
1



ABSTRACT

Title of Dissertation: FLOQUET THEORY ANALYSIS
OF ROTOR BLADE AEROELASTIC STABILITY
AT HIGH ADVANCE RATIOS

Spencer Manin Fishman
Doctor of Philosophy, 2025

Dissertation Directed by: Inderjit Chopra
Distinguished University Professor
Clark Distinguished Chair
Director Alfred Gessow Rotorcraft Center
Aerospace Engineering Department

A compound rotorcraft operating at high forward speed may slow its rotor, resulting

in a high advance ratio (µ). While this mitigates compressibility effects, it creates stability

challenges, which are explored in the present work. The aeroelastic stability character-

istics of rotor blades are analyzed in the rotating frame using Floquet theory for high-µ

flight. Linearized coupled equations of motion are derived for the flap, lag, and torsion de-

grees of freedom for an isolated rotor system, with the assistance of symbolic manipulation

software. Periodic coefficients, reverse flow, unsteady aerodynamics, pitch-flap/ pitch-lag/

structural coupling, chordwise center of gravity, aerodynamic center, and other structural

and aerodynamic properties are considered. The flap trim state is found through periodic

shooting, and a stall model provides bounding for stability predictions. Through numerical

integration of the state transition matrix, the resultant eigenvalues and eigenvector motion



allow for the determination of the type of response to perturbations from trim. A novel

eigenvalue trajectory tracking method using a modal analysis of the periodic eigenvectors

allows for a consistent identification of roots as parameters are changed. Damping and fre-

quency response behaviors are evaluated, and rotor stability boundaries are presented for

numerous configurations, to include various articulated and hingeless blade types. Advance

ratios in excess of µ = 3 are explored, with evaluations of both physical dynamic stability

and numerical stability. Trim and stability predictions are validated using historical anal-

yses and experimental results, a fundamental understanding of associated phenomena such

as parametric resonance is achieved, and recommendations regarding stable configurations

are provided.
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Chapter 1: Introduction

1.1 The Challenge of High Advance Ratio Flight

The concept of an aircraft that can hover efficiently and fly fast has been a dream

since the dawn of aviation. The most successful approach has been the helicopter. At

zero forward speed, the rotor’s airflow is axial, much like a steerable propeller oriented

skyward. Its large area and low induced velocity requires less power than higher disk

loading approaches. But in forward flight the flow becomes partially edgewise, moving

transversely across the disk, causing the rotor blades to encounter varying flow in the

rotating reference frame.

Factors limiting the maximum speed of the conventional helicopter rotor include

compressibility effects on the advancing blades as they approach the speed of sound and

the stall of the retreating blades. While these are significant issues, aeroelastic instability

caused by the periodically interacting aerodynamics and structural properties of the rotor

is another limiting factor. This instability is in part dependent on the ratio between the

airspeed and blade tip speed relative to the rotor hub. This non-dimensional parameter is
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known as the advance ratio, µ:

Advance Ratio = µ =
True Airspeed

Rotor Tip Speed
=

V

ΩR
(1.1)

where Ω is the rotational speed of the rotor and R is its radius. This definition is only

strictly true for the edgewise component of V ; forward or aft incidence of the rotor disk

introduces a cosine term in the numerator. Because they are designed for axial flight,

propellers use a different (perpendicular) definition for advance ratio.

Flapping is the up and down motion of a rotor blade, denoted by the angle β, which

affects the pitch and roll of the aircraft. In normal flow, the influence of µ on blade flapping

is linear. As advance ratio increases, a circle of reverse flow forms on the retreating side

of the rotor disk, and in this region the effect of advance ratio on flapping is of order µ4.

This indicates that large deviations in blade motion can be caused by small perturbations

of this parameter.

Tilt rotors avoid the challenges of high-µ flight by transitioning to axial flow at high

speeds, but come with their own set of complex engineering challenges and compromises.

Thus, the compound helicopter design is appealing due to its higher hover efficiency and

potentially greater mechanical simplicity (no need to the rotate nacelles or rotors). Lift and

propulsive forces are partially offloaded from the main rotor through the employment of

wings and propellers or jets. Some of the most successful early rotorcraft were autogyros,

which are compound designs with rotors powered through autorotation. As for conventional

helicopters, blades can be structurally and aerodynamically improved to address Mach

effects, but the maximum speed is effectively limited to about 200 knots, with increasing
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performance and stability penalties. This can be exceeded by compounding lift and thrust

and slowing the rotor, which increases advance ratio. The goal of this work is to examine

the effects of increasing µ on blade stability.

Some historical high-µ compound single main rotor designs are illustrated in Fig. 1.1

and are discussed below. The aircraft images are sourced from Refs. 1, 2, 3, 4, and 5.

In the mid 1950s, the McDonnell XV-1 had limited success at high speed, but demon-

strated high-µ capabilities. In part due to immature turboshaft engine technology, the de-

signers elected to use rotor tip jets, which were very noisy and had a high fuel consumption.

Thrust was provided by jet engines and the lift was augmented with wings. The rotor was

an innovative gimbaled design with three blades, which were rigidly connected to the hub

and tilted (flapped) together. The rotor was tested to an advance ratio of 0.95 in flight

and exceeded 1 in the wind tunnel. One stability issue to come out of these experiments

was what was termed the “1/2-p” oscillation. This was a rotor flapping response with a

frequency equal to half of the rotor’s rotational speed, or “1/2 per rev” (Refs. 6, 7).

In the 1960s, tests of the Sikorsky NH-3A, a compound modification of a Sea King,

also encountered 1/2-p self excitation at around µ = 0.5. Like many classic and modern

helicopters, the H-3 has articulated rotor blades, which are hinged near the hub and flap

independently with a natural frequency at or just above 1 per revolution. Other issues were

torsional excitations due to shifting pitch moments as Mach numbers exceeded 0.9 (Ref.

2).

Lockheed elected to design two of its high-speed compounds (the XH-51 and AH-56A

Cheyenne) with novel hingeless rotors. The term hingeless is a broad term that refers to

various combinations of physical hinges or bearings and blade flexure mechanisms. The AH-
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Eurocopter X3

𝜇 = 0.68 (2013)

McDonnell XV-1
𝜇 = 0.95 (1955)

Lockheed XH-51
𝜇 = 0.55 (1967)

Lockheed AH-56A
𝜇 = 0.57 (1968)

Sikorsky NH-3A
𝜇 = 0.53 (1968)

CarterCopter
𝜇 = 1.02 (2005)

Carter PAV
𝜇 = 1.16 (2013)

Figure 1.1: Examples of high advance ratio compound rotorcraft.
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56A incorporated a “door-hinge” mechanism for flapping (natural frequency of > 1.1/rev

with a unique gyro control) but was very stiff in lag (1.4/rev). Advantages of hingeless

designs include increased control power, reduced drag, and anticipated lower maintenance.

The stability differences of hingeless blades compared to articulated blades of the same

dimensions can be approximated by considering their differing natural frequencies and

Lock numbers.

Unlike the previous experimental rotorcraft, the AH-56A was designed to be a combat

aircraft and its flight tests were geared for meeting operational requirements and specifica-

tions. There were many setbacks in the program, but two notable stability problems were

caused by resonance. The first was the “1P X 2P” excitation, encountered during a reduced

rotor RPM (70%) autorotational landing. To avoid resonance, aircraft designers normally

ensure that the natural frequencies of the rotor (as well as tail rotor, propeller, and fuse-

lage modes) are not harmonic multiples of one another. However, while briefly operating at

this off-design point rotor speed, the in-plane (or lag) natural frequency was exactly twice

the rotor speed, and this cyclic-lag resonance caused the aircraft to rollover. The second

problem was known as “half-P hop”. The was the same phenomenon as the previously

mentioned “1/2-p” high-µ parametric excitations. Unfortunately this caused inadvertent

collective actuation, resulting in a fatal mishap that contributed to the Cheyenne’s eventual

cancellation (Ref. 3).

More recently, the first manned aircraft to exceed µ = 1 in flight was the lightweight

CarterCopter in 2005. The aircraft was destroyed shortly afterwards due to an unrelated

engine failure. The recent Carter PAV is an improved design which has since raised the

record to µ = 1.16. Both of these aircraft employed a two-bladed teetering rotor (Ref. 4).
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The Eurocopter (now Airbus Helicopters) X3 was a dual-dual propeller high-speed com-

pound test aircraft that has paved the way for the RACER program now in development.

0.5/rev resonance was also found during its flights. Their engineers have published flap-lag

stability data from the X3 and are leveraging this for their new design (Ref. 5).

Although these historical examples have all been single main rotor aircraft in edgewise

flight, it should be noted that other rotor configurations can be suitable for high speed.

For example, Sikorsky has long worked on coaxial designs: the XH-59, X2, S-97, Raider X,

and the now-cancelled collaboration with Boeing, the SB>1 Defiant.

1.2 Floquet Theory and Stability Analysis

In 1868, Mathieu proposed a second order ordinary differential equation with periodic

coefficients to model the vibrations of a drum (Ref. 8). This function is frequently expressed

in the form of

d2y

dx2
+
(
a− 2q cos(2x)

)
y = 0 (1.2)

Because the simplified form of the rotor flapping equation in forward flight is a Mathieu

function, the methods used to solve this problem are of interest to the present work.

Floquet published a form for the solutions to this equation based on its period (π) and

parameters (a, q) in Ref. 9. Several years later, Hill developed a broader form of differential

equation, of which the Mathieu equation is a special type, to model the harmonic behavior

of the moon (Ref. 10). Approaching the end of the 19th century, in Ref. 11 Lyapunov

developed a theory of stability for this T -periodic system: through a state transition, there

exists a matrix Φ(T ) whose eigenvalues determine the response of the system. Today,
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Floquet theory and the contributions of Lyapunov are still foundational to the study of the

behavior of periodic systems. The development of the computer and numerical integration,

which is needed to find the state transition matrix in practice, made Floquet theory more

relevant in the modern age of dynamical systems analysis.

Modern references with good backgrounds on Floquet theory include Refs. 12, 13, 14,

15, and 16. Implementations specific to the rotor blade stability problem include Refs. 17

and 18; many others are discussed in the following overview of aeroelastic stability analyses.

For a constant coefficient ODE, a Fourier transform simplifies the problem into an

algebraic one. The eigenvalues (poles) lie in the complex s-plane, where the real part

corresponds to damping (a negative sign indicates stability) and the imaginary part is

the damped frequency. As for the solutions found from Floquet theory, there are several

important differences. The aforementioned eigenvalues of Φ(T ), known as the characteristic

multipliers, exist in the complex z-plane, where stability lies in the unit circle and the

frequency is represented by the angle (argument). When transforming these eigenvalues

into the s-plane, the solutions (characteristic exponents) are not distinct due to the complex

logarithm involved. While the damping is known, only the principal value of the frequency

is immediately apparent, and it is limited to the set [−π, π] ([−1/2, 1/2]/rev if T = 2π).

To determine the overall frequency in the s-plane, m/rev integer(s) must be found and

added to the principal frequency. The Floquet eigenvectors are periodic, and an analysis of

their motion yields the participation of each frequency multiple m. For the time-invariant

or constant coefficient case, there is a unique integer m for each root, and thus a unique

overall frequency response. The introduction of periodic terms leads to multiple integers

with different modal participation factors.
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Figure 1.2: Types of root instability behaviors in the z-plane and s-plane.

The often chaotic behavior of eigenvalues when parameters (such as µ) are varied can

be interpreted using bifurcation theory. There are several ways that a periodic system can

become unstable as shown in Fig. 1.2, which combines depictions from Refs. 19 and 20.

Cases (a) and (b) in Fig. 1.2 show parametric resonances ultimately leading to instability.

As a notional parameter is increased, case (a) begins with complex conjugate roots and

transitions to an integer (Z) per revolution response with a period of T . Case (b) becomes a

half integer (Z+ 1/2/rev) response with period 2T . These are also referred to as Hill-type
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instabilities and demonstrate that the roots of a periodic system do not necessarily exist in

complex conjugate pairs. One root loses stability and the other becomes more damped in

these cases. The response type of Case (b) has been variously described as anti-periodic,

period doubling, flip/ subharmonic bifurcation, and as the aforementioned 1/2-P instability

observed in high-µ helicopter tests. Case (c) appears like the more “conventional” insta-

bility that might be encountered in a constant coefficient system, where the roots remain

complex conjugates and are not locked onto harmonics. In Ref. 13, Yakubovich offers this

explanation: compared to ordinary resonance, parametric resonance is more “dangerous.”

Discrete natural frequencies drive normal resonance, which has a power or linear growth

rate, whereas parametric resonance has critical frequencies varying based on the perturba-

tions and increases exponentially. The term frequency locking will also be used throughout

this work in reference to the parametric resonance phenomenon.

Applying these principles to the Mathieu equation, a stability map can be created

by varying the parameters a and q and plotting the damping and frequency. This map is

shown in Fig. 1.3. The stability is symmetric for corresponding positive and negative values

of a. The stable regions have very low levels of damping and do not have any parametric

resonance. The unstable parameter combinations result in alternating lobes of integer and

half-integer frequency locked regions. Similar types of stability maps will be generated for

the rotor equations in this work.
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Figure 1.3: Stability map of Mathieu function.
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1.3 Rotorcraft High-µ and Aeroelastic Stability Research

Blade element momentum theory has its origins in the 19th century, motivated by

research into turbines and ship propellers (Ref. 21). Rankine began work on momentum

theory, which considers the power and thrust for axial flow through a disk (Ref. 22).

In Ref. 23), Froude introduced the concepts of Blade Element Theory, which provides

for the determination the forces at spanwise stations. Modern BEMT was developed by

C.N.H. Lock in the 1920s, notably in Ref 24. The Lock number γ, a parameter which is

foundational to rotorcraft aerodynamics, was named after him. It is a non-dimensional

ratio between aerodynamic and inertial forces on a rotor blade. Ref. 25 provides some

common Lock numbers for main rotors and tail rotors. At sea level on a standard day,

values can range from about 1.0 for a Hughes 300C tail rotor to 11.5 for main rotor blades

of the the CH-53E. Articulated rotors generally have Lock numbers around 8, and hingeless

or rigid (including teetering) rotors are closer to 5. At the 3,500 ft on a standard day, Lock

Numbers decrease by 10% due to the drop in air density. I n a vacuum, the Lock number

is zero.

Among his many contributions to aerodynamics, Glauert improved rotor BEMT by

showing how forward flight affects inflow compared to hover (Ref. 26). He also performed an

early flap stability investigation in 1933 (Ref. 27). After World War II, Horvay introduced

the concept of a γ vs. µ stability map (Ref. 28). Horvay was also aware of the subharmonic

1/2-p phenomenon.

Just as in the case of propellers, in the early days of rotorcraft it was understood

that the inflow and lift distribution of rotor disks were not uniform, even for ideally twisted
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rotors. The effects of tip vortices were recognized, but it was too difficult to model at the

time. An early way to approach this was Glauert’s concept of tip loss (Ref. 29), which was

developed from earlier work by Prandtl (Ref. 30). Avoiding discontinuities and accounting

for the time-varying nature of skewed inflow due to advance ratio, Mangler proposed a

smooth Fourier series function in Ref. 31.

Theodorsen explored aerodynamic instability, flutter mechanisms, and unsteady aero-

dynamics. In Ref. 32, published in 1935, he introduced the concept of a lift deficiency

function. In 1957, Loewy expanded lift deficiency modeling for unsteady rotary wing aero-

dynamics (Ref. 33). This was two-dimensional and did not account for compressibility

or viscous effects, but modeled returning wake (vortices) from previous revolutions and

blades.

Several unique experiments were performed in the 1950s and 1960s that are still

relevant for high-speed rotors. In Ref. 34, the aerodynamic coefficients of a NACA 0012

airfoil were evaluated at angles of attack from 0 to ±180°. Historically, wind tunnel data for

most airfoils are only available to just past stall (α < 25°). However, a substantial portion

of a high-µ rotor is in reverse flow. The experiments showed that linear lift behavior is

still somewhat present in reverse, albeit with a reduction in stall angle and higher drag.

Because the center of lift has shifted from the 1/4-chord to the 3/4-chord position in reverse

flow, the pitching moment linearly varies with angle of attack. At low Reynold’s numbers,

the lift coefficient at 180° is steep and has hysteresis due to vortices forming at the sharp

“leading” (normally trailing) edge. Linear approximations of the aerodynamic coefficients

are overlaid on the test data in Fig. 1.4.

Jenkins led wind tunnel tests of an articulated rotor up to µ = 1.45 (Ref. 35). Unique
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stability tests of a stopped, full-scale two-bladed rotor were performed at the NASA Ames

40 × 80 ft wind tunnel in 1968 (Ref. 36).

Early rotor stability analyses were usually carried out using constant coefficient ap-

proximations and for µ < 0.5. Spurred by an interest in high speed military helicopters

like AH-56A, with the advancement of computers in the late 1960s, transient analysis (nu-

merical perturbation of equations and evaluation of the response) allowed for the solutions

of forward flight equations to be found, including nonlinear analysis. Operating through

the U.S. Army and NASA, numerous publications explored rotor stability, including flap-

lag-torsion (Refs. 37, 38, 39, 40, 41, 42, and 43). In Ref. 44, Sissingh modeled the reverse

flow regions, accounted for the periodic flap moments, and correctly predicted the promise

of teetering rotors for high-µ flight.

In the early 1970s, it was found that computers not only assisted with transient

numerical analyses, but also were a practical way to apply Floquet theory for the evaluation

of differential equations with periodic coefficients. High-speed flap stability, including the

essential effect of reverse flow, was investigated in Ref. 45 up to µ = 2.5 for a centrally

hinged, rigid blade. Around the same time, Johnson found a closed form solution to the

flap perturbation equation using asymptotic analysis in Ref. 46, but since µ must remain

the small perturbation parameter (ϵ), this method is also only valid at low speeds. Similar

Floquet analysis was performed in Ref. 47, although it was limited to µ ≤ 0.5.

A classical problem for rotorcraft is the difference between the rotating frame (blade

reference) and fixed frame (aircraft reference). Flight controls in the fixed frame must ma-

nipulate the blade pitch change links using stationary and rotating swashplates, and blade

forces and vibrations transfer back to the fuselage. Hohenemser completed the development

14



of the Multiblade Coordinate (MBC) system in Ref. 48, which uses Fourier transforms to

move the forces from the rotor to the non-rotating frame. Without using the MBC during

stability analysis of the flap equation evaluating constant coefficient equations, the stability

roots will not change when µ is increased. Evaluating the constant coefficient equations

in the fixed frame with MBC does provide a moderately accurate trend of root motion for

low µ, but a separate equation must be solved for each blade. Fig. 1.5, adapted from Ref.

20, compares the MBC/ constant coefficient approach to Floquet for an articulated rotor.

The “corners” in Fig. 1.5 where the roots lock into a frequency of 0.5/rev are a

real physical response: the aforementioned “1/2-p” parametric resonance encountered in

historical high-µ tests. This was not captured using the constant coefficient approximation.

A feature of Floquet theory is that the stability of independent, identical blades (articulated

or hingeless rotors, Nb > 3) in the rotating frame can be transformed to the fixed frame

by adding roots displaced vertically by ±i. The collective (coning) roots are the same as

the rotating frame root; the cyclic modes are shifted by ±1/rev. Note the the solutions for

gimbaled rotors are different because the blade motions are not independent; MBC must

be applied in this case.

An actuator-disk model accounting for wake effects was developed in Ref. 49. A

perennial question is what needs to be included in an analytical model to provide reasonably

accurate predictions for a real aircraft’s performance and stability. Ref. 50 compared

actual periodic blade loading from an H-34 flown up to 194 kts. As long as stall conditions

were avoided, the classical method of rigid blades, quasi-steady aerodynamics, and uniform

inflow provided “good correlation” with the flight tests. Accurately modeling the chordwise

center of gravity appeared important for torsion (blade pitch) deflections. Interestingly, the
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unsteady aerodynamics model under-predicted the actual performance, where the expected

lift deficiency was possibly overcome by the opposite effect of “stall delay”.

The lag degree of freedom was included in Refs. 51, 52, 53, and 54, and refined multi-

mode elastic blade models were used, but these analyses were limited to hover or moderate

forward speed flights. The results of Ref. 53 included reverse flow, which is especially

important for high-µ analysis. Hingeless and bearingless rotors were becoming more popular

in the 1970s, and new methods of analysis (particularly accounting for bending modes) were

explained in Refs. 55 and 56.

Floquet theory also provides an elegant solution for finding the trimmed state (sus-

tained periodic motion) of a rotor. Peters explained this method, called periodic shooting,

in Ref. 57. Ref. 58 explored an active rotor control system also using a Floquet approach.

Johnson developed a more modern form of unsteady rotary wing aerodynamics in

Ref. 59. The dynamic inflow models developed by Pitt and Peters in the early 1980s (Refs.

60, 61, and 62) were seminal contributions to this field. In Ref. 63, Gaonkar and Peters

evaluated the effectiveness of these inflow models for hover and forward flight.

A limited number of flap-lag stability experiments in the wind tunnel were conducted

during the 1980s (Refs. 64, 65, and 66). Hover flap-lag-torsion stability testing of hingeless

rotors were peformed in Ref. 67 (small scale) and Ref. 68 (full scale BO-105). A follow-on

analysis predicted flap-lag-torsion loads and lag damping up to µ = 0.35 in anticipation of

future wind tunnel tests (Ref. 69).

Early flap-lag-torsion analyses include Refs. 70, 71, and 72. Chopra, along with

Sivaneri and Panda, began to employ a finite element approach in Refs. 73, 74, and

75 that laid the groundwork for what would become the UMARC comprehensive code.
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Surveys of aeroelastic stability research include those completed by Friedmann (Refs. 76,

77), Ormiston (Ref. 78), and Chopra (Ref. 79). Similar to this present work, Ref. 80 was a

rare example of using symbolic manipulation software to the develop equations of motion.

Modern rotorcraft analysis is dominated by comprehensive codes, such as UMARC,

CAMRAD, and RCAS, which are constantly being improved (Ref. 81). The University of

Maryland’s Advanced Rotorcraft Code (UMARC) uses finite elements in space and time

(FEM/FET) and iterates until trim convergence. It can model elastic blades with multiple

degrees of freedom and non-linear aerodynamics, along with dynamic stall and free-wake

models such as those developed by Leishman and Beddoes (Ref. 82, Bagai and Leishman

(Ref. 83), and Bhagwat and Leishman (Ref. 84).

As for stability analysis, as explained in Ref. 85, UMARC’s methods are generally

similar to other approaches: 1) Linear Time Invariant: Constant coefficient approximation,

which requires using MBC to convert the equations into the fixed frame and average the

coefficients over one revolution (suitable for µ < 0.25). 2) Linear Time Periodic: Floquet

solution with periodic coefficients, with roots found from the eigenvalues. 3) Non-Linear:

Transient analysis; numerical perturbation followed by Moving-Block analysis of the re-

sponse to determine damping (see Ref. 86).

