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Circular-Arc Containment Graphs
by
Madhura V. Nirkhe, Sumio Masuda and Kazuo Nakajima

Abstract

We introduce a new class of containment graphs called circular-arc contain-
ment graphs. A graph is called a circular-arc containment graph if there exists
a family of arcs on a circle, such that each vertex corresponds to an arc and
two vertices are connected by an edge if and only if one of the corresponding
arcs contains the other. We characterize this class of graphs by establishing its
equivalence to another relatively new class of intersection graphs, called circu-
lar permutation graphs. Given a circular-arc containment graph in the form
of a family of arcs on a circle, we describe efficient algorithms for finding a

maximum clique and a maximum independent set of the graph.



1 Introduction

A graph G = (V, E) is called an intersection graph for a family F' of sets if there
exists a one-to-one correspondence between V and F such that two vertices in V are
adjacent if and only if the corresponding sets in F' have a nonempty intersection. If F
is a family of line segments in a permutation diagram, G is called a permutation graph.
This class of graphs has widely been studied by a number of researchers [1,4,5,7,11,13].
As a generalization of a permutation graph, Rotem and Urrutia [12] introduced a
circular permutation graph (abbreviated as CPG), which is the intersection graph for
a family of chords in a circular permutation diagram. They developed a recognition
algorithm for CPGs, which runs in O(n?%°*) time by using a comparability graph
recognition algorithm of the same complexity [13}, where n is the number of vertices.

A graph G = (V, E) is called a containment graph for a family F of sets if there
exists a one-to-one correspondence between V and F such that two vertices in V are
adjacent if and only if one of the corresponding sets in F' is a subset of the other. We
denote by Gy the containment graph for F'. If F'is a family of intervals on the real
line, Gr is called an interval containment graph (abbreviated as ICG). It is known
that every ICG is a permutation graph and vice versa [2,8]. The problems of finding
a maximum clique and a maximum independent set are solvable in polynomial time
[7] by using the algorithm for finding a longest increasing subsequence of a sequence
[6]. Therefore they are also polynomially solvable for ICGs [9].

A circular-arc containment graph (abbreviated as CACG) is the containment
graph for a family of arcs on a circle. In this paper we investigate this class of
graphs. We first prove that every CACG is a CPG and vice versa. This result leads
to an O(n?*?*) time recognition algorithm for CACGs.

We then consider the problems of finding a maximum clique and a maximum in-



dependent set of a CACG assuming that the graph is given in the form of a family
of arcs on a circle. Every CACG is a comparability graph. Given a comparability
graph with a transitive orientation, one can find a maximum clique of the graph in
O(n+e) time [4,7], where n and e are the number of vertices and edges, respectively,
in the graph. Although finding a transitive orientation takes O(n?) time for a gen-
eral comparability graph [13], it can be done in O(nlogn) time for a CACG if the
corresponding family of arcs is given [10]. Thus, it is straightforward to construct
an O(nlogn + €) time algorithm for finding a maximum clique of a CACG. In this
paper, we present a simpler algorithm that runs in O(nlogn) time.

Given an n vertex comparability graph with a transitive orientation, the maximum
independent set problem can be transformed to a maximum 0-1 flow problem (7],
and thus is solvable in O(n?%¢) time [3]. We show that, for a CACG, we can find
a maximum independent set in O(nélogn + €) time, where § is the minimum vertex
degree of the graph.

In the next section, we describe basic definitions and notations used in this paper.
Section 3 shows the equivalence between the class of CACGs and that of CPGs. In
Section 4, we describe how to find in polynomial time, a maximum clique and a

maximum independent set of a CACG. Section 5 concludes the paper.

2 Definitions and Notations

Let G = (V, E) be a graph. For two vertices ¢ and y € E we say that z is adjacent
to y and vice versa, if (z,y) € E; otherwise they are said to be independent. A set
of vertices V! C V is called a clique if the vertices in V' are pairwise adjacent. It is
called an independent set if the vertices in V' are pairwise independent. A mazrimum

clique (vesp., mazimum independent set) of GG is one with the maximum cardinality



among all cliques (resp., independent sets) of G.

