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Chapter 1: Introduction

The study of materials science has evolved to an interdisciplinary area, in
which physicists, engineers and applied mathematicians share common interests.
In the past several decades, in order to describe the physical essence of material
behavior, there have been significant efforts in developing new mathematical models
and analysis of materials. Meanwhile, the design of suitable numerical methods for
these mathematical models becomes more challenging because they involve such
diverse areas as the calculus of variations, convex analysis, optimization, numerical
analysis of PDEs, and scientific computation. For example, variational problems
with non- linear, non-convex constraints frequently appear in this area, and the
nonlinearity usually makes the numerical analysis quite demanding.

This dissertation focuses on two classes of such problems: the large deforma-
tion of plates with metric constraints and the constrained energy minimization for
nematic liquid crystals. The first part involves the study of prestrained plates and
bilayer plates, which have rich applications in natural and manufactured phenomena
such as nematic glasses [56, 57], natural growth of soft tissues [42, 80], manufactured
polymer gels [51, 52, 79] and biomedical devices [45, 46, 66, 75]. The second part

focuses on a new finite element method designed for the Ericksen model of nematic



LCs. Tt well-known that nematic LCs, a mesophase in between crystalline solid
and isotropic liquid, represent a host of numerous potential applications in material

science; we refer to [1, 5, 18].

1.1 A general framework

For all the problems considered in this dissertation, mathematical models are
constrained minimization problems. In other words, we need to minimize an en-
ergy functional E[y] (E[s,n] respectively in chapter 4) within an admissible set
y € A ((s,n) € A respectively). The admissible sets A contain nonconvex nonlin-
ear constraints. Our goal is to design proper discrete energies Ei[yn] (En[sn, )
respectively) and discrete admissible sets y, € Ape ((sn,mn) € Ay respectively)
that approximate the continuous energies F and admissible sets A.

We prove the I'-convergence of discrete energies Fj for each problem. In

particular, we say Fj[yn] I'-converges to E[y] if the following conditions are valid:

e Lim-inf condition: Let {y,} C A be a sequence such that y, — y in L? up

to a subsequence as h, e — 0, then

Ely] < liminf Ej[y];
h—0

e Lim-sup condition: For every y € A, there exists a recovery sequence {y,} C



Ap.e converging to y in L? as h,e — 0 such that

Ely] > limsup Ej[ys].
h—0
Furthermore, in each chapter and in order to compute solutions to the discrete
minimization problems, we design iterative schemes. In fact, we relax and linearize
the nonconvex constraints at each step. For these schemes, we show the energy

stability of discrete energies and prove a control of constraints violations.

1.2 Large deformation of plates with metric constraint

1.2.1 Prestrained plates

Prestrained materials can develop internal stresses at rest, deform out of plane
without an external force and exhibit nontrivial 3d shapes. The derivation of dimen-
sionally reduced models for plates is essential in elasticity, and one would express
the equilibrium states of plates by 2d deformations of the mid-plane. Starting from
the Saint Venant energy in 3d hyperelasticity, a geometrically nonlinear, dimen-
sionally reduced energy for isotropic prestrained plates was derived rigorously via
[-convergence in [17]. If y : Q — R3 is a 2d deformation of the plate 2, I[y| and
T[y] are the first and second fundamental forms of the deformed plate y(2), the

elastic bending energy reads

2

NI

Ely] = %/Q ‘g’%H[Y]g’




and is subject to the metric constraint

Ily](x) = g(x) VxeQ, (1.2.2)

where ¢ is a given 2 x 2 symmetric positive definite matrix, A and p are Lamé
parameters of the material. In the special case of g = I, (i.e. y is an isometry), a
formal derivation of (1.2.1) can be traced back to Kirchhoff in 1850, and an ansatz-
free rigorous derivation was carried out in the seminal work [39].

Our goal is to find y € [H?*(Q2)]® that minimizes the bending energy (1.2.1)
subject to the nonlinear, non-convex metric constraint (1.2.2). We conduct a for-
mal asymptotic analysis under a modified Kirchhoff-Love assumption to reproduce
(1.2.1) and (1.2.2). We next show an equivalent formulation that basically replaces
II[y| by the Hessian D?y in (1.2.1), which makes the constrained minimization prob-
lem amenable to computation.

The case g = I has already been discretized with Kirchhoff element [10] and
discontinuous Galerkin methods with interior penalty (DGIP) [22] were used to
discretize this problem. For prestrained plates, for which ¢ is in general different
from I, the second term of (1.2.1) cannot be absorbed into the first one, which
makes the possible formulation of DGIP too complicated to use.

We introduce a local discontinuous Galerkin (LDG) approach for the dis-
cretization of the reduced energy (1.2.1), and to the best of our knowledge, our
effort is the first FEM accompanying numerical analysis proposed on the prestrained

plates. We summarize the significant ingredients and advantages of our discretiza-



tion as follows.

e Discrete Hessian. The fundamental idea of LDG is to replace the Hessian in
(1.2.1) by a reconstructed discrete Hessian. Such discrete Hessian H},[y] con-
sists of three distinct parts: the broken Hessian D2y, the lifting Ry ([Viyn])
of the jump of the broken gradient Vjy, of y,, and the lifting By ([ys]) of
the jumps of yy, itself. LDG method was originally introduced in [32]. Lifting
operators were introduced in [15] and analyzed in [29, 30]. The definition of
Ry, and By, is motivated by the liftings of [62, 63] leading to discrete gradient
operators. Discrete Hessians were instrumental to study convergence of DG
for the bi-Laplacian in [65] and plates with isometry constraint in [22]. In
the present contribution, Hy[yy] makes its debut as a chief constituent of the

numerical method.

e Linear solver. We relax the pointwise metric constraint by using its integral on
elements to make it computable. In order to compute minimizers, we propose
a discrete H?-gradient flow with linearized constraint to decrease the discrete

energy while keeping the metric constraint defect under control.

e ['-convergence. We prove the I'-convergence of the discrete energy for both
Dirichlet and free boundary conditions. We emphasize that the latter was
never discussed in previous numerical analysis works for this type of problem,

for instance [13, 22].

e [nitialization. If an explicit expression of y that satisfies the metric constraint



(1.2.2) is known, then it is natural to take an interpolation of such a y as the
initialization of the gradient flow. However, this is not readily accessible for a
general g. Therefore, we propose a reasonable construction of an initialization
that has a small violation of the metric constraint and a bounded discrete
energy, which are provably important to control the constraint violation at

the end of gradient flow.

o Numerical experiments. We present interesting numerical experiments to in-
vestigate the performance of the proposed method and the model capabilities
for the cases with and without boundary conditions, and some of practical

interest. Our simulations are done with the finite element library deal.ii [7].

o Advantages of LDG. Since Kirchhoff element and DGIP have been studied
for this type of problem, we compare LDG with them. First, a DG method
is more standard to implement and requires fewer polynomial degrees than
Kirchhoff element. Second, in contrast to DGIP, the stabilization parameters
for LDG must be positive for stability but not necessarily large. Last but not
least, the formulation of LDG is conceptually simpler and its CPU time is less

than DGIP.

The discussion in chapter 2 corresponds to the works presented in [19, 20)].

1.2.2 Bilayer plates

Bilayer plates are made of two films with different material properties attached

together. These layers react differently to non-mechanical stimuli, such as thermal,



electrical, chemical actuation [49, 50, 73|. Bilayer plates can develop large bending
deformations without external force.

Bilayer plates can be modeled as thin 3d elastic bodies as in Fig. 1.1. For
bilayer plates, a 2d model for the bending behavior of them has been rigorously de-
rived and analyzed from 3d hyperelasticity in [67, 68]. A formal dimension reduction
model allowing for various effects is presented in [13]. The 2d model as thickness
s — 0 consists of a nonlinear minimization problem with a nonconvex metric con-
straint. The resulting bending energy functional involves second order derivatives
of deformation y, while the constraint enforces deformations to be isometries, i.e.

the first fundamental form of the deformed mid-surface equals to identity.

Figure 1.1: Bilayer plates: Q x (—s/2,5/2). Q C R? is the mid-plane (bounded
Lipschitz domain) and s is the thickness parameter. Q x (—s/2,0) and Q x (0, s/2)
represent the two layers of different materials.

Mathematically, the bilayer plates develop an intrinsic spontaneous curvature

tensor Z and the deformation y :  — R3 of the midplane @ C R? minimizes the

elastic energy

Blyl =5 [ Iy - 2P (1.23)

such that y is an isometry, i.e, y satisfies (1.2.2) with ¢ = I,. Expanding (1.2.3)

and observing that |II[y]|* = | D?y|? for isometries, we can expect that the nonlinear



term arising from the cross-product

/Q Oy : 2= /Q 05y - (O1y X Day)Zs; (1.2.4)

ij=1

is the most demanding part of the problem. This brings additional nonlinearities.
In [12, 13], a discretization based on Kirchhoff element is developed for the
bilayer plates and its I'-convergence is proved in [13]. The analysis of [13] requires

a special definition of unit normal to the discrete plate, namely

Oyn Ooyh
X
| o yn | | 32Yh |

(1.2.5)

which turns out to complicate the numerical scheme and makes it highly nonlinear.
An iterative scheme that decreases energy is proposed in [13], and in each step a
fixed point sub-iteration is conducted to solve the discrete nonlinear equation. In
contrary, a recent work [14] also considers the Kirchhoff element, but avoids the
use of (1.2.5). It then has a fully practical gradient flow scheme that requires only
solving linear systems in each step. Energy decreasing property of the new scheme
and the I'-convergence of the new formulation are proved, and the key new ingredient
of analysis is an a priori L>(§2)-bound for the first derivatives 0;y,. Moreover, a
recent computational work [23] presents a DGIP approximation of the problem
(1.2.3), and also proposes a fully practical scheme as in [14], but without supporting
theory.

Motivated by [14, 23] and advantages of LDG indicated in Section 1.2.1, we



design a LDG approach for the problem (1.2.3). We summarize the originalities and

strengths of our method as follows.

o Reduced discrete Hessian. We recall that the LDG method hinges on the re-
constructed Hessian, but for the bilayer problem we further need a reduced
discrete Hessian to guarantee the I'-convergence theory. In fact, we construct
the reduced discrete Hessian El[yh] by local L%-projection of Hy[ys] and re-

place (1.2.4) by the discrete counterpart

ST T [(Hilyalis - (Oryn x 02yn) Zij) (w7, (1.2.6)

4,j=1T€Ty,

where xr is the barycenter of each element T

e Discrete isometry constraint. We impose the discrete isometry constraint as
[VyEVyn — L] (zr)| < 8(h) (1.2.7)

at barycenters for any element 7" with parameter §(h) — 0 as h — 0. Com-
pared with [23], this is a novel way of imposing the metric constraint discretely

in the DG context, and helps with the I'-convergence theory.

e ['-convergence. Other than the term (1.2.6) that is cubic in yy, all remaining
terms in the discrete energy can be treated as in Section 1.2.1 using LDG.
With this new discretization, we prove the ['-convergence for the first time in

the setting of DG for bilayer plates.



e Linear solver. In contrast to [12, 13], we design a fully linear and practical
gradient flow scheme. Although the discrete constraint (1.2.7) is nonlinear and
nonconvex, and the variational derivative of (1.2.6) in the discrete energy is
nonlinear in yy,, we linearize (1.2.7) and treat the variation of (1.2.6) explicitly
at each step of iterations. We prove the energy stability with a condition on

time-step and the control of constraint violation.

The discussion in chapter 3 corresponds to the work presented in [24].

1.3 Constrained energy minimization for nematic liquid crystals

We consider the one-constant Ericksen model for nematic LCs with variable
degree of orientation [33, 37], which lies between the Oseen-Frank director model
and the Landau - de Gennes (Q-tensor model. The state of the LC is described
by a director field n and a scalar function s, which satisfy the constraints |n| =
1 and —1/(d — 1) < s < 1 for the space dimension d = 2,3. The director n
indicates the preferred orientations of LC molecules, while s represents the degree
of alignment that molecules have with respect to m, both in the sense of local
probabilistic average. The equilibrium state is given by an admissible pair (s,n)

that minimizes the Ericksen’s energy

Els,n] = —/Q(KIVS|2+52\Vn\2) +/Q¢(s>. (1.3.1)

10



under a unit length constraint |n| = 1 and k£ > 0 constant; the constraint on s is
enforced by the double well potential 1. We refer to [4, 54] for early analysis of the
Ericksen model.

If s can be approximated by a non-vanishing constant, then the energy (1.3.1)
reduces to the Oseen-Frank energy E[n] = £ [,|Vn|?, whose minimizers are har-
monic maps and have been extensively studied, e.g., in [28, 70]. However, the sim-
pler Oseen-Frank model has severe limitations in capturing defects: it only admits
point defects with finite energy for d = 3. In contrast, the Ericksen model (1.3.1)
allows for n ¢ [H'(Q)]? and compensates blow up of Vn by letting s to vanish,
which is the mechanism for the formation of a variety of line and surface defects for
d = 2,3. This physical process leads to a degenerate Euler-Lagrange equation for
n that poses serious difficulties to formulate mathematically sound algorithms to
approximate (1.3.1) and study their convergence.

Several numerical methods for the Oseen-Frank model have been proposed
[3, 9, 55]. Finite element methods (FEMs) for the Ericksen model are designed in
8, 31, 59, 60, 77]; see also the recent review [25]. In contrast to [8], a fundamental
structure of (1.3.1) is exploited in [59, 60] to design and analyze FEMs that handle
the inherent degeneracy of (1.3.1) without regularization and enforce the constraint
|n| = 1 robustly. Stability and convergence properties via I-convergence are proved
in [59, 60], pioneering results in this setting. They hinge on a clever discrete energy
that mimics the structure of (1.3.1) discretely but, unfortunately, is cumbersome to
implement in standard software packages and requires weakly acute meshes. The
latter ensures that the projection of discrete director fields onto the unit sphere is

11



energy decreasing, and thus compatible with the quasi-gradient flow, but is quite
restrictive and difficult to implement for d = 3 and domains with non-trivial topol-
ogy.

We propose a projection-free FEM scheme that avoids dealing with weakly
acute meshes. Without the projection step, the unit length constraint [n| =1 is no
longer satisfied exactly but instead is relaxed at each step of our iterative solver, a
nested gradient flow. The latter guarantees control of the violation of |n| = 1 and
asymptotic enforcement of it. We summarize the chief novelties and advantages of

our approach as follows.

o Shape regular meshes. Partitions of () are assumed to be only shape regular,
which allows for the use of software with general mesh generators such as
Netgen [69]. Avoiding weakly acute meshes is important in 3d to deal with
interesting but non-trivial geometries. An earlier work achieving this goal is
[77], which presents a mass-lumped FEM with a consistent stabilization term

involving s2VnTn for the generalized Ericksen energy.

o Standard algorithm. Our novel discretization of (1.3.1) is straightforward, re-
quires no stabilization, and is easy to implement in standard software packages
such as NGSolve [69]. In contrast to [59, 60], our FEM does no longer exploit

the structure of (1.3.1) but its analysis does.

e Linear solver. We propose a nested gradient flow that, despite the nonlinear
nature of the problem, is fully linear to compute minimizers. The inner loop
to advance the director field n for fixed degree of orientation s is allowed

12



to subiterate. This turns out to induce an acceleration mechanism for the
computation and motion of defects. For a recent acceleration techniques based

on a domain decomposition approach, we refer to [31].

['-convergence. The analysis of our FEM hinges heavily on the underlying
structure of (1.3.1) and relies on the notion of L*-gradient on mn [38, The-
orem 6.2]; see Proposition 4.1.1. Such a notion was already used in [26] in
the context of the uniaxial Q-tensor LC model. We prove stability and I'-
convergence. Our results are similar to those in [59, 60, 77] but the way to the

discrete structure is new.

Numerical experiments. We present several simulations. Some are meant to
compare the new algorithm with the existing literature in terms of performance
and ability to capture defects. Other experiments explore 3d intriguing con-
figurations such as the propeller defect and a configuration more challenging

than the Saturn ring.

The discussion in chapter 4 corresponds to the work presented in [58].

1.4 Outline

Chapter 2 is concerned with the numerical treatment of the large deforma-

tion of prestrained plates. We start with a justification of a 3d elastic energy E[u]

for prestrained plates followed by a formal derivation of (1.2.1) and (1.2.2) as the

asymptotic limit of s7E[u] as s — 0. Moreover, we show an equivalent formula-

13



tion that basically replaces the second fundamental form II[y] by the Hessian D?y,
which makes the constrained minimization problem amenable to computation.Then,
we introduce the LDG type discretization, give the definition of the discrete Hes-
sian Hy[y,] and the discrete energy Fj, as well as preliminary key properties of the
discrete functions, such as discrete Poincaré-Friedrich type inequalities. Later, we
prove weak and strong convergence properties of Hy[yn|, and apply them to prove
the I'-convergence of Ej, for both Dirichlet boundary condition case and free bound-
ary case. Next, we introduce the gradient flow scheme used to solve the discrete
problem, and prove the unconditional stability and control of violation of the metric
constraint for it. We also discuss the effect of low metric on the discrete solution
in the free boundary case. Subsequently, we discuss the scheme that is designed
for the initialization and illustrate its effectiveness. Finally, we present numerical
simulations for prestrained plates and show performance of our algorithms.

We present the new numerical method for large deformation of bilayer plates
in Chapter 3, following the LDG type discretization considered in Chapter 2, and
especially the use of discrete Hessian Hj[yy]. We start by introducing the bilayer
plates model and its simplification. Then, we present the corresponding discrete
energy, and emphasize the novel reduced discrete Hessian ﬁ]h [yn] and the new way
of imposition of the discrete admissible set. Afterwards, we prove the I'-convergence
of the discrete energy. Subsequently, we design an explicitly linearized, practical
discrete gradient flow scheme, and prove its conditional energy stability and the
control of the constraint. Eventually, we illustrate our method by showing several

numerical examples.

14



Chapter 4 is devoted to the new FEM method for the Ericksen’s model of
the nematics liquid crystals. First, we describe the Ericksen model for LCs with
variable degree of orientation and discuss its key structure. Second, we introduce
our discretization of the model and discuss our I'-convergence result. Then we
present our iterative scheme for the computation of discrete local minimizers. Last
but not least, we show numerical experiments illustrating effectiveness and efficiency

of our method, as well as its flexibility to deal with complex defects in 3d.
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Chapter 2: LDG Method of Large Deformations of Prestrained Plates

In this chapter we introduce the model of prestrained plates and the LDG
discretization of it. We prove the I'-convergence of the discrete energy, as well as
the energy stability and control of constraint violation property of a discrete gradient
flow. We explore the performance of the numerical scheme computationally with

several insightful simulations.

2.1 Problem statement

We start by rederiving the 2d elastic energy (1.2.1) from 3d hyperelasticity.

Prestrained plates develop internal stresses, deform out of plane and exhibit
nontrivial 3d shapes. A model postulates that these plates may reduce internal
stresses by undergoing large out of plane deformations u as a means to minimize an
elastic energy E|[u] that measures the discrepancy between a reference (or target)
metric G and the orientation preserving realization u of it.

Let Q, := Q x (—s/2,5/2) C R? be a three-dimensional plate at rest, where
s > 0 denotes the thickness and Q C R? is the (flat) midplane. Given a Riemannian

metric G : Q; — R3*® (symmetric uniformly positive definite matrix), we consider

16



3d deformations u : Qg — R? driven by the strain tensor €g(Vu) given by

eq(Vu) := = (Vu'Vu - G), (2.1.1)

N | —

that measures the discrepancy between Vu’ Vu and G; hence, the 3d elastic energy
E[u] = 0 whenever €;(Vu) = 0. We say that G is the reference (prestrained or
target) metric. An orientable deformation u : Q, — R? of class H?(Q) satisfying
€z(Vu) = 0 is called an isometric immersion. We assume that G does not depend

on s and is uniform throughout the thickness, written as follows

G(x,z3) =GX) = Vx' € Q, x5 € (—s/2,5/2), (2.1.2)

with g : Q — R?*? symmetric uniformly positive definite [35, 53]. If g'/? denotes

the square root of g, we have

Gz = . G = . (2.1.3)

We will use the following notation below. The *" component of a vector
v € R" is denoted v; while for a matrix A € R™*™, we write A;; the coefficient of
the " row and j* column. The gradient of a scalar function is a column vector
and for v : R™ — R”, we set (Vv);; == 0jv;, ¢ = 1,.,n, j = 1,...,m. The
Euclidean norm of a vector is denoted | - |. For matrices A, B € R™™  we write
A: B i=tr(BTA) = 31, >, AiBy; and |A| = VA': A the Frobenius norm of
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A. To have a compact notation later, for higher-order tensors we set
n 3
A = (A ER™™™ = tr(A) = (tr(Ag)),_,.  |A] = (Z yAkP) . (2.1.4)
k=1
Furthermore, we will frequently use the convention
BAB = (BAyB);_, € R¥>**, (2.1.5)

for A € R3*2*2 and B € R?*2. In particular, for y : R? — R3, we will often write

_ _ _ _1/2\3
gDy g = (g7 Dy g ), (2.1.6)
which, combined with (2.1.4), yields
3 1/2
_ _ - 17212
lg7/2 D2y g~12| = (Z’g 12 D2y g2 > ’
k=1 (2.1.7)

tr(g* Dy g7'%) = (tr(g7"/* Dy 9_1/2))2:1'

Finally, I, will denote the identity matrix in R™*".

2.1.1 Elastic energy for prestrained plates

We present, following [35], a simple derivation of the energy density W(Vu G™!)
for prestrained materials. This hinges on the well-established theory of hyperelas-

ticity, and reduces to the classical St. Venant-Kirchhoff model provided G = I5.
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Such model for isotropic materials reads

W(F) = uler]* + étr((-:l)2, €(F) :=

5 (F'F - I5) . (2.1.8)

N | —

Here, I is the deformation gradient, €; is the Green-Lagrange strain tensor and A

and p are the (first and second) Lamé constants. This implies

F+FT
D*W(I,)(F, F) = 2ule? + Mr(e)?, e:= *‘2 . (2.1.9)

We point out that in [39], the strain tensor €; = €;(F) of (2.1.8) is set to be
€(F) = VFTF — I3, which yields the same relation (2.1.9), and thus the same
['-limit discussed below.

Given an arbitrary point xo € (), we consider the linear transformation
ro(x) := G'2(x0)(x — X¢); hence Vry(x) = G'/2(xg). The map ry can be viewed as
a local re-parametrization of the deformed 3d elastic body, and z = ry(x) is a new

local coordinate system. This induces the deformation U(z) := u(x) and

u=Uor, = Vu(x) =V,U(z) G2 (xp),

where V, denotes the gradient with respect to the variable z. The deviation of

VulVu from the reference metric G at x = xq is thus given by (2.1.1)

ex(Vu) = = (Vu'Vu - G) = =63 (V,UTV,U — I;)G? = G2¢,(V,U)G3,

N —
N —
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The energy density W(V,U) at z = ro(x) with x = x¢ associated with €;(V,U),
which minimizes when €;(V,U) vanishes, is governed by (2.1.8) for isotropic materi-
als according to the theory of hyperelasticity. What we need to do now is to rewrite
this energy density in terms of Vu at x = xg, namely W (V,U) = W(VuG~/2),

whence
2\ 2
W(VuG?) = u| G2 eg(Vu) G—W) + St (G—1/2 ec(Vu) G‘1/2> . (2.1.10)
This motivates the definition of hyperelastic energy for prestrained materials

E[u] ;:/ W(vu(x)a(x)—%)dx—/ £,(x) - u(x)dx, (2.1.11)

s

where f, : Q, — R3 is a prescribed forcing term and W is given by (2.1.10).

Note that the pointwise decomposition G(x¢) = Vrg(xg)? Vro(xg) is always
possible because G(xg) is symmetric positive definite. However, a global transfor-
mation r such that Vr?Vr = G everywhere need not exist in general because G is
not required to be immersible in R3. This is referred to as incompatible elasticity
in [35]. Moreover, the infimum of E[u] in (2.1.11) should be strictly positive if the

Riemann curvature tensor associated with G does not vanish identically [53].

2.1.2 Reduced model

It is well-known that the case Efu] ~ s corresponds to a stretching of the

midplane ) (membrane theory) while pure bending occurs when E[u] ~ s* (bending
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theory); see [40]. We examine now the formal asymptotic behavior of s FE[u] as
s — 0; see also [35].

We start with the assumption [17, 41, 53]

u(x) = y(x') + zza(x)v(x') + %x%ﬁ(x/)u(x’) Vx' € Q, z3€(—s/2,8/2),

(2.1.12)
where y : 2 — R3 describes the deformation of the mid-surface of the plate, v(x') :=
% is the unit normal vector to the surface y(£2) at the point y(x’), and

a, B : 0 = R are functions to be determined. Compared to the usual Kirchhoff-Love

assumption
ux,z3) =yx)+zvix) VX €Q, x3€(—s/2,5/2), (2.1.13)

(2.1.12) not only restricts fibers orthogonal to 2 to remain perpendicular to the
surface y(€2) but also allows such fibers to be inhomogeneously stretched. We rescale
the forcing term in (2.1.11) as follows

s/2
f(x') ;== lim 3_3/ f.(x',23)dxs VX €Q, (2.1.14)

s—0+ 75/2

and assume the limit to be finite. However, for the asymptotics below we omit
this term for simplicity from the derivation and focus on the energy density W in
(2.1.11).

Denoting by V' the gradient with respect to x” and writing b(x') := a(x')v(x')
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and d(x') := f(x')v(x’), we have for all x = (X, z3) €
Vux) = |Vy(x) + 23V'b(x') + %x%V’d(x’), b(x) + z3d(x)| € R¥S.
Using the relations
viv=1 and vVIVy=vIVr=d'Vv=d"Vy =b'Vv=>b"V'y =0,

we easily get

o TV V/yTv/y 0 . v/yTv/b + V/bTvly V/bTb
u u = I3
0 a? b’V'b 208
LV'yTV'd + V'd"V'y) + V'bTV'b  1Vd"b + V'b’d
+ 23

1p7V'd +d"V'b 32

+ h.o.t.
Moreover, since
w*=1, 9b=(0,a)v+adjv and v-0;y=0 forj=1,2,

we have

VbiV'y =aVv'Vy and V'blb=aV.
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Therefore, the expression 2G~/2€5(Vu)G~'/2 becomes

G :vuTVuG 2 — I; = Ay + 2234, + 2245 + O(a3),

where
[ _1 _1
g :Iylg2—-1L 0
Al = )
0 a?—1
[ _1 1l 1 1l
—ag 2 My]g~2 zag972V'a
AQ = )
%OzV’aTg’% af
g 2(V'bTV'b + (Vy'V'd + V'd"V'y))g~ 7 Lg72(V'd"b +2V'b7d)
A3 =
L(v'd"b +2V'bTd)"g > 3

are independent of x3 and

Iy] = V'y'V'y and Iy]= -V V'y

are the first and second fundamental forms of y(£2), respectively. To evaluate the
two terms on the right-hand side of (2.1.10), we split them into powers of x3. We
first deal with the pre-asymptotic regime, in which s > 0 is small, and next we

consider the asymptotic regime s — 0.

2, we first note that

Pre-asymptotics. To compute s~° [, ‘G_%GG(Vu)G_%

112

1 1 2
Gigeg(VU)Gi§ :Z|A1‘2 -+ I3A1 IA2 + %AliA;g + JI§|A2|2 + O(l’g),
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all the terms with odd powers of x5 integrate to zero on [—s/2, s/2], and those terms

hidden in O(z3) integrate to an O(s) contribution after rescaling by s3. We next

realize that

_3/ /|A1] dx' = s~ /|A1| dx’
—5/2
5/2
83/ $3d$3/141 Ang = _/Al Ang
s/2 Q

o2
53/ x3dx3/ | Ay Pdx" = /}Ag‘ dx’
—s/2

and exploit that s=* [, |G_%€G(VU)G_%‘2 < A independent of s to find that

is a higher order term because [, |As|*dx’ < C?. We thus obtain the expression
1
/ Glea(Vu)GH |’ = /\Al\ dx’ +—/ Ao’ + O(s).
We proceed similarly with the second term in (2.1.10) to arrive at

tr(G 7 ea(Vu)G—7)? :i tr(A;)? + z3tr(A4;) tr(Ay) + %x% tr(Ay) tr(As)

+ a:?), tr(A2)2 + O(m%),
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and

53/ tl“(Cv”%esg(Vu)G’%)2 = % tr(Al)de’+ 1 tr<A2)2dX/+ O(s).
Qs 48 Q ]_2 Q

In view of (2.1.10) and (2.1.11), we deduce that the rescaled elastic energy s> E[u] &~

EJ[y] + Eply] for s small, where the two leading terms are the stretching energy

Ey] = 8—;/9 <2u|A1}2 + )\tr(Al)2>dx’ (2.1.15)

and the bending energy

Eyly] = i/ﬂ (2,u|A2|2 + /\tr(Ag)2>dx’ (2.1.16)

with A; and Ay depending on I[y] and II[y], respectively.

Asymptotics. We now let the thickness s — 0 and observe that for the scaled
energy to remain uniformly bounded, the integrant of the stretching energy must
vanish with a rate at least s?. By definition of A;, this implies that the parametriza-
tion y must satisfy the metric constraint g’% Iy] g’% = I, or equivalently y is an

1sometric immersion of g
Vy'V'y =g ae. in(, (2.1.17)

and a? = 1. Since E,[y] = 0, we can take the limit for s — 0 and neglect the higher
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order terms to obtain the following expression for the reduced elastic energy

.1 1 1
liy 5 | W(VaGdx = 5 Q<gu1A2|2t)\tr(A2)i>dx’, (2.1.18)
=w(B)

where, using the definition of As, w(5) is given by

w(B) = 2ulg~2 My g7 2|* + 2uB% + A(—tr(g~2 My] g~2) + 5)*

because o? = 1. In order to obtain deformations with minimal energies, we now

choose 8 = f(x’) such that w(/) is minimized. Since

dw 1 1 2U)
%:4u6+2>\(—tr(g FMy] g 2)+6) =0 and G = 4p+ 23>0,
we get
A 1 1
B = 2u+)\tr(9 2 Myl g 2),
which gives
1 12 20U\ 1 1.2
w(B) =2ulg 2 Uly] g2 +A+2Mtr(9 Iylg2)

Finally, the right-hand side of (2.1.18) has to be supplemented with the forcing
term that we have ignored in this derivation but scales correctly owing to definition

(2.1.14). In the sequel, we relabel the bending energy Fply| as Ely], add the forcing
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and replace x’ by x (and drop the notation ’ on differential operators)

Ely| =+ / (lg*Tlylg ™4[ + Qﬂj ~tr(g i Tylg#)")dx - / fydx. (21.19)

This formal procedure has been justified via I'-convergence in [39, 41] for isometries
Ily] = Iy and in [53, Corollary 2.7], [17, Theorem 2.1] for isometric immersions
I[y] = g. Moreover, as already observed in [39], we mention that using the Kirchhoff-
Love assumption (2.1.13) instead (2.1.12) yields a similar bending energy, namely

we obtain (2.1.19) but with A instead of 25%

2.1.3 Admissibility

We need to supplement (2.1.19) with suitable boundary conditions for y for
the minimization problem to be well-posed. For simplicity, we consider Dirichlet and
free boundary conditions in this chapter, but other types of boundary conditions
are possible. Let I'p C 09 be a (possibly empty) open set on which the following

Dirichlet boundary conditions are imposed:
y=¢ and Vy=® onl)p, (2.1.20)

where ¢ : Q@ — R? and @ : Q — R3*2 are sufficiently smooth and ® satisfies the

compatibility condition ®7® = g a.e. in . The set of admissible functions is
A(p, @) :={y € V(p,®): Vy'Vy =g ae. in Q}, (2.1.21)
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where the affine manifold V(¢, @) of H?(2) is defined by

V(p, @) :={y € [H* Q)] : yir, =%, Vy|r, =P} . (2.1.22)

Our goal is to obtain

y" = argming e, ,.0)E(y), (2.1.23)

but this minimization problem is highly nonlinear and seems to be out of reach both
analytically and geometrically. In fact, whether or not there exists a smooth global
deformation y from Q C R" into RY satisfying the metric constraint (2.1.17), a so-
called isometric immersion, is a long standing problem in differential geometry [47].
Note that Vy is full rank if y is an isometric immersion; if in addition y is injective,
then we say that y is an isometric embedding. For n = 2, Nash’s theorem guarantees
that an isometric embedding exists for N = 10 (Nash proved it for N = 17, while
it was further improved to N = 10 by Gromov [43]). When N = 3, as in our
context, a given metric ¢ may or may not admit an isometric immersion. Some
elliptic and hyperbolic metrics with special assumptions have isometric immersions
in R? [47]. We assume implicitly below that A(¢, ®) is non-empty, thus there exists
an isometric immersion that satisfies boundary conditions, but now we discuss an

illuminating example in polar coordinates [36, 64].

Change of variables and polar coordinates. If ( = ((;,(s) : Q—Qisa change

of variables { — x into Cartesian coordinates x = (z1,22) € Q and J(&) is the
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Jacobian matrix, then the target metrics g(§) and g(x) = ¢g(((&)) satisfy

61615 82@5
7€) = JETgc@nIe), e — | B O] (2.1.24)

06,G2(§)  06,Ga(8)

Let £ = (r,0) indicate polar coordinates with r € I = [0, R] and 6 € [0,27). If

g = I is the identity matrix (i.e., I[y] = I5) and n(r) = r, then g(§) reads
g(r,0) = : (2.1.25)

We now show that some metrics of the form of (2.1.25) with 7(r) # r are still
isometric immersible provided 7 is sufficiently smooth. Consider the case |r'(r)] <1

along with the parametrization

y(r,0) = (n(r) cos 8, n(r)sin 6, (r))". (2.1.26)

Since 0,y - 0py = 0 and |9py|* = n(r)?, if ¢ satisfies |0,y|*> = 7/(r)? + ¢/'(r)* = 1,
we realize that y is an isometric embedding compatible with (2.1.25). On the other

hand, if |7'(r)] > 1 and @ > max,¢; |'(r)] is an integer, then the parametrization

5(r.0) (@ cos(ad), @ sin(af), /0 i "'C(L?th)T (2.1.27)

is an isometric immersion compatible with (2.1.25) but not an isometric embedding.

We will construct later a couple of isometric embeddings computationally.
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We also point out that (2.1.25) accounts for shrinking if 0 < n(r) < r and
stretching if n(r) > r. To see this, let 4,.(8) = (r,0)T, 6 € [0,27), be the parametriza-
tion of a circle in € centered at the origin and of radius r, and let I'.(6) = y(v,-(9))

be its image on ¥(Q) = y(€). The length ¢(T,) satisfies

2
8)‘d8: \/% 30 0)7(0)d6 = / e_ew)ﬁ,

0

and the ratio n(r)/r acts as a shrinking/stretching parameter.

