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In this dissertation, we include four projects that study the large-scale behavior of some

stochastic PDEs. The stochastic PDEs that we study are the Kardar-Parisi-Zhang (KPZ) equation

and the stochastic heat equation (SHE).

The Kardar-Parisi-Zhang equation is a nonlinear stochastic PDE, known as the default

model for random interface growth in physics. To study the Kardar-Parisi-Zhang equation, we

use the approach of Hopf-Cole transform, which relates the KPZ equation to the stochastic heat

equation. In spatial dimension one, the KPZ equation and the stochastic heat equation have

received extensive studies, but the equations that are boundary driven or in higher dimensions

remain more mysterious.

In the first part of this dissertation, we consider the stochastic heat equation and KPZ equa-

tion in spatial dimension two, which is a critical dimension, and the solutions can only be made

sense as scaling limits. In the first project, we consider a nonlinear version of the stochastic heat

equation and prove its limiting second-order Gaussian fluctuation. This result has been published



in paper [1]. In the second project, we show a mesoscopic averaging phenomenon for the local

averages of the two-dimensional KPZ equation. This result has been published in [2].

The second major part of this dissertation is a project that considers the KPZ equation in a

one-dimensional half-space domain with a Neumann boundary condition. This half-space KPZ

model exhibits a “depinning” phase transition as the boundary condition changes. We study the

half-space KPZ equation starting from stationary Brownian initial data. We obtain its optimal

fluctuation exponents in both the subcritical and critical regimes of the phase transition, and

give an optimal upper bound for the fluctuation exponents in the supercritical regime. We also

compute the average growth rate as a function of the boundary parameter. This result has been

submitted for publication in paper [3].

In the last part of this dissertation, we also include a work that studies the time-dependent

spatial averages of a long-range critically correlated stochastic heat equation in spatial dimension

three or higher. These spatial averages have different limits under different space-time scales.

This result has been included in preprint [4].
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Chapter 1: Introduction

The Kardar-Parisi-Zhang (KPZ) equation is a nonlinear stochastic partial differential equa-

tion (SPDE), expressed in dimensionless units and after scaling as

∂th(t, x) =
1

2
∆h(t, x) + 1

2
∣∇h(t, x)∣2 + ξ(t, x), (1.0.1)

with ξ denoting the standard space-time white noise, which is a distribution-valued Gaussian field

with a formal correlation function

E [ξ(t, x)ξ(t′, x′)] = δ0(t − t′)δ0(x − x′),

with δ0 being the Dirac mass.

The equation (1.0.1) models a height function of the interface so that its growth is a combi-

nation of the smoothing effect from the heat kernel, a slope-dependent mechanism governed by

the quadratic term, and a random forcing modeling the impurities in nature. It is the default ran-

dom interface growth model in statistical physics, first introduced by Kardar, Parisi, and Zhang in

1986 [5] and is a singular SPDE due to the roughness of the noise. Mathematically, this equation

(1.0.1) is ill-posed. The main problem comes from the nonlinear term ∇h. With roughness from

the noise ξ, for any spatial dimension d ≥ 1, the gradient of h is not function-valued, and thus its
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square is not mathematically well-defined.

In 1995, Bertini and Giacomin [6] proposed that one way to have (1.0.1) well-defined in

the (1+ 1)-dimension (i.e. (t, x) ∈ [0,∞)×R) is through the Hopf-Cole transform, which means

that one obtains a physical solution to (1.0.1) by letting h(t, x) = logu(t, x), where u(t, x) is the

solution to the stochastic heat equation (SHE)

∂tu(t, x) =
1

2
∆u(t, x) + u(t, x)ξ(t, x). (1.0.2)

It is not hard to see that at least formally, ignoring the Itô correction, logu(t, x) satisfies (1.0.1).

In fact, the Hopf-Cole solution arises as the weak noise limit of discrete and continuum models

in the KPZ universality class.

Through the Hopf-Cole transform, the height function h(t, x) can also be interpreted as the

free energy of the continuum directed random polymer model, which is also a model in the KPZ

universality class.

Over the last decade, much progress has been made on studying the KPZ equation and the

KPZ universality class in noticable works such as [7,8]. Around the same time, Martin Hairer first

proposed the theory of regularity structures [9,10] to construct and analyze solutions to (1.0.1) in

dimension (1 + 1) bypass the Hopf-Cole transformation. Since then, there have also been other

direct approaches, such as through paracontrolled distributions [11,12], energy solutions [13,14],

and more recently, flow equation [15]. Nevertheless, the study of KPZ equation (1.0.1) via the

Hopf-Cole transformation is still powerful and it is our approach in this dissertation.

Despite the extensive research in the literature, KPZ systems that are boundary driven in

dimension (1 + 1) or stochastic heat equations and KPZ equations in higher dimensions remain
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more mysterious. In this dissertation, we study the large-scale behavior of several stochastic heat

equations and KPZ equations that fall in those two categories.

In the first part of this dissertation, we present two works [1, 2] that are related to the two-

dimensional ((t, x) ∈ [0,∞) ×R2) stochastic heat equation and KPZ equations in Chapter 2 and

3. A short summary of these works can be found in Section 1.1 below.

In the second part of this dissertation, we study the stationary KPZ equation in half-space

((t, x) ∈ [0,∞) × [0,∞)) with Neumann boundary condition at x = 0. This is based on a joint

work [3] with Yu Gu and is presented in Chapter 4. A detailed overview of this work can be

found in Section 1.2 below.

Finally, in the last part of this dissertation, we also include a work [4] with Sefika Kuzgun

in Chapter 5 that studies a time-dependent spatial average of a critical long-range stochastic heat

equation in dimension d ≥ 3. We refer to Section 1.3 for an overview.

Before we proceed, we would like to mention that the main tools in our research are var-

ious probabilistic tools, including but not limited to the Malliavin calculus with Stein’s method,

Gaussian integration by parts, chaos expansions, concentration inequalities, hypercontractivity,

and Karlin-McGregor type arguments.

1.1 SHE and KPZ in d = 2

We consider (1.0.1) and (1.0.2) in the (1 + d)-dimensional full-space domain: (t, x) ∈

[0,+∞)×Rd. By a computation with the d-dimensional heat kernel, one can easily show that the

stochastic heat equation (1.0.2) is only well-posed for d = 1. For dimension d ≥ 2, (1.0.2) does

not have function-valued solutions, and thus the Hopf-Cole transformation h(t, x) = logu(t, x)

3



will not make sense. This makes the problem of stochastic heat equation and KPZ equation in

higher dimensions naturally harder than in one dimension.

Among these higher dimensions, the dimension d = 2 is a critical case as it also differs

from d ≥ 3. To see a nontrivial evolution, one needs to take an exponential time scale in d = 2,

while in contrast, one can consider an arbitrarily long diffusive scale for d ≥ 3. We will focus on

the dimension d = 2 in the following. Analogous results for d ≥ 3 are in literature [16, 17].

One of the first fundamental work for the (1 + 2) dimension SHE is conducted by Car-

avenna, Sun and Zygouras in [18], in which they considered the limit of the following regularized

equation as ε→ 0

∂tu
ε(t, x) = 1

2
∆uε(t, x) + β√

log ε−1
uε(t, x)ξε(t, x). (1.1.1)

Here β > 0 is a constant. The function ϕ ∈ C∞c (R2) is a non-negative smooth mollifier with

∫ ϕdx = 1. The regularized noise ξε(t, x) = ϕε∗ξ(t, x) is the space-time white noise ξ convoluted

in space with ϕε(x) ∶= 1
ε2ϕ(

x
ε ). The equation (1.1.1) is then well-posed, and the 1√

log ε−1
scaling

of the disorder strength is crucial in d = 2.

In [18], the authors proved the following result:

Theorem 1.1.1 ( [18], Theorem 2.15). For any t > 0 and x ∈ R2, if uε(0, x) = u0(x) = 1,

β ∈ (0,
√
2π), uε(t, x) converges in distribution to the log-normal distribution eY −

1
2
E(Y )2 , where

Y = (log 2π
2π−β2 )Z and Z is a standard Gaussian, as ε→ 0. If β ≥

√
2π, uε(t, x) converges to 0 in

probability as ε→ 0.

Now we can use a Hopf-Cole transformation to investigate the two-dimensional KPZ equa-

tion. If we consider the mollified KPZ equation

4



∂th
ε(t, x) = 1

2
∆hε(t, x) + 1

2
∣∇hε(t, x)∣2 + β√

log ε−1
ξε(t, x) −Cε, (1.1.2)

with initial condition hε(0, x) = h0(x) = 0 and Cε = β2

ε2 log ε−1 ∥ϕ∥L2(R2), we have hε(t, x) =

loguε(t, x).

Another result in [18] is on the fluctuation of the two-dimensional SHE. The authors

showed that in the regime when β <
√
2π, the solution to the two-dimensional SHE, as a random

field in R2, has a Gaussian fluctuation:

Theorem 1.1.2 ( [18], Theorem 2.17). Let uε(t, x) be as in Theorem 1.1.1 with β <
√
2π. Fix

t > 0, for any fixed Schwartz function g ∈ C∞c (R2), the random variable

√
log ε−1∫

R2
[uε(t, x) − 1] g(x)dx

converges in distribution to a Gaussian distribution

∫
R2
U(t, x)g(x)dx

as ε → 0. The random distribution U is the solution to the Edwards-Wilkinson equation in

dimension two:

∂tU(t, x) =
1

2
∆U(t, x) + β

√
2π

2π − β2
ξ(t, x), U(0, x) = 0.

5



1.1.1 Fluctuation of nonlinear SHE

In Chapter 2, we are interested in an analog result to the above Theorem 1.1.2 for a nonlin-

ear SHE. Namely, we consider a stochastic heat equation where the noise term is multiplied by

σ(uε(t, x)) instead of uε(t, x):

∂tu
ε(t, x) = 1

2
∆uε(t, x) + β√

log ε−1
σ(uε(t, x))ξε(t, x). (1.1.3)

Here σ ∶ [0,∞) → [0,∞) is a globally Lipschitz function with σ(0) = 0, σ(1) ≠ 1 and a Lipschitz

constant σLip. The motivation behind this problem is that, by studying a nonlinear SHE, we

hope it would shed light on the study of more general KPZ-type stochastic partial differential

equations.

In Chapter 2, we present the work [1], in which we proved the following theorem.

Theorem 1.1.3 ( [1]). There exists some β0 ∈ (0,
√
2π

σLip
) such that if β < β0, for any fixed t > 0 and

any fixed Schwartz function g ∈ C∞c (R2), the random variable

Xε,t(g) ∶=
√
log ε−1∫

R2
[uε(t, x) − 1] g(x)dx

converges in law to a Gaussian distribution

Xt(g) ∶= ∫
R2
U(t, x)g(x)dx

as ε → 0. Here U is the random distribution that solves the Edwards-Wilkinson equation in

6



dimension two:

∂tU =
1

2
∆U + β

√
Eσ (Ξ1,2(2))2dW (t, x), U(0, x) = 0,

where Ξ1,2(⋅) is a random process defined as in [19] by a forward-backward stochastic differen-

tial equation (FBSDE):

Let {B(q)}q≥0 be a 1D standard Brownian motion with the natural filtration {Gq}q≥0. Then

Ξ1,2(⋅) is the (unique) solution to the FBSDE:

dΞ1,2(q) =
β

2
√
π
(E[σ2(Ξ1,2(2)) ∣ Gq])

1/2
dB(q), q ∈ (0,2]; Ξ1,2(0) = 1.

Our proof was based on the one-point and multi-point convergence results for the nonlinear

SHE in [19]. The methods once used in [18] to obtain Theorem 1.1.2, namely the Feynman-Kac

formula and the Wiener Chaos expansion, are no longer valid in the nonlinear setting. Instead,

the Malliavin-Stein’s method inspired by work [17] is used here.

1.1.2 Mesoscopic averaging of KPZ

In Chapter 3, we are interested in the two-dimensional KPZ equation, which is the limit

of hε(t, x) in (1.1.2) as ε → 0 in the regime β ∈ (0,
√
2π). By Theorem 1.1.1 and the con-

tinuous mapping theorem, one can easily obtain a multi-scale point-wise asymptotic limit of

hε(t, x), and in [20], the authors proved a second-order Edwards-Wilkinson fluctuation for the

two-dimensional KPZ equation (as a random field on R2).

Inspired by Chatterjee’s work for the KPZ equation in d ≥ 3 [21], we investigated the

7



limit of a local average of the mollified KPZ equation (1.1.2) when β ∈ (0,
√
2π) with a general

initial condition h0. We showed that when hε(t, x) is averaged in space in a proper scale, its

limit would equal in distribution to the sum of the solution to a deterministic KPZ equation

and a Gaussian random variable. The deterministic part only depends on the initial condition

h0. The Gaussian random variable only depends on the scale of averaging. Our result shows a

“mesoscopic” averaging phenomenon that appears exclusively in dimension two. This result is

presented in [2] as the following:

Theorem 1.1.4 ( [2]). Let hε(t, x) be the solution to the mollified two-dimensional KPZ equation

(1.1.2) with the initial condition h0 ∶ R2 → R being bounded and Lipschitz continuous. Let

0 < β <
√
2π and rε = ε1−γ for some 0 ≤ γ ≤ 1. We use B(x, rε) to denote a ball with center x

and radius rε.

For any fixed t > 0, x ∈ R2, the local average of hε over B(x, rε) converges as follows

1

∣B(x, rε)∣ ∫∣y−x∣≤rε
hε(t, y)dy

dÐ→ N(0, σ2
γ) −

1

2
log ( 2π

2π − β2
) +

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

h̄(t, x), if 0 ≤ γ < 1,

1
∣B(x,1)∣ ∫∣y−x∣≤1 h̄(t, y)dy, if γ = 1,

(1.1.4)

as ε→ 0, where h̄(t, x) is the solution to the two-dimensional deterministic KPZ equation

∂th̄(t, x) =
1

2
∆h̄(t, x) + 1

2
∣∇h̄(t, x)∣2, h̄(0, x) = h0(x), (1.1.5)

and N(0, σ2
γ) is a normal distribution with mean 0 and variance σ2

γ = log (
2π−β2γ
2π−β2 ). When 0 ≤

γ < 1, we have σ2
γ > 0. We treat N(0,0) as constant zero, when γ = 1 and σ2

γ = 0.
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If γ = 0, the averaging was performed over a ball with radius rε = ε. The limit in distribution

is

h̄(t, x) +N(0, log 2π

2π − β2
) − 1

2
log ( 2π

2π − β2
) ,

which is a generalization of the point-wise limit of KPZ equation to bounded and Lipschitz

continuous initial conditions. The case γ = 0 can be viewed as a “microscopic” averaging result.

If γ = 1, the averaging was performed over a ball with radius rε = 1. The limit is then

deterministic. It equals to a spatial average of the deterministic KPZ equation over the ball of

radius 1, plus a height shift −1
2 log (

2π
2π−β2). Due to the independence in the limit of hε for distinct

points, taking a local average over a fixed-radius ball eliminates the randomness as a result of the

law of large numbers. The height shift −1
2 log (

2π
2π−β2) is the mean term remained. The case γ = 1

can be viewed as a “macroscopic” averaging result.

If 0 < γ < 1, the averaging was performed over a ball with radius rε = ε1−γ , where ε≪ rε ≪

1. The limit in distribution is the deterministic KPZ equation with the same height shift, plus a

Gaussian random variable. The variance of the Gaussian, σ2
γ , is dependent solely on γ. This is an

interpolation between the limiting case γ = 0 and γ = 1 and is a “mesoscopic” averaging result.

The main idea of this mesoscopic averaging phenomenon and its proof stemmed from the

following observation: the random part in the limit of hε(t, x) depends only on the white noise ξ

in an infinitesimal time window [t−o(1), t] as ε→ 0, and it is independent of the initial condition

h0. Thus, we can split hε(t, x) into two components: a “random” quantity which is the solution

to the KPZ equation on time window [t − o(1), t] with zero initial condition, and an “almost

deterministic” quantity that concentrates to a deterministic value when ε → 0. The idea of this

decomposition was first mentioned in [18] and later applied in [21].

9



1.2 Half-space KPZ in d = 1

In Chapter 4 of the dissertation, we study the half-space variant of the KPZ equations. This

is the KPZ equation (1.0.1) restricted to the half line (t, x) ∈ [0,+∞) × [0,∞), with a Neumann

boundary condition with parameter u ∈ R imposed on x = 0:

∂tHu(t, x) =
1

2
∂2xHu(t, x) +

1

2
(∂xHu(t, x))2 + ξ(t, x),

∂xHu(t, x)∣x=0 = u.
(1.2.1)

The solution to equation (1.2.1) can be interpreted as a half-space KPZ height function, as

well as the free energy to a half-space continuum directed random polymer model. The contin-

uum directed random polymer model is a model in the KPZ universality class.

The half-space KPZ models are related to a growing interface near an attractive wall, which

arises naturally from the studies of wetting and entropic repulsion phenomena. In his pioneering

work [22], Kardar introduced the half-space KPZ models to describe such interface growth and

he predicted a “depinning” phase transition as the wall attraction weakens for these half-space

KPZ models. The underlying concept is as follows: when the wall exerts a strong attractive force,

which is also referred to as in the subcritical regime or the bound phase, the half-space directed

random polymer would be “pinned” to the wall due to the force; as this attractive force decreases

below a certain threshold, the polymer becomes entropically repelled away from the wall. It is

expected that when “pinned”, the polymer endpoint has O(1) transversal fluctuation in a window

around the wall and the free energy of the polymer fluctuates with an exponent 1/2. After being

“unpinned”, the polymer exhibits KPZ behaviors: the free energy fluctuates with exponent 1/3

and the endpoints have transversal fluctuation exponent 2/3. We are interested to demonstrate
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this phase transition for (1.2.1).

The boundary conditions in (1.2.1) do not make a priori sense as the solutions of KPZ

equations are not differentiable. We take care of this through a Hopf-Cole transform.

Let Zµ(t, x) with (t, x) ∈ [0,∞) × [0,∞) be the solution to the half-space stochastic heat

equation with Robin boundary condition. More precisely, Zµ(t, x) is defined through a mild

formulation

Zµ(t, x) = ∫
R≥0

PR
µ (0, y; t, x)Zµ(0, y)dy+∫

t

0
∫
R≥0

PR
µ (s, y; t, x)Zµ(s, y)ξ(s, y)dyds, (1.2.2)

where the stochastic integral is in Itô sense. Here the kernel PR
µ (s, y; t, x) is the Robin heat

kernel on half-line with parameter µ:

PR
µ (s, y; t, x) = pt−s(x − y) + pt−s(x + y) − 2µ∫

+∞

0
pt−s(x + y + z)e−µzdz, (1.2.3)

where pt(x) = 1√
2πt
e−x

2/(2t) is the standard continuous heat kernel for the heat operator ∂t − 1
2∂

2
x

on R. We then define the solution to (1.2.1) for (t, x) ∈ [0,∞) × [0,∞) by letting

Hu(t, x) ∶= logZu− 1
2
(t, x).

While this model is of great interest to physicists and mathematicians, less literature is

available on it until recently. One may refer to [23–27], etc. for some recent research on this

topic. In the language of the polymer, the half-line KPZ equation is equivalent to a continuum

directed polymer on a half-space with a wall at the origin x = 0, which is repulsive for u − 1
2 > 0,

and attractive for u− 1
2 < 0. A remarkable feature of the half-space KPZ equation is the existence
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of a critical value uc of the parameter u at which a phase transition occurs. This phase transition

was first predicted by Kardar in 1985 [22] for half-space KPZ models. Recently, in [28], the

authors proved the occurrence of the phase transition at u = 0 for (1.2.1) when the initial condition

is set to equal to the logarithm of the Dirac mass δ.

We will focus on the half-space KPZ equations (1.2.1) in stationary. In [26], the authors

constructed a one-parameter family of stationary measures for (1.2.1) for each choice of boundary

parameter u. In particular, when the initial condition is

Hu(0, x) =Wu(x) ∶=W (x) + ux,

where W (x) is a Brownian motion on [0,∞) starting from 0 and independent of ξ, our (1.2.1)

is starting at a stationary measure. By stationary, we mean that the increment process x ↦

Hu(t, x) −Hu(t,0) is stationary. While the KPZ height function Hu(t, x) is not stationary in t,

whenHu(0, x) =Wu(x), for all t > 0,Hu(t, x)−Hu(t,0) is equal toHu(0, x)−Hu(0,0) =Wu(x)

in law, as a process of x ∈ [0,∞).

In the work [3] with Yu Gu, we utilize this stationarity and the Brownian structure in the

initial condition to deploy an integration by part technique previously used in [29]. As a result,

we derived a variance identity that links the fluctuations of the height function to the transversal

fluctuations of a half-space polymer model.

Let pR
u− 1

2

(y ∣t,0) be defined as the quenched density of the half-space continuum directed

polymer starting from (t,0) and running backward in time with boundary exp(Wu(⋅)):

pR
u− 1

2

(y ∣t, x) ∶=
Zu− 1

2
(t, x∣0, y) exp (Wu(y))

∫
+∞
0 Zu− 1

2
(t, x∣0, y′) exp (Wu (y′))dy′

.
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Here Zu− 1
2
(t, x∣s, y) is the Green’s function of the half-space stochastic heat equation with

boundary parameter u − 1
2 . In particular, Zu− 1

2
(t, x∣s, y) satisfies the following mild formula-

tion:

Zu− 1
2
(t, x∣s, y) =PR

u− 1
2

(t, x∣s, y) + ∫
t

s
∫
∞

0
PR

u− 1
2

(t, x∣r, z)Zu− 1
2
(r, z ∣s, y)ξ(r, z)dz dr.

In [3], we are able to show the following variance identity (see Section 4.4 with some different

notations):

Theorem 1.2.1 ( [3]). For any u ∈ R, t ≥ 0,

Var [Hu(t,0)] = 2E∫
+∞

0
y ⋅ pR

u− 1
2

(y ∣t,0)dy − ut. (1.2.4)

With the above variance identity, one can observe that there would be a phase transition at

u = 0, as what was previously predicted in the physics literature [25, 30].

Furthermore, one can obtain the fluctuation exponents for the height function by estimating

the annealed mean of the polymer endpoints. In particular, we prove an optimal bound to the

transversal endpoint when u < 0 as the following (see Section 4.5):

Theorem 1.2.2 ( [3]). Assume u < 0. We have

0 ≤ E∫
+∞

0
y ⋅ pR

u− 1
2

(y ∣t,0)dy ≤ ψ′(−2u), (1.2.5)

where ψ is the digamma function and as z → 0+, ψ′(z) ∼ 1
z2 .

Combing (1.2.4) and (1.2.5), we obtain the optimal fluctuation exponent 1/2 for the height
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function Hu(t,0) in the subcritical regime u < 0.

Furthermore, through some scaling, an additional symmetry argument in Section 4.6, and

an additional comparison argument in Section 4.7, we are able to extend the analysis beyond the

subcritical regime and cover the critical and supercritical regime.

As a result, we have that when u ≠ 0,

∣u∣t ≤ Var[Hu(t,0)] ≤ 2ψ′(2∣u∣) + ∣u∣t,

and the free energy fluctuation exponent is 1/2 for u ≠ 0. If we scale u = ct−α for some c ≠ 0,

α ∈ [0, 13], we have

Var[Hct−α(t,0)] ≍ t1−α, as t→∞.

In particular, when u is in the so-called critical regime u = ct−1/3 for any c ≠ 0, the transversal

fluctuation exponent is 2/3 and the free energy fluctuation exponent is 1/3.

When u = ct−α with c ∈ R, α > 1/3, we are in the so-called supercritical regime of the phase

transition. For this regime, we show that for any t ≥ 1,

E∫
+∞

0
y ⋅ pR

u− 1
2

(y ∣t,0)dy ≤ Ct2/3,

for some C > 0 depending only on c, and

Var[Hu(t,0)] ≤ Ct2/3,

for some C > 0 depending only on c.
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Besides, we also compute the average growth rate (EHu(t,0) divided by time t) as a func-

tion of the boundary parameter in Section 4.3.

In conclusion, the above results from [3] confirm the aforementioned prediction for the

large-scale behavior of the half-space KPZ equation. Our results shows a continuous interpola-

tion of the fluctuation exponents from the bound phase to the critical regime. In the bound phase

and the critical regime, we obtain the exact exponents for the fluctuation size. We show that when

the polymer is “pinned” to the wall, the endpoint has O(1) transversal fluctuation and the free

energy fluctuates with exponent 1/2. This is consistent with the prediction that the free energy

exhibits a Gaussian limit in the bound phase. We also show that in the critical regime of the phase

transition, the polymer exhibits KPZ behavior, with transversal fluctuation exponent 2/3 and free

energy fluctuation exponent 1/3. Finally, we give the 2/3 upper bound to the transversal fluctua-

tion exponents and 1/3 upper bound to the free energy fluctuation exponents in the supercritical

regime.

The main tools used in this section are the Gaussian integration by parts for obtaining the

variance identity, and two different stochastic comparison arguments for obtaining the bounds on

the transversal fluctuation exponents. A Karlin-McGregor type argument is used for one of the

stochastic comparisons.
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1.3 Long-range correlated SHE in d ≥ 3

Consider (1.0.2) in dimension (1+d)with d ≥ 3 and ξ replaced by F , a mean zero Gaussian

space-time noise with a special covariance function

E[F (t, x)F (s, y)] = δ(t − s)∣x − y∣−2.

With this noise, (1.0.2) is a boarderline critical stochastic PDE with long-range correlation.

To make sense of this equation, one puts a coupling constant κ before the noise F . When in

the subcritical regime 0 < κ < d−2
2 , [31] defines the (martingale problem) solution to this equation

and shows that such solutions exist (through Wiener chaos expansion) and are unique in law.

Moreover, [31] also shows that this solution is a singular measure.

In the work with Sefika Kuzgun [4], we study the time-dependent spatial averages of this

critical stochastic PDE. We show that the time-dependent spatial averages over a ball of radius R

at time t have different limits under different space-time scales. In particular, when t ≪ R2, the

central limit theorem holds; when t = R2, the spatial average is a non-Gaussian random variable;

when t≫ R2, the spatial average becomes extinct.

For more detail, we refer to Chapter 5. The main tool of this chapter is the central limit

theorem based on chaos expansion.

16



Chapter 2: Fluctuations of Nonlinear SHE in d = 2

2.1 Introduction

2.1.1 Main results

Consider the following parameterized two-dimensional nonlinear stochastic heat equation

(SHE) with constant initial data on (t, x) ∈ [0,+∞) ×R2:

∂tu
ε(t, x) = 1

2
∆uε(t, x) + β√

log ε−1
σ(uε(t, x))dWϕε(t, x); (2.1.1)

uε(0, x) = 1. (2.1.2)

Here β > 0 is a constant; σ ∶ [0,∞) → [0,∞) is a globally Lipschitz function satisfying σ(0) = 0,

σ(1) ≠ 0, and ∣σ(x) − σ(y)∣ ≤ σLip∣x − y∣ for all x, y ∈ R2 with σLip > 0 fixed. We define

dWϕε(t, x) = ϕε ∗ dW (t, x), (2.1.3)

where dW (t, x) is a space-time white noise on [0,+∞) × R2, ϕ ∈ C∞c (R2) is a non-negative

mollifier with ∫ ϕdx = 1 and ϕε(x) = 1
ε2ϕ(

x
ε ), and ∗ denotes convolution in space.

The noise dWϕε(t, x) is a centered Gaussian noise, white in time and homogeneously col-
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ored in space. The spatial correlation length is at scale ε. Formally, the covariance operator of

dW ε
ϕ is given by

E [dW ε
ϕ(t, x)dW ε

ϕ(t′, x′)] = δ0(t − t′) 1
ε2R(

x−x′
ε ).

Here δ0 is the Dirac delta measure with unit mass at zero. R(x) is non-negative and non-negative

definite, given by

R(x) = ∫
R2
ϕ(x + y)ϕ(y)dy ∈ C∞c (R2).

For ε > 0, it is well-known that the initial value problem (2.1.1)–(2.1.2) is well-posed and has a

mild formulation

uε(t, x) = 1 + β√
log ε−1

∫
t

0
∫
R2
Gt−s(x − y)σ (uε(s, y))dWϕε(s, y). (2.1.4)

Here Gt(x) ∶= 1
2πte

−∣x∣2/(2t) denotes the two-dimensional heat kernel. The stochastic integral in

(2.1.4) is interpreted in the Itô-Walsh sense.

Our main result is the following central limit theorem (CLT):

Theorem 2.1.1. There exists some β0 ∈ (0,
√
2π

σLip
) such that if β < β0, for any fixed T > 0 and any

fixed Schwartz function g ∈ C∞c (R2), the random variable

Xε,T (g) ∶=
√
log ε−1∫

R2
[uε(T,x) − 1] g(x)dx (2.1.5)

converges in law to a Gaussian distribution

XT (g) ∶= ∫
R2
U(T,x)g(x)dx (2.1.6)
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as ε → 0. Here U is the random distribution that solves the Edwards-Wilkinson equation in

dimension two:

∂tU =
1

2
∆U + β

√
Eσ (Ξ1,2(2))2dW (t, x), U(0, x) = 0. (2.1.7)

Ξ1,2(⋅) is a random process defined by the following as in [19, p.3]:

Let {B(q)}q≥0 be a 1D standard Brownian motion with the natural filtration {Gq}q≥0. Then Ξ1,2(⋅)

is the (unique) solution to a forward-backward stochastic differential equation (FBSDE):

dΞ1,2(q) =
β

2
√
π
(E[σ2(Ξ1,2(2)) ∣ Gq])

1/2
dB(q), q ∈ (0,2]; (2.1.8)

Ξ1,2(0) = 1. (2.1.9)

The existence and uniqueness of solutions to (2.1.8)–(2.1.9) are given in [19, Theorem 1.1].

To keep the consistency of notations, the subscript 1,2 denotes that the initial data equals to 1

constantly and the terminal time is at q = 2.

From [19, Theorem 1.1], we have that the coefficient in (2.1.7) satisfies

β
√
Eσ (Ξ1,2(2))2 = 2

√
πJ(2,1),

where J2(q, a) is a viscosity solution to the quasilinear heat equation

∂qJ
2 = 1

2
J2∂aaJ

2;

J2(0, a) = β
2

4π
σ2(a).
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We also prove the following functional version of the CLT:

Theorem 2.1.2. Let β < β0. For any T > 0 and g ∈ C∞c (R2). We have convergence in law in the

space of continuous functions C([0, T ]),

(Xε,t(g))t∈[0,T ] → (β
√
Eσ (Ξ1,2(2))2∫

t

0
∫
R2
Gt−s ∗ g(x)dW (s, x))

t∈[0,T ]
,

as ε→ 0. As above, dW is a space-time white noise on [0,+∞) ×R2.

2.1.2 Context

The Gaussian fluctuations of many SHE and KPZ equations have been widely studied.

If σ(x) = x, our SHE (2.1.1)–(2.1.2) becomes a linear one:

∂tv
ε(t, x) = 1

2
∆vε(t, x) + β√

log ε−1
vε(t, x)dWϕε(t, x); (2.1.10)

vε(0, x) = 1. (2.1.11)

It is known that there is a phase transition at β =
√
2π for this multiplicative SHE in dimension

two. In [18], Caravenna, Sun, and Zygouras showed that for any fixed T > 0 and x ∈ R2, if

β ≥
√
2π, vε(T,x) converges to 0 in probability as ε → 0; if β <

√
2π (known as β in the

”subcritical” regime), vε(T,x) converges in law to a log-normal random variable as ε→ 0. They

also proved that (see [18, Theorem 2.17]) if β <
√
2π, for any fixed time T > 0 and any fixed

Schwartz function g ∈ C∞c (R2), the random variable

√
log ε−1∫

R2
[vε(T,x) − 1] g(x)dx
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converges in law to a Gaussian distribution. In other words, the solution random field to (2.1.10)–

(2.1.11), after centering and rescaling, converges (in distribution) to the solution to an Edwards-

Wilkinson equation.

We are interested in obtaining an analog result for our nonlinear SHE (2.1.1)–(2.1.2).

In [18], the authors used the Feynman–Kac formula, which is not available for nonlinear case.

Therefore, new methods should be used for this problem. In [19], Dunlap and Gu character-

ized the local statistics for the limiting solution field to nonlinear SHE (2.1.1)–(2.1.2) when

βσLip <
√
2π. (See Proposition 2.2.10 below or [19, Theorem 1.2].) They showed that uε(T,x)

converges in law to a specific random variable Ξ1,2(2) as ε → 0. They also gave the multipoint

statistics in their work.

Based on their findings, we want to study the asymptotics of the (centered and rescaled)

solution field to the nonlinear SHE as ε → 0. One may conjecture an Edwards-Wilkinson limit

as in the linear case. In Theorem 2.1.1, we gave a proof to this limit for a regime β < β0 <
√
2π

σLip
.

Whether or not this result can be extended to the entire ”subcritical” regime β ∈ (0,
√
2π

σLip
) remains

unknown. We will discuss it in more detail below.

We proved Theorem 2.1.1 by using the mild formulation (2.1.4) and the Malliavin-Stein’s

method. The use of the Malliavin-Stein’s method in proving the Gaussian fluctuations for SHE

is inspired by works [17,32–35]. We also use a multivariate version to prove a functional CLT in

Theorem 2.1.2.

Through a Hopf-Cole transformation h = logu, the linear SHE (2.1.10)–(2.1.11) is related

to a KPZ-type equation in d = 2. The Gaussian fluctuations of the KPZ equation in d = 2 in the

subcritical regime is proved in [20] and [36]. In [37], the authors proved the Gaussian fluctuations

of the linear SHE and KPZ equations in dimension two with general initial conditions. One of
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the reasons why we are interested in the nonlinear SHE is that we hope it will shed lights on the

study of more general Hamilton–Jacobi SPDEs:

∂th(t, x) =
1

2
∆h(t, x) +H(∇h(t, x)) + βdWϕ(t, x), (2.1.12)

where the HamiltonianH is not necessarily quadratic. The only result in this direction that we are

aware of is the study of a two-dimensional anisotropic KPZ equation in [38]. While the nonlinear

SHE (2.1.1)–(2.1.2) is more complicated than the linear one, it is still much more approachable

than (2.1.12) because we can make use of the mild formulation (2.1.4).

[17] presents analog Gaussian fluctuations of the nonlinear SHE in d ≥ 3. Gaussian fluctu-

ations of the linear SHE and KPZ equations in d ≥ 3 are studied in [39–42] and [43].

There are a few other things we would like to remark before we proceed.

2.1.2.1 β-region

In general, for SHE with multiplicative noise and KPZ equations in d ≥ 2, the noise-strength

parameter β plays a noticeable role.

For linear SHE (2.1.10)–(2.1.11), if vε(t, x) converges to 0 in probability as ε → 0 for any

t > 0, x ∈ R2, we say that the system is in the strong disorder regime. If vε(t, x) converges in

distribution to a non-degenerate random variable as ε → 0 for any t > 0, x ∈ R2, we say that the

system is in the weak disorder or subcritical regime.

As stated above, in [18], the authors proved that βc =
√
2π is the exact critical threshold

where the departure from weak disorder to strong disorder takes place. They also proved the

Edwards-Wilkinson limit for linear SHE in the entire subcritical regime β ∈ (0,
√
2π). (Work [36]
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gives an alternative proof to this limiting result for a smaller regime β < β0, where β0 <
√
2π.)

When β ≈
√
2π, the solution random field vε(t, x) no longer needs any centering and rescaling

to obtain a nontrivial limiting structure. We refer to [44–46] for the study in this direction.

Here we are to prove the Edwards-Wilkinson limit (Theorem 2.1.1) for nonlinear SHE

(2.1.1)–(2.1.2) in a regime β < β0 <
√
2π

σLip
smaller than the entire subcritical regime β ∈ (0,

√
2π

σLip
). In

fact, our proof below ensures that Theorem 2.1.1 would hold for β0 = 1
2
√
6

√
2π

σLip
(see Remark 2.2.6

for detail). While we don’t believe that this is an optimal β-region, whether or not (and how)

Theorem 2.1.1 can be extended to the entire subcritical regime remains open.

For SHE in d ≥ 3, the readers may refer to [16] and [40] on the weak/strong disorder regions

of β. In particular, [40] proved the Edwards-Wilkinson limit for linear SHE in d ≥ 3 in the entire

subcritical regime. For nonlinear SHE in d ≥ 3, [17] also restricted β in a smaller region.

2.1.2.2 General initial condition

Following the same methods as in [19], we can generate the results from [19, Theorem 1.2]

to nonlinear SHE (2.1.1) with general initial condition

uε(0, x) = u0(x), x ∈ R2, (2.1.13)

if we assume u0 satisfies

0 < inf
x∈R2

u0(x) ≤ sup
x∈R2

u0(x) < +∞.

In fact, it can be shown that uε(T,x) → ū(T,x)Ξ1,2(2) in law as ε → 0 where ū(T,x) = GT ∗

u0(x) is a deterministic function. One can now go through the exactly same arguments as in the
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proof of Theorem 2.1.1 here to obtain the Gaussian fluctuations of the SHE (2.1.1) with initial

condition (2.1.13) as ε → 0. We claim, without proof, that Theorem 2.1.1 still holds, except that

the Edwards-Wilkinson equation (2.1.7) should be replaced by a new SPDE:

∂tU =
1

2
∆U + β

√
Eσ (Ξ1,2(2))2ū(t, x)dW (t, x), U(0, x) = 0.

This result aligns with the one in [37, Theorem 1.3, Remark 1.4] for linear SHE in dimension

two with general initial condition.

2.1.3 Outline

In Section 2.2, we first scale our SHE (2.1.1)–(2.1.2) to microscopic variables. Then we

introduce the basics of the Malliavin-Stein’s method and prove some uniform moment bounds to

use in the sequel. We will also state [19, Theorem 1.2] in Proposition 2.2.10 for convenience. In

Section 2.3 and 2.4, we prove Theorem 2.1.1 and 2.1.2 respectively.
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2.2 Preliminaries

2.2.1 Scaling

We are going to use the Malliavin calculus for Gaussian spaces. In order to simplify the

calculation, we want to fix a specific Gaussian space. For this purpose, we introduce another

representation of the SHE (2.1.1)–(2.1.2).

We study the following equation in microscopic variables on (t, x) ∈ [0,+∞) ×R2:

∂tVε(t, x) =
1

2
∆Vε(t, x) + β√

log ε−1
σ (Vε(t, x))dWϕ(t, x); (2.2.1)

Vε(0, x) = 1. (2.2.2)

Here Wϕ(t, x) ∶= Wϕ1(t, x) = ∫R2 ϕ(x − y)W (t, y)dy is defined as in (2.1.3) with ε = 1. By the

scaling property of the space-time white noise, we have

uε(⋅, ⋅) = Vε( ⋅
ε2
,
⋅
ε
) jointly in law.

Since we are only interested in proving convergence in law, it is sufficient to prove The-

orem 2.1.1 with uε(T,x) substituted by Vε( Tε2 ,
x
ε ). In fact, as the mild formulation of Vε(t, x)

is

Vε(t, x) = 1 + β√
log ε−1

∫
t

0
∫
R2
Gt−s(x − y)σ (Vε(s, y))dWϕ(s, y), (2.2.3)
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we have

Xε,T (g) law= Yε,T (g) ∶=
√
log ε−1∫

R2
[Vε(T

ε2
,
x

ε
) − 1] g(x)dx

= β ∫
R2
∫

T
ε2

0
∫
R2
G T

ε2
−s(

x

ε
− y)σ (Vε(s, y))dWϕ(s, y)g(x)dx.

(2.2.4)

For 0 ≤ t1 < ⋅ ⋅ ⋅ < tm ≤ T , we have

(Xε,t1(g), . . . ,Xε,tm(g)) law= (Y ε,t1(g), . . . , Y ε,tm(g)) .

From now on, we will study Y ε,T (g) instead of Xε,T (g), etc.

Remark 2.2.1. As discussed in [19, Section 1.1], in the subcritical regime βσLip <
√
2π, the 2-

dimensional stochastic heat equation (2.2.1)–(2.2.2) evolves on an exponential time scale with

respect to the strength of the random noise. The exponential time scale explains why we need the

tuning 1√
log ε−1

before the noise term in our SHE (2.1.1)–(2.1.2).

This scaling is different from the d ≥ 3 cases. When d ≥ 3, if the strength of the noise is

small enough so that the system is in the weak disorder regime, the SHE (2.2.1)–(2.2.2) evolves

in an ’arbitrarily long’ diffusion scale ( tλ ,
x
λ2 ) where λ is independent of the strength of the noise.

See e.g. [16].

2.2.2 The Malliavin calculus

Now we state the Gaussian space in which we will be working with and give some elemen-

tary results from the Malliavin calculus theory. A detailed discussion should be referred to the

monograph [47].

Consider a complete probability space (Ω,F ,P) generated by the Gaussian noise dWϕ as
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defined above. Let H be the Hilbert space given by the closure of C∞c (R≥0 ×R2) with respect to

the inner product

⟨f, g⟩H ∶= ∫
+∞

0
∫
R2
∫
R2
f(s, x)g(s, y)R(x − y)dxdyds.

Define an operator W ∶ H → L2(Ω) as

W (h) = ∫
+∞

0
∫
R2
h(t, x)dWϕ(t, x).

Then W is a linear isometry and the Gaussian space {W (h) ∶ h ∈ H} is an isonormal Gaussian

process over H.

Following the conventional notations, we denote the Malliavin derivative operator for the

isonormal Guassian process {W (h) ∶ h ∈ H} by D. Let Dk,p, k, p ∈ Z+ denote the associated

Gaussian Sobolev spaces.

For any t ≥ 0, let Ft be the σ-algebra generated by {Wϕ([0, s]×A) ∶ 0 ≤ s ≤ t,A ∈Bb(R2)}

and the null sets of F . Here Bb(R2) denotes the bounded Borel subsets of R2. A random field

v = {v(t, x), t ≥ 0, x ∈ R2} is adapted if it is Ft-measurable for each t ≥ 0 and x ∈ R2.

Let δ denote the divergence operator. δ is the adjoint operator of D. If v(t, x) is an adapted

and measurable random field on [0,+∞) ×R2 such that

∫
+∞

0
∫
R2
∫
R2

E (v(t, x)v(t, y))R(x − y)dxdydt < +∞,
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then v ∈ Dom(δ) and

δ(v) = ∫
+∞

0
∫
R2
v(t, x)dWϕ(t, x),

where the last integral is well-defined in the Itô-Walsh sense with the isometry

E (δ(v))2 = ∫
+∞

0
∫
R2
∫
R2

E (v(t, x)v(t, y))R(x − y)dxdydt

By [47, Proposition 1.3.8], if v ∈ Dom(δ) and is an adapted process in D1,2, then

Dr,zδ(v) = v(r, z) + ∫
+∞

0
∫
R2
Dr,zv(s, y)dWϕ(s, y).

A standard Picard’s iteration scheme shows that for all ε > 0 and (t, x) ∈ [0,+∞)×R2, Vε(t, x) ∈

D1,p for all p ≥ 1. Since Vε(t, x) has the mild formulation (2.2.3), the Malliavin derivative

Dr,zVε(t, x) satisfies the equation

Dr,zVε(t, x) =
β√

log ε−1
1[0,t](r)Gt−r(x − z)σ(Vε(r, z))

+ β√
log ε−1

∫
t

r
∫
R2
Gt−s(x − y)Dr,zσ(Vε(s, y))dWϕ(s, y)

= β√
log ε−1

1[0,t](r)Gt−r(x − z)σ(Vε(r, z))

+ β√
log ε−1

∫
t

r
∫
R2
Gt−s(x − y)Σ(s, y)Dr,zVε(s, y)dWϕ(s, y). (2.2.5)

Here Σ is an adapted process bounded by the Lipschitz constant σLip. If we further assume that

σ ∈ C1([0,+∞)), then Σ(s, y) = σ′(Vε(s, y)).

In addition, we will need the following version of the Clark-Ocone formula in the proof of
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Theorem 2.1.1.

Proposition 2.2.2 (Clark-Ocone Formula). For X ∈ D1,2,

X = EX + ∫
+∞

0
∫
R2

E(Dr,zX ∣Fr)dWϕ(r, z) P − almost surely.

Proof. See [48, Proposition 6.3]. ◻

2.2.3 Moment bounds

We will use the following two uniform moment bounds in the proof of Theorem 2.1.1.

Note that in both lemmas we are not able to cover the entire subcritical regime 0 < β <
√
2π

σLip
.

In fact, the extension of Lemma 2.2.3 to the entire subcritical regime should be true and its

counterpart in the 2D directed polymer environment is proved in [49]. However, it remains

unknown whether Lemma 2.2.5 can be extended to the entire subcritical regime.

We first give a uniform moment bound on the mild solution to the SHE.

Lemma 2.2.3. For all p ≥ 2, there exists 0 < β0(p) ≤
√
2π

σLip
depending only on p, such that for all

T > 0 and β < β0(p), there exists ε0 > 0 (depending on ϕ,T , βσLip and p) and C > 0 (depending

on βσLip and p) such that

sup
t∈[0,T ],x∈R2

E ∣uε(t, x)∣p ≤ Cp, (2.2.6)

for all ε < ε0.

Proof. First we notice that, for any ε, t > 0, uε(t, ⋅) is stationary in the x-variable, so we only need

to prove for uε(t,0).
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By the mild formulation (2.1.4), the triangle inequality and the inequality 2ab ≤ (ca)2+( bc)2

for all c > 1, we have that for any arbitrary α > 1,

(E ∣uε(t,0)∣p)
2
p

≤ α

α − 1
+ αβ2

log ε−1
(E(∫

t

0
∫
R2
Gt−s(y)σ (uε(s, y))dWϕε(s, y))

p

)
2
p

Apply the Burkholder-Davis-Gundy inequality, we have that with cp = p(p−1)
2 ,

(E ∣uε(t,0)∣p)
2
p

≤ α

α − 1
+ cp

αβ2

log ε−1

⋅ ∫
t

0

⎛
⎝
E(∫

R2
∫
R2
∣

2

∏
i=1
Gt−s(yi)σ(uε(s, yi))∣

1

ε2
R(y1 − y2

ε
)dy1dy2)

p
2⎞
⎠

2
p

ds

The Hölder’s inequality gives that

(E ∣σ(uε(t, x))σ(uε(t, y))∣
p
2 )

2
p ≤ (E ∣σ(uε(t, x))∣pE ∣σ(uε(t, y))∣p)1/p (2.2.7)

= (E ∣σ(uε(t, x))∣p)
2
p ≤ σ2

Lip (E ∣uε(t,0)∣
p)

2
p

Combined the above results. Use the Minkowski inequality and a change of variable y1 − y2 ↦ y,
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we obtain

(E ∣uε(t,0)∣p)
2
p

≤ α

α − 1
+ cp

αβ2

log ε−1 ∫
t

0
∫
R2
∫
R2

⎛
⎝
E ∣

2

∏
i=1
Gt−s(yi)σ (uε(s, yi))∣

p
2⎞
⎠

2
p

1

ε2
R(y1 − y2

ε
)dy1dy2ds

≤ α

α − 1
+ cp

αβ2σ2
Lip

log ε−1 ∫
t

0
∫
R2
∫
R2
Gt−s(y1)Gt−s(y2) (E ∣uε(t,0)∣p)

2
p
1

ε2
R(y1 − y2

ε
)dy1dy2ds

= α

α − 1
+ cp

αβ2σ2
Lip

log ε−1 ∫
t

0
∫
R2
G2(t−s)(y) (E ∣uε(s,0)∣p)

2
p
1

ε2
R(y

ε
)dyds.

It is easy to see that with R(⋅) ≤ ∥ϕ∥∞ and ∫R2
1
ε2R(

y
ε)dy = 1, we have the elementary inequality

∫
R2
G2(t−s)(y)

1

ε2
R(y

ε
)dy ≤ 1

4π(t − s)
∧ ∥ϕ∥∞

ε2
.

By the Lemma 2.2.4 below, if for some α > 1,

cpαβ
2σ2

Lip < 2π, (2.2.8)

there exists an ε0 > 0 and C0 = C0(cp, α, βσLip) > 0 such that for all ε < ε0

(E ∣uε(t,0)∣p)
2
p ≤ α

α − 1
C0.

Since α > 1 is arbitrary, condition (2.2.8) is valid if and only if

β < β0(p) =
√
2π

√
cpσLip

.
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In particular, β0(2) =
√
2π

σLip
and β0(4) = 1√

6

√
2π

σLip
. We can choose an appropriate α according to p

and βσLip. ◻

As an immediate corollary, we have that under the same condition as in Lemma 2.2.3,

sup
t∈[0,T ],x∈R2

E ∣Vε( t
ε2
,
x

ε
)∣

p

≤ Cp for all ε < ε0. (2.2.9)

Lemma 2.2.4. Fix constants 0 < b <
√
2π and a, c, T > 0. There exists an ε0 > 0 (depending on

b, c and T ), such that for all ε ∈ (0, ε0) the following holds:

If f ε ∶ [0, T ] → [0,∞) is a function such that for all t ∈ [0, T ],

f ε(t) ≤ a + b2

log ε−1 ∫
t

0
f ε(s)( 1

4π(t − s)
∧ c

ε2
)ds,

then for all t ∈ [0, T ], we have

f ε(t) ≤ aC, (2.2.10)

for some uniform constant C > 0 depending only on b.

Proof. Define [0, t]j< = {(s1, . . . , sj) ∈ [0, t]j ∣ s1 ≤ ⋯ ≤ sj}, we have

f ε(t) ≤ a
∞
∑
j=0

b2j

(4π log ε−1)j ∫[0,t]j<

j

∏
k=1
( 1

sk+1 − sk
∧ 4πc

ε2
)ds1⋯dsj

≤ a
∞
∑
j=0

b2j

(4π log ε−1)j ∫[0,t]j
j

∏
k=1
( 1
rj
∧ 4πc

ε2
)dr1⋯drj

= a
∞
∑
j=0

b2j

(4π log ε−1)j
[∫

t

0
(1
s
∧ 4πc

ε2
)ds]

j

(2.2.11)
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Notice that when t > 0,

∫
t

0
(1
s
∧ 4πc

ε2
)ds = ∫

ε2

4πc

0

4πc

ε2
ds + ∫

t

ε2

4πc

1

s
ds = log 4πct

ε2
+ 1,

and

lim
ε→0

b2

4π log ε−1
(log 4πcT

ε2
+ 1) = b

2

2π
.

Therefore, if b <
√
2π, there exists an ε0 > 0 depending on b, c and T , such that for all ε ∈ (0, ε0),

the sum of the series in (2.2.11) converges for all t ∈ [0, T ] and is uniformly bounded by some

constant C depending only on b. ◻

Next we give the uniform moment bounds for the Malliavin derivatives.

Lemma 2.2.5. For all p ≥ 2, there exists 0 < β0(p) ≤
√
2π

σLip
depending only on p, such that for

all T > 0 and β < β0(p), there exists 0 < ε′0 ≤ ε0 (depending on ϕ, T , βσLip and p) and C ′ > 0

(depending on βσLip and p) such that for all (t, x) ∈ (0, T
ε2 ] ×R2 and all (r, z) ∈ [0, t) ×R2,

(E ∣Dr,zVε(t, x)∣p)
1
p ≤ C ′√

log ε−1
Gt−r(x − z), for all ε < ε′0.

Proof. We follow the idea from [17, Lemma 2.2].