Let I = {I1,1,,...,1,} be a family of intervals on the real line. The endpoints
of each interval in I are assigned their coordinates on the real line. We denote by
l; and r; the coordinates of the left and right endpoints, respectively, of I;, that is,
I; = [l;,7;]. For every two intervals I, I} € I, we say that I; contains I}, denoted
by I C I;, if I; < Iy <7 < rj. If neither of them contains the other, I; and I
are said to be independent of each other. A subfamily I’ = {I;,...,; } C I is said
to be complete if, for every pair of intervals [, and I, 1 < ¢, < k, either I;, C I,
or I;, C I;,. I is said to be independent if its intervals are pairwise independent. A
magimum complete (resp., mazimum independent) interval family is one with the
maximum cardinality among all complete (resp., independent) subfamilies of I. The
vertices corresponding to the intervals in a complete (resp., independent) subfamily
of I form a clique (resp., independent set) of the ICG Gf.

Let A = {A;,As,..., A} be a family of n arcs on a circle. The endpoints of each
arc in A are assigned their coordinates on the circumference of the circle. Among
them, the one which is encountered earlier while traversing the arc in the clockwise di-
rection is called the head and the other is called the tail. Each arc A; is thus uniquely
represented as A; = [hj,1;], where h; and t; are the coordinates of the head and tail,
respectively. For two arcs A; = [hj, ;] and A = [hg, tx], we say that A; contains Ay,
denoted by A C A;, if points hj, kg, tk,t; are encountered in this order while travers-
ing the circle in the clockwise direction. If neither of them contains the other, A; and
Ay, are said to be independent of each other. A subfamily A’ = {A4;,,...,A4;,} C Ais
said to be complete if, for every pair of arcs A;; and A;, 1 < 1,1 <k, either Aj;; C A
or A; C Aj,. A'issaid to be independent if its arcs are pairwise independent. A maz-
imum complete (resp., mazimum independent) arc family is one with the maximum

cardinality among all complete (resp., independent) subfamilies of A. The vertices



corresponding to the arcs in a complete (resp., independent) subfamily of A form a
clique (resp., independent set) of the CACG Gy.

A family of arcs A is said to be canonical if

1. All endpoints of the arcs in A are assigned distinct integer coordinates between

1 and 2n,
2. No single arc covers the circle by itself, and

3. The coordinate assigned to the head of arc A; is the positive integer 1 and all

the other endpoints are assigned coordinates in ascending order in the clockwise

direction.

If A is not canonical, it can be converted in O(nlogn) time into a canonical family A’
such that G4 = G4 [10]. In a canonical family of arcs, an arc A; = [hj,t;] is called
a forward arcif h; < tj; otherwise it is said to be a backward arc.

Let = be a permutation of numbers 1,2,...,n and let C;, and C,y: be two con-
centric circles, such that Cj,, is smaller in diameter than C,,;. Let n points be labeled
on Csp, by 1,2',...,n" and on C,y by 7(1),7(2),...,7(n), respectively, in the clock-
wise direction. A circular permutation diagram (abbreviated as CPD) consists of
the labeled circles C;, and Co,; and a set of chords {Wy, W, ..., W,.}, such that W;
joins point i’ on Cj, to point i on C,y, 1 < i < n. These chords are drawn in the
annular region between C;, and Cyy in such a way that any two of them intersect
at most once. A circular permutation graph is an intersection graph for the set of
chords in a CPD. Fig. 1 shows an example of a CPD and its corresponding CPG. If
the direction in the traversal of a chord in a CPD from one endpoint on C;, to the
other endpoint on C,, is clockwise (resp., counterclockwise), it is called a clockwise

chord (vesp., counterclockwise chord). For example, the CPD of Fig. 1(a) has three



clockwise chords, Wy, W, and Ws. Note that a chord whose endpoints on C;, and

Cout fall on the same radial line is regarded as a clockwise chord for convenience.

