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In this dissertation, we study motion control problems in the framework of
systems on finite-dimensional Lie groups. Nonholonomic motion control prob-
lems are challenging because nonlinear controllability theory does not provide
an explicit procedure for constructing controls and linearization techniques, typ-
ically effective for nonlinear system analysis, fail to be useful. Our approach,
distinguished from previous motion control research, is to exploit the Lie group
framework since it provides a natural and mathematically rich setting for studying
nonholonomic systems. In particular, we use the framework to develop explicit,
structured formulas that describe system behavior and from these formulas we

derive a systematic way of synthesizing controls to achieve desired motion.

As our main tool we derive averaging theory for left-invariant systems on

finite-dimensional Lie groups. This theory provides basis-independent formulas



which approximate system behavior on the Lie group to arbitrarily high order in
e given small (¢) amplitude, periodically time-varying control inputs. We inter-
pret the average formulas geometrically and exploit this interpretation to prove
a constructive controllability theorem for the average system. The proof of this
theorem provides a constructive control synthesis methodology for drift-free sys-
tems which we use to derive algorithms which synthesize sinusoidal open-loop
controls. We apply the algorithms to several under-actuated mechanical control
problems including problems in spacecraft attitude control, unicycle motion con-
trol and autonomous underwater vehicle control. We illustrate the effectiveness
of the synthesized controls by simulation and experimentation. We show fur-
ther that as a consequence of the geometry inherited from the average formulas,
our algorithms can be used to produce motion controls that adapt to changes in

control authority such as loss of an actuator.

We also apply our theory to synthesize controls for bilinear control systems on
" possibly with drift. Our approach is to control the system state by controlling
the state transition matrix which evolves on a matrix Lie group. We design and
demonstrate a controller for an example system with drift, a simple switched -

electrical network.
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Chapter 1

Introduction

Lie groups provide both a natural and a mathematically rich setting for studying
a variety of motion control problems. For motion control problems involving
rotating and translating bodies, such as space systems, underwater vehicles or
mobile robots, the natural appearance of certain Lie groups derives from the fact
that these describe the system configuration space or a piece of it. For instance,
there is a one-to-one relationship between the matrix Lie group of rotations,
SO(3), and all possible orientations of a rigid body. This is not true for local
parametrizations such as Euler angles and quaternions. Further, the kinematics of
the rotating body can be described by a left (or right) invariant system on SO(3).
Left (or right) invariance implies that the kinematic description is independent of
how we choose to map orientations to elements in SO(3), i.e., which orientation

corresponds to the identity element of SO(3).

Subgroups of GL(n), the general linear Lie group, arise in a natural way in the
study of the state transition matrix of a time-varying linear system on R". For
example, consider a passive electrical network with ideal switches described by a

time-varying linear system of state equations. Suppose that energy is conserved



such that the state of the system evolves on an n-dimensional sphere (see Chap-
ter 6 for an example). Then the state transition matrix for the network naturally
evolves (“moves”) in the space of n-dimensional rotation matrices, i.e., the matrix
Lie group SO(n). This group is the “configuration” space of the state transition
matrix because it intrinsically incorporates “configurational” constraints, e.g.,

that the state transition matrix must be orthogonal.

During the second half of the nineteenth century, Sophus Lie introduced and
developed his ideas on continuous transformation groups that leave mathemat-
ical systems invariant (later named Lie groups). Lie’s focus was the theory of
differential equations [65, 51]. However, since then Lie groups have played an
important role in many diverse areas of mathematics and physics including dif-
ferential geometry, mechanics and particle physics. More recently, Lie groups

have found their way into the controls literature.

In his seminal work in the early 1970’s, Roger Brockett put the theory of
Lie groups and their associated Lie algebras into the context of nonlinear control
theory to express notions such as nonlinear controllability, observability and real-
ization theory for right-invariant systems evolving on matrix Lie groups [11]. Ju-
rdjevic and Sussmann further investigated the controllability properties of these
systems on abstract Lie groups [29]. One of the most important insights derived
from this work was the recognition that questions about these kinds of systems on
Lie groups can be reduced to questions about their associated Lie algebras. Since
Lie algebras are vector spaces whereas Lie groups are manifolds, this reduction

greatly simplifies the problem.

In this dissertation we study motion control problems in the abstract frame-



work of left (or right) invariant systems on finite-dimensional Lie groups. Our

main objectives are

1. To describe the solutions of these systems on Lie groups, i.e., to understand

the motion of these systems given certain types of input.

2. To derive from the solutions a systematic way of synthesizing controls to

achieve desired motion.

The Lie group framework is exploited to get coordinate-free descriptions of motion

and, consequently, generalized control synthesis algorithms.

The results of Brockett, Jurdjevic and Sussmann provide a simple test to de-
termine for a given motion control problem, expressed as a left (or right) invariant
system on a Lie group, whether or not there exists a control law that drives the
system from any initial point in the Lie group to any final point in the Lie group.
However, the test, which we refer to as the Lie algebra controllability rank con-
dition, by itself does not explicitly reveal the control law nor how the system
will move. Unlike the linear setting where the controllability Grammian yields
constructive controls, here the rank condition does not lead immediately to an
explicit procedure for constructing controls. Finding a control law that results in
the desired motion is referred to as the constructive controllability problem. This
problem is considered challenging because linearization techniques, highly effec-
tive in the analysis of nonlinear systems, fail to be useful. In fact, the linearized

system is generally not controllable.

We approach the constructive controllability problem and our main objectives
by considering small-amplitude, periodically time-varying controls and using av-

eraging theory as our main analysis tool. The primary motivation for motion



control based on small-amplitude periodic controls comes from nonlinear systems
theory and, in particular, from the theory of systems with nonholonomic con-
straints. However, the use of small-amplitude periodic controls is also practically
motivated. For example, one of the applications of our work is the spacecraft
attitude control problem with two internal rotors. We consider a spacecraft for
which we can control roll and pitch, but, perhaps due to an actuator failure, we
assume no direct control over yaw. The motion control problem is then to show
how to orient the spacecraft as desired, e.g., to achieve a net yaw rotation, using
small-amplitude periodic changes (wiggles) in roll and pitch velocity. The choice
of small-amplitude, low-frequency periodic controls in this application is certainly
justified from a practical point of view. Using these small, gentle control inputs,
we can avoid both exciting vibrational modes of the system and making large
off-course excursions in the vehicle’s orientation. Further, because of the nature
of these controls, it is possible to consider producing them with micro-actuators,
e.g., vibratory actuators. These types of actuators would have the advantage
of small size and weight in applications such as the control of small planetary

spacecraft.

Control synthesis based on small-amplitude periodic controls can also be ap-
plied to the design of micro-actuators and sensors. For example, vibratory actu-
ators, such as piezoelectric actuators, are driven by small-amplitude mechanical
oscillations which need to be rectified into linear or rotary motion. Brockett has
studied this type of problem [14]. Our results can be applied to interesting types
of vibratory-driven sensors or actuators that naturally fit the Lie group frame-
work. We discuss one such possibility, namely an actuator that uses a sphere

which rolls between two flat surfaces to convert vibratory motion into rotary



motion.

From the theoretical point of view, it is the observations and results from
studies of nonholonomic systems, i.e., systems that satisfy nonholonomic con-
straints, that provide inspiration for our approach. These studies are relevant to
our problem because the mechanical systems that we consider in the Lie group
framework satisfy nonholonomic kinematic constraints. Nonholonomic kinemat-
ics constraints are nonintegrable velocity constraints, i.e., constraints on velocities

that cannot be expressed as configurational constraints.

For example, a unicycle with a wheel that rolls and turns may be subject
to a nonholonomic no-slip constraint, i.e., the condition that the wheel does not
slip sideways. This constrains the wheel’s possible velocities but does not con-
strain the unicycle’s possible positions and orientations. Alternatively, a space
system with no spin and no external torques applied will conserve (zero) angular
momentum. This conservation law can equivalently be expressed as a noninte-
grable constraint on the spacecraft’s angular velocity. Yet another example of
a nonholonomic system is a low Reynolds number swimmer, e.g., a paramecium
which has negligible inertia relative to friction. The swimmer is constrained by
a no-slip condition between its body and the fluid, i.e., the tangential velocity
between body and fluid is zero. These conditions together with the low Reynolds

number limit yield nonintegrable kinematic constraints on the swimmer.

The motion of systems in free fall or in space which conserve angular momen-
tum has been studied in the context of both animate and inanimate bodies. Kane
and Scher derived dynamic models and explanations for the “falling cat” problem,

l.e., the problem of how a cat when dropped upside down reorients itself while



conserving angular momentum [30]. Frohlich investigated the dynamics of how
springboard divers, gymnasts and trampolinists rotate and reorient themselves
in free fall [22]. Using the theory of connections in principal bundles, Krish-
naprasad, Yang and Dayawansa studied kinematic drift (or geometric phase) ef-
fects and related optimal control problems in space systems subject to vibrations
or articulations [35, 36, 79]. Montgomery, also using the setting of a principal
bundle with connection, investigated the optimal control problem, referred to
as the isoholonomic problem, of finding the lowest-energy cyclic “shape” change
yielding a desired phase shift [56]. His results were applied to several examples
including the falling cat problem. Sreenath studied controllability and control
synthesis for reorientation of planar multibody systems in space using reduction

[72).

Taylor [74, 75] and Lighthill [52] both made early contributions to the study of
how microscopic organisms use cyclic (periodic) shape changes to swim. Purcell
investigated these low Reynolds number swimmers further, exploring possible
efficient swimming and feeding strategies [63]. Using the familiar (to physicists)
formalism of gauge theory, Wilczek and Shapere derived a unifying geometric
framework for studying how deformable bodies move. Using this framework they
were able to study problems including the falling cat, the diver as well as the low

Reynolds number swimmer [68, 69).

In the robotics literature researchers have recently become interested in non-
holonomic motion planning for wheeled, mobile robots with wheels subject to
the no-slip constraint. The problem is finding feasible trajectories within the
set of admissible trajectories. Early work was devoted to path-planning for low-

dimensional wheeled mobile robots beginning with Laumond [39, 40] and Bar-



raquand and Latombe [7).

More recently, the constructive controllability problem for nonholonomic sys-
tems of a more general form has been studied. Nonholonomic systems can be
described in state-space form, at least locally, as drift-free systems on R"™ of the

form

=Y Fi(z)u;, z€R", w, eR, n>m. (1.1)
i=1
System (1.1) is called drift-free because £ = 0 if u = (u1,...,un) = 0, i.e., the

system does not “drift” when there is no control applied.

Brockett investigated optimal controls to steer a prototype (nilpotent) class of
such systems, providing motivation for later work [13]. Murray and Sastry used
(suboptimal) sinusoidal controls to steer systems which can be expressed in a
special, nilpotent form called “chained” form [58, 60]. They showed when and how
systems of the form (1.1) could be transformed into chained form [59]. Lafferiere
and Sussmann derived a general strategy for steering controllable systems of
the form (1.1) based on an extended system to (1.1) and formal calculations
on the free nilpotent Lie algebra generated by the system vector fields [38, 37].
For nilpotent or feedback nilpotentizable systems the generated controls steer the
system exactly as desired. Liu and Sussmann developed highly oscillatory control
solutions to approximate general paths with feasible trajectories of systems of
the form (1.1) [73, 53]. In particular, using averaging theory they show that
the approximation converges to the desired path in the limit as the oscillation
frequency (and amplitude) goes to infinity. Gurvits and Li also considered highly

oscillatory controls to solve the motion planning problem for system (1.1) [24, 25].

Their solution uses averaging theory, but their algorithm is recursive. Brockett



and Dai studied the role of elliptic functions in optimal paths for nonholonomic

systems [16].

In Chapter 2 of this dissertation, we formally state the motion control problem
in the framework of systems on Lie groups. We discuss left and right-invariant
systems with and without drift on matrix and abstract Lie groups. We review
definitions and basic theorems from nonlinear controllability theory and define
geometric objects that play a key role in the averaging theory of Chapter 4. We
also describe two local representations of the solution to the Lie group systems,
one a product of exponentials and the other an exponential of a sum, that form

the basis for our extension of classical averaging theory to systems on Lie groups.

In Chapter 3 we derive examples that are featured throughout the dissertation
including the spacecraft attitude control problem, the unicycle motion planning

problem and the motion control problem for an autonomous underwater vehicle

(AUV).

Chapter 4 introduces averaging theory for systems on Lie groups. The purpose
is to derive an approximation to the Lie group system solution to arbitrarily
high order in the small parameter ¢ which represents the small amplitude of
the oscillatory control inputs. Although there is in general no analytic solution
that describes the motion for a given control input, we show that there is an
analytic average approrimation to the solution that captures the essence of the
motion and helps us meet Objective 1 above. The average solution provides
a basis-independent formula for the system’s motion with an intrinsic geometric
interpretation. For instance, the second-order average formula can be interpreted

as an “area rule” and higher-order average formulas as “area-moment rules”.



We emphasize the coordinate-free aspect of the solution by illustrating how the
important secular term in the area rule derives from the curvature form of a
certain principal fiber bundle with connection (see Section 4.3.1 for a definition
of principal fiber bundles and connections). We also discuss some implications

for system stability that are associated with the averaging theory.

In Chapter 5 we address Objective 2, control synthesis, by relating average
formulas of Chapter 4 to system controllability. Specifically, in order to drive
a given system’s motion as desired, we propose synthesizing controls that drive
the average motion of the system as desired, knowing from our averaging theory
results that the true motion will stay close to the average motion. A critical
ingredient in this strategy is determining the minimum order of the average so-
lution that can be controlled as desired, i.e., that captures the controllability of
the system. We prove a constructive controllability theorem that shows that this
order is one more than the number of Lie bracket iterations needed for the system
to satisfy the Lie algebra controllability rank condition. Additionally, the proof
of this theorem provides a methodology for constructing controls to direct the

average motion as desired.

In the second part of Chapter 5 we use the constructive methodology to derive
algorithms that systematically synthesize open-loop, sinusoidal controls for point-
to-point system maneuvers of systems which require up to depth-two Lie brackets
to satisfy the Lie algebra controllability rank condition. The algorithms are
illustrated for the examples of Chapter 3 with simulations for verification. Based
on the capabilities of this open-loop control synthesizer, we propose a control
architecture for motion control systems which uses a strategic open-loop planner

coupled with intermittent feedback plus a second level of feedback which provides



adaptation to changes in control authority such as an actuator failure. We also
describe an experiment that was run to test the algorithms on an underwater

vehicle in a neutral buoyancy tank at the University of Maryland.

In Chapter 6 we turn to the problem of open-loop control synthesis for bilinear
systems on R"™ with state transition matrices that evolve on matrix Lie groups.
We apply the theory of averaging and motion control on Lie groups to the problem
of controlling energy transfers between dynamic storage elements in switched
electrical networks. In this case the system is a right-invariant system on a
matrix Lie group with drift. We show for a system on SO(3) that our techniques
can be used to accomplish prescribed energy transfers with a finite number of
switchings, and, thus, chattering problems associated with feedback strategies

such as sliding mode control can be avoided.
In Chapter 7 we describe our conclusions and suggestions for future work.

The major contributions of this dissertation include the theory of averaging
for systems on finite-dimensional Lie groups and the derivat‘ion of a system-
atic method, low in computational burden, for synthesizing open-loop, small-
amplitude periodic controls for these types of systems. These contributions are
distinguished from past results in nonholonomic motion planning most clearly by
the use of averaging in the abstract framework of motion control on Lie groups
which yields intuitive, geometric, basis-independent solutions to motion control
problems. In essence, we have systematized the means to solve motion control
problems that can be represented in our “normal” form, i.e., as left (or right)
invariant systems on finite-dimensional Lie groups. For our previous related pub-

lications see Leonard and Krishnaprasad [42, 43, 44, 45, 46, 47, 48, 49, 50].

10



Chapter 2

Preliminaries

In this chapter we present the formal framework of motion control on Lie groups.
We begin with a definition of a control system on an abstract finite-dimensional
Lie group and specialize to systems on matrix Lie groups. After reviewing def-
initions and theorems concerning nonlinear controllability, we define geometric
objects significant for the motion description formulas in Chapter 4 and the con-
trol algorithm of Chapter 5. The chapter ends with a discussion of two important
local solutions to systems on Lie groups. These local solutions provide the means

to extend classical averaging theory to systems on Lie groups.

2.1 Problem Definition

In this section we define Lie groups and Lie algebras and state the motion control

problem in the framework of systems on Lie groups. Useful references are [1, 12,

19, 26, 27, 6.

11




2.1.1 Lie Groups and Lie Algebras

A Lie group G is a differentiable manifold which is also a group, such that multi-
plication and inversion of elements are smooth maps. Let h € GG, and define left

translation Ly, : G — G and right translation R, : G — G by h as
Ln(g)=hg, Ri(g)=gh, g€G,
respectively. A vector field Y on G is left-invariant if
(Ln)Y =Y, VheQ,

where (Lj). is the differential of L,. Equivalently, T,L,Y (g) = Y (hg), Vg, h € G,

where Ty Ly, is the linearization of L, at g. Similarly, Y is right-invariant if
(Rp).Y =Y, Vheg,
ie., T,RLY (9) = Y(gh), Vg,h € G.

A Lie algebra G over R is a real vector space endowed with a binary operation
[,-] : GxG — G, called the Lie bracket, which satisfies (i)-(iii) below V¢, 7,¢ € G,
Vo, f € R:

(i) (Bilinearity) [0€ + Bn, ¢] = of&, (] + BIn, ¢],
(ii) (Skew Symmetry) [£,n] = —[n,£],
(iii) (Jacobi Identity) [£,[n,<]] + [0, [¢, €]l + ¢, [, m]] = O.

To each finite-dimensional Lie group G we associate a finite-dimensional Lie al-
gebra G which can be identified with TG, the tangent space (i.e., the linear
approximation) of G at the identity e € G. G and G have the same dimension.

Further, TG is isomorphic to the Lie algebra of left-invariant vector fields on G

12



(see e.g., [76]). In particular, a vector field Y on G is left-invariant if and only if

Y(g) =T.Ly- &, Vg € G for some fixed £ € G. To see this note that for h € G
Y(hg) = Teth &= Te(Lh °© Lg) £ = (Tth)(TeLg) £ = TthY(g).
Similarly, Y is right-invariant if Y (g) = TR, - £, Vg € G for some fixed £ € G.

For Y; and Y; smooth vector fields on a smooth manifold M the Lie bracket

[Y;, Y]] is defined by
[Y:, Y;1(f) = X(Y(f)) - Y(X(f))

where f is a smooth real-valued function on M. Given §;,¢; € G, let Y; = (L,).&
and Y; = (Ly)«&. Then Y; and Y; are smooth left-invariant vector fields on
G. The Lie bracket on G = TG is defined in terms of the Lie bracket on the

associated left-invariant vector fields as

[Yi, Y] = [(Lg)u&is (Lg)u&i] = (Lg)uléis &3], &85 €9

where the first two brackets are brackets defined on the vector fields and the

bracket on the right is the Lie bracket defined for G.

Given ¢ € G, define X, = T, L, - £, and let the integral curve of X, passing
through e at t = 0 be denoted by

exp i R —= Gt exp(t) = exp(§t).

Then exp; is a one-parameter subgroup of G, i.e., expe(s +t) = exp(s) expe(t)

and expgl(t) = expg(—t). We define the ezponential map of G into G by

exp: G —G: & exp(é) 2 expg (1) (2.1)

13



Then exp is a diffeomorphism of a neighborhood of 0 € G onto a neighborhood
of e € G [76].

We define a (left) action of a Lie group G on a smooth manifold @ by the

smooth mapping
O:GxQ—Q: (9,9)~ (9,9) =B(q) 294, (2.2)

d(e,q) =q, ®(9,2(h,q)) = ®(gh,q), VYg,he€G, VgeQ.

For example, we define the adjoint action of G on G by
Ad:GXG—-G: (9,8 Adgt ET.(Ry-1L,) - €. (2.3)

For a group action (2.2), the infinitesimal generator of the action corresponding

to £ € G is defined by
d
fola) = —|  Pexp(&t),q), Vg€ Q. (2.4)
t=0
For the adjoint action of (2.3),
Eo(n) =adn = [€,7), Vneg.

We define the iterated ad operator by

ad/n = ade(ad{™'n), adin=n, &neg.

The significance of associating the Lie algebra G with the Lie group G comes
about when G is connected (as a topological manifold). In this case, many
group-theoretic properties of G' can be expressed as algebraic properties of G. For

example, we define Cg, the center of G, and Cg, the center of G, as

Ce={h|gh="hg, Vg€ G}, Cg={n|[,n=0, V€€ G}

14



Then we say that the group G is abelian if Cg = G, and the Lie algebra is abelian
if Cg = G. One can show that G is an abelian group only if G is an abelian Lie
algebra. Thus, checking to see if G is abelian is easy since checking that G is
abelian amounts to showing that [¢,7] = 0 holds for &, € {&4,...,,&,}, a basis
for G.

We define other important properties of Lie algebras and Lie groups as follows.

Let G, H be Lie algebras. Denote

G, H]={[¢{n | €€ G,neH}

A subspace H C G is called an ideal if [G, H] C H. We define the derived series
of G to be

626¢'=106,612¢"=[¢,612...26® =gk gk o .
and the lower central series of G to be
G26*°=¢'=[G,6]26*=[6%G]2...2¢" =g, g]>...

Then we say that G is solvable if G*) = 0 for some positive integer k. We say
that G is nilpotent if G¥ = 0 for some positive integer k. The smallest integer
[ such that G"*1 = 0 is called the order of nilpotency. A Lie algebra G is said
to be simple if it is non-abelian and has no ideals other than 0 and G. It is
semi-simple if it is non-abelian and has no abelian ideals other than 0. A Lie
group G is simple (resp. semi-simple) if its associated Lie algebra is simple (resp.

semi-simple). Simplicity implies semi-simplicity.
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2.1.2 Control Systems on Lie Groups

We define a control system on the n-dimensional Lie group G as
g =Yo(g) + Zu, Yi( g(t) € G, u;(t) e R, m < n, (2.5)

where Yy, ..., Y, are vector fields on G and u = (u1,...,u,) are interpreted as
the control inputs. If Yy,...,Y,, are left-invariant (resp. right-invariant) on G
then we say that (2.5) is a left-invariant (resp. right-invariant) control system on
G. If (2.5) is left-invariant we can express it as
m
g=TeLy(& + i—Z1Ui(t)£i), g(t) € G, ui(t) € R, m < n, (2.6)
for some fixed &, &1,...,&n € G. Similarly, if (2.5) is right-invariant it can be

written as
§=T.Ry(& + > ws(t)&), 9(t) €G, ui(t) eR, m <, (2.7)
i=1

for some fixed &, &, ...,&m € G. The term TeL, - & in (2.6) (similarly T. R, - &
n (2.7)) is called the drift term since g drifts as ¢ = T, L, - & if u = 0. Thus,

system (2.6) (similarly, (2.7)) is called drift-free if the drift term is zero.

In this dissertation we focus on left-invariant systems on Lie groups, but we
note that analogous results can be derived for right-invariant systems. In fact,
given a right-invariant system (2.7), we can always convert it into a left-invariant
system by considering g~!(t) as our state trajectory. Let g(t) € G satisfy (2.7)
and define £(t) = o+ =72 u;(t)&. Since %(g(t)g~'(t)) = 4(e) = 0, we have that

_d ) 0 4o

= (TRy)i+ (T L) jt< )
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= (TR (LR)EW) + (Ty1Ly) (™)

= E(0)+ (T L) 57

This implies g~'(t) satisfies

L (g™ = TLyms (~£(0) 2.8)

which is a left-invariant system on G. Thus, there is no loss of generality in

specializing to left-invariant systems.