Gaussian curvature. Since E[y| > 0 provided that the Gaussian curvature xk =
det(II[y]) det(I[y])~! of the surface y(€2) does not vanish identically [17, 53], it is
instructive to find k for a deformation y so that I[y| = ¢ is given by (2.1.25). Since
the formula for change of variables for Il[y] is the same as that in (2.1.24) for g = I|y],
we realize that x is independent of the parametrization of the surface. According
to Gauss’s Theorema Egregium, = det(Il[y]) det(I[y])~* can be rewritten as an
expression solely depending on I[y]. Do Carmo gives an explicit formula for £ in

case g = I[y] is diagonal [34, Exercise 1, p.237], which reduces to

o= 1) (2.1.28)

for g of the form (2.1.25). Alternatively, we may express l[[y];; = 0;;y - v, where

»(r,0) is the unit normal vector to the surface y(Q) at the point ¥(r,6), in terms
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of the orthonormal basis {r, 0,y,n(r)"*9yy} as follows. First observe that

|ar3;‘2 =1 = 87“7‘? : 87“5’: = 07 a@rAyJ : arS’: = 07
0551? =0?(r) = Oy - gy =n(r)n'(r), oy - gy =0,

87“3; : 6937 =0 = arry : 693; = 0.

This yields

67“7“3; = (arry . ﬁ)l/, 899? = (0993; : D)B + (89957 . 81&)&&»

whence

]I[y]rr]:[[y]eﬁ = (8rr§ : 5) (aOGAy/ . 5) = 87’7“? : 89«9?‘

We next differentiate 9,y - 0py = 0 and 0,9y - dpy = n(r)n'(r) with respect to 6 and

r, respectively, to obtain

"

arry : aeo? = 87"0? : 81”9? - 77/(T>2 - 77(7")77 (T)
We finally notice that 0,9y = (0.y - V)V + %89?, whence
(I[5),0)° = (0,65 - D)* = 0,65 - Dy — /().

Therefore, we have derived det l[y| = [y], [y]|g — (]:[[?],ng)2 = —n(r)n”(r) and as

det I[y] = n(r)?, we obtain (2.1.28). This expression will be essential in a computa-
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tional example that is presented later.

2.1.4 Alternative energy

The expression (2.1.19) involves the second fundamental form I[y] = -~V Vy
and is too nonlinear to be practically useful. To render (2.1.23) amenable to com-
putation, we show now that II[y| can be replaced by the Hessian D%y without
affecting the minimizers. This is the subject of next proposition, which uses the

notation (2.1.7) for g=1/2D?yg1/2,

Proposition 2.1.1 (alternative energy). Lety = (yx)i_, : Q — R? be a sufficiently
smooth orientable deformation and let g = Ily] and Uly] be the first and second
fundamental forms of y(S2). Then, there exist functions fi, fo : Q@ — Rsq depending

only on g and its derivatives, with precise definitions given in the proof, such that

g7t Dy i = g Iy g g 2129

and

tr(972 Dy g72) | = te(g 2 Myl g72)" + for (2.1.30)

Proof. First of all, because y is smooth and orientable, the second derivatives 0,;y

of the deformation y can be (uniquely) expressed in the basis {01y, dry, v} as

Dy = Zr dy + IL;[y] v (2.1.31)

Oy X2y

where |01y x 02y |

is the unit normal and I'}; are the so-called Christoffel symbols of
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y(©2). Since Féj are intrinsic quantities, they can be computed in terms of the
coefficients g;; of g and their derivatives [34]; they do not depend explicitly on y.

We start with the proof of relation (2.1.29). To simplify the notation, let us
write @ = g~2. Using (2.1.31) we get

(aIlly] a)z’j v = QAim (]Imn[}’] V) Anyj

1

2 2
aim(amnY)anj — Z Aim, ( Firmaly> anj>
1 m,n=1 =1

M 2

m,n

or equivalently, rearranging the above expression,

2 2
(a D%y a)y; = (allly] a)iv + Z Qi <Z F%,ﬁz)’) -
I=1

m,n=1

Since the unit vector v is orthogonal to both 0y and 0.y, the right-hand side is an

ly-orthogonal decomposition. Computing the square of the l;-norms yields

Y (aD*yea)? = (allly|a)? + f (2.1.32)

k=1

with
2 2
fij = Z 9ils Z aim1aimzrlﬁllnlrzgnQGnljanﬂ.
l1,l2=1 mi,ma,n1,n2=1
Functions f;; do not depend explicitly on y but on g and first derivatives of g.
Therefore, summing (2.1.32) over 4, j from 1 to 2 gives (2.1.29) with f, := 7., fi;.
The proof of (2.1.30) is similar. Since tr(aIl[y]a)v = Y7 (aIl[y]a); v it

suffices to take ¢ = j and sum over 7 in the previous derivation to arrive at (2.1.30)
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with

2 2
— E E I l2
f2 = i1l ailmlai2m2Fm1n1Fmgngan1i1a’n2i2'
l1,l2=1 i1,i2,m1,m2,n1,n2=1
This completes the proof because fo does not dependent explicitly on y. O

Remark 2.1.1 (alternative energy). As stated, Proposition 2.1.1 is valid for smooth
deformations y and metric g. It turns out that for y € [H*(Q))® and g € [H'(Q) N
L>(Q)]**2, the key relation (2.1.31) holds a.e. in Q and so does the conclusion of

Proposition 2.1.1.

Proposition 2.1.1 (alternative energy) shows that the solutions of (2.1.23) with

the energy FE[y] given by (2.1.19) are the same as those given by the energy

2) —/Qf~y. (2.1.33)

The Euler-Lagrange equations characterizing local extrema y € [H?(2)]3 of (2.1.33)

2 A
+2,u+)\

N|=

tr(g~2 D%y g 2)

_ﬂ _1 .9 —
E(y) = 12/(2(‘9 2 D%y g

SEly;v]=0 Vv e [H*(Q)?, (2.1.34)

can be written in terms of the first variation of E[y] in the direction v given by

OEly;v] ‘:%/g (972 D’y g 3): (972 DPvg2) ( |
2.1.35

M D2y gt te(gd DPvgd) — [ £
+6(2M+>\>/Qtr(g D7y g )tr(g D*vg ) /Qf V.

The presence of the trace term in (2.1.35) makes it problematic to find the governing

partial differential equation hidden in (2.1.34) (strong form). However, when A = 0,
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integration by parts shows that P, := g~ D%y, g~ € R?*2 for k = 1,2, 3 satisfies

3
ViV —EZ</dinikavk—/ dika~nvk—i—/ Pkn~VUk)—/f'V,
6 [2)9] o2 Q

where n is the outwards unit normal vector to 9€2. On the other hand, if g = I5 in
which case y is an isometry, then E[y] in (2.1.19) and (2.1.33) are equal and reduce

to

Ely] —%/Q|D2y|2—/ﬂf-y, o= % (2.1.36)

thanks to the relations for isometries [10, 13, 22]

My]| = [D%y| = [Ay| = tr(Ily]). (2.1.37)

The strong form of the Euler-Lagrange equation for a minimizer of (2.1.36) reads

adivdiv D?y = aA?y = f. This problem has been studied numerically in [10, 22].

2.2 Discretization

We propose here a local discontinuous Galerkin (LDG) method to approximate
the solution of the problem (2.1.23). LDG is inspired by, and in fact improves upon,
the previous dG methods [22, 23] but they are conceptually different. LDG hinges on
the explicit computation of a discrete Hessian H},[y;] for the discontinuous piecewise
polynomial approximation yy, of y, which allows for a direct discretization of Ej[yp]

n (2.1.33), including the trace term. A salient feature is that the stability of the
LDG method is retained even when the penalty parameters are arbitrarily small.
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2.2.1 LDG-type discretization

From now on, we assume that Q C R? is a polygonal domain. Let {7} }x>0 be
a shape-regular but possibly graded elements T, either triangles or quadrilaterals,
of diameter hy := diam(7") < h. In order to handle hanging nodes (necessary for
graded meshes based on quadrilaterals), we assume that all the elements within each
domain of influence have comparable diameters. We refer to Sections 2.2.4 and 6 of
Bonito-Nochetto [21] for precise definitions and properties. At this stage, we only
point out that sequences of subdivisions made of quadrilaterals with at most one
hanging node per side satisfy this assumption.

Let &, = £ UE} denote the set of edges, where &) stands for the set of interior
edges and &} for the set of boundary edges. We assume a compatible representation
of the Dirichlet boundary I'p, i.e., if T'p # () then I'p is the union of (some) edges
in & for every h > 0, which we indicate with £; note that I'p and &P are empty
sets when dealing with a problem with free boundary conditions. Let & := &) UEP
the set of active edges on which jumps and averages will be computed. The union

of these edges give rise to the corresponding skeletons of Ty,

Fg::U{e:eeg,?}, FhD::U{e:eéghD}, e .=Tyury. (2.2.1)

If h. is the diameter of e € &, then we introduce the piecewise constant mesh
density function h defined to be equivalent locally to the size hr of T" and h,. of an

edge e. From now on, we use the notation (-,-).2(qy and (-, )z2(re) to denote the L7
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inner products over {2 and I'{, and a similar notation for subsets of {2 and I'}.

Broken spaces. For an integer k > 0, we let Py (resp. Q) be the space of
polynomials of total degree at most k (resp. of degree at most k in the each variable).
The reference unit triangle (resp. square) is denoted by T and for T € Tn, we let
Fr: T — T be the generic map from the reference element to the physical element.
When 7y, is made of triangles the map is affine, i.e., Fr € [P}, while Fr € [Q]?
when quadrilaterals are used.

If k > 2, the (broken) finite element space VF to approximate each component

of the deformation y (modulo boundary conditions) reads

Vi o= {vn € L*(Q) : vpiroFr € Py (resp. Qp) VI € Tp} (2.2.2)

if 7, is made of triangles (resp. quadrilaterals). We define the broken gradient Vv,
of v, € V¥ to be the gradient computed elementwise, and use similar notation for
other piecewise differential operators such as the broken Hessian D2vj, = V;,Vvp,.
We now introduce the jump and average operators. To this end, let n. be a
unit normal to e € £ (the orientation is chosen arbitrarily but is fixed once for all),
while for a boundary edge e € £, n,. is the outward unit normal vector to 9. For

v, € VE and e € &7, we set

[vn] o =1y, — U;J{u [V hus] o = Vyv, — th;f, (2.2.3)

where v (x) := lim,_,o+ vp(x + sn.) for x € e. We compute the jumps compo-
h
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nentwise provided the function vy, is vector or matrix-valued. In what follows, the
subindex e is omitted when it is clear from the context.

In order to deal with Dirichlet boundary data (¢, ®) we resort to a Nitsche
approach; hence we do not impose essential restrictions on the discrete space [VF]3.
However, to simplify the notation later, it turns out to be convenient to introduce
the discrete sets Vi (¢, ®) and V§(0,0) which mimic the continuous counterparts
V(e, ®) and V(0,0) but coincide with [VF]3. In fact, we say that v;, € [V]® belongs

to V¥ (¢, @) provided the boundary jumps of v, are defined to be
Vile =V — @, [Vivile:i= Vv, —®, Vec &P, (2.2.4)

We stress that [|[va][|2qpy — 0 and |[[[Vavi]|[2@py — 0 imply v, — ¢ and
Vv — ®in L?(T'p) as h — 0; hence the connection between V¥ (¢, ®) and V(¢p, ).
Therefore, we emphasize again that the sets [VF]? and V¥(p, ®) coincide but the

latter carries the notion of boundary jump, namely
Vi(p, @) := {Vh € [VE3: [Vile, [Vavi]e given by (2.2.4) for all e € 5}?}. (2.2.5)

When free boundary conditions are imposed, i.e., I'p = (), then we do not need to
distinguish between V¥ (¢, ®) and [V¥]3. However, we keep the notation V¥ (¢, ®)

in all cases thereby allowing for a uniform presentation.
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We define the average of v, € V¥ across an edge e € &, to be

Tf+v;) e &
(o}, =4 2" " " (2.2.6)

b
vy, e €&y,

and apply this definition componentwise to vector and matrix-valued functions. As

for the jump notation, the subindex e is drop when it is clear from the context.

Discrete Hessian. To approximate the elastic energy (2.1.33), we propose an LDG

approach. Inspired by [22, 65], the idea is to replace the Hessian D%y by a discrete

3x2x2

Hessian Hy[yn] € [L*(Q)] to be defined now. To this end, let [1,l; be non-

2x2

negative integers and consider two local lifting operators r. : [L?(e)]? — [V41]?*2 and

b : L*(e) — [V2]>*2 defined for e € £ by

n(@) e Vi [

We

be(9) : T, = /{divrh} ‘n.p VY, € [VR]P2 (2.2.8)

ro() T — /{Th}ne-¢ Vr, € VA2, (2.2.7)

(o) € Vs [

We

It is clear that supp(r.(¢)) = supp(be(¢)) = w., where w, is the patch associated
with e (i.e., the union of two elements sharing e for interior edges e € £ or just one
single element for boundary edges e € £°). We extend r, and b, to [L?(e)]**? and
[L?(e)]3, respectively, by component-wise applications.

The corresponding global lifting operators are then given by

Ry:= Y re: [LP(TR)] = [Vi>2, Bui= ) be: L(T4) — [VE>2. (22.9)

e€sy e€ly
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This construction is simpler than that in [22] for quadrilaterals. We now define the

discrete Hessian operator Hy, : VE(p, ®) — [L2(2)]”*"? to be

Hh[Vh] = D,%Vh - Rh([thh]) + Bh([Vh]). (2210)

We can prove in a standard way (using trace and inverse inequalities), see for
instance [22, 30], the following a priori upper bounds for the L?(2) norm of the

lifting operators R;, and Bp:

Lemma 2.2.1 (L?-bound of lifting operators). For any v, € Vi (¢, ®), for any Iy, 1

non-negative we have

IR (Vv 2 S 02 [V avi]ll s,

and

IBr(va)llzz@) S 102 [va]ll2p)-

Discrete energies. We are now ready to introduce the discrete energy on V¥ (¢, )

2

Eylyn] 32%/ ‘97% Hilyn] g2
Q

S /

Vi gy 1 2 20,3 ]
_1_3”}1 Q[Vh}’h]HL?(Fi)—"EHh 2[yh]||L2(I‘Z)_/Qf-Yha

’ (2.2.11)

tr(gfé Hylyn) 97%)

where 79,71 > 0 are stabilization parameters; recall the notation (2.1.4) and (2.1.5).

One of the most attractive feature of the LDG method is that vy, y; are not required
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to be sufficiently large as is typical for interior penalty methods [22].
Note that the Euler-Lagrange equation dEj[yn;vy] = 0 in the direction vy,
reads

CLh(yh,Vh) = F(Vh) Vvh € Vi(o, O), (2212)

where

6

+ 6(%:\—/\)/91“ (9_%Hh[)’h]g_%> - tr (9_%Hh[Vh]9_%) (2.2.13)

@Y V) ::H/ﬂ (9_%Hh[yh]g‘%> : (g‘%Hh[vh]g—%>

+ 7 (b [Vayal, [Vth])Lz(FZ) + 70 (h ™[yl [Vh])Lz(Fz)a

and

F(Vh) = /Qf * Vi, (2214)

compare with (2.1.34) and (2.1.35).

We reiterate that finding the strong form of (2.1.35) is problematic because of
the presence of the trace term. Yet, it is a key ingredient in the design of discontin-
uous Galerkin methods such as the interior penalty method and raises the question
how to construct such methods for (2.1.35). The use of reconstructed Hessian in
(2.2.13) leads to a numerical scheme without resorting to the strong form of the

equation.

Constraints. We now discuss how to impose the Dirichlet boundary conditions
(2.1.20) and the metric constraint (2.1.17) discretely. The former is enforced via the

Nitsche approach and thus is not included as a constraint in the discrete admissible
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set as in (2.1.21); this turns out to be advantageous for the analysis of the method
[22]. The latter is too strong to be imposed on a polynomial space. Inspired by [22],

we define the metric defect as

Dalys] =)

TeT

/T (Vyr Vyn — g)' (2.2.15)

and, for a positive number e, we define the discrete admissible set to be

A’Z,E = {Yh S Vﬁ(go, Q) Dylyn < 6}-
Therefore, the discrete minimization problem, discrete counterpart of (2.1.23), reads

min  FEj[ys]. (2.2.16)

yheA}

Problem (2.2.16) is nonconvex due to the structure of Af _.

2.2.2 Discrete inequalities

In this subsection we collect and prove some key definitions, inequalities and
properties for discrete functions v, € [V¥]?, which will be useful in the analysis later
in the dissertation.

We first introduce the mesh-dependent quantity (-, -) H2(9) defined for any
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vy, Wp € [Vi]g by

(Vio Wi 2 () = (Diva, Diwn) 2() + (07 [Vaval, [Vawa]) r2rg)

+ (W [va], [Wa]) L2 (e (2.2.17)

which is a discrete H? scalar product on V5 (0,0) when I'p # (). Moreover, we define

I1vallliz0) = (Vi Vi) ()
h

In the Dirichlet boundary case I'p # (), the latter is a norm on V§(0,0) but is not
a norm on V¥(p, ®) due to the prescribed boundary data. Moreover, ||| - [ m2(q) i
only a seminorm for the free boundary case (I'p = 0).

Then, following what is done in [21, 22|, when k& > 2 we define a smoothing

interpolation operator II;, : E(Ty) := Hper, HY(T) — VEN HY(Q) as follows.

Definition 2.2.1 (Smoothing interpolation). Given the canonical basis functions
{0}, of VRN HY(Q) with supports {w;}X, associated with nodes {x;}IX.,, we com-

pute the local L? projection vy; € VENHY(Q) of vy, € VE on w; for eachi=1,...,N
/ (vn — vps)wn = 0 Y, € VE A HY(€), (2.2.18)

and we define Iyv, = sz\il vni(i)di.  For functions vy, € [VF]3, 11, is applied
component-wise. For the general case v, € E(Ty), we can modify the definition of

I, by composition with a local Le-projection from E(Ty) to V5§, as in [22].
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By (2.2.18), it is clear that V¥ N H(Q) is invariant under II,. We have the

following estimates for IIj,. First, as proven in [22] for any v, € E(7}) there holds
_ 1
IVTIhon 2 + 1071 (on — Thvn) [ 220y S [ Vionllzz@) + (72 [on] |2 o). (2.2.19)

Then, we further have

Lemma 2.2.2 (Estimates of the smoothing interpolant I1,). For any v, € V¥ we

have

_ _1 _3
W= (Vihon = VI || 2) S 1Dhonllz@) + 1072 [Vaval | 2oy + 11072 [on] | 2209
(2.2.20)

ITpvnllr2@) S llvellz2@), (2.2.21)

and

1 _1 _3
!\Vﬂhvh—@/VHhvhHLQ(Q) S IDsonll ez + 1072 [Vavn] || 2oy + 1072 [va] || 22 (o)
Q

(2.2.22)

Proof. We prove the three inequalities following the ideas used in the proof of Lemma

6.6 in [21] and of Lemma 2.1 in [22]. Definition (2.2.18) implies that

vnill2w) < llvnllL2w)-

Then for any T' € Tj, denoting by wr the union of all the w; that intersect T, we
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have

1
Ipvnlr2er) S Z loni(@i)||z2(r) < Z [vn,ill ooy | T2

z, €T x; €T
S onillzay S llvwllzzgen),
x, €T

where we used that vj,; belongs to a finite dimensional space (and thus ||v,; o
Er|[ o7y and [|on; © Fr| 127 are equivalent with constant independent of the mesh
size) and the shape regularity of the mesh. Then we obtain (2.2.21) by summing

last inequality over the elements T € T;,. To prove (2.2.20), it suffices to prove that

W (Vaon = Vori) 2wy S I Dhonll 2w + ||h_%[vhvh]“L2(F?hi) + ||h_%[vh]||L2(F2,i)a

(2.2.23)
where I') ; denotes the union of the edges e € I') that belong to the interior to w;.
Since v, belongs to a finite dimensional space, then according to standard norm
equivalence and scaling arguments, it suffices to show that if the right-hand side of
(2.2.23) vanishes then the left-hand side also vanishes. If the right-hand side equals
to zero then v, € Py(w;) which implies that vj,; = vj, in w;. Hence, the left-hand
side is zero. We emphasize again that the powers of the meshsize result from the

scaling argument.
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To prove (2.2.22), we first note that for any wj, € E(7;,) there holds

wp —— [ w wy, — Hpw + = [ wp—— | [hw
h Q] rllL2(Q) S [|Wh hWh || L2(0) 0 h 0] hWh

1
thh — @ thh
Q

L(Q)

l

L2(Q)

S llwn — Mpwa | rz@) + [VITaw| r2(q)

_1
S IVawn 2@ + [h72 [wp]| 2oy, (2.2.24)

where we use the triangle inequality for the first inequality, the Cauchy-Schwarz and
the standard Poincaré-Friedrichs inequalities for the second one, and the estimate
(2.2.19) for the third one. The hidden constant depends on 2 and is independent

of h.

Then we apply (2.2.24) to wy, = VII,v, € V¥ and get
1 1
VI, = 7 | Fhanllsey < 108 anl sy + I VI
Q
Then we have

_1 _1
1Dl 2wy + D72 [Vorall 2oy S I1DRvsll 2 + 72 [Viorl 2y

3

+ 7= [on]l[ 2o s

since v, € Py (w;) implies that vj,; = vy, in w; and then implies the left-hand side is

0. Altogether we prove (2.2.22) as a consequence. O
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We have the following inequalities related to [|[ - ||| g2(q)-

Lemma 2.2.3 (discrete Poincaré-Friedrichs). (i) Case I'p # (). For any discrete

function v, € V¥ (e, ®) we have
IVallze@) + IVavallzz@) S HIvalllaz) + lellm @) + 1] #(q)- (2.2.25)
Moreover, for any v, € V5(0,0) we have
IVallzz@) + IVavallze@) < lIvalllaze)- (2.2.26)

In both (2.2.25) and (2.2.26), the hidden constant depends on € and I'p.

ii) Case I'p = 0. For any v;, € [V¥]? we have
h

IVavilleze) S Ivalllmze) + [[vallz2@). (2.2.27)

where the hidden constant depends on ).

Proof. The proof of (i) is given in [22]. To prove (ii), applying (2.2.20) component-

wisely and assuming h < 1 we have

_1 _3
Vv — VILvill2@) S |1 Divallzz) + 072 [Vavalll 2wy + 1072 [Va] |l 2r).-
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By (2.2.22) componentwisely and the triangle inequality we have

_1 _3
IVILWVall2(9) S I1DRvallzz) + 072 [Vivil ooy + (72 [va] [l 2oy (2:2.28)

1
— IT 2(0)) .-
+H|Q|/QV thHL(Q)

Note that for vy, € [H'(Q)]?, by integration by parts for each component there

holds

/VHth :/ (IT,vy) ® vaq,
Q a0

and thus using the Cauchy-Schwarz inequality, the trace inequality and Young’s

inequality we have

0922

1
/ (IIyvy) ® voa| S — Iaval 2200
o0 ||z

1
— [ vo —
| Q /ﬂ Wil ) Q!

C
S el VILva|| 2 + ?HHthHLZ(Q),

with € chosen small enough (depends on 2 but is independent of h) such that

€| VIL Vi r2(0) can be absorbed into the left-hand side of (2.2.28). As a result,

_1 _3
IVIL VAl 2) S 1Davallzz@) + 1072 [Vavalll 2wy + 072 [Valll2g) + [Tavall L2,

where the hidden constant depends on ).

Using (2.2.21), we eventually obtain

3

_1 _
IVIvallz@) S I1Dhvallez) + 072 [(Vavilll ey + 072 [Valll 2oy + [[Vall 2 (@)
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where the hidden constant depends on 2. Combining the above relations we get

(2.2.27) with a hidden constant depending on 2. O

2.3 T'-convergence

We first introduce some properties of the discrete Hessian Hj[v,] that will be

used to prove the I'-convergence of the discrete energy E}, to the continuous one E.

Lemma 2.3.1. For any 71,70 > 0 there ezists a constant C(yy,71) > 0 such that

for any vy, € Vi(p, ®) and any l;,ly > 0 we have

oIl ey /IHthI +%Z/ [Tl +702/ 3w |2

e€sy ec&p

(2.3.1)

Moreover, the constant C(vo,v1) tends to 0 when vy or v, tends to 0.

Proof. Let us write

/’Hh Vhl +’)/1Z/ Vth| +’)/02/ 3’Vh :[1+[2—|—]3. (2.3.2)

We give a lower bound for the term I;. We have

L = 1Dyvilia) + 1| = B ((Vaval) + By (vl 7o)

+2 /Q Divi - (=R ([Vaval) + Bi2([va)))
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Then

L 2 | Dyvillia) + I = By (Vaval) + B (Vi) 220
= 2| Divall 2@l B (va)) = By ([Vaval) 2

> (1= a ) Divallza@) + (1 = @)IB(va]) = By (Vava)) 72

where we used the Cauchy-Schwarz inequality for the first inequality and Young’s
inequality with a > 1 for the second one. Similarly, using triangle and Young’s

inequalities we get

B3 (val) = By (Vava) 72y < 208y (vaD 2 + 2R3 (Vava) 72

Since a > 1, we have 1 — a < 0, and thus

L > (1= a Y| Divallfa) +2(1 = )| By (Vi) 72 +2(1 = )R (Vava)) 72
> (1= a YIDival72() +2(1 = @) Col b [va] I 72ra)

+2(1 — @)Cy||h [Viva)] ||%2(rg)7

where we used Lemma 2.2.1 for the second inequality with Cy and C; some positive

constants. Using the last two terms in (2.3.2) we obtain

L+ L+ I >min {1 —a " 2(1 = a)Co +70,2(1 — a)Ch + 7 } thH?{g(Q)

20



Therefore, the result holds with
C(y0,m) :==min {1 —a ", 2(1 = a)Co + 70, 2(1 — @)C1 + 71 }
provided that for any ~y,v; > 0, we can choose o > 1 such that
20— a)Co+v% >0 and 2(1—a«a)Ci 4+~ >0.

We easily see that we can take any

. Yo §a!
1 1+ — 1+ —
ae(,mm{ —1—200, +2CI}>,

(2.3.3)

the interval being non-empty for any vy,v; > 0. Finally, the coercivity constant in

(2.3.3) tends to 0 since « tends to 1 as vy or y; tends to 0.

O

Lemma 2.3.2 (Weak convergence of Hy,). Let v, € VE(p, ®). If valllzz@) < C

for all h and vy, — v € [H*(Q)]? in [L2(Q))® as h — 0, then for any l;,ly > 0 we

have

Hylvy] — D*v  in [L2(Q)}3X2X2 as h — 0.

o1

(2.3.4)



Proof. For any ¢ € [C5°]>*?*? we have

[t 0= [ Diviso= RY(Viva)) s+ B (i) : ¢

— —/ Vivy o diveo + Z /[Vth] : {¢ _Illz¢} ne
Q 6652 ¢

- /Q R ([Vava)) (6 — o) + /Q By ([val) : ¢

_ /th Sdiv(dive) + Y [ [Vava] - {6 — Tho) n.

eeé'g ¢

- / R (Vavil) (6 — Tho) + / BE([va)) : (6 — T4o)
Q Q

=3 [ {aivio - Tk + 3 - ) {aivTion.

6652 eec‘lhD

:IT1+T2+T3+T4+T5+T6.

Here, Z!¢ € [V} N HI(Q)]3*?*2 denotes the Lagrange interpolant of ¢, and
[ := min{ly,ls}. Note that Ts = 0 when I'p = (). We treat each term separately.

Since v;, — v € [H?(Q)]? in [L*(Q)]® as h — 0, we have

Tl—>/V~div(div¢):—/Vv:divgb:/D2v:¢ as h — 0.
Q Q Q

For T3 we have that

ITs] < [|Ry (IVaviD) |2 @llé — Zh 6l 2o
_1
S I 2 (Vavalll e ollé — Zholl 2

< C||Iill¢ — ¢llL2() = 0
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as h — 0, where we used the uniform boundedness of [||up||[g2(q) and Lemma 2.2.1.
The proof that T, converges to 0 as h — 0 can be done in a similar way.

To bound the term 75, we use the scaled trace inequality

1Zh¢ — dllr2(e) S he 2 1(Zhe — &)l 2wie)) + REIIV(Zhd — D) r2(0(e)). (2.3.5)

where w(e) denotes the union of the two elements adjacent to e € £7. We have

ol = > [1Vival - {6 — Tho}ne| <1072 [Vava] |z Iz (6 — Zho) | reo
ecl V€ ecE?

< Z |lh~2 Vth HL2 (Z ||Z}ll¢ - (bl‘%?(T) + h2Hv(Il11¢ - ¢)”%2(T)>

eESO TeTh

—0

as h — 0, using again that |[|vp[|[g2(q) is uniformly bounded. We can proceed

similarly to show that T tends to 0 as h — 0. Finally, when I'p # (), for Ty we get

3 .
ITel S 3 1072 (Vi = @)z 12 div T @]l 2oy

eEED

N|=
D=

S Z b~ (v, — )72 <Z W2 | T4l oy + h4|I;L¢ﬁ{2(T)> — 0,

eEED T€Th
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as h — 0 since

_3
Yo I (v =@ = D W2 ValllZa < lIvalllfz < C*

ecep ecgp

To sum up, we have [, Hu[vy] : ¢ = [, D*V : ¢, and thus we have the weak

convergence result. O]

Lemma 2.3.3. Let v € [H?(Q)]® be any function such that, when Tp # 0, v = ¢
and Vv = ® onTp. Moreover, let vy, := Ikv € V¥ (o, ®)N[H(Q)]? be the Lagrange

interpolant of v. Then for any li,ly > 0 we have as h — 0
Hylvi] — D*v strongly in [L*(2)]>*2*2, (2.3.6)
Proof. To prove (2.3.6), we will show that
Divy, — D*v in [L*(Q)]>***2 (2.3.7)

and

1R, (Vava)llZz@ — 0 and | B ([va])ll72) = 0 (2.3.8)

as h — 0. For the proof of (2.3.7), we use the H?-stability
||D2vh”L2(T) 5 |V|H2(T)7 VT e 771, (239)

of the Lagrange interpolant. The inequality (2.3.9) can be shown using the Bramble-
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Hilbert lemma and inverse inequalities (as shown in Section 9 of [22]). Moreover,

from [22], we have
hj_w2||V — Vh||L2(T) + h;IHV(V — Vh)“L?(T) S |V|H2(T)- (2.3.10)

Next, we consider v¢ € [C*(Q)]? a smooth mollifier of v such that v¢ — v
in [H*(Q)]® as € — 0. Then, thanks to (2.3.9) and (2.3.10) there exists a constant

1 > 0 such that

ID*(vi = V)l[z2ery S I1D* (v = Vi) L2y + 1D* (Vi = V) L2y + 1D* (v = V)l

< 01’V — VE|§{2(T) + C2h2T|V€|§{3(T) + ’VE - Vl?ﬂ(T)’
where v¢§ := ZFve. Hence, summing over T € T, and using hy < h we get
1D} (Vi — V)H%Q(Q) <(A+C)v— VGﬁJ?(Q) + C2h2|V6@13(Q)-

Then, since [|[v — v¢||g2@) — 0 as € — 0, given any 1 > 0 we can pick e small
enough such that ||v — VE||%IQ(Q) < n/2. Then we pick h small enough such that
Coh?[v[%s(q) < 1/2, and consequently we conclude ||Divy, — D*v|[Z5q) — 0 as
h — 0, which shows (2.3.7).

We now prove (2.3.8). By Lemma 2.2.1 we have

_1 _1
1R, (VavaDllZz() S W72 [VavillZe @) = 1072 [Va(vi = V)] Ze(ry).
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s[Vvl]=0onee€& and Vv = on e € EP (when T'p # (). Moreover, by the

scaled trace inequality (2.3.5) and (2.3.10) we obtain for any e € &}

Ih=2 [V (vh — V)]HL? Sh 2 Va(vi — V)H%Q(w(e)) + || DR (vi, — V)H%Q(w(e))
= b2 IVi(vh = v = T (vio = V)| 2200y
+ || Dji (v, — V)H%Q(w(e))

h2
S D (1) = Vi,

Tew(e)

where w(e) reduces to one element if e € £ (when I'p # 0), and thus further by

shape-regularity

IR (VaviDllize S D Ve = VIipg =0 as h—0.

Tew(e)
Proceeding similarly, we can show that HB;ZQ([V;L])H%Q(Q) — 0.
The strong convergence (2.3.6) of the reconstructed Hessians follows from the
definition of the reconstructed Hessians and the strong convergence properties of
D3vy,, RY([Vivy]) and B2 ([vy]) established previously.

]

The above properties of the discrete Hessian are now used to prove the coer-

civity and I'-convergence of discrete energy Ej[yp].

Theorem 2.3.1 (Coercivity). Let y, € V¥(p, ®) and let v9,71 > 0. When T'p =0,

yulllfz @) < Enlyn]- (2.3.11)
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When T'p # (),

Iyl @) < Enlyn] + Il @) + 1915 o) + €170 (2.3.12)

The hidden constants of (2.3.11) and (2.3.12) depend only on 1, g and the constant

C(v0,71) that appears in (2.3.1).

Proof. Let V denote the range space of H'™ = VE(p, ®) — [L*(Q)]****2. We first
note that ([, lg72 -g72[?)2 : V — R is a norm as ¢ is a symmetric positive definite
matrix. Since V is a finite dimensional space, and all the norms are equivalent on
a finite dimensional space, there exist two positive constants ¢, and C, depending

only on g such that

_1 _1
Cg|\H;Ll’l2(yh,k)H%2(Q) S/Qfg 2 V2 (g 1)g 2\2SCgHHflf’lQ(yh,k)H%Z(Q)-

Then by Lemma 2.3.1 and the fact that the trace term in (2.2.11) is positive, in the
case I'p = (), for any vp,v1 > 0 we have
2 I1,l2 2 Y1, -1 2
Enlyn] = ColHy Yl + 5 1072 [Vaya]lzeg) (2.3.13)

Y0 .- 3 1 . 1
+ EHh 2[Yh]|’%2(rg) > §mm{ng;1}0(’70771)|||Yh"|i15(9)7

which proves (2.3.11). Recall that we assume f = 0 for the free boundary case.
When I'p # 0, the left-hand side of (2.3.13) becomes Ep[yn] + [ f - ya. To

estimate the forcing term, using Cauchy-Schwarz and Young’s inequalities, as well
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as Lemma 2.2.3 (i), we have for any & > 0

[ £3n <6 (Il + Il + 190m) + 5216l
For any 79,71 > 0 we can choose & > 0 small enough such that
C3 = %min{Cg%, 1}C(v9,m1) — & > 0.
Therefore, we get

- . 3
Calllynlllizzio) < Enlya] + allellin @ + all@lling + =l (23.14)

which concludes the proof of (2.3.12). O

Remark 2.3.1. Note that the coercivity of Ey holds for any positive penalty pa-

rameter vy and 71, and they do not necessarily have to be sufficiently large as in

[22].

Now, we turn to the I'-convergence of Ej[y;]. In the remaining part of this
section, we mainly focus on the free boundary case. The case with Dirichlet boundary
conditions then naturally follows.

In the case I'p = (), the key point is a compactness result. Indeed, the coerciv-
ity of Ej, only provides the uniform boundedness of the seminorm [yl g2(q), which
clearly cannot ensure compactness in [L?(Q)]?. In fact, the compactness can only

hold for the sequence yy, after a proper rescaling for each h. Before proving this, see
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Theorem 2.3.2 below, we first make the following observation for functions in the

discrete admissible set Ay ..

