ariable gadget. Incoming edges from ro ot,

outgoing edges to clause v ertices.

Ro ot

Ro ot

+

+

�

�

+

�

+

�

+

+

�

�

Edges in SCSS for v ariable=TR UE.

Fig. 7.

ariable gadget for NP-har dness pr o of.

sev en. Let G ha v e m edges and n v ertices.

e construct a digraph D with 2m + 1

v ertices and no cycle longer than 17. An y v ertex co v er of G of size s will yield an

SCSS in D of size 2m + s, and vice v ersa.

e then sho w that, since G has O (n) edges,

this yields an L-reduction (i.e., an appro ximation-preserving reduction [19]).

7.2.1. The construction of D . Applying Vizing’s theorem [23], color the edges

of G in p olynomial time with at most eigh t colors so that no t w o edges inciden t to

a v ertex share the same color. Let the colors of the edges b e c hosen from the set

f1; 2; :::; 8g.

The construction b egins with a sp ecial \ro ot" v ertex r in D .

v

+ u

�

v

+ u

+ x

u

+

v

�

y

Fig. 8. A c over-testing c omp one nt.

As the construction pro ceeds, eac h v ertex in G will ha v e a \curren t v ertex" in

D , initially the ro ot v ertex.

e pro cess edges in eac h color class starting with color

1.

or eac h edge (u; v ), add a \co v er-testing gadget" to D , as illustrated in Fig. 8.

Sp

, add t w o new v ertices x and y . Add t w o edges in to x: the �rst, lab eled

u

+

, from the curren t v ertex of u; the second, lab eled u

�

, from y .

w o

edges in to y : the �rst, lab eled v

+

, from the curren t v ertex of v ; the second, lab eled

v

�

, from x. Mak e y the new curren t v ertex of u; mak e x the new curren t v ertex of

v .

, after all edges of G ha v e b een considered, for eac h v ertex v in G, add an

Graph G

After tra v ersing edge (7,6) After tra v ersing edge (6,8) Edges in C

After tra v ersing edge (3,1)

After tra v ersing edge (6,4)

8

7

6

5

1

2

3

4

8

7

6

5

1

2

3

4

8

7

6

5

1

2

3

4

4

3

2

1

5

6

7

8

8

7

6

5

1

3

4

2

8

7

6

5

1

2

3

4

Fig. 6. Example to lustr ate exe cution of algorithm.

SCSS. The edges out of the gadget are alternately lab eled + and �.

or ev ery clause

with a p ositiv e instance of the v ariable, one of the + edges go es to the clause v ertex.

ery clause with a negativ e instance of the v ariable, one of the � edges go es to

the clause v ertex. Unassigned + and � edges go to the ro ot. (The gadget is easily

enlarged to allo w an y n um b er of o ccurrences.)

The k ey prop ert y of the gadget is that if ev ery (non-ro ot) v ertex has out-degree

one in some SCSS, then either all of the coun ter-clo c kwise edges are in the SCSS

(corresp onding to the v ariable b eing true) or all of the clo c kwise edges are in the

SCSS (corresp onding to the v ariable b eing false). Th us, giv en an y SCSS of d + n � 1

edges, where d is the outdegree of the ro ot and n is the n um b er of v ertices in the

digraph constructed, it is easy to construct a satisfying assignmen t for F . Con v

,

giv en an y satisfying assignmen t for F , is is easy to construct an SCSS of size d + n � 1.

7.2. MAX SNP-hardness of SCSS

17

. Next w e consider the MAX SNP-hardness

of the problem.

o pro v e this w e do a reduction from the v ertex-co ver problem in

b ounded-degree graphs to the SCSS problem. Since the pro of closely follo ws the re-

duction from v ertex co v er to Hamiltonian circuits (see [8]), it is suggested that the

reader study this reduction b efore reading this subsection. It is kno wn that the prob-

lem of �nding a minim um v ertex co v er is MAX SNP-hard in graphs whose maxim um

degree is b ounded b y sev en [19].

Let G b e a connected, undirected graph whose maxim um degree is b ounded b y

11

Contra ct-Cycle(w ) |

1 while (to-activ e [Find(w )] 6= curren t ) do

2 if (to-activ e [Find(w )] = nil) then | Go up towar ds l. c. a. along r everse e dges. |

3 (c; p) to-ro ot[Find(w )]

4 a to-activ e [Find(p)]

5 else | Go down fr om l. c. a. along active p ath. |

6 (p; c) to-activ e [Find(w )]

7 a to-activ e [Find(c)]

| Contr act p ar ent p and child c. |

8 f from-ro ot[Find(p)]

9 t to-ro ot[Find(p)]

10 Union(p; c)

11 to-activ e[Find(w )] a

12 from-ro ot[Find(w )] f

13 to-ro ot[Find(w )] t

Fig. 5. Subr outine Contra ct-Cycle

Since this edge creates a 3-cycle (2; 3); (3; 4); (4; 2) in G

0

=S it con tracts the cycle. Next

it tra v erses the rev erse edge (3; 1), but do es not con tract it since it forms only a 2-

cycle in the con tracted graph. Con tin uing the DFS, it visits v ertices 5 and 6. When it

tra v erses the edge (6; 4), it disco v ers and con tracts the cycle (3; 1); (1; 5); (5; 6); (6; 4).

Next it visits v ertices 7 and 8, tra v ersing the rev erse edges (8; 7) and (7; 6).

ra v ers -

ing the edge (6; 8), it disco v ers and con tracts the 3-cycle (8; 7); (7; 6); (6; 8). In this

example, no 2-cycles remain, so it returns just the con tracted edges.

7. P oten tial Impro v emen t of Contra ct-Cycles

k

. A natural mo di�cation

to Contra ct-Cycles

k w ould b e to stop when the con tracted graph has no cycles

of length more than some c and someho w solv e the remaining problem

.or instance, for c = 3, b y follo wing the pro of of Theorem 4.1, one can sho w that

this w ould impro v e the p erformance guaran tee of Contra ct-Cycles

k to c

k

� 1=36

(for k � 4), matc hing the lo w er b ound in able 1. (The lo w er b ound giv en holds for

the mo di�ed algorithm.)

