to information on the level of daily disease-induced mor-

tality in the community, we first assume that the level of disease-induced mortality

in the community only causes behavior change in group 1, and not in group 2 (i.e.,

only the non-adherent individuals can change their behavior to become adherent in

fear of succumbing to the disease; whereas those that are strictly adherent, in group
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2, are not expected to negatively change their behavior, when daily disease-induced

mortality is on the rise, and move to group 1). The rate ψm
12(t) can then be expressed

as a product of the maximum rate of behavior change of non-adherent individuals due

to the level of daily reported disease-induced mortality in the community (denoted by

αm
12), the probability of influence adherent individuals have on non-adherent individ-

uals due to the size of the reported daily disease-induced mortality in the community

(denoted by qm12) and the current level of disease-induced mortality (modeled by the

Ivlev function [152],
(
1− e−ζM(t)

)
, where M(t) is the daily mortality on day t of the

pandemic, as defined by Equation (3.7) and 1/ζ (with 0 < ζ ≤ 1) could be thought

of as the threshold number of reported daily disease-induced mortality above which

fear or panic wave begin to rapidly spread in the community [133]). Thus [151],

ψm
12(t) =

(
αm
12

)
×
(
qm12

)
×
(
1− e−ζM(t)

)
. (3.12)

3.2.1.5 Behavior change due to high level of fatigue to interventions in

the community (ψf
21)

Behavior change “requires a person to disrupt a current habit while simultaneously

fostering a new, possibly unfamiliar, set of actions” [153]. Thus, perhaps for that

reason, behavior change, even if it is triggered by health-related reasons (i.e., trig-

gered by the need to adhere to public health intervention and mitigation measures to

minimize the risk of acquiring infection, severe disease, hospitalization or even death),

can often be quite difficult to sustain. To model behavior change due to fatigue to ad-

herence to public health intervention and mitigation measures, it is plausible to, first

of all, assume that only individuals in group 2 (the adherent group) can develop in-
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tervention fatigue (due to being strictly adherent for an extended period of time) and

potentially negatively change their behavior to become non-adherents. For simplicity,

it is assumed that adherent individuals begin to experience fatigue of adherence to

intervention after a certain fatigue time threshold (denoted by tf ) has been met. This

factor can be modeled using a Heaviside-like function (Hf ), given by [151]:

Hf =


1 if t ≥ tf

0 if t < tf,

(3.13)

with Hf set to 1 if the fatigue time threshold has been met or exceeded (i.e., t ≥ tf )

and Hf = 0 if the threshold has not been met, and adherents are not experiencing

intervention fatigue (i.e., t < tf ). The rate at which adherent individuals become non-

adherent due to fatigue (ψf
21) can then be expressed as a product of the maximum

rate of behavior change of adherent individuals due to fatigue (denoted by αf
21), the

probability of influence non-adherent individuals have on adherent individuals due

to high fatigue level to intervention (denoted by qf21) and the fatigue threshold time

(given by the function Hf ) [151].

ψf
21(t) =

(
αf
21

)
×
(
qf21

)
×
(
Hf
)
. (3.14)
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State variable Description

S1 Number of non-adherent susceptible individuals
S2 Number of adherent susceptible individuals
E1 Number of non-adherent exposed individuals
E2 Number of adherent exposed individuals
I1 Number of non-adherent symptomatically-infectious individuals
I2 Number of adherent symptomatically-infectious individuals
A1 Number of non-adherent asymptomatically-infectious individuals
A2 Number of adherent asymptomatically-infectious individuals
R1 Number of non-adherent recovered individuals
R2 Number of adherent recovered individuals

Table 3.1: Description of the state variables of the behavior-epidemiology model
(3.4) [151].

3.2.2 Data-fitting and parameter estimation of behavior-epidemiology model (3.4)

The behavior-epidemiology model (3.4) consists of many parameters, the values of

many of which (at least 16) are known from the literature. The values of a few of the

parameters, particularly the disease-induced mortality rate (δ1 and δ2; although, for

simplicity, we assume that δ = δ1 = δ2 since it is reasonable to assume that both ad-

herent and non-adherent infected individuals die at the same rate due to, for example

having access to the same quality of disease-induced mortality prevention treatment),

the effective contact rate of symptomatic individuals (β), the modification parameter

for the effective contact rate of asymptomatic individuals (ηa) and the product of

the maximum rate of behavior change from one group to another and the associated

parameter of influence (αi
12q

i
12, α

ns
21q

ns
21 , α

m
12q

m
12 and αf

21q
f
21) are unknown and will be

estimated through fitting. Furthermore, behavior-related functions are computed us-

ing the fixed and fitted parameters as well as the associated state variables at time

t. The model (3.4) will be fitted and cross-validated using the cumulative mortality

data for the COVID-19 pandemic in the United States for the period from March 1st,
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State variable Description

p Proportion of new recruitment that is adherent
Π(1− p) Recruitment rate into non-adherent susceptible population

Πp Recruitment rate into adherent susceptible population
µ Natural death rate
εm Average efficacy of an intervention (such as masking or social dis-

tancing)
β Effective contact rate associated with individuals in I1 compart-

ment
ηa Modification parameter for the infectiousness of the individuals in

asymptomatic class
r Proportion of exposed individuals who become asymptomatically-

infectious
at the end of the exposed period

1− r Proportion of exposed individuals who show clinical symptoms of
the disease
at the end of the exposed period

rσ Progression rate from exposed to asymptomatically-infectious class
(1− r)σ Progression rate from exposed to symptomatically-infectious class
γi(γa) Recovery rate for individuals in the symptomatically-

(asymptomatically-) infectious class
δ1 Disease-induced mortality rate for individuals in the I1 compart-

ment
δ2 Disease-induced mortality rate for individuals in the I2 compart-

ment
ψc
12 Rate at which non-adherent individuals become adherent due to

contact with adherents
ψc
21 Rate at which adherent individuals become non-adherent due to

contact with non-adherents
ψi
12 Rate at which non-adherent individuals become adherent due to

the level of symptomatic transmission
in the community

ψns
21 Rate at which adherent individuals become non-adherent due to

the proportion of non-symptomatic
individuals in the community

ψm
12 Rate at which non-adherent individuals become adherent due to

disease-induced mortality

ψf
21 Rate at which adherent individuals become non-adherent due to

high fatigue level

Table 3.2: Description of the parameters of the model (3.4) [151].
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2020 to June 18th, 2020, which corresponds to the first wave of the pandemic in the

United States. Specifically, the model will be fitted using a segment of this data, for

the period between March 1, 2020, to May 29, 2020, and the remaining data is used

to cross-validate the model. Additionally, some of the initial conditions will be fitted

from the data as well.

Parameter Value Source

Π 11, 670 day−1 [74, 75]
p̃ 0.80 (dimensionless) [154]
µ 1/(77.8× 365) day−1 [75]
εm 0.5 (dimensionless) [94, 19]
r 0.4 (dimensionless) [77]
σ 1/3.6 day−1 [155]
γi 1/5 day−1 [156]
γa 1/5 day−1 [80]
tf 0 (day) Assumed
ζ 1/1500 (human−1) Assumed
K 5, 000, 000 (dimensionless) Assumed

Table 3.3: Values of the fixed parameters of the behavior-epidemiology ((3.4)) and
behavior-free ((H.1)) models [151].

Parameter Estimated (fitted) Value

αc
12q

c
12 9.337× 10−3 day−1

αc
21q

c
21 9.223× 10−3 day−1

αi
12q

i
12 0.110 day−1

αns
21q

ns
21 2.597× 10−3 day−1

αm
12q

m
12 0.305 day−1

αf
21q

f
21 5.682× 10−5 day−1

β 0.661 day−1

ηa 2.275 (dimensionless)
δ = δ1 = δ2 2.505× 10−4 day−1

Table 3.4: Values of the fitted (estimated) parameters of the behavior-epidemiology
model (3.4) [151].
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Figure 3.2: Data fitting, parameter estimation and cross-validation of the behavior-
epidemiology model (3.4), using SARS-CoV-2 cumulative mortality data for the
United States during the first wave of the pandemic (corresponding to the pe-
riod from March 1st, 2020 to June 18th, 2020). (a) Least-squares fitting of the
behavior-epidemiology model (3.4), showing the cumulative COVID-19 mortality
generated from the model, compared to the observed cumulative mortality data for
the United States during the first wave (obtained from the Johns Hopkins Univer-
sity COVID-19 repository [73]). (b) Simulation results of the behavior-epidemiology
model (3.4), depicting the daily COVID-19 mortality for the United States, as a
function of time, predicted by the behavior-epidemiology model using the fixed and
estimated parameters tabulated in Tables 3.3 and 3.4, respectively, in comparison to
the observed daily mortality data for the United States during the first wave (ob-
tained from the Johns Hopkins University COVID-19 repository [73]). The behavior-
epidemiology model was fitted to the data from March 1st, 2020 until May 29th,
2020 (depicted by a dashed black line in the figure), and cross-validated by com-
paring the model output with the observed mortality data for the remaining 20
days (depicted with a green curve). Three of the initial conditions of the behavior-
epidemiology model (namely E1(0), I1(0) and A1(0)) were estimated from fitting the
model with the aforementioned cumulative mortality data. The estimated values were
E1(0) = 5, 754, I1(0) = 2, 338 and A1(0) = 2, 501, respectively. The remaining ini-
tial conditions were set to (using US census data near the disease-free equilibrium):
N(0) = 3.314 × 108, S2(0) = 1, E2(0) = 0, I2(0) = 0, A2(0) = 0, R1(0) = 0, R2(0) =
0, D(0) = 1, and S1(0) = N(0)− E1(0)− I1(0)− A1(0)− S2(0) [151].
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3.2.2.1 Insight from fitting the behavior-epidemiology model

The numerical values or sizes of the estimated parameters of the behavior-epidemiology

model (3.4), tabulated in Table 3.4, can provide important insight into the impact

of human behavior changes on the trajectory and burden of the disease during the

simulation/fitting period (i.e., during the first wave of the pandemic in the United

States). In particular, since the estimated value of the modification parameter ac-

counting for the variability in disease transmission by asymptomatically-infectious

individuals, in comparison to symptomatically-infectious individuals, is ηa = 2.275,

it follows that the transmission rate for asymptomatic infectious individuals (βηa)

is at least twice the size of the transmission rate for symptomatic infected individ-

uals (β). Furthermore, asymptomatic infectious individuals accounted for at least

70% of all new SARS-CoV-2 cases in the United States during the first wave of the

pandemic (this is computed from the ratio: ηa β/(ηa β + β) × 100%). Thus, it fol-

lows from the parameter estimation associated with fitting the behavior-epidemiology

model with the cumulative SARS-CoV-2 mortality data, that this chapter confirms

that asymptomatic infectious individuals were the main drivers of the SARS-CoV-2

pandemic in the United States during the first wave [92, 93, 94]. Table 3.4 also shows

that the estimated value for the product of the maximum rate of behavior change at-

tributed to fatigue to adherence to the public health interventions implemented in the

United States during the first wave (αf
21), and its associated probability of influence

(qf21), given by αf
21q

f
21 = 5.681 × 10−5 per day, is exceptionally small. Hence, it can

be inferred (from the very small value of the product αf
21q

f
21) that behavior change

due to fatigue to adherence to interventions was negligible (if at all) during the first

wave of the pandemic in the United States. Similarly, the estimated values for the

product of parameters associated with behavior change attributed to contact (i.e.,
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αc
12q

c
12 = 9.337 × 10−3 per day and αc

21q
c
21 = 9.223 × 10−3 per day), as well as those

for the parameters associated with the proportion of non-symptomatic individuals in

the community (i.e., αns
21q

ns
21 = 2.597× 10−3 per day) were relatively small, suggesting

behavior changes due to these metrics (contacts and size of non-symptomatic pools)

were of marginal impact on the trajectory or burden of the pandemic during the

first wave in the United States. On the other hand, Table 3.4 shows that the value

of the product of the parameters associated with behavior change due to the level

of symptomatic transmission in the community (i.e., αi
12q

i
12 = 0.110 per day) and

disease-induced mortality (i.e., αm
12q

m
12 = 0.305 per day) were relatively large (in com-

parison to the sizes of the other estimated parameters). Hence, behavior change due

to these metrics (level of symptomatic transmission and disease-induced mortality)

play significant role in driving the pandemic during the first wave in the United States

(i.e., the most influential forms of behavior change were linked to mortality followed

by the level of symptomatic transmission during the first wave of the SARS-CoV-2

pandemic in the United States). The behavior change functions will be further anal-

ysed in Section 3.3.1 (and their impact on disease transmission and disease-induced

mortality will also be discussed there).

3.2.3 Fitting the behavior-free model with data

In order to fully understand the impact of explicitly accounting for human behavior

elements in the model, it is instructive to also consider the version of the behavior-

epidemiology model (3.4) without the behavior elements (known as the behavior-

free model. The equations for the behavior-free model, obtained by setting all the

behavior-related parameters of the behavior-epidemiology model (3.4) to zero (i.e., we

consider the model (3.4) with p = ψc
12 = ψc

21 = ψi
12 = ψns

21 = ψm
12 = ψf

21 = 0), are given
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by Equation (H.1) in Appendix H. The resulting behavior-free model (H.1) will also be

fitted using the same cumulative mortality data used to fit the behavior-epidemiology

model and fixed parameters given in Table 3.3. Here, too, some parameters of the

behavior-free model (namely, β, ηa and δ), as well as initial conditions (namely E1(0),

I1(0) and A1(0)) will be estimated from the data fitting.

3.2.3.1 Insights from fitting the behavior-free model (H.1) with data

First of all, since the estimated value of the modification parameter accounting for the

variability in disease transmission by asymptomatically-infectious individuals (ηa), for

the behavior-free model, is ηa = 5.41, it follows that, for the behavior-free model (H.1),

the transmission rate for asymptomatic infectious individuals (βηa) is at least five

times as much as that of symptomatic infected individuals (β). Thus, the behavior-

free model shows that asymptomatic infectious individuals are a lot more influential

(in generating more new cases), in comparison to the model with human behavior (in

other words, adding heterogeneity due to human behavior changes during an epidemic

significantly reduces the relative infectiousness or influence of asymptomatic transmis-

sion). Furthermore, specifically for this model, the fitting shows that asymptomatic

infectious individuals accounted for about 84% (ηaβ/(ηaβ+β)×100%) of all new cases

during the first wave of the pandemic in the United States (recall that asymptomatic

individuals accounted for 70% of new cases using the behavior-epidemiology model

(3.4)). Since most of the modeling and empirical studies suggest that asymptomatic

individuals accounted for between 50% to 70% of new cases [157, 158, 159], this chap-

ter shows that the model without human behavior (unlike with human behavior)

over-estimated the influence of asymptotic transmission in the United States.
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Figure 3.3: Data fitting, parameter estimation and cross-validation of the behavior-
free model (H.1), using SARS-CoV-2 cumulative mortality data for the United States
during the first wave of the pandemic (corresponding to the period from March 1st,
2020 to June 18th, 2020). (a) Least-squares fitting of the behavior-free model (H.1),
showing the cumulative COVID-19 mortality generated from the model, compared
to the observed cumulative mortality data for the United States during the first
wave (obtained from the Johns Hopkins University COVID-19 repository [73]). (b)
Simulation results of the behavior-free model (H.1), depicting the daily COVID-19
mortality for the United States, as a function of time, predicted by the behavior-free
model using the fixed parameters tabulated in Table 3.3 and estimated parameters
obtained through fitting (i.e., β = 0.132 per day, ηa = 5.349 and δ = 1.611 × 10−4

per day), in comparison to the observed daily mortality data for the United States
during the first wave (obtained from the Johns Hopkins University COVID-19 reposi-
tory [73]). The behavior-free model was fitted to the data from March 1st, 2020 until
May 29th, 2020 (depicted by a dashed black line in the figure), and cross-validated
by comparing the model output with the observed mortality data for the remain-
ing 20 days (depicted with a green curve). Three of the initial conditions of the
behavior-free model (namely E1(0), I1(0) and A1(0)) were estimated from fitting the
model with the aforementioned cumulative mortality data. The estimated values were
E1(0) = 1, 388, 568, I1(0) = 10, 3571 and A1(0) = 350, 357, respectively. The remain-
ing initial conditions were set to (using US census data near the disease-free equi-
librium): S2(0) = 1, E2(0) = 0, I2(0) = 0, A2(0) = 0, R1(0) = 0, R2(0) = 0, D(0) =
1, N(0) = 3.314× 108, and S1(0) = N(0)− E1(0)− I1(0)−A1(0)−R1(0), R1(0) = 0
[151].
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3.2.4 Basic qualitative properties of the behavior-epidemiology model

Before analysing the asymptotic properties of the behavior-epidemiology model (3.4),

it is instructive to analyse its basic qualitative properties first of all. This is done

below [151]. We define the following biologically-feasible region for the model:

Ω =

{(
S1, S2, E1, E2, I1, I2, A1, A2, R1, R2

)
∈ R10

+ : N(t) ≤ Π

µ

}
. (3.15)

Theorem 3.2.1. Suppose that the initial values S1(0), S2(0), E1(0), E2(0), I1(0),

I2(0), A1(0), A2(0), R1(0), R2(0) of the model (3.4) are non-negative. The region Ω is

positively-invariant and bounded with respect to the model (3.4).

Proof. The equation for the rate of change of the total human population, obtained

by adding all equations in (3.4), is given by:

Ṅ(t) = Π− µN − δ1I1 − δ2I2. (3.16)

By the non-negativity of the parameters and state variables of the model (3.4), it

follows from (3.16) that

Ṅ(t) ≤ Π− µN. (3.17)

Hence, if N > Π
µ
, then Ṅ ≤ 0. Thus, it can be shown using a standard comparison

theorem [65] on (3.17) that

N(t) ≤ Π

µ
+

(
N(0)− Π

µ

)
e−µt, (3.18)

where N(0) represents the initial population (i.e., the population at time t = 0).

Hence, N(t) ≤ Π

µ
if N(0) ≤ Π

µ
. If the initial population exceeds the carrying capacity(

i.e., N(0) >
Π

µ

)
then the solutions are initially outside the region Ω but the solution
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trajectory will eventually enter the region Ω since lim
t→∞

N(t) =
Π

µ
. Thus, every solution

of the model (3.4) with initial conditions in Ω remains in Ω for all time t > 0, and

those outside Ω are eventually attracted into Ω. In other words, the region Ω is

positively-invariant and attracts all initial solutions of the model (3.4).

