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In this dissertation, we include four projects that study the large-scale behavior of some
stochastic PDEs. The stochastic PDEs that we study are the Kardar-Parisi-Zhang (KPZ) equation
and the stochastic heat equation (SHE).

The Kardar-Parisi-Zhang equation is a nonlinear stochastic PDE, known as the default
model for random interface growth in physics. To study the Kardar-Parisi-Zhang equation, we
use the approach of Hopf-Cole transform, which relates the KPZ equation to the stochastic heat
equation. In spatial dimension one, the KPZ equation and the stochastic heat equation have
received extensive studies, but the equations that are boundary driven or in higher dimensions
remain more mysterious.

In the first part of this dissertation, we consider the stochastic heat equation and KPZ equa-
tion in spatial dimension two, which is a critical dimension, and the solutions can only be made
sense as scaling limits. In the first project, we consider a nonlinear version of the stochastic heat

equation and prove its limiting second-order Gaussian fluctuation. This result has been published



in paper [1]. In the second project, we show a mesoscopic averaging phenomenon for the local
averages of the two-dimensional KPZ equation. This result has been published in [2].

The second major part of this dissertation is a project that considers the KPZ equation in a
one-dimensional half-space domain with a Neumann boundary condition. This half-space KPZ
model exhibits a “depinning” phase transition as the boundary condition changes. We study the
half-space KPZ equation starting from stationary Brownian initial data. We obtain its optimal
fluctuation exponents in both the subcritical and critical regimes of the phase transition, and
give an optimal upper bound for the fluctuation exponents in the supercritical regime. We also
compute the average growth rate as a function of the boundary parameter. This result has been
submitted for publication in paper [3].

In the last part of this dissertation, we also include a work that studies the time-dependent
spatial averages of a long-range critically correlated stochastic heat equation in spatial dimension
three or higher. These spatial averages have different limits under different space-time scales.

This result has been included in preprint [4].
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Chapter 1: Introduction

The Kardar-Parisi-Zhang (KPZ) equation is a nonlinear stochastic partial differential equa-

tion (SPDE), expressed in dimensionless units and after scaling as
1 1 9
ath(tax) = 5Ah(t,l’)+§|Vh(t,iE)| +€(t,l’), (1.0.1)

with £ denoting the standard space-time white noise, which is a distribution-valued Gaussian field

with a formal correlation function

E&(t, 2)S(t,a")] = do(t = )60 (x — "),

with &y being the Dirac mass.

The equation (1.0.1) models a height function of the interface so that its growth is a combi-
nation of the smoothing effect from the heat kernel, a slope-dependent mechanism governed by
the quadratic term, and a random forcing modeling the impurities in nature. It is the default ran-
dom interface growth model in statistical physics, first introduced by Kardar, Parisi, and Zhang in
1986 [5] and is a singular SPDE due to the roughness of the noise. Mathematically, this equation
(1.0.1) is ill-posed. The main problem comes from the nonlinear term Vh. With roughness from

the noise ¢, for any spatial dimension d > 1, the gradient of A is not function-valued, and thus its



square is not mathematically well-defined.

In 1995, Bertini and Giacomin [6] proposed that one way to have (1.0.1) well-defined in
the (1 + 1)-dimension (i.e. (¢,x) € [0, c0) x R) is through the Hopf-Cole transform, which means
that one obtains a physical solution to (1.0.1) by letting i(¢, z) = logu(t, ), where u(t, z) is the

solution to the stochastic heat equation (SHE)
1
Owu(t,z) = §Au(t,$) +u(t,x)&(t, x). (1.0.2)

It is not hard to see that at least formally, ignoring the It6 correction, log u(t, z) satisfies (1.0.1).
In fact, the Hopf-Cole solution arises as the weak noise limit of discrete and continuum models
in the KPZ universality class.

Through the Hopf-Cole transform, the height function i (¢, x) can also be interpreted as the
free energy of the continuum directed random polymer model, which is also a model in the KPZ
universality class.

Over the last decade, much progress has been made on studying the KPZ equation and the
KPZ universality class in noticable works such as [7,8]. Around the same time, Martin Hairer first
proposed the theory of regularity structures [9, 10] to construct and analyze solutions to (1.0.1) in
dimension (1 + 1) bypass the Hopf-Cole transformation. Since then, there have also been other
direct approaches, such as through paracontrolled distributions [11,12], energy solutions [13,14],
and more recently, flow equation [15]. Nevertheless, the study of KPZ equation (1.0.1) via the
Hopf-Cole transformation is still powerful and it is our approach in this dissertation.

Despite the extensive research in the literature, KPZ systems that are boundary driven in

dimension (1 + 1) or stochastic heat equations and KPZ equations in higher dimensions remain



more mysterious. In this dissertation, we study the large-scale behavior of several stochastic heat
equations and KPZ equations that fall in those two categories.

In the first part of this dissertation, we present two works [1, 2] that are related to the two-
dimensional ((¢,x) € [0, o) x R?) stochastic heat equation and KPZ equations in Chapter 2 and
3. A short summary of these works can be found in Section 1.1 below.

In the second part of this dissertation, we study the stationary KPZ equation in half-space
((t,z) € [0,00) x [0, 00)) with Neumann boundary condition at x = 0. This is based on a joint
work [3] with Yu Gu and is presented in Chapter 4. A detailed overview of this work can be
found in Section 1.2 below.

Finally, in the last part of this dissertation, we also include a work [4] with Sefika Kuzgun
in Chapter 5 that studies a time-dependent spatial average of a critical long-range stochastic heat
equation in dimension d > 3. We refer to Section 1.3 for an overview.

Before we proceed, we would like to mention that the main tools in our research are var-
ious probabilistic tools, including but not limited to the Malliavin calculus with Stein’s method,
Gaussian integration by parts, chaos expansions, concentration inequalities, hypercontractivity,

and Karlin-McGregor type arguments.

1.1 SHE and KPZ ind =2

We consider (1.0.1) and (1.0.2) in the (1 + d)-dimensional full-space domain: (t,z) €
[0, +00) x R?. By a computation with the d-dimensional heat kernel, one can easily show that the
stochastic heat equation (1.0.2) is only well-posed for d = 1. For dimension d > 2, (1.0.2) does

not have function-valued solutions, and thus the Hopf-Cole transformation A(t¢,x) = logu(t, x)



will not make sense. This makes the problem of stochastic heat equation and KPZ equation in
higher dimensions naturally harder than in one dimension.

Among these higher dimensions, the dimension d = 2 is a critical case as it also differs
from d > 3. To see a nontrivial evolution, one needs to take an exponential time scale in d = 2,
while in contrast, one can consider an arbitrarily long diffusive scale for d > 3. We will focus on
the dimension d = 2 in the following. Analogous results for d > 3 are in literature [16, 17].

One of the first fundamental work for the (1 + 2) dimension SHE is conducted by Car-
avenna, Sun and Zygouras in [ 18], in which they considered the limit of the following regularized

equation as € - 0

O (¢, ) = %Aus(t,x) . L_lue(t,x)ge(t,x). (1.1.1)

\d1oge

Here 8 > 0 is a constant. The function ¢ € C(R?) is a non-negative smooth mollifier with

[ ¢dx = 1. The regularized noise & (¢, ) = ¢°*£(¢, x) is the space-time white noise £ convoluted

in space with ¢*(z) := ¢ (%). The equation (1.1.1) is then well-posed, and the \/1027 scaling

of the disorder strength is crucial in d = 2.
In [18], the authors proved the following result:

Theorem 1.1.1 ( [18], Theorem 2.15). For any t > 0 and z € R?, if u*(0,z) = ug(zx) = 1,

_1 2
Y=3EY) \where

B € (0,v/27), us(t, ) converges in distribution to the log-normal distribution e
Y = (log %)Z and 7 is a standard Gaussian, as € — 0. If § > /2w, u(t, z) converges to 0 in

probability as € — 0.
Now we can use a Hopf-Cole transformation to investigate the two-dimensional KPZ equa-

tion. If we consider the mollified KPZ equation

4



5
\/1oget

with initial condition h%(0,z) = ho(x) = 0 and C. = $”¢”L2(R2), we have he(t,z) =

O (1, ) = %Ah«f(t,x) . %|Vh5(t,x)|2 = _a()-c. (1.1.2)

logus(t,x).
Another result in [18] is on the fluctuation of the two-dimensional SHE. The authors
showed that in the regime when 3 < \/2m, the solution to the two-dimensional SHE, as a random

field in R2, has a Gaussian fluctuation:

Theorem 1.1.2 ( [18], Theorem 2.17). Let u(t,x) be as in Theorem 1.1.1 with 3 < \/2x. Fix

t > 0, for any fixed Schwartz function g € C'°(IR?), the random variable
\/@ f (t,x) - 1] g(x)dz
converges in distribution to a Gaussian distribution
.[W U(t,z)g(z)dz

as € - 0. The random distribution U is the solution to the Edwards-Wilkinson equation in

dimension two:

Ut 7) - %AU(t,x) B 2:—%2&33), U0, 2) = 0.



1.1.1 Fluctuation of nonlinear SHE

In Chapter 2, we are interested in an analog result to the above Theorem 1.1.2 for a nonlin-
ear SHE. Namely, we consider a stochastic heat equation where the noise term is multiplied by

o(uf(t,z)) instead of u®(t,z):

O (t, ) = %Aue(t, )+ —L ot ) ). (1.1.3)

V1oge!

Here 0 : [0,00) — [0, 00) is a globally Lipschitz function with ¢(0) = 0, o(1) # 1 and a Lipschitz
constant or;,. The motivation behind this problem is that, by studying a nonlinear SHE, we
hope it would shed light on the study of more general KPZ-type stochastic partial differential
equations.

In Chapter 2, we present the work [1], in which we proved the following theorem.

Theorem 1.1.3 ( [1]). There exists some [, € (0, g) such that if 5 < By, for any fixed t > 0 and

any fixed Schwartz function g € C(R?), the random variable

Xt (g) := /loge /11%2 [u®(t,x) - 1] g(z)dx

converges in law to a Gaussian distribution

X'(g)= [ UGt a)g(w)de

as € - 0. Here U is the random distribution that solves the Edwards-Wilkinson equation in



dimension two:
1
QU = 5AU + B\ Eo (215(2))"dW (1, 2),  U(0,2) =0,

where =, 5(-) is a random process defined as in [19] by a forward-backward stochastic differen-
tial equation (FBSDE):
Let { B(q) } 40 be a 1D standard Brownian motion with the natural filtration {G,} ;0. Then

E12(+) is the (unique) solution to the FBSDE:

4Z12(0) = 5 =(BL(212() | G,)

NG dB(q),  qe(0,2]; E12(0) =1.

Our proof was based on the one-point and multi-point convergence results for the nonlinear
SHE in [19]. The methods once used in [18] to obtain Theorem 1.1.2, namely the Feynman-Kac
formula and the Wiener Chaos expansion, are no longer valid in the nonlinear setting. Instead,

the Malliavin-Stein’s method inspired by work [17] is used here.

1.1.2 Mesoscopic averaging of KPZ

In Chapter 3, we are interested in the two-dimensional KPZ equation, which is the limit
of he(t,x) in (1.1.2) as ¢ — 0 in the regime 8 € (0,+/27). By Theorem 1.1.1 and the con-
tinuous mapping theorem, one can easily obtain a multi-scale point-wise asymptotic limit of
he(t,z), and in [20], the authors proved a second-order Edwards-Wilkinson fluctuation for the
two-dimensional KPZ equation (as a random field on R?).

Inspired by Chatterjee’s work for the KPZ equation in d > 3 [21], we investigated the



limit of a local average of the mollified KPZ equation (1.1.2) when $ € (0,/27) with a general
initial condition hy. We showed that when h®(¢,z) is averaged in space in a proper scale, its
limit would equal in distribution to the sum of the solution to a deterministic KPZ equation
and a Gaussian random variable. The deterministic part only depends on the initial condition
ho. The Gaussian random variable only depends on the scale of averaging. Our result shows a
“mesoscopic” averaging phenomenon that appears exclusively in dimension two. This result is

presented in [2] as the following:

Theorem 1.1.4 ([2]). Let he(t, x) be the solution to the mollified two-dimensional KPZ equation
(1.1.2) with the initial condition hy : R?> - R being bounded and Lipschitz continuous. Let
0 < B <V2mandr. = 7 for some 0 <y < 1. We use B(z,r.) to denote a ball with center x
and radius r..

For any fixed t > 0, x € R, the local average of h¢ over B(x,r.) converges as follows

1
- he(t,y)d
|B(ZL‘7T5)| ly—z|<re ( y) Y

. . (1.1.4)
4 N(0,02) = 2o (—277 )+ "o POt
) T 508\ o T

m -/|yf:r\sl h(t,y)dy, ifv=1,

as € - 0, where h(t,z) is the solution to the two-dimensional deterministic KPZ equation

Ot x) = %Al_z(t, )+ %|Vﬁ(t,x)|2, R0, %) = ho(z), (1.15)

2
and N(0,02) is a normal distribution with mean 0 and variance o2 = log (227; _75527 ) When 0 <

v < 1, we have o2 > 0. We treat N'(0,0) as constant zero, when y = 1 and o = 0.



If v = 0, the averaging was performed over a ball with radius 7. = . The limit in distribution
is

_ 2 1 2
h(t,z) + N(0,log 27T—_7T52) - §log(27r—f62) ,

which is a generalization of the point-wise limit of KPZ equation to bounded and Lipschitz
continuous initial conditions. The case v = 0 can be viewed as a “microscopic” averaging result.

If v = 1, the averaging was performed over a ball with radius . = 1. The limit is then
deterministic. It equals to a spatial average of the deterministic KPZ equation over the ball of
radius 1, plus a height shift —% log (273%52) Due to the independence in the limit of A¢ for distinct

points, taking a local average over a fixed-radius ball eliminates the randomness as a result of the

21
2m—32

law of large numbers. The height shift —% log ( ) is the mean term remained. The case v =1
can be viewed as a “macroscopic” averaging result.

If 0 <y < 1, the averaging was performed over a ball with radius r. = =7, where ¢ < r, <
1. The limit in distribution is the deterministic KPZ equation with the same height shift, plus a
Gaussian random variable. The variance of the Gaussian, ag, is dependent solely on . This is an
interpolation between the limiting case v = 0 and v = 1 and is a “mesoscopic” averaging result.

The main idea of this mesoscopic averaging phenomenon and its proof stemmed from the
following observation: the random part in the limit of /2 (¢, 2) depends only on the white noise &
in an infinitesimal time window [t —o0(1),t] as ¢ - 0, and it is independent of the initial condition
ho. Thus, we can split h¢(¢, z) into two components: a “random” quantity which is the solution
to the KPZ equation on time window [t — o(1),¢] with zero initial condition, and an “almost

deterministic” quantity that concentrates to a deterministic value when £ — (. The idea of this

decomposition was first mentioned in [18] and later applied in [21].



1.2 Half-space KPZind =1

In Chapter 4 of the dissertation, we study the half-space variant of the KPZ equations. This
is the KPZ equation (1.0.1) restricted to the half line (¢,z) € [0, +00) x [0, c0), with a Neumann

boundary condition with parameter v € R imposed on x = 0:

OHL(t,) = 30 (t,0) + 5 (O, HL(t,))* +€(t.), o
0, H,(t,z)|,_, =u.

The solution to equation (1.2.1) can be interpreted as a half-space KPZ height function, as
well as the free energy to a half-space continuum directed random polymer model. The contin-
uum directed random polymer model is a model in the KPZ universality class.

The half-space KPZ models are related to a growing interface near an attractive wall, which
arises naturally from the studies of wetting and entropic repulsion phenomena. In his pioneering
work [22], Kardar introduced the half-space KPZ models to describe such interface growth and
he predicted a “depinning” phase transition as the wall attraction weakens for these half-space
KPZ models. The underlying concept is as follows: when the wall exerts a strong attractive force,
which is also referred to as in the subcritical regime or the bound phase, the half-space directed
random polymer would be “pinned” to the wall due to the force; as this attractive force decreases
below a certain threshold, the polymer becomes entropically repelled away from the wall. It is
expected that when “pinned”, the polymer endpoint has O(1) transversal fluctuation in a window
around the wall and the free energy of the polymer fluctuates with an exponent 1/2. After being

“unpinned”, the polymer exhibits KPZ behaviors: the free energy fluctuates with exponent 1/3

and the endpoints have transversal fluctuation exponent 2/3. We are interested to demonstrate

10



this phase transition for (1.2.1).

The boundary conditions in (1.2.1) do not make a priori sense as the solutions of KPZ
equations are not differentiable. We take care of this through a Hopf-Cole transform.

Let Z,,(t,x) with (¢,z) € [0,00) x [0, 00) be the solution to the half-space stochastic heat
equation with Robin boundary condition. More precisely, Z,(t,z) is defined through a mild

formulation

t
Zu(tw) = [ 2ROyt 2,00dys [ [ P y:t0) 25, 0)E (s p)dyds, (122)

where the stochastic integral is in Ito sense. Here the kernel &% (s, y;t, ) is the Robin heat

kernel on half-line with parameter y:

P (s,yit,x) = pes(x —y) + pros(@ +y) — 2 '/0 peos(x+y+2)eH*dz, (1.2.3)

where p;(x) = ﬁe‘l’z}/ (1) is the standard continuous heat kernel for the heat operator 9, — 302

on R. We then define the solution to (1.2.1) for (¢, ) € [0,00) x [0, 00) by letting
H,(t,x) :=log Zufé(t,az).

While this model is of great interest to physicists and mathematicians, less literature is
available on it until recently. One may refer to [23-27], etc. for some recent research on this
topic. In the language of the polymer, the half-line KPZ equation is equivalent to a continuum
directed polymer on a half-space with a wall at the origin x = 0, which is repulsive for u — % >0,

and attractive for u — % < 0. A remarkable feature of the half-space KPZ equation is the existence

11



of a critical value u,. of the parameter v at which a phase transition occurs. This phase transition
was first predicted by Kardar in 1985 [22] for half-space KPZ models. Recently, in [28], the
authors proved the occurrence of the phase transition at « = 0 for (1.2.1) when the initial condition
is set to equal to the logarithm of the Dirac mass 9.

We will focus on the half-space KPZ equations (1.2.1) in stationary. In [26], the authors
constructed a one-parameter family of stationary measures for (1.2.1) for each choice of boundary

parameter u. In particular, when the initial condition is
H,(0,2) = W,(z) = W(z) + ux,

where W () is a Brownian motion on [0, co) starting from 0 and independent of &, our (1.2.1)
is starting at a stationary measure. By stationary, we mean that the increment process x +
H,(t,x) - H,(t,0) is stationary. While the KPZ height function H,(t,z) is not stationary in ¢,
when H,(0,2) = W,(z), forall ¢t >0, H,(t,x)-H,(t,0) is equal to H,(0,x)—H,(0,0) = W, (x)
in law, as a process of = € [0, o).

In the work [3] with Yu Gu, we utilize this stationarity and the Brownian structure in the
initial condition to deploy an integration by part technique previously used in [29]. As a result,
we derived a variance identity that links the fluctuations of the height function to the transversal
fluctuations of a half-space polymer model.

Let pﬁ,% (y|t,0) be defined as the quenched density of the half-space continuum directed

polymer starting from (¢,0) and running backward in time with boundary exp(W,,(-)):

Z, 1(t,z]0,y) exp (Wy,(y))
PRyt x) = :
2 [0 2,1 (6,2]0,y") exp (W, (v')) dy’

U3
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Here Z,_ 1 (t,z|s,y) is the Green’s function of the half-space stochastic heat equation with

1

boundary parameter u — 5. In particular, Z _ 1 (t,z|s,y) satisfies the following mild formula-

tion:

t 0o
Z, 1 (talsy) =28 (Lalsy)+ [ [T P8 (alr2) 2, (2l )G 2)dz dr,
2 U=z s 0 U=z 2

In [3], we are able to show the following variance identity (see Section 4.4 with some different

notations):

Theorem 1.2.1 ( [3]). ForanyueR,t >0,

+oo
Var[H,(t,0)] =2E / y-pt i (ylt,0)dy - ut. (1.2.4)
0 2

With the above variance identity, one can observe that there would be a phase transition at
u = 0, as what was previously predicted in the physics literature [25, 30].

Furthermore, one can obtain the fluctuation exponents for the height function by estimating
the annealed mean of the polymer endpoints. In particular, we prove an optimal bound to the

transversal endpoint when u < 0 as the following (see Section 4.5):

Theorem 1.2.2 ( [3]). Assume u < 0. We have

0<E [ yept (o1t 0)dy < v'(-20), (125)
0 2

where 1) is the digamma function and as z — 0% ,¢'(z) ~ Z%

Combing (1.2.4) and (1.2.5), we obtain the optimal fluctuation exponent 1/2 for the height

13



function H,(t,0) in the subcritical regime u < 0.

Furthermore, through some scaling, an additional symmetry argument in Section 4.6, and
an additional comparison argument in Section 4.7, we are able to extend the analysis beyond the
subcritical regime and cover the critical and supercritical regime.

As a result, we have that when u # 0,
lult < Var[H,(t,0)] < 2¢'(2|ul) + |ult,

and the free energy fluctuation exponent is 1/2 for u # 0. If we scale u = ¢t~ for some ¢ # 0,
a € [0, 5], we have

Var[He-«(t,0)] xt'7%, as t — oo.

In particular, when w is in the so-called critical regime v = ct~!/3 for any ¢ # 0, the transversal
fluctuation exponent is 2/3 and the free energy fluctuation exponent is 1/3.
When u = ¢t~ with ¢ € R, o > 1/3, we are in the so-called supercritical regime of the phase

transition. For this regime, we show that for any ¢ > 1,
+o00
E[ y-pR i (ylt,0)dy < CH*P3,
0 2
for some C' > 0 depending only on ¢, and
Var[H,(t,0)] < Ct?/3,

for some C' > 0 depending only on c.
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Besides, we also compute the average growth rate (EH,(¢,0) divided by time t) as a func-
tion of the boundary parameter in Section 4.3.

In conclusion, the above results from [3] confirm the aforementioned prediction for the
large-scale behavior of the half-space KPZ equation. Our results shows a continuous interpola-
tion of the fluctuation exponents from the bound phase to the critical regime. In the bound phase
and the critical regime, we obtain the exact exponents for the fluctuation size. We show that when
the polymer is “pinned” to the wall, the endpoint has O(1) transversal fluctuation and the free
energy fluctuates with exponent 1/2. This is consistent with the prediction that the free energy
exhibits a Gaussian limit in the bound phase. We also show that in the critical regime of the phase
transition, the polymer exhibits KPZ behavior, with transversal fluctuation exponent 2/3 and free
energy fluctuation exponent 1/3. Finally, we give the 2/3 upper bound to the transversal fluctua-
tion exponents and 1/3 upper bound to the free energy fluctuation exponents in the supercritical
regime.

The main tools used in this section are the Gaussian integration by parts for obtaining the
variance identity, and two different stochastic comparison arguments for obtaining the bounds on
the transversal fluctuation exponents. A Karlin-McGregor type argument is used for one of the

stochastic comparisons.
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1.3 Long-range correlated SHE in d > 3

Consider (1.0.2) in dimension (1+d) with d > 3 and £ replaced by F', a mean zero Gaussian

space-time noise with a special covariance function

E[F(t,)F(s,y)] = 6(t - )| - y| 2

With this noise, (1.0.2) is a boarderline critical stochastic PDE with long-range correlation.

To make sense of this equation, one puts a coupling constant « before the noise /'. When in
the subcritical regime 0 < K < %, [31] defines the (martingale problem) solution to this equation
and shows that such solutions exist (through Wiener chaos expansion) and are unique in law.
Moreover, [31] also shows that this solution is a singular measure.

In the work with Sefika Kuzgun [4], we study the time-dependent spatial averages of this
critical stochastic PDE. We show that the time-dependent spatial averages over a ball of radius R
at time t have different limits under different space-time scales. In particular, when ¢ << R?, the
central limit theorem holds; when ¢ = R?, the spatial average is a non-Gaussian random variable;
when t > R?, the spatial average becomes extinct.

For more detail, we refer to Chapter 5. The main tool of this chapter is the central limit

theorem based on chaos expansion.
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Chapter 2:  Fluctuations of Nonlinear SHE in d = 2

2.1 Introduction

2.1.1 Main results

Consider the following parameterized two-dimensional nonlinear stochastic heat equation

(SHE) with constant initial data on (¢,x) € [0, +00) x R2:

O (1, ) = %Aus(t,x) + o (u (1, 2)) AW (1, 2); 2.1.1)

p
\0oge~

u®(0,z) = 1. (2.1.2)

Here § > 0 is a constant; o : [0, 00) — [0, 00) is a globally Lipschitz function satisfying o(0) = 0,

(1) #0,and |o(z) - o(y)| < oLip|z — y| for all z,y € R? with or;, > 0 fixed. We define
dWye (t,x) = ¢° » dW (¢, ), (2.1.3)

where dWW (¢, ) is a space-time white noise on [0, +o0) x R2, ¢ ¢ C'°(R?) is a non-negative
mollifier with [ ¢dz =1 and ¢*(z) = 5;¢(£), and * denotes convolution in space.

The noise dW: (¢, ) is a centered Gaussian noise, white in time and homogeneously col-
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ored in space. The spatial correlation length is at scale €. Formally, the covariance operator of
dW7 is given by

E[dW5 (¢, 2)dWE(t,a')] = o(t - ') S R(ZZ).

Here ¢ is the Dirac delta measure with unit mass at zero. R(x) is non-negative and non-negative

definite, given by

R@) = [ o(e+y)o(y)dy e O ().

For € > 0, it is well-known that the initial value problem (2.1.1)—(2.1.2) is well-posed and has a

mild formulation

u (t,z) =1+ /otlw Girs(z —y)o (u°(s,y)) AWy (s,y). (2.1.4)

_B
\/1oget

Here Gy() = 5= e 1*/(2)) denotes the two-dimensional heat kernel. The stochastic integral in
(2.1.4) is interpreted in the [t6-Walsh sense.

Our main result is the following central limit theorem (CLT):

Theorem 2.1.1. There exists some [ € (0, \/ﬁ) such that if 3 < By, for any fixed T' > 0 and any

fixed Schwartz function g € C°(IR?), the random variable

X=T(g) = /loge- 1] (T, z) - 1] g(x)dz 2.1.5)

converges in law to a Gaussian distribution

X7(g) = fR U(T, z)g(z)da 2.1.6)
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as € - 0. Here U is the random distribution that solves the Edwards-Wilkinson equation in

dimension two:
1
U = AU+ Eo (2,2(2))2dW (t,z),  U(0,z)=0. (2.1.7)

E12(+) is a random process defined by the following as in [19, p.3]:
Let { B(q) }4s0 be a 1D standard Brownian motion with the natural filtration {G, } ;0. Then Z; 5(-)

is the (unique) solution to a forward-backward stochastic differential equation (FBSDE):

120 - 3= (Bl E1a2)) 1 6,)

Z12(0) = 1. (2.1.9)

dB(q),  q€(0,2]; (2.1.8)

The existence and uniqueness of solutions to (2.1.8)—(2.1.9) are given in [19, Theorem 1.1].
To keep the consistency of notations, the subscript ; o denotes that the initial data equals to 1
constantly and the terminal time is at g = 2.

From [19, Theorem 1.1], we have that the coefficient in (2.1.7) satisfies
B\ Eo (B12(2))% = 2v/7J(2,1),
where J2(q,a) is a viscosity solution to the quasilinear heat equation

1
Oyl = 51 Dua )

J2(0,a) = /8—202(a).
4m
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We also prove the following functional version of the CLT:

Theorem 2.1.2. Let 5 < By. Forany T' > 0 and g € C*(R?). We have convergence in law in the

space of continuous functions C'([0,T]),

Do > (VB @22’ [ [ Grara@aW(s)

te[0,T]

as € - 0. As above, AW is a space-time white noise on [0, +00) x R2.

2.1.2 Context

The Gaussian fluctuations of many SHE and KPZ equations have been widely studied.

If o(x) =z, our SHE (2.1.1)—(2.1.2) becomes a linear one:

o (t,x) = 1Ava(t,x) + L1}‘€(t,x)(1V[/¢a(15, x); (2.1.10)
2 Vl1ogel
v (0,2) = 1. @.1.11)

It is known that there is a phase transition at 3 = /27 for this multiplicative SHE in dimension
two. In [18], Caravenna, Sun, and Zygouras showed that for any fixed 7 > 0 and = € R?, if
B > \/2m, v*(T, x) converges to 0 in probability as ¢ — 0; if < /27 (known as 3 in the
subcritical” regime), v* (T, x) converges in law to a log-normal random variable as ¢ — 0. They
also proved that (see [18, Theorem 2.17]) if § < /27, for any fixed time 7" > 0 and any fixed

Schwartz function g € C'®°(IR?), the random variable

Vl]oget /11&2 [v°(T,x) - 1] g(x)dx
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converges in law to a Gaussian distribution. In other words, the solution random field to (2.1.10)—
(2.1.11), after centering and rescaling, converges (in distribution) to the solution to an Edwards-
Wilkinson equation.

We are interested in obtaining an analog result for our nonlinear SHE (2.1.1)—(2.1.2).
In [18], the authors used the Feynman—Kac formula, which is not available for nonlinear case.
Therefore, new methods should be used for this problem. In [19], Dunlap and Gu character-
ized the local statistics for the limiting solution field to nonlinear SHE (2.1.1)—(2.1.2) when
Borip < V/27. (See Proposition 2.2.10 below or [19, Theorem 1.2].) They showed that u (T, z)
converges in law to a specific random variable =, 5(2) as ¢ - 0. They also gave the multipoint
statistics in their work.

Based on their findings, we want to study the asymptotics of the (centered and rescaled)
solution field to the nonlinear SHE as ¢ — (. One may conjecture an Edwards-Wilkinson limit
as in the linear case. In Theorem 2.1.1, we gave a proof to this limit for a regime 3 < 3, < %
Whether or not this result can be extended to the entire “subcritical” regime 3 € (0, %) remains
unknown. We will discuss it in more detail below.

We proved Theorem 2.1.1 by using the mild formulation (2.1.4) and the Malliavin-Stein’s
method. The use of the Malliavin-Stein’s method in proving the Gaussian fluctuations for SHE
is inspired by works [17,32-35]. We also use a multivariate version to prove a functional CLT in
Theorem 2.1.2.

Through a Hopf-Cole transformation h = logu, the linear SHE (2.1.10)—(2.1.11) is related
to a KPZ-type equation in d = 2. The Gaussian fluctuations of the KPZ equation in d = 2 in the
subcritical regime is proved in [20] and [36]. In [37], the authors proved the Gaussian fluctuations

of the linear SHE and KPZ equations in dimension two with general initial conditions. One of
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the reasons why we are interested in the nonlinear SHE is that we hope it will shed lights on the

study of more general Hamilton—Jacobi SPDE:s:
1
Oh(t,x) = ﬁAh(t, z)+ H(Vh(t,z)) + fdWy(t, ), (2.1.12)

where the Hamiltonian / is not necessarily quadratic. The only result in this direction that we are
aware of is the study of a two-dimensional anisotropic KPZ equation in [38]. While the nonlinear
SHE (2.1.1)—(2.1.2) is more complicated than the linear one, it is still much more approachable
than (2.1.12) because we can make use of the mild formulation (2.1.4).

[17] presents analog Gaussian fluctuations of the nonlinear SHE in d > 3. Gaussian fluctu-
ations of the linear SHE and KPZ equations in d > 3 are studied in [39—42] and [43].

There are a few other things we would like to remark before we proceed.

2.1.2.1 S-region

In general, for SHE with multiplicative noise and KPZ equations in d > 2, the noise-strength
parameter (3 plays a noticeable role.

For linear SHE (2.1.10)—(2.1.11), if v¢(¢, z) converges to 0 in probability as € - 0 for any
t > 0,z € R?, we say that the system is in the strong disorder regime. If v(¢,x) converges in
distribution to a non-degenerate random variable as € — 0 for any ¢ > 0,2 € R?, we say that the
system is in the weak disorder or subcritical regime.

As stated above, in [18], the authors proved that 3. = V27 is the exact critical threshold
where the departure from weak disorder to strong disorder takes place. They also proved the

Edwards-Wilkinson limit for linear SHE in the entire subcritical regime 3 € (0, /27). (Work [36]
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gives an alternative proof to this limiting result for a smaller regime 3 < 3,, where 5y < V/27.)
When 3 ~ /2, the solution random field v (¢, ) no longer needs any centering and rescaling
to obtain a nontrivial limiting structure. We refer to [44—46] for the study in this direction.

Here we are to prove the Edwards-Wilkinson limit (Theorem 2.1.1) for nonlinear SHE

(2.1.1)~(2.1.2) in aregime (3 < 3 < V27 smaller than the entire subcritical regime [ € (0, ;/L—Q_“) In

OLi

fact, our proof below ensures that Theorem 2.1.1 would hold for 5, = ﬁ% (see Remark 2.2.6
for detail). While we don’t believe that this is an optimal S-region, whether or not (and how)
Theorem 2.1.1 can be extended to the entire subcritical regime remains open.

For SHE in d > 3, the readers may refer to [16] and [40] on the weak/strong disorder regions
of (. In particular, [40] proved the Edwards-Wilkinson limit for linear SHE in d > 3 in the entire

subcritical regime. For nonlinear SHE in d > 3, [17] also restricted 5 in a smaller region.

2.1.2.2 General initial condition

Following the same methods as in [19], we can generate the results from [19, Theorem 1.2]

to nonlinear SHE (2.1.1) with general initial condition
us(0,2) = ug(x), reR? (2.1.13)

if we assume wu satisfies

0 < inf up(x) < sup ug(z) < +oo.
zeR2 reR2

In fact, it can be shown that u*(7,z) - u(T,x)=; 2(2) in law as ¢ - 0 where u(7’,x) = G *

uo(x) is a deterministic function. One can now go through the exactly same arguments as in the
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proof of Theorem 2.1.1 here to obtain the Gaussian fluctuations of the SHE (2.1.1) with initial
condition (2.1.13) as ¢ — 0. We claim, without proof, that Theorem 2.1.1 still holds, except that

the Edwards-Wilkinson equation (2.1.7) should be replaced by a new SPDE:
1
OU = SAU + B/ Eo =15(2))%a(t, 2)dW (t,z),  U(0,z)=0.

This result aligns with the one in [37, Theorem 1.3, Remark 1.4] for linear SHE in dimension

two with general initial condition.

2.1.3 Outline

In Section 2.2, we first scale our SHE (2.1.1)—(2.1.2) to microscopic variables. Then we
introduce the basics of the Malliavin-Stein’s method and prove some uniform moment bounds to
use in the sequel. We will also state [19, Theorem 1.2] in Proposition 2.2.10 for convenience. In

Section 2.3 and 2.4, we prove Theorem 2.1.1 and 2.1.2 respectively.
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2.2  Preliminaries

2.2.1 Scaling

We are going to use the Malliavin calculus for Gaussian spaces. In order to simplify the
calculation, we want to fix a specific Gaussian space. For this purpose, we introduce another
representation of the SHE (2.1.1)—(2.1.2).

We study the following equation in microscopic variables on (¢,x) € [0, +00) x R2:

1
OVe(t,x) = §AV5(t, x)+ \/%a (Ve(t,x)) dWy(t, z); (2.2.1)
Ve(0,7) = 1. (2.2.2)

Here W (t,z) := Wy (t,x) = [po ¢(x —y)W (¢, y)dy is defined as in (2.1.3) with ¢ = 1. By the

scaling property of the space-time white noise, we have
u(s,-) = Va(;Q, =) jointly in law.
el e

Since we are only interested in proving convergence in law, it is sufficient to prove The-
orem 2.1.1 with u* (7', z) substituted by V*(Z%, ). In fact, as the mild formulation of V=(¢, z)
is

3 — /6 ! &
V(L) = Ls s [ [ Gea—no 0y, @23)
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we have

XT(g) 2 YT (g) = Vioge [ [V(5.5) - 1] g(a)as

T (2.2.4)
5 [, [T [, G5 - 0)o (s, ) Wi (s, p)g(0)dr.

ForO0<t;<---<t,, <T, we have

(X (g),..., X (g)) & (Y4 (g),..., Y (g)).

From now on, we will study Y=7(g) instead of X=7(g), etc.

Remark 2.2.1. As discussed in [19, Section 1.1], in the subcritical regime Soy;, < /2, the 2-
dimensional stochastic heat equation (2.2.1)—(2.2.2) evolves on an exponential time scale with

respect to the strength of the random noise. The exponential time scale explains why we need the

tuning 10; — before the noise term in our SHE (2.1.1)—(2.1.2).
This scaling is different from the d > 3 cases. When d > 3, if the strength of the noise is
small enough so that the system is in the weak disorder regime, the SHE (2.2.1)—(2.2.2) evolves

in an ’arbitrarily long’ diffusion scale (%, 1z ) Where ) is independent of the strength of the noise.

See e.g. [16].

2.2.2 The Malliavin calculus

Now we state the Gaussian space in which we will be working with and give some elemen-
tary results from the Malliavin calculus theory. A detailed discussion should be referred to the
monograph [47].

Consider a complete probability space (§2,.#,P) generated by the Gaussian noise dWW, as
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defined above. Let H be the Hilbert space given by the closure of C°(R,o x R?) with respect to

the inner product

(f,9)n = f0+oo _éz /RQf(s,x)g(s,y)R(:Jc—y)dxdyds.

Define an operator W : H — L?((2) as

W(h)zfom '/RQh(t,m)dW(b(t,x).

Then W is a linear isometry and the Gaussian space {W (h) : h € H} is an isonormal Gaussian
process over H.

Following the conventional notations, we denote the Malliavin derivative operator for the
isonormal Guassian process {W(h) : h € H} by D. Let D¥? k p € Z* denote the associated
Gaussian Sobolev spaces.

Forany ¢ > 0, let %, be the o-algebra generated by {IWW,([0,s]xA):0< s <t, Ae %B,(R?)}
and the null sets of .%. Here %,(IR?) denotes the bounded Borel subsets of R2. A random field
v={v(t,z),t >0,x € R?} is adapted if it is .%;-measurable for each ¢ > 0 and x € R.

Let § denote the divergence operator. ¢ is the adjoint operator of D. If v(t, x) is an adapted

and measurable random field on [0, +o0) x R? such that

f0+°° /RQ fRz E (v(t,z)v(t,y)) R(x —y)dadydt < +oo,
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then v € Dom(4d) and

d(v) :v/(;+oo /RQ v(t,x)dWy(t, x),

where the last integral is well-defined in the It6-Walsh sense with the isometry

E(5(v))? = [O +°° [R 2 fR E(u(t,2)0(t,)) Rz - y)dedydt

By [47, Proposition 1.3.8], if v € Dom(d) and is an adapted process in D!, then

DT7Z(5(U)=U(T,2)+‘/ OO/ D, v(s,y)dWy(s,y).
0 R2

A standard Picard’s iteration scheme shows that for all ¢ > 0 and (¢, z) € [0, +00) x R2, V*(¢,x) €
Dbp for all p > 1. Since V#(¢,x) has the mild formulation (2.2.3), the Malliavin derivative

D, ,V¢(t, ) satisfies the equation

D, V¢ (t,x) = Lo (r)Gi—r(x = 2)o(V(r,2))

_B
\1oge!

+ \/% [t _/1;2 Gt—s(x - y)Dr,zU(VS(S7 y))dW¢(5, y)

= L]l[o,t](r)Gt_r(fE - Z)U(VE(T7 Z))

\/1oge!
+ L
V]oge!

t
[ ], Gesa =S )P (s p)dWals,y). @25)

Here Y is an adapted process bounded by the Lipschitz constant oy;,. If we further assume that
o€ C1([0,+00)), then X(s,y) = o' (V?(s,9)).

In addition, we will need the following version of the Clark-Ocone formula in the proof of
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Theorem 2.1.1.

Proposition 2.2.2 (Clark-Ocone Formula). For X € D2,

+00
X=EX+ f f2 E(D, . X|.Z.)dW4(r, 2) P — almost surely.
0 R

Proof. See [48, Proposition 6.3]. O

2.2.3 Moment bounds

We will use the following two uniform moment bounds in the proof of Theorem 2.1.1.

V2r

OLip

Note that in both lemmas we are not able to cover the entire subcritical regime 0 < [ <
In fact, the extension of Lemma 2.2.3 to the entire subcritical regime should be true and its
counterpart in the 2D directed polymer environment is proved in [49]. However, it remains
unknown whether Lemma 2.2.5 can be extended to the entire subcritical regime.