Lemma 2.3.4. Ify, € Aﬁj’e, then HVhth%g(Q) S e+ |gllo@-

Proof. Note that by the triangle inequality

S| [sivn|< S| [ wyivi-al+ 3| [
TeT, T TeT, T TeT, VT
<e+ Z/\g\

TeT, 7T

< e+ gz

Then, we compute

/ VyiVyn
T

Hence,
Vil = 3 [ 1Vl £ 3 | [ 95i9m < e+ gl
TeT, 7T TeT, T
This completes the proof. n

Theorem 2.3.2 (Compactness for the free boundary case). Assume that Tp = ()
and let {yn} C A} . be a sequence such that Eny,] < C uniformly. Then there exists
a shifted sequence yy, := yn — cp € A with constant ¢, € R* and y € [H*(Q)]?
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such that (up to a subsequence) y, — y and Vyy, — Vy in [L*(Q)]® as h,e — 0

provided that h < 1.

Proof. Take ¢ := ﬁ fQ yn. Then by the Poincaré-Friedrichs inequality (2.2.24)

applying to y;, € [VF]? we have

_ _1
1901720y = Iy = cullizi) S 1Vaynll7z) + I Z[Yh]H%%rg)- (2.3.16)

By Lemma 2.3.4 and the fact that V,y, = V,ys, we have that [|[V,y 22
is uniformly bounded. Since Fjly,] < C by assumption and Ej, is coercive, we
have that ||yal 2 is uniformly bounded and thus || Diynllr2) = [|1Dhyallzz2@
is uniformly bounded. The uniform boundedness of ||yp|| m2(), recall b < 1 by

assumption, also implies that
_1 _3 ~
I lyllBagry < 02 yallZagey) < C.

and thus using (2.3.16) we deduce that ||yh||%2(m is also uniformly bounded. It is
clear that ), € A}, [ys] = [J5] on each e € £). Moreover, as we assume that f = 0
in the free boundary case, we have Ey[yn] = Enlyn].

Then we can apply the same argument used for the case I'p # ) in [22, Propo-
sition 5.1, stepl-step3] to conclude the claimed compactness result. It is therefore
only sketched. The uniform bound in L? guarantees that y; converges weakly (up
to a subsequence) in [L?(Q)]* to some y. Setting z, := Iy, — (1/|Q2]) [, nys €

[VENH(Q2)]3, we invoke the Poincaré-Friedrichs inequality (2.2.24) coupled with the
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[H1(2)]3 stability (2.2.19) of IT}, to deduce that zj, is uniformly bounded in [H(Q)]3.
As a consequence, z, converges strongly (up to a subsequence) in [L?*(2)]* to some
z € [H'(Q)]3. To show that y = z, we note that the interpolation property (2.2.20),
Poincaré-Friedrichs inequality (2.2.24) and the uniform boundedness of E}[y}] yield

|¥n — 2zn||z20) = 0 as h — 0. Consequently, we also have

1Y — 2ll20) < |70 — Znllz2@) + 120 — 2l 22@@) — 0

as h — 0. The uniqueness of weak limits guarantees that y = z and thus y,

strongly converges (up to a subsequence) in [L*(Q)]® to y € [H'(Q)]3.

Repeating
this argument for V,y, = V,y, yields that V,y; strongly converges (up to a

subsequence) in [L?*(Q2)]**? to Vy. O

Remark 2.3.2. In the free boundary case, define K;, := {w;, € [VF]? : Eylyn +
wh] = Eplys] for all y, € [ViPP} and Dy = {wy, € [Vi]? - ypt+wy € A, for all y, €
Ai’e}. Then it is clear that if y, is a solution to (2.2.16) then yy, + wy, is also a

solution for any wj, € K, NDy,. Constants belong to K, NDy.

Theorem 2.3.3 (Lim-inf of E},). Assume that T'p = (. Let 1,1y > 0 and let the
prestrain defect parameter € = €(h) — 0 as h — 0. Let {y»} C A} be a sequence
such that Eylys] < C uniformly. Then there exists y € A and a shifted sequence
Yn =Yn—Cp € AZ,E with constant ¢, € R3 such that (up to a subsequence) y, —'y

in [L2(Q)]? as h — 0, and Ely] < liminf Ej,[y;] = lim inf Ej[yp).
h—0 h—0

Proof. 1f ¢, := \ﬁllfﬂ Vhr, by Theorem 2.3.2, we have y, € A’,;E and there exists
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€ [H*(Q)]? such that y;, — y and V,y, — Vy in [L*(Q)]* as h — 0 up to a sub-

sequence. Moreover, Ey[ya] = Exlyal, |51l 20y and [[Vialliz() are uniformly

bounded.

To prove that y € A, we also need to show that y satisfies the constraint

Vy!'Vy = g a.e. in Q. We proceed in two steps. First, notice that

implies that

Indeed, we have

Z VYL VYL — gllin)

TeTy

2

TeT,

/(V}_’ZV}_’h — 9)‘ <e
T

> IVYEVYL =gl < ch + e (2.3.17)
TeTh

<y

TeT,

21

TeT

e 1 e
VyLVynL—g— T / (VyLVyn —9)
T

LY(1)

/ vyh Vyn — )

LY(1)

S Z hre||V(VYE VYR — Vgl

T€Th

>

TeT

/v IV — )'

S b (ID°9ull 2 IV 98l 2y + 1Vl 2 ry) + Dyl
TeT,

< A Dyl 2o IV eynll 2@ + RVl @) + Drlys),

where the second inequality follows from the Poincaré inequality and the third one

uses Holder’s inequality and the definition of the prestrain defect given in (2.2.15).
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Since | Diynllr2) and || Va¥n| 12 are uniformly bounded, (2.3.17) follows from
the regularity assumption on g and the assumption that Dy[y,] < e.

Then, since

IVy"'Vy — gl < Z (IVy"™V(y =)l + IV = 30) " VIulloir)
TET,

+ Z IV VYn — gl
TeT,

we have

IVY"'Vy — gl < (IVYlla@) + IVayallz@) IVeyn — Vyll 2

+ Z IV VYn — gl
TeT;

which goes to 0 as h,e — 0. Here, we used the fact that V,y, — Vy in [L?(Q)]?,
the uniform boundedness of V;y, and Vy, and (2.3.17). Thus, Vy?Vy = g a.e. in
), and hence y € A.

Now we prove the lim-inf property. Due to Lemma 2.3.2 we have Hp[ypx] —
D2y, as h — 0 for k = 1,2,3. Therefore, g2 Hy[jni]g™2 — g2 D%yg~2 as h — 0.

By weakly lower-semicontinuity of the L?(€2) norm, we have that

1 _1 .. -1 — -1
/|g 2 D?yyg 2|2§hm1nf/|g 2 Hp[Ynr]g 2|2-
Q h—0 [¢)

—\

D=

Now we focus on the trace term of Ej and E. Since we have g’%Hh[gjh,k]g’

g_%Dkag_%, it suffices to prove the weakly lower semicontinuity of the following
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functional:

/tr(F)2 < liminf/tr(Fh)Q,

where Fj,, F' € [L*(2)]**? are such that F};, = F as h — 0.

Consider the functional p : [L3(Q)]>** — R defined by p(F) := ([, tr(F)?)>.
We can easily see that p satisfies the triangle inequality, is a convex function and is
actually a semi-norm. Thus for any 8 > 0 the set S := {F € [L*(Q)]**? : p(F) < 8}

is convex. Moreover, since the following estimate holds true
p(F) = [[tr(F)|lz2) = [|1F: Illr20) S [[Fllr2(9),

we infer that S is closed in the topology with respect to the L?*(2) norm. Since
the convex set’s closure is the closure in the weak topology, S is then also closed in
the weak topology. This implies that p(F') < liminf, o p(F},) whenever Fj, — F as
h — 0. Therefore,

1 1 .. 1 1
/tr(g‘?Dkag 2)2 §11£Ln1nf/tr(g 2HplYnklg 2)2.
Q Q

—0

Finally, since the stabilization terms in Ej are positive, we have Ely] <

hgln_}(r)lf Enlyn] = h%n_}élf Ewlyn)- O

Remark 2.3.3 (Lim-inf for the Dirichlet boundary case). When I'p # 0, thanks
to Theorem 2.3.1 (coercivity of Ey) and equation (2.2.25) of Lemma 2.2 (discrete
Poincaré-Friedrich inequality), there existsy € [H?*(2)]? satisfying the given bound-
ary conditions and such that, up to a subsequence, y;, —y in [L2(Q)]® and Vy, —
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Vy in [L*(Q)]**? as h — 0. The proof of this compactness result for the Dirichlet
boundary condition case is the same as Proposition 5.1 in [22]. Then the proof of
the lim-inf condition when T'p # () follows naturally as in the proof of Theorem 2.3.3
with ¥, replaced by yy,. Finally, note that the possible presence of a forcing term in

this case is not be a problem as [ -y, — [ f-y when y, =y in [L*(Q)]°.

Theorem 2.3.4 (Lim-sup of E}). Let l1,ls > 0. For any'y € A, there exists

{yn} C Af N [HQ)]® such that
yh—y in [L*(Q)] ash—0

and

Ely] > limsup Ej[ys],
h—0

provided that € > C’h||y||§{2(ﬂ) for some positive constant C.

Proof. Assume firstly that T'p = (). Let y, = ZFy € Vi(p, ®) N [H'(Q)]® be the
Lagrange interpolant of y. By Lemma 2.3.3 we have that Hy[yn ] — D?yx strongly
in [L2(Q)]22 as h — 0, and thus g~2 Hy[ynrlg™2 — g 2D%yeg2 in [L2(Q)]**2 as

h — 0. Therefore,
. _1 _1l9 1.9 —12
lim | |g 2 Hplynilg 21" = [ |9 2D yrg 2"

For the trace term, proceeding as in the proof of Theorem 2.3.3, it suffices to

show that the condition F, — F in [L*(Q)]*** as h — 0 implies [, tr(F)* >
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lim supy, o, [o, tr(Fr)?%. For p(F) :== ([, tr(F)%)z, we have p(Fy,) < p(F)+p(F,— F).

If we take lim sup on both sides, we get

limsupp(F,) < p(F)+limsupp(F, — F) < p(F) + limsup |[tr(F, — F)|| 2
h—0 h—0 h—0

< p(F)+ climsup ||F, — F||z2 = p(F),
h—0

with ¢ = v/2|Q|z, and thus

1

. 1 1 _1 1
hmsup/tr(g 2 Hplynilg 2)? S/tf(g 2D%yrg 7).
Q Q

h—0

Finally, as the stabilization terms in Ej tend to 0 for this particular choice of yy,
see Lemma 2.3.3, we have Ey| > limsup,,_,q Ex[ys)-
To conclude the proof, we also need to show that y, = Iy € VF¥(p, ®) N

[H'(Q)]? is in A} _, namely that yj, satisfies

Dulya) = )

T€Th

/ VyiVyn, — g‘ <e.
T
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Since Vy!Vy = g a.e. in 2, we have

STIVyEVyn — gl < D (1YYl + 1Vyallea) 190y = yi)llee
TET, TET

+ > IVY"'Vy = gl

TET,
Sl Vyllem ylma + Y hilyliem
TeTs TETh

< hl|Vylle@lylaz@ + Ry < 20lyllEeq),

where the second inequality follows from the fact that |V (y —yu)|lc2¢r) S hrly| w2

and ||Vyulrzr) S IVYllzzery + hrlylazer). Then for € > Chlly|[%2 g, we have

2

T

/(Vygv}’h — 9)‘ < Z VYL Vyn = gllir) < e,
T T

ie., y, € Alfi’e.
The same procedure can be applied in the case I'p # (), using additionally

that limy_g fQ f, -y, = fQ f-y. O

Recall that by our assumption of immersibility of g and compatibility of bound-
ary data, we know that A # (). By above argument in the proof of Theorem 2.3.4,
we know that the discrete admissible set Afae is not empty, provided that € is large
enough. Indeed, for any y € A, let yj, := ZFy € V¥ (o, ®)N[H'(Q)]? be the standard

Lagrange interpolant of y. Then there exists a constant C' > 0 depending only on
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the shape regularity of 7, and 2 such that

Dilyn] < Chllyll7(q)- (2.3.18)

In particular, A} . # 0 provided € > Chlly (/%2 q)-
This result can then be used to show the existence of a minimizer of the discrete

energy Ej, within Ay ¢, see Proposition 2.3.1 below.

Proposition 2.3.1. Let h > 0 be fized and let € be large enough such that Aﬁ’e 18

not empty. Then there exists at least one solution to Problem (2.2.16).

Proof. Let us first consider the free boundary case T'p = (). Let m := infyhe&x;’z Enlys]

be finite. Let {y}'}n>1 C A} . be a minimizing sequence, i.e., such that

nhj& Eulyr] = m. (2.3.19)

Because E,[y) + c] = Ely}] and Dyly) + c] = Dyly}] for any constant vector
c € R3 (as f = 0 for free boundary case), we can assume without loss of generality
that [,y = 0. Consequently, from the Poincaré-Friedrichs estimate (2.2.24), the
control of the gradients provided by Lemma 2.3.4 and the coercivity of the energy F),
(Theorem 2.3.1), we deduce that ||y}|/r2@) S 1. Because [VE]? is finite dimensional,
we have that (up to a subsequence) {y?},>1 converges strongly in [L*(Q2)]® to some

y € [VE]3. In turn, the continuity of the quadratic energy Ej and the prestrain
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defect D), guarantee that

Enlyy] = lim Eplyp] = inf - Eplys]

YheAh,e

and y;° € Aﬁve. This proves that y;° is one solution to the minimization problem
(2.2.16).

We can proceed in a similar way for the case I'p # (), except that
sup [|yy L2 < 00
n>1

directly follows from Theorem 2.3.1 and the Poincaré-Friedrichs inequality (2.2.25).

In particular, the y; do not need to have mean-value zero. O

To summarize, we can conclude that Ej[y,] I'-converges to E[y] as h — 0 for
both the Dirichlet and free boundary conditions, which implies the convergence (up
to a subsequence) of almost global minimizers of the discrete problem (2.2.16) to

global minimizer of continuous problem (2.1.23) as in [22].

2.4  Discrete gradient flow

To find a local minimizer y;, of Eu[y,] within Af _ for a fixed mesh, namely
to solve the non-convex constrained minimization problem (2.2.16), we execute a
discrete H? gradient flow.

The H? metric is defined by (2.2.17) in the case I'p # () while in the free

boundary case I'p = 0, we add the term o(-,-)2(q) with o > 0. To have a unified
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notation, we introduce

(Vi Wiz = (Vi Wi)z2(0) + (Divi, Diwn) 20

+ (W Vaval, [Vewa])rag) + (W2 [val, [Wa]) 2, (24.1)

where 0 = 0 when I'p # () and 0 > 0 when I'p = (). Moreover, we define

HVhH?qg(Q) = (Vh»Vh)Hg(Q)-

We emphasize that we have (-, -)g2(q) = (-, ) uz) and || - [#2¢) = [|| - ||| #2(@) when
I'p # 0. Note that || - || z2(q) defines a norm and (-, ) y2(q) defines a scalar product
on [VE]3if Tp = ), and on V§(0,0) if T'p # (. They are not norm or scalar
product respectively on V}*(¢p, ®) if I'p # 0 because non-homogenous boundary
data are involved in jumps on boundary edges, but this is not problem as we shall
see (+,-) (o) is only applied to V¥(0,0) in the gradient flow for Dirichlet boundary
case. Moreover, we deduce from the estimate (2.2.27) for the free boundary case

that

IVavalleze) S IVallzz@), (2.4.2)

where the hidden constant now depends on ¢ and €.

k

The discrete H* gradient reads as follows. Given an initial guess y) € Aj .

and a pseudo time-step 7 > 0, we iteratively compute y;*! := y?+dy} ™ € VF(p, ®)

that minimizes
1 n
Yn = ZH}’h - YhH%T%(Q) + En[ynl, (2.4.3)
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under the following linearized constraint 5y} € Fy,(y}) for the increment, where

Fu(yn) == {Vh € V(0,0) : Lyly}; vy = /TVVnyZ + (Vy") Vv, = 0,VT € 771} .
(2.4.4)

This linearized constraint Lz[y}; dy '] = 0 for all T € T}, is enforced using Lagrange

multipliers. Here, we consider the space of symmetric piecewise constant matrices

defined by

M= {0 Qo R AT = A, A€ V]

To minimize (2.4.3) with the linearized constraint (2.4.4), we thus seek solu-

tions (dy} ™, APt) € VE(0,0) x Ay, such that

T*l(éyzﬁ'l’ Vh)H,%(Q) + 5Eh[y2 -+ (Syz+1](vh) + bh(vh, )\24‘1; yZ) — F(Vh),

bu(Sy T s y) = 0,
(2.4.5)

for any v;, € V¥(0,0) and j;, € Ay. The bilinear form by, (-, -; y7) depends on y? and

is defined for any (v, A\s) € V5(0,0) x Ay, by

(Vi Ay = > / A (VVEVyR + (Vy) T Vvy). (2.4.6)
T

TET,

Recall we define the bilinear form a; as in (2.2.13) and linear form F' as in

(2.2.14). Also, we assume there is no forcing term in the free boundary case, namely
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f = 0. Then we have

Bulyi) = 5an(ynya) = Fulya) and 8B [yal(va) = an(yn, va) = F(va), (247)

and (2.4.5) can be rewritten as: find (5y} ™, \}™') € V£(0,0) x Ay, such that

0y, Vi) () an Oy, vi) 4 bu(Va, A yn) = Fu(va) — an(yh, va)

(2.4.8)

br(Sy ™, pn;yh) =0

for all (vp,un) € VF(0,0) x Aj,. Note that y? € VF(p,®), and when I'p # 0,
the boundary data are implicitly contained in ap(y7, v4) through the liftings of the
boundary data that appear in Hy[y,]. Moreover, when I'p = 0, the term o(-, -) 20
in the H? metric fixes the kernel of the linear problem (2.4.8) and guarantees its
solvability.

The proposed strategy is summarized in Algorithm 1.

Algorithm 1: (discrete-H? gradient flow) Finding local minima of Ej,

Given a target metric defect € > 0, a pseudo-time step 7 > 0 and a target
tolerance tol;
Choose initial guess y}, € A ;
while 77| E, [y ] — Ep[y?]| >tol do
Solve (2.4.3)-(2.4.4) for sy *! € V¥(0,0);
Update y; "' =y + oy}
end

We now show that the discrete gradient flow decreases the discrete energy Ej,

at each step and controls the prestrain defect Dy,.
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Theorem 2.4.1 (Energy Stability). Assume that dy;t" solves (2.4.8). If Syt is
non-zero, and we iterate y”Jrl =y —|—§y”+1 forany0 <n < N—1. Forany N > 1,

we have

TS N0y ey < Enlys). (2.4.9)

Proof. If we take v, = Sy ™' # 0 and pj, = A" in (2.4.8), then we obtain when
I'p #0

T 0y iz + an(yn ™ 0y ) = Fu(dy, ™).

When I'p = 0, the right-hand side is 0 as we assume f = 0 in this case. Since ay, is

a symmetric bilinear form, we have

aj, ( +1 5y +1> — 2 (thrl’thrl yh) 4 2ah(yh+1;yh+l yh> (241())
_ 1 n+l n+l 1 n+1 1 5 n+l n+l n
=5 YR ) = 5en(yRT V) gan(yh +0yETL YR —yh)
_ 1 n+1l  n+l 1 1 5 n+1 5 n4+1
= (YY) = 5en(Vis Vi) + 5an(0yyT vy
Therefore, using (2.4.7) we get
—1 n+1 1 n+1 n+1 n+1 n
loy5 17 ot 3 San(0y ", 0y ) + Enly, ] = Enlyn] (2.4.11)

Since Sy € V¥(0,0) and dy} " # 0 we have a,(dy; !, Sy t!) > 0 and further
|0y} HH ) > 0, and thus Eply " < B[y, Moreover, (2.4.9) follows after we

sumover n =0,1,..., N — 1. O
Theorem 2.4.2 (Control of Defect). Lety, € Aj . Then, for any N > 1, the N'
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iterate y1 of the gradient flow satisfies

Dnlypl = Z

TeT,

/T((VyéV)TVyéV —)| < e+ er(Buy)]+6) =16 (2.4.12)

Here ¢ > 0 is the hidden constant of (2.2.26) if Tp # 0 (of (2.4.2) if Tp = 0),
which depends only on Q and T'p (resp. on Q and o), while ¢ > 0 depends only on
i, g, the constant C(~y,71) that appears in (2.3.1), as well as ||@|| a1, ||P|la1 @),
and ||f|| 2y when T'p # 0.

Moreover, if En[yYN] > 0 (which is necessarily the case when £ = 0, which is
assumed when T'p = (), then (2.4.12) holds true with ¢ = 0.

In particular, if y;, = ZI'y° is the Lagrange interpolant of some y° € A, then
Dulyi] S (h+ )l ey + 0. (2.4.13)

Proof. Note that

/ (Vyit) vyt = / (Vyn) " Vyi + / (Voy, ™)' Vyi, (24.14)
T T T
+ [ wypresypt e [ (Vaypyrsy
T T

- / (VY)Y + / (Voy}) ' Voyp,
T

T
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where the second equality follows from the linearized constraint (2.4.4). Therefore,

N—1
>/ <<Vin>TVyif—g>\= VI RS B
TeT, T TeT, "m0
(2.4.15)
N—1
<> | [(wspron —g>' £ 96y
reT, T TET, n=0
N-—1
e+ e 310V o
n=0

where for the last inequality we used the fact that yj) € Ay _ , as well as the discrete
Friedrich-Poincaré type inequality (2.2.26) if T'p # () and the inequality (2.4.2) if
I'p = (). Using (2.4.9) and noting that Ej[yY] > 0 (recall that f = 0 when I'p = 0),

which implies that E,[y~] > 0), then we have

N-1
Z H(;YZHHJ%I,%(Q) < TEplyp],
n=0

and (2.4.12) with ¢ = 0 follows by inserting the last inequality in (2.4.15). For the

general case, which can only occur when I'p # (), from (2.3.14) we have
C3|HY;]LVH|?{}2L(Q) —c< Eh[Y;]:{L

where C3 > 0 and ¢ > 0 depends only on ||f|| .2y, [[¢lla#1@), |®|la#1(@), #, g and the

constant C'(7p,71) that appears in (2.3.1). Inserting the last inequality in (2.4.9),
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and using that ||[y}'|||2) > 0, we have

N-1
Z ||5YZ+1”§{3L(Q) < 1Eylyp] + 7¢,
n=0

and (2.4.12) follows by inserting the last inequality in (2.4.15).
In turn, (2.4.13) follows from (2.3.18) and upon noting that the definition of
the discrete Hessians (2.2.10), Lemma 2.2.1 (L? bound of lifting operators), a trace

inequality, and the local stability of the Lagrange interpolant imply
EWTyy"] S ||If]fy0|’i1,§(9) S Y070 (2.4.16)

This concludes the proof. n

Note that for a general target metric g, it may be difficult (if not impossible)

k

to construct an explicit y” € A. In this situation, a suitable initial guess y) € Aj

with €y small can be generated via a preprocessing procedure, which is presented in
Section 2.5.1.

We emphasize again that in the case I'p = ), we modify the definition of
()20 by adding an L? term to fix the non-trivial kernel of the linear problem
(2.4.8). Indeed, the bilinear form ay(.,.) has a nontrivial kernel in F,(y}) contain-
ing the constant vectors. This is reflected in Theorem 2.3.2 where the sequence
yn :=yn — (1/|Q]) fQ V1, and not yy, is precompact. For this but also to charac-
terize more precisely the limit deformation y;° obtained by the gradient flow (see

Proposition 2.4.1), we note that our scheme actually controls the evolution of the

76



deformation averages throughout the gradient flow for the free boundary case. This

is the object of the next result.

Theorem 2.4.3. Assume that U'p = () (recall that £ = 0 in this case). Given any

initial deformation’yy, the n' iterate yj of the gradient flow satisfies [, yi = [, ¥h.-

Proof. Let us take vj, = C in the first equation of (2.4.8), where C is a constant
vector. Note that D?*v;, = 0, Vv, = 0 and [vi] = 0 along all interior edges e € S,i.
n+1

Therefore we have a,(y?,vi) = an(5y} ™, vi) = bp(AT vy y3) = 0. Moreover, we

have

Oy ™ Clmz) = o0y, C) 20 ZCO’/ vy,

where the subscript 7 indicates the extraction of the i"® component of a vector.

Then the first equation of (2.4.8) reduces to

an/ yirh), =0,

n—l—l)

which implies that fQ oy ; = 0 for any n and each component. Hence,

n

/Q(YZ)i = /Q(yg)ﬂrZ((S}’i)i :/Q(yg)i-

7j=1
This finishes the proof. O

Remark 2.4.1. If there is a non-zero external force £, then Theorem 2.4.53 does not
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hold. However, at each step of the gradient flow, we have

Q g Jo

This can be shown easily by using the same calculation as in the proof of Theorem
2.4.3 but adding a term fQ f-v,, on the right-hand side of the first equation of (2.4.8).
This means that in the free boundary case, if fo # 0 then it is not possible for
the gradient flow to converge. This is physically meaningful: the plate will move
endlessly since it is not constrained on the boundary. In the free boundary case,

without losing generality, we have assumed the stronger assumption f = 0.

Remark 2.4.2. In particular, Theorem 2.4.3 implies that fQ yr = 0 for all the
iterates if [,yy = 0. The later can easily be achieved by subtracting (1/|Q) [y}
to any initial guess y9 without affecting En|yY| or Duly%]. The sequence {y }nso
of outputs of the gradient flow is then precompact and satisfies the assumption in

Theorem 2.3.3 without further shifting.

In the free boundary case, if yy, solves (2.2.16), then Ry, + c is also a solution
for any 3 x 3 rotational matrix R and constant translation c. How the translation
c is fixed in the gradient flow is already shown in Theorem 2.4.3, and it is related
to the average of the initialization. We now show how the rotation R is fixed once

an initialization y9 has been chosen.

Theorem 2.4.4. Assume that T'p = 0 (recall that £ = 0 in this case). Given an

initialization y% for the gradient flow, we denote by y? the corresponding n' iterate.
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Then, if we take Ry as a new initialization, the corresponding n' iterate is Ry%.

Proof. Let (dy}, A,) be the solution of (2.4.8) for n = 0. Then for any test function

vy, € [VF]? we observe that RTv;, € [VF]3 is also an admissible test function and we

thus obtain

(6%hs B'Vi) 20y + Tan(0y 3, RTva) + 70u( Ny R'Va; y3) = —7an(yy, R va)

bi(pn, 0y 3 yh) = 0.

Now, consider again (2.4.8) for n = 0 but with y) replaced by y% := Ry" in the

right-hand side of the first equation of (2.4.8). Then (6y}, A}) is such that

(557]11, Vh)HEL(Q) + T&h((sy}” Vh) + Tbh(j\}ll, Vi, Ry?l) = —Tah(Ry?L, Vh) VVh S VZ(O, 0)

bh(uh>5y}1z; RYfOl) =0 Vup € Ap.

Since (dy}, RTVh)Hi(Q) = (R(Sy,ll,vh)H}zL(Q),

an(yh, R"vi) = an(Ry}, v1), an(0y;, RTvy) = an(RSy:, vi),

and
bn(Npy RTvisyp) = by, vis Ryy),  bu(pn, 0955 Ry)) = bn(pn, RT09 15 v7),

we have 0y} = Roy} and Al = A\}. This implies that y} := y)+0y} = R(y)+dy}) =

Ry;.
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Inductively, we can conclude that y;' = Ry} for any n if y}' and y} correspond

to n'" iterate with initialization y) = Ry) and y% respectively. [

Energy decreasing gradient flow algorithms are generally not guaranteed to
converge to absolute minimizers. We address this aspect in the next proposition and
show that the gradient flow reaches a deformation y;°, which is a local minimum

for Ej, in the direction F,(y5°).

Proposition 2.4.1 (Limit of gradient flow). For a fized h, let y) € Ay be such
that Eyly,] < oo and let {y}}n>1 C Af . be the sequence produced by the discrete
gradient flow. Suppose that for alln > 0, there exists a constant B, > 0 independent

of n such that

. b (Vi tn; Y7
inf sup
pn €A v,LEVF(0,0) HVhHHg(Q)HMhHLQ(Q)

> fh- (2.4.17)

Then there exists a subsequence (not relabeled) and y;° € Age such that y; — yp°

asn — 0o and y5° is a local minimum for Ej, in the direction Fp(y5°), namely

Enlyy] < Enlyi? +val  Yvi € Fu(yy) (2.4.18)

Proof. Thanks to (2.4.9) we have that sup,,~; E4[y}] < co. Arguing as in the proof
of Proposition 2.3.1, we can deduce that a subsequence (not relabeled) converges
to some y;° € Af_ in any norm defined on [V}]* (in the free boundary case, we
can replace y) by y% — ﬁ Jo, ¥5, which does not affect Ej[y)] and Dyly}], and use
Proposition 2.4.3 to deduce that all the iterates have mean-value zero). This proves

the first part of the Proposition. We now show (2.4.18). Since E}, is quadratic and
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convex, for any v;, € V¥(0,0) we have

Enlyid 4+ va] = B[yl + 0Enlyil(vi) + 6 Enlyil(Va, vi) = Enlyi] + 0 Enlyicl(va)

and thus it is enough to show that

(SEh[ylolo](Vh) =0 VVh < Fh(yff’) (2419)

We start by showing that (up to a subsequence) {\}*'},5o converges. Recall that
| |20 is & norm on V3(0,0) for both cases I'p # @ and I'p = . Therefore,
from (2.4.9) we also have that lim,,_, H(SyZHHH}zL(Q) = 0 which in turn implies that

lim,, o0 0y}t = 0. Taking the limit n — oo in the first equation of (2.4.8), we get

lim bh(Vh, )\Z—H; yZL) = Fh(Vh> — ah(yff’, Vh) Vv, € Vﬁ(O, O) (2420)

n—oo

Now using the inf-sup condition (2.4.17), we have for any n > 0

1 b )\n+1. n
N e < 5 sup et YE)
Bn vLEVE(0,0) ||Vh||H,3(Q)

We deduce that sup,,~q | A ||r2() < oo since the upper bound in the above inequal-
ity converges thanks to (2.4.20), and thus a subsequence (not relabeled) converges

to some A\;° € Aj, in any norm defined on the finite dimensional space Aj,. Recalling
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(2.4.6) and (2.4.7), from (2.4.20) we thus have

> / A (VVEVYR + (VyR) ' Vvy) = —6EL[yX](vi) Vv, € VF(0,0).
TeT, VT

Since A;° is piecewise constant, by (2.4.4) we have that the left-hand side of the last

relation vanishes for any v, € F,(y;°) and thus (2.4.19) is proved. O

A schematic illustration of the limit of gradient flow is given in Fig. 2.1.

Fulyh)

.
.
©FAyh)

Di(yn) =¢

Figure 2.1: A schematic illustration of the gradient flow. For illustration purpose,
without losing generality, we let y? satisfy the metric constraint. Here, the two
circles denote Dy, = 0 and D), = € respectively. The annulus between the two circles
represent the discrete admissible set Ai,e- In each step of the gradient flow, the
increment dy} " (red line segement) is searched along the tangent plane JF,(y?)
(grey dotted line in the figure) such that E,[y;"'] < Ej[y%]. In the limit as n — oo,
Syt — 0, and consequently J,(y?) also changes little and moves asymptotically
to Fr(y;°). Thus the gradient flow searches new iterates on tangential directions to

intermediate circles to decrease the energy asymptotically.

Remark 2.4.3. Although proving the inf-sup condition (2.4.17) for the proposed
method is open, we observe from numerical experiments that it should be satisfied
with at least a constant (), depending on h.
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We will prove the inf-sup condition with B depending on h later in chapter
3, which deals with the LDG method for the bilayer problem. The key difference
in chapter 3, which plays a significant role, is that we impose the discrete metric

constraint pointwise at barycenters of elements instead of the £* notion in (2.2.15).

2.5 Initialization

The gradient flow (2.4.8) starts with an initial deformation yj in Af  with
€0 = Duly)] and Eyly?] affecting the prestrain defect of the successive iterates
controlled by €y + CT(Ep[y?] + ¢) in view of (2.4.12). We also point out that the
monotone decay property (2.4.9) could require many iterations of the gradient flow
which are considerably reduced when starting with a small energy Ej[y%]. Therefore,
the role of the preprocessing algorithm is to construct an initial deformation with €
relatively small and Ej[y?] uniformly bounded. The proposed strategy produces a
deformation with small prestrain defect satisfying approximate boundary conditions
(if any).

The numerical strategy is divided in two steps: a boundary conditions prepro-

cessing step followed by a metric preprocessing step.
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2.5.1 Preprocessing: scheme

Boundary conditions preprocessing. When I'p # (), we consider the bi-Laplacian
problem
A% = f inQ

Vy = & onlp (2.5.1)

y = ¢ onlp.

~

where typically f = 0. This vector-valued problem is well-posed and gives, in
general, a non-flat surface y(€2). We use the LDG method with boundary conditions

imposed a la Nitsche to approximate the solution y € V(¢, ®) of (2.5.1):
Yh € VE(p,®) 1 cn(Fn,va) = (F,vi) 2@ Vva € VE(0,0). (2.5.2)

Here, ¢, (yn, vy) is defined similarly to (2.2.13) using the discrete Hessian (2.2.10),

ie.,

cn(Wp, vp) == /QHh[Wh] : Hp[vy] 253

+ (0 [Vawn], [Vava]) 2eey + Fo(h ™2 [w), [Va]) 2,

where 7 and 74; are positive penalty parameters that may not necessarily be the
same as their counterparts vy and ; used in the definition of Ej. Then Yy, satisfies
(approximately) the given boundary conditions on I'p and y,(Q2) is, in general,
non-flat.

In the case I'p = () (free boundary conditions), then an obvious choice is
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y = (id,0)T, where id(x) = x for z € Q, which gives a flat surface y(Q) = Q x 0.
However, the metric preprocessing algorithm described below will not generate a
deformation out of plane if the initial configuration is flat, see Corollary 2.5.1. As
a consequence, only metrics g admitting flat immersion could be achieved. To
get a surface out of plane, we consider a somewhat ad-hoc procedure: we solve
(2.5.1) with a fictitious forcing f # 0 supplemented with the Dirichlet boundary
condition ¢(z) = (z,0)T for x € 9Q but obviating ® and jumps of V,y;, on I'} in
(2.5.3). This corresponds to enforcing discretely a variational (Neumann) boundary
condition Ay = 0 on 0f).

Notice that when a deformation y satisfying Vy? Vy = g is known, one can
simply use the interpolation of y into [V¥]® for y,. However, this situation is not

likely to occur in general.