This leads us to consider the minim um SCSS

c problem | the minim um SCSS

problem restricted to graphs with cycle length b ounded b y c. The follo wing theorem

is sho wn in [14].

Theorem 7.1. Ther e is a p olynomial-time algorithm for the SCSS

3 pr oblem.

e mak e no conjecture concerning the SCCS

4 problem. Ho w ev er , w e next sho w

that the SCCS

5 problem is NP-hard, and that the SCSS

17 problem is MAX SNP-hard.

7.1. NP-hardness of SCSS

5

.

e pro v e the follo wing theorem.

Theorem 7.2. The minimum SCSS

5 pr oblem is NP-har d.

Pr o of. The pro of is b y a reduction from

T [8]. Fix an arbitrary CNF form ula

F .

e will build a ro oted digraph suc h that an y SCSS con tains all the edges out of

the ro ot (d of them) and suc h that F is satis�able i� there exists an SCSS E

0

in whic h

eac h of the remaining n � 1 non-ro ot v ertices has out-degree equal to one. Th us the

form ula will b e satis�able if and only if there is an SCSS with n � 1 + d edges.

The graph has a �xed ro ot v ertex r and a v ertex for eac h clause in F (these

v ertices are not sho wn in Fig. 7). Eac h clause v ertex has a return edge to the ro ot.

or eac h v ariable in F , the graph has an instance of the gadget illustrated in Fig. 7.

The edges in to the gadget come from the ro ot. Eac h suc h edge is presen t in an y

10

The data structures represen ting the branc hing, rev erse edges, and the activ e

paths, resp ectiv ely are:

from-ro ot

[W ]:

or eac h branc hing edge (U; W ) in G

0

, from-ro ot[W ] = (u; w )

for some (u; w ) 2 (U � W ) \ .

to-ro ot

[U ]:

h rev erse edge (U; W ) in G

0

, to-ro ot[U ] = (u; w ) for some

(u; w ) 2 (U � W ) \ .

to-activ e[U ]:

h v ertex U on the \activ e path" in G

0

, to-activ e [U ] =

(u; w ) where (u; w ) 2 (U � W ) \ E and W is the c hild of U for whic h the

recursiv e DFS call is curren tly executing, unless no recursiv e DFS is executing,

in whic h case to-activ e [U ] = curren t.

or all other v ertices, to-activ e [U ] = nil.

Pseudo-co de for the algorithm is giv en in Figures 4 and 5.

Contra ct-Cycles

3

(G = (; )) |

Pseudo-c o de.

1 S fg

2 Cho ose r 2 V .

3 DFS (r )

4 Add 2-cycles remaining in G

0

=S to .

5 return S

DFS(u) |

1 to-activ e [Find(u)] curren t

2 for eac h v ertex w adjacen t to u | tr averse e dge (u; w ) |

3 if (w is not y et visited) | new vertex |

4 Make-Set (w )

5 to-activ e [Find(u)] from-ro ot[Find(w )] (u; w )

6 DFS(w )

7 to-activ e [Find(u)] curren t

8 else | e dge cr e ates cycle in G

0

=S |

9 if (Find(u) 6= Find(w )) | cycle length at le ast 2 |

10 (x; y ) from-ro ot[Find(u)]

11 if (Find(x) = Find(w )) | length two cycle thr ough p ar ent, U � W � U |

12 to-ro ot[Find(u)] (u; w ) | r e c or d e dge to p ar ent |

13 else

14 (x; y ) from-ro ot[Find(w )]

15 if (Find(x) 6= Find(u)) | not a forwar d e dge to child; length of cycle � 3 |

16 Contra ct-Cycle (w )

17 S S [ f(u; w )g

18 to-activ e [Find(u)] nil

Fig. 4. Pr actic a l implementation of Contra ct-Cycles

3

By the preceding discussion, the algorithm implemen ts Contra ct-Cycles

3

. It

is straigh tforw ard to sho w that it runs in O (m�(m; n)) time. Hence, w e ha v e the

follo wing theorem.

Theorem 6.2. Ther e is an O (m�(m; n))-time appr oximation algorithm for the

minimum SCSS pr oblem achieving a p erformanc e guar ante e of 1:75 on an m-e dge,

n-vertex gr aph. Here �(m; n) is the in v erse-Acker mann function asso ciated with the

union-�nd data structure [22].

Example to lustr ate A lgorithm. In the example in Fig. 6, the algorithm b egins

the DFS from v ertex 1. It visits v ertices 2,3,4 and then tra v erses the rev erse edge (4; 2).

9 in v arian t is also main tained.

activ e activ e ro ot

inactiv e

W

activ e

U inactiv e inactiv e

inactiv e

Fig. 3. Contr acte d gr aph G

0

.

When the DFS tr averses an e dge (u; w ) and w is alr e ady visite d:

If U = W or the edge (U; W ) already exists in G

0

, then no cycle is created, G

0

=S

is unc hanged, and the in v arian t is clearly main tained. Otherwise, the edge (u; w ) is

added to G

0

and a cycle with the simple structure illustrated in Fig. 3 is created in

G

0

. The cycle consists of the edge (U; W ), follo w ed b y the (p ossibly empt y) path

of rev erse edges from W to the lo w est-common-ancestor (lca) of U and W , follo w ed

b y the (p ossibly empt y) path of branc hing edges from lca(U; W ) to U . Addition of

(U; W ) to G

0

=S and con traction of this cycle (in case it is a long cycle) main tains part

(i) of the in v arian t. If the \activ e path" is c hanged, it is only b ecause part of it is

con tracted, so part (ii) of the in v arian t is main tained.

When the DFS �nishes visiting a vertex w :

No edge is added and no cycle is con tracted, so part (i) is clearly main tained. Let

u b e the new curren t v ertex, i.e., w ’s paren t in the DFS tree. If U = W , then part (ii)

is clearly main tained. Otherwise, consider the set D of descendan ts of w in the DFS

tree. Since the original graph is strongly connected, some edge (x; y ) in the original

graph go es from the set D to its complemen t V � D . All v ertices in D ha v e b een

visited, so (x; y ) is in G

0

. By part (i) of the in v arian t, the v ertex in G

0

=S con taining

x m ust b e W , while the v ertex in G

0

=S con taining y m ust b e U . Otherwise the edge

corresp onding to (x; y ) in G

0

=S w ould create a long cycle.

