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x1



Chapter 1

Introduction

1.1 Background

For effective planning of health, social and other services, and for appor-
tioning government funds, there is a growing demand among various government
agencies such as the U.S. Census Bureau, U.K. Central Statistical Office, and Sta-
tistics Canada to produce reliable estimates for smaller sub-populations, called small
areas. For example, in both developed and developing countries, governmental poli-
cies increasingly demand income and poverty estimates for small areas. In fact, in
the U.S.A., more than $130 billion of federal funds per year are allocated based on
these estimates.

A sample survey designed for a large population may select a small number
of elements - even no element - for the small area of interest. Other non-sampling
errors such as non-response may further reduce the sample size for the small area.
Thus, standard design-based methods that are solely based on the survey data, gen-

erally fail to provide small area estimates with the desired level of precision. Over



the last two decades, different model-based approaches that borrow strength from
related data sources have been proposed in the literature. Such methods essen-
tially use explicit models to combine information from the sample survey, various
administrative/census records, and even previous surveys.

Depending on whether the data are available at the small area level or at the

unit or respondent level, two popular small area models are used.

(a) Fay-Herriot model (area level model)
In order to estimate the per-capita income of small places (population less than

1000), Fay and Herriot [18] used the following two-level empirical Bayes model:

e Level 1 (sampling model): y;|6; e N, i), i=1,--- ,m;

e Level 2 (linking model): 6; % N(x/3,02), i=1,--- ,m.

In the above model, Level 1 is used to account for the sampling variability of
the direct survey estimates y; of the true small area means 6;. Level 2 links the true
small area means 6; to a vector of ¢ known auxiliary variables x;, often obtained
from various administrative and census records. The parameters 3 and o? of the
linking model are unknown and are estimated from the available data. In order to
estimate the sampling variability 1;, Fay and Herriot [18] employed the generalized
variance function method (see Wolter [54]) that uses some external information from
the survey. In the Fay-Herriot model, it is customary to assume that the ;s are
known without error, even though it is usually the case that some part of 1); is

estimated.



The Fay-Herriot model can also be viewed as a mixed linear model:

ind

where v;’s and e;’s are independent with v; u N(0,0%) and e; ~ N(0,1;). Fay
and Herriot [18] used random effects (also referred to as small area effects) in order
to capture the additional area-specific effects not explained by the area-specific
auxiliary variables. In contrast, the corresponding regression model without random
effects fails to capture this additional area-specific variability. Using the U.S. census
data, Fay and Herriot [18] demonstrated that their empirical Bayes (EB) estimator
lalso an empirical best linear unbiased predictor (EBLUP)| performed better than
the direct survey estimator and a synthetic estimator used earlier by the U.S. Census

Bureau.

(b) Nested-error regression model (unit level model)
To estimate areas planted with corn and soybeans for twelve counties in North-

Central lowa, Battese et al. [3] used the following model:
Yij = ngBiji—i—eij,z’: 1,...,m,j: 1,...,%1',

where y;; is the j observation in the i"* small area, x;; is a vector of covariates at
the unit-level, v;’s and e;;’s are independent with v; “ N(0,02) and e;; w N(0,02).
Here, v;’s are area specific effects and e;;’s are random effects associated with the ;%
observation in the i** small area. For the nested-error regression model, the usual
parameter of interest is the small area mean 6, = X;ﬁ + v;, where X; is the known

population mean of the covariates of the i** small area.



1.2 Linear mixed models

In this section, we borrow ideas from semi-parametric regression, spatial sta-
tistics, geostatistics and disease mapping in order to discuss possible ways of general-
izing the Fay-Herriot model. One such method is to assume that the mean function
of the response variable is an unspecified smooth function. In such cases, splines
could be used to approximate the smooth function. A second method is by modeling
the random effects; we briefly discuss the conditional autoregressive model and the
simultaneous autoregressive model. A third method is given by directly modeling
the variance-covariance matrix of the random effects.

Consider a single covariate and assume
yi:f(xi)+€i>i:17"'7m7 (11)

where ¢; % N(0,0?) and f(z) is some unspecified smooth function. Kammann and
Wand [23], Wahba [48] and Wand [50] suggest using splines to approximate the
smooth function. For example, a cubic spline basis could be used to approximate

the smooth function. However, due to the large number of parameters, usually a

linear spline basis is used to approximate f(x). We would fit

yi:50+51xi+zuj($i_ﬁj)++€i,i: 1,...,m,

J=1

via least squares, where

0 if €Z; S Rj
Ty — Kj if x; > Ky,

(i — Kj)s = {

and kq,...,K, are referred to as the ‘knots’. Usually r, the number of knots, is

chosen to be large, approximately one for every 3 — 4 observations upto a maximum



of 20 — 40 knots (Kammann and Wand [23]). However, the large number of knots
will lead to a rough fit. By considering a penalty term on the coefficients of the
knots (referred to as penalized splines), a much smoother fit can be achieved. That

is, (B, u) are estimated by minimizing
i (yi_ﬂo—ﬂlxi —Zr:“j(%‘ —'fj)+>2+04||11“2 (1.2)
i=1 j=1
where u = (uq,...,u,) and « is the penalty parameter. Note that in (1.2) instead
of the Euclidean norm a number of other norms could be considered (Ruppert et al.
[41]).
Minimizing (1.2) with respect to (3, u) is equivalent to treating u as a random
effect in a linear mixed model (Wahba [49]). That is, let

1 1 (a:l—m)+ (:El—/ir)+
X=<z : ) Z= : :

I zpy (Tm — K1)4 - (Tm — Kr)

Then penalized least squares is equivalent to the best linear unbiased prediction of

(B,u) in the linear mixed model:
y=XB+Zu+e (1.3)

where u ~ N(0,,021,), € ~ N(0,,,021,,) and u, € are independent.

In the context of small area estimation, Opsomer et al. [34] used penalized
splines to estimate the mean acid neutralizing capacity for 113 small areas. They fit
their model using a bivariate spline on the geographical co-ordinates of the centroid
of each small area. Even though we have only discussed splines for the univariate
case, extension to the bivariate case can be done by considering radial or other

specialized basis functions. We do not elaborate any further.



We also note several other contributors to the literature on spline smoothing.
For example, Claeskens [8] derived a test statistic based on splines for testing a
parametric mean model against a nonparametric alternative. When the number of
knots and the smoothing parameter are selected as a function of m and the data,
testing a parametric mean model against a nonparametric alternative is asymptot-
ically equivalent to testing o2 = 0 in (1.3). Moreover, Ruppert and Carroll [42]
considered spline fitting with a penalty parameter that varies spatially. That is,
instead of assuming the penalty parameter a in (1.2) is a constant for all z, « is
considered to be a function of x. The penalty parameter is allowed to vary spatially
to adapt to possible spatial heterogeneity in the regression function.

For the linear mixed model
vi=xX.B+u;,i=1---,m,

we next give an overview of different ways of modeling the mean zero random effect
u;. A popular model used in spatial statistics is the conditional autoregressive model

(Besag [5] and Cressie [11]), where the u;’s are modeled as

m

wilfus 1§ £}~ N Y e, 02), (1.4)

J#t,5=1

and it follows from Besag [5],
u ~ N(0,,, 0% (L, — C)7")

where u = (u,...,uy,), C is a symmetric m X m matrix with (i, j)™ element c;;,
and ¢; = 0. In the context of disease mapping, Clayton and Kaldor [8] considered

a conditional autoregressive model with ¢;; = 1 if ¢, j are neighboring districts



and ¢;; = 0 otherwise. In order to estimate U.S. census undercount, Cressie [10]
considered a more general conditional autoregressive model than the one given in
(1.4).

A simultaneous autoregressive model (Cressie [11] and Ord [35]) treats the u;’s

as
m
U; = E Cijuj + €;,
=1
which can be expressed as
(I, —Clu=c¢€

u= (I, - 0) e,

where u = (u1,...,uy), € = (€1,...,6y,)", Cis am x m matrix with (i, j)" element

cij. Moreover, assuming € ~ N(0,,,021,,), we have

w ~ N0, (I — C) Iy — €)1,

For example, Ord [35] took C' = pW, where W is a known weighting matrix.

We also note that there are several other models for the random effects u; that
are mentioned in spatial statistics. For example, there is a spatial analog of the
moving average model that is used in time series (Cliff and Ord [9]).

In contrast to the aforementioned models for the random effects u;, the ap-
proach we take in Chapter 2 is directly modeling the variance-covariance matrix
of the random effects (in our context, the random effects are referred to as small

area effects). Rao [37] suggests using models from spatial statistics to model the



variance-covariance matrix of the u;’s. One such example is
oL, + W (1.5)
where W;;, the (i, 7)™ element of W, is given by
Wij = exp(—as|h; — hy]) (1.6)

where |h; —h;| is the distance between small areas ¢ and j. The covariance models
discussed in Chapter 2 are similar to (1.5)-(1.6). However, a major difference is the

asymptotic framework we consider (see Section 2.2).

1.3 Overview of thesis

In Chapter 2, by introducing a scaling factor, we consider a hybrid asymptotic
framework between infill asymptotics and increasing domain asymptotics (see Sec-
tion 2.1-2.2). We assume that the small areas can be partitioned into clusters, the
number of such clusters and the number of small areas in each cluster growing with
sample size. Under such an asymptotic framework, we suggest a few models for the
covariance matrix of the small area effects.

In Chapter 3, for the small area model we consider, we provide a method
to estimate all parameters. Moreover, we show that our parameter estimators are
consistent and asymptotically normal.

In Chapter 4, through a simulation study, we investigate the properties of the
parameter estimators derived in Chapter 3. We compare the predictor obtained

under our model and the predictor obtained under the misspecified Fay-Herriot



model. We also investigate the conjecture that under the asymptotic framework
we consider, the maximum likelihood estimator is consistent and asymptotically
normal.

In Chapter 5, we use the small area model that was proposed in Chapter 2
and the estimation methods developed in Chapter 3 to analyze a spatial data set.

In Chapter 6, we give a short summary of the small area estimation problems
that are discussed and partially solved in Chapters 7 and 8. This chapter serves as a
bridge between the problems with spatial covariates and correlated errors, discussed
in earlier chapters, and the specialized non-spatial small area estimation problems
treated in the rest of the thesis.

In Chapter 7, for the Fay-Herriot model, we use a hierarchical Bayes (HB)
approach to develop a methodology to construct simultaneous 100(1 — «)% credible
intervals. We develop a new class of moment matching priors for the prior variance
that has a desirable frequentist property.

In Chapter 8, for a special case of the nested error regression model, we derive
a nonparametric second order unbiased estimator of the mean squared error (MSE)
of the empirical best linear unbiased predictor (EBLUP). Through simulation, we
show for various parameter combinations, the Prasad and Rao [36] estimator is quite
robust for departures from normality.

In Chapter 9, we summarize our results and discuss future research problems.



Chapter 2

Modeling

In the Fay-Herriot [18] model, the small area effects are assumed to be inde-
pendent - though in many data problems neighboring areas ought to be correlated
- and by modeling the correlation, better predictors of the small area means could

be achieved. For the models considered in Chapters 2-5, it is assumed that

Yium =iy + €, 1 €S
(2.1)
O =X;B3+ vy, 1 €U
where U is the set of all small areas, with |U| = M elements, and S C U is the set
of sampled small areas, with |S| = m elements. The small area means constitute a
triangular array of the type {0, : 1 =1,2,..., M, M =1,2,...}. We do not observe
the small area means, but instead observe survey estimates {y;, : i € S}. The x;’s
are vector valued covariates for the i** area and 8 € RY is an unknown vector valued
parameter. As in the Fay-Herriot model, the sampling errors e; “N (0,7;), the e;’s
and the v;,’s are independent. The small area effect vector vy = (viy, -« ., Uyn)’ 18

a mean zero normal random vector with covariance matrix ¥y (n) = Xy, where 7 is

a vector valued parameter. See Section 2.2 for a discussion of variance-covariance

10



models for >.

For notational convenience, the set U is re-indexed so that the first m elements
of U consist of the sampled small areas. Also, the subscript M in vy, Oiv, Vin 1S
dropped, with the understanding that the 6,’s constitute a triangular array. Given
the set of sampled small areas, the vector of survey estimates y = (y1,...,¥m)" can

be modeled as

y=0+e=XB+vVv+e, (2.2)

!/

where X = (X1,...,Xm), V.= (V1,...,0p)

" are independent

and e = (e1,...,€n)

with v ~ N(0,X) and e ~ N(0,W). Here ¥ = ¥(n) is the sub-matrix of ¥ that

corresponds to the sampled small areas, and ¥ = diag(¢y, ..., ¥,,). Also,

var(y) =V =V(n) =X+ V. (2.3)

2.1 Overview of asymptotics for spatial data

For spatial data, two distinct asymptotic frameworks have been studied. In-
creasing domain asymptotics refers to more and more observations being sampled
over an increasing domain D C R? such that the Lebesgue measure of D is un-
bounded. When referring to increasing domain asymptotics, it is assumed that the
spatial locations of the observations do not become dense. That is, for some € in-
dependent of M and € > 0, |h; — h;| > ¢, where h;, h; are the spatial locations of
the observations (Cressie [11] and Mardia and Marshall [26]). Under this asymp-

totic framework, Mardia and Marshall [26] showed that the maximum likelihood

11



estimator (MLE) of the covariance parameters of a Gaussian process is consistent
and asymptotically normal.

Infill asymptotics refers to observations being increasingly sampled over a
bounded domain. There are very few asymptotic results under infill asymptotics.
For example, it is known that some covariance parameters of a zero mean Gaussian
process cannot be consistently estimated, and for the remaining covariance parame-
ters, the MLE is consistent and asymptotically normal. For such results, see Abt
and Welch [1], Chen et al. [7], Stein [45], Ying [55], Zhang [56] and Zhang and
Zimmerman [57].

One of the most popular covariance models for spatial data is given by

- L
Chyh) =4 O T (2.4)
dexp(—=Alh; —hyl) if i,

where § > 0, A > 0, 0% > 0. See Cressie [11], Stein [45] and Zimmermann and
Harville [59]. The above model is referred to as the exponential covariance model
with nugget effect. Under infill asymptotics, and assuming that the spatial process
is Gaussian, when the covariance model is given by (2.4) and the spatial locations
h; are situated on a lattice in [0, 1], Chen et al. [7] showed that the MLE for o2 is
m2-consistent. Moreover, § and A cannot be simultaneously consistently estimated,
but the MLE for §\ is mi-consistent. Under infill asymptotics when either the
spatial locations h; are irregularly spaced on [0, 1] or for any spatial pattern h; €
0, 1]2, there are no asymptotic results in the current literature for the MLE for n =
(8, X,06%)". On the other hand, under increasing domain asymptotics and assuming

the spatial locations do not become dense, the MLE for n = (6, \,0?)" is ma-

12



consistent (Mardia and Marshall [26]).

2.2 Covariance models for the small area effects

Motivated by the results mentioned in Section 2.1, we assume the covariance
model for the small areas effects is given by a model similar to (2.4), but we consider
a hybrid asymptotic framework by introducing a scaling factor.

Since small area effects need not depend on geography alone, it would be
reasonable to assume that a number of other covariates influence the correlation
between two “neighboring” areas, and hence, z7 is a s-dimensional vector of spatial
locations and certain categorical and continuous variables which measure spatial
similarity. The z}’s are in a fixed, finite dimensional space whose dimension is
independent of M. The vector of spatial locations and covariates z} of the small
areas are thought to be in an increasing domain, but are scaled such that z; are in
a bounded domain.

The proposed covariance model for the small area effects is

Y, = oIy + 54, (2.5)

where the (i, j)" entry of Ay is given by

Ay = exp(=AM?|z; — z4]), (2.6)

where § > 0, A > 0, 0% > 0, MP? is the scaling factor, 0 < p < 1/s is a user specified
parameter (s is the dimension of z), and the scaling is such that |z; — z}| =

MP?|z; — z;|. Note that when § = 0 we have the Fay-Herriot model. When p =1/s,
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and z; are only s-dimensional spatial locations, and |z} — z}| > € > 0, we have a
special case of the usual increasing domain asymptotic framework.
Our main assumption in Chapters 2-5 is:

Assumption (C): The set of small areas |U| can be partitioned into k (= k(M)
increasing to oo with M) clusters Cy,...,Cy, with cluster sizes Ni,..., Ny such
that Zle N; = M. From each cluster C;, n; of the N; small areas are sampled
such that Zle n; = m. The n;’s are assumed to be non-random. The asymptotic
framework that is considered is k — oo and for each I, Ny — oo, n; — oo such that

0 < limy,, §,—oo /Ny < 00.

Moreover, for [ =1,... k,
lim sup M? sup |z; — z;| < oo, (2.7)
M—00 ijeCy

and for all I # Iy,

lim inf
M se log M icc:

inf zZ; — Z;| = o0. 2.8
nf ln~ 2 2.

The factor of log M in (2.8) is needed for technical reasons when deriving the
asymptotic distribution of estimators for 6 and A (see Remark 7 in Section 3.4.2
and the proof of Theorem 3.3 in Section 3.5). Note the slightly unusual definition
of what it means for two small areas to be in the same cluster. They are defined
to be in the same cluster only if, asymptotically, their unscaled distance from one
another is bounded.

Moreover, we do not want the clusters to shrink toward a point, that is, it is
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assumed that for [ =1,...,k, 3 ¢, > 0 such that

1
Jim 5 Y a5 ) = € (2.9)
oo ! 1,j€CY

where 0 < ¢ < 1. As will be shown in Chapter 3, (2.9) is a sufficient condition for
the parameter A\ to be identified and consistently estimated.

In Chapter 3, estimation methods and asymptotic results are derived under
Assumption (C), (2.1)-(2.3) and (2.5)-(2.9). In addition, several other possible co-
variance models for the small area effects are described below.

We also mention that an alternative method to ours would be to include the
vector z} in the mean structure as an unspecified smooth function [similar to (1.1)].
We do not elaborate any further.

Based on how clusters were defined in (2.7)-(2.8), a cluster model for Ay is
given by

exp(—AM?|z;, — z;|) if i,7, € C; for some [,

A = (2.10)
0 otherwise.

Note that for each cluster C; and for all 4, j € Cj, A;; = exp(—AMP|z; — z,|)
is a valid covariance model. Since the clusters are uncorrelated and we assume the
small area effects vector vy is a normal random vector, it follows that (2.10) is a
valid covariance model. Moreover, we do not have to limit ourselves by defining
distance as the Euclidean norm. We could use other norms in (2.6) and (2.10).
However, we need to use a distance norm that gives a positive definite matrix Ay.

As is shown in Chapter 3, under Assumption (C), the asymptotic distribution
of the parameter estimators when the true model is (2.1)-(2.3), (2.5), (2.7)-(2.10) is

the same as when the true model is given by (2.1)-(2.3), (2.5)-(2.9).
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Furthermore, (2.6) can be generalized to include a vector parameter A =
(A1, A2)'. For the i small area, let hf = (h¥,... k%) and df = (df,...,ds)" re-
spectively denote the vector of spatial locations and the vector of certain categorical
and continuous covariates. Since the scaling factors of each of the covariates and
spatial locations could be different, an alternate covariance model for the small area

effects is given by
Ayj= exp (—AlMpo [h; — by — A (Z MP(d;, — djr)2>§> (2.11)
r=1

where h; = (hj1,...,his) and d; = (d;1, ..., d;,)" are respectively the scaled spatial
locations and scaled covariates. Forr = 1,...,a, MP" is the scaling factor associated

with covariate d7,,

where p, > 0 and > ", p, <2, and M is the scaling factor for
the spatial locations, where 0 < p, < 1/s (and s is the dimension of h}). For any r,
pr = 0 means that {d, : i € U} is always in a bounded interval. For example, the
covariate, proportion of county residents with a college degree. Also, p, > 0 means
that {d}, : i € U} lies in an increasing interval. For example, with an increasing
number of counties, it is possible that one may see a wider range for average county
income. Also, (2.11) is a valid covariance model. See Cressie and Huang [13].
Similarly to (2.7)-(2.8), it is assumed that the set of small areas |U| can be

partitioned into clusters C1, ...,y such that for [ =1,...,k,

limsup M*° sup |h; — h;| + (thsup MP sup (d; — dj,«)2>5 <oo, (2.12)

M—oo 1,j€C) M—o0 1,j€Cy

and for all [ # Is,

[NIE

2 —
l}\}[n_glof Tog M Zénf Ih; —hj| + (th inf ——— oz M) lgézfl (dir — djr) ) =00 (2.13)
j6012 JGCZQ
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Also, similarly to (2.9), we do not want the clusters to shrink toward a point.

That is, we assume for [ =1,...,k, 3 ¢;1,¢2 > 0 such that
lim — oI = = (2.14)
Nisoo N2 2 “IMpolii—hgl > e, ooy MPr(dip—dg)?)3 2e10] 0 '
1,j€C
where 0 < ¢ < 1.
A second cluster model for Ay is given by
exp { = X1 MP[b; — by
1
Aij = —A2 (Eff:l MPr(d;y — dj )2>2} if 4,74, € C; for some I, (2.15)

0 otherwise.

Finally, we consider the following covariance model for Ay in which small
areas within clusters are equally correlated, and small area between clusters are

uncorrelated:

Ay = blockdiag(Jy,, - - -, Jn,) (2.16)

The above model could be seen as a special case of (2.10) by defining |z; —z;| =

0 if 7, j are in the same cluster.

2.3 Prediction

As mentioned previously, one of the objectives of modeling the small area
effects is to obtain better predictors. Consider predicting a linear combination of

fixed effects and small area effects; that is, for known a € R?, £ € RM we wish to

17



predict
t=a'B+Lvy (2.17)

where vy is the (population) vector of small area effects. When using the Fay-
Herriot model, the best linear unbiased predictor (BLUP) or the empirical BLUP
(EBLUP) is used to predict the parameter of interest 6; (Das et al. [14], Datta and
Lahiri [15], Datta et al. [17], Lahiri and Rao [24] and Rao [37]). The same practice
is adopted in this thesis as well.

Since it was assumed that the set of all small areas U was re-indexed such that

the first m counties are observed, let v and X be partitioned as follows:

v ZE*
VU:(V)’EU:(ZIE )

where v € R™ is the vector of observed small area effects, v, € RM~™ is the vector
of unobserved small area effects, ¥ = var(v), X, = cov(v, v,) and %, = var(vy).
For a general linear model, Rao [37] derived the BLUP of ¢. For the model
given by Assumption (C), (2.1)-(2.3) and (2.5)-(2.9), the BLUP of ¢ can be derived
in a manner almost identical to the proof given in Rao [37], and hence, the proof is

omitted. The BLUP #(n) of t is given by
i(n) = a'B(n) + €AV} (y — XB(n))

where V = X + ¥ = ¢%],, + JA 4+ ¥, A is the sub-matrix of Ay that corresponds to

by

the sampled small areas, A = A(n) = ( 5

) and B(n) is the best linear unbiased

estimator of 3. That is,

Bn) = (X'VIX)' X'V y.
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Moreover, the MSE of #(n) is given by

MSE[t(n)] = g:(n) + g:(n)

where

a(n) =203, — AVﬁlA’)E

%) =(@a—-XVIAYXVIX) " (a- XV 'AL).

Note that g,(n) is the MSE of the BLUP when 3 is known. Once again the proof
is omitted as it is almost identical to that given in Rao [37].

Since the BLUP #(n) involves unknown parameters, an empirical version of

the BLUP, referred to as the EBLUP, is given by
i(n) = a'B(i) + LAV (@) (y — XB(®)

where 7) is a consistent estimator of 7.
We are interested in predicting 6; = x;3 + v;. For i = 1,..., M, the EBLUP

~

0;(n) of 6; is given by
0,(7n) = x,B(n) + £A@M) V(7)) (y — XB(#)) (2.18)

where f; is the i** standard basis vector in RM.
In order to compare two predictors of ¢, we define the relative efficiency of two

unbiased predictors ¢ and ¢ by

(2.19)
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When all parameters are known, assuming that the true model is given by
Assumption (C), (2.1)-(2.3) and (2.5)-(2.9), the following discussion seeks to calcu-
late the relative efficiency of the BLUP él of 8; obtained under the true model and
the BLUP 6; of 6; obtained under the misspecified Fay-Herriot model. Knowing the
relative efficiency of the two predictors gives an idea as to what parameter settings
would require us to use the more complex model that is proposed as opposed to the

simpler Fay-Herriot model. When 3 is known, 0; is given by

- X3+ ZH (g, —x8) ifies
0, — s ) (2.20)

X3 if 7€ 5°
It is not obvious that in (2.20), 02§ is the correct parameter choice. However,
using the Kullback-Leibler Information Criterion (KLIC) in (3.4), we show that the
aforementioned parameter choice minimizes the KLIC between the true model and
the misspecified Fay-Herriot model, and is therefore the correct parameter choice.