Metric preprocessing. In this step, an H? discrete gradient flow is designed to

minimize the energy

Ew[yn] = Ej[yn] + e, ER[34), (2.5.4)
where
. 1 . -
Eylyn) = 5/ N A IRl (2.5.5)
Q
bre 1 -1 < 1, —12 -1 ~ 112 3~ 12
Ep[yn) =3 Q|§l 2 Hplynlg™2[" + || Q[Vh}’h]Hw(rg)JFHh Q[Yh]Hm(rg) )

(2.5.6)
and 0 < €, < 1 is a small parameter. At first glance, to produce a deformation with

a small prestrain defect Dy, we only need the term Ej. Indeed, for any y;, € [VF]?
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we have

Dplyn) < 1(Viyn) " Viyn — glloiey S N(Vayn) Vayn — gllrze) = Ejlyn)2z, (2.5.7)

and a small prestrain defect Dj, can thus be ensured by an energy decaying gradient
flow for E;. However, in order to guarantee the uniform boundedness of £}, see
Remark 2.5.1 below, we need the second term E? that involves the discrete Hessian
as a regularization.

Additionally, as discussed in Section 2.1.2, the elastic energy rescaled with s!
(s is the thickness parameter in the 3d model of plates) can be expressed as stretching
energy plus bending energy multiplied by s?. We may view the metric preprocessing
energy (2.5.4) as a discrete analogue of this pre-asymptotic decomposition of elastic
energy for a small numerical thickness parameter \/€;,. We note that the first term
of (2.5.4) can be considered as a discrete stretching energy, and the second accounts
for the bending. We emphasize that E? is different from the discrete bending energy
E}, we minimize in the main gradient flow, but they are equal if Lamé coefficients
are A = 0 and pu = 6, the forcing term f = 0, and stabilization parameters are
Yo = v1 = 1, and they are equivalent in any event up to a multiplicative constants
depending on A, i, Yo, 71-

Since the E} is quartic in yj, we need an explicit treatment on its variational
derivative in each step of the gradient flow; the gradient direction is linearized at
the previous iterate. The procedure is similar to the main gradient flow of Section

2.4. Recursively, given y? we compute y} ' := y7 + 0y} by seeking the increment
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Syt € VE(0,0) satisfying

TR Vi) o) + an (090 Vi R) + €ap (053, vi) = —a; (Y7, Va; T7)

—&al (y7,vy) (2.5.8)

for all v;, € V§(0,0), where 7 is a pseudo time-step parameter that is not necessarily

the same as 7 in the main gradient flow and

ap(Yn, Vi ¥n) = /(VhVZVhS’h + V¥ Vava) - (Vayn) ' Viyh —g)  (2.5.9)
Q

1

ap (Yn, va) = /Q(géHh[S’h]QQ) - (g 2 Hp[vi]g2) (2.5.10)

Ll - 3.
+ (b2 [Vayal, [Vava]) 2oy + (W2 [34], [Va]) 22 o).
For the stopping criteria, the flow is ended when either of the following two
conditions is satisfied:
1. the prestrain defect D), reaches a prescribed value €y, i.e, Dy, [SIZ“] < €p;

2. the energy Ej, becomes stationary, i.e., 77V EL[§" ] — Eu[y"]| < tol.

Summary. We summarize the previous discussion of preprocessing in Algorithm 2,
which consists of two separate steps: the boundary conditions and metric prepro-
cessing steps.

It is conceivable that more efficient or physically motivated algorithms could
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Algorithm 2: Initialization step for Algorithm 1.

Given tol and €0;
if T'p # (0 (Dirichlet boundary condition) then
‘ Solve (2.5.2) for y;, € V¥ (¢, ®) with f = 0;

else

‘ Solve (2.5.2) for y,, with f # 0, ¢ = (id, 0) and without ®:
end
Set ¥) = ¥n;

while 7| E,[77Y] — Eulyy]| > tol and Dy[y;*] > & do
Solve (2.5.8) for 6y ™! € V¥(0,0);
Update y;'*! = y7 + 6y ;

end

Set y) =y

be designed to construct initial guesses. We leave these considerations for future
research. As we shall see later, different initial deformations can lead to different
equilibrium configurations corresponding to distinct local minima of the energy Ej,

in (2.2.11). These minima are generally physically meaningful.

2.5.2 Preprocessing: analysis

Now, we prove that the gradient flow (2.5.8) is conditionally energy stable,
namely the Ej, decays at each step provided 7 is small enough and the increment
is nonzero. Note that if we have an implicit scheme in each step of gradient flow,
the unconditional energy decreasing is naturally guaranteed as in Theorem 2.4.1.
However, this is not practical due to the nonlinearity brought by E}. Since we treat
the nonlinearity explicitly, we break the structure of gradient flow that is presented
in Theorem 2.4.1, and we would rather anticipate an energy decay property with an
additional restriction on time-step for this preprocessing scheme.

Before proving it, we first introduce three lemmas: Lemma 2.5.1 contains a
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discrete Sobolev inequality, which has been proved in [62], and we reproduce it here
in a simpler way using the smoothing interpolation; in Lemma 2.5.2 we show the
continuity of aj and “coercivity” of the left-hand side of (2.5.8) at each step for
7 sufficiently small, which guarantees the solvability of the system (2.5.8) at each
step; finally in Lemma 2.5.3 we prove that the L?(£2) norm of the broken gradient

is controlled by the energy Ej, and the L'(Q) norm of the prestrain metric g.

Lemma 2.5.1 (Discrete Sobolev inequality). For any v, € E(Ty,) there holds
1
lvrllZa) S IVavnllzz) + 72 [oa]lZ2 ) + lonllZ2(@) (2.5.11)

Proof. Let I,v, € HY(2)NVE be the smoothing interpolant introduced in Definition

2.2.1. Thanks to (2.2.19) the and the triangle inequality, we have

[onll7ay S Nlow = Thvn|Zagy + Mhvall2egq)

S (on = Thwn) 1720y + MThvall 3 o

1

S IVavnllza ) + 11072 [va]ll72 o) + [Thval72(q)

_1
S th’UhH%?(Q) + |h Z[Uh]Hi?(rg) + th”%%m,
where we used the inverse inequality (recall that Q C R?)
_1
H’UJ}LHLAL(T) S hT2 ”whHLQ(T) VT € 7;L (2512)

for the discrete function w, = v, — II,v, and the standard Sobolev inequality for
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v, € H(Q) for the second inequality, the estimate (2.2.19) for the third inequal-
ity, and (2.2.21) for the last one (note that (2.2.21) can be naturally extended to the
case when v € E(7y,), if we recall the definition of II;, when v € E(7},) is modified

by applying a further L%-projection from E(7}) to VF). O

The next proposition concerns the form aj and is key to guarantee that the

hypothesis of the Lax-Milgram theorem are satisfied.

Lemma 2.5.2. Let y} € Vi(¢p, ®). We have

~ ~n1i
@i, (Vi Wi )| < CLER SR IVall 2oy IWnll 2 i) ¥va, Wi € V3(0,0),  (2.5.13)

where C1 is a positive constant independent of n and h.
Moreover, when 7 < (1 4+ CLE,[yP]2)~" with Cy independent of n and h we

have

N =

IVallZz ) < = (Vs Vi) w2 + a5 (Vi, Vs ) Vi € V5(0,0). (2.5.14)

As a consequence, there exists unique solution to the variational problem (2.5.8).

Proof. Let vy, wj, € V¥(0,0). Tt is clear that

a5, (Vi Wi ) < 201(Viva) Vaws 2@ [ (Vay i) Vi — gll 2
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Thanks to the Cauchy-Schwarz inequality we have
1(Vivi) " Viwnl r2) < IVavall o[ Vaws |l za@).-
Moreover, applying Lemma 2.5.1 to V;z;, € E(7,), we infer that
IVazallLae) S IVaznll2@) + 11 Dizall 2) + thé[thh]HL?(Fg)a for z;, = v, wp.

Also, by definition and by Lemma 2.2.3 (relation (2.4.2) if I'p = (), we have the

inequalities
IDsznll2) < l1Znllmz)  and  [IVazall2@) S l2allm ), for zn = va, wa,

and thus

1(Vavi) Vawnl 20) S [Vallmze) [Wall 22 @)

Therefore, by the definition (2.5.5), we get
s ~n sr~n1i
|ah (v, Wi ¥)| < CLER[Y3]? ||VhHH,3(Q)HWh||H,3(Q)

for some positive constant C; independent of n and h. This shows (2.5.13). Now,

taking wj, = v, in the last inequality we easily get

~— s .on ~— s[oni
T 1||Vh||§{g(sz) +ay(Va, Vi Yi) 2 T 1||Vh||?{g(sz) — C1E}[y;]? ||Vh||?{g(9)-
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Therefore, since Ei[y7] < Eu[y7], if 7 < (1+C, E,[y7]2) " we have the claimed
result (2.5.14).

Thanks to the two estimates (2.5.13), (2.5.14) and the coercivity of the discrete
Hessian (Lemma 2.3.1), the Lax-Milgram theory applies to guarantee the existence

and uniqueness of a solution to (2.5.8). O

Note that if we further have E},[y7] < Ej[§9] for any n > 0, then we could

have a uniform upper bound for 7 in Lemma 2.5.2.

Lemma 2.5.3. For any vy, € [VF]? we have
st 11
IVavallZa) < Eilval® + gl -
Proof. By (2.3.15), we get

||thh||%2(ﬂ) S\@H(thh)thVhHLl(Q) <2 (||(Vth)TVth - 9||L1(Q) + ||9||L1(Q))
1
<V2 19131 (Viva) " Vivi = gllzz@) + lgllu o

=2 [VRIRL Bl + gl o

which concludes the proof. O

Theorem 2.5.1 (Energy stability for prestrain preprocessing). Let y9 € V¥ (¢, ®)
with EL[§9] < C for some constant C, where E), is defined as (2.5.4). There exists
a constant ¢y depending on hyin = mingper, hy, Eh[yg], g, and €, but independent

of N, such that if ¥ < co/2 then (2.5.8) has a unique solution 5y;*' € V%(0,0), and
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if we further let y3 ' == y2 + 0y} for anyn > 0, then we have the energy stability

estimate for any N > 0 as follows:

N
. 1 .
EL [N+ + 2—Z||5 W ) < EnlThl- (2.5.15)

Proof. For any n > 0, if 7 < (1 + C’lEh[jfg]%)*l, there exists an unique solution
Syt € VE(0,0) to (2.5.8) by Lemma 2.5.2. Under this assumption, we take v, =

Syr ! in (2.5.8) to obtain

_1H5Yh+1”112 @ T a, (¥, P 5yn+17Yh) + 6bah( pH 53’”“) 0 (2.5.16)

and proceed in several steps to rewrite this expression in terms of energies and prove
(2.5.15). The main difficulty is that a} is quadratic in its third argument. We will
also show that the assumption on 7 can be replaced by a uniform condition.

Step (i): energy relation. Because aj(-,-;¥}) is bilinear and symmetric,

using the identity (a — b)b = $a® — 36> — $(a — b)?, we have

n+1 n+1l &n+1

1 1 S ~n on,on n
Vi) = 5@V YR YR) = 50 (Vi Vi Vh) — 59 (9F P Sy Y.

ap(yn, 0y 5

(2.5.17)

Furthermore, using the same identity, we have

8 n o n 1 s/on o on, o n n o n = n
ST - S E ST = [ WD (V)5 - 0

n - 1
= Ejlyi"] = Bilyh] = S IR L2 )

93



where

Wi = (Viyr ™Iyt — (Vi) ' Viys. (2.5.18)

Therefore, we are able to express aj (¥} el (5y”“, y7) in terms of energies

ay (Fpt, oyt ) = al (. 09y ) + al 0yt oy v
S n S 1 n n ~ N n
= Eilyn"] = Eilyh] + 5@ (09", 053 k) — HWhHizm)-

Similarly for a(-,-) and noting that Ep[y7] = sal (¥}, ¥}), we obtain

1 on
ab( n+1 ah(dynJrl 5yn+1> > Eb[ n+1] EZ[yh]-

) = B — L3+

Using these two relations in (2.5.16), we arrive at

BA53 - Balyy ™) 2 71097 ey — Y (2.5.19)

where

Ry = SIW IR — 503675, 0377 57). (2:5.20)

This concludes the step.
Step (ii): estimate of R}. Next, our goal is to estimate R} in terms of

On the one hand, since 5y”+1 € V¥(0,0) and y? € V¥(p, ®), the
h h h

~n+1
||5Yh H}ZLI}%(Q)'
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continuity property (2.5.13) of aj guarantees that

a5, (653, a9t vl < GBS 211055 e o) < CrEWTR 21050 12
(2.5.21)

On the other hand, we note that

Wi = (Vaoyy ™) Vigh + (Vayi) ' Vidyy ™ + (Vidyy ) Vidyy

and so, taking advantage of the discrete Sobolev inequality (2.5.11), we obtain

Wil S VAT Za@ 1055 2 ) + 1097 2 (q)- (2.5.22)

+1H

However, we need to further estimate |0y} Note that by Lemma 2.5.2

@
when 7 < (1 + CyEL[y7]"/?)7", the fact that ah(éynJrl Syrt1) > 0 as well as (2.5.8)

we have

1655 2 0y < 771657 720 + @i (0977, 0957 30) + evar, (6577, o977

n+1, n—&—l)‘

ap (¥, 5}’ Yh) — ebah(Yha oy

Proceeding as in the proof of Lemma 2.5.2 we get

laj, (y7, 057 vl < 20 (Vayi) Vady i 2ol (Vayn) " Vayh — gllize)

< By Vsl e 195 a2
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and thus by continuity of a?

1657 320y S BRI NIV aF il o 1657 iz + eolll¥alll 2o 11657 ] a2 0.

Since Ej[yp]'/? < Eulyp]"% elll¥illlize S eBplynl/? < Eulyyp]'/?, and the fact

that ||| - [[[z2¢0) < I - |z2(e» there holds

1657 72y S EnlFRI(IVaF Rl Za0) +1).

Inserting this last relation in (2.5.22), using the inverse estimate (2.5.12) for

V5nyy and Lemma 2.5.3 we get

Wi B S (1+ Bal52]) (1945503000 + 1) 195 130
S (1+ Bulsi]) Gk V4332 @ + V1073 )

[ on s[oni n
Shab (14 Baf321) (B21530% + gy + 1) 1655 e
from which we deduce that

n on o[onls
Wil 2oy < Colin (BulFh] + 1) (Ealy7]2 + llgllzie) + 1) 1655 F2 ) (2:5.23)

for some constant (5 independent of n and h. In summary, as in Lemma 2.5.2, as
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long as 7 < (14 CyEp[y7]"/?)~" we conclude that

" C ~nl C ~ ol
731 < (G BFI + ok (BIS + 1) (B + lale + 1)) 1052 P

(2.5.24)
Step(iii): conditional energy dissipation for one step. We now derive

the energy dissipation at an arbitrary step, if 7 is sufficiently small. We first define

Cp = min { (1 4 LBy ]1/2> - ,dn} , (2.5.25)

where

&

C = or~nm ~n o r~m1i !
o= (LB + Lk (Bl + ) (B + ol +1)) - (2520

Then if 7 < ¢,, inserting (2.5.24) into (2.5.19), we conclude that

Enyi )+ G =0y e o) < Balyi 1+ G = do 1697 3z < Enl3h),
(2.5.27)

for any n > 0, which further implies that E, [y "] < E,[y}] if 6577 # 0.
Step(iv): uniform condition on 7. We proceed by induction to prove that

for every n € N, dy;*!

is well defined, and c¢,y1 > ¢, if T < ¢g. We start with
n = 0. In that case, by assumption 7 < ¢p, Lemma 2.5.2 guarantees that dy; is well

defined and step (i)-(iii) guarantees that



From the expression (2.5.25) of ¢,, we also deduce that ¢; > ¢y. For the induction
step, we assume that {537%};?:1 is well defined, ¢; > ¢j_1, 7 = 1,..,n. From the
latter, we see that 7 < ¢y < ¢,. Therefore, using Lemma 2.5.2 and step (i)-(iii)

again guarantees that dy;*" is well defined and
E[y7t] < Enly}] = Cna1 > Cp.

This is the desired property at step n + 1. This concludes the induction argument.

Furthermore, from (2.5.27) we deduce that
Enfyy ™+ G = o D053 o) < Enlyi, (2.5.28)

for any n > 0. Moreover, if we further assume 7 < ¢y/2, then we can observe that

771 — ¢y > (27)7!, and consequently

[ [on 1 on [ [on
Eh[yhﬂ] + glwyh“HiI}g(m < Eplynl, (2.5.29)

for any n > 0. Then we sum (2.5.29) over n = 0,..., N to get (2.5.15). This

concludes the proof. O

From the condition 7 < ¢y/2 and definitions (2.5.25) and (2.5.26) with n =0,

we see that 7 — 0 as hyin, — 0.

Remark 2.5.1 (Choice of €,). Under the assumptions of Theorem 2.5.1, the prepro-

cessing gradient flow produces a sequence of deformations {y} }nen with decreasing
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energies Eh[yg]. We now choose €, ~ h? and assume that the Ny-th iterate of the

preprocessing gradient flow, denoted thNh, 18 such that

En[yyt] S 0P

Then, according to (2.5.7), the prestrain defect of y}]lvh satisfies

Dy(ya") SEA YA S hy dee gt € AF

~Y

for €y ~ h. Moreover, we have

Ep[y,") S € 'Enlyy"] S 1.

This implies that Eh[jfflvh] 15 also uniformly bounded by continuity of Ej and coer-
civity of E?. As a consequence, the main gradient flow (Section 2.4) with initial
conditions y\) = S,}leh has uniformly bounded initial energy and small initial prestrain
defect, and thus controls the final prestrain defect; see Theorem 2.4.1. In addition,
recall the main gradient flow (Theorem 2.4.1) is energy decreasing, and hence the fi-
nal iterate of it 1s also uniformly bounded. Therefore, if the main gradient flow leads
to an almost global minimizer y," of the energy E,, then the sequence {y," }n>o has

uniformly bounded energies.

Remark 2.5.2. Note that when I'P # (), the boundary conditions are enforced in the

following sense. As in Proposition 2.4.1, but now due to (2.5.15), we can conclude
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that there exists the limit y5° € V¥ (@, ®) such that y converges to it in any norm
and up to a subsequence as n — oo. Due to Remark (2.5.1), note that E[y%°] < C
is valid. Consequently, we have ||[§7°][|7200) S Ch* and [[[Va¥i°lllZ2ony S Ch, for

Vi € Vi(p, ®).

Another observation is that if we start from a flat initialization (x3-coordinate
of y9 is 0) in the flow (2.5.8), then the resulting stationary solution y& is flat; we
show this next. This justifies taking ¥ as a discrete solution of the bi-Laplacian

equation (2.5.2) as proposed in Algorithm 2 with a non-zero fictitious force.

Corollary 2.5.1. If y7 is of form (f(x1,72), g(z1,22),0) and 5y} is the solution

of the gradient flow (2.4.8), then y3*' = g7 + dy;*! is also of form

(f(z1,22), §(21, 22), 0).

Proof. Assume 0y} = (dy, ds, d3) € V£(0,0), where the d; are functions of x, zy.

Let ¢ € V§ be an arbitrary scalar function such that v, = (0,0, ¢) € V¥(0,0), then

we have _ _
onf of
00 Ao
(Vv) vy = dig hg| =0 (2.5.30)
0 0 0o
0 0

Hence, we deduce aj (¥}, vi;yy) = 0. Similarly, invoking (2.5.10) which multiplies
Hessians of the arguments componentwise we see that af (y?, v;) = 0. Consequently,

the right hand side of (2.5.8) is zero.
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Also, we have

01d1 02d1
e |00 a0 hginds O ddads
(Vvy,)" Voy, ™ = Ody Dody| = . (2.5.31)
0 0 0y 02001ds  O2p0ads
Ord3  Oads
as well as,
Oy Vi) o) = (ds, )20, (2.5.32)

whence a? (6y7, v;,) reduces to the bilinear form only on ds and ¢.

As a result, taking ¢ = ds, and using Lemma 2.5.2 and non-negativity of the

a? term, we have the following when 7 small enough as in Lemma 2.5.2:

311720 < O- (2.5.33)
This means that d3 = 0 as || - || z2(q) defines a norm. As this third component of the
increment dy} ! is 0, we have the claimed result. n

2.6 Numerical experiments

We first make a few comments on the implementation of the gradient flow
(2.4.8), built in Algorithm 1, and the resulting linear algebra solver used at each
step.

Let {¢}}¥, be a basis for V¥(0,0) and let {4} }¥, be a basis for A;. The
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discrete problem (2.4.8) is a saddle-point problem of the form

A BF| |sYy}t! F,
— : (2.6.1)
B, 0 At 0

Here, (6Y ', A}™) are the nodal values of (§y; ', A7™!) in these bases, while

A= (Ay)Y2) € RV*N is the matrix corresponding to the first two terms of (2.4.8)

A’Lj = Tﬁl(‘P‘ij LP;L)HE(Q) + A’Lj with AZ] = ah(‘Pia 90;1)7 Z?] = 17 s 7N7

while the matrix B, € RM*¥ corresponds to the bilinear form by (-, -;y7) and is
given by

(Bn)ij == bu(@l, bsy?) i=1,...,M,5=1,...,N.

The vector F,, € RY accounts for the right-hand-side of (2.4.8). It reads F,, =
F + L — AY", where Y™ contains the nodal values of y? in the basis {¢¢ }Y, while

F = (F)N, and L = (L;)Y, are defined by

Fi = Fy(¢l) and L;:=—ay(0,¢}), i=1,...,N.

Here, 0 denotes the zero function in the space V, (¢, ®), which is 0 everywhere but
equal to ¢ and its gradient equal to ® on e € £P; L contains the liftings of the
boundary data. Since B,, and F,, depend explicitly on the current deformation yj,
they have to be re-computed at each iteration of Algorithm 1 (gradient flow). In

contrast, the matrices A and A and the vector L, which are the most costly to
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assemble because of the reconstructed Hessians, are independent of the iteration
number n and can thus be computed once for all.

More precisely, to compute the element-wise contribution on a cell 7', the
discrete Hessian (2.2.10) of each basis function associated with 7" along with those
associated with the neighboring cells is computed. Recall that for any interior edge
e € &, the support of the liftings r, and b, in (2.2.7) and (2.2.8) is the union of the
two cells sharing e as an edge. We employ direct solvers for these small systems.
We proceed similarly for the computation of the liftings of the boundary data ¢
and ®. Once the discrete Hessians are computed, the rest of the assembly process is
standard. Incidentally, we note that the proposed LDG approach couples the degree
of freedom (DoF's) of all neighboring cells (not only the cell with its neighbors). As a
consequence, the sparsity pattern of LDG is slightly larger than that for a standard
symmetric interior penalty dG (SIPG) method. However, the stability properties of
LDG are superior to those of SIPG.

System (2.6.1) can be solved using the Schur complement method. Denot-
ing S, := B,A7'B! the Schur complement matrix, the first step determines A}*!
satisfying

S, A7 = B,A™'F,, (2.6.2)

followed by the computation of §Y ' solving

ASY ™ =F, — BIA. (2.6.3)
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Because the matrix A is independent of the iterations, we pre-compute its LU de-
composition once for all and use it whenever the action of A™! is needed in (2.6.2)
and (2.6.3). Furthermore, a conjugate gradient algorithm is utilized to compute
A}t in (2.6.2) to avoid assembling S,,. The efficiency of the latter depends on the
condition number of the matrix S, which in turn depends on the inf-sup constant
of the saddle-point problem (2.6.1). Leaving aside the preprocessing step, we ob-
serve in practice that solving the Schur complement problem (2.6.2) is the most
time consuming part of the simulation. Finally, we point out that the stabilization
parameters 7y and 7; influence the number of Schur complement iterations: more
iterations of the gradient conjugate algorithm are required for larger stabilization
parameter values. We refer to Tables 2.1 and 2.2 below for more details.

Then we present a collection of numerical experiments to illustrate the per-
formance of the proposed methodology. We consider several prestrain tensors g, as
well as both I'p # (0 (Dirichlet boundary condition) and I'p = () (free boundary
condition). The Algorithms 1 and 2 are implemented using the deal.ii library [7]
and the visualization is performed with paraview [6]. The color code is the follow-
ing: (multicolor figures) dark blue indicates the lowest value of the deformation’s
third component while dark red indicate the largest value of the deformation’s third
component; (unicolor figures) magnitude of the deformation’s third component.

For all the simulations, we fix the polynomial degree k£ of the deformation y,

and [y, [y for the two liftings of the discrete Hessian H}[y;] to be



Moreover, unless otherwise specified, we set the Lamé coefficients to A = 8 and

i = 6, and the stabilization parameters for (2.2.13) and (2.5.3) to be

In striking contrast to [22, 23], these parameters do not need to be large for stability
purposes. When I'p = ), we set 0 = 1 in (2.4.1). Finally, we choose tol = 107 for
the stopping criteria in Algorithm 1 (gradient flow). In this section, the results are
presented for €, = 0 (regularization parameter introduced in Section 2.5.1 for metric
preprocessing), but we tested them for €, = 10~* and notice that the difference is
negligible computationally.

To record the energy FEj, and metric defect D, after the three key proce-
dures described in Algorithms 1 and 2, we resort to the following notation: BC
PP (boundary conditions preprocessing); Metric PP (metric preprocessing); Final

(gradient flow).

2.6.1 Vertical load and isometry constraint

This first example has been already investigated in [10, 22]. We consider
the square domain © = (0,4)?, the metric ¢ = I, (isometry) and a vertical load
£ =(0,0,0.025)T. Moreover, the plate is clamped on I'p = {0} x [0,4] U0, 4] x {0},

i.e., we prescribe the Dirichlet boundary condition (2.1.20) with

¢($1,x2) = (931733270)T7 o = [[270]T (3317952) eIl'p.
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Finally, we set the Lamé constant A = 0 thereby removing the trace term in (2.2.11).

No preprocessing step is required because the flat plate, which corresponds
to the identity deformation y9(2) = €, satisfies the metric constraint and the
boundary conditions. For the discretization of §2, we use £ = 0,1,2,--- to denote
the refinement level and consider uniform partitions 7, consisting of squares T of
side-length 4/2° and diameters hp = h = v/2/2/2. The pseudo-time step used for
the discretization of the gradient flow is chosen so that 7 = h. The discrete energy
Elyr] and metric defect Dy [yy] for £ = 3,4, 5 are report in Table 2.1 along with the
number of gradient flow iterations (GF Iter) required to reach the targeted stationary

tolerance and the range of number of iterations (Schur Iter) needed to solve the Schur

complement problem (2.6.2). Note that in this case we have Dy[y%] = 0, namely

yh € Ay with g9 = 0.
Nb. cells | DoFs | 7= h E;, Dy, GF Iter | Schur Iter
64 1920 | v2/2 | -1.002E-2 | 1.062E-2 11 [60,65]
256 7680 | v/2/4 | -9.709E-3 | 5.967E-3 17 [85,101]
1024 30720 | V/2/8 | -8.762E-3 | 2.962E-3 28 [118,148]
Table 2.1: Effect of the numerical parameters h and 7 = h on the energy and
prestrain defect for the vertical load example using 79 = 71 = 1. As expected

[10, 13, 22], we observe that Dy[y] is O(h). The number of iterations needed by
the gradient flow and for each Schur complement solver increases with the resolution.

We point out that the SIPG method analyzed in [22] requires 79 = 5000 and
~v1 = 1100 in this example. We report in Table 2.2 the performance of both methods
with this choice of stabilization parameters.

Based on Table 2.2, we see that the two methods give similar results. The
advantage of the LDG approach is that there is no constraint on the stabilization
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LDG SIPG
T=h E;, Dy, GF Schur E, Dy, GF Schur
\/5/2 -8.28E-3 | 7.71E-3 | 7 | [302,321] | -8.30E-3 | 7.72E-3 | 7 | [284,307]
\/5/4 -6.63E-3 | 3.45E-3 | 14 | [557,605] | -6.64E-3 | 3.46E-3 | 13 | [556,600]
\/5/8 -4.88E-3 | 1.34E-3 | 37 | [788,831] | -4.90E-3 | 1.34E-3 | 35 | [787,833]

Table 2.2: Comparison of the LDG and SIPG methods using the penalization pa-
rameters 79 = 5000, v; = 1100 required by the SIPG. The results are similar.

parameters 7y and ; other than being positive. In contrast, the coercivity of the
energy discretized with the SIPG method requires 7 and ~; to be sufficiently large
(depending on the maximum number of edges of the elements in the subdivision T
and the constant in the trace inequality) [22]. For instance, the choice v = v, =1
for the SIPG method yields an unstable scheme and the problem (2.4.8) becomes
singular after a few iterations of the gradient flow. Moreover, the large values of
70,71 are mainly dictated by the penalty of the boundary terms in Ej,[y"] and the
need to produce moderate values of Ej[yY%| to prevent very small time steps 7 in
(2.4.12). Furthermore, within each gradient flow iteration, the solution of the Schur
complement problem (2.6.2) using the LDG approach with vy = 73 = 1 (reported
in Table 2.1) requires less than a fifth of the iterations (Schur Iter) for SIPG with
7o = 5000 and ; = 1100 (reported in Table 2.2) at the expense of slightly larger
number of iterations of the gradient flow (GF Iter); compare Tables 2.1 and 2.2.
This documents a superior performance of LDG relative to SIPG.

Note that there is an artificial displacement along the diagonal z; + x5 = 4
[10, 22] for this example, which does not correspond to the actual physics of the

problem, namely y = 0 for z; + x5 < 4. The artificial displacements obtained by
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the two methods for various meshes are compared in Figure 2.2 and Table 2.3.

0.05. Deformation along the diagonal x1+x2=4

0.045:
0.04
0.035:
0.03:
0.025
0.02:
0.015-
0.01-
0.005:
0

-0.00!

5
0 02040608 1 12141618 2 22242628 3 32343638 4
x1

Deformation along the diagonal x1+x2=4 Deformation along the diagonal x1+x2=4

0.05, = 005 =
0.045 ~l=4| 0,045 ~l=4
+1=5| ~I=5

0,04, 0.04
0.035 0,035
0,03, 0.03]
0,025/ 0,025
002 0.02] —tm—-.
0015
0.01
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0.015;
0.01
0.005;

%5 0204 0608 1 12141618 3 22242628 3 32343638 4 0562040608 T T2 T416 18 2 22242628 3 32343638 4
x1 x1

Figure 2.2: Deformation along the diagonal x; + o = 4. Top: LDG with v =
v1 = 1; bottom-left: LDG with vy = 5000 and +; = 1100; bottom-right: SIPG with
Yo = 5000 and v; = 1100. The deflection is slightly larger when vy = v; = 1 while
both methods yield similar results when 7y = 5000 and ~; = 1100; see Table 2.3.

LDG SIPG
§ ref, Yo =" =1 Yo = 5000, v1 = 1100 | ~o = 5000, v, = 1100
=3 0.0478 0.0311 0.0312
=4 0.0443 0.0211 0.0213
=5 0.0365 0.0118 0.0119

Table 2.3: Deflection y3 along the diagonal x; + x5 = 4 for both LDG and SIPG

2.6.2 Rectangle with cylindrical metric

The domain is the rectangle Q2 = (—2,2) x (—1, 1) and the Dirichlet boundary
is I'p = {-2} x (=1,1) U {2} x (—1,1). The mesh 7, is uniform and made of
1024 rectangular cells of diameter hy = h = v/5/4 (30720 DoFs) and the pseudo

time-step is fixed to 7 = 0.1.
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2.6.2.1 One mode

We first consider the immersible metric

2
1+ 721—2 cos (5(z1 +2))" 0
g(z1,22) = (2.6.4)
0 1
for which

y(z1,x2) = (21, T2, 2Sin(%($1 + 2N (2.6.5)

is a compatible deformation (isometric immersion), i.e., I[y] = g. We impose the
boundary conditions ¢ = y|r, and ® = Vy|r,, so that y € V(¢, @) is an admissible
deformation and also a global minimizer of the energy.

To challenge our algorithm, we start from a flat initial plate and obtain an
admissible initial deformation y! using the two preprocessing steps (BC PP and

Metric PP) in Algorithm 2 with parameters
F=0.05 & =01 and tol=10"°.

The deformation obtained after applying Algorithms 2 and 1 are displayed in Figure
2.3. Moreover, the corresponding energy and prestrain defect are reported in Table
2.4. Notice that the target metric defect £y is reached in 49 iterations while 380
iterations of the gradient flow are needed to reach the stationary deformation.

Interestingly, when no Dirichlet boundary conditions are imposed, i.e., the free
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Figure 2.3: Deformed plate for the cylinder metric with one mode. Left: BC PP;
middle: Metric PP; right: Final.

Initial BC PP | Metric PP Final
E;, | 120.3590 | 1.1951 2.5464 1.7707
Dy, | 9.8696 3.2899 | 9.8609E-2 | 9.5183E-2

Table 2.4: Energy and prestrain defect for the cylinder metric with one mode. All
the algorithms behave as intended: the boundary conditions preprocessing (BC
PP) reduces the energy by constructing a deformation with compatible boundary
conditions, the metric preprocessing (Metric PP) reduces the metric defect and the
gradient flow (Final) reduced the energy to its minimal value while keeping a control
on the metric defect.

boundary case, then the flat deformation (pure stretching)

T
1 7T2 T 2
y(z1,x2) = (/2 \/1 + 4 o8 <Z(S+ 2)) ds,m2,0>

is also compatible with the metric (2.6.4) and has a smaller energy. We observe

that y1(2, x2) — y1(—2,29) =~ 5.85478 for x5 € (—2,2) corresponds to a stretching
ratio of approximately 1.5. The outcome of Metric PP in Algorithm 2 starting from
the flat plate produces an initial deformation with Ej = 0.81755 and D;,, = 0.09574
using 37 iterations. The stationary solution of the main gradient flow is reached in
68 iterations and produces a flat plate with energy Ej = 0.376257 and metric defect

Dy, = 0.0957329.
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2.6.2.2 Two modes

This example is similar to that of Section 2.6.2.1 but with one additional mode
of higher frequency, namely we consider the immersible metric
1+ (g cos (%(wl + 2)) + %’r cos (%(wl + 2)))2 0

g(xb IQ) =
0 1

In this case, the deformation

1. (5 ’
y(x1,xo) = (Il,xg, 2sin (%(xl + 2)) + 5 sin <I7r(x1 + 2)))

is compatible (isometric immersion) with the metric and we impose the correspond-
ing Dirichlet boundary conditions on I'p as in Section 2.6.2.1.

Using the same setup as in Section 2.6.2.1, Algorithm 2 produced a suitable
initial guess in 1271 iterations, while Algorithm 1 terminated after 1833 steps. The
deformations obtained after each of the three main procedures are given in Figure
2.4. The corresponding energy and prestrain defect are reported in Table 2.5. We
see that the main gradient flow decreases the energy upon bending the shape but

keeping the metric defect roughly constant.

Initial BC PP | Metric PP Final
E, | 413.7400 | 5.5344 28.9184 13.0706
Dy, | 25.2909 | 26.1854 | 9.9997E-2 | 1.0178E-1

Table 2.5: Energy and metric defect for the cylinder metric with two modes. Com-
pare with Table 2.4 corresponding to one mode.
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Figure 2.4: Deformed plate for the cylinder metric with two modes. Left: BC PP;
middle: Metric PP; right: Final. Compare with Figure 2.3 corresponding to the
metric (2.6.4) (one mode).