Let α > 1 be arbitrary. By (2.2.5), the triangle inequality and the inequality 2ab ≤ (ca)2 +
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( bc)2 for all c > 0, for all 0 ≤ r < t ≤ T
ε2 , x, z ∈ R2,

(E ∣Dr,zVε(t, x)∣p)
2
p

≤ α

α − 1
β2

log ε−1
Gt−r(x − z)2 (E∣σ(Vε(r, z))∣p)

2
p

+ αβ2

log ε−1
(E ∣∫

t

r
∫
R2
Gt−s(x − y)Σ(s, y)Dr,zVε(s, y)dWϕ(s, y)∣

p

)
2
p

Applying the Burkholder-Davis-Gundy inequality with cp = p(p−1)
2 , we have

(E ∣Dr,zVε(t, x)∣p)
2
p ≤ α

α − 1
β2σ2

Lip

log ε−1
Gt−r(x − z)2 (E∣Vε(r, z)∣p)

2
p

+ cp
αβ2

log ε−1 ∫
t

r
[E(∫

R2
∫
R2
Gt−s(x − y1)Gt−s(x − y2)Σ(s, y1)Σ(s, y2)

⋅Dr,zVε(s, y1)Dr,zVε(s, y2)R(y1 − y2)dy1dy2)
p
2

]
2
p

ds

Using the Minkowski inequality, (2.2.9) and the boundness of Σ, we further obtain

(E ∣Dr,zVε(t, x)∣p)
2
p

≤ α

α − 1
β2σ2

LipC
2

log ε−1
Gt−r(x − z)2 + cp

αβ2σ2
Lip

log ε−1 ∫
t

r
∫
R4
R(y1 − y2)

⋅Gt−s(x − y1)Gt−s(x − y2) [E∣Dr,zVε(s, y1)∣p]
1
p [E∣Dr,zVε(s, y2)∣p]

1
p dy1dy2ds.

If we set t = θ + r and x = η + z, let

K(θ, η) ∶= (E ∣Dr,zVε(θ + r, η + z)∣p)
1
p = (E ∣Dr,zVε(t, x)∣p)

1
p ,
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then we can rewrite the above inequality as

K(θ, η)2 ≤ α

α − 1
β2σ2

LipC
2

log ε−1
Gθ(η)2 + cp

αβ2σ2
Lip

log ε−1 ∫
θ

0
∫
R4
R(y1 − y2)

⋅Gθ−s(η − y1)Gθ−s(η − y2)K(s, y1)K(s, y2)dy1dy2ds.

Applying [50, Lemma 2.2], we have

K(θ, η) ≤
√

α

α − 1
βσLipC√
log ε−1

Gθ(η) ⋅H (θ,2cp
αβ2σ2

Lip

log ε−1
)

1
2

(2.2.12)

where H(t, γ) is defined for all γ ≥ 0 as

H(t, γ) =
∞
∑
n=0

γnhn(t).

Here h0(t) ∶= 1 and for n ≥ 1,

hn(t) ∶= ∫
t

0
hn−1(s)∫

R2
Gt−s(z)R(z)dzds.

It is easy to see that with R(⋅) ≤ ∥ϕ∥∞ and ∫R2 R(y)dy = 1, we have the elementary inequality

∫
R2
Gt−s(z)R(z)dz ≤

1

2π(t − s)
∧ ∥ϕ∥∞ for all 0 ≤ s ≤ t.
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Since 0 ≤ θ ≤ t ≤ T
ε2 ,

h1(θ) = ∫
θ

0
∫
R2
Gθ−s(z)R(z)dzds ≤ ∫

θ

0
( 1

2π(θ − s)
∧ ∥ϕ∥∞)ds

= ∫
θ

0
( 1

2πs
∧ ∥ϕ∥∞)ds ≤ ∫

T
ε2

0
( 1

2πs
∧ ∥ϕ∥∞)ds

= ∫
T

0
( 1

2πs
∧ ∥ϕ∥∞

ε2
)ds = ∫

ε2

2π∥ϕ∥∞

0

∥ϕ∥∞
ε2

ds + ∫
T

ε2

2π∥ϕ∥∞

1

2πs
ds

= 1

2π
+ 1

2π
log

2π∥ϕ∥∞T
ε2

.

Thus for all n ≥ 1,

hn(θ) ≤ [
1

2π
+ 1

2π
log

2π∥ϕ∥∞T
ε2

]
n

.

Notice that we have

lim
ε→0
(2cp

αβ2σ2
Lip

log ε−1
) ⋅ ( 1

2π
+ 1

2π
log

2π∥ϕ∥∞T
ε2

) =
2cpαβ2σ2

Lip

π
. (2.2.13)

The limit is independent of ϕ and T . Therefore, if for some α > 1,

2cpαβ
2σ2

Lip < π, (2.2.14)

then there exists an ε′0 > 0, such that when ε ≤ ε′0,

H (θ,2cp
αβ2σ2

Lip

log ε−1
) ≤ C ′0

for some C ′0 = C ′0(α, cp, βσLip) > 0. By (2.2.12), there exists a uniform C ′ = C ′(α, cp, βσLip) > 0
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such that

K(θ, η) ≤ C ′√
log ε−1

Gθ(η).

We may choose α > 1 according to p and βσLip. Condition (2.2.14) is valid if and only if

β < β0(p) ∶=
√
2π

2
√
cpσLip

.

In particular, β0(2) = 1
2

√
2π

σLip
and β0(4) = 1

2
√
6

√
2π

σLip
. ◻

Remark 2.2.6. In Section 2.3 below, we only need the results from Lemma 2.2.3 and Lemma 2.2.5

for p = 2,4. As a result, we can let β0 = 1
2
√
6

√
2π

σLip
in Theorem 2.1.1. Compared with the linear

SHE case, we don’t believe that it is an optimal value. The main difficulty of extension came

from the restriction of β in Lemma 2.2.5. The coefficient 1√
6

came from the BDG-inequality and

1
2 came from (2.2.12). One may find elementary ways to improve the BDG-inequality here, but

while we believe that (2.2.12) is not sharp, it remains unclear how we can improve it.

2.2.4 Stein’s method

The following propositions are key ingredients in our proof of the central limit theorems

Theorem 2.1.1 and Theorem 2.1.2. They are derived from the Stein’s method for normal approx-

imations and are also used in [17] and [33]. A more detailed discussion on the Stein’s method

with Malliavin calculus should be referred to the monograph [51].

Proposition 2.2.7. Let X be a random variable such that X = δ(v) for v ∈ Domδ. Assume

X ∈ D1,2. Let Z be a centered Gaussian random variable with variance Σ. For any C2-function
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h ∶ R→ R with a bounded second order derivative,

∣Eh(X) −Eh(Z)∣ ≤ 1

2
∥h′′∥∞

√
E ∣Σ − ⟨DX,v⟩H∣2.

Proof. This is a special case of the Proposition 2.2.9 below with m = 1. ◻

Remark 2.2.8. The class of C2 functions with bounded second order derivatives is a sufficient

class of test functions h(⋅) to show convergence in law. With Proposition 2.2.7, if we can prove

that E ∣Σ − ⟨DXn, vn⟩H∣2 → 0 as n → ∞ for a series of random variables Xn ∈ D1,2 with Xn =

δ(vn), then we have Xn⇒ Z in law.

To prove Theorem 2.1.2, we need the following multivariate version.

Proposition 2.2.9. Let F = (F (1), . . . , F (m)) be a random vector such that F (i) = δ(vi) for

vi ∈ Domδ, i = 1, . . . ,m. Assume F (i) ∈ D1,2 for i = 1, . . . ,m. Let Z be an m-dimensional

centered Gaussian vector with covariance matrix (Ci,j)1≤i,j≤m. For any C2-function h ∶ Rm → R

with bounded second order derivatives,

∣Eh(F ) −Eh(Z)∣ ≤ 1

2
∥h′′∥∞

¿
ÁÁÀ

m

∑
i,j=1

E ∣Ci,j − ⟨DF (i), v(j)⟩H∣
2
,

with

∥h′′∥∞ = max
1≤i,j≤m

sup
x∈Rm
∣ ∂2h

∂xi∂xj
(x)∣ .

Proof. See [33, Proposition 2.3]. ◻
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2.2.5 Local statistics of the limit

We need the following local statistics of the limiting random field uε(t, x) as ε→ 0.

Proposition 2.2.10. If βσLip <
√
2π, for any t > 0 and x ∈ R2, we have

uε(t, x) law→ Ξ1,2(2) as ε→ 0.

The random process Ξ1,2(⋅) is defined as in (2.1.8)–(2.1.9).

Proof. See [19, Theorem 1.2]. ◻

We also need the following spatial regularity statement for uε(t, ⋅).

Proposition 2.2.11. For fixed T > 0, we have

lim
ε→0

sup
t∈[0,T ]
x1,x2∈R2

(E(uε(t, x1) − uε(t, x2))2)1/2

1 + ε−1∣x1 − x2∣
= 0.

Proof. See [19, Corollary 7.2]. ◻

2.3 Proof of Theorem 2.1.1

For fixed T > 0 and g ∈ C∞c (R2), let

vε,T (g)(s, y) = β1[0, T
ε2
](s)σ (Vε(s, y))∫R2

G T
ε2
−s(

x

ε
− y)g(x)dx.
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By the formulation of Y ε,T in (2.2.4) and [47, Proposition 1.3.8], we have

Yε,T (g) = δ(vε,T (g)) ∈ D1,2,

and

Ds,y (Yε,T (g)) (2.3.1)

= vε,T (g)(s, y)

+ β ∫
T
ε2

s
∫
R2
∫
R2
G T

ε2
−r(

x

ε
− z)g(x)dxDs,yσ (Vε(r, z))dWϕ(r, z)

= vε,T (g)(s, y)

+ β ∫
T
ε2

s
∫
R2
∫
R2
G T

ε2
−r(

x

ε
− z)g(x)dxΣ(r, z)Ds,yVε(r, z)dWϕ(r, z).

Here Σ(r, z) is the same random process as in (2.2.5).

Our goal is to prove that Y ε,T (g) converges in law to XT (g) as defined in (2.1.6) when

ε → 0. Since U is the random distribution that solves the Edwards-Wilkinson equation (2.1.7),

we have that XT (g) is of normal distribution N(0,ΣT
g ) where

ΣT
g ∶= Var (∫

R2
U(T,x)g(x)dx) (2.3.2)

= β2Eσ (Ξ1,2(2))2∫
T

0
∫
R2×3

GT−s(x − z)GT−s(y − z)g(x)g(y)dxdydzds

= β2Eσ (Ξ1,2(2))2∫
T

0
∫
R2
∫
R2
G2(T−s)(x − y)g(x)g(y)dxdyds

= β2Eσ(Ξ1,2(2))2∫
T

0
∫
R2
∣GT−s ∗ g(y)∣2dyds.

Note that the last integral is finite for any g ∈ C∞c (R2), but is not finite if g = δ0.

40



By Proposition 2.2.7, the proof of Theorem 2.1.1 is reduced to showing that

E ∣ΣT
g − ⟨DY ε,T (g), vε,T (g)⟩H∣

2 → 0, as ε→ 0. (2.3.3)

We follow the procedure in [17, Section 4]. From (2.3.1), we have

⟨DY ε,T (g), vε,T (g)⟩H = A1,ε +A2,ε,

where

A1,ε = ⟨vε,T (g), vε,T (g)⟩H (2.3.4)

= β2∫
T
ε2

0
∫
R2
∫
R2
σ(Vε(s, y1))σ(Vε(s, y2))R(y1 − y2)

⋅ (∫
R2
G T

ε2
−s(

x1
ε
− y1)g(x1)dx1)(∫

R2
G T

ε2
−s(

x2
ε
− y2)g(x2)dx2)dy1dy2ds.

and

A2,ε = ⟨DY ε,T (g) − vε,T (g), vε,T (g)⟩H (2.3.5)

= β2∫
T
ε2

0
∫
R2×2

σ(Vε(s, y1)) (∫
R2
G T

ε2
−s(

x1
ε
− y1)g(x1)dx1)

⋅ (∫
T
ε2

s
∫
R2
(∫

R2
G T

ε2
−r(

x2
ε
− z)g(x2)dx2)Σ(r, z)Ds,y2Vε(r, z)dWϕ(r, z))

⋅R(y1 − y2)dy1dy2ds.
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We notice that

E ∣ΣT
g − ⟨DY ε,T (g), vε,T (g)⟩H∣

2 ≤ 2E ∣ΣT
g −A1,ε∣

2 + 2E ∣A2,ε∣2 . (2.3.6)

Thus it is sufficient to prove the following two lemmas.

Lemma 2.3.1. If β < β0,

E ∣ΣT
g −A1,ε∣

2 → 0 as ε→ 0.

Lemma 2.3.2. If β < β0,

E ∣A2,ε∣2 → 0 as ε→ 0.

To simplify the equations, we use the convolution notation

Gt ∗ g(x) ∶= ∫
R2
Gt(x − y)g(y)dy, for all (t, x) ∈ (0,+∞) ×R2.

Then by the properties of heat kernel, we have for all t > 0,

Gt ∗ g ∈ C∞(R2);

∥Gt ∗ g∥L∞(R2) ≤ ∥g∥L∞(R2); (2.3.7)

∥Gt ∗ g∥L1(R2) ≤ ∥g∥L1(R2); (2.3.8)

and for all x ∈ R2,

lim
t→0

Gt ∗ g(x) = g(x).
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We may rewrite

∫
R2
G T

ε2
−s(

x

ε
− y)g(x)dx = ε2∫

R2
GT−ε2s(x − εy)g(x)dx = ε2GT−ε2s ∗ g(εy).

By a change of variable ε2s↦ s, εy1 ↦ y1, y2 − y1 ↦ y2, we have

A1,ε = β2∫
T

0
∫
R2
∫
R2
σ (Vε( s

ε2
,
y1
ε
))σ (Vε( s

ε2
,
y1
ε
+ y2))R(y2) (2.3.9)

⋅GT−s ∗ g(y1)GT−s ∗ g(y1 + εy2)dy1dy2ds,

and

A2,ε = β2∫
T

0
∫
R2×2

σ (Vε( s
ε2
,
y1
ε
)) ⋅ (∫

T
ε2

s
ε2

∫
R2
GT−s ∗ g(y1)R(y2) (2.3.10)

GT−ε2r ∗ g(εz)Σ(r, z)D s
ε2

,
y1
ε
+y2V

ε(r, z)dWϕ(r, z))dy1dy2ds.

Without loss of generality, we assume that g ≥ 0 when we estimate the integrals involving

g in the part (ii) of the proof of Lemma 2.3.1 and the proof of Lemma 2.3.2. Observing that

∣Gt ∗ g(x)∣ ≤ Gt ∗ ∣g∣(x) for any t > 0 and x ∈ R2, one can easily check for general g ∈ C∞c (R2).

Proof of Lemma 2.3.1. To prove E ∣ΣT
g −A1,ε∣

2 → 0 as ε → 0, we show that (i) E(A1,ε) → ΣT
g as

ε→ 0, and (ii) Var(A1,ε) → 0 as ε→ 0.

Part (i): By (2.3.9),

E(A1,ε) = β2∫
T

0
∫
R2
∫
R2

E(σ (Vε( s
ε2
,
y1
ε
))σ (Vε( s

ε2
,
y1
ε
+ y2)))R(y2) (2.3.11)

⋅GT−s ∗ g(y1)GT−s ∗ g(y1 + εy2)dy1dy2ds.
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By Proposition 2.2.10, 2.2.11 and Lemma 2.2.3, we have that, for any s ∈ (0, T ) and y1, y2 ∈ R2,

E(σ (Vε( s
ε2
,
y1
ε
))σ (Vε( s

ε2
,
y1
ε
+ y2))) → Eσ(Ξ1,2(2))2, as ε→ 0.

The Lipschitz condition and Lemma 2.2.3 gives the uniform integrability to pass to the limit in

(2.3.11) and conclude that

E(A1,ε) → β2∫
T

0
∫
R4

Eσ(Ξ1,2(2))2R(y2) ⋅ ∣GT−s ∗ g(y1)∣2dy1dy2ds

= β2Eσ(Ξ1,2(2))2∫
T

0
∫
R2
∣GT−s ∗ g(y1)∣2dy1ds

= ΣT
g , as ε→ 0.

Part (ii): As in [17, Lemma 4.1], let

Λε(s, y1, y2) = σ (Vε(
s

ε2
,
y1
ε
))σ (Vε( s

ε2
,
y1
ε
+ y2)) .

Then by the chain rule, for all 0 ≤ r < s
ε2 and z ∈ R2,

Dr,zΛε(s, y1, y2) = Σ(
s

ε2
,
y1
ε
)Dr,zVε(

s

ε2
,
y1
ε
)σ (Vε( s

ε2
,
y1
ε
+ y2))

+ σ (Vε( s
ε2
,
y1
ε
))Σ( s

ε2
,
y1
ε
+ y2)Dr,zVε(

s

ε2
,
y1
ε
+ y2).

Use Hölder inequality and apply the uniform moment bounds from Lemma 2.2.3 and 2.2.5 (with
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p = 4). We obtain

(E [Dr,zΛε(s, y1, y2)]2)
1
2 (2.3.12)

≤ C√
log ε−1

(G s
ε2
−r(

y1
ε
− z) +G s

ε2
−r(

y1
ε
+ y2 − z))

Now, by (2.3.9) and using that
√
Var (∫

t

0 Φsds) ≤ ∫
t

0

√
Var (Φs)ds for any process Φ =

{Φ(s), s ∈ [0, t]} with
√
Var (Φs) being integrable on [0, t], we obtain

√
Var(A1,ε) ≤ β2∫

T

0
(∫

R8
Cov [Λε(s, y1, y2),Λε(s, y′1, y′2)]R(y2)R(y′2) (2.3.13)

⋅GT−s ∗ g(y1)GT−s ∗ g(y1 + εy2)GT−s ∗ g(y′1)GT−s ∗ g(y′1 + εy′2)

dy1dy
′
1dy2dy

′
2)

1
2

ds.

By the Clark-Ocone formula (Proposition 2.2.2),

Λε(s, y1, y2) = E (Λε(s, y1, y2)) + ∫
s
ε2

0
∫
R2

E (Dr,zΛε(s, y1, y2)∣Fr)dWϕ(r, z).
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Using the Hölder’s inequality and the Jensen’s inequality, we have

∣Cov [Λε(s, y1, y2),Λε(s, y′1, y′2)]∣

= ∫
s
ε2

0
∫
R4

E ∣E (Dr,zΛε(s, y1, y2)∣Fr)E (Dr,z′Λε(s, y′1, y′2)∣Fr)∣

⋅R(z − z′)dzdz′dr

≤ ∫
s
ε2

0
∫
R4
(E [Dr,zΛε(s, y1, y2)]2)

1
2 (E [Dr,z′Λε(s, y′1, y′2)]

2)
1
2

⋅R(z − z′)dzdz′dr

≤ C2

log ε−1 ∫
s
ε2

0
∫
R4
(G s

ε2
−r(

y1
ε
− z) +G s

ε2
−r(

y1
ε
+ y2 − z))

⋅ (G s
ε2
−r(

y′1
ε
− z′) +G s

ε2
−r(

y′1
ε
+ y′2 − z′))R(z − z′)dzdz′dr.

= C2

log ε−1 ∫
s

0
∫
R4
(Gs−r(y1 − z) +Gs−r(y1 + εy2 − z))

⋅ (Gs−r(y′1 − z′) +Gs−r(y′1 + εy′2 − z′))
1

ε2
R(z − z

′

ε
)dzdz′dr.

We applied (2.3.12) and do a change of variable in the last two steps.

If we do a change of variable z − z′ ↦ z and integrate in z′, the above expression equals

C2

log ε−1 ∫
s

0
∫
R2
G2s−2r(y1 − y′1 − z)

1

ε2
R(z

ε
) +G2s−2r(y1 + εy2 − y′1 − z)

1

ε2
R(z

ε
) (2.3.14)

+G2s−2r(y1 − y′1 − εy′2 − z)
1

ε2
R(z

ε
) +G2s−2r(y1 + εy2 − y′1 − εy′2 − z)

1

ε2
R(z

ε
)dzdr.

Denote Rε(⋅) ∶= 1
ε2R(

⋅
ε). We have ∥Rε∥L1(R2) = 1 and for all t > 0, it holds that

∥Gt ∗ g ∗Rε∥L∞(R2) ≤ ∥g ∗Rε∥L∞(R2) ≤ ∥g∥L∞(R2) , (2.3.15)
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and

∥Gt ∗ g ∗Rε∥L1(R2) ≤ ∥g ∗Rε∥L1(R2) ≤ ∥g∥L1(R2) . (2.3.16)

Go back to (2.3.13) with a change of variable εy2 ↦ y2 and εy′2 ↦ y′2, we have

√
Var(A1,ε)

≤ β2C√
log ε−1

∫
T

0
(∫

R8
∫

s

0
(G2s−2r ∗Rε(y1 − y′1)

+G2s−2r ∗Rε(y1 + y2 − y′1) +G2s−2r ∗Rε(y1 − y′1 − y′2)

+G2s−2r ∗Rε(y1 + y2 − y′1 − y′2))GT−s ∗ g(y1)GT−s ∗ g(y1 + y2)

⋅GT−s ∗ g(y′1)GT−s ∗ g(y′1 + y′2)Rε(y2)Rε(y′2)drdy1dy′1dy2dy′2)
1
2

ds

≤ β2C√
log ε−1

∫
T

0
(∫

s

0
∫
R8
(G2s−2r ∗Rε(y1 − y′1)

+G2s−2r ∗Rε(y1 + y2 − y′1) +G2s−2r ∗Rε(y1 − y′1 − y′2)

+G2s−2r ∗Rε(y1 + y2 − y′1 − y′2))GT−s ∗ g(y1) ⋅Rε(y2)Rε(y′2)dy1dy′1dy2dy′2dr)
1
2

ds

= β2C√
log ε−1

∫
T

0
(∫

s

0
∫
R6
(GT+s−2r ∗Rε ∗ g(y′1) +GT+s−2r ∗Rε ∗ g(y′1 − y2)

+GT+s−2r ∗Rε ∗ g(y′1 + y′2) +GT+s−2r ∗Rε ∗ g(y′1 + y′2 − y2))

⋅Rε(y2)Rε(y′2)dy′1dy2dy′2dr)
1
2

ds

If we integrate each term in the order of y1, y′1, y2, y
′
2 and use the inequalities (2.3.7) and (2.3.16),

the above is bounded by

β2C√
log ε−1

∫
T

0
(∫

s

0
∫
R4
Rε(y2)Rε(y′2)dy2dy′2dr)

1
2

ds ≤ β2C√
log ε−1
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The constant C may vary at each occurrence. The last C depend on T and βσLip. ◻

Proof of Lemma 2.3.2. By Minkowski inequality and (2.3.10),

(E∣A2,ε∣2)
1
2 (2.3.17)

≤ β2∫
T

0
(E∣ ∫

R2×2
σ(Vε( s

ε2
,
y1
ε
))GT−s ∗ g(y1)R(y2)

⋅ ∫
T
ε2

s
ε2

∫
R2
GT−ε2r ∗ g(εz)Σ(r, z)D s

ε2
,
y1
ε
+y2V

ε(r, z)dWϕ(r, z)dy1dy2∣
2

)
1
2

ds

= β2∫
T

0
(∫

R2×2
∫
R2×2

GT−s ∗ g(y1)R(y2)GT−s ∗ g(y′1)R(y′2)

⋅E[σ(Vε( s
ε2
,
y1
ε
))σ(Vε( s

ε2
,
y′1
ε
))

⋅ ∫
T
ε2

s
ε2

∫
R2
GT−ε2r ∗ g(εz)Σ(r, z)D s

ε2
,
y1
ε
+y2V

ε(r, z)dWϕ(r, z)

⋅ ∫
T
ε2

s
ε2

∫
R2
GT−ε2r′ ∗ g(εz′)Σ(r′, z′)D s

ε2
,
y′
1
ε
+y′2
Vε(r′, z′)dWϕ(r′, z′)]

dy1dy
′
1dy2dy

′
2)

1
2

ds.

Using Itô isometry, we have

E[σ(Vε( s
ε2
,
y1
ε
))σ(Vε( s

ε2
,
y′1
ε
))

⋅ ∫
T
ε2

s
ε2

∫
R2
GT−ε2r ∗ g(εz)Σ(r, z)D s

ε2
,
y1
ε
+y2V

ε(r, z)dWϕ(r, z)

⋅ ∫
T
ε2

s
ε2

∫
R2
GT−ε2r′ ∗ g(εz′)Σ(r′, z′)D s

ε2
,
y′
1
ε
+y′2
Vε(r′, z′)dWϕ(r′, z′)]

= ∫
T
ε2

s
ε2

∫
R2
∫
R2
R(z − z′)GT−ε2r ∗ g(εz)GT−ε2r ∗ g(εz′)E[σ(Vε(

s

ε2
,
y1
ε
))

⋅ σ(Vε( s
ε2
,
y′1
ε
))Σ(r, z)D s

ε2
,
y1
ε
+y2V

ε(r, z)Σ(r, z′)D
s
ε2

,
y′
1
ε
+y′2
Vε(r, z′)]dzdz′dr.
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By applying (2.2.9), Lemma 2.2.5 (with p = 4) and the Cauchy-Schwarz inequality, there exists

a uniform C > 0 such that when ε is small enough,

E[σ(Vε( s
ε2
,
y1
ε
))σ(Vε( s

ε2
,
y′1
ε
))Σ(r, z)D s

ε2
,
y1
ε
+y2V

ε(r, z)Σ(r, z′)D
s
ε2

,
y′
1
ε
+y′2
Vε(r, z′)]

≤ C2

log ε−1
Gr− s

ε2
(z − y1

ε
− y2)Gr− s

ε2
(z′ − y

′
1

ε
− y′2).

Substitute back into (2.3.17) and integrate in y1, y′1, we have

(E∣A2,ε∣2)
1
2 ≤ β2C√

log ε−1
∫

T

0
(∫

R2×2
∫
R2×2

GT−s ∗ g(y1)R(y2)GT−s ∗ g(y′1)R(y′2) (2.3.18)

∫
T
ε2

s
ε2

∫
R2
∫
R2
R(z − z′)GT−ε2r ∗ g(εz)GT−ε2r ∗ g(εz′)

⋅Gr− s
ε2
(z − y1

ε
− y2)Gr− s

ε2
(z′ − y

′
1

ε
− y′2)dzdz′drdy1dy′1dy2dy′2)

1
2

ds

= β2C√
log ε−1

∫
T

0
(ε2∫

T

s
∫
R8
R(y2)R(y′2)R(z − z′)GT−r ∗ g(εz)GT−r ∗ g(εz′)

⋅GT+r−2s ∗ g(εz − εy2)GT+r−2s ∗ g(εz′ − εy′2)drdzdz′dy2dy′2)
1
2

ds

= β2C√
log ε−1

∫
T

0
(∫

T

s
∫
R8
Rε(y2)Rε(y′2)Rε(z − z′)GT−r ∗ g(z)GT−r ∗ g(z′)

⋅GT+r−2s ∗ g(z − y2)GT+r−2s ∗ g(z′ − y′2)drdzdz′dy2dy′2)
1
2

ds.

Here we do a change of variable εy2 ↦ y2, εy′2 ↦ y′2, εz ↦ z and εz′ ↦ z′. We integrate the last

integral of (2.3.18) in the order of y2, y′2, z,z′. Together with (2.3.8) and (2.3.15), we obtain that
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the last expression is bounded by

β2C√
log ε−1

∫
T

0
(∫

T

s
∫
R4
Rε(z − z′)GT−r ∗ g(z)GT−r ∗ g(z′)drdzdz′)

1
2

ds

≤ β2C√
log ε−1

,

The constant C may vary at each occurrence. The last C would depend on T and βσLip. ◻

2.4 Proof of Theorem 2.1.2

It suffices to prove the convergence of the finite-dimensional distributions and the tightness.

To give the tightness, we use the following proposition.

Proposition 2.4.1. For p ≥ 2, T > 0, g ∈ C∞c (R2), let β0(p) and ε0 be defined as in Lemma 2.2.3.

If β < β0(p), there exists a uniform constant C > 0 (depending only on βσLip, p and g), such that

for any 0 ≤ s < t ≤ T and ε < ε0, E ∣Xε,t(g) −Xε,s(g)∣p ≤ C(t − s)
p
2 .

Proof. By the mild formulation of uε in (2.1.4) and the Burkholder-Davis-Gundy inequality, let
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cp = p(p−1)
2 , we have

(E ∣Xε,t(g) −Xε,s(g)∣p)
2
p = (E ∣

√
log ε−1∫

R2
[uε(t, x) − uε(s, x)] g(x)dx∣

p

)
2
p

= (E∣β ∫
R2
[∫

t

0
∫
R2
Gt−r(x − y)σ(uε(r, y))dWϕε(r, y)

− ∫
s

0
∫
R2
Gs−r(x − y)σ(uε(r, y))dWϕε(r, y)]g(x)dx∣

p

)
2
p

= β2 (E∣ ∫
T

0
∫
R2
(Gt−r ∗ g(y)1[0,t](r) −Gs−r ∗ g(y)1[0,s](r))σ(uε(r, y))dWϕε(r, y)∣

p

)
2
p

≤ cpβ2∫
T

0
(E(∫

R2
∫
R2
(Gt−r ∗ g(y1)1[0,t](r) −Gs−r ∗ g(y1)1[0,s](r))

⋅ (Gt−r ∗ g(y2)1[0,t](r) −Gs−r ∗ g(y2)1[0,s](r))

⋅ (σ(uε(r, y1))σ(uε(r, y2)))
1

ε2
R(y1 − y2

ε
)dy1dy2)

p
2

)
2
p

dr.

Apply the Minkowski inequality, inequality (2.2.7) and Lemma 2.2.3, the above is bounded by

cpβ
2σ2

Lip∫
T

0
∫
R2
∫
R2
(Gt−r ∗ g(y1)1[0,t](r) −Gs−r ∗ g(y1)1[0,s](r))

⋅ (Gt−r ∗ g(y2)1[0,t](r) −Gs−r ∗ g(y2)1[0,s](r)) (E∣uε(r,0)∣p)
2
p
1

ε2
R(y1 − y2

ε
)dy1dy2dr

≤ Cβ2σ2
Lip∫

T

0
∫
R2
∫
R2
(Gt−r ∗ g(y1)1[0,t](r) −Gs−r ∗ g(y1)1[0,s](r))

⋅ (Gt−r ∗ g(y2)1[0,t](r) −Gs−r ∗ g(y2)1[0,s](r))
1

ε2
R(y1 − y2

ε
)dy1dy2dr

≤ Cβ2σ2
Lip

∫
T

0
(∫

R2
∫
R2
(Gt−r ∗ g(y1)1[0,t](r) −Gs−r ∗ g(y1)1[0,s](r))

2 1

ε2
R(y1 − y2

ε
)dy1dy2)

1
2

⋅ (∫
R2
∫
R2
(Gt−r ∗ g(y2)1[0,t](r) −Gs−r ∗ g(y2)1[0,s](r))

1

ε2
R(y1 − y2

ε
)dy1dy2)

1
2

dr

= Cβ2σ2
Lip∫

T

0
∫
R2
(Gt−r ∗ g(y)1[0,t](r) −Gs−r ∗ g(y)1[0,s](r))

2
dydr.
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Here we used the Hölder inequality and the fact that ∥Rε∥L1 = 1 in the last two steps. Denote the

Fourier transform of g by ĝ. Adopt a similar procedure as in [33, Proposition 4.1], we have

∫
T

0
∫
R2
(Gt−r ∗ g(y)1[0,t](r) −Gs−r ∗ g(y)1[0,s](r))

2
dydr

= C ∫
T

0
∫
R2
(e− t−r

2
∣ξ∣2
1[0,t](r) − e−

s−r
2
∣ξ∣2
1[0,s](r))

2
ĝ(ξ)2dξdr

= C ∫
s

0
∫
R2
e−(s−r)∣ξ∣

2 (e− t−s
2
∣ξ∣2 − 1)

2
ĝ(ξ)2dξdr +C ∫

t

s
∫
R2
e−(t−r)∣ξ∣

2

ĝ(ξ)2dξdr

= C ∫
R2

1

∣ξ∣2
(1 − e−s∣ξ∣2) (e− t−s

2
∣ξ∣2 − 1)

2
ĝ(ξ)2dξ +C ∫

R2

1

∣ξ∣2
(1 − e−(t−s)∣ξ∣2) ĝ(ξ)2dξ

≤ C ∫
R2

1

∣ξ∣2
(1 − e−s∣ξ∣2) t − s

2
∣ξ∣2ĝ(ξ)2dξ +C ∫

R2

1

∣ξ∣2
(t − s)∣ξ∣2ĝ(ξ)2dξ

≤ C(t − s)∫
R2
ĝ(ξ)2dξ.

In the last steps, we applied inequalities ∣1−e−a∣ ≤
√
a and (1−e−a) ≤ a for all a ≥ 0. The constant

C may vary at each occurrence.

In the proof, the conditions β < β0 and ε < ε0 are given only to validate the use of

Lemma 2.2.3. Therefore, we can choose β0(p) and ε0 to be the same value as in Lemma 2.2.3. ◻

Choose p = 4. By [52, Problem 4.11], the measure induced by Xε(g) = {Xε,t(g); 0 ≤ t ≤

T} on (C([0, T ]),B(C([0, T ]))) is tight. By [52, Theorem 4.15], to prove Theorem 2.1.2, we

only need to show the convergence of the finite-dimensional distribution.

Lemma 2.4.2. Fix 0 ≤ t1 < ⋅ ⋅ ⋅ < tm ≤ T . As ε→ 0, the sequence of random vectors

(Xε,t1(g), . . . ,Xε,tm(g))

52



converges in law to the m-dimensional Gaussian centered vector Z = (Z1, . . . , Zm) with covari-

ance

Ci,j ∶= E(ZiZj) = β2Eσ (Ξ1,2(2))2∫
ti∧tj

0
∫
R2
Gti−s ∗ g(y)Gtj−s ∗ g(y)dyds.

Proof. Recall that we have shown

(Xε,t1(g), . . . ,Xε,tm(g)) law= (Y ε,t1(g), . . . , Y ε,tm(g)) ,

and

Yε,ti(g) = δ(vε,ti(g)) ∈ D1,2.

By Proposition 2.2.9, it suffices to show that for each i, j,

E∣Ci,j − ⟨DY ε,ti(g), vε,tj(g)⟩H∣2 → 0.

Use (2.3.1), we have ⟨DY ε,ti(g), vε,tj(g)⟩H = A
i,j
1,ε +A

i,j
2,ε, where

Ai,j
1,ε = ⟨vε,ti(g), vε,tj(g)⟩H

= β2∫
ti∧tj

ε2

0
∫
R2
∫
R2
σ(Vε(s, y1))σ(Vε(s, y2))R(y1 − y2)

⋅ (∫
R2
G ti

ε2
−s(

x1
ε
− y1)g(x1)dx1)(∫

R2
G tj

ε2
−s(

x2
ε
− y2)g(x2)dx2)dy1dy2ds.
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and

Ai,j
2,ε = ⟨DY ε,ti(g) − vε,ti(g), vε,tj(g)⟩H

= β2∫
ti∧tj

ε2

0
∫
R2×2

σ(Vε(s, y1)) (∫
R2
G tj

ε2
−s(

x1
ε
− y1)g(x1)dx1)

⋅ (∫
ti
ε2

s
∫
R2
(∫

R2
G ti

ε2
−r(

x2
ε
− z)g(x2)dx2)Σ(r, z)Ds,y2Vε(r, z)dWϕ(r, z))

⋅R(y1 − y2)dy1dy2ds.

Following the same arugments as in Section 2.3, we can show

E ∣Ci,j −Ai,j
1,ε∣

2 → 0 as ε→ 0,

and

E ∣Ai,j
2,ε∣

2 → 0 as ε→ 0.

◻
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Chapter 3: Mesoscopic averaging of 2d KPZ

3.1 Introduction

3.1.1 Main results

We are interested in the two dimensional KPZ equation driven by a mollified space-time

white noise

∂th
ε(t, x) = 1

2
∆hε(t, x) + 1

2
∣∇hε(t, x)∣2 + β√

log ε−1
ξε(t, x) −Cε, (3.1.1)

with initial condition hε(0, x) = h0(x) and Cε = β2

2ε2 log ε−1 ∥ϕ∥2L2(R2). Here β > 0 is a constant.

We define ξε(t, x) = ϕε ∗ ξ(t, x), where ξ is the space-time white noise, and ϕ ∈ C∞c (R2) is a

non-negative, smooth, symmetric mollifier with ∫ ϕdx = 1 and ϕε(x) = 1
ε2ϕ(ε−1x). We use ∗

to denote convolution in space. The noise ξε is white in time and colored in space, with spatial

correlation length in the scale of ε.

Inspired by Chatterjee’s recent work [21], we will investigate the limit of a local average

of the mollified KPZ equation (3.1.1) when β ∈ (0,
√
2π). We will show that when hε(t, x) is

averaged in space in a proper scale, its limit would equal in distribution to the sum of the solution

to a deterministic KPZ equation and a Gaussian random variable. The deterministic part only
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depends on the initial condition h0. The Gaussian random variable only depends on the scale of

averaging. Our result shows a “mesoscopic” averaging phenomenon that appears exclusively in

dimension two.

The following theorem is the main result of this section.

Theorem 3.1.1. Let hε(t, x) be the solution to the mollified 2-dimensional KPZ equation (3.1.1)

with the initial condition h0 ∶ R2 → R being bounded and Lipschitz continuous. Let 0 < β <
√
2π

and rε = ε1−γ for some 0 ≤ γ ≤ 1. We use B(x, rε) to denote a ball with center x and radius rε.

For any fixed t > 0, x ∈ R2, the local average of hε over B(x, rε) converges as follows

1

∣B(x, rε)∣ ∫∣y−x∣≤rε
hε(t, y)dy

dÐ→ N(0, σ2
γ) −

1

2
log ( 2π

2π − β2
) +

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

h̄(t, x), if 0 ≤ γ < 1,

1
∣B(x,1)∣ ∫∣y−x∣≤1 h̄(t, y)dy, if γ = 1,

(3.1.2)

as ε→ 0, where h̄(t, x) is the solution to the 2-dimensional deterministic KPZ equation

∂th̄(t, x) =
1

2
∆h̄(t, x) + 1

2
∣∇h̄(t, x)∣2, h̄(0, x) = h0(x), (3.1.3)

and N(0, σ2
γ) is a normal distribution with mean 0 and variance σ2

γ = log (
2π−β2γ
2π−β2 ). When 0 ≤

γ < 1, we have σ2
γ > 0. We treat N(0,0) as constant zero, when γ = 1 and σ2

γ = 0.

We first make the following remarks.

If γ = 0, the averaging was performed over a ball with radius rε = ε. The limit in distribution

is

h̄(t, x) +N(0, log 2π

2π − β2
) − 1

2
log ( 2π

2π − β2
) .
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If we take h0 = 0, then h̄(t, x) = 0 and the limit coincides with the point-wise limit of hε(t, x)

as ε → 0 obtained in [18] (see Theorem 3.1.5 below). In fact, our result generalizes the point-

wise limit of KPZ equation with flat initial data to KPZ equation with more general (bounded

and Lipschitz continuous) initial conditions. The case γ = 0 can be viewed as a “microscopic”

averaging result.

If γ = 1, the averaging was performed over a ball with radius rε = 1. As shown in (3.1.2), the

Gaussian term equals zero as σ2
γ = 0. The limit would be deterministic. It equals to a spatial aver-

age of the deterministic KPZ equation over the ball of radius 1, plus a height shift −1
2 log (

2π
2π−β2).

The randomness has disappeared due to the independence in the limit of hε for distinct

points. As we will see in Theorem 3.1.5 below, a result of Caravenna-Sun-Zygouras, for any fi-

nite set of distinct points (xi)1≤i≤n, the random variables (hε(t, xi))1≤i≤n converge to independent

Gaussians as ε → 0. Thus taking a local average over a fixed-radius ball eliminates the random-

ness as a result of the law of large numbers. The height shift −1
2 log (

2π
2π−β2) is the mean of the

Gaussians. The case γ = 1 can be viewed as a “macroscopic” averaging result.

When γ = 1, to study the next order random fluctuations, one should look at the error

hε(t, x)−Ehε(t, x)with amplification. [53] started such studies. [20] (as well as [36] for a smaller

regime of β) proved that, after proper rescaling, the error converges to an Edwards-Wilkinson

limit. [37] later enhanced this result for more general initial conditions and multi-dimensional

parameters. Although we both derive Gaussian limits, our work here differs from previous stud-

ies. Our study focuses on the first order term ∫B(0,rε) h
ε(t, x)dx, whereas the previous works all

studied the second order fluctuations
√
log ε−1 ∫B(0,1) hε(t, x) −Ehε(t, x)dx.

If 0 < γ < 1, the averaging was performed over a ball with radius rε = ε1−γ , where ε≪ rε ≪

1. The limit in distribution is the deterministic KPZ equation with the same height shift, plus a
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Gaussian random variable. The variance of the Gaussian, σ2
γ , is dependent solely on γ. This is an

interpolation between the limiting case γ = 0 and γ = 1 and is a “mesoscopic” averaging result.

The choice of radius rε = ε1−γ is motivated by the work of Chatterjee [21] in dimen-

sions three and higher and also by the multi-dimensional limit of hε(t, x) in Theorem 3.1.5 be-

low. For a finite collection of space-time points (t, x(i)ε )1≤i≤n, (hε(t, x(i)ε ))1≤i≤n converges in

joint distribution to a multi-dimensional normal distribution with a covariance matrix depend-

ing on the power scales of {∣x(i)ε − x(j)ε ∣ ∶ 1 ≤ i < j ≤ n}. When ∣x(i)ε − x(j)ε ∣ = ε1−γ+o(1),

Cov(hε(t, x(i)ε ), hε(t, x(j)ε )) → σ2
γ as ε → 0. Since an average of Gaussians would remain a

Gaussian, the limit of hε averaged over a ball of radius ε1−γ would be a Gaussian with variance

σ2
γ .

The “height shift” term −1
2 log (

2π
2π−β2) equals to limε→0Ehε(t, x) with initial condition

h0 = 0 for any t > 0 and x ∈ R2. This term appears because we take logarithm in solving the KPZ

equation and it is also derived in the point-wise limit in Theorem 3.1.5.

Remark 3.1.2. Another interpretation of Theorem 3.1.1 is to view the convergence from the per-

spective of generalized random fields (also known as random distribution in the literature) in

microscopic variables. For any (t, x) ∈ [0,+∞) × R2, we consider the following microscopic

equation

∂th̃
ε(t, x) = 1

2
∆h̃ε(t, x) + 1

2
∣∇h̃ε(t, x)∣2 + β√

log ε−1
ξ1(t, x) −

β2

2 log ε−1
∥ϕ∥2L2(R2),

with initial condition h̃ε(0, x) = h0(εx). The above ξ1 is defined as in (3.1.1) with ε = 1. By the
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scaling property of the space-time white noise,

hε(⋅, ⋅) = h̃ε( ⋅
ε2
,
⋅
ε
) jointly in law.

The proof of Theorem 3.1.1 can be modified to generalize the following result:

Fix t > 0 and x ∈ R2. Let 0 ≤ γ < 1 and 0 < β <
√
2π. For any smooth and compactly

supported test function g ∈ C∞c (R2),

∫
R2
h̃ε( t

ε2
,
x

ε
+ y

εγ
)g(y)dy dÐ→ [N(0, σ2

γ) −
1

2
log ( 2π

2π − β2
) + h̄(t, x)]∫

R2
g(y)dy,

as ε→ 0.

By [54, Corollary 2.4], as a generalized random field, h̃ε( t
ε2 ,

x
ε +

⋅
εγ ) converges in law to

the constant Gaussian random field [N(0, σ2
γ) − 1

2 log (
2π

2π−β2) + h̄(t, x)]1R2(⋅). This constant

Gaussian field on R2 has a fixed spatial covariance σ2
γ independent of the spatial variable. This

limit is distinct from other Gaussian random field limits found in the literature on KPZ equation.

One can also consider the locally averaged KPZ equation as a generalized random field on

R2. Let 0 ≤ γ < 1. Define

hε,γ(t, x) ∶= 1

∣B(x, rε)∣ ∫∣y−x∣≤rε
hε(t, y)dy, with rε = ε1−γ.

The following corollary shows that, as a generalized random field, hε,γ(t, ⋅) converges to the

2-dimensional deterministic KPZ limit h̄(t, ⋅) − 1
2 log (

2π
2π−β2) as ε→ 0.

Corollary 3.1.3. Take any smooth and compactly supported test function g ∈ C∞c (R2). For any
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t > 0 and 0 ≤ γ < 1, as ε → 0, the random variable ∫R2 hε,γ(t, x)g(x)dx converges in probability

to ∫R2 [h̄(t, x) − 1
2 log (

2π
2π−β2)] g(x)dx.

Remark 3.1.4. A natural question to ask next is to investigate the second order fluctuations of

hε,γ(t, ⋅) after proper rescaling. Inspired by the results in [20, 36] and [37], one may expect that

√
log ε−1 ∫R2[h(t, x) − Eh(t, x)]g(x)dx has a non-degenerate Gaussian limiting distribution as

ε→ 0. We do not pursue further in this direction, as proving such results may require techniques

that are beyond the scope of this section.

We now conclude the section with a note on the significance of this study. In Theorem 3.1.1,

we proved that the local average of the KPZ equation in dimension two shows a specific meso-

scopic averaging phenomenon. In Remark 3.1.2, when the local average is understood in a mi-

croscopic scale, we obtained a generalized random field converge in law to a constant Gaussian

random field, which is novel to the literature. Additionally, we showed in Corollary 3.1.3 that

the locally averaged KPZ equation, as a generalized random field, converges to a deterministic

KPZ limit in dimension two. Our work studies the two-dimensional KPZ equation from a new

perspective and it improves the understanding on this subject.

3.1.2 Context

On (t, x) ∈ [0,+∞) ×Rd, the KPZ equation is an SPDE formally given by

∂th(t, x) =
1

2
∆h(t, x) + 1

2
∣∇h(t, x)∣2 + ξ(t, x). (3.1.4)

60



Here ξ denotes the space-time white noise which is the distribution valued Gaussian field in

spatial dimension d with the covariance function

E [ξ(t, x)ξ(t′, x′)] = δ0(t − t′)δ0(x − x′).

Here δ0 is the Dirac mass.

The KPZ equation was first introduced in 1986 by Kardar, Parisi and Zhang [5] and has

since become the standard random interface growth model in physics. However, mathematically,

the KPZ equation is ill-posed due to the non-linear term ∇h being a generalized function, which

makes the interpretation of ∣∇h∣2 unclear.

In 1990’s, Bertini and Giacomin [55] formulated the Hopf-Cole solution of (3.1.4) in d = 1

by a transformation h(t, x) = logu(t, x). In fact, let u(t, x) be the solution to the d-dimensional

stochastic heat equation (SHE) on (t, x) ∈ [0,+∞) ×Rd

∂tu(t, x) =
1

2
∆u(t, x) + u(t, x)ξ(t, x). (3.1.5)

Then at least formally, if ignoring the Itô correction, logu(t, x) satisfies (3.1.4).

However, the stochastic heat equation (3.1.5) is only well-posed for d = 1. For dimension

d ≥ 2, (3.1.5) does not have function or distribution valued solutions. This makes the problem of

stochastic heat equation and KPZ equation in higher dimensions more challenging to solve.

In [18], Caravenna, Sun and Zygouras introduced a space-regularized equation with a scal-

ing on the disorder strength to address the well-posedness issue in dimension d = 2. The equation
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is given by

∂tu
ε(t, x) = 1

2
∆uε(t, x) + β√

log ε−1
uε(t, x)ξε(t, x), uε(0, x) = u0(x). (3.1.6)

Through the Hopf-Cole transformation hε(t, x) = loguε(t, x), hε solves the mollified KPZ equa-

tion (3.1.1) with h0 = logu0.

In [18], the following multi-scale point-wise asymptotic limit of hε(t, x) with initial con-

dition h0(x) = 0 was derived.

Theorem 3.1.5 ( [18], Theorem 2.15, Remark 2.16). Let h0(x) = 0. Fix t > 0. Consider a

finite collection of space-time points (tε, x(i)ε )1≤i≤n, where tε > 0, x(i)ε ∈ R2, such that as ε → 0,

tε = εo(1)t and

∀i, j ∈ {1, . . . , n} ∶ ∣x(i)ε − x(j)ε ∣ ≤ ε(1−ζi,j)+o(1) for some ζi,j ∈ [0,1].

Then if β ∈ (0,
√
2π), we have that (hε(tε, x(i)ε ))1≤i≤n converges in joint distribution to the multi-

dimensional normal distribution (Yi − 1
2Var[Yi])1≤i≤n as ε→ 0, where (Yi)1≤i≤n are jointly Gaus-

sian random variables with

E[Yi] = 0, Cov[Yi, Yj] = log(
2π − β2ζi,j
2π − β2

) .

If β ≥
√
2π, hε(tε, x(i)ε ) converges to −∞ in probability for all 1 ≤ i ≤ n, as ε→ 0.

If β ∈ (0,
√
2π), Var[Yi] = log ( 2π

2π−β2) as ζi,i = 0 for any 1 ≤ i ≤ n. For any finite

set of distinct points (xi)1≤i≤n, the random variables (hε(tε, xi))1≤i≤n converge to independent
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Gaussians as ε → 0. This is because ζi,j = 1 for all 1 ≤ i, j ≤ n with i ≠ j, implying independence

in the limit.

Remark 3.1.6. The value βc =
√
2π is critical here as there is a phase transition in Theorem 3.1.5.

The interval (0,
√
2π) is known as the subcritical regime for 2-dimensional KPZ equation. In our

paper, we will only focus on this regime. The research on the 2-dimensional SHE (3.1.5) in a

critical window around βc initiated with [56], and notable recent advancements have been made

in [44–46, 57–59].

The directed polymer model in the random environment in 2+1 dimension is related to the

two-dimensional KPZ equation. The solution to the KPZ equation equals in law to the logarithm

of the partition function of a continuum directed polymer. (See (3.1.10) below.)

In a prior work, Chatterjee [21] proved that a growing random surface generated by discrete

directed polymers in d ≥ 3 converges to a deterministic KPZ equation. It is an analogue of our

Theorem 3.1.1 for directed polymers in dimensions d+1 with d ≥ 3. The same result as in [21] is

expected to hold in the continuum setting, i.e. for the analogue KPZ equation in dimension d ≥ 3

defined as

∂tĥε(t, x) =
1

2
∆ĥε(t, x) +

1

2
∣∇ĥε(t, x)∣2 + βε

d−2
2 ξ̂ε(t, x) −

β2

2ε2
∥ϕ̂∥2L2(Rd), ĥε(0, x) = ĥ0(x),

where ξ̂ε = ξ(t, x) ∗ ϕ̂ε is the space-time white noise in dimension d + 1 spatially smoothened

at scale ε, ϕ̂ ∈ C∞c (Rd) is a non-negative, smooth, symmetric mollifier with ∫ ϕ̂dx = 1 and

ϕ̂ε(x) = 1
εd
ϕ̂(ε−1x), ĥ0 is bounded and Lipschitz continuous, and β is sufficiently small.

We note that there is a significant difference between the d = 2 KPZ equation and the d ≥ 3

KPZ equation. In dimension d ≥ 3, there is no “mesoscopic” averaging phenomenon. In fact, in
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d ≥ 3, by [21, Theorem 2.2], we expect that, by taking the average of ĥε(t, x) over a ball B(x, rε)

with radius ε ≪ rε ≪ 1, the limit would be the corresponding deterministic KPZ equation with

a height shift. The “mesoscopic” averaging result (when ε ≪ rε ≪ 1 in our Theorem 3.1.1) is

exclusive to dimension d = 2.

The difference arises as follows. For d ≥ 3, if x(1)ε , x
(2)
ε ∈ Rd and ε ≪ ∣x(1)ε − x(2)ε ∣ ≪ 1,

then as ε → 0, ĥε(t, x(1)ε ) and ĥε(t, x(2)ε ) always become asymptotically independent, regard-

less of the scale of ∣x(1)ε − x(2)ε ∣. Taking a spatial average over a ball with radius ε ≪ rε ≪ 1

eliminates the “randomness” due to the law of large numbers. However, in dimension d = 2, as

noted in Theorem 3.1.5, when ζi,j ≠ 0, there is a nontrivial multi-scale correlation in the limit of

(hε(t, xi))1≤i≤n.

We shall finish this section by mentioning some other relevant recent works. The second

order fluctuations of KPZ equation in dimension d = 2, i.e. the limit of
√
log ε−1[hε(t, ⋅) −

Ehε(t, ⋅)] as ε → 0, was studied in the aforementioned works [20, 36, 37, 53]. The second order

fluctuations of SHE and nonlinear SHE in d = 2 were studied in [18,37] and [1] respectively. [60]

studied the macroscopic-level limit of the polymer paths in dimension 2 + 1. In d ≥ 3, the point-

wise limit of SHE and KPZ equation were studied in [16, 61]. The second order fluctuations

of SHE and KPZ equation were studied in [39–43, 62, 63]. The second order fluctuations of

nonlinear SHE was studied in [17].

