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Chapter 1:  Introduction

The program of Fock—Goncharov, starting with [FG06b], aims to describe rep-
resentation spaces of hyperbolic surfaces into Lie groups by moduli spaces defined
by polynomial equations. These moduli spaces carry a positive structure (see Defini-
tion [£.3.4), and in the case of the Lie group PSLy(R), the associated positive spaces
can be identified with Teichmiiller space and decorated Teichmiiller space. For more
complicated Lie groups, these positive spaces give (decorated) higher Teichmiiller
spaces.

Our result regards an additional structure, a cluster ensemble structure (see

Section , which allows manipulating these moduli spaces efficiently via quivers.

o
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Figure 1.1: Putting a hyperbolic structure on ..



1.1 Classical Teichmiiller space

We start by describing the Fock—Goncharov program for the case of Lie groups
of type A;. Let X be a surface that admits ideal triangulation, for example the
once-punctured torus ¥ = X; ;. The Fock—Goncharov moduli spaces will describe
(decorated) Teichmiiller space, so fix a hyperbolic structure on . This can be
described by an embedding of ¥’s fundamental domain in H?, as in Figure [1.1]

We now describe the two moduli spaces with seven key points.

1. The structure is determined by ideal points.

This follows from our ideal triangulation: all vertices are on OH?, and all edges

between them are unique geodesics. See Figure [I.24]

93N+
g1N4 goN+
(A) Two different hy- (B) Defining a (¢) Defining a rep-
perbolic structures on representation by resentation by N, -
PN B -cosets. cosets.

Figure 1.2: Representations of 3 by cosets.

2. We can identify ideal points with cosets of isometries in Isom™ (H?)

that fix them.

The specific type of isometry determines which moduli space we create.



« We can consider B, a maximal borel subgroup, which fixes a point on OHZ.

Thus different cosets gB, fix, and can be identified with, different points on

OH2. See Figure[L.28

« Replacing points with horocycles, we can consider N, , a maximal unipotent

subgroup, which fixes a horocycle in H2. See Figure

3. Choosing an ordered triangulation attaches a non-degenerate ordered

triple of cosets to each triangle.

The non-degeneracy condition requires that the cosets be distinct, so that
the triangle has three well-defined edges. Describing how the coordinates of Fock—
Goncharov’s moduli spaces change under alternate choices for the triangulation and

the ordering is one of our primary concerns.
4. Coordinates can be assigned to each triple (or pair of triples) of cosets.

« If we consider B, -cosets, then the coordinates we attach to each edge resemble
Thurston’s shear coordinates (as described in e.g. [Bon96]) along that identi-
fied edge, as the distance d in Figure Some of these coordinates need

two triples to define. We will not focus on these in this introduction.

« If we consider NV -cosets, then the portion of each geodesic between horo-
cycles has finite length. These are equivalent to Penner’s A-lengths in his
parametrization of decorated Teichmiiller space of [Pen87]. We associate to

each triangle’s edge the A-length of its truncated geodesic as a coordinate. See

Figure [T.2¢]
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triangulation.

Figure 1.3: Coordinates by N -cosets under reordering and retriangulation.

In our example, we label the edges a, b, and e as in Figure (identified
edges necessarily have the same A-length). Using the (0 — 1,1 — 2,2 — 0)-ordering
on a triangle’s edges, the coordinates we obtain are (a, b, e) on the left and (e, a, b)

on the right.

5. We must describe how the coordinates change under (oriented) re-

ordering and retriangulation.

In this A; case, reordering has a trivial effect on the coordinates. If we rename
90, 91, 92, 93, but do not change their values, we merely rearrange the coordinates
following the new cyclic ordering on the triangle’s edges. The coordinates defined
by Figure are (b, e,a) on the left and (a,b,e) on the right.

The retriangulation has a more interesting effect, as shown in Figure [1.3C|
The coordinates we obtain are (b, a, f) for the top and (a, f,b) for the bottom, but
we need to describe the relationship of the new A-length f to the A-lengths a, b,
e. This is given by the classic Ptolemy’s Theorem regarding lengths and diagonals

of circumscribed quadrilaterals. In Euclidean space this is given by Figure [1.44)]



and in hyperbolic space by Figure [I.4B] For our example, taking identifications into

account,
ef =a®+ V.
< S
(A) Ptolemy’s Theorem for lengths (B) Ptolemy’s Theorem for M-
in Euclidean space. lengths in hyperbolic space.

Figure 1.4: Ptolemy’s theorem: ac + bd = ef

6. Hyperbolic structures are those for which all coordinates are positive.

The coordinates a, b, e, f with the relation ef = a? + b* describe an algebraic
variety, but not every point corresponds to a hyperbolic structure. Those which do
are exactly the points with positive coordinates, and thus positive geodesic lengths.
This positivity need only be checked for one collection of coordinates: if a, b, and e

are all positive, then f will be as well.
7. The representation p : m(X) — G can be reconstructed.

Via the coordinates we have mentioned, the holonomy p(v) corresponding to
this hyperbolic structure for v € m;(X) can be computed. See Section {4.3|for greater
detail.

The moduli space we have described using N -cosets is Agr,(r),xz, and points

with positive coordinates correspond to points in Penner’s decorated Teichmiiller



space for 3. The moduli space derived from considering B, -cosets is Xpqr,(r),s,

and positive points correspond to points in Teichmiiller space for X.

1.2 Cluster ensemble structures

In the above program, the retriangulation identity was given by Ptolemy’s
Theorem. Another structure that encodes the identity is a cluster ensemble.
We defer a detailed description to Section 2.7, but for now we only need that a
cluster ensemble consists of a quiver (a directed graph with a skew-symmetrizable
adjacency matrix) and a pair of coordinate structures (\A- and X-coordinates), and
that the shape of the quiver dictates how the coordinates change under mutation
(a certain local alteration of the quiver).

The quiver of the cluster ensemble which realizes ac + bd = ef for the A-
coordinates is given (along with the effect of the only relevant mutation) in Fig-

ure [1.5. The quivers are inscribed in two quadrilaterals with different diagonals.

Figure 1.5: Quiver for type A;. The A-coordinate at vy is ag. The relation on
A-coordinates for mutating at vs is ajag + asas = asar.

For other surfaces X, larger collections of triangles can be glued together.
Retriangulations (and reorderings) can be computed as sequences of mutations, and

the coordinate changes are given by collections of low-degree polynomial relations.



1.3 Higher Teichmiiller spaces

We view higher Teichmiiller spaces as collections of representations

{p:m(X) — G discrete and faithful } /G,

where the standard Teichmiiller space case is given by G = Isom™ (H?) = PSLy(R).

In order to apply the Fock—Goncharov program, we need the following conditions.

o The surface ¥ must admit an ideal triangulation, so we demand that it be

hyperbolic with n > 1 punctures.

« The group G must be a split semisimple algebraic group over Q; for technical
reasons the moduli space Agy is defined when G is simply-connected, and
Xex is defined when G is centerless. However, the field underlying G' is not

critical.

As another technical point, when G is simply connected we will parametrize
boundary-unipotent representations, and when G is centerless the representations
will be boundary-borel (see Definition [4.1.2).

We now replay the program to create moduli spaces Ag x, and X 5, for higher

rank G.
1. The structure is determined by ideal points.

By restrictions on X, the representation is still defined by ideal points of a

fundamental domain.



2. We can identify ideal points with cosets of isometries in Isom™ (H?)

that define them

We replace Isom™ (H?) with general G. By our restrictions on G, subgroups

N, and B, are still available.

3. Choosing an ordered triangulation attaches a non-degenerate ordered

triple of cosets to each triangle.

Non-degenerate cosets are replaced by sufficiently generic configuration
spaces (see Definition [4.1.1). These ensure that a well-defined element of H, the
maximal torus of G, corresponding to translations along geodesics in the PSLy(R)

case, can be attached to each edge of each triangle.

4. Coordinates can be assigned to each triple (or pairs of triples) of

cosets.

To assign coordinates to configuration spaces, Fock-Goncharov use general-
ized minors (see Deﬁnition. In the case of GL,,, these correspond to shuffling
rows and columns according to two permutations, then taking the upper ¢ X ¢ mi-
nor. In the more general case, two words in the Weyl group of G are invoked and a
coordinate associated to the i® fundamental weight is used.

By work of Lusztig, configuration spaces carry a positive structure via factor-
ization coordinates (see Definition . By work of Fomin—Zelevinsky, gener-

alized minors inherit this positive structure.



5. We must describe how the coordinates change under (oriented) re-

ordering and retriangulation

A major result of the Fock—Goncharov program is that reordering of triangles
(we restrict to orientation-preserving reorderings, which we refer to as rotation)
and retriangulation of quadrilaterals (which we refer to as a flip of the diagonal)
preserve this positive structure. All general retriangulations and reorderings can be

obtained this way.
6. Hyperbolic structures are those for which all coordinates are positive.

Instead of hyperbolic structures, we are interested in points in higher Te-
ichmiiller spaces. Since the general moduli spaces carry positive structures, the sets
of positive points Ag,z and Xé{ 5, are well-defined when G is over R. These do, in fact,

correspond to higher Teichmiiller spaces or decorations of them (see Section 4.3)).
7. The representation p : m(X) — G can be reconstructed.

The representation p(7) can still be computed by A- or X-coordinates (again,
see Section . Here our restrictions on GG being simply connected or centerless
are necessary.

So the Fock—Goncharov program holds beyond PSLy(R). We now address the

following question:

The positive structure on coordinates is preserved under retriangulation
and reorientation, but how are those two operations realized on coordi-

nates?



In the A; case, the cluster ensemble of Figure provides the answer. In
[FGO6D|, Fock—Goncharov produced cluster ensembles for all types A,. The quiv-
ers appear as triangular lattices, see Chapter [6] for an overview. Fock-Goncharov
also provided descriptions for coordinate changes under the two key operations as
sequences of mutations. The rotation describes reordering of a triangle, and the
flip describes retriangulation of a quadrilateral.

Fock-Goncharov predicted that Ag s, and Xg x>, would carry cluster ensemble

structures as well. To realize those structures, we need, we need

« A way to assign coordinates of Conf}(G/K) to a triangle. These coordinates
will be encoded in a cluster ensemble. We will call the coordinate assignment
map M. When the group G is over R, collections of coordinates will be (R*)".

Seeds with all coordinates positive will be the positive points.

« A way to realize (orientable) symmetries of a triangle on those coordinates
(the rotation, see Figure [1.6A]). The bottom map will be realized by a quiver

mutation which we call fiyo.

« A way to realize changes of triangulation on those coordinates (the flip, see
Figure [1.6B)). The bottom map will be realized by a quiver mutation which

we call pgip.

« The maps oy and pg, should preserve the positive structure. That is, if
a seed has positive coordinates, applying the rotation or the flip should not
change that. Using generalized minors for coordinates is a way to preserve
positivity.

10
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rot flip
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(A) The rotation. (B) The flip.

Figure 1.6: Retriangulation and reordering (for a group over R).

1.4 Results

Our main result is an explicit construction for cluster ensembles described
above for all semisimple GG, including the rotation and the flip. In other words, we

present a constructive result of the following theorem.

Theorem 1.4.1. For a split semisimple simply-connected (or centerless) algebraic
group G over Q, there exists a quiver @), quiver mutations fi.,; and gy, and a
coordinate map M.

The map M associates coordinates of a flag configuration to the coordinates
on the cluster ensemble for Q), the quiver mutation ji..; describes how the coordinates
change under rotation of an ordered triangle and pai, describes how the coordinates

change under retriangulation.

We call this collection (Q, fiot, ftaip, M) a Fock—Goncharov coordinate
structure. The construction algorithm is presented in Chapter First, we use

the algorithm of |[FZ99, Section 2], using a specific choice of wqy (the longest word

11



in the Weyl group) by Fact . This produces a quiver whose A-coordinates
generate the coordinate ring for B_ = H x N_. We call this quiver ().

The quiver )y has the same mutable portion that we need for ). How-
ever, the non-mutable portion isn’t complete, so )y does not have triangulation-
compatible symmetry (see Definition . We therefore can apply the rotation
lot 10 (o, and define @) to be the smallest quiver with triangulation-compatible
symmetry containing )y.

The quiver () and the map M allow constructing representation varieties eas-
ily given a triangulation of a surface: a copy of @) is inscribed on each triangle and
vertices along edges are identified. The maps fior and pgip, describe how the coor-
dinate functions of the variety respond to retriangulation, ensuring that the variety

itself is independent of triangulation choices.

Remark 1.4.2. The existence of cluster ensemble structures was shown non-constructively,

and by different methods, in |[GS18].

This theorem can also be used to compute representation varieties for 3-
manifolds, following work of Zickert. In this case, quivers are drawn on each face
of each ideal tetrahedron in the triangulation. The map pqi, describes the relation
between coordinates on the four triangular faces of each tetrahedron. The variety
constructed is not, however, independent of triangulation. If the triangulation is

sufficiently fine, however, the variety detects all representations.

12



1.5 Historical context

Fock and Goncharov introduced cluster ensembles in [FGO6b] and [FGO9b|,
employing the cluster algebra work of Fomin—Zelevinsky [FZ02], [FZ03], [BFZ05| as
well as Lusztig’s study of positivity [Lus94], [Lus97]. The application was laid out
for a split semisimple simply-connected Lie group over R, but explicit constructions

were only known for type A,. Since then, there has been ongoing work.

« In [Zic19], Zickert produced examples of cluster ensembles and mutations for
types As, Bs, (5, and G4, directly employing Lusztig’s positive maps to ex-
plicitly construct varieties. Our work addresses Conjecture 2.7, which predicts
the existence of quivers, rotation and flip mutations, and coordinate maps for

semisimple G.

This work also expanded the use of Fock—-Goncharov coordinates to represen-

tations of ideally-triangulated hyperbolic 3-manifolds, building on [GTZ15].

« With [Lel6b] and |Lel6a], Le described constructions for quivers of types
A,, B,, C,, and D, using tensor invariants and webs. Our work addresses
Conjecture 3.12 (that the cluster algebra for Conf} (G/N) is invariant under
retriangulation and reordering) for the orientation-preserving case, for our

choice of presentation of wy.

« Using representations of quivers, Fei constructed quivers and mutations for

many types in [Feil6], though associated to a slightly different flag variety.

13



« In [Ip18], Ip produced similar “basic quivers”, though not presenting mutation

sequences in the general case.

« Goncharov—Shen continued work on invariants of cluster ensembles with |GS18§],

providing existence proofs.

There were several obstacles to extending these results to our proof of Theo-
rem [1.4.1] First, the cluster ensembles for type A, have trivial triangular symmetry.
However, direct dimension counting of the coordinate ring shows that this is not pos-
sible for general G.

Second, the algorithm of [BFZ05| Section 2| to produce a quiver carrying the
coordinate structure of B_ (which is a significant step) is well-known. However, this
algorithm depends on a particular choice of presentation for wg in the Weyl group of
G. Tt is not immediately obvious how to choose wy for each group, or if this choice
should matter.

Third, the same non-triviality of triangular symmetry for ) extends to non-
triviality of the coordinate assignment map M. In other words, fully three sides of
each square in Figure [1.6| are trivial in the A,, case, and therefore give few clues as
to the general case.

Finally, the action of wy on a simple root «; is not necessarily wo(a;) = —ay.
This creates various complications.

The following observations are the key to our result.

« A, is the exception, not the base case. Specifically, for all G except type Asa,,
there exists a very regular presentation of wy in terms of Coxeter elements.

14



« This regularity causes the quiver with the coordinate ring of B_ to be be laid
out so that [FZ99, Theorem 1.17] and [YZ08, Theorem 1.5] apply, and these

identities hint at certain sequences of mutations.

Chapter 2:  Ingredients

Here we review some key components of our construction. These include

generalized minors (see Section [2.4)), quivers (see Section [2.6)), and cluster ensembles

(see Section [2.7)).

2.1 Root spaces and Weyl groups

We begin with some fundamentals of Lie groups, referring to e.g. [Kna96),
Chapter II] or [Bou02| for more detail. We use the language of Lie groups over C,

with straightforward generalization to algebraic groups over other fields.

Definition 2.1.1. For g a semisimple Lie algebra over C, fix a Cartan subalgebra
h. A root is some simultaneous eigenvalue o € h* of all ady : X — [H, X] for
H € b. That is, there is some X € b, and for all H we have [H, X| = a(H)X. X is
the simultaneous eigenvector, and « is the simultaneous eigenvalue, the root. A is
the set of all roots, the root system.

Every root a € b* corresponds to some H, € b§ such that for all H € b,
B(H,H,) = a(H) (with B the Killing form). Let by be the R-linear span of all H,,

15



and i C h* the dual.

There is also a corresponding weight space g, defined as
go={Xe€g:forall Heh, [H,X|=aH)X}.

With this notation, h = go, and g = h ® P ga-

Definition 2.1.2. For a root system A relative to a Cartan subalgebra b of a Lie
algebra g over C, the Weyl group is the subgroup of GL(hg) generated by (where

(+,+) is the usual inner product, viewing g as a complex vector space)

<sa:¢l—><p—2%a:aar00tforA.>

Each s, may be thought of as a reflection through the hyperplane perpendicular to
a.

A sequence (i1, 142, . .. ,%,) such that w = Sai, Sai, " S, is a presentation for
w € W. The elements { s,, } follow the braid relations, so presentations are often

not unique. If a presentation for w has the shortest possible length, it is reduced.

Definition 2.1.3. For a root system A and h; as above, arbitrarily choose some
maximal subset A, closed under addition and scalar multiplication by positive reals.
Such a choice gives positive roots for A.

A positive root a € h* is simple if it is positive and cannot be expressed as a
sum of other positive roots with positive coefficients. The span (s,, : « a simple root)
generates the Weyl group.

16



Definition 2.1.4. Each simple root «; has an associated fundamental weight w;

in b, defined by

Fact 2.1.5. The Weyl group is finite. In particular, there is a longest word wy.
That s, wo is an element of W such that for any s., the word wys, has a shorter
presentation than the shortest presentation of wy.

The element wy induces an action o — —wo(a) on the simple roots.

Definition 2.1.6. Let og be the permutation such that —wg(a;) = a,). This
permutation is of order 1 or 2, and is often trivial. Where convenient, we will label
oc(i) as i*.

In an abuse of notation, we will view o¢ as acting on H as the unique auto-

morphism defined by (looking ahead, x; is from Definition [2.2.1))

oc(x;(t)) = Xj;g(i) (t).

Remark 2.1.7. The permutation o may be realized as a graph automorphism of
the Dynkin diagram associated to G. For example, for G of type Ds, the involution

o¢ acts on the simple roots as shown:

1 2 3/'?\

17



2.2 Unipotent subgroups

Definition 2.2.1. For a Lie group G (the Lie algebra of which is g), a Cartan
subalgebra h and a root system A with a choice of positive roots A, there is a

root space decomposition defining ny by

/—L /—L
i=Po.ovbe P oa

CYGA+ OZEA+

The Lie subgroups of G with these Lie algebras are, respectively, N_, H, and
N, . The N4 subgroups are maximal unipotent subgroups of G. H is a maximal
torus. We also have the borel subgroups By = HN,.

We also fix standard generators e; € ga,, fi € §-a,, and h; € b (with ¢ €

{1,2,...,rank G }, so that we may write

x;(t) = exp(te;) € Ny, yi(t) = exp(tf;) € N_, X; (t) = exp(th;) € H.

2.3 Coxeter elements

Definition 2.3.1. For a root system generated by simple roots A = ({ a1, as, ..., a, }),
any element ¢ = S,, 54, * * - Sa, 15 a Coxeter element. The ordering of the roots is
irrelevant: any such product of all simple roots is a Coxeter element. All Coxeter

elements have the same order, which is the Coxeter number, denoted h.