3.2.5 Asymptotic stability of disease-free equilibria

The model (3.4) has two disease-free equilibria (DFE), namely a trivial adherents-

free DFE (denoted by E1) and a non-trivial adherents-present DFE (denoted by E2),

given, respectively, by [151]:

E1 := (S∗
1 , S

∗
2 , E

∗
1 , E

∗
2 , I

∗
1 , I

∗
2 , A

∗
1, A

∗
2, R

∗
1, R

∗
2) = (N∗, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0) and

E2 := (S∗
1 , S

∗
2 , E

∗
1 , E

∗
2 , I

∗
1 , I

∗
2 , A

∗
1, A

∗
2, R

∗
1, R

∗
2) = (S∗

1 , N
∗ − S∗

1 , 0, 0, 0, 0, 0, 0, 0, 0, 0) ,

(3.19)

where (for αc
21q

c
21 ̸= 0 and r0 ̸= 1),

S∗
1 =

N∗
(
αns
21q

ns
21 + ψf

21 + µ
)

αc
21q

c
21(r0 − 1)

and N∗ =
Π

µ
, (3.20)

with r0 =
αc
12q

c
12

αc
21q

c
21

(for αc
21q

c
21 ̸= 0). It follows from (3.20) that the DFE E2 exists if

and only if r0 > 1. This result is summarized below [151].

Theorem 3.2.2. The behavior-epidemiology model (3.4) has a trivial disease-free

equilibrium (E1, which always exists) and a non-trivial disease-free equilibrium (E2),

which exists whenever r0 > 1.

The quantity r0 is the ratio of the contact-mediated capacity of non-adherent individu-
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als to become adherents (at the rate αc
12q

c
12) to that of adherent individuals becoming

non-adherents (at the rate αc
21q

c
21). In other words, r0 > 1 implies that non-adherent

individuals adhere to interventions and move to the adherents group at a rate faster

than that at which adherent individuals become non-adherent and move to the non-

adherent group (i.e., r0 > 1 means the overall rate of transition from group 1 to group

2 exceeds that for group 2 to group 1). The trivial disease-free equilibrium (E1) is not

epidemiologically realistic, since it does not have any individuals in group 2 (hence,

it will not be considered or analysed in this chapter).

3.2.5.1 Local asymptotic stability of the non-trivial DFE of the behavior-

epidemiology model

In this section, the next generation operator method [88, 89] will be used to analyse

the local asymptotic stability property of the non-trivial disease-free equilibrium (E2)

of the behavior-epidemiology model (3.4). The implementation of the next generation

operator method requires the computation of two matrices, one that keeps track of

new infection terms (denoted by F ) and the other that tracks the linear transition

terms (denoted by V ). It can be shown, using the notation in [88], that the ma-

trices F and V , corresponding to the behavior-epidemiology model (3.4), are given,

respectively, by [151]:
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F =



0 0 β
S∗
1

N∗ β(1− εm)
S∗
1

N∗ βηa
S∗
1

N∗ βηa(1− εm)
S∗
1

N∗

0 0 β(1− εm)
S∗
2

N∗ β(1− εm)
2 S

∗
2

N∗ βηa(1− εm)
S∗
2

N∗ βηa(1− εm)
2 S

∗
2

N∗

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0



,

(3.21)

and,

V =



W + σ + µ −U 0 0 0 0

−W U + σ + µ 0 0 0 0

−(1− r)σ 0 W + γi + µ+ δ1 0 0 0

0 −(1− r)σ −W γi + µ+ δ2 0 0

−rσ 0 0 0 W + γa + µ −U

0 −rσ 0 0 −W U + γa + µ


,

(3.22)

where,

U = αc
21q

c
21

S∗
1

N∗ + αns
21q

ns
21 + ψf

21 and W = αc
12q

c
12

S∗
2

N∗ . (3.23)

It is convenient to define the following quantity (where ρ is the spectral radius) [151]:

RC = ρ(FV −1). (3.24)

The result below follows from Theorem 2 of [88] (note that closed form expression

for RC is not readily available, due to the high dimensionality of the associated next
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generation matrices, and has to be computed numerically) [151].

Theorem 3.2.3. The non-trivial disease-free equilibrium of the behavior-epidemiology

model (3.4) (which exists only if r0 > 1) is locally-asymptotically stable if RC < 1,

and unstable whenever RC > 1.

The quantity RC is the control reproduction number of the behavior-epidemiology

model (3.4). It measures the average number of new cases generated by a typical

infectious individuals if introduced in a population where some public health inter-

vention measures (notably nonpharmaceutical interventions, such as the use of face

mask in public) are implemented. The epidemiological implication of Theorem 3.2.3

is that a small influx of infected individuals into the community will not generate a

large outbreak in the community if the control interventions can bring (and maintain)

the threshold quantity RC to a value less than one. Using the baseline values of the

fixed and estimated parameters in Tables 3.3 and 3.4 in Equation (3.24) shows that

the value of RC during the first wave of the SARS-CoV-2 pandemic in the United

States was RC ≈ 2.42 (showing that the non-trivial equilibrium is unstable, and sug-

gesting significant outbreak of the disease). It is worth stating that the value of the

control reproduction number associated with the behavior-free model (H.1), denoted

by R̃C and computed by substituting the parameters in Table 3.3 and the estimated

parameters for the behavior-free model (namely β = 0.132 per day, ηa = 5.349 and

δ = 1.611× 10−4 per day) into the corresponding expression for its associated control

reproduction number, is R̃C = 1.81. Most modeling studies have suggested a control

reproduction number for the first wave of SARS-CoV-2 in the United States in the

range [2-4] [21, 160]. Thus, the behavior-free model, unlike the behavior-epidemiology

model, may have under-estimated the burden (or severity) of the first wave in the

United States.
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3.3 Numerical Simulations of Behavior-Epidemiology Model

The behavior-epidemiology model (3.4) will now be simulated, using the baseline val-

ues of the fixed and estimated parameters of the model tabulated in Tables 3.3 and

3.4, to assess the impacts of disease-related metrics (namely, contacts with individuals

from another group, level of disease-induced mortality, level of symptomatic trans-

mission, proportion of non-symptomatic individuals and intervention fatigue in the

community) on inducing behavior change (as measured in terms of the back-and-forth

transitions between the two behavior groups considered in this chapter) during the

first wave of the SARS-CoV-2 pandemic in the United States. Simulations will also

be carried to assess the impact of the various behavior change functions and changes

in the value of parameter that accounts for the proportion of exposed individuals who

become asymptomatically-infectious at the end of the exposed period (r) on disease

burden (specifically, cumulative mortality) during the first wave.

3.3.1 Relative influence of disease metrics on inducing behavior change in the

community

In this chapter, behavior change is measured in terms of the transition from the

adherent (non-adherent) to the non-adherent (adherent) group. These transitions, or

associated behavior change functions (ψij; i, j = {1, 2}; i ̸= j), are influenced by the

following disease metrics: contacts with individuals from another group (captured

by the functions ψc
12, ψ

c
21; given by Equations (3.8), (3.9), respectively), the level of

disease transmission by symptomatic individuals (represented by ψi
12, given by (3.10)),

the level of non-symptomatic individuals in the community (represented by ψns
21 , given

by (3.11)), the level of disease-induced mortality (ψm
12, given by (3.12)) and the level of
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intervention fatigue (ψf
21, defined in (3.13)) in the community. The behavior change

functions (ψc
12, ψ

c
21, ψ

i
12, ψ

ns
21 , ψ

m
12 and ψf

21) are depicted in Figure 3.4, from which

it follows that behavior change (as measured in terms of transition from group 1 to

group 2 or vice versa) is most influenced by two disease metrics: the level of disease-

induced mortality in the community (red curve in Figure 3.4(a)) followed by the

level of symptomatic transmission (blue curve in Figure 3.4(a)). As shown in Figure

3.4(b)), behavior change from group 2 to group 1 due to contact is more influential

during the very early stage of the first wave (brown curve in Figure 3.4(b)). As the

outbreak progresses, however, this mechanism of behavior change loses influence to,

for example, behavior change due to contact with individuals in group 2 (light blue

curve in Figure 3.4(b)). Additionally, it is also observed that behavior change due to

the presence of non-symptomatic individuals in the community (gold curve in Figure

3.4(b)) is slightly lower when the number of symptomatic cases significantly increase

but otherwise remains nearly constant throughout the first wave). Behavior change

due to intervention fatigue was of very marginal (or no) influence during the first wave

(dark blue curve in Figure 3.4(b)). In summary, the simulations in Figure 3.4 show

that the level of disease-induced mortality and disease transmission by symptomatic

individuals were the main drivers for positive behavior change from group 1 (non-

adherent) to group 2 (adherent) during the first wave of the SARS-CoV-2 pandemic

in the United States. The disease metric related to contact and the proportion of non-

symptomatic individuals in the community were largely of marginal impact while the

metric related to fatigue being inconsequential in inducing significant behavior change

during the first wave of COVID-19 in the United States.
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Figure 3.4: Simulations of the behavior-epidemiology model (3.4) assessing the im-
pact of disease-related metric on behavior change during the first wave of COVID-19
in the United States. The rate of behavior change (a) due to infection (ψi

12) and
mortality (ψm

12) and (b) due to contact with individuals in group 2 (ψc
12), contact with

individuals in group 1 (ψc
21), presence of non-symptomatic individuals in the commu-

nity (ψns
21 ) and fatigue (ψf

21) plotted as a function of time. The figure is generated
using baseline parameter values from Tables 3.3 and 3.4 [151].

3.3.2 Impact of size of proportion of exposed individuals who become

asymptomatically-infectious at the end of exposed period (r)

Asymptomatic infectious individuals were shown, in Section 3.2.2.1, to account for

a sizable proportion of new SARS-CoV-2 cases during the first wave in the United

States [92, 93, 94]. In this section, the impact of the parameter accounting for the

proportion of exposed individuals that become asymptomatic after the exposed pe-

riod (r) on disease burden and inducing behavior change will be assessed [151].
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3.3.2.1 Impact of the proportion of exposed individuals who become

asymptomatically-infectious at the end of exposed period (r) on

control reproduction number (RC)

The objective here is to quantify the impact of changes in the proportion of exposed

individuals who become asymptomatic at the end of the exposed period (r) on dis-

ease burden (as measured in terms of the value of the control reproduction number,

RC of the behavior-epidemiology model (3.4)), (given by Equation (3.24)). Figure

3.5(a) depicts a profile of RC , as a function of r, generated by using the baseline

values of the parameters in Tables 3.3 and 3.4, from which it follows that the control

reproduction number (hence, disease burden) increases with increasing values of the

proportion of exposed individuals who become asymptomatically-infectious at the end

of the exposed period (r). This is intuitive, since asymptomatic infectious individuals

are expected to have more contacts in the community, thereby generating more new

cases (in comparison to symptomatic individuals, who may be bed-ridden or in self-

isolation; thereby having limited or no contact with the public). However, when the

value of the parameter for the relative infectiousness of asymptomatic individuals,

in relation to symptomatic infectious individuals (ηa) is reduced from its estimated

baseline value of ηa = 2.275 to ηa = 0.85, for example, while all other parameters

are kept at their baseline values in Tables 3.3 and 3.4, the result obtained show that

the control reproduction number (RC) decreases with increasing values of r (Figure

3.5(b)). Hence, this result shows that if the relative infectiousness of asymptomatic

infectious individuals is lower than that of symptomatic individuals (for example if

asymptomatic individuals have lower contacts or lower viral load and transmission

capacity, in comparison to symptomatic individuals), then an increase in the pro-

portion of exposed individuals who are asymptomatic can reduce disease burden. In
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other words, this chapter shows that the size of asymptomatic infectious individuals

(as measured by the parameter r) could lead to an increase or a decrease in disease

burden in the community, depending on whether or not the relative infectiousness of

asymptomatic infectious individuals is larger or lower than the relative infectiousness

of symptomatic infectious individuals (i.e., this depends on whether r > 1 or r < 1).

Figure 3.5: Simulations of the behavior-epidemiology model (3.4) assessing the im-
pact of change of the proportion of exposed individuals who become asymptomatic
at the end of the exposed period (r) on the control reproduction number (RC). An
increase in r can (a) increase or (b) decrease RC . Figure (a) is generated by calcu-
lating RC , given by Equation (3.24), for varying values of r between 0 and 1, with
remaining parameter values as in Tables 3.3 and 3.4. Figure (b) is similarly generated
by varying r between 0 and 1, ηa = 0.8 and remaining parameter values as in Tables
3.3 and 3.4 [151].
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3.3.2.2 Impact of the proportion of exposed individuals who become

asymptomatically-infectious at the end of exposed period (r) on

mortality

The objective here is to quantify the impact of changes in the proportion of ex-

posed individuals who become asymptomatic at the end of the exposed period (r)

on SARS-CoV-2 mortality during the first wave in the United States. Here, too, the

behavior-epidemiology model (3.4) is simulated using the baseline parameter values

given in Tables 3.3 and 3.4, with varying values of r. The results obtained are de-

picted in Figure 3.6. The profile of the cumulative SARS-CoV-2 mortality in the

United States during the first wave, as a function of r is depicted in Figure 3.6(a).

This figure show that the cumulative mortality increases with increasing values of r

until a peak is reached (at about r = 0.46), above which the cumulative mortality

decreases, reaching zero at r = 1 (this is intuitive since r = 1 corresponds to the

case that all exposed individuals become asymptomatic at the end of the exposed

period, and, in the formulation of the behavior-epidemiology model, it was assumed

that asymptomatic infectious individuals do not suffer disease-induced mortality).

Thus, this chapter shows the existence of a critical threshold for the proportion of

exposed individuals who become asymptomatic at the end of the exposed period that

maximizes the cumulative SARS-CoV-2 mortality during the first wave in the United

States. Specifically, if r = 0.46 (i.e., 46% of exposed individuals do not show clinical

symptoms of SARS-CoV-2 at the end of the exposed period, while the remaining 54%

do so), cumulative SARS-CoV-2 mortality in the United States is maximized. Above

this threshold value, the cumulative SARS-CoV-2 mortality significantly decreases

(reaching zero when all exposed individuals do not show symptoms of the disease at

the end of the exposed period). This result shows that a strategy that significantly
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increases the proportion of exposed individuals who become asymptomatic at the

end of the exposed period (e.g., rapid testing, detection and treatment of exposed

(i.e., newly-infected but not yet infectious) individuals) will significantly reduce the

cumulative mortality of SARS-CoV-2 during the first wave in the United States. Fur-

thermore, the behavior-epidemiology model is further simulated using the baseline

parameter values in Tables 3.3 and 3.4 to generate the profile of the maximum daily

SARS-CoV-2 mortality during the first wave of the pandemic in the United States, as

a function of the proportion of exposed individuals who become asymptomatic at the

end of the exposed period (r). The results obtained, depicted in Figure 3.6(b), also

show an increase in the maximum daily mortality with increasing values of r until a

peak is reached at r = 0.64, and the maximum daily mortality decreases thereafter (in

other words, simulating the behavior-epidemiology model with r = 0.64, and all other

parameters as given in Tables 3.3 and 3.4, resulted in the highest peak in the daily

SARS-CoV-2 mortality during the first wave). Thus, based on the parameter values

used in the simulations in this section, this chapter identifies two distinct threshold

values of the parameter r (for the proportion of exposed individuals that become

asymptomatic at the end of the exposed period) that maximize cumulative and daily

mortality, respectively. While the daily SARS-CoV-2 mortality is maximized during

the first wave when the proportion of exposed individuals who become asymptomatic

at the end of the exposed period is 64% (this is equivalent to maximizing the mor-

tality burden on the healthcare system if measured on a daily basis), the cumulative

mortality is maximized when the proportion is 46% (this is equivalent to maximiz-

ing the overall mortality burden on the healthcare burden from the beginning of the

pandemic until the end of the first wave). The profiles of the cumulative and daily

SARS-CoV-2 mortality, as functions of time, for the two threshold values of r (i.e.,

r = 0.46 and r = 0.64) are depicted in Figure I.1 (in Appendix I).
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Figure 3.6: Simulations of the behavior-epidemiology model (3.4) assessing the im-
pact of change in the proportion of exposed individuals who become asymptomatic
at the end of the exposed period (r) on mortality. The change in (a) cumulative mor-
tality and (b) maximum daily death is displayed for varying values of r. The vertical
dashed line in (a) depicts the value of r that maximizes cumulative mortality while in
(b) it depicts a value of r that maximizes daily mortality. The figures are generated
by varying the value of r between 0 and 1 in the behavior-epidemiology model (3.4)
while taking the remaining parameter values from Tables 3.3 and 3.4 [151].

3.4 Discussion and Conclusion

This chapter presents a novel mathematical model for the transmission dynamics and

control of the SARS-CoV-2 pandemic in the United States that explicitly incorpo-

rates the impacts of changing human behavior. Specifically, the model was formulated

by stratifying the total population into two groups based on their adherence or lack

thereof to public health interventions, and considered five metrics for human behav-

ior, namely behavior change due to: (a) information received by members of one

group from members of the other group (b) the level of symptomatic transmission

in the community (c) the size of the proportion of non-symptomatic individuals in
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the community, (d) the level of disease-induced mortality in the community and (e)

the degree of fatigue to adherence to intervention and mitigation measures (such as

wearing a face mask in public, observing social distancing and community lockdowns

etc).

The resulting two-group behavior-epidemiology model, which takes the form of a

relatively large deterministic system of nonlinear differential equations, was parame-

terized using observed cumulative SARS-CoV-2 mortality data, at the national level,

for the United States during the first wave of the pandemic (March to June, 2020).

The model was then rigorously analysed to gain qualitative insights into its dynam-

ical features. Such analyses revealed that the disease-free equilibrium of the model

is locally-asymptotically stable whenever a certain epidemiological quantity (known

as the control reproduction number, denoted by RC) is less than one, and unstable

when the quantity exceeds one. The epidemiological consequence of this result is

that the disease can be effectively controlled in the community (when RC < 1) if

the initial number of infected individuals introduced into the community is small

enough. In other words, significant outbreaks will not occur if the intervention and

mitigation measures implemented can bring (and maintain) this threshold quantity

to a value less than one. The model was then simulated to quantify the impact of

behavior changes on the trajectory and burden of the disease, in addition to assessing

the population-level impact of public health intervention and mitigation measures

(specifically, basic nonpharmaceutical interventions, such as the use of face mask by

individuals in the adherent group).