2.1.3 Problem Statement on Lie Groups

The systems of interest in this dissertation take the form

m

g=€TLy-U(t), U(t)=> uw(®)&, m<n, (2.9)

i=1
where ¢(t) is a curve in the n-dimensional Lie group G and U(¢) is a curve in the
Lie algebra G associated with G. Here &1, ..., &, are fixed, linearly independent
elements of G which can be completed such that {&;,...,&,} is a basis for G.
The u;(t) are scalars meant to represent control inputs. We will assume that
the u;(t), ¢ = 1,...,m are periodic in ¢ of common period T. The factor € is a
small parameter representing the small amplitude of the control inputs. That is,
€uy(t),. .., €un(t) are our small-amplitude, periodic controls. We will sometimes
extend the vector of control components to be of length n by writing u(t) =
(u1(t), ..., un(t)) where we set U1 = ... =u, = 0. Since 0 is trivially periodic
in t of any period T', then the extended vector u(t) is still periodic in ¢ of period

T.

We note that (2.9) as described is a drift-free system. However, if at least

one of the components u; is not an adjustable control then (2.9) is a system with
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drift. The averaging theory of Chapter 4 does not depend on the system being
drift-free, only on the curve U(t) being periodic in ¢ of common period T. In

Chapter 6 we address a motion control problem for a system with drift.

We also note that (2.9) is left-invariant. One important implication of left-
invariance is that the solution g¢(t) to (2.9) with any initial condition g(0) = go
can be expressed as g(t) = goge(t) where g.(t) is the solution to (2.9) with initial
condition g.(0) = e € G. The right-invariant analogue to (2.9) is given by

m
g=€lRy-U(t), U(t)=) w(t)és, m<n. (2.10)
i=1
The solution g(t) to (2.10) with initial condition g(0) = go € G is g(t) = ge(t)go

where g.(t) is the solution to (2.10) with ¢.(0) = e € G.

The constructive controllability problem for system (2.9) (or (2.10)) can be

stated formally as

(P) Given an initial condition g; € G, a final condition g; € G and a time t; > 0,

find u(t) = (w1 (2),...,um(t)), t € [0,ty], such that g(0) = g; and g(t;) = g;.

2.1.4 Control Systems on Matrix Lie groups

Matrix Lie groups are Lie groups with matrix elements. They are an important
special class for our purposes since they are the Lie groups of interest for all of the
applications in this dissertation. Every matrix Lie group over R is a subgroup
of the general linear matrix Lie group GL(n) (for some n) which is the space
of n X n nonsingular matrices, under matrix multiplication. Examples of other

matrix Lie groups include
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SL(n) = {X € GL(n) | detX =1}

O(n) = {XeGL(n) | XTX =1}

SO(n) = {XeGL(n)|X € O(n)nSL(n)}

SE(n) = { A € GL(n+1) | A€ SO(n), b€ R"}
01

Unipotent group = {X =[X;;] € GL(n) | Xy =1, X;; =0ifi > j}.

SL(n) is called the special linear group, O(n) the orthogonal group, SO(n) the
special orthogonal group, and SE(n) the special Euclidean group.
The Lie algebra gl(n) associated with GL(n) is the space of all n X n matrices

with the Lie bracket operator defined as the matrix commutator, i.e.,
[A,B]= AB — BA, VA,B € gl(n).

The Lie algebras of other matrix Lie groups are subspaces of gl(n) with the same

Lie bracket operation. For example,

sl(n) = {A € gl(n) | tr(4) =0}

so(n) ={Aegl(n)| AT+ A=0}

se(n) = 4w €glin+1)| A€ so(n), z € R"}
0 0

Lie algebra of unipotent group = {A = [4;] € gl(n) | A;; =0if ¢ > j}.

Here, the name of the Lie algebra is the same as the associated group but in
lower-case letters. Since SO(n) is the connected component of O(n) containing
the identity, so(n) is the Lie algebra associated to both SO(n) and O(n). We
note that SL(k), O(n), SO(n) are simple Lie groups (for £ > 1, n > 2) since
their associated Lie algebras are simple. Also, se(2) is a solvable Lie algebra, and

the Lie algebras of unipotent groups are all nilpotent.
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Left-invariant (resp. right-invariant) vector fields on a matrix Lie group G
take the form X A (resp. AX) with X € G and A € G, where G is the associated
matrix Lie algebra. The exponential map from matrix Lie algebras to matrix Lie
groups is equivalent to the matrix exponential defined as exp(A4) = ¥, %Ai,
A € G. The left-invariant control system described by (2.9) specialized to matrix
Lie groups becomes

_ m
X =eXU(t), U(t)=> u(t)A;, m<n, (2.11)

i=1
where X (t) is a curve in the n-dimensional Lie group G and U (%) is a curve in the
Lie algebra G associated with G. Ai,..., A,, are constant matrices in G which

we can complete as {A;,...,A,} to be a basis for G. The terms u;(t) and the

parameter € are as defined for (2.9).

2.2 Controllability and Geometry

In this section we review basic definitions and theorems on nonlinear control-
lability with application to systems on Lie groups. We then define geometric
quantities that are the essential elements of the basis-independent, average mo-

tion control solutions derived in later chapters.

2.2.1 Controllability

We review controllability theory for left-invariant control systems on Lie groups
defined by equations (2.6), based on [11, 29]. Although these papers deal with
with right-invariant systems, by the argument of Section 2.1.2, we can derive
analogous results for left-invariant systems. Let G be the system group and let

G be its associated Lie algebra. As will shown below, it is the space spanned
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by the system vector fields and their Lie brackets that play a critical role in the

determination of controllability.

Following Jurdjevic and Sussmann [29], we make the following definitions. U

is the class of admissible controls where U is either U,,, U, or U, and

(i) U, is the class of locally bounded, measurable functions on [0,00) taking

values in R™.
(ii) U, C U, with elements taking values in the unit n-dimensional cube.

(iii) U, is the class of piecewise constant functions on [0, 0o) taking values in R™

where components of its elements take values in the set {—1,1}.

If u € U and gy € G, we denote the solution g of (2.6) which satisfies g(0) = go
by 7(go,u, "), i.e., g(t) = 7(go, u,t), Vt € [0,00). If 7(go,u,t) = g1 for some ¢t > 0
then we say u steers go into g; in ¢ units of time. System (2.6) is said to be
controllable if there exists an admissible control u € U that steers any gy € G
into any ¢; € G, with no constraints on how many units of time are required.

Let C denote the set of Lie brackets generated by {&i,...,&n} defined as

C= {77 | n= [nk,[nk—l,['"’[771,770]"']”’ N € {51,---a§m}’ 1= O”k}
(2.12)

Similarly, let Co denote the set of Lie brackets generated by {&o,...,&m}, i€,

Co=A{n|n=[ne -1, [, mo]--Jll, ms € {€o, .., &m}, §=10,...,k}.
(2.13)
We say that span(C) (resp. span(Cp)) is the Lie algebra generated by {£1,...,&n}
(resp. {&o,-..,&m}). We first give the controllability condition for drift-free sys-

tems. We refer to this condition as the Lie algebra controllability rank condition.
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Theorem 2.1 (Jurdjevic and Sussmann) Let (2.6) be a drift-free system on
G, a connected Lie group. Then (2.6) is controllable with u € U if and only if

span(C) = G. If U = U, then the system is controllable in arbitrarily short time.

There is a similar condition for systems with drift on compact Lie groups.

Theorem 2.2 (Jurdjevic and Sussmann) Let (2.6) be a system with drift on
G, a compact and connected Lie group. Then (2.6) is controllable with u € U if
and only if span(Cy) = G. Further, 3¢’ > 0 such that for every gy, g1 € G there
is a control u € U that steers gy into g; in less than ¢’ units of time. If, further,
G is semi-simple, then 3t > 0 such that for every go,g1 € G there is a control

u € U that steers go into g; in exactly ¢ units of time.

We next make definitions to further characterize the controllability of system
(2.6). Here, we assume that the system is drift-free, i.e., that {, = 0. We define a
depth-p Lie bracket on G as p iterated brackets, e.g., [Mu, [Mu=1,[- -+ [71, M0 - - -]]]-
A depth-zero bracket is just an element of the Lie algebra G. We often refer to a
depth-one bracket as a single bracket, a depth-two bracket as a double bracket, etc.
If 5 is the minimum positive integer such that the Lie algebra controllability rank
condition is satisfied with C containing only up to depth-j brackets, i.e., k < j
in (2.12), then we say that system (2.6) is a depth-j bracket system. We refer to
a depth-one bracket system as a single-bracket system, a depth-two bracket as a

double-bracket system, etc.

Following [23, 60] we define the growth vector and relative growth vector. Let

A
Dl = Spa'n{€17 cee afm}7

D; 2 D;_, +span[Dy, D, 4],
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The growth vector for a depth-(p — 1) system is defined as
r=(ry,...,rp) € ZP, where r; = dimD,;.
The relative growth vector is defined as
o= (o1,...,0,) € ZP, where o, =7; —1;_1, 10=0. (2.14)

Thus, for a single-bracket system, r = (m,n), o = (m,n — m). For a double-
bracket system, we define 0 < [ < (n — m) such that r = (m,m + l,n), o =

(m,l,n — (m+1)).

2.2.2 Geometry

Given a basis {&,. .., &, } for a Lie algebra G, one computes the associated struc-

ture constants Ffj as

[6,&]) = Tié, 1,i=1,...,m, (2.15)
k=1
We define the depth-two structure constants 6}, associated with basis {£1,...,&.}
by
A n
=1

This definition comes from the computation of structure constants for depth-two

Lie brackets as follows:

660,60 = (T 6 = 3-Thien & = 3Tty = 3046y

p=11l=1

Skew symmetry of the Lie bracket on G and the Jacobi identity imply

P,ILCJ = _I-‘_,;‘L’ oljk = _H;Zk, OZ[C + 05]" + gk’b] 0. (217)
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Higher-order structure constants can similarly be defined. Let I, be the ordered
list of indices I, = {i1,1%2,...,4,} where 4, € {1,...,n}, v =1,...,p. Then we

define the depth-(p — 1) structure constants I"}p as

CNCRRN RN ARS ES 2 (2.18)
Note that 67, = I},
We make the following definitions given that u = (uy,. .., uy,) is periodic in ¢
of common period T'. Let the time average of u be gy = (Ugy1, - - - » Ugom)T Where
1 T
Ugpi = T/o ui(T)dr, (2.19)
and let the time integral of u be @ = (4, . . ., @,)T where

i) = [ wi(r)dr. (2.20)

So u = 4. If ug, = 0 then @ is periodic in ¢ with common period T. We also let
m - m

U = Zuavigia U= Zﬁzfz (2'21)
i=1 =1

We next define area and moment terms that are fundamental to our average

solution formulas of Chapter 4. Define
1 (T : .
Areai;(T) = /0 (@ (0)ii; (o) — G;(0)is(0))do. (2.22)

If ugy = 0, then by Green’s Theorem, Area;;(T) is the area bounded by the closed
curve described by @; and @; over one period, i.e., from ¢ = 0 to ¢ = T'. This area
can be interpreted as the projection onto the i-j plane of the area enclosed by
the curve (i, ..., y) in one period. If ua,; # 0 and/or ue,; # 0 then Area;;(T)
can be interpreted as the area bounded by the curve described by #; and %; and

the straight line described by ugy;t and u,,;t over one period. Define

ais(t) = % /0 (1(0)ii5(0) — () iia(0))do (2.23)
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For uay = 0, a;;(t) is of the form
t
ai5(0) = Areas (T) + 1 (1), (2.24)
where f(t+ T) = f(t), f(0) = 0. So, in particular,
aij(MT) = M Area;;(T) (2.25)
where M is a positive integer. Let
/T . . N "
migk(T) = 5 [ (@(0)5(0) — 15(0)i(0))in(0)do. (2.26)

Assume u4, = 0 and consider the closed curve C defined by 4;(¢), ,(t) and (¢)

over one period, i.e., from t = 0 to t = 7. From (2.26) we get that
|
m,-jk(T) = g }éuiukduj — ujukdu,
Let A be any oriented surface with boundary A = C. Then by Stokes’ Theorem,
1
m,-jk(T) = g /A —ﬂid’ﬁjd’&k — ajdilkdﬂz + Qﬂkdﬂzd'{l/] (227)

So myk(T) as described by (2.27) can be interpreted as a first moment, i.e., a
linear combination of #; integrated over the area of the projection of A onto the
j-k plane, 4; integrated over the area of the projection of A onto the k-i plane
and 1 integrated over the area of the projection of A onto the i-j plane. We

have the following (skew-symmetric and Jacobi-like) identities:
Area;j(T) = —Area;;(T), ai(t) = —a;i(t), (2.28)

mijk(T) = ——mjik(T), m”k(T) + mjki(T) + mk”(T) = 0. (229)
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2.3 Local Solutions

Since, in general, there are no explicit global representations of the solution to
(2.9) we make use of local representations: the product of exzponentials represen-
tation given by Wei and Norman [77] and the single ezponential representation

given by Magnus [54] and Fomenko and Chakon [21].

2.3.1 Product of Exponentials

We begin by defining the product of exponentials representation which is given
by Wei and Norman [77]. They state their result for right-invariant systems on
matrix Lie groups, but we prove the more general result for a left-invariant system
of the form (2.9) on a finite-dimensional abstract Lie group G with Lie algebra G.

We use the extended control vector u = (u1,...,u,)? where upmy; = ... =u, =0.

Lemma 2.3 (Wei and Norman) Let g(¢) be the solution to (2.9) with ¢g(0)=

e € G. Then 3ty > 0 such that for |¢| < ty, g(t) can be expressed in the form

g(t) = ﬁ Pl Iy Nz | n®én (2.30)
=1

The Wei-Norman parameters v = (v1,...,7,)" satisfy
¥=eM(y)u, forlt|<to, (2.31)

where "% = exp(v;£;) is the exponential map defined by (2.1), v(0) = 0 and
M () is a real-analytic, matrix-valued function of 7. If G is solvable then there
exists a basis of G and an ordering of this basis for which (2.31) holds globally,

i.e., for all ¢, and in that case (2.31) can be integrated by quadrature.

Proof: Let g(t) satisfy (2.30). Then

L 0
g = Z;Yia_,y.(lfe‘ﬂﬁl c o Doy Rt * Roviprbin (e“”&))
1=1 2
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= Z ;YiTe’Yifi (Le‘11€1 v 'Le’h’-—lfi—l Re'mﬁn e ‘Re'n+1€i+1)_(e’h§1)
i=1 0

n
= Z '%'Te’nﬁl (LgLe—’mEn ce Le—’hE; Rg“fn&n ce Re‘7i+1€i+1 )TeLe’hﬁi ’ é-z

=1
n
— Z Yi (TeLg)Te‘YiEi (Le—'rnin e Le—‘nfi Re‘mfn e Re“ri+1§i+1 )TeLe’riEi * é-z
=1
n
== TeLg Z ’)’iTe‘nEi (Re‘Ynfn Le—’Ynﬁn v Re‘7i+1§i+1 Le_7i+1§z+1 Le_7i§1 )TeLe'YzEt : 6’!
=1

= TeLg Z ;)IiTe(Re‘YnEn Lg—'min T Re‘7i+15i+1 Le-'ri+15i+1 )(Te'ﬂfz Le—7i5i )TeLe‘Yi§i fz
=1

= TeLg Z ;YiTe (Re'mﬁn Le-'mén) T Te(Re‘Yi+1€z+1 Le—‘n+1€i+1) : £z

i=1
- TeLg Z f.yiAde—’Ynfn (Ade—'yn-xﬁn-1 ( v (Ade—'ﬁ+15i+1 fz)))
=1
— TeLg Z ,.'Yie—’Yna»dgn (6_7"_la’d5n—l ( .. (6—"/i+la«d5i+1 é'z)))y (232)
=1
where
. 1
e 7,adgj& =y l—,(—’)’j)ladgljfi €q. (2.33)
1=0"

Premultiplying both (2.32) and (2.9) by (T.L,)! and equating gives

n n
Z ;yie—’ynaldgn (e—’Yn—ladén_l (- (6—’n+1ad§i+1 £))) = Z eu;&;.
i=1 i=1

By (2.33) and following [77] we can define o;(7) analytic in v as

n
e o (T80 ) = 3 (1) (2349
i=1
such that
n n n
DA D ()& =) euds.
j=1  i=1 i=1
Since the &;’s are linearly independent, we equate coefficients of &; to get

011 012 ... Qi T €Uy

[a7%] e Opp Yn €U
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At t =0, v(0) = 0 and so M(0) = I. Thus, there exists a neighborhood Ny of t =
0 such that M (y(t)) is nonsingular V¢ € Ny. We define M(y) = M~'(y), Vt € N
and the first part of the lemma follows. If G is solvable, then it can be shown that
for a suitable choice of basis, M(y) is lower triangular and the above differential

equations are integrable by quadrature. -

Remark 2.4 From this proof we observe that we can express M(v) in terms of
the structure constants associated to (&, .. .,&,) defined by (2.15). By (2.33) and
(2.34)

Yo(g el @ mnding)
=1
= (I —made, +...)(I —M-18dg,_, +..) - (I = yjmadg,, +..)4

= (I- i veadg, + O(v))E;

k=j+1

= &— Y &)+ 0P
k=j+1

= &-Y.Y %wli)&+0(x%
i=1 h=j+1

where O(v?) is quadratic or higher order in the components of 7. So

- ZZ=j+1 ’YkF?cj + O(’Yz), i F£ 7

1- Z;cl_—_j+1 'Ykl—‘}.cj +0(7y?), i=j.

aij(7) =
Thus, M(y) = I — a(y) + O(y?) where the ijth element of & is
ai(v) = Y. el (2.35)
k=j+1
Since M(v) = M~'(v), we have that (for ||y|| small)

M) =I+a(y) + 0. (2-36)

We use this observation in Chapter 4.
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It is customary to refer to components of v as the canonical coordinates of
the second kind for G. Let W be the open neighborhood of 0 € R” such that
Vy € W, M(y) is well-defined. Let Pr: R" — G define the mapping

Pr(/}/) — 67151 67252 e e"/n.gn (237)

and define V = Pr(W) C G. Then, the Wei-Norman formulation provides a
local representation of the solution to (2.9) for initial condition g(0) € V' C G.
Now let S be the largest neighborhood of 0 € R™ contained in W such that
¥ = Pr|g : S — G is injective. Let @ = ¥(S) C V. Then ¥ : S =+ Q isa

diffeomorphism and we can define a metric d: Q x Q — R, by

d(X,Y) = d(¥7(X), T7H(Y)) (2.38)
where for || - ||, a norm on ®", d: R* x R* — R, is given by
d(a, ) = |l — Bl (2.39)

2.3.2 Single Exponential

The solution to (2.9) with ¢g(0) = e can also be represented locally as a single

exponential,
g(t) = eZ® = exp(Z(t)), ¢(t) €G, Z(t) €G. (2.40)

This is irrespective of € in (2.9) being a small parameter. However, we include € in
the expressions below since we will need it in later chapters. Feynman represented
the solution (2.40) symbolically as Exp f{ eU(7)dr (sometimes referred to as a T-
product of exponents) and derived a formula for it in terms of a certain formal

series [20]. Z(t) is sometimes referred to as the logarithm of a multiplicative

29



integral, represented symbolically as Z(t) = In[[%_, eU(")%". Magnus showed for

(2.10) (the right-invariant analogue of (2.9)) that Z(¢) locally satisfies

dzZ

- = pladze)(U(), Z(0) =0, (2.41)
where ¢(z) = z/(e* — 1) [54]. Further, Magnus illustrated that (2.41) can be
integrated by iteration to yield an expression for Z(t) as an infinite series of
iterated integrals. This formula is the continuous analogue of the Campbell-
Baker-Hausdorff formula which gives the solution to C where e€ = e“e? and A

and B are noncommuting elements of a Lie algebra (close enough to 0). Magnus

did not provide general convergence criteria for his infinite series solution.

Karasev and Mosolova addressed the problem of convergence criteria and,
using the theory of ordered operators, derived an explicit expression for Z(t) for
the right-invariant system (2.10) [31]. The norm || - || on G in their work (and in
the work of Fomenko and Chakon that follows) is assumed to be one that makes
G a Banach algebra. So for matrix Lie algebras, ||-|| is the vector space norm. Let
¢(z) = Inz/(z — 1) and r = exp(f; ||adey(n||dr). Consider the extended control

vector v = (uy,...,u,)? where 1 =...=u, =0.
Theorem 2.5 (Karasev and Mosolova) If r <2 then for eU(t) =€ Y1 u;(t)&,
t
Exp/ eU(7)dr = ¥,
0

where Z(t) is an element in the Lie algebra generated by {&;,...,&n}. Z(t) is
given by

Z(t) = /Ot #(Exp /OT adey(oydo)eU(r)dr

and satisfies

126 < <1 (52) [ lev
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For G a finite-dimensional Lie group, the convergence criterion r < 2 is equiv-

alent to

/ “IA(eu(r))||dr < In2, (2.42)

where A(-) is an n X n matrix with ¢jth element A;;(-) defined by
AU(’U,) = Zukrij.
k=1

In the case that G = SO(3) and {A;, A2, A3} (defined in Section 3.1) is the
standard basis for G = so(3), it is easy to compute that A(eu) = €U and so (2.42)

is equivalent to

t
/ U (r)||dr < In2.
0

More recently, Fomenko and Chakon studied the problem of representing Z(t)
as a convergent series Z(t) = X2, Z; [21]. They derived explicit recursion re-
lations satisfied by the terms Z;. The following theorem states their results
(in part) for the right-invariant system (2.10). The theorem uses the universal
constant b defined as follows. Let h(z) be the solution of the scalar equation
dh/dx = €*(q(h) + h/2) with h(0) = 0 and with g(h) = 1+ T2, |kyp|h?. Here,

kop - (2p)! = By and B, are Bernoulli numbers given by

x _ i ﬂjfL’j
e —1 = '
For example, 8y = 1, 6y = —1/2, B, = 1/6, B4 = —1/30, .... The universal

constant b < 27 is defined such that h(x) is analytic on a disc |z| < b.

Theorem 2.6 (Fomenko and Chakon) Let § = b/M, where M > 1 is a con-
stant such that ||[n, {}|| < MInl|l|I<l], Vn,¢ € G. Suppose that U(t) is a piecewise

continuous curve in G and [j ||eU(7)||dr < 8. Then Z(t) = Y2, ¢Zi(t) is a
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convergent series. The terms Z;(t) are uniquely defined by

t
Zi(t) = Tolt) = /0 U(r)dr,
(+DZat) = Tt LA512. T (2.43)

+ Z k2l’ Z [Zmu [Zm27 R [Zm2p7 T%—r] .- ]}7

p>1, 2p<r 2221 ™my=r, m, >0

L) = [0, [ W), [ Uidnldn . Jdn.

We note that each term Z; is composed of depth-(i — 1) brackets. The expres-
sion for Z(t) as the logarithm of the solution to the left-invariant system (2.9)

can be computed directly from the results of Theorem 2.6.

Corollary 2.7 Consider the left-invariant system (2.9) with g(0) = e. For the

same assumptions on U(t) as in Theorem 2.6, g(t) = e?®), Z(t) € G and

2(t) = S (=1 zi(), (2.44)

i=1

where Z;(t) are defined by (2.43).

Proof. By (2.8) of Section 2.1.2, (2.9) is equivalent to

d

257 = TRy (<U()).

By Theorem 2.6 g71(t) = e¥®), Y(t) = ¥, €'Y;(t) where

~Z;(t) 1is odd
Yi(t) =
Z;(t) iiseven
This follows since Z;(—U(t)) = —Z;(U(t)), for ¢ odd and Z;(-U(t)) = Z;(U(¢))

for 4 even. Thus, g(t) = e~ ¥® and the corollary follows. =

32



We show the first few terms of the series:

Zl(t) = ﬁ()
Zo(t) = 2 / U (), U(r))dr (2.45)

z) = 5 [W06) / [U(o), Ulo)ldoldr + 5[0(2), [ [U(r), U(rldr].

