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Abstract

For a large class of weights v > 0, each satisfying a natural concavity
conditign, the following theorem is proved for LiCR) = {F:"fﬂv =
=ff;|f(t){v(t)dt < ©}: there is a computable constant c(¢) such that
||Fl|oo < c(g) ||f||V for all f ¢ L;GR) whose Fourier transform F 1is

supported by [-g£,e] (Theorem 3.5 and Theorem 4.1). A related result

demonstrates that Helson sets associated with most Beurling algebras are
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1. Introduction.
We introduce a method which establishes support dependent weighted

Fourier transform norm inequalities,
(1.1) IIFIIOO < c(e)lhfvlly

where F 1is the Fourier transform of f, the support of F denoted by
suppF is contained in [-£,g], the weight v satisfies a concavitv
condition, and ¢ 1is an explicit computable function depending on wv.
Our setting is the real line R but we anticipate generalizing (1.1) to

higher dimensions and formulating it for other LP-norms.

For motivation we make the following two comments. First, inequalities
similar to (1.1) are used to apply the uncertainty principle in signal
processing problems; several of the papers in [ 4] highlight the contributions
in this area of Chalk, Fuchs, and Landau, Pollak, and Slepian of Bell

Laboratories. Second, related inequalities,
(1.2) Trull < chfvl q < ®
q p ’

have recently been considered in the context of characterizing weights u

and v for which (1.2) is true, e.g., {2].

In Section 2 we establish notation and state some background material
for perspective. Section 3 contains our method, Theorem 3.5, and is the
major section of the paper. We apply Theorem 3.5 to Beurling algebras
LiGR) in Section 4. Finally, Section 5 is devoted to Helson sets in
Beurling algebras LéGR). We prove that these v-Helson sets are finite
i w(e) > 14+ ]e]%

For eligible weights v, a corollary of our main result from

Section 4 is the following: if Fe is the Fourier transform of fe € LiOR),
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and supp FE_S [-€,el and FE(O) = 1, then lim“fgv%‘ = ®, c¢f., Remark
€0

5.3c. This fact is clear for certain specific classes {FE}’ such as the

de la Vallée-Poussin kernel, but is not apparent for every such class {Fg}.

For comparison, if v(t) = 1 1in which case L;GR) = LIGR), we recall that

{erﬂl} is bounded for the de la Vallde-Poussin kernel {Fg} .

2. Preliminaries
The Fourier transform F of f € LIGR),where L'(R) is the space of Lebesgue
. . . 00 -ity . .
integrable functions on R, is F(y) = /[_ f(t)e dt . F 1is defined on
A . A v p
R(=R); and we write f<«>F, f=F, and F =f. L") and | "p ,
1l = p =, are the usual Lebesgue spaces and norms. We shall have
1

+ =, = 1.

!
occasion to use the weak topology O(Lp,Lp ), p>1, where 5

O

If v =1 1is measurable on R then
LiGR) = {f : "f"v = lfvl, = ffm|f(t)|v(t)dt < o} - LY(R) 1is a Banach space
with norm | "v' Avﬂé) is the set of Fourier transforms of elements from
LiOR); we write L{(@R) = L'@) and Alﬂﬁ) = AO&).

If v =1 1is not only measurable, but satisfies the arithmetic
condition, v(s+t) = v(s)v(t), then L;GR) is a commutative Banach algebra
under convolution. These Banach algebras were introduced by Beurling in

1938: and in this case the function v 1is a Beurling weight and LéGR) is a

Beurling algebra. The main property of Beurling algebras is contained in

the following theorem.

Theorem 2.1. Let Lé(R) be a Beurling algebra. Spectral analysis

holds for LiGR) if and only if



i v is continuously differentiable,

ii v(t)/ta ig decreasing for some « € (0,1),

iii v' is locally integrable,

iv v' decreases to 0 .
Example 3.2. The following Beurling weights are a-concave:
i, v(t) = 1 + |t|a, a € [0,1), whose

Fourier transform V 1is the kernel of the classical potential

UU(Y) = V*u(y) where p 1is a measure;
ii. v(t) = 1 + log(l +|t|).

Lemma 3.3. Let v be an O-concave function and define the integral,

K v(t)

Yy =0, CK(Y) = fO o sin Yt dt,
for each K € [0,®). Set C(y) = Cm(y).
a. Cy) 1is a positive, continuously differentiable, and locally

integrable function on (0,®).

b. Thereis p > 1 such that lim CK = ¢ in the weak topology

]
O(Lp,Lp‘) con (0,1).
. _ oty sin t
c. C(y) = fo v(Y) —
Vv € (0,0, C'(Y)=—{(17fo(;v'($) sin t dt < 0O .

