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Chapter 1: Introduction

Polylogarithms are a family of functions generalizing the classic logarithm.
For any n, the weight n-logarithm Li,(2) can be defined inductively by Li,(z) =
J Li"*Tl(z)dz, where Lij(z) = —log(1 — 2). Polylogarithms have a wide variety of ap-
plications across mathematics and physics. In particular, the scattering amplitudes
associated to particle collisions are expressed in terms of polylogarithms [1]. The
dilogarithm has also been used to compute volume in hyperbolic 3 space [2].
Our motiving reason for studying polylogarithms is to obtain a concrete model of
motivic cohomology. This would be a “universal cohomology theory” for smooth
algebraic varieties X. In [3], Goncharov constructs a family of groups B, (X) using
the function relations of the polylogarithms that is conjectured to be such a concrete
model. There are two key issues to be overcome. The first is that the full set of
polylogarithm relations for general n are unknown. The second issue is that even
by weight 4, the family of polylogarithms must be generalized further to “multiple
polylogarithms”. In the following we attack both problems.

To understand the difficulty of computing the polylogarithm relations we look at



the example of the dilogarithm, Liy(z). There is a classical “five term relation”

1—2z

. . . . . 1=
Lis(z) 4+ Lia(y) + Lis (1 — m/) + Liy(1 — zy) + Lis (1 — xyy)

_ %2 — log(x) log(1 — ) — log(y) log(1 — y) + log (11 _xxy) o < = )

1—ay

Already in this simple case, the relation is fairly complicated. We see that every
term in this relation is either a single weight 2 polylogarithm or a product of lower
weight logarithms whose total weight is 2. Our first simplification is to remove the
terms that are products of logarithms, which reduces the above relation to the five
dilogarithm terms. This can be justified by replacing Lis(z) with the Bloch-Wigner
dilogarithm (Section 1.3.4) that satisfies the relation without the product terms.

This inspires us to look for “relations modulo products” in higher weights as well.

l—x

Even with this simplification, the arguments z, y, Ty

1—ay, 11__—xyy don’t lend them-
selves to obvious generalization. In this case Liy(2) also satisfies two simple relations

modulo products Lis(z) = — Lis(1 — z) and Liy(z) = — Lis(£). These combine to

obtain Liy(z) = Lip(5+) = Lix(:=). Applying these combined relations to terms

1—z

1,2 and 5, allows us to rewrite the 5 term relation as:

—1 —1 -1 1-— 1-—
Lip [~ 2= )4 Lip | ———— )4 Lin [~ 2 +Lip [ ——2 ) Liy [ ———L
-z 1—vy 1—2ay -1 y(x —1)

101 1y
Now consider the matrix M = . This matrix represents a point

011 « 1

on the affine Grassmannian Gr(2,5), by considering the rows to be the generating



—_—

vectors of a 2-plane in C°. The “Pliicker” coordinates on Gr(2,5) are functions,
pij = det |:Mz M]} where M; and M, are the columns of M. (See Section 1.1.3
for more details). In this way each argument of the five term relation is —1 times a

“cross ratio” of four Plicker coordinates:

Lip (-2 ) g (PP ) g (PP ) g, (PP )y (Pusbir)
P14P23 P35P12 P13Pa5 P24P15 P25P34

For every k and n, Gr(k, n) has the additional structure of a “cluster algebra” (Sec-
tion 1.1). These five cross ratio arguments are all five X-coordinates of the cluster
algebra of Gr(2,5). In weight 3 the trilogarithm Liz(2) also has a functional relation
whose arguments are —1 times X-coordinates of the Gr(3,6) cluster algebra. While
this relation does not use every X-coordinate, the arguments are symmetric under
the symmetry group of the cluster algebra, called the “cluster modular group” (Sec-
tion 1.2).

Therefore to understand potential polylogarithm relations, we seek a better under-
standing of the cluster modular group of cluster algebras. Both Gr(2,5) and Gr(3, 6)
are “finite type” cluster algebras and as such have only finitely many possible X-
coordinates. One of the early results of the theory of cluster algebras is that a
cluster algebra is finite type if and only if it is associated with a finite type Dynkin
diagram. Most Grassmannian cluster algebras are not of finite type and it is impor-
tant to understand the cluster modular groups of infinite type cluster algebras.

Chapter 2 presents a uniform computation of the cluster modular group of affine

and doubly extended cluster algebras. Both Gr(4,8) and Gr(3,9) are doubly ex-



tended cluster algebras and we expect the analysis in this chapter to be critical in
studying these cases. This was joint work with Dani Kaufman and covered in [4].
The key idea is that every affine and doubly extended cluster algebra is also associ-
ated to a family of quivers (directed graphs), which we call T, « (Figure 1.1). Using
these quivers we are able to give a uniform description of the elements of the cluster
modular group. In addition, we are able to classify every cluster algebra with a

Thw quiver as either affine, doubly extended, or “infinite mutation type” (Theorem

2N

Figure 1.1: A T(933),(1,1,1) quiver.

1.0.1).

Theorem 1.0.1. For n,w m dimensional vectors of integers, let

Then

1. If x > 0 then T, +w s the underlying quiver of an affine cluster algebra.

2. If x = 0 then Ty w s the underlying quiver of a doubly extended cluster algebra.

3. If x < 0 then T, w is the underlying quiver of an infinite mutation type cluster

algebra.

In Chapter 3, we provide a new tool to computationally understand multiple
polylogarithms. This is joint work my advisor Christian Zickert, as well as Dani

4



Kaufman and Haoran Li. For any vector n of length d, the multiple polylogarithm
Lin(z) is assigned a differential form wy, that lives on the universal abelian cover U,
of the domain of Li,(z). This generalizes the forms discovered by Zickert in [5] for
the standard polylogarithms.

We show that these forms can be obtained as a further symmetrization of the “sym-
bol modulo products” which is the classic algebraic tool used to study polylogarithm
relations. The forms offer several advantages over the symbol. The first is that the

forms satisfy a simple recurrence relation (Section 3.2.3):

Wn = Z 57Lwn + Ul...n] Z Cm (I:__11>wm

m=<In

The second is that differential forms come with a natural chain complex with
coboundary given by the differential d. As such linear combinations of forms that
are closed under d can be integrated to obtain well defined functions on U,.

Using these forms we are able to establish a variety of general relations necessary to
extract relations from the type A, cluster algebras. In particular we generalize the

inversion relation Li,(z) + (—1)" Li,(1/2) = 0 to arbitrary depth (Section 3.3.1):

(D12 = 3 () S

m=n

We note the similarity in structure between the terms occurring in the recurrence
and the inversion relation.

Finally we are able to use our understanding of the cluster algebra structure and the



differential forms to compute multiple polylogarithm relations up through weight 5
coming from the A, cluster algebras. This builds on the work of Charlton, Gangl,
and Radchenko in [6] who obtained similar relations without using the cluster algebra
structure. We then use the relationship between type A, and type D, cluster
algebras to provide a method of canceling all depth 2 multiple polylogarithm terms
from the relation in all known cases. We conjecture this holds for any odd weight

relation (Section 3.5).

1.1 Cluster Algebras

1.1.1 Basic Definitions

In the following we focus on cluster algebras of geometric type. These are clus-
ter algebras whose seeds are described by quivers where some nodes are considered

“frozen”.

Definition 1.1.1. A quiver is a finite weighted directed graph without self loops or

2-cycles.

We often think of quivers as graphical representations of skew symmetric ma-
trices € where there is an arrow of weight ¢;; from node ¢ to node j. Note that
under this interpretation a negative weight arrow from ¢ to j is the same as a posi-
tive weight arrow from j to i. When the weight is an integer, we call the weight the

number of arrows from ¢ to j.

Definition 1.1.2. For each node k of a quiver, mutation at node k produces a



new quiver Q' = u(Q) via the following process

e For each path i =% k SN J through k add an edge of weight eirer; from i to
J. Note that if there is already an edge from i to j we add ;5 to the weight

present (€;5).
e Reverse every edge incident to k. So k = j becomes j — k.
See Figure 1.2 for an example mutation.

It is not hard to check that p(ux(Q)) = @ and so mutation is an involution.
Furthermore if ¢ isn’t adjacent to j then p;u; = ;.

1 2 3

K————&——— 0

Figure 1.2: Mutating at node 2 transforms between the two quivers above.

Note that this rule can be encoded as a mutation of the skew symmetric matrix

as follows

€ ;= —¢€ij ifi=korj=k
i i+ Ei j .
62’j =c;; Eiklers 5 ikl otherwise
0 1 -1 0 -1 0
1 0 1 10 -1
1 -1 0 0 1 0

Figure 1.3: The two matrices above represent the quivers in Figure 1.2. Once again
mutation at node 2 transforms between the two matrices.



Remark 1.1.3. [t is possible to generalize the notion of a quiver to include weighted
nodes as well as weighted edges. In this case each node is assigned a weight w; > 0.
The quiver is then represented by a skew-symmetrizable matriz €. Such a ma-
triz has an associated diagonal matriz D such that eD~! is skew symmetric. The
matriz eD™! is the adjacency matrixz of the associated quiver and the weight of node
i is the i diagonal entry of D (Dy = w;). See Figure 1.4 for an example of the
correspondence.

We use the skew symmetric matrix mutation rule to obtain the mutation rule for

the skew-symmetrizable matrices. See Section 2.2 of [7] for more details.

0 -1 0 1
1 2 3 -1 0 1 1
¢ ”Q ® 0 2 0 2
a
@ (b) e (c) D

Figure 1.4: A quiver ) corresponding the skew-symmetrizable matrix ¢ with weight
matrix D.

Definition 1.1.4. The mutation class of a quiver Mut(Q) is the set of all quivers
that can be obtained from () via a sequence of mutations. Two quivers are mutation

equivalent if they belong to the same mutation class.

To define a cluster algebra (of type A or X') we attach variables to the nodes
of the quiver and then add rules for relations between the variables of two quivers

that differ by a single mutation.



1.1.1.1 A Cluster Algebras

Definition 1.1.5. Let F = Q(z1,...,2n) be the field of rational functions in
21,...2n. A seed of an A cluster algebra is a pair (Q,a) of a quiver Q and a
list, a, of algebraically independent elements of F. The elements of a are called the
A-coordinates of the seed. We index the A-coordinates and the nodes of the quiver

with the same set, so a; is “attached” to node i of the quiver.

Definition 1.1.6. Fach A-coordinate of a seed is declared to be unfrozen or
frozen. The unfrozen coordinates are also called mutable coordinates. As the

name suggests we only allow mutation at nodes associated to mutable coordinates.

An A cluster algebra will be defined by starting from an initial seed and then
applying all possible mutations to it. For any mutable node, we extend the quiver

mutation rule to include the A-coordinates as follows:

Definition 1.1.7. Mutation of a seed (Q,a) at node k produces a new seed
(Q',a’) where Q' is obtained from Q) by quiver mutation and the new variables a’

satisfy the relations a; = a; if i # k and

ag - aj, = H a;’” +
wq
i~k

wj
H a;
W .

k—>j

Remark 1.1.8. These relations imply that the A-coordinates in a mutated seed,
(@', Q") can be written as a rational function in the A-coordinates of the initial seed

(Q,a). This remains true after applying any finite sequence of mutations to initial



“ a2 3 a1+az
K—————@

Figure 1.5: The A mutation rule at node 2 transforms between the two quivers
above.

seed. Therefore the field F can be taken to be Q(a) for any seed obtained from the

wnitial seed by a finite sequence of mutations.

Definition 1.1.9. The A cluster algebra generated by an initial seed (Q,a) is
the subalgebra of Q(a) generated by the set of all A-coordinates that appear in a seed

obtained from the initial seed by a finite sequence of mutations.

Definition 1.1.10. The rank of a cluster algebra generated by a seed (Q,a) is the
number of mutable coordinates. We index a so the first n elements aq,...,a, are

mutable and the remaining m elements a,i1, ..., Gyym are frozen.
See Figure 1.5 for an example of the A cluster algebra mutation rule.

Remark 1.1.11. The inclusion of A-coordinates in the mutation rule, preserves the

facts that mutation is an involution and mutations at nonadjacent nodes commute.

A surprising fact about cluster algebras is that the number of seeds (and thus
number of A-coordinates), only depends on the mutatable portion of the seed. In fact
each cluster variable can be indexed by a length n vector called the d-vector. This

relies on the following nontrivial property of A-coordinates, the Laurent phenomena:

Theorem 1.1.12. Fvery A-coordinate in a cluster algebra can be written as a Lau-

rent polynomial in the initial A-coordinates.

Proof. This was shown in the original cluster algebras paper [8]. O

10



Definition 1.1.13. The d-vector associated to an A coordinate, a is the powers of
ai,...,a, in the denominator of the Laurent expansion of a in terms of the initial

mutatable variables.

Conjecture 1.1.14. Ifa and b are two A-coordinates in a cluster algebra with the

same d-vectors, then a = b.

Proof. For finite cluster algebras this was proved in [9]. Further work on this was

done in [10]. It is an open conjecture in arbitrary cluster algebras. O

1.1.1.2 X Cluster Algebras

The X cluster algebra will be defined analogously to the A cluster algebra,

but with a different mutation rule on the coordinates.

Definition 1.1.15. Let F = Q(z1,...,2n) be field. A seed of a X cluster algebra
is a pair (Q,X) of a quiver Q and a list, X, of algebraically independent elements
of F. The elements of X are called X-coordinates. As in the A cluster algebra,

each coordinate X; is associated to node i of Q.

Definition 1.1.16. Mutation of a seed (Q),X) at a node k produces a new seed
(Q',X’) where Q) is obtained from @Q via quiver mutation and the new coordinates

X' satisfy the following relations:

X! i=k

Xi=m(X) = X,(1+X)* i Sk

X;(1+X.H™ k=i

11



X X X
@3 X1(1+X2) X2_1 X3(1+X;1)_1
K————&— @

Figure 1.6: The X mutation at node 2 transforms between the two quivers above.

Remark 1.1.17. As in the A cluster algebra, the new X-coordinates can be written
as rational functions in the initial X-coordinates. This remains true after any finite
sequence of mutations. Thus for any seed obtained from an initial seed (Q,X) by

finite sequence of mutations, the field F can be taken to be Q(X).

Definition 1.1.18. The X-cluster algebra generated by an initial seed (Q,X)
is the subalgebra of Q(X) generated by the set of all X-coordinates that appear in a

seed obtained from the initial seed by a finite sequence of mutations from (Q,X).

Remark 1.1.19. The X mutation changes every X-coordinate adjacent to X; not

just X;. See Figure 1.6 for an example.

Let (@, a) be the seed of a rank n A cluster algebra. Using the same quiver
we can define a seed (@, X) of a X cluster algebra. We have a map between the A

and X cluster algebras induced via:

w

k—>j i—

po(Xe) = [ v/ [] o

The image of X under pg is the ratio of A-coordinates out of node k£ to the A-

coordinates coming into node k.

Claim 1.1.20. If Q and Q' are two quivers related by a single quiver mutation puy

12



then the following diagram commutes:

Proof. See [11] for the proof. O

This implies that pg respects the mutation relations and thus extends to a map
p* from the entire X’ cluster algebra to the A cluster algebra. Fock and Goncharov
call the pair of the A cluster algebra and the X cluster algebra associated to the

same starting quiver a cluster ensemble. In most cases p* is injective, but isn’t

4 ) 6
LI—T
1 2 3 1 5 3

Figure 1.7: In the left quiver, p*X; = ay and p* X3 = as even though X; # Xj.
Adding the framing as shown on the right correctly distinguishes X; and X3 as
p* X1 = asay and p* X3 = asag.

always. This simplest example is on the following quiver with 3 nodes (Figure 1.7).
Here p*(X;) = ay and p*(X3) = ag. This problem can be fixed by adding frozen
vertices such that no two vertices of the quiver have the exact same set of neighbors

even after arbitrary mutations. One way to guarantee this is to frame the quiver

with one frozen node for each unfrozen node.

Definition 1.1.21. A framing of a quiver Q is any quiver Q such that the mutable
portion of Q and Q are the same. The c-vectors of Q is the collection, {c;]0<i <
n}, of m-dimensional vectors given by cf = €;,(j4n)
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Let @ be a quiver which consists of only mutable nodes. There is a canonical
framing, Q, obtained from Q by adding a frozen node F; with matching weight w;
for each node N; and a single arrow from N; to Fj. Q is called the “ice” quiver
associated with Q. The cluster algebra formed by starting with Q is called the

cluster algebra with principal coefficients.

Remark 1.1.22. There are two possible conventions of c-vectors, the other possibil-
ity s cg = €(j4n),i)- L'his is the convention used by Bernhard Keller’s quiver mutation

applet'. With the convention we chose, the matriz of c-vectors [cf] assoctated to Q

1s the identity matriz.

~

Theorem 1.1.23 ( [12]). The sets of c-vectors of quivers in Mut(Q) are in one-to-
one correspondence with the clusters in the cluster algebra with principal coefficients

associated with ().

Via this theorem, we see that by considering sets of c-vectors, one may un-
derstand whether a mutation sequence returns to a cluster with the same cluster
variables without actually computing them. We only need to check that their sets

of c-vectors are the same.

Definition 1.1.24. Let k be a node of a quiver Q) with frozen vertices. We call k
green (resp. red) if the c-vector associated with k has all positive (resp. negative)

entries.

Remark 1.1.25. The canonical framing Q 1 the one where every node is green.

'https://webusers.imj-prg.fr/~bernhard.keller/quivermutation/
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Theorem 1.1.26 (sign coherence [13,14]). Let Q be a quiver without frozen vari-
ables. Then every quiver R € Mut(@) also has the property that every node of R is

either red or green.

Let () be the framing of @ by adding a frozen node F; with matching weight

w; for each node N; and a single arrow from F; to IV;.

Theorem 1.1.27 ( [15]). Suppose there is R € Mut(Q) satisfying that every node

of R is red. Then R~ Q.

Definition 1.1.28. Suppose that Q) € Mut(@). We call a sequence of mutations

taking Q to ) a reddening sequence.

Remark 1.1.29. The existence of a reddening sequence is an important property
of a given quiver, and is conjectured to be related to several “niceness” properties of

the cluster algebra [15].

We will explicitly construct reddening sequences for the family of quivers in-

troduced in Section 2.1.

Theorem 1.1.30 (Muller, [15]). Let Q be a quiver with no frozen vertices and let

R € Mut(Q). Then Q has a reddening sequence if and only if R does.

1.1.1.3 Poisson Structure on X Cluster Algebras

The X-coordinates of a cluster algebra have additional structure given by
a Poisson bracket. The following definitions were given in [16]. Since every X-
coordinate can be written in terms of the initial seed it suffices to define the bracket
between the X-coordinates in the initial seed:
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Definition 1.1.31. The bracket of two X-coordinates x;,y; in the initial seed with
mutation matric €;; is given by {x;, x;} = e;;x;x;. The bracket is extended to arbi-

trary X-coordinates via the Leibniz rule and multi-linearity.

Remark 1.1.32. This bracket is preserved by mutation and so is independent of

starting seed.

Example 1.1.33. We consider the example of an X mutation given in Figure 1.6.
Let x1, xo, x3 be the starting X coordinates on a oriented 3 cycle. Then after mutation
at the node 2, the new X coordinates are x1(1 + x2), 79, v3(1 + 25,1)~! on a directed

path. Using the Leibniz rule and multi-linearity we compute:

{21(1 4 29), 23(1 + 2517}

T2 X2
= 1 1
{$1,£IZ’31+I2}( +$2)+{ +$2,$31+$2}£L‘1
T3T2
= ) + ) - 71
{$1 963}902 {$1 $2}$3 {$1 +!E2}1+x2
T1Z9 X123 T1T223
+ 122, T + 122, —Ax, 1 + 2o} ——
{2 3}1+x2 {2 2}1+x2 2 2}(1+g:2)2

13Ty T1TAT3
1 —+ To 1 + i)

= — T1T2X3 + T1T9T3 — + 0—0

=0

This would agree with the definition of the bracket starting from the path as x| =

x1(1 + 22) and x = x3(1 + 251) ™" are not adjacent.

Corollary 1.1.34. If x and y are two X coordinates that appear in a seed on non

adjacent nodes, then x and y never appear on adjacent nodes in any seed.
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Proof. 1f z,y are not adjacent in a seed, then €;; = 0 when x is on node 7 and y is
on node j. So {z,y} = 0 in the bracket starting on that seed. This implies that the
bracket is zero between these two coordinates in any other seed. Thus &}, = 0 and

x and y are not adjacent. O]

Definition 1.1.35. A Casimir element of a cluster algebra is a function of the

X-coordinates that has zero Poisson bracket with every element.

Theorem 1.1.36. If v is in the null space of € then [[x;" is a Casimir element of

the cluster algebra.

Proof. 1t suffices to compute the bracket of [[, z{* with x; for each z; in the seed

with matrix e.

{H x] xi} = le R TERE EAA ) % TER
= Z Ty T {0, T} Ty

= E L1 .. Ti—1ViEjTiTjTiq1 - - - Ty

So [[; " commutes with each generator and thus commutes with all the X-coordinates.

O

Corollary 1.1.37. The cluster algebra associated to the right quiver in Figure 1.6
has a Casimir element xqx3.
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Proof. The null space of the matrix ¢ associated to this quiver is generated by

(1,0,1). 0

1.1.2  Dynkin Classification

Definition 1.1.38. A cluster algebra A is of finite type if there are finitely many
seeds.
The cluster algebra is of finite mutation type if there are finitely many quivers

in the mutation class of Q) (with potentially infinitely many coordinates)

Theorem 1.1.39. A cluster algebra Ag is of finite type if and only if there is
a quiver in the mutation class of () whose mutable portion is an orientation of a

Dynkin diagram.

Proof. See [9] for a full proof. A key aspect of this proof is the relationship between
the almost positive roots of the associated root system and the cluster algebra.
We can take the initial quiver of the cluster algebra to be the quiver @) that is
an orientation of the associated Dynkin diagram. Consider the set of simple roots
{ry,...,mp} of the associated root system. The d-vector of each A coordinate a; in
the initial seed is —e;. This directly corresponds to —r;. In general the A coordinate

with associated d-vector v corresponds to ) v;r;. O

Remark 1.1.40. Theorem 1.1.39 remains true even when discussing cluster alge-

bras with weighted quivers.

Using the Dynkin quivers, we can compute Casimir elements of the Poisson
structure of finite type cluster algebras.
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Remark 1.1.41. Forn =2k —1, A, has a Casimir element that is a product of k

X-coordinates.

Proof. The Dynkin type quiver has the vector (1,0,—1,0,1,...) in the null space.
So by Theorem 1.1.36 the corresponding product of k& X-coordinates is a Casimir

element. []

Remark 1.1.42. The type A, cluster algebras for n even does not have any Casimir

elements of this form.

Remark 1.1.43. The type Doy, cluster algebras have a two Casimir element that are
a product of k X-coordinates. These are found by freezing one of each small tail and
taking the Casimir of the corresponding Ao,_1 cluster algebra. In the Dynkin type
quiver, this does not include the X-coordinate on the degree 3 vertex so the frozen

tail commutes with the product.

Remark 1.1.44. For any n, D, has a Casimir element given by the quotient of
X,/ Xy where a and b are the short tails. When n is even this is equal to the quotient

of the two Ao,y Casimir elements.

We also obtain nice classes of cluster algebras by looking at generalizations
of the finite Dynkin diagrams. Cluster algebras with quivers corresponding to ori-
entations of Affine Dynkin diagrams are called affine cluster algebras. These
cluster algebras have infinitely many cluster variables, but can be characterized by

the fact that the number of cluster variables grows at a linear rate with number of
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mutations. See [10] for more information between the affine root system and cluster
algebra structure.

In Chapter 2 we study the doubly extended cluster algebras. These have
quivers that are orientations of Dynkin diagrams formed by adding two nodes. For
more information on the classification of doubly extended Dynkin diagrams see [17].

To see all the diagrams in this family see Figures A.7 and A.S.

1.1.3 The Cluster Structure of the Grassmannian

Our other key example of Cluster Algebras comes from the homogeneous co-

ordinate ring of the affine cone of Grassmannian C[Gr(k,n)].

Definition 1.1.45. The Grassmannian Gr(k,n) is the set of k dimensional sub-
spaces of C"™. Recall each point in Gr(k,n) can be viewed as an equivalence class of

k x n matrices whose rows span the given subspace.

There is a standard embedding of Gr(k,n) into projective space called the

Pliicker embedding.

Definition 1.1.46. For I C [n] of size k, the Pliicker coordinate pr : Gr(k,n) — C
15 the function that takes the determinant of the k X k submatriz using columns in

I.

Claim 1.1.47. Taking a different basis of a subspace simultaneously changes all
Pliicker coordinates by the same constant. This gives the standard Plicker embedding

of Gr(k,n) in projective space.
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Claim 1.1.48. For any k and n, Gr(k,n) has an A cluster algebra structure. There
1s an explicit initial seed where each A-coordinate corresponds to a Plicker coordi-

nate.

Proof. There are several recipes to obtain an initial seed of the cluster algebra
structure. In [18], Scott gives a combinatorial construction of seeds that generate a
cluster algebra isomorphic to the coordinate ring of Gr/(k,\n) In [16], Golden, et al.
give a uniform description of seeds that will generate the cluster algebra structure
for any k£ and n. The quivers in these seeds can be arranged so that all but one
node is in a k x (n — k) grid with a diagonal edge through each square of the grid.
See Figure 1.8 for the general shape of these “diagonal grid quivers”. In this picture
the blue vertices are frozen and correspond to Pliicker coordinates whose index set

is cyclicly adjacent. O]

Figure 1.8: An example of the diagonal grid quiver in Gr(4, 8).

Corollary 1.1.49. Fvery Grassmannian cluster algebra has a seed whose A - coordi-
nates are Pliicker, such that the mutatable portion of the quiver is a (k—1)x (n—k—1)

grid (with no diagonal edges).

Proof. In Scott [18], he shows that mutating a node with exactly 2 arrows in and
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2 arrows out transforms a Pliicker coordinate into another Pliicker coordinate. We
call such nodes “good” for the remainder of this proof. So it suffices to specify a
mutation sequence of good nodes from Goncharov’s Pliicker quiver (Figure 1.9a) to
the grid quiver (Figure 1.9¢). To do this we label the diagonals of the k x (n — k)
grid parallel to the “extra” diagonal edges 1 to n — 1. Since the edges on a diagonal
aren’t adjacent we can mutate at all the nodes on the diagonal in any order and
achieve the same result. Call the mutation sequence for the i** diagonal d;
Mutating d; removes the extra edge of the first square and makes every node on
the second diagonal good. In general if every node on the ¥ diagonal is good and
squares above are free of extra edges, mutating at d; makes every node on the (i41)%
diagonal good. In addition, d; removes the extra edges directly below at the cost of
adding extra edges directly above. These can be removed by mutating d;_5. This
adds extra edges which again are removed by mutating 2 diagonals back. This can
be repeated until the extra edges would be added off the grid. So let m; be the
mutation sequence d;d;_od;_4 . ..d,>.