Since Z(t) € G we can write Z(t) = > ¢, 2 (t)& where (&, ...,&,) is a basis
for G. (z1,...,2,) are referred to as canonical coordinates of the first kind for G.
Let S be the largest neighborhood of 0 € G such that ¥ = exp |z : S5 Gis
injective. Let Q = ¥(S) € G. Then ¥ : § — Q is a diffeomorphism and we can
define a metric d : Q x Q — R, by

d(X,Y) = d(¥71(X), ¥ 1)) (2.46)
where d is given by (2.39).

Lazard and Tits showed for a class of Lie groups that the exp map is injective
on a reasonably large domain $ [41]. Following their work we define an admissible

norm ||-|| on G as any norm || - || that makes (G, ||-||) a Banach space and satisfies
{4, Bl < [|AllllB]l, YA,Beg.

Define B(G,p) = {A € G | ||A|| < p}. Let Cgq be the connected component of

Cg, the center of G, that contains the identity e € G.

Theorem 2.8 (Lazard and Tits) For any choice of admissible norm on G, the
restriction of exp to S = B(G, ) is injective if and only if Cg, is simply connected.

If G is simply connected then the restriction of exp to S = B(G, 2r) is injective.
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Remark 2.9 Cg, is simply connected for finite-dimensional, semi-simple Lie
groups such as SO(n), n > 2, and SL(n), n > 1, since the center of such a group
is the identity element which is trivially simply connected. SE(n), n > 1, and
the unipotent group, n > 2, also have a trivial center.

Consider a matrix Lie algebra G C R"*" and the induced matrix p-norm || ||,

on R"*". We can always construct an admissible norm as || - || £ 2| - ||p, since
4, Bllz = 2[4, Blll, = 2|AB — BA[l, < 4|All,||Bll, = [|All2 ]| Bl|z-

Thus, for any G for which Cg, is simply connected, we can let § = {A €
G| 1Al <7} ={A € G| |A|l, < m/2}. Lazard and Tits give an example
admissible norm for so(3), se(2), sl(2). Given the appropriate choice of basis
{Ay1, Ay, A3} for s0(3), se(2), sl(2), let A = Y2, a;4; and a = (ay,a9,03)7,
Then ||A||x £ |la|ls is an admissible norm. Thus, for G = SO(3), SE(2) or
SL(2) and G the associated Lie algebra, we can let S = {A € G | || A|lx < 7}.

We say that d;(¢) € R™ is of order d2(e), denoted 8;(e) = O(d2(¢)) if there

exists some k£ > 0 and ¢; > 0 such that
|61(e)]] < kda(e), V|e| < €. (2.47)

The following lemma shows that for G a matrix Lie group, if X € G is in a
sufficiently small neighborhood of the identity of G then the canonical coordi-
nates of the first and second kind relative to the same basis {4y, ..., A,} for the

associated Lie algebra G are close of small order.

Lemma 2.10 Given X € QNQ C G, let y = ¥~(X) and Z = ¥~(X). Then
v = O(e?) if and only if Z = O(e?), p > 1. In this case, || — z|| = O(¢?®), i =

1,...,n.
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Proof. Given X we expand exponentials in the two local representations to find

that
X = enAr.. . g4
= (T+mA+7A2+.. ) (I +ydAn +2A2/24 .. )
= I+ Zn: v Ai + Zn: v2A2/2 + zn: Yiv;Aid; .. (2.48)
i=1 i=1 ij=1
and
X=eZ=I+Z+Z2/2+...=I+zn:ziAi+(iz,-Ai)2/2+.... (2.49)
i=1 i=1
The lemma follows by equating (2.48) and (2.49). u

35



Chapter 3

Examples

In this chapter we describe the motion control applications that we study through-
out this dissertation. In particular, we derive the relevant state equations as

systems on matrix Lie groups.

3.1 Spacecraft Attitude Control

As our first example, consider the spacecraft attitude control problem. Let
(b1, bz, bg) be an orthonormal frame fixed on the body and let (r1,r2, r3) define
an inertial frame with origin coincident with the origin of the body-fixed frame.
Then we define X (t) € SO(3) such that r; = X(¢)b;, i.e., X(t) determines the
attitude of the spacecraft at time ¢. Let e; = (1,0,0)T, e; = (0,1,0)T and

e3 = (0,0,1)T. Define “: R% — s0(3) for z = (x1, z3, 23)%, by

0 —X3 T
—X9 T 0
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Define A; = é;, i = 1,2,3. Then {A;, Ay, A3} is the standard basis for G = so(3)

and X (t) satisfies
3
X=XQ, Q)= Qt)A (3.2)

i=1
where Q = (Qy, s, Q23)7 is the angular velocity of the spacecraft in body-fixed
coordinates. If we let eu; = §2;, ¢ = 1,2, 3, i.e., if we interpret the components

of angular velocity as our small-amplitude, periodic controls (see Chapter 1 and

Chapter 2), then (3.2) takes the form (2.11) with G = SO(3) and n = 3.

We will be most interested in the case when only two components of angular
velocity can be controlled, i.e., when m = 2. For example, if we can control

\angular velocity about the by and bg axes, then X satisfies
X = GX(’LLlAl + U2A2). (33)

By Theorem 2.1 (Brockett/Jurdjevic and Sussmann), (3.3) is controllable and is
a single-bracket system since [A;, As] = As. This means that we can reorient the
spacecraft as desired by controlling only two of three angular velocity components

(e.g., roll and pitch velocities).

From Section 2.3.1, the solution to (3.3) can locally be expressed as X (t) =
e ®4r1gn(t42%(M4s . The Wei-Norman parameters (vi,72,v3) satisfy (2.31)

which for the standard basis of so(3) defined above becomes

Y1 secy;co8ys —secyzsinys 0 Uy
Ay | =€ sin s COS Y3 0 up | = eM(7)u, (3.4)
s —tanypcosys tan7yssiny; 1 U3

where for the case of two controls (3.3) we set u3 = 0. The matrix M(y) is
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nonsingular for |y < 7/2, and the Wei-Norman parameters can be interpreted
as Euler angles. Let B = (by, bz, bs) and E = (rq, r2,r3) and define the rotations

1,72, Y3 as follows:

e Rotate E counterclockwise about the ry-axis by angle v, to get E.
e Rotate E counterclockwise about its y-axis by angle s to get E”.

e Rotate E” counterclockwise about its z-axis by angle 5 to get B.

From Section 2.3.2 we can also express the solution to (3.3) locally as a single
exponential X (t) = e?® Z(t) = ©-3_, #(t)A;. This representation is equivalent
to the well-known Euler parametrization for SO(3). Given X = e € SO(3),
Z = —¢¢ where

¢ = ¢(X) = cos™ o.n(1/2(tr(X) - 1)), (3.5)
tr is the trace operator and

1
"~ 2sing

¢ = c(X) (Xo3 — X329, X31 — X13, X12 — Xo1)T.

As an alternative to the metrics d and d defined by (2.38) and (2.46), respec-
tively, on a neighborhood of the identity of SO(3), we define a metric ¢ on SO(3)
which gives a more physical measure of rotational distance. Let X, X € SO(3).
Following Meyer [55] we let R = X 'X = XTX and let ¢(R) be given by (3.5).
R € S0O(3) describes the rotation that takes X into X and ¢(R) defines the
magnitude of this rotation. By [55],

$:50(3) x SO(3) » R,, (A, B) 2 ¢(ABT) (3.6)

defines a metric on SO(3) and satisfies

$(ABT) < ¢(A) + ¢(B). (3.7)
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So ¢(XT, XT) = ¢(R) describes the distance between X and X on SO(3). Fur-
ther, suppose X (t) and X(t) are curves in SO(3) such that X = X4, X = Xi.
Then R(t) = XT(t)X (t) also is a curve in SO(3) and

R=RQ,, Qi=u- R4

)4 is the difference in body angular velocity between the system defined by X
and the system defined by X. Let R(0) = I, R(tf) = Ry, t; > 0. Meyer showed
that for any Q4(t),

8(Rs) < [ 19(0) et

Thus, ¢(X7, XT) = ¢(R) can be interpreted as the minimal angular distance be-
tween the body coordinates of the system defined by X and the body coordinates

of the system defined by X.

The interpretation of the components of spacecraft angular velocity 2 as our
control inputs eu is reasonable, for example, if we suppose that zero angular
momentum of the spacecraft is conserved, i.e., that the spacecraft is not spinning
and there is no external torque applied. We describe below two different ways of

effecting control over angular velocity under these circumstances.

3.1.1 Internal Rotors

The spacecraft with internal rotors is illustrated in Figure 3.1. Let p be the
number of rotors. Assume that the ith rotor spins about the axis d; (unit vector)
which is fixed in the spacecraft such that the center of mass of the ith rotor lies
on the d; axis. Further, d; is a principal axis for the ith rotor, and the ith rotor is
symmetric about d;. Let p be the angular momentum of the spacecraft measured

in inertial coordinates and assume that p = 0 is conserved. Define

39



b /

Internal Rotor d,
Spacecraft

Figure 3.1: Spacecraft with Internal Rotors.
J* £ inertia matrix of spacecraft without rotors in body-fixed coordinates.
Ji £ inertia matrix of ith rotor measured in body-fixed coordinates.
v; = éidi = angular velocity of ith rotor in body-fixed coordinates.

o = angular momentum of body in body-fixed coordinates.

Then by [55, 18]
p -—
=1

which implies that

Then since p = 0,

where J = J* +3°?_, J; is assumed to be nonsingular (which it will be in general).
Thus, assuming that we can control the angular velocities of the internal rotors,

0;, i =1,...,p, we can control some or all of the components of .
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Point Mass, my

Spacecraft

Figure 3.2: Spacecraft with Appended Point Mass Oscillator.

3.1.2 Appended Point Mass Oscillator

The spacecraft with an appended point mass oscillator is illustrated in Figure 3.2.
We assume that we can control the oscillation of the point mass in three di-
mensions. (Alternatively, the problem may involve undesirable oscillations of an
appended point mass and, thus, we study the resulting attitude drift of the space-
craft.) We assume that the point mass has no associated inertia (matrix). Let p
be the angular momentum of the spacecraft plus oscillator measured in inertial

coordinates and assume that y = 0 is conserved. Define

Y £ distance of the point mass from the spacecraft center of mass in body-fixed

coordinates.
A . : .
mg, m; = mass of the spacecraft and point mass oscillator, respectively.
A
U = memy /(Mg + my).

I £ inertia matrix of the spacecraft without the oscillator.
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x g
Figure 3.3: Overhead View of Unicycle.

Liock £ instantaneous locked inertia of body plus oscillator, i.e., the inertia of
the system frozen at y in body coordinates. Zioer = Zo + am(||y||2] — yy7)

where I is the 3 x 3 identity matrix.
Ly £ angular momentum of body in body-fixed coordinates.
Y 2 velocity of point mass in body-fixed coordinates.

Then by [36]

o = XTu = (Dot + 0y X 9).

Since u = 0, we get that
Q= T (y)am(y x 9), (3.8)

assuming that Z;,.(y) is nonsingular (which it will be in general). Thus, Q is

driven by the velocity ¢ of the oscillator.

3.2 Unicycle Motion Control

As our second example, we consider the unicycle motion planning problem shown

in Figure 3.3. Let the configuration of the unicycle be (z,y,0) € R x St. (z,y)
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describes the unicycle’s position on a plane relative to an orthonormal inertial
frame (ry,rz). 6 describes the orientation of the unicycle, specifically, the angle
between the tangent to the wheel on the plane and the rj-axis. Assuming the
unicycle wheel rolls without slipping and u; = 6 (steering speed) and uy = v

(rolling speed) are available as controls, then the system can be described by

T = ugcosl
Y = wugsinf (3.9)
é = Ux.

Alternatively, let (bg, b2) be an orthonormal frame in the plane fixed on the
vehicle such that by is parallel to the tangent to the wheel on the plane. Define
X(t) € SE(2) by

Then X (t) describes the position and orientation of the unicycle at time ¢ and

cosf —sinf |z

X =|sinf cosf |y

0 0 |1
Let
(0 —1]0]| [0 01 [0 00
Ai=|1 00|, 4=|00|0|,4=|00]1 (3.10)
|0 0 0] o—o—ﬂ 0 0]0

Then {A;, Ay, As} defines a basis for se(2), the Euclidean Lie algebra, and X (t)

satisfies

X = eX(A1u1 + AzUz) (311)

43



where we have assumed small-amplitude controls. Equation (3.11) is of the form
(2.11) with G = SE(2), n = 3 and m = 2. By Theorem 2.1, (3.11) is controllable

and is a single-bracket system since [A4;, A5] = As.

Because G = SE(2) is solvable, Lemma 2.3 ensures that at least one choice
" of ordered basis for se(2) yields a global product of exponentials representation
of X (t). It turns out that more than one choice of ordered basis gives a global
solution. For the representation X (t) = en(41e12(42¢13(M4s  the Wei-Norman

parameters (1,72, vs) globally satisfy

o= wm
Y2 = YU+ u2

Y3 = —vup + us.

ug is the velocity in the bg direction, i.e., along the wheel axis. For the unicycle
problem, uz is the slipping speed; thus, the rolling without slipping constraint

implies that uz = 0. Further, one can see that § = ~; and

z cosf —sind Y2

Y sinf cos@ Y3

i.e., (72,7s) describes the position of the unicycle with respect to a coordi-
nate frame that rotates with the unicycle but has its origin fixed at the ori-
gin of the inertial frame. Coordinates z,y, 0 are also Wei-Norman parameters
and (3.9) Wei-Norman equations corresponding to the global solution X () =
e 42ey() 430041 The parameters 21, 2, 23 in the representation X (t) = eZ®,
Z(t) = Y3_, z(t)A; are identical to the Wei-Norman parameters 71,72, 73, i.€.,
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n

Figure 3.4: Autonomous Underwater Vehicle.

3.3
Control

Consider an autonomous underwate

(b1, bz, bg) be an orthonormal frame

Autonomous Underwater Vehicle Motion

r vehicle (AUV) as in Figure 3.4 and let

fixed on the vehicle. Similarly, let (1, r2,r3)

define an inertial frame. Then we define X (t) € SE(3) where

Xg(t l t -
X(t) = r(t) | or(t) , Xgr(t) € SO(3), z7(t) € R,
000 ' 1
such that
b; Xg(t) | zp(t b; Xg(t)b; + xp(t r;
X(1) _ | Xr(®) | 22(8) _ | X&) () | _
1 000 ' 1 1 1 1

Thus, X (t) describes the orientation

and position of the AUV at time ¢. Let

-
é |0
1=1,2,3
0000
A=1{ L (3.12)
0 |e-s
] i=456.
| 000 O

Then {4, ..

., Ag} defines a basis for G = se(3). Let Q = (Qy, 2y, Q3)7 define

the angular velocity of the vehicle and v = (vy,vq,v3)T the vehicle translational
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velocity, all with respect to (by, bz, bs). Then X (t) satisfies
. 3 6
X =XQ_ Ut)Ai+ D vi-s(t)Ai). (3.13)
i=1 i=4
We assume that we can interpret Q(t) and v(t) as small-amplitude controls such

that (3.13) is of the form (2.11), e.g., we let eu; = Q;, i = 1,2,3 and ey; =
Vi-3, ¢ = 4,5,6. In this case G = SE(3) and n = 6.

As in the spacecraft attitude control problem, we are interested here in the
case when fewer than n control components are available, i.e., m < 6. For exam-
ple, suppose that we can control angular velocity about by, bg, bg and transla-

tional velocity along by. Then X (t) satisfies
) 4
i=1

By Theorem 2.1, (3.14) is controllable and is a single-bracket system since [Ajs, A4
= As and [A4, As] = As. Now suppose that an actuator which controls one
component of angular velocity fails. If the failed actuator corresponds to the first
component, i.e., u1(t) = 0, then (3.14) is still a single-bracket system. However, if

the actuator for one of the other components fails, say u3(t) = 0, then X satisfies
X = eX(u1A1 + ugAsg + ’LL4A4). (315)

System (3.15) is still controllable but now a double-bracket system. This can be
seen since [A;, Ay] = As, [A4, Ag] = Ag and [[A;, A5, A4] = As.

The AUV is controllable even with as few as two controls. Suppose one
actuator controls angular velocity (denoted by eu;) about an axis that lies in
the bi-b2 plane. For example, suppose that it controls angular velocity about

the by and bg axes equally. Suppose the other actuator controls angular and
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translational velocity about the bg axis, simultaneously. This second actuator
provides a screw-like velocity that we denote by eus(t). Define B; = A; + A, and
By = Ay + As. Then X satisfies

X = EX(UlBl + U2B2). (316)

System (3.16) is controllable and is a triple-bracket system since (B, Bz, [B1, Ba),
[Bla [Bl, B2]]’ [B2a [Bl, B2]]’ [B17 [Bl’ [Bl’ B2]]]) span 86(3)'

The Wei-Norman parameters (71, ...,7s) in the product of exponentials rep-

resentation X (t) = [[5_, en(M4: gatisfy

- Y - - secypcosys —secyesinyg 0 0 0 O 11 Uy -
Yo sin 73 COS Y3 0 00 O Ug
Y3 _ —tany,cosys tan-yssin-ys 1 000 U3 (3.17)
Ya 0 —Ye v 1 0 0 Uy
Vs Yo 0 -7 01 0 Us
T ]| —Ys Y4 0 00 1 || us|

The parameters vy, 7y2, 73 correspond to the three Euler-angle type parameters
of the spacecraft attitude control problem (compare with (3.4)) and parametrize

the orientation of the vehicle. The parameters vy, 75, 76 parametrize the po-

. X R | 2T

sition of the vehicle. Let X = . Then Xp = [I2,e"4 and
000 1

zr = Xgr(Y1,7s,7%)T. Similarly, consider the single exponential representa-

tion X(t) = e?®, Z(t) = X5, z(t)A;. 2, 20, 23 correspond to the single ex-
ponential parameters of the spacecraft problem, ie., Xp = eXim1 a4 and

Z; = Yi, ’L=4,5,6
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Figure 3.5: Uniform Ball Rolling Between Two Parallel Plates.

3.4 Ball and Plate

Consider a uniform spherical ball rolling without slipping between two parallel,
flat, rough plates as in Figure 3.5. Let (bj, b2, bs) be an orthonormal frame
fixed on the ball with origin at the center of the ball. Let (q1,q2,q3) be an
inertial frame. Let (r1,r2,rg) be a frame translating with the ball that has its
origin at the center of the ball, but has its orientation coincident with the inertial
frame. Let rg be perpendicular to the plates. Assume that the bottom plate is
stationary and the top plate can be vibrated parallel to the ri-rp plane. Further,
assume that we can control the velocity of the top plate. Let u;(t) be the velocity
component in the r;-direction, i = 1,2. Let y = (y1, y2, y3)T describe the position
of the center of the ball with respect to (q1,q2,q3). Let p be the radius of the
ball, then y3(¢t) = p. Since the velocity of the center of the ball is equal to the

velocity at the top contact point,

1 =ui(t), 2 =us(t), 93=0.

Now let X (t) € SO(3) be defined such that r; = XThy, i.e., X(t) describes

the orientation of the ball at time £. Let 2 be the angular velocity of the ball
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expressed with respect to (ri,re,rs). The rolling without slipping constraint

implies that

Uy 0 pQg
Ug =) X 0 — —le
0 p 0

Further, assuming zero initial angular momentum about the rg axis, by conser-

vation of angular momentum, Q3 = 0. So X (t) satisfies
X =x0-= %X(—-Aluz(t) + Agus(8)), (3.18)

where A;, Ay € so(3) are as defined in Section 3.1. System (3.18) is a left-
invariant control system on SO(3) of the same form as the spacecraft attitude
control problem with only two velocity components available as controls. In

particular, this system is controllable and a single-bracket system.

This system could potentially be used in the design of a vibratory actuator
[33]. Suppose that we control small-amplitude vibrations of the top plate, e.g.,
with piezo-actuated flexural members. Since (3.18) is controllable, we can get
net rotation of the ball about the rg axis. Thus, if we attach a (deformable) gear
drive about the equator of the ball, we can convert vibratory motion into rotary

motion (see Figure 3.6).

3.5 Brockett’s System

Brockett’s prototypical nonholonomic system [13] on R is defined (after a change

of variables) as
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Stationary Plate Erame
Side View Top View
Figure 3.6: Vibratory Actuator on SO(3).
Yy = u (3.19)

z = U1 y.

In the terminology used by Murray and Sastry [60], (3.19) is in chained form.
However, we can also express this system as a drift-free, left-invariant system
on the three-dimensional unipotent matrix Lie group (also called the Heisenberg
group) denoted by H(3). Define a basis for the associated (nilpotent of order 2)
Lie algebra h(3) as

000 010 0 0 1
Ai=1001])|, 42=]l0001}, 43=]100 0 |,

0 0O 00O 0 00O
and let
1l y -z
X=|l01 =z
0 0 1

Then X (t) satisfies
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Figure 3.7: Overhead View of Front-Wheel Drive Car.

which is of the form (2.11) with n = 3, m = 2 where we have assumed small-
amplitude controls. By Theorem 2.1, (3.20) is controllable and a single-bracket
system since [A;, As] = A;. Since h(3) is nilpotent it is also solvable. Thus,
Lemma 2.3 ensures that at least one choice of basis gives a global product of expo-
nentials solution for X (t). The product of exponentials X (t) = ()41 gy(t)42¢2(t)4s

is a global solution to (3.20).

3.6 Front-Wheel Drive Car and Other Chained-
Form Systems

Consider the front-wheel drive (kinematic) car of length [ shown in Figure 3.7.
The front-wheel pair and the rear-wheel pair are each modelled as a single wheel
located at the midpoint of each axle. We assume that only the front wheels are
allowed to turn. The car, like the unicycle, is a nonholonomic system if we assume
that the wheels do not slip. The configuration of the unicycle can be described
by (z,y,0,9) € R? x S x S, where (z,y) describes the car’s position on a plane
relative to an inertial frame (ry,rz). (b, b2) is an orthonormal frame fixed on

the car as shown in Figure 3.7. 6 denotes the orientation of the car, i.e., the angle
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between the by axis of the car and the ry axis, and ¢ denotes the steering angle,
i.e., the angle between the by axis of the car and the front wheels. Assuming

that we can control u; = ¢ (steering speed) and us; = v (rolling speed), then the

kinematic state equations are

T = ugcosf
Yy = ugsinf (3.21)
¢.5 = us
. 1
0 = wu,—tandg.

!

The configuration of the car is more naturally described by the Lie group
SE(2) x S'. SE(2) describes the position and orientation of the car (as in the
unicycle problem) and S* describes the angular position of the front wheels. For

example, let X(t) € SE(2) x S! ~ SE(2) x SO(2) be defined by

cos@ —sinf z O 0
sinf cosf y O 0
X = 0 0 1 0 0

0 0 0 cos¢p —sing

0 0 0 sing cos¢

Define
0 01 0 -1 0 \
0 0
— 0 00|O 1 0 0|0
Al: 0 -1 7A2: )AS_
0 00O 0 0 0
1 0
0 0 0 0

Then {A;, A,, A3, [A3, As]} is a basis for se(2) x so(2). Let @,(t) = fy us(7)d.
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Then X (t) satisfies

. < 1
X = X(’ll,lAl + U2A2 + - tan(ﬂl)uQAg),

[

which is a left-invariant system on SE(2) x S!, nonlinear in the controls u;, us.

An alternative way of describing the kinematics of the car is to convert (3.21)

into chained form. This is a local transformation about (z,y,6,$) = 0 of the

states and controls of (3.21) given by Murray and Sastry [60] to yield the following

system on R*,

z1
To
Z3

T4

U1
(%) (3.22)
TV

T3Vq.

Since this form is local it neglects the group structure of the configuration space.

However, it has proved useful in the nonholonomic motion planning literature for

constructing motion control laws.

System (3.22) can be expressed in our formalism as a left-invariant control

system on a four-dimensional subgroup of the group of 4 x 4 unipotent matrices.

