
ABSTRACT

Title of Dissertation: SWARM DYNAMICS: FLOCKING AND
COMMUNICATION-BASED OPTIMIZATION

Jingcheng Lu
Doctor of Philosophy, 2023

Dissertation Directed by: Professor Eitan Tadmor
Department of Mathematics

In this thesis, we discuss the swarm dynamics in the modeling of flocking behavior and in

the application to numerical optimization. In general, the research of swarm dynamics deals with

the collective behavior of multi-agent systems, where interactions between individuals would lead

to the emergence of higher-level, self-organized structures of large crowd. Examples occur in a

variety of research fields, including physics, biology, human society, and artificial intelligence,

etc. Due to the wide range of applications, swarm dynamics has been an important research topic

over the last decades.

The first part of our study is devoted to the flocking dynamics driven by the Cucker-Smale

system. The flocking behavior is addressed at particle and hydrodynamic levels for single- and

multi-species. When studying the hydrodynamic model, a canonical issue is the lack of closure

for pressure. The main contribution of our work is to prove the hydrodynamic alignment for

multi-species without assuming specific thermodynamic closure. The proof is based on the graph

connectivity and a weak dispersion bound. Besides the analytical results, we also discuss the



simulation techniques for collective dynamics, including particle and hydrodynamic simulations.

Numerical examples are presented to demonstrate the flocking behavior.

The second part of the thesis focuses on the swarm-based approach for numerical opti-

mization. Based on the idea of consensus formation, we propose a new Swarm-Based Gradient

Descent (SBGD) method. To improve the flexibility of exploration, the method employs multiple

interacting agents to search for solution. The key innovation of SBGD is to introduce individual

masses, which distinguish the quality of different agents and dictate their choice of step size.

Agents exchange information through dynamical mass transitions. As iterations proceed, the

good agents will gradually become heavy ‘leaders’ and help the crowd find better minimizers.

The remarkable improvement of SBGD over the classical gradient descent method and the re-

cently popular Adam method is verified in a series of benchmark tests.
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Chapter 1: Introduction

Swarm dynamics has been an interesting and important research topic over the last decades.

It investigates the relation between the interactions of microscopic individuals and the collective

behavior of large crowd. Swarm dynamics has been a powerful tool to describe many phenomena

from various research fields, including physics [46, 68, 83, 84, 104, 105, 135, 150], chemistry

[15, 122], biology [1, 10, 26, 31, 32, 45, 77, 103, 119, 129, 138], ecology [4, 6, 9, 14, 28, 56, 61,

113, 152], human society [40, 59, 60], etc. A typical example from the nature is the formation

of ant colony. While each ant alone only has limited local view, a large group of ants, however,

can accomplish highly complicated and socialized configurations, such as food foraging, clus-

tering and nest building. Interestingly, the emergence of these higher-level structures turns out

to be the consequence of communications between ants based on the propagation of pheromone.

Another example is the flocking of birds, which is typically associated with migration. The in-

dividual birds have tendency to gather as a flock to forage or travel collectively. By sharing

information, the entire flock would have greater chance to find reliable food sources and be bet-

ter protected from predators. The occurrence of collective intelligence in nature, resulting from

cross-individual interactions, has also inspired the development of artificial, mission-oriented

swarm dynamics systems. Examples include swarm robotics [5, 36, 47, 108, 110, 115, 130, 131,

146, 153], numerical optimization algorithms [64, 73, 76, 82, 116, 133, 157] and their wide ap-

plications in big data analysis, image processing, scheduling, vehicle routing, internet of things,

resource allocation, wireless network, natural language processing [2, 21, 23, 24, 40, 78, 97], etc.

The research of this thesis focuses on the analysis of flocking-based swarm dynamics and on the

design of communication-based optimization algorithms.
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The first aspect of this thesis is to study the flocking dynamics of self-driven particles. The

mathematical study of flocking was first started from the work by Viscek [151] and further in-

spired by the hydrodynamic approach of Toner and Tu [144]. In our discussion, we focus on

the long time behavior of self-organized systems driven by Cucker-Smale dynamics [29]. This

well-known model has been used to describe the flocking mechanism with birds, with language

evolution, etc. The system comprises of interacting agents of which the velocities are dynami-

cally adjusted according to the average heading with neighbors. An important outcome of such

communications is the flocking of the crowd, which emerges on both particle and hydrodynamic

levels. The hydrodynamic limit of the Cucker-Smale system is described by an Eulerian system,

associated with which a canonical issue is that the pressure tensor lacks closure for general social

networks. Hence the pressure-less configuration has been assumed in many existing discussions,

e.g. [44, 58, 72]. In this work we will analyze the hydrodynamics with respect to arbitrary

pressure.

The second aspect of our study focuses on the swarm-based methods for numerical opti-

mization. These methods are developed to provide near-optimal solutions to complicated non-

convex optimization problems within a relatively short computation time. The main idea of

swarm-based algorithms is to employ a group of simple individuals to search the solution do-

main. These individuals not only explore their surroundings but also exchange information with

each other. In this way, the swarm of agents can better perceive the global landscape of the tar-

get function. So far there have been a lot of swarm-based algorithms proposed, such as particle

swarm optimization and simulated annealing. Most of them, however, lack rigorous proofs re-

garding convergence and the optimality of solutions. In the recent year, the Consensus-Based

Optimization (CBO) algorithm was proposed [116] which is supported up by a more complete

analytical framework among the others. The basic set-up includes a group of particles of which

the motions are governed by the drift towards an average state, i.e. the ‘consensus’, and a stochas-

tic diffusion. The elegance of CBO lies in the application of Laplace principle [8], which dictates

the concentration of particles within a small neighborhood of global minimizer. Nevertheless, the

2



performance of CBO, as well as the other gradient-free algorithms, can be highly sensitive to the

choice of system parameters. In our work, we apply the idea of consensus formation to improve

the performance of classical gradient-decent methods. A new swarm-based algorithm is proposed

of which the convergence is assured regardless of artificial parameters. Moreover, thanks to the

novel mass-based communications, agents are allowed to dynamically adjust individual search

modes according to their relative performance, leading to notable improvement over the original

single-agent dynamics.

The thesis is outlined as follows. In Chapter 2 we discuss the flocking dynamics for single-

and multi-species systems. Discussions focus on the dynamics driven by long-range communi-

cation kernels. In particular, we prove the hydrodynamic alignment for connected multi-species

networks without assuming a specific pressure.

Chapter 3 deals with the simulation methods for collective dynamics. One option is to

discretize the agent-based model, in which case one keeps track of the motion of each particle.

Alternatively, one can also simulate the behavior of hydrodynamic model, which is represented

in terms of nonlinear transport equations. Different simulation approaches are applied to demon-

strate the Cucker-Smale alignment through numerical computations.

In Chapter 4, we propose a novel Swarm-Based Gradient Descent (SBGD) method for non-

convex optimization. The algorithm employs a population of agents to explore the domain, with

each agent conducting local gradient descent search. A key ingredient is to assign each agent with

an individual mass, which evaluates the quality of agent and determines the subsequent search

strategy. Communications between agents are characterized by mass transitions and, as iterations

proceed, the swarm will gradually concentrate the mass on the optimal candidate. The conver-

gence of SBGD is rigorously studied. A series of benchmark tests are presented to demonstrate

the advantage of introducing communications.
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Chapter 2: Flocking Dynamics of Single- and Multi-Species

In this chapter, we study the large time behavior driven by the Cucker-Smale dynamics.

The model is well known for its application in describing self-organized phenomena associated

with flocking, such as the herding of birds and the schooling of fish.

In Section 2.1 we give an introduction to the flocking dynamics of single-species sys-

tems, i.e. agents interact under the same communication protocol. The description of flocking is

demonstrated at particle and hydrodynamic levels. Our discussions focus on the dynamics driven

by long-range communications with ‘fat-tails’, major flocking results are introduced.

Section 2.2 is the main contribution of this chapter. The discussion of flocking is extended

to multi-species, where communication patterns between different clusters (species) may differ.

Particularly, we are interested in the corresponding hydrodynamics describing the behavior of

large crowd. Difficulty in analysis arises from the lack of closure for pressure. The innovation

of our work is to prove the hydrodynamic alignment for multi-species with respect to arbitrary

entropic pressure, based on graph connectivity and a weak dispersion bound. The results are joint

work with Eitan Tadmor and have been published in [95].

2.1 Introduction to (single-species) flocking dynamics

2.1.1 Particle description: the Cucker-Smale model

Consider an N−particle interacting system consisting of identical particles, each of which

is identified with a position/velocity pair, (xi(t),vi(t)) ∈ R2d, 1 6 i 6 N . The starting point of

our discussion is the celebrated Cucker-Smale model [29, 30], which governs the particle motions

4



with the following equations,


d

dt
xi(t) = vi(t)

d

dt
vi(t) =

1

N

∑
16j6N

φ(xi(t),xj(t))(vj(t)− vi(t))
. (2.1.1)

The interactions of particles are characterized by a non-negative symmetric function, φ, also

known as the communication kernel,

φ(x,x′) = φ(x′,x) > 0.

We say the system (2.1.1) is a ’single-species’ model to emphasize that the interactions be-

tween each pair of particles are characterized by a uniform communication kernel φ. In con-

trast, a ’multi-species’ model allows distinct communications for particles from different clusters

(species), details will be discussed in Section 2.2.

We study the ’flocking’ behavior of single-species. In general, the flocking of particles

indicates the occurrence of the two main features: (i) the spatial diameter, max
i,j
|xj(t) − xi(t)|,

remains uniformly bounded in time and thus defining the ’flock’, and (ii) the flock of particles

is travelling with a bulk mean velocity asymptotically in time, vi(t) ≈ v̄ ≡ const. The second

feature is known as the alignment dynamics.

To this end, we consider the bi-particle interactions which are decreasing functions of dis-

tance,

φ(x,x′) = φ(|x− x′|), φ(·) is decreasing. (2.1.2)

In particular, we focus on the dynamics driven by a long-range communication kernel that admits

a Pareto-type fat-tail,

φ(r) & (1 + r)−θ, θ > 0, (2.1.3)

As shown in [51, 57, 143], the fat-tail decay plays a key role in the flocking of strong solutions.

5



A prototype example of fat-tail kernel was proposed by Cucker and Smale [29, 30]

φ(r) =
C

(1 + r2)
θ
2

, C > 0, θ > 0.

Such kernel is motivated by the reasoning that the strength of pairwise interactions is inversely

dependent on the distance between two agents. Another important protocol of metric-based com-

munication is the class of singular kernels (e.g. [17, 35, 99, 114, 118, 125, 126, 127]),

φ(r) =
1

rβ
, d < β < d+ 2,

which emphasizes the near-by neighbors more strongly, r � 1, over those farther away.

We point out that a variety of communication protocols, which will not be analyzed here,

have also been discussed in a large body of literature. Examples include, but not limited to,

the short range kernels [141] where φ(x,x′) is compactly supported within the distance |x −

x′| 6 R0; the heterophilous dynamics [101] where φ(r) is increasing over its support, leading

to the tendency to attract diverse groups; the topological-based kernels (e.g. [7, 128]) where

φ(x,x′) = ϕ(µ(x,x′)) is determined by the density of the crowd in an intermediate domain

C(x,x′) enclosed between x and x′,

µ(x,x′) =
1

N
#{j : xj ∈ C(x,x′)}.

In particular, a non-symmetric topological kernel was studied in [100] where the domain of com-

munication C is taken to an R−ball centered at x, φ(x,x′) = ϕ(|x − x′|)/µ(BR(x)) . We refer

the details to respective references.

Now we investigate the large time behavior of solutions to system (2.1.1), (2.1.2). To this

end, we introduce the center of mass (xc(t),vc(t)),

xc(t) =
1

N

N∑
j=1

xi(t), vc(t) =
1

N

N∑
j=1

vi(t).
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It is clear that
d

dt
xc(t) = vc(t). A direct implication of (2.1.1) is the conservation of total

momentum,
N∑
j=1

vi(t). Indeed, the symmetry φ(xi,xj) = φ(xj,xi) implies

d

dt
(
N∑
i=1

vi) =
∑

16i,j6N

φ(xi,xj)(vj − vi) = 0.

The conservation of momentum indicates that the mean velocity, vc, remains constant in time,

and the center, xc, moves along a straight line,

vc(t) = vc(0), xc(t) = xc(0) + tvc(0).

To analyze the difference of individual behaviors from the center of system, the two auxil-

iary functions are introduced which measure the fluctuations in positions and velocities [51],

X(t) =
N∑
i=1

|xi(t)− xc(t)|2, V (t) =
N∑
i=1

|vi(t)− vc|2, (2.1.4)

subject to initial data (X(0), V (0)) = (X0, V0). We denote the spatial diameter by

D(t) := max
16i,j6N

|xi(t)− xj(t)|.

It is clear that D(t) 6
√

2X(t). The strength of communication is bounded from below with

min
16i,j6N

φ(|xi(t)− xj(t)|) > φ(D(t)) > φ(
√

2X(t)). (2.1.5)

We start with the following estimate on the velocity fluctuations.

Lemma 2.1.1 Let (xi(t),vi(t)) be a solution of the system (2.1.1), (2.1.2). Then we have

V (t) 6 V0 exp{−2

∫ t

0

φ(D(s))ds}. (2.1.6)
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Proof. The proof follows the lines of [51, Lemma 2.2]. By the definition of vc, we rewrite V (t)

as

V (t) =
N∑
i=1

|vi(t)− vc|2 =
N∑
j=1

|vi|2 −N |vc|2.

Since vc is independent of time, by the second equation of (2.1.1) and the symmetry of φ, we

have

d

dt
V (t) =

N∑
i=1

2vi ·
dvi
dt

=
2

N

∑
16i,j6N

φ(|xi − xj|)vi · (vj − vi)

=
2

N

∑
16i,j6N

φ(|xi − xj|)vj · (vi − vj)

= − 1

N

∑
16i,j6N

φ(|xi − xj|)|vi − vj|2

.

Furthermore, by the lower bound (2.1.5),

d

dt
V (t) 6 −φ(D(t))

N

∑
16i,j6N

|vi − vj|2

= −2φ(D(t))
N∑
i=1

|vi − vc|2

= −2φ(D(t))V (t)

.

The equation at the second line is obtained by writing vi−vj = vi−vc− (vj−vc) and noticing

that
N∑
i=1

(vi − vc) = 0. Integration of the above inequality yields the estimate (2.1.6). �

Assuming the communication kernel has a fat-tail (2.1.3), the estimate (2.1.6) reduces to

V (t) . V0 exp{−
∫ t

0

(1 +D(s))−θds}. (2.1.7)

It is noticed that the decay of V (t) is dependent on the growth of diameter D(t). The following

lemma shows a quadratic growth rate of the fluctuations in space.
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Lemma 2.1.2 Let (xi(t),vi(t)) be a solution of the system (2.1.1), (2.1.2). Then we have

X(t) 6 2X0 + 2V0t
2. (2.1.8)

Proof. The proof follows the lines of [51, Lemma 2.3]. We apply the Cauchy-Schwartz’s inequal-

ity,

d

dt
X(t) =

N∑
j=1

2(xi − xv)(
dxi
dt
− dxc

dt
)

6 2

√√√√ N∑
i=1

|xi − xc|2

√√√√ N∑
i=1

|vi − vc|2

= 2
√
X(t)

√
V (t)

6 2
√
X(t)

√
V0 exp{−

∫ t

0

φ(D(s))ds}

.

Integration in time yields

√
X(t) 6

√
X0 +

√
V0

∫ t

0

e−
∫ s
0 φ(D(τ))dτds 6

√
X0 +

√
V0t.

By squaring both sides of the inequality one obtains (2.1.8). �

The lemma implies a linear growth in the spatial diameter,D(t) . 1+t. Substitute this into

(2.1.7), one recovers a fractional exponential decay in V (t) for θ < 1 and a polynomial decay for

θ = 1,

V (t) . V0 ×

 e−ν1t
1−θ
, θ ∈ [0, 1), ν1 = ν1(X0, V0, θ)

(1 + t)−ν2 , θ = 1, ν2 = ν2(X0, V0)
.

In fact, for the case θ < 1, one can obtain a full exponential decay rate through a bootstrapping

argument [51]. The improved result is stated as follows.

Theorem 2.1.3 ([51, Theorem 2.4]) Let (xi(t),vi(t)) be a solution to (2.1.1), (2.1.3). Then the

following statements are true,
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(i) There exists a positive constant, C, depending on X0, V0, θ, such that

|xi(t)− xc| . |xi(0)− xc|+ C. (2.1.9)

(ii) There exists constants, ν1, ν2 > 0, such that

V (t) . V0 ×

 e−ν1t, θ ∈ (0, 1), ν1 = ν1(X0, V0, θ)

(1 + t)−ν2 , θ = 1, ν2 = ν2(X0, V0)
. (2.1.10)

Theorem 2.1.3 verifies the two main features of flocking for θ 6 1: the diameter max
i,j
|xi−

xj| remains uniformly bounded, and the flock of particles is travelling with a bulk mean velocity

asymptotically, vi(t) → vc(0) as t → ∞. For θ > 1, the flocking may also occur under certain

initial configurations. We refer the discussions to [30].

2.1.2 From particle to kinetic description

When there is a sufficiently large number of particles, it is not economical to keep track of

the motion of each particle. Instead, it would be meaningful to study the mean-field limit of the

particle system (2.1.1), namely, a kinetic (mesoscopic) description in analogy with the Vlasov

equation in plasma and astrophysics.

A formal derivation of kinetic model was presented in [51] based on the BBGKY hierarchy

[11]. Here we proceed with an alternative approach based on the use of empirical distribution.

The derivation follows the lines of [58]. We define the empirical distribution, f(x,v, t), associ-

ated to the system (2.1.1),

f(t,x,v) =
1

N

N∑
i=1

δxi(x)⊗ δvi(v), (t,x,v) ∈ Rd × Rd × R+. (2.1.11)

The distribution density function f describes the probability of finding a particle with position

x and velocity v at time t. For simplicity of notation, we will omit the time variable t in the
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distribution functions whenever the time-dependence is clear by the context. We test ∂tf against

an arbitrary smooth function,

∫∫
∂tf(t,x,v)ϕ(x,v)dxdv =

d

dt
[

1

N

N∑
i=1

ϕ(xi(t),vi(t))]

=
1

N

N∑
i=1

[ẋi · ∇xϕ(xi,vi) + v̇i · ∇v · ϕ(xi,vi)]

=
1

N

N∑
i=1

[vi · ∇xϕ(xi,vi) + F i · ∇vϕ(xi,vi)],

(2.1.12)

the alignment of particles is driving by the forcing term,

F i =
d

dt
vi(t) =

1

N

N∑
j=1

φ(|xi − xj|)(vj − vi) = L[f ],

where L[f ](xi,vi) :=

∫∫
φ(|xi − xj|)(v′ − vi)f(x′,v′) dx′ dv′. Integrate (2.1.12) by part, we

obtain∫∫
∂tf(t,x,v)ϕ(x,v) dx dv =

∫∫
[v · ∇xϕ(x,v) + L[f ] · ∇vϕ(x,v)f(x,v) dx dv

= −
∫∫

[v · ∇xf +∇v · (fL[f ])]ϕ dx dv.

Since the test function ϕ is arbitrary, one obtains a Vlasov-type mean-field equation governing

the evolution of one-particle distribution f(x,v, t),

∂f

∂t
+ v · ∇xf +∇v · (fL[f ]) = 0,

L[f ](t,x,v) =

∫
R2d

φ(x,x′)(v′ − v)f(t,x′,v′) dx′ dv′.
(2.1.13)

The bi-linear term fL[f ] characterizes the interactions between particles. We finish the formal

derivation of the kinetic description.
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2.1.3 Hydrodynamic description of flocking

To investigate the collective behaviors of a large crowd, N → ∞, we will study the

hydrodynamic limit of Cucker-Smale dynamics, which can be formally derived by taking the

v−moments of the kinetic description (2.1.13). We first define the hydrodynamic variables: the

mass and the momentum,

ρ(t,x) := lim
N→∞

∫
Rd
f(t,x,v) dv and ρu(t,x) = lim

N→∞

∫
Rd

vf(t,x,v) dv.

The large crowd limits are assumed to exist and were justified, at least, for mildly singular kernels,

[16, 19, 44, 51, 106] . Multiply the equation (2.1.13) by 1 and v and integrate over the velocity

space v ∈ Rd, one recovers the hydrodynamic model for a single-species system


∂tρ+∇x · (ρu) = 0,

∂t(ρu) +∇x · (ρu⊗ u + P) = A(ρ,u),

(t,x) ∈ (Rt,Ω), (2.1.14)

where nonlocal source term,

A(ρ,u) =

∫
Rd
φ(|x− x′|)(u(t,x′)− u(t,x))ρ(t,x)ρ(t,x′) dx′ dv′ (2.1.15)

characterizes the alignment interactions. The pressure tensor, P, is given by the second v−moment

of the kinetic distribution f(x,v, t),

P(t,x) =

∫
Rd

(v − u)⊗ (v − u)f(t,x,v) dx dv. (2.1.16)

Integrate the equations (2.1.13) over the spatial variable x ∈ Rd, one obtains the conservation of

the total mass, M :=
∫
ρ dx, and the total momentum, m1 :=

∫
ρu dx.

We notice that the pressure tensor P lacks closure. Indeed, as the hydrodynamic model only

includes a finite number of equations, the information of the highest v−moment is inevitably
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truncated. Thus, strictly speaking, the model (2.1.14) is a mesoscopic description unless the

closure is imposed from the ‘outside’. In particle physics, the closure problem is resolved by

imposing the canonical Maxwellian distribution which prefers a state of thermal equilibrium

f{ρ,u,T}(t,x,v) =
ρ

(2πT )d
e−
|v−u|2

2T ,

with ρ, u, T being the density, velocity and pressure respectively. The special case of vanishing

temperature, T ↓ 0, leads to the mono-kinetic closure, P ≡ 0, associated with which f(x,v, t) =

ρδ(|v − u|) [44, 72]. Other examples include the entropic-based closure with measure-value

[13], and the isothermal closure (constant temperature T ), P = ρId×d, [75]. In the current setup

of general ’social particles’, however, the question of closure is left open.

Despite the lack of closure of higher moments, an estimate on the flocking mechanism can

still be proved at the hydrodynamic scale. To this end, we define the total energy given by the

second moment

ρE(t,x) :=

∫
Rd

|v|2

2
f(t,x,v) dv.

By writing |v|2 = |v− u|2 + |u|2 + 2u · v and noticing that
∫

(v− u)f dv = 0, the total energy

is decomposed into the sum of the kinetic energy and the internal energy,

ρE =
ρ|u|2

2
+ ρe, ρe(t,x) :=

∫
|v − u(t,x)|2

2
f(x,v, t) dv.

Integrate the equation (2.1.13) against
|v|2

2
, one obtains the energy equation

∂t(ρE) +∇x · (ρEu + Pu + q) =

−
∫
φ(x,x′)(2E(t,x)− u(t,x) · u(t,x′))ρ(t,x)ρ(t,x′) dx′

(2.1.17)

where q :=

∫
|v − u|2

2
(v − u)f dv is the heat flux. The source term on the right is known

as the enstrophy. Integration of equation (2.1.17) yields the decay in the global energy, E(t) :=
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∫
ρE dx,

d

dt
E(t) = −

∫ ∫
φ(|x− x′|)(2E(x)− u(x) · u(x′))ρ(x)ρ(x′) dx dx′

= −
∫∫

φ(|x− x′|)(2E(x′)− u(x′) · u(x))ρ(x)ρ(x′) dx dx′

= −
∫∫

φ(|x− x′|)(E(x) + E(x′)− u(x) · u(x′))ρ(x)ρ(x′) dx dx′

= −
∫∫

φ(|x− x′|)( |u(x)− u(x′)|2

2
+ e(x) + e(x′))ρ(x)ρ(x′) dx dx′

. (2.1.18)

The analysis of flocking behavior is based on estimation of the energy fluctuations,

δE (t) =

∫∫
(
|u(t,x)− u(t,x′)|2

2
+ e(t,x) + e(t,x′))ρ(t,x)ρ(t,x′) dx dx′.

This functional incorporates the fluctuations velocity at the macroscopic scale, as given by the

first term, and at the microscopic scale, as measured by the internal energies.

We have the following theorem.

Theorem 2.1.4 Assume (ρ,u,P) ∈ (L∞∩L1
+(Rd))×W 1,∞(Rd)×W 1,∞(Rd) is a strong solution

of the system (2.1.14)–(2.1.15) subject to compactly supported initial data (ρ0,u0,P0). Let D(t)

denote the diameter of the support,

D(t) := sup
x,y∈S(t)

|x− y|, S(t) := supp{ρ(t, ·)}.

Then the energy fluctuations δE (t) satisfies the decay bound

δE (t) 6 δE0 · exp{−2M

∫ t

0

φ(D(s))ds}. (2.1.19)

Here M is the total mass, M =
∫
ρ dx ≡ const.

Proof. The proof follows the lines of [51, 141, 142]. We represent the functional δE (t) in terms
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of the mass, M , and the momentum, m1,

δE (t) = 2ME(t)− |m1|2.

We use (2.1.18) to find

d

dt
δE (t) = −2M

∫∫
φ(|x− x′|)( |u(x)− u(x′)|2

2
+ e(x) + e(x′))ρ(x)ρ(x′) dx dx′

6 −2Mφ(D(t))

∫∫
(
|u(x)− u(x′)|2

2
+ e(x) + e(x′))ρ(x)ρ(x′) dx dx′

= −2Mφ(D(t))δE (t).

Grownwall’s inequality yields the desired results. �

The non-negative of internal energy implies

δE (t) >
∫∫
|u(t,x)− u(t,x′)|2

2
ρ(t,x)ρ(t,x′) dx dx′

= M

∫∫
|u(t,x)− u∞|2ρ(t,x) dx,

(2.1.20)

where the average velocity, u∞ :=

∫
ρu dx∫
ρ dx

, is time-independent. Combining (2.1.19) and

(2.1.20), we observe that the alignment of velocity,

∫
|u(t,x)− u∞|2ρ(t,x) dx→ 0,

emerges if the diameter D(t) satisfies the condition

∫ t

0

φ(D(t))dt→∞, t→∞.