At the start there are n — 2 sets of extra edges to clear so the mutation sequence

2If i is even stop at ds instead of d;.

1 ]
-~
]
—

e ' . ' . !

— — — -~

(a) Grassman-
nian  Diagonal (b) (c) (d) (e) Grid Quiver.
Grid.

Figure 1.9: The mutation algorithm outlined in Corollary 1.1.49 transforms the
quiver on the left to the one on the right.
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mims, ..., my,_o takes Goncharov’s quiver to a pure grid. Figure 1.9 shows the result
applying m; to a quiver from Gr(4,9)

]

Recall that there is an isomorphism between Gr(k,n) and Gr(n — k,n) that
sends a k subspace to its complementary n — k dimensional subspace. This is re-
flected in the Pliicker coordinates by sending p; to pj, \ 1 and extends to a map of
cluster algebras by reversing all the arrows in the starting seed. As such we only

need to study Gr(k,n) when k < 3.

Remark 1.1.50. For each 1 <i < n+1 there are maps a; : Gr(k,n+1) — Gr(k,n)
given by forgetting the i" dimension. This induces a map a : C[Gr(k,n)] —

x r <1
C[Gr(k,n + 1)] by sending p; to pys,y where fi(x) = . Again this

r+1 x>1

gives an inclusion of cluster algebras showing Gr(k,n) is a subcluster algebra of
Gr(k,n+ 1). There is another inclusion of cluster algebras b; : Gr(k,n) — Gr(k +

1,n+1) obtained by conjugating a; by the dual map above. This sends pr to priyusr)-

Claim 1.1.51. [18] The Grassmannian cluster algebra is of finite type if and only

if (k—2)(n—Fk—2) <4 and finite mutation type when (k —2)(n —k —2) < 4.

In fact Gr(2,n + 3) is type A,, Gr(3,6) is type Dy, Gr(3,7) is type Eg and
Gr(3,8) is type FEs.
The only finite mutation type, but not finite type cluster algebras are Gr(3,9) =
Gr(6,9) and Gr(4,8).
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In Gr(2, n) the only cluster coordinates are Pliicker coordinates, but even in the other
finite type cases there are “exotic” cluster coordinates. In Gr(3,6) there are only
two exotic coordinates that Scott calls X and Y. These can be expressed as polyno-

mials in the Plicker coordinates X = P134P256 — P156P234 and Y = P136P245 — P126P345-

Claim 1.1.52. FEvery exotic cluster coordinate can be expressed as a polynomial in

the Plicker coordinates.

Proof. This follows from Claim 1.1.48 as the coordinate ring of the Grassmannian

is generated by the Pliicker coordinates. O]

Remark 1.1.53. In [18], Scott explicitly computes all of the exotic coordinates in
the remaining finite cases. In particular, the only exotic coordinates in Gr(3,7) are
lifts of X and Y wvia the inclusions af (Remark 1.1.50). Additionally, in Gr(3,8)
there are 24 additional exotic coordinates. Scott refers to 8 as AP as the polynomaals
in Pliicker coordinates are related by applying p, the cyclic shift of all of the indices
modulo 8. The remaining 16 have two orbits under the cyclic shift. These two orbits
are additionally related by applying a dihedral flip o (on the octagon) to the Pliicker
coordinates of each polynomial. As such Scott refers to these exotic coordinates as

B* or B°*".

Remark 1.1.54. When referring to exotic coordinates in Section 3.5 we use the
following notation for these exotic coordinates. One goal of this new notation is
to emphasize the degree of the polynomial corresponding to each exotic coordinate.
For example, X = pi3apose — P1sePass s degree 2 and so we refer to it as e2x. We
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also refer to the images of coordinates under the inclusion map by the index of the

inclusion rather than the siz indices of the corresponding Gr(3,6) subalgebra. For

example, we write e2x1 rather than X 234567,
New Notation | Scott
e2x X
Gr(3,6)
e2y Y
e2rl X234567
Gr(3,7)
e2y1 y 234567
e2x12 X345678
€2y14 Y235678
Gr(3,8) e3A7° AP°
e3B”" B
3B’ B’

1.1.4 The Cluster Algebra of a Surface

In this section, we review cluster algebras associated to surfaces. For a com-

plete description see [19] or Section 3 of [20].

Definition 1.1.55. A marked surface, Sy, @s an orientable surface of genus g
with b boundary components, p punctures and n marked points on the boundary. We
always require that each boundary component has at least one marked point. An arc
on a marked surface S is a (non-contractible) isotopy class of curves between marked

points or punctures on S. An ideal triangulation of a marked surface is a maximal
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collection of non-crossing arcs on S.

Let S be a marked surface. Given an ideal triangulation A of S, we associate
a quiver, Qa to A, as follows: For each arc e € A we add a node N, and for
each triangle t € A we add a clockwise oriented cycle of arrows between the nodes
associated with the arcs of t. In the situation where we have arrows between two
nodes in opposite directions, we cancel them. The nodes associated to boundary

edges are frozen. There are —3x(S) + 2n total nodes and n frozen nodes (Figure

O dh ML

(a) (b) (c)

Figure 1.10: The quiver associated to a triangulation of the disk with 5 marked
points. In 1.10a we see the triangulation alone. In 1.10b we place a node on each
edge and attach them with a clockwise oriented cycle for each triangle. Figure 1.10c
shows the resulting quiver by itself.

1.10).

There is one minor complication when S has punctures. In this case it may be
possible to have a “self folded” triangle in an ideal triangulation of S (Figure 1.11a).
In this case, the construction mentioned above does not produce the correct quiver.
However, we can always find a triangulation of S with no self folded triangles, and
use this to construct a quiver associated with the triangulation.

Then mutation of nodes in QA corresponds to a “fip” or “Whitehead move” in

A at the corresponding arc. Again, there is a caveat to this when S has punctures.
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AN /
(a) Arcs in a punctured digon. (b) The tagged arc flip graph.

Figure 1.11: Untagged vs tagged arcs in a punctured digon.

The interior arc of a self folded triangle cannot be flipped, but the corresponding
node in the quiver can be mutated. This is addressed in [19] by the addition of
“tagged” arcs. Essentially, we replace the outside arc of a self folded triangulation
with a tagged arc as shown in Figure 1.11. There is then a rule for flipping tagged
arcs which agrees with the mutation rule for quivers. With this addition, we may
always flip any arc and this always agrees with mutation of corresponding quivers.

We do not need the details of this in general.

Remark 1.1.56. Since every triangulation of a surface can be reached via a series

of flips, all triangulations of a surface are in the same mutation class.

Remark 1.1.57. A quiver associated to a surface can only have a double edge if

the triangulation contains one of the two sub-triangulations in Figure 1.12.
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Figure 1.12: The only sub-triangulations that produce double edge quivers.

1.2 Cluster Modular Group

We will now review how to associate a group to any quiver or cluster algebra
called the cluster modular group. The following is adapted from the discussion
in my joint paper [4]. This group is essentially the automorphism group of the
mutation structure of a cluster algebra associated with a given quiver. We can use
our definitions of c-vectors to give a definition of this group without any reference
to the cluster variables.

Let @ be a quiver without frozen vertices. By identifying the mutable nodes
of @ with the integers [n] = {1,...,n}, we obtain a right action of Z3" on quivers
in the mutation class, Mut(Q)), by mutating at each node in sequence. We refer to
elements of Z3" as mutation paths.

We would now like to focus on the subset of paths that return ) to an isomor-
phic quiver. In order to define a group structure on this subset, we need to consider

pairs (P,o) of mutation paths P and quiver isomorphisms o : @ — P(Q). We
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write quiver isomorphisms as elements of the symmetric group S,,. The symmetric
group acts on mutation paths by permuting the elements of the path and on itself
by conjugation.

Given two such pairs (P,o) and (R, 7) we can multiply by forming the com-

posite path P - o(R) and the composite quiver isomorphism o7.

o o(r)
Q@ — P(Q) — P(0(R)(Q)) (1.1)
This multiplication rule can also be obtained by viewing these pairs as elements of
the semidirect product

73" % Sy. (1.2)

This gives a group structure on the set of mutation paths which return @ to
an isomorphic quiver paired with isomorphisms from the starting to ending quiver;
we call this group the quiver modular group associated with ) denoted fQ.

Elements of the quiver modular group act on the cluster variables of a seed 2
associated with (). The path P provides a path to a new seed, and ¢ gives a map

from the cluster variables on % to those on P(2).

Definition 1.2.1. A pair (P,o) which acts trivially on the cluster variables of any
wniatial seed associated with Q) is called a trivial cluster transformation. Let T be the
group of trivial cluster transformations; this is a normal subgroup of fQ. The group

I'g = fQ /T is called the cluster modular group associated with the quiver Q.

Equivalently, a trivial cluster transformation is an element (P, o) of fQ for
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1 2 1 2

*————0 *«<——o
(a) Q (b) Q’
Figure 1.13: A simple quiver before and after mutation.

which o is a frozen isomorphism Q — P(Q). In this way, we may define I'g without

any regard to cluster variables.

Remark 1.2.2. Our notion of a quiver isomorphism requires that all of the arrow
directions are preserved. In other definitions of the cluster modular group, such
as those in [11, 21, 22], one includes arrow reversing quiver automorphisms. Our
version of the cluster modular group is an index two subgroup of this more general

notion.

Example 1.2.3. Consider the quiver () with two nodes and a single edge between
them (Figure 1.13a). Mutation at 1 in Q yields a quiver with the edge now going
from 2 to 1 (Figure 1.13b) If we want to perform the “same” mutation in Q)" that we
did 1n Q) we want to mutate at the vertex corresponding to 1 under the isomorphism
f:Q — Q, which is 2. In this case there is a unique isomorphism, but in general
each choice of isomorphism gives rise to a different element of the cluster modular
group. It is convenient to write these isomorphisms as permutations in S,. The
element described above would be written g = (1,(12)). In this case g generates the

cluster modular group and ¢° = id.
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1.2.1 The Cluster Complex

Recall that for any cluster algebra, Ag, there is an associated simplicial com-
plex C(Ag) called the cluster complex. This complex is defined in detail in [8,23].
We will review the basic definitions of this complex here. First we will need the

notion of compatibility of cluster variables.

Definition 1.2.4. Two cluster variables are compatible if they appear in a cluster

together.

The k-dimensional simplices of C(Ag) correspond to size k collections of mu-
tually compatible cluster variables in Ag. In other words, the cluster complex is
the “clique complex” of the compatibility rule for cluster variables. In particular
each vertex corresponds to an individual cluster variable and each edge connects
two cluster variables when they can be found in a cluster together. The maximal

dimension simplices correspond to the clusters of Ag.

Remark 1.2.5. In [11] the cluster modular group is defined to be the simplicial
symmetry group of the cluster complex. This symmetry group contains the cluster
modular group as described in this paper as a proper subgroup.> The distinction

between these groups does not affect the main results of this thesis.

The 1-skeleton of the dual complex of the cluster complex is called the “ex-
change graph” of the cluster algebra. The vertices of this graph correspond to

clusters and the edges correspond to mutations between clusters.

3For cluster algebras of finite mutation type the only potentially missing symmetry is given by
reversing all the arrows in a quiver.
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1.2.2  Computing Cluster Modular Groups

We would like to have an algorithm to compute the cluster modular group.
For general quivers, this can be very difficult since the mutation class can be infinite.
When the quiver in question has finitely many quivers in its mutation class, there is
an algorithmic construction of the cluster modular group, see Ishibashi’s paper [24].
We present a simplified version of the algorithm which only computes a generating

set without computing all the relations.

Definition 1.2.6. The directed quiver mutation graph, G, associated to a finite
mutation class cluster algebra is a multi graph with a node for each quiver iso-
morphism class and a directed edge for each single mutation between isomorphism
classes. The (undirected) quiver mutation graph replaces directed two cycles corre-

sponding to tnverse mutations with a single undirected edge.

Note, unlike the graph in [24], in our formulation the degree of each node is
the rank of the cluster algebra.

Each element (P, f) of the cluster modular group corresponds to a cycle in G
by following P in G. Furthermore the set of cycles in G is finitely generated with one
generator for each edge not in a fixed spanning tree of GG. Since the automorphism
group of each quiver is finite, this gives a finite list of generators of the cluster
modular group.

In practice this method doesn’t give the shortest possible list of generators
of the cluster modular group. However it places an upper bound on how long the
shortest path representing a generator of the cluster modular group can be. If d is
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the diameter of the spanning tree for GG, then the maximum length of the mutation

path of a generator is 2d + 1.

Remark 1.2.7. To check if a group surjects onto the cluster modular group it suffices
to check that it reaches every quiver isomorphic to the starting quiver in distance

2d + 1.

Example 1.2.8. The mutation class of an Ay quiver has two quiver isomorphism
classes QQ1, 2, shown in Figure 1.14. It is easy to compute the directed and undi-
rected quiver mutation graphs for this quiver simply by performing each of the three
mutations on each quiver isomorphism class.

We can then compute a set of generators of the cluster modular group. There

are two generators ey, es corresponding to the two loops from Q1 and Qo to them-

A A

selves.

(a) Q1 (b) @2
Q@2 @1 Q2
(c) Directed mutation graph. (d) Undirected mutation graph.

Figure 1.14: The quiver mutation graphs for A, ;.

1.2.3 Reddening Elements

If a quiver () has a reddening sequence (Definition 1.1.28), then there is a

unique element r € I'g called the “reddening element” of I'g.
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Explicitly, » = (P,,op) where P, is any reddening sequence and op : Q) —
P(Q) is the isomorphism which extends to an isomorphism ¢ — P(Q) by adding
the identity permutation on all of the frozen vertices.

The following theorem is probably well known, but we give a proof for com-

pleteness.
Theorem 1.2.9. The reddening element (when it exists) is in the center of I'g.

Proof. To show r is in the center we take any other group element g = (P, f). Using

the labeling induced by the initial framing the permutation o, is the identity. Then

g =P f(P)- fo(fH(P)). fooro f )= (P f(P)- P,id) (13)

Conjugating the reddening path P. by any other path again produces a reddening
sequence (see [15]) so

P.~P-f(B) P (1.4)

and we have r = grg~—' as needed. O

1.2.4 Surface Cluster Modular Groups

We can define a faithful action of the mapping class group, Mod(S), on the
triangulations of S and hence identify the mapping class group as a subgroup of the
cluster modular group, I'g, of our cluster algebra S. We give an explicit construction

of this subgroup here as a nice example of our notation. We refer to [25] section 2
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for computations involving the mapping class group of selected surfaces.

Given f € Mod(S) we can define 74 € I'g as follows: f gives a new trian-
gulation of S and hence by [19] there is a path of flips, Py, taking A to f(A).
Furthermore, f defines a map between the edges of A and f(A) that preserves the
adjacency relations between the triangles of A. So A and f(A) have the same asso-
ciated quivers. The path P induces a map between the nodes of Q) and P(Qa)
since these quivers come from the same triangulation. Let o p be the isomorphism

of quivers Qa to P(Qa) defined by the composition

orp: Qa5 Qray 5 P(Qa). (1.5)

Thus to f we associate v = {P,0¢p}.
It is not immediately clear that this does not depend on the choice of the path,

P. Let {P,o} and {R, 7} be two possible representatives of v;. Then we have

{Po}{R, 7} ' ={Po}{r Y (RY), 7'} = {Por (R, 0r'}. (1.6)

We need to show that this element is a trivial cluster transformation. First note
that o7~ is the quiver isomorphism from R(Qa) to P(Qa) coming from the fact
that these both correspond to the same triangulation of S. The composite mutation
path, Por=1(R™1), consists of following P and then following R~! back to our initial
cluster. This introduces a permutation on the cluster variables determined by the

map 7o ': P(Qa) — R(Qa). Together these permutations act trivially on the
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cluster variables, and v is well defined in the cluster modular group.

Remark 1.2.10. For all but finitely many quivers associated with surfaces, the clus-
ter modular group is essentially equal to the mapping class group, see [26] proposition
8.5, For the remaining surfaces, one may check case by case that Mod(S) is always

a finite index normal subgroup of .

1.2.5  Cluster Modular Group of Finite Type Cluster Algebras

From the classification of finite cluster algebras, we know every finite cluster
algebra has a seed whose underlying quiver is an orientation of a finite Dynkin
diagram. In fact, every orientation of the Dynkin diagram appears in the mutation
class. We make a canonical choice that we call the “Dynkin quiver” where every
node is either a source or a sink and there are at least as many sources as sinks.
We now give a presentation the cluster modular group of each finite type based at

the Dynkin quiver.

Lemma 1.2.11. Let Q) be a quiver where every node is a source or a sink. Let P
be any path formed by first mutating at all the original sources and then mutating

at all the original sinks. Then following P results in a new quiver isomorphic to Q).

Proof. First, notice that two sources cannot be adjacent, so the mutation at two
distinct sources commute. Therefore the order of the sources in P does not affect

the final quiver. Since there are no directed paths through a source, the quiver

4The standard choice of mapping class group fixes the set of marked points on the boundary.
We need to allow transformations that permute these marked points to achieve equality. We also
need to include a mapping class group action that swaps the tagging at each puncture.
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mutation rule is especially simple at a source: simply reverse all the arrows incident
to the source. After mutating at all the sources every arrow in () will be reversed.
This makes the original sinks into sources and so we see the second half of the path

returns to an isomorphic quiver. O

Definition 1.2.12. The path P in the previous lemma is called the “sources/sinks
path”. It correspond to an element of the cluster modular group gs = (P, f) where

the f is the “identity permutation” induces by carrying the indexing along P.

Theorem 1.2.13. The cluster modular group for any finite cluster algebra has order

M2 Aut(Q)| where h is the Cozeter number of the underlying Dynkin diagram.

h+4-2

Proof. Fomin and Zelevinsky show that { = =3

applications of gg returns to the
original quiver where h is Coxeter number of the associated root system. Further-
more they showed that every Dynkin quiver is reached during these ¢ applications
and all ¢ applications are needed. So the cluster modular group is generated by gg

and Aut(Q).

]

Remark 1.2.14. To identify the group exactly we must be more careful, as g
doesn’t always return with the identity permutation. In Asgi1,Dory1 and Eg it turns
out that g& = o where o is the order 2 generator of Aut(Q). In these two cases it
1s clear that o and gs commute and the full cluster modular group is cyclic of order
20 as claimed.

In every other case g& is the identity. However gs and Aut(Q) still commute as any
automorphism preserves the set of sources and the set of sinks and we established P
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is independent of reordering within these sets. In these cases (gs) and Aut(Q) are
disjoint commuting subgroups and so the overall group is (gs) X Aut(Q) which has

the correct order.

Remark 1.2.15. The previous theorem needs a slight adjustment for Asg. In this
case the Cozeter number is 2k + 1, so we are claiming that gs has order h;g which
18 a non integer. The issue is that in this case mutating only the sources returns
you to a Dynkin quiver. In this case we take hg, the sources path®, and we know
that h% = gs. The theorem then says that the order of hg is 2k + 3. Furthermore
the automorphism group is trivial. So in this case the cluster modular group is
Lojys = ZLipys. Interestingly, when we compare this to the n = 2k + 1 odd case we
also saw the cluster modular group was Zy,3.

Similarly the cluster modular group of D, = Z, X Zo regardless of if n is odd or

even. This is because when n is odd Zg,, = Z,, X 7o

‘ Type ‘ Coxeter Number ‘ Modular Group ‘ Order of the modular group

A, n+1 Y/ n+3
D4 6 Z4 X Sg 24
D, 2n — 2 Ly, X Zin 2n
Eg 12 Ly X Zio 14
E; 18 Zig 10
Ey 30 Zig 16

Figure 1.15: The cluster modular groups of finite simply laced cluster algebras.

See Figures 1.15, 1.16 for the modular groups in all the finite cases.

5Since Aut(Az,) = 1 there is only one choice of isomorphism.
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] Type ‘ Coxeter Number ‘ Modular Group ‘ Order of the modular group

B, 2n Liop 1o 2n+1
Cn 2n Z2n+2 2n+1
F, 12 L7 7
G 6 Zy 4

Figure 1.16: The cluster modular groups of finite non-simply laced cluster algebras.
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1.2.6  Grassmannian Cluster Modular Groups

The Grassmannian Gr(k,n) has a natural action of S,, that sends the Pliicker
coordinate py to p,r. In order for this action to induce a cluster algebra action it
needs to preserve the set of frozen Pliicker coordinates. This restricts the group to
Dy, = (r, flr" = f? = frfr = 1) as the frozen coordinates have adjacent indices
under the cyclic order.

Since the flip reverses the cyclic ordering, it induces an “orientation reversing”
cluster automorphism, which also flips all the arrows of the quiver. As such we

focus only on the cyclic group generated by r.

Claim 1.2.16. Since every cycle in the grid quiver is even length the nodes of the
grid can be two colored. As we saw with the sources/sinks path, since the nodes of
each color are not adjacent the order of mutation does not affect the resulting quiver.
Let Pre be the mutation path given by mutating each color of node. The element of

the cluster modular group corresponding to r has mutation path Pro or I%T?

Corollary 1.2.17. The sources/sinks path on Gr(2,n) corresponds to cyclicly shift-

ing the indices of the Pliicker coordinates modulo n.

Remark 1.2.18. We call the cyclic shift of indices, the rotation action on the

Grassmannian.

Proof. In Gr(2,n) the grid quiver is the Dynkin quiver of type A,_3. The sources
and sinks are the two coloring of the grid and so these two mutation paths are
identical. O]
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Remark 1.2.19. In Gr(k,n) there is an additional symmetry called the parity map.
Unlike rotation, the parity map mixes Plicker coordinates and exotic coordinates,
which is critical for obtaining the full cluster modular group of Gr(k,n). For this
paper it suffices to know the parity map can be expressed in terms of the sources/sinks

element of the cluster modular group for Gr(3,6), Gr(3,7) and Gr(3,8).

1.3 Polylogarithms

1.3.1 Classical

Definition 1.3.1. Let n € N¢ and z € C? with |z;| < 1.

ky k4
Zl Zd

The multiple polylogarithm is defined by the summation: Liy(z) = > T -
0<k1<-<kqg L

Definition 1.3.2. The wetght of Li,(z) is n =Y _n; and the depth is d.

When the depth is 1, we refer to Li,(z) as the standard polylogarithms.

This family of functions is a natural generalization of the familiar logarithm
function and in fact Li;(z) = —log(1 — z). From the Taylor series definition it is
simple to compute the derivatives of an arbitrary multiple polylogarithms. When
n; > 1, 8%1- Lin, .ny(21,-..,24) = Z%Liml,_._mi_17.,,7md(z1, ...,2q). When n; = 1 the

derivative only depends on if z; is the first, last, or middle variable. Thus for clarity
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we show the derivatives for a depth 3 polylogarithm Li,, ,, ,(x, y, 2).

o .. 1 ) 1 . 1.
a.. Lllﬂ“hp(ma Y, Z) =7 lep(yv Z) - 1 Lln,p@jy: Z) - E Lln,p(xyv Z)

ox I—x -z

0 1 ! 1

a_y Lim,l,p(% Y, Z) :1 —y Lim,p(xya Z) - 1 — y Lim,]’('x? yZ) - & Lim,p(xa yZ) (17)
5 Liyna(x,y, 2) =T Lipn(z,y2)

1.3.2  Analytic Continuation

Definition 1.3.3. In [27], Zhao analytically continues Liy(z) to C* \ X, where X4

1s the singularity set of a depth d multiple polylogarithm.

J

Xo={zecC]]z- J] a-]]z) =0}

i=1 1<i<j<d r=i

Definition 1.3.4. The basic liftable functions in depth d are z; for 1 <1 <d

and 1 —TJ 2z for 1 <1< g <d.

r=1

Remark 1.3.5. The singularity set of the polylogarithm Xy is the zero set of the

basic liftable functions.

In order to compute the analytic continuation, Zhao writes each polylogarithm
as an iterated integral. While the explicit formula is rather technical we can easily

see the following:

Claim 1.3.6. Fach one-form in the iterated integral has the form dlog f where f

1s a basic liftable function.

Proof. From the analysis of the derivative of multiple polylogarithms in Equation
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1.7, we see the differential d Li,(z) is a sum of terms of the form dlog f multiplied
by a polylogarithm of lower weight whose arguments are products of adjacent coor-
dinates. Thus inductively each smaller multiple polylogarithm can be written using

products of arguments that are products in the ordinal arguments. O]

Example 1.3.7. The iterated integral for Liy1(x,y) is

/dlog(l —y)dlog(l — z) + dlog(1l — zy)dlog(l — y)

+ dlog(1 — zy)dlog(z) — dlog(l — xy)dlog(l — x)
Example 1.3.8. The iterated integral for Lis;(x,y) is

/Lilyl(x, y)dlog(z) + Lig(zy)dlog(l — )
_ / dlog(1 — y)dlog(1 — z)d log(x) + dlog(1 — zy)d log(1 — y)d log(x)
+ dlog(1 — zy)dlog(x)dlog(x) — dlog(1l — xy)dlog(1l — x)d log(x)

+ dlog(1 — zy)dlog(z)dlog(l — y) + dlog(1l — zy)dlog(y)dlog(l — y)

Furthermore this analytic continuation only depends on the homotopy class
of path in C? \ X,;. However as C? \ X, isn’t simply connected, we only have
Lin(z) defined as a single valued function on the universal cover of C? \ X,. This is
analogous to the situation for log z = f7 %dz whose value changes by 277 depending
on how many times v winds around z = 0.

To fully understand the ambiguity we build on the work of Hain (for standard poly-
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logarithms [28]) and Zhao (multiple polylogarithms [27]) to express the multiple
polylogarithms as the local system defined by a differential equation on C? \ Xj.
This local system is defined by a variation matrix and a monodromy matrix that
describes how the variation matrix changes around each singularity. See Figure 1.17
for the local system of the standard polylogarithms. The multiple polylogarithms
have many more possible loops and so the full monodromy matrices are more com-
plicated to enumerate.

As such we seek algebraic tools to understand multiple polylogarithms. The classic

tool is called the symbol.

1 0
Liy(2) 27i
Liy(2) * (27i)?
: * * :
| Lin(z) % Log"'(2) ((271’1))2, Log" %(z) ... (2mi)"™
(a) Variation Matrix.
o 0 -
5 -
10
0 exp |0 1
10 (c) Mondromy z = 1.

(b) Mondromy z = 0.