This matrix Lie group consists of elements of the form

—

o o O

)
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where * is arbitrary. A basis for the (nilpotent) Lie algebra of this group is given

by {Ala A27 A3a A4} = {Ah A27 [A2a A1]7 [[A2’ Al]’ Al]} where

0 00O 0100
0010 0 00O
Al = y A2 =
0 001 0 00O
0 00O 0000
Then X (t) satisfies
X = eX (Ayvy + Agvs) (3.23)

which is of the form (2.11) with n = 4, m = 2, where we have assumed small-
amplitude controls. The front-wheel drive car described by (3.23) is controllable
and a double-bracket system. The product of exponentials X (t) = [[5_, e%(®4 is

a global solution to (3.23).

Other more general chained-form systems can equivalently be described as
left-invariant control systems on unipotent matrix Lie groups. Accordingly, the
theory and control synthesis algorithms of this dissertation can be applied to these
systems. The connection is that chained-form systems are nilpotent systems in
the analogous sense that unipotent matrix Lie groups have nilpotent Lie algebras.

For example, consider the two-input chained-form system [59],

.’i)l = U

.’i’z = U2

.’i]g = XUy (324)
j34 = T3U

.'i,‘k = Tp-1Ug..

54



It has been shown [71] that a kinematic car with n = k — 3 trailers can be
converted into the form (3.24). System (3.24) can be expressed as a left-invariant
control system on a k-dimensional subgroup of the k x k unipotent matrices,

where an element X in this subgroup takes the form

1 T2 T3 Ty ... Tg
0 1 1 R
0 0 1 I
X =
0 0 O 1 *
I
0 O 0 0 0 1
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Chapter 4

Averaging

In this chapter we address the first main objective of this dissertation: to describe
solutions (motion) of systems on Lie groups. To do so we derive averaging theory
for left-invariant systems on finite-dimensional Lie groups. These systems are
described by (2.9) of Section 2.1.3 on the Lie group G with Lie algebra G. The
goal of averaging theory in this context is to describe an approximate solution to
(2.9) that remains close to the actual solution and that evolves on G. Classical
averaging theory on R" does not meet this goal because it is restricted to systems
which evolve on ™. However, one can apply classical averaging theory to local
solutions of (2.9). We derive averaging theory for systems on Lie groups by
finding average solutions to the product of exponentials and single exponential

local representations of (2.9) (see Section 2.3).

Averaging theory has a relatively long history. It is linked to the study of
oscillations in classical mechanics which began with the description of the motion
of a pendulum in the days of Galileo (1564-1642) and Newton (1642-1727). One
can find the origins of the theory of small oscillations in the work of Lagrange

(1736-1813) and an explicit statement of the principle of averaging in the work
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of Gauss (1777-1855) in his study of the perturbations of planets on one another.
Ideas related to averaging theory can also be found implicitly in the work of
Laplace (1749-1827). Bogoliubov and Mitropolsky published a classic survey of
averaging theory in the early 1960’s [9). A more modern treatment is given by
Sanders and Verhulst [64]. We make reference to an even more recent treatment

by Khalil [32].

In Section 4.1 we present our results based on the product of exponentials
representation of the solution g(t) € G to (2.9). These results include an O(e)
and O(€%) approximation to g(t) for t € [0,b/¢], b > 0, where ¢ (0 < € < 1)
is the small parameter representing the small amplitude of the periodic forcing
function U(t) € G (see the end of Section 2.3.2 for the definition of O(d;(€))). In
Section 4.2 we present our results based on the single exponential representation
of g(t). These results provide a more general O(e?), ¢ > 1, approximation to
g(t), t € [0,b/€]. Additionally, in this section smoothness assumptions on U(t)

are relaxed.

In both of these sections we emphasize the geometric interpretation of the
average solution formulas. This interpretation is useful for solving the construc-
tive controllability problem as will be shown in Chapter 5. The basic idea can be

illustrated by considering the system on R? defined by
i = Fi(z)u; + Fa(z)ug, =€ R, (4.1)
where Fi(-) and F(-) are smooth vector fields on %2. We assume that
rank([Fy(z) Fo(z) [F1, F)(z)]) = 3, Vz € R, (4.2)

where [F1, F5](-) is a new vector field on R" called the Lie bracket of F} and F
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uy ~
u
N .
- - L] T=4 1 €
7 l—l / >
-€ |—] t Area € "2
T=4
(a) (b)
uI ~
uj
- - \/ T7=4 ¢
u2 = ~
2 uy
- 1 \—/ t Area
T=4
(c) (d)
Figure 4.1: Periodic Controls.
and defined by
OF: OF;
7, B@) = S2(@)Fi(z) - 5 @) Fy(a).

By a well-known theorem (e.g., Proposition 3.15 of [61]), analogous to Theo-
rem 2.1 (Jurdjevic and Sussmann), assumption (4.2) implies that system (4.1)
is controllable. Specifically, one can reach any point in R3 by flowing along the

vector fields Fy, F; and [F}, F3] which span R3 at every point in R3.

It is well known that one can generate flow in the direction of [Fy, F3] using

the controls u; and u, specified in Figure 4.1(a). These controls yield
z(T) — z(0) = €[Fy, F3)(z(0)) + h.o.t.,

i.e., after T = 4 units of time the state of the system has changed in magnitude by
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¢? in the direction of [F}, F] evaluated at the initial condition z(0). Figure 4.1(b)
shows a plot of @, = [} uy(7)dr versus iy = [} uy(7)dr during T units of time. It
is clear that the magnitude of the resulting flow can be expressed as €2 = Area
bounded by the curve described by @, versus #; during one period. As Brockett
argues in [14], one would expect a similar result if the two controls were some
other pair of small-amplitude periodic functions. For example, the controls as

depicted in Figure 4.1(c) would produce

z(T) — z(0) = Area[Fy, F5](z(0)),

where Area is the shaded area of Figure 4.1(d), i.e., the area bounded by the
closed curve described by #%; and 4y over one period. Then in some average sense

one would predict that

Area - t
T

2(t) — 2(0) ~ [F1, F)(2(0)).

The theory derived in this chapter generalizes this area-rule result to systems on

Lie groups and for arbitrarily high-order (in €) approximations.

In Section 4.3 we derive the secular term (linear in t) in the O(e?) area rule
from the curvature form of a certain principal fiber bundle with connection. This
result emphasizes that our solutions are basis-independent. In Section 4.4 we

present some stability results for system (2.9) that are derived from the averaging

theory of this chapter.
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4.1 Averaging with Product of Exponentials

In this section we derive first and second-order averaging theory for systems of

the form (2.9). We use the product of exponentials local solution to (2.9)

g(t) — e7l(t)£1 . e'Yn(t)fn’

given by Lemma 2.3 (Wei and Norman), where
¥ = eM(y)u. (4.3)

The definitions of the neighborhoods S C R*, Q C G, the diffeomorphism ¥ :
S — @ and the metric d on Q which we use in the following theorems can be

found in Section 2.3.1. gy, Uy, @ and U are defined by (2.19)-(2.21).

Theorem 4.1 (First-Order Averaging) Consider system (2.9) on the Lie
group G with Lie algebra G. Assume that U(t) € G is periodic in t with period T
and has continuous derivatives up to second order for t € [0,00). Let D = {vy €
R | |l7ll < r} € S (for choice of r see condition on D below). Suppose that
g(0) = go € Q. Let ~(t) be the solution to (4.3) with ¥(0) = vp = ¥~*(go). Let
YD (t) € R* and g (t) € G be defined by

. 1T
¢”=eMwmfo w(r)dr) = eM (YD )ug, Y(0) =", (4.49)

g (1) = & O . O = gl oant i) — (V). (4.5)

If |y — 77| = O(e) and if yV(t) € D, V¢ € [0, b/e] then,

d(g(t),g(l)(t)) =0(e), Vte [0’ b/e].
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Proof. By classical averaging theory ([32, Theorem 7.4]),

Iv(®) =@ = O(e), Vte[0,b/e].

For small enough e, since v((t) € D C S then y(t) € D C S, Vt € [0,b/¢]. So

by Lemma 2.3,
g(t) = 08 .. W8 — W(y(1)), Vit € [0,b/e].

Define

gO(t) = et 08 W06 = gy (1)), Vi e [0,b/e]. (4.6)
Then, by definition of d,
d(g(®), gV @) = lv(®) = D)l = O(e), Vvt € [0,/¢].
By Lemma 2.3, g(!)(t) as defined by (4.6) satisfies
3 = eLLyy U,  g0(0) = g = ¥(x("). (4.7)
Since Uy, is constant, (4.7) has the global solution

g V() = gV,

Remark 4.2 It is clear from (4.7) that g{V(t) describes the effect of the DC

component of U(t) on the system (2.9).

Theorem 4.3 (Second-Order Averaging - Area Rule) Consider system
(2.9) on the Lie group G with Lie algebra G. Assume that U(t) € G is periodic
in ¢ with period T and has continuous derivatives up to third order for ¢ € [0, co)

and assume that Uy, = 0. Let D = {y € R" | ||7]| < r} € S (for choice of r see
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condition on D below). Suppose that g(0) = go € Q. Let v(t) be the solution to
(4.3) with 7(0) =0 = ¥(go) = O(e). Let 1§’ = (..., 7)T and define

2t —

oi(t) = €75 S Areay;(T)TY + 1, (4.8)
1,7=15i<]

’Y/(gz) (t) = et (t) + wi(2), (4.9)

gA(t) = VW8 AW (4.10)

where T}, and Area;;(T) are defined by (2.15) and (2.22), respectively. If ||y, —
7@ = O(e) and if 12 (¢) € D, Vt € [0,b/e] then,

d(9(t),9?(t)) = O(¢?), Vte0,b/e).

Proof. Following classical averaging theory we define
h(t,y) = M(y)u(t),

w(t,y) = [ bl v = [ M@urdr = M@)o,

and note that v(t,y) is periodic in ¢ with period T since u,, = 0. Consider the

change of variables
v=y+ev(t,y). (4.11)

Note that y(0) = v = O(e). Differentiating (4.11) with respect to time we get

Substituting (4.3) for 4, (4.11) for v and dv/dt = M (y)u(t) gives

eM(y +ev)u=(I+ eg—Z)y + eM(y)u. (4.12)
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By (2.36) of Remark 2.4, M(y) = I + &(y) + O(y?) where the ijth element of
@ is defined by (2.35) and O(v?) represents terms that are quadratic and higher

order in the components of . Since, additionally, M (7) is analytic in -y, then

My+ev) = I+a(y+ev)+0((y+ev)?)
= I+a(y)+ea(v) + OW?) + eO(yv) + 2pi(t, y, €)

= M(y) + ei(v) + eO(yv) + €’p1 (¢, y, €) (4.13)

where O(yv) is quadratic or higher order in the components of y and v. p, (¢, y, €)

is periodic in ¢ with period T'. Substituting (4.13) into (4.12) gives

eM(y)u + €2a(v)u + 0 (yv)u + Ep1(t,y, e)u = (I + eg—Z)y +eM(y)u. (4.14)

Since dv/0dy is t-periodic and thus bounded for all (¢,y) € [0, 00) x D, for small

€ > 0, (I + edv/dy) is nonsingular and

I+ eg-;—})"l =1- eg—z +O0(é%).

Multiplying both sides of (4.14) by (I + edv/dy)~! gives

y = (I- eg—;)- + O())(Ea(w)u + E0(yv)u + €py(t, v, €)u)

= ea(v)u(t) + €0 (yv)u(t) + €pa(t, y, €)

where po(t, y, €) is periodic in ¢ with period T'.

Now if we let s = €t, then

dy _

=, = ca(v)u(s) + cO(yv)u(s) + 62p2(§, v 2

F(s,y,¢). (4.15)

Define yo(s) by

d
% = F(s,40,0) =0, 1(0) = 0.
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Then yo(s) =0, Vs > 0. Define y,(s) by

dy: . 8_F 8_F
- = (ay (s, Yo, 0)y1(s) + e (s,yg,O))

= (&(v(s;90))u(s))lyo=0

yo=0

= a(M(0)a(s))u(s)

= a(a(s)u(s),  en(0) = .

By standard perturbation theory (c.f. [32, Theorem 7.1)), since yo(s) € D, Vs >
0, Je* > 0 such that V]e| < €* (4.15) has the unique solution y(s) defined on [0, b],

b > 0, such that

lly(s) — (wo(s) + eya ()l = lly(s) — eva(s)l| = O(€”).

Now let w = ey; then

ly(®) — w(®)| = O(e%), V¥t € [0,b/e], (4.16)

Let w(t) be the solution to
. (@)
=€ —/ a(i(o))u(o)do, w(0) =", (4.17)

From the definition of & (2.35), the kth component of the vector &(@)u is

m m m
Yoogi(@yu =Y > Thiju (4.18)
=1 i=1 j=it1

So using integration by parts, the fact that I'¥; = —T%;, 4 #; = u; and the definition

of Area;;(T) (2.22) we get from substituting (4.18) into (4.17) that

D) = / zak,w )ui(o)do + s
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i=1j=i+1
m 1 T . .
T 3 Jo (%il0)%(0) = Ul0)E; )
6 T i’jzzl;kj 2 /0 (uj (U)uz(a) ’Ll,,(a')uJ (O’))dO‘Fﬂ + Yko
— 21 m _1_ T ~ & . z d Fk @
= ¢ > (@i (0)is; (o) — @j(0)i(0))doTs; + ko
T, ;5 2 Jo
t m
= 62_ Z A’]"eaij (T)Ff‘] + 5 82)
Tiyjzl;i<j
Let v () = w(t) + eii(t). By assumption, ¥ (t) € D, V¢ € [0,b/€]. So, for

small enough ¢, w(t) € D, Vt € [0,b/€]. Thus, by classical averaging (Theorem
7.4 [32)),
lw(t) — @)l = O(¢?), V¢ € [0,b/e]. (4.19)

So by (4.16) and (4.19)
ly(®) — ol = lly) —w(t) +w(t) - o)
< lly(®) —w@®l + llw(?) — @)
= 0O(?), Vte[0,b/e. (4.20)
Additionally,
lev(t,y) —ea()l = lleM(y)u(t) — ea(t)||
= [I(M(y) — Dea(?)]]
= [[O(e)eu(d)]]

= O(?), Vtel0,b/e. (4.21)
Then by (4.11), (4.20), (4.21),

V(@) = @O = lly(@®) + ev(t,y) ~ w(t) - ea(t)]
< ly(@) —a@) + llev(t, ) — ea())ll

= 0(e?), Vte]0,b/e. (4.22)
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For small enough ¢, since ¥®(t) € D C S then y(t) € D C S, Vt € [0,b/€]. So

by Lemma, 2.3,
g(t) = O .m0 = W(y(1)), Vi e [0,b/e]

Define

gD @) = 708 . PO = §(y® (1)), Vi e [0,b/e].

Then by definition of d,

d(9(2), *(®)) = Ilv(t) =P ()|l = O(e”), Vt € [0,b/e]. O

We show further in the next proposition that the structure constants I‘fj
associated to a given basis for G are directly related to the Lie brackets of the

vector fields defined by the columns of M(7y) evaluated at y = 0.

Proposition 4.4 Suppose that w(t) is defined by (4.8). Let [fy fo -+ fu]l =
M () where f is the kth column of the matrix M(y). Then

Z Areaii(T)[fi, £l o + 5. (4.23)

1,7=1;1<j

Proof By (2.35) and (2.36) of Remark 2.4 we have that

Sheiv1 WLk + O(7%)
Sh= =i+1 ’YkF + O(y )
fi=| 14+ Sl +0(9%)

22=i+1 'yklf‘f;] + O(’Yz)

Sreir1 WL +O(?)
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So fi|7=0 = ¢; where e¢; is the ith standard basis vector for R™ and

So for i < j,

ofi
oy

=0

[fir filly=o

0 --- 0 F%i+1)i I
0 0 Ity i |
of; of;
a_ fll =0 . f.7| =0
0y =0 U 0y =0 7
T I3
L% %

which by (4.8) completes the proof.

Remark 4.5 According to Theorem 4.3, the second-order approximation g (t)
to solutions g(t) of (2.9) can be expressed as a product of exponentials where the
exponents have an O(e) periodic term and a secular term (a term linear in t). By
(4.8) the secular term is proportional to the structure constants I‘fj associated to
{&, ..., &} and the areas Area;;j(T) bounded by the closed curves described by

i; and 4; over one period. This interpretation justifies calling Theorem 4.3 an

area rule.

The next corollary illustrates averaging for system (2.11) on the matrix Lie

group G = SO(3) where the error estimate is given in terms of the metric ¢ on

SO(3) defined by (3.6) in Section 3.1.
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Corollary 4.6 Consider system (2.11), the matrix version of system (2.9), where
G = S0(3), X(t) € SO(3) is the solution to (2.11) and {A4;, Ay, A3} is the
standard basis for G = so(3) as defined in Section 3.1. Assume U(t) € so(3) is
as in Theorem 4.3. Let D = {y € R | |y2] <7/2 -4, § > 0} (for choice of § see
condition on D below). Let X (0) = X, € Q. Let v(t) € R? be the solution of the
Wei-Norman equations for SO(3) given by (3.4) with v(0) = v = ¥~}(X,) =
O(e). Define

- t
’)’%2) (t) = €U (t) + 62?147'6(1,23 (T) + ')’1(()2),

~ t
7%2) (1) = etq(t) + €2TA7‘6a31 (T) + 72(()2), (4.24)

- t
7§2) (t) = eas(t)+ eziArealz(T) + 73(()2),

x®@ (t) — 67§2)(t)A1 e7z(>2)(t)A2 e’Yé”(t)As ) (4_25)
3
Then if ||y — 72| = O(€?) and if ¥ () € D, V¢ € [0,b/e],

(X (), X)) =0(), Vte[o,b/e.

Proof. Since I'}, = I'}; = '}, = 1 are the nonzero structure constants for the

given basis for so(3), v(¥ (t) as defined by (4.9) reduces to (4.24). By Theorem 4.3,
lv@®) = Y@@ = O(), Vvt e[0,b/e]. (4.26)

We note that D is small enough to ensure that the Wei-Norman equations are
well-defined Vy € D. We need not restrict D to be contained in S (as we do in
Theorem 4.3), since we do not use the diffeomorphism ¥ to define a metric on

SO(3) in this corollary. By (3.6)

B(X, XD) = p(XXO") = cos g (1/2(tr(X X D7) — 1))
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Since tr(ABC) = tr(BCA) = tr(CAB),

2 2 2
tr(X X(z)T) - tr(elelevazevaAae—yg)Aa 1D Az D Ay

= tr(emA2e(m15 Mg Arg(n—1")Ar

Since by (3.7), ¢(AB”) < ¢(A) + ¢(B),
(X XDT) = g(erdzern—3" s o= Az n—11")A1)

< ¢(672Aze(7a—7§2))A36—7§2)A2) T ¢(e(7§2) 1)1

= Pem=1 a1 A2y | (17 -m)Ar)

< ¢(e(7a—7§’))As) n d,(e(vé”—w)Az) n ¢(e(7§2)~71)A1). (4.27)

By direct computation, tr(exp(a;A;)) = 2cos(a;) + 1, i = 1,2,3. Therefore,
Be=0 ) — ol (5 (2eos(ys = o{?) +1- 1)

= cosjgi(cos(; — 1))

= -7, =123 (4.28)

It follows from (4.26), (4.27), (4.28) that

FX(0), XD () = (X OXOTW) < 3 hult) — A (0)
= () -+
= O(%), Vte[0,b/e. 0

Remark 4.7 We can draw similar conclusions for other metrics. For example,
given the assumption in Corollary 4.6 we can show that ||X (¢)X (Z)T(t) —1I|; =
O(e?), Vt € [0,b/€]. This can be shown by directly computing X (£)X®” (¢) — I.
The bound on the norm can then be found using trigonometric identities and the

fact that

3
Shi-12l= =72 =0 = |u—-12|=0(?), i=1,2,3
=1
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= [sin(y = %) = O(&), [cos(vi—7") -1/ =0(), i=1,23,

for small enough e.

4.2 Averaging with Single Exponential

In this section we derive averaging theory for systems of the form (2.9) using
the single exponential representation of solutions described in Section 2.3.2. This
representation is more natural for our purposes than the product of exponentials
representation, and we are able to derive a more general gth-order averaging
theory (¢ > 1). We consider the basic ideas of classical averaging theory to derive
the theory of this section, but we do not directly use the results from classical
averaging theory. One important consequence of this is that the forcing function
U(t) € G need only be piecewise continuous rather than smooth as assumed in

Theorems 4.1 and 4.3 and generally in classical averaging theory.

Consider the single exponential representation g(t) = eZ® for the solution to

(2.9), where Z(t) € G is given by the infinite series Z(t) = Y32,(—1)""€' Z;(¢)

1=1

of Corollary 2.7 and Z;(t) is defined by (2.43) (Fomenko and Chakon). Let

Z; = dZ;(t)/dt which can be computed by differentiating (2.43) as

Z1t) =To(t) = U(®),

(4% = T+ A2 Tl + 5120 T (4.29)

+ X kY (Zemis[Zmas s Zmayy Tir] - ]+ -

SR

1 Zms Zomas - -+ s 1 Zmgys Ticr) o )+ Zings [Zmas -+ + 3 [Zimgys Tiee) - D}

Tt) = WO, [ U, [ Ulndrsldn ... dr),
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The following lemma shows the conditions for which the terms in the series

expression for Z(t) are periodic in t.
Lemma 4.8 Let ¢ > 2 be a positive integer and let U(t +T) = U(t), Vt > 0. If
To(T)=0, k=0,...,q—2, (4.30)

then Vi > 0,

a =Tkt, k=0,...,q—2.

(a) Te(t+T)
(b) Tiw(t+T) ), k=0,...,q—1.
(c) Zit+T)=2Zlt), i=1,...,q—1.
(d) Zi(t+T)=2Zt), i=1,...,q.

Proof. Assume (4.30) holds. We prove (a) by induction. For ¢ = 2 assumption
(4.30) implies To(T") = 0. Then

To(t+T) = /0 Uty

- [ U + [ Uy

= To(T)+ /0 ‘Ulo+T)do (4.31)
= 0+ OtU (0)do

= To(t)

where we set 0 = 7 — T. Now assume (a) holds for ¢ = ¢’. Then we must show
that (a) holds for ¢ = ¢’ + 1 assuming Tx(T) =0, k =0,...,¢' — 1. Since (a)
holds for ¢ = ¢/, Ty(t + T) = Ty(t) for k = 0,...,¢' — 2. So we need only show
Ty 1(t+T)=Ty_1(t).

Tya+T) = [ U, Tyma(rm)ldn
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= [ W), Tyatrlan + [ W), Tya(r)ldn
= T+ V(01 +T), Ty_a(o1 + T))dor
=0 + /Ot[U(O'l),qu_z(Ul)]dUl

= Tq'—l(t)’
where we set 01 = 7y — T. Thus, (a) holds by induction.

Conclusion (b) follows as a result of (a). By (4.29)

Ti(t) = [U®), Te1 ()],

and by (a) Tx(t +T) =Ty(t) for k=0,...,g—2. Sofor k=0,...,¢—1,

T,(t+T) = [Ut+T),Tx(t+T))
= [U®), Te-1(t)]

= Ti(t).

We prove (c) by induction. Let ¢ = 2. Since Z) = Tp, by (4.31) Z1(t +T) =
Z1(t). Now assume (c) holds for ¢ = ¢'. We show that it holds for ¢ = ¢’ + 1
assuming Tx(T) =0, k=0, ...,¢'—1. Since (c) holds for ¢ = ¢, Z;(t+T) = Z;(t)
fori =1,...,¢' — 1. So we need only show Zy(t +T) = Zy(t). However, from
(2.43) Zy (1) is a function only of terms Tj(t) and Z;(t), [=1,...,¢'— 1. By (a)
T(t+T) =T,(t),l =1,...,¢' — 1. By the induction hypothesis, Z;(t+T) = Z,(t),
l=1,...,¢' — 1. Thus, Zy(t +T) = Zy(t), and (c) holds by induction.

