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The asymptotic exit problems for diffusion processes with small parameter
were considered in the classic work of Freidlin and Wentzell. In 2000, a math-
ematical theory of stochastic resonance for systems with random perturbations
was established by Freidlin in the frame of the large deviation theory.

This dissertation concerns exit problems and stochastic resonance for a class
of random perturbations approximating white noise. The tools used in the proofs
are the large deviation theory and the Markov property of the processes. The
first problem considered is the exit problem and stochastic resonance for random
perturbations of random walks. It turns out that a specific random walk can be
chosen which approximates the large deviation asymptotics of the Wiener pro-
cess in the best way. Analogous results concerning exit problems and stochastic
resonance for this type of random perturbations were obtained under appropri-

ate assumptions and compared with those of white noise type perturbation. The



second problem I consider is the exit problems for random perturbations of a
Gaussian process 7/*° which satisfies the equation pnf"® = —ni* + /eW,, ni* =
y,0 < u << 1,0 < e << 1 One can check that f(f meds converges to \/eW,
uniformly on [0, 7] in probability as p | 0. Results concerning asymptotic exit
problems for this type of random perturbation were obtained under appropriate
assumptions. Since 7} is not a Markov process, this creates some difficulties for
the proof. A new Markov process was constructed and the Markov property of

the new process was used in the proof.
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Chapter 1

Introduction and a Review of Large

Deviations

1.1 Introduction

This thesis is concerned with exit problems and stochastic resonance caused by
random perturbations of dynamical systems. If a non-perturbed system has
several asymptotically stable equilibrium points (or attracting compacts), the
perturbed system could make transitions between the equilibrium points (or at-
tracting compacts) in large time intervals. This could cause stochastic resonance.
Two important tools are used in the proofs. First, the asymptotics of probabil-
ities of large deviations allows the analysis of the long time behavior of random
processes. In general, a large deviation principle can be described by an action
functional. A review of large deviation theory will be given in §1.2. Second, the
property of Markov processes plays an important role in the proof of the main

results concerning exit problems and stochastic resonance.

Over the last two decades, stochastic resonance has continuously attracted



considerable attention. The models with stochastic resonance and its modifica-
tions are used in various areas of physics, chemistry, neurophysiology and engi-
neering. We mention here a famous model, initially suggested in [1] and [2], as
an example exploiting stochastic resonance (see [4]). Let the time evolution of

the “earth temperature”, denoted by X, be described by the following equation:
Xe=—B(XO)+ f(t/T)+eW,, X;=z€R' 0<e<<l. (1.1)

Here the potential B(x) has two wells, lim, . B(x) = oo, f(t) is a 1-periodic
function, T' = T'(¢) is a large parameter for 0 < ¢ << 1 and W, is a standard
white noise.

If ¢ = 0, the solution of the equation cannot be transferred from one well to
another because the periodic term f(¢/7") has a small amplitude. The trajectory
may have small oscillations near the bottom of the well containing the initial
point, but it stays inside the well forever. If ¢ > 0 but f = 0, the solution of the
equation will make transitions between the wells. The transition times, say 77,
and 75, are random variables and there is no periodicity in the transitions. If both
terms f(t/T) and /€W, are included in the equation, the trajectory of X¢, under
certain relations between ¢ and T'(g), will be close in an appropriate topology to
a periodic function of large period T'(g). This explains the phenomenon of large
amplitude periodicity of the earth’s temperature and this effect is called stochastic
resonance.

A survey of applications of stochastic resonance is given by L. Gammaitoni,
P.Hanggi and P. Jung in [3]. About 500 papers are cited in [3]. In many papers
the main tools used to study stochastic resonance are digital or analog simula-
tions. However, there were no papers where a satisfactory mathematical theory

of stochastic resonance was given until the publication of paper [4] by Freidlin. In



[4], a mathematical theory of stochastic resonance is established in the framework
of a large deviation theory.

Let us recall some results from [4]. Consider a dynamical system in R%:
X, =b(X,), Xo=uz¢€R" (1.2)

Here b(z) = (b'(z),...,b%x)) is a vector field in R? and b(z) is Lipschitz con-
tinuous. Assume for brevity that the system has a finite number of asymptotic
stable equilibrium points K, ..., K;. Each trajectory of (1.2), besides the tra-
jectories belonging to the separatrix surfaces, is attracted to one of the points K;
as t — 0o. Let i(z) be the index such that the trajectory starting at z € R? is
attracted to K.

Now consider the system with a small additive white noise type perturbation,
Xe=b(X5) +Veo(XOW,, Xe=zeRL0<ex1, (1.3)

where W, is a standard d-dimensional white noise and o(z) is a d x d matrix.
Notice that X} is a Markov process.

To analyze the qualitative behavior of the perturbed system in large time in-
tervals, the action functional for the family of processes X§, denoted by e 1S [)é 7] (),
is introduced. The physical meaning of the action functional is that exp{e_lSﬁ ()}
is, roughly speaking, the main term of the probability that X;,0 <t < T, be-
longs to a small neighborhood of a function ¢ : [0,7] — R% as ¢ | 0.

From the action functional, one can introduce a function V' (z,y):

V([L’,y) = inf ){S[{T](Sp) P =T, = yaT > O}

p€Cor (R"

In particular, if b(x) is of potential-type and o(x) is a unit matrix, then V' (z,y)

can be expressed through the potential.



Define V;; = V(K;, K;), where K, and K, are the stable equilibrium points
of the field b(x),i,j € {1,...,l}. Using the numbers V;;, a hierarchy of cycles
can be constructed and it defines the sequence of transition of X; between the
stable equilibrium points as € | 0: Cycles of rank 0 are the equilibrium states
L ={1,...,1} themselves. For each i € L, define “the closest” j = J(i) € L such
that Vj; = mingep i) Vie. Such a closest state is unique in the generic system.
Starting from any 7 € L, one can consider the sequence 4, J(z), J*(i), ..., J"(i), . ..
where J"™(i) = J(J"(:)). Since L is finite, the sequence, starting from some
m € L, is periodic: 4, J(i),...,JJ" (i), J"(i) — J"T(i) — ..., JJ"() = J"(i).
This sequence i, J(3), ..., J" (i), J"(i) — J"T (i) — ..., J™(i) = J"(i) is called
the cycle of rank 1 (1-cycle) generated by the state ¢ € L. From any 1-cycle C,
one can define a 1-cycle which follows C. The 1-cycles form cycles of second rank
(2-cycles). The second rank cycles form 3-cycles. Since L is finite, a hierarchy
of cycles up to rank m™* can be constructed so that the m*-cycles contain all the
stable equilibrium points of L. The values of V;; together with the hierarchy of
cycles define, for each cycle, a rotation rate, an exit rate and a main state. In
the generic case, all of these notions are defined in a unique way.

The exit rate of a cycle gives the asymptotics (non-random) of the logarithms
of the transition times from this cycle to the next closest cycle. The rotation rate
characterizes the rate of convergence to the sub-limiting distribution inside the
cycle. The main state m* = M (C') of a cycle C' defines the attracting point such
that X7 spends most of its time in the basin of K,,- until it leaves the basin of
U;ec K;. Notice that the hierarchy of cycles and the main states are not random
although the transitions between the stable points are caused by the random

perturbations.



Let T = T'(¢) be a large parameter such that lim.gelnT(¢) = A > 0. Let
X& = x € R? not belong to a separatrix. For any A > 0, except for a finite
number of values, there exists a cycle C' such that for any a > 0, X} will come
into the basin of U;cc K; before time aT'(e) with probability close to 1 as € | 0.
However, X; does not have enough time to leave that basin before the time
AT (e),a < A < oo with probability close to 1 as e | 0. Moreover, the rotation
time for the cycle C'is o(T'(¢€)) as € | 0, so that Xg),0 <¢ < A < oo, approaches
the sub-limiting distribution concentrated at K, as € | 0, where pu(x, \) is the
main state of the cycle C.

The state K, ) is called the metastable state. Such a metastable state is
unique in the generic system In general, the metastable state depends on A and
x. For any A > 0, X7 spends most of its time around the state K, ) in the
time interval [0, AT'(¢)] with probability close to 1 as e | 0.

Let A(G) be the Lebesgue measure of a set G C R' and let p(.,.) be the
Euclidean metric in R". Under appropriate assumptions, for any 6 > 0 and
A>0,

At € [0, A]: p(Xipe), Kpany) > 0 — 0

in P, probability as ¢ — 0.

Now consider a system where the characteristics of the system and its pertur-

bations are changing slowly in time:
XE=b(t)T,X5) +eot/T, X)W, Xi=zeR! 0<e<<l  (14)

Here T = T(¢) < eV, X\ > 0, is a large parameter as ¢ | 0 so that the coefficients
of (1.4) are changing very slowly. Therefore, the positions of the equilibrium

points K;(t) as well as their number now depend on time. The numbers Vj;(t)



and the function u'(x, ) also depend on time. This implies the trajectory XfT(E)
first approaches the metastable state for the system with frozen dependence on
time, and then evolves together with the metastable state. Therefore, the process

Xire) 0 <t < A< oo, will be close to a function ®(¢) = ®(t,z, A) = KZ(W\).

Now, let b(¢,z) and o(t,x) be 1-periodic in ¢. Furthermore, suppose that the
unperturbed system has only a finite number of stable equilibrium points. Then
®(t) is also periodic. Thus, the trajectory of XfT(a) will be close to a periodic

function as ¢ | 0. This effect is called stochastic resonance.

In this thesis, we are especially interested in the following problems:

1. Let n > 1 be a fixed integer. We replace W; in (1.3) by a random walk
€ and let o be the unit matrix. In the case d = 1, the random walk §f’1, t e
N5 = {0,9,...kd, ...}, can jump to 0,£v/3, ..., +n+/3 such that &5 — & = £iv/5
with probability %pi,i =1,...,n. The probability that §f -1 jumps to 0 is py and
po+p1+ ...+ p, =1 Tt can be shown that, using the same idea as in [7], the
random walk éf - converges when ¢ | 0 and Y | i*p; = 1 to a one-dimensional
Wiener process W, uniformly on [0, 7] with probability 1. The random walk

(v/0 is the step of the

ff = ( f’l, s f’d), t € Ng, on a d-dimensional lattice Zd5

4
lattice), with components independent and identically distributed, converges to
a d-dimensional Wiener process as 6 | 0 and > ;" | i*p; = 1.

Such a replacement is, roughly speaking, equivalent to replacing the differ-
ential equation by an appropriate difference equation. For convenience, one can
construct a continuous and time non-homogeneous process Xf “ based on the dif-

ference equation. It is of interest to study the asymptotic behavior of Xf “ as

d,e | 0. In 2002, the case when n = 1 was discussed by Freidlin in [6]. A large



deviation principle for the family of processes Xf’s, as 8, 1 0, 0/e = u? = O(1),
was established in an explicit way in [6]. It turns out it is related to but different
from those in the case of white noise. Exit problems and stochastic resonance
are also discussed briefly in [6].

In this thesis, we construct a continuous, time non-homogeneous process
X%t €[0,T) as in [6]. For t = k& where k is an integer and ¢ € [0,T], X< is

defined by the following equation:

t+6
XiG =X = [ s+ VEE - €)Xt = ()
t

For t € [kd, (k4 1)8], X< is defined as the linear function connecting the points
X?¢ and Xf,’:;rl)é. It can be shown that X converges to X¢ uniformly on [0, 7]
in probability when 6 | 0 and Y 5 | i%p; = 1.

However, the large deviations for Xf ' are different from those in the case of
white noise. In §2.1, the action functional for the family of processes Xf 0 <
t <T,asde|0,§/c=p*=0(1) in the uniform topology is established. The
parameters po,...,p, are chosen so that the action functional for this type of
perturbation approximates the action functional for the white-noise-type pertur-
bation in the best way. The tools used in the proof are the limit theorem on large
deviations for Markov processes ([8]) and the contraction principle ([5]).

In §2.2, we describe the exit problem of the process Xf “ from a bounded do-
main, as d,& | 0, 6/e = p?. The case when d,e | 0,/ = o(1) is also considered.
Results regarding exit problems for Xf “ are obtained following the ideas of The-
orems 4.2.1 and 4.4.1 of [5] in which exit problems for X§ as ¢ | 0 are described.
In §2.3, we formulate results concerning stochastic resonance for Xf < following
the same idea as in [4]. An example for n = 2 is given in §2.4.

2. In Chapter 3, we study the large deviation principle and exit problem



for another type of random perturbation approximating white noise. Consider
a mean-zero Gaussian process n/**. Here n/*® = (n/*=', ..., ni*>%), t € [0,T], with

each component identically and independently distributed, satisfying
pnfs = =l + EW,, i =y e R"

Here W, is a standard d-dimensional Wiener process and p is a positive constant.
This process 7.' is called the Ornstein-Uhlenbeck process. Now, let us replace

VEW, in (1.3) with 5/° and let ¢ be a unit matrix. Then (1.3) becomes
X1 =b(XP) + ), X§F =z eR" (1.6)

It is of interest to consider the exit problem for X! as pu,e | 0. We want
to formulate the results of exit problems for X/ following the same ideas as
Theorems 4.2.1 and 4.4.1 of [5], where properties of Markov processes plays an
important role in the proofs. However, since X/*° is not a Markov process, we

should consider the 2d-dimensional Markov process (X[, n"?) in the proof, where

X1 = b(X["F) + ),
pif = = =" EWS, (1.7)

Xyf=xeRl nif=ye R, 0<e<1.

In §3.1, we establish a large deviation principle for the family of processes
(X}, m"%) as € | 0. In §3.2, we describe the exit problem for the processes X"
from a bounded domain as p, e | 0 under appropriate assumptions. Although we
follow the same ideas of Theorems 4.2.1 and 4.4.1 of [5], we underline that the

proof needs some modification. A detailed proof is given in §3.2.



1.2 A Review of Large Deviations

The large deviation principle for stochastic processes is an essential tool used
to analyze the long time behavior of stochastic processes. Here, we give a brief
review of this principle. For more details, one may consult [5] and [§].

The first results regarding the large deviation principle were obtained by
Crarer in 1937 [9] and Chernoff in 1952 [10], also proved classical limit theo-
rems for sums of independent random variables. Following the ideas of Freidlin
and Wentzell ([5],[8]), we consider stochastic processes and families of measures
in infinite-dimensional spaces.

Let {&}i>0 be a stochastic process on a probability space (§2, F,P) taking
values in a measurable phase space (X, B), where B is the o-field on X. Let X
be a space of functions ¢ : [0,7] — X. Let C(X) be the o-field generated by the
cylinder sets {¢p € X : (¢4, ...¢p1,) € C},t; € [0,T],C € B™. Denote by pe the
measure on the space (X, C(X)) generated by the process &.

In this thesis, X will usually be Cj7)(X), the space of continuous functions
defined in [0, 7] with values on a metric space (X, p). Here we define por to be

the uniform metric,
por(®,¢) = sup p(¢r, ¢r).
0<t<T

It is known that C(X) = Bpg(&X), where Bjor(X) is the o-field of the Borel
sets of (X, por) (see [11]). For more details of stochastic processes and Markov
processes, one may consult [17] and [18].

Suppose that we have a family of stochastic processes {&f }i>0, € > 0, such that
&° — p as e — 0 in probability. This deterministic function ¢ can be regarded as
the “most probable path” for £° as € | 0. For any measurable set A C X which is

of positive distance from ¢, P(§{ € A) — 0 as e | 0. The large deviation principle



for the family {& }i>0, € > 0, describes the rate of convergence of P(§ € A) — 0
ase | 0.

In general, a large deviation principle can be described by an action func-
tional. Let (X, px) be a metric space. Let u° be a family of probability measures
depending on € > 0 defined on the o-algebra of Borel subsets of X. Let A(e) be
a positive real-valued function going to +oc as € | 0, and let S(x) be a function
on X assuming values in [0, co]. We say that A(¢)S(z) is an action functional for

& as € | 0 if the following assertions hold:
(1) The set ®(s) = {x : S(x) < s} is compact for every s > 0.
(2) For any 6 >0,y > 0 and = € X there exists an ¢, > 0 such that
p{y : p(x,y) < 6} > exp{—=A(e)[S(z) + ]}
for all ¢ < e,,.
(3) for any § > 0, v > 0, there exists an €, > 0 such that
py oy, ®(s)) = 0} < exp{=A(e)(s =)}
for e < e,.

The function S(z) is called the normalized action function and A(e) is the

normalizing coefficient. If the above assertions (1) — (3) are satisfied we say that
{1f}es0 obeys a large deviation principle with the action function S. If X is a

space of functions, we use the term action functional. If pg is the measure on

X generated by the process {£;}, then the action functional for the family of
processes is the action functional for pug.

The concept of large deviation principle can also be given in a different form

(see [5]).
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The following Theorem (named “the contraction principle” in [5]), gives the
relationship between the action functionals of two families of random processes
connected by a continuous operator and plays an important role in the proofs in

this thesis.