- dt  and

Proof i. We define

+
. V(t kﬂ)

- . intdt >0, k=0 and Y > 0
ak(Y) J t+km sin

i 0,») .
Note that ak(y) > ak+l(Y) by the strict decrease of v(t)/t on (

Further, if vy > 0 and k > 1, then the fact that



v(£i$ﬂ)/(£i$ﬂ) v ( g)/(g) for t € [0,m] and the hypothesis that

v(t)/t decreases to 0, as t - «, allow us to use the dominated
convergence theorem to observe that %}g Yak(y) =0, and', hence, that
%ig ak(y) = 0 for each Yy > 0. Combining these facts we obtain the
convergence of the alternating series, ?(—1)kak(y) > ag(y) - a;(y) > 0,
for each vy > 0.

Also, we observe that ?(-1)kak(Y) converges uniformly on compacta

contained in (0,») because of the estimate

v (&

2% o hae
nm

Y

b4

©, .k
E-D % ] =a () =
Y

where once again we use the decrease of v(t)/t.

ii. Cx is infinitely differentiable on (f),®).

Also, from part i we see that C(Y) exists and equals ?(—l)ak(y).
In particular, C(y) is a continuous positive function on (0,%).

iii. We now show that C € LI(O,l).

To this end we first observe that CK >0 on (0,0). In fact,

for each v € (0,©), we have

sin u du,

N Ky

- 1 v (u/Y)
Ce (V) kEO (ay ()~ ay 1 (N) + 5 f ol
2T (N+1)

where Ky < 2m(N+2); and the right hand side is positive by the decrease

of w(t)/t and the fact that azk(y) > 32k+1(Y) (part i).

Since CK‘Z 0 we invoke Fatou's lemma and have

(3.1) 0 < S e@y) dy < lim S oc (y) dy,
0 v T K
where K ranges over an infinite sequence tending to infinity. To see

that the right hand side is finite we note that



(3.2) Lo (yy dy = fRu® Locost oy
o K 0 t t »
where M is independent of K. This boundedness is a consequence of the

- cos )

d-concavity; in fact, v(t)(l - cos t)/t? > 0, J! V(t)(ltz dt < oo,
0
KV = cos £) dt _ v - cos ) 4oL,
1 t? -1 ta t2-a '

(3.1) and (3.2) yield the desired integrability.

iv. Part b follows from the classical real variable theorem that

(3.3) sup ”CK"p < o
K
A}
and 1lim CK =C a.e. on (0,1) imply O(LP,Lp ) - convergence on (0,1)

when p € (1,). We already haye the pointwise convergence, and so it
remains to verify (3.3).

We begin proving (3.3) by choosing o € (0,1) for which V(t)/ta is
decreasing on (0,®), and then taking p > 1 for which pa € (0,1).
Because of the monotonicity of v(t)/t we can employ the second mean
value theorem for integrals to compute

1 1
“CK"p < 2p—1 f | j X%ﬁl sin Yyt dt‘lp dy +
LP(0,1)

1 £ . Ko
oP1 J lv (1) J Y SBYE gp 4 v(&) f SE ge|P gy =
0 1 g K> Pt

K,y

p-1 1
2 [J V(t)dt]p +
p+l L 0 j

YK .
p-1 1 |v(l) [YgK,Y sin u 4 4 v (K) [ Si?au au|? ay ,
? [ ot ®)* Yeg ¢ U

and



where we have used the convexity of t?  for p >1 to effect the first
b

inequality. The "partial sums" |I [(sin u)/ul_a]dul are uniformly
a

bounded by N and so we obtain

p-1 rrl 2p-1 p
Ic 1P =2 (J w(t) dt]p L 2P (w ()
P,y P U 1 - op

Thus, (3.3) is valid and the proof of part b is complete.

v. Define

n k
c () + g -7 a (), vy>0

and let I ¢ (0,o) be a closed interval.

We first observe that

T
1 t+km
(3.4) aﬁ(Y) = -3z JO'V'(_TF_D sin t dt, Yy €I

To check this, we recall that ak(Y) exists an I, and note that
the derivative of its imtegrand with respect to 7Yy 1is not only continuous
for each t € (0,m) but is bounded by (1/E2?) v'(t/E) which is integrable

on (0,m) (& is the left hand end point of 1I).