The growth rate of D(t) is bounded by the pointwise velocity fluctuations,

d

dt
D(t) 6 δV (t), δV (t) := sup

x,y∈S0
|u(t,x)− u(t,y)|.
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Estimation of δV (t) with respect to general pressure remains an open problem. However, in the

particular case of of mono-kinetic closure, P ≡ 0, we have the following estimates.

Theorem 2.1.5 Let (ρ(t, ·),u(t, ·)) ∈ (L∞ ∩ L1
+(Rd)) ×W 1,∞(Rd) be a strong solution to the

system(2.1.14)–(2.1.15) coupled with vanishing pressure, P ≡ 0, subject to compactly supported

initial data, (ρ0,u0), with finite velocity fluctuations,

δV0 := sup
x,y∈S0

|u0(x)− u0(y)| <∞, S0 := supp{ρ0(·)}.

Assume the associated communication kernel, φ(r), satisfies a Pareto-type fat-tail condition

φ(r) & (1 + r)−θ, θ ∈ (0, 1].

Then the following holds,

(i) The spatial diameter is bounded by

D(t) 6

 D0 + tδV0, θ = 1

D∞, θ ∈ (0, 1)
. (2.1.21)

The constant, D∞ > 0, depends on M , D0, δV0, θ.

(ii) There exists constants, ν1, ν2 > 0, such that

δV (t) . δV0 ×

 (1 + t)−ν1 , θ = 1, ν1 = M(max{1 +D0, δV0})−1

e−ν2t, θ ∈ (0, 1), ν2 = Mφ(D∞).
. (2.1.22)

The proof of the theorem follows the lines of [57, 58]. Details are given in Appendix A.

We obtain an immediate corollary.

Corollary 2.1.6 Consider the single-species hydrodynamic system (2.1.14) associated with a fat-

tail kernel (2.1.3). Assume (ρ(t, ·),u(t, ·)) is a strong solution subject to compactly supported
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initial data with finite velocity fluctuations, δV0 < ∞. Then the solution exhibits a large time

flocking behavior where velocity is asymptotically aligned along the average, u∞ :=

∫
ρu dx∫
ρ dx

,

∫
|u(t,x)−u∞|2ρ(t,x) dx .

∫
|u0(x)−u∞|2ρ0(x) dx·

 (1 + t)−ν3 , θ = 1

e−ν4t, θ ∈ (0, 1)
, (2.1.23)

where ν3 = 2M(max{1 +D0, δV0})−1, ν4 = 2Mφ(D∞).

Proof. Substitute (2.1.21) into (2.1.19), we obtain

δE (t) . δE (0) ·

 (1 + t)−ν3 , θ = 1

e−ν4t, θ ∈ (0, 1)
,

The desired result is recovered by noticing that

δE (t) =

∫∫
|u(x)− u(x′)|2

2
ρ(x)ρ(x′) dx dx′

= M

∫
|u(t,x)− u∞|2ρ(t,x) dx,

due to the vanishing internal energy, ρe = 1
2
trace(P) ≡ 0. �

2.2 Hydrodynamic alignment of multi-species

We extend the study of flocking dynamics to multi-species, where non-uniform communi-

cations are allowed. Discussions in this section are based on the joint paper with Eitan Tadmor

[95], which is developed from the forerunner [142] regarding single-species hydrodynamics with

pressure.
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2.2.1 Multi-species dynamics – description and main results

2.2.1.1 Hydrodynamic description of multi-species

We study the large-time behavior of the multi-species (hydro-)dynamics


∂tρα +∇x · (ραuα) = 0,

∂t(ραuα) +∇x · (ραuα ⊗ uα + Pα) = Aα(ρ,u),

(t,x) ∈ (R+,Rd), (2.2.1)

subject to initial data (ρα,uα,Pα)|t=0 = (ρα0,uα0,Pα0). The different species, tagged by the

(possibly infinite) index-set I 3 α, are quantified by their density, ρα : R+×Rd 7→ R+, momen-

tum, (ρu)α : R+ × Rd 7→ Rd, and pressure tensor, Pα : R+ × Rd 7→ Rd × Rd. The dynamics is

driven by inter-species interactions due to alignment

Aα(ρ,u) :=
∑
β∈I

∫
φαβ(x,x′)(uβ(t,x′)− uα(t,x))ρα(t,x)ρβ(t,x′) dx′, (2.2.2)

dictated by an array of symmetric communications kernels, Φ = {φαβ} where φαβ(x,x′) =

φβα(x,x′) = φαβ(x′,x) > 0. Integrate equations (2.2.1) over x ∈ Rd and sum over α ∈ I,

one recovers the conservation of total mass, M :=
∑
α∈I

∫
ρα dx, and total momentum, m1 :=∑

α∈I

∫
ραuα dx, of the overall crowd.

The prominent role of metric kernels enters when we assume that there exists a symmetric

array of radial kernels K := {kαβ(r)} such that

φαβ(x′,x) > kαβ(|x− x′|) = kβα(|x− x′|) > 0, α, β ∈ I. (2.2.3)

We use the notation Φ(x,x′) � K(|x − x′|) to abbreviate (2.2.3). The different species are

distinguished by the protocol of their interactions with the rest of the crowd, as characterized

by different communication kernels, φαβ , between the species α and β. There are two extreme

cases: when φαβ ≡ φ, one recovers the single-species hydrodynamics (2.1.14)–(2.1.15). When
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φαβ = δαβφ, we end up with independent and identical copies of single-species. In the following

discussions, we focus on the intermediate cases of genuine multi-species dynamics.

The multi-species system (2.2.1)–(2.2.3) corresponds to the large-crowd dynamics of the

agent-based model [58], where different species, each of which consists of Nα agents with posi-

tion/velocity (xiα(t),viα(t)) : R+ 7→ Rd × Rd, are driven by the Cucker-Smale alignment


d

dt
xiα(t) = viα(t),

d

dt
viα(t) =

∑
β∈I

1

Nβ

Nβ∑
j=1

φαβ(xjβ(t),xiα(t))(vjβ(t)− viα(t)),
i = 1, 2, . . . Nα, (2.2.4)

subject to initial data (xiα(0),viα(0)) = (xi0α ,v
i0
α ). The passage from the agent-based to the

hydrodynamic description is realized by moments of the empirical distribution (see Appendix B)

fα(t,x,v) :=
1

Nα

Nα∑
i=1

δxiα(t) ⊗ δviα(t), (t,x,v) ∈ R+ × Rd × Rd. (2.2.5)

The large crowd limits, which are assumed to exist, recover (2.2.1) with

ρα(t,x) := lim
Nα→∞

∫
Rd
fα(t,x,v) dv, ραuα(t,x) := lim

Nα→∞

∫
Rd

vfα(t,x,v) dv. (2.2.6)

The pressure tensor Pα corresponds to the second-order moments

Pα(t,x) := lim
Nα→∞

∫
Rd

(v − uα)⊗ (v − uα)fα(t,x,v) dv, (2.2.7)

Here, one encounters the familiar problem of lacking closure when dealing with the highest trun-

cated v-moment of fα. In the paper [58] the ‘pressure-less’ setup is pursued in the multi-species

analysis. The two main aspect of this work is dealing with arbitrary pressure, without making

any specifics about the second-order closure for Pα. We show that alignment enforces large time

self-organization into flocking behavior while containing arbitrary internal fluctuations, along the

one-species analysis in [141].
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2.2.1.2 Connected arrays and alignment

As pointed out in [58], a key ingredient in the flocking behavior of multi-species is that

their communication array, {φαβ}, forms a connected network. To this end, we consider the

symmetric radial array in (2.2.3), K := {kαβ(r)}. Let ∆
M
K(r) be the weighted graph Laplacian

associated with K(r),

(∆
M
K(r))αβ =


−kαβ(r)

√
MαMβ , α 6= β∑

γ 6=α

kαγ(r)Mγ , α = β
,

where the weights, M = {Mα}α∈I , consists of the masses of different species which remain

constant in time

Mα :=

∫
ρα0(x)dx =

∫
ρα(t,x)dx.

Ordering its real eigenvalues in an increasing order, one confirms that λ1(∆
M
K(r)) = 0 cor-

responding to the constant eigenvector
√
M := {

√
Mα}α∈I . The graph associated with K(r)

is connected as long as there is positive spectral gap associated with the weighted Laplacian

λ2(∆
M
K(r)) > 0. In particular, since Φ � K, and since the Fiedler number, [41, 43], λ2(·), is an

increasing function of its entries, the connectivity of K implies that Φ is connected.

Let ραeα denote the internal energy of species α

ραeα(t,x) :=

∫
|v − ua|2

2
fα(t,x,v) dv =

1

2
trace(Pa).

We investigate the flocking behavior of multi-species by studying the energy fluctuations,

δE (t) =
∑
α,β∈I

∫∫
(
|uα(t,x)− uβ(t,x′)|2

2
+ eα(t,x) + eβ(t,x′))ρα(t,x)ρβ(t,x′) dx. (2.2.8)

The first term quantifies the fluctuations of macroscopic velocities, uα(t, ·), the last two terms

reflect the microscopic fluctuations, |v − uα(t, ·)|2.
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Our main result indicates the decay of the total energy fluctuations — both the macroscopic

and internal (kinetic) fluctuations of the whole crowd, provided that the multi-species network is

connected and there is a control on the spatial dispersion.

Theorem 2.2.1 Let (ρα(t, ·),uα(t, ·),Pα(t, ·)) ∈ (L∞ ∩ L1
+(Rd)) × W 1,∞(Rd) × W 1,∞(Rd),

α ∈ I be a strong solution to the multi-species dynamics (2.2.1)—(2.2.3), subject to compactly

supported initial data (ρα0,uα0,Pα0). Assume the communication array Φ = {φαβ} has an

entry-wise lower bound in terms of decreasing metric array, Φ(x,x′) � K(|x − x′|), with kαβ

being decreasing, and the spectral gap of K admits a lower bound

λ2(∆
M
K(r)) > η(r). (2.2.9)

Let D(t) denote the spatial diameter,

D(t) := sup
x,x′∈S(t)

|x− x′|, S(t) := ∪αsupp{ρα(t, ·)}.

Then there exists a constant, CM > 0, such that the energy fluctuations satisfy the decay bound

δE (t) 6 exp

{
−2CM

∫ t

0

η(D(s))ds

}
δE (0). (2.2.10)

We emphasize that Theorem 2.2.1 applies to general pressure tensors and any symmetric

communication protocol satisfying (2.2.9): the kernels φαβ need not be metric nor bounded.

An immediate corollary is obtained under fat-tail connectivity.

Corollary 2.2.2 Consider the multi-species system (2.2.1)–(2.2.3) associated with communica-

tion array Φ = {φαβ} which admits a Pareto-type fat-tail bound

Φ(x,x′) � K(|x− x′|), λ2(∆
M
K(r)) >

CK
(1 + r)θ

, θ 6 1. (2.2.11)
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Assume the crowd disperses at a rate of order γ > 0,

D(t) 6 CD(1 + t)γ, γ > 0, (2.2.12)

If the fat-tail connectivity holds in the sense that γθ 6 1, then there is a large time flocking

behavior with decay rate

δE (t) 6 δE (0)×

 (1 + t)−νθ , γθ = 1

exp{−νθt1−γθ}, γθ < 1.
. (2.2.13)

The decay constant νθ is specified with νθ = 2CMCKC
−θ
D .

Notice that

δE (t) >
∑
α,β

∫∫
|uα(t,x)− uβ(t,x′)|2

2
ρα(t,x)ρβ(t,x′) dx dx′

= M
∑
α

∫
|uα(t,x)− u∞|2ρα(t,x) dx, u∞ :=

∑
α

∫
ραuα

M
,

the bound (2.2.13) implies the flocking of different species towards the mean velocity u∞,

∑
α∈I

∫
|uα(t,x)− u∞|2ρα(t,x) dx→ 0, t→∞.

2.2.2 Graph connectivity – weighted Poincaré inequalities

Given an N × N symmetric array A = {aαβ} consisting of non-negative entries, and the

positive weights W = {wα}. Let ∆W A denote the weighted Laplacian

(∆W A)αβ =


−aαβ

√
wαwβ, α 6= β∑

γ 6=α

aαγwγ, α = β
. (2.2.14)
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We are concerned with an inequality of the form,

∑
α,β

|xα − xβ|2wαwβ > ν
∑
α,β

|xα − xβ|2wαwβ, ν > 0,

in order to quantify the effect of graph connectivity. To this end, we introduce weighted Poincaré

inequalities without proofs. Details of derivations refer to [58].

Lemma 2.2.3 (Weighted Poincare Inequalities - vectors) There holds

∑
α,β

aαβ|xα − xβ|2wαwβ >
λ2(∆W A)∑

β wβ

∑
α,β

|xα − xβ|2wαwβ, W := {wα}. (2.2.15)

Remark 2.2.4 Lemma 2.2.3 shows the optimality of weighted Laplacian, from which we obtain

a Courant-Fisher-type characterization

λ2(∆W A)∑
β wβ

= min
|δx|2w=1

∑
α

∑
β 6=α

|xα − xβ|2wαwβ, |δx|2w :=
∑
α

∑
β 6=α

|xα − xβ|2wαwβ. (2.2.16)

In the special case of equi-weighted species, wα ≡ 1, the weighted graph Laplacian reduces to

the usual graph Laplacian, ∆A. Its second eigenvalue, λ2(∆A), known as the Fiedler number,

quantifies the connectivity of the graph associated with adjacency matrix A [42]. If the number

of species is finite, |I| <∞, there holds,

M

κ2|I|
6
λ2(∆W A)

λ2(∆A)
6
Mκ2

|I|
, κ =

maxwα
minwα

, M =
∑
α∈I

wα,

hence the graph formed by A is connected if λ2(∆W A) ' λ2(∆A) > 0. The advantage of

using the weighted graph Laplacian is that it produces the right scaling for the decay rate of

fluctuations, which is independent of the condition number, κ, and the number of species, |I|.

Inequality (2.2.15) yields a lower bound on the degree of each node. Fix an index γ and

test the inequality (2.2.15) with the vector {x|xα =

 0 α 6= γ

ν α = γ
}, where normalization factor
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ν = (2
∑

β 6=γ wβwγ)
−1/2 is taken so that |δx|w = 1, we obtain

degγ(A) :=
∑
γ 6=β

aγβwβ > Cwλ2(∆W A), Cw = 1− maxβ wβ∑
β wβ

> 0. (2.2.17)

Lemma 2.2.3 is extended from vectors to vector-functions as follows.

Lemma 2.2.5 (Weighted Poincare Inequalities - vector-functions) Let {wγ} be non-negative

weight functions with positive finite masses Mγ :=
∫
wγ(x) dx > 0. There holds

∑
α 6=β

aαβ

∫∫
|uα(x)− uβ(x′)|2wα(x)wβ(x′) dx dx′

> νA
∑
α,β

∫∫
|uα(x)− uβ(x′)|2wα(x)wβ(x′) dx dx′,

(2.2.18)

with νA given by

νA = λ2(∆W A)
CM
M

, CM = 1− maxγMγ

M
, M :=

∑
γ

Mγ.

It is noticed that the definition of weighted graph Laplacian (2.2.14) does not involve the

diagonal terms of the adjacency matrix, aαα. Hence the graph connectivity is independent of

self-interactions with in the same specie.

2.2.3 Flocking of strong solutions

Now we study the decay of energy fluctuations in Theorem 2.2.1 and the subsequent flock-

ing statement in Corollary 2.2.2. To this end, we introduce the balance of energy for multi-species

(see Appendix B),

∂t(ραEα)+∇x · (ραEαuα + Pαuα + qα) =

−
∑
β∈I

∫
φαβ(x,x′)(2Eα(x)− uα(x) · uβ(x′))ρα(x)ρβ(x′) dx′,

(2.2.19)
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with the heat flux qα :=

∫
|v − uα|2

2
(v − uα)fα dv. The total energy of a specie α is given by

the second moment

ραEα(t,x) := lim
Nα→∞

∫
|v|2

2
fα(x,v, t) dv.

By writing |v|2 = |v − uα|2 + 2uα · (v − uα) + |uα|2, the total energy is decomposed into the

sum of the kinetic energy and the internal energy

ραEα =
ρα|uα|2

2
+ ραeα, ραeα := lim

Nα→∞

1

2

∫
|v − ua|2fα dv.

The energy production on the right of (2.2.19) is driven by the enstrophy

−
∑
β∈I

∫
φαβ(x,x′)(2Eα(x)− uα(x) · uβ(x′))ρα(x)ρβ(x′) dx′.

Equation (2.2.19) implies the dissipation of the global energy, E(t) :=
∑
α∈I

∫
ραEα dx.

Indeed, integrating (2.2.19) in x and summing over α ∈ I yields

d

dt
E(t) = −

∑
α,β∈I

∫∫
φαβ(x,x′)(2Eα(x)− uα(x) · uβ(x′))ρα(x)ρβ(x′) dx dx′

= −
∑
α,β∈I

∫∫
φαβ(x,x′)(2Eβ(x′)− uβ(x′) · uα(x))ρβ(x′)ρα(x) dx dx′

= −
∑
α,β∈I

∫∫
φαβ(x,x′)(Eα(x) + Eβ(x′)− uα(x) · uβ(x′))ρα(x)ρβ(x′) dx

= −
∑
α,β∈I

∫∫
φαβ(x,x′)(

|uα(x)− uβ(x′)|2

2
+ eα(x) + eβ(x′))ρα(x)ρβ(x′) dx 6 0.

(2.2.20)

The third equality is obtained by interchanging x, x′ and α, β, where we also make use of the

symmetry of communication kernels, φαβ(x,x′) = φαβ(x′,x) = φβα(x,x′).
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Rearrange (2.2.8), the energy fluctuations can be written as

δE (t) = 2ME(t)− |m1|2.

Recall that the total mass M and the total momentum m1 are constant in time, (2.2.20) yields the

decay rate of fluctuations

d

dt
δE (t) = −2M

∑
α,β∈I

∫∫
φαβ(x,x′)(

|uα − u′β|2

2
+ eα + e′β)ραρ

′
β dx dx′. (2.2.21)

We start the proof of main theorems.

Proof of Theorem 2.2.1 Since Φ(x,x′) � K(|x−x′|), kαβ being radial decreasing, by (2.2.21)

we have

d

dt
δE (t) 6 −2M

∑
α,β∈I

∫∫
kαβ(|x− x′|)(

|uα − u′β|2

2
+ eα + e′β)ραρ

′
β dx dx′

6 −2M
∑
α 6=β

kαβ(D(t))

∫∫
(
|uα − u′β|2

2
+ eα + e′β)ραρ

′
β dx dx′

= −M
∑
α 6=β

kαβ(D(t))

∫∫
|ua − u′β|ρaρ′β dx dx′ − 2M

∑
α

∑
β 6=α

kαβ(D(t))Mβ

∫
eαρa dx

− 2M
∑
β

∑
α 6=β

kαβ(D(t))Mα

∫
e′βρ

′
b dx

′

= −M
∑
α 6=β

kαβ(D(t))

∫∫
|ua − u′β|ρaρ′β dx dx′ − 2M

∑
α

degα(K(D(t)))

∫
eαρa dx

− 2M
∑
β

degβ(K(D(t)))

∫
e′βρ

′
b dx

′

= I + II + III.

(2.2.22)

The degβ(K(D(t))) in the term III is obtained due to the symmetry kαβ = kβα.
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Lemma 2.2.5 leads to the bound for the first term

I 6 −M · λ2(∆
M
K(D(t)))

CM
M

∑
α,β

∫∫
|uα − u′β|2ραρ′β dx dx′

6 −2CMη(D(t))
∑
α,β

∫∫ |uα − u′β|2

2
ραρ

′
β dx dx′,

(2.2.23)

where η(r), by our assumption, is a lower bound of spectral gap λ2(∆
M
K(r)). By the estimate of

degree (2.2.17), the second term can be bounded as

II 6 −2M · CMλ2(∆
M
K(D(t)))

∑
α

∫
ραeα dx

6 −2M · CMη(D(t))
∑
α

∫
ραeα dx

= −2CMη(D(t))
∑
α,β

∫∫
eαραρ

′
β dx dx′.

(2.2.24)

The third term can be bounded similarly

III 6 −2CMη(D(t))
∑
α,β

∫∫
e′βραρ

′
β dx dx′. (2.2.25)

Substituting (2.2.23)–(2.2.25) into (2.2.22), we obtain

d

dt
δE (t) 6 −2CMη(D(t))δE (t). (2.2.26)

Applying Gronwall inequality yields the desired estimate (2.2.10). �
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Proof of Corollary 2.2.2 Take η(r) =
CK

(1 + r)θ
in (2.2.10) and combine with (2.2.12), we have

δE (t) 6 δE (0)exp{−2CMCK

∫ t

0

(1 +D(s))−θds}

6 δE (0)×

 (1 + t)−νθ , γθ = 1

exp{−νθt1−γθ}, γθ < 1
,

where νθ = 2CMCKC
−θ
D . The desired estimate (2.2.13) is recovered. �

An important aspect of the study is to investigate the expansion of the spatial diameter

D(t), of which the growth is bounded by uniform velocity fluctuation,

d

dt
D(t) 6 δV (t), δV (t) := max

α,β∈I
sup

x,y∈S(t)

|uα(t,x)− uβ(t,x′)|. (2.2.27)

Ideally, it is expected that the alignment is strong enough to keep the dynamics within a finite

ball, D(t) 6 D+ < ∞. The uniform boundedness of spatial diameter is proved for the case of

mono-kinetic closure (see e.g. [57, 58]),

fα(t,x,v)→ ραδ(v − uα), Nα →∞

which is realized by zero pressure, Pα ≡ 0. That is, (2.2.12) holds for γ = 0, leading to the

exponential flocking rate, δE (t) . δE (0)e−νθt for θ < 1.

However, when a general pressure is involved, the uniform boundedness of diameter is not

yet accessible. In practice, one may seek a weaker dispersion bound that allows a slow time

growth. For instance, assuming the velocities are uniformly bounded,

max
α∈I

sup
x∈S(t)

|uα(t,x)| 6 V+ <∞, ∀t > 0,

we can bound the uniform fluctuation with δV (t) 6 2V+. Then the integration of (2.2.27) yields

a linear growth, D(t) 6 D0 + 2V+t. Although bounded velocities are expected for physical

28



modelling, the rigorous proof is still left open, except in one-dimension.

2.2.4 Boundedness of velocities

We particularly mention the flocking result on one-dimensional multi-species in the joint

work with Eitan Tadmor [95]. A Sobolev bound of velocities is rigorously proved with respect to

singular communications.

Let Sα(t) = supp{ρα(t, ·)} denote the support of the specie α, of which the diameter is

represented byDα(t) := sup
x,x′∈Sα(t)

|x−x′|. Our discussion is based on the following assumptions:

(H1) The hydrodynamics (2.2.1) admits a strong solution governed by Neumann boundary

conditions

uα · nα|∂Sα = 0, Pα · nα|∂Sα = 0, qα · nα|∂Sα = 0, ∀α ∈ I.

(H2) Sα(t) has smooth boundary satisfying a Lipschitz or a cone condition, ∀α ∈ I.

(H3) The density of each specie inside their support is bounded away from vacuum,

min
x∈Sα(t)

ρα(t,x) > ρ− > 0.

We consider one-dimensional multi-species driven by singular self-interactions, φαα(r) =

r−(1+2s), 0 < s < 1,



∂tρα + ∂x(ραuα) = 0,

∂t(ραuα) + ∂x(ραu
2
α + pα) =∫

Sα(t)

(uα − u′α)

|x′ − x|1+2s
ραρ

′
αdx

′ +
∑
β 6=α

∫
Sβ(t)

φαβ(x, x′)(u′β − uα)ραρ
′
βdx

′

. (2.2.28)

Here the pressure tensor pα and the heat flux qα reduce to scalars.

Recall estimate (2.2.21) and ignore the negative contributions from internal energies and
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cross interactions, we obtain

d

dt
δE (t) 6 −M

∑
α∈I

∫∫
Sα(t)×Sα(t)

|uα − u′α|2

|x− x′|1+2s
ραρ

′
αdxdx

′. (2.2.29)

This implies that velocities uα are bounded in homogeneous Sobolev space Ḣs(Sα). Specifically,

taking into account the non-vacuous assumption (H3), the integration of (2.2.29) yields

∫ t

0

∑
α

||uα(τ, ·)||2
Ḣs(Sα)

dτ 6 C2
ρ

∫ t

0

∑
α

∫∫
Sα(t)×Sα(t)

|uα − u′α|2

|x− x′|1+2s
ραρ

′
αdxdx

′dτ

6 C2
ρC0, Cρ :=

1

ρ−
, C0 :=

δE (0)

M

(2.2.30)

Estimate (2.2.30) implies a dispersion bound sought in (2.2.12). Following the lines of

[95], the dispersion of species is governed by

d

dt
Dα(t) 6 δVα(t), δVα(t) := sup

x,x′∈Sα(t)

|uα(t, x)− uα(t, x′)|.