Finally, we prove (d) by induction. Let ¢ = 2. We have Z,(t) = 1Ti(¢).

So by (b) Zy(t + T) = Z,(t). Now assume (d) holds for ¢ = ¢’. We show
that it holds for ¢ = ¢’ + 1 assuming Tx(T) =0, £k = 0,...,¢' — 1. Since (d)
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holds for ¢ = ¢, Zi(t + T) = Z;(t) for i = 1,...,¢. So we need only show
that Zyy1(t + T) = Zy41(t). From (4.29) we have that Z,,(t) is a function
only of terms Tj;(t), j=1,...,¢'— 1 and Ti(t), Z(t), Zi(t), L =1,...,¢". By (a),
T;(t+T) =T;(t),j =1,...,4' —1. By (b), T;(t+T) = T;(¢), I = 1,...,q". By (c),
Zi(t+T) = Z(t),l = 1,...,¢. By the induction hypothesis, Z;(t + T) = Z(t),
I=1,...,q". Thus, Zy41(t +T) = Zy11(t), and (d) holds by induction. O

The next series of theorems provide increasingly simplified approximations
to the single exponential representation of g(t). In Theorem 4.9, the first of
the series, we give a condition that ensures a valid local representation on an
O(1/e) time interval. Further, we show for G a nilpotent Lie algebra, that g(t)
can be represented as the exponential of a finite sum. The definitions of the
neighborhoods Sc g, Q C @G, the diffeomorphism ¥:5 - Q and the metric d

on ( which we use in the following theorems can be found in Section 2.3.2.

Theorem 4.9 Consider system (2.9) on the Lie group G with Lie algebra G.
Assume that U(t) is a piecewise continuous, bounded curve in G. Let b > 0
be such that [} ||U(7)||ldr < &, Vt € [0,b], where § is as defined in Theo-
rem 2.6. Then, g(t) = goe?® is the solution to (2.9), V¢ € [0,b/¢] where
Zt) = £2,(-1)*€ Z;(t), Zi(t) are defined by (2.43) and ¢g(0) = gy € G.
Suppose that G is nilpotent of order [. Define

ZW(#) zl: Y+ Z,(2).

=1

Then,

g(t) = goezyl(t), Vt € [0,b/¢].
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Proof: Let

K Zsup |U@)]-
>0
Let
)
b X

Then, Vt € [0, b,
t b b
[ lw@lar < [“olar < [ Kar = Kb <
0 . 0 0
Further, V¢ € [0, b/¢],
t b/e b/e
/0 el|U()||dr < /0 e|U()||dr < /0 eKdr = Kb <0,

As a result, by Theorem 2.6 (Fomenko and Chakon) and Corollary 2.7, ¢(t) =
90eZ®, Yt € [0,b/€], Z(t) = T2, (=1)" e Z,(¢).

For G nilpotent of order [, all Lie brackets on G of depth greater than [ — 1
are zero. Z;(t) is composed of depth-(i — 1) brackets on G; therefore, Z;(t) = 0,
i > 1. So Z(t) is the finite sum ZU(¢).

In the next theorem we show that for any G, g(¢) can be represented approz-
imately as the exponential of a finite sum. We also show that if g(0) € G is in
a small enough neighborhood of the identity e € G, then g(0) can be subsumed

into the single exponential representation of g(t).

Theorem 4.10 Consider system (2.9) on the Lie group G with Lie algebra G.
Let U(t) and b be as assumed in Theorem 4.9. Let ¢ > 1 be an integer. Suppose
that g(0) = go € Q C G is such that Zy = ¥U~!(gy) = O(e?™!) if ¢ > 1 and
Zy = O(e) if ¢ = 1. Define

Za@) = 1)1 Z,(t) + 289, (4.32)

|MQ

g(t) = ezm“’, (4.33)
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A

where Z;(t) are defined by (2.43). If || Z, — Z9| = O(¢%) and ZW(t) € 3,
Vt € [0,b/€], then

d(g(t), g9(1)) = O(e?), ¥t € [0,b/e].

Proof: As in Theorem 4.9 we have g(t) = goeZ®, Vt € [0,b/€] where Z(t) =
2 (=1)*1eZ,(t). Since go = e?°, by the Campbell-Baker-Hausdorff formula

we have that for small enough ¢,
g(t) = eZe?®) = WO vt e [0,b/e].
W (t) € G can be expressed as the following convergent series:

WD) = 2() + 2o+ 5120, 2] + 75 (120, Z0)), Z()] + [(2(0), Z0), Zo]) + ..
(4.34)
So, substituting in (4.34) the expression
Z(t) = Z19(@) — 29 + i (—1)"* e Z;(¢)
as well as Z(t) = O(e) and Zy = O(e?™ 1) gives

W) = Z90)+(Z-Z0)+ Y (—1)i+leiZ,~(t)+%[O(eq_l),O(e)]—}-...
i=g+1

= Z(t) + O(e). (4.35)

Since Z!9(t) € S, Vt € [0, b/€], for small enough €, W (t) € S, V¢ € [0,b/€]. Thus,
g(t) = ¥(W(t)) € Q and gld(t) = ¥(Z14(2)) € Q, Vt € [0,b/€]. It follows from
the definition of d (2.46) and (4.35) that

d(9(2),¢'9(t)) = W (t) = Z9(@)|| = O("), vt € [0,b/e]. O
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In the next theorem we show that the gth-order finite sum approximation of
Z(t) can be further simplified by replacing the gth term in the sum with its time
average. This theorem is our general gth-order averaging theorem which we also

refer to as the Area-Moment Rule.

Theorem 4.11 (qth-Order Averaging - Area-Moment Rule) Consider
system (2.9) on the Lie group G with Lie algebra G. Let U(t) and b be as
assumed in Theorem 4.9. Further, assume that U(¢) is periodic in ¢ of period
T, Vt € [0,00). Let ¢ > 1 be an integer. For ¢ > 1 assume that Tp(T") = 0,
k=0,...,q—2, where Tj(t) is defined by (2.43). Suppose that g(0) = go € Q C G
is such that Zo = ¥~1(go) = O(e%!) if ¢ > 1 and Zy = O(e) if ¢ = 1. Define

9-1 o t

Z@O¢) = Z(—l)’“e’Zi(t)—k(—1)‘1+1e‘1qu(T)+Zéq), (4.36)
=1

gO(t) = 2P0, (4.37)

~

where Z;(t) are defined by (2.43). If ||Zy — Z?|| = O(&) and Z@(t) € 8,
Vt € [0,b/e], then

d(g(t),99(t)) = O(¢?), Vte€[0,b/e. (4.38)
Further, for t = NT', N an integer,

ZO(NT) = (=1)TeINZ,(T) + Z9. (4.39)

Proof From Theorem 4.10, g(t) = e"®, Vt € [0, b/¢], where W (¢) is given by

W(t) = Z9(t) + 0(e9)
= Zq:(—l)i“eizi(t)+Z(§")+O(e‘1). (4.40)

i=1
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Let Y(t) be defined by
Y(t) = (1)1 Z,(t) + 289 (4.41)
Let Y (t) be defined by

% g+1 qt T, (9)
7(t) = (-)™e /0 Z,(t)dt + Z§

2
= (-~ S Z,(T) + + 28, (4.42)

Let V(¢) be defined by

V(t) = Z,(t) - —;:Zq(T). (4.43)

By Lemma 4.8, since Tx(T) = 0, k =0,...,q—2, we have that Z,(t+T) = Z,(t),

Vi > 0, and so
V(E+T) = Z(t+T)—t—;T—Z(T)
= /(]t+TZ()dT—~Z(T) Zq(T)
:/0 d¢+/ — 22,(T) - 2,(T)
= 2,0+ [ 2 0+T)da-—§;Zq(T)——Zq(T)
- /Z a——Z(T)

where we set 0 = 7 — T. So V/(¢) is periodic in ¢ and, thus, bounded Vt. Let M
be a constant such that ||V (¢)|| < M, Vt € [0,b/€]. Then, by (4.41), (4.42) and
(4.43), Vt € [0, b/€],

1Y (#) = Y ()]l = I(=1)"""e*(Z,(t) - -;—Zq(T))II = e[V (®)Il < Mle?| = O(e7)
(4.44)

77



So by (4.32), (4.36), (4.40), (4.41), (4 42), (4.44) and the triangle inequality,
t

1w - 2901 = W z( 1) Zi(1) + (~1)T = Z,(T) + Z0)]
= W)~ (Z9() - (1) 7, (0) + ()T e 2T
< W) - Z9@) + 1Y () - 7 @)
= O(e"), Vte[0,b/e. (4.45)

Since Z@(t) € 8, Vt € [0,b/e], for small enough €, W(t) € S. Thus, g(t) =
F(W(t) € Q and g@(t) = ¥(Z@(t)) € Q, Vt € [0,b/e]. It follows from the
definition of d (2.46) and (4.45) that

d(g(2),¢9(¢)) = IW (@) - Z9@®)| = O(e"), vt € [0,b/e].

Finally, from Lemma 4.8, since Z;(0) = 0 and Z;(t+T) = Zi(t), i=1,...,4—

1, we have that Z;(NT) = Z;(0) =0, i=1,...,¢ — 1, for N an integer. Thus,
g—1
ZONT) = Y (-)HEZNT) + (~1) e 2,(T) + 20

i=1
= (~1)MENZ,(T) + 2 O

Let I, be the ordered list of indices {i,...,%,} where 4, € {1,...,m}, v =

1,...,p. We define

1>

m m m m
I,=1 i1=lig=1  ip=1

Let
t ] Tp—1
tr () = /0 iy (1) /0 Uiy (72) - /O us, (1)) . .. dra)dry.
Then, using the definition of high-order structure constants (equation (2.18))

associated with the basis {&,...,&,} for G,

Tk(t) - Z t1k+1 [é‘zu 612, : [fik’gik+1] o ]] (4'46)
Ik+1 1
= i f: Ui (t)FlIk+1§l'
=1 Ik+1:1
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In the next theorem and remark we justify the name Area-Moment Rule.

Theorem 4.12 For ¢ > 2, Z,(T') of Theorem 4.11 can be expressed as

/ [U(r), Tya(7)]dr.

U(t) = fIU(r)dr and T,_5(t) are both periodic in ¢ with period T". Consequently,
Zy(T) has the following geometric interpretation. Let A;;,_,(T) be the area
bounded by the closed curve described by ;(t) and t7,_,(t) fromt=0tot =T.
Then,

1 n m

ZZ Z ilg—1 T)Fz{)i,Iq_l}fp’

qp—lz 1I,=1

where {3, I,_1} = {i,%1,...,%,-1} and F{i,lq_l} are depth-(¢ — 1) structure con-
stants associated with the basis {£1,...,&,} for G defined by (2.18).

Proof: Since in Theorem 4.11 we assumed U(¢t + T') = U(t), V¢ > 0 and T, (T) =

0, k=0,...,4—2, by Lemma 4.8, Z;(t + T) = Z;(t), Vt > 0,i=1,...,¢ — 1.
Since Z;(0) = 0,Vi, then Z;(T) =0, i« = 1,...,q — 1. Thus, the only nonzero
term in the expression for Z,(T') ((2.43)) is T,—1(T’) and so

Z,T) = 1Tq A (T)

- / [U(7), T,_a(r)]dr. (4.47)

From Lemma 4.8, Ty_»(t + T) = Tg_2(t), Vt > 0. Thus, by (4.46) t;,_,(t +T) =
tr,(t), V& > 0. Also, U(t+T) = To(t+T) = To(t) = U(t), V¢ > 0 which implies
that 4;(t + T') = 4;(t), ¥t > 0. Therefore, the plane curve described by @;(t) and
tr,_,(t) from t = 0 to t = T is closed. Recalling that u,(t) = ;(t), by Green’s
Theorem, Ay _,(T) = [y ui(7)ts,_,(7)dr. From (4.46) and (4.47) we have that

21 = [ [zwm, St (i [ [y o] Tl

Ip—1=1
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Remark 4.13 Z(9(t) of Theorem 4.11 is the gth-order average approximation
of Z(t) on [0,b/€]. Z@(t) is the sum of a secular term (a term linear in ¢) and an
O(e) periodic term. The secular term is proportional to Z,(7") which, according to
Theorem 4.12, is proportional to the areas A;;,_, and the depth-(q — 1) structure
constants associated with {&,...,&,}. This justifies calling Theorem 4.11 an
area rule. Using integration by parts, we can derive equivalent expressions for

Z,(T) that lend an alternative geometric interpretation, i.e.,

2(1) = [ 06 Toealrler
1 (T .~
= - / [0(r), [U(7), Tyma(r)ldr (4.48)
_ %<0 U (), [O(), Tys(r)]ldr + / [U(r), [0(r), [U(7), Ty-a(7)]l)dr)

The terms in these expressions will be proportional to moments and depth-(g—1)
structure constants. For example, the last term in the last expression will be of

the form,

| O, [0, .. [0, 0, TE]. . dr
= i ( /Tﬂil(r)aiz(f)...faiq_z(r)uiq1 Tty (T zijr,qu,

I,=1 70
where the term in parentheses is interpreted as a moment. Thus, we call Theo-

rem 4.11 an area-moment rule.

80



In the following corollaries we illustrate gth-order averaging for ¢ = 1,2, 3.

For alternative proofs of these corollaries (under more restrictive hypotheses) see

[43, 49, 47].

Corollary 4.14 (q = 1) Consider system (2.9). Assume U(t) and b are as in

A

Theorem 4.9 and U(t +T) = U(t), V& > 0. Let g(0) = go € @ C G and
Z() = \i/_l(go) = 0(6) Define

ZW(@) = Ut + 2, gV (1) = 2P0, (4.49)

where Uy, = & [J U(r)dr. If | Z — Z{"| = O(e) and ZW(t) € S, Vt € [0,b/¢]
then,
d(g(t), 9V(2)) = O(e), Vt € [0,b/e. (4.50)

Proof: Since Z(t) = f; U(r)dr, by (4.36),

t
Z0) = e—TZ1(T)+Z(§1)
_ gl [ (
= etT/o U(r)dr + Zy

— CUavt + Z(gl).
The corollary follows by Theorem 4.11. O

Remark 4.15 Apart from the different treatment of the initial condition, this
first-order approximation of g(t) is identical to that derived in Theorem 4.1 using

the product of exponentials representation.

Corollary 4.16 (q = 2) Consider system (2.9). Assume U(t) and b are as in
Theorem 4.9 and U(t + T) = U(t), V¢ > 0. Let g(0) = go € Q € G and Z, =

81



\il‘l(go) = O(e). Let Z (2) =Y p 1sz §k and assume that ||Z — Z(2)|| = 0(é?).

Let
2 < 2
At = i)+ S ay(OTh + 2y (4.51)
i j=15i<j
Then,
m
Z/£2](NT) = eNTugy, + €N Y ATea,-j(T)I"c + 2k (2 (N an integer) (4.52)
ij=1i<j

T'Y, Area;;(T), a;;(t) are defined by (2.15), (2.22), (2.23), respectively. Define
20 Z D&, gA(t) =0, (4.53)
If Z1A(t) € §,Vt € [0,b/€], then

d(9(2), gP(t)) = O(e?), Vt € [0,b/e]. (4.54)

Suppose that U,, = 0. Define

22 (t) = etig(t Z Areay; (T)TE + 2,8, (4.55)
1,j=15<J
(2)
Z9(t) sz )&,  gD(t) =270, (4.56)

If ZA(t) € S,V € [0,b/e], then
d(g(t), g? () = O(e*), Vvt €[0,b/e] (4.57)
Further, for t = NT', N an integer,
2B(NT) = N i Area;;(T)TE + 2. (4.58)

1,j=1;1<j

Proof. From (4.32) of Theorem 4.10

Z0(t) = 2, (t) — € Z,5(t) + Z2.
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By (2.45), skew-symmetry of the Lie bracket and the definition of a;;(¢t) (2.23),

Zo(t)

Thus, since Z;(t) =

- 2/[U ()T
= 5/[2% fmZ“J )é;ldr

= ) / wi (7))t (7)[&, &ldr

z]l

- 5 / wi (1) () — ui(7)%(7))dr (&, £

1,0= 1z<J

— —Z Z aii (H)T5)&. (4.59)

k=1 i,5=1;i<g

U(t), Z1(t) and gl3(t) as defined in Theorem 4.10 reduce to

(4.51) and (4.53). When ¢t = NT, N an integer,

Z\(NT) = /0 Uy

:/OT
:/T
-~ [(u(

We show Zy(NT)
Suppose Zy(MT)

NT
T)dT + / T)dr + ...+ U(r)dr
(N-1)T

d¢+/ (01 +T)do + .. +/ (o5-1 + (N=1)T)don_1

= NTU,,.

= NZ,(T) by induction. The relation holds trivially for N = 1.
= MZy(T) for M an integer. We need to show that Zo((M +

1)T) = (M + 1) Zy(T).

Zo((M +1)T) = % / T, /0 " Ulry)dro)dm

= 2/ [U(r), / (19)dmy)dm + = 5 /(MH) [U(n), /OT1 U(re)dr)dm

= Zo(MT) +

o1+MT
/ (o1 + MT) / U(re)drs)doy

IMZ2 /

= MZy(T /

1 T o1+MT
/ U(rp)drs)doy + —/ U( 01),/MT U (79)drs|doy

(01), MTUp)doy + = / [U (o) /OalU(02+MT)d02]d01
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— MZy(T) + %M[ | (U (00)dor, TUL,] + % | (o), [ v(edorldon
= MZ,(T) + g M{TUp, TU,) + Zo(T)

= (M +1)Zy(T).
Therefore, Zo(NT) = NZ5(T') by induction and so
ZB(NT) = eNTU,, — N Zy(T) + Z2.
From (4.59),

a'z] ij)gk

<J

ﬂMg &Ms

Area;;(T)T'5;)éx. (4.60)
<Jj

Thus, (4.52) follows. (4.54) follows from Theorem 4.10. For the second part of
the corollary we note that by (4.36) and (4.60) in Theorem 4.11,

20() = ezilt) - EL2(T) + 25

€Z1
L % )
= Z etig(t 62-— Z ATCaij(T)Ffj + 2k )&k

t,j=15i<j
Since To(T) = Uy, = 0, the assumptions of Theorem 4.11 are satisfied. (4.57)
and (4.58) follow from Theorem 4.11. U

Remark 4.17 We note that ')/,(c (t) of (4.9) is identical to 2> (t) of (4.55). Thus,
both the product of exponentials et (8 - W and the single exponential

et W +-5 06 provide an O(€?) approximation to g(t).

Corollary 4.18 (q = 3) Consider system (2.9). Assume U(t) and b are as in
Theorem 4.9 and U(t +T) = U(t), V¢ > 0. Let g(0) = go € Q C G and Z, =
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~

U1(go) = O(e?). Let 2P = 1, 2,$9¢, and assume that ||Z, — Z§P | = O(e3).
Suppose that Uy, = 0 and Area;;(T) =0, Vi,j =1,...,n. Define

zz(;q’) 1) = eg(t)+ Y (Fay(t) mek i) + 2, (4.61)
1,7=1;i<j
n i
= elp(t)+ Y, (€ay(t); — € mmiu(T)05; —
i j=15i<] T
> (@mup(T) — mas(T))65) + 25 (4.62)
k=i+1
Z(3) Z 2(3) g(3)(t) = 290, (4.63)

s Areai;(T), ai;(t), mijk(T) are defined by (2.16), (2.22), (2.23), (2.26), re-
spectively. If ZG)(t) € §, V¢ € [0,b/€] then,

dlg(t), 9(t) = O(€), Vit € [0,b/e]. (4.64)
Further, for t = NT, N an integer,

( )(NT _63N Z mz_;z Uz + Z 2mZ]IC(T) - mlk](T))efjk) + zpf()s)'
i,j=1;i<j k=i+1

(4.65)

Proof: By (4.36) of Theorem 4.11,
3)(4) = 2 st (3)
ZO() = eZi(t) ~ @ Zo(t) + € - Zo(T) + 2§°.

Zy(t) = U(t) and Z(t) is given by (4.59). U, = 0 implies Ty(T') = 0. By (4.60)
Area;;(T) = 0, Vi,j = 1,...,n, implies T1(T) = 2Z5(T) = 0, as needed for
Theorem 4.11. By (4.48) of Remark 4.13, skew-symmetry of the Lie bracket and
the definition of m;(T) (2.26),

1 T

Z(T) = -3 [ 00,00, 00
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U(r)ldr
gza Z UJ gj] Z uk gk]dT

Ms =3

C»DIP—'OJlP—‘

l:

A
A1

- ‘; L[ e &), Gl
- 3

| =

i % /0 (s () — ) in () (6 6], 6l

jk=1

m m
Z Z mUk zykfp'

J=1;i

/\

{l
|
1§

From equations (2.17) and (2.29) (skew symmetry of Lie bracket and Jacobi

identity),

o8, = 6%, — o7

i = Ok — O e (T) = Mg (T) — mgie(T)-

So,

Mg (10555, + Mk (T) 6% + mijni(T) 0
= myp(T)05y, + i (T)05; + +(mani (T) — mui(T)) (05, — O5i)

= (2mip(T) — mari (T)) 075 + (2migs(T) — mui(T)) 05

As a result, we can eliminate m;;(T)68%;; from our sum as follows:

Z Z mz]k zyk = Z (mlﬂ( z]z + Z 2m1Jk(T) - mlkJ(T))afyk)
k=14,j=15 1,j=1;i<j k=i+1

Thus, Z®)(t) is given by (4.61) - (4.63). (4.64) and (4.65) follow from Theo-

rem 4.11. O

Remark 4.19 The formulas in the theorems and corollaries of this section are

clearly basis-independent.
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4.3 Curvature Form

In this section we show that the secular term in the area rule of Corollary 4.16
derives from the curvature form of a certain principal fiber bundle with connec-
tion. The purpose of this derivation is to emphasize that the formulas in our
averaging theory are basis-independent. In Section 4.3.1 we define principal fiber
bundles, connections and curvature forms. In Section 4.3.2 we discuss a particu-
lar principal bundle with connection and derive the secular term of Z(®(t) from

the associated curvature form.

4.3.1 Principal Fiber Bundles and Connections

Principal fiber bundles, connections and curvature forms are defined in this sec-
tion. Nomizu [62] and Bleeker [8] are our main references. In these references,
definitions are made with respect to right actions of the structure group on the
total space whereas we give definitions based on left actions. We follow Yang [79]

for these definitions.

A principal fiber bundle is denoted by P = (@, B,7,G). @ and B, smooth
manifolds, are the total space and base space, respectively. G, a Lie group, is the

structure group. P satisfies the following conditions:

(a) There is a (smooth) left action ® of G on @ as defined by (2.2). Further, ®

is a free action, i.e., if (g,q) = ¢, ¢ € Q, then g =€ € G.

(b) B=Q/G and 7 : @ — B is the canonical projection map and is differen-

tiable.

(c) Q is locally trivial. This means that for each x € B there is a neighborhood

W of & such that #~}(W) C Q is isomorphic to W x G. The map q €
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7Y W) = (n(q), #(q)) C W x G is a diffeomorphism where ¢ : 771(W) —
G satisfies ¢(g - ¢) = gé(q), Vg € G. This diffeomorphism, denoted by ¢r,

is called a local trivialization.

For z € B, m~(z) is the fiber over z and is isomorphic to G. For q € @, the
fiber through q is the fiber over x = 7(q). If @ = BxG then Q is a trivial principal
fiber bundle. In this case, the diffeomorphism ¢7 of (c) above is called a global
trivialization. For a trivial bundle the action of G on @ is ®(g, (z,h)) = (z, gh)
forxz € B, g,h € G.