Studies of the deterministic KPZ equation and deterministically growing surfaces were

recently conducted in [64, 65]. By dropping the random noise from the environment, the deter-

ministic KPZ equation is a much simpler object and is well-defined in all dimensions. The hope

of such studies was that it could lead to an understanding of the universal nature of KPZ growth

with noise in the dimensions greater than one.
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3.1.3 Sketch of proof

Before beginning the proof of Theorem 3.1.1, let us first outline its central idea.

To study hε, we analyze uε = ehε . To do so, we employ the Feynman-Kac formula from [6],

which can be easily adapted to any dimension.

Let 0 < infx∈R2 u0(x) ≤ supx∈R2 u0(x) < ∞, which is equivalent to the requirement that

h0(x) is bounded. The Feynman-Kac formula states that the solution to the 2-dimensional

stochastic heat equation (3.1.6) is given by:

uε(t, x) = Ex [u0(Bt) exp{βε∫
t

0
ξε(t − r,Br)dr −

β2
ε

2
E [(∫

t

0
ξε(t − r,Br)dr)

2

]}] , (3.1.7)

where βε ∶= β√
log ε−1

, Ex is the expectation w.r.t. (Br)r≥0, (Br)r≥0 is a standard Brownian motion

in R2 starting from B0 = x and E denotes the expectation with respect to the space-time white

noise in the environment. Later, we will also make use of the Brownian bridge from (0, x) to

(s, y) with s > 0 and x, y ∈ R2. We denote the expectation w.r.t. such Brownian bridge by Es,y
0,x.

By a time reversal in ξε, a scaling property of the space-time white noise in dimension

d = 2, and the scaling invariance of Brownian motion (εBε−2r
law= Br), we find that {uε(t, x)}x∈R2

in (3.1.7) has the same joint distribution as {ũε(t, x)}x∈R2 , where

ũε(t, x) = Ex[u0(Bt) exp{βε∫
t

0
ξε(r,Br)dr −

β2
ε

2
E(∫

t

0
ξε(r,Br)dr)

2}]

= Ex[u0(Bt) exp{βε∫
t

0
∫
R2
ϕε(Br − y)ξ(r, y)dydr −

β2
ε

2
t∥ϕε∥2L2(R2)}]

= Eε−1x[u0(εBε−2t) exp{βε∫
ε−2t

0
∫
R2
ϕ(Br̃ − ỹ)ξ̃(r̃, ỹ)dỹdr̃ −

β2
ε

2
ε−2t∥ϕ∥2L2(R2)}].

In the last step, we made the change of variable (εỹ, ε2r̃) ∶= (y, r). The scaling property of the
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space-time white noise implies that

ξ̃(r̃, ỹ)dỹdr̃ ∶= ε−2ξ(ε2r̃, εỹ)d(εỹ)d(ε2r̃)

is another space-time white noise in R2.

Now since hε = loguε and h0 = logu0, we have

hε(t, x)

law= logEε−1x[ exp{h0(εBε−2t) + βε∫
ε−2t

0
∫
R2
ϕ(Br − y)ξ(r, y)dydr −

1

2
β2
εε
−2t∥ϕ∥2L2(R2)}].

(3.1.8)

For any s ≥ 0 and f ∈ C(R2) being bounded and Lipschitz continuous, define

Ψβε,f
s = Ψβε,f

s (B, ξ) = exp [f(εBs) + βε∫
s

0
∫
R2
ϕ(y −Br)ξ(r, y)dydr −

1

2
β2
ε∥ϕ∥2L2s] .

(3.1.9)

Then (3.1.8) can be rewritten as

hε(t, x) law= logEε−1x[Ψβε,h0

ε−2t
]. (3.1.10)

In the following sections, in order to prove Theorem 3.1.1 for hε(t, x), we analyze the limit

of logEε−1x[Ψβε,h0

ε−2t
] as ε→ 0.

The main idea behind the proof for Theorem 3.1.1 is the following decomposition:

logEε−1x[Ψβε,h0

ε−2t
] = log

Eε−1x[Ψβε,h0

ε−2t
]

Eε−1x[Ψβε,0

ε−2(1−aε)t
]
+ logEε−1x[Ψβε,0

ε−2(1−aε)t
] (3.1.11)
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for some aε = o(1) satisfying ε2aε = o(1) that we will define later.

This decomposition is based on the following observation: the random part in the limit of

hε(t, x) depends only on the white noise ξ in an infinitesimal time window [t− o(1), t] as ε→ 0,

and it is independent of the initial condition h0. Thus, we can split hε(t, x) into two components:

a “random” quantity which is the solution to the KPZ equation on time window [t− o(1), t] with

zero initial condition, and an “almost deterministic” quantity that concentrates to a deterministic

value when ε→ 0. The right-hand-side of (3.1.11) demonstrates this decomposition, with the first

term being the “almost deterministic” quantity and the second term being the “random” quantity.

The remaining proof consists of two parts. In the first part, we show that the “almost

deterministic” quantity converges to the solution of the deterministic KPZ equation with original

initial data h0. This is proved in Proposition 3.3.2 below, with the assistance of Proposition 3.3.1.

In the second part, we prove that the local average of the “random” quantity converges in law to

the Gaussian random variable N(0, σ2
γ) − 1

2 log (
2π

2π−β2). This is shown in Proposition 3.3.3.

We should note that the idea of this decomposition was previously mentioned in [18] Re-

mark 2.18 for 2-dimensional SHE with general initial conditions. It has since been utilized in

various recent works, including [19, 20, 63], with a particular emphasis in [21].
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3.2 Moment bounds

In this section, we will discuss some properties of the random variables Eε−1x[Ψβε,0
s ],

Es,ε−1y
0,ε−1x

[Ψβε,0
s ] and logEε−1x[Ψβε,0

s ], where Ψβε,0
s is defined as in (3.1.9) with f being a zero

function. These properties will be used in the proof of Theorem 3.1.1 later.

Hereafter, for any p > 0, we use the notation ∥ ⋅ ∥Lp(Ω) to denote the Lp(Ω) norm of the

probability space (Ω,F ,P) where the space-time white noise ξ is built on.

3.2.1 Second moments

We will first show that Eε−1x[Ψβε,0
s ] and Es,ε−1y

0,ε−1x
[Ψβε,0

s ] have bounded second moments. Let

V (x) = ∫
R2
ϕ(x − y)ϕ(y)dy. (3.2.1)
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We first remark that for any x, y ∈ R2,

E(Eε−1x[Ψβε,0
s ]Eε−1y[Ψβε,0

s ])

= Eε−1x ⊗Eε−1y ⊗E( exp [βε∫
s

0
∫
R2
[ϕ(y −B1

r) + ϕ(y −B2
r)]ξ(r, y)dydr − β2

ε∥ϕ∥2L2s])

= Eε−1x ⊗Eε−1y( exp [
β2
ε

2 ∫
s

0
∫
R2
[ϕ(y −B1

r) + ϕ(y −B2
r)]2dydr − β2

ε∥ϕ∥2L2s])

= Eε−1x ⊗Eε−1y( exp [β2
ε ∫

s

0
∫
R2
ϕ(y −B1

r)ϕ(y −B2
r)dydr])

= Eε−1x ⊗Eε−1y( exp [β2
ε ∫

s

0
V (B1

r −B2
r)dr])

= Eε−1 x−y
√

2
( exp [β2

ε ∫
s

0
V (
√
2Br)dr])

= 1 +
∞
∑
n=1

β2n
ε ∫

0<s1<⋅⋅⋅<sn<s
∫
R2n

n

∏
i=1
V (
√
2xi)ρsi−si−1(xi−1, xi)ds1 . . .dsndx1 . . .dxn

(3.2.2)

where we set x0 = ε−1 x−y√2
, s0 = 0 and let ρt(x) = (2πt)−1e−

∣x∣2

2t be the heat kernel in d = 2 such

that ρt(x, y) ∶= ρt(x−y). We use Ex⊗Ey to denote the expectation in two independent Brownian

motions B1 and B2 starting from x and y respectively.

Since

sup
x∈R2
∫
R2
V (
√
2y)ρr(x, y)dy ≤

1

4πr
∧ ∥V ∥∞, (3.2.3)

where ∥V ∥∞ denotes the supremum norm of V on R2, (3.2.2) is bounded from above by

1 +
∞
∑
n=1

β2n
ε (∫

s

0

1

4πr
∧ ∥V ∥∞dr)

n

= 1 +
∞
∑
n=1

β2n
ε (

log 4π∥V ∥∞s
4π

+ 1

4π
)
n

.

Now for any fixed t > 0, we have that as ε→ 0,

β2
ε(

log 4π∥V ∥∞ε−2t
4π

+ 1

4π
) = β2

log ε−1
( log ε

−2

4π
+ 1 + log 4π∥V ∥∞t

4π
) → β2

2π
.
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Hence when s ≤ ε−2t and 0 < β <
√
2π , we have

lim sup
ε→0

E(Eε−1x[Ψβε,0
s ]Eε−1y[Ψβε,0

s ]) ≤
∞
∑
n=0
(β

2

2π
)
n

≤ 2π

2π − β2
. (3.2.4)

We also have a second moment bound for the expectation w.r.t. Brownian bridge.

Lemma 3.2.1. Let 0 < β <
√
2π, t > 0 and x, y ∈ R2. There exists Cβ < ∞ independent of t, x, y,

such that

sup
ε≤1

sup
s≤ε−2t

∥Es,ε−1y
0,ε−1x

[Ψβε,0
s ]∥

L2(Ω)
< Cβ. (3.2.5)

Proof. By the shear invariance of the environment, for any ε > 0 and x, y ∈ R2,

∥Es,ε−1y
0,ε−1x

[Ψβε,0
s ]∥

L2(Ω)
= ∥Es,0

0,0 [Ψβε,0
s ]∥L2(Ω) .

(3.2.5) is then derived by applying [37, (2.5)]. ◻

3.2.2 Higher moments

Next we present the boundedness of some higher moments of

Eε−1x[Ψβε,0
s ] and Es,ε−1y

0,ε−1x
[Ψβε,0

s ].

This is proved via hypercontractivity.

Lemma 3.2.2. Let 0 < β <
√
2π, t > 0 and x, y ∈ R2. There exists some pβ > 2 such that
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∀2 ≤ p < pβ , ∃Cβ,p < ∞ independent of t, x, y, such that

sup
ε≤1

sup
s≤ε−2t

∥Eε−1x [Ψβε,0
s ]∥Lp(Ω) ≤ Cβ,p, (3.2.6)

and

sup
ε≤1

sup
s≤ε−2t

∥Es,ε−1y
0,ε−1x

[Ψβε,0
s ]∥

Lp(Ω)
≤ Cβ,p. (3.2.7)

Proof. (3.2.6) is exactly [20, (5.11)] with pβ = 1 + 2π/β2.

(3.2.7) can be proved in a similar way, as Es,ε−1y
0,ε−1x

[Ψβε,0
s ] admits a similar Wiener chaos

expansion and is bounded in L2. A discrete version of (3.2.7) for the partition function of point-

to-point polymer was proved in [60, Corollary 2.8 (i)]. Here we present a proof in the continuum

setting.

Let (Ω,F ,P) be the probability space on which the space-time white noise ξ is built. Let

{Tv, v ≥ 0} be the Ornstein-Uhlenbeck semigroup on L2(Ω) (see e.g. [47] for a reference). Let ξ̃

be an independent copy of ξ built on the probability space (Ω̃, F̃ , P̃). By Mehler’s formula,

Tv (Es,ε−1y
0,ε−1x

[Ψβε,0
s ]) = Tv (E

s,ε−1y
0,ε−1x

[exp [βε∫
s

0
∫
R2
ϕ(y −Br)ξ(r, y)dydr −

1

2
β2
ε∥ϕ∥2L2s]])

= ẼEs,ε−1y
0,ε−1x

[exp [βε∫
s

0
∫
R2
ϕ(y −Br) (e−vξ(r, y) +

√
1 − e−2v ξ̃(r, y))dydr − 1

2
β2
ε∥ϕ∥2L2s]] ,

where Ẽ is the expectation w.r.t. P̃. Since

Ẽ [exp [βε∫
s

0
∫
R2
ϕ(y −Br) (e−vξ(r, y) +

√
1 − e−2v ξ̃(r, y))dydr − 1

2
β2
ε∥ϕ∥2L2s]]

= exp [βε∫
s

0
∫
R2
ϕ(y −Br)e−vξ(r, y)dydr −

1

2
e−2vβ2

ε∥ϕ∥2L2s] ,
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we have

Tv (Es,ε−1y
0,ε−1x

[Ψβε,0
s ])

= Es,ε−1y
0,ε−1x

[exp [βε∫
s

0
∫
R2
ϕ(y −Br)e−vξ(r, y)dydr −

1

2
e−2vβ2

ε∥ϕ∥2L2s]]

= Es,ε−1y
0,ε−1x

[Ψ(e
−vβε),0

s ] .

(3.2.8)

By the hypercontractivity property of {Tv, v ≥ 0}, for any v > 0, if p(v) = e2v + 1, we have

∥Tv (Es,ε−1y
0,ε−1x

[Ψβε,0
s ])∥

Lp(v)(Ω)
≤ ∥Es,ε−1y

0,ε−1x
[Ψβε,0

s ]∥
L2(Ω)

.

With 0 < β <
√
2π, we have evβ <

√
2π when v < log

√
2π
β . Thus by (3.2.8) and Lemma 3.2.1, if

we restrict p < pβ = 1 + 2π/β2 and let v = 1
2 log(p − 1) accordingly, then

sup
ε≤1

sup
s≤ε−2t

∥Es,ε−1y
0,ε−1x

[Ψβε,0
s ]∥

Lp(Ω)
≤ sup

ε≤1
sup
s≤ε−2t

∥Es,ε−1y
0,ε−1x

[Ψ(e
vβε),0

s ]∥
L2(Ω)

< Cβ,v,

for some constant Cβ,v. ◻

3.2.3 Negative moments

We next bound the negative moments of Eε−1x[Ψβε,0
s ]. The following lemma is proved

in [20] via concentration inequality.

Lemma 3.2.3 ( [20], (5.13)). Let 0 < β <
√
2π, t > 0 and x ∈ R2. For any p > 0, there exists

Cp,β < ∞ independent of t and x, such that

sup
ε≤1

sup
s≤ε−2t

E [(Eε−1x[Ψβε,0
s ])

−p
] ≤ Cp,β.
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A direct corollary is the following moment bounds of the logarithm.

Corollary 3.2.4. Let 0 < β <
√
2π, t > 0 and x ∈ R2. For any p > 0, there exists Cp,β < ∞

independent of t and x, such that

sup
ε≤1

sup
s≤ε−2t

E( ∣logEε−1x[Ψβε,0
s ]∣

p

) ≤ Cp,β.

Proof. For any p > 0, there exists Cp > 0 such that ∣x∣p ≤ Cp(ex+e−x) for any x ∈ R. Apply (3.2.4)

and Lemma 3.2.3. ◻

If h0 ∶ R2 → R is bounded, (3.2.4) and Lemma 3.2.3 remain valid for Ψβε,h0
s after we

multiply some constants to the bounds. As a result, Corollary 3.2.4 also holds for Ψβε,h0
s .

3.3 Proof of Theorem 3.1.1

The proof here is inspired by [21].

We first state the following propositions that we will prove later.

Proposition 3.3.1. Let 0 < β <
√
2π and h0 ∈ C(R2) be bounded and Lipschitz continuous. Let

aε = o(1). There exist Cβ > 0 and ε0 > 0, such that when 0 < ε < ε0, for any t > 0, x ∈ R2, we have

E
⎡⎢⎢⎢⎢⎣

RRRRRRRRRRR

Eε−1x[Ψβε,h0

ε−2t
]

Eε−1x[Ψβε,0

ε−2(1−aε)t
]
− exp[h̄(t − ε2aεt, x)]

RRRRRRRRRRR

2⎤⎥⎥⎥⎥⎦
≤ Cβ(ε2aεt + a1/3ε ), (3.3.1)

where h̄(t, x) is defined as in (3.1.3).

Proposition 3.3.2. With the same assumptions as in Proposition 3.3.1, there exist Cβ > 0 and
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ε0 > 0, such that when 0 < ε < ε0, for any t > 0, x ∈ R2, we have

E
⎡⎢⎢⎢⎢⎣

RRRRRRRRRRR
log

Eε−1x[Ψβε,h0

ε−2t
]

Eε−1x[Ψβε,0

ε−2(1−aε)t
]
− h̄(t − ε2aεt, x)

RRRRRRRRRRR

2⎤⎥⎥⎥⎥⎦
≤ Cβ(ε2aεt + a1/3ε )1/8. (3.3.2)

Proposition 3.3.3. Let 0 < β <
√
2π, rε = ε1−γ for some 0 ≤ γ ≤ 1 and aε = (log ε−1)−1/2. For any

t > 0, x ∈ R2, as ε→ 0,

1

∣B(x, rε)∣ ∫∣y−x∣≤rε
logEε−1y[Ψβε,0

ε−2(1−aε)t
]dy d→ N(0, σ2

γ) −
1

2
log ( 2π

2π − β2
) , (3.3.3)

where N(0, σ2
γ) is a normal distribution with mean 0 and variance σ2

γ ∶= log (2π−β
2γ

2π−β2 ). When

0 ≤ γ < 1, σ2
γ > 0. When γ = 1, σ2

γ = 0.

We first use Proposition 3.3.2 and Proposition 3.3.3 to prove Theorem 3.1.1.

Let

aε = (log ε−1)−1/2. (3.3.4)

Then we have aε = o(1) and εaε = o(1). In particular, as ε→ 0,

Cβ(ε2aεt + a1/3ε )1/8 → 0. (3.3.5)

By applying (3.1.8) and the decomposition in (3.1.11), we have

1

∣B(x, rε)∣ ∫∣y−x∣≤rε
hε(t, y)dy law= 1

∣B(x, rε)∣ ∫∣y−x∣≤rε
logEε−1y[Ψβε,h0

ε−2t
]dy

= 1

∣B(x, rε)∣ ∫∣y−x∣≤rε
log

Eε−1y[Ψβε,h0

ε−2t
]

Eε−1y[Ψβε,0

ε−2(1−aε)t
]
+ logEε−1y[Ψβε,0

ε−2(1−aε)t
]dy

= I1 + I2 + I3,
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where

I1 ∶=
1

∣B(x, rε)∣ ∫∣y−x∣≤rε
log

Eε−1y[Ψβε,h0

ε−2t
]

Eε−1y[Ψβε,0

ε−2(1−aε)t
]
dy − 1

∣B(x, rε)∣ ∫∣y−x∣≤rε
h̄(t − ε2aεt, y)dy,

I2 ∶=
1

∣B(x, rε)∣ ∫∣y−x∣≤rε
logEε−1y[Ψβε,0

ε−2(1−aε)t
]dy,

I3 ∶=
1

∣B(x, rε)∣ ∫∣y−x∣≤rε
h̄(t − ε2aεt, y)dy.

By the Minkowski’s integral inequality, Proposition 3.3.2 and (3.3.5), when ε < ε0,

∥I1∥L2(Ω)

=
XXXXXXXXXXX

1

∣B(x, rε)∣ ∫∣y−x∣≤rε
log

Eε−1y[Ψβε,h0

ε−2t
]

Eε−1y[Ψβε,0

ε−2(1−aε)t
]
dy − 1

∣B(x, rε)∣ ∫∣y−x∣≤rε
h̄(t − ε2aεt, y)dy

XXXXXXXXXXXL2(Ω)

≤ 1

∣B(x, rε)∣ ∫∣y−x∣≤rε

XXXXXXXXXXX
log

Eε−1y[Ψβε,h0

ε−2t
]

Eε−1y[Ψβε,0

ε−2(1−aε)t
]
− h̄(t − ε2aεt, y)

XXXXXXXXXXXL2(Ω)

dy

≤ 1

∣B(x, rε)∣ ∫∣y−x∣≤rε
C

1/2
β (ε

2aεt + a1/3ε )1/16dy

= C1/2
β (ε

2aεt + a1/3ε )1/16 → 0, as ε→ 0.

In particular, I1 converges to 0 in distribution.

By Proposition 3.3.3, I2 converges to N(0, σ2
γ) − 1

2 log (
2π

2π−β2) in distribution for all 0 ≤

γ ≤ 1.

The last term I3 is deterministic. By Lebesgue’s dominated convergence theorem, if 0 ≤

γ < 1, I3 → h̄(t, x) as ε→ 0. If γ = 1,

I3 →
1

∣B(x,1)∣ ∫∣y−x∣≤1
h̄(t, y)dy, as ε→ 0.
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Therefore, by proving Proposition 3.3.2 and Proposition 3.3.3, we would have proved The-

orem 3.1.1. In order to prove Proposition 3.3.2, we shall first prove Proposition 3.3.1.

3.3.1 Proof of Proposition 3.3.1

Hereafter, we always assume 0 < β <
√
2π. By the Markov property, for any 0 < s < ε−2t,

Eε−1x[Ψβε,h0

ε−2t
]

= Eε−1x[ exp{h0(εBε−2t) + βε∫
ε−2t

0
∫
R2
ϕ(Br − y)ξ(r, y)dydr −

1

2
β2
εε
−2t∥ϕ∥2L2(R2)}]

= Eε−1x[ exp{h0(εBε−2t) + βε∫
ε−2t

s
∫
R2
ϕ(Br − y)ξ(r, y)dydr

+ βε∫
s

0
∫
R2
ϕ(Br − y)ξ(r, y)dydr −

1

2
β2
εε
−2t∥ϕ∥2L2(R2)}]

= ∫
z∈R2

ρs(ε−1x, z)Es,z
0,ε−1x

[ exp{βε∫
s

0
∫
R2
ϕ(BB

r − y)ξ(r, y)dydr −
1

2
β2
εs∥ϕ∥2L2(R2)}]

Ez[ exp{h0(εB̃ε−2t−s)

+ βε∫
ε−2t−s

0
∫
R2
ϕ(B̃r − y)ξ(r + s, y)dydr −

1

2
β2
ε(ε−2t − s)∥ϕ∥2L2(R2)}]dz

= ∫
z∈R2

ρs(ε−1x, z)Es,z
0,ε−1x

[Ψβε,0
s (BB, ξ)]Ez[Ψβε,h0

ε−2t−s(B̃, ξ
′)]dz.

Here ξ′ is a time shift of ξ by s, i.e. ξ′(r, ⋅) = ξ(s + r, ⋅), {BB
r ∶ 0 ≤ r ≤ s} is a Brownian bridge

starting from ε−1x at time 0 and ending at z at time s, and {B̃r ∶ 0 ≤ r ≤ ε−2t − s} is a Brownian

motion starting from z, where BB and B̃ are independent.

For any s > 0,

Eε−1x[Ψβε,0
s ] = ∫

z∈R2
ρs(ε−1x, z)Es,z

0,ε−1x
[Ψβε,0

s (BB, ξ)]dz. (3.3.6)
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In the rest of this section, we will always set

s = ε−2(1−aε)t,

where aε is defined as in (3.3.4) and ε2s = ε2aε = o(1). By (3.3.6), the ratio expression in (3.3.1)

satisfies that

Eε−1x[Ψβε,h0

ε−2t
]

Eε−1x[Ψβε,0

ε−2(1−aε)t
]
=
∫z∈R2 ρs(ε−1x, z)Es,z

0,ε−1x
[Ψβε,0

s (BB, ξ)]Ez[Ψβε,h0

ε−2t−s(B̃, ξ′)]dz

∫z∈R2 ρs(ε−1x, z)Es,z
0,ε−1x

[Ψβε,0
s (BB, ξ)]dz

. (3.3.7)

We could thus interpret the ratio
Eε−1x
[Ψβε,h0

ε−2t
]

Eε−1x
[Ψβε,0

ε−2(1−aε)t
]

as a (randomly) weighted average of

Ez[Ψβε,h0

ε−2t−s(B̃, ξ
′)]

over z ∈ R2.

Let Fs be the σ-algebra generated by the environment {ξ(r, ⋅) ∶ 0 ≤ r < s}. Let EFs , PFs ,

VarFs , CovFs denote the conditional expectation, conditional probability, conditional variance

and conditional covariance given Fs, respectively. In particular, the noise (with a time shift by

s) ξ′ is independent of the filtration Fs.

We first show that the conditional expectation of the ratio
Eε−1x
[Ψβε,h0

ε−2t
]

Eε−1x
[Ψβε,0

ε−2(1−aε)t
]

in (3.3.7) w.r.t.

Fs is approximately deterministic as ε→ 0.

Lemma 3.3.4. Let h̄(t, x) be as in (3.1.3) and aε < 1. There exists some Cβ > 0 such that for any
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t > 0, x ∈ R2,

XXXXXXXXXXX
EFs

⎧⎪⎪⎨⎪⎪⎩

Eε−1x[Ψβε,h0

ε−2t
]

Eε−1x[Ψβε,0

ε−2(1−aε)t
]

⎫⎪⎪⎬⎪⎪⎭
− exp [h̄(t − ε2aεt, x)]

XXXXXXXXXXXL2(Ω)

≤ Cβε
aε
√
t. (3.3.8)

We leave the proof of Lemma 3.3.4 to Appendix 3.5.1.

We next show that the expectation of the conditional variance

E
⎡⎢⎢⎢⎢⎣
VarFs

⎧⎪⎪⎨⎪⎪⎩

Eε−1x[Ψβε,h0

ε−2t
]

Eε−1x[Ψβε,0

ε−2(1−aε)t
]

⎫⎪⎪⎬⎪⎪⎭

⎤⎥⎥⎥⎥⎦

converges to 0 as ε→ 0. This result is basically saying that the randomness from the shifted white

noise ξ′ is not contributing to the randomness in the ratio
Eε−1x
[Ψβε,h0

ε−2t
]

Eε−1x
[Ψβε,0

ε−2(1−aε)t
]

as ε → 0. In fact, we

have the following bound and we leave its proof to Appendix 3.5.2.

Lemma 3.3.5. Let aε = o(1). There exists some Cβ > 0 and ε0 > 0 such that for any x ∈ R2 and

t > 0, when 0 < ε < ε0,

E
⎡⎢⎢⎢⎢⎣
VarFs

⎧⎪⎪⎨⎪⎪⎩

Eε−1x[Ψβε,h0

ε−2t
]

Eε−1x[Ψβε,0

ε−2(1−aε)t
]

⎫⎪⎪⎬⎪⎪⎭

⎤⎥⎥⎥⎥⎦
≤ Cβa

1/3
ε .

Now by the law of total expectation, we have

E
⎡⎢⎢⎢⎢⎣

Eε−1x[Ψβε,h0

ε−2t
]

Eε−1x[Ψβε,0

ε−2(1−aε)t
]
− exp [h̄(t − ε2aεt, x)]

⎤⎥⎥⎥⎥⎦

2

= E
⎡⎢⎢⎢⎢⎣

⎛
⎝
EFs

⎧⎪⎪⎨⎪⎪⎩

Eε−1x[Ψβε,h0

ε−2t
]

Eε−1x[Ψβε,0

ε−2(1−aε)t
]

⎫⎪⎪⎬⎪⎪⎭
− exp [h̄(t − ε2aεt, x)]

⎞
⎠

2⎤⎥⎥⎥⎥⎦
+E
⎡⎢⎢⎢⎢⎣
VarFs

⎧⎪⎪⎨⎪⎪⎩

Eε−1x[Ψβε,h0

ε−2t
]

Eε−1x[Ψβε,0

ε−2(1−aε)t
]

⎫⎪⎪⎬⎪⎪⎭

⎤⎥⎥⎥⎥⎦
,

which makes (3.3.1) a direct result of Lemma 3.3.4 and Lemma 3.3.5.
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3.3.2 Proof of Proposition 3.3.2

We then use Proposition 3.3.1 to prove Proposition 3.3.2. We first start with the L1/2(Ω)

norm.

Lemma 3.3.6. Under the same assumptions as in Proposition 3.3.2, there exist some Cβ > 0 and

ε0 > 0, such that when 0 < ε < ε0, we have

E
⎡⎢⎢⎢⎢⎣
∣ log

Eε−1x[Ψβε,h0

ε−2t
]

Eε−1x[Ψβε,0

ε−2(1−aε)t
]
− h̄(t − ε2aεt, x)∣

1/2⎤⎥⎥⎥⎥⎦
≤ Cβ(ε2aεt + a1/3ε )1/4.

Proof. For any a, b > 0, we have ∣ log a − log b∣1/2 ≤
√
∣1 − a

b ∣ +
√
∣1 − b

a ∣ =
√
∣a − b∣(a−1/2 + b−1/2).

Thus

E
⎡⎢⎢⎢⎢⎢⎣

RRRRRRRRRRR
log

Eε−1x[Ψβε,h0

ε−2t
]

Eε−1x[Ψβε,0
s ]

− h̄(t − ε2aεt, x)
RRRRRRRRRRR

1
2
⎤⎥⎥⎥⎥⎥⎦

≤ E
⎧⎪⎪⎪⎨⎪⎪⎪⎩

RRRRRRRRRRR

Eε−1x[Ψβε,h0

ε−2t
]

Eε−1x[Ψβε,0
s ]

− exp[h̄(t − ε2aεt, x)]
RRRRRRRRRRR

1
2
⎡⎢⎢⎢⎢⎢⎣

⎛
⎝
Eε−1x[Ψβε,h0

ε−2t
]

Eε−1x[Ψβε,0
s ]

⎞
⎠

− 1
2

+ exp[−1
2
h̄(t − ε2aεt, x)]

⎤⎥⎥⎥⎥⎥⎦

⎫⎪⎪⎪⎬⎪⎪⎪⎭

≤
√
2

⎡⎢⎢⎢⎢⎣
E
RRRRRRRRRRR

Eε−1x[Ψβε,h0

ε−2t
]

Eε−1x[Ψβε,0
s ]

− exp[h̄(t − ε2aεt, x)]
RRRRRRRRRRR

⎤⎥⎥⎥⎥⎦

1
2

⋅
⎡⎢⎢⎢⎢⎣
E
⎛
⎝
Eε−1x[Ψβε,h0

ε−2t
]

Eε−1x [Ψβε,0
s ]
⎞
⎠

−1

+ exp[−h̄(t − ε2aεt, x)]
⎤⎥⎥⎥⎥⎦

1
2

.

Note that

E
⎛
⎝
Eε−1x[Ψβε,h0

ε−2t
]

Eε−1x[Ψβε,0
s ]

⎞
⎠

−1

≤ ∥Eε−1x[Ψβε,0
s ]∥2

XXXXXXXXXXX

1

Eε−1x[Ψβε,h0

ε−2t
]

XXXXXXXXXXX2
. (3.3.9)
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By (3.2.4) and Lemma 3.2.3, together with the assumption that h0 is bounded, (3.3.9) is

bounded by some constant Cβ . Lemma 3.3.6 is then the consequence of the Cauchy-Schwarz

inequality and Proposition 3.3.1. ◻

Now to prove Proposition 3.3.2, we apply the Cauchy-Schwarz inequality to the following

expression:

E
⎡⎢⎢⎢⎢⎣
∣ log

Eε−1x[Ψβε,h0

ε−2t
]

Eε−1x[Ψβε,0
s ]

− h̄(t − ε2aεt, x)∣
2
⎤⎥⎥⎥⎥⎦

= E
⎡⎢⎢⎢⎢⎢⎣

RRRRRRRRRRR
log

Eε−1x[Ψβε,h0

ε−2t
]

Eε−1x[Ψβε,0
s ]

− h̄(t − ε2aεt, x)
RRRRRRRRRRR

1/4 RRRRRRRRRRR
log

Eε−1x[Ψβε,h0

ε−2t
]

Eε−1x[Ψβε,0
s ]

− h̄(t − ε2aεt, x)
RRRRRRRRRRR

7/4⎤⎥⎥⎥⎥⎥⎦
,

and bound the L7/2(Ω) term by using Corollary 3.2.4 and the discussion after it. Then there exists

some constant Cβ such that the above is bounded by

Cβ

XXXXXXXXXXX
log

Eε−1x[Ψβε,h0

ε−2t
]

Eε−1x[Ψβε,0

ε−2(1−aε)t
]
− h̄(t − ε2aεt, x)

XXXXXXXXXXX

1/4

L1/2(Ω)

.

We now apply Lemma 3.3.6.

3.3.3 Proof of Proposition 3.3.3

We shall prove that

1

∣B(x, rε)∣ ∫∣y−x∣≤rε
logEε−1y[Ψβε,0

ε−2(1−aε)t
]dy

converges to the Gaussian random variableN(0, σ2
γ)− 1

2 log (
2π

2π−β2) as ε→ 0. To do so, we prove

the convergence of all its moments.
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By the shear invariance of the space-time white noise, we can set x = 0 without loss of

generality.

We first show the convergence of the mean.

By Corollary 3.2.4, for any t > 0, y ∈ R2, logEε−1y [Ψβε,0
s ] is uniformly integrable. With

aε = o(1), by Theorem 3.1.5, its expectation converges to −1
2 log (

2π
2π−β2) as ε → 0. By a change

of variable y
rε
→ ỹ,

E( 1

∣B(0, rε)∣ ∫∣y∣≤rε
logEε−1y[Ψβε,0

s ]dy) = E(
1

∣B(0,1)∣ ∫∣ỹ∣≤1
logEε−1ỹrε[Ψβε,0

s ]dỹ) .

By Lebesgue’s dominated convergence theorem,

E( 1

∣B(0,1)∣ ∫∣ỹ∣≤1
logEε−1ỹrε[Ψβε,0

s ]dỹ) → −
1

2
log ( 2π

2π − β2
) , as ε→ 0.

For the second moment, with y
rε
→ ỹ and y′

rε
→ ỹ′,

Var( 1

∣B(0, rε)∣ ∫∣y∣≤rε
logEε−1y[Ψβε,0

s ]dy)

= 1

∣B(0, rε)∣2 ∫∣y∣≤rε ∫∣y′∣≤rε
Cov (logEε−1y[Ψβε,0

s ], logEε−1y′[Ψβε,0
s ])dydy′

= 1

∣B(0,1)∣2 ∫∣ỹ∣≤1∫∣ỹ′∣≤1
Cov (logEε−1ỹrε[Ψβε,0

s ], logEε−1ỹ′rε[Ψβε,0
s ])dỹdỹ′.

Again, Corollary 3.2.4 gives the uniform integrability. By Theorem 3.1.5 and the continuous

mapping theorem, for any ỹ, ỹ′ ∈ R2, as ε→ 0,

Cov (logEε−1ỹrε[Ψβε,0
s ], logEε−1ỹ′rε[Ψβε,0

s ]) → Cov[Y1, Y2],
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where (Y1, Y2) are the jointly Gaussian random variables defined in Theorem 3.1.5 with ζ1,2 = γ.

In particular, since Cov[Y1, Y2] = log (2π−β
2γ

2π−β2 ) =∶ σ2
γ , we have

Var( 1

∣B(0, rε)∣ ∫∣y∣≤rε
logEε−1y[Ψβε,0

s ]dy) → σ2
γ, as ε→ 0.

The convergence of any higher moments can be proved following a same procedure. In

fact, for any p ≥ 1, with yi
rε
→ ỹi for all 1 ≤ i ≤ p,

E([ 1

∣B(0, rε)∣ ∫∣y∣≤rε
logEε−1y [Ψβε,0

s ]dy −E(
1

∣B(0, rε)∣ ∫∣y∣≤rε
logEε−1y [Ψβε,0

s ]dy)]
p

)

= 1

∣B(0, rε)∣p ∫∣y1∣≤rε
⋯∫

∣yp∣≤rε
E [

p

∏
i=1
(logEε−1yi[Ψβε,0

s ] −E logEε−1yi[Ψβε,0
s ])]dy1 . . .dyp

= 1

∣B(0,1)∣p ∫∣ỹ1∣≤1
⋯∫

∣ỹp∣≤1
E [

p

∏
i=1
(logEε−1ỹirε[Ψβε,0

s ] −E logEε−1ỹirε[Ψβε,0
s ])]dỹ1 . . .dỹp.

(3.3.10)

The uniform integrability is guaranteed by Corollary 3.2.4. Using Theorem 3.1.5, the con-

tinuous mapping theorem and the uniform integrability, for any (ỹi)1≤i≤p,

E [
p

∏
i=1
(logEε−1ỹirε[Ψβε,0

s ] −E logEε−1ỹirε[Ψβε,0
s ])] → E [

p

∏
i=1
Yi] , as ε→ 0,

where (Yi)1≤i≤p are again the jointly Gaussian random variables defined in Theorem 3.1.5 with

ζi,j = γ for any i ≠ j.

Let P 2
p be the set of all the pairings of {1, . . . , p}. By Wick’s probability theorem,

E [
p

∏
i=1
Yi] = ∑

s∈P 2
p

∏
{i,j}∈s

Cov[Yi, Yj].
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In particular,

E [
p

∏
i=1
Yi] =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

0, if p is odd,

σp
γ(p − 1)!!, if p is even.

Here we use n!! to denote the double factorial.

By Lebesgue’s dominated convergence theorem, (3.3.10) converges to E [∏p
i=1 Yi] as ε→ 0.

Thus for any p ≥ 1, the p-th moment of

1

∣B(0, rε)∣ ∫∣y∣≤rε
logEε−1y[Ψβε,0

s ]dy

converges to the p-th moment of the Gaussian distribution N(0, σ2
γ) − 1

2 log (
2π

2π−β2) as ε → 0.

This implies (3.3.3).

3.4 Proof of Corollary 3.1.3

By the equality in law (3.1.10), we can prove Corollary 3.1.3 by showing that as ε→ 0,

E [∫
R2
( 1

∣B(x, rε)∣ ∫∣y−x∣≤rε
logEε−1y[Ψβε,h0

ε−2t
]dy − [h̄(t, x) − 1

2
log ( 2π

2π − β2
)]) g(x)dx]

2

→ 0.

(3.4.1)

In order to prove (3.4.1), we prove that as ε→ 0,

XXXXXXXXXXX
∫
R2

⎛
⎝

1

∣B(x, rε)∣ ∫∣y−x∣≤rε
logEε−1y[Ψβε,h0

ε−2t
]dy

−E [ 1

∣B(x, rε)∣ ∫∣y−x∣≤rε
logEε−1y[Ψβε,h0

ε−2t
]dy]

⎞
⎠
g(x)dx

XXXXXXXXXXXL2(Ω)

→ 0,

(3.4.2)
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and

∫
R2
(E [ 1

∣B(x, rε)∣ ∫∣y−x∣≤rε
logEε−1y[Ψβε,h0

ε−2t
]dy] − [h̄(t, x) − 1

2
log ( 2π

2π − β2
)]) g(x)dx→ 0.

(3.4.3)

Let h̃ε,γ(t, x) ∶= 1
∣B(x,rε)∣ ∫∣y−x∣≤rε logEε−1y[Ψβε,h0

ε−2t
]dy. By using again the decomposition

(3.1.11), we can prove that for any x1 ≠ x2, x1, x2 ∈ R2, as ε→ 0,

Cov [h̃ε,γ(t, x1), h̃ε,γ(t, x2)]

= E(∏
i=1,2
[ 1

∣B(xi, rε)∣ ∫∣yi−xi∣≤rε
(logEε−1yi[Ψ

βε,h0

ε−2t
] −E logEε−1yi[Ψ

βε,h0

ε−2t
])dyi])

= E(∏
i=1,2
[ 1

∣B(xi,1)∣ ∫∣ỹi∣≤1
(logEε−1(ỹirε+xi)[Ψ

βε,h0

ε−2t
] −E logEε−1(ỹirε+xi)[Ψ

βε,h0

ε−2t
])dỹi])

→ 0.

More precisely, we can apply (3.1.11) to split h̃ε,γ(t, xi) into an “almost deterministic” part on

[0, t−o(1)) and a “random” part on [t−o(1), t] again. We can then use the Lebesgue’s dominated

convergence theorem to prove that the covariance of the “random” part converges to zero as ε→ 0,

where we appeal to Corollary 3.2.4 with p = 1 for the uniform integrability. If h0 = 0, the above

convergence is a direct consequence of Theorem 3.1.5 and Corollary 3.2.4.

We can now prove (3.4.2). In fact,

E [∫
R2
( 1

∣B(x, rε)∣ ∫∣y−x∣≤rε
logEε−1y[Ψβε,h0

ε−2t
] −E logEε−1y[Ψβε,h0

ε−2t
]dy) g(x)dx]

2

= ∫
R2
∫
R2

Cov [h̃ε,γ(t, x1), h̃ε,γ(t, x2)] g(x1)g(x2)dx1dx2.

(3.4.4)

Again by using Corollary 3.2.4, we can apply Lebesgue’s dominated convergence theorem to
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show that (3.4.4) converges to zero as ε→ 0.

To prove (3.4.3), we note that Corollary 3.2.4 also guarantees the uniform integrability of

1
∣B(x,rε)∣ ∫∣y−x∣≤rε logEε−1y[Ψβε,h0

ε−2t
]dy for any fixed t > 0, x ∈ R2. Thus for any fixed x ∈ R2, as

ε→ 0,

E [ 1

∣B(x, rε)∣ ∫∣y−x∣≤rε
logEε−1y[Ψβε,h0

ε−2t
]dy] → h̄(t, x) − 1

2
log ( 2π

2π − β2
) .

Now by using again Corollary 3.2.4 with p = 1, we can apply Lebesgue’s dominated convergence

theorem to obtain (3.4.3).

3.5 Appendix

3.5.1 Proof of Lemma 3.3.4

From (3.3.7), we have

EFs

⎧⎪⎪⎨⎪⎪⎩

Eε−1x[Ψβε,h0

ε−2t
]

Eε−1x[Ψβε,0

ε−2(1−aε)t
]

⎫⎪⎪⎬⎪⎪⎭
− exp [h̄(t − ε2aεt, x)]

= EFs

⎧⎪⎪⎪⎨⎪⎪⎪⎩

∫z∈R2 ρs(ε−1x, z)Es,z
0,ε−1x

[Ψβε,0
s (BB, ξ)] {Ez[Ψβε,h0

ε−2t−s(B̃, ξ′)] − exp[h̄(t − ε2aεt, x)]}dz

∫z∈R2 ρs(ε−1x, z)Es,z
0,ε−1x

[Ψβε,0
s (BB, ξ)]dz

⎫⎪⎪⎪⎬⎪⎪⎪⎭

= ∫
z∈R2

EFs

⎧⎪⎪⎪⎨⎪⎪⎪⎩

ρs(ε−1x, z)Es,z
0,ε−1x

[Ψβε,0
s (BB, ξ)] {Ez[Ψβε,h0

ε−2t−s(B̃, ξ′)] − exp[h̄(t − ε2aεt, x)]}

∫z∈R2 ρs(ε−1x, z)Es,z
0,ε−1x

[Ψβε,0
s (BB, ξ)]dz

⎫⎪⎪⎪⎬⎪⎪⎪⎭
dz.

(3.5.1)

By the definition above,

ξ′(r, ⋅) = ξ(s + r, ⋅)
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is a time shift of ξ by s. Thus {ξ′(r, ⋅)}r≥0 is independent of the filtration Fs. Since BB and B̃

are independent, and Es,z
0,ε−1x

[Ψβε,0
s (BB, ξ)] is measurable w.r.t. Fs, the above (3.5.1) equals to

∫
z∈R2

ρs(ε−1x, z)EFs

⎧⎪⎪⎪⎨⎪⎪⎪⎩

Es,z
0,ε−1x

[Ψβε,0
s (BB, ξ)]

∫z∈R2 ρs(ε−1x, z)Es,z
0,ε−1x

[Ψβε,0
s (BB, ξ)]dz

⎫⎪⎪⎪⎬⎪⎪⎪⎭

E{Ez[Ψβε,h0

ε−2t−s(B̃, ξ
′)] − exp[h̄(t − ε2aεt, x)]}dz

= ∫
z∈R2

ρs(ε−1x, z)
Es,z
0,ε−1x

[Ψβε,0
s (BB, ξ)]

Eε−1x[Ψβε,0
s ]

E{Ez[Ψβε,h0

ε−2t−s(B̃, ξ
′)] − exp[h̄(t − ε2aεt, x)]}dz,

where we applied (3.3.6) to the denominator. Since E [Ψβε,0
s (B̃, ξ′)] = 1, through scaling invari-

ance of the Brownian motion B̃, the above equals to

∫
z∈R2

ρs(ε−1x, z)
Es,z
0,ε−1x

[Ψβε,0
s (BB, ξ)]

Eε−1x[Ψβε,0
s ]

E{Ez [exp [h0(εB̃ε−2t−s)]Ψβε,0
ε−2t−s(B̃, ξ

′)] − exp[h̄(t − ε2aεt, x)]}dz

=∫
z∈R2

ρs(ε−1x, z)
Es,z
0,ε−1x

[Ψβε,0
s (BB, ξ)]

Eε−1x[Ψβε,0
s ]

(Eεz [exp[h0(B̃t−ε2aε t)]] − exp[h̄(t − ε2aεt, x)])dz

=∫
z′∈R2

ρs(ε−1x, ε−1z′)
Es,ε−1z′

0,ε−1x
[Ψβε,0

s (BB, ξ)]

Eε−1x[Ψβε,0
s ]

(Ez′ [exp[h0(B̃t−ε2aε t)]] − exp[h̄(t − ε2aεt, x)]) ε−2dz′.

We applied a change of variable εz → z′ in the last equation.
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Using Minkowski’s integral inequality and the above computation, we have

XXXXXXXXXXX
EFs

⎧⎪⎪⎨⎪⎪⎩

Eε−1x[Ψβε,h0

ε−2t
]

Eε−1x[Ψβε,0
s ]

⎫⎪⎪⎬⎪⎪⎭
− exp [h̄(t − ε2aεt, x)]

XXXXXXXXXXXL2(Ω)

≤ ∫
z′∈R2

ρs(ε−1x, ε−1z′) ∣Ez′ [exp[h0(B̃t−ε2aε t)]] − exp[h̄(t − ε2aεt, x)]∣
XXXXXXXXXXXXXXX

Es,ε−1z′

0,ε−1x
[Ψβε,0

s (BB, ξ)]

Eε−1x[Ψβε,0
s ]

XXXXXXXXXXXXXXXL2(Ω)

ε−2dz′.

(3.5.2)

By Hölder’s inequality, for any p, q > 2 and 1/p + 1/q = 1/2,

XXXXXXXXXXXXXXX

Es,ε−1z′

0,ε−1x
[Ψβε,0

s (BB, ξ)]

Eε−1x[Ψβε,0
s ]

XXXXXXXXXXXXXXXL2(Ω)

≤ ∥Es,ε−1z′

0,ε−1x
[Ψβε,0

s (BB, ξ)]∥
Lp(Ω)

XXXXXXXXXXX

1

Eε−1x[Ψβε,0
s ]

XXXXXXXXXXXLq(Ω)

.

By Lemma 3.2.2 and Lemma 3.2.3, if p < pβ , there exists some C̃β > 0 such that for any z′ ∈ R2

and 0 < ε ≤ 1, XXXXXXXXXXXXXXX

Es,ε−1z′

0,ε−1x
[Ψβε,0

s (BB, ξ)]

Eε−1x[Ψβε,0
s ]

XXXXXXXXXXXXXXXL2(Ω)

≤ C̃β.

Therefore, (3.5.2) is bounded by

C̃β ∫
z′∈R2

ρs(ε−1x, ε−1z′) ∣Ez′ [exp[h0(B̃t−ε2aε t)]] − exp[h̄(t − ε2aεt, x)]∣ ε−2dz′

= C̃β ∫
z′∈R2

ρε2s(x, z′) ∣Ez′ [exp[h0(B̃t−ε2aε t)]] − exp[h̄(t − ε2aεt, x)]∣dz′.

By Feynman-Kac formula, exp[h̄(t − ε2aεt, x)] = Ex [exp[h0(Bt−ε2aε t)]] for some Brownian

motion B starting at x. Let B0 be another Brownian motion starting at 0. For any a, b ∈ R,

∣ea − eb∣ ≤ (ea + eb)∣a − b∣. Now since h0 is bounded and Lipschitz continuous, there exists some
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C > 0, such that

∣Ez′ [exp [h0(B̃t−ε2aε t)]] − exp [h(t − ε2aεt, x)]∣

= ∣Ez′ [exp[h0(B̃t−ε2aε t)]] −Ex [exp[h0(Bt−ε2aε t)]]∣

≤ E0 ∣exp[h0(z′ +B0
t−ε2aε t)] − exp[h0(x +B

0
t−ε2aε t)]∣

≤ C ∣z′ − x∣.

Then since

∫
z′∈R2

ρε2s(x, z′)∣z′ − x∣dz′ = 2π∫
+∞

0

r2

2πε2s
e−

r2

2ε2sdr =
√
π

2
ε2s,

and s = ε−2(1−aε)t, we have proved (3.3.8).

3.5.2 Proof of Lemma 3.3.5

Again, we shall use the facts that {ξ′(r, ⋅)}r≥0 is independent of the filtration Fs, BB and

B̃ are independent, and Es,z
0,ε−1x

[Ψβε,0
s ] ∶= Es,z

0,ε−1x
[Ψβε,0

s (BB, ξ)] is measurable w.r.t. Fs. With the

same approach as in the proof of Lemma 3.3.4, we have

VarFs

⎧⎪⎪⎨⎪⎪⎩

Eε−1x[Ψβε,h0

ε−2t
]

Eε−1x[Ψβε,0
s ]

⎫⎪⎪⎬⎪⎪⎭
=VarFs

⎧⎪⎪⎪⎨⎪⎪⎪⎩

∫z∈R2 ρs(ε−1x, z)Es,z
0,ε−1x

[Ψβε,0
s ]Ez[Ψβε,h0

ε−2t−s(B̃, ξ′)]dz

∫z∈R2 ρs(ε−1x, z)Es,z
0,ε−1x

[Ψβε,0
s ]dz

⎫⎪⎪⎪⎬⎪⎪⎪⎭

=
∫z∈R2 ∫z′∈R2 ρs(ε−1x, z)ρs(ε−1x, z′)Es,z

0,ε−1x
[Ψβε,0

s ]Es,z′

0,ε−1x
[Ψβε,0

s ]Cεz,z′dzdz′

∫z∈R2 ∫z′∈R2 ρs(ε−1x, z)ρs(ε−1x, z′)Es,z
0,ε−1x

[Ψβε,0
s ]Es,z′

0,ε−1x
[Ψβε,0

s ]dzdz′
,

(3.5.3)

where

Cεz,z′ ∶=CovFs (Ez[Ψβε,h0

ε−2t−s(B̃, ξ
′)],Ez′[Ψβε,h0

ε−2t−s(B̃, ξ
′)]) .
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Since {ξ′(r, ⋅)}r≥0 is independent of the filtration Fs,

CovFs (Ez[Ψβε,h0

ε−2t−s(B̃, ξ
′)],Ez′[Ψβε,h0

ε−2t−s(B̃, ξ
′)])

= Cov (Ez[Ψβε,h0

ε−2t−s(B̃, ξ
′)],Ez′[Ψβε,h0

ε−2t−s(B̃, ξ
′)]) .