Gagliardo-Nirenberg inequality [34] implies that for 1
2
< s < 1 there holds

|uα(t, x)− uα(t, x′)| 6 Cs||uα(t, ·)||Ḣs(Sα(t))|x− x
′|s−

1
2 , ∀x, x′ ∈ Sα(t),

1

2
< s < 1,

and hence
d

dt
Dα(t) 6 Cs||uα(t, ·)||Ḣs(Sα(t))Dα(t)s−

1
2 . It follows that

d

dt

∑
α

D
3
2
−s

α (t) 6 C ′s
∑
α

||uα(t, ·)||Ḣs(Sα(t)), C ′s = (
3

2
− s)Cs. (2.2.31)

Since
3

2
− s < 1 then D

3
2
−s(t) 6 (

∑
α

Dα(t))
3
2
−s 6

∑
α

D
3
2
−s

α (t), and integration of (2.2.31)
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yields

D
3
2
−s(t) 6

∑
α

D
3
2
−s

α0 + C ′s

∫ t

0

∑
α

||uα(τ, ·)||Ḣs(Sα(t))dτ

6
∑
α

D
3
2
−s

α0 + C ′s(

∫ t

0

∑
α

||uα(τ, ·)||2
Ḣs(Sα(t))

dτ)
1
2 (

∫ t

0

1dτ)
1
2

6
∑
α

D
3
2
−s

α0 + C ′s(C
2
ρC0)

1
2 t

1
2 .

(2.2.32)

This concludes that the overall crowd is dispersed at a rate no faster than

D(t) 6 CD(1 + t)γs , γs =
1

3− 2s
,

1

2
< s < 1. (2.2.33)

Assuming θγs < 1, the bound can be improved through a bootstrap argument (see Appendix C),

which yields

D(t) 6 CD,ε(1 + t)γε , γε =
1 + ε

3− 2s+ θ
, 0 < ε� 1. (2.2.34)

The flocking behavior is stated as follows.

Theorem 2.2.6 Let (ρα, uα,Pα) be a non-vacuous strong solution of (2.2.28) satisfying (H1)-

(H3), with cross-interactions, Φ(x, x′) � K(|x− x′|). Assume that K(r) admits a fat-tail

λ2(∆
M
K(r)) >

CK
(1 + r)θ

, θ > 0.

If the fat-tail condition holds in the sense that

θ + 2s < 3,
1

2
< s < 1, (2.2.35)

then there is a large time flocking behavior with fractional exponential rate

δE (t) . δE (0) exp{−Cθt1−θγε}, γε =
1 + ε

3− 2s+ θ
, Cθ = 2CMCK(CD,ε)

−θ,
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where ε > 0 is arbitrarily small.

Remark 2.2.7 In the genuine multi-species set-up, the distinction between ‘singular’ self-interactions

and ‘fat-tail’ cross-communications allows the respective controls on crowd expansion and net-

work connectivity. However, as the situation degenerates to single-species, the ‘singular head’

and the ‘heavy tail’ are both imposed on the uniform communication kernel [141], i.e.

φs,θ(x, x
′)

 = |x− x′|−(1+2s), |x− x′| 6 R, 0 < s < 1,

> CR(1 + |x− x′|)−θ, |x− x′| > R.

Then the alignment behavior can still be obtained under condition (2.2.35).

Remark 2.2.8 In general, if a function u is bounded in W s,p(Ω), Ω ⊆ Rd,

||u||W s,p(Ω) := ||u||Lp(Ω) + {
∫∫

Ω×Ω

|u(x)− u(x′)|p

|x− x′|d+sp
dx dx′}

1
p <∞,

Gagliardo-Nirenberg inequality implies Hölder continuity for d
p
< s < 1,

|u(x)− u(x′)| 6 Cs||uα(t, ·)||W s.p(Ω)|x− x′|s−
d
p , ∀x,x′ ∈ Ω,

d

p
< s < 1.

In particular, the value p = 2 is taken in the velocity bound (2.2.30), hence the flocking statement

is restricted to d = 1-case.

In recent studies, the discussion of flocking dynamics is extended to p-alignment for single-

species [142] and later on multi-species [95], where the Sobolev velocity bound can be extended

to multi-dimensions. The p−alignment hydrodynamics is given by

 ∂tρα +∇x · (ραuα) = 0,

∂t(ραuα) +∇ · (ραuα ⊗ uα + Pα) = Ap(ρ,u),
(2.2.36)
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with p−alignment term

Ap(ρ,u) :=

∫
φαα(x,x′)|u′α − uα|2p−2(u′α − uα)ραρ

′
α dx

′

+
∑
β 6=α

∫
φαβ(x,x′)(u′β − uα)ραρ

′
β dx

′, p > 1.

The system (2.2.36) is driven by an entropic pressure: we say that the pressure Pα is entropic if

it has non-negative trace, ραeα := 1
2
trace(Pα) > 0, and satisfies

∂t(ραeα) +∇x · (ρaeαuα + qα) + trace(Pα∇uα) 6 −1

2

∫
φαα(x,x′)((2eα)p + (2e′α)p)ρρ′ dx′.

(2.2.37)

Here qα is an arbitrary C1−flux. The entropic description (2.2.37) is motivated by the second

moment of mesoscopic distribution, it ensures the dissipation of total energy, ραEα := ραeα +

ρα|uα|2

2
,

d

dt

∑
α

∫
ραEα dx 6−

1

2

∫∫
(φαα(x,x′)(|u′α − uα|2p + (2eα)p + (2e′α)p)ραρ

′
α dx dx′

−
∑
β 6=α

∫
φαβ(x,x′)(

|u′β − uα|2

2
+ eα + e′β)ραρ

′
β dx dx′.

This includes the aforementioned pure alignment (p = 1) which admits an energy equality

(2.2.19) associated with constitutively defined pressure (2.2.7). Notice that the inequality (2.2.37)

is not concerned with details of specific thermodynamic closure, hence it applies to a large class

of tensors beyond those realizable as second-order moments.

By imposing singular self-interactions, φαα(r) = r−(d+2sp),
d

2p
< s < 1, one recovers

Ẇ s,2p−boundedness of velocities with respect to arbitrary entropic pressure, following the lines

of (2.2.29) - (2.2.30), ∑
α∈I

∫ t

0

||u(τ, ·)||2p·W s,2p(Sα(t))dτ 6 C2
ρC0.

The flocking statement is subsequently extended to multidimensional p−alignment of order p >
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d

2
. We refer the details to [95, 142].
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Chapter 3: Simulation Methods for Collective Dynamics

In this chapter, we discuss the computation methods for collective dynamics. While a huge

amount of self-organized systems have been proposed in numerous literature, the simulation tech-

niques may be summarized under common frameworks, including particle (agent-based) simu-

lations and hydrodynamics simulations. In particular, we consider the aforementioned Cucker-

Smale dynamics as a concrete example.

Section 3.1 discusses the approach of particle simulations, where one keeps track of each

particle by discritizing the agent-based model. We show that the forward Euler time stepping,

as applied to the Cucker-Smale particle system, ensures the decay of fluctuations. Numerical

examples are presented to visualize the flocking behavior.

Section 3.2 is devoted to the simulation of hydrodynamic models. The hydrodynamic limit

of a particle system, if exists, is represented in the form of nonlinear transport equations. Clas-

sical numerical methods for conservation laws can be applied for non-oscillatory discretization.

To this end, we give a brief review of the second order central schemes. The high order of accu-

racy of these schemes is achieved by employing piecewise linear MUSCL reconstruction, where

appropriately constructed slope limiter plays a key role. In our work, we revisit the analytical

properties of the smooth van Albada slope limiter, following the joint paper with Eitan Tadmor

[147]. Its TVD stability is rigorously proved despite the lack of minmod structure, which is

a common feature shared by most limiters of choice so far. Its notable improvement over the

classical minmod limiter is verified through a series of numerical examples. The hydrodynamic

alignment driven by Cucker-Smale dynamics is also demonstrated through computations.
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3.1 Particle simulations of flocking dynamics

We consider the simulation of collective dynamics with particle schemes. This approach

involves solving agent-based models given by a set of ordinary differential equations (ODEs)

or stochastic differential equations (SDEs). Classical ODE/SDE solvers can be applied to dis-

cretize the time-continuous system. Here we focus on the Cucker-Smale dynamics (2.1.1) as a

representative example.

It is important to note that the emergence of flocking is much more dependent on the com-

munication kernel than on the accuracy of the numerical scheme. Thus it suffices to apply the

simple forward Euler method to simulate the large time behavior. The evolution of discrete so-

lutions, (xni ,v
n
i ), of the system (2.1.1) generated with forward Euler time stepping is described

by


xn+1
i = xni + ∆tvni

vn+1
i = vni +

∆t

N

N∑
j=1

φnij · (vnj − vni )
, φnij := φ(xni ,x

n
j ), 1 6 i 6 N, (3.1.1)

subject to initial data, (v0
i ,x

0
i ) . When a symmetric kernel, φ(x,y) = φ(y,x), is considered,

summing the second equation of (3.1.1) over 1 6 i 6 N yields the conservation of momentum,

N∑
i=1

vn+1
i =

N∑
i=1

vni .

We denote the constant mean velocity by v̄ :=
N∑
i=1

v0
i /N .

Remark 3.1.1 In contrast to the time-continuous model (2.1.1), the system (3.1.1) describes the

occasional response of each agent to the influence from others, namely, the velocities are updated

with a period of ∆t instead of continuously in time. The discrete dynamics may serve as a better

modelling for animal creatures, where the ‘delaying’ mechanism mimics the reaction time of

individuals.
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We prove the decay of the fluctuations.

Theorem 3.1.2 Assume (xni ,v
n
i ), 1 6 i 6 N , is a solution to the discrete particle system (3.1.1)

associated with a symmetric and uniformly bounded communication kernel, 0 < φ− 6 φ 6 φ+.

Then the velocity fluctuation,

δV n :=
∑

16i,j6N

|vni − vnj |2, (3.1.2)

satisfies the estimate,

δV n+1 6 (1− 2φ−∆t+ 2φ2
+∆t2) · δV n. (3.1.3)

Proof. The velocity fluctuations can be written as

δV n = 2N
N∑
i=1

|vni |2 − 2N2|v̄|2,

where the second term, due to the conservation of momentum, is a constant. Denote δvni :=

vn+1
i − vni , by the second equation of (3.1.1),

δV n+1 − δV n = 2N
N∑
i=1

(|vn+1
i |2 − |vni |2)

= 2N
N∑
i=1

(2vni · δvni + |δvni |2)

= 4∆t
∑

16i,j6N

φnijv
n
i · (vnj − vni ) +

2∆t2

N

N∑
i=1

|
N∑
j=1

φnij(v
n
j − vni )|2

= I + II
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By the symmetry of φ, the first term on the right is bounded with

I =4∆t
∑

16i,j6N

φnijv
n
i · (vnj − vni )

=4∆t
∑

16i,j6N

φnijv
n
j · (vni − vnj )

=− 2∆t
∑

16i,j6N

φnij|vni − vnj |2

6− 2∆tφ−
∑

16i,j6N

|vni − vnj |2

=− 2∆tφ− · δV n.

We use the Cauchy-Schwartz’s inequality to bound the second term,

II =
2∆t2

N

N∑
i=1

|
N∑
j=1

φnij(v
n
j − vni )|2

6
2∆t2φ2

+

N

N∑
i=1

(
N∑
j=1

|vnj − vni |)2

6
2∆t2φ2

+

N

N∑
i=1

(N
N∑
j=1

|vni − vnj |2)

=2∆t2φ2
+ · δV n

Combine the above estimates,

δV n+1 − δV n 6 −2∆tφ− · δV n + 2∆t2φ2
+ · δV n,

δV n+1 6 (1− 2φ−∆t+ 2φ2
+∆t2) · δV n.

The positivity of φ− ensures that the prefactor on the right is smaller than 1, at least when the

time step ∆t is sufficiently small. Hence the decay of fluctuations is recovered. �

38



Remark 3.1.3 The velocity fluctuations (3.1.2) can be written as

δV n = 2N
N∑
i=1

|vni − v̄|2, v̄ :=

∑N
i=1 v

0
i

N
.

Hence it follows from estimate (3.1.3) that the velocities of agents are aligned with the mean

velocity v̄ asymptotically in time.

Remark 3.1.4 In Theorem 3.1.2 we assumed the strong uniform boundedness on φ. In general,

for locally bounded communication kernels, 0 < φn− 6 φnij 6 φn+, the estimate (3.1.3) would be

modified,

δV n 6 (1− 2φn−1
− ∆t+ 2(φn−1

+ )2∆t2)δV n−1

6
n−1∏
k=0

(1− 2φk−∆t+ 2(φk+)2∆t2)δV 0

. δV 0 exp{−2
n−1∑
k=0

φk−∆t}.

The last inequality is obtained by neglecting the high order terms,O(∆t2), and using the inequal-

ity 1 + x 6 ex. Notice that the bound is a discrete analogue of the time-continuous counterpart

(2.1.6). Hence we can expect the forward Euler method to recover similar flocking rates with

those in Theorem 2.1.3.

We point out that following the lines of Theorem 3.1.2, one can also prove the decay of

discrete velocity fluctuations for multi-species,

δV n =
∑
α,β∈I

1

Nα

1

Nβ

Nα∑
i=1

Nβ∑
j=1

|vi,nα − vj,nβ |
2,

where vi,nα are generated with the foward Euler discretization of system (2.2.4).

Now we apply the scheme (3.1.1) to verify the flocking results for single-species, as proved

in Theorem 2.1.3. Here we consider a two-dimensional initial configuration where N = 20
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agents are randomly and uniformly generated within the rectangular domain, [−3, 3]2. The initial

velocity of each agent is a 2D vector, with each component generated independently according

to the uniform distribution on [0, 5]. We examine the collective dynamics driven by the kernel

φ(r) =
1

(1 + r)θ
, θ > 0.

We simulate the motions of particles under the time step, ∆t = 0.1, up to the terminal time,

T = 5.

Figure 3.1.2 compares the trajectories of particles under different values of θ. It is observed

that the motions of particles are gradually aligned with the trajectory of mass center for θ 6 1,

as expected by the theory. When θ > 1, however, the trend of alignment is much less obvious

due to the weaker communications. The histories of velocity fluctuations are shown in Figure

3.1.1. An exponential decay in δV is observed in the case of θ = 0.5 and a polynomial decay

is recovered when θ = 1.0. The statements of Theorem 2.1.3 are verified. In the case θ = 1.5,

which is beyond the existing discussions, the velocity fluctuation is decaying much slower and

there is no clear tendency of flocking, δV → 0. Indeed, the emergence of flocking for θ > 1 is

dependent on the initial configuration.
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(a) θ = 0.5 (b) θ = 1.0

(c) θ = 1.5

Figure 3.1.1: 2D Cucker-Smale, trajectories of N = 20 particles up to T = 5. Red lines:
trajectories of particles; blue lines: trajectories of mass centers.

3.2 Hydrodynamic simulations – numerical methods for conservation laws

Although the approach of particle simulations has advantage in its simplicity, when a huge

number of particles are involved it can be very expensive to simulate the evolution of each single

individual. Alternatively, it would be more economical (in low-dimensions) to simulate large-

crowd behaviors by discretizing the hydrodynamic models, in which case the average behavior

of large population is emphasized.

The collective hydrodynamics are governed by nonlinear transport equations. For instance,
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(a) θ = 0.5 (b) θ = 1.0

(c) θ = 1.5

Figure 3.1.2: 2D Cucker-Smale, history of velocity fluctuations. x−axis: computation time;
y−axis: velocity fluctuations.

the single- and multi-species hydrodynamics, (2.1.14) and (2.2.1), are given by Euler systems

associated with alignment forcing. The nonlinear advection terms must be appropriately dis-

cretized to prevent numerical oscillations near potential discontinuities. To this end, we discuss

the numerical methods for conservation laws taking the form

∂

∂t
u(t,x) +∇ · f(u(t,x)) = 0, x ∈ Ω ⊆ Rd, t > 0. (3.2.1)

Here, u(t,x) = [u1(t,x), · · · , uk(t,x)]> ∈ Rk is the scalar/vector of conservative variables,
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f = [f 1, · · · fd] ∈ Rk×d is the flux function. The inclusion of source terms would then be

straightforward.

It is well-known that the solutions of nonlinear conservation laws can develop discontinu-

ities even if the initial data is smooth. To prevent the numerical oscillations near discontinuities

and extrema, there have been a lot of researches on non-oscillatory numerical schemes. The early

stage frameworks include the monotone schemes [54] and the E-schemes [111], which inherit the

monotonicity and the entropy stability of entropy solutions to scalar conservation laws. To break

the barrier of first order accuracy, less restrictive monotonicity conditions are usually considered,

the most popular among which is the Total Variation Diminishing (TVD) [52].

Suppose we have one-dimensional approximate solution to the scalar problem (3.2.1) under

mesh size ∆x and at time level tn = n∆t,

un =
∑
j

unj 1[x
j− 1

2
,x
j+1

2
], xj± 1

2
= xj ±

∆x

2
,

where unj is the approximation to the point value u(tn, xj)/cell average

ū(tn, xj) :=
1

∆x

∫ x
j+1

2

x
j− 1

2

u(tn, x)dx,

in the finite difference/finite volume framework. The solution un is said to be TVD if

||un||TV :=
∑
j

|∆un
j+ 1

2
| 6 ||un−1||TV , ∆un

j+ 1
2

:= unj+1 − unj . (3.2.2)

The TVD criteria has profound influence on the development of high resolution numerical schemes,

including the second order flux-limiter schemes [137], MUSCL schemes [149], as well as even

higher order TVB (Total Variation Bounded) methods, such as the UNO scheme [53], the MP

scheme [136] and the nowadays popular ENO/WENO type schemes [123], etc.

In the real world applications such as computational fluid dynamics, the second order

MUSCL schemes are widely applied due to its high resolution, efficiency and flexibility to the

43



mesh structure. The key ingredient of MUSCL schemes is to obtain a non-oscillatory piecewise

linear polynomial reconstruction, u∆x(tn, x) ≈ u(tn, x), from the cell averages {ūnj },

u∆x(tn, x) =
∑
j

pnj (x)1[x
j− 1

2
,x
j+1

2
],

pnj (x) = ūnj +
u′j
∆x

(x− xj).

(3.2.3)

Here, u′j is an approximate slope that satisfies the condition

u′j
∆x

=
∂

∂x
u(tn, xj) +O(∆x), (3.2.4)

in which case we obtain a second order of accuracy in space. In general, the approximate slope

u′j is a function of the one-sided differences, which takes the form

u′j = ψ(∆ūn
j− 1

2
,∆ūn

j+ 1
2
).

The function ψ is known as the slope limiter. A variety of TVD limiters have been proposed

and studied since 1980s’ (see e.g. [22, 62, 63, 69, 98, 147] ), well-known examples include the

Min-Mod (MM) slope limiter

ψMM(a, b) = minmod(a, b) :=
sgn(a) + sgn(b)

2
·min{|a|, |b|}, (3.2.5)

and the one-parameter family of Generalized Min-Mod (GMM) limiter,

ψGMM(a, b) = minmod(θa,
a+ b

2
, θb), 1 6 θ 6 2. (3.2.6)

Once the piecewise linear interpolant (3.2.3) is obtained, it will be combined with a proper

finite volume scheme to generate high resolution numerical solutions.
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3.2.1 Finite volume methods: upwind vs central

Among finite volume methods there are two main classes: the upwind schemes and the

central schemes. The main idea of upwind schemes is to employ upstream-biased information

to approximate spatial derivative, whereas the central schemes process the information from up-

stream and downstream in an average manner.

The prototype of upwind schemes is the Godunov scheme [48]. The method computes a

piecewise constant approximate solution to problem (3.2.1), u∆x(t, x), over cells of width ∆x =

xj+ 1
2
− xj− 1

2
, which takes the form

u∆x(tn, x) = ūnj , xj− 1
2
< x < xj+ 1

2
.

Here ūnj is the approximation to the cell average,

ūnj ≈ ū(tn, xj) :=
1

∆x

∫ x
j+1

2

x
j− 1

2

u(tn, x)dx.

The calculation of ūn+1
j is based on the integration of (3.2.1) over the rectangle [xj− 1

2
, xj+ 1

2
] ×

[tn, tn+1], which yields

ūn+1
j = ūnj −

1

∆x

∫ tn+1

tn
[f(u∆x(t, xj+ 1

2
))− f(u∆x(t, xj− 1

2
))]dt

= ūnj − λ(f(u∗
j+ 1

2
)− f(u∗

j− 1
2
))

, (3.2.7)

where λ :=
∆t

∆x
is the fixed mesh ratio. The states,

u∗
j+ 1

2
= u∗

j+ 1
2
(u−

j+ 1
2

, u+
j+ 1

2

), u∗
j− 1

2
= u∗

j− 1
2
(u−

j− 1
2

, u+
j− 1

2

),

are obtained with exact or approximate Riemann solvers (see e.g. [37, 39, 55, 120, 145]). Here,

u−
j+ 1

2

and u+
j+ 1

2

are the reconstructed variables at xj+ 1
2

from the left and the right. For systems
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of equations, both left- and right-running waves may exist at interfaces. Hence the local charac-

teristic decomposition of the flux f is required for the upwind constructions, based on which the

‘direction of the wind’ is identified field by field.

In the context of collective dynamics, the characteristic decomposition may encounter the

problem of degeneration. For example, consider the one-dimensional single-species hydrody-

namics (2.1.14) driven by vanishing pressure. The Jacobian of the flux function, f =

 ρu

ρu2

,

is given by

∂f

∂U
=

 0 1

−u2 2u

 , U =

 ρ

ρu

 ,
associated with repeated eigenvalues, λi, and eigenvectors, ri,

λ1 = λ2 = u, r1 = r2 =

 1

u

 .

The singularity of the eigenvector matrix, R := [r1r2] =

 1 1

u u

, invalidates the definition

of characteristic variables, R−1U, hence the characteristic-wise upwind constructions can not be

applied.

To avoid the complex and sometimes impractical characteristic decompositions in general

applications, one may take the alternative approach to calculate cell averages, i.e. the central

schemes. The forerunner of central schemes is the celebrated Lax-Friedrich (LxF) scheme [89]:

ūn+1
j+ 1

2

=
ūnj + ūnj+1

2
− λ(f(unj+1)− f(unj )). (3.2.8)

In contrast to the Godunov scheme (3.2.7), the LxF solver computes the cell averages on the

staggered mesh, ū(t, xj+ 1
2
) :=

1

∆x

∫ xj+1

xj

u(t, x)dx. The integration of equation (3.2.1) over the
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staggered volume [tn, tn+1]× [xj, xj+1] yields

ū(tn+1, xj+ 1
2
) =

1

∆x

∫ xj+1

xj

u(tn, x)dx− 1

∆x

∫ tn+1

tn
[f(u(t, xj+1))− f(u(t, xj))]dt. (3.2.9)

It is clear that the LxF scheme is a first order approximation to (3.2.9). Compared with the up-

wind framework, the advantage of central differencing is that the solution is smooth in the neigh-

borhood of points {xj}. Indeed, under a sufficiently small time step, ∆t, the Riemann waves

initiating from xj+ 1
2

do not affect the adjacent cell centers within the time slab, t ∈ [tn, tn+1]. In

this way, one avoids solving Riemann problems at xj and hence the costly characteristic decom-

positions are not necessary.

Because of the simplicity and flexibility, central schemes would be suggested for applica-

tions to collective dynamics.

3.2.2 A brief review of second order central schemes

In spite of the great simplicity, the main disadvantage of the LxF scheme is the excessive

numerical dissipation which damages the resolution at discontinuities and smooth extrema. The

situation can be improved by applying higher order piecewise polynomial interpolations. We

briefly review the second order fully-discrete and semi-discrete central schemes.

3.2.2.1 The Nessyahu-Tadmor scheme

The second order fully-discrete central scheme was first proposed by Nessyahu and Tadmor

in 1990 [107]. The second order of accuracy is obtained at two aspects. Firstly, the solution

u(tn, x) is approximated with piecewise linear MUSCL interpolant as given in (3.2.3). Integrating

the equation (3.2.1) over the rectangle [tn, tn+1]× [xj, xj+1] yields

ūn+1
j+ 1

2

=
1

∆x
[

∫ x
j+1

2

xj

pnj (x)dx+

∫ xj+1

x
j+1

2

pnj+1(x)dx]− 1

∆x

∫ tn+1

tn
[f(u∆x(t, xj+1))−f(u∆x(t, xj))]dt.
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Secondly, the time integral of flux function can approximated by the midpoint rule at the expense

of O(∆t3) local truncation error. This results in the NT scheme

ūn+1
j+ 1

2

=
ūnj + ūnj+1

2
+

1

8
(u′j − u′j+1)− λ[f(u

n+ 1
2

j+1 )− f(u
n+ 1

2
j )], (3.2.10)

The midpoint values, u
n+ 1

2
j , are predicted by Taylor expansions

u
n+ 1

2
j = ūnj −

λ

2
f ′j,

where the numerical derivative f ′j satisfies the second order accuracy condition

f ′j
∆x

=
∂f

∂x
(ūnj ) +O(∆x). (3.2.11)

Different options of evaluating f ′j were proposed in [107]. For example, the numerical derivative

can be computed in terms of exact flux Jacobian,

f ′j = A(ūnj )u′j, A(u) :=
∂f

∂u
(u). (3.2.12)

Alternatively, one can apply Jacobian-free approximations when the characteristic decomposition

is computationally expensive (even sometimes inaccessible), e.g.

f ′j = minmod(∆fj− 1
2
,∆fj+ 1

2
), ∆fj+ 1

2
:= f(ūnj+1)− f(ūnj ). (3.2.13)

Numerical results in [71, 93] have shown that the Jacobian-free version of the central scheme

does not deteriorate the high resolution. When applied to systems of equations, the NT scheme

inherits the simplicity of the LxF solver, i.e. the constructions can be extended in a component-

wise manner without the use of Riemann solvers or characteristic decompositions.

The multidimensional formulation of the NT scheme was obtained with similar integration

procedures, details can be found in [71]. The order of accuracy can be further improved by
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applying higher order piecewise polynomial interpolants, see e.g. [90, 91, 92, 93].

3.2.2.2 The semi-discrete formulation

It can be shown that the numerical dissipation of the NT scheme has order O(∆x4/∆t).

In the convective problems where ∆t ∼ ∆x, the NT scheme achieves higher resolution than

the first order LxF scheme due to the reduced numerical viscosity. However, it is noticed that

the NT scheme and its higher order extensions do not admit any semi-discrete limits, hence they

are not appropriate for small time step computations or steady-state calculations. This motivated

the development of semi-discrete central schemes. We sketch the derivations along the lines of

[86, 87].