2.6.3 Rectangle with a catenoidal-helicoidal metric

Let 2 be a rectangle to be specified later and let the metric be

cosh(z)? 0
g(Il,Ig) = . (266)
0 cosh(z)?

Notice that the family of deformations y*: Q — R3?, 0 < a < 5, defined by

y* 1= cos(a)y + sin(a)y (2.6.7)
with
sinh(zy) sin(z1) cosh(xs) cos(xq)
y (@1, 22) = — sinh(xq) cos(xq) | - y(@1,22) = | cosh(z,) sin(xy) | >
T Z2

are all compatible with the metric (2.6.6). The parameter o« = 0 corresponds to an

helicoid while o = /2 represents a catenoid. Furthermore, the energy E[y®] defined
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in (2.1.33) (or equivalently E[y®] given in (2.1.19)) has the same value for all a. To
see this, it suffices to note that the second fundamental form of y is given by

—cos(a) sin(a)
y“] = , D2y,‘€" = cos(a)ngjk + Sin(a)ngjk,

sin(a)  cos(a)
where y¢ = (y*) is the kth component of y* for k = 1,2, 3.
In the following sections, we show how the two extreme deformations can be
obtained either by imposing the adequate boundary conditions or by starting with

an initial configuration sufficiently close to the energy minima.

2.6.3.1 Catenoid case

We consider the domain Q = (0,6.25) x (—1,1). The mesh 7}, consists of 896
(almost square) rectangular cells of diameter hy = h ~ 0.17 (26880 DoFs). We
do not impose any boundary conditions on the deformations, which corresponds to
I'p = 0 (free boundary condition). We apply Algorithm 2 (initialization) and start
the metric preprocessing with y =y, the solution to the bi-Laplacian problem
(2.5.1) with fictitious force f= (0,0,4)" and boundary condition ¢(x) = (x,0) on
0 (but without ®). Moreover, we use three tolerances tol = 0.1, 0.025, 0.01 for this
preprocessing to investigate the effect on Algorithm 1 (gradient flow). Figure 2.5
depicts final configurations produced by Algorithm 1 with the outputs of Algorithm
2. Corresponding energies and metric defects are given in Table 2.6. We see that

the metric defect diminishes, as tol decreases, and the surface tends to a full (closed)
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catenoid as expected from the relation (2.6.7) with o = 7/2.

Figure 2.5: Final configurations for the catenoidal-helicoidal metric with free bound-
ary condition using tolerances tol = 0.1 (left), 0.025 (middle) and 0.01 (right) for
the metric preprocessing of Algorithm 2. The second row offers a different view of
the final deformations.

tol = 0.1 tol = 0.025 tol = 0.01
Algo2 | Algo1l | Algo2 | Algo1l | Algo2 | Algo 1
Ej | 36.9461 | 4.01094 | 103.838 | 7.42946 | 146.215 | 8.78622
Dy, | 2.62428 | 3.19839 | 1.36864 | 2.69258 | 0.853431 | 1.83427

Table 2.6: Energies E;, and metric defects D, produced by Algorithms 2 and 1
for the catenoidal-helicoidal metric with free boundary condition. We see that the
tolerance tol of Algorithms 2 controls D), and that Algorithm 1 does not increase
D;, much but reduces Fj substantially. The smaller tol is the closer the computed
surface gets to the catenoid, which is closed (see Figure 2.5).

2.6.3.2 Helicoid shape

All the deformations y® in (2.6.7) are global minima of the energy but the final
deformation is not always catenoid-like as in the previous section. In fact, starting

with an initial deformation close to y* with a = 0 leads to an helicoid-like shape.
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We postpone such an approach to Section 2.6.4.3. An alternative to achieve an
helicoid-like shape is to enforce the appropriate boundary conditions as described
now.

We consider the domain §2 = (0,4.5) x (—1,1) and enforce Dirichlet boundary
conditions on I'p = {0} x (—1,1) compatible with y* given by (2.6.7) with a = 0.
The mesh 7}, consists of 640 (almost square) rectangular cells of diameter hy = h ~
0.17 (19200 DoF's) and the pseudo time-step is 7 = 0.01.

We apply Algorithm 2 (preprocessing) with 7 = 0.01, &g = 0.1 and tol =
1073 to obtain the initial deformation y?. The preprocessing stopped after 2555
iterations, meeting the criteria ?*1|Eh[§fz+1] — Ey[yn)] < tol, while 2989 iterations
of Algorithm 1 (gradient flow) were needed to reach the stationary deformation.
Figure 2.6 displays the output of the boundary conditions preprocessing and the
metric preprocessing, the two stages of Algorithm 2, as well as two views of the

output of Algorithm 1. The corresponding energies and metric defects are reported

in Table 2.7.

Initial BC PP | Metric PP Final
E;, | 138020 | 0.658342 202.144 7.7461
Dy, | 5.17664 | 5.16565 0.248419 | 1.15764

Table 2.7: Energies and metric defects for the helicoid-like shape with Dirichlet
boundary conditions on the bottom side.
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Figure 2.6: Deformed plate for the catenoidal-helicoidal with Dirichlet boundary
conditions on the bottom side corresponding to {0} x (—1,1). From left to right:
BC PP, Metric PP, and two views (the last from the top) of the output of Algorithm
1.

2.6.4 Disc with positive or negative Gaussian curvature

We now consider a plate consisting of a disc of radius 1
Q= {(ml,xg) eR*: 23+a23< 1}.

We prescribe several immersible metrics g and impose no boundary conditions.
The mesh 7}, consists of 320 quadrilateral cells of diameter 0.103553 < hy <

0.208375 (9600 DoF's) and the pseudo time-step is 7 = 0.01. Moreover, we initialize

the metric preprocessing of Algorithm 2 with the identity function y?(x) = (x,0)%

for x € Q, and 7 = 0.05, 5 = 0.1, tol = 105,
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2.6.4.1 Bubble - positive Gaussian curvature

To obtain a bubble-like shape, we consider for any a > 0 the metric

1+oz%2cos (%(1—7”))2% o/’;cos (%(1—7‘))2%
g(z1,22) = 2 (2.6.8)
affcos (5(1 =) 28 1+afcos(5(1-1)° 3

with 7 := /22 + 23. A compatible deformation is given by

y(x1,x0) = <x1,x2, Vasin (g(l — r)))T,

i.e., y is an isometric immersion I[y] = g. In the following, we choose o = 0.2.

In the absence of boundary conditions and forcing term, the flat configuration
y2(2) = Q has zero energy but has a metric defect of D, = 1.0857. Algorithm 2
(preprocessing) performs 877 iterations to deliver an energy FEj = 35.3261 and a
metric defect Dy = 0.0999797. Algorithm 2 only stretches the plate which remains
flat; see Figure 2.7 (left and middle). Algorithm 1 (gradient flow) then deforms
the plate out of plane, and reaches a stationary state after 918 iterations with
E}, = 2.08544, while keeping the metric defect D, = 0.087839; see Figure 2.7-right.

We point out Corollary 2.5.1 also applies to Algorithm 1, i.e., a flat initial
configuration (y3 = 0) will theoretically lead to flat deformations throughout the
gradient flow. However, in this example and the ones in Section 2.6.5, the initial de-
formation produced by Algorithm 2 has a non-vanishing third component y3 (order

of machine precision). Furthermore, Algorithm 2 may also produce discontinuous
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configurations (as for the initial deformation in Figure 2.7 left and middle) to ac-
commodate for the constraint and will thus have a relatively large energy due to the
jump penalty term. These two aspects combined may be responsible for the main
gradient flow Algorithm 1 to produce out of plane deformations even when starting
with a theoretical flat initial configuration. This is the case when starting with a

disc with positive Gaussian curvature metric as in Figure 2.7.

Figure 2.7: Deformed plate for the disc with positive Gaussian curvature metric.
Algorithm 2 stretches the plate but keeps it flat (left and middle). Algorithm 1
gives rise to an ellipsoidal shape (right).

2.6.4.2 Hyperbolic paraboloid - negative Gaussian curvature

We consider the immersible metric g with negative Gaussian curvature

1+ .T% T1X2
g(x1,29) = : (2.6.9)
T1T2 14 I%
A compatible deformation is given by y(z1,ze) = (21, 22, T122)7, ie., I[y] = g.
In this setting, the flat configuration has a prestrain defect of D;, = 1.56565
(still vanishing energy). Algorithm 2 (preprocessing) performs 856 iterations to

reach the energy F;, = 50.3934 and metric defect D, = 0.0999757. Algorithm 1

(gradient flow) executes 1133 iterations to deliver an energy Ej, = 1.83112 and met-
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ric defect D, = 0.0980273. Again, the metric defect remains basically constant
throughout the main gradient flow, while the energy is significantly decreased. Fig-
ure 2.8 shows the initial (left) and final (middle) deformations of Algorithm 2 and

the output of Algorithm 1 (right) which exhibit a saddle point structure.

Figure 2.8: Deformed plate for the disc with negative Gaussian curvature. Algorithm
2 stretches the plate but keeps it flat (left and middle). Algorithm 1 gives rise to a
saddle shape (right). Compare with Figure 2.7.

We point out that Algorithm 2 gives rise to little gaps between elements of the
deformed subdivisions as a consequence of not including jump stabilization terms

in the bilinear form (2.5.9). These gaps are reduced by Algorithm 1.

2.6.4.3 Oscillating boundary

We construct an immersible metric in polar coordinates (r, ) with a six-fold
oscillation near the boundary of the disc . Let g(r,0) = I[y(r,8)] be the first

fundamental form of the deformation

y(r,8) = (rcos(9), rsin(6),0.2r* sin(66)). (2.6.10)

The expression of the prestrain metric g = I[y] in Cartesian coordinates is then

given by (2.1.24) and y(x1,x2) = y(r,0).
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We set the parameters

=005 7=0.05 £y =01, tol=10"% tol =105,

and note that Algorithm 1 (gradient flow) does not necessarily stop at global minima
of the energy. Local extrema are frequently achieved and they are, in fact, of
particular interest in many applications. To illustrate this property, we consider a

couple of initial deformations and run Algorithms 2 and 1.

Case 1: boundary oscillation. We choose ¥ to be the local nodal interpolation
of y = y o1 into [VF]3, with y given by (2.6.10). The output deformations of
Algorithms 2 and 1 are depicted in Figure 2.9. The former becomes the initial
configuration y9 of Algorithm 1 and is almost the same as y%, which is approximately
a disc with six-fold oscillations; see Figure 2.9 (left). This is due to the fact that
I[yY] is already close to the target metric g. Algorithm 1 (gradient flow) breaks
the symmetry: two peaks are amplified while the other four are reduced. After the
preprocessing, the energy is E;, = 18.0461 and metric defect is D), = 0.00208473.

The final energy is E} = 13.6475 while the final metric defect is Dy, = 0.00528294.

'1'\/‘;’ '\/‘
" e

A

v

Figure 2.9: Deformed plate for the disc with oscillation boundary using the initial
deformation described in Case 1. Left: output of Algorithm 2 (preprocessing);
Middle: output of Algorithm 1 (gradient flow); Right: another view of output of
Algorithm 1.
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Case 2: no boundary oscillation. We run Algorithm 2 with the bi-Laplacian
problem (2.5.1) with fictitious force £ = (0,0,1)” and boundary condition ¢(x) =
(x,0) on 00 (but without ®). The output of Algorithm 2 is an ellipsoid without
oscillatory boundary as in Case 1.

This corresponds to an underlying metric rather different from the target g.
Algorithm 1 (gradient flow) is unable to improve on the metric defect because it is
designed to decrease the bending energy. Therefore, the output of Algorithm 1 is
again an ellipsoidal surface totally different from that of Case 1 that is displayed in
Figure 2.9. In this case, D) = 0.801464 and E} = 0.0377544 leading to a smaller

bending energy but larger metric defect when compared with Case 1.

—— e
(a) (b) (c) (d)

Figure 2.10: Ellipsoidal-like deformation of a disc without boundary oscillation when
using the initial deformation described in Case 2. (a)-(b): output of Algorithm 2
(preprocessing) with maximal third component y3 of the deformation about 7.8 x
1072; (¢)-(d): output of Algorithm 1 (gradient flow) with maximal y3 &~ 4.4 x 1072,
(a) and (c) are views from the top while (b) and (d) are views from the side where
the third component of the deformation is scaled by a factor 10.

2.6.5 Gel discs

Discs made of a NIPA gel with various monomer concentrations can be manu-
factured in laboratories [52, 71]. NIPA gels undergo a differential shrinking in warm

environments depending on the concentration. Monomer concentrations injected at
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the center of the disc generate prestrain metrics depending solely on the distance
to the center. We thus propose, inspired by [71, Section 4.2], prestrained metrics

g(r,0) in polar coordinates of the form (2.1.25) with

LKsin(\/?r) K >0,
niry =" (2.6.11)

ﬁsmh(\/—KT) K <0.

In view of Section 2.1.3, these metrics are immersible, namely there exist compat-
ible deformations y such that Ily] = g (isometric immersions). We now construct
computationally isometric embeddings y for both K > 0 (elliptic) and K < 0 (hy-
perbolic). It turns out that they possess a constant Gaussian curvature k = K
according to (2.1.28).

We let the domain €2 be the unit disc centered at the origin, do not enforce

any boundary conditions and let f = 0. The partition of €2 is as in Section 2.6.4 and

7=005 2 =01, tol=10"% tol=10"°
Case K = 2 (elliptic): We use the fictitious force f= (0,0,1)T in Algorithm 2
(preprocessing) and the pseudo-time step 7 = 0.05 in Algorithm 1 (gradient flow).
We obtain a spherical-like final deformation; see Figure 2.11 and Table 2.8 for the
results.
Case K = —2 (hyperbolic): We experiment with two different initial deformations

for the metric preprocessing of Algorithm 2: (i) we take the identity map or (ii)
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Figure 2.11: Deformed plate for the disc with constant Gaussian curvature K = 2
(elliptic). Outputs of Algorithm 2 (left) and Algorithm 1 (right).

Algorithm 2

Algorithm 1

Ey

156.404

9.35368

Dy,

0.0999494

0.188454

Table 2.8: Energy and prestrain defect for disc with constant curvature K = 2

(elliptic).

we solve the bi-Laplacian problem (2.5.1) with a fictitious force f = (0,0,1)” and
boundary condition ¢(x) = (x,0) on 9 (but without ®). Algorithm 2 produces
saddle-like surfaces in both cases but with a different number of waves; see Figure
2.12. Algorithm 1 uses the pseudo-time steps 7 = 0.00625 and 7 = 0.0125 for

(i) and (ii), respectively, while the other parameters remain unchanged. Table 2.9

documents the results.

It is worth mentioning that for the 3d slender model described in [71], it is
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Figure 2.12: Deformed plate for the disc with constant Gaussian curvature K = —2
(hyperbolic). Outputs of Algorithm 1 with initialization (i) (left) and initialization
(ii) (middle) and another view with initialization (ii) (right).




Initialization (i) Initialization (ii)
Algorithm 2 | Algorithm 1 || Algorithm 2 | Algorithm 1
E, 699.396 6.92318 699.399 12.0978
Dy | 0.0998791 0.245552 0.0999183 0.232627

Table 2.9: Energy and metric defect for disc with constant Gaussian curvature
K = —2 (hyperbolic) for two different initial deformations of Algorithm 2: (i)
identity map and (ii) solution to bi-Laplacian with fictitious force.

shown that when K < 0, the thickness s of the disc influences the number of waves
of the minimizing deformation for K < 0. Our reduced model is asymptotic as
s — 0 whence it cannot match this feature. However, it reproduces a variety of

deformations upon starting Algorithm 2 with suitable initial configurations.
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Chapter 3: LDG Method of Large Deformations of Bilayer Plates

In this chapter, we consider a local discontinuous Galerkin (LDG) type numer-
ical method for the approximation of large deformations of bilayer plates. With this
new discretization, we prove the I'-convergence and design a fully practical gradient
flow scheme. We also prove the energy stability and the control of constraint defect
for this scheme. Moreover, we also illustrate the efficiency and effectiveness of the
method by numerical simulations. The key novel ingredients of analysis are an a
priori L*°-bound for the first derivatives of the approximated deformation, a re-
duced discrete Hessian, and an imposition of linearized discrete isometry constraint

at barycenters of elements.

3.1 Problem statement and discretization

3.1.1 Bilayer plates model

Mathematically, to find the 2d equilibrium deformations y : Q — R? of bilayer

plates, one needs to solve the constrained minimization problem:

min E [y] := %/Q ] - 2[*, (3.1.1)

yEA
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where the admissible set is defined as

A={yeH Q) :Iy]=LinQy=¢Vy=®onIp}. (3.1.2)

Here, I[y| := VyT Vy is the first fundamental form, and Il[y| := —VvTVy = vT D%y
is the second fundamental form of the mid-surface y(€2), where v is its unit normal
vector, and [, denotes the 2 x 2 identity matrix. Dirichlet boundary conditions are
imposed on I'p C 99 with boundary data ¢ and ® can be extended to [H'(£2)]® and
[H'(Q)]>*2 respectively. To have boundary conditions compatible with the isometry
constraint, @ is also assumed to satisfy ®T® = I, a.e. in Q. Moreover, I'p is allowed
to be empty in this work and it corresponds to free boundary case.

7 : Q0 — R?*2 is spontaneous curvature and encodes the material properties
of the bilayer plates, i.e, the difference in reactions to the environmental stimuli
between two thin layers. It drives plates to undergo large deformation without
external forcing term. If the material is homogenous and isotropic, Z = als with
a constant a. Otherwise, the material is anisotropic or inhomogeneous. Z is the
given data to the problem. In particular, when Z = 0 there is no difference between
properties of two layers, and thus in this case the model reduces to single layer
plates [22], which coincides with the classical Kirchhoff plate theory.

Energy functional F [y| can be further simplified. As y is an isometry (i.e.

Ily] = I»), there holds [11]

Myl = [D%[* = |Ay[* = tr(I[y])*. (3.1.3)
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As a result, expanding the energy and using (3.1.3),

Ely] ::%/Q‘D2y|2—/Q]I[y]:Z—l—%/Q‘Z‘Q. (3.1.4)

The term fﬂ I[y] : Z is the challenging term, as it brings nonlinearity to variational
derivative of E [y]. Indeed, exploiting the definition of Il[y] and constraint I[y] = I,

we can write

o1y x Oy oy oy _

— — X
01y x Oy| |0y |Oay]|

Oy X Oqy (3.1.5)

and

/Q]I[y] 7=Y /Qaijy D1y X Ohy) 7. (3.1.6)

ij=1
and therefore this term is cubic in y. Moreover, since the term % fQ }Z ’2 depends

only on Z, it is equivalent to minimize the following energy for y € A:

1 2
Ely]:= ) /Q ‘D2Y|2 - Z /Qain' (O1y X Ooy)Zij, (3.1.7)

1,j=1

and we keep the same notation for simplicity. We further define

Ely] == %/Q\DQYIQ, (3.1.8)

which is the bending energy functional for single layer plates as in [22]. This is con-
sistent with the bending energy for prestrained plates (2.1.33) up to multiplicative
constants when the target metric for prestrained plates is g = I (no prestrain) and

there is no external force (f = 0).
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3.1.2 Discretization

In this chapter, we adopt notations of meshes, jumps, derivatives, finite ele-
ment spaces, norms, lifting operators, and the discrete Hessian from Chapter 2. For
a detailed introduction, we refer to Section 2.2.1 and Section 2.4.

We first recall the definition of the discrete Hessian Hj, : V¥ (¢, ®) — [L2(Q)]*?
as

Hh[V]—J = DfQLVh — RQ([V;ZV;Z]) + B;f([vh]) (319)

The weak and strong convergence properties satisfied by Hj, are discussed in Chapter
2, while in this chapter we restate the strong convergence property in a more general
set-up as follows. Note that in Lemma 2.3.3 we prove the strong convergence of
Hy[vy] for vy, as the Lagrange interpolation of v, which satisfies the conditions in
Lemma 3.1.1 and thus a special case of this general set-up. Moreover, the proof of

Lemma 3.1.1 is verbatim the same as Lemma 2.3.3.

Lemma 3.1.1 (Strong convergence of Hy,). Let v € [H*(Q)]* be any function such
that, when T'p # 0, v = ¢ and Vv = ® on ['p. Moreover, let vi, € Vi(p, ®) be

such that

1 D*vil 2y S IV gz for any T € Ty and Z vy, — V|?{2(T) — 0 as h — 0.
TeT,
(3.1.10)

Then for any ly,ls > 0 we have as h — 0

Hy[vy] = D?>v  strongly in [L*(9)]****2. (3.1.11)
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Discrete minimization problem. Consider a discrete energy approximating E|y]

using a LDG-type discretization:

Eylys] = Enlyn] - Z > TV [(Hulyn))ij - (Oryn x 0ayn)Zij) (@r).  (3.1.12)

1,7=1T€ET;

Here, Ey[ys] is defined as

Eplys] = / | Hulyn } +mlh” [Vth]||L2 ey + 0l[h” b’h]”m(ra (3.1.13)

where the last two terms are stabilization terms with penalty parameters g, v; > 0.
Moreover, (3.1.13) is the discrete bending energy for the single layer problem with
the LDG method. Indeed, it is a natural discretization of (3.1.8) that hinges on
the discrete Hessian in the same spirit of Chapter 2. Eh [yn] is the quadratic part
(quadratic in yy) of (3.1.12) approximating (3.1.8), while the second term is the
cubic part approximating (3.1.6). When considering the variational derivative of
(3.1.12), the quadratic part Ej[ys] will only result in linear terms, while the cubic
term brings additional nonlinearity and requires more effort to deal with.

For the second term of (3.1.12), x7 denotes the barycenter of any element T" €
Tn, and }[vh[yh] denotes a reduced discrete Hessian, whose definition and properties
are discussed later.

We consider the discrete admissible set Ay, 5 defined as
Aps = {yn € Vi(p,®): “V}’ZV}% — ] (xT)‘ <o VT €T}, (3.1.14)
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and a discrete counterpart of (3.1.1) reads

min  Ej[ys]. (3.1.15)

Yh€ARs

For y;, € Ay s, there holds that maxyer;

[VyZVyh — Ig} (a:T)‘ < 4, and this implies
that a discrete version of L norm of Vy!Vy; — I, is controlled by §; this is a

relaxed isometry constraint for the discrete function yy.

Lemma 3.1.2 (pointwise isometry constraint). If y, € Ay s, then
1—0 <|0yn(zr)? <146 fori=1,2, and |01y (vr) - Doy (zr)| <6, (3.1.16)

for all T €Ty

Proof. Note that for any 7,7 = 1,2
(VYL Vynl, (2r) = Oy (2r) - 9y (wr).
By the definition (3.1.14), we deduce that for any i,j = 1,2
‘ [Vynyh]ij (x7) — Lo;i(zr)| < 6.
Since I5;; = 1 when ¢ = j and I;; = 0 when i # j, we conclude (3.1.16). O

Reduced discrete Hessian. The reduced discrete Hessian Hylyp] is defined as
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follows:

Hylys) := Pu(Hylys)), (3.1.17)

where P, is the local L? projection onto [Po(T)]>*?*? for each element T' € Tj,.

Indeed, P, (Hplyn))|7 is defined as

mmwmzﬁémw. (3.1.18)

The second term of (3.1.12) is an approximation (one-point quadrature rule)
of the integral fQ(EL[yh])w (O1yn X O2yn)Z;j. At first glance, using Hilyn] = Hylys]
would be the most natural choice for this term in the discrete energy, but it hinders
the I'-convergence proof; the use of f];[yh] will be justified later in Section 3.2. Note
that here 0;y, (i = 1,2) denotes columns of the broken gradient V,yy.

Next we explore properties of the reduced discrete Hessian I:Jvh[yh].

Lemma 3.1.3 (Upper bound of reduced discrete Hessian). For any y, € V¥(p, ®),

there holds

||Hh[Yh]”L2(Q) < Csmb”}’hHHg, (3.1.19)

where the constant cgqp is independent of h.

Proof. Due to Lemma 2.2.1, it suffices to prove || Hy[yx] 22 S 1 Hr[yn)lL2()- This
is a consequence of definition (3.1.18), because we have the following on each element
T e Ty

1P (HulynD) |l 2cry < [ Hn[ynll 22
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Similar to Lemma 2.3.2, we have the following result.

Lemma 3.1.4 (Weak convergence for reduced discrete Hessian). Let y;, € Vi (g, ®).
Ifllynllaz) < C forallh and yy, — 'y in [L2()]3 fory € [H*(Q2)]3, we have E[yh]

converges weakly to D*y in [L*(2)]3.

Proof. For any ¢ € [C°(Q)]****2, we have

/Ph(Hth Z/th}z Py = Z/Hh}’h ¢+ Hulyn] - (Prho — 9).

TeTh TeTh

For the first term, by Lemma 2.3.2 we have

/QHh[Yh]icb%/QDQ}’iqﬁ-

For the second term we can estimate

| > Hilyal s (Pro = 6)] < 3 IHulyllen|Pad = @llzar

TeTh TeT,

< | Hulyalllz2ayhr V8]l
TET;

< h||Hplywllle2 [ VOl 2

Due to Lemma 2.2.1 we have ||Hp[ys]l[12) < Ilynllnz is uniformly bounded, then

the second term converges to 0. ]

Remark 3.1.1. If P, is defined to be the local L*-projection onto [P(T)]>***? for
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any nonnegative integer k, Lemma 3.1.4 is still correct. Indeed, P, is defined as for

any T € Ty,
(Po(v), Wi) 2y = (v, Wh) 2(7), YWy, € [Py (T2, (3.1.20)

Then,

/Q[Ph(Hh[.Yh]) Hylyn]] : Z/Ph (Hulynl) — Hulynl] : (¢ — Pro)

TET

+ Z/Ph (Hulyn]) — Hulynl] : Puo

TET,

_Z/Ph Hylyn]) — Hulynl] : (¢ — Prg)

TeTh

SO (Hulyalllzee)llé — Pudll 2

TeT

S I Hlynlllz@)lé — Puoll 2@

where the second equality comes from the definition (3.1.20) and the inequality comes
from the L*-stability of the operator P,. Moreover, since |[Hp|yn]||12q) is uniformly
bounded and ||¢ — Pnd||r2) — 0 as h — 0, together with the weak convergence of
Hy[yn] to D%y, we can prove Lemma 3.1.4 for Py, defined as (3.1.20).

However, as we shall see in Section 3.2 we need to require Pn(Hplys]) €
[PL(T)]3*2%2 to prove the T'-convergence, and thus k in (3.1.20) can only be 0 and
1 here. Moreover, since we define the cubic term in (3.1.12) by using a one-point
quadrature rule, using k = 0 for P, helps with the efficiency and simplicity, and

does not harm the accuracy.
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3.2 T'-convergence

First we recall coercivity, compactness and lim-inf property (Theorem 3.2.1
and Theorem 3.2.2) of the quadratic part E[y]. Note that such results with LDG
discretization for prestrained plates are proved in Chapter 2 in the case of both
Dirichlet boundary and free boundary. Since single layer plates are only special
cases of prestrained plates (i.e, ¢ = I5), the proofs in Chapter 2 carry over to
E’h [yn]. Here, for simplicity of presentation we focus on the case I'p # (), while the
case I'p = () can be treated as in Chapter 2. Note that Hj[y;] in Eh[yh] can have

any choice of lifting polynomial degrees ly,l > 0.

Theorem 3.2.1 (Coercivity of Ey). Let y, € VE(p, ®), and vo,71 > 0. If Tp # 0,

then

||yh||§—1}21(9) S Ccoer(Eh[Yh] + Ci,@)? (321)

where the constant ceoer of (3.2.1) depends only on 7o, 1, and the constant Cy ¢ is
| 1
given by Cp o = (”‘P”%}l(a) + “q)”%Il(Q))Q'

Theorem 3.2.2 (Compactness and Lim-inf of E). Assume that Ip # 0. Let
li,lo >0 and let § = §(h) — 0 as h — 0. Let {yn} C Ans be a sequence such that

Enlyn] < C uniformly. Then there exists y € A such that (up to a subsequence)

yn =y in [L2Q)]® as h — 0, and Ely] < lim iglf Eplyn).
—

Moreover, the following Lemma reveals the conditions that a recovery sequence
{ynr}n should satisfy, for the lim-sup condition of En. A proof can be carried out as
in Theorem 2.3.4.
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Lemma 3.2.1 (Conditions of recovery sequence for Eh) Assume that T'p # (). For
any 'y € A, if there exists yy, € Ap s such that Hyply,] converges to D%y strongly in

[L2()]3%2%2 then E[y} = limy,_, E’h[yh].

Indeed, to prove lim-sup condition one needs to construct a recovery sequence
{yn}n C Aps for any y € A, which should satisfy the conditions in Lemma 3.1.1
to guarantee the strong convergence of the discrete Hessian. For example, such a
specific construction exploiting Lagrange interpolation are used in Theorem 2.3.4,
but we emphasize that a novel construction of recovery sequence is considered in
this work as in Theorem 3.2.4, corresponding to the brand new discrete constraint
(3.1.14).

Then, we turn to properties of the complete discrete energy Ejly,]. With the

help of Theorem 3.2.1, we can further establish the equicoercivity of energy Ej:

Theorem 3.2.3 (Coercivity of E). Assume that I'p # 0. If yi, € Aps and Ep[yp)
is uniformly bounded, then Eylyy) is also uniformly bounded, and thus |ys| 2 S

uniformly bounded as well.

Proof. Note that

SN | [Hulynlij - (Dvyn x Dayn) Zi) (vr)

i,j=1T€T;,

2
< AT HwYwlisll e oy |01y n () 102y n (@) | Zig | 1o ) -

i,j=1T€T,

Using yn € Aps and Lemma 3.1.2, we get that |0y, (zr)] < (0 + 1)z for i = 1,2.
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Thus,

Z Z 7| [ﬁh[}’h]ij - (O1yn X 5’2Yh)Zij] (vr)

1,j=1T€ETy,

< (04 DI 2l Z > Tl Halyalisll ey

1,j=1T€Ty,

2
L~
< (04 D1 Zsj || L= ) Cinw Z Z \T|2 (| Hn[yn]ijll 2 )

i,j=1T€T,

.

< (6 + D[ Zijl| oo @) Cino | Q12 [ Hi [y s ]l 22 (02)
1

< (6 + D1 Zijll oo (9 CinoCstad |2 2 ||y 122

_ 1
< (26coer) " llynllzz + 5 Ccoer (8 + 1)1 Zij oo () o ot

2
1~ 1
S §Eh[Yh] + 2C¢q> + 500067"(5 + 1) || ||L°°(Q inv stab|Q|

where we use Young’s inequality, inverse inequality, Lemma 3.1.3 and Theorem 3.2.1.

We have proved that

2Eh[Yh] Z Eh[Yh] - Ocoer) (322)
where positive constant 500” is defined as
50067“ = 6(coev“((” = Ci,@ + Ceoer (0 + 1)2”21']'”%OO(Q)C?nvcztab’Q" (3.2.3)

Moreover, we have

2Ccoez7“E1iL[yfl,] Z HYthg - Ccoercczp@ - Ccoerécoer = H}’thqg - écoe?“> (324)
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where the positive constant C..., is defined as
Ceoer 1= Ceoer(0) = 206061‘039,@ + Cgoer((s + ) 1Z; HLOO Cinv stab‘Q‘ (3.2.5)

Consequently, the uniform boundedness of ||y |2 and E,[ys] follows from the uni-

form boundedness of Ej[yy]. O
Now we prove the I'-convergence of Fj:

Theorem 3.2.4 (I-convergence of Ey,). Assume that T'p # 0. Let ly,1; > 0 and let
d=06(h) = 0ash—0.

(i) Let yy, € Aps be a sequence such that Eplys] is uniformly bounded. Then
there exists y € A such that y, — y in [L*(Q)]® and Ely] < lir}gigf Enlyn].

(ii) For any 'y € A there exists y, € Aps such that y, — y in [L*(Q)]® and

Ely] > limsup Ej[ys].
h—0

Proof. Note that the same results have been established for Ey. So it suffices to
deal with the term Zijzl > rer T []T.l;[yh]ij - (O1yn X Oay1)Zij| (x7) and the novel
way of imposing the discrete isometry constraint in Ay, ;.

Step (i): lim-inf property. By Theorem 3.2.3 and Theorem 3.2.2, we have
already shown that there exists y € [H?*(Q2)]* such that boundary conditions are
satisfied and y, — y in [L2(Q)]? and Ely] < lim _jgf Ep[ys]. Moreover, there further
holds the strong convergence of V,y; to Vy in [L*(Q)]**% as in Chapter 2. To

check that y satisfies the isometry constraint as h — 0, we take advantages of the
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L? convergence of V,y; to Vy. Noting y;, € A}, 5 we can verify that

> ‘/ VyiVyn— L) < > |T||[Vyi Vyn = I} (2r)]

TET, TET,
= 3 [ 9¥IVyh 12~ (V51 ¥y, — ] o)
TETh
< S+ 30 [ 1V(oyivw)
TeT TeTh

< Q6 + 2| Diynll 2@ Vaynll 2@

— 0,

as h — 0, where we use the uniform boundedness of [lyx|[52. Applying Poincaré-

Friedrichs inequality we deduce that

VYR Vayn— Blleve) S BIDiysll rze) | Vaynllze) + Z / (Vy} Vyn—1I)| — 0,

TeTh

as h — 0. Moreover, considering
(Viyr Viayn — L) — (Vy'Vy = L) = Vi(yn—y) Vayn+Vy' Vi(yr—y), (3.2.6)
we can further conclude that

IVY'Vy = Ll < (IVYllz@ + IVayallze) 1Vaye — Vyllrze

+ IVay L Viyn — Ll i) — 0,
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as h — 0. This shows that y satisfies the isometry constraint, and thus y € A.
Now to prove the lim-inf condition for Ejlyy], it suffices to check the term

tends to 0, where y € A is the limit of y; that is just obtained.

Z Z |T| [th[Yh]ij - (Oryn X ath)Zij} (z1) — Z /Qaijy Oy X D2y)Zi

1,j=1T€Ty i,j=1

= Z Z /T(EZ[Yhhj — 0iy) - (Ory X 02y)Zi;

1,j=1T€T;,

2
+ Z Z T [Hh[}’h]ij +(O1yn X Ooyp — Ory X (92}’)21']'} (z7)

i,j=1T€ET;,

+ Z Z {|T| [Ez[yh]zj - (Ory X 82}’)2@'} (z7) — /:FEZ[Yh]z‘j - (O1y x (92}’)Zij}

i,j=1T€T,

= Rl ‘|—R2 +R3.

First, due to the Lemma 3.1.4, we have Ry — 0 as h — 0.