We define a local section of P to be amap o : W C B — (), where W is open
in B, such that 7 o o is the identity on B, i.e., roo(z) =xz. If W = B then ¢ is
called a global section. There is a natural correspondence between local (global)
trivializations and local (global) sections. For instance, in the case of a trivial

bundle, given o define ¢r(go(z)) = (z,g). Given ¢r define o(z) = ¢7'(z, €).

Let V be an r-dimensional vector space with basis vy,...,v,. Let A*(Q) be
the space of real-valued k-forms on Q. Let 8i,..., 08, € A¥(Q). Then, 37_, Biv;
is a V-valued k-form. We denote A*¥(Q;V) as the space of V-valued k-forms on

Q. Let X(Q) denote the space of vector fields on Q.

There are at least three (equivalent) ways to define a connection on a principal
fiber bundle. We give the definition most useful for our purposes. Let G be the
Lie algebra of G. A connection form on a principal fiber bundle P = (Q, B, n, G)
is a G-valued 1-form on Q, w € A}(Q;G), such that

(1) wléol@) =& £€6;

(2) (D) w)(Y) = Adgw(Y), Y € X(Q).
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£q(q) is defined by (2.4), Ad is defined by (2.3) and (®,)* is the dual of (@), =
T®,, the differential map of ®,.

The connection on P defines a splitting of T,(, the tangent space to @ at ¢ €
Q. To each point ¢ € @, the connection assigns a horizontal subspace H, C T,Q)

which together with the vertical subspace defined by V, 2 {veT,Q|Tn(v) =0}

satisfies

(a) T,Q=H,®V,,

(b) T,®,- Hy=H,,, Y9€G, g€Q.
(c) H, depends differentiably on gq.

A selection of a connection form w that satisfies (1) and (2) above is equivalent
to a unique splitting of T,Q, Yq € @Q, where H, = Ker(w(g)), Vg € Q and Ker

stands for kernel. Let Y € X(Q), then we can write for any q € @
Y(9)=Y"(9)+Y™q), Y(9) €V, Y™g) € H,

We can then define smooth vector fields Y? and Y" such that Y¥ maps q¢ — Y?(q)
and Y* maps q — Y"(q). We say that Y? and Y" are the vertical component of

Y and the horizontal component of Y, respectively.

Let w € A¥(Q; G). The covariant derivative of w, Dw € AF*1(Q; G), is defined
by
Dw(Yy,...,Y) S dw(Yy,..., Y, Y€ X(Q).

The curvature form T' € A%(Q;G) of the connection where w € A(Q;G) is the
connection form is defined by

I'= Dw. (4.66)
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The connection form and its corresponding curvature form have the following

three important properties for Y1, Y; € X(Q):

((24)'T)(Y1, Y2) = AdyI'(Y1, Ya).
D(Y:, Ya) = dw(Y5, Ya) + [w(¥), w(¥a)] (4.67)
F(YhY?) = _w([Ylh’ Y2h])

A smooth curve ¢(-) = {q(t), t € [0,1]} C Q is a horizontal curveif dq(t)/dt €
Hyy, Vt € [0,1]. Let z(-) = {z(t), t € [0,1]} C B be a piecewise smooth curve.
A horizontal curve ¢(-) is a horizontal lift of z(-) if n(q(t)) = z(¢), Vt € [0,1]. An
important theorem (c.f. [62]) states that given z(-) and gy € @ where 7(g) =
z(0), there is a unique horizontal lift ¢(-) which starts at ¢(0) = go. The map
¥ : g0 = q(0) — g1 = ¢(1) is called the parallel displacement and is a differentiable
isomorphism of the fiber through ¢(0) onto the fiber through ¢(1). Consider z(-)
where z(0) = z(1) = o, then the parallel displacement is an automorphism of
7= (xo). ¥y, is the set of all such automorphisms and forms a group called the

holonomy group at zo. An element of ¥, is called the holonomy at z,.

Let z(-) C W C B, W open, be a closed curve, i.e., (0) = z(1) = zo. Let
g € 7 (zo) C Q. Let 0 : W — @ be a local section of the bundle. Then
o(z(+)) is a curve in Q. Let w € A(Q;G) define the connection, and let ¢(-) be
the horizontal lift of z(-) with ¢(0) = go. Let g(-) = {g(¢), t € [0,1]} C G be
defined such that g(¢) = ®(g(¢), o(z(t))), Vt € [0,1]. Then g(t) is the solution of

the following differential equation on G [79]:

dg(t) N
7 —TeLg(a w)(&(t))- (4.68)

We say that g(1) is the holonomy at gy with respect to z(-)
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Remark 4.20 Equation (4.68) is a left-invariant system on the Lie group G of
the form (2.9) since —(o*w)(2(¢)) is a curve in G. Accordingly, the averaging the-
ory of this chapter provides an average approximation of the holonomy, i.e., of the
solution g¢(t) to (4.68). For control problems we interpret & as our periodically,
time-varying control input and ¢(¢) as the resulting drift of the system. For exam-
ple, recall the spacecraft with an appended point mass oscillator of Section 3.1.2.
In this example the control input is the velocity of the oscillator § € R3. The
configuration space of the rigid part of the spacecraft is G = SO(3). We can de-
scribe this system by the principal fiber bundle (R3 x SO(3),R3,7,SO(3)) with
a (mechanical) connection. For this bundle 3 is the base space and %3 x SO(3)
the total space. Then the spacecraft angular velocity 2 given by (3.8) can be
derived from Q = —(0*w)(y(t)) and the holonomy equation (4.68) is X = X¢),
X (t) € SO(3). In the next section we consider a principal fiber bundle with con-
nection where the control input # is given by £ = U(t) € G and U(t) = —(o*w)(2).

In this case, (4.68) specializes to (2.9).

4.3.2 Curvature Form and Area Rule

The tangent bundle T'G of a Lie group G is trivially a vector bundle, i.e., TG =~

G x G, where the global trivialization is given by
TG -G xG, (g,v5) = (g,(TeLy)  v,).

One may also view this as the trivial principal fiber bundle P = (Q, B, 7,G) =
(G x G,G,m,G). The action of G on Q@ = G x G is defined by

®:GxGxG—-GxG, ®(g,(z,h) = (z,gh).
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The projection map = is defined by
T:GxG—G, w(zh)=uz.
The fiber over z € G is 77!(z) = (z,h), h € G, and the fiber through (z,g) €

G X G is (z,h), h € G, which is isomorphic to G.

Now consider a closed curve z(-) = {z(t), t € [0,T7]} C G and a point
g € 7 1(z(0)) C G x G. Since P is a trivial bundle, we consider a global section,
0:G — G x @G defined by o(y) = (y,€), y € G, e € G. Let w € AY(Q;0)
be the connection form for a connection on P. Then w : T(G x G) — G and
o*w:TG — G. By (4.68) the holonomy at gy with respect to z(-) is the solution

of the following equation at t =T
g = —TeLy(o*w)(i(t)). (4.69)
Suppose we let o*w be defined by (0*w), = —dz, ie.,
oc'w:TG— G, oc'w(€)=-¢ (4.70)
Then,

g=T.L, . (4.71)

The selection of o*w uniquely defines the connection form w, which must have

the form [57]:

Weg = TyR;'dg— Adydx
= T,R;'dg— TyR,'T.Lydx
= T,R,'(dg — T.Lydz). (4.72)

This can be confirmed by recalling from Section 4.3.1 that horizontal curves must

be in the kernel of w 4). The kernel of w, g given by (4.72) is defined by (4.71).

92



Further, we can show that w(; ) is a valid connection form, i.e., that it satisfies
(1) and (2) of the definition of a connection form in Section 4.3.1. First, we have

that for ¢ = (z,9) € G X G, £ € G,

fol) 2 21 Blexp(ie).g)

t=0

= (zexp(€)g)

t=0

d
= (0, —

Tl (Roexp(t))

t=0

d
= (OTR, 4 exp(te)
t=0

= (0,T,R, - £).

So,

w(x,g)(O, TeRg ’ f) ((TgRJIdg - Adgdx), (07 TeRg ) f))

= —Adgdz-0+ (TgRg_l)(TeRy 9,

= ¢

This confirms that w(, ) satisfies (1). Secondly, for g; € G and Y € X(Q), we

have that

(@) Wiz, (V) = w‘Pgl(w,g)((q)gl)*Y)
= w(z,gw)((q)yl)*y)

= (TylyR_l d(glg) - Adglgdz)((égl)*y)

919

= (Tong(Rg, Ry ") (TyLg,)dg — Te(Ry gLy )dz) (24, )4Y)

919

= (Tg(Rg_lle_ngl)dg - Te(R_le_nglLy)dm)((cbgl)*Y)

g1

= (Ty(Ry, Ly, Ry )dg — Te(Ry; Ly, Ry Lg)dz) (24, )4Y)

g1

= (Te(Ry; Ly, )(TyR; ' )dg — To(Ry, Ly, ) Te(R; ' Lg) dx) (24, )4Y)
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= Ady,(T,R; dg — Adyda)((®,,).Y)

= Adglw(m,g) ((q)gh )*Y) .

This confirms that w(, q) satisfies (2).

We note that the differential map of our chosen global section is

0:(§) = (£,0), €€TG=gG, 0€TG.

So we can verify that

0" (§) = w(0.(¢)) = w((£,0)) = —¢.

Similarly, we can compute the pullback of the curvature form I’ fory,z € TG =G

as
I (y, z) = T'(owy, 0.2) = T'((y,0), (2,0)). (4.73)
Based on our definition of connection form, the tangent vectors (y,0),(z,0) €

TG x TG can be expressed as the sum of horizontal and vertical components, i.e.,

(¥,0) = (3,0 + (5,0)" = (y, TeLgy) + (0, ~TeLgy),
(2,0) = (2,0)" + (2,0)" = (2, ToLyz) + (0, =T, L,z),
Thus, using the third identity of (4.67) we get
L((9:0),(2,0)) = -w(((y,0)",(20)"])
= —w({(y, T.Lgy), (2, TeLy2)})
= —w(([y, 2], [TeLyy, TeLyz]))
= —w((ly, 2], TeLy[ly, 2]]))- (4.74)

Here we used the notation [[-,-]] for the Lie bracket on G to distinguish it from

the Lie bracket of vector fields. We can express the vector field

Y £ (ly, 2], T.L,[ly, 2]]) € TG x TG
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as the sum of horizontal and vertical components,
Y = Y%+ Y = (fy, 2}, T.Lly, 1) + (0, Ly [ly, 1] — ToLyly, 2)).

By definition, w(Y") = 0. So

~w(([y, 2], TeLg[ly, 2]])) = —w((0, TeLy[ly, 2]] - TeLyly, 2]))
= _(Tng_ldg — Adydz)(0, Te Ly[[y, 2]) — TeLyly, 2])

= _TgRg—)-lTeLy([[y, Z]] - [ya Z])
When evaluated at g = e,

—w((ly, 2}, TeLg[ly, 21) = —ly, 2] + [y, 2]. (4.75)

Thus, by (4.73) - (4.75)

I™(y,2) = —[ly, 2]] + [y, 2]. (4.76)

Now let U(t) = X%, wi(t)é € G (Umg1 = ... = up, = 0, m < n) be a piecewise
continuous curve with U(t +T) = U(¢t), V¢t > 0 and U,, = 0 (defined by (2.21)).
Let U(t) = X0, @ (t)& where i; are defined by (2.20) and {£1,...,&,} is a basis
for G. Then U(t + T) = U(t), Vt > 0 and U=U. Let z(t) = eU(t) € G, then
(4.69) and (4.71) become, respectively,

g = —TeLy(o"w)(eU(1)), (4.77)

§ = €T,L,-U(t). (4.78)

Equation (4.78) is our main system of interest on the Lie group G, i.e., it is

identical to (2.9).
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Proposition 4.21 Let C be the closed curve in G traced out by ea(t) from ¢ = 0
tot =T. Let D be a surface in G bounded by the curve C. Then

// Z Area;j(T jfk,

114,7=1;i<j

where I is the curvature form associated with the connection form w defined by

(4.72).
Proof: Let u be the parametrization defined by

p:ACR - DcCG

(z,y) — (el,...,¢€ly,).
Then,
//DU*I‘ = /Ap,*a*l"

= //A F(d,uoaa,d,uoaa—y)dx/\dy

— //A J*F(agg),—a—%zﬂ)dm/\dy. (4.79)
By (4.76)

oo 2 Ay M) )y 2T A
A(el) O(el)
(22, %Dy, (480

since coordinate vectors commute. So substituting (4.80) into (4.79) we get

//Da*r= //[ ), ]d/\d

= //[Z auz&,;e Jf,]ala:/\dy
_ Z [/ ot au]d A dylé &]

1,j=1

_ // aul 0u; 01, 0,

Oz Oy ox Oy

Jdz Ady[&;, €], (4.81)

1,j= lz<J
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where we returned to the notation [, -] for the Lie bracket on G and we used the
fact that [&,&;] = —[¢;,&]. Let Cy; be the closed curve described by 4;(t) and
%;(t), t =0tot=T. Let A;; be the area bounded by C;;. We have

- - . auz 6uz a’ftj aﬂj
/Azjduz/\du] - // da + S hdy) A (e + 2 dy)

Oz oy
. (’J’uZ ouy Buj 01,
- // e e L (4.82)
From (2.22)
Area;;(T) = 2 / o) — @;(0)i(0))do

= 5 740 (i — ydi)
1 - . . -
= 5 //Aij (dul A d’u]' - d’LLj A duz)

- / dii; A di;. (4.83)
Agj

So using (4.81) - (4.83), we have

//DO*P = Z / di; A di; &, &)

1,J=1;i<j
n

= — Y éArea;(T)[&, &)

',j L i<J'
= - Z Z 2Area,J Fuﬁk, (4.84)
k=11i,j=15i<j
since Area;;(T) =0if ¢ > m or j > m. 0

Remark 4.22 From Corollary 4.16 ¢@(t) = eZ”® and Z® () = eU(t) +

7 Lhe1 Ligeic € Areas;(T)TEE, + Z$® . By Proposition 4.21,

Z9() = U (t) — % J[or+ 2.
D
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4.4 Stability

In addition to providing approximate solutions to certain systems of differential
equations, classical averaging theory can also be used to determine the stability
of system equilibria. In this section we illustrate how to use the averaging theory
on Lie groups derived in this chapter for stabilization of equilibria in systems on
Lie groups of the form (2.9). We do so using classical averaging theory and the

product of exponentials representation of solutions to (2.9) as in Section 4.1.

According to Lemma 2.3, g(t) = 1 (& ... g7 (6 ig 3 local representation
of the solution to (2.9) on the n-dimensional Lie group G with Lie algebra G.

The parameters y(t) = (11(t), - .., (t))T € R satisfy
¥ = eM(y)u(t). (4.85)

To determine the stability of equilibria of system (2.9) we determine the stability
of equilibria of system (4.85) using classical averaging theory. However, since
(4.85) provides a valid representation of the local solution so long as M(y) is
nonsingular (see proof of Lemma 2.3), the right hand side of equation (4.85) is
zero only when u(t) = 0. Thus, a nontrivial discussion of equilibria of (4.85)
requires that we introduce feedback into our system.

Consider equation (2.9) and suppose that u = u(t,g), and u(t + T,g) =
u(t, g), Vt > 0. Then (2.9) becomes

g= 6TeLg ) U(ta 9)7 U(t’ g) = Zui(t’ g)fﬂ m < n, (486)

i=1

where g(t) € G and U(t,g) € G. Assuming that g(¢t) € @ during the time interval
of interest, then (¢) = ¥~1(g(t)) is well-defined. So we can write u = u(t, ) £

u(t, ¥(y)), and equation (4.85) becomes

i= eM(y)ult, ). (4.87)
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We note that the nonautonomous vector field on G, defined by (4.86) is no longer

left-invariant in general. This is a consequence of unrestricted feedback.

Following Theorem 4.1 the first-order average approximation of y(t) is Y (t)

defined by

1 T
1 = M) [ u(r ) (4:88)
0

If, for example, v* € S and u(t,v*) = 0, V¢t > 0, then 4* is an equilibrium point
of both (4.87) and (4.88) V¢t > 0. As shown in the theorem that follows, we can
use averaging theory to draw conclusions about the local stability properties of
(4.87) based on the stability properties of (4.88). Additionally, the existence of
an exponentially stable equilibrium point for the averaged system (4.88) makes
it possible to extend the approximations of Theorem 4.1 from an O(1/¢) time

interval to an infinite time interval.

Theorem 4.23 (First-Order Averaging Extended) Consider system
(4.86). Let D = {y € ®" | ||7|| < r} € S. Assume that u(t,) is periodic in
t with period T' and suppose that M(y)u(t, ) is continuous and bounded with
continuous and bounded derivatives up to second order with respect to both its
arguments for (¢,y) € [0,00) x D. Suppose that g(0) = go € Q. Let (¢) be the
solution to (4.87) with y(0) = 4o = ¥~1(go). Let v()(t) be the solution to (4.88)
with y1(0) = v{") € D. Define

g (1) = e W L

If v* € D is an exponentially stable equilibrium point for (4.88) then Jp > 0 such

that if ||2§" — v*|| < p and ||lyo — 45" = O(e), then

d(g(t), g (1)) = O(e), Vt € [0,00).
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Further, J¢* such that for all 0 < ¢ < ¢*, (4.87) has a unique exponentially
stable periodic solution of period T in an O(e) neighborhood of v*. Similarly,

(4.86) has a unique exponentially stable periodic solution of period T in an O(e)

neighborhood of g* = ¥(v*) € Q.
Proof: By classical averaging theory (Theorem 7.4 of [32]),
lv(®) =+ @)1 = Oe), vt €[0,00),

and Je* such that for all 0 < € < ¢*, (4.87) has a unique exponentially stable

periodic solution of period T in an O(e) neighborhood of v*.

Since 79,7* € D and #* is an exponentially stable equilibrium of (4.88),
¥ (t) € D, ¥t > 0. For small enough e this implies that y(t) € D, Vt > 0.
Thus, by Lemma 2.3,

g(t) — e'Yl(t)€1 ‘e e’Yn(t)gn = \I/(’y(t)), Yt > 0.

Define

gV () = e 08 . W6 = w4V (1)), VE> 0.

Then by definition of d
d(g(t), g (®)) = Iv(t) =P @)]| = O(e), ¥t € [0,00).

Let 0 < € < €* and let 7,(¢) be the unique exponentially stable periodic solution
of period T in the O(¢) neighborhood N, C D of v*. Let g,(t) = ¥(,(t)), V¢ > 0.
Let g* = ¥(v*) and let W(N,) = {¥(z) | £ € N} C Q. Then g,(¢) is a unique
exponentially stable periodic solution of period T in the O(e) neighborhood ¥(N,)

of g*. ]
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As an example consider the case G = SO(3) for the attitude control prob-
lem described in Section 3.1. We recall that v = (y1,72,73)T corresponds to a
type of Euler angles. We suppose that we can measure 7. Choose u;(t,v) =
—2k;y;sint, k; > 0 for 4 = 1,2,3. Since u(t,0) = 0, Vt, then 4* = 0 is an
equilibrium point of (4.87) and (4.88). Also, T = 7 and

1 L
—/ 7,YMNdr = —(—2k¢'y,(1))/ sin? Tdr
m 0

= kz%(l)'

So, from (3.4) and (4.88) we see that

7%1) esec'y ( k'y cos7§1)+k 7(1) sm'y(l))
A
W | - (b sin ) — ki connd?) 2 )
7§D e((tan 15" (k1" cos 15V — karl sin§Y) — ksrlD)
and } i
—Ekl 0 0

o 0 k 0

il — e

oy =0 2

0 0 —€k3

Thus, by Lyapunov’s indirect method since k; > 0, Vi, v* = 0 is an exponentially
stable equilibrium point for (4.88). From Theorem 4.23, we can conclude that
(4.87) has a unique exponentially stable periodic solution in an O(e) neighborhood
of v* = 0 and so (4.86) has a unique exponentially stable periodic solution in
an O(e) neighborhood of g* = ¥(0) = I. However, since v* = 0 is itself an
equilibrium point for (4.87), the unique exponentially stable periodic solution
about v* = 0 must be the trivial solution v* = 0. Thus, v* = 0 is an exponentially
stable equilibrium point for (4.87) and similarly g* = I is an exponentially stable

equilibrium point for (4.86).
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Chapter 5

Constructive Controllability and an

Algorithm for Control

In this chapter we address the second main objective of this dissertation: to
synthesize controls for systems on Lie groups of the form (2.9). In the previous
chapter we addressed the first main objective: to describe the solution (motion) of
system (2.9) on the Lie group G given periodically time-varying control inputs.
We did so by deriving average approximations for the solution to (2.9) on G.
Further, we developed a geometric interpretation for the average formulas. In
this chapter we use the average formulas and exploit the geometric interpretation
to derive a systematic way of synthesizing (periodically time-varying) controls to

achieve desired motion on G.

The motion control problem that we consider is the complete constructive
controllability problem (P) stated in Section 2.1.3 for drift-free systems of the
form (2.9). This problem amounts to one in which, given g;, gy € G, t; > 0, we
must specify control u(t) = (u1(t), ..., um(t)), t € [0, ts], such that g(0) = ¢; and
g(tf) = g5, where g(t) is the solution to (2.9). This is a “point-to-point” control

problem. To follow a certain path in G, e.g., to avoid obstacles, we could choose
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target points along the trajectory and then do point-to-point control repeatedly

from each target point to the next.

The strategy that we propose for solving (P) uses open-loop control and
intermittent feedback control. This strategy allows us to take advantage of a
priori knowledge of the system and prescribe efficient open-loop controls to drive
the system as desired without sacrificing sensitivity reduction associated with
feedback control. (For related ideas see [15]). The strategy can be summarized

in four steps:

1. Choose intermediate target points g1, gz, ..., gr between g; and g; so that

the “distance” between successive target points is small.

2. Specify open-loop, small-amplitude, periodic controls that drive g(t) of (2.9)
from g; to the first target point g, approzimately. To do so, specify controls
that drive an O(e?) average approximation of g(t) from g; to g, ezactly (¢

to be determined).

3. If desired, apply feedback, i.e., make appropriate modifications based on
measurement of the new system state. For example, modify selection of

intermediate target points.

4. Repeat steps 2 and 3 for each successive target point (letting the previous

target point be the new initial position) until done.

Our aim in this chapter is to solve Step 2, i.e., to provide the means to
specify open-loop controls that solve (P) approximately. We use the formulas for
g'9(t), the O(e?) average approximation of g(t) derived in Chapter 4, and the

associated averaging theory (e.g., Theorem 4.11) that allows us to conclude that
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g(t) will remain close to g@(t) (to O(e?)) over a relatively long (O(1/€)) time
interval. Of critical importance is knowing how to choose ¢ such that our O(e?)
average solution can be controlled to any point in G. In other words, we need to
determine how “good” an approximation is needed to capture the controllability

of the system.

In Section 5.1 we study this problem of relating the average formulas for g9 (¢)
of Chapter 4 to controllability. Given that system (2.9) is a depth-¢’ bracket sys-
tem (as defined in Section 2.2.1), we show that ¢ = ¢’ +1 is the minimum positive
integer ¢ such that an O(e?) average solution can be controlled as desired. This
section is of particular significance because the proofs within explicitly describe
a step-by-step procedure for constructing controls to drive an O(e?) average ap-

proximation as desired and thus provide a constructive methodology for solving

(P) with O(e?) accuracy.