Fact 2.3.2. For a Weyl group W with Coxeter element ¢ and even Coxeter number

18



h, % = wy. That is, if ¢ = Sa,Say " * Sa,, @ presentation for wy is

1 2
A\ A\

. r r ~ /_/H
i={1,2,....,r, 1,2,....r, ..., 1,2,....7}.

This is standard, see e.g. [Bou02, Chapter VI, § 1.11].

2.4  Generalized minors

We review generalized minors. These are the extension of flag minors on GL,
of [BFZ96], |BZ97| to arbitrary semisimple algebraic groups. This generalization is

described fully in [FZ99], to which we refer for more details.

Definition 2.4.1. For G a Lie group over C admiting H and Ny, Gog = N_HN,.
For x € Gy, the Gaussian decomposition of z into these components is z =
[z]_[x]o[z]+, with [z]p € H and [z]+ € Ni. This decomposition is necessarily

unique.

Definition 2.4.2. For GG a Lie group over C admiting H as above, we may identify
the Weyl group W with Ng(H)/H, the quotient of the normalizer of H in G by H.

We denote

Si=x(=Dyi(Dri(=1)  5i = z(Lyi(—1)ai(1).

These satisfy the braid relations, and whenever length uv = length v + length v, we

have

]
Il
N
<
|
I
gl
1

19



Remark 2.4.3. If G is semisimple, then the standard choice of bases { e; }, { h; }, and
{f;} for n_, b, and n give rise, via exp, to one-parameter subgroups in N_, H,
N, respectively, and the identification of W with Ng(H)/H identifies wy with .
Acting by conjugation on G, this element switches each pair of subgroups exp(Re;),

exp(Rf;). Thus wy switches N_ and N.,.

Remark 2.4.4. The element w,? arises frequently. It shall be denoted s¢, and is in

the center of GG, having order either 1 or 2.

Definition 2.4.5. For G a Lie group over C, and any fundamental weight w;, define

A% H+— C by A% 2 b explw; exp~H(h))).

Definition 2.4.6. For G a Lie group over C, admitting decomposition as above,
v,w elements of the Weyl group W, and w; a fundamental weight, the general-
ized minor for the words and fundamental weight vw;, ww; is the regular function

Ap; ww; 2 G — C, defined by its restriction on vGow=" by

ARSI Avi ([Fgw} ) .
0
In the case w is trivial, as it often is in our construction, we denote
A" (g) = A, (9)-

Example 2.4.7. If G = SL(n,C) (of type A,_1), we may take H as diagonal
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matrices, with N, and N_ as strictly upper and lower triangular matrices.
The fundamental weights are w; = (e; + €3 + - -+ + €;)*, and the function Awi
corresponds to taking the product hiihos - - - hy: the ¢ X ¢ minor of the first ¢ rows

and columns. The reflections s,, lift to

(Here H is diagonal matrix concatenation.) Thus s; acts on SL(n,C) on the left
by permuting rows, s; acts on the right by permuting columns, and the generalized
minor for vw;, ww; on SL(n,C) is exactly the ¢ X ¢ minor of the top left rows and

columns after permutation.

Definition 2.4.8. For a fixed presentation i = (iq, s, ..., ;) of wp, define

Wk = Sip, " " Sigg1 Sigs

and define the i-chamber weights

Ve = Wiwi,.

We also count w;, as i-chamber weights.

Remark 2.4.9. The wy are pairwise distinct and fill the involution set of wy, see
[Bou02, Chapter VI, §1.6].
Remark 2.4.10. Any A"+ is some A% or A% . This follows from the fact that
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A ([5529)0) = Ai([g]o), so for use with generalized minors, any wyw; may be reduced

to wy+1w; whenever wy, is not trivial and iy # j.

Definition 2.4.11. When restricted to H, we may express A" in another fashion.
For G of rank r, let P denote the weight lattice, integral combinations of { w; }.

For f € P=7", and for A =[],_, x;(tx) € H, Definition is equivalent to

AP(A) = exp((B,1)),

where (-, -) is the normal Euclidean inner product.
Now for v € W, we may consider v acting on P C hy by v5 = (v5*)*, using

the action of W on hj. This allows expanding the above definition to

Aypp(A) = exp((v,1)).

Now, define the non-negative generalized minor, AZG’B :H — C as

AY(A) = exp((max(vg, (0,0,...,0)),t)),

where max operates componentwise.

The & is intended to suggest tropical addition.

Remark 2.4.12. For A = (t,1,,...,t,), the map Ag”(A) can be computed by com-
puting Ay, v, (81, 82, .. ., 8,-)) abstractly, taking the numerator of the result, then

substituting t; for s;.
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2.5 Factorization coordinates

We also review factorization coordinates, referring again to [FZ99] for details.
In brief, they will give coordinates on Conf;(G /N, ) (of Definition {4.1.1)) which are

governed by a word i in the Weyl group of G.

Definition 2.5.1. For GG a Lie group of rank r over C admitting H, N, z;, and v;,

with Weyl group W, i = (i1, ...,4;) a reduced word in W, and t € (C*)*, we define

zi(t) = iy () - - - @i, (t) € Ny, vi(t) = yi, (t1) - - i, (tr) € N_.

Let i = (iy,49,...,%,) be a fixed representation for wy. Then

Ti({ th Foey) = @iy (1) w4, (t2) - - - 24, (t) € Ny N Gotg

Yil{ tk Y1) = Yim (tm) === i (t2)1i, (1) € N_ N WoGo.

By [FZ99, Theorem 1.3] these are isomorphisms.

Definition 2.5.2. For u € N_ NwyGy, the factorization coordinates of u are

(t1,...,tm) € C™ such that u = x;(t1, ..., tm).
We also recall two utility functions from [FZ99] and |[FGO6b].

Definition 2.5.3. The biregular anti-automorphism ¥ : G — G and the biregular

automorphism ® : N, N Gowy — N_ NwyGy are the unique maps such that, for
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teC,he H zre N ,andy € N_,

W(wi(t) = wilt) U(y(t) = (1) U(h) = h
and
®(z) = [y, o~ (y) = wolwo 'yl -we "
2.6 Quivers

We review quivers. These are graphical encodings of cluster algebras (specif-
ically, those of geometric type), studied in [FZ02], [FZ03], and [BFZ05]. The
quiver interpretation, first discussed in [MRZ03|, is given a complete introduction
in [Mar13|, which we follow. The only departure we need from Marsh’s definition
is to allow some edge weights to be in %Z instead of Z. We also give a name to the
symmetrized edge weights o (v, w), and encode the symmetrizability of edge weights

into vertex weights d,,.

Definition 2.6.1. A quiver is a directed graph with no 1- or 2-cycles or multiple
edges, with weights on edges and vertices. Vertex weights are in Nyj, and edge
weights are in %Z. The edge weights are denoted o(v,w), and the vertex weights

d,. Also defined is the auxiliary quantity e(v,w), by



Vertices are either frozen or non-frozen, and edge weights are integral unless the

edge is between two frozen vertices, in which case they are half-integral.

Figure 2.1: A quiver. Larger vertices are of weight 2, and dotted edges correspond

to o(i,j) = 3.

Remark 2.6.2. Almost all of the time, o(7,j) will lie in { —1,0,+1}. In this case,
the edge weights o(i,7) are just the incidence matrix of the graph underlying the

quiver.

Remark 2.6.3. The term quiver occurs in other areas of literature as a multi-
digraph. We use it here as a edge-weighted digraph with skew-symmetrizable adja-

cency matrix, encoding the exchange matrix of Fomin—Zelevinsky’s cluster algebras.

Definition 2.6.4. For each non-frozen v, a quiver p,(Q) is defined. This is the

mutation of @ at v. Edges in p,(Q) are defined by €'(-,-), with

(

e(z,y) if e(x,v)e(v,y) <0,v ¢ {z,y}

€(z,y) = —e(z,y) ifve{zy}

e(z,y) + |e(z,v)|e(v,y) if e(x,v)e(v,y) > 0,v ¢ {z,y}.

\

Customarily, the vertex v is renamed in p,(Q), e.g. to v’. This is because p,
induces a map on the seed torus of () which changes the coordinate associated to v
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(see Definition [2.7.1)). For very long sequences, we will usually ignore the renamings

for readability and think of v as a vertex in a graph, not as a coordinate function.

Notation 2.6.5. Sequences of mutations are performed left to right: that is 1., =
Jhw © . When subscripts would be awkward, we will also write mutation sequences
as jt{v1,s,...}. We shall also employ [[,; t» to mean mutating at all vertices in

I, in the order given by I.

Remark 2.6.6. When depicting quivers, we shall assume that all black edges have
weight 0 = 1, and gray, dashed edges have weight o = %

Vertex weights will be depicted by the relative size of circles; we will only use
weights 1, 2, and (only in the case of G5) 3. Frozen vertices will be colored blue,

but this will also be described in the text if at all relevant.

Figure 2.2: Mutating the quiver of Figure at vqg.

2.7 Cluster ensembles

We now define cluster ensemble structures following [FGO9b|. Also useful is

[Ish19).

Definition 2.7.1. For a quiver () with vertices V', let Ay be the free abelian group
generated by V, with dual A}, = Hom(Ay,Z). Let {e,:v € V } be a basis for Ay,
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and { f, = d,'e’ } a basis for A},. Let A° be the Q-span of { f, } inside A* ® Q.

The seed X-torus is T, = Hom(A,C*). The seed A-torus is T =
Hom(A°,C*). The coordinates for these tori are denoted { z, },., and {a, }, o,
and called X-coordinates and .A-coordinates respectively. A quiver together
with these coordinate tori is a seed.

There is a map p : Té“ — Tg . This map is characterized by the pullback

p*(z,) of an X-coordinate to T2, which is defined as

As these objects are defined in terms of quivers, we must define how quiver
mutation affects the coordinates. As with p, we shall define pu, by pullbacks—in this

case, the pullback of the coordinates z!, and al, for vertices w of p,(Q).

.
z,! if v =w
[y Ty =
(1 + B C))evw) i o £ gy
\
( 1
€(v,2) —e(v,2) e
— a + a if o' =w
x Qy H - H -
oy Gy = €(v,2)>0 €(v,2)<0
A if v/ #w

Finally, define a cluster ensemble as the orbit of a single seed under all

quiver mutations.
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Example 2.7.2. In the mutation of Figure 2.2 we have

1
Ay, = (a’cla’U21 + aAlaCQG’Bl)
v11

The effect on X-coordinates is

1
2 2
Tyyy 7 T Tugy + Doy (14 Ty, )™ = Ty + 200, Ty, + Loy Ly
V11
TaAT
—1\—-1 __ 1°YV11
za = ra(l+z,,) = [ Tay 7 Ay
V11
rp, T
—1\—1 __ #Bitwvnn
xBl — xBl(l + 'r’L)ll) - 3, 'TB? = xBQ

1+,

2
)_2 ngva

T 1+ 22y, + 22

V11

-1
Tcoy xC1<1 + x’Uu) =Ty, T T Ty, Toy 7 C("6'2(1 + Ty,

Remark 2.7.3. The mutation relation for the A- and X-coordinates follows [FZ07,
Equation 2.3]. The A-coordinates especially form the cluster algebra of Fomin—
Zelevinsky which define the quiver. For consistency, we will refer to the cluster

variables as A-coordinates.

A cluster ensemble, therefore, is a pair of coordinate structures on spaces, each
defined by a quiver. Quiver mutation acts on each coordinate structure by replacing
some coordinate functions, and p is always a map (generally non-surjective, non-

injective) between the coordinate structures.

Remark 2.7.4. The map p commutes with quiver mutation, as by [FG09b, Sec-

tion 1.2] and |[FZ07, Proposition 3.9].
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Chapter 3:  Key identities

Here we reproduce two external results of particular significance to our con-
structions and proofs, from [YZ0§| and [FZ99]. We refer to their respective origins
for more details. These identities allow us to perform a program we call “adjusting
a minor coordinate”. Depending on the surrounding conditions, these will allow us

to conclude that the action of mutation on Té“ is to replace

Auwi,vwi (g> with Au’wi,v’wi (Q)

for some u, v, u’,v".

3.1 Actions of o¢

We give an overview of the identity used to justify mutations which apply og

to the Dynkin diagram-like graph underlying a quiver, as in Remark [2.1.7. We use

this in the proofs of Lemmas [7.2.1] and [7.2.2] This identity is collected from several

results in [YZ08§|, so we import some notation.

Definition 3.1.1. Let the reduced double Bruhat cell L5 = N,sN, NB_tB_.

(We shall not need many facts about this object.) Recall that k* = o¢(k). The

29



relation a <. b means that a precedes b in the Coxeter element ¢, and that a and b

are connected by an edge in the Dynkin diagram associated to c.

We shall mostly be interested in minors of the form Agm,, ¢me, . Yang-Zelevinsky
denote these as xem,, .., but we will avoid this for notational consistency.

The main result is that for a cluster algebra A(c) defined by an initial seed
with quiver of Dynkin type associated to Coxeter element c, there exists a g €
Le<"" such that all cluster coordinates and coefficients of A(c) are given by certain
generalized minors of g. This allows combinatorially defining the exchange relations
of all source or sink mutations (at vertices where all edges point out or in).
These always exchange variables of the form Agme, e, With Aoty gmt1,,. Yang—
Zelevinsky refer to these as primitive exchange relations.

Finally, a number A(7; c) is defined such that A ey, chiiow, = Awpw.- This

allows convenient analysis of periodicity of source/sink mutation sequences.

Proposition 3.1.2 ([YZ08, Equation 2.13]). In some cases, h(i;c) is easily calcu-
lated.
« When i* =i (for example, if o = e) we trivially have h(i;c) = 0.

« Otherwise, when h is even, ¢"? = wy, and by action of wy on simple roots,

h(isc) = 2.
When G is of type Ay, however, the calculation is more delicate. Let

h=/£¢+1 factors

by = 8183 S2|(e+1)/2] -1 b = 8984...82)(441)/2)> wo = tyt_---ly c=141_.
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Then by [YZ08, Equation 2.13], as h = €+ 1 be the Coxeter number for Ay,

Note that

Acm+h(k;c)+lwk7Cm+h(k;c)+lwk — Acmwk* ,CM Wy
We now combine several results of [YZ08], mainly Theorem 1.5.

Proposition 3.1.3. The cluster variables in A(c) satisfy the following primitive

exchange relation (letting A be the Cartan matriz):

— | | —Aik | | —Aik
Acmilwkﬁm*lkamek,mek — (Acmwi7cmwi) © (Acmflwhcmflwi) % + 1

i=<ck k<t

Remark 3.1.4. This does not give us much information about g € L%, but we will
restrict our attention to periodic mutations. The only effect will be to change which

root the vertices of the quiver are associated to.

3.2 Grid exchange relations

Here we give an overview of the identity [FZ99, Theorem 1.17] used to justify

the exchange relations of fio¢rw and fpnipeore; and to prove Lemmas [7.3.1] and [7.4.1}

Theorem 3.2.1 (|FZ99, Theorem 1.17]). For u,v two words in the Weyl group W

such that length(us;) = length(u) + 1 and length(vs;) = length(v) + 1, and A the
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Cartan matriz,
C A
Auwi,vwiAusiwi,vsiwi = Ausiwi,vwiAuwi,vsiwi + H(Auwj,ij) .
J#i

Remark 3.2.2. It appears that this theorem only allows us to adjust the minor
coordinates by one letter at a time: s;. By the same logic as Remark[2.4.10, however,
we actually are able to adjust u and v by longer sequences of letters, as long as they

do not contain multiple s;.

We use this theorem in situations where, mutating at v,

Aysiwwsiw; = Coordinate of v, before mutation
Ay, vw; = Coordinate of v, after mutation
Ay, vs;w; = Coordinate to left of v,
Aysiw; vw; = Coordinate to right of v,

Ay, w; = Coordinates in same column as v,

Example 3.2.3. We look ahead to the results of Chapter [5[ and assume all edge
coordinates are 1 for simplicity. Figure depicts Q¢, partway through the ro-

tation mutation. The minors associated to relevant coordinates (see the proof of
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Lemma for details) are at this point

V22

V21

Va3 -

V12 -

V39

: Aw1wz,w1oo~72 = A”»03320-’2»1”1152‘*’2

: Au;5c«12,111100-72 = A”~U3“J2:“)1152""2
Awlwg,wa;g = A1113,52w2,111110-)2

: Aw5w1,w13w1 - Au}3w1,w11w1
Aw1W3,w11w3 - A1113u13,ul11<«13

Figure 3.1: After applying p{ v11v21v31041012 } to Q¢,. The next mutation in fiye

is at vgs.

The equality follows from Remark [2.4.10, Therefore, by applying the identity

we see that mutating at vy will change the coordinate to Ayuy wiiws =

Finally, we note that the requirements on u and v may be loosened, which we

need to prove Lemma [7.4.1]

Lemma 3.2.4. Even if length(us;) # length(u) + 1 or length(vs;) # length(v) +

the result of Theorem still holds as long as u and v are subwords of a repeated
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Cozeter element c.

Proof. From the proof in [FZ99], the only reason for the length condition is to ensure

that Us; = Us; (and similar for u), since the lifting is not quite a homomorphism:
for example §;5; # €.

However, the only situations in which multiplication is not preserved is when
the multiplication by s; induces a length-shortening identity in W. But if v and v
are subwords of a repeated Coxeter element, their suffixes will always be of the form
wg. These admit no length-shortening braid relations.

So the only possibility for Ts; # T3, is if vs; contains a copy of wy = 2. But
ch = s is an element of H. By prepending copies of ¢" to either u or v, we may
ensure that the difference in length between u and v is never more than %— 1. Then,
using

Awuwi,wvwi (g) == Auwi,vwi (wilgw)

we reduce to the case where u and v are each some wy shorter than wy. By replacing
g with wgw™'sg, (where € € 0,1 depending on the exact difference between u and

v), the desired identity follows from the regular theorem. O]
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Chapter 4:  Coordinates on generically-decorated representations

Here we review decorations of representations and define Fock—Goncharov
coordinate structures. For a representation p and a chosen triangulation, a dec-
oration of p is a collection of flags for each simplex in the triangulation. These
flags can recreate p, and have a canonical form that admits generalized minor coor-
dinates. Fock—Goncharov coordinate structures will describe coordinates on these
decorations.

These decorations apply to surfaces, but also to 3-manifolds with fixed ideal
triangulations. We follow [FGO6b| for the surface case and [Zic19| for the 3-manifold

case.

4.1 Configurations and gluings

Definition 4.1.1. Let G be a Lie group over C, with sufficient choices to define G
as in Definition 2.4.1] Let K be a subgroup of G (we will ultimately use N,). A
tuple of cosets (goK, 1 K, ..., gnK) is sufficiently generic if each g{lgj € woGp.

Such a tuple corresponds to a labeling of edges in an oriented m-simplex by
elements of WGy, as in Figure with the edge from i to j (assuming j > 1)

labeled by g;lgj.
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The variety of such sufficiently generic (m + 1)-tuples is the configuration
space Conf,,;(G/K). Identifying elements which differ by left-multiplication of G

yields the variety Conf;, ,(G/K).

g2 K

-1 -1
91 92 9y " 92

g K galgl go K

gs K

Figure 4.1: Oriented 2- and 3-simplices labeled by elements of Conf3(G/K) and
Conf}(G/K).

Definition 4.1.2. Let M be a compact manifold (possibly with boundary) and G
a Lie group over C, with K a subgroup of G. A subgroup L of 7 (M) is peripheral
if there is a boundary component D of M such that L is induced by the inclusion
of D; that is *(m (D)) = L.