We first give a uniform moment bound on the mild solution to the SHE.

Lemma 2.2.3. For all p > 2, there exists 0 < 5y(p) < % depending only on p, such that for all
T >0and f < Bo(p), there exists €y > 0 (depending on ¢, T, fovi, and p) and C > 0 (depending
on Bov, and p) such that

sup  E|us(t,z)f < CP, (2.2.6)
te[0,T],zeR?

forall € < ¢g.
Proof. First we notice that, for any ¢,¢ > 0, u®(¢,-) is stationary in the z-variable, so we only need
to prove for u¢(¢,0).
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By the mild formulation (2.1.4), the triangle inequality and the inequality 2ab < (ca)?+( g )2

for all ¢ > 1, we have that for any arbitrary o > 1,

(E[u(¢,0)")»

@, ab (E(/otfRQGt_s(y)a(us(sjy”d%g(s’y))p)

a-1 loge™!

hSHIN)

p(p-1)

Apply the Burkholder-Davis-Gundy inequality, we have that with ¢, = =5,

(E [u(¢,0)[") 7

e af3?
< +¢p
a-1 loge!

INCTNe

The Holder’s inequality gives that

ds

M}
N —
= o

Loy =y :
=R dy,d
LR

n Gis(yi)o(u(s,4:))

(E|ov<uf<zf,x))a(zf(t,y>>|5)i < (B |o(u (8, 2))" B o (u(t,y)) ") (2.2.7)

= (Elo(us(t,2))")7 < o2y, (B|us (£, 0)[") 7

Combined the above results. Use the Minkowski inequality and a change of variable y; — y2 = v,
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we obtain

(E [u(,0)")7

2 ¢
¢, ff[ E
a-1 loge™t Jo Jr2 JRr2 _

2 . 2\ 1 Y1 — Y2
HGt—s(yi)U(U (5,%:)) g—gR( )dyidyeds
=1

N

IN

3

2 2
o af OLip
+cp N
a-1 loge~
2 2
(07 OZB ULip

+
a-1 loge?

IN

t £ py2 1 U~ Y2
/0 /]1{2 R2 Gros(41) Gros(y2) (Elus (2, 0)[7) 7 5_2R( )dy1dyeds

g

¢ . 2 1 Y
[ [ Gatn ) Bl (5. 0)P)7 5 R(E)dyds.

It is easy to see that with R(-) < [ ¢]« and [z 5 R(%)dy = 1, we have the elementary inequality

1y 1 |9
42 GQ(t—S)(y)ggR(g)dyS 47T(t—5) A 52 .

By the Lemma 2.2.4 below, if for some « > 1,
cpa@’?aﬁip <2, (2.2.8)

there exists an ¢y > 0 and Cyy = Cy(c¢,, 0, Borip) > 0 such that for all € < g

(0%

(E s (t,0)]")7 < Co.

a-1
Since « > 1 is arbitrary, condition (2.2.8) is valid if and only if

V2T
V/CpOLip ‘

B < Bo(p) =
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In particular, 5y(2) = JE and [y(4) = % ;/L_ We can choose an appropriate o according to p

and Sorpp. O
As an immediate corollary, we have that under the same condition as in Lemma 2.2.3
(2.2.9)

t x |f
E(V(=,=)| <C? foralle<ey.
g2’ e

sup
te[0,T],xeR2

Lemma 2.2.4. Fix constants 0 < b < /27w and a,c, T > 0. There exists an g > 0 (depending on

b,c and T), such that for all € € (0, ) the following holds:

If f¢:[0,T] - [0, 00) is a function such that for all t € [0,T],
b? ¢ 1 c
£ t < € -~ d
70 a+loge 1 [ / (8)(47r(t—s) /\52) %

then for all t € [0,T'], we have

fe(t) <aC, (2.2.10)
for some uniform constant C' > 0 depending only on b.
roof. Define [0,¢]2 = {(s1,...,8;) €[0,t]7 | s < -~ < s;}, we have
Proof. Define [0, ]’ j 0 j h
kad J 1 47Tc
“(t) < -— dsq---ds:
F) GZ (47T10g5_1)J f[U,t]ig(Sku — Sk 82 ) 1S
& b2 (1 4
B Ly | U4 P
50 (rloge™) Jioay g \ry €2
& b2 t(1 dmwey, V
= —_ —|d 2.2.11
ajz:(:) (4mloge=1)i [/o (s "o ) 8] ( )
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Notice that when ¢ > 0,

2
t(1 4 ime 4 t ] 4drct
f (—/\ic)ds:[4 icds+/2 —dS:loch+1,
o \s g2 0 g2 2 3 g2

4mc

and

b2
lim ——— (!
220 47 loge~! ( °8

dmeT ) b2
+1)=—.

g2 2T

Therefore, if b < /27, there exists an ¢, > 0 depending on b, ¢ and 7', such that for all € € (0, g¢),

the sum of the series in (2.2.11) converges for all ¢ € [0,7"] and is uniformly bounded by some

constant C' depending only on b. O

Next we give the uniform moment bounds for the Malliavin derivatives.

Lemma 2.2.5. For all p > 2, there exists 0 < [y(p) < % depending only on p, such that for
all T > 0 and B < fo(p), there exists 0 < €, < gy (depending on ¢, T, Bov;, and p) and C' > 0
(depending on (o, and p) such that for all (t,x) € (0, 5] x R? and all (r,z) € [0,t) x R?,

< L1G,5_T(317 -z), foralle<ej.

9oge~

S

(E|D,.V=(t, 2)I")

Proof. We follow the idea from [17, Lemma 2.2].

Let a > 1 be arbitrary. By (2.2.5), the triangle inequality and the inequality 2ab < (ca)? +
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(2)2forallc>0,f0ra110§r<t£E%,x,zeRQ,

(E|D,. Ve (t,z)]")7

2 2
< G la = 2 E ()P

2 t
+ ap (E[r 'é@Gt_s(:v—y)E(s,y)DmVa(s,y)dW(ﬁ(s,y)

loge~!

2

y

Applying the Burkholder-Davis-Gundy inequality with ¢, = £ (p2_1) , we have

a-1loget

2 t
* Cplo(:’;% fr [E( ./R2 f]m Gros(@ = y1)Gros(@ = y2) (s, y1) 5 (s, 2)

%
]ds

Using the Minkowski inequality, (2.2.9) and the boundness of >, we further obtain

vz - 2)? (B (r, 2)P) 7

(E|D,.V:(t,)")7 <

hSBIN]

: DT,ZVE(S7 yl)D’/‘,zVE(S7 QQ)R(yl - y2)dy1dy2)

(E |Dr,zV8(t7 x)|p)5

« 520124)02 04/620'%. ¢
R L
a-1 loge™t er(T=2) e loge™! Jr Jra (v1 - 1)

1

1
Gros (@ = y1)Gies(x = y2) [E[D, 2V (5,91) P17 [E[ D, .V (5, y2) [P]7 dyrdyads.
Ifwesett=60+randx=n+z,let

K(0.1) = (E|D, V(0 + v+ 2)]")7 = (B[D, V(1 2))7
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then we can rewrite the above inequality as

252 (12
a [0

a-1 loge!

“Go-s(n=11)Go-s(n = y2)K(5,51)K (5, y2)dy1dyads.

K(0,n)* <

Go(n)* +c ool “Lip fe R(y1 - y2)
Ploget Jo Jre

Applying [50, Lemma 2.2], we have

/BULlp ( 62 Llp )2
K(0,n) < \/ 0,2c (2.2.12)
(6:m) \/logé‘1 " loge™!
where H (t,~) is defined for all v > 0 as
H(t,y) = 27" ().
n=0
Here ho(t) := 1 and for n > 1,
t
hn(t) = [ hn-1(s) [R2 Gi_s(z)R(z)dzds.
0
It is easy to see that with R(-) < |¢||e and [, R(y)dy = 1, we have the elementary inequality

[ Gis()R(2)z < o A 6o forall 05 s <t

1
2m(t - s)

35



SinceOSHStSEZQ,

m@)= [ [ Cou(2)RG)ds< [ Q(W{S)A |¢|m)ds
- (e ol )dss [ (5 alol) as

T —e T
_ / (L/\ |¢”°°)ds: [2w||q>uoo ”¢”°°ds+/ Lds
0o \27ms g2 0 g2 2 Qs

27 ¢]loo
L1 27]¢feT
S il Lid Loy

2r " s 8 g2

Thus for all n > 1,

1 1 2 T 1"
hn(6) < [— + —logm] :
2 27

e2

Notice that we have

aﬂwﬁip).( 11 27r|gz5||ooT)_ 2c,08%0%,

— = 2.2.13
loge! 2 27 g2 T ( )

lim (20p

e—=0

The limit is independent of ¢ and I'. Therefore, if for some o > 1,

2Cp0z520'iip <, (2.2.14)
then there exists an {, > 0, such that when ¢ < g,

afB2o?.
H(Q,QCPM) <Cp

loge!

for some C) = C{(«, ¢,, Bovip) > 0. By (2.2.12), there exists a uniform C’ = C'(«, ¢, Borip) > 0
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such that

/

’C(‘gﬂ?) < 1G9(77)-

C
\1oge~

We may choose a > 1 according to p and Soy;,. Condition (2.2.14) is valid if and only if

V27

< =
7<) 2\/Cp0Lip
In particular, fo(2) = 5425 and fo(4) = 3722 0

Remark 2.2.6. In Section 2.3 below, we only need the results from Lemma 2.2.3 and Lemma 2.2.5

Y27 in Theorem 2.1.1. Compared with the linear

for p = 2,4. As a result, we can let 5, = ﬁoh
ip

SHE case, we don’t believe that it is an optimal value. The main difficulty of extension came
from the restriction of 5 in Lemma 2.2.5. The coefficient ﬁ came from the BDG-inequality and
% came from (2.2.12). One may find elementary ways to improve the BDG-inequality here, but

while we believe that (2.2.12) is not sharp, it remains unclear how we can improve it.

2.2.4 Stein’s method

The following propositions are key ingredients in our proof of the central limit theorems
Theorem 2.1.1 and Theorem 2.1.2. They are derived from the Stein’s method for normal approx-
imations and are also used in [17] and [33]. A more detailed discussion on the Stein’s method

with Malliavin calculus should be referred to the monograph [51].

Proposition 2.2.7. Let X be a random variable such that X = §(v) for v € Domd. Assume

X e DY2. Let Z be a centered Gaussian random variable with variance Y. For any C?-function
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h: R — R with a bounded second order derivative,

1 1
[EA(X) - EA(Z)| < 51" |\ /EIS - (DX, )P

Proof. This is a special case of the Proposition 2.2.9 below withm = 1. O

Remark 2.2.8. The class of C? functions with bounded second order derivatives is a sufficient
class of test functions h(-) to show convergence in law. With Proposition 2.2.7, if we can prove
that E|Z - (DX, v,)u> = 0 as n — oo for a series of random variables X,, € D2 with X,, =

d(vy,), then we have X,, = Z in law.

To prove Theorem 2.1.2, we need the following multivariate version.

Proposition 2.2.9. Let ' = (F(M ... F(™) be a random vector such that F®) = §(v;) for
v; € Domd, i = 1,...,m. Assume F( ¢ DY2 fori = 1,...,m. Let Z be an m-dimensional
centered Gaussian vector with covariance matrix (C; j)1<; jem- For any C*-function h : R™ - R

with bounded second order derivatives,

[EA(F) - En(Z)] < %Hh”llw > E|Ciy ~ (DF@, 0@y,

4,j=1

with
0%h

[A" oo = max sup
ZL’ian

1<0,5<m gepm

(x)‘.

Proof. See [33, Proposition 2.3]. O
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2.2.5 Local statistics of the limit

We need the following local statistics of the limiting random field u¢ (¢, x) as € — 0.

Proposition 2.2.10. If foy;, < /2w, for any t > 0 and = € R?, we have

law —

u*(t,z) > Z12(2) as € - 0.

The random process =1 5(-) is defined as in (2.1.8)—(2.1.9).

Proof. See [19, Theorem 1.2]. O

We also need the following spatial regularity statement for u®(¢,-).

Proposition 2.2.11. For fixed T > 0, we have

E e(t —ut(t 2 1/2
iy s (B (1) 0 (t.22)))
e—0 te[0,T] 1+e- ‘f,El —l’2|

Il,IQER2

=0.

Proof. See [19, Corollary 7.2]. O

2.3  Proof of Theorem 2.1.1

For fixed T'> 0 and g € C*(R?), let
T
0.1(9)(5,9) = Bl 3 ()0 V(5.9) [ G (E = y)g(a)da.
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By the formulation of Y& in (2.2.4) and [47, Proposition 1.3.8], we have
Yo' (g) = 6(ver(g)) e D'2,
and

D, (Y*"(9)) (2.3.1)
= ve,r(9)(5,9)
8 [ - L, ]G5 E = 2)g(@)dDayo (7 (r.2)) AW, 2)
= ve7(9)(5,9)

+6f552 .A@ fR? G%-T(g - 2)g(x)dxX(r, 2) D, Ve (1, 2)dWy(r, 2).

Here X(r, z) is the same random process as in (2.2.5).
Our goal is to prove that Y7 (g) converges in law to X”(g) as defined in (2.1.6) when
€ — 0. Since U is the random distribution that solves the Edwards-Wilkinson equation (2.1.7),

we have that X*'(g) is of normal distribution N (0, X7') where

N7 e Var(fR2 U(T,a;)g(g;)dg;) (23.2)
= B’Eo (5172(2))2 /OT ‘/RM Gr_s(x - 2)Gr_s(y - 2)g(x)g(y)drdydzds
= #E0 (222 [ [ [, Gor- o n)a()g(y)drdyds

T
- PE0(E122) [ [ 161y * g(y)Pdyds.

Note that the last integral is finite for any g € C'>°(IR?), but is not finite if g = d;.
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By Proposition 2.2.7, the proof of Theorem 2.1.1 is reduced to showing that

E[ST —(DY*T(g),ver(9)uf ~0,  ase—0. (2.3.3)

We follow the procedure in [17, Section 4]. From (2.3.1), we have

(DY‘S’T(g)u UE,T(g)>7-l = Al,s + A2,57

where
Are = (ver(9),v-7(9) )2 (2.3.4)
= [7 [, [ o0 o0 (s, Rl - 12)
( Glfs(ﬂ —yl)g(xl)dxl)( Glfs(@ —92)9($2)d$2)dy1dyzd$-
R2 &2 £ R2 €2 £
and

AQ,E = (Dys,T(g) - UE,T(g)’ UE,T(Q))H (235)

- [ e ( [0 (2 - mgtean)
(/Sg; /ﬂ; (/RQ GE%_T(% —z)g(a@)dm)E('r,z)Ds,y2V€(r,z)dW¢(r,z))

- R(y1 — y2)dyrdyads.
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‘We notice that
2 2
E|ST —(DY*"(g),v-7(9))n| <2E[ET - A, | +2E |As | (2.3.6)

Thus it is sufficient to prove the following two lemmas.

Lemma 2.3.1. If 3 < f3,,

E[XT - A ['>0  ase—0.

Lemma 2.3.2. If 3 < f3,,

ElAy >0  ase—0.

To simplify the equations, we use the convolution notation

G+ g(x) = f2 Gi(x-y)g(y)dy, forall (¢,z) € (0,+00) x R?.
R
Then by the properties of heat kernel, we have for all ¢ > 0,

Gy * g e C*(R?);
|Gy * gHL‘”(RQ) < Hg||L°°(R2)§ 2.3.7)

|G * gl 2y < [ 9]l 21 r2y; (2.3.8)

and for all x € R?,

lim G + g () = g(x).
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We may rewrite

X
fRZ Gz (S -y)g(w)dr =&’ fR Gre2s (2 —ey)g(z)de = > Grcos * g(ey).

By a change of variable £2s — s, ey ~ Y1, Y2 — Y1 — Yo, We have

A= [ [ Lo (PED)e (VS L) R @39

Gros * 9(y1)Gr-s * g(y1 + ey2)dy1dyeds,

and

=52f0Tfsz2a( -4 ) (f / Gr_s * g(y1) R(y2) (2.3.10)

Gr_c2p * g(e2)X(r, z)D%yilerQVE(r, 2)dWy(r, z))dyldygds.

Without loss of generality, we assume that g > 0 when we estimate the integrals involving
g in the part (i1) of the proof of Lemma 2.3.1 and the proof of Lemma 2.3.2. Observing that
|Gy * g(x)| < Gy * |g|(x) for any ¢ > 0 and = € R?, one can easily check for general g € C°(RR?).
Proof of Lemma 2.3.1. To prove E ‘ZQT - ALg‘Q - 0as e — 0, we show that (i) E(A4,.) » ¥ as
e -0, and (ii) Var(A4;.) - 0ase - 0.

Part (i): By (2.3.9),
) =2 [ [ [E(E(E D)o (S Lem))rey  eam
Gr-s * g(11)Gr-s * g(y1 + €y2)dy1dyads.
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By Proposition 2.2.10, 2.2.11 and Lemma 2.2.3, we have that, for any s € (0,7") and y1, y» € R?,

E(o—(w s @))a(va(é,%wg)) L Eo(S10(2)%  ase 0.

g2’ ¢

The Lipschitz condition and Lemma 2.2.3 gives the uniform integrability to pass to the limit in

(2.3.11) and conclude that

T
(A1)~ 8 [ [ Eo(E12(2)R(s) - Gr-s * () Pdyidyads
T
- PE0(E12) [ [ 1Grs* gyn)Pdynds

_NT
=2, ase — 0.
Part (i1): Asin [17, Lemma 4.1], let

AGsn) =0 (V5 2)) o (W (5, 2+ ).

g2’ ¢

Then by the chain rule, for all 0 < r < E% and 2 € R2,

S U er S Y er S U
D, A (s, y1,2) = E(;,?)DMV (?7? U(V = +y2))

S Y1 S S
+o (VIS D)) (S, 2 ) DoV (=, 2+ ).
U( (82 € ) (52 € yQ) ’ (52 € v2)

Use Holder inequality and apply the uniform moment bounds from Lemma 2.2.3 and 2.2.5 (with
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p =4). We obtain

(NI

(E[Dr.A(s,91,92)]°) (2.3.12)

C (Gz—r(% ~2)+ Gy (L g 2))

< -

Now, by (2.3.9) and using that /Var (fot @Sds) < fot \/ Var (®,)ds for any process ¢ =

{®(s),s€[0,t]} with \/Var (®,) being integrable on [0, ], we obtain

T
V(A< [ ( [ CovIA(o,mmm) Al il ) RUp)R(s)  2313)

Gros * g(1)Gros * g(y1 + €y2)Grs * g(y1)Gr-s * g(y1 +€Y3)

1

dyldyidyadyé) ds.

By the Clark-Ocone formula (Proposition 2.2.2),

A1) = EA(sy o) + [ 7 [ E (DA s,y 1) ) dWi(r2).
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Using the Holder’s inequality and the Jensen’s inequality, we have

|COV [AE(S7 Y1, 3/2)7 A6(87 yi? yé):”

:AE ./]R4]EUE(Dr,zAs(Svy17y2)|yr)E(Dr,z’A6(8?yi’y£)|gz7q)|

‘R(z-2")dzdz'dr

< /Oéfm( [Dy A (5,91,92)] )%( E[DrAe(s: 9, 42)]")
.R(z— Z’)dzdz'dr

52 - - s ﬂ —
long‘1 f fR4( ?"“( z)+ G;—r( - + Y2 Z))

: (GZ_T(& -2+ G%_T(& +yh— z')) R(z - 2")dzdz'dr.

=

1Og6_1 / - Gs r(yl - Z) + Gs r(yl +EYa — Z))

(Goor (Y = 2") + Gy (yy + ey - 2")) 5_2

"dr.

We applied (2.3.12) and do a change of variable in the last two steps.

If we do a change of variable z — 2’ — 2 and integrate in 2/, the above expression equals

C? s , 1,z , 1z
loge! /(; /RQ Gas—ar(y1 - Y1 — Z);R(g) + Gos_or (Y1 +€Y2 — Y1 — Z);R(g) (2.3.14)

1 _ .z 1 z
+ Gos-ar(y1 =91 — ey = 2) G R(D) + Gasar (1 + e — 41 — ey = 2)  R(Z)ddr.
Denote R°(-) := %R

(2)- We have | R¢| L1 (r2y = 1 and for all £ > 0, it holds that

|G * g RSHLOO(W) <g= R6||L°°(1R2) < HQHLw(Rz) ) (2.3.15)
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and

|Gy % g% B aoy < 19 # B ey < 9o oy - (23.16)

Go back to (2.3.13) with a change of variable ey, ~ vy, and €y, = v}, we have

VVar(A; )
520 T s - ,
SW_[O (‘[Rg—/ﬂ (G2S—QT*R(y1_yl)

+ Gosgr * RE(Y1 + Y2 — Y1) + Gasar * RE(y1 — 41 — 2)

+ Gasar * RE(y1 + 12 = Y1 = ¥3) ) Grs * (1) Gr—s % g(y1 + 12)

G+ ()G * gy + y;me<y2>R€<yg>drdy1dy;dyzdy;) s

20 T s
< 6— f / / (G25—2r * Re(yl —?Ji)
A /logg—l 0 0 R8

+ Gos g * Rg(yl + Y2 — yi) + Gogop * Ra(% - yi - yé)

1
2

+ Gasor * B (y1 + 92— Y1 = 43) ) Gr—s * g (1) - RE(yQ)RE(yé)dwdyidyzdyéd?“) ds

p*C

T s
) \/lg? fo ([0 flR6 (GT“"QT * R+ g(y{) +Grisor * R % 9(3/{ - 312)
0

+ GT+8—2T * RE % g(yi + yé) + GT+8—2T * RE % g(yi + yé - 92))

1

2
'Re(yz)RE(yé)dyiddeyédr) as

If we integrate each term in the order of 1, y1, ¥2, y5 and use the inequalities (2.3.7) and (2.3.16),

the above is bounded by

1

B0 T s . L, , 3 B2C
V]oget -/0 (-/0 fR‘lR () R (y2)dy2dy2dr) dsi< Vl1ogel
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The constant C' may vary at each occurrence. The last C' depend on 7" and [oy,,. O

Proof of Lemma 2.3.2. By Minkowski inequality and (2.3.10),

1
2

(E|As ) 2.3.17)
9 T
<p fo (E
2 4
) ds

T
: / fR Grcnx g(e2)5(r,2) Doy, w ), VE(r, 2) AW (r, 2)dyndys
2 20 e

Lo o0 )G () R(w2)

:62f0T(fRZX2 fszz Gro* g(y1) R(y2) Gr-s * 9 (y1) R(y3)
B0 (5 e (5. 1)
- [j [, G % 90T (20D, V()W (1, 2)

f f Grc2p x g(e2)E(r",2")D | A, V(' 2 )dWy(r', )

dy: dyidyzdyé) ds.

Using It6 isometry, we have

[ V(55 Lo (5, 1)
[772 [RQ Grczp + g(e2)2(r, 2) D 5, w1, V(1 2)dWs (r, 2)

T
f2 [2 Groco *9(’52")2(7"',2')17i u, ,VE(T’,Z')dW¢(T’,Z’)]

[ /Rz ng R(z = 2")Gr_c2, » g(€2)Gr_c2, *g(ng)Ela(Vs( s yl))

(Va( i yl))Z(r Z)D e e V(1 2)5(r, Z’)D LlnyéVa(r, z’):|dzdz'dr.

€27 e
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By applying (2.2.9), Lemma 2.2.5 (with p = 4) and the Cauchy-Schwarz inequality, there exists

a uniform C' > 0 such that when ¢ is small enough,

l (Va( s yl)) (Vg( s yl))E(T z)D 5 Mg,V (r,2)S(r,2)D L éVg(T, -
< ;Y
<o Crs (= T o) (- -4k,

Substitute back into (2.3.17) and integrate in y;, y;, we have

1 2y
B ) £ 2 [T [ [ Gt s REG 5 g0 RO 2318

/ : f f R(z = 2) Gy on % g(2)Gpoon % g(£2")
% R2 R2

Gra(a- % ~Y2)Gro5 (21 % B yé)dZdz'deyldyidygdyé) ds
p2C T, T , , |
= / ) f / R(y2)R(y2)R(2 -z )GT7T * g(gz)GT,T * g(gz )
\/IOgT 0 s RS
3
+Grir-gs * 9(€2 = €Y2) Griras * g(e2' - €y§)d7“dzdz'dy2dy§) ds

p*C

o ( [ [ R @R RG -G * ()G * ()

: GT+T—2S * g(Z - y2)GT+r—2s * 9(2, - yé)deZdzldwdyé) ds.

Here we do a change of variable ey, = v, €y = vy, €2 = z and €2’ — 2’. We integrate the last

integral of (2.3.18) in the order of ys, ¥}, z,2’. Together with (2.3.8) and (2.3.15), we obtain that
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the last expression is bounded by

[SIE

320 T T
o / (/ f R (z-2")Gr_p * g(2)Grp_, * g(z’)drdzdz’) ds
\ /log e-1 Jo s R4

2
<BC

- \/10g5‘1’

The constant C' may vary at each occurrence. The last C' would depend on 7" and Boy;,. O

2.4 Proof of Theorem 2.1.2

It suffices to prove the convergence of the finite-dimensional distributions and the tightness.

To give the tightness, we use the following proposition.

Proposition 2.4.1. Forp>2,T >0, g€ C>(R?), let By(p) and ¢ be defined as in Lemma 2.2.3.
If B < Bo(p), there exists a uniform constant C' > 0 (depending only on o1y, p and g), such that

forany0<s<t<Tande<ey E|X(g) - X5(g)[P <C(t - s)5.

Proof. By the mild formulation of u° in (2.1.4) and the Burkholder-Davis-Gundy inequality, let
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_ p(p-1)

5> we have

(E1x=1(g) - X))} - (E|Vioge [ 1) -] g(oa] )
(e L] [ LGt motuama )

s (E‘ [ L (G g0 1000 = G 90) o (1) 9 (1, )W os (1,1)

SALN

L G ot Wi oo

2
p)p

SCPBZAT (E( fRQ fRQ (Geer * 9(y) Lo (r) = G 9(y1) Lo, (7))

J o

Apply the Minkowski inequality, inequality (2.2.7) and Lemma 2.2.3, the above is bounded by

. (Gt—r * g(yg)]l[o,t](’f‘) -Gy * Q(QQ)IL[O,S](T))

[MIS]
RS2

ool (rm)) SR e

T
ooty [ [, [ (G g lea() = Gor = 9y 10(r)

2 1 -
(G % () Lo (r) = Cicr % 9(00) Lo () (Bl (1, 0))? 5 R(F—22)drclyadr

T
< CPoty, fo _[Rz ']/RQ (Gir * g(y1) L1 (1) = Gamr + g(41) Ljo,1(7))

1 _
(Grer * 9(y2) Lo (r) = Goor * 9(y2) Lj0.5 (7)) 5—2R(y1 . v Ydyidyedr

< CB2O-I2Jip

’ 2 1 - 3
) (fRzfRz(Gt-r*g(yl)ﬂ[&ﬂW-Gs—r*g(yl)ﬂ[o,s](v“)) SR yQ)dyldyz)

€

1 - 3
(L, [ (G g 100() = Goor 2 901100y () 5 R dpidye )

T 2
= CfPoty, (Geer * 9(¥) Ljo4)(r) = Goep % g(y) L1051 (7))” dydr-.
0 R2
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Here we used the Holder inequality and the fact that | B[ ;: = 1 in the last two steps. Denote the

Fourier transform of g by g. Adopt a similar procedure as in [33, Proposition 4.1], we have

_/T / (G + g(y) Lo (1) = Geer * g(y) 1 (1”))2 dydr
o Jr VT [0:¢] ST [0,5]
T =7 |¢2 _s=r |2 2 R
B C_/(; Az (e_Tl£| ﬂ[o,t](r) —e 7 1[0,5]0”)) g(§)2d§dr
= T e (R 1) "
-c [ e (¢ 1) g(erdgar+C [ [ ey agar

_ Lo sy (50 ) A Lo ey 4
-C s P (1-e )(e 1) 9(5)2@1§+C[R2 e (1-e ) 5(£)2d¢

g esley T8 e L oera
<C [ p (=) SoIPaE A+ C [t lePa(eae

<C(t-s) [ a(e)de.

In the last steps, we applied inequalities |[1—e%| < \/a and (1-e~®) < a for all @ > 0. The constant
C' may vary at each occurrence.
In the proof, the conditions 5 < [y and € < gy are given only to validate the use of

Lemma 2.2.3. Therefore, we can choose 5y(p) and ¢, to be the same value as in Lemma 2.2.3. O

Choose p = 4. By [52, Problem 4.11], the measure induced by X¢(g) = {X®!(g);0 <t <
T} on (C([0,T1]),2(C([0,T]))) is tight. By [52, Theorem 4.15], to prove Theorem 2.1.2, we

only need to show the convergence of the finite-dimensional distribution.

Lemma 2.4.2. Fix0<ty <---<t,, <T. As e — 0, the sequence of random vectors

(X" (g),..., X" (g))
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converges in law to the m-dimensional Gaussian centered vector Z = (Z', ... Z™) with covari-

ance

L tint;
Ci;=E(Z127) = B*Eo (212(2))? fo fRQ Grios * 9(y) G, * g(y)dyds.

Proof. Recall that we have shown

&,l1 E,lm la_w g,l1 E,lm
(X (g), ... X5 (g)) = (Yo" (g),.... Y (9)),

and

Ye'i(g) = 6(vey,(g)) € D2,

By Proposition 2.2.9, it suffices to show that for each i, 7,
E|C;; = (DY ' (g), vey, (9))ul* = 0.
Use (2.3.1), we have (DY (g),ve,(9) ) = AzljE + A;JE, where

Aijs = (V2,(9), Ve, (9))1

tint;

o [

22
0

L o0 oot (s. ) RO - 1)

x x
.([RZ G%_S(?l —yl)g(xl)dxl) (/R? G%_S(?2 —yg)g(xg)dxg)dyldygds.
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and

Azz]s = (DY*®'(g) = e, (9), Ve, (9))n
[Rm o(Ve(s,11)) (/R? G%_S(% - yl)g(:cl)dazl)
' (f;Z /R2 ([RQ GE%_T(% - z)g(m)dxg) X(r,2)Dg g, Vo (1, 2)dWe(r, z))

) R(yl - yz)dyldyzds.

Nt

:52/0 <

Following the same arugments as in Section 2.3, we can show
E|Ci;j- A >0  ase—0,

and

E |A§]5‘2 -0 ase—0.
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Chapter 3: Mesoscopic averaging of 2d KPZ

3.1 Introduction

3.1.1 Main results

We are interested in the two dimensional KPZ equation driven by a mollified space-time

white noise

OhE (1, 7) = %Ahg(t,x) O B - G.LD)

V1oge!

with initial condition h(0,x) = ho(x) and C; = #HM%Q(RQY Here $ > 0 is a constant.
We define &.(t,x) = ¢° » £(t,x), where £ is the space-time white noise, and ¢ € C'°(RR?) is a
non-negative, smooth, symmetric mollifier with [ ¢dz = 1 and ¢°(z) = S¢(e'z). We use x
to denote convolution in space. The noise . is white in time and colored in space, with spatial
correlation length in the scale of ¢.

Inspired by Chatterjee’s recent work [21], we will investigate the limit of a local average
of the mollified KPZ equation (3.1.1) when 3 € (0,/27). We will show that when h¢(t,z) is
averaged in space in a proper scale, its limit would equal in distribution to the sum of the solution

to a deterministic KPZ equation and a Gaussian random variable. The deterministic part only
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depends on the initial condition hy. The Gaussian random variable only depends on the scale of
averaging. Our result shows a “mesoscopic” averaging phenomenon that appears exclusively in
dimension two.

The following theorem is the main result of this section.

Theorem 3.1.1. Let he(t, ) be the solution to the mollified 2-dimensional KPZ equation (3.1.1)
with the initial condition hg : R? - R being bounded and Lipschitz continuous. Let 0 < 3 < /2w
and r. = €77 for some 0 < vy < 1. We use B(x,r.) to denote a ball with center x and radius ..

For any fixed t > 0, x € R?, the local average of h® over B(x,r.) converges as follows

1

- he(t,y)d
|B(1’,7’5)| ly—z|<re ( y) J

h(t,z), if0<y<1, (3.1.2)

d 1 2m
_>N(O’O—'2Y —§log(2ﬂ—_62)+

m ~[|y—x\§1 B(tv ?/)dy, lffy = 17

as € — 0, where h(t, x) is the solution to the 2-dimensional deterministic KPZ equation

Ot x) = %Ah(t,a:) + %|Vh(t,$)|2, 70, 2) = ho(x), (3.1.3)

and N(0,02) is a normal distribution with mean 0 and variance o2 = log (227; __B;J ) When 0 <

v < 1, we have 02 > 0. We treat N'(0,0) as constant zero, when v = 1 and o2 = 0.

We first make the following remarks.
If v = 0, the averaging was performed over a ball with radius 7. = €. The limit in distribution
is

_ 2 1 2
h(t, ) + N(0, log 27r—f52) - 51og(27r—fﬂz) .
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If we take hgy = 0, then h(t,z) = 0 and the limit coincides with the point-wise limit of h¢(t,x)
as € — ( obtained in [18] (see Theorem 3.1.5 below). In fact, our result generalizes the point-
wise limit of KPZ equation with flat initial data to KPZ equation with more general (bounded
and Lipschitz continuous) initial conditions. The case v = 0 can be viewed as a “microscopic”
averaging result.

If v = 1, the averaging was performed over a ball with radius . = 1. As shown in (3.1.2), the
Gaussian term equals zero as 02 = 0. The limit would be deterministic. It equals to a spatial aver-
age of the deterministic KPZ equation over the ball of radius 1, plus a height shift —% log (273%/32)

The randomness has disappeared due to the independence in the limit of /¢ for distinct
points. As we will see in Theorem 3.1.5 below, a result of Caravenna-Sun-Zygouras, for any fi-
nite set of distinct points (x;)1<i<p, the random variables (h¢ (¢, x;))1<i<, converge to independent

Gaussians as € — (. Thus taking a local average over a fixed-radius ball eliminates the random-

2
2m—32

ness as a result of the law of large numbers. The height shif —% log( ) is the mean of the
Gaussians. The case 7 = 1 can be viewed as a “macroscopic” averaging result.

When v = 1, to study the next order random fluctuations, one should look at the error
he(t,x)—-Eh?(t, x) with amplification. [53] started such studies. [20] (as well as [36] for a smaller
regime of ) proved that, after proper rescaling, the error converges to an Edwards-Wilkinson
limit. [37] later enhanced this result for more general initial conditions and multi-dimensional
parameters. Although we both derive Gaussian limits, our work here differs from previous stud-
ies. Our study focuses on the first order term | B(0.r) he (t, z)dz, whereas the previous works all
studied the second order fluctuations Jlog? /, s 1o (tx) —Ehe(t, x)da.

If 0 < v < 1, the averaging was performed over a ball with radius r, = £'=7, where ¢ < r, <

1. The limit in distribution is the deterministic KPZ equation with the same height shift, plus a
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Gaussian random variable. The variance of the Gaussian, ag, is dependent solely on . This is an
interpolation between the limiting case v = 0 and v = 1 and is a “mesoscopic” averaging result.
The choice of radius r. = =7 is motivated by the work of Chatterjee [21] in dimen-
sions three and higher and also by the multi-dimensional limit of ~°(¢,z) in Theorem 3.1.5 be-
low. For a finite collection of space-time points (t,xéi))lggn, (hs(t,wgi)))lggn converges in
joint distribution to a multi-dimensional normal distribution with a covariance matrix depend-
ing on the power scales of {|z{” — 2| : 1 < i < j < n}. When |¢{? — 2| = gl-v+o(),
Cov(he(t,mgi)), hs(t,xgj ))) — 02 as € —» 0. Since an average of Gaussians would remain a
Gaussian, the limit of h¢ averaged over a ball of radius '~ would be a Gaussian with variance

2
0'7.

The “height shift” term —3 log (%2_”52) equals to lim._,oEhs(¢,2) with initial condition
ho = 0 for any ¢ > 0 and x € R2. This term appears because we take logarithm in solving the KPZ

equation and it is also derived in the point-wise limit in Theorem 3.1.5.

Remark 3.1.2. Another interpretation of Theorem 3.1.1 is to view the convergence from the per-
spective of generalized random fields (also known as random distribution in the literature) in
microscopic variables. For any (¢,x) € [0,+00) x R?, we consider the following microscopic

equation

_Bs
V9oge!

62
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. 1 - 1 -
Ohe(t,x) = §Ah€(t,x) + §|Vh€(t,w)]2 + &(t, o)

with initial condition 55(0, x) = ho(ex). The above &; is defined as in (3.1.1) with ¢ = 1. By the
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scaling property of the space-time white noise,
he(-,) = he(—, - jointly in law.
()=h(5.2)  jointly

The proof of Theorem 3.1.1 can be modified to generalize the following result:
Fix t >0and z € R%2. Let 0 <y < 1and 0 < § < /27 For any smooth and compactly
supported test function g € C°(IR?),

LG 2+ Daawn = V(002 - G108 (575 ) + )] [ a0

as e — 0.

By [54, Corollary 2.4], as a generalized random field, hE =, £ + =) converges in law to

the constant Gaussian random field [N (0,02) — log( ) + h(t,r)]1g2(-). This constant

Gaussian field on R? has a fixed spatial covariance o2 independent of the spatial variable. This

limit is distinct from other Gaussian random field limits found in the literature on KPZ equation.

One can also consider the locally averaged KPZ equation as a generalized random field on

R2. Let 0 <« < 1. Define

h=(t,x) = he(t,y)dy, withr, =g'"7,

1
|B(l’, T€)| ly—z|<re

The following corollary shows that, as a generalized random field, h=7(%,-) converges to the

2-dimensional deterministic KPZ limit h(¢,-) — 2 5 log < 5o 62) ase — 0.

Corollary 3.1.3. Take any smooth and compactly supported test function g € C°(R?). For any
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t>0and 0 << 1, ase — 0, the random variable [z h*(t,x)g(x)dx converges in probability

10 [go [l_z(t,x) - 1log (273_”52 )] g(z)dz.

Remark 3.1.4. A natural question to ask next is to investigate the second order fluctuations of
he(t,-) after proper rescaling. Inspired by the results in [20,36] and [37], one may expect that
\/log? Jr2[0(t,2) — Eb(t,z)]g(x)dx has a non-degenerate Gaussian limiting distribution as
¢ — 0. We do not pursue further in this direction, as proving such results may require techniques

that are beyond the scope of this section.

We now conclude the section with a note on the significance of this study. In Theorem 3.1.1,
we proved that the local average of the KPZ equation in dimension two shows a specific meso-
scopic averaging phenomenon. In Remark 3.1.2, when the local average is understood in a mi-
croscopic scale, we obtained a generalized random field converge in law to a constant Gaussian
random field, which is novel to the literature. Additionally, we showed in Corollary 3.1.3 that
the locally averaged KPZ equation, as a generalized random field, converges to a deterministic
KPZ limit in dimension two. Our work studies the two-dimensional KPZ equation from a new

perspective and it improves the understanding on this subject.

3.1.2 Context

On (t,z) € [0, +00) x R?, the KPZ equation is an SPDE formally given by

Ouh(t,x) = %Ah(t, )+ %|Vh(t, D+ E(t ). (3.1.4)
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Here £ denotes the space-time white noise which is the distribution valued Gaussian field in

spatial dimension d with the covariance function

E&(t, z)E(t 2")] = do(t = 1")do(z — z').

Here ¢, is the Dirac mass.

The KPZ equation was first introduced in 1986 by Kardar, Parisi and Zhang [5] and has
since become the standard random interface growth model in physics. However, mathematically,
the KPZ equation is ill-posed due to the non-linear term V/ being a generalized function, which
makes the interpretation of |V h|? unclear.

In 1990’s, Bertini and Giacomin [55] formulated the Hopf-Cole solution of (3.1.4)ind =1
by a transformation A(¢,x) = logu(t, x). In fact, let u(¢, ) be the solution to the d-dimensional

stochastic heat equation (SHE) on (¢, x) € [0, +00) x R?
1
Ou(t,z) = §Au(t,x) +u(t,x)E(t, x). (3.1.5)

Then at least formally, if ignoring the Itd correction, log u(t, ) satisfies (3.1.4).