The algorithm main tains the con tracted graph G

0

=S using a union-�nd data struc-

ture [22] to represen t the v ertices in the standard w a y and using three data structures

to main tain the branc hing, the rev erse edges disco v ered so far, and the \activ e path".

When a cycle arises in G

0

, it m ust b e of the form describ ed in the pro of of Lemma

6.1 and illustrated in Fig. 3. Using these data structures, the algorithm disco v ers it

and, if it is long, con tracts it in a n um b er of union-�nd op erations prop ortional to the

length of the cycle. This yields an O (m�(m; n))-time algorithm.

The v ertices of G

0

=S are represen te d in union-�nd sets as follo ws:

Make-Set (v ): Adds the set fv g corresp onding to the new v ertex of G

0

.

Find(v ): Returns the set in G

0

=S that con tains v ertex v .

Union(u; v ): Joins in to a single set the t w o sets corresp onding to the v ertices in

G

0

=S con taining G

0

’s v ertices u and v .

8

Edges returned b y 2-Exc hange

Edges not used b y 2-Exc hange

Fig. 2. Worst-c ase example for 2-Ex change .

simple path P of k � 1 edges, c hec k whether a path from the head of P to the tail

exists after P ’s in ternal v ertices are remo v ed from the graph. If k is ev en, there are

at most m k =2

suc h paths; if k is o dd, the n um b er is at most n m

(k �1)=2

. It tak es

O (m) time to decide if there is a path from the head of P to the tail of P .

or the

�rst iteration of the for lo op, w e ma y ha v e O (n) iterations of the while lo op. Since

the �rst iteration is the most time consuming, the algorithm can b e implemen ted in

O (n m

1+k =2

) time for ev en k and O (n

2

m

(k +1)=2

) time for o dd k .

6.1. A practical implemen tation yielding 1:75. Next w e giv e a practical,

near linear-time implemen tation of Contra ct-Cycles

3

. The p erformance guaran tee

ac hiev ed is c

3

= 1:75. Contra ct-Cycles

3 consists of t w o phases: (1) rep eatedly

�nding and con tracting cycles of three or more edges (called long cycles), un til no

suc h cycles exist, and then (2) con tracting the remaining 2-cycles.

High-level description of the algorithm.

o p erform Phase (1), the algorithm do es

a depth-�rst searc h (DFS) of the graph from an arbitrary ro ot. During the searc h,

the algorithm iden ti�es edges for con traction b y adding them to a set . A t an y p oin t

in the searc h, G

0

denotes the subgraph of edges and v ertices tra v ersed so far. The

rule for adding edges to S is as follo ws: when a new edge is tra v ersed, if the new edge

creates a long cycle in G

0

, the algorithm adds the edges of the cycle to . The

algorithm th us main tains that G

0

=S has no long cycles. When the DFS �nishes, G

0

=S

has only 2-cycles. The edges on these 2-cycles, together with , are the desired SCSS.

Because G

0

=S has no long cycles and the fact that the original graph is strongly

connected, G

0

=S main tains a simple structure:

Lemma 6.1. After the addition of any e dge to G

0

and the p ossible c ontr action of a

cycle by adding it to : (i) The gr aph G

0

=S c onsists of an outwar d br anching and some

of its r everse e dges. (ii) The only r everse e dges that might not b e pr esent ar e those

on the \active" p ath: fr om the sup er-vertex c ontaining the r o ot to the sup er-vertex in

G

0

=S c ontaining the curr ent vertex of the DFS.

Pr o of. Clearly the in v arian t is initially true.

e sho w that eac h giv en step of

the algorithm main tains the in v arian t. In eac h case, if u and w denote v ertices in the

graph, then let U and W denote the v ertices in G

0

=S con taining u and w , resp ectiv

.

When the DFS tr averses an e dge (u; w ) to visit a new vertex w :

ertex w and edge (u; w ) are added to G

0

.

ertex w b ecomes the curren t v ertex.

In G

0

, the out w ard branc hing is extended to the new v ertex W b y the addition

of edge (U; W ). No other edge is added, and no cycle is created. Th us, part (i) of

the in v arian t is main tained. The sup er-v ertex con taining the curren t v ertex is no w

W , and the new \activ e path" con tains the old \activ e path". Th us, part (ii) of the

7 a sp ecial case of k -Ex

, whic h is de�ned as follo ws.

k -Ex

(G = (; )) | L o c al impr ovement algorithm

1 E

0

E

2 while the follo wing impro v emen t step is p ossible

3 Pic k a set E

k of k edges in E

0

and a set E

k �1 of up to k � 1 edges in E

suc h that the set of edges E

00

= (E

0

� E

k

) [ E

k �1 forms an SCSS.

4 E

0

E

00

.

5 return E

0

Note that for �xed k , eac h step can b e p erformed in p olynomial time and it reduces

the size of E

0

, so k -Ex change runs in p olynomial time. The follo wing theorem sho ws

that the appro ximation factor ac hiev ed b y 2-Ex change is 1:75.

Theorem 5.1. The p erformanc e guar ante e of 2-Ex change is 1:75.

Pr o of.

e will sho w that the edges output b y 2-Ex

(G) could b e output b y

Contra ct-Cycles

3

(G). Th us, the p erformance guaran tee of 1:75 for Contra ct-Cycles

3

carries o v er to 2-Ex change .

First w e sho w that the p erformance guaran tee is at most 1:75. Let E

0

b e the set of

edges returned b y 2-Ex

(G = (; )). Run Contra ct-Cycles

3 on the graph

G

0

= (; E

0

). Let H b e the set of edges con tracted during the �rst iteration when

cycles of at least three edges are con tracted. The resulting graph G

0

=H is strongly

connected and has only 2-cycles. Suc h a graph has a tree-lik e structure. In particular,

an edge (u; v ) is presen t i� the rev erse edge (v ; u) is presen t.