As noted in Ref. 87, Milgram and Chopra employed a method of analyzing the

periodic eigenvector response and choosing an integer multiple that best represented the

harmonic behavior in Ref. 88. They studied the air resonance of full aircraft using FET/

UMARC and Floquet analysis up to µ = 0.4.

In Ref. 89, Floros and Johnson revisited the high-µ flap mode stability problem

using Floquet theory, also addressing teetering and gimbaled rotors. Stability maps (γ vs.
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µ plots) were specifically developed for the CarterCopter, and CAMRAD II was used to

perform a comprehensive analysis of its rotor and wing. The initial conference paper was

presented the year before the aircraft exceeded µ = 1.

Although not stability tests per se, there have been notable recent high-µ wind tunnel

experiments investigating trim, performance, and loads. In Ref. 90, Datta et al. evaluated

a full-scale H-60 rotor slowed to achieve µ = 1 at the NASA Ames 40 × 80 ft wind tunnel.

The University of Maryland performed experiments in the Glenn L. Martin Wind Tunnel

up to µ = 1.2 for an articulated rotor (Ref. 91) and µ = 0.7 for a hingeless rotor (Ref. 92).

Due to longstanding misconceptions about the frequencies of the characteristic ex-

ponents and how integer multiples are selected, Peters et al. revisited the characteristics

of periodic Floquet eigenvectors and the resultant modal waveform matrix in Ref. 87.

Using Mathieu’s equation and the flap equation (without reverse flow) as examples, fre-

quency branching behaviors and modal participations were shown. This general approach

to harmonic participation is utilized in the present work, albeit with more complex coupled

equations and parametric combinations.

There are alternatives to Floquet and averaging approaches for solving periodic sys-

tems. Ref. 93 is a recent review of Linear Time Invariant (LTI) and Linear Time Periodic

(LTP) systems applied to rotorcraft. Ref. 94 show how LTPs can be linearized and trans-

formed into LTIs using harmonic decomposition. Ref. 95 presents a numerical simulation

method which models nonlinear systems using higher order LTI approximations, the results

of which indicate computational advantages. Nevertheless, Floquet theory remains a very

suitable method for this work.

Mohan and Gaonkar performed an assessment that showed how fast Floquet theory
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and the Fourier analysis of the periodic eigenvector was suitable for hundreds of states

(Ref. 96). In fact, the authors bemoaned that the state of art comprehensive codes like

RCAS still did not include the robust mode identification capabilities features of Floquet,

and proposed that it should be applied more routinely to rotor stability analyses.

Some content of this Dissertation builds upon two conference papers, Refs. 97 and

98, which were presented by the author at Vertical Flight Society Forums 79 and 80.

1.4 General Approach and Novel Contributions of this Work

Flap-lag-torsion stability equations for centrally-hinged rotors as applicable to high

advance ratios are derived, stability roots are found after calculating Floquet transition

matrices, and various rotor configurations are evaluated. The linearized equations with

periodic coefficients are derived for a centrally restrained blade modeled with hub springs,

with reverse flow and dynamic inflow effects included. Unsteady pitching moments as well

as pitch axis and center of mass offsets from aerodynamic center are considered. Flap trim

is found using periodic shooting. Perturbation versions of the equations are derived and

manipulated to determine the periodic stiffness and damping matrices. Fig. 1.6 shows the

general parameters involved in the rotating frame.

Floquet theory is used to evaluate stability roots: the homogeneous versions of the

equations are integrated around the rotor azimuth, and the eigenvalues are used to deter-

mine the frequencies and damping. Eigenvector motion analysis is performed to determine

the modal participation. Root loci are calculated, with the real part determining the damp-

ing and the imaginary parts showing the frequency content. Numerous parametric studies
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Figure 1.6: Rotor blade parameters.

are completed to show the effects of various configurations and conditions. The necessary

calculations are performed using MATLAB.

This work has resulted in new and unique contributions to the fields of rotary wing

aeroelastic stability and the study of periodic systems in general. These include:

1. An expansion of coupled flap-lag-torsion stability analysis to higher advance ratios

(µ = 3). Previous studies of lag and torsion were generally limited to µ < 0.5 and

neglected reverse flow.

2. Expanded derivations of the linearized flap-lag-torsion perturbation equations includ-

ing terms applicable to high speed flight.

3. Creation of an accessible rotor stability analysis computer code that allows for rapid

assessments of the influence of parameters and configuration comparisons.

4. Utilization of a first-principles, hybrid symbolic manipulation/ numerical integration

method that bridges the gap between simple models and high-end comprehensive

analysis.
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5. A new eigenvalue trajectory analysis scheme has been developed. This algorithm

automatically assists in identifying which roots and modes correspond to each degree

of freedom. Previous analyses often included damping but not frequency information.

This method is extensible to Floquet analyses of any system, not just rotorcraft

aeroelastic stability.

6. New conclusions regarding parametric resonance, frequency branching and locking

behavior for multiple coupled degrees of freedom.

7. Concurrent calculations of flight control positions, blade stall, and numerical stability

allow for a confidence assessment that the linearized stability results are actually

representing the physical system.

Overall, this research has provided a fundamental understanding and baseline re-

sults for expanding comprehensive stability analysis codes, followed by high-advance ratio

stability testing in the wind tunnel, and the eventual design of high-µ aircraft.
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Chapter 2: Flap Stability

2.1 Equations of Motion

Consider a centrally-hinged rigid rotor blade analyzed in the rotating reference frame

with quasi-steady aerodynamics, uniform inflow, constant chord, and uniform blade mass

distribution. The equation of motion for the flap angle β is

∗∗
β + ν2ββ = γM̄β (2.1)

where the derivatives are with respect to the blade azimuth angle ψ = Ωt.

The natural frequency in this equation is the first rotating flap frequency normalized

by the rotor speed:

νβ = ωβ/Ω (2.2)

which is non-dimensional and expressed in “per rev” or “/rev”. It is related to the non-

rotating natural frequency by the relation

νβ
2 = 1 +

ωβ0
2

Ω2
(2.3)

While the rotating natural frequency may be presented as fixed for a given rotor in subse-
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quent discussions, because it is normalized to the rotor speed, it will increase if the rotor

is slowed from its reference value. This effect is more important for hingeless rotors, which

have higher non-rotating frequencies (ωβ0), whereas articulated rotors have flap frequencies

near 1.

On the right hand side (RHS) of the equation, the Lock number is defined as

γ =
ρacR4

Ib
(2.4)

where ρ is the air density, a is the lift curve slope, c is the blade chord, and R is the rotor

radius. For a uniform blade, the moment of inertia about the hub is

Ib =

∫ R

0

mr2 dr (2.5)

where m is the mass per unit span and r is the spanwise position. The Lock number

represents a ratio of the aerodynamic and inertial forces.

For the centrally-hinged rotor approximation, the flap and blade moments of inertia

are the same (Iβ = Ib), hence the coefficient for
∗∗
β is unity.

The non-dimensional aerodynamic forcing moment is

M̄β =
Mβ

ρacΩ2R4
=

∫ 1

xc

xF̄β dx (2.6)

where x = r/R and xc is the non-dimensional root cutout.

The transverse and perpendicular non-dimensional velocities needed for the aerody-
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Figure 2.1: Blade elements in normal and reverse flow.

namic forces are

uT = x+ µ sin(ψ)

uP = λ+ x
∗
β + βµ cos(ψ)

(2.7)

The radial velocity uR will be addressed later when discussing flap trim and stall; for now

its effect is neglected.

A reverse flow region with a diameter equal to the advance ratio, µ, is located on the

retreating (left) side of the rotor disk. In hover, the entire rotor disk is in normal flow, but

the reverse flow region takes up a large portion of the retreating side in high advance ratio

flight. As a portion of the blade transitions through the narrow stalled boundary of the

reverse flow region, uT becomes negative. The process repeats as the blade element leaves

the reverse flow region and uT becomes positive again. Fig. 2.1 depicts the blade elements

in the different flow regimes.

Following the derivation in Ref. 51, assuming small angles of attack and blade pitch,
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the flapping force is

F̄β =
1

2

(
u2T θ −

(
1 +

cd
a

)
uPuT

)
(2.8)

which applies for the advancing side of the rotor disk (0° < ψ < 180°). In the reverse flow

region,

¯̂
Fβ = −1

2

â

a

(
u2T θ +

(
1 +

ĉd
â

)
uPuT

)
(2.9)

The negative sign results from the convention of re-baselining the angle of attack (AOA)

from 0° in normal flow to 180° in reverse flow, and allows for the small angle assumption

to remain valid.

If present, pitch-flap coupling will cause a difference between the control inputs and

blade pitch:

θ = θC − kpββ (2.10)

This coupling can be defined by a “delta-3” hinge angle:

kpβ = tan δ3 (2.11)

The delta-3 hinge angle is zero or positive in most rotor designs tor stability considerations.

A notable exception is the case of gimbaled tilt rotors, which are designed for axial flow in

forward flight.

As introduced in Ref. 44, applied to the Floquet approach in Ref. 45, and further

explained in Ref. 20, the rotor disk can be divided into three azimuthal regions to address

the periodic contributions of reverse flow. Fig. 2.2 displays how advance ratio, blade span

position, and azimuth define the geometry of these flow regions. It is drawn to scale for
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Figure 2.2: Normal flow, partial reverse flow, and complete reverse flow regions.

µ = 1.5 and a 10% blade root cutout.

In region I (the advancing side), the flow is normal and the non-dimensional flapping

moment is

M̄β =

∫ 1

xc

xF̄β dx (2.12)

In region II (retreating side), the blade is in partial reverse flow. Reverse flow exists

from the root (x = 0) to x = −µ sin(ψ); and from this point to the tip (x = 1) the blade

is in normal flow. When µ ≤ 1, the flap moment on the retreating side (180° ≤ ψ ≤ 360°)
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is therefore

M̄β =

∫ −µ sin(ψ)

xc

x
¯̂
Fβ dx+

∫ 1

−µ sin(ψ)

xF̄β dx (2.13)

When the reverse flow region is within the root cutout (mu < xc), a conditional statement

is needed to ensure the first integral in the above equation is not evaluated.

Region III exists when µ > 1, which is portion of the retreating side where the entire

blade is in reverse flow: 270°−cos−1(1/µ) < ψ < 270°+cos−1(1/µ). Note that the arccosine

must be consistent with the azimuth units (degrees or radians). The flapping moment is

M̄β =

∫ 1

xc

x
¯̂
Fβ dx ≈−

∫ 1

xc

xF̄β dx (2.14)

which is equal to the negative of the region I moment, assuming equal aerodynamic coeffi-

cients.

For each of these azimuth ranges, the flap moment functions are integrated and the

terms are grouped:

M̄β =M∗
β

∗
β +Mββ +Mθθ +Mθtwθtw +Mλλ (2.15)

The moments due to blade pitch, twist, and inflow (Mθ,Mθtw ,Mλ) remain on the RHS

side of the flap equation, while the flap and flap rate moments (Mβ,M∗
β
) are subtracted

from the left hand side (LHS). Only the homogeneous form of the equation is needed when

calculating stability; these RHS side terms will be revisited later when discussing flap trim.
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When pitch-flap coupling is present, it is important to differentiate between θ and

θC . Mθ will be grouped with the θC terms, and kpβ will be collected in the Mβ terms.

Neglecting root cutout, on the advancing side (region I, 0°≤ψ≤180°):

M∗
β
= − cd

8 a
−
µ sin (ψ)

(
cd
a
+ 1
)

6
− 1

8

Mβ = −kpβ µ
2 sin (ψ)2

4
−

cos (ψ)
(
cd
a
+ 1
)
µ2 sin (ψ)

4

− kpβ µ sin (ψ)

3
−

cos (ψ)
(
cd
a
+ 1
)
µ

6
− kpβ

8

(2.16)

For the partial reverse flow region (region II, 180°<ψ<360°):

M∗
β
= −

(
a+ â+ cd + ĉd

24 a

)
µ4 sin (ψ)4 − cd

8 a
− µ sin (ψ)

6
− cd µ sin (ψ)

6 a
− 1

8

Mβ =

(
a+ â+ cd + ĉd

12 a

)
µ4 cos (ψ) sin (ψ)3 − µ cos (ψ)

6
− kpβ µ sin (ψ)

3
− kpβ

8

− kpβ µ
2 sin (ψ)2

4
+
kpβ µ

4 sin (ψ)4

24
− µ2 cos (ψ) sin (ψ)

4
− cd µ cos (ψ)

6 a

− cd µ
2 cos (ψ) sin (ψ)

4 a
+
â kpβ µ

4 sin (ψ)4

24 a

(2.17)

When µ > 1, the moments in the total reverse flow region (region III, 270°− cos−1(1/µ) <

ψ < 270° + cos−1(1/µ)) are:

M∗
β
=
â
(
ĉd
â
+ 1
)

8 a
+
â µ sin (ψ)

(
ĉd
â
+ 1
)

6 a

Mβ =
â
(
2 kpβ µ sin (ψ) + µ cos (ψ)

(
ĉd
â
+ 1
))

6 a

+
â
(
kpβ µ

2 sin (ψ)2 + cos (ψ)
(
ĉd
â
+ 1
)
µ2 sin (ψ)

)
4 a

+
â kpβ
8 a

(2.18)

which are simply the opposite sign of the moments on the advancing side if â = a and

ĉd = cd. Ref. 20 uses this convention, along with assuming that cd/a = 0, which results in
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simpler equations.

For µ = 0, the terms from region I alone define the equation of motion. For µ > 0,

the differential equation is piecewise. If 0 < µ ≤ 1, the equation uses the region I terms

for the first half of the azimuth range and region II for the second half. When µ > 1, the

region sequence is I-II-III-II, swapping between equations at the aforementioned values of

ψ.

Reframing the homogeneous flap equation in mass-spring-damper form,

M
∗∗
β(ψ) + C(ψ)

∗
β(ψ) +K(ψ)β(ψ) = 0 (2.19)

The corresponding mass, damping, and stiffness coefficients are

M = 1 , C(ψ) = −γM∗
β
, K(ψ) = ν2β − γMβ (2.20)

In first order form, the homogeneous equation becomes


∗
β

∗∗
β

 =

 0 1

−K(ψ) −C(ψ)


 β

∗
β

 (2.21)

Defining the coefficient matrix A(ψ) and the flap state vector q = [β
∗
β]T, the equation

can be expressed a more general form:

∗
q = Aq (2.22)
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2.2 Floquet Theory and Numerical Integration

For this T-periodic second order system, the stability can be evaluated using Floquet

theory. The differential equation needed to find the state transition matrix Φ is

∗
Φ(ψ) = A(ψ)Φ(ψ) (2.23)

where for a T-periodic system,

Φ(ψ + T ) = Φ(ψ) (2.24)

The differential equation is solved by numerically integrating from 0 to T (2π for

one rotor revolution) with the initial condition Φ(0) = I. The state transition matrix at

one period, Φ(T ) = Φ(0), is also called the monodromy matrix (Ref. 16). Its eigenval-

ues (or characteristic multipliers), zn, describe the stability of the system’s response to

perturbations. A root is stable if |zn| ≤ 1.

The choice of numerical integration algorithm is a balance of computational cost,

accuracy, numerical stability, and ease of implementation. In Refs. 17 and 99, Friedmann

provides a general Runge-Kutta method designed for obtaining Φ(T ). Despite having to

program this manually, an advantage of this approach is that integrations can be completed

in a single “pass.”

MATLAB’s Ordinary Differential Equation suite, including solvers such as ode45,

features high order precision and automatically assigned variable time steps that decrease

computation time (Ref. 100). Higher order equations must be converted to systems of

first order equations, which has already been accomplished here by using state variables
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and the transition matrix. Only one set of initial conditions can be processed per function

call, so two integration passes are required for a 2×2 matrix. Recent software releases have

included the ode object, which includes features like automatic solver selection and stiffness

detection (Ref. 101).

For this multiple pass approach, the columns of the sate transition matrix are solved

sequentially: Φ = [q1 q2]. For the first pass, the initial condition input is q1
T(0) = [1 0], and

for each azimuth step the MATLAB ODE output is [Φ11(ψ) Φ21(ψ)]. Note that the ODE

IC and outputs are in row form, even though they correspond to a column of Φ. The initial

condition for the second pass is q2
T(0) = [0 1], and the output is [Φ12(ψ) Φ22(ψ)]. These

two outputs must be combined with those from the first pass and transposed to assemble

the state transition matrix.

In general, the adaptive variable time increments assigned by MATLAB’s ODE solvers

provide a good balance of precision and efficiency. However, even with event detection,

piecewise-defined equations present a challenge. By default, the ODEs only require a

tspan vector providing the initial and final time values, which would be [0 2π] if each pass

were solved using a single function call. But as was noted earlier, the ODEs are defined

by 1, 2, or 4 segments (region I for µ = 0, I-II for 0 < µ ≤ 1, or I-II-III-II for µ > 1). So

for an optimum implementation, there would be 2, 4, or 8 function calls depending on µ to

complete both passes, with the final states of each segment forming the initial conditions

of the next segment.

Additionally, constant time steps are desired for frequency analysis. If additional

times are included within tspan, MATLAB will adjust its maximum step size accordingly,

but still calculate solutions at its own “internal” points. The solutions are then continuously
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extended (interpolated) to the manually assigned steps with accuracy of the same order as

the original steps (Refs. 100 and 102). When implementing the multiple segment approach

to the piecewise problem, the overlapping tspan indices would need to be removed when

the q arrays are concatenated.

Although not officially supported by MATLAB, simple ODE functions that are na-

tively fixed step solvers have been presented by MathWorks. These include versions of

ode4, which uses a 4th-order Runge-Kutta method (Refs. 103 and 104). Aside from the

lack of options like error tolerance, the general input and output formats are the same as the

built-in ODE solvers, except that the tspan array must include all of the integration time

increments. As shown in Fig. 2.3, ode4 provides suitable results for the analyses in this

work. In Ref. 74, which employed a similar Floquet approach, it was found that at least

120 time steps for a Runge-Kutta integrator provided convergence within four significant

digits.

After the monodromy matrix is calculated, the eigenvalues (z) and eigenvectors (V )

must be found. Software packages, such as MATLAB’s eig, will typically employ an

iterative algorithm (e.g. QR) and an ordering scheme (e.g. ascending values) to solve the

eigenproblem. Because characteristic equation is only 2nd order in the flap equation, an

iterative numerical method is not required in this case. In general, eigenvalue equation is

(Φ(T )− zI)V = 0 (2.25)
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Figure 2.3: Comparison of ODE algorithms when calculating flap damping, 200 time steps,
γ = 12, νβ = 1/rev.
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and the eigenvalues can be found by solving

|Φ(T )− zI| = 0 (2.26)

for z.

The monodromy matrix is 2×2 for a single 2nd order ODE. Decomposing the matrix

into its elements,

Φ(T ) =

 Φ11 Φ12

Φ21 Φ22

 (2.27)

The determinant is evaluated and the quadratic characteristic equation solved for z. The

eigenvalues are

z1 =
Φ11

2
+

Φ22

2
+

√
Φ11

2 − 2Φ11Φ22 + Φ22
2 + 4Φ12Φ21

2

z2 =
Φ11

2
+

Φ22

2
−
√

Φ11
2 − 2Φ11Φ22 + Φ22

2 + 4Φ12Φ21

2

(2.28)

and the unnormalized eigenvectors are

V1 =

 (z1 − Φ22)/Φ21

1



V2 =

 (z2 − Φ22)/Φ21

1


(2.29)

An eigenvalue is stable when its magnitude is less than 1, within the unit circle of the
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complex z-plane. The argument (angle between the complex and real part) determines its

principal frequency. It should be noted that the abbreviated notation for the eigenvectors

actually corresponds to their value at beginning and end of the period, V (0).

The choice of assigning z1 as the “+” conjugate and z2 as the “−” conjugate of the

quadratic equation is arbitrary. The unnormalized vectors have the same values as the

Jordan canonical form (textttjordan in MATLAB). The eigenvectors can be normalized to

a magnitude of unity, which is how they are normally displayed by packages such as eig.

For the flap only case, the root ordering initially seems unimportant because both

roots correspond to the same degree of freedom. Aside from using the upper or lower

conjugate, the assignment could also be driven by which root is the least stable. But

even without the addition of another variable (e.g. lag motion), consistently tracing roots

provides insights, such as what parameters drive instability. Despite the choice of eigenvalue

solution method, apparent root swaps will occur as parameters such as µ and γ are varied.

Some assistance can be provided by a shuffling program such as Ref. 105, but “unnatural”

jumping will still be apparent. Before fully investigating this issue, the root locus must be

determined.

The characteristic exponents (or roots), sn, are found by transforming the character-

istic multipliers from the z-plane to the s-plane:

sn =
1

T
ln|zn|+ i

(
1

T
tan−1

(
Im(zn)

Re(zn)

)
+m

)
(2.30)

The real component of the characteristic multiplier corresponds to the damping, and the

imaginary component is the frequency response to the perturbation. The multiple m is

36



added to the principal value of the root, snp. The frequency and principal frequency are

related by

Im(sn) = Im(snp) +m (2.31)

assuming a unique value for m, which is only strictly true when the equation is time

invariant (µ = 0). For µ > 0, this serves as an approximation for the frequency response

using the most dominant value for m.

The non-dimensional damped frequency ωd/Ω is equal to Im(sn). The natural fre-

quency is

ωn/Ω = |sn| (2.32)

The damping, σ/Ω, is equal to Re(sn). In this convention, damping is positive when the

real part of a root is in the left hand plane, so σ < 0 for stability. The damping ratio is

ζ = −σ
ωn

, which is a fraction of critical damping. The response of the perturbation (per

revolution) is equal to the damped frequency, Im(sn). The damping ratio determines how

quickly the system returns to trim in a stable system (ζ > 0) or how quickly it diverges in

an unstable system (ζ < 0).

2.3 Eigenvector Motion and Modal Participation

The domain of the modal addition m depends on how tan−1 is evaluated. For the

single argument arctangent (atan), the range of Im(snp) is [−1/4, 1/4], makingm a multiple

of 1/2 or 1. If Re(zn) > 0, then m is an element in the set of integers: m∈Z (e.g., -2, -1,

0, 1, 2,). If Re(zn) < 0, then m∈Z + 1/2 (e.g., -3/2, -1/2, 1/2, 3/2). With the two-
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argument arctangent (atan2), the quadrant ambiguity is removed, giving Im(snp) a range

of [−1/2, 1/2], andm∈Z. As in Ref. 87, the latter convention is used, som will be described

as an integer (or modal) addition to the principal frequency.