Next, we compute the MSE of 0}, where 6; is given by (2.20). For i € S,

MBI = B(x0+ -0 x8) ~ X6 )
- (%)2(02 6+ 1) — 2%(02 +6) + (0% +0)
_ 0(32:% (2.21)
Also, for i € S°,
MSE[f;] = E(v?) = 0% +§ (2.22)

When 3 is known, it follows from Rao [37] that the MSE of 6; is ¢,(n) where

MSE[f; ] = g:(n) = £/(Zy — AV A, (2.23)
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As a simple example, using (2.21)-(2.23) and (2.19) we compute R(6;,6;) for
k=1,n=m=200N=M=40and £k =1, n =m =40, N = M = 80. That
is, we assume there is one cluster with 40 or 80 small areas of which we sample 20
or 40 small areas. We take kK = 1 for the following reason: by Assumption (C),
(2.7)-(2.8) and since all parameters are known, when predicting a small area only
observed small areas from the same cluster are used. Furthermore, for simplicity we
took 1; = 0.5 for all ¢ € S. The parameter A was chosen so that the median within
cluster values of the off diagonal entries of Ay was some number ¢. We chose values

¢ = 0.70, 0.35 that respectively correspond to A = 0.12, 0.41.

Table 2.1: R(éi, 81) for sampled and non-sampled small areas when v; = 0.5.
‘Obs.” refers to R(6;,0;) for an observed area, ‘Unobs.’ refers to R(6;,6;) for

an unobserved area.

M m A o2 | Obs. Unobs.

40 20 0.6 0.12 04 ]1.303 1.946

40 20 0.3 0.12 0.7]1.086 1.267

40 20 0.6 041 04 ]1.199 1.604

40 20 0.3 041 0.7]1.058 1.177

80 40 0.6 0.12 04| 1331 2.032

80 40 0.3 0.12 0.7 |1.097 1.300

80 40 0.6 041 0.4 ]1.227 1.678

80 40 0.3 0.41 0.7 |1.068 1.205
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In Table 2.1 the column ‘Obs’ refers to R(é,-, 0;) for an observed small area.
Similarly ‘Unobs’ refers to R(HAZ-, HNZ) for an unobserved small area. As can be seen
from Table 2.1 larger relative efficiency is obtained for the unobserved small areas.
Moreover, large 6, m and small A give larger relative efficiency. Note that since
k = 1, m corresponds to the number of sampled small areas in a cluster. That is,
relative efficiency depends on the number of sampled small areas in a cluster. We
also refer to Tables 4.1 and 4.2 where R(@AZ-, éz) is computed when all parameters are
estimated. The tables are comparable in the sense that the parameter combinations
of (§,\,0?) and n, N are the same. However, the 1;’s were not all 0.5 in Tables 4.1
and 4.2 (see Section 4.2 for how the 1);’s were generated to obtain Tables 4.1 and
4.2). We note that the relative efficiency in Tables 4.1 and 4.2 are similar to what
we have obtained here.

Next we compute (2.19) for a much simpler model. Let 6;" be the BLUP of 6,
obtained under the model (2.1)-(2.3), (2.5),(2.16).

When the variance-covariance model for the small area effects is given by
(2.5),(2.16), since the k small area clusters are independent and all parameters are
known, for purposes of predicting 6;, it may be assumed that £ = 1 without loss of
generality. This follows from noting that when predicting 6;, since the clusters are
independent, only observed small areas from the same cluster are used. For this one
cluster, m of the M small areas are sampled. The set of all small areas U is once
again re-indexed such that the first m elements of U consist of the sampled small

areas S.
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The BLUP §; of 6; obtained under model (2.1)-(2.3), (2.5),(2.16) is

. 2
O =xiB+f( 7 T ) 00+ 6+ 9] (y - XP),
1 1 5JM—m
and since B is known, the MSE of 6;" is given by the term g, (Rao [37]), that is

MSE[§*] = f! (0—2IM + 6Ty

B (02]m +0J,,

2 1 2 '
. ) (0L 4 0Ji + U] (0% + 6 | 0T01m) )fl (2.24)

where (021m + 0 | (5JM,m) is an m x M matrix with the first m columns given
by 021, + 0J,, and the last M — m columns given by §Jy/_m.

For any i € S, using (2.24), we calculate the MSE of 6. Let E = diag(o? +
P1,...,0%+1,). By multiplying both sides of (2.25) by E + d.J,,, it can be checked

that

)
21 U= B — E71J,E1 2.25

For a sampled small area, that is, ¢ € S, note that

f{(O'QIM —|— 5JM)fz = 0'2 —|— 5,

2
/ U[m+5jm 2 /
fz( S ) =of; +41,,,

(61,, + o*f) E~ (61, + o°f) = 62 i 1 N 2002 A
o+ o+ 0P+

4

j=1
(61, + o*f) B, E71 (81, + 0°f;) = (61,, + o) E~'1,,1) E~*(01,, + o*f)

_ ((51m + Uin)'E—nm)Q

2

( 202—{—@0 02—|—w>2
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Hence, for ¢ € S, by (2.24)

- - 1 2002 ot
MSE[0f] = 02 + 6 — §? - - -
6i) ="+ ;az-l-l/ij o+ o2+

J 5 [ 1 2 ot 2002 & 1
1+(5Z ' 2+1ZJ (5 (;a2+¢j> +(02+¢i)2+02+wi;‘72+¢j)

2 (5 S )

Sot — 2002 (0% + ;)

e - +
o2+ 1+5Zj:1 1/(g2+¢j)) (1_1_52;'%:1 1/(02+¢j)>(0_2+¢i)2
o2, n ( 1 ) (0t —260%(0? + ;) + 5(0? + ;)?)
o+t \1+03° 7 1/(0% + 1)) (02 + i)
2.1 2

_ ng - 0Y; (2.26)

AU (140N 1/(02 + 1)) (02 + )2

For a non-sampled small area, that is, i € S¢ note that
/(oI + 6Ja)f = o + 6,
(0?1, + 6, Y
o (7o) <,
61, E~'J,E"'01,, =61 E711,1, E'1,,
— 52 -
(; 0’2 + 77[]]>

Hence by (2.24) for i € S¢, we get

MSEL ) = 0% +0 = [~ s s (Y )
jle' +wj 1+52j=1 /O' +w] =1 "’w]
023 1/ (0% +
=02+ — Zﬁ,ﬁ /o 2 2 (2.27)
1 +6Ej:1 /(o +¢j)

From (2.26) and (2.21), for i € S, and assuming ; > 0 (note that if ¢; = 0,

then since it was assumed that 3 is known, v; is also known), the relative efficiency
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of the two predictors é: and 6; is

(1O 0 ) ) (0F 4+ )20+ 0) /(0 + 5+ )
R(07,6;) = (2.28)

o2(o2 + ) <1 +9 Z;”zl /(o2 + ¢j)> + 0,

—><1+%>(%) as m — 00

Moreover, by (2.27) and (2.22), for i € S¢, the relative efficiency of the two
predictors éz* and 6 is

. (02 +0) (1405, 1/(0* + 1))
(02 + 8)(1+ 87 1/(02 + 45)) = 82 07, 1/(02 + 1)

(2.29)
— 1+ ;

As can be seen from (2.28)-(2.29), the relative efficiency of #* and 6; depends
on dm/o? (this was the case for Table 2.1 as well). Also, for non-sampled small
areas, the predictor derived from the misspecified Fay-Herriot can perform poorly
with respect to é,»* if the small areas are strongly correlated. For the sampled small
areas, the loss in efficiency by using 6; is not as large as the non-sampled small areas
(see Table 2.2).

For various values of m, d, 02 and 1; (which we took to be the same for all
small areas) we calculate (2.28), (2.29) and its limits. In Table 2.1 ‘Obs.” refers
to (2.28) and ‘Obs.lim’ refers to the limit of (2.28). Similarly we define ‘Unobs’,
‘Unobs.lim’. Note that when deriving (2.28), (2.29) we took the number of clusters
to be 1. Hence m refers to the number of sampled small areas in a cluster. It
is interesting to note that increasing 1; from 0.5 to 1.5 increases R(67,0;) for the

sampled small areas. As we previously mentioned, R(él* ,6;) depends on dm/o?.
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Table 2.2: R(07,6;) and its limit for sampled and non-sampled small areas .
‘Obs.” is R(éi*,éi) given by (2.28), ‘Obs.lim’ is the limit of (2.28), ‘Unobs.’

is R(6;",0;) given by (2.29), ‘Unobs.lim’ is the limit of (2.29).
m & o2 4 | Obs. Obs.lim | Unobs. Unobs.lim

20 06 04 051418 1.500 2.263 2.500

20 0.6 04 1.5)|1.635 1.900 2.075 2.500

20 03 0.7 051110 1.143 1.333 1.429

20 03 0.7 151166 1.257 1.281 1.429

40 06 04 0.5]1.456 1.500 2.371 2.500

40 0.6 04 1.5|1.748 1.900 2.252 2.500

40 0.3 0.7 0.5 1125 1.143 1.375 1.429

40 0.3 0.7 151203 1.257 1.340 1.429

Based on Tables 2.1, 2.2 and (2.28)-(2.29), we conclude this chapter by remark-
ing that for the true model given by Assumption (C), (2.1)-(2.3) and (2.5)-(2.9), in

order to achieve large relative efficiency, we require:

1. There be a large number of observations in each cluster (from our computa-

tional experience we believe n should be at least 20).

2. The cluster radius be small and 6/0? be large. Note that we could interpret

the results in Table 2.2 as having come from the model given by Assumption

(C), (2.1)-(2.3) and (2.5)-(2.9) with extremely small cluster radius.

However, as will be shown in Chapter 3, for good estimation of the parameters
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we require:

1. A large number of clusters (at least 20) as opposed to a large number of

observations in each cluster.

2. The cluster radius be bounded away from 0, as opposed to small cluster radius

which is needed for better prediction.
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Chapter 3

Parameter estimation

In this chapter, estimation methods and asymptotic theory of the estimators
of the fixed effects parameter 3 and the covariance parameter n = (6, A\, 02)" are
discussed.

In spatial statistics and geostatistics, numerous estimation methods have been
developed for estimation of covariance models. We give a short review of these
methods.

A classical method of estimation is by the empirical variogram. The variogram

v(h) of a stationary increments process Z(s) is defined as
1
v(h) = §Val‘(Z(S +h) — Z(s)).

An empirical variogram is estimated using the data, and then by visual in-
spection, a parametric variogram is selected and fitted to the empirical variogram
by least squares or generalized least squares (Cressie [11] and Zhu and Stein [58]).
However, if only the residuals of a spatial process are stationary, the mean function

is estimated by ordinary least squares, and then the residuals are used to estimate
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the empirical variogram. The empirical variogram, while popular, has certain limi-
tations. For one, the empirical variogram is correlated at different lags, making it
difficult to visually inspect and choose a model for the variogram. Moreover, para-
meter estimators obtained by fitting a model to the empirical variogram may not
be consistent (Zhu and Stein [58])

A second method is maximum likelihood. Due to the complex nature of the
variance-covariance matrix in spatial models, Mardia and Marshall [26], Richardson
et al. [39] and Zimmerman and Harville [59] suggest using gradient algorithms
such as Newton-Raphson or scoring to maximize the likelihood function. Such
methods require the inverse of the variance-covariance matrix to be evaluated at
each iteration. Note that, in general, inverting the variance-covariance matrix has
computational time O(m?) (Mardia and Marshall [26]). However, by taking into
account the covariance structure, the computational time could be reduced.

There are also iterative methods that combine two different methods of esti-

mation. For example, a spatial autoregressive model is defined as

y=XB+u

u=plWu+e

where € ~ N(0,,,0%I,,) and W is a known weighting matrix which is usually row
normalized to equal 1. For this model, Ord [35] suggested the following iterative
method to estimate all parameters: estimate B by ordinary least squares, then
substitute the residuals into the likelihood function to estimate p, then obtain a

generalized least squares estimator of 3, recompute p, and iterate until (numerical)
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convergence. Another method suggested by Ord [35] to estimate the parameters 3
and p is to consider the profile log likelihood in terms of p alone. After obtaining the
estimate for p by maximizing the profile log likelihood, an estimate for 3 is obtained
by generalized least squares.

Finally, Haining [19] and Richardson et al. [39] suggest a non-parametric
method to estimate the variance-covariance matrix by using the residuals of the
ordinary least squares to estimate the covariance function at various lags. This
method, like the empirical variogram method, has its limitations.

Let k = (3,n) denote the vector of all parameters in the model given by As-
sumption (C), (2.1)-(2.3) and (2.5)-(2.9). As mentioned, since determining the MLE
of k involves a large amount of computational time, and due to certain technical
reasons discussed in Section 3.3, alternate methods of estimation are considered.
To further simplify matters, we do not jointly estimate all parameters, but instead

develop routines to estimate only a subset of the parameters at a time.

3.1 Estimation of (3, 7?)

The parameter 72 in our model is defined as
7 =§+0% (3.1)
An estimator (B,,,72,) for (3,72) is given by (subscript of FH for Fay-Herriot)
(Bews 72) = argmax g(8,7%y) (32)

BERYI,T2>0
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where
m 1 & 1 <& (y; — x,8)?

o(B.7%y) =~ T logzn — 03 log(r? 4w — 3 - WXL gy
i=1 i=1
Note that (3.3) is the log likelihood when the direct survey estimates y; are
assumed to follow the Fay-Herriot model. That is, we estimate (3, 72) by maximiz-
ing a misspecified log likelihood. White [53] showed that under certain regularity
conditions the parameter vector that maximizes the log likelihood is a consistent

estimator of the parameter vector that minimizes the Kullback-Leibler Information

Criterion (KLIC). The KLIC is defined as

I(fi, f2) = Ef1<10g %) (3.4)

where f1,fo are respectively the true and misspecified joint densities of the obser-
vations. In our case, the true model is given by Assumption (C), (2.1)-(2.3) and

(2.5)-(2.9), and minimizing the KLIC is equivalent to maximizing

1 m 1 m 2 ) / B 2

= i=1
where E(-) is taken with respect to the true model. Note that the correlations in
the true model do not enter the KLIC. Assuming X has full rank, the parameter
vector that minimizes the KLIC is (83, 7%) = (8,,72) [see (3.12) for a proof]. Hence,
one would expect (BFH, 72,) to be consistent. However, White’s [53] theory is not
applicable here as White [53] assumed that the true model consisted of independent

observations. In Theorems 3.1 and 3.2, sufficient conditions are given for (BFH, 72)

to be consistent and asymptotically normal.

31



Note: For each of the theorems that follow, see Section 3.4 for the assumptions and

some remarks and Section 3.5 for the proofs.

Theorem 3.1. Suppose the true model for {y; : i € S} is gwen by (2.1)-(2.3),
(2.5)-(2.6). Suppose 72 > 0, m, M — oo such that 0 < limy, p/—oe 15 < 00 and
(A1) — (A5) in Section 3.4.1 are satisfied. Then (BFH, 72.) is (locally) consistent for

(Bor75)-

Theorem 3.2. Suppose in addition to the assumptions of Theorem 3.1, (A6)-(A8)

in Section 3.4.1 are also satisfied. Then

(X'D; WV, Dy X) 2 X'D;IX 0, Bru— B
sy N(0g41,1
0; T 1 /(73 44i)? (TEH—TO ) = N(0gs1, Ig11)
9 \/Qtr(D VoD, 2V,)
where Do - diag(TO2 + ¢17 s + w’m) = E + \Ij Z = Z(no) - J2[m + 0, Ao7

A, = A(N,), and where A is the sub-matriz of A, that corresponds to the sampled

small areas and 1, = (85, Ao, 02)".

3.2 Estimation of (§, \)

An estimator (0, \) for (8, ) is given by

(6,\) = argmax h(J, \;y) (3.5)

§>0,A>0
where

h(6,\;y) Z Z (eze] — dexp(—AMP|z; — sz)>2 (3.6)

=1 i,j€C]
i#J
where ¢; = y; — X;B, [A? is a consistent estimator of 3, that satisfies (B8), and for

l=1,...,k, C;is the I'" cluster [see Assumption (C) and (2.7)-(2.8)].
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Theorem 3.3. Assume there are k clusters, C4, ..., Cy, with cluster sizes N1, ..., N}
such that Zle N; = M. From each cluster C;, n; of the N; small areas are sampled
such that Zle n, = m. Suppose 6, > 0, A\, > 0, the true model for {y; : i € S} is
given by (2.1)-(2.3), (2.5)-(2.6), and (B1)-(B7) in Section 3.4.2 are satisfied, then

(8,)) is (locally) consistent for (8,, A,).

Theorem 3.4. Suppose in addition to the assumptions of Theorem 3.3, (B8) in

Section 3.4.2 is also satisfied, then

rn? 1 (8-
DYEL/ES 2LO<A ) 4 N(0,, 1)

k 1
ORIk A=A
where
K __ 8 tr[GoVoGoVy]  — t2[GoV,H, V)
©OF ot \ (G HLY,]  t[H,V,H,V,

I 2 tr[G?] — tr[GoH,)
SR n2 \ —t[GoH,)  tr[H?

Vo=%(n,) + ¥ =021, +6,A, + ¥
Aoij = exp(—AM?|z; — z4])

o exp(—AMP|z; — z;|) if i # j, i,j € C; for some [,
0,ij —

0 otherwise

H doMP|z; — z;| exp(—AoMP|2z; — z;]) if i # 5, i,7, € C; for some [,
0,ij —

0 otherwise

where A, ij, Goij, Hoij are respectively the (i, j)™ entries of A,, Go, H,.
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3.3 Maximum likelihood estimator

As mentioned in Section 2.1, for spatial models under infill asymptotics there
are very few results regarding consistency and asymptotic normality of the MLE.
The difficulty of showing such results is because, for general patterns of z;, there is
no explicit expression for the inverse of the variance-covariance matrix of the random
vector y. Moreover, yet another technical difficulty is that for certain spatial models,
the rates of convergence of the parameter estimators are not necessarily identical.
For example, under infill asymptotics, Chen et al. [7] showed that only o2 and d\
are consistently estimable in model (2.4). Moreover, they showed that the MLE

2 is mz-consistent and the MLE for §)\ is mi-consistent. This result was

for o
shown under the assumption that the z;’s are situated on a lattice in [0, 1]. Under
such an assumption, it is possible to explicitly write the inverse of the variance-
covariance matrix. Moreover, other results that show consistency and asymptotic
normality of the MLE in spatial models, assume similar restrictive conditions on
the spatial patterns to be able to write the inverse of the variance-covariance matrix
in a manageable form (Loh and Lam [25] and Ying [55]). We encounter similar
technical difficulties in trying to show the MLE is consistent and asymptotically

normal. However, we conjecture that for the model given by Assumption (C), (2.1)-

(2.3) and (2.5)-(2.9), the MLE Ry, of Kk = (8,n) is consistent and

(200)) " (R = K0) % N(O,1. Ty) (37)
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where Z(k) is the information matrix, and using Lemma 3.7 (c), it is given by

X/‘/Z)X Oq Oq Oq
0, Str[V, AV YA Setr[V LAV, B, AtV AV
0) otV AV B, BV BV, B, StV BV ]
0:1 %tr[vofleVofl] %"tr[V;lBoV:;l] %tr[V*Q]
where for ¢, j = 1,...,m, Bo;; = —MP"|z; — z;| exp(—MP)o|z; — z;).

The above conjecture is based on:

1. For the balanced one way random effects model, or equivalently, when

the

variance-covariance model for the small area effects is given by (2.5) and (2.16)

with no sampling errors, N; = N, n; = n, and 3 is an intercept, consistency

and asymptotic normality of the MLE follows as a special case of Miller [29]:

k2 0 0 Bur — By 0 5, 0 0
0 ki 0 b =6, | SN[ o].[ 0 2820
0 0 me 62 — o2 0 0 0 20*

Note that 62, is \/m-consistent, but BAML and SML are only Vk-consistent.

2. Under infill asymptotics, since some of the parameters are not consistently

estimable, one cannot expect (3.7) to hold in general. However, this is not the

case for our model. That is, we have already shown that all parameters are

consistently estimable.

3. Simulation results (see Section 4.4) indicate that for large k, the empirical vari-

ance of the MLE of 77 matches the conjectured variance obtained by inverting

the information matrix [(3.8)].
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3.4 Assumptions and remarks

3.4.1 Theorems 3.1 and 3.2

(A1) X has full rank.

(A2) 1);’s are bounded such that for all 7, 0 < ¢; < 1), for some ¥, < occ.

(A3) 0 < limy—oo(1/m) >0 %% < o0

(AD) Tt e (80/m2) S I3 | exp(— M2 2 — 75]) = 0.

(AS) T 52/) 3 e5D(~2MP A — 7,]) = 0.

(A6)  1imy, o0 Ymax (D5 'V, D5 1) /(320 72)2 = 0, where the ~,’s are the eigenvalues
of D;'V,D; .

(A7) X'V,X has entries of the order O(tr[V?]).

(A8) (X'X)~! has entries that are O(1/m).

Remark 1:

Neither of the Theorems 3.1-3.2 require Assumption (C) and (2.7)-(2.9). How-
ever, these assumptions are needed when deriving the asymptotic theory of the
estimators for § and A.

Remark 2:

Assumption (A3) is satisfied if for ¢ = 1,...,m, |x;| < oo. To derive the
asymptotic distribution of (BFH, 72.), we require that the y;’s are uniformly asymp-
totically negligible [(A6)]. (A7) and (A8) are needed to bound (3.27) in probability.
Remark 3:

Even though we have assumed that the covariance model for the small area

effects is given by (2.5)-(2.6), we can relax this assumption. Instead of (A4)-(A5),
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it suffices to assume that the off-diagonal entries o;; of the covariance matrix of the
small area effects satisfy
(A2) iy (1/m?) Yo, il sl = 0
(A5) Ty oo (1/m?) S, (035)? = 0
Remark 4:

If in addition to the assumptions of Theorems 3.1 and 3.2, also Assumption
(C) and (2.7)-(2.8) hold, then (A3)-(A6) are satisfied if for i = 1,...,m, |x;| < oo,

and

maxi<i<g 1y

(Zf:l n?)%

From Theorem 3.2 the asymptotic variance of BFH is
var(Bo,) = (X'D;'X) "' X'D;'V,D; X (X' D' X))~

By (A7), X'V, X has entries that are O(tr[V?]). Also,

m k
tr[V;] = Z ‘/021,] = Z Z ‘/;sz + Z Z ‘/021,] (3.9)

2,j=1 =1 i,5€C l1#l2 i€Cyy
JEC,

where V,;; is the (i, )" entry of V, = 621, + §,A, + ¥. But

Z Z Vozw < Z sup exp(—2\,M?|z; — z;|) ny, ny,

l1#£ly ieCy LAl €T
. 1 jeC
Jealy, 2

< sup sup exp(—2\,M"|z; — z;|) m?
l17£12 iecll
JEC,

= sup sup M exp(—2\,M?|z; — zj||)m m = O(m) |by (2.8)] (3.10)
lLi#ly i€cy, M
JEC,
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Hence, under Assumption (C) and (2.7)-(2.8), formulas (3.9)-(3.10) imply that

~

O(tr[V?]) = O(3Fn?). Now by (A8), it follows that for i = 1,...,q, var(3;) =
O(XF n?/m?). If we further assume that all the n;’s grow at the same rate, that
is there exists n such that for | = 1,...,k, 0 < lim,, ,—.oo /N < o0, then for
i=1,...,q var(3) = O(1/k).

Also, from Theorem 3.2 the asymptotic variance of 72, is

B 2tr(D;2V;,D;2VO)
- 2
m 1
<Zi:1 (7'3+¢i)2>

By (2.7)-(2.8), and the last several paragraphs, var(72,) = O(3.1 n?/m?). Again,

var (ﬂzH )

if we further assume that all the n;’s grow at the same rate, then for : = 1,...,¢q,
var(3;) = O(1/k).

Remark 5: In practice, we could verify (A4),(A5) by checking that for all ¢ < oo,

1
3 > Trjg—ay1<q — 0. (3.11)
i#]j

Note that Assumption (C), (2.7)-(2.8) imply (3.11).

3.4.2 Theorems 3.3 and 3.4

(B1) As M — oo, also m — oo such that 0 < lim,, pr—oo m/M < 0o and k — o0,
and for [ =1,...,k, n;, N; — oo such that 0 < lim,, y,—c 7/N; < 00.