The imp ortan t observ ation is that G=H is equiv alen t to G

0

. Clearly G

0

=H is

a subgraph of ; to pro v e the con v erse, supp ose that some edge (u; v ) of G=H

w as not in G

0

. Consider adding edge (u; v ) to G

0

. By the structure of G

0

,

u and v are not adjacen t in G

0

=H and for eac h edge on the path from v to u the

rev erse edge is also in G

0

. If (u; v ) is added to G

0

, these (at least t w o) rev erse

edges can b e deleted from G

0

=H without destro ying the strong connectivit y of G

0

.

Consequen

, the original edge in G corresp onding to (u; v ) can b e added to G

0

and

the original edges in G

0

corresp onding to the rev erse edges can b e deleted from G

0

without destro ying the strong connectivit y of G

0

. This con tradicts the fact that E

0

w as output b y 2-Ex change (G), since E

0

is eligible for an impro v emen t step.

Next consider executing Contra ct-Cycles

3

(G). Since G=H is equiv alen t to

G

0

, the sequence of cycles c hosen in the �rst iteration of Contra ct-Cycles

3

(G

0

)

could also b e c hosen b y the �rst iteration of Contra ct-Cycles

3

(G).

, the

second iteration in Contra ct-Cycles

3

(G

0

) could b e mimic k ed b y

Contra ct-Cycles

3

(G), in whic h case Contra ct-Cycles

3

(G) w ould return the

same edge set as Contra ct-Cycles

3

(G

0

). Since E

0

is minimal (otherwise an im-

pro v emen t step applies), the edge set returned is exactly E

0

. Th us, the upp er b ound

on the p erformance guaran tee of Contra ct-Cycles

3 from Theorem 4.1 is inherited

b y 2-Ex change .

or the lo w er b ound on the p erformance guaran tee, giv en the graph in Fig. 2, 2-

Ex change can c ho ose a n um b er of edges arbitrarily close to 1:75 times the minim um.

There are n

4 groups with 4 v ertices in eac h group. First observ e that the graph has a

directed Hamilton cycle. The edges mark ed in Fig. 2 form a solution that 2-Ex change

could terminate with. This solution clearly has

7n

4 edges. This giv es the lo w er b ound

of 1:75 on the p erformance of the algorithm.

6. Implemen tation.

or an y �xed k , Contra ct-Cycles

k can b e implemen ted

in p olynomial time using exhaustiv e searc h to �nd long cycles.

or instance, if a cycle

of size at least k exists, one can b e found in p olynomial time as follo ws.

or eac h

6

If desired, standard tec hniques can yield more accurate estimates of c

k

, e.g.,

c

k

=

�

2

6

+

1

2k

2

+ O

�

1

k

3

�

: If the graph initially has no cycle longer than ‘ (‘ � k ),

then the analysis can b e generalized to sho w a p erformance guaran tee of k

�1

�‘

�1

1�k

�1

+

P

k �1

i=1

1=i

2

.

or instance, in a graph with no cycle longer than 5, the analysis b ounds

the p erformance guaran tee (when k = 5) b y 1:424.

able 1 giv es lo w er and upp er b ounds on the p erformance guaran tee of the algo-

rithm for small v alues of k and in the limit as k ! 1. The lo w er b ounds are sho wn

in the next subsection.

k Upp er Bound Lo w er Bound

3 1.750 1.750

4 1.694 1.666

5 1.674 1.625

1 1.645 1.500 able 1

Bounds on the p erformanc e guar ante e

4.1. Lo w er Bounds on the P erformance Ratio. In this section w e presen t

lo w er b ounds on the p erformance ratio of Contra ct-Cycles

k

(G). The graph in

Fig. 1 has n

2k �2 groups of v ertices. Eac h group consists of a (2k � 2)-cycle \threaded"

with a k -cycle.

In the �rst iteration, Contra ct-Cycles

k

(G) can con tract the k -cycle within

eac h group, lea ving the graph with only 2-cycles. The algorithm subsequen tly m ust

con tract all the remaining edges. Th us, all the (3k � 2) n

2k �2

� 2 edges are in the

returned SCSS. The graph con tains a Hamilton cycle and the optimal solution is th us

n. Hence, for arbitrarily large n, 1 + k

2k �2

� 2=n is a lo w er b ound on the p erformance

guaran tee of Contra ct-Cycles

k

(G). As k approac hes 1, the lo w er b ound tends

to 1.5.

. . .

. . . . . .

. . .

. . .

. . .

. .

. . . .

. .

. .

. .

Fig. 1. Bad example for Contra ct-Cycles

k

(G).

5. 2-Exc hange Algorithm. In this section, w e use the cycle-con traction anal-

ysis to sho w that 2-Ex change has a p erformance guaran tee of 1:75. 2-Ex change is

5

Pr o of. An y SCSS of G, con tracted around S (treating the edges of S as pairs), is

an SCSS of .

4. Cycle-Con traction Algorithm. The algorithm is the follo wing. Fix k to

b e an y p ositiv e in teger.

Contra ct-Cycles

k

(G) |

1 for i = k ; k � 1; k � 2; :::; 2

2 while the graph con tains a cycle with at least i edges

3 Con tract the edges on suc h a cycle.

4 return the con tracted edges

In Section 6, w e will sho w that the algorithm can b e implemen ted to run in

O (m�(m; n)) time for the case k = 3 and in p olynomial time for an y �xed v alue of k .

It is clear that the edge set returned b y the algorithm strongly connects the graph.

The follo wing theorem establishes an upp er b ound on the n um b er of edges returned

b y the algorithm.

Theorem 4.1. Contra ct-Cycles

k

(G) r eturns at most c

k

� O T (G) e dges,

wher e

�

2

6

� c

k

�

�

2

6

+

1

(k � 1)k

:

Pr o of.

, let the graph ha v e n v ertices. Let n

i v ertices remain in the

con tracted graph after con tracting cycles with i or more edges (i = k ; k � 1; :::; 2).