Because of (3.4) and the decrease of v' we have the estimates,

lag . (N ] = |ap(n]  and

n
' - ' = - k ' < '
[ean = e ] =12 DT 2t ] = la] =
% r V'@ sin t de = 5 v O
Y 0 Y Y Y

consequently, the decrease of v' to 0 at o vyields the uniform

convergence of {Cé} on I. Combining this fact with the already




demonstrated (uniform) convergence of {Cn} on I we conclude that C
is continuously differentiable on (0,%) (thus completing part a) and that
part c holds.
q.e.d.
Remark 3.4. Because of the elementary claims in the statement of
Lemma 3.3, we'd like to point out that their verifications are surprisingly
but necessarily arduous.

a. We know that C,CK € L1(0,1), C,CK >0, 1lim C, = C pointwise

k
on (0,1), and 1lim f;CK exists. On the other hand, the functions C
and CK do not satisfy the condition, 1lim f; [CK - CI = 0. To see this,
we first observe that pointwise convergence yields convergence in measure
since we're on a finite measure space, and so the norm convergence is
equivalent to uniform absolute continuity of {CK}. A straightforward
calculation, even for the trivial weight wv(t) = 1, shows that this
Vitali condition fails.

b. We showed that C(Y) 1is continuously differentiable on (0,%
and that the operations of differentiation and integration can be

interchanged on the integrand of C (Lemma 3.3c). As such it should be

noted that even though

cly) = f v(t) sin yt dt = J V(E) sin t dt ,
o ° o VT

we do not have

vy o [ (D) :
c'(y) [0 &y ( ¢ sin vt) dt;

in fact, this last integral not only does not converge uniformly on
compacta in (0,»), it does not converge anywhere on (0,%),

c. We must use the fundamental theorem of calculus in Theorem 3.5,
and for this purpose we only require the absolute continuity of C not

the continuity of its derivative. The integrability of v' on (0, is

-9 -



sufficient for this purpose, but is too strong a condition for the examples
we have in mind, e.g., Example 3.2. Thus, we use local integrability to deal

with a neighborhood of the origin (we don't have continuity of v' on [0,7])

and the fact that C'(y) 1is continuous elsewhere.
Theorem 3.5. Let v be an o-concave function; and let F be an even
A
twice continuously differentiable, non-negative function on R which

satisfies the conditions TF(0) = IIFHoo and supp F C [-€,e]. Then we have

F € AR), f «<F, and

. I < | "
(3.5) Pl < 2(‘( ) | £ ,
where C was defined in Lemma 3.3. If f{é%% dt < ©» then f € L;GR)

Proof. i. Since F 1is twice continuously differentiable and has

compact support we have F € A(R). A similar computation, for example,

v 2
fov [Folae =2 1 WP P 4y cos ve ay| ac
lt]|>1 t]>1 0
allows us to conclude that £ € LéGR) if fv(t) dt < o .

ii. Using Parseval's theorem we make the estimate

1 S f(o)t %%%l sgn t dt| =

el > 5 w(t) |[£e)| de > |
<] ] <k =ltl<x

V~1

lel<x
125 pren 5 in ye de ay]
-€ 1/K

where K > 1. Consequently, we've established the inequality,

(3.6) ve > 1, el > [ pen S in ye e gy

a 0 1/K

Since
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1/K 1/K

€ £
lf F'(Y) f U8 gin ye at ayl < f lyPr o fay f v(r)de
0 o - 0 0

]
™M

we can replace (3.6) by

€ K
3.7 ¥K>1, Wil = lf F' (y) J Ve Gin ye de dy| - e, o
v 0 0 t K,F
where lim € 7 = 0. Applying Lemma 3.3b to (3.7) we obtain the inequality,
Koo ?
T € ®
(3.8) E“f“ %!f F'(Y) f Z—(Elsin ye dt dyl| .
v 0 0 t

iii. We now choose some necessary constants and parameters. First note that
(3.9 ¥y € (0,1], 0=y C(y) = al).