For fixed z, z′ ∈ R2 and ε > 0, Cεz,z′ is a deterministic value, and

Cεz,z′ = Cov (Ez[Ψβε,h0

ε−2t−s(B̃, ξ
′)],Ez′[Ψβε,h0

ε−2t−s(B̃, ξ
′)])

= Cov(Ez [exp [h0(εB̃1
ε−2t−s)]Ψ

βε,0
ε−2t−s(B̃

1, ξ′)] ,Ez′ [exp [h0(εB̃2
ε−2t−s)]Ψ

βε,0
s (B̃2, ξ′)] )

= E{Ez [exp [h0(εB̃1
ε−2t−s)] (Ψ

βε,0
ε−2t−s(B̃

1, ξ′) − 1)]

Ez′ [exp [h0(εB̃2
ε−2t−s)] (Ψ

βε,0
ε−2t−s(B̃

2, ξ′) − 1)] }

= Ez ⊗Ez′{ exp [h0(εB̃1
ε−2t−s) + h0(εB̃

2
ε−2t−s)]

E (Ψβε,0
ε−2t−s(B̃

1, ξ′) − 1) (Ψβε,0
ε−2t−s(B̃

2, ξ′) − 1)}

= Ez ⊗Ez′{ exp [h0(εB̃1
ε−2t−s) + h0(εB̃

2
ε−2t−s)]( exp [β

2
ε ∫

ε−2t−s

0
V (B̃1

r − B̃2
r)dr] − 1)},

where V (x) = ϕ ∗ ϕ(x) as defined in (3.2.1). Note that we can bound

Ez ⊗Ez′ (exp [β2
ε ∫

ε−2t−s

0
V (B̃1

r − B̃2
r)dr] − 1)

uniformly by some constant as in (3.2.2). Since h0 is also bounded, there exists some 0 < C(1)β <

∞, such that

sup
ε≤1

sup
z,z′∈R2

Cεz,z′ ≤ C
(1)
β . (3.5.4)

From (3.5.3), VarFs {
Eε−1x
[Ψβε,h0

ε−2t
]

Eε−1x
[Ψβε,0

s ]
} is a weighted average of Cε

z,z′ over z, z′ ∈ R2. There-
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fore, by (3.5.4), for ε ≤ 1,

VarFs

⎧⎪⎪⎨⎪⎪⎩

Eε−1x[Ψβε,h0

ε−2t
]

Eε−1x[Ψβε,0
s ]

⎫⎪⎪⎬⎪⎪⎭
≤ C(1)β , almost surely. (3.5.5)

Now we first assume that, for a particular realization of the noise field, Eε−1x[Ψβε,0
s ] ≤ bε

for some bε > 0. We will choose an appropriate bε later so that bε = o(1).

By the Markov’s inequality and Lemma 3.2.3, we have

P [Eε−1x[Ψβε,0
s ] ≤ bε] = P [(Eε−1x[Ψβε,0

s ])
−1 ≥ b−1ε ] ≤ E [(Eε−1x[Ψβε,0

s ])
−1] bε ≤ C(2)β bε, (3.5.6)

for some C(2)β > 0. By (3.5.5) and (3.5.6) together, we have

E
⎡⎢⎢⎢⎢⎣
VarFs

⎧⎪⎪⎨⎪⎪⎩

Eε−1x[Ψβε,h0

ε−2t
]

Eε−1x[Ψβε,0
s ]

⎫⎪⎪⎬⎪⎪⎭
; Eε−1x[Ψβε,0

s ] ≤ bε
⎤⎥⎥⎥⎥⎦
≤ C(1)β C

(2)
β bε. (3.5.7)

We then assume that for a particular realization of the noise field,

Eε−1x[Ψβε,0
s ] > bε.

In this case, by (3.5.3),

VarFs

⎧⎪⎪⎨⎪⎪⎩

Eε−1x[Ψβε,h0

ε−2t
]

Eε−1x[Ψβε,0
s ]

⎫⎪⎪⎬⎪⎪⎭

≤ b−2ε ∫
z∈R2
∫
z′∈R2

ρs(ε−1x, z)ρs(ε−1x, z′)Es,z
0,ε−1x

[Ψβε,0
s ]E

s,z′

0,ε−1x
[Ψβε,0

s ]Cεz,z′dzdz′.

(3.5.8)

We bound the expectation of the right-hand-side of (3.5.8). By Hölder’s inequality and
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Lemma 3.2.1, there exists some 0 < C(3)β < ∞, such that

b−2ε E∫
z∈R2
∫
z′∈R2

ρs(ε−1x, z)ρs(ε−1x, z′)Es,z
0,ε−1x

[Ψβε,0
s ]E

s,z′

0,ε−1x
[Ψβε,0

s ]Cεz,z′dzdz′

= b−2ε ∫
z∈R2
∫
z′∈R2

ρs(ε−1x, z)ρs(ε−1x, z′)E{Es,z
0,ε−1x

[Ψβε,0
s ]E

s,z′

0,ε−1x
[Ψβε,0

s ]}Cεz,z′dzdz′

≤ b−2ε C
(3)
β ∫

z∈R2
∫
z′∈R2

ρs(ε−1x, z)ρs(ε−1x, z′)Cεz,z′dzdz′

= b−2ε C
(3)
β ∫

y∈R2
∫
y′∈R2

ρε2s(x, y)ρε2s(x, y′)Cεε−1y,ε−1y′dydy
′,

(3.5.9)

with a change of variable εz → y and εz′ → y′ in the last equation.

Since we have the term b−2ε in (3.5.9), the uniform bound of Cε
ε−1y,ε−1y′

solely will not give

us a desired bound. We shall proceed as the following.

By the boundedness of h0, there exists some constant Ch0 > 0 such that

∫
y∈R2
∫
y′∈R2

ρε2s(x, y)ρε2s(x, y′)Cεε−1y,ε−1y′dydy
′

= ∫
y∈R2
∫
y′∈R2

ρε2s(x, y)ρε2s(x, y′)

Eε−1y ⊗Eε−1y′{ exp [h0(εB̃1
ε−2t−s) + h0(εB̃

2
ε−2t−s)]

( exp [β2
ε ∫

ε−2t−s

0
V (B̃1

r − B̃2
r)dr] − 1)}dydy′

≤ Ch0 ∫
y∈R2
∫
y′∈R2

ρε2s(x, y)ρε2s(x, y′)

Eε−1y ⊗Eε−1y′( exp [β2
ε ∫

ε−2t−s

0
V (B̃1

r − B̃2
r)dr] − 1)dydy′

= Ch0 ∫
y∈R2
∫
y′∈R2

ρε2s(x, y)ρε2s(x, y′)Eε−1 y−y′
√

2

( exp [β2
ε ∫

ε−2t−s

0
V (
√
2Br)dr] − 1)dydy′

= Ch0 ∫
R2
∫
R2
ρε2s(y)ρε2s(y′)Eε−1 y−y′

√
2

( exp [β2
ε ∫

ε−2t−s

0
V (
√
2Br)dr] − 1)dydy′

= Ch0 ∫
R2
ρ2ε2s(y)Eε−1 y

√
2
( exp [β2

ε ∫
ε−2t−s

0
V (
√
2Br)dr] − 1)dy.

(3.5.10)
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By Taylor expansion, if we set x0 = ε−1 y√
2

and s0 = 0, the last line equals to

Ch0 ∫
R2
ρ2ε2s(y)

⋅ [
∞
∑
n=1

β2n
ε ∫

0<s1<⋅⋅⋅<sn<ε−2t−s
∫
R2n

n

∏
i=1
V (
√
2xi)ρsi−si−1(xi−1, xi)ds1 . . .dsndx1 . . .dxn]dy.

(3.5.11)

With ∫R2 ε−2V (ε−1x)dx = 1, we bound the n = 1 term by the following:

∫
R2
ρ2ε2s(y)[β2

ε ∫
ε−2t−s

0
∫
R2
V (
√
2x1)ρs1(x1, ε−1

y√
2
)ds1dx1]dy

= β2
ε ∫

ε−2t−s

0
∫
R2
∫
R2
ρ2ε2s(y)2ε2ρ2ε2s1(

√
2εx1, y)V (

√
2x1)dx1dyds1

= β2
ε ∫

ε−2t−s

0
∫
R2

2ε2ρ2ε2(s+s1)(
√
2εx1)V (

√
2x1)dx1ds1

= β2
ε ∫

ε−2t−s

0
∫
R2
ρ2ε2(s+s1)(x)V (ε−1x)dxds1 = β2

ε ∫
t

ε2s
∫
R2
ρ2r(x)

1

ε2
V (ε−1x)dxdr

≤ β2
ε ∫

t

ε2s

1

4πr
dr = β

2
ε

4π
log

t

ε2s
= β

2 log ε−2aε

4π log ε−1
= β

2

2π
aε.

For higher order terms, we have

∫
R2
ρ2ε2s(y)[β2n

ε ∫
0<s1<⋅⋅⋅<sn<ε−2t−s

∫
R2n

n

∏
i=1
V (
√
2xi)ρsi−si−1(xi−1, xi)ds1 . . .dsndx1 . . .dxn]dy

= ∫
R2
ρ2ε2s(y)[β2n

ε ∫
0<s1<⋅⋅⋅<sn<ε−2t−s

∫
R2n

n

∏
i=1
V (
√
2xi)

(2ε2)nρ2ε2(si−si−1)(
√
2εxi−1,

√
2εxi)ds1 . . .dsndx1 . . .dxn]dy

= ∫
R2
ρ2ε2s(y)

[β2n
ε ∫

0<s1<⋅⋅⋅<sn<ε−2t−s
∫
R2n

n

∏
i=1
V ( x̃i

ε
)ρ2ε2(si−si−1)(x̃i−1, x̃i)ds1 . . .dsndx̃1 . . .dx̃n]dy

= ∫
R2
ρ2ε2s(y)

[β2n
ε ∫

0<s̃1<⋅⋅⋅<s̃n<t−ε2s
∫
R2n

n

∏
i=1

1

ε2
V ( x̃i

ε
)ρ2(s̃i−s̃i−1)(x̃i−1, x̃i)ds̃1 . . .ds̃ndx̃1 . . .dx̃n]dy,
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with s̃0 = 0 and x̃0 = y by a change of variable.

Using again ∫R2
1
ε2V (ε−1x)dx = 1, for any ε, u1, u2 > 0 and z1, z2 ∈ R2, we have

∫
R2
ρu1(z1)ρu2(z2, z1)

1

ε2
V (ε−1z1)dz1

= ∫
R2

1

4π2u1u2
exp(−∣z1∣

2

2u1
− ∣z1 − z2∣

2

2u2
) 1

ε2
V (ε−1z1)dz1

= ρu1+u2(z2)∫
R2

2π(u1 + u2)
4π2u1u2

exp( ∣z2∣2
2(u1 + u2)

− ∣z1∣
2

2u1
− ∣z1 − z2∣

2

2u2
) 1

ε2
V (ε−1z1)dz1

= ρu1+u2(z2)∫
R2

2π(u1 + u2)
4π2u1u2

exp(−u1 + u2
2u1u2

(z1 −
u1

u1 + u2
z2)2)

1

ε2
V (ε−1z1)dz1

≤ ρu1+u2(z2)∫
R2

(u1 + u2)
2πu1u2

1

ε2
V (ε−1z1)dz1 =

u1 + u2
2πu1u2

ρu1+u2(z2).

(3.5.12)

Since V is bounded by ∥V ∥∞, we also have that

∫
R2
ρu1(z1)ρu2(z2, z1)

1

ε2
V (ε−1z1)dz1 ≤

∥V ∥∞
ε2

ρu1+u2(z2). (3.5.13)

Now if we integrate y first, and then x1, . . . , xn successively utilizing the bounds (3.5.12) and

(3.5.13), we will have that

∫
R2
ρ2ε2s(y)

[β2n
ε ∫

0<s1<⋅⋅⋅<sn<t−ε2s
∫
R2n

n

∏
i=1

1

ε2
V (ε−1xi)ρ2(si−si−1)(xi−1, xi)ds1 . . .dsndx1 . . .dxn]dy

≤ (β
2
ε

2π
)
n

∫
0<s1<⋅⋅⋅<sn<t−ε2s

1

2sn + 2ε2s

n−1
∏
i=1
[( 1

2(si+1 − si)
+ 1

2si + 2ε2s
) ∧ 2π∥V ∥∞

ε2
]ds1 . . .dsn.

(3.5.14)

To bound the last integral, we integrate s1, . . . , sn successively. For any 1 ≤ i ≤ n − 1, we
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have

∫
si+1

0
( 1

2si+1 − 2si
+ 1

2si + 2ε2s
) ∧ 2π∥V ∥∞

ε2
dsi

≤ ∫
si+1

0

1

2si+1 − 2si
∧ 2π∥V ∥∞

ε2
dsi +

1

2 ∫
t−ε2s

0

1

si + ε2s
dsi

≤ ∫
si+1

0

1

2si
∧ 2π∥V ∥∞

ε2
dsi +

1

2 ∫
t−ε2s

0

1

si + ε2s
dsi

≤ ∫
t

0

1

2si
∧ 2π∥V ∥∞

ε2
dsi +

1

2 ∫
t−ε2s

0

1

si + ε2s
dsi

= 1

2
log

4π∥V ∥∞t
ε2

+ 1

2
+ 1

2
log

t

ε2s

= 1

2
log(4π∥V ∥∞t) +

1

2
+ log ε−1 + aε log ε−1.

Thus (3.5.14) is bounded by

(β
2
ε

2π
)
n

∫
t−ε2s

0

1

2sn + 2ε2s
(1
2
log(4π∥V ∥∞t) +

1

2
+ log ε−1 + aε log ε−1)

n−1
dsn

= (β
2
ε

2π
)
n

(1
2
log(4π∥V ∥∞t) +

1

2
+ log ε−1 + aε log ε−1)

n−1
aε log ε

−1

= (β
2

2π
)
n

(1 + aε +
C0

log ε−1
)
n−1

aε,

(3.5.15)

with some constant C0 ∈ R depends only on V and t.

We can now bound (3.5.9) by (3.5.10)–(3.5.11) and (3.5.14)–(3.5.15). We have that

b−2ε C
(3)
β ∫

y∈R2
∫
y′∈R2

ρε2s(x, y)ρε2s(x, y′)Cεε−1y,ε−1y′dydy
′

≤ b−2ε C
(3)
β Ch0aε

∞
∑
n=1
(β

2

2π
)
n

(1 + aε +
C0

log ε−1
)
n−1

.

Since aε → 0 and C0

log ε−1 → 0 as ε → 0, the above sum is bounded when ε is sufficiently small and

β <
√
2π. In particular, there exist constants C(4)β > 0 and ε0 > 0, such that when 0 < ε < ε0, the
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infinite sum equals to

Aε ∶=
∞
∑
n=1
(β

2

2π
)
n

(1 + aε +
C0

log ε−1
)
n−1
=

β2

2π

1 − (β2

2π)(1 + aε +
C0

log ε−1 )
≤ C(4)β .

Now by (3.5.8) and (3.5.9), we have

E
⎡⎢⎢⎢⎢⎣
VarFs

⎧⎪⎪⎨⎪⎪⎩

Eε−1x[Ψβε,h0

ε−2t
]

Eε−1x[Ψβε,0
s ]

⎫⎪⎪⎬⎪⎪⎭
; Eε−1x[Ψβε,0

s ] > bε
⎤⎥⎥⎥⎥⎦
≤ Ch0C

(3)
β C

(4)
β aεb

−2
ε .

Together with (3.5.7), we conclude that when ε < ε0,

E
⎡⎢⎢⎢⎢⎣
VarFs

⎧⎪⎪⎨⎪⎪⎩

Eε−1x[Ψβε,h0

ε−2t
]

Eε−1x[Ψβε,0
s ]

⎫⎪⎪⎬⎪⎪⎭

⎤⎥⎥⎥⎥⎦

= E
⎡⎢⎢⎢⎢⎣
VarFs

⎧⎪⎪⎨⎪⎪⎩

Eε−1x[Ψβε,h0

ε−2t
]

Eε−1x[Ψβε,0
s ]

⎫⎪⎪⎬⎪⎪⎭
; Eε−1x[Ψβε,0

s ] ≤ bε
⎤⎥⎥⎥⎥⎦

+E
⎡⎢⎢⎢⎢⎣
VarFs

⎧⎪⎪⎨⎪⎪⎩

Eε−1x[Ψβε,h0

ε−2t
]

Eε−1x[Ψβε,0
s ]

⎫⎪⎪⎬⎪⎪⎭
; Eε−1x[Ψβε,0

s ] > bε
⎤⎥⎥⎥⎥⎦

≤ C(1)β C
(2)
β bε +Ch0C

(3)
β C

(4)
β aεb

−2
ε .

By choosing bε = a1/3ε , Lemma 3.3.5 is proved.
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Chapter 4: Half-space KPZ at stationarity

4.1 Introduction

4.1.1 Main results

The Kardar-Parisi-Zhang (KPZ) equation in half-space with a Neumann boundary condi-

tion at the origin models stochastic interface growth in contact with a boundary [22,66]. Indexed

by the boundary condition parameter u ∈ R, this equation is the stochastic PDE:

∂tHu(t, x) =
1

2
∂2xHu(t, x) +

1

2
(∂xHu(t, x))2 + ξ(t, x), t ≥ 0, x ≥ 0,

∂xHu(t, x)∣x=0 = u,
(4.1.1)

where ξ is a (1+1) space-time white noise on (t, x) ∈ R2. Throughout this section, we assume

that the initial condition to the half-space KPZ equation (4.1.1) is

Hu(0, x) =Wu(x) ∶=W (x) + ux, (4.1.2)
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with W (⋅) being a standard Brownian motion starting from 0 and independent of ξ. We consider

the solution to (4.1.1) by the Hopf-Cole transform

Hu(t, x) ∶= logZu− 1
2
(t, x),

where Zµ(t, x) solves the half-space stochastic heat equation (SHE) with a Robin boundary con-

dition for µ ∈ R:

∂tZµ(t, x) =
1

2
∂2xZµ(t, x) +Zµ(t, x)ξ(t, x), t ≥ 0, x ≥ 0,

∂xZµ(t, x)∣x=0 = µZµ(t,0),
(4.1.3)

with initial condition given by Zµ(0, x) = exp(Hµ+ 1
2
(0, x)).

The boundary conditions in (4.1.1) or (4.1.3) are not immediately meaningful, as the so-

lutions to the KPZ equations or the stochastic heat equations are not differentiable. We defer

precise definitions to Section 4.2. We also note that the parametrization here follows the conven-

tion as in [26]. Under this convention, Hu(t, x) is the logarithm of a half-space SHE with Robin

boundary parameter u − 1
2 and starting at initial condition Zu− 1

2
(0, x) = exp(W (x) + ux). As it

will become clear later, the shift of −1
2 introduces a certain symmetry over u = 0.

It was shown in [26] that, with the initial data in (4.1.2), the evolution of the height function

Hu is at stationarity, namely, for any t > 0,

Hu(t, x) −Hu(t,0)
law= Hu(0, x) −Hu(0,0) =W (x) + ux, as a process in x ∈ [0,∞). (4.1.4)

The goal of this section is to study the statistics of the height function in this stationary setting,
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including the mean and the variance, for different choices of the boundary conditions.

Let (Ω,F ,P) be a probability space that supports all possible randomness in the envi-

ronment and the initial data. We use E,Var,Cov to denote the expectation, variance and co-

variance, respectively, under this probability space. Given two functions a(t) and b(t), we use

notation a(t) ∼ b(t) when limt→∞ a(t)/b(t) = 1, and use notation a(t) ≍ b(t) when C−1b(t) ≤

a(t) ≤ Cb(t) for some constants C > 0 independent of t ≥ 1.

Associated with equations (4.1.1) and (4.1.3), one can construct a half-space continuum

directed random polymer (half-space CDRP) measure Qu,t
0 . We defer the precise definitions

of Qu,t
0 to Definition 4.2.9. One can think of it as a random Gibbs measure on the path space

C([0, t], [0,∞)) with Borel σ-algebra. The paths starts from (t,0) and runs backwards in time,

and it is restricted to the nonnegative half-space, attracted or repulsed by the boundary 0. Along

the trajectory, it collects energy ∫
t

0 ξ(t − s,Xs)ds, and the terminal tilt is given by exp(Wu(⋅))

at time t. In particular, the endpoint of the polymer path induces a measure Qu,t
0 (Xt ∈ dx) on

the half-space [0,∞) equipped with Borel σ-algebra B([0,∞)). Throughout this section, we use

EQu,t

0 as the quenched expectation over this polymer measure.

To describe the result, we will use the digamma function ψ

ψ(z) = ∂z log Γ(z) = −γ0 +
∞
∑
n=0
( 1

n + 1
− 1

n + z
) , z ∈ (0,∞), (4.1.5)

with γ0 being the Euler–Mascheroni constant. Its derivative ψ′ (the trigamma function) is a

strictly decreasing function on (0,∞)

ψ′(z) =
∞
∑
n=0

1

(n + z)2
. (4.1.6)
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In particular, the leading behavior as z → 0+ is

ψ′(z) ∼ 1

z2
. (4.1.7)

Our first result below establishes a relation between the variance of Hu(t,0) and the an-

nealed mean of the endpoint displacement of the polymer paths under Qu,t
0 . This identity holds

true for arbitrary u ∈ R, t ≥ 0.

Theorem 4.1.1. For any u ∈ R, t ≥ 0,

Var[Hu(t,0)] = 2EEQu,t

0 [Xt] − ut, (4.1.8)

Next, we provide an estimate on EEQu,t

0 [Xt] under the contraint of u < 0. The bound in

turn leads to the bounds on the fluctuations of the height function.

Theorem 4.1.2. Assume u < 0. For any t ≥ 0, we have

0 ≤ EEQu,t

0 [Xt] ≤ ψ′(2∣u∣). (4.1.9)

As a result,

∣u∣t ≤Var[Hu(t,0)] ≤ 2ψ′(2∣u∣) + ∣u∣t. (4.1.10)

In particular, for any constants α ∈ [0, 13) and c < 0, with u = ct−α, we have

Var[Hct−α(t,0)] ∼ ∣c∣t1−α, as t→∞. (4.1.11)

99



For α = 1
3 and c < 0, with u = ct−1/3, we have

Var[Hct−1/3(t,0)] ≍ t
2
3 . (4.1.12)

As a consequence, we obtain the tightness for the annealed polymer endpoint measure.

Corollary 4.1.3. For any constants α ∈ [0, 13] and c < 0, with u = ct−α, if we denote the annealed

law of the scaled endpoint displacement Xt

t2α on [0,∞) by P̂Q
u,t, (i.e. for any t > 0 and Borel

subset A ⊂ [0,∞), we let P̂Q
u,t(Xt

t2α ∈ A) = EE
Qu,t

0 [1A(Xt/t2α)],) then the sequence of measures

{P̂Q
u,t}t>0 is tight.

Independent of the above results, we also provide a formula for the mean of Hu(t, x) when

u ≤ 0.

Theorem 4.1.4. For any u ≤ 0, t ≥ 0, and x ≥ 0,

E[Hu(t, x)] = (
1

2
u2 − 1

24
) t + ux. (4.1.13)

The next results concern the cases when u > 0. For this part, we rely on the following

symmetry result inspired by [30].

Proposition 4.1.5. For any u > 0 and t ≥ 0, we have

Hu(t,0)
law= H−u(t,0).

Consequently, (4.1.10)–(4.1.12) and Theorem 4.1.4 remain valid when u > 0 (or correspondingly

c > 0).
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Combining Theorem 4.1.1 and (4.1.10), we can also obtain the order of the polymer end-

point displacement when u > 0.

Corollary 4.1.6. For any u > 0, t ≥ 0, we have

ut ≤ EEQu,t

0 [Xt] ≤ ut + ψ′(2u). (4.1.14)

In particular, for any α ∈ [0, 13] and c > 0, with u = ct−α, if we denote the annealed law of

the scaled endpoint displacement Xt

t1−α on [0,∞) by P̃Q
u,t, (i.e. for any t > 0 and Borel subset

A ⊂ [0,∞), we let P̃Q
u,t( Xt

t1−α ∈ A) = EEQu,t

0 [1A(Xt/t1−α)],) then the sequence of measures

{P̃Q
u,t}t>0 is tight.

We further prove the following upper bounds for the polymer endpoint displacement, as

well as the fluctuation of the height function, when u = ct−α for any c ∈ R and α > 1/3.

Theorem 4.1.7. Assume that u = ct−α with some α > 1/3 and c ∈ R. For any t ≥ 1,

0 ≤ EEQu,t

0 [Xt] ≤ Ct2/3, (4.1.15)

for some C > 0 depending only on c.

As a result, for any t ≥ 1, we also have

Var[Hu(t,0)] ≤ Ct2/3, (4.1.16)

for some C > 0 depending only on c.

The tightness of the annealed polymer endpoint measure in the supercritical regime is the
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following.

Corollary 4.1.8. For any α > 1/3 and c ∈ R, with u = ct−α, if we denote the annealed law of

the scaled endpoint displacement Xt

t2/3
on [0,∞) by P̄Q

u,t, (i.e. for any t > 0 and Borel subset

A ⊂ [0,∞), P̄Q
u,t ( Xt

t2/3
∈ A) = EEQu,t

0 [1A(Xt/t2/3)],) then the sequence of measures {P̄Q
u,t}t≥1 is

tight.

4.1.2 Context

The exploration of a growing interface near an attractive wall arises naturally from the stud-

ies of wetting and entropic repulsion phenomena. In his pioneering work [22], Kardar introduced

the half-space KPZ models to describe such interface growth and he predicted a “depinning”

phase transition as the wall attraction weakens. The underlying concept is as follows: when the

wall exerts a strong attractive force, which is also referred to as in the subcritical regime or the

bound phase, Kardar conjectured that the half-space directed random polymer is “pinned” to the

wall due to the force; as this attractive force decreases below a certain threshold, the polymer

becomes entropically repelled away from the wall. It is further expected that when “pinned”,

the polymer endpoint has O(1) transversal fluctuation in a window around the wall and the free

energy of the polymer fluctuates with an exponent 1/2. After being “unpinned”, the polymer

exhibits KPZ behaviors: the free energy fluctuates with exponent 1/3 and the endpoints have

transversal fluctuation exponent 2/3.

The mathematical studies on the KPZ models in half-space started with a series of works

on half-space last passage percolation (LPP) models [67–70]. For studies on the half-space LPP

models starting from stationary initial conditions, we refer to [71–73]. For models with positive
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temperatures, significant breakthroughs were only made in recent studies.

The phase transition predicted in [22] in a positive temperature model was proved through

studying the free energy statistics. In [74], the authors used a combinatorial identity to connect the

free energy of the point-to-line half-space log-gamma (HSLG) polymer and a point-to-point full-

space log-gamma polymer model. For the point-to-point HSLG polymer free energy, the phase

transition was demonstrated by [28] using a novel correspondence between the HSLG polymer

model and free boundary Schur measures. They also established the asymptotic behavior and

the corresponding phase transition for the height function of the half-space KPZ equation at the

boundary, starting from the droplet initial condition, by taking the weak noise scaling limit of the

point-to-point HSLG polymer free energy [26, 75].

Beyond free energy statistics, progress has also been made in studying the “depinning”

phase transition through the transversal fluctuations of polymer measures. In two consecutive

works— [27] for the unbound phase and [76] for the bound phase—the authors derived this

transition for the transversal fluctuations in the HSLG polymer model. Their arguments rely on

combinatorial identities and the solvability of the HSLG model, utilizing inputs from the HSLG

line ensemble [27]. Additionally, as applications of the HSLG line ensemble, [76] and [77]

demonstrated convergence to stationary measures for the point-to-point HSLG polymer in the

bound and unbound phases, respectively.

Other related works are [78–81]. In [78], the author examines discrete point-to-point half-

space directed polymer models where the attractive force from the wall is strong enough to in-

crease the free energy macroscopically. [78] demonstrated that this condition is sufficient to pin

the polymer to the wall (resulting in order-one transversal polymer fluctuations) and for the free

energy to exhibit diffusive fluctuations and follow an asymptotically Gaussian distribution (with

103



a fluctuation exponent of 1/2). [79, 80] study the half-space ASEP and six vertex model and ob-

tain the corresponding phase transitions. In [81], the author solves the half-space TASEP with

a general deterministic initial condition and obtain the transition probability for the half-space

KPZ fixed point.

Our work investigates the half-space KPZ equation (4.1.1) starting from the stationary

Brownian initial condition (4.1.2), which differs from the setups discussed above. Through a (for-

mal) Feynman-Kac representation, the results are interpreted in terms of the point-to-stationary-

measure half-space continuum directed random polymer (CDRP). Previous studies in the physics

literature on the half-space KPZ equation with Brownian initial conditions include [25,30]. Other

related works include [24, 82, 83]. We discuss our approaches and the main contributions in the

following sections.

4.1.2.1 Variance identity

In Theorem 4.1.1, we establish a relation between the variance of the height function and

the expectation of the polymer endpoint displacement, which serves as the foundation of our

analysis. Similar identities have previously appeared in several full-space models at stationarity,

such as log-gamma polymer [84], geometric LPP [85], the O’Connell-Yor polymer [86], the

asymmetric simple exclusion process [87], interacting diffusion [88], the KPZ fixed point [89],

and the KPZ equation [29], among others. Our derivation of the variance identity is based on

Gaussian integration by parts, inspired by [29, 89]. Such variance identities play a pivotal role

in establishing fluctuation exponents: given a family of stationary measures parameterized by

a certain variable, one can proceed with a coupling argument involving a small perturbation
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of this parameter, and by comparing the two processes corresponding to different parameters

and leveraging the quadratic form of the average free energy, it is possible to derive the correct

fluctuation exponent. This approach has been developed and extensively explored by Seppäläinen

and collaborators, leading to breakthroughs [87, 90] and numerous further applications.

With the variance identity (4.1.8) and the quadratic form of the averaging free energy given

in (4.1.13), it seems plausible to apply the coupling argument for the half-space KPZ equation

and prove the fluctuation exponents for all values of u ∈ R. However, an immediate challenge

arises: the family of Brownian stationary measures is parameterized by the Neumann boundary

condition of the equation, meaning that perturbing the initial data while maintaining stationarity

necessitates perturbing the equation itself. This creates extra technical difficulties for the half-

space model compared to the full-space setting, and we use different comparison arguments to

cover various ranges of u ∈ R.

4.1.2.2 Transversal fluctuation

With the variance identity, the analysis of height function fluctuations reduces to studying

the transversal fluctuations of the polymer endpoint. For the point-to-stationary-measure half-

space continuum directed random polymer (CDRP) Qu,t
0 , our result (4.1.9) provides the conjec-

tured optimal upper bound for the endpoint displacement in the bound phase u < 0. Specifically,

for a polymer path starting at (t,0) and running backward in time, when t is sufficiently large, the

endpoint reaches equilibrium in the subcritical regime. The term ψ′(2∣u∣) on the right-hand side

of (4.1.9) represents the endpoint position EEQu,t

0 [Xt] for t≫ 1. This can also be interpreted as

the localization length of the model, which was conjectured by [22] to diverge quadratically and
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is confirmed in our analysis (see (4.1.7)). In essence, the result follows from the explicit station-

ary measure for the half-space KPZ equation constructed in [26], the Dufresne identity [91], and

a stochastic dominance argument, where we compare the polymer path starting at the origin with

the one starting from equilibrium.

The explicit calculation for the stationary endpoint position yields EEQu,t

0 [Xt] ≈ ψ′(2∣u∣) ∼

∣u∣−2 in the bound phase, which allows us to extend the analysis beyond the subcritical regime

and cover the critical and supercritical regime. Using the symmetry result in Proposition 4.1.5,

as well as another comparison argument, we obtain the conjectured optimal upper bounds t2/3

for the transversal fluctuations in the critical and supercritical regime u ∼ t−α with α ≥ 1/3, in

Corollary 4.1.3, Corollary 4.1.6, and Theorem 4.1.7.

4.1.2.3 Height function statistics

The variance estimates of the height function follow directly from the variance identity and

the bounds obtained for the polymer endpoint.

In [30], the authors conjectured that for any fixed u ≠ 0, Hu(t,0) would have a large time

behavior as

Hu(t,0) ≃ (
1

2
u2 − 1

24
) t + t1/2χ,

where χ is an O(1) Gaussian random variable. For u in a scaling window around 0, the authors

later stated in [25] that for the entire critical regime u = ct−1/3 with c ∈ R, one should expect

lim
t→∞

P(
Hct−1/3(0, t) + t

24

t1/3
⩽ s) = Fc(s),
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where Fc(⋅) admits an explicit expression computed through the Fredholm determinant.

Our results confirm the predictions regarding the mean and fluctuation exponent of the

height function Hu(t,0) in both the subcritical and critical regimes. Theorem 4.1.2 further illus-

trates how the boundary parameter u influences the fluctuation scale for any u ≠ 0 at any finite

time t ≥ 0, which was not immediately evident in earlier predictions. As expected, the method

we employ does not yield the exact asymptotic fluctuation distributions.

For the supercritical regime u ∼ t−α with α > 1/3, (including u = 0,) the variance identity

and the optimal upper bound for the endpoint displacement in (4.1.15) derives an optimal upper

bound with order t2/3 for the variance of the height function in (4.1.16). Our method does not

lead to the lower bound for the variance of the height function in the supercritical regime, which

is conjectured to be of order t2/3 as well.

Remark 4.1.9. The upper bounds in (4.1.9) and (4.1.10) are expected to be sharp as t → ∞ for

any fixed u < 0. This expectation stems from a conjecture, yet to be proven, that when u < 0,

the half-space KPZ equation starting from the droplet initial condition would converge weakly

(modulo height shift) to the stationary measure – a Brownian motion with drift u as t →∞. The

upper bound in (4.1.9) corresponds to the annealed mean of endpoint displacement under this

conjectured limit. For further discussions of this conjecture, see [26, 92].

However, as shown by (4.1.15) and (4.1.16), the upper bounds in (4.1.9) and (4.1.10) are

no longer sharp in the supercritical regime.
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4.1.2.4 Organization of this section

In Section 4.2, we introduce some preliminary results and auxiliary lemmas for the half-

space SHE. As most results are analogous to full-space SHE, we defer their proofs to Ap-

pendix 4.8.1. In Section 4.3, we compute the average growth rate and prove Theorem 4.1.4.

In Section 4.4, we establish the variance identity in Theorem 4.1.1. Section 4.5 contains the

proof of the upper bound for the annealed mean of polymer endpoint displacement, leading to

Theorem 4.1.2 and Corollary 4.1.3. In Section 4.6, we provide the proofs of Proposition 4.1.5

and Corollary 4.1.6. Finally, in Section 4.7, we prove Theorem 4.1.7 and Corollary 4.1.8.

4.1.3 Notations

We use the following notations and conventions throughout this section.

(i) For two topological spaces E and F , we use C(E,F ) to denote the space of continuous

functions from E to F . We use C∞ to denote smooth functions, Cb to denote the space of

continuous and bounded functions, and Cc to denote the space of continuous and compactly

supported functions.

(ii) We use Eη as the expectation on any specific noise η defined on the probability space

(Ω,F ,P). The notation E is for the total expectation on (Ω,F ,P). The expectation on

Brownian motions independent of (Ω,F ,P) will be denoted by EB. The expectation on

the quenched polymer measures (for each fixed ω ∈ Ω) is denoted by EQ⋅,⋅
⋅ . We use ∥ ⋅ ∥p to

denote the norm of Lp(Ω,F ,P) for any p > 0.

(iii) We use C(⋅, ⋅, ..., ⋅) to denote any constant C that depends only on the parameters inside the
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parentheses. These constants may vary from line to line.
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4.2 Preliminaries

In this section, we review some basics of the half-space SHE with Robin boundary con-

ditions, including definition, and moment estimates, among others. We also introduce the half-

space CDRP. Most of the results presented here are fairly standard, so readers already familiar

with the topic may choose to skip this section.
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4.2.1 Robin heat kernel

For µ, s, t ∈ R, t > s and x, y ≥ 0, the Robin heat kernel on half-line with parameter µ,

denoted by PR
µ (t, x∣s, y), is the unique solution to the deterministic heat equation,

∂tP
R
µ (t, x∣s, y) =

1

2
∂2xP

R
µ (t, x∣s, y) for (t, x) ∈ (s,∞) × [0,∞),

∂xP
R
µ (t, x∣s, y)∣x=0 = µPR

µ (t,0∣s, y),

lim
t→s

PR
µ (t, x∣s, y) = δy(x) in a weak sense on L2([0,∞)).

(4.2.1)

An explicit expression of PR
µ (t, x∣s, y) for any t > s is given by

PR
µ (t, x∣s, y) = pt−s(x − y) + pt−s(x + y) − 2µ∫

∞

0
pt−s(x + y + z)e−µzdz, (4.2.2)

where pt(x) = 1√
2πt
e−x

2/(2t) is the standard heat kernel. A proof can be found in [94, Section 4].

The heat kernel PR
µ (t, x∣s, y) satisfies the semigroup property and is monotonically de-

creasing in µ (see (4.2.6) below). To obtain an upper bound on PR
µ , first, when x, y, z ≥ 0,

(x − y)2 ≤ (x + y)2, thus pt−s(x + y) ≤ pt−s(x − y). Also, since (x + y)2 + z2 ≤ (x + y + z)2, we

have

∫
∞

0
pt−s(x + y + z)e−µzdz ≤ pt−s(x + y)∫

∞

0
e−

z2

2(t−s)
−µzdz.

It follows that for any a, b, µ0 ∈ R, there exists a constant C(a, b, µ0) such that for any µ ≥ µ0, a ≤

s < t ≤ b and x, y ∈ [0,∞), we have

PR
µ (t, x∣s, y) ≤ C(a, b, µ0)pt−s(x − y) ≤ C(a, b, µ0)(t − s)−1/2. (4.2.3)
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Another useful result is the probabilistic representation of the Robin heat kernel, as it is

related to the Feynman-Kac formula of the half-space SHE. We present the representation below,

and one can find a proof via Itô-Tanaka formula in [95, Section 2.5].

Let Bt be a Brownian motion starting at B0 = x ∈ [0,∞). The process ∣Bt∣, defined by

the absolute value of Bt, is known as a reflected Brownian motion (RBM). We use notations Px
B

and Ex
B to denote the probability and expectation with respect to Bt only, emphasizing the initial

point x. For any µ ∈ R, f ∈ Cb(R,R),

∫
∞

0
PR

µ (t, x∣s, y)f(y)dy = Ex
B[f(∣Bt−s∣) exp(−µL0

t−s)], (4.2.4)

where

L0
t ∶= lim

ε→0

1

2ε ∫
t

0
1[−ε,ε](Bs)d⟨B⟩s = lim

ε→0

1

2ε
Leb(s ∶ ∣Bs∣ ≤ ε,0 ≤ s ≤ t)

is the Brownian local time of Bt at the origin with Leb representing the Lebesgue measure.

(To be more precise, [95, Section 2.5] says that

∫
∞

0
PR

µ (t, x∣s, y)f(y)dy = Ex
Υ[f(Υt−s) exp(−µL0,Υ

t−s )], (4.2.5)

where Υ⋅ is the reflected Brownian motion Υt ∶= ∣Bt∣, Px
Υ and Ex

Υ are the probability and ex-

pectation with respect to Υ, and L0,Υ
t is the local time of Υ at zero. It is further known by [96]

that

L0,Υ
t = lim

ε→0

1

2ε ∫
t

0
1[0,ε] (Υs)ds.

In our case, (4.2.5) is equivalent to (4.2.4). We will use both of these two representations.)
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Consequently, for any x, y ∈ [0,∞),

PR
µ (t, x∣s, y) =PN(t, x∣s, y)Ex

B [exp(−µL0
t−s) ∣ ∣Bt−s∣ = y] (4.2.6)

where PN(t, x∣s, y) ∶=PR
0 (t, x∣s, y) is the transition density of the reflected Brownian motion

∣Bt∣.

Using (4.2.6), one can check that for any µ ∈ R, there exist two positive constants C1(µ, t−

s),C2(µ, t − s) such that

C1(µ, t − s)PN(t, x∣s, y) ≤PR
µ (t, x∣s, y) ≤ C2(µ, t − s)PN(t, x∣s, y). (4.2.7)

The constants C1,C2 can be chosen uniformly for (µ, t−s) in any compact subsets of R×(0,∞).

4.2.2 Mild formulation and Feynman-Kac formula

For any µ ∈ R, we use Zµ(t, x∣s, ζ) to denote the mild solution to the half-space SHE

starting from an arbitrary time s ∈ R and from a broad class of positive Borel measure ζ:

∂tZµ(t, x∣s, ζ) =
1

2
∂2xZµ(t, x∣s, ζ) +Zµ(t, x∣s, ζ)ξ(t, x) for (t, x) ∈ (s,∞) × [0,∞),

∂xZµ(t, x∣s, ζ)∣x=0 = µZµ(t,0∣s, ζ),

Zµ(s, ⋅∣s, ζ) = ζ(⋅).
(4.2.8)

We discuss this generalized half-space SHE because some estimates below are easier to obtain

when the initial condition is deterministic and either localized (e.g., δ-type initial conditions)

or spatially homogeneous (e.g., constant initial conditions). To avoid confusion, we use the
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notation Zµ(t, x∣s, ζ) to specify the initial time and data. We only use notation Zµ(t, x) for

the solution of (4.1.3) when the initial time is s = 0 and the initial data is fixed as ζ(dx) =

exp(W (x) + (µ + 1
2)x)dx.

We first define the mild solution to (4.2.8) with an arbitrary starting time s ∈ R and a

(potentially random) Borel measure initial condition. For any s < t, let (F ξ,ζ
r )r∈[s,t] be the natural

filtration generated by ζ and ξ on the time interval [s, t].

Definition 4.2.1. Let µ, s ∈ R, ζ be some (potentially random) Borel measure that is independent

of the white noise ξ and P-almost surely supported on [0,∞). We say that a measurable process

Zµ(⋅, ⋅∣s, ζ) on (s,∞) × [0,∞) is the mild solution to (4.2.8) with initial condition ζ(⋅), if for all

t ∈ (s,∞), Zµ(t, ⋅∣s, ζ) is (F ξ,ζ
r )r∈[s,t]-adapted and satisfies

Zµ(t, x∣s, ζ) = ∫
∞

0
PR

µ (t, x∣s, y)ζ(dy) + ∫
t

s
∫
∞

0
PR

µ (t, x∣r, y)Zµ(r, y ∣s, ζ)ξ(dydr),

(4.2.9)

for all x ∈ [0,∞), where the stochastic integral is interpreted in the Itô-Walsh sense.

The two hypotheses below regarding the initial condition ζ ensure the existence and unique-

ness (under different assumptions) of the mild solution Zµ(⋅, ⋅∣s, ζ). All the initial conditions we

deal with are included in either case. Throughout this section, we assume that ζ is not the zero

measure and does not depend on s.

Hypothesis 1. There exists a random variable f taking values in C([0,∞), (0,∞)) and a con-

stant a > 0 so that

ζ(dx) = f(x)dx and sup
x∈[0,∞)

e−axE [f(x)2] < ∞.
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Hypothesis 2. ζ is deterministic, does not depend on µ, and for any s < τ ,

sup
s<t≤τ

sup
x∈[0,∞)

√
t − s∫

∞

0
PR

µ (t, x∣s, y)ζ(dy) < ∞.

For any µ ∈ R, ζ(dx) = Zµ(0, x)dx = exp(W (x)+(µ+ 1
2)x)dx satisfies Hypothesis 1. The

Dirac-δ initial condition ζ(⋅) = δy(⋅) = δ(⋅ − y) at any point y ∈ [0,∞) satisfy Hypothesis 2 (see

(4.2.3)). The constant initial condition ζ(dx) = dx satisfies both. By (4.2.7), whenever ζ satisfies

Hypothesis 2 for some µ ∈ R, it satisfies it for all µ ∈ R.

Proposition 4.2.2. (1) When the initial data ζ satisfies Hypothesis 1, there exists a unique mild

solution Zµ(⋅, ⋅∣s, ζ) ∈ C([s,∞) × [0,∞),R) as defined in Definition 4.2.1 that satisfies, for any

terminal time τ > s,

sup
s≤t≤τ

sup
x∈[0,∞)

e−axE [Zµ(t, x∣s, ζ)2] < ∞. (4.2.10)

(2) When the initial data ζ satisfies Hypothesis 2, there exists a unique mild solution

Zµ(⋅, ⋅∣s, ζ) ∈ C((s,∞) × [0,∞),R) as defined in Definition 4.2.1 that satisfies, for any termi-

nal time τ > s,

sup
s<t≤τ

sup
x∈[0,∞)

∫
t

s
∫

r

s
∫
∞

0
∫
∞

0
PR

µ (t, x∣r, y)2PR
µ (r, y ∣w, z)2E [Zµ(w, z ∣s, ζ)2]dzdydwdr

< ∞.
(4.2.11)
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The mild solution admits an explicit chaos series representation as

Zµ(t, x∣s, ζ) = ∫
∞

0
PR

µ (t, x∣s, y)ζ(dy)

+
∞
∑
k=1
∫
[0,∞)k+1

∫
Rk
ζ(dy)PR

µ (r1∶k,w1∶k∣s, y; t, x) ξ(dr1dw1)⋯ξ(drkdwk),

(4.2.12)

where, with convention r0 = s, rk+1 = t,w0 = y,wk+1 = x, we define

PR
µ (r1∶k,w1∶k∣s, y; t, x) =

k

∏
j=0

PR
µ (rj+1,wj+1 ∣rj,wj)1(0,∞)(rj+1 − rj).

Proof. [97, Proposition 4.2] has proved part (1). To prove part (2), one can follow the same

argument as in [6], with the use of the iterative arguments as in the proof of Lemma 4.2.4 below.

By iterative arguments, one can also show that the right-hand side of (4.2.12) is well-defined,

(F ξ,ζ
r )r∈[s,t]-adapted, and P-almost surely satisfies (4.2.9) and (4.2.11). Then the uniqueness of

the mild solution implies (4.2.12). ◻

Remark 4.2.3. A more general solution theory for the half-space SHE should be able to relex the

assumptions on non-random initial conditions. Similar generalizations have been explored for

the full-space SHE in [98, 99]. If such relaxations were made, we would only need our initial

condition in (4.1.3) to meet the required hypotheses for P-almost surely each realization of W .

As the current hypotheses are sufficient for our purposes, we do not explore these extensions

further.

We next give an estimate on positive moments for Zµ(t, x∣s, ζ) with ζ under Hypothesis 2

and s, t in any arbitrary interval [a, b] ⊂ R. Since the proof is through a rather standard iteration

scheme, we defer it to Appendix 4.8.1.1.
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Lemma 4.2.4. Let a < b, µ0 ∈ R and ζ(⋅) satisfy Hypothesis 2. For any p ∈ [1,∞), there exists a

constant C = C(a, b, µ0, p, ζ) so that

∥Zµ(t, x∣s, ζ)∥p ≤ C(t − s)−1/4 (∫
∞

0
PR

µ (t, x∣s, y)ζ(dy))
1/2
, (4.2.13)

for any µ ∈ [µ0,∞), a ≤ s < t ≤ b and x ∈ [0,∞).

It also helps to study the solution Zµ(t, x∣s, ζ) through the Feynman-Kac formula. By

the probabilistic representation of parabolic PDEs with Robin boundary condition (see e.g., [95,

Section 2.5]), it is natural to expect that for any µ ∈ R and deterministic f ∈ Cb([0,∞),R), the

half-space stochastic heat equation (4.2.8) started from ζ(dx) = f(x)dx (under Hypothesis 2)

formally admits the Feynman–Kac type representation

Zµ(t, x∣s, ζ) = Ex
B [f(∣Bt−s∣) exp(−µL0

t−s) ∶ exp ∶ {∫
t−s

0
ξ (t − r, ∣Br∣)dr}]

= ∫
∞

0
PN(t, x∣s, y)Ex

B [exp(−µL0
t−s) ∶ exp ∶ {∫

t−s

0
ξ (t − r, ∣Br∣)dr} ∣∣Bt−s∣ = y] f(y)dy.

(4.2.14)

Here ∶ exp ∶ denotes the Wick-ordered exponential and other notations are the same as in (4.2.4)

and (4.2.6). This representation is only formal because the integral of the white noise over a

Brownian path makes no sense. Meanwhile, analogous to the classical result [6] on full-space, we

can rigorously approximate Zµ(t, x∣s, ζ) by using the Feynman-Kac formulas with a smoothed

noise. We defer this detailed approximation to Appendix 4.8.1.2.

A useful result that can be proved using the Feynman-Kac formula is the negative moments

bound of the solutions.

Lemma 4.2.5 (Negative moments). Assume that the initial data ζ is either the constant ζ(dx) =
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dx or the Dirac-δ initial data ζ = δy for some y ∈ [0,∞). Let

zµ(t, x∣0, ζ) ∶= ∫
∞

0
PR

µ (t, x∣0, y)ζ(dy).

Then for any µ ∈ R, p ∈ [0,∞), τ > 0, there exists a constant C = C(τ, µ, p) such that for any

x ∈ [0,∞), t ∈ (0, τ], and ζ being constant or Dirac-δ,

E [Zµ(t, x∣0, ζ)−p] ≤ Czµ(t, x∣0, ζ)−p. (4.2.15)

The constant C can be chosen uniformly for µ in any compact subset of R.

The bound of negative moments seems to be a well-established result, proven for SHEs in

various contexts [100–103]. Since no proof has been written for the half-space setting, we prove

Lemma 4.2.5 in Appendix 4.8.1.3.

4.2.3 Green’s function

For any fixed µ, s ∈ R, when ζ(⋅) = δy(⋅) = δ(⋅ − y) for some y ∈ [0,∞), the unique mild

solution Zµ(⋅, ⋅∣s, ζ) as described in Proposition 4.2.2 part (2) is known as the Green’s function,

or the fundamental solution, to the equation (4.2.8). This is a crucial object for the half-space

SHE model which can be used to construct the half-space continuum directed random polymer

(CDRP) measure.

In fact, using the chaos expansion (4.2.12), we can define a five-parameter random field in
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our common probability space (Ω,F ,P) that supports the space-time white noise ξ. Let

D = {(µ, s, y, t, x)∣µ, s, t ∈ R with s < t and x, y ∈ [0,∞)} ⊂ R5.

For (µ, s, y, t, x) ∈ D, define (with the same notation and convention as in (4.2.12))

Zµ(t, x∣s, y) ∶=PR
µ (t, x∣s, y)

+
∞
∑
k=1
∫
[0,∞)k

∫
Rk

PR
µ (r1∶k,w1∶k∣s, y; t, x) ξ(dr1dw1)⋯ξ(drkdwk).

(4.2.16)

It follows that, for any fixed s, µ ∈ R, y ∈ [0,∞), the field Zµ(⋅, ⋅∣s, y) is the unique mild solution

to (4.2.8) satisfying (4.2.9) and (4.2.11) with initial conditon ζ = δy.

Corollary 4.2.6. Let a < b, µ0 ∈ R and p ∈ [1,∞). For any µ ∈ [µ0,∞), a ≤ s < t ≤ b,

x, y ∈ [0,∞),

∥Zµ(t, x∣s, y)∥p ≲ (t − s)−1/4PR
µ (t, x∣s, y)1/2 ≲ (t − s)−1/2 exp(−(x − y)2/4(t − s)), (4.2.17)

where α ≲ β denotes α ≤ Cβ with some constant C = C(a, b, µ0, p).

Proof. Substituting ζ with δy in Lemma 4.2.4 and using (4.2.3). Note that in the statement of

Lemma 4.2.4, the prefactor C may depend on the initial data ζ , but one can follow the same

proof and check that, with the Dirac-δ initial conditions, we can relax the bounds in the proof so

that the constant C does not depend on y ∈ [0,∞). ◻

We record the following properties for the field Z .

Proposition 4.2.7. There exists a modification of the field Zµ(t, x∣s, y) that is jointly continuous
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in all five variables (µ, s, y, t, x) ∈ D, and has the following properties:

(i). For any (µ, s, y, t, x) ∈ D,

E [Zµ(t, x∣s, y)] =PR
µ (t, x∣s, y). (4.2.18)

(ii). For any fixed s, µ ∈ R and ζ(dx) satisfying Hypothesis 1 (or Hypothesis 2), the random

process defined by the convolution formula

(t, x) ↦ ∫
∞

0
Zµ(t, x∣s, y)ζ(dy)

is the unique mild solution Zµ(⋅, ⋅∣s, ζ) in Proposition 4.2.2 satisfying (4.2.9) and (4.2.10)

(or (4.2.11)).

(iii). (Positivity) For any (µ, s, y, t, x) ∈ D, we have Zµ(t, x∣s, y) > 0.

(iv). (Time stationarity) For any fixed µ, t0 ∈ R, x, y ∈ [0,∞),

{Zµ(t + t0, x∣s + t0, y)}s,t∈R,s<t
law= {Zµ(t, x∣s, y)}s,t∈R,s<t.

(v). For any finite disjoint time intervals {(si, ti]}ni=1 and any xi, yi ∈ [0,∞), the random vari-

ables {Zµ (ti, xi ∣si, yi)}ni=1 are mutually independent.