Ho w man y edges are returned? In con tracting cycles with at least k edges, at most

k

k �1

(n � n

k

) edges are con tributed to the solution.

or i < k , in con tracting cycles

with i edges, i

i�1

(n

i+1

� n

i

) edges are con tributed. The n um b er of edges returned is

th us at most

k

k � 1

(n � n

k

) + k �1

X

i=2 i

i � 1

(n

i+1

� n

i

) �

�

1 +

1

k � 1

�

n + k

X

i=3 n

i

� 1

(i � 1)(i � 2)

:

Clearly O T (G) � n.

or 2 � i � k , when n

i v ertices remain, no cycle has more

than i � 1 edges. By Lemmas 3.1 and 3.2, O T (G) � i�1

i�2

(n

i

� 1). Th us the n um b er

of edges returned, divided b y O T (G), is at most

�

1 +

1

k �1

�

n

O T (G)

+ k

X

i=3 n

i

�1

(i�1)(i�2)

O T (G)

�

(1 +

1

k �1

)n

n

+ k

X

i=3 n

i

�1

(i�1)(i�2)

i�1

i�2

(n

i

� 1)

=

1

k � 1

+ k �1

X

i=1

1

i

2

= c

k

:

Using the iden tit y (from [17, p.75])

P

1

i=1

1

i

2

=

�

2

6

, w e get

�

2

6

� c

k

=

�

2

6

+

1

k � 1

�

1

X

i=k

1

i

2

�

�

2

6

+

1

k � 1

�

1

X

i=k

1

i (i + 1)

=

�

2

6

+

1

k � 1

�

1

k

=

�

2

6

+

1

(k � 1)k

:

4

An y minimal SCSS (one from whic h no edge can b e deleted) has at most 2n � 2

edges and also yields a p erformance guaran tee of 2. The problem of e�cien tly �nding

a minimal SCSS is studied b y Simon [21]. Gibb ons, Karp, Ramac handran, Sorok er

and arjan [10] giv e a parallel algorithm.

A related problem in undirected graphs is to �nd a smallest subset of the edges

forming a biconnected (resp ectiv ely bridge-connected (i.e., 2-edge-connected)) span-

ning subgraph of a giv en graph. These problems are NP-hard. Kh uller and Vishkin [15]

giv e a DFS-based algorithm that ac hiev es a factor of

5

3 for biconnectivit y and

3

2 for

bridge-connectivit

. Garg, San tosh and Singla [9] subsequen tly impro v e the appro x-

imation factors, using a similar approac h, to

3

2 and

5

4

, resp ectiv

. None of these

metho ds app ear to extend directly to the minim um SCSS problem.

Undir e cte d graphs ha ving b ounded cycle length ha v e b ounded tree width. Arn-

b org, Lagergren and Seese [3] ha v e sho wn that man y NP-hard problems, including the

minim um biconnected-spanning-subgraph problem, ha v e p olynomial-time algorithms

when restricted to suc h graphs.

2. Preliminaries.

o c ontr act a pair of v ertices u; v of a digraph is to replace

u and v (and eac h o ccurrence of u or v in an y edge) b y a single new v ertex, and to

delete an y subsequen t self-lo ops and m ulti-edges. Eac h edge in the resulting graph is

iden ti�ed with the corresp onding edge in the original graph or, in the case of m ulti-

edges, the single remaining edge is iden ti�ed with an y one of the corresp onding edges

in the original graph.

o con tract an edge (u; v ) is to con tract the pair of v ertices u

and v .

tract a set S of pairs of v ertices in a graph G is to con tract the pairs in

S in arbitrary order. The con tracted graph is denoted b y . Con tracting an edge

is also analogously extended to con tracting a set of edges.

Let O T (G) b e the minim um size of an y subset of the edges that strongly con-

nects G. In general, the term \cycle" refers only to simple cycles.

3. Lo w er Bounds on O T (G).

e b egin b y sho wing that if a graph has no

long cycles, then the size of an y SCSS is large.

Lemma 3.1 (Cycle Lemma).

or any dir e cte d gr aph G with n vertic es, if a

longest cycle of G has length , then

O T (G) �

C

C � 1

(n � 1):

Pr o of. Starting with a minim um-size subset that strongly connects the graph,

rep eatedly con tract cycles in the subset un til no cycles are left. Observ e that the

maxim um cycle length do es not increase under con tractions. Consequen

, for eac h

cycle con tracted, the ratio of the n um b er of edges con tracted to the decrease in the

n um b er of v ertices is at least

C

C �1

. Since the total decrease in the n um b er of v ertices

is n � 1, at least

C

C �1

(n � 1) edges are con tracted.

Note that the ab o v e lemma giv es a lo w er b ound whic h is existen tially tigh t.

or

all v alues of , there exist graphs for whic h the b ound giv en b y the lemma is equal to

O T (G). Also note that C has a trivial upp er b ound of n and, using this, w e get a

lo w er b ound of n for O T (G), whic h is the kno wn trivial lo w er b ound.

Lemma 3.2 (Contra ction Lemma).

e cte d gr aph G and set of e dges

,

O T (G) � O T () :

3 in the transitiv e reduction are not required to b e in the original graph. Ho w ev e r,

the transitiv e reduction problem decomp oses just lik e the MEG problem in to acyclic

and strongly connected instances.

or an y strongly connected instance, a transitiv e

reduction is giv en b y an y Hamilton cycle through the v ertices.

or an acyclic instance,

the transitiv e reduction is unique and, as Aho et al. observ e, is equiv alen t to the MEG

problem: it consists of those edges (u; v ) for whic h there is no alternate path from u

to v . In fact, Aho, Garey and Ullman sho w that the transitiv e reduction problem is

e quivalent to the transitiv e closure problem. Th us, the acyclic MEG problem reduces

to transitiv e closure.

The acyclic MEG problem can b e solv ed in p olynomial time, whereas the mini-

m um SCSS problem is NP-hard [8]. Consequen

, this pap er fo cuses on appro xima-

tion algorithms for the minim um SCSS problem. By the observ ations of the preceding

paragraphs, the p erformance guaran tees obtained for the minim um SCSS problem

carry o v er to the general MEG problem with the o v erhead of solving a single instance

of transitiv e closure.

1.1. Our Results. Giv en a strongly connected graph, our basic algorithm �nds

as long a cycle as it can, con tracts the cycle, and recurses. The con tracted graph

remains strongly connected. When the graph �nally collapses in to a single v ertex, the

algorithm returns the set of edges con tracted during the course of the algorithm as

the desired SCSS.