Then, the following inverse inequality for any function w; defined on a finite

dimensional space over T' € T,

1 1
T2 \wn(zr)| < T2 {[Whall Ly < cimollWallz2e), (3.2.7)

yields

|Ro| = | Z Z | [Hiynlij - (Oryn — Ovy) X dayn + Oy x (Doyn — oy)) Zij] (z7)]

1,j=1T€T

2
<> ||Hh[}’h]z'j||L2(T)||Zij||L°°(T)(||31Yh — 01yl r2(r)|O2yn(zT)|

i,j=1T€T;,

+ |2y n — 82YHL2(T)H81}’”L°°(T)>-
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Then, by Lemma 3.1.2 and that y € A we know [Ooys(2r)| and [|O1y||Le(r) are
uniformly bounded. Together with Lemma 3.1.3, the fact that ||yy|| m2 18 uniformly
bounded and the strong convergence of V;y;, to Vy in [L?(Q)]*>*2, we have Ry — 0
as h — 0.

Since R3 is a quadrature error, we have

|R3| S Z Z h2/ |D2 Hh Yh] (81}’ X aQY)Zij”

1,j=1T€Ty,

Yy B2 (I D2 (Halynlig) o2 ry Ory X 053) Zigl i

1,j=1T€Ty

+ ||V(I/:I7L[Yh]ij)HLQ(T)HV((aly x 02y)Zij)| L2(1)

+ HEL[}’h]inLoo(T)HD2((51Y X a2}’)Zz'j)HL1(T)) =1+ I+ Is.
Note that

2
=Y > RV HY i) 2 IV (Ory X 023) Zij)| 12y

i,j=1T€T;,

SO R H [yl 2@ 1Dyl 2 |1 VY |y | 2| ey
TET;

< A Hplyulll 2|1 Dy 2@ S s
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as ||1:-[7L[yh]HL2(Q) S Iyallzz < € in view of Lemma 3.1.3. So I — 0 as h — 0. Also,

2
L= "> W2l Hilyalijll o) 1D (81 % 053) Zij)l| o)

ij=1T€T;,

S Cz Y hlHY 2y (1D |2 V¥ 2y + 1Dy | 72r)
TeT,

< Chll Hulynll 2 Iy 170y

1 1 1 1

where we use Y, abic; < (37, a7)2 (30, b7c7)> < (32, a7)2 (30,07 >°, ¢5)>. Note that
here we use a higher regularity of y, which requires a regularization argument for y €
A. In fact, isometries y in [H?(2)]® can be approximated with arbitrary precision

in the H2-norm by smooth mollifier y¢. Hence,

‘ / 0;;y - (Ovy X O2y)Z;j — / 05y - (O1y© X 0oy©) Zi;
Q Q
Sy = Yl a2 101y || 2|02y || 2 (0

1y N2 ly — Yl a @102y L) + |01 || L= (@),

which can be arbitrarily small when y€ is close to y arbitrarily in [H*(Q2)]*. Upon
choosing first y© and next h, we can make I3 arbitrarily small.

For I, since in each element T" € T, we have
D*(Hy[ynlij) = D*((Pu(Halya]))is) = 0,

as Py(Hplyn]) € Po(T). Then we conclude I; = 0. This justifies the use of reduced
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Hessian. Otherwise, if one considers Hy[ys]i;, D*(Hplyn)ij) is not necessarily 0 and
also there is no proper way to control I; by h* with o > 0 (using inverse inequalities
can only guarantee that I; is uniformly bounded).
To sum up, R3 — 0 as h — 0, and finally we have Ely| < ligljélf Enlyn].
Step (ii): lim-sup property. We need to apply the regularization argument:
by [48], isometries y in [H?(£2)]* can be approximated with arbitrary precision in the
H?-norm by smooth isometries y*. Given y € A we take y* be such approximation.

Then we can define the recovery sequence as
1
yi(x) =y (zr) + Vy“(zr)(z — 27) + 5(9: — 7)) Q(x — x7), (3.2.8)

for x € T for any T € T;,. Here xr is the barycenter of T, and Q¢ := ﬁ Jp D%y, Tt
is clear that y; € [V¥]? for k > 2.

Now, we have

lyn =yl S PIID°y | 2y, (3.2.9)

by Bramble-Hilbert lemma, and
ID*yn — D*y || 2y = [|1Q° = Dyl 2y S PIDy | 2(r) (3.2.10)

by Poincaré inequality.
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Moreover,

ID%yallzeer) = 1Q N 2ery < ’T|1/2!|LT’/TD23’E| <|TI72I D%yl ry S ID%y [lz2cr)-
(3.2.11)

Also, it is easy to compute that Vyp(zr) = Vy“(zr) for any T'. Since y© is an
isometry, it holds trivially that y, € A s for any 6 > 0.

Summing over elements and recalling the arbitrary precision approximation
property of y¢, properties (3.2.9),(3.2.10), (3.2.11) imply that y, — y in [L?(Q)]?,
Dy, — D%y in [L*(Q))****2 and || Dyy |l r2) S DYl r2(q). Consequently, Lemma
3.1.1 and Lemma 3.2.1 guarantees that }111_% Enlyn] = Ely].

Since Ej[yy] is uniformly bounded, then by Theorem 3.2.1, there holds ||y || H2(Q)
is uniformly bounded. Therefore, using y, — y in [L2(Q)]3, we have Hp[ys] con-
verges weakly to D?y in [L?(2)]* by Theorem 3.1.4. Consequently, convergence of

the remaining cubic term can be proved as in Step (i).

O

Remark 3.2.1. In this remark we discuss the motivation of using one-point quadra-

ture for cubic term and imposing discrete constraint on barycenters.

1. L*®-control: First, we need to impose the discrete constraint so that a discrete
L= norm of V,yt Vyy,— 1 is controlled; hence uniform boundedness of O;yy, in
the discrete L> norm can be obtained from admissibility. This is used several

times in this section.

2. Compatibility: We note that the cubic term in E), should be compatible with
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the discrete constraint. For example, this is necessary to bound the Ry term
using the admissibility in the lim-inf proof. More specifically, as we impose the
discrete constraint on barycenters, it 1s natural to use the one-point quadrature
(at barycenter) for the cubic term in Ej. Otherwise, if we consider the exact
integral of the cubic term, then the estimate of Ry is problematic, because it
is impossible to get a uniform L*°(T) bound for gradients from point values at

xp without exploiting W regularity (s > 1).

. Options for the discrete constraint: Unfortunately, using one-point quadra-
ture for the cubic term may hinder the accuracy if one considers high degree of
FEM space (the case k > 2), although an error analysis for this type of non-
linear nonconvex problem is beyond reach. Therefore, a natural question is:
can we use more quadrature points or other alternative treatments for the cubic
term, as well as discrete constraint? On one hand, it is not obvious how to con-
struct a recovery sequence such that it satisfies the discrete isometry constraint
at several quadrature points. On the other hand, if one considers an alternative
way of defining the discrete constraint such as |\T1| Jo(ViyEViyn—1)| <6 for
each T € Ty, it is always a challenge to construct a suitable recovery sequence
(satisfying (3.2.9),(3.2.10), and (3.2.11)), because Vyy may not be closed to
Vy in L. This is a limitation of the current work, and to be enhanced in the

future.
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3.3 Discrete gradient flow

To find a solution to (3.1.15), we conduct a discrete H? gradient flow. Recall

from Chapter 2 the definition of H? metric as follows:

(Vi Wiz = (Vi Wi)z2(0) + (Divi, Dawn) 2(0)

—|—(h_1[thh], [Vhwh])m(rg) + (h_3[Vh]> [Wh])L2(rg)7

where 0 = 0 when I'p # () and o0 > 0 when I'p = (). Moreover, we recall the
Discrete Poincaré inequality from Lemma 2.2.3 and (2.4.2), and for simplicity of
presentation, we denote the hidden constants in (2.4.2), (2.2.25), and (2.2.26) to be
a unified constant c,, which is independent of h.

The discrete H? gradient flow reads as follows. GivenyY € Ay (i.e, yY satisfies
the isometry constraint exactly), in each step knowing y7, we seek 5y2+1 € Fup(yn),

where F, ,(y}) is defined as

Frp(yp) = {vh € V(0,0) : [(Vy))'Vvi + (Vi) Vyp](zr) =0V T € Th}.
(3.3.1)
Note that we impose a linearized discrete constraint in practice by requiring 5yZ+1 €
Fro(yy) at each step. Indeed, Fjp(y}) defines a discrete tangent space of the

isometry constraint at yj for each barycenter zy.
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We compute §y; ! € F,p(y}) such that

1
~ Oy Vi) + an(Oy i, va) = —an(yi, va) + LyRl(va), (3.3.2)

for any v, € Frp(y}y). Here, 7 is a pseudo time step, and ay, is the bilinear form

corresponding to the variational derivative of Eh [yn]. More precisely

an(Wh, Vi) = /QHh[Wh] C Hy[vi] + (0 [Vawa], [Vava]) s

+ (0 [Wal, [Va]) 2ra).

The linear form ¢[y}](vy) on v, provides a linearization on the nonlinear term of
variational derivative of the Ej[yy] (comes from the cubic term), and it is defined

as

Qyplv) =3 > T (Hulva))i - (Byy x oy (wr) Zij(wr)

1,j=1T€ETy

37 ST T [(HulyR)i - @0va % 0ay})] (a7) Zig ()

1,j=1T€Ty

3 ST T [(HalyR) - (0uyy x 82vi)] (1) Zig (7).

i,j=1T€ET;,

We note that this is an explicit treatment on the nonlinear term in the iterative

scheme, as only y} is involved.
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3.3.1 Energy stability and admissibility

Motivated by [14] we have the following energy stability and admissibility
property Theorem 3.3.1. Although we relax and linearize the isometry constraint in
the iterative scheme, we prove that violation of the constraint is indeed controlled
properly if 7 is small enough.

First we prove a discrete inverse inequality, which will be useful in the proof

of Theorem 3.3.1. Define E(7},) := lrer, H(T), and hyy, := minge7, hy.

Lemma 3.3.1 (discrete Sobolev inequality). For any v, € E(7,) N W, where W),

1s any finite dimensional space, there holds

_1
[vnllZoe ) < (14 1108 hanin ) (I VivnllZa o) + 1072 [on]l|Z2p) + llvnllZ2)  (3:3-3)

Proof. We consider a smoothing interpolation operator I, : E(7,) — V¥ N H1(Q)
constructed originally in [21, 22] and discussed in Chapter 2, which satisfies (2.2.19)

and (2.2.21), i.e,

1

IVITon | 2e) + 107 (on = Thon) 2 @) S IVavall 2@ + 1072 [a] | 2o,

and

”Hhvh”LQ(Q) S ||"UhHL2(Q)'
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Now, to prove (3.3.3) we consider

thH%w(ﬂ) S llon — Hh”h”%w(m + HHhvhHZLOO(Q)

ST (on — Thon) 1720 + 1Thon] Zoo 0

where the second inequality uses an inverse estimate. Using (2.2.19), (2.2.21) and

discrete inverse inequality for ITv, € H*(Q) [27]:

T |7 o0 0y S (1 + 108 humin) TR0 [771 0 (3.3.4)

we get

_1
lorllZe@) S IVAVAIT2 (@) + M2 [on]ll7arg) + (1 + 1108 hanin ) [T vn 71 )

1

S (14 [10g huin ) (Vi Z2() + 1072 [va] 172 (o) + llonllZ2(0))-

This concludes the proof. n

Theorem 3.3.1. Given y) € Ao, assume Ey(yY)) < co with ¢y independent of h.
There exists a constant oy independent of N and h such that if T < (2a1]10g hmin|) ™',

then for any iterate y we have

N—-1
1
Eulyi 1+ 5= D 10yt i < Bulyd), (3.3.5)
n=0

148



and there exists constants ao and ag independent of N and h such that

[[(Vy") 'V = L] (ar)| < 037|108 huin| (Enlyp] + a2), (3.3.6)

for any T € T,. Moreover, a; and as depend on the data ¢, ® and Z, while ag is

independent of the data.

Proof. We proceed by induction, and first we state the induction hypothesis as
follows:

Induction hypothesis 1: assume the estimate (3.3.5) holds for any N < k
(k > 0) with the constant as;

Induction hypothesis 2: assume the estimate (3.3.6) holds for any N < k
(k > 0) with the constant ay and as.

Now we prove (3.3.5) and (3.3.6) are valid for N = k + 1 with the same
constants aq, as and ag that are discovered in the process, and the constants are
independent of k£ and h. We split the proof into several steps.

k+1  k+1

+1“1211}2L+Tah(yh .y, ) in terms

Step (i): intermediate estimate on |5y
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of y¥. Taking the test function v, = §y;*! in (3.3.2), we have

.
5%(}’2“,%]3“) - §ah<Yh7yh> + Qah(fsb’k+1 Syptt)

=7 Z > T [Huldys™i; - (O1yh x Oayf))(wr) Zij (1)

1,j=1T€ET;,

+T Z Z T [th[yng : (815}";12+1 X 32}’5)} (vr)Zi(2r)

1,J=1T€T,

+7 Y Y T Hilytly - (Ouyh x 020y (1) Zij (wr).

i,j=1T€eT;,

oy, Iz +

Then, by Cauchy-Schwarz inequality we have

T T
SanE v = Sanlvhoyh) + Sy oyET)  (3.3)

<7 Z > [T HABYE i) IT13 101 (o) |22y h ()|

1,j=1T€T

loyy 17 +

+ T2 | Haly i (o) || T12 100033 (20) |02y (27)|

+ | T\2 | HalyE]sj ()| T2 !3253"““(%)\@1%(%)!] 1 Zij| oo -
By Induction hypothesis 2 we have
[[(Vyi) ' Vy} = L] (zr)] < as7|log huw|(Erlys] + a2) < C4, (3.3.8)

where C; = %(EOTT”) due to 7 < (2a4|log hmin|) ™! and Eyly?] < c¢o. By Lemma

3.1.2 with ¢ = (', this implies that

\(‘Zyﬁ(xT)F S CQ = Cl —+ 1, (339)
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for i = 1,2. Moreover, recalling (3.2.7) and noting that a,(dy}™, sy}t > 0,

together with Lemma 3.1.3 and Lemma 2.2.3, from (3.3.7) we get

T T
loyh™ I + San(yi™ yi™) = San(yh vi) (3.3.10)
< Gl Zllz ) 027[||Hh[5yz+1]||L2(Q)||VhY£||L2(Q)
+ 2| Hafy il [ V4855 1200

< CuCstabl| Z || L= (0) v CszT[!l(SY;k{Hl!Hg(IIYZHHg +Co0) + 20|yl 2 10y5 1z |-
Then, denoting
Cs = ¢} Cstab|| Z || L= () v/ Caps (3.3.11)
by Young’s inequality the term %Héyﬁ“”ip can be absorbed to the left hand side
h

of (3.3.10), and we get

1 T T 1
SIOYE e + Zanlyh ™ yE ) < Zon(vhvh) + 5 CRr Gl g + Coo ). (33.12)

k+1 k+1

Hqug +an(y, "y, ) in

Step (ii): intermediate estimate on 77!|dy}

terms of constants. By Induction hypothesis 1, it is clear that
Enlyy] < Enlyj] < co. (3.3.13)
By Theorem 3.2.3 and in particular (3.2.4),

VIl < 2ccoer EnlyR] + Geoer(Ch), (3.3.14)
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and we emphasize that ¢....(C1) means the 0 in (3.2.5) is replaced by C}, because
y¥ € Ay, by (3.3.8). Moreover, the constant e (C1) is independent of h and £,
but related to data ¢, ® and Z. Then combining (3.3.13) and (3.3.14), we conclude
that

||YZ||?1§ S QCCOET‘CO + écoer(ctl)- (3315)
By continuity of the bilinear form a(y¥, y¥) < ccontHy,’jH?{Q, where the constant copn;
h
is independent of h, k, and «a; (i = 1,2, 3), we have

ah(Yfm YZ> < 2CcontCeoerCo + Ccontécoe'r’(cl)' (3316)

Substituting (3.3.16) and (3.3.15) into (3.3.12), we divide both sides of (3.3.12) by
7. Without losing of generality we further assume that h,,;, is small enough so that

|10g Amin| > 1 and 7 < (20;) 7!, We get the intermediate estimate

1 1
S 10y I + San(yi ™ i) < G, (3.3.17)
where constant Cy is defined as
1 R C3 A )
C4 = CcontCcoerCo 1 §Ccontccoer<cl) + E(SGCcoercO + 18CCO€T(01) + 2C¢’¢), (3318)
1

where only Cj and é...-(C1) are related to a; (i = 1,2,3) and all the terms are
independent of k and h.

Step (iii): proof of (3.3.5) for N = k + 1. Now, we rewrite the following
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term in (3.3.7):

7| [ﬁhwyﬁ“]ij - (Oryy, x day}) (3.3.19)
+ iyt - (9r0y5™ x dayk) + Hilyli - (013) x 02095 | (o) Zis )

= T [Halyf™'is - (Oyk™ x Qay ) 2] (wr) = |T|[Haly}lis - 1y x 02y%) Zis) (wr)
— | T|[Hu [0y )iy - Oy x Qoyh ™ — Ouyk x Doy$) Zij) (ar)

+ T\ [Halyslis - (918y£™ x (Qayh — Oy ™) Zis) (wr),
where we use the identity

QEFLPRHLRTL  gRpkch — (gh+l _ gRpRFLkHL k(gL Ry kL gk (kL oy

Note that the first two terms contribute to the energy Ej, [yZH] while the last
two terms are considered as a remainder, and then we can substitute (3.3.19) into

(3.3.7) and reach

18y5 1 + TEalyy ™ — TEn[y;]

2
<ty Y |T|‘ [Huloyy i - (Ouyy ™ x Bayp™ — Ouyy % oy}y) Zi] (xT)‘

1,j=1T€Ty,

2
+7 Z Z |T|’ [Hulytlij - 010y < (Qayy, — oy ")) Zi] (LUT)‘7

i,j=1T€T;,
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and then due to (3.2.7) we have

10yh 1% + TEalyr '] — 7Enly3] (3.3.20)

2
<Ly Y. [||Hh[5Y;]§+1]z‘j||L2(T)||(915YE+1||L°°(T)||5ZY§+1||L2(T)
i j=1TET,

+ ||Hh[5YZ+1]ij||L2(T)|51Y;I§(IT)|||825Y2+1||L2(T)
+ 1 Hu[yhlisl 2o 1016y 3 | e oy 1028y 3 | 2y | 1| Zig || e ()
< A1 Z 1wy ot/ Call0yE I3

+ ACatabCpCaot| 108 hunin 1035 32 (17 1z + Coom + lyallaz) |

where for the last inequality we apply (3.3.3) to 8ic5y,lj+1 and consider further discrete

Poincaré inequality (2.2.26) to get that

1
1087 [ 2o 0) < Coon(L + 108 huninl) 2 1035 1z < 26505/ 108 Prin (|07, [ 112,
(3.3.21)

for i = 1,2. Moreover, by (3.2.1), (3.3.15) and (3.3.17) with the fact that E,[y"*!] =

1 k41 . k41
§ah(yh .y, ) we have

1 ~ 1
ly3 ez + Cow + 1VEll 2 < cloer(Balyy ']+ CL0)? + Coo + llyallmz  (3.3.22)

[N

1
S Cgoer(04 + 0307@)% + Cgo,(p + (206067’00 + écoer<cl>)

Finally, substitute (3.3.22) into (3.3.20) and recall the definition of C3 (3.3.11) we
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have
183, 52 + TEnly;, '] = TEnlyh] < Cs7]10g huwinl[|0y5 ™ |15z, (3.3.23)
where
Cs = Cy 4 4caC 2 s [choer(Cat C20)} + Cop + (2eoerCo+ Cener(C1)) 2], (3.3.24)

where only constants Cy, C3, Cy, and é..e(C1) depend on «; (1 = 1,2,3), and all the

terms are independent of h, k. Moreover, if aq, as and a3 are such that
05 S ., (3325)

then together with 7 < (2ay|log hmin|)™! we prove (3.3.5) for N = k + 1. The
validity of (3.3.25) will be justified in the last step.
Step (iv): intermediate estimate of |[(Vy; ") Vy,; ™" — L] (zr)|. Now

for 6yitt € Fip(yF) and any T' € Ty, by definition (3.3.1) there holds

‘ [(Vy,’j“)TVyﬁ“ — 12:| (CL’T)| S { [(VYZ)TVYZ — IQ:| (I’T)| (3326)

+[(Voy;, ™ (wr) " Voy, (2r)].
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By (3.3.3) and discrete Poincaré inequality (2.2.26),

|(Voy; ™ (7)) Vayy ™ (@)] < IVroy Lo i) < cson(1+ [ log huin])|0Y5 ™ [[72-

(3.3.27)

Using the intermediate estimate (3.3.17) and 7 < (2a4|log Amin|) ™!, we deduce that

[(Voyr H (wr)TVoyET (z7)| < Coop(1 4 [10g Aumin|)27Cs < 2C4csmpar . (3.3.28)
Together with (3.3.8), we conclude that

[[(Vy ™) ' Vyp ™ = L] (zr)| < C1 + 2Cscsmpa; ' =: Cs. (3.3.29)

This implies that yi™ € Ay, ¢,
Step (v): proof of (3.3.6) for N = k+1. Asy) satisfies isometry constraint

on xp, recursively using (3.3.26) and (3.3.27) we have

k

[(VyE) Yy = ] (ar)] < cop(1+ log hmin) D 16y5 |32, (3-3.30)
n=0

Since in step (iii) we prove (3.3.5) for N = k 4 1, we conclude that

k
Z deZ““?{g < 27(En[y}] — Enlyy ™).

n=0
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Moreover, by (3.2.4) and the fact that y; ' € Ay, g, a lower bound

Eh [y}lerl] Z - <2Ccoer)7lécoer (Cﬁ)

holds. Therefore,

k
Z HéyZJﬂH?{% S QT(Eh[y?L] + (QCcoer)ilécoer(C%))-

n=0

Hence, noting |10g Amin| > 1 we have

| [(V)’ZH)TV}’ZH - [2} ('rT)| S 4Csob| log hmin’TEh[y?L] + 2Csobcgolerécoer(c6)| 10g hmiana

(3.3.31)

and thus this leads to (3.3.6) if
a3 > 4Cgop and oz > 2C500CinrCeoer(Cs)- (3.3.32)

Step (vi): choice of the constants «;. Our goal is to show that there
exists at least a set of constants {1, as, a3} that is independent of h, k and satisfies
the system of inequalities (3.3.25) and (3.3.32). We first fix aig = Hegop by the first
inequality in (3.3.32), and ag is independent of h, k and the data ¢, ® and Z.

Now it suffice to solve the following system of inequalities for a;; and as:

2
ay > gc;irécoer(C’ﬁ) and oy > Cs. (3.3.33)
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Recall the constant C) is defined as C; = as(cy + az)a;!, and note that éeee.(8) is
quadratic in § as in (3.2.5). Moreover, we observe that C; (i = 2,...,6), Ceoer(C1)
and Ceer(Cg) are expressed in only positive powers of C and constants indepen-
dent of h,k,ay,as, a3, which further implies that they can be expressed in only
negative powers of ay, positive powers of 7 := asa;' and constants unrelated to
h,k,ay, o, 3. If we consider a particular case ap = (/a; and we let a; — oo, then
we first notice that » — 0. Therefore, in the limit of ay — 0o, we can observe in
the order that Cy — 0, Cy — 1, C3 tends to a constant depending on Z, ¢eper(Ch),
C, and C5 converges to a constant depending on data ¢, ® and Z, Cg — 0, and
Ceoer(Cg) also tends to a constant depending on the data. Consequently, we con-
clude that when «; is sufficiently large and oy = ,/a; they satisfy the system of
inequalities (3.3.33). In particular, they are independent of h, k, but depends on the
data ¢, ® and Z implicitly. In summary, this shows the existence of such a set of

constants {1, az, a3} and concludes the proof. O

3.3.2 Inf-sup stability

To deal with the constraint 5y2+1 € Fup(yy), we apply the method of Lagrange

multipliers. Indeed, we use piecewise constant Lagrange multipliers in the space

M= {0 Qo R AT = A, A€ V]
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We define the bilinear form by (-, -; y7) for any (vy,, p,) € VE(0,0) x Ay, to be

bn(Vi, 1y Y1) = Z IT|(VVEVyy + (VYD) IVvy) (o) © . (3.3.34)
TET,

We observe that by(-,+;y?) depends on y} and that b,(5y} ™", p,;yr) = 0 for all
w, € Ay, implies (3.3.1) for all T € T;,. Therefore, in each gradient flow step with

the linearized metric constraint we seek (Jy; ™, A}) € V¥(0,0) x Ay, such that

T Oy Va) a2 +an(0y T Vi) 0 (Vi Ny yh) =Lyl (va) —an(yh, va)

b (Syy ™, p yi) =0
(3.3.35)

for all (vy,, ) € VE(0,0) x Ay. Since y? € VE(p, ®), whence yi*! = y7 + dy;t! €
V¥(e, @), the Dirichlet condition of yZ“ is inherited from that of y}, which in turn
appears on the right-hand side a(y}, vi) when I'p is not empty.

The proposed strategy is summarized in Algorithm 3.

Algorithm 3: (discrete-H? gradient flow) Finding local minima of E,

Given a pseudo-time step 7 > 0 and a target tolerance tol;
Choose initial guess y) € Ay, p;
while 77| E, [y ] — Eny?}]| >tol do
Solve (3.3.35) for Oyt A7) € VE(0,0) x Ay;
Update y;'*! = y? + sy,
end

We solve (3.3.35) using the Schur complement approach as in Chapter 2. As
indicated in [61], the solvability of Schur complement matrix relies on the continuity
of aj, and inf-sup stability of by, and also as in [16] the conditioning of the Schur
complement matrix depends on the coercivity of ay, boundedness of b, and inf-sup
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stability of by,.
To prove inf-sup stability of by, we first show a lemma in the context of linear

algebra as follows.

Lemma 3.3.2 (solvability of auxiliary matrix equation). Given a 2 x 2 symmetric
matriz C', and given a 3 X 2 matrix B with strictly positive smallest singular value

Omin(B) > 0 such that BC # 0, we can find a 3 x 2 matriz A that solves the equation

(ATB+BTA): C = |0 (3.3.36)

and there holds |A| < |C|. Here | - | denotes the Frobenius norm of matrices.

Proof. Note that

ATB:C =tr(BTAC) = tr(CA'B) =tr(A"BC) = B'"A: C = A: BC.

Thus (3.3.36) is equivalent to

1
A:BC = -|C],
2
and so
2
| BOC]
2|BC|?
is clearly a solution to (3.3.36). Also,
T
Al = :
= 2|BC|
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Considering the singular value decomposition of B, we have B = ULV, where U
is 3 x 3 orthogonal matrix, V is a 2 x 2 orthogonal matrix, and ¥ is a 3 X 2 matrix

of form [o1(B), 0;0, 02(B); 0, 0] with singular values o;(B) of B. Hence,
|BC]? = [USVTCP = |SVTCP = |9C)? 2 0min(B)*|C* = 0min(B)*|C2,

where €' = VIC and thus |C| = |C|. Note that |C| cannot be 0, otherwise C' = 0

and then BC' = 0 that contradicts the assumption. As a result,

C]
< .

This finishes the proof. n
Therefore the following inf-sup condition for by, defined in (3.3.34) holds.

Theorem 3.3.2. For alln > 0, there exists a constant B, = Bhyin > 0 independent

of n such that

b . n
uf sup h(Vh7 Hp; yh)
€M, ey 0,0) 1 Vall 2oyl enl L2 ()

> B (3.3.37)

Proof. Due to the Lemma 3.3.36, for any element K € 7T, we conclude that there

exists 3 X 2 matrix Ax such that

pnx : (AVyi(zk) + Vypex) Ax) = [y x|,

and |[Ag| < #’?&K)), where g, i = py,|k is a constant symmetric 2 x 2 matrix.
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Note that by definition

N[

Tuin(VY7(2K)) = Auin((VY7 (2x)) Vyi(2K))) 2,

where A\nin denotes the smallest eigenvalue. Note that yj € Aj 5, and thus

(Vi) Vyh(ax) = B] < 0.

One can show that the function \(-) : M?*? — R from the space of symmetric
matrices M?*? into R such that A\(A) gives the (real) eigenvalues of A is continuous,

say in the Frobenius norm |- |, because all norms are equivalent. Hence,

Amin (Vi (26) Vyi(zk) — L) S 6,

and therefore

Auin (VY7 (k) Vi (2x)) > 1 = cd.

Consequently, for ¢ small enough we have

[NIES

Tmin (VY7 (7)) = Qmin(Vyi (25))" Vi (2K)))

is bounded away from 0. Therefore |Ag| < (\1/%,(;\% '

We define v, as v (x) := Agx — ﬁ fK Agx on each K, and it is clear that
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vy, € V’,j for k > 2 and Vv;,, = Ag for all K € 7T;,. Thus, we have

bn(Vh s h) = Y | Kl : [ARVyh(ek) + Vyi(ek)" Ax]
KeTs

= Z ’ll’h,K|2’K| = Hlih”%%n)
KEeT,

Note that with this choice of v, D*v;, = 0 on each element K. Now we

compute:
Ivalliz = D B2 IvalliZae + 2t IV VAl llZeqe)
ee&y
< D Al + R EIV VAl
KeTh
S Z h=2 Vvl T2
KeTh
S [ A
KeTh
| K|
DI N
KeT, - 05)
S hr;i2n(1 - C5)72‘|Nh||%2(9);
where we use trace inequality and Poincaré inequality (vy, is zero mean). O

3.4 Numerical experiments

In this section we present several numerical experiments, compared with the

work [12, 13, 14, 23], and motivated by experimental work [2, 49, 72]. We conduct
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simulations with various spontaneous curvature matrix Z, and we consider both
Dirichlet and free boundary conditions. Different aspect ratios of rectangular domain
are also taken into accounts. Our numerical simulations illustrate the effectiveness

and efficiency of our algorithm.

3.4.1 Implementation

We start with a few comments on the implementation of the gradient flow
(3.3.35) and Algorithm 3.

First, the discrete problem (3.3.35) is a saddle-point system, which can be
solved efficiently by Schur complement method. For more details of its implementa-
tion, please refer to Chapter 2, where there is a similar linear algebra structure to
solve the discrete problem in each step. Here, we emphasize that we use a conjugate
gradient iterative solver to compute the inverse of the Schur complement matrix. In
numerical experiments shown in this section, we observe that the number of itera-
tions needed in the conjugate gradient solver is roughly order h, which is related to
the condition number of the Schur complement matrix.

We emphasize that the scalar product (-, ) H? and the bilinear form a; are
assembled once for all before the main loop, while the bilinear form b} and right hand
side are assembled at each step of the loop as they depend on the previous iterate yj.
We notice that computing the discrete Hessian Hp[y;] is the most expensive part
in the assemble process, as it requires solving the linear system (2.2.7) and (2.2.8)

for lifting operators. However, we manage to compute the discrete Hessian only one
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time before the main loop by storing Hy[¢}] globally in the code, where {¢} }¥ | is a
basis for [V£]3. In this way, although ¢[y?](v},) contains the discrete Hessians H,[vy]
and H,[y?], the cost of assembling the right hand side of (3.3.35) is tiny, since the
reduced discrete Hessian H, » are simply L? projection of discrete Hessian Hj,, which
is only a light computation. Moreover, evaluating ay(y}, vy) is also only a standard
matrix-vector operation since we have assembled a; and degrees of freedoms of y}
is known.

To summarize, the time-consuming parts of our algorithm mainly consists of
two parts: i) computing discrete Hessian; ii) solving the linear system (3.3.35) by
Schur complement method. ii) eventually dominates since it needs to be done in
each iteration while i) is conducted once for all (empirically, it costs as much as
several iterations). By storing Hj[¢}] we need to sacrifice certain memory of the
machine, but this is worthy as the speed and efficiency of the algorithm are improved
a lot.

The implementation is carried out within the software platform deal.ii [7] and
the visualization is performed with paraview [6].

For all the simulations, we fix the polynomial degree k of the deformation y,

and Iy, [ for the two liftings of the discrete Hessian Hy[y,] to be
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Moreover the stabilization parameters are taken to be

In contrast to [22, 23], these parameters do not need to be large for stability purposes.

In the following numerical simulations, we consider both free and clamped
Dirichlet boundary conditions. In either situation, a natural choice for the initial-
ization is y9(z1, x9) = (1, 22,0) for (z1,x3) € Q, which corresponds to a flat plane,
and satisfies the isometry constraint everywhere so that y9 € A and the clamped
boundary condition. We notice that for a more complicated boundary condition not
satisfied by y? (x1, z2) = (1, T9,0), one can apply the boundary condition preprocess-

ing and the metric preprocessing as in Chapter 2 to generate a suitable initialization

Yh-

3.4.2 Clamped plate: Z = I

We consider a rectangular plate 2 = (—5,5) x (—2,2), clamped on the side
{=5} x [=2,2], with spontaneous curvature given by Z = I;. The deformation
with minimal energy corresponds to a cylinder of radius 1 and energy 20 [67]. We
report iterations of the gradient flow in Fig.3.1, with number of elements is 1024
(30720 dofs), 7 = 5 x 1072 and tol = 10~*. A cylindrical equilibrium configuration
is reached confirming the results in [67].

In contrast to [23], but similar to [14], we notice that self-intersecting appears

here in the evolution. It takes fewer iterations for our algorithm to reach the equi-
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librium configuration in this case, with the same or even smaller time step 7, than
methods in [13, 14, 23].

Moreover, with fixed 7 = 5 x 1073, we look at the mesh where there are 256
and 1024 elements respectively, and we observe that Ej; = 16.8627 and E;, = 17.8038
respectively. The error in energy is smaller than the Kirchhoff method described in
[13], for which Ej = 15.961 and E}, = 16.544 with the same mesh-size and time step
7. Also, the error is smaller than the new Kirchhoff method in [14], which computes
with the case Z = 2.5]5 and produce a 36% relative error with a smaller mesh (5120

triangular elements).

\

-
®©

Figure 3.1: Evolution (counter-clockwise) towards the equilibrium of a clamped
rectangular plate with spontaneous curvature Z = I. The bilayer plate is depicted
at times 0, 50, 1000, 9000, 18000, 36050, 48100, 56050, 72100 of the gradient flow.

3.4.3 Free plate:Anisotropic Curvature

We now explore a cigar-type configuration motivated by [49]. The plate

Q= (=5,5) x (—2,2), and no boundary condition is imposed, with an anisotropic
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spontaneous curvature

We expect that the plate deforms at 45 degrees with respect to the cartesian axes in
a symmetric way and eventually reaches a cigar-like configuration, as in [23], since
two eigenvectors of Z are [1,1]7 and [1, —1]T. We confirm this in Figure 3.2. The
computation is conducted with 1024 elements (30720 dofs) and 7 = 5 x 1073, The
final energy is Ej = 46.3898. It also takes fewer iterations to reach the equilibrium

configuration than [23].

Figure 3.2: Evolution (counter-clockwise) towards the equilibrium of a free rectan-
gular plate. The bilayer plate is depicted at times 0, 50,200, 1000, 10000, 30000 of
the gradient flow.