Theorem 1.1 : Let A(£)S*(x) be the action function for a family of measures
uf on a metric space (X,px) as € | 0. Let G be a continuous mapping of
X into Y with metric py and let a measure v on ) be given by the formula
v¥(A) = p(G71(A)). The asymptotics of the family of measures v° as ¢ | 0 is
given by the action function \(¢)S(x), where SV(y) = min{S*(z) : z € G~ *(y)}

(the minimum over the empty set is set equal to +00).

Now, we review action functionals for some families of processes which will

be useful in this thesis.

1. Consider X; defined in (1.3) and let o be a unit matrix. By [5], the
action functional for the family X7 as ¢ | 0 in the space Cprj(R?) is equal to

£ 1Sp,1(p), where

T, . o |
Somy(p) = %fo |0s — b(ps)|?ds, if ¢ isabsolutely continuous and ¢y = =,
+00, otherwise.

2. Consider in R! a family of discrete Markov processes X/*,0 < ¢t < T with
time jump size 7 = 7(h). For each h > 0, X&H)T = X}' + hU where the random
variable U has distribution Py, xn . Let us consider two different cases of the
asymptotic problems for the processes X}* as 7,h | 0. The first case is when
7 = h (or 7 and h are of the same order) and it is called the case of very large

deviation; the second case is when 7 = o(h),h | 0 and it is called the case of not

11



very large deviation. In §3.2 and §4.2 — 4.3 of [8], Wentzell describes the Large
Deviation Principle for the process X' as 7,h | 0 in uniform topology for both
of these two cases. We formulate the following Theorems without giving proofs.
(One may find proofs in Theorems 3.2.3" and 4.4.1 of [8].)

Define the cumulant G™" of the process X by
G™M(t,r;2) =7 'In E,Zf exp{z(X/,, — 2)},

Let k(h) be a real valued function tending to 400 as h — 0. Let the following

conditions be satisfied for the cumulant G™" (¢, x; z) and some function Gg(t, x; 2):

I1: k(h)'G™"(t,z;k(h)z) — Go(t,x; 2) as h — 0, uniformly with respect to ¢, =
and every bound set of values of z.

12: V. (k(h)7'G™"(t,z;k(h)z)) — V.Go(t,z; 2) as h — 0, uniformly with respect
to t, x and every bound set of values of z.

13: For every bounded set K, let

82
azlﬁzj

(k(h)*G™"(t, z; k(h)2))| < constant < oo

for all sufficiently small A, for all ¢,z and z € K.

Theorem 1.2 : Let X/ be the family of Markov processes described above.
Let 7 and h be of the same order. Suppose k(h) — 0o as h — 0. Let the condi-
tions 11-13 be satisfied for the cumulant G™" (¢, z; 2) and some function Gy(t, z; 2).
Let Lo(t, z;u) be the corresponding Legendre transformation of Gy(t, z; z). That
is Lo(t,z;u) = sup,(uz — Go(t,x;2)). Suppose the functions Gy(t,z;z) and

Lo(t, z;u) satisfy the following conditions:

12



Al: Go(t,z;2) < Go(z) for all t,x,2, where Gy is a downward convex non-

negative function, finite for all z, and such that Gy(t, z;0) = G(0) = 0.

Let L(u) be the corresponding legendre transformation of G(z).

A2: Lo(t,z;u) < oo for any u such that L(u) is finite.

/ Lo(s,y;u)—Lo(t,z;u !
A3: ALo(h,8') = SUD|y_gchoyi<s’ Lotam<os ettt — 0 for all §',h |

0.

A4: Theset {u: Ly(u) < oo} has at least one interior point u, and sup, ,, Lo(t, z; u,)

< 00.

A5: The set of points u of the closure U of the set {u : Ly(u) < oo} for which

Ly(u) = oo is closed.

A6: For any compact Ux C {u : Ly(u) < oo}, the function Lo(t, z;u) is contin-

uous in u uniformly with respect to t,x and u € Uk.

AT: For any compact Uy consisting entirely of interior points of {u : Ly(u) <

dLo(t,z;u)

oo}, the first derivative of Lg(u), =%

, is bounded and continuous with

respect to u uniformly with respect to t, z,u € Uk.

Then the action functional for the family of processes X" as h | 0 in the uniform

topology is k(h)Sp,(¢), where

fOT Lo(s, o(s);¢(s))ds, if ¢ is absolutely cont. and ¢ = x,
St (@) =
400, otherwise.

Theorem 1.3 : Let a family of Markov processes X' be as described above.

Suppose Th™2 — o0o,7h™' — 0 as h — 0. Let the conditions I1-I3 be satisfied

13



for the cumulant G™"(¢,x;2) and some function Go(t,x;z). Let the function

Go(t,x; z) be finite and bounded for all ¢,z and all sufficiently small |z|, let

dGo(t,x;2)

2 |2=0 = 0 and let the matrix

(A9(0.2) = (G (4.2.0)

be bounded, uniformly positive definite and uniformly continuous with respect

to t,z. Put (A;(t,x)) = (A9(¢,z))"". Put

olt, z;u) ZA” t,x)u'n?
Then the action functional for the family of processes X' as h — 0is Th™2S)o 71(¢0)
uniformly with respect to the initial point where

fOT Hy(s,p(s); p(s))ds, if ¢ is absolutely continuous and ¢y = z,
So,r)(p) =

400, otherwise.

1.3 Main Results

We describe the main results of this dissertation in this section.

1. Consider the family of processes X defined in (1.5).
Theorem 1.4 : Let n > 1 be an integer. Let po, ..., p, satisfy > ., Ptk =
(2k — 1)t for & = 1,...,n. The action functional for the family Xf’e as 0, |

0,0/e = 2, in the space Clo.r(R?), is equal to e~ Sf 1 (), where

fOT Z?Zl LE(@L — b'(¢"))ds, if ¢ is absolutely continuous and g = =,

S[%T( )=
400, otherwise.
where
u? [+ D=3 pa®n
L,u - =1 1" 2n+2 , 2n O 2n—+2 O < << 1

14



Theorem 1.5 : The action functional for the family of processes Xf “asd,e |
0,0/¢ | 0 in the space Cjr(R?) is 71 Sp,71(¢), the same as the action functional
for X7 when ¢ | 0.

Consider the system
X, =b(X;), Xo=1z€R,

where the vector field b(x) is Lipschitz continuous.

Assumption 1: The vector field b(z), 7 € R?, has an asymptotically stable
equilibrium at a point O € R%.

Let G C R? be a bounded domain with boundary 9G.

Assumption 2: The domain G is attracted to O € G: limyjo X; = O for
each trajectory of X; = b(X;), Xo =z € G.

Assumption 3: The domain G has a smooth boundary 0G and (b(x)-n(z)) <
0,z € G where n(x) is the exterior normal of the boundary of G.

Now, consider the continuous process Xf “ defined in equation (1.5) and the
process X¢ in equation (1.3) with o as a unit matrix. Let X = X0° = 2 € G.
Denote by 7 = 7¢ (79 = 79¢) the first exit time from G for the process Xg (X<):
¢ = min{t : X¢ € G}, ¢ = min{t : X}° € 4G}.

Define V¥*(z) = inf ecy, ,ry{Sp (@) : o = O 7 = 2, T > 0} and V}' =
mingepc V*(x). Define V(z) = inf cc, rty{Sp0,11(0) : 0o = O, 07 = 2, T > 0}
and V¥ = mingecge V#(x). Here 5_18[‘57T](g0) is the action functional for X ¢
as de | 0,0/ = p* = O(1) in the space Cloqy and e 'Sy 7(p) is the action

functional for X7 when € | 0 in the space Cj 1y .

Theorem 1.6: Let Assumptions 1-3 be satisfied. Then for any initial point
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zeGand h >0

lim  eln B, = V¥,
€,010;0e—1=p2

lim elnE,7% =limeln E,7° = V,.

£,0e=110 el0
. Vi —h S Vi +n
lim Pe = <7 <e = )=1,
€,010;0e—1=p?
. Vo—h Voth . Vo—h Voth
lim Pyle = <7 <e = )=limP(e s <7t°<e = )=1,
e,0e—1]0 €10

If mingepe V#(x) (mingese V(x)) is achieved just at one point a# € 0G (z, €

0G), then
lim P (| X% —z"|>h)=0
€,010;0e~1=p2 ™
lim P,(| X’ — .| > h) = lim P,(| X5 — 2,] > h) = 0.
£,6e=1]0 ™ el0

Theorem 1.7: Let py, ..., p, satisfy > i pii®* = (2k=1)I, k=1,...,n. Let
b(x) be of potential type, that is, there exists U(z) such that VU (z) = —b(z). We
assume that U(z) is smooth enough, U(O) = 0, and that U(z) > 0, VU(z) # 0
for x # 0. Then

Vi(x) = 2U(x) + Vo (2)p*™ + O(p*), 0 < p << 1
where V,,(z) is given by the equation

0
V. (x) = 2242, / VU (Z,) 2t

—0o0

Here B,, = (2n+1)”&§§)ﬁ 2™ and Z, is the solution of the equation Z, = VU(Zy), Zo =

reG,t<O.

2. Consider the process X/"* defined in (1.6). We are interested in the asymp-
totic behavior of 7% = min{¢ : X{** € G} and the exit point X" when € | 0.

Since X!"© is not a Markov process, this creates some difficulties to obtain results
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concerning 7% and the exit point. The 2d-dimensional Markov process (X}, n}")

should be considered in the proof.

Let b(z) be of potential type, that is, there exists U(z) such that VU (z) =
—b(x). We assume U (x) is smooth enough and U(O) = 0 and U(z) > 0, VU (x) #
0 for = # 0. In this case, we notice that the unperturbed system (X', n;") has an

asymptotically stable point at (O x O).

Theorem 1.8: The action functional for the family of processes (X}, n,"%)

in the space Cjor)(R*) ase | 0 is 5*15[’61](@0, ¢), where

I d, .
St (@ 0) =5 [ 1(@r = blewr) + n|@r — by dt,
[0,7] 2 /o dt

if ¢, is absolutely continuous, ¢; = ¢, — b(¢;) and g = x, ¢y = y. Otherwise

Slor) (9, @) = oo for the remaining functions in Coz)(R*).

Define VH(I) = infcp,(]ﬁEC[OYT](Rd){Sf(LLT]((107 ¢) s Yo = Oa ¢0 - Oa Yr = T, T> 0}

and V} = min,egq VH(x).

Theorem 1.9: Let assumptions 1-3 be satisfied. Let b(z) be of the potential
type and let all the assumptions concerning the potential are satisfied. Let N
be any positive constant such that the unperturbed system (X[*, n}"), (X5, nl) =
(z,y) with z € G, |y| < N, never leaves the domain G x R?. Then, for any = € G,

ly| < N and a > 0, there exists a p* such that for any p < p*,
limglnExyTX <Vl+a, limslnExyTX > VH—a,
€10 ’ el0 ’

VA” —a Vou+o<

lim P, (e s <78 <e = )=1

If mingcoe V*(z) (mingege V ()) is achieved at just one point z# € 9G (z, € 0G),
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then

laiirglPx,yﬂijf — 1t <a)=1.
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Chapter 2

Stochastic Resonance for Random-walk
Perturbations Approximating White

Noise

2.1 Large Deviations

Recall from the introduction that we constructed a continuous d-dimensional
stochastic process X in (1.5) when replacing the Wiener process W; in (1.3)
with the random walk €. Our goal in this section is to establish a large deviation
principle for the family of processes Xf “ as d,e | 0. We describe this large
deviation principle by means of an action functional in the space C[O,T](Rd).

Let 6, | 0 and 6 /e = pu?, where 1 > 0 is a fixed constant. First, let us consider
the one-dimensional case and assume b(z) = 0. Then X5 — z is the sum of m
independent random variables, 70 = \/E(ffk 1)~ €5). Here 1) = +iv/de, with
probability %pi fori=1,...,n, and n{ = 0 with probability p,. Furthermore, we
assume » o p; = 1,> " °p; = 1.

In order to calculate the action functional for Xf “as d,e ] 0,0/e = p?, which
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is the case of very large deviation, we apply Theorem 1.2 (see §1.2): One should

first calculate the cumulant G*° of the process Xf “ where

G'e(2) = G (t, x5 2) = %lnEeXp{znf}.

Then one should find G5 (z) := lim.|oeGH(2e7 ). Let Lf(u) be the Legendre
transform of Gf(z). If conditions A1-A7 in Lemma 1.2 are satisfied, the action
functional for the family of processes Xf “ as 0, | 0, §/e = p? in the space

Cory(R"), is equal to 8_15[‘6’%} where

fOT LE(ps)ds, if ¢ is absolutely continuous and ¢y = =,

Stin(e) = 21

400, otherwise.

Before we start the calculations, let us mention, without proof, some proper-
ties of convex functions and the Legendre transformation. (see Theorem 2.6.5 of

[12] or §1.1.2 [8].)

Lemma 2.1 : Let G(z) be a downward convex, lower semi-continuous function
of z € R!, taking values in (—o0,00]. The Legendre transform is the function
L(u), u € R, defined by the formula L(u) = sup,(zu — G(z)). This transform is

also downward convex and lower semi-continuous. Furthermore,

(1) if the function L(u) is differentiable at a point u, then

(2) if, in addition, the function G is differentiable at the point z = L'(u), then

20



(3) if the function G is differentiable k > 2 times at a point z, then the function

L(u) is also k times differentiable at the point G'(z) and

" 11

L () ey = (G (2)) 7"

Now, let us calculate the cumulant G*¢(z) and G{(z). In our case,

GM(z) == 5 lnEeXp{znf} =5 In{po + Z %(6]’3\/E + 6_32@)};
=1

1 LI .
G(2) 1= limeGE=(z7") = 5 lnfpo+ 30 (™ + 7).

j=1

We summarize some properties of G{(z) in the following:

G1: GF(0) = 0; G§(2) is an even and non-negative function; G%(z) is finite for
all z € R.
G2: The first derivative of G§(2) is

Doy pil(e — e
1(2po + 301, pile + i)

(Gh) (2) =

It is easily checked that lim. 400(Gf) (2) = +2 and (Gf)'(2) is an odd

function. Furthermore,

(GH) (2) <0, z<0;
(G5) (2) =0, 2=0;
(GH) (2) >0, z>0.
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G3: The second derivative of Gf(z) is

442370 popii® (e + e ")
(2po + Doy pilei= 4 e~#m))?
D icicjon DiD; (i = §)? (0T 4 e ()

(G0)'(2) =

+ - : :
(290 S, ple + e
+ D 1<icj<n PiD; (i + j)?(elimD)a 4 emlimd)zm) 2€R
(2p0 + 225 pile™™ + e7ok))? ’
4
> _ : —
(2po + 221y pile™™H + e7#1))
> 0.

G4: From property G3, G§(z) is a downward convex and even function.

G5: From property G3, (G)'(2) is monotone increasing for z € R.

Now, let us summarize some properties of L{j(u), the Legendre transformation

of GF(2).

L1: LE(0) = sup,(—Gh(2)) = —inf, G§(2) = 0; Ly(u) is an even function be-

cause

Ly (—u) = sup(—uz — Gi(2)) = sup(—uz — Gy (=2)) = Lo(u).

z z

L2: By Lemma 2.1, Ljj(u) is downward convex and lower semi-continuous be-

cause Gf(z) is a downward convex and continuous function.
L3: For u € (—n/p, +n/p) L (u) is twice differentiable and (L4)"(u) > 0 . The
reason is the following:

Since lim, 00 (G4) (2) = £n/p and (G4)'(2) is a continuous and monotone
increasing function for z € R (see Properties G2 and Gb5), there exists a z,

such that (G#)'(2)|.=., = u for any u € (—n/u, +n/u). Following part (3)
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of Lemma 2.1, (L})" (u) exists and (L§)"(u) = ((G§)"(2,))~" > 0 for any

u€ (—n/p,+n/p) .

L4: Following part (2) of Lemma 2.1 and Property L3, for any u € (—n/u, +n/u)
(L) (u) exists and (GS>/<Z>’z:(Lg)/(u) = u . Furthermore, it follows from

Property G2 that for u € (—n/u, +n/p), (L§) (—u) = —(L§) (—u) and

L5: For [u] = n/u, Liu) = LI 2: for [u] < +n/p, Li(w) < Jin2; for

ul > +n/p, Li(u) = oc.
Proof: Since L{(0) = 0 and Lj(u) is an even function, it is sufficient to

prove property L5 for v > 0. Let u > 0.
LAw) = supquz——In(po+ zn: Digizn y =immy
’ 2 p? £ 2
1 LI |
= 2P {ln e —In (po + %(6”’“‘ + e‘”“)) }

i=1

1
= Elnsgp f(2).

where
eu2uz

- po+ i (pif/2)(eH + en)
and the first derivative of f(z) is

f(2)

£y = B g+ e L (0 D + ) = T (i 2)i(e 4 7))
[P0+ > iy (pif2)(er + e—izu)]Z
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Notice that f'(z) > 0 for gu > n. Therefore, for u > n/u,

L) = 5 msup f(2)

1
= —Inlim f(z
M2 zTa)f( )
Inli o
= —Inlim - , —
p? o 2leo po 4 Dy (pi/2) (€ + e3)

It can be easily checked that Lf(n/u) = (1/p*)In(2/p,) and LE(u) = oo

for u > +n/p.