The algorithm ac hiev es a p erformance guaran tee of an y constan t gr e ater than

�

2

=6 � 1:645 in p olynomial time.

e giv e a nearly linear-time v ersion that ac hiev es

a p erformance guaran tee of 1:75.

e examples sho wing lo w er b ounds on the

p erformance guaran tees of the algorithm.

or the general algorithm, the lo w er b ounds

are sligh tly ab o v e 1:5.

or the nearly linear-time v ersion, the lo w er b ound is 1:75,

matc hing the upp er b ound.

The p erformance guaran tee analysis extends directly to a simple \lo cal impro v e-

men t" algorithm called 2-Ex

. 2-Ex change starts with the giv en digraph and

p erforms the follo wing lo cal impro v emen t step as long as it is applicable: �nd t w o

edges in the curren t graph that can b e replaced b y one edge from the original graph,

main taining strong connectivit

. Similar lo cal-impro v emen t algorithms are natural

candidates for man y optimization problems but often elude analysis.

e pro v e that

the p erformance guaran tee of 2-Ex change is 1:75.

A natural impro v emen t to the cycle-con traction algorithm is to mo dify the algo-

rithm to solv e the problem optimally once the con tracted graph has no cycles longer

than a giv en length c.

or instance, for c = 3, this mo di�cation impro v es the p er-

formance guaran tee to �

2

=6 � 1=36 � 1:617.

e use SCSS

c to denote the minim um

SCSS problem restricted to digraphs with no cycle longer than c. The minim um SCSS

2

problem is trivial. The minim um SCSS

3 problem can b e solv ed in p olynomial time,

as sho wn b y Kh uller, Ragha v ac hari and oung [14]. Ho w ev e r, further impro v emen t in

this direction is limited: w e sho w that the minim um SCSS

5 problem is NP-hard. In

fact, w e sho w that the minim um SCSS

17 problem is MAX SNP-hard. This precludes

the p ossibilit y of a p olynomial-time appro ximation sc heme, assuming P6=NP [4].

1.2. Other Related W ork. The union of an y incoming branc hing and an y

outgoing branc hing from the same ro ot yields an SCSS with at most 2n � 2 edges

(where n is the n um b er of v ertices in the graph). This is a sp ecial case of the algorithm

giv en b y rederic kson and J� aJ� a [6] that uses minim um w eigh t branc hings to ac hiev e a

p erformance guaran tee of 2 for w eigh ted graphs. Since an y SCSS has at least n edges,

this yields a p erformance guaran tee of 2 for the SCSS problem.

2

APPR O XIMA

TING THE MINIMUM EQUIV

ALENT DIGRAPH

SAMIR KHULLER

�

, BALAJI RA GHA

ACH ARI

y

, AND NEAL YOUNG z

Abstract. The MEG (minim um equiv alen t graph) problem is the follo wing: \Giv en a directed

graph, �nd a smallest subset of the edges that main tains all reac habilit y relations b et w een no des."

This problem is NP-hard; this pap er giv es an appro ximation algorithm ac hieving a p erformance

guaran tee of ab out 1:64 in p olynomial time. The algorithm ac hiev es a p erformance guaran tee of 1:75

in the time required for transitiv e closure.

The heart of the MEG problem is the minim um SCSS (strongly connected spanning subgraph)

problem | the MEG problem restricted to strongly connected digraphs.

or the minim um SCSS

problem, the pap er giv es a practical, nearly linear-time implemen tation ac hieving a p erformance

guaran tee of 1:75.

The algorithm and its analysis are based on the simple idea of con tracting long cycles. The

analysis applies directly to 2-Ex change , a general \lo cal impro v emen t" algorithm, sho wing that its

p erformance guaran tee is 1:75.

AMS ject classi�cations. 68R10, 90C27, 90C35, 05C85, 68Q20.

Key w ords. directed graph, appro ximation algorithm, strong connectivit

, lo cal impro v emen t.

1. In tro duction. Connectivit y is fundamen tal to the study of graphs and graph

algorithms. Recen

, man y appro ximation algorithms for �nding minim um subgraphs

that meet giv en connectivit y requiremen ts ha v e b een dev elop ed [1, 9, 11, 15, 16, 24].

These results pro vide practical appro ximation algorithms for NP-hard net w ork-design

problems via an increased understanding of connectivit y prop erties.

Un til no w, the tec hniques dev elop ed ha v e b een applicable only to undir e cte d

graphs.

e consider a basic net w ork-design problem in dir e cte d graphs [2, 12, 13, 18]

whic h is as follo ws: giv en a digraph, �nd a smallest subset of the edges (forming a

minimum e quivalent gr aph (MEG)) that main tains all reac habilit y relations of the

original graph.

When the MEG problem is restricted to strongly-connected graphs w e call it the

minimum SCSS (str ongly c onne cte d sp anning sub gr aph) pr oblem. When the MEG

problem is restricted to acyclic graphs w e call it the acyclic MEG pr oblem. The MEG

problem reduces in linear time [5] to a single acyclic problem giv en b y the so-called

\strong comp onen t graph", together with one minim um SCSS problem for eac h strong

comp onen t (giv en b y the subgraph induced b y that comp onen t).

urthermore, the

reduction preserv es appro ximation, in the sense that c-appro ximate solutions to the

subproblems yield a c-appro ximate solution to the original problem.

Mo yles and Thompson [18] observ e this decomp osition and giv e exp onen tial-time

algorithms for the restricted problems. Hsu [13] giv es a p olynomial-time algorithm

for the acyclic MEG problem.

The related problem of �nding a tr ansitive r e duction of a digraph | a smallest

set of edges yielding the same reac habilit y relations is studied b y Aho, Garey and

Ullman [2].

ransitiv e reduction di�ers from the MEG problem in that the edges

�

Computer Science Departmen t and Institute for Adv anced Computer Studies, Univ ersit y of

Maryland, College P ark, MD 20742. Researc h supp orted b y NSF Researc h Initiation Aw ard CCR-

9307462. E-mail : samir@cs.umd.edu.

y

Computer Science Departmen t, The Univ ersit y of exas at Dallas, Ric hardson, TX 75083-0688.