Since C{(y) = 0 and C ¢ Ll(O,l) (Lemma 3.3a) we know that fg c())y dx

is increasing on [0,1]. We are given € > 0 and we take v € (0,1}. By
the continuity of F' and the hypothesis that F'(0) = 0 we can choose

n = ne,v) € (0, min(e,1)) such that

(3.10) sup [FU(Y)] = ~“1-AL**;~*
<iom PIERONER

and

(3.11) sup 7' (v) | 5‘“~;Q(f“
v€[0,n] ao

Using (3.10) we make the estimate,
\Y
177 T eay] =3

and, thus, we obtain

T

(3.12) el = |5 P oy dvl -5

from (3.8), where Vv > 0 is arbitrary and n depends on € and V.
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iv. Formally, we compute

|sereepar] = - B e - g ren £ v St gy ay) -
= |F(n) c(m) - fi Eégl'f? v'(%) sin u du dy| >
(3.13) F(n) ¢c(n) - lf§ EYDZQ f:’ v'(%) sin u du dy| >

F() c) - IEl, S ;1, 17 v sin u du dy =
e d

F(n) cm) + IFl_ 7o 3y €N dv =

CFl_ - cm)(IFl_ - F(n))

00
To justify (3.13) we first note that [ v'(%) sin u du exists and is
0
non-negative since v' decreases to 0 on (0,®) and because the integral

is an alternating series. The second inequality of (3.13) follows.

Next, Lemma 3.3b yields the first and penultimate equalities in (3.13).

The remaining inequality and equalities in (3.13) are clear.

V. To complete the proof we observe that

1A

cr)(Fl_ - F(m) = e el - F(m))]

(3.14)

ncm  sup  |F'(Y)] = szgg_gjl% <

v€[0,n]

Nl

by (3.9) and (3.11); and, hence, by combining (3.12), (3.13), and (3.14) we
obtain (Tr/2)"f||V = C(e) IFl_ ~ v which yields (3.5) since v 1is arbitrary.
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Example 3.6a. By the definition of C(€), we can replace (3.5) by

IIFIIoo < 2(30(8) NG ))HfH

where a (e) fTr XS%?EZ sin t dt .

b. If v(t) =1+ [t]% & €(0,1), then

r

© sin t
2 J

dt=£+_l__L(q_)__
¢ 1-0 2 o o
£ t € CSC(T?)

1
C(e) = + “a

4. Fourier transform norm inequalities for Beurling algebras

We emphasize that the constant in the following result is support

dependent.

Theorem 4.1. TLet v be an O-concave Beurling weight. For each

IS LéGR), whose Fourier transform F is supported by [-e,e], we have

G 1) 17l < (C%g ) 1/4 el

where C was defined in Lemma 3, 3.

o Smtsbviivmint —,_.ﬁ

Proof. i. Suppose F 1is an even, twice continuously differentiable,
non-negative function on i& which satisfies the condition, supp F ¢ [-g,e].
Let "F”00 = F(Y), v € [0,e), and define G(A) = FOA-y)F(-A-Y), Clearly,
we have IGI = G(0) = "F"i and supp G ¢ [-2¢, 2¢]. G satisfies the

conditions of Theorem 3.5, and so

Iel2 = gl < —T 0 < 1u2
o = 160 = 260y '8, 20(2 o I ’

where g = G and where the second inequality follows since v 1is an (even)

Beurling weight. Consequently, we've shown the inequality

- 13 -



1/2

1 AN L :
(4.2) Hpr (ZC(ZL)) Hfﬂv .

for such f+ F.

~

ii. Next, suppose F 1is twice continuously differentiable on TR and that

supp F € [-€,e]. Define the functions G(A) = F(A)F(X) and HO) = G(\) + G(-)).

T € AVGE) since f € LiGR) and v 1is even. Thus, G > 0 is an element
of AQGR) by the submultiplicativity of v. Further, G 1is twice continuously
differentiable and supp G € [-e,e}. Finally, "G"00 = HF”i since
[F(M % = F1(M? + F2(1? = G(Y) where T =7F; +iF, and IFI_= |F(v)] .

By definition, H 1is an even, twice continuously differentiable, non-
negative function on ?& which satisfies the condition, supp H & [-€,€] . We

have NHI!oo = HGHa)= ﬂFHi) because G > 0; and we apply (4.2) to H obtaining

the inequality,

/

20 312 < Iy
A\ v

2 <
"h"v - (C(2€) Cc(2¢)

2 < < (T _Hi
(4.3) IFh2 < Iyl < (ZC(28))

A

where g =G and h =H and where we've used the evenness and submultiplicativity

of v to obtain the last two inequalities.
iii. TFor the general case, take f € LiGR) where supp F € [-£,¢]

Let p be a non-negative, even, twice continuously differentiable

function which satisfies the conditions, é%-fpn(K) dx =1 and suppfn]g [-n,n].