(vi). (Chapman-Kolmogorov identity) For any fixed µ ∈ R, there exists an event Ω0 with P(Ω0) =
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1 so that for any ω ∈ Ω0, s, t ∈ R with s < t, x, y ∈ [0,∞), and r ∈ (s, t),

Zµ(t, x∣s, y) = ∫
∞

0
Zµ(t, x∣r,w)Zµ(r,w ∣s, y)dw. (4.2.19)

(vii). For any fixed µ, s, t ∈ R, t > s,

{Zµ(t, x∣s, y)}x,y∈[0,∞)
law= {Zµ(t, y ∣s, x)}x,y∈[0,∞). (4.2.20)

Proof. The joint continuity of the field and properties (i)–(vi) closely mirror those of the Green’s

function field associated with the full-space stochastic heat equations in [104]. There are two

primary differences from the full-space Green’s function. First is that we have an additional

parameter µ from the boundary condition in the half-space setting. Since the Robin heat kernel

defined in (4.2.1) is continuous in µ, generalizing the joint continuity property to include this

parameter µ by Kolmogorov continuity criteria is straightforward. The second difference is that

the field no longer has stationarity in space, but this fact does not impact the properties above.

Due to the presence of the boundary, for x0 ≠ 0, x, y ≥ −x0, we do not expect that Zµ(t, x∣s, y)

and Zµ(t, x + x0 ∣s, y + x0) are equal in law.

To prove the Chapman-Kolmogorov identity (vi), we note that a detailed proof for the full-

space Green’s functions can be found in [93, Lemma 3.12]. One can adapt this proof to our half-

space setting, except that we do not have a quenched level tail bound analogous to [93, Corollary

3.10]. Alternatively, one can use the Kolmogorov continuity criteria applied to the five variables

(s, t, x, y, r) on the right-hand-side of (4.2.19) to conclude the proof.

The proof of property (vii) is similar to [105, Appendix B] and follows from an approxi-
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mation of Feynman-Kac formulas. We defer it to Appendix 4.8.1.4. ◻

For any fixed µ ∈ R, we use Zµ(⋅, ⋅) to denote the unique mild solution to (4.1.3) in Propo-

sition 4.2.2 part (1). By Proposition 4.2.7 (ii), when µ = u − 1
2 , for any t > 0, x ∈ [0,∞),

Zu− 1
2
(t, x) = ∫

∞

0
Zu− 1

2
(t, x∣0, y) exp (W (y) + uy)dy. (4.2.21)

We finish this subsection by providing Lp(Ω)-norm bounds to Zu− 1
2
(t, x) and Hu(t, x).

These bounds follow from Lemma 4.8.1 and Lemma 4.2.5 and will be very useful throughout

this section. A detailed proof is given in Appendix 4.8.1.5.

Proposition 4.2.8. For any fixed u ∈ R, t ≥ 0, p ∈ [1,∞), there exists a constant C = C(u, t, p) so

that the following holds for all x ∈ [0,∞):

∥Zu− 1
2
(t, x)∥p ≤ C exp(Cx); (4.2.22)

∥Zu− 1
2
(t, x)−1∥p ≤ C exp(Cx). (4.2.23)

It follows that for any fixed u ∈ R, P-almost surely,

0 < Zu− 1
2
(t, x) < ∞, ∀t ≥ 0, x ≥ 0. (4.2.24)

The Hopf-Cole solution to (4.1.1) is thus well-defined:

Hu(t, x) = logZu− 1
2
(t, x) = log∫

∞

0
Zu− 1

2
(t, x∣0, y) exp(W (y) + uy)dy, (4.2.25)
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and satisfies

∥Hu(t, x)∥p ≤ C(u, t, p) exp(C(u, t, p)x), (4.2.26)

for any p ∈ [1,∞), t ≥ 0, x ≥ 0. All the constants above can be chosen uniformly over any compact

subset of (u, t) ∈ R × [0,∞).

4.2.4 Half-space CDRP

We can now use the Green’s function Zµ(t, x∣s, y) to construct the continuum directed

random polymer (CDRP) measures in half-space. We then introduce the induced (quenched)

endpoint measures on ([0,∞),B([0,∞))) from these polymers.

For simplicity, we always set the initial time s = 0 and fix some µ ∈ R. To align with the

previous conventions, we use the parameter u = µ + 1
2 to index these measures.

For any t > 0, we equip the path space C[0,t] ∶= C([0, t], [0,∞)) with the Borel σ-algebra

B(C[0,t]). Let X = (Xr)0≤r≤t be the canonical variable on C[0,t]. A probability measure on this

space is uniquely determined by its finite dimensional distributions. For our purposes, we are

interested in the continuum directed polymer X on C([0, t], [0,∞)) that starts from a fixed point,

runs backward in time in the environment of ξ, and has the terminal condition exp (Wu(⋅)) at

r = t.

For each fixed u ∈ R, t > 0 and x ∈ [0,∞), we define the following (quenched) point-to-

measure polymer:

Definition 4.2.9. For any ω ∈ Ω such that (4.2.24) holds, define the (quenched, point-to-measure)

half-space continuum directed random polymer (CDRP) measure Qu,t
x as the probability measure
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on C[0,t] with finite dimensional marginals given by

Qu,t
x (Xt1 ∈ dx1, . . . ,Xtk ∈ dxk)

=
∫
∞
0 ∏

k
j=0Zu− 1

2
(t − tj, xj ∣t − tj+1, xj+1) exp(Wu(xk+1))dxk+1

∫
∞
0 Zu− 1

2
(t, x∣0, y) exp(Wu(y))dy

dx1 . . .dxk,

(4.2.27)

for 0 = t0 < t1 < ⋯ < tk < tk+1 = t and with x0 = x.

We first address the well-definedness of the half-space CDRP Qu,t
x :

By the Chapman-Kolmogorov equation (4.2.19), the family of finite dimensional distribu-

tions in (4.2.27) is consistent. Thus by the Kolmogorov consistency theorem, for P-almost every

realization of (ξ,W ), (4.2.27) gives a unique probability measure on ([0,∞)[0,t],B([0,∞))[0,t]).

It remains to show that the measure Qu,t
x is P-almost surely supported on paths in C[0,t].

To prove this, we consider a (deterministic) probability measure PRB
u,t,x that is defined on

([0,∞)[0,t],B([0,∞))[0,t]) with finite-dimensional marginals

PRB
u,t,x(Xt1 ∈ dx1, . . . ,Xtk ∈ dxk)

=
E [Qu,t

x (Xt1 ∈ dx1, . . . ,Xtk ∈ dxk) ∫
∞
0 Zu− 1

2
(t, x∣0, y) exp(Wu(y))dy]

E[∫
∞
0 Zu− 1

2
(t, x∣0, y) exp(Wu(y))dy]

.

By (4.2.18), PRB
u,t,x is a probability measure on reflected Brownian paths reweighted correspond-

ingly by a local time term as well as the terminal boundary condition. (To see this, one can

compute the expectation with respect to ξ and W explicitly, separately for the numerator and the

denominator.) Let Y ∶ [0,∞)[0,t] → R be an indicator function such that Y = 1 if the paths are

uniformly continuous when restricted to rational numbers and Y = 0 if not. By the regularity of

the Brownian paths, ERB
u,t,x[Y ] = 1, which suggests that Qu,t

x (Y = 1) = 1 P-almost surely. It thus
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follows that the polymer path X⋅ has a continuous modification P-almost surely.

We define Qu,0
x ∶= δx as a measure on ([0,∞),B([0,∞))). We use EQu,t

x to denote the

expectation under Qu,t
x . We also define the following.

Definition 4.2.10. Fix u ∈ R and ω ∈ Ω such that (4.2.24) holds. For any t > 0, x ∈ [0,∞), we

define the (quenched) density ρRu (⋅∣t, x) on [0,∞) as

ρRu (y ∣t, x) ∶=
Zu− 1

2
(t, x∣0, y) exp(Wu(y))

∫
∞
0 Zu− 1

2
(t, x∣0, y′) exp(Wu(y′))dy′

, ∀y ∈ [0,∞). (4.2.28)

It is clear that ρRu (⋅∣t, x) is well-defined for all t > 0, x ∈ [0,∞) simultaneously on a proba-

bility one event. It follows that for any fixed t > 0, x ∈ [0,∞), ρRu (⋅∣t, x) is the (quenched) density

of the polymer endpoint on [0,∞) under Qu,t
x .

Proposition 4.2.11. For any fixed u ∈ R, t > 0, x ∈ [0,∞), P-almost surely, we have

Qu,t
x (Xt ∈ A) = ∫

A
ρRu (y ∣t, x)dy, for all A ∈ B([0,∞)),

and the quenched expectation of the polymer endpoint is

EQu,t

x [Xt] = ∫
∞

0
yρRu (y ∣t, x)dy.

Proof. By the path continuity of X⋅, the continuity of Zu− 1
2
(⋅, ⋅) on R2

≥0, and (4.2.27), for any
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φ ∈ Cc([0,∞),R),

EQu,t

x [φ(Xt)] = lim
r→t

EQu,t

x [φ(Xr)]

= lim
r→t

1

Zu− 1
2
(t, x) ∫

∞

0
φ(z)Zu− 1

2
(t, x∣t − r, z)Zu− 1

2
(t − r, z)dz

= 1

Zu− 1
2
(t, x) ∫

∞

0
φ(y)Zu− 1

2
(t, x∣0, y) exp(Wu(y))dy,

where the interchange of the limit and the integral is justified by the dominated convergence

theorem. By Urysohn’s lemma and the monotone convergence theorem, this extends to any

function φ = 1O with O being an open set of [0,∞). By Dynkin’s π − λ theorem, we can further

extend to 1A with A ∈ B([0,∞)). ◻

Remark 4.2.12. We define the half-space CDRP P-almost surely for each fixed t > 0, x ≥ 0,

but do not address its coupling over all t > 0, x ≥ 0. Additionally, we do not prove some basic

properties (Markov, Feller, etc.) for the half-space CDRP, analogous to those proved in the recent

comprehensive work [93] for the full-space CDRP. One reason for this is that an adaption of

[93] to half-space setting still needs some technical estimates similar to those obtained in [93,

Appendix C] on the Robin heat kernels, yet we were not able to obtain them. On the other

hand, these properties are not required for our purposes, as we will use an alternative method to

establish the stochastic monotonicity needed in Section 4.5.

On a heuristic level, the proof in Section 4.5 is based on sampling the initial points of the

CDRP Qu,t
x from another density on [0,∞) to construct a measure-to-measure polymer Qu,t

W̃
for

any fixed ω ∈ Ω. Without a simultaneous coupling, we do not justify that this construction defines

a new measure on C[0, t] P-almost surely. However, as we will show in Section 4.5, we can still

apply this idea. In particular, we only need the quenched endpoint distribution for this polymer,
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which is well-defined through SHE mild solutions P-almost surely. All of our P-almost sure

results are derived from the properties and continuity of mild solutions, making the coupling

issue irrelevant for our purposes.

We do not attempt to couple the CDRP measures for all u ∈ R either, since it is unnecessary

for our purposes.

Remark 4.2.13. By the formal Feynman-Kac representation (4.2.14), it is natural to interpret

the above continuum directed polymer measure as a “Gibbs measure” of the reflected Brownian

motion in half-space with start-point x ∈ [0,∞). The Radon-Nikodyn derivative with respect to

the law of Υ⋅ = ∣B⋅∣ should be expressed as

exp(W (Υt) + uΥt) exp (−(u − 1/2)L0,Υ
t ) ∶ exp ∶ {∫

t

0
ξ (t − r,Υr)dr} .

The above expression is only formal when ξ is the spacetime white noise. In fact, we suspect that

the half-space continuum directed polymer measure should be singular with respect to the mea-

sure of reflected Brownian motion in half-space, just as the full-space polymer measure studied

in [104].

Finally, we remark that with the definition of Qu,t
x , the solution Zu− 1

2
(t, x) to the half-space

stochastic heat equation (4.1.3) is the partition function of the half-space CDRP Qu,t
x . Thus, its

logarithm, which is the solution Hu(t, x) to the KPZ equation (4.1.1), is the free energy of the

polymer.
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4.3 Average growth rate: proof of Theorem 4.1.4

In this section, we study the average growth speed of Hu and prove Theorem 4.1.4. To-

gether with Proposition 4.1.5, it proves the conjecture of the average growth speed in [30, (4.18)].

The method here is stochastic analysis, essentially an application of Itô’s formula. The

only explicit calculation we do relies on a nice conditional Laplace transform formula obtained

for exponential functionals of a Brownian motion with a drift [106]. Similar calculations in the

periodic setting can be found in [107, Section 2.2.3], based on Yor’s formula [108]. An alternative

proof for Theorem 4.1.4 can be pursued by using the half-space log-gamma polymer and making

the claims led to [30, (4.18)] rigorous. Notably, the average growth rate has also been recently

established for the open KPZ equation [109]; it would be interesting to investigate if the method

presented here can be adapted to that context. This section can be read independently of the rest

of this section.

It is well-known that, under appropriate assumptions, the partition function of the point-to-

line directed polymer can be related to a positive martingale. Thus, to study the average of its

logarithm, one can perform a semimartingale decomposition and only need to analyze the drift

term. This trick has been used extensively in the study of disordered systems, see e.g. [110] for a

spin glass model and [111, Chapter 5] for directed polymers in random environments.

We begin by presenting the following preliminary result, originally proved by [91]. A more

detailed discussion on the study of exponential functionals of Brownian motions can be found in

the review [112].

Lemma 4.3.1. For any u < 0, the perpetual exponential functional of Brownian motion with drift
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satisfies

∫
∞

0
exp(Wu(x))dx

law= 2

γ(−2u)
, (4.3.1)

where γ(−2u) is a gamma random variable with shape parameter −2u.

Now for any u < 0, t ≥ 0, define

Yu(t) ∶= ∫
∞

0
Zu− 1

2
(t, x)dx,

which can be viewed as the ζ-to-line partition function of the underlying directed polymer, with

the initial data ζ(dx) = exp(Wu(x))dx. Yu(0) is the random variable appearing on the left-hand

side of (4.3.1). We know that 0 < Yu(0) < ∞ P-almost surely.

As described in (4.1.4), the Brownian motion with drift u is stationary to the half-space

KPZ equation with boundary parameter u, which implies that for each t ≥ 0,

⎧⎪⎪⎨⎪⎪⎩

Zu− 1
2
(t, y)

Zu− 1
2
(t,0)

⎫⎪⎪⎬⎪⎪⎭y∈[0,∞)

law= {exp (Wu(y))}y∈[0,∞), (4.3.2)

Thus, the random variable Yu(t)/Zu− 1
2
(t,0) satisfies

Yu(t)
Zu− 1

2
(t,0)

= ∫
∞

0
Zu− 1

2
(t, x)[Zu− 1

2
(t,0)]−1dx law= ∫

∞

0
exp(Wu(x))dx = Yu(0). (4.3.3)

Since Yu(0) and Zu− 1
2
(t,0) are both P-almost surely finite and positive, Yu(t) is also P-almost

surely finite and positive.

The proof of Theorem 4.1.4 for u < 0 relies on the stationarity (4.3.2) as well as the identity

in law (4.3.1). For u ≥ 0, exp(Wu(y))dy is not in L1([0,∞)). This is the key reason why our
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proof cannot be extended to u ≥ 0.

Now we state a decomposition of Yu(t) which follows from the mild formulation of the

SHE. Due to the Robin boundary condition, there exists an extra drift term compared to the full

space case.

Lemma 4.3.2. Let F ξ,W
t be the natural filtration generated byW and ξ on the time interval [0, t].

For any u < 0, (Yu(t),F ξ,W
t ) is a continuous semimartingale, and Yu(t) admits a decomposition

Yu(t) = Yu(0) +Mu(t) +Au(t), (4.3.4)

where Mu(t) is a continuous local martingale with

Mu(t) = ∫
t

0
∫
∞

0
Zu− 1

2
(s, z)ξ(dzds),

and Au(t) is a process of finite-variation

Au(t) = −
1

2
(u − 1

2
)∫

t

0
Zu− 1

2
(v,0)dv.

Proof. For any t > 0, by the convolution formula (4.2.21), we can use the Green’s function Z to

write

Yu(t) = ∫
∞

0
Zu− 1

2
(t, x)dx = ∫

∞

0
∫
∞

0
Zu− 1

2
(t, x∣0, y) exp(Wu(y))dydx

= ∫
∞

0
∫
∞

0
Zu− 1

2
(t, x∣0, y)dx exp(Wu(y))dy,

(4.3.5)
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where the last equality follows from Tonelli’s theorem. By (4.2.9), for any t > 0, y ≥ 0,

∫
∞

0
Zu− 1

2
(t, x∣0, y)dx = ∫

∞

0
PR

u− 1
2

(t, x∣0, y)dx

+ ∫
∞

0
∫

t

0
∫
∞

0
PR

u− 1
2

(t, x∣s, z)Zu− 1
2
(s, z ∣0, y)ξ(dzds)dx.

(4.3.6)

By (4.2.17),

∫
∞

0
(∫

t

0
∫
∞

0
PR

u− 1
2

(t, x∣s, z)2Eξ [Zu− 1
2
(s, z ∣0, y)2]dzds)

1/2
dx < ∞, (4.3.7)

so we can use the stochastic Fubini theorem ( [113, Theorem 4.33]) to switch the order of inte-

gration in the last term of (4.3.6) and integrate x ∈ [0,∞) first.

Applying the fundamental theorem of calculus to the integral ∫
∞
0 PR

u− 1
2

(t, x∣s, y)dx and

using the definition of the Robin heat kernel in (4.2.1), for any fixed y ≥ 0, s ∈ [0, t], we have

∫
∞

0
PR

u− 1
2

(t, x∣s, z)dx = 1 + ∫
t

s
∫
∞

0
∂vP

R
u− 1

2

(v, x∣s, z)dxdv

= 1 + ∫
t

s
∫
∞

0

1

2
∂2xP

R
u− 1

2

(v, x∣s, z)dxdv = 1 + 1

2 ∫
t

s
[−∂xPR

u− 1
2

(v, x∣s, z)∣
x=0
]dv

= 1 − 1

2 ∫
t

s
(u − 1

2
)PR

u− 1
2

(v,0∣s, z)dv.

Thus (4.3.6) equals to

1 − 1

2
(u − 1

2
)∫

t

0
PR

u− 1
2

(v,0∣0, y)dv + ∫
t

0
∫
∞

0
Zu− 1

2
(s, z ∣0, y)ξ(dzds)

− 1

2
(u − 1

2
)∫

t

0
∫
∞

0
[∫

t

s
PR

u− 1
2

(v,0∣s, z)dv]Zu− 1
2
(s, z ∣0, y)ξ(dzds).

130



Again by (4.2.17),

∫
t

0
(∫

∞

0
∫

v

0
PR

u− 1
2

(v,0∣s, z)2Eξ [Zu− 1
2
(s, z ∣0, y)2]dsdz)

1/2
dv < ∞,

so we can use the stochastic Fubini theorem to switch the order of integrations as

∫
t

0
∫
∞

0
[∫

t

s
PR

u− 1
2

(v,0∣s, z)dv]Zu− 1
2
(s, z ∣0, y)ξ(dzds)

= ∫
t

0
∫
∞

0
∫

v

0
PR

u− 1
2

(v,0∣s, z)Zu− 1
2
(s, z ∣0, y)ξ(dzds)dv

= ∫
t

0
Zu− 1

2
(v,0∣0, y)dv − ∫

t

0
PR

u− 1
2

(v,0∣0, y)dv.

Therefore, for each y ∈ [0,∞), (4.3.6) equals to

∫
∞

0
Zu− 1

2
(t, x∣0, y)dx = 1 + ∫

t

0
∫
∞

0
Zu− 1

2
(s, z ∣0, y)ξ(dzds)

− 1

2
(u − 1

2
)∫

t

0
Zu− 1

2
(v,0∣0, y)dv.

Using again the stochastic Fubini theorem and Tonelli’s theorem, we have

Yu(t) = ∫
∞

0

⎡⎢⎢⎢⎢⎣
1 + ∫

t

0
∫
∞

0
Zu− 1

2
(s, z ∣0, y)ξ(dzds)

− 1

2
(u − 1

2
)∫

t

0
Zu− 1

2
(v,0∣0, y)dv

⎤⎥⎥⎥⎥⎦
eWu(y)dy

= Yu(0) + ∫
t

0
∫
∞

0
Zu− 1

2
(s, z)ξ(dzds) − 1

2
(u − 1

2
)∫

t

0
Zu− 1

2
(v,0)dv,

which is the decomposition (4.3.4). Note that for P-almost surely all realization of W , by
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(4.2.17),

Eξ ∫
t

0
∫
∞

0
Zu− 1

2
(s, y)2dyds

= ∫
∞

0
∫
∞

0
∫

t

0
∫
∞

0
Eξ [Zu− 1

2
(s, y ∣0, z1)Zu− 1

2
(s, y ∣0, z2)]dydseWu(z1)eWu(z2)dz1dz2

≤ ∫
∞

0
∫
∞

0
∫

t

0
∫
∞

0
∥Zu− 1

2
(s, y ∣0, z1)∥2∥Zu− 1

2
(s, y ∣0, z2)∥2dydseWu(z1)eWu(z2)dz1dz2

≤ C(t, u) [∫
∞

0
eWu(z)dz]

2

,

(4.3.8)

so for any t > 0,

∫
t

0
∫
∞

0
Zu− 1

2
(s, y)2dyds < ∞, P-almost surely,

and Mu(t) is a continuous local martingale with quadratic variation

⟨Mu⟩t = ∫
t

0
∫
∞

0
Zu− 1

2
(s, y)2dyds.

The proof is complete. ◻

Remark 4.3.3. One needs to be cautious with the Lp norms after putting the Brownian motion W

into the filtration F ξ,W
t . In fact, by (4.3.1), Yu(0) = ∫

∞
0 eWu(x)dx ∈ Lp(Ω) if and only if −2u > p.

Consequentially, taking an expectation EW on the last line of (4.3.8) only gives a bounded term

when u < −1, so we do not claim that E⟨Mu⟩t is bounded for all u < 0.

On the other hand, if we consider each fixed realization of the initial data, we can think of

Mu(t) as a local martingale with respect to F ξ
t – the filtration generated by ξ only. The bound

in (4.3.8) shows that Mu(t) is a square-integrable martingale w.r.t. F ξ
t for P-almost surely all

realization of W .

A similar issue also occurs when we apply the stochastic Fubini theorem in the above proof.
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In order to overcome it, we used (4.3.5) to separate the randomness from ξ and from W . The

stochastic Fubini theorem is applied to processes that are adapted to F ξ
t , as shown in (4.3.7).

The following lemma provides the semimartingale decomposition for logYu(t), using

which we compute E logYu(t) which further leads to EHu(t,0). The crucial part is that the

drift term will be written as an additive functional of the process {Zu− 1
2
(s, ⋅)/Yu(s)}s≥0, which is

at stationarity by (4.1.4).

Lemma 4.3.4. For any u < 0 and t ≥ 0, we have

E[Hu(t,0)] = E [−
1

2
(u − 1

2
) 1

Yu(0)
− 1

2
∫
∞
0 exp(2Wu(y))dy

Yu(0)2
] t. (4.3.9)

Proof. Recall that as defined in (4.1.1), Hu(t,0) = logZu− 1
2
(t,0). Taking the logarithm and then

the expectation on both sides of (4.3.3), we have

E[Hu(t,0)] = E[logYu(t) − logYu(0)].

By Lemma 4.3.2 and Itô’s formula [113, Theorem 4.32], logYu(t) can be decomposed as

logYu(t) − logYu(0) = ∫
t

0
Yu(s)−1dMu(s) + ∫

t

0
Yu(s)−1dAu(s) −

1

2 ∫
t

0
Yu(s)−2d⟨Mu⟩s

= ∫
t

0
∫
∞

0

Zu− 1
2
(s, y)

Yu(s)
ξ(dyds) − 1

2
(u − 1

2
)∫

t

0

Zu− 1
2
(s,0)

Yu(s)
ds − 1

2 ∫
t

0
∫
∞

0

Zu− 1
2
(s, y)2

Yu(s)2
dyds.

By (4.3.2), for any u < 0 and s ≥ 0, we have

E
Zu− 1

2
(s,0)

Yu(s)
= E [∫

∞

0
Zu− 1

2
(s, y)Zu− 1

2
(s,0)−1dy]

−1

= E [∫
∞

0
exp(Wu(y))dy]

−1
= E 1

Yu(0)
,
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and

E∫
∞

0

Zu− 1
2
(s, y)2

Yu(s)2
dy = E

∫
∞
0 Zu− 1

2
(s, y)2dy

[∫
∞
0 Zu− 1

2
(s, y′)dy′]

2

= E
∫
∞
0 Zu− 1

2
(s, y)2Zu− 1

2
(s,0)−2dy

[∫
∞
0 Zu− 1

2
(s, y′)Zu− 1

2
(s,0)−1dy′]

2

= E ∫
∞
0 exp(Wu(y))2dy

[∫
∞
0 exp(Wu(y′))dy′]

2

= E [Yu(0)−2∫
∞

0
exp(2Wu(y))dy] .

Here we used the stationarity (4.3.2), so both expectations are time independent, and by (4.3.1)

and (4.3.10) below, they are both finite. Thus the term

∫
t

0
∫
∞

0
Zu− 1

2
(s, y)Yu(s)−1ξ(dyds)

is a square-integrable martingale, and (4.3.9) follows. ◻

To complete the proof of Theorem 4.1.4, for any u < 0, it only remains to compute the

expectation on the right hand side of (4.3.9).

Proof of Theorem 4.1.4. It follows from (4.3.1) that for any fixed u < 0,

E [ 1

Yu(0)
] = 1

2
E[γ(−2u)] = −u.

Define

J = ∫
∞

0
e2W (y)+2uydy, and K = ∫

∞

0
eW (y)+uydy = Yu(0),
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which are finite P-almost surely since u < 0. It remains to compute

E [∫
∞
0 exp(2Wu(y))dy

Yu(0)2
] = E ∫

∞
0 exp(Wu(y))2dy

[∫
∞
0 exp(Wu(y′))dy′]

2 = E [
J
K2
] .

Note that the same Brownian motion appears in both the numerator and the denominator, which

makes the calculation more involved. By [106, Example 2.4], for any u < 0, the conditional

Laplace transform takes the form

E (e− 1
2
λ2J ∣K = s)P (K ∈ ds) = λ−2u+1

2Γ(−2u)
e−λ coth(λs

2
)

(sinh (λs2 ))
−2u+1ds, ∀s > 0.

By differentiating both sides in λ2 and taking the limit λ→ 0, we have

E(−1
2
J ∣K = s)P (K ∈ ds) = lim

λ→0

d

dλ2
E (e− 1

2
λ2J ∣K = s)P (K ∈ ds)

= lim
λ→0

d

dλ2
⎛
⎝
λ−2u+1

2Γ(−2u)
e−λ coth(λs

2
)

(sinh (λs2 ))
−2u+1

⎞
⎠
ds

= lim
λ→0

1

2λ

⎡⎢⎢⎢⎢⎣

λ−2u+1

2Γ(−2u)
e−λ coth(λs

2
)

(sinh (λs2 ))
−2u+1

⎤⎥⎥⎥⎥⎦
Ψ(s∣u,λ)ds.

with

Ψ(s∣u,λ) =
⎡⎢⎢⎢⎢⎣

−2u + 1
λ

− coth(λs
2
) + λs

2 (sinh (λs2 ))
2 +
(2u − 1)s

2
coth(λs

2
)
⎤⎥⎥⎥⎥⎦
.

Taylor series expressions give that

coth(x) = x−1 + x
3
− x

3

45
+O(x5), 0 < ∣x∣ < π,
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and

sinh(x)−2 = csch(x)2 = (x−1 − x
6
+O(x3))

2

= x−2 − 1

3
+O(x2), 0 < ∣x∣ < π.

Thus

lim
λ→0

e−λ coth(λs
2
) = e− 2

s , lim
λ→0

λ−2u+1

(sinh (λs2 ))
−2u+1 = (

2

s
)
−2u+1

,

and

Ψ(s∣u,λ) = (−2u + 1)1
λ
− 2

s

1

λ
− 1

3

λs

2
+ λs

2
((λs

2
)
−2
− 1

3
) + (2u − 1)s

2
(2
s

1

λ
+ 1

3

λs

2
) +O(λ3)

= −1
3
λs + 2u − 1

12
λs2 +O(λ3).

These results imply that

lim
λ→0

1

2λ

⎡⎢⎢⎢⎢⎣

λ−2u+1

2Γ(−2u)
e−λ coth(λs

2
)

(sinh (λs2 ))
−2u+1

⎤⎥⎥⎥⎥⎦
Ψ(s∣u,λ) = e−

2
s

4Γ(−2u)
(2
s
)
−2u+1

(−1
3
s + 2u − 1

12
s2) ,

and

E [ J
K2
] = ∫

∞

0

−2
s2

E(−1
2
J ∣K = s)P (K ∈ ds)

= ∫
∞

0

−e− 2
s

2s2Γ(−2u)
2−2u+1

s−2u+1
(−s

3
+ 2u − 1

12
s2)ds

= 1

22uΓ(−2u) ∫
∞

0

1

3
e−

2
s s2u−2 − 2u − 1

12
e−

2
s s2u−1ds

= 1

22uΓ(−2u)
(1
3

Γ(−2u + 1)
2−2u+1

− 2u − 1
12

Γ(−2u)
2−2u

)

= −u
3
− 2u − 1

12
= −u

2
+ 1

12
.

(4.3.10)
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Now by (4.3.9), we have

E[Hu(t,0)] = (−
1

2
(u − 1

2
)E [ 1

Yu(0)
] − 1

2
E [ J
K2
]) t

= [1
2
(u − 1

2
)u − 1

2
(−u

2
+ 1

12
)] t = (u

2

2
− 1

24
) t.

We next extend to u = 0. For any fixed t > 0, by Proposition 4.2.8, Hu(t,0) is uniformly

integrable for u in any compact subset of R. Thus the convergence E [Hu(t,0)] → E [H0(t,0)]

as u→ 0 follows from the convergence in probability

Zu− 1
2
(t,0) prob→ Z− 1

2
(t,0) as u→ 0,

together with the continuous mapping theorem. To show the above convergence in probability,

we note that by the Minkowski and Hölder’s inequalities,

∥Zu− 1
2
(t,0) −Z− 1

2
(t,0)∥2 ≤ ∫

∞

0
∥Zu− 1

2
(t,0∣0, y) − Z− 1

2
(t,0∣0, y)∥4∥ exp(W (y) + uy)∥4dy

+ ∫
∞

0
∥Z− 1

2
(t,0∣0, y)∥4∥ exp(W (y) + uy) − exp(W (y) + y)∥4dy.

By the P-almost surely continuity of the Green’s function Z⋅(⋅, ⋅∣⋅, ⋅) in Proposition 4.2.7, the uni-

form moment bounds in (4.2.17), and the dominated convergence theorem, we have ∥Zu− 1
2
(t,0)−

Z− 1
2
(t,0)∥2 → 0 as u→ 0.

For any x > 0, the result follows from (4.1.4). ◻

4.4 Variance identity: proof of Theorem 4.1.1

To prove the identity (4.1.9), which relates the variance of the height function to the end-
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point displacement of the directed polymer, we utilize an integration-by-parts formula in the

Gaussian space generated by the Brownian motion W (x). Although the model involves two

sources of Gaussianity, we only rely on the one from the initial data. This method heavily re-

lies on the fact that the Brownian motion with drift W (x) + ux is the stationary measure of the

increment process Hu(t, x) −Hu(t,0) (see (4.1.4)).

In the following argument, we consider the four height increments along different di-

rections: A = Hu(t,0) − Hu(0,0), B = Hu(t, x) − Hu(t,0), C = Hu(t, x) − Hu(0, x) and

D =Hu(0, x) −Hu(0,0). The quantity of interest is A, while B has Gaussian distribution due to

the choice of initial data, C shares the same distribution as the height increment in the full space

case when x≫ 1, andD =W (x)+ux is the Gaussian random variable through which we perform

the integration by parts. Similar arguments appeared in various previous works, see [29, 85].

Proof of Theorem 4.1.1. Fix u ∈ R, t > 0. Define the height increment of (4.1.1) in the time

interval [0, t] for any x ∈ [0,∞) as

Hu(t, x) ∶=Hu(t, x) −Hu(0, x) = logZu− 1
2
(t, x) −Wu(x).

Then we have

Hu(t, x) −Hu(t,0) = Hu(t, x) −Hu(t,0) +Wu(x),

which implies that

Var[Hu(t, x) −Hu(t,0)] =Var[Hu(t, x) −Hu(t,0) +Wu(x)].
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By (4.1.4), for any t ≥ 0, Var[Hu(t, x)−Hu(t,0)] =Var[Wu(x)] = x. Thus we have an identity

0 =Var[Hu(t, x) −Hu(t,0)] + 2Cov[Hu(t, x) −Hu(t,0),Wu(x)]

=Var[Hu(t, x)] − 2Cov[Hu(t, x),Hu(t,0)] +Var[Hu(t,0)]

+ 2Cov[Hu(t, x) −Hu(t,0),Wu(x)]

=Var[Hu(t,0)] + (Var[Hu(t, x)] + 2Cov[Hu(t, x),Wu(x)])

− 2Cov[Hu(t, x),Hu(t,0)] − 2Cov[Hu(t,0),Wu(x)].

Since Hu(t,0) = Hu(t,0), we have Var[Hu(t,0)] = Var[Hu(t,0)]. The above equation can be

rewritten as

Var[Hu(t,0)] = 2Cov[Hu(t,0),Wu(x)] + 2Cov[Hu(t, x),Hu(t,0)]

− (Var[Hu(t, x)] + 2Cov[Hu(t, x),Wu(x)]).

Recalling that EQu,t

x [Xt] is the (quenched) expectation of the half-space CDRP endpoint. The

endpoint has a quenched density ρRu (⋅∣t, x) as defined in (4.2.28). The proof is complete once we

establish the following results:

Cov[Hu(t,0),Wu(x)] → E∫
∞

0
yρRu (y ∣t,0)dy= EE

Qu,t

0 [Xt], as x→∞; (4.4.1)

Var[Hu(t, x)] + 2Cov[Hu(t, x),Wu(x)] → ut, as x→∞; (4.4.2)

and

Cov[Hu(t, x),Hu(t,0)] → 0, as x→∞. (4.4.3)
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We will prove equations (4.4.1) and (4.4.2) in the following subsections. The proof of (4.4.3) is

very similar to the proof of the analogous result for full-space KPZ equation in [29], so we put it

in Appendix 4.8.2. ◻

Remark 4.4.1. If using the above definitions for the four height increments A,B,C,D, the com-

putation above is equivalent to taking the variance on both sides of the identity B = D + C −A.

The value of interest is Var[A]. With stationarity (4.1.4), Var[B] = Var[D]. We perform

the integration-by-parts to prove the limit of Cov[A,D] as x → ∞ in (4.4.1). For the terms

Var[C]+2Cov[C,D], note that they only involve the height function Hu(t, ⋅) evaluated at point

x away from the boundary. Thus we use its full-space counterpart’s value to approximate it when

x≫ 1 in (4.4.2). The remaining term Cov[A,C] does not involve any KPZ behavior. It vanishes

when x≫ 1 at any finite time t, which is stated in (4.4.3).

4.4.1 Proof of (4.4.1)

We prove (4.4.1) through an integration-by-parts in the Gaussian space generated by the

Brownian motion W (x). The following is analogous to the full-space result [29, Lemma 2.4],

but a few details are different in the half-space setting. As discussed above after Proposition 4.2.7,

due to the boundary, the Green’s function Zµ(t, x∣0, y) is not spatially stationary.

Let W be the spatial white noise associated with the Brownian motion W (⋅). Let D be the

Malliavin derivative operator on the Gaussian probability space generated by W .

For each t, x, z ≥ 0 and each realization of ξ, we apply an integration-by-parts on the
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Gaussian space generated by W . Further taking an expectation over ξ, we obtain

Cov[Hu(t, z),Wu(x)] = E[Hu(t, z)W (x)]

= E[Hu(t, z)∫
∞

0
1[0,x](r)W (r)dr] = E⟨DHu(t, z),1[0,x]⟩.

The integral above is the standard Wiener integral since 1[0,x](r) is a deterministic function, and

the bracket denotes the inner product in L2(R). By (4.2.25), for any r ≥ 0,

DrHu(t, z) = Dr log∫
∞

0
Zu− 1

2
(t, z ∣0, y) exp(Wu(y))dy

=
Dr[∫

∞
0 Zu− 1

2
(t, z ∣0, y) exp(Wu(y))dy]

∫
∞
0 Zu− 1

2
(t, z ∣0, y) exp(Wu(y))dy

=
∫
∞
0 Zu− 1

2
(t, z ∣0, y) exp(Wu(y))1[0,y](r)dy

∫
∞
0 Zu− 1

2
(t, z ∣0, y) exp(Wu(y))dy

= ∫
∞

r
ρRu (y ∣t, z)dy.

This implies that

E⟨DHu(t, z),1[0,x]⟩ = E∫
x

0
∫
∞

r
ρRu (y ∣t, z)dydr = E∫

∞

0
min (x, y)ρRu (y ∣t, z)dy

= E∫
x

0
yρRu (y ∣t, z)dy + xE∫

∞

x
ρRu (y ∣t, z)dy.

Setting z = 0, we have

Cov[Hu(t,0),Wu(x)] = E∫
x

0
yρRu (y ∣t,0)dy + xE∫

∞

x
ρRu (y ∣t,0)dy. (4.4.4)
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By Hölder’s inequality, (4.2.17), (4.8.23) and (4.2.23), for any t > 0, y ∈ [0,∞), we have

EρRu (y ∣t,0) = E
Zu− 1

2
(t,0∣0, y) exp(Wu(y))

∫
∞
0 Zu− 1

2
(t,0∣0, y′) exp(Wu(y′))dy′

≤ ∥Zu− 1
2
(t,0∣0, y)∥4∥ exp(Wu(y))∥4 ∥Zu− 1

2
(t,0)−1∥

2
≤ C exp(−y2/C),

(4.4.5)

for some constant C = C(t, u). Taking the limit x→∞ on both sides of (4.4.4) gives (4.4.1).

4.4.2 Proof of (4.4.2)

The idea is that, for large x ≫ 1 and fixed t > 0, the value Hu(t, x) almost does not feel

the boundary effects, hence the result should be close to the full space case. We proceed in two

steps. First, we show that (4.4.2) holds with Hu(t, x) replaced by Hfs
u (t, x), where Hfs

u (t, x)

solves the KPZ equation on full-space starting from a two-sided Brownian motion with drift u.

In the second step, we show that the error induced by the approximation vanishes as x → ∞,

namely, Var[Hfs
u (t, x)] + 2Cov[Hfs

u (t, x),W fs
u (x)] can be used to approximate the left-hand

side of (4.4.2) when x→∞.

Let us begin with a few definitions. For (t, x) ∈ [0,∞) ×R and u ∈ R, let Zfs
u (t, x) be the

solution to the (1+1)-dimensional stochastic heat equation on the full space

∂tZ
fs
u (t, x) =

1

2
∂2xZ

fs
u (t, x) +Zfs

u (t, x)ξ(t, x),

Zfs
u (0, x) = exp(W fs

u (x)),
(4.4.6)

where ξ is the same space-time white noise on (t, x) ∈ R2 as in (4.1.3) and W fs
u (x) ∶=W fs(x) +

ux with W fs being a two-sided Brownian motion on R. For simplicity, we assume that W fs(⋅) is

defined on our probability space (Ω,F ,P) and it coincides with W (⋅) on [0,∞) for each ω ∈ Ω.
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The solution to the KPZ equation on the full space is given by the Hopf-Cole transform

Hfs
u (t, x) ∶= logZfs

u (t, x). (4.4.7)

In particular, Hfs
u (0, x) = W fs

u (x). For x ∈ [0,∞), Hfs
u (0, x) = Hu(0, x) = Wu(x). Note that

the boundary parameter u appears in the half-space SHE (4.1.3) itself, while in (4.4.6), u is only

parametrizing the initial condition. Thus one needs to be careful to include a shift term 1/2 when

referring to a proper half-space SHE. We have Zfs
u (0, x) = Zu− 1

2
(0, x) = exp(Wu(x)) when

x ∈ [0,∞).

It is a classical result (see [55]) that for each u ∈ R, (4.4.6) has a unique mild solution

satisfying

Zfs
u (t, x) = ∫

R
pt(x − y) exp(W fs

u (y))dy + ∫
t

0
∫
R
pt−s(x − y)Zfs

u (s, y)ξ(dyds), (4.4.8)

and for any τ > 0, sup0≤t≤τ supx∈R e
−a∣x∣E [Zfs

u (t, x)2] < ∞ for some a > 0. It is also well-

known (see [114]) that when Hfs
u (⋅, ⋅) starts from the initial data W fs

u (⋅), the increment process

{Hfs
u (t, ⋅) −Hfs

u (t,0)}t≥0 is stationary in time.

We use Zfs(t, x∣s, y) to denote the Green’s function of the (1+1)-dimensional full-space

SHE, of which we refer to [93] for further properties. In particular, there is a convolution formula

Zfs
u (t, x) = ∫

∞

−∞
Zfs(t, x∣0, y) exp(W fs

u (y))dy. (4.4.9)

Now define Hfs
u (t, x) ∶= Hfs

u (t, x) −Hfs
u (0, x). We first prove the following result, which

is almost (4.4.2) but with Hu(t, x) substituted by Hfs
u (t, x).
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Proposition 4.4.2. For any u ∈ R, t > 0,

Var[Hfs
u (t, x)] + 2Cov[Hfs

u (t, x),W fs
u (x)] → ut, as x→∞.

Proof. Using that W fs
u (⋅) is the stationary measure of the increment process

{Hfs
u (t, ⋅) −Hfs

u (t,0)}t≥0,

and the fact that for any fixed t > 0, {Hfs
u (t, x)}x∈R is stationary, following the argument for [29,

Lemma 2.3], we derive that

Var[Hfs
u (t, x)] + 2Cov[Hfs

u (t, x),W fs
u (x)] =Var[Hfs

u (t,0)] + 2Cov[Hfs
u (t, x),W fs

u (x)]

=Cov[Hfs
u (t, x) +Hfs

u (t,0),W fs
u (x)] +Cov[Hfs

u (t, x),Hfs
u (t,0)].

For the second term on the right-hand side, by adapting the proof in [29, Appendix A] to include

the drift term, we can show

Cov[Hfs
u (t, x),Hfs

u (t,0)] → 0 as x→∞.

It remains to analyze the term Cov[Hfs
u (t, x) +Hfs

u (t,0),W fs
u (x)].

Let ρfsu (y ∣t, x) be the quenched density of the (1+1)-dimensional continuum directed poly-

mer model with boundary exp(W fs
u (⋅)), starting from (t, x) and running backward to time zero:

ρfsu (y ∣t, x) ∶=
Zfs(t, x∣0, y) exp(W fs

u (y))

∫RZfs(t, x∣0, y′) exp(W fs
u (y′))dy′

.

144



Using the same integration-by-parts method as in the proof of (4.4.1) and [29, Lemma 2.5], for

any t > 0 and x, z ≥ 0, we have

Cov[Hfs
u (t, z),W fs

u (x)] = E∫
∞

0
ρfsu (y ∣t, z)min(x, y)dy

= E∫
∞

−z−ut
ρfs0 (y ∣t,0)min(x, y + z + ut)dy.

Here, for the second “=”, we used the fact that

{ρfsu (y + z + ut∣t, z)}y∈R
law= {ρfs0 (y ∣t,0)}y∈R,

which follows from the spatial stationarity of Zfs and the identity in law:

{Zfs(t, ut + y ∣0,0)euy+ 1
2
u2t}

t>0,y∈R
law= {Zfs(t, y ∣0,0)}

t>0,y∈R .

This relation was proved in [29, Proposition 2.7] and arises from the shear invariance of the

space-time white noise ξ. It follows that for fixed u ∈ R, t > 0 and any x ≥ 0,

Cov[Hfs
u (t, x) +Hfs

u (t,0),W fs
u (x)]

= −x +E∫
∞

−x−ut
ρfs0 (y ∣t,0)min(x, y + x + ut)dy +E∫

∞

−ut
ρfs0 (y ∣t,0)min(x, y + ut)dy

= −x +E∫
x−ut

−x−ut
ρfs0 (y ∣t,0)(y + x + ut)dy + 2xE∫

∞

x−ut
ρfs0 (y ∣t,0)dy.

= E∫
x−ut

−x−ut
(y + ut)ρfs0 (y ∣t,0)dy + xE∫

∞

x−ut
ρfs0 (y ∣t,0)dy − xE∫

−x−ut

−∞
ρfs0 (y ∣t,0)dy.
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Since Eρfs0 (t,0; y) is an even probability density on y ∈ R,

E∫
x−ut

−x−ut
(y + ut)ρfs0 (y ∣t,0)dy → ut, when x→∞.

By [29, Lemma 2.6], for any t > 0, Eρfs0 (y ∣t,0) ≤ C exp(−y2/C) for some positive constant

C = C(t). Thus we also have that

xE∫
∞

x−ut
ρfs0 (y ∣t,0)dy − xE∫

−x−ut

−∞
ρfs0 (y ∣t,0)dy → 0, when x→∞.

The proof is complete. ◻

The next proposition is to justify the substitution. It shows that when x →∞, the statistics

of Hu(t, x) can be approximated by the statistics of Hfs
u (t, x).

Proposition 4.4.3. For any u ∈ R, t > 0, we have

∣Var[Hfs
u (t, x)] −Var[Hu(t, x)]∣ → 0, as x→∞; (4.4.10)

and

∣Cov[Hfs
u (t, x),W fs

u (x)] −Cov[Hu(t, x),Wu(x)]∣ → 0, as x→∞. (4.4.11)

Proof. First, we claim that for any u ∈ R, t > 0, there exists a positive constant C = C(u, t) such

that

∥Hfs
u (t, x) −Hu(t, x)∥2 = ∥Hfs

u (t, x) −Hu(t, x)∥2 ≤ C exp(−x2/C), x ≥ 0. (4.4.12)
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By a straightforward computation, we have

Var[Hfs
u (t, x)]−Var[Hu(t, x)] = E ([Hfs

u (t, x) −Hu(t, x)][Hfs
u (t, x) +Hu(t, x)])

−E[Hfs
u (t, x) −Hu(t, x)]E[Hfs

u (t, x) +Hu(t, x)],

and it follows that

∣Var[Hfs
u (t, x)] −Var[Hu(t, x)]∣ ≤ 2∥Hfs

u (t, x) −Hu(t, x)∥2∥Hfs
u (t, x) +Hu(t, x)∥2.

When x ≥ 0,

∥Hfs
u (t, x) +Hu(t, x)∥2 ≤ ∥Hfs

u (t, x)∥2 + ∥Hfs
u (0, x)∥2 + ∥Hu(t, x)∥2 + ∥Hu(0, x)∥2,

with Hfs
u (0, x) = Hu(0, x) =Wu(x). By (4.2.26), ∥Hu(t, x)∥2 ≤ C1 exp(C1x) for some positive

constant C1 = C1(u, t). By a similar argument for the full-space KPZ equation, there exists an-

other positive constant C2 = C2(u, t) so that ∥Hfs
u (t, x)∥2 ≤ C2 exp(C2x). Then the convergence

in (4.4.10) follows from these bounds and (4.4.12).

Similarly, for the covariance, we have

∣Cov[Hfs
u (t, x),W fs

u (x)] −Cov[Hu(t, x),Wu(x)]∣

= ∣E[Hfs
u (t, x)W fs(x)] −E[Hu(t, x)W (x)]∣

= ∣E [(Hfs
u (t, x) −Hu(t, x))W (x)]∣

≤ ∥Hfs
u (t, x) −Hu(t, x)∥2∥W (x)∥2.

Thus (4.4.11) also follows from (4.4.12).
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To complete the proof of the proposition, it remains to prove (4.4.12). For any positive real

numbers α,β > 0, we have the elementary inequality

∣ logα − logβ∣ ≤ ∣α − β∣
min(α,β)

≤ ∣α − β∣
α
+ ∣α − β∣

β
.

Therefore, for any t > 0, x ≥ 0

∥Hfs
u (t, x) −Hu(t, x)∥2 = ∥ logZfs

u (t, x) − logZu− 1
2
(t, x)∥2

≤ ∥∣Zfs
u (t, x) −Zu− 1

2
(t, x)∣Zfs

u (t, x)−1 + ∣Zfs
u (t, x) −Zu− 1

2
(t, x)∣Zu− 1

2
(t, x)−1∥

2

≤ ∥Zfs
u (t, x) −Zu− 1

2
(t, x)∥4∥Zfs

u (t, x)−1∥4 + ∥Zfs
u (t, x) −Zu− 1

2
(t, x)∥4∥Zu− 1

2
(t, x)−1∥4.

By (4.2.23) and a similar result for the full-space SHE, there exists a positive constant C3 =

C3(u, t) such that for any x ≥ 0,

∥Zu− 1
2
(t, x)−1∥4 ≤ C3 exp(C3x) and ∥Zfs

u (t, x)−1∥4 ≤ C3 exp(C3x).

Thus, the proof of (4.4.12) will be complete if we can show there exists a positive constant

C4 = C4(u, t) such that

∥Zfs
u (t, x) −Zu− 1

2
(t, x)∥4 ≤ C4 exp(−x2/C4), ∀x ≥ 0. (4.4.13)

Applying Lemma 4.4.4 below, we complete the proof. ◻

The following lemma shows that, for fixed t and large x, the solution to the SHE with Robin

boundary condition does not “feel” the boundary.
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Lemma 4.4.4. For any τ > 0, u ∈ R, p ≥ 2, there exists some positive constant C = C(τ, u, p)

such that

∥Zfs
u (t, x) −Zu− 1

2
(t, x)∥p ≤ C exp(−x2/C), for all t ∈ [0, τ] and x ≥ 0.

Proof. We use α ≲ β to denote α ≤ Cβ with any constant C = C(τ, u, p).

When t = 0, Zfs
u (0, x) = Zu− 1

2
(0, x) = exp(Wu(x)) for any x ≥ 0. When t > 0, we use

the chaos expansion for the half-space SHE (4.1.3) and its full-space counterpart (4.4.6). For any

x ≥ 0, we write

Zfs
u (t, x) −Zu− 1

2
(t, x) =

∞
∑
k=0

zfsk (t, x) −
∞
∑
k=0

zk(t, x),

with

z0(t, x) ∶= ∫
∞

0
PR

u− 1
2

(t, x∣0, y) exp(Wu(y))dy,

zfs0 (t, x) ∶= ∫
∞

−∞
pt(x − y) exp(W fs

u (y))dy,

and for any n ≥ 0,

zn+1(t, x) ∶= ∫
t

0
∫
∞

0
PR

u− 1
2

(t, x∣s,w)zn(s,w)ξ(dwds),

zfsn+1(t, x) ∶= ∫
t

0
∫
∞

−∞
pt−s(x −w)zfsn (s,w)ξ(dwds).

The above expansion of Zu− 1
2

can be obtained through the chaos expansion of the Greens func-

tion (4.2.16) together with the convolution formula (4.2.21) and the stochastic Fubini theorem.

Similarly, the expansion of Zfs
u (t, x) follows from the convolution formula (4.4.9) together with

the chaos expansion of the Green’s function Zfs, as proved in [115].

We shall use the following inequalities later to estimate the difference between the integrals
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involving the Robin heat kernel and the ones involving the standard heat kernel. For any t > 0

and x, y ≥ 0, we can bound pt(x+ y) ≤ pt(x)e−
y2

2t . Also, for any τ > 0, there exists some constant

C = C(τ, u) so that for any 0 ≤ s < t ≤ τ and x, y ≥ 0,

∫
∞

0
pt−s(x + y + z)e−(u−

1
2
)zdz ≤ pt−s(x + y)∫

∞

0
e−

z2

2(t−s) e−(u−
1
2
)zdz ≤ Cpt−s(x + y)

√
t − s.