As stated above, the two-group behavior-epidemiology model was fitted and cross-

validated using the observed cumulative mortality data for the United States during

the first wave of the SARS-CoV-2 pandemic (which corresponds to the period from
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March 1, 2020, to June 18, 2020; we used the segment of the data from March 1, 2020

to May 29, 2020 for fitting the model, and the data for the remaining segment, from

May 30, 2020 to June 20, 2020, for cross-validation). We showed very good fit for

the cumulative mortality data (and we used the estimated parameters, together with

the fixed parameters of the behavior-epidemiology model, to predict the observed

daily mortality for the SARS-CoV-2 pandemic during the first wave in the United

States, showing a very good prediction). We showed that, unlike for the case of the

behavior-epidemiology, the behavior-free analog of the behavior-epidemiology model

(i.e., the two-group model without human behavior changes explicitly incorporated

into the model) did not do as well in correctly capturing the observed trajectory and

burden of the pandemic during the first wave.

Extensive numerical simulations of the behavior-epidemiology model is carried out to

determine which of the five behavior metrics considered in this chapter were more in-

fluential in inducing positive behavior changes (to minimize risk of acquisition and/or

transmission of infection) during the first wave of the SARS-CoV-2 pandemic in the

United States. The results obtained showed that the behavior change metric that

induces the greatest positive behavior change (as measured in terms of the transition

from the non-adherent group to the adherent group) is the behavior change due to

the level of disease-induced mortality in the community, followed by behavior change

due to the level of symptomatic individuals in the community (in other words, this

chapter shows that, during the first wave, people are more likely to change behavior,

and begin to strictly adhere to public health intervention and mitigation measures

implemented, if they see a significant increase in mortality due to the disease in ad-

dition to a significant increase in the number of people with symptoms of the disease

in the community). Simulations also showed that behavior change induced by fatigue
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to interventions (i.e., wearing a mask, in this case) had only a very marginal (or

essentially no) effect in inducing a negative behavior change (from adherent to non-

adherent group) during the first wave of the pandemic in the United States. In other

words, this chapter shows that the overwhelming proportion of individuals in the ad-

herent group did not experience significant level of fatigue to intervention during the

first wave of COVID-19 pandemic in the United States.

Extensive numerical simulations were also carried out to assess the impact of the the

proportion of exposed individuals who become asymptomatically-infectious at the end

of the exposed period (denoted by the parameter r) on the burden of the SARS-CoV-

2 pandemic, in addition to inducing behavior change to interventions, during the first

wave in the United States. We showed that, using the baseline values of the param-

eters of the behavior-epidemiology model in the simulations (where asymptomatic

infectious individuals were at least twice more infectious than symptomatic infectious

individuals), the control reproduction number (RC) of the behavior-epidemiology

model increases with increasing values of r. Thus, in this case, an increase in the pro-

portion of exposed individuals who eventually become asymptomatically-infectious

resulted in an increase in the burden of the pandemic (since an increase in RC im-

plies increase in average number of new cases and, potentially, increase in number of

hospitalizations and deaths). On the other hand, if asymptomatic infectious were not

as infectious as symptomatic infectious individuals (i.e., if the parameter ηa for the

relative infectiousness of asymptomatic individuals is less than one), while all other

parameters of the model are kept at their baseline values, the control reproduction

number decreases with increasing values of r. In other words, this chapter shows

that the ability of asymptomatic infectious individuals to significantly increase the

burden of the pandemic depends on the relative infectiousness of asymptomatic in-
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fectious individuals, in comparison to the infectiousness of symptomatic individuals.

Nonetheless, this result highlights the importance of reducing the level of asymp-

tomatic transmission in the community (through strategies such as widespread testing

and rapid isolation and treatment of asymptomatic individuals).
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Chapter 4

MATHEMATICAL ASSESSMENT OF WASTEWATER-BASED

EPIDEMIOLOGY TO PREDICT SARS-COV-2 CASES AND

HOSPITALIZATIONS IN MIAMI-DADE COUNTY

4.1 Introduction

The use of wastewater to study the spread of infectious disease (based on isolating

pathogens from the stool of some individuals infected with the disease) has a long

history, dating back to the pioneering work of John Snow (considered the “Founding

Father” of modern epidemiology) in 1854, which showed that cholera-contaminated

water from a Broad Street pump was the source of the cholera transmission in the Soho

district of London [161, 162]. In the late 1930s and early 1940s, a Yale Poliomyelitis

Study Unit led by John Paul and James Trask detected poliomyelitis (polio) virus in

sewage collected in multiple cities in the United States with active polio epidemics,

including Charleston, South Carolina; Detroit, Michigan; and Buffalo, New York,

by injecting wastewater in the endemic regions into monkeys and observing to see

if the monkeys acquire the polio infection [163, 164, 165]. Their experiment showed

that wastewater could potentially be used as an indicator of disease activity in a

community. However, their method involving monkeys was costly, slow, and ineffi-

cient as the monkeys died from other chemicals or pathogens that were present in

the wastewater injected into them [166]. In the modern times, the availability of

efficient and safe methods for detecting viral RNA in wastewater (such as reverse

transcription–polymerase chain reaction (RT-PCR)), wastewater-based surveillance
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of disease activity has become an effective and resource-efficient tool for gathering

crucial/important community-level public health information during outbreaks of in-

fectious diseases [167, 168]. For instance, the United States Centers for Disease Con-

trol and Prevention (CDC) launched the National Wastewater Surveillance System

(NWSS) in September of 2020, in response to the novel 2019 coronavirus pandemic

(coined COVID-19, caused by SARS-CoV-2) [169].

Wastewater-based surveillance epidemiology has numerous benefits. It, for instance,

is a less invasive disease surveillance mechanism, in comparison to conducting mass

testing to detect the level of spread of a pathogen in the community [170]. Further-

more, in the context of COVID-19, while a kit for rapid antigen tests can cost as little

as 2 dollars to manufacture, bidding wars between health systems, state governments

and employers can contribute to much higher prices [171]. For example, during the

year 2021, a spokesperson for the state of South Carolina claimed that the state paid

as high as 130 for some of its rapid test kits [171]. Ngwira et al. [172] estimated

the economic costs of conducting wastewater-based environmental surveillance for

SARS-CoV-2 in Blantyre, Malawi and Kathmandu, Nepal, estimating monthly costs

of approximately 6, 175 to 8, 272 dollars for Blantyre and 16, 756 to 30, 050 dollars

for Kathmandu, respectively. It is further estimated that the cost per person in the

catchment area annually ranged from dollar 0.07 to 0.10 in Blantyre and dollar 0.07 to

0.13 in Kathmandu [172], respectively. Wastewater surveillance, when combined with

other forms of public health surveillance and interventions, can result in a very effec-

tive control and mitigation of infectious diseases spreading in communities [173, 174].

For instance, during the SARS-CoV-2 pandemic, in 2020, researchers from the Uni-

versity of Arizona, Tucson, used wastewater samples from campus dorms to identify

which dorms are infected (i.e., wastewater from which student dormitory contained
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viral RNA), subsequently leading to mass testing of students in the infected dorm

(and the detection and quarantine of two asymptomatic cases) [175, 176]. It has

also been suggested that wastewater could potentially act as a “leading indicator”

or an “early warning signal” for a disease outbreak [177, 178, 179, 180, 181]. Olesen

et al. state that the biological principle behind wastewater as a leading indicator

is that many infected individuals shed the virus in stool before they develop symp-

toms and thus also before they seek medical care [178]. Finally, wastewater genomic

surveillance can provide insight into disease variants (or strains) co-circulating in

the community [182, 183]. Wastewater surveillance in airports and on aircraft has

been proposed as a low-cost mechanism to monitor SARS-CoV-2 variants entering

a region [184, 185, 186]. All of these reasons not only highlight the importance of

using wastewater surveillance to detect or mitigate disease activity, but also hint at

the high utility of incorporating wastewater data into mathematical models for the

spread of emerging and re-emerging infectious diseases in a community to enhance

their prediction capacity.

Numerous mathematical models that use wastewater surveillance data have been

developed and used to study the transmission dynamics and control of numerous

emerging and re-emerging infectious diseases in communities. Before specifically dis-

cussing some of the COVID-19 mathematical models that used wastewater data, it

is intuitive to highlight the fact that numerous models for cholera epidemics have

already accounted for the concentration of the bacterium that causes the disease (V.

cholerae) in water [187, 188, 189, 190, 191, 192]. The key difference between the

COVID-19 wastewater models to be discussed and the cholera models is that, while

in the latter contaminated water is a source of infection, in the former, the data

collected from the wastewater (sewage) is used as an indicator of the level of spread
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of the disease in the community. The state of Israel was certified as polio-free by

the World Health Organization in June 2002 [193]. About 11 years later, wild-type

poliovirus 1 (WPV1) was detected during routine sewage samples collected between

the 7th to the 13th of April 2013 [193, 194]. Oral polio vaccine (OPV), a weakened

poliovirus given in the form of oral drops [195], was discontinued and replaced by in-

activated poliovirus vaccine (IPV) only policy in Israel in 2005 [194, 196]. This change

in policy was due to the risk of the emergence of circulating vaccine-derived poliovirus

(cVDPV) and vaccine-associated paralytic poliomyelitis [196]. Although both types

of the polio vaccine provide excellent protection against the disease, only OPV is able

to prevent transmission (by inducing “strong gut immunity that blocks transmission

of the virus, which is shed in the stool and spread largely through fecal-oral contam-

ination” [196]). In response to the sudden reappearance of polio, in early August

2013, Israel launched a supplementary OPV vaccination program, by September 20,

2023 and 60% of the targeted Israeli children had been vaccinated with bivalent OPV

[194]. The last two positive samples detected in Israel were on October 2013 and

February 2014 [197], thus effectively ending the outbreak in less than a year’s time.

The silent spread of polio in Israel in 2013-2014 and its subsequent suppression before

the detection/development of a single paralytic polio case highlights the importance

of sewage-based surveillance.

In the context of the COVID-19 pandemic, several statistical methods have also

been used to show a correlation between SARS-CoV-2 RNA levels in wastewater

and COVID-19 cases in the community [198, 199, 200]. Statistical models have used

wastewater data to predict COVID-19 cases [201], hospital admission [202, 203, 204]

and the effective reproduction number [205]. Furthermore, compartmental models

that incorporate wastewater data have also been used to achieve the same objective.
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For instance, McMahan et al. [206] used an SEIR model and wastewater surveil-

lance data to show that the number of model predicted COVID-19 cases in Clemson

University, South Carolina, between the time period from May 27, 2020 to August

25, 2020, was 11 (95% CI 4.2–17.5) times higher than the confirmed (i.e., observed)

cases. Phan et al. [207] proposed an SEIR-V (where V is the viral load in wastewater)

model that uses wastewater data to also show that the model predicted COVID-19

cases in the Greater Boston area, during the period from October 2, 2020 to January

25, 2021, were 8.3 to 10.2-fold higher than confirmed cases in Greater Boston area

from October 2, 2020 to January 25, 2021. Nourbakhsh et al. [208] extended the

standard SEIR model to explicitly account for various classes of infectious individ-

uals (symptomatic, asymptomatic and hospitalized) and recovered individuals who

are still shedding the virus in feces. The authors also accounted for the delay and

degradation of RNA from shedding to sampling.

This chapter is based on using a relatively simple SEIR epidemiology-wastewater

model to predict the burden of the SARS-CoV-2 and disease-related hospitalizations

in a population. Specifically, the model will be used to predict the case and hospi-

talization trends for Miami-Dade County, Florida. Although various compartmental

models have been used to predict the burden of COVID-19 at a county and state

level using SARS-CoV-2 case and mortality [151, 26, 109] and case data [23, 149], the

utility of these models is affected by decisions to halt the collection of such data, as

was the case with SARS-CoV-2 (when the Federal COVID-19 Public Health Emer-

gency (PHE) Declaration expired on May 11, 2023; and the CDC’s authorization

to collect certain types of public health data (most notably COVID-19 cases) also

expired) [209, 210]. Furthermore, the confirmed case data reported by the CDC does

not include asymptomatic COVID-19 cases (i.e., the confirmed case count does not
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accurately reflect the true burden of the disease) [211]. Additionally, the widespread

availability of free at-home COVID-19 test kits since January 2022 [212] impacted the

accuracy of the official testing count (due to under-reporting of positive at-home test

results) [213]. These factors, taken in totality, suggest that compartmental models for

the spread and control of the SARS-CoV-2 used after the halting of data collection in

May 2023 may benefit from alternative data source, such as wastewater surveillance

data.

Finally, the number of SARS-CoV-2-related deaths occurring at a county level may

be low enough (or may occur infrequently enough) that fitting an ODE model to daily

or weekly mortality data may pose additional challenges. This also potentially limits

the utility of using mortality data (after May 2023) to fit compartmental models for

the SARS-CoV-2 pandemic. Wastewater surveillance at the county level provides a

cost-effective alternative to remedy the unavailability of reliable epidemiological (case

and mortality) data for use to predict the transmission dynamics and control of the

disease at the county level. The use of wastewater surveillance data (as an indica-

tor for disease activity) is the main focus of this chapter. The chapter is organized

as follows. The wastewater-based epidemiology (WBE) model will be formulated in

Section 4.2. Specifically, while the equations describing the disease transmission dy-

namics in humans are described in Section 4.2.1, the equations for the dynamics of

SARS-CoV-2 RNA concentration in the wastewater are described in Section 4.2.2.

Asymptotic stability results for the associated disease-free equilibrium of the model

are given in Section 4.2.3. The model is fitted, using weekly wastewater data for the

county, in Section 4.3. Predictions for the number of weekly hospitalizations in the

county are also made in this section. Detailed time-varying global sensitivity analysis

is carried out in Section 4.4 to determine the parameters (wastewater-based, epidemi-
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ological and biological) that have the most influence on the chosen response function

(namely, the cumulative viral load in the wastewater). Numerical simulations are

carried out in Section 4.5. The main results of the chapter, along with its limitations,

are discussed and summarized in Section 4.6.

4.2 Wastewater-based Epidemiology (WBE) Model

In order to design the SARS-CoV-2 transmission model that incorporates wastewater

data, the total human population at time t, denoted by N(t), is split into mutually-

exclusive compartments of susceptible (S(t)), exposed (i.e., newly infected but not

infectious and not shedding virus into the wastewater system; E(t)), infectious and

shedding viral RNA into the wastewater (I(t)), hospitalized and shedding viral RNA

into the wastewater (H(t)), recovered and shedding viral RNA into the wastewater

(J(t)) and recovered but not shedding viral RNA into the wastewater (R(t)), indi-

viduals, so that [214]:

N(t) = S(t) + E(t) + I(t) +H(t) + J(t) +R(t).

Let V (t) represent the concentration of viral RNA (shed through feces) in the wastew-

ater at time t. Furthermore, let W (t) represents the cumulative amount of measured

SARS-CoV-2 concentration in the wastewater at time t, after accounting for decay

and delay of RNA from excretion to arrival, and other factors such as uncertainty in

measurement. The equations for the rate of change of the various compartments are

derived below.
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4.2.1 Equations for SARS-CoV-2 dynamics between humans

Susceptible individuals acquire infection, following effective contact with infectious

individuals (in the I and H classes), at a rate λ(t) (force of infection), given by [214]:

λ(t) =

(
βII(t) + βHH(t)

N(t)

)
, (4.1)

where βI and βH represent the effective contact rate of infectious individuals in the

symptomatic (I) and hospitalized (H) compartments. Newly-infected individuals in

the exposed class (E) progress to develop clinical symptoms of SARS-CoV-2 at a rate

σ. Symptomatic individuals are hospitalized at a rate ϕ. Symptomatic and hospi-

talized individuals recover (while also shedding viral RNA into the wastewater) at a

rate γI and γH , respectively (i.e., γI and γH , represent the rates at which individu-

als in the I and H classes progress to the J class, respectively, upon recovery from

SARS-CoV-2 infection). Finally, recovered individuals who shed viral RNA into the

wastewater (i.e., individuals in the J class) move to the no-viral-shedding recovered

class (R) at a rate γR. It follows, based on the above assumptions and derivations,

that the wastewater-epidemiology (WBE) epidemic model for the transmission of

SARS-CoV-2 in a community is given by the following deterministic system of non-

linear differential equations (where a dot represents differentiation with respect to

time t) [214]:
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

Ṡ(t) = −λ(t)S(t),

Ė(t) = λ(t)S(t)− σE(t),

İ(t) = σE(t)− (γI + ϕ)I(t),

Ḣ(t) = ϕI(t)− γHH(t),

J̇(t) = γII(t) + γHH(t)− γJJ(t),

Ṙ(t) = γJJ(t).

(4.2)

4.2.2 Equations for dynamics of viral concentration in the wastewater

To derive the equations for the dynamics of viral concentration in the wastewater

system, we assume, first of all, that the quantity of viral shedding (through feces)

into the wastewater at time t, denoted by V (t), increases by the viral shedding of

individuals in the symptomatic (I), hospitalized (H) and recovered but shedding (J)

classes. Let αζI , αζH and αζJ represent the rate at which individuals in the I, H and J

compartments shed viral RNA into the wastewater system in the community. Here, α

is the average fecal load (gram per unit time per person) and ζj (with j = {I, H, J})

is the average viral shedding rate of an individual in j compartment (RNA copies per

gram) [207]. The quantity V is reduced at a rate dV (where 1/dV is the average time

from excretion of feces to collection of a sample at the wastewater treatment plant).

Furthermore, only a certain proportion of the viral RNA shed into the wastewater is

measurable (denoted by a parameter η) due to a number of complex processes that

affect RNA (for example, due to temperature-related decay) [215, 216]. Hence, the

cumulative amount of the viral RNA measured in (or collected from) the wastewater,

denoted by W (t), is increased at a rate ηdV . Thus, based on the above assumptions

and derivations, the equations for the rate of change of the viral concentrations V
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and W are given, respectively, by [214]:


V̇ (t) = [ζII(t) + ζHH(t) + ζJJ(t)]α− dV V (t),

Ẇ (t) = ηdV V (t).