(B2) Forl=1,...,k

limsup M” sup |z; — z;| < oo,
M—o00 ijeC)

and for all I; # [,

p

1}\1411;(1;1; og z’ecllll,ljfeclz |z — 2] = oc.
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(B3) Forl=1,...,k, 3¢ such that

1
lim — Z Tnsol . —¢ >0

3 [MP|z,—2] > ] = €1 > 0,
Nl—>00 Nl ZJGCZ J

where z; are in a finite dimensional space.
(B4) Forl=1,....k 0<limy, .oo(1/N;) M |xi] < oc.

(B5) Forl=1,....k 0 < limy, oo(1/N}) SN |x]? < o0.

maxlSlSk Nl2 .

( LiNh2

(B7) ;’s are bounded such that for all i, 0 < ¢; < 1), for some 9. < co.

(B6) Assume for Il =1,...,k, N, — oo such that limy_..,

Pk: o~ o~
(B8) L N121 18 = B,|> 2 0, for some consistent estimator 3 of 3,,.

C N2
Remark 6:

For the purely spatial analog of the model given by Assumption (C), (2.1)-
(2.3) and (2.5)-(2.9) - that is, the model with no sampling errors - the asymptotic
distribution of (an 72 ) and (0, ) can be obtained from Theorems 3.2 and 3.4 by
taking ¥ = O,,.

Remark 7:

The factor log M in (B2) is needed to disregard the contribution of the between
cluster terms when showing consistency and asymptotic normality. The asymptotic
properties of parameter estimators for (§,\) are derived when the true covariance
model for the small area effects is given by (2.5)-(2.6). However, because of as-
sumption (B2), even if the parameter estimators were derived under the assumption
that the covariance model for the small area effects is given by the model (2.5) and

(2.10), the estimators for (0, A) derived under this misspecification would have the
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same asymptotic properties as the estimators given in Theorems 3.3 and 3.4.
Remark 8:

If the z;’s are equally spaced from one another, the data contains no informa-
tion on the parameter \. Hence, for z; in a finite dimensional space, it is required
for each cluster that the z;’s do not collapse to a point [(B3)]. We could generalize
(B3) by not assuming the z;’s are in a finite dimensional space, but instead assume
for [ =1,...,k, the distribution of z; in cluster C} is such that

Jim_ —var( 3 Mz — 2 u)

i,j€C)

i#]

Remark 9:

Even though we have assumed (B8) for a consistent estimator B, for BFH given
in Theorems 3.1 and 3.2 this assumption is automatically satisfied. This assertion
follows from Remark 4, (B1), (B6), Lemma 3.4 (c) and noting that m = S)_ ny,
M = Zle N;. Moreover, note that the asymptotic variance of (5, 5\) given in
Theorem 3.4 does not depend on the estimator B That is, for any estimator B that
satisfies (B8), the asymptotic distribution of (5 , 5\) would be the same. In particular,
we have shown that the asymptotic distribution of (3 , 5\) would be the same if 3,
were known.

Remark 10:
Pk n;
>

The variance of 4 and \ is of the order O <—P—)> If all the n;’s grow at the
! L

same rate, that is, there exists n such that for [ = 1,...,k, 0 < lim,, 5 o0 ** < 00,
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then var(d) = O(1/k) and var(A) = O(1/k).
Remark 11:

Since 72 = § + 02, we can estimate o2 by 62 = 72, — 4, which is a consistent
estimator of o2. However, we do not have a formula for var(6?).
Remark 12:

(B6) is a uniform asymptotic negligibility condition similar to the one given in
Remark 4 and (A6). However, (B6) is more restrictive than the condition in Remark

4, an assertion which follows from (B1) and Lemma 3.4 (a).

3.5 Proofs

The proofs for consistency of parameter estimators given in this section use
two theorems given in Andersen and Gill [2] and van der Vaart [47], and are stated

for convenience.

Theorem 3.5. (Andersen and Gill [2]) Let E be an open convex set of R®, and
let Fi, Fs, ..., be a sequence of random strictly concave functions on E such that
Ya€ E, F,(a) 2 f(a) as m — oo where f is some real function on E. Then f is

also concave and for all compact H C F,

sup | Fr (a) — f(a)] = 0.
acH
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Theorem 3.6. (van der Vaart [47], p.45) Let F,, be a sequence of random functions

and let f be some fixed function of a such that for every e > 0

sup | Fr (a) — f(a)] = 0

acH

sup  f(a) < f(a,),

a:la—ao|>e

where H is as given in Theorem 3.5. Then any sequence of estimators a,, with

F..(a,) > F.(a,) — 0,(1) converges in probability to a,.

We state and prove a few lemmas that are used in the remarks and proofs of

the main theorems in this chapter.

2
Lemma 3.1. If <)}f) ~ N( (8) , (% U‘”’”g

2y2) _ 2 2 2
. Uy) ), then BE(X*Y?) = 0,0, + 203,
Proof of Lemma 3.1. Note that X — Z2Y ~ N(0,0'g —

2
Ty

= ) is independent of Y.
Yy
Hence,

2 2 o2
E(x?Y?) = B[ (X - 22y + 22y ) v?| = B[ (x - Z2v) v?| + B[
Y Y

]
Ty Ty
2 2
o o
_ (2 _ T=y) 2 o 4 _ 2 2 2
= (01 5 >ay + —30, = 0,0, + 20,
Ty Ty

Lemma 3.2. Let aq,

., an be a sequence of positive numbers such that

. maxij<i<n @
m — =T =
e (Zi:1 a;)z

If ¢ is any positive number such that ¢ > 2, then

Do O

lim —&=i=t* _ @

n—00 n 2 3
21:1 a;
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Proof of Lemma 3.2.

Sogaf (maxicicn a) % D07 af/(maxi<icn a;)°°

(sma)  (zma)”  (Sha)

_ n c c—2
(maxlgign Gi>c 2 Zi:1 as /a;

(L a?) 214

— 0 as n — oo.

Lemma 3.3. Let aq,...,a, and by, ..., b, be any real numbers, then

iai i‘”b? — (i aib¢>2 = %i iaiaj(bi —b;)?
=1

=1 =1 i=1 j=1

Proof of Lemma 3.3.

iai ialbf — (i aibi>2 = i aiajbjz» — i aiajbibj
i=1 i=1 i=1 4,j=1 1,7=1
= aa;(b —b;)* = li i aa;(b; — b;)°
i>] 2 i=1 j=1

Lemma 3.4. For k and N, ..., Ny given in (B1), assume forl=1,... k,

N; — oo such that

maxlglgk Nl2
m — T~
ko0 (21:1 N}')2

Then as k — oo, the following three ratios all tend to 0:

k
21:1 N12 '
Zf:l Nl(Zf:l Nl4)Z

i N
(S0 M)

maxij<i<k Nl
Yt

(c)
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Proof of Lemma 3.4.

(@ mailggk ]\il _ (maxflgk N? > 3 _ (manlglgk J\Q2 > 3
= NP2 21 N (i V)2
S N X NE maxiagr NP by (a)].
(Zf:l NP)? (Zf:l NP)?
R =)
Yo NS, N Yo NS, N+ (i V)2

(b)

The following results are from Rencher [38] and McCulloch and Searle [33].

Lemma 3.5. (Rencher [38]) If G and H are any m x m matrices, then the eigen-

values of GH are the same as those of HG.

Lemma 3.6. (McCulloch and Searle [33]) Assumey ~ N(pu,G), where G = G(¢),

@ = (¢1,.--,¢1). Let L(p;y) denote the log likelihood, and H be a symmetric

matriz, then

(a) E(y'Hy) = tr(HG) + w'Hp
(b) var(y' Hy) = 2tr[(HG)? + 4 HGH
PLipiy)\ 1 (. 10G  ,0G
@ B s, ) 729759 75,)
dlog |G| _,0G
@) Op;i —tr<G a%’)
oG 0G
() I =¢ 8_%‘G
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Proof of Theorem 3.1. Let ¢ = (3,7%) = ((1,..,(y (v1) € R and ¢, =

(Bo, 72)' = (ot - - -, Cogs Co(g+1))- Also, let
- n ! 2 1§~ (5= xi0)’
9(¢iy) = 5 log2m — 5 3 loa(r® + 4i) — 5 3

9(¢) = E(g(¢;y))

1 <& 1 & 02—{—@@@'4-(;(60_6))2
:—%log2ﬁ—§;10g(72+¢i)_527 ﬂjw

= i=1

Consistency is established by showing that there exists a sequence E (= Em)

of local maxima of -¢(¢;y) which is consistent for ¢,. The proof involves showing

(i) =g(¢) has a unique maximum at ¢ = ¢,; (i) for all ¢ in a sufficiently small

non-shrinking neighborhood of ¢, %(g(c;y) —g(¢)) & 0 and (iii) the hessian of

%g(C; y), %V“g(c; y), is negative definite. Then, it follows from Theorems 3.5 and

3.6 that Z’ T ¢, For better readability, we indicate the steps given above in the
proof.

Step (i): It is shown that +¢(¢) has a unique maximum at ¢ = ¢,. For fixed 72,

since X has full rank, %g(C ) is maximized at 8 = 3,. Consider

1 ) 1 1 & 1 724
— = ——log2r — — Y log(7® 4+ ;) — — 2 3.12
—9(B,,7) = —5 log 2 ngog(T + ) Qm;7'2+wi (3.12)
100(8,m) 1§ 113N mihy
m  Jdr2  2m — T2+ 2m — (T2 4+ 1)
For 72 < 72, %69(52’72) > 0 and for 72 > 72, %ag(,g%,#) < 0, and since
190Bed) _ it follows that L ?) is maximized at 7* = 72, and Lg(8, 72
— =g = 0, ~9(B,,7°) is maximized at 7° = 77, and —-g(8,7%)

has a unique maximum at ¢ = ¢,.

Step (ii): For any small € > 0, consider the following neighborhood of ¢, (by (A3)
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the neighborhood is non-shrinking with m):

4

B.={(B,7):18-8,] <

’2_2

T e
-
o i il

For all ¢ € B, consider

I, L KR Wi XB) = (R4 ) 1 s (yi— xﬁ) (B, —B)
—(9(¢y) —9(¢) = =5, 2 U —m; s

Note that

Var(li (g — xiB,)* — (72 +wi)>

m <= T2+
1 /<& varl( 3,)?] cov((yi — xiB,)%, (y; — X B,)’]
(2 GRS +; FrRE ) )

1 /o= 2(72 +¢z 202 exp(—2MP\,|z; — z;])
el O e A Dy s R

(by Lemma3.1)

< g (2m(e2 0 282 Y exp(—2MPAJz — zg])) (by (A2))

T4m [~
i#£]

— 0 as m — (by (A5))

1~ Wi —xiB,)° — (7o + 1) »
= EZZI - 0 (3.13)
L5~ Wi = xiBo)xi(B, — B)
Var(m; 7_2 +'l/11 )

_ i - [X;(/Bo_ﬁ)P(Tg"i_wi) X’Ii(IBO_B)X;(IBD_B)éoexp(_Mp)\()”Zi _ZJ”)
o (; (% + 97 +§ (P4 60) (7 + ) )
L (- IxilP18, — BI*(72 + v) [x:l1% 18, — BI*do exp(=MPA,|2; — 2,])
= W(; 4 . + ; : -1 ’ >

— 0 as m — oo [by (A3), (A4)]

l ¢ X8, = B) »,
= — ; 72 + . (3.14)

46



Hence, for all ¢ € B,,
~(g(¢y) — () 20 (3.15)

Step (iii): Next it is shown that for sufficiently large m, and for all ¢ € B,

#Vccg(c; y) is negative definite.

XX,

1 1 &
Evaag(CY) - 221 ORI

y (A1), V,,9(¢;y) is negative definite.
1 . _ 1 — Yi — XIIB
E BT2g(C7y) - m ZXI: (7_2 + w)

Let x; = (%1, . ..,%) . Consider the r' element of LV,.29({;y):

m

1 — 1 —
——Z T2+w Z—EZW ir T Z T2+¢

m

Since |8 — B,| < pry

1 <~ x(8,—8) %18 — Bol ||ﬂ Bol _
_E; (T2 4+ ;)2 IR Z

Moreover, by (A3),(A4) and the Cauchy-Schwarz inequality (the proof is sim-

ilar to (3.14) ) ,

1 - X
_Ez—yz Xz};xirio (3.16)

Then for y € B, and for all ¢ € B,,

1i xP
- —xw
m (T2 + ;)?

< €e+e=2¢
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and by (3.16), P(B,) > 1 —e.

Finally, consider

RSPPREEE T
m 7'2 24g y 2m 72+¢ m P (7_2_‘_,¢i)3

1 1 1 2+ 1« B))?
L R Al i

=1

_li(yi_xﬁo) (T +¢Z _zi XIBO) i(ﬁo_ﬂ)
m (12 + ;)3 m = (72 + )3
Since |72 — 72| < 3575,
1§: 1 1§:r+w,_ 1mzr+wz—7
2m21(7'2+w1) mZ:1 (12 + ;)3 2m 72—1-1/}
2mZ - 100+w1
1 7'2

20(10 o +1/}C)

Moreover, by (A3)-(A5) and the Cauchy-Schwarz inequality (the proofs are

similar to (3.13) and (3.14)),

Lo~ (Wi = xiB,)° — (72 +4i)

m i=1 (72 + ;)3 -0
1 <~ (4 = x1B,)xi(B, — B) »
P D s

Let

mzl (12 4+ ;)3

{ 1~ (g — xiB,)% — (12 4 )
By =

<9

o=y [ X O <o

m
Hence, for y € B,y1() By+2 and for all ¢ € B,, it has been established that

1 1 72
_VTQTQ ; < __—O
m IO S o T
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Let B = Bi()...[)By+2, then for y € B and for all ¢ € B,, it has been shown
that _VCC9<C y) is negative definite. So, for y € B and for all ¢ € B., 2 —g(¢y) is
strictly concave.

Also, P(B°) = P(B{U...UB;,,) < P(Bf)+...+P(B;,,) = (¢+2)e. Hence,
for sufficiently large m, y € B. By (3.15) and since for sufficiently large m, +g(¢;y)

is strictly concave for all ¢ € B, an application of Theorem 3.5 gives

o | a6y - 9| 20 .17

where B’ is any compact set such that B C B..
Then, by (3.17) and since %g(() has a unique maximum at ¢ = ¢,, an ap-

plication of Theorem 3.6 gives the desired result: there exists a sequence of local

maxima ¢, which is consistent for (. ]

Proof of Theorem 3.2. Since it has been shown that E is consistent for ¢,, we
expand ch(z; y) around ¢, to obtain
0=V9(Cy) = V%g(Coi¥) + Yecd(Coi¥) (€ =€) +

1 ot
0

—Z o, Vet Cav)HE = €S = Gog) (3.18)

where ¢, lies between E and ¢, and Z = (él, - ,fqﬂ)’. For better readability, we
indicate the steps in the proof.

Step (i): We first seek to derive the asymptotic distribution of a properly normal-
ized V,9(,;y), where

(yi,x/_ﬁ )X
Zm . T
VolCavi =l Z 5 7/1’ 1
K3 m
Zz 1 2+¢1 ) Zi:l T2+,
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Note that

S WP iy x,) (3.19)

where D, = diag(72 + ¢1,..., 7% + ¥,), and so,

= (yi — x;8,)%; T | -1
var(;Tngwi >_XDO V,D; X
Also,
m 1 m
= tr[D,'V,D,"] = by (A
>y = MPGD =D by (40
I @=xiB)® I~ 1 Lo ygypay xgy Ly
22 ey 2 d — a0 XA Dy = X6 =53 v (320)
and so,
var(—i (i = xiB,)" li%) = ~2tr[D,*V,D,?V,)] [Lemma 3.6 (b)]
PORCET DS b
1 m
b Z% [by (A6) and Lemma 3.5]
i=1

Consider the normalized linear and quadratic forms given in (3.19) and (3.20).

Let

w=|:|=&bp'v,D;'x) 2 x'D", (3.21)

and fori=1,...q,

Ri - W;(y - Xﬁo)

1/2 -2 -
Bp = — M2 (y—XByD(y - XB,) -
N TS ((y B.)D,(y — XB,) ;ﬂ

20



From Theorem 3.2¢.1 in Mathai and Provost [27], the joint moment generating

function of (Ry, ..., R4+1) is given by

to 1D, %V,
Mg, ..., Rq+1(t1,...,tq+1) = ‘Im _ _4t2"o "0

1
2 exp ( B D oimy Yitgr )
2

m l m 1
(%Zz 1%2) (%Ziﬂ'ﬁp
1 N teVED; 2V, -1 1
cexp (5 (3 1wy Vi [ 1 - L2 ] 2(Zt w;))
j=1 ( Zz 1%)
Next it is shown that
1 ot
Tim My, g, (b tgrn) = exp (5 t?). (3.22)
j=1

Note that

1 1
I, — fya Vo DJQ%Q > 1. — thFﬂmaX(D;lVoD‘:l)]m [by Lemma 3.5]
RN CD D LA (3 i) |

(o) (- ) (S

(S Som) - e lipy

max (D VDN 1 &
<Zt2( L1 (m e )) —>Zt]2asm—>oo
(2Zi:1%’>2

J=1

[Since WV, W' = I, and (A6)].

Similarly,

(Zq: ) v (- tq+1‘/;2Do2sz>—1V0§ ( zq: w,)
j=1 ’ (% 221 V7)? j=1

> (jilth;)Vo(jitjwj) ( +1Z§§il ’y‘i/)D ) ZtQ as m — oo.

o1



Hence we obtain the same limit as an asymptotic upper and lower bound. That is

(itjw;)vﬁ (Im— ‘glng v ) <Zt wj) — it?' (3.23)

0 7)

Also, note that D'V, D' and D2V, have the same eigenvalues (Lemma 3.5).
Hence, the eigenvalues of I,,,—cD, 2V, for any scalar ¢ are given by 1—c7y, ..., 1—cyp,,

where the 7;’s are as given in (AG6).

‘] to1 D2V, |72 ﬁ( to+17i )5
( Zz 1’71 5 =1 Ez 172)5

Hence,

::]s

1og[ ( ter17i )—%exp (_222"1%%1 )}

1 m 1
i1 (3 20L177)> (32201 77)

RS tg+17i Vit
:_52 log[l— : q; 2;]_ 2 in q;l
(5 Zi:l i )2 (2 Zi:l i )2

tgt17i 1 o) D iy Yitgr
Z T Ism ol gIsm 2 +0(tq+1)—m—2;
i=1 (5 Zi:l v;)? 2 Zi:l i (2 Zi:l vi)2

[by (A6) and Lemma 3.2]

N

Qtj 1+ o(tgr)- (3.24)

Now (3.22) follows from (3.23) and (3.24). That is,

_1 d
Co *Veg(Coiy) = N(Og1, Lg41) (3.25)
where
X'D;YWV,D;'X 0,
C, =
0, str[D,?V,D,2V,]

Step (it): Next we show that

_Ct:gvccg(co§Y)C;§Fo L [q+1 (3-26)

02



where

-1
1 X'D1X Oq 1
E,=C¢ ? ce.
1 m 1
0:1 2 Zi:l (T2+44¢;)2
Since,
X'DX s (yi—x;ﬁ’_(,)xi
~Veeg(Co3y) = A

m (yi—x;0,)x; m (yi—x;9,)? m
> wi—x;B,)x;] > i_%zizl 1

=1 (70 =1 () (R

Iq Zo

_1 _1
—Co *Veeg(Co ¥)Co * Fop = 1 8.
7 (l Zm 1 ) Zm (yi—x;9,)? 1

1 2 Lai=1 (12+4;)? i=1 (13+;)3

where

1 —3 !
z, = <§tr[D;2VoD;2Vo]) (X'DJ'V,D' X )2 (XD X) T X' D (y — XB,)

and
%
(s6lD;2v,D;2V;)) 1
Zy = ~—T<wm 1 (X'DJ'V,D' X) 2 XD (y — XB,).
2 2t G
1 -2 -2 -1 —1y\%
var(z,) = <§tr[Do V,D; Vo]> (X'DV,D1X)3
(X'DUX) X' DIV, DX (X' DI X) T (X DS W, DI LX),
Note that

3

1. X'D:2V,D:2X < yman(Da 2V, Dy 2) X' D1 X

_3 _3 _1 _1
2. Ymax(Do VDo 2), Ymax (Do 2V,Do ) and ymax (D, 1V, D) are of the same or-
der

3. t1[D;2V,D,;2V,] = 3" 42
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and hence

_3 _3
meax(D VD )’Ymax(Do 2‘/oDo 2
2 Zz 1 ’yz

Since E(z;) = 0,, we have established that z, 2 0,. Similarly,

)Iq — Ogxq [by (A6)]

var(z;) <

3tr[D; 2V, D2V,

(S8 )

Since

var(zg) = L(X'D;'V,D; ' X) "2 X' D, ?V,D;*X (X' D, ' V,D; ' X) 3.
m 1 2 2
L. <Zi:1 m) = 0(m?)

2. tr(D,?V,D,?V,) is the same order as tr(V2)=>_., .02 exp (— 2MPN\,|z; —z; ||> +

i#j -0

ZZI(TOQ + wi)27
by (A5) we get
var(zs) — Ogxg-
Since E(zy) = 0,, we have established that z, %> 0,. Also,
BN Lo (yl — X;/BO)Q
var| (5 2 2 +¢Z > 2_; CESI 1]

- (% Y %) 2t (D3, D3V,).

N | — @

Zm: o wz =) Var((y - XB,)/D, (y — XB,))

=1

=1 + wz)
Once again by (A5),
1 ¢ 1 & (g — xB,)?
G mrar) Ly s

Hence, it follows that

~Cy Vg€ ¥)Ca T Fy B B( = G0 Neg(Ciy)Ca T F) = Ioga

o4



Step (iii): Finally it has to be shown that for j =1,...,¢+ 1,

1

0 et
500 a_gj{vCCg(C*)y)}OO FO (327)

is bounded in probability. The proof for j = 1,...,q is similar to j = ¢ + 1, hence,

we give the proof for (3.27) only for the case j = ¢+ 1 (Note: (41 = 72).

CO ? achr {VCCg(C*7Y)}C 2F (328)

(X'D-YWV,DAX) 2 X'D2X (XD X)"Y(X'DIWV, DI X): 2o,

3P w802 P 4
=GRyt =1 @ Erey)®
* 1" m 1

2=l ()2

/
Z

where ¢, lies between ¢ and ¢,, ¢, =(B,,72), D, = diag(t2 +¢1,..., 72 +1y,), and

1

(X'D,WV,D; X)2 (XD, X)) X' D3 (y — XB,)

Z1, =

N

(%tr{D;ZVOD;?VO])

N

2oy — (%tr[DO_QVODO_QVZ,D (X’Do_lVZ,Do_lX)_% (X’D*_3(y — Xﬁ*)>

1 m 1
2 L1 e

It is not difficult to see that apart from zi, and zs,, the remaining terms in
(3.28) are bounded in probability. By (A8), (X’X)~! has entries that are O(1/m).
Hence, by computing the variance of (X'D;'X)"'1X'D3(y — X3,) it follows that

(X'D;*X)'X'D3(y — X3,) is bounded in probability. By (A7), the matrix

N

<%tr[Do_2VODO_2VO]> (X'D;'V,D;1X)"2 has entries that are O(1). Hence, 2, and
29, are also bounded in probability.
Step (iv): Putting (3.25)-(3.27) together we derive the asymptotic distribution of

~ _1
¢. Left multiplying (3.18) by C, 2,

0=C5 2Vg(Co3y) + Co 2Veg(Cosy)Co P B [FLC2(C — ¢, +

—% q+1

Z 5 (Yt iy RET CEE = ¢IG — o)
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S 0@ -¢,) =

1
q+1 1

1 C’ 2
(€0 * Weo(¢oiy)Co Py - Ep3 agj{vccg CaMICa ol = o)) Co* Veg(Ciy)

By (3.25)-(3.27) and since for j =1,...,q¢+ 1, fj 2 &

_1005 (E - Co) i’ N(Oqula Iq+1)

where
N (X'D;YWV,D71X) s X'D71X 0,
}7716(02 - 1 Pm 1
o o Vi S R
q V(D 2V, D, 2V,)
]
Proof of Theorem 3.3. Let v=(0,\) = (v1,1n), and v, = (0, o) = (Vo1, Ve2)'-
Also, let
k 2
-y (gigj — §exp(—AMP|z; — zju))
=1 i,jeq
i#]
k 2
=33 (Goexp(-AMPz; — 75]) = Sexp(~AM"|z: - 7,1))
=1 ijeq
i#]
where €; = y; — xéf‘) Our method of proof is identical to that of Theorem 3.1.
Step (i): We first show that
s (hy) — () 20 (3.29)
viy) = h(v)) = :
Zf:l n
Note that
]' / / /
—k 9 ( 7y ZZ ( yj_x'/go)_(yi_xi/go)Xb
Do Zl L ije ’ ’
i)

~ PN 2
—(y; — x},@o)xgb + x;b X;-b — dexp(—AMP|z; — z; ||)> ,

o6



where b = B — B,. We argue that any term that involves b in the expression for

Pkl—th(V; y) will converge to zero in probability. For example,

1=1"

bl
211 ZZ _211 Z Z "

=1 1,j€C] =1 1,j€C]
i#j i#j
20 [by (B1), (B5) and since |b| £ 0]

Consider the term P?nlz S > igecy (Vi — X;ﬂO)Q(XQB)Q.