Another subtle ambiguity arises with atan2 when the argument is equal to ±π. In

this case, the principal frequency output is 0.5, but is could also be -0.5. Trend analysis

could determine if the frequency is tending toward -0.5, and use this context to determine

the sign, but rapid eigenvalue changes could make this difficult. Regardless, the only effect

of this is that the values of m might change sign to preserve the overall frequency. There

is also the similar IEEE “minus 0” convention difference, but in any case as long as one

method is applied consistently, the overall eigenvector motion is unaffected.

The constant coefficient solution can be used to find m exactly, but only for µ = 0.

The full solution contains of a weighted array of m values, which requires an analysis of

the eigenvector motion. The periodic eigenvectors are

V (ψ) = Φ(ψ)V (0)[⧹ exp(Re(−snψ))⧹] (2.33)

Through a similar relation, the modal waveform matrix is

Q(ψ) = Φ(ψ)V (0)[⧹ exp(−snψ)⧹] (2.34)

using a similar convention to Peters et al. in Ref. 87.

The initial conditions for Φ(ψ) are the eigenvectors found from the first Floquet inte-

gration of the state transition matrix, Φ(0) = V (0). The diagonal matrix [⧹ exp(−snpψ)⧹]
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contains the characteristic exponents in the principal frequency form. The negative sign

on the exponents cancels out the damping, allowing pure frequency content to be revealed.

In the Q(ψ) equation the principal frequency is also cancelled, meaning that the remaining

waveforms consist of superpositions of the modal additions for that root. The waveform of

V (ψ) shows the full frequency response, but because it may consist of non-integer frequen-

cies, it is harder to analyze via fast Fourier transform (FFT) than Q(ψ).

In the event of identical eigenvalues, the eigenvectors would be indistinct. As a result,

the diagonal matrix would need to be modified to include the term −ψ exp(−snψ) in the

upper-right element; see Refs. 12 and 15 on the Jordan canonical form in general. Ref.

87 also includes this caveat in regards to flap stability eigenvector motion. In theory this

only occurs at the precise onset of parametric resonance (frequency locking), and is not

practically observed when solving this problem numerically.

Performing FFTs on the diagonal elements of Q(ψ) provides the frequency content

and the strength of each mode, and thus the values ofm for each root. For a root number n,

its corresponding eigenvector motion vs. azimuth is found in the element Qnn (i.e. Q11(ψ)

is the waveform for Root 1, Q22(ψ) corresponds to Root 2). Considering this waveform as

a complex Fourier series (see Refs. 106 and 107),

Q(ψ) =
mmax∑

m=−mmax

Qmee
imψ (2.35)

The complex Fourier coefficients are

Qme =
1

2π

∫ 2π

0

Q(ψ)e−imψ dψ (2.36)
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which can be evaluated numerically using tools such as MATLAB’s fft function.

To completely reconstruct a signal with unlimited bandwidth, the maximum evaluated

frequency would need to be mmax = ∞ per rev. However, the frequency range of interest

is fairly limited in the rotor stability problem. For a numerical integration with N equally

spaced points in time, the maximum number of samples for the FFT without interpolation

is also N . The highest resolvable frequency, and thus mmax, is N/2 due to the Nyquist-

Shannon sampling theorem (Ref. 108). The minimum resolvable frequency is the inverse of

the evaluated numer of periods, 1/T (i.e. 1 per rev for 1 period, 1/2 per rev for 2 periods).

The output of MATLAB’s fft is divided by the number of samples, which provides an

array of Fourier coefficients for each frequency. The default order for fft is to lead with the

resultant zero-frequency element at the beginning: [Q0e, Q1e, ..., Qmmaxe, Q−mmaxe, ..., Q−1e].

Using the function fftshift reindexes the array to place the it in the middle, as is typical

with two-sided FFTs: [Q−mmaxe, ..., Q−1e, Q0e, Q1e, ..., Qmmaxe].

For a given frequency m per rev, the modal participation factor is the norm of the

Fourier coefficient:

ηm = |Qme| =
√
Re(Qme)2 + Im(Qme)2 (2.37)

Each factor is divided by the sum of all factors to normalize the total to unity (100%).

The frequency with the highest value of η is the dominant value of m. When µ = 0, there

is a distinct integer value of m for each root, where η = 1 (within the precision of the

integration method and the FFT solver). As µ increases, the frequency spectrum expands,
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and soon no participation factor exceeds 50%. The resulting roots can be expressed as

sn(m) = snp + im (2.38)

When parametric resonance occurs, the principal frequencies for the root pairs are

identical, and there will be pairs of frequencies locked with equal magnitudes, η. When

Im(snp) = 0, the m pairs are of the form (−1,+1), (−2,+2), etc. The total response is a

superposition of integer (Z/rev) frequencies, which makes it periodic. Note that m = 0

could still be the most dominant in this case; a 0 per rev response indicates exponential

decay (if stable) or growth (if unstable). If Im(snp) = ±1/2, the locked integer pairs are

of the form (0,+1), (−1,+2) or (−1, 0), (−2,+1), and the response is a superposition of

Z+ 1/2 per rev responses, or antiperiodic.

Fig. 2.4 depicts the overall Floquet theory approach to determine stability and root

loci that has been described above.

The convention employed in this work is to assign the first root, (Flap 1 or F1) to

the most damped root (Re(s1) < Re(s2)). That being equal (when the roots are complex

conjugates), the first root is the most “upper” (progressive) value and the second root

is the “lower” or most regressive value based on the weighted array of frequencies. The

difference is subtle at high-µ due the high harmonic content and when frequencies are

locked. The lowest residual between the eigenvalues and the eigenvector waveforms for a

change in parameter (µ) determines the root order, providing the smoothest trajectory in

the s-plane.
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Figure 2.4: Floquet theory approach to determine root loci.

2.4 Numerical Stability of the Modal Waveform

Numerical stability can obfuscate the physical stability of the system. Fig. 2.5 shows

the s-plane stability regions for the Euler, Backward Euler, and RK4 integration methods.

The implicit Backward Euler looks more appealing than the explicit methods from a nu-

merical stability standpoint, but stability does not necessarily mean accuracy or suitability

for a certain problem. Earlier it was seen that the RK4 method had better accuracy for the

flap damping solution compared to all of the adaptive time step solvers, including ODE15i,

which is implicit like the Backward Euler. Nevertheless, it is apparent from Fig. 2.5 that

in the case of a using an RK4 scheme, very well damped (Re(s) < −3)), high frequency

(|Im(s) > |3)), or physically unstable roots (Re(s) > 0) may not be numerically stable.

The explicit time-marching RK4 method is fourth-order accurate but “zero stable.” Finer

time (azimuth) steps can mitigate numerical stability, up to a point.
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Figure 2.5: Numerical stability for Euler, Backward Euler, and RK4 integration methods.

Having a periodic eigenvector solution means that any change in frequency content

between periods is due to numerical instability. Numerical dissipation is similar to physical

damping; negative values for certain modes will suppress those frequencies and positive

values will enhance others. Fig. 2.6 depicts a moving block approach to determine damping.

The slope of the change in the logarithm of the magnitudes is the dissipation. This is the

same approach used for numerical transient analysis. Thus the dissipation of the modal

waveform for a given mode is

σQ(m) = ln
(
ηm(2T )

)
− ln

(
ηm(T )

)
(2.39)

Phase error is found by calculated changes in the relative contributions of the real and
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imaginary complex Fourier coefficients between periods:

ϕQ(m) = arg
(
Qme(2T )

)
− arg

(
Qme(T )

)
= tan−1

(
Im(Qme(2T ))/Re(Qme(2T ))

)
− tan−1

(
Im(Qme(T ))/Re(Qme(T ))

)
(2.40)

2.5 The Effect of Advance Ratio and Reverse Flow

Consider an articulated-like rotor with a Lock number of γ = 12 and a rotating flap

frequency of 1 per rev. A lift curve slope of a = 2π and drag coefficient of cd = 0.01 are

used. Next, the damping and stiffness matrices are assembled. Fig. 2.7 shows the periodic

damping and stiffness coefficients up to µ = 3 without including the reverse flow terms.

Fig. 2.8 shows the coefficients with reverse flow. The reverse flow aerodynamic co-

efficients are assumed to be the same as the normal flow values. Note the asymmetrical

values on the retreating side of the rotor disk (ψ > 180°) at high-µ.

The trajectories of the eigenvalues (characteristic multipliers) can be plotted in the

z-plane. These are shown in Figs. 2.9, 2.10, 2.11, and 2.12.

Fig. 2.13 shows the damping and principal frequency of the flap roots without reverse

flow. They begin at µ = 0 as complex conjugates, having the same damping and opposite

frequencies. At µ = 0.21, they lock into a half per rev multiple and the damping values

split. They re-converge at µ = 0.96 only to lock into a 1 per rev frequency multiple at

µ = 1.03. converge and split again around µ = 1. The 2nd flap root becomes unstable at

µ = 1.4, while the 1st root continues to become more stable.
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Figure 2.7: Damping (C) and stiffness (K) coefficients, without reverse flow.
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Figure 2.8: Damping (C) and stiffness (K) coefficients, with reverse flow.
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Figure 2.9: Flap characteristic multipliers, νβ = 1, γ = 12, µ=0 to 0.22.
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Figure 2.10: Flap characteristic multipliers (F1), νβ = 1, γ = 12, µ=0 to 1.73.
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Figure 2.11: Flap characteristic multipliers (F2), νβ = 1, γ = 12, µ=0 to 1.73.
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Figure 2.12: Flap characteristic multipliers, νβ = 1, γ = 12, µ=0 to 3.
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Figure 2.13: Flap damping and principal frequency, νβ = 1, γ = 12, without reverse flow.
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Fig. 2.14 shows the damping with reverse flow included, which has a stabilizing ef-

fect in addition to more accurately modeling the aerodynamics of the system. The low-µ

behavior is the nearly the same as expected, and the high-µ stability appears stretched to

the right. The damping values meet and split at a higher speed of µ = 1.73 where the

frequency transitions from 1/2 to 1/rev multiples. The 2nd flap root becomes less damped

becomes unstable at µ = 2.4, while the 1st root again continues to become more stable.

Continuing with the reverse flow model and calculating the eigenvector motionQnn(ψ),

the frequency content for each root can be found. Plotting the response of the 1st flap root

for µ = 0 (hover) in Fig. 2.15 reveals a clear 1/rev response, and the FFT of the first

period reveals the 1/rev multiple. There is no difference between the motion in the first

and second periods, resulting in zero dissipation and phase error, and indicating numerical

stability. Because the principal frequency is -0.34/rev, adding the 1/rev multiple means

that the actual frequency is 0.66/rev. This is of course the same as the constant coefficient

solution.

The motion of the 2nd flap root in hover is shown in Fig. 2.16. The dominant multiple

is -1, which means F2 is a regressive root with a frequency of -0.66/rev.

The damping and frequencies are combined to plot the first root locus in Fig. 2.17.

At µ = 0.22, the flap roots enter 1/2 rev locking. Fig. 2.18 shows that the 0 and

1/rev multiples are dominant and have equal magnitudes. Adding these to the principal

frequency of -0.5/rev, the response is 80% ±0.5/rev. The higher harmonics are beginning

to have an influence as well, as their model participation indicates a combined 14% for

±015/rev.

Like the F1 root, F2 is also locked into ±0.5/rev at µ = 0.22 as shown in Fig. 2.19.
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Figure 2.14: Flap damping and principal frequency, νβ = 1, γ = 12, with reverse flow.
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Figure 2.15: Eigenvector motion and modal participation, F1, νβ = 1, γ = 12, µ = 0.
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Figure 2.16: Eigenvector motion and modal participation, F2, νβ = 1, γ = 12, µ = 0.
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Figure 2.17: Flap root locus, νβ = 1, γ = 12, µ = 0.
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Figure 2.18: Eigenvector motion and modal participation, F1, νβ = 1, γ = 12, µ = 0.22.
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Figure 2.19: Eigenvector motion and modal participation, F2, νβ = 1, γ = 12, µ = 0.22.
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The root locus for µ = 0.22 can be plotted. The flap roots significantly overlap at

the onset 1/2 per rev locking. This is shown in Fig 2.20.

At µ = 1.73, the flap roots lock into 1/rev multiples as shown in Figs. 2.21 and

2.22. F1 has the greatest contribution from ±1 and F2 has a plurality of ±2/rev; in

both cases the other modes have increasing influence. An important conclusion is that the

frequency responses for the two roots are not identical, as was usually assumed to be the

case (Ref. 87 ). The nature of the reverse flow regions and the resultant discrete ODE

problem contributes to this phenomenon.

For the root locus at µ = 1.73, the flap roots are locked into 1 per rev multiples are

shown in Fig 2.23.

At µ = 3, F2 has become unstable and remains in parametric resonance with a

dominant ±2/rev response (Fig. 2.25). Although F1 has become even more damped, and

thus is physically very stable, it appears to be outside of the boundaries for a stable RK4

integration. In the second period of Q11, its amplitude has diverged by 100 million times.

This numerical instability is evident by the massive dissipation values and varying phase

errors for each mode. Thus the modal participation values at this point are not necessarily

accurate.

The multi-modal root locus for µ = 3 is shown in Fig 2.26. F1 is overdamped and F2

is stable; the modal distribution is also different between the two roots.

Repeating the FFT process for each root and various advance ratios shows interesting

stability behavior resulting from the periodic coefficients. To verify this method with

previous results, Fig. 2.27 compares the 1st flap root’s modal participation vs. µ with

those from Ref. 87 for the same rotor configuration and no reverse flow.
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Figure 2.20: Flap root locus, νβ = 1, γ = 12, µ = 0.22.
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Figure 2.21: Eigenvector motion and modal participation, F1, νβ = 1, γ = 12, µ = 1.73.
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Figure 2.22: Eigenvector motion and modal participation, F2, νβ = 1, γ = 12, µ = 1.73.
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Figure 2.23: Flap root locus, νβ = 1, γ = 12, µ = 1.73.
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Figure 2.24: Eigenvector motion and modal participation, F1, νβ = 1, γ = 12, µ = 3.
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Figure 2.25: Eigenvector motion and modal participation, F2, νβ = 1, γ = 12, µ = 3.
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Figure 2.26: Flap root locus, νβ = 1, γ = 12, µ = 3.
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Fig. 2.28 shows the modal participation vs. µ for F1 with reverse flow. The positive

and negative modal factors converging at µ = 0.22 and 1.73 illustrate frequency coalescence

and locking. The increasing numerical instability (dissipation and phase error) when µ >

2.4 also corresponds to when F2 becomes physically unstable.

Fig. 2.28 shows the modal participation vs. µ for F2. As hinted at by the sample

FFT cases earlier, the dominant frequencies trend slightly differently than F1. Although

F2 is physically unstable, it is numerically stable.

One set of parameters that could affect stability are the aerodynamic coefficients

and root cutout. The simple thin airfoil assumed at the beginning of this section differs

slightly from the NACA 0012 values depicted in Fig. 1.4. Fig. 2.30 shows the differences in

numerical dissipation for three blade configurations. The only noticeable difference, albeit

small, was the root cutout’s slight increase in numerical stability (dissipation) between

µ = 1 and 2. The flap damping, principal frequency, and modal participation were found

to be effectively identical regardless of configuration and are not shown.

Although there are multiple frequencies for each root, it is desirable to choose one to

provide a cleaner visualization of trajectories in the s-plane. In the cases where parametric

resonance means there are two opposite frequencies, the closest one is chosen in order to

avoid jumping between progressive and regressive modes. This is shown in Fig. 2.31 for

the present νβ = 1, γ = 12 case.

Finally a “smooth’” root loci can be constructed, as shown in Figs. 2.32, 2.33,

and 2.34.
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Figure 2.28: Modal participation vs. µ, F1, νβ = 1, γ = 12.
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Figure 2.29: Modal participation vs. µ, F2, νβ = 1, γ = 12.
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Figure 2.30: Effect of blade configuration on numerical stability, νβ = 1, γ = 12.

72



0 0.5 1 1.5 2 2.5 3

Advance Ratio, 

-2

-1.5

-1

-0.5

0

0.5

1

1.5

D
o

m
in

a
n

t 
F

re
q

u
e
n

c
y
, 
Im

(s
)

F1

F2

Figure 2.31: Dominant flap frequency responses vs. µ, νβ = 1, γ = 12.
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Figure 2.32: Flap root locus (dominant modes), νβ = 1, γ = 12, µ=0 to 0.22.
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Figure 2.33: Flap root locus (dominant modes), νβ = 1, γ = 12, µ=0 to 1.73.
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Figure 2.34: Flap root locus (dominant modes), νβ = 1, γ = 12, µ=0 to 3.
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2.6 Parametric Evaluation of Flap Stability

The prior examples assumed a single, fairly high Lock number of 12 to verify this

method with prior analyses. Now that the general method has been demonstrated, a value

of γ = 6 will now be investigated. The root locus in Fig. 2.35 shows that the lower

(regressive) root F2 eventually becomes unstable in a -2 per rev response, just as in the

higher Lock number case.

Now exploring the effect of pitch-flap coupling, a δ3 angle of 15° is introduced. This

root locus is seen in Fig. 2.36. This is a more stable configuration; the damping never

becomes positive.

The flap frequency is increased to νβ = 1.15, approximating a hingeless rotor. The

root locus is presented in Fig. 2.37. The root motion is similar to the previous δ3 example,

but the F1 root becomes unstable in this case.

The configuration for the stiff hingeless model rotor recently tested in the University

of Maryland wind tunnel is analyzed. This design has a very high flap frequency of νβ =

1.52/rev and a Lock Number of γ = 4.74. The root locus is seen in Fig. 2.38. It does not

become unstable.

A two-bladed teetering rotor requires simultaneously accounting for the moments on

both blades during the ODE integration process. The root locus is seen in Fig. 2.39. As

indicated in previous analysis and experiments, is an extremely stable configuration for

high-µ.

Flap stability can be parametrically analyzed with Lock number vs. advance ratio

(γ vs. µ) stability maps. These maps are contour plots assembled by extracting the least
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Figure 2.35: Flap root locus (dominant modes), νβ = 1, γ = 6, µ=0 to 3.
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Figure 2.36: Flap root locus (dominant modes), νβ = 1, γ = 6, δ3 = 15°, µ=0 to 3.
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Figure 2.37: Flap root locus (dominant modes), νβ = 1.15, γ = 6, µ = 0 to 3.
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Figure 2.38: Flap root locus (dominant modes), νβ = 1.52, γ = 4.74, µ = 0 to 3.
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Figure 2.39: Flap root locus (dominant modes), teetering rotor, νβ = 1, γ = 6, µ = 0 to 3.

82



Present Work

Figure 2.40: Flap stability map verification (γ vs. µ), articulated rotor, νβ = 1.

stable roots from thousands of root loci. Verification of the method is found through a

comparison with Ref. 89, as shown in Fig. 2.40. Despite the opposite sign convention for

damping, the results are consistent.

The following flap stability maps have been generated to show the frequency and

instability regions for a variety of rotor types. The configurations are an articulated rotor

(Fig. 2.41), an articulated rotor with δ3 (Fig. 2.42), a notional hingeless rotor (Fig. 2.43),

the UMD hingeless model rotor (Fig.. 2.44,) and a teetering rotor (Ref. 2.45). The “upward”

frequency region shifting effects of increasing flap frequency are noted. As in the root locus

example, a positive δ3 angle provides an effective flap frequency increase and is stabilizing.

The teetering rotor appears to be the most desirable configuration. This, along with the

pitch-flap coupling γ-µ maps, also match the results from Ref. 89.

The choice of limiting the analysis to µ = 3 follows earlier conventions in the literature.

It is also a consideration of how much a rotor can be slowed and still be subject to the
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Figure 2.41: Flap stability map (γ vs. µ), articulated rotor, νβ = 1.
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Figure 2.42: Flap stability map (γ vs. µ), articulated rotor, νβ = 1, δ3 = 15°.
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Figure 2.43: Flap stability map (γ vs. µ), hingeless rotor, νβ = 1.15.
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Figure 2.44: Flap stability map (γ vs. µ), UMD hingeless model rotor, νβ = 1.52.
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Figure 2.45: Flap stability map (γ vs. µ), teetering rotor, νβ = 1.
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same aerodynamic assumptions. The transverse flow seen by the advancing blade tip is

UT (ψ = 90°, r = R) = ΩR + V = ΩR + µΩR = (1 + µ)ΩR (2.41)

For example, if this tip speed is chosen so that it equates to Mach number 0.8 at µ = 3,

then at µ = 0 this would result in a tip Mach of only 0.2, which is low for rotors.

Despite this practical concern, it is of interest to see what sort of numerical limits

might be encountered at even higher advance ratios. In Fig. 2.46, the γ − µ envelope is

expanded to γ = 36 (an extremely low-inertia rotor) and µ = 6, quadrupling the map’s

area. The numerical stability for this map (dissipation magnitude of the dominant modal

waveform) is shown in Fig. 2.47. The least stable flap root is numerically stable for all γ−µ

combinations (note the absence of red contours), but as hinted at by the earlier fixed-γ

modal analyses, the least stable root has diverging dissipation. This is significant in the

upper right of the γ ≤ 18, µ ≤ 3 quadrant (the limits of the previous maps) and for most of

the three new quadrants. Despite this, the damping and frequency of the least stable root

can be found for the entire map. Just as in the solution of the Mathieu equation, there are

repeating patterns of frequency lobes and islands of stability.

2.7 Flap Stability Conclusions

A rigid hub-hinged rotor model with quasi-steady reverse flow aerodynamics has been

created to analyze stability in the rotating frame using Floquet theory. In a new appli-

cation to the high-µ problem, a modal waveform analysis of the periodic eigenvectors was

performed. This provides insights into the multi-spectral frequency response and para-
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metric resonance, which has been previously under-explored. Numerical instability is also

quantified, in addition to finding the physical stability of the physical system.

Many configurations with varying parameters were analyzed. While the teetering

rotor has promising stability results, as evidenced by previous analyses and real world

flight tests, the subsequent analyses in this work will focus on articulated and hingeless

rotors. These are of more immediate interest for wind tunnel testing at the University of

Maryland.
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Chapter 3: High-µ Flap Trim

3.1 Forcing and Stall

As shown in the previous chapter, the non-dimensional flap equation is

∗∗
β + ν2ββ = γM̄β (3.1)

with the aerodynamic forcing moment on the RHS expanding to

M̄β =M∗
β

∗
β +Mββ +Mθθ +Mθtwθtw +Mλλ (3.2)

The M∗
β
and Mβ terms were derived and subtracted from the LHS of the equation, leaving

the Mθ, Mθtw , and Mλ moments on the RHS to be revisited now.