However, the stochastic heat equation (3.1.5) is only well-posed for d = 1. For dimension
d > 2, (3.1.5) does not have function or distribution valued solutions. This makes the problem of
stochastic heat equation and KPZ equation in higher dimensions more challenging to solve.

In [18], Caravenna, Sun and Zygouras introduced a space-regularized equation with a scal-

ing on the disorder strength to address the well-posedness issue in dimension d = 2. The equation
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is given by

f lua(t,x)fs(t,x), u®(0,z) = up(x). (3.1.6)

\/1oge~

1
Oy (t,x) = §Au5(t,x) +

Through the Hopf-Cole transformation h® (¢, x) = logu®(t, z), h® solves the mollified KPZ equa-
tion (3.1.1) with Ay = log u.
In [18], the following multi-scale point-wise asymptotic limit of h¢(¢,z) with initial con-

dition ho(x) = 0 was derived.

Theorem 3.1.5 ( [18], Theorem 2.15, Remark 2.16). Let ho(x) = 0. Fix t > 0. Consider a

finite collection of space-time points (t., mgi))mm, where t. > (), mgi) € R2, such that as ¢ — 0,

t. = e°Wt and
Vi,je{l,...,n}: |a:§z) - xg)| < g(1=Gij)+o(1) for some (; ; €[0,1].

Then if 5 € (0,/27), we have that (h®(t., xgi)))lsign converges in joint distribution to the multi-
dimensional normal distribution (Y; - %Var[Yi])mSn as € > 0, where (Y;)1<i<n, are jointly Gaus-

sian random variables with

E[Yi]=0,  Cov[¥,Y;]= bg(?”‘—%).

2m — 32

If 6 >/2m, he(te, xéz)) converges to —oo in probability for all 1 <i < n, as € — 0.

If 8 € (0,v2r), Var[Y;] = log(%?%fp) as (;; = 0 forany 1 < i < n. For any finite

set of distinct points (z;)1<i<n, the random variables (h¢(t.,x;))1<i<, converge to independent
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Gaussians as € — 0. This is because (; ; = 1 for all 1 <¢, 5 <n with ¢ # j, implying independence

in the limit.

Remark 3.1.6. The value 5, = /27 is critical here as there is a phase transition in Theorem 3.1.5.
The interval (0,+/27) is known as the subcritical regime for 2-dimensional KPZ equation. In our
paper, we will only focus on this regime. The research on the 2-dimensional SHE (3.1.5) in a
critical window around [, initiated with [56], and notable recent advancements have been made

in [44-46,57-59].

The directed polymer model in the random environment in 2 + 1 dimension is related to the
two-dimensional KPZ equation. The solution to the KPZ equation equals in law to the logarithm
of the partition function of a continuum directed polymer. (See (3.1.10) below.)

In a prior work, Chatterjee [21] proved that a growing random surface generated by discrete
directed polymers in d > 3 converges to a deterministic KPZ equation. It is an analogue of our
Theorem 3.1.1 for directed polymers in dimensions d + 1 with d > 3. The same result as in [21] is
expected to hold in the continuum setting, i.e. for the analogue KPZ equation in dimension d > 3

defined as
. 1 . 1 . ) a2 - B2 . .
Ohe(t,x) = §Ah€(t,x) + §|Vh5(t,x)\ +Be &t x) - 2_52“¢HL2(Rd)’ he(0,z) = ho(x),

where fg =&(t,x) * qgf is the space-time white noise in dimension d + 1 spatially smoothened
at scale ¢, ngS e C»(R9) is a non-negative, smooth, symmetric mollifier with [ ngde = 1 and
¢ () = E%é(e*lx), ho is bounded and Lipschitz continuous, and /3 is sufficiently small.

We note that there is a significant difference between the d = 2 KPZ equation and the d > 3
KPZ equation. In dimension d > 3, there is no “mesoscopic” averaging phenomenon. In fact, in

63



d > 3, by [21, Theorem 2.2], we expect that, by taking the average of h.(t, z) over a ball B(z,r.)
with radius € <« r. <« 1, the limit would be the corresponding deterministic KPZ equation with
a height shift. The “mesoscopic” averaging result (when ¢ << r. << 1 in our Theorem 3.1.1) is
exclusive to dimension d = 2.

The difference arises as follows. For d > 3, if xél),xg) € R4 and ¢ « |x§1) - x§2)| «< 1,
then as ¢ — 0, h.(t, xél)) and ﬁg(t,x@) always become asymptotically independent, regard-

less of the scale of [z{") — 2%?].

Taking a spatial average over a ball with radius ¢ «< r. < 1
eliminates the “randomness” due to the law of large numbers. However, in dimension d = 2, as
noted in Theorem 3.1.5, when (; ; # 0, there is a nontrivial multi-scale correlation in the limit of
(he(t, 7)) 1<i<n-

We shall finish this section by mentioning some other relevant recent works. The second
order fluctuations of KPZ equation in dimension d = 2, i.e. the limit of \/loge~1[h%(¢,-) -
Ehe(t,-)] as € - 0, was studied in the aforementioned works [20, 36,37, 53]. The second order
fluctuations of SHE and nonlinear SHE in d = 2 were studied in [18,37] and [1] respectively. [60]
studied the macroscopic-level limit of the polymer paths in dimension 2 + 1. In d > 3, the point-
wise limit of SHE and KPZ equation were studied in [16,61]. The second order fluctuations
of SHE and KPZ equation were studied in [39-43, 62, 63]. The second order fluctuations of
nonlinear SHE was studied in [17].

Studies of the deterministic KPZ equation and deterministically growing surfaces were
recently conducted in [64, 65]. By dropping the random noise from the environment, the deter-
ministic KPZ equation is a much simpler object and is well-defined in all dimensions. The hope
of such studies was that it could lead to an understanding of the universal nature of KPZ growth

with noise in the dimensions greater than one.
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3.1.3  Sketch of proof

Before beginning the proof of Theorem 3.1.1, let us first outline its central idea.

To study ke, we analyze u® = e"". To do so, we employ the Feynman-Kac formula from [6],
which can be easily adapted to any dimension.

Let 0 < inf g2 ug(z) < sup,ge uo(x) < oo, which is equivalent to the requirement that
ho(x) is bounded. The Feynman-Kac formula states that the solution to the 2-dimensional

stochastic heat equation (3.1.6) is given by:

ut(t,z) = B, [uo(Bt)exp {/35 fotga(t_r, B,)dr - ?EE[(_/:&(t_n BT)dT)Q]}]’ (3.1.7)

where [, = \/%, E, is the expectation w.r.t. (B,),0, (B;)»0 is a standard Brownian motion
in R? starting from By = z and [E denotes the expectation with respect to the space-time white
noise in the environment. Later, we will also make use of the Brownian bridge from (0, z) to
(s,y) with s >0 and 7,y € R?. We denote the expectation w.r.t. such Brownian bridge by Eg?.
By a time reversal in &, a scaling property of the space-time white noise in dimension

d = 2, and the scaling invariance of Brownian motion (¢ B2, o B,), we find that {u® (¢, )} yere

in (3.1.7) has the same joint distribution as {u* (¢, x) } ,cr2, Where

e ! H ! 2
a(t, ) zEx[uo(Bt)eXp {ﬁg./o &(r, By)dr - 7E([} &(r, Br)dr) }]
! € /852 £ 12
~Efu(Bexp (B [ [ (B -)e(ry)dydr - St ages) ||
B fuoleBe e {8 [T [ o(Be - DEG AT - Z 2ol )]
= Fo1,|ug(e B2 ) exp i B ; o = —v)E(r, y)dydr 5 € T2@®2) [ |
In the last step, we made the change of variable (e7,2%7) := (y,r). The scaling property of the
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space-time white noise implies that
§(7, 9)dgdr =72 (e*7, eg)d(eg)d(*7)

is another space-time white noise in R2.

Now since h¢ = logu® and hg = log ug, we have

he(t,x)
law 100 ) ho(cB o B, - dydr - <322t |2
0g Lig-14]| €XP 0(5 5‘225) +ﬁ€ 0 R (b( r y)é(r7y) ydar Qﬁsg ’|¢HL2(R2) .

(3.1.8)
For any s > 0 and f € C'(R?) being bounded and Lipschitz continuous, define
Ui =0 (B,€) =exp[ (eB; )+Baf f ¢(y = B,)E(r,y)dydr — —B2II¢HL2 ]
(3.1.9)
Then (3.1.8) can be rewritten as
Bt 2) " og B, [ 0200, (3.1.10)

In the following sections, in order to prove Theorem 3.1.1 for h¢(t, z), we analyze the limit

of log EI[\IJB hO] as & - 0.

_2t

The main idea behind the proof for Theorem 3.1.1 is the following decomposition:

E.- [\I,ﬁs ho]

Eera[ W0,

log Es—lx[qjﬁg ho] = log

_2t

+logE .1 [\I/ﬁf

S (3.1.11)
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for some a. = o(1) satisfying £2% = o(1) that we will define later.

This decomposition is based on the following observation: the random part in the limit of
he(t,x) depends only on the white noise £ in an infinitesimal time window [t — o(1),t] as e — 0,
and it is independent of the initial condition hq. Thus, we can split h%(¢, x) into two components:
a “random” quantity which is the solution to the KPZ equation on time window [t — o(1), ¢] with
zero initial condition, and an “almost deterministic”” quantity that concentrates to a deterministic
value when € — 0. The right-hand-side of (3.1.11) demonstrates this decomposition, with the first
term being the “almost deterministic” quantity and the second term being the “random” quantity.

The remaining proof consists of two parts. In the first part, we show that the “almost
deterministic” quantity converges to the solution of the deterministic KPZ equation with original
initial data hy. This is proved in Proposition 3.3.2 below, with the assistance of Proposition 3.3.1.

In the second part, we prove that the local average of the “random” quantity converges in law to

2
2m—32

the Gaussian random variable A/(0,02) - 1 log ( ) This is shown in Proposition 3.3.3.
We should note that the idea of this decomposition was previously mentioned in [18] Re-

mark 2.18 for 2-dimensional SHE with general initial conditions. It has since been utilized in

various recent works, including [19, 20, 63], with a particular emphasis in [21].
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3.2 Moment bounds

In this section, we will discuss some properties of the random variables E€71$[\If§8’0],

Es’s_ly[\If’fE’o] and log Ea—lx[\:[lfmo], where U720 is defined as in (3.1.9) with f being a zero

0,71z

function. These properties will be used in the proof of Theorem 3.1.1 later.
Hereafter, for any p > 0, we use the notation || - ||1»(q) to denote the LP(§2) norm of the

probability space (€2,.%,P) where the space-time white noise ¢ is built on.

3.2.1 Second moments

We will first show that E_-1, [\Ilf 5’0] and Es’gfly [\Ilf 5’0] have bounded second moments. Let

0,712

V(@)= [, o(e-1)o(y)dy. (32.1)
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We first remark that for any z,y € R?,

(e o2 e fo1]
~ B, 0B, 0 B(exp[8. [ [ [6(y- B + 6y - BYJ G y)dydr - B216135])
~E 0By (e[ 2 [ [ [0~ B + 6y - B dydr - 21613.9))

= Bty ® Beory ((exp [ 62 fo fRQ o(y - BNy - B)dydr])

=B, ® B, (exp 52 fo V(B - B2)dr])

=By (exp[ 62 fo V(V2B,)dr])

1 i gen f fR ~ QV(\/ﬁxi)psi_si1(:Jci_1,xi)d31 - dspday ... dan

0

(3.2.2)

- 2
where we set 7 = 5*1% , So = 0 and let py(x) = (27rt)*1e“7|t be the heat kernel in d = 2 such
that p;(z,y) = pr(x-y). We use E, ® E,, to denote the expectation in two independent Brownian

motions B! and B? starting from x and y respectively.

Since

1
sup [ V(V2y)pr(a,y)dy < T A V] (3:23)
R? 4mr

xeR2

where |V denotes the supremum norm of V" on R2, (3.2.2) is bounded from above by

& o s 1 n & onf 10847V | oo 1y
1+n;58 ( 0 AV odr) _1+nz_15€ (—47T +47T) .

Ay

Now for any fixed ¢ > 0, we have that as ¢ — 0,

-2 2 -2 2
log 47|V |eoe t+ 1 )_ g (loge . 1+10g47r|V||oot)_>B_

2 ~ )= .
Pe ( A7 A/ loge '\ 4x 47 27
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Hence when s < 72t and 0 < 8 < /27 , we have

lin;_)soupE(EE-lx[‘I/fa’o]Ee y[xpﬂa ])Sni(;r) 2:—%2 (3.2.4)

We also have a second moment bound for the expectation w.r.t. Brownian bridge.

Lemma 3.2.1. Ler 0 < § < /2w, t >0 and x,y € R2 There exists Cz < oo independent of t, .y,
such that

B2 [w5-0]

sup sup | EgC 7 [ Wy

<l s<e~2¢

Cs. (3.2.5)

L2(Q)

Proof. By the shear invariance of the environment, for any € > 0 and z, y € R?,

Es o y [\1165’0]

0,71z s

e = B T2 -

(3.2.5) is then derived by applying [37, (2.5)]. O

3.2.2 Higher moments

Next we present the boundedness of some higher moments of

b fwi] ma e on)

0,e 1z

This is proved via hypercontractivity.

Lemma 3.2.2. Let 0 < § < /2w, t > 0 and z,y € R% There exists some pg > 2 such that
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V2 <p<pg, ICs, < oo independent of t, x,y, such that

sup sup HE “1g [\I!ﬁs ]H

e<1 s<e~ 2¢

LP () < Cﬁ,Pv

and

By ]

S

sup sup

e<l s<e2¢ LP(Q)

Proof. (3.2.6) is exactly [20, (5.11)] with pg = 1 + 27/

< C/ip‘

(3.2.6)

(3.2.7)

(3.2.7) can be proved in a similar way, as E>° y[\Ifﬁ = ] admits a similar Wiener chaos

0—1

expansion and is bounded in L2. A discrete version of (3.2.7) for the partition function of point-

to-point polymer was proved in [60, Corollary 2.8 (i)]. Here we present a proof in the continuum

setting.

Let (Q2,.%#,P) be the probability space on which the space-time white noise ¢ is built. Let

{T,,v >0} be the Ornstein-Uhlenbeck semigroup on L2(2) (see e.g. [47] for a reference). Let £

be an independent copy of € built on the probability space (€2,.%, P). By Mehler’s formula,

T, (ms [w]) - 7 (5 [exp [Ba [ [ o Botayar- 321605 |)
-y [en B [ [ ot- B (e 60) + VIZ B ) dudr - 582101,

where E is the expectation w.r.t. IP. Since

Bles[s. [ [ 6= ) (¢ €00) + VI=emE0,0) dudr - 3210l |

“exp[s [ [ 6= B st aydr - Se o las]
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we have

T, (B2 [wi0])

0,e 1z

= ES’,‘ZjZ [eXp [ﬁa fo S fR L 0(y = Bp)e E(r,y)dydr - %e-%@f ||¢|§2SH (3.2.8)

_Es [\I,ge*%s),o] _

0,e 1z

By the hypercontractivity property of {T},,v > 0}, for any v > 0, if p(v) = €’ + 1, we have

Es,a‘ly [\115570]

0,e 1z s

T, (B [wi0])

Lre)(Q) ~ ‘ L2(Q)

With 0 < 8 < /27, we have e’ < /27 when v < log % Thus by (3.2.8) and Lemma 3.2.1, if

we restrict p < pg = 1 + 2m/3% and let v = 5 log(p — 1) accordingly, then

Es,z—:"ly [\115570]

0,e 1z s

5 [\Pge”ﬁa),o]

0,e 1z

sup sup
e<l s<e~2t

<sup sup

Cﬁ v
Lr(Q sV
( ) e<1 s<e 21

L2(9)

for some constant C ,. O

3.2.3 Negative moments

We next bound the negative moments of Ea—lm[g[E&O:I. The following lemma is proved

in [20] via concentration inequality.

Lemma 3.2.3 ( [20], (5.13)). Let 0 < 8 < /2w, t > 0 and x € R% For any p > 0, there exists
C, 3 < oo independent of t and x, such that

sup sup E [(Ealx[\llfe’ob_p] <Cpp.

e<l s<e~2t
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A direct corollary is the following moment bounds of the logarithm.

Corollary 3.2.4. Let 0 < f < /2w, t > 0 and x € R For any p > 0, there exists Cp, 53 < o0

independent of t and x, such that

sup sup E( ‘log nglx[\llfe’()”p) <Cpp.

e<l s<e~2t

Proof. For any p > 0, there exists C, > 0 such that |z|P < C,,(e®+e~®) for any = € R. Apply (3.2.4)

and Lemma 3.2.3. O

If hy : R?2 > R is bounded, (3.2.4) and Lemma 3.2.3 remain valid for U2 after we

multiply some constants to the bounds. As a result, Corollary 3.2.4 also holds for Qo

3.3 Proof of Theorem 3.1.1

The proof here is inspired by [21].

We first state the following propositions that we will prove later.

Proposition 3.3.1. Let 0 < 5 < /27 and hy € C(R?) be bounded and Lipschitz continuous. Let

a: = 0o(1). There exist Cz > 0 and ¢ > 0, such that when 0 < € < g, for any t > 0, x € R?, we have

|

where h(t, ) is defined as in (3.1.3).

B [F5] :

e2¢

Eer [U70, ]

—2(1l-ag)¢

—exp[h(t -c%=t,2)]| | < Cs(2t + all®), (3.3.1)

Proposition 3.3.2. With the same assumptions as in Proposition 3.3.1, there exist Cg > 0 and
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g0 > 0, such that when 0 < € < gq, for any t > 0, x € R?, we have

|

Proposition 3.3.3. Let 0 < 3 < /27, 7. = €7 for some 0 <y < 1 and a. = (loge™')~1/2. For any

B, [07500] i

Es‘lx [ ffé((]l—ag)t]

log - h(t-e*t,z)| |<Cs(e*t+ a;/g)l/s. (3.3.2)

t>0, xR ase -0,

1

1 2m
[B(a,r.)| log Bt [ W50, ., Jdy > N (0.02) - 51 ( ) 333
|B(x,7.)| Jiy-alsr ©8 ly[ ] y=N( 'Oy 9 0g ) ( )

g=2(1-ag)¢ oIt — ﬁ2

2
where N'(0,02) is a normal distribution with mean 0 and variance o? := log(Q;r —p 57 ) When

0<y<1,02>0 Wheny=1,02=0.

We first use Proposition 3.3.2 and Proposition 3.3.3 to prove Theorem 3.1.1.
Let

a. = (loge™)71/2. (3.3.4)

Then we have a. = o(1) and €% = o(1). In particular, as € — 0,
Ca(20t + all*)1/8 - 0. (3.3.5)

By applying (3.1.8) and the decomposition in (3.1.11), we have

1 law 1 Be.h
he(t,y)dy = —— log Ee-1, [ 07 ]dy
|B(z,7e)| Jly-al<r. (t.9) |B(x,re)| Jy-al<re € y[ e2t ]
1 ES’ly[\I’ffé}Zo] Bz,0
- 0g +log E -1 “iican, |dY
|B(£E,7“a)| ly—z|<re Ea-ly[ ffé(()lfas)t] e y[ e—2(1 )t]
= Il + IQ + Ig,
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where

L o, [0750] | )
Il = — og e“t d’y — h(t _ 52a6t,y>dy7
|B(x7TE)| |y7x|ST‘5 Eg_ly[ fféglfas)t] |B(ZE’ T’a)| |y*x|3r€
1
I [ 1 E B 55’0 d
’ |B("L‘77ﬂe)| ly—z|<re 08 Le 1y[ 5‘2(1—%)75] Y,
1 _
IS = h(t _ 82(151(/_’ y)dy‘

|B(.§C, 7’5)| ly—z|<re

By the Minkowski’s integral inequality, Proposition 3.3.2 and (3.3.5), when € < ¢,

1Z1] 220
1 By [ 005 1 P
= ||l og Y- h(t -e**t,y)dy
‘ |B(x,r.)| Jy-al<re EE-1y[ ffé?lf%)t] |B(x,7c)| Jly-zlsre 12()
1 b
< — — h(t - %=t y) dy
BG o o | [0 o

1

<— 01/2 €2a5t+a1/3 1/16dy
|B(,7e)| Jly-alsre ( )

B

= Ot +a) 0 50, ase 0.

In particular, Z; converges to O in distribution.

By Proposition 3.3.3, Z, converges to N'(0,02) - 1 log (273%62) in distribution for all 0 <

v <1
The last term Z3 is deterministic. By Lebesgue’s dominated convergence theorem, if 0 <

v<1,Z3 > h(t,x)ase - 0. If y = 1,

1

Ty > ——
> 7 B(2,1)| Jy-ai1

h(t,y)dy, ase— 0.
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Therefore, by proving Proposition 3.3.2 and Proposition 3.3.3, we would have proved The-

orem 3.1.1. In order to prove Proposition 3.3.2, we shall first prove Proposition 3.3.1.

3.3.1 Proof of Proposition 3.3.1

Hereafter, we always assume 0 < 5 < \/2m. By the Markov property, for any 0 < s < e72¢,

B, [0
B exp (B 5 [ [ 0B~y )dudr - L0 )]
B oo {ho(eB) o5 [ / 8(B, ~y)E(r.y)dydr

w5 [T [ 0B )G y)dydr = 56216 e}
- [ e z)Ez:zflx[ e {8, [* [ 0B - el p)dydr - 225101 e}
E[ exp {ho(gf)’e_zt_s)

+6€f062t_5 fR ¢(Br—y)£(r+s,y)dydr—%53(5Qt—s)y\¢\y§2(R2)}]dz
= [ e [ (BE O [R.[wde (B, o

Here ¢’ is a time shift of £ by s, i.e. £'(r,-) = &(s+7,-), {BP : 0 <r < s} is a Brownian bridge
starting from £~z at time 0 and ending at z at time s, and {B, : 0 < < e2t — s} is a Brownian
motion starting from z, where B? and B are independent.

For any s > 0,

Bt [05-0] = f (e By [0 (B 6) Ja (3.3.6)
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In the rest of this section, we will always set

s = g 2(-as)y

where a. is defined as in (3.3.4) and £2s = 2% = o(1). By (3.3.6), the ratio expression in (3.3.1)

satisfies that

B [UF0]  fose s (e, 2By [0 0(BE € B[ 92500 (B¢ |dz

e=2¢

Bera[ V0] S ps(e™ 0, 2) B2 [ WE0(B2 ) |d

0,e 1z

(3.3.7)

Beh
EE_IT [lIlEthO:I

Be,0
Es’lz \IIEfQ(l—(LE )¢

We could thus interpret the ratio

] as a (randomly) weighted average of

B[ wl (B,¢)]
over z € R2,

Let .%, be the o-algebra generated by the environment {£(r,-) : 0 < r < s}. Let EZs, P75,
Var”*, Cov”* denote the conditional expectation, conditional probability, conditional variance
and conditional covariance given .7, respectively. In particular, the noise (with a time shift by
s) &' is independent of the filtration .Z.

E 1

I R
We first show that the conditional expectation of the ratio — I[ — ] in (3.3.7) w.r.t.

Be,0
E -1y \1]552(1—0‘5”]

€

F, is approximately deterministic as £ — 0.

Lemma 3.3.4. Let h(t,x) be as in (3.1.3) and a. < 1. There exists some C > 0 such that for any
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t>0, zeR2

< Cge /1. (3.3.8)
12(2)

We leave the proof of Lemma 3.3.4 to Appendix 3.5.1.

_ E. [\Ijﬁs,ho] } -
E”: —exp | h(t - e2%t, )
{E [\IJBE2(1 as)t] [ ]

We next show that the expectation of the conditional variance

E[Varfq{ E- 196[\1155220] }]
Ec1p [‘I’Bfm as>t]

converges to 0 as ¢ — 0. This result is basically saying that the randomness from the shifted white

Behg
Efilz I:\IISEQt ]

Be,0
Ee’lm \IlEEQ(l—ag)t

noise £’ is not contributing to the randomness in the ratio ] as € = 0. In fact, we

have the following bound and we leave its proof to Appendix 3.5.2.

Lemma 3.3.5. Let a. = o(1). There exists some Cz > 0 and €y > 0 such that for any x € R? and

t>0, when 0 < e < &,

E| Var” B [\1;/552’;0] < Cﬁaé/?’.
E I:\I]ﬁe ] -

—2(1l-ae)t

Now by the law of total expectation, we have

o[ ottt

2
—exp [h(t - e%%t,x) ]
Ee-1y [\Ifﬁfza %)t] [ ]

(E‘% {EE I[\IEZMO] ] } ~ exp [A(t - £t x)])2] +E [Var‘% {EE 1[\5&2’;0] ] H ,

-2(1-ag)¢ —2(1-ag)¢

=K

which makes (3.3.1) a direct result of Lemma 3.3.4 and Lemma 3.3.5.
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3.3.2 Proof of Proposition 3.3.2

We then use Proposition 3.3.1 to prove Proposition 3.3.2. We first start with the L'/2(2)

norm.

Lemma 3.3.6. Under the same assumptions as in Proposition 3.3.2, there exist some Cg > 0 and

g0 > 0, such that when 0 < € < gg, we have

Bt [0 ]
B, [0 . ]

E*Q(l*as)t

—_ h(+ — =2ac 12 2a, 1/3\1/4
E||log h(t - e**t,x) < Cge*t+al")""

Proof. For any a,b > 0, we have |loga - logb|'/? <\/|1 = 4]+ /|1 = | = \/|la - b|(a"1/? + b~1/2).

Thus

B, [07)0] :

€2t

B, [ 05

B, [75]

€2t

B, [05]

E||log — h(t - %=t x)

: (Eglx[@fg’?]

<E ~ewlh(-sta) | S

1
2 1.
) +exp[—§h(t—52“5t,x)]

E..1,[WPo _ 12
M —exp[h(t - e*t, )]

21E
: B, [05]

B\t
. [E(m) + exp[—h(t - 52 Et,l’)]

D=

Note that

1

B, [0
( ;) RN ) (3.3.9)
T T et

-1
: m) < B, [wE0]]

2
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By (3.2.4) and Lemma 3.2.3, together with the assumption that A, is bounded, (3.3.9) is
bounded by some constant Cz. Lemma 3.3.6 is then the consequence of the Cauchy-Schwarz

inequality and Proposition 3.3.1. O

Now to prove Proposition 3.3.2, we apply the Cauchy-Schwarz inequality to the following

expression:

B, [W755]

e2¢

_ 2
sl i = |

Eg-lz[\pffého] B ) 1/4 EE—lm[\ijfiho] ) ) 7/4
= 10gm—h(t—€2 Et,.T) logm—h(t—sz Et,l’) s

and bound the L7/2(§2) term by using Corollary 3.2.4 and the discussion after it. Then there exists

some constant C'z such that the above is bounded by

B, [075] o

By [\ijfé(()l—ae )t]

Cj ||log — h(t - %=t x)

LY2(Q)

We now apply Lemma 3.3.6.

3.3.3 Proof of Proposition 3.3.3

We shall prove that

1

—_ log E.-1 iy dy
|Z3($,T€)| ly—z|<re y[ ]

e—2(1-ag)¢

2

converges to the Gaussian random variable NV(0, 02) - % log (m) as € = 0. To do so, we prove

the convergence of all its moments.
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By the shear invariance of the space-time white noise, we can set z = (0 without loss of
generality.
We first show the convergence of the mean.

By Corollary 3.2.4, for any ¢t > 0, y € R?, logE.-1, [\Ilfg’o] is uniformly integrable. With

2
2m—32

a. = o(1), by Theorem 3.1.5, its expectation converges to —% log ( ) as ¢ — 0. By a change

of variable £ — g,
Te

1 1
E —/ logE, 1, | W50 dy) zE(—/ log E.-14, | WP<0 dgj).
(IB(OME)I lylsre o[ ] 1B(0,1)] Jigi1 o[ 92

By Lebesgue’s dominated convergence theorem,

1

1
El ——— log E.-1,, [W50 d”)—>——lo (
(|B<o,1>| e (08B [W00)dg | > 5 lo

21

_— as e — 0.
27T—ﬁ2)’

For the second moment, with % — ¢y and ;’{—' -1,

- (m pisre O Egly[q]§€7o]dy)
B Sy S, Cov Qo8B [120) g B [ 2] ey
= m /lggl [g’|§1 Cov (log Ef‘lﬂrs[qus’o],1OgEE—1gfr5[\I’fE’0])dgjdg’.
Again, Corollary 3.2.4 gives the uniform integrability. By Theorem 3.1.5 and the continuous

mapping theorem, for any 7, 3’ € R?, as ¢ - 0,

Cov (log E.1; [\Ifff’o], log nglg/re[\lfff’o]) - Cov|[Y1, Ya],

Yre
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where (Y7, Y>) are the jointly Gaussian random variables defined in Theorem 3.1.5 with (; 2 = 7y

2732y
2m—32

In particular, since Cov[Y,Ys] = log ( ) =102, we have

1
Ve B0, )] log B, [ W7 ]d )_) o2, ase 0.
(’B(O,T€)| ly|<re & y[ ] Y ~

The convergence of any higher moments can be proved following a same procedure. In

fact, for any p > 1, with f—e —q; forall 1 <i<p,

1 1 »
Ell 50 log By, [050]dy - E| = log B.-1, [UF0]d
([|B(O TE)' lyl<re o8 1y[ ° ] Y (|B(07TE)| lyl<re o8 1y[ ] y)])
p

|B(0 )P fym fy re [q 1OgEs-1yz-[‘IffE’°]—ElogEs_lyi[xyfe’O])]dyl...dyp
p

IB(O D fyﬂq fy<1 ln log Ec-1g,,. [ 95-°] - Elog E.- 1y,ﬂ5[\p§ev°])]dgl...dgp.
_ (3.3.10)

The uniform integrability is guaranteed by Corollary 3.2.4. Using Theorem 3.1.5, the con-

tinuous mapping theorem and the uniform integrability, for any (¥;)1<i<p.

p

E f[ (log Ec-15,, [U5°] - Elog E.-1y,,. [QQEvO])] ) [1‘[ YZ-] . ase—0,

i=1 i=1

where (Y;)1<i<, are again the jointly Gaussian random variables defined in Theorem 3.1.5 with
Gij =7 foranyi # j.

Let P? be the set of all the pairings of {1,...,p}. By Wick’s probability theorem,

> I CovlYi,Yj].

seP2 {i,j}es

]
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In particular,

» 0, if p is odd,
i)
i=1

ab(p-1)I if p is even.

Here we use n!! to denote the double factorial.
By Lebesgue’s dominated convergence theorem, (3.3.10) converges to E [T}, Y;] ase — 0.

Thus for any p > 1, the p-th moment of

1 f
B0 log E.1, [ WP=0]dy
B(0,72)] Jjer. o[20]

converges to the p-th moment of the Gaussian distribution A'(0,02) — 1 log (27?%52) as e — 0.

This implies (3.3.3).

3.4 Proof of Corollary 3.1.3

By the equality in law (3.1.10), we can prove Corollary 3.1.3 by showing that as € — 0,

2
E [ /. (—|B (;7 31, g [WE ay - [l_z(t,:c) - 5lo (Q:fﬂﬁz)]) g(x)dx] Lo
(3.4.1)

In order to prove (3.4.1), we prove that as € — 0,

1
—_— log E -1 53% d
fRQ(|B(:c,r€)I atere oLee o

1
~E| log E.-1, | ¥ |d :| 2)dx
l|B(wﬂ‘e)| alsr O y[ e t] y )9( )

(34.2)

-0,

L2()
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and

/ﬂ; (E lm aler. log E€-1y[ ff;?o]dy] - [fz(t,x) - %log (;%52)]) g(x)dz - 0.
(3.4.3)
Be ho

Let b (t,z) == mfly—x\ﬁrs log Es—ly[ s ]dy. By using again the decomposition

(3.1.11), we can prove that for any x; # x9, 1,22 € R%, as e — 0,

Cov [6”(@ 1), b7 (¢, 372)]

-=(1 e (0B 2] Bl [0

|B($M”a)| [y —a;|<re

i=1,2
- (H [ B oo (98P v [ W] ~Blom By [ 9257]) dgi])

- 0.

More precisely, we can apply (3.1.11) to split 6577(75, x;) into an “almost deterministic” part on
[0,t-0(1)) and a “random” part on [t—o(1),¢] again. We can then use the Lebesgue’s dominated
convergence theorem to prove that the covariance of the “random” part converges to zero as € — 0,
where we appeal to Corollary 3.2.4 with p = 1 for the uniform integrability. If /o = 0, the above
convergence is a direct consequence of Theorem 3.1.5 and Corollary 3.2.4.

We can now prove (3.4.2). In fact,

2
1
Bl [ Grs [ 08B [ W] - Elog B, [9740 ay | g(2)d
[ R2(|B($7T6)| ly—z|<re 08 y[ € t] 08 y[ € t] Yy g(l’) x

) fR? ./R2 Cov [6‘5’7(15, ©1),5*(t, mQ)] 9(x1)g(w2)dz1dws.

(3.4.4)

Again by using Corollary 3.2.4, we can apply Lebesgue’s dominated convergence theorem to
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show that (3.4.4) converges to zero as € — 0.
To prove (3.4.3), we note that Corollary 3.2.4 also guarantees the uniform integrability of
mﬁy_x‘grs log E. 1 [\Ifﬁf ho]dy for any fixed t > 0,2 € R2. Thus for any fixed z € R2, as

_2t

e -0,

1 _ 1 o
El—— log o1, | U5 |dy | - h(t,z) - =1 ( )
l|B(:v,re)| eslere [ o ] y] (1) =5 los o — 32

Now by using again Corollary 3.2.4 with p = 1, we can apply Lebesgue’s dominated convergence

theorem to obtain (3.4.3).

3.5 Appendix

3.5.1 Proof of Lemma 3.3.4

From (3.3.7), we have

E,?S{ EE ! [\IIBEQ’ZO]
B [075 ., ]
Jeage oo, )G [ WE0(BE. ) | {EL [0 (B.€)] - explh(t <<t )] | d

fze]R2 pS(E Z Z)EQ5.;—13U|:\Iﬂ§57 (BB,f)]dZ

} - exp [B(t - glaet, 95)]

pe(eta, 2)ES7 [\I/fE’O(BB,g)]{ [\yﬁg’;os(B,g')]—exp[ﬁ(t—gzaet,x)]}

dz.
fze]R2 ps(g_ll" Z)E(s):zflx[\ljfe’ (BB’ f)]dz

(3.5.1)

By the definition above,

fl(n ) = 5(‘9 +, )
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is a time shift of & by s. Thus {£’(7, )}, is independent of the filtration .%,. Since BB and B

are independent, and E* [\IIEE’O(BB, £ )] is measurable w.r.t. %, the above (3.5.1) equals to

0,e 1z

0,e 1z

Jocwz s (&7, 2 B | WE(BE,€) |dz

By, [E0(B,6) ]

-1 Z
s(ex,z)E7e
fzen@p( 72)

E{B.[ 02 (B,¢")| - explh(t - e, 2)]} d2

e 2t-s

E7, |00 (B5, i
- f PGS OE[ [\I,;E,o] g)]E{Ez[ 00 (B,€)] - explh(t - €%t 1) ]} de,

where we applied (3.3.6) to the denominator. Since E [\Iffg’o(é, 19 ’)] = 1, through scaling invari-
ance of the Brownian motion B, the above equals to
S,z Be,0
opicrnSd o)
zeR? P ’ EE_II[\Dan]

E{Ez [exp [ho(el-?s_zt_s)] Y (é,f’)]—exp[ﬁ(t—eQaft,x)]}dz

e 2t-s

ES’Z‘lw[\Ilgsgo(BB:é)] - _
= Jar &) B [V (Ee: [explho(Biceeet)]] - exp[h(t - €1, 2)]) 2

0,1z

e ) Eor, [00°]

(Ezr [exp[ho(ét_gzagt)]] —exp[h(t - et, {B)]) e2dz.

Es,eflz’[q,?s,o(BBf)]

We applied a change of variable ez — 2’ in the last equation.

86



Using Minkowski’s integral inequality and the above computation, we have

= {Es-lx[\vfzfzo]

L2(Q)
< /,€R2 ps(etz,e7t2’) |EZI [exp[ho(ét_gzast)]] —exp[h(t - e2<t, a:)]| (3.5.2)
w52, 6)]

e72dz".

EE"lx[\Ilgg’O] L2(Q)

By Holder’s inequality, for any p,q > 2 and 1/p+1/q=1/2,

Es’gflzr[\lffs’o(BB@)]

0,e 1z

B, [057]

_
B, [15°]

<|

By w087, )]

0,e 1z

Lr(Q)
L2(Q) Li(Q)

By Lemma 3.2.2 and Lemma 3.2.3, if p < pg, there exists some C~’5 > 0 such that for any 2’ € R?

andO0<e<1,

j

By [wi (s, 6)]
B, [05°]

L2()

Therefore, (3.5.2) is bounded by

Cp ./'ew ps(etx,e712") |Ezr [exp[ho(ét,&.z%t)]] —exp[h(t — g2t x)]| e2dz

=Cjy /’6R2 pezs(2,2") |Ear [exp[ho(ét_gz%t)]] — exp[h(t - £t,z)]|dz".

By Feynman-Kac formula, exp[h(t — e2¢t,2)] = E, [exp[ho(B;_.2a-¢)]] for some Brownian
motion B starting at . Let BY be another Brownian motion starting at 0. For any a,b € R,

le® — eb| < (e® + €?)]a — b|. Now since hy is bounded and Lipschitz continuous, there exists some
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C' > 0, such that

. fexp (B - exp [t - 1,0)]

= [Br [exp[ho( Bi-c2ecr)]] = Ea [exp[ho( Bi-czoct) ]
< Eo lexp[ho(2 + BY 20.,)] - exp[ho(z + B ...,)]]
<ClZ' - .

Then since

, , , +00 7“2 2 T
pe2s(x, 2|2 = x|d2 =27 e 2% dr =4 [ =&2s,
2'eR? 0 2

2me2s

and s = e2(1-a)¢_we have proved (3.3.8).

3.5.2 Proof of Lemma 3.3.5

Again, we shall use the facts that {£(r,-) },»0 is independent of the filtration .%,, BE and

0,71z

B are independent, and Eg’z,lm[\lffg’ ] =E>* [\I/ff’O(BB, 19 )] is measurable w.r.t. .%,. With the

same approach as in the proof of Lemma 3.3.4, we have

Var” {EE [\IIBEQ?O]} = Var” Jawe ps(e7 0, 2) BT [\pf ] [\11/352?08(3 5)]
Es—lx[\llgg ] [zeR2 ps(<Cj X Z)EO iy [\Ijgs, ]dZ
Sz Joegn p(7 2, 2)ps (67, 2B [0 0[BT [0 dade

Joewz Lorere ps (€712, 2)ps (71, 2 ER [\pge ]E(S)i ! [\Iffa’o]dZdZ’

(3.5.3)

where

ZZ,._Covf“s( [\I/fBEQ}ZOS(Bg)] [\Izﬁs2’;05(3,5')]).
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Since {&/(r,-) }r»0 is independent of the filtration %,

Cov” (B[ (B.¢)] B[0P (B,¢])

= Cov (E.| e (B,&)]. B[ w2 (B,¢))]).

For fixed z, 2/ €e R? and € > 0, C¢ _, is a deterministic value, and

€. = Cov (B[ W (B, &) B [0 (B,¢)])
= Cov(E. [exp [ho(eBLo, )W (B',€)], Bur [exp [ho(e B2, ) JWFC(B% €] )
= E{E. [exp[ho(cBLo,_ )] (W) (B',€) -1)]
B [exp[ho(eB2,, )] (05 (B2 ¢) - 1)] ]
“E,® E{ exp[ho(eBLs,_) + ho(e B2, )]
E(05 (B',€¢)-1) (¥ (B¢ -1) |

-2

-0 Ba{exp [ho(eBlo ) + ho(e B ))(exp 52 [T V(BL- B - 1)},

where V' (x) = ¢ » ¢(x) as defined in (3.2.1). Note that we can bound

e 2¢-s - -
E.®E. (eXp [52 f V(B} - B})dr] - 1)
0

uniformly by some constant as in (3.2.2). Since h is also bounded, there exists some 0 < Cél) <
00, such that

sup sup C: ., <C(1) (3.54)

z,2! =
e<l z,2'eR?