1#£]

i —x8,)* < i —x.0,) nggg
Zz L7 ZZ Zz L7 ZZ Ly

=1 i,j€C] =1 1,j€C]
i#£j i#j
— X; ﬂ ) %51
Bl e Z > (i = xiBo)” Z >
Zz \ng I=1 ijeq; Zl 1 =1 e 1
i£j i#]
<c< oo [by (B1), (B5)]

and since, HBH 20,

3 X - B 20
Zl \ng I=1 ijeq; &

i#]
Also,

Zz i ‘Z Z . X;BO)XQB’

=1 i,j€C]
1#]
b
> § E |yj — X, B ;1.
Zl lnl = 12]ECl
i#]
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Next, [b| 2 0 and
B (5 — Xi8,%1; — %8, ) Ix;]

Zz Z Z n

lnl =1 1,j€C]

i#]
Z Z 1B,z (E(y; — x8,)°)2 ]l
a Zz U i.jecy L
i#]
<e<oo by (B1), (B4)],
hence,
S S B B 2 0
=1 nl =1 i,J€C]
i#£]
Also,
k
1 5|b|? ;
—‘ Z Z X; 'bx, b(5exp( AMP||z; — z;]) ’ Ibl* Z Z ||X | HX]”
Zl 1nl =1 i,jeq Zl 1 =1 1,j€C]
1#] i#]

-0 by (B1), (B4)]

Similarly, the remaining terms that involve b in the expression for Pkl—nzh(l/; y)
1=1"
converge to zero in probability. The sum of the terms that do not involve b in the
expression for P—h(u; y) are shown to converge in probability to its expectation.
=17

We expand variance terms within and between clusters.

k
var(30 30 (= XB,) g — X80 exp(-AMP | — 7))

= #C
< 52Zvar( Z —X,B8,)(y; — x ﬂo)) (3.30)
i
52%; Var( D (i — XiBo)(y; — x)B,) exp(— )\Mp||zi—zj||)> (3.31)
jeci,

o8



For the term in (3.30), the sum within cluster involves n} terms, and the
variance of this sum is O(n}). For the term in (3.31), the sum between cluster,

involves n;,n;, terms, and the variance of this sum is:

O(nini) sup exp(—AM?P|z; — z;|).
1€C
jEC'lzlz

Hence,

var(z ~ Y D5 = Xi8,)0 exp(~AM|z; - 7,])

=1 i,jeCy
i?fj
1
ZO ny) Z O(n} n}) sup exp(—AM"|z; — z;|)
(Zl )2 D (Zz 1 ni)? I #ly ' €y
GClQ
k
o(zi) (APl — )
=————2 + sup sup exp(— Zi — Z;
(Canp)? i ey ’
JE€CI,
—0 [by (B1), (B2), (B6) and Lemma 3.4(b)]

Hence, the term given by (3.32) is non-zero and is one of the terms in the expression

for PA—h(v).
=17}

Z > (i —X.8,)0 exp(—AM?|z; — z;])

Zl "y =1 ijeq,

i#]
p
. ) 1 X8, ep (AW ] — 2,]))
Zl 1nl =1 i,jeCy
i
1

=5 ZZ& exp(—AoMP|z; — 2;])0 exp(—AMP|z; — z;]) (3.32)
1=1""1 [=1 1,j€C]
i#]

29



Similar to the above proof,

Var< Z Z (y; — x;ﬂo)2> — 0,
Zl 1 n =1 i,jeCy

i#]

and hence,

Zz \ng Z Z @ _XjﬂO)

=1 i,jeq
oy
2( R 2
ZZ vi — %i8,)%)
Zl 1nl = lmecl
i#]

k

1
= E E 62exp(—2\,M?|z; — z;|) [by Lemma 3.1] (3.33)
Zl 1”1 =1 ijec,
i#£]

Note that the term given by (3.33) is also one of the terms in the expression for

P -—h(v). Putting all the above arguments together, we get (3.29).

=17
Step (i1): We next argue that h(v) has a unique maximum at 6 = J, and A = \,.
First note that h(d,, A,) = 0 and it is clear that the maximum value of h(v) is 0.
For any € > 0 and for any v = (§, \) such that |v — v,| > ¢, by (B3) we have that
h(v) is strictly less than 0. Hence we have shown h(v) has a unique maximum at
0 =0, and A = \,.
Step (iii): Next it is shown that for large m, Pfjl—n?vwh(u; y) is negative definite

in a non-shrinking neighborhood of v,.

Uniformly for large k, nq, ..., ng,

1 0?
— —h(v; exp(—2AMP|z; — z
s oY) zunlzz P27l — 33]) <

=1 1,j€C]

]
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1 0? 20
s viy) = (&6 (M12: = 242 exp(—AMY|2; - 2,1)
Zf:l n ON? Zz i ; z;l

i#]

— 20(M?|2; — 2;])* exp(—2AM"|z; — 7;1))

Similar to the proof shown previously that any term that involves b in the

expression for Pkl—ﬁh(u; y) converges to zero in probability, we get
1=1""

1 0? 20
L hwiy) - = 95(MP |z — 5])? exp(—2AM?z; — )
Zf:l n ON? Zz \ng ;;l<

i#]

(s = XB,) (45 — X80 (M2 — 2;])? exp(—AMP|z; = 7,])) + 0,(1)

Note (B2) is needed in the above proof for two reasons: within a cluster we

need MP|z; — z;| < oo, and to make it possible to disregard between cluster terms.

Moreover,
(s 3 3 (- X8, — %) (M¥ls — 1) expl—APls — 7)) — 0
Zl 117 2 1igec
i#j
Hence,
.z hviy) = Z > (MPlz = 2;])° exp(=AMP|z; — 2;])
k ay2 ] ~ i 4y i — Zj
D g ON? Zz 1" =1 aeq

i#]

. (50 exp(—AoMP|z; — z;]) — 20 exp(—AMP|z; — z]||)>

Since for large m we wish to show that P—268)\2h(1/;y) < 0 in a neighbor-
hood of v,, it is sufficient to show that VI,Vi,j € Cj, 20 exp(—AM?|z; — z;|) —

do €xp(—A,MP|z; — z;]) > 0 in a neighborhood of v,
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Let ¢ € (0.60,, 1.49,), then

20 exp(—AMP|z; — z;|) — do exp(—AMP|2z; — 2z;|) >
Oo[1.2exp(=AM"|z; — z;|) — exp(=A.M"|z; — z;])]

Let
log 1.2

sup; lim sup /o, Sup; jec, |z — z;]

Ae X £

For the neighborhood of v, given above, we have uniformly, for large £,

Ny e ey Ny Pk—aa h(v;y) < 0. Note that we need d,, A\, > 0, and (B2) is needed
=

in showing the existence of a neighborhood at A, such that P—2 aavh( y) < 0.

Finally, it needs to be shown that uniformly, for large k, nq, ..., ns, the deter-

minant of Pl—th(u; y) is positive in a neighborhood of v,,.
=1

1 0?
hvy) = €i€j MP|z; — zj] exp(=AM?|z; — z;])
sz 856)\ Zz i ;;l< ! ' !
i#]

— 26M7|z; — 25 exp(~22AM"|z; — 7))

Using a similar idea to the proof of (3.29), we get

Zl } n2 858)\ . Zl n lz: Z MP|z; — z;| exp(—AMP|z; — z,|)
= 1 ngCl
i#j

S

bo exD(— Ao M2; — 7,]) — 26 exp(~AM"|z; — 7,]))
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The determinant of P2—V,, h(v;y) is
1=1"
’;V h(,,y)‘ _
i 17%2 o

( Z S exp(—2AMP|z; — ) Z S (MP|zi — 21)” exp(-AMP|z; — )

(Zl 1 nl =1 i,jeC; =1 i,jeC;
i#j i#j
~{2(5exp(—)\MszZ- —2;]) — 6, exp(— Ao MP|z; — z]) } {Z 3 MPlz; -z
=1 i,5€C
i#]

- exXp(-AMP i — 2[5, exp (A M i — 2]) — 25 exp(-AM |z ~ 7]} ) + 0,(1)
=1I(0, \) + o0p(1)

It needs to be shown that there exists a non shrinking neighborhood around

v, such that on that neighborhood TI(§,\) > 0. Let § = 0, + d,. By choosing o,

to be small, we can bound any term involving d, in II(0 + d,, A) by ;. Now let

A = X\, + A\, then by choosing A, to be small, we can bound any term involving

exp(—AoMP|z; — z;]|) — exp(—(Xo + A\)MP|z; — z;|) by €. That is

1
‘ﬁvwh(u;y)’ (Z 3 exp(—2(h + M) MP|z; - z])
PINERL > 1"1 =1 i,jeC,
i#]
Z > exp(=2(Ao + A MP|z; — 7)) (MP|z; — z])?
=11 ]ECZ
i#j
k 2
{22 X M7z — 2l exp(—200 + MMz — 2])} ) + €1 + €2+ 0,(1)
=1 i,jeC
1]
= Z > Z > exp(=2(0 + M) MP{|zi, — 25| + 7, — 2,]})
(Z l1 1ig,51€Cy, lo=1 1o, J2€Cy,
11751 1272

2
. (]\4”Hzi1 — z;, | — MP|zi, — zj, H) +e1+e+0p(1) [by Lemma 3.3

By (B3) and since z; are in a finite dimensional space, the leading term on

is strictly positive. Hence, we have shown

the right hand side of | Pr— V., h(v;y)

=1"1
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that there exists a non-shrinking neighborhood around v, such that uniformly for

large k, ni, ..., ny, Pkl—nQVWh(u; y)| is strictly positive.
1=1""

Now combining all the above arguments, for large m, with probability one,
1
k

P—nszh(v; y) is negative definite and hence, strictly concave in a neighborhood
1=1"

around v,. Let that neighborhood be denoted by B.. Let BX C B, such that B is

compact. Then an application of Theorem 3.5 gives

1

k
Zl:l ”12

sup
v e B

(h(u; y) — h(l/)) ‘ 20 (3.34)

Then by (3.34) and since P-—h(v) has a unique maximum at v = v,, an
1=1"

application of Theorem 3.6 gives the desired result: there exists a sequence of local

maxima which is consistent for v,. O

Proof of Theorem 3.4. Since it has been shown that v is consistent for v,, we

expand V,h(v;y) around v, to obtain

0=V, h(r;y) =V h(vey) + N, h(vey) (v —v,) +

: > a%{vwh(u*; V)P = v0) (5 — vsy) (3.35)

where v, lies between v and v, and v = (1, i)'
Step (i): We first seek to derive the asymptotic distribution of a properly normal-

ized V,h(v,;y), where

V.h(vey) =
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0 - ..
—h(vyy) =23 3 (& = dexp(-AM?|zi = ;]) ) exp(=A, M|z — 7))
=1 ijeCy

isﬁj

0
D hlwiy) =203 3 (s — Brespl Al — 1)) 07—
=1 i,jeC;

i)

-exp(=A,MP|z; — 2]

In the expression for %h(uo; y), we write €, €; as (y; —x,3, — X b) (y; —x58, —

B) and argue that all terms in Ep—)laaéh(uo; y) that involve b are op(1).
=1

Consider the term Zp—4 zl 1 Digee (Ui — XiB,)X] bexp( Ao MP|z; — z;]).
2]

1=17)2 i1#£]

E)ZZ s = x8,) I, exp(~ Ao MP |2, — 2,

l
(Zl )2 o 1 ijec
7]

1

< (5 5303 - X b lesp-A M~ ) )’
1=1"" =1 i,jec

i#]

Now we expand the above expression as within and between cluster terms, that is,

2 k 2

(Z > (= XBo) x| exp(-AMPlzi — 2i])) < S B( Y (i - xiB,)Ix; )
=1 ijec; =1 z,];Cl
1#]

i#]

2
+ sup sup exp(-AoM7lzi — ;1) 30 B( S (i — xi8,) el (v — X811

h#l 7'ecll l1#l2 iECll
jECl2 jECb

The sum within a cluster involves n? terms, and hence, the expectation of this

sum is O(n}). The sum between cluster involves n;, ny, terms, so that the expectation
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of this latter sum is O(nf nj ). Hence,

2
(2:2: i = X8, exp(= A M2 — 7,]) )
Zl 1”1 1=1 ijec
i#j
1 < 1
= =F 2 O(ny) + —F 1 O(ni,ni,) sup exp(—A,M"|z; — 2;])
D S D1 lh#£ls i€Cyy

jeCZQ

2
O(Zf:l ”?) M exp(— A, M7 ) O((Zle ”12> )
= ——5—— + sup sup Mexp(—A, Z; — Zj
Zf:l n; li#ly €0y ’ M Zf:l n}

jeclg

<c [by (B1), (B2) and O<§4§;1 nj} ) — 0]
=11

Hence,

— K X;| ex AoMP|z; — z4|)| < c 3.36
<zum 1}:2} B.) Il exp(—AM?|z; - 2,])| (3.36)

=1 i,jeC
i#]
Z Z o)X beXp( Ao MP|z; — z;|) 2 0 [by (3.36) andb 2 0]
(Zl lnl =1 i,jec
i#]
Also,
e 3 Y bben Al | < 25y el
i 4
(Zl 1”1) I=1 i,jeC, (Zl ) I=1  ijeq
i#] i#]
=0 [by (B1), (B4), (BS)]

Using the matrices defined in Theorem 3.4, we have shown

1 0 2
o) = ——2
O, os Y =

= R1 + 0p(1)

((v = XBo) Goly — XB,) — 6ot2(G2]) + 0,(1)
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Similarly,

1 0 -2
1 h(Vny) = ————— ((y — XBo) Holy — XB,) — Sotr[GoH,) ) + 0p(1)
(i nif)2 OA Y (X ni)? ( Y Y )
= Ry + 0p(1)

Next we derive the asymptotic distribution of (R;, R2)" and use Slutsky’s
Lemma to claim that the asymptotic distribution of (Ry, Ry)" is the same as the
asymptotic distribution of —plcl—4%Vyh(uo; y).

1=1"

From Theorem 3.2c.2 of Mathai and Provost [27], the moment generating

function of (R, Rs)’ is given by

4G,V 4t H,V, —%ex <—250t1tr[G3]+250t2tr[G0H0]>

MR1,R2(t17t2) = ’Im_ 1 1 1
(CEnh: (ZF nh)2 (X nf)?

Let s(ty,ty) = 1 ‘] __AGoV, st H,V,
e 8( 15 2) 0g | Im (HLH?)% + (Hlen;*)%

. Using Lemma 3.6 (d),(e), we

get

0s(0,0) 4tr[G, V]

ot (XF, nb)e
0s(0,0)  4tr[H,V,]

Ot (X1 ni)?
9?5(0,0)  16t:[G,V,G,V,)

ot? - Zf:l n}
925(0,0)  16tr[H,V,H,V,)]
ot3 o Zf:l n}
9%s5(0,0)  16tr[G,V,H,V,]

oot S

Note that % =o(1), if i+ j > 3. This follows from (B1),(B2),(B6) and
1 2
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Lemma 3.2. For example,

§5(0,0)  tr[(G,V)?]

= C-

oty (Zf:l nf‘)%
_ O(Zf:l ) by (B1). (B2
e by (BY), (B2)
—0 [by (B2), (B6) and Lemma 3.2]

Next we expand log Mg, g,(t1,t2) around (0,0),

1 /—4tr|G,V, 4tr|H,V, 16tr[G,V,G,V,] t?
lOgMRlvRQ(tl’tQ):_§< k{ 4 l] 1 k[ 4]1 2= [ E o 4 ]_1
(>omin))? >omin)z D1
16tr[H,V,H,V,| t3  16tr[G,V,H,V,) 20, (tr[G2t; — tr[Go H,)t2)
— = . E % 1 tltg -+ 0(1)) - % L
D1 D=1 (Zl:l n;)z

But tr[G,V,] = 0,tr[G?] and tr[H,V,] = d,tr[G,H,], hence

4tr[G,V,G, V)

A HVH V) 5 8t2(GoVoH Vi)
Ef:l n?

k 2 k
Do “? Do ”?

lOg]le,R2 (tl, tg) = t% +

tltg + O(l)

- Ko‘%(Rl) N (0. 1)
Ry

where K, is defined in Theorem 3.4. By Slutsky’s Lemma,

1

Ko ? Vh(ve:y) % N(0y, I) (3.37)
Tk a1V 0 Y) — 2,42 .
(S ni)?
Step (it): Next we show
1 g hvey)L,t 2 I (3.38)
k vv 05 0 .
2]

In Theorem 3.3, it was established that each term of P2V, h(v;y) con-
g

k
=1
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verges in probability. Evaluating those expressions at v, we get

1 92 2 &
~5h(vey) = > exp(—20,M7|z; — z;)
k 09 k o 7 j
Zl:l ”12 90? 21:1 n12 I=1 ijeq,
i£]
1 o2 p =202 &
5 e y) = Z > (MP|z; — 2])? exp(—2X,M? |z; — z;])
& 0) 7 i 1 J
D1 1 oN? 21 17121 i jec
i#£j
1 o? b 2, &
—— —h(vgy) ~ - ) MP|zi — 75| exp(—2X, M|z, — 7;])
k ) ] J
Zl=1 nl2 866)\ Zl 1 l =1 i,jeC

i#]
By expressing the above terms by the matrices defined in Theorem 3.4, (3.38)
follows immediately.
Step (4ii): Finally it has to be shown that P— Zj L 9, 9 1y, h(v,;y)} is bounded
in probability. We show this for one of the terms; the remainder is similar and hence

the proof is omitted. For example, consider

O — fj}j( (MP|2; — 2])° exp(—AMP|2: — 2,])
—k 5 913 v; E’L€j i~ 4y X i~ 4y
Zl:l nl2 a)\3 Zl lnl =1 i,jeq

i#]

— 45(M?|z; — 2])* exp(—2AM"|z; — 7).

Then,

3 3 k
L a S *,y’_ 2¢70, ZZ( —x,8,—x/b)(y; xﬁ—xb)|+45)
le le I=1 ijec,

i#£]
where v, = (d,, \y)" and by (B2),

¢ = sup limsup M? sup |z, — z;| < o0
1<I<k M—o0 ij€C)
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Similar to the proofs shown earlier, terms that involve b are 0p(1), that is,

1 o (16, — 6| + 6,)
o (v S - X
Zf:l n12 a>\3 ( y) Zl:l l Z Z ( ( /6 )|

=1 ’L]ECZ

i#]

4|5, — 6, + 50)) +0,(1)

And now we have the right hand side above converging in probability to a

constant and hence, P— & h(v,;y)| is bounded in probability.
l

2 8>\3
Pk

Step (iv): Rearranging terms in (3.35) and normalizing by Zp% , we get

1=1"y

_1 _1
Zl lnl Ko 2L0(9 - Vo) _ Ko 2L0< Vuuh(’/07 )
(Zl 1”1) Zz g
-1 h 0y

S D Gl ) KK D)
225 1”1 = Y (21:1"5)2

By (3.37)-(3.38), and for j = 1,2, #; 2 v,;, and since ‘P—“f)\dh(u*;y) is

bounded in probability, it follows that

Yo 2= M g 5 ) < N(0, T
(Zzﬂ%) A7 2 (9,12
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Chapter 4

Simulation study

In this chapter we are interested in analyzing the following through simulation:

1. Find the relative efficiency of the predictor obtained under the true model and

the predictor obtained under the misspecified Fay-Herriot model.

2. Check if our estimation methods are adversely affected by small, but non-

negligible correlation between neighboring clusters.

3. Analyze the properties of the estimators derived in Sections 3.1-3.2, and com-

pare them with the MLE.

4. Check if increasing the dimension of z;, the vector of spatial locations and

covariates, decreases the standard error of the estimators.

4.1 Simulation setup

The z;’s for the simulation study are spatial co-ordinates, and except for item

4 above, the domain for z; is [0, 10]?, while for item 4, z; € [0,10]*. For a given
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number of clusters k, the cluster centers were chosen to be equally spaced on a grid
in [0,10]%. For each cluster, the z;’s were generated using an independent bivariate
normal distribution such that all z; in a cluster were within a radius of r of the
cluster center (the standard deviation of the normal distribution was taken to be
3r/10). For simplicity, for [ = 1,..., k, we took N; = N. Note that for any specific
parameter combination of (M, N, k,d, A, 0?), the z;’s were generated only once and
then fixed for all simulation runs for that parameter combination.

For the simulation, to mimic (2.7)-(2.8), when M is increased from M; to M,
we need to decrease the radius of the clusters and the standard deviation of the

bivariate normal distribution that generates the z;’s. This is done as follows:

My
My

e =T1
where r; is the original radius and r, is the new radius of the clusters. The stan-
dard deviation of the bivariate normal distribution that generates the z;’s is then
decreased to 3r3/10.

Except for item 1 above, we generated data without sampling errors, we took
M =m, N = n (that is, a purely spatial model with no sampling) and we included
a covariate (fraction of adult population with bachelor’s degree) from the data set
analyzed in Chapter 5. The fixed effect parameter 8 = (41, 52) = (1,1)" was fixed
for the entire simulation study. For item 1, the data were generated with sampling
errors (see Section 4.2): 50% of the population was sampled and we included an

intercept § = 1. Moreover, except when generating data for item 2 above, the data

were generated so that the clusters were independent. Note that generating data so
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that the clusters are independent is equivalent to assuming that the clusters are well
separated [Assumption (C) and (2.7)-(2.8)] . In item 2 above, we generated data so
that the clusters were dependent (see Section 4.3).

For the entire simulation study the following parameters were fixed: p = 0.25,
72 = § 4+ 0% = 1. To be able to interpret A\, we choose it as follows: ) is chosen so
that the median value of the within cluster off-diagonal entries of Ay is some number
c. Hence, the approximate median covariance among all pairs of small areas in a
cluster is dc.

Next, we define some terminology that is used in this chapter. The estimators
(BFH, 72 5, 5\) derived in Sections 3.1-3.2 are referred to as the “least squares esti-
mator” (LSE). To differentiate the MLE from the LSE, we use a subscript of ‘ML’
to denote the MLE.

The empirical mean squared error of an estimator & is defined as

mse(@) = }l% S (6 — ao)? (4.1)

where R is the number of simulation runs for a specific choice of parameter values, &,
is the estimate of cv in the 7* simulation run and «, is the true value of the parameter.
We refer to /mse(&) as the empirical root mean squared error (abbreviated as
e.s.e.). Moreover, the theoretical standard error, abbreviated as s.e., is obtained for
LSE from Theorems 3.2 and 3.4, while for MLE it is obtained from the information
matrix (3.8).

The relative efficiency of two estimators &, and & of a parameter « is defined
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to be

var(a)

RE<dML7 d) = (4'2)

var(dyy)
where var(dyy,) and var(&) are the empirical variances of &, and a.
For each set of parameter values, when estimating by LSE, we ran 500 sim-
ulation runs. However, when estimating by MLE, we ran 100 simulation runs. In
particular, when computing the MLE, we used the first 100 batches of simulated data
that was used to compute the LSE. The difference in simulation runs is due to time
constraints. Using the R command unix.time, for £k = 40, N = 20, it was estimated
that the MLE takes approximately 25 times the running time of LSE. Because of
the small number of simulations runs we do not claim the simulation is definitive,
but we do claim that certain patterns emerge which support our conclusions.
Finally, note that in Sections 3.1-3.2, we derived estimators for (3, 72,9, \).
Since 72 = §+02, we can estimate o2 by 62 = 72, —4, which is a consistent estimator

2

of 02. However, we do not have a formula for var(6?). We defer deriving a least

squares estimator for o2 to future research.