Figure 1.17: The local system for a standard polylogarithm. This consists of a
variation matrix and monodromy around the two singularities at z = 0 and z = 1.
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1.3.3  Symbol

The symbol is an attempt to transfer the study of polylogarithms to an alge-

braic setting by assigning an element of the tensor algebra over C(X)*.

Definition 1.3.9. Consider a collection of rational functions f; ; defined on a space
X with complex coefficients. Then the Symbol associated to the function of the

form

o= Z/dlog(fi,l)...dlog(fM)

is the k fold tensor S(¢) =" fi1 ® ... ® fik.

Example 1.3.10. From the iterated integral expression for Lij (x,y) in Example

1.3.7 we see the symbol of Liy 1(x,y) is:
I-yel-z)+(-wy)(l-y+1-z)z-(1-2y) (-2

Example 1.3.11. We use the iterated integral expansion of Liyi(x,y) in Example

1.3.8 to compute the symbol of Lis(x,y):

l-yeo(l-z)z+(1l-2y)@1l-y)Qr+(l-2y) @z

—l-zy)(1l—2)@z+(1—-2y)Rz(1—-y)+(1—-z2y) @y (1 —1y)

Remark 1.3.12. With this definition the symbol is only defined up to constant
multiples as dlog(f; ;) = dlog(cfi ;) for all ¢ € C. So the symbol would only live
in T*(C(X)*/C). However for multiple polylogarithms there is an algorithm [29] to
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define a unique lift of this symbol to T*(C(X)*). Furthermore in this lift the func-

tions f; ; are all basic liftable functions.

Remark 1.3.13. Since the f;; are arguments to the logarithm we can treat the

fij as liing in a multiplicative group. As such we usually write fifs ® g to mean

[i®g+ f2®q.

Remark 1.3.14 (Torsion). The symbol is taken to have the property that the symbol
of a1 ®...®a, =0 whenever a; is the logarithm of a root of unity. Thus the symbol

of (2mi)kqe is 0 for any k and q rational.

Claim 1.3.15. If {¢;} is a collection of functions with symbols and _ ¢;¢; = 0 then

> ciS(9i) =0
Proof. This follows directly from the definition. O]

However computing the symbol for a multiple polylogarithm depends on know-
ing the iterated integral representation explicitly, and the computational complexity
increases rapidly. Already for depth 3 weight 9 it can take over an hour for the al-

gorithm in [30] to compute the symbol on an average laptop.
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1.3.4 The Dilogarithm

1.3.4.1 Dilogarithm Relations

There are several known relations for the dilogarithm. The most famous is the

five term relation [2]
1—x 1—vy

Lis(1 — Li
1_xy)+ i2(1 —zy) + 12(1_%

Liz(2) + Liz(y) + Lia(

2

— % — Log(x) Log(1 — z) — Log(y) Log(1 — y) + Log( L

) (1.8)

) Log( 129 (1)

1l—x 11—y

In addition we have short relations relating Lis(z) to Lio(2) and Liy(1 — 2)

Lig(é) — Liy(s) — %2 - %Log2(—z)
Lio(1 —2) = —Lis(2) + %2 — Log(z) Log(1 — z)

There are two key problems to generalizing these relations to higher polylogarithms.
The first is that these relations involve “product terms” of lower weight polylog-
arithms. To handle these product terms we generally consider relations modulo
products of lower weight polylogarithms, which we refer to as “relations modulo
products”. This is justified by modifying the dilogarithm by a linear combination
of products of polylogarithms, so these relations are satisfied exactly. The second
problem is that the arguments to the five dilogarithm terms as stated don’t satisfy
a clear pattern. We will see that these arguments can be naturally interpreted as

cross ratios in weight 2, and more generally correspond to X —coordinates in the
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Grassmannian cluster algebra.

1.3.4.2 Bloch Wigner

Definition 1.3.16. The Bloch- Wigner dilogarithm is a single valued real ana-

lytic function Dy : C \ X7 — R given by

Dy(x) = S Liz(x) + Log(|z|) arg(l — )

This function justifies ignoring product terms as Dy exactly satisfies the pre-

vious relations without the product terms.

1.3.4.3 Hyperbolic Volume

One nice application of the dilogarithm is computing the volume of ideal hy-
perbolic simplices. The key idea is that the boundary of hyperbolic 3 space can be
identified with the Riemann sphere. Using hyperbolic isometries the 4 vertices of
the simplex can be moved to be oco,1,0 and z. The number z is called the cross

ratio and can also be computed as z = cr(zy, 29, 23, 24) = % Notice that

1 1—2 z
Y 1-27? z or 1—2"

permutations of the vertices can at most change z to %,1 —z
The volume of the simplex is Ds(z). Note that the transformations z — % and
z +— 1 — z generate all 6 possible cross ratios. Since the Bloch-Wigner dilogarithm
satisfies the relations Dy(z) = —Ds(2) and Dy (z) = —D5(1—z) this volume function
is well defined up to sign.

Furthermore choosing a consistent cross ratio gives an interpretation of the five
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term relation. First chose five ideal points in hyperbolic 3 space, z1,...,25. We

1

use a hyperbolic isometry to take the points to c0,0,1, -, y. The five cross ratios,

i =cr(2z1,... % ...,2q) are:
1—2y 11—y 1 1 r—1
_LE —
yl—z) (1—2x) Y 4 x

The volume of the simplex .S; given by removing point ¢ is Dy(z;). The full volume

can be dissected as Sy U Sy or S; U S3 U S5. Therefore we have

D, (1_”) + Dy (1 —y) =D (1_—“"”) + Dy(1 — 2y) + Dy (”3_1> (1.10)

(1—z) y(1—x) 1
1—2 B 1—vy . -
D2 (§20) = D) =D () + Dt =) + D 2) (1.11)

Note that this corresponds exactly to the five Lis(z) terms of the original five term

relation in Equation 1.8.

Remark 1.3.17. In hyperbolic geometry the cross ratio is usually chosen to be

—cr(z1, 23, 22, 24). Under this convention the five term relation is

a0 - Du) 01 (2) - 0u (2 0 (122)

I—y I—y

The cross ratio we chose aligns with the X-coordinates of the Gr(2,5) cluster algebra

and so generalizes better.
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1.3.5 Stuffle Product

Let GG be the free abelian group whose generators are finite strings of integers.

Definition 1.3.18. The shuffle product ofa = ay...a,, € G, b =0b;...b, € G
a Wb is the sum of all possible ways to “shuffle” or interleave the elements of a and

b. Defined recursively we have:

Jwb=b
all[] =a

aija Ll blb :al(a LLI blb) + bl(ala LLI b)

Definition 1.3.19. The stuffle product is the shuffle product plus terms from

“stuffing” entries of the two lists together by adding the entries. So inductively:

@b =b

all[] =a

aja L] blb :al(a L] blb) -+ bl(ala L] b) + (CLl -+ b1)<a L] b)

The product of two polylogarithms of weight n and m can be written as a sum
of polylogarithms of weight n+m by the stuffle product of their weight vectors. The

arguments to the polylogarithm follow their weight indices and when two entries are
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stuffed together the corresponding arguments are multiplied. For example

Linl,nz (xla .1’2) le(y) = Linl,ng,m<x17 T2, y) + Lin1,m+n2 (xh yx2>

+ Linl,m,ng (xla Y, $2) + Lin1+m,n2 (xlya x2) + Limlnlnz (ya X1, $2)

1.3.6 Low Weight Relations

Previously the polylogarithm relations known for weight greater than 2 were
scattered. In weight 3, Goncharov had discovered a 22 term relation consisting
entirely of Liz terms. The following expression, modulo products is equal to Liz(1):

1-— 1-— 1-— 1-— 1-—
Li3(1—z+zz)+Li3< I+Iz)+Li3(z)+Li3 & _Lig( z+zz)+Li3 (ﬂ) — Lis &
xz y(1 —z+ z2) z 1—z+xz (1—z+ xz2)yz

X . 1—y+yz> . i 1—z+ zz X (1—y+zy) . ((1—z+zz)y> . 1—z+ 2z
Lig (1 — L L Lig| ———— | — L L — | - L _
+Liz(1 -y +y=z) + 13( v + Liz(z) + Liz (z(17y+yz>) iz - this (T T B\ Ty T ym)em

1— 2+ 21 1 —y+ x 1—2z+yz ) 1—-y+=xy)z . 1 —y+ x
+Li3(lfz+zy)+L13< U) + Lis(y) + Lig _—TvTry 7Li3( )+L13 <u) — Lig _—TvTey
2y z(1 — 2z 4 zy) Yy 1— 2+ 2y (1 -2+ zy)zy

+ Lig(—=zyz)

One can see the arguments to this relation are similar to the arguments of the five
term relation, yet there is not a clear pattern.

Separately a forty term relation of Liz terms whose arguments come from the
Gr(3,6) cluster algebra was discovered. However this relation doesn’t use all the
X-coordinates and so doesn’t give a clear path to generalize to higher weights.

In weight 4 the situation is even less clear. Recent work by Gangl found a 931 term
relation in R4 although the nature of the arguments remain mysterious [31]. There
are two key issues that make generalizing to weight 4 difficult. The first is that
Lis no longer generates all the multiple polylogarithms. By including the missing

generator Liz;(z,y), Goncharov and Rudenko were able to find a relation they call
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()4 whose arguments come from the A, cluster algebra. [32].

1.3.7 Bloch-Suslin Complex

In [3], Goncharov defines the “higher Bloch Complex” B,(F) to be the free
abelian group on P'F quotiented by R, the set of weight n “polylogarithm rela-

tions”. These groups fit into the chain complex

n—2 n—2

2
Bn(F)%Bn—l(F)(gFX—>Bn_2®/\FX_>_>Bn_2®/\F><_>/\F><

It is conjectured that the cohomology of this complex rationally computes motivic
cohomology. The group R, is generated by 5 term relations of the Dilogarithm
(Section 1.3.4.1). When n > 4 elements of R,, become difficult to write down. The

931 term relation found by Gangl is conjectured to be the defining relation of By(F).
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Chapter 2: Cluster Modular Group and Exotic Cluster Coordinates

The following is joint work with Dani Kaufman. The following is adapted from
our preprint paper [4] by moving the discussion of affine cluster algebras arising from

triangulated surfaces from the Appendix into the main text.

As discussed in the introduction, particle physicists obtain polylogarithm func-
tions in the computation of “scattering amplitudes”. In particular in N/ = 4 Super
Yang Mills theory they obtain polylogarithms whose arguments are X-Coordinates
in the Gr(4,8) cluster algebra. This cluster algebra is of infinite type, in particu-
lar it is doubly extended type E%l’l). Attempts to find a finite description to find
polylogarithm relations inspired the following work.

The primary results of this discussion are the following theorems:

Theorem 2.0.1. Let n, w be m dimensional vectors of positive integers. Let x(Taw) =

S (wi(n;t — 1)) +2. Then we have the following:
1. If x > 0, then Ty w provides a seed of an affine cluster algebra.
2. If x =0, then T, provides a seed of a doubly extended cluster algebra.

3. If x <0, then Ty w provides a seed of an infinite mutation type cluster algebra.
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Moreover almost' every affine and doubly extended cluster algebra has a seed with

underlying quiver isomorphic to a T, w for some n, w.

Informally, the cluster modular group is the automorphism group of the muta-
tion structure of the cluster algebra. We show that there is an abelian subgroup, I';,
of the cluster modular group of cluster algebras coming from 7, , quivers generated
by “twists” 7; for each “tail” ¢ =1,...,m and an element ~ satisfying 7," = 4" for
all i. Let H = Aut(T,w) be the automorphism group of a T}, quiver. This group

acts on I'; by permuting twists 7; and 7; whenever n; = n; and w; = w;.

Theorem 2.0.2. 1. The cluster modular group of an affine cluster algebra is

1somorphic to 1", x H.

2. The cluster modular group of a doubly extended cluster algebra is generated by

the elements of I'x x H and one new generator, §.

See Sections 2.1.2 and 2.3.1 for the full definitions of 7;, 7, 9.

We conjecture the following about infinite mutation type T, quivers, i.e.

when y < 0.

Conjecture 2.0.3. If x < 0, then the cluster modular group of a cluster algebra

with initial seed given by a Ty w quiver is isomorphic to I'c x H.

We use the computation of the cluster modular group of T, v, cluster algebras

to construct natural finite quotients of the cluster complex.

!The twisted Dynkin diagrams that are Langlands dual to standard diagrams have “dual” Ty w
quivers. However their cluster structure is identical to their duals, so we mostly don’t need to treat
them. The Agl’l) and BC%) cluster algebras are simple to treat as special cases.
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In the affine case, the element v generates a finite index subgroup of the cluster
modular group. We define the quotient cluster complexr where cells are equivalence
classes up to the action of . The dual to the quotient complex is analogous to the
generalized associahedron associated to finite type cluster algebras. We compute
the basic properties of this affine generalized associahedron including the number
of codimension 1-cells and dimension O-cells and we conjecture that they are each
homomorphic to a sphere.

We have the following theorems,

Theorem 2.0.4 (Theorem 2.2.21). The number of distinct cluster variables in an

affine cluster algebra up to the action of () is given by

> (i~ 1, +g (2.1)

i

The number of distinct clusters in an affine cluster algebra up to the action of ()
s given by
%H (%n_ 1) (2.2)
These two equations provide the number of codimension 1-cells and dimension
0-cells of an affine generalized associahedron respectively.
In the doubly extended case, the element v no longer generates a normal
subgroup. Instead, we find that the normal closure of this element, in most cases,

is a free, finite index normal subgroup of the cluster modular group. We compute

the number of clusters in the quotient cluster complex by this group in Table 2.20.
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We define doubly extended generalized associahedra to be the dual of this quotient
complex.
We conjecture that affine and doubly extended generalized associahedra are

each homeomorphic to a product of spheres.

Conjecture 2.0.5. 1. The affine generalized associahedron of an affine cluster

algebra of rank n + 1 is homeomorphic to a sphere of dimension n.

2. The cluster complex of a doubly extended cluster algebra of rank n + 2 is ho-

motopy equivalent to S™1.

3. The doubly extended associahedron associated with a doubly extended cluster

2

in all cases other than E ) where it

algebra is homeomorphic to S™~' x S él’l

instead is homeomorphic to S™ x S' x St.

2.1 Type T}, w Cluster Algebras

In this section we will consider a family of quivers 7}, w for n, w equal length
vectors of positive integers, and their associated cluster algebras. These algebras
each have a canonical subgroup of the cluster modular group with a simple descrip-
tion in terms of “twist mutation paths” and automorphisms of quivers. We call a
cluster algebra "type T, if it has a seed with a T}, w quiver underlying it.

We then show in Sections 2.2 and 2.3 that each of the affine-type and doubly
extended cluster algebras are type T, w for certain values of n and w. We show
that that the canonical subgroup is the cluster modular group of each affine type
cluster algebra. In the doubly-extended case, we will find that this subgroup along
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with one extra element generates the cluster modular group. We conjecture that in

all other cases, this canonical subgroup is exactly the cluster modular group.

2.1.1 T, w Quivers

Let n = (ny,n9,...,ny), n; > 1 and w = (wq,ws,...,w,) be m tuples of
positive integers. We consider a weighted quiver, Ty w, with n = > (n; — 1) + 2
nodes constructed in the following way: First consider the star shaped quiver T}
with n — 1 nodes consisting of one central node, N; of weight 1 and m tails of length
n; — 1 of weight w; nodes 1o, . ..,1,, connected in a source-sink pattern with N; as

a source (Figure 2.1).

2, 4 > 29 39— .
1n, > ¢ 15 > 1o < Ny > Moy <

Figure 2.1: The quiver T}, .

Tha,w is constructed from T}, , by adding an additional weight 1 node N, along
with a double arrow from N, to N; and single arrows from each of the m other
neighbors of Ny to N4, as shown in Figure 2.2.

When m < 3 and w; = 1 for all i, we let (p,q,7) = (ny,n2,n3) with p,q,r

possibly equal to 1 and write T}, 4, for T}, .

2n > 29 » Noo < 39 <

X

1, >4 15 > 1o < > Moy <

AN
~

2

Figure 2.2: The quiver Ty, .
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Definition 2.1.1. The nodes i; are called the tail nodes of Ty, w. The nodes iy are
called the boundary tail nodes. The ith tail subquiver is the quiver obtained by

removing all of the tail nodes kj, k # 1.
Our motivation for considering these quivers is based on the following remark:

Theorem 2.1.2. Let X(Taw) = D (wi(n;* — 1)) +2. If x > 0 then Ty has a
(non-twisted) affine Dynkin quiver in its mutation class and Ty, , is a finite Dynkin

quiver. If x = 0 then Ty w is a doubly extended Dynkin quiver and Ty, , is an affine

Dynkin quiver.

The first statement will be proved in Section 2.2. The second statement can

be verified by checking the finitely many cases where x = 0 (Figure 2.14).

Remark 2.1.3. x s preserved by replacing a length n tail with weight w with w
weight 1 tails of length n. This follows the idea that higher weight nodes can be

analyzed by folding larger quivers.

Remark 2.1.4. The middle two nodes of a Ty quiver as we have described always
have weight 1. The twisted affine types will have quivers which look like Ty, w quivers,
but with weighted nodes in the middle positions. The non-BC twisted affine types
are dual to ordinary affine quivers. However the type BC twisted affine quivers
are special. For example, the type BC’SQ quivers have the following quiver in their

mutation class:

e (2.3)
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<—@
Figure 2.3: A TEC quiver with 3 tails.

In light of this remark we will define a BC variant of 7T}, s, quiver denoted Tfo

which will have the BC’?(;” types in their mutation class.

Definition 2.1.5. A TB¢ quiver consists of two middle nodes of weight 4 and 1
with a single arrow between them and tails of weight 2 nodes of length n;, see Figure

2.3. We define

(T2 = 3=+ (2.4)

2.1.2  The Cluster Modular Group of a Ty, v Cluster Algebra

We will construct a subgroup, I';, of the cluster modular group of a Ty w
cluster algebra generated by “twist” mutation paths associated with each tail. The
automorphism group Aut(7yw) acts on I'; by permuting twists associated to tails

of the same length and weight.

Definition 2.1.6. The group I'r,, , = 'y x Aut(Thw) is the canonical subgroup of

the cluster modular group of a Ty w type cluster algebra.

Conjecture 2.1.7. If x(Tnw) # 0 then the cluster modular group of a type Ty w

cluster algebra is exactly I'r,, .
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Let

joad = {i;]3 < j < my,j odd} and deven = {ij|3 < j < ny,j even}.  (2.5)

Definition 2.1.8. We have a twist 7; € ', given by the following mutation paths

depending on w;:

w; = 1 let T = {ioddieveniQNooNla (ZQNOONl)} (26)
w; = 2 let T; — {ioddieveni2NooN1i2N17 Zd} (27)
w; = 3 let T, — {ioddieveniQNooNli2Nooi2Nl7 Zd} (28)

When w; > 4 there is no twist for tail 1.
Let v = { Ny, (N1 Ny) }, which we think of as a twist of a tail of length 1.
Definition 2.1.9. ', is the group generated by all of twists, 7;, and 7.

Remark 2.1.10. Once again we see the importance of using folding to understand
weighted quivers. One can verify that when w; = 2, 7; is the same as replacing tail i
with two tails of the same length twisting each of them and then refolding into a tail
of weight 2. The same holds for splitting into 3 tails when w; = 3. However when
w; = 4 mutation at iy reverses the direction of the double edge without mutating
at N1 or No, and so there is no possible equivalent twist of 4 tails. When w; > 4
mutation at 1o results in edge of weight higher than 2; this situation only happens in
infinite mutation type cluster algebras which we don’t consider for the remainder of
the paper.
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We have the following theorem:
Theorem 2.1.11. ', is an abelian group and the only relations are 7" = y"i.

Proof. In order to show that I'; is abelian, we simply need to check that two twists
tails of length 2 commute with each other and with ~. This is because the additional
mutations which appear as the tail length increases always happen at sources. Thus
they don’t change the adjacency of the quiver and stay disconnected from the other
tail through the entire path. Therefore all that remains is a simple computation to
check commutativity for each possible combination of weights for tails of length 2.

We now focus on a single tail of length n and weight 1 and show that 7" = ~.
It suffices to look at T(y) 1) since 7; only mutates at vertices on tail ¢. In Section
2.2 we see that this quiver is associated to an annulus with n marked points on the
interior (labeled vy, ..., v, clockwise) and one marked out on the outer boundary
component. Then by Lemma 2.1.12 we see that 7 corresponds to rotating the interior
circle by 27” radians and -y is the full Dehn twist. So 7" is a full rotation and is equal
to 7.

The previous remark completes the theorem when w; > 1. O]

Lemma 2.1.12. Let S be an annulus with n marked points on the inner boundary
component and 1 marked point on the outer boundary. The the twist T (Defini-
tion 2.1.8) corresponds to rotating the inner boundary component 27” radians and ~y

corresponds to a full Dehn twist and thus v = 1".

Proof. To analyze T we break the mutation sequence into two pieces [ioadieven),
[i2, Noo, N1]. On the annulus, the arc associated with node iy begins and ends at v;.
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Thus [ioddZeven] is @ “sinks then sources” sequence inside an n—gon. This rotates the
zig-zag triangulation clockwise one tick so the outermost arc goes from v, clockwise
around to v;. Then treating this arc as an arc of the inner boundary component
reduces puts us exactly in the situation of a T{) 1) quiver.

It is then a simple computation to see that the mutation path [is, No, Ni]
returns to a quiver isomorphic to the original but with the self loop around vy
instead of v;. Note that N; is now the self loop and i, and N, are the source and
sink of the double edge respectively, justifying the permutation (is, Nuo, V7). See
Figure 2.4 for an example of a tail with length 4.

Therefore each application of 7 moves one tick clockwise around the inner
boundary component. Therefore n twists returns to v; having made a full clockwise
twist about the inner boundary component. Furthermore, the self loop at vy, treated
as the edge of the boundary component, always separates N; and N, from the rest
of the tail.

So it suffices to analyze v on the annulus with one marked point on each bound-
ary component. Then it is clear applying 7 is equivalent twisting once clockwise

around the inner boundary component and so is equal to 7. O

Figure 2.4 shows the explicit action of twisting about a tail on the surface

representation of the cluster algebra.

Remark 2.1.13. Let ¢ = [[n;. We may view I, as the subgroup of Z X || Zn,
generated by the elements v = (¢,0,...,0) and 7, = (wil/n;,0,...,1,...,0). Let I'?

be the kernel of the projection I'; — Z. Then I'; ~ 12 X Z
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Remark 2.1.14. When there are zero tails, () is just a double edge. It is clear

in this case v* is the reddening element. This generalizes to the following theorem.

Theorem 2.1.15. The element r € T’y given by r = +* [[,(7y™*") is the reddening

element of Ty w.

Proof. Suppose that m = 1. It is a simple computation to check this statement for
each possible weight when n; = 2. Then, for n; > 2 we can see that the mutating
at fevenload always mutates at a source and so is a reddening sequence for the non-
boundary nodes of the tail. Since 13 is initially connected towards 15, we now have
15 out to 13. Finally, we can complete the reddening sequence by using the the
n = 2 case.

Now consider m > 1. Let r; = 4?7;7~% be the reddening element for the ith

tail subquiver. Rewrite r as follows

7

r=2"1]) = (1]rev™)»? (2.9)

We can see that this element is reddening by noting that r;y~2 has the effect of
reddening the nodes on the tail 7, while keeping the middle two nodes green. Thus
for each 7, the element r; always gets applied to an all green subquiver. Therefore,
the effect of the product of elements of the right hand side of equation 2.9 is to make
all of the nodes other than the middle two red. Then, tacking on 7? makes all the
nodes red. This element returns us to an isomorphic quiver with out permuting any

of the frozen nodes, and is thus the reddening element.
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Corollary 2.1.16. When x > 0, r is a conjugation of the source-sink mutation path

on the corresponding affine Dynkin diagram.

This corollary follows since the reddening element of an affine Dynkin diagram
is the source-sink mutation path. Then since y > 0 implies there is an quiver
corresponding to an affine Dynkin diagram, Theorem 1.1.30 states the two reddening

elements must be conjugate.

Remark 2.1.17. In terms of the group presentation of Remark 2.1.13, the reddening

sequence is given by the element (x¢,1,1,...,1).

2.1.3 BC Type Quivers

The TB type quivers have an analogous abelian subgroup, I'; = {7, y|7/" =

Tf 7 = ), generated by twists of the tails. ~ is the mutation path consisting of
mutation at the weight 4 node and then the weight 1 node and the twist paths are
the same twist paths in the w; = 2 case of a regular Ty, v, quiver.

The reddening element is given by

r= ’yH(Ti’y’l). (2.10)
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Figure 2.4: Application of single twist for a tail of length 4. The result is shown after
[ioddleven]s 12, Noo, and then Nj. At each stage the dashed gray edges are replaced
with the red edges.
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2.2 Affine Cluster Algebras

Our analysis of the cluster modular group of the affine cluster algebras stems

from the observation in Remark 2.1.2. Our primary goal is the following theorems:

Theorem 2.2.1. The cluster algebra associated to the quiver Ty, w is of affine type
if and only if x > 0. Furthermore, every affine type cluster algebra has a seed whose

quiver is a Ty w or TPC with x > 0.

Theorem 2.2.2. The cluster modular group of a cluster algebra of affine type is
Iy 3 Aut(Thw), where the action of the automorphism group is by permuting the

twists of tails of the same weight and length.

In order to prove Theorem 2.2.1 we need to carefully analyze the triangulations

of both the annulus and the twice punctured disc.

Definition 2.2.3. There are three classes of arcs on an annulus. Crossing arcs con-
nect two marked points on different boundary components. Boundary arcs connect
two marked points on the same boundary component. A self loop is a boundary arc

between the same marked point that travels around the center.

Proof of Theorem 2.2.1. First we note that we can write T,y = T}, 1,1 and T{,, 4 =
T, 41 so we can handle both of these cases together. Here we can construct a 7}, ;1
quiver from a triangulation of Sy 2044, the annulus with p marked points on one
boundary and ¢ marked points on the other. We also construct a triangulation

corresponding to an affine A,, Dynkin diagram (Figure 2.12). Since any two tri-

66



angulations are related by a series of flips this shows T}, ,; is in the same mutation
class as A, , as needed.

The first triangulation can be constructed by choosing a self loop on each
boundary component. This divides the annulus into three regions: a p-gon, an
annulus with one marked point on each boundary, and a g-gon. In the p-gon and
g-gon, we then use the “zig/zag” triangulation starting from the self loop, to obtain
portions of quiver that are a single line of nodes starting such that each node is
a source or a sink. Finally add two distinct crossing arcs into the inner annulus
completing the triangulation. See figure 2.5a for an example with p =4 and ¢ = 4.