3 Equivalence of a CPG and a CACG

In this section we establish the equivalence of a CACG and a CPG. It suffices to show
that for every canonical family A = {A;, Az, ..., A,} of arcs on a circle C, there exists
a CPD D = {W;,W,,...,W,} and vice versa, such that for every pair of arcs A; and
A;, one of which contains the other, the corresponding chords W; and W; intersect

each other, and vice versa. We say that such A and D are functionally equivalent.

3.1 Construction of a Functionally Equivalent CPD from

a Family of Arcs
The following procedure constructs a CPD D from A in O(n) time. See Fig. 2.

Procedure 1 :

1. Draw two circles C;, and C,,; concentric with the circle C. Both C;, and C,;

are smaller in diameter than C, with C;, having a smaller diameter than Cy.

2. For every arc A; = [hj,t;] project h; radially onto Cy, and call the point on it

p;. Project t; radially onto Coys and call the point on it g;.

3. In the annular region between C;, and Cyy draw a chord Wj in the clockwise

direction, joining p; with g¢;. O

It is easy to see that the CPD D thus constructed and A are functionally equiva-
lent, and hence the CPG for D is exactly identical to the CACG G 4. Thus we have
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the following lemma :

Lemima 1 FEvery CACG is a CPG. O

3.2 Construction of a Functionally Equivalent Family of

Arcs from a CPD

The CPD obtained from the family of arcs by Procedure 1 consists of clockwise
chords only. We call a CPD with all the chords oriented in the same direction (either
clockwise or counterclockwise), a monosense CPD. A chord in a CPD that spans
more than 27 radians and hence appears to overlap itself is called an XL-chord. For
example Wy in Fig. 1(a) is an XL-chord. A CPD without XL-chords is called a proper
CPD.

Let D be a CPD with chords arbitrarily oriented in both directions. The following
two steps transform D into a proper monosense CPD D,,,, such that the CPGs for
D and D,,, are identical. The first step converts D to a monosense CPD D,,. In the
second step we convert D,, into a proper monosense CPD D,,,.

Step 1 : Construction of @ monosense CPD

Let W; be a counterclockwise chord in D that spans the largest angle. Let p; and
q; be its endpoints on Cy, and Coy respectively. Keeping the endpoints on C;r in their
positions, shift all the endpoints on Cyy; in the clockwise direction until ¢; passes p;
radially. We call this intermediate diagram D,,. Fig. 3 illustrates an example of the
execution of this step.

Effect of Step 1

At the end of Step 1, all counterclockwise chords become clockwise, and thus



D, is monosense. Although some chords may have been converted into XL-chords,
none of the intersections were affected and no two chords intersect at more than one
point. Suppose that D,, has an XL-chord Wxy. As shown in Fig. 4, this chord
creates a region between its two endpoints pxr and ¢xr where the chord essentially
appears to overlap itself. We denote this overalp region by OV. No other chord is
completely contained in OV, since if it were, it would intersect Wy, twice, which is
not legitimate. Thus there are four kinds of chords relative to W, as shown in Fig.
4. Chords such as W; have their tails inside the region OV but the heads outside it.
Chords such as W}, have their heads inside OV but their tails outside it. A third kind
of chords such as W, have both endpoints outside the region OV. A fourth kind of
chords such as W, have both endpoints inside OV but are not completely contained
inside OV
Step 2 : Construction of a proper monosense CPD
For each XL-chord Wy, slide ¢x in the counterclockwise direction, along with all
other points on the circumference of C,,; in the region OV so that ¢xp, just gets past
pxr radially. Fig. 5 shows the result of this shrinking process of the XL-chord of Fig.
4.
Effect of Step 2