We start with a piecewise polynomial approximation u∆x(tn, x) ≈ u(tn, x) of the form

u∆x(tn, x) =
∑
j

pnj (x)1[x
j− 1

2
,x
j+1

2
].

The polynomials pnj (x) should have desired order of accuracy and conserve the cell averages

ūnj := ū(xj, t
n), i.e.

1

∆x

∫ x
j+1

2

x
j− 1

2

pnj (x)dx = ūnj .

We denote the reconstructed variables at xj+ 1
2

from the left and the right by

u−
j+ 1

2

:= pnj (xj+ 1
2
), u+

j+ 1
2

:= pnj+1(xj+ 1
2
). (3.2.14)

Particularly, when the MUSCL interpolant (3.2.3) is applied we have

u−
j+ 1

2

:= ūnj +
1

2
u′j, u+

j+ 1
2

:= ūnj+1 −
1

2
u′j+1. (3.2.15)

To obtain a semi-discrete formulation the key idea is to take cell averaging over narrower

control volumes. Assume that the maximal forward and backward wave speeds at xj+ 1
2

are
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estimated by a+
j+ 1

2

> 0 and a−
j+ 1

2

6 0. At the next time level tn+1 := tn+∆t, the region influenced

by the Riemann fan originating at xj+ 1
2

is approximated with the interval, Ij+ 1
2

:= [x−
j+ 1

2

, x+
j+ 1

2

],

where

x+
j+ 1

2

:= xj+ 1
2

+ a+
j+ 1

2

∆t, x−
j+ 1

2

:= xj+ 1
2

+ a−
j+ 1

2

∆t.

It is clear that under a sufficiently small time step, the non-smooth regions Ij+ 1
2

are separated due

to the finite wave speeds. In this way, the width of Riemann fan is bounded by (a+
j+ 1

2

− a−
j+ 1

2

)∆t,

in contrast to the fixed width ∆x in the fully-discrete counterpart.

Now we reconstruct a non-oscillatory, conservative, piecewise polynomial interpolant at

t = tn+1,

w̃n+1(x) =
∑
j

[w̃nj (x)1[x+
j− 1

2

,x−
j+1

2

] + w̃n
j+ 1

2
(x)1[x−

j+1
2

,x+
j+1

2

]]. (3.2.16)

The polynomials w̃n+1
j and w̃n+1

j+ 1
2

conserve the cell averages, w̄n+1
j and w̄n+1

j+ 1
2

, over the smooth

and non-smooth domains. The values of w̄n+1
j and w̄n+1

j+ 1
2

are computed by integrating (3.2.1) over

the rectangular domains, [tn, tn+1]× [x+
j− 1

2

, x−
j+ 1

2

] and [tn, tn+1]× [x−
j+ 1

2

, x+
j+ 1

2

], respectively.

Finally, the cell average at tn+1 is computed with

ūn+1
j =

1

∆x

∫ x
j+1

2

x
j− 1

2

w̃n+1(x)dx.

Passing the limit ∆t→ 0 yields a semi-discrete conservative scheme

d

dt
ūj(t) := lim

∆t→0

ūn+1
j − ūnj

∆t
= −

Fj+ 1
2
(t)− Fj− 1

2
(t)

∆x
, (3.2.17a)

where the numerical fluxes, Fj+ 1
2
(t), are given by

Fj+ 1
2
(t) :=

a+
j+ 1

2

f(u−
j+ 1

2

)− a−
j+ 1

2

f(u+
j+ 1

2

)

a+
j+ 1

2

− a−
j+ 1

2

+
a+
j+ 1

2

a−
j+ 1

2

a+
j+ 1

2

− a−
j+ 1

2

(u+
j+ 1

2

− u−
j+ 1

2

). (3.2.17b)

There are different options to estimate the wave speeds a±
j+ 1

2

. The KT scheme [87] proposed
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to use the spectral radius of flux Jacobian,

a+
j+ 1

2

= −a−
j+ 1

2

= aj+ 1
2

:= max{ρ(
∂f

∂u
(u−

j+ 1
2

)), ρ(
∂f

∂u
(u+

j+ 1
2

))},

where ρ(A) represents the spectral radius of a matrixA. Then the numerical flux can be expressed

in terms of the Rusanov flux,

Fj+ 1
2
(t) = FRus(u−

j+ 1
2

, u+
j+ 1

2

) :=
f(u−

j+ 1
2

) + f(u+
j+ 1

2

)

2
−
aj+ 1

2

2
(u+

j+ 1
2

− u−
j+ 1

2

). (3.2.18)

For strictly hyperbolic problems, the flux Jacobian
∂f

∂u
hasN distinct eigenvalues λ1 < · · · < λN .

The semi-discrete central-upwind scheme [86] employs a more accurate estimation of the wave

speeds,

a+
j+ 1

2

= max{λN(
∂f

∂u
(u−

j+ 1
2

)), λN(
∂f

∂u
(u+

j+ 1
2

)), 0},

a−
j+ 1

2

= min{λ1(
∂f

∂u
(u−

j+ 1
2

)), λ1(
∂f

∂u
(u+

j+ 1
2

)), 0}.
(3.2.19)

In this way, the scheme reduces the numerical dissipation by employing the HLL flux [55].

In the computations, the set of ODEs (3.2.17) is integrated with an appropriate ODE solver.

To preserve the overall high order of accuracy as well as the non-oscillatory property, one may

apply a higher order Strong Stability Preserving (SSP) Runge-Kutta method, see e.g. [49, 50,

132].

The semi-discrete central schemes retain the advantage of being Riemann-solver-free, hence

the component-wise extension is allowed when solving systems of equations. In multidimen-

sional problems, the second order constructions can be extended in a dimension-by-dimension

manner. Third order extensions have also been derived with the help of piecewise parabolic

interpolants, we refer the details to [85, 86].
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3.3 Revisiting the smooth van Albada slope limiter

The key to success of MUSCL schemes is a proper construction of slope limiter. Most of

the existing slope limiters are variants of the minmod limiter (3.2.5). They share an important

common feature: near the local extrema (∆ūj− 1
2
·∆ūj+ 1

2
< 0) the approximate slope must vanish,

u′j = 0, and thus the polynomial reconstruction degenerates to first order piecewise constant

interpolation. We call such feature the minmod structure.

In the numerous studies of limiter schemes over the last decades, minmod-type limiters

have been frequently taken for most discussions. However, there is a slope limiter that is not of

minmod-type – the smooth van Albada limiter,

ψεV A(a, b) =
(a2 + ε2)b+ (b2 + ε2)a

a2 + b2 + 2ε2
, ε2 = O(∆x3). (3.3.1)

This limiter was first proposed by van Albada, van Leer and Robert [147] in 1982 and has been

shown to generate non-oscillatory solutions in many computations e.g. [102, 121, 124], but its

theoretical stability has not been rigorously proved. In this section, we prove that the van Albada

limiter generates second order, TVD solutions as applied to central schemes, despite the lack of

minmod structure.

To get more insight, the limiter (3.3.1) can be written as [149]

ψεV A(a, b) =
a+ b

2
(1− (a− b)2

a2 + b2 + 2ε2
).

In the smooth regions where a ≈ b, the limiter tends to recover the second order central finite

differencing,
a+ b

2
. Across the discontinuities, however, the averaged slope is biased to the

smallest value among the two one-sided slopes. These mechanisms are expected to ensure the

second order accuracy and prevent undesirable numerical oscillations. We will provide rigorous

proofs for these advantages. For convenience of discussion, we will consider the simplified
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version without ε

ψV A(a, b) =
a2b+ ab2

a2 + b2
, a2 + b2 6= 0. (3.3.2)

Indeed, as reported in [147] the computed solutions are not sensitive to the specific value of ε.

3.3.1 The second order accuracy

We show that the van Albada limiter (3.3.2) ensures a second order of accuracy in space.

We first consider the reconstruction based on the point values, uj := u(xj). Denote the left- and

the right- sided slopes by

∂−x uj :=
uj − uj−1

∆x
and ∂+

x uj :=
uj+1 − uj

∆x
.

The numerical derivative constructed with the van Albada limiter (3.3.2) is given by

u′j
∆x

=
(∂−x uj)(∂

+
x uj)

2 + (∂+
x uj)(∂

−
x uj)

2

(∂+
x uj)

2 + (∂−x uj)
2

.

Taylor expansion yields

u′j
∆x

= ∂xuj + (
1

6
∂3
xuj −

1

2

(∂2
xuj)

2

∂xuj
)∆x2 +O(∆x3) (3.3.3)

The second order condition (3.2.4) is satisfied at the non-critical points, ∂xuj 6= 0. In the

framework of finite volume methods, the slope reconstruction is based on the cell averages,

ūj :=
1

∆x

∫ x
j+1

2

x
j− 1

2

u(x)dx. Then the Taylor expansion is slightly modified,

u′j
∆x

= ∂xuj + (
1

6
∂3
xuj +

1

24
∂4
xuj −

1

2

∂2
xuj
∂xuj

)∆x2 +O(∆x3) (3.3.4)

For both point-value-based and cell-average-based reconstructions, the numerical deriva-

tive, u′j/∆x, approximates the exact derivative, ∂xuj , with order O(∆x2) in the non-critical re-
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gions. Near the critical points, the second order condition (3.2.4) is preserved up to ∂xu ≈ ∆x.

Hence it is expected that the van Albada limiter introduces less dissipation than the minmod lim-

iter at discontinuities and smooth extrema. Their numerical performances will be compared in

section 3.4.

3.3.2 The non-oscillatory property

We are going to show that the van Albada limiter, as applied to the central schemes, gener-

ates non-oscillatory solutions. We begin with the following lemma.

Lemma 3.3.1 The approximate slope u′j = ψV A(∆ūj− 1
2
,∆ūj+ 1

2
) satisfies the following esti-

mates
1−
√

2

2
6

u′j
∆ūj± 1

2

6
1 +
√

2

2
, (3.3.5a)

|u′j+1 − u′j|
|∆ūj+ 1

2
|
6
√

2. (3.3.5b)

Proof. Denote r :=
∆ūj− 1

2

∆ūj+ 1
2

, then we can write

u′j =
r2 + r

r2 + 1
∆ūj+ 1

2
=

r + 1

r2 + 1
∆ūj− 1

2
.

We will show that
1−
√

2

2
6
r2 + r

r2 + 1
,
r + 1

r2 + 1
6

1 +
√

2

2
.

Assume that
r2 + r

r2 + 1
is bounded from below and above by m and M ∈ R respectively,

m 6
r2 + r

r2 + 1
6M, ∀r ∈ R.

This can be equivalently expressed as

 (M − 1)r2 − r +M > 0

(m− 1)r2 − r +m 6 0
, ∀r ∈ R. (3.3.6)
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The upper bound, M , should satisfy the conditions

 M > 1

∆ = 1− 4M(M − 1) 6 0
.

Solving these inequalities yieldsM >
1 +
√

2

2
and hence

1 +
√

2

2
gives the supremum of

r2 + r

r2 + 1
.

On the other hand, the lower bound, m, should satisfy

 m < 1

∆ = 1− 4m(m− 1) 6 0
.

These conditions yieldm 6
1−
√

2

2
and hence

1−
√

2

2
gives the infimum of

r2 + r

r2 + 1
. Combining

these results, we have
1−
√

2

2
6

u′j
∆ūj+ 1

2

=
r2 + r

r2 + 1
6

1 +
√

2

2
.

With similar argument, we can show that
1−
√

2

2
6

r + 1

r2 + 1
6

1 +
√

2

2
and therefore

1−
√

2

2
6

u′j
∆ūj− 1

2

=
r + 1

r2 + 1
6

1 +
√

2

2
.

We complete the proof of (3.3.5a). The second estimate (3.3.5b) is a direct consequence of

(3.3.5a). �

With the help of Lemma 3.3.1, we discuss the non-oscillatory property of the fully-discrete

and the semi-discrete schemes separately.

3.3.2.1 The fully-discrete scheme

We consider the fully-discrete NT scheme (3.2.10). The scheme can be written in a conser-

vative form [107]

ūn+1
j+ 1

2

=
ūnj + ūnj+1

2
− λ(gj+1 − gj), (3.3.7)

55



where the modified numerical flux, gj ,is given by

gj = f(u
n+ 1

2
j ) +

1

8λ
u′j. (3.3.8)

The NT scheme combined with the van Albada limiter (3.3.2) can be shown to be TVD following

similar approach in [107]. The proof is based on the following lemma.

Lemma 3.3.2 ([107]) The scheme (3.2.10) is TVD if the numerical flux, gj , satisfies the following

generalized CFL condition

λ|
∆gj+ 1

2

∆ūn
j+ 1

2

| 6 1

2
, ∆gj+ 1

2
:= gj+1 − gj. (3.3.9)

Proof. The proof follows the lines of [52]. By (3.3.7), the difference ūn+1
j+ 1

2

− ūn+1
j− 1

2

is equal to

ūn+1
j+ 1

2

− ūn+1
j− 1

2

= (
1

2
− λ

∆gj+ 1
2

∆ūj+ 1
2

)∆ūj+ 1
2

+ (
1

2
+ λ

∆gj− 1
2

∆ūj− 1
2

)∆ūj− 1
2
.

Condition (3.3.10) implies that the coefficients in the parenthesis are positive. Hence,

∑
j

|ūn+1
j+ 1

2

− ūn+1
j− 1

2

| 6
∑
j

(
1

2
− λ

∆gj+ 1
2

∆ūj+ 1
2

)|∆ūj+ 1
2
|+ (

1

2
+ λ

∆gj− 1
2

∆ūj− 1
2

)|∆ūj− 1
2
|

=
∑
j

(
1

2
− λ

∆gj+ 1
2

∆ūj+ 1
2

)|∆ūj+ 1
2
|+ (

1

2
+ λ

∆gj+ 1
2

∆ūj− 1
2

)|∆ūj+ 1
2
|

=
∑
j

|∆ūj+ 1
2
|.

This concludes

TV (ūn+1) 6 TV (ūn).

�

Equipped with Lemma 3.3.1 and 3.3.2, we prove the NT scheme is TVD.
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Theorem 3.3.3 Let the numerical slope u′j be constructed with the van Albada limiter (3.3.2),

and let the flux numerical derivative be chosen by f ′j = a(ūnj )u′j with a(u) := f ′(u). Assume that

the following CFL condition is satisfied

λmax
j
|a(ūj)| 6

−1 +
√

3
2

+ 3
√

2
4

1 +
√

2
≈ 0.24. (3.3.10)

Then the NT scheme (3.3.7) is TVD.

Proof. Denote cfl := λmax
u
|a(u)|. By (3.3.8) we have

λ|
∆gj+ 1

2

∆ūj+ 1
2

| 6 λ|
f(u

n+ 1
2

j+1 )− f(u
n+ 1

2
j )

u
n+ 1

2
j+1 − u

n+ 1
2

j

|︸ ︷︷ ︸
I

|
u
n+ 1

2
j+1 − u

n+ 1
2

j

∆ūj+ 1
2

|︸ ︷︷ ︸
II

+
1

8
|
∆u′

j+ 1
2

∆ūj+ 1
2

|︸ ︷︷ ︸
III

. (3.3.11)

By using the definition, the first term on the right of (3.3.11) is bounded with

λ|
f(u

n+ 1
2

j+1 )− f(u
n+ 1

2
j )

u
n+ 1

2
j+1 − u

n+ 1
2

j

| 6 λmax
u
|a(u)| := cfl. (3.3.12)

Notice that (3.3.5a) implies |
u′j

∆ūj± 1
2

| 6 1 +
√

2

2
, we can estimate the second term on the

right of (3.3.11),

|
u
n+ 1

2
j+1 − u

n+ 1
2

j

∆ūj+ 1
2

| 6 1 +
λ

2
|
∆f ′

j+ 1
2

∆ūj+ 1
2

|

6 1 +
λ

2

|aj+1u
′
j+1|+ |aju′j|
|∆ūj+ 1

2
|

6 1 +
λmaxu |a(u)|

2

|u′j+1|+ |u′j|
|∆ūj+ 1

2
|

6 1 +
1 +
√

2

2
cfl.

(3.3.13)
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As a direct consequence of (3.3.5b), the third term on the right of (3.3.11) does not exceed

1

8
|
∆u′

j+ 1
2

∆ūj+ 1
2

| 6
√

2

8
. (3.3.14)

Using (3.3.12), (3.3.13) and (3.3.14), the TVD condition (3.3.9) boils down to

cfl(1 +
1 +
√

2

2
cfl) +

√
2

8
6

1

2
.

Solving this quadratic inequality yields

0 6 cfl 6
−1 +

√
3
2

+ 3
√

2
4

1 +
√

2
. (3.3.15)

The condition (3.3.10) is recovered. �

Remark 3.3.4 It is noticed that the CFL condition (3.3.10) is not sharp. Nevertheless, we point

out that (3.3.10) merely serves as a theoretically sufficient condition. As shown by numerical

experiments in Section 3.4, the computed solutions remain non-oscillatory as long as cfl 6
1

2
.

3.3.2.2 The semi-discrete scheme

The TVD stability of the van Albada limiter as applied to the non-staggered semi-discrete

schemes (3.2.17) can be shown following the lines of [112, 140]. The key ingredient is to repre-

sent the scheme in an appropriate incremental form which meets a certain positive condition. We

prove the following result with the help of Lemma 3.3.1.

Theorem 3.3.5 Let the states u±
j+ 1

2

be computed from the MUSCL reconstruction (3.2.15), with

the numerical slope u′j constructed with the van Albada limiter (3.3.2). Consider a generalized

MUSCL scheme
d

dt
ūj(t) = − 1

∆x
[F (u−

j+ 1
2

, u+
j+ 1

2

)− F (u−
j− 1

2

, u+
j− 1

2

)], (3.3.16)
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and let the numerical flux F (·, ·) be monotone and consistent,

∂

∂u
F (u, v) > 0 and

∂

∂v
F (u, v) 6 0, (3.3.17a)

F (u, u) = f(u). (3.3.17b)

Then the scheme (3.3.16) is TVD,
d

dt
[TV (ū(t))] 6 0.

Proof. We write the scheme (3.3.16) in the incremental form

d

dt
ūj = − 1

∆xj
Cj− 1

2
∆ūj− 1

2
+

1

∆xj
Dj+ 1

2
∆ūj+ 1

2
, (3.3.18)

where

Cj− 1
2

=
1

∆ūj− 1
2

[F (u−
j+ 1

2

, u+
j− 1

2

)− F (u−
j− 1

2

, u+
j− 1

2

)],

Dj+ 1
2

= − 1

∆ūj+ 1
2

[F (u−
j+ 1

2

, u+
j+ 1

2

)− F (u−
j+ 1

2

, u+
j− 1

2

)].

(3.3.19)

We denote

sj+ 1
2

:= sign(∆ūj+ 1
2
) =


1 ∆ūj+ 1

2
> 0

±1 ∆ūj+ 1
2

= 0

−1 ∆ūj+ 1
2
< 0

,

χj := 1− sj− 1
2
sj+ 1

2
=

 2, ∆ūj− 1
2
·∆ūj+ 1

2
6 0

0, ∆ūj− 1
2
·∆ūj+ 1

2
> 0

.

Forward differencing of (3.3.18) gives

d

dt
∆ūj+ 1

2
= (

1

∆xj+1

Dj+ 3
2
∆ūj+ 3

2
− 1

∆xj+1

Cj+ 1
2
∆ūj+ 1

2
)

− (
1

∆xj
Dj+ 1

2
∆ūj+ 1

2
− 1

∆xj
Cj− 1

2
∆ūj− 1

2
).

(3.3.20)
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Multiply (3.3.20) by sj+ 1
2

and sum by parts, we have

d

dt
TV (ū) =

∑
j

sj+ 1
2

d

dt
∆ūj+ 1

2

= −
∑
j

1

∆x
[(sj− 1

2
− sj+ 1

2
)Cj− 1

2
∆ūj− 1

2
+ (sj+ 1

2
− sj− 1

2
)Dj+ 1

2
∆ūj+ 1

2
]

= −
∑
j

χj
∆x

[Cj− 1
2
|∆ūj− 1

2
|+Dj+ 1

2
|∆ūj+ 1

2
|].

Here we use the property that s2
j+ 1

2

≡ 1. Since χj > 0, it suffices to show that Cj− 1
2
, Dj+ 1

2
> 0.

Indeed, we find that

Cj− 1
2

= ∂uF (ũ1, u
+
j− 1

2

)(1 +
u′j − u′j−1

2∆ūj− 1
2

),

Dj+ 1
2

= −∂vF (u−
j+ 1

2

, ũ2)(1−
u′j+1 − u′j
2∆ūj+ 1

2

),

(3.3.21)

where ũ1 is between u−
j− 1

2

and u−
j+ 1

2

, ũ2 is between u+
j− 1

2

and u+
j+ 1

2

. From (3.3.5b) we know that

the terms in the parentheses are positive. Hence the non-negativity of Cj− 1
2

and Dj+ 1
2

follows

from (3.3.17a). �

The semi-discrete central scheme (3.2.17) can be considered a generalized MUSCL scheme,

the associated numerical flux (3.2.17b) can expressed in the form Fj+ 1
2
(t) := F (u−

j+ 1
2

, u+
j+ 1

2

),

with

F (u, v) =
a+f(u)− a−f(v)

a+ − a−
+

a+a−

a+ − a−
(v − u).

The monotonicity of F (·, ·) is clear since a− 6 f ′(u), f ′(v) 6 a+. Hence the TVD stability

of the van Albada limiter as applied to the semi-discrete central schemes (3.2.17) follows from

Theorem 3.3.5.

Remark 3.3.6 The semi-discrecte scheme (3.2.17) (or equivalently (3.3.16)) advanced with foward

Euler time-stepping reads

ūn+1
j = ūnj − λ(F (u−

j+ 1
2

, u+
j+ 1

2

)− F (u−
j− 1

2

, u+
j− 1

2

)), (3.3.22)
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where u+
j+ 1

2

:= ūnj − 1
2
u′j+1 and u−

j+ 1
2

:= ūnj + 1
2
u′j . With similar incremental representation

in Theorem 3.3.5, it can be proved that the van Albada limiter as applied to the fully-discrete

non-staggered scheme (3.3.22) generates TVD solutions. Applying a higher order SSP time in-

tegration method would achieve a higher order of accuracy in time without deteriorating the

stability.

3.4 Numerical examples

We examine the performance of MUSCL schemes in several test cases. The discussions

of this section include two aspects. The first aspect is to verify the advantage of the van Albada

limiter (3.3.1) over the classical minmod limiter (3.2.5). Examples for conservation laws and

incompressible Euler equations will be presented. We take the small bias ε = ∆x3 for van

Albada limiter in all the computations. The second aspect is to validate the application of MUSCL

schemes in collective dynamics simulations. In particular, we will illustrate the hydrodynamic

alignment of single-species in one- and two-dimensions through numerical experiments.

3.4.1 Conservation laws

We verify the high resolution and the non-oscillatory property of limiter (3.3.1) as ap-

plied to the fully discrete NT scheme (3.2.10) and the semi-discrete central upwind scheme (see

(3.2.17) and (3.2.19)). Several test cases for linear and nonlinear conservation laws are presented.

In all the simulations of the NT scheme, the numerical slope of flux, f ′j is evaluated with

the exact flux Jacobian (3.2.12), and the CFL number is taken to be 0.45. The implementation

of the semi-discrete scheme requires a high order time discretization. We use the third order,

explicit SSPRK3 method for the time integration of method-of-lines ODEs (3.2.17a) with the

CFL number chosen to be 0.7.
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3.4.1.1 One-dimensional linear advection equation

We consider the one-dimensional linear advection equation

∂u

∂t
+
∂u

∂x
= 0

with periodic boundary conditions over the domain [0, 2π]. The initial data includes a sin4(πx)

distribution, a step function and a function. We compute the solution after one-period of revolu-

tion under N = 400 equidistant mesh grids. Figure 3.4.1 displays the solutions computed with

the NT scheme. It is seen that both the van Albada limiter and the minmod limiter generate non-

oscillatory solutions with comparable resolution at the shocks and smooth extrema. Figure 3.4.2

compares the solutions computed with different limiters as applied to the semi-discrete central-

upwind scheme. In this case, applying the van Albada limiter greatly improves the sharpness of

the solution at the peaks of the sinusoidal wave and the triangular wave.

Figure 3.4.1: Linear advection, NT scheme, N = 200, periodic bc, t = 2π.
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Figure 3.4.2: Linear advection, semi-discrete central-upwind scheme, N = 200, periodic bc,
t = 2π.

3.4.1.2 One-dimensional Euler equations

We consider the one-dimensional Euler equations of gas dynamics

∂

∂t


ρ

ρu

E

+
∂

∂x


ρu

ρu2 + p

(E + p)u

 = 0,

where ρ, u, p are the density, velocity and pressure, E is the total energy per unit volume given

by

E =
p

γ − 1
+
ρu2

2
, γ = 1.4.

At first, we consider the Sod’s shock tube problem. The computational domain is [0, 1]

with an interface at x = 0.5. The initial states on the two sides of the interface are given by


pL = 1.0, pR = 0.1

ρL = 1.0, ρR = 0.125

uL = 0.0, uR = 0.0

.
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We compute the numerical solution with N = 400 mesh grids. Figures 3.4.3–3.4.4 show the

solutions of density at t = 0.2 by different schemes and limiters. The results have shown the high

resolution and the non-oscillatory property of the van Albada limiter.

Figure 3.4.3: Sod’s problem–density, NT scheme, N = 400, t = 0.2.

Figure 3.4.4: Sod’s problem–density, semi-discrete central-upwind scheme, N = 400, t = 0.2.
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The second test case is the Osher-Shu problem. The computational domain is [−5, 5] with

the interface placed at x = −4. The initial data is given by


pL = 10.33333, pR = 1.0

ρL = 3.857143, ρR = 1 + 0.2 sin(5x)

uL = 2.6293690, uR = 0.0

.