A representation p : m (M) — G is a (G, K)-representation if, for every
peripheral subgroup L, the image p(L) is a conjugate of K. In the case K = N,

the term boundary-unipotent is used. If K = B, then p is boundary-borel.

Lemma 4.1.3 ([Zicl9, Lemma 5.8, Proposition 5.9]). There is an isomorphism of

varieties

Confi(G/Ny) = H? x g (N_ NwyG).

The fiber product x g means that for (hy, ha, hs,u) € Conf5(G/N,)), we have

[~ ulo = (wo(hahy)hy) ™"
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Thus we will often write (hq, ho, hs,u) for «, which has one representative

(N, Wohy N, uwg(hy)hasgNy). We refer to these as canonical forms for Conf;(G/Ny).

Definition 4.1.4. By expanding N, to B above, we obtain that o € Conf;(G/B.)
can be given as (By,wyBy,uB.). Choose the unique u, such that, for all &k, the
minor Ay, w, w, (4z) = 1. This element u, is the canonical form for a.

For an arbitrary (B,,woB.,uB), by expanding Definition there is a
unique (up to the center of G) element h such that huh~! is the canonical form u,.

When G is centerless, we denote this element by n(u).

Proposition 4.1.5. This summarizes [Zic1Y, Proposition 5.10]. Let o € Conf5(G/N.)

be given by o = (hy, he, hs,u). Recall ® and VU of Definition|2.5.5 The map

rot : Conf3(G/N,) — Conf;(G/N,), (9oN+, 1N+, 2N4) = (92N4, goN4, g1 V)

s given, in this form, via

rot : (hl, hg, hg,u) — (h3, hl, hQ, h;l(wo(hl))_l(<I>\11<I>\Il)(u)(w0(h1))h2)

Definition 4.1.6. This summarizes [Zic19, Section 2.2.1]. We define and Conf5(G /N, )x§
Conf3;(G /N ) by gluing copies of Conf3(G /N ) along matching copies of Conf5(G/N,.).
Specifically,

Ni,g1N4,9aN1),
Conf}(G/N1) 3§ Conf(G/N4) = { Ul ath o35 + (90N4.91 N1, 92N 1, 93N+ € Conf}(G/Ny) }
Conf3(G/Ny) x5¢ Confy(G/Ny) = { (01 N+:02N0.03N0) g N0 N gaNy, gsNy) € Confl(G/N )}
3 + 13 3 +) = (90N4,915GNy,93NL) ° 9golN+, 91N+, g2V, g3 N4 4 +
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We also define the following maps from Conf} (G /N;.) to Conf3(G/N,. ) x 57 Confy (G /N
for jk = 02,13:

) (905G N+,91N+,92N+),
\1]02 . (90N+791N+792N+793N+) = E)gOC;V+T92}V+T93?V+§

Wis : (9oN4, 91N, 92Ny, g3y ) i (00002 0n W),

goN4+,915GN+,93N)

See part of Figure for a graphical depiction.

In the surface case, these correspond to the two different ways of triangulating
a quadrilateral. The act of retriangulating a single quadrilateral this way is called
a “flip”. In the 3-manifold case, these correspond to decomposing a tetrahedron’s

vertices into the two triangles’ worth.

Remark 4.1.7. The element s¢ is in the center of G, so is only relevant for N, -cosets.
Its purpose is to allow the quiver amalgamation (see Definition ahead) to agree
with the identification of elements of Conf3(G/N,) along a copy of Conf;(G/Ny).
To see this, note that Figure shows identifying a 0-2 edge with a 0-1
edge, and Figure identifes a 0-2 edge with a 1-2 edge. Since the associated
elements of Conf3(G/N,) are oriented via the cyclic ordering on (0, 1, 2), this quiver
amalgamation corresponds to identifying elements of Conf3(G /N, ) “backwards”.
This use of sg is why Agx is the moduli space of twisted, decorated repre-
sentations from m(X) into G. See [FGO6b, Section 8.6] and [Zic19, Section 2.3] for

more details.
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4.2  Triangular quivers and Fock—Goncharov coordinate structures

We want a variety that is independent of the choice of triangulation. Therefore,
we will need coordinate change maps corresponding to changes in triangulation (the
rotation of individual triangles, or the quadrilateral flip).

Here we define the outputs of the algorithm of Chapter These are tri-
angular quivers (see Definition [£.2.6]), which have vertices on edges and in the
interior. If, moreover, these quivers admit a rotation and a flip as quiver mutations,
they have triangulation-compatible symmetry (see Definition . And if
we can then associate the A- and X-coordinates to coordinates on Conf3(G/N.)

and Conf3(G/B,), we have a Fock—Goncharov coordinate structure (see Def-

inition 4.2.9)).

Definition 4.2.1. Let D be a Dynkin diagram, with associated Cartan matrix
[sz]' A quiver @ is of Dynkin type D if |e(i,j)| = —aj; (for i # j) and o(4, j)
takes values only in { —1,0,41 }. The undirected graph of ) carries the adjacency
information of D, and the vertex weights carry the edge details.

Q is of half-Dynkin type D if 2Q), the quiver obtained by multiplying all

edge weights by 2, is of Dynkin type D.

Definition 4.2.2. Let D be a quiver of Dynkin type (with no oriented cycles). We
can obtain a particular Coxeter element ¢ by requiring that s,, appear before s, in

cif o(i,j) > 0 in D. Such a ¢ is induced by the quiver D.

Definition 4.2.3. A quiver of Dynkin type is tree-like if, as an unoriented graph,
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it is a tree, and the directed edges always point away from the root. In this case,
there is a partition of vertices { Ty, T1,...,T,, } such that the vertices in T; are of
distance ¢ (in the unoriented graph) from the root vertex.

Note that Coxeter elements induced by tree-like Dynkin quivers always take

() () (1)

Definition 4.2.4. The involution og acts on quivers of Dynkin type in the same

the form

way that it would act on the Dynkin diagram as in Remark A tree-like quiver

Q@ of Dynkin type D is well-rooted if this action of o preserves all T; partitions.

See Figure [4.2]
° o———>0
x X
0,%’0\4’0/ o—»o/ f \
R . \ v v

Figure 4.2: A non-well-rooted quiver (left) and a well-rooted quiver (right) for Eg.

Remark 4.2.5. In the most cases, the quiver obtained by applying a naive “left-to-
right” ordering to the common presentation of the Dynkin diagram is well-rooted.

The pathological case is Fg.

Definition 4.2.6. A quiver @ is triangular if, for a standard 2-simplex ¢ with
vertices 0, 1,2, each vertex in () is associated to the interior of some sub-simplex o’
of 0. d,(Q) is defined to be the sub-quiver of ) obtained by deleting all vertices
except those that lie on the interior of 0. See Figure [4.3]

In other words, a triangular quiver () is one that can be split into sub-quivers:
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« do1)(Q), da2)(Q), and d(o2)(Q): the vertices on the edges of the triangle.
« d(p,1,2)(Q): the vertices in the interior of the triangle.

We label the vertices on the d(g1) edge’s vertices by A;, those on the d; o) edge
by B;, and those on the d 2 edge by C;.

An isomorphism ¢ of triangular quivers must preserve these classifications:

da(p(@)) = ¢(da(Q))-

Figure 4.3: A triangular quiver (this one is associated to a Lie group of type C5).

Definition 4.2.7. Let () be a triangular quiver such that the edge sub-quivers are
isomorphic as sets of vertices. That is, fix isomorphisms ¢ : d(1)(Q) = d,2)(Q)

and ¢ : d(o2)(Q) = d(1,2)(Q). Then we define
« Q"2 as the quiver obtained by identifying two copies of Q along ¢, and
« Q'3 as the quiver obtained by identifying two copies of Q along 1.

In performing the identification of vertices, edge weights are added. They need not

agree, and in particular might cancel; see Figures 4.4A| and |4.4B|
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() Construction of Q%2 (for G of (B) Construction of Q3 (for G of
type C2). type C2).

Figure 4.4: Amalgamating triangular quivers.

This is a special case of amalgamation as defined in [FG06a, §2.2].
Definition 4.2.8. A quiver has triangulation-compatible symmetry if
1. Tt is triangular by Definition [£.2.06]

2. There is a quiver mutation i, which is an isomorphism of triangular quivers
between Q and ), where ()’ is obtained from () by permuting simplex indices

from (0,1,2) to (2,0,1).
3. There is a quiver mutation pig;, which transforms Q%2 to Q'.

If 7 is an oriented triangulation of a surface, and 7" is an orientation-preserving
retriangulation of 7, then inscribing () in each simplex of 7 and 7’ and amalgamat-
ing along edges results in two quivers that differ by some sequence of ji,o¢ and pgip.

Therefore, if the cluster variables of () are coordinates for the representation variety,
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the existence of pior and pugip, will (eventually) show the variety to be independent

of the specific choice of triangulation.

Definition 4.2.9. Fix a semisimple Lie group G over C with a fixed maximal torus
H and a maximal unipotent subgroup N, with By = HN,. A quiver () carries a

Fock—Goncharov coordinate structure for G if
1. @ has triangulation-compatible symmetry as in Definition [4.2.8|

2. Each of the edge sub-quivers of () are of half-Dynkin type for G, as by Defini-
tion [4.2.1] and the isomorphisms ¢ and v of Definition identify vertices

that come from the same nodes in the Dynkin diagram.

3. There exists a map M : Confj(G/N,) — Ty, which is a birational equiva-

lence.

4. Moreover, M respects the rotation. That is, the following diagrams commute:

Conf}(G/Ny) —— T4 Conf}(G/By) —— TF
lrot Lufot ert lu:ot
Conf3(G/Ny) 5 T o) Confy(G/By) =5 T o

with rot : (goK, g1 K, g2K) — (92K, go KK, 1K) (see also Figure [4.5)).

5. Moreover, M respects the flip. That is, the following diagrams commute:

* s * M * s * M
Conf5(G/Ny) x§ Conf3(G/Ny) — Té‘ofz Conf3(G/B4) xS Conf}(G/By) —— Tgofz

-1 * -1 *
LI’ISO‘I’oz luflip l‘l’l?’o‘l’m luflip

Conf}(G/N1) x5§ Conf}(G/Ny) —M T 5 Conf}(G/By) x5§ Conf%(G/By) — T3 5

where ¥, are defined as in Definition m (see also Figure .

Remark 4.2.10. By the map p of Definition [2.7.1, M provides a map to 75 In fact,
this map factors through Conf5(G/B, ). By abuse of notation, we also refer to this
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map as M in Items [ and [f

Example 4.2.11. Figures 4.5 and illustrate the last two demands: to move
back and forth between Conf;(G/N,) and T\, or Conf}(G/N,) and Té‘m in terms

of coordinates and quiver mutations.

g2 N4
M

g1 N4 goN4

g1 N4
rot

M
_—

o N+ g2 Ny

Figure 4.5: Quiver for type Cs, illustrating pu;,, o M = M orot, with T; 524 depicted
by a graph for Q.

We can now restate Theorem [1.4.1] as the following

Theorem 4.2.12. For a split semisimple simply-connected (or centerless) algebraic

group G over Q, a quiver with a Fock—Goncharov structure exists.

We will mostly focus on the simple case. The semisimple case follows quickly as

described in Chapter [§ The construction for Theorem is given in Chapter [5

4.3 From coordinates to representations

The Fock-Goncharov program for defining Aq y, and X 5, works for any com-
pact, oriented X with boundary components. In the case that the boundary consists
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92N g2N4

Yoz g1 N+ g3 N4

saNN. N.
g1 Ny gosaiN4 godV4

92Ny Wiz 0 W)

g2 N4 Hflip

goN4
93N+

g1 N4+ gsN4+

\I/ g1saNy V 93Ny

goN4

Figure 4.6: Quiver for type Cy, illustrating pug;, o M = Mo Wy3 0 V... The tetra-
hedron shows the use of the flip in the 3-manifold context.

of punctures, we can describe reconstructing a representation from a point in the
moduli space. We start with the A-coordinate version due to complications in tech-
nicalities, referring to [FGOG6b, Section 8], [Zic19, Section 6] for more details.

We start with an ideal triangulation 7 of X, together with a quiver () and
seed torus T(j?“ for each triangle in 7, amalgamated together.

First, we truncate the triangulation, as in Figure We will associate an
element of G to each directed edge: elements on the long edges will be called a;,
and elements on short edges will be called f3;;;. The local labeling of vertices by 0,
1, and 2 is determined by triangularity (see Definition of the quiver Q).

To compute p(7y), we homotope 7 to follow these edges, then multiply together
the elements in the order given by . When the orientation of v disagrees with the

orientation of the edge, we use the inverse of the attached element.
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—— B201
12 @20
. i Bz
Bi20 —— :
Qo1 0
(A) A truncated simplex. “Long” (B) A doubly-truncated simplex.
edges are in black, “short” edges are “Long” edges are in black, “middle”
in blue. edges are in blue, “short” edges are

in red.

Figure 4.7: Truncations of 7. The left is used for A-coordinates, the right for
X-coordinates.

All that remains is to give a formula for the o;; and ;.

« We start with an element in Té‘; the A-coordinates of Q.

« Since we have a Fock-Goncharov coordinate structure, we may apply (M)~

This gives an explicit element of Conf5(G/N,). It is most conveniently ex-
pressed as (hq, ha, hs, u).

. Set

apl = Woh1 wo =u B201 = (wo(h1)h2) ™" (BBW)(ug) (wo(h1)h2)
a1g =Woha w1 = (wo(h1)ha) " (@W)?(uo) (wo(h1)ha)  Pr2o = (wo(h2)hs) ™' (FRW)(u1) (wo(he)hs)

a0 =Woha  uz = (wo(h1)he) ™" (@W)?(u1) (wo(h1)h2)  Borz = (wo(hs)h1) ™' (FRW)(uz) (wo(hs)h1).

Remark 4.3.1. Since all 3, are assigned elements of N, and any peripheral v can
be homotoped to follow only short edges, any p constructed this way is boundary-

unipotent.
Also, given a point in Xé{ 5, we can reconstruct a boundary-borel represen-
tation p (up to conjugation) as follows. We refer to [FGO6b, Section 6], [GGZ15,
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Section 9] for more details.

Again, we start with an ideal triangulation 7 of X, together with a quiver
() and seed torus Tg for each triangle in 7. Instead of triangulating, however, we
doubly triangulate, as in Figure [£.78] To compute p(7), we homotope 7 to follow

the edges, then multiply «;;, Bijk, or ik (or their inverses) as appropriate.

« We start with elements of Tg .

« Taking (M)~! gives elements of Conf;(G/By) for each triangle. To com-
pute edges at a particular triangle, assume its flags are (goBy, g1 B+, g2B1) =
(By,wyBy,u,By), and that the neighboring triangles have vertices (0, 1, 3),

(1,2,4), and (2,0,5) (with cosets g3 B, g4B,, and g5B.).
« Recall n(u) of Definition [4.1.4 The element assignments are

Qo1 = wo Q12 = wo Qg = wo
-1 -1, -1 —1,, —1\\"1
Boiz = @ " (ugz) Bi20 =Wy " u,  Wo B2o1 = (*P (uy ))
__ 1 11— —1_ —1
Y012 = n(g3) 7120 = n([@Wou, ~g4]-) v201 = n([Wo[wo  “u, |Z wWo u, gs5]-]1-)

-1

y102 = (n([Wog3]-)) Y210 = (n(u;1g4))71 Y021 = (M[W[wioflum]—wioil%]f))il

Remark 4.3.2. All middle edges are assigned elements of N, , and all short edges
are assigned elements of H. Therefore any peripheral loop lies in B, and p is
boundary-borel.
Remark 4.3.3. Since n(u) may require taking square roots, the field over which the
X-coordinates are defined may need to be extended in order to define p.

Since we can now explicitly interpret points in these moduli spaces as repre-
sentations, we describe the positivity conditions of higher Teichmiiller spaces.
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Definition 4.3.4. Let N, be a maximal unipotent subgroup of G. Then Defini-
tion gives coordinate charts on NV, for each presentation of wy. These charts
are the positive structure on N,. The elements of N, which have coordinates
entirely in R.q for all these charts are the positive part of NV, .

The maps x., of Definition are also a positive structure on the max-
imal torus H of G. Again, the positive part consists of the elements which have
coordinates in R+ by the positive structure.

By [FGO6D] Section 8.1], together with the canonical form of Lemma [1.1.3]
these provide a positive structure, and a positive part, of Conf;(G/N,). There
is also a completely analogous positive structure on Conf}(G/B..) following [FGO6b,

Section 5.5].

Remark 4.3.5. Generalized minors are compatible with these positive structures,
as from [FGOG6b, Theorem 5.1]. Therefore, positive points in the flag varieties
Conf3(G/K) are exactly those points for which all A- and X'-coordinates in the

cluster ensemble are in R..

Definition 4.3.6. The space 7 (3) is Teichmiiller space, together with choices of
orientation for non-cuspidal boundary components. For a surface ¥ with n > 0

boundary circles by, ..., b,, define

THE) ={(p,e1,...,en) :pET(S),6; =+1},

where ¢; is positive to denote that the chosen orientation of b; agrees with that
naturally induced by .
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Remark 4.3.7. When X has only cuspidal boundary components, 7 (%) = T(X).

Definition 4.3.8. When G is centerless, we may repeat the above construction, but
take the X-coordinates of the cluster ensemble. This gives the moduli space X5
of framed, G-local systems on X by [FGOGb, Section 2.1]. The R points also
give Xgy. This space is identified with 77(X).

That 7 (X) appears instead of T(X) is rather a technicality. Restricting our
attention to orderings of ideal triangulations that agree with the surface’s natural

orientation restrictrs 7 (X) to a set we can canonically identify with 7(X).

Definition 4.3.9. When G is simply connected, choose an ordered, oriented trian-
gulation of 3. Associate a copy of ) to each triangle, and amalgamate all the quivers
together by identifying shared edge vertices between triangles. The A-coordinates
of the cluster ensemble form the moduli space Ag x.

By |[FGO6b, Section 8.6] the C-points of this moduli space parameterize twisted,
decorated representations into G. The R.y-points give Ag,z, a higher Te-
ichmiiller space. These correspond to flag varieties such that all generalized mi-

nors are strictly positive.

These moduli spaces have further interpretations and properties, explored in

[FGO6D|, [FGO6a], [FG09a], [GS18], etc.

4.4 Regarding 3-manifolds

The process described can be applied to 3-manifolds as well as surfaces. We
omit all details. An element of Conf}(G/K) is attached to each tetrahedron, and
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the coordinates for these flag varieties are encoded on a quiver for each face of the
tetrahedron.

As in Definition [{.1.6] only two copies of Conf;(G/K) are necessary to define
an element in Conf}(G/K), so any two copies of @ should determine all the coordi-
nates of the tetrahedron. Therefore, the coordinates on any pair of faces determine
the coordinates on the other pair. This relation is given by the mutation ;.

Finally, as coordinates are identified along glued edges in the surface case, in
the 3-manifold case they are glued along faces, as in Figure[4.8, When reconstructing
p, the path ~ is homotoped as before and the same elements on each segment are

used.

Figure 4.8: Two tetrahedra with a face identification. The quivers Q)¢, on the front
two faces of each tetrahedron are shown.

The A-coordinate variety constructed this way is called the Ptolemy va-

riety, see [GGZ15|, [GTZ15], [Zicl9] for details. The variety constructed by the

X-coordinates will be the analogue of the shape coordinates of , and the
defining equations will generalize Thurston’s gluing equations.

Defining varieties by quivers in this fashion allows efficient computation, and
databases have been constructed of Ptolemy varieties for large numbers of triangu-
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lations, See [Fal+].