4.2 Comparison of predictors

Here we are interested in computing the relative efficiency of the EBLUP él(ﬁ)
[(2.18)] obtained under the true model, and the EBLUP 6;(72,) obtained under the
Fay-Herriot model, where 6;(72,) is given by
X B+ (72/ P2+ 00)) (5 — XiBow) i i€ S

X8, if ie5e
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where (BFH, 72,) is given by (3.2). As mentioned in Chapter 2, the relative efficiency

of two predictors 0;(7) and 0;(72,) is defined as

_ MSE[6:(72,)]
MSE[0,(7)

(4.3)
When computing éz(ﬁ), since we need to estimate n = (8, \, %), we do so by two
different methods: LSE and MLE.

In our study, we fixed M = 1200, m = 600, § = 1 (the intercept) and con-
sidered two different patterns for (k,n, N): k = 30, n = 20, N = 40 and k = 15,
n = 40, N = 80, and 4 different combinations for (5, X, o?). Due to time constraints
we do not consider an elaborate experimental design for different parameter combi-
nations, however in a future study we plan on doing so. Moreover, in a future study
we will try to provide a more detailed summary as to what combinations of (k,n, N)
and (6, \, 0?) result in large relative efficiency. The simulation setup is as given in
Section 4.1, and the sampling errors ; were generated from a mixture of normal
distributions; that is, ¢; ~ (1/2) N(0.2,0.03) 4+ (1/2) N(0.4,0.07). We generate 1;’s
from a bivariate normal distribution so as to mimic a sample survey in which a
fraction of the sampled small areas have a much smaller sampling error compared
to the remaining sampled small areas.

Since the relative efficiency was significantly different for sampled and non-
sampled areas, we summarize our results by these categories. For each of the two
estimation methods, the column ‘Obs’ (sampled small areas) is obtained as follows:
we compute MSE[6;(72,)] and MSE[6;(7)] by empirically averaging over all sam-

pled small areas and all simulation runs, and then compute the ratio to obtain
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R(0;(7),0:(72,)). Similarly, we compute the column ‘Unobs’ (non-sampled small
areas).

As can be seen from Table 4.1, the relative efficiency is almost identical for
both methods of estimation. Moreover, much larger relative efficiencies are obtained
for the non-sampled areas compared to the sampled areas, and large values of ¢
and small values of A correspond to large relative efficiencies. Note that A = 0.12

corresponds to ¢ = 0.70 (that is, the median value of the within cluster off-diagonal

entries of Ay is 0.70) and A = 0.41 corresponds to ¢ = 0.35.

Table 4.1: Relative efficiency of EBLUP obtained under the true model and
the Fay-Herriot model: k = 30, n = 20, N =40, m = 600, M = 1200, 7 = 1.
‘Obs.”, ‘Unobs.” respectively refer to the relative efficiency for sampled small

areas and the relative efficiency for non-sampled small areas.

LSE MLE

5 A o2 | Obs. Unobs. | Obs. Unobs

0.60 0.12 0.40 ] 1.231 1.720 | 1.238 1.729

0.30 0.12 0.70| 1.072 1.211 | 1.073 1.212

0.60 041 0.40]1.095 1.331 |1.096 1.331

0.30 041 0.70 | 1.033 1.099 | 1.034 1.099

When £ = 15, n = 40, N = 80, in Table 4.2, we provide only the relative
efficiency when LSE is used to estimate the variance components in the EBLUP. As

can be seen, the results are similar to the corresponding parameter combinations in
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Table 4.2: Relative efficiency of EBLUP obtained under the true model and the

Fay-Herriot model: k = 15, n =40, N = 80, m = 600, M = 1200, g = 1.
5 A 0?2 Obs. Unobs.

0.60 0.12 040 1.280 1.861

0.30 0.12 0.70 1.033 1.261

Table 4.1. We note that even though the relative efficiency of the LSE and the MLE
can be small for certain parameters, it does not affect prediction. For example, from
Table 4.3, by dividing column 9 by column 5 and then squaring it, we get the relative
efficiency: the RE(0, dyy) and RE(62, 62,) is 0.70. However, the RE(72,, 72,) is
0.98. Hence one possible reason for the difference in relative efficiency between LSE
and MLE not affecting prediction could be explained by 6’1(77) depending on 72, but
not individually on § and o2.

For the corresponding parameter combinations, the relative efficiency in Tables
4.1 and 4.2 are quite similar to the relative efficiency in Table 2.1. Recall that, in
Table 2.1, when all parameters are known, we computed the relative efficiency of
the BLUP obtained under the true model and the BLUP obtained under the Fay-
Herriot model. Also, for the calculation in Table 2.1, we took 1; = 0.5 for all 7 € S.
However, the relative efficiency in Table 2.1 is slightly larger than the corresponding
relative efficiency in Tables 4.1 and 4.2. This is probably explained by the difference

in the number of parameters that need to be estimated to obtain the EBLUP under

the true model as opposed to the EBLUP under the Fay-Herriot model. That is, for
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the EBLUP obtained under the true model two additional parameters (J, A) have to

be estimated.

Table 4.3: Summary of LSE ® and MLE for model with sampling errors, k = 30,

n =20, N =40, m = 600, M = 1200.

LSE MLE
par. tr.val* | mean® med. ® ese. 7 se. ®| mean med. ese. s.e.
I6] 1.00 1.006 0.999 0.093 0.094 | 0.998 0.999 0.091 0.093
) 0.30 0.320 0.316 0.110 0.112 | 0.304 0.287 0.092 0.089
A 0.12 0.133 0.116 0.102 0.102 | 0.145 0.123 0.099 0.077
o? 0.70 0.672 0.675 0.099 9 0.685 0.678 0.083 0.077
72 1.00 0.992 0.984 0.093 0.092 | 0.989 0.975 0.092 0.091

SLSE refers to (Bpy, 72,)" and (6,A) given by (3.2) and (3.5).
4true value of the parameter.

Smean parameter estimate over all simulation runs.

Smedian parameter estimate over all simulation runs.

Tempirical root mean squared error of parameter estimate, given by the square root of (4.1).
8theoretical standard error evaluated at true parameter value.

902 can be consistently estimated by 72, —d. However, we do not have a formula for its variance.
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4.3 Correlated clusters

For this section, the point pattern was generated as described in Section 4.1,
with the cluster radius » = 1.25 and the cluster centers {(i,j) : 4,5 = 1,3,5,7,9}.
The data were generated using the covariance model (2.5)-(2.6), where k = 25,
N =20, M = 500. Note that the choice of r allows cluster boundaries of neighboring
clusters to intersect and small areas from two neighboring clusters to have non-
negligible correlation. A = 0.3 was chosen so that the median within cluster value
of the A;;’s was 0.40. In this case, the median A;; value for any two neighboring
clusters is approximately 0.05.

In order to compare our estimation method of (4, A) with an estimation method

that takes advantage of the between cluster correlation, we also consider estimating

(0, A) as follows:

(0,\) = argmax h(0, \; y) (4.4)
§>0,A>0
where
- " 2
ROXY) = = 3 (&8 = dexp(-AM"|z; — 2,])) (4.5)

where €, = y; — X;EFH As can be seen from Tables 4.4 and 4.5, there is little to
choose between the two estimation methods. Moreover, we note that for the LSE

the s.e.’s match the e.s.e.’s.

NOTE (1): In addition to the above mentioned estimator (5, 5\), it is possible to

derive an approximately unbiased estimator for (4, A) as follows.
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Table 4.4: Summary of LSE and LSE-C [the estimator given by (4.4)-(4.5)] when

clusters are correlated and no sampling errors, k = 25, N = 20, M = 500.

LSE LSE-C
par. tr.val. | mean med. e.s.e. s.e. mean med. e.s.e.
) 0.3 0.305 0.294 0.105 0.112 | 0.311 0.305 0.107
A 0.3 0.319 0.308 0.178 0.175| 0.339 0.319 0.180

Table 4.5: Summary of LSE and LSE-C when clusters are correlated and no sampling

errors, k = 25, N = 20, M = 500.

LSE LSE-C
par. tr.val. | mean med. e.s.e. s.e. mean med. e.s.e.
) 0.6 0.618 0.603 0.175 0.171 | 0.619 0.613 0.160
A 0.3 0.327 0.318 0.129 0.111 | 0.336 0.338 0.138
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Let D = diag(7? +1,...,72+%,) and y = [I,, — (X'D7' X)X’ D~ ]y; that

2

is, y is the vector of residuals after estimating (3 by BFH when 7¢ is known. The

approximately bias corrected estimator is derived as:

E(YY') = E[(I, — (X'D™'X)"'X'D )yy'(I,, - D' X(X'D'X) ™' X")]
= (I, — (X'D'X) ' X' DY) (0%, + SA+ V)(I,, - D' X(X'D'X)'X")
= (I, — (X'D'X) ' X' DD+ §(A-1,) I, — D 'X(X'D'X)'X)
=6l — X(X'D'X)'X'DYA-IL,)I, - D'X(X'D'X)'X")
+ (D - X(X'D'X)'X")
=5QW(\, %) + QP (r?)
where
QYN 1Y) = (I, — X(X'D'X)'X'D YA -I,)(I, — DX (X'D'X)'X")
QY (Y = (D - X(X'D'X)1X")
An approximately unbiased estimator (8, A) for (6, ) is given by
(5, 5\) = argmax h*(J, \; y) (4.6)

where

v = -0 (a6 - 5020 - Q)

=1 i,jeC

i#j
where & = y; — X8, Bens 72, are given in (3.2) and QE?(A,%?H), QS)( 72.) are the
(1,7)!" element of QM) Q@ evaluated at 72,. Note that since h*(5, \;y) does not

include diagonal elements of Q™M (), 72,) and Q) (72,), the bias correction terms
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are of lower order than the top order terms. Hence, (5, 5\) obtained by maximizing
h*(6,\;y) is asymptotically equivalent to (5 , 5\)

As we did not perform many simulation runs, we do not report summary
statistics for the estimator given by (4.6). However, for the parameter combinations
we considered, there was negligible difference between the estimators given by (4.6)

and the least squares estimators we considered in Chapter 3.

NOTE (2): We can express the variance-covariance matrix of y as
var(y) =V = 0’ L, + 6A+ U = 721, + 6(A — I,,) + ¥ (4.7)

Using (4.7) we can estimate (5, ) as follows: Use the log likelihood function but

substitute estimators (,@FH,%P?H) for (3,7%) and maximize over (§,\). That is we

~ ~

define the estimator (dy, Ay) of (4, A) as

(841, Au) = argmax L(3, \;y) (4.8)

§>0, >0

where
1 ~2 1 2 / ~2 -1 3
L Xy) = =5 10g [V )] = 5 = XBe) VAR (v = XBra) (49)
where
V(6,\72) =72 L+ 6(A—1,) + V.

In a limited simulation study (not reported here), of the estimator given by
(4.8)-(4.9), we found that it was more efficient than the least squares estimator for
(0, A) given by (3.5). Moreover, the estimator given by (4.8)-(4.9) has a running

time approximately one third the running time of the MLE when k = 40, N = 20.
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The shorter running time is due to the reduced number of matrix multiplications
that need to be computed for each iteration when (J, ) is estimated by (4.8)-(4.9)
as opposed to the MLE. We defer showing large sample properties of the estimator

given by (4.8)-(4.9) to the future.

4.4 Comparison of LSE and MLE

In this section, we compare the LSE and the MLE for various parameter
combinations. Since it is not possible to be exhaustive and analyze all parameter
combinations, we fix A = 0.54, which corresponds to the median within cluster value
of A;; being approximately 0.32. The simulation setup is exactly as described in
Section 4.1. We first summarize our results and then give some details for specific

simulation runs.

1. The relative efficiency of LSE and MLE depends on §. Large values of §
correspond to small values of relative efficiency of LSE and MLE (that is, for

large 6, MLE is much more efficient).

2. When ¢ and k are small, estimating \ is problematic. Depending on § and
k, as many as 5% (and this could be much larger if k£ or ¢ is taken to be
smaller than values considered in this simulation study) of the simulation
runs result in the estimate for A either being 0 or being extremely large. Here,
by extremely large, we mean the estimate is greater than 4 s.e.’s from the true
value. However, the frequency of such cases decreases as k increases. For all

parameters except A, in most cases, the s.e.’s of the LSE and the MLE match
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the e.s.e.’s. Moreover, we do not have boundary problems with (3, 3, 72).
However, in very few cases the estimate of § is 0. We note that whenever an
estimate was at the boundary or very large (in the case of ), in nearly all cases,
randomly restarting the maximization routine did not help. If this occurred
when estimating by LSE, in certain cases, the contour plots were checked and

they indicated that the maximization routine had indeed converged correctly.

~ ~

3. In certain cases, when estimating A, the RE(A, A\y) > 1. This is probably due
to k being too small. In such cases, whenever we increase k, the RE(S\, S\ML)
decreases to a number smaller than 1. Moreover, for small k&, the histogram of
Au has a fatter tail on the right when compared to the histogram of . Also,

we note that since we ran only 100 simulation runs for the MLE, the MLE of

A is unduly influenced by large estimated values for \.

4. Large values of 6 and N imply smaller values of k are needed so that the s.e.
of the LSE and the e.s.e. of the LSE are close to one another. The same is

true for the MLE.

5. Based on previous results mentioned in Sections 2.1 and 3.3, we conjectured
that the MLE for o2 is /m-consistent. However, the e.s.e. of the MLE for o2 is
approximately the same as the e.s.e. of the MLE for §. This seems to indicate

that the MLE for o2 is not y/m-consistent but possibly only v/k-consistent.

From Table 4.6 for the LSE and the MLE, we see that, except when estimating

A by LSE, for all the other cases the e.s.e.’s are close to the s.e.’s. Moreover, two
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Table 4.6: Summary of LSE and MLE for model without sampling errors, k = 20,

N =20, M = 400.
LSE MLE

par. tr.val. | mean med. e.s.e. s.e. | mean med. e.s.e.  s.e.

B 1.00 | 1.012 1.007 0.141 0.141 | 1.008 1.002 0.145 0.125
Ba 1.00 | 0.940 0.931 0.925 0.893 | 0.952 0.915 0.852 0.746
) 0.30 | 0.314 0.301 0.131 0.135| 0.301 0.309 0.108 0.103
A 0.54 | 0.570 0.526 0.327 0.303 | 0.579 0.575 0.267 0.260

o? 0.70 | 0.673 0.681 0.121 - 0.697 0.690 0.100 0.095

72 1.00 | 0.987 0.983 0.083 0.080 | 0.998 0.977 0.088 0.079

of the estimated values of \ are large, and without these two estimates, the e.s.e.of
LSE reduces to 0.304, which is nearly identical to the s.e. Moreover, we note that
RE(BLFH, BLML) is marginally greater than 1. However, when k is increased to 40
(Table 4.7), we have RE(BLFH7 BLML) is much smaller than 1. Regarding estimation
of 72, we note that for every parameter combination we took, the RE(72, 72 ) ~ 1.
When £ is increased to 40 (Table 4.7) with (4, A, 0?) being the same, we calculate
the factor by which the e.s.e.’s decrease. For 31, (2, 8, \, 02, 72, the factors by which
the e.s.e.’s decrease are 1.37, 1.28, 1.41, 1.54, 1.44, 1.48. Theory would suggest that
they should reduce by approximately /2. However, we point out the need for a

larger simulation study to be definitive about this claim.
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Table 4.7: Summary of LSE and MLE for model without sampling errors, k = 40,

N =20, M = 800.
LSE MLE

par. tr.val. | mean med. e.s.e. s.e. | mean med. e.s.e.  s.e.

B 1.00 | 1.003 1.002 0.103 0.103 | 0.996 0.987 0.077 0.092
Ba 1.00 | 0.935 0.944 0.722 0.729 | 0.983 1.009 0.522 0.620
) 0.30 | 0.305 0.302 0.093 0.093 | 0.312 0.303 0.075 0.074
A 0.54 | 0.539 0.534 0.212 0.212 | 0.589 0.555 0.223 0.187

o? 0.70 | 0.688 0.690 0.084 - 0.688 0.692 0.069 0.068

72 1.00 | 0.993 0.989 0.056 0.056 | 1.000 1.000 0.056 0.056

~ ~

Note that in Table 4.7, the RE(A, A\y) > 1. When estimating by maximum
likelihood, there were two extremely large estimated values of A which unduly in-
fluenced the e.s.e. After eliminating the large estimated values for both LSE and
MLE of A, the RE(S\, /A\ML) decreases to 0.96.

When instead of increasing k, we increased N = 40 (Table 4.8) with (4, \, o%)
being the same, we noticed that the e.s.e.’s decrease quite significantly, for example,
when compared to Table 4.6, the e.s.e. of the LSE of §, A\, 02, 72 reduce by a factor
of 1.30, 1.28, 1.39, 1.32. While this may seem puzzling, as increasing N should
result in an inconsistent estimator, we probably have to increase N significantly to

be able to detect this. This is beyond the computing resources used for this thesis.

We point out that for both methods of estimation, the s.e. for the estimator of A is
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Table 4.8: Summary of LSE and MLE for model without sampling errors, k = 20,

N =40, M = 800.
LSE MLE

par. tr.val. | mean med. e.s.e. s.e. | mean med. e.s.e.  s.e.

B 1.00 | 0.990 0.983 0.122 0.124 | 0.986 0.990 0.102 0.102
B2 1.00 | 1.099 1.134 0.811 0.829 | 1.035 1.038 0.625 0.614
) 0.30 | 0.315 0.307 0.101 0.092 | 0.301 0.301 0.065 0.068
A 0.54 | 0.569 0.541 0.256 0.219 | 0.589 0.555 0.201 0.179

o? 0.70 | 0.676 0.683 0.087 - 0.690 0.692 0.055 0.058

72 1.00 | 0.991 0.985 0.063 0.062 | 0.991 0.984 0.059 0.061

much smaller than the e.s.e. But once again we point out that after eliminating the
large estimated values for A, the e.s.e.’s are almost identical to the s.e.’s
Comparing Tables 4.7 and 4.8, it is striking that when N = 40,k = 20, the
e.s.e. of 5ML, /A\ML and &%IL is smaller than when N = 20,k = 40. We mention that
for large k, N such a phenomenon should not occur. However, we have no way
of verifying this claim using the computing resources available for this thesis. As
expected, the LSE and MLE for (3;, 32, 7?) have larger e.s.e. when N = 40, k = 20
compared to N = 20, k£ = 40. This should be the case as larger N implies more
correlated observations which would make estimating the fixed effect parameter and

the variance parameter more difficult.
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Table 4.9: Summary of LSE and MLE for model without sampling errors, k = 20,

N =20, M = 400.
LSE MLE

par. tr.val. | mean med. e.s.e. s.e. | mean med. e.s.e.  s.e.

B 1.00 | 0.998 1.010 0.184 0.173 | 0.994 1.005 0.133 0.134
B2 1.00 | 1.046 0.970 1.148 1.050 | 1.015 0.998 0.730 0.696
) 0.60 | 0.619 0.598 0.192 0.181 | 0.600 0.594 0.120 0.116
A 0.54 | 0.538 0.519 0.207 0.214 | 0.599 0.565 0.184 0.159

o? 0.40 | 0.365 0.377 0.146 - 0.392 0.386 0.082 0.074

72 1.00 | 0.984 0.972 0.106 0.103 | 0.992 0.991 0.097 0.096

In Tables 4.9 and 4.10, ¢ is increased to 0.6 with k& = 20, N = 20 (Table 4.9)
and k = 40, N = 20 (Table 4.10). We see that except when A is estimated by MLE
for k = 20, N = 20, for all other cases, the e.s.e. matches the s.e. Moreover, unlike
in Table 4.7, when 6 = 0.6, £ = 40 is large enough for both methods of estimation to
not have estimated values of A to be 0 or extremely large. Moreover, a comparison
of the relative efficiency of LSE and MLE in Table 4.10 for parameters 3;, (32, 9,
A, 02, 72, gives 0.49, 0.42, 0.38, 0.63, 0.25, 1.03, which we compare to the similar
numbers in Table 4.7. which are 0.56, 0.52, 0.65, 1.11, 0.67, 1.00. It appears likely
that the relative efficiency depends on § for fixed A\, k, N. Moreover, we point out
that in Table 4.9 for all parameters, the e.s.e. of LSE matches the s.e. which is not

the case in Table 4.6.

88



Table 4.10: Summary of LSE and MLE for model without sampling errors, k = 40,

N =20, M = 800.
LSE MLE

par. tr.val. | mean med. e.s.e. s.e. | mean med. e.s.e.  s.e.

B 1.00 | 0.994 0.997 0.123 0.124 | 0.989 0.995 0.086 0.097
B2 1.00 | 1.052 0.961 0913 0.866 | 1.093 1.153 0.594 0.580
) 0.60 |0.614 0.613 0.136 0.137 | 0.609 0.611 0.084 0.082
A 0.54 | 0.541 0.525 0.148 0.150 | 0.559 0.549 0.117 0.112

o? 0.40 | 0.380 0.393 0.107 - 0.392 0.386 0.054 0.053

72 1.00 | 0.994 0.989 0.071 0.071 | 1.001 0.996 0.072 0.068

Next, we consider § = 0.2, £ = 40, N = 15 (Table 4.11). As mentioned
previously, small § results in difficulty in estimating A\. The LSE and the MLE for
A both show large bias, and the RE(S\, S\ML) > 1. Increasing to k = 80 (Table 4.12)
with (8, A, 0?) and N the same, still results in the e.s.e. not matching the s.e. for .
However, from Table 4.12 we have RE(;\, S\ML) < 1. Using Table 4.12, we compute
the relative efficiency of the LSE and the MLE. For the parameters £y, 32, 6, A, 02,
72, the relative efficiency of the LSE and the MLE is 0.90, 0.87, 0.79, 0.82, 0.70, 0.77
which are much larger compared to the similar calculation we did for the relative
efficiency of LSE and MLE using Tables 4.7 and 4.10. In an effort to attain the

s.e. for the estimator for A\, we increase to k = 160. However, for this case it is

not possible to run a simulation for the MLE using available computer resources.
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Hence, we only consider the LSE. As Table 4.13 indicates, we have finally managed
to match the s.e. for A with the e.s.e. for \.
Table 4.11: Summary of LSE and MLE for model without sampling errors, k = 40,

N =15, M = 600.
LSE MLE

par. tr.val. | mean med. e.s.e. s.e. | mean med. e.s.e.  s.e.

B 1.00 | 1.003 0.996 0.101 0.101 | 0.999 0.999 0.102 0.096
Ba 1.00 | 0.991 0.999 0.702 0.706 | 0.943 0.976 0.677 0.662
) 0.20 | 0.220 0.204 0.112 0.099 | 0.201 0.198 0.090 0.087
A 0.54 | 0.600 0.528 0.420 0.335| 0.693 0.574 0.495 0.313
o’ 0.80 | 0.777 0.788 0.113 - 0.784 0.779 0.101 0.090

72 1.00 | 0.997 0.997 0.060 0.060 | 0.985 0.985 0.061 0.060

4.5 Change in dimension

Here, we consider z; in a higher dimensional space - we take z; € [0,10]*.
Except for this, the simulation setup is exactly as described in Section 4.1. We
consider the same set of parameter values for (6, A, 0?) and k, N, M as Table 4.7.
We notice that increasing the dimension of z; (see Tables 4.14 and 4.7) reduces
the e.s.e. of (31,2, 7%). This is because in a higher dimensional space for z;, the
observations within a cluster are not as highly correlated, which in turn results in

better estimation of (3;, 82, 7%). However, as can be seen from these two tables, the
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Table 4.12: Summary of LSE and MLE for model without sampling errors, k = 80,

N =15, M = 1200.
LSE MLE

par. tr.val. | mean med. e.s.e. s.e. | mean med. e.ss.e.  s.e.

B 1.00 | 0.991 0.991 0.077 0.075 | 0.981 0.983 0.073 0.071
Ba 1.00 | 1.0539 1.058 0.567 0.559 | 1.129 1.149 0.496 0.522
o 0.20 | 0.208 0.204 0.073 0.069 | 0.203 0.194 0.065 0.061
A 0.54 | 0.551 0.529 0.261 0.239 | 0.555 0.525 0.237 0.224
o? 0.80 | 0.789 0.793 0.074 - 0.795 0.796 0.062 0.063

2 1.00 | 0.997 0.995 0.041 0.043 | 0.998 0.998 0.036 0.043

Table 4.13: Summary of LSE for model without sampling, £ = 160, N = 15,

M = 2400.

par. tr.val. mean med. e.s.e.  s.e.

B 1.00  1.007 1.008 0.057 0.056
Ba 1.00  0.933 0.920 0432 0.424
) 0.20  0.202 0.200 0.047 0.048
A 0.54 0534 0.514 0.170 0.168
o? 0.80 0.793 0.795 0.050 -

72 1.00  0.995 0.994 0.030 0.030
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e.s.e. of § and \ both increase, though they match the s.e. of LSE.