(4.3)

Let W̃ (N) represents the amount of wastewater collected at time N . Hence, W̃ (N)

can be obtained from the integral [214]:

W̃ (N) =

∫ N

N−1

Ẇ (l)dl. (4.4)

The WBE model, defined based on coupling the equations for the dynamics of SARS-

CoV-2 in humans with those for the viral dynamics within the wastewater system, is

given by the system of equations {(4.2),(4.3)}. Figure 4.1 depicts the flow diagram

of the WBE model, and the state variables and parameters are described in Tables

4.1 and 4.2, respectively. The WBE model (4.2),(4.3)} is an extension of various epi-

demiological models that incorporate wastewater dynamics [206, 207]. In particular,

it extended the model in [207] by, inter alia [214]:

(i) Adding compartment of (and viral shedding by) hospitalized individuals (hos-

pitalized individuals are not explicitly accounted for in [207]).

(ii) Adding the compartment J of recovered individuals who still shed viral RNA

into the wastewater (this compartment was not accounted for in [207]).

(iii) Using standard incidence to model the infection rate (mass action incidence was

used in [207]).
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(iv) Modeling viral dynamics in the wastewater system using two equations, ac-

counting for (a) the viral RNA shed by individuals in the community and (b)

the viral RNA measured at the wastewater treatment plant (only one equation

was used to model the wastewater component in [207]).

Figure 4.1: Flow diagram of the wastewater-based epidemiology (WBE) model
{(4.2),(4.3)}, where λ is defined in Equation (4.1). The dashed lines represent the
rate of fecal viral RNA shedding by individuals in the symptomatic (I), hospitalized
(H) and recovered (J) compartments. The state variables and parameters of the
model are described in Tables 4.1 and 4.2, respectively [214].

4.2.3 Asymptotic stability of disease-free equilibria

In this section, the local asymptotic stability of the disease-free solutions of the WBE

model will be analysed to determine conditions, in parameter space, for the control

or possible persistence of a SARS-CoV-2 outbreak in the community. It should,

first of all, be noted that the sub-model describing the disease dynamics in humans

(i.e.,Equation (4.2)) is decoupled from the equation for the wastewater dynamics

115



State variable Description

S Number of susceptible individuals
E Number of exposed (newly infected but not infectious or shedding)

individuals
I Number of infectious (and shedding) individuals
H Number of hospitalized (and shedding) individuals
J Number of recovered (i.e., not infectious) individuals who are still

shedding virus through feces
R Number of recovered (i.e., not infectious) individuals who are shed-

ding virus through feces
V Quantity of viral RNA shed through feces
W Cumulative measurement of viral RNA in wastewater

Table 4.1: Description of the state variables of the WBE model {(4.2),(4.3)} [214].

Parameter Description

βI(βH) Effective contact rate of individuals in the I(H) compartment
σ Progression rate from exposed (E) to I class

γI (j = {I,H, J}) Recovery rate for individuals in j class
ϕ Rate of at which individuals in I class get hospitalized
α Average fecal load per person per unit time

ζj (j = {I,H, J}) Average viral shedding per gram from individuals in j compartment
αζj (j = {I,H, J}) Rate at which individuals in j class shed

1/dv Average time from excretion of feces to collection at the treatment
plant

η Proportion of shed viral RNA that is not lost in sewage by mea-
surement time

ηdV Rate at which viral RNA goes from V to W class

Table 4.2: Description of the parameters of the WBE model {(4.2),(4.3)} [214].

(Equation (4.3)). Thus, the asymptotic dynamics of the WBE model reduces to the

analysis of the disease-free equilibria of the sub-model (4.2).

It can be seen that the model (4.2) has a continuum of disease-free equilibria (DFE),

given by [21, 26]:

E0 = (S∗, E∗, I∗, H∗, J∗, R∗) = (N(0)−R∗, 0, 0, 0, 0, R∗),

where N(0) is the initial total population, 0 < S∗ ≤ N(0), 0 ≤ R∗ ≤ N(0) and 0 <

S∗ +R∗ ≤ N(0). It is convenient to define the total population at the DFE as N∗ =
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S∗+R∗. Since our epidemic model does not account for disease-induced mortality (i.e.,

the population is asymptotically constant), N∗ = N(0). The asymptotic stability of

the DFE of the model (4.2) can be analysed using the next generation operator method

[88, 89]. Using the notation in [88], it can be seen that the non-negative matrix of

new infection terms (denoted by F ) and the M-Matrix of linear transition terms in

the infected compartments of the model (denoted by V ) are given, respectively, by

[214]:

F =


0 βI

S∗

N∗ βH
S∗

N∗

0 0 0

0 0 0

 and V =


σ 0 0

−σ γI + ϕ 0

0 −ϕ γH

 . (4.5)

It is also convenient to define the quantity (where ρ is the spectral radius) [88, 89]:

Rv = ρ(FV −1) = R0,I +R0,H , (4.6)

where,

R0,I = βI

(
S∗

N∗

)(
1

γI + ϕ

)
, Rv,H = βH

(
S∗

N∗

)(
ϕ

γI + ϕ

)(
1

γH

)
. (4.7)

The quantity R0 is the basic reproduction number of the model (4.2) (and, hence,

of the WBE model {(4.2),(4.3)}). It is a measure of the average number of new

cases generated by a typical infected individual if introduced into a population that

is completely susceptible. The quantities R0,I and R0,H are the constituent basic

reproduction numbers for the average number of new cases generated by symptomatic

and hospitalized individuals, respectively. The result below follows from Theorem 2

of [88].

Theorem 4.2.1. The continuum of disease-free equilibria (E0) of the model (4.2) is

locally-asymptomatically stable (LAS) if R0 < 1.
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The epidemiological implication of Theorem 4.2.1 is that a small influx of COVID-19

cases will not generate a large outbreak in the community if R0 < 1. In the case

of epidemic models, such as the sub-model (4.2), the epidemiological requirement of

having R0 < 1, while sufficient, is not necessary for the elimination of the disease

from the community [26, 21]. In other words, unlike in an endemic model (with

demographic birth and death processes, guaranteeing an influx of new susceptible

individuals into the population), the disease will die out (with time) under the as-

sumptions of an epidemic model regardless of the value of the reproduction number

(it should be noted that models for new epidemics, such as (4.2), always assume a

large, closed population, with no influx of people into or out of the population, in

addition to the assumption that the timescale of the epidemic is smaller than the

demographic timescale [217]. Consequently, the susceptible population can decrease

as more people acquire the infection but is not replenished, thus eventually leading

to the elimination of the disease even if the reproduction number exceeds unity.

Remark 4.2.1. In the case that R0 > 1, the epidemic will grow to a peak and then

eventually decline to zero [26, 22, 21].

4.3 Data-fitting and Parameter Estimation

The wastewater-based epidemiology (WBE) model {(4.2),(4.3)} has 13 parameters.

While the values of 8 parameters is known from literature, the values of the remaining

5 parameters (namely the the parameters for the effective contact rate of infectious

(βI) and hospitalized (βH) individuals, the rate of hospitalization (ϕ), the average

fecal load per person (α) and the proportion of shed viral RNA that arrives at the

treatment plant (η) will be obtained by fitting the model with the wastewater data

from the community. Specifically, the WBE model {(4.2),(4.3)} will be fitted using
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the weekly-measured wastewater data (obtained from Biobot Analytics [218]) for the

COVID-19 pandemic in the Miami-Dade county, Florida, for the period from July 3,

2021 to October 9, 2021. Additionally, some of the initial values of the state variables

of the model (namely, E(0), I(0), J(0) and R(0)) will be fitted from the data as well

(see the details in the caption of Figure 4.3). Miami-Dade county has three wastewater

treatment plants (WWTPs): the north district WWTP, the central district WWTP

and south district WWTP, servicing approximately 780,000, 830,000 and 920,000

people, respectively [219]. U.S. Census Bureau estimates the total population of

Miami-Dade county for July 1, 2022 to be 2,673,837 [220]. Hence, these wastewater

treatment plants serve about 95% of the total population of Miami-Dade county. The

map of the service area corresponding to each of the three treatment plants is given

in Figure 4.2. The wastewater data used to fit the model is processed by Biobot

Analytics. This company gives the average weekly data collected from each of the

three treatment plants in the county [218]. Consequently, to convert this to total

weekly wastewater data (which is what we really need for fitting the model), we

multiply the average weekly data by 7.

Before describing the data fitting of the WBE model {(4.2),(4.3)}, the values of the 8

known parameters (also known as fixed parameters) of the model are described below.
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Figure 4.2: Map showing the three wastewater treatment plants (WWTP) in Miami-
Dade county in Florida and their service area. The three treatment plants, namely
the north district treatment plant, central district treatment plant and south district
treatment plant, are marked in the map with green cylinder icons and their service
area is depicted with green, violet and red shaded color in the map. The north district,
central district and south district treatment plants respectively service approximately
0.78, 0.83 and 0.92 million individuals, respectively. The map is taken from the
January 30, 2023 report by Miami-Dade County [219].

4.3.1 Values of the fixed (known) parameters of the WBE model

The values of the 8 known parameters of the WBE model {(4.2),(4.3)} (tabulated in

Table 4.3) are described as follows: the incubation period for COVID-19 is estimated

to be 3 days [84], so we set the transition parameter (σ) from exposed to infectious

class to be σ = 1/3 per day. The recovery time for infectious individuals (1/γI) and

hospitalized individuals (1/γH) is 8 days [221, 87], hence γI = γH = 1/8 per day. Upon

recovery, newly recovered individuals (i.e., individuals in J compartment) continue
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to shed for 24 days, hence γR = 1/24 per day. The viral shedding in hospitalized

patients’ stool data in [221] (given in log10 viral RNA copies per gram) was fitted by

Phan et al. [207] to obtain a function, f(t), that describes the temporal fecal viral

shedding profile, and is given by:

f(t) =
71.97t

16 + t2
. (4.8)

As shown in [207], taking the average of this function from average time of entering the

infectious I class (i.e., 3 days) to the average time of recovery in this class (i.e., 8 days)

gives an average fecal viral shedding rate for an infectious individual (here, individuals

in compartment I) to be 7.65 log10 viral RNA per gram, which is equivalent to

4.49 × 107 viral RNA per gram. Thus, ζI = 4.49 × 107 viral RNA per gram. It is

assumed that the average fecal viral shedding rate for hospitalized individuals (who

have an average recovery period of 8 days [87]) is the same (i.e., ζH = ζI = 4.49× 107

viral RNA per gram). Admittedly, it is an extremely crude way of approximating

ζH , however since the proportion of individuals who are in H class is a small fraction

of that in I [222], the impact of this crude assumption is negligible on the overall

viral concentration in wastewater. Similarly, the average fecal viral shedding rate

for recovered individuals who are still shedding (i.e., individuals in J compartment),

denoted as ζJ , is [214]:

ζJ =
1

24− 8

∫ 24

8

71.97 t

16 + t2
dt = 4.50 log10 viral RNA per gram = 3.17×104 viral RNA per gram.

(4.9)

The average time from excretion of feces to collection at the treatment plant is as-

sumed to be 1 day, hence dv = 1 per day or 7 per week. This is a reasonable estimate

based on references providing 18 to 36 hour travel time for wastewater treatment
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plants serving similar sized population[207, 223]. Finally, like in [207], to compute

the total viral load in sewershed, the weekly wastewater data is multiplied by the

total influent flow rate per week, (the influent flow rate is estimated to be 300 million

gallons per day for Miami-Dade County [224, 225]).

4.3.2 Estimated (fitted) parameters of the WBE model

In this section, the values of the 5 unknown parameters (also known as estimated

parameters) of the WBE model {(4.2),(4.3)}, obtained by fitting the model with the

measured wastewater data for the SARS-CoV-2 pandemic for the period from July

3rd, 2021 to October 9th, 2021, is discussed. Nonlinear least-squares optimization

method was used to fit the model. MATLAB’s minimization function “lsqcurvefit” is

specifically used to minimize the sum of the squared differences between each weekly

wastewater data point (data obtained from Biobot Analytics [218] and Miami-Dade

County [224]), and the value of the corresponding wastewater data generated by

solving the WBE model {(4.2),(4.3)}. The results obtained, for the model fitting is

depicted in Figure 4.3(a) with a blue curve (with data points marked with brown

dots). Furthermore, the values of unknown parameters obtained from the data fitting

are tabulated in Table 4.4. The projection of the number of weekly hospitalized

individuals, using fixed and fitted parameters in Table 4.3 and 4.4, respectively, is

depicted with a cyan curve in Figure 4.3(b), alongside observed hospitalization data

points marked in red dots (data obtained from The New York Times [226]). It can

be observed in Figure 4.3 that weekly hospitalization data peaks a week later than

weekly wastewater data (the time when wastewater and hospitalization data peaks are

marked by dashed orange and violet lines in Figures 4.3(a) and (b), respectively). As

seen in Figure 4.3(b), the model projection captures the week in which hospitalization
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peaks as well as the overall trend of hospitalization during the wave. The cumulative

wastewater and hospitalization curves was then simulated (using fixed and fitted

parameter values in Tables 4.3 and 4.4, respectively) and compared with the observed

cumulative wastewater and hospitalization data in Figures 4.3(c) and (d). It can be

observed that a model with parameters estimated using the weekly case data can

explain the aggregated data.

The parameter values obtained through data fitting are briefly discussed. The trans-

mission rate associated with individuals in H class is βH = 0.00847 per week, which

suggests that the level of transmission at hospitals is relatively low. The rate of hos-

pitalization is ϕ = 0.0066 per week, which suggests that a relatively small proportion

of individuals who get COVID-19 get hospitalized. Plugging the value of γI and ϕ

from Tables 4.3 and 4.4, the proportion of individuals in I class that get hospitalized,

defined as infection-to-hospitalization ratio (IHR), is obtained as [214]

IHR =
ϕ

γI + ϕ
× 100% = 0.58%.

This suggests, that an estimate of 0.58% of the infected individuals were hospitalized

in Miami-Dade County during the time period of our study. This is in line with the

finding in [227], which suggests a range of IHR from 0.4% for those younger than

40 years to 9.2% for those older than 60 years. The media age of individuals in

Miami-Dade County is 41.0 years [228], hence the obtained 0.58% IHR is reasonable.

The proportion of shed viral RNA that makes it to treatment plant is obtained to

be η = 0.956, which suggests that in Miami-Dade, during the time period considered

in this chapter, only a small portion of viral RNA is lost due to factors such as

degradation due to temperature. Lastly, the average fecal load per person per week

is α = 3283.5 grams per week, which is equivalent to 469.1 grams per day. This is
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a reasonable result since Rose et al. [229] estimate daily fecal load to be 51 to 796

grams per day. Additionally, an average person of 70 kilograms (154.32 pounds) is

estimated to excrete about 500 grams of stool per day [230]. The average weight of

male and female residents in Miami-Dade is 188 pounds and 154 pounds, respectively

[231], hence assuming an equal sex ratio (i.e., an equal number of male and female in

the population), the average weight of Miami-Dade residents can be estimated to be

171 pounds, so an average fecal load of 469.1 grams per person per day is not too far

off.

The basic reproduction number, obtained by substituting values of parameters of

model from Tables 4.3 and 4.4 in Equation 4.6, is 2.02.

Parameter Value Source

σ 7/3 week−1 [84]
γI 7/8 week−1 [221]
γH 7/8 week−1 [87]
γR 7/24 week−1 [208, 232, 233]
ζI 4.49× 107 viral RNA per gram [207]
ζH 4.49× 107 viral RNA per gram Assumed
ζJ 3.17× 104 viral RNA per gram Calculated (see (4.9))
dv 7 week−1 Assumed

Table 4.3: Values of the fixed parameters of the WBE model {(4.2),(4.3)} [214].

Parameter Estimated (fitted) Value

βI 1.770 week−1

βH 0.00847 week−1

ϕ 0.00512 week−1

η 0.956 (dimensionless)
α 3283.5 grams week−1

Table 4.4: Values of the fitted (estimated) parameters of the WBE model
{(4.2),(4.3)} [214].
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Figure 4.3: Data fitting, parameter estimation and projection of the model {(4.2), (4.3)} using
weekly wastewater data for Miami-Dade County, Florida from July 3rd, 2021 to October 9th, 2021.
(a) Least-squares fitting of the WBE model {(4.2), (4.3)}, showing weekly viral load in wastewa-
ter generated from the model, compared to the observed wastewater data (obtained from Biobot
Analytics [218] and Miami-Dade County [224]). (b) Simulation results of the WBE model {(4.2),
(4.3)}, depicting the weekly COVID-19 hospitalization for Miami-Dade County, as a function of
time, predicted by the WBE model using the fixed and estimated parameters tabulated in Tables
4.3 and 4.4, respectively, in comparison to the observed weekly hospitalization data for Miami-Dade
County from July 3rd, 2021 to October 9th, 2021 (obtained from The New York Times [226]). (c)
Cumulative viral load in wastewater (depicted with a blue curve) is compared with the observed
cumulative wastewater data for Miami-Dade County from July 3rd, 2021 to October 9th, 2021 (ob-
tained from Biobot Analytics [218] and Miami-Dade County [224]; depicted with brown dots). (d)
Cumulative COVID-19 hospitalization (depicted with the cyan curve) is compared to the observed
cumulative hospitalization data (depicted with red dots) for Miami-Dade County from July 3rd,
2021 to October 9th, 2021 (obtained from The New York Times [226]). The WBE model was fitted
to the data from July 1st, 2021 until September 11th, 2021 (depicted by a dashed black line in
the figure), and the projection of the model output is compared with the observed wastewater data
till October 9, 2021 (the projection period is depicted with a green curve). The vertical dashed
orange and violet lines in Figures (a) and (b) respectively correspond to the time when weekly
wastewater and hospitalization data peaks (i.e., August 14, 2021, and August 21, 2021, respec-
tively). Four of the initial conditions of the WBE model (namely E(0), I(0), J(0) and R(0)) were
estimated by fitting the model with the aforementioned wastewater data. The estimated values were
E(0) = 17, 377, I(0) = 55, 592, J(0) = 3, 058 and R(0) = 2, 077, respectively. The initial condition
for the number of hospitalized individuals (i.e., H(0)) is obtained from The New York Times to
be 310 [226]. Using the U.S. Census data, the total initial population of Miami-Dade County is
assumed to be N(0) = 2, 716, 940 [234, 235]. Hence, the initial susceptible population is obtained as
S(0) = N(0)−(E(0)+I(0)+H(0)+J(0)+R(0)). The remaining initial conditions are V (0) = 1014.96

(i.e., log10(V (0)) = 14.96) and W (0) = 1015.79 (i.e., log10(V (0)) = 15.79) [214].
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4.4 Global Sensitivity Analysis

Global sensitivity analysis will be carried out, using Latin Hypercube Sampling (LHS)

and Partial Rank Correlation Coefficients (PRCCs) [106, 107, 108], on the WBE

model {(4.2)(4.3)} to determine the parameters that have the most influence on a

chosen response function. Various SARS-CoV-2 modeling studies have chosen the

reproduction number of the models (a measure of the average number of new cases

generated by a typical infectious individual over the duration of their infectiousness)

as the response function [21, 109, 236, 237]. In this chapter, we will use the cumulative

viral load in wastewater (W ) as the response function. Choosing the state variable

W as the response function allows us to assess the population-level impact of the

epidemiological, biological and wastewater-related parameters on wastewater itself

(it is worth noting that the expression for the reproduction number of the WBE

model, given by Equation (4.6), does not contain wastewater-related parameters,

such as ζI, ζH, ζJ , α, dV and η; hence, using it as a response function will not

allow us to assess the impact of the wastewater-related parameters). An Increase

in the rate of increase of the response function (i.e., an increase in the cumulative

viral RNA concentration in the wastewater function, W ) can signify an increase in

disease burden (i.e., higher concentration of viral RNA in the wastewater means

increases in the number of individuals who shed virus, and, consequently, increases

in SARS-CoV-2 burden in the community). Thus, the epidemiological objective of

the sensitivity analysis is to decrease the rate of increase of the response function

(W ). On the other hand, an increase in the rate of increase of the response function

(W ) can improve the precision with which wastewater surveillance can be used to

accurately assess the trend, spread and burden of the disease in the community.