The blade pitch θ is a function of ψ. It is affected by control inputs, coupling, and

blade twist. The collective θ0, lateral cyclic θ1c, and longitudinal cyclic θ1s are combined

to form the periodic control input:

θC = θ0 + θ1ccosψ + θ1ssinψ (3.3)
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Combining this with pitch-flap coupling,

θs = θC − kpββ (3.4)

Considering blade twist, the blade pitch at a given spanwise location is

θ = θs + θtw x (3.5)

The total inflow ratio is the sum of the inflow due to the axial component of the

advance ratio and the induced inflow due to the rotor thrust:

λ = µz + λi = µ tanαi +
CT

2
√
λ2 + µ2

(3.6)

The forward shaft tilt and longitudinal flapping are combined into the rotor disk incidence

angle:

αi = αs + β1c (3.7)

Because λ is a recursive function in forward flight, it is found using a Newton-Raphson

iteration. Periodic and spanwise-varying inflow models such as those found in Refs. 31 and

60 could be implemented with a mean value of λ̄ determined as above.
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The non-dimensional velocities are

uT = x+ µ sinψ

uP = λ+ x
∗
β + βµ cosψ

uR = µ cosψ

(3.8)

The effect of the spanwise (yawed) flow is not directly included in the lift and drag

equations, but is used to determine blade stall regions. While uR can be considerable at

high advance ratios, the primary effect is to create an equivalent sweep:

cos Λ =

√
u2T + u2P

u2T + u2P + u2R
(3.9)

Within the linear lift curve slope region, there is no change to a or cd due to Λ. The

yawed flow effect of uR provides a 3D flow correction to stall, where the stall angle of attack

(AOA) increases by the relation

αmax3D = αmax/ cos
2 Λ (3.10)

The reverse flow region takes up a large portion of the retreating side of the rotor

disk in high advance ratio flight. As a portion of the blade transitions through the narrow

stalled boundary of the reverse flow region, uT “instantly” becomes negative. The process

repeats as the blade leaves the region and uT becomes positive again. An illustration of

AOA and retreating blade stall in this regime is shown in Figs. 3.1 and 3.2.

Following the derivation in Ref. 51, assuming small angles of attack and blade pitch,
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Figure 3.1: Angle of attack distribution and blade stall, νβ = 1/rev, γ = 6, µ = 0.75,
CT/σ = 0.02.
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Figure 3.2: Angle of attack distribution and blade stall, νβ = 1/rev, γ = 6, µ = 0.75,
CT/σ = 0.08.
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the non-dimensional flapping force is

F̄β =
1

2

(
u2T θ −

(
1 +

cd
a

)
uPuT

)
(3.11)

which is always valid for 0◦ < ψ < 180◦. In the reverse flow region,

¯̂
Fβ = −1

2

â

a

(
u2T θ +

(
1 +

ĉd
â

)
uPuT

)
(3.12)

The portion of the blade in reverse flow is from x = 0 to −µ sinψ. When µ ≤ 1, the

flap moment on the retreating side (180◦ ≤ ψ ≤ 360◦) is therefore

M̄β =

∫ 1

−µ sinψ

xF̄β dx+

∫ −µ sinψ

0

x
¯̂
Fβ dx (3.13)

When µ > 1, there is a section of the retreating side where the entire blade is in

reverse flow: 270◦ − cos−1(1/µ) < ψ < 270◦ + cos−1(1/µ). For each of these azimuth

segments, the flap moment functions are integrated and the terms are grouped with like

terms (
∗
β, β, θ, θtw, λ).

Even if numerically evaluated, the equations can become extremely cumbersome.

Symbolic manipulation software (MATLAB’s int, collect, and subs functions within

syms) are used to prevent algebraic errors when isolating these terms.

Neglecting root cutout, on the advancing side (0°≤ψ≤180°), the RHS forcing moments
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are:

Mθ =
µ2 sin (ψ)2

4
+
µ sin (ψ)

3
+

1

8

Mθtw =
µ2 sin (ψ)2

6
+
µ sin (ψ)

4
+

1

10

Mλ = − cd
6 a

− µ sin (ψ)

4
− cd µ sin (ψ)

4 a
− 1

6

(3.14)

For the partial reverse flow region (180°<ψ<360°):

Mθ =
µ2 sin (ψ)2

4
− µ4 sin (ψ)4

24
+
µ sin (ψ)

3
− â µ4 sin (ψ)4

24 a
+

1

8

Mθtw =
µ2 sin (ψ)2

6
+
µ5 sin (ψ)5

60
+
µ sin (ψ)

4
+
â µ5 sin (ψ)5

60 a
+

1

10

Mλ =
µ3 sin (ψ)3

12
− cd

6 a
− µ sin (ψ)

4
+
â µ3 sin (ψ)3

12 a
+
cd µ

3 sin (ψ)3

12 a

+
cd̂ µ

3 sin (ψ)3

12 a
− cd µ sin (ψ)

4 a
− 1

6

(3.15)

When µ > 1, the moments in the total reverse flow region (270° − cos−1(1/µ) < ψ <

270° + cos−1(1/µ)) are:

Mθ = − â

8 a
− â µ2 sin (ψ)2

4 a
− â µ sin (ψ)

3 a

Mθtw = − â

10 a
− â µ2 sin (ψ)2

6 a
− â µ sin (ψ)

4 a

Mλ =
â

6 a
+
cd̂
6 a

+
â µ sin (ψ)

4 a
+
cd̂ µ sin (ψ)

4 a

(3.16)

As before, these reduce to the simpler forms found in Ref. 20 when assuming â = a, ĉd = cd,

and cd/a = 0.
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The thrust coefficient is

CT = σa

∫ 1

0

1

2
|uT |(uT θ − uP ) dx (3.17)

which is the average lift force (approximately equal to the flapping force) averaged over the

rotor azimuth and in the normal and reverse flow regions.

As in the homogeneous equation, the mass, damping, and stiffness terms on the LHS

are

M = 1 , C(ψ) = −γM∗
β
, K(ψ) = ν2β − γMβ (3.18)

where the moments M∗
β
and Mβ were derived earlier for the flap stability analysis.

The sum of the RHS forcing moments is

Mf = γ(Mθθ +Mθtwθtw +Mλλ) (3.19)

Thus, the inhomogeneous flap equation can be expressed as

∗∗
β + C(ψ)

∗
β +K(ψ)β =Mf (ψ) (3.20)

Recall the flap state vector, q = [β
∗
β]T. With forcing, the equation of motion in state

variable form is

∗
q = Aq + b (3.21)
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The forcing vector is

b =

 0

Mf (ψ)

 (3.22)

3.2 Periodic Shooting

A challenge of the trim problem is that even if the control inputs (θ0, θ1c, θ1s) required

to obtain given CT/σ and flapping targets are known, the initial flap state q(0) is unknown.

The solution is found using periodic shooting, which also leverages Floquet theory. Orig-

inally applied to the rotorcraft trim problem in Ref. 57, the method here mostly follows

the form of the equations found in Ref. 20. One of the advantages of periodic shooting is

that it provides a trim solution even if the flap motion is unstable. If the initial conditions

for the differential equations were instead sought through iterations, a numerical solution

would only be convergent when both roots are stable.

The state transition matrix Φ(T ) is found in the same manner as during the flap

stability analysis for the homogeneous case. Again, for the coefficient matrix

A(ψ) =

 0 1

−K(ψ) −C(ψ)

 (3.23)

the equation
∗
q = Aq is numerically integrated with the initial condition matrix I2.

The flap state at one period due to forcing alone, qf (T ), is found by integrating the

inhomogeneous equation of motion with a zero initial condition vector, qf (0) = 0 = [0 0]T.
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Because there is only a single initial condition vector (as opposed to the matrix of dual

vectors needed for the transition matrix), this is a “single pass” integration. Consider the

motion of the unforced system:

q(ψ) = Φ(ψ)q(0) (3.24)

Adding the forced motion,

q(ψ) = qf (ψ) + Φ(ψ)q(0) (3.25)

For a periodic system, q(0) = q(T ), so the initial condition vector is then

q(0) = (I − Φ(T ))−1qf (T ) (3.26)

The motion of the flap state vector is

q(ψ) = qf (ψ) + Φ(ψ)(I − Φ(T ))−1qf (T ) (3.27)

The above equation requires that the arrays Φ(ψ) and qf (ψ) were stored during each step

of their integrations (not just the final values at T ). Alternatively, the flap state can be

found by integrating
∗
q = Aq + b over one period with the initial condition q(0).

Recall β is the first element of q; β(ψ) with consistent initial conditions is now known.

For a MATLAB ODE, this is the first column of the solution array y (t=ψ, y=q(ψ)T). The

flap motion expressed as a Fourier series is

β(ψ) =
nmax∑

n=−nmax

βnee
inψ = β0 +

nmax∑
n=1

βnc cos(nψ) + βns sin(nψ) (3.28)
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A Fast Fourier Transform of the calculated β(ψ) array is performed, which approximates

this series. For each integer frequency of n per rev, there will be a complex Fourier coefficient

found from the FFT. For a real flap waveform, its sine-cosine Fourier coefficients can be

converted from the exponential forms through the relations:

β0 = β0e

}
for n = 0

βnc = β−ne + βne = 2Re(βne)

βns = i(−β−ne + βne) = −2 Im(βne)

 for n > 0

(3.29)

Therefore, only a single-sided frequency analysis (n ≥ 0) is needed due to the Hermi-

tian symmetry of the real signal. Versions of these relations can be seen in Ref. 107 and

in standard texts covering Fourier series and transforns. Just as in the Modal Waveform

FFT discussion from Chapter 2, for a sampling rate of N equal steps per period, nmax is

N/2. Regardless, most of the high flap frequencies can be ignored, especially if N is on

the order of 100. Again, the real practical benefit of a higher number integration steps is

the accuracy of the eigensolution. Due to the excitation expected at higher advance ratios,

flap trim harmonics up to 4/rev are considered in this work (nmax = 4).

Wind tunnel trim in the rotating frame is used for most of the results. A prescribed

blade loading (CT/σ) is selected and zero flap moments are targeted (β1c, β1s = 0). The

trim Jacobian matrices are iterated until steady state convergence. The resultant coning

(β0) and higher harmonics (β2c, β2s, etc.) are accepted. This is depicted in Fig. 3.3.

CT must be the same as the corresponding value used for the mean inflow at the
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Figure 3.3: Flight control inputs and flap trim.

beginning of the routine. The values are iterated until the blade loading and cyclic (θ1c, θ1s)

values converge.

In the untrimmed case, the cyclic angles are 0 or no cyclic controls are installed, such

as in a simple wind tunnel rotor apparatus. The collective (θ0) and shaft tilt (αs)maybetargetedorfixed, buttheflappingisotherwiseunconstrained.Theblademotionandmomentscanquicklydivergefortheuntrimmedrotorwithforwardairspeed.

3.3 Trim and Blade Stall for Various Configurations

A non-zero CT/σ target while transitioning between µ = 0.75 and 1 is difficult to

achieve due to the phenomenon of thrust reversal, where increasing collective decreases

thrust. Figs. 3.4 through 3.8 show the trimmed flight control positions for varying advance

ratios, lock numbers, flap frequencies, and blade loadings. Also depicted are stalled blade

area and flap stability boundaries. Blade stall is presented both as a percentage of the

total blade area and as a percentage of the outer 50% of the blade span, which is 75% of

the disk area. The latter is of greater concern.
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For the configurations presented, a simple symmetrical airfoil model is used, with

aerodynamic coefficients a = 2π and cd = 0.01. A solidity of σ = 0.05 is used and root

cutout is neglected. Control limits of ±20° are depicted. The values are chosen to provide

a reasonable range, real rotors may not be able to achieve these values due to constraints

such as rigging limits or blade loads.

Figs. 3.4 and 3.5 show the control positions and blade stall for a flap frequency

of νβ = 1/rev and Lock numbers of γ = 12 and 6, respectively. The general trends are

very similar; small differences include lateral cyclic displacements and that thrust reversal

discontinuity occurs at µ = 0.8 for γ = 12 and at µ = 0.85 for γ = 6. The subsequent trim

figures will continue to use the γ = 6 rotor.

The trim for other configurations can be found, such as for pitch-flap coupling or a

hingeless rotor. The solutions for δ3 = 15° and νβ = 1.15/rev were very similar to Fig. 3.5.

The hingeless rotor has a subtly different lateral cyclic and the pitch-flap coupling case has

slightly greater collective magnitude; both have marginally earlier thrust reversal.

Because of the effect from inflow, shaft tilt (αs) has a great influence on trim. Figs. 3.6

and 3.7 show the results for αs = 4° (forward tilt) and −4° (aft tilt), respectively. Forward

shaft tilt aggravates the issue of control limits being reached. Aft shaft tilt has the interest-

ing feature of reversing collective and cyclic directions depending on the blade loading. It

appears that between CT/σ = 0.04 and 0.08, the asymptotic trend reverses, which means

that near CT/σ = 0.06, there might not be a discontinuity.

Thus, a carefully selected shaft tilt, blade loading, and advance ratio transition profile

(reducing rotor speed or increasing airspeed) could mitigate the thrust reversal discontinu-

ity. Such combinations are shown in Fig. 3.8. For νβ = 1/rev, γ = 6, and CTσ = 0.04, the
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Figure 3.4: Trimmed flight control positions and blade stall, νβ = 1, γ = 12.
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Figure 3.5: Trimmed flight control positions and blade stall, νβ = 1, γ = 6.
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Figure 3.6: Trimmed flight control positions and blade stall, νβ = 1, γ = 6, αs = 4°.
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Figure 3.7: Trimmed flight control positions and blade stall, νβ = 1, γ = 6, αs = −4°.
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shaft tilt needed to avoid the thrust reversal discontinuity is αs = −2.767°.

Another trim approach could be to vary the shaft tilt in order to minimize coning

at all advance ratios. The resulting small flap motion would minimize the flap-lag Coriolis

coupling terms (to be discussed in Chapter 4) and thus potentially increase stability. An

example of this autogyro-like solution is shown in Fig. 3.9. At low advance ratios, targeting

β0 = 0 may not achievable at realistic shaft tilt values (here limited to ±20°, still quite

a large range) because there is insufficient negative inflow, so a transition between trim

schemes would be required. Regardless, the sensitivity of the trim solution can be seen by

the spike in ∂β0/∂αs near µ = 0.8.

Propulsive trim is frequently used to model the performance and stability of heli-

copters at low advance ratios. In order to provide thrust to overcome the parasite drag of

an equivalent flat plate area f , the shaft tilt must be

αs =
( f
A

) µ2

2CT
(3.30)

Because of its limited applicability for a compound rotorcraft at high-µ, propulsive trim via

forward shaft or fuselage tilt is only used in this work during comparisons with historical

aeroelastic analyses where is was prescribed. For full-aircraft trim, the height of the rotor

above the center of gravity, anti-torque thrust, and other factors must also be considered

when determining the thrust and moment targets. A compound design may have some or

all of these forces and moments provided by auxiliary control and propulsion systems in

lieu of the rotor in forward flight.
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Figure 3.8: Trimmed flight control positions and blade stall, νβ = 1, γ = 6, CT/σ = 0.03
to 0.07, αs = −2° to −5° (avoids thrust reversal discontinuity).
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Figure 3.9: Autorotational trim with aft shaft tilt, νβ = 1, γ = 6, CT/σ = 0.04.
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3.4 Flap Trim Conclusions

The flap trim implementation using periodic shooting suitably complements the Flo-

quet approach. It allows for the determination of the sustained periodic motion from which

the lag and torsion perturbations will deviate. It is also computationally efficient and allows

for the trim state to be determined even when the flap motion is unstable. The stall calcu-

lations provide a ceiling to assess the applicability of the linear quasi-steady aerodynamics

assumptions when needed.

In the region of thrust reversal, between µ = 0.75 to 1, it is difficult to trim the

rotor without reaching control limits or blade stall for non-zero blade loadings. This can

be mitigated by employing aft shaft tilt and pairing the blade loading accordingly.

In Appendix A, the linear model in this work is validated against historical high

advance ratio wind tunnel experiments. Two articulated rotor cases are presented: Jenkins’

NASA tests up to µ = 1.45 (Ref. 35) and Bowen-Davies and Chopra’s experiments at UMD

up to µ = 1.2 (Ref. 91). The hingeless rotor comparison is with the UMD wind tunnel

tests performed by Wang et al. as high as µ = 0.7 (Ref. 92).

Note that the trim results for the previously discussed teetering rotor are not depicted,

and further discussion of this promising configuration is beyond the scope of this work. One

issue with the teetering rotor is that low or zero blade loadings (CT/σ = 0) are discouraged

because of the risk of mast bumping. A transition through the thrust reversal barrier

and requires operating in the vicinity of this very trim condition. Thus the aft shaft tilt

configuration to maintain positive blade loading would be especially important in this case.
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Chapter 4: Flap-Lag Stability

4.1 Equations of Motion

Analysis of flap-lag stability requires two coupled equations of motion. For a centrally

hinged uniform rotor blade, the non-dimensional coupled flap equation is

∗∗
β + ν2ββ − 2β

∗
ζ + Zζ = γM̄β (4.1)

with the flap aerodynamic forcing moment defined as in the flap-only case. The coupled

lag equation is

∗∗
ζ + 2νζ0ζL

∗
ζ + ν2ζ ζ + 2β

∗
β + Zβ = γQ̄ζ (4.2)

Flap and lag motion are dependent on one another due to Coriolis (−2β
∗
ζ, 2β

∗
β) and struc-

tural coupling (Zζ, Zβ) terms. It is assumed that the moments of inertia are effectively

the same (Iζ = Iβ = Ib), hence the second derivative and Coriolis term coefficients are all

unity.

The lag aerodynamic forcing moment is

Q̄ζ =

∫ 1

xc

xF̄ζ dx (4.3)
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where the lag force is

F̄ζ =
1

2

(cd
a
u2T + θuPuT − uP

2
)

(4.4)

. which are both non-dimensionalized in the same manner as flap in Chapter 2.

In the reverse flow region,

¯̂
Fζ = −1

2

â

a

( ĉd
â
u2T + θuPuT − uP

2
)

(4.5)

For a rigid hub-hinged blade, the non-dimensional first rotating and non-rotating

natural frequencies are related by

νβ
2 = 1 + ν2β0

νζ = νζ0

(4.6)

It is important to note that when specifying a blade’s rotating natural frequency, it is not

only normalized to a certain rotor speed Ω, but also tied to a specific pitch angle θ. Unless

otherwise noted, that is the zero pitch condition.

Lag structural damping is included via the term ζL, which is on the order of ≈ 0.01.

Unless otherwise noted, this lag structural damping ratio is set to 0 for the following

analyses.

Now including the effect of pitch-lag coupling, blade pitch at the feathering bearing

is

θs = θC − kpββ − kpζζ (4.7)
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The pitch-lag coupling can be defined by an “alpha-1” hinge angle:

kpζ = tanα1 (4.8)

Combining the conventions used in Refs. 51, 74, and 20, for small blade pitch angles,

the structural elastic coupling is defined by

Z = −Rs(ν
2
ζ0 − ν2β0)θs (4.9)

The parameter Rs may vary from 0 (no coupling, flexible hub, rigid blade) to 1 (rigid hub,

flexible blade). Z is added to the off-diagonals of the flap-lag stiffness matrix to account

for the coupling. At zero blade pitch (θs = 0) or in the case of a matched stiffness rotor

(νζ0 = νβ0), structural coupling vanishes. For large pitch angles, νβ and νζ will change

slightly and the diagonal terms will be affected as well.

The equations will now be converted to their perturbation forms. Stability is analyzed

about the flap trim state, thus the flap, lag, and pitch perturbations are

β = βT + δβ

ζ = ζT + δζ ≈ δζ

θ = θT + δθ

(4.10)

The perturbation to blade pitch due to pitch-flap and pitch-lag coupling is

δθ = −kpβδβ − kpζδζ (4.11)
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The Coriolis terms become

δ(β
∗
ζ) = βT δ

∗
ζ ≈ β0δ

∗
ζ

δ(β
∗
β) = βT δ

∗
β +

∗
βT δβT

(4.12)

and products of other terms are discarded (e.g. β2 = 0. The aerodynamic force functions

are also converted into their perturbation forms,

δF̄β =
1

2

(
δuT

(
2uT θT −

(
1 +

cd
a

)
uP

)
−
(
1 +

cd
a

)
δuPuT + δθuT

2
)

δF̄ζ =
1

2

(
δuT

(
2uT

cd
a
+ uP θT

)
+ δuP

(
uT θT − 2uP

)
+ δθ

(
upuT

))
(4.13)

In reverse flow,

δ
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2uT θT −

(
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ĉd
â

)
uP
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−
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2
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δ
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(
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(
2uT

ĉd
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+ uP θT

)
+ δuP

(
uT θT − 2uP

)
+ δθ

(
upuT

))
(4.14)

The perturbation velocities are

δuT = −x
∗
ζ − δζµ cosψ

δuP = xδ
∗
β + δβµ cosψ

(4.15)
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4.2 Assembly of the Coefficient Matrix

The reverse flow regions and integration limits are the same as the flap only case.

The aerodynamic forces are integrated to find the moments for each azimuth range, and

grouped into the following terms:

M̄β =M∗
β

∗
β +M∗

ζ

∗
ζ +Mββ +Mζζ

Q̄ζ = Q∗
β

∗
β +Q∗

ζ

∗
ζ +Qββ +Qζζ

(4.16)

Re-arranging the system of equations into its homogeneous perturbation form,

Mδ
∗∗
q + Cδ

∗
q +Kδq = 0 (4.17)

Where

δ
∗∗
q =

 δ
∗∗
β

δ
∗∗
ζ

 , δ
∗
q =

 δ
∗
β

δ
∗
ζ

 , δq =

 δβ

δζ

 (4.18)

The linearized coefficient matrix is

A =

 0 I

−M−1K −M−1C

 (4.19)

The matrix 0 is 2 by 2, as are the other matrices. The mass, damping, and stiffness
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are

M =

 1 0

0 1



C =

 −γM∗
β

−2βT − γM∗
ζ

2βT − γQ∗
β

2νζ0ζL − γQ∗
ζ



K =

 ν2β − γMβ −γMζ + Z

2
∗
βT − γQβ + Z ν2ζ − γQζ



(4.20)

C11 and K11 are equal to C and K from the uncoupled flap-only case.

4.3 Stability Analysis

The periodic damping and stiffness matrices are now 2 × 2. Examples of C and K

for flap-lag perturbation are shown in Figs. 4.1 through 4.4. Figs. 4.1 and 4.2 show that

when CT/σ = 0, the diagonal flap-lag coupling terms vanish. The effects of adding blade

loading (and thus flap trim) are shown in Figs. 4.3 and 4.4.

The stability roots (now four) are found using Floquet theory just as in the flap-only

case, with the initial condition I now being a 4-by-4 matrix.