Table 4.14: Summary of LSE for model without sampling, z; € R*, k = 40, N = 20,

M = 800.

par. tr.val. mean med. e.s.e.  s.e.

B 1.00  0.997 0.998 0.094 0.092
B2 1.00  0.992 0.963 0.686 0.677
) 0.30 0.335 0.307 0.182 0.173
A 0.54 0539 0.525 0.261 0.258
o’ 0.70  0.661 0.688 0.180 -

72 1.00  0.996 0.996 0.054 0.052

4.6 Concluding remarks on simulation study

We conclude this chapter by remarking that while our simulation study is by
no means exhaustive, it is supportive of our theoretical results. Moreover for large
k, the simulation study provides evidence that the e.s.e. of the MLE matches the
s.e. of the MLE. However, we need to run a much larger simulation study, which we
will do in the future. We also suggest a few areas where it would be of interest to

carry out further simulation studies:

1. Compare the EBLUP under the true model and the EBLUP under the misspec-
ified Fay-Herriot model for more exhaustive combinations of (n, N,m, M, ¢,

A, 02,1;). Include covariates in addition to the intercept term. We believe by
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doing so larger relative efficiency between the EBLUP obtained under the true

model and the EBLUP obtained under the Fay-Herriot model can be achieved.

. Consider different point patterns that generate the z;’s in each cluster.

. Consider decreasing the cluster radius and check whether estimation is ad-

versely affected, especially estimation of .

. Increase N and see if this results in inconsistent estimators for LSE. As we
mentioned in Sections 2.1 and 3.3, for certain spatial models under infill as-
ymptotics 62, is y/m-consistent. However, these results are for very special
point patterns. Based on our simulation results when estimating by MLE, we
have no evidence of different rates of convergence. We need to conduct a more

exhaustive simulation study to check this claim.

. Consider certain types of mispecifications. For example, when clusters are
not well separated, check if the estimation method is adversely affected if a

fraction of points are assigned to the incorrect cluster.
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Chapter 5

Data analysis

We analyze a U.S. county level data set that was previously analyzed by
Wheeler [51], [52] for a different purpose. The data set consists of civilian em-
ployment growth rates for all U.S. counties between 1980 and 1990 and includes 14
county level covariates. We are interested in clustering the counties, and by doing so
we hope to obtain better predictors of the observed and unobserved counties when
compared to the predictors obtained without clustering. We assume the clusters
are Census Bureau regions (there are 9 such regions) and assume that the variance-
covariance matrix of the county level random effects (small area effects) is given by
(2.5), (2.10).

The set of covariates included in the data set were (the year is given in paren-
thesis): log employment (1980), log population (1980), employment density (1980),
population density (1980), log land area (1980), fraction of adult population with
bachelor’s degree (1980), fraction of employment in manufacturing (1980), unem-
ployment rate (1980), per capita income (1979), urban/rural indicator (1990), share

of local government spending on education (1982), share of local government spend-
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ing on police (1982), share of local government spending on highways (1982) and
fraction of population that is not white (1980).

Among the 3106 U.S. counties, we deleted 4 counties with missing covariates.
Unfortunately the deleted counties were all large counties. The deleted counties
were Bronx, New York, Queens and Richmond with employment growth rates of
0.0926, 0.0972, 0.0992 and 0.1976. Among the deleted counties, the first 3 counties
have approximately the median employment growth rate among all U.S. counties
while the last county has a growth rate in the 75" percentile. The missing covariates
for the counties were local government spending on education, police and highways,
and we were not able to impute these missing covariates.

In order to choose the best set of covariates, we considered the stepwise AIC
criterion. Following the discussion in Wheeler [51] where he mentions a non-linear
inverted ‘U’ relationship between the employment growth rate and log employment,
we plotted the data to check for such a relationship. Having seen one, we fitted a
model with a second degree polynomial in log employment in addition to includ-
ing other covariates. The other covariates were urban/rural indicator, fraction of
adult population with bachelor’s degree, fraction of employment in manufacturing,
log population, log land area, share of local government spending on police, share
of local government spending on highways and fraction of population that is not
white. Having chosen our main effects by stepwise AIC criterion, next we consid-
ered interaction terms. We considered interaction among all main effects, and the
final model selected by the AIC criterion was: log employment, urban/rural indica-

tor, fraction of adult population with bachelor’s degree, fraction of employment in
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manufacturing, log population, share of local government spending on police, share
of local government spending on highways, fraction of population that is not white,
and interaction between the following pairs of covariates: urban/rural indicator and
fraction of employment in manufacturing, urban/rural indicator and log popula-
tion, share of local government spending on police and fraction of employment in
manufacturing, share of local government spending on police and fraction of adult
population with bachelor’s degree. We note that when we considered interaction
terms, the quadratic term in log employment was not significant at the 0.05 level.
In the final model, among all coefficients for the fixed effects, the largest p-value
was 2.5 x 1078,

A histogram of the employment growth rates shows a slightly fatter tail to the
right but is otherwise symmetric and unimodal. Having fitted the model with the
above mentioned covariates, we checked a plot of the residuals against covariates
and against the fitted values, searching for any pattern. In particular, we checked
a plot of the residuals against log employment. We did not detect any pattern in
any of the plots. Moreover, for the residuals we did a normal Q-Q plot to check
our normality assumption. In the middle and the left tail, the plot looked fine,
however beyond the second standard deviation the plot deviated significantly from
the normal quantiles. This is associated with the slightly fatter tail to the right of
the histogram of the observations.

We draw a simple random sample of 800 from the 3102 U.S. counties and
pretend that only the sampled counties were observed. We refer to the remaining

2302 counties as the unobserved counties. Moreover, since the sampling errors 1);
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were not included in the data set, we added noise to the data in order to mimic
a typical setting in which the Fay-Herriot model is used. We pretend that the
employment growth rates given in the data set are the true employment growth
rates. We also analyze the data set without sampling errors. In this case, we do
cross-validation to compute the relative efficiency of the two different predictors.
To make the discussion easier, regardless of whether we add or do not add noise to
the employment growth rates, we refer to the competing model as the Fay-Herriot
model. Moreover, the above mentioned covariates were selected using the entire data
set so as to not have the set of covariates be dependent on the observed sample. Also,
in order not to have a specific sample unduly influence the outcome, we reanalyzed
the data set by randomly selecting another 2 samples.

In order to choose the sampling errors we did the following. Usually the ;s
are chosen so that for all 7, v; i_, where n; is the sample size of the direct survey
estimate of the i'® small area. Moreover, in Fay-Herriot applications, the n;’s are
taken to be roughly proportional to population size for the it small area. We chose
the constant of proportionality by taking the smallest county with the number of
civilians employed of at least 200, 000, and for such a county we made sure its direct
estimate would not differ from its EBLUP under the Fay-Herriot model by more
than 1%. Once we chose the constant of proportionality (which was 51.03), we kept
it fixed for all 3 samples.

We chose the number 200,000 by using the same practice employed by the
Current Population Survey (CPS) where for a sampled county the sampling fraction

is approximately 1 in 2000 . Hence we do not want a county with a sample of at
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Table 5.1: Estimates of (4, A, 72) for 3 random samples from employment growth

rate data set.

Sample 1 Sample 2 Sample 3

Parameter spatial survey spatial survey spatial = survey

4] 0.00958 0.01214 0.00834 0.00930 0.00768 0.00921
A 0.00135 0.00150 0.00200 0.00212 0.00166 0.00189
72 0.02104 0.02316 0.01822 0.01879 0.01744 0.01766

Table 5.2: Relative efficiency of EBLUP under true and Fay-Herriot for 3 randomly

selected samples using employment growth rate data.

Sample 1 Sample 2 Sample 3

sampled area 1.074 1.042 1.085
non-sampled area (survey) 1.395 1.341 1.368
non-sampled area (spatial) 1.483 1.420 1.447

least 100 to differ from its EBLUP under the Fay-Herriot model by more than 1%.

In Table 5.1, we give the set of parameter estimates (J, A, 72) for each of the 3
samples we generated. Moreover, we considered estimating the parameters with and
without adding sampling error which in the Table 5.1 is referred to as ‘survey’ and
‘spatial’. As can be seen from Table 5.1, there seems to be some variation by sample
in the estimates of the covariance parameters. Moreover, for any specific sample,
there is a noticeable difference in the estimates of the covariance parameters when

we add error compared to when we do not.
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From Table 5.2 we note that the relative efficiency of the EBLUP under the
true model and the Fay-Herriot is approximately the same for all 3 samples, even
though as mentioned previously there is some variability in the estimates by sample.
The row ‘sampled area’ refers to when we add sampling error to the county level
employment growth rates and we compute the relative efficiency of the two predic-
tors. We compute the relative efficiency by computing the ratio of the squared error
averaged over all observed small areas for each of the 2 different types of predictors.
Also, ‘non-sampled area (survey)’ refers to a similar computation as above when we
add sampling error and are interested in the relative efficiency of the predictors for
the non-sampled areas. Finally, ‘non-sampled area (spatial)’ refers to cross valida-
tion when we do not add sampling errors. As expected when we limit ourselves to
non-sampled areas, the relative efficiency is larger when there is no sampling error
as opposed to when we add sampling error. Also, as can be seen, the relative effi-
ciency is quite small for the sampled areas. We compare these numbers to the limit
of (2.28). For example, for sample 1, we substitute the estimated values of §, o
and the median value of 1; in the limit of (2.28) and we get 1.08. Assuming the
estimated values for §, 02 in sample 1 are close to the true values, we have achieved
as large a relative efficiency as we can hope for.

In Figure 5.1, for one of the samples for the case when we did not add sampling
error, we give a plot of the squared error of the EBLUP under our model (x co-
ordinate) against the squared error of the EBLUP under the Fay-Herriot model (y
co-ordinate) for each of the non-sampled areas. The plotted line is y = . As can be

seen, for most non-sampled small areas, the squared error of the EBLUP under the

99



Fay-Herriot model is larger than the squared error of the EBLUP under our model.

00 01 0.2 03 04 05

T | | | | |
0.00 0.10 0.20 0.30

Squared error for EBLUP under Fay Herriot

Squared error for EBLUP under our model

Figure 5.1: Plot of the squared error for EBLUP under our model vs. Fay Herriot

model.

As a further validation of fitting our model we computed the deviance, that is
2 times the difference in the log likelihood under our model and the log likelihood
under the Fay-Herriot model. The deviance when we added sampling error was
123.29 (in this case, the log likelihood under the Fay-Herriot model was 6463.59).
The deviance when we did not add sampling error was 183.19 (in this case, the log

likelihood under the Fay-Herriot model was 6311.36). We computed the deviance
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for only one of the samples. We also note that usually deviance is computed when
the parameters are estimated by MLE, however we point out that the large deviance
even when we estimate the parameters by our method is indicative of a better fit of
our model compared to the Fay-Herriot model.

We conclude this chapter by mentioning that in a future study of this data
set we plan on clustering the counties in a more scientific manner by using spatial
locations and various covariates. We did not do so in this thesis due to time con-
straints. However, as we have shown, even when we use Census Bureau regions as

our clusters, we obtain improved prediction, especially for the non-sampled areas.
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Chapter 6

Small area estimation problems

The second and third parts of this thesis consist of two non-spatial small area
estimation problems. In Chapter 7, in a small area context, we consider the problem
of simultaneous credible intervals. In the frequentist framework there are several
multiple comparison procedures that have been used in linear models. For example,
Scheffé’s, Tukey’s and Bonferroni’s multiple comparison procedures (Hochberg &
Tamhane [21], Miller [29] and Scheffé [43]). We adapt these procedures to the
Bayesian framework in order to construct simultaneous credible intervals for small
areas.

In the Bayesian framework the choice of prior for the hyperparameter(s) is
important. Usually a flat prior is chosen for the regression coefficient and the prior
variance is assumed to be independent of the regression coefficients and uniformly
distributed over the positive part of the real line (Berger [4] Morris & Christiansen
[30] and Morris [32]). However, there is significant of amount literature on choosing
priors so that they have approximate frequentist validity. For example, probability

matching priors refers to priors that give Bayesian credible sets that have approx-
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imately correct frequentist coverage (Datta & Mukerjee [16] and Tibshirani [46]).
The approximate agreement of the Bayesian and frequentist coverage probabilities
of the associated credible sets gives these priors an external validation (Datta &
Mukerjee [16]).

Datta et al. [17] refer to a prior as having dual justification if the posterior
variance of the hierarchical Bayes estimator is second order unbiased for the mean
squared error of the EBLUP (see 7.10). In Chapter 7, we follow a similar approach
in deriving an objective prior for the prior variance.

In Chapter 8, for a special case of the nested error regression model we consider
the problem of deriving a robust mean squared error (MSE) estimator for the em-
pirical best linear unbiased predictor (EBLUP). The small area mean 6; is predicted
using the BLUP, but usually there will be unknown variance components that need
to be estimated. The BLUP with estimated variance components is referred to as
the EBLUP. The MSE of the BLUP cannot be used as an approximation of the
MSE of the EBLUP as it does not take into account the variability of estimating
the variance components.

For the Fay-Herriot model and the nested-error regression model, Prasad &
Rao [36] used a moment estimator to estimate the variance components, and under
normality derived a second order approximation of the MSE of the EBLUP, and
a second order unbiased estimator of the MSE of the EBLUP. Here, second order
approximation of the MSE means that the difference between the true MSE and the
approximation of the true MSE is o(1/m), where m is the number of small areas.

Also, second order unbiased means that the difference between the expectation of
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the estimator of the MSE and the true MSE is o(1/m).

For the Fay-Herriot model, Lahiri & Rao [24] showed that the normality of the
random effects could be relaxed by a certain moment condition on the random effects
so that the Prasad-Rao MSE estimator (with the variance components estimated by
a moment estimator) would still be second order unbiased. In a more general model,
under normality, Datta & Lahiri [15] gave an approximation and an estimator of
the MSE of the EBLUP when the variance components were estimated by either
the MLE or REML.

Without assuming normality Das, Jiang & Rao [14] derived an approximation
for the MSE of the EBLUP under a more general model that included the Fay-
Herriot model and nested error regression model as special cases. However when
deriving an estimator of the MSE of the EBLUP they assume normality.

For nested error regression model, Hall & Maiti [20] derived a non-parametric
estimator of the MSE of the EBLUP. They do so by considering a double bootstrap
method. In Chapter 8, unlike in Hall & Maiti, we derive a closed form expression

for the estimator of the MSE of the EBLUP.
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Chapter 7

Simultaneous credible intervals

A researcher in public health may report an estimate of the mean body mass
index and the associated 95% individual confidence interval for each domain formed
by different demographic groups (e.g., for different racexgenderx age-group com-
binations), and then use these individual confidence intervals to find significant
difference among pairs of domains. The problem with the above approach, often
referred to as data snooping, is that even if a table of estimates of the domain mean
differences and their associated 95% (individual) confidence intervals are reported
for all possible pairs, the confidence level refers to a single comparison and not to a
series of comparisons. In fact, the overall confidence level, that is, the probability
that all confidence intervals cover their respective true values, could be much lower
than the nominal 95% level. The problem of finding spurious significance results
due to data snooping is referred to as the problem of multiple comparison.

Exploratory data analysis is a useful part of any scientific investigation, but
any claim suggested by such analysis should be validated by an appropriate statis-

tical procedure. Multiple comparison is the most common data snooping problem
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encountered in small area research. The literature on multiple comparison for linear
models is vast, for example, see Hochberg and Tamhane [21] and Miller [29].

Using the celebrated Fay-Herriot model, we demonstrate how the Bayesian
method can be adapted to address the multiple comparison problem. The Bayesian
method is conceptually straightforward. Once the posterior distribution of the pa-
rameter(s) of interest is found, this is used for all inferential purposes.

As mentioned in Chapter 1, the Fay-Herriot model is given by

e Level 1 (sampling model): y;|6; g N0, i), i=1,---  m;

e Level 2 (linking model): 6; by N(xB,0%), i=1,--- m.

Suppose we are interested in finding a 100(1 — )% credible interval for a
specific £'0, where £ is a known m x 1 column vector. We simply find the posterior
distribution of £'@ and use this to find the desired credible interval. To illustrate
the method, first assume o2 is known, but 8 unknown. We put a flat (improper)

prior on 8, that is, 7(8) < 1. As we show in Section 6.5,

Oly ~ N(Aw, A) (7.1)
Where y = (yl""7ym)/7 9 = (617"‘79m)/7 w = (%7--.7112_:1)/7 X = (le...yxm)/7
and A~ = diag( + &, ..., 7+ &) - S

A 100(1 — @)% credible interval for £'6 is given by

/ / 2
O Aw+ (z AEX%%I)) : (7.2)
where X?a ) 18 the upper a percentage point of the chi-squared distribution with one

degree of freedom.
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When o2 is unknown, we need to put priors on both 3 and 2. We assume

that

(B,0%) = n(B)r(0?) o 7(0”).

In this case, a closed-form density for

= (re-E01y)
T = £var(0 | y)L y

cannot be obtained. Hence, a Monte Carlo method is used to construct a credible

interval for £60. The method is as follows: For large R, independently simulate

(0(1)7ﬁ(1)70(21)>7 ceey (O(R)7IB(R)>U(2R)> ~ f(97/8702 | Y> Then E(0|Y) and Var<9 | Y>

are approximated by

— 1
E@O|y) = 9(.)=§29(i),

var(0 |y) = R-1) > (60— 80))(00) —6())"

Also, To(ll), the upper a percentage point of the distribution of T, is given

by the upper a percentage point of the ordered values T (%) (t=1,...,R), where

, 2
(€60 - E@® 1))
TV =
@) £var(0 | y)e

When o2 is unknown, a 100(1 — )% credible interval for £ 0 is given by

1

(E@|y)+ (e’var(e | y)ETg))? (7.3)

One important step in the Bayesian approach is the choice of the prior distrib-

ution for the hyperparameter(s). Morris and Christiansen [30] used a flat (Lebesgue
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measure) prior distribution for the regression coefficients, and assumed the prior
variance to be independent of the regression coefficients and uniformly distributed
over the positive part of the real line. These prior distributions for the hyperpara-
meters are simple to interpret to a nonstatistician and are often recommended. See
Berger [4] and Morris [32]. The uniform prior for the variance, often referred to as
the Stein’s superharmonic prior, is noninformative and is known to provide mini-
max procedures. Unless more information on the hyperparameters is available, these
simple prior distributions for the hyperparameters give good frequentist properties

to the resulting rules (Morris and Christiansen [30]).

7.1 Multiple Comparison

We are interested in constructing simultaneous 100(1 — «)% credible intervals,
say I, for 0 for all £ € L, where L C R™, the m—dimensional Euclidean space.
That is, we want

PO cI forall £eLly]=1—a,

where the probability is with respect to the posterior distribution of @ = (61,...,6,,)

given y = (917 s 7ym)/-

2 is unknown]| for

If one were to use (7.2) [when o2 is known] or (7.3) [when o
multiple comparison, then the overall coverage probability will be much lower than

the nominal 100(1 — «)%. Hence the need for our method. In the following three

subsections, we discuss multiple comparison procedures for three useful classes L.
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7.1.1 Pairwise comparison

Here we are only interested in constructing simultaneous credible intervals for
all pairwise comparisons. We will restrict attention to the case where o2 is unknown.

A Bayesian version of Tukey’s simultaneous confidence intervals can be used. Define

max (6 — B0 | y)) |y) — min (6 — B | y)) | y) = T,
Note that Vi, j,
(6= 2019 1y) = (0, - BO; 19) | y)| <T¢
= P(Vij, |6 B0 | y) = (6, — B |y) < TP |y) 21 -0,

where TCSZ) is the upper a percentage point of the distribution of 7). Simultaneous

100(1 — «)% credible intervals for all pairwise comparisons, 6; — 6;, are given by
E(: |y) - E(6; |y) £ T,

where, as before, Monte Carlo is used to compute E(¢; | y), E(6; | y¥), T,

7.1.2 Multiple comparison for all contrasts

Here we concentrate on all possible contrasts in @ (that is, 20 such that
o i =0). Define
-1 -1
1 (var(@ \ y)) Jm<var(0 ] y))

1, (var(@ ] y)) " 1,

(0 E@® | y){(var® ) }6—E@®|y)|y=T"

Note (see Section 6.5) that subject to the constraint Y. ¢; =0,

(¢0-E@]y))
e £var(0 | y)e

‘ y =T, (7.4)
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When o2 is known, in Section 6.5, it is shown that
T 2 (75)

Thus simultaneous 100(1—a)% credible intervals for all £ @ such that 327" ¢; =

0 are given by

[NIE

O Aw+ (z’AeX?a’m_IQ .

When ¢? is unknown, Monte Carlo is used to compute E(0 | y), var(0 | y),
7Y, and in this case simultaneous 100(1 — @)% credible intervals for all £ such

that ) ", ¢; = 0 are given by

[

(E@|y)+ (z’var(e | y)zTg))?

7.1.3 Multiple comparison for all £'0

Note that (proof is similar to (7.4))

(@ r@)v))

¢ Cvar(8|y)e ‘ y=(0—-E@®|y){var(0|y)} (6 -E@®|y)|y=TY.

When o® is known, T ~ x? /. Thus simultaneous 100(1 — )% credible

intervals for £'0 for all ¢ € R™ are given by

D=

e’Awi(e/AeXQ )

(a;m)

When o2 is unknown, Monte Carlo is used to compute E(f | y), var(d | y),

Tc(f), and in this case simultaneous 100(1 — «)% credible intervals for all 20 for all
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£ € R™ are given by

(E@|y)+ (e’var(e | y)eTy))?

7.2 Prior Selection

There are several ways one can choose the prior distribution for o2. A popular

choice is Stein’s superharmonic prior distribution given by
7T(0‘2) X [[02>0].

The above choice of prior is non-informative and is known to provide an ad-
missible procedure in the context of point estimation (Morris and Christiansen [30]).
The superharmonic prior was also used by Morris [31] in obtaining a suitable mea-
sure of uncertainty of his empirical Bayes estimator. In what follows, we consider
another approach to choosing a prior for o2.

Given {w; >0, i =1,--- ,m, such that > w; = 1}, we seek a prior 7(c?)

satisfying the following condition:

Zw1E<Var(9,» ly) — MSE[@(&Q)D = o(1/m), (7.6)

where var(.|y) is the variance under the prior 7(c?), F(-) and MSE(-) are taken
with respect to the Fay-Herriot model; 6;(62) is the EBLUP of 6;, that is

52 ’

m(% —2,8(67%))

B(c?) = (X' Q' X)'X'Qly

0,(6%) = 2;8(67) +
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where Q = diag(¢yy + 02, ..., %, + 02), and 6% is the REML estimator of o?. The
choice of REML estimator for o2 is for convenience.

Assuming a general prior 7(¢), Datta et al. [17] proved that the hierarchical
Bayes estimator of #; has frequentist validation in the sense that, the EBLUP of
¢; and the hierarchical Bayes estimator of 6; differ by terms of the order O,(1/m).
Moreover, Datta et al. [17] chose a prior for which the posterior variance, a Bayesian
measure of variability, has a certain frequentist property (see 7.10). Similarly, we
seek a prior that satisfies (7.6). Such a prior has the following property: the weighted
average of the posterior variances over all small areas is second order unbiased for
the corresponding weighted average of the MSE of the EBLUP.