In this problem, the solution of density consists of a discontinuity and a smooth harmonic wave.

Figure 3.4.3 and 3.4.6 present the solutions of density given by the NT scheme and the semi-

discrete central-upwind scheme computed with N = 600 mesh grids at t = 1.8. It is seen

that the solutions computed with the van Albada resolve the smooth extremum better than those

computed with the minmod limiter, and the solutions do not introduce numerical oscillations at

the shock even if the reconstructed slope does not have the minmod property.

Figure 3.4.5: Osher-Shu problem–density, NT scheme, N = 600, t = 1.8.
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Figure 3.4.6: Osher-Shu problem–density, semidiscrete central-upwind scheme, N = 600, t =
1.8.

3.4.1.3 Two-dimensional Euler equations

We examine the performance of the van Albada limiter in multi-dimensions. We consider

the double Mach reflection problem [156] for the two-dimensional Euler equations,

∂

∂t



ρ

ρu

ρv

E


+

∂

∂x



ρu

ρu2 + p

ρuv

(E + p)u


+

∂

∂y



ρv

ρuv

ρv2 + p

(E + p)v


= 0, p = (γ − 1) · [E − ρ

2
(u2 + v2)].

The problem is initiated with a Mach 10 oblique shock positioned at (1/6, 0) which makes a

60◦ angel with x−axis. The computational domain is set to [0, 4]× [0, 1]. The bottom boundary

(y = 0) consists of a reflecting wall beginning at x = 1/6, the short region from x = 0 to x = 1/6

is imposed with the initial post-shock conditions. The left boundary (x = 0) is also assigned with

the initial post-shock values, and at the right boundary (x = 4) all the gradients are set to zero.

The values along the top boundary (y = 1) are set to describe the exact motion of the Mach 10

shock. We refer to [156] for more detailed descriptions. We compute the solution of density at
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t = 0.2 with 480 × 120 mesh grids. Figure 3.4.7 shows the reference solution given by the 5th

order WENO finite difference method [123].

Figures 3.4.8, 3.4.9 display the solutions computed with the NT scheme. It is clear from

the results that the solution generated by the van Albada limiter has obviously better quality. The

shock waves and the slip lines underneath are characterized much more sharply. The computa-

tion results of the semi-discrete scheme are presented in Figures 3.4.10, 3.4.11. The numerical

scheme captures more information of the near-wall flow when used in conjunction with the van

Albada limiter. These results confirm the advantage of the limiter (3.3.1) in terms of resolving

multidimensional complex flow structures.

Figure 3.4.7: Double Mach reflection-density, 5th order WENO, Nx = 480, Ny = 120, t = 0.2.

Figure 3.4.8: Double Mach reflection-density, NT scheme, minmod limiter, Nx = 480, Ny =
120, t = 0.2.
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Figure 3.4.9: Double Mach reflection-density, NT scheme, van Albada limiter, Nx = 480, Ny =
120, t = 0.2.

Figure 3.4.10: Double Mach reflection-density, semidiscrete central-upwind scheme, minmod
limiter, Nx = 480, Ny = 120, t = 0.2.

Figure 3.4.11: Double Mach reflection-density, semidiscrete central-upwind scheme, van Albada
limiter, Nx = 480, Ny = 120, t = 0.2.
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3.4.2 Incompressible Euler equations

We consider the two-dimensional double shear layer problem for incompressible Euler

equations,  ∂tu +∇ · (u⊗ u) = −∇p

∇ · u = 0
,

where p denotes the pressure and u = (u, v) is the velocity field. The initial data is given by

u0(x, y) =

 tanh ((y − π
2
)/ρ) y 6 π

tanh ((3π
2
− y)/ρ) y > π

, v0(x, y) = δ sin (x)

over the rectangular domain [0, 2π] × [0, 2π]. We take ρ =
π

15
and δ = 0.05. The equations

are solved with the finite difference projection method (see e.g. [33, 158]), which consists of a

predictor step and a corrector step

u∗ − un

∆t
+∇ · (un ⊗ un) = 0,

un+1 − u∗

∆t
+∇pn+1 = 0 with ∇ · un+1 = 0.

The divergence free constraint,∇ · un+1 = 0, leads to a Poisson equation for pressure

−∆pn+1 = − 1

∆t
∇ · u∗.

In the predictor step, we reconstruct the convection fluxes, un ⊗ un, with the Rusanov-type flux

(3.2.18) coupled with the second order MUSCL reconstructions (3.2.15). In the corrector step,

assuming the uniform mesh size is employed, ∆x = ∆y = h, the gradient, divergence and

Laplace operators are approximated with the second order central difference operators,

∇hφi,j =

 φi+1,j−φi−1,j

2∆x

φi,j+1−φi,j+1

2∆y

 ,
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∇h · ui,j =
ui+1,j − ui−1,j

2∆x
+
vi+1,j − vi−1,j

2∆y
, u = (u, v),

∆hφi,j =
φi+2,j − 2φi,j + φi−2,j

4∆x2
+
φi,j+2 − 2φi,j + φi,j−2

4∆y2
.

To achieve a higher order of accuracy in time, we apply the explicit SSPRK3 method for time

marching. The time step is taken according to the CFL condition

∆tmax
i,j

(
|ui,j|
∆x

+
|vi,j|
∆y

) 6 0.5.

Figure 3.4.12 presents the solutions of vorticity at t = 8. We observe that the solution

contours given by the van Albada limiter are more concentrated than those by the minmod limiter.

Meanwhile, Figure 3.4.13 compares the solutions of v along the vertical line x = π. It is observed

that the van Albada limiter has clear advantage over the minmod limiter in terms of capturing

high-frequency extrema.

3.4.3 Hydrodynamic alignment of single-species

Now we apply the MUSCL scheme, combined with the van Albada limiter (3.3.1), to sim-

ulate the long time behavior of the pressure-less single-species hydrodynamics

∂

∂t

 ρ

ρu

+∇ ·

 ρu

ρu⊗ u

 =

 0∫
φ(x,x′)(u′ − u)ρρ′ dx′

 .
The CFL condition for the time step ∆t takes the form

∆tmax
i,j

(
|ui,j|
∆x

+
|vi,j|
∆y

) 6 CFL.

In the following simulations, the convection term is reconstructed with the Rusanov-type numer-

ical flux. Time marching is implemented with the explicit SSPRK2 method under CFL = 0.7.
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(a) 5th order WENO (b) MUSCL-minmod

(c) MUSCL-van Albada

Figure 3.4.12: Double shear layer, contours of vorticity. Nx = Ny = 128, CFL = 0.5, t = 8.

3.4.3.1 Long-range communication

We study the hydrodynamics driven by the fat-tail kernel

φ(x,x′) =
1

|x− x′|θ
, θ > 0.

At first, we consider the one-dimensional dynamics subject to compactly supported initial

data,

ρ0(x) = 1, u0(x) = 1 + x, −0.5 < x < 0.5. (3.4.1)

The computation domain is taken to [−5, 5] with periodic boundaries. Figure 3.4.14 displays the
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Figure 3.4.13: Double shear layer, solutions of v along x = π, Nx = Ny = 128, CFL = 0.5,
t = 8.

histories of energy fluctuation,

δE (t) =

∫
|u(t,x)− u∞|2ρ(t,x) dx,

up to T = 5 under different values of θ. The results recover the exponential decay for θ < 1 and

the polynomial decay for θ = 1, as expected by Corollary 2.1.6. Interestingly, in our test case

the fluctuation seems to decay with a polynomial rate for θ = 1.5. In general, the emergence of

alignment for θ > 1 still lacks proof.

We also consider a two-dimensional test case with initial configuration

ρ0(x, y) = 1, u0(x, y) = 1 + x, v(x, y) = 1 + y, −0.5 < x < 0.5, −0.5 < y < 0.5.

(3.4.2)

The variation of energy fluctuation is presented in Figure 3.4.15. Again, the results verify the

alignment behavior of single-species for θ 6 1. For θ = 1.5, although the fluctuation is decaying

in time, the tendency of alignment, δE → 0, seems unclear.

72



Figure 3.4.14: 1D single-species with fat-tail kernel, history of energy fluctuation up to T = 5.
N = 100, CFL = 0.7.

3.4.3.2 Local communication

We also mention an interesting class of local communication kernels,

φ(x,x′) = 1{d6|x−x′|6D}.

In this case, the communication between each two agents is activated only if their distance is

within the range [d,D]. We consider the one-dimensional initial data (3.4.1) and keep track of

the change in energy fluctuation, as shown in Figure 3.4.16. It seems that the energy fluctua-

tion recovers polynomial decay under different choices of parameters. Also, a larger range of

communication seems to result in a stronger tendency of alignment.

So far the effects of local communications have not been rigorously proved. Nevertheless,

from the numerical experiments, we might expect that local communications can also lead to

alignment, at least when the initial data is properly chosen, or if the range of communication is

sufficiently large but remains finite. We will leave the theoretical discussion for future study.
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Figure 3.4.15: 2D single-species with fat-tail kernel, history of energy fluctuation up to T = 4.
Nx = Ny = 40, CFL = 0.7.

Figure 3.4.16: 1D single-species with local communication, history energy fluctuation up to
T = 5. N = 100, CFL = 0.7.
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Chapter 4: Novel Swarm-Based Gradient Descent Method

Besides successful application in mathematical modeling, the idea of swarm dynamics has

also been widely applied in numerical optimization algorithms for non-convex problems. While

local minimization problems have been well understood, finding the global minimum for a non-

convex objective function is still a big challenge. Classical optimization algorithms, e.g. gradient

descent method and Newton’s method, apply a single agent to explore the domain, with the

marching direction determined from gradient information. Due to the limited local information,

these methods often suffer from getting trapped near local minima and therefore are not suitable

for global optimization problems. To help the iterations escape from local minima, the strat-

egy of swarm-based algorithms is to employ multiple interacting agents (particles) to search for

solution. With properly constructed interactions, the crowd is expected to gather around a dy-

namically established consensus state, which would give a near-optimal solution. Well-known

examples include particle swarm optimization, ant colony optimization, genetic algorithm etc.

In this chapter, we propose a novel Swarm-Based Gradient Descent (SBGD) method for

non-convex optimization. Discussions are based on the joint paper with Eitan Tadmor and Anil

Zenginoglu [96]. In contrast to the other swarm-based methods where agents are treated ‘identi-

cally’, a central idea of SBGD is to distinguish the search strategies of different candidates based

on their qualities. This is achieved by identifying each agent not only by its position, x, but also

a mass, m. The key to SBGD dynamics is communication: masses are being transferred from

agents at high ground to low(-est) ground. At the same time, agents update positions with step

size, h = h(x,m), which is dependent on their masses: heavier agents proceed with small time

steps in the direction of local gradient, while lighter agents take larger time steps to escape from
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local minima but still ensure the descent property. Under such mechanism, the crowd of agents

is dynamically divided between ‘heavier’ leaders, which are expected to approach local minima,

and ‘lighter’ explorers. With large-step protocol, light explorers are expected to encounter im-

proved position for the swarm; if they do, then they will take over the role of ‘heavy’ swarm

leaders. Convergence analysis and numerical simulations in one-, two-, and 20-dimensional

benchmarks demonstrate the effectiveness of SBGD as a global optimizer.

4.1 The Swarm-Based Gradient Descent (SBGD) algorithm

Consider unconstrained global optimization problems of the form

x∗ = argmin
x∈Rd

f(x). (4.1.1)

The Gradient Descent (GD) method is one of the most popular optimization algorithms and has

been widely applied in a variety of application problems. It explores the surrounding area by

marching along the direction dictated by local gradient, ∇f(x). Once the marching direction

is determined, the choice of step size becomes the remaining key aspect, common protocols

include fixed step size, exact line search and inexact line search. However, in non-convex global

optimization problems, GD methods suffer from the lack of perception of global landscape, and

therefore often get trapped in the basin of attraction of local minima.

To enhance the flexibility of exploration, the SBGD algorithm employs a swarm of agents,

instead of a single agent, to search for the solution, each of which explores the ambient space

under GD protocol. Indeed, by having N agents in the swarm, the result is expected to ‘N times

better’. Meanwhile, agents would dynamically exchange information with each other such that

the optimal candidate would progressively dominate the search of the crowd. To this end, we

identify each agent by its time dependent position, Xi(t
n) ∈ Ω ∈ Rd, and its weight, mi(t

n) ∈

[0, 1]. Communications between agents are characterized by dynamical mass transitions from

high to low, hence the agents with better quality (lower ground) would be favored. The time step
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protocol is then adjusted accordingly such that heavier agents take smaller time steps, whereas

lighter agents proceed with larger time steps and explore larger regions away from current basins

of attraction. In this way, these light explorers are expected to encounter a ‘better’ minimizing

ground. Then, these light explorers are gradually converted into heavier, global leaders of the

swarm. The dynamic distinction between heavy leaders and light explorers enables the approach

towards local minimizers, while keep searching for even better global minimizers simultaneously.

We summarize the key ingredients as follows:

• Agents. Each agent is identified by its position, Xi(t) ∈ Rd, and its mass, mi(t) ∈ (0, 1].

The total mass is kept constant in time,
∑

imi(t) = 1.

• Protocol for time step. The position of each agent is dynamically adjusted by taking a

time step hi in the gradient direction,∇f(Xi(t))

d

dt
Xi(t) = −hi∇f(Xi(t)).

The time step, hi, depends on the position of the agent at, Xi(t), and on its relative mass,

m̃i(t),

m̃i(t) :=
mi(t)

m+(t)
, m+(t) = max

i
mi(t).

The precise protocol for choosing the step size, based on backtracking, is outlined in Sec-

tion 4.2.2. A key aspect is choosing hi as a decreasing function of the relative mass, m̃i:

‘heavier’ agents move slower, while ‘lighter’ agents take larger time steps. An alterna-

tive point of view is to interpret the m̃i’s as the probabilities of agents to identify global

minimum: those with mass mi(t) � m+(t) take large time steps to explore the region of

interest, since their probability of identifying the global minimum at their current position,

Xi(t), is low.

• Communication. Let fmax(t) = max
j
f(Xj(t)) and fmin(t) = min

j
f(Xj(t)) denote the

maximal and respectively, minimal heights of the swarm at time t. The mass of each agent,
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mi(t), is dynamically adjusted according to its relative height, ηi(t),


d

dt
mi(t) = −φp(ηi(t))mi(t), i 6= i(t),

mi(t) = 1−
∑
j 6=i(t)

mj(t), i = i(t),

i(t) := argmin
i

f(Xi(t)), ηi(t) :=
f(Xi(t))− fmin(t)

fmax(t)− fmin(t)
.

At each iteration, each non-optimal agent loses a fraction of its mass, φp(ηi(t)) ∈ (0, 1],

which is transferred to the current best minimizer at Xi(t). Here we allow to adjust the

mass transition, φp(η) = ηp, using a user choice of a fine-tuning parameter p > 0, with the

default choice p = 1. As the best minimizer becomes ‘heavier’, it will be more ‘cautious’,

taking smaller time steps, while the other ‘lighter’ agents take larger time steps. As the

lighter agents explore the surrounding with larger time steps, it will increase their likelihood

to encounter a new neighborhood of a global minimum, which in turn may place one of

them as the new heaviest global minimizer and so on. Observe that with a larger p, the

mass transition with rate φp(ηi(t)) would be slower.

The discrete time marching of SBGD is realized by agents positioned at Xn+1
i = Xi(t

n+1)

with masses mn+1
i = mi(t

n+1) at discrete time steps tn+1 = tn + ∆t. We use the simple forward

time discretization with time step ∆t = 1, acting on all non-empty agents, mn
i > 0,



mn+1
i = mn

i − φp(ηni )mn
i , i 6= in

mn+1
in

= mn
in +

∑
i 6=∈

φp(η
n
i )mn

i ,


in := argmini f(Xn

i )

mn+1
+ := max

i
mn+1
i

Xn+1
i = Xn

i − h
(
Xn
i , λψq(m̃

n+1
i )

)
∇f(Xn

i ), m̃n+1
i =

mn+1
i

mn+1
+



mn
i > 0. (4.1.2)
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Initially, the agents are placed at random positions, {X0
i } with equi-distributed masses {m0

i =

1/N}. At each iteration, masses of agents are exchanged according to their relative heights,

and the positions of agents are updated in the direction of the local gradient, with time step,

hni = h
(
Xi
n, λψq(m̃

n+1
i )

)
, depending on these relative mass. Note that the agent with the worst

configuration, positioned at argmax f(Xi
n), is eliminated from the computation; consequently,

the size of the swarm decreases by one agent at a time, until it remains with the one heaviest

agent. Our choice for the time-stepping protocol, h
(
X, λψq(m̃)

)
, is the backtracking line search

outlined in Section 4.2.2, which is weighted by the relative masses, ψq(m̃n+1
i ) (again, here we

allow fine-tuning the dependence on the relative mass, ψq(m̃) = m̃q, based on a user choice of

q > 0, with the default choice q = 1). The backtracking enforces a descent property for the

SBGD iterations Xn
i , and the parameter, λ ∈ (0, 1), dictates how much the descent property

holds in the sense that (4.2.4) is fulfilled. The communication is designed so that the total mass

of the swarm gradually concentrates on the agents most likely to become the global minimizers,

that is, the agents which will most likely to reach the global minimum of the region explored

so far by the swarm. Such ‘heavy’ agents are assigned with relatively small step sizes, as they

are suspected to be close to ‘good’ minimizers, hence their subsequent explorations should be

sufficiently cautious. On the other hand, the ‘lighter’ agents should not be trapped in basins of

attraction of local minimizers, so they proceed with larger step sizes, allowing them to explore a

larger regions, during which they may encounter ‘better’ minimizers; then they may be gradually

converted from ‘light explorers’ into ‘heavy leaders’ and so on.

We note the flexibility of the SBGD communication protocol, depending on fractional mass

transition, φp(ηni ), and the mass-dependent step size, h(Xn
i , λψq(m̃

n+1
i )). Their detailed con-

struction is outlined in 4.2. The algorithm (4.1.2) then forms a family of swarm-based methods,

denoted SBGDpq whenever we want to emphasize its dependence on the parameters (p, q); the

default version corresponding to (p, q) = (1, 1) is denoted simply by SBGD.
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4.1.1 Why communication is important

Consider the particular scenario in which all agents are assigned with the same constant

mass, i.e., mn
i ≡ 1/N and ηni ≡ 0, so that ψq(m̃n

i ) ≡ 1 yields

Xn+1
i = Xn

i − h(Xn
i , λ)∇f(Xn

i ), i = 1, 2, . . . , N. (4.1.3)

In this case, there is no mass transition and the dynamics is reduced to a crowd of non-communicating

agents. In particular, each agent makes its own decision to proceed with variable step size based

on the backtracking protocol outlined in section 4.2.2 below. We refer to this as the backtracking

GD, or GD(BT) method. There is also the primary version of Gradient Descent, denoted GD(h),

which proceeds with a fixed step size h(Xn
i , λ) ≡ h. In either case, we have N agents, exploring

the region of interest independently of each other. Of course, if there areN such agents exploring

the region of interest, the corresponding GD(h) and GD(BT) method are expected to be “N times

better” than their the single-agent versions. However, compared with the swarm of N communi-

cating agents, we find that the SBGD dynamics has a superior global behavior. Specifically, the

advantage of communication in SBGD dynamics becomes apparent in exploring larger regions

for potential global minimum. This will be borne out in the numerical results presented in sec-

tions 4.5.1,4.5.2 and 4.5.3. Here, we demonstrate the benefit of communication with a simple

example of an objective function shown in Figure 4.1.1,

f(x) = esin(2x2) +
1

10

(
x− π

2

)2
. (4.1.4)

The function admits multiple local minima, with a unique global minimum (x∗ ≈ 1.5355). We

compare the performance of SBGDpq, (4.1.2) vs. the non-communicating GD(BT) iterations,

(4.1.3), the GD(h) iterations with a fixed step size h, and the Adam method with (initial) step

size α, denoted Adam(α), [79]. We report on the results of SBGD21 which seems to perform

slightly better than the basic version SBGD11, and both offer a more robust optimizer than all
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other non-communicating methods.

Figure 4.1.1: Plot of the objective function (4.1.4).

At first, we initialize the positions of agents uniformly in the interval [−3, 3]. In this case,

the global minimum is included in the support of initial data. We implemented 1000 independent

simulations and observe the results of SBGD, GD(h), GD(BT) and Adam. Table 4.1.1 presents

the success rates for an increasing number of agents. All methods perform equally well in locating

the global minimum, except for Adam(1.1): a large initial step size in Adam method may take it

outside the initial region that already contains the global minimum.

The situation is different, however, if we initialize the agents to be uniformly distributed in

[−3,−1]. The results shown in Table 4.1.2, indicate that the performance of the non-communicating

GD(0.01), GD(BT) and Adam(0.1) is significantly worse, whereas the SBGD still identifies the

global minimum with high success rates. In particular, the GD(h) and Adam with small time

steps are trapped inside an initial basin of attraction, unable to get out of that neighborhood of

local minimum. This is also depicted in Figure 4.1.2 where each local minimum sheds its local

basin of attraction for GD(0.01) and Adam(0.1). In particular, the initial data outside [1, 2] will

necessarily fail to reach the global minimum at x∗ ≈ 1.5355. Only when combined with a larger

initial step, Adam(1.1) leads to substantial improvement. Nevertheless, the behavior of Adam
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method under large time step is more unstable. As observed from the computation of basin of

attraction, a slight change in the initial position could lead to a significant jump in the resulting

minimizer.

This is further clarified when we examine the distribution of m = 1000 solutions by SBGD

vs. GD(BT) in Figure 4.1.3. Observe that in most of the 1000 experiments, the iterations of

GD(BT) are blocked by the relatively flat basin near the origin, and subsequently they end at

the local minimizer lying in the interval [−2,−1]. In contrast, the SBGD iterations, thanks to

the ‘aggressive’ exploration of light agents, are much more likely to avoid getting trapped in the

local flat basin of attraction and eventually accumulate enough mass nearby the global minimum.

N 5 10 15 20 30

SBGD11 64.3% 96.5% 99.8% 99.9% 100%

SBGD21 68.2% 97.7% 99.7% 100% 100%

GD(0.01) 75.2% 93.5% 98.7% 100% 100%

GD(BT) 73.6% 96.7% 99.5% 100% 100%

Adam(1.1) 19.6% 35.0% 64.9% 77.1% 89%

Adam(0.1) 58.3% 65.6% 85.8% 95.2% 95.7%

Table 4.1.1: Success rates of SBGD, GD(h), GD(BT) and Adam methods for global optimization
of (4.1.4), based onm = 1000 runs with uniformly generated initial data in [−3, 3]. Backtracking
parameters (see Algorithm 1), λ = 0.2 and γ = 0.9.

The example shows the advantage of communication-based SBGD as an algorithm that is

more resilient to the initial guess. Specifically, in complicated applications it may not be realistic

to ‘guess’ an initial configuration that encloses the unknown location of the global minimum, and

consequently, GD(h), GD(BT) and Adam iterations may be trapped near a local minimizer due to

ill-conceived initial guesses. In contrast, the final outcome of SBGD is more resilient with respect

to the initial configuration, in exploring regions outside the enclosure of initial guesses. More

can be found in numerical simulations recorded for one-, two- and 20-dimensional benchmark
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N 5 10 15 20 30

SBGD11 36.5% 83.1% 97.2% 99.5% 100%

SBGD21 42.4% 91.4% 99.0% 99.8% 100%

GD(0.01) 0.0% 0.0% 0.0% 0.0% 0.0%

GD(BT) 1.8% 5.2% 8.5% 12.8% 21.8%

Adam(1.1) 40.2% 47.9% 82.7% 88.7% 93.9%

Adam(0.1) 0.0% 0.0% 0.0% 0.0% 0.0%

Table 4.1.2: Success rates of SBGD, GD(h), GD(BT) and Adam methods for global optimization
of (4.1.4) based on m = 1000 runs of uniformly generated initial data in [−3,−1]. Backtracking
parameters (see Algorithm 1), λ = 0.2 and γ = 0.9

Figure 4.1.2: Basins of attraction for GD(0.01), Adam(0.1), and Adam(1.1) method.
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problems presented, respectively, in Sections 4.5.1, 4.5.2 and 4.5.3.

(a) SBGD, N = 10. (b) GD(BT) , N = 10.

(c) SBGD, N = 20. (d) GD(BT) , N = 20.

(e) SBGD, N = 30. (f) GD(BT) , N = 30.

Figure 4.1.3: Histograms of problem (4.1.4) by m = 200 experiments. Initial data is generated
uniformly in [−3,−1]. Global minimum at x∗ = 1.5355.

4.1.2 What is different about SBGD

Besides our new SBGD method, there have also been many other swarm-based algorithms,

notable examples include particle swarm optimization (PSO) [76], simulated annealing [80, 148],

ant colony optimization [157], genetic algorithm [64], and the more recent Consensus-Based
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Optimization (CBO) [18, 20, 116]. As a representative example, here we briefly mention the

consensus-based optimization.

The CBO algorithm employs a crowd of interacting agents with positions X1(t), · · · ,XN(t)) ∈

Rd at time t ∈ [0,∞). Their motions are governed by the stochastic differential equations [20],

dXj(t) = −λ(Xj(t)−mN(t))dt+ σ
d∑

k=1

(Xj(t)−mN(t))kdW
k
j (t)~ek,

mN(t) =
1∑N

j=1 e
−αf(Xj(t))

N∑
j=1

Xj(t)e
−αf(Xj(t)),

(4.1.5)

subject to initial data X0
j . {W k

j (t)} are independent Brownian motions on R, ~ek is the unit vector

along the k−th dimension. The weighted average state, mN(t), serves as the center of attraction.