Chapter 5:  Main Result: Fock-Goncharov coordinate structures for

non-A,,

We now present an algorithm for constructing Fock—Goncharov coordinate
structures for a simple Lie group G over C, thus satisfying most of Theorem [4.2.12]
We delay all proofs until Chapter [7}

We make one slight demand: the ability to present wq via Fact [2.3.2] Luckily,
this demand is satisfied as long as the Coxeter number h is even, equivalently G #
As,. This is acceptable, since the A,, case has a particularly nice form which has
been the subject of considerable study, as in [FGO6b], [GTZ15]. See Chapter [6] for

a review of the results in language consistent with this section.

5.1 Overview

Here we loosely describe the algorithm for constructing @, firot, ftaip, and M.

The quiver Q will be divided into an interior and three edges. Coordinates at
each vertex will be assigned generalized minors of elements in the canonical form
(h1, ha, hg,u) of an element of Conf;. Each edge should contain information for some
h;, and the interior should contain information for w.

One minor for each simple root determines an element of H; the coordinates
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on an edge will be of the form A% (h;). Accordingly, the edges of the triangle will
be quivers of Dynkin type. The interior vertices will be given by generalized minors
of the form A" i (u). Laying these out to satisfy [FZ99, Theorem 1.17] follows the
algorithm of |[BFZ05, Section 2|. This, together with our choice of presentation for
wy, means the interior will be a rectangular grid of vertices. Recall that these take
the names A,, B,, C,, and v; ; by Definition [4.2.6]

The algorithm of Fomin—Zelevinsky describes a rectangle. Two of the rect-
angle’s edges will be edges in the triangle. We call this (). The chief difficulty of
constructing () is introducing the third edge to )g. To do this, we look ahead to
Lot Since that quiver mutation must rotate (), and ) and (), share a mutable
portion, we can rotate (Jg. And since )y already has two of )’s three edges, the
third edge of ) can be deduced from the action of p,,; on Q.

The flip mutation gy, is built in the same way that 1,4 is: repeated application
of [FZ99, Theorem 1.17]. We need a bit of compensation before and after because

the amalgamation does not quite line up the quivers as necessary.

Remark 5.1.1. Our construction will produce fi,or and pig;, as compositions of smaller
mutations. They contain smaller mutations (fyotTw and pgipry) Which may be more

useful for certain applications. See Section [5.7]

Finally, the map M is the generalized minors, as described above, together

with a monomial compensation. At each step of it and pgip, [FZ299, Theorem 1.17]
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takes the form described in Section [3.2]

(initial) - (final) = (left) - (right) + H (in same column) .
i

However, at the edges of (), when j is very low or very high, the left or right
elements might be trivially 1 according to the theorem. In our quivers, however,
these elements are non-trivial, given by frozen vertices.

Therefore, we have to balance the equation of the theorem. To do so, we treat
the edge coordinates in the mutation relation as “Extra” information, and include
this extra information in our definition of interior coordinates. Then the quiver

mutations take forms similar to the following:

left
—
Extra - (initial) - (final) = (Extra - 1) -(right) + Extra - H (in same column) .
J#ik
Since the extraneous factors appear in every term, the desired result still holds by

the theorem. This is the effect of the monomial map m in M.

Example 5.1.2. Based on the Dynkin diagram @-@==@-@ for F}, the following is

a well-rooted tree-like Dynkin quiver (following Definition [4.2.4]) for F:

1 2 3 4
QO 0 ——o—o

Remark 5.1.3. By Definition the nodes with higher weight in the quiver cor-

respond to the nodes which are “smaller” in the Dynkin diagram.

With this, we are ready to begin the construction. Let D be a well-rooted tree-
like quiver of Dykin type for G. Let ¢ = {¢1,¢a,...,¢, } be the induced Coxeter
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element as in Definition [4.2.2 and let wy be the longest word, with presentation via

Fact 2.3.2.

Remark 5.1.4. We will abuse notation slightly by writing s;,s;, - - - 5, as { i1, 2, .., }.

5.2 Building the rectangle )

We desire to construct a quiver that holds coordinates for most of H? x z N_.
Conveniently, H x N_ = B_ is the double Bruhat cell G*° = B, wyB, N B_eB_.
We will not need any more information about double Bruhat cells, except to note
that [BFZ05, Section 2| describes an algorithm which accepts u,v and creates a
quiver whose cluster coordinates are coordinates on G**. Therefore, we will follow
this algorithm (with slight modifications) in the special case u = wy, v = e. Since
this simplifies the algorithm greatly, we can completely reproduce it here.

The result will be a rectangle of (h/2) + 1 copies of D, with the first and
last copies being frozen, and having half-weight edges. The first copy of D will have
vertices labeled { B; },p, the last will be labeled with { C; },_,, The middle vertices
will be labeled v, where j is the corresponding entry in D, and k is the distance
along the path from B, to Ci.

Begin by setting Qo to be D. Label the vertices { v };c. Let fi be the
“frontier vertices” of )y, with initially f; = v,y for each ¢ € D. For convenience, let
J 1 v — j, so that we may refer to j(f;). Also for convenience, let o(f;, fi) be the
weight of the edge between f; and f; (taking values in { —1,0,1}).

Now, proceed in order through the letters of wy. For each letter k, let j/ =
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J(fe) + 1.

« Add vy, a vertex of the same weight as f, to the left of f.

For each ¢ € D, add an edge of weight —o( f, fr) from vy, to fi.

« Add an edge of weight 1 from vy, to fj.

Set fi to vgj.

When finished, all fi, will be vy 2). Rename each vy to Cy, each vy ) to
By, and halve the weights of any edges if they connect two B, vertices or two C,

vertices.

Remark 5.2.1. At each step, the frontier vertices form a sub-quiver of Dynkin type.

Further, replacing v;; with v;;41) operates, graphically, as a quiver mutation on the

frontier.
vg1
® v40 ® vi0 v40
T T - /
® v30 ® v30 v30
T I Vo A /
@ =0 @ 2o [ ] o @ 20
T - / T . T ‘A /
@ o o @ o [ ] o @ o

Figure 5.1: In-progress )y for F} after 0, 1, and 6 letters of wy.

Example 5.2.2. The Dynkin-type quiver for G = F}; in Example [5.1.2] with ¢ =

{1,2,3,4} and ¢ = 6 gives

wo=1{1,2,3,4,1,2,3,4,1,2,3,4,1,2,3,4,1,2,3,4,1,2,3,4 } .
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v44 V43 V42 V41

By @ ® Cy
x s
I I
A v34 v33 v32 v31 /

B3 i f C3
I I
.‘A.‘A‘ “23‘ vm. v21./.

Bo Ca
b 0
: v15 vi4 v13 vi2 v11 :

5 @ @ o [ o @ @ o

Figure 5.2: Completed Qg for Fj.

Carrying out the construction produces the rectangle shown in Figures 5.1 and [5.2]
Using [Gil19], the initial step of @y can be generated by
clav-bfzIII -U -c F4 -v "1,2,3,4,1,2,3,4,1,2,3,4,1,2,3,4,1,2,3,4,1,2,3,4"

> QO0.clav.

5.3 Construction of fiyu

The most difficult step is modifying (g to become triangular by adding a third
group of vertices, A,, also of half-Dynkin type. However, since the A,, B,, and C,
vertices will be frozen, the )y alone is enough to describe the mutation sequence

trot- It will be composed of three main pieces.

« The mutation pio¢1y transforms coordinates of «a to coordinates of rot(«a), in
some order. The component mutation fice (j) performs a mutation on column
j that adjusts the minor coordinates by concatenating the Coxeter element to

each word.

« The mutation fio; (“ordering-17) performs a o4, action on each row (a Dynkin

diagram of Ay) using jigs (“row 04,”)

« The mutation fige (“ordering-2") performs a og action on each column (a
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Dynkin diagram of G) using fics (“column o5”), as in Remark [2.1.7, When

o¢ is trivial, this can be ignored.

Definition 5.3.1. For any quiverE] with the same mutable portion as )y, fix an
induced Coxeter element ¢ = {¢y,c¢o,...,¢, }, which admits a tree-like partition
{1, Ty,..., T, }. Let £ = %— 1. The sequences fiyor and fiorry (“twisting rotation”)
perform almost the same function, though they permute the vertices of the quiver

differently.

(i g) =[] n{ves }

z€T;

ficol(j) = HﬁT(z’,ﬁ

{ l—k y4
prs(i) = ([T 117wt 1+ | [T At ¢ - J)]
| k=1 j=0 j=1
[+1
fes(j) = ﬁca(j)]
L:=0
{ l+1—x
HrotTw = H H ﬁCol(y)
r=1 y=1
m Hﬁ:l ,D:CS (j) (oXe] non-trivial
fior = | | irs(@), fio2 =
=1

] oq trivial

frot = [HrorTw] [fl01] [Fo2]

(Recall that, by Notation [2.6.5, multiplied mutations are applied left-to-right, and

"'We are vague because we will use these mutations on Qg to find @, and then on Q itself as
Hrot -
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that products carry an ordering.)

Remark 5.3.2. An alternate presentation of u,, which has the same effect on quivers

may be given as roughly “i.orw four times”, though we will focus on the above

definition.
¢ b1z ¢ t+1-z 2
H H ficol(y) H H ficol({ +1—y)
=1 y=1 z=1 y=1

Example 5.3.3. Continuing from Example gives the followingf}

V11,V21,V31,V41,

V12,V22,V32,V42,  V11,V21,V31,V41,

MrotTw = U V13,V23,V33,V43,  V12,V22,V32,V42,  V11,V21,V31,V41,
V14,V24,V34,V44, V13,V23,V33,V43, V12,V22,V32,V42,  V11,V21,V31,V41,

V15,V25,V35,V45,  V14,U24,V34,V44,  V13,U23,VU33,V43, V12,V22,U32,V42, V11,VU21,V31,V41

W41,W42,W43,W44,W45, W41,W42,W43,W44, W41,W42,W43, W41,W42, w41,
W45,W44,W43,W42,W41,

w31,W32,W33,W34,W35, w31,W32,W33,W34, w31,W32,W33, w31,Wws2, w31,
w35,W34,W33,W32,W31,

1 p—

MO M w21,w22,wW23,W24,W25, w21,Ww22,W23,W24, w21,w22,w23, w21,w22, w21,
w25,W24,W23,W22,W21,
wi11,wW12,W13,W14,W15, wi11,w12,W13,W14, wi11,W12,W13, wi11,W12, w11,
w15,W14,W13,W12,W11

fioe =p{ }

Lemma 5.3.4. (1,010 firot O fhrot induces the identity on Q. Furthermore, fi.o; induces
a graph isomorphism on the mutable portion of the QQy (the sub-quiver containing

only the {v;; } vertices).

5.4 The A, edge

With poiTw in hand, we are ready to construct A,. Let Q)1 be @y together

with a dummy A,, which is of Dynkin type D with edges removed. Denote Q) =

ﬂrotTw(Qi) and Q;l = (HrotTw)_1<Qi)-

2The elements of the sequence are presented in usual reading order. The spacing is to emphasize
decomposition into fice terms.
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We would like @; to be isomorphic to Q) and Q} via ¢ and ¢!, with

QDI{UZ‘J‘I—}'UM, A@HCZ, BIHA“ C,L'—>Bz},

but unfortunately these are not isomorphisms. However, we can correct for this.

Let @) be the quiver containing the vertices of ()1, and with edges defined by

0Q, (v, w) = Z { og, (v, w), 0-50*1(@'1)(7}7 w), O@(Qﬁ')(vv w)}.

That is, we repeatedly rotate ()1, taking the inclusion of all frozen vertices necessary

to ensure that p. is of order 3 on the entire quiver.

Remark 5.4.1. Tt is not yet obvious that .. actually does rotate by a third. The
proof of Lemma [7.3.1] however, will show that fi. acts with order 3 on the seed
torus for @)y, and therefore on the quiver. There is no circular dependency here, as

that lemma does not depend on the existence of A,, B,, or C,.
We therefore define () to be ()2, and we have constructed ) and pi,of.
Remark 5.4.2. To impose Definition 4.2.6, we will customarily put A, on the (0, 1)

edge, B, on the (1,2) edge, and C, on the (2,0) edge, with the v;; as face vertices.

Example 5.4.3. Continuing from Example [5.3.3] we obtain the quivers of Fig-

ure [5.3] Merging them, we obtain @) = @) as in Figure [5.4]
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Figure 5.3: Q1, (Q}), and (QY) for F, (rotated to agree with id, ¢!, and ¢ respec-
tively).

Figure 5.4: @ for Fy.
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5.5 Construction of pgip,

As in the case of ji,4, the flip mutation is given by a tedious, repetitive sequence
which looks like intertwined mutations on each row and column. It is again composed

of pieces.

+ The mutation up (“Pre-mutation”) rotates the sub-quivers on the left and right

into a position where all the w; ; vertices forma rectangle. See Figure .

« The mutation fipiipcore is the core of the flip. It performs an analogous function
t0 frotTw: Sequences of fico(7) mutations which adjusts minor coordinates (in

the sense of Chapter [3)) in column j.

« The mutation fip3 (“ordering-3”) mirrors the rectangle of w;; coordinates
horizontally, again by Remark The mutations fios and jio5 (“ordering-
4" and “ordering-5") do the same, but restricted to the left and right triangles.
So the product piospiosfios switches positions of the left and right triangle

interiors by translation as a composition of reflection.

To distinguish notation from @, we shall label the edges of Q°?2 by D,, FE.,
F,, G, and the interior, mutable vertices by w;;. See Figure .

For u a mutation defined on Q, let u® (resp. u%) be the mutation defined to
act on the right (left) part of the double quiver. Technically, replace each v;; with

Wige41—5) (With wi41-5)) In pe to obtain plt ().

Definition 5.5.1. Construct Q%2 by Definition and labeled as in Figure [5.5
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Wn 42 Wne41

/\ ..6“

Figure 5.5: Vertex naming for Q%2 (with L = 2¢ + 1), agreeing with Figure
and labeled to induce a mutable rectangle in fip(Q%2).

Recall that m is the number of partitions 7; of ¢ from Definition [£.2.3] Some names

such as it are re-used from Definition with slightly different meanings.

Hp = (/‘Lf;)tTw)_l (NﬁtTw)_l (See Definition ’

= H p{wy; } (possibly empty)

keT;

ficol(] HuT i,5)

/jFlipcore = H H /jCOI(L +1— j)

i=1 j=i
b—a

frs(i, a,b) = H H pr(i,a+ 7) HﬁT(iab_j>]
J= =

fios = HﬁRs(i,LL), fios = H,URS i.0+2,L), fpos= HMRS i,1,0)

=1

HAipTw = [ﬁP] [ﬁFlipcore]
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< L ]

woas uk/\
® G
o

/

!

w3 w32 w31 /
J
A
1

1

.‘UZZ“UZI /
A
li

e

Figure 5.6: ﬁp(Q‘H) for Fy. We apologize for the hexadecimal notation; rows have
> 9 vertices.

l
.
N

pip = [P ] [Frtipeore] [H03] [fioa] [Hos]

Remark 5.5.2. Because pip is composed entirely of rotation mutations, we are morally
justified in focusing on zip(Q°?) instead of Q°2: it makes the isomorphism with Q'3
more evident.

The mutation firs(i, a, b) permutes the A-coordinates at those vertices, and is

purely used for rearranging.

Example 5.5.3. Continuing from Example constructs Q%2 such that fip(Q°?)

is as in Figure The sequence of mutations defining the flip is given in Figure 5.7

Remark 5.5.4. At intermediate stages of ji,o; and pgip, the quiver may contain edges
with weights higher than 1. This is one of several phenomena which do not appear
in the A, case. It is possible that alternate presentations of mutations exist which

do not exhibit this.
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5.6 The map M

We now have () and the mutations, at least graphically. What remains is
to finalize the association to the Lie group GG. More specifically, the vertices of )
should be associated to coordinates on Conf;(G/N.).

Recall that Confj(G/Ny) = H® xp (N_ NwWyGy) by Lemma [4.1.3] So let
a € Conf3(G/N,) be given by a = (hy, ho, h3,u). By abuse of notation, we denote
the coordinate in T; 524 by the name of the vertex to which it is associated, and regard

3 Ty e g

P A Nt e
To ={ A} x{Bi } x{Ci } x{v; }.

We will define Y : Conf3(G/N,) — T and a let M be in terms of Y.

Definition 5.6.1. Let k(i, j) = i+7j. (This has the property that v;; is the k(s, 7)™
vertex added to @)y in the algorithm of Section ) Alternately, the prefix of wy*
used to place vertex v;; in )y via the algorithm of [BFZ05, Section 2] has length

(m+ 1) — k, and is equal to wy(; ;) by Definition m Using Definition m,
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Ya:ae {A =A% (h)}
Y :a s { B, = A%(hy) }
Yo :iam {C = A%(hs) }
Yo a e {uy = Avao®i(y) }

Y :am Yi(a)®Ye(a)® Yo(a)® Yy (a)

We then define a monomial map m : T, é“ — T é“ (using Definitions m

and [2.4.11]) as

m: Uij — Uz‘j . Awi(Ug(h;1>h2) . Agk(i’j)wi((fg(hl))

We define M =moY.

Remark 5.6.2. The map M is a birational equivalence, following from [FZ99, Sec-
tion 2.7].

Example 5.6.3. Continuing from Example [5.5.3 let o = (hq, ha, hg, u). Let h;; =
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A“i(h;). Then Yy produces the following:

A1 =hi1, Az =hi2, ..., Cy=hss, vi1=AY51(u), wvio=AYY2(y), ..., wvg5 = AW24¥(y),

To compute the monomial map, refer to figure Figure 5.8 For example, to
calculate m(vy3), we have i = 2, so A% (ag(hy )hy) = % For the second factor,
k=k(2,3) =2+ 4-3 = 14. Taking the numerator of the : = 2, k = 14 entry gives
tity, s0 AZ* (06 (h1)) = hijhia. This gives m(vas) = vas - 122 - hi hyy, and M(a)

has Vo3 = Aw1aw2 (u) . h%lhgg.

Repeating this for all others, M(«) has coordinates as given in Figure .

Remark 5.6.4. There is good reason to suspect that this construction is not unique
up to mutation equivalency of the quivers. It is certainly not unique if one relaxes the
construction of M as a monomial map applied to generalized minors. For example,
during our investigation M was considered as Conf3(G/N) x (0¢) = T x (0g),
where ji,0¢* acted by +1 on the second factor. An infinite family of M maps were

found, depending on this factor of [7] € (0g) to varying extent.

5.7 The significance of the “twisting” mutations

The quiver mutations fi and pgi, are intended to compose easily without
requiring renaming the vertices of the quiver. For example, f.o:%(Q) should be
identical to firor 1(Q).

Unfortunately, quiver mutations that yield equivalent seeds do not necessarily
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preserve the positions of those seeds. For example, consider the classic “pentagon
recurrence”, which happens to be equivalent to firs on a row which is of Dynkin
type As. The switching of positions is exactly the the action of o4, on the Dynkin
diagram.

The fio; parts of fir and pigip, distinguishing them from ¢y and pgiprw, are
exactly to address these actions of og. If desired, shorter mutations may be used at

the expense of slightly more complicated identifications between variables.

Chapter 6:  Construction for A,

The A, case was studied in detail in |[GTZ15]. We merely restate the conclu-

sions in language consistent with the above.

Remark 6.0.1. That the algorithm of Chapter [5| does not work for A, can be seen

in a few different ways, which are interconnected.

« There is no general formula for a Coxeter element c that yields a longest-word

presentation wg = cc- - - c.
o The Coxeter number for A,, is odd.

« The action of o4 for A,, preserves no simple roots, therefore there can be no

tree partitioning with a unique root node.

Proposition 6.0.2. For G of type A,,, Theorem holds.
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Proof. For the construction of (), take the quiver consisting of mutable vertices
{vi;:1<j<n,1<i<n-—j} and frozen vertices { 4;, B;,C; : 1 <i <n}, all of
weight 1. We consider

A= V0,5 B; = Vin+1—7, Ci = vip.