To show Li(u) < Li(n/p) = (1/p*)In(2/p,) for 0 < u < +n/p, it is
sufficient to show L{(u) is non-decreasing function for u > 0. Notice that

for any 0 < uy < uo,

Lo (uz) — Ly(ua) = sup(uzz — Goy(2)) — sup(urz — Go(2))

zER zER
= sup(ugz — G4(2)) — sup(urz — G5(2)) > 0.
220 z2>0

This completes the proof.

L6: When n = 1, i.e., pg = 0,p; = 1, the Legendre transform was calculated

explicitly in [6]:

L) = s l(1+ ) In(L + jor) + (1 — pu) In(1 — )], i Jul < 2,

+00, if |u| > i

Lemma 2.2 : The action functional for X< as 6, | 0, /e = p2 in Cor(RY)

is 5_15'{8’7% where Sfé”OT] is given by the formula (2.1).

Proof: This is an application of Lemma 1.2. Let us verify that the conditions
Al — A7 in Lemma 1.2 are satisfied. Notice that G%(z) is independent of ¢ and

x. Let the function GJ(z) in the conditions A1 — A7 be Gh(2) = G§(2), then
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Ly(u) = Lj(u). It is easily checked that conditions A1 — A5 are satisfied. In
particular, {u : L{(u) < co} = {u : |u] < n/p}. In condition A4, we can take
uy = 0. Condition A7 is satisfied because (L§)"(u) exists for |u| < n/p. To
show that condition A6 is satisfied, it is sufficient to show the function Lf(u) is
left continuous at u = n/u. Notice that L{j(u) is a lower semi-continuous and
non-decreasing function for v > 0 (see the proof of L5), it is easily verified that

limy gy, Ly (w) = Ly(n/p). This completes the proof.
|

Consider now the d-dimensional stochastic process Xf “ with b(z) = 0. Since
the components of this process are independent, the action functional for the

family X as 6,e | 0,0/ = p? in Clo)(R?) is equal to

715661“0 - 871 Z S[O T] i 7 Pt = (QD%, ) gpgl) S C[O,T]<Rd)'

To calculate the action functional in the case when b(x) # 0, note that the

map R : ¢ +— X in Cpr(R?) defined by the equation

¢
Xi=x+ / b(Xs)ds + (¢pr — o)
0

is continuous and R™}(X) = ¢ is defined uniquely, if we assume that ¢y = 0.

Thus, the following theorem can be derived from the contraction principle:

Theorem 2.1 : The action functional for the family X{° as 6,¢ | 0,6/ = 12,

in the space Cjo7j(R?), is equal to & 15‘6 (), where

fOT S LH(@L — bi(o?))ds, ify is absolutely continuous and @y = x

SféT( ):

~+00, otherwise.

25



Now we will look for L{(u) in the form: L5 (u) = L%(u) + L' (u)u + L?(u)p?® +
.., 0 < p << 1. We will choose parameters py, . . ., p, so that the action functional
for this type of perturbations approximates the action functional for the white

noise type perturbation in the best way.

Recall from property L4 that (G%)'(2) oty () = wforany u € (—n/p, +n/p).

Together with the expression of (G4) (u)(see Property G2), we have

up(2po + Zpi(eiz*“ + e F ) = Z ipi (e H — e7TH), (2.2)
i=1 i=1
where z* := (L§)'(u). Now let us look for z* = (L) (u) in the form z* =

Sop et 0 < p<< 1.

First, we state the following lemma which is useful.

Lemma 2.3 : Let z* be defined as above. Then, for p > 0 and |pu| <

|(npn/2)],

Proof: Recall from Property L4 that (L) (u) is an odd function for u €
(=n/p,n/p) and (LE) (u) > 0 when u € (0,n/u). Therefore, to prove the lemma,
it is sufficient to prove z* < 2u/(n*p,) when pu < (np,)/2,u > 0, > 0.

Let u > 0,4 > 0 and pu < "2, Recall from Property G5 that (G§)'(z) is a

monotone increasing function for z € R. Hence,

2w 2 (G () < (Gg)’< 2u )

n"Pn

Recall from Property L4 that (G4)'(2) o= (rty () = wforany u € (=n/p, +n/pu).
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It implies (G4 (2*))" = u. Hence,

(@) ) < 6t (o) w6y ()

2
n n"Pn

For convenience, let us denote z := nzg . From above argument and the expres-
n

sion of (G4)'(u)(see Property G2), it is sufficient to prove the following inequality:

Doy dipi(et — e

up < - — ——.
"= o+ (e o)
Notice that
npn<€n2u _ e—néu) Z?:l sz(ezéu _ 6—i2u)
enzi + e—nip — (2]90 + E?:l pi(eii’,u + 6_1‘5#))-

npn(enéu_e—néu)

Hence, to prove this lemma it is sufficient to show up < ==5= —

. Now, let

us prove it.
npy, 6n2,u _ 67n2,u,
ap <™ (e )
enit 4 e—nzp
& upe ™ + upe” " < nppe™t — np,e” "
S (np +up)e™ < (np, — up)e"H
14 £ .
o nPp < €2nzu
1 e —
nP,
1 up up \ |
& — |In( 1+ —In(1— <z
2np [ < nPn> ( nPn>_ -

To prove the above inequality, notice that

1 up (v
— [In(1 —In(1 —
2n [n( + nPn) n( nPn)
1 i 2(0) "
2np — 2k -1
[e's) ( u )2k—2 2k—2

1 u P 2
_ﬁnpnz 2k — 1
k=1

1 u o, u 2k—2 2k—2
npn) 1

IN
I
|

k=1

=Z.

1)21@—2 <9 2“
n"Pn

IN
I
|
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The above inequality holds because |pu| < ["£2|. This completes the proof.

Lemma 2.4 : Consider z* = (L#)'(u) as in Lemma 2.3. Let n > 1 be a fixed

integer. Assume py, ..., p, satisfy > i pii®* = (2k — 1!, k=1,...,n. Then

2+ 1) — S 22
= u+ (( n )(QHEZTPZ )u2"+1 MO, 0<p<<l.

Proof : When n = 1 it is easily seen that po = 0 and p; = 1. From Lemma
2.3, for 0 < p < |1/ul,

= (L) (w) = 5-(n(1+up) (1 — up)

i
_ N )™
= )

k=1
_ L35 — (up)?* 2| o
= u+3uu + Zl 2% 13 U

Since |up| < 1, there exists @ < 1 such that |uu| < a < 1. It can be easily

checked that )2 1 _ is bounded by some constant M = M (n). Therefore,

2k+3

Lemma 2.4 holds for n = 1. It is now sufficient to prove this lemma for n > 2.

For convenience, we denote

(2n+ D — 370 pii®"™? ~
Con 1= = i bog = E pit, k=1,2, ...
(2n +1)! —

Step 1. Applying Taylor’s formula, we have

2k+1 e (ZZ*)2k

(ZAT —zz n—9 2k:+1, 2% —iztp 2 Qk'
¢ Z 2k+1 €T e kg_% k)

Substituting the above equahtles into equation (2.2) and taking into account that

STrps =1 and Y120 i%p; = 1, equality (2.2) becomes

u+uz <Zsz >

)2k+1

+Z <sz 2’““) —;k+ i (23)
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Step 2. Assume that z* = 220:0 api®. We are to find all the coefficients a;, for

k=0,1,2,... by induction.

Let us substitute z* = ag + ajpu + agu® + ... into equation (2.3) to determine
the coefficients of x° and i on both sides of the equation:

On the left side of equation (2.3), the coefficient of u° is u while the coefficient
of ! is 0.

On the right side of the equation (2.3), the coefficient of u° is Y. | pii*ao
while the coefficients of p' is Y| pii®ay.

Taking into account that > | p;i* = 1, we have ag = u and a; = 0.

Assume that we already have ag;_1 =0, j =1, ..., N where N is any positive
integer. Let us show agny1 = 0. We substitute 2* = u+ > 5y aoppr ™ +
> e, agp®* into equation (2.3) to determine the coefficients of p? *! on both
sides of the equation:

On the left side of equation (2.3), the coefficient of p*¥*1 is 0.

On the right side of equation (2.3), the coefficient of p?V*1is 37" | pjifasn 1.

This implies asn 1 = 0.

In conclusion, we can have asy,1 =0, N =1,2,....

Substituting z* = u+ Y e, agu” into equation (2.3) to determine the coef-
ficients of 2 on both sides of the equation, we find the following:

The coefficient of y?" on the left side of equation (2.3) is

N artag+..asp=N—Fk
M | > )
2k (201 U205 * * * A2a ;
(2N)| 1 2 2k )
k=1 Qe agp is integer

0<ai,..., a0, <N—Fk
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The coefficient of ?" on the right side of equation (2.3) is

1 N aytas+...agp1=N—k
2N
aanie (2N + 1)! kZ: a2 Z (a2, - 'a20‘2ka20¢2k+1)

=1 QY yeney Aokt is integer
0<ai,...aop1<N—k

Therefore
N ajtas+...asp=N—k
[0 > )
asN = 2k Q20 A20ry * * * 20
(2N>! 1 2 2k
k=1 QA yeeny agp is integer

0<ai,...,aaxs<N—k

N a1tas+...azp1=N—k

1
(2N + 1)! Z ba+2 Z (azal T a2a2ka20¢2k~+1)

=1 QALsenny Qg4 @5 integer
0<au,...asp+1<N—k

Step 3. Let po,...,py satisfy Y1 pit®* = (2k — 1)/l for k=1,...,n. The
coefficients as, ..., 29,, will then have an explicit expression. Let us find agy for

k =1,2,...n by induction.

b2u3 o b4u3'

From the expression for asy in step 2, we have ay = 5

Let n be any integer such that n > 2. We have by = 1 and by = Y ;- | pyi* = 3IL.
Hence, as = gﬁ ud — !u3 = 0.

Assume that ag, = 0 for k = 1,2, ..., K where K < n. Then

(K+1! (K +1) +1)!

_ ((2(K+1)+1)Z | pd2 BT ST DT )u2(K+1)+1
2K+ 1)+ 1)

bQK 1 bQK 1)+2
sk 11) (2 (K+1) (K+1)+ p2E+D+1

0, if K+1<n,

<(2n+1)!!(2§:+1) L Pii 2”2) w1 i K1 =n.

By mathematical induction, we conclude that

(2n + 1) — Z?:l pii®" u 2t
(2n + 1)! '

asy, =0, k=1,..n—1, and aQn:<
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Step 4. Let po,...,p, satisfy Y1 pit®* = (2k — 1)/l for k =1,...,n. Assume

2* = U+ cou T 4 CO(u, u)p®™ 2. Let us find an expression for C' = C(u, p).

Let us substitute 2* = u+co,u? 1 p?"+C p?"*2 into the both sides of equation
(2.3). Taking into account that Y i p;i** = (2k — 1)!l, k = 1,...,n, we find the

following: The left side of equation (2.3) is equal to

u+u2(2pﬂ'2k) ((2213:)' ,U%

k=1 =1
_ (2k B 1)” 2k 2k k
—uwrn 3 O a3 (3 )
k=1 k=n+1 =1

(e 9]

1 b
_ 2k 2k 2n 2n 2k 2k 2k
u+u§ %” w4 u Ol (27 +u § :

The right side of equation (2.3) is equal to

2k+1

Z+Z sz 2k+2 2Zk+1) 12k

k=1 =1

b
_ 2n+1 2n 2n+2 2k+2 *\2k+1 2k
= u+ U + Cp" + g —2k+1)!(z) i

—u-tec nu2n+1 2n 4 C/L2n+2

b2k+2 2n+1 2n 2n+2\ , 2k
+Z @ 1 )*(u + capu +Cpu™ )

b
o 2n+1 2n 2n+2 2k+2 *\2k 2k
= U+ CoplU +Cu —l—uE —2k+1)!(z) i

ka+2 % . 20+l 2n+2k oo 2%k 2
* . n n C U242 o« n+2k+2
+Z (2k +1 Contt™ T ;(2k+1)!(z) a

— u+02nu2"+1 2n 4 Cﬂ2n+2

n—1
k+ D! on ok bon+2 )22 b2k+2 2% 2k
+U; Q) g ) +“k;1 TSR

o0 oo

bot2 2k, 2n+1, 2n+2k bok-+2 2k 2
. % n n C _ 2kH2 n+2k+2'
+co ;—(Qk—i— 1)!(,2 ) uT T + Zl 2k + 1)!(2 )
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(2k+1)! (Z*)Qk 2k

Now, let us equate the left and right sides. The terms wand u ), _ 1 BT L

can be canceled, therefore, the left side of equation (2.3) is equal to

[e.e]

1 2n 2n b2k 2k 2k
u +(27) +u
e 2 e

o 1 *\2n 2n b2n+2k+2 *\2n+2k+2  2n+2k+2
= i ) +UZO(2n+2k+2)!( ) a '

The right side of equation (2.3) is equal to

b2 2 b2k’ 2
Con u2n+1 2n+Ou2n+2 +u n+ ( 2n 2n+u E _ V2kH2 )QkMQk

(2n+1)! o, 2k 1)
+op i %(Z*)Qku2n+lu2n+2k +C i %@*)%M%HHQ
k=1 —
= cpuu®" "+ OpP T 4 u%(m%w
+UZ 25252::% 5 ( *)2n+2k+2’u2n+2k+2
+egun Tt g %(z*)2k+2’u2n+2k+2 +C i (2221221)! (Z*)2k,u2n+2k+2‘

Let us add (—cou® ™y — u(gi’ff)! (2*)?"u*") to both sides. Then the left side

is equal to

* n n n > b n % " n
Con((25)2" — U™ Yup? +UZ @ i;jf 2)'(2 )2t 2he42 ) 2k 202
=0 :

o* 2n u2n
— C2n( Z/* — (C 2n+1 2n+OM2n+2) M

- b2n+2k+2 *\2n+2k+2  2n+2k+2
+ukZ:0(2n—|—2k+2)!( ) s

2(2 )Qn —u™" 2n+2 4n bon+2k+2 *\2n+2k+2  2n+2k+2
:(62") Z¥—u —{—uz 2n—|—2k—|—2 ( ) H

*\2n __ ,,2n

¥ U
+C(62n)z—u,u4”+2.
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The right side is equal to

b

2n+2 2k+2 2k 2n+2k+2

+ Z 2k + 1)! a )

- 62n+2k+4 *\2n+2k+2 , 2n+2k+2 2n+1 - b2k+4 *\2k+2 , 2n+2k+3
; ot 2k ) a - Cont ;(2k+3)!<2> a ‘

Now, let us equate the left and right sides. It can be checked that C' =

C(u,p) = A/B where A = Al + A2+ A3 + A4 and

2 (Z*)Qn —u?" 22 2n—2 - bony2k+2 #\2n+2k+2 2k
Al = ¢, | ——— Ju" ™7 AZZUZ (") o
k=0

2¥—u (2n + 2k + 2)!
= bon+2k+4 9 = bok-t4
A3 - _ *\2n+2k+2 , 2k A4 = —¢y, 2n+1 *\2k+2 , 2k
“;<(2n+2k+3)!)(2) o Contt kz;(zm:s)!(z) a
b2k+2 2k 2%k (Z*)2n —u™" 2
B = 1 n n'
+ Z (2k+1 A Zf—u Ut

Step 5. Assume 0 < p < |72, Let us show that |C| is bounded for
0 < p < |%2| and n > 2. Before we start to estimate C, we need to verify some

inequalities.

I1. Applying Lemma 2.3 and taking into account that n?p, < 1, it can be checked
that for 0 < p < |22

(Z*)2n _ u2n

| = |E R OE T ) )

< (1 D(E)P 2+ 1P + a7

92 92 2n—2 92 2n—4
< (——+1) |5 + (= + ..+ 1
n"Pn n"Pn n="Pn
—1

|u’2n72

A
3
= | w
3
VN
3l\)
T
S
| 3
—_
v
=
T
i
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I2. Notice that boyio = > 1 " 2p; <n?> 7" i*"p; = n®by,. Then

(277/ + 1)b2n — b2n+2| < ((Zn + 1) + n2)b2n
(2n +1)! - (2n+1)!

B 1 14+ n?
(2! 2n+1

1 (n+1)? 1
_ < om < 1.
)l 2n+1 = o' =

|Can| = |

I3. Taking into account inequality I1 and 12, it can be checked that for 0 < pu <

|np,/(2u)] and n > 2,

*\2n _ ,,2n
Con (Z ) U uu?n
2 —u

N

w
|
|

I4. Applying Lemma 2.3, it can be checked that for any integer N > 0 and
0< s |

. ban 12k * 2k L ong i —iz*

5[] cut = JEte e

(e"FH 4 eTnEH

—nﬁlwl]

IN
S
Z

IN

2
n—-—|u,
b2N |:€ nzpn| Bl Te

ban [en"%n 2 e 2

IN

2 | npn _ 2 | npn, |:|

ng(G + 6_1).