By Laplace Principle [8], the exponential weights e−αf(Xj) concentrate the mass at the lowest

agent, argminXj
f(Xj), for α� 1. Hence, the drift enforces the alignment towards the minimal

heading, while the stochastic diffusion is responsible for enlarging the range of exploration. It is

shown that [20] with sufficiently large α� 1 and appropriate constraints on parameters λ and σ,

the crowd of agents will gradually gather around a consensus state, x̃, lying in a neighborhood of

global minimum x∗ with radius O(
d

2

log(α)

α
).

We point out that SBGD and CBO, to some extent, have similar mechanism. Indeed,

communications of SBGD are characterized by mass transitions from agents at high ground to

those at low ground. This can also be interpreted as a particular case of alignment dynamics (in

terms of masses) where the agents steer towards the minimal heading, instead of steering towards

the average heading as in the Cucker-Smale dynamics (see Chapter 2). Nevertheless, there are

substantial differences between SBGD and CBO in the following aspects.

Gradient-based vs Gradient-free To resolve the problem of getting trapped at local minima, the

CBO algorithm (and most of the other swarm-based algorithms) avoids the use of gradient infor-

mation. As the search of CBO is directly based on function values, it is, theoretically, expected to

be advantageous in resolving complex landscapes. However, in actual computation, especially in
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high-dimensional problems, the application of α−weighted Laplace principle, requiring α � 1,

can suffer from significant machine error. Thus, due to the difficulty of taking sufficiently large

α, the convergence of CBO is sensitive to the experimental choice of parameters λ and σ. In

contrast, the search of SBGD is still based on function gradient. Although the theoretical opti-

mality is not ensured, the quality of solution can be effectively improved by introducing proper

communications. Moreover, the convergence of SBGD is always guaranteed regardless of the

choice of artificial parameters (see Proposition 4.4.2).

Distinguished agents vs Identical agents In CBO algorithms, all agents are driven by ‘identical’

dynamics, taking the same formulation and uniform parameters. However, the central idea of

SBGD is to distinguish different agents by identifying their qualities with masses mn
i . This

allows adaptive adjustments on individual search modes, in contrast to CBO of which the search

parameters are fixed throughout the iterations. With dynamical and self-adjusting distinction

between heavy leaders, which explore the surrounding more carefully, and light explorers, taking

more aggressive step sizes to escape from current basins of attraction, the iterations would achieve

a better balance between the stability of convergence and a large range of exploration. This is

also verified by the numerical comparison of SBGD with the non-communicating GD and Adam

methods.

4.2 Implementation of the SBGDpq algorithm

The success of the SBGDpq method relies heavily on two main procedures: (i) a properly

defined communication protocol which dictates mass transition factors, {φp(ηni )}; and (ii) an

effective strategy for taking step size, h
(
Xn
i , ψq(m̃

n+1
i )

)
, which is adjusted to the position and

the relative mass of a given agent. In this section, we discuss the details of these procedures,

which are summarized in corresponding pseudo-codes.
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4.2.1 Communications and mass transition

Let in = argmin
i

f(Xn
i ) denote the global minimizer at iteration number n or time level tn.

All other agents will shed part (or all) of their mass, φp(ηni )mn
i , i 6= in, which will be transitioned

to the mass of the global minimizer mn
in 7→ mn

in +
∑
i 6=in

φp(η
n
i )mn

i . The fraction of mass loss, ηni

is determined by the relative height

ηni :=
f(Xn

i )− fnmin

fnmax − fnmin + ε
, (4.2.1)

where fnmin = min
j
f(Xn

j ) and fnmax = max
j
f(Xn

j ) are the current global extremes. To prevent

vanishing denominator in the extreme case fmax = fmin, we introduce a small ε-correction, say

ε = 10−10, the effect on the numerical performance is minimal. In this fashion, the ‘higher’ the

agent is, the more mass it will lose. Particularly, for ε = 0 the highest agent in each iteration

will be eliminated. The function φ is user-dependent; for example φp(η) = ηp, p > 0 enables

adjusting the amount of mass transition, with mass transition tamed as p ↑ ∞. This usage of

a relative height keeps a minimal amount of global communication necessary to calibrate each

agent relative to the current extremes of the crowd, while being invariant under the transition and

dilation of the target function. Therefore, the computation of the relative height is more stable.

4.2.2 Time stepping – backtracking line search

Consider the Gradient Descent (GD) iteration

xn+1 = xn − h∇f(xn).

The new position, xn+1 = xn+1(h), is viewed as a function of the step size, h. A proper strategy

for choosing the step size is now the key for the success of GD iterations. We recall the classical

backtracking line search (see e.g. [12]), which is a computational realization of the well-known

Wolfe conditions [3, 155] for inexact line searches. The idea is to secure an acceptable step
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length, h, that enforces a sufficient amount of height reduction (or loss) in the target function

f(xn+1(h)) 6 f(xn)− λh|∇f(xn)|2, λ ∈ (0, 1). (4.2.2)

Indeed, since f(xn+1(h)) = f(xn)− h|∇f(xn)|2 + {higher order terms}, then (4.2.2) holds for

any fixed 0 < λ < 1, provided the time step is small enough, h � 1. The purpose is to secure

(4.2.2) for large enough h, so that we maximize the size of descent, λh|∇f(xn)|2. To this end,

one employs a dynamic adjustment, starting with a relatively large h = h0 (for which one expects

f
(
xn − h∇f(xn)

)
> f(xn) − λh|∇f(xn)|2) and then successively shrink the step size h until

(4.2.2) is observed. At this stage, we have a final step size, h = h(xn, λ), which secure (4.2.2)

f(xn+1(h)) 6 f(xn)− λh(xn, λ)|∇f(xn)|2.

Thus, the protocol for step size hinges on the choice of the parameter λ which dictates the steep-

ness of descent (4.2.2). One expects that as the iterations approach the (potentially) global mini-

mum, their descent property is scaled with a larger λ, which leads to a smaller step size, yet they

should be able to avoid getting trapped in local basins of attraction by allowing smaller λ � 1.

This is exactly where we take advantage of our swarm-based approach: as a compromise be-

tween these two conflicting requirements, we offer to use the relative mass of different agents,

m̃n+1
i , as an indicator which distinguishes between the ‘heavier’ agents who are potentially close

to the global minimizer, and the ‘lighter’ agents which are allowed to take large(r) time steps. We

therefore adjust the descent parameter λ to each SBGDpq agent positioned at Xn
i , according to its

relative mass m̃n+1
i

hni = h
(
Xn
i , λψq(m̃

n+1
i )

)
m̃n+1
i :=

mn+1
i

mn+1
+

, mn+1
+ := max

i
mn+1
i , 0 < λ < 1. (4.2.3)

The parameter q > 0 tunes the role of the relative mass m̃n+1
i : as q increases then ψq(m̃n+1

i )

decreases, and backtracking allows intermediate agents to take larger time steps. The pseudo-
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code for computing the SBGDpq steps based on backtracking line search is given in Algorithm 1.

The results reported in Section 4.5.2.2 below show that although fine-tuning the parameter, q, can

lead to improved results, it has a limited effect on the overall performance of SBGDpq iterations.

Algorithm 1 Backtracking Line Search

Set the descent parameter, λ ∈ (0, 1), and shrinkage parameter, γ ∈ (0, 1)

Set ψq with q > 0

Set the relative mass m̃n+1
i =

mn+1
i

mn+1
+

Initialize the step size h = h0.

while f
(
Xn
i − h∇f(Xn

i )
)
> f(Xn

i )− λψq(m̃n+1
i )h|∇f(Xn

i )|2 do

h← γh.

end while

Set h
(
Xn
i , λψq(m̃

n+1
i )

)
← h

Observe that the successive shrinking of step size in backtracking involves a shrinking factor

γ ∈ (0, 1): a small γ corresponds to a ‘crude’ line search while γ ∼ 1, corresponds to a more

refined search. Again, although fine-tuning the shrinkage parameter γ may lead to improved

results, it does not seem to have a substantial effect on the overall performance of SBGDpq.

The final output of Algorithm 1 yields, for each agent, an adjusted step size, hni = h
(
Xn
i , λψq(m̃

n+1
i )

)
,

which secures the descent property (4.2.2) with λψq(m̃n+1
i ) substituted for λ,

f(Xn+1
i ) 6 f(Xn

i )− λψq(m̃n+1
i )hni |∇f(Xn

i )|2, Xn+1
i = Xn

i − hni∇f(Xn
i ). (4.2.4)

Moreover, as we shall see in Lemma 4.4.1 below, the step sizes, hni , admit a lower bound in terms

of the corresponding relative masses of the different agents. The scaling of the step size using

relative masses encodes the communication of different agents, which is the key to the success

of the SBGDpq algorithm. Roughly speaking, we can distinguish between two types of agents.

The SBGDpq iterations are led by the heavier agents, mn+1
i ≈ mn+1

+ , which tend to recover a
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maximal local descent rate of order λ, (4.2.2). On the other hand, there are the lighter agents

where mn+1
i � mn+1

+ , which are less driven by the steepness of their decent, and are therefore

better equipped as explorers of large areal search for the global minimizer. In this way, the mass-

dependent adjustment of step size captures both the descent property of the target function while

allowing the lighter explorers to pull away from local minimizers.

4.2.3 SBGDpq pseudocode

The pseudocode of the SBGDpq method is given in Algorithm 2. The initial setup consists

of N randomly distributed agents X0
1, · · · ,X0

N , associated with masses m0
1, · · · ,m0

N . At the

beginning, all agents are assigned equal masses, m0
j = 1/N , j = 1, . . . , N . At each iteration

step, the agent Xin = argminXn
i
f(Xn

i ) attains the minimal value, while the other agents transfer

part of their masses to the current optimal minimizer Xin . Then all the agents are updated with

the gradient descent method using the step lengths obtained with (4.2.3).

To further improve efficiency, we use three tolerance factors:

• If the mass of an agent is lower than a minimal threshold tolm, then this agent will be

eliminated and its remaining mass will be transferred to the optimal agent at Xin .

• ‘Sticking particles’. Agents that are sufficiently close to each other below a threshold

tolmerge, are merged into a new agent, and their masses are combined into the newly

generated agent.

• The iterations stop when the minimizer’s descent in two consecutive iterations is below a

minimal threshold tolres.

Unless otherwise specified, all simulations reported in this paper employ the same thresholds

tolm = 10−4, tolmerge = 10−3, tolres = 10−4. (4.2.5)

The optimal choices of these thresholds are experimental. With smaller thresholds, tolm and
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tolmerge, the SBGD algorithm will explore a larger part of the ambient space ending with a

better solution, at the expense of reduced efficiency. A balance between the quality of the solution

and the computational cost should be explored.

Algorithm 2 Swarm-Based Gradient Descent
Set three tolerance parameters, tolm, tolmerge and tolres
Set the adjustment parameters p, q > 0

Initialization:
Set N — the number of agents
Set initial positions X0

1, · · · ,X0
N randomly generated under initial distribution ρ0

Set initial mass m0
1 = · · · = m0

N = 1/N

Set the optimal agent, i0 = argmin
i

f(X0
i )

for n = 0, 1, 2, · · · do
Set fnmin = f(Xn

in), fnmax = max
i
f(Xn

i )

for i = 1, · · · , N and i 6= in do % Mass transitions
if mn

i < 1/N ∗ tolm then
set mn+1

i = 0

reduce the # of active agents: N ← N − 1

else mn+1
i = mn

i − φp(ηni )mn
i where ηni =

f(Xn
i )− fnmin

fnmax − fnmin
.

end if
end for
mn+1
in

= 1−
∑
i 6=in

mn+1
i % The mass of the overall crowd is conserved

Compute m+ = max
i
mn+1
i

for i = 1, · · · , N do % Gradient descent

Compute relative masses m̃n+1
i =

mn+1
i

m+

Compute the step size h = h
(
Xn
i , λψq(m̃

n+1
i )

)
according to Algorithm 1.

March: Xn+1
i = Xn

i − h∇f(Xn
i ).

end for
Merge the agents if their distance < tolmerge.
Set the new optimal agent in+1 = argmin

i
f(Xn+1

i ).

Compute the residual res = ||Xn+1
in+1
−Xn

in||2
if res < tolres then

XSOL ← Xn+1
in+1

break
end if

end for
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4.3 A general outlook

We point out that there are many possible extensions that can be worked out in connection

with the SBGD algorithm, leading to a large class of swarm-based optimizers (SBO) with better

communication protocols. We mention three of them.

General gradient descent directions Our SBGD approach can be used with a more general

set of gradient descent directions, pni

Xn+1
i = Xn

i + h
(
Xn
i , λψq(m̃

n+1
i )

)
pni , 〈pni ,∇f(Xn

i )〉 < 0.

The convergence results in Section 4.4, with appropriate adjustments, remain valid. Moreover,

the variety in choice of directions, other than local gradients, may offer a better ‘covering’ of the

ambient space Ω ⊂ Rd.

Swarm-based optimization — a general paradigm The general paradigm for our swarm-

based optimization is realized by embedding the d-dimensional ambient space in (x, m̃) ∈ Rd ×

[0, 1]; here m̃ is an additional parameter space of masses/weights (or probabilities, or ‘fractional

population’, etc) which serves as a communication platform for the crowd of agents positioned

at {xi} ∈ Rd. In this context, one can combine such communication-based swarm iterations

with any single agent time-marching protocol. As examples we refer to the recent adaptive GD

method [109] and the references therein. In the present work we use the time-marching protocol

of gradient-descent, based on backtracking search. Other time marching protocols can be used.

Survival of the fittest The communication in SBGD is designed so that in each iteration, the

‘worst’ agent, positioned at Xn
i+

:= argmax
Xn
i

f(Xn
i ), is eliminated, as it loses all of its mass

(ηni+ = 1). This policy of ‘survival of the fittest’ implies that the number of N initial active agents

decreases in each iteration until the SBGD remains with only a single, ‘heaviest’ agent, which

proceeds by the GD(BT) protocol. In particular, this policy implies that for small swarms, say
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N ∼ 10, the performance of SBGD iterations is expected to be similar or only slightly better

than GD(BT) iterations, as shown in the numerical simulations reported in sections 4.5.2 and

4.5.3. Alternatively, one can design a less restrictive evolutionary policy that will allow ‘worst’

agents below a certain threshold to survive. This will evolve a larger set of explorers for longer

times, with a greater chance of exploring new and better minima unseen before. Our numerical

experiments show that a balanced policy for the ‘fittest’ can indeed have a substantial effect on

the final result, at the expense of increased computational time.

4.4 Convergence and error analysis

The study of convergence and error estimates for the SBGD method requires to quantify the

behavior of f . Here we emphasize that the required smoothness properties of f are only sought

in the region explored by the SBGD iterations. We assume that there exists a bounded region,

Ω 3 Xn
i for all agents. Since the SBGD allows light agents to explore the ambient space with

large step size (starting with h0), we do not have apriori bound on Ω; in particular, the footprint

of the SBGD crowd convi{Xn
i } may expand well beyond its initial convex hull convi{X0

i }.

We consider the class of loss functions, f ∈ C2(Ω), with Lipschitz bound on gradient

|∇f(x)−∇f(y)| 6 L|x− y|, ∀x,y ∈ Ω. (4.4.1)

We begin by recalling the lower bound on the step size, secured by the backtracking line search

in Algorithm 1.

Lemma 4.4.1 Consider the SBGDpq iterations (4.1.2), with step size hni = h
(
Xn
i , λψq(m̃

n+1
i )

)
determined by backtracking line search in Algorithm 1 with shrinkage factor γ ∈ (0, 1). Then we

have a lower bound on the step length

hni >
2γ

L

(
1− λψq(m̃n+1

i )
)
. (4.4.2)
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Proof. By the Lipschitz continuity of∇f ,

f
(
Xn
i − hni∇F (Xn

i )
)
6 f(Xn

i )− hni |∇f(Xn
i )|2 +

L

2
(hni )2|∇f(Xn

i )|2

= f(Xn
i )−

(
1− L

2
hni

)
hni |∇f(Xn

i )|2,

and hence, if hni is small enough

hni 6
2

L

(
1− λψq(m̃n+1

i )
)

; f(Xn
i − hni∇f(Xn

i )) 6 f(Xn
i )− λψq(m̃n+1

i )hni |∇f(Xn
i )|2.

The backtracking line search iterations tell us that the inequality on the right holds for hni but

not for
hni
γ

, and in particular, therefore,
hni
γ

must satisfy the reverse inequality on the left, that is,

(4.4.2) holds. �

4.4.1 Convergence to a band of local minima

Our next proposition provides a rather precise quantitative description for the convergence

of the SBGD method. The convergence is determined by the time series of SBGD minimizers,

{Xn
−},

Xn
− = Xn

in , in = argmin
i

f(Xn
i ),

and the time series of its heaviest agents, {Xn
+},

Xn
+ = Xn

i+n
, i+n := argmax

i
mn
i .

The interplay between minimizers and communication of masses leads to a gradual shift of mass,

from higher ground to the minimizers. Eventually, when the SBGD minimizers gain enough mass

to assume the role of heaviest agents, the two sequences coincide. Convergence is independent

of the lighter agents.

We introduce the scaling M = maxi f(X0
i ) − f(x∗); since f(Xn

i ) are decreasing, we
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conclude that the SBGD iterations remain within that range, namely

∀n, i : max
i,j

f(Xn
j )− f(Xn

i ) 6M, M := max
i
f(X0

i )− f(x∗) (4.4.3)

To simplify matters we restrict our attention to the basic version of SBGD, (p, q) = (1, 1).

Proposition 4.4.2 Fix λ ∈ (0, 1) and consider the SBGD iterations (4.1.2) with step size hni =

h
(
Xn
i , λm̃

n+1
i

)
determined by backtracking line search of algorithm 1 in (4.2.3). Let {Xn

−}n>0

and {Xn
i+n+1

}n>0 denote the time sequence of SBGD minimizers and, respectively, parents of heav-

iest agents, at tn. Then, there exists a constant, C = C(γ, L,M, λ) given in (4.4.10) below, such

that

∞∑
n=0

min
{
|∇f(Xn

−)|, |∇f(Xn
i+n+1

)|, |∇f(Xn
i+n+1

)| · |∇f(Xn
−)|
}2
< C min

i
f(X0

i ). (4.4.4)

Proof. By Lemma 4.4.1 we have hni >
2γ

L

(
1− λm̃n+1

i

)
and the descent property (4.2.4) implies

f(Xn+1
i ) 6 f(Xn

i )− λm̃n+1
i hni |∇f(Xn

i )|2

6 f(Xn
i )− 2γ

L

(
1− λm̃n+1

i

)
λm̃n+1

i |∇f(Xn
i )|2.

(4.4.5)

The last descent bound applies to all agents, and we shall focus on that bound for the minimizer

indexed with in = argmini f(Xn
i ). We distinguish between two scenarios.

The first scenario is the canonical scenario, in which the minimizer i = in coincides with

the heaviest agent, mn+1
in

= mn+1
+ ; thus m̃n+1

i = 1, and we conclude

f(Xn+1
− ) 6 f(Xn+1

in
) 6 f(Xn

−)− 2γ

L
(1− λ)λ|∇f(Xn

−)|2, hnin >
2γ

L
(1− λ). (4.4.6)

The inequality on the left follows since Xn+1
− = Xn+1

in+1
is the global minimizer at tn+1; the

inequality on the right follows from (4.4.5) with i = in.

A second scenario occurs when mn+1
in

< mn+1
+ , that is — when the mass of the minimizer
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mn+1
in

did not yet ‘catch-up’ with the heaviest agent. This means that there was a parent of

heaviest agent positioned at, say Xn
i+n+1

, so that even after shedding a portion of its mass,

mn+1
+ = (1− ηn+)mn

i+n+1
,

it is still heavier than the minimizer at Xn+1
in

. Nevertheless, that minimizer gained the mass lost

by the heaviest agent, and therefore, the relative mass of that minimizer is at least as large as

mn+1
in

> ηn+m
n
i+n+1

=
ηn+

1− ηn+
mn+1

+ ; m̃n+1
in

>
ηn+

1− ηn+
.

Recall that the transition factors, ηni , are determined by the relative heights, (4.2.1), we conclude

m̃n+1
in

>
f(Xn

i+n+1

)− f(Xn
in)

maxj f(Xn
j )− f(Xn

i+n+1

)
>

1

M

(
f(Xn

i+n+1
)− f(Xn

−)
)
, Xn

− = Xn
in .

We now have to consider two subcases of the second scenario, depending on the size of f(Xn
i+n+1

)−

f(Xn
−).

Case (i). Assume f(Xn
i+n+1

) − f(Xn
−) 6

γ

L

(
1 − λ

)
λ|∇f(Xn

i+n+1
)|2. Appealing to the descent

property (4.4.5) for the heaviest agent at Xn+1
+ , where m̃n+1

i = m̃n+1
+ = 1, we find

f(Xn+1
− ) 6 f(Xn+1

+ ) 6 f(Xn
i+n+1

)− 2γ

L

(
1− λ

)
λ|∇f(Xn

i+n+1
)|2

6 f(Xn
−)− γ

L

(
1− λ

)
λ|∇f(Xn

i+n+1
)|2.

(4.4.7)

The inequality on the left follows since Xn+1
− is the global minimizer at tn+1; the middle in-

equality follows from the descent property (4.4.5) for the heaviest agent at Xn+1
+ , and the last

inequality follows from our assumption.

Case (ii). Finally, we remain with the case

f(Xn
i+n+1

)− f(Xn
−) >

γ

L

(
1− λ

)
λ|∇f(Xn

i+n+1
)|2
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which implies

m̃n+1
in

>
1

M

(
f(Xn

i+n+1
)− f(Xn

−)
)
>

γ

ML

(
1− λ

)
λ|∇f(Xn

i+n+1
)|2.

As before, the descent property (4.4.5), together with the lower bound we secured for m̃n+1
in

in

this case, imply1

f(Xn+1
− ) 6 f(Xn+1

in
) 6 f(Xn

in)− 2γ

L

(
1− λm̃n+1

in

)
λm̃n+1

in
|∇f(Xn

in)|2

6 f(Xn
−)− γ2

ML2

(
1− λ

)
λ2|∇f(Xn

i+n+1
)|2 · |∇f(Xn

−)|2.
(4.4.8)

Combining (4.4.6),(4.4.7) and (4.4.8), we find

f(Xn+1
− ) 6 f(Xn

−)− 1

C
min

{
|∇f(Xn

−)|2, |∇f(Xn
i+n+1

)|2, |∇f(Xn
i+n+1

)|2 · |∇f(Xn
−)|2

}
, (4.4.9)

with

C = max
{ L

γ(1− λ)λ
,

ML2

γ2(1− λ)λ2

}
, (4.4.10)

and the desired bound (4.4.4) follows by a telescoping sum. �

Remark 4.4.3 We observe that the summability bound (4.4.4) is driven by a worst case scenario

alluded in case (ii) above. In this case, there is a potentially large difference of heights between

the minimizing agent and heaviest agent; consequently, the descent property of the relatively

lighter minimizer could be small and we had to rely on the descent property of the heaviest agent

in (4.4.7), which led to (4.4.8).

The descent rates of different agents can be arbitrarily slow, due to their time-dependent

mass. The summability bound (4.4.4) depends solely on the time sequence of SBGD minimzers,

{Xn
−}, and heaviest agents, {Xn

+}, but it is independent of the lightweight agents. Eventually, for

large enough n, the minimizers and heaviest agents of SBGDpq coincide into one time sequence,

1We can assume without loss of generality that 1 − λm̃n+1
in

> 1/2. Otherwise, the descent property is satisfied
for any smaller λ.
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{Xn}. The key point is that time sub-sequences, {Xnα}, satisfy a Palais-Smale condition [134,

§II.2]: by monotonicity, f(Xnα) 6 maxi f(X0
i ) while∇f(Xnα)

α→∞−→ 0.

At the end of SBGD iterations, we will end up with one or several minimizers taking the

same height.

Theorem 4.4.4 Consider the loss function F ∈ C2(Ω) such that the Lip bound (4.4.1) holds

and let {Xn
−}n>0 denote the time sequence of SBGD minimizers, (4.1.2),(4.2.3). Then {Xn

−}n>0

consists of one or more sub-sequences, {Xnα
− , α = 1, 2, . . . , }, that converge to a band of local

minima with equal heights,

Xnα
−

nα→∞−→ Xα
∗ such that∇f(Xα

∗ ) = 0, and f(Xα
∗ ) = f(Xβ

∗ )

In particular, if f admits only distinct local minima in Ω (i.e., different local minima have different

heights), then the whole sequence Xn
− converges to a minimum.

Proof. Since we assume the sequence {Xn
−} is bounded in Ω, it has a converging sub-sequences.

Take any such converging sub-sequence Xnα
− → Xα

∗ ∈ Ω. By (4.4.4), ∇f(Xnα
− ) → 0 for all

sub-sequences, and hence Xα
∗ are local minimizers, ∇f(Xα

∗ ) = 0. Moreover, since f(Xn
−) is

decreasing and therefore converges to f = infn f(Xn
−), all f(Xα

∗ ) must have the same ‘height’,

f . The collection of equi-height minimizers {Xα
∗
∣∣ f(Xα

∗ ) = f(Xβ
∗ )} is the limit-set of {Xn

−}. �

4.4.2 Flatness and convergence rate

Theorem 4.4.4 indicates the convergence of SBGD without imposing any convexity con-

dition on the loss function f , and therefore it comes without any rate. To quantify convergence

rate, we need access to the fact that f should be ‘curved up’, at least within a sufficiently small

neighborhood of a local minimum X∗α. In the simplest case, f may be assumed to be locally

convex. However, one must take into account that f may be more flat than just quadratic convex-

ity. Indeed, these relatively flat local minima are the main hurdle in non-convex optimization. A

precise classification for the level of ‘flatness’ is offered by the Lojasiewicz condition. According
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Lojasiewicz inequality, [88, 94], if f is analytic in Ω then for every critical point of f , x∗ ∈ Ω,

there exists a neighborhood N∗ 3 x∗ surrounding x∗, an exponent β ∈ (1, 2] and a constant

µ > 0 such that

µ|f(x)− f(x∗)| 6 |∇f(x)|β, ∀x ∈ N∗. (4.4.11)

The exponent β is associated to the flatness of ∇f at x = x∗: if ∇f(x) vanishes of order m at

x = x∗, then β =
m+ 1

m
. In the particular case of local convexity, x∗ is a simple minimum and

(4.4.11) is reduced to the Poylack-Lojasiewicz condition [74, 117] corresponding to β = 2

µ
(
f(x)− f(x∗)

)
6 |∇f(x)|2, ∀x ∈ N (x∗). (4.4.12)

A smaller value of β < 2 indicates a more flat configuration of F in a region N∗ 3 x∗.