7 | B~ gl to . .
From (3.5.3), Var”* {%} is a weighted average of C° , over z, 2’ € R?. There-
Ea_lw wge ’
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fore, by (3.5.4), fore < 1,

o (B [W5)0]
Var”s | — 22t 4L oM almost surely. (3.5.5)
{ Es—lx[qjgs,o] ﬁ y

Now we first assume that, for a particular realization of the noise field, EE-lx[\IJff’O] < b,
for some b. > 0. We will choose an appropriate b, later so that b. = o(1).

By the Markov’s inequality and Lemma 3.2.3, we have
P B, [50] <] = P[(Beor o [W50]) 7 2 67| < B[ (B, [95-0]) b < CFP0e, (3:5:0)
for some Cg) > 0. By (3.5.5) and (3.5.6) together, we have

B[00
E [Varﬁ’s {M} (B, [020] <. [ < OV CP0.. (3.5.7)

B, [05]

We then assume that for a particular realization of the noise field,
B, [U50] > b..

In this case, by (3.5.3),

- {Ea-lz[wfz'zo]}

Be,0
Beora[ 05°7] (3.5.8)

sbg2[ / ps(e‘lx,z)ps(g‘lx,z’)Eg’Z_lx[\I'ff’o]Eg’j_lx[\IJEE’O]CQZ,dzdz’.
zeR2 J2/eR2 ’ ’

We bound the expectation of the right-hand-side of (3.5.8). By Hoélder’s inequality and
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Lemma 3.2.1, there exists some 0 < C[(f) < 00, such that

b°E [zeR2 L’ERQ ps(g’lx,z)ps(g’lx,z')Eg’;_lx[\IffE’O]ESZ’Zl_lx[\Ifff’O]C;Z,dzdz’
=b;? f . f o P 0 2)pu( 7, 2B (B2 oo |eyr, [we-o]} ez oz

2 (3 _ _ -
< bEQClg ) /Z€R2 _/z’eR2 ps(e™a, 2)ps(ea, 2")C5 L dzd2’

(3.5.9)

—2~(3
) ngCé | -/ye]R2 /y/e]R2 peas(2,y) peas (2, y,)cg-ly,s-ly’dydy,7

with a change of variable ez — y and £z’ — 3’ in the last equation.
Since we have the term 622 in (3.5.9), the uniform bound of C;ly 1y solely will not give
us a desired bound. We shall proceed as the following.

By the boundedness of h, there exists some constant C},, > 0 such that

./G]R2 [/€R2 pa%(l’,y)pgs(:ﬁ, y,)cg—ly’5-1y,dydy’
4 Y

- AGRQ L[€R2 p525($7 y)Ps%(x,y’)

E.1,® Es_ly,{ exp [ho(eBLa, ) + ho(eB2s, )]

(exple? [

< Cho \/yER2 -/y.’ERZ Pe%(ffay)pazs(m,y’)

e 2t—s ~ ~
E.-1, ® Ec1y((exp [ 82 fo t V(B! - BY)dr] - 1)dydy’

et

- V(B! - B)dr] - 1)}dydy'

e 2t-s
= Chy f f pezs(x,y) pe2s (2,9 )E_y oy (exp [ B2 f V(V2B,)dr] - 1)dydy’
yeR2 Jy'eR2 V2 0
e 2t-s
=Ch, /};@ /RQ pgzs(y)pszs(y')Esfl%(exp [652 /0 V(\/ﬁBr)dr] - 1)dydy’
e 2t-s
= Cho fR? p2€2s(y)E€*1%(eXp [552 »/0 V(\/ﬁBT)dT] - 1)dy
(3.5.10)
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By Taylor expansion, if we set xq = 8_1% and sq = 0, the last line equals to

Che [ pae2s(Y)

| Z ,))21’), f \[R | | [/ (\/_:C’L)ps -8 (.fL'z 9 l’z)( |S dSnd:C ... dmn dy.
n= 0<s1< <Sp<E 21‘; S 2n < 2 1— 1
(3-5.1 1)

With [;, e72V (e 'z)dx = 1, we bound the n = 1 term by the following:

f p2:25(Y) 52[ / V(\/_xl)Psl(QUl, T)dsldxl]

:53[0 /R2 _A@ PQeQS(y)252P25251(\/§5$17y)V(\/ﬁ$1)d$1dyd31
e 2t-s
= 552/0 A@ 262 pyce(srs) (V2611)V (V221 )dardsy

e 2t—s t ]_
=32 f A{? p282(8+81)(z)V(s_lw)dmdsl = (2 fe% _[RZ’ pgr($)€—2V(€_1{L‘)dl’dT

62 Ld — 61 t _6210g5—2a5 62
N s 4mr ir Bz 4rloget  2m -

For higher order terms, we have

[ P2e2s (y) B2nf / HV(\/_wz)psl Si 1(371 1,xl)d51 .dSndQ?1 dxn]dy
0<s1<<sp<e2t-s JR2" ;
2
= €78 an Vv z
Loasle [ [ TIV(V2w)

2n
i=1

(252)7%,0262(81._51._1)(\/§5x,~_1, V2ex;)dsy ... dspday .. .dxn]dy

S )
2n - & = ~ ~ ~
[ﬁe /0<51<---<sn<e-2ts [R% g V( . )P2e2(s5-s: 1) (Tic1, Ti)dsy ... ds,dy .. .dxn]dy

= fR NZENC)

LCE | T;
2n - [ ~
[65 f0<§1<-..<§n<t—523 fRzn H 52V( )/02(32 Si- 1)(% 1, &) s . dsnds .dxn]dy,

=1
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with 5y = 0 and 7y = y by a change of variable.

Using again g, 6%V(»s‘lx)dx =1, for any e, uy, us > 0 and 21, 2o € R?, we have

1
/ Pul(zl)ﬂuz(zz,21)—V(€_121)d21
R2 c2

1 |21| |21 - 22| )
- - =V d
fRQ 47T2U1'Ll,2 P ( 2uy 22Uy (8 Z1) “

27 (uy + ug) |2o? |z1|2 |21 — 22)? .
= Dy i St e - V € d 3.5.12
Pur+ 2(22) R2 47T2U1U2 2(u1 +UQ) 2u1 2u2 ( Zl) A ( )
27T(U1 + Ug) ( U1 + Uy Ui 2) 1 1
= Puy+u - - V(e d
Purrua(22) R2  Am?uiug 2uyuy (= Uy +U2Z2) g2 (7 z)da

(U1+UQ) 1 1 Uy + Us
<Pu1+u2(22)f Sty 621/(5 z1)dz = m0u1+u2(22)-

Since V' is bounded by ||V |+, we also have that

1 Voo
[@2 Pul(zl)l)uz(z%Zl)gv(5_1zl)dzl < H H o Purrus (22)- (3.5.13)

Now if we integrate y first, and then x4,...,z, successively utilizing the bounds (3.5.12) and

(3.5.13), we will have that

fR , P225(Y)

nol
2n l | -1
[66 [0<S1<--~<sn<t—g25 —/RZ" i 82 V(5 xi)p2(siisifl)(l’i_h xi)dSI o dSnde’l T dl’n]dy

B2 )n f 1 27|V || o
<\ = ds;...ds,.
(27T 0<s1<<sn<t-e2s 28y, + 282 H 2(31+1 Si) i 2s; + 2e?s " o °

i=1 €2
(3.5.14)

To bound the last integral, we integrate si, ..., s, successively. Forany 1 <7 <n -1, we
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have

( 1 1 ) 27|V oo
[ + A dSi
0 28i41 —28;  2s; +2e2s g2
Siy 1 9 - 1 rt-=e?s ]
g/ 1 A V] dsi+—/ ds;
0 252‘+1 - 2Si g2 2 Jo S; + €2s
sie1 ] ) - 1 t—e2s 1
g[ 1—/\ Vi dsi+—[ —ds;
0o 2s; g2 2 s; +€2s

<[tLA2””V”°° | /t” ds;
“Jo 2s; g2 % 2 s;+¢e2s "

1 AVt 11
T T 2 2 2% g

1 1
=3 log(4m |V ]| eot) + 5t loge™ +a.loge™.

Thus (3.5.14) is bounded by

(ﬁg)nft” ! (11 (r[V]wt) + 2 +loge +a.1 g-l)n_ld
= — [ = log(4m o —+lo a.lo S
27 0 28, + 225\ 2 & 2 & s 108

n n—-1
= (—) (% log(47|| V|| oo t) + % +loge™! +a, loge‘l) a:loge™ (3.5.15)
7r

2 )
=\ 7= 1 e T T 1 €9
(27r Taer loge~! ¢

with some constant Cy € R depends only on V" and ¢.

We can now bound (3.5.9) by (3.5.10)—(3.5.11) and (3.5.14)—(3.5.15). We have that

-2+(3) N\ e
& C/B ‘/ZIE]RQ L/e[@ pes(@,y)pas(ay )C “ly,ely’ dydy’

oo 2\ n-1
Sb?Cé?’)ChoasZ (26—) (1+a5+ 10;2_1) :

n=1 ™

Since a. — 0 and

loge‘l — 0 as € — 0, the above sum is bounded when ¢ is sufficiently small and

B < v/27. In particular, there exist constants 0[24) > 0 and ¢y > 0, such that when 0 < € < g, the
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infinite sum equals to

. (32" b\t 5—2 (4)
A = (—) (1+a + ) = <
€ Z:I o ° loge! 1—(%)(1+a5+10gcg_1) o

Now by (3.5.8) and (3.5.9), we have

5 [ B [0
E [Vaffs {M} (B, [020] > b | < €, OOV ab2,

B, [050]

Together with (3.5.7), we conclude that when ¢ < €,

E | Var?: Ea’lx[quf;tlo]
B, [050]
Ea‘lx[ /357}10]

e2t

B, [W50]

- E|Var” {

} (B, [U20] < b,

+E —Var‘% EeulVeir] s B, [ 050 > b,
B, [057] ’

<OV, + Cy, VO ach?,

By choosing b. = aé/ ’ Lemma 3.3.5 is proved.

95



Chapter 4: Half-space KPZ at stationarity

4.1 Introduction

4.1.1 Main results

The Kardar-Parisi-Zhang (KPZ) equation in half-space with a Neumann boundary condi-
tion at the origin models stochastic interface growth in contact with a boundary [22,66]. Indexed

by the boundary condition parameter v € R, this equation is the stochastic PDE:

O H, (1, 7) = %@%Hu(t,x) . % OuHo(t, ) +E(Ea), £2 0,330, .

0. Hy(t, )|, = u,

where £ is a (1+1) space-time white noise on (¢,z) € R2. Throughout this section, we assume

that the initial condition to the half-space KPZ equation (4.1.1) is

H,(0,2) =W, (x) :==W(x) + ux, (4.1.2)
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with TV (-) being a standard Brownian motion starting from 0 and independent of £&. We consider

the solution to (4.1.1) by the Hopf-Cole transform
H,(t,x) :=log Zu_%(t,x),

where Z,,(t, x) solves the half-space stochastic heat equation (SHE) with a Robin boundary con-
dition for p € R:

07,(1,0) = 5027, (1,2) + Zu()E(t, ), 20,020, .

O Zu(t, @) ,og = 1Zu(t,0),
with initial condition given by Z,(0,z) = exp(HW% (0,2)).

The boundary conditions in (4.1.1) or (4.1.3) are not immediately meaningful, as the so-
lutions to the KPZ equations or the stochastic heat equations are not differentiable. We defer
precise definitions to Section 4.2. We also note that the parametrization here follows the conven-
tion as in [26]. Under this convention, H,(t, ) is the logarithm of a half-space SHE with Robin
boundary parameter u — 5 and starting at initial condition Zy1 (0,2) = exp(W(x) +uz). As it
will become clear later, the shift of —% introduces a certain symmetry over u = (.

It was shown in [26] that, with the initial data in (4.1.2), the evolution of the height function

H, is at stationarity, namely, for any ¢ > 0,
Hu(t,z) - Hy(t,0) "2 H,(0,2) - Hy(0,0) = W(z) +uz, as a process in z € [0,00). (4.1.4)

The goal of this section is to study the statistics of the height function in this stationary setting,
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including the mean and the variance, for different choices of the boundary conditions.

Let (€2,.%#,P) be a probability space that supports all possible randomness in the envi-
ronment and the initial data. We use E, Var, Cov to denote the expectation, variance and co-
variance, respectively, under this probability space. Given two functions a(¢) and b(t), we use
notation a(t) ~ b(t) when limy;_,., a(t)/b(t) = 1, and use notation a(t) =< b(t) when C~1b(t) <
a(t) < Cb(t) for some constants C' > 0 independent of ¢ > 1.

Associated with equations (4.1.1) and (4.1.3), one can construct a half-space continuum
directed random polymer (half-space CDRP) measure Qg’t. We defer the precise definitions
of @0 to Definition 4.2.9. One can think of it as a random Gibbs measure on the path space
C([0,t],[0,00)) with Borel o-algebra. The paths starts from (¢,0) and runs backwards in time,
and it is restricted to the nonnegative half-space, attracted or repulsed by the boundary 0. Along
the trajectory, it collects energy fot &(t — s, X)ds, and the terminal tilt is given by exp(WW,(+))
at time ¢. In particular, the endpoint of the polymer path induces a measure Qg’t(Xt € dz) on
the half-space [0, o0) equipped with Borel o-algebra B([0, c0)). Throughout this section, we use
E?u’t as the quenched expectation over this polymer measure.

To describe the result, we will use the digamma function 1

w(z)zazlogf(z):—’yo+i( L1 ), z€(0,00), (4.1.5)

H\n+1 n+z

with 7, being the Euler—Mascheroni constant. Its derivative v’ (the trigamma function) is a

strictly decreasing function on (0, o)

V'(2) = Z (4.1.6)

n+z)2'
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In particular, the leading behavior as z - 0* is

1
V() ~ = (4.1.7)

Our first result below establishes a relation between the variance of H,(t,0) and the an-
nealed mean of the endpoint displacement of the polymer paths under @g’t. This identity holds

true for arbitrary u € R, ¢ > 0.

Theorem 4.1.1. For any u e R,t > 0,
Var[H,(t,0)] = 2EES"'[X,] - ut, (4.1.8)

Next, we provide an estimate on E]Eg“’t [X:] under the contraint of v < 0. The bound in

turn leads to the bounds on the fluctuations of the height function.

Theorem 4.1.2. Assume u < 0. For any t > 0, we have
0<EEY"[X,] < ¢/ (2[u]). (4.1.9)

As a result,

lult < Var[H,(¢,0)] < 2¢'(2Ju]) + ult. (4.1.10)

In particular, for any constants « € [0, %) and c < 0, with u = ct™®, we have

Var[H.-«(t,0)] ~|ct’™, ast— . (4.1.11)
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For o = % and ¢ < 0, with u = ct=1/3, we have
Var[H,,1s(t,0)] x £5. (4.1.12)

As a consequence, we obtain the tightness for the annealed polymer endpoint measure.

Corollary 4.1.3. For any constants o € [0, %] and c < 0, with u = ct™%, if we denote the annealed

Xt on [0,00) by P2 (i.e. for any t > 0 and Borel

law of the scaled endpoint displacement & ity

subset A c [0,00), we let Pgt(g—é € A) = EEY"'[14(X,/t2®)],) then the sequence of measures

{P%t}»o is tight.

Independent of the above results, we also provide a formula for the mean of H, (¢, z) when

u < 0.

Theorem 4.1.4. Forany u<0,t >0, and x >0,

E[H,(t,z)] = (%uz—i)zﬁrux. (4.1.13)

The next results concern the cases when w > 0. For this part, we rely on the following

symmetry result inspired by [30].

Proposition 4.1.5. For any u >0 and t > 0, we have
H,(t,0) ' H_,(¢,0).

Consequently, (4.1.10)—(4.1.12) and Theorem 4.1.4 remain valid when u > 0 (or correspondingly
c>0).
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Combining Theorem 4.1.1 and (4.1.10), we can also obtain the order of the polymer end-

point displacement when u > 0.

Corollary 4.1.6. For any u > 0,t > 0, we have

ut < EEY"'[X,] < ut + 1/ (2u). (4.1.14)

1

2] and ¢ > 0, with u = ct=*, if we denote the annealed law of

In particular, for any o € [0, 3

the scaled endpoint displacement tffta on [0,00) by f’gt, (i.e. for any t > 0 and Borel subset

A c [0,00), we let ]?’(St A€ A) = E]Eé]Qu’t[]lA(Xt/tl‘o‘)],) then the sequence of measures

{f’%t}bo is tight.

We further prove the following upper bounds for the polymer endpoint displacement, as

well as the fluctuation of the height function, when u = ¢t~ for any ¢ € R and o > 1/3.

Theorem 4.1.7. Assume that u = ct=® with some a > 1/3 and c e R. Foranyt > 1,

0<EEY"'[X,] < C#23, (4.1.15)

for some C' > 0 depending only on c.

As a result, for any t > 1, we also have

Var[H,(t,0)] < Ct?/3, (4.1.16)

for some C' > 0 depending only on c.

The tightness of the annealed polymer endpoint measure in the supercritical regime is the
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following.

Corollary 4.1.8. For any o > 1/3 and ¢ € R, with u = ct™®, if we denote the annealed law of

Xt

the scaled endpoint displacement 5% on [0,00) by pY

u,t’

(i.e. for any t > 0 and Borel subset
Ac[0,00), PY, (25 eA) = EEY"'[14(X,/t?/3)),) then the sequence of measures (P21 is

tight.

4.1.2 Context

The exploration of a growing interface near an attractive wall arises naturally from the stud-
ies of wetting and entropic repulsion phenomena. In his pioneering work [22], Kardar introduced
the half-space KPZ models to describe such interface growth and he predicted a “depinning”
phase transition as the wall attraction weakens. The underlying concept is as follows: when the
wall exerts a strong attractive force, which is also referred to as in the subcritical regime or the
bound phase, Kardar conjectured that the half-space directed random polymer is “pinned” to the
wall due to the force; as this attractive force decreases below a certain threshold, the polymer
becomes entropically repelled away from the wall. It is further expected that when “pinned”,
the polymer endpoint has O(1) transversal fluctuation in a window around the wall and the free
energy of the polymer fluctuates with an exponent 1/2. After being “unpinned”, the polymer
exhibits KPZ behaviors: the free energy fluctuates with exponent 1/3 and the endpoints have
transversal fluctuation exponent 2/3.

The mathematical studies on the KPZ models in half-space started with a series of works
on half-space last passage percolation (LPP) models [67-70]. For studies on the half-space LPP

models starting from stationary initial conditions, we refer to [71-73]. For models with positive
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temperatures, significant breakthroughs were only made in recent studies.

The phase transition predicted in [22] in a positive temperature model was proved through
studying the free energy statistics. In [74], the authors used a combinatorial identity to connect the
free energy of the point-to-line half-space log-gamma (HSLG) polymer and a point-to-point full-
space log-gamma polymer model. For the point-to-point HSLG polymer free energy, the phase
transition was demonstrated by [28] using a novel correspondence between the HSLG polymer
model and free boundary Schur measures. They also established the asymptotic behavior and
the corresponding phase transition for the height function of the half-space KPZ equation at the
boundary, starting from the droplet initial condition, by taking the weak noise scaling limit of the
point-to-point HSLG polymer free energy [26, 75].

Beyond free energy statistics, progress has also been made in studying the “depinning”
phase transition through the transversal fluctuations of polymer measures. In two consecutive
works— [27] for the unbound phase and [76] for the bound phase—the authors derived this
transition for the transversal fluctuations in the HSLG polymer model. Their arguments rely on
combinatorial identities and the solvability of the HSLG model, utilizing inputs from the HSLG
line ensemble [27]. Additionally, as applications of the HSLG line ensemble, [76] and [77]
demonstrated convergence to stationary measures for the point-to-point HSLG polymer in the
bound and unbound phases, respectively.

Other related works are [78—81]. In [78], the author examines discrete point-to-point half-
space directed polymer models where the attractive force from the wall is strong enough to in-
crease the free energy macroscopically. [78] demonstrated that this condition is sufficient to pin
the polymer to the wall (resulting in order-one transversal polymer fluctuations) and for the free
energy to exhibit diffusive fluctuations and follow an asymptotically Gaussian distribution (with
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a fluctuation exponent of 1/2). [79, 80] study the half-space ASEP and six vertex model and ob-
tain the corresponding phase transitions. In [81], the author solves the half-space TASEP with
a general deterministic initial condition and obtain the transition probability for the half-space
KPZ fixed point.

Our work investigates the half-space KPZ equation (4.1.1) starting from the stationary
Brownian initial condition (4.1.2), which differs from the setups discussed above. Through a (for-
mal) Feynman-Kac representation, the results are interpreted in terms of the point-to-stationary-
measure half-space continuum directed random polymer (CDRP). Previous studies in the physics
literature on the half-space KPZ equation with Brownian initial conditions include [25,30]. Other
related works include [24, 82, 83]. We discuss our approaches and the main contributions in the

following sections.

4.1.2.1 Variance identity

In Theorem 4.1.1, we establish a relation between the variance of the height function and
the expectation of the polymer endpoint displacement, which serves as the foundation of our
analysis. Similar identities have previously appeared in several full-space models at stationarity,
such as log-gamma polymer [84], geometric LPP [85], the O’Connell-Yor polymer [86], the
asymmetric simple exclusion process [87], interacting diffusion [88], the KPZ fixed point [89],
and the KPZ equation [29], among others. Our derivation of the variance identity is based on
Gaussian integration by parts, inspired by [29, 89]. Such variance identities play a pivotal role
in establishing fluctuation exponents: given a family of stationary measures parameterized by

a certain variable, one can proceed with a coupling argument involving a small perturbation
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of this parameter, and by comparing the two processes corresponding to different parameters
and leveraging the quadratic form of the average free energy, it is possible to derive the correct
fluctuation exponent. This approach has been developed and extensively explored by Seppélédinen
and collaborators, leading to breakthroughs [87,90] and numerous further applications.

With the variance identity (4.1.8) and the quadratic form of the averaging free energy given
in (4.1.13), it seems plausible to apply the coupling argument for the half-space KPZ equation
and prove the fluctuation exponents for all values of u € R. However, an immediate challenge
arises: the family of Brownian stationary measures is parameterized by the Neumann boundary
condition of the equation, meaning that perturbing the initial data while maintaining stationarity
necessitates perturbing the equation itself. This creates extra technical difficulties for the half-
space model compared to the full-space setting, and we use different comparison arguments to

cover various ranges of u € R.

4.1.2.2 Transversal fluctuation

With the variance identity, the analysis of height function fluctuations reduces to studying
the transversal fluctuations of the polymer endpoint. For the point-to-stationary-measure half-
space continuum directed random polymer (CDRP) Qg’t, our result (4.1.9) provides the conjec-
tured optimal upper bound for the endpoint displacement in the bound phase u < 0. Specifically,
for a polymer path starting at (¢, 0) and running backward in time, when ¢ is sufficiently large, the
endpoint reaches equilibrium in the subcritical regime. The term ¢’(2|u|) on the right-hand side
of (4.1.9) represents the endpoint position EE?u’t [X;] for ¢ > 1. This can also be interpreted as

the localization length of the model, which was conjectured by [22] to diverge quadratically and
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is confirmed in our analysis (see (4.1.7)). In essence, the result follows from the explicit station-
ary measure for the half-space KPZ equation constructed in [26], the Dufresne identity [91], and
a stochastic dominance argument, where we compare the polymer path starting at the origin with
the one starting from equilibrium.

The explicit calculation for the stationary endpoint position yields EEgu’t [X:] »'(2u]) ~
|u|~2 in the bound phase, which allows us to extend the analysis beyond the subcritical regime
and cover the critical and supercritical regime. Using the symmetry result in Proposition 4.1.5,
as well as another comparison argument, we obtain the conjectured optimal upper bounds #2/3
for the transversal fluctuations in the critical and supercritical regime u ~ ¢t~ with « > 1/3, in

Corollary 4.1.3, Corollary 4.1.6, and Theorem 4.1.7.

4.1.2.3 Height function statistics

The variance estimates of the height function follow directly from the variance identity and
the bounds obtained for the polymer endpoint.

In [30], the authors conjectured that for any fixed u # 0, H,(t,0) would have a large time
behavior as

1 1
H,(t,0) ~ (§u2 - ﬁ) t+ 2y,

where x is an O(1) Gaussian random variable. For « in a scaling window around 0, the authors

later stated in [25] that for the entire critical regime u = ct~1/3 with ¢ € R, one should expect

lim P

Hc 71/3(0,t) + L
( t 173 = <s | = Fu(s),
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where F.(-) admits an explicit expression computed through the Fredholm determinant.

Our results confirm the predictions regarding the mean and fluctuation exponent of the
height function H,(¢,0) in both the subcritical and critical regimes. Theorem 4.1.2 further illus-
trates how the boundary parameter u influences the fluctuation scale for any « # 0 at any finite
time ¢ > 0, which was not immediately evident in earlier predictions. As expected, the method
we employ does not yield the exact asymptotic fluctuation distributions.

For the supercritical regime u ~ ¢t~ with a > 1/3, (including u = 0,) the variance identity
and the optimal upper bound for the endpoint displacement in (4.1.15) derives an optimal upper
bound with order #2/3 for the variance of the height function in (4.1.16). Our method does not
lead to the lower bound for the variance of the height function in the supercritical regime, which

is conjectured to be of order t2/3 as well.

Remark 4.1.9. The upper bounds in (4.1.9) and (4.1.10) are expected to be sharp as ¢ - oo for
any fixed v < 0. This expectation stems from a conjecture, yet to be proven, that when u < 0,
the half-space KPZ equation starting from the droplet initial condition would converge weakly
(modulo height shift) to the stationary measure — a Brownian motion with drift u as ¢ — oo. The
upper bound in (4.1.9) corresponds to the annealed mean of endpoint displacement under this
conjectured limit. For further discussions of this conjecture, see [26,92].

However, as shown by (4.1.15) and (4.1.16), the upper bounds in (4.1.9) and (4.1.10) are

no longer sharp in the supercritical regime.

107



4.1.2.4 Organization of this section

In Section 4.2, we introduce some preliminary results and auxiliary lemmas for the half-
space SHE. As most results are analogous to full-space SHE, we defer their proofs to Ap-
pendix 4.8.1. In Section 4.3, we compute the average growth rate and prove Theorem 4.1.4.
In Section 4.4, we establish the variance identity in Theorem 4.1.1. Section 4.5 contains the
proof of the upper bound for the annealed mean of polymer endpoint displacement, leading to
Theorem 4.1.2 and Corollary 4.1.3. In Section 4.6, we provide the proofs of Proposition 4.1.5

and Corollary 4.1.6. Finally, in Section 4.7, we prove Theorem 4.1.7 and Corollary 4.1.8.

4.1.3 Notations

We use the following notations and conventions throughout this section.

(i) For two topological spaces E and F, we use C(FE, F') to denote the space of continuous
functions from F to F'. We use C* to denote smooth functions, C, to denote the space of
continuous and bounded functions, and C, to denote the space of continuous and compactly

supported functions.

(i1) We use E, as the expectation on any specific noise 1 defined on the probability space
(92, #,P). The notation E is for the total expectation on ({2,.%,P). The expectation on
Brownian motions independent of (£2,.%,P) will be denoted by Eg. The expectation on
the quenched polymer measures (for each fixed w € 2) is denoted by EZ”. We use | - ||,, to

denote the norm of L7(£), . %, P) for any p > 0.

(iii)) We use C'(, -, ...,-) to denote any constant C' that depends only on the parameters inside the
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parentheses. These constants may vary from line to line.
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4.2 Preliminaries

In this section, we review some basics of the half-space SHE with Robin boundary con-
ditions, including definition, and moment estimates, among others. We also introduce the half-
space CDRP. Most of the results presented here are fairly standard, so readers already familiar

with the topic may choose to skip this section.
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4.2.1 Robin heat kernel

For p,s,t € R;t > s and x,y > 0, the Robin heat kernel on half-line with parameter p,

denoted by 2% (t,x[s,y), is the unique solution to the deterministic heat equation,

0Pt 1s,y) = SOEPE( wls,y) or (1,2) € (5,00) x [0,00)
0. 2R (t,x|s,y)|._, = n?(t,0]s,y), 4.2.1)

1&2 PI(t,x|s,y) = 0,(x) inaweak sense on L*([0,00)).

An explicit expression of Z[i(t,z|s,y) for any t > s is given by

935(25, z|8,y) = prs(x—y) + pi_s(z +y) — 21 fo pros(x+y+2)eH*dz, (4.2.2)

where p;(z) = ﬁe‘l’z/ (21) is the standard heat kernel. A proof can be found in [94, Section 4].
The heat kernel e@f(t, x|s,y) satisfies the semigroup property and is monotonically de-
creasing in pu (see (4.2.6) below). To obtain an upper bound on ,@f, first, when z,y,z > 0,

(z-y)? < (z+y)? thus prs(z +y) < prs(z —y). Also, since (z+y)? + 22 < (z+y + 2)2, we

have

o0 oo 22
f Pr-s(z +y +z)e " dz Spt_s(ery)f P = R P
0 0

It follows that for any a, b, g € R, there exists a constant C'(a, b, o) such that for any p > pig,a <

s<t<bandz,ye€[0,00), we have

PR(t,x|s,y) < C(a,b, to)pr-s(x - y) < C(a,b, o) (t - 5) /2. (4.2.3)
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Another useful result is the probabilistic representation of the Robin heat kernel, as it is
related to the Feynman-Kac formula of the half-space SHE. We present the representation below,
and one can find a proof via [t6-Tanaka formula in [95, Section 2.5].

Let B; be a Brownian motion starting at By = = € [0,00). The process |B;|, defined by
the absolute value of 5, is known as a reflected Brownian motion (RBM). We use notations P}
and 7, to denote the probability and expectation with respect to B, only, emphasizing the initial

point z. For any 1 € R, f € C(R,R),

[T P50 £y = BRL (B exp(-p L)) @24

where
Lg._hm—[ 1ea(B)A(B), =lim Leb(s B <c,0<s<t)

e->0 2¢

is the Brownian local time of B; at the origin with Leb representing the Lebesgue measure.

(To be more precise, [95, Section 2.5] says that

[ 2 als ) )y = BELF () exp(-pLi D)), (4.2.5)

where Y. is the reflected Brownian motion T, := |B,|, P4 and E% are the probability and ex-
pectation with respect to T, and L?’T is the local time of T at zero. It is further known by [96]

that

In our case, (4.2.5) is equivalent to (4.2.4). We will use both of these two representations.)
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Consequently, for any x,y € [0, c0),
PR(L,2]s,y) = PV (4, wls,y)E [exp(-uLl,) | Bl = y] (4.2.6)

where 2N (t,x|s,y) = PE(t,x|s,y) is the transition density of the reflected Brownian motion
|Bil.
Using (4.2.6), one can check that for any ;1 € R, there exist two positive constants C4 (y, t —

s), Cao(p, t — s) such that
Cy(p,t =) PN (t,x]s,y) < Pt x|s,y) < Cop, t = 5) PN (t, 3]s, y). 4.2.7)
The constants C, C5 can be chosen uniformly for (y, ¢ - s) in any compact subsets of R x (0, 00).

4.2.2 Mild formulation and Feynman-Kac formula

For any ;1 € R, we use Z,(t,z|s,() to denote the mild solution to the half-space SHE

starting from an arbitrary time s € R and from a broad class of positive Borel measure (:

071,215, 0) = 5027,(t,215,C) + Z,(t,als, QE(t ) for (1) € (5,00) x [0,00)
GxZM(t,QJLS’, C)‘JC:O = IUZM(t? 0‘57 C)v

ZM(S, '|37 C) = C()
4.2.8)

We discuss this generalized half-space SHE because some estimates below are easier to obtain
when the initial condition is deterministic and either localized (e.g., J-type initial conditions)

or spatially homogeneous (e.g., constant initial conditions). To avoid confusion, we use the
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notation Z,,(t,z|s, () to specify the initial time and data. We only use notation Z,,(¢,z) for
the solution of (4.1.3) when the initial time is s = 0 and the initial data is fixed as ((dz) =
exp(W () + (p+ 3)z)dz.

We first define the mild solution to (4.2.8) with an arbitrary starting time s € R and a

o'*&C)

(potentially random) Borel measure initial condition. For any s < ¢, let (%, re[s,¢] be the natural

filtration generated by ¢ and £ on the time interval [s,].

Definition 4.2.1. Let j1, s € R, ( be some (potentially random) Borel measure that is independent
of the white noise £ and P-almost surely supported on [0, 00). We say that a measurable process
Z,(-,+]5,¢) on (s,00) x [0, 00) is the mild solution to (4.2.8) with initial condition ((-), if for all

te(s,00), Z,(t,|s,C) is (ﬁf’c)re[svt]—adapted and satisfies

Zutals. O = [ 2R als @)+ [ [T PRl 200l Otdydr)
4.2.9)

for all x € [0, 00), where the stochastic integral is interpreted in the It6-Walsh sense.

The two hypotheses below regarding the initial condition ¢ ensure the existence and unique-
ness (under different assumptions) of the mild solution Z,(-,-|s, (). All the initial conditions we
deal with are included in either case. Throughout this section, we assume that ( is not the zero

measure and does not depend on s.

Hypothesis 1. There exists a random variable f taking values in C([0,00),(0,00)) and a con-
stant a > 0 so that

((dx) = f(x)dx and sup e “E [f(x)g] < 00.

z€[0,00)

113



Hypothesis 2. ( is deterministic, does not depend on i, and for any s < T,

sup sup Vi=s [ 2 (t,als y)(dy) < oo,

S<t<T xe[07oo)

Forany p € R, ((dz) = Z,,(0,2)dz = exp(W (z) + (u+ 5)z)dz satisfies Hypothesis 1. The
Dirac-¢ initial condition ((-) = 0,(-) = 6(- — y) at any point y € [0, o) satisfy Hypothesis 2 (see
(4.2.3)). The constant initial condition ((dz) = dz satisfies both. By (4.2.7), whenever ( satisfies

Hypothesis 2 for some p € R, it satisfies it for all 4 € R.

Proposition 4.2.2. (1) When the initial data ( satisfies Hypothesis 1, there exists a unique mild
solution Z,(-,-|s,() € C([s, ) x [0, 00),R) as defined in Definition 4.2.1 that satisfies, for any
terminal time T > s,

sup sup e “E[Z,(t,z]s,()?] < oo. (4.2.10)

s<t<T 16[0700)
(2) When the initial data ( satisfies Hypothesis 2, there exists a unique mild solution
Z,(-,|5,¢) € C((s5,00) x [0,00),R) as defined in Definition 4.2.1 that satisfies, for any termi-

nal time T > s,

t r [ oo
sup sup f [ / / @f(t,xh’,y)Qf@f(r,y|w,z)2E [Zﬂ(w,z|s,(’)2] dzdydwdr
s s 0 0

s<t<T 1’6[0700)

< 0.

(4.2.11)
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The mild solution admits an explicit chaos series representation as

Zu(tols.O) = [ 2 tals,y)c(dy)

3 oo Joa SO PL s wials, it ) €(dradun )£,
(4.2.12)

where, with convention rq = S, 7.1 = t, Wy = Y, Wry1 = T, we define

k
925 (T1:k,w1:k|37y;ta$) = H 95(7”341,wj+1|7’j’wj)1(0,oo)(7”j+1 - 7‘;’)-
7=0

Proof. [97, Proposition 4.2] has proved part (1). To prove part (2), one can follow the same
argument as in [6], with the use of the iterative arguments as in the proof of Lemma 4.2.4 below.
By iterative arguments, one can also show that the right-hand side of (4.2.12) is well-defined,
(F f’c)re[svt]—adapted, and P-almost surely satisfies (4.2.9) and (4.2.11). Then the uniqueness of

the mild solution implies (4.2.12). O

Remark 4.2.3. A more general solution theory for the half-space SHE should be able to relex the
assumptions on non-random initial conditions. Similar generalizations have been explored for
the full-space SHE in [98,99]. If such relaxations were made, we would only need our initial
condition in (4.1.3) to meet the required hypotheses for P-almost surely each realization of .
As the current hypotheses are sufficient for our purposes, we do not explore these extensions

further.

We next give an estimate on positive moments for Z, (¢, z|s, () with ¢ under Hypothesis 2
and s, in any arbitrary interval [a, b] c R. Since the proof is through a rather standard iteration

scheme, we defer it to Appendix 4.8.1.1.
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Lemma 4.2.4. Let a < b, py € R and ((-) satisfy Hypothesis 2. For any p € [1,00), there exists a

constant C = C'(a, b, po, p, ) so that

0 1/2
| Z,u(t 2] 5, Ol < O(t—s)‘”“( fo ﬁ(wls,y)«dy)) , (4.2.13)

for any i€ [jg,00),a<s<t<bandz €[0,00).

It also helps to study the solution Z,(t,z|s,() through the Feynman-Kac formula. By
the probabilistic representation of parabolic PDEs with Robin boundary condition (see e.g., [95,
Section 2.5]), it is natural to expect that for any ;2 € R and deterministic f € C,([0, o), R), the
half-space stochastic heat equation (4.2.8) started from ((dz) = f(z)dz (under Hypothesis 2)

formally admits the Feynman—Kac type representation

Zu(t.215.0) =B | F(Bf) exp(-ntl ) sep+{ [ T e(t-rB) )]

- [ (el B [exp(—uL?_s) e [
0 0

{(t—r,|Br|)dr}

|Bi-s| = y] f(y)dy.
(4.2.14)

Here : exp : denotes the Wick-ordered exponential and other notations are the same as in (4.2.4)
and (4.2.6). This representation is only formal because the integral of the white noise over a
Brownian path makes no sense. Meanwhile, analogous to the classical result [6] on full-space, we
can rigorously approximate Z,,(¢,z|s, () by using the Feynman-Kac formulas with a smoothed
noise. We defer this detailed approximation to Appendix 4.8.1.2.

A useful result that can be proved using the Feynman-Kac formula is the negative moments

bound of the solutions.

Lemma 4.2.5 (Negative moments). Assume that the initial data ( is either the constant ((dz) =
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dx or the Dirac-§ initial data ¢ = 6, for some y € [0, 00). Let

a(t2l0.Q) = [ 20t l0.y)c(dy).

Then for any € R p € [0,00),7 > 0, there exists a constant C' = C(7, ju,p) such that for any

x €[0,00), t € (0, 7], and ¢ being constant or Dirac-6,
E[Z,(t,2]0,0)™] < Cz,(t,2]0,¢) ™. 4.2.15)

The constant C' can be chosen uniformly for . in any compact subset of R.

The bound of negative moments seems to be a well-established result, proven for SHEs in
various contexts [100-103]. Since no proof has been written for the half-space setting, we prove

Lemma 4.2.5 in Appendix 4.8.1.3.

4.2.3 Green’s function

For any fixed 4, s € R, when () = d,(-) = (- — y) for some y € [0, c0), the unique mild
solution Z,,(-,+|s, () as described in Proposition 4.2.2 part (2) is known as the Green’s function,
or the fundamental solution, to the equation (4.2.8). This is a crucial object for the half-space
SHE model which can be used to construct the half-space continuum directed random polymer
(CDRP) measure.

In fact, using the chaos expansion (4.2.12), we can define a five-parameter random field in

117



our common probability space (€2,.%, P) that supports the space-time white noise &. Let
D={(u,s,y,t,x)|u,s,teRwiths<tand x,y € [0,00)} c R

For (u, s,y,t,x) € D, define (with the same notation and convention as in (4.2.12))

Z,(t,x]s,y) = P(t,x|s,y)
(4.2.16)

+ Zf PR (1, wils, y; ¢, ) E(dridwy )£ (drydwy).
k-1 [O,oo)k Rk

It follows that, for any fixed s, ju € R, y € [0, 00), the field Z,(-,|s,y) is the unique mild solution

to (4.2.8) satisfying (4.2.9) and (4.2.11) with initial conditon ¢ = J,,.

Corollary 4.2.6. Let a < b,jip € R and p € [1,00). For any pu € [jg, ), a < s <t < b,

z,y € [0, 00),
| Z.(t,x|s,y)|p s (=) VAPE(t, x]s,y) S (t=s) P exp(-(z - y)*/A(t - 5)), (4.2.17)

where o $ B denotes o < C 8 with some constant C = C(a, b, 19, D).

Proof. Substituting ¢ with §, in Lemma 4.2.4 and using (4.2.3). Note that in the statement of
Lemma 4.2.4, the prefactor C' may depend on the initial data (, but one can follow the same
proof and check that, with the Dirac-9 initial conditions, we can relax the bounds in the proof so

that the constant C' does not depend on y € [0, 00). O

We record the following properties for the field Z.