Now, let us estimate A = Al + A2+ A3 + A4 and B for 0 < pu < |np,/(2u)|
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and n > 2. Applying inequalities I11-14, we have

(Z*)Qn 2 ) N
|A1| = anﬁzﬂ _;,_2#2 )
2n
< 3 2 |u|2n71u2n+2uzn72
- n’py
2 2n
2 2n S i
< 3 <_n) s _ 12 onig
= (n2pn> 2 ’ul n2n+2p% \u|
00 bont2kr2 2
A2 = n $\2n+2k+2 2k
. b
_ *\2n+2 2n+2k+2 o
= |u|(z") ;((2n+2k+2)!) (2*1)
(b
< £\ 2n+2 D2n+2k+2 o
< [ul(E)™ e+ e Do
2 2n—2
< [(TLQ]? > (e+€1)b2n+2] 23,
00 bon-t2krd 2
A3 = n £\ 2n+2k+2 2k
|A3| u;((2n+2k+3)! (2%) }
9 \ 22
< [(n2p ) (€+e_1)b2n+4] 23,
= b
A= n” _ U2kt w\2k42 2K
| ‘ Conl ;<2k+3>!(z) )
= b
< #\2, 2n+1 -
S kZ:(](2k+3)!<z )

[(nfpn)z (e + e‘l)b4] |2,
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|B| i bak2 2k 2%k (Z*)Qn —u®" on
= — Cyp———1U
p (2k +1)! H 2 Z* —u a
N 2k 2% () =,
> n
= kz 2]{7 + 1 H Con *_u (0793
2n _ ,,2n
. CQnW_uwzn > 1
¥ —u 2

From above inequalities, we conclude that for u < ”‘p" and n > 2, there exists

a function, say M (n), depending on n such that

|A\ |A1| + |A2| + |A3| + |A4|

Cl =
B = |B|

M () fuf* .

Therefore, it can be concluded that

4 1) — S 2t
Z*:U“—(( n+ )(271—*—2{):‘1297’ ) 2n+1 2n+0( 27"0-‘y-2)7 0<[1’<< 1

This completes the proof.

Remark: From Lemma 2.4, it can be verified that

(2n+ =" pa®nt?
(2n +1)!

@)=z (

)ZQnJrl 2n+0( 2n+2)’ 0</L<< 1.

We sketch the proof here. Step 1: For any z € R, there exists a unique u €
(=n/p,n/p) such that z = (L&) (u) (see Property L4 and G2). Furthermore, by
equation (8), we have the two inequalities |up| < n(e™* — e=™=1l) and |u| <

2n2ze™# . Step 2: From Lemma 2.4, it is known that

(2n+ DI =30 pa®nt?
(2n + 1)!

(£ =u+

)u2n+1 2n+0(u ,U) 2n+2

where [C(u, p)| < M(n)[u[** provided p < gf%. Here M(n) is some func-

tion depending on n. Taking into account the two inequalities in step 1 and
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(GS)I(ZMZ:(LB‘)’(“) = u, it can be checked that

/ Cn+ DN =37 pid® 2\ it on A "
(@) ) = - (B 2 L G, )

where |C(z, 1)| < M(n)|z***3 provided |u| is small enough. Here M (n) is some

function depending on n. This completes the proof.

Lemma 2.5 : Let n > 1 be an integer. Let po, ..., p, satisfy > ., p;ii2k =

(2k — D! for k=1,...,n. Then

m|‘:'m

2’)7, + 1 ” — 7-L_ ii2n+2
Lg<u) _ + (( ) Zz_lp u2n+2ﬂ2n_‘_0(u2n+2)’ 0 < m << 1.

(2n +2)!
(2.4)
Proof: Recall that z* = (L}) (u). Recall from property L1 that L}(0) = 0
and L{(u) is an even function.

Recall from the proof of Lemma 2.4 that

N , (2n+ 1IN =>"  pi®t? . . .
2= (L) (u) =u+ ( @n E)‘l WP+ O, p) Pt

where |C'(u, p)] < M (n)|u*"*3 for p < np,/(2|ul).

From all the above arguments, this lemma can be easily derived.

2

So far, we have considered the case d,¢ | 0,0e™! = p? = constant > 0.

Consider now the case €,5¢~! | 0. Notice that

1 "y .
Gh(w) i= 5 1n {po +> %(ew + e““‘)}

i=1
2
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Therefore, when p? = §/¢ | 0, Go(u) = u?/2. Using Lemma 1.3, we can derive

the following result:

Theorem 2.2 : The action functional for the family Xf “asd,e ] 0,0/e |0
in the space Cjorj(R?) is equal to e 7' Sj 7)(¢), where
foT |0s — b(ips)|?ds, if ¢ is absolutely continuous and ¢y = z,

Slo,1] (¢) =
~+00, otherwise.

Notice that 7S 7(p) is the action functional for the family X7 in Cjo7y(R?)

ase | 0.

2.2 Exit Problem for X/*

Consider the system:

Xt = b(Xt)7 X() = c Rd.

where the vector field b(x) is Lipschitz continuous.

Assumption 1: The vector field b(z), x € R? have an asymptotically stable
equilibrium at a point O € R%.

Let G C R? be a bounded domain with boundary 9G.

Assumption 2: The domain G is attracted to O € G: limyjo X; = O for
each trajectory of X; = b(X3), Xo =z € G.

Assumption 3: The domain G has a smooth boundary 0G and (b(x)-n(z)) <
0,z € G where n(x) is the exterior normal of the boundary of G.

Now, consider the continuous process Xf “ defined in the equation (1.5) and
the process X¢ in the equation (1.3) with ¢ as a unit matrix. Let X = Xo¢ =

r € G. Denote by 7 = 7°(7° = 7%¢) the first exit time from G for the process
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XE(XP9): 7° = min{t : X7 € G}, ¢ = min{t : X}* € 8G}. To describe

the asymptotic behavior of 7¢ and 7°¢, let us introduce the functions V(x,%),

Vi(z,y):
Viz,y)= _inf {Spr(p):vo=x,0r=yT>0},
0€Cor(R?)
Vi(z,y) = 1nf {S[OT]( )t o =x,0r=y,T > 0}.
p€Cor(

Here Sjo,r(¢) is the action functional for X7 in the space C[OyT}(Rd) as e | 0 and
S[’S,T] () is the action functional for Xf’g in the space Cjo r(R%) as d,e | 0, %8 = 2.
Define V(z) := V(O,z) and V#(z) := V*(O,z). The functions V(x) and V#*(x)
are non-negative and equal to zero only at z = 0. Furthermore, if the functions

V(z) and V#(x) are continuously differentiable, they can be found as the solutions

of corresponding Hamilton-Jacobi equations:

%ivvu)\? +(b(@) - VV(2) = 0, V(O) = 0,V(2) >0 2 % O:

1
EZIH

k=1

+ (b(z) - VVH(2)) =0, (2.5)

n
. OVH (z AVH (z
Po + E B WTIE)—FB_W ot
2
i=1

VHO) =0, V¥(x) > 0if x#O.

The Hamilton-Jacobi equation for V(z) can be found in §4.2 of [5]. Equation
(2.5) for V#(x) can be derived following the same idea as in [4] (see also §4.2 of

[5] and [6]). We briefly discuss the one dimensional case here. Define

‘7<t17t2707'r) { t1t2( ) Pty — O7S0t2 = ZL'}

L'060[751 t2] (R
From §4.23 of [13], we can have the Hamilton-Jacobi equation for V (t1,ty, O, x):

8‘7<t17 t?a 07 .1')
Ot

OV (ty, s, O OV (t1, 2, O
oy P 02)) |y T 02)) o

We have to add the condition V(t1,ts,0,0) = 0, V(t1,t,0,2) > 0 if x # O.

Notice that the infimum for V#(x) is only attained for functions defined on a
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semiaxis infinite from the left: there exists a function ¢(t), —oo < t < ¢y such

that ¢(—o0) = O, p(t2) = = and S*

—00,t2

(p) = VH(x) (see §4.2 of [5]). Hence, we
have V#(z) = limy, | _oo V (t1, 2, O, x). It can be checked that (see §4.2 of [5] and
4], [6]) if V#(z) is smooth enough, then

(™) oy T g

In general, the equation (2.5) can have just generalized solutions. Since
L§(z) = oo if ||z||] = maxj<k<q|2k| > n/u, the function V#(x) can be equal
to oco. For example, if the point O is separated from dG by a smooth surface I'
with exterior normal v(x),z € I', and b(x) - v(z) < —1/u, then Vp* = +oo and
Xf “ never leaves the domain G starting inside the region bounded by I if ¢ is

1 2

small enough and de™" = p~°.

Define V,, = mingepe V() and VF = min,ecoe V*(2).

Theorem 2.3: Let po,...,p, satisfy > i pi®* = 2k — DI, k=1,...,n.

Let Assumptions 1-3 be satisfied. Then for any initial point x € G and h > 0

lim  eln B, ¢ =V
€,010;0e—1=p2

lim eln E,7%¢ =limeln E,7° = V,,

£,0e=110 €l0
. v —h V¥ +n
lim  Pe s <1 <e = )=1,
£,010;0e—1=p2
: Vo=h Voth : Vo—h Vorth
lim Pyle = <7 <e = )=limP(es <7t°<e = )=1,

e,0e—1]0 €l0
If mingepe V*(x) (mingese V(x)) is achieved just at one point o € 0G (z, €
0G), then

. s,
P =t > ) =0

lim P,(| X’ — .| > h) = lim P,(| X5 — 2,] > h) = 0.
£,0e=110 ™ €l0
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Proof: Taking into account Theorems 2.1 and 2.2, the proof of this theorem

is a modification of the proof of theorems 4.4.1 and 4.4.2 from [5].

Assumption 4: Assume b(zx) = —VU(z) + [(z), where the function U(x)
and the vector field (x) are smooth enough, VU (z) -l(z) =0 for x € G, U(O) =
0,U(x) >0 and VU(z) # 0 for z # O.

1. Let Assumptions 1-4 be satisfied. Then V(x) = 2U(x) (see Theorem 4.3.1
of [5]).

2. We look for the solution of V#(z) under the condition V*#(O) = 0 in the

form: V¥ (x) =V (z) + p2Vi(z) +...,0 < p << 1.

Let po, ..., pn satisfy > i pii®* = (2k — ), k=1,...,n. Let Assumptions

1-4 be satisfied. Then we have
Vi(z) = 2U(z) + V() p® + O ("), 0 < pu << 1,

where V,,(z) is given by the equation

R (271—}—1)”—2?;:1171'7;2”4_2] /_ ’ zd: {%(Zt)} a (2.7)

|
(2n + 2)! o0 =

Here Z; is the solution of the equation

7, =VU(Z)+ (%), Zy=x€G, t<O.

@)= pia?nt?

Let us prove the above statement. For convenience, denote B,, := Tia)!

Step 1: Recall from the remark of Lemma 2.4 that

(GH) (2) = 2 — (2n 4 2) B2 + O(p>"*2),0 < p << 1.
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Hence

1
Gi(z) = 522 — B2 £ O ), 0 < p << 1.

Applying this equality to equation (2.5), we have

(VU (@) TV4 )~ U(a) V(@) = STVA) B [TV P42 0 ),
(2.8)
VEO) =0, VHz)>0 2#£0, 0 <p<<l.

Step 2: We look for the solution of (2.8) under the condition V#(O) = 0 in
the form: V#(x) = Vo(z) + p?Vi(z) + ..., 0 < p << 1. Substituting this series

into (2.8), we have
(~VU(2)- VVo(a)) + (1(x) - V() + 2 [VVo(@)> = 0, Vo(0) = 0.

It can be checked that Vy(x) = 2U(z). Substituting the series V#(x) = 2U(z) +
Vi(z)p? + ... into (2.8), we find that the functions Vj(z) for 1 < k < n satisfy the

following equations:

(=VU@)+(2)-VVi()+ Y (VVi()-VVj(x)) =0, Vk(0) =0, k <n,

i+j=k,0<i<j<k

and

(=VU@)+H(2) VVa@)+ > (VVile) V(@) = 272 B,| VU ()"

i+j=n,0<i<j<n

V,(0) = 0.

Let us solve for Vi(z). When n = 1, the function V;(z) satisfies

(VU(@) + 1) - Vi) = 5 VU@, () =0. 2.9
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Solving this first order partial differential equation can be reduced to solving

ordinary differential equations (see [19]): Let Z; be the solution of the equation
Z, =VU(Z)+1(Z), Zy=x€G, t<O.

Notice that

dU(2,)

o VU(Z)(VU(Z) +1U(Z)) = [VNU(Z))P >0 Zy=x € G, t <O.

Thus, we have lim;|_ Z; = O. On the other hand, we notice that

dVi(Z)
dt

= VVi(Z)(VU(Z:) + 1(Z:)) = 0.

Therefore the solution of (2.9) can be written in the form

Vi) = 5 / VU(Z)dt.

When n > 1, the function Vi(x) satisfies the equation
(VU(2) +1(z)) - VVi(z)) = 0, V1(0) = 0.

By the same arguments above, we have V;(z) = 0.
Now, let us find the functions Vj(x) for 1 < k£ < n. Using mathematical

induction, it turns out that:
(VU(z)+l(z)) - VVi(z)) =0, Vx(O) =0, k<mn;
(VU(x) + U(x)) - V() = 22720, | VU () [*" 2, V,,(0) = 0.
Solving these two equations, we have Vi (z) =0, k < n and

0
Vo(z) = 2242, / VU (Z,) [ +2dt.

—00

This completes the proof.

43



2.3 Stochastic Resonance for X!*

Consider the system:

Xt = b(Xt)7 X() =T c Rd7

where the vector field b(x) is Lipschitz continuous.

Assumption 5: Assume that a finite number of asymptotically stable equi-
librium points K;,...,K; € R? exist such that any trajectory of the system
X, = b(X:), Xo = =z, except for the trajectories belonging to the separatrix
surfaces, is attracted to one of the points K; as t — oo.

Now, consider the continuous process Xf “ defined in equation (1.5) and the

process X{ in equation (1.3) with ¢ as a unit matrix.
Lemma 2.6: For any h > 0, we have

lim P(max |[X?° — X,| > h)=0.

6,£10,8/e=p2 0<t<T

The proof is a modification of the proof in §2.1 of [5]. We omit it.

Let i(x) be the index of the point such that the trajectory of X, starting at
x € R%is attracted to Ki). Let x € R? not belong to a separatrix. From Lemma
2.6, the trajectory of the process Xf’e starting from ngs = z will be attracted to

the asymptotically stable point K, as d,¢ | 0,8/ = p?.

However, because of the small perturbations, the process Xf < Xg’a =z will
make transitions between the attractor points in large time intervals. To describe
the sequence of transitions of Xf “as d,e | 0,0/e = p?, a hierarchy of cycles

related to the processes X7 is introduced (see §6.6 of [5] and [4]).
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Define Vi; = infocoyry{Sjor(#) : vo = Ki,or = K;;T > 0} where

e~ 1gH

[o,T](SD) is the action functional for the family Xf’a as 0,¢ | 0,0/ | 0 in

the space C’[O,T](Rd). From Vj;, a hierachy of cycles can be constructed: Cycles
of rank 0 are states of L = {1,...,l} themselves. For each ¢ € L, define “the
closest” j = J(i) € L such that V;; = mingep\ (s Vie. Such a closest state is
unique in a generic system. Starting from any ¢ € L, one can consider the se-
quence 1, J (i), J*(i),..., J"(i),... where J"*1(i) = J(J"(:)). Since L is finite,
the sequence, starting from some m € L, is periodic: 4, J(i),..., J"71(i), J*(i) —
JLE) — .. J™(i) = J(i). This sequence 4, J (i), ..., J"1(i), J"(i) — J"1(i)
— ..., JJ™(1) = J"(7) is called the cycle of rank 1 (1-cycle) generated by the state
i € L. Denote by DM the set of 1-cycles generated by any i € L.

Now let us define notions of main state, stationary distribution rate, rotation
rate and exit rate for O-cycles and 1-cycles. Later, we define the cycles of rank
greater than 1 and introduce the same notions for the higher rank cycles.

For a O-cycle C' which contains one point ¢ € L, we define the main state
M (C) = i, stationary distribution rate m¢ (i) = 0, rotation rate R(C) = 0 and
the exit rate £(C') = Vj;4) as follows. For a l-cycle C, we define the main
state M(C) = k* € C such that Vi -y = maxiec Vig). We assume that the
maximum is attained just for one point k*. The stationary distribution rate
me (i) for any i € C is defined as m¢ (i) = Viyu) — Viesae). The rotation rate is
defined as R(C) = max;ecc Viyi). The exit rate £(C) for the 1-cycle C' is defined
as £(C) = minjec j¢c(me(i) + Vij). Assume that there exist just one i = i* € C
and just one j = j* ¢ C for which the maximum and the minimum are attained.