To examine flap-lag stability for a given configuration, a trim state is also specified:

target blade loading (CT/σ) or collective (θ0), and longitudinal and lateral cyclic (θ1s, θ1c)

are adjusted to achieve the required longitudinal and lateral flapping (β1c, β1s), which are

zero for wind tunnel trim.
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Figure 4.1: Flap-Lag damping matrix (C), νβ = 1, νζ = 0.3/rev, γ = 6, CT/σ = 0.
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Figure 4.2: Flap-Lag stiffness matrix (K), νβ = 1, νζ = 0.3/rev, γ = 6, CT/σ = 0.

121



Azimuth, 

0

1

2

3

4

C
1
1

-0.3

-0.2

-0.1

0

0.1

0.2

C
1
2

0° 180° 360°

-0.2

-0.1

0

0.1

0.2

C
2
1

0° 180° 360°
-0.01

-0.005

0

0.005

0.01

0.015

C
2
2

 = 0

 = 1

 = 2

 = 3

Figure 4.3: Flap-Lag damping matrix (C), νβ = 1, νζ = 0.3/rev, γ = 6, CT/σ = 0.04.
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Figure 4.4: Flap-Lag stiffness matrix (K), νβ = 1, νζ = 0.3/rev, γ = 6, CT/σ = 0.04.
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4.4 Verification and Validation of the Coupled Lag Stability Model

The approach to flap-lag stability analysis is verified with past efforts found in the

literature (Refs. 53 and 54) up to µ = 0.4. The lag vs. flap frequency “egg” plots in Fig. 4.5

show the instability regions for a trimmed rotor with a high blade loading of CT/σ = 0.2

and γ = 5. Note that Ref. 54) explored both flap-lag and lag-flap hinge sequences; in the

present analysis, the hinge locations are coincident at the rotor hub.

In addition to comparing the current work with previous analyses, it also desirable

to confirm that the flap-lag model comports with actual flights and experiments. Fig. 4.6

presents an overlay of the lag model with hover data from Ormiston and Bousman’s tests

in Ref. 52. The model matches well with Ormiston’s hover experiments, except at high

collective pitch likely due to blade stall.

Sharpe also conducted hover testing measuring the lag stability of a two-bladed stiff-

in-plane hingeless rotor with configurable control rigidity in Ref. 67. In addition to lag

stability, this allows for a verification of how well the structural coupling parameter Rs

models a real system. The current model is overlayed on the data in Fig. 4.7.

For forward flight validation, the flap-lag stability model was compared to wind tunnel

experiments conducted by Gaonkar et al and presented in Refs. 64 and 66. The experiment

investigated advance ratios up to µ = 0.55. Note that in these tests, longitudinal and lateral

flapping were not trimmed with cyclic. Only the collective pitch and shaft tilt were varied.

These data with the present results overlaid are shown in Figs. 4.8 and 4.9.
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Figure 4.5: Flap-lag stability map verification (νζ vs. νβ), CT/σ = 0.2, γ = 5, µ = 0 to 0.4.
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Figure 4.6: Validation of lag stability in hover with varying collective, νβ = 1.17, νζ =
1.21/rev, γ = 2.84, soft pitch flexure: Rs = 0.08, ζL = 0.001, θtw = −10.8°.
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Figure 4.7: Validation of lag stability in hover with varying collective, νβ = 1.05, νζ =
1.44/rev, γ = 5.1, stiff pitch flexure: Rs = 1.
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Figure 4.8: Lag stability validation with wind tunnel model testing, νβ = 1.105, νζ =
0.61/rev, γ = 7.54, Rs = 0, ζL = 0.001, NACA 23012 airfoil, θ0 = 0°, αs = 0°, untrimmed.
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4.5 Parametric Evaluation of Coupled Flap-Lag Damping

The following parametric analysis will show the flap-lag stability for advance ratios

between 0 and 2.5 and a Lock number of γ = 6. Flap and lag frequencies are varied between

νβ = 1 to 1.5 and νζ = 0.1 2. Blade loading is set at CT/σ = 0.04 and the elastic coupling

is set to Rs = 0 or 1. Figs. 4.10 through 4.13 depict the stability of the least stable flap

or lag roots. Shaded unstable regions (where damping > 0) correspond to the numbered µ

values.

Shaft tilt is targeted to minimize flapping at the thrust reversal advance ratio. For

a blade loading of CT/σ = 0.04 and a Lock number of γ = 6, this results in shaft tilts of

approximately αs = −2.7 to −2.8° (aft). The flap frequency will slightly affect this value.

The major conclusions from this parametric analysis is that aft shaft tilt is needed to

maintain stability through thrust reversal, as was predicted during the flap trim discussion

in Chapter 3. Full elastic coupling is destabilizing in the cases explored, except for the

matched stiffness cases where the non-rotating flap and lag frequencies cancel this term.

Low lag frequencies (very soft-in-plane), specifically those around 0.5/rev, are consistently

unstable. Half and one per rev frequency multiples should also be avoided when selecting

the blade properties and rotor speed that determines νζ .

4.6 Eigenvalue Trajectory Analysis

An automated eigenvector trajectory analysis is used to identify the flap and lag

roots. Like in the flap-only case, by finding the minimum residual of the eigenvalues z
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Figure 4.10: Flap-lag stability map (νζ vs. νβ), γ = 6, CT/σ = 0.04, µ = 0.6 to 1.
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Figure 4.11: Flap-lag stability map (νζ vs. νβ), γ = 6, CT/σ = 0.04, Rs = 1, µ = 0.6 to 1.
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Figure 4.12: Flap-lag stability map (νζ vs. νβ), γ = 6, CT/σ = 0.04, µ = 1.25 to 2.5.
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Figure 4.13: Flap-lag stability map (νζ vs. νβ), γ = 6, CT/σ = 0.04, Rs = 1, µ = 1.25 to
2.5.
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and the participation factors η from the FFT of the eigenvector motion V (ψ) over a small

advance ratio increment ∆µ, a likely eigenvalue trajectory can be determined. However, in

the flap-lag case, there are now 4! = 24 permutations, making incorrect root swaps more

significant. Fortunately, the eligible combinations can be reduced by applying the following

rules regarding the eigenvalues:

1. For correct root pairs (i.e. F1/F2 and L1/L2), the values of Re(zn) have the same

sign. Positive real values (right half of the z-plane) correspond to Z/rev T -periodic

frequency responses, and negative real values (left half of the z-plane) correspond to

Z+ 1/2rev 2T -periodic perturbations.

2. Root pairs have the same magnitude of Im(zn) with opposite signs. The eigenvalues

are complex conjugates when |Im(zn)| > 0; in this case their real values are identical.

When Im(zn) = 0, the roots are frequency locked and their real values will diverge

from one another. Discerning between frequency locked roots can be challenging

because they have nearly the same progressive and regressive frequency components,

but the more important differentiation is between degrees of freedom.

Only those trial root pairs meeting these compatibility criteria need to go through

the FFT process, saving some computation time. If all of the roots are frequency locked

in the same real half of the z-plane, then no combinations can be eliminated categorically

without performing the eigenvector motion analysis. There is also the possibility that all of

the trial combinations have incompatible eigenvalues, which has been observed to occur at

values of µ after the onset of numerical instability. This typically manifests itself when the

extremely damped root of a frequency-locked pair develops high dissipation, its eigenvalue
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shifts to the opposite half of the real z-plane, and its frequency becomes undefined. While

the least stable root is more important for the stability of the physical system, and the

motion of its highly damped (though numerically unstable) pair might not be practically

measurable, this nevertheless makes eigenvalue tracking more difficult.

The root selection frequently varies as advance ratio, Lock number, blade loading,

and other parameters are changed. At µ = 0 and CT/σ = 0, the flap and lag equations

are time-invariant and uncoupled, which allows for the initial stability of each degree of

freedom to be solved independently. The eigenvalue trajectories are then incrementally

projected from this zero-thrust hover point.

Using this automatic root identification algorithm, the motion of the characteristic

multipliers and characteristic exponents (root loci) are plotted. The following results are

for 120 time steps and ∆µ = 0.01. The Lock number is set to γ = 6 and the blade loading

is CT/σ = 0.04. The shaft tilt is again trimmed aft to achieve zero coning at the thrust

reversal point. Damping, trim, blade stall, and numerical stability are also compared as a

function of µ. Structural coupling is initially set to 0.

Four rotor configurations will be explored. These cases are:

1. Articulated rotor, very soft-in-plane: νβ = 1, νζ = 0.3/rev (Figs. 4.14 through 4.32).

2. Articulated rotor, soft-in-plane: νβ = 1, νζ = 0.7/rev (Figs. 4.33 through 4.50).

3. Hingeless rotor, soft-in-plane: νβ = 1.15, νζ = 0.7/rev (Figs. 4.51 through 4.86).

4. Hingeless rotor, stiff-in-plane: νβ = 1.15, νζ = 1.4/rev (Figs. 4.69 through 4.78).

The effect of structural coupling is evaluated against the stiff-in-plane hingeless rotor (Case
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4); Rs is increased from 0 (elastic hub, rigid blade) to 1 (rigid hub, elastic blade); see Figs.

4.87 through 4.104.

4.7 Flap-Lag Stability Conclusions

It is seen in most cases that the primary driver of instability is lag. At high-µ, this

instability is closely tied to the asymptotic flap trim divergence found earlier, which occurs

while transitioning through thrust reversal (µ = 0.75 to 0.95). Lag stability is especially

sensitive to the trim solution due to the Coriolis terms in the equation of motion. Aft shaft

tilt and closely paired blade loading can mitigate this problem. Only in the cases where

there is low or zero blade loading (and thus minimal activation of the Coriolis terms) is

flap instability reached in the same manner as the uncoupled case.

Very soft-in-plane (νζ < 0.5/rev) rotor configurations are unstable when in combina-

tion with hingeless rotors having higher flap frequencies (admittedly a rare configuration).

Unsuprisingly, avoiding 0.5/rev and 1/rev multiples for the lag natural frequency was ben-

eficial for stability. The effect of structural coupling on the lag-flap stability map appeared

small and was varyingly stabilizing or destabilizing depending on the configuration.

Blades that are stiff in both flap and lag generally exhibit better stability as µ-

increases. For soft-in-plane articulated and hingeless rotors in the configuration shown,

lag instability occurs before flap instability, at approximately µ = 1.8. The very soft-

in-plane articulated rotor can maintain lag stability until flap becomes unstable, and the

stiff-in-plane hingeless blade remains stable through µ = 3. It can be seen that lag was

conventionally unstable (no frequency locking/ parametric resonance) in these examples.
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Figure 4.14: Flap-lag damping, trim, blade stall, and numerical stability, very soft-in-plane
articulated rotor, νβ = 1, νζ = 0.3/rev, γ = 6, CT/σ = 0.04, αs = −2.72°.
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Figure 4.15: Flap-lag characteristic multipliers, very soft-in-plane articulated rotor, νβ = 1,
νζ = 0.3/rev, γ = 6, CT/σ = 0.04, αs = −2.72°, µ = 0 to 1.5.
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Figure 4.16: Flap-lag characteristic multipliers, very soft-in-plane articulated rotor, νβ = 1,
νζ = 0.3/rev, γ = 6, CT/σ = 0.04, αs = −2.72°, µ = 1.5 to 3.
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Figure 4.17: Flap-lag characteristic multipliers, F1 and F2 roots, very soft-in-plane articu-
lated rotor, νβ = 1, νζ = 0.3/rev, γ = 6, CT/σ = 0.04, αs = −2.72°, µ = 0 to 1.5.
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Figure 4.18: Flap-lag characteristic multipliers, F1 and F2 roots, very soft-in-plane articu-
lated rotor, νβ = 1, νζ = 0.3/rev, γ = 6, CT/σ = 0.04, αs = −2.72°, µ = 1.5 to 3.
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Figure 4.19: Flap-lag characteristic multipliers, L1 root, very soft-in-plane articulated rotor,
νβ = 1, νζ = 0.3/rev, γ = 6, CT/σ = 0.04, αs = −2.72°, µ = 0 to 1.5.
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Figure 4.20: Flap-lag characteristic multipliers, L1 root, very soft-in-plane articulated rotor,
νβ = 1, νζ = 0.3/rev, γ = 6, CT/σ = 0.04, αs = −2.72°, µ = 1.5 to 3.
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Figure 4.21: Flap-lag characteristic multipliers, L2 root, very soft-in-plane articulated rotor,
νβ = 1, νζ = 0.3/rev, γ = 6, CT/σ = 0.04, αs = −2.72°, µ = 0 to 1.5.
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Figure 4.22: Flap-lag characteristic multipliers, L2 root, very soft-in-plane articulated rotor,
νβ = 1, νζ = 0.3/rev, γ = 6, CT/σ = 0.04, αs = −2.72°, µ = 1.5 to 3.
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Figure 4.23: Flap-lag root locus, very soft-in-plane articulated rotor, νβ = 1, νζ = 0.3/rev,
γ = 6, CT/σ = 0.04, αs = −2.72°, µ = 0 to 1.5.
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Figure 4.24: Flap-lag root locus, very soft-in-plane articulated rotor, νβ = 1, νζ = 0.3/rev,
γ = 6, CT/σ = 0.04, αs = −2.72°, µ = 1.5 to 3.
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Figure 4.25: Flap-lag root locus, F1 root, very soft-in-plane articulated rotor, νβ = 1,
νζ = 0.3/rev, γ = 6, CT/σ = 0.04, αs = −2.72°, µ = 0 to 1.5.
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Figure 4.26: Flap-lag root locus, F1 root, very soft-in-plane articulated rotor, νβ = 1,
νζ = 0.3/rev, γ = 6, CT/σ = 0.04, αs = −2.72°, µ = 1.5 to 3.
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Figure 4.27: Flap-lag root locus, F2 root, very soft-in-plane articulated rotor, νβ = 1,
νζ = 0.3/rev, γ = 6, CT/σ = 0.04, αs = −2.72°, µ = 0 to 1.5.
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Figure 4.28: Flap-lag root locus, F2 root, very soft-in-plane articulated rotor, νβ = 1,
νζ = 0.3/rev, γ = 6, CT/σ = 0.04, αs = −2.72°, µ = 1.5 to 3.
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Figure 4.29: Flap-lag root locus, L1 root, very soft-in-plane articulated rotor, νβ = 1,
νζ = 0.3/rev, γ = 6, CT/σ = 0.04, αs = −2.72°, µ = 0 to 1.5.
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Figure 4.30: Flap-lag root locus, L1 root, very soft-in-plane articulated rotor, νβ = 1,
νζ = 0.3/rev, γ = 6, CT/σ = 0.04, αs = −2.72°, µ = 1.5 to 3.
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Figure 4.31: Flap-lag root locus, L2 root, very soft-in-plane articulated rotor, νβ = 1,
νζ = 0.3/rev, γ = 6, CT/σ = 0.04, αs = −2.72°, µ = 0 to 1.5.
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Figure 4.32: Flap-lag root locus, L2 root, very soft-in-plane articulated rotor, νβ = 1,
νζ = 0.3/rev, γ = 6, CT/σ = 0.04, αs = −2.72°, µ = 1.5 to 3.
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Figure 4.33: Flap-lag damping, trim, blade stall, and numerical stability, soft-in-plane
articulated rotor, νβ = 1, νζ = 0.7/rev, γ = 6, CT/σ = 0.04, αs = −2.72°.
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Figure 4.34: Flap-lag characteristic multipliers, soft-in-plane articulated rotor, νβ = 1,
νζ = 0.7/rev, γ = 6, CT/σ = 0.04, αs = −2.72°, µ = 0 to 1.5.
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Figure 4.35: Flap-lag characteristic multipliers, soft-in-plane articulated rotor, νβ = 1,
νζ = 0.7/rev, γ = 6, CT/σ = 0.04, αs = −2.72°, µ = 1.5 to 3.
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Figure 4.36: Flap-lag characteristic multipliers, F1 and F2 roots, soft-in-plane articulated
rotor, νβ = 1, νζ = 0.7/rev, γ = 6, CT/σ = 0.04, αs = −2.72°, µ = 0 to 1.5.
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Figure 4.37: Flap-lag characteristic multipliers, F1 and F2 roots, soft-in-plane articulated
rotor, νβ = 1, νζ = 0.7/rev, γ = 6, CT/σ = 0.04, αs = −2.72°, µ = 1.5 to 3.
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Figure 4.38: Flap-lag characteristic multipliers, L1 root, soft-in-plane articulated rotor,
νβ = 1, νζ = 0.7/rev, γ = 6, CT/σ = 0.04, αs = −2.72°, µ = 0 to 1.5.
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Figure 4.39: Flap-lag characteristic multipliers, L1 root, soft-in-plane articulated rotor,
νβ = 1, νζ = 0.7/rev, γ = 6, CT/σ = 0.04, αs = −2.72°, µ = 1.5 to 3.
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Figure 4.40: Flap-lag characteristic multipliers, L2 root, soft-in-plane articulated rotor,
νβ = 1, νζ = 0.7/rev, γ = 6, CT/σ = 0.04, αs = −2.72°, µ = 0 to 1.5.
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Figure 4.41: Flap-lag characteristic multipliers, L2 root, soft-in-plane articulated rotor,
νβ = 1, νζ = 0.7/rev, γ = 6, CT/σ = 0.04, αs = −2.72°, µ = 1.5 to 3.
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Figure 4.42: Flap-lag root locus, soft-in-plane articulated rotor, νβ = 1, νζ = 0.7/rev,
γ = 6, CT/σ = 0.04, αs = −2.72°, µ = 0 to 1.5.
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Figure 4.43: Flap-lag root locus, soft-in-plane articulated rotor, νβ = 1, νζ = 0.7/rev,
γ = 6, CT/σ = 0.04, αs = −2.72°, µ = 1.5 to 3.
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Figure 4.44: Flap-lag root locus, F1 and F2 roots, soft-in-plane articulated rotor, νβ = 1,
νζ = 0.7/rev, γ = 6, CT/σ = 0.04, αs = −2.72°, µ = 0 to 1.5.
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Figure 4.45: Flap-lag root locus, F1 root, soft-in-plane articulated rotor, νβ = 1, νζ =
0.7/rev, γ = 6, CT/σ = 0.04, αs = −2.72°, µ = 1.5 to 3.
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Figure 4.46: Flap-lag root locus, F2 root, soft-in-plane articulated rotor, νβ = 1, νζ =
0.7/rev, γ = 6, CT/σ = 0.04, αs = −2.72°, µ = 1.5 to 3.
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Figure 4.47: Flap-lag root locus, L1 root, soft-in-plane articulated rotor, νβ = 1, νζ =
0.7/rev, γ = 6, CT/σ = 0.04, αs = −2.72°, µ = 0 to 1.5.
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Figure 4.48: Flap-lag root locus, L1 root, soft-in-plane articulated rotor, νβ = 1, νζ =
0.7/rev, γ = 6, CT/σ = 0.04, αs = −2.72°, µ = 1.5 to 3.
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Figure 4.49: Flap-lag root locus, L2 root, soft-in-plane articulated rotor, νβ = 1, νζ =
0.7/rev, γ = 6, CT/σ = 0.04, αs = −2.72°, µ = 0 to 1.5.
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Figure 4.50: Flap-lag root locus, L2 root, soft-in-plane articulated rotor, νβ = 1, νζ =
0.7/rev, γ = 6, CT/σ = 0.04, αs = −2.72°, µ = 1.5 to 3.
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Figure 4.51: Flap-lag damping, trim, blade stall, and numerical stability, soft-in-plane
hingeless rotor, νβ = 1.15, νζ = 0.7/rev, γ = 6, CT/σ = 0.04, αs = −2.69°.
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Figure 4.52: Flap-lag characteristic multipliers, soft-in-plane hingeless rotor, νβ = 1.15,
νζ = 0.7/rev, γ = 6, CT/σ = 0.04, αs = −2.69°, µ = 0 to 1.5.
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Figure 4.53: Flap-lag characteristic multipliers, soft-in-plane hingeless rotor, νβ = 1.15,
νζ = 0.7/rev, γ = 6, CT/σ = 0.04, αs = −2.69°, µ = 1.5 to 3.
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Figure 4.54: Flap-lag characteristic multipliers, F1 and F2 roots, soft-in-plane hingeless
rotor, νβ = 1.15, νζ = 0.7/rev, γ = 6, CT/σ = 0.04, αs = −2.69°, µ = 0 to 1.5.
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Figure 4.55: Flap-lag characteristic multipliers, L1 root, soft-in-plane hingeless rotor, νβ =
1.15, νζ = 0.7/rev, γ = 6, CT/σ = 0.04, αs = −2.69°, µ = 0 to 1.5.
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Figure 4.56: Flap-lag characteristic multipliers, L1 root, soft-in-plane hingeless rotor, νβ =
1.15, νζ = 0.7/rev, γ = 6, CT/σ = 0.04, αs = −2.69°, µ = 1.5 to 3.
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Figure 4.57: Flap-lag characteristic multipliers, L2 root, soft-in-plane hingeless rotor, νβ =
1.15, νζ = 0.7/rev, γ = 6, CT/σ = 0.04, αs = −2.69°, µ = 0 to 1.5.
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Figure 4.58: Flap-lag characteristic multipliers, L2 root, soft-in-plane hingeless rotor, νβ =
1.15, νζ = 0.7/rev, γ = 6, CT/σ = 0.04, αs = −2.69°, µ = 1.5 to 3.
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Figure 4.59: Flap-lag root locus, soft-in-plane hingeless rotor, νβ = 1.15, νζ = 0.7/rev,
γ = 6, CT/σ = 0.04, αs = −2.69°, µ = 0 to 1.5.
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Figure 4.60: Flap-lag root locus, soft-in-plane hingeless rotor, νβ = 1.15, νζ = 0.7/rev,
γ = 6, CT/σ = 0.04, αs = −2.69°, µ = 1.5 to 3.
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Figure 4.61: Flap-lag root locus, F1 root, soft-in-plane hingeless rotor, νβ = 1.15, νζ =
0.7/rev, γ = 6, CT/σ = 0.04, αs = −2.69°, µ = 0 to 1.5.
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Figure 4.62: Flap-lag root locus, F1 root, soft-in-plane hingeless rotor, νβ = 1.15, νζ =
0.7/rev, γ = 6, CT/σ = 0.04, αs = −2.69°, µ = 1.5 to 3.
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Figure 4.63: Flap-lag root locus, F2 root, soft-in-plane hingeless rotor, νβ = 1.15, νζ =
0.7/rev, γ = 6, CT/σ = 0.04, αs = −2.69°, µ = 0 to 1.5.
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Figure 4.64: Flap-lag root locus, F2 root, soft-in-plane hingeless rotor, νβ = 1.15, νζ =
0.7/rev, γ = 6, CT/σ = 0.04, αs = −2.69°, µ = 1.5 to 3.
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Figure 4.65: Flap-lag root locus, L1 root, soft-in-plane hingeless rotor, νβ = 1.15, νζ =
0.7/rev, γ = 6, CT/σ = 0.04, αs = −2.69°, µ = 0 to 1.5.
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Figure 4.66: Flap-lag root locus, L1 root, soft-in-plane hingeless rotor, νβ = 1.15, νζ =
0.7/rev, γ = 6, CT/σ = 0.04, αs = −2.69°, µ = 1.5 to 3.
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Figure 4.67: Flap-lag root locus, L2 root, soft-in-plane hingeless rotor, νβ = 1.15, νζ =
0.7/rev, γ = 6, CT/σ = 0.04, αs = −2.69°, µ = 0 to 1.5.
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Figure 4.68: Flap-lag root locus, L2 root, soft-in-plane hingeless rotor, νβ = 1.15, νζ =
0.7/rev, γ = 6, CT/σ = 0.04, αs = −2.69°, µ = 1.5 to 3.
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Figure 4.69: Flap-lag damping, trim, blade stall, and numerical stability, stiff-in-plane
hingeless rotor, νβ = 1.15, νζ = 1.4/rev, γ = 6, CT/σ = 0.04, αs = −2.69°.
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Figure 4.70: Flap-lag characteristic multipliers, stiff-in-plane hingeless rotor, νβ = 1.15,
νζ = 1.4/rev, γ = 6, CT/σ = 0.04, αs = −2.69°, µ = 0 to 1.5.
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Figure 4.71: Flap-lag characteristic multipliers, stiff-in-plane hingeless rotor, νβ = 1.15,
νζ = 1.4/rev, γ = 6, CT/σ = 0.04, αs = −2.69°, µ = 1.5 to 3.
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Figure 4.72: Flap-lag characteristic multipliers, F1 and F2 roots, stiff-in-plane hingeless
rotor, νβ = 1.15, νζ = 1.4/rev, γ = 6, CT/σ = 0.04, αs = −2.69°, µ = 0 to 1.5.
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Figure 4.73: Flap-lag characteristic multipliers, L1 root, stiff-in-plane hingeless rotor, νβ =
1.15, νζ = 1.4/rev, γ = 6, CT/σ = 0.04, αs = −2.69°, µ = 0 to 1.5.
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Figure 4.74: Flap-lag characteristic multipliers, L1 root, stiff-in-plane hingeless rotor, νβ =
1.15, νζ = 1.4/rev, γ = 6, CT/σ = 0.04, αs = −2.69°, µ = 1.5 to 3.
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Figure 4.75: Flap-lag characteristic multipliers, L2 root, stiff-in-plane hingeless rotor, νβ =
1.15, νζ = 1.4/rev, γ = 6, CT/σ = 0.04, αs = −2.69°, µ = 0 to 1.5.
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Figure 4.76: Flap-lag characteristic multipliers, L2 root, stiff-in-plane hingeless rotor, νβ =
1.15, νζ = 1.4/rev, γ = 6, CT/σ = 0.04, αs = −2.69°, µ = 1.5 to 3.
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Figure 4.77: Flap-lag root locus, stiff-in-plane hingeless rotor, νβ = 1.15, νζ = 1.4/rev,
γ = 6, CT/σ = 0.04, αs = −2.69°, µ = 0 to 1.5.
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Figure 4.78: Flap-lag root locus, stiff-in-plane hingeless rotor, νβ = 1.15, νζ = 1.4/rev,
γ = 6, CT/σ = 0.04, αs = −2.69°, µ = 1.5 to 3.
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Figure 4.79: Flap-lag root locus, F1 root, stiff-in-plane hingeless rotor, νβ = 1.15, νζ =
1.4/rev, γ = 6, CT/σ = 0.04, αs = −2.69°, µ = 0 to 1.5.
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Figure 4.80: Flap-lag root locus, F1 root, stiff-in-plane hingeless rotor, νβ = 1.15, νζ =
1.4/rev, γ = 6, CT/σ = 0.04, αs = −2.69°, µ = 1.5 to 3.
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Figure 4.81: Flap-lag root locus, F2 root, stiff-in-plane hingeless rotor, νβ = 1.15, νζ =
1.4/rev, γ = 6, CT/σ = 0.04, αs = −2.69°, µ = 0 to 1.5.
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Figure 4.82: Flap-lag root locus, F2 root, stiff-in-plane hingeless rotor, νβ = 1.15, νζ =
1.4/rev, γ = 6, CT/σ = 0.04, αs = −2.69°, µ = 1.5 to 3.
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Figure 4.83: Flap-lag root locus, L1 root, stiff-in-plane hingeless rotor, νβ = 1.15, νζ =
1.4/rev, γ = 6, CT/σ = 0.04, αs = −2.69°, µ = 0 to 1.5.
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Figure 4.84: Flap-lag root locus, L1 root, stiff-in-plane hingeless rotor, νβ = 1.15, νζ =
1.4/rev, γ = 6, CT/σ = 0.04, αs = −2.69°, µ = 1.5 to 3.
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Figure 4.85: Flap-lag root locus, L2 root, stiff-in-plane hingeless rotor, νβ = 1.15, νζ =
1.4/rev, γ = 6, CT/σ = 0.04, αs = −2.69°, µ = 0 to 1.5.
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Figure 4.86: Flap-lag root locus, L2 root, stiff-in-plane hingeless rotor, νβ = 1.15, νζ =
1.4/rev, γ = 6, CT/σ = 0.04, αs = −2.69°, µ = 1.5 to 3.
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Figure 4.87: Flap-lag damping, trim, blade stall, and numerical stability, stiff-in-plane
hingeless rotor, νβ = 1.15, νζ = 1.4/rev, γ = 6, CT/σ = 0.04, αs = −2.69°, Rs = 1.
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Figure 4.88: Flap-lag characteristic multipliers, stiff-in-plane hingeless rotor, νβ = 1.15,
νζ = 1.4/rev, γ = 6, CT/σ = 0.04, αs = −2.69°, Rs = 1, µ = 0 to 1.5.
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Figure 4.89: Flap-lag characteristic multipliers, stiff-in-plane hingeless rotor, νβ = 1.15,
νζ = 1.4/rev, γ = 6, CT/σ = 0.04, αs = −2.69°, Rs = 1, µ = 1.5 to 3.
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Figure 4.90: Flap-lag characteristic multipliers, F1 and F2 roots, stiff-in-plane hingeless
rotor, νβ = 1.15, νζ = 1.4/rev, γ = 6, CT/σ = 0.04, αs = −2.69°, Rs = 1, µ = 0 to 1.5.
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Figure 4.91: Flap-lag characteristic multipliers, L1 root, stiff-in-plane hingeless rotor, νβ =
1.15, νζ = 1.4/rev, γ = 6, CT/σ = 0.04, αs = −2.69°, Rs = 1, µ = 0 to 1.5.
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Figure 4.92: Flap-lag characteristic multipliers, L1 root, stiff-in-plane hingeless rotor, νβ =
1.15, νζ = 1.4/rev, γ = 6, CT/σ = 0.04, αs = −2.69°, Rs = 1, µ = 1.5 to 3.
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Figure 4.93: Flap-lag characteristic multipliers, L2 root, stiff-in-plane hingeless rotor, νβ =
1.15, νζ = 1.4/rev, γ = 6, CT/σ = 0.04, αs = −2.69°, Rs = 1, µ = 0 to 1.5.
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Figure 4.94: Flap-lag characteristic multipliers, L2 root, stiff-in-plane hingeless rotor, νβ =
1.15, νζ = 1.4/rev, γ = 6, CT/σ = 0.04, αs = −2.69°, Rs = 1, µ = 1.5 to 3.
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Figure 4.95: Flap-lag root locus, stiff-in-plane hingeless rotor, νβ = 1.15, νζ = 1.4/rev,
γ = 6, CT/σ = 0.04, αs = −2.69°, Rs = 1, µ = 0 to 1.5.
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Figure 4.96: Flap-lag root locus, stiff-in-plane hingeless rotor, νβ = 1.15, νζ = 1.4/rev,
γ = 6, CT/σ = 0.04, αs = −2.69°, Rs = 1, µ = 1.5 to 3.
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Figure 4.97: Flap-lag root locus, F1 root, stiff-in-plane hingeless rotor, νβ = 1.15, νζ =
1.4/rev, γ = 6, CT/σ = 0.04, αs = −2.69°, Rs = 1, µ = 0 to 1.5.
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Figure 4.98: Flap-lag root locus, F1 root, stiff-in-plane hingeless rotor, νβ = 1.15, νζ =
1.4/rev, γ = 6, CT/σ = 0.04, αs = −2.69°, Rs = 1, µ = 1.5 to 3.
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Figure 4.99: Flap-lag root locus, F2 root, stiff-in-plane hingeless rotor, νβ = 1.15, νζ =
1.4/rev, γ = 6, CT/σ = 0.04, αs = −2.69°, Rs = 1, µ = 0 to 1.5.
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Figure 4.100: Flap-lag root locus, F2 root, stiff-in-plane hingeless rotor, νβ = 1.15, νζ =
1.4/rev, γ = 6, CT/σ = 0.04, αs = −2.69°, Rs = 1, µ = 1.5 to 3.
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Figure 4.101: Flap-lag root locus, L1 root, stiff-in-plane hingeless rotor, νβ = 1.15, νζ =
1.4/rev, γ = 6, CT/σ = 0.04, αs = −2.69°, Rs = 1, µ = 0 to 1.5.
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Figure 4.102: Flap-lag root locus, L1 root, stiff-in-plane hingeless rotor, νβ = 1.15, νζ =
1.4/rev, γ = 6, CT/σ = 0.04, αs = −2.69°, Rs = 1, µ = 1.5 to 3.
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Figure 4.103: Flap-lag root locus, L2 root, stiff-in-plane hingeless rotor, νβ = 1.15, νζ =
1.4/rev, γ = 6, CT/σ = 0.04, αs = −2.69°, Rs = 1, µ = 0 to 1.5.
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Figure 4.104: Flap-lag root locus, L2 root, stiff-in-plane hingeless rotor, νβ = 1.15, νζ =
1.4/rev, γ = 6, CT/σ = 0.04, αs = −2.69°, Rs = 1, µ = 1.5 to 3.
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Correctly differentiating the flap and lag roots, especially when νβ and νζ are close