Thus, the ecological objective is to identify the wastewater-related parameters that
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can improve the accuracy of the method used to measure the viral RNA concentration

in the wastewater. These (epidemiological and ecological) objectives will be assessed.

The baseline values of the 13 parameters of the WBE model, given in Tables 4.3 and

4.4, will be used in the sensitivity analysis. These parameters are assumed to obey

uniform distribution, and the range of each of these parameters is assumed to be 20%

to the left and 20% to the right of its baseline value (except η which is given a range

of [0.8, 1]). The range of each parameter is subdivided into 1, 000 equal sub-intervals.

Since the parameter set is drawn from this set without replacement, this leads to

1, 000× 13 parameter matrix (or hypercube) [109]. A parameter with a PRCC value

greater than 0.5 in absolute value and corresponding small p-values (p < 0.05) is

strongly correlated to the response function [110]. Since the response function (W ) is

a non-decreasing function, a PRCC larger than 0.5 (smaller than -0.5) indicates that a

change in a parameter leads to a significant increase (decrease) in the rate of increase

of the cumulative function W . Since the response function (W (t)) is time-dependent,

the impact of the parameters of the WBE model on W (t) may vary with time. Thus,

the PRCCs associated with these parameters (with respect to the response function

W (t)) may be time-dependent as well.

Figure 4.4 depicts the time-varying PRCCs of the parameters in the response function

W (t) [238] generated from the sensitivity analysis carried out in this section. This

figure, which depicts the PRCC curves for parameters in the response function W (t)

that had a PRCC value of higher than 0.5 in absolute value during some time t, shows

that, while six parameters of the WBE model {(4.2),(4.3)}, namely transmission

rate of infectious individuals (βI), average fecal load per person per unit time (α),

average viral shedding per gram from individuals in I compartment (ζI), proportion

of viral RNA in the wastewater that is not lost in sewage by measurement time
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(η), progression rate from exposed to infectious class (σ) and rate at which excreted

feces arrives at the sewage treatment plant (dV ), are strongly positively correlated

with the response function (i.e., an increase in the values of these parameters result

in a corresponding increase in the rate of increase the response function), one of

the parameter (recovery rate of infectious individuals (γI)) is strongly negatively

correlated with the response function (i.e., an increase in the value of this parameter

will result in a corresponding decrease in the rate of increase of the response function).

In other words, the sensitivity analysis carried out in this section identifies seven

parameters of the WBE model {(4.2),(4.3)} that have the highest influence on the

value of the response function, as summarized below:

(a) The parameter for the transmission rate of infectious individuals (βI; with

PRCC values lying in the range [0.72, 0.97]).

(b) The parameter for the average fecal load per person per unit time (α; with

PRCC values in the range [0.87, 0.97]).

(c) The parameter for the average viral shedding per gram from individuals in I

compartment (ζI; with PRCC values in the range [0.87, 0.97]).

(d) The parameter for the proportion of viral RNA in the wastewater that is not lost

in sewage by measurement time (η; with PRCC values in the range [0.69,0.91]).

(e) The parameter for the progression rate from exposed to infectious class (σ; with

PRCC values in the range [0.14, 0.80]).

(f) The parameter for the rate at which excreted feces arrives at the sewage treat-

ment plant (dV ; with PRCC values in the range [0.04, 0.57]).
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(g) The recovery rate of infectious individuals (γI; with PRCCs ranging in [-0.97,

-0.79]).

It can be seen from Figure 4.4 that although the PRCC curves for the parameters

βI, η, α and ζI slightly oscillate (i.e., increase or decrease slightly) over time, their

PRCC values remain consistently above +0.5. Hence, any increase in the values

of these parameters will lead to a significant increase in the response function (i.e.,

an increase in the level of viral RNA in the wastewater) for all time t. For the

remaining two positively-correlated parameters mentioned above (namely, σ and dV ),

however, Figure 4.4 shows that the significance of these parameters (in increasing

the response function) depends on time. In particular, this figure shows that while

the PRCC curves for these two parameters take values greater than +0.5 initially,

the values decrease significantly to positive values much lower than +0.5 as time

increases. Thus, during the first few weeks of the wave, any increase in the values

of the two parameters will cause a significant increase in the response function, and

an increase in the values of these parameters much later during the wave (e.g., after

week 7) will only cause a marginal increase in the value of the response function.

For example, the black curve in Figure 4.4 shows that, while during the early stages

of this pandemic wave (e.g., during the first eight weeks of the wave), an increase

in the value of the parameter σ (for the progression rate from the exposed class to

the infectious class) will cause a significant increase in the viral concentration in the

wastewater, an increase in the value of this parameter afterwards (i.e., after the first

eight weeks of the wave) will only cause a correspondingly small increase in the viral

RNA concentration in the wastewater. A similar result holds for the parameter dV ,

which is the reciprocal of the average time from excretion of feces to collection at the

treatment plan.
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Figure 4.4 shows that the only parameter that is negatively-correlated with the re-

sponse function is the recovery rate parameter (γI; with PRCC values in the range

[-0.97, -0.79]). This figure (blue curve) shows a very strong negative correlation for

this parameter, with the PRCC values increasing (in absolute value) from -0.79 to

around -1 as time increases. Thus, this figure shows that an increase in the value of

this parameter will lead to a very significant decrease in the rate of increase of the re-

sponse function,W (t), for all time t. It is worth stating that the solid red vertical line

in Figure 4.4 on Week 7 of the wave (corresponding to August 14, 2021) represents

the time when both the weekly wastewater data (W(t)) and the model projection of

weekly viral load in the wastewater peak (see Figure 4.3(a)). It should be mentioned

that Figure 4.4 only depicts the time-varying PRCC curves for parameters that have

PRCC value greater or equal to 0.5 in magnitude at some time t during the wave

(the PRCC curves for the remaining six of the WBE model that have PRCC values

never exceeding 0.5 in magnitude for all time t, namely, βH, ϕ, γH, γJ , ζH and ζJ , are

depicted in Figure 4.5.

The results of the sensitivity analysis suggest that the rate of increase of the response

function (W ) is highly correlated with increases in the transmission rate (β), the pro-

gression rate from exposed to infectious class (σ), the proportion of viral RNA that

is not lost by measurement time (η), the rate at which excreted feces arrives at the

sewage treatment plant (dV ), the fecal load parameter (α), the average viral shedding

rate by infectious individuals (ζI) and the recovery rate (γI). The epidemiological

objective of the sensitivity analysis is to decrease the viral RNA in the wastewater,

which entails decreasing the rate of increase of the response function W . Hence, it

follows from the sensitivity analysis that the implementation of targeted public health

control and mitigation strategies that reduce the transmission rate (β), the progres-
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sion rate (σ) and increase the recovery rate (γI) will significantly reduce the burden of

the pandemic in the county. While the transmission rate parameter βI can be reduced

through nonpharmaceutical and pharmaceutical intervention measures, such as the

use of high-impact face masks, social distancing, testing and isolation, progression

rate parameter σ can be reduced by early detection and treatment of newly-infected

individuals. Furthermore, the recovery rate parameter γI can be increased by us-

ing effective antiviral drugs, such as remdesivir [239]. The ecological objective of

the sensitivity analysis is to accurately measure the viral RNA concentration in the

wastewater, which entails increasing the rate of increase of the response function W .

The results of the sensitivity analysis suggest that the implementation of strategies

that increase the rate at which excreted feces arrives at the sewage treatment plant

(dV ) and the proportion of viral RNA in the wastewater that is not lost in sewage by

measurement time (η) can increase the precision with which the spread of the disease

can be captured through wastewater surveillance. The parameter for the viral RNA

in the wastewater that is not lost in the sewage by measurement time (η) can be in-

creased by enhancing the accuracy of the measurement of viral RNA concentration in

the wastewater data (e.g., by increasing measurement frequency or selecting sampling

location that is closer (relative to the location of treatment plants) to the inhabitants

of the county). The fecal arrival rate parameter (dV ) can also be increased by select-

ing sampling location that is closer to the inhabitants of the county. The remaining

two top PRCC-ranked parameters, α (for the average fecal load per person) and ζI

(for the average viral shedding rate for infectious individuals), are biological param-

eters that depend on the physiology of the infected individual, and there may not

be specific strategies to target these processes. For instance, while having infectious

individuals shed more virus into the wastewater (i.e., increase ζI) will increase the

accuracy of the viral RNA measurement in the wastewater, such high shedding rate
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increases the response function (since the parameter is highly positively-correlated

with the response function), hence increasing the disease burden. In other words,

more shedding increases both viral RNA measurement accuracy (a desirable feature)

and disease burden (an undesirable feature). It is worth restating that while five of

the seven top PRCC-ranked parameters (βI, η, α, ζI and γI) remain highly-correlated

with the response function (i.e., they have PRCC value greater or equal to 0.5 in

magnitude) throughout the duration of the pandemic wave considered in this chap-

ter, the remaining two top PRCC-ranked parameters (σ and dV ) lose influence over

time during the duration of the wave (by having PRCC values lower than 0.5 in

magnitude). In summary, the sensitivity analysis conducted in this section suggests

the targeted strategies that need to be implemented to ensure the effective control

(or elimination) of the SARS-CoV-2 pandemic in the Miami-Dade County, as well as

improving the accuracy of wastewater data in capturing the trend of the pandemic.
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Figure 4.4: Time-varying partial rank correlation coefficients (PRCCs) of the pa-
rameters that are strongly correlated (i.e., PRCC greater than 0.5 in absolute value
and corresponding small p-values (p < 0.05)) for the chosen response function (W )
of the WBE model {(4.2),(4.3)} during some period of the study. Note that time-
varying PRCCs of parameters ζI (depicted with a dashed orange line) and α (depicted
with a dark violet curve) are nearly identical. Week 7 corresponds to the time when
weekly wastewater data (and model projection of weekly viral load in wastewater)
peaks (i.e., August 14, 2021; see Figure 4.3(a)) and is depicted by a vertical red line.
Parameter values used in the simulations are given by the baseline values in Tables
4.3 and 4.4, and their ranges are taken to be 20% to the left and 20% to the right
of the respective baseline value (except η which is given a range of [0.8, 1]). In this
simulation p-value is less than 0.05 whenever PRCC is larger than 0.5 in magnitude.
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Figure 4.5: Time-varying partial rank correlation coefficients (PRCCs) of the pa-
rameters that are not strongly correlated with respect to the response function (W )
of WBE model {(4.2),(4.3)}. Parameter values used in the simulations are given by
the baseline values in Tables 4.3 and 4.4, and their ranges are taken to be 20% to the
left and 20% to the right of the respective baseline value (except η which is given a
range of [0.8, 1]) [214].

4.5 Numerical Simulations

In this section, the WBE model {(4.2),(4.3)} will be simulated, using the baseline

values of the fixed and estimated parameters in Tables 4.3 and 4.4, to (a) predict the

SARS-CoV-2 cases in Miami-Dade county, for the time period from July 3, 2021 to

October 9, 2021 considered in this chapter and (b) quantify the contributions of recov-

ered individuals in shedding viral RNA into the wastewater system in the county (i.e.,

we will quantify the contributions of viral RNA by individuals in the J compartment

towards the weekly viral load in wastewater in the county). The simulations for the

contribution of viral RNA into the wastewater by recovered individuals, which will be

carried out by varying their viral shedding rate (ζJ) and duration of shedding (1/γJ),
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allows us to further assess the impact of two parameters of the model that were not

among the most highly-correlated ones (note that this two parameters are included

in Figure 4.5, which depicts parameters of the WBE with weaker correlations with

the response function). These simulations are further described below.

4.5.1 Projecting weekly cases

The weekly SARS-CoV-2 cases predicted by the WBE model {(4.2),(4.3)} for the

county will be compared with the weekly reported case data for the county, obtained

from [240]. The WBE model is now simulated using the baseline values of the pa-

rameters in Tables 4.3 and 4.4, and the results obtained are depicted in Figure 4.6.

In particular, Figure 4.6(a) depicts a logarithmic plot of detected SARS-CoV-2 case

data for the county (magenta dots) and the model prediction of weekly cases for the

county (black curve), from which it follows that a clear correlation (or consistent

unimodal pattern) emerges between the data (of the weekly detected cases) and the

model prediction. This figure shows an increase in the number of cases with increasing

time until a peak is reached (on August 14, 2021), and the number of cases decreases

thereafter. This figure also shows that the week predicted by the model for the peak

number of cases in the county matches the week the peak occurred in the reported

data (namely, the week of August 14, 2021; it should also be recalled from Figures

4.3(a) and (b) that the WBE model also accurately captured the week when the

wastewater and hospitalization data peaked). It is evident from Figure 4.6(a) that

the model projection for the weekly case data during the week of August 14 is much

higher than the observed weekly case count for the county. In fact, the model predic-

tion is about 15.37 times higher than the observed weekly case count. This result is in

line with the CDC’s prediction of the true number of COVID-19-infected cases being
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at least 10 times higher than the reported confirmed cases [241]. Furthermore, Wu et

al. estimate that, in 33 states in the United States (including Florida), the number

of COVID-19 infections was at least 10 times larger than the number of confirmed

cases [242]. We plotted the model prediction of the weekly case data for the scenario

where the reported weekly case data for the county is re-scaled (i.e., multiplied) by

the 15.37 factor above. The results obtained, depicted in Figure 4.6(b), clearly shows

that the model prediction perfectly captures the trend of the reported detected weekly

cases. Figure 4.6(c) depicts a plot of the model-predicted number of weekly cases, as

a function of the detected weekly cases, showing a strong linear relationship between

the two (with a correlation coefficient of r = 0.99 and coefficient of determination

r2 = 0.98). This further confirms that the model captures the trend of the detected

case data.
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Figure 4.6: A comparison of model projected weekly cases with detected weekly
cases for Miami-Dade county, Florida from July 3rd, 2021 to October 9th, 2021. (a)
The log (base 10) of projected weekly cases (depicted with a black curve) along with
the log of detected weekly cases obtained from Covid Act Now [240]) (depicted with
red dots). (c) The model projected weekly cases (depicted with a red curve) along
with 15.37-fold of the weekly detected cases (depicted with green dots). (c) The
correlation of detected weekly cases with projected weekly cases (with a correlation
coefficient of r = 0.99). The green line represents the best linear fit to the detected
weekly cases versus projected weekly cases data [214] [214].

4.5.2 Quantifying viral RNA contributions by recovered individuals who shed virus

TheWBEmodel will now be simulated to quantify the contributions of viral RNA into

the wastewater by individuals who newly-recovered from SARS-CoV-2 infection but

are still shedding virus (i.e., individuals in the J class). Natarajan et al. [243, 244]

showed that fecal SARS-CoV-2 RNA shedding can occur even seven months after

infection, albeit among a small group of individuals (3.8% of 113 patients considered

in the study). Furthermore, the fecal shedding rate among individuals who have

recovered but are still shedding the virus may be much higher than the baseline

value used in this chapter (see Table 4.3). Hence, it is crucial to study the impact
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of varying the parameters related to viral shedding by recovered individuals (namely

the parameters ζJ and 1/γJ , for the shedding rate and shedding duration in the post-

infectious period, respectively) on the concentration of viral RNA in the wastewater.

The contribution of viral shedding at time t, by individuals in K compartment (with

K ={I,H,J}), is given by:

[
ζKK(t)

ζII(t) + ζHH(t) + ζJJ(t)

]
× 100% , with K(t) = {I(t), H(t), J(t)}. (4.10)

Figure 4.7: Comparison of WBE model {(4.2)(4.3)} projected profiles of the pro-
portion of infected (I/N) and recovered individuals (J/N) who are shedding viral
RNA in feces for Miami-Dade County, Florida, from July 3rd, 2021 to October 9th,
2021. (a) The profiles of the proportions of infectious (I/N) and recovered (J/N)
who are shedding virus. (b) The ratio of the population of recovered individuals who
are shedding to the proportion of infectious individuals (J/I), highlighting the rel-
ative increase in the number of recovered individuals who are shedding virus as the
pandemic wave progresses. The figure is generated using the baseline values of the
parameter given in Tables 4.3 and 4.4 [214].