)

The edges are given by

"
C(CL, b) a = v, b= Vi41,5 O @ = Uy 4, b= Vi—1,j4+1 O @ = V4, b= Vi, j—1
o(a,b) = — — _ _ _ _
( ’ ) —C(Cl, b) & = Vjy1,5, b= Vij O @ = Vj—1j+1, b= Vi O @ = U; 51, b= Vi, j
0 else,
\

and c(a,b) is % if a and b are both A;s, both B;s, or both C;s, and is 1 otherwise.
The mutation g, = p{ } is trivial.
Since the mutable portion of ()4, is not rectangular, we need another conven-
tion for describing coordinates of @2 in order to describe pg;,. We present this by

example in Figure[6.1 O

Mechanically, the inclusion of the left Q 4, into Q°? is the following:

Ai— D, B;— E; Ci = Wi p, Vij 7 Wi jtn,
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and for the right Q4 into Q°2, the following:

Ai = Wi n, Bz — Fi7 Cz — Gi, Vij = Win+1—i,

The mutation g, is then the “diamond sequence”:

(+1 (+1
o) == |j -t
(4,7) i ‘J 5
¢ n—¢
Prect () = H H 1 Wege )i 2h4n—(e11) }
k=1 j=0

Haip = H ljRect (g)
/=1

The map M is constructed as in Definition [5.6.1, Where needed, the presen-

tation of the longest word is given by

i=(1,2,....n, 1,2,....n—1, ..., 1,2, 1).

Chapter 7:  Proof of Theorem |4.2.12 for simple GG

7.1 Overview

Our goal is to prove Theorem |4.2.12, We will only consider the case where G

is simple, as products are handled by Chapter [8] We need to show that, for a fixed

69



G, the results Q, fiwot, faip, and M satisfy all the requirements of Definitions [4.2.§]

and [£.2.9

Proof of Theorem[{.2.14. 1If G is not simple, then we may appeal to Lemma [8.0.1
and recurse, so assume G is simple. For G of type A,,, Proposition [6.0.2]is sufficient,
so assume G is not of type A,.

The algorithm of Chapter 5| produces @, fiot, Uaip, and M. We must show

these satisfy Definition [4.2.9,

« Item [I] (triangularity) is handled last. As described in Section [5.4] we need to
know that i, is of order 3 on the A-coordinates before concluding that the

quiver is triangular.
« Item [2] (that the edges are half-Dynkin) is evident by construction.
« Item 3| (that M is a birational equivalence) is given by Remark .
« We handle Item 4| (the rotation) with Lemmas and [7.3.2]
» We handle Item [5 (the flip) with Lemma [7.4.1]

« Now, recalling Remark [5.4.1} since 5, is of order 3 acting on Ty and the seed
torus of a cluster determines the quiver, p,. is of order 3 on ). Likewise,
paip must transform Q%2 to Q3. Therefore, @ has triangulation-compatible

symmetry and Item [1]is satisfied.
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In what follows, we assume G a simple Lie group over C of type other than

A,,, and that the Q, fiot, ftaip, M are given by Chapter [5| for G.

7.2 Ordering mutations

The ends of both p and pg;, are sequences of pigs and jicg. We must show
that these permute Dynkin sub-quivers of () by switching certain vertices without

changing the cluster seed, as in Remark 2.1.7] These are used in Lemmas [7.3.1]

7.3.2| and [7.4.1] to justify the fio; parts.

Lemma 7.2.1. The permutation ics of Definitions|5.3. 1 and|5.5.1| acts on quivers

(and cluster ensembles) by permuting the vertices of the appropriate column accord-

mg to og.

Lemma 7.2.2. The permutation pirs of Definitions|5.53.1] and|5.5. 1| acts on quivers

(and cluster ensembles) by permuting the vertices of the mutated sub-quiver according

to OA,-

These proofs rely heavily on results of [YZ08] described in Section . In
short, we shall restrict the quivers on which jics and firs act to those which Yang—
Zelevinsky can strongly analyze. We then use counting arguments to establish that
the mutation acts by permutation, and use classic results to apply these results to

larger quivers.

Proof of Lemma|7.2.1. In our construction, whenever jicg is applied, the vertices at

which it mutates form a subquiver of Dynkin type. Therefore, first, we shall show
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that the result holds when ficg is applied to a quiver which is of Dynkin type. Then
we shall show that the result holds for larger quivers which contain a sub-quiver of
Dynkin type.

First, suppose fics acts on quiver of Dynkin type (non As,). There exists an
element g of L% such that the initial cluster coordinate at vy, is Ay (9)-

Now we note that ficg is exactly /42 = %—i— 1 iterations of a mutation following
the Coxeter element ¢, with each mutation replacing Acmy, cmy, With Agmi1y, cmi1g, .
Since the number h(i; ¢) is always }—2‘ by our construction of ¢, from Propositionm

we obtain that the final cluster coordinate at vy, is

Ach<k;c)+1wk,ch(k;c)+1wk (g) = Awk* Wk (g) )

which was the initial coordinate at vj«.

Thus jics acts on the cluster by permuting the associations between vertices
and cluster variables according to og. In this way we obtain the desired result
without ever having to rely directly facts of g € Lee

Now it must be shown that this holds when fics acts on a larger quiver. Since
the action of ficg is solely a permutation on the mutable portion of the quiver, it
preserves the set of cluster variables. By [FZ03, Theorem 1.12] and the finiteness
of Dynkin-type quivers, the cluster variables determine the exchange matrix and
therefore the quiver. Therefore the action of fics on the graph must be trivial up to

renaming, and therefore must be exactly the renaming that we have created. O

Proof of Lemma[7.2.4. We would like to apply exactly the same argument as in
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the proof of Lemma|7.2.1 However, since rows are of type A, and our construction
algorithm for () does not allow jirg to be repeated iterations of a single Coxeter-style
mutation, we must be a bit more careful.

For a type Ay, define Qrin = @4, Lin as the Dynkin quiver where the graph
describes a linear ordering from left to right. Also, let Qa1 = Q 4, a1 be the Dynkin
quiver in source-sink position, see Figure [7.1]

We also introduce one more piece of notation.

Fact 7.2.3. Let Y (z) be defined as % when s odd and 0 when x is even. Then

Y(a) = Y (b) = (—1)P¥i¥ay (g — ).

As above, we will interpret the cluster coordinates of the mutable Dynkin-type
quiver as minor coordinates on some g € L' but we cannot interpret them as
the initial minors.

The mutation pirs acts on ¢ = b — a vertices, always arranged as in Qpr,
of Figure Recalling notation of Proposition [3.1.2] by [YZ08] the quiver Qaj
(together with cluster variables A, ., at v;) is an initial seed, governed by an element

of Li+t—(t+t-)7"

It is straightforward that (up to Langlands dualizing, which has no effect on
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coordinates) the mutation

p{v,vs, ., Vg, V2, U4y ..., Vo1, ..., VLU, Uz, v} {odd
Hlin =
p{ v, v, . 01,  U2,Ug, ..., Up_2, ..., U1,Us3, Vo, v} L even
[(€—5)/2] :
1 k=1 p{voe—1} £—jodd

j=2[£/2]—(¢-1) nge:f)/2u{v2k} ¢ — 7 even

transforms Qay; to Qri,, using only source or sink mutations (thus governed by
primitive exchange relations). By considering these relations, and counting muta-
tions, it is also straightforward that the cluster coordinates of Qr;, are given by the
following.

coordinate at vy is AC((Z—k)/2+Y(Z)+Y(k)wk’C(Z—k)/2+Y(£)+Y(k)wk

For example, coordinates of Q 4, Lin are { A2y, 2w, Aclus clwys Detws.clwss Deduwy,cOws
and the coordinates for @ 4, Lin are { Ay, 2wy, Actwy clwgs Delws clws - 10 prove the
lemma, we must show that prg permutes these by og, which in the case of A,
replaces each wy with wyyq k.

Since jigs also consists entirely of source-or-sink mutations, it is also governed

by primitive exchange mutations. Let

? -k l
ian= 111G 1+35),  @s=]]nAcG e —5),
k=1 j=0 j=1

so that urs = paps. We make the following observations, which are all easily
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checked by induction:

« During jia, whenever a vertex v, is mutated at with k£ odd, v, has coor-
dinate Acmy,, ¢my, while its neighbors have coordinates Am-1,,, | cm-1,, , and

Agn—tgy,em=1uwy,, - Since k <. k=£1, the coordinate at v, becomes Agm—14, | om-14, -

« During pia, whenever a vertex v, is mutated at with k even, v, has co-
ordinate Agm,, cmy, and its neighbors have coordinates Agmy, | emy, , and

Agmigy iy emun, - Since k£1 <. k, the coordinate at vy becomes Agm-10, | em-10, ;-

« By the same logic as the above statements every mutation in ug takes the

coordinate at vy, from Aimy, cmy, 10 Agmtiy, wmtiy, -

Therefore, since 1o touches vertex k a total of £ — k + 1 times and upg touches
each vertex once, we may conclude via Proposition that after piagup the coor-

dinates are given by

coordinate at vy, is AC(Z—k)/2+Y(€)+Y(k)—(E—k)wk’C(E—k)/2+Y(£)+Y(k)—(l—k)wk.

Now, let us consider the difference between the exponents of ¢ in the final
coordinate of vy, and in the initial coordinate of vg«. If the difference is —h(k*;¢) —1,
then Proposition will show that urg acts by permuting vertices according to

oqg.
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s

k *
+Y (@) +Y(k)

L—k L —
final at k — initial at k* = - +YU)+Y(k)— (¢£— k):| — |:

k* — k .
= (=R Y (R - V()

(+1-K)—k
- 2

=_[HTl—Y(k)+Y(£+l—k)]—1

— -k +Y(k)—Y(+1—k)

—[“Tl+y(e+1)} —1 £+41—kodd
(Fact [7.2.3)
441
2

-

—1311 -1 k* odd
-5

7Y(E+1)}71 ¢+ 1—k even

—1 k* even

Consulting Proposition [3.1.2} the exponent difference is indeed —h(k*;c) — 1, so
the action of jirg is to rearrange the vertices of Qr;, according to og. From here,

the action of firs generalizes to larger quivers as in the proof for fics. ]

7.3 Rotation mutations

We now turn to verifying the longer mutations, starting with .. First, we
recall work of Zickert to describe the effect of rot in terms of canonical forms, taking
(h1, ha, hg,u) to (hs, hi,he,u). We show, using an identity of Fomin—Zelevinsky,
that when all h; are trivial, u’ ., takes coordinates of u to those of u. Then we
show that the monomial map m of M is exactly what is necessary to extend to the
general case. The final pieces [ip; and jig2, rearrange the vertices without changing

their coordinates according to Lemmas [7.2.1| and [7.2.2]
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Recall that by Proposition 4.1.5 we have

U = hy' (wo(h)) " (PWRW) (u) (wo(ha)) o

So we must consider (®¥)?(u) in terms of minor coordinates, then show that the
result agrees in general with the cluster action of ji,o;. In other words, we must show
that p, fits into the diagram of Figure We interpret the actions of the maps ®
and ¥ on generalized minors, then appeal to an identity of Fomin—Zelevinsky that

applies at every step of the mutation sequence oty
Lemma 7.3.1. Item[] of Definition[].2.9 holds for hy = hy = hy are all trivial.

Proof. By Remark we need only consider the commuting diagrams for A-
coordinates; the diagrams for X-coordinates will then follow immediately by apply-
ing p.

Let u = (wo(hy)) 1 (®W)?(u)wo(hy)hs for notation. The core idea is that, mod-
ulo coordinates of h;, Awkwik,ewik (u) is approximately Awowiwwkwik (). The mutation
sequence iy transforms Awowik,wkwik to Awkwik,ewik by [FZ99, Theorem 1.17], there-
fore changing coordinates of u into coordinates of u. Later, we will show that the
monomial map exactly compensates for the coordinates of h;.

To be more precise, the coordinate assigned to interior vertex v;; is (letting

k = k(i, ) as in Definition |5.6.1))

Vig = Dy s, (0) - A% (06 (hy ) ha) - A" (06 (h))
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Focusing on the first term, consider (®W)?(u) = [U([¥(u)wy]_)wp)_. Letting z, €

Ny, he € H,and y, € N_,

Yo =u 1 = Y(yo) yoHoxy = 2100
Y2 = (®W)(u) r3 = V(ys) yaHyxy = w3W0o

y1 = (PU)*(u).
Expanding those terms, we have

yaHyxq = 230
= U(yz)wo
= U(aywor,  Hy Mg
= U(U(yo)woz; ' Hy g
= U(Hy ") (xy ") W (wo)yowo
= Hy "0 (a3 ' Jwoyows

EN_ €H ENL
/_M

——
= Hy'"U(xy")Hy - Hy s o 'yowo
Extracting the N_ term, (®W)%(u) = y4 = H, "W (25 ") Hy, which we can rewrite via
Hy = [Y(yo)wolo, Ty = ‘I’([‘I’(yo)w_o]ll)-

Now, consider the minor Ayqw, wyw,, (Y4). Denote by wj the word defined by
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Definition using fixed presentation i* = og(i). By relying on a number of

identities from [FZ99],

Awowikywkwik (le(a:Q 1)) ’ Awkwik:wkwik (HQ)

WoWiy, ,WOWs . (HQ)

Ao, oy, (Hy "W (5 ) Hy) =
([FZ99, Equation 2.14])
Ao, o, (P(@51)) = Dy, awpeor, (23 ([FZ99, Equation 2.25])
= Aoy o, (Y ([P (yo0)Wo] ) )
= D wowsy (T0[¥ (y0)Wo) 5 ")

- Awow,’;wiz ,ewiz ( [\Ij (yo)w_ﬂ] 4_-1)

WoWw; : Jew; . ([waO] )

Ay,
( wowfwiy sew;r w0y0)>/(Aewiz,ewiz (w_oyo)>

(IFZ99, Equation 2.23])

- (Aw’zwii’ewiz (yo))/(AwiZ ([w_o_l?/o]o))

AISO, by Lemma m, H2 = [W(y())w_o]o = [w_o_ly()]o = (wo(hg,hl)llg)_l, where the hz
in the last term refer to the elements of H in the canonical form for Conf3(G/N.).

Writing solely in terms of (hy, ho, hs,u)), we have

5 Awow i WOWi (wO(h3hl)h )Aewi;,ewi: (wo(h?)hl)hQ)
Awowiy o, (PU)(1) = By ewsy (W) Awpw;, swpw;, (wo(hshi)hs)
g i
1

:Aw* ew x \W) *
() jwiw;, (wo(hshi)ha)

W,
k lk’ iy Awkw

'k’
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Now, introducing the factor of wq(hy)hs, we have

Awwguiy, wywiy, (1) = Buguw;, wpws, (wo(h1)) (@) (w)wo (h1)hz)

= Awowik W Wiy ((‘P\I’)Q(u)) : Awowikﬂ“()w’ik (wO(hl)_th_I) ) Awkwik T WE Wiy (wo(h1)h2)
1

WhWi WEWi (wO(hLS))Awowik WOWs (wo(hl)hQ)

= sz‘“’iz ,ew,iz (u) : A

Thus, including the assignment of the monomial map m, the coordinate at v; ;

is given by

1

Vi, j = Awowik SWE Wiy (@) - Aewi Jew;,; (wo(h1)h2) - Awowik7woquk (wo(h1)h2) 'Awkwik W Wiy (wo(hs)) - A;;kwyik (wO(hfl))

W Wiy,

= Awowikxwkwik (@ - wo(hs)) 'A@ (wo(hfl))

In the case that hy = hy = hs = e, we may ignore the frozen vertices of the
quiver. The proof is completed by appealing to the identity of [FZ99, Theorem 1.17],

which states that when length(us;) = length(u) 4 1 and length(vs;) = length(v) + 1,

_ | | —aj;
Auwi,vwiAusiwi,”USiwi - AusiwiwwiAvwi,usiwi + Auwi,vwi‘
J#

This identity exactly matches the quiver mutation relation at each step of

rotTw, SO €ach ficol(4) in pior transforms the coordinates of v; o from

Ac”w]-,cmwj (U)
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to

Acnfleﬁmfle (U/) .

Thus, after applying fi,otTw the vertex v; ; has coordinate

Ay 7).
wm+rikwiz,ewiz (

By Lemmas [7.2.1] and [7.2.2 1io; converts the w,, . to wy, and figz removes the

*. Thus fire; changes coordinates for u into those for hy 'wo(hy) ™ (®W)?(u)wo(hy)ho

as desired. O

Proof of Lemma[5.3.4) Since we ignored frozen vertices above, the result applies to
Qo. Since the quiver mutation changes coordinates of « to those of rot(a), it is of

order 3 and induces a graph isomorphism. O]
Lemma 7.3.2. Item[] of Definition holds for arbitrary hi, ho, hs.

Proof. In the case that hq, hs, h3 are not trivial, we must verify that the equation of
[FZ99, Theorem 1.17] still holds with the frozen vertices considered, which introduce
factors not included in the equation. Again, we only consider A-coordinates by

Remark [2.7.4. We note the following:

o The vertices By, take the place of

Awowik,ewik (a> = Xz}';([w_o_lm0> = Xiz, <w0<h2h3>h1)_1
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in the equation. Therefore, they should be considered as

Ak*
Ch

By, = Awowik,ewik (ﬂ) = Awowik,ewik (ﬂ ’ wo(h3)) ¢ A

« If, at each step of the mutation, the frozen vertices and the monomial map m
induce equal extra factors on the Ays,w; vw; Avw; usiw; and ] i Aol e, terms,
then the difference of the final terms from coordinates of u will also be a

monomial map.
« If this final difference monomial map matches m, the result will be proven.

« Since the extra factors at each coordinate are given by a monomial map, each

frozen vertex may be checked individually.

For any particular group, these results may be verified by a few numerical
calculations: to verify the monomial identity z{* - -- 2% = xlil - abmtaking log of
both sides reduces to >, log(z;)(a; —b;) Z 0. Therefore, evaluating at m+ 1 linearly
independent choices of vector (log(x;)) verifies the result. This has been carried out
for the exceptional groups. The test-murot sub-program of |Gil20] may be used
for this purpose.

We present an argument that the coordinates of h; are treated correctly by
the monomial map and pu,o for type D,,; other arguments are similar.

We will ignore all terms other than h; ; = A;, and annotate vertices with these.

Half the Coxeter number minus one will be denoted ¢, which in the case of D, is

equal to n—2. Then we will trace the effects of potTw in general. The objective is to

82



show that, starting with the assignments given by the monomial factors attached to
Awowik,wkwik (w) above, we end with those factors of given by the monomial map m
following rot (i.e. the powers associated to hy by m). Before applying any mutations,

@p, is as in Figure The formula for A; factors is, following Ag""™* (wo(hi ")),

J i>n—1 atAk: Ak,

at vij 1 QA i<n—litj<n  atBu A,

at Oki 1

Ain+j+1—n 1<n—1i14+75>n
\

After one iteration of ficoi(1), by straight-forward induction the factor at v; ;
matches that at v; j,1, as in Figure [7.4]

After Hf;:l ficol(y), this pattern continues as shown in Figure |7.5; for j < ¢,
we have the factor at v; ; matching the original factor at v; j11. At v; ¢, however, the
factor matches the original factor associated to B;. Therefore, the new formula for

A;j factors at v; ; is

(
Ai* j:f
Aj+1 j<€,22n—1
at v; j :
Ajn j<tlii<n—1li+j<n
AjpiAigjen j<bi<n—-1lii+j>n

Each successive H;:l ficol(y) performs the same adjustment: factors of A; are

copied from left to right. As can be shown by induction, after Hi:l H‘f;ilfx fcol(y),
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the formula for A; factors at v; ; is

p
Ajir J<tl—ki>n—1
at v;j 1 <
Ajig j<l—kji<n—114+j5<n
AjrAigjiioe—n J<LC—ki<n—-1i+j>n
\

Thus, after applying fuotrw, €ach v;; has a factor of A;- attached. Since the
monomial map m associates a factor of A% (hy) = B;, rotation renames A, to B,,
and fio1 renames v; ; to v;« j, the result is proven.