and parametric resonance (frequency locking) is occurring, requires an eigenvalue shuffling

algorithm that also a modal analysis of the eigenvector motion. Beginning with the time

invariant case with zero thrust, then incrementally changing CT/σ and µ, allows for the

calculation of smooth root locus trajectories. Even when employing this scheme, it is

challenging to differentiate between roots when flap-lag resonance and instability occur.
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Chapter 5: Flap-Lag-Torsion Stability

5.1 Equations of Motion

Torsion is modeled with a rigid blade that has flexibility at the hub. The torsion

moment is about the pitch axis, typically near the 1/4-chord position of the rotor blade.

As before, flap and lag moments also act at the hub. The, flap, lag, and torsion aerodynamic

forcing moments are

M̄β =

∫ 1

xc

x
Fβ
ρac

dx

Q̄ζ =

∫ 1

xc

x
Fζ
ρac

dx

T̄θ =

∫ 1

xc

dMθ

ρac

(5.1)

respectively.

Using thin airfoil theory, the non-dimensional forces and differential moment on a

symmetrical airfoil are

F̄β =
1

2

(
u2T θ −

(
1 +

cd
a

)
uPuT

)
F̄ζ =

1

2

(cd
a
u2T + θuPuT − uP

2
)

dM̄θ = −1

2

(xa
c

c

R

)(
u2T θ − uPuT

) (5.2)
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The steady pitching moment is produced due to the chord-wise location of the quasisteady

lift force. The arm xa is the chordwise distance of the aerodynamic center (AC) distance

aft of the pitch axis (PA) position. A positive xa (AC forward of the PA) produces a

negative dMθ, which means a “nose-down” pitching moment. A collocated AC and PA

(xa = 0) eliminates the steady pitching moment. The blade radius to chord aspect ratio

(or its inverse) is used in the nondimensionalization scheme. R/c is on the order of 15 to

20 for a typical rotor blade.

In reverse flow the aerodynamic center shifts to near the 3/4-chord measured from

the leading edge, or 1/4-chord from the trailing edge. In this backwards orientation, the

pitch axis is approximately at a 3/4-chord distance from the trailing edge. The periodically

alternating xa means an additional perturbation velocity is required; this is incorporated

into the reverse flow force and moment equations where applicable.

In the reverse flow region, the notation for the forces and differential moment are

¯̂
Fβ = −1

2

â

a

(
u2T θ −

(
1 +

ĉd
â

)
uPuT

)
¯̂
Fζ = −1

2

â

a

( ĉd
â
u2T + θuPuT − uP

2
)

d
¯̂
Mθ =

1

2

â

a

( x̂a
c

c

R

)(
u2T θ − uPuT

) (5.3)

As in the flap-lag case, stability is analyzed about the flap trim state. The flap, lag,

231



and pitch perturbations are

β = βT + δβ

ζ = ζT + δζ ≈ δζ

θ = θT + δθ

(5.4)

where the trimmed blade pitch is

θT = θC + xθtw − kpββT (5.5)

The total pitch perturbation is the sum of the torsion and pitch-flap/ pitch-lag per-

turbations:

δθ = θ − kpβδβ − kpζδζ (5.6)

5.2 Incorporation of Unsteady Aerodynamics

Due to the unsteady motion of the blade, the lift deficiency function C(k) is appended

to the quasisteady flap and lag perturbation forces:

δF̄β =
1

2
C(k)

(
δuT

(
2uT θT −

(
1 +

cd
a

)
uP

)
−
(
1 +

cd
a

)
δuPuT + δθuT

2
)

δF̄ζ =
1

2
C(k)

(
δuT

(
2uT

cd
a
+ uP θT

)
+ δuP

(
uT θT − 2uP

)
+ δθ

(
upuT

))
(5.7)
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The pitching moment perturbation equation considers forces acting at both the 1/4-chord

(L1) and 3/4-chord (L3). The former is simply the quasisteady lift with a moment arm xa,

and is affected by C(k). The latter is a non-circulatory term caused by the rate of change

of the angle of attack (pitch rate),
∗
θ.

δdM̄θ = −1

2
C(k)

(xa
c

c

R

)(
δuT

(
2uT θT − uP

)
− δuPuT + δθuT

2
)
− 1

8

( c
R

)2(1
2
+
xa
c

)
uT

∗
θ

(5.8)

In reverse flow,

δ
¯̂
Fβ = −1

2

â

a
C(k)

(
δuT

(
2uT θT −

(
1 +

ĉd
â

)
uP

)
−
(
1 +

ĉd
â

)
δûPuT + δθuT

2
)

δ
¯̂
Fζ = −1

2

â

a
C(k)

(
δuT

(
2uT

ĉd
â
+ uP θT

)
+ δûP

(
uT θT − 2uP

)
+ δθ

(
upuT

))
δd

¯̂
Mθ = −1

2

â

a
C(k)

( x̂a
c

c

R

)(
δuT

(
2uT θT − uP

)
− δûPuT + δθuT

2
)
− 1

8

â

a

( c
R

)2(1
2
+
x̂a
c

)
uT

∗
θ

(5.9)

The perturbation velocities are

δuT = −x
∗
ζ − δζµ cosψ

δuP = xδ
∗
β + δβµ cosψ − c

R

(1
2
+
xa
c

)
δ
∗
θ

δûP = xδ
∗
β + δβµ cosψ − c

R

(1
2
+
x̂a
c

)
δ
∗
θ

(5.10)

The
∗
θ term in the δuP equation is another L3 contribution from unsteady aerodynamics.
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The aerodynamic center and pitch axis are both near the 1/4-chord position for normal

flow, and xa will be near zero. In this normal case, the overall sign of the
∗
θ term will remain

negative, meaning the blade pitch rate will decrease. This is the main source of torsional

damping. In reverse flow, xa moves to approximately −1/2, and the pitch damping term

is either very small or vanishes completely.

It might be observed that neither the pitching moment coefficient cm or its slope cmα

have been directly included in the equations of motion. Recalling Fig. 1.4, these seem espe-

cially important in reverse flow. However, the thin airfoil theory method essentially derives

these values by accounting for the AC and PA offsets, while also providing a mechanism to

model pitch damping.

Some unsteady terms have been neglected in this analysis. For flap, the unsteady

forces L2 (vertical acceleration of the mid-chord) and L3 are considered small compared

to L1. In torsion, the effects of L2 (vertical acceleration of the mid-chord) and the non-

circulatory moment due to pitch acceleration are not considered. These would yield small

∗∗
β and

∗∗
θ terms, which would affect the mass matrix M .

5.3 Dynamic Inflow and the Lift Deficiency Function

The are many choices for the lift deficiency function, but a simple model is desired to

match with the level of this analysis. The notation C(k) used above usually refers to the

Theodorsen lift deficiency function, the pioneering quantification of a pitching and plunging

airfoil in general. Theodersen’s approach uses Bessel functions that causes a decrease in

C below 1 depending on the reduced frequency k = ωc
2U

, along with an azimuth phase
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(time) lag. Although Loewy and others have developed lift deficiency functions catered

towards unsteady rotary wings, including the effects of µ have been challenging. This is

especially true at advance ratios greater than 1 where many assumptions collapse. Utilizing

the dynamic inflow approach introduced by Pitt and Peters in Refs. 61 and 62 results in

an inflow perturbation δλ. The consequent reduction in thrust takes the form of a lift

deficiency function:

C ′ =
1

1 + σa
8Veff

(5.11)

where

Veff =
µ2 + λ(λ+ λi)√

(µ2 + λ2)
(5.12)

In hover, the present C ′ definition appears similar to Loewy’s lift deficiency function (also

commonly notated as C ′) simplified to order 1, neglecting k due to a small ω. The difference

is that Pitt and Peters’ Veff reduces to 2λ when µ = 0; Loewy’s definition is is just λ.

This version of C ′ is substituted for C(k) in the previous equations when dynamic

inflow is considered in the present work. This method effectively reduces the Lock number

for the circulatory terms due to the wake. Although it is a simple approximation, the

general wake spacing effects and low-frequency lift reduction are captured. There are also

perturbations to the pitch and roll hub moments, but these terms are neglected in the

present case because the corresponding longitudinal and lateral flapping are trimmed to

zero (i.e. wind tunnel trim).

Except where noted in the subsequent analyses, C(k) = 1. As can be seen in Fig.

5.1 for a stiff-in-plane hingeless rotor, the Pitt-Peters dynamic inflow/ lift deficiency term

decreases flap damping most noticeably when µ < 0.1. At the high advance ratios of
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Figure 5.1: Effect of lift deficiency function and dynamic inflow on flap-lag-torsion damping,
stiff-in-plane hingeless rotor, νβ = 1.15, νζ = 1.4, νθ = 5/rev, γ = 6, CT/σ = 0.04,
αs = −2.69°.

interest (µ > 0.5), the inflow perturbation effects are small and even slightly stabilizing.

5.4 Assembly of the Coefficient Matrix

The reverse flow regions and integration limits are as defined in the flap and flap-lag

cases. The aerodynamic forces and differential moment are integrated to find the moments
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for each azimuth block, and collected as follows:

M̄β =M∗
β

∗
β +M∗

ζ

∗
ζ +M∗

θ

∗
θ +Mββ +Mζζ +Mθθ

Q̄ζ = Q∗
β

∗
β +Q∗

ζ

∗
ζ +Q∗

θ

∗
θQββ +Qζζ +Qθθ

T̄θ = T∗
β

∗
β + T∗

ζ

∗
ζ + T∗

θ

∗
θ + Tββ + Tζζ + Tθθ

(5.13)

Re-arranging the system of equations into its homogeneous perturbation form,

Mδ
∗∗
q + Cδ

∗
q +Kδq = 0 (5.14)

where

δq =


δβ

δζ

δθ

 , δ
∗
q =


δ
∗
β

δ
∗
ζ

δ
∗
θ

 (5.15)

The linearized coefficient matrix is

A =

 0 I

−M−1K −M−1C

 (5.16)

The component matrices are all 3 by 3, combining to form a 6 by 6 coefficient matrix.

Like the flap frequency, in the rigid model the rotating torsion frequency is related to the

non-rotating frequency by the relation

ν2θ = 1 + ν2θ0 (5.17)
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Modeling the blade with a thin rectangular cross section, the normalized feathering moment

of inertia is

∗
If = If/Ib =

1

4
(c/R)2 (5.18)

The moment of inertia term due to the chord-wise center of gravity location differing from

feathering axis is

∗
Ix = Ix/Ib =

3

2
xI/R (5.19)

If the blade c.g. is just forward of the pitch axis, e.g. xI/c = −0.01, then stability

is improved due to the “nose down” moment. Moving the c.g. aft of the pitch axis is

destabilizing.

As before, the linearized flap-lag Coriolis perturbation terms are

δ(β
∗
ζ) = βT δ

∗
ζ ≈ β0δ

∗
ζ

δ(β
∗
β) = βT δ

∗
β +

∗
βT δβT

(5.20)

which depend upon the flap trim state.
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The coupled mass, damping, and stiffness matrices are

M =


1 0 −

∗
Ix

0 1 0

−
∗
Ix 0

∗
If



C =


−γM∗

β
−2βT − γM∗

ζ
−γM∗

θ

2βT − γQ∗
β

2νζ0ζL − γQ∗
ζ

−2βT
∗
Ix − γQ∗

θ

−γT∗
β

2βT
∗
Ix − γT∗

ζ
2νθ0ζT

∗
If − γT∗

θ



K =


ν2β − γMβ −γMζ + Z −

∗
Ix − γMθ

2
∗
βT − γQβ + Z ν2ζ − γQζ −γQθ

−
∗
Ix − γTβ −γTζ

∗
Ifν

2
θ − γTθ



(5.21)

The full equations for the periodic aerodynamic forcing moments (M∗
β
, Tθ, etc.) are

provided in Appendix B.

Consider the third column of the C matrix. Without unsteady aerodynamics and

the non-circulatory terms, M∗
θ
= 0, Q∗

θ
= 0, and T∗

θ
= 0. In that case, beneficial torsion

damping would rely on the structural damping ratio ζT , which is small or zero. Although

the trimmed flap motion βT is also present in the lag-torsion damping term, this would

only be stabilizing when the flap angle is negative. With positive coning and longitudinal

and lateral flapping trimmed to zero, the flap motion is destabilizing. Thus the importance

of including more than quasisteady aerodynamics is apparent when modeling torsion.