The second triangulation will correspond to an orientation of the A, , Dynkin
diagram with a single source and sink. To construct this quiver, we first add a
crossing arc between a marked point on each boundary. Next we connect the outer
marked point of the initial arc to each inner marked point in a series of nested
clockwise crossing arcs. Similarly attach the inner point of the initial arc to each
other outer marked point in a series of nested counterclockwise crossing arcs, see

figure 2.5b for an example with p =4 and ¢ = 4.

Similarly, T{, 22) occurs as the quiver obtained from a triangulation of twice
punctured disk with n marked points on the boundary. We also construct a trian-
gulation of the twice punctured disk that corresponds to an D, Dynkin diagram.
So as in the ﬁn case this shows T}, 5 o corresponds to the type En cluster algebras.

For the first triangulation, connect the punctures with an edge and a loop

from one puncture around the other (tagged arc). Then the outside of this loop is
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(a) Tya. (b) A4 4 Dynkin diagram.

Figure 2.5: Two different triangulations of an annulus with 4 marked points on each
boundary component.

an annulus with one marked point on the inner “boundary” and n marked points
on the outer boundary. We then complete the quiver using the construction of a
T,,1,1 quiver as described before (see figure 2.6a).

The second triangulation corresponding to a sources/sink orientation of a D,
Dynkin diagram. First, connect each puncture to a different boundary vertex. Then
add a self loop from the boundary vertex around the corresponding puncture. Out-
side these self loops is a disk with n marked points that can be triangulated with a

“zig/zag” starting from one self loop and ending at the other (see figure 2.6b).

For k = 3,4,5 observe that T} ;, is an Fj,3 finite Dynkin diagram oriented
so every vertex is a source or a sink. Let g = [IN1,4odd, Geven, t2] be the mutation
path corresponding to the sources/sinks move for Ej,3. One can verify that g"/2

transforms 7} 3 » into the affine Dynkin diagram for Ek+3 where h is the order of g

in Ey3 (h = 7,10, 16 respectively). Note that applying ¢ g times for 7532 means
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(a) Ty22. (b) Dg Dynkin diagram.

Figure 2.6: Two different triangulations of a a twice punctured disk with 4 marked
points on the boundary.

apply ¢ 3 times, then mutate at the sources [IN1,i,qq4] One more time to achieve a
sources/sinks orientation of the Eg diagram.

For the non simply laced cases we have explicit foldings of the simply laced
cases. First consider T{;, 2 1,2) which we claim has type §n+1. This quiver can be
obtained from the ﬁnﬂ by folding the length 2 tails of the T}, 52 quiver. As in the
other cases doing h/2 applications of the underlying finite sources sink mutation
transforms this quiver into the standard Dynkin type quiver for §n+1. Note this
agrees with the usual Dynkin folding of 5n+2 into §n+1'

The other cases are similar, 6n is obtained from folding the two tails A, ,
which corresponds on the Dynkin side via ¢"/? to folding a 2n + 1 cycle in half. F,
is obtained from T(3) 2,1) by folding the two length three tails of T3 35 (Eﬁ). The
final affine quiver ég is T(2),(3) obtained by folding all three tails in T5 .

Note that every possible affine Dynkin diagram (figures A.4,A.5) has appeared

as one of these cases. O
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We now prove theorem 2.2.2 by showing the cluster modular group is I'; x
Aut(Q) in each case. It is clear that I'; x Aut(Q) is a subgroup of the cluster
modular group, so it suffices to show their are no other possible cluster modular

group elements.

Proof of Theorem 2.2.2 for A, ,. Any cluster modular group element must send our
original T, , quiver to another 7, , quiver. So it suffices to construct every possi-

ble T}, , quiver on the annulus and show they are in the image of the proposed group.

Once again we will rely on the correspondence between seeds in the cluster
algebra and triangulations of an annulus. Since this quiver has a double edge, by
remark 1.1.57 the only possible construction of a T}, , 1 quiver is the one given in the

proof of theorem 2.2.1.

However there was some freedom in this construction. The first is the choice
of marked point on each boundary component to add a self loop around. There are
pq total possible choices for this. The other more subtle degree of freedom is the
action of the mapping class group of the annulus, generated by a single Dehn twist
about the center. Note the Dehn twist only changes crossing arcs which correspond
to nodes N; and N.. A simple analysis shows that v corresponds exactly to the

action of the Dehn twist.

Then I'; /() = Z, x Z, has order pq. Therefore each distinct copy of T}, ;1 up
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to mapping class group is the image of a distinct twist as needed. Since no other

triangulation produce an isomorphic quiver we are done as long as p # q.

When p = ¢ there is an extra symmetry of the triangulation given by swapping
the inner and outer boundary components. However this is exactly automorphism
of T,,1 that swaps each tail. This corresponds exactly to the action of Aut(7},, 1)

on I'. as needed. O

Proof of Theorem 2.2.2 for D,,. Asin the A, , case the only possible construction of
the T}, 2 quiver is the one described in the proof of theorem 2.2.1. Thus we look at
the ambiguity of the construction of the 7, 5 o quiver. The obvious choices are which
puncture is inside the self loop, the boundary vertex that is attached to the punc-
ture, and the winding number of these crossing edges. There is an additional subtle
choice from the tagged arc complex. In this generalization the self loop around a
puncture is replaced with a singly tagged arc between the two punctures. There is
then an additional way to get an isomorphic quiver by switching the tagging at a
puncture. This operation at the puncture with a tagged arc simply swaps the two
arcs between the punctures and thus corresponds to the extra semidirect product
with Zy when n # 4. However flipping the tagging at the other puncture results in
a new triangulation in every case. Putting this all together gives 4n triangulations
up to winding number. Mutation along the double edge correspond to the Dehn
twist around both punctures so we can again see that I'./(y) = Z,, X Zy X Z3 has

order 4n and so reaches every possibility.
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When n = 4 not every automorphism of 7522 corresponds to a symmetry of
the twice punctured disk as described above, but otherwise the analysis is exactly
the same.

O

Proof of Theorem 2.2.2 for Eg, B, E5. In [21] they compute the cluster modular
group for the Dynkin type quivers as Z x Ss, Z X Zs, and Z for EG,E7,E’8 re-
spectively. In each case the Z is generated by the full sources/sinks move on the
Dynkin quiver. This is the reddening element as is conjugate to r by theorem 2.1.15.
Recall the subgroup I'? of combinations of twists of finite order from Remark 2.1.13.

The remaining finite portion of each group is given by I'Y x Aut(Q) in each case. [

Lemma 2.2.4. Folding the tails of the Ty, w quivers only changes the cluster modular
group by reducing automorphism group of the quiver and identifying the generators

corresponding to twists about the folded tails.

Proof. This follows from Remark 2.1.10 that weight 2 or 3 twists are equivalent to

simultaneous twists of the corresponding number of equal length tails. O]

Proof of Theorem 2.2.2 for non simply laced diagrams. To prove each non simply
laced affine T}, corresponded to an affine diagram, we gave an explicit folding

of each simply laced T}, 1 quiver and so the previous lemma applies. O

The association between the affine types and values of n and w is given in
Figure 2.7. The following well known Lemma (included for completeness) proves
that this is every possible option for x > 0.
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Lemma 2.2.5. There are finitely many families of (n,w) such that x > 0.

Proof. Following Remark 2.1.3, we begin with the case where every tail has weight

1. If x > 0, we need:
1
Z—>m—2
n;

The only options for n are (n), (p,q), (n,2,2), (3,3,2), (4,3,2) and (5, 3, 2).

Then the higher weight tails come from folding the above cases. When p = ¢ we can
fold to obtain ((p), (2)). Similarly the two length two tails in (n, 2,2) and the length
3 tails of (3,3,2) can be folded to obtain ((n,2),(1,2)) and ((3,2),(2,1)). Finally
we can fold (2,2,2) to obtain ((2), (3)).

The BC case follows easily by direct inspection. n

Remark 2.2.6. These cluster modular groups have already been computed [21] based
at the Dynkin type quivers. However the computations based at the Ty quivers

allows for a uniform treatment of the affine and double extended cluster algebras.

Type | n | W Type | n | w
A1,1 () () C, (Tl) (2)
Apg (P, q) (1,1) B (n—1,2) | (1,2)
D, |(n—=2,2,2) | (1,1,1) ﬁn (3 23 (2’1)
B | 332 |11y . @ | o
By (4,3,2) | (L,1,1) BC™ (Bé Type) (n) -
Eg (5737 2) (1’1’1)

Figure 2.7: All possible values of T},  that result in affine cluster algebras.
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Affine Type ‘ Cluster Modular Group ‘ Quotient

A,y Dy, X Z (Zy X Z) X Zg
4;3,51 Lged(p,q) % L Ly X Zyq
Dy Sy X 7 (Zo X Zg X Z3) X S5
D, Even (Zoy X Zy) X Ly X Lo | Loy X (Ziy X L) X Loy
D,, 0dd (Zy x Zy) X Z D X (Zgy X L) X Loy
Eg Sy X Z Zy X (Zs X Z3) X Lo
E; Zo X 7. Loy X Ty X Ly
Es Z Zy X Ty X L
Ch Zy % . L,
B, Zoy X 7 Doy X Loy
F Z Ly X Ly
Gy Z Zs
BCW Z Loy

Figure 2.8: Affine cluster modular groups and their quotients.

2.2.1 The Normal Subgroup Generated by ~

Our goal now is to construct a natural finite quotient of the exchange graphs
and cluster complexes of each of the affine cluster algebras. We dualize the quotient
cluster complexes to produce an “affine generalized associahedron”.

The subgroup of the cluster modular groups of the affine Tj, y, quivers generated

by 7 = {Nx, (N1 N )} is a normal, finite index subgroup.

Remark 2.2.7. In the A case, this subgroup can be seen to be given by the mapping
class group action on the triangulations of an annulus. We therefore consider this

subgroup to be an analog to the mapping class group in each of the affine cases.

Figure 2.8 shows the cluster modular groups and quotients by the subgroup

generated by 7.

We wish to understand the quotient of the exchange graph of an affine cluster
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algebra by the action of the group (7). A possible way to accomplish this is by
introducing a special framing of a T, v quiver, and compute the graph by identifying
the clusters via their c-vectors as usual.

Consider the quiver T} obtained from T,y by adding a frozen node for
vertices ig, ..., 1%, in each tail and one vertex associated with the double edge. In
particular for each tail 7 add frozen nodes of weight w; labeled f;o,..., fi,, with a
single arrow from i; to f; ;. Then add a frozen node f; of weight 1 along with single

arrows V7 to f; and f; to N..

Conjecture 2.2.8. Two quivers in the exchange graph of Q) = Ty are in the same
orbit of the action of () if and only if the projection of those quivers in the exchange

graph of TI{W is the same.

The “if” part of the statement follows since the framing is preserved by the
action of v. However, it is not clear that the only quivers which are identified are

the ones which are in the same v orbit.

2.2.2 Affine Associahedra

Recall the cluster complex associated to a finite cluster algebra has a dual
complex called the “generalized associahedon”. We cannot simply dualize an affine
cluster complex immediately as there are vertices in the cluster complex with infinite
degree. This is because there are cluster variables that are compatible with infinitely
many other cluster variables, and so occur in infinitely many seeds. However, up to

action of v, there are only finitely many cluster variables. If we quotient the cluster
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complex by the action of v, we obtain a finite cell complex.

In order to construct a dual complex, we need to see that the quotient complex
is a “combinatorial cell complex”. Technically, the quotient by + is not combinatorial
because there are facets that contain multiple cluster variables in the same orbit.
Instead we quotient by v which ensures that every maximal facet corresponds to a
unique collection of distinct orbits. There is still a finite number of clusters up to
73 so by the work of Basak [33] this complex has a dual cell complex. We then can

quotient the dual by v to obtain the dual cell complex we originally desired.

Definition 2.2.9. Let C(A) be the cluster complex associated to the affine cluster
algebra A. The affine associahedron is the dual complex to C(A)/{y). The 1-
skeleton of an affine associahedron is the quotient exchange complex of an affine

cluster algebra.

Remark 2.2.10. We could define an affine associahedron as a quotient of any power
of v. All of our analysis of the combinatorics of affine associahedra can be easily

extended to a quotient by any other power of ~.

Example 2.2.11. The simplest example is the Ay cluster algebra. In Figure 2.9a
we see the full exchange graph extending infinitely in both directions. Below is the
quotient associahedron. There are four folded 2-cells. Two correspond to the top and
bottom pentagons and the remaining two correspond to the Ay, subalgebras. Despite

the folding, this associahedron has the homology type of a sphere.

Example 2.2.12. A slightly more complicated example is 154 i Figure 2.10. Again
we see the exchange graph extending infinitely in both directions. The 1-skeleton of
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(a) Exchange Graph.

t
®
®
(b) Associahedron.

Figure 2.9: Ay, Exchange Graph and Associahedron.

the affine associahedron is shown. This was graph was computed using the special
framing mentioned in the previous section. This computation finds the correct num-
ber of 0—cells in the associahedron, and thus confirms Conjecture 2.2.8 in this case.
The complete counts of all subalgebras in 54 up to the action of v can be found in
Figure 2.11. The total counts of corank k subalgebras is the number of codimension

k facets of the affine associahedron.

2.2.3 Counting Facets in the Affine Associahedra

Let @ be any quiver of affine mutation type of rank n, and let A be the cluster
algebra associated to this quiver. Let n = (n;), w = (w;) be the vectors defining a
Taw quiver in the mutation class of @ and let x(A) = > (w;(n; ' — 1)) + 2.

The affine associahedron associated to A will have a k—cell for each rank k
subalgebra of A. Since a rank k subalgebra is obtained by freezing n — k nodes in
a quiver underlying a seed of A, we will count codimension 1 facets by counting

cluster variables up to the action of 7.
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= "Qo;
e

(b) 1-skeleton of the associahedron.

Figure 2.10: D, exchange graph and affine associahedron.

Corank | Subalgebra Types | Total
1 Aé,z 1;4 Dy >2< D, 16
I e
k Aé’l é% AllgsAl 244
4 2";10 270
5 Ao ((ilolgsters) 108

Figure 2.11: Type and number of subalgebras in the D, cluster algebra up to the
action of ~.
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Definition 2.2.13. Let R € Mut(Q). We call a node k of R finite if the quiver ob-
tained by freezing k is of finite mutation type. We call k affine if the quiver obtained
by freezing k is of affine mutation type. We call the cluster variables associated with

affine or finite nodes affine or finite respectively.
Lemma 2.2.14. Every node of R is either finite or affine.

Proof. Tt @) is of type A or D then this follows by seeing that every possible arc
in the associated marked surface cuts the surface into regions which are surfaces of
type A or D. In the E case, this may be checked by brute force. The non simply

laced cases then follow by folding. O

Remark 2.2.15. The arcs which correspond to cluster variables on finite nodes in
the A and D cases are exactly the arc which have non trivial intersection number

with the arc that generates the Dehn twist 0 i.e. the crossing arcs.

Lemma 2.2.16. The cluster variable associated with every finite node appears on a
quiver which is an orientation of the associated affine Dynkin diagram. FEvery affine

cluster variable appears on a tail node of a Ty, w quiver in the mutation class of Q).

Proof. The first statement follows in the A and D cases by noticing that each arc
which intersects § can be found in a triangulation which is a source-sink orientation
of the Dynkin diagram. In the E case, this follows by a slightly more sophisti-
cated brute force calculation similar the the calculation of the previous lemma. The
remaining cases again follow from the folding.

The second statement is proved in a similar way to the first. We notice that
each affine cluster variable is associated with a boundary arc, and each boundary
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arc can be found in a triangulation corresponding to a 7, w quiver. Again, in the £/

case this is checked by brute force. O]

Remark 2.2.17. Freezing an affine node produces an affine subalgebra of A. Since
these nodes always appear on the tail of a T, w quiver, we can see that vy is also
an element of the cluster modular group of every affine subalgebra of A. Thus, the
action of v on the cluster complex of A restricts to the action of v on the cluster
complex of any affine subalgebra of A. Thus it makes sense to consider the affine

associahedra of subalgebras to be facets of the affine associahedra of A.

Definition 2.2.18. We write C*(A) resp. Ci(A) for the sets of codimension resp.

dimension k facets of the affine associahedron of A.

The size of C''(A) is equal to the number of distinct cluster variables in A up

to the action of ~.

Theorem 2.2.19. The number of distinct cluster variables in an affine cluster al-

gebra up to the action of () is given by

[CHA) =D (n;— i + A (2.11)

)

Proof. We simply need to count the number of finite and affine cluster variables up
to the action of (). The action of ~ is trivial on the affine cluster variables, so we
simply need to count them. By Lemma 2.2.16, each affine cluster variable appears
on the tail of a Ty w. On tail ¢ there are n, — 1 affine cluster variables, and each
application of 7; gives an entirely new collection of affine cluster variables; This may
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be seen by examining the A,; case. Thus, in total there are ) (n; — 1)n; affine
cluster variables.

To count the number of finite cluster variables up to the action of v, we again
use Lemma 2.2.16, so that we only need to count the number of cluster variables
appearing on source-sink oriented Dynkin diagrams. The source-sink mutation path
takes each collection of cluster variables to an entirely new collection [21]. By
Theorem 2.1.15 we know that the source-sink mutation path is equivalent in the
cluster modular group to r. We can calculate that the order of r in I'g/(y) is

x ! using the presentation of Remark 2.1.13. Thus since there are n finite cluster

variables on each source-sink oriented Dynkin quiver, there must be % up to the

action of . O

Remark 2.2.20. The number of distinct cluster variables up to the action of (%)

15 given by

S (- g + anA)’ (2.12)

%

This is because higher powers of v identify fewer finite cluster variables.

Lemma 2.2.21.

\%(v@bﬁ > Cu(B) (2.13)

BeC1(A)
This follows since each dimension k facet appears n — k times as a dimension &
facet of distinct corank 1 subalgebras. This lemma allows us to compute the number

of facets of any particular affine associahedron inductively.

Conjecture 2.2.22. Fach affine associahedron is topologically a sphere.

81



This conjecture is known to be true in the type-A cases, see [34]. One may
also check it case-by-case for the exceptional types.
We will now compute a uniform closed form expression for the number of

vertices (number of clusters) of an affine associahedron.

Theorem 2.2.23. The number of distinct clusters in an affine cluster algebra up

to the action of () is given by

2 2n; — 1
|Co(A)] = (A 1T ( n, ) (2.14)

We will prove this theorem in the simply laced cases. Each of the exceptional
cases can be computed inductively by Lemma 2.2.21. The non-simply laced cases
have similar proofs to the one for ﬁn shown here.

First we review some facts about the Catalan numbers, C,, = — (2:), and the

n+1

middle binomial coefficients B; = (2;) that will be useful in proving this counting

formula. Let C(x) = Y. Ciz* and B(x) = Y Bz’ be the generating functions for
i=0 i=0

the Catalan numbers and middle binomial coefficients respectively. Then we have

the following identities that hold wherever the sums converge.

Cl) = V24 o) = VT Te (2.15)
(1-20C() ™ = (1 = 42) 2 = Ba) = Y (2’) d (216)

2(1 — dz) 3% = z( Z) pi (2.17)
1
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k—1
It will also be helpful to define the truncated generating function Ciy(z) = Y Cia'.
i=0

We are now ready to consider the A, , case. Let A, , be the number of clusters
in and A,, cluster algebra up to . In this case the formula for the number of

distinct clusters simplifies to:

o=t () (4) 219

Proof of Theorem 2.2.21 for A,. In Lemma 2.2.24 we establish the recurrence Apg =

p—1 0o )
25 CiAp_i;+9Cpiqy. Then for each g, let Ay(x) = > A; 2", The recurrence cor-
i=0 =1

responds to the following equation of generating functions:

Aq(z) = 22C (x)Ag(2) 4 qz(C(z) — Clyy(2)) (2.19)

Solving for A,(x) gives

qx (C(SC) —Clq (x))

Aglw) = 1—2zC(2)

(2.20)

In Lemma 2.2.25 we compute the powers series expansion of the right hand side is:

g (0 e

=1

As A, is the coefficient of 2P*? this means that A,, = p%q(%f) (Qqq) as needed. [



—1
Lemma 2.2.24. A, ,=2 pz CiAp_iq+ qCpiq.
=0
Proof. We can obtain this recurrence by partitioning the set of triangulations by
the triangle that contains the edge between 0, and o0y on the outer boundary. The
third vertex of the triangle can either be on the outer or inner boundary. If the
third vertex is some o the edges can either go clockwise or counterclockwise around
the center. In either case it splits the annulus into a polygon with ¢ + 2 sides and
an annulus with p — ¢ outer marked points and ¢ inner marked points. The triangu-
lations of the polygon are fixed by v and there are C; ways to triangulate an i + 2
p—1

gon. So there are 2 ) C;A,_; , possible triangulations where the third vertex is on
i=0

the outer boundary component.

If the third vertex is on the inside there is only one possible triangle up to ~.
Once this triangle is picked, it leaves a p + ¢ 4+ 2 sided polygon regardless of which
of the g possible points we choose. So there are ¢C), 1 ways in this case. See Figure

2.12 for a visual of all three cases.

Lemma 2.2.25.

Proof. In order to determine the coefficients of this power series we will examine
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o
Figure 2.12: All kinds of triangles including the blue edge up to the action of the

mapping class group.

the power series associated with the following integral.
I,(z) = / 229(1 — 42)7%%dz (2.23)
0

We will evaluate [, in two different ways. First, notice the integrand has a power
series expansion given by equation 2.17. By integrating this power series we find

that:

Zl%q( ) i+ (2.24)

Second, we use the standard calculus method of substitution to find that
I,(z) = R(z)(1 — 4z)~"? — R(0) (2.25)

where R(z) is some polynomial of degree g.

We claim R(x) = (Qqq)_l(l — 2xC\q)(x)). We verify this claim in the following

two steps.

85



First, by comparing the two different power series representations of I, ob-

—-1/2

tained in equations 2.24 and 2.25, we may see that R(x)(1 — 4x) must have

coefficient zero on z' in its power series for 1 < i < ¢. The only polynomials of

~1/2 and achieve this are constant multiples

degree ¢ which we can multiply (1 — 4x)
of (1 —2xC(x))|g41 since 1 — 22C(z) is the inverse of (1 — 4x)~'/2. Thus we have
R(z) = RO)(1 - 200,y (@)

Now we may evaluate R(0) by comparing the terms z¢"! terms of each of the

power series representations. From equation 2.24, we have the ¢+ 1 term is %}xq“.

From equation 2.25, we find that the ¢ + 1 term is

R(0) ((QQ) ) Xq: Crs (Q(qull__;)» 2= RO)Y2C,)2 (2.26)

q =1

since 1 — 2zC() is the inverse power series of > 770 (*')a*. Thus we find that

R(0) = (QQ)_l. (2.27)

q

Finally, multiplying through by (Qqq) , we obtain the equation

i (20 (2 yivg _ L= 2000 (@) | 22(C(x) = Cly(@))
;Hq(i)(q)x R 1= 2:C(z) (2.28)

]

Next we will show a similar proof for the D,, case. We will simply write D, for

the number of tagged triangulations of a twice punctured disk with n — 2 marked
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points on the boundary. As before we build on the combinatorics in the finite case.
Recall that D, = 3”—7:2(2(::11)) is the number of tagged triangulations of a once
punctured disk with n marked points. For notational convenience let Dy = 1. This

lets us define the generating function D(x) = > Dz
i=0

In this case the statement of Theorem 2.2.21 becomes:

D, =9(n — 2) (2((:__22))) n >3 (2.29)

~ ~ n—3 ~
Proof of Theorem 2.2.21 for D,,. In Lemma 2.2.26 we show that D,,,; =2 > C;D,_;+
i=0

25 D;D,_;. Let D(x) = Py D,z be the generating function for D;. The recur-
j=0

rence above becomes:
D(z) = 2¢C(z)D(z) + 22(D(x)? — 1 — 2z) (2.30)

Again solving for D(z) we find

(2.31)

We can see easily that D(z) = 32B(z) — 22C(z) + 1 = 32B(z) + B~ (). Thus the

previous equation becomes

D(z) = 20 B T?;x(éz;; e 2
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and using the fact that B*(z) = =~ (Equation 2.16) we have

D(x) = 182%(1 — 42)7%/? = Z 9(i — 2) (2((5__22)>>x (2.33)

as desired. [

~ n—3 ~ n
Lemma 2.2.26. Dn+1 =2 Can,Z + 2 z Dan,j
i=0 j=0

1=

Proof. As in the A, case we partition the triangulations based on the triangle con-
taining a fixed boundary edge. In this case there are six cases up to a full twist
around both punctures (Figure 2.13). The first two cases correspond to triangles
with third vertex on the boundary with edges going around both punctures (clock-
wise or counter clockwise). In either case the triangle splits the region into a i sided
polygon and a twice punctured disk with n — ¢ marked points. This covers the first

summation in the recurrence.

The next two cases correspond to triangle where the edges go between the
punctures. If we label the n — 2 marked points 1 to n — 1, the triangle between the
punctures going to vertex j splits the region into a punctured disk with 7 marked

n—1
points and one with n — j marked points. This covers the terms 2 > D;D,,_;.

Jj=1

The final two cases are the triangles with endpoint on a puncture. Up to the
full twist there is only one way to reach each puncture. There is an additional tagged
triangulation in each case. In any of these cases the remaining region is a disk with
n marked points. Since we took Dy = 1 we can write the number of triangulations
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QED

Figure 2.13: All kinds of triangles including the blue edge up to the action of the
mapping class group.

in this case as DyD,, and D,, D, covering the missing terms in the second summation

of the recurrence.

2.3 Doubly Extended Cluster Algebras

In this section we consider ) = T, w to be of doubly-extended type, i.e we have

x = 0. Let A be the cluster algebra associated to ). There are only finitely many

possibilities for n,w with y = 0 listed in Figure 2.14. Other than A§“), which has
(1,1)

to be treated separately, only D, is associated to a surface (the four punctured

sphere).
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Type n w IN| | ord(r) | dual
AY N/A N/A 1 1 self
DY 1(2,2,2,2) | (1,1,1,1) [ 196 | 2 self
ESMY 1 3,3,3) | (1,1,1) | 54| 3 self
ESY | 4,42 | 1,1,1) |16 | 4 self
EMY O 6,3,2) | (1,1,1) | 6 6 self
BC*Y (2) (4) 1 1 | B
B (2,2) (2,2) 4 2 self
BCQ(4’2) (2,2) (BC-Type) | 2 2 self
B{&MY | (2,2,2) (1,1,2) | 24 2 c?
FY (3,3) (1,2) 3 3 F?
F&Y (4,2) (2,1) 4 4 self
G§HY (2,2) (1,3) 2 2 G?)
Gy (3) (3) 3 3 self

Figure 2.14: All possible values of T}, y that result in double extended cluster alge-
bras.