Step 2 only shrinks some chords and creates no counterclockwise chords. Chords
such as W), and W, are unaffected. Chords such as W; and W, only shrink but remain
clockwise if their endpoints on C,,; are kept close enough to the new position of
gx1. We show that given two XL-chords which are to be shrunk, the order in which
the shrinking is done is entirely inconsequential. Let By and B; be two arbitrary
X1-chords with their respective overlap regions OV; and OV,. The following three

possibilities arise :

1. OW; is contained in OV;.



2. OV} and OV, are disjoint.

3. OVi and OV; have a nonempty intersection region.

As is evident from Figs. 6, 7, and 8, the order in which two XL-chords are shrunk is
not consequential in all these cases. Therefore, by shrinking all the XL-chords, one
by one, we obtain a proper monosense CPD D,,,.

The application of Procedure 1 in reverse order to the proper monosense CPD
D, always yields a functionally equivalent family of arcs. Thus, we have established

the following lemma :

Lemma 2 Fvery CPG is a CACG. O

Lemmas 1 and 2 imply the following:

Theorem 1 The class of CACGs is equivalent to the class of CPGs. O

In the above construction, Step 1 takes O(n) time, since it involves shifting the
endpoints on C,y; of all chords . Step 2 needs O(n) time to shrink each XL-chord,
and there are at most n XL-chords. Thus it requires a total of O(n?) time. Finally,
Procedure 1 in reverse order takes O(n) time to execute. Therefore, the construction

of a functionally equivalent family of arcs on a circle from a CPD can be done in

O(n?) time.

4 Algorithms for Circular-Arc Containment Graphs

Given a canonical family of arcs A = {4;, As,...,A,}, we develop here efficient
algorithms for finding a maximum clique and a maximum independent set of the

CACG Gy.



4.1 Maximum Clique of a CACG

We transform A into a family of intervals 14 in the following manner :

1. For each backward arc A; = [hj,t;], where h; > t;, create an interval I]’-’k =

[hj,t; + 2n] of type back.

2. For each forward arc A; = [hj,t;], where h; < t;, create two intervals

I]fw = [h;,t;] and I;lp = [hj + 2n,t; + 2n], of types fwd and dup, respectively.

Thus, if there are b backward arcs and f forward arcs in A (n = b+ f), we have a

total of 2f + b < 2n intervals in 14.

Lemma 3 For any complete subfamily A’ of A, I4 has a complete subfamily of the

same cardinality.

Proof : Let A" = {A;,A},,..., A} with A, C Aj, C ... C A;,. If A’ consists

of forward arcs only, both {I7*, I{* .,ijkw} and {1 I% .,Iff} are complete in

N2y vt J177320° "

I4. If A’ consists of backward arcs only, then {I%*, I%* I%*} is complete. Sup-

J127J2° "0 Tk

pose that A’ consists of s forward arcs and k — s backward arcs. Since no forward

arc contains a backward arc, it is clear that Aj,Aj,,..., A;, are forward arcs and

. : : i jiw Jw 7bk
Ajryr> Ajorss - - - Aj, are backward arcs. In this case, either {I3°, I1*, ..., ", 7,
bk bk oy {79P 7P dp ybk  7bk bkY ;
LE Ll or {5, Iy I, 28 I, ., 157} is complete. Thus in any case,

14 has a complete subfamily of cardinality k. ad

Let I4 be any complete subfamily of I4. It is clear that the subfamily of A
corresponding to I, is complete. Furthermore, its cardinality is equal to | 1 4’ | since
I, can not contain both types fwd and dup at the same time. Thus by Lemma 3 we

have the following theorem :
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Theorem 2 For any mazimum complete interval family of 14, the corresponding

subfamily of A ts @ mazimum complete arc family of A. O

The conversion of A into [4 takes O(n) time. Given a family I of m intervals, a
maximum complete interval family of I can be obtained in O(mlogm) time [9]. Thus
by Theorem 2, we can compute a maximum clique of the CACG G4 in O(nlogn)

time.