Flap-lag-torsion stability was derived directly in this chapter, but the simpler coupling

of flap-torsion may also be of interest. For this latter two degree-of-freedom case, the lag
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Figure 5.2: Flap-torsion damping matrix (C), νβ = 1, νθ = 5/rev, γ = 6, CT/σ = 0,
αs = 0°, C(k) = 1.

elements and the corresponding coupling terms can simply be removed, reducing the system

to 2× 2 periodic coefficient matrices.

Examples of C and K for flap-torsion are shown in in Figs. 5.2 through 5.5, where

νβ = 1, νθ = 5/rev, γ = 6, and C(k) = 1. For Figs. 5.2 and 5.3, CT/σ = 0 and αs = 0°.

Unlike the flap-lag matrices, there is coupling for the time-invariant and zero thrust periodic

coefficients.

The effect of adding thrust and aft shaft tilt to the flap-torsion damping and stiffness

matrices is shown in Figs. 5.4 and 5.5, CT/σ = 0.04 and αs = −2.72°.
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Figure 5.3: Flap-torsion stiffness matrix (K), νβ = 1, νθ = 5/rev, γ = 6, CT/σ = 0,
αs = 0°, C(k) = 1.
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Figure 5.4: Flap-torsion damping matrix (C), νβ = 1, νθ = 5/rev, γ = 6, CT/σ = 0.04,
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Figure 5.5: Flap-torsion stiffness matrix (K), νβ = 1, νθ = 5/rev, γ = 6, CT/σ = 0.04,
αs = −2.72°, C(k) = 1.
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Figure 5.6: Flap-lag-torsion damping matrix (C) , νβ = 1, νζ = 0.3, νθ = 5/rev, γ = 6,
CT/σ = 0, αs = 0°, C(k) = 1.

Applying these same parameters to a coupled flap-lag-torsion example, the 3 × 3 C

and K matrices are calculated and plotted in Figs. 5.6 through 5.9, with νζ = 0.3/rev.

5.5 Verification of the Coupled Torsion Stability Model

In Ref. 72, Friedmann and Kottapalli presented a coupled flap-lag-torsion analysis

of a hingeless rotor in forward flight. Unlike the present work, they modeled moderate

elastic blade deformations with a multimodal representation, which was fairly new at the

time. Through an iterative quasi-linearization procedure, they determined the importance
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Figure 5.7: Flap-lag-torsion stiffness matrix (K), νβ = 1, νζ = 0.3, νθ = 5/rev, γ = 6,
CT/σ = 0, αs = 0°, C(k) = 1.

245



Azimuth, 

0

2

4

C
1
1

-0.2

0

0.2
C

1
2

-0.1

-0.05

0

C
1
3

-0.5

0

0.5

C
2
1

0

10

20

C
2
2

10
-3

0

5

10

C
2
3

10
-3

0° 180° 360°
-0.1

-0.05

0

C
3
1

0° 180° 360°

-0.01

0

0.01

C
3
2

0° 180° 360°
0

2

4

C
3
3

10
-3

 = 0

 = 1

 = 2

 = 3

Figure 5.8: Flap-lag-torsion damping matrix (C), νβ = 1, νζ = 0.3, νθ = 5/rev, γ = 6,
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of nonlinear terms. Although reverse flow and unsteady aerodynamics were neglected, their

work provides some verification of the current model at low-µ and moderate thrust.

The present model’s flap, lag, and torsion damping values for a stiff-in-plane config-

uration are overlaid with their results in Figs. 5.10, 5.11, and 5.12. The three values of k

(0, 1, and 2) correspond to neglecting the nonlinear terms, linearizing the response, and

approximating the full nonlinear behavior, respectively.

The rigid flap and torsion results are fairly close to the linearized first modes of

the elastic analysis; the second modes not captured by the current work are less damped,

but only have a small or zero stability degradation with increasing µ. Note that the flap

damping “split” above µ = 0.3 corresponds to frequency locking.

The first lag mode also follows their results for k = 0. However, lag was found to

be very sensitive to nonlinear terms, as was previously acknowledged in Ref. 76. The

subsequent lag damping results for stiff-in-plane blades might be even more unstable at

high-µ; the influence of different trim settings and reverse flow could temper or aggravate

this concern. It should be noted that the soft-in-plane results did not have the same

nonlinear lag instability trend.

A similar verification with Panda and Chopra’s FEM flap-lag-torsion stability analysis

(Ref. 75) is shown in Fig. 5.13. The coupled lag stability results are obviously very similar

for the rigid cases due to similar assumptions, and the present model is also close to the

stability of the elastic the soft-in-plane blade. The decreasing lag damping trend of the

stiff-in-plane blade is again only captured by the elastic model.
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Figure 5.10: Comparison of coupled flap stability model with multimodal nonlinear forward
flight analysis of stiff-in-plane hingeless rotor, quasisteady aero., propulsive trim.
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Figure 5.11: Comparison of coupled lag stability model with multimodal nonlinear forward
flight analysis of stiff-in-plane hingeless rotor, quasisteady aero., propulsive trim.
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Figure 5.12: Comparison of coupled torsion stability model with multimodal nonlinear
forward flight analysis of stiff-in-plane hingeless rotor, quasisteady aero., propulsive trim.
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Figure 5.13: Comparison of coupled lag stability model with elastic FEM forward flight
analysis of soft and stiff-in-plane hingeless rotors, dynamic inflow, propulsive trim.
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5.6 Parametric Evaluation of Coupled Flap-Lag-Torsion Damping

Next, flap-lag-torsion stability will be analyzed with respect to a wide range of pa-

rameters for advance ratios between 0 and 3. As in Chapter 4, lap and lag frequencies are

varied between 1 to 1.5 and 0.1 to 2, respectively, to produce νζ vs. νβ stability maps.

Torsion frequencies are fixed at 5, 10, and 15 per rev. The latter stiff-in-torsion case pro-

vides similar results to the flap-lag analysis. Blade loading is set to 0.04 and aft shaft tilt is

trimmed to minimize coning at thrust reversal. Figs. 5.14 through 5.19 show the unstable

regions for µ = 0.6 and above.

Many conclusions about rotor configuration can be gleaned from these damping con-

tour plots. In general, soft in plane lag frequencies close to 0.5 per rev are unstable, and

a torsion frequency around 5 per rev is not stiff enough for high advance ratios. Attempt-

ing to increase blade loading in the onset of the thrust reversal region, especially between

µ = 0.8 and 1, can lead to instability for many rotor configurations, in addition to the blade

stall issues noted in the earlier trim discussion. The multi-axis stiffness a hingeless rotor,

which can be conservatively approximated with the upper right corner of the νθ = 9.9 per

rev plots, appears to have a wide range of stable thrust and speed regimes.

5.7 Eigenvalue Trajectory Analysis

The automated sorting process to assign the eigenvalues to each degree of freedom as

described in Chapters 2 and 4 is applied. Without eliminating any root combinations, there

are a maximum of 6! = 720 permutations at each point for the flap-lag-torsion problem,
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Figure 5.14: Flap-lag-torsion stability map (νζ vs. νβ), νθ = 5/rev, γ = 6, CT/σ = 0.04,
C(k) = 1, µ = 0.6 to 1.
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Figure 5.15: Flap-lag-torsion stability map (νζ vs. νβ), νθ = 5/rev, γ = 6, CT/σ = 0.04,
C(k) = 1, µ = 1.1.
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Figure 5.16: Flap-lag-torsion stability map (νζ vs. νβ), νθ = 10/rev, γ = 6, CT/σ = 0.04,
C(k) = 1, µ = 0.6 to 1.
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Figure 5.17: Flap-lag-torsion stability map (νζ vs. νβ), νθ = 10/rev, γ = 6, CT/σ = 0.04,
C(k) = 1, µ = 1.1 to 1.4.
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Figure 5.18: Flap-lag-torsion stability map (νζ vs. νβ), νθ = 10/rev, γ = 6, CT/σ = 0.04,
C(k) = 1, µ = 0.6 to 1.
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Figure 5.19: Flap-lag-torsion stability map (νζ vs. νβ), νθ = 15/rev, γ = 6, CT/σ = 0.04,
C(k) = 1, µ = 1.2 to 1.8.
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which increases computation time significantly compared to the 4! = 24 combinations

of F-T and F-L. Applying the eigenvalue pairing rules from Chapter 4 can reduce the

number of necessary trial combinations. However, when multiple degrees of freedom become

frequency locked, this approach becomes less effective because the roots may share principal

frequencies.

Attempting to mitigate this issue by reducing the number of integration steps can

lead to numerical instability, or poorly capturing frequency content when FFTs are applied.

Increasing the parameter step size when projecting the trajectories from the time-invariant

case can lead to incorrect root attribution when multiple parametric resonance branches

occur in the same window. The following results utilize 120 time steps per revolution and

∆µ = 0.01.

A comparison of the root sorting algorithm with the default MATLAB eig ordering

is shown in Fig. 5.20. In this stiff-in-plane hingeless rotor example, due to the numerical

instability of the highly physically damped T2 root, the eigenvalues have their first incom-

patible solution at µ = 1.57, and the sorting algorithm is only utilized until that point.

Regardless, the system becomes unstable at much lower advance ratios: both L1 and L2

are briefly unstable for µ = 0.99 to 1.02, and F2 is unstable for µ > 1.03 (this will be more

apparent from the eigenvalue plots shown later).

For low torsion frequencies (soft-in-pitch), there are more cases of multi-axis paramet-

ric resonance, root locus crossings (s-plane overlaps), and numerical instability occurring

at lower advance ratios. As will be shown, it can be difficult to ascertain whether flap or

torsion becomes unstable at certain branching points without decreasing ∆µ and increasing

computational cost.
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As in in the flap-lag discussion, four rotor configuration cases will be explored for

γ = 6, CT/σ = 0.04, and αs trimmed aft (≈ −2.7°) to minimize flapping at thrust reversal.

Now the torsion degree of freedom is added, with a rotating natural frequency of νθ = 5/rev.

1. Articulated rotor, very soft-in-plane: νβ = 1, νζ = 0.3/rev (Figs. 5.21 through 5.39).

2. Articulated rotor, soft-in-plane: νβ = 1, νζ = 0.7/rev (Figs. 5.40 through 5.58).

3. Hingeless rotor, soft-in-plane: νβ = 1.15, νζ = 0.7/rev (Figs. 5.59 through 5.74).

4. Hingeless rotor, stiff-in-plane: νβ = 1.15, νζ = 1.4/rev (Figs. 5.75 through 5.93).

5.8 Flap-Lag-Torsion Stability Conclusions

The torsion degree of freedom should not be neglected in the analysis of rotors oper-

ating at high advance ratios, even for those that are stiff in pitch. Including reverse flow

and unsteady aerodynamics is essential to correctly model torsion and its coupling with

flap and lag. Dynamic inflow does not have as significant of an impact on stability. Based

on previous studies of elastic blades, the present rigid model may under-predict higher

harmonic instabilities for stiff-in-plane blades.

The assessed soft-in-torsion articulated and hingeless rotor configurations entered into

double parametric resonance (pitch-flap instability) at just above µ = 1 and became unsta-

ble. Although a flap root appears to become the most unstable, it is difficult to numerically

differentiate between the flap and torsion motion. All axes appear to resonate at a half-

integer per revolution close to the torsion frequency during this parametric excitation. The

262



Figure 5.21: Flap-lag damping, trim, blade stall, and numerical stability, very soft-in-plane
articulated rotor, νβ = 1, νζ = 0.3, νθ = 5/rev, γ = 6, CT/σ = 0.04, αs = −2.72°, C(k) = 1.

263



Figure 5.22: Flap-lag-torsion characteristic multipliers, very soft-in-plane articulated rotor,
νβ = 1, νζ = 0.3, νθ = 5/rev, γ = 6, CT/σ = 0.04, αs = −2.72°, C(k) = 1, µ = 0 to 0.8.
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Figure 5.23: Flap-lag-torsion characteristic multipliers, very soft-in-plane articulated rotor,
νβ = 1, νζ = 0.3, νθ = 5/rev, γ = 6, CT/σ = 0.04, αs = −2.72°, C(k) = 1, µ = 0.8 to 1.6.
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Figure 5.24: Flap-lag-torsion characteristic multipliers, F1, F2, T1, and T2 roots, very soft-
in-plane articulated rotor, νβ = 1, νζ = 0.3, νθ = 5/rev, γ = 6, CT/σ = 0.04, αs = −2.72°,
C(k) = 1, µ = 0 to 0.8.
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Figure 5.25: Flap-lag-torsion characteristic multipliers, F1, F2, T1, and T2 roots, very soft-
in-plane articulated rotor, νβ = 1, νζ = 0.3, νθ = 5/rev, γ = 6, CT/σ = 0.04, αs = −2.72°,
C(k) = 1, µ = 0.8 to 1.6.
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Figure 5.26: Flap-lag-torsion characteristic multipliers, L1 root, very soft-in-plane articu-
lated rotor, νβ = 1, νζ = 0.3, νθ = 5/rev, γ = 6, CT/σ = 0.04, αs = −2.72°, C(k) = 1,
µ = 0 to 0.8.
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Figure 5.27: Flap-lag-torsion characteristic multipliers, L1 root, very soft-in-plane articu-
lated rotor, νβ = 1, νζ = 0.3, νθ = 5/rev, γ = 6, CT/σ = 0.04, αs = −2.72°, C(k) = 1,
µ = 0.8 to 1.6.
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Figure 5.28: Flap-lag-torsion characteristic multipliers, L2 root, very soft-in-plane articu-
lated rotor, νβ = 1, νζ = 0.3, νθ = 5/rev, γ = 6, CT/σ = 0.04, αs = −2.72°, C(k) = 1,
µ = 0 to 0.8.
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Figure 5.29: Flap-lag-torsion characteristic multipliers, L2 root, very soft-in-plane articu-
lated rotor, νβ = 1, νζ = 0.3, νθ = 5/rev, γ = 6, CT/σ = 0.04, αs = −2.72°, C(k) = 1,
µ = 0.8 to 1.6.
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Figure 5.30: Flap-lag-torsion root locus, very soft-in-plane articulated rotor, νβ = 1, νζ =
0.3, νθ = 5/rev, γ = 6, CT/σ = 0.04, αs = −2.72°, C(k) = 1, µ = 0 to 0.8.
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Figure 5.31: Flap-lag-torsion root locus, very soft-in-plane articulated rotor, νβ = 1, νζ =
0.3, νθ = 5/rev, γ = 6, CT/σ = 0.04, αs = −2.72°, C(k) = 1, µ = 0.8 to 1.6.
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Figure 5.32: Flap-lag-torsion root locus, F1 root, very soft-in-plane articulated rotor, νβ =
1, νζ = 0.3, νθ = 5/rev, γ = 6, CT/σ = 0.04, αs = −2.72°, C(k) = 1, µ = 0 to 0.8.
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Figure 5.33: Flap-lag-torsion root locus, F2 root, very soft-in-plane articulated rotor, νβ =
1, νζ = 0.3, νθ = 5/rev, γ = 6, CT/σ = 0.04, αs = −2.72°, C(k) = 1, µ = 0 to 0.8.
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Figure 5.34: Flap-lag-torsion root locus, T1 root, very soft-in-plane articulated rotor, νβ =
1, νζ = 0.3, νθ = 5/rev, γ = 6, CT/σ = 0.04, αs = −2.72°, C(k) = 1, µ = 0 to 0.8.
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Figure 5.35: Flap-lag-torsion root locus, T2 root, very soft-in-plane articulated rotor, νβ =
1, νζ = 0.3, νθ = 5/rev, γ = 6, CT/σ = 0.04, αs = −2.72°, C(k) = 1, µ = 0 to 0.8.
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Figure 5.36: Flap-lag-torsion root locus, L1 root, very soft-in-plane articulated rotor, νβ =
1, νζ = 0.3, νθ = 5/rev, γ = 6, CT/σ = 0.04, αs = −2.72°, C(k) = 1, µ = 0 to 0.8.
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Figure 5.37: Flap-lag-torsion root locus, L2 root, very soft-in-plane articulated rotor, νβ =
1, νζ = 0.3, νθ = 5/rev, γ = 6, CT/σ = 0.04, αs = −2.72°, C(k) = 1, µ = 0 to 0.8.

279



Figure 5.38: Flap-lag-torsion root locus, F1, L1, and T1 roots, very soft-in-plane articulated
rotor, νβ = 1, νζ = 0.3, νθ = 5/rev, γ = 6, CT/σ = 0.04, αs = −2.72°, C(k) = 1, C(k) = 1,
µ = 0.8 to 1.6.
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Figure 5.39: Flap-lag-torsion root locus, F2, L2, and T2 roots, very soft-in-plane articulated
rotor, νβ = 1, νζ = 0.3, νθ = 5/rev, γ = 6, CT/σ = 0.04, αs = −2.72°, C(k) = 1, µ = 0.8
to 1.6.
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Figure 5.40: Flap-lag-torsion damping, trim, blade stall, and numerical stability, soft-in-
plane articulated rotor, νβ = 1, νζ = 0.7, νθ = 5/rev, γ = 6, CT/σ = 0.04, αs = −2.72°,
C(k) = 1.
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Figure 5.41: Flap-lag-torsion characteristic multipliers, soft-in-plane articulated rotor, νβ =
1, νζ = 0.7, νθ = 5/rev, γ = 6, CT/σ = 0.04, αs = −2.72°, C(k) = 1, µ = 0 to 0.8.
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Figure 5.42: Flap-lag-torsion characteristic multipliers, soft-in-plane articulated rotor, νβ =
1, νζ = 0.7, νθ = 5/rev, γ = 6, CT/σ = 0.04, αs = −2.72°, C(k) = 1, µ = 0.8 to 1.58.
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Figure 5.43: Flap-lag-torsion characteristic multipliers, F1, F2, T1, and T2 roots, soft-in-
plane articulated rotor, νβ = 1, νζ = 0.7, νθ = 5/rev, γ = 6, CT/σ = 0.04, αs = −2.72°,
C(k) = 1, µ = 0 to 0.8.
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Figure 5.44: Flap-lag-torsion characteristic multipliers, F1, F2, T1, and T2 roots, soft-in-
plane articulated rotor, νβ = 1, νζ = 0.7, νθ = 5/rev, γ = 6, CT/σ = 0.04, αs = −2.72°,
C(k) = 1, µ = 0.8 to 1.58.
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Figure 5.45: Flap-lag-torsion characteristic multipliers, L1 root, soft-in-plane articulated
rotor, νβ = 1, νζ = 0.7, νθ = 5/rev, γ = 6, CT/σ = 0.04, αs = −2.72°, C(k) = 1, µ = 0 to
0.8.
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Figure 5.46: Flap-lag-torsion characteristic multipliers, L1 root, soft-in-plane articulated
rotor, νβ = 1, νζ = 0.7, νθ = 5/rev, γ = 6, CT/σ = 0.04, αs = −2.72°, C(k) = 1, µ = 0.8
to 1.58.
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Figure 5.47: Flap-lag-torsion characteristic multipliers, L2 root, soft-in-plane articulated
rotor, νβ = 1, νζ = 0.7, νθ = 5/rev, γ = 6, CT/σ = 0.04, αs = −2.72°, C(k) = 1, µ = 0 to
0.8.
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Figure 5.48: Flap-lag-torsion characteristic multipliers, L2 root, soft-in-plane articulated
rotor, νβ = 1, νζ = 0.7, νθ = 5/rev, γ = 6, CT/σ = 0.04, αs = −2.72°, C(k) = 1, µ = 0.8
to 1.58.
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Figure 5.49: Flap-lag-torsion root locus,soft-in-plane articulated rotor, νβ = 1, νζ = 0.7,
νθ = 5/rev, γ = 6, CT/σ = 0.04, αs = −2.72°, C(k) = 1, µ = 0 to 0.8.
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Figure 5.50: Flap-lag-torsion root locus,soft-in-plane articulated rotor, νβ = 1, νζ = 0.7,
νθ = 5/rev, γ = 6, CT/σ = 0.04, αs = −2.72°, C(k) = 1, µ = 0.8 to 1.58.
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Figure 5.51: Flap-lag-torsion root locus, F1 root, soft-in-plane articulated rotor, νβ = 1,
νζ = 0.7, νθ = 5/rev, γ = 6, CT/σ = 0.04, αs = −2.72°, C(k) = 1, µ = 0 to 0.8.
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Figure 5.52: Flap-lag-torsion root locus, F2 root, soft-in-plane articulated rotor, νβ = 1,
νζ = 0.7, νθ = 5/rev, γ = 6, CT/σ = 0.04, αs = −2.72°, C(k) = 1, µ = 0 to 0.8.
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Figure 5.53: Flap-lag-torsion root locus, T1 root, soft-in-plane articulated rotor, νβ = 1,
νζ = 0.7, νθ = 5/rev, γ = 6, CT/σ = 0.04, αs = −2.72°, C(k) = 1, µ = 0 to 0.8.

295



Figure 5.54: Flap-lag-torsion root locus, T2 root, soft-in-plane articulated rotor, νβ = 1,
νζ = 0.7, νθ = 5/rev, γ = 6, CT/σ = 0.04, αs = −2.72°, C(k) = 1, µ = 0 to 0.8.
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Figure 5.55: Flap-lag-torsion root locus, L1 root, soft-in-plane articulated rotor, νβ = 1,
νζ = 0.7, νθ = 5/rev, γ = 6, CT/σ = 0.04, αs = −2.72°, C(k) = 1, µ = 0 to 0.8.
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Figure 5.56: Flap-lag-torsion root locus, L2 root, soft-in-plane articulated rotor, νβ = 1,
νζ = 0.7, νθ = 5/rev, γ = 6, CT/σ = 0.04, αs = −2.72°, C(k) = 1, µ = 0 to 0.8.

298



Figure 5.57: Flap-lag-torsion root locus, F1, L1, and T1 roots, soft-in-plane articulated
rotor, νβ = 1, νζ = 0.7, νθ = 5/rev, γ = 6, CT/σ = 0.04, αs = −2.72°, C(k) = 1, C(k) = 1,
µ = 0.8 to 1.58.

299



Figure 5.58: Flap-lag-torsion root locus, F2, L2, and T2 roots, soft-in-plane articulated
rotor, νβ = 1, νζ = 0.7, νθ = 5/rev, γ = 6, CT/σ = 0.04, αs = −2.72°, C(k) = 1, µ = 0.8
to 1.58.
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Figure 5.59: Flap-lag-torsion damping, trim, blade stall, and numerical stability, soft-in-
plane hingeless rotor, νβ = 1.15, νζ = 0.7, νθ = 5/rev, γ = 6, CT/σ = 0.04, αs = −2.69°,
C(k) = 1.