Proposition 4.2.7. There exists a modification of the field Z,,(t, x|s,y) that is jointly continuous
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in all five variables (u, s,y,t, x) € D, and has the following properties:

(i).

(ii).

(iii).

(iv).

(v).

(vi).

For any (p, s,y,t,x) €D,

E[Z,(t,z|s,y)] = @f(t,x\s,y}. (4.2.18)

For any fixed s, ;1 € R and ((dx) satisfying Hypothesis 1 (or Hypothesis 2), the random

process defined by the convolution formula

(to) = [ Zu(talsp)o(dy)

is the unique mild solution Z,(-,-|s, () in Proposition 4.2.2 satisfying (4.2.9) and (4.2.10)
(or (42.11)).

(Positivity) For any (1, s,y,t,x) € D, we have Z,(t,x|s,y) > 0.

(Time stationarity) For any fixed p,to € R, x,y € [0, 00),
{Z;L(t + t(], Z‘|S + tO; y)}s,teR,s<t la:w {Zu(ta ZE|S, y)}s,teR,sd‘

For any finite disjoint time intervals {(s;,t;|};., and any z;,y; € [0, o), the random vari-

ables {Z,, (t;,x;|s:,y:) i, are mutually independent.

(Chapman-Kolmogorov identity) For any fixed i € R, there exists an event Q) with P(€)g) =
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1 so that for any w € Q, s,t e Rwith s <t,z,y€[0,00), and r € (s,t),

Zu(t,x|s,y)=/0‘ Z,(t,z|r,w)Z,(r,w|s,y)dw. (4.2.19)

(vii). For any fixed ji,s,t € R, 1> s,
law
{Zu(ta l’|8, y)}x,yé[o,oo) = {Zp,(ta y|3> w)}x,yE[O,oo) . (4220)

Proof. The joint continuity of the field and properties (i)—(vi) closely mirror those of the Green’s
function field associated with the full-space stochastic heat equations in [104]. There are two
primary differences from the full-space Green’s function. First is that we have an additional
parameter p from the boundary condition in the half-space setting. Since the Robin heat kernel
defined in (4.2.1) is continuous in u, generalizing the joint continuity property to include this
parameter 1 by Kolmogorov continuity criteria is straightforward. The second difference is that
the field no longer has stationarity in space, but this fact does not impact the properties above.
Due to the presence of the boundary, for zy # 0,z,y > —zo, we do not expect that Z,(¢, z|s,y)
and Z,(t,x + zo|s,y + x¢) are equal in law.

To prove the Chapman-Kolmogorov identity (vi), we note that a detailed proof for the full-
space Green’s functions can be found in [93, Lemma 3.12]. One can adapt this proof to our half-
space setting, except that we do not have a quenched level tail bound analogous to [93, Corollary
3.10]. Alternatively, one can use the Kolmogorov continuity criteria applied to the five variables
(s,t,x,y,r) on the right-hand-side of (4.2.19) to conclude the proof.

The proof of property (vii) is similar to [105, Appendix B] and follows from an approxi-
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mation of Feynman-Kac formulas. We defer it to Appendix 4.8.1.4. O

For any fixed ;1 € R, we use Z,,(+,-) to denote the unique mild solution to (4.1.3) in Propo-

sition 4.2.2 part (1). By Proposition 4.2.7 (ii), when p = u - %, forany ¢ > 0, x € [0, 00),

Z, 1 (t,x) = / Z, 1(t,x|0,y) exp (W (y) + uy) dy. (4.2.21)
2 0 2

We finish this subsection by providing L?({2)-norm bounds to Zu,%(t, x) and H,(t, ).
These bounds follow from Lemma 4.8.1 and Lemma 4.2.5 and will be very useful throughout

this section. A detailed proof is given in Appendix 4.8.1.5.

Proposition 4.2.8. For any fixed u e R,t > 0,p € [1, 00), there exists a constant C' = C'(u,t,p) so

that the following holds for all x € [0, c0):
| Z-1(t, 2)]p < Cexp(Cr); (4.2.22)

|Z,-1(t, )7, < Cexp(Cx). (4.2.23)

It follows that for any fixed u € R, P-almost surely,
0< Zu_%(t, r)<oo, Vt>0,22>0. (4.2.24)
The Hopf-Cole solution to (4.1.1) is thus well-defined:

H(t,2) =log Z,. 1 (t.0) =log [ 2,04 (t2]0,5) exp(W (y) + up)dy, (4.2.25)
0
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and satisfies

|H,(t,z)|, < C(u,t,p)exp(C(u,t,p)x), (4.2.26)

foranype[l,00),t>0,x > 0. All the constants above can be chosen uniformly over any compact

subset of (u,t) € R x [0, 00).

4.2.4 Half-space CDRP

We can now use the Green’s function Z,(t,z|s,y) to construct the continuum directed
random polymer (CDRP) measures in half-space. We then introduce the induced (quenched)
endpoint measures on ([0, c0), B([0, 00))) from these polymers.

For simplicity, we always set the initial time s = 0 and fix some p € R. To align with the
previous conventions, we use the parameter u = y + % to index these measures.

For any ¢ > 0, we equip the path space Cjo ) := C([0,t], [0, c0)) with the Borel o-algebra
B(Cpo4). Let X = (X, )o<r<t be the canonical variable on Cp,). A probability measure on this
space is uniquely determined by its finite dimensional distributions. For our purposes, we are
interested in the continuum directed polymer X on C([0,%], [0, c0)) that starts from a fixed point,
runs backward in time in the environment of &, and has the terminal condition exp (W, (-)) at
r=_t.

For each fixed u € R,¢ > 0 and x € [0, o), we define the following (quenched) point-to-

measure polymer:

Definition 4.2.9. For any w € ) such that (4.2.24) holds, define the (quenched, point-to-measure)

half-space continuum directed random polymer (CDRP) measure Q%" as the probability measure

122



on Co,) with finite dimensional marginals given by

@g,t(th € dl’l, cee ,th € dl’k)

.[Ooo 1_1?:0 Z'zkl (t - tj> T |t - tj+1, -Tj+1) eXp(Wu($k+1))d$k+1 (4227)
- = dzy...dxy,
f() Zu—%(tax|07y) exp(Wu(y))dy

for 0=ty <ty < <ty <tpy1 =tandwith xy=z.

We first address the well-definedness of the half-space CDRP @g’t:

By the Chapman-Kolmogorov equation (4.2.19), the family of finite dimensional distribu-
tions in (4.2.27) is consistent. Thus by the Kolmogorov consistency theorem, for P-almost every
realization of (&, W), (4.2.27) gives a unique probability measure on ([0, 00)[%] B([0, 00))[0:4]),
It remains to show that the measure Q%" is P-almost surely supported on paths in Clo,-

To prove this, we consider a (deterministic) probability measure Pﬁfx that is defined on

([0, 00)I0 B([0, 00))[°4]) with finite-dimensional marginals

IP)RB (th € dxl, R ,th € d.’Ek)

u,t,x
E [ (X eda, ..., Xy eday) [o7 Zu_%(t, z|0,y) exp(Wu(y))dy]
) E[/y" Z,-1(t,2[0,y) exp(Wu(y))dy] ‘

By (4.2.18), IP’f’fw is a probability measure on reflected Brownian paths reweighted correspond-
ingly by a local time term as well as the terminal boundary condition. (To see this, one can
compute the expectation with respect to £ and W explicitly, separately for the numerator and the
denominator.) Let Y : [0, 00)[%t] - R be an indicator function such that Y = 1 if the paths are
uniformly continuous when restricted to rational numbers and Y = 0 if not. By the regularity of

the Brownian paths, EZ5 [Y] = 1, which suggests that Q&*(Y = 1) = 1 P-almost surely. It thus

u,t,x
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follows that the polymer path X. has a continuous modification P-almost surely.
We define Q% := §, as a measure on ([0, ), B([0,))). We use EZ"" to denote the

expectation under Qg’t. We also define the following.

Definition 4.2.10. Fix u € R and w € Q) such that (4.2.24) holds. For any t > 0, x € [0,00), we

define the (quenched) density pZ(-|t,x) on [0,00) as

Ryl 2) Z, 1(t,2|0,y) exp(Wu(y)) Yy [0,00) 42.8)
, )= == , ,00). 2.
P s (a0 exp (W () dy”

It is clear that pfi(-|¢, ) is well-defined for all ¢ > 0, z € [0, co) simultaneously on a proba-
bility one event. It follows that for any fixed t > 0,z € [0, 00), pZ(:|¢, z) is the (quenched) density

of the polymer endpoint on [0, co) under Q4"

Proposition 4.2.11. For any fixed u € R;t > 0,z € [0, 00), P-almost surely, we have

Qg’t(XteA):Lpf(y|t,x)dy, forall A e B([0,00)),

and the quenched expectation of the polymer endpoint is

B9 [X]= [ upt(ylta)dy.

Proof. By the path continuity of X, the continuity of Zufé(-, -) on R%, and (4.2.27), for any
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v €C.([0,00),R),

EQ"'[(X,)] = imEZ" [io(X,)]

1 (o]
- Llix% m /(; gp(z)Zu_%(t,ﬂt -, z)Zu_%(t -r,z)dz

) m fom P(y) 2,1 (t,2]0,y) exp(W. (y))dy.

u

where the interchange of the limit and the integral is justified by the dominated convergence
theorem. By Urysohn’s lemma and the monotone convergence theorem, this extends to any
function ¢ = 1 with O being an open set of [0, c0). By Dynkin’s 7 — \ theorem, we can further

extend to 14 with A € B([0,00)). O

Remark 4.2.12. We define the half-space CDRP P-almost surely for each fixed ¢ > 0,2 > 0,
but do not address its coupling over all £ > 0,z > 0. Additionally, we do not prove some basic
properties (Markov, Feller, etc.) for the half-space CDRP, analogous to those proved in the recent
comprehensive work [93] for the full-space CDRP. One reason for this is that an adaption of
[93] to half-space setting still needs some technical estimates similar to those obtained in [93,
Appendix C] on the Robin heat kernels, yet we were not able to obtain them. On the other
hand, these properties are not required for our purposes, as we will use an alternative method to
establish the stochastic monotonicity needed in Section 4.5.

On a heuristic level, the proof in Section 4.5 is based on sampling the initial points of the
CDRP Q%" from another density on [0, c0) to construct a measure-to-measure polymer Q;}f for
any fixed w € (2. Without a simultaneous coupling, we do not justify that this construction defines
a new measure on C[0,¢] P-almost surely. However, as we will show in Section 4.5, we can still

apply this idea. In particular, we only need the quenched endpoint distribution for this polymer,
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which is well-defined through SHE mild solutions P-almost surely. All of our P-almost sure
results are derived from the properties and continuity of mild solutions, making the coupling
issue irrelevant for our purposes.

We do not attempt to couple the CDRP measures for all u € R either, since it is unnecessary

for our purposes.

Remark 4.2.13. By the formal Feynman-Kac representation (4.2.14), it is natural to interpret
the above continuum directed polymer measure as a “Gibbs measure” of the reflected Brownian
motion in half-space with start-point = € [0, 00). The Radon-Nikodyn derivative with respect to

the law of Y. = | B| should be expressed as

exp(W(T;) +uY;) exp (—(u - 1/2)L?’T) texp: {fotf (t-r,7,) dr} :

The above expression is only formal when ¢ is the spacetime white noise. In fact, we suspect that
the half-space continuum directed polymer measure should be singular with respect to the mea-
sure of reflected Brownian motion in half-space, just as the full-space polymer measure studied

in [104].

Finally, we remark that with the definition of Qg’t, the solution Z, 1 (t, x) to the half-space

u— 2

stochastic heat equation (4.1.3) is the partition function of the half-space CDRP Q}". Thus, its
logarithm, which is the solution H, (%, ) to the KPZ equation (4.1.1), is the free energy of the

polymer.
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4.3  Average growth rate: proof of Theorem 4.1.4

In this section, we study the average growth speed of H, and prove Theorem 4.1.4. To-
gether with Proposition 4.1.5, it proves the conjecture of the average growth speed in [30, (4.18)].

The method here is stochastic analysis, essentially an application of 1t6’s formula. The
only explicit calculation we do relies on a nice conditional Laplace transform formula obtained
for exponential functionals of a Brownian motion with a drift [106]. Similar calculations in the
periodic setting can be found in [107, Section 2.2.3], based on Yor’s formula [108]. An alternative
proof for Theorem 4.1.4 can be pursued by using the half-space log-gamma polymer and making
the claims led to [30, (4.18)] rigorous. Notably, the average growth rate has also been recently
established for the open KPZ equation [109]; it would be interesting to investigate if the method
presented here can be adapted to that context. This section can be read independently of the rest
of this section.

It is well-known that, under appropriate assumptions, the partition function of the point-to-
line directed polymer can be related to a positive martingale. Thus, to study the average of its
logarithm, one can perform a semimartingale decomposition and only need to analyze the drift
term. This trick has been used extensively in the study of disordered systems, see e.g. [110] for a
spin glass model and [111, Chapter 5] for directed polymers in random environments.

We begin by presenting the following preliminary result, originally proved by [91]. A more
detailed discussion on the study of exponential functionals of Brownian motions can be found in

the review [112].

Lemma 4.3.1. For any u < 0, the perpetual exponential functional of Brownian motion with drift
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satisfies

e law 2
fo exp(Wu()dr 2 s, 43.1)

where y(—2u) is a gamma random variable with shape parameter —2u.

Now for any u < 0, > 0, define

Vu(t) = fO "2, (La)de,

which can be viewed as the (-to-line partition function of the underlying directed polymer, with
the initial data {(dx) = exp(W,(x))dz. ), (0) is the random variable appearing on the left-hand
side of (4.3.1). We know that 0 < ),(0) < co P-almost surely.

As described in (4.1.4), the Brownian motion with drift u is stationary to the half-space
KPZ equation with boundary parameter u, which implies that for each ¢ > 0,

{Zu_;(ta Y)

law
= {exp (Wu(y)) }ye[0,00) (4.3.2)
Zu,%(t70) }ye[o - y€[0,00)

Thus, the random variable Y, (t)/Z,,_ 1 (t,0) satisfies

Z 1 (1,0) fooo Ziy (b 2) 2, (1 0)] e ™ fow exp(W,(2))dz = Y,(0).  (43.3)

Since Y,(0) and Z,,_ 1 (t,0) are both P-almost surely finite and positive, ), (t) is also P-almost
surely finite and positive.
The proof of Theorem 4.1.4 for u < 0 relies on the stationarity (4.3.2) as well as the identity

in law (4.3.1). For u > 0, exp(W,(y))dy is not in L!([0, c0)). This is the key reason why our
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proof cannot be extended to u > 0.
Now we state a decomposition of ), (¢) which follows from the mild formulation of the
SHE. Due to the Robin boundary condition, there exists an extra drift term compared to the full

Space case.

Lemma 4.3.2. Let ﬁf’w be the natural filtration generated by W and £ on the time interval [0, ].

Foranyu <0, (Y, (1), Z5") is a continuous semimartingale, and Y, (t) admits a decomposition
Vu(t) = Vu(0) + My (1) + Au(t), (4.3.4)

where M, (t) is a continuous local martingale with

Mu(t):‘/OtfoooZu_é(s,z)f(dzds),

and A, (t) is a process of finite-variation

At = —% (u _ %) fot Z, 1 (v,0)dv.

Proof. For any t > 0, by the convolution formula (4.2.21), we can use the Green’s function Z to

write

V)= [ Zyadda= [ [T 2, (4]0, exp(Wa(y))dyda @35)

- [ [ 2o gdeexp(Va(v)dy.
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where the last equality follows from Tonelli’s theorem. By (4.2.9), for any ¢ > 0,y > 0,

[ Zufé(t,x|0,y)dx=f PR (t,2]0,y)dz
0 0 U3

[} t oo
+ / f f P (t,x]s,2) 2, 1(s,2]0,y)€(dzds)dz.
o Jo Jo 2 2

(4.3.6)

By (4.2.17),

1/2

oo t o
/ (/ f PR (t,1]s,2) Ee [Zu_;(s,z|0,y)2] dzds) dzx < o0, 4.3.7)
0 o Jo T3 2

so we can use the stochastic Fubini theorem ( [113, Theorem 4.33]) to switch the order of inte-
gration in the last term of (4.3.6) and integrate x € [0, co) first.
Applying the fundamental theorem of calculus to the integral f0°° PR (t,x|s,y)dz and
u=3

using the definition of the Robin heat kernel in (4.2.1), for any fixed y > 0, s € [0, ¢], we have

o t <]
f f@ﬁl(t,x|s,z)dx:1+ff 6v33£1(v,x]s,z)dxdv
0 2 s 0 2
t % 1 1 t
:1+[ f —agﬁﬁl(v,a:|s,z)dxdv:1+—/ [—8IWR_1(v,x|s,z)| ]dv
s 0 2 U3 2 Js ) z=0
1

¢ 1\
=1- ) (u— 5) @u_%(v,ms,z)dv.

Thus (4.3.6) equals to

1 1 t t o
1——(U— _)f t@R_l(’U70|0,y)dU+‘/ [ Zu_1(872’|07y)€(d2d8)
2 2)Jo  v2 o Jo 2

S N F
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Again by (4.2.17),

1/2

t 0 v
/ ([ f PE (v,0]s,2)*Ee [Zu_;(s,z|0,y)2] dsdz) dv < oo,
0 0 0 u=3 2

so we can use the stochastic Fubini theorem to switch the order of integrations as

t 00 t
[T 7 wolsaa] 2.6 210.p¢(zas)
0 0 s 2 2

t 0o v
:fo fo fo PR (0,005,2) 2,1 (5,210, y)E(dzds)dv

t t
- [ 24000 [ 22, (0,00,)dv.
0 0 2

Therefore, for each y € [0, 00), (4.3.6) equals to

o t [e)
[z s alomde =1+ [ [ 72,0 (5,210,9)¢(d2ds)
0 2 0 0 2

1 1 t
—(u-=) [ z . .

2(u 2)[) uﬁ(v,0|0,y)dv

Using again the stochastic Fubini theorem and Tonelli’s theorem, we have

o t 0
= [ [u L[ 202 0m)e(azas)
1 1 t
"2 (“ B 5) fo Z,.1(v,00, y)dvlew“(y)dy

=20+ [ [7 2020 - L (u-3) [ 2000

which is the decomposition (4.3.4). Note that for P-almost surely all realization of W, by
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(4.2.17),

t ()
E¢ f f Z,_1(s,y)*dyds
0 0 2

0o [eS) t 0o
[T T B 2 (5,010,202, (510, 2) [ dydse DMz dy
0 0 0 0 2 2
oo <) t oo
: f f / / |Z-1 (5,910, 20) 2] 2,1 (5,410, 25) |adydse™ D Wul2)d 2 d 2y
0 0 0 0 2 2
00 2
<C(t,u) [[ eW“(Z)dZ] ,
0

(4.3.8)

so for any ¢ > 0,

t oo
f f Zu_%(s, y)?dyds < oo, P-almost surely,
o Jo

and M, (t) is a continuous local martingale with quadratic variation

t oo
M) = / / Z, 1(s,y)*dyds.
o Jo 2

The proof is complete. O

Remark 4.3.3. One needs to be cautious with the L? norms after putting the Brownian motion W
into the filtration .Z"". In fact, by (4.3.1), Y,(0) = [, eW+(@)dz € Lr(Q) if and only if ~2u > p.
Consequentially, taking an expectation Ey, on the last line of (4.3.8) only gives a bounded term
when u < -1, so we do not claim that E(M,, ), is bounded for all u < 0.

On the other hand, if we consider each fixed realization of the initial data, we can think of
M,(t) as a local martingale with respect to .%, — the filtration generated by £ only. The bound
in (4.3.8) shows that M, (¢) is a square-integrable martingale w.r.t. L%g for P-almost surely all
realization of W.

A similar issue also occurs when we apply the stochastic Fubini theorem in the above proof.
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In order to overcome it, we used (4.3.5) to separate the randomness from ¢ and from W. The

stochastic Fubini theorem is applied to processes that are adapted to .%,, as shown in (4.3.7).

The following lemma provides the semimartingale decomposition for log ), (t), using
which we compute Elog ), (t) which further leads to EH,(¢,0). The crucial part is that the
drift term will be written as an additive functional of the process {Zu_% (8,)/Vu(s)}ss0, which is

at stationarity by (4.1.4).

Lemma 4.3.4. For any u<0andt >0, we have

1( 1) 11y exp(2Wa(y))dy

\=3) 33 0 t. (4.3.9)

E[H,(t,0)] = E[

Proof. Recall that as defined in (4.1.1), H,(¢,0) = log Zy1 (¢,0). Taking the logarithm and then

the expectation on both sides of (4.3.3), we have
E[H,(t,0)] = E[log Y, (t) - log ¥, (0)].

By Lemma 4.3.2 and It6’s formula [113, Theorem 4.32], log ),,(¢) can be decomposed as

log V(1) —log V,(0) = f Vu(s)'dM,(s) + f Vu(s) ™ dA( ——f Vu(s)2d(M,),
u”(s t Zufl(s,()) (s
s %(s)y -5 (u-3) [ =i ) [= e >§ s

By (4.3.2), for any v < 0 and s > 0, we have

-1

E————— ;(s 0 —E[/ Z, 1(3 Y) u;(s,O)ldy]

1

_E[f eXp(VVu(y))dy] - yu(())7
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and

o Z, 1(8,y)? o Zy1(s,y)*dy
°J %d% [fi Z,. syidy]

fo Z,1(5,y)*Z,1(5,0)" 2dy

[f Zu s (5.0) 7,1 (5,0) 1y |

g Jo exp(Wu(y))*dy

[fo exp(Wau(y)dy']”

~E[2.(0)* [ exp(2Wu ().

Here we used the stationarity (4.3.2), so both expectations are time independent, and by (4.3.1)

and (4.3.10) below, they are both finite. Thus the term

fot fow Z,-1(5,9)Yu(s)"'¢(dyds)

is a square-integrable martingale, and (4.3.9) follows. O

To complete the proof of Theorem 4.1.4, for any u < 0, it only remains to compute the
expectation on the right hand side of (4.3.9).

Proof of Theorem 4.1.4. 1t follows from (4.3.1) that for any fixed u < 0,

1 1
Bl 5o |- 3EL 200 -

Define

jzfo AW W+2uwqy  and IC=_/0 Wy = 3,(0),
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which are finite P-almost surely since v < 0. It remains to compute

e[ expC@Wu()dy] _ o o~ exp(Wuly))*dy :E[J].

Y.(0)? ) [f0°° exp(VVu(y’))dy’]2 K2

Note that the same Brownian motion appears in both the numerator and the denominator, which
makes the calculation more involved. By [106, Example 2.4], for any u < 0, the conditional

Laplace transform takes the form

) \-2u+l e—/\coth(%)
sNMT K = =
E(e ’IC s)P(/Ceds) T (—20) (sinh(§))_2u+1d87 Vs> 0.

By differentiating both sides in A? and taking the limit A\ - 0, we have

1] Cd L gy
E(—§j‘K—s)P(ICeds)—lAli%WE(e

d N\ —2utl e~Acoth 22)
=i d

x>0 A2 | 20 (—2u) (Sinh(%)—?“*l i
As

) 1 )\72u+1 e—)xcoth( 5 )
"X 2% | 23C20) (s (3)) 2

IC:S)P(ICeds)

]\I/(3|u,)\)ds.

with

\II(S|U,)\)=|:_2U+1 —coth()\s As + (u-1)s coth(ﬁ)].

) 2(sinh (%)) 2 2

Taylor series expressions give that

3
coth(z) =27 + g - j—5 +0(2%), 0<|z|<m,
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and

2
sinh(z)™2 = esch(x)? = (x_l - g + O(ZL‘S)) =x? - % +0(2%), O0<|z|<m.

Thus

lime 3) =2

—u+1 —2u+1
—)\coth()‘s 2 li A7Er _ 2
i T e\ 2url )
(sinh (%))

and

1 21 1Xxs Asf({As\* 1 s(21 1\s
U(sluA) = (<2u+1)~ - 2= 222y ([ 22) 2 ) o —1)2 (224222 A3
(sfu. Ay = (F2u= D)3 =23 32+2((2) 3)+(u )2(5)\+32) O
1. 2u-1
=—§)\s+ u As? +O(N?).

These results imply that

2

1 )\—2’u+1 6—>\ coth(%) e s 2 —2u+1 1 2u _ 1
lim (sl ) = (2 ! 2)
/\IE(I)Z)\IQF(—QU) (sinh () 2" (5], ) 4F(—2u)(5) ( 377 T 7 )

and

o[2]- L (e recess

o _g7i  972ul ( s 2u-1 2)
= f -——+ s |ds
0o 282I'(-2u) s72ur1 \ 3 12

1 ”1_22_2 2u-1 2 o1
. S e g2 _ T o unly (4.3.10)
22ur(—2u)/o 3¢ 7 12 7w
B 1 (1 [(-2u+1) 2u-1 F(—2u))
C o (—2u) \3  2-2utl 12 272u

U 2u—1_ u 1

3 12 2 12
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Now by (4.3.9), we have

We next extend to u = 0. For any fixed ¢ > 0, by Proposition 4.2.8, H,(t,0) is uniformly
integrable for u in any compact subset of R. Thus the convergence E[H,(t,0)] - E[Hy(¢,0)]

as u — 0 follows from the convergence in probability

prob

Zu_%(t,O) - Z_%(t,()) asu — 0,

together with the continuous mapping theorem. To show the above convergence in probability,

we note that by the Minkowski and Holder’s inequalities,

||Zu_;(t>0)—Z_;(t,0)||23fo | Z,-1(2,0[0,9) = Z2_1(2,00,y) |4 ]| exp(W (y) + uy)|4dy

o [ 124 (1010, Ll exp(W (y) + uy) = exp(W (3) + )|y,

By the P-almost surely continuity of the Green’s function Z.(-, |-, -) in Proposition 4.2.7, the uni-
form moment bounds in (4.2.17), and the dominated convergence theorem, we have | Z,_ 1 (t,0)-
Z_%(t,())Hg —-0asu—0.

For any z > 0, the result follows from (4.1.4). O

4.4 Variance identity: proof of Theorem 4.1.1

To prove the identity (4.1.9), which relates the variance of the height function to the end-
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point displacement of the directed polymer, we utilize an integration-by-parts formula in the
Gaussian space generated by the Brownian motion W (x). Although the model involves two
sources of Gaussianity, we only rely on the one from the initial data. This method heavily re-
lies on the fact that the Brownian motion with drift W (z) + uz is the stationary measure of the
increment process H,(t,z) — H,(t,0) (see (4.1.4)).

In the following argument, we consider the four height increments along different di-
rections: A = H,(t,0) - H,(0,0), B = H,(t,z) - H,(t,0), C = H,(t,z) - H,(0,z) and
D=H,(0,z)- H,(0,0). The quantity of interest is A, while B has Gaussian distribution due to
the choice of initial data, C' shares the same distribution as the height increment in the full space
case when z > 1, and D = W (z)+ux is the Gaussian random variable through which we perform
the integration by parts. Similar arguments appeared in various previous works, see [29, 85].
Proof of Theorem 4.1.1. Fix u € R;t > 0. Define the height increment of (4.1.1) in the time

interval [0,¢] for any z € [0, c0) as

Hu(t,x):= H,(t,x) - H,(0,2) =log Z _%(t,x) - Wu(z).

Then we have

H,(t,x) - H,(t,0) = Ho(t,x) = Hou(t,0) + Wy (2),

which implies that

Var[H,(t,z) - H,(t,0)] = Var[H,(t,z) - H.(t,0) + W, (x)].
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By (4.1.4), for any t > 0, Var[H,(t,z) - H,(t,0)] = Var[W,(z)] = z. Thus we have an identity

0= Var[H,(t,z) - H.(t,0)] + 2Cov[H,(t,z) - Hu(t,0), W, (z)]
= Var[H,(t,z)] - 2Cov[H,(t,x), H.(t,0)] + Var[H,(t,0)]
+2Cov[Ha(t, ) - Ho(t,0), Wa(2)]

= Var[H,(t,0)] + (Var[H,(t,x)] + 2Cov[H,(t,z), W, (x)])

—2Cov[H,(t,x), Hy(t,0)] - 2Cov[H,(t,0), W, (z)].

Since H,(t,0) = H,(t,0), we have Var[H,(t,0)] = Var[#,(¢,0)]. The above equation can be

rewritten as

Var[H,(t,0)] = 2Cov[H,(t,0), W, (z)] + 2Cov[H,(t,x), H.(t,0)]

- (Var[H,(t,2)] + 2Cov[H,(t,x), W.(z)]).

Recalling that ES" [X;] is the (quenched) expectation of the half-space CDRP endpoint. The
endpoint has a quenched density pZ(-|t, ) as defined in (4.2.28). The proof is complete once we

establish the following results:

Cov[H,(t,0), Wy(z)] - E f T ypB(ylt,0)dy= EES"'[X,], asx — oo; 4.4.1)
0
Var[H,(t,z)] +2Cov[H,(t,z), W,(z)] > ut, asx — oo; (4.4.2)
and
Cov[H,(t,x),H,(t,0)] >0, asz — oo. (4.4.3)
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We will prove equations (4.4.1) and (4.4.2) in the following subsections. The proof of (4.4.3) is
very similar to the proof of the analogous result for full-space KPZ equation in [29], so we put it

in Appendix 4.8.2. O

Remark 4.4.1. If using the above definitions for the four height increments A, B, C', D, the com-
putation above is equivalent to taking the variance on both sides of the identity B = D + C' — A.
The value of interest is Var[A]. With stationarity (4.1.4), Var[B] = Var[D]. We perform
the integration-by-parts to prove the limit of Cov[A, D] as x — oo in (4.4.1). For the terms
Var[C']+2Cov[C, D], note that they only involve the height function H,,(¢,-) evaluated at point
x away from the boundary. Thus we use its full-space counterpart’s value to approximate it when
x > 11in (4.4.2). The remaining term Cov[A, C'] does not involve any KPZ behavior. It vanishes

when z >> 1 at any finite time ¢, which is stated in (4.4.3).

4.4.1 Proof of (4.4.1)

We prove (4.4.1) through an integration-by-parts in the Gaussian space generated by the
Brownian motion W (x). The following is analogous to the full-space result [29, Lemma 2.4],
but a few details are different in the half-space setting. As discussed above after Proposition 4.2.7,
due to the boundary, the Green’s function Z,(¢, z|0, y) is not spatially stationary.

Let # be the spatial white noise associated with the Brownian motion W (-). Let D be the
Malliavin derivative operator on the Gaussian probability space generated by 7.

For each t,x,z > 0 and each realization of £, we apply an integration-by-parts on the
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Gaussian space generated by 7. Further taking an expectation over &, we obtain

Cov[H,(t,z), W (x)] = E[H,(t,2)W (x)]

_ E[H,(t,7) fo T pouy(F)# (r)dr] = B(DHL (¢, 2), L0.41)-

The integral above is the standard Wiener integral since 1o ,)(r) is a deterministic function, and

the bracket denotes the inner product in L?(R). By (4.2.25), for any r > 0,

D,H,(t,2) = D,log [ 2, 4(t,210.) exp(Wa(y))dy
0 2
Drlfy” Zu-1(t.2]0,y) exp(Wo(y))dy]
o Zus1 (1,210, y) exp(We(y))dy
f0°° Zu—% (ta Z|O> y) eXp(Wu(y))ﬂ[O,y] (T)dy

* R
= = = o (ylt, 2)dy.
I 2,2 (6210, ) exp(Wa (1) dy S ok

This implies that

B(DH.(2), 1)) =B [ [ pf(olt,2)dydr =B [~ min (2,1l (y1t, )y
0 r 0

=Ef0 ypf(ylt,Z)dymEfm pii(ylt, 2)dy.

Setting z = 0, we have

Cov[Hy(t,0), Wy(z)] = E f yp(ylt,0)dy + 2E f pE(y|t,0)dy. (4.4.4)
0 T
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By Holder’s inequality, (4.2.17), (4.8.23) and (4.2.23), for any ¢ > 0,y € [0, 00), we have

Z, 1(t,0[0,y) exp(Wu(y))

Ep; (y]t,0) = E—
Jo" Zu-1(,0[0,y") exp(Wau(y'))dy’

4.4.5)
< 12,1 (4,000, ) 4] exp(Wau(y))]s

Z,3(£,0)7| | < Coxp(=42/C),

for some constant C' = C'(t, ). Taking the limit 2z — oo on both sides of (4.4.4) gives (4.4.1).

4.4.2 Proof of (4.4.2)

The idea is that, for large = > 1 and fixed ¢ > 0, the value H,(t,z) almost does not feel
the boundary effects, hence the result should be close to the full space case. We proceed in two
steps. First, we show that (4.4.2) holds with H,(¢,z) replaced by H{*(t, ), where Hi*(t,x)
solves the KPZ equation on full-space starting from a two-sided Brownian motion with drift u.
In the second step, we show that the error induced by the approximation vanishes as x — oo,
namely, Var[H{*(t,2)] + 2Cov[H}*(t,z), W{* ()] can be used to approximate the left-hand
side of (4.4.2) when x — oo.

Let us begin with a few definitions. For (¢, ) € [0, 00) x R and u € R, let Z{*(t, z) be the
solution to the (1+1)-dimensional stochastic heat equation on the full space

0711, w) = SORZEN1, ) + 2 (1, 0)E(t ), e

Z§5(0,2) = exp(W{*(2)),
where ¢ is the same space-time white noise on (¢, ) € R? as in (4.1.3) and W*(z) := W/s(z) +
ux with W74 being a two-sided Brownian motion on R. For simplicity, we assume that WW75(+) is

defined on our probability space (£2,.%, P) and it coincides with W (-) on [0, o) for each w € 2.
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The solution to the KPZ equation on the full space is given by the Hopf-Cole transform
H/*(t,x) =1og ZI*(t,x). (4.4.7)

In particular, H*(0,2) = Wi*(z). For x € [0,00), H{*(0,z) = H,(0,z) = W,(z). Note that
the boundary parameter u appears in the half-space SHE (4.1.3) itself, while in (4.4.6), u is only
parametrizing the initial condition. Thus one needs to be careful to include a shift term 1/2 when
referring to a proper half-space SHE. We have ZJ°(0,z) = Zu_%(O,x) = exp(W,(z)) when
x €[0,00).

It is a classical result (see [55]) that for each u € R, (4.4.6) has a unique mild solution

satisfying

200 = [nle-p)esWE@)y+ [ [ -2 6nedds),  @48)

and for any 7 > 0, SUPg.c, SUP,ep e *"E[Z]°(t,2)2] < oo for some a > 0. It is also well-
known (see [114]) that when qus(-, -) starts from the initial data Wy *(+), the increment process
{HI*(t,-) = HL*(t,0)} s is stationary in time.

We use Z/4(t,z|s,y) to denote the Green’s function of the (1+1)-dimensional full-space

SHE, of which we refer to [93] for further properties. In particular, there is a convolution formula

Zl () = [ 20210, ) exp(W L () dy. (4.4.9)

Now define H1*(¢,z) := HL*(t,2) - HI*(0, ). We first prove the following result, which
is almost (4.4.2) but with 7, (¢, ) substituted by 11’ (¢, ).
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Proposition 4.4.2. For any u € Rt > (),

Var[H/5(t,2)] + 2Cov[HI*(t,z), WI*(x)] = ut, asx — oo.

Proof. Using that W;*(-) is the stationary measure of the increment process

{Hgs(t7 ) - H{:S(L O)}t207

and the fact that for any fixed ¢ > 0, {H1*(t, z) }zer is stationary, following the argument for [29,

Lemma 2.3], we derive that

Var[H/5(t,2)] + 2Cov[HI*(t,z), WS*(2)] = Var[H]*(t,0)] + 2Cov[HI*(t,2), W/ (z)]

= Cov[H]>(t,x) + H[*(t,0), W[*(2)] + Cov[H{(t,2), H]*(t,0)].
For the second term on the right-hand side, by adapting the proof in [29, Appendix A] to include
the drift term, we can show

Cov[HI*(t,z),HI*(t,0)] - 0 as x — oo.

It remains to analyze the term Cov[H4* (¢, z) + Hi%(¢,0), W (z)].
Let py° (y|t, z) be the quenched density of the (1+1)-dimensional continuum directed poly-

mer model with boundary exp(W,/*(-)), starting from (¢, ) and running backward to time zero:

I o Z05(t,2]0,y) exp(WL*(y))
pu (’y|t,l’) T f , fs p ,.
Jo Z15(t,210,y") exp(W°(v'))dy
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Using the same integration-by-parts method as in the proof of (4.4.1) and [29, Lemma 2.5], for

any t > 0 and z, z > 0, we have

Cov[HL(t,2), WL ()] = E [ pl(ylt, =) min(e, y)dy
0

= E/ Pl (y|t,0) min(z, y + 2 + ut)dy.
—z-ut

Here, for the second “=", we used the fact that

s law s
{pl?(y + 2 +utlt, 2) }yer = {0p" (Y]t 0) }byer,
which follows from the spatial stationarity of Z/* and the identity in law:

{27 (L ut +ylo,0)ewe st} {24(1,4]0,0)}

t>0,yeR t>0,yeR

This relation was proved in [29, Proposition 2.7] and arises from the shear invariance of the

space-time white noise £. It follows that for fixed v € R,¢ > 0 and any = > 0,

Cov[H*(t, ) + Hi*(£,0), W[* ()]
= —x+E[ /)0 *(y|t,0) min(x,y + x + ut dy+E[ po (y|t,0) min(z,y + ut)dy
:—x+E[ 3(y|t,0)(y+x+ut)dy+2xE[ o2 (ylt,0)dy.

=E t(y+ut)pos(y|t,0)dy+wEfx_ 0" (ylt, 0)dy - :EEf 6" (ylt,0)dy

—Ir—Uu
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Since Ep;°(t,0;y) is an even probability density on y € R,

T—ut
Ef (y+ut)py®(y|t,0)dy - ut, when z — oo.
—x—ut

By [29, Lemma 2.6], for any ¢ > 0, Ep;°(y|t,0) < Cexp(-y%/C) for some positive constant

C = C(t). Thus we also have that

=) —xr—ut
zE f Pl (y|t,0)dy - zE f pl*(y|t,0)dy - 0,  when z — oco.
T-ut —o0

The proof is complete. O

The next proposition is to justify the substitution. It shows that when x — oo, the statistics

of H,(t, ) can be approximated by the statistics of H* (¢, z).

Proposition 4.4.3. For any u e Rt > 0, we have
|Var[7—[{:s(t,a:)] - Var[’}-lu(t,x)]‘ -0, asx— oo (4.4.10)
and
|Cov[H[*(t,z), WS*(2)] - Cov[H.(t,x), Wu(z)]| > 0, asz - oo. (4.4.11)

Proof. First, we claim that for any u € R, ¢ > 0, there exists a positive constant C' = C'(u,t) such

that

|HI(t, ) = Hu(t,2) |2 = |HI*(t, 2) = Hy(t,2)|2 < Cexp(-2%/C), x>0. (44.12)
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By a straightforward computation, we have

Var[H/*(t,z)]-Var[H,(t,z)] = E ([Hﬂs(t, x) = Ho(t, ) [[HI (¢, z) + Ho(t, x)])

~B[H](t2) - Hu(t, ) [E[HI (1 2) + Hu(t, 2)],

and it follows that

[Var[H{ ()] - Var[H,(t, 2)]| < 21HE (¢, 2) ~ Hu(t 2) ML (1, 2) + Ho (1,2)

When x > 0,

|72 (t, @) + Ho(t, 2) |2 < |H( 2) o+ | HEP(0,2) |2+ [ Hut, 2) |2 + [ Hu(0, 2) |2,

with H{*(0,z) = H,(0,x) = W,(x). By (4.2.26), | H,(t,2)|2 < Cy exp(Ciz) for some positive
constant C; = C1(u,t). By a similar argument for the full-space KPZ equation, there exists an-
other positive constant Cy = Cy(u, t) so that | HJ*(t,z) ], < Cy exp(Cyx). Then the convergence
in (4.4.10) follows from these bounds and (4.4.12).