4.2 Maximum Independent Set of a CACG

For each arc A; € A let Yy, be a subfamily of maximum cardinality among all

independent subfamilies of A that contain A;. Those arcs that are contained in A;
and those that contain A; can clearly be disregarded in the computation of Yy,. All

the other arcs can be classified into the following categories (see Fig. 9) :
1. Arcs such as A; where only the head h; is contained in A;.
2. Arcs such as Ay where only the tail ¢; is contained in A;.
3. Arcs such as A; which are entirely disjoint from A;.

4. Arcs such as A, where the head h, and the tail t; are both contained in A; but

the arcs themselves are not contained in Aj;.

After those arcs that are not independent of A; are removed, the circle can be split
open, in O(n) time, by the steps outlined below, transforming each of the remaining

arcs into an interval so that :

1. The tail of arc A; becomes the starting reference, and the head of A; becomes

the ending reference.
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2. All arcs such as A; are opened with their heads to the left of the starting
reference and all arcs such as Ay are opened with their tails to the right of the
ending reference. Arcs such as Ay appear between the reference marks while
arcs such as A, are stretched out with their heads to the left of the starting

reference and their tails to the right of the ending reference. See Fig. 10.

We denote the resultant family of intervals by I7. An O(mlogm) algorithm for finding
a maximum independent family of a family of m intervals is known [9]. Therefore we
can obtain a maximum independent interval family of I in O(nlogn) time. Let X7
be the family of arcs in A that corresponds to such an independent interval family.
Since every arc which corresponds to an interval in 7 is independent of A;, we can
determine Yy, to be X7 U {A;}.

Let v, be a vertex of G4 with the minimum degree §. Let A, be the arc corre-
sponding to v,. As we have shown above, we can find Y4, in O(nlogn) time. Let ¥
denote the maximum one among all independent arc families of A that do not contain
A,. Y must contain at least one of the § arcs that are not independent of A,. For each

of these arcs A, , A

o Adgs ooy Ajy 5 Ajs, we can find Yy, in O(nlogn) time by splitting
open the circle as shown earlier. A maximum independent arc family of A is then given
by Ya, where v € {a, j1,...,Js} and | Y, |[= max { | Ya, |, Ya,, |, -] Yay, | }-
The above approach thus takes a total of O(énlogn) time. From the given family
of arcs A, it takes O(nlogn + €) time to obtain G4 and determine a minimum degree
vertex v, [10]. Thus the entire maximum independent arc family algorithm runs in

O(énlogn + e) time.
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5 Conclusion

We have introduced a new class of containment graphs called circular-arc contain-
ment graphs and presented two efficient algorithms for them. We have established
the equivalence between the class of circular permutation graphs and the class of
circular-arc containment graphs by means of a constructive proof. Thus, the pro-
posed algorithms are applicable to circular permutation graphs as well. Furthermore,
using the recognition algorithm for a circular permutation graph developed by Rotem
and Urrutia [12], we can test in O(n?**t) time whether a graph with n vertices is a

circular-arc containment graph.
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Fig. 1(b). The CPG for the CPD of Fig. 1(a).
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Fig. 2. Construction of a CPD from a family of arcs.

16



Before Step 1

After Step 1
)

Fig. 3. Construction of a monosense CPD.



Fig. 4. An XIL-chord and other chords relative to it.
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Fig. 5. ‘Shrinking’ of the XL~chord of Fig. 4.
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Shrink O% 2 first

OV1 is already shrunk

Shrink OV2 next

Fig. 6. OV, is contained in OV,
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Shrinking of ane

daes not affect the other

. May be shrunk in any order

Fig. 7. OV, and OV, are disjoint.



_ Shrink OW1 first

a‘. .'- \- .'-ff" .
Shrink QW2 next
/ T

Fig. 8. OV, and OV, have a nonempty intersection.
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Fig. 9. An arc A; and other arcs with respect to it.
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Fig. 10. Splitting the circle open.
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