We will not consider the A or BC' cases for the first part of this section, and
treat them separately later. Since our Ty v quivers always have weight 1 middle
nodes, we will only construct quivers for the types on the left hand side of the table

in Figure 2.14. The types on the right hand side are dual to types with 7,  quivers.

2.3.1 Structure of the Cluster Modular Group

Let I' be the cluster modular group of A. Let Q" = T} , be the underlying
affine-type quiver of the doubly extended type quiver, (). Let s be the source-sink
mutation path on @', X’ = x(Q’) and arrange that n; = max(n;) and that w; is

minimal if there are multiple tails of the same maximal length. It is easy to verify in
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each case that sX™)™" returns to an isomorphic quiver. Thus § = (S(X"“)*l, id) e I.
Theorem 2.3.1. T" is generated by I't and 9.

Proof. This is checked in a case by case way for each of the simply-laced dou-
bly extended cluster modular groups. Most of these groups have been computed
elsewhere. Fraser, [22], has presentations for the E; and Eg cases using the Grass-
mannian cluster algebra structures of Gr(4,8) and Gr(3,9) respectively. We note
that our notion of the cluster modular group does not include arrow reversing quiver
automorphisms, so our groups are the orientation preserving subgroups of his.

Its a simple matter to check that each of Fraser’s generators can be written

with the above elements. For example Fraser’s presentation of I' 1) is
8

(p,P,t,: p* = PP =1*p" = 1,tp = pt,tP = Pt). (2.34)

In our notation

p=rét, P=r%m6 t=r (2.35)

where r is the reddening element.

Fraser’s presentation of the cluster modular group for E§171) is

<01>02,03,t|010201 = 020102, 020302 = 030203, 0103 = 0301, (2-36)

0102030201 = (030201 =1, (030900)* =t*, to;=oit). (2.37)
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In our presentation we have

o1 = T1 0'2:7’(5 03 = T2 t=r. (238)

The Eg case is new and we have computed it using Remark 1.2.7 and Theorem

2.3.4 below. It has the following presentation:

o 3 _ 3 _
<7—177_27T370-23aw’ 6|Ti7_j =TT, Ty = Tj =7
0-33 — 17 w3 = ]_7 ow = w_lo', Ty = le(,u_l, T3 = CUTQCU_I,

’7'1(57'1 = (57’1(5, (T15)3 = T2O'23>

where r = 7175737~ ! is the reddening element. The automorphism group of T533 is
generated by 93 that swaps tails 2 and 3 and w which rotates all three tails.

The non-simply laced cases follow from Remark 2.1.3. O]

To best describe the relations between § and the other generators of I, it will
be helpful to recall some basic properties of the rank 2 Artin-Tits braid groups of

type Ay, By and G5. The groups B(Xs) have the presentation

B(A2) = {a,blaba = bab} (2.39)
B(By) = {a,blabab = baba} (2.40)
B(Gs) = {a, blababab = bababa} (2.41)

Remark 2.3.2. B(A,) is generally known as the braid group on 3 strands, Bs. The
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center, Z of these groups is an infinite cyclic group generated by z = ababab, z =

abab and z = ababab for B(As), B(Bs), B(G) respectively. We have an isomorphism

B(Ay)/Z ~ PSL(2,7) (2.42)

If we let Xy(k) = Ag, By, or G if k = 1,2, or 3 respectively, then the subgroup of

B(Ay) generated by {a,b*} is isomorphic to B(Xa(k))

Claim 2.3.3. For each i we have a map ¢; : B(Xa(njw;/n;)) — I given by {a,b} —

{mi,7d}. Moreover, the image of the element z is shown in Table 2.15.

Proof. In each case it suffices to check the images satisfy the braid relations. O]

pi"Y | id | id | id
Eél’l) rloes | T2013 | 72019
E§1 2 r? r2 roio
Eél’l) r? r r
B§2’1) T r -
Bél’l) id id 019
F4(1’1) r? T -
F4(2’1) r r -
Ggl’l) id r -
Ggg’l) r - -

Figure 2.15: Images of the central element v;(z) = ¢ for the group homomorphisms
of Claim 2.3.3.

Let N =19 x Aut(Q) where I'? was defined in Remark 2.1.13 by the following
exact sequence:

e e | (2.43)
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Theorem 2.3.4. The following sequence is exact:

1> N—=T = B(Xs(wy))/Z —1 (2.44)

Proof. First, it is necessary to check that N is a normal subgroup, which we may
do for each of the four simply laced cases and fold to get the non simply laced cases.

To see that the quotient is as described, we only need to show that the induced map

B(X,(w1))/Z — T/N (2.45)

from Claim 2.3.3 is an isomorphism. Since 7; has the smallest possible Z component
in I'; and Aut(Q) C N, 7 generates I'; x Aut(Q)/N ~ Z. Thus 1, and § generate
['/N. Therefore, we only need to check that the only relations come from those in
the braid group modulo its center. In the simply laced cases, this follows by checking
that the only relations between § and 7y is (d7)% = id.

We check this by first seeing that it is true in the Df’l) case, since this algebra
is associated with a 4-punctured sphere and ¢ and 7; correspond to elements of
PSL(2,Z) as a quotient group of the mapping class group.

Then, we can check that the maps of cluster modular groups induced by folding
operations of Figure 2.16 preserve this subgroup faithfully. Since folding realizes the
cluster modular group of the folded algebra as a subquotient of the unfolded algebra,
we must check that no extra relations are added and that 0 and 7 appear in this

subquotient.
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Let A — B be any folding of doubly extended type cluster algebras. Let
n=ny(A),w =w(A) and m = ny(A), z = wi(A) be the length and weights of the
first tail of T}, quivers representing seeds of these algebras. Let 7,7 be the twist
elements of the first tails and 4, e be the extra generators in the modular groups of
A and B respectively.

The double arrows corresponding to Langlands dual obviously preserve the
subgroup. The solid edges, corresponding to folding the T, quivers directly, only
quotient by elements in N, which are zero in I'/N. This follows since we fold by an
automorphism of the 7}, quiver which are contained in V.

Furthermore, we clearly have that § = € in the standard folding case. Finally,
we see that if w = z we have that 7 directly descends to the cluster modular group
of the folded algebra. Otherwise, z tails of length n are folded, and we have that 7 is
equivalent to successive twists around each of these unfolded tails. In the quotient
['4/N we have that successive twists around z tails of the same length is equal to
7%. Thus Remark 2.3.2 proves the theorem.

Then the only nonstandard folding (dashed arrows) we need to check are
E§1’1) -3 C§2’2), Eél’l) -—3 G53’3), Eél’l) -3 F4(2’2). See Figure 2.17 to see the
folds in each case. One checks for each of these cases that these automorphisms
are also contained in N. We will dualize each of these folded algebras so that we
may compare their cluster modular groups using the presentation coming from 73,

quivers.

We start with Eél’l) --3 Ggg"g) & Gél’l). We have a path of valid folds and
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unfolds from Dil’l) to Ggl’l) so we know their are no extra relations in Ggl’l) . Thus

it suffices to write ¥ and 7f in terms of 6% and 7. Let

P - (22141513121423N1N00> (246)

be a path of mutations from 7§ 39 to the triangular quiver shown in Figure 2.17a.

Then

§F = P§CrY(6%) 29 Pt (2.47)

8 = propt. (2.48)

By replacing P with P’ = P(7%)? and using braid relations, we can see that

6% = p'sept (2.49)

0 = PP (2.50)

The next case to consider is Eél’l) --» 4(2’2) & F4(1’1). Once again if we can
write 7{ and d7" in terms of the generators 7 and 6% any extra relations in F 4(1’1)
(1,1)

would descend to relations in £ "’ which we just showed didn’t have extra relations.

A simple computation shows that

P= (16321514161312N1) (251)
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is a path from 7§32 to the quiver shown in Figure 2.17b. Then

=P P (2.52)

67 = PN ) 0F) ) () PP = P (2:53)

Again using braid relations we can see in the quotient that 6 = P~1§EP.

The final case is Egl’l) --3 6’3(,2’2) & Bél’l). Here we have a path of valid folds

and unfolds Dfll’l) — B?()l’l). So all that remains is to write the generators for E;l’l)

Y

7F and 6F in terms of the generators for BS"?, 68 and 75. Let

P = (2414252,1515Ny). (2.54)
Then
6% = psPpt (2.55)
F = PPt (2.56)
0

The following commutative diagram summarises the structure of the cluster

modular groups of doubly extended cluster algebras in each case where w; = 1.

1 » Z —— B » PSL(2,Z) —— 1
Lol o
1 > N « > I » PSL(2,Z) —— 1
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Corollary 2.3.5. Cluster modular groups are generated by “cluster Dehn twists” of

Ishibashi, [35].

Proof. Consider the twist generators 7; € I';. From Theorem 2.1.11, we saw that
7" = 4", In the surface cases v is a Dehn twist in the surface cases, and in the
exceptional cases is a cluster Dehn twist.

Furthermore, the element 8" = s%/X can be seen to be conjugate to 7 in the
following way. First by freezing nodes 1,,, and N, we are left with the corresponding
finite type quiver. Let g be the sources sinks mutation pattern on this finite type
quiver and let A be the order of this element. Then we have a = {g"/2, (1,,, Noo)} € T
and aya~! = §™. Thus § is a cluster Dehn twist.

Finally, we see that the elements of Aut(Q) each are periodic elements akin to
periodic mapping class group elements. It is possible to generate these elements in
each case using cluster Dehn twists. The images of central element, ¢, for various
maps from braid groups is always generated by the cluster Dehn twists 7; and . We
can see in table 2.15 that quiver automorphisms can be obtained in case from this
central element. We note that in the Dfll’l) case we obtain 13 = 7(737470)?, as can

be seen via the folding D{"" — B
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2.3.2 Other Cases

In the previous section, we ignored the A and BC cases. These cases are

simpler, so we simply show their cluster modular groups.

Ty = B(4s)/Z = PSL(2,7) (2.58)
FBC£4,1) = FBC§4’1> = B(BQ)/Z =7 % ZQ (259)
FBC§4’2) = B(BQ)/Z X ZQ = (Z * Zg) X Z2 (260)

2.3.3 Special Quotients and Counting Clusters

We will construct a special finite quotient of the cluster modular group of
each of the simply laced doubly extended cluster algebras. We will use this normal
subgroup to construct a finite quotient of the cluster complex and thereby construct
a doubly extended generalized associahedron.

Following the ideas in the affine case, we would like to quotient I" by (7).
However, (7) is no longer a normal subgroup. We will now construct free normal
subgroups N, such that v* € N'<T" and I'/N is finite group containing the normal
subgroup N.

Let n = ord(r) be the order of the reddening element. We can see that in the

quotient I'/N = PSL(2,Z), we have

N = (2.61)



in each case. We denote the normal closure in T" of the group element v by N (7).
This is a finite index subgroup of the cluster modular group in all cases other than
E"Y since N(7)/N is finite index in PSL(2,Z). This group is not free in the

ESVor B8 cases, but N (yr2) and NV (yr4) are free in these cases respectively.

Claim 2.3.6. For DS’I), the group N () is the puncture preserving mapping class

group of a four punctured sphere.

We can verify this claim easily by seeing that « is a Dehn twist. Thus by [25]

we have that N (vy) ~ F,. We have an exact sequence

1= NT) =T 0y = H—=1 (2.62)
4

where H is a group of order 1152 given by an extension

1-N—H—S3— 1. (2.63)

Claim 2.3.7. For E§1’1), the group N'(v) is a finite index free group. It is isomorphic

to the congruence subgroup T'(4) of PSL(2,7Z)

We have the following diagram of exact sequences

1 —— Zy — SL(2,Z) — PSL(2,Z) —— 1
j j H (2.64)
1 > N < > I » PSL(2,Z) —— 1

The element v € I' is in the image of the map from SL(2,Z) and is given by
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1 4

the matrix The normal closure of this matrix in SL(2,Z) is the level 4

01

congruence subgroup I'(4) and is torsion free. Since v commutes with all of N, its
normal closure in I' is isomorphic to its normal closure in SL(2,Z).

Thus we have the following diagram

1 1
N ) (1)
1 » N . » PSL\(’2,Z) — 1 (2.65)
| |
1 > N » T/N(7) » V4 > 1
1 1

Claim 2.3.8. The normal closure N'(yr?) is a finite index free group of the clus-
ter modular group of Eél’l). It is isomorphic to the congruence subgroup T'(3) of

PSL(2,7).

101



We have the following diagram of exact sequences:

1 1
/\/'(\7:7“2) F\3)
1 > N > F » PSL\(’Q,Z) — 1 (2.66)
| |
1 y N » T /N (yr?) » \/4 > 1
1 1

Claim 2.3.9. In the Eél’l) case, the normal closure N'(yr*) is a free group, but is
not of finite index. The groups Ny, = N (yri, (ré)5(T)k) are free groups of index

36,108 and 144 for k=1,2,3.

The images of the groups N}, in PSL(2,Z) are normal subgroups of index 6, 18
and 24 for £ = 1,2,3. We denote these groups and their respective quotients by
Fi6/k and Gy 61, see [36].

We have the following diagram of exact sequences:

1 1
[
1 s L < . T > PSL\(’Q,Z) — 1 (2.67)
|
1 s Ze » DNy —— Fropp — 1
1 1
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While we have not explicitly described them, there are analogous finite index
normal free subgroups of each of the non simply laced doubly extended cluster
modular groups. These can be understood by folding the simply laced algebras.
We can defined doubly extended generalized associahedra by first quotienting the

cluster complexes by the action of these subgroups and then dualizing.

2.3.4 Counting Facets in Doubly Extended Generalized Associahedra

We can compute the total number of cluster variables and clusters in the
quotient of doubly extended cluster complexes. The number of cluster variables is
equal to the number of corank 1 subalgebras of our given algebra and is equal to
the number of codimension 1 facets of the generalized associahedra.

First we will count the number of cluster variables in each coset of the action
of the normal subgroup N. This count has a uniform description in each case. Since
the quotient modular groups are extensions of finite groups by N, we can count the

total simply by multiplying by the size of the corresponding finite group.

Theorem 2.3.10. The number of distinct cluster variables in each coset of the

action of N on the cluster complex of A is given by:

=3 (ni = 1)) (2.68)

ni

where d =1 unless A is self dual, in which case we have d = 2.

Proof. In each of the finitely many simply laced cases one can check that every
cluster variable appears in a 7T}, quiver not on the double edge. This is a finite
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computation, as we only have to check each location in each quiver isomorphism
class has a mutation path to a quiver with a double edge. For most cases this
requires extensive computational aid®. However Dil’l) only has a 4 isomorphism
classes so we can show the full computation in Figure 2.18.

Then it suffices to count how many different variables can appear on the tails
of the Ty, w quivers up to the action of N. Recall that N = I'? x Aut(7}w). Since
the action automorphism group does not generate new cluster variables, we only

need to count variables in each coset of I'7.

We have the following exact sequence

1-T2 5T, 2Z—>1 (2.69)

where 7 € T" maps to ny € Z. There are n;(n; — 1) distinct cluster variables on each
tail of length n; after applying 7;. These variables are fixed by the action of v € T".
Finally, since I'? is index n; /w; in I';/(7) the theorem follows.

In the cases which are each self dual, each cluster variable appears on the tail

of a T, w or its dual. Thus we simply have to multiply the count by two. O

We can now count the number of clusters in each coset of the action of N on
the cluster complex. Each cluster variable corresponds to a corank 1 subalgebra of
the our cluster algebra. By the proof Theorem 2.3.10, these subalgebras can always

be found by freezing variables on the tails of T, w quivers. Thus, every corank 1

2See https://www.math.umd.edu/~zng/notes/DoubleExtendedStructureProof/ for full
computational details.
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subalgebra is affine type.

Let A;, be the affine subalgebra obtained by freezing the tail node 4; and let
C;; be the number of clusters in Aij up to . The number of clusters in each affine
subalgebra in each coset of N is equal w,Cj, /n1. Then the total number of clusters

in each coset is

where n is the rank of the doubly extended cluster algebra we are considering. The
factor of 1/n appear since each cluster appears in n corank 1 subalgebras.

We can compute the number of clusters in I'/A by multiplying the number in
the coset by the size of (I'/N)/N.

More generally, we can count the number of any dimension facets on a doubly

extended associahedron using the formula

A = —— 3 CuB) .1)

of Lemma 2.2.21.

Example 2.3.11. We will compute the number of clusters in the quotient complex of
type Eél’l) by N'. By freezing nodes on a tail of length 4 we can obtain subalgebras of
type E7, 156 X Ay, Ay g x Ay. These have sizes 252,000, 5040, and 1400 respectively.

There is only one node to freeze on the tail of length 2 corresponding to a subalgebra

of type Ay 4 which contains 4900 clusters up to the action of . So the total number
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of clusters in each coset of N is

(2.72)

1 252,000 5040 1400 4900\ 65730 21910
~(2-4 + + +2 = = :
9 4 4 4 4 9 3

It remains to multiply the size of the quotient group Sy, 24, obtaining the final count

of 175, 280.

We note that doubly extended associahedra are not generally homotopy equiv-
alent to spheres. Let A be a doubly extended cluster algebra of rank n + 2. We

conjecture the following:

Conjecture 2.3.12. The exchange complex of A is homotopy equivalent to S™~*.
The doubly extended associahedron associated with A is homotopy equivalent to
S x S2 in all cases other than ES"" where it instead is homomorphic to S7 x

St x St

Figure 2.20 contains the results of the counting arguments for the number
of clusters in the other doubly extended cases. We include the A and BC' cases,
which can be done individually and are somewhat degenerate. Figure 2.21 shows the
total count of codimension k subalgebras obtained by inductively counting corank

1 subalgebras.
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(3:3)

¥~

\\\\\\\\\\\\>k k/////
F} )

1,1) F4(2,2
Figure 2.16: The doubly-extended family tree. The solid arrows represent folding

of Ty w quivers, dashed arrows are special foldings, and the double arrows represent
Langland’s-duality.
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& 4

(a) BV - 6P e qiMY.

i .7@4&;)&
SEg

) B8 o5 o

Figure 2.17: Exotic foldings of doubly extended quivers. The first folds are by the
180 degree rotational symmetry and the last is by the 3-fold rotational symmetry.

(a) Q1 (b) @2

| @ | @

116452654 ] 265442356
216,45 | 1,563 | 1,6,5,4 | 4,1,3,5,6
310512 45 | 645 ()
410236 3.6 3 ()
51236 3.6 3 ()
61512 45 3 ()

Figure 2.18: The four quiver isomorphism classes for Dfll’l) and mutation paths so
that vertex i is in a double edge quiver without mutating 7.
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o o ® O O®
@ o ® O-—@ @ O

® @ >
O O o

@ @ o0 @@ ® ®

e ® P ) N
® o ® O—@® ® o

O o O ® O Oe@

(a) By, (b) Gy,

Figure 2.19: The 1-skeleton of the doubly extended associahedra of types B§2’1) and

Ggl,l)

Type | Number of clusters in coset of N | [(I'/A)/N| | Number of clusters in quotient

ALY 1 1 1
DM 72 6 432
EMY 1575 12 18,900
By 21010 24 175,280
EMY 34,105 6 18 24 | 204,630 613,890 818,520
BC*Y 1 2 2
B{#Y 12 2 24
BC{M 12 2 24
Gy 4 6 24
G 21 3 63
By 18 6 108
FY 105 12 1260
F&Y 348 8 2784

Figure 2.20: Counting clusters in the quotient of doubly extended cluster algebras
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Chapter 3: Multiple Polylogarithm Relations

In order to study multiple polylogarithm relations we introduce a new algebraic

invariant associated to a multiple polylogarithm, w,. This is joint work with my
advisor as well as Dani Kaufman and Haoran Li. We are currently working on
additional properties and characterizations of w, beyond the scope of this thesis.
Each multiple polylogarithm is a multi-valued function, Li,(z): C¢ \ X4 — C. We
let U; — C%\ X, be the universal abelian cover of C? \ X,;. Then we define
Wn € Ql(Ud) to be a well defined one-form on the universal abelian cover.
In Section 3.2.1, we will see how these forms can be obtained from the symbol of the
multiple polylogarithms via a further symmetrization operation. In Section 3.2.5,
we will see these forms satisfy a simple recurrence formula that greatly speeds up
the computation time of these forms. Next we describe several families of relations
satisfied by wy. In particular, we give a closed formula for wy,(1/z) generalizing the
well known standard polylogarithm relation Li,(z) + (—1)"Li,(1/2) = 0 modulo
products. This is critical for discussing polylogarithm relations associated to cluster
algebras, as functions extracted from the cluster algebra are usually only well defined
up to inversion.

In the final section we describe how to extract polylogarithm relations, which we
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call @), from the A, cluster algebras for n < 6. Using the cluster algebra structure

we are able to give evidence for the following conjecture.

Conjecture 3.0.1. For all n odd, the signed sum ani1 = Y, cp Qn(A,) is non
trivial with no depth 2 terms.

For all n even, the corresponding sum is identically zero.

In particular ag is composed entirely of terms ws(x) or wsi1(zyz,1/y,1/%)
where z,y, z are X-coordinates of Dg and xyz is one of the two generating Casimir
elements of Dg. Since dws(z) = 0 for any x, and dag = 0 this implies that the
differential of all the ws;; terms is also 0. So this combination of terms should be
integrable on the universal abelian cover and corresponds to a well defined polylog-

arithm function.

3.1 Universal Abelian Cover

In Section 1.3.2 we defined the “basic liftable functions” in depth d to be z; and

J
1—1]J zfor 1 <i<j <d. Wesaw the singularity set of a depth d polylogarithm is
the zero set of the basic liftable functions. We now will define the universal abelian

cover of C¢ \ X, The name “basic liftable function” will be justified as these

function are lifted to the basic coordinate functions on the cover.
Definition 3.1.1. There is a covering space of p: U, — C4 \ X4 given by:

j
U = {(wi, vi ) hr<icj<al Vi < j. — [ [ € + "9 =1}

r=t
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where p(u;, vy ;) = (€™, ..., e").

Sections of the cover correspond to a choice of the branch of the logarithm
around each singularity in Xj,. In other words, u; is the lift of Log(z;) and v;; is
the lift of Log(1 — f;:i z;). Thus functions defined on U, are well defined up to the

specification of number of loops around each singularity.

Remark 3.1.2. There is an isomorphic covering space for each choice of sign vec-
tors ;5 = £1 and n;; = £1 for 1 < i < 5 < d, where the relation among the u’s
and v’s 1s given by €;; li[ e'r 4 mn;;e) = 1. We chose €;; = —1 and n;; = 1 so that
inverting every coordinate on C¢ \ Xy lifts to an involution of U,.

Lemma 3.1.3. The fundamental group of C¢ \ X, is torsion free and of rank

Proof. Tt is simple to verify this is true for d = 1 where C! \ X; is homeomorphic
to the wedge of two circles. Thus m(C' \ X;) = Z % Z and is torsion free of rank 2.
We then prove the lemma by induction.

First, we split the singularity set X  into three parts: the singularities that do not
involve 2,4, the singularities that involve only 24, and the singularities involving both

zq and any other z;.

d
Xd:Xd,1U{Zd:O,Zd:1}U{1—Hzr‘1§i<d}

r=i

Let A =C?\ (Xq1U{zq = 0,24 = 1}) be the space without the first two sets of
singularities and B = C% \ ({1 —]°_, 2|1 <i < d} U{z = 0|1 < i < d}) be the

r=1
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total space without the final set of singularities and the set of z; = 0. We then see
that AN B =C?\ X,.

It is then simple to compute m (A) as A splits as a product A = C41\ X, ; x
C'\ X;. Som(A4) = m(C¥ 1\ X4 1) x m(C\ X;). Inductively C¥=1 \ X, is
torsion free of rank 2d — 2 + (dgl) and 71 (C! \ X) = Z % Z has rank 2. So the rank
of m(A)is2d —2+ (1)) +2=2d+ (%").

To analyze B we can “straighten” the product terms via the isomorphism z +—

(TT°Z, 2, 1%, 20 - - -, 24). If we use w for the image, this map sends the singularity
d

1—]J 2 to 1 — w,;. Similarly the singularities z; = 0 as a set are sent to the set
r=%

w; = 0. This is necessary for the inverse w — (wy/wg, wa/ws. .., w4—1/w4, wy) to

be continuous. This shows that:

B2C\{w,=1w=01<i<d}=C"\ X; x---xC"\ X

So m(B) = m(C' \ X1)¢ = (Z * Z)¢. By Van Kampen’s Theorem, we have a short

exact sequence:

0 —— m(ANB) —— m(A) xm(B) —— m(AUB) — 0

Then AUB = C\ ({za = 1} U{z = 0]1 <i < d}) = (S)"! x C' \ X;. So

m(AUB) = Z% ' x (Z xZ). So m (A U B) is torsion free and of rank d + 1.

Furthermore 71 (C? \ X;) must be torsion free as any torsion elements would map

to torsion in m (AU B).
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In this case the rank of 7 (A) * 7 (B) is equal to the sum of ranks of 7 (C? \ X,)
and T (AUB). Song_1+2+4+2d=n4+d+ 1 and thus ng =ng_; +d+1
Using our inductive hypothesis on rank this gives ng = 2(d — 1) + (dgl) +d+1=

2d + (d;) + (dzl) = 2d + (g) as needed. O

Corollary 3.1.4. The first homology group of C* \ Xy is Z™,
Claim 3.1.5. U, is the universal abelian cover of C*\ Xg.

Proof. By the previous corollary we know the abelianization of m(C? \ Xj) is
Hy(C?\ X,) = Z". We also have an obvious transitive action on the fiber of
z € C?\ X, of Z" by adding 27ik to the appropriate coordinate. As this is the full
deck transformation group of the cover U, corresponds to the abelianization of the

fundamental group as claimed. O

3.2 Differential Forms

To each multiple polylogarithm Liy,(z) we associate a differential one-form w,

on U,. We can think of form as the differential of a “lifted multiple polylogarithm”
that is well defined on U,.
We will see these forms are related to the classical symbol of a multiple polyloga-
rithm. However they have a major advantage in that they satisfy a simple combina-
torial recurrence. Additionally differential forms have a natural coboundary map d.
There is an analogous coboundary map for multiple polylogarithms defined in [37]).
In low weights, we have verified the map sending Liy,(z) to wy, fits into a commuta-
tive diagram with these two coboundaries.
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3.2.1 Relation To Symbol

Recall the symbol of a multiple polylogarithm (Definition 1.3.9) is a weight n
tensor whose entries are basic liftable functions. We will define the associated form

as a symmetrization of this classic construction.