Proofs that the monomial map works correctly for factors of hy and hs for
type D, and for all factors of type A, B, and C, have similar forms, and the result
has been numerically checked for exceptional types. This proves the result in all

cases. O

7.4 Flip mutations

We now verify the longest flip mutation: the flip. The idea of the proof is
similar to that of ji.o. First, we put the coordinates of Q%2 into a rectangular
pattern, then apply mutations that respect [FZ99, Theorem 1.17], showing that the
resulting coordinates are of Q3. The most significant difficulty is to construct
the element of G holding the appropriate generalized minors, which we obtain by a

result of Zickert.
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Lemma 7.4.1. Item[ of Definition holds.

Proof. This proof almost entirely focuses on fipiipeore- The prefix, fip, is a sequence
of rotations as depicted in Figure [5.5. The suffix, fiospioafios, is a reordering that
switches the left and right sides.

Let o = (goN4, 91N+, 2Ny, gs N ) € Conf}(G/N. ), and recall Definition [4.1.6]

For notation, let

an2 = (90sa Ny, g1 N4, gaNy) ao23 = (goN+, 92Ny, g3 N,

123 = (91N+,92N+;93N+) Q13 = (90N+;91SGN+;93N+),

with other o, defined by rotation, and let u;;, be the element of N_ in the canonical
form of ay;p. As usual, let hy; = [Wo~'g; gjlo-

We must show that pugy, takes Q%2 to Q3. By an argument entirely anal-
ogous to that of Lemma [7.3.2] we assume that all edge coordinates of «ja3 and
a3 are trivial. That is, every h;; is trivial except hgy and hge. We also appeal to
Remark [2.7.4] and only consider A-coordinates.

By Definition , coordinates for Q%2 come from ag2 and og3. After
applying jip, these are rotated to a9 and auagzg. Treating amnsg as the rotation of

Qi302, the coordinates are given by

Awkwik,wik (u120) and Awkwik Wiy, (u230)-
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We must show that fipipeore takes these to
Awkwik,wik (u193) and Awkwik o, (u013)-
Now consider g = ®(u123)u130ha; hso. We also have
g = w1a0haowo(h12) P~ (uga3)

by [Zic19, Proposition 5.14], and this will be identity which relates the two sides of

the flip. All the coordinates we need are, up to edge coordinates, minors of g.

Awkwikmk (u120) = Xuwi, <ﬁ[9]f] 0)

= o, ([ alels" (6]l 1l0)) )

= e, ([79] ) x, (lglo)
1
= Awkwikvwik (g) Xwik (h20w0<h12>)
1
X, (h20) X, (wo(h12))

- Awkwik ,wik (g>
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Aw;, wy, (wo(ho2)h23)
Awkwik Wiy (uzp2) = A“’k‘*’ik Wiy (2w®W¥)(up23))

wpwi, swgws, (wWo(ho2)ha3)

Awpwy, swpwi, (Wo(ho2)has)

= A . wy ([[Wowo23]+wol—)
whwy, @iy wowiy wowi, (Wo(ho2)has)

Aw;wy, ([Wo0w023l0) Awpw;, wyw;, (wo(ho2)has)

. -1
= Awjw;, ,wy, ([@Wouo23]~") —
k@i @iy Awpews, wyw;, ([@ou023]o) Awgw;, wow;, (wolho2)h2s)

B Awy, wi, ([@0u023]0) Awpwy, wywi, (wo(ho2)has)

=A
‘*’i; wawiZ (lgl4)

Buwpwy, swgws, ([@0u023]0) Awgw;, wows, (wo(ho2)h2s)

N By, wi, ([@0u023]0) Awywy, wpw;, (wolho2)h2s)

W W wix (9>A (lg)o)A ([wo lo)A (wo (ho2)h23)
k k “"i:‘wiz glo W Wiy W Wiy woup23J0 woWiy WOWi wo(fp2)n23

Xoy, (wo (haohsy )hlz)

Ok ik Awkwik,wkwik (ho3)

Xy, (wo(hzg)h12)

ko X, (hOZ)Awk“"ikv"”k“’ik (ho3)

Awkwik,wik (u123) = Awkwik,wik ([gw_O]*)

= e, ([t gLl ol )
1
= Awkwik,wowik (g) oy 00, (g)
1
Xos, ([wo[wo ™ u2s] - Jowo (h3; ko))
1
X, ([@0 ™ azsg " wo (B Tiao))
1
R 0% (9) X, (wo(hi2hso)has3)

WrWiy WoWiy (g)

wkwik ,wowik (g)

1
Awkwik W Wiy (h?jll h30)

Ao, s, (U130) = Doy g, (@ (u123)urs0hz; hiao)

1

Wi Wi, ,WEWi, (hi’?ll h30)

AU}OUJik,’U)kUJik (g) A
Amalgamating aq99 and agge and labeling coordinates by minors of g (up to
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edge coordinates) gives Figure . This includes the central edge because [g|o =
haowo(hi2). This is not Q% 2, but the difference is only a matter of rotations and
twistings.

Note that the factors of xo, (h2o) and Xu, (ho2) in the assignments for

Awkwik ,wik (u120) a‘nd Awkwik ,wik (u302)

are exactly cancelled out by the A“i(hy) factor of m from Definition [5.6.1] Therefore
we are justified in ignoring edge coordinates for the remainder of the proof since we
assume the others to be trivial.

After applying (uf 1) the result is fip(Q"2), with the coordinates of a2 and
(930, as in Figure . In this figure, since each ijwik7wkwik (g) is equivalent to some
Acnesy, cmar, (g9), we label vertices by the pair (n,m). Further, taking into account
that ¢" = w2 which lifts to an element of H, we may consider n and m modulo h.

As with 01, each mutation in fipyipeore takes Acawik7cbwik (9) to Aca—lwik7cb—lwik (9)
by [FZ99, Theorem 1.17] and Lemma|[3.2.4] That results in Figure [7.§|

Converting (n,m) back to Awng, cmy, (g), we obtain Figure . By the calcu-
lations above, these are coordinates of w3 on the right and ugi3 (as rotated wuy30)
on the left.

The final combination of fip3iosfios serve to swap the left and right halves by

Lemma [7.2.2] This completes the proof. n
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Chapter 8:  Proof of Theorem |4.2.12 for semisimple GG

We now expand from “simple” to “semisimple”. Since the algorithm of Chap-
ter [5] really only needed the information of G’s Dynkin diagram, and Dynkin dia-
grams behave very nicely with respect to products, the construction easily general-

izes.

Lemma 8.0.1. Let G, a semisimple Lie group over C, be G =G, Gy @ -+ - B Gy,
with each G; a simple Lie group over C admitting quivers Q); with Fock—Goncharov
coordinate structures (firot)i, (Mpip)i, and M.

Then for G, there is a quiver Q) which also carries a Fock—Goncharov coordi-

nate structure.

Proof. We must construct ), fiot, faip, M, then show that all requirements of
Definition are satisfied. This follows entirely from the fact that the Dynkin
diagram of the direct product of groups is the disjoint union of Dynkin diagrams of
the factors.

For @, take the disjoint union of each @Q);, with each da(Q) being the disjoint
union of all da(Q);). This is triangular since each component is.

The mutations fi,o; and pug, are concatenations of all (firot); and (pqip); respec-

tively. The ordering of these components are irrelevant, because quiver mutations
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at disconnected vertices commute and ) is exactly a disjoint union. Any concate-
nation will operate componentwise on the pieces of the disjoint union. This satisfies
Item [II

By the aforementioned fact of Dynkin diagrams, Item [2]is also satisfied.

The map M is defined as a product of each M; in the following manner.
Let a; and «; be any two elements of the roots system for G associated to different
factors. Then the nodes corresponding to those roots are disconnected in the Dynkin
diagram for G, so the A;; = 0 in the Cartan matrix.

By e.g. [Kna96, Proposition 2.95], the bracket of any { e;, f;, h; } and { e;, f;, h; }

vanishes, so any { z;, ¥, xj } and {z;,y;, X} } commute. Letting

o = (90N+791N+792N+793N+)a

by sufficient genericity we may factorize any g; as a product of xy, yx, X} elements,

and may therefore rearrange these factors so that

9i = (9:)1(g:)2 - (i) (9:); € G-

Then the maps rot and ¥;; trivially factor through the decomposition of a into

n

H a; = ((90)i> (91)i Ny, (92)i N+, (g3)iNy)

i=1

That is, it is obvious that [, rot(c;) = rot(] [, o). This, together with the con-

struction of (), shows that Items|3| to |5 are satisfied since they are satisfied for each
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Chapter 9:  Examples

Here we provide examples, in consistent notation, of @, firot, ftaip, and M for
various types (for F see the examples of Chapter . Our notation is intended to
agree with that of [Zic19|, with the caveat that the mutations we present are longer
but do not require vertex renaming (see Section. All Dynkin diagrams are taken
from [Kna96| Figure 2.4], equivalently [Bou02, Plates II-IX] (ignoring the extending
nodes). In each example, a = (hq, ha, hs, u), where the coordinates of h; are { h;; },
as in Example [5.6.3]

These results were obtained by the latex-Q, print-murot, print-muflip,

and print-M commands of |Gil20].

9.1 As

We use the Dynkin diagram °<:::. The Coxeter element is ¢ = {3,2,4,1,5 },
and the partitions are Ty = {3}, Ty = {2,4}, T, = { 1,5 }. The Dynkin-type quiver

follows.

Q 4, is given in Figure 0.1]
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Hrot = { U31, V21, V41, V11, Us1, U32, V22, V42, V12,

V11, Us1, V31, V21, V41, V11, Us1, V31, V21,

V22, V42, V12, U52, V32, V22, V42, V12, V52,

V52, V31, V32, V31, V32, V31, V21, V41, V22,

V12, V52, V11, Us1, V12, V52, V11, V51 }

Hfip = { W15, Ws5, W25, W45, W35, W14, W54, W24,

W52, W22, W42,

Wq5, W15, W55,

w12, Ws2, W31,

Ws4, W33, W23,

W34, W24, W44,

W24, W44, W14,

W54, W15, Wss,

Ws3, W11, Ws1,

W51, W21, W41,

W43, W24, W44,

W45, W24, Wy4,

w33, W34, W31,

Ws5, W14, Ws4,

W44, W34, W35,

w21, W41, W22,

w32, W11,

W34, W24,

W21, W41,

W43, W13,

W14, Ws4,

Ws4, W35,

w11, Ws1,

w12, W52,

w22, W42,

w21, W41,

W23, W43,

w32, W33,

w15, Ws5,

W34, W35,

W42, W21,

W51, W21, W41,

W4q4, W14, Wsy,

w11, Ws1, W35,

Ws3, W32, W22,

w33, W23, W43,

W25, W45, W15,

w12, W52, W13,

w11, Ws1, W15,

W23, W43, W4,

W22, W42, W23,

W22, W42, W21,

w31, W32, W3,

W14, Wsq, W24,

W34, W11, Ws1,

W41, W22, W42, W21, W41, W31, W32, W31, W32, W3l }
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Us2, V31, V21, V41, V11, Us1, V31, V21, V41,

V41, V11, Us1, V31, V21, V41, V11, Us1, V32,

V32, V22, V42, V12, U52, V32, V22, V42, V12,

V42, V21, V41, V22, V42, V21, V41, V11, Us1,

W44, W34, W15, W55, W25, W45,

w31, W12, W52, W22, W42, W32,

w33, W23, W43, W13, Ws3, W32,

W25, W45, W15, Ws5, W34, W24,

W42, W12, W52, W35, W25, W45,

w13, W53, W35, W25, W45, W15,

Ws5, W11, W51, W12, W52, W13,

W53, W14, Ws4, W11, W51, W12,

W55, W14, Ws4, W13, W53, W12,

W44, W25, W45, W21, W41, W22,

W43, W21, W41, W22, W42, W21,

W41, W31, W32, W33, W34, W35,

w35, W34, W33, W32, W31, Wi4,

W44, W25, We5, W24, W44, W25,

w12, Ws2, W11, Ws1, W12, W52,

w3s,

w35,

w22,

Way4,

w15,

Wss5,

W53,

W52,

W52,

W42,

W41,

w31,

Ws4,

W45,

w11,

w12,

w25,

W42,

W14,

W55,

W34,

W14,

w13,

w11,

w23,

w25,

w32,

w15,

W24,

W51,



M(a) gives

Al = hll A2 = h12 AS = h13 A4 = h14 AB = h15
Bl = h21 B2 = h22 BB = h23 B4 = h24 B5 = h25

Cl = h35 C'2 = h34 CS = h33 C4 = h32 C5 - h31

Vg = A W6ws (u) - has V3g = AW11ws (u> s
Vg1 = Awrw2 (u) . M Vg = AWizwz (u> ) h13h22
hag hia
V4 = A\Wswa (u) . M Vyg = AWiswa (u) ) h13h24
hz hiz
V1] = AWwow1 (u) . M Vg = AWi4w1 (u> ) h14h21
hus his
Vg = A\ Wiows (u) . M Usy = AW1sws (u) ) h12h25
hu hiy

9.2 B

We use the Dynkin diagram @-@>®. This is linear, so the Coxeter element
and partitions are trivially ¢ = {1,2,3} and Ty ={1},7y ={2},7T2 = {3}. The

Dynkin-type quiver follows (recall Remark [5.1.3]).

1 2 3
o——eo—@

@B, is given in Figure 0.2
Hrot = { V11, V21, V31, V12, V22, U32, V11, V21, V31, Vi1, V12, V11, V12, Vi1, V21, V22, V21, V22,
V21, V31, V32, V31, V32, V31 }
Mip = { W35, Was, W15, W34, W4, W14, W35, W25, W15, W32, W22, W12, W31, W21, Wil, W32,
Wa2, W12, W15, W25, W35, W14, W24, W34, W13, W23, W33, W12, W22, W32, W11, W21,

w31, W15, W25, W35, W14, W24, W34, W13, W23, W33, W12, W22, W32, Wis5, W25, W35,
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W14, W24, W34, W13, W23, W33, W15, W25, W35, W14,
w32, W33z, W34, W35, W31, W32, W33, W34, W31, W32,
w33, W32, W31, W21, W22, W23, W24, W25, W21, W22,
w22, W21, W5, W4, W23, W22, W21, W11, W12, W13,
w11, W12, W13, Wil, W12, Wil, Wis, Wi4g, W13, W12,
W24, W25, W24, W25, W24, Wi4, W15, Wi4, W15, W14,

w22, W21, W22, W21, W11, W12, W11, W12, W11 }

M(a) gives
Ay = hyy Ay = hyo As
By = hn1 By = hys Bs
Ci=hn Cy = hys Cy
= A g = A Ml

9.3 Ds

W24, W34, W15,
w33, W31, W32,
w23, W24, Wal,
W14, W15, W11,
w11, W34, W3s,

w31, W32, W3,

= his

= his

= his

V31 — JANGRCRE (U)

V39 = JANS (U,)

w5,

w3y,

w22,

w12,

W34,

w32,

w3s,

w3s,

w23,

w13,

w3s,

w31,

h3
h13

W31,

W34,

w21,

W14,

W34,

w21,

Based on the Dynkin diagram 0-0-0-01:, the following quiver is of well-rooted

Dynkin type for Dy (recall that og is trivial for type Dy, and non-trivial for type

Doyy1). Tt admits an induced Coxeter element ¢ = { 1,2, 3,4, 5 }, with partitions

T0:{1}7 T1:{2}7 T2:{3}>
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@p, is given in Figure [9.3]
Ds

V12,
{ V11, V21, V31, V41, Us1,
Hrot =

Hﬂip - {

V43,

V21,

Us1,

V32,

V13,

V11,

V31,

V43,

W47, W57, W37, W27, W17,
)