Now we define by induction the cycles of higher ranks as well as their main

states, stationary distribution rate, rotation rate and exit rate.
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Suppose we already introduced the cycles of rank k (k-cycles). Let C*®) be
the set of all k-cycles. For any cycle C € C'®) suppose the main state M (C)
and m¢(i), R(C), E(C) are well defined. Then for any C; € C®), define the exit
point i* € C; and the entrance point j* € L\C such that min;ec, j¢c, (me, (7) +
Vi;) is attained at i = i*,j = j*. The k-cycle, say Cy € C®), containing the
entrance point j* is called the k-cycle following after C;. We denote it J(C).
Such a closest k-cycle is unique in the generic system. Consider the sequence
Cy, J(Cy), J*(CY),...,J"(Cy),. .. where J"FH(Cy) = J(J*(C)). Since C* has
finite number of k-cycles, the sequence, starting from some m € L, is periodic:
Cy, J(CY),...,JYCy), JY(C,) — JHCy) — ...,J™(Cy) = J*(Cy). This
sequence Cy, J(Cy), ..., J" " YCY), J(Cy) — J"H(Cy) — ..., J™(Cy) = J(Cy)
is called the cycle of rank k + 1 (1-cycle) generated by the k-cycle C;. Let us
denote by C*+1) the set of all (k+ 1)-cycles generated by any k-cycles belonging
to C'k),

Now, let us define the main state M (C) and m¢(i), R(C) and £(C) for any
(k + 1)-cycle C € C*+1),

First, let us recall the notion of i-graph for a finite set L = {1,... 1} (see page
177 of [5]). A system of directed arrows connecting some of the points j € L is
called an i-graph if any point 7 € L\ {7} is the initial point of exactly one arrow
and starting from any point j € L\ {i} there exists a sequence of arrows leading
from it to i.

Denote by G;(L),i € L the set of all i graphs for the finite set L. The
main state M (C') for the (k+ 1)-cycle C is defined as M (C) = 5*(C) such that
mMinjec Mingeg, (C) Z(man)e g Vmn 1s attained at j = j*. We assume that such a

j* is unique. Define the rotation rate R(C) for the k + 1-cycle C' as R(C) =
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max E (Ci(k)) where Ci(k) are the k-cycles which form the (k 4 1)-cycle C

izcMec
and & (C’Z-(k)) is the exit rate for the k-cycle C’i(k). The stationary distribution rate

me(i),i € C for the (k + 1)-cycle C is defined as

me(i) = mln 5 Vion — mln E Vion
9€Gi(C (m—m €g 9€G;(C (m—n)€eg

where j* = M(C') is the main state of C. The exit rate for the (k + 1)-cycle C' is
defined as £(C') = min;ec jec(me(i) + Vij). We assume the minimum is attained
at unique points ¢ = ¢* and j = j*.

Since L is finite, a hierarchy of cycles up to rank k* can be constructed so

that the k*-cycle contain all the stable equilibrium points of L.

Assumption 6: The system Xf “ is a generic system such that the hierachy,
the main state, stationary distribution rate, rotation rate and the exit rate of

each cycle are defined in a unique way.

Notice that the hierarchy of cycles and the main states are not random al-
though the transitions between the stable points are caused by random pertur-

bations.

Denote by D(i) C R? the domain attracted to the equilibrium point i,i €
{1,...,1}. Let D(C) = UjecD(i) where C is some cycle. Let 75 be the exit time
from D(C): 74 = inf{t : X* ¢ D(C)}. It follows from Theorem 6.6.2 of [5] and

Theorem 2.1.1 of [4] that

li In E7h = E(C 2.10
seom elnbTe (@), (2.10)

and for any v > 0,
lim P (e < 78 < 2EO)) = 1 (2.11)

8,£10,6 /e=p?
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uniformly for any Xg’E =z € F where F' is a compact subset of D(C).

Now, let us describe the long-time behavior of Xf’a as 0, | 0,0/e = p.
For any initial point z € D(i),i € {1,...1l}, with probability 1, the trajectory
of Xf’e,O < 0,6 << 1, %5 = p?, first is attracted to a small neighborhood of
the equilibrium point i(x). Put the 0-cycle C®(z) = i. At time TE0) (z); the
trajectory X leaves D(C®(z)) for a neighborhood of the equilibrium point
J(CO(z)), and then it leaves D(J(C®(z))) for a neighborhood of J2(C¥)(z))
and so on. With probability 1, it then rotates in the 1-cycle CM)(x) generated by

the state C(©(x). For time greater than 72

Te (@) S(C(l)(m)), with probability 1,

the trajectory leaves D(C'™(x)) for a small neighborhood of J(C'™(x)), the 1-
cycle following after C™M(x), and then it leaves D(.J(CM(z))) for a neighborhood
of J2(C™(z)) and so on. Then it rotates along C®(x), the 2-cycle generated
by CM(z), and then along a 3-cycle C® () which is generated by C®(x), and
so on up to the highest rank k*-cycle C*")(z) which includes all the equilibrium
points in L.

The transition times are described in equations (2.10) and (2.11) and they are
described in terms of the action functional for the family X as d,e | 0,0/e = p2.

Notice that OV (z) ¢ CU)(x) for j = 1,...,k* — 1 where CU+Y(z) is the
(j + 1)-cycle generated by the j-cycle C™")(z). Furthermore, it can be checked

that for any initial point x € D(i),
E(C(z)) < £(CY(2)) < E(CH(z)) < ... < E(CH)(2)) = o0

and the sequence of the rotation rates for each cycle is also an increasing sequence

and R(CY(z)) < E(CD(@)),j =1,... k"

Let T' = T'(¢) be a large parameter such that lim. geIn7(¢) = A > 0. For any
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x € R?, except for the points belonging to a separatrix, and any A > 0, except for
a finite number of values, there exists a cycle C™")(z) such that £(C™)(z)) <
A < E(CT (1)) where C™ +1) () is the (m* + 1)-cycle generated by the m*-
cycle C(m) (). This implies that X will leave the m*-cycle C)(z) and come
into the basin of D(C™ +1(z)) before time T'(g), but X{* does not have enough
time to leave that basin before the time AT (¢),0 < A < oo with probability 1 as
5,£10,0/e = p?.

There also exists a state K, in the cycle Cm*+(z). For any A > 0, Xf’a
spends most of its time around the state Kj, ) in the time interval [0, AT'(¢)]
with probability 1 as d,¢ | 0,8/ = p?. The state Kj ) is called the metastable
state. The following statements precisely define the metastable state K, »),
h e CMm ) (x).

If A > R(C™*V(x)), then h(z,\) = M(C™*Y(z)) the main state of the
cycle C"' ().

If X < R(C™ () = maxgm (m)ecm v €(C™(x)), then the trajectory
does not have enough time to rotate through all the m*-cycles in O™ 1 (z) before
time AT (¢),0 < A < oo with probability 1 as ¢ | 0. Let C™")(z) be the first m*-
cycle such that A < £(C™)(z)). If A > R(C)(z)), then h(z, \) = M(C™)(z))
the main state of the cycle C"")(x).

If A < R(C™) () = MAX = 1) (g ciom®) () € (CU V() then the trajectory
does not have enough time to rotate through all the m* — I-cycles in C™")(x)
before the time AT (¢),0 < A < oo with probability 1 as ¢ | 0. Let C™ =1 (z) be
the first m* — 1-cycle such that A < £(C =D (z)). If A > R(C™ ~V(z)), then
w(z, \) = M(C™ =1 (z)) the main state of the cycle C"" =D (z).

If A < R(C™ =Y (x)), then we consider the (m* —2)-cycles in C™ =1 (z)) and
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so on until we come to a (m* — n)-cycle C"" =" (z)) such that R(C™ =" (z)) <
A < E(C™ =) (g)). Then h(z, \) = M(C™ =™ (z)), the main state of the cycle
C/m—n) (z). The metastable state Kp(,, ) is well defined.

Denote by A(G) the Lebesgue measure of a set G C R' and p(-,-) the Eu-
clidean metric in R?. The following lemma can be proved following the same idea

as Theorem 1 of [4].

Lemma 2.7: Let Assumptions 5-6 be satisfied and let T = T'(¢) be a large
parameter such that lim.peln7(s) = A > 0. Let z € R? not belong to a

separatrix. Then, for any A > 0 and A > 0,
At € [0,4): p(X0 ), i) > B} — 0
in probability as d,& | 0,/ = u>.
[

Now consider a system Xf ° with time dependent coefficient when replacing

equation (1.5)) with

t+9
5 5 S € T 5T €
Xl - xi = [0 (S b+ VEEL -6, Xi=a (1)

Here T'=T(e) < e%, A > 0, is a large parameter as ¢ | 0 so that the coefficients

of b(t, x) are changing very slowly. Without loss of generality, we suppose:

Assumption 7: Assume b(¢,x) is a step function in ¢t where 0 < ¢ < 1 and

that points 0 =ty < t; < ... <t,, =1 exists such that
b(t,l’) = bk(l’), 1 <t <ty ke {1, ce ,m}.

Here each by (z) is a vector field taking values in R? and is Lipschitz continuous
in z. Suppose each vector field by(z) has I, asymptotically stable equilibrium

points KYC), . ,Kl(:).
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For any x € R? except for the points belonging to a separatrix, and any
A > 0, except for a finite number of values, the trajectory ij’f(e), 0<t<1, first
approaches the metastable state of the system (2.12) with b(¢, z) = by(x) and then
evolves together with the metastable states. Put 7'(z,\) = hl(z, \), 7*(z, \) =
R*(mh=1(x, \),\), k € {2,...,m} where h¥(x,\) is the metastable state for the
system (2.12) with b(t, z) = by,(z) and initial point X0° = 2 € R%. Define a step

function ¢(t) = ¢(t,z,A),0 < t < 1, where ¢(t,z,\) = KY

i (x,A

) for tj—l <t<
tj,j € {1,...,m}. The following lemma can be proved following the same idea

as Theorem 2 of [4]:

Lemma 2.8: Let Assumptions 6-7 be satisfied and let T = T'(¢) be a large
parameter such that lim.peln7(s) = X > 0. Let z € R? not belong to a

separatrix. Then, for any A > 0 and 0 < A < 1,
Mt e [0,A]: p(Xpr) d) > b} — 0

in probability as d,¢ | 0,/ = .

Assumption 8: Let b(t,z) be l-periodic in t: b(t + 1,2) = b(t,z). For
0 <t < 1, the function b(t, z) satisfies the conditions in Assumption 7.
Let L* be the set of all the equilibrium stable points: L* = {1,2,...,1*} where

[* is a finite number.

Theorem 2.5: Let Assumptions 6 and 8 be satisfied and let T'= T'(¢) be a
large parameter such that lim.|geln7(¢) = A > 0. Then for any « € D(i), there

exists a periodic function ¢(t) with period N = N (i, A, *) < [* such that for any
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h>0,A>0,
At € [0,A]: p(Xp5y d0) > h} — 0

in probability as € — 0. Here [* is the number of the equilibrium stable points
of the unperturbed system.
The argument for this theorem is in the following (see [4]):

First, consider the process ij’f(a), 0<t<1. Put
o (z, \) = bt (z, ), ..., 7% (2, A) = B (@2, M), N, L a (2, A) = R (A @, A), ).
Let ¢(t) = ¢(t, 2, A), 0 <t <1 where

o(t,x,\) = KY)

7 (@)’ ti—1 <t< t;, JE {1, e ,n}.

Then the trajectory of the process qu’f(s) for 0 <t < 1 will be close to the step
function ¢(t), 0 <t < 1,as d,e | 0,6/e = p?. For 1 <t < 2, the trajectory of the
process Xf’e will evolve together with the metastable state of Xf’a for 0 <t < 1.

Put
(2, \) = b (7" (@, A), A, 7R (, A) = R (R M) N, L

72z, A) = (" (2, \), \).

Let ¢(t) = ¢(t,z,A), 1 <t < 2 where

o(t,x,\) = KY)

i (z,\))

tj_lgt—1<tj, jE{l,,’rL}

Then the trajectory of the process Xf’Ta(E) for 1 < t < 2 will be close to the
function ¢(t), 1 <t <2 as d,e | 0,6/e = p?. Keeping this pattern, we conclude
3

that the trajectory of the process ngp(g), t > 0 will be close to a function ¢(t) as
5,£10,0/e = p?
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Let us show that the function ¢(t) is periodic in ¢ with period less than [*.

Consider the sequence
'z, \) = i(z), 7" (2, A) = K (7" (2, N), \), 72" (2, ) = B (7" (z, A), N,

Since the unperturbed system has only a finite number [* of asymptotically sta-
ble equilibrium points, the sequence 7°(z, ), 7 (x, A), 72" (x, A), . . . starting from
some N = N(i, A\, I*) < [* is periodic. Therefore, ¢(t) is a periodic function with

period N < [*.

In conclusion, for any XJ° = 2 € D(i) and A > 0, besides a finite number
£

of values, the trajectory of XfT(E) will be close to a periodic function ¢(t) as

§,€ 1 0,0/e = p?. This effect is called stochastic resonance.

2.4 Example

Example 1: (see [5]) Consider (1.4) in the one-dimensional case:

t

X: = bk

X))+ VEW, Xe=z€eRY, 0<e<x 1.
Let b(t, ) be 1-periodic in ¢ and

—Bi(z), 0<t<t <1,
wo— | ) 1
—By(z), t; <t<1.

The potentials By (z) and By(z) are given in Figure 2.1. There are three stable
attractors ky = {1}, ky = {x2}, ks = {3} for each of the fields —B;(x) and
—By(z). We define V(z,y) = infyecyr {Som(0), 0 = z,¢7 = y} and Vj; =
V(z,y) for x € K;, y € K. In this case, V'(z,y), i = 1,2, for each of these fields

can be expressed through the potential: for x and y from the same well, we have
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Vi(z,y) = 2(Bi(y) — Bi(z)) V0 (see §4.3 of [4], [5]). Hence, the values of V;; and
V;3 can be calculated:

‘/112:167 ‘/113:227 ‘/211:87 Vv213:67 V311:12’ V312:4

‘/122:167 ‘/123:20’ ‘/221:67 ‘/223:47 ‘/:”)21:127 ‘/:";22:6
There are two 1-cycles for each of the field —B](z) and —By(z), C} = {1} and
C; = {2 — 3 — 2}. The 2-cycles contain all the states. But the main states of
cycle C} are different for the fields —Bj(x) and —By(x). The main state of Cj for
—B{(z) is My(C3) =2 and M;(C} = 3 for —By(x). Let A = lim_jgeInT(g) > 0.
Let X§ = x. Denote by h'(x,\), i = 1,2, the function of main states calculate

for each drift —B;(z) respectively. If z € D(1), the basin D(1) of z;, then

hi(z,\) =1fori=1,2. If z € D(2), then

2, A<A4,
. 2, A<8, )
ht(z,\) = h*(x,A) =4 3, 4<\<S8,
1, A>8.
1, A>8.
If € D(3), then
3, A8,
. ) 3, A<S§,
iz, A) =19 2, 4<x<8 Iz, =
1, A>8.
1, A>8.

This means if x € D(1), Xire,0<t < A < 00, X§ = x, will be close to x; for any
A > 0. No periodic oscillations will be observed in this case. If x € D(2) U D(3)
and 4 < A < 8§, then XfT(e), 0<t<A<oo, X§ =z, will be close to a 1-periodic

function ¢(t) as e | 0 with probability close to 1:

¢(t> _ Ta, t e [O,tl),
xIs, t e [tl, 1)
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If A < 4, then XfT(E), 0<t< A< ooase] 0 will be stay near the attractor of
the initial point with probability close to 1. If A > 8, then X0t < A<

as € | 0 will be stay near the attractor of x; with probability close to 1.

Example 2: Let W, in Example 1 be replaced by a one-dimensional random
walk & with n = 2. More precisely, the random walk £, t € N5 = {0,6,...k6, ...},
can jump to 0, ++/8, £2v/6 such that §f+5 — & = ++/6 with probability %pl = %,
€. 5 — & = £+/§ with probability ip; = &. The probability that & jumps to 0
is po = % It can be verified that pg = %,pl = %,pg = é satisfy po +p1 + p2 = 1,
S22 pii®=1and Y2 pit = 3.

Consider the processes X{* with same construction as in (1.5)). From Theo-
rem 2.1 and Lemma 2.5, the action functional for the family of processes Xf “ as
d,e 1 0,0/e = p? in the space Clopy is €~ S[’ST (), where

T L (s — blgs))ds, if is a.c. and g =,

SféT]( ) =

400, otherwise.

where L = “—22 + mgubpt + O(pt), 0 < p << 1. Define

Vi, y) = mf {S[o T]( ), %o = x, o7 =y}

We have (see §4.3 of [4] and [5]),

VA(e,y) = 2ABly) — B) V 0+ o4 / (B'(62))ds + O(ut), 0 < pu << 1.

where ¢, satisfies ¢, = B'(¢s), ¢o =y and limy| oo ¢ = .