Set Gn = F*pn so that Gn is twice continuously differentiable and
Vv
< [- . i = g I < Il
supp Gn C [-(etn), ein] Since |pn ()| 1 we have By f v where

g = G_ ; din particular, g, € LiGR). We can apply (4.3) to Gﬂ’ and we
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(4.4) I6 12 = (c“(i%gim)l/z Ig 12 < (ag%m)l/z el2
For each Vv > 0, choose n > 0 such that ]"Gn"00 - IFl_| < v for
n € (O,nv]. Thus, (4.4) yields the inequality,
¥l < (Hf%%ﬁﬁ)m I+ v,
from which we deduce (4.1) by the continuity of C.
q.e.d

5. Helson sets in Beurling algebras

A

Definition 5.1. Let E € R be compact, let L;GR) be a regular Beurling

algebra, let AV(E) be the restriction algebra (to E of elements from

AVGR), and let C(E) be the algebra of continuous functions on E. E 1is

a v-Helson set if AV(E) = C(E).

If wv(t) =1 then v-Helson sets are the classical Helson sets used
to study the structure, including the arithmetic structure, of group algebras,
e.g., [1]. Clearly, v-Helson sets are Helson sets, and the following result
describes their trivial nature for most Beurling weights.

~

Theorem 5.2. Let E € R be compact, let LéGR) be a regular Beurling
algebra, and suppose that v(t) = w(t) =1 + }tla on R for some o € (0,1).

If E 1is a v-Helson set then E 1is finite.

Proof. 1i. Since AVGR)_E AWGR), it is sufficient to prove that E
is finite when E is a w-Helson set. We denote AWGR) by AQGR) and

AW(E) by Aa(E).
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ii. Define the quantity,

IEl = gup LFQH) - FOO|
o v lx,d
A#0

~

» s
AQGR) is the space of continuous functions F on R for which "F"a < o,

Aa(E) is the space of restrictions of AGGR) to E.

iii. In this subsection we'll verify the classical fact,

~ ~

(5.1) A ®) < AR, B>

and, consequently, by the compactness of E, we obtain

(5.2) Au(E) gvAu(E)

As a preliminary calculation, note that lelu - l|2/,u|2 =2, u#0;

and so, for any K > 0, we find that

s 1-o . 1~ . .
|e1t>‘—1 ) V2 |\ le] =vZ2 k™% |e], if |A] <K,

IA® o

2/, if |A] = K

1

Setting these two bounds equal implies K /T/Itl. Consequently, we have

leitx _ 1,/“\‘0‘ < 2(].—0(/2)'tIOL

~

Using this calculation and taking f

ith
"FHOL < sup J"00 if(t)l-l—e-ll——&——l—l— dt <
A

B

F ¢ ABGR) we make the estimate,

o (1-a/2) f°_°00 [FCe) [ + |e]™) de = o (1-0/2) her

and, therefore, (5.1) and (5.2) are obtained.

- 16 -



iv. It is clear that Aa(E) C C(E) ; and this inclusion, combined with
(5.2) and the hypothesis that E is v-Helson, imply that AQ(E) = C(E).
It is easy to see that this equality forces E to be a finite set.

q.e.d.

Remark 5.3. a. Our original argument for Theorem 5.2, which we
give in Remark 5.3c, was intimately related to Theorem 4.1. This argument
did not involve Aa and was valid for Beurling algebras larger than

LéGR), but not for L!(R).

b. To outline the argument alluded to in Remark 5.3a we first state
the following adaptation of a technique formulated and implemented by Varopoulos
and Drury, e.g., [1]. Let E be a v-Helson set, with Helson constant K,
and a v-spectral synthesis set; E satisfies the condition that for each
closed disjoint pair E;, E» ¢ E, there exists E = F with the properties

that F = 1 on a neighborhood of E;, F =0 on a neighborhood of E;, and

el = K .
v

c. It is easy to see that w-Helson sets are totally disconnected and
that closed countable subsets of w-Helson sets are w-Helson. Also, using
the fact that points are w-strong Ditkin sets, we can check by conventional
methods that closed countable sets are sets of w-spectral synthesis. Thus,
given an infinite w-Helson and w-spectral synthesis set, we can choose a
countably infinite w-~Helson and w-spectral synthesis subset E. We see that
the condition from the result in Remark 5.3b fails because of Theorem 4.1;
and so, since the w-spectral synthesis of countable sets is a fact, we are

forced to conclude that w-Helson sets are finite.
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