In Section 5.2 we describe algorithms for depth-(g — 1) bracket systems, ¢ =
1,2, 3, that systematically synthesize open-loop, sinusoidal controls to solve (P)
with O(e?) accuracy. These algorithms are derived according to the constructive
procedure of Section 5.1. We illustrate these algorithms for examples described
in Chapter 3. In Section 5.3 we propose a control architecture for motion control
systems which uses the algorithms of Section 5.2 to provide adaptation to changes
in control authority such as an actuator failure. In Section 5.4 we describe an
experiment that was run to test the algorithms of Section 5.2 on an underwater

vehicle in the neutral buoyancy tank of the Space Systems Laboratory at the

University of Maryland.
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5.1 Constructive Controllability

Consider system (2.9) with solution g(t) € G. Let ¢ > 1 be an integer. If we
solve the complete constructive controllability problem (P) for an O(e?) average
approximation to g(¢) then we will have solved (P) for g(t) with O(e?) accuracy.
The advantage to focusing on the control problem for an O(e?) average solution
is that we have explicit, geometric formulas for average solutions ¢(9(¢) from
Chapter 4. The formulas for g(?(t) grow in complexity with increasing g so we
would like to consider the minimum g possible. However, if we choose too low a ¢
then our O(e?) average approximation might not be controllable. In this section
we study the problem of solving (P) with O(e?) accuracy by deriving open-loop
controls that drive an O(e?) average approximation as desired. We address the
problem of choosing ¢ and we show, by means of the proofs of two lemmas and

a theorem, a methodology for synthesizing the open-loop controls.

Let I, be the length-p ordered list of indices {41, .. .,4,} where i, € {1,...,m},

v =1,...,p. Define the summation

Recall from (2.18) that the depth-(p — 1) structure constants I"}p are defined as

iy iz [&ionn i) - 1 = D F’fpfk-
k=1

In the following we denote a set of r length-p ordered lists of indices as II}, s Iy

Lemma 5.1 Suppose that system (2.9) on the connected Lie group G with Lie
algebra G is a depth-¢’ bracket system. Let ¢ = ¢’ + 1. Then for any W € G,

there exist n constants

{Cl,...,Cm,CI%,...,CIgz,CIé,...,CI:I;s,...,CI%,...,Clgq},
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where (m + 3]_, p1) = n such that

m n Pq
W:ZCk§k+Z ZCI] +ZCI] "'+chgl—‘l}:g)§k
k=1 k=1 j=1 Jj=1

and {3°%_; I"I“llfk, N Sy F’I“lp, &} are linearly independent for all [ = 2,...,q.
In other words, W can be written as the linear combination of {{i,...,&,} and
p; depth-(j — 1) bracket terms, j = 2,...,¢. Further, ¢ is the minimum integer

such that this is true.

Proof. In Section 2.2.1 we defined C to be the set of Lie brackets generated by

{€1,...,&n}. Let C1@) C C be the subset containing Lie brackets up to depth-¢’,

C(q,):{n l n= [nk, [nk-—la[' ) [7711770]' ‘ ]]]a i € {51) .. -a§m}7 1= 07 .. '7ka k S ql}

By definition of a depth-¢’ bracket system, span(C(¢)) = G. Thus, any element
W € G can be written as the linear combination of Lie brackets of {&i,...,&n}
of depth less than or equal to ¢'. ¢' is the minimum integer for which this is true

since span(C(9")) # G for ¢" < ¢’. So we can write

W = chfk + Z CIz[le’fzg + Z cIs[[Elnflz] 613] +.

Ix=1 Is=1
+ Z erl€iny [€iar -+ [€g-1,&d) - -]
I;=1
m
= ch&c + Z Z e, If + Z e, +. .+ > chF’;q)fk. (5.1)
k=1 Ix=1 Is=1 Iy=1
where ¢y, k =1,...,m, cp,, L =1,...,m, ..., ¢, I; = 1,...,m are constants.

Since G is n-dimensional, there exists a choice of these constants such that (5.1)
holds with only n of the constants nonzero. Let these n nonzero constants be

denoted by

{Cl,...,Cm,Clzl,...,CI;’Z,CI;,...,Clga,...,C]é,...,clé’q},
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where (m + Y_{_,p) = n. Then W is as in the statement of the lemma, i.e., the
sum of m depth-0 bracket terms and p; depth-(j — 1) bracket terms, j = 2,...,q.

Further we claim that the bracket terms at each depth are linearly inde-
pendent, i.e., {37, I";ll§k, S Sy F’;lp,ﬁk} are linearly independent for all | =
2,...,q. If not then W has been described by fewer than n linearly independent

terms. This is a contradiction since G is n-dimensional.

In the next lemma we show how to drive g(¢) with O(e?) accuracy to a point
in G that can be expressed as a depth-(I — 1) bracket where [ < ¢. This, together
with the previous lemma, will be used in Theorem 5.4 as one step, to be repeated
no more than n times, for driving g(¢) with O(e?) accuracy to any point in G.

See Section 2.3.2 for definitions of Q, 3, ¥, d.

Lemma 5.2 Suppose that system (2.9) on the connected Lie group G with Lie
algebra G is a depth-¢’ bracket system. Let ¢ = ¢’ + 1. Suppose that gy, 9; €
Q C G are such that Zy = ¥1(gy) = O(e"Y), Vs = ¥1(g;) = O(e* ). Let
g(0) = go and let [ € {1,...,q}. Further, suppose that Y; can be expressed as a

depth-(I — 1) bracket, i.e.,
Z;cnzl Ckék I=1

Z;::l CIIOFI;“)&]C l >1

where I}, is an ordered list of [ indices, I"I‘w are depth-(I — 1) structure constants

Y, =

and ¢, ¢y, are constants. Consider the local representation of g(t) defined by
g(t) = 20, Z(t) = T2,(=1)"*'€Zi(t), where Z;(t) are given by (2.43) Let
& 2 ¢!, For N an integer, define
Z(l)(NT) — (—1)l+1(61)lNZl(T) + Z(()(I)
() eNZ(T) + 557,

dgY(NT) = eZV®
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Then we can choose an integer M = O(1/e) and ¢-amplitude, periodically
time-varying controls gu(t) = (guy(t),...,qun(t)), satisfying Tx(T) = 0, k =
0,1,...,1 =2, (Tx(t) defined by (2.43)) such that

ZO(MT) =Y, + 2.
If | Zo — Z$?|| = O(e%) then

1Z(MT) = ZO(MT)|| = Ofe?),

d(g(MT),d"(MT)) = O(e).

Proof. Let u(t) be piecewise continuous, u(t +T) = u(t), V¢t > 0. Further for
I>1let To(T) =0, k=0,...,]—2. Suppose that ¢ = €7/ is the amplitude of

u(t) (i.e., replace € in (2.9) by €) and note that (¢;)! = €?. As in Theorem 4.11

define
Z00) = Y (-1 T + (<)) R4 T) + 287,

gO@) = 20,
Let b > 0 be as defined in Theorem 4.11. Note that
Zy = O(e"™1) = O((¢/")*™!) = O((e)"9) = O((e)' ™).

If || Zo — 25| = O((&)") = O(e%) and ZO(t) € 3, Vt € [0,b/€)] D [0,b/e], then by
Theorem 4.11,

1Z@®) - 29I = O((e)') = O(e?),

d(g(t), g(®)) = O((e)) =O(e?), Vte[0,b/e).
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Further, for t = NT, N an integer,

ZONT) = (~1)*"(e) N2(T) + 2§

= (=1)"eINZ(T) + 2. (5.2)

The lemma is proved if we show that we can choose ¢;-amplitude periodic controls
u(t) and an integer M = O(1/€) such that ZO(MT) = Yy + 29, This is the
case because for small enough €, ZO(t) € §, t € [0, MT] since ZO(0) = O(e7?)
andY, € §.

First, consider [ = 1 and recall that

Zu(T) = Ty(T) = /0 U = TUw =TS o (5.3)

k=1

So for [ = 1 we choose an integer M = O(1/¢) and e;-amplitude, periodically
time-varying controls e;u(t) = (eyu1(t), ..., e1un(t)), t € [0, MT], such that

l/T (F)d7 = thoop = =—2—, k=1,...,m (5.4)
T us(1)dT = tenk = e, k=1, m. .

Since Y; = O(e?71) implies ¢ = O(e?7}),

I O(er™1)
Wk e@a0(1/e)

Also, from (5.2), (5.3) and (5.4),

=0(1).

ZOMT) = eMTS ugyis + 29
k=1

= eqMTZ
k=1

Z(Q)
- Tes Mfk‘i‘ 0

Z’" (@)
= Ckfk + Zoq
k=1

Next we consider [ > 1. By Theorem 4.12

2(T) = % /OT[U(Tl), [, [ Umdn. Jin

T
0
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1 /T T ol M
= 'l— /0 [“221 Ui1(7'1)£i17 ) [222;1 Uq, (7'2)&2, ces ,/ zlgl U, (Tl)dTl&'l] . .]dﬁ
13 (T 1 -1
= Tllz:zl/() Uil('rl)/o Ui2(7'2).../(; Ui,(Tl)dTl...dTl[fil,[&z,...,fil]...]
= % Z AI! (T) Z Fllc,gka
=1 k=1

where
A [T 71 TI-1
A(T) £ [ i (n) | vt [ i (dn . dr,
Let Z = {I, | i1,...,4 € {1,...,m}}. The elements of Z are not all linearly
independent because of skew symmetry of the Lie bracket and the Jacobi identity.
However, we can find a set Z C T with I;, € Z such that the elements of 7 are
linearly independent. For example, we can use a Philip Hall basis of depth-(I —1)

brackets [66]. Then, we can compute terms Ay (T), I; € T such that

2(T) =1 ¥ A LTk (55)

Ilef
and {¥F_; T} &} 7 are linearly independent. The terms AL(T), I € T are
linear combinations of the terms A, (T), I; € T.

So choose an integer M = O(1/e) and the controls u(t) such that Aj (T) is

defined by
" —rrezen, I =1
AI, _ (CDFleam “lio 4! ~lO (5.6)
0 Lel Ii# 1
Since ¥; = O(e?"!) implies ¢z, = O(e77?),
x O(er71)
AI[O(T) GqO(l/C) 0(1)
By (5.5) and (5.6),
Z(T) = Ly e The
! I ] (—1)’+164MCI’° TigSk
1
= Comen (57)
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Thus, by (5.2) and (5.7),

1

ZO(MT) =(—WH§M(CIFEEW

>K+%”

Y:+ 250,

O

Remark 5.3 Consider [ > 1. Let w = 27/T. An example of a control u(t) that
satisfies u(t + T) = u(t), V¢ > 0, and T (T) =0, £k =0,...,¢—2 and that yields

a nonzero value for the term Ay (T') is prescribed by

© (I = Dwsin(l — 1)wt, [even
Uy =
1 (I —1wcos(l — 1)wt, [ odd

ui,(t) = ... = u;(t) = wcoswt, u, =0, k&I,
In this case,

(1= [T sin(l—1)wn [T coswr -+ - fg " coswndr . ..dry, even
AII (T) =

(I-1)ut fOT cos(l—1)wm fJ coswTy« -+ f3'~* coswmdr; ...dr, | odd

For instance, for [ = 4, let Iy = {41, 12, 13,44} and
u, (1) = 3wsin(3wt), i, (t) = wiy(t) = u4,(t) = wcos wt.

Then u(t + T) = u(t), ¥t > 0 and

Jo ur(r)dr =0, k€ I = Ty(T) =0
fOT u;(11) fo* uk(Te)dmedr =0, 4,k € I4 = Ti(T)=0.
foT ui(71) Jo' wi(72) Jo© uk(ms)drsdredny =0, 4,5,k € I = T5(T) =0.

Further,

T 1 Ty T3
Ap(T) = 3w! /0 sin 3wty /0 COS WTs /0 COS WT3 /o cos wty dradrsdrodr

= —n/4.
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Other possibilities include
U, () = uiy(t) = 3wsin(3wt), u;,(t) = ug,(t) = wcoswt.

In this case Tx(T) = 0, k = 0,1,2 and Af(T) = —97/16. For | = 2 we recall
from (4.60) that

BT =-3( Y Areay(T)T4)E,
k=1 ij=Lsi<j

Thus, comparing with equation (5.5) in the proof of Lemma 5.2, we see that for

1=2,T={i,j=1,...,m;i<j} and ——%AIQ(T) = Area;;j(T). If we choose
ui(t) = oqqwsinwt, u;(t) = ajweoswt, up =0, k¢ {i,j},

then u(t +T) = 0, Vt > 0, To(T) = TU, = 0, Area;;(T) = o;a;m and
Areay(T) = Area;x(T) = Arear (T) =0, k, k' & {3, 7}

The next theorem gives the main result of this section.

Theorem 5.4 Suppose that system (2.9) on the connected Lie group G with
Lie algebra G is a depth-q’' bracket system. Let ¢ = ¢' + 1. Then the complete
constructive controllability problem (P) can be solved with O(e?) accuracy using
the formulas g(")(t) given by (4.37) for r = 1,...,q. Further, q is the minimum

positive integer such that this is true.

Proof. Without loss of generality we can assume for problem (P) that g(0) =
gi=¢€ € G and g5 € Q C G is such that (j(gi,gf) = O(e?71). This is possible
due to the left invariance of the system. The initial and final conditions desired

for the local solution defined by the single exponential representation g(t) = ()

are Z(0) = ¥1(g;) = ¥(e) =0 € G and Z; = U~1(gs) € G. As a result,

1Zll = 127 = Z(O)]| = d(g:, 95) = O(e*™).
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By Lemma 5.1 there exist n constants
{cla"-7cm)CI§"-'acI;’zacha"-aclgi*a'--70131""01;"7}’

where (m + 3} ,p) = n and

m n  p2 p3 Pq
Zf = Z Ckfk + Z(Z CIgFIIC; + ZCI:,;F,;% +...+ ZchFIICJ)gk
k=1 k=1 j=1 j=1 j=1

Further, {3°7_, Fl]ctl €k, - - > Loy %5 &} are linearly independent for all[=2, .. ., q.
[
Let

Vi=) &, Yo= Zczzlr‘ﬁfk, ;= Zcﬂrzsz, ooy Yoo m+1—ZCIPqFIpq§k-
k=1

k=1
Then

n—m+1

Y v (5.8)
j=1
Let M = O(1/e) be an integer. We show by induction on j that we can choose

periodically time-varying controls u(t) = (u1(t), ..., un(t)) such that
|Z(iMT) - ZY“— j=1,...,n—m+1. (5.9)

Consider j = 1. Let Y, = Z(0) = 0 and Yo(lq) = 0. Let ¢ = ¢?. By Lemma 5.2
we can choose €;-amplitude periodically time-varying controls
6u(t) = (eui(?),. .. e1un(t)), t € [0, M], such that
1Z(MT) - Y7|| = | Z2(MT) — (Y1 + ¥)|| = O(€).
Now suppose (5.9) holds for j = 5/ — 1. Then
3'—-1

I12(5" - M) - 3 Vil = (5.10)

Let Yo, = Z((j' = 1)MT) and let ;% = $I5' Y. Z; = O(e™) implies by (5.8)
that ;% = O(es~). By (5.10)

1%, — Y52l = O(e"), (5.11)
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and so Yp, = O(e?"'). By definition Y = ¥, CI{FIIC[Ek, some ! € {2,...,q},
some r € {1,...,p}. By Lemma 5.2 we can choose ¢;-amplitude, periodically
time-varying controls eu(t) = (eui(t), ..., un(t)), t € [(j' =1)MT, ' MT], such
that

1Z(5'MT) = (Yi + Yg2)|| = O(e?). (5.12)

So by (5.12),
j'-1

I12G'MT) = 35¥ = 26T - (¥ + 3 %)
= | Z2('MT) - (¥; Y("))II
= 0(e),

ie., (5.9) holds for j = j'. So by induction (5.9) is true forall j = 1,...,n—m+1.
We can choose the frequency and amplitudes of the controls such that ¢; of

problem (P) is ty = (n +m — 1)MT. Then from (5.9) for j =n—m+1,

n—m+1

12(ts) = Z5ll = 12 (ts) — Z Y| =0

Since Z¢ € S, then Z (t5) € S for small enough €. So by definition of d,

d(g(ts), 95) = 1 Z(ts) = Zs]| = O(€).
This means that (P) is solved with O(e?) accuracy.

Now suppose § < q. The O(e?) average approximation of g(t) can only be
driven to points e?f € G where Z; can be expressed as the linear combination
of depth-(q — 1) brackets. However, by Lemma, 5.1 ¢ is the minimum integer for
which Z; can be expressed as the linear combination of depth-(¢ — 1) brackets.
Thus, the gth-order average solution cannot be controlled to arbitrary points in
G. N
Remark 5.5 The proofs of Lemma 5.1, Lemma 5.2 and Theorem 5.4 provide a

procedure for constructive controllability.
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5.2 Algorithms for Control Synthesis

In this section we use the constructive methodology of Section 5.1 to derive
algorithms that synthesize open-loop controls to solve the complete constructive
controllability problem (P) with O(e?) accuracy for depth-(¢—1) bracket systems
(2.9), ¢ = 1,2, 3. These algorithms are notably low in computational burden. The
controls are small-amplitude sinusoids that are designed to be continuous and to
satisfy u(0) = u(ty) = 0. For a drift-free system, u(0) = u(t;) = 0 means the
system is initially and finally at rest. Additionally, we allow for flexibility in some
of the choices of control parameters so that the period of the controls T' can be
made relatively large if desired (e.g., to avoid exciting vibrational modes in the
system). T should satisfy t;/T = O(1/e). Thus, for example, T' can be increased
if t; is increased, i.e., if the time constraint on completing the motion control

maneuver can be relaxed.

We have chosen to use sinusoids for our control inputs, rather than some
other type of periodically time-varying function, for a couple of reasons. First,
following Remark 5.3, sinusoids are relatively easily chosen in accordance with the
constructive procedure of Section 5.1, i.e., it is clear how to select the resonances
between the different control inputs to generate motion as desired. Second, si-
nusoids are optimal for certain systems (2.9) on certain Lie groups in the sense

that they solve the following optimal control problem:

(P?) Let J(u) = J5’ L(u(t))dt define a cost function. Find u(-) that minimizes

J(u) subject to the condition that g(0) = g; and g(ts) = g;.

For example consider the spacecraft attitude control problem of Section 3.1

with only two controls, i.e., G = SO(3) and m = 2. Let L(u) = 1/2(L1u? + Lu2)
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where I; > 0, 1 = 1,2. Then J(u) is the energy expended and problem (P?)
is the motion control problem with minimal energy. Baillieul showed that the
optimal solutions u}(t) and uj(t) to this problem are sinusoids for Iy = I, = 1.
[4]. Brockett showed that for the three-dimensional nilpotent system described
in Section 3.5, i.e., G = H(3) and m = 2, with L(u) = 1/2(l1u? + Lu?), problem
(P?) is also solved with sinusoids [13]. More recent work on optimal control of
systems on Lie groups by Jurdjevic [28] and Krishnaprasad [34] has revealed other
types of periodically time-varying controls as optimal solutions. For example,
in [34] Krishnaprasad showed that elliptic functions solve the optimal control
problem (P’) with L(u) = u? + 3 for the unicycle described in Section 3.2, i.e.,
G = SE(2) and m = 2.

We assume for our algorithms that in problem (P), g; = e € G and g5 € Qc
@ is such that d(g;, g;) = O(e?™1). This is possible due to the left invariance of the
system. The assumption implies that the algorithm prescribes controls for small
maneuvers. Given a motion control problem which involves a large maneuver,
we first break it down into small steps by selecting target points between g; and
gy and then apply the appropriate algorithm to each step. The selection of these
target points is not addressed in this dissertation. However, we note that, for
a suitable measure of energy, more energy is expended to move along a depth-j
bracket direction for larger values of j. Thus, a more energy efficient choice of

target points minimizes motion along higher depth bracket directions.

Recall the single exponential local representation g(t) = eZ®). Locally, we
want to drive Z(t) to Z; = ¥~'(g;) € G. We assume that Z; is given and
zr = (2f1,...,25,)" computed such that Z; = Y%, 27.&. If Z; is given with

respect to some other basis {n;,...,n,} for G, then a linear transformation will
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be needed to compute (2¢,, ..., 2s,).

Recall the product of exponentials local representation g(t) =" ... gm(t)én
Suppose that g € @ C G and that vy = U~!(gs) € R" is given. This is the case,
for example, if the desired orientation of the spacecraft (Section 3.1) is given

in terms of Euler angles (v¢;,7s,,7f;)- Since we assume g(0) = g; = e then

Z(0) = ¥~1(g(0)) = 0 € G. By definition of d (2.46),

||§Zfi§i”:|lzf”:||zf_ 2(0)|| = d(gi, g7) = O("™).

Thus, z;, = O(e?!) and so by Lemma 2.10 for G a matrix Lie group and ¢>1 it

follows that v¢, = O(e?™!) and
|25, — 15| = O(E9D) = O(e%), i=1,...,n.
So suppose we drive Z(t) such that ||Z(t;) — iy 77,6l = O(€9), then

1Z(t5) — szzlel = [|Z(ty) sz§z+zw,§z nyf,.fiu
=1

< [|Z(ty) Z’Yfz&”"' ”Z'Yfzfz ;Zfzfzﬂ
= O(¢€9).

So we can use the y; and z; interchangeably for G a matrix Lie group, i.e.,
given 5 we set zy = 5. Further let z(t) = (21(¢),...,2,(t))T be defined by
Z(t) = Yp, %(t)&. Then, for 2(0) = 0 and z(t;) = z; = O(e?™!), we can assume
that z(t) = O(e?™!), t € [0,%;]. So again by Lemma 2.10 for G a matrix Lie

group and ¢ > 1, v(t) = O(e?™1), t € [0, %], and

Iv(@®) = 2l = O(@™V) = O(e?), ¢ e [0,t]. (5.13)

We will use this result in the examples at the end of this section.
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As in the proof of Theorem 5.4, the algorithms in this section are designed
to solve the motion control problem using multiple substeps. The time interval
[0, ] is divided into subintervals, e.g., [0, tf] = [to, t1]U[t1, ta]U- - -U[tu—1,tu], to =
0, t, = ty, and controls specified on each subinterval. The controls are specified
so that the terms Area;;(T") and my;(T") will take on a single constant value on
each subinterval. However, these terms may take on different values on different
subintervals. Thus, for ease of notation we define the “running total” of the time-
varying area terms and moment terms as Area;;(t) and m;;x(t), respectively. Let
Areaz(-;-) (T) and mg,)c (T') be the values of the area and moment terms, respectively,

during the time interval [t,_,, t,] and suppose that ¢t € [t,,t,41], 0 < v < p. Then

define
- r — Ur— r t— tu v
Area;;(t) =) wAreagj)(T) + (-———lArea,(.jH) (T, (5.14)
r=1
d tT - tT— r t - tl/ 14
Mk (t) = (—T_l_)mz(jl)c(T) + '('T—)mz('jlj (T). (5.15)
r=1

5.2.1 Algorithm 0: Depth-Zero Bracket System

The depth-zero bracket system is a trivial case since m = n. We are given
gi=e€G, Y26 =25 = \i'*l(gf) = O(1) and t; > 0. Choose M to be a
positive integer such that M > 1/me. Let the period T and frequency w of the
controls be
Ji
T = —, = —,
M YT

Define controls eu(-) for k =1,...,n by

YA
eup(t) = Af/;w sinfwt, 0<t<ty.

Then eugyt; = M [ eu(r)dr = z;,. This means that gD (t;) = eVarts = e%s =

gy, i.e., the first-order average approximation is driven exactly to gy at t = t; as
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desired.

5.2.2 Algorithm 1: Depth-One Bracket System

For the depth-one bracket (single bracket) system we have m < n. We are given
gi=e€G, Y0, 2.6 = 2Z; =V (gs) = O(e) and t; > 0. Algorithm 1 has two
parts, Part A and Part B defined below.

PART A: By Lemma 5.1 there exist constants ¢y, ¢;; such that

n

Zf = Z szgk z Ck&k + Z E chFz]é-k (516)

k=1 k=11,j=1;i<j

Further, these constants can be chosen so that only n of them are nonzero. We

compute c, ¢;; such that (5.16) holds, i.e., such that

ck+2:n= 1 cll_‘f k:]-,-..,m
2 = e (5.17)
;7,3‘:1;i<j cijrfj k=m + 1, ey
Consider the matrix
I = I'io Iz oo Tww Tz oo Tom oot Toneiym
m+1 m m+1 m+1 m+1 m-1 1
I‘ LRt L TEa TRt oL Tt L TR,
F’fﬁ“
A
I ' ree, ... I't, Ty o0 TG, ... I‘?m_l)m ]

Note that I’ has rank n — m. We give two options for choosing the constants

Ck, Cij-
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Option (1): From the left write down the first n—m linearly independent columns

of ' as

>

[T - T, € ROTWXOmm)

tmt1m41l

iy gy €{1,...,m}, i, <j,, v=m+1,...,n.