Similarly, for the covariance, we have

|Cov[HL*(t,2), Wi*(x)] - Cov[H,(t,x), W, (2)]]
= [E[H]*(t, )W/ (2)] - E[Hu(t, )W (2)]|
- ‘E [(His(t, x) — Hy(t, :r;)) W(:v)]‘

< IHE (@) = Hau(t,2) oW ()2

Thus (4.4.11) also follows from (4.4.12).
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To complete the proof of the proposition, it remains to prove (4.4.12). For any positive real

numbers «, 5 > 0, we have the elementary inequality

-8l _la=4l |a-4
min(o, 5) ~  « B

|log o — log 3] <

Therefore, for any ¢t > 0,2 >0

|H*(t ) = Hy(t,2)])2 = [ log Z[*(t, ) —log Z,_1 (t, ) 2

<128 2) - 2, ()20 )+ 120 () = Zo s (B2, ()7

-1
2

<|Z{(t2) - Zy s (L) 4| 20 () a + 1 28 () = Z, s ()l Z s (1)

By (4.2.23) and a similar result for the full-space SHE, there exists a positive constant C3 =

C3(u,t) such that for any x > 0,
HZU_%(t, 7)1 4 < Csexp(Csx) and | Z/%(t,2)7 |4 < Cyexp(Csz).

Thus, the proof of (4.4.12) will be complete if we can show there exists a positive constant

Cy = Cy(u,t) such that
|ZI5(t,z) - Z L (tx)|a < Crexp(=2®/Cy), Va0 (4.4.13)

Applying Lemma 4.4.4 below, we complete the proof. O

The following lemma shows that, for fixed ¢ and large x, the solution to the SHE with Robin

boundary condition does not “feel” the boundary.
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Lemma 4.4.4. For any 7 > 0, u € R, p > 2, there exists some positive constant C' = C(7,u,p)

such that
|Z5(t, z) - Zu_%(t, z)|, < Cexp(-2?/C), forallte[0,7]and x> 0.

Proof. We use « $ 3 to denote «w < C'8 with any constant C' = C'(7,u, p).
When ¢ = 0, Z1°(0,z) = Zy 1 (0,2) = exp(W,(z)) for any x > 0. When ¢ > 0, we use
the chaos expansion for the half-space SHE (4.1.3) and its full-space counterpart (4.4.6). For any

z >0, we write
ZI(ta) = Z, 1 (tx) = Y 27 (4 x) = )zt x),
2 k=0 k=0
with
alta) = [P, (4]0.y) exp(Waly)dy,

Aty = [ o= y)esp(WE ())dy,

and for any n > 0,

Zns1(t, ) = ‘/:/:o@ﬁ;(t,ﬂs,w)zn(s,w)ﬁ(dwds),
28 (t,x) = /Ot[:ptS(ac—w)zf;s(s,w)ﬁ(dwds).

The above expansion of Z,_ 1 can be obtained through the chaos expansion of the Greens func-
tion (4.2.16) together with the convolution formula (4.2.21) and the stochastic Fubini theorem.
Similarly, the expansion of Z;*(t,z) follows from the convolution formula (4.4.9) together with
the chaos expansion of the Green’s function Z7#, as proved in [115].

We shall use the following inequalities later to estimate the difference between the integrals
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involving the Robin heat kernel and the ones involving the standard heat kernel. For any ¢ > 0
2
and z,y > 0, we can bound p,(x +y) < py(z)e”%. Also, for any 7 > 0, there exists some constant

C'=C(r,u)sothatforany 0 < s<t<7andx,y >0,

[e.e]

] 22
f Pros(z+y +2)e" 27z < py_y(z + ) [ e e (D)2 dy < Opy_y(x + y)Vi—s.
0 0

By the explicit expression (4.2.2) and the above estimates, we estimate the difference between z

and z(’; °as

|z0(t,2) = 23" (t, 2) ],

= “ /°° (pt(x + y) - (2u - 1) f""pt(a; +y+ z)e—(u—é)zdz) 6Wu(y)dy
0 0

[Ooo ﬁié(t,x|0,y) exp(W(y))dy - [: pe(z —y) exp(W/*(y))dy

p

0 fs
—f pi(a —y)es Wdy

o)
S[

0 fs
[ o= g) |0y

p

pe(x+y)-(2u-1) f p(z+y+2)e ()22
0

W], dy

<p()(1+2u= 100V [T e E fexpWa)lpdy +pi(x) [ e e (-y)ldy

S pt(x)\/%-
4.4.14)
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Now for any n > 0,

Znn(t,2) =205 (1 2)
:fo /OOO9’5_;(t,as|s,w)zn(s,w)§(dwds)—fo [:Pt—s(ff—w)Zﬁs(s,w)f(dwds)

=I,(t,x) + J,(t,x),

with

I(t,x):= /:fooopts(x—w)[zn(s,w)—zf(s,w)]{(dwds),

and J,(t,x)
= [ (e = @umn) [T a2z s (s w(auds)
- ,/ot /:ipt—s(x_w)zgs(s,w)f(dwds).

While [, is not a martingale in ¢, the process

I,(v):= [vaooopt_s(x—w)[zn(s,w)—zf(s,w)]ﬁ(dwds)

is a martingale in v so we could apply the Burkholder-Davis-Gundy inequality to obtain

t oo
It DEs [ b= w)za(s,w) - 20 (s, w) 2dsduw.

Similarly, we can convert the two terms in .J,, into martingales and apply the Burkholder-Davis-
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Gundy inequality:

0
|‘Jn(t7$)||§ N - Pr-s( - w)QZZS(S, w)Qdew

p/2

o0 %) 2
(pt_s($+w)—(2u_1)f pt—s(f’Hw*Z)e_(“_é)zdz) 2n (s, w)*dsdw
0
t () ) ; 9
3/ / Pros(z +w)?||2L5 (s, ~w) | dsdw
o Jo P
t <) 00 2
L (et w) -y [ eDiaz) o) ds
o Jo 0
t () ¢ o
S [ [ pewsw G Basdw [ [T g s w) 4G, -0 s
0 Jo o Jo P

p/2

Thus we have achieved an intermediate result

l2nar (8, 2) = 222 (8, 2) 2 < (1L (8 2) | + [ (£, 7))
t 0o
S./o fo Pros (2 = 0)?] 20 (5,w) = 2§ (5, w) | 2dsdw

t %) t %)
+f0f0 pts(x+w)2|zn(5,w)|§dsdw+f0fo Pros(@ +w)?| 285 (s, —w) | 2dsdu.
4.4.15)

We first estimate the last two terms in the right-hand side of (4.4.15). By a similar iteration as in
the proof of Lemma 4.2.4, for any s € [0,7],w > 0, there exists a constant C' = C'(7,p,u) such

that (with the convention of (n/2)! = I'(§ + 1)),

(Cs)oDE2
()

(Cs)(nb2
(n/2)!

[ 2n (s, w7 <

co [T (s, 0l0.9) lexp(Waly))], dy <
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It then follows that

(n-1)/2
[ pesta vl wlasdos [ 7 pegerw C cevisan

(n/2)!
Ct) (D2 , P ((;t)m 1)/2
_( TPl f Pi_s(T) f e % 200 ds < /2)' f pr_s(2)*V/t - 5ds
< Gy Lol

A similar result can be obtained for zn We record that, for 0 < ¢ < 7 and x > 0,

t ) n/2 2
/(; /0 Pe-s(@ +w)?| 2] (s, ~w) | 2dsdw $ ((it/é)' [\/I_fpt(x)] ,

for some positive constant C' = C'(7, p, u). With these results, we could further bound (4.4.15) by

[z (t, @) = 215, (1, 2) 7

ﬁ%{ Vi) + [ [ peatr )2, 0) — 242G, w) s,

with some constant C' = C'(7,p,u). Using the estimate (4.4.14), we iterate the above inequality

to derive
(Ct)n/? 2
201 (t,2) = 25 (. 2) [ < C(n+ 2) 72) [Vip(2)],
for some C' = C(7,p,u). Thus for any ¢ € (0, 7],
oo o /2 1/2
128 (00) - 2oy )y < 3 an(t) =Ll < 5 (0 90 TRE ) Vi,

The proof is complete as the sum of the infinite series is bounded. O
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4.5 Endpoint displacement: proof of Theorem 4.1.2

In this section, we prove (4.1.9), which provides an upper bound on the first moment of
the polymer endpoint displacement in the bounded phase (when the boundary parameter u < 0).
Combining with the variance identity, this leads to the estimates on the fluctuations of the height
function. The main contribution here is to leverage stochastic dominance to derive an upper
bound of the annealed mean of the CDRP endpoint displacement in the bounded phase (when
u < 0). The upper bound is expected to be sharp since it is conjectured to be the limit of the
annealed mean when ¢ — oo (see Remark 4.1.9).

The quantity of interest EEgu’t [X;] is the annealed average of the polymer endpoint. By
our choice of the stationary initial data for KPZ, the polymer path { X} [0, starting from (¢,0)
and running backward in time, has a stationary terminal condition. Stochastic dominance ensures
that the displacement of the endpoint in this case can be bounded from above by the endpoint of
a different polymer path, one that starts from stationarity. In other words, we use the polymer
measure with both endpoints sampled from stationarity as a comparison. The upper bound in
EEBQu’t [X¢] < ¢/(—2u) is derived from this stationarity-to-stationarity polymer measure.

For any u € R, t > 0,2 € [0, 00), the half-space CDRP Q%" defined in Definition 4.2.9 is a
point-to-measure polymer with initial point = and terminal data exp (W,(z)) dz. When u < 0,
the terminal data is P-almost surely in L'([0, o)), thus we can also think of Qi as a polymer

with the normalized terminal data

exp (W, (x))dx

[ exp (W (2")) da’” 4.5.1)
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Now let TV be another standard Brownian motion defined on probability space (Q2,.%,P),
independent of & and W. When u < 0, for P-almost surely all realization of W, we have
[y exp (Wu(x)) dz < oo and one can sample the initial point of the polymer Q%" from the

density
exp (Wu(x)) dz
Jo " exp (Wu(x’)) da’

(4.5.2)

to construct another polymer Q%}t . By (4.1.4) (and thus (4.3.2)), the polymer Q%f has the spe-
cial property that the start-point and end-point distributions of the paths are both stationary but
independent of each other as well as the random environment. For P-almost sure all realization

of &, W and W, the (quenched) endpoint density of this polymer is

[ 2,1 (4,210, 9) exp(Wo () da exp(Wa (1))
SIS s (62710, exp(W () )da' exp(W, () )y’

pu(ylt) = Yy e[0,00). (4.5.3)

As discussed in Remark 4.2.12, since we do not show the simultaneous coupling of CDRP

w! for all z € [0, 00), it is not immediately clear that such a construction by sampling the start-
point gives a measure-to-measure CDRP Q;‘{/i on an event of probability one. For our purpose,
we do not need to check this. Throughout the proof, we only need the endpoint density formula
(4.5.3) to be P-almost surely well-defined, yet it is intuitive to understand this density from the
“polymer measure” @;/i

We verify that the endpoint density (4.5.3) is P-almost surely well-defined. By (4.3.2), the

denominator in (4.5.3) multiplied by Z,_1 (t,0)~is
Z,1(1,0)" f "7, () exp(W(x))de 2 f T exp(Wa(2) + Wa(2))de.  (4.54)
0 0
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The right-hand side is a P-almost surely positive and finite random variable when u < 0. Since
Z,_ 1 (t,0) is also P-almost surely positive and finite by (4.2.24), the denominator in (4.5.3) is
P-almost surely positive and finite. The density pZ(y|t) is thus well-defined.

Let us first briefly explain how to prove (4.1.9) through the density (4.5.3). As we shall
see below in Corollary 4.5.2, the polymer measures with different starting points {Q?t}xe[om)
satisfies a stochastic monotonicity inherited from their path continuity and the planar structure
of half-space. Intuitively, for any fixed environment noise £ and W, two independent polymer
paths X!, X2 starting from points 1, x with z; < x5 should satisfy p! < p?, where <; refers
to stochastic dominance and p’ is the endpoint density. Without an established strong Markov
property for the half-space CDRP, we take a detour to prove this stochastic monotonicity through
a Karlin-McGregor based argument. In particular, we analyze some determinants formed by four
copies of Green’s functions, working with a smoothed noise to utilize the Feynman-Kac formula
before passing to the limit. This argument gives P-almost sure comparison between products of
Green’s functions, which can be further used to prove the relation p' <,; p.

We then compare the quenched densities pf(-|¢,0) and pZ(-|t) for P-almost surely all
w € ). We know that pZ(-|¢,0) is the endpoint density of polymer paths starting from z = 0,
while pZ(-|t) is the endpoint density of polymer paths with starting points sampled from the
density (4.5.2) on [0,00). It shall follow that pf(-|t,0) <4 pE(-|t) P-almost surely, and as a

corollary,

EEBQu’t[XtFEfO ypu (ylt, O)dy<Ef ypu(ylt)dy = EE [Xt]

On the other hand, since Q has the initial point sampled from the stationary density, we can

156



compute exactly E]E%Zt (X) for any ¢ > 0. These two facts combined together lead to the upper
bound in (4.1.9). Since exp (W, (x)) dz is notin L'([0, c0)) when u > 0, the proof in this section
does not extend to u > 0.

We now prove the aforementioned results in sequence. We begin by showing that some
specific determinants consisting of four copies of Green’s functions are P-almost surely nonneg-

ative. This argument is an adaption of [116, Proposition 5.5] to the half-space setting.

Lemma 4.5.1. Fix pe Randt > 0. Forany 0 < x1 < 29 and 0 < y; < yo, we have
det[Z,(t, :]0,y;)]ijeq1,2y 20 P-almost surely. (4.5.5)

Proof. We will use an argument based on the Karlin-McGregor formula. We first prove the
inequality (4.5.5) for the Green’s functions of half-space SHE with a smoothed noise, using a
Feynman-Kac representation. We then pass to the limit to obtain the same result for the white
noise using Lemma 4.8.1.

Let &(¢,z) = [z ps(x —y)&(t, dy) so that it is a Gaussian noise that is white in time and

smooth in space, with the covariance function

Qs(t1,ta, x1,02) = B&s(t1, 11)E5(t2, 22) = 0o(t1 — ta)pas(x1 — 2).

For any 0 > 0, 2,y € [0, o), define

t t
Zﬁ(tv ZB|O, y) = ‘@N(tu I|07 y)ExB [exp (_ML? + A 55(75 -, |Br|)dr - 52726(0))

| By| =y].
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Asin (4.2.5), we rewrite the right-hand side in terms of the “reflected Brownian bridges”. Let T,
be the reflected Brownian motion with Y, := | B,| starting from Y = | By| = z. Forany ¢ > 0,y > 0,
there exists a unique probability measure P on C([0,¢], [0, 0)) such that P3¥ equals to the
conditional probability distribution P%.(-|Y; = y). We call the canonical process associated with
P the “reflected Brownian bridge”, starting from Y, = = and ending at Y, = y. The above

display equals to
PN(t,2]0,y)Ex? [exp (—uL?’T + /: E(t—r, T, )dr - %pgg(()))] :
where we used L?’T to denote the local time at zero:
LY = nmzi e (Ts)ds. (4.5.6)

For discussions on reflected Brownian bridges, we refer to [117] in which the authors discussed
general Markovian bridges, and also [118, 119] and the references therein.

To ease notations, we define

t t
FO(T) = exp(—,uL?’T+ fo @;(t—r,TT)dr—§p25(O)).

Then F?(-) is an P-almost surely continuous, strictly positive and multiplicative functional of Y.
Next we prove that for any § > 0, 0 < x1 < x5 and 0 < y; < s, the following identity holds

P-almost surely:

det[Z)(t,2:10,y;) )i jeqroy = det[ PN (8, 2:]0,95) ] jen oy BV 2 [FY (EDNF (B2)], (45.7)
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where the expectation ]E;’B"EZ, is over the two-dimensional reflected Brownian bridges (Z!,=2)
started from x = (x1,25), ending at'y = (y1,2) at time ¢, and =!, =2 being non-intersecting on
[0,].

To prove (4.5.7), by the continuity of the Green’s function, it suffices to show that for
arbitrary functions ¢1, s € C.([0, 00),R) with coordinate-wise ordered supports (which means

that for any y; € supp 1 and y» € supp s, we have y; < 1), there is the identity

/ f ©1(y1)p2(y2) det[ 2, (t, 2;]0,y;) ]i jeq1,2ydyrdys
o Jo (4.5.8)

= [ [ e ea() detl 2N (1 2110,5) )se 12 B F(ED FL (E) dydys.
By Karlin-McGregor formula [120], the determinant det[ 27V (t,x;]0,y;)]; je(1,2y is the
transition density at time ¢ of a two-dimensional reflected Brownian motion (Y!, Y?) in the do-
main A = {y = (y1,v2) € R%; : y1 <y} killed when T! and Y2 first intersect. It then follows that

the right-hand side of (4.5.8) equals to
By e[ 01 (Y1) 02 (Y7) FP(TH FP(T*)1(7 > 1)],

where the expectation EY, .., is taken over the two-dimensional reflected Brownian motions
(T1,72) in R, started at x = (1, x2), and 7 is the stopping time taking values in [0,¢] U {oo}
defined by

T=inf{re[0,t]: T} ="72}.

On the other hand, by expanding the determinant det[Z, (¢, ;|0,;)]i jef1,2), the left-hand
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side of (4.5.8) equals to

EX1 e[ o1 (T2 (Y FY (T FP (Y2)] = BXa o [02 (Y1) o1 (Y7) Y (TH F (%))

Recall that the reflected Brownian motions Y1, T2 started from ordered initial points z; < o,
and the support of ¢, 9 are also ordered. If 7 > ¢, the paths of T!, T2 do not cross each other
on [0,t]. Since the half-space domain is planar, the path continuity of the reflected Brownian

motions forces that

EX1 e 02(T) o1 (Y FY (TH P (Y2)1(7 > )] = 0.

Combining the above results, the identity (4.5.8) is now equivalent to

B e[ 01 (Y1) 02(YE) (YY) F (Y 1(7 < 1)]
(4.5.9)

~ B pele2(T) e (Y1) (T Y (Y?)1(r < 1)] = 0.

We prove (4.5.9) by using a path-switching argument. Define a new two-dimensional re-

flected Brownian motion on r € [0, ¢] by

o (Y307 r<7
(1), 77) =
(T2, YY) r>r.

The paths of T, T2 intersect on [0, ] if and only if the paths of T1, T2 intersect on [0,¢]. Since
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the functional F?(-) is multiplicative, for each realization of (!, 1?),

Ft6(T1)Ft6(T2) = Fté(Tl)Fté(TZ)-

On the event of {7 < t}, 1 (T1)pa(T2) = 1 (T2) o (T1). It follows that

X
EYi 4

[o1 (YD (T (THF (T L(r < 1)]

= B pa[1 (T2 ea( XD F (X ES (T2)1(r < 1)),

Moreover, as the reflected Brownian motion is strong Markov, (T1,T2) has the same law as

(T1,7Y?2), which implies that

B3 a1 (T)2(THE (Y F(T2)1(7 < 1)]

=EX, wlor (YD o (T) (T F (T 1(r < 1)].

The above two identities prove (4.5.9).
Now we have proved (4.5.8) for any ¢1, @5 € C.([0,00),R) with coordinate-wise ordered

supports. The identity (4.5.7) follows. When 0 < 21 < 25 and 0 < ¢ < yo,

det[ 2N (t, 2:]0,9;) i jeq1,2)

is strictly positive. Thus for any ¢ > 0, 0 < 2y < x5 and 0 < y; < yo, we have

det[Z)(t,2:]0,y;)]ije12y >0  P-almost surely.
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By Lemma 4.8.1 (i) (with a mollification in space only), for any ¢ > 0,z,y € [0,00), p € [1, 00),
Zg(t,:c|0,y) - Z,(t,z0,y) in LP(2) asd — 0.

The result (4.5.5) is thus proved. O

With Lemma 4.5.1, we are ready to prove the stochastic monotonicity.

Corollary 4.5.2. Forany u € R, t >0, 0 < 1 < xo, there exists an event Qo with P(Qq) = 1 such

that for all w € Qg and a > 0,

Qi'(Xie[0,a)) = [ plulte)dy> [ plult ey = Qi (Xie[0,a]).  45.10)
0 0

As a result, for any fixed u < 0, t > 0,

ES"[X,] = f ypf(ylt,0)dy < f ypE(ylt)dy, P-almost surely, (4.5.11)
0 0

where pE(-|t) is as defined in (4.5.2).

Proof. By Lemma 4.5.1, for any fixed u € R, t > 0, 0 < z1 < 29, with P probability one,
Zu—%(tax1|07yl)z —%(tal‘2|07y2) 2 Zu—%(t7$1|0ay2)z —%(t7m2|0ay1)a

for all 0 < y; < y, simultaneously (one can first consider rational y;, > then use the continuity of
Z). By (4.2.24), {Zu_% (t,2;]0,y)}iz1 2 are P-almost surely integrable with respect to the density

(4.5.1). Therefore, there exists an event g with P(£)) = 1 such that for any w € Qy, we can
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integrate over any rectangles (y1,42) € [0,a) x [a, 00) with a > 0 to obtain

[ 2y a0 expWalyn))dm [ 2,5 (12 ]0,0) exp(Wa(y2))dye

2/ Zu—;(t:$1|0>y2)eXp(Wu(y2))dZ/2/0 Zu—%(t7$2|o>yl)eXp(Wu(yl))dyh

and both sides are positive and finite. Add
[ 2y a0y exoVu()dy [ 2,3t 00,) exp(Waly))dy

u

to both sides and then divide by the product Zu_% (t,x1)Z 1 (t,x2), we obtain (4.5.10).

To prove (4.5.11), by (4.5.10), for any fixed x > 0,

o~ yZ,1(2,000,y) exp(Wo(y))dy

Jo" 2,1 (2,000, y") exp(Wa(y'))dy’
o S w2, (4]0, y) exp(Wa(y))dy

< yps(ylt2)dy = 7= , ——
0 Jo" Zua (t2]0,y7) exp(Wo(y'))dy

JARTACTAONE

P-almost surely.

Multiplying the positive denominators on both sides, this is equivalent to the inequality

[y, (010, exp(Walp))dy [ 2,4 (4]0, exp(Waly')dy’

< [ 240000, expVu(y) Y [ 2,3 (1310,1) exp(Wa(y))dy.

(4.5.12)

By Proposition 4.2.7 (ii), both sides are continuous in x € [0, co) P-almost surely as the integrals

are mild solutions to SHE. It follows that (4.5.12) holds for all = € [0, co) simultaneously.

When u < 0, by (4.5.4), the left-hand side of (4.5.12) is integrable in x with respect to the

density (4.5.2) P-almost surely. Similar integrability holds for the right-hand side. Thus with
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probability one, we have an inequality

[ vZ (4.000.9) exp(Wa())dy
[ [ 2s(taloy) exp(Waly)dy exp(W, () da
< [ 2, (4.000.y) exp(Wa(y))dy

[ [ vz a0y ep(Wam)ayexp(W,(@)ds.
with all the integrals being positive and finite. This is equivalent to

Jo~ yZ,-1(1,010,9) exp(Wa(y))dy

Jo" 2,218,000, y") exp(Wo(y'))dy’

. Jo J5T Y21 (1,210, y) exp(Wa(y)) exp(Wo(2))dyda
NN Zu_%(t, 2’10, y") exp(Wo(y)) exp(Wo(2") )dy/da’’

and the proof is complete. O

Remark 4.5.3. We would like to point out that in [93], the authors proved a strict inequality ‘>’
for (4.5.5) after coupling the full space CDRP. Another proof using a different argument has been
conducted in [121]. We do not pursue it here.

Since we only need an inequality with ‘<’, an alternative approach is to prove the strong
Markov property for polymer measures Q%" and then use the coupling method. For continuum
time models, proving the strong Markov property requires both the Markov and the Feller prop-
erties of the associated semigroup [122, Theorem 6.17], which we believe can also be done for

this model.

To complete the proof of Theorem 4.1.2 and Corollary 4.1.3, it remains to compute the

. . w,t
annealed mean of the stationary measure-to-measure polymer’s endpoint E]E%/ (Xy).
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Lemma 4.5.4. For any u <0 andt > 0, we have

E [l (yldy = v/ (2ful). @45.13)

The functions 1 and 1" are the digamma and trigamma functions defined in (4.1.5)—(4.1.6).

Proof. By definition (4.5.3),

fo vly 2 1(t 2[0,y)eMe@dze™a W dy
fo I 2. 1(t, 2710,y NeWua)dg'eWe ) dy!
fo vy 2 ;(t yl0, z)eWu@ dzeWa()dy
fo f 2. 1(t y'|0, ") eWu @) dzeWu W) dy!’

E fo ype(y|t)dy =

where the second equality follows from the time reversal of the field Z in (4.2.20). Since W and

W are independent and identical, we can interchange them under the expectation, and the above

equals to

fo yZ, 1 (ty)eOdy fo yZy 1 (t9)Z, 1 (£,0) 0 dy
fo w1ty NeWu)dy! /0 (L) 2, 1(25 0)-1eWul)dy/

fO yeWu(y)eWu(y)dy
fooo eWuly’) QWu ") dy’ ’

where we used the invariance (4.3.2) and our assumption that WV, W,g are all independent. The

last expression is time independent and can be computed explicitly. In fact, since W (y) + W(y)
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has the same distribution as 17 (2y), the above expectation equals to

Jo_yexp(W(2y) +2uy)dy 1 fo~ yexn(W(y) +uy)dy 1-d log[“ Vg,
[y exp(W(2y") +2uy)dy 2 [;" exp(W(y') +uy’)dy’ 2 dv 0

1 o 1
_1d Elog [ eW(y)“’ydy| = 5(% (-(-2v) +log?2) =)' (-2u).
0 =u v v=U

2dv

In the second from last equality, we have used (4.3.1) together with the fact that

E [log(1/~7(0))] = -¢(0)

for any 6 > 0. To check the interchange of differentiation and expectation, we first use Fatou’s

lemma to derive that E fggx‘;x(%vé(f)’if));; < 2¢0'(~2u), then the interchange can be justified by
0

applying the dominated convergence theorem and the mean value theorem. O

Remark 4.5.5. With the convergence conjecture mentioned in Remark 4.1.9, (4.5.13) should also
equal to the annealed mean of the midpoint position of long half-space polymers (i.e. as ¢ - o0)
with both endpoints fixed near the wall at times 0 and 2¢ in the bound phase v < 0. For a

discussion on such midpoint distributions, see [24, Section IV B].

4.6 Symmetry: proof of Proposition 4.1.5

The goal of this section is to prove the symmetry identity in Proposition 4.1.5. This sym-
metry would allow us to study the height function statistics and polymer endpoint displacement
for all values of u > 0, using the results we obtained in the case of v < 0. It follows from results
in [23] regarding the half-space Macdonald processes. We learned this symmetry from [30, Claim
4.9], where the authors stated a proof of convergence heuristically. This convergence was later
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rigorously proved in [26], so we now summarize these results to provide a proof.

For this section, we use uppercase letters (e.g. 5,7, X,Y’) for continuum variables and
lowercase letters (e.g. r, s, t, x,y, w) for discrete variables. We use Q to denote the set of rational
numbers, and Z to denote the set of integers.

We use the inhomogeneous half-space log-gamma (HSLG) polymer models as defined
in [26, Definition 2.1]. Following the notations there, let a.,, a1, v, . . . be real parameters such
that o; + o > O forall ¢ > 1 and a; + a; > O forall ¢ # 7 > 1. Let (wi’j)i% be a family of
independent random variables such that for ¢ > j,w; ; ~ 1/ (o + ;) and w;; ~ 1/7 (o + ;).

The partition function of the half-space log-gamma polymer is defined as

z(n,m) = > [] @i, (4.6.1)

m:(1,1)—>(n,m) (i,j)em

where the sum is over all up-right paths from (1,1) to (n,m) in octant {(¢,7) € Z%,:i > j}.
Derived from a symmetry result of the half-space Macdonald process, the partition func-

tions z(m, m) for any m > 1 as defined in (4.6.1) will not change their laws when the parameters

a, and a4 are interchanged. This is a generalization of [23, Proposition 8.1] for inhomogeneous

HSLG polymer.

Proposition 4.6.1. For any m > 1, the law of the partition function z(m,m) with param-

eters (i, (1, ..., iy, equals to the law of the partition function Z(m,m) with parameters

A1, Oy, oy vy Oy,

Proof. The law of the partition function z(m, m) with parameters o, a1, ..., &, equals to the lim-
iting law of (1-¢)?™1¢q~* as ¢ — 1, where )\, is distributed according to the g-Whittaker measure
[23,123] with parameters {(¢*, ..., g™ ), ¢ }. One can think of (¢°1, ..., ¢*) as the bulk param-
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eters, and ¢® as the diagonal parameter. By [23, Proposition 2.6], A; has the same distribution as
71, where 77 is distributed to the q-Whittaker measure with parameters {(¢°1, ..., ¢%",q%),0},
where (¢, ...,q%m,q%) is the bulk parameter and 0 is the diagonal parameter. Since the -
Whittaker measure is invariant under permutation of its bulk parameters (see [26, Lemma 2.7]
for the proof and further applications of this symmetry), 7; equals in law to 71, which is defined
to be distributed as the g-Whittaker measure with parameters {(q¢*°, ¢, ...,q%m,q*),0}. Ap-
ply [23, Proposition 2.6] again backward, we have 7; has the same distribution as A1, which is
distributed according to the q-Whittaker measure with parameters {(¢®, ¢°2, ..., q°), q* }. Thus
we have

m—1_-\; law m—1_ -\
(1-q)* g™ & (1-q)> g™

Taking the limit ¢ — 1 as in [23, Proposition 8.1], we have the partition function z(m,m)
with parameters o, o, ..., @, equals in law to the partition function Z(m,m) with parameters

a1, 0,9, ..., 0.0

From now on, we assume ©v — v > 0. We set o, = u and ov; = —v, and for all 7 > 2, a; = ««
for some o > min (0, -u,v). We use z¢_,(n,m) := z(n,m) to emphasize the dependence on

parameters u, v and . We define the ratio

stat,a . Zg,—v(m7 m)
Zu,—v (m7m) = -

W11

Corollary 4.6.2. Assume u > v. For any fixed m > 1,

200 (mym) ' 2 (mym), (4.6.2)
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law

Proof: Proposition 4.6.1 says that forany m > 1, 2% _,(m,m) = 22, ,(m,m). Since (@, ;),,; are

stat,o

independent and w; ; appears in the product in all of the terms in (4.6.1), the ratio z,, -, (m, m) is
independent of o, ; and we have log 2, (m, m) +log @y " log 250 (m,m) +log w ;. Since

ag + a; = u—v > 0 and the characteristic function of a log-gamma random variable is always

nonzero, the independence implies (4.6.2). O

We next take the weak noise scaling limit to obtain the result for the half-space KPZ equa-

tion, based on [26, Theorem 5.4] for the above half-space HSLG models.

Proposition 4.6.3. Assume u > v. For any fixed T, X >0, u> v, with o = (™) = $ +/n, we have

(\/—)nT+\/_X stata(” ( \/_X+1 2T )lﬂ/ /mZul(T,X|O,Y) eXp(WU(Y))dY,
0 2

(4.6.3)
as n — oo, where szmvo‘ ( -) are defined by linear interpolation when nT[2 ¢ Zy or \/nX ¢

ZZO'

Proof. The proof follows closely the proof of [26, Theorem 1.4], except that we need to verify
the convergence of a different initial condition. Following the convention there, we let @ :=
E[ws2] = (2a — 1)7! be the mean of a generic log-gamma polymer bulk weight. Since we are

dealing with “one-row partition functions” (see [26]), we define

1 2t+y
B alt) = (=) Ay L),

and

—U a(‘r) - Zu va(oﬂ‘r + 1)’
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where we drop the subscript u as these weights only depend on —v and . We have that for any

y € ZZO? al’ld t € Zzl,

u,—V;

t+y—-1 1 2t+y—x-1
Zpalty) = Y N (2) (2—_) Zua(T+2,2t+y+ 1,1+ 1), (4.6.4)
=0 7 w

where z,., (a,b;a’,b") denotes the log-gamma partition function for up-right paths starting at
(a,b) and ending at (a’,b') as a generalization of the definition (4.6.1). This partition function
only depends on parameters u and «. Similar to [26], by assigning proper boundary weights, one
can match the log-gamma polymer paths to reflected symmetric simple random walks. Conse-
quently, as a process in x,y € Zso and t € Zq,

w2t+y-2,y)
=27 (v)

aw 1 ,
Zua(T+2,2;t+y+1,t+1) lav 5( )~2’/(y)2x,w,g(x,x;2t+y—2,y), (4.6.5)

where we define . (z) := 1,0, and zx ., s(s, z; ¢, y) is the “modified polymer partition function”
as defined in [26, (5.13)] for reflected simple symmetric random walks, with the boundary random
variables X = (X(7));ez., being i.i.d., the bulk random variables w = (w(7,w)) ez wez., being

i.i.d., and the distributions and the parameter 5 > 0 are so that

aw T
1+ Bw(r,w) faw _3’2

~ (20— 1)Gamma ™' (2a),

W22 2001

law
()= 52

Gamma ' (a +u).
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Then (4.6.4) and (4.6.5) imply that as a process in t € Z,; and y € Z,

2 ) Y )Xty -2) 4 (1= 7 () (14 Bus(2t +y - 2,9)]
(4.6.6)

) z;&wﬁjz/“(% +y-2,1),

where 23, (+,-) is the partition function as defined in [26, (5.19)] with the initial data

ﬁ /1r

z71(-) = 217 ,(-) independent of the boundary and bulk weights X', w. For any S > 0,Y > 0,
define zX B +(S,Y) by linear interpolation when S ¢ Z,g or Y ¢ Z, or S + Y is not even.

Note that the only difference between the field z7, (-,-) here and the field 2}, g ()

Xow Bl
in [26, (6.3)] is that the initial condition differs. The boundary and the bulk random variables
X, w are the same. Let o = o™ = \/n +1/2 and 8 = (™ = n-1/4/\/2. In [26, Section 6],
the authors have verified the conditions on the same X', w to apply [26, Theorem 5.4]. As long

as we can verify the conditions on the initial data z'*(-) here, [26, Theorem 5.4] implies the

convergence in law

24(X) .
e (T VX =2,V/0X) S [ 72, (T,X]0,Y ) exp(Wo(Y)dY,  (467)
b bl ) 0 B)

as n — oo, for any fixed 7, X > 0. The convergence (4.6.3) then follows from (4.6.6) and
(4.6.7), together with the fact that X'(r) - 1 and 1 + fw(r,w) — 1 in probability as n — oo (the
dependence on n was kept implicit through (™ and (™).

To verify the conditions on the initial data, with o = (™ = \/n + 1/2, we use Donsker’s

theorem to check convergence in law

_Ua(\/_X) S exp(W(X) +vX) =exp(W,(X)) asaprocessin X €[0,00).
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Moreover, for any n € Zs; and X > 0 such that \/nX € Z;,, we have that E[Z" (\/nX)?] =

[nMy(—v)]VPX+1 with My, (~v) := E[ (™ )*] where (™ ~ Gamma " (a(™ —v). By [26, (1.1)],
nMy(-v) =1+ (2+20)n 2+ O(n™),
which implies the uniform bound

sup supe ““E[Z"_ (vVnX)?] < oo,
neZs1 X0 '

for some a > 0 that only depends on v. The conditions imposed on the initial data in [26, Theorem
5.4] are thus verified for our 23, _ 5 (). 0

Combining the results (4.6.2) and (4.6.3), we prove the identity in law for the partition
function on the boundary in the continuum setting under the condition w > v. This identity in law
was previously claimed in [30, Claim 4.9] with a slightly different convention on the parameters.

For discussion on general u, v € R, see Remark 4.6.6 below.

Proposition 4.6.4. For any T' > 0 and u,v € R with u > v, we have
f Z, 1(T.000,Y) exp(W,(¥))dy 2 f Z., 1 (T.010,Y) exp(Wo,(Y))dY.  (4.6.8)
0 0

Proof. Since Corollary 4.6.2 is not generalized to joint law, we need to be careful to avoid using
any linear interpolations for the identity in law. For any fixed 7" € Qs, there exists a series of

integers {ny, € Zso}xs1 such that ny — oo as k — oo and £ € Z.,. Then Corollary 4.6.2 implies
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that for each £ > 1,

law T _stat,a(k)
+1, —+1) = (/ LA +1, +1].
2 ’ ) (Vi)™ 2, ( 2 2 )

(Vi >

By taking the limit £ — oo, Proposition 4.6.3 implies that for any fixed 7" € Q5, (4.6.8) holds.

Using the continuity of mild solutions, we extend (4.6.8) to any 7" € [0, 00). O

Remark 4.6.5. By sending v — —oo in Proposition 4.6.4, one can formally recover [124, Theorem

1.1].

To complete the proof of Proposition 4.1.5, it remains to pass the limit v — w.
Proof of Proposition 4.1.5. By the Minkowsiki and Holder’s inequalities, the P-almost surely
continuity of the Green’s function Z.(,-|,-) (Proposition 4.2.7), the uniform moment bounds in

(4.2.17) and the dominated convergence theorem, as v — u, we have
H[OM 2, (1,000, V) esp(W, ()Y - [ 2,.,(1,0]0,Y) exp(wu(y))dyHQ Y
and
H[OW 2,4 (T,000,Y) exp(W_,(Y))dY - foooZ_u_é(T,0|0,Y)exp(W_u(Y))dYHQ 0.

The identity (4.6.8) can thus be extended to v = u, and we have Z,_1 (T,0)'¥ 7, 1 (T',0) for
any 7" > 0 and v € R. Taking a logarithm on both sides and applying the continuous mapping

theorem then completes the proof. O

Remark 4.6.6. By using analytic continuation, one should be able to extend Corollary 4.6.2 to
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the more general condition with u,v € R and o > min(0, —u, v). In other words, the identity in
law still holds after dropping the assumption v — v > 0. Heuristically, this is clear as the ratio
225 (m, m) does not involve oy ; and thus does not depend on the value of u—v. This extension

has been explained in the proof of [23, Claim 4.9], but a verification for the analytic continuation

has not yet been proved.

As a last result, we prove Corollary 4.1.6.

Proof of Corollary 4.1.6. From (4.1.8) in Theorem 4.1.1, we know that for any u € R, T" € [0, ),
EEY" [Xr] = % (Var[H,(T,0)] +uT). (4.6.9)
By Proposition 4.1.5, Theorem 4.1.2 is extended to all u > 0 with
uT < Var[H,(T,0)] < 2¢'(2u) + uT.

Substituting the above bounds of Var[H, (T, 0)] into (4.6.9) gives (4.1.14). O

4.7  Supercritical regime: proof of Theorem 4.1.7

In this last section, we prove (4.1.15), which provides an upper bound to the polymer
endpoint displacement when the boundary parameter « is in the supercritical regime: u = ct™®
with o > 1/3 and ¢ € R. Combining with the variance identity obtained in Theorem 4.1.1, we
further derive an upper bound for the fluctuation size of the height function in the supercritical
regime, as stated in (4.1.16).

To prove (4.1.15), we use a stochastic monotonicity argument different from Section 4.5.

174



The main idea is the following.
For any realization of (£, W) and any u; < uy, one may expect that the endpoint distribution

U1,

of the half-space continuum directed random polymer Q,, " would be stochastically dominated
by that of the half-space continuum directed random polymer @g”. Intuitively, this is because
that when the parameter u becomes greater, the “wall attraction” at z = 0 imposed on the polymer
would be weakened, while at the same time, the terminal data at time ¢ would have a greater drift.
Both the weakened attraction force and the greater drift would drive the polymer endpoint farther
away from the wall. Recall that in (4.2.28) we defined pZ(:|t,0) as the quenched density of
polymer endpoints under Qf". Let ¢ € R, u; = ¢t~ for some a > 1/3, and uy = (|c| v 1)t~/3. For
any t > 1, we expect that pff (-[t,0) < pZ (-|t,0) P-almost surely.

On the other hand, from the upper bound in (4.1.14) of Corollary 4.1.6, we know that when
uy = ct~/3 for some ¢ > 0, for any ¢ > 1, the annealed mean of the polymer endpoint is bounded
by

EEY*'[X,] < Ct*3

for some C' > 0 depending only on c. Combining the above estimate and the stochastic dominance
of pf (-t,0) <q pl (-|t,0) gives (4.1.15).