The WBE model is simulated to generate the profiles of the proportions of individuals

in the infectious (I) and the viral shedding recovered (J) compartments, as a function
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of time. The results obtained, depicted in Figure 4.7(a), show that the proportions

of individuals in the two viral shedding compartments increase with increasing time

(i.e., as the pandemic wave progresses) until a peak is reached (which occur around

August 14, 2021 for the infectious proportion and around August 28, 2021 for the

recovered proportion, respectively), and decrease thereafter. This figure also shows

that as the pandemic wave progresses (e.g., a month into the wave), the proportion

of viral shedding recovered individuals in the community is much larger than that of

the viral shedding infectious individuals. The model is further simulated to quantify

the size of the population of the viral shedding recovered individuals (J), in relation

to the population of the viral shedding infectious individuals (I), as a function of

time (J/I). The results obtained, depicted in Figure 4.7(b), show a steady increase

in this proportion with increasing time (into the pandemic wave being considered).

It should be stated that, since the number of hospitalized individuals in the county

is relatively small (see Figure 4.3(b)), we did not simulate the contribution of viral

shedding by hospitalized infectious individuals.

It should be recalled that the simulations depicted in Figure 4.7 show that the profile

(i.e., proportion) of viral shedding recovered individuals exceeds that of viral shedding

infectious individuals about a month into the wave. Yet, the viral shedding contribu-

tion of recovered individuals who shed SARS-CoV-2 into the wastewater (computed

using (4.10)), under the baseline scenario (with the baseline parameter values given

in Tables 4.3 and 4.4) is negligible throughout the wave. This is because, under the

baseline scenario, the viral shedding rate of recovered individuals (ζJ) is dispropor-

tionately lower than the shedding rate of infectious individuals (ζI). It is, therefore,

instructive (based on the simulations in Figure 4.7 and that fact that the baseline

value of ζJ is disproportionately lower than that of ζI) to explore the scenario where
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the viral shedding rate by recovered individuals is much higher than its baseline value

To check this scenario, we simulate the WBE model to generate contour plots of the

percentage of viral contribution by viral shedding recovered individuals (computed

using Equation (4.10)), as a function of the parameter for viral shedding by recovered

individuals (ζJ , but now expressed as a function of the proportion of the baseline

value of the viral shedding rate of infectious individuals ζI; that is, ζJ = cζI; where

c ∈ [0.1, 1] and the parameter for the average shedding time by recovered individuals

(1/γJ). The results obtained, depicted in Figure 4.8, show that the percentage of vi-

ral contribution by recovered individuals increases with increasing values of the viral

shedding rate by recovered individuals and the average shedding time by recovered

individuals. Furthermore, this figure shows that if the viral shedding rate by recov-

ered individuals is set at one-fifth that by infectious individuals (i.e., ζJ = 0.2ζI),

then the overall viral contribution by viral shedding recovered individuals during the

second week of the wave in Miami-Dade County ranges from 8% to 12% (Figure

4.8(a)), depending on the average shedding duration of viral shedding recovered indi-

viduals. Similarly, for this scenario with ζJ = 0.2ζI, the overall viral contribution by

the viral shedding recovered individuals during week seven of the wave ranges from

15% to 40% (Figure 4.8(b)). Thus (by comparing Figures 4.8 (a) and (b)), the viral

contribution by viral shedding recovered individuals during week seven exceed their

shedding during week two of the wave. Finally, for this scenario with ζJ = 0.2ζI,

the simulations show that the overall viral contribution by viral shedding recovered

individuals during week fifteen of the wave (i.e., at the end of the wave) ranges from

26% to 86% (Figure 4.8(c)). The simulation in Figure 4.8(c) also shows that if ζJ and

γJ are large enough, then it is possible that the majority of the viral contribution at

the end of a wave can be attributed to viral shedding recovered individuals. Hence,

it can be concluded from the simulations in Figure 4.8 that, for the case where the
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viral shedding rate by recovered individuals is not disproportionately lower than that

by infectious individuals the overall viral contribution by viral shedding recovered

individuals during the early stage of the epidemic was low, but grows (and can dom-

inates the contribution by infectious individuals) as the epidemic progresses through

the wave. Thus, the simulations depicted in Figures 4.7 and 4.8 strongly suggest the

need to conduct further lab experiments to accurately measure or estimate the viral

shedding rate and shedding duration for individuals in the viral shedding recovered

compartment (our study may have under-estimated the values of these two parame-

ters; hence, further experiments to obtain more accurate values of these parameters

can enhance the accuracy of the utility of wastewater-based modeling to predict the

trajectory and burden of infectious diseases in a population.

Figure 4.8: The contour plots of the percentage of viral contribution by viral shed-
ding recovered individuals (computed using Equation (4.10)), as a function of shed-
ding rate of viral shedding recovered individuals (ζJ) and the average time of viral
shedding by viral shedding recovered individuals (1/γJ) during the (a) second week
(b) seventh week and (c) fifteenth week of the study period. The x-axis of the contour
plot is generated by varying ζJ between 0.1ζI to ζI (where ζI is the viral shedding
rate of infectious individuals and its value is given in Table 4.3) while the y-axis (i.e.,
1/γJ) is varied from 1 to 13 weeks. The remaining parameters are taken from Tables
4.3 and 4.4 [214].
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4.6 Discussion and Conclusion

Although the use of wastewater to study the spread of infectious disease (based on

isolating pathogens from the stool of some individuals infected with the disease) has a

long history, perhaps dating back to the pioneering work of John Snow in the 1854s, it

was only after the advent and widespread availability of efficient and safe methods for

detecting viral RNA in wastewater (e.g., reverse transcription–polymerase chain reac-

tion, invented in 1985 [245, 246]) that wastewater-based surveillance of disease activity

has become an effective and resource-efficient tool for gathering crucial community-

level public health information during outbreaks of infectious diseases [167, 168]. For

example, the United States Centers for Disease Control (CDC) launched the Na-

tional Wastewater Surveillance System (NWSS) in September of 2020 to “coordinate

and build the nation’s capacity to track the presence of SARS-CoV-2, the virus that

causes COVID-19, in wastewater samples collected across the country” [169]. Some

of the benefits of wastewater-based surveillance epidemiology includes the fact that it

is a less invasive surveillance mechanism (unlike the use of mass testing or large scale

genomic surveillance to detect disease activity in the community) and cost-effective

(in comparison to the cost of testing kits, for instance) [170, 171]. In addition to being

a “leading indicator” or an “early warning signal” for disease presence or activity in

a community, it can provide important insight into the presence of disease variants

or their entry into community (by monitoring wastewater in airports or on airplanes)

[177, 178, 179, 180, 181]. All in all, it is generally believed that wastewater-based

surveillance epidemiology (or implementing it in combination with other forms of

public health surveillance and interventions) can be a very effective tool to detect

disease activity, in addition to quanttifying the trajectory and burden of the disease

(thereby leading to the development of effective control and mitigation strategies)
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[173, 174].

Several mathematical models, of varying types (notably statistical and a few com-

partmental models) have been used to establish the correlation between SARS-CoV-2

RNA levels in wastewater and COVID-19 cases and burden in communities [198, 199,

200, 247, 201, 202, 203, 204, 248, 205]. The current study presents a wastewater-based

epidemiology (WBE) model for the dynamics of SARS-CoV-2 viral RNA in wastew-

ater treatment plants in Miami-Dade county of Florida. The model, which takes the

form of an epidemic (no human demographic) deterministic system of nonlinear dif-

ferential equations (obtained by coupling equations for the dynamics of SARS-CoV-2

in humans and in the wastewater system), was fitted to weekly wastewater data for

the SARS-CoV-2 pandemic in Miami-Dade for the period from July 3, 2021 to Octo-

ber 9, 2021. The model has a continuum of disease-free equilibria, which was shown

to be locally-asymptotically stable when a certain epidemiological threshold (denoted

by R0; which depends on human parameters only) is less than one. The epidemiolog-

ical implication of this result is that the outbreak will not grow in the county if the

reproduction threshold is brought to (and maintained at) a value less than one.

Simulations of the calibrated WBE model showed that it accurately predicts both the

trend for weekly SARS-CoV-2 hospitalizations in the county and the time when th

weekly hospitalizations reached a peak. Specifically, these simulations showed that

there was a one-week delay between when the weekly wastewater data peaked (i.e.,

showed a peak in the viral RNA concentration in the wastewater; which occurred

on August 14, 2021) and when the weekly hospitalization data peaked (which oc-

curred on August 21, 2021). The ability of the WBE model to capture both peaks

demonstrates its robustness to accurately predict the time delay between the two

peaks. Furthermore, the calibrated WBE model was simulated to predict the weekly
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SARS-CoV-2 cases for the county, and the result obtained showed a very strong cor-

relation between the predicted weekly case data and the observed weekly case data

for the county. Here, too, our simulations showed that the predicted weekly case data

peaked on August 14, 2021, which was exactly the same day the observed weekly

case data for the county peaked. Furthermore, the maximum case count estimated

by the calibrated WBE model was approximately 15 times higher than the maximum

of the actual (observed or confirmed) weekly cases for the county. This result is

consistent with those reported in numerous SARS-CoV-2 modeling studies (includ-

ing other wastewater-based modeling, as well as statistical models) in the literature

[242, 207, 206]. It is also consistent with the statement from the CDC, which esti-

mated that their reported case count during the SARS-CoV-2 pandemic was at least

10 times lower than the actual number of infected individuals [241]. Thus, these sim-

ulations demonstrate the utility and robustness of the wastewater-based surveillance

mechanism to not only detect the presence of disease in a community, but to reason-

ably (and, perhaps, accurately) estimate its trajectory and burden in the community.

Detailed time-varying global sensitivity analysis was carried out to determine the

parameters (wastewater-based, epidemiological and biological) that have the most

influence on the chosen response function (namely, the cumulative SARS-CoV-2 viral

load in the wastewater system (denoted by W (t))). These analyses revealed the five

parameters of the WBE model that have the highest influence on the value of the

response function (W (t)) for all time t during the duration of the SARS-CoV-2 wave

considered in this chapter. Specifically, the identified parameters are the transmission

rate of infectious individuals (βI), the average fecal load per person per unit time (α),

the average viral shedding per gram of infectious individuals compartment (ζI), the

proportion of viral RNA in the wastewater system that is not lost in the sewage by
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measurement time (η), and the recovery rate of infectious individuals (γI). Thus,

strategies that target these parameters (e.g., the use of face masks, testing, isolation

and social-distancing that reduce the transmission rate) can reduce the overall bur-

den of the pandemic. Furthermore, the results of the sensitivity analysis revealed

that enhancing the accuracy of the measurement of viral RNA concentration in the

wastewater data can be increased by increasing the proportion of shed viral RNA

that is not lost in sewage by measurement time. This can be achieved by increasing

measurement frequency or selecting sampling location that is closer (relative to the

location of treatment plants) to the inhabitants of the county.

The simulations of the WBE model further showed that, during the period of the

simulations considered, the number of recovered individuals who shed virus into the

wastewater in Miami-Dade during the simulation period (i.e., individuals in the J

compartment) exceeds that of infectious individuals (i.e., individuals in the I com-

partment) about a month into the wave. In other words, this chapter showed that the

majority of the people shedding the SARS-CoV-2 virus into the wastewater system in

Miami-Dade, during the time period considered in this chapter, are the viral-shedding

recovered individuals (and not the viral-shedding infectious individuals). This chap-

ter also showed that the viral contribution by the viral-shedding recovered individuals

during the early phase of the pandemic wave considered in this chapter was low. That

is, the majority of the viral contribution during the early stage of the outbreak may

be due primarily to the infectious individuals. However, our simulations showed that

the viral RNA contribution by viral-shedding recovered individuals increases with

increasing time during the wave (i.e., the contribution of viral shedding recovered

individuals increases as the wave progresses). In particular, the simulations showed

that, during the end of the pandemic wave considered (and depending on the value
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of the shedding rate and the average shedding duration of viral shedding recovered

individuals used in the simulations), viral-shedding recovered individuals may have

accounted for the majority of the viral shedding in the Miami-Dade wastewater sys-

tem. Thus, the result of this chapter strongly suggests the need to conduct further lab

experiments to accurately measure or estimate the viral shedding rate and shedding

duration for individuals in the viral shedding recovered compartment.

This chapter has several limitations, which we hope to account for in future stud-

ies. These include not explicitly differentiating between symptomatically-infectious

individuals and asymptomatically-infectious individuals (we lumped all infectious in-

dividuals into one compartment for mathematical tractability, and owing to the fact

that data to quantify viral shedding by asymptomatic infectious individuals appear

to be missing at the current time). Moreover, the viral shedding rate of recovered

individuals used for data-fitting purposes is significantly lower than that of infectious

individuals. However, the actual rate of viral shedding of recovered individuals may

be much larger. Thus, quantifying the value of this parameter based on data gener-

ated from relevant clinical (laboratory) studies will further enhance the effectiveness

of wastewater-based epidemiological modeling to assess and predict the dynamics

and burden of SARS-CoV-2 in a community. The study did not also include the

impact of vaccination (it is intuitive to expect that viral shedding in breakthrough

infections may be lower, in comparison to viral shedding by unvaccinated infected

individuals; here, too, there is currently no precise data on viral shedding by vac-

cinated infected individuals). Furthermore, the lack of precise information about

some of the dynamical aspects of the wastewater-related data also poses challenges

in wastewater-based epidemiological modeling. For instance, data on average dura-

tion of fecal transportation from source to the treatment plant (i.e., data to estimate
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the average time from excretion of feces to arrival at the sewage treatment plant)

will be very useful in the modeling process. Similarly, having daily wastewater data

(rather than weekly) will help improve the accuracy of model calibration with the

wastewater data (thereby improving the accuracy of the estimate of the unknown

parameters from the model fitting, as well as improving the overall predictive ca-

pacity of the WBE model). Overall, this chapter shows that the prospect of using

wastewater-based surveillance to provide insight into the transmission dynamics and

effective control (and elimination) of emerging, re-emerging and resurging infectious

diseases of major public health significance in a community, such as SARS-CoV-2, is

very promising, particularly if such data is collected with precision and timely (e.g.,

daily) basis, and made readily available to modelers. We emphasize the urgent need

for more clinical studies/experiments to accurately quantify the level of viral shedding

by asymptomatic, recovered and vaccinated infected individuals to further enhance

the predictive capacity of wastewater-based epidemiology models.
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APPENDIX A

INITIAL CONDITIONS FOR THE MODELS IN CHAPTER 2

A.1 Homogeneous Model

The initial conditions for the state variables of the homogeneous model (2.8), corre-
sponding to Waves A, B and C, are given in Table A1.

A.2 Two-group Model (During Wave C)

For the two-group model (2.31), the initial conditions for the state variables for indi-
viduals in Group 1 (i.e., individuals 64 years and younger) during Wave C is denoted
by X01, where:

X01 = (S01, V01, P01, I01, A01, H01, R01) , (A.1)

with,

S01 = 54, 168, 536, V01 = 76, 784, 154, E01 = 73, 596, P01 = 366, 386,

I01 = 4, 126, 977, A01 = 3, 558, 881, H01 = 42, 140 and R01 = 118, 643, 401.
(A.2)

Similarly, the initial conditions for the state variables for individuals in Group 2 (i.e.,
individuals 65 and older), denoted by X02, are computed from the relation:

X02 = X0 −X01, where Xi = {Si, Vi, Ei, Pi, Ii, Ai, Hi, Ri}, with i = {0, 01},
(A.3)

where X0 is the vector of the initial conditions for the state variables of the homoge-
neous model (given in Table A1) and X01 is the set of the initial conditions for the
state variables of the individuals in Group 1 (as given in (A.1)).
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Initial Condition
Value

Wave A Wave B Wave C

S0 327,433,290 155,108,886 73,443,709

V0 0 54,250,695 100,070,766

E0 800, 109 300, 105 97, 860

P0 800, 032 400, 302 388, 859

I0 1, 091, 821 1, 293, 500 4, 169, 424

A0 311, 949 748, 501 3, 586, 032

H0 32, 604 14, 085 84, 281

R0 1, 009, 051 118, 974, 149 149, 030, 355

Table A1: The initial conditions of the state variables of the homogeneous model
(2.8) used to generate Figure 2.2 (obtained by fitting the homogeneous model with
the observed cumulative mortality data for the United States during Waves A, B,
and C). The initial value of the susceptible population (S0) was obtained by sub-
tracting the initial values of remaining state variables of the homogeneous model
(V0, E0, P0, I0, A0, H0 and R0) and the observed cumulative mortality ( recorded at
the beginning of each of the three waves) from the total population of the United
States (331.69 million [113]). The initial conditions for the hospitalized individuals
and the cumulative mortality ( at the beginning of each of the three waves) are ob-
tained from data [73, 81] [61].
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APPENDIX B

PROOF OF THEOREM 3.2.2

Proof. Consider the homogeneous model (2.8) with a perfect vaccine (i.e., εv = 1).

Let R̃v ≤ s∗ < 1 (where s∗ = S∗/N∗ =
ωv + µ

ωv + ξv + µ
). Further, consider the following

linear Lyapunov function:

L = α0E + α1P + α2I + α3A+ α4H,

where,

α0 =
1

σ + µ
, α1 =

α0βP + rψα2 + (1− r)ψα3

(ψ + µ)
, α2 =

α0βI + ϕα4

ϕ+ γI + δI + µ
,

α3 = α0
βA

γA + µ
and α4 = α0

βH
γH + δH + µ

.

The Lyapunov derivative is given by (where a dot represents differentiation with
respect to time t):

L̇ = α0Ė + α1Ṗ + α2İ + α3Ȧ+ α4Ḣ,

which can be simplified to

L̇ =

[
α0βP

S

N
− α1(ψ + µ) + α2rψ + α3(1− r)ψ

]
P +

[
α0βA

S

N
− α3(γA + µ)

]
A

+

[
α0βI

S

N
− α2(ϕ+ γI + δI + µ) + α4ϕ

]
I +

[
α0βH

S

N
− α4(γH + δH + µ)

]
H

+

[
− α0(σ + µ) + α1σ

]
E,

so that (noting S(t) ≤ N(t) for all t in Ω1),

L̇ ≤
[

σ

σ + µ

{
βP

ψ + µ
+

rψβI
(ψ + µ)(ϕ+ γI + δI + µ)

+
rψϕβH

(γH + δH + µ)(ϕ+ γI + δI + µ)

+
(1− r)ψβA

(ψ + µ)(γA + µ)

}
− 1

]
E,

L̇ ≤ (R0 − 1)E,

L̇ ≤
[(

1− v∗

1− v∗

)
R0 − 1

]
E,

L̇ =

(
R̃v

1− v∗
− 1

)
E.
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Thus, L̇ ≤

(
R̃v

s∗
− 1

)
E, where s∗ = 1−v∗ (with v∗ defined in Equation (2.18)). That

is, the Lyapunov derivative L̇ ≤ 0 if R̃v ≤ s∗ < 1, and L̇ = 0 if and only if E(t) = 0.