168



3.4.4 Free plate: Helix Shape

We present the example with a helix-type shape motivated by [72], which is
a DNA-like configuration. We consider a high aspect ratio plate 2 = (—8,8) x
(—0.5,0.5), and no boundary condition is imposed, with an anisotropic spontaneous
curvature

1 =3/2
7 -
-3/2 1

We expect that this choice of spontaneous curvature corresponds to principal direc-
tions that form an angle of 45 degrees with the coordinate axes, and together with
the high aspect ratio this leads to a deformation that resembles the twisting of DNA
molecules, as in [23]. We confirm this in Figure 3.3. The computation is conducted

with 256 elements and 7 = 1072. The final energy is £, = 6.75379. It also takes

fewer iterations to reach the equilibrium configuration than [23].

1

Figure 3.3: Evolution (left to right) towards the equilibrium of a free rectangu-
lar strip. The bilayer plate is depicted at times 0, 50,200, 1000, 4000, 13380 of the
gradient flow.
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Chapter 4: I'-convergent projection-free finite element methods

for nematic liquid crystals: The Ericksen model

In this chapter, we design a new FEM to compute the equilibrium state of

nematic liquid crystals.

4.1 Problem formulation and discretization

4.1.1 FEricksen model

Let Q C R? (d = 2, 3) be a bounded Lipschitz domain. In the Ericksen model
(see, e.g., [37] or [76, Section 6.2]), the state of liquid crystals is described in terms of
a unit-length vector field n :  — S ! and a scalar function s : Q — [-1/(d—1),1],
usually referred to as director and degree of orientation, respectively. Equilibrium

configurations of the liquid crystals are minimizers of the energy E[s,n| = Fi[s, n]+

Es[s] in (1.3.1), where

Brls, n] ::%/Q(K|Vs]2+s2\Vn\2), sl ::/Qms). (4.1.1)

Here, x > 0 is constant, while the double well potential ¢ : (—1/(d —1),1) — Rxg
satisfies the following properties:
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o e CA-1/(d—1),1),

o limg 1 9h(s) = +o0 = lim 4+ P(s),

o $(0) > $(s") = mitige(1/(a1,1) ¥(s) = 0 for some 5° € (0, 1),
o /(0) =0.

In (4.1.1), E4[s,n] is the so-called one-constant approximation of the elastic energy
proposed in [37], while FEs[s] is a potential energy which confines the variable s
within the physically admissible interval (—1/(d—1),1). The presence of the weight
s% in the second term of E[s, n] allows for blow-up of Vn, namely n ¢ H' (), in

the singular set ¥ where defects may occur

Yi={reQ:s(x)=0} (4.1.2)

To complete the setting, we define the set of admissible functions where we
seek minimizers of (4.1.1). Note that, allowing for a director n ¢ H'(), one
encounters at least two difficulties: On the one hand, it is not clear how to interpret
the gradient of m appearing in F4[s,n]. On the other hand, the trace of n on the
boundary of €2 is not well-defined, so that one cannot impose Dirichlet conditions on
n in the standard way. To cope with these problems, following [4, 54], we introduce

the auxiliary variable w = sn. Then, the product rule formally yields that

Vu=n®Vs+sVn. (4.1.3)
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Since |n| = 1, the identities Vn'n = 0 and |n ® Vs| = |Vs| are valid. It follows

that the above decomposition of Vu is orthogonal, i.e.,

|Vul|? = In® Vs> + 2| Vn|* = |Vs]* + s*|Vn|>. (4.1.4)
In particular, F4[s, n] can be rewritten in terms of s and u = sn as

Eils,n] = Bi[s, u] = %/ﬂ (k= DIVsP + [VaP). (4.1.5)

In the latter, the degree of orientation and the auxiliary field are decoupled. In
particular, this reveals that, for (s,n) such that Ei[s,n] < oo, u = sn € H'(Q)
even though n ¢ H'(Q).

We say that a triple (s, n,u) satisfies the structural condition if

1
—gTy <8< 1, |n|=1, and uw=sn a.e. in{. (4.1.6)

In view of the above discussion, we are therefore led to consider the following ad-

missible class:
A= {(s,n,u) € H'(Q) x L™(Q) x H'(Q) : (s,n, u) satisfies (4.1.6)}. (4.1.7)

For triples (s,m,u) € A, it is possible to characterize the gradient of m occur-
ring in Fi[s, n] using a weaker notion of differentiability. To this end, we recall the

following definition: We say that m is L2-differentiable at = € ), and we denote its
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L?-gradient at by Vn(x), if

]é( )|n(y) —n(x) — Vn(x)(y — 2)*dy = o(r?) asr — 0.

It is well-known that the notion of L?-differentiability is weaker than the exis-
tence of a L*integrable weak gradient, in the sense that every H!'-function is L*-
differentiable almost everywhere and its L?-gradient coincides with the weak gradi-
ent; see, e.g., [38, Theorem 6.2].

In the following proposition, we establish that if (s, 7, u) € A, then n is L*-
differentiable and the decomposition (4.1.4) holds almost everywhere outside of the

singular set ¥ in (4.1.2).

Proposition 4.1.1 (orthogonal decomposition). Let (s,n,u) € A. Then, n is

L2-differentiable a.e. in Q\ 3. In particular, its L?-gradient is given by
Vn=s'(Vu-n®Vs) ae inQ\. (4.1.8)
Moreover, the following identity holds
|Vul|? = |Vs|> + 53| Vn|? ae inQ\ 2. (4.1.9)

Proof. Since (s,m,u) € A, we have that s € H'(Q2) and u = sn € H'(Q2). Then,
for almost all x € Q (specifically, for all Lebesgue points of (s, u, Vs, Vu)), s and

w are L2-differentiable and their L?-gradients coincide with their respective weak
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gradients for a.e. x € €1, i.e., as r — 0, it holds that

£, ) =5 = V) (= )y = ofs”),
Br(x
£, o)~ o) = Vute)y =) dy = o)
B (x
see [38, Theorem 6.2]. For almost all z € Q\ ¥ (specifically, for all Lebesgue points

of (s,m,u,Vs,Vu) in z € Q\ ), in view of the identity (4.1.3), we define the

quantity

Vn(z) = . (4.1.10)

Let » > 0. It holds that

]i In) =) = i)y — ) dy

L 2
< s(z)? ]ir(x)m(y) —w(@) = Vu(z)(y - 2)fdy
" s(i)Q ]ir(z)b(y) = (@) = Vs(2) - (y = ) Inly)Fdy
|Vs(x)]*

s(wp ][BM'"“’) —n(@)Fly —al’dy = or?)

as r — 0. This shows that Vn(z) is the L?-gradient of n at z. Moreover, (4.1.9)

follows from a direct computation. In fact, in view of (4.1.10), there holds that

s(2)?|Vn(z)]? = |[Vu(z) — n(z) ® Vs(z)|”
= |Vu(z)]* + |n(z) @ Vs(z)]* — 2Vu(z) : [n(z) @ Vs(z)]

= |Vu()* - [Vs(z)*,
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where the last equality follows from the identities

d d
n(x) @ Vs(@)]? = Y ni(2)* 9s(x)” =Y 9s(w)* = |Vs(x)|”
and for almost all z € Q\ ¥
d 1 d
Vu(z): [n(z) @ Vs(z)] = Z dyui(x) ni(x) d;8(x) = e Z Djus(x) ug(x) 0;s(x)
w—l d Zf_ d
= 25(a) Z 0;|ui(x)|* 9;s(x) = 25(2) Z@!u(z)?@s(m)
_— $
- 50 > Ols(@)] Oys(x) = 3 dys(2)? = [Vs(a)l*,
This concludes the proof. O

This allows us to give a precise meaning to Ei[s,n| in (4.1.1). Depending on
the context, we interpret Vrn in the sense of L?-gradient in Q\ X and [, s>|Vn|* =0,
or we alternatively replace Q by €\ ¥ as domain of integration or even use the
representation E[s, u] of (4.1.5).

Turning to boundary conditions, let I'p C 02 be a relatively open subset of the
boundary such that |[I'p| > 0, where we aim to impose Dirichlet boundary conditions.
These, in the context of L.Cs, are usually referred to as strong anchoring conditions.
To this end, given a triple (g,q,7) € W' (R?) x L®(R3) x W'*°(R?) satisfying

the structural condition (4.1.6), we consider the following restricted admissible class
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that incorporates boundary conditions:
A(g,7):={(s,n,u) € A:slr, =g|r, and u|r, = 7|r, }. (4.1.11)

Overall, we are interested in the following constrained minimization problem: Find

(s*,n*,u*) € A(g,r) such that

(s*,n*,u*) = argmin FEl[s, n]. (4.1.12)
(s,m,u)€A(g,r)

To conclude this section, let 6y > 0 be sufficiently small. Some of our results

below will require the following technical assumptions on the Dirichlet data, namely

1
—ﬂ—i—éo <g(x) <1—46y forall xzcR? (4.1.13)

and

g>0dy onTp, (4.1.14)

and on the double well potential, namely

W(s) > (1 =) for all s > 1 — &y,
(4.1.15)

1 1
> . < —
1/1(5) Y < 1 + (5()) for all s 1 + o,

and ) in monotone in (—2, == + &) and (1 — &y, 1). Note that (4.1.14) implies
that ¢ = g7 is W™ in a neighborhood of I', and hence n is H' in a neighborhood

of I'p, so that in this case one can impose the Dirichlet conditions n|r, = q|r,
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directly on n. Finally, the property (4.1.15) is consistent with the fact that ¢ (s) —

+o0o as s — —1/(d—1) and s — 1.

4.1.2 Discretization

We assume € be a polytopal domain and consider a shape-regular family {7}
of simplicial meshes of {2 parametrized by the mesh size h = maxge7;, hx, where
hx = diam(K). We denote by N}, the set of vertices of 7,. For any K € Ty, we
denote by P;(K) the space of first-order polynomials on K and by N,(K) the set of
vertices of K. We consider the space of Tj,-piecewise affine and globally continuous
functions

Vi, == {v, € C°(Q) : vp|x € P1(K) for all K € T}

Let V, := (V4)? be the corresponding space of vector-valued polynomials. We
denote by I, both the nodal interpolant I, : C°(Q) — Vj and its vector-valued
counterpart I, : C°(Q) — V.

For s, € Vj, and n;, € Vy, let discrete energy be E"[s;, ny] = E[sp, ny] +

E%sp,] with

1
Esn, mn] ::5/9(/@|nh®Vsh|2+si|Vnh|2), Elsn] ::/Qwsh). (4.1.16)

Note that E" is consistent, in the sense that E"[s,n] = E[s, n| if (s,n,u) € A(g, 7).

We say that a triple (s, np, uy) € Vi, x Vi, x V), satisfies the discrete structural
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condition if

b <sp(2) <1, In(z)|>1, and wup(z) =su(z)nu(z) for all z € N,.
(4.1.17)
In (4.1.17), the requirements prescribed by the continuous structural condition (4.1.6)
are imposed only at the vertices of the mesh, which is practical. Moreover, the unit-
length constraint for the director is relaxed, since n;, may attain also values outside
of the unit sphere.
Let € > 0, g = I4]g], and v, = I[r]. We consider the following discrete

minimization problem: Find (s}, n;,u;) € Ap, (gn, ) such that

sy,m;,uy) = arg min Eylsp, nyl, 4.1.18
hy Ty, U,
(ShsMn,un)EAR c(gn,Th)

where the discrete restricted admissible class is defined as

Ah,s(Qh;"'h) = {(sh,nh,uh) c Vh X Vh X Vh :
(S, T, wy) satisfies (4.1.17), ||, [[nal*] = 1l 1@) < e,

sn(2) = gn(z), and up(2) = ry(z) for all z € Ny NTp}. (4.1.19)

4.2 T'-convergence

In this section, we show that the discrete energy (4.1.16) converges towards

the continuous one (4.1.1) in the sense of I'-convergence.
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Theorem 4.2.1 (I'-convergence). Suppose thate — 0 as h — 0. Then, the following

two properties are satisfied:

(i) Lim-sup: Let T'p = 0. Let the assumptions (4.1.13)—(4.1.15) hold. If
(s,m,u) € A(g,r), then there exists a sequence {(sp,np,wp)} C Ap(gn, Th)
such that s, — s in H'(Q), n, — n in L*(Q\X), and u, — uw in H'(Q), as
h — 0, and

E[s,n] > limsup E"[s, ny). (4.2.1)
h—0

(ii) Lim-inf: Let {(sn, mn, wn)} C Apc(gn, Tn) be a sequence such that E"[sy, ny] <
C and |ny| =) < C, where C > 1 is a constant independent of h. Then,
there exist (s,n,u) € A(g,r) and a subsequence of {(sp,nn, up)} (not rela-
beled) such that s, — s in H'(Q), n, — n in L*(Q\ X), and u, — u in
H'(Q) as h — 0, and

E[s,n] < liminf E"[s;,, n,). (4.2.2)
h—0

4.2.1 Lim-sup inequality

We start with two results from [59] that we state without proofs. The first
one shows that the degree of orientation s can be truncated near the end points of
the domain of definition (—(d —1)7*, 1) of ¢ without increasing the energy E|[s,n].

We refer to [59, Lemma 3.1] for a proof.

Lemma 4.2.1 (truncation of s). Let the assumptions (4.1.13) and (4.1.15) hold.
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Let (s,m,u) € A(g,r). For all 0 < p <y, define for a.e. x € )

sp(x) := min {1 -, max{ — ﬁ + p, 5(3:)}} and w,(x) = s,(z)n(x).

Then, (s,,m,u,) € A(g,r) and E;[s,,n] < Ei[s,,n], Ess,] < Es[s].

A simple consequence of Lemma 4.2.1, based on convergence of the characteristic
function X{s,53 —p—0 Xa, is that ||(s,u) — (s,,u,)|| g1 @)1+ =40 0. The second
result is about regularization of admissible functions but preserving the structural
condition (4.1.6) and boundary values. This is a rather tricky two-scale process fully

discussed in [59, Proposition 3.2].

Lemma 4.2.2 (regularization of functions in A(g,r)). Let the assumptions (4.1.13)
and (4.1.14) hold, and suppose that I'p = 0. Let (s,n,u) € A(g,r) and p < d
such that

1
_m_’_pgs(m)gl—p for a.e. x €.

Then, for all 6 > 0, there exists a triple (ss,ns,us) € A(g,r) such that ss €
WL (Q) and us € W"*(Q). Moreover, there holds ||(s,w) — (5, us)|| gr(yr+a < 6,

7 — 15 L2y <0, and

1
_HWSS‘S@)Sl_p for all x € Q.

It is well known that the Lagrange interpolation operator I, : C(Q) — Vj, is

not stable in H'(Q) unless d = 1. We exploit stability in L>°() to derive stability
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in Wh?(Q) for p > d.

Lemma 4.2.3 (W!'P-stability of Lagrange interpolant). Let v € W'P(Q) for d <
p < oo. Then

VIl ey S|V ory  for all K € Ty, (4.2.3)

Proof. Let K € T, be an arbitrary element and let Tx = f,. v. An inverse estimate

gives

_ d— _
”V]hUHIEp(K) < |K[[VIn(v — UK)Hpoo(K) S hicPllv — UKHpoo(K)-

The Bramble-Hilbert estimate yields ||[v — TUg||ze(x) S h;d/pHVUHLp(K) and ends

the proof. O

Applying a standard density argument in W'?(Q), for d < p < oo, we deduce
}llin% V(v — L) || =0 for all v e WHP(Q). (4.2.4)
%

We have collected all the ingredients to show the existence of a recovery se-

quence.

Proof of Theorem 4.2.1(i). For the sake of clarity, we decompose the proof into

seven steps.

Step 1: Setup. Let (s,n,u) € A(g,r). For all & € N such that 1/k < d,
let 0 < & < 1/k be sufficiently small. Applying successively Lemma 4.2.1 (with

p = 1/k) and Lemma 4.2.2 (with § = J), we obtain (sy, ng, ux) € A(g, r) satisfying
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(sp,up) € Whe(Q)]H and —1/(d — 1) + 1/k < s, < 1 —1/k in Q for all k.

Moreover, we have that

||(S, u) — (Sk, uk)||H1(Q)1+d — O, ||n — nk||L2(Q\E) — 0.

Since (s,m,u) € A(g, r), Proposition 4.1.1 guarantees that n is L*-differentiable
a.e. in Q\ X, with its L?-gradient given by (4.1.8) and that the identity (4.1.9) holds.
The same result is valid for ny a.e. in Q \ Xy, where ¥, := {z € Q : s,(z) = 0}.

Let sgp := Ip[sk] and wyy := Ip[ug]. Let ny, € Vy, be defined, for all z € Ny,

as

( ) B ’U/k7h<Z)/Sk,h(Z) = uk(z)/sk(z) if z € \ Xk,

an arbitrary unit vector if z € .

Note that, by construction, (sjp, g, Ur,,) satisfies the discrete structural condi-
tion (4.1.17), and [|ng || (@) < C. Moreover, since 0 = || [|ngnl?] — 1|1 < €
as well as spn(2) = gn(2) and uyp(z) = ru(z) for all z € N, N Tp, we deduce
(Skohs Mo hs Wiep) € Ap c(gn, Th)-

Given 6 > 0, we consider the sets

Ske i ={x €Q: [s(x)] <6} and Q4= U{K : K eTh, KN =0}

Note that, by construction, there holds €} 5 C Q\ ¥ 4; see Figure 4.1.

Let K € Ty, such that K N Y5 # 0. In particular, there exists xg € K N X 5.
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Figure 4.1: A schematic illustration of the mutual relations of the sets defined in
Step 1 of the proof of Theorem 4.2.1(i). Note that the set ¥ C Q is closed, as it is
the preimage of a closed set with respect to the continuous function s, but it might
be more topologically complicated than in the picture.

For zy € K arbitrary, Lipschitz continuity of s yields

[sk(z0)] < [sk(zo)| + [sn(21) = sp(wo)| < &+ Cyh.

In particular, O\ QZ?(; C Xj2s provided h is sufficiently small so that Ciyh < 6. We
refer again to Figure 4.1.

Now, for any = € Q. 5, we infer that

|sk(2) = sen()] < llsk = skl ) = sk = Inlsellleqap ) S PIVSkllLer )

whence

[skn(@)] = [sk(2)] = [sk(2) = ska(@)] > 6 = Chl[Vsg|[ ooy ) > 6/2

provided the mesh size h is chosen to be sufficiently small. Hence, for those h, we can

define 1y 1= wyp/Skp in QZ#;. Note that, by definition, the relation ny;, = I),[ny]
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in QF s holds.
To conclude this step, we observe that the L?-gradient Vny, of n;, exists a.e.

in Q\ X; and

/h \Vnk — V’I’th‘z 5 /h |Vnk - V’ﬁ,k’Z +/h ‘V’ﬁk — Vnk7h‘2, (425)
Q Q

k8 Qs [ )

where Vn,, and Vn,j, denote the weak gradients of n;, and ny, 5, respectively, which
coincide elementwise with their classical gradients in szé. In the following steps,
we will show that, for fixed £ € N and § > 0, both two terms on the right-hand side

of (4.2.5) converge to 0 as h — 0.

Step 2: Proof of limy,_ f%émk —nypl? + |V — Vng |2 = 0. Since ny,y, =

In[ng] in 5, a classical local interpolation estimate yields that

J

Moreover, in view of ny = wyp/sk in QZ,& explicit computations reveal that

LT T SR (AL E D S Y 1
k.8 KeTy, KeTy
KNXy =0 KNXy,s=0

~ -1 -2 -1 ~
oiny = Sk.h @Uk,h ~ Skn 3i5k,h Uk,h = S.p (aiuk,h - aisk,h nk),

~ 1/ -1 ~ ~ -1
0,0iny, = Skh (shh 0;Sk.h 0iSkp My — O;Sp, 0Ny, — Skoh 0;Sk.h @-uk,h),

for all 1 < 4,5 < d. Several applications of the generalized Holder inequality, in
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conjunction with the lower bound [sg | > /2 in Q] 5, thus yield

HD2 kHL2 S 5_3||V8k,h||%8([()||'U'k,h||L4(K)
+ 07 IV skl o) (67 I Vel sy + 02wl s o) | Vsanl 15 x0))

+ 072 Vsinllzago | Vs o

In view of (4.2.3), sy, (vesp., ug ) is uniformly bounded in WP(€2) (resp., W'?(())

when d < p < oco. Altogether, we thus obtain the desired estimate

/Q V7, — Vg |+ Z hi /’nk—nkh’2< Z I HD2 ’fH2L?(K)§h2'

KeTy KeTy
KNXy, 5=0 KNXy, 5=0

Step 3: Proof of limy, o [ |1 —]* + |V, — Vi[> = 0. We first observe
k,0

that

|7, — "kHLq(Qg,é) = ||31:}lukh - SlzlukHLq(QZ’é)
< 07 lIsk — swnllagar ) lltrnll L= an ) + 0 s — willpsar )
for all ¢ > 1. This shows, in view of (4.2.4), that |[nx — nglpeqn ) — 0 ash — 0

for d < ¢ < co. To deal with the gradient part, we resort to available expressions of

Vn; and Vny to write

/ |V'n,k — V’Fl,k|2 = /h |S];1<Vuk —NnE® Vsk) - SI;}L(V’U’]CJZ —n® v£k,h)|2
Q Q

h
k.8 k.8

=T+ T+ 13
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where

T, = /h |s,;}1(Vuk - V’U/k’h)‘z

Qk,é

T, = / |50 (Fok ® Vs — myp @ Vs
Q

h
k,8

Ty = / (s — s,;}z)(Vuk —ny;, @ Vs
Q

h
k,8

Recalling again [sg|, |skn| > 6/2 in QF 5, as well as (4.2.4), the asserted estimate

follows from

T S 672V (ur — Tyug) |72
Ty S 072 Vsknllpay 1o = mallzaay ) + 0 Ikl oy IV (sk = Tnsi)llzaop s

T3 ,5 (574||Sk — Ih5k||%4(9)||Vuk — Ny &® VSkHQL‘l(Q)

Step 4: Proof of limpo [, 5%, Venl® = [o5, stIVnkl?. Combining Steps 2
and 3 gives

lim 'Vn, — Vng,l* = 0. (4.2.6)
h—0 st

In order to exploit this property, we split the integral under consideration as

/Q EalVial = [ stV [ Tl (427)

Qs O\ 5

The fact that s, — s strongly in LP(2) as h — 0 for d < p < oo, according to

(4.2.4), together with s 5 € L*>(Q2) uniformly in h, Vn, € L>(Q\ X 5) and (4.2.6),
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yields

lim =0.

h—0

/ Sz,h|V"’%,h|2—/ syl Vny|?
Qb Qb

k.5 k.8

Since Q \ X 05 C QZ,(; C Q\ X5, we deduce

lim lim sijh]VnM\z = / si]VnkF

Now, we consider the second term on the right-hand side of (4.2.7). Since Q\ Qx5 C
Yos and sg Vg, = V(spnmen) — Npp @ Vs, using wyp, = In(Spamnyn), we see
that

/ si’h|Vnk7h|2 S / |V(3k7hnk,h)|2 + / |’I’Lk7h ® Vsk,h|2
Q\QZJ Ek,Qé

Xk,26

< / IV (spnmin) — VIn(spames)| +/ |V,
3k,26

k28
+ / ]Vsk,h\Q.
3k,26

Combining an interpolation estimate with the fact that si; and nyj, are piece-
wise affine, and exploiting an inverse estimate to bound || Vny, | pe k) in terms of

|1 pll L) < C, yields

/E IV (sknmin) = VIn(seamen)” S D WallD*(senmun) 320
k,26

KeTy,
KNYy, 2570
< Y BEIVsialieao I Vrkallie S Y. 1 Vskallioe-
~ MILA(K) HINL(K) ~ k.RIL2 (K)
KeTy, KeTy
KNXy 2570 KN 2570

Using the W!P-stability (4.2.3) of the nodal interpolant with p > d for elements
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K NXg2s # 0, which thus satisfy K C Xy 35 when h is sufficiently small by Lipschitz

continuity of s, we end up with the following as 6 — 0

/ 2 V1 < IVl o+ V55 s
Q\QZ(; ’

= [IVur| oy + 1VskllZos,) = 0.

Step 5: Proof of limy,_g [o|nkn ® Vsga|> = [,,|Vsk|*. We split the integral as

/]nk,h &® VSk’h|2 = /h \nm ® Vsk,h|2 + / |nk7h (%9 VSkJL‘Q.
Q Q

h
Qs \Qk,é

Exploiting the identity ny , @ Vs, —np @ Vs = (M, —1k) @ Ve +10p 5 @ (Vg —
Vi), and using the convergence results for sy, and ny, in QZ#; from Steps 1-3, we

readily see that

Ing, ® Vsi|? = /|Vsk|2.
Q
Moreover, employing €2 \ Qs C Xy 25 together with (4.2.3) implies
/Q\Qh i © Vsinl® S IV Insillzegs, b S IVIskllzo, 00 S IVSklLo(s, 4)-
k6

Finally, taking 6 — 0 yields the desired limit.

Step 6: Convergence of {sgp}, {nrn}, and {ugy}. The triangle inequality
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gives
5en = sllmr @) < sk — skllmr@) + |Isk — sllai@) = 0 as h — 0 and k — oo.
Likewise, uy, — w in H'(Q) as h — 0 and k — co. Turning to n, we observe that
[P = Pkl 2@y S e — illzgop ) + ks — ell2s, 05

and |, — nl[L2(p ) — 0 as b — 0 from Steps 2-3. Instead, for the second term

we have
||’I’Lk7h — nk||L2(2k 05\2) < 2|Ek’25 \ Z|1/2 —0 asd— 0and k — oo.

The convergence of n, to m in L?(2\ ) then follows from the triangle inequality.

Step 7: Convergence of energy. The previous steps yield

. 1
lim E{L[Skﬁ, nk,h] = E1 [Sk, nk] = — / I€|V8k’2 + 82|Vnk]2
h—0 2 Q\Ek

To prove that F[sg, ng] — Ei[s,n| as k — oo we resort to (4.1.5), namely

~ 1
E[sg, k] = Er[sg, ug] = 5 /(’f - 1)|V$k‘2 + Wuk‘z
Q

1
=3 /(/4: — 1)|Vs]* + |Vul* = Ei[s,n].
0

We now deal with Fy. Since —1/(d — 1) + 1/k < s, < 1 — 1/k in Q, assump-
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tion (4.1.15) guarantees that 0 < ¢(sp ) < max{y(—1/(d—1)+1/k), (1 —1/k)}.

Hence, the dominated convergence theorem implies that

}lig(l)ES‘[sk,h} = }Iig(l)/ﬂﬁﬁ(]hsk) = /Q,llig(l)@b(]h%) = /Qlﬁ(sk) = Fy[sy].

Moreover, the monotonicity of ¢ in (=435, —3-7 + do) and (1 — &y, 1) translates
into 1(sg) > 0 increasing and converging pointwise to 1(s), whence the monotone

convergence theorem gives

Bolisi] = / blse) = / b(s) = Bals].

Consequently, the sequence (sp, 1y, un) = (Sg.hy g py Urn) € Apc(gn, 7p) for k suf-
ficiently large depending on h converges to (s,m,u) in H'(Q2) x L*(Q\ ) x H'(Q)
as h — 0 and satisfies

lim E"[s,, ) = E[s, n).
h—0

This implies the lim-sup inequality (4.2.1) and concludes the proof. ]

4.2.2 Lim-inf inequality

To show the lim-inf inequality, we first prove that admissible discrete pairs
(sn, np,) with uniformly bounded energy are uniformly bounded in H!. In constrast

to [59], we do not need to assume that 7, is weakly acute.

Lemma 4.2.4 (coercivity). Let {(sp, mn, upn)} C Vi x Vi, XV, satisfy wp, = Ip[spnp)
and |np(2)| > 1 for all z € N,. Then, there exists a constant C' > 0 depending only
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on the shape-reqularity of {Tn} and k such that
CmaX{HVUthﬁ(Qy HV(Shnh)Hi?(Q)v Hvsh“i?(g)} < BY[sn, m).

Proof. Since ||np| L k) > 1 for all K € T, and Vs, is piecewise constant, it holds

that

P Sl N e o O NP N P P
KeTy KeTy,

2
S Y Vsl Plmalge g = Inn © Vsallzzq) < EE{‘[sh,nh],
KeTy

where the hidden multiplicative constant depends only on the shape-regularity of
{Tn}. Let u;, = spmy, and use (4.2.3) for p > d in conjunction with an inverse

estimate to obtain for all K € Ty,
IV 7@ g2y S K15 IV Iiinll ey S 1K1 [V 2o S 1V g2
Consequently, for w, = Iu, we deduce
IVunliz) S Va7 S 170 @ Vil Lo + 58Vl 72 0) S Erlsn, ).

This completes the proof. n

We are now ready to extract convergent subsequences and characterize their

limits.
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Lemma 4.2.5 (characterization of limits). Let {(sn, nn, un)} C Ap(gn,Tn) be a
sequence such that E}[sp,m] < C and ||ng||p~@) < C, where C > 0 is a constant
independent of h. Then, there ezist a triple (s,n,u) € A(g,r) and a subsequence

(not relabeled) of {(sp, v, up)} satisfying the following properties:

o Ash — 0, (sp,up, spmy) converges towards (s, w, w) weakly in H' ()< H" () x

H'(Q), strongly in L*(Q) x L*(Q) x L*(Q), and pointwise a.e. in §2;

e ny, converges towards n strongly in L*(Q\ X) and pointwise a.e. in Q\ X as

h— 0 and e — 0;

e n is L*-differentiable a.e. in Q\'X and the orthogonal decomposition |Vul|? =

|Vs|? + s2|Vn|? is valid a.e. in Q\ X,
where X C Q is given by (4.1.2).

Proof. For the sake of clarity, we divide the proof into 3 steps.

Step 1: Convergence of {sn}, {un}, and {spyn;}. Since the energy E}[sy,, my]
is uniformly bounded, Lemma 4.2.4 (coercivity) gives uniform bounds in H'(§) x
H'(Q) x H'(Q) for the the sequence {(su, us, spny,)}. With successive extractions
of subsequences (not relabeled), one can show that there exists a limit (s, u,u) €
HY(Q) x H*(Q) x H'(Q) such that (sp,, ws, symy) converges to (s, u, ) weakly in
HY(Q) x HY() x H' (), strongly in L*(Q) x L*(Q) x L*(9), and pointwise a.e. in
Q). Moreover, weak H'-convergence guarantees attainment of traces, namely s = g

and u = uw = 7 on I'p. To see this, note that g, = I;,g — g in WHP(Q) for p > d,
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according to (4.2.4), and so in H*(§2). Therefore s;, — g € H} () satisfies

Sh—gn — s—g € Hy(Q),

because H} () is closed under weak convergence. Hence s = g on I'p in the sense
of traces, as asserted. Dealing with w; and wy, is identical. Since w;, = Ij,[spny],

interpolation and inverse estimates, yield

Jwp, — Sh’nh||2,;2(9) < Z hZIL(HDQ(Shnh)“iQ(K)
KeTy,

S Y BNV (s 320 S B EX[sn, mn] < Ch?.

KeTh

This shows that s,ny, and u;, converge strongly in L*() towards the same limit

i.e., w = u. Moreover, s,n;, converges to u weakly in H'(2) and pointwise a.e. in

Q.

Step 2: |s| = |u| a.e. in Q. The triangle inequality yields

Hwnl® = [sul*ll @) < lunl® = Influnl*] 220

+ 1 n [Jwnl® = |sn ]l i) + Msul® = In[lsal*] 1220

For the first and third terms on the right-hand side, standard interpolation estimates

yield

lsul* = In[Isal*]llzr @) S P*IVsallzagy  Mual® = In[lunl] i) S P2 Vunlzeg
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On the other hand, since {s;,} is uniformly bounded in L*>°(£2), we infer that

1 [len]® = Isnl*] 220y = [n[Isnl* (Inal® = D] |22

< lIsullZ( M n [Inal* = 1ll1(@) < ellsnllioe o) = 0,

as e — 0. As |sp| — |s| and |uy| — |u| a.e. in Q, we conclude that |s| = |u] a.e. in

Q.

Step 3: Convergence of {mny}. We now define n : Q — R? as n := s~ 'u in
'\ ¥ and as an arbitrary unit vector in . Step 2 implies, by construction, that
In| = 1 a.e. in Q. This shows that (s, n,u) satisfies the structural condition (4.1.6),
ie., (s,n,u) € A.

We now observe that s(z) # 0 for a.e. z € Q\ X by definiton of 3. Since
sp(z) — s(z) as h — 0, if h is sufficiently small (depending on x), then sp,(x) # 0 is

valid. Consequently,

i.e., n;, — m pointwise a.e. in 2\ X. Since {n;,} is uniformly bounded in L*((2),
the Lebesgue dominated convergence theorem yields nj, — n strongly in L*(Q\ X).

Finally, the L2-differentiability of n and the orthogonal decomposition of Vu,
both valid a.e. in Q \ 3, follow from Proposition 4.1.1 (orthogonal decomposition).

This concludes the proof. n

We are now in the position to prove the lim-inf inequality.
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Proof of Theorem 4.2.1(ii). The sequence {(sn, n, urn)} C Ap(gn, 7r) satisfies
the assumptions of Lemma 4.2.5 (characterization of limits). Hence, we can apply it
to obtain subsequences (not relabeled) converging to the respective limits (s, n,u) €
A(g,7). Moreover, since also the sequences {n, ® Vs, } and {s,Vn} are uniformly
bounded in L*(Q), there exist subsequences (not relabeled) and functions M, N in
L*(Q) such that nj, ® Vs, — M and s,Vn;, — N weakly in L*(f2). Combining
the equality s, Vn;, = V(spn;,) — n, ® Vs, which is valid in every element of Ty,
with s,my, — w weakly in H'(€2), helps identify the limits N = Vu — M.

Let ® € C°(2\ X) be an arbitrary d x d tensor field. We can thus write

(N, ®Vs, —n@Vs, ®)ax = (N, —n) @ Vs, Plas + (n® (Vs, — Vs), )\ 5.

We note that nj, — n strongly in L?(2\ ) implies

((nn, —n) @ Vs, @)avn < |1 — 12050 Vnll 20 | @l L= @ym) = 0

whereas s, — s weakly in H!(Q) yields

<’I’L & (VS}L — VS), ‘I’>Q\g — 0.

Hence, we infer that

<nh R Vs, —n® VS, (P>Q\E — O,
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whence n, ® Vs, — n ® Vs weakly in L*(Q\ ¥). This in turn identifies the limit

M =n ® Vs and gives the equality a.e. in Q \ X

N=Vu—-n®Vs = Vn=—
s

where Vn is understood in the L?-sense according to Proposition 4.1.1. Exploiting
the fact that norms are weakly lower semicontinuous, along with |n ® Vs|? = |Vs|?

a.e. in Q\ 3, and Vs = 0 a.e. in X, it holds that

L. h T K 2 1 2
hgl_)lglf EY[sp,mp] = hgln_)lélf {§|\nh ® Vsnllz2) + §HshVnhHL2(Q)}
. K 2 1 2
> hgln inf {—th ® Vsnllz2@s) T —HshVnhHLz(Q\E)}

K
EHn ® V5||L2(Q\Z) + = ||sVnHL2 @\x) = Eils, n].