Hence, values for V¥, 4,7 = 1,2,3 can be calculated and they are different

Z] )
from V;; in example 1. Different h,,(z, A) will be obtained also. The corresponding

conditions providing stochastic resonance can be obtained from h,(z, \).
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Figure 2.1:
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Chapter 3

Exit Problem for Perturbation 7/

Approximating White Noise

3.1 Large Deviations for (X! n/"")
Consider a mean-zero Gaussian process 7;"°. Here 7"® = (77,{"5’1, ...,nf’s’d), t e

[0, 7], with each component identically and independently distributed, satisfies

the following equation
s = =it +\eEW,, nh* =y e R

Here W, is a standard d-dimensional Wiener process and pu € R! is a positive con-
stant. According to the contraction principle (see Theorem 1.1), a large deviation

principle for the family of processes n}"° as € | 0 can be established:

Theorem 3.1: The action functional for the family of processes 7.*° in the

space Clor(R?) ase | 0 is (1/€)S (¢, ¢) where

ST () %foT ‘/@t + ¢4)?dt, if ¢;is absolutely continuous and ¢y = y
o.11\¥) =
~+00, otherwise
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Let us replace /W, in (1.3) with /*° and let o be a unit matrix. Then (1.3)
becomes
X8 =b(X[) + s, XB° =2 e R
Since X! is not a Markov process, we consider the 2d-dimensional Markov
process (X[, nt"%) which satisfies
X5 = b(XP) + e,
pils = =i + EW, (3.1)
Xyt =xeR! nf*=yeR 0<e<1.
Our goal in this section is to establish a large deviation principle for the family

of processes (X}, n"%) as e | 0.

Let ¢y, ¢ be two functions belonging to the space C’[O,T](Rd). Define the

functional S[’ST (¢, @) on the space Cjo7y(R*) as

[OT (90 ¢) = ! /0 (& — b(epr) + #%(Sbt — b(ipr))|?dt. (3.2)

If ¢; is absolutely continuous, ¢; = ¢; — b(p;) and ¢y = x,¢9 = y. While

Str(, ¢) = oo for the remaining functions in Cjo7)(R*?).

Theorem 3.2: The functional Sfé 1] (p, ¢) is the action functional in the space

Clo)(R??) for the family of processes (X/*°,n/"") as e | 0.

Proof: Let v be a continuous function on [0,7] with values in R?. In
Clor)(R?) we consider the map By, : ¢ — (u,v), where (u,v) = (u,v;) is the
solution of the equation

wy =+ [ b(ug)ds + [ vsds

e fot vsds + 1y, t € [0,T].
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It is easy to prove that the solution of the above equation exists and is unique for
any continuous function ¢ and for any z,y € R%. And it is also easily checked
that B, is continuous map from the space Cjo7(R?) (with uniform metric) into

the space Cjo7y(R*®) (with uniform metric). The map B, , has the inverse

(B (11, 0))e = by = pu(iy — b(uy)) + 1y — 7 — / b(us)ds — 1y,

with v; = 4, —b(u;) and ug = x and vy = y. According to the contraction principle
(see Lemma 1.1), the action functional for the family of processes (X[, ni") =
B, (v/eW;) in the space Cjor1(R*?) has the form 6*15[‘61](@) where

y L (Td,
S[O’T}(SO7 ¢) = 5 0 E(Ba;ygp)t‘ dt

1

T
: d, .
= 3 IGi=ben + g (= b s

if ¢y = oy — b(py) and o = ,¢9 = y and the function (Bg?,;l,(%(ﬁ))t = u(pr —
bler)) + e — v — fg b(¢s)ds — y is absolutely continuous. It is clear that this
function is absolutely continuous if and only if ¢; is absolutely continuous. Also

SN

o.71($, ®) = oo for the remaining functions in Clor)(R*). This completes the

proof.

3.2 Exit Problem for X/*°

Consider the system:

Xy =b(X;), Xo=2z€R,

where the vector field b(x) is Lipschitz continuous.
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Assumption 1: The vector field b(z),z € R? has an asymptotically stable
equilibrium at a point O € R%.

Assumption 2: Assume b(x) has a potential U(x) such that VU (z) = —b(x)
with U(O) =0 and U(x) > 0,VU(z) # 0 for z # O.

Let G C R? be a bounded domain with boundary 9G.

Assumption 3: The domain G is attracted to O € G: limyoo Xy = O, for
each trajectory of X, = b(Xy), Xo=z€G.

Assumption 4: The domain G has a smooth boundary 0G and (b(x)-n(x)) <

0,z € 0G, where n(z) is the exterior normal of the boundary of G.

Now, let us consider the process X/**, t € [0,T] . Let X} =z € G. Denote
by 7% the first exit time of the process X/ from G: 7% = min{t : X}/"* € 9G}.
Our goal in this section is to consider the asymptotic behavior of 7% and the exit
point of X/*° from G when ¢ | 0. We follow the same idea as Theorems 4.2.1,
4.4.1 and 4.4.2 in [5] where properties of Markov processes play an important
role in the proof. Since X/"° is not a Markov process, we must consider the

2d-dimensional Markov process (X[, 7t"%) in the proof.

First, consider the system (X}, n.'):

X' =b(X{) +nl, X =xeR?

i = =i’ mh =y € RY.
It is easy to prove that the system (X}, n}') has an asymptotic stable equilibrium
at (0,0) € R?*? under the assumptions concerning b(x) (see [15]). Indeed, since
there exists a potential U(x) such that VU (x) = —b(x). Define V(x,n) = un*/2+
B(z). It can be checked that 4V (X} nl') < 0 except for the point (O,0). By

Theorem 2.3 in [25], (X}, n;') has an asymptotic stable equilibrium at (O, O).
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Now, consider the system (X/*° n/*°) with X}* = z € G, ny° = y € R
Notice that 7% = min{t : X}*° € G} = min{t : (X[, n}"") € G x R%}. Let

7,1,z € R4 We introduce the function V#(z,y, 2):

Vi(z,y,2) = inf SH L O) =x,dy =, T >0
( ) ¢7¢€C[O’T](Rd){ [O’T}(SO ) 20 0 %5 }

Here ngyﬂ(cp, ¢) is the action functional for (X/**,7"%) in the space Clor)(R*%)

as € | 0. Define V#(z) := V*(O,0,x). It turns out that

V#(x) = w’¢€£2£(Rd){SfS7T](w7 Qb) Yo = 07 gbO = Ov $T = I7T > 0}

e d
= inf {= o0 — b —(¢r — b(epr))|ds :
%d)ElCIST(Rd){Q /0 ’(th (Spt)) " “dt (Spt (¢t))| ’

¢t:¢t_b(gpt)’ S00:O7¢0:Oa90T::L‘7 T>0}

=t 4 16— b + g o) s,

0,p€Cor(RY) " 2
Yo = OvaO = 07()0T :.’E,T > O}
The function V*#(x) is non-negative and equal to zero just at + = O under the
assumption that O is the only asymptotically stable point of b(z). Let us define
V# = mingespe VH#(x). We formulate the following Lemma without proof. For

detailed proof, please see [16].

Recall from Chapter 2 that V(z) = inf ey (ra){3 fOT |91 — b(pe)|?dt = o =

O,pr =x,T >0} and V, = mingepg V().

Lemma 3.1: Let V#(x) and V¥ be defined as above. Assume that min,cpq V*(x)
is achieved just at one point z# € 0G and min,cog V() is achieved just at one

point z, € OG. Then lim, o V*(x) = V(x), lim, o V} =V, and lim,, o ¥ = w,.

Theorem 3.3: Let N be any positive constant such that (X[, 7)) with X}/ =

x € G, ny =y, |yl < N never leaves the domain G x [—N, N]. Let Assumptions
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1-4 be satisfied. For any = € G, |y| < N and « > 0, there exists a p* such that

for any p < p*,

(1)

lilrélgln E,, /% <VF+a, lifglaln E,,m > V' —a.
3 3

(2)
H_o OH e
limch’y(evoe <X <t ) =1
€l0

(3) If mingepg V*(x) is achieved just at one point z# € JG and mingese V() is

achieved just at one point z, € 0G, then

lgg]lpw,yﬂijf — k| <a)=1.

For convenience, let us first prove this theorem for the one dimensional case.
(Hence G is a one dimensional bounded domain and b(z) is automatically of

potential-type). We follow the same idea as Theorems 4.2.1, 4.4.1 and 4.4.2 in

5).

Define
Vi(z) = inf {S{ (8): ¢o = O, ¢r =z}

$€Clo.1)
where 1/e5y ,(¢) is the action functional for the family of processes 7;"" in the
space Clo) as € | 0. From Theorem 3.4.3 in [5] together with Theorem 3.1, it is
easily check that V"(z) = 2?pu.

Let M be some positive constant which will be determined later. Define

V= mingep—am V(). Hence VI = M?pu.

o

Define T' := {(z,y) € R? : (x,y) € &(O x O)}; v := {(z,y) € R? : (x,y) €

E:(O x 0)}. Here (O x O) and E/2(O x O) are the 6 and 0/2 spheres of

[}
2
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O x O, respectively. Let us introduce an increasing sequence of Markov times
T0,00,T1,01, T2, ... and a Markov chain Z, = (X! n#) in the following way:

70 =0 and
on = inf{t > 7, : (X" i) e T'};
T, i= inf{t > o, (X" :9)"°) € yU (0G x (=M, M)) U (G x [—M, M])}

If at a certain step, the process (X}, n."%) does not reach the set I any more, we
set the corresponding Markov time and all subsequent ones equal to +o0o. Notice
that infinite 7,, and o,, can be avoinded if we change the field b(z) outside G in an
appropriate way. The sequence Z,, = (X** n#*) forms a Markov chain on the set
YU (OG x (=M, M))U (G x 9[—M, M]). Notice that Z, is not defined if 7,, = 0o
but this can happen only after exit to (0G x (=M, M))U (G x 9[—M, M]). Now,

let us prove some lemmas which will be useful.

Lemma 3.2: Let F} and F, be two compact sets in R' and let 7" and a be
positive numbers. For each fixed p > 0, there exist ¢, = ¢,(u) and 8 = B(u) >0

such that for any = € Fy, y € F5 and € < g,,

Px,y{pC[O’T]((X#ﬁa 77#’6); (Xiu7 77#)) > Oé} < exp{_gilﬁ}'
Here (X}, n)') is the trajectory of the dynamic system

X' =bX") 4+, Xo=z¢€ R
pi = —nl', gy =y € R%

Proof: Put

G(ﬂ?, y) = {907 ¢ € C[O,T](Rd) Yo =7, ¢0 =Y, PC[O,T] ((907 (b)? (X£u7 77#)) > Oé}

Then Uzep, yermG(2,y) is a closed set and S{é 7 attains its infimum £ on this

closed set.
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Notice that

e d
Sm(e.0) =5 [ 166 = bl + gy (2= W)l

if ¢ is absolutely continuous and ¢, = ¢; — b(y;) and @y = z,¢9 = y, while
gH

[OT](% ¢) = oo for the remaining functions in Cp ). The functional vanishes

only on trajectories of the dynamical system (X!, n}"). Therefore, h > 0.
For any h' < h, the sets Uyer, yerG (7, y) and Uyer, yer, ®.,(R') are disjoint.
Let us denote the distance between them by o' and a' > 0. Therefore, for any

~v > 0, we have

Pry(pcig (X{5 i), (X7 nf)) > )

= Poy (X7, 0f"°) € G(z,y))
< Pay (0, (XEZ117), @iy (W) 2> @) < expl{—e(h =)}

for sufficiently small € and for any x € Fj,y € F,. Hence this lemma holds for

B=h"—~.

Lemma 3.3: Let Assumptions 1-4 be satisfied. Let M < oo be a positive

constant. Let z € G, |y| < M. Then, for each p > 0, we have

(1) For any o > 0, there exist positive constants a and 7, such that for any
function (¢, ¢¢) assuming its values in the set ((G U 0G) x [—-M, M]) \
(O x O) for t € [0,T] with ¢, = x, ¢9 = y, we have the inequality

S (e, @) > a(T —T,).

(2) For any o > 0 there exists positive constant a and 7, such that for all

sufficiently small ¢ > 0 and any (z,y) € (GUOG) x [-M, M])\ £4(O x O)
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we have the inequality
P,y (¢ >T) < exp{—e'a(T —T,)},
where ¢, = inf{t : (X}, /") ¢ (GUIG) x [-M, M])\ £,(O x O).

(3) For any a > 0 and any ¢ > 0, there exists 7" large enough such that for all
sufficiently small € > 0 and any (z,y) € (GUOIG) x [-M, M])\ E4(O x O),

we have the inequality

Puy(Ca > T) < exp{—e"c}.

Proof: (1) Let £,/(O, O) be a neighborhood of (O, O) such that the trajecto-
ries of the dynamical system (X}, ;') issuing from &/ (O, O) never leave &, (O, O).
We denote by T'(«, z,y) the time spent by (X}, ') with (X}, 75) = (x,y) until
reaching £ (0, O). Since G x R is attracted to O x O, we have T'(a, z,y) < 00
for x € GUOG and y € R. The function T'(a, x, y) is upper semi-continuous in x
and y (because (X['(x),n)'(y)) depends continuously on z and y). Consequently,
it attains its largest value T, = max,cquac,yj<m T (o, ,y) < 00.

The set of functions from Cy 1,) assuming their values in ((GUOG) x[—M, M])\
E.(O % 0) is closed in Clr,)(R?). The functional S[’S’TO] (p, @) attains its minimum
on this closed set and this minimum is different from zero.

Then for all such functions S[‘67TO](¢, ¢) > A > 0. By the additivity of S, we
have

St 11(0.0) > AIT/T,) > A(T/T, — 1) = (T — T,).

(2) Since G is attracted to O and (b(x) - n(x)) < 0 on the boundary of G, it

follows that the same properties will be enjoyed by the (B-neighborhood of G for
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sufficiently small 3 > 0. Let 3 < §. Then, by assertion (1), there exists constants
T, and A such that SE&TO}(QD, ¢) > A for functions (¢, ¢) such that (¢, ¢) do not
get into Ea (Ox0), ¢ do not leave the closed S-neighborhood of G and ¢ does not
leave [—(M + 3), (M + )] during the time [0, T,]. For (x,y) € G x (=M, M), we
have that either the functions (¢, ¢) in the set @, ,(A) = {(p, @) : o = x, ¢g =
Y, S[‘S’TO](% ¢) < A} get into E¢ (O x O) or ¢ leaves the closed S-neighborhood of
G or ¢ leave [—(M + (3), (M + )] during the time [0,7,]. Then the trajectories
of (X[, n"%) for which ¢, > T, are at distance not smaller than [ from this set

(I)%y(A). Hence for SllfﬁCiently small & and all (ZL’, y) € G x (_M> M)7 we have
Pry(lo > T,) <exp(—e'(A—7))

where 7 is an arbitrary small number.
Now, we use the Markov property of (X{"*,n,*®): For any (z,y) € ((GUIG) x
(=M, M]) \ £(O x O),

Pry(Ca > (n+1)T,)

= EJC,y[Ca > TLTO; P(XH:E H,e )(Ca > TO)]

nTo 777nTo

< Py(Ca >nT,) sup  Ppy(Ca >T,).
z€G,|ly|<M

and we obtain by induction that for any (x,y) € ((GUIG) x[—M, M])\E,(OxO),

PG> T) < PuylCe> ()T

T
To
< sup Pm,y(ga > To)
z€G,ly|<M
LT
< exp{—e (e~ 1)(A =)
< exp{—c"'a(T — T,)}.

Hence a = (A — ~)T, where ~y is an arbitrary small number.
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(3) For any ¢ > 0, we can choose T large enough such that a(T — T,) > ¢
such that for all sufficiently small € > 0 and any (z,y) € (GUIG) x [-M, M])\

E4(O x O), we have the inequality
P,y (Co > T) < exp{—c'c}.
This completes the proof.

Lemma 3.4: Let |x1|, |x2|, |11], |y2| < 1. Then, there exists a smooth function

(@ta@)a t e [0>T]7 T = ‘xl - x?‘ with ¢y = ¢y — b(SOt) and (‘;007¢0) = (3317?/1),

(o7, 1) = (22, y2) such that for p smaller than min{7’, 1}, we have

Sfé,T](SDa ¢) < L|xg — x4].

Here L is some constant.

Proof: 1. Since b(z) is Lipschitz continuous, we have that [b'(x)| is bounded
for x € GUIG (see [20]). That is, there exists a constant, say C, such that
b(x)—b(y)| < Ci|zr—yl|. Thisimplies [b'| < Cy. Also, we assume maxj, <1 [b(z)| <

Cy. Define yi =y + b(x1) and y5 = yo + b(z2). Let us put
<Pt:$1+y>1kt+at2+bt3a @021’1, @T:an (;b():y}lka QDT:ZU;

We can solve for the coefficients to get

—(y5 + 2y7) (w2 — 1) (v5 +yi)  2(z2 — 1)
a= T +3 Tz b= 7= T3 .

Define ¢y = ¢ —b(py). It can be verified that ¢y = y; and ¢ = y. Furthermore,

since T = |z — @], it can be checked that |a| < 3CZT+6 and [b] < QCT2—2+4 and
T T
/ | Pdt = / [yt + 2at + 3bt*|2dt
0 0

T
< 2 [P + 4ol + OBt < LT
0
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T T
/|¢]2dt = / 12a + 6bt)*dt
0 0
L

T
< 2/ (4]al® + 36[b]>t?)dt < =2,
o T

el < laa| + I T + [a|TJ* + [ T° < Ls(max{T, 1}) = Ly
where Ly, Ly and L3z are some constants and Ly = Lz(max{T, 1}).