Thus, L is a Lyapunov function in Ω1 and it follows from LaSalle’s Invariance Principle

[95] that every solution to the model (2.8) (with εv = 1 and initial conditions in Ω1)

converges to DFE as t→ ∞. That is, (S(t), V (t), E(t), P (t), I(t), A(t), H(t), R(t)) →

(S∗, V ∗, 0, 0, 0, 0, 0, 0) as t→ ∞ for R̃v ≤ s∗. Hence, the DFE is globally-asymptotically

stable in Ω1 if R̃v ≤ s∗ for the special case of the model (2.8) with εv = 1. This com-

pletes the proof.
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APPENDIX C

PROOF OF THEOREM 2.3.3

Proof. Consider a special case of the homogeneous model (2.8) with negligible disease-

induced mortality (i.e., consider the model (2.8) with δI = δH = 0). Furthermore, let

R⋄
v < 1. The proof is based on using a comparison theorem [65].

It is convenient to define:

W =
S + (1− εv)V

Π/µ
and W ∗ =

S∗ + (1− εv)V
∗

N∗ . (C.1)

The equations for the infected compartments of this special case of the model (2.8)

can be re-written in terms of the next generation matrices F and V ⋄ = V |δI=δH=0

(with F and V matrices given in Section 2.3.2.1) as:

d

dt



E(t)

P (t)

I(t)

A(t)

H(t)


= (F − V ⋄)



E(t)

P (t)

I(t)

A(t)

H(t)


−M⋄



E(t)

P (t)

I(t)

A(t)

H(t)


, (C.2)

where,

F − V ⋄ =



−(σ + µ) βPW
∗ βIW

∗ βAW
∗ βHW

∗

σ −(ψ + µ) 0 0 0

0 rψ −(ϕ+ γI + µ) 0 0

0 (1− r)ψ 0 −(γA + µ) 0

0 0 ϕ 0 −(γH + µ)


, (C.3)
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and,

M⋄ =



0 βP (W
∗ −W ) βI(W

∗ −W ) βA(W
∗ −W ) βH(W

∗ −W )

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0


. (C.4)

Since S∗ ≥ S and V ∗ ≥ V in Ω⋄ (so thatW ∗ > W ) and N∗ = Π/µ, it follows that the

matrixM⋄, defined in (C.4), is non-negative. Thus, Equation (C.2) can be re-written

as the following inequality:

d

dt



E(t)

P (t)

I(t)

A(t)

H(t)


≤ (F − V ⋄)



E(t)

P (t)

I(t)

A(t)

H(t)


. (C.5)

If R⋄
v < 1, then ρ(FV ⋄−1) < 1 (see Section 2.3.2.1), which is equivalent to all eigenval-

ues of F −V ⋄ matrix being negative [88]. Hence, the linearized differential inequality

(C.5) is stable whenever R⋄
v < 1, so (E(t), P (t), I(t), A(t), H(t)) → (0, 0, 0, 0, 0) as

t→ ∞ for this linear ODE system. It follows, using a standard comparison theorem

[65], that: (E(t), P (t), I(t), A(t), H(t)) → (0, 0, 0, 0, 0). Substituting E(t) = P (t) =

I(t) = A(t) = H(t) = 0, into the equations for Ṡ, V̇ , and Ṙ of the homogeneous

model (2.8) gives:

S(t) → S∗, V (t) → V ∗ and R(t) → 0, as t→ ∞.
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Hence, the disease-free equilibrium of the special case of the model (2.8) with neg-

ligible disease-induced mortality (i.e., model (2.8) with δI = δH = 0) is globally-

asymptomatically stable in Ω⋄, whenever R⋄
v < 1.
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APPENDIX D

PROOF OF THEOREM 2.3.6

Proof. Consider a special case of the homogeneous model (2.8) with negligible disease-

induced mortality (i.e., consider the model (2.8) with δI = δH = 0), and no waning of

immunity (ωv = ωn = 0). The proof of Theorem 2.3.6 is based on using a Krasnoselskii

sub-linearity trick (see [97, 98], and also [99, 100]). The substitution S = N∗ − V −

E − P − I − A − H − R (along with (2.21)) is used to rewrite this special case of

model (2.8) as [61]:

V̇ (t) = ξv(N
∗ − V − E − P − I − A−H −R)− k2V,

Ė(t) = λ⋄(N∗ − V − E − P − I − A−H −R)− k3E,

Ṗ (t) = σE − k4P,

İ(t) = rψP − k⋄5I,

Ȧ(t) = (1− r)ψP − k6A,

Ḣ(t) = ϕI − k⋄7H,

Ṙ(t) = γII + γAA+ γHH − µR,

(D.1)

where k⋄5 = ϕ + γI + µ, k⋄7 = γH + µ, and λ⋄, the force of infection obtained by

substituting N = N∗ in (2.9), is given by [61]

λ⋄ =
βPP + βII + βAA+ βHH

N∗ . (D.2)
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Linearizing the system (D.1) around the endemic equilibrium, E⋄
1, gives [61]

V̇ (t) = −ξv(V + E + P + I + A+H +R)− k2V,

Ė(t) = −a0V − (a0 + k3)E + (a1 − a0)P + (a2 − a0)I + (a3 − a0)A+ (a4 − a0)H − a0R,

Ṗ (t) = σE − k4P,

İ(t) = rψP − k⋄5I,

Ȧ(t) = (1− r)ψP − k6A,

Ḣ(t) = ϕI − k⋄7H,

Ṙ(t) = γII + γAA+ γHH − µR,

(D.3)

where, a0 =
βPP

∗∗ + βII
∗∗ + βAA

∗∗ + βHH
∗∗

N∗ , a1 = βP
S∗∗

N∗ , a2 = βI
S∗∗

N∗ , a3 = βA
S∗∗

N∗ ,

and a4 = βH
S∗∗

N∗ .

It follows that the Jacobian of the system (D.3), evaluated at E⋄
1, is given by [61]

J(E⋄
1) =



−ξv − k2 −ξv −ξv −ξv −ξv −ξv −ξv

−a0 −a0 − k3 a1 − a0 a2 − a0 a3 − a0 a4 − a0 −a0

0 σ −k4 0 0 0 0

0 0 rψ −k⋄5 0 0 0

0 0 (1− r)ψ 0 −k6 0 0

0 0 0 ϕ 0 −k⋄7 0

0 0 0 γI γA γH −µ



.

Assume that the linearized system (D.3) has a solution of the form [61]

Z(t) = Z0e
ωt, (D.4)

with Z0 = (Z1, Z2, Z3, Z4, Z5, Z6, Z7), ω, Zi ∈ C (i = {1, 2, · · · , 7}). Substituting the
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solution of the form (D.4) into the linearized system (D.3) gives [61]

ωZ1 = −ξv(Z1 + Z2 + Z3 + Z4 + Z5 + Z6 + Z7)− k2Z1,

ωZ2 = −a0Z1 − (a0 + k3)Z2 + (a1 − a0)Z3 + (a2 − a0)Z4 + (a3 − a0)Z5 + (a4 − a0)Z6 − a0Z7,

ωZ3 = σZ2 − k4Z3,

ωZ4 = rψZ3 − k⋄5Z4,

ωZ5 = (1− r)ψZ3 − k6Z5,

ωZ6 = ϕZ4 − k⋄7Z6,

ωZ7 = γIZ4 + γAZ5 + γHZ6 − µZ7.

(D.5)

The third to the seventh equation in system (D.5) can be rewritten by moving negative

terms to their respective left-hand side as [61](
1 +

ω

k4

)
Z3 =

σ

k4
Z2,(

1 +
ω

k⋄5

)
Z4 =

rψ

k⋄5
Z3,(

1 +
ω

k6

)
Z5 =

(1− r)ψ

k6
Z3,(

1 +
ω

k⋄7

)
Z6 =

ϕ

k⋄7
Z4,(

1 +
ω

µ

)
Z7 =

γI
µ
Z4 +

γA
µ
Z5 +

γH
µ
Z6.

(D.6)

To get a similar expression from first and second equations in system (D.5), we first
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rewrite all equations in system (D.6) in terms of Z2 as [61]

Z3 =
σ

ω + k4
Z2 = A1Z2,

Z4 =
rψσ

(ω + k4)(ω + k⋄5)
Z2 = A2Z2,

Z5 =
σ(1− r)ψ

(ω + k4)(ω + k6)
= A3Z2,

Z6 =
ϕrψσ

(ω + k4)(ω + k6)(ω + k⋄7)
Z2 = A4Z2,

Z7 =
1

µ
(γIA4 + γAA5 + γHA6)Z2 = A5Z2.

(D.7)

Then, using the first two equations of (D.5) and expressions in (D.7), we obtain [61](
1 +

ω + ξv
k2

)
Z1 +

[
1 +

ω + a0
k3

+
ξv
k2

+

(
ξv
k2

+
a0
k3

)
(A3 + A4 + A5 + A6 + A7)

]
Z2

=
a1
k3
Z3 +

a2
k3
Z4 +

a3
k3
Z5 +

a4
k3
Z6.

(D.8)

System (D.6) along with (D.8) can be rewritten as [61]

[1 + F1(ω)]Z1 + [1 + F2(ω)]Z2 =
a1
k3
Z3 +

a2
k3
Z4 +

a3
k3
Z5 +

a4
k3
Z6,

[(1 + F3(ω)]Z3 =
σ

k4
Z2 = (MZ)3,

[1 + F4(ω)]Z4 =
rψ

k⋄5
Z3 = (MZ)5,

[1 + F5(ω)]Z5 =
(1− r)ψ

k6
Z3 = (MZ)5,

[1 + F6(ω)]Z6 =
ϕ

k⋄7
Z4 = (MZ)6,

[1 + F7(ω)]Z7 =
γI
µ
Z4 +

γA
µ
Z5 +

γH
µ
Z6 = (MZ)7,

(D.9)

where,

F1(ω) =
ω + ξv
k2

+
a0
k3
,

F2(ω) =
ω + a0
k3

+
ξv
k2

+

(
ξv
k2

+
a0
k3

)
(A1 + A2 + A3 + A4 + A5),

F3(ω) =
ω

k4
, F4(ω) =

ω

k⋄5
, F5(ω) =

ω

k6
, F6(ω) =

ω

k⋄7
, and F7(ω) =

ω

µ
,

(D.10)
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with,

M =



0 0 0 0 0 0 0

0 0
a1
k3

a2
k3

a3
k3

a4
k4

0

0
σ

k4
0 0 0 0 0

0 0
rψ

k⋄5
0 0 0 0

0 0
(1− r)ψ

k6
0 0 0 0

0 0 0
ϕ

k⋄7
0 0 0

0 0 0
γI
µ

γA
µ

γH
µ

0



.

In the above expressions, the notation (MZ)i (with i = 1, · · · , 7) denotes the ith

coordinate of the vectorMZ. Furthermore, note that the matrixM has non-negative

entries and the endemic equilibrium E⋄
1 satisfies E⋄

1 =ME⋄
1. Hence, if Z is a solution

of (D.9), then it is possible to find a minimal positive real number b such that [99, 100]

||Z|| ≤ bE⋄
1, (D.11)

where, ||Z|| = (||Z1||, ||Z2||, ||Z3||, ||Z4||, ||Z5||, ||Z6||, ||Z7||) with lexicographic order,

and ||.|| is a norm in C. Now it is sufficient to show that Re(ω) < 0. Assume the

contrary (i.e., Re(ω) ≥ 0) and consider the following two cases [61].

Case 1: ω = 0.

In this case, (D.5) is the homogeneous linear system in the variables Zi (with i =
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1, · · · , 7). The determinant of this system is given by

∆ = −A+

(
S∗∗R⋄

v

N∗ − 1

)
µ(ξv + k2)k3k4k

⋄
5k6k

⋄
7, (D.12)

where,

A =µσk2k
⋄
5k6k

⋄
7 + µk2k4k

⋄
5k6k

⋄
7 + rµσϕψk2k6 + rµσψk2k6k

⋄
7 + (1− r)µσψk2k

⋄
5k

⋄
7

+ rσψγIk2k6k
⋄
7 + (1− r)σψγAk2k

⋄
5k

⋄
7 + rσϕψγHk2k

⋄
5 > 0.

To determine the sign of ∆ it is enough to determine that of
S∗∗R⋄

v

N∗ . To do this, we

first solve the system (D.1) at the endemic steady-state (E⋄
1) as

S∗∗

N∗ =
k3E

∗∗

βPP + βII∗∗ + βAA∗∗ + βHH∗∗ , (D.13)

P ∗∗ =
σ

k4
E∗∗, I∗∗ =

rψσ

k⋄5
E∗∗, A∗∗ =

(1− r)ψσ

k4k6
E∗∗, H∗∗ =

rψσϕ

k4k5k⋄7
E∗∗. (D.14)

Then, we observe that

βPP
∗∗+βII

∗∗+βAA
∗∗+βHH

∗∗ =

[
βP

σ

k4
+ βI

rψσ

k4k⋄5
+ βA

(1− r)ψσ

k4k6
+ βH

rψσϕ

k4k⋄5k
⋄
7

]
E∗∗ = k3R⋄

vE
∗∗,

(D.15)

and substitute the expression from equation (D.15) into (D.13) to get

S∗∗

N∗ =
1

R⋄
v

. (D.16)

This implies that
S∗∗R⋄

v

N∗ − 1 = 0, which means (D.12) can be simplified as

∆ = −A < 0. (D.17)

Since the determinant ∆ is negative, it follows that the system (D.5) has a unique

solution, given by Z = 0 (which corresponds to the DFE (E0)).

Case 2: ω ̸= 0.
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In this case, since by assumption Re(ω) > 0, so |1 + Fi(ω)| > 1 for all i = 1, · · · , 7.

Define F (ω) = min|1+Fi(ω)| for i = 1, · · · , 7. Then, F (ω) > 1, and
b

F (ω)
< b. Since

b is a minimal positive real number such that ||Z|| ≤ bE⋄
1, then [249]

||Z|| > b

F (ω)
E⋄

1. (D.18)

On the other hand, by taking the norm of both sides of the second equation in (D.9)

and noting that M is a non-negative matrix, we have [249]

F (ω)||Z2|| ≤ |1 + F2(ω)||Z2|| = ||(MZ)2|| ≤M ||Z2|| ≤ bM(E⋄
1)2 = b(E⋄

1)2 = bI∗∗.

(D.19)

It follows from (D.19) that ||Z2|| ≤ b

F (ω)
I∗∗, which contradicts (D.18). Hence,

Re(ω) < 0. Thus, all eigenvalues of the characteristic equation associated with the

linearized system (D.3) will have a negative real part, so that the unique endemic

equilibrium, E⋄
1, is LAS whenever R⋄

v > 1. This completes the proof.
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APPENDIX E

PROOF OF THEOREM 2.3.7

Proof. Consider a special case of the homogeneous model (2.8) with negligible disease-

induced mortality (i.e., δI = δH = 0), perfect vaccine (εv = 1) and no waning of

immunity (ωv = 0). For this special case of the model, the fully-vaccinated (V )

and recovered (R) terms are not featured in the remaining equations of model (2.8),

so it is enough to consider the following non-linear Lyapunov function (non-linear

functions of this type have been used in ecology and epidemiology literature, such as

in [250, 251, 252]):

F =S − S∗∗ − S∗∗ ln

(
S

S∗∗

)
+ E − E∗∗ − E∗∗ ln

(
E

E∗∗

)
+ a1

[
P − P ∗∗ − P ∗∗ ln

(
S

S∗∗

)]
+ a2

[
I − I∗∗ − I∗∗ ln

(
I

I∗∗

)]
+ a3

[
A− A∗∗ − A∗∗ ln

(
A

A∗∗

)]
+ a4

[
H −H∗∗ −H∗∗ ln

(
H

H∗∗

)]
,

(E.1)

where,

a1 =
k3
σ
, a2 =

βIk7 + βHϕ

k5k7
S∗∗, a3 =

βA
k6
S∗∗, a4 =

βH
k7
S∗∗. (E.2)
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Taking the time derivative of (E.1) gives

Ḟ = Ṡ − S∗∗

S
Ṡ + Ė − E∗

E
Ė + a1

(
Ṗ − P ∗∗

P
Ṗ

)
+ a2

(
İ − I∗∗

I
İ

)
+ a3

(
Ȧ− A∗∗

A
Ȧ

)
+ a4

(
Ḣ − H∗∗

H
Ḣ

)
= Π− k1S − S∗∗

S
[Π− (βP + βII + βAA+ βHH)S − k1S]− k3E

− E∗∗

E
[(βPP + βII + βAA+ βHH)S − k3E]

+ a1

[
σE − k4P − P ∗∗

P
(σE − k4P )

]
+ a2

[
rψP − k5I −

I∗∗

I
(rψP − k5I)

]
+ a3

[
(1− r)ψP − k6A− A∗∗

A
((1− r)ψP − k6A

]
+ a4

[
ϕI − k7H − H∗∗

H
(ϕI − k7H)

]
.

(E.3)

It can be shown from this special case of the model (2.8) that, at endemic steady-state,

Π = (βPP
∗∗ + βII

∗∗ + βAA
∗∗ + βHH

∗∗)S∗∗ − k1S
∗∗,

a2σ =
k3k4P

∗∗

σE∗∗ , a3rψ =
βIS

∗S∗

P ∗ + βH
S∗H∗

P ∗ ,

a4(1− r)ψ =
βAS

∗∗A∗∗

P ∗∗ , a5ϕ =
βHS

∗∗H∗∗

I∗∗
.

(E.4)

Plugging in the first equation from (E.4) into (E.3) and simplifying, gives

Ḟ =k1S
∗∗
[
2− S∗∗

S
− S

S∗∗

]
+ (βPP

∗∗ + βII
∗∗ + βAA

∗∗ + βHH
∗∗)S∗∗ + k3E

∗∗ + a1k4P
∗∗

+ a2k5I
∗∗ + a3k6A

∗∗ + a4k7H
∗∗ − (βPP

∗∗ + βII
∗∗ + βAA

∗∗ + βHH
∗∗)
S∗∗2

S

− (βPP + βII + βAA+ βHH)
SE∗∗

E

− a1σ
EP ∗∗

P
− a3rψ

PI∗∗

I
− a4(1− r)ψ

PA∗∗

A
− a5ϕ

IH∗∗

H
.