Since s, — s a.e. in 2 and ¢ is continuous, ¥ (s,) — ¥(s) a.e. in . The Fatou

lemma yields
_ _ . < lim; — i h
/Qw(s) /nglir(l) P(sp) < lll;ln—}onf/gw(sh) h%n_)lglf E5s]
Altogether, we thus obtain the lim-inf inequality (4.2.2). This finishes the proof. [

4.3 Tterative scheme

In this section, we propose an effective algorithm to compute discrete local

minimizers of (4.1.16). The method is based on a discretization of the energy-
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decreasing dynamics driven by the system of gradient flows

omn + 0, E"[s,n] =0,

05 + 6, E"s,m] = 0,

where 6, E"[s,n] and §,E"[s,n] denote the Gateaux derivatives of the energy with

respect to the order parameters, i.e.,

<5nEh[s,n], ¢) = <5nE{L[s, n),¢) = kN @ Vs, ¢ @ Vs) + (sVn,sVe),
(8,E"[s,n],w) = (§,E}[s,n],w) + (0, EL[s, n],w)

= k(N ® Vs,n® Vw) + (sVn,wVn) + (¢'(s), w).

Let us introduce the ingredients of the scheme. First, let

Vh,D = {’Uh eV, : ’Uh(2> =0 for all z € Nh N FD} and Vh,D = (Vh,D)d

be the spaces of discrete functions satisfying homogeneous Dirichlet conditions on
I'p. Given n; € Vj, we consider the subspace of V), p consisting of all discrete

functions with nodal values orthogonal to those of n;, at all vertices:

Kunlny] = {d, € Vip : nu(2) - ¢,,(2) =0 for all z € N, }.

For the treatment of the double well potential, we follow a convex splitting approach

(see, e.g., [78]): we assume the splitting ¢ = . — 1, where 1. and 1, are both
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convex, and . is quadratic.

The time discretization of the gradient flow for the director and the degree of
orientation are based on the constant time-step sizes 7,, > 0 and 7, > 0, respectively.
Moreover, we consider the difference quotient d;s;™ := (s — si) /7.

In the following algorithm, we state the proposed numerical scheme for the
computation of discrete local minimizers of (4.1.16). We assume that assump-
tion (4.1.14) is satisfied so that imposing Dirichlet boundary conditions directly

for the director is allowed. Let tol > 0 denote a tolerance.

Algorithm 4.3.1 (alternating direction discrete gradient flow). Input: s) € Vj,
nY) € Vy, such that |nY(z)] = 1 for all z € Ny, n(z) = r4,(2)/gn(2) and s(z) =
gn(2) for all z € Ny N Tp.

Outer loop: For all i € Ny, iterate (i)-(ii):
(i) Inner loop: Given (ni,s), let ni° =mni. For all £ € Ny, iterate (i-a)(ii-b):

(i-a) Compute £ € KC), [’n;ﬂ such that

<t2€7 ¢h>* + Tn ’%<t’2£ ® vsiw d)h ® vs” + Tn<8§th§f’ S%V(ﬁ})

(4.3.1)
= —r(n; ® Vsj,, ¢, @ Vsj) — (5, V', 5, V)
for all ¢, € ICy, [n;ﬂ ;
(i-b) Update ni*' .= nl' 4+ 1, t1;
until
By sy, ny '] — Elsi,,n]| < tol. (4.3.2)
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If ¢; € Ny denotes the smallest integer for which the stopping criterion (4.3.2)

. . i+l nlit]
is satisfied, define m;™ (=mn; ",

(ii) Compute si™ € Vj, such that s (2) = gu(2) for all z € Ny N Tp and

i+1 it1 i1 it itlxg it i+1
(disp ™ wp) + k(N @ Vs, ny™ @ Vwy) + (s, Vg™ w, Vng ™)

+ (W), wh) = (Vi(sh), wn)

(4.3.3)

for all wy, € Vi, p.

Output: Sequence of approzimations {(s,, n},) }ien, -

In Algorithm 4.3.1, (-, -). denotes the scalar product of the metric used in the

discrete gradient flow (4.3.1) for the director. In this work, we consider the following

two choices for (-, -).:

(D, ). = (D, 9) (L*-metric), (4.3.4)

(P, ), = (h*V ¢, V), with0<a <2  (weighted H'-metric),  (4.3.5)

Note that in (4.3.5) the choice @ = 0 corresponds to a full H'-gradient flow, which is
not appropriate since the director does not belong to H'(€2) in general (e.g., in the
presence of defects). On the other hand, if & = 2, the resulting metric is equivalent
to the L?-metric in (4.3.4). In addition, both (4.3.1) and (4.3.3) are linear SPD
systems in the unknowns tﬁL’Z and sﬁfl.

Although in most of our numerical experiments we will set 7,, = 7, we observed
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that in some situations the flexibility of choosing of different time-step sizes in (4.3.1)
and (4.3.3) is decisive in order to move defects in numerical simulations.
In the following proposition, we prove well-posedness and an energy-decreasing

property of Algorithm 4.3.1.

Proposition 4.3.1 (properties of Algorithm 4.3.1). Algorithm 4.3.1 is well-posed

and energy-descresing. Specifically, for all i € Ny, the following assertions hold:
(i) For all £ € Ny, (4.3.1) admits a unique solution t;* € ICy [n;ﬂ ;

(ii) The inner loop terminates in a finite number of iterations, i.e., there exists

¢ € Ny such that the stopping criterion (4.3.2) is met;

iii) (4.3.3) admits a unique solution s:™ € Vi, such that s:™(2) = gn(2) for all
h h

ZethFD.

(iv) There holds

L;
Byt my ] — E"s),my] < — (TsttSZHHim) + Tn Zﬂtﬁiel\f)
{=0

£;
— <7'82 Eh [desi mit ) + 12 Z EMst tz’e]) .
(=0

(4.3.6)

In particular, E"si™ ni™ < EMsi ni] and equality holds if and only if

(sitt ity = (si,ml) (equilibrium state).

Proof. Let i € Ny and ¢ € Ny. For fixed si € Vj, (resp., nﬁfl € Vy,), the left-
hand side of (4.3.1) (resp., of (4.3.3)) is a coercive and continuous bilinear form on
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Vi (resp., on V} p). Therefore, the variational problem admits a unique solution
o € IC,[ni"] (vesp., st € V). This shows part (i) and (iii) of Proposition 4.3.1.
Choosing the test function ¢, = 7, 7" = ni*' — nit € K,nl'] in (4.3.1)

yields

TnHt;{e i < MH@V h7< MH_"h )®V5h>9+<5hvnlz+laS;LV("ZEH_”ZZ» =0.

Using the identity 2a(a —b) = a® —b*+ (a — b)?, valid for all a,b € R, we obtain the

identity

) . K . )
Tn||t2’é||i H’I’LMH@)VS;LH%( ——||n ®Vsh|| _HTnt;{Z@VS;LHi?(Q)

1, . )
il i (N4 il
H A P EAL Y N ||3hv( =) ) = 0,

which can be rewritten in more compact form as
Elshomi™) = Elshonif] + a6y + 72 B2 si 5] = 0. (43.7)

In particular, Els}, ni™™] < El[si n’'] is valid. Since El[si, n’‘] > 0 for all i €
N, the sequence {EF[si, n"]}sen, is convergent (as it is monotonically decreasing
and bounded from below). In particular, it is a Cauchy sequence, which entails that
the stopping criterion (4.3.2) is met in a finite number of iterations. This shows
part (ii) of the proposition.

Let ¢; € Ny be the smallest integer for which the stopping criterion (4.3.2)

is satisfied. Recall that i = n%™ and ni, = ni’. Summation of (4.3.7) over
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(=0,...,¢; yields that

l;
Bl i = Bllsomt) + o I 2 S Bl =0 (438)
/=0 =0

Choosing the test function wy, = 7yd;s)™ = sit'—st € Vj, p in (4.3.3) and performing

the same algebraic computation as above, we arrive at

Eh[ i+1 z+1] Eh[ sh ;;Fl]

+ Tolldisy 720y + 72 Erldesy, ™ i+ (WL(siT) — 9i(sh), 5371 = sh)a = 0.

e

Applying [59, Lemma 4.1], which yields the inequality
Ey[si] = Ey[sy) < (i(si™) — velsh), s — si)a,
we obtain

Eh[ i+1 ’I’L;j_l] E{L[Sh’ z+1] 4 T, Hdtsz—i-IHL2 —I—T Eh[dtsz—i-l ;1+1]

+ Byls"] — Ezls)] < 0.

Adding the latter with (4.3.8), and exploiting cancellation of E![s}, n}'], we deduce

B (s i)~ B[ i)
£;

< —7lldis) 72y — TeEVdis) T mt TnZHt 12— 72> Ellsi, ;] < 0.
=0

This shows (4.3.6) and concludes the proof. O
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Remark 4.3.1 (energy decrease). The right-hand side of (4.3.6) characterizes the

enerqy decrease quaranteed by each step of Algorithm 4.3.1 and comprises two con-

)

1s the energy decrease due to the gradient-flow nature of Algorithm 4.5.1. The term

tributions: The term

£;
- (TsttS?LHHiz(Q) +7n > It
/=0

£;
(et i) 4 23 )

=0

1s the numerical dissipation due to the backward Euler methods used for the time

discretization.

In practical implementations of Algorithm 4.3.1, the outer loop is terminated

when

|E"[sy nytt] — E"[s),,mj]| < tol. (4.3.9)

Since the algorithm fulfills a monotone energy decreasing property (see Proposi-
tion 4.3.1(iv)), the stopping criterion is met in a finite number of iterations.

The approximations nﬁfl of the director generated by Algorithm 4.3.1 do not
satisfy the unit-length constraint at the vertices of the mesh, as in [59, 60]. However,
the following proposition shows that violation of this constraint can be controlled by
the time-step size 7,,, independently of the number of iterations. Moreover, the uni-
form boundedness in L>(2) of the sequence can be guaranteed if the discretization
parameters are chosen appropriately.

203



Proposition 4.3.2 (properties of discrete director field). Let j > 1. The following

holds.

(i) Suppose that the norm induced by the metric (-,-). used in (4.3.1) is an upper

(i)

bound for the L*-norm, i.e., there exists C, > 0 such that

|nllL2) < Cill@pll«  for all ¢y, € Vi p.

Then, the approximations generated by Algorithm 4.3.1 satisfy

2 |7 = 1] |21y < Cim E"[sh, 3],

where Cy > 0 depends only on C, and the shape-reqularity of {Tn}.

Suppose T, fulfills the following CFL-type condition:
Tahod < C* if (). is chosen as (4.3.4),

Tl (108 hiin)* < C%if (o) is chosen as (4.3.5),

min min

(4.3.10)

(4.3.11)

(4.3.12)

where hyi, = minger, hx and C* > 0 is arbitrary. Then, the approrimations

generated by Algorithm 4.3.1 satisfy

17 |z (@) < Ca(1 + E"[sh,mj)),

(4.3.13)

where Cy > 0 is proportional to C* > 0 in (4.3.12) with proportionality con-

stant depending on the shape-reqularity of {Tn}.
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Proof of Proposition 4.3.2. Let j > 1. Summation of (4.3.6) over : = 0,...,j — 1

yields that

E"[s},, ] — E"[s, )]

7j—1

£;
<- (nndtshlum + 2Bl i +Tn2||t uzwzzmsz,tm).

1=0 =0

In particular, omitting some nonnegative terms, it follows that

j—1 ¢;

oy DI IE < EMspmy). (4.3.14)

=0 k=0

Moreover, for all z € NV, the tangential update tﬁl’z(z) is perpendicular to nM( ),
whence 70! (2) = i (2) + .t (2) satisfies [n) T (2)[2 = [0l (2)]2 + 728 ()]

Iterating in ¢ and ¢ gives

[y

4

<
|
—
~
S
<

()P = ()P + 2 YD I )P =1+ [t ()]° = 1.

1=0 ¢=0 % =0

Il
=)

Then, using the equivalence of the LP-norm of a discrete function with the weighted
¢P-norm of the vector collecting its nodal values (see, e.g., [11, Lemma 3.4]), for h,

being the diameter of the nodal patch associated with z € NV}, we see that

J—1 4
[l ] = Ul £ D hd(Ing )P = 1) <7 D h2> > 15 (2))
2€N;, zeN, =0 (=0
Jj—1 4
N
S 18 1720
i=0 (=0

205



Combining (4.3.10) with (4.3.14) leads to

-1 4
[l *] = Ul S Cury 8117 < Cumn E"[sf, mi],
=0 ¢=0

which turns out to be (4.3.11).
It remains to estimate ||72}|| (o). Let us consider first the case of the weighted
H'-metric (4.3.5). Using a global inverse estimate (see, e.g., [11, Remark 3.8]) and

the Poincaré inequality, we obtain that

[y

4

<.

1727, 1200 ) = gé%!ni(z)\z <1+72 2 2.m aX\t
J—1 ¥; =1 £
i€
ST+72 Y S I e S 1+ 70 Bt (log hil,)? 1651201
=0 ¢=0 =0 ¢=0
j—L 4
< 1 h2 d— aha 1 h 2 Vt
+Tn min Og mln H
=0 ¢=0

<1+ 7 B2 (log hit )2 EMs), nl).

min min )

Therefore, (4.3.13) is satisfied if 7, h2:9|log hmin|> < C* with C* arbitrary. For

min

the L?-metric (4.3.4), the result follows analogously, provided that 7, h_% < C*. O

To conclude this section, we discuss the structure of Algorithm 4.3.1 with
special emphasis on its nested structure and distinct roles of 7,, and 7,. Obviously,
Tn, controls the violation of the unit length constraint according to (4.3.11), but the
roles of subiterations in (4.3.1) and 75 in (4.3.3) is more subtle and deserves further
elaboration. The presence of defects is associated with values s} (z;) close to zero

at nodes z;, which in turn act as weights in the equation (4.3.1) for the tangential
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updates tfl’e of the director field nﬁ;e. The fast decrease to zero of s} (z;), relative to
the growth of Vn}, in its vicinity, impedes further changes of n} (x;) because they
are not energetically favorable: the defect is thus pinned at the same location z; for
many interations. Experiments with Algorithm 4.3.1 reveal defect pinning if 7,, = 74
and one step of (4.3.1) per step of (4.3.3) is utilized. The subiterations within the
inner loop (4.3.1) allow nﬁf to adjust to the current value of si. This mimics an
approximate optimization step but with unit length and max norm control dictated
by Proposition 4.3.2. In contrast, full optimization has been proposed in [59, 60, 77]
instead of (4.3.1), followed by nodal projection onto the unit sphere, whereas one
step of a weighted gradient flow (4.3.1) has been advocated in [26] for the Q-tensor
model. On the other hand, since 7, penalizes changes of s, smaller values of 7,
relative to 7, delay changes of s} in favor of changes of m}. This does not fix the
stiff character of (4.3.1), studied in [31], but does remove defect pinning. Several

numerical experiments in Section 4.4 document this finding.

4.4 Numerical experiments

In this section, we present a series of numerical experiments that explore the
accuracy of Algorithm 4.3.1 and its ability to approximate rather complex defects
of nematic LCs in 2d and 3d. In both cases, these results complement the theory
and extend it.

We have implemented Algorithm 4.3.1 within the high performance multi-

physics finite element software Netgen/NGSolve [69]. To solve the constrained vari-
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ational problem (4.3.1), we adopt a saddle point approach. The ensuing linear
systems are solved using the built-in conjugate gradient solver of Netgen/NGSolve,
while the visualization relies on ParaView [6].

All pictures below obey the following rules. The vector field depicts the di-
rector n, whereas the color scale refers to the degree of orientation s. Blue regions
indicate areas with values of s close to zero, which signify the occurrence of de-
fects, while the red ones indicate regions with largest values of s (s ~ 0.75 in our
simulations), where the director encodes the local orientation of the LC molecules.
We generate unstructured, generally non-weakly acute, meshes within Netgen with
desirable meshsize hy but the effective maximum size h of tetrahedra in 3d may only
satisfy h ~ hg. We will specify hy when dealing with unstructured 3d meshes.

We stress that, unlike FEMs proposed in previous works [59, 60], the energy-
decreasing property of Algorithm 4.3.1 does rely on meshes being weakly acute
(cf. Proposition 4.3.1). Except for simple 3d geometries, such meshes are hard, to
impossible, to construct. This is the case of the cylinder domain in Section 4.4.4
and the Saturn ring configurations in Section 4.4.6, for which mesh flexibility is of
fundamental importance to capture topologically complicated defects.

Throughout this section, we consider the double well potential

Y(s) = caw(e(s) — 1e(s))

with

64
Ve(s) 1= 635%,  (5) := —165" + 533 + 57s* — 0.5625, (4.4.1)
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where ¢4y > 0. Note that, for cq > 0, ¢ has a local minimum at s = 0 and a
global minimum at s = § := 0.750025 such that ¢(s) = 0. Moreover, in view of
Proposition 4.3.2 (properties of discrete director field), we measure the violation of

the unit-length constraint in terms of the quantity

err, = ||Ih [|nh | — 1} HLl(Q), (442)

where n} denotes the final approximation of the director field generated by Algo-
rithm 4.3.1. Furthermore, unless otherwise specified, we choose the L%-metric (4.3.4)

n (4.3.1), and we set the tolerance tol = 1075 in both (4.3.2) and (4.3.9).

4.4.1 Lagrange multipliers

Note that in each step of the step (i) of Algorithm 4.3.1 (the inner loop),
it requires to solve tZ’ in the admissible set KCp(n ze) We realize this node-wise

constraint by the method of Lagrange multiplier. Indeed, if we rewrite (4.3.1) as

il
<th 7¢h> + Tnah(sha h 7¢h) = _ah(smnh D),

then in each step of the inner loop, one needs to solve t;‘;e € V. p and )\ffl € Vip

such that

<tz}:za ¢h>* + Tnah(sﬁz; tzéa ¢h) + bh(nh ) )\Z—i—l’ ¢h> = _ah<8§z; n;'fa (pbh)? (443)

bn (1} pn, £3) = 0,
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for any ¢, € Vy, p and p, € Vi, p. Here,
an(sp; tﬁiéa é) = 5@26 ® Vsj, ¢y, @ Vsp,) + <5§1Vt;{€7 s V), (4.4.4)

and

bn(ny N ) = Llh[Ai+l("2€ - )] (4.4.5)

Note that the bilinear form ay(s;-,-) accounts for the variation of energy EJ with
respect to my,, and the bilinear form bh(nﬁ'fj; -,-) encodes the constraint. We use a

conjugate gradient solver to solve the saddle point system (4.4.3).

4.4.2 Point defect in 2D

In striking contrast with the Oseen-Frank model, the Ericksen model allows
point defects to have finite energy in 2D: the blow-up of |Vn| near a defect is com-
pensated by infinitesimal values of s for the energy E[s,n]| (1.3.1) to stay bounded.
We examine this basic mechanism with simulations of a point defect in 2D and study
the influence of the discretization parameters on the performance of Algorithm 4.3.1.

We consider the unit square 2 = (0,1)?, and set x = 2 in (1.3.1) as well as
Caw = 0.1(0.3)"% in (4.4.1). We impose Dirichlet boundary conditions for s and n

on 0f), namely

(z — 0.5,y — 0.5)
|(z — 0.5,y — 0.5)]

g=5 and gq=71/g= on 0f). (4.4.6)

To initialize Algorithm 4.3.1, we consider a constant degree of orientation s = §
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in Q and a director nY exhibiting an off-center point defect located at (0.24,0.24).
Due to the imposed boundary conditions and for symmetry reasons, we expect that
an energy-decreasing dynamics moves the defect to the center of the square; see

Figure 4.2.

Figure 4.2: Point defect experiment of Section 4.4.2: Plot of the approximation
(s1,m}) after the first iteration (left) and of the final approximation (s, nl) (right).
The gradient flow algorithm moves the defect to the center of the domain.

In our first experiment, we consider a uniform mesh 7, of the unit square
consisting of 2048 right triangles. The resulting mesh size is h = v/227°. Moreover,
we set 7,, = 75, = 0.1 and compare the results obtained for different choices of the
metric (-,-), in (4.3.1); cf. (4.3.4)—(4.3.5). Table 4.1 displays the outputs for each
run. On the one hand, we observe that using the L?-metric leads to the fastest
dynamics in terms of both number of iterations and CPU time. On the other hand,
the violation of the unit-length constraint is smaller for the weighted H!-metrics.
For smaller values of « in the weighted H'-metric, Algorithm 4.3.1 terminates with
a configuration exhibiting defect pinning at an off-center location. The expected
equilibrium state, depicted in Figure 4.2(b), can be restored when reducing the

time-step size ;.
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metric EMsY nl] | N | min(sY) | err,, | CPU time (s)
L? 2.984 60 | 0.0757 | 0.0404 64.83
weighted H!, a = 2.0 2.944 67 | 0.0750 | 0.0370 98.65
weighted H!, a = 1.9 2.938 65 | 0.0754 | 0.0362 111.69
weighted H!, a = 1.8 2.932 67 | 0.0755 | 0.0353 130.17
weighted H!, o = 1.7 2.926 80 | 0.0760 | 0.0342 154.92

Table 4.1: Point defect experiment of Section 4.4.2: Final outputs of Al-
gorithm 4.3.1 for different choices of metric (-,-)., namely value of the energy
Ehsl nlY] for the equilibrium state, total number of iterations N, smallest value
of the final s}, error in the unit-length constraint in (4.4.2), and the CPU time.

In our second set of experiments, we investigate the effect of mesh refinements
and changes of time steps on the results. To this end, we first repeat the simulation
using three uniform meshes with h = /2275¢ (¢ = 0,1,2); we set 7, = 0.127% in
agreement with the first CFL condition in (4.3.12) for d = 2. We collect the results
of computations in Table 4.2 (upper), and observe that both min(sY) and err,
decrease about linearly with h whereas the energy E"[s) nl'] also decreases and
converges asymptotically. We next consider a fixed mesh with h = /227 and study
the decay of err,, in (4.4.2) as the time-step size 7,, decreases; see Table 4.2 (lower).
In this third set of experiments, we let 7,, = (0.1)2757¢ (¢ = 0,1,2), and tol = 1077,
in both (4.3.2) and (4.3.9). The computational results in Table 4.2 (lower) confirm
the first-order convergence with respect to 7,, established in Proposition 4.3.2; see
(4.3.11) that bounds err,, in terms of 7, E"[s%,nY]. This explains the behavior of
err,, in Table 4.2 (upper) upon refinement, which increases E"[s% n9] because n}

has a point defect while sY is constant and does not compensate the blow up of

0
Vn,;.
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h EMsN nM | N | min(sY err,, | CPU time (s
ho T h
V2270 2.984 60 0.0757 | 0.0404 64.83
\/52_6 2.940 61 0.0422 | 0.0232 592.23
\/52_7 2.939 133 | 0.0289 | 0.0100 7919.25

Tn err,,
(0.1)275 | 0.00610
(0.1)27° | 0.00346
(0.1)277 | 0.001927

Table 4.2: Point defect experiment of Section 4.4.2: Final outputs of Algorithm 4.3.1
for different uniform meshes with meshsize h and time steps 7,, = Ch? (upper) and
different time step sizes 7,, with fixed meshsize h = v/227> (lower).

4.4.3 Plane defect in 3D

We simulate a plane defect in the unit cube Q = (0,1)? located at {z = 0.5},
according to [76, Section 6.4]. We set k = 0.2 in (1.3.1) and cqy, = 0 in (4.4.1). We

impose Dirichlet boundary conditions on the top and bottom faces I'p of the cube

g=35,q=1(1,0,000n 0QN{z=0},9g=38, g=1(0,1,0) on 2N {z = 1}.

The exact solution is n(z) = (1,0,0) for z < 0.5 and n(z) = (0,1,0) for z >
0.5, while s(z) = 0 on z = 0.5 and linear on (0,0.5) U (0.5,1) [76, Section 6.4].
Our numerical results are consistent with reproduce those in [59, Section 5.3]. To
initialize Algorithm 4.3.1, we set s) = § and n to be a regularized point defect away
from the center of the cube. Figure 4.3 displays the three components of n} and s
evaluated along the vertical line (0.5,0.5, z) for iterations k = 1,31, 79 computed on

a uniform mesh with » = 1/30.05 and 7,, = 7, = 0.01.
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Figure 4.3:  Plane defect of Section 4.4.3: Plots of the three components of nf
(first row) and plots of s¥ (second row) for iterations k = 1,31,79. In the final
configuration (k = 79), the energy is E"[s), nY] = 0.247, min(s)) = 0.0101, and
err,, = 0.0556. Moreover, there is a transition layer between about z = 0.4 and
z = 0.6, and s, is almost linear in (0,0.4) and (0.6, 1).

4.4.4 Effect of k on equilibria

The value of constant £ > 0 in (1.3.1) plays a crucial role in the formation
of defects. For large values of &, the dominant term in Ej[s,n] is [, x|Vs|? that
prevents variations of s. Typically s tends to be close to a (usually positive) constant
and the model behaves much like the simpler Oseen—Frank model, where defects are
less likely to occur (and no defects with finite energy beyond point defects are
allowed). On the other hand, for small values of k, the energy is dominated by
fQ s?|Vnl?, which allows s to become zero to compensate large gradients of n, and
defects are then more likely to occur. In this section, we investigate this dichotomy

numerically.
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We consider a cylindrical domain €2 in 3D with lateral boundary I'p

Q={(r,y,2) eR*: (- 0.5)*+ (y — 0.5)> < 0.5%, 0 < z < 1},

Ip={(r,y,2) €R*: (x —0.5)*+ (y — 0.5)> =0.5%, 0 < z < 1},

and impose the Dirichlet conditions on I'p

(= 0.5,y — 0.5,0)
|(z — 0.5,y — 0.5,0)]|

g=35 and qg=r/g= (4.4.7)

The top and bottom faces of ) are treated as free boundaries and the double well
potential ¢ is neglected, i.e., cqyy = 0 in (4.4.1). The analysis in [76, Section 6.5]
predicts that minimizers of the energy exhibit a line defect along the central axis of
the cylinder if k is sufficiently small, whereas they are smooth (no defects) if & is
sufficiently large.

Figure 4.4 displays the final configurations obtained for kK = 0.2 and k = 2. To
discretize €2, we consider an unstructured mesh generated by Netgen with hy = 0.05.
For both values of k, we set § as initial condition of the degree of orientation. For
k= 0.2, we set 7,, = 0.1 and 7, = 1073 and take as initial condition for the director
field an off-center point defect located at the slice z = 0.5. For x = 2, we set
n = Ts = 0.01 and initialize n% as an off-center point defect located at the slice

z = 0.25. These computational results are consistent with those in [59] and confirm

the predicted effect of k [76, Section 6.5].
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Figure 4.4: Effect of k in Section 4.4.4: Equilibria for £ = 0.2 (left) and x = 2
(right). Both pictures show s and n) on the slices 2 = 0.2,0.5,0.8. If x = 0.2,
the final configuration exhibits a line defect along the central axis of the cylinder;
the final energy is E"[sY, n)] = 0.806, min(s)) = —7.33 x 1074, err,, = 0.0778, and
the total number of iterations NV is 226. If K = 2, the 2- component of the director
is not zero. This behavior is usually referred to as fluting effect or escape to the
third dimension [76]. Moreover, the degree of orientation is bounded well away from
zero; the final energy is E"[s) ,nh] = 2.635, min(s) = 0.224, err,, = 0.044, and
the total number of iterations N is 17.

4.4.5 Propeller defect

In this section, we investigate a new defect discovered in [59, Section 5.4].
We consider a setup similar to the one discussed in Section 4.4.4, except that the
domain is the unit cube © = (0,1)3, and we again set cqy, = 0 in (4.4.1). The top
and bottom faces of the cube are treated as free boundary, while the same strong
anchoring conditions as in (4.4.7) are imposed on the vertical faces I'p of the cube
(lateral boundary). The initial conditions are s9 = § for the degree of orientation and
an off-center point defect located on the slice z = 0.5 for the director. The domain
is discretized using an unstructured mesh generated by Netgen with hy = 0.025, and
we set 7, = 0.02. We consider the values k = 2 and kK = 0.1. For k = 2 and 7, = 0.2,

the computational results agree with those of Section 4.4.4: the equilibrium state is
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smooth and is characterized by a nonzero z-component (fluting effect).

For £ = 0.1, the final configuration reported in [59, Section 5.4, Figure 5]
consists of two plane defects intersecting at the vertical symmetry axis of the cube,
the so-called propeller defect. Whether this was a numerical artifact due to the
inherent symmetries of the structured uniform weakly acute meshes used in [59]
for simulation was an intriguing open question that we now answer. Owing to
the flexibility of our approach regarding meshes, we repeated the experiment using
an unstructured non-symmetric mesh with 7, = 107*. Our computational results
confirm the emergence of the propeller defect in Figure 4.5, which in turn displays

the director field n} at iterations k = 0,1, 2766 with colors indicating the size of s¥.

Figure 4.5: Propeller defect of Section 4.4.5: Evolution of the order parameters on
the top face of the cube (2 = 1). Plots of the initial state (s%,nY) (left), of the
intermediate approximation (s}, n; ) obtained after the first iteration (middle), and
of the equilibrium state (si,n)) after 2766 iterations (right). In the initial state,
due to the off-center point defect at z = 0.5, there is a corresponding region on the
slice for z = 1 where n is aligned with z-direction. After the first iteration, in which
n is minimized for fixed s = §, by symmetry the defect has moved to the center
on z = 0.5. Correspondingly, on the top surface of the cube, the region where n
is aligned with the z-axis has moved to the center. The final state is a propeller
defect consisting of a planar X-like configuration extruded in the z-direction. The
final energy is E"[sY, nl] = 0.592, min(s)) = —1.575 x 1074, err,, = 0.0265, and
the total number of iterations N is 2766.
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4.4.6 Colloidal effects in nematic LCs

Colloidal particles suspended in a nematic LC can induce interesting topo-
logical defects and distortions [44, 74]. Omne prominent example is the so-called
Saturn ring defect, a director configuration characterized by a circular ring singu-
larity surrounding a spherical particle and located around its equator. Such defects
are typically nonorientable and captured within the Landau - de Gennes ()-tensor
model [25, 26], but the Ericksen model yields similar orientable defects under suit-
able boundary conditions [60, 77]. We confirm the ability of Algorithm 4.3.1 to
produce similar configurations.

In this section, we exploit the flexibility of Algorithm 4.3.1 regarding meshes,
together with the built-in Constructive Solid Geometry (CSG) approach of Net-
gen/NGSolve, to explore numerically the formation of Saturn-ring-like defects in-

duced by nonspherical or multiple particles.

4.4.6.1 One ellipsoidal particle

Let Q. = (0, 1)3 be the unit cube and let €2, C 2. be an ellipsoid centered at
(0.5,0.5,0.5) with axes parallel to the coordinate axes and semiaxis lengths equal
to 0.3 (z-direction), 0.075 (y-direction), and 0.075 (z-direction); €2, has an aspect
ratio 1 : 4. The computational domain is then Q := .\ Q,. We set x = 1 in (1.3.1)

as well as cqy = 0.2 in (4.4.1). On 9Q = 09, U 08, we impose strong anchoring
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conditions

g=5ondQ, q=r/g=vond;, and q=r/g=mng on I, (4.4.8)

where v : 09, — S%! denotes the outward-pointing unit normal vector of Q, and
ng. : 002y — ST! smoothly interpolates between the constant values (0,0, —1) on
the bottom face and (0,0,1) on the top face of the cube. (see [60, Figure 11]).
These boundary conditions are essential in order to induce the defect. The initial

conditions for Algorithm 4.3.1 are given by

(

(0,0,1) ze€ Qand z3 > 0.5,

Sg = §in Q and ’I’L%(Z) = (070’ _1) = 0O and 23 < 0.57 (449)

q(z) z € 01,

\

for z = (21, 29, 23) € Nj. Figure 4.6 displays cuts of the final configuration obtained
using Algorithm 4.3.1 with an unstructured mesh with hy = 0.05 and time-step sizes

Tn = 75 = 0.01.

4.4.6.2 Multiple spherical particles

We conclude this section with two novel and challenging simulations involving
multiple spherical colloidal particles. In both cases, the domain has the form  :=
Q. \ Qs, where Q. C R? denotes a simply connected domain (representing the LC

container), whereas Q, C €. denotes the region occupied by spherical colloidal

219



Figure 4.6: Saturn ring experiment of Section 4.4.6.1. Three different perspectives
of the Saturn ring defect around an ellipsoidal particle: slice z = 0.5 (left), a 3D
view clipped at y = 0.5 (middle), and a 3D view clipped at = 0.5 (right). The
blue ring surrounding the particle, the iso-surface for s = 0.15, provides a good
approximation of the defect. We stress that neither the distance between the defect
and the particle nor the defect diameter are constant, which is a consequence of
the anisotropic shape of the particle. The final energy is E"[s), nl] = 7.263,
min(s)) = 0.0128, err,, = 0.145, and the total number of iterations N is 33.

particles. We set k = 1 in (1.3.1) and c¢qy = 0.2 in (4.4.1). Moreover, boundary
and initial conditions are suitable extensions to the multiple particle case of (4.4.8)
and (4.4.9) considered in Section 4.4.6.1.

Figure 4.7 shows the equilibrium state corresponding to Q. = (0,1)% and a
pair of disjoint spherical colloids 2, with radii 0.1 and centered at (0.3,0.5,0.5) and
(0.7,0.5,0.5). Algorithm 4.3.1 employs an unstructured mesh with ko = 0.025 and
time-step sizes 7, = 75 = 0.0025. A novel fat figure eight defect forms.

Figure 4.8 depicts the equilibrium state corresponding to Q. = (—0.1,1.1)3
and a colloidal region consisting of six spheres. The latter have radii 0.1 and cen-
ters located at (0.2,0.5,0.5), (0.8,0.5,0.5), (0.5,0.2,0.5), (0.5,0.8,0.5), (0.5,0.5,0.2),
and (0.5,0.5,0.8) distributed symmetrically with respect to the cube center. Al-

gorithm 4.3.1 utilizes an unstructured mesh with hy = 0.025 and time-step sizes
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Figure 4.7: Two-particle experiment of Section 4.4.6.2. Fat figure “8” defect around
two spherical colloids viewed from different perspectives: slice y = 0.5 (left), slice z =
0.5 (middle), and a 3D view clipped at y = 0.5 (right). The blue ring surrounding the
particle is the iso-surface for s = 0.12, which provides a good approximation of the
defect. The final energy is E"[s),n] = 7.656, min(sy) = 0.0146, err,, = 0.0972,
and the total number of iterations N is 57.
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Figure 4.8: Six-particle experiment of Section 4.4.6.2. Defect around six spherical
colloids viewed from different perspectives: slice y = 0.5 (left), slice z = 0.5 (middle),
and a 3D view clipped at y = 0.5 (right); the slice x = 0.5 is similar to y = 0.5.
The blue ring surrounding the particles (in the right picture) is the iso-surface
for s = 0.15, which provides a good approximation of the defect. Therefore the
defect appears to be a combination of a large Saturn ring defect around particles
with center in the plane z = 0.5 and a planar X-like configuration rotating with
axis = 0.5,y = 0.5,—0.1 < z < 1. The final energy is E"[s), nlY] = 14.703,
min(s)) = 0.00355, err,, = 0.160, and the total number of iterations N is 72.
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