2. Hence, for p < min{T, 1}, we have

1T d, .
St 0) = 5 [ |(pr—bler) + p-(pr — bleoe) [Pt
[0,7] 2 /o dt

T T T
2 / a2t 12 / b))l + 242 / BN
0 0 0

T
"y / ¥ () nl2dt
0

VAN

IN

T
2/ (Gul2dt + 2( max [b(z)])2T
0

|| <Lyg
T T
o2 / @t + 22(C) / (o2t
0 0

L
20, T + 2(|H‘1<az< |b(x)])*T + QMQ% + 24%(Cy)*(L1)T

IN

IN

LT = L|l’2 — .131|.
Here L is some constant. This completes the proof.
[ |

Lemma 3.5: Let C and M be positive constants. Let |zy|,|z2| < C and
ly1] < M. Then there exists a smooth function (¢y, ¢;),t € [0,T], T = |z1 — 22|

with ¢y = ¢ — b(®), (o, P0) = (x1,41), 1 = T2 such that for p < 1,
Sor (@, @) < Ll — 31

Here L is some constant depending on M and C.
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Proof: 1. Since b(z) is Lipschitz continuous, we assume |b(z) — b(y)| <

Cilz — y|. This implies that [b'| < C;. Also, we assume max,<c |b(z)| < Ca.

Define yj = y; + b(z1). Put

t
@t—l’l‘i‘at—i‘b/ €_Ed57 Yo = T1, YT = T2, SOOZyT
0

We can solve for the coefficients to get

Define ¢y = ¢ — b(¢¢). It can be verified that ¢y = y;. Furthermore, since

T = |z1 — x9|, it can be checked that |b] < 1+ |y;| < 1+ M + Cs and |a| <

lyi|+1b] < 142M +2Cs. Notice that ¢, = a+be "/* and @, = —%be‘t/“. Hence

T T
| e =2 [ (ol + byt < (L + LT,
0 0

T T
/ |¢;t+u¢t|2dt:/ laldt < (LyM? + Lo)T,
0 0

t
th|=|x1+at+b/ e iw0ds| < O+ (14 2M +205)2C + (1+ M + Cy) < C*
0

where Ly, Ly, L3, Ly and C* are some constants depending on M and C.

2. Hence,

S{é,T] (gp, ¢)

IN

IN

IN

IN

1

T
. d, .
3 | =) + o i) P
0

T T T
/ o+ it 12 / bl + 202 / ¥ (o) ul2dt
0 0 0

T T
| 100+ e+ 2 ma ) T+ 20 [ e
0 0

|lz|<C*

2(LyM? + Ly)T + 2( max |b(z)|)*T + 2(Cy)*(LyM? + Ly)T

|z[<C*

LT = L|ZE2 —l‘1|.

Here L is some constant depending on M and C'. This completes the proof.
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|
We now pass to the proof of part (3) of Theorem 3.3. Let 8 > 0. We write
h* = min{V*(z) : x € 0G, |x — x| > B} — VH#(ah).

Since x# is the only minimum of V#, we have h* > 0. By Lemma 3.1, we have
lim, o 25 = x, and lim, o V} = V,. Following the same idea in Lemma 3.1, it can

be checked that we can pick p; small enough such that for any g smaller than g,

there exists an A > 0 independent of y such that h < min{h* 1} and V} <V, + 1.

Lemma 3.6: For any (x,y) € v and for any p smaller than some ps(d), we

choose M large enough (say M?u > V, + 2) such that
P, ,(Z) € (G x (=M, M))) < exp{—e(V, + 1.55)}

for e sufficiently small. (We recall that T := {(z,y) € R*: (z,y) € &(O x O)};
v :={(z,y) € R*: (z,y) € Sg(O x O)}. Here (O x O) and Sg(O x O) are the ¢
and % neighborhood of O x O, respectively. Here ¢ is a sufficiently small number

and Z; = (XK=, nke).)

Proof: 1. The choice of y© and M: To make it clear about the choice
of 9, p and M, let us first prove a statement which will be useful later. We
claim that for ¢ small enough and for any (Z,7) € T' there exists a function
(e o), 0 <t < Ty = 6 with oY = ¢ — blelY), (&5, 88Y) = (0 x 0)
and (%), 6%)) = (2,) € T such that S, (4", ¢{") < 0.2k < 0.2 provided

< pa = min{puy, %} To prove this statement, let us first assume § is smaller

than 1. We notice that ](pél)], |<b[()1)\, |g0(Tll)|, ](b(Tll)] < ¢ < 1. By Lemma 3.4, for §

small enough, we can construct such a function (¢!, i”) with ng 7] (cpgl), (;S,EI)) <

LT, =L <0.2h <0.2.
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For any p smaller than ps, let us choose M large enough such that

T
V1= inf {/ |py + poe|*dt; oo = O, |or| = M, T > 0} = M >V, + 2.
€Co,11 " Jo

2. For any (z,y) € 7 and for any p smaller than uy and large M (say

M?u >V, +2), we have

Px’y(Zl - (G X @[—M, M])
= Ex’yPXgéE,Uf;f (Zl E (G X a[_M7 M])
< sup P.y(Z1 € (G x 9[—M, M])

(z,y)er

< sup [Poy(r>T)+ P, (7 <T,Zy € GxJ[—M,M]))]

(z,y)el

By Lemma 3.3, there exists 7' > 0 such that
P, (1t >T) <exp{—c'c}

for any (z,y) € I and € smaller than some ¢,. As ¢ we take, say, V, + 1.6. Now,

let us estimate the probability P, (7 < T, Z; € (G x 0[—M, M])).

Consider the closure of the e-neighborhood of [-M, M]: [—-(M —¢), (M —€)].

(Here e will be determined later.) For any given T, we claim that no function

(1, d¢), 0 <t < T with ¢y = @y —b(pr), (o, do) € I' and SES,T](‘Pu o) < V,+1.65
hits R x [—(M —¢€),(M — €)]. Otherwise, let us assume |¢;,| = M — € for some

t; <T. Then Sf&,:ﬂ(%; ¢r) < S[%’T](@t, ¢r) <V, + 1.65.

As we have proved in part 1, for § smaller than us, there exists a function
(w8, 0 <t < Ty =8 with ¢ = ¢ — ("), (4", 6”) = (0 x 0) and

(¢5), &) = (20, 40) € T such that 8% (", 61") < 0.2;

For € small enough, we claim that there exists a function (g0§2),¢§2))7 0 <

. 2 (2 2 2 2 2 2
t < Ty =ewith ¢ = o7 — b)), (O, 05) = (prs 00, |69 — 65| = €,
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|¢%)] = M such that Sf (<p§2),¢§2)) < 0.1. The proof is in the following: Let

[OaTQ]

us define (<p§2), ng,EZ)) as the solution of the following equations:

) ) ¢(2)_¢(2)
D=0+t 0<t< T =
€
. (2 2 2 2
o =6 + (), o = ¢,

Then

I d
Sy (0 = 5 [ 16 =)+ 6 — b

2
L[ 1(2) )2 L
) ¢ + pgy” |dt < (| |7 +t=+ 1)dt
0 0

IN

|M*Ty + (T2)* + T, < 0.1

provided T = € is small enough. This completes the proof of the statement.

Out of pieces 1, p, 0@ we build a new function: (@, ;) = (i, ¢{") for

0<t<Ty; = (prm, ) for Ty <t < T +tg; = (SOEQ—)tl—Tu(?ﬁ)tl—Tl) for

Ti+t <t < T+t +Ty Then ($o,00) = (0,0), |¢r4t4m] = M and

S gyits o) (85 0) < Vot 1.6540.2+0.1 < V,+1.95. Notice that S 7, ;. ,7u(0) =
Sl 7y 24,1 (@5 6), Contradicting with V) > M2 >V, +2 !

This implies that all functions from U, y)er @, (V4 1.65) pass at a distance
not smaller than e from R x 9[—M, M]. Then we obtain that for ; smaller than

o and M large enough (say M?u >V, +2)) and all (z,y) € T

Pyt <T,7Z € G x9[-M, M]))
S P$7y(pC[O,T] ((Xtmsv 7]#6)7 q)$7y(‘/(7 + 165)) 2 6)

< exp{—e*(V, +1.65 — 0.05)}.

for sufficiently small ¢.
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Consequently, for any (z,y) € 7,

P.,(Z, € (G x 9[-M, M))
< sup [Poy(r>T)+ P, (r <T,Zy € Gx0[—M, M)))]
(z,y)el

< exp{—e*(V, +0.6) + exp{—c"(V, + 1.65 — 0.05)}

< exp{—e(V, + 1.55)}
for e sufficiently small. This completes the proof.
[ |

Lemma 3.7: Let us choose the same small i and large M as in Lemma 3.6.

For any (z,y) € 7, we have
P, (Zy € (0G x (=M, M)) U (G x 9[—M, M])) > exp{—e " (V} + 0.45h)}

for e sufficiently small.

Proof: Choose a point x; outside of G U JG at a small distance e from z#
(e will be determined later). We claim that, for any point (x,y) € v and for any
small ;o we choose (for the choice of p, please see the Part 1 of the proof of Lemma
3.6), there exists T' > 0 and a function (¢, ¢;), 0 <t < T with ¢, = @ + b(epy),

(0, o) = (z,y), pr = a1 such that S[OT( ,0) < VI +0.4h.

To prove this statement, let us first construct a function (p™®,$1)) in the
following way: Choose a function ((pil), )) 0<t< Ty with ¢ = O —b(pM),
(", 88y = (0, 0), cp(Tll) =zl € 0G such that Sy, (¢ M) oMY < VFE40.1h. This

function (¢, ¢) always exists because of the definition of V.

We cut off its first portion up to the point z; = (gog), gb(i)) of the last intersec-

tion of (gpgll), ¢§11)) with I'. That is, we introduce the new function (gpig), ¢§2)) =
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(P 00he), 0 S E< Ty =T —ty. We have 6@ = ¢ —b(f?), (o, o) =

2 €T, cpgp?) = z# and Sf&Tz}(gO(Q), ) < VF 4 0.1h.

Moreover, by Lemma 3.4, for the small pz we chose in Lemma 3.6, there exists
a function <so£3>,¢<3’) 0 <t <Ty=0with o® = oY +b(ef”), (o, 6) =
(0,0), (¥% T3 ¢T3) =2z € I'and S (cp ,¢B3)) < LTy = L5 < 0.2h (see Part 1

of the proof of Lemma 3.6).

With the same idea, by Lemma 3.4, for the choice of small x4 in Lemma 3.6
and for any (x,y) € 7, there exists a function (gof’), §5)) 0<t<Ts=2 with
D= o b)) (6, 80) = (2y) € 7. (9. ¢%)) = (0,0) such that

SN

0,75\

(p®, ™) < LTy = LS < 0.1h.

Recall that M is chosen large enough such that M2y > V, + 2. We claim
that for such large M, ||¢§1)||C[0,T1] < M. Otherwise, we assume there exists a

t, = min{t : [¢{"”| = M} with t, < T7. Then

|
Sty (@, 6) = 5/ ) — b(e! )+ui(s0(”—b(so(”))|2dt
0

Tl . .
= / 6 + pd) Pt > / 6 + iV 2dt
0 0

M?p >V, +2.

v

This contradicts with ng}Tﬂ(cp(l), ¢M) < VI 4+0.1h < V, +1.1! Hence |¢(Tll)| <M
2 1
and || = |64 < M.
Now, we construct another function (90154), ¢£4)). We claim that for e small
enough, there exists a function (g0§4), ¢§4)), 0<t<Ty=e with ¢¥ := ¢§4) +
b(%@)» (90(()4)7¢(()4)) = (xf ¢T2) = x1 and S[OT](QD(4),¢(4)) < 0.1h. Since G is

a bounded domain, there exists a constant C' such that ](pgl)], \go% )\ < C. Also,
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notice that \(;S(()4)| < M. This statement can be proved by applying Lemma 3.5.

We construct the function (i, ¢;) out of the pieces (o), ¢®), (3, ¢®)),
(¢, 0) and (¢, 6D): (1. 01) = (97, 0{”) for 0 <t < Ts; = (92, 0,s,)
for Ts < t < Ty + Ts; = (9 gy O ) for Ts + Ty < t < Ty + Ty + T
= (P s O ) for Ty + Ty + Ty <t < T = Ty + Ty + Ty + Ty Then
for p smaller than py we have constructed a function (¢, @), 0 < t < T with

(900,%) = (x,y), pr = x1 and

St (9, 6) < VI +0.4h.

g

Now, we choose positive a > 0 smaller than 7

and e. Then for p < po and

for all (z,y) € v, we obtain

Pry(pop (XL, %), (01, 0r)) < @) > exp{—e 1 (VF + 0.4h + 0.05h)}
for € sufficiently small.
On the other hand, if the trajectory of X/"* passes at a distance smaller than
a from the curve ¢ it hits the a-neighborhood of ¢r = 1. Hence X!“° intersects
OG on the way, not hitting v after reaching I'. If ¢}"° hits 9[—M, M] before

X}"® hit 0G, then Z; € (G x 9[—M, M]). If not, then Z; € (0G x (—M, M)).

Consequently, for any (z,y) € 7,
P,,(Z, € (0G x (=M, M)) U (G x 9]—M, M])) > exp{—e ' (V* + 0.45h)}

for € sufficiently small.

Remark: For any o > 0 and any (z,y) € I, there exists a T}, , > 0 and a func-

tion (4, ¢¢) such that ¢, = @i +0b(vr), (po, Po) = (x,y) and @, reaches the exterior
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of the e-neighborhood of G at time T'(z,y) such that S[’é T(x y)](gp, ¢) < VH 4+«

provided g is smaller than some p3(«). Such a function can be constructed in

the same way as in Lemma 3.7. Let us choose a small u < pg and large M (say,
M?*u > Vy+ 2+ «). Then, by the same arguments as in the proof of Lemma 3.7,

we have maxo<i<r(z,y) |0:] < M.

Lemma 3.8: Let us choose the same p and M as in Lemma 3.6. Then for

any (z,y) € 7, we have
P, ,(Z) € (0G\ E(x1)) x (=M, M)) < exp{—e 1 (V' + 0.55h)}

for e sufficiently small.

Proof: We recall that Z; = (X%°, nt), where
7 = inf{t > oo : (X["*,nl"°) € yU (0G x (=M, M)) U (G x 9[-M, M])}
We introduce the notation
T:=inf{t >0: X" € yU (G x (=M, M) U (G x 9[—M, M]))}.

Let us use the strong Markov property of (X[, ni"?) with respect to the Markov
time 0y. Since (X2, n%¢) € I', we obtain that for any (z,y) € v,
Poy(Zy € (0G \ Eg(afy) x (=M, M)))
= EuyPxps gee(Z1 € (0G \ Eg(xyy) x (=M, M)))

< sup P,,(Z; € (0G\ Es(ah) x (=M, M))).

(z,y)el’

We estimate the latter probability.

By Lemma 3.3, for any ¢ > 0 there exists 7' > 0 such that

P, (r>T)< exp{—e'c}
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for any (z,y) € T’ and e smaller than some ¢,. As ¢ we take, say, V, + 1.6.
To obtain the estimate needed to prove Lemma 3.8, it remains to estimate the

probability P, (1 <T,Z; € ((0G \ Es(x*)) x (=M, M))).

Consider the closure of the e-neighborhood of G\ E5(z%). We denote it by K.
We claim that no function (¢y, ¢¢), 0 <t < T hits K x R where ¢, = ¢; — b(y),
(0, ¢0) € I' and S[’a T](cpt, ¢r) < VF 4 0.65h. Otherwise, let us assume ¢;, € K
for some t; < T. Then S[‘St (o1, Pr) < S[’S,T](got, o) < VH+0.65h.

Moreover, by Lemma 3.4, for the small  we chose in Lemma 3.6, there exists
a function (¢}, ¢;"), 0 < ¢ < Ty with ¢ = ¢ ~b(e}"), (¢, 64”) = (0 x O)
and (cp(Tll), ¢(T11) (0, o) € I' such that S[OT ](got b f})) < 0.2h (see part 1 of the

proof of Lemma 3.6).

For the small enough p and large enough M we chose in Lemma 3.6, we
claim that |¢;,| < M. To prove it, we build a new function out of the pieces
(P 0M). (2,0), = (Bnd) = (¢”.0)") for 0 < t < Ths = (e, drr) for
Ty <t < Ty +t;. Then ¢y = @ — b($), (Fo, o) = (O,0) and Sjozy14,)(Br, &) <
VHE +0.85h <V, + 1.85. By the same argument we use in the proof in Lemma

3.7, it can be proved that |y, | = |1, 44, | < M.

For € small enough we claim that there exists a function (4,0152), ¢§2)), 0<t<

Ty = e with ¢ = ¢ = b(pi”), (0", 867) = (0, d1), ¢y € OG\ Eg(al) such
that S[‘(‘),T](gof), (2)) < 0.1h. Notice that |gz5é2)| < M. This statement can be

proved by applying Lemma 3.5.