By the explicit expression (4.2.2) and the above estimates, we estimate the difference between z0

and zfs0 as

∥z0(t, x) − zfs0 (t, x)∥p

= ∥∫
∞

0
PR

u− 1
2

(t, x∣0, y) exp(Wu(y))dy − ∫
∞

−∞
pt(x − y) exp(W fs

u (y))dy∥
p

=
XXXXXXXXXXX
∫
∞

0
(pt(x + y) − (2u − 1)∫

∞

0
pt(x + y + z)e−(u−

1
2
)zdz) eWu(y)dy

− ∫
0

−∞
pt(x − y)eW

fs
u (y)dy

XXXXXXXXXXXp

≤ ∫
∞

0
∣pt(x + y) − (2u − 1)∫

∞

0
pt(x + y + z)e−(u−

1
2
)zdz∣ ∥eWu(y)∥pdy

+ ∫
0

−∞
pt(x − y)∥eW

fs
u (y)∥pdy

≤ pt(x)(1 + ∣2u − 1∣C
√
t)∫

∞

0
e−

y2

2t ∥ exp(Wu(y))∥pdy + pt(x)∫
∞

0
e−

y2

2t ∥ exp(W fs
u (−y))∥pdy

≲ pt(x)
√
t.

(4.4.14)
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Now for any n ≥ 0,

zn+1(t, x) − zfsn+1(t, x)

= ∫
t

0
∫
∞

0
PR

u− 1
2

(t, x∣s,w)zn(s,w)ξ(dwds) − ∫
t

0
∫
∞

−∞
pt−s(x −w)zfsn (s,w)ξ(dwds)

= In(t, x) + Jn(t, x),

with

In(t, x) ∶= ∫
t

0
∫
∞

0
pt−s(x −w)[zn(s,w) − zfsn (s,w)]ξ(dwds),

and Jn(t, x)

∶= ∫
t

0
∫
∞

0
(pt−s(x +w) − (2u − 1)∫

∞

0
pt−s(x +w + z)e−(u−

1
2
)zdz) zn(s,w)ξ(dwds)

− ∫
t

0
∫

0

−∞
pt−s(x −w)zfsn (s,w)ξ(dwds).

While In is not a martingale in t, the process

In(v) ∶= ∫
v

0
∫
∞

0
pt−s(x −w)[zn(s,w) − zfsn (s,w)]ξ(dwds)

is a martingale in v so we could apply the Burkholder-Davis-Gundy inequality to obtain

∥In(t, x)∥2p ≲ ∫
t

0
∫
∞

0
pt−s(x −w)2∥zn(s,w) − zfsn (s,w)∥2pdsdw.

Similarly, we can convert the two terms in Jn into martingales and apply the Burkholder-Davis-
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Gundy inequality:

∥Jn(t, x)∥2p ≲ ∥∫
t

0
∫

0

−∞
pt−s(x −w)2zfsn (s,w)2dsdw∥

p/2

+ ∥∫
t

0
∫
∞

0
(pt−s(x +w) − (2u − 1)∫

∞

0
pt−s(x +w + z)e−(u−

1
2
)zdz)

2

zn(s,w)2dsdw∥
p/2

≤ ∫
t

0
∫
∞

0
pt−s(x +w)2 ∥zfsn (s,−w)∥

2

p
dsdw

+ ∫
t

0
∫
∞

0
(pt−s(x +w) − (2u − 1)∫

∞

0
pt−s(x +w + z)e−(u−

1
2
)zdz)

2

∥zn(s,w)∥2p dsdw

≲ ∫
t

0
∫
∞

0
pt−s(x +w)2 ∥zn(s,w)∥2p dsdw + ∫

t

0
∫
∞

0
pt−s(x +w)2 ∥zfsn (s,−w)∥

2

p
dsdw.

Thus we have achieved an intermediate result

∥zn+1(t, x) − zfsn+1(t, x)∥2p ≤ (∥In(t, x)∥p + ∥Jn(t, x)∥p)
2

≲ ∫
t

0
∫
∞

0
pt−s(x −w)2∥zn(s,w) − zfsn (s,w)∥2pdsdw

+ ∫
t

0
∫
∞

0
pt−s(x +w)2∥zn(s,w)∥2pdsdw + ∫

t

0
∫
∞

0
pt−s(x +w)2∥zfsn (s,−w)∥2pdsdw.

(4.4.15)

We first estimate the last two terms in the right-hand side of (4.4.15). By a similar iteration as in

the proof of Lemma 4.2.4, for any s ∈ [0, τ],w ≥ 0, there exists a constant C = C(τ, p, u) such

that (with the convention of (n/2)! = Γ(n2 + 1)),

∥zn(s,w)∥2p ≤
(Cs)(n−1)/2
(n/2)!

eCw ∫
∞

0
PR

u− 1
2

(s,w ∣0, y) ∥exp(Wu(y))∥p dy ≤
(Cs)(n−1)/2
(n/2)!

e2Cw.
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It then follows that

∫
t

0
∫
∞

0
pt−s(x +w)2∥zn(s,w)∥2pdsdw ≤ ∫

t

0
∫
∞

0
pt−s(x +w)2

(Cs)(n−1)/2
(n/2)!

e2Cwdsdw

≤ (Ct)
(n−1)/2

(n/2)! ∫
t

0
pt−s(x)2∫

∞

0
e−

w2

2(t−s) e2Cwdwds ≲ (Ct)
(n−1)/2

(n/2)! ∫
t

0
pt−s(x)2

√
t − sds

≲ (Ct)
n/2

(n/2)!
[
√
tpt(x)]

2
.

A similar result can be obtained for zfsn . We record that, for 0 < t ≤ τ and x ≥ 0,

∫
t

0
∫
∞

0
pt−s(x +w)2∥zfsn (s,−w)∥2pdsdw ≲

(Ct)n/2
(n/2)!

[
√
tpt(x)]

2
,

for some positive constant C = C(τ, p, u). With these results, we could further bound (4.4.15) by

∥zn+1(t, x) − zfsn+1(t, x)∥2p

≲ (Ct)
n/2

(n/2)!
[
√
tpt(x)]

2
+ ∫

t

0
∫
∞

0
pt−s(x −w)2∥zn(s,w) − zfsn (s,w)∥2pdsdw,

with some constant C = C(τ, p, u). Using the estimate (4.4.14), we iterate the above inequality

to derive

∥zn+1(t, x) − zfsn+1(t, x)∥2p ≤ C(n + 2)
(Ct)n/2
(n/2)!

[
√
tpt(x)]

2
,

for some C = C(τ, p, u). Thus for any t ∈ (0, τ],

∥Zfs
u (t, x) −Zu− 1

2
(t, x)∥p ≤

∞
∑
k=0
∥zk(t, x) − zfsk (t, x)∥p ≤

∞
∑
k=0
((k + 2)C (Ct)

k/2

(k/2)!
)
1/2√

tpt(x).

The proof is complete as the sum of the infinite series is bounded. ◻
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4.5 Endpoint displacement: proof of Theorem 4.1.2

In this section, we prove (4.1.9), which provides an upper bound on the first moment of

the polymer endpoint displacement in the bounded phase (when the boundary parameter u < 0).

Combining with the variance identity, this leads to the estimates on the fluctuations of the height

function. The main contribution here is to leverage stochastic dominance to derive an upper

bound of the annealed mean of the CDRP endpoint displacement in the bounded phase (when

u < 0). The upper bound is expected to be sharp since it is conjectured to be the limit of the

annealed mean when t→∞ (see Remark 4.1.9).

The quantity of interest EEQu,t

0 [Xt] is the annealed average of the polymer endpoint. By

our choice of the stationary initial data for KPZ, the polymer path {Xs}s∈[0,t], starting from (t,0)

and running backward in time, has a stationary terminal condition. Stochastic dominance ensures

that the displacement of the endpoint in this case can be bounded from above by the endpoint of

a different polymer path, one that starts from stationarity. In other words, we use the polymer

measure with both endpoints sampled from stationarity as a comparison. The upper bound in

EEQu,t

0 [Xt] ≤ ψ′(−2u) is derived from this stationarity-to-stationarity polymer measure.

For any u ∈ R, t > 0, x ∈ [0,∞), the half-space CDRP Qu,t
x defined in Definition 4.2.9 is a

point-to-measure polymer with initial point x and terminal data exp (Wu(x))dx. When u < 0,

the terminal data is P-almost surely in L1([0,∞)), thus we can also think of Qu,t
x as a polymer

with the normalized terminal data

exp (Wu(x))dx
∫
∞
0 exp (Wu(x′))dx′

. (4.5.1)
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Now let W̃ be another standard Brownian motion defined on probability space (Ω,F ,P),

independent of ξ and W . When u < 0, for P-almost surely all realization of W̃ , we have

∫
∞
0 exp (W̃u(x))dx < ∞ and one can sample the initial point of the polymer Qu,t

x from the

density

exp (W̃u(x))dx

∫
∞
0 exp (W̃u(x′))dx′

(4.5.2)

to construct another polymer Qu,t

W̃u
. By (4.1.4) (and thus (4.3.2)), the polymer Qu,t

W̃u
has the spe-

cial property that the start-point and end-point distributions of the paths are both stationary but

independent of each other as well as the random environment. For P-almost sure all realization

of ξ,W and W̃ , the (quenched) endpoint density of this polymer is

ρ̃Ru (y ∣t) ∶=
∫
∞
0 Zu− 1

2
(t, x∣0, y) exp(W̃u(x))dx exp(Wu(y))

∫
∞
0 ∫

∞
0 Zu− 1

2
(t, x′ ∣0, y′) exp(W̃u(x′))dx′ exp(Wu(y′))dy′

, ∀y ∈ [0,∞). (4.5.3)

As discussed in Remark 4.2.12, since we do not show the simultaneous coupling of CDRP

Qu,t
x for all x ∈ [0,∞), it is not immediately clear that such a construction by sampling the start-

point gives a measure-to-measure CDRP Qu,t

W̃u
on an event of probability one. For our purpose,

we do not need to check this. Throughout the proof, we only need the endpoint density formula

(4.5.3) to be P-almost surely well-defined, yet it is intuitive to understand this density from the

“polymer measure” Qu,t

W̃u
.

We verify that the endpoint density (4.5.3) is P-almost surely well-defined. By (4.3.2), the

denominator in (4.5.3) multiplied by Zu− 1
2
(t,0)−1 is

Zu− 1
2
(t,0)−1∫

∞

0
Zu− 1

2
(t, x) exp(W̃u(x))dx

law= ∫
∞

0
exp(Wu(x) + W̃u(x))dx. (4.5.4)
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The right-hand side is a P-almost surely positive and finite random variable when u < 0. Since

Zu− 1
2
(t,0) is also P-almost surely positive and finite by (4.2.24), the denominator in (4.5.3) is

P-almost surely positive and finite. The density ρ̃Ru (y ∣t) is thus well-defined.

Let us first briefly explain how to prove (4.1.9) through the density (4.5.3). As we shall

see below in Corollary 4.5.2, the polymer measures with different starting points {Qu,t
x }x∈[0,∞)

satisfies a stochastic monotonicity inherited from their path continuity and the planar structure

of half-space. Intuitively, for any fixed environment noise ξ and W , two independent polymer

paths X1,X2 starting from points x1, x2 with x1 < x2 should satisfy ρ1 ≤st ρ2, where ≤st refers

to stochastic dominance and ρi is the endpoint density. Without an established strong Markov

property for the half-space CDRP, we take a detour to prove this stochastic monotonicity through

a Karlin-McGregor based argument. In particular, we analyze some determinants formed by four

copies of Green’s functions, working with a smoothed noise to utilize the Feynman-Kac formula

before passing to the limit. This argument gives P-almost sure comparison between products of

Green’s functions, which can be further used to prove the relation ρ1 ≤st ρ2.

We then compare the quenched densities ρRu (⋅∣t,0) and ρ̃Ru (⋅∣t) for P-almost surely all

ω ∈ Ω. We know that ρRu (⋅∣t,0) is the endpoint density of polymer paths starting from x = 0,

while ρ̃Ru (⋅∣t) is the endpoint density of polymer paths with starting points sampled from the

density (4.5.2) on [0,∞). It shall follow that ρRu (⋅∣t,0) ≤st ρ̃Ru (⋅∣t) P-almost surely, and as a

corollary,

EEQu,t

0 [Xt] = E∫
∞

0
yρRu (y ∣t,0)dy ≤ E∫

∞

0
yρ̃Ru (y ∣t)dy = EE

Qu,t

W̃u
[Xt].

On the other hand, since Qu,t

W̃u
has the initial point sampled from the stationary density, we can
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compute exactly EEQu,t

W̃u
(Xt) for any t > 0. These two facts combined together lead to the upper

bound in (4.1.9). Since exp (Wu(x))dx is not in L1([0,∞)) when u ≥ 0, the proof in this section

does not extend to u ≥ 0.

We now prove the aforementioned results in sequence. We begin by showing that some

specific determinants consisting of four copies of Green’s functions are P-almost surely nonneg-

ative. This argument is an adaption of [116, Proposition 5.5] to the half-space setting.

Lemma 4.5.1. Fix µ ∈ R and t > 0. For any 0 ≤ x1 < x2 and 0 ≤ y1 < y2, we have

det[Zµ(t, xi ∣0, yj)]i,j∈{1,2} ≥ 0 P-almost surely. (4.5.5)

Proof. We will use an argument based on the Karlin-McGregor formula. We first prove the

inequality (4.5.5) for the Green’s functions of half-space SHE with a smoothed noise, using a

Feynman-Kac representation. We then pass to the limit to obtain the same result for the white

noise using Lemma 4.8.1.

Let ξδ(t, x) = ∫R pδ(x − y)ξ(t,dy) so that it is a Gaussian noise that is white in time and

smooth in space, with the covariance function

Qδ(t1, t2, x1, x2) = Eξδ(t1, x1)ξδ(t2, x2) = δ0(t1 − t2)p2δ(x1 − x2).

For any δ > 0, x, y ∈ [0,∞), define

Zδ
µ(t, x∣0, y) ∶=PN(t, x∣0, y)Ex

B [exp(−µL0
t + ∫

t

0
ξδ(t − r, ∣Br∣)dr −

t

2
p2δ(0)) ∣∣Bt∣ = y] .
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As in (4.2.5), we rewrite the right-hand side in terms of the “reflected Brownian bridges”. Let Υt

be the reflected Brownian motion with Υt ∶= ∣Bt∣ starting from Υ0 = ∣B0∣ = x. For any t > 0, y ≥ 0,

there exists a unique probability measure Px,y
Υ on C([0, t], [0,∞)) such that Px,y

Υ equals to the

conditional probability distribution Px
Υ(⋅∣Υt = y). We call the canonical process associated with

Px,y
Υ the “reflected Brownian bridge”, starting from Υ0 = x and ending at Υt = y. The above

display equals to

PN(t, x∣0, y)Ex,y
Υ [exp(−µL

0,Υ
t + ∫

t

0
ξδ(t − r,Υr)dr −

t

2
p2δ(0))] ,

where we used L0,Υ
t to denote the local time at zero:

L0,Υ
t ∶= lim

ε→0

1

2ε ∫
t

0
1[0,ε] (Υs)ds. (4.5.6)

For discussions on reflected Brownian bridges, we refer to [117] in which the authors discussed

general Markovian bridges, and also [118, 119] and the references therein.

To ease notations, we define

F δ
t (Υ) ∶= exp(−µL

0,Υ
t + ∫

t

0
ξδ(t − r,Υr)dr −

t

2
p2δ(0)) .

Then F δ
t (⋅) is an P-almost surely continuous, strictly positive and multiplicative functional of Υ.

Next we prove that for any δ > 0, 0 ≤ x1 < x2 and 0 ≤ y1 < y2, the following identity holds

P-almost surely:

det[Zδ
µ(t, xi ∣0, yj)]i,j∈{1,2} = det[PN(t, xi ∣0, yj)]i,j∈{1,2}Ex,y

Ξ1,Ξ2[F δ
t (Ξ1)F δ

t (Ξ2)], (4.5.7)

158



where the expectation Ex,y
Ξ1,Ξ2 is over the two-dimensional reflected Brownian bridges (Ξ1,Ξ2)

started from x = (x1, x2), ending at y = (y1, y2) at time t, and Ξ1,Ξ2 being non-intersecting on

[0, t].

To prove (4.5.7), by the continuity of the Green’s function, it suffices to show that for

arbitrary functions φ1, φ2 ∈ Cc([0,∞),R) with coordinate-wise ordered supports (which means

that for any y1 ∈ supp φ1 and y2 ∈ supp φ2, we have y1 < y2), there is the identity

∫
∞

0
∫
∞

0
φ1(y1)φ2(y2)det[Zµ(t, xi ∣0, yj)]i,j∈{1,2}dy1dy2

=∫
∞

0
∫
∞

0
φ1(y1)φ2(y2)det[PN(t, xi ∣0, yj)]i,j∈{1,2}Ex,y

Ξ1,Ξ2[F δ
t (Ξ1)F δ

t (Ξ2)]dy1dy2.
(4.5.8)

By Karlin-McGregor formula [120], the determinant det[PN(t, xi ∣0, yj)]i,j∈{1,2} is the

transition density at time t of a two-dimensional reflected Brownian motion (Υ1,Υ2) in the do-

main Λ = {y = (y1, y2) ∈ R2
≥0 ∶ y1 ≤ y2} killed when Υ1 and Υ2 first intersect. It then follows that

the right-hand side of (4.5.8) equals to

Ex
Υ1,Υ2[φ1(Υ1

t )φ2(Υ2
t )F δ

t (Υ1)F δ
t (Υ2)1(τ > t)],

where the expectation Ex
Υ1,Υ2 is taken over the two-dimensional reflected Brownian motions

(Υ1,Υ2) in R2
≥0 started at x = (x1, x2), and τ is the stopping time taking values in [0, t] ∪ {∞}

defined by

τ = inf {r ∈ [0, t] ∶ Υ1
r = Υ2

r} .

On the other hand, by expanding the determinant det[Zµ(t, xi ∣0, yj)]i,j∈{1,2}, the left-hand
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side of (4.5.8) equals to

Ex
Υ1,Υ2[φ1(Υ1

t )φ2(Υ2
t )F δ

t (Υ1)F δ
t (Υ2)] −Ex

Υ1,Υ2[φ2(Υ1
t )φ1(Υ2

t )F δ
t (Υ1)F δ

t (Υ2)].

Recall that the reflected Brownian motions Υ1,Υ2 started from ordered initial points x1 < x2,

and the support of φ1, φ2 are also ordered. If τ > t, the paths of Υ1,Υ2 do not cross each other

on [0, t]. Since the half-space domain is planar, the path continuity of the reflected Brownian

motions forces that

Ex
Υ1,Υ2[φ2(Υ1

t )φ1(Υ2
t )F δ

t (Υ1)F δ
t (Υ2)1(τ > t)] = 0.

Combining the above results, the identity (4.5.8) is now equivalent to

Ex
Υ1,Υ2[φ1(Υ1

t )φ2(Υ2
t )F δ

t (Υ1)F δ
t (Υ2)1(τ ≤ t)]

−Ex
Υ1,Υ2[φ2(Υ1

t )φ1(Υ2
t )F δ

t (Υ1)F δ
t (Υ2)1(τ ≤ t)] = 0.

(4.5.9)

We prove (4.5.9) by using a path-switching argument. Define a new two-dimensional re-

flected Brownian motion on r ∈ [0, t] by

(Υ̃1
r, Υ̃

2
r) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

(Υ1
r,Υ

2
r) r ≤ τ

(Υ2
r,Υ

1
r) r ≥ τ.

The paths of Υ̃1, Υ̃2 intersect on [0, t] if and only if the paths of Υ1,Υ2 intersect on [0, t]. Since
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the functional F δ
t (⋅) is multiplicative, for each realization of (Υ1,Υ2),

F δ
t (Υ̃1)F δ

t (Υ̃2) = F δ
t (Υ1)F δ

t (Υ2).

On the event of {τ ≤ t}, φ1(Υ̃1
t )φ2(Υ̃2

t ) = φ1(Υ2
t )φ2(Υ1

t ). It follows that

Ex
Υ̃1,Υ̃2[φ1(Υ̃1

t )φ2(Υ̃2
t )F δ

t (Υ̃1)F δ
t (Υ̃2)1(τ ≤ t)]

= Ex
Υ1,Υ2[φ1(Υ2

t )φ2(Υ1
t )F δ

t (Υ1)F δ
t (Υ2)1(τ ≤ t)].

Moreover, as the reflected Brownian motion is strong Markov, (Υ̃1, Υ̃2) has the same law as

(Υ1,Υ2), which implies that

Ex
Υ1,Υ2[φ1(Υ1

t )φ2(Υ2
t )F δ

t (Υ1)F δ
t (Υ2)1(τ ≤ t)]

= Ex
Υ̃1,Υ̃2[φ1(Υ̃1

t )φ2(Υ̃2
t )F δ

t (Υ̃1)F δ
t (Υ̃2)1(τ ≤ t)].

The above two identities prove (4.5.9).

Now we have proved (4.5.8) for any φ1, φ2 ∈ Cc([0,∞),R) with coordinate-wise ordered

supports. The identity (4.5.7) follows. When 0 ≤ x1 < x2 and 0 ≤ y1 < y2,

det[PN(t, xi ∣0, yj)]i,j∈{1,2}

is strictly positive. Thus for any δ > 0, 0 ≤ x1 < x2 and 0 ≤ y1 < y2, we have

det[Zδ
µ(t, xi ∣0, yj)]i,j∈{1,2} > 0 P-almost surely.
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By Lemma 4.8.1 (i) (with a mollification in space only), for any t > 0, x, y ∈ [0,∞), p ∈ [1,∞),

Zδ
µ(t, x∣0, y) → Zµ(t, x∣0, y) in Lp(Ω) as δ → 0.

The result (4.5.5) is thus proved. ◻

With Lemma 4.5.1, we are ready to prove the stochastic monotonicity.

Corollary 4.5.2. For any u ∈ R, t > 0, 0 ≤ x1 < x2, there exists an event Ω0 with P(Ω0) = 1 such

that for all ω ∈ Ω0 and a > 0,

Qu,t
x1
(Xt ∈ [0, a]) = ∫

a

0
ρRu (y ∣t, x1)dy ≥ ∫

a

0
ρRu (y ∣t, x2)dy = Qu,t

x2
(Xt ∈ [0, a]). (4.5.10)

As a result, for any fixed u < 0, t > 0,

EQu,t

0 [Xt] = ∫
∞

0
yρRu (y ∣t,0)dy ≤ ∫

∞

0
yρ̃Ru (y ∣t)dy, P-almost surely, (4.5.11)

where ρ̃Ru (⋅∣t) is as defined in (4.5.2).

Proof. By Lemma 4.5.1, for any fixed u ∈ R, t > 0, 0 ≤ x1 < x2, with P probability one,

Zu− 1
2
(t, x1 ∣0, y1)Zu− 1

2
(t, x2 ∣0, y2) ≥ Zu− 1

2
(t, x1 ∣0, y2)Zu− 1

2
(t, x2 ∣0, y1),

for all 0 ≤ y1 < y2 simultaneously (one can first consider rational y1, y2 then use the continuity of

Z). By (4.2.24), {Zu− 1
2
(t, xi ∣0, y)}i=1,2 are P-almost surely integrable with respect to the density

(4.5.1). Therefore, there exists an event Ω0 with P(Ω0) = 1 such that for any ω ∈ Ω0, we can
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integrate over any rectangles (y1, y2) ∈ [0, a) × [a,∞) with a > 0 to obtain

∫
a

0
Zu− 1

2
(t, x1 ∣0, y1) exp(Wu(y1))dy1∫

∞

a
Zu− 1

2
(t, x2 ∣0, y2) exp(Wu(y2))dy2

≥ ∫
∞

a
Zu− 1

2
(t, x1 ∣0, y2) exp(Wu(y2))dy2∫

a

0
Zu− 1

2
(t, x2 ∣0, y1) exp(Wu(y1))dy1,

and both sides are positive and finite. Add

∫
a

0
Zu− 1

2
(t, x1 ∣0, y) exp(Wu(y))dy∫

a

0
Zu− 1

2
(t, x2 ∣0, y) exp(Wu(y))dy

to both sides and then divide by the product Zu− 1
2
(t, x1)Zu− 1

2
(t, x2), we obtain (4.5.10).

To prove (4.5.11), by (4.5.10), for any fixed x > 0,

∫
∞

0
yρRu (y ∣t,0)dy =

∫
∞
0 yZu− 1

2
(t,0∣0, y) exp(Wu(y))dy

∫
∞
0 Zu− 1

2
(t,0∣0, y′) exp(Wu(y′))dy′

≤ ∫
∞

0
yρRu (y ∣t, x)dy =

∫
∞
0 yZu− 1

2
(t, x∣0, y) exp(Wu(y))dy

∫
∞
0 Zu− 1

2
(t, x∣0, y′) exp(Wu(y′))dy′

P-almost surely.

Multiplying the positive denominators on both sides, this is equivalent to the inequality

∫
∞

0
yZu− 1

2
(t,0∣0, y) exp(Wu(y))dy∫

∞

0
Zu− 1

2
(t, x∣0, y′) exp(Wu(y′))dy′

≤ ∫
∞

0
Zu− 1

2
(t,0∣0, y′) exp(Wu(y′))dy′∫

∞

0
yZu− 1

2
(t, x∣0, y) exp(Wu(y))dy.

(4.5.12)

By Proposition 4.2.7 (ii), both sides are continuous in x ∈ [0,∞) P-almost surely as the integrals

are mild solutions to SHE. It follows that (4.5.12) holds for all x ∈ [0,∞) simultaneously.

When u < 0, by (4.5.4), the left-hand side of (4.5.12) is integrable in x with respect to the

density (4.5.2) P-almost surely. Similar integrability holds for the right-hand side. Thus with
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probability one, we have an inequality

∫
∞

0
yZu− 1

2
(t,0∣0, y) exp(Wu(y))dy

∫
∞

0
∫
∞

0
Zu− 1

2
(t, x∣0, y′) exp(Wu(y′))dy′ exp(W̃u(x))dx

≤∫
∞

0
Zu− 1

2
(t,0∣0, y′) exp(Wu(y′))dy′

∫
∞

0
∫
∞

0
yZu− 1

2
(t, x∣0, y) exp(Wu(y))dy exp(W̃u(x))dx,

with all the integrals being positive and finite. This is equivalent to

∫
∞
0 yZu− 1

2
(t,0∣0, y) exp(Wu(y))dy

∫
∞
0 Zu− 1

2
(t,0∣0, y′) exp(Wu(y′))dy′

≤
∫
∞
0 ∫

∞
0 yZu− 1

2
(t, x∣0, y) exp(Wu(y)) exp(W̃u(x))dydx

∫
∞
0 ∫

∞
0 Zu− 1

2
(t, x′ ∣0, y′) exp(Wu(y′)) exp(W̃u(x′))dy′dx′

,

and the proof is complete. ◻

Remark 4.5.3. We would like to point out that in [93], the authors proved a strict inequality ‘>’

for (4.5.5) after coupling the full space CDRP. Another proof using a different argument has been

conducted in [121]. We do not pursue it here.

Since we only need an inequality with ‘≤’, an alternative approach is to prove the strong

Markov property for polymer measures Qu,t
x and then use the coupling method. For continuum

time models, proving the strong Markov property requires both the Markov and the Feller prop-

erties of the associated semigroup [122, Theorem 6.17], which we believe can also be done for

this model.

To complete the proof of Theorem 4.1.2 and Corollary 4.1.3, it remains to compute the

annealed mean of the stationary measure-to-measure polymer’s endpoint EEQu,t

W̃u
(Xt).
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Lemma 4.5.4. For any u < 0 and t > 0, we have

E∫
∞

0
yρ̃Ru (y ∣t)dy = ψ′(2∣u∣). (4.5.13)

The functions ψ and ψ′ are the digamma and trigamma functions defined in (4.1.5)–(4.1.6).

Proof. By definition (4.5.3),

E∫
∞

0
yρ̃Ru (y ∣t)dy = E

∫
∞
0 y ∫

∞
0 Zu− 1

2
(t, x∣0, y)eW̃u(x)dxeWu(y)dy

∫
∞
0 ∫

∞
0 Zu− 1

2
(t, x′ ∣0, y′)eW̃u(x′)dx′eWu(y′)dy′

= E
∫
∞
0 y ∫

∞
0 Zu− 1

2
(t, y ∣0, x)eW̃u(x)dxeWu(y)dy

∫
∞
0 ∫

∞
0 Zu− 1

2
(t, y′ ∣0, x′)eW̃u(x′)dx′eWu(y′)dy′

,

where the second equality follows from the time reversal of the field Z in (4.2.20). Since W and

W̃ are independent and identical, we can interchange them under the expectation, and the above

equals to

E
∫
∞
0 yZu− 1

2
(t, y)eW̃u(y)dy

∫
∞
0 Zu− 1

2
(t, y′)eW̃u(y′)dy′

= E
∫
∞
0 yZu− 1

2
(t, y)Zu− 1

2
(t,0)−1eW̃u(y)dy

∫
∞
0 Zu− 1

2
(t, y′)Zu− 1

2
(t,0)−1eW̃u(y′)dy′

= E ∫
∞
0 yeWu(y)eW̃u(y)dy

∫
∞
0 eWu(y′)eW̃u(y′)dy′

,

where we used the invariance (4.3.2) and our assumption that W,W̃, ξ are all independent. The

last expression is time independent and can be computed explicitly. In fact, since W (y) + W̃ (y)
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has the same distribution as W (2y), the above expectation equals to

E
∫
∞
0 y exp(W (2y) + 2uy)dy
∫
∞
0 exp(W (2y′) + 2uy′)dy′

= 1

2
E
∫
∞
0 y exp(W (y) + uy)dy
∫
∞
0 exp(W (y′) + uy′)dy′

= 1

2
E

d

dv
log∫

∞

0
eW (y)+vydy∣

v=u

= 1

2

d

dv
E log∫

∞

0
eW (y)+vydy∣

v=u
= 1

2

d

dv
(−ψ(−2v) + log 2) ∣

v=u
= ψ′(−2u).

(4.5.14)

In the second from last equality, we have used (4.3.1) together with the fact that

E [log(1/γ(θ))] = −ψ(θ)

for any θ > 0. To check the interchange of differentiation and expectation, we first use Fatou’s

lemma to derive that E ∫
∞

0 y exp(W (y)+uy)dy
∫ ∞0 exp(W (y′)+uy′)dy′ ≤ 2ψ′(−2u), then the interchange can be justified by

applying the dominated convergence theorem and the mean value theorem. ◻

Remark 4.5.5. With the convergence conjecture mentioned in Remark 4.1.9, (4.5.13) should also

equal to the annealed mean of the midpoint position of long half-space polymers (i.e. as t →∞)

with both endpoints fixed near the wall at times 0 and 2t in the bound phase u < 0. For a

discussion on such midpoint distributions, see [24, Section IV B].

4.6 Symmetry: proof of Proposition 4.1.5

The goal of this section is to prove the symmetry identity in Proposition 4.1.5. This sym-

metry would allow us to study the height function statistics and polymer endpoint displacement

for all values of u > 0, using the results we obtained in the case of u < 0. It follows from results

in [23] regarding the half-space Macdonald processes. We learned this symmetry from [30, Claim

4.9], where the authors stated a proof of convergence heuristically. This convergence was later
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rigorously proved in [26], so we now summarize these results to provide a proof.

For this section, we use uppercase letters (e.g. S,T,X,Y ) for continuum variables and

lowercase letters (e.g. r, s, t, x, y,w) for discrete variables. We use Q to denote the set of rational

numbers, and Z to denote the set of integers.

We use the inhomogeneous half-space log-gamma (HSLG) polymer models as defined

in [26, Definition 2.1]. Following the notations there, let α○, α1, α2, . . . be real parameters such

that αi + α○ > 0 for all i ≥ 1 and αi + αj > 0 for all i ≠ j ≥ 1. Let (ϖi,j)i⩾j be a family of

independent random variables such that for i > j,ϖi,j ∼ 1/γ (αi + αj) and ϖi,i ∼ 1/γ (α○ + αi).

The partition function of the half-space log-gamma polymer is defined as

z(n,m) = ∑
π∶(1,1)→(n,m)

∏
(i,j)∈π

ϖi,j, (4.6.1)

where the sum is over all up-right paths from (1,1) to (n,m) in octant {(i, j) ∈ Z2
>0 ∶ i ⩾ j}.

Derived from a symmetry result of the half-space Macdonald process, the partition func-

tions z(m,m) for any m ≥ 1 as defined in (4.6.1) will not change their laws when the parameters

α○ and α1 are interchanged. This is a generalization of [23, Proposition 8.1] for inhomogeneous

HSLG polymer.

Proposition 4.6.1. For any m ≥ 1, the law of the partition function z(m,m) with param-

eters α○, α1, α2, ..., αm equals to the law of the partition function z̃(m,m) with parameters

α1, α○, α2, ..., αm.

Proof. The law of the partition function z(m,m)with parameters α○, α1, ..., αm equals to the lim-

iting law of (1−q)2m−1q−λ1 as q → 1, where λ1 is distributed according to the q-Whittaker measure

[23,123] with parameters {(qα1 , ..., qαm), qα○}. One can think of (qα1 , ..., qαm) as the bulk param-
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eters, and qα○ as the diagonal parameter. By [23, Proposition 2.6], λ1 has the same distribution as

π1, where π1 is distributed to the q-Whittaker measure with parameters {(qα1 , ..., qαm , qα○),0},

where (qα1 , ..., qαm , qα○) is the bulk parameter and 0 is the diagonal parameter. Since the q-

Whittaker measure is invariant under permutation of its bulk parameters (see [26, Lemma 2.7]

for the proof and further applications of this symmetry), π1 equals in law to π̃1, which is defined

to be distributed as the q-Whittaker measure with parameters {(qα○ , qα2 , ..., qαm , qα1),0}. Ap-

ply [23, Proposition 2.6] again backward, we have π̃1 has the same distribution as λ̃1, which is

distributed according to the q-Whittaker measure with parameters {(qα○ , qα2 , ..., qαm), qα1}. Thus

we have

(1 − q)2m−1q−λ1 law= (1 − q)2m−1q−λ̃1 .

Taking the limit q → 1 as in [23, Proposition 8.1], we have the partition function z(m,m)

with parameters α○, α1, ..., αm equals in law to the partition function z̃(m,m) with parameters

α1, α○, α2, ..., αm.◻

From now on, we assume u − v > 0. We set α○ = u and α1 = −v, and for all i ≥ 2, αi = α

for some α > min (0,−u, v). We use zαu,−v(n,m) ∶= z(n,m) to emphasize the dependence on

parameters u, v and α. We define the ratio

zstat,α
u,−v (m,m) ∶=

zαu,−v(m,m)
ϖ1,1

.

Corollary 4.6.2. Assume u > v. For any fixed m ≥ 1,

zstat,α
u,−v (m,m)

law= zstat,α
−v,u (m,m). (4.6.2)
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Proof. Proposition 4.6.1 says that for any m ≥ 1, zαu,−v(m,m)
law= zα−v,u(m,m). Since (ϖi,j)i⩾j are

independent andϖ1,1 appears in the product in all of the terms in (4.6.1), the ratio zstat,α
u,−v (m,m) is

independent of ϖ1,1 and we have log zstat,α
u,−v (m,m)+ logϖ1,1

law= log zstat,α
−v,u (m,m)+ logϖ1,1. Since

α0 + α1 = u − v > 0 and the characteristic function of a log-gamma random variable is always

nonzero, the independence implies (4.6.2). ◻

We next take the weak noise scaling limit to obtain the result for the half-space KPZ equa-

tion, based on [26, Theorem 5.4] for the above half-space HSLG models.

Proposition 4.6.3. Assume u > v. For any fixed T,X ≥ 0, u > v, with α = α(n) = 1
2 +
√
n, we have

(
√
n)nT+

√
nXzstat,α(n)

u,−v (nT
2
+
√
nX + 1, nT

2
+ 1) law→ ∫

∞

0
Zu− 1

2
(T,X ∣0, Y ) exp(Wv(Y ))dY,

(4.6.3)

as n → ∞, where zstat,α(n)
u,−v (⋅, ⋅) are defined by linear interpolation when nT /2 ∉ Z≥0 or

√
nX ∉

Z≥0.

Proof. The proof follows closely the proof of [26, Theorem 1.4], except that we need to verify

the convergence of a different initial condition. Following the convention there, we let ϖ ∶=

E [ϖ3,2] = (2α − 1)−1 be the mean of a generic log-gamma polymer bulk weight. Since we are

dealing with “one-row partition functions” (see [26]), we define

z̃1r
u,−v;α(t, y) ∶= (

1

2ϖ
)
2t+y

zstat,α
u,−v (t + y + 1, t + 1),

and

z̃1r
−v;α(x) ∶= z̃1r

u,−v;α(0, x + 1),
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where we drop the subscript u as these weights only depend on −v and α. We have that for any

y ∈ Z≥0, and t ∈ Z≥1,

z̃1r
u,−v;α(t, y) =

t+y−1
∑
x=0

z̃1r
−v;α(x) (

1

2ϖ
)
2t+y−x−1

zu;α(x + 2,2; t + y + 1, t + 1), (4.6.4)

where zu;α (a, b;a′, b′) denotes the log-gamma partition function for up-right paths starting at

(a, b) and ending at (a′, b′) as a generalization of the definition (4.6.1). This partition function

only depends on parameters u and α. Similar to [26], by assigning proper boundary weights, one

can match the log-gamma polymer paths to reflected symmetric simple random walks. Conse-

quently, as a process in x, y ∈ Z≥0 and t ∈ Z≥1,

zu;α(x + 2,2; t + y + 1, t + 1)
law= 1

2
⋅ (ω(2t + y − 2, y)

ϖ2I (y) ) ⋅ 2I (y)zX ,ω,β(x,x; 2t + y − 2, y), (4.6.5)

where we define I (x) ∶= 1x=0, and zX ,ω,β(s, x; t, y) is the “modified polymer partition function”

as defined in [26, (5.13)] for reflected simple symmetric random walks, with the boundary random

variables X = (X(r))r∈Z≥0 being i.i.d., the bulk random variables ω = (ω(r,w))r∈Z≥0,w∈Z≥1 being

i.i.d., and the distributions and the parameter β > 0 are so that

1 + βω(r,w) law=
ϖ3,2

ϖ
∼ (2α − 1)Gamma−1(2α),

X(r) law=
ϖ2,2

2ϖ
∼ 2α − 1

2
Gamma−1(α + u).
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Then (4.6.4) and (4.6.5) imply that as a process in t ∈ Z≥1 and y ∈ Z≥0,

z̃1r
u,−v;α(t, y)

law= 2I (y)

2
⋅ [I (y)X(2t + y − 2) + (1 −I (y))(1 + βω(2t + y − 2, y))]

⋅ zÒX ,ω,β,zÒ1r(2t + y − 2, y),
(4.6.6)

where zÒX ,ω,β,zÒ1r(⋅, ⋅) is the partition function as defined in [26, (5.19)] with the initial data

zÒ1r(⋅) = z̃1r
−v;α(⋅) independent of the boundary and bulk weights X ,ω. For any S ≥ 0, Y ≥ 0,

define zÒX ,ω,β,zÒ1r(S,Y ) by linear interpolation when S ∉ Z≥0 or Y ∉ Z≥0 or S + Y is not even.

Note that the only difference between the field zÒX ,ω,β,zÒ1r(⋅, ⋅) here and the field zÒX ,ω,β,zÒ
(⋅, ⋅)

in [26, (6.3)] is that the initial condition differs. The boundary and the bulk random variables

X ,ω are the same. Let α = α(n) =
√
n + 1/2 and β = β(n) = n−1/4/

√
2. In [26, Section 6],

the authors have verified the conditions on the same X ,ω to apply [26, Theorem 5.4]. As long

as we can verify the conditions on the initial data zÒ1r(⋅) here, [26, Theorem 5.4] implies the

convergence in law

2I (X)

2
zÒX ,ω,β,zÒ1r(nT +

√
nX − 2,

√
nX) law→ ∫

∞

0
Zu− 1

2
(T,X ∣0, Y ) exp(Wv(Y ))dY, (4.6.7)

as n → ∞, for any fixed T,X ≥ 0. The convergence (4.6.3) then follows from (4.6.6) and

(4.6.7), together with the fact that X(r) → 1 and 1 + βω(r,w) → 1 in probability as n → ∞ (the

dependence on n was kept implicit through α(n) and β(n)).

To verify the conditions on the initial data, with α = α(n) =
√
n + 1/2, we use Donsker’s

theorem to check convergence in law

z̃1r
−v;α(
√
nX) law→ exp(W (X) + vX) = exp(Wv(X)) as a process in X ∈ [0,∞).
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Moreover, for any n ∈ Z≥1 and X ≥ 0 such that
√
nX ∈ Z≥0, we have that E[z̃1r

−v;α(
√
nX)2] =

[nM2(−v)]
√
nX+1 withMk(−v) ∶= E[(ϖ(n))k]whereϖ(n) ∼ Gamma−1(α(n)−v). By [26, (1.1)],

nM2(−v) = 1 + (2 + 2v)n−1/2 +O(n−1),

which implies the uniform bound

sup
n∈Z≥1

sup
X≥0

e−aXE[z̃1r
−v;α(
√
nX)2] < ∞,

for some a > 0 that only depends on v. The conditions imposed on the initial data in [26, Theorem

5.4] are thus verified for our zÒX ,ω,β,zÒ1r(⋅, ⋅). ◻

Combining the results (4.6.2) and (4.6.3), we prove the identity in law for the partition

function on the boundary in the continuum setting under the condition u > v. This identity in law

was previously claimed in [30, Claim 4.9] with a slightly different convention on the parameters.

For discussion on general u, v ∈ R, see Remark 4.6.6 below.

Proposition 4.6.4. For any T ≥ 0 and u, v ∈ R with u > v, we have

∫
∞

0
Zu− 1

2
(T,0∣0, Y ) exp(Wv(Y ))dY

law= ∫
∞

0
Z−v− 1

2
(T,0∣0, Y ) exp(W−u(Y ))dY. (4.6.8)

Proof. Since Corollary 4.6.2 is not generalized to joint law, we need to be careful to avoid using

any linear interpolations for the identity in law. For any fixed T ∈ Q≥0, there exists a series of

integers {nk ∈ Z≥0}k≥1 such that nk →∞ as k →∞ and nkT
2 ∈ Z≥0. Then Corollary 4.6.2 implies
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that for each k ≥ 1,

(
√
nk)nkT zstat,α(nk)

u,−v (nkT

2
+ 1, nkT

2
+ 1) law= (

√
nk)nkT zstat,α(nk)

−v,u (nkT

2
+ 1, nkT

2
+ 1).

By taking the limit k →∞, Proposition 4.6.3 implies that for any fixed T ∈Q≥0, (4.6.8) holds.

Using the continuity of mild solutions, we extend (4.6.8) to any T ∈ [0,∞). ◻

Remark 4.6.5. By sending v → −∞ in Proposition 4.6.4, one can formally recover [124, Theorem

1.1].

To complete the proof of Proposition 4.1.5, it remains to pass the limit v → u.

Proof of Proposition 4.1.5. By the Minkowsiki and Hölder’s inequalities, the P-almost surely

continuity of the Green’s function Z⋅(⋅, ⋅∣⋅, ⋅) (Proposition 4.2.7), the uniform moment bounds in

(4.2.17) and the dominated convergence theorem, as v → u, we have

∥∫
∞

0
Zu− 1

2
(T,0∣0, Y ) exp(Wv(Y ))dY − ∫

∞

0
Zu− 1

2
(T,0∣0, Y ) exp(Wu(Y ))dY ∥

2

→ 0,

and

∥∫
∞

0
Z−v− 1

2
(T,0∣0, Y ) exp(W−u(Y ))dY − ∫

∞

0
Z−u− 1

2
(T,0∣0, Y ) exp(W−u(Y ))dY ∥

2

→ 0.

The identity (4.6.8) can thus be extended to v = u, and we have Zu− 1
2
(T,0) law= Z−u− 1

2
(T,0) for

any T ≥ 0 and u ∈ R. Taking a logarithm on both sides and applying the continuous mapping

theorem then completes the proof. ◻

Remark 4.6.6. By using analytic continuation, one should be able to extend Corollary 4.6.2 to
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the more general condition with u, v ∈ R and α > min(0,−u, v). In other words, the identity in

law still holds after dropping the assumption u − v > 0. Heuristically, this is clear as the ratio

zstat,α
u,−v (m,m) does not involve ϖ1,1 and thus does not depend on the value of u−v. This extension

has been explained in the proof of [23, Claim 4.9], but a verification for the analytic continuation

has not yet been proved.

As a last result, we prove Corollary 4.1.6.

Proof of Corollary 4.1.6. From (4.1.8) in Theorem 4.1.1, we know that for any u ∈ R, T ∈ [0,∞),

EEQu,T

0 [XT ] =
1

2
(Var[Hu(T,0)] + uT ) . (4.6.9)

By Proposition 4.1.5, Theorem 4.1.2 is extended to all u > 0 with

uT ≤Var[Hu(T,0)] ≤ 2ψ′(2u) + uT.

Substituting the above bounds of Var[Hu(T,0)] into (4.6.9) gives (4.1.14). ◻

4.7 Supercritical regime: proof of Theorem 4.1.7

In this last section, we prove (4.1.15), which provides an upper bound to the polymer

endpoint displacement when the boundary parameter u is in the supercritical regime: u = ct−α

with α > 1/3 and c ∈ R. Combining with the variance identity obtained in Theorem 4.1.1, we

further derive an upper bound for the fluctuation size of the height function in the supercritical

regime, as stated in (4.1.16).

To prove (4.1.15), we use a stochastic monotonicity argument different from Section 4.5.
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The main idea is the following.

For any realization of (ξ,W ) and any u1 < u2, one may expect that the endpoint distribution

of the half-space continuum directed random polymer Qu1,t
0 would be stochastically dominated

by that of the half-space continuum directed random polymer Qu2,t
0 . Intuitively, this is because

that when the parameter u becomes greater, the “wall attraction” at x = 0 imposed on the polymer

would be weakened, while at the same time, the terminal data at time t would have a greater drift.

Both the weakened attraction force and the greater drift would drive the polymer endpoint farther

away from the wall. Recall that in (4.2.28) we defined ρRu (⋅∣t,0) as the quenched density of

polymer endpoints under Qu,t
0 . Let c ∈ R, u1 = ct−α for some α > 1/3, and u2 = (∣c∣ ∨ 1)t−1/3. For

any t ≥ 1, we expect that ρRu1
(⋅∣t,0) ≤st ρRu2

(⋅∣t,0) P-almost surely.

On the other hand, from the upper bound in (4.1.14) of Corollary 4.1.6, we know that when

u2 = ct−1/3 for some c > 0, for any t ≥ 1, the annealed mean of the polymer endpoint is bounded

by

EEQu2,t

0 [Xt] ≤ Ct2/3

for someC > 0 depending only on c. Combining the above estimate and the stochastic dominance

of ρRu1
(⋅∣t,0) ≤st ρRu2

(⋅∣t,0) gives (4.1.15).

We now prove the aforementioned results. The Lemma 4.7.1 below is the main ingredient

to prove ρRu1
(⋅∣t,0) ≤st ρRu2

(⋅∣t,0) P-almost surely. One can compare it with Lemma 4.5.1 above.

In fact, our approach to the stochastic monotonicity here is partly inspired by Section 4.5. As

in Section 4.5, we first analyze the determinants in (4.7.1) formed by four copies of Green’s

functions, and we will work with a smoothed noise to utilize the Feynman-Kac formula before

passing to the limit. The determinant in (4.7.1) being nonnegative further leads to the relation
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ρRu1
(⋅∣t,0) ≤st ρRu2

(⋅∣t,0).

For reference, we note that in Section 4.5, we proved ρRu (⋅∣t, x1) ≤st ρRu (⋅∣t, x2) for any

x1 < x2. Here we are expecting that ρRu1
(⋅∣t,0) ≤st ρRu2

(⋅∣t,0) for any u1 < u2.

Lemma 4.7.1. Fix t > 0. For any u1 < u2 and 0 ≤ y1 < y2, we have

det[Zui− 1
2
(t,0∣0, yj)]i,j∈{1,2} ≥ 0 P-almost surely. (4.7.1)

Before proving Lemma 4.7.1, we first use it to prove Theorem 4.1.7.

Proof of Theorem 4.1.7. By (4.7.1), for any fixed t > 0 and u1 < u2, with probability one,

Zu1− 1
2
(t,0∣0, y1)Zu2− 1

2
(t,0∣0, y2) ≥ Zu1− 1

2
(t,0∣0, y2)Zu2− 1

2
(t,0∣0, y1), (4.7.2)

for all 0 ≤ y1 < y2 simultaneously. (As in the proof of Corollary 4.5.2, one can first consider

rational y1, y2 then use the continuity of Z .)

Similar to Proposition 4.2.8, it is straightforward to show that for any fixed u1, u2 ∈ R, we

have P-almost surely

0 < ∫
∞

0
Zu2− 1

2
(t,0∣0, y) exp(Wu1(y))dy < ∞.

Define

U(t, u, θ) ∶=
∫
∞
0 yZu− 1

2
(t,0∣0, y) exp(Wθ(y))dy

∫
∞
0 Zu− 1

2
(t,0∣0, y) exp(Wθ(y))dy

,

which is the quenched mean of the endpoint displacement of a half-space polymer with boundary

parameter u and initial parameter θ. As in the proof of Corollary 4.5.2, one can obtain from
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(4.7.2) that for any fixed t > 0 and u1 < u2,

U(t, u1, u1) ≤ U(t, u2, u1) P-almost surely.

(To compare with the proof of Corollary 4.5.2, one only needs to replace ui ↦ xi, i = 1,2.)

On the other hand, by the Jensen’s inequality,

∂θU(t, u, θ)

=
∫
∞
0 y2Zu− 1

2
(t,0∣0, y) exp(Wθ(y))dy

∫
∞
0 Zu− 1

2
(t,0∣0, y) exp(Wθ(y))dy

−
[∫
∞
0 yZu− 1

2
(t,0∣0, y) exp(Wθ(y))dy]2

[∫
∞
0 Zu− 1

2
(t,0∣0, y) exp(Wθ(y))dy]2

≥ 0,

P-almost surely. It thus follows that U(t, u2, u1) ≤ U(t, u2, u2) P-almost surely.

Combining the above results, for any u1 < u2, we have U(t, u1, u1) ≤ U(t, u2, u2)P-almost

surely, which further implies that

EEQu1,t

0 [Xt] ≤ EEQu2,t

0 [Xt]. (4.7.3)

Now for any u1 = ct−α with α > 1/3 and c ∈ R, let u2 = (∣c∣ ∨1)t−1/3. For any t ≥ 1, we have

u1 ≤ u2, and by (4.1.14),

EEQu2,t

0 [Xt] ≤ u2t + ψ′(2u2) ≤ Ct2/3, (4.7.4)

for some constant C > 0 depending on c only. (4.7.3) and (4.7.4) together prove (4.1.15), and

(4.1.16) follows immediately using (4.1.8). ◻

To finish the proof, it only remains to prove Lemma 4.7.1.
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Proof of Lemma 4.7.1. Similar to the proof of Lemma 4.5.1, we first prove an inequality analo-

gous to (4.7.1) for the Green’s functions of half-space SHE with a smoothed noise ((4.7.6) below).

With smoothed noise, one can prove such an inequality using the Feynman-Kac representation

and the strong Markov property of reflected Brownian motions. We then pass to the limit using

Lemma 4.8.1 to obtain (4.7.1) for the Green’s functions of half-space SHE with the white noise.

As in the proof of Lemma 4.5.1, let ξδ(t, x) = ∫R pδ(x− y)ξ(t,dy) be a Gaussian noise that

is white in time and smooth in space, with the covariance function

Qδ(t1, t2, x1, x2) = Eξδ(t1, x1)ξδ(t2, x2) = δ0(t1 − t2)p2δ(x1 − x2).