Remark 3.2.1. Let U = C? \ X4. The symbol of a multiple polylogarithm, lives
in T*(C(U)*/hoo) where pio is the group all roots of unity. As such any tensor

ay ®...®a, is 0 if any a; is a rational multiple of (wi)~.

From the symbol we can define an associated one-form. This is achieved by
N J
first lifting the symbol to a tensor on U, by sending z; to u; and 1 — [] z, to Vi j)-

From there we can define a map to one-forms on U, by extending the following map

linearly:

[ fam (1S

=1

)(flu'fi"'fn)dfz’

Definition 3.2.2. The map described above is the symbol to forms map. We can

see this sends elements of T*(C(U)* /o) = QH(Uy).

The mysterious coefficients of the symbol to forms map can be explained by

factoring through the product projector. The product projector p is defined
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recursively as follows:

pi(a) =a

pnlag ® ... ® ay) = (Pn-1(a1 ® ... Q@ ap1) ®ay — pp_1(a2® ... R a,) ®ay)

The product projector is zero on the symbol associated to products of logarithms
and thus gives a representative of the symbol of a polylogarithm “modulo products”.

We then define a new map ¢ as follows:

-1 n—1
(1) 'ag...andal

: n bt
¢ CL1® X a (n—l)

Theorem 3.2.3. The symbol to forms map factors as the composition ¢ o p.

Proof. This is clear when n = 1 as a; is sent to da; by both maps.

For n > 1, we expand ¢(p,(a; ® ... ® a,)). Note that when n > 1:

n—1

Ol ®...®a,) = and(ag ® ... R ay)
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The rest of the proof follows inductively from the definition of p:

P(pn(a1 ®@ ... @ an))

n—1
= ( - (Pn-1(a1 @ ... ®ap_1) ®ap — pr_1(a2 ® ... R ay) ®a1))

:n ; : (gb(pnfl(al ®...x a/n71> & an) - (b(pn*l(a’? @... ad) ® al))

_n—l

n ( -1 angb(pn,l(al R...Q Gjnfl)) — -1 a1¢(,0n,1(a2 R...® ad)>

n—1 n—1

n—1 ;
1 1)t n—2 R
:—E (an(—l)n_Q ' ( ) )'< )al...ai...an_ldai
"L (=1 m—2 .
_<_1)nf2a1 ' (75_)1)' (i_2>a2...ai...andai>

(S E () () )
U (R |

The final line is the image of the original symbol to product map as needed. [J

Corollary 3.2.4. If . Li,,(2;) is a relation of polylogarithms modulo products then

the corresponding sum of forms obtained by the symbol to forms map, . wn,(z;) = 0.

Proof. This is clear as the map to forms factors through the product projector where

any polylogarithm relation modulo products is zero. O]
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3.2.2 Pullback Map Notation

Although the forms are defined on U, it is often convenient to write the argu-
ments as elements of C? \ X,. This is especially useful for pulling back forms by
rational maps between f : C?\ Xy — C* \ X where 1 — [[._, f(z,) factors into
products of basic liftable functions. In this case f induces a map f: Uy, — Uy,. We

write wa(f(21),. .., f(z4)) for the pullback by f, frwn: Q(U) — Q(Uy).

Example 3.2.5. Consider the map r : C* \ Xy — C'\ Xy by r(z1,22) = z129.
This lifts to a map 7 : Uy — U, given by T(uy, ug, v1,v2,v12) = (ug + ug,v12). Then

we write ws(xy) to mean Tws = ws(ug + ug, v12).

Example 3.2.6. As a more complicated example consider f : C*\ Xy — C? \ Xy

by r(xq1,x2) = (x122, 1/21). This lifts to

T(Ul,UQ, (%0 U27U12) - (ul + U2, —U1, V12, V1 — U1, UQ)

We write wy1(x129, 1/21) instead of T wy1 = wyq(ur + ug, —uy, v12, V1 — Uy, V2)

3.2.3 Recurrence Relation

First we discuss some combinatorics needed to state the recurrence relation.
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3.2.3.1 Compositions of an Integer

Several of the formulas in this section involve summing over the set of “com-

positions” of an integer:

Definition 3.2.7. A composition of d is an ordered partition of positive integers
C=oc +c+ -+ ¢ such that > ¢; = d. We write Comp(d) for the set of all
compositions of any length and Comp,(d) for the set of composition of length less
than or equal to k. It will sometimes be helpful to allow 0 as an entry c; in the com-
position. In this case we write Comp®(d) (or Compy(d)) for the set of compositions

of d including zero of any length (or length less than or equal to k).

Remark 3.2.8. Compositions differ from the standard notion of a partition as

(3,1,2) and (1,2,3) are two distinct compositions of 6.

Definition 3.2.9. We then define the following partial ordering on Compj(d) where
a =X b if and only if for each i either a; = 0 or a; > b;. Furthermore if an entry
a; = 0 then either © = 1 or for all j greater than i a; = 0. Loosely this means that
a can be formed from b by deleting entries from the end of b (and possibly the first

entry) and redistributing the weight.

Example 3.2.10. All of the compositions that are less than (2,2,2) under this
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ordering are
(0,4,2) (0,3,3) (0,2,4) (0,6,0) (4,2,0) (3,3,0) (2,4,0) (6,0,0)

Note that both (0,0,6) and (4,0,2) are not less than (2,2,2) in this order because

the second entry is 0, but not every entry after is zero.

Remark 3.2.11. This partial order extends to an order on |J Comp)(d). However
d
we will use < to compare vectors of the same weight and <* to compare a vector of

weight n — k with a vector of weight n.

For n € Comp}(d) with ¢ nonzero entries, wy, is understood to be the pullback
form on U}, from U, by ignoring the coordinates corresponding to the zero entries of

n. For example, wp120(2,y, 2, w) = wi2(y, 2).

We will also need the following two lemmas relating to summing products of
binomial coefficients of vectors under this order. The key idea in both lemmas is to

use the binomial theorem to expand (1 + x + y)? in both possible ways.

Definition 3.2.12. For two vectors of integers n and m of length d, we define

() -11()

(2
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Lemma 3.2.13. For any vector p < n with pg =0,

p—1\ Z p—1 m—1
n—1/ m-—1 p—1
p=m<n
mqg=0,m;>0

Proof. Let x = (x1,...,24) andy = (y1,...,%4). Then we use the binomial theorem

to expand (1 + (x +y))Pmd-u~1:

(1+ eyt

v kil;>0

1 >N C Il

i mym;>1

e pi— L\ (mi—1\ 1 min
= . H(mi—1><ni_1)xi "

mg,n;>1 i=1

If we then take all 3; = ¥, each term in the sum has [Jy/* ™™ = y2=™ X" In
the case we are interested in > m; = > n;. So we look at the coefficient of x*1¢°.

Note that mgy = 0, so it is fine to include it in the previous computation. Therefore

the coefficient of x™ 1 is

We see that unless m; > n;, (’;:_11 ) = 0. Similarly if p; # 0, then we must have
pi > m; to have a nonzero term. If we let m = (my,...,mg_1) then the previous
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condition is exactly p <= m < n with my = 0,m; > 1. We also compute that

(lejll) = (—=1)"! and we consider 1 = (j) = (2‘2111). Therefore we see the

coefficient of ™! can be written as

s E)E)

p=m<n
mqg=0,m;>1

On the other hand, we can expand ((1 + ;) + v;)? "' to obtain

Z H (1]: : 1) (1 + xi)ki_lyfi_ki

k>1 i

-1

Since we want the coefficient of z!"~" we need to take k; > n;. Additionally we

want y° after setting all y; = y so >.p; = >_ k;. Furthermore > p; = Y. n;, so

> ki = > n;. Therefore no k; can be strictly greater than n;. So the coefficient

p—1

P~1). Once again (2‘;:1) = (—1)""1, so we can

0 e s L rpd-1
of z"y” in this expansion is [[;_, ( )

write the coefficient from the second expansion as:

n—1

(=1 (p i 1) (3.2)

Since Equations 3.1 and 3.2 are both the coefficient of #®~!, they must be equal

proving the lemma. O

Lemma 3.2.14. Let p be any vector with pg = 0 and p <' n. Then we have the
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following identity

m-—1 n—1
p=<m<!n
mg=0,m; >0

Proof. The proof of this lemma is almost identical to the last. The key difference is
that > m; — > n; = —1. So we look at the coefficient of x" !y~ instead of z~13°.
However this doesn’t affect any of the arguments and we obtain the formula we

needed. O

3.2.4 Retraction Maps

Definition 3.2.15. For any composition ¢ = (c1,...,¢;) of d, the retraction
To: Ug — Uy is given by combining successive sets of ¢; variables. Formally let
iy = Zle ¢; be the vector of partial sums of c. Then we define T by specifying the

image in coordinate u; and V-

Uy :u’it + e + U”iH_l—l

U[S,t} :U[isvit"rl_l}

Remark 3.2.16. This is a lift of the map C*\ Xy — C* \ X}, taking

i1 t=1p

T’ci(-’E1,--.,$d)'—>(H Ty, H xt)

t=i0+1 t=ip_1+1
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Using the pullback notation of Section 3.2.2 we write:

Wa (xlxg) :??2)(.&]2

Ak
W ,2(T1T2, T3, TaT5T6) =T(2,1,3)W4,1,2

We also define the “retraction action” of a composition ¢ = (¢y, ..., ¢;) € Comp(d)
on a vector n of length d to be the length k vector formed by summing the next

consecutive ¢; terms of n. Formally

c-n:(Znt,..‘, Z n¢)

t=19 t=ip_1+1

Example 3.2.17. The action of the composition ¢ = (2,1,3) onn = (3,1,4,2,5,2)

yields (3+1,4,2 +5+2) = (4,4,9).

It is often convenient to combine these two retraction actions as Tiwen to

obtain forms with equal weight and shorter depth that are still defined on U,.

~k
TaWen = Wen (21« Zeyy - -+ s Zeyboten_y - - - 2d)

Example 3.2.18. Again using ¢ = (2,1,3) and n = (3,1,4,2,5,2) the form Tiwen

is equal to wa49(2122, 23, 2425%) -

Note that ¢ = 1, leaves a form of depth d unchanged.
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Remark 3.2.19. We use 0 entries in a composition to mean removing the corre-
sponding entry. As an example consider ¢ = (0,1,1,2,0) and n = (3,1,4,2,5,2).

o _
Then Tiwen = w1 47(2, T3, T4T5).

3.2.5 Recursive Formulation

One advantage of the differential form wy, over the symbol is that they satisty
a clean recurrence relation. The recurrence is analogous to the derivative of the
corresponding polylogarithm Liy, (z), with additional “cross terms”. There is a cross
term for each vector m <! n. Let ¢y, = 1 if my > 0 and ¢, = —1 otherwise. Then

the recurrence relation is:

w1 = d'LLl
1
Wy = 5 (Uld'Ul — vldul)
w171 = 5 (Ulgdul + (Ug — ’U12)d’01 —+ (U12 — Ul)dUQ + (—Ul + v — ’Ug)dvm)
(a3 (5 om0

n — iWn m m\Z

w an : w U[l,d] C n—1 w
1=1 m~<!in
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Here ¢, is the derivative like operator:

vlwn[m](zg, ey zg) — (v1 — ul)wnp’d] (z122,23, ..., 2d) i=1,n =1
inn[l’i_lln[i+1,d] (21, ce 3 Ri—2y R—1R4y Ri41s -+ zd)
1<i<d,n =1
(Siwn = — (v,- — ui)wn[l,i—l]vn[wrl,d] (21, c ey Ri—15 BRG]y ity e ey Zd)
vdwn[m_l](zl, e 2d—2y 2d—17d) — vdwn[Ld_l](zl, ceeyZd—1) i=dandng=1
_innl,...,ni—l,...,nd(Zla s Zd) n; > 1

If we compare d;wy, to the 0;Li(z) we see that z% is replaced with u; and 1—;,21 is
replaced with v;. There is an “extra” term in 64 when n; = 1 mirroring the deleting
first entry term of 0; when n; = 1.

Note that in depth 1 there are no smaller depth cross terms and so the re-

currence simplifies to w,, = —%ulwn,l. A more complicated example is the depth 3

recurrence:

(p+aq+ T)wp,qﬁ

=01Wp,gr + 02Wp g+ Wp gr + 03Wp g

Ap+(g+r—1)—1
+%%P4V+( gt —1 Wptqrr—1(u1)

—U123(_1)p+r " (p—H“— 1
p+r—1

p+m;—1 q+m2—1
o Y <—1>( ( )wp+m,q+m2<ul,uz>

mi1+mo=r—1

q+my — r+mg—1
+ U123 Z (_1> < ! ) ( ? >Wq+m1,r+m2 (u27 U3)

mi+mo=p—1

—1
Wptg+r—1 U2
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In particular we see that 6wz s = —Uiwa 29 — Usws 19 — Usws 12 + V123(10ws(uy) +

5ws(ug) — 3wy o (ur, uz) — 2ws3(u1, Ug) — 3wy (g, us) — 4ws3(us, us) — dwa (U, usz))
Theorem 3.2.20. The forms wy satisfy the recurrence relation.

Proof. We can quickly check base cases as the symbol of Lis(z) is 1 — z ® z which
lifts to v ® w. This is sent to %(udv — vdu) via the symbol to forms map.

Similarly the symbol of Lij 1 (21, 22) lifts to

—(v12 ® U1 — V12 @ V1 + V12 @ V2 + V2 ® 1)

Under the symbol to forms map we obtain:

—1
7 (uldU12 — v12du1 — Uldvlg + Ulgdvl + U2d’l)12 — Ulzdvg + vldv2 — Ugdvl)

1
25 (Ulgdul + (112 — Ulg)dﬂl + (’U12 — Ul)d’Ug + (—Ul + v — ’Ug)dvlg)

Note that in weight 1, w; corresponds directly to log(z) which has lifted symbol u,
not Lij(z) which has lifted symbol —v.

In the inductive case we must carefully examine the algorithm to assign a symbol
to a multiple polylogarithm. For this we follow the algorithm of [29] to compute the
symbol by extracting tensors from decorated polygons. The polygon, P, associated

to Lin(z) is a (1 + > n;)-gon with a distinguished “root vertex”. The sides of the

polygon are labeled according to the conversion from Li,(z) to “G-notation” for
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iterated integrals. We have that:

. 1 1 1
Lln(Z) = (_1)dG(0'md*17 Z_7 Omdflfh
d

g
Tq—1Tq T1...2¢q

where

G(al,...,an;@:/ Y Gan . ant)
0

t—a1

If the sides of P are labeled counterclockwise from the root vertex, G(ay, ... a,;x)
corresponds to P(ay, ..., a1, x)'. We call side labeled x, the root side and draw a
double edge to distinguish it. For a multiple polylogarithm this root side is always
labeled 1. Each term in the symbol corresponds to a choice of a maximal non-
crossing set of arrows from vertices to edges. This dissects the polygon into digons
each of which correspond to an entry in the tensor. The ordering in the tensor
product is given by first constructing the tree dual to the dissection. The root of
this tree is the digon containing the root vertex and root edge. Every linear order
that is compatible with partial order of the rooted tree corresponds to a term in the
symbol.

For this proof we need a few key facts about this algorithm:

1. If the dual tree is not linear, then the tensors corresponding to that dissection
can be written using a shuffle product. As such the product projector p kills

any such terms.

2. If P; is the polygon formed by deleting edge i the symbol corresponding to P,

!'Note the reversed ordering of indices between P and G.
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S(P) can be written as

S(P) = 3" S(P) © S(Pla,acr)) — 3 S(R) & S(Pla, 1)

Here P(a,b) is the digon with root side b and non-root side a.

3. The symbol associated to the digon P(a,b) is

S(P(a,b)) =1 a=0,b#1

We then consider p,(S(Lin(2)). In the inductive case, to compute p we need to
gather the terms of the symbol by the last entry and by the first entry. It turns out
the terms gathered by the last entry correspond to the d;w, terms and the terms
gathered by the first entry correspond to the “cross term” with the v gq. The
mysterious extra term of 4 also occurs in this section when ng = 1.

Explicitly we can simplify ¢(p,(S(Lin(2z)))) as follows:

$(pn(S(Lin(z S((-1)'G(a;1))))

dn—l

= l Slpn-1(d_ a1 ®... @ an 1) Day) Z¢> pr-1(Y a2 @ ... ®a,) ©ar)

= [ — and) Pn— 1 Za1® ®an*1)) _Zn__

ai

= (=1 - [Z an(pn—1 Z&l@ LR ap_1) —|—Za1q§ Pr—1 Za2® .®an))

Qn

1a1¢(pn71(z a®...0 an))
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We now analyze the terms that appear when the symbol is gathered by last term.
Fact 2 decomposes the symbol into terms of the form “the symbol of the polygon
without side 7” tensor “the digon associated to side i” for all non-root sides. Since

the labels come from a multiple polylogarithm, any non-root side 7 of the polygon

is labeled 0 or —1— for some j. Let a; be the label of side 1.

ZjyeeeZd

If @; = 0 then 7 is in a string of m; — 1 zeros and m; > 1. As such, deleting

edge i yields the polygon corresponding to (—1)¢ Lin—c,(z). We also see from Fact

3 that S(P(ai,ai+1)) = 0 unless a;4; = — Similarly S(P(a;, a;—1)) = 0 unless

Zj41.-2d

g = %Zd So the only terms corresponding to P((—1)? Lin_, (2)) are

Zj.

I S(P((—=1)? Lin_, (2))) ®

Zj41---%d Zj .- 2d

=S(P((—1)"Lin-¢;(2))) ® 2

S(P((=1)"Lin—,(2))) ®

When we lift z; becomes u;. At the end of Equation 3.3 this term becomes

~1;$(pn-1(S(P((—1)" Lin-¢;(2)))))

which inductively is equal to —u;(—1)%w,_, = (—=1)%0;wn. Note that the original

conversion has a factor of (—1)¢ so this distributes leaving d;w, as we needed.

If a; # 0 then a; = - %.Zd for some j. If n; > 1 then a;41 = 0. So S(P(a;,ait1)) =1

-

and this term doesn’t contribute to the symbol. Otherwise n; = 1 and a;1; =

L In this case S(P(ai,a;+1)) = 1 — z; which lifts to v;. Deleting side i

Zj4+125.--2d :
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1 1
Zj41---24 Zj—12jZj+1---2d

corresponds to a G function whose nonzero terms skip from
When converting back to Li form the (j — 1) argument becomes z;_1z;. Therefore

this situation results in (—1)d_IS(Lin[1‘j71],nml’d] (2n,j-2), Zj—12j, Zj+1,9)))Qu;. I j < d

1
Zj41.-2d

(and n; = 1 still) we also get a contribution from a;,_; = and a; =

Zj. 24

Here S(P(a;,a;+1)) = 1 — + which lifts to v; — u;. With the shift in index the new
J
polygon corresponds to (—1)4-1 Ling o ynpera (2[,j-1) 2jZj+15 Z[j+2.d))-

So gathering all the terms with u; or v; for 1 < j < d results in:

S((_l)d_l Linu,j_uv”[ﬂl,d] (Z[Lj—zb “j—1%45 Z[j+17d])) ® v;

— S((=1) Ling, s sgmgyna (210511 22540 Ze2.4)) © (0 — ;)

As in the n; > 1 case we see that sending this through ¢ as in Equation 3.3 this

becomes

d—1
_(_1) VdWny j_11,mp511,q) (Z[l,j*Q]’ Rj—1%j; Z[j+17d]>

+ (=D N0 = )Wy g (21510 %2540 Z42.d)

Distributing the (—1)¢ fixes the signs, so that this is d;w, as well. When j = d we
only get the term of d4w, that exactly matches derivative of the polylogarithm. The
other term of §; we will see comes from the other half of the product projector.

To compute the other half of the product projector we need to gather the terms of
the symbol by the first entry of the tensor. In the polygon dissection this is the

entry coming from the root bigon. In Figure 3.1 we can see the 6 possible root
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bigons. Clearly Figures 3.1c, 3.1e, and 3.1f all correspond to nonlinear trees. As
such by Fact 1 the terms coming from these cases contain a shuffle product and are
0 after the product projector.

Next we focus on Figure 3.1d. Removing the root bigon results in a new poly-
gon where side n is now the root side. If ng; > 1 then this side is labeled 0
and the G function for this polygon ends in 0. Any G function whose last en-
try is 0 is 0 and so there are no terms in the symbol when ny; > 1. However if
ng = 1 then the new root is z—ld Using the change of variables u = z4t we see that
G(ay,...,an, i) = G(zq4a1, . .., 240y, 1). Since G came from Li,(z), the new polygon
corresponds to Lin;, 4, (211,¢-1]). The symbol of the root bigon is S(P(i, 1)) =1—24
which lifts to vy. This is the missing term from d4w, as needed.

The last two cases (Figures 3.1a,3.1b) together will give us all of the cross terms. In
both cases the symbol of the root bigon is 1 — z; ... zg which lifts to v}; 4 as needed.
It remains to identify the G function of the polygon obtained by deleting the root
bigon.

For Figure 3.1a this function is G(0, i, ...,0,=—1—,0,1) as the edge corresponding

) Zo.z2q

1
21...24

to

is removed. This function directly converts to a degenerate polylogarithm.

However by shuffle regularizing, this can be written in a non-degenerate way. In

fact by Lemma 3.2.21, this is equal to (—=1)41 3> (™)) Lis(2).
m=<'n
m1=0,m; >0

For Figure 3.1b deleting the root bigon removes the root edge. This results with the

new root being and the entries of G reversed. We can make a change of vari-

21...2d

ables to change the root to 1 resulting in every entry being multiplied by z1, ... z4.
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Thus the G function is G(0., -1, Zd; Omy—1, Za—15 - - s Oy —1, 21 - - - Zd—1, Opmy—1; 1).

Following Lemma 3.2.21 this is equal to (—1)4"' > (™)) Lig(1/%). Then

m=<-n
mg=0,m;>0

using the inversion theorem (Theorem 3.3.2%) this becomes

CIED VRN (e D SURCEEIED DY (R LENG

m=<'n p=m p=<'n
mag=0,m; >0 pa=0

The final equality is by Lemma 3.2.14. This term also picks up a negative sign as
flipping the polygon reverses the condition determining the sign of the tensor. So
distributing the (—1)? from Equation 3.3 leaves the terms from Figure 3.1a with
a negative sign and the terms from Figure 3.1b with a positive sign. This exactly
corresponds to the sign coefficient cyy,.

So combining these two sets of terms results in (Zm<1n cmS(Lim(z)) ® vp1,q) Which

is sent to the cross term via the symbol to form map as claimed.

Lemma 3.2.21 (Extract Trailing Zeros). For any sequence of arguments x:

G(x,0y) = (-1)* Y G(zy)
zexWO0y
204670

So if G(x,1) = (=1)4Li, then

CXTRESITED DI W

m~(k+1,n)
m1=0,m;>0

2The proof of the inversion theorem only relies on the symbol to forms map, and not on this
recurrence.

134



Proof. The first part of the lemma follows from the algorithm outlined in Section
4.2 of [30] for extracting trailing zeros by “unshuffling powers of logarithms”. In

other words they consider the following sum of products:

k—

>_A

k ZG X OZ,Z/)G(Ok—ﬁy)

z:O

Recall that G(0,;y) = %log"(y) justifying the description of this a product of
powers of logarithms. Furthermore any product of G functions with the same last
argument can be expand as a sum of shuffles. So for each ¢ we obtain a sum over
S; = x0; L1 Og_;. Let S;(j) be the set of shuffles in S; with exactly ¢ + j trailing
zeros. Then S; = ID; Si(j). Clearly S;(j) = Si+1(j — 1) and so in the alternating
=
series everything cancels except Sp(0) and Sk_1(1). Then Si_1(1) has only one term,
G(x,0g,y) which is the original function. Similarly Sy(0) is the set of shuffles with

no trailing zeros that we wanted. Therefore

k—1
Z k ZG X xm-l—laozay)G(Ok zay Z G Z y X Ok’ay)
=0 z€S50(0)

Now let x be the vector that makes Li,(z) = (—1)¢G(x,1). We can further gather
the terms of Sp(0) by the number of zeros between the nonzero entries of x. Let m
be a length d vector of positive integers. For 1 <1 < d, in order for m; — 1 to be the
number of zeros before the d+ 1 —i** nonzero entry of x we need m; —1 > n, — 1 and
S m; = k+>_n;. In other words (0,m) <! (k+1,n) with m; > 0. The number of

ways to get m from n by this procedure is [ ("*~}). Furthermore recall (—1)* =
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() = (’:g_’ll) . Therefore the sum over Sp(0) is (=1)¢ > (™)) Lim(2).
m<1gk+1,no)
m1=0,m;>

Modulo products we then have

Gx0py) = (-1 Y (m B 1) Lir (z)

n—1
m=<!(k+1n)
mg=0,m;>0

3.2.6 Symmetrization

Definition 3.2.22. Let s,, be the “symmetrization” operation on homogeneous poly-
nomial one-forms that sends basis elements p(x)dy to p(x)dy — = (d[p(x)y]) where

n — 1 is the degree of p.

It is easy to see this operation is idempotent and preserves the differential of

the one-form.

Definition 3.2.23. A one-form, w whose coefficient polynomials that are degree n

15 symmetric if w = s,w.

We now have two proofs that w, is symmetric. First we use the symbol to

forms definition.

Theorem 3.2.24. The symbol to forms map (Definition 3.2.2) results in a sym-

metric form.

Proof. 1t is a simple computation to show the image is fixed by the symmetrization

map S.
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For each i, s,(fi... fi- . fadfi) = fi .o fir oo fadfi=2d[f1, ... fu]. So the subtracted
term is 5 d[f1,..., fu] in each case. Combining this with the coefficients from the

summation we obtain

-

(=1 ()

and so the extra terms of the symmetrization are zero as needed. O]

It is a classic application of the binomial theorem that 0 = (1—1)""! =

=1

The second proof uses the recurrence and the following simple lemmas:

Lemma 3.2.25. If w =) . p(x)dy; is a symmetric one-form, then zw is also sym-

metric.

Proof. In order for w to be symmetric, we have

— %Z d[pi(x)y:] = %d [Z pi(X)yz’]

So >, pi(x)y; = C for some constant C'. Furthermore this sum is a homogeneous

degree n polynomial for n > 1, so to be a constant it must 0. Then

Zd 2pi(X)yi] = sz (xyidz + zd[pi(x)yi]

() )

—0dz + 2(0) = 0

n+1
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Lemma 3.2.26. The sum of two symmetric forms is symmetric.
Proof. This is clear as the symmetry operator is linear. O
Theorem 3.2.27. The one-forms defined via the recurrence relation are symmetric.