In order to satisfy (7.6), as shown in Section 6.5, it is necessary and sufficient

for 7(c?) to satisfy the following differential equation

dr(o?) 1, S widd/ (it o)

- 221 1/ (¥ + 02)3 -
do? m(0?) >oimy wildi/ (Y + 02)}? 0. (7.7)

T 1t o)

It can be checked that the solution to (7.7) is given by

71_(0_2> ZZI 1/(¢Z +0 )

S wi /(i oD} (7.5)

When the prior is given by (7.8), it can be checked that for m+2 > rank(X) the
posterior distribution of 6 is proper (Datta et al. [17]). It is interesting to note that
Stein’s super-harmonic prior is a special case of (7.8): simply take w; = %
The superharmonic prior could be interpreted as a prior under which the weighted

average of the posterior variance of ¢; is a second-order unbiased estimator of the

corresponding weighted average of the MSE of the EBLUP, the average being taken
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over all small areas and the weight for a given area being proportional to the inverse
of the squared sampling variance.
By taking w; = 1/m (for i = 1,...,m), we get the following prior which we

refer to as the “average moment matching prior”:

2 S /(i + o)
T X S o+ ) i

The prior given by (7.9) has the property that the average posterior variance
of 6; is second-order unbiased for the average MSE of the EBLUP of 6;. Also, by
taking w; = 1 for j = ¢, and w; = 0 for j # ¢, we get a prior obtained by Datta et
al. [17]. Their main motivation was to choose a prior distribution for o2 such that

the posterior variance of 6; is second-order unbiased for the mean squared error of

the EBLUP of 6;, that is,
E(Var(ﬁi | y)) — MSE (9}(5—2)) +o(1/m). (7.10)

Datta et al. [17] showed that the prior which satisfies (7.10) is given by

= 1
2 212
m(o*) i+ o g —_ 7.11
Note that, unless 1; = 9 for i = 1, ..., m, the prior for o2 is area specific and

hence it is not possible to select a prior which satisfies (7.11) simultaneously for

1=1,...,m.
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7.3 Implementation by Monte Carlo

It is straightforward to show that (see Section 6.5)

Texp(—1y (27— QI (X'QTIX)TIX Q7 y)

2 2
f02|y(0 | y) < (o )H (1; + 02)%’X’Q*1X‘% (7.12)
B 0%y ~ N(X'O ) X0y, (X0 X)) (713
018.0%y ~ N(TC.T) (714)

where O = diag(y + 0%, ¥ + 02), [ = diag(2%;, ... £225)  [X'Q71X] is

the determinant of X'Q'X, ¢ = xB + diag(ﬁ, EER) wLm)y

o2

We need to generate (0., 83,,0?) from f(0,3,0? | y). To this end, note that

* *

£(8,8,0° | y) < fory (0 [ ¥) f(B | 0%, ¥) (0| B,0? y).

Hence (0., 8,,0?) will be generated as follows: 02 ~ fy21,(0? | y), B, ~ f(B |
0l,y), 0.~ [(0 | B,,0,y). Simulating B, ~ f(B | oZ.y) and 6. ~ f(0 | B.,0%,y)
is straightforward. To simulate 02 ~ f,2,(0? | y), use the following accept-reject

method (for a discussion of the accept-reject method, see Robert and Casella [40]):

1. Simulate z ~ X?qu72) [where ¢ = rank(X)].

y (I-x(x'X)"'x")y
z

2. Compute u = — . If u> 0, then u ~ fy(u), where

exp(—5 2=y (I — X(X'X)' X)y)

(ptu)
fulu) o (@ + u) -0/

Iu>0)-

© is chosen such that the acceptance rate in the accept-reject method is max-

imized or we could simply choose ¢ to be the median of the v;’s.

3. Generate w ~ Unif[0, 1].
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fo21y (tly)
fu(®)

4. Check if % Loz (1Y) > w, where K = max;

fu (w) . If true, then

Qlf\’.]crf2|y(()-2 |Y)

7.4 Data analysis and simulation

In this section, we use a well-known data set to illustrate to what extent the
theoretically valid methods for multiple comparison differ from the naive compari-
son based on individual credible intervals. In our study, we include both pairwise
comparisons and comparisons of general contrasts. Also, a simulation study is per-
formed to compare the average moment matching prior (7.9) with that of Stein’s
superharmonic prior.

In our data analysis, we use the baseball run scoring data given in Morris and
Christiansen [30]. The baseball data set (Table 7.1) gives the average runs scored
per game and sample standard deviation of 14 baseball teams in the American
League for the year 1993. Each of the teams played 162 games, and y; denotes
the average runs scored over those 162 games. A good approximation given in
Morris and Christiansen [30] for the variance of runs scored for a single game is
var(p) = (1.375u)"2, where u is the mean runs scored for a single game. For
the 162 games played, the variance v; for the i** team is then approximated by
¥ = var(y;)/162 = (1.375y;)1?/162, and is assumed to be known without error.
The normality assumption for y; is justified by the central limit theorem. The
estimates of the true runs per game 6; and its standard error given in Table 7.1 were

computed using 20,000 independent samples for each of the two priors.
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Table 7.1: Estimates of the true runs/game and its s.e., using the superharmonic

prior (columns 5 and 6) and average moment matching prior (columns 7 and 8).

Obs Team  y; Vi 6; 5; 0x st

K3 K3

1  Det 5.549 0.266 5.287 0.250 5.290 0.250

2 Tor 5228 0.257 5.070 0.227 5.073 0.230

3 Tex 5154 0.254 5.022 0.225 5.021 0.226

4  NY 5068 0.252 4.962 0.221 4961 0.221

5 Cle 4.877 0.246 4.827 0.214 4.829 0.214

6 Bal 4852 0.245 4808 0.212 4.809 0.211

7 Chi 4.790 0.243 4.765 0.210 4.764 0.211

8 Sea 4.531 0.235 4.570 0.205 4.573 0.205

9 Mil 4525 0.235 4.569 0.206 4.567 0.206

10 Oak 4.414 0.232 4483 0.207 4.486 0.205

11 Min 4.278 0.227 4.379 0.205 4.381 0.205

12 Bos 4.235 0.226 4.346 0.205 4.348 0.205

13 Cal 4.222 0.226 4.336 0.204 4.337 0.205

14  KC 4.167 0.224 4.293 0.208 4.294 0.205
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Table 7.2: Credible intervals for selected contrasts using the superharmonic prior

Contrast All contrasts Pairwise Individual
01 — 014 (-0.691,2.680) (-0.026,2.015) (0.341,1.682)
Oy — 614 (-0.785,2.339)  (-0.244,1.797)  (0.173,1.417)
0y — 0o (-0.887,2.120)  (-0.404,1.637)  (0.034,1.228)
05 — 013 (-0.965,1.947)  (-0.529,1.511) (-0.070,1.084)
18y + 63) — b1 (-0.627,2.045)  not pairwise  (0.189,1.251)

5(01 + 02+ 05 — 015 — 013 — 014)  (-0.250,1.852)  mnot pairwise  (0.382,1.219)

It is interesting to note that the average moment matching prior gives very
similar results to the ones obtained when the superharmonic prior is used. This is
possibly because, for the baseball data set, there is little variability in the sampling
errors. Hence, the weights w; = % that generate the superharmonic prior are
more or less uniform across areas.

For the baseball data set, Tables 7.2-7.3 give 95% credible intervals for a few
contrasts of interest. Note that when an appropriate multiple comparison method
is used, the coverage probability holds simultaneously for all contrasts or pairwise
comparisons. If instead, before looking at the data, a practitioner decides that
a specific 20 is the only contrast of interest, then a much shorter interval can be
obtained by using (7.3). As can be seen from Tables 7.2-7.3, in a number of instances,
after looking at the data, if a practitioner were to naively use (7.3), he/she would

incorrectly reject the null hypothesis H, : 20 = 0 when it should be accepted.

In an attempt to further investigate our class of priors, in a simulation study we
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Table 7.3: Credible intervals for selected contrasts using the moment matching prior

Contrast All contrasts Pairwise Individual
01 — 014 (-0.666,2.657) (-0,027,2.018) (0.348,1.667)
Oy — 614 (-0.785,2.343)  (-0.244,1.801) (0.176,1.419)
0y — 0o (-0.900,2.125)  (-0.410,1.636)  (0.034,1.230)
05 — 013 (-0.965,1.949) (-0.531,1.515) (-0.077,1.088)
18y + 63) — b1 (-0.636,2.055)  not pairwise  (0.187,1.253)

5(01 + 02+ 05 — 015 — 013 — 014)  (-0.252,1.854)  not pairwise  (0.379,1.217)

consider two different patterns for the sampling errors v); and compare the average
moment matching prior with the uniform prior. The simulation setup we consider
is similar to the one given in Datta, Rao and Smith [17]. In the first pattern, the
1;’s are more or less equal across areas. In the second pattern, there is considerable
variation in v;’s, so that the weights that generate the superharmonic prior are also
quite variable.

Similar to Datta et al. [17], our simulation setup is as follows: m = 15, 0% = 1,
five groups G, G, Gs3, G4, G5, with three small areas having the same ; value
of 0.7, 0.6, 0.5, 0.4, 0.3 [pattern (a)] and 4.0, 0.6, 0.5, 0.4, 0.1 [pattern (b)]. Note
that our ¢; patterns (a) and (b) are same as the Type I and Type III patterns of
Datta, Rao and Smith [17] respectively. For the entire simulation, 8 = (1,1)" was
fixed, and the scalar covariate z; was generated uniformly on [0, 1], and then fixed
for the entire simulation run. The above simulation was run 100 times, and for each

simulation run, the posterior distributions of 8, 3, v were approximated by 10000
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runs of the monte carlo method discussed in Section 7.3.

Tables 7.4-7.7 summarize for each of the groups G1-GJ, the average coverage of
a nominal 95% equal-tailed credible interval for 6;, average length of the aforemen-
tioned credible interval, and the average integrated Bayes risk (same as the MSE) of
the 6;’s. In computing the coverage and integrated Bayes risk, the joint distribution
of y and 0 is used. We take the average over all small areas in the same group and
over all simulation runs. The last column in Tables 7.4-7.7 gives similar summary
statistics for the prior variance o? = 1, although, unlike the ;’s, the average is only

taken over all simulation runs.

Table 7.4: Summary of simulation results for 6; in each group and for o2 using the

superharmonic prior when m = 15, 0> = 1 and pattern (a) for ;’s.

G Go Gs Gy Gs o2

Coverage 0.930 0.970 0.967 0.950 0.940 0.930
Length 2.755 2612 2435 2.229 1971 4.335

Risk 0.471 0419 0.363 0.354 0.261 1.220

As can be seen from Tables 7.4-7.5, there is little to choose between the two
priors for ¢; pattern (a). When the v;’s have pattern (b), for G there is a reduction
of 10% in the average length of the credible interval for the same coverage, and a
6.75% reduction in average risk by using the moment matching prior as opposed
to the superharmonic prior. For G5 the gains are smaller, and for the remaining

groups there is little or no difference between the two priors. In terms of estimation
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Table 7.5: Summary of simulation results for §; in each group and for o2 using the

moment matching prior when m = 15, 0> = 1 and pattern (a) for ¥;’s.

Gy Go G Gy Gs o2

Coverage 0.930 0.970 0.960 0.950 0.943 0.940
Length 2.744 2605 2428 2.223 1.964 4.280

Risk 0.472 0420 0.362 0.354 0.261 1.167

Table 7.6: Summary of simulation results for 6; in each group and for o2 using the

superharmonic prior when m = 15, 02 = 1 and pattern (b) for ¢;’s.

Gy Go G Gy G5 o2

Coverage 1.000 0.933 0.967 0.933 0.967 0.900
Length 4436 2.562 2406 2.235 1.202 4.719

Risk 0.652 0.483 0.276 0.309 0.103 1.753

of o2, significant gains can be achieved by using the moment matching prior. For
example, the average length of the credible interval is 26% shorter and the average
risk is reduced by 45%.

In conclusion, we remark that our simulation study suggests that one may
consider using the average moment matching prior over the superharmonic prior

when there is substantial variation in the sampling errors.
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Table 7.7: Summary of simulation results for §; in each group and for o2 using the

moment matching prior when m = 15, 0> = 1 and pattern (b) for ¥;’s.

Gy Go G Gy Gs o2

Coverage 1.000 0.933 0.933 0.933 0.967 0.900
Length 3.993 2435 2310 2.159 1.189 3.482

Risk 0.608 0.477 0.284 0.305 0.102 0.960

7.5 Appendix

Derivation of (7.1). For known o2 and 91, ..., ¢y,

f(6ly) /ﬁf(y|9)f(0|6)ﬂ(ﬂ)dﬂ

m

S (i — 6;)? (0; — xiB)°
x fy (=0 - B us

i=1 =1

(
x /ﬁexp ( ~ i (yi; @2 - (g'xfxg —20'X3 + 0’0>>d,6

i=1 Vi
02 b, 1,
. i YTy 2 [m—XX’X*X’))
OceXp( ;(M wi> 2020< (X°X) 0
1 /A —1 /
ocexp(—é(OA (7] 2w0>>
1
X exp < — 5(0 — Aw)'A"H O — Aw))
where w = (%, o z—’:l)' and A7 = diag(ﬁ + 5, d%m + %) — X(X/fQ)_lxl, and
the result follows. O

Derivation of (6.4). For notational convenience, let Z be a random vector such that
E(Z) = p and var(Z) = T. We shall show that subject to the constraint >~ ¢; =0

/ . 2 —1 -1
o ((Z—p) T4, T

-~ @~ 77 = J— ! -1 - - —
¢ e @-w{r 1,71, }@ - )
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Let

(£(Z —p))?

Zm
ore T AEIm

f=

Setting % =0 and % = 0, we have

2{€(Z — p)} 2{€(Z — p)}* B
T TP Ye+Al,, = 0 (7.15)

{1, = 0.
Multiplying (7.15) by 1/, T~! and solving for A

Vo 2HEZ -1, T (Z - p)}
{17 T-11,, {1 £}

Substituting A in (7.15), we get

e (£ {1, T Z — p)}

b=—— YT YZ-p)- T71,,. 7.16
z—w T Lz - ) (710
Using (7.16), we obtain
0(Z — )
rneaxf = max % + M1,
o rr=1z_pn2 ) 2
(@) T7(2 - p) - a0
= ’ ’ —1 _ / —1 _
{(Z — )T - %’ﬁlﬂ*}T{T“(Z —p) - %&T*lm}
NN £ % e VA D)
=(Z-p)T(Z-p) T,
_ Y-, Y1
= (Z—N)/{T l—w}(Z—M)- (7.17)
]

Derivation of (6.5). Moreover, for Z ~ N(u,T), consider the quadratic form given
in (7.17). By Searle [44] [Theorem 2, p.57], since

(Tl_TlJmT1> . Y-,
Y11,/ " 1 Y11,
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is idempotent, and

T4, Y-,
rank([m — —l;nT—llm) = tr([m — —llmT_llm> =m — 1,
it follows that
s [~ Y1, T ! 9

]

Derivation of (6.7). Using the approximations for E(Var(ﬁi | y)> and MSE (éi(er))

given in Datta et al. [17], we have

E(var(0: | ) = 0u(0%) + ginil0®) + gailo®) + o(1/m) (7.18)
MSE(@,(&2)> = gli(02) + 927;(0'2) + ggz‘(0'2> + 0(1/m) (719)
where
oy thio?
ng(O' )_ ¢2+02
gQi(UQ) (w _|_0.2 2 Z(Z 1/}]_’_0-2> X
PN 1 dr(e?) 1 1 e (% +07)7
e v T R e B e > o),
g3i(0?) = 2 !

(Vi +02)% 225, () + 0%) 72

Using (7.6), (7.18) and (7.19), it follows that

d < 1 I 1
Z (i —|— o223 (Y + 022 ;wl (Vi +02)3 30 (Y + 02) 72

N i (Wit~ 1
g 1/11 <Zzﬁl1(7pi+o’2)*2>2 ;wz(l/’ﬁffz)SZ?ll(erffz)‘?

and by rearranging terms we get (7.7). O
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Derivation of (6.12)-(6.14). For (6.12), see Datta et al. [17]. For (6.13):

F(Blo%y) x /ef(yIO)f(HW)ﬂ(ﬂ,az)d@

x /eexp ( _ i (le_@ZjZP — 261T2 (60— XpB) (06— Xﬁ))d@

_ %5/){’){5) /0 exp (- %(e’rle - 2¢'6))do

(

X exp < — T;,B’X’XB + %CTC)
(
(

1
xexp (= 5(BXQXB-2AX'Qly)B))
1
xexp (= 5(8— (XX TXQ Ty X'QTX (B - (XQ7X) X))
where © = ding(é + 0%, ..., + 0%), T = diag(255, ..., 222, ¢ = 5B 4
diag(ﬁ, o d%m)y, and the result follows.

For (6.14):

f(6ly,B,0%) o f(y|6)f(0]8,0%)

x exp(—z(yi;%ei) —2%‘2(9—)(,3)/(9—)(,30

i=1

—_ .

X exp ( — 5(0’1’_10 - 2C’0)>
X  exp ( - %(9 —I¢) T 46 — FC))

and the result follows.
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Chapter 8

Robust mean squared error estimator

As mentioned in Chapter 1, the nested error regression model is given by
yij:X;jﬁ—l—vl-—l—eij,izl,...,m,jzl,...,ni, (81)

where y;; is the j™ observation in the " small area, x;; is a vector of known
covariates at the unit-level, v;’s and e;;’s are independent with v; YN (0,02%) and
€ij b N(0,02).

The model given by (8.1) along with the Fay-Herriot model are the two most
popular models in small area estimation. To estimate areas planted with corn and
soybeans for twelve counties in North-Central Iowa, Battese et al. [3] used (8.1). The
parameter of interest is the small area mean 6; = X:,B + v;, where X; is the known
population mean of the covariates of the 7" small area. Usually 6; is predicted by
the best linear unbiased predictor 6;(o2) (Battese et al. [3], Prasad and Rao [36] and
Rao [37]). Here, 0% = (02,02)' is the vector of variance components. Since 0;(o2)
contains unknown variance components, an empirical BLUP (EBLUP) is given by

2 =2
v Oe

0;(6?), where 6% = (62,52)" is a consistent estimator of o2.
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An important problem in small area estimation has to do with estimating the
mean squared error (MSE) of the EBLUP. For the model given by (8.1), under
the assumption of normality of the v;’s and e;;’s, Prasad and Rao [36] derived an
estimator of the MSE of the EBLUP which was second order unbiased. An estimator

of the MSE of 0;(6?) is said to be second order unbiased if
E(l\TS\E[éZ-(&Q) ]) — MSE[§,(6%)] + o(m™") (8.2)

where MSE[0;(62)] is the mean squared error of 0;(62), 1\@[@(6’2)] is an esti-
mator of MSE[6;(6%)], and m is the number of sampled small areas.

Moreover, recently there has been interest in relaxing the normality assump-
tion. For example, Hall and Maiti [20] derived a non-parametric second order unbi-
ased estimator of the MSE of the EBLUP using a double bootstrap method. In this
chapter, for a special case of the nested error regression model, without assuming
any distributional assumptions, we derive an estimator of the MSE of the EBLUP
that satisfies (8.2). Unlike the estimator given by Hall and Maiti [20], our estimator
is closed form. Moreover, for the balanced case (that is for all i, n; = k), and when
the e;;’s are normally distributed, we show that the Prasad Rao MSE estimator is
second order unbiased. Through simulation, we show that the Prasad Rao MSE
estimator is robust for departures from normality.

The model we consider is xgj B = u, that is, a common means model
yij:/z—i—vi—i—eij,izl,...,m,jzl,...,ni. (83)

Moreover, we relax the normality assumption of the v;’s and e;;’s, and we only

assume v;’s are uncorrelated with E(v;) = 0, var(v;) = o2

v

ei;’s are uncorrelated

126



with E(e;;) = 0, var(e;;) = o2, and v;’s and e;;’s are uncorrelated. In addition to
the aforementioned assumptions, for technical reasons, we require for some ¢ > 0,

E(e}¢) < 0o and B(vf*¢) < oo.

For the above model, the BLUP of the " small area mean 6; = i + v; is

~

0i(0?) = i+ vy — 1) (8.4)

where 0% = (03,07), % = op/(oy + 02/mi), i = 330 vt/ 32 v and g =

(L/na) D252, ij-
Since the BLUP contains unknown variance components, the EBLUP of 6; is
obtained by plugging in estimators for the unknown variance components in (8.4).

That is, the EBLUP of 6, is given by

0:(6°) = fu+7:(g; — ) (8.5)

where 6° = (62,62), 4; and i are the same as 7; and ji except that unknown

variance components are estimated by the analysis of variance estimators (Searle

[44]):
62 = i)? SS—W = MSW (8.6)
—m =1 _]21 —-m
1
52 = <mg ) (MSB — MSW) (8.7)

where g = (1/n:) 3252, 4ij, § = (1/n) 2oy nidi, = 3200, iy g = n = 3250, (n/n)

and
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8.1 Robust MSE approximation

In order to derive an estimator that satisfies (8.2), we need to first approximate

the MSE of 6;(6%). To this end, note that

MSE[0;(6%)] = E[0;(6%) — 6;]* = E[0:(6%) — 0;(c) + 0;(6?) — 6;)*

where

=

[@))

=
=

(%)) = g1(6?) + gai(o?)

(1—)%02

Zﬁl Yi

= (1—y)o’+ (8.9)

A second order approximation of the last two terms given in (8.8) is given below.
Due to time constraints, in Section 8.6, we only give a sketch of the proof!, which

we note is similar to how Prasad and Rao [36] derived their MSE approximation.

1/n?
= % <a var(67) + o var(6,) — 20.0,cov(67, 63)) +o(m™) (8.10)

'In a personal communication by Dr. Lahiri, he mentioned the decomposition of the MSE
given in (8.8) and the approximations given in (8.10), (8.11) and that he had a proof for the

approximation given in (8.13). The result was independently re-derived by the author.
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2 Ug/”z 012; 4 2 4
w0+ o7 i e ~ 300 020 =5
n; — 1 1 03 _
- () e G o — 30 + o™
= gui(d?,8) +o(m™) (8.11)

where § = (d,,d.)" are the fourth moments of e, v. In Section 8.6, we give the

derivations for var(62), var(¢?) and cov(62,62%). From (8.55)-(8.57), we have

) 1 1
var(62) = o m)pe ((n —2m)d, — (n — 4m)ot + Z 5(53 - 303))
i=1""
) 1 /X~ o 4 2 2 1,8~ L 4
var(6;) = E<an (0y — 0y) + dnoios + 2mo, + Z E((Se — 3ae)>
i=1 i=1""
2 m
L G (n— 4 L5 _ap
+ e p— ((n 2m)de — (n —4m)o, + ; ni (Oe 306)>
(- f: 1) (6.~ 30%) + O(m™?)
n?(n —m) = i ¢
cov (62 A2):¥ m?(6, — o) — 2mn 4—nzl((5 —302)) + O(m™?)
V(65,00 Y p— e — 0, o, —(de — 30
i=1""

where J,, 0, are the fourth moments of e, v and n = >_" | n;.

From (8.10) and the above formulas for var(62), var(62), cov(62,52), we can

derive an approximation for E[;(62) — 0;(2)]? correct upto order o(m™1). Denote

this approximation by gs;(a?,d). That is,
E[0,(67) — 0;(6)]* = g3:(0%,8) + o(m™) (8.12)
where g3;(0?,8) is given by the first term on the right hand side of (8.10) and

(8.55)-(8.57).
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From (8.8)-(8.12), we obtain the following second order approximation of the

MSE of 0;(52):
MSE[éZ(&Q)] = gu(O'Q) + 921'(0'2) + g3¢(0'2, 6) -+ 941‘(0'2, 5) -+ o(mfl). (813)

Also, under normality of e and v, since 6, = 302, 6, = 302, from (8.11), we
have g4;(0%,8) = 0. Furthermore, substituting §, = 302, d. = 30 in g3;(0?,8) and

simplifying we get

MSE[0;(6%)] = gii(0?) + g2i(0”) + g5, (0) + o(m ™) (8.14)
where
1/n? 2 2 ( nm -
PR 2\ _ i 4 4 4 2 2 2 4\ 4
g5 (0°) = (/i 1 o7 <n — w0 + ﬁ{n - + 2nojo; + ;niav}ae
dm 9 6)
I ) 8.15
b sato! (8.15)

Note that g4 (a?) agrees upto terms O(m™"') with the similar term derived in
Prasad and Rao [36]. Also, under the assumption of normality, Kackar and Harville

[22] showed

~

E[0:(67) — 0;(a)][0;(6?) — 1 — v;] = 0. (8.16)

Hence, under normality of e, v, the above term need not be approximated.

8.2 MSE estimators

In this section, we give closed form expressions for the robust MSE estimator,

the naive MSE estimator and the Prasad Rao MSE estimator.
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8.2.1 Naive MSE estimator

The naive MSE estimator refers to estimating the MSE of the EBLUP by
the MSE of the BLUP with estimated variance components (62, 52) substituted for

(02,02). That is,

v e

MSE;n = ¢1(6%) + g2(6?) (8.17)

8.2.2 Robust MSE estimator

Since g9;(0?), g3i(0?,8) and gy;(a?, §) are of order O(m ™), second order unbi-
ased estimators of these terms are given by the plug-in estimators. However, g1;(o?)

is of order O(1), and since

E(g1:(6%)) = gu(a?) — gsi(a?,8) + o(1/m),

we obtain the following robust second order unbiased MSE estimator:

~

mz ,prop — glz( ) + 922( ) + 2937,( 27 5) + g4i(&27 8) (818)

where § = (3,,0.)’ is the fourth moment estimator of v and e. In Section 8.6, we give
a brief sketch justifying the second order unbiasedness of the robust MSE estimator
given by (8.18). Following Hall and Maiti [20], we use the following moment based

estimators for the fourth moments of e and v:

o 1 4 A
5e:max(§zl = 1) Z Z Yij, — Yiga)* — 362, 03)

=1 j1,52=1
J1#j2

22,2 & 4
—max( E E (yij — — 6670, — O, O'U>

=1 j=1

where =Y A/ Dot Y and Y = 65 /(07 + 67 /n).
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8.2.3 Prasad Rao MSE estimator

The Prasad Rao MSE estimator can be derived from (8.18) by taking 0, = 30

and 0, = 36%, and is given by
MSE;pn = gu(67%) + g2i(67) + 2957 (67) (8.19)

where g2'f(a?) is given by (8.15).