We now prove the aforementioned results. The Lemma 4.7.1 below is the main ingredient
to prove pZ (+|t,0) <s pZ (-|t,0) P-almost surely. One can compare it with Lemma 4.5.1 above.
In fact, our approach to the stochastic monotonicity here is partly inspired by Section 4.5. As
in Section 4.5, we first analyze the determinants in (4.7.1) formed by four copies of Green’s
functions, and we will work with a smoothed noise to utilize the Feynman-Kac formula before

passing to the limit. The determinant in (4.7.1) being nonnegative further leads to the relation
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pul( |t O) =st pu2( |t 0)
For reference, we note that in Section 4.5, we proved pf(-|t,x1) <& pZ(:|t,z2) for any

1 < xo. Here we are expecting that pZ (-|t,0) <y pZ (:]t,0) for any uy < us.

Lemma 4.7.1. Fixt > 0. For any u; < us and 0 < y; < yo, we have
det[Zur%(t, 0]10,y;)]ijeq1,2y 20 P-almost surely. 4.7.1)

Before proving Lemma 4.7.1, we first use it to prove Theorem 4.1.7.
Proof of Theorem 4.1.7. By (4.7.1), for any fixed ¢ > 0 and u; < us, with probability one,

2, 1(t,010,51) 2,1 (£,0(0,42) > Z,,_1(£,00,3)Z,, 1 (+,0[0,51), (4.7.2)

ul—

for all 0 < y; < yo simultaneously. (As in the proof of Corollary 4.5.2, one can first consider
rational v, y» then use the continuity of Z.)
Similar to Proposition 4.2.8, it is straightforward to show that for any fixed u;, us € R, we

have P-almost surely

0<f 2, 1(£,0[0,) exp(Wa, ())dy < oo,

Define
Jo" Y2, -1(,000,y) exp(W(y))dy
Jo" 2.-1(t,0]0,y) exp(Wo(y))dy

U(t,u,d) :=

which is the quenched mean of the endpoint displacement of a half-space polymer with boundary

parameter v and initial parameter 6. As in the proof of Corollary 4.5.2, one can obtain from
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(4.7.2) that for any fixed £ > 0 and u; < us,
U(t,uy,ur) <U(E ug,uy)  P-almost surely.

(To compare with the proof of Corollary 4.5.2, one only needs to replace u; — x;,i = 1,2.)

On the other hand, by the Jensen’s inequality,

(992/{(75, u, 9)

P2y (4 010.9) exp(Wo(y))dy (o™ y 20 (1010, 9) exp(Wo()dy]* |
o 2 (8,000,y) exp(Wo(y))dy  [fy™ 2,212,010, y) exp(Wa(y))dy]* ~

P-almost surely. It thus follows that U (¢, us, uy) <U(t, ug, us) P-almost surely.
Combining the above results, for any u; < us, we have U (¢, uy,uy) <U(t, usz, us) P-almost

surely, which further implies that

EEY"'[X,] < EEY*'[X,]. (4.7.3)

Now for any u; = ¢t~ with a > 1/3 and c € R, let us = (|¢| v 1)¢t~1/3. For any ¢ > 1, we have

uy < U9, and by (4.1.14),

EEY”"[X,] < ust + ' (2up) < C12/3, (4.7.4)

for some constant C' > 0 depending on c only. (4.7.3) and (4.7.4) together prove (4.1.15), and

(4.1.16) follows immediately using (4.1.8). O

To finish the proof, it only remains to prove Lemma 4.7.1.
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Proof of Lemma 4.7.1. Similar to the proof of Lemma 4.5.1, we first prove an inequality analo-
gous to (4.7.1) for the Green’s functions of half-space SHE with a smoothed noise ((4.7.6) below).
With smoothed noise, one can prove such an inequality using the Feynman-Kac representation
and the strong Markov property of reflected Brownian motions. We then pass to the limit using
Lemma 4.8.1 to obtain (4.7.1) for the Green’s functions of half-space SHE with the white noise.

As in the proof of Lemma 4.5.1, let (¢, ) = [ ps(x —y)&(t, dy) be a Gaussian noise that

is white in time and smooth in space, with the covariance function

Qs(t1,ta, 1, 22) = E&s(t1, 21)E5(ta, w2) = do(t1 — t2)pas(z1 — 22).

Using the same notations as in the proof of Lemma 4.5.1, for any p € R, > 0,2,y € [0,00),

define

t t
Zg(t, z]0,y) := 2N (t,2]0,y)E% [exp (—ML? + ‘/(; &(t—r,|B,])dr - 5]925(0)) ‘|Bt| = y]
t t
= % (1.2l 0. )ES |exp (T o [t T - Zpas(0)].
0
with the expectation E3Y being taken with respect to the reflected Brownian bridges starting
from T = x and ending at T'; = y, and the local time term LS T is the same as defined in (4.5.6).

Furthermore, by the same argument following after (4.8.22) in Appendix 4.8.1.4, one can always

make a time reversal to the paths of reflected Brownian bridges to obtain

v ‘ t
Z3(t.210.9) = 2% (. yl0.0)EY [exp (20T + [ 660 )dr = 2pus(0) )]

We use L([)QTSQ] to denote the local time at zero for reflected Brownian motions restricted to the
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time interval sy, s2] c [0, ¢]:

LOF e lim f Tio. (1) ds. 4.7.5)

[s1,2] 7 c50 9¢

One may rewrite L?’T = L([)éi], To ease notations, we also define the following functional on the

paths of reflected Brownian motions between any time interval [ sy, s5] c [0, ¢]:

52 S S
F(szsz (T) = exp( ML([);T,SQ] + f 55(T? TT)dT -2 1p25(0)) .
51

For any 0 < 51 < 59 < ¢, > (o1 " (T) is a P-almost surely continuous, strictly positive, and mul-
tiplicative functional of Y. We also note that the functional F “ ( ) depends on the boundary
parameter u through the multiplier of the local time term.

Our goal is to prove a d-level mollified version of (4.7.1), namely, for any ¢ > 0,0 > 0,

uy < ug and 0 <y < Yo,

det[ 25 (1.00.5)] | = det [g»N(t, y;10,0)E" [F[ff;j?“ >0, 4.7.6)

P-almost surely.

One can check that (4.7.1) follows from (4.7.6) with Lemma 4.8.1 (i). In fact, it is easy to
see that by Lemma 4.8.1 (i) (with a mollification in space only), for any ¢ > 0, uy,us € R, y1, 92 €
[0,00) and p € [1, 00),

—>det[Z __%(t,0|0,yj)]‘ in LP(§2) aséd — 0.

i i,je{1,2}

det| 2], (1,000,4;)]

1,5€{1,2}
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Thus the proof is complete once we prove (4.7.6).
To prove (4.7.6), we use a path-switching argument. Let ]P’%lo 2 be the measure of a two-

dimensional reflected Brownian bridge (!, T2) starting from y = (y;,y2) at time 0 and ending

at 0 = (0,0) at time ¢. Since 27V (t,y|0,0) is positive for any y € [0, 00), it suffices to show that

T1,712

EY:? [ o 2(T )FM2 2(TQ) M2 2(T )FMl 2(T2)]20 P-almost surely, (4.7.7)

forany ¢t > 0,0 >0, u; <ug and 0 < yy < ys.

Define the stopping time
7 =inf{s€[0,t] : T(s) = T?(s)}.

Since Y1(t) = Y2(t) = 0 and T1(0) = y; <y = Y2(0), we have 0 < 7 < t P¥:0._,-almost surely.

11,72
By the path continuity of reflected Brownian motions, T!(s) < Y?(s) for all s € [0, 7]. It thus

follows from the definition of the local time through approximation (4.7.5) that

2

L([)(’)El] > L([)(’) . IP’%'NO 2-almost surely. (4.7.8)
Define
o (3, 17) r<r
(T, 72) -

(T2, YY) r>r.

As stated in [117, Proposition 1], the reflected Brownian bridges Y. under Py¥ for any z.,y €

[0, 00) are strong Markov processes. (The proof follows from the optional stopping theorem and
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that the reflected Brownian motion is strong Markov.) Hence (T%, T%) is also a two-dimensional
reflected Brownian bridge starting from y = (y1,y2) at time 0 and ending at 0 = (0,0) at time ¢,
and the left-hand-side of (4.7.7) equals to

y,0
E 1

o [ R - R )

which can be further expanded as

E§?T2[ o 2@ VE 2(T2)FM2 2<r2) F 2(r1>

- R T O E (e F T | -

Meanwhile, one can also expand the left-hand-side of (4.7.7) directly so that it equals to

Sui-1

(T E (T E (1)

6 u1—§
By | Flom = (YD F,

- FW-%(rl)pm‘%(Tl)F‘*“‘%<T2>F‘5’“1‘%<T2> =§
0.7] (] [0.7] [t] o

Denote the left-hand-side of (4.7.7) by S, then by a symmetrization we have

8281282=%Sl+182
1 5u1 2 6UQ 2 6u1—— 6u2—§ 6u1—— 6u2—§
=SB (R e F Hr) - B (e Rl (0 ) R (e
1 5U1 2 51L2 2 5”LL1 2 5”LL2 2 5”LL1 2 5”LL2 2

e SB (Fa OO F (0 - o (e Rl (0 ) Ry (e m )
1

= R0 det[ o 2(T )]

9 T1 Y2 [m,t]

(F‘““ SO FE (02 4 B (T Q(Tl)) |
i,je{1,2} i}
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By (4.7.8) and the assumption that u; < uy, we have

(ur = ua) (L) = L5ty ) <0 P4 -almost surely. (4.7.9)
One can directly check that (4.7.9) implies det [FE;"T] 2 (Tj)] > 0, PY ,-almost surely.
' i,5€{1,2} ’

1
Since the functionals F| ESTZ] 2(+) are always positive, S > 0 is thus proved. O

4.8 Appendix

4.8.1 Auxiliary lemmas

4.8.1.1 Proof of Lemma 4.2.4

The proof follows a standard argument as in [125]. We use o $ 3 to denote o < C'3 for any
constant C' = C(a, b, g, p, ).

By the chaos expansion (4.2.12), for any fixed ;1 € [p,0),s € [a,b),t € (s,b] and z €

[0, 0),
Z,(t,x]s,0) = ) zalt x]s, ¢, 1),
n=0
where
— [T pr
atals, )= [ P(alsy)C(dy),
t 5]
and zn+1(t,x|s,g,,u):=/f Pt x|r,w)z, (r,w]s, ¢ p)E(dwdr).
s 0
Define

fa(r) = sup |za(r, s, )| 2[z0(r, @5, ¢ )]

z€[0,00)
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We will show below that this supremum always exists. By Hypothesis 2, for any p € [ g, 00),7 €

(s,b],

fo(r) = sup z(r,zls,¢,p) s (r=s)""

z€[0,00)

While z,,.1 (¢, z|s,(, 1) is not a martingale in ¢, the process

M1 (v) = /:}foooﬁf(t,xh’,w)zn(r,w|s,g,,u)§(dwdr)

is a martingale in v € [s,t]. By applying the Burkholder-Davis-Gundy (to M,,,1(v)) and the

Minkowski inequalities, (4.2.3) and semigroup property of the Robin heat kernel, we derive

t [ 2
zna(tals. Gl = IMua®IEs | [ [ [ 20 alrw)z(rls, ¢ p)] drd

p/2

t o
Sf[ e@f(t,xh‘,w)?“zn(r,wb,C,u)Hidrdw
s Jo
t oo
S[ f f@f(tax|raw)220(71,UJ|S,§’/,[/)fn(/r)d,r.dw
s Jo
t
520(75>$|S>C,u)f fn(r)(t_r)—l/er.

where we used inequality (4.2.3) and semigroup property of the Robin heat kernel in the last

inequality. Thus

foe1(t) S _/Stfn(r)(t— r)Y2dr,

It is straightforward to check that f;(r) and fy(r) are both bounded on [s,t]. By iteration, for

any n > 2, (with the convention (n/2)! =T'(§ +1),)

[C(t - 5)]oe
(n/2)!

£ <C f L (r)dr <
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for some constant C' = C'(a, b, 19, p, ¢). Now by the Minkowski’s inequality,

12, (t,2]5.0)], < 2|zn<t,x|s,<,u>up < i[Zo(t,xls,C,u)fn(t)]m

oo n 1/2
S atools ) (=) 3 [%—5;,]/2] S zo(txls, ¢, ) P2(t - 5) 71,
=0 :

This completes the proof.

4.8.1.2 Feynman-Kac Approximation

We describe how to approximate the half-space SHE solution Z, (¢, z|s, () with Feynman-
Kac type representations. This approximation is used throughout this section. The approximation
is similar to full-space Feynman-Kac type approximations, except that the Brownian paths are
now restricted to the positive half-plane (become the reflected Brownian motion), and we have a
local time term on the boundary.

Here we consider a mollification of the space-time white noise £(¢, ). For its use in the
proof of Lemma 4.2.5 below, we will smooth both time and spatial variables. As in [6], the
Feynman-Kac type approximation is also valid when we only mollify the spatial variable. We
omit the statements and proofs for the “spatial mollification only” approximation, as they are
similar.

Let g € C(R,[0,00)) be a smooth symmetric function with compact support such that

[z 9(x)dz = 1. We define g.(z) := 1g(%) and

Eoa(t) = B [ [ (1 )ps( - y)e(dyds), @38.1)
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where p;(z) = \/%me‘ﬁ/ (2t) is the standard heat kernel. In the above mollification the extra

lt]- 152

factor €2 will be used later for the negative moments bound. With “x” denoting the

convolution, the covariance of . ;5 is a nonnegative function

Qe5(t1,ta, 21, 09) = BIE 5(t1, 21)& 5(t2, 22) ]
(4.8.2)

= el 2P (g g ) (1 - ty)em 2002 pos () — ),

and & 5(+,-) € C>°(R2,R). One can check that for any €, > 0,

Ef[|§s,6(t7$)|2dtdx=/[Q575(t,t,x,$)dtdx<w,
R JR R JR

so the noise & 5(-,-) € L2(R?) P-almost surely.

For any €, > 0 and {(-) under Hypothesis 2, define

€,0
Zu (tv l'|8, C)

oo t—s
= /0 PN (t,x]s,y)EL lexp (—pLi):exp: {fo st -, |Br|)dr}

By - y] C(dy),
(4.8.3)

with

e { [ estt-rimDar)

t—s 1 t—s t—s
;:exp(fo fe,g(t—r,|Br|)dr—§/0 0 @E,g(t—rl,t—r2,|3n|,|BT2|)dr1dr2).

It may be possible to interpret (4.8.3) as the random field solution to the following equation
in the Skorohod sense, with ¢ denoting the Wick product. For equation of Skorohod type on

the full-space, we refer to [126]. Here we do not pursue this interpretation for our half-space
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problem.

1
OZp0(txls, Q) = 50250 (txls, Q) + Z50 (t w]s, C) © e (t, 2),
0.2 (t,x)s,Q)|_, = nZ7°(t,0]s,¢),

Z;ajé(s: '|87 C) = g()
Let .Z*(X) denote the (symmetric) local time at level a and at time ¢ for any continuous
semimartingale X', which means that, with (X). denoting the quadratic variation of X, we define

a s 1 t
LX) = lim — fo Lae.areg (X)d(X)s.

e—~0 2¢

We are using the usual local time definition so that it is consistent with the local time of Brownian
motions defined after (4.2.4). When X is the difference of two independent standard Brownian
motions, this definition of local time is two times the local time used in [6].

The following lemma is on the approximate of the solution Z,(¢,z|s,(). The expression

in (4.2.14) can now be understood as the L?(€2) limit of Z;° (¢, z|s,() as &,8 — 0.

Lemma 4.8.1 (Feynman-Kac approximation). Let ((-) be an initial condition satisfying Hypoth-

esis 2. The following holds for any i, s,t € R with s < t, and x € [0, 00):

(i). Ase,d — 0, the approximated solution ZZ’(S(t, x|s, () in (4.8.3) converges to Z,,(t, x|s, () in
Lr(Q,.7,P) forany p € [1, 00), where Z,(t,x|s,() is the unique mild solution to (4.2.8).

The convergence is uniform for x € [0, 00), and for t in any compact subset of (s,0).

(ii). For any integer p € [2,00), let B}, ..., BY be p independent Brownian motions starting
at = and independent of £, with LY = £(BJ) for any BJ, j = 1,--,p, t > 0. For any
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x €[0,00),

p
BIZ(tols.OP)= [ = [ clam). cay) [T 2 (tols)
) ’ ‘7:

0,7 t—s rt-s i J .
¥l L 4 cicip o Sy T Qa5 (t-rast—r2 | By |||BL, Ndridra || i ) Z .
[6 j=1"t-s <i<j<p JO 0 € T2 |Bt—s = yjfor all] .

(4.84)

(iii). For any integer p € [2, 00),

E[Zu(t7w|s7é)p]=f[OM)"-f[OM)C(dyl)~--C(dyp)IlWN(t,xls,yj)

P . 1 ) .
Ej Bp[exm—MZL?:@)expg > «%%(IB’I—IBJI))
j=1

1<i<j<p

|B!_| =y, for allj] .

(4.8.5)
In particular, for any fixed p € [2,00), a,b € R with a < b, g € R, there exists a constant

C = C(p, po, a,b) such that for any € [0,00), a < s <t <b, and p € [ g, o),

E[Z,(t,z|s,()P] < C[/Ooo @N(t,ﬂs,y)g(dy)]p. (4.8.6)

We first provide the next two useful results.

Lemma 4.8.2. Let B. be a standard Brownian motion. For any T > 0, A > 0, there exists a

constant C(1,\) > 0 such that for each t € [0, 7], X € [0, A],

sup Ej [exp(ALZ(B)) | B = y] < C(7, A). (48.7)

z,y,aeR

Proof. There are several ways to prove this property of local times. One way is to directly

compute from the distribution of local times of a Brownian bridge (see [127]). An alternative is
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the arguments used in the proof of [6, Lemma 3.2]. By approximating the local time with some
positive definite functions, an argument similar to the one used in the last inequality in (4.8.9)

below can give another proof. O

Lemma 4.8.3. For any A > 0 and a < b, there exists some uniform constant C = C(A, a,b) such

that for any two independent Brownian motions B!, B? starting at x € [0, 00),

t—s t—s
sup E% 5. [exp ()\ / Qeo(t—r1,t —719,|B} |, |B7?2|)dr1dr2)
£,0¢(0,1) ’ 0 0

|Blél—s =Y, |Bt2—s| = yQ]

<C,
(4.8.8)

forany x,y1,y2 € [0,00), a<s<t<b and X e [0,A]

Proof. We explain how to relate (4.8.8) to similar estimates for the full-space SHE and use the
uniform bounds derived there. We first note that, for each fixed 1,y € [0, 00), the left-hand
side of (4.8.8) can be bounded above by a sum over four expectations conditioning on the events

{B!_, = +y;,i = 1,2} respectively, i.e.,

t—s t—s
EBi po [exp()\‘/o ; Q&g(t—rl,t—T2,|B,%l|,|B§2|)dr1dr2)

|Bt1—s| =, |Bt2—s| = y?]

t—s t—s
<y E’g1732[exp()\[o ; Qg,g(t—rl,t—r2,|Bﬂl|,|BfQ|)dr1dr2)

i1,’i2=:l:l

lBtl—s = ilyl? Bt2—s = iQy?]'

T1,22,Y1,Y2

To ease notations, we use |E BB

as the expectation over independent Brownian bridges

B', B? with B} = 1, B2 = x9, B}, =y; and B? =y, for any x1, 22,1, y2 € R.
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A straightforward observation is that, for any realization of B!, B? and any ry, ry € [0,t-s],

Qes(t—r1,t =12, |B)|,|B2|) < Qeo(t—r1,t —72,|B} || BL)) Z (i, B, 20,i2B,,50 (71, 72)

il,iQZil

< Y Qes(t—rit—ry, By, iaBY).

il,i2=:t1

Thus by Cauchy-Schwarz inequality, for any €,6 > 0 and x1, 22,91, 92 € R,

t—s t—s
Ere [exp(A [ Qe,é(t—rl,t—r2,|3,%l|,|B£2|)dr1dr2)]

t-s t-s 1/4
< H {]Eglz:%liw [eXp (4)\ /0 0 Q&(g(t - Tl,t — T, ilBgl s iQBZQ)dTldTQ)]} s

il,iQZ:l:l

and (4.8.8) will be proved if we can show that there exists C' = C'(A, a,b), such that

t—-s t—-s
sup sup E%ll’fc;gyl’yg [exp (4>\ fo ; Qeo(t—r1,t—12,B} 32)(317“1(317“2)] <C,

€,6€(0,1) x1,22,y1,y2€R

forany a < s<t<b,and X € [0,A].
To give a uniform bound over different starting points and endpoints, we note that for any

€,0>0,21,22,Y1,y2 €R,

t—s t—s
]Ej;ll,g%yhya [exp (4)\ /(; . Qes(t =11, t =19, Bil, B,?Q)drldm)]

t—s t—s
<ER [exp (4)‘ [ (ge * =) (r1 = 12)p2s(By, - Bi)drldrg)]
’ 0 0

t—s t—s
| ) (1Y A ARCRVATERS 459)
D2s (Bgl - BEZ +x1— X9+ ru( - 3712 ~2(y2 — 72) ) drldrg)]
- S

t—s t—s
sl (0 [ [ a2 i)
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where the equation follows from rescaling the Brownian bridges, and the last inequality follows
from a generalization of [128, Lemma 4.1] (see also [129, (4.5)]). Roughly speaking, the proof of
the last inequality can be done by expanding the exponential, applying Fourier transforms to the
Gaussians, and using the fact that pos is a positive definite function for any 6 > 0. Heuristically,
this is to say that an approximated “local time at level 0 of Brownian bridges starting from z, -z,
and ending at y; — y» would reach its maximum when z; — x5 = 0 and y; — y2 = 0.

Combining the results above, we have reduced the problem of showing (4.8.8) to showing

that for any a < s <t < b, and A € [0, A],

t—s t—s
sup E%g’%’g [exp (4)\ f (ge * g-)(r1 — r2)pas (B,}1 - Bi) drldrg)] <C(A,a,b),
£,0e(0,1) 0 0

where the Brownian bridges no longer have reflections. This uniform bound would follow from
the same arguments as for a similar result [126, (3.17)]. Compared with [126, (3.17)], a few
adaptions are needed for the noise ¢ being white in time (instead of colored as in [126, (3.17)])
and B', B? being Brownian bridges (instead of Brownian motions as in [126, (3.17)]). The
adaptation for time independence is straightforward from the computations. For the adaption to
Brownian bridges, we refer to [128, Proposition 4.2], where essential estimates have been proved.

a

We now prove Lemma 4.8.1.
Proof of Lemma 4.8.1. A direct Gaussian calculation gives (ii). To prove (i) and (4.8.5), one can

follow the same arguments as used in [126, Theorem 3.6] for the analogous full-space SHEs. In
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particular, the proof mainly needs two estimates: (i) passing to the limit: for each p € [1, o),

t-s t-s
ﬁ 0 Qe,g(t—rl,t—m,|B7}1|,|B72,2|)d7“1d7"2

lim ]E%l’Bgl

£,0—0

(4.8.10)

p

1
Lo (-1 s =z y] 0

uniformly for z,y;,ys € [0, 00) and ¢ in compact subset of (s, 00); (ii) a uniform bound: for any
p€[1,00),

p .
sup sup B gl exp(-p ) L)
€,0¢(0,1) z,y1,...,yp€[0,00) j=1

t—s t—s ) )
exp( Z /(; /; Qe,é(t—ﬁ,t—T2,|Bil|,|B£2|)dr1dr2)

1<i<j<p

|B]_,| = y; for allj] (4.8.11)
S C(p7l’b7sat)-

The limit (4.8.10) follows from the continuity of the semimartingale |B'| — | B?|, the density of
occupation time formula [122, Corollary 9.7], and that the local time process .Z*(|B!| - |B?|) is
continuous in a € R almost surely (which can be verified using e.g. [122, Theorem 9.4]). The
uniform bound (4.8.11) follows from Holder’s inequality applied to the conditional expectation
and applying Lemma 4.8.2 and Lemma 4.8.3.

The proof also shows that the right-hand side of (4.8.5) is the limit of the right-hand side of
(4.8.4) as €,0 — 0. To prove (4.8.6), we apply Holder’s inequality to the conditional expectation
in (4.8.4), and use Lemma 4.8.2 and Lemma 4.8.3 with the convergence. From the uniform
bounds in Lemma 4.8.2 and Lemma 4.8.3, it is not hard to see that the constant in (4.8.6) is

uniform for z € [0, 00), j1 € [pg,00) anda < s <t <b. O
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4.8.1.3 Proof of Lemma 4.2.5

In this section, we provide a proof of the negative moments bounds (Lemma 4.2.5) follow-
ing the argument in [103]. To simplify notations, we only present the case when the initial con-
dition ¢ has a continuous density f(-) with respect to Lebesgue measure, but this is not required
as the Feynman-Kac approximation Lemma 4.8.1 is valid for general ¢ under Hypothesis 2.

Using the notations as in Appendix 4.8.1.2, we define

O (t,2(0,¢) =B | £ (IBL) £ (I1B2) exp(—pLy = pLi?)

(4.8.12)

t t )
exp(f _/ Qe,a(t—s,t—r,|B,}|,|B§|)d5dr+59%0(|B1|_|BQ|))
0o Jo

Recall that z,(t,2(0,¢) == [~ ZE(t,2]0,y)((dy). We first prove the following auxiliary result:

Proposition 4.8.4. Let ( be the constant initial condition or the Dirac-90 initial condition ¢ = ¢,

for some y € [0, 00). For any T > 0, there exists some positive constant C' = C'(u, 7) such that

€,0 2
sup sup E[Zﬂ (t7I|O7C) ]

<Clw), 4.8.13
ve[0,00) 2,0e(0,1)  Zu(t, 2]0,()? (1, 7) ( )

and

7. (¢, ]0,¢)
sup sup —————= <C(p,7), (4.8.14)
z€[0,00) £,6¢(0,1) Zu(t7x|07<)2 ( )

forany t € (0,7]. The constant C(p,T) can be chosen uniformly for 1 in any compact subset of

R.

Proof. The proof is essentially applying Holder’s inequality to the conditional expectations and

using the uniform bounds in Lemma 4.8.2 and Lemma 4.8.3. These estimates would give us
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(4.8.13) and (4.8.14) with z,(¢,2]0,()? replaced by zy(¢,z|0,¢)? on the denominators. Note

that when ¢ = 9, 2o(t,2]0,() = Zn(t,x|0,y). Another estimate useful here is that following

Lemma 4.8.2, for any 7 > 0, 19 € R, there exists a constant C'(j1,7) > 0 such that

2o(t, x|0,0,) 1
SuUp Sup — ————==< = SUp Sup —- <C(po,7),
te(0,r] uspo Zu(E,210,0y)  te(or nsio Eflexp(=pLy) | |Bi| = y] "
for all z,y € [0, o). Similarly, we also have that
t,z|0,1
sup sup M = sup sup < C'(po,T),

te(0,7] H<pO zu(t, $|07 ﬂ) te(0,7] H<HO ]E%[eXp(—MLt)]

for all x € [0, 00) with some constant C’ (g, 7) > 0. O

Following [103], we now present the proof of Lemma 4.2.5.

(4.8.15)

For any fixed € R, ¢ > 0 and any L?(R?)-valued sample path &, 5 of the smoothed space-

time noise (4.8.1), define

O(By,&5) = f(|Bi]) exp(—pLy) :eXp:{fot&,g(t—r,lBrl)dr}.

O©(B,&:5) is a continuous functional of the Brownian motion B, starting from z € [0, o). For

any bounded functional /' of the Brownian motion B, we define its weighted expectation as

_E} [F()O(Br, L))

=k [0(Be.0)

B [FOSB) exp(-pLd)  exp: {fy &o(t — | B )dr}]
Ef [f(IBi]) exp(-pLf) s exp: { [ &5t =1, |B,|)dr}]

EB

:1;765,5
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For any bounded functional F' of two paths B!, B2, we define

g B OO E0)O(B2. €.)
rees T TR TO(BLE5)O(BE o))

To ease notations, we write

Zult,0.65) =B [ 108 exp (i) e { st .18,

to emphasize the dependence of Z°(t, 2|0, ¢) on the noise &. 5. For any fixed Brownian path B;,

E[: exp : {fotﬁs,(g(t—r, |Br|)dr}] =1

Tonelli’s theorem gives E [Z,,(t,2,&.5)] = 2,(t,2]0,(). As above, we use .Z*(-) to denote the
local time at level a € R up to time ¢ > 0 for continuous semimartingales.
Now for each A > 0, (¢,x) € (0,00) x [0, 00), define the event
1 151
Ax(t,x) = {6;5 (L) > (L al0,0), BT | S Z0(1BY - IBQI)] < A}, (4.8.16)

¥

and a distance

d(&e5, AN(t,2)) = f{[[Ec 5 = &L 5] L2re) + €05 € An(E, ) }-

We first prove the following lemmas.
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Lemma 4.8.5. For any sample path &, s and any A > 0,

21, 66) 2 520010, Q) exp [V A(Ees, An(t,2)) .

Proof. Fix any £’ ; € A\(t, ). By definitions and Jensen’s inequality, we have

Zu(t, 2, &e5) = Zu(t, 2, & 5)Em§’ ['exp~{f0 &alt=r|Br |)dr}]

exp {fo (t-r,|B, |)d7°}

- (12,6 )E {exp[/ 5575(t—r,|Br|)dr—ft§é75(t—r,|Br|)dr]}
> 2t g en (B | [ estt-niBbar- [t niBar

4.8.17)
The exponent can be estimated as
xs' [f eo(t=r,|B: I)dr—fég(;(t r,|B, |)dr]
<Efg, [/ \&,a(t—r,lBrl)—fg,é(t—r,|BT|)|dr] (4.8.18)

1 p2 1/2 ,
[QEfg'B (£ (1B - |B2|)]] 16,6 = &L 5] L2(r2y-

The last “<” will be proved at the end. Since 5;7 s € Ax(t, z), by the second inequality in (4.8.16),

the above expression is further bounded by V/\||¢. 5 — €L 5l z2(m2). Therefore, we have

Zu(tx,&s) 2 Z,(t 2, €L 5) exp(~V &5 - L 5l r2r2y)-

The proof will be complete when we combine the above with the first inequality in (4.8.16) and
take the supremum over all {/ ; € A A(t, ) on the right-hand side.

It remains to prove the last inequality in (4.8.18). Formally, this inequality follows from
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the density of occupation time formula (see e.g. [122, Corollary 9.7]) and Holder’s inequality on
R2. However, since the local time process —,,% ® 1s not differentiable in ¢, we will prove it by
approximation.

Set A&(t,x) = [§. 5(t,2) — & 5(t, )| for (¢, ) € R?. Since A is deterministic, continuous

and in L?(IR?), the second line of (4.8.18) can be approximated by a family of convolutions

t
B2 | [ ac-rimar] ~times, [ [° [ act-rpn(B]-pdgar].
o Jr
For each « > 0, by Tonelli’s theorem and Holder’s inequality,

xﬁgé[f ng(t r,y)pw(| Br| - y)dydr] / fA&t ry)EL e [pe(1B] - y)] dydr
< ff v, Pe(1Bi| = y)]) dydr]l/QHAfHLQ(R?)
[ (52 B - w52 - 0] ayar] 18

1 o2 1/2
(B2 ([ Bl - B2 ) | 12 ey

By the density of occupation time formula, since the quadratic variation of the semimartingale

|BY| — | B2| equals to 2r,

t 1
[ B =1B2Dar = 5 [ pacl@)Z2(1BY - |B)da.

The proof is complete since

121 1521
Apgﬁ(a)Eff,B [2%a(|31|_|32|)] Eff’B [2‘%0(|Bl|_|B2|)], as k — 0.

196



We next show that the probability of £/ ; € A, (t, ) is always positive.

Lemma 4.8.6. For any i € R, 7 > 0, there exists some constant \ = \(u,T) such that for any

x €[0,00), t € (0,7] and ¢ addressed in Proposition 4.8.4,

P(A(t.0)) 2 3 = 7).

where C'(p,T) is the constant in (4.8.13) and (4.8.14).

Proof. From (4.8.16), we see that the set of noise

’ / 1
{55,6 : Zu(t7x7€g,6) > §Zu(t7$|07C)a

1 , , A
B e | 5 20 - IB)O(BL € )O(BL. &) | < Zzua,x\o,c)?}

is a subset of Ay(¢,x). Thus we have that
1
P(A,(t,7)) 2 P (Z#(t, 0.6 5) > 5t o, g)) ~P(By(t.1)). (4.8.19)

where

1 , A
By(t,a) = {g;,5 B e [ 3208 - B)O(BLE O &) | > J(t. a0 <>2}.
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By the Paley—Zygmund inequality and (4.8.13), when ¢,0 € (0, 1), for any ¢ € (0, 7], x € [0, 00),

1

Zu(t,$|0,C)2 1
AC(pu, )’

1
AE([Z,(t,2.€ ;)]

v

1
P (Zu(t,x,fé’é) > ézu(t,xlo,g)) > (4.8.20)

where C'(1, 7) is the constant in Proposition 4.8.4. To estimate P (B, (¢, x)), by Tonelli’s theorem

and Lemma 4.8.1 (ii),

1 ! !/

BB}, e | 3 2008 - [B)O(BL £ )0 (B2 L)
1 !/ !

~Bj e [ 320 - |BADE[O(BL €L )O(B2.¢L,)]|
1

= E%I,le§o%°(|31| 1B f(1B!1) f (1B71)

0,1 0,2 bt 1] | R2
exp(-nL" =Ly exp( [ [7Qustt st v Bl Bdsdr ) |
Using a trivial bound a < exp(a) for all a > 0, the last expression is bounded above by the

value ®5° (¢, |0, ¢) defined in (4.8.12). By Chebyshev inequality and (4.8.14), when £, § € (0, 1),

forany ¢t € (0,7], z € [0, 00),

497°(t, 2[0,¢) _ 4C (1, 7)
/\Z;L(t7x|07<—)2 - A

P(B)\(t,l'>) <

Together with (4.8.19) and (4.8.20), we have that for any z € [0, ), ¢ € (0, 7],

1 1 4C(u, 1)
P(A,\(t,x)) > ZLC(,M,T) - h

Let

/\U(M’ T) = 320(“7 7—)2'
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By Proposition 4.8.4, A\o(1,7) < oo. Choose some X\ = A(u,7) > Ag(p, 7), then for any = €

[0,00),t€(0,7],

11
8C(u,7)

P(A)\(t,l’)) > > 0.

With Lemma 4.8.6, we can further bound the probability of any sample path . ; deviating

from the set A, (¢, x): forany ¢ € (0,7],2 € [0,00) and a > 0,

P (d(§575,A,\(t,x)) >a+2y[log ) <2, (4.8.21)

2
b(p,7)

This is derived from Talagrand’s concentration inequality. The proof only depends on estimates
of the space-time noise & s and the lower bound on the probability of event A,(t,z) from
Lemma 4.8.6. A technical (though not difficult) part here is that one needs to use an L?(R?)
approximation & s ,, for &, 5 and prove concentration at each n. Since we are using the same & 5
as in the (1+1) full-space SHEs, we refer to [103, Lemma 4.5] for the proof of (4.8.21).

We are now ready to prove Lemma 4.2.5.

Proof of Lemma 4.2.5. By Lemma 4.8.5, for any fixed € R, t € (0,7],2 € [0, 00), we have
1
Z,(t,2,65) > 52(1,2]0,¢) exp [ ~VAd(E5, An(t,2)) .

Applying (4.8.21), for any A > A\g(p, 7), a > 0,

Zu(ta xv&a,é) 1 _ 2 —-a?/4
P(zu(t,xlo,o S26@( ﬁl“”\/logb(u,r)]))ﬂe |
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As \, b are independent of ¢, §, by Lemma 4.8.1 (i), by sending ¢, — 0, we have

2 _ Z,(t,2]0,Q) 2
P () o (V) 20 o) = B0 e 2 v ).

As in [103, Corollary 4.8], for any p > 0, we compute

oo 1 oo
EF’p:p/ P (F <)Y Sp[ r (R <)Y +pf - dr
0 r 0 T 1 T
oo oo 2
= p\/X/ exp(pVAa)P (F < exp(—\/Xa)) da+1< p\/X/ 2exp(pVAa - az)da +1
0 0

< d/mphexp(p?A) + 1.

Thus we have that for any ¢ € (0, 7], x € [0, c0),

E [(Zﬂ(t,x|o, g))—p] < 2,(t,2]0,{) 2P exp (2p, [ Xog b(; T)) (4 ap2Xexp(p? ) + 1) :

which implies (4.2.15).

Additionally, Proposition 4.8.4 above has assured that the constant C'(, 7) in (4.8.13) and
(4.8.14) can be chosen uniformly over p in compact subsets of R. It thus implies that \y(y, 7)

and b(u, 7)~! can also be uniform in the corresponding sets of x. O

4.8.1.4 Proof of Proposition 4.2.7 (vii)

Let &(t,z) = [z ps(x —y)&(t, dy), which is a Gaussian noise white in time and smooth in

space, with the covariance function

Qs(t1,ta, 1, 22) = do(t1 — ta)pas(x1 — x2).
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Forany 0 > 0, p, s,t € R, > s, x,y € [0, 00), define

0
Z,u(twr'S?y)

t—s 1
= @N(t7$|8, y)EmB lexp (_I’LL?—S + A 55(t -, |BT|)dT - §(t - 5)]926(0)) ‘|Bt8| = y]

Let Y. = | B| be the reflected Brownian motion starting from Y = | By| = . We use L"" to denote

the local time

As discussed after (4.2.5), we can rewrite the above as

)
Z(t,x]s,y)

t—s 1
- (el [ (-uttT e [t r T - Lo

Tt—s = ?J] )

where the conditional expectation is taken over the reflected Brownian bridges started from 1 =

x and ending at T;_; = y. Since

law

{66(5 +7, x)}re[o,t—s],me[o,oo) = {55(t -7 $)}T€[0,t—s],xe[0,m)7

we have

t—s
{ET [exp (—ML?LZ + f Es(t—r, Tr)dr)
0

TO =7, Tt—s = y:|}
z,y€[0,00)

(4.8.22)
TO =, Tt—s = y]}

t—-s
law {ET [exp (_ML?lf + / E(s+, Tr)dr)
0

z,y€[0,00)
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Letr' =t—-s—7r, Tpi="Ti for0<r <t-sand LSLE be the local time at zero associated
with Y. The tuples ((Yi—s—r)ref0,t-5], L?Lf) and ((T,n)re[oﬁt_s],ng) are identical w-by-w, and the
process (TTI)OSWSH is a reflected Brownian bridge started from Yo = y and ending at Y, . =ux.

It then follows that the right-hand side of (4.8.22) equals to

- t—s -
{ET [exp (—ML?’_E + f &(t—r', Trf)dr’)
0

TO =Y, Tt—s = JZ]}

z,y€[0,00)

Since the deterministic function 2N (t, z|s,y) is also symmetric in (z,y)-variables, we have

proved that for any 4 > 0,

law
{Zg(t7 95’5: y)}a;yE[O,oo) = {Z/i(t7 y’87 m)}x,ye[O,oo) .

By Lemma 4.8.1 (i) (with a mollification in space only), Z5(t, z|s,y) converges to Z,,(t,x|s,y)

in LP(Q2) as § - 0. We thus derive (4.2.20).

4.8.1.5 Proof of Proposition 4.2.8

For any a,u € R, p e [1,00), and z € [0, o0), we have identity
Ly
lexp (aWu ()], = exp | auz + Jape. (4.8.23)

By (4.2.21), Minkowski and Cauchy-Schwarz inequalities, for any ¢ > 0,

1Z, 3 (ta) o < [ 12, (t2]0,9) exp(Wa(y)) lody
< [ 1204 (12109 oo exp(Wo(9)) Lapdly.
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Using Lemma 4.8.1 (iii) and (4.8.23) proves (4.2.22).
For the bound of negative moments, we use Jensen’s, Minkowski and Cauchy-Schwarz

inequalities to obtain

E[Zu_%(t,x)_p] =E[(foooZu_;(t,x|07y)exp(Wu(y))dy) ]
<B|([ztalomna) [z a0 e

o0 -1 p+1
(f Zul(t,xIO,y)dy)
O 2

o -1
([ Zul(t,xIO,y)dy)
0 2

By Lemma 4.2.5, the first term in the last product is uniformly bounded on x € [0, 00 ). The bound

<

2p+2

[z a0 ()i
p+1

bl

2p+2

<

2,3 (t,2|0,9), lexp(-pWu(y)) ], dy.

of the second term follows from a similar computation.