In the theorem below, we restrict attention to SBGD1,1 and we assume that n is large enough

which allows us to treat only the canonical scenario outlined in Proposition 4.4.2, where mini-

mizers and heaviest agents coincide.

Theorem 4.4.5 Consider the loss function f ∈ C2(Ω) such that the Lip bound (4.4.1) holds, with

minimal flatness β. Let {Xn
−}n>0 denote the time sequence of SBGD minimizers, (4.1.2),(4.2.3).

Then, there exists a constant, C = C(γ, λ, µ), such that

f(Xnα
− )− f(Xα

∗ )


6
(

1− 2µγλ(1− λ)

L

)nα(
min
i
f(X0

i )− f(x∗)
)
, β = 2

. C
( 1

nα

) β
2−β

, β ∈ (1, 2)

(4.4.13)

Remark 4.4.6 Observe that as ‘flatness’, increases, β is decreasing and the exponential decay

in (4.4.13)1 is replaced by a polynomial decay which may slow down all the way to first-order

decay, 1/nα.

Proof. As before, we start with the descent property for Xn
− = Xn

in . The backtracking for Xn
i for
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i = in secures the descent property (4.4.6)

f(Xn+1
− ) 6 f(Xn

−)− λh−|∇f(Xn
−)|2, hnin > h− :=

2γ

L
(1− λ).

We focus on the converging sub-sequence {Xnα
− },

f(Xnα+1
− ) 6 f(Xnα

− )− λh−|∇f(Xnα
− )|2.

Let us first discuss the quadratic case, β = 2, of Polyak-Lojasiewicz condition (4.4.12), which

yields

f(Xnα+1
− ) 6 f(Xnα

− )− µλh−
(
f(Xnα

− )− f(Xα
∗ )
)
, Xnα

− ∈ Nα.

Rearranging we find

f(Xnα+1
− )− f(Xα

∗ ) 6 (1− µλh−)
(
f(Xnα

− )− f(Xα
∗ )
)
, (4.4.14)

which yields exponential rate, [74, 117]

f(Xnα
− )− f(Xα

∗ ) 6 (1− µλh−)nα
(
f(X0

−)− f(X∗α)
)
.

The case of general Lojasiewicz bound (4.4.11) with β < 2 yields that the error, Enα :=

f(Xnα
− )− f(Xα

∗ ), satisfies

Enα+1 6 Enα − λh−(µEnα)2/β, Xnα
− ∈ Nα.

The solution of this Riccati inequality (e.g., [139, Theorem 3.1] for the limiting case β = 1),

yields

f(Xnα
− )− f(Xα

∗ ) .µ
{
|min

i
f(X0

i )− f(Xα
∗ )|−1/β′ + λh−µ

2/βnα

}−β′
, β′ =

β

2− β
> 1.
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and (4.4.13) follows with C =
( L

2γλ(1− λ)µ2/β

) β
2−β

. �

4.5 Numerical results

4.5.1 One-dimensional problems

We use the swarm-based gradient descent method to search for the global minimizers of

the 1D functions

Ackley function : fAckley(x) = −20e−0.2|x−B| − ecos(2π(x−B)) + 20 + e+ C,

Rastrigin function : fRstrgn(x) = (x−B)2 − 10 cos(2π(x−B)) + 10 + C,

with shift parameters B,C. Figure 4.5.1 shows that both, the Ackley and the Rastrigin function

attain multiple local minimizers.

(a) Ackley (b) Rastrigin

Figure 4.5.1: Benchmark functions

We implemented the ‘basic’ version of SBGD method (p, q) = (1, 1) (i.e., φp(η) = η and

ψq(m̃) = m̃), and with parameters λ = 0.2, γ = 0.9, h0 = 1. Here λ, γ are the descent and

shrinkage parameters, and h0 is the initial step length for backtracking line search. We record the

results of m = 200 independent simulations of Algorithm 2 with initial positions of the agents

uniformly distributed in the interval [−3, 3].
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To illustrate the behavior of the algorithm, we present the evolution of agents in one repre-

sentative simulation for the Ackley function and the Rastrigin function in Figures 4.5.2 and 4.5.3,

where N = 20 agents are applied to search the domain. The blue line depicts the target function,

the red circles represent the agents. It is seen that as the iterations progress, the agents flock to-

wards different minima. The agents getting stuck at local minimizers are gradually removed due

to the mass transition, while those approaching the global minimizer are eventually merged into

one agent. Table 4.5.1 shows the results for the Ackley and the Rastrigin functions with a varying

number of agents. The algorithm gives accurate solutions in all the test cases. With more agents

applied the quality of the approximation is improved. However, we notice that improvement is

significant as N increases from 5 to 10, whereas increasing the number of agents from 10 to 20

does not result in much enhancement.

B=0 N=5 N=10 N=20

Ackley function fAckley success rate 99.50% 100% 100%

E|XSOL − x∗|2 4.70e−3 8.21e−10 6.89e−10

Rastrigin function fRstrgn success rate 97.00% 100% 100%

E|XSOL − x∗|2 4.45e−2 5.18e−10 1.89e−10

Table 4.5.1: Results of SBGD for 1D Ackley and Rastrigin functions, m = 200.

The key feature of the SBGD algorithm is communication, reflected by the mass transitions

between the agents. Such a mechanism dynamically adjusts the search strategies of different

individuals. It is of interest to verify the benefit of communication. We compare the results by

the SBGD method with those by the non-communicating multi-agents gradient descent, GD(BT),

of which all the agents conduct gradient descent search independently. Tables 4.5.2 and 4.5.3

present the results by SBGD and GD(BT) methods obtained fromm =200 experiments computed

with varying shift parameter B and different numbers of agents. We observe that when the initial

distribution centers at x∗ or is moderately shifted, both SBGD and GD(BT) methods are able to
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find the global minimizer. However, the advantage of SBGD is more pronounced as x∗ is shifted

farther away from the center of initial data, and the non-communicating GD(BT) fails to give

correct solutions since its exploration is restricted to the neighborhood of its initial data. Figure

4.5.4 displays the scenarioB = 25, where the initial distribution is strongly shifted away from the

global minimizer. The GD(BT) fails to find the global minimum. In contrast, the SBGD method

employs light agents to conduct a more aggressive search in a larger area, and the algorithm ends

at the correct minimizer at a surprisingly high success rate.

Remark 4.5.1 Observe that when the initial data are placed far from the global minmum, the

presence of a strong shift, B = 25, requires sufficiently many swarming agents N > 20, in order

to secure a success rate > 90% and drive the expected value of the error, E|XSOL − x∗|2 < 0.5.

x∗ = B N=10 N=20 N=30

B = 0 success rate 100% 100% 100%
E|XSOL − x∗|2 8.42e-10 8.37e-10 3.38e-10

B = 5 success rate 100% 100% 100%
E|XSOL − x∗|2 8.41e-10 7.58e-10 5.01e-10

B = 15 success rate 98.5% 100% 100%
E|XSOL − x∗|2 1.41e-02 4.69e-03 8.27e-10

B = 25 success rate 45.5% 89.0% 98.5%
E|XSOL − x∗|2 1.48e+02 1.49e+01 3.28e-01

Table 4.5.2: Shifted 1D Ackley, results by SBGD, m = 200.

4.5.2 Two-dimensional problems

Let us first comment on the general issue of optimization of parameter space. As noted

in [154], once the parameterization of an adaptive GD method is fixed, it may not yield as good
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x∗ = B N=10 N=20 N=30

B = 0 success rate 100% 100% 100%
E|XSOL − x∗|2 8.60e-10 1.36e-09 1.29e-09

B = 5 success rate 100% 100% 100%
E|XSOL − x∗|2 8.51e-10 1.25e-09 1.21e-09

B = 15 success rate 46.5% 75.0% 85.5%
E|XSOL − x∗|2 6.44e+01 2.26e+01 1.14e+01

B = 25 success rate 0% 0% 0%
E|XSOL − x∗|2 4.86e+02 4.50e+02 4.38e+02

Table 4.5.3: Shifted 1D Ackley, results by GD(BT) (no communication), m = 200.

(a) Iter = 1, N = 20 (b) Iter = 3, N = 17 (c) Iter = 6, N = 12

(d) Iter = 8, N = 9 (e) Iter = 15, N = 1

Figure 4.5.2: 1D Ackley: evolution of agents in one simulation. B = C = 0.

as or better results as simpler GD methods, yet adaptivity should be ‘judged’ after being opti-

mized in space parameter, [25]. In this context, one can argue that optimizing a single agent

method in parameter space is equivalent to a selective choice among many simulations of non-

communicating multi-agent dynamics, whereas the swarm-based approach provides a dynamic,
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(a) Iter = 1, N = 20 (b) Iter = 4, N = 17 (c) Iter = 7, N = 9

(d) Iter = 10, N = 5 (e) Iter = 13, N = 1

Figure 4.5.3: 1D Rastrigin: evolution of agents in one simulation. B = C = 0.

‘on the fly’ selection of optimized parameters, which is precisely the type of comparisons we

make below.

On the other hand, our SBGD method depends on several parameters: the initial step h0,

the descent parameter λ and shrinkage parameter γ tied to the backtracking, the tolerance param-

eters (4.2.5) and the (p, q) parameters. In the multi-dimensional computations reported below,

we do not optimize these SBGD parameters. Thus, unless otherwise stated, we examine the per-

formance of the SBGD method in Algorithm 2 with initial step size h0 = 1, a descent parameter

λ = 0.2, a shrinkage parameter γ = 0.9 and the threshold parameters (4.2.5). We begin here

with the basic version of SBGD, (p, q) = (1, 1), although later we shall find out that the choice

(p, q) = (2, 1) seems universally better. We run m number of independent simulations, initiated

with uniformly distributed positions, {X0
i } and measure the success of the SBGD according to

the proportion of its successful end results.

We illustrate the performance of the SBGD algorithm in multiple dimensions on three
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(a) SBGD, N = 10 (b) GD(BT) , N = 10

(c) SBGD, N = 20 (d) GD(BT) , N = 20

(e) SBGD, N = 20 (f) GD(BT) , N = 20

Figure 4.5.4: Histograms of the shifted 1D Ackley function by 200 experiments. B = 25, C = 5.
Global minimum min fAckley = 5 is attained at x∗ = 25.

benchmark test cases, [70]. First, the Ackley function

fAckley(x) = −20 exp
{
− 0.2√

d

{ d∑
i=1

(xi−B)2
}1/2}

−exp
{1

d

d∑
i=1

cos(2π(xi−B))
}

+20+e+C.

(4.5.1)
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Second, the Rastrigin function

fRstgin(x) =
1

d

d∑
i=1

{
(xi −B)2 − 10 cos(2π(xi −B)) + 10

}
+ C. (4.5.2)

Here d is the dimension of the ambient space, x := (x1, . . . , xd) is the variable in Rd and B,C ∈

R are the shift parameters. Both functions attain the global minimum C at the unique global

minimizer x∗ = B.

Third, we consider the drop-wave function

fDrop(x) = −1 + cos(12|x|)
0.5|x|2 + 2

, (4.5.3)

with SBGD parameters λ = 0.3, γ = 0.9, h0 = 1. The agents are initialized with uniform

distribution of positions in the hypercube [−3, 3]d.

To evaluate the quality of the solution, we make use of the success rate among m indepen-

dent simulations. We consider a simulation to be successful if XSOL is within the d-dimensional

cube [x∗ − 0.25,x∗ + 0.25]d, e.g., [20, §4.2]. This condition ensures that the approximate solu-

tion lies in the basin of attraction of the global minimizer. In fact, in a successful experiment the

solution will lie in a much smaller neighborhood of x∗.

4.5.2.1 SBGD compared with non-communicating GD(BT)

We verify the advantage of the SBGD method in comparison to the non-communicating

GD(BT) algorithm. We consider the three benchmarks of Ackley, Rastrigin and drop-wave func-

tions in two dimensions. The landscapes are as shown in Figure 4.5.5. All functions have multiple

local minimums. While the global minimum of the Ackley function is obviously lower than the

other local minimums, the global minimum of the Rastrigin function is much less distinguish-

able. The drop-wave function has complex geometry with high frequency local minima and sharp

basins of attractions. Its global minimum f(x∗) = −1 is attained at the unique global minimizer
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x∗ = 0.

(a) 2-D Ackley (b) 2-D Rastrigin

(c) 2-D drop-wave function (d) zoom into 2-D drop-wave function

Figure 4.5.5: Landscapes of benchmark functions in two dimensions

Table 4.5.4 compares the success rates of SBGD and GD(BT) methods in the Ackley test

cases with varying function shiftsB and different numbers of agentsN . It is observed that the two

methods perform comparably well when the initial distribution is centered at x∗ or moderately

shifted. But as the shift parameterB increases, the SBGD method still achieves high success rates

whereas the non-communicating GD(BT) method fails. The results for the Rastrigin function,

given in Table 4.5.5, echo the same advantage of SBGD in shifted scenarios.

Table 4.5.6 compares the success rates of SBGD and GD(BT) methods in the test case of the

2D drop-wave function, (4.5.3). We compare the success rates of SBGD with λ = 0.3 vs. the non-

communicating GD(BT) usingm = 200 simulations randomly initiated with uniform distribution
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x∗ = B N=25 N=50 N=100

B = 0 SBGD 98.0% 100% 100%

GD(BT) 100% 100% 100%

B = 5 SBGD 93.6% 98.6% 99.8%

GD(BT) 71.2% 87.0% 99.2%

B = 10 SBGD 66.2% 90.8% 98.4%

GD(BT) 0% 0% 0.6%

Table 4.5.4: 2D Ackley, success rates of SBGD vs. GD(BT), m = 500.

x∗ = B N=25 N=50 N=100

B = 0 SBGD 73.6% 95.2% 100%

GD(BT) 53.0% 76.4% 96.40%

B = 5 SBGD 44.4% 80.4% 99.2%

GD(BT) 15.8% 28.4% 56.4%

B = 10 SBGD 14.8% 44.0% 78.4%

GD(BT) 13.0% 30.4% 56.2%

Table 4.5.5: 2D Rastrigin, success rates of SBGD vs. GD(BT), m = 500.

at [−3, 3]2. The SBGD results reported in Table 4.5.6 show a remarkable improvement over the

performance of GD(BT); communication helps.

The SBGD does not always offer such a decisive lead over GD(BT). In table 4.5.7 we

compare the error of SBGD vs. GD(BT) for the 2D Rosenbrock function

fRsnbrk(x) = (1− x1)2 + 100(x2 − x2
1)2. (4.5.4)
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N=10 N=20 N=30

SBGD 90.5% 99.5% 100%

GD(BT) 15.0% 21.5% 35.5%

Table 4.5.6: 2D drop-wave, success rates of SBGD vs. GD(BT), m = 500.

E|XSOL − x∗|2 λ = 0.3 λ = 0.5 λ = 0.7

SBGD 2.07e-1 6.18e-2 1.29e-1

GD(BT) 4.25e-2 6.08e-2 1.29e-1

Table 4.5.7: Average error for 2D Rosenbrock function SBGD vs. GD(BT),m = 500 simulations
equi-distributed at [−4,−2]2.

The stiffness of fRsnbrk near its global minimum at x∗ = (1, 1) produces comparable results of the

swarm dynamics and non-communicating GD(BT).

4.5.2.2 SBGDpq method – dependence of (p, q) parameters

We now turn to discuss the effect of adjusting the mass transition with φp(ηni ) and back-

tracking with ψq(m̃n+1
i ).

We implemented the SBGDpq for shifted 2D Rastrigin function (4.5.2) with shift B = 5,

and drop-wave function (4.5.3) using SBGDpq with descent parameter λ = 0.3, using N agents

uniformly initialized at [−3, 3]2. The success rates among m = 500 simulations with different

(p, q) are recorded in Tables 4.5.8 and 4.5.9. In both cases, the results for the basic SBGD,

(p, q) = (1, 1), with a success rate of 80% and respectively 90%, are substantially improved

to 97%, once we use SBGDpq with (p, q) = (2, 1/2). In this case, the use of p = 2 enforces
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more moderate mass transitions which seems to play a key role whenever f has steep basins of

attractions, while q = 1/2 enforces a slower marching protocol for intermediate agents.

φp(η)ψq(m̃)
√
m̃ m̃ m̃2

√
η 77.2% 43.0% 40.0%

η 94.8% 80.4% 73.4%

η2 97.8% 94.0% 88.4%

η20 83.4% 95.4% 98.2%

Table 4.5.8: SBGDpq for shifted 2D Rastrigin
function; N = 50 agents

φp(η)ψq(m̃)
√
m̃ m̃ m̃2

√
η 93.6% 83.0% 79.8%

η 97.2% 90.4% 85.2%

η2 97.6% 96.0% 90.2%

η20 80.8% 98.8% 97.4%

Table 4.5.9: SBGDpq for 2D Drop-
wave function; N = 10 agents

As a further example we consider the 2D Rosenbrock function fRsnbrk in (4.5.4). The dif-

ficulty arises when the iterations approach the neighborhood of a global minimum f(x∗) = 0

attained at x∗ = (1, 1). This is due to the severe ‘skew-ness’ of f which is sensitive to the de-

scent parameter λ. We employ N = 30 agents initialized with randomly distributed positions

at [−4,−2]2. Success rates are computed among m = 500 experiments. Tables 4.5.10 – 4.5.12

record the SBGDpq errors, measured by E|XSOL − x∗|2, for different values of descent parame-

ter, λ, and for different protocols of (p, q). The sensitive dependence on λ is observed for both

the non-communicating GD(BT) (see Table 4.5.7) and the SBGDpq. Once again, the parameters

(p, q) = (2, 1/2) yield the most stable performance of SBGDpq, whereas other scaling of GD(BT)

and SBGD are more sensitive to the choice of λ.

In summary, Tables 4.5.8 – 4.5.12 indicate that while the results of SBGDpq are mostly

comparable, SBGD(2,1/2) seems to provide optimal results, with main emphasize on p = 2. At

the same time, we conclude that the tuning parameters, (p, q), has a limited effect on the overall

performance of SBGDpq method. Accordingly, we did not optimize these parameters.

Motivated by these findings, we focus below on two versions of SBGD (see also Tables

4.1.1 and 4.1.2): the basic version, SBGD1,1 with φp(η) = η and φq(m̃) = m̃, and SBGD2,1 with
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φp(η) = η2 which seems to be a universally better.

4.5.2.3 2D comparison with the Adam method

We report on the results of SBGDpq, compared with the Adam method for the 2D Rastrigin

function (4.5.2). We also include results for the GD(h) and GD(BT) methods. As in the case

of the 1D objective function (4.1.4), we distinguish between two cases: initial data uniformly

distributed in [−3, 3]2 enclosing the global minimum at the origin (Table 4.5.13), vs. initial data

uniformly distributed at [−3,−1]2 (Table 4.5.14). The SBGDpq variants with (p, q) = (1, 1) and

(p, q) = (2, 1) were computed for m = 1000 simulations with random with descent parameter

λ = 0.8, and using tolerance parameters, tolmerge = 0.1, tolm = 0.01 and tolres = 10−4.

The SBGDpq variant with (p, q) = (2, 1) seems to be consistently better than the primary

version (p, q) = (1, 1). When the methods are initiated at [−3, 3]2, the SBGD variants pro-

vide comparable or better results than GD(h) , GD(BT) and Adams methods. When initiated at

[−3,−1]2 which does not enclose x∗, the SBGD variants provide distinctively better results than

GD(h) , GD(BT) and Adam methods. The Adam iterations with the smaller step size α = 0.2

remain trapped in local basins of attraction.

4.5.3 20-dimensional problems

We now turn attention to the computation of the global minimizer for the 20-dimensional

Rastrigin and Ackley functions. As the dimension of the ambient space to be explored increases,

so does the number of agents, N , necessary to explore that space in order to secure a ‘faithful’

approximate minimizer. The increase of N dependence on the dimension d is intimately related

to the way one quantifies the quality of such an approximation .

112



4.5.3.1 Success rate — N vs. d

One approach to measure success that was used in one- and two-dimensional problems, is

to secure a computed solution within a pre-determined neighborhood of the global minimizer,

[x∗ − 0.25,x∗ + 0.25]d. This approach places severe restrictions in the case of high-dimensional

data. Specifically, Table 4.5.15 and even more so, Table 4.5.16, show the rapid growth in the

number of SBGD agents, N = N(d), which are required to ensure 80% success rate in m = 500

tests of high-dimensional Ackley, and respectively, 70% success rate in Rastrigin benchmark

functions. In both cases, one observes a rather small critical dimension, dc, such that N(d) �

N(dc) for d > dc.

An alternative approach to quantify the quality of computed minimizers is to measure the

expected (average) error in position, E[XSOL − x∗|. The results recorded in Tables 4.5.17 and

4.5.18 for 20-dimensional Ackley and, respectively, Rastrigin functions, indicate the advantage

of SBGD21 as the shift B increases. But the main point to observe is that even for relatively

large N = 100, 200, the results fail to faithfully capture the global minimizer. Indeed, we claim

that going beyond the two examples of Ackley and Rastrigin, measuring the (average) distance

to of the computed minimizers, is not necessarily an effective quantifier for the quality of an

optimizer: one might need a large N = N(d) before approaching a small neighborhood of the

global minimizer.

4.5.3.2 Measuring the loss

A more ‘faithful’ way to measure the quality of numerical optimizers in high-dimensional

data is to measure the average loss (height), E[f(XSOL)]. After all, the underlying goal is to

minimize the value of f . In particular, one might argue that XSOL will provide a faithful approx-

imation whenever f(XSOL)− f(x∗) is small, even if XSOL remains far from Xn
i . This approach

of ‘looking from above’, masks the increasing complexity with the increasing dimension.

We begin, in Table 4.5.19, where we record the average ‘loss’ obtained by SBGD21, GD(BT)
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and Adam(0.5) with initial data equi-distributed in [−3, 3]2 for the 20-dimensional Rastrigin func-

tion. SBGD21 was used with descent parameter λ = 0.8, shrinkage parameter γ = 0.5 and

thresholds

tolmerge = 10−1, tolm = 10−3, tolres = 10−2.

The reason for the smaller shrinkage parameter γ = 0.5 was efficiency: backtracking is accel-

erated with more rough backtracking steps, yet this does not seem to deteriorate the quality of

SBGD results. As indicated before, the results for SBGD11 were only slightly worse than but oth-

erwise comparable to SBGD21 and therefore are not recorded here. We make two observations.

(i) For a small number of agents, N 6 10, the results, particularly SBGD21 and GD(BT) are

comparable. Indeed, we recall that SBGD eliminates the lightest agents, so that after N − 1

iterations, it is left with a single agent which explores the large, uncharted ambient space, much

like a single-agent method.

(ii) There is a clear trend that we saw before: SBGD21 outperforms the non-communicating

GD(BT) and Adam when the global minimum is not enclosed within the initial domain of initial

data. While the results are comparable for B = 0, 1 and/or small N ’s, there is an increasing

difference for B = 3, 5 and N > 20.

Finally, in Table 4.5.20 we report on the corresponding comparison of average loss for the

20-dimensional Ackley function. Here, one encounters a much more sensitive dependence on the

initial step size: we had to increase h0 = 2 (instead of h0 = 1 used before) in order to realize the

advantage of SBGD21. We maintain the usual backtracking parameters λ = 0.2 and γ = 0.9, and

threshold parameters

tolmerge = 10−3, tolm = 10−4, tolres = 10−4.

It is observed that for moderately shifted cases B 6 3, SBGD21 has clearly better performance

for N > 20. However, as the shifting increases to B = 5, the benefit of communications is

reduced, SBGD21 becomes comparable with Adam(0.5).
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4.5.3.3 SBGD as pre-conditioner

A more practical strategy is to take the expected value, E[xSOL], varying overall SBGD

solutions resulted from m randomly generated initial configurations, as a good initial guess and

then iterate it with the steepest descent correction. In this way, the algorithm is expected to

mimic the convergence in expectation E[XSOL]
n→∞−→ x∗. Table 4.5.21 records the L∞−distance

between the expectation E[XSOL] and the global minimizer x∗ for the 20-dimensional Ackley

and Rastrigin functions. The expectation is computed with m = 1000 runs. We also present

the error of the corrected solution xcorr, which is obtained by iterating E[XSOL] with gradient

descent until |∇f(xcorr)|2 < 10−3. For both benchmark functions, this strategy gives very good

solutions with a reasonable amount of agents. The quality of E[XSOL] is improved with more

agents applied.

We also investigate the effect of shifting in the initial distribution. The solution xcorr is

considered to be a correct approximation of global minimizer if it lies in the region Q0.5(x∗).

Table 4.5.22 and 4.5.23 show the results for the Ackley and the Rastrigin function under varying

shift parameters and different agent numbers. It turns out that the quality of the solution is very

sensitive to the initial data in high dimension. The algorithm fails to work correctly in the Ackley

test cases when B = 2. The situation is even worse for the Rastrigin test cases due to the unclear

difference between different minimums. The method gives wrong solutions in all the test cases

when B is 1.5.

The results above indicate that the solutions obtained for high-dimensional problems can be

significantly affected by the shifting in the target function, especially when the global minimum

is not very distinguishable from the other minima.
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φp(η)ψq(m̃)
√
m̃ m̃ m̃2

η 2.53e-01 2.07e-01 1.78e-01

η2 8.51e-02 3.07e-01 1.70e-01

η20 6.39e-02 2.01e-01 2.74e-01

η50 5.75e-02 1.88e-01 2.61e-01

Table 4.5.10: 2D Rosenbrock, SBGDpq

with λ = 0.3.