Proof. This can be seen inductively. In the base cases clearly wy, = du, wy =
%(udv — vdu) and wy; are symmetric. Then the inductive step is a sum of lower
weight forms scaled by single variables. The previous two lemmas show this preserves

symmetry. O

Remark 3.2.28. For any one-form w we have that ds,w = dw since the modification
is by an exact form. As such symmetrization provides a method for choosing a

canonical representative of the integral of a closed 2 form.
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Figure 3.1: All possible root bigons.
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3.3 General Relations

3.3.1 Inversion Relation

Since z = 0 € X; the map 7 : C' \ X; — C' \ Xj sending 2 to 1/z is
holomorphic and thus induces a map 7* : U, — U;. In coordinates this map sends
(u,v) = (—u,v — u). Recall that in depth 1 for any weight we have the following
relation [5]:

wn(z) + (=1)"w,(1/x) =0

There is a depth d generalization of 7 given by (21,...,2q4) — (1/21,...,1/zq).

This lifts to the map sending u; to —u; and v; j to v; ; — Zj u,. It is then natural

to ask if there is a depth d relation corresponding to this involution. In fact in depth

2 we have the following relation:

Claim 3.3.1. For all m,n the following quantity is 0:

Wi (2, Y) = (1) " wmn(1/2,1/y)

m+n—1
n—1

m+n—1
m— 1

emenfan) = (1" Jomenta) + (-1 Yot

Proof. This can be shown inductively using the recurrence in depth 2. It will also

follow from Theorem 3.3.4. O
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3.3.1.1 Inversion Reversing Relation

While we could state a similar “inverse” relation for any depth polylogarithm,
it is most convenient to state the relation in two steps, first a relation that also
reverses the arguments while inverting them and then a relation to reverse all the
arguments. We use the notation z = (zd,...,21) to indicate that a vector should
be reversed.

With this idea in mind we see there is a simpler depth 2 inversion relation with one
fewer term:

0" 11/ )= (T (T Jeent)

This can be seen to be equivalent to the previous relation by applying the stuffle
relation wy, o (2, y) + Wpm (Y, ) + Wniem(xy) = 0. In general we have the following

theorem:

Theorem 3.3.2 (Inversion Reversing Relation). For any vector n with » n; > 1

we have

/) = o (T 7))o

m=n

-1 m, = 0
where we recall that (') = (=1)* and cm =

1 ml#O

Proof. This can be proved using an inductive formula of Goncharov in Section 2.6
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of [38]. He defines the following generating series B(z|t):

B(z|t) = Z H kz_ t;

—oo<k1 < <kg<oo 1

He then defines a multiple polylogarithm generating series:

= Z Lin(z)t™

Using these two series he establishes the identity

d
> (—1Y Li(1 /25| — $1000) Lz 1.4 lt1a)

Li(1/2,,- 1|—t[1y 1) Li(Zj 41,0/ tpy+1.q)

d
= (=1 Li(1/5, )ty — tpy—1) Bz - zalty) Lizg gty 0 — 1)

To establish a relation of forms we can simplify the above relation modulo products.
First we note that in each sum the only terms that don’t contain product terms are
the first and last terms.

Next we simplify B(z; ...z4|t;). There is a “classic identity” that

(2mit)" 1
n!

B(z|t) = —2mi Y _ B, (Log(2))

n>0

where B, (z) is the n'" Bernoulli polynomial. Only the constant term of B, (Log(z))

is nonzero mod products, so B(z[t) reduces to — > -, Bn(%;—f)nt”’l. Unless n = 0
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each term is a rational multiple (27¢)™. Since the symbol is defined to ignore torsion

every term with n > 0is 0 in the image form. This reduces to the friendlier relation:

. . 1_. 1 ) R
Li(z|t) + (—1)"Li(1/%| —t) — — Li(zpaltea) + E(—l)d Li(1/%1a1] = bpa-)
1

- ;_11 Li(zti2,q — t1) + %(—1)dLi(1/?|td — t1,4-1])

Finally we extract the coefficient of t*~!. This is simple for the first terms yielding
Liy(z). The second term, has a sign of [[(—1)""! = (=1)%(—1)X™ from the —t.
The (—1)¢, from the equation, cancels out the (—1)? from —t to obtain exactly
(=1)X7 Lig (1/%) from the second term. Both the third and fourth terms have no
contribution, as they have t;! or ¢;! and neither n; or ny can be 0.

d

For the right hand side, we use the binomial theorem to expand i I —t)™ !
=2

in ;—11 Li(z|tp,q — t1) to get

d
S (R

kg +kg=n1 i=2 ‘
So to get t*~! we need m; — k; = n;. In other words m is a vector such that m; = 0
and m; > n; with the same weight as n. This is {m < n|m; = 0,m; > 0}. So the
polylogarithms that appear as a coefficient of t*~! here as:

> (-1)%111"[(:’;2'__11) Lim(z) = Y (1:__11) Lim(2)

m-<n m—<n
m1=0,m; >0 m1=0,m;#0

Note that the (—1)"~! is encoded here as (nl_—ll) = (™7]).

ni—1
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d—1
Similarly when we expand i [1(ts — t;)™ ! with binomial theorem, we get a t™
i=1
whenever m; — k; = n;. So this gives a sum over all m < n with my = 0

d-1 -1
and all other m; > 0. We also pick up a sign [[(—=1)™'"% = J](-1)~! =
i=1

1=

—_

(=1)4"1(=1)mtFni1 - Ag before, we want to include a (’Z:;__ll) = (=1)"! term.

Multiplying in (—1)"~!(—1)"¢~! leaves the summation unchanged but makes the

leftover sign, (—1)4(—1)=" = (—1)4(—1)=™. Therefore the coefficient of "~ is:

ot S (B E0E e/

n—1
m-=<n
mg=0,m; >0

Putting this all together gives us

Lin(z) + (=1)*(=1)>" Lig (1/%)

S S () PRCRYEIED ol Gy (S em Ve s

m-<n m-<n
m1=0,m;>0

We then can inductively apply our relation to all the terms in the final sum since

mg = 0, m has smaller depth than n. The final summation then becomes:

p=<n p=m<n
pa=0 mg=0,m; >0
p—1
= — c Li,(z
> (M) 1)
pP=<n
pa=0
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The final equality is by Lemma 3.2.13 showing that (Ej) = > (r‘r’l__ll) (1;1_—11)
p=<m<n
mag=0,m;>0

Substituting this transformation into our relation gives:

Lin(z) + (—1)X" Lig(1/%)

_ (?:11) Lim(z) — Y ¢ C’l: D Lip (2)

m12)_,<771’3i>0 ]E’di%
m-—1\ _. p—1
= — mz;n cm<n_1)L1m(z)—pZ;lcp<n )Llp(z)
m1:0,mi>0 pd:0
m-—1
Z c (n B 1) im(2z)
m-<n

n—1

n—l) = land ny # 0so ¢, = 1, we can include Li,(z) in the summation

Finally since (

on the right to obtain the desired relation modulo products
-1
—(—DEmLig(1/Z) =S e L) Lim
(O L1/ 7) = 3 a3 ] Linte)

Then since the forms satisfy all the relations of polylogarithms modulo products

this lifts to the relation

1) = 3 (o Jomte
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3.3.1.2 Index Reversing Relations

Theorem 3.3.3 (Index Reversing Relation). For any vector n of depth d we have:

Proof. This is analogous to Theorem 4.1 of [39] about reversing the arguments of
iterated integrals. In this case we can find an appropriate combination of stuffle
relations that results in the above formula. To simplify notation we write (x)(y) to
represent stuffle relation from multiplying Lip, (x) - Liy(y).

In depth 2 the stuffle relation for (z)(y) is Wmn(Z,y) + Wam (Y, ) + Winin(zy) =0
which is exactly the relation needed.

For higher depth consider the following sum of stuffle relations

(D"t 2) Y € (Zra1s s %)

k=1 ceComp (d—k)

For ¢ € Comp(d—Fk), let Sk(c) be the set of stuffles of (2, ..., z1) and c-(2g41, ..., 24) =
(Yk+1, - - - Ykte). Following Goncharov, we partition Si(c) into three sets Sy (c),

S; (c), Sg (c) based on whether z;, comes before, is stuffed with, or comes after 1.

Siialca, . ) =1
We then observe that S (c) = . Therefore in the

Sk:—l—l(cl_lvc%"wcé) G > 1

alternating sum every S (c) cancels out all of the S, and Sj7 ;. This leaves ST (c),
ST (c) and S7 (c). Each of these sets only contain a single vector. The terms that

correspond to compositions of the form 1, c come from S;(c). Similarly the terms
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indexed by ¢, ¢ with ¢; > 1 correspond to Sy (¢; — 1,¢). The fully reversed term,

with the coefficient (—1)¢ comes from the final set S7 ,((1)). O

3.3.1.3 Inversion Relation

Theorem 3.3.4 (Inverse Relation). For any vector n with Y n; > 1 we have

—1 my = 0
where ¢y = and the inner sum is over all compositions c of the

1 mi 7£ 0
number of nonzero entries of m.
Proof. This follows from taking the inversion reversing relation (Theorem 3.3.2)

with 1. Then for each term of the summation apply the index reversing relation

(Theorem 3.3.3) to obtain a sum of contractions. O

3.3.2 Dynkin Reversing Relations

We now use the recurrence relation and inverse relations together to remove
the ambiguity of extracting terms from an A, cluster algebra. Recall the Dynkin
quiver in type A, is a path oriented so each node is a source or sink. In odd n
there is an element of the cluster modular group, o reversing the order of the path.
Therefore any relation given by specifying coordinates from such a quiver must be

invariant under o.
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We will see the arguments to the high depth polylogarithms consist of “factoriza-
tions” of the Casimir element along the Dynkin quivers. For example, for each
Dynkin quiver in A3 we label the X-coordinates at the sources x; and x3. The
Casimir element is then z;/z3. However if we apply o this swaps x; and x3 re-
sulting in the inverse of the Casimir x3/z;. Thus if we use wy,1(3, ¥3) we need to
understand how this relates to wm,l(i—?, 7).

In order to make it easier to distinguish the Casimir from its inverse we take 1 = x

and x3 = 1/y so the Casimir becomes xy. We then have the following theorem:
Theorem 3.3.5 (Depth 2 Flip). For all m, wp,1(xy, +) — (—1)mwm71(m—1y,y) =0

Proof. This can be verified using the recurrence relation in depth 2. The base case
m = 1 can be confirmed via simple calculation. Then for m > 1 the recurrence

relation simplifies to

1

W1 = p—— (= Wm—11 + V2w (2Y) — Vowy, () + (—1) " V12w (V) — Viswm (T))

Since everything will be multiplied by m+r1 we drop the fraction for the remainder
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of the computation. Expanding the relation we see:

1 1

Wm,1 (zy, ;) - (_1)mwm,1(;y, Y)

=~ (1 +u2)om-11(zy, ) + (01 = w)wm(y) = (v1 = ur)wm(zy)
+ (—l)mvgwm(%) — vowm (zy)

— (=)™ (u1 + Uz)wml,l(;y,y) — (=)™ (v2)wm(1/z) + (=1)"vawm(1/(zy))

(0 — u)wm(y) + (~1)™(0r — ul>wm<;y>

== () (sl )~ (D™ a5 0))
(01— 4 ) (wm<xy> - <—1>mwm<x1y>)

=0

The final equality is 0 by the inductive hypothesis and the depth 1 inversion relation.

[]

Interestingly we can combine the depth 2 flip with inversion to obtain a relation

for applying o without inverting the Casimir.

Corollary 3.3.6 (Dynkin Reversal Depth 2). For all m, the following expression

18 trivial:

Wm,l(xy7 1/1:) + wm,l(xyu 1/3/) +m - Werl(xy) + merl(x) + Wm+1 (y)
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Proof. Apply the inverse relation to wy,1(1/(zy),y) to obtain

(=1)" M w1 (1/(zy),y) = wma(@y, 1/y) + Wi (@)

= (1) wma(L/y) + m - wimga ()

Adding wgy,1/, to both sides yields:

w1 (2y, 1/2) = (=1)"wm1(1/(2y), y) = wma(zy, 1/z) + wmi(zy,1/y)

+ wm+1(37> + wm-i—l(y) +m- wm-i-l(xy)

The left hand side is exactly the depth 2 flip relation (Theorem 3.3.5) and so we see

the right hand side is 0 as needed. [

The situation in Aj is slightly different. Here the Casimir can be written as a

product of three X-coordinates % and is preserved by ¢ which swaps x; and 3.

zizg 1
xo2 7 x3?

x1xy 1 :
15 o %) with wy(

Thus we would like to relate wy, 11( x9). To write
a general relation we take 1 = x, 3 = 1/y and z3 = 2z and obtain the following

theorem:

Theorem 3.3.7 (Dynkin Reversal Depth 3). For all m the following expression is

trivial:

wm,1,1($y27 1/% 1/9) + Wm+1,1(xy7 1/?/) = wm,1,1($y27 1/27 1/@) + Wm+1,1(yZ, 1/2)
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Proof. This can be shown using the recurrence formula in depth 3. O

Depth 4 should be analogous to depth 2, as the Casimir in A; is flipped by
o. However the inversion relation in depth 4 is not only long, but requires a wider
range of multiple polylogarithms. As such the depth 4 flip is not particularly useful.

Nevertheless we have found the combined Dynkin reversal relation in depth 4:

Theorem 3.3.8 (Dynkin Reversal Depth 4). For all m, the following expression is

trivial:

+2wm71,171(a:y2w, 1/3:7 1/y7 1/Z) + 2Wm,1,1,1($y2w, 1/’(1], 1/27 1/y)
+2wm+1,1,1($y2, 1/2,1/y) + 2wm+1,1,1(yzwv 1/y,1/z)
Fwma2(zyzw, 1/2,1/(y2)) + wma2(zyzw, 1/w, 1/(yz))

twmi12(2yz, 1/(y2)) + Wmt12(yzw, 1/(y2))

Proof. Asin the depth 3 case this can be shown inductively using the recurrence. [

Conjecture 3.3.9 (Dynkin Reversal Arbitrary Depth). There is a Dynkin reversing

relation for any depth.

3.4 Relations on A,, Cluster Algebras

We now focus on extracting the polylogarithm relations from the A, cluster
algebras. We see that the arguments in each relation are cluster X-coordinates or
Casimir elements of A,,_; cluster algebras. For n < 5 we present the relations so
that the cluster symmetry is obvious and every coefficient is 1. This mirrors work
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in [6] to compute analogous relations using the symbol and without explicit links to

the cluster algebra structure.

3.4.0.1 Subalgebra Structure

We will see that the terms of each relation come from the odd weight subal-
gebras of A,. Each A; subalgebra has a single X-coordinate. This is trivially the

Casimir element of the A; cluster algebra. So for each A; subalgebra we define
L7 (A1) = wn(2)

Note that the depth 1 inversion relation w,(z) = —(—1)"w,(1/x) explains the am-
biguity of choosing z or 7!. As such £S(A;) is well defined up the “orientation”
of the subalgebra.

This situation generalizes to higher weight subalgebras. While any Aj cluster
algebra has 15 distinct X-coordinates, it has a unique Casimir element (up to in-
verse). This Casimir element can be written as a product of X coordinates in three
distinct ways corresponding, to the three seeds whose underlying quiver has the
form z; < e — y;. If we write each of these factorizations as x1/y; = x2/y2 = x3/y3

we obtain the following quantity:

ﬁg(A:a) = —(n - 1)wn($1/y1) + anfl,l(%/yia 1/5171) - wn71,1<xi/yiayi>

(3

+ (=1)"wn(1/;) + (=1)"wn(y:)
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Note that we have a quiver automorphism o that switches x; and y;. Applying o

we obtain

—(n = Dwn(y1/21) + an—m(%/xi, L/yi) — wn—11(Yi /%4, %)
+ (=1)"wn(1/ys) + (=1)"wn(z:)

We then use the depth 2 flip (Theorem 3.3.5) on the w,_1; terms and standard

inversion on the w,, terms to obtain

(n = 1)(=1)"wn(z1/91) + Z(—l)”_lwn_l’l(xi/yi, L/z;) — <_1)n_1wn—1,1<xi/yi7 Yi)

— wn(ys) = wa(l/2:)

= (‘Dn_l (—(n — Dwn(21/y1) + an—l,l(iﬁi/yi, L/w5) — wpe1,1 (/Y3 i)

)

(1) wn(y) + <—1>”wn<1/xi>)

As such LZ(A3z) behaves analogously to the A; case.
Similarly each Aj subalgebra has a unique Casimir element C5 that can be

written as a product of 3 X coordinates. There are 12 distinct factorizations that

come in 4 sets of 3 corresponding the Dynkin quiver and the two neighbors given
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by mutating at a single sink:

R P e W R
e e A R

.T —).<—Z —)0(—2’

Here the full Casimir element is C5 = aM/(xlzB) = yM/(yFalt) = 2M/(xl2]).
Furthermore, mutating at one sink preserves the A3 type Casimir corresponding to

that As. So we for each factorization we define

M 1 M 1
J(L,M,R) =wy 211 (ﬁ%’ L, M) + Wn_21,1 (m; R, M)

M

(wn—l,l ( ,L) — Wp-1,1 (f’ ) (n—1w
M 1

(wnl,l ( ,R) — Wp-1,1 (E: ) n - 1

+

o
g

) )
) )

+

N = N
D o
:u|z hIi

We apply f to every possible factorization and include a term for the full Casimir

element to obtain the following

L, (A5) = = 2(n+ 1w (Cs)

1
+Zf i wd) + gen(@h) = flu w2 ™) = flad 220
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Remark 3.4.1. The non-integer coefficients in LS (As) are necessary to easily de-
scribe the coefficients in the relation on the As cluster algebra. We can always
multiply everything described in the weight 5 discussion by 2 to have integer coeffi-

cients.

Remark 3.4.2. Since the function f(L,M,R) is defined to be symmetric under
swapping L and R it is clear that LS (As) is fized by the cluster modular group of

an As cluster algebra.

3.4.0.2 Relation on A;

Recall that we define wy(u) = du. Let x be the unique X-coordinate on an A,

cluster algebra. Then we have:
wi(z) +wi(l/z)=de+—-dz =0

This is the basic relation that we call Q;(A;).

Remark 3.4.3. In the Grassmannian we have Q1(Gr(2,4)) is:

Wy (P12P34) Fwy (p14p23>
P14D23 P12P34
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3.4.0.3 Relation on A,

We have already seen the five term relation for the dilogarithm. Using our

new language the 5 term relation in weight 2 becomes:

Q2(A2): Z ‘Cg(Al)

A1CAz

For this to be unambiguous we need to consistently choose the orientation of each
Aj. In general this can be done by picking a starting x and then using the cluster
modular group to choose all the identical z; on other Dynkin quivers. For A, we
can be more explicit since each A; is incident to a Dynkin quiver. Here we take x

from each A; such that x is X-coordinate of a source in the Dynkin quiver.

Remark 3.4.4. There is a single orbit of Ay subalgebras in Ay. Since the coefficient

of every term in the orbit is the same, we can view this relation as a single term.

Remark 3.4.5. Using Gr(2,5) as the As cluster algebra we see that Q2(Gr(2,5)) is
pldp23 n pl2p35 n pl3p4d . plbp24
w w w w
>\ p12p34 >\ p15p23 >\ pl5p34 >\ p12p45

3.4.0.4 Relation on Aj

Using our new cluster functions and knowledge of orbits to rewrite Goncharov’s
22 term relation as a sum over all the A3 and A; data in the cluster algebra. In
Gr(2,6) the map from X-coordinate to ratio of A-coordinates is injective so we refer
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to X-coordinates by the corresponding ratio of A-coordinates. There are three orbits

pl4p23 plbp23

pl2p34° pl2p35° and

of X coordinates which we refer to by a representative coordinates:

pl5p24
pl2p45°

Then the relation (3 is:

14p23 plo5p23 plop24
— rCA orc (P _9rC 9rC
0=L£5(As) +2L; p12p34 £s pi2p3s ) T Eg(p12p45)

Note that in odd weight £ (A3) is unambiguous as (—1)*~! = 1. We note under
this phrasing it is obvious the relation is fixed by the cluster modular group. See
Figure 3.2 to see the symmetry of the relation in the cluster complex. Each edge
corresponds to an X coordinate and red edges correspond the coefficient —2, while

the blue edges have coefficient 2.

p13
pld
pa6

13
bia b4
s P24
B 24
b2
1§l -

. P25

24
25
P26

Figure 3.2: The cluster symmetry of the ()3 relation.

3.4.0.5 Relation on Ay

Even more impressively the A, relation can be written a sum over all the A,

and As data where the coefficient of every term Az term is 1 and every A; term is
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0= Z L{ (As) + Z 2L (Ay)

AseAy Ar€As

Similarly to the A, case, there is a choice of “orientation” for each As that determines
the sign of each £ (A3z). From a cluster perspective each A4 Dynkin quiver has two
overlapping As Dynkin quiver only one of which matches our standard choice of
sources/sink orientation. This A3 can be considered the source and the other Aj is
the sink. Furthermore the source A3 has well defined outside/inside in the A, giving
a consistent choice of initial x1,1; in the A3. This fixes a consistent orientation of
the Casimir x1/y;.

See Appendix B.2 to see the full Q4 relation with every term written explicitly in

ratios of Pliicker coordinates.

3.4.0.6 Relation on As

Following the pattern the relation Q5 on As consists of a signed sum over all

the A3 and A; subalgebras.

LS (As)+ Y ea, L (A3) + D ca LY (A1)

Az€As A1€As5

The Aj cluster algebra has 4 orbits of A3 subalgebras with distinct Casimir elements.

We write a representative of each orbit as they appear in Gr(2, 8).

pl12p34pb6  pl3pd46p78 pl3pddp67 pl3pd6p78
pl6p23p45 pl8p34p67 pl7p34pd6 pl8p34p67
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The first two orbits appear with a coefficient of 1 and the second two appear with
a coefficient of —1. Similarly there are 10 orbits of X-coordinates/A; subalgebras.
Four orbits get coefficient 2:

pl3p4d  pldp67  pl2pb7  pl2p46
plop34  pl7pb6 pl7p25 pl6p24

The remaining orbits all have coefficient —2:

pl2p56  pl2p4d pl2pd7 pl2p34 pldpd56 pl3pdT7
pl6p25 pldp24  pl7p24  pldp23 pl6pdd pl7p3d

Remark 3.4.6. Under the full cluster modular group, the orbit of % includes
its inverse. As such it technically appears with coefficient —1. However we can use

the inversion relation in weight 5 to fix an orientation such that each term has a

coefficient of 2.

3.5 Relations on D,, Cluster Algebras

A key advantage of the cluster algebra formulation of the relations is we can
easily embed relations in larger subalgebras. These subalgebra relations can overlap
in interesting ways and thus can be combined to cancel out terms. Our first example

recovers the 40 term relation on Dy = Gr(3,6) this way.
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3.5.1 Relation on Dy

There are 12 A3 subalgebras of D, corresponding to freezing each tail of the
D4 Dynkin diagram. We label the ()3 relation corresponding to the sub-algebra
obtained by freezing a, Q3(a). Furthermore these can be separated into 3 orbits

under the action of the sources sinks path, gg. Recall that gg¢ corresponds to the

“parity map” in Gr(3,6) (Remark 1.2.19).

Theorem 3.5.1. Let a be an A-coordinate on the tail of a Dy Dynkin type quiver.
Then % Zf’zo(—l)ng(gfga) consists only of ws terms with coefficients 1. In fact this
is the 40 term relation that is fived under the full action of the Dy cluster modular
group.

Proof. The following table (Figure 3.3) shows the X coordinates in positions 1 and

3 in each Dynkin quiver in one orbit of Az subalgebras.

Freeze 125 Freeze 346 Freeze 245 Freeze 136
X X1 X X1 X X1 X X1
1 3 1 3 1 3 1 3
pl123-p345 p135-p456 p234-p156 e2x p456-p126 p246-p123 p234-pl56 e2y
p234-p135 p345-p156 e2x pl123-p456 pl156-p246 pl126-p234 e2y p123-p456
p123-p456 e2x p234-p126 p246-p156 p456-p123 ey pl56-p345 pl135-p234
e2x p234-p156 pl23-p246 p126-p456 e2y pl56-p234 p456-p135 p345-p123
p456-p125 p245-p123 pl56-p234 pl136-p234 pl123-p245 p125-p456 p234-p136 p346-p156
pl156-p245 pl125-p234 p456-p136 p346-p123 p234-p125 p245-p156 pl123-p346 p136-p456

Figure 3.3: The arguments to wo; terms in the relation on Gr(3,6).

From this table we see that all the {—, —}21 terms vanish. The second row
of each column matches the first row of the column to the right but with X; and
X3 swapped. We saw that {—, —}21 terms are fixed under this transformation and
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so cancel under the alternating signs. Similarly the third row matches two columns
to the right under the transform X; <+ X;'. This swaps the positive and negative
{—, =1}z, terms and so also these terms cancel. The Casimir term —2{X,; - X5 '}; is
identical (or the inverse which is the same) in all 4 A3 subalgebras and so also cancels

out. The {X;}3 and {X;'}3 terms cancel from the first two rows and pick up a

1+ X3
XoX3J?

coefficient of 2 from the third row. The remaining 36 terms from 2{ X5 }3, —2{
—2{%} are unique in each subalgebra. Combined with the 4 uncanceled terms
this gives 40 terms, each with a coefficient of £2 entirely in {—}3 with X coordinates

as arguments.

O

Corollary 3.5.2. The 40 term relation is fixed (up to sign) by the full cluster

modular group of Dy.

Proof. Recall that the cluster modular group of a D, cluster algebra is Zs x S3
(Figure 1.15). This can be presented from a sources sink Dynkin cluster, where the
Z, is generated by the sources sink element gg and the S3 is the symmetry group
of the D4 quiver. We defined the relation via a sum over the orbit of gs and so
gs clearly preserves the relation up to a sign. A similar computation to what was
done above shows that we obtain the same relation from the other 2 orbits of As
subalgebras (corresponding to freezing a different tail of the D). So this relation is
fixed under rotating the tails. Swapping two tails is the same as switching X; and
X3 in an A3 and so also preserves the 40 relation. Therefore the 40 term relation is

fixed under the entire cluster modular group. O

161



See Figure 3.4 to see the cluster symmetry of the relation in the cluster com-
plex. Once again we color edges blue for positive coefficients in the relation and
red for negative coefficients. The black edges correspond to X-coordinates that are
absent from the relation. Note in a4 these coefficients are £2, but can be reduced

to 1.

Figure 3.4: The relation on D, consisting entirely of ws(X) terms.