Using the same notations as in the proof of Lemma 4.5.1, for any µ ∈ R, δ > 0, x, y ∈ [0,∞),

define

Zδ
µ(t, x∣0, y) ∶=PN(t, x∣0, y)Ex

B [exp(−µL0
t + ∫

t

0
ξδ(t − r, ∣Br∣)dr −

t

2
p2δ(0)) ∣∣Bt∣ = y]

=PN(t, x∣0, y)Ex,y
Υ [exp(−µL

0,Υ
t + ∫

t

0
ξδ(t − r,Υr)dr −

t

2
p2δ(0))] ,

with the expectation Ex,y
Υ being taken with respect to the reflected Brownian bridges starting

from Υ0 = x and ending at Υt = y, and the local time term L0,Υ
t is the same as defined in (4.5.6).

Furthermore, by the same argument following after (4.8.22) in Appendix 4.8.1.4, one can always

make a time reversal to the paths of reflected Brownian bridges to obtain

Zδ
µ(t, x∣0, y) =PN(t, y ∣0, x)Ey,x

Υ [exp(−µL
0,Υ
t + ∫

t

0
ξδ(r,Υr)dr −

t

2
p2δ(0))] .

We use L0,Υ
[s1,s2] to denote the local time at zero for reflected Brownian motions restricted to the
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time interval [s1, s2] ⊂ [0, t]:

L0,Υ
[s1,s2] ∶= limε→0

1

2ε ∫
s2

s1
1[0,ε] (Υs)ds. (4.7.5)

One may rewrite L0,Υ
t = L0,Υ

[0,t]. To ease notations, we also define the following functional on the

paths of reflected Brownian motions between any time interval [s1, s2] ⊂ [0, t]:

F δ,µ
[s1,s2](Υ) ∶= exp(−µL

0,Υ
[s1,s2] + ∫

s2

s1
ξδ(r,Υr)dr −

s2 − s1
2

p2δ(0)) .

For any 0 ≤ s1 ≤ s2 ≤ t, F δ,µ
[s1,s2](Υ) is a P-almost surely continuous, strictly positive, and mul-

tiplicative functional of Υ. We also note that the functional F δ,µ
[s1,s2](⋅) depends on the boundary

parameter µ through the multiplier of the local time term.

Our goal is to prove a δ-level mollified version of (4.7.1), namely, for any t > 0, δ > 0,

u1 < u2 and 0 ≤ y1 < y2,

det [Zδ
ui− 1

2

(t,0∣0, yj)]
i,j∈{1,2}

= det [PN(t, yj ∣0,0)E
yj ,0

Υ [F δ,ui− 1
2

[0,t] ]] ≥ 0, (4.7.6)

P-almost surely.

One can check that (4.7.1) follows from (4.7.6) with Lemma 4.8.1 (i). In fact, it is easy to

see that by Lemma 4.8.1 (i) (with a mollification in space only), for any t > 0, u1, u2 ∈ R, y1, y2 ∈

[0,∞) and p ∈ [1,∞),

det [Zδ
ui− 1

2

(t,0∣0, yj)]
i,j∈{1,2}

→ det [Zui− 1
2
(t,0∣0, yj)]

i,j∈{1,2}
in Lp(Ω) as δ → 0.
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Thus the proof is complete once we prove (4.7.6).

To prove (4.7.6), we use a path-switching argument. Let Py,0
Υ1,Υ2 be the measure of a two-

dimensional reflected Brownian bridge (Υ1,Υ2) starting from y = (y1, y2) at time 0 and ending

at 0 = (0,0) at time t. Since PN(t, y ∣0,0) is positive for any y ∈ [0,∞), it suffices to show that

Ey,0
Υ1,Υ2 [F

δ,u1− 1
2

[0,t] (Υ
1)F δ,u2− 1

2

[0,t] (Υ
2) − F δ,u2− 1

2

[0,t] (Υ
1)F δ,u1− 1

2

[0,t] (Υ
2)] ≥ 0 P-almost surely, (4.7.7)

for any t > 0, δ > 0, u1 < u2 and 0 ≤ y1 < y2.

Define the stopping time

τ = inf{s ∈ [0, t] ∶ Υ1(s) = Υ2(s)}.

Since Υ1(t) = Υ2(t) = 0 and Υ1(0) = y1 < y2 = Υ2(0), we have 0 < τ ≤ t Py,0
Υ1,Υ2-almost surely.

By the path continuity of reflected Brownian motions, Υ1(s) ≤ Υ2(s) for all s ∈ [0, τ]. It thus

follows from the definition of the local time through approximation (4.7.5) that

L0,Υ1

[0,τ] ≥ L
0,Υ2

[0,τ] Py,0
Υ1,Υ2-almost surely. (4.7.8)

Define

(Υ̃1
r, Υ̃

2
r) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

(Υ1
r,Υ

2
r) r ≤ τ

(Υ2
r,Υ

1
r) r > τ.

As stated in [117, Proposition 1], the reflected Brownian bridges Υ⋅ under Px,y
Υ for any x, y ∈

[0,∞) are strong Markov processes. (The proof follows from the optional stopping theorem and
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that the reflected Brownian motion is strong Markov.) Hence (Υ̃1
r, Υ̃

2
r) is also a two-dimensional

reflected Brownian bridge starting from y = (y1, y2) at time 0 and ending at 0 = (0,0) at time t,

and the left-hand-side of (4.7.7) equals to

Ey,0

Υ̃1,Υ̃2
[F δ,u1− 1

2

[0,t] (Υ̃
1)F δ,u2− 1

2

[0,t] (Υ̃
2) − F δ,u2− 1

2

[0,t] (Υ̃
1)F δ,u1− 1

2

[0,t] (Υ̃
2)] ,

which can be further expanded as

Ey,0
Υ1,Υ2[F

δ,u1− 1
2

[0,τ] (Υ
1)F δ,u1− 1

2

[τ,t] (Υ
2)F δ,u2− 1

2

[0,τ] (Υ
2)F δ,u2− 1

2

[τ,t] (Υ
1)

− F δ,u2− 1
2

[0,τ] (Υ
1)F δ,u2− 1

2

[τ,t] (Υ
2)F δ,u1− 1

2

[0,τ] (Υ
2)F δ,u1− 1

2

[τ,t] (Υ
1)] =∶ S1.

Meanwhile, one can also expand the left-hand-side of (4.7.7) directly so that it equals to

Ey,0
Υ1,Υ2[F

δ,u1− 1
2

[0,τ] (Υ
1)F δ,u1− 1

2

[τ,t] (Υ
1)F δ,u2− 1

2

[0,τ] (Υ
2)F δ,u2− 1

2

[τ,t] (Υ
2)

− F δ,u2− 1
2

[0,τ] (Υ
1)F δ,u2− 1

2

[τ,t] (Υ
1)F δ,u1− 1

2

[0,τ] (Υ
2)F δ,u1− 1

2

[τ,t] (Υ
2)] =∶ S2.

Denote the left-hand-side of (4.7.7) by S , then by a symmetrization we have

S = S1 = S2 =
1

2
S1 +

1

2
S2

= 1

2
Ey,0

Υ1,Υ2 [(F
δ,u1− 1

2

[0,τ] (Υ
1)F δ,u2− 1

2

[0,τ] (Υ
2) − F δ,u1− 1

2

[0,τ] (Υ
2)F δ,u2− 1

2

[0,τ] (Υ
1))F δ,u1− 1

2

[τ,t] (Υ
2)F δ,u2− 1

2

[τ,t] (Υ
1)]

+ 1

2
Ey,0

Υ1,Υ2 [(F
δ,u1− 1

2

[0,τ] (Υ
1)F δ,u2− 1

2

[0,τ] (Υ
2) − F δ,u1− 1

2

[0,τ] (Υ
2)F δ,u2− 1

2

[0,τ] (Υ
1))F δ,u1− 1

2

[τ,t] (Υ
1)F δ,u2− 1

2

[τ,t] (Υ
2)]

= 1

2
Ey,0

Υ1,Υ2 [det [F
δ,ui− 1

2

[0,τ] (Υ
j)]

i,j∈{1,2}
(F δ,u1− 1

2

[τ,t] (Υ
1)F δ,u2− 1

2

[τ,t] (Υ
2) + F δ,u1− 1

2

[τ,t] (Υ
2)F δ,u2− 1

2

[τ,t] (Υ
1))] .
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By (4.7.8) and the assumption that u1 < u2, we have

(u1 − u2) (L0,Υ1

[0,τ] −L
0,Υ2

[0,τ]) ≤ 0 Py,0
Υ1,Υ2-almost surely. (4.7.9)

One can directly check that (4.7.9) implies det [F δ,ui− 1
2

[0,τ] (Υj)]
i,j∈{1,2}

≥ 0, Py,0
Υ1,Υ2-almost surely.

Since the functionals F
δ,ui− 1

2

[τ,t] (⋅) are always positive, S ≥ 0 is thus proved. ◻

4.8 Appendix

4.8.1 Auxiliary lemmas

4.8.1.1 Proof of Lemma 4.2.4

The proof follows a standard argument as in [125]. We use α ≲ β to denote α ≤ Cβ for any

constant C = C(a, b, µ0, p, ζ).

By the chaos expansion (4.2.12), for any fixed µ ∈ [µ0,∞), s ∈ [a, b), t ∈ (s, b] and x ∈

[0,∞),

Zµ(t, x∣s, ζ) =
∞
∑
n=0

zn(t, x∣s, ζ, µ),

where

z0(t, x∣s, ζ, µ) ∶= ∫
∞

0
PR

µ (t, x∣s, y)ζ(dy),

and zn+1(t, x∣s, ζ, µ) ∶= ∫
t

s
∫
∞

0
PR

µ (t, x∣r,w)zn(r,w ∣s, ζ, µ)ξ(dwdr).

Define

fn(r) = sup
x∈[0,∞)

∥zn(r, x∣s, ζ, µ)∥2p[z0(r, x∣s, ζ, µ)]−1.
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We will show below that this supremum always exists. By Hypothesis 2, for any µ ∈ [µ0,∞), r ∈

(s, b],

f0(r) = sup
x∈[0,∞)

z0(r, x∣s, ζ, µ) ≲ (r − s)−1/2.

While zn+1(t, x∣s, ζ, µ) is not a martingale in t, the process

Mn+1(v) ∶= ∫
v

s
∫
∞

0
PR

µ (t, x∣r,w)zn(r,w ∣s, ζ, µ)ξ(dwdr)

is a martingale in v ∈ [s, t]. By applying the Burkholder-Davis-Gundy (to Mn+1(v)) and the

Minkowski inequalities, (4.2.3) and semigroup property of the Robin heat kernel, we derive

∥zn+1(t, x∣s, ζ, µ)∥2p = ∥Mn+1(t)∥2p ≲ ∥∫
t

s
∫
∞

0
[PR

µ (t, x∣r,w)zn(r,w ∣s, ζ, µ)]
2
drdw∥

p/2

≤ ∫
t

s
∫
∞

0
PR

µ (t, x∣r,w)2∥zn(r,w ∣s, ζ, µ)∥2pdrdw

≤ ∫
t

s
∫
∞

0
PR

µ (t, x∣r,w)2z0(r,w ∣s, ζ, µ)fn(r)drdw

≲ z0(t, x∣s, ζ, µ)∫
t

r
fn(r)(t − r)−1/2dr.

where we used inequality (4.2.3) and semigroup property of the Robin heat kernel in the last

inequality. Thus

fn+1(t) ≲ ∫
t

s
fn(r)(t − r)−1/2dr.

It is straightforward to check that f1(r) and f2(r) are both bounded on [s, t]. By iteration, for

any n ≥ 2, (with the convention (n/2)! = Γ(n2 + 1),)

fn(t) ≤ C ∫
t

s
fn−2(r)dr ≤

[C(t − s)](n−1)/2
(n/2)!
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for some constant C = C(a, b, µ0, p, ζ). Now by the Minkowski’s inequality,

∥Zµ(t, x∣s, ζ)∥p ≤
∞
∑
n=0
∥zn(t, x∣s, ζ, µ)∥p ≤

∞
∑
n=0
[z0(t, x∣s, ζ, µ)fn(t)]1/2

≲ z0(t, x∣s, ζ, µ)1/2(t − s)−1/4
∞
∑
k=0
[[C(t − s)]

n/2

(n/2)!
]
1/2

≲ z0(t, x∣s, ζ, µ)1/2(t − s)−1/4.

This completes the proof.

4.8.1.2 Feynman-Kac Approximation

We describe how to approximate the half-space SHE solution Zµ(t, x∣s, ζ) with Feynman-

Kac type representations. This approximation is used throughout this section. The approximation

is similar to full-space Feynman-Kac type approximations, except that the Brownian paths are

now restricted to the positive half-plane (become the reflected Brownian motion), and we have a

local time term on the boundary.

Here we consider a mollification of the space-time white noise ξ(t, x). For its use in the

proof of Lemma 4.2.5 below, we will smooth both time and spatial variables. As in [6], the

Feynman-Kac type approximation is also valid when we only mollify the spatial variable. We

omit the statements and proofs for the “spatial mollification only” approximation, as they are

similar.

Let g ∈ C∞c (R, [0,∞)) be a smooth symmetric function with compact support such that

∫R g(x)dx = 1. We define gε(x) ∶= 1
εg(

x
ε ) and

ξε,δ(t, x) ∶= e−
1
2
ε∣t∣2− 1

2
δ∣x∣2 ∫

R
∫
R
gε(t − s)pδ(x − y)ξ(dyds), (4.8.1)
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where pt(x) = 1√
2πt
e−x

2/(2t) is the standard heat kernel. In the above mollification the extra

factor e−
1
2
ε∣t∣2− 1

2
δ∣x∣2 will be used later for the negative moments bound. With “∗” denoting the

convolution, the covariance of ξε,δ is a nonnegative function

Qε,δ(t1, t2, x1, x2) ∶= E[ξε,δ(t1, x1)ξε,δ(t2, x2)]

= e− 1
2
ε(∣t1∣2+∣t2∣2)(gε ∗ gε)(t1 − t2)e−

1
2
δ(∣x1∣2+∣x2∣2)p2δ(x1 − x2),

(4.8.2)

and ξε,δ(⋅, ⋅) ∈ C∞(R2,R). One can check that for any ε, δ > 0,

E∫
R
∫
R
∣ξε,δ(t, x)∣2dtdx = ∫

R
∫
R
Qε,δ(t, t, x, x)dtdx < ∞,

so the noise ξε,δ(⋅, ⋅) ∈ L2(R2) P-almost surely.

For any ε, δ > 0 and ζ(⋅) under Hypothesis 2, define

Zε,δ
µ (t, x∣s, ζ)

∶= ∫
∞

0
PN(t, x∣s, y)Ex

B [exp (−µL0
t−s) ∶ exp ∶ {∫

t−s

0
ξε,δ(t − r, ∣Br∣)dr} ∣∣Bt−s∣ = y] ζ(dy),

(4.8.3)

with

∶ exp ∶ {∫
t−s

0
ξε,δ(t − r, ∣Br∣)dr}

∶= exp(∫
t−s

0
ξε,δ(t − r, ∣Br∣)dr −

1

2 ∫
t−s

0
∫

t−s

0
Qε,δ(t − r1, t − r2, ∣Br1 ∣, ∣Br2 ∣)dr1dr2) .

It may be possible to interpret (4.8.3) as the random field solution to the following equation

in the Skorohod sense, with ◇ denoting the Wick product. For equation of Skorohod type on

the full-space, we refer to [126]. Here we do not pursue this interpretation for our half-space
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problem.

∂tZ
ε,δ
µ (t, x∣s, ζ) =

1

2
∂2xZ

ε,δ
µ (t, x∣s, ζ) +Zε,δ

µ (t, x∣s, ζ) ◇ ξε,δ(t, x),

∂xZ
ε,δ
µ (t, x∣s, ζ)∣x=0 = µZ

ε,δ
µ (t,0∣s, ζ),

Zε,δ
µ (s, ⋅∣s, ζ) = ζ(⋅).

Let L a
t (X) denote the (symmetric) local time at level a and at time t for any continuous

semimartingale X , which means that, with ⟨X⟩⋅ denoting the quadratic variation of X , we define

L a
t (X) ∶= lim

ε→0

1

2ε ∫
t

0
1[a−ε,a+ε](Xs)d⟨X⟩s.

We are using the usual local time definition so that it is consistent with the local time of Brownian

motions defined after (4.2.4). When X is the difference of two independent standard Brownian

motions, this definition of local time is two times the local time used in [6].

The following lemma is on the approximate of the solution Zµ(t, x∣s, ζ). The expression

in (4.2.14) can now be understood as the Lp(Ω) limit of Zε,δ
µ (t, x∣s, ζ) as ε, δ → 0.

Lemma 4.8.1 (Feynman-Kac approximation). Let ζ(⋅) be an initial condition satisfying Hypoth-

esis 2. The following holds for any µ, s, t ∈ R with s < t, and x ∈ [0,∞):

(i). As ε, δ → 0, the approximated solutionZε,δ
µ (t, x∣s, ζ) in (4.8.3) converges to Zµ(t, x∣s, ζ) in

Lp(Ω,F ,P) for any p ∈ [1,∞), where Zµ(t, x∣s, ζ) is the unique mild solution to (4.2.8).

The convergence is uniform for x ∈ [0,∞), and for t in any compact subset of (s,∞).

(ii). For any integer p ∈ [2,∞), let B1
t , . . . ,B

p
t be p independent Brownian motions starting

at x and independent of ξ, with L0,j
t ∶= L 0

t (Bj) for any Bj , j = 1,⋯, p, t ≥ 0. For any

186



x ∈ [0,∞),

E[Zε,δ
µ (t, x∣s, ζ)p] = ∫[0,∞)

⋯∫
[0,∞)

ζ(dy1) . . . ζ(dyp)
p

∏
j=1

PN(t, x∣s, yj)

Ex
B1,...,Bp

⎡⎢⎢⎢⎢⎣
e−µ∑

p
j=1 L

0,j
t−s+∑1≤i<j≤p ∫

t−s
0 ∫ t−s

0 Qε,δ(t−r1,t−r2,∣Bi
r1
∣,∣Bj

r2
∣)dr1dr2

RRRRRRRRRRR
∣Bj

t−s∣ = yj for all j
⎤⎥⎥⎥⎥⎦
.

(4.8.4)

(iii). For any integer p ∈ [2,∞),

E[Zµ(t, x∣s, ζ)p] = ∫
[0,∞)
⋯∫

[0,∞)
ζ(dy1) . . . ζ(dyp)

p

∏
j=1

PN(t, x∣s, yj)

Ex
B1,...,Bp

⎡⎢⎢⎢⎢⎣
exp(−µ

p

∑
j=1
L0,j
t−s) exp(

1

2
∑

1≤i<j≤p
L 0

t−s(∣Bi∣ − ∣Bj ∣))
RRRRRRRRRRR
∣Bj

t−s∣ = yj for all j
⎤⎥⎥⎥⎥⎦
.

(4.8.5)

In particular, for any fixed p ∈ [2,∞), a, b ∈ R with a < b, µ0 ∈ R, there exists a constant

C = C(p,µ0, a, b) such that for any x ∈ [0,∞), a ≤ s < t ≤ b, and µ ∈ [µ0,∞),

E[Zµ(t, x∣s, ζ)p] ≤ C [∫
∞

0
PN(t, x∣s, y)ζ(dy)]

p

. (4.8.6)

We first provide the next two useful results.

Lemma 4.8.2. Let B⋅ be a standard Brownian motion. For any τ > 0,Λ > 0, there exists a

constant C(τ,Λ) > 0 such that for each t ∈ [0, τ], λ ∈ [0,Λ],

sup
x,y,a∈R

Ex
B [exp(λL a

t (B)) ∣ Bt = y] ≤ C(τ,Λ). (4.8.7)

Proof. There are several ways to prove this property of local times. One way is to directly

compute from the distribution of local times of a Brownian bridge (see [127]). An alternative is
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the arguments used in the proof of [6, Lemma 3.2]. By approximating the local time with some

positive definite functions, an argument similar to the one used in the last inequality in (4.8.9)

below can give another proof. ◻

Lemma 4.8.3. For any Λ > 0 and a < b, there exists some uniform constant C = C(Λ, a, b) such

that for any two independent Brownian motions B1,B2 starting at x ∈ [0,∞),

sup
ε,δ∈(0,1)

Ex
B1,B2

⎡⎢⎢⎢⎢⎣
exp(λ∫

t−s

0
∫

t−s

0
Qε,δ(t − r1, t − r2, ∣B1

r1 ∣, ∣B
2
r2 ∣)dr1dr2)

RRRRRRRRRRR
∣B1

t−s∣ = y1, ∣B2
t−s∣ = y2

⎤⎥⎥⎥⎥⎦

≤ C,
(4.8.8)

for any x, y1, y2 ∈ [0,∞), a ≤ s < t ≤ b, and λ ∈ [0,Λ].

Proof. We explain how to relate (4.8.8) to similar estimates for the full-space SHE and use the

uniform bounds derived there. We first note that, for each fixed y1, y2 ∈ [0,∞), the left-hand

side of (4.8.8) can be bounded above by a sum over four expectations conditioning on the events

{Bi
t−s = ±yi, i = 1,2} respectively, i.e.,

Ex
B1,B2

⎡⎢⎢⎢⎢⎣
exp(λ∫

t−s

0
∫

t−s

0
Qε,δ(t − r1, t − r2, ∣B1

r1 ∣, ∣B
2
r2 ∣)dr1dr2)

RRRRRRRRRRR
∣B1

t−s∣ = y1, ∣B2
t−s∣ = y2

⎤⎥⎥⎥⎥⎦

≤ ∑
i1,i2=±1

Ex
B1,B2

⎡⎢⎢⎢⎢⎣
exp(λ∫

t−s

0
∫

t−s

0
Qε,δ(t − r1, t − r2, ∣B1

r1 ∣, ∣B
2
r2 ∣)dr1dr2)

RRRRRRRRRRR
B1

t−s = i1y1,B2
t−s = i2y2

⎤⎥⎥⎥⎥⎦
.

To ease notations, we use Ex1,x2,y1,y2
B1,B2 as the expectation over independent Brownian bridges

B1,B2 with B1
0 = x1,B2

0 = x2,B1
t−s = y1 and B2

t−s = y2 for any x1, x2, y1, y2 ∈ R.
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A straightforward observation is that, for any realization ofB1,B2 and any r1, r2 ∈ [0, t−s],

Qε,δ(t − r1, t − r2, ∣B1
r1 ∣, ∣B

2
r2 ∣) ≤ Qε,δ(t − r1, t − r2, ∣B1

r1 ∣, ∣B
2
r2 ∣) ∑

i1,i2=±1
1{i1Br1≥0,i2Br2≥0}(r1, r2)

≤ ∑
i1,i2=±1

Qε,δ(t − r1, t − r2, i1B1
r1 , i2B

2
r2).

Thus by Cauchy-Schwarz inequality, for any ε, δ > 0 and x1, x2, y1, y2 ∈ R,

Ex,x,y1,y2
B1,B2 [exp(λ∫

t−s

0
∫

t−s

0
Qε,δ(t − r1, t − r2, ∣B1

r1 ∣, ∣B
2
r2 ∣)dr1dr2)]

≤ ∏
i1,i2=±1

{Ex,x,y1,y2
B1,B2 [exp(4λ∫

t−s

0
∫

t−s

0
Qε,δ(t − r1, t − r2, i1B1

r1 , i2B
2
r2)dr1dr2)]}

1/4
,

and (4.8.8) will be proved if we can show that there exists C = C(Λ, a, b), such that

sup
ε,δ∈(0,1)

sup
x1,x2,y1,y2∈R

Ex1,x2,y1,y2
B1,B2 [exp(4λ∫

t−s

0
∫

t−s

0
Qε,δ(t − r1, t − r2,B1

r1 ,B
2
r2)dr1dr2)] ≤ C,

for any a ≤ s < t ≤ b, and λ ∈ [0,Λ].

To give a uniform bound over different starting points and endpoints, we note that for any

ε, δ > 0, x1, x2, y1, y2 ∈ R,

Ex1,x2,y1,y2
B1,B2 [exp(4λ∫

t−s

0
∫

t−s

0
Qε,δ(t − r1, t − r2,B1

r1 ,B
2
r2)dr1dr2)]

≤ Ex1,x2,y1,y2
B1,B2 [exp(4λ∫

t−s

0
∫

t−s

0
(gε ∗ gε)(r1 − r2)p2δ(B1

r1 −B
2
r2)dr1dr2)]

= E0,0,0,0
B1,B2[ exp(4λ∫

t−s

0
∫

t−s

0
(gε ∗ gε)(r1 − r2)

p2δ (B1
r1 −B

2
r2 + x1 − x2 +

r1(y1 − x1) − r2(y2 − x2)
t − s

)dr1dr2)]

≤ E0,0,0,0
B1,B2 [exp(4λ∫

t−s

0
∫

t−s

0
(gε ∗ gε)(r1 − r2)p2δ (B1

r1 −B
2
r2
)dr1dr2)] ,

(4.8.9)
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where the equation follows from rescaling the Brownian bridges, and the last inequality follows

from a generalization of [128, Lemma 4.1] (see also [129, (4.5)]). Roughly speaking, the proof of

the last inequality can be done by expanding the exponential, applying Fourier transforms to the

Gaussians, and using the fact that p2δ is a positive definite function for any δ > 0. Heuristically,

this is to say that an approximated “local time at level 0” of Brownian bridges starting from x1−x2

and ending at y1 − y2 would reach its maximum when x1 − x2 = 0 and y1 − y2 = 0.

Combining the results above, we have reduced the problem of showing (4.8.8) to showing

that for any a ≤ s < t ≤ b, and λ ∈ [0,Λ],

sup
ε,δ∈(0,1)

E0,0,0,0
B1,B2 [exp(4λ∫

t−s

0
∫

t−s

0
(gε ∗ gε)(r1 − r2)p2δ (B1

r1 −B
2
r2
)dr1dr2)] ≤ C(Λ, a, b),

where the Brownian bridges no longer have reflections. This uniform bound would follow from

the same arguments as for a similar result [126, (3.17)]. Compared with [126, (3.17)], a few

adaptions are needed for the noise ξ being white in time (instead of colored as in [126, (3.17)])

and B1,B2 being Brownian bridges (instead of Brownian motions as in [126, (3.17)]). The

adaptation for time independence is straightforward from the computations. For the adaption to

Brownian bridges, we refer to [128, Proposition 4.2], where essential estimates have been proved.

◻

We now prove Lemma 4.8.1.

Proof of Lemma 4.8.1. A direct Gaussian calculation gives (ii). To prove (i) and (4.8.5), one can

follow the same arguments as used in [126, Theorem 3.6] for the analogous full-space SHEs. In
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particular, the proof mainly needs two estimates: (i) passing to the limit: for each p ∈ [1,∞),

lim
ε,δ→0

Ex
B1,B2

⎡⎢⎢⎢⎢⎣

RRRRRRRRRRR
∫

t−s

0
∫

t−s

0
Qε,δ(t − r1, t − r2, ∣B1

r1 ∣, ∣B
2
r2 ∣)dr1dr2

− 1

2
L 0

t−s (∣B1∣ − ∣B2∣)
RRRRRRRRRRR

pRRRRRRRRRRR
∣B1

t−s∣ = y1, ∣B2
t−s∣ = y2

⎤⎥⎥⎥⎥⎦
= 0,

(4.8.10)

uniformly for x, y1, y2 ∈ [0,∞) and t in compact subset of (s,∞); (ii) a uniform bound: for any

p ∈ [1,∞),

sup
ε,δ∈(0,1)

sup
x,y1,...,yp∈[0,∞)

Ex
B1,...,Bp

⎡⎢⎢⎢⎢⎣
exp(−µ

p

∑
j=1
L0,j
t−s)

exp( ∑
1≤i<j≤p

∫
t−s

0
∫

t−s

0
Qε,δ(t − r1, t − r2, ∣Bi

r1 ∣, ∣B
j
r2 ∣)dr1dr2) ∣∣B

j
t−s∣ = yj for all j

⎤⎥⎥⎥⎥⎦

≤ C(p,µ, s, t).

(4.8.11)

The limit (4.8.10) follows from the continuity of the semimartingale ∣B1∣ − ∣B2∣, the density of

occupation time formula [122, Corollary 9.7], and that the local time process L a
t (∣B1∣ − ∣B2∣) is

continuous in a ∈ R almost surely (which can be verified using e.g. [122, Theorem 9.4]). The

uniform bound (4.8.11) follows from Hölder’s inequality applied to the conditional expectation

and applying Lemma 4.8.2 and Lemma 4.8.3.

The proof also shows that the right-hand side of (4.8.5) is the limit of the right-hand side of

(4.8.4) as ε, δ → 0. To prove (4.8.6), we apply Hölder’s inequality to the conditional expectation

in (4.8.4), and use Lemma 4.8.2 and Lemma 4.8.3 with the convergence. From the uniform

bounds in Lemma 4.8.2 and Lemma 4.8.3, it is not hard to see that the constant in (4.8.6) is

uniform for x ∈ [0,∞), µ ∈ [µ0,∞) and a ≤ s < t ≤ b. ◻
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4.8.1.3 Proof of Lemma 4.2.5

In this section, we provide a proof of the negative moments bounds (Lemma 4.2.5) follow-

ing the argument in [103]. To simplify notations, we only present the case when the initial con-

dition ζ has a continuous density f(⋅) with respect to Lebesgue measure, but this is not required

as the Feynman-Kac approximation Lemma 4.8.1 is valid for general ζ under Hypothesis 2.

Using the notations as in Appendix 4.8.1.2, we define

Φε,δ
µ (t, x∣0, ζ) ∶= Ex

B1,B2

⎡⎢⎢⎢⎢⎣
f (∣B1

t ∣) f (∣B2
t ∣) exp(−µL

0,1
t − µL

0,2
t )

exp(∫
t

0
∫

t

0
Qε,δ(t − s, t − r, ∣B1

r ∣, ∣B2
s ∣)dsdr +

1

2
L 0

t (∣B1∣ − ∣B2∣))
⎤⎥⎥⎥⎥⎦
.

(4.8.12)

Recall that zµ(t, x∣0, ζ) ∶= ∫
∞
0 PR

µ (t, x∣0, y)ζ(dy). We first prove the following auxiliary result:

Proposition 4.8.4. Let ζ be the constant initial condition or the Dirac-δ initial condition ζ = δy

for some y ∈ [0,∞). For any τ > 0, there exists some positive constant C = C(µ, τ) such that

sup
x∈[0,∞)

sup
ε,δ∈(0,1)

E[Zε,δ
µ (t, x∣0, ζ)2]

zµ(t, x∣0, ζ)2
≤ C(µ, τ), (4.8.13)

and

sup
x∈[0,∞)

sup
ε,δ∈(0,1)

Φε,δ
µ (t, x∣0, ζ)
zµ(t, x∣0, ζ)2

≤ C(µ, τ), (4.8.14)

for any t ∈ (0, τ]. The constant C(µ, τ) can be chosen uniformly for µ in any compact subset of

R.

Proof. The proof is essentially applying Hölder’s inequality to the conditional expectations and

using the uniform bounds in Lemma 4.8.2 and Lemma 4.8.3. These estimates would give us
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(4.8.13) and (4.8.14) with zµ(t, x∣0, ζ)2 replaced by z0(t, x∣0, ζ)2 on the denominators. Note

that when ζ = δy, z0(t, x∣0, ζ) = PN(t, x∣0, y). Another estimate useful here is that following

Lemma 4.8.2, for any τ > 0, µ0 ∈ R, there exists a constant C(µ0, τ) > 0 such that

sup
t∈(0,τ]

sup
µ≤µ0

z0(t, x∣0, δy)
zµ(t, x∣0, δy)

= sup
t∈(0,τ]

sup
µ≤µ0

1

Ex
B[exp(−µLt) ∣ ∣Bt∣ = y]

≤ C(µ0, τ), (4.8.15)

for all x, y ∈ [0,∞). Similarly, we also have that

sup
t∈(0,τ]

sup
µ≤µ0

z0(t, x∣0,1)
zµ(t, x∣0,1)

= sup
t∈(0,τ]

sup
µ≤µ0

1

Ex
B[exp(−µLt)]

≤ C ′(µ0, τ),

for all x ∈ [0,∞) with some constant C ′(µ0, τ) > 0. ◻

Following [103], we now present the proof of Lemma 4.2.5.

For any fixed µ ∈ R, t > 0 and any L2(R2)-valued sample path ξε,δ of the smoothed space-

time noise (4.8.1), define

Θ(Bt, ξε,δ) ∶= f(∣Bt∣) exp(−µL0
t ) ∶ exp ∶ {∫

t

0
ξε,δ(t − r, ∣Br∣)dr} .

Θ(Bt, ξε,δ) is a continuous functional of the Brownian motion Bt starting from x ∈ [0,∞). For

any bounded functional F of the Brownian motion B, we define its weighted expectation as

EB
x,ξε,δ
[F ] =

Ex
B [F (⋅)Θ(Bt, ξε,δ)]
Ex

B [Θ(Bt, ξε,δ)]

=
Ex

B [F (⋅)f(∣Bt∣) exp(−µL0
t ) ∶ exp ∶ {∫

t

0 ξε,δ(t − r, ∣Br∣)dr}]
Ex

B [f(∣Bt∣) exp(−µL0
t ) ∶ exp ∶ {∫

t

0 ξε,δ(t − r, ∣Br∣)dr}]
.

193



For any bounded functional F of two paths B1,B2, we define

EB1,B2

x,ξε,δ
[F ] =

Ex
B1,B2 [F (⋅)Θ(B1

t , ξε,δ)Θ(B2
t , ξε,δ)]

Ex
B1,B2 [Θ(B1

t , ξε,δ)Θ(B2
t , ξε,δ)]

.

To ease notations, we write

Zµ(t, x, ξε,δ) ∶= Ex
B [f(∣Bt∣) exp (−µL0

t ) ∶ exp ∶ {∫
t

0
ξε,δ(t − r, ∣Br∣)dr}]

to emphasize the dependence of Zε,δ
µ (t, x∣0, ζ) on the noise ξε,δ. For any fixed Brownian path Bt,

E [∶ exp ∶ {∫
t

0
ξε,δ(t − r, ∣Br∣)dr}] = 1.

Tonelli’s theorem gives E [Zµ(t, x, ξε,δ)] = zµ(t, x∣0, ζ). As above, we use L a
t (⋅) to denote the

local time at level a ∈ R up to time t ≥ 0 for continuous semimartingales.

Now for each λ > 0, (t, x) ∈ (0,∞) × [0,∞), define the event

Aλ(t, x) =
⎧⎪⎪⎨⎪⎪⎩
ξ′ε,δ ∶ Zµ(t, x, ξ′ε,δ) >

1

2
zµ(t, x∣0, ζ), EB1,B2

x,ξ′
ε,δ
[1
2
L 0

t (∣B1∣ − ∣B2∣)] ≤ λ
⎫⎪⎪⎬⎪⎪⎭
, (4.8.16)

and a distance

d(ξε,δ,Aλ(t, x)) ∶= inf{∥ξε,δ − ξ′ε,δ∥L2(R2) ∶ ξ′ε,δ ∈ Aλ(t, x)}.

We first prove the following lemmas.
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Lemma 4.8.5. For any sample path ξε,δ and any λ > 0,

Zµ(t, x, ξε,δ) ≥
1

2
zµ(t, x∣0, ζ) exp [−

√
λd(ξε,δ,Aλ(t, x))] .

Proof. Fix any ξ′ε,δ ∈ Aλ(t, x). By definitions and Jensen’s inequality, we have

Zµ(t, x, ξε,δ) = Zµ(t, x, ξ′ε,δ)EB
x,ξ′

ε,δ

⎡⎢⎢⎢⎢⎣

∶ exp ∶ {∫
t

0 ξε,δ(t − r, ∣Br∣)dr}
∶ exp ∶ {∫

t

0 ξ
′
ε,δ(t − r, ∣Br∣)dr}

⎤⎥⎥⎥⎥⎦

= Zµ(t, x, ξ′ε,δ)EB
x,ξ′

ε,δ
{exp [∫

t

0
ξε,δ(t − r, ∣Br∣)dr − ∫

t

0
ξ′ε,δ(t − r, ∣Br∣)dr]}

≥ Zµ(t, x, ξ′ε,δ) exp{EB
x,ξ′

ε,δ
[∫

t

0
ξε,δ(t − r, ∣Br∣)dr − ∫

t

0
ξ′ε,δ(t − r, ∣Br∣)dr]} .

(4.8.17)

The exponent can be estimated as

∣EB
x,ξ′

ε,δ
[∫

t

0
ξε,δ(t − r, ∣Br∣)dr − ∫

t

0
ξ′ε,δ(t − r, ∣Br∣)dr]∣

≤ EB
x,ξ′

ε,δ
[∫

t

0
∣ξε,δ(t − r, ∣Br∣) − ξ′ε,δ(t − r, ∣Br∣)∣dr]

≤ [1
2
EB1,B2

x,ξ′
ε,δ
[L 0

t (∣B1∣ − ∣B2∣)]]
1/2
∥ξε,δ − ξ′ε,δ∥L2(R2).

(4.8.18)

The last “≤” will be proved at the end. Since ξ′ε,δ ∈ Aλ(t, x), by the second inequality in (4.8.16),

the above expression is further bounded by
√
λ∥ξε,δ − ξ′ε,δ∥L2(R2). Therefore, we have

Zµ(t, x, ξε,δ) ≥ Zµ(t, x, ξ′ε,δ) exp(−
√
λ∥ξε,δ − ξ′ε,δ∥L2(R2)).

The proof will be complete when we combine the above with the first inequality in (4.8.16) and

take the supremum over all ξ′ε,δ ∈ Aλ(t, x) on the right-hand side.

It remains to prove the last inequality in (4.8.18). Formally, this inequality follows from
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the density of occupation time formula (see e.g. [122, Corollary 9.7]) and Hölder’s inequality on

R2. However, since the local time process 1
2L

a
t is not differentiable in t, we will prove it by

approximation.

Set ∆ξ(t, x) ∶= ∣ξ′ε,δ(t, x) − ξε,δ(t, x)∣ for (t, x) ∈ R2. Since ∆ξ is deterministic, continuous

and in L2(R2), the second line of (4.8.18) can be approximated by a family of convolutions

EB
x,ξ′

ε,δ
[∫

t

0
∆ξ(t − r, ∣Br∣)dr] = lim

κ→0
EB

x,ξ′
ε,δ
[∫

t

0
∫
R
∆ξ(t − r, y)pκ(∣Br∣ − y)dydr] .

For each κ > 0, by Tonelli’s theorem and Hölder’s inequality,

EB
x,ξ′

ε,δ
[∫

t

0
∫
R
∆ξ(t − r, y)pκ(∣Br∣ − y)dydr] = ∫

t

0
∫
R
∆ξ(t − r, y)EB

x,ξ′
ε,δ
[pκ(∣Br∣ − y)]dydr

≤ [∫
t

0
∫
R
(EB

x,ξ′
ε,δ
[pκ(∣Br∣ − y)])

2
dydr]

1/2
∥∆ξ∥L2(R2)

= [∫
t

0
∫
R
(EB1,B2

x,ξ′
ε,δ
[pκ(∣B1

r ∣ − y)pκ(∣B2
r ∣ − y)])dydr]

1/2
∥∆ξ∥L2(R2)

= [EB1,B2

x,ξ′
ε,δ
(∫

t

0
p2κ(∣B1

r ∣ − ∣B2
r ∣)dr)]

1/2
∥∆ξ∥L2(R2).

By the density of occupation time formula, since the quadratic variation of the semimartingale

∣B1
r ∣ − ∣B2

r ∣ equals to 2r,

∫
t

0
p2κ(∣B1

r ∣ − ∣B2
r ∣)dr =

1

2 ∫R
p2κ(a)L a

t (∣B1∣ − ∣B2∣)da.

The proof is complete since

∫
R
p2κ(a)EB1,B2

x,ξ′
ε,δ
[1
2
L a

t (∣B1∣ − ∣B2∣)]da→ EB1,B2

x,ξ′
ε,δ
[1
2
L 0

t (∣B1∣ − ∣B2∣)] , as κ→ 0.
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◻

We next show that the probability of ξ′ε,δ ∈ Aλ(t, x) is always positive.

Lemma 4.8.6. For any µ ∈ R, τ > 0, there exists some constant λ = λ(µ, τ) such that for any

x ∈ [0,∞), t ∈ (0, τ] and ζ addressed in Proposition 4.8.4,

P(Aλ(t, x)) ≥
1

8

1

C(µ, τ)
=∶ b(µ, τ),

where C(µ, τ) is the constant in (4.8.13) and (4.8.14).

Proof. From (4.8.16), we see that the set of noise

⎧⎪⎪⎨⎪⎪⎩
ξ′ε,δ ∶ Zµ(t, x, ξ′ε,δ) >

1

2
zµ(t, x∣0, ζ),

Ex
B1,B2 [

1

2
L 0

t (∣B1∣ − ∣B2∣)Θ(B1
t , ξ

′
ε,δ)Θ(B2

t , ξ
′
ε,δ)] ≤

λ

4
zµ(t, x∣0, ζ)2

⎫⎪⎪⎬⎪⎪⎭

is a subset of Aλ(t, x). Thus we have that

P(Aλ(t, x)) ≥ P(Zµ(t, x, ξ′ε,δ) >
1

2
zµ(t, x∣0, ζ)) −P(Bλ(t, x)), (4.8.19)

where

Bλ(t, x) =
⎧⎪⎪⎨⎪⎪⎩
ξ′ε,δ ∶ Ex

B1,B2 [
1

2
L 0

t (∣B1∣ − ∣B2∣)Θ(B1
t , ξ

′
ε,δ)Θ(B2

t , ξ
′
ε,δ)] >

λ

4
zµ(t, x∣0, ζ)2

⎫⎪⎪⎬⎪⎪⎭
.
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By the Paley–Zygmund inequality and (4.8.13), when ε, δ ∈ (0,1), for any t ∈ (0, τ], x ∈ [0,∞),

P(Zµ(t, x, ξ′ε,δ) >
1

2
zµ(t, x∣0, ζ)) ≥

1

4

zµ(t, x∣0, ζ)2

E [Zµ(t, x, ξ′ε,δ)2]
≥ 1

4

1

C(µ, τ)
, (4.8.20)

whereC(µ, τ) is the constant in Proposition 4.8.4. To estimate P(Bλ(t, x)), by Tonelli’s theorem

and Lemma 4.8.1 (ii),

EEx
B1,B2 [

1

2
L 0

t (∣B1∣ − ∣B2∣)Θ(B1
t , ξ

′
ε,δ)Θ(B2

t , ξ
′
ε,δ)]

= Ex
B1,B2 [

1

2
L 0

t (∣B1∣ − ∣B2∣)E[Θ(B1
t , ξ

′
ε,δ)Θ(B2

t , ξ
′
ε,δ)]]

= Ex
B1,B2[

1

2
L 0

t (∣B1∣ − ∣B2∣)f (∣B1
t ∣) f (∣B2

t ∣)

exp(−µL0,1
t − µL

0,2
t ) exp(∫

t

0
∫

t

0
Qε,δ(t − s, t − r, ∣B1

r ∣, ∣B2
s ∣)dsdr)].

Using a trivial bound a ≤ exp(a) for all a ≥ 0, the last expression is bounded above by the

value Φε,δ
µ (t, x∣0, ζ) defined in (4.8.12). By Chebyshev inequality and (4.8.14), when ε, δ ∈ (0,1),

for any t ∈ (0, τ], x ∈ [0,∞),

P(Bλ(t, x)) ≤
4Φε,δ

µ (t, x∣0, ζ)
λzµ(t, x∣0, ζ)2

≤ 4C(µ, τ)
λ

.

Together with (4.8.19) and (4.8.20), we have that for any x ∈ [0,∞), t ∈ (0, τ],

P(Aλ(t, x)) ≥
1

4

1

C(µ, τ)
− 4C(µ, τ)

λ
.

Let

λ0(µ, τ) ∶= 32C(µ, τ)2.
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By Proposition 4.8.4, λ0(µ, τ) < ∞. Choose some λ = λ(µ, τ) > λ0(µ, τ), then for any x ∈

[0,∞), t ∈ (0, τ],

P(Aλ(t, x)) ≥
1

8

1

C(µ, τ)
> 0.

◻

With Lemma 4.8.6, we can further bound the probability of any sample path ξε,δ deviating

from the set Aλ(t, x): for any t ∈ (0, τ], x ∈ [0,∞) and a > 0,

P(d(ξε,δ,Aλ(t, x)) ≥ a + 2
√

log
2

b(µ, τ)
) ≤ 2e−a2/4. (4.8.21)

This is derived from Talagrand’s concentration inequality. The proof only depends on estimates

of the space-time noise ξε,δ and the lower bound on the probability of event Aλ(t, x) from

Lemma 4.8.6. A technical (though not difficult) part here is that one needs to use an L2(R2)

approximation ξε,δ,n for ξε,δ and prove concentration at each n. Since we are using the same ξε,δ

as in the (1+1) full-space SHEs, we refer to [103, Lemma 4.5] for the proof of (4.8.21).

We are now ready to prove Lemma 4.2.5.

Proof of Lemma 4.2.5. By Lemma 4.8.5, for any fixed µ ∈ R, t ∈ (0, τ], x ∈ [0,∞), we have

Zµ(t, x, ξε,δ) ≥
1

2
zµ(t, x∣0, ζ) exp [−

√
λd(ξε,δ,Aλ(t, x))] .

Applying (4.8.21), for any λ > λ0(µ, τ), a > 0,

P(
Zµ(t, x, ξε,δ)
zµ(t, x∣0, ζ)

≤ 1

2
exp(−

√
λ [a + 2

√
log

2

b(µ, τ)
])) ≤ 2e−a2/4.
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As λ, b are independent of ε, δ, by Lemma 4.8.1 (i), by sending ε, δ → 0, we have

P (F (t, x) ≤ exp (−
√
λa)) ≤ 2e−a2/4, for F (t, x) ∶=

Zµ(t, x∣0, ζ)
zµ(t, x∣0, ζ)

2 exp(2
√
λ log

2

b(µ, τ)
) .

As in [103, Corollary 4.8], for any p ≥ 0, we compute

EF −p = p∫
∞

0
r−pP(F < r)dr

r
≤ p∫

1

0
r−pP(F < r)dr

r
+ p∫

∞

1
r−p

dr

r

= p
√
λ∫

∞

0
exp(p

√
λa)P (F < exp(−

√
λa))da + 1 ≤ p

√
λ∫

∞

0
2 exp(p

√
λa − a

2

4
)da + 1

≤ 4
√
πp2λ exp(p2λ) + 1.

Thus we have that for any t ∈ (0, τ], x ∈ [0,∞),

E [(Zµ(t, x∣0, ζ))−p] ≤ zµ(t, x∣0, ζ)−p2p exp(2p
√
λ log

2

b(µ, τ)
)(4
√
πp2λ exp(p2λ) + 1) ,

which implies (4.2.15).

Additionally, Proposition 4.8.4 above has assured that the constant C(µ, τ) in (4.8.13) and

(4.8.14) can be chosen uniformly over µ in compact subsets of R. It thus implies that λ0(µ, τ)

and b(µ, τ)−1 can also be uniform in the corresponding sets of µ. ◻

4.8.1.4 Proof of Proposition 4.2.7 (vii)

Let ξδ(t, x) = ∫R pδ(x − y)ξ(t,dy), which is a Gaussian noise white in time and smooth in

space, with the covariance function

Qδ(t1, t2, x1, x2) = δ0(t1 − t2)p2δ(x1 − x2).
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For any δ > 0, µ, s, t ∈ R, t > s, x, y ∈ [0,∞), define

Zδ
µ(t, x∣s, y)

∶=PN(t, x∣s, y)Ex
B [exp(−µL0

t−s + ∫
t−s

0
ξδ(t − r, ∣Br∣)dr −

1

2
(t − s)p2δ(0)) ∣∣Bt−s∣ = y]

Let Υ⋅ = ∣B⋅∣ be the reflected Brownian motion starting from Υ0 = ∣B0∣ = x. We use L0,Υ
t to denote

the local time

L0,Υ
t ∶= lim

ε→0

1

2ε ∫
t

0
1[0,ε] (Υs)ds.

As discussed after (4.2.5), we can rewrite the above as

Zδ
µ(t, x∣s, y)

=PN(t, x∣s, y)Ex
Υ [exp(−µL

0,Υ
t−s + ∫

t−s

0
ξδ(t − r,Υr)dr −

1

2
(t − s)p2δ(0)) ∣Υt−s = y] ,

where the conditional expectation is taken over the reflected Brownian bridges started from Υ0 =

x and ending at Υt−s = y. Since

{ξδ(s + r, x)}r∈[0,t−s],x∈[0,∞)
law= {ξδ(t − r, x)}r∈[0,t−s],x∈[0,∞),

we have

{EΥ [exp(−µL0,Υ
t−s + ∫

t−s

0
ξδ(t − r,Υr)dr) ∣Υ0 = x,Υt−s = y]}

x,y∈[0,∞)

law= {EΥ [exp(−µL0,Υ
t−s + ∫

t−s

0
ξδ(s + r,Υr)dr) ∣Υ0 = x,Υt−s = y]}

x,y∈[0,∞)
.

(4.8.22)
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Let r′ = t − s − r, Υ̃r′ ∶= Υt−s−r′ for 0 ≤ r′ ≤ t − s and L0,Υ̃
t−s be the local time at zero associated

with Υ̃. The tuples ((Υt−s−r)r∈[0,t−s], L0,Υ
t−s ) and ((Υ̃r)r∈[0,t−s], L0,Υ̃

t−s ) are identical ω-by-ω, and the

process (Υ̃r′)0≤r′≤t−s is a reflected Brownian bridge started from Υ̃0 = y and ending at Υ̃t−s = x.

It then follows that the right-hand side of (4.8.22) equals to

{EΥ̃ [exp(−µL
0,Υ̃
t−s + ∫

t−s

0
ξδ(t − r′, Υ̃r′)dr′) ∣Υ̃0 = y, Υ̃t−s = x]}

x,y∈[0,∞)
.

Since the deterministic function PN(t, x∣s, y) is also symmetric in (x, y)-variables, we have

proved that for any δ > 0,

{Zδ
µ(t, x∣s, y)}x,y∈[0,∞)

law= {Zδ
µ(t, y ∣s, x)}x,y∈[0,∞).

By Lemma 4.8.1 (i) (with a mollification in space only), Zδ
µ(t, x∣s, y) converges to Zµ(t, x∣s, y)

in Lp(Ω) as δ → 0. We thus derive (4.2.20).

4.8.1.5 Proof of Proposition 4.2.8

For any a, u ∈ R, p ∈ [1,∞), and x ∈ [0,∞), we have identity

∥exp (aWu(x))∥p = exp(aux +
1

2
a2px) . (4.8.23)

By (4.2.21), Minkowski and Cauchy-Schwarz inequalities, for any t > 0,

∥Zu− 1
2
(t, x)∥p ≤ ∫

∞

0
∥Zu− 1

2
(t, x∣0, y) exp(Wu(y))∥pdy

≤ ∫
∞

0
∥Zu− 1

2
(t, x∣0, y)∥2p∥ exp(Wu(y))∥2pdy.
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Using Lemma 4.8.1 (iii) and (4.8.23) proves (4.2.22).

For the bound of negative moments, we use Jensen’s, Minkowski and Cauchy-Schwarz

inequalities to obtain

E [Zu− 1
2
(t, x)−p] = E [(∫

∞

0
Zu− 1

2
(t, x∣0, y) exp(Wu(y))dy)

−p
]

≤ E [(∫
∞

0
Zu− 1

2
(t, x∣0, y)dy)

−p−1

∫
∞

0
Zu− 1

2
(t, x∣0, y) exp(−pWu(y))dy]

≤ ∥(∫
∞

0
Zu− 1

2
(t, x∣0, y)dy)

−1
∥
p+1

2p+2
∥∫

∞

0
Zu− 1

2
(t, x∣0, y) exp(−pWu(y))dy∥

2

≤ ∥(∫
∞

0
Zu− 1

2
(t, x∣0, y)dy)

−1
∥
p+1

2p+2
∫
∞

0
∥Zu− 1

2
(t, x∣0, y)∥

4
∥exp(−pWu(y))∥4 dy.

By Lemma 4.2.5, the first term in the last product is uniformly bounded on x ∈ [0,∞). The bound

of the second term follows from a similar computation.