φp(η)ψq(m̃)
√
m̃ m̃ m̃2

η 6.79e-02 6.18e-02 6.05e-02

η2 4.97e-02 7.10e-02 6.08e-02

η20 4.65e-02 5.95e-02 6.74e-02

η50 4.98e-02 6.02e-02 6.87e-02

Table 4.5.11: 2D Rosenbrock, SBGDpq

with λ = 0.5.

φp(η)ψq(m̃)
√
m̃ m̃ m̃2

η 7.11e-02 1.51e-01 1.29e-01

η2 6.83e-02 1.22e-01 1.29e-01

η20 1.21e-01 6.45e-02 1.48e-01

η50 1.26e-01 6.76e-02 1.37e-01

Table 4.5.12: 2D Rosenbrock, SBGDpq

with λ = 0.7.
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N 5 10 15 20 30

SBGD11 34.4% 52.1% 62.6% 70.0% 75.8%

SBGD21 34.5% 60.1% 75.3% 84.3% 91.0%

GD(0.004) 36.3% 50.5% 60.0% 70.0% 78.1%

GD(BT) 35.0% 51.0% 62.0% 70.8% 79.3%

Adam(0.8) 23.7% 29.6% 39.1% 46.8% 65.5%

Adam(0.2) 32.1% 40.9% 55.9% 65.3% 79.4%

Table 4.5.13: Success rates of SBGD compared with GD(h) , GD(BT) and Adam methods for
global optimization of (4.5.2)(B = 0), based on m = 1000 runs with uniformly generated initial
data in [−3, 3]2.

N 5 10 15 20 30

SBGD11 17.0% 49.2% 61.7% 67.0% 72.7%

SBGD21 14.2% 46.7% 68.4% 81.9% 89.6%

GD(0.004) 0.0% 0.0% 0.0% 0.0% 0.0%

GD(BT) 1.8% 2.4% 3.4% 4.3% 5.9%

Adam(0.8) 24.5% 31.3% 41.4% 49.2% 66.9%

Adam(0.2) 0.0% 0.0% 0.0% 0.0% 0.0%

Table 4.5.14: Success rates of SBGD compared with GD(h) , GD(BT) and Adam methods for
global optimization of 2D Rastrigin (4.5.2)(B = 0) based on m = 1000 runs of uniformly
generated initial data in [−3,−1]2.

d 10 11 12 13 14 15 16

N 15 18 23 42 120 540 3000

Table 4.5.15: 80% success rate with 20D
Ackley function

d 1 2 3 4

N 4 23 180 2900

Table 4.5.16: 70% success rate with 20D
Rastrigin function
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x∗ = B N=50 N=100 N=200

B = 0 SBGD21 9.00e-07 2.02e-07 1.43e-07

GD(BT) 1.18e-01 6.90e-02 1.88e-02

Adam(0.5) 3.37e-03 4.03e-03 4.96e-03

B = 3 SBGD21 1.65e-06 1.51e-06 7.96e-07

GD(BT) 7.64 6.72 5.67

Adam(0.5) 2.14e-01 1.22e-01 1.27e-01

B = 5 SBGD21 4.15 1.07 2.36e-01

GD(BT) 17.99 17.59 17.11

Adam(0.5) 11.01 9.27 7.52

Table 4.5.17: E[XSOL − x∗| for 20-dimensional shifted Ackley. m = 1000.

x∗ = B N=50 N=100 N=200

B = 0 SBGD21 4.03e-01 4.98e-01 3.91e-01

GD(BT) 2.96e-01 3.25e-01 4.35e-01

Adam(0.5) 3.75e-01 2.86e-01 4.14e-01

B = 3 SBGD21 5.07 3.71 2.92

GD(BT) 9.43 9.02 8.57

Adam(0.5) 9.02 8.63 8.15

B = 5 SBGD21 3.53 2.45 1.29

GD(BT) 18.02 17.64 17.18

Adam(0.5) 17.13 16.73 16.3

Table 4.5.18: E[XSOL − x∗| for 20-dimensional shifted Rastrigin. m = 1000.
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x∗ = B N=5 N=10 N=20 N=50 N=100 N=200

B = 0 SBGD21 54.30 43.74 39.34 34.55 32.01 33.95

GD(BT) 53.43 44.62 39.43 34.55 31.85 29.53

Adam(0.5) 48.66 44.02 37.35 32.65 30.46 27.76

B = 1 SBGD21 65.75 53.24 47.14 40.90 37.20 33.95

GD(BT) 64.86 53.98 47.1 40.77 37.06 33.57

Adam(0.5) 56.02 50.35 42.56 37.69 34.58 31.79

B = 3 SBGD21 189.24 166.46 149.14 121.45 102.98 94.77

GD(BT) 187.8 167.58 152.46 122.35 125.44 115.83

Adam(0.5) 164.46 146.82 137.16 122.84 115.16 105.5

B = 5 SBGD21 463.09 387.88 254.23 200.34 160.62 142.22

GD(BT) 465.42 434.9 409.11 381.4 362.54 345.52

Adam(0.5) 411.77 381.19 364.68 339.81 325.86 309.99

Table 4.5.19: 20D Rastrigin. Average loss with m = 1000 simulations.

119



x∗ = B N=10 N=20 N=50 N=100 N=200

B = 0 SBGD21 0.89 2.62e-05 1.17e-05 9.72e-07 1.82e-07

GD(BT) 2.76 1.92 0.97 0.41 7.73e-02

Adam(0.5) 0.37 0.073 0.061 0.061 0.061

B = 1 SBGD21 2.38 0.27 3.9e-05 6e-06 1e-06

GD(BT) 3.01 2.00 0.92 0.31 5.45e-02

Adam(0.5) 0.87 0.17 0.061 0.061 0.061

B = 3 SBGD21 7.67 4.41 0.72 0.06 5.4e-05

GD(BT) 7.91 7.47 6.81 6.13 5.37

Adam(0.5) 3.74 2.65 1.70 1.22 0.79

B = 5 SBGD21 12.01 11.49 10.01 8.47 7.09

GD(BT) 11.98 11.8 11.53 11.36 11.17

Adam(0.5) 10.72 9.70 8.45 7.58 6.67

Table 4.5.20: 20D Ackley. Average loss with m = 1000 simulations.

N=50 N=100 N=200

Ackley function |E[XSOL]− x∗|∞ 8.29e−2 7.28e−2 6.79e−2

|xcorr − x∗|∞ 2.07e−13 1.96e−13 2.18e−13

Rastrigin function |E[XSOL]− x∗|∞ 2.07e−1 7.86e−2 7.36e−2

|xcorr − x∗|∞ 9.06e−6 2.29e−6 2.05e−6

Table 4.5.21: Errors of the expectation and the corrected solution in d = 20, B = C = 0.
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x∗ = B N=50 N=100 N=200

B = 1 |E[XSOL]− x∗|∞ 3.97e−1 3.53e−1 3.36e−2

|xcorr − x∗|∞ 2.10e−13 1.29e−13 1.15e−13

B = 1.5 |E[XSOL]− x∗|∞ 7.45e−1 6.78e−1 5.43e−1

|xcorr − x∗|∞ 9.69e−1 1.27e−13 1.60e−13

B = 2 |E[XSOL]− x∗|∞ 1.20 1.09 1.01

|xcorr − x∗|∞ 9.69e−1 9.69e−1 9.68e−1

Table 4.5.22: Solutions for the shifted Ackley function by SBGD, d = 20, m = 1000.

x∗ = B N=50 N=100 N=200

B = 0.5 |E[XSOL]− x∗|∞ 2.21e−1 2.38e−1 2.24e−1

|xcorr − x∗|∞ 5.86e−6 1.06e−5 6.53e−6

B = 1 |E[XSOL]− x∗|∞ 5.97e−1 4.80e−1 4.19e−1

|xcorr − x∗|∞ 1.99 5.89e−6 1.11e−5

B = 1.5 |E[XSOL]− x∗|∞ 7.92e−1 7.00e−1 6.34e−1

|xcorr − x∗|∞ 9.95e−1 9.95e−1 1.99

Table 4.5.23: Solutions for the shifted Rastrigin function by SGBD, d = 20, m = 1000.
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Chapter 5: Conclusions

5.1 Summary

In this thesis, we have discussed the swarm dynamics arising from flocking phenomena

and the application to numerical optimization. At first, we studied the large time behavior of the

celebrated Cucker-Smale system. In this agent-based model, motions of particles are dictated by

the alignment of velocities towards the average heading of neighbors. Cross-individual interac-

tions are characterized by a uniform or an array of distinct communication kernels, dividing the

scenario into single-species and, respectively, multi-species. With long-range communications

satisfying fat-tail connectivity, an important outcome is the flocking dynamics, namely, the spa-

tial distribution of the crowd remains bounded, and, the velocities of agents are asymptotically

aligned with a constant-in-time bulk mean velocity. It is of interest to investigate the preservation

of flocking behavior as we take hydrodynamic limit, where one encounters the lack of closure

for pressure. In contrast to the previous studies where vanishing pressure is usually assumed, the

main contribution of our work is to provide the very first proof on the hydrodynamic alignment

for multi-species associated with general entropic pressure. The proof employs the network con-

nectivity and a weak dispersion bound. As a key element of recovering specific flocking rate,

the boundedness of velocities was addressed for one-dimensional multi-species and the extended

p−alignment dynamics.

To numerically simulate collective dynamics, general options include particle (agent-based)

simulations, where the motion of each agent is traced, and hydrodynamics simulations, which

provides a more economical approach when a large population is involved. Due to the fact that

122



the emergence of collective behavior is mostly dependent on the communication protocol instead

of the accuracy of numerical scheme, efficient and stability-preserving numerical methods would

be preferred. For particle simulations, we proved that the simple forward Euler time stepping

ensures the decay of energy fluctuations as applied to the Cucker-Smale dynamics. And it recov-

ered the expected flocking rate in the simulations of single-species. Hydrodynamics simulations

involves solving nonlinear transport equations. The nonlinearity may lead to the development of

discontinuity even if initial data is smooth. To ensure non-oscillatory numerical solutions with a

good accuracy, we suggested using the second order central schemes. These schemes can gener-

ate high-resolution solutions for conservation laws with high efficiency by avoiding local charac-

teristic decompositions. A key ingredient is to employ piecewise linear MUSCL reconstruction

with proper slope limiter. While it is long believed that the minmod structure is necessary for

TVD limiters, we proved that the smooth van Albada slope limiter, despite the lack of minmod

structure, also ensures theoretical TVD stability as applied to the fully discrete NT schemes and

the semi-discrete MUSCL schemes. In numerical experiments, the improved resolution of the

van Albada limiter over the classical minmod limiter is shown through the test cases for con-

servation laws and incompressible Euler equations. Computations of one- and two-dimensional

flocking dynamics have verified the validity of hydrodynamic approach.

Besides the flocking-based swarm dynamics, we have also studied the swarm-based ap-

proach for non-convex optimization. Classical gradient-based optimization methods often suffer

from getting trapped at local minima due to the limited local information. To enhance the per-

ception of global landscape, the strategy of swarm-based algorithms is to employ a population

of interacting agents to search the solution collectively. The innovation of our work is to pro-

pose a novel swarm-based gradient descent (SBGD) method. The dynamics employs a group

of agents, each of which conducts local gradient descent search and exchanges information with

each other. The new SBGD is distinguished from the other existing swarm-based algorithms by

its novel mass-based communications: each agent is identified by not only its position, x, but also

an individual mass, m, which indicates the quality of agent. At each iteration, the best minimizer
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gains weights from the other agents, gradually becoming the ‘heavy’ leader of the swarm. This

allows dynamical, self-adjusting control on individual search modes: the good (heavy) agents

will take small time-step to search the surrounding carefully, as they are suspected to be close

to the (near-)optimal minimizer, whereas the bad (light) agents will take more aggressive step

size to explore the region far way from the current positions, during which they may encounter

better minimizing areas. With the properly constructed time-step protocol based on backtrack-

ing line search, SBGD enlarges the range of exploration of original gradient descent methods,

while the rigorously proved convergence is still maintained. Numerical comparison with the non-

communicating GD and Adam methods was conducted in several one-, two-, and 20-dimensional

benchmarks, the results have shown the great competitiveness of SBGD in non-convex problems.

5.2 Future works

We list below some potential aspects of future works.

Short-range communication. In the existing discussions on Cucker-Smale dynamics, it is usu-

ally assumed that the communication kernel φ admits a ‘fat-tail’ and therefore is non-vanishing

on the whole space. However, in real world modeling the communications may only occur be-

tween neighboring individuals, i.e. φ is compactly supported. Analytical study on short-range

communications requires further investigations.

Affordable moment closure. Although the hydrodynamic alignment driven by Cucker-Smale

system was analytically proved without assuming specific thermodynamic closure, for concrete

simulations it is still necessary to close the highest moment. For general social dynamics, comput-

ing the exact mesoscopic distribution involves solving high-dimensional Vlasov-Fokker-Planck

equation(s), which exceeds the current computational capability. Hence, affordable approximate

methods would be required for moment closure. An appealing direction is data-driven approach.

For instance, in the series of works by Juntao Huang et al [65, 66, 67], a machine learning tech-
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nique was proposed for the radiative transfer equation, which learns the gradient of the highest

moment as a function of lower-order moments. Similar idea may be extended to general kinetic

descriptions. Alternatively, dynamical low rank approximation e.g. [27, 38, 81] may also provide

a computationally tractable approach to recover kinetic information.

Swarm-based optimizers with masses. The uniqueness of SBGD algorithm lies in the idea of

introducing individual masses to distinguish different agents. In view of the remarkable improve-

ment of SBGD against the original gradient descent methods, an appealing future work would be

to investigate the validity of employing mass-based communications to improve other gradient-

based algorithms, e.g. conjugate gradient and Adam method. Similar approach may also be

applied to improve gradient-free swarm-based methods e.g. PSO and CBO. Indeed, gradient-free

methods can avoid expensive gradient evaluations in complicated problems and may be more re-

silient to complex geometry in high dimensions. By further allowing adaptive control on individ-

ual search parameters using masses, the algorithm may better ensure the stability of convergence

under more relaxed initial parameter constraints.
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Appendix A: Proof of Theorem 2.1.5

Proof of Theorem 2.1.5. We argue along the lines of [57]. Consider the equivalent repre-

sentation of momentum equations,

∂tu + u · ∇u =

∫
φ(|x− x′|)(u(t,x′)− u(t,x))ρ(t,x′) dx′. (A.0.1)

We fix an arbitrary unit vector w ∈ Rd. Projection of (A.0.1) onto the space spanned by w yields

(∂t + u · ∇)〈u(t,x),w〉 =

∫
φ(|x− x′|)(〈u(t,x′),w〉 − 〈u(t,x),w〉)ρ(t,x′) dx′ (A.0.2)

Assume that 〈u(t,x),w〉 reaches a maximum at (x+, t) and a minimum at (x−, t). Denote

u+(t) := max
x∈S(t)

〈u(t,x),w〉 = 〈u(t,x+),w〉.

It follows that u+(t) satisfies

d

dt
u+(t) =

∫
φ(|x+ − x′|)(〈u(t,x′),w〉 − 〈u(t,x+),w〉)ρ(t,x′) dx′

6 φ(D(t))

∫
(〈u(t,x′),w〉 − 〈u(t,x+),w〉)ρ(t,x′) dx′.

Similarly, u−(t) := min
x∈S(t)

〈u(t,x),w〉 admits the lower bound

d

dt
u−(t) > φ(D(t))

∫
(〈u(t,x′),w〉 − 〈u(t,x−),w〉)ρ(t,x′) dx′
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The difference of the two inequalities implies

d

dt
|u+(t)− u−(t)| 6 −φ(D(t))M |u+(t)− u−(t)|.

Since the above inequality holds for an arbitrary |w| = 1, it follows that the velocity fluctuation,

δV (t) = sup
|w|=1

|u+(t)− u−(t)|, satisfies

d

dt
δV (t) 6 −φ(D(t))M · δV (t) . −M(1 +D(t))−θ · δV (t). (A.0.3)

An immediate consequence is that the pointwise velocity fluctuation does not increase

d

dt
δV (t) 6 0 =⇒ δV (t) 6 δV0.

Subsequently, the spatial diameter grows no faster than linearly,

d

dt
D(t) 6 δV (t) =⇒ D(t) 6 D0 +

∫ t

0

δV (s)ds 6 D0 + tδV0. (A.0.4)

We prove the statements for θ = 1 and θ < 1 separately.

Case 1: θ = 1. It remains to prove that δV (t) decays with a polynomial rate. Substituting (A.0.4)

into (A.0.3) yields

d

dt
δV (t) . −M(1 +D0 + δV0t)

−1 · δV (t)

We use Grownwall’s inequality to obtain the desired estimate,

δV (t) . δV0 · (1 + t)−ν1 , ν1 = M(max{1 +D0, δV0})−1. (A.0.5)

Case 2: θ < 1. We prove the exponential decay of δV (t) and the uniform boundedness of D(t)

through a bootstrapping argument.
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Step 1. Fractional exponential decay. We first obtain a weak fractional exponential decay for

δV (t). Using (A.0.3) and (A.0.4) we find

d

dt
δV (t) . −M(1 +D0 + δV0t)

−θ · δV (t).

Grownwall’s inequality yields

δV (t) . δV0 · e−ν
′t1−θ , ν ′ =

M

(1− θ)δV θ
0

. (A.0.6)

Step 2. Finite diameter. The fractional exponential decay (A.0.6) implies a bounded spatial

diameter in time,

d

dt
D(t) 6 δV (t) . δV0 · e−ν

′t1−θ =⇒ D(t) 6 D∞ := D0 + C · δV0 <∞. (A.0.7)

Here the constant, C :=

∫ ∞
0

e−ν
′t1−θdt <∞, depends on M , θ, δV0.

Step 3. Exponential decay. The uniform bound of D(t) implies a uniform lower bound on the

minimal communication, φ(D(t)) > φ(D∞). Using (A.0.3) we obtain the exponential decay,

δV (t) 6 δV (0)e−ν2t, ν2 = Mφ(D∞). (A.0.8)

�
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Appendix B: Derivation of Multi-Species Hydrodynamics

We derive the mesoscopic and hydrodynamic descriptions of multi-species following the

lines of [58].

From agent-based to hydrodynamic description

We formulate the time evolution of each probability density fα, as defined in (2.2.5), based

on the microscopic agent-based model (2.2.4). To this end, we test ∂tfα against arbitrary smooth

function ϕ

∫∫
∂tfα(x,v, t)ϕ(x,v)dxdv =

d

dt
[

1

Nα

Nα∑
i=1

ϕ(xiα(t),viα(t))]

=
1

Nα

Nα∑
i=1

[ẋiα · ∇xϕ(xiα,v
i
α) + v̇iα · ∇v · ϕ(xiα,v

i
α)]

=
1

Nα

Nα∑
i=1

[viα · ∇xϕ(xiα,v
i
α) + F i

α · ∇vϕ(xiα,v
i
α)].

(B.0.1)

Here the alignment forcing F i
α is given by

F i
α =

d

dt
viα =

∑
β∈I

1

Nβ

Nβ∑
j=1

φαβ(|xjβ − xiα|)(v
j
β − viα) =

∑
β∈I

Lαβ[fβ](xiα,v
i
α),
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where Lαβ[fβ](xiα,v
i
α) =

∫
φαβ(|x′−xiα|)(w−viα)fβ(x′,w)dx′dw. Formal integration by part

of (B.0.1) yields

∫∫
∂tfα(x,v, t)ϕ(x,v)dxdv =

∫∫
[v · ∇xϕ(x,v) +

∑
β∈I

Lαβ[fβ] · ∇vϕ(x,v)]fα(x,v)dxdv

= −
∫∫

[v · ∇xfα +∇v · (
∑
β∈I

Lαβ[fβ]fα)]ϕdxdv.

Since the above integral equation holds for arbitrary test function ϕ, we obtain the mesoscopic

description of multi-species

∂tfα + v · ∇xfα +∇v · (
∑
β∈I

Lαβ[fβ]fα) = 0. (B.0.2)

The bi-linear expression
∑
β∈I

Lαβ[fβ]fα represents the alignment interactions between different

species.

Integration of the mesoscopic equation (B.0.2) in velocity variable v yields the mass equa-

tion

∂tρα +∇x · (ραuα) = 0, ∀α ∈ I.

The momenteum equations are obtained by integrating (B.0.2) against v

0 =

∫
[∂t(vfα) + v(v · ∇xfα) + v∇v · (

∑
β∈I

Lαβ(fβ)fα)] dv = I + II + III. (B.0.3)

The first term is the time derivative of momentum density, ραuα, in (2.2.6)

I = ∂t(ραua). (B.0.4)
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The second term can be written as

II = ∇x · (ραuα ⊗ uα) +∇x ·
∫

(v − uα)⊗ (v − uα)fα(x,v) dv

:= ∇x · (ραuα ⊗ uα) +∇x · Pα,
(B.0.5)

where the pressure tensor Pα is as defined in (2.2.7). For the third term, integration by parts yields

III =

∫
v∇v · (

∑
β∈I

Lαβ[fβ]fα) dv = −
∑
β∈I

∫
Lαβ[fβ]fα dv

= −
∑
β∈I

∫∫
φαβ(x,x′)(uβ(x′)− uα(x))ρα(x)ρβ(x′) dx′ = −Aα,

(B.0.6)

where Aα is the inter-species alignment in (2.2.2). Substituting (B.0.4)–(B.0.6) into (B.0.3)

results in the dynamics of momentum in (2.2.1).

Balance of energy

The balance of energy is obtained by integrating (B.0.2) against
|v|2

2
,

0 =

∫
[∂t(
|v|2

2
fα) +

|v|2

2
(v · ∇xfα) +

|v|2

2
∇v · (

∑
β∈I

Lαβ[fβ]fα)]dv = I + II + III. (B.0.7)

The first term is the time derivative of energy density ραEα

I = ∂t(ραEα). (B.0.8)
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The second term can be written as

II = ∇x ·
∫
|v|2

2
vfα dv = ∇x ·

∫
|v|2

2
uαfα dv +∇x ·

∫
|v|2

2
(v − uα)fα dv

= ∇x · (ραEαuα) +∇x ·
∫
|v|2

2
(v − uα)fα dv

= ∇x · (ραEαuα) +∇x ·
∫

(v − uα)⊗ (v − uα)uαfα dv

+∇x ·
∫
|v − uα|2

2
(v − uα)fα dv

= ∇x · (ραEα + Pαuα + qα),

(B.0.9)

where the heat flux qα :=

∫
|v − uα|2

2
(v − uα)fα dv. For the third term, integration by part

yields

III =

∫
|v|2

2
∇v · (

∑
β∈I

Lαβ[fβ]fα) dv = −
∫

v · Lαβ[fβ]fα dv

= −
∑
β∈I

∫∫∫
φαβ(x,x′)v · (v −w)fα(t,x,v)fβ(t,x′,w) dx′dw dv

= −
∑
β∈I

∫
φαβ(x,x′)(2Eα(t,x)− uα(t,x) · uβ(t,x′))ρα(t,x)ρβ(t,x′) dx′.

(B.0.10)

Combining (B.0.8)–(B.0.10) we obtain the energy equation

∂t(ραEα)+∇x · (ραEαuα + Pαuα + qα) =

−
∑
β∈I

∫
φαβ(x,x′)(2Eα(x)− uα(x) · uβ(x′))ρα(x)ρβ(x′) dx′.
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Appendix C: Improved Dispersion Bound for One-Dimensional Multi-Species

Derivation of the improved dispersion bound (2.2.34) follows the lines of [95, Appendix C].

We start with the bound

D(t) 6 CD(1 + t)γ, γ = γs =
1

3− 2s
.

Applying estimate (2.2.13) leads to flocking behavior with fractional exponential decay rate,

which can be rewritten in the form

δE (t) 6
1

χ(t)
δE (0), χ(t) = exp{νθt1−γθ}.

Combine with (2.2.29), we have

d

dt
χ(t)δE (t) = χ(t)

d

dt
δE (t) + χ̇(t)δE (t)

6 −Mρ2
−χ(t)

∑
α

||uα(t, ·)||2
Ḣ2(Sα)

+
χ̇(t)

χ(t)
δE (0)

= −Mρ2
−χ(t)

∑
α

||uα(t, ·)||2
Ḣ2(Sα)

+ νθ(1− γθ)t−γθδE (0).

This implies

∫ t

0

χ(τ)
∑
α

||uα(τ, ·)||2·Hs(Sα)dτ 6
C2
ρ

M
δE (0) + C1t

1−γθδE (0), C1 =
1

M
C2
ρνθ.
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Revisit (2.2.32) with the last weighted bound, we obtain

D
3
2
−s(t) 6

∑
a

D
3
2
−s

α0 + (

∫ t

0

χ(τ)
∑
α

||uα(τ, ·)||2·Hs(Sα)dτ)
1
2 (

∫ t

0

χ(τ)−1/2dτ)
1
2

6
∑
a

D
3
2
−s

α0 + C2t
1−γθ

2 , C2 = (C1δE (0))
1
2 (

∫ ∞
0

χ(τ)−1/2dτ)
1
2 .

Hence, we end up with the improved dispersion bound

D(t) 6 C ′D(1 + t)γ
′
, γ′ =

1− θγ
3− 2s

.

This argument can be repeated: since θγs =
θ

3− 2s
< 1, the mapping γ → γ′ is contraction

and hence the iterations converge to the unique fixed point, γ∞ =
1

3− 2s+ θ
. In particular, after

finitely many iterations we will reach the improved rate, γε =
1 + ε

3− 2s+ θ
, ε > 0,

D(t) 6 CD,ε(1 + t)γε , γε =
1 + ε

3− 2s+ θ
.

Here ε > 0 can be arbitrarily small. �
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