E-mail : rbk@utdallas.edu.

z

Sc ho ol of Op erations Researc h and Industrial Engineering, Cornell Univ ersit

, Ithaca, NY

14853-3801. P art of this w ork w as done while at UMIA

CS and supp orted in part b y NSF gran ts

CCR-8906949 and CCR-9111348. E-mail : ney@orie.cornell.edu.

edge lab eled v

+

from its �nal curren t v ertex to the ro ot. The gadgets are implicitly

la y ered, with eac h gadget b eing assigned to a la y er corresp onding to the color of the

asso ciated edge in G.

Lemma 7.3. The gr aph D c onstructe d ab ove has no cycle with mor e than 17

e dges.

Pr o of. W e �rst assign n um b ers to the v ertices of D . The ro ot r is assigned the

n um b er 0. The construction ab o v e pro ceeds in order of increasing color of the edges

of G. When considering an edge (u; v ) of color c, w e add t w o new v ertices: x is

added to v ’s path and y is added to u’s path. W e assign the v ertices x and y the

n um b er c. Consider an y cycle X of length greater than t w o in D . It is clear that

suc h a cycle m ust pass through r , since D is la y ered. Hence the cycle is of the form

(r ; x

1

; x

2

; : : : ; x

k

; r ). Because w e considered the edges in order of increasing color, the

n um b ers assigned to the v ertices in X increases at least ev ery t w o steps in an y path in

D (not including r ). In other w ords, the n um b ers assigned to the v ertices x

1

; : : : ; x

k

forms a non-decreasing sequence in whic h no three consecutiv e v ertices get the same

n um b er. Since the edges of G w ere colored with 8 colors, the n um b ers assigned to the

v ertices of D range from 0 to 8 (only r gets the n um b er 0). Com bining all these, the

length of the cycle X is at most 17.

7.2.2. The analysis. W e no w sho w that ev ery v ertex co v er of G has a corre-

sp onding SCSS in D . The pro of is similar to the corresp onding pro of (in the reduction

from v ertex co v er to Hamiltonian circuits) that ev ery v ertex co v er has a corresp onding

Hamiltonian circuit. Consider an arbitrary v ertex co v er S of G. The idea is to c ho ose

in the SCSS the paths corresp onding to S in D . The paths of the v ertices of V � S

are y et to b e connected. Since S forms a v ertex co v er, the v ertices in the paths of

V � S can b e connected using the co v er-tes ting comp onen ts.

Lemma 7.4. Given a vertex c over of size s in G, an SCSS of D of size 2m + s

c an b e c onstructe d.

Pr o of. Construct a subgraph H of D as follo ws. F or eac h v ertex u in G, let d

u

b e the degree of u in G. If u is in the v ertex co v er, add the d

u

+ 1 edges lab eled u

+

in D to H . Otherwise, add the d

u edges lab eled u

�

in D to H . It is easy to v erify

that H has the follo wing prop erties:

1. H has 2m + s edges.

2. H has no cycles of length 2.

3. Ev ery v ertex of H has at least one outgoing and at least one incoming edge.

As men tioned earlier, D is la y ered and ev ery cycle of length greater than 2 con tains

r . Therefore Prop ert y 2 ab o v e implies that ev ery cycle of H passes through r . By the

ab o v e conditions, H con tains a path from r to ev ery v ertex v and another path from

v to r , and is therefore strongly connected. T o obtain a path from an y v to r , start

from v and k eep tra v ersing an outgoing edge (whic h exists b y Prop ert y 3) from the

curren t v ertex. Suc h a path m ust ev en tually reac h r b ecause r is con tained in ev ery

cycle of H . Hence H satis�es the lemma.

W e no w sho w that ev ery SCSS of D corresp onds to a v ertex co v er of G. The pro of

w orks b y sho wing that an y SCSS can b e con v erted in to a \canonical" SCSS whose

size is no larger, that corresp onds to a v ertex co v er of G.

Lemma 7.5. Given an SCSS in D of size 2m + s, a vertex c over of G of size s

c an b e c onstructe d.

Pr o of. As long as some non-ro ot v ertex y has b oth of its incoming edges in the

SCSS, mo dify the SCSS as follo ws. Let (x; y ) b e the edge lab eled v

�

for some v .

Remo v e the edge (x; y ) and add the other edge out of x, if it is not already presen t.

Alternativ ely , if some non-ro ot v ertex x has b oth of its outgoing edges in the SCSS,

remo v e the edge (x; y ) and add the other edge in to y . Rep eat either mo di�cation as

long as applicable.

By the la y ering of D , eac h mo di�cation main tains the strong connectivit y of the

SCSS. Clearly none of the mo di�cations increases the size. Eac h step reduces the

n um b er of edges lab eled u

�

for some u in the SCSS, so after at most 2m steps,

neither mo di�cation applies, and in the resulting SCSS ev ery non-ro ot v ertex has

exactly one incoming edge and one outgoing edge in the SCSS.

An easy induction on the la y ering sho ws that for an y v ertex v in G, either all of

the edges lab eled v

+

in D are in the SCSS or none are, in whic h case all of the edges

lab eled v

�

are in the SCSS. Let C b e the set of v ertices in G of the former kind. It is

easy to sho w that the size of the SCSS is 2m + jC j, so that jC j � s. F or ev ery edge

(u; v ) in G, the form of the gadget ensures that at least one of the t w o endp oin ts is

in C . Hence, C is the desired co v er.

Theorem 7.6. The minimum SCSS

17 pr oblem is MAX SNP-har d.

Pr o of. Let G b e an arbitrary undirected graph G whose maxim um degree is

b ounded b y sev en. Let G ha v e m edges and n v ertices. Construct the digraph D

as sho wn earlier. By Lemma 7.3, D has no cycles greater than 17. By Lemma 7.4,

an y v ertex co v er in G of size s can b e used to obtain an SCSS of D of size 2m + s.

Con v ersely , b y Lemma 7.5, an SCSS of D of size 2m + s can b e used to obtain a

v ertex co v er of G of size s. Since the degree of G is b ounded, m = O (n) = O (s) and

it is easily v eri�ed that this yields an L-reduction from degree-b ounded v ertex co v er

to the minim um SCSS

17 problem.