Ws5,

w33,

w21,

ws7,

w13,

w7,

W34,

Wy,

W54,

Wwis,

W26,

Us3, V12, V22, V32,

V31, V41, Us1, Vi1,

V12, V22, V32, V42,

V42, V52, V12, V22,

V23, V33, V43, Us3,

V12, V11, V13, V12,

V32, V31, V33, V32,

V42, V52,

V21, V31,

V52, V12,

V32, V42,

V13, V23,

V11, V21,

V31, V41,

(% Us1 }
U53, V42, U52, V41,

w35,

w23,

w11,

W16,

w23,

w37,

W44,

Ws7,

w13,

w25,

w36,

w25,

w13,

W42,

w26,

w33,

Wary,

W54,

Wie6,

w23,

w35,

Wye,

w15,

W42,

W52,

w36,

w43,

Ws7,

w13,

w26,

w33,

W45,

W56,

W46,

W52,

w32,

W46,

W53,

Wie,

w23,

w36,

W43,

W55,

w15,

Wye,

W56,

w32,

w22,

W56,

w12,

w6,

w33,

Wy,

W53,

W14,

w25,

V22, V32, V42,

V11, V21,

V41, Us1,

V22, V32,

Us2, V13,

V33, V43,

V22, V23,

Us1, V42,

Ws6, W36,

w36, W26,

w22, W12,

w12, W43,

W15, W25,

w22, W32,

w36, W46,

W43, W53,

W56, W15,

w17, War,

W24, W34,

W35, W45,
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U52,

V31,

V11,

V42,

V23,

Us3,

V21,

Us52,

W26,

W16,

W43,

W53,

w3s,

w42,

W56,

w12,

w25,

w37,

W44,

W55,

V11, V21,

V41, Us1,

V21, V31,

V52, V12,

V33, V43,

V13, V23,

V22, V21,

V43, V53,

Wie,

Wy,

W53,

w33,

W45,

W52,

Wwis,

w22,

w3s,

Wy,

W54,

wi7,

Wqr,

W57,

w33,

w23,

W55,

w11,

w25,

w32,

Wy5,

Ws7,

w17,

war,

V31,

U11,

V41,

V22,

V53,

V33,

V23,

V41,

W57,

w37,

w23,

w13,

w14,

w21,

w3s,

W42,

W55,

Wie,

w27,

w37,

V41,

V21,

V51,

V32,

V13,

V43,

V22,

Us1,

w3,

w27,

w13,

w17,

W24,

w31,

W45,

W52,

W14,

Wae,

w37,

Wy,

Us1,

V31,

V11,

V42,

V23,

Us3,

V21,

V42,

war,

w17,

W41,

war,

W34,

W41,

W55,

w17,

W4,

w36,

Wy,

W57,

V13,

V41,

V21,

V52,

V33,

V11,

V31,

V52,

V23, V33,

Us1, V11,

V31, V41,

V12, V22,

V43, V53,

V12, V13,

V32, V33,

V41, Us1,

w17,

Wy3,

W51,

w3y,

W44,

Ws1,

W14,

wa7,

W34,

Wye,

Ws7,

Wie,

W4y5,

W53,

w31,

War,

W54,

w17,

W4,

w37,

W44,

W56,

W16,

w26,



w36,

W45,

W4e,

Wy3,

Wy,

w33,

w31,

w31,

w23,

wa4,

w16,

w17,

W56,

w36,

Wis,

Wy3,

w22,

w11

W46,
W55,
W56,
W53,
W57,
W34,
w32,
w21,
W24,
w23,
w11,
W16,
W45,
w35,
w17,
W53,

w23,

}

W56,

W46,

W41,

Wa4,

Wye,

w3s,

w33,

w22,

w25,

w22,

w12,

w15,

Wss,

w25,

Wie,

W42,

w21,

w17,

W56,

Ws1,

W54,

W56,

w36,

W34,

w23,

w21,

w21,

w13,

w14,

Wqr,

W26,

W15,

W52,

w22,

war,

War,

W42,

W41,

W45,

w37,

w31,

W4,

w22,

w11,

w14,

w13,

w57,

w27,

W41,

W41,

w21,

w3y,

Wws7,

W52,

Ws1,

Wss5,

w31,

w32,

w25,

w23,

w12,

w15,

w12,

W46,

w25,

Ws1,

Ws1,

w23,

W47, W57,

W41, W51,

W43, W53,

W42, W52,

W44, W54,

w32, W33,

w33, W31,

W26, W27,

W24, W21,

w13, W14,

w11, W12,

W11, W45,

W56, W45,

W26, W25,

W42, W52,

w31, W32,

w22, W21,
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w41,

W42,

W44,

W43,

W43,

W34,

w32,

w21,

w22,

W15,

w13,

W55,

W55,

war,

W43,

w33,

w11,

W51,

W52,

W54,

W53,

W53,

w3s,

w31,

w22,

w23,

w16,

w14,

W46,

w3s,

w6,

W53,

w3y,

w12,

w42,

w43,

W45,

W41,

W42,

w36,

w3,

w23,

w21,

w17,

w11,

W56,

w36,

w25,

W41,

w32,

w13,

W52,

W53,

W55,

Ws1,

W52,

w31,

w36,

W24,

w22,

w11,

w12,

War,

w3r,

w15,

Ws1,

w31,

w11,

w43,

W44,

W41,

W42,

W41,

w32,

w35,

W25,

w21,

w12,

w13,

Ws7,

w3s,

w16,

W42,

w33,

w12,

W53,

W54,

Ws1,

W52,

Ws1,

w33,

W34,

w26,

w27,

w13,

w11,

W45,

w36,

w17,

W52,

w32,

w11,

W44,

W45,

W42,

W41,

w31,

W34,

w33,

w21,

W26,

w14,

w12,

Wss5,

w3s,

Wwis,

W41,

w31,

w13,

W54,

W55,

W52,

Ws1,

w32,

w35,

w32,

w22,

w25,

w15,

w11,

W46,

w37,

w16,

Ws1,

w21,

w12,



M(a) gives

Al = hll AQ = h12 AS = h13 A4 = h14 A5 = h15
Bl = h21 BQ = h22 BB = h23 B4 = h24 B5 = h25
Cl = h31 CZ - h32 C3 - h33 C’4 - h35 C5 = h34
hish hish
vll — Awgwl (U) . h21 UIQ — Awllwl (u) . 127021 ’U13 _ Awlﬁwl (’U,) . 137621
hll hll
hiih hi1hish
Vg1 = AV (1) - 2 gy = A2 () - hgy gy = AVITV2(y) L L1322
h12 h12
hiih hii1hi2h
g = AU () - S gy = AV () B g = AW (3) - By
h13 h13
,U41 — Aw9w4 (u) . h11h24 /042 — Aw14w4 (u) . h‘12h24 ,043 — Aw19w4 (U,) A h13h24
has has his
U51 — Aw10w5 <u> . h11h25 ’1]52 — Awl5w5 (u) . h12h25 /U53 — Aw20w5 (u> . h13h25
h14 h14 h14

94 Gy

Based on the Dynkin diagram @==@, (with ¢ = {1,2} and trivial linear par-
titioning) we use the following quiver for Dynkin type.
2
1
—@
Q¢, is given in Figure [9.4]
Hrot = { V11, V21, V12, V22, V11, V21, V11, V12, V11, V12, V11, V21, V22, V21, V22, V21 }
Hflip = { wa5, W15, W24, W14, W25, W15, W22, W12, W21, W11, W22, W12, W15, W25, W14, W24,
wi3, w23, W12, W22, W11, W21, W15, W25, W14, W24, W13, W23, W12, W22, W15, W25,
W14, W24, W13, W23, W15, W25, W14, W24, W15, W25, W21, W22, W23, W24, W25, W21,

w22, W23, W24, W21, W22, W23, W21, W22, W21, W25, W24, W23, W22, W21, W11, W12,

w13, W14, W15, W11, W12, W13, W14, W11, W12, W13, W11, W12, W11, W15, W14, W13,
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w12, W11, W24, W25, W24, W25, W24, W14, W15, W14, W15, W14, W21, W22, W21, W22,

wa1, W11, W12, W11, W12, W11 }

M(a) gives

Al = hll
Bl = h21
Cl = h31

V11 = AW (U) . hgl

vig = AN (w) - hithgr vy = A" (u)

9.5 Fg

V2

Ag = hyo
B2 - h22
Cy = hsy
1= A’w4w2 (U) i hzlilh’QQ
hia
DBy
hia

Based on the Dynkin diagram ._._:_._., the following quiver is of well-rooted

Dynkin type for Fg. It admits an induced Coxeter element ¢ = {2,4,3,5,1,6 },

with partitions Tp = {2}, 71 ={4},T3={3,5}, Ty = {1,6 }.

2

Qg is given in Figure [9.5]

Hrot = { V21, V41, V31, Us1, V11, U6l, V22, V42, V32, U52, V12, U2, V21, V41,
V23, V43, V33, Us3, V13, V63, V22, V42, V32, Us52, V12, V62, V21, V41,
V24, V44, V34, Us4, V14, Ved, V23, V43, V33, Us53, V13, V63, V22, V42,
V21, V41, V31, Us1, V11, V61, V25, V45, U35, Us5, V15, V65, V24, V44,
V23, V43, V33, Us3, V13, V63, V22, V42, V32, V52, V12, V62, V21, V41,

V21, V41, V31, Us1, V11, V61, V21, V41, V31, Us1, V11, V61, V21, V41,
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V31, Usl,

V31, Usi,

V32, Us2,

V34, Us4,

V31, Us1,

V31, Us1,

V11, Ve1,

V11, V61,

V12, V62,

V14, V64,

V11, V61,

V11, V61,



HAip = {

V21, V41, V31, Us1, V11,

V21, V41, V31, Us1, V11,

V22, V42, V32, U52, V12,

V22, V42, V32, U52, V12,

V23, V43, V33, U53, V13,

V23, V43, V33, U53, V13,

V24, V44, V34, Us4, V14,

V24, V44, V34, Us4, V14,

V24, V44, V34, Us4, V14,

V25, V45, U35, Us5, V15,

V25, V45, U35, Us5, V15,

V22, V23, V24, V21, V22,

V45, V41, V42, V43, V44,

V32, U52, V33, Us3, V34,

V32, U52, V33, Us3, V31,

U31, Us1, V11, Us1, V12,

V14, Ve4, V11, V61, V12,

V61,

V61,

V62,

V62,

V63,

V63,

V64,

V64,

V64,

V65,

V65,

V23,

V41,

V54,

Us1,

V62,

V62,

V21,

V22,

V22,

V22,

V23,

V23,

V24,

V24,

V25,

V25,

V25,

V21,

V42,

U35,

V32,

V13,

V13,

13, V63, V12, V62, V11, V61 }

V41, V31,

V42, V32,

V42, V32,

V42, V32,

V43, V33,

V43, V33,

V44, V34,

V44, V34,

V45, U35,

V45, U35,

V45, U35,

V22, V21,

V43, V41,

Us5, V31,

V52, V31,

V63, V14,

V63, V11,

Wip, Weh, W3h, Wspy W4p, W2h, Wia, Wea,

Wap, W2p, W19, We9, W39, Ws9, W49, W29,

W3y, Wy, W4p, W2p, W18, Wes, W3g, W58,

Us1, V11,

U52, V12,

U52, V12,

Us2, V12,

V53, V13,

U53, V13,

Us4, V14,

Us4, V14,

Us5, V15,

Us5, V15,

Us5, V15,

V25, V24,

V42, V41,

VUs1, V32,

Us1, U35,

V64, V15,

V61, V12,

V61,

V62,

V62,

V62,

V63,

V63,

V64,

V64,

V65,

V65,

V65,

V23,

V45,

V52,

Us5,

V65,

V62,

V21,

V22,

V22,

V23,

V23,

V23,

V24,

V24,

V25,

V25,

V21,

V22,

Va4,

V33,

V34,

V11,

V11,

V41,

V42,

V42,

V43,

V43,

V43,

V44,

V44,

V45,

V45,

V22,

V21,

V43,

V53,

V54,

V61,

V61,

V31,

V32,

V32,

33,

V33,

V33,

V34,

V34,

U35,

U35,

V23,

V41,

V42,

V34,

V33,

V12,

V15,

V51,

V52,

V52,

Us3,

V53,

Us53,

Us4,

Us4,

Us55,

Us5,

V24,

V42,

V41,

Us4,

V53,

V62,

V65,

V11,

V12,

V12,

V13,

V13,

V13,

V14,

V14,

V15,

V15,

V25,

V43,

V31,

V31,

V32,

V13,

V14,

W3q, W5q, Wiq, W2a, Wib, Weh, W3h,

W1q, Weay; W3a; Wsa, Wha, W2a, Wib,

W4g, W28, W19, We9, W39, W59, W49,

Wia, Wea, W3a, Wsa, Wia, W2a, Wib, Web, W3h, Wsph, W4p, W2p, W17, We7, W37,

wq7, W, W18, W68, W38, Wss, W48, W2y, W19, W9, W39, W59, W49, W29, Wiqa,

W3a; Wha; Wha; W2a, Wih, Web, W3b, Wsh, Wah, W2p, W15, Wes5, W35, Ws5, W45,
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V61,

V62,

V62,

V63,

V63,

V63,

V64,

V64,

V65,

V65,

V21,

Va4,

Us1,

Us1,

V52,

V63,

V64,

Wsp,

Web,

w29,

Ws7,

Wea,

w25,



w14,

W43,

w32,

Wis,

W42,

w3s,

w29,

w17,

W34,

w21,

W1ia,

w3,

W4,

w12,

w3y,

W26,

W14,

W3q,,

w27,

w15,

W3q,

wary,

w15,

w3y,

We4,

w23,

W52,

wWes,

w22,

W55,

W49,

We7,

W54,

w41,

Wea,

Ws7,

W44,

we2,

Ws9,

W46,

We4,

Wsq,,

Wy,

Wes5,

W5q,

W4,

wes,

Ws9,

W34,

W14,

W42,

w3s,

w13,

W45,

w39,

W26,

W14,

w31,

w29,

w17,

W34,

Wap,

w19,

w36,

w23,

W1ia,

w37,

W4,

Wia,

w3,

wap,

w19,

W54,

We4,

w22,

W55,

we3,

w25,

W59,

W46,

We4,

Ws1,

W49,

we7,

Ws4,

Wa4,

w34,

w13,

W45,

w33,

Wap,

w19,

w36,

w23,

w11,

w3y,

w26,

W14,

W4p, W3p,

we9,

W56,

W43,

Weq,,

W57,

Wa4,

Wea,,

Ws7,

was,

Wie6,

w33,

w29,

w17,

W34,

w29,

w17,

W4p, W3p,

we9,

was,

w24,

Ws4,

We3,

w25,

Ws3,

W4p,

We9,

W56,

Way3,

we1,

Ws9,

W46,

We4,

W15, We5, W35, W55, W45,
7

w,
W44, W24, W15, We5, 35,
’

w33, W53, W43, W23, Wi4,
b

bl Y ) 9 w. 1

W43, W23, W14, We4, W34,
bl

w5,

W55,

We4,

w21,

W54,

w13, W63,

W45, W25,

W34, Ws4,

w12, W62,

W44, W24,

Wsq,,
W1p, Web,; W2a, Wha, W3a,
W3y, Wsp,

w )
w287 w487 w387 w587 18,

W16, We6, W25, W45, W35,
)

w33, Ws3, W13, We3, W22,
)

Wap, W4y, W3p, Wsp, Wb,
M

W19, We9, W28, W4y, W3S,
)

w36, W56, Wi6, Wee, W25,
7

w23, W43, W33, W53, W13,
b

W3qa,
W4aq,

Wep; W2a,

Wsp, Wb,

W48,

We6,

Ws3,

W49,

We7,

W54,

W49,

wer,

ws3s, Ws8, Wig, Wes, War,
bl

W25, W45, W35, W55, W15,
bl

W13, We3, W2p, W4p, W3p,
)

w
w39, Ws9, W19, We9, 28,
)

W26, W46, W36, W56, W16,
)

W14, We4, W2p, W4p, W3h,
)

w39, W59, W19, We9, W28,
)

W26, W46, W36, W56, W16,
M

W3q,
W4aq,

Wep, W2a,

Wsb, W1b,

w48,

ws3s, Ws8, Wig, Wes, War,
b
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Wes,