The constants in Lemma 4.8.1 (iii) or Lemma 4.2.5 do not depend on ¢ when ¢ € (0, 7] for
any fixed 7 > 0 and can be chosen uniformly for « in any compact subset of R. Thus it is not hard
to check that the bounds of | Zy 1 (t,z)|, and | Zy 1 (t,z)7|, can also be chosen uniformly for
(u,t) in any compact subset of R x [0, c0).

Using the uniform negative moment bounds, by Kolmogorov continuity criteria and the

uniqueness of the mild solution, Z,_1 (¢, z)~! is also continuous on (¢,z) € R%;, which implies

’lL—l
2
that Z,_1 (t,2) > 0 for all (t,z) € R2,.

To prove (4.2.26), we use an elementary inequality: for any a € R, |a] < e* + e7%. By

the definition of H,(¢,x),

H,(t,x)| < Zu_%(t,x) + Zu_%(t, x)~1, and (4.2.26) follows from the

triangle inequality.
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4.8.2 Proof of (4.4.3)

Recall that the goal was to show
Cov[H,(t,x), Hu(t,0)] >0, asx — oo.

The above convergence arises from the spatial decorrelation of the half-space KPZ equation
(4.1.1), for fixed ¢ > 0. Similar to the analogous result for the full-space KPZ equation (see [90,
Proposition 5.2] and [29, Eq. (2.10)] for two different proofs), this decorrelation is independent
of the KPZ behavior or the boundary condition.

Using the same notation as above, 7 is the spatial white noise associated with the Brown-
ian motion W and D is the Malliavin derivative operator on the Gaussian space generated by 7.
We further define & to be the Malliavin derivative operator on the Gaussian space generated by
the noise . Forany t > 0,2 >0, EH,(t,z) = EwE:H, (¢, z). The law of total covariance gives

that

Cov[Hu(t,x), Hu(t,0)] = BwEe ([Hu(l, ) - BeHu(t, 2)] [Hu(t,0) - E¢Hu(t,0)])

+Ew ([E¢Hu(t,2) —EH,(t,2)] [EcH,(t,0) - EH,(¢,0)]).

For each realization of W, by the Clark-Ocone formula [48, Proposition 6.3], we have

Ho(t, ) - BeHo(t,7) = fo t fR e [ Ha(t,2) | Fo]€(dsdz),
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with {F;}ss0 being the natural filtration in time generated by £. Similarly,
EcH.(t,7) - M (t,2) = [ Bw[DEH (1) | FJAW (),
0

with {F,},so being the natural filtration generated by #/. By Itd isometry, Cauchy-Schwarz

inequality and Jensen’s inequality,

E ([Hu(t, ) - EcHu(t, )] [Hu(1,0) — EcHu (¢,0)])
) Lt A&E [E£ [gs’zHu(t’x) | fs] EE [@s,z%u(t, O) | fs]] dzds

t
< [ 1901t DA (1,0) adzds = 15, 2),

and

Ew ([E¢Hu(t, x) - EHy(t, 2)] [EcHu(1,0) - EH,(2,0)])
~Ew| [ Ew(DEM.(t5) | FIEW[DEM(1.0)| F1dr
< [ IDAHE D) DA (1, 0) adr = ()
The proof of (4.4.3) reduces to showing that for any fixed ¢ > 0, I;(¢,z) + I5(t,z) - 0 as  — oo.

We first analyze [;. Similar to the result of full-space SHE in [130, Proposition 5.1], for

(s,2) €[0,t) x R and = > 0, we have

‘@S,ZZu—%(tZ) = 1[07w)(2)c@5_1(t,$’$,Z)Zu_%(S,Z)

t )
+[ [0 @f_l(t,ﬂny).@s,zz 7%(7"7y)€(7“,y)dydr,

with _@s,ZZu_%(tw) =0 when z <0ors >t Whens <t z>0, since Zu_%(s, z) is strictly posi-

tive, we can multiply both sides by Z, 1 (s,2)7. The uniqueness statement in Proposition 4.2.2
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part (2) then implies that

D5l 1 (t,2) 2, 1(5,2)7 = 2, _1(t,2]s,2),

u—

where we recall that Z is the Green’s function. It follows that for any s € [0,1), z € [0, c0),

987ZZU_%(t,m) Zu_%(t,x|s,z)Zu_%(s,z)
Zufé(t,i) - Zufé(t,l')

Dy Mu(t,2) = D, [1og Zu_%(t,x)] _

By Holder’s inequality, (4.2.17), (4.2.22) and (4.2.23), there exists some positive constant C' =

C'(t,u) such that for any z € [0, 00),

|2 Hau(t, ) |2 < | 2,1 (t 2], 2) 6| Z,- 1 (5, 2) 6] Zoon (8, 2)

<C(t-s5) Y exp(~(x - 2)?[4(t - 5)) exp(C(x + 2)).

Thus we have

1(t,x) < C? f f (t-s)"! exp( (z . - 28))2 ~ 4(t2i 3 ) exp(C(z +2z))dzds.

By a straightforward computation, the right-hand side of the above converges to 0 as x — co.

For I, we note that

[T 2,1 (820, y) exp(W,(y))dy
Jo" Zua(t2]0,y) exp(W,(y))dy

=1[x,oo>(7”)[r pf(ylt,:v)dy—ﬂ[o,x](ﬂfo pR(ylt, z)dy,

D, H,(t,z) = ]1[0@](7“)
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which further implies

Dtz < Loy (1) [ PRIt 0oy + Ly () [ 1oyl ady
By a similar estimate as in (4.4.5), we can prove that there exists a constant C' = C'(¢, u) such that
|pE(ylt,x)]2 < Cexp (—(z —y)*/C +Cx), forallze[0,o00).

As a result, we can bound I, by

L(t,z) <exp(Cx) [Om (/:C'exp (—(ac—y)2/C) dy) ([ereXp (—yQ/C’) dy) dr
+exp(C’x)Lm(v/;ooC'eXp(—(x—y)Q/C)dy) ([mCeXp(—yz/C)dy)dr

<exp(Cx) ‘/Ox o2z —1r)p(r)dr + exp(Cx) [xw o(r—z)o(r)dr,

with ¢(z) == [ C'exp (-y?/C) dy. By the Gaussian tail of the function ¢, the last line above

converges to 0 as x — oo.
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Chapter 5: Time-dependent averages of a long-range SHE

5.1 Introduction

5.1.1 Main results

We consider the following stochastic heat equation (SHE) in R¢ for d > 3 starting from flat
initial data

Oyu(t,x) = %Au(t,x) +ru(t, ) F(t,z), u0,z)=1, (5.1.1)

with x > 0 and I being a Gaussian noise that is white in time and has a spatially homogeneous
covariance function described by Riesz kernel with index 2. Formally, with | - | denoting the

Euclidean norm in RY, the covariance function of the noise F' is expressed as
EF(s,y)F(t,2) = 6(t - )|z - y| .

The stochastic heat equation (5.1.1) is a borderline critical stochastic PDE. Its solution is

previously studied and given a meaning in [31] for 0 < x < %. In particular, [31] defines the

(martingale problem) solution to (5.1.1), and shows that when 0 < K < d%, such solutions exist
(through Wiener chaos expansion) and are unique in law. We defer the precise definitions of the

solution to Section 5.2.1 below. Moreover, [31] shows that any solution to (5.1.1) is a nonnegative
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singular Radon measure valued process, which we shall denote by {u;(dx) : ¢ > 0}.

For any R > 0, we use Br = {z € R? : |z|| < R} to denote the open ball with radius R
centered at zero in R%. The volume of the ball By, is given by w,R?, with w, being the volume of
Bs.

Our main result is the following three different limits of the spatial averages of wu;(dx)
under different space-time scales. We write ti to emphasize that the time scale could depend on
the radius. Our results cover the cases of (1) when ¢ is fixed and R goes to infinity, or (i) when ¢

depends on R and ¢, R both go to infinity.

Theorem 5.1.1. For any 0 < < &2, let {u;(dx) : t > 0} be a solution to (5.1.1) as defined

in [31]. Fort=tg >0, the time-dependent spatial averages ., (Bgr) have the following limits:

1. When tr = o( R?), there exists a Gaussian random variable N (0, c?), with variance

1
0% = K2 / f ——_dady, (5.1.2)
B JB |z -y

such that

ﬁ[UtR(BR) - wyRY = N(0,6?) inlaw, (5.1.3)
R

as R — oo,
2. Whentgr = cR? for some ¢ > 0, we have

1
@%:R(BR) =u.(By) inlaw, (5.1.4)

for any R > 0. Here u.(By) is a non-degenerate random variable and is positive almost
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surely.

3. Whenty = o(R°%), we have

1
ﬁutR(BR) — 0 in probability, (5.1.5)

as R — oo,

We note that the construction of the solution via the chaos expansion (5.2.4) below and the
scaling invariance of equation (5.1.1) are the main tools to study the spatial averages. For part (1)
under the condition ¢z = o( R?), the first chaos is dominant when we take the limit R — oo, so the
central limit theorem is not chaotic. In part (2) when the time variable grows fast enough to be at
the borderline ¢ = cR?, the heuristic is that all the chaos now always contribute, and the random
variable 27, (Bg) remains non-Gaussian even when R — oo.

Using the scaling invariance relation of (5.1.1), Theorem 5.1.1 part (1) is actually equivalent

to the following corollary.

Corollary 5.1.2. Forany 0 < k < 52, when t = o( R?),

1

NIz

[ttg)m2(B1) = wa] > N(0,0%) in law,

as R — oo, with o2 as defined in (5.1.2).

Therefore, Theorem 5.1.1 part (1) can also be understood as the central limit theorem of
the random variables u,(B;) as t — 0.

Another case that falls into the category of the extinction (Theorem 5.1.1 part (3)) is when
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R is fixed and ¢ goes to infinity. In fact, for any fixed radius R > 0,
L B i babili
ﬁut( r) = 0 in probability, ast — oo.

This result has already been mentioned in [31, Theorem 2], and our Theorem 5.1.1 part (3) is
derived from this result together with the scaling invariance of equation (5.1.1).

d-2
2

Remark 5.1.3. The solution theory of the stochastic heat equation (5.1.1) when > remains
open. When x > ”%2, the chaos series used to construct the solution to (5.1.1) in [31] (see (5.2.4)
below) does not converge in L2, putting spatial averages beyond the scope of this discussion.
For the boundary case x = %, a solution constructed via chaos expansion (5.2.4) does
exists, though [31] leaves open the possibility that there are solutions with a different law in
this case. One may think of (5.1.1) with k = C%Q as a critical stochastic heat equation with

critical scaling. We believe that Theorem 5.1.1 parts (2) and (3) still hold for the boundary-case

solution constructed via chaos expansion (see [31, Remark 3 on page 105]). However, our proof

of Theorem 5.1.1 part (1) in Section 5.3.2 relies on the condition 0 < x < %, and it remains open
whether the central limit theorem (5.1.3) extends to cover solutions via chaos expansion in this

boundary case k = %.

Remark 5.1.4. Another intriguing problem is to investigate the possibility of proving a quanti-
tative central limit theorem under the same conditions as in Theorem 5.1.1 part (1). Previous
works, such as [131-133], have established various quantitative central limit theorems for spa-
tial averages of stochastic heat equations in one dimension, primarily using Malliavin calculus.
Given that the solution to (5.1.1) is not defined point-wise, it is of interest to determine whether
this approach remains applicable where the Malliavin derivatives cannot be defined point-wise.
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We now introduce the context of our work from the following two perspectives.

5.1.2  Spatial averages of SPDE

The stochastic heat equation (5.1.1) is a critical stochastic partial differential equation

(SPDE). A formal computation shows that the noise has the scaling invariance

F(t,z) = *F(e*,ex) inlaw (5.1.6)

for any £ > 0, which is indicative that the solution will be a borderline distribution. Due to
this criticality, the solution theory falls outside the well-posedness theories of regularity struc-
tures [10, 134], paracontrolled distributions [11], and more recently flow equation [15]. Similar
critical scaling occurs for the stochastic heat equation with space-time white noise in the critical
dimension two, although only the scaling limit of the noise-mollified SHE is established in this
set-up [18,44].

Our result considers the spatial average for a critical stochastic PDE with a measure-valued
solution. We would like to mention that the critical 2d stochastic heat flow (SHF) [44] is also
measure-valued, but the asymptotic behaviors of its spatial averages remain open.

Study of the spatial averages of stochastic PDEs started with the work [33] in the context
of stochastic heat equation in one dimension with a space-time white noise potential. Since this
work there has been an extensive study of spatial averages of solutions in various different set-
ups, see for example, [34,35,131] study the SHE with colored noise, [135] studies the SHE with
fractional in time noise, [ 136, 137] study the spatial average of stochastic wave equation. Most of

these work consider the spatial averages for fixed time, only exception are the works [132, 133]
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where they study time-dependent averages.

Among all the above results, the limiting distribution of the spatial averages, if obtained, is
always Gaussian. However, for our critical SPDE (5.1.1), the scaling invariance relation (5.1.6)
enables us to obtain a non-Gaussian spatial average (5.1.4) under a specific space-time scale,
which is the first non-Gaussian spatial average of an SPDE observed to the best of our knowl-
edge. Our result also shows that this transition of Gaussian (5.1.3) to non-Gaussian (5.1.4) spatial
averages happens when all the chaos begin to contribute in the spatial average limit.

The problem of obtaining non-Gaussian spatial average limit is of its own interest. It has
long been conjectured, though not yet proven, that non-Gaussian stable distributions could be the
limit of spatial averages of the 1d stochastic heat equation with space-time white noise when the
average is taken over boxes with a proper time-dependent growth rate. This conjecture is inspired
by the work of parabolic Anderson model on lattice [138].

As a final remark, we point out that in [35, Theorem 1.7], the authors proved a central limit
theorem for the spatial averages of a stochastic heat equation with a spatial covariance function
given by the Riesz kernel || - |77 with index 0 < p < 2 in d > 3. The SHE in [35] is not a
critical SPDE and its point-wise solution is well-defined. While our central limit theorem in
Theorem 5.1.1 part (1) (for ¢ being fixed) may look like a result of taking p — 2~ in [35, Theorem
1.7], it is not a simple adaption of [35] as the SHE becomes critical when p — 2~. Our proof
of Theorem 5.1.1 part (1) uses new estimates. In particular, our central limit theorem for p = 2
only holds when the coupling constant 0 < K < %, while the result from [35] would hold
for any positive coupling constant before the noise. We will discuss this difference further in

Remark 5.3.4.
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5.1.3  Scaling limit

One may also consider (5.1.1) as the macroscopic scaling limit of a long-range SHE. One
closely related work in this line is [139], where the authors study the scaling limit of the long-
range nonlinear stochastic heat equation in dimension d > 3. If we only consider [139] for the
linear case, we may interpret its result and compare it with ours in the following sense.

Consider the stochastic heat equation in R? for d > 3 starting from flat initial data
Otz = %Av(t,x) Frot o)V (ha), v(0.2) =1, (5.1.7)
with x> 0 and V being a space-time mean zero Gaussian noise with formal covariance function
EV (s,y)V(t,x) =0(t=s) (Jz-y[ A1),

for some p € [2,d).
By [31] and our Theorem 5.1.1 part (2), when p = 2, k < %, and tp = cR? for some ¢ > 0,

we have

1
—f v(tg,x)dx - u.(By) inlaw, (5.1.8)
R By

as R — oo. The limit is the same random variable as in (5.1.4) and is non-Gaussian.

On the other hand, by [139, Theorem 1.3] with o(z) = =, when p € (2,d), x is small

enough, and ti = cR? for some ¢ > 0, we have that for any smooth test function with compact
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support g : R? —» R,

1 .
T /11;01 [v(tr,z) - 1] g(z/R)dx — A&du(c’ x)g(z)dz inlaw, (5.1.9)

as R — oo, where U is the solution to the Edwards-Wilkinson equation
1
OU(t,x) = EAU(t, x)+kn(t,z), U0,-)=0,
with noise 7 being a space-time mean zero Gaussian noise with formal covariance function

En(s,y)n(t,z) =0(t - s)|lz - y[ 7.

In particular, the limit in (5.1.9) is Gaussian.

This comparison shows that the case p = 2 distinguishes itself from the cases with 2 < p < d
as its large-scale fluctuations remain multiplicative, thus non-Gaussian, under diffusive scaling.
When p = 2, all the chaos contribute to the fluctuation at the space-time scale ¢ = cR?, while when
2 < p < d, only the first chaos from the Riesz-kernel-correlated noise contributes.

Another related literature is [17], where the authors consider the scaling limit of mollified
SHE in d > 3 with compactly supported covariance function. For this model, the fluctuations of
the diffusively scaled solution converge to an Edwards-Wilkinson limit with a nontrivial effective

variance.
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5.2 Preliminaries

5.2.1 Solution theory

As discussed above, for the critical stochastic heat equation (5.1.1), the first challenge is
to make sense of its solution. In this subsection, we introduce the definition of the solution to
(5.1.1) and explain one specific construction of the solution from the Wiener chaos expansion.
All of these results follow from [31].

Let (Q, F,{F}:,P) be a filtered probability space. Let M denote the nonnegative Radon
measures on R?, C. denote the space of continuous functions on R?¢ with compact support,
and C¥ denote the space of functions in C. with k continuous derivatives. We define p(f) :=
Jga [(x)p(dz) for any ;1 € M and f being integrable on R?. We also equip the space M with

the vague topology. We denote the standard d-dimensional heat kernel as

Gy(x) := (2mt) 2 exp (—|z[*/2t)
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for any z € R% and ¢ > 0.
In [31], the (martingale problem) solution to (5.1.1) is defined as any adapted continuous

M valued process {u;(dz) : t > 0} such that it satisfies the following three conditions:

l. P(up(dz) =dx) =1;

2. {us(dx) : ¢t > 0} satisfies

E[u(f)] = [, f(x)da.

and
E[(u(f))’]
ta
<C f Gi(z-2") G (y-y) f (@) f(Y) (1 + ———— ) dzdyda'dy’,
Rid | =yl - y/|
(5.2.1)
for some positive constant C' = C(d, k) and o = 52 - [(52)? - x2]1/2;
3. {w;(dx) : ¢t > 0} satisfies the martingale problem, i.e., for all f € C2,
t1
a(f) = () =uo(H) - [ Fu(af)ds (5.2.2)

is a continuous local JF; -martingale with finite quadratic variation given by

<Z(f))t=ﬁ2fot Mus(dy)us(dx)ds. (5.2.3)

R |2 -y

For any 0 < K < d%z, [31] shows that such solution to (5.1.1) exists and is unique in law.

In particular, one construction of the solution to (5.1.1) is from the Wiener chaos expansion. We
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use this construction throughout this section, so we explain it in detail.

For any f € C,., define It(n) (f) as the integral of f over the n-th order Wiener chaos, given

1) = [ @Iy,

with (") (¢, z) being defined as I(9)(¢,x) = 1, and for any n > 1, setting S,,,1 = t, Yns1 = T,

I(n) t, = n/5n+1/8"”‘—[82f nGS. —s: (Yiv1 — Vi F dzdz s
(tx)=r" | | i Rndg cr-si Wit = yi) F (dyids;)

where the stochastic integral can be interpreted as multiple Wiener-Ito integrals (see [47, Section
1.1.2]). Note that one can easily extend the above definition of It(”)( f) to f being indicator
functions 1p,, for any R > 0.

For any 0 < k < %2, by [31], there exists an adapted M valued process {@;(dz) : ¢t > 0}

such that for any ¢ > 0,
w(f)=>, It(n)(f), forall f €C., [P-almost surely. (5.2.4)
n=0

In fact, it is easy to check that for any f € C., E [Z;’L":O ™ (f)] = [pa f(z)dz, and by [31, Lemma
3 & Lemma 5], when 0 < k < £2, E [(Z;’;O It(")(f))Q] is bounded above by the right-hand-side
of (5.2.1). The second moment bound implies that there is a regularization [140, Theorem 2.3.3]
so that for any ¢ > 0, there exists a random distribution u,(dz) satisfying (5.2.4). Moreover, [31]
shows that for any ¢ > 0, the distribution satisfying (5.2.4) is a nonnegative singular Radon
measure, and the M valued process {@;(dx) : ¢ > 0} has a modification continuous in time. This

continuous modification satisfies the martingale problem (5.2.2)—(5.2.3). Therefore, combining
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all the results above, the continuous modification of the process {u;(dx) : ¢ > 0} with @, satisfying
(5.2.4) is a martingale problem solution to (5.1.1).

We also record the following Feynman-Kac type formula for the chaos expansion, where
we refer to [31, Lemma 5] for details. By Urysohn’s lemma and monotone convergence theorem,
one can extend [31, Lemma 5] to the indicator functions f = 1p,.

Let

ds
G v

where (W;) denotes a standard d-dimensional Brownian motion starting from Wy = 0 inde-
pendent of £. We let E denote the expectation with respect to this Brownian motion. Then for

eachn >1and any ¢t > 0, R > 0, by Itd isometry, with s,,.1 =t and y,,11 = T1,2p41 = T2,

[I(n>(1 _K%fBRfBRfSMf / fRQnd

H Gswl -8 (yz+1 ,%) GsHl -8 (Zi+1 - Zz) dyzdzzdszdxlde

ly: =zl

/~£2” 1
f / [ 5ds; | drdy
o I [ Pk

S N e

where the second equation is obtained by using the finite dimensional distributions of the Brow-

(5.2.5)

nian bridges.

y [31], for any 0 < K < the series sum ).,° (E [I(n)(lBR) ] is convergent, and we

2 2
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have

oo

Elu,(Br)?] Z: [[(n) 1p,) ]
X T oy g

5.2.2 Technical lemmas

Since we will conduct our main analysis on the Fourier space, we introduce some auxiliary
lemmas related to the Fourier transform of the Riesz kernel and the indicator functions.
Throughout this section, we take the Fourier transform of any tempered distribution x on

R4 in the convention of

Fu(a)s= [ e u(as).

Under this convention, for any functions u, v € L? (R?), the Parseval formula is

u(€)v(€)de = —d Fu(z) Fo(r)d.
-/ (2m) f

When p is in the space of tempered distributions, its Fourier transform % is well-defined
through the Parseval formula. By Bochner’s theorem, for any continuous positive definite func-
tion v : R? - R u {00}, there exists a nonnegative tempered distribution ;1 on R¢ so that y(z) =
Z p(x) and p is known as the spectral measure.

In particular, for the Riesz kernel v(z) = 1/|z[? on R? with d > 3, its spectral measure is

NGD

2
7292 "

p(d€) = cq|€]742d€,  with coefficient ¢y = (5.2.6)
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The spectral measure (5.2.6) does not satisfy Dalang’s condition [141]:

p(dg)
Sty TR

We now give the composition formula of the Riesz kernels. This formula is well-known

and we state it here for the convenience of the readers. We omit the proof, as it follows from an

elementary computation with the relation of gamma and beta functions.

Lemma 5.2.1. Forany 0 < o, B,a+ 8 <dand x # y,
fRd |z - 2z - y P~z = kagalz - y|*+,

with the coefficient

ONONG N
D(SHT(EHN(%9)

kapd=

Another useful lemma is the Fourier transform of the indicator function over a ball of radius

R in R%. We refer to [35, Lemma 2.1] for its proof.

Lemma 5.2.2 ( [35, Lemma 2.1]). For any R > 0, we have
Tl (€)= [ e du= QuRYPIEI P In(RIED,  for B,
R
where Jy5(+) is the Bessel function of the first kind with order d/2:

L/9Vd2
Japp(x) = %fo (sinf)?cos(wcosf)dh, VaeR.
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By [142, page 134], the Bessel function .J;/5(+) has the following asymptotic behaviors:

Jajo () ~ \/mcos (x _d +41)7T) as x — oo,

1d/2
and Jd/Q(I) ~ W/Q-i—l) as x — 0.

Consequentially, we have

sup|Jd/2(]:c\)‘ < 00,
zeR

and there exists a constant C' > 0 so that
| Jaj2(|2z])| < Clz|"/2,  for any z € R\{0}.
For 0 < aw < d + 1, it is easy to verify that the following integral is finite:

[l ol < oo. (5.2.7)

5.3 Proof of Theorem 5.1.1 and Corollary 5.1.2

5.3.1 Scaling

The following lemma is from the scaling invariance relation of equation (5.1.1). Using it

together with [31, Theorem 2 & 3] proves Theorem 5.1.1 part (2) and (3).

Lemma 5.3.1. For any radius R > 0, any time t > 0, and any € > 0, we have

us(BR) = g’d/2ugt(B\/gR) in law. (5.3.1)
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Proof. For any fixed € > 0,t > 0, define the measure v§(dz) € M so that for any Borel measurable
set A ¢ R%, we have vi(A) = e~?u(\/cA), where \/eA = {\/ex : x € A}. By the scaling
invariance relation (5.1.6), {v$(dx) : £ > 0} is also a solution to (5.1.1). The uniqueness in law of
the solution to (5.1.1) then implies (5.3.1). The result that{v{(dx) : ¢ > 0} is a solution to (5.1.1)
is straightforward to check, which we omit here. One can also check the invariance chaos by
chaos, using (5.1.6). A result more general has also been previously mentioned in [31, Lemma
2]. We note that the prefactor e-%/2 is chosen here so that the rescaled measure-valued process is

the solution to (5.1.1) with the same initial data. O

Proof of Theorem 5.1.1 parts (2) and (3). Forany R >0 and ¢ = tg > 0, applying Lemma 5.3.1
with € = R~2, we have
1

ﬁutR(BR) = Uy, p2(B1) inlaw.

When t = tg = ¢R? for some ¢ > 0, we have proved (5.1.4). By (5.2.5), Var[u.(B;)] >0 .
The positivity follows from [31, Theorem 3 ii].

When t = tg with t7' = o(R2), we have tg/R? - o0 as R — oo. By [31, Theorem 2 ii],
u(B1) converges to zero in probability as ¢ — co. Thus the proof is complete. O

We also note that, assuming Theorem 5.1.1 part (1) holds, Corollary 5.1.2 is another con-

sequence of Lemma 5.3.1 with ¢ = R~2,

5.3.2 Central limit theorem

In this subsection, we prove Theorem 5.1.1 part (1).
Without loss of generality, we only need to prove Theorem 5.1.1 part (1) for the case of

tr = 1 being fixed. This is also due to the scaling invariance relation. In fact, for any ¢ =tz > 0,
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applying Lemma 5.3.1 with € = tz ™!, we have

1 aw 1
\/aRd—l [utR(BR) - wde:I E W [t(li%/Qul (Btél/QR) - wde]
d/2
- [ (B eg) = (52 R) | = [ (B ) e (1 R) ]
\/ERd—l tp'°R R (ZfRfl/zR)d_l tp°R R
1 -
T [u1 (Bg) —waR?],

where we define R := t;/ ’R in the last equation. Note that when ¢ = o( R2), we have R — oo as
R — oo, so it is sufficient to prove (5.1.3) for the fixed time case tp = 1.

Additionally, by [31], the (martingale problem) solution to (5.1.1) is unique in law, so we
only need to prove (5.1.3) for the process {@;(dz) : t > 0}, where {@,;(dz) : t > 0} is the adapted
M valued process defined by the chaos expansion (5.2.4).

From now on, we will only consider the series i1 (Bg) = Yo [ 1(")(1 By )- It is immediate
that

Eli(Br)] = E|I{” (15,) | = waR",
and Theorem 5.1.1 part (1) would follow from the following two results.

Proposition 5.3.2. For any k > 0, we have

- Var [Il(l)(lBR)] ,
él_{rolo R2d-2 =05

where o is given by (5.1.2).
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Proposition 5.3.3. For any 0 < k < 2, we have

lim

1 & .
Rooo R2d-2 E;Var [Il( )(]‘BR>:| =0.

Remark 5.3.4. Before proving these two propositions, we point out how our results are similar or
not similar to [35, Theorem 1.7]. In [35, Theorem 1.7], the authors proved a central limit theorem
for the spatial averages of a stochastic heat equation with a spatial covariance function given by
the Riesz kernel | - |7? with index 0 < p < 2 in d > 3, using the same method as checking the order
of the variance of the first order chaos and then the sum of all higher order chaos.

However, although Proposition 5.3.2 and Lemma 5.3.5 below are indeed similar to the
analogous results in the proof of [35, Theorem 1.7], our proof of Proposition 5.3.3 is not an
adaption of [35].

From the viewpoint of (5.1.1) being a critical SPDE, we only expect to prove Proposi-
tion 5.3.3 under the restriction 0 < £ < &2, This is a strong indication that [35] cannot be directly
adapted to prove Proposition 5.3.3 here. In fact, if we consider the counterpart of (5.1.1) with
Riesz index 0 < p < 2, the central limit theorem from [35] should hold for all £ > 0. However, in
our case (p = 2), for any fixed-radius ball Br with R > 0, the chaos expansion Y " I 1(")(1 Br)
is not bounded in L2(£2) when x > %2 (see [31, page 114]). This shows that it would be unrea-
sonable to expect a central limit theorem for all x > 0, and it further suggests that the estimates
from [35] would not work here.

If one dives into the technical detail, when Dalang’s condition holds, one can always choose
a sufficiently large IV so that the integral f El2N % (d€) becomes arbitrarily small. Here y is the

spectral measure of the spatial covariance function as discussed in Section 5.2.2. The estimates
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from [35] rely on this fact, and it is also the reason why the central limit theorem would hold
for any coupling constant x > 0 before the noise when the Riesz kernel is of index 0 < p < 2.
When the index of the Riesz kernel becomes p = 2, Dalang’s condition no longer holds, and the
above integral of the tail is not finite for any arbitrary /N. The estimates from [35] thus become

inapplicable, and the estimates we use to prove Proposition 5.3.3 are new.

5.3.2.1 Notations and auxiliary lemmas

We first give some notations. Forany n > 1,1<k<n-1,weusen, = (1n1,...,7m,) € R*
and Mg, = (Mes1,---,Mn) € RF4 to denote the n-tuple and (n — k)-tuple spatial variables
respectively. We also use w,, = (wy, ..., w,) € R?, for the n-tuple time variables. Since we only

need to consider for tp = 1, we set

A,={8,€eR}:0<s, < <81 <1}, (5.3.2)
Sy =A{w, eRY :wy +---+w, <1}, (5.3.3)
and define
p(n,) = f o T wilmil? Jp. (5.3.4)
STL

Now for any n > 1, we give the formula of the variance of I 1(”)(1 Bg) on the Fourier side. This
computation is similar to the one in [35, Theorem 1.7] when an SHE with a spatial covariance
function given by the Riesz kernel | - | with index 0 < p < 2 is considered. For completeness,

we give the proof.
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Lemma 5.3.5. Foranyn > 1, R > 0, setting ny = 0, we have

Varl1(15,)] = w2 ) R [ TT g =l Il Japa Il e, [ R)dn,
j=1

where cq is defined as in (5.2.6), and the functions ¢ and Jq5 are defined as in (5.3.4) and

Lemma 5.2.2.

Proof. By (5.2.5), for any n > 1,

2n
Varl1{" (15,)] = E[1{"(15,)*] = = [ ) / B[B1(x - y)")dudy. (5.3.5)

By the Fourier transform of Gaussian random variables and (5.2.6), we have

Bloia-p) =i [ [ [Tl e e seople T/ g g,
; ]:1

n
= in) fA fR LI I #2ert e @t sl g, ds,,
n j:]_

where we set s,,,1 = 0, ¢q is as defined in (5.2.6), and A, is as defined in (5.3.2). Now making

the change of variables 7; := £, +--- + &; and w; := s; — 5,1, we can rewrite the above as

n
n o |[F2 i@y o By w012
Cdn!f _/dH”??; Nj-1] € e” ==t dn, dw,
Sp JR™ j=1

et [ Ty - a2 0, Y,
j=1
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where S, is as defined in (5.3.3) and ¢ is as defined in (5.3.4). Now plugging back into (5.3.5),

we have

Varlt{? () = [ T =nal#2(f, [, e mazy) om,)an,
R R

= @ry'ep [ T =l o (Rl e, Y.,

where the last line follows from Lemma 5.2.2. The proof is now complete by applying another

change-of-variable n; - n;/R forall j =1,2,...,n. O

Another useful lemma is the bounds of ¢(n,,):

Lemma 5.3.6. For anyn > 1 and m,, € R4,
1
o) <~ (536)
n!
Thus for any n > 2 and m,, € R™,
) 1
Lim m@(%/R) =0. (5.3.7)
Moreover, for anyn>2and 1 <k <n -1, whenn; + 0 for 1 <i <k, we have

©(n,) < (1 A ) O(Men)- (5.3.8)

el - e
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Proof. The proof of (5.3.6) and (5.3.7) is trivial. For (5.3.8), we have that for any n > 2,

2 n M. 12
o(n,) = f el o= Sy willnl? oy
Sn

_ 1 sy w) I ) o S il
‘[R 1(2?_2wi)<1W(1_6 = )e =2 dws . ..dw,

n-1
>0

1 n 2 1
<l 1A / e Tz wimt|mi] dwnfl = (1 A —) 90(77 n)7
( ||771||2) St A

and we can conclude by induction. O

We are now ready to prove Proposition 5.3.2 and Proposition 5.3.3.

5.3.2.2  Proof of Proposition 5.3.2

For any R > 1, n; € R?, it is easy to see that for any 1, # 0,

— e—llm/R|?
1-emm <1

1
R :[ erwilm/RR gy = 2-¢ 7
Ami=J, T

and limpg_ ¢(1n1/R) = 1. Applying the dominated convergence theorem with the bound (5.2.7),

we have

T [ e On R)dn = [ Il ()

Using Lemma 5.3.5 with n = 1, it remains to verify that the variance o2 in (5.1.2) equals to

k2@m)lea [ Il (Il
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which is pure computation of Fourier transforms.

5.3.2.3 Proof of Proposition 5.3.3

By Lemma 5.3.5, for any n > 2, R > 1, setting 7 = 0, we have

R21d‘2 Var [[1(") (1BR)]

=wm@m R [ Ty = ol 2 Tl e(n, /R)n,
j=1

= k2(2m) 4 T (R) + K™ (R)],

where we define the functions

TO@R) = B2 [ () [Ty = a2 bl Japa Il [ R)
j=1

and

O (R) = B2 [ s, () [Ty =51 2l Tl o (m, B,
j=1

The proof then follows from the following two lemmas.

Lemma 5.3.7. For any 0 < k < %, we have

: - 2n n 7(n) —
11212107;2/{ i T (R) = 0.
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Proof. By (5.3.8), we have that for any R > 1,n > 2, n, € R™ such thatn; # 0 fori=1,...,n-1,

n-1 n-1
7o 1) < R A 17 = T 539
=1

1=1

It follows that for any 2 > 1,n > 2,

n n-1
TR < [ o) T - a2 Tl T Il 2, 5310
j=1 =1

We first prove that for any n > 2, there exists some constant C'(n,d) > 0 such that the
right-hand-side of (5.3.10) is bounded from above by C'(n,d). To show this, we use the fact that
for any x € Bf and any v > 0,

]~ < a7,

Thus for some v > 0 that we will choose later, we have

n n-1
/Rnd Lie (1) [Ty = mi=a 172 1l 7 Jago ()2 TT I ~dlm,,
i 11

f ||~ 2+”l_[llm i1 2 7|~ a2 ([ ]) H |m:]~2dm,

7=1

= [ TT (= a2 bl Tl
j=2

When 0 < vy < d -2, for any n > 2, applying Lemma 5.2.1 (n — 1) times, the above equals to

(ky2.0)"™" fR 72572 Japa (o) . (5.3.11)
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Let~y = %. The integral in (5.3.11) is finite by (5.2.7), and

/2

I ( ‘”)F(%) (%V) T2 c(d-2-7)y e

. —dj2 1 1 1

Thus the right-hand-side of equation (5.3.10) is bounded from above by

conay= (2) 7 (25) L s yan < oo

Cd

and for any 0 < x < 42, the following sum is finite
> &*C(n,d) < oo.
n=2

Now for any n > 2,

JM(R) -0 as R co.

In fact, using again the bound (5.3.9) and that the right-hand-side of (5.3.10) is bounded, (5.3.13)

follows from the dominated convergence theorem and (5.3.7).

By (5.3.10), 7™ (R) < C(n,d) for all R > 1,n > 2. The proof is complete once we apply

the dominated convergence theorem again to the sum of x?*¢7 (™ (R) from n = 2 to infinity and

use the results (5.3.12) and (5.3.13). O

Lemma 5.3.8. Forany 0 < k < %, we have

lim Z ke (R) =

Rﬂoon 2
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Proof. Similar to the proof of Lemma 5.3.7, we first show that, for any R > 1, n > 2, K" (R) <
C’(n,d) for some constant C’'(n,d) > 0 . In order to have x?"cC’(n,d) be summable from
n =2 to infinity for all 0 < k < %, we conduct the following analysis.

Let R > 1,n > 2, and m be an integer so that 0 < m < n — 2. By (5.3.8), for any n),, € R™¢

such thatn; # 0 fori=m+2,...,n -1, we have
n-1 n—1
R*rp(n,/R) < R TT [ni/RI7> = R TT Inif ™. (5.3.14)
i=m+2 i=m+2

It follows that forany R > 1,n>2and 0 <m <n -2,

n n—1
KM(R) < R fR A ) [T == 72 T (lal)? TT Il 2y, (5.3.15)
j=1

i=m+2

Note that for any = € B, and any " > 0,

=4+ < ]2

Thus for some +’ > 0 and some 0 < m < n - 2 that we will choose later, we have

n n-1
L e Ty = a2l Taela)? TT Il 2,
i=1 '

i=m+2

n n-1
< [l T = sl 2l Japa(mal)? TT Il 2am,
j=2

i=m+2
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When 0 <2 -~'<d-2(m+ 1), applying Lemma 5.2.1 (m + 1) times, the above equals to

m
_ _~!
Qk2i+277’,2,d A(n—m—l)d Hnm+2H drdmiy

n

[T lm=n=a 72 ma = Tap2 (7)) H 7|2 A1 -

Jj=m+3 i=m+2

Then again applying Lemma 5.2.1 (n — 2 — m) times, the above further equals to

[[bavayza Cramayaa)™™ [ Il 245274 il P (53.16)
1=0

Note that when 0 < 2m + 4 — ' < d, the integral in (5.3.16) is finite by (5.2.7), and

2m+2 7 (d 2— (2m+2 'y))

d- (2m+2 ") ) T (dT) T (2+(2m+2—'y’))

dj2
k2m+2—’y’,2,d = i/
r (

2 2
)2 1
(=) () (25
3 1
ca(d=2-02m+2-9))2m+2-7")

n—-2-m

We need to choose m and 7/ in some clever way so that the series k*"c]} (kams2-4,2.d) is
summable. The crucial observation here is that for any d > 3, we can find an integer m, > 0 and
some ) € {0,1/2,1,3/2} such that

d-2

2mo+2 -7, = )

(5.3.17)

In fact, let m, be the largest nonnegative integer such that 4m, < d — 3 and let 7, = % + w.

It is easy to see that 0 < () < 2, (5.3.17) is satisfied, and 0 < 2mg + 4 — 7 < d when d > 3. The
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values of m and -y only depend on the dimension d. With m = mg,~’ = -, we have

1

k _ = —
2m+2-v/,2,d Cd(d%z)Q )

and k?Cqkomio- 24 < 1 forall 0 < k< 2.

Note that mg only depends on the dimension d and could be greater than some small 7,
so we need to choose m differently according to the values of n. For any 2 < n < mg + 2,
we choose m = 0 and ' = 3/2; for any n > mg + 2, we choose m = mg and 4" = 7. With
these choices, the conditions 7/ > 0,0 < m <n-2and 0 < 2-+' < d—-2(m + 1) are always
satisfied, and k"¢’ (k2m+2,7172,d)”_2_m is summable from n = 2 to infinity for all 0 < & < %.
By (5.3.15), define C"(n,d) as the value of (5.3.16) under such choices of m and +', we have

KM (R) < C’(n,d) forany R >1and n > 2, and also
> Kk*C (n,d) < oo,
n=2

forany 0 < K < %.
It also follows from (5.3.15) that for any n > 2, K" (R) < R-2m-2C"(n,d), so KM (R) -
0 as R — oo. The proof is thus complete once we apply the dominated convergence theorem to

the sum of x?"¢? (™ (R) from n = 2 to infinity and use the above results together. O
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