The constants in Lemma 4.8.1 (iii) or Lemma 4.2.5 do not depend on t when t ∈ (0, τ] for

any fixed τ > 0 and can be chosen uniformly for u in any compact subset of R. Thus it is not hard

to check that the bounds of ∥Zu− 1
2
(t, x)∥p and ∥Zu− 1

2
(t, x)−1∥p can also be chosen uniformly for

(u, t) in any compact subset of R × [0,∞).

Using the uniform negative moment bounds, by Kolmogorov continuity criteria and the

uniqueness of the mild solution, Zu− 1
2
(t, x)−1 is also continuous on (t, x) ∈ R2

≥0, which implies

that Zu− 1
2
(t, x) > 0 for all (t, x) ∈ R2

≥0.

To prove (4.2.26), we use an elementary inequality: for any a ∈ R, ∣a∣ ≤ ea + e−a. By

the definition of Hu(t, x), ∣Hu(t, x)∣ ≤ Zu− 1
2
(t, x) + Zu− 1

2
(t, x)−1, and (4.2.26) follows from the

triangle inequality.
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4.8.2 Proof of (4.4.3)

Recall that the goal was to show

Cov[Hu(t, x),Hu(t,0)] → 0, as x→∞.

The above convergence arises from the spatial decorrelation of the half-space KPZ equation

(4.1.1), for fixed t > 0. Similar to the analogous result for the full-space KPZ equation (see [90,

Proposition 5.2] and [29, Eq. (2.10)] for two different proofs), this decorrelation is independent

of the KPZ behavior or the boundary condition.

Using the same notation as above, W is the spatial white noise associated with the Brown-

ian motion W and D is the Malliavin derivative operator on the Gaussian space generated by W .

We further define D to be the Malliavin derivative operator on the Gaussian space generated by

the noise ξ. For any t ≥ 0, x ≥ 0, EHu(t, x) = EWEξHu(t, x). The law of total covariance gives

that

Cov[Hu(t, x),Hu(t,0)] = EWEξ ([Hu(t, x) −EξHu(t, x)] [Hu(t,0) −EξHu(t,0)])

+EW ([EξHu(t, x) −EHu(t, x)] [EξHu(t,0) −EHu(t,0)]) .

For each realization of W , by the Clark-Ocone formula [48, Proposition 6.3], we have

Hu(t, x) −EξHu(t, x) = ∫
t

0
∫
R
Eξ [Ds,zHu(t, x) ∣ Fs] ξ(dsdz),

204



with {Fs}s≥0 being the natural filtration in time generated by ξ. Similarly,

EξHu(t, x) −EHu(t, x) = ∫
∞

0
EW [DrEξHu(t, x) ∣ F̃r]dW (r),

with {F̃r}r≥0 being the natural filtration generated by W . By Itô isometry, Cauchy-Schwarz

inequality and Jensen’s inequality,

E ([Hu(t, x) −EξHu(t, x)] [Hu(t,0) −EξHu(t,0)])

= ∫
t

0
∫
R
E [Eξ [Ds,zHu(t, x) ∣ Fs]Eξ [Ds,zHu(t,0) ∣ Fs]]dzds

≤ ∫
t

0
∫
R
∥Ds,zHu(t, x)∥2∥Ds,zHu(t,0)∥2dzds =∶ I1(t, x),

and

EW ([EξHu(t, x) −EHu(t, x)] [EξHu(t,0) −EHu(t,0)])

= EW [∫
∞

0
EW [DrEξHu(t, x) ∣ F̃r]EW [DrEξHu(t,0) ∣ F̃r]dr]

≤ ∫
∞

0
∥DrHu(t, x)∥2∥DrHu(t,0)∥2dr =∶ I2(t, x).

The proof of (4.4.3) reduces to showing that for any fixed t > 0, I1(t, x) + I2(t, x) → 0 as x→∞.

We first analyze I1. Similar to the result of full-space SHE in [130, Proposition 5.1], for

(s, z) ∈ [0, t) ×R and x ≥ 0, we have

Ds,zZu− 1
2
(t, x) = 1[0,∞)(z)PR

u− 1
2

(t, x∣s, z)Zu− 1
2
(s, z)

+ ∫
t

s
∫
∞

0
PR

u− 1
2

(t, x∣r, y)Ds,zZu− 1
2
(r, y)ξ(r, y)dydr,

with Ds,zZu− 1
2
(t, x) ≡ 0 when z < 0 or s ≥ t. When s < t, z ≥ 0, since Zu− 1

2
(s, z) is strictly posi-

tive, we can multiply both sides by Zu− 1
2
(s, z)−1. The uniqueness statement in Proposition 4.2.2

205



part (2) then implies that

Ds,zZu− 1
2
(t, x)Zu− 1

2
(s, z)−1 = Zu− 1

2
(t, x∣s, z),

where we recall that Z is the Green’s function. It follows that for any s ∈ [0, t), z ∈ [0,∞),

Ds,zHu(t, x) = Ds,z [logZu− 1
2
(t, x)] =

Ds,zZu− 1
2
(t, x)

Zu− 1
2
(t, x)

=
Zu− 1

2
(t, x∣s, z)Zu− 1

2
(s, z)

Zu− 1
2
(t, x)

.

By Hölder’s inequality, (4.2.17), (4.2.22) and (4.2.23), there exists some positive constant C =

C(t, u) such that for any x ∈ [0,∞),

∥Ds,zHu(t, x)∥2 ≤ ∥Zu− 1
2
(t, x∣s, z)∥6∥Zu− 1

2
(s, z)∥6∥Zu− 1

2
(t, x)−1∥6

≤ C(t − s)−1/2 exp(−(x − z)2/4(t − s)) exp(C(x + z)).

Thus we have

I1(t, x) ≤ C2∫
t

0
∫
∞

0
(t − s)−1 exp(−(x − z)

2

4(t − s)
− z2

4(t − s)
) exp(C(x + 2z))dzds.

By a straightforward computation, the right-hand side of the above converges to 0 as x→∞.

For I2, we note that

DrHu(t, x) =
∫
∞
r Zu− 1

2
(t, x∣0, y) exp(Wu(y))dy

∫
∞
0 Zu− 1

2
(t, x∣0, y) exp(Wu(y))dy

− 1[0,x](r)

= 1[x,∞)(r)∫
∞

r
ρRu (y ∣t, x)dy − 1[0,x](r)∫

r

0
ρRu (y ∣t, x)dy,
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which further implies

∥DrHu(t, x)∥2 ≤ 1[0,x](r)∫
r

0
∥ρRu (y ∣t, x)∥2dy + 1[x,∞)(r)∫

∞

r
∥ρRu (y ∣t, x)∥2dy.

By a similar estimate as in (4.4.5), we can prove that there exists a constant C = C(t, u) such that

∥ρRu (y ∣t, x)∥2 ≤ C exp (−(x − y)2/C +Cx) , for all x ∈ [0,∞).

As a result, we can bound I2 by

I2(t, x) ≤ exp(Cx)∫
x

0
(∫

r

0
C exp (−(x − y)2/C)dy)(∫

∞

r
C exp (−y2/C)dy)dr

+ exp(Cx)∫
∞

x
(∫

∞

r
C exp (−(x − y)2/C)dy)(∫

∞

r
C exp (−y2/C)dy)dr

≤ exp(Cx)∫
x

0
ϕ(2x − r)ϕ(r)dr + exp(Cx)∫

∞

x
ϕ(r − x)ϕ(r)dr,

with ϕ(x) ∶= ∫
∞
x C exp (−y2/C)dy. By the Gaussian tail of the function ϕ, the last line above

converges to 0 as x→∞.
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Chapter 5: Time-dependent averages of a long-range SHE

5.1 Introduction

5.1.1 Main results

We consider the following stochastic heat equation (SHE) in Rd for d ≥ 3 starting from flat

initial data

∂tu(t, x) =
1

2
∆u(t, x) + κu(t, x)Ḟ (t, x), u(0, x) = 1, (5.1.1)

with κ > 0 and Ḟ being a Gaussian noise that is white in time and has a spatially homogeneous

covariance function described by Riesz kernel with index 2. Formally, with ∥ ⋅ ∥ denoting the

Euclidean norm in Rd, the covariance function of the noise Ḟ is expressed as

EḞ (s, y)Ḟ (t, x) = δ(t − s)∥x − y∥−2.

The stochastic heat equation (5.1.1) is a borderline critical stochastic PDE. Its solution is

previously studied and given a meaning in [31] for 0 < κ < d−2
2 . In particular, [31] defines the

(martingale problem) solution to (5.1.1), and shows that when 0 < κ < d−2
2 , such solutions exist

(through Wiener chaos expansion) and are unique in law. We defer the precise definitions of the

solution to Section 5.2.1 below. Moreover, [31] shows that any solution to (5.1.1) is a nonnegative
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singular Radon measure valued process, which we shall denote by {ut(dx) ∶ t ≥ 0}.

For any R > 0, we use BR = {x ∈ Rd ∶ ∥x∥ < R} to denote the open ball with radius R

centered at zero in Rd. The volume of the ball BR is given by ωdRd, with ωd being the volume of

B1.

Our main result is the following three different limits of the spatial averages of ut(dx)

under different space-time scales. We write tR to emphasize that the time scale could depend on

the radius. Our results cover the cases of (i) when t is fixed and R goes to infinity, or (ii) when t

depends on R and t,R both go to infinity.

Theorem 5.1.1. For any 0 < κ < d−2
2 , let {ut(dx) ∶ t ≥ 0} be a solution to (5.1.1) as defined

in [31]. For t = tR > 0, the time-dependent spatial averages utR(BR) have the following limits:

1. When tR = o(R2), there exists a Gaussian random variable N(0, σ2), with variance

σ2 = κ2∫
B1
∫
B1

1

∥x − y∥2
dxdy, (5.1.2)

such that

1√
tRRd−1 [utR(BR) − ωdR

d] → N(0, σ2) in law, (5.1.3)

as R →∞.

2. When tR = cR2 for some c > 0, we have

1

Rd
utR(BR) = uc(B1) in law, (5.1.4)

for any R > 0. Here uc(B1) is a non-degenerate random variable and is positive almost
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surely.

3. When t−1R = o(R−2), we have

1

Rd
utR(BR) → 0 in probability, (5.1.5)

as R →∞.

We note that the construction of the solution via the chaos expansion (5.2.4) below and the

scaling invariance of equation (5.1.1) are the main tools to study the spatial averages. For part (1)

under the condition tR = o(R2), the first chaos is dominant when we take the limit R →∞, so the

central limit theorem is not chaotic. In part (2) when the time variable grows fast enough to be at

the borderline tR = cR2, the heuristic is that all the chaos now always contribute, and the random

variable 1
RdutR(BR) remains non-Gaussian even when R →∞.

Using the scaling invariance relation of (5.1.1), Theorem 5.1.1 part (1) is actually equivalent

to the following corollary.

Corollary 5.1.2. For any 0 < κ < d−2
2 , when tR = o(R2),

1√
tR/R2

[utR/R2(B1) − ωd] → N(0, σ2) in law,

as R →∞, with σ2 as defined in (5.1.2).

Therefore, Theorem 5.1.1 part (1) can also be understood as the central limit theorem of

the random variables ut(B1) as t→ 0.

Another case that falls into the category of the extinction (Theorem 5.1.1 part (3)) is when
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R is fixed and t goes to infinity. In fact, for any fixed radius R > 0,

1

Rd
ut(BR) → 0 in probability, as t→∞.

This result has already been mentioned in [31, Theorem 2], and our Theorem 5.1.1 part (3) is

derived from this result together with the scaling invariance of equation (5.1.1).

Remark 5.1.3. The solution theory of the stochastic heat equation (5.1.1) when κ ≥ d−2
2 remains

open. When κ > d−2
2 , the chaos series used to construct the solution to (5.1.1) in [31] (see (5.2.4)

below) does not converge in L2, putting spatial averages beyond the scope of this discussion.

For the boundary case κ = d−2
2 , a solution constructed via chaos expansion (5.2.4) does

exists, though [31] leaves open the possibility that there are solutions with a different law in

this case. One may think of (5.1.1) with κ = d−2
2 as a critical stochastic heat equation with

critical scaling. We believe that Theorem 5.1.1 parts (2) and (3) still hold for the boundary-case

solution constructed via chaos expansion (see [31, Remark 3 on page 105]). However, our proof

of Theorem 5.1.1 part (1) in Section 5.3.2 relies on the condition 0 < κ < d−2
2 , and it remains open

whether the central limit theorem (5.1.3) extends to cover solutions via chaos expansion in this

boundary case κ = d−2
2 .

Remark 5.1.4. Another intriguing problem is to investigate the possibility of proving a quanti-

tative central limit theorem under the same conditions as in Theorem 5.1.1 part (1). Previous

works, such as [131–133], have established various quantitative central limit theorems for spa-

tial averages of stochastic heat equations in one dimension, primarily using Malliavin calculus.

Given that the solution to (5.1.1) is not defined point-wise, it is of interest to determine whether

this approach remains applicable where the Malliavin derivatives cannot be defined point-wise.

211



We now introduce the context of our work from the following two perspectives.

5.1.2 Spatial averages of SPDE

The stochastic heat equation (5.1.1) is a critical stochastic partial differential equation

(SPDE). A formal computation shows that the noise has the scaling invariance

Ḟ (t, x) = ε2Ḟ (ε2t, εx) in law (5.1.6)

for any ε > 0, which is indicative that the solution will be a borderline distribution. Due to

this criticality, the solution theory falls outside the well-posedness theories of regularity struc-

tures [10, 134], paracontrolled distributions [11], and more recently flow equation [15]. Similar

critical scaling occurs for the stochastic heat equation with space-time white noise in the critical

dimension two, although only the scaling limit of the noise-mollified SHE is established in this

set-up [18, 44].

Our result considers the spatial average for a critical stochastic PDE with a measure-valued

solution. We would like to mention that the critical 2d stochastic heat flow (SHF) [44] is also

measure-valued, but the asymptotic behaviors of its spatial averages remain open.

Study of the spatial averages of stochastic PDEs started with the work [33] in the context

of stochastic heat equation in one dimension with a space-time white noise potential. Since this

work there has been an extensive study of spatial averages of solutions in various different set-

ups, see for example, [34,35,131] study the SHE with colored noise, [135] studies the SHE with

fractional in time noise, [136,137] study the spatial average of stochastic wave equation. Most of

these work consider the spatial averages for fixed time, only exception are the works [132, 133]
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where they study time-dependent averages.

Among all the above results, the limiting distribution of the spatial averages, if obtained, is

always Gaussian. However, for our critical SPDE (5.1.1), the scaling invariance relation (5.1.6)

enables us to obtain a non-Gaussian spatial average (5.1.4) under a specific space-time scale,

which is the first non-Gaussian spatial average of an SPDE observed to the best of our knowl-

edge. Our result also shows that this transition of Gaussian (5.1.3) to non-Gaussian (5.1.4) spatial

averages happens when all the chaos begin to contribute in the spatial average limit.

The problem of obtaining non-Gaussian spatial average limit is of its own interest. It has

long been conjectured, though not yet proven, that non-Gaussian stable distributions could be the

limit of spatial averages of the 1d stochastic heat equation with space-time white noise when the

average is taken over boxes with a proper time-dependent growth rate. This conjecture is inspired

by the work of parabolic Anderson model on lattice [138].

As a final remark, we point out that in [35, Theorem 1.7], the authors proved a central limit

theorem for the spatial averages of a stochastic heat equation with a spatial covariance function

given by the Riesz kernel ∥ ⋅ ∥−p with index 0 < p < 2 in d ≥ 3. The SHE in [35] is not a

critical SPDE and its point-wise solution is well-defined. While our central limit theorem in

Theorem 5.1.1 part (1) (for t being fixed) may look like a result of taking p→ 2− in [35, Theorem

1.7], it is not a simple adaption of [35] as the SHE becomes critical when p → 2−. Our proof

of Theorem 5.1.1 part (1) uses new estimates. In particular, our central limit theorem for p = 2

only holds when the coupling constant 0 < κ < d−2
2 , while the result from [35] would hold

for any positive coupling constant before the noise. We will discuss this difference further in

Remark 5.3.4.
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5.1.3 Scaling limit

One may also consider (5.1.1) as the macroscopic scaling limit of a long-range SHE. One

closely related work in this line is [139], where the authors study the scaling limit of the long-

range nonlinear stochastic heat equation in dimension d ≥ 3. If we only consider [139] for the

linear case, we may interpret its result and compare it with ours in the following sense.

Consider the stochastic heat equation in Rd for d ≥ 3 starting from flat initial data

∂tv(t, x) =
1

2
∆v(t, x) + κv(t, x)V̇ (t, x), v(0, x) = 1, (5.1.7)

with κ > 0 and V̇ being a space-time mean zero Gaussian noise with formal covariance function

EV̇ (s, y)V̇ (t, x) = δ(t − s) (∥x − y∥−p ∧ 1) ,

for some p ∈ [2, d).

By [31] and our Theorem 5.1.1 part (2), when p = 2, κ < d−2
2 , and tR = cR2 for some c > 0,

we have

1

Rd ∫BR

v(tR, x)dx→ uc(B1) in law, (5.1.8)

as R →∞. The limit is the same random variable as in (5.1.4) and is non-Gaussian.

On the other hand, by [139, Theorem 1.3] with σ(x) = x, when p ∈ (2, d), κ is small

enough, and tR = cR2 for some c > 0, we have that for any smooth test function with compact
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support g ∶ Rd → R,

1

Rd+1− p
2
∫
Rd
[v(tR, x) − 1] g (x/R)dx→ ∫

Rd
U(c, x)g(x)dx in law, (5.1.9)

as R →∞, where U is the solution to the Edwards-Wilkinson equation

∂tU(t, x) =
1

2
∆U(t, x) + κη(t, x), U(0, ⋅) ≡ 0,

with noise η being a space-time mean zero Gaussian noise with formal covariance function

Eη(s, y)η(t, x) = δ(t − s)∥x − y∥−p.

In particular, the limit in (5.1.9) is Gaussian.

This comparison shows that the case p = 2 distinguishes itself from the cases with 2 < p < d

as its large-scale fluctuations remain multiplicative, thus non-Gaussian, under diffusive scaling.

When p = 2, all the chaos contribute to the fluctuation at the space-time scale t = cR2, while when

2 < p < d, only the first chaos from the Riesz-kernel-correlated noise contributes.

Another related literature is [17], where the authors consider the scaling limit of mollified

SHE in d ≥ 3 with compactly supported covariance function. For this model, the fluctuations of

the diffusively scaled solution converge to an Edwards-Wilkinson limit with a nontrivial effective

variance.
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5.2 Preliminaries

5.2.1 Solution theory

As discussed above, for the critical stochastic heat equation (5.1.1), the first challenge is

to make sense of its solution. In this subsection, we introduce the definition of the solution to

(5.1.1) and explain one specific construction of the solution from the Wiener chaos expansion.

All of these results follow from [31].

Let (Ω,F ,{F}t,P) be a filtered probability space. LetM denote the nonnegative Radon

measures on Rd, Cc denote the space of continuous functions on Rd with compact support,

and Ckc denote the space of functions in Cc with k continuous derivatives. We define µ(f) ∶=

∫Rd f(x)µ(dx) for any µ ∈ M and f being integrable on Rd. We also equip the spaceM with

the vague topology. We denote the standard d-dimensional heat kernel as

Gt(x) ∶= (2πt)−d/2 exp (−∣x∣2/2t)
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for any x ∈ Rd and t > 0.

In [31], the (martingale problem) solution to (5.1.1) is defined as any adapted continuous

M valued process {ut(dx) ∶ t ≥ 0} such that it satisfies the following three conditions:

1. P(u0(dx) = dx) = 1;

2. {ut(dx) ∶ t ≥ 0} satisfies

E[ut(f)] = ∫
Rd
f(x)dx,

and

E [(ut(f))2]

≤ C ∫
R4d

Gt (x − x′)Gt (y − y′) f (x′) f (y′)(1 +
tα

∣x − y∣α ∣x′ − y′∣α
)dxdydx′dy′,

(5.2.1)

for some positive constant C = C(d, κ) and α = d−2
2 − [(

d−2
2 )2 − κ2]1/2;

3. {ut(dx) ∶ t ≥ 0} satisfies the martingale problem, i.e., for all f ∈ C2c ,

zt(f) = ut(f) − u0(f) − ∫
t

0

1

2
us(∆f)ds (5.2.2)

is a continuous local Ft -martingale with finite quadratic variation given by

⟨z(f)⟩t = κ2∫
t

0
∫
R2d

f(x)f(y)
∣x − y∣2

us(dy)us(dx)ds. (5.2.3)

For any 0 < κ < d−2
2 , [31] shows that such solution to (5.1.1) exists and is unique in law.

In particular, one construction of the solution to (5.1.1) is from the Wiener chaos expansion. We
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use this construction throughout this section, so we explain it in detail.

For any f ∈ Cc, define I(n)t (f) as the integral of f over the n-th order Wiener chaos, given

by

I
(n)
t (f) ∶= ∫

Rd
f(x)I(n)(t, x)dx,

with I(n)(t, x) being defined as I(0)(t, x) = 1, and for any n ≥ 1, setting sn+1 = t, yn+1 = x,

I(n)(t, x) ∶= κn∫
sn+1

0
∫

sn

0
. . .∫

s2

0
∫
Rnd

n

∏
i=1
Gsi+1−si (yi+1 − yi) Ḟ (dyidsi) ,

where the stochastic integral can be interpreted as multiple Wiener-Itô integrals (see [47, Section

1.1.2]). Note that one can easily extend the above definition of I(n)t (f) to f being indicator

functions 1BR
for any R > 0.

For any 0 < κ < d−2
2 , by [31], there exists an adaptedM valued process {ũt(dx) ∶ t ≥ 0}

such that for any t ≥ 0,

ũt(f) =
∞
∑
n=0

I
(n)
t (f), for all f ∈ Cc, P-almost surely. (5.2.4)

In fact, it is easy to check that for any f ∈ Cc, E [∑∞n=0 I
(n)
t (f)] = ∫Rd f(x)dx, and by [31, Lemma

3 & Lemma 5], when 0 < κ < d−2
2 , E [(∑∞n=0 I

(n)
t (f))

2
] is bounded above by the right-hand-side

of (5.2.1). The second moment bound implies that there is a regularization [140, Theorem 2.3.3]

so that for any t > 0, there exists a random distribution ũt(dx) satisfying (5.2.4). Moreover, [31]

shows that for any t > 0, the distribution satisfying (5.2.4) is a nonnegative singular Radon

measure, and theM valued process {ũt(dx) ∶ t ≥ 0} has a modification continuous in time. This

continuous modification satisfies the martingale problem (5.2.2)–(5.2.3). Therefore, combining
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all the results above, the continuous modification of the process {ũt(dx) ∶ t ≥ 0}with ũt satisfying

(5.2.4) is a martingale problem solution to (5.1.1).

We also record the following Feynman-Kac type formula for the chaos expansion, where

we refer to [31, Lemma 5] for details. By Urysohn’s lemma and monotone convergence theorem,

one can extend [31, Lemma 5] to the indicator functions f = 1BR
.

Let

βt(x) ∶= ∫
t

0

ds

∥x +
√
2Ws∥

2 ,

where (Wt)t≥0 denotes a standard d-dimensional Brownian motion starting from W0 = 0 inde-

pendent of ξ. We let E denote the expectation with respect to this Brownian motion. Then for

each n ≥ 1 and any t > 0,R > 0, by Itô isometry, with sn+1 = t and yn+1 = x1,zn+1 = x2,

E [I(n)t (1BR
)2] = κ2n∫

BR
∫
BR
∫

sn+1

0
∫

sn

0
. . .∫

s2

0
∫
R2nd

n

∏
i=1
Gsi+1−si (yi+1 − yi)Gsi+1−si (zi+1 − zi)

1

∥yi − zi∥2
dyidzidsidx1dx2

= κ
2n

n! ∫BR
∫
BR

E

⎡⎢⎢⎢⎢⎣

n

∏
i=1
∫

t

0

1

∥x − y +
√
2Wsi∥

2dsi

⎤⎥⎥⎥⎥⎦
dxdy

= κ
2n

n! ∫BR
∫
BR

E[βt(x − y)n]dxdy,

(5.2.5)

where the second equation is obtained by using the finite dimensional distributions of the Brow-

nian bridges.

By [31], for any 0 < κ < d−2
2 , the series sum ∑∞n=0E [I

(n)
t (1BR

)2] is convergent, and we
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have

E[ũt(BR)2] =
∞
∑
n=0

E [I(n)t (1BR
)2]

=
∞
∑
n=0

κ2n

n! ∫BR
∫
BR

E[βt(x − y)n]dxdy = ∫
BR
∫
BR

E [exp (κ2βt(x − y))]dxdy.

5.2.2 Technical lemmas

Since we will conduct our main analysis on the Fourier space, we introduce some auxiliary

lemmas related to the Fourier transform of the Riesz kernel and the indicator functions.

Throughout this section, we take the Fourier transform of any tempered distribution µ on

Rd in the convention of

Fµ(x) ∶= ∫
Rd
e−ix⋅ξµ(dξ).

Under this convention, for any functions u, v ∈ L2 (Rd), the Parseval formula is

∫
Rd
u(ξ)v(ξ)dξ = 1

(2π)d ∫Rd
Fu(x)Fv(x)dx.

When µ is in the space of tempered distributions, its Fourier transform Fµ is well-defined

through the Parseval formula. By Bochner’s theorem, for any continuous positive definite func-

tion γ ∶ Rd → R ∪ {∞}, there exists a nonnegative tempered distribution µ on Rd so that γ(x) =

Fµ(x) and µ is known as the spectral measure.

In particular, for the Riesz kernel γ(x) = 1/∥x∥2 on Rd with d ≥ 3, its spectral measure is

µ(dξ) = cd∥ξ∥−d+2dξ, with coefficient cd =
Γ(d−22 )
πd/222

. (5.2.6)
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The spectral measure (5.2.6) does not satisfy Dalang’s condition [141]:

∫
Rd

µ(dξ)
1 + ∥ξ∥2

< ∞.

We now give the composition formula of the Riesz kernels. This formula is well-known

and we state it here for the convenience of the readers. We omit the proof, as it follows from an

elementary computation with the relation of gamma and beta functions.

Lemma 5.2.1. For any 0 < α,β,α + β < d and x ≠ y,

∫
Rd
∥x − z∥α−d∥z − y∥β−ddz = kα,β,d∥x − y∥α+β−d,

with the coefficient

kα,β,d = πd/2 Γ(α2 )Γ(
β
2 )Γ(

d−α−β
2 )

Γ(d−α2 )Γ(
d−β
2 )Γ(

α+β
2 )

.

Another useful lemma is the Fourier transform of the indicator function over a ball of radius

R in Rd. We refer to [35, Lemma 2.1] for its proof.

Lemma 5.2.2 ( [35, Lemma 2.1]). For any R > 0, we have

F1BR
(ξ) = ∫

BR

e−ix⋅ξdx = (2πR)d/2∥ξ∥−d/2Jd/2(R∥ξ∥), for ξ ∈ Rd,

where Jd/2(⋅) is the Bessel function of the first kind with order d/2:

Jd/2(x) =
(x/2)d/2
√
πΓ (d+12 )

∫
π

0
(sin θ)d cos(x cos θ)dθ, ∀x ∈ R.
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By [142, page 134], the Bessel function Jd/2(⋅) has the following asymptotic behaviors:

Jd/2(x) ∼
√
2/(πx) cos(x − (d + 1)π

4
) as x→∞,

and Jd/2(x) ∼
xd/2

2d/2Γ(d/2 + 1)
as x→ 0.

Consequentially, we have

sup
x∈R
∣Jd/2(∣x∣)∣ < ∞,

and there exists a constant C > 0 so that

∣Jd/2(∣x∣)∣ ≤ C ∣x∣−1/2, for any x ∈ R/{0}.

For 0 < α < d + 1, it is easy to verify that the following integral is finite:

∫
Rd
∥η∥−2d+αJd/2(∥η∥)2dη < ∞. (5.2.7)

5.3 Proof of Theorem 5.1.1 and Corollary 5.1.2

5.3.1 Scaling

The following lemma is from the scaling invariance relation of equation (5.1.1). Using it

together with [31, Theorem 2 & 3] proves Theorem 5.1.1 part (2) and (3).

Lemma 5.3.1. For any radius R > 0, any time t ≥ 0, and any ε > 0, we have

ut(BR) = ε−d/2uεt(B√εR) in law. (5.3.1)

222



Proof. For any fixed ε > 0, t ≥ 0, define the measure vεt (dx) ∈ M so that for any Borel measurable

set A ⊂ Rd, we have vεt (A) = ε−d/2uεt(
√
εA), where

√
εA = {

√
εx ∶ x ∈ A}. By the scaling

invariance relation (5.1.6), {vεt (dx) ∶ t ≥ 0} is also a solution to (5.1.1). The uniqueness in law of

the solution to (5.1.1) then implies (5.3.1). The result that{vεt (dx) ∶ t ≥ 0} is a solution to (5.1.1)

is straightforward to check, which we omit here. One can also check the invariance chaos by

chaos, using (5.1.6). A result more general has also been previously mentioned in [31, Lemma

2]. We note that the prefactor ε−d/2 is chosen here so that the rescaled measure-valued process is

the solution to (5.1.1) with the same initial data. ◻

Proof of Theorem 5.1.1 parts (2) and (3). For any R > 0 and t = tR > 0, applying Lemma 5.3.1

with ε = R−2, we have

1

Rd
utR(BR) = utR/R2(B1) in law.

When t = tR = cR2 for some c > 0, we have proved (5.1.4). By (5.2.5), Var[uc(B1)] > 0 .

The positivity follows from [31, Theorem 3 ii].

When t = tR with t−1R = o(R−2), we have tR/R2 → ∞ as R → ∞. By [31, Theorem 2 ii],

ut(B1) converges to zero in probability as t→∞. Thus the proof is complete. ◻

We also note that, assuming Theorem 5.1.1 part (1) holds, Corollary 5.1.2 is another con-

sequence of Lemma 5.3.1 with ε = R−2.

5.3.2 Central limit theorem

In this subsection, we prove Theorem 5.1.1 part (1).

Without loss of generality, we only need to prove Theorem 5.1.1 part (1) for the case of

tR = 1 being fixed. This is also due to the scaling invariance relation. In fact, for any t = tR > 0,
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applying Lemma 5.3.1 with ε = tR−1, we have

1√
tRRd−1 [utR(BR) − ωdR

d] law= 1√
tRRd−1 [t

d/2
R u1 (Bt

−1/2
R R
) − ωdR

d]

=
t
d/2
R√

tRRd−1 [u1 (Bt
−1/2
R R
) − ωd (t−1/2R R)

d
] = 1

(tR−1/2R)
d−1 [u1 (Bt

−1/2
R R
) − ωd (t−1/2R R)

d
]

= 1

R̃d−1
[u1 (BR̃) − ωdR̃

d] ,

where we define R̃ ∶= t−1/2R R in the last equation. Note that when tR = o(R2), we have R̃ →∞ as

R →∞, so it is sufficient to prove (5.1.3) for the fixed time case tR = 1.

Additionally, by [31], the (martingale problem) solution to (5.1.1) is unique in law, so we

only need to prove (5.1.3) for the process {ũt(dx) ∶ t ≥ 0}, where {ũt(dx) ∶ t ≥ 0} is the adapted

M valued process defined by the chaos expansion (5.2.4).

From now on, we will only consider the series ũ1(BR) = ∑∞n=0 I
(n)
1 (1BR

). It is immediate

that

E[ũ1(BR)] = E [I(0)1 (1BR
)] = ωdR

d,

and Theorem 5.1.1 part (1) would follow from the following two results.

Proposition 5.3.2. For any κ > 0, we have

lim
R→∞

Var [I(1)1 (1BR
)]

R2d−2 = σ2,

where σ2 is given by (5.1.2).
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Proposition 5.3.3. For any 0 < κ < d−2
2 , we have

lim
R→∞

1

R2d−2

∞
∑
n=2

Var [I(n)1 (1BR
)] = 0.

Remark 5.3.4. Before proving these two propositions, we point out how our results are similar or

not similar to [35, Theorem 1.7]. In [35, Theorem 1.7], the authors proved a central limit theorem

for the spatial averages of a stochastic heat equation with a spatial covariance function given by

the Riesz kernel ∥ ⋅ ∥−p with index 0 < p < 2 in d ≥ 3, using the same method as checking the order

of the variance of the first order chaos and then the sum of all higher order chaos.

However, although Proposition 5.3.2 and Lemma 5.3.5 below are indeed similar to the

analogous results in the proof of [35, Theorem 1.7], our proof of Proposition 5.3.3 is not an

adaption of [35].

From the viewpoint of (5.1.1) being a critical SPDE, we only expect to prove Proposi-

tion 5.3.3 under the restriction 0 < κ < d−2
2 . This is a strong indication that [35] cannot be directly

adapted to prove Proposition 5.3.3 here. In fact, if we consider the counterpart of (5.1.1) with

Riesz index 0 < p < 2, the central limit theorem from [35] should hold for all κ > 0. However, in

our case (p = 2), for any fixed-radius ball BR with R > 0, the chaos expansion ∑∞n=0 I
(n)
1 (1BR

)

is not bounded in L2(Ω) when κ > d−2
2 (see [31, page 114]). This shows that it would be unrea-

sonable to expect a central limit theorem for all κ > 0, and it further suggests that the estimates

from [35] would not work here.

If one dives into the technical detail, when Dalang’s condition holds, one can always choose

a sufficiently large N so that the integral ∫∣ξ∣≥N
1
∥ξ∥2µ(dξ) becomes arbitrarily small. Here µ is the

spectral measure of the spatial covariance function as discussed in Section 5.2.2. The estimates
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from [35] rely on this fact, and it is also the reason why the central limit theorem would hold

for any coupling constant κ > 0 before the noise when the Riesz kernel is of index 0 < p < 2.

When the index of the Riesz kernel becomes p = 2, Dalang’s condition no longer holds, and the

above integral of the tail is not finite for any arbitrary N . The estimates from [35] thus become

inapplicable, and the estimates we use to prove Proposition 5.3.3 are new.

5.3.2.1 Notations and auxiliary lemmas

We first give some notations. For any n ≥ 1, 1 ≤ k ≤ n − 1, we use ηn = (η1, . . . , ηn) ∈ Rnd

and ηk,n = (ηk+1, . . . , ηn) ∈ R(n−k)d to denote the n-tuple and (n − k)-tuple spatial variables

respectively. We also use wn = (w1, . . . ,wn) ∈ Rn
>0 for the n-tuple time variables. Since we only

need to consider for tR = 1, we set

∆n ∶= {sn ∈ Rn
>0 ∶ 0 < sn < ⋅ ⋅ ⋅ < s1 < 1}, (5.3.2)

Sn ∶= {wn ∈ Rn
>0 ∶ w1 + ⋅ ⋅ ⋅ +wn < 1}, (5.3.3)

and define

φ(ηn) ∶= ∫
Sn

e−∑
n
i=1 wi∥ηi∥2dw. (5.3.4)

Now for any n ≥ 1, we give the formula of the variance of I(n)1 (1BR
) on the Fourier side. This

computation is similar to the one in [35, Theorem 1.7] when an SHE with a spatial covariance

function given by the Riesz kernel ∥ ⋅ ∥−p with index 0 < p < 2 is considered. For completeness,

we give the proof.
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Lemma 5.3.5. For any n ≥ 1, R > 0, setting η0 = 0, we have

Var[I(n)1 (1BR
)] = κ2n(2π)dR2d−2ncnd ∫

Rnd

n

∏
j=1
∥ηj − ηj−1∥−d+2∥ηn∥−dJd/2(∥ηn∥)2φ(ηn/R)dηn,

where cd is defined as in (5.2.6), and the functions φ and Jd/2 are defined as in (5.3.4) and

Lemma 5.2.2.

Proof. By (5.2.5), for any n ≥ 1,

Var[I(n)1 (1BR
)] = E [I(n)1 (1BR

)2] = κ
2n

n! ∫BR
∫
BR

E[β1(x − y)n]dxdy. (5.3.5)

By the Fourier transform of Gaussian random variables and (5.2.6), we have

E[β1(x − y)n] = cnd ∫[0,1]n ∫Rnd

n

∏
j=1
∥ξj∥−d+2e−i(x−y)⋅(ξ1+⋯+ξn)E[e−i∑

n
j=1 ξj ⋅

√
2Wsj ]dξndsn

= cndn!∫
∆n
∫
Rnd

n

∏
j=1
∥ξj∥−d+2e−i(x−y)⋅(ξ1+⋯+ξn)e−∑

n
j=1(sj−sj+1)∥ξ1+⋅⋅⋅+ξj∥2dξndsn,

where we set sn+1 = 0, cd is as defined in (5.2.6), and ∆n is as defined in (5.3.2). Now making

the change of variables ηj ∶= ξ1 + ⋅ ⋅ ⋅ + ξj and wj ∶= sj − sj+1, we can rewrite the above as

cndn!∫
Sn
∫
Rnd

n

∏
j=1
∥ηj − ηj−1∥−d+2e−i(x−y)⋅ηne−∑

n
j=1 wj∥ηj∥2dηndwn

= cndn!∫
Rnd

n

∏
j=1
∥ηj − ηj−1∥−d+2e−i(x−y)⋅ηnφ(ηn)dηn,
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where Sn is as defined in (5.3.3) and φ is as defined in (5.3.4). Now plugging back into (5.3.5),

we have

Var[I(n)1 (1BR
)] = κ2ncnd ∫

Rnd

n

∏
j=1
∥ηj − ηj−1∥−d+2 (∫

BR
∫
BR

e−i(x−y)⋅ηndxdy)φ(ηn)dηn

= κ2n(2πR)dcnd ∫
Rnd

n

∏
j=1
∥ηj − ηj−1∥−d+2∥ηn∥−dJd/2(R∥ηn∥)2φ(ηn)dηn,

where the last line follows from Lemma 5.2.2. The proof is now complete by applying another

change-of-variable ηj → ηj/R for all j = 1,2, . . . , n. ◻

Another useful lemma is the bounds of φ(ηn):

Lemma 5.3.6. For any n ≥ 1 and ηn ∈ Rnd,

φ(ηn) ≤
1

n!
. (5.3.6)

Thus for any n ≥ 2 and ηn ∈ Rnd,

lim
R→∞

1

R2n−2φ(ηn/R) = 0. (5.3.7)

Moreover, for any n ≥ 2 and 1 ≤ k ≤ n − 1, when ηi ≠ 0 for 1 ≤ i ≤ k, we have

φ(ηn) ≤ (1 ∧
1

∥η1∥2 . . . ∥ηk∥2
)φ(ηk,n). (5.3.8)
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Proof. The proof of (5.3.6) and (5.3.7) is trivial. For (5.3.8), we have that for any n ≥ 2,

φ(ηn) = ∫
Sn

e−w1∥η1∥2e−∑
n
i=2 wi∥ηi∥2dwn

= ∫
Rn−1
>0

1(∑n
i=2 wi)<1

1

∥η1∥2
(1 − e−(1−∑n

i=2 wi)∥η1∥2) e−∑n
i=2 wi∥ηi∥2dw2 . . .dwn

≤ (1 ∧ 1

∥η1∥2
)∫

Sn−1

e−∑
n
i=2 wi−1∥ηi∥2dwn−1 = (1 ∧

1

∥η1∥2
)φ(η1,n),

and we can conclude by induction. ◻

We are now ready to prove Proposition 5.3.2 and Proposition 5.3.3.

5.3.2.2 Proof of Proposition 5.3.2

For any R > 1, η1 ∈ Rd, it is easy to see that for any η1 ≠ 0,

φ(η1/R) = ∫
1

0
e−w1∥η1/R∥2dw1 =

1 − e−∥η1/R∥2

∥η1/R∥2
≤ 1,

and limR→∞φ(η1/R) = 1. Applying the dominated convergence theorem with the bound (5.2.7),

we have

lim
R→∞∫Rd

∥η1∥−2d+2Jd/2(∥η1∥)2φ(η1/R)dη1 = ∫
Rd
∥η∥−2d+2Jd/2(∥η∥)2dη.

Using Lemma 5.3.5 with n = 1, it remains to verify that the variance σ2 in (5.1.2) equals to

κ2(2π)dcd∫
Rd
∥η∥−2d+2Jd/2(∥η∥)2dη,
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which is pure computation of Fourier transforms.

5.3.2.3 Proof of Proposition 5.3.3

By Lemma 5.3.5, for any n ≥ 2, R > 1, setting η0 = 0, we have

1

R2d−2Var [I
(n)
1 (1BR

)]

= κ2n(2π)dR2−2ncnd ∫
Rnd

n

∏
j=1
∥ηj − ηj−1∥−d+2∥ηn∥−dJd/2(∥ηn∥)2φ(ηn/R)dηn

= κ2n(2π)dcnd[J (n)(R) + K(n)(R)],

where we define the functions

J (n)(R) ∶= R2−2n∫
Rnd

1Bc
1
(η1)

n

∏
j=1
∥ηj − ηj−1∥−d+2∥ηn∥−dJd/2(∥ηn∥)2φ(ηn/R)dηn,

and

K(n)(R) ∶= R2−2n∫
Rnd

1B1(η1)
n

∏
j=1
∥ηj − ηj−1∥−d+2∥ηn∥−dJd/2(∥ηn∥)2φ(ηn/R)dηn.

The proof then follows from the following two lemmas.

Lemma 5.3.7. For any 0 < κ < d−2
2 , we have

lim
R→∞

∞
∑
n=2

κ2ncndJ (n)(R) = 0.

230



Proof. By (5.3.8), we have that for any R > 1, n ≥ 2, ηn ∈ Rnd such that ηi ≠ 0 for i = 1, . . . , n−1,

R2−2nφ(ηn/R) ≤ R2−2n
n−1
∏
i=1
∥ηi/R∥−2 =

n−1
∏
i=1
∥ηi∥−2. (5.3.9)

It follows that for any R > 1, n ≥ 2,

J (n)(R) ≤ ∫
Rnd

1Bc
1
(η1)

n

∏
j=1
∥ηj − ηj−1∥−d+2∥ηn∥−dJd/2(∥ηn∥)2

n−1
∏
i=1
∥ηi∥−2dηn. (5.3.10)

We first prove that for any n ≥ 2, there exists some constant C(n, d) > 0 such that the

right-hand-side of (5.3.10) is bounded from above by C(n, d). To show this, we use the fact that

for any x ∈ Bc
1 and any γ > 0,

∥x∥−2 ≤ ∥x∥−2+γ.

Thus for some γ > 0 that we will choose later, we have

∫
Rnd

1Bc
1
(η1)

n

∏
j=1
∥ηj − ηj−1∥−d+2∥ηn∥−dJd/2(∥ηn∥)2

n−1
∏
i=1
∥ηi∥−2dηn

≤ ∫
Rnd
∥η1∥−2+γ

n

∏
j=1
∥ηj − ηj−1∥−d+2∥ηn∥−dJd/2(∥ηn∥)2

n−1
∏
i=2
∥ηi∥−2dηn

= ∫
Rnd
∥η1∥−d+γ

n

∏
j=2
(∥ηj − ηj−1∥−d+2∥ηj∥−2) ∥ηn∥−d+2Jd/2(∥ηn∥)2dηn.

When 0 < γ < d − 2, for any n ≥ 2, applying Lemma 5.2.1 (n − 1) times, the above equals to

(kγ,2,d)n−1∫
Rd
∥ηn∥−2d+γ+2Jd/2(∥ηn∥)2dηn. (5.3.11)
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Let γ = d−2
2 . The integral in (5.3.11) is finite by (5.2.7), and

kγ,2,d = πd/2 Γ(γ2)Γ(
d−γ−2

2 )
Γ(d−γ2 )Γ(

d−2
2 )Γ(

2+γ
2 )
= πd/2 1

d−γ−2
2 Γ(d−22 )

γ
2

= 1

cd(d − 2 − γ)γ
= 1

cdγ2
.

Thus the right-hand-side of equation (5.3.10) is bounded from above by

C(n, d) ∶= ( 1
cd
)
n−1
( 2

d − 2
)
2n−2

∫
Rd
∥η∥−2d+ d+2

2 Jd/2(∥η∥)2dη < ∞,

and for any 0 < κ < d−2
2 , the following sum is finite

∞
∑
n=2

κ2ncndC(n, d) < ∞. (5.3.12)

Now for any n ≥ 2,

J (n)(R) → 0 as R →∞. (5.3.13)

In fact, using again the bound (5.3.9) and that the right-hand-side of (5.3.10) is bounded, (5.3.13)

follows from the dominated convergence theorem and (5.3.7).

By (5.3.10), J (n)(R) ≤ C(n, d) for all R > 1, n ≥ 2. The proof is complete once we apply

the dominated convergence theorem again to the sum of κ2ncndJ (n)(R) from n = 2 to infinity and

use the results (5.3.12) and (5.3.13). ◻

Lemma 5.3.8. For any 0 < κ < d−2
2 , we have

lim
R→∞

∞
∑
n=2

κ2ncndK(n)(R) = 0.
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Proof. Similar to the proof of Lemma 5.3.7, we first show that, for any R > 1, n ≥ 2, K(n)(R) ≤

C ′(n, d) for some constant C ′(n, d) > 0 . In order to have κ2ncndC
′(n, d) be summable from

n = 2 to infinity for all 0 < κ < d−2
2 , we conduct the following analysis.

Let R > 1, n ≥ 2, and m be an integer so that 0 ≤ m ≤ n − 2. By (5.3.8), for any ηn ∈ Rnd

such that ηi ≠ 0 for i =m + 2, . . . , n − 1, we have

R2−2nφ(ηn/R) ≤ R2−2n
n−1
∏

i=m+2
∥ηi/R∥−2 = R−2m−2

n−1
∏

i=m+2
∥ηi∥−2. (5.3.14)

It follows that for any R > 1, n ≥ 2 and 0 ≤m ≤ n − 2,

K(n)(R) ≤ R−2m−2∫
Rnd

1B1(η1)
n

∏
j=1
∥ηj − ηj−1∥−d+2∥ηn∥−dJd/2(∥ηn∥)2

n−1
∏

i=m+2
∥ηi∥−2dηn. (5.3.15)

Note that for any x ∈ B1 and any γ′ ≥ 0,

∥x∥−d+2 ≤ ∥x∥−d+2−γ′ .

Thus for some γ′ ≥ 0 and some 0 ≤m ≤ n − 2 that we will choose later, we have

∫
Rnd

1B1(η1)
n

∏
j=1
∥ηj − ηj−1∥−d+2∥ηn∥−dJd/2(∥ηn∥)2

n−1
∏

i=m+2
∥ηi∥−2dηn

≤ ∫
Rnd
∥η1∥−d+2−γ

′
n

∏
j=2
∥ηj − ηj−1∥−d+2∥ηn∥−dJd/2(∥ηn∥)2

n−1
∏

i=m+2
∥ηi∥−2dηn.
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When 0 < 2 − γ′ < d − 2(m + 1), applying Lemma 5.2.1 (m + 1) times, the above equals to

m

∏
i=0
k2i+2−γ′,2,d∫

R(n−m−1)d
∥ηm+2∥−d+2m+4−γ

′

n

∏
j=m+3

∥ηj − ηj−1∥−d+2∥ηn∥−dJd/2(∥ηn∥)2
n−1
∏

i=m+2
∥ηi∥−2dηm+1,n.

Then again applying Lemma 5.2.1 (n − 2 −m) times, the above further equals to

m

∏
i=0
k2i+2−γ′,2,d (k2m+2−γ′,2,d)n−2−m∫

Rd
∥ηn∥−2d+2m+4−γ

′

Jd/2(∥ηn∥)2dηn. (5.3.16)

Note that when 0 < 2m + 4 − γ′ < d, the integral in (5.3.16) is finite by (5.2.7), and

k2m+2−γ′,2,d = πd/2
Γ (2m+2−γ

′

2
)Γ (d−2−(2m+2−γ

′)
2 )

Γ (d−(2m+2−γ′)2 )Γ (d−22 )Γ (
2+(2m+2−γ′)

2 )

= πd/2 1

(d−2−(2m+2−γ′)2 )Γ (d−22 ) (
2m+2−γ′

2
)

= 1

cd(d − 2 − (2m + 2 − γ′))(2m + 2 − γ′)
.

We need to choose m and γ′ in some clever way so that the series κ2ncnd (k2m+2−γ′,2,d)
n−2−m is

summable. The crucial observation here is that for any d ≥ 3, we can find an integer m0 ≥ 0 and

some γ′0 ∈ {0,1/2,1,3/2} such that

2m0 + 2 − γ′0 =
d − 2
2

. (5.3.17)

In fact, let m0 be the largest nonnegative integer such that 4m0 ≤ d − 3 and let γ′0 = 3
2 +

4m0−(d−3)
2 .

It is easy to see that 0 ≤ γ′0 < 2, (5.3.17) is satisfied, and 0 < 2m0 + 4 − γ′0 < d when d ≥ 3. The
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values of m0 and γ′0 only depend on the dimension d. With m =m0, γ′ = γ′0, we have

k2m+2−γ′,2,d =
1

cd(d−22 )2
,

and κ2cdk2m+2−γ′,2,d < 1 for all 0 < κ < d−2
2 .

Note that m0 only depends on the dimension d and could be greater than some small n,

so we need to choose m differently according to the values of n. For any 2 ≤ n ≤ m0 + 2,

we choose m = 0 and γ′ = 3/2; for any n > m0 + 2, we choose m = m0 and γ′ = γ′0. With

these choices, the conditions γ′ ≥ 0, 0 ≤ m ≤ n − 2 and 0 < 2 − γ′ < d − 2(m + 1) are always

satisfied, and κ2ncnd (k2m+2−γ′,2,d)
n−2−m is summable from n = 2 to infinity for all 0 < κ < d−2

2 .

By (5.3.15), define C ′(n, d) as the value of (5.3.16) under such choices of m and γ′, we have

K(n)(R) ≤ C ′(n, d) for any R > 1 and n ≥ 2, and also

∞
∑
n=2

κ2ncndC
′(n, d) < ∞,

for any 0 < κ < d−2
2 .

It also follows from (5.3.15) that for any n ≥ 2, K(n)(R) ≤ R−2m−2C ′(n, d), so K(n)(R) →

0 as R → ∞. The proof is thus complete once we apply the dominated convergence theorem to

the sum of κ2ncndK(n)(R) from n = 2 to infinity and use the above results together. ◻
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the kpz/stochastic burgers equation. Journal of the American Mathematical Society,
24(3):683–708, 2011.

[91] Daniel Dufresne. The distribution of a perpetuity, with applications to risk theory and
pension funding. Scandinavian Actuarial Journal, 1990(1):39–79, 1990.

[92] Guillaume Barraquand and Pierre Le Doussal. Steady state of the kpz equation on an
interval and liouville quantum mechanics. EPL-Europhysics Letters, 137, 2022.

[93] Tom Alberts, Christopher Janjigian, Firas Rassoul-Agha, and Timo Seppäläinen. The
green’s function of the parabolic anderson model and the continuum directed polymer.
arXiv preprint arXiv:2208.11255, 2022.

[94] Ivan Corwin and Hao Shen. Open asep in the weakly asymmetric regime. Communications
on Pure and Applied Mathematics, 71(10):2065–2128, 2018.

[95] Mark Iosifovich Freidlin. Functional integration and partial differential equations. Num-
ber 109. Princeton university press, 1985.

[96] Kiyosi Ito and Henry Jr McKean. Diffusion processes and their sample paths. Springer-
Verlag., 1965.

[97] Shalin Parekh. The kpz limit of asep with boundary. Communications in Mathematical
Physics, 365:569–649, 2019.
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Probabilités XXXIX, pages 269–303, 2006.

[120] Samuel Karlin and James McGregor. Coincidence probabilities. Pacific Journal of Math-
ematics, 9(4):1141 – 1164, 1959.

[121] Chin Hang Lun and Jon Warren. Continuity and strict positivity of the multi-layer exten-
sion of the stochastic heat equation. Electronic Journal of Probability, 25, 2020.

[122] Jean-François Le Gall. Brownian motion, martingales, and stochastic calculus. Springer,
2016.
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tronic Journal of Probability, 20:1–50, 2015.

[127] Jim Pitman. The distribution of local times of a brownian bridge. Séminaire de probabilités
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