8. Op en Problems. An ob vious problem is to further c haracterize the v arious

complexities of the minim um SCSS

k problems.

The most in teresting op en problem is to obtain a p erformance guaran tee that is

less than 2 for the w eigh ted strong connectivit y problem (as men tioned earlier, the

p erformance factor of 2 is due to F rederic kson and J� aJ� a [6]). Suc h an algorithm ma y

ha v e implications for the w eigh ted 2-connectivit y problem [15] in undirected graphs

as w ell.

The p erformance guaran tee of k -Ex change probably impro v es as k increases.

Pro ving this w ould b e in teresting | similar \lo cal impro v emen t" algorithms are ap-

plicable to a wide v ariet y of problems.

Ac kno wledgemen ts: W e w ould lik e to thank the referees for useful commen ts.

REFERENCES

[1] A. A gra w al, P. Klein and R. Ra vi, When tr e es c ol lide: A n appr oximation algorithm for

the gener alize d Steiner pr oblem on networks, Pro c. 23rd A

CM Symp osium on Theory of

Computing, pp. 134{144, (1991).

[2] A. V. Aho, M. R. Garey and J. D. Ullman, The tr ansitive r e duc tion of a dir e c te d gr aph,

SIAM Journal on Computing, 1 (2), pp. 131{137, (1972).

[3] S. Arnbor g, J. La ger gren and D. Seese, Easy pr oblems for tr e e-dec o mp osabl e gr aphs,

Journal of Algorithms, 12 (2), pp. 308{340, (1991).

[4] S. Ar ora, C. Lund, R. Motw ani, M. Sud an and M. Szeged y, Pr o of veri�c ation and har d-

ness of appr oximation pr oblems, Pro c. 33rd IEEE Symp osium on F oundations of Computer

Science, pp. 14{23, (1992).

[5] T. H. Cormen, C. E. Leiserson, and R. L. Rivest, Intr o duction to A lgorithms, The MIT

Press, 1989.

[6] G. N. Frederickson and J. J

�

aJ

�

a, Appr oximation algorithms for sever al gr aph augmentation

pr oblems, SIAM Journal on Computing, 10 (2), pp. 270{283, (1981).

[7] H. N. Gabo w, Z. Galil, T. Spencer and R. E. T arjan, E�cient algorithms for �nding

minimum sp anning tr e es in undir e cte d and dir e cte d gr aphs, Com binatorica, 6 (2), pp. 109{

122, (1986).

[8] M. R. Garey and D. S. Johnson, Computers and intr actability: A guide to the the ory of

NP-c ompleteness, F reeman, San F rancisco, 1979.

[9] N. Gar g, V. Santosh and A. Singla, Impr ove d appr oximation algorithms for bic onne c te d

sub gr aphs via b etter lower b ounding te chniques, Pro c. 4th Ann ual A

CM-SIAM Symp osium

on Discrete Algorithms, pp. 103{111, (1993).

[10] P. Gibbons, R. M. Karp, V. Rama chandran, D. Sor oker and R. E. T arjan, T r ansitive

c omp ac tion in p ar al lel via br anchings, Journal of Algorithms, 12 (1), pp. 110{125, (1991).

[11] M. Goemans and D. Williamson, A gener al appr oximation te chnique for c onstr aine d for-

est pr oblems, Pro c. 3rd Ann ual A

CM-SIAM Symp. on Discrete Algorithms, pp. 307{316,

(1992).

[12] F. Harar y, R. Z. Norman and D. Car twright, Structur al mo dels: A n intr o duction to the

the ory of dir e cte d gr aphs, Wiley

, New Y ork, 1965.

[13] H. T. Hsu, A n algorithm for �nding a minimal e quivalent gr aph of a digr aph, Journal of the

A CM, 22 (1), pp. 11{16, (1975).

[14] S. Khuller, B. Ra gha v ac hari and N. Young, On str ongly c onne cted digr aphs with b ounde d

cycle length, UMIA

CS-TR-94-10/CS-TR-3212, (1994).

[15] S. Khuller and U. Vishkin, Bic onne ctivity appr oximations and gr aph c arvings, Pro c. 24th

A CM Symp osium on Theory of Computing, pp. 759{770, (1992). Also, to app ear in Journal

of the A CM.

[16] P. N. Klein and R. Ra vi, When cycles c ol lapse: A gener al appr oximation te chnique for

c onstr aine d two-c onne ctiv ity pr oblems, Pro c. 3rd In teger Programming and Com binatorial

Optimization Conference, pp. 39{56, (1993).

[17] D. E. Knuth, F undamental A lgorithms, Addison-W esley

, Menlo P ark, CA, 1973.

[18] D. M. Mo yles and G. L. Thompson, A n algorithm for �nding the minimum e quivale nt

gr aph of a digr aph, Journal of the A

CM, 16 (3), pp. 455{460, (1969).

[19] C. H. P ap adimitriou and M. Y annakakis, Optimization, appr oximation, and c omplexity

classes, Journal of Computer and Systems Sciences, 43 (3), pp. 425{440, (1991).

[20] S. Sahni, Computational ly r elate d pr oblems, SIAM Journal on Computing, 3, pp. 262{279,

(1974).

[21] K. Simon, Finding a minimal tr ansitive r e duc tion in a str ongly c onne c te d digr aph within line ar

time, Pro c. 15th In ternational W orkshop W

G’89, LNCS 411, Springer V erlag, pp. 245{259,

(1989).

[22] R. E. T arjan, Data structur es and network algorithms, So ciet y for Industrial and Applied

Mathematics, 1983.

[23] V. G. Vizing, On an estimate of the chr omatic class of a P-gr aph (R ussian), Diskret. Anal.,

3, pp. 25{30, (1964).

[24] D. P. Williamson, M. X. Goemans, M. Mihail and V. V. V azirani, A primal-dual appr ox-

imation algorithm for gener alize d Steiner network pr oblems, Pro c. 25th A

CM Symp osium

on Theory of Computing, pp. 708{717, (1993).