(E.5)
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Then, making use of the remaining equations in (E.4), the equation (E.5) can be

re-written as

Ḟ =k1S
∗∗
[
2− S∗∗

S
− S

S∗∗

]
+ 4(βPP

∗∗ + βII
∗∗ + βAA

∗∗ + βHH
∗∗)S∗∗

− (βPP
∗∗ + βII

∗∗ + βAA
∗∗ + βHH

∗∗)
S∗∗2

S
− (βPP + βII + βAA+ βHH)

SE∗∗

E

− (βPP
∗∗ + β∗∗

I + βAA
∗∗ + βHH

∗∗)
S∗∗EP ∗∗

E∗∗P
− βI

S∗∗I∗∗
2
P

IP ∗∗ − βH
S∗∗PI∗∗H∗∗

P ∗∗I

− βA
S∗∗A∗∗2P

AP ∗∗ − βH
S∗∗IH∗∗2

I∗∗H
,

Ḟ =k1S
∗∗
[
2− S∗∗

S
− S

S∗∗

]
+ βPS

∗∗P ∗∗
[
3− S∗∗

S
− SPE∗∗

S∗∗P ∗∗E
− EP ∗∗

E∗∗P

]
+ βIS

∗∗I∗∗
[
4− S∗∗

S
− SIE∗∗

S∗∗I∗∗E
− EP ∗∗

E∗∗P
− I∗∗P

IP ∗∗

]
+ βAS

∗∗A∗∗
[
4− S∗∗

S
− SAE∗∗

S∗∗A∗∗E
− EP ∗∗

E∗∗P
− A∗∗P

AP ∗∗

]
+ βHS

∗∗H∗∗
[
5− S∗∗

S
− SHE∗∗

S∗∗H∗∗E
− EP ∗∗

E∗∗P
− PI∗∗

P ∗∗I
− IH∗∗

I∗∗H

]
.

(E.6)

Since the arithmetic mean exceed the geometric mean, it implies that

k1S
∗∗
[
2− S∗∗

S
− S

S∗∗

]
≤ 0,

βPS
∗∗P ∗∗

[
3− S∗∗

S
− SPE∗∗

S∗∗P ∗∗E
− EP ∗∗

E∗∗P

]
≤ 0,

βIS
∗∗I∗∗

[
4− S∗∗

S
− SIE∗∗

S∗∗I∗∗E
− EP ∗∗

E∗∗P
− I∗∗P

IP ∗∗

]
≤ 0,

βAS
∗∗A∗∗

[
4− S∗∗

S
− SAE∗∗

S∗∗A∗∗E
− EP ∗∗

E∗∗P
− A∗∗P

AP ∗∗

]
≤ 0,

βHS
∗∗H∗∗

[
5− S∗∗

S
− SHE∗∗

S∗∗H∗∗E
− EP ∗∗

E∗∗P
− PI∗∗

P ∗∗I
− IH∗∗

I∗∗H
.

]
≤ 0

(E.7)

Thus Ḟ ≤ 0 for R̂v > 1. Hence, F is a Lyapunov function for the aforementioned

special case of the model (2.8) on Ω1/Ω0. Therefore, it follows, by LaSalle’s Invariance
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Principle [95], that

lim
x→∞

S(x) = S∗∗, lim
x→∞

E(x) = E∗∗, lim
x→∞

P (x) = P ∗∗,

lim
x→∞

I(x) = I∗∗, lim
x→∞

A(x) = A∗∗, lim
x→∞

H(x) = H∗∗.

Thus, lim inf
t→∞

S = lim sup
t→∞

S = S∗∗. Since, lim sup
t→∞

S = S∗∗, it follows that, for

sufficiently small ζ > 0, there exists a T1 > 0 such that lim sup
t→∞

S ≤ S∗∗ + ζ for all

t > T1. It follows from (2.21) and the V̇ equation of the special case of the model

(2.8) that, for t > T1,

V̇ ≤ ξv(S
∗∗ + ζ)− k2V.

So, by comparison theorem [65],

V ∞ = lim sup
t→∞

V ≤ ξv(S
∗∗ + ζ)

k2
→ ξvS

∗∗

k2
as ζ → 0. (E.8)

Similarly, by using lim inf
t→∞

S = S∗∗, we can show that

V∞ = lim inf
t→∞

V ≥ ξv(S
∗∗ + ζ)

k2
→ ξvS

∗∗

k2
as ζ → 0. (E.9)

Then, it follows from (E.8) and (E.9) that

V∞ ≥ ξvS
∗∗

k2
≥ V ∞. (E.10)

Hence, lim
t→∞

V =
ξvS

∗∗

k2
= V ∗∗. Similarly, it can be shown that lim

t→∞
R = R∗∗. Thus,

for R̂v > 1, every solution of the system (2.8), with initial conditions in Ω1/Ω0,

approaches the unique endemic equilibrium for t→ ∞.
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APPENDIX F

COMPUTATION OF REPRODUCTION NUMBER OF THE TWO-GROUP
MODEL

Using the next generation operator method [88, 89], the non-negative matrix of new

infection terms (F2) and M-Matrix (V2) of linear transition term in the infected com-

partments corresponding to two-group heterogeneous model (2.31) are given respec-

tively by [61]:

F2 =



0 0 f1,3 f1,4 f1,5 f1,6 f1,7 f1,8 f1,9 f1,10

0 0 f2,3 f2,4 f2,5 f2,6 f2,7 f2,8 f2,9 f2,10

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0



,
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and

V2 =



σ1+µ1 0 0 0 0 0 0 0 0 0

0 σ2+µ2 0 0 0 0 0 0 0 0

−σ1 0 ψ1+µ1 0 0 0 0 0 0 0

0 −σ2 0 ψ2+µ2 0 0 0 0 0 0

0 0 −r1ψ1 0 v55 0 0 0 0 0

0 0 0 −r2ψ2 0 v66 0 0 0 0

0 0 −(1−r1)ψ1 0 0 0 γA,1+µ1 0 0 0

0 0 0 −(1−r2)ψ2 0 0 0 γA,2+µ2 0 0

0 0 0 0 −ϕ1 0 0 0 γH,1+δH,1+µ1 0

0 0 0 0 0 −ϕ2 0 0 0 γH,2+δH,2+µ2



,

where,

f1,3 = a1c11PP,1
S∗
1+(1−εv)V ∗

1

N∗
1

, f1,4 = a1c12PP,2
S∗
1+(1−εv)V ∗

1

N∗
2

,

f1,5 = a1c11PI,1
S∗
1+(1−εv)V ∗

1

N∗
1

, f1,6 = a1c12PI,2
S∗
1+(1−εv)V ∗

1

N∗
2

,

f1,7 = a1c11PA,1
S∗
1+(1−εv)V ∗

1

N∗
1

, f1,8 = a1c12PA,2
S∗
1+(1−εv)V ∗

1

N∗
2

,

f1,9 = a1c11PH,1
S∗
1+(1−εv)V ∗

1

N∗
1

, f1,10 = a1c12PH,2
S∗
1+(1−εv)V ∗

1

N∗
2

,

f2,3 = a2c21PP,1
S∗
2+(1−εv)V ∗

2

N∗
1

, f2,4 = a2c22PP,2
S∗
2+(1−εv)V ∗

2

N∗
2

,

f2,5 = a2c21PI,1
S∗
2+(1−εv)V ∗

2

N∗
1

, f2,6 = a2c22PI,2
S∗
2+(1−εv)V ∗

2

N∗
2

,

f2,7 = a2c21PA,1
S∗
2+(1−εv)V ∗

2

N∗
1

, f2,8 = a2c22PA,2
S∗
2+(1−εv)V ∗

2

N∗
2

,

f2,9 = a2c21PH,1
S∗
2+(1−εv)V ∗

2

N∗
1

, f2,10 = a2c22PH,2
S∗
2+(1−εv)V ∗

2

N∗
2

,

v55 = ϕ1+γI,1+δ1+µ1, v66 = ϕ2+γI,2+δ2+µ2.

Hence, it follows from [60] that the vaccination reproduction number for the two-group
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model (2.31) is given by [88, 89]:

R†
v = ρ(F2V

−1
2 ) (F.1)
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APPENDIX G

PROOF OF THEOREM 2.4.2

Proof. Let k, l = {1, 2}. Consider a special case of the two-group model (2.31) with

negligible disease-induced mortality (i.e., δI,k = δH,k = 0). Furthermore, let R∆
v < 1.

Summing equations with indices k in (2.3) gives

Ṅk = Πk−µkNk−µk,IIk−µ1,kHk.

In the absence of disease-included mortality (i.e., set δk,I = δk,H = 0), we getNk →
Πk

µk

as t → ∞ and
Πk

µk

is an upper bound of Nk(t) provided that Nk(0) ≤ Πk

µk

. If

Nk(0) >
Πk

µk

, then Nk will decrease to that level. Hence, in Ω2, Nk ≤ Πk

µk

. Then, it

follows from first equation in (2.3) and (2.2) that

Ṡk = Πk+ωv,kVk−λkSk−(ξv,k+µk)Sk

≤ Πk+ωv,kVk−(ξv,k+µk)Sk

≤ Πk+ωv,k(Πk/µk−Sk−Ek−Pk−Ik−Ak−Hk−Rk)−(ξv,k+µk)Sk

≤ (ωv,k+µk)Πk

µk

−(ωv,k+ξv,k+µk)Sk = (ωv,k+ξv,k+µk)(S
∗
k−Sk).

So, if Sk > S∗
k , then Ṡk < 0; hence Sk ≤ S∗

k given Sk(0) ≤ S∗
k is true. Following a

similar argument, one can show that V̇k ≤ −(ωv,k+µk)Vk+ξv,kSk = (ωv,k+µk)(V
∗
k −

Vk). If Vk > V ∗
k then V̇k < 0; hence Vk ≤ V ∗

k given Vk(0) ≤ V ∗
k is true.

It follows from these bounds that the region

Ω̃∆
2 =

{
(S1, S2, V1, V2, E1, E2, P1, P2, I1, I2, A1, A2, H1, H2, R1, R2) ∈ Ω2 : Sk ≤ S∗

k , Vk ≤ V ∗
k

}
,

is also positively invariant and attracts all solutions in Ω2. It is convenient to define
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the following

āk = σk+µk, b̄k = ψk+µk, c̄k = ψk+γI,k+µk+δI,k,

d̄k = γA,k+µk, ēk = γH,k+µk+δH,k,

Wkl =
Sk+(1−εv,k)Vk

Πl/µl

, W ∗
kl =

S∗
k+(1−εv,k)V ∗

k

N∗
l

,

(G.1)

Since S∗
k ≥ Sk, V

∗
k ≥ Vk, observe that

W ∗
kl ≥ Wkl. (G.2)

The equations of the infected component of this special case of the model (2.31) can

be re-written in terms of the next generation matrices F2 and V ∆
2 = V2|δI,k=δH,k=0,

given in Appendix F as:

d

dt



E1(t)

E2(t)

P1(t)

P2(t)

I1(t)

I2(t)

A1(t)

A2(t)

H1(t)

H2(t)



= (F2−V ∆
2 )



E1(t)

E2(t)

P1(t)

P2(t)

I1(t)

I2(t)

A1(t)

A2(t)

H1(t)

H2(t)



−J2



E1(t)

E2(t)

P1(t)

P2(t)

I1(t)

I2(t)

A1(t)

A2(t)

H(t)

H2(t)



, (G.3)
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where,

F2−V ∆
2 =



−ā1 0 f1,3 f1,4 f1,5 f1,6 f1,7 f1,8 f1,9 f1,10

0 −ā2 f2,3 f2,4 f2,5 f2,6 f2,7 f2,8 f2,9 f2,10

σ1 0 −b̄1 0 0 0 0 0 0 0

0 σ2 0 −b̄2 0 0 0 0 0 0

0 0 r1ψ1 0 −c̄1 0 0 0 0 0

0 0 0 r2ψ2 0 −c̄2 0 0 0 0

0 0 (1−r1)ψ1 0 0 0 −d̄1 0 0 0

0 0 0 (1−r2)ψ2 0 0 0 −d̄2 0 0

0 0 0 0 ϕ1 0 0 0 −ē1 0

0 0 0 0 0 ϕ2 0 0 0 −ē2



, (G.4)

and,

J2 =



00J1,3J1,4J1,5J1,6J1,7J1,8J1,9J1,10

00J2,3J2,4J2,5J2,6J2,7J2,8J2,9J2,10

00 0 0 0 0 0 0 0 0

00 0 0 0 0 0 0 0 0

00 0 0 0 0 0 0 0 0

00 0 0 0 0 0 0 0 0

00 0 0 0 0 0 0 0 0

00 0 0 0 0 0 0 0 0

00 0 0 0 0 0 0 0 0

00 0 0 0 0 0 0 0 0



, (G.5)
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with

J1,3 = a1c11PP,1(W
∗
11−W11), J1,4 = a1c12PP,2(W

∗
12−W12),

J1,5 = a1c11PI,1(W
∗
11−W11), J1,6 = a1c12PI,2(W

∗
12−W12),

J1,7 = a1c11PA,1(W
∗
11−W11), J1,8 = a1c12PA,2(W

∗
12−W12),

J1,9 = a1c11PH,1(W
∗
11−W11), J1,10 = a1c12PH,2(W

∗
12−W12),

J2,3 = a2c21PP,1(W
∗
21−W21), J2,4 = a2c22PP,2(W

∗
22−W22),

J2,5 = a2c21PI,1(W
∗
21−W21), J2,6 = a2c22PI,2(W

∗
22−W22),

J2,7 = a2c21PA,1(W
∗
21−W21), J2,8 = a2c22PA,2(W

∗
22−W22),

J2,9 = a2c21PH,1(W
∗
21−W21), J2,10 = a2c22PH,2(W

∗
22−W22).

(G.6)

Since (G.2) holds, J2 is a non-negative matrix. Thus, Equation (G.3) can be re-written

as the following inequality:

d

dt



E1(t)

E2(t)

P1(t)

P2(t)

I1(t)

I2(t)

A1(t)

A2(t)

H1(t)

H2(t)



≤ (F−V )



E1(t)

E2(t)

P1(t)

P2(t)

I1(t)

I2(t)

A1(t)

A2(t)

H1(t)

H2(t)



. (G.7)

If R∆
v < 1, then ρ(F2V

∆
2

−1
) < 1, which is equivalent to all eigenvalues of F−V ⋄ ma-

trix being negative [88]. Hence, the linearized differential inequality (C.5) is stable

whenever R♢
v < 1, so
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(E1(t), E2(t), P1(t), P2(t), I1(t), I2(t), A1(t), A2(t), H1(t), H2(t)) → (0, 0, 0, 0, 0, 0, 0, 0, 0, 0)

as t → ∞ for this linear ODE system. It follows, using a standard comparison theo-

rem [65], that:

(E1(t), E2(t), P1(t), P2(t), I1(t), I2(t), A1(t), A2(t), H1(t), H2(t)) → (0, 0, 0, 0, 0, 0, 0, 0, 0, 0).

Substituting Ek(t) = Pk(t) = Ik(t) = Ak(t) = Hk(t) = 0, into the equations for Ṡ, V̇ ,

and Ṙ of the homogeneous model (2.8) gives:

Sk(t) → S∗
k , Vk(t) → V ∗

k and Rk(t) → 0, as t→ ∞.

Hence, the disease-free equilibrium of the special case of the two-group model (2.31)

with negligible disease-induced mortality (i.e, (2.31) with δI = δH = 0) is globally-

asymptomatically stable in Ω∆
2 , whenever R∆

v < 1.
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APPENDIX H

EQUATIONS FOR THE BEHAVIOR-FREE MODEL

The behavior-free model, discussed in Section 3.2.3 and obtained by setting behavior-

related parameters of the model (3.4) to zero (i.e., consider the model (3.4) with

p = ψc
12 = ψc

21 = ψi
12 = ψns

21 = ψm
12 = ψf

21 = 0), is given by the following system of

nonlinear differential equations [151]:



Ṡ1(t) = Π−λS1−µS1,

Ṡ2(t) = −(1−εm)λS2−µS2,

Ė1(t) = λS1−(σ+µ)E1,

Ė2(t) = (1−εm)λS2−(σ+µ)E2,

İ1(t) = (1−r)σE1−(γi+µ+δ1)I1,

İ2(t) = (1−r)σE2−(γi+µ+δ2)I2,

Ȧ1(t) = rσE1−(γa+µ)A1,

Ȧ2(t) = rσE2−(γa+µ)A2,

Ṙ1(t) = γiI1+γaA1−µR1,

Ṙ2(t) = γiI2+γaA2−µR2,

(H.1)

where λ (i.e., the force of infection) for the behavior-free model (H.1) is as given in

(3.3)). Furthermore, like for the case of the behavior-epidemiology model, the state

variables and parameters of the behavior-free model are described in Tables 2.1 and

2.2.
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APPENDIX I

MISCELLANEOUS FIGURE FOR CHAPTER 3

Figure I.1: Simulation of the behavior-epidemiology model (3.4) depicting the im-
pact of two specific values of the proportion of newly infected individuals who become
asymptomatically-infectious at the end of the exposed period (r) on mortality. The
(a) cumulative mortality and (b) daily mortality figures are generated for values of
r = 0.46 and r = 0.64 with remaining parameters as in Tables 3.3 and 3.4 [151].
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APPENDIX J

PROFILE OF INFECTED AND RECOVERED INDIVIDUALS WHO ARE

SHEDDING

Figure J.1: Comparison of WBE model {(4.2), (4.3)} projected profiles of infected
(I) and recovered individuals (J) who are shedding viral RNA in feces for Maimi-
Dade County, Florida from July 3rd, 2021 to October 9th, 2021. (a) The profile
of the proportion of the population in I and J compartments over time. (b) The
ratio of J and I compartments highlights a relative increase in individuals in the J
compartment during a wave. The figure is generated using parameter values in Tables
4.3 and 4.4 [214].
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