3.5.2 Relation on Dg
There is a similar result for A5 relations in Dg.

Theorem 3.5.3. Let Qs(a) be the weight 5 relation obtained from the As subalgebra
of Dg where a is frozen. Let gs be the element of cluster modular group corresponding
to the sources/sinks path and o be the element that swaps the two short tails of the
Dynkin diagram. Then ag = 3._, Qs(g5a) — Qs(gsoa) has no depth 2 terms. In

other words this is a relation with only ws and w311 terms.

Proof. This can be shown via a long but straightforward computation. The remain-

ing 12 ws terms consist of a single orbit under the cluster modular group. There are
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96 w311 terms left. See Appendix B.4 for the full list of wsy; terms If we consider
the Dg subalgebra of Gr(3,8) given by freezing p467 and p378 we can write the

X-coordinates as ratios of Pliicker and exotic coordinates?:

e2x45 e2x45
2 (w5 <) + ws () +ws <P1231'%78P368)
P128P367 P178P236 P128P136P378

Fuws <P136p234> T ws <p234p367p456 ) + ws <p368p467> )
P123P346 P236P345P467 P346P678

e2x16 e2x16 e2x26
_9 <w5 < p178> T ws < Pa67 > + ws ( P12 )
e2x36p37g P234P457P678 P123P178P458
e2x26 e2x36
Fws < P234 ) +ws ( > T ws <P458P467)>
P123P345P478 P128P457 P456P478
O

Corollary 3.5.4. The w311 terms of the Dg relation correspond to a well defined

function.

Proof. Since ag = 0, dag = 0. Furthermore dws is always 0, so the combination of
ws11 terms must also have zero differential. Therefore this combination is a closed

form and has a primitive. n

Remark 3.5.5. If we fiz one tail of Dy to be the “long tail” and compute
3
a = Qs(o'a) — Qs(o'ra)
i=0

we obtain 4 times the 40-term relation.

3See Remark 1.1.54 for an explanation of the exotic coordinate notation.
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3.5.3 Relation on Doy

Unfortunately this technique doesn’t yield any new results in Do, 1. Recall
that the cluster modular group for Doy is cyclic of order 2(2k+1) and is generated
by gs (Figure 1.15). Then o = ¢gZ*! is the automorphism of the Dynkin diagram
swapping the short tails. We decompose the group as Zoxy1 X Zo with generators

h = gso and o.

2%k
Theorem 3.5.6. The analogous sum qopy1 = Y. Qop(hia) — Qop(hica) = 0 for
i=0

k=12

Proof. 1t is a simple computation to take the corresponding sums of the A; and Ay

relations in D3 = Az and Djy respectively. O
Based on this information we make the following conjecture:

Conjecture 3.5.7. For odd n, the relation a1 = Y. Qu(c'a) — Q.(c'Ta) has no
i=0

depth 2 forms. For even n the sum a1 = 0.
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Appendix A: Dynkin Diagrams

For reference we include all the finite, affine, and doubly extended Dynkin di-
agrams. To align with the cluster algebras, we draw the non simply laced diagrams
using “fat” nodes whose weight (Figure A.1) corresponds to the number of nodes
“folded” together from the simply laced diagram. In the standard root system lan-
guage these fat nodes correspond to the shorter roots of the root system. In the
B,C | F cases the fat nodes are all weight 2. In the BC' case there are nodes of

weight 2 and 4. The G case has nodes of weight 3.

1 2 3

4
° o . .

Figure A.1: Weights of nodes in Dynkin Diagrams.
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(a) Ay

(c) Es (d) Er

(e) Es
Simply laced finite Dynkin diagrams.

(b) Dn

Figure A.2: Simply Laced Finite Dynkin Diagrams.

a) By,
0—.—0( ) o—0 0o
(b) Cn
—o—@—©0 o—.
(c) Fiy (d) Go

Folded finite Dynkin diagrams.
Figure A.3: Folded Finite Dynkin Diagrams.
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Each affine diagram can be formed by adding a single node to the correspond-
ing finite diagram. In figures A.4, A.5, A.6 the nodes that could be the extension

are colored red.

(a) Ay (b) Dn
N (d) Er
(c) Eg
(e) EB

Figure A.4: Simply laced Affine Dynkin diagrams.

(a) En
—0 0 O @0 o—o—o— @0 O
(b) én (c) ﬁ4
o—o—.
(d) Ga

Figure A.5: Folded Affine Dynkin diagrams.
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e et

) Twisted C
.—0—0 oo o (O

(b) Twisted B{?

(c) Twisted BctY

o0 0 o e 0
(d) Twisted F4(2) (e) Twisted G§3)

Twisted Affine Dynkin diagrams.
Figure A.6: Twisted Affine Dynkin Diagrams.
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Similarly each double extended diagram can be formed by adding two nodes
to a finite diagram or one node to the affine diagram. Each red node in figures A.7,

A.8 is a possible extension of the corresponding affine Dynkin diagram.

AN XX

11 (1,1)
(a) ALY (

a) b) 1?4
(c) BSVY () B

() By
Simply laced doubly extended Dynkin diagrams.

Figure A.7: Simply Laced Doubly Extended Dynkin Diagrams.
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(a) BV (b) B;Q’l) (c) BCYL 1)
M ‘4&
(@ c5* (¢) BOS™ (t) BOW
4“:.
(e) G4 (n) £
.ZIL R
(§) F{*?

% MC}\
®
®

(k) G5V ) F*Y
Folded doubly extended Dynkin diagrams.

Figure A.8: Folded Doubly Extended Dynkin Diagrams.
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Appendix B: Full Cluster Relations

B.1 @3 Relation on Gr(2,6)

P12P34Ps6 P14Po23 P12P34Ps6 P16Pas P12P34P56 P23P4s
— Wa1 + wa1 + wa1
p16p23p45 P12P34 p16P23P45 P14Ps6 p16p23p45 P25P34

(P12p34p56 p16p25) (p12p34p56 P16P23) <P12p34p56 p36p45)
— Wo1 —+ wa1 — Wa1 )
P16P23P45 P12Ps6 P16P23P45 P12P3s P16P23P45 P34Ps6

— % (p12P34p56)
P16P23P4s5
19 <w3 (P15P24) Fws (P13P46) T ws (P26P35>)
P12P4s5 P16P34 P23Ps6
_9 <w3 <P15p23) ( 12P46> ( 131345)
P12P35 P16P24 P15P34
s <p16p35) +w <P26p34) Tw (p24p56>)
P13Ps6 P23Pag P26P4s5
19 <w3 (P14p23) Fws (p12p36> + ws (p16P25>
P12P34 P16P23 P12Ps6
Fuws (P14p56) +ws (p25P34) T ws (p36p45>)
P16P4s5 P23P4s P34Ps56
1 (wg <p14p23) Fws (p16p23> T ws (P16p25) + ws <P16P45)
P12P34 P12P3s6 P12Ps6 P14Ps6

s <p23P45) +ws (P36P45 ) >
Pa5Ps4 P34Ps6
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B.2 @, Relation on Gr(2,7)

Recall the cluster modular group of Gr(2, 7) is Z; generated by mutating all the
sources in the Dynkin quiver. In Section 1.2.6 that this corresponds to automorphism
of Gr(2,7) give by rotating the indices of Pliicker coordinates modulo 7.!. The sum
of the orbit of following combination of multiple polylogarithm forms under this

action is trivial:

24 <p12P34> + 2w, <p15P23> + 2w, <p12P36> + 2w, <p12p45> <p12p45
P14P23 P12P35 P16P23 P15P24 P15P24
oy <P14p23> T wy <p12p35> + wy <p15p24> + wy <p16p23> 3w <p12p341056
P12P34 P15P23 P12P45 P12P36 P16P23P45

—way (P12P34p56 P14P23> +ws <P12P34P56 P23P45> — way <P12P34p56 P36P45>

P16P23P45 P12P34 P16P23p45’P25P34 P16P23P45 P34Ps56

<p12P34p56 p16P45> <P12P34p56 P16P25> <P12P34p56 P16P23
w31 ) — w31 + w31
P16P23P45 P14Ps6

P16P23P45 ’ P12Ps6 P16P23P45 P12P36

B.3 @5 Relation on Gr(2,8)

As in Gr(2,7) we recall the cluster modular group of Gr(2,8) is Zg generated
by rotating the indices of Pliicker coordinates modulo 8. To simplify the expression

of Q)5 we only give representatives of each orbit.

'pij = p(i+1)(j +1)
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The contributions of A; subalgebras of Gr(2,8) to @5 are
9 (w5 <P12p35) +ws (P12P46> T ws <p17p23) Fws (P13p47)>
P15P23 P16P24 P12P37 P17P34
_9 (w5 <P12p34) T ws (p15p24) Fws (P16p23) Fws (P16p25) +ws (p16p34>)
P14P23 P12P45 P12P36 P12Ps6 P13P46
s <p17p35)
P13Ps7

To write down the contributions of £ (A43) terms, we first gather the A3 subalgebras

into 4 orbits under Zg based on their Casimir element. Despite the fact that £ (A3)
has Az symmetry, if we add all the terms in a Casimir orbit we can write the result

as a sum of Zg orbits. The contributions of the orbit of % are:
12P34 P56

(P16p23p45 P12p34) (p16p23P45 p12P56) <p16P23p45 P12p36)
— W41 — W41 s + wa1 )
P12P34Ps6 P14P23 P12P34Pss  Pi16P25 P12P34Ps56 Pi6P23

P16P23P45s P14Ps6 P16P23P45 PosP34 P16P23P45 DP34Ps6
+ w4y ) + wa ; — W41 ;
P12P34Ps6 Pi16P45 P12P34Ps6 P23Pa5 P12P34P56 P36Pas

+ duws <p16P23P45> + 3ws (p12p34> + 2ws (p12p36> + 2ws <P12p56)
P12P34Ps6 P14P23 P16P23 P16P2s

The contributions of the orbit of 21rP2sPic 46
P12P34P67

P17P23P4s P12P34 P17P23P46¢ P14Ps7 P17P23P4¢ P26P34
— W41 ) + w41 ; + w41 )
P12P34Ps7 P14P23 P12P34Ps7 P17P4s P12P34Pe7 P23P4s

P17P23P4s P12Ps7 P17P23P46 P12P37 P17P23P4s P34Ps7
— W +w4 — Wy )
p12p34p67 P17P26 p12p34p67 P17P23 P12P34P67 P37P4s

+ duws (P17p24p56> + 2ws (p12P67> T ws <P14p67>
P12P45P¢7 P17P26 P17P46

¥ ws (p12p34> T ws (P12p37) + ws (p26p34)
P14P23 P17P23 P23P4s
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The contributions of the orbit of % are:
12P34 P57

P17P23P45 P12P34 P17P23P45 P14Ps7 P17P23P45 DP25P34
+ wy1 — W41 y — W41 )
P12P34P57 P14P23 P12P34Ps57 P17P45 P12P34P57 P23P4s

P17P23P45 P12Ps7 P17P23P45 P12P37 P17P23P45 DP34Ps57
+ wa1 ) — W41 ) + w41 )
P12P34P57 P17P2s P12P34P57 P17P23 P12P34P57 P37P4s

s (M) 2 (P12P34) . (p12p35)
P12P34Ps57 P14P23 P15P23

— s (pl6p24> — ws <p12p37) — ws (p12p57>
P12P46 P17P23 P17P25

We have to be more careful with 21223567 qg PirPasPsc annearg in the orbit. As we do
P17P23Ps6 P12P35P67

not wish to double count any As we only apply r°, 7!, 72,73 to the following:

p12P35P67 P15P23 P12P35P67 P17Ps6 P12p35pﬁ7 P23Ps6
— W41 +CL)4 +(.U4
p17P23P56 P12P3s P17P23P56 P15Pe7 p17p23p56 P26P3s

P12P35Ps7 P17P2s P12P35P67 P17P23 P12P35P¢7
— W41 ; + wa ; —dws | ———
P17P23Ps6 P12Pe7 P17P23Pss P12P37 P17P23Ps6

However the “half orbits” of the remaining ws (z) terms can be assembled into 3

“full orbits”

~ s (p15p23> — we <P15P24) — ws (P17P23)
P12P35 P12Pss P12P37
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Finally we include the terms from £ (As). The full A5 Casimir is fixed up to inverse

by Zg and so appears as

P18P23P45Ps7 P12P34P56P7s
_6("]5 - | — 6w5 —_—
P12P34P56P7s P18P23P45P¢7

Once again these come in orbits under Zsg:

P12P34P56P78 P18p23 P3gPar

o <p18p23p47 p34p78> L (p18p23p47 p12p38)>
2 P12P34P78 P3gP47 2 P12P34P78 P1s8P23

i <w31 (P18P23P45P67 P12P3s8 P34P78>

_ <w311 (p18p23p45p67 P12P34 p14p78>
P12P34P56P78  P14Pa3 P1sPar

+} <p18p23p47 p14p78> } <p18p23p47 p12p34>>
w41 ) — w4 )
P12P34P78 P1gPa47 2 P12P34P78 P14P23

2
< <P18P23p45P67 P12P3s P34P58>
— | w311

P12P34P56P78 P18p23 P3sP4s

+} (p18P23P45 p12P38> _} <P18P23P45 P34P58>)
w41 ) w41 )
2 P12P34P58 P1gP23 2 P12P34P58 P3sP4s5

1 1
— % <P18P23P47> — s <P12P34) — s <P27P36>
P12P34P78 2 P14P23 2 P23P67

B.4 a4 Relation on Dy

We give the terms in «ag for the Dg subalgebra of Gr(3,8) given by freezing

p467 and p378.
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The ws terms are:

e2x45 e2x45
9 <w5 ( ) Fws < ) T ws (p123p178P368>
P128P367 P178P236 P128P136P378
s <P136P234> + ws <P234P367P456> + ws (p368p467>>
P123P346 P236P345P467 P346Pe78
e2x16 e2x16 e2x26
_9 (w5 ( p178> T ws < P67 > +ws ( P12 )
e2x36p37g P234P457P678 P123P178P458
e2x26 e2x36
Fuws ( P234 > T ws < > Fws <p458p467>>
P123P345P478 P128P457 P456P478

The remaining 96 w311 terms in a4 are presented below. They are grouped by the last
argument, which is the middle X-Coordinates of the corresponding As subalgebra.
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Note that like in the ay case every coefficient is £2.

, ;
P128P345P467  €2X28P234  P137P4s6

P178P234P456 Pi12sP137  €2x28 P178P234P456 P123P345P467  ©2x28
— 2w311 , s — 2w311
P128P345P467 P123P178 P137P4s56

P128P345P467 P123P178 P137P456> + 2w311 <P128P345P467 €2x28pg3q P137P456>

+ 2w311 < s ,
P178P234P456 P128P137  €2x28

, ,
P178P234P456 P123P345P467  ©2Xx28

P178P234P456 Pi128P137  ©2x26p4e7 >+2w311 <P178P234P456 P123P345P478  ©2X26pyg7 >

+ 2w311 ( s ,
P128P345P467 P123P178 P137P456P478

P128P345P467  ©2X206P234  P137P456P47s

P128P345P467 P123P178 P137P456P478 P128P345P467 €2x26po34 P137P456P478
— 2w311 — 2w311

, ; , ;
P178P234P456 P128P137  ©2x26p4e7 P178P234P456 P123P345P4a7s  ©2x26p4e7

P178P234P456  ©2X56  e2x35pgys P178P234P456 P128P467 ©2X35P345
— 2w311 — 2w311

, ; , ,
P128P345P467 P178P234 ©2X56pys56 P128P345P467  ©2Xx35  €2x56pys56

P128P345P467 P178P234 92x56P456> T 2wan1 <P128P345P467 €2x35 e2x56p456>

+ 2w311 ’ ’
P178P234Pase  ©€2x56  e2x35pgzys5

) ,
P178P234P456 P128Pae7 ©2X35P345

P178P234P456 e2x56 P128P345P478 P178P234P456 P458P467 P128P345P478
+ 2w311 s ) + 2ws11 s )
P128P345P467 P178P234  ©2x56pysg P128P345P467 Pas6Pars  €2x56pysg

> ,
P178P234P456 PasgP467 P128P345P478

w11 <P128P345p467 P178P234  ©€2x56pysg ) 2ws11 <P128P345P467 PasePa7g  ©2x56pys5g >
_ , , _
P178P234P456  ©2X56  D12gP3a5Pars

P178P234P456  ©2x45  e2x35pa36P345 P178P234P456 P128P467 ©2%35P236P345
+ 2w311 + 2w311

P128P345P467 P178P236 ©2X45P234P456 P128P345P467  €2x35  e2x45po34Pyse

P128P345P467 Pi178P236 ©2x45P234P4s56 P128P345P467  ©2x35  e2x45po34P456
—2ws11 — 2w311

; ; , ,
P178P234Pa56  ©2x45  e2x35py36P3as5 P178P234P456 P128Pa67 ©2X35P236P345

P178P234P456 P128P367 €2x28e2x45 )+2w <P178P234P456 P123P345P467 €2x28e2x45 )
311

+ 2w311 , )
P128P345P467  ©2x28pg34  P123P178P367P456

; ,
P128P345P467  ©2X45  P123P178P367P456

o <P128P345P467 e2x45 P123P178P367P456> 2ws11 <P128P345P467 €2x28pg3q P123P178P307P456>
— 2w31 , , - , ,
P178P234P456 P128P367 e2x28e2x45 P178P234P456 P123P345P467 e2x28e2x45

P178P234P456 P128P378 P238P367 P178P234P456 P236P345P467 P238P367
+ 2w311 + 2w311

> , , ,
P128P345P467 P178P238 P236P378 P128P345P467 P234P367P456 P236P378

P128P345P467 P178P238 P236P378 P128P345P467 P234P367P456 P236P378
— 2w311 — 2w311

, s > ,
P178P234P456 P128P378 P238P367 P178P234P456 P236P345P467 P238P367

P128P345P467 P234P4sePe7s  ©2x17pgrg

2w < P178P234P456 P128P378 P238P345P67s > 2ws11 ( P178P234P456  ©2X17Psg7  P238P345P678 )
— 2w311 , , -
P128P345P467 P178P23s  €2x17p37g

P128P345P467 P178P238 e2x17p37g P128P345P467 P234P456P678 €2x17p37g
+ 2w311 + 2w311

, , ; ,
P178P234P456 P128P378 P238P345P678 P178P234P456  ©2X17Psg7  P238P345P678

T 2ws11 (P178P234P4567 ©2x26p; 28 7 P123p345P458p678) + 2ws11 (P178P234p456’ e2x17pyg7 ) P123P345p45spe7s>
P128P345P467 P123P178P458 €2x17e2x26 P128P345P467 P234P456P678 €2x17e2x26
— 2ws11 <9128P345P467 i P123P178P458 ) e2x17e2x26 > ~ 20311 <P128P345p467 i P234P456P678 i e2x17e2x26 >
P178P234P456  ©2X26p128  P123P345P458P678 P178P234P456  ©2X17Pug7  P123P345P458P678

P128P378P467 P123P178 P137P345P678 P128P378P467 ©2x28po34 P137P345P678
— 2w311 — 2w311

, , , ,
P178P234P678 P128P137  ©2X28p37g P178P234P678 P123P345P467  ©2X28pgrg

P178P234P67s P12s8P137  ©2x28p3rg )+2w311 <P178P234P678 P123P345P467  ©2x28p37g )

+ 2w3z11 ( » >
P128P378P467  ©2X28P23s  P137P345P67s

> >
P128P378P467 P123P178 P137P345P678

P128P378P467 P123P178 P137P346P678 P128P378P467 P136P234 P137P346P678
+ 2ws11 s , + 2w311 s )
P178P234P678 P128P137 P136P378P467 P178P234P678 P123P346 P136P378P467

P178P234P678 P128P137 P136P378P467 P178P234P678 P123P346 P136P378P467
— 2w311 — 2w311

, > > ,
P128P378P467 P123P178 P137P346P678 P128P378P467 P136P234 P137P346P678

P128P378P467 P17sP234  €2x56p3es >+2w311 (P1289378P467 P346Pe7s  ©2x56pP36s )

+ 2w311 ( > )
P178P234P67s  ©2X56  P123P346P378

> ,
P178P234P678 P368P467 P128P346P378

P178P234P678 €2x56 P128P346P378 P178P234P678 P368P467 P128P346P378
— 2w311 — 2w311

P128P378P467 Pi178P234  ©2X56p3es P128P378P467 P346Pe7s  €2x506p36s
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2 (P128P378P467 P178P234 ©2x56Pgrg ) 20311 <P128P378P467 e2x35  e2x56pgrg )
— 2w311 , , - , ,
P178P234Pe7s  ©2x56  e2x35p3rg P178P234P678 P128Pas7 ©2X35p37g
42w P178P234Pg7s  €2x56  e2x35pgrg ) 120 <P178P234P678 P128P467 ©2X35p37g >
311 ) ) 311 ) ,
P128P378P467 P178P234 ©2x56pgrg P128P378P467  ©2x35  e2x56pgrg
T 20 P128P378P467 ©2x16p173 €2x36p234Pe7s 4 2wgyy [ P128P78P46T e2x35  e2x36p34P67s )
311 , ; , ;
P178P234P67s  ©€2x36p37g €2x16e2x35 P178P234P678 P128P467 e2x16e2x35
P178P234Ps78 ©2x306pgrg  e2x16e2x35 P178P234P678 P128Pas7  €2x16e2x35
— 2w311 , s — 2w311 > ,
P128P378P467 ©2x16p17g €2x36p234P67s P128P378P467  €2x35  €2x36pa34Pers
2w <P128P378P467 Pi7sP2gs  €2x17 ) 2ws11 <P128P378P467 P234P456Pe7s  €2x17 >
— 2w311 ) , - , ,
P178P234P678 P128P378 P238P456 P178P234P678 e2x17pyg7 P238P456
P178P234P678 P128P378 P238P456 P178P234P678 e2x17p467 P238P456
+ 2w311 s 5 + 2w311 ) >
P128P378P467 Pi178P23g  €2x17 P128P378P467 P234PasePe7s  ©2X17
P128P378P467 P178P23g  ©2x16 P128P378P467 P234P457Pe78  ©2x16
+ 2w311 > ) + 2w311 > )
P178P234P678 P128P378 P23sPas7 P178P234P67s  ©2X16psg7  P23sPas7
2 P178P234P678 P128P378 P238P457 > w311 <P17s P234Pe7s  ©2X16P4e7  Pa3sPast )
— 2ws311 ) , - , ;
P128P378P467 Pi78P23s  ¢2x16 P128P378P467 P234Pas7Pe78  ©2x16
T 20 <P128P378P467 P123P178P36s  ©2X17P136 ) 4 2ws1s <P128P378P467 P234P456Pe78 _ ©2X17P136 )
311 , , , s
P178P234P678 P128P136P378 P123P368P456 P178P234P67s  €2X17Psg7  P123P368P456
2w <P178P234P678 P128P136P378 P123P368P456 ) 2ws11 (P178P234P678 e2x17pyg7 P123P368P456 )
— 2w311 ; , - , ,
P128P378P467 P123P178P36s  ©2x17p136 P128P378P467 P234P456P678  €2X17P136
12w P128P378P467  ©2X36  D123P178P345P457P678 > 120 <9128P378P467 ©2x28pp34  P123P178P345P457P678 )
311 ] ) 311 ) il
P178P234P678 P128P457 €2x28e2x36p37g P178P234P678 P123P345P467 €2x28e2x36pg7g
2w P178P234P678 P128P457 €2x28e2x36p37g > w311 <P178P234P578 P123P345P467 €2x28e2x36p37s )
— 2w311 , , - , ,
P128P378P467  ©€2x36  P123P178P345P457P67s P128P378P467  ©2X28P234  P123P178P345P457P678
20 (P178P234P456 €2x26p1og P458P467 ) 2w311 <P178P234P456 P123P345P478 PassPas7 )
— 2w311 , ; - ; ,
P128P345P467 P123P178P458 P456P478 P128P345P467 €2x26po34 Pas6Pavs
2w P178P234P456  ©2X26p12g  P123P345P47s > w311 <Pl78 P234P456 Pa58P467 P123P345P478 )
- 311 ’ ) - 3 ) ]
P128P345P467 P123P178Pa5s  ©2X26pa3y P128P345P467 PasePars  ©2X206po3y
2w P178P234P456 Pas5sPae7  ©2X26piog > 2ws1s <P178P234P455 P123P345P478  ©2X26pigg )
— 2w311 , , - , s
P128P345P467 Pa56P478 P123P178P458 P128P345P467  ©2X26P234  P123P178P4s58
P128P345P467 P178P23e¢  ©2x45 P128P345P467 P234P367Pa56  ©2x45
+ 2w311 > ) + 2w311 > )
P178P234P456  ©2X45  P12sP3e7 P178P234P456 P236P345P467 P128P367
+ 2w <P123P345P467 P178P236 P234P367P456 > T 2ws11 <P1289345P467 e2x45 P234P367P456 >
311 ) ) B ’ )
P178P234P456 e2x45 P236P345P467 P178P234P4a56 P128P367 P236P345P467
P128P345P467  ©2X45  DP175P236 P128P345P467 P234P367P456 P178P236
+ 2w311 > s + 2ws11 ) ,
P178P234P456 P128P3e7  ©2x45 P178P234P456 P236P345Pa67  ©2Xx45
2w (P128p378p467 e2x16py7g  €2x36 ) w11 (P128p378p467 P234P457Pe78  ©€2x36 >
— 2w311 , , - , ;
P178P234P678 ©2x36P378 P128P4s7 P178P234P67s  ©2X16pse7  P12sPas7
2w P128P378P467 ©€2X16DP178 P234P457P678 ) 2ws11 <P12sps78 Pag7  ©2x36  DP234Pa57P678 )
— 2w311 , - , : — 2wz , )
P178P234P67s ©2x306p37s  €2x16pyg7 P178P234P678 P128Pas7  €2x16pyg7
2w P128P378P467  ©2x36  e2x16p;7g ) 2wsi1 <P128p378p467 P234P457P678  ©2x16pq7g >
— 2w311 , , - , ,
P178P234P678 P128Pas7 ©2Xx36p37g P178P234P678  ©2X16psg7  €2x36pz7g
P178P234P678 P123P346 P128P136P378 P178P234P678 P368P467 P128P136P378
+ 2w311 > ) + 2w311 > )
P128P378P467 P136P234 P123P178P368 P128P378P467 P346P678 P123P178P368
P178P234P678 P123P346 P368P467 P178P234P678 P128P136P378 P368P467
+ 2w311 , ) + 2w311 s )
P128P378P467 P136P234 P346P678 P128P378P467 P123P178P368 P346P678
P178P234P678 P128P136P378 P123P346 P178P234P678 P368P467 P123P346
+ 2w311 > s + 2w311 s ,
P128P378P467 P123P178P368 P136P234 P128P378P467 P346P678 P136P234
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