Out of pieces (o1, ¢M), (0, ), (¢, @) we build a new function: (B, ¢;) =

(oY, o) for 0 < t < Th; = (@, domy) for Ty <t < Titty; = (905/2)1%1 ~T1 (bg)h—Tl)
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for Ty +t, <t < Ty + 1t + Ty Then (@0, ¢o) = (O,0), ¢ry10 11, € (IG\ Es(zh))

and Sf 1\, (,6) < Vi +0.65h + 0.2h + 0.1h. Contradiction!

This implies that all functions from U, 4)er®,.,,, (V¥ 40.65h) pass at a distance

not smaller than € from (9G \ Eg(a#)) x R. Then we obtain that for all (z,y) € T
that
Proy(T < T, 2, € (9G \ Eg(a5) x (=M, M)))
< Poy(peim (X5 017), @ay (VS 4 0.650) > €)
< exp{—e " 1(V* + 0.65h — 0.05h)}.
for sufficiently small . Hence, for any (z,y) € 7,
Pry(21 € (0G\ Eg(xy)) x (=M, M)
< sup Puy(Z1 € (9G\ Exla) x (—M, M)

z,y)el
< isi:pr[Px,yv > 1)+ Poy(r T, 21 € (0G\ Ex(at) x (=M, M)
x,y)e
< exia{—e—l(vo +1.6) 4+ exp{—e }(V* + 0.65h — 0.05h)}
< exp{—e 1(V* 4 0.55h)}
for e sufficiently small. The last inequality is because V* +0.6h < V, 4 1.6. This

completes the proof.

Now, let us prove part (3) of Theorem 3.3. Recall that

™ = min{t: X/ € 0G} = min{t : (X"*,n/"°) € OG x R},
7 = inf{t>0: X" € yU(0G x (=M, M) U (G x 9[-M, M]))}.
Let us define

X0 = inf{t > 0 : (X' nf"%) € (G x (=M, M)) U (G x d[—M, M])}.
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Then, for any z € G and |y| < N

Poy(IX7x =2l > 0) = Poy(IX7x —af| > 8, (XK, 1m%,) € 0G x (=M, M))
+Py (X5 — 25| > 6, (X7, m%.,) € G x 0[=M, M])
< Pey(IX75, — a6l > 6, (X[, nix,) € 0G x (=M, M))
+Py (X750, m%.,) € G x 0[=M, M])

1. Let us first estimate the probability P, (| X", — 24| > 8, (X5, n85.,) €
IG x (=M, M)).

It follows from Lemma 3.7 and 3.8 that, for any small p < po, large enough

M (say M?*u >V, +2) and any (x,y) € v

Pry(Zy € (0G \ Eg(x7)) x (=M, M))

< Py(Z) € (0G x (=M, M)) U (G x 9]—M, M])) exp(—'0.1h).

for e sufficiently small. We denote by v the smallest n for which Z,, € (0G x
(=M, M))U(G x d[—M, M]). Using the strong Markov property, for any (z,y) €

v, we find that

Prey(I1X75, — | > B, (X

T

K o) € 0G X (=M, M)))

= D Puy(v=n,2, € (0G\ () x (=M, M))

n=1

= Y Euy(Z1 €7, .. Zur €7)Ps,_,(Z1 € (0G\ Eglalt)) x (=M, M))

IN

ZEx,y(Zl S0 P anl € "}/)
n=1

X Py, (71 € (3G x (=M, M)) U (G x d[—M, M]))e~= "O1h
= ZPx,y(V =n)exp(—e~'0.1h)

n=1

= exp(—e'0.1h).
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For any z € G and |y| < N, we have

‘P$7?J(|‘XVM76 - :L‘g| > ﬁ: (Xu)f,mnﬁf,n) S aG X (_Ma M))

X T

< Poy (XP5, 1) € (0G x (=M, M)) U (G x 8][-M, M]))

T

+ Py (X225 m%) € 4, | XTK, — o] > 8, (X7, n)x,) € 0G x (=M, M))

XM

The first probability converges to zero because of Lemma 3.2 and the assumption
that (X[, n)') never leaves the domain G x [-N, N| with z € G and |y| < N.

Using the strong Markov property, it turns out that the second term

S sup Px,y(’Xﬁfa - :Ug‘ > 67 ) (Xf)fm nﬁﬁ,n)
(z,y)ey

< exp(—e'0.1h) | 0
as € tends to 0.

2. Let us now estimate the probability P, , (X%, 7', ) € G x 0[—M, M]).

T

Since V, + 1.55 > V# 4 0.55h, it follows from Lemma 3.6 that, for any small

p < o, large enough M (say M?u >V, +2) and any (x,y) € 7,

P, (Z, € G x 9[-M, M]) < exp{—e ' (V, + 1.55)} < exp{—e ' (V* + 0.55h)}.
Consequently, it follows from Lemma 3.6 and 3.7 that

P, ,(Z, € G x 9]—M, M))

< P, (71 € (0G x (=M, M)) U (G x d[—M, M])) exp(—~20.1h).

for ¢ sufficiently small. By the same idea as in part 1, it can be obtained that for

any r € G and |y| < N

P, (XI5, nt5.,) € G x 9[-M, M]) — 0. (3.3)

T

80



as € tends to 0. This complete the proof of part (3) of theorem 3.3 provided

< fho.

Lemma 3.9: Let the assumptions 1-3 be satisfied. Then for any z € G,
ly| < N and a > 0, there exists a py > 0 such that for any p smaller than 4, we
have

hﬁ)lg nE,, 7 <VF+a.
£

Proof: 1. We choose positive numbers 9, €, T}, T5 and M* such that the

following three conditions are satisfied:

First, for any (z,y) lying in the ball T' (recall that T" is the d-neighborhood
of O x O and ¢ small enough), there exists 7o > 0 and a function (g4, ¢;)
with ¢ = @ — b(wr), (¢o,¢0) = (z,y) where ¢, reaches the exterior of the
e-neighborhood of G at time T(z,y) < T» and (¢, ¢;) does not hit the $-

neighborhood of O x O after exit from G x R and Sj () (0, ¢) < V& + 5§

provided g is smaller than some g = pus(«). For the construction of this func-

tion (4, @), please refer to the remark of lemma 3.7.

Second, we choose M* large enough such that for any =z € G, |y| > M*,

the trajectory of X}' reaches the exterior of the e-neighborhood of G before time

1

T = 1 provided p < 3,

where (X}, n.') is the unperturbed system starting at

points (x,y). To prove this, we notice that since G is a bounded domain, there

exists a constant C' such that G C [-C,C]. From the equation

X{ =0(Xt) !, X =w€ R

pt = —nl', nh =y € R
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we can solve for (X', n)"), finding that 7} = ye_it and

t t
| X} = x—l—/ b(Xﬁ)ds—l—/ nkds
0 0

t
= x +/ b(XM)ds + y(1 — pe” #")
0

v

t
(1 — e ) — Ja] — / IB(X™)|ds
0
t
> M1 p) - C - / IB(X5)|ds
0

M* t
> —C—/ Ib(X*H)|ds
2 0

provided p < % We claim that for M* large enough we have X} > C + e.

Otherwise, we assume that |X{'[c,,, < C'+ € and we assume maxj;|<c2¢ |b(2)] <

Ci. Then |X}| > 2 — C — Cy > C + € for M* large enough, contradiction.

Third, all trajectories of (X}, n}'), the unperturbed system, starting at points
(x,y) € (GUOIG) X [—(N + M*), (N + M*)| hit the §/2-neighborhood of O x O

before time 77 (let us take 7} larger than 1) and after 7}, they don’t leave the

neighborhood. This assumption is true because O x O is an asymptotically
stable equilibrium position, G x (—(N 4+ M), (N + M)) is attracted to O x O and

(b() - n(x))|zeac < 0.

2. From the construction of the (¢, ¢;) and the definition of an action func-

tional, we obtain that for any (z,y) € I' and any p smaller than iy = min{us, 5}

o

Py (p1o. 1) (XE5, 0, (01, 00)) <€) = exp{—e™" (S 1wy (r, 1) + 5)}

> exp{—e (V) + o)}

for e sufficiently small. Since o7, ,) does not belong to the e-neighborhood of G,

then for any (z,y) € I and for u smaller than some fi4,

Poy(T < o) 2 Pry(r¥ < T(a,y)) 2 exp{~< (V) + )}
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for € sufficiently small.

Denote by o the first entrance time for (X/°,n"%) of I: ¢ := min{¢t :
(X},m"") € T'}. Using the strong Markov property of (X[, n"%), for any

(x,y) € G X [—(N + M*), (N + M*)] and for any u smaller than p4, we obtain

P%y(TX < T1 + TQ) >

q)

x,y(a < Tl,TX < T1 + Tg)

I
e

v (0 < T) P ey (77 < Th)

Vv
RS,

x,y(a < Tl) (gggl)fel“ Px,y (TX < Tg)

w0 < Th) exp{—e " (V) + )}

v
qe,

> —exp{—¢ '(V/'+a)}

N —

for e sufficiently small. Here we use the fact that the trajectories of (X[, n"%)
converge in probability to (X[, n;") uniformly on [0,7}] as ¢ | 0 for (z,y) €
G x [—(N + M*), (N + M*)].

For any z € G and |y| > (N + M*), and for any p smaller than py, we obtain

that for any ¢ > 0
Poy(tX <Ti+Ty) > Po,(r*<1)
15 ,E €
> Px,y(p[O,l](X#’ 7775 )7 (X#ﬂ?#)) < 5)
> exp{—e'¢}

&
5 -

for € sufficiently small. Let us take ¢ =
Consequently, for any (z,y) € G x R and for any p smaller than fu,
1
P, (" <Th+Ty) > min{§ exp{—e (V! +a)}, exp{—e_lg}}

1
> exp{—e (V] +a)}
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provided ¢ small enough.

3. For any (z,y) € G x [N, N] and for any g smaller than pu,4, using the

Markov property of (X", ni*®), we obtain,

[e.9]

f?gc,yTX’77 S Z(n -+ 1)(T1 + TQ)Px,y(TL(Tl + T2) < TX < (Tl + 1)(T1 + TQ))
n=0

= T1+TZZ T >TLT1+T2))

S (Tl -+ Tg) Z( sup vay(TX > Tl -+ Tg))n
n—0 (@Y)EGXR
= Tl —+ TQ nZ:O xlegngR zy(T < Tl + Tg))
= (1 +T f P <T 4+ Ty))™*
(11 + 2)((x’y§felGxR ey (T < Ty +T3))
1
< 2Ty + Ty expl (VY + )}

for € small enough. This completes the proof.
|

Lemma 3.10: Let the assumptions 1-3 be satisfied. We choose the same iy
as in Lemma 3.9. Then for any (z,y) € G x [-N, N], @ > 0 and for any p < pu4,
we have

limeln F, yT > VFE—a.
el0

for € small enough.
Proof: Recall that
X = min{t : X/** € 0G} = min{t : (X}*°,n/*°) € 0G x R}

O = inf{t > 0 : (X/"*, nf"*) € (0G x (=M, M)) U (G x 0[-M, M])}
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Here M is a positive constant large enough (say M2y > V,+2). Since 7% > 757,

it is sufficient to show lim.|oeIn ExnyX’” >VHE -«

Recall that we introduced the Markov times 7, and o, and Z,, is a Markov
chain in the phase space v U (0G x (—M, M)) U (G x 9]—M, M]) where ~ is the
9 /2-neighborhood of O x O. Then

P,,(Zy € (0G x (=M, M)) U (G x 0[—M, M]))
< sup P,y(m = 7Xm)

(z,y)el
= sup P,,(n = X1 < T) + P,y = %1 > T).

(z,y)el
In order to estimate the first probability, we note that for large M (say M?u >
V, + 2), the trajectories of (X" ") starting from (z,y) € I', t < T, for which
1 =751 < T, are at a positive distance from the set {(¢, ¢) € Clo17 : (0, ¢0) =
(z,y) € T, Spr(p,8) < VI — £} provided 6 > 0 is arbitrary and § sufficiently

small enough. Then,

P,y = 751 < T) < exp{— 1 (VF - 0)} (3.4)

o

for € sufficiently small.

Following Lemma 3.3, 1" can be chosen large enough such that

1
sup Py, (17 = 7Xm > T) < —exp{—¢e(V} —0)}. (3.5)
(z,y)el 2

With the two above equations (3.4) and (3.5), we obtain that for any (z,y) € T

and for small p and large M, we have

Pyy(Zy € (8G x (=M, M) U (G x |—M, M) < exp{—c~' (V" — 0)}.

o
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Denote by v the smallest n for which Z,, € (0G x (=M, M)U(G xJ[—M, M))).

Then for any (z,y) € T,
P, ,(v>n) > (1- exp(—e H(VF — o))" L.
It is obvious that 757 = (1, — 79) + (72 — 71) + ... + (7, — 7,_1). Therefore,

o
X’ —_—
E, 7" = Z E,,(v>mn,1 —T1)

n=1

00
Z ZEx,y(V Z n, Tp — Un—l)

n=1
[ee]
> ; P,,(v>n) (96151)1“E By

The last infimum is greater than some positive constant ¢; independent of ¢
because the trajectory of the system will spend some time going from I' to 7.
Then for any (z,y) € v and for sufficiently small 0, and for the small x and

the large M, we have

Ex’yTX’" > 1 Z(min P, (v >n)
—1

— z,y)EY
> 1,3 (1 exp(—= (V) — 0)"
n=1

= tiexp{e 1 (VF —0)}

o

For any z € G, |y| < N, taking into account that P, ,(7%7 > 1) — 1 as

e | 0, we have

E$7yTX’" Ex(TX’" < Tl,TX’”) + E%y(TX’" > Tl,TX’”)

v

szy(TX’n > 7—1>E(X7;_L1,E7n¢1,£)(7_X7n)

> Desp{e (V- 0)

This completes the proof.
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Following from Lemma 3.9 and Lemma 3.10, the first part of Theorem 3.3

can be proved provided p < 4.

Let us prove the second part of Theorem 3.3 for any small ;1 < p4. Notice

that for any @ > 0 and = € G, |y| < N and any u < py, if

—1

mePz,y(TX > ef (V°u+a)) >0

then we will have

li{{)leln E.,m > V' +a.
3

which contradicts Lemma 3.10. Therefore, for any o > 0 and = € G, |y| < N we
have

hgl P, (1% < exp{e (VI +a)}) = 1. (3.6)

Now, let us show that for any o > 0 and = € G,|y| < N, lim.|o P, (7% <

e ' (Vd=a)y = 0 provided p < pq. Let us choose the same large M(say M?u >

e
V, 4+ 2). Since 757 < 7% then P, ,(tX < &= (W=2) < P, (757 < = (Vo=

Hence, it is sufficient to show lim, o Py, (757 < ¢ (V=) = 0.

For any a > 0 and = € G, |y| < N, using the same notation we introduced in

the proof of Lemma 3.10, we notice that

oo
Poy(r7 < & V) < By (e <Y P ey (v =, 700 < )
n=1
"‘Px,y(TX’?7 =T71)
The last probability P, , (7" = 71) converges to zero as ¢ | 0 according to Lemma

3.3. Let us estimate the remaining term. Let m. , = [Cexp{e (V} — a)}]. We
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choose the constant C' later. For (z,y) € 7, we have

ZP(Xus wey (v =n, T < e 71(V"H7a))

T1 )777'1

< P,,(v<m.,)+ Z P(Xﬁl,amﬁl,a)(y =n,T, < es—l(Vou_a))

< Py <mey) + Poy(ti., < &€ V79), (3.7)

Using the equality P, , (v = 1) < exp{—e~'(V#—6)}, which holds for any (z,y) €

v, 8 > 0 and sufficiently small ¢, then

Px,y(y < ma,p) <1-— (1 — exp{—g_l(VN _ 9)})?715,;4 0

as € — 0, for any C,a > 0 and @ sufficiently small.
Now, let us estimate the second probability of (3.7), Py (T, , < e (%),
For the fixed 1 we chose, there exists a A > 0 such that P, ,(r > \) > 1 for all

(x,y) € v and € > 0. For the number S,, of successes in m Bernoulli trials with

probability of success %, we have the inequality
m
P, ,(Sm > §) >1—¢

for m larger than some m,. Since 7, = (11 — 70) + (T2 — 71) + . + (Ton — Tin—1),

using the strong Markov property of the process, we obtain that

_ Tm 1
P:E,y<7—m5“u < 68 10/0“70{)) = Pz,y < » < 5> =€

Me
for /3 > 1/C and ¢ sufficiently small, m., is sufficiently large. Consequently,
we have proved lim. o P,y (Tm. , < 6871(‘/"“_&)) =0 for any = € G, |y| < N. This

completes the proof of part (2) of Theorem 3.3.
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In conclusion, let us choose p* = min{ g, pg}. For any g < p*, Theorem 3.3 is
proved. For the multi-dimensional case, Theorem 3.3 can be proved in the same

way.
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