8.3 Simulation results for unbalanced case

For the simulation study both e, v were generated from either shifted expo-
nential or double exponential, m = 30, with 5 areas each having n; = 2, 3, 4, 5,
6, 02 =1, 62 = 0.5, 4. To compare the previously mentioned MSE estimators, for
each set of distributions for e,v and for each value of 02, 10000 independent samples
were generated and the percent relative bias of each MSE estimator was evaluated.
The percent relative bias of each MSE estimator was defined to be the average over
all areas with the same n; of

E(MSE;) — MSE;
MSE,

RB; =100 -

where the expectation of the MSE estimator for the i area, E(]\mz), and the
true MSE of the EBLUP for the i*" area, M SE;, were estimated empirically.

In the tables that are provided, ‘NAIVE’ denotes the naive MSE estimator
given by (8.17), ‘prop’ denotes the robust MSE estimator given by (8.18) and ‘PR’
denotes the Prasad Rao MSE estimator given by (8.19). Simulations indicate that

when ¢2/0? = 0.5, the Prasad Rao and the robust MSE estimators perform quite
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Table 8.1: Percent relative bias of MSE estimators, m = 30, 02 = 1, 62 = 0.5.

e,v ~ Double Exponential

e, v ~ Shifted Exponential

n; 2 3 4 ) 6 2 3 4 ) 6
NAIVE -6.54 -3.83 -298 -1.77 -1.22|-7.36 -3.99 -3.45 -1.62 -1.42
prop -1.21 026 0.26 089 1.00 |-0.81 0.90 0.30 1.39 0.99
PR -242 -0.38 -0.05 0.78 1.04 |-3.10 -0.31 -0.28 1.21 1.11

Table 8.2: Percent relative bias of MSE approximations, m = 30, 0% = 1, 02 = 0.5.

e,v ~ Double Exponential

e, v ~ Shifted Exponential

n; 2 3 4 ) 6 2 3 4 ) 6
prop -0.25 0.38 -0.08 0.25 0.16 | 0.97 1.08 -0.43 0.07 -0.71
PR -0.67 0.87 090 1.54 1.67|0.18 211 1.58 273 2.36
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well. For example, from Table 8.1, for both sets of distributions and for all values
of n;, the robust MSE estimator has relative bias less that 1.5% while the Prasad
Rao MSE estimator has relative bias less than 3%. In this case, even the naive MSE
estimator for large n; (=5, 6) has relative bias of under 2%. Moreover, in this case,
from Table 8.2 we have that the robust MSE approximation has relative bias less
than 1%. However, even the Prasad Rao MSE approximation given by (8.14)-(8.15)
has small relative bias - less than 3% - this is due to a “canceling off” effect. What
we mean, is in several settings that we considered (not reported here), the term
E[0:(6?) — 0;(02)][0:(0) — 1 — v;] in (8.8) was always negative and hence, gy;(o2, &)
was also negative. Moreover, g4¥(a?) for various non-normal settings was smaller
than the term E[0;(6%) — 6;(%)]2. That is, the Prasad Rao MSE approximation
does well in certain settings because g£%(o2) is smaller than E[0;(6%) — 6;(o?)]? and
the Prasad Rao MSE approximation assumes E[0;(6%) —0;(c2)][0;(62) — p—v;] = 0,
which is negative in most settings.

When 02 /02 = 4, the relative bias of the Prasad Rao MSE estimator increases
significantly with n;, but for the robust MSE estimator it decreases with n; (Tables
8.3 and 8.4). This result can be partially explained by looking at the relative bias
of the robust and the Prasad Rao MSE approximations (Table 8.5). From Table
8.5, when 02/0? = 4, e,v ~ double exponential and n; increases from 2 to 6, the
relative bias of the robust MSE approximation decreases from 3.92% to 0.23%. When
02/0% = 4, e, v ~ shifted exponential and n; increases from 2 to 6, the relative bias of
the robust MSE approximation decreases from 4.88% to —1.03%. In contrast, when

e,v ~ double exponential, the relative bias of the Prasad Rao MSE approximation
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Table 8.3: Percent relative bias of MSE estimators, m = 30, 62 =1, 02 = 4, e,v ~

Double Exponential.

NAIVE -15.66 -17.71 -16.37 -16.49 -15.66
prop 11.89  9.28 8.70 4.64 0.61

PR -1.30  -0.91 283 4.46 7.13

increases from 1.24% to 3.91%, and when e, v ~ shifted exponential, the relative
bias of the Prasad Rao MSE approximation increases from —0.18% to 6.79%.

It is difficult to give a general statement as to when the robust MSE approxi-
mation will do better than the Prasad Rao MSE approximation. In a future study,
we will consider a more exhaustive simulation design for different parameter combi-
nations. However, from different combinations of 02 /o2 that we have tried (not all
reported here), we draw the following conclusions: when o2 /02 is small (less than
2), the Prasad Rao and robust MSE approximations perform well. However, when
0?/c? is large, the robust MSE approximation does poorly for small n;, but does
exceedingly well for large n;. The Prasad Rao MSE approximation does poorly for
large n; but well for small n;. This needs to be investigated further.

Moreover, we note that compared to the Prasad Rao MSE estimator, the
robust MSE estimator has a much larger mean squared error (not reported here).
The much larger variability in the robust MSE estimator is due to estimation of

fourth moments, in particular the estimation of the fourth moment of v.
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Table 8.4: Percent relative bias of MSE estimators, m = 30, 62 =1, 02 = 4, e,v ~

Shifted Exponential.

NAIVE -1854 -17.71 -16.68 -16.12 -15.43
prop 14.26  14.40 12.02 7.18 1.16

PR -4.50  -0.48  3.24 6.12 9.07

Table 8.5: Percent relative bias of MSE approximations, m = 30, 0% = 1, 02 = 4.

e,v ~ Double Exponential e, v ~ Shifted Exponential

n; 2 3 4 3 6 2 3 4 5 6

prop 3.92 1.61 232 078 0.23] 488 452 326 1.04 -1.03

PR 124 081 3.19 3.13 391 |-0.18 3.13 530 6.14 6.79

8.4 Balanced case

For the model given by (8.3), the balanced case refers to when we have n; = k
for all 4. In Section 8.6, for the balanced case, we derive the corresponding terms for
g3i(a?,8) and gy;(o?,8). We drop the subscript i as in the balanced case gs;(6?, )

and g4;(0?,8) do not depend on i.

1 1 208 k> -3 4koSo?2
2 _ 4 4 e 4 4 e“v
93(07,0) = T o7 (6€U”+k5”08+ k—1 (k:—l )06 C -] ) (8.20)
2 1 1
2 s - (2 2 2 . — 4y _ 4 . — 4y 4 Yy — 4 21
g4(0“,0) m 0T 1 Fol)P (kaeav((s 30,) — 0,(0e — 30,) — ko, (0 3%)) (8.21)
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From (8.18), for the balanced case we have the following robust MSE estimator:
MSE oy = g1(67) + 2(6%) + 295(62, 8) + qu (67, 8). (8.22)

However, note that by the derivations we have for g3(a?,8) and g4(0?, 8) given

in (8.20)-(8.21), it follows that

) o, . . 265 (k2 — 3)546%
204(6%.8) + 9a(67,8) = s (ol + KoLl 4 —
93(0'7 )+94(av ) m(&§+k63)3 Oy T Ue+k—1 k—1
4kolol 1 ; 5 5
IKOL0L 4 152525, — 35%) — 5306, — 30) — ko (5, —301))
9 1 265 2k ., [ 4k 3\ .5., 0262:
2 : asa, (4K 3N 6. 5) 8.23
m(63+k&3)3<k—1+k—10”06+<k—1 By 529

1. By (8.23), we have shown for the balanced case, the robust MSE estimator

given by (8.22) does not depend on the estimated fourth moment of v;.

2. Note that since the robust MSE estimator does not involve the estimated
fourth moment of v;, it follows that, under the assumption e;; are normally
distributed, the Prasad Rao MSE estimator is second order unbiased even if

v; are not normally distributed.

To derive the Prasad Rao MSE estimator, in (8.22) we simply take 8, = 362.
MSEpr = gi(6%) + g2(67) + 2975(62) (8.24)

where 2gPE(6?) is given by substituting 6, = 364 in (8.23). That is,

2 1 1
9gPR(G52) — = (2A8 2125454 4kA6A2>.
93 (U ) m (6’2 + ka_g)g (]{7 . 1) O + 0y0¢ + Oc0y

From (8.23), if 6, > 3, then MSE,., > MSEpp. Hence, if MSEpg is

overestimating the true MSE, so will mpmp (see Tables 8.6 and 8.7).
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8.5 Simulation results for balanced case

To compare the above MSE estimators, 10000 independent samples were gen-
erated and the percent relative bias of each MSE estimator was evaluated. The
percent relative bias of each MSE estimator was defined to be the average over all
small areas of

E(MSE;) — MSE;
MSE;

RB; =100 - (8.25)

where once again the expectation of the MSE estimator for the i** area, F (@l),
and the true MSE of the EBLUP for the i** area, M SF;, were estimated empirically.
In the simulation, both e, v were generated from either shifted exponential or double
exponential, k was either 3 or 6, m =30, 02 =1, 02 =0.5, 1, 2, 4.

From Tables 8.6 and 8.7, for all simulated values of 02, increasing k from 3 to
6 reduces the relative bias of all MSE estimators. This is due to Prasad Rao and
robust MSE approximation performing better in terms of relative bias when k£ is
increased. For example, from Table 8.8, when k = 3, e, v ~ shifted exponential and
o2 varies from 0.5 to 4, the Prasad Rao MSE approximation and the robust MSE
approximation have relative bias that varies from 2.71% to 7.62% and —0.34% to
5.36%. When £ is increased to 6 (Table 8.9), the relative bias of the Prasad Rao MSE
approximation varies from 1.42% to 4.01%, and the robust MSE approximation has
negligible bias.

Moreover, the robust MSE approximation performs slightly better than the
Prasad Rao MSE approximation for small values 02?/c2, but performs as badly

when ¢2/0? is large and k is small (that is, 62/02 = 4 and k = 3). As mentioned
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Table 8.6: Percent relative bias of MSE estimators, m = 30, k = 3, 02 = 1.

e,v ~ Double Exponential

e,v ~ Shifted Exponential

o2 05 1 2 4 |05 1 2 4
NAIVE -387 -7.19 -13.17 -19.57 | -3.77 -7.44 -13.37 -19.16
prop 032 094 219 735 | 1.00 1.67 3.67 10.21
PR 024 068 172 687 | 0.70 096 241  8.69

Table 8.7: Percent relative bias of MSE estimators, m = 30, k = 6, 02 = 1.

e,v ~ Double Exponential

e, v ~ Shifted Exponential

o? 0.5 1 2 4 0.5 1 2 4
NAIVE -1.60 -3.51 -6.08 -10.44 |-1.71 -3.22 -6.12 -10.88
prop 0.03 -0.33 0.12 147 | 0.08 035 0.72 1.90
PR 0.04 -034 005 133 | 0.06 024 042 1.33

earlier, in every case we considered whenever the Prasad Rao estimator has positive

relative bias, the robust MSE estimator has larger relative bias than the Prasad Rao

MSE estimator.
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Table 8.8: Percent relative bias of MSE approximations, m = 30, k = 3, 02 = 1.

e,v ~ Double Exponential

e, v ~ Shifted Exponential

0.5 1 2 4

prop

PR

Table 8.9: Percent relative bias of MSE approximations, m = 30, k = 6, 02 = 1.

0.5 1 2 4
-0.53 0.28 041 254
099 239 256 3.77

e,v ~ Double Exponential

-0.34 -0.29 0.64 5.36

2,71 358 489 7.62

e, v ~ Shifted Exponential

0.5 1 2 4

prop

PR

-0.20 -0.87 -0.93 -0.02

0.63 051 1.07 2.28
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8.6 Appendix

Notation:
) 1 n; ) 1 m
0 —n—i;y@ y—ﬁz n:J;
I Ol
Gz_n—i‘zeij GZEZTLZ’Q
7j=1 =1
”:an gzn—zzlg
= o p > i1 Vil
' 02+ 02/n; Do Vi
- SSW
52 = 5i)? = — MSW
i=1 j=1 n—m
-1
2= M= g nisw)
g
SSB
MSB = 1= _1271@

~

Brief sketch on approzimating E[0;(6%) — 0;(62)][0;(62) — u — v;] and
E[0;(6%) — 0;(c%)]2. We first expand 6;(6?) around o2.

- X 80;(c2)
2 2 7 ~92 2 N
0;(6°) = b;(o )+Tc§(06_06)+ 902 (62 —02)+ Ry,

where R,, are the remainder terms. Since 0;(62) = ji + (i — fi) = > e bigj, we

have éi(az) is linear in ¥;. In particular, the weights b; attached to y; sum to one.

Moreover, we have

Z a;y; (8.26)

(902

ob; m . .
where a; = el > =1 @ = 0. So, for example, in order to approximate
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E[0,(6%) — 6,(0)][6.(0%) — 1 — vi], we express [6,(62) — 6,(a)][:(0%) — j1 — v as

6:(6%) = 6:(0”)][6i(0”) — p— v]
= (865522) (62 — 0?) aeé»(;g?) (63— 02) + R ) (B0 —p—v)  (8.27)

By (8.26) we can express (8.27) as
0:(6%) — 6:(a)][0:(0%) — i — v}
= (Z%@j(@f — o2+ Y a;y(00 — o2) + Rm> O b — p— )
j=1 7=1
Now it has to be shown that the expectation for terms involving R, is of the
order o(m™'). And for the terms that do not involve R,, by noting that both &2

and 62 are quadratic in y;; and by expanding terms and taking expectations we get

(8.11). The argument is similar but a lot lengthier when it comes to approximating

E[0:(6%) — 6;(a?)]>.
In order to derive var(6?), var(62) and cov(62,62), we first derive var(SSW),

v e’

var(SSB) and cov(SSW,SSB).

Derivation of var(SSW).

var[SSW| = var[z Z(yij - y}-)z} = var[z Z(eij - @)2}
i=1 j=1 i=1 j=1
= ZUGT[Z(GU — e})z}
i=1 j=1
m ng 2 ng 2
_ (E[Z(eij —eg-)Q] - [E(Z(eij - é,.)QH ) (8.28)
i=1 j=1 j=1
First we compute E(e;; — €)%
E(ew — 6_1)2 = E[e?j — 262‘3'6_2' + 6_i2]
2 1 1
=02 =0+ Qniag = (1 — —)03. (8.29)
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Next we expand the first term in (8.28), and compute F(e;; — &)*.

E(e;; — &)t = E[efj — 46%6_1' + 66%6_1'2 - 4eij€_¢3 + ]

4 6 4
— [0 4 3(n; — 1)ol]+

=), — — —[(n, — 1)o* —
Je n56+n2[(n1 Yoo + O]

i i [

1
+ F[niae + 3n;(n; — 1)od]. (8.30)

7

Next we compute the cross term when expanding the first term in (8.28).

E(eij — é,-)Q(eZ-k — éi)Q = E[@?j — 261‘]‘@ + éiQHB?k — 26@‘]4;@‘ + éi2]

2 1 2 8
4 4 4 4 4
=0 — n—i% + n—g[ée + (ni — 1)o,] — —iae + n—?ae
2 A 1 .
_ n_f[de +3(n; — 1)o.] + n—%[ée + (n; — 1)o?]
2 A 1 A
_ n_§[5@ + 3(7% - 1)05] + n—?[niée + 3711(”1 — 1)0’6] (831)

From (8.30) and (8.31) we get the first term in (8.28).

12 6 3 6(n; —1) 12(ni—1)  3(ni—1)
D
j=1 1 7 1 7 )
2 4 1 4 n;—1 8 6(n;—1) n; — 1
+nz(nz_1)[<n?_n§+ §)5€+<1_m+ n? 77?_ n? ( n? )
6(n;—1) 3(n;—1)
R n3 >U§}
e 1 14 12y 4
_(nz—2+m)5e+<7—ni+n?)ae. (8.32)
From (8.29) and (8.32) we get
- 1 3 12
var[Z(eij - e‘i)Z] = (nl -2+ —>§e + (n? —3n;+5— —>03 - nf(l - —) ol
= n; n; T;
3\ 4
= (ni-2+ =)o+ (—mi+4- =)ol (8.33)
n; n;
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Finally, from (8.33), we get (8.28). That is

var[SSW] :i< -—2+%>56+§:<—ni+4—§>03
i=1 ! ¢

=1
m m

1 3
= (n—2m+zn—)5e+<—n+4m—zn—>a§
=1 =1

Derivation of var(SSB)

n; n n;,n
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We expand the first term of (8.35).

+ Ele;* — 4ee + 6¢,°” — 4e;e” + ']

=n;[6, — A0, + 6500+ > iy - 50— Doy
i i
ny 2, 11
Ll L Ly

n? n n, n
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From (8.37) we get

E[in [vi—W—l— J—é]4]

2 2 2 i 4
—g 0y, + 6 +§ —5e—|—g —o. 4+ 0O(1). 8.38
n; no.o, 25, 2 . o, (1) ( )

=1

When expanding the first term of (8.35), the cross term is

E[nm][vl—w+€l—éf['z}]—%—i—e_j—éf}

= iy | [ (e 2 gy oo, - 2 (6]
(o~ 22 4 (6 - 22 4 2y - 2% (6 )] (8.30)
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To derive (8.39), we compute (8.40)-(8.43)

E([uz - M} [é; — €] [vj - M] €5 — é])
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Now we get the first term in (8.35), from (8.38) and (8.44).
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Hence, from (8.35),(8.36) and (8.45), we get

var[SSB] = Znié + [2nm+2n—22nk ]a§a§+ [n? —32712]04
K
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k=1

Derivation of cov(SSB,SSW)
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In (8.50) consider the first term.
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In (8.50) consider the term E[Zk cne(er —€)? 300 D00 (eij — Z)2] For i = k,

E[ij ink(ék — ) ers — &)’

k=1 j—l
—ZanEekJ—l—ek 2exexj|[en — 2exe + €]
k=1 j=1
- 1
Zznk[ (0 + (i — Do) + — (ngde + 3np (g — 1)0)
k=1 j=1 T,
2
— (6 +3(m — Do) +0(1)
k

== L ur g Ny
~ (- zmjni)((se ~30%) 4 (n—m)o + O(1) (8.52)
k=1 F
For i # k,
E[Zi(eij ) “ni(éx — €) ]
ik j=1
= Z anE[( — 2¢;¢;; + € ) (&), — 2exe + &)
ik j=1
S N IPRE TP T
i#k j=1 k
Y [t - (o) + 6+ (n— 1o
i#k j=1 ning, © o ngn ‘ v
2 1
+;;nk[nmkge nliny, e i (= 1) )} +ot)
4 ni 2nk nk an(n — 1)
:UGZZ[I_T ( )nk}—{—a ZZ[_n_l nin n;n? }
i#k j=1 ik j=1
nk(n 1)
+U4;; e o+ ] O

149



O M s

i#k j=1 T

= [n(m —2) — (m —1)*|o} + O(1) (8.53)
Putting (8.47)-(8.53) together we get
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Derivation of var(62). Using (8.34) we get
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Derivation of var(62). Using (8.34), (8.46) and (8.54) we get
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By noting that g% = 2 +O(m™3) we get

1 m
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Derivation of cov(62,52). By (8.34) and (8.50)-(8.53) we get
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Derivation of the robust second order unbiased MSE estimator. We give a brief
argument outlining the proof. First it needs to be shown that E[g1;(67)] = g1;(0?) —

gs3i(?). Note that
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Now we expand gi;(6%) around a2 = (02, 02).
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where R,, are the remainder terms. Computing the expectation of gi;(6%) we get
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It needs to be shown that E(R,,) = o(m™'). Consider a typical remainder term:

Pgri(o2)
d(02)?

260 —0c)

where o2 lies between 62 and 2. Note that

P g15(02)
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2

: : . _3
2 is y/m-consistent we have |62 — 02|> = 0,(m™2). It has to be shown

and since &

E|62 — 02| = o(m™'). Similarly it has to be shown the other remainder terms are

also o(m™1). Hence we have
Elg1:(67)] = g1:(0®) — gai(a®) + o(m™) (8.58)

Next we argue that E[gy(6%)] = ¢2:(0?) + o(m™"). As we did previously

expand go;(6%) around o2 = (02, 02).
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where o2 lies between 6* and 2. It needs to be shown that

A 0gai(a? -
(62— 09 2T | _ o)

Note that %j{f) = O,(m™") and since 62 is y/m-consistent we have

E (&2 2)3921‘(0'3)

2 —02)22 5| =o(m™"). So we have

E[g2:(67)] = g2i(0?) + o(m™") (8.59)

Similarly it needs to be shown that
Elgsi(62,8)] = gsi(o,8) + o(m ™) (8.60)
Elgsi(62,6)] = gui(0?,8) + o(m™) (8.61)

Putting (8.58)-(8.61) together we have
Elg15(62) + g2i(67) + 2g3i(67, 8) + g1:(6%,8)] = g1i(0?) + g2i(0?) + gsi(a?, 8)
+ g4i(02, o)+ o(mfl)

= MSE[§;(5%)] +o(m™) [by (8.13)]

which shows that the robust MSE estimator given by (8.18) is second order unbiased.
Derivation of g3(o?,8) for the balanced case. In the balanced case we denote for all

1, n; = k. For balanced case after some algebra and disregarding terms of the order

O(m™2) it follows that (8.55)-(8.57) are given by
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By (8.10) and (8.62)-(8.64) we get
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Derivation of gi(a?,8) for the balanced case. From (8.11) we have
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Chapter 9

Summary of results and future research problems

A summary of the results of this thesis and a list of research problems that

have arisen from this thesis are listed below.

1. By considering spatial and non-spatial covariates to cluster the small areas, I
have introduced a hybrid asymptotic framework between infill asymptotics and
increasing domain asymptotics. By building on the popular exponential co-
variance model with nugget effect, I have introduced some variance-covariance

models for the random effects.

2. Under my asymptotic framework, I have derived parameter estimators that
are consistent and asymptotically normal. Moreover, I have provided some
simulation evidence to show that the MLE exhibits its “usual” large sample
behavior. However, I have not shown that the MLE is consistent and asymp-
totically normal. Proving consistency and asymptotic normality of the MLE
for general patterns z; will be very technical. However, for certain specialized

spatial patterns I will attempt to do so.
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. T have shown that the estimators (3, 7%) derived under the Fay-Herriot model
are somewhat robust for certain types of model misspecification. However, the
relative efficiency of BFH and BML can be small especially if the random effects

are strongly correlated.

. Through simulation and a real data example I have shown improved prediction
over predictors that ignore small area correlations. Simulations indicate for
purposes of prediction, the method of parameter estimation (my method and
the MLE) does not seem to matter. I hope to consider a more comprehensive

simulation study as suggested in Section 4.6.

. I have not considered estimation of the parameters for the covariance models
that include a vector parameter A. Ishould be able to generalize the estimation
methods developed in Chapter 3 to derive the large sample properties of the
estimators of this more general model. In addition, as mentioned in Chapter
4, 1 hope to derive a least squares estimator of o?. I also plan on showing
consistency and asymptotic normality of the estimator for (, A) given by (4.8)-

(4.9).

. Due to time constraints, the data analysis in Chapter 5 was done only using
spatial locations to cluster the small areas (U.S. counties). However, in a
future study of the data set analyzed in Chapter 5, I plan on using non-spatial

covariates in addition to spatial locations to cluster the small areas.

. By borrowing frequentist methods for multiple comparisons, I have shown
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how they could be applied in a Bayesian setting for the problem of multiple
comparisons of small areas. In the context of multiple comparisons, I have

introduced a new class of moment matching priors.

. For a special case of the nested error regression model, a robust MSE esti-
mator of the EBLUP was derived. For the balanced case, the Prasad-Rao
MSE estimator was shown to be second order unbiased when the errors e;;
are normally distributed. Moreover, my simulation study indicates that the
Prasad-Rao MSE estimator is robust for departures from normality. I will be

generalizing the robust MSE estimator to the regression case.
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