W55,

W42,

W27, W47,

W15, Wes5,

w32, Ws2,

Weh, W2q, Waa,

Wsg,

W45,

we3,

W5q,

Wy,

Wes,

W5y,

W48,

We6 ,

Wsp,

w48,

we6,

W5sq,

War,

w18, Wes,

w35, Wss,

w22, W42,

W1a, Wea,

w37, Ws7,

W24, W44,

W1y, Web,

w3s, Wss,

W25, W45,

Wip, Web,

w3g, Wss,

W25, W45,

W1a, Wea,

w37, Ws7,

w33,

w12,

W44,

w32,

Wis,

W1ia,

w37,

W24,

w12,

W3q,

war,

w15,

w32,

w29,

w17,

W34,

W2q,,

w18,

w35,

W2q,

w18,

w3s,

w29,

w17,

W53,

we2,

W4,

W52,

Wes,

Wea,

W57,

W44,

We2,

Wsa,

War,

wes,

W52,

W49,

we7,

W54,

W4aq,

Wes,

W55,

W4a,

wes,

W55,

W49,

we7,



w26,

W1ia,

w3y,

w29,

W1p,

W3y,

w11,

w19,

Wie,

w14,

w13,

w13,

Wwi4,

w11,

w12,

Wwis,

W34,

w31,

w39,

w37,

w36,

w36,

w31,

W34,

W46,

Wea,

ws7,

W49,

Wep,

Wsp,

We1,

We9,

Wee6 ,

We4,

we3,

we3,

We4,

we1,

we2,

Wes,

W54,

Ws1,

W59,

W57,

W56,

W56,

Ws1,

W54,

w36,

w29,

w17,

w3y,

W2q,,

W1ip,

w12,

W1ia,

w17,

w15,

w14,

w14,

w15,

w12,

w11,

W14,

w3s,

w32,

W3q,

w3s,

w37,

w3,

w32,

w31,

W56,

W49,

wer,

Ws9,

W4q,,

Wep,

we2,

Weq,,

We7,

wes,

We4,

We4,

wes,

we2,

we1,

We4,

Wss5,

W52,

W5q,,

Wss,

Ws7,

Ws7,

W52,

Ws1,

W16,

w39,

Wap,

w19,

W3q,

we6,

W59,

W4y,

we9,

Wsq,

W2q, Wia,

w13,

W1ip,

w18,

wie,

w15,

w15,

W16,

w13,

W1y,

w13,

w36,

w33,

w31,

w39,

w3s,

w31,

w33,

w32,

We3,

Wep,

Wes,

We6,

Wes,

wes,

We6 ,

We3,

Wep,

we3,

W56,

Ws3,

W51,

W59,

Wss,

W51,

Ws3,

W52,

W2p, Wb,

w19, We9,

W3b,

was,

by Wb, Weby W2a,
Wsp,

W4g, W38, W58,

w1s,

W3a,
W4aq,

Wiy, Wep, W2a,

Wsp,

W3y,

W28, W48,

W1ia, Wea,

W3a; Wha,

W14, We4,

w11, Wel,

w19, We9,

w17, WeT,

W16, W66,

w16, We6,

w11, W61,

W14, W64,

W1ias Weas

w12, W62,

w37, W57,

W34, Ws4,

w32, Ws2,

w31, Ws1,

w31, Ws1,

w32, Ws2,

W34, Ws4,

w33, Ws3,
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w3s,

w29,

W1ia,

w15,

w12,

W1ia,

w18,

w17,

w17,

w12,

w11,

w19,

w11,

w3s,

w35,

w33,

w32,

w32,

w33,

w3s,

w31,

W58, W1, Wes,

W49, W39, Ws9,

W4p,
Wea, W2h,

Wes5, W16, We6,

We2, W13, W63,

Wea, W11, W61,

Weg, W19, We9,

We7, W18, WeS,

We7, W11, W61,

We2, W13, We3,

We1, W12, W62,

We9, W18, WeS,

We1, W31, Ws1,

Wsg, W39, Ws9,

W55, W36, Ws6,

W53, W34, Ws4,

W52, W33, W53,

Ws2, W33, Ws3,

W53, W34, Ws4,

W55, W31, Ws1,

Ws1, W32, W52,

Wap,

w19,

W3y,

w17,

W14,

w12,

w11,

w11,

w12,

w14,

w13,

w17,

w32,

W3q,

w3z,

w35,

W34,

W34,

w3s,

w32,

w31,

W4a, W3a,

wes,

war,

Wsq, Wia,

Wyp,

we9,

W5y,

We7,

We4,

We2,

we1,

We1,

We2,

We4,

we3,

we7,

W52,

W5sq,

W57,

Ws5,

W54,

Ws4,

W55,

W52,

Ws1,

W3y,

Wap,

W1p,

w1s,

w15,

w13,

w12,

w12,

w13,

w15,

w11,

Wie,

w33,

W3y,

wss,

W36,

w35,

w3s,

w36,

w33,

W3y,

Wsa,

War,

Wea,

Wsp,

Wa4p,

Weh,

Wes,

We5,

We3,

we2,

we2,

we3,

wes,

we1,

We6,

W53,

Wsp,

Wss,

W56,

W55,

W55,

W56,

W53,

Wsp,



W3q,

w32,

W42,

W4s,

Wy,

W41,

W41,

w25,

w22,

w23,

w21,

w18,

w17,

w19,

w3y,

w3s,

W49,

W48,

w27,

w11,

w12,

w32,

w31,

w33,

Wsa,

W52,

W43,

W49,

W41,

W42,

w21,

W26,

w23,

w4,

w22,

wes,

we7,

we9,

Ws7,

W58,

W4aq,

Wy,

W2p,

We1,

we2,

W52,

Ws1,

Ws3,

w3y,

w31,

Wa4,

W41,

W42,

Wy3,

w22,

wa7,

W24,

w25,

w21,

w19,

w18,

w18,

w3s,

w37,

Wa4p,

w27,

W2q,

w12,

w11,

w33,

w32,

w32,

W59,

Ws1,

W45,

W42,

W43,

W41,

w23,

was,

w25,

W26,

Wap,

we9,

wes,

wes,

Wsg,

ws7,

Wy,

was,

w29,

we2,

We1,

Ws3,

W52,

W52,

w3s,

W41,

W46,

W43,

Wa4,

W42,

W24,

w29,

w26,

w21,

W2q,

W1ia,

w19,

w17,

w3y,

W3y,

W48,

w29,

was,

w13,

w15,

W34,

w33,

w31,

W58,

W42,

Wy,

W44,

W45,

W41,

w25,

W2q,

w27,

w22,

w29,

Wea,

We9,

We7,

Ws9,

W5y,

W49,

W2q,,

w27,

We3,

wes,

W54,

Ws3,

W51,

w37, Wsr,

W43, W44,

W48, W49,

W45, W46,

W46, W41,

Wyph, W4a,

W26, W27,

w21, W22,

wag, W21,

w23, W24,

wag, W27,

Wip, Web,

w17, WeT,

w37, Ws7,

W3a, Wsa,

W3a, Wsa,

Wyq, W47,

Wap, W27,

w11, Wel,

W14, We4,

W14, We4,

w35, Wss,

w31, Ws1,

W41, W42,
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w36,

W45,

W4aq,

Wy,

W42,

W49,

w2s,

w23,

w22,

w25,

w26,

w17,

w18,

w3s,

w37,

w3y,

W48,

was,

w12,

w11,

w13,

w3y,

w32,

w43,

W56,

W46,

W41,

W48,

Wy3,

Wqs,

w29,

W4,

w23,

w21,

w25,

we7,

wes,

W58,

w57,

Ws9,

W49,

w29,

we2,

We1,

we3,

W51,

W52,

Wa4,

w3s,

Wqr,

W42,

W41,

W44,

Wy,

W2q,

w25,

W24,

w22,

w4,

w18,

w17,

w39,

w3s,

w3s,

Wy,

W2q,,

w13,

w12,

w12,

w32,

w31,

W45,

W55,

wWa4s,

W43,

W42,

W45,

W46,

Wap,

W26,

w25,

w23,

w23,

wes,

we7,

W59,

Wssg,

W58,

W48,

w27,

we3,

We2,

wWe2,

W52,

W51,

W41,

W34,

w49,

W44,

W43,

W41,

W45,

w21,

war,

W26,

w24,

w22,

w19,

W1y,

W3a,

w3y,

w37,

Wqr,

was,

W14,

w13,

w11,

w33,

w3s,

w42,

W54,

W4aq,,

W45,

W44,

W42,

W44,

w22,

w28,

wa7,

w21,

w21,

we9,

Wep,

Wsq,

W59,

Ws7,

Wap,

w29,

We4,

We3,

We1,

W53,

W55,

W43,

w33,

W4y,

W46,

W45,

Wy3,

Wy3,

w23,

w29,

w21,

w22,

w17,

W1ia,

W1ia,

W3y,

w37,

Wy,

Wyq,

wa7,

Wwis,

w11,

w31,

W34,

W34,

W44,

W53,

W41,

Wy,

W46,

W44,

W42,

W4,

w21,

w22,

w23,

we7,

Wea,

Wea,

Wsp,

Ws7,

W48,

W49,

was,

We5,

We1,

Ws1,

W54,

W54,

w41,



W42, W43, W41, W42, W41, W45, W44, W43, W42, W41, W21, W22, W23, W24, W25, W21,

Wa2, W23, W24, W21, W22, W23, W21, W22, W21, W25, W24, W23, W22, W21 }

M(a) gives
Al = hll A2 = h12 A3 = h13 A4 = h‘14 A5 = h15 Aﬁ = hlﬁ
Bl = h21 B2 = h‘22 B3 = h’23 B4 = h24 B5 = h25 BG = h26
Cl = h36 02 = h32 C13 - h35 04 = h34 05 = h33 CG = h31
Vo = AWTw2 (u) . h22 Vag = AWswa (u) . h12h24 V3 = AWows (u) ) h12h23
his his
hioh hioh hioh
vs1 = A () - 1; = vy = AN (u) - 1; 21 v = AV (y) - 1; =
13 16 11
Vgg = AY (u) - Mahe Vgp = A" (w) - hyghoy vgp = AWV (y) - h12h1_4h23
h12 h15
Ugy = AW (u) . M Vyp = AV (u> . hisha gy = AP (u) ) hyahaog
h13 h16 hll
Va3 = A" (u) - hoy gz = AV () - highoy v3g = A" (y) - h12214h23
15
Vsg = AW22ws ('U,) ) hiahishos VUig = Aw23w1 (u> . hiahay - A w2 (u) ‘ hiahag
h13 h16 hll
_ wWa5wW2 _ Woew4 o Warws h12h14h23
Vg = AV (w) - highoy Ugq = AP (w) - highighoy  v3g = AV (u) - —
15
Ugq = A28 (u) . M Vg = A2 (u> . hiaha Vg = AW (u) ) hyahaog
h13 h16 hll
Vo5 = AN (U) . fuahsz V45 = AW (U) - highay Vgs = A\ W33ws (u) . hiatzs
h12 h15
Vg5 = AW (u) - fahzs vy = A" (u) - fasha Vg5 = AW () - nshag
h13 h16 hll
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96 I

Based on the Dynkin diagram ._._:_._._., the following quiver is of well-rooted
Dynkin type for E;. It admits an induced Coxeter element ¢ = {1,2,3,4,5,6,7 },

with partitions

To={1}, Tv={2}, Th={3}, Ty={4,5}, Ty={6}, Ty={7}.

Qp, is given in Figure 9.6l The mutations are too long to be reasonably

presented.

9.7 By

Based on the Dynkin diagram ._._._._:_._., the following quiver is of well-
rooted Dynkin type for Eg. It admits an induced Coxeter element ¢ = {1,2,3,4,5,6,7,8 },

with partitions

To={1}Th={2},To={3},T3={4}, T, ={5}, T ={6,7},Ts = {8}.

7 8

o——0
1 2 3 4 5

o—»o—»o—»o%o/
\

6

Qp, is given in Figure 0.7 The mutations are too long to be reasonably

presented.
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9.8 D2 :Al X A1

Using the Dynkin diagram e e, we use the following quiver.

1 2
[ ] [ ]

The quiver Q¢ is shown in Figure [9.§
Hrot = { }

Hfip = { w11, W21 }

And M is given the edge coordinate assignment only. Since op, is trivial, this

is direct.
Ay =hn Ay = hyo
By = hy By = hgo
Ci = hs Cy = h3y
9.9 Ag X CQ

To demonstrate Lemma for a less trivial type, consider G = G; @ Gbs,

with G of type A3 and G5 of type Cs. The Dynkin diagram for G is '<: o—=e_The

quiver Q¢ is the disjoint union of Q4, and Q¢, as shown in Figure 0.9 We label

the simple roots as shown in the Dynkin type quiver.

o e
\3 ®

Hrot = { V21, V11, V31, V21, V11, V31, V21, V11, V31, V21, V11, V31, V41, Usl }

Hfip = { w13, w33, w23, Wi, w31, wWai, w23, Wiz, W33z, w2, W12, W32, Wi, Wi, wW3l, W23,
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w13, W33, W22, W12, W32, W23, W13, W33, Wi, W3y, W12, W32, W13, W33, Wi, Wsl,
wi2, W32, W11, W31, W13, W33, W12, W32, Wi1, W31, W21, W2, W23, Wal, W22, W21,
w23, W22, Wat, W53, W43, W51, W41, W43, W53, W42, W52, W41, Ws1, W43, W53,
W42, W52, W43, W53, W51, Ws2, W53, W51, W52, W51, W53, W52, W51, W41, W42, W43,
Wy1, Wa2, Wal, W3, Wa2, W41}

To construct M, as described in Lemma[8.0.1], the coordinates on u are exactly
divided between two elements of N_ corresponding to A3 and Cs. Let (wy); be the
word wy, for Az, and (wy,)s be the word wy, for Cy (with the indices of each component
Sa, increased by 3). Then appropriate i and j in Ai(y) will allow extracting

coordinates of u in ways corresponding to the factors G;.

Ay =hyy  As=hy A3 =hi3 Ay =hyy  As=hy;
By =hy By = hoy B3 = hos By = hoy Bs = hos
Ci=hss Cy=hsy C3=hs Cy=h3y  Cs5=hs;
vy = AW2(y) gy vy = AW (). fh;_lf;m v = AW () . hl;—ﬁ%
vy = AW () Ly, vy = AWD295 () . h%—z%
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ﬁFlipcore =K S

fo3 = [t 3

N\ 7

W49,W39,W29,W19,
W48,W38,W28,W18, W49,W39,W29,W19,
W47,W37,W27,W17, W48,W38,W28,W18, W49,W39,W29,W19,

W43,W33,W23,W13,
W42,W32,W22,W12, W43,W33,W23,W13,
w41,W31,W21,W11, W42,W32,W22,W12, W43,W33,W23,W13,

W4p,W3p,W2b,W1h,
W4q,W3a,W2a,Wla; W4ab,W3h,W2p,W1b,
W4a,W3a,W2a,Wla; W4ab,W3h,W2p, W1,
W4a,W3a,W2a,Wla; W4p,W3p,W2h, W1,
W4a,W3a,W2a,Wla, W4ap,W3b,W2h,W1bh,

Wq5,W35,W25,W15,
W44,W34,W24,W14, W45,W35,W25,W15,
W44,W34,W24,W14, W45,W35,W25,W15,
W44,W34,W24,W14, W45,W35,W25,W15,
W44,W34,W24,W14, W45,W35,W25,W15

W1p,W2p,W3h,W4p,Wla,W2a,W3a;Wia,W19,W29,W39,W49,W]18,W28,W38,W48,W17,W27,W37,W47,W16,
W26,W36,W46,W15,W25,W35,W45,W14,W24,W34,W44,W13,W23,W33,W43,W12,W22,W32,

w42,W11,W21,W31,W41,

W1, W2p,W3h,W4p,Wla,W2a,W3a;Wia,W19,W29,W39,W49,W]18,W28,W38,W48,W17,W27,W37,W47,W16,
W26,W36,W46,W15,W25,W35,W45,W14,W24,W34,W44,W13,W23,W33,W43,W12,W22,W32,

w42,

W1p,W2p,W3b,W4p,Wla,W2a,W3a,Wia,W19,W29,W39,W49,W18,W28,W38,W48,W17,W27,W37,W47,W16,
wW26,W36,W46,W15,W25,W35,W45,W14,W24,W34,W44,W13,W23,W33,W43,

W1, W2p,W3h,W4p,Wla,W2a,W3a,;Wia,W19,W29,W39,W49,W]18,W28,W38,W48,W17,W27,W37,W47,W16,
W26,W36,W46,W15,W25,W35,W45,W14,W24,W34,W44,

W1p,W2p, W3, W4h,Wla,W2a,W3a,Wda,W19,W29,W39,W49,W18,W28,W38,W48,W17,W27,W37,W47,W16,

wW26,W36,W46,W15,W25,W35,W45,

W1, W2p,W3h,W4p,Wla,W2a,W3a,;Wia,W19,W29,W39,W49,W18,W28,W38,W48,W17,W27,W37,W47,W16,

W26,W36,W46,

W1p,W2p,W3h,W4p,Wla ,W2a,W3a;Wia,W19,W29,W39,W49,W18,W28,W38,W48,W17,W27,W37,W47,
W1p,W2p, W3, W4h,Wla,W2a,W3a,Wda,W19,W29,W39,W49,W18,W28,W38,W48,

W1p,W2h, W3, W4h,Wla,W2a,W3a,Wa,W19,W29,W39,W49,
W1p,W2h, W3, W4p,Wla,W2a,W3a,Wia;
W1, W2h,W3b,W4b,

W41, W42,W43,W44,W45,W46,WAT7,W48,W49,W4a,W4b; )
W41,W42,W43,W44,W45,W46,W47,W48,W49,W4a,
W41,W42,W43,W44,W45,W46,W47,W48,W49,
W41,W42,W43,W44,W45,W46,W4T, W48,
W41,W42,W43,W44,W45,W46,W47T,
W41,W42,W43,W44,W45,W46,

W41,W42,W43,W44,W45,

W41,W42,W43,W44,

W41,W42,W43,

ws wa3
w41,W42, wer
w41, W3p,W3q, W39, W38, W
W4p,Wha , W49 , W48 ,WAT W46 ,W45,W44,W43, W42, W41, ﬁo4=u 3b,W3a,W39,W38,W37,

w: w w: w w:
w31,W32,W33,W34,W35,W36,W37,W38,W39,W3qa,W3b, wg;’wgg’wgg’wgf 2b
w31,Ws32,Ws33,W34,W35,W36,W37,W38,W39,W3a, w277w28’w297 ’
W31,W32,W33,W34,W35,W36,W37,W38,W30, war wag,
w31,W32,W33,W34,W35,W36,W37,W38, w27: 7
w31,W32,W33,W34,W35,W36,W37, Wor Wor W0 W W
W31,W32,W33,W34,W35,W36, 2by 120,029,028, 1027,
w31,w32,Ww33,W34,W35, w17,W18,W19,Wiq,W1p,
w31,W32,W33,W34, wW17,W18,W19,Wla;
w31,w32,W33, w17,W18,W19,
w31,w32, w17,W18,
w31, w

1
W3p,W3a,W39,W38,W37,W36,W35,W34,W33,W32,W31, wlz:w1a,w19,w187w177

W41,W42,W43,W44,W45
w21,W22,W23,W24,W25,W26,W27,W28,W29,W2q,W2h, ’ w41:w42:w43;w44: ’
wW21,W22,W23,W24,W25,W26,W27,W28,W29,W2q, W41, W42, W43,
W21,W22,W23,W24,W25,W26,W27,W28,W29, W41,W42,
w21,W22,W23,W24,W25,W26,W27,W28, wal,
w21,W22,W23,W24,W25,W26,W27, W45, W44 ,W43,W42,W41
W21,W22,W23,W24,W25,W26, ’ ’ ’ ’ ’
w21,W22,W23,W24,W25, w31,W32,W33,W34,W35,
w21,W22,W23,W24, wW31,W32,W33,W34,
w21,w22,W?3, w31,Ww32,Wws3s,
w21,W22, w31,W32,
w21, w31,
W2p;W2a,W29,W28,W27,W26,W25,W24,W23,W22,W21, w35, W34,W33,W32,W31,
W11,W12,W13,W14,W15,W16,W17,W18,W10,Wla,W1b, Hos=H

wi11,W12,W13,W14,W15,W16,W17,W18,W19,Wla,
w11,W12,W13,W14,W15,W16,W17,W18,W19,
wi1,W12,W13,W14,W15,W16,W17,W18,
wi1,W12,W13,W14,W15,W16,W17,
w11,W12,W13,W14,W15,W16,
w11,W12,W13,W14,W15,

w11,W12,W13,W14,

wi1,W12,W13,

wi1,W12,

w11,
W1p,W1a,W19,W18,W17,W16,W15,W14,W13,W12, W11, )

Figure 5.7: The flip for Fj.
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W47,W48,W49,W4q,W4p,
W47,W48,W49,W4aq,
W47,W48,W49,
W47,W48,

w4qr,
W4p,Wha,W49,W48,W4T,

w37,W38,W39,W3a,W3b,
w37,Ww38,W39,W3a,
w37,Ww38,W39,

w21,W22,W23,W24,W25,
w21,W22,W23,W24,
w21,W22,W23,
w21,W22,

w21,
w25,W24,W23,W22,W21,

wi11,W12,W13,W14,W15,
w11,W12,W13,W14,
w11,W12,W13,
wi1,W12,

w11,
wi5,W14,W13,W12,W11,




i |1 2 3 4 1 2 3 4 1 2 3 4
2 2 2 2,2 2
k=1 L L 1 1 9 | %2 tita  lith t3 17 | itz ttz ity 15
t1 to t3 ta t3 3ty t2ty taty t3 t3tg 3ty t3
2,2 2 2 2,2 2
2 | b L 1 1 10 | & tite ity 3 18 | t2 Lty ity fp
ta ta t3 t4 ty taty t2ty taty ty taty 3ty t3
2 2,2 2 2,2 2
3| t 1 1 11 | & t1ta t1t3 15 19 | t2 titp  t1ty 13
t2 t3 t3 ty 21 3ty t2ty tatq 2 2 t3tq t3
4 | B ot 1 1 12 | & tity t3t3 t 20 | %2 ti1ty 51 51
2 t3 taty tq ta taty tat] taty tq tq tq i3
5| L 4 t3 4 13 | & ey 3 ] 21 | t2 tity 1 t3
2 t3 taty t3 2 3ty tat? 4 ty ty 2 2
6 | 2 4 t3 4 14 | tatz ey 1553 4] 22 | # tity t3
ts t3 taty tg t3 t3ty tat? tyq tq ta tq

2 2 2 2,2 2 2
7| t2 itz 7 1 15 | titz t1ts ity 1y 23 | # to t3 ts
t3 t3ty t3ty t3 t3 t3ty tat? ty ty ty

2,2 2 2 2,2 2

g | 2 mt #H8  # 16 | titz  nts  Ht3 24 | to ts ta
t3 3ty t2ty t3 t3 tatq tatq ta t4

Figure 5.8: For type Fy, Ay, (A) for abstract A = [[I_, xi(t:)-

A1 = h11
By = h11
C1 = h11

v = AYS“L(u) - hoy

hizhoy

v12 = A% (u) h
11

v13 = AVI3¥1(y) - hgy

v1g = A" (u) - hyghoy

“hizhoy

v1s = A% (u) h
11

Az = hi2
B2 = hi2
Co = hia

v21 = AY6¥2 (y) -
vg1 = AV8%4(u) -
vog = AWI0¥2(y) .
vgg = AWI2%4(y) .
vog = AWI492(y) .
vg3 = AWI6%4(y) .
vog = AWIY2 () -
vgq = AW2094(y) -
vos = AW2292 () -

vg5 = AW24@ (y) .

Az = his
B3 = hi3
C3 = h13

hi1ha2
hi2

h¥,haa
hi4

hi1ha2

h%2 hag
hi4

h31haz

h%l hay
hi4

hi1hi2ha2

h3haa
hi4

hi1ho2

hishag
hi14

Ag = hig
By = hig
Cs = his

vz = AY73 (u)

v3g = AW1Y3 (u) .

v33 = AW (y) -

v3g = AW (1) .

v3s = AW (y) -

Figure 5.9: M(«) for type Fy.
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his
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1+y 14y l+z+ty 1+x l4a+y

11 T Y 123 z Ty 1 Y xy
o—0 —_— o—0 E— o—0
U1 V2 U1 V2 U1 V2
x Y 1%
o——e
v 2 Itz ltoty 14w
p T y Ty y
o—o _ ——e
1) U1 Vg Ha VU1 Vg

Figure 5.10: The pentagon recurrence.

Figure 6.1: Quivers for type As, also showing naming convention for Q% 2.

1 2 3 4 1 2 3 14
*——o——o—— - ——0 ——eo——e—— - —e

Figure 7.1: Qa1 on the left, Qi on the right, both quivers of Dynkin type A,.

Confi(G/N) «+———— N_NwGy ——¥—— (C*)™

lcycg l(wo(hl)hQ) (NF(-)) lu?oc

Conf’(G/N) +———— N_NwgGy ——Y— (C*)™

Figure 7.2: Maps ® and ¥ by Proposition , Yy by Definition m
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L 5 .
® \ ® ]
A1/Ag Ag— A A
Ay O————————————————————————\————— > L ] L ]
/4 _— /T }\
/ \
,/ A M0 Al As A, \
A e—— e\ |——e ce . ° 1
An—1__23@- - - -3 - - - >0
I S Ag Ap—1 Ag Aq
An

Figure 7.3: @)p, before any mutation.

B A AYAZ /41% 42 \Aa ///////
NN

Figure 7.4: Qp, after fico(1).
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Ag Az

A3

Az

An—1__30- - - >@

[ She Ay Ag—1
An

Figure 7.5: Qp, after Hi:l fcol(y)-

Figure 7.7: Coordinates from ayzg and assg, labeled by (n,m).
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wigwowiy (9)
wigwswig (9)
wiy wrws, (9)
wig wowig (9)

wig wswig (9)
5 5

[

Wiy WaWiy (9)



o
(3,2)

(313)

o
(3:3)

(314)

@
(3,4)

Wowig WO WYWig (9)
WOWig WO W Wig (9)
ety sy (9)
Wi WO WEWig (9)
)
)

WOWig , WO W5 Wig (g

P

WOWj, ,WOWAWS (g

Figure 7.9: Coordinates after applying firiipcore-
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Figure 9.2: @ for Bs.
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