301



Figure 5.60: Flap-lag-torsion characteristic multipliers, soft-in-plane hingeless rotor, νβ =
1.15, νζ = 0.7, νθ = 5/rev, γ = 6, CT/σ = 0.04, αs = −2.69°, C(k) = 1, µ = 0 to 0.8.
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Figure 5.61: Flap-lag-torsion characteristic multipliers, soft-in-plane hingeless rotor, νβ =
1.15, νζ = 0.7, νθ = 5/rev, γ = 6, CT/σ = 0.04, αs = −2.69°, C(k) = 1, µ = 0.8 to 1.6.
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Figure 5.62: Flap-lag-torsion characteristic multipliers, F1, F2, T1, and T2 roots, soft-in-
plane hingeless rotor, νβ = 1.15, νζ = 0.7, νθ = 5/rev, γ = 6, CT/σ = 0.04, αs = −2.69°,
C(k) = 1, µ = 0 to 0.8.

304



Figure 5.63: Flap-lag-torsion characteristic multipliers, F1, F2, T1, and T2 roots, soft-in-
plane hingeless rotor, νβ = 1.15, νζ = 0.7, νθ = 5/rev, γ = 6, CT/σ = 0.04, αs = −2.69°,
C(k) = 1, µ = 0.8 to 1.6.
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Figure 5.64: Flap-lag-torsion characteristic multipliers, L1 root, soft-in-plane hingeless
rotor, νβ = 1.15, νζ = 0.7, νθ = 5/rev, γ = 6, CT/σ = 0.04, αs = −2.69°, C(k) = 1, µ = 0
to 0.8.
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Figure 5.65: Flap-lag-torsion characteristic multipliers, L1 root, soft-in-plane hingeless
rotor, νβ = 1.15, νζ = 0.7, νθ = 5/rev, γ = 6, CT/σ = 0.04, αs = −2.69°, C(k) = 1, µ = 0.8
to 1.6.
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Figure 5.66: Flap-lag-torsion characteristic multipliers, L2 root, soft-in-plane hingeless
rotor, νβ = 1.15, νζ = 0.7, νθ = 5/rev, γ = 6, CT/σ = 0.04, αs = −2.69°, C(k) = 1, µ = 0
to 0.8.
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Figure 5.67: Flap-lag-torsion characteristic multipliers, L2 root, soft-in-plane hingeless
rotor, νβ = 1.15, νζ = 0.7, νθ = 5/rev, γ = 6, CT/σ = 0.04, αs = −2.69°, C(k) = 1, µ = 0.8
to 1.6.
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Figure 5.68: Flap-lag-torsion root locus,soft-in-plane hingeless rotor, νβ = 1.15, νζ = 0.7,
νθ = 5/rev, γ = 6, CT/σ = 0.04, αs = −2.69°, C(k) = 1, µ = 0 to 0.8.
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Figure 5.69: Flap-lag-torsion root locus,soft-in-plane hingeless rotor, νβ = 1.15, νζ = 0.7,
νθ = 5/rev, γ = 6, CT/σ = 0.04, αs = −2.69°, C(k) = 1, µ = 0.8 to 1.6.
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Figure 5.70: Flap-lag-torsion root locus, F1 and T1 roots, soft-in-plane hingeless rotor,
νβ = 1.15, νζ = 0.7, νθ = 5/rev, γ = 6, CT/σ = 0.04, αs = −2.69°, C(k) = 1, µ = 0 to 0.8.

312



Figure 5.71: Flap-lag-torsion root locus, F2 and T2 roots, soft-in-plane hingeless rotor,
νβ = 1.15, νζ = 0.7, νθ = 5/rev, γ = 6, CT/σ = 0.04, αs = −2.69°, C(k) = 1, µ = 0 to 0.8.
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Figure 5.72: Flap-lag-torsion root locus, L1 and L2 roots, soft-in-plane hingeless rotor,
νβ = 1.15, νζ = 0.7, νθ = 5/rev, γ = 6, CT/σ = 0.04, αs = −2.69°, C(k) = 1, µ = 0 to 0.8.
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Figure 5.73: Flap-lag-torsion root locus, F1, L1, and T1 roots, soft-in-plane hingeless rotor,
νβ = 1.15, νζ = 0.7, νθ = 5/rev, γ = 6, CT/σ = 0.04, αs = −2.69°, C(k) = 1, C(k) = 1,
µ = 0.8 to 1.6.
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Figure 5.74: Flap-lag-torsion root locus, F2, L2, and T2 roots, soft-in-plane hingeless rotor,
νβ = 1.15, νζ = 0.7, νθ = 5/rev, γ = 6, CT/σ = 0.04, αs = −2.69°, C(k) = 1, µ = 0.8 to
1.6.
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Figure 5.75: Flap-lag-torsion damping, trim, blade stall, and numerical stability, stiff-in-
plane hingeless rotor, νβ = 1.15, νζ = 1.4, νθ = 5/rev, γ = 6, CT/σ = 0.04, αs = −2.69°,
C(k) = 1.
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Figure 5.76: Flap-lag-torsion characteristic multipliers, stiff-in-plane hingeless rotor, νβ =
1.15, νζ = 1.4, νθ = 5/rev, γ = 6, CT/σ = 0.04, αs = −2.69°, C(k) = 1, µ = 0 to 0.8.
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Figure 5.77: Flap-lag-torsion characteristic multipliers, stiff-in-plane hingeless rotor, νβ =
1.15, νζ = 1.4, νθ = 5/rev, γ = 6, CT/σ = 0.04, αs = −2.69°, C(k) = 1, µ = 0.8 to 1.58.
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Figure 5.78: Flap-lag-torsion characteristic multipliers, F1, F2, T1, and T2 roots, stiff-in-
plane hingeless rotor, νβ = 1.15, νζ = 1.4, νθ = 5/rev, γ = 6, CT/σ = 0.04, αs = −2.69°,
C(k) = 1, µ = 0 to 0.8.
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Figure 5.79: Flap-lag-torsion characteristic multipliers, F1, F2, T1, and T2 roots, stiff-in-
plane hingeless rotor, νβ = 1.15, νζ = 1.4, νθ = 5/rev, γ = 6, CT/σ = 0.04, αs = −2.69°,
C(k) = 1, µ = 0.8 to 1.58.
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Figure 5.80: Flap-lag-torsion characteristic multipliers, L1 root, stiff-in-plane hingeless
rotor, νβ = 1.15, νζ = 1.4, νθ = 5/rev, γ = 6, CT/σ = 0.04, αs = −2.69°, C(k) = 1, µ = 0
to 0.8.
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Figure 5.81: Flap-lag-torsion characteristic multipliers, L1 root, stiff-in-plane hingeless
rotor, νβ = 1.15, νζ = 1.4, νθ = 5/rev, γ = 6, CT/σ = 0.04, αs = −2.69°, C(k) = 1, µ = 0.8
to 1.58.
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Figure 5.82: Flap-lag-torsion characteristic multipliers, L2 root, stiff-in-plane hingeless
rotor, νβ = 1.15, νζ = 1.4, νθ = 5/rev, γ = 6, CT/σ = 0.04, αs = −2.69°, C(k) = 1, µ = 0
to 0.8.
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Figure 5.83: Flap-lag-torsion characteristic multipliers, L2 root, stiff-in-plane hingeless
rotor, νβ = 1.15, νζ = 1.4, νθ = 5/rev, γ = 6, CT/σ = 0.04, αs = −2.69°, C(k) = 1, µ = 0.8
to 1.58.
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Figure 5.84: Flap-lag-torsion root locus, stiff-in-plane hingeless rotor, νβ = 1.15, νζ = 1.4,
νθ = 5/rev, γ = 6, CT/σ = 0.04, αs = −2.69°, C(k) = 1, µ = 0 to 0.8.
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Figure 5.85: Flap-lag-torsion root locus, stiff-in-plane hingeless rotor, νβ = 1.15, νζ = 1.4,
νθ = 5/rev, γ = 6, CT/σ = 0.04, αs = −2.69°, C(k) = 1, µ = 0.8 to 1.58.
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Figure 5.86: Flap-lag-torsion root locus, F1 root, stiff-in-plane hingeless rotor, νβ = 1.15,
νζ = 1.4, νθ = 5/rev, γ = 6, CT/σ = 0.04, αs = −2.69°, C(k) = 1, µ = 0 to 0.8.
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Figure 5.87: Flap-lag-torsion root locus, F2 root, stiff-in-plane hingeless rotor, νβ = 1.15,
νζ = 1.4, νθ = 5/rev, γ = 6, CT/σ = 0.04, αs = −2.69°, C(k) = 1, µ = 0 to 0.8.
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Figure 5.88: Flap-lag-torsion root locus, L1 root, stiff-in-plane hingeless rotor, νβ = 1.15,
νζ = 1.4, νθ = 5/rev, γ = 6, CT/σ = 0.04, αs = −2.69°, C(k) = 1, µ = 0 to 0.8.
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Figure 5.89: Flap-lag-torsion root locus, L2 root, stiff-in-plane hingeless rotor, νβ = 1.15,
νζ = 1.4, νθ = 5/rev, γ = 6, CT/σ = 0.04, αs = −2.69°, C(k) = 1, µ = 0 to 0.8.
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Figure 5.90: Flap-lag-torsion root locus, T1 root, stiff-in-plane hingeless rotor, νβ = 1.15,
νζ = 1.4, νθ = 5/rev, γ = 6, CT/σ = 0.04, αs = −2.69°, C(k) = 1, µ = 0 to 0.8.
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Figure 5.91: Flap-lag-torsion root locus, T2 root, stiff-in-plane hingeless rotor, νβ = 1.15,
νζ = 1.4, νθ = 5/rev, γ = 6, CT/σ = 0.04, αs = −2.69°, C(k) = 1, µ = 0 to 0.8.
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Figure 5.92: Flap-lag-torsion root locus, F1, L1, and T1 roots, stiff-in-plane hingeless rotor,
νβ = 1.15, νζ = 1.4, νθ = 5/rev, γ = 6, CT/σ = 0.04, αs = −2.69°, C(k) = 1, C(k) = 1,
µ = 0.8 to 1.58.
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Figure 5.93: Flap-lag-torsion root locus, F2, L2, and T2 roots, stiff-in-plane hingeless rotor,
νβ = 1.15, νζ = 1.4, νθ = 5/rev, γ = 6, CT/σ = 0.04, αs = −2.69°, C(k) = 1, µ = 0.8 to
1.58.
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very soft-in-plane articulated rotor also briefly encountered conventional (non-resonant) lag

instability at this point.

The stability maps predict that only rotors that are very stiff in all axes can operate

near µ = 2 with light blade loadings and an aft shaft tilt. An edgewise rotor operating at

a zero-thrust condition could also theoretically approach the higher µ stability limit of the

flap-only case. As was seen in the flap-lag stability investigation, this also assumes that

the rotor is properly trimmed when transitioning through the thrust reversal region.

Although the derivations were provided for center of gravity and aerodynamic center

offsets, no studies were performed regarding the influence of these terms besides accounting

for the shifting center of lift during reverse flow. Nevertheless, the capability for evaluating

these effects exists in the present model and computer code, and is one of many other

parametric studies that can be performed.
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Chapter 6: Conclusions and Future Work

6.1 Summary of Stability Studies

This work has demonstrated new a approach to modeling and evaluating blade stabil-

ity in the rotating frame at high advance ratios. While blades that have low flap, lag, and

torsion frequencies may not be able to exceed µ = 1, stiffer configurations could approach

µ = 2 and beyond. The trim and stability results compared favorably to past experiments

and analyses, with modeling extended to µ = 3 and numerous combinations of parameters.

The flap stability maps matched previous results from the literature, showing that

positive pitch-flap coupling and teetering rotor configurations were the most stable gener-

ally. Normal articulated and hingeless rotor configurations would lose flap stability around

µ = 2.3. There exist configurations that have theoretical flap stability past µ = 3, but in all

cases it is difficult to avoid 1/2 or 1 per/rev parametric resonance regions. During the root

locus analysis, it was found that when this resonance is encountered, the frequency locking

phenomenon not only drives one of the roots towards instability, but due to the distribu-

tion of modal participation factors over positive and negative frequencies, the associated

eigenvalues are not truly progressive or regressive.

A major issue with flap trim at high speed is how to maintain control through thrust

reversal, which peaks near µ = 0.85. To minimize flight control divergence, blade stall, and
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aeroelastic instability, the best solution is either a carefully trimmed aft shaft tilt based

on the desired blade loading, or to have a level rotor with zero thrust. For most of the

analyses in this work, the former approach is used.

Due to the Coriolis terms, lag stability is very sensitive to the trim solution. As

expected, avoiding 0.5/rev and 1/rev multiples for the lag natural frequency was beneficial

for stability. In general, blades that are stiff in all axes seem to have better stability

characteristics as µ-increases. For soft-in-plane articulated and hingeless rotors in the low

thrust, aft shaft tilt configuration, lag instability occurs prior to flap instability, near µ =

1.8. The very soft-in-plane articulated rotor can maintain lag stability until flap becomes

unstable, and the stiff-in-plane hingeless blade is stable in this configuration through µ = 3.

It was observed that lag became conventionally unstable (without frequency locking) in

these cases.

The influence of the torsion degree of freedom at high advance ratios was significant,

even for blades that are stiff in pitch. The reverse flow and unsteady aerodynamics effects

were important. Soft-in-pitch rotor blades were observed to encounter an all-axis paramet-

ric resonance near the torsion frequency when approaching µ = 1. It appears that torsion

drives the flap motion towards instability, though the root trajectory analysis is difficult

during this parametric excitation which causes the eigenvalues to coalesce in both damping

and frequency. Blades with torsional frequencies above 10/rev can maintain stability near

µ = 1.45. The stability maps showed that very torsionally stiff blades (> 15/rev) could

approach µ = 2, but both flap and lag would need correspondingly high rotating natural

frequencies as well.
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6.2 Novel Developments

This work has expanded coupled flap-lag-torsion stability analysis to much higher

advance ratios than previous analyses. This was accomplished using a hybrid symbolic-

numerical approach to derive the linearized flap-lag-torsion perturbation equations and

solve for stability using Floquet theory. Essential terms were considered, such as reverse flow

and unsteady aerodynamics. Although the aerodynamics were limited to linear modeling,

the blade stall solver provided a constraint to limit analyses to suitable conditions.

Root tracking was provided by a novel algorithm incorporating eigenvector motion

analysis. In addition to providing a mechanism to automatically attribute eigenvalues to a

degree of freedom, this provided insights into root behavior during frequency locking and

parametric resonance. The types of high-µ root loci in this work have never been presented

before.

A new method to determine the numerical stability of the numerical integration was

also found. By analyzing the motion of the modal waveforms over two revolutions, the

resultant dissipation and phase error were determined, which allowed for better conclusions

regarding the physical stability of the coupled system.

6.3 Future Research

There are many ways to improve the existing analysis and computer code. The first

is probably elastic blade (mode shape) analysis through FEM or another approach. It is

noted that the present rigid blade model has a demonstrated limitation when modeling lag
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stability for stiff-in-plane blades. Ironically, such configurations were shown to have the

best stability at high advance ratios.

Other improvements could include airfoil tables to include Mach and Reynolds number

corrections, wake modeling, hub motion, and blade differences. The present method can

provide initial conditions for comprehensive code analyses. Some of the routines and code

used this work may be used to improve the stability functions and libraries within UMARC.

The eigenvalue trajectory analysis and sorting algorithm developed in this work is

promising, but more investigation is needed to assess its efficacy and improve its perfor-

mance during multi-axis parametric resonance.

The parametric analyses presented in this work can be used as predictions of the

damping ratios and frequency responses of model rotors operating at high advance ratios.

It is hoped that these results will provide risk reduction and a theoretical foundation for

high-µ wind tunnel stability testing and the eventual design of revolutionary high speed

rotorcraft.
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Appendix A: High-µ Flap Trim Validation

A.1 Articulated Rotor Trim Validation

The linear trim model used in this work is compared to past high advance ratio

experiments of articulated rotors. The first is Jenkins’ 1965 tests up µ = 1.45 with varying

shaft tilts (Ref. 35), shown in Figs. A.1, Figs. A.2, and Figs. A.3. There is an under-

prediction of blade loading, but the trim results are otherwise fairly close to the present

work.

The model in this work is also compared to tbe University of Maryland’s high-µ

articulated rotor wind tunnel experiments conducted by Bowen-Davies and Chopra in Ref.

91. Trimmed collective and cyclic control positions are presented in Figs. A.4 through

A.13 up to an advance ratio of 1.20. The present linear model’s trends compare favorably

with both the test data and the UMARC comprehensive code. There is a trend of slightly

under-predicting blade loading and cyclic values for given collective settings, a deviation

shared with the more sophisticated UMARC.
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Figure A.1: Trim comparison with NASA high-µ articulated rotor tests, blade loading vs.
collective, µ = 1.45, αs = 0.

342



-1 0 1 2 3 4 5 6

Collective Pitch, 
0
 (deg)

-15

-10

-5

0

5

10

L
a
te

ra
l 
C

y
c
li
c
 P

it
c
h

, 
1
c
 (

d
e
g

)

Linear Model

Test Data

Figure A.2: Trim comparison with NASA high-µ articulated rotor tests, lateral cyclic vs.
collective, µ = 1.45, αs = 0.
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Figure A.3: Trim comparison with NASA high-µ articulated rotor tests, longitudinal cyclic
vs. collective, µ = 1.45, αs = 0.
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Figure A.4: Trim omparison with UMD high-µ articulated rotor tests, blade loading vs.
collective, µ = 0.25.
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Figure A.5: Trim omparison with UMD high-µ articulated rotor tests, blade loading vs.
collective. µ = 0.41.
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Figure A.6: Trim omparison with UMD high-µ articulated rotor tests, blade loading vs.
collective, µ = 0.62.
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Figure A.7: Trim omparison with UMD high-µ articulated rotor tests, blade loading vs.
collective, µ = 0.83.
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Figure A.8: Trim omparison with UMD high-µ articulated rotor tests, blade loading vs.
collective, µ = 1.03.
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Figure A.9: Trim comparison with UMD high-µ articulated rotor tests, blade loading vs.
collective, µ = 1.20.
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Figure A.10: Trim comparison with UMD high-µ articulated rotor tests, lateral cyclic vs.
collective, low µ.
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Figure A.11: Trim comparison with UMD high-µ articulated rotor tests, lateral cyclic vs.
collective, high µ.
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Figure A.12: Trim comparison with UMD high-µ articulated rotor tests, longitudinal cyclic
vs. collective, low µ.
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Figure A.13: Trim comparison with UMD high-µ articulated rotor tests, longitudinal cyclic
vs. collective, high µ.
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Figure A.14: Trim comparison with UMD high-µ hingeless rotor tests, blade loading vs.
collective

A.2 Hingeless Rotor Trim Validation

The present model is compared with the UMD hingeless rotor wind tunnel tests

performed by Wang et al. Ref. 92 Trimmed flight control positions are also shown in

Figs. A.14 through valid A.16 up to µ = 0.7. The linear model tends to slightly over-

predict thrust and under-predict lateral cyclic for a given collective pitch.
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Figure A.15: Trim omparison with UMD high-µ hingeless rotor tests, lateral cyclic vs.
collective.

356



-5 0 5 10

Collective Pitch, 
0
 (deg)

-15

-10

-5

0

5

10

L
o

n
g

it
u

d
in

a
l 
C

y
c
li
c
 P

it
c
h

, 
1
s
 (

d
e
g

)

Figure A.16: Trim comparison with UMD high-µ hingeless rotor tests, longitudinal cyclic
vs. collective.
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Appendix B: Flap-Lag-Torsion Aerodynamic Forcing Moment Equations

The coupled damping and stiffness matrices are

C =


−γM∗

β
−2βT − γM∗

ζ
−γM∗

θ

2βT − γQ∗
β

2νζ0ζL − γQ∗
ζ

−2βT
∗
Ix − γQ∗

θ

−γT∗
β

2βT
∗
Ix − γT∗

ζ
2νθ0ζT

∗
If − γT∗

θ



K =


ν2β − γMβ −γMζ + Z −

∗
Ix − γMθ

2
∗
βT − γQβ + Z ν2ζ − γQζ −γQθ

−
∗
Ix − γTβ −γTζ

∗
Ifν

2
θ − γTθ



(B.1)

The periodic aerodynamic forcing moments contained in these matrices (M∗
β
, Tθ, etc.) are

derived for each flow region:

1. Region I, normal flow: The advancing side of the rotor, ψ ≤ 180°.

2. Region II, partial reverse flow: When µ < 1, the entire retreating side of the rotor

(ψ > 180°) is in partial reverse flow. When µ ≥ 1, there are two sub-regions: 180° <

ψ < 270° − cos−1(1/µ) and ψ > 270° + cos−1(1/µ).

3. Region III, complete reverse flow: When µ > 1, there is a section of the retreating side

where the entire blade is in reverse flow: 270°− cos−1(1/µ) ≥ ψ ≥ 270°+cos−1(1/µ).
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â
x
c
4
( 2
θ C

−
2
β
T
k
p
β
−
β̇
T

( c d̂ â
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Ĉ
(k
)
â
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Ĉ
(k
)
â
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Ĉ
(k
)
â
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â
µ
2
si
n
(ψ

)2
( µco

s
(ψ

)
( (θ C

−
β
T
k
p
β
)
(λ

+
β
T
µ
co
s
(ψ

))
+
2
c d̂ â
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Ĉ
(k
)
â
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â
(
c R
)
k
p
β
µ
3
(x̂

a c
)
si
n
(ψ

)3

6
a

−
Ĉ
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Ĉ
(k
)
â
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â
θ t
w

5
a

−
Ĉ
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Ĉ
(k
)
â
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Ĉ
(k
)
â
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Ĉ
(k
)
â
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â
x
c
4
( 2
β̇
T
−
θ C

+
β
T
k
p
β
−
µ
θ t
w
si
n
(ψ

))
8
a

+
Ĉ
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â
(
c R
)
θ t
w

( (x̂ a c
)
+

1 2

)
8
a

−
Ĉ
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Ĉ
(k
)
â
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â
(µ

co
s
(ψ

)
(2
λ
+
2
β
T
µ
co
s
(ψ

)
−
µ
si
n
(ψ

)
(θ
C
−
β
T
k
p
β
))
+
k
p
β
µ
si
n
(ψ

)
(λ

+
β
T
µ
co
s
(ψ

))
)

4
a

Ĉ
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â
x
c
3
( k

p
ζ

( λ
+
β
T
µ
co
s
(ψ

)
+
β̇
T
µ
si
n
(ψ

)) +
µ
co
s
(ψ

)
( 2c d̂ â
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Ĉ
(k
)
â
µ
si
n
(ψ

)
(λ

+
β
T
µ
co
s
(ψ

))

4
a

+
Ĉ
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â
(
c R
)
(x̂

a c
)

6
a

−
Ĉ
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â
(
c R
)2
(x̂

a c
)
( (x̂ a c

)
+

1 2

)
4
a

+
Ĉ
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Ĉ
(k
)
â
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Ĉ
(k
)
â
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