Then T is nonsingular. So let

- ey - -

Cimt1jm+1 Zfm+1

Cinjn Zfn

¢;; =0 if T';; not a column of T,

m

— .7k —
Ck = Zff, — Z cly;, k=1,...,m.
1,j=1;1<j

Option (2): Define the generalized inverse of I to be I't = I'T(I'TT)~1. Then let

C12 [ T
me+1
Ci13 ~
=TIt ,
- zfn -
C(m—1)m
m
— k —
Ck = 2fp, — Z cijI‘ij, k= 1,...,m.
1,7=1;i<j

For either option, let

S={k|ck #0, somej >k}, r=]|S| £ number of elements in S.

PART B: Following the proof of Theorem 5.4 we apply controls to drive an O(c?)

average approximation of g(t) to g5 at t = ¢t;. Component 1(i), described below,
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prescribes controls to achieve desired motion in the depth-zero directions. This
is done simply by noting that for sinusoidal control inputs in phase, area terms

Area;;(T) will all be zero. When all area terms are zero and Z(§2) = 0 by (4.36),

ZO@) = (1) = 3 einlt)é
k=1

Comparing this with (5.16), we see that to achieve the desired motion in the
depth-zero bracket directions, we want efix(ts) = cx, £k = 1,...,m. According to
Lemma 5.2 and Remark 5.3, for Z((,Z) =0 and M an integer,
n m
ZOMT) = —EMZy(T) =M Y, S Areay;(T)TEE,.
k=114,j=1;i<j
Comparing this to (5.16), it is clear that to achieve the desired motion in the
depth-one bracket directions, we want e2M Area;;(T) to be equal to c¢;;. Compo-

nent 1(ii) prescribes controls to achieve this depth-one bracket motion.

Choose M to be a positive integer such that M > 1/me. Let the period T' and

frequency w of the controls be

ts L2
(M+1)+1/2° T

T =
T

Then using the controls defined in Components 1(i) and 1(ii), perform the fol-

lowing iterations:
1.2=0.
2. i=1+ 1L
3. Ifi ¢ S gotob.
4. Apply Component 1(ii) for ¢;;, j =i+ 1,...,m.

5. Ifft<m—1go to 2.
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6. Apply Component 1(i) for ¢x, k =1,...,m.
Then we are done and d(g(tf), g;) = O(€?) as desired.

In the following control laws, if a control component is not explicitly prescribed
it should be set equal to zero.

Component 1(i)

Given: ¢, k=1,...,m, T, w and current time t,.

Goal: Let t; = to + T/2. We define eu(t), k = 1,...,m, t € [ty, t1], continuous,
such that et (1) = cx and eug(t1) = eug(ty) = 0.

Controls:

1
eug(t) = §ckwsm(w(t —t)), to<t<ty.

Component 1(ii)

Given: 1 < j,¢jforj=14i+1,...,m, T, w, M and current time %,.

Goal: Let t; =to+ (M + 1)T. Let

9 1/4
m cij
o = (Z 7T2M2) ,

j=i+1
o = —d_ j=i+1,...,m
; pye yerey T
Specify continuous, zero-mean controls u;(t), u;(t), j =i+ 1,...,m, t €

{to,tl] such that 62A7‘60,ij(t1) = Cij, Eui(to) = 6ui(t1) = GUj(to) = €Uy (tl) =
0.
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Controls:

eu;(t) =0
\
eu;(t) = azwcos(w(t — s
Z() ' ( ( 1)) > 31§t381+MT=82
eui(t) = owsin(w(t — s1)) )
4
eu;(t) = aywcos(w(t — s
() =oweostutt—s) |\,
eu;(t) =0

Note that €2 Area;;(t1) = as0mM = ¢;; and the goal is met,.

Remark 5.6 Option (1) can be considered as the time optimal option since it se-
lects the minimum number of nonzero constants c;;, thus, minimizing the number
of times Component 1(ii) is called. Option (2) can be thought of as the mini-
mum energy option since it gives a least squares solution to the selection of c;;.
In Component 1(ii), given the chosen structure of the controls, the amplitudes
o, 0 are selected to minimize energy J(u) = [?((eu;(t))? + 7iy, (eus(t))?)dt
and to satisfy a;a;mM = ¢;;. This amounts to choosing o; to minimize {a? +
YT ia(cij/osmM)?}. If the control inputs are not all equally costly to use, the
constants o;, a; could be computed instead to minimize a weighted energy func-
tion. Finally, we note that Component 1(ii) is energy (and time) saving in that

it meets several depth-one bracket conditions simultaneously.

5.2.3 Algorithm 2: Depth-Two Bracket System

For the depth-two bracket (double bracket) system we have m < n. We define
0 <1 < (n—m) such that the relative growth vector o defined by equation (2.14)

is 0 = (m,l,n — (m+1)). In particular, let

E={pe{m+1,...,n} |} #0somei,je{l,...,m}, i <j} (5.18)
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Then [ = |Z| = number of elements in Z. We will assume for the purposes of
the algorithm, without loss of generality, that the basis {i,...,&,} is ordered
such that {m +1,...,m+1} € 5. We are given g =e € G, Xi_, 25,6 = Zy =
¥1(g;) = O(¢?) and t; > 0. Algorithm 2 has two parts, Part A and Part B
defined below.

PART A: By Lemma 5.1 there exist constants c,, ¢;j, ¢;jx such that
n
Zs= Z prfp Z cpp + Z Z c%jF% + ci5i0 m + Z Cijkgz]k)§ . (5.19)
p=1 p=11,j=1;i<j k=i+1

Further, these constants can be chosen so that only n of them are nonzero. We

compute ¢y, C;j, Cijr, Such that (5.19) holds, i.e., such that

m y4 —_
Cp + Xlioriics (gDl + Cigifys + ki Ciikbie) P =1,...,m

ZZZ’:l;Kj (cijrgj + Csz m + zk =i+1 cljkazgk) p=m+1,...,m+!

Z;”;:l;i<j(cqjji0iji + ZZLi_}_l cijkaijk) p=m + ) + 1, -

pr

(5.20)
Consider the matrix
0 = 0121 122 oo Oom coo Oimm B232 oo Bm—1)ymm
0{’5;”“ 0{'5;’“ 9{'5’;’“ 0{",,%“ 03‘35”“ e szn‘”f)}nm
1+2 142
O ot
A
0{"21 0?22 e . . " s o?m_l)mm ]
and the matrix
I' = Tio | PP . Tim | Y oo Tom e F(m—l)m
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[ rpetorpt L orpe TRt LLoTp rgt;_ll)m-
Fm+2

A
Fm+l Fm+l I-\m+l Fm+l Fm+l ) I-w(n—i—_ll)

Let @ 2 m+ 1. Then 6 has rank n — o and I has rank 1. We give two options for

choosing the constants ¢y, ¢;j, Cyji-

Option (1): From the left write down the first n— o linearly independent columns

~

of 8 as

>

l

tatijatikasr einjnkn] € Rn—a)x(n-a)

v, Gurky € {L,.com}, 6 <y, 6 <k, v=a+1,..,n

Then 6 is nonsingular. So let

Cigt1jat1kat1 Zfat1

= 9'_1 :

Cingnkn Zfn

cijk = 0 if 0% not a column of 6.

From the left write down the first { linearly independent columns of I" as

(1>

r [Filjl e Fitjt] € §Rl><l
iyody € {L,...,m}, iy <j,, v=1,...,1

Then T is nonsingular. So let

m m—+1
Cir1g Zfm+1 Ei,j:l;i<j(%10zgz + Ykeit1 czakezgk )
=r!
b
. _ m—+l m Cogm+l
Cidi 2f m+l >y i,j=1s<] (Cmﬂm + > keit1 Czjkaijk )
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cij =0 if T';; not a column of T,

m m
_ ..TP ...HP .., OP —
Cp = 2f, — Z (chI‘ij + cijifliy; + Z c,]kﬁijk) p=1,...,m.
1,J=151<j k=i+1

Option (2): Define the generalized inverse of § to be 81 = T (94T)~. Let

C121 3 i
Zf mi+1
Ci122 o
=@t
- an -
C(m—1)mm

Define the generalized inverse of I to be I't = I'T(I'I'T)~. Then let

c
12 P _ Zm (C-"9m+1 + Zm Cix 0m+1)
fm+1 1,§=1;3<j \CijiVigi k=i+1 “ijkYjk
C13 A
=1 ,
m gm+l m opmtl
Zfm+l — zi,j:l;i<j(cij20iji + Xktin cljkaijk )
Cim—-1)m
m m
— TP .OP b —
Cp = 2f, — Z (ciil%; + cijifty + Z c”ké’ijk) p=1,...,m.
i j=15i<j k=i+1

For either option, let
Y = {cijr | cijp #0, i < j,i < k},
Q={cjreY |i<j<k}, B=|Q|=number of elements in Q,
R={cpeY |k=i}U{apeY |k=jand ¢y € Y},
Vi=A{ejley #0, i <3},
W={cjy€R|ci; ¢V}, 6=|W|+]|V]

PART B: Following the proof of Theorem 5.4 we apply controls to drive an

O(€®) average approximation of g(t) to gf at t = t;. Component 2(i), described
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below, prescribes controls to achieve motion in the depth-zero bracket directions
as in Algorithm 1. The first portion of Component 2(ii), also described below,
achieves motion in the depth-one bracket directions as in Algorithm 1. Here,
however, the amplitude of the controls are of order e, = €3/2 as specified in the
proof of Theorem 5.4. According to Lemma 5.2 and Corollary 4.18, for Zé?’) =0

and M an integer,

ZO(MT) = EéMZ(T)

= MY S (gDt Y Cmigk(T) — ma (D)8

p=11i,j=1;i<j k=i+1

Comparing this to (5.19) it is clear that to achieve the desired motion in the depth-
two bracket directions we want €2 Mm;;;(T) to be equal to —c;;; and €3 (2m;,(T) —
mixi(T)) to be equal to —c;5. The remainder of Component 2(ii) prescribes
controls to satisfy the former while Component 2(iii) prescribes controls to satisfy

the latter.

Choose M to be a positive integer such that M > 1/me. Let the period T and

frequency w of the controls be

tf w:27r

T = v +1/2 T

Then use the controls defined in Components 2(i), 2(ii) and 2(iii) to perform the

following iterations:
1. 1 =0.
2. i=i+1,j=4i
3. j=j+1L, k=3

4. k=k+1. Ifk=m+1go to 8.
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10.

11.

12

I Cijk = Cikj = 0 go to 7.

. Apply Component 2(iii) for ¢;jx and ci;.

If k <m—1 go to 4.

I Cij = Cijs = Cijj = 0 go to 10.

. Apply Component 2(ii) for ¢;;, ¢;j; and ¢

Ifj<m-—1goto3.
Ifi<m—1goto2.

Apply Component 2(i) for ¢, forp=1,...,m.

Then we are done and d(g(t;), g;) = O(€®) as desired.

In the following control laws, if a control component is not explicitly prescribed

it should be set equal to zero.

Component 2(i)

This component is the same as Component 1(i) of Algorithm 1.

Component 2(ii)

Given: i < j, ¢j, ¢iji, Cijj, T, w, M and current time %;.

Goal: Let t; =ty + 3(M + 1)T and

1/6 1/6

— 32¢2 32¢2..

C

an=vEn  ow=(FH),  os=(FH)
L € o 2ci o —2¢455

Xy = Gindd Qjy = aZnh Qjs = arM-

Specify continuous, zero-mean controls u;(t) and w;(t), t € [to,t1], such
that 63Area,-j(t1) = Cij, e3mij,~(t1) = —Cijis 63m,-jj(t1) = —Ciyy and G’U,i(tl) =

Eui(to) = E’U,j(tl) = EU,j(to) =0.
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Controls:

eui(t) = awsin(w(t — ¢ T
O=eosnt—) | T

€U (t) =0

€u;(t) = a,ywcos(w(t — s
Z() 1 ( ( 1)) 81St§81+MT=.S‘2

eu;(t) = oy wsin(w(t — s1))

eu;(t) = ayweos(w(t — s 3T
() 71 (( 2)) 525t§32+7=53

euj(t) =0

eu;(t) = a;owsin(w(t — s3))

ol

eu;(t) = 2aj,wsin(w(t — s3))

€u; () = ayowcos(w(t — s
(t) = aipw cos(w(t — s4)) 60 <t < 50t MT = ss
eu;(t) = 2a;,w cos(2w(t — s4))

/

eu;(t) = ayow cos(w(t — s 3T
1.() 2 (( 5)) ?35St§35+7=36

eu;(t) = 2aj,w cos(w(t — ss5))

~

eu;(t) = 20w sin(w(t — s¢))

eu;(t) = ayzwsin(w(t — sq))

eu;(t) = 20w cos(2w(t — s
(1) = 2eggweos(ute=sn) |

eu;(t) = ayzw cos(w(t — s7))

eu;(t) = 20,,w cos(w(t — sg 3T
O =mgoeotett=s) || o
eu;(t) = ayaw cos(w(t — ss))
The condition on Area;;(t) is met during the time interval [0, s3], the condition

on m;;;(t) is met during [s3, s¢] and the condition on m;;;(t) is met during [ss, So]-

129



Component 2(iii)

Given: 1 < j <k, ik, Cikjr 1 W, M and current time %o.

Goal: Let tl =1 +6(M+ 1)T Let dl = 2(%01'1'13 + %Cikj)/ﬂ'M and d2 = 2(%cijk +

2¢ikj)[mM. Select

1/2
o ()R (e} _ 4
Pi1 = s ) Pi1 = o1 ’ Pr1 = PiPiy’
2
EAYS (e} _ _dy
p]2 - 6 ’ pZ2 - P30 9 pk2 - Pzsz2'

We specify continuous, zero-mean controls ui(t), uj(t) and w(t), t € [to, ],
such that €(2mq;i(t1) — mik; (t1)) = —Cijks € (2mirj (t1) — Maje(tr)) = —Cikjs
eui(ty) = euito) = eu;(t1) = eu;(to) = eug(tr) = eug(to) = 0. Further,
Areay;(t:) = Areay(t) = Areajy(t,) = 0.

Controls:

)

eu;(t) = piyw sin(w(t — to))
T

eu;(t) = 2pj wsin(w(t — t0)) L to <t < to+ 7=

eug(t) = prywsin(w(t — to))

eu;(t) = piyw cos(w(t — 1))
eu;(t) = 2pj w cos(2w(t — 51)) L 51 <t < s+ MT =5

euk(t) = Pk1W COS(CL)(t - 31))

eu;(t) = piyw cos(w(t — s2))
3T
eu;(t) = 2pjwcos(w(t — s2)) (52 St st =5
eu(t) = pryw cos(w(t — s2))
The condition on mij(t) is met during the time interval [0, s3). However, the
values of m;;;(t) and mji(t) at t = s3 may be different from their initial condition.

So repeat the controls above replacing to with s3, 51 with s4, s2 with s5 and s3

with s. Also, replace p;, by —p;, and set eur(t) = 0, t € [s3, s6]. During [s3, 36,
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the original value of m;;;(t) is restored. Repeat the controls above again, this
time replacing ¢, with s, s; with s7, s, with sg and s3 with sg. Also, replace p;,
by —p;, and set eu;(t) =0, t € [sq, S9). Then, during [se, s9] the original value of

mkk(t) is restored.

Finally, rerun the entire set of controls for ¢ € [ty, s9], exchanging the roles of
j and k, augmenting the indices of the time intervals appropriately. Also, replace
pi1 bY Pig, pj; by pj, and pr; by pey. Then ¢ = s15 and €3(2myx(t1) — mi;(t1)) =

—Cijk, 63(2mikj(t1) — mijk(tl)) = —Cigj- ThUS, the gO&l is met.

Remark 5.7 As discussed in Remark 5.6, Option (1) can be interpreted as the
time optimal option and Option (2) as the minimum energy option. The con-
stants ogy, Gy, i3, @, @y, @, Of Component 2(ii) and pii, pj,, Pr1, Pigs Pig» Pz
of Component 2(iii) have been selected to minimize energy analogously to that
described for Component 1(ii) in Remark 5.6. In general, we note for all of the

algorithms that the energy [y’ 7, (eux(t))2dt is inversely proportional to ¢ f-

Remark 5.8 Since the solution to system (2.9) depends analytically on the
structure constants, the control inputs generated by the algorithms also depend
analytically on the relevant structure constants, i.e., the structure constants asso-
ciated with the basis {{;,...,&,} for G that appear in Part A of the algorithms.
Small errors in system description are equivalent to small errors in structure
constants. Because the specified controls depend analytically on the structure
constants, these errors translate into small errors in specified controls. Thus, the

open-loop controls derived from these algorithms are robust to modelling errors.
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5.2.4 Examples
Spacecraft

Consider the spacecraft attitude control problem of Section 3.1 where only two
components of angular velocity (about the by and bz axes) can be controlled.

Then, from (3.3), X(t) € G = SO(3) and
X = €X(U1A1 + u2A2), (521)

where {A;, Ay, A3} is the standard basis for so(3). The only relevant nonzero
structure constant is I}, = 1 since [A;, As] = As. Thus, from Theorem 4.3 and

Corollary 4.16,

A0(t) = ewn(t) + a8,
Z§2)(t) = 6112(t)+2262),

t
220 = GQTArealg(T)—i-z;;((f), (5.22)
XO(f) = eZia 8004 o X@(5) = 704 A 02 27 ()4

and X @ (t) is an O(e?) approximation of X (¢) on an O(1/e) time interval. This
result implies that oscillations about the by and bz axes can produce a net
rotation about the bg axis. We note that this result and the control algorithm
below apply equally to the ball and plate example of Section 3.4 (with the roles
of by and r; reversed) since the ball and plate problem is also described by (5.21)
with G = S0O(3).

Since (5.21) is a depth-one bracket system, we use Algorithm 1 to construct
open-loop controls to solve (P) with O(e?) accuracy. We are given m = 2, n = 3,

X(0) =g, =1and v = ('yfl,’yf2,’yf3)T = U~1(gs) = O(e) and ty > 0. We
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set z; = 7. The matrix [' is ' = I';; = '}, = 1. Options (1) and (2) yield
I' = [ = 1. Thus, since I'}, = ['%, =0,

¢ =773/T =75 =7 — 2Ty =1, 2 =75, — 2l = gy,

and S = {1}, r = 1. We choose an integer M > 1/7e and

tf 21

“M+3z YT
Then we apply Component 1(ii) for ¢;2 followed by Component 1(i) for ¢; and
cy. Let t) = %, to =1t + MT, t3 =ty + %, ty =1ty =13+ % The controls are

then defined as follows:

oqw sin wt 0<t<ts
euy (t) = < (5.23)
%clw sin(w(t —t3)) t3 <t <ty

0 0<t<t

awsin(w(t —t1)) t1 <t <ty
6U2(t) = 4

0 ty <t <t

scwsin(w(t — t3)) t3 <t <ty

\

where oy = y/|ci2|/mM and ay = ¢ip/a1mM.

For numerical illustration, let € = 0.1, 7, = 0.085, v, = 0.03, v;; = 0.2
and ¢ty = 23. Choose M =10, then T =2, w = 7, a; = ap = 0.08, t; = 0.5,
to = 20.5, t3 = 22 and t4 = 23. Figure 5.1 shows plots of the corresponding
controls eu; and eus as a function of time. Figures 5.2(a), 5.2(b) and 5.2(d) show
a simulation of the response of the Wei-Norman parameters, v;, 72, 3 for the
attitude control problem (solid lines). Figure 5.2(c) is a plot of @; versus iy
for t € [t1,5], and the area enclosed by the curve is equivalent to Area;s(T).

The simulation was produced by numerically solving the equations (3.4) using

133



Figure 5.1: Control Input Signals for Spacecraft and Unicycle Examples.

MATLABZ#. The dashed lines of Figure 5.2 represent the O(e?) average approxi-
mation of the parameters as a function of time computed directly from the average
formulas (5.22). Thus, the dashed lines represent the prescribed trajectory of the
parameters. Figure 5.2 shows that the actual parameters (solid lines) follow the
prescribed average solution (dashed lines) with O(e2) accuracy as expected. From
Figure 5.2 we see that ||v(t)||s < 7, Vt € [0,t/] which implies that ||z(t)|]s < ,
Vt € [0,ts]. By Theorem 2.8 (Lazard and Tits) and Remark 2.9 for G = so(3)
we set S = {2, a;4; € 50(3) | ||alls < 7}. Then, Z(¢) € S, V¢ € [0,%f] and
so d(X(¢), X®(t)) = O(e?), Vt € [0,t7]. In particular, d(X (t;), g) = O(€2), i.e.,
)

the spacecraft has been reoriented as desired with O(e?) accuracy.
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Figure 5.2: Actual (solid lines) and Average (dashed lines) Wei-Norman Param-

eters for Spacecraft Attitude Control Example.

Unicycle

Consider the unicycle motion control problem of Section 3.2. From (3.11) X (¢) €

G = SE(2) describes the position and orientation of the unicycle and satisfies
X = eX(Ayuy + Aguy), (5.24)

where {Ai, Ay, A3} is the basis for se(2) defined by (3.10). This system is a
depth-one bracket system and the only relevant nonzero structure constant is
'3, = 1 since [A;, As] = Az. The relevant structure constants for this system are
the same as those for the spacecraft attitude control problem with two controls.
Therefore, X (t) described by equations (5.22), with {A4;, As, A3} interpreted
as the basis for se(2), is an O(€%) average approximation of X (t) € SE(2) on
an O(1/e) time interval. Moreover, Algorithm 1 applied to the unicycle problem

yields the same controls defined by (5.23). Applying the control input of (5.23)
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Figure 5.3: Response for Unicycle Example.

to the unicycle problem, with the same values for €, vy, tf, etc., used to illustrate
the spacecraft example, yields unicycle Wei-Norman parameter responses similar
to those shown in Figure 5.2. Figure 5.3 shows the response of the unicycle in
(z,y,6) coordinates. One can observe that the unicycle has been repositioned

and reoriented with O(e?) accuracy.

In general, the controls defined by (5.23) solve (P) with O(e?) accuracy for
any single-bracket system of the form (2.9) with n = 3 and m = 2. One simply
needs to compute c¢j3 = Zf3/]._‘?2, c1 = 2§, — clgF}z and ¢, = z5, — c12I‘§2. By
definition, I'}, # 0. Brockett’s system of Section 3.5 is an example. In this case, in
addition, G = H(3) is nilpotent of order 2, and, as a consequence of Theorem 4.9,
the controls of (5.23) will solve (P) for this system exactly. By Theorem 4.9,
X(t) € H(3) is given by X (t) = 2™, By Theorems 4.10 and 4.11, for ¢ = NT,
N an integer, and U,, = 0, Z3(t) = ZO(t). So, X(NT) = 2P WD) = X (NT),
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Underwater Vehicle

Consider the autonomous underwater vehicle (AUV) motion control problem
of Section 3.3. First, suppose that we can control angular velocity about the
b1, bz, bs axes and translational velocity along the by axis. Then from (3.14),
X(t) € G = SE(3) describes the orientation and position of the vehicle and

satisfies

X = eX(fj ui(t) 4;), (5.25)

i=1
where {Ai,...,Ag} is the basis for se(3) defined by (3.12). This system is a
depth-one bracket systems. The nonzero structure constants corresponding to
our chosen basis for se(3) can easily be computed as I'}, = I}, = T, = 1,
M =T3, =1, T8 =T% =1, 3 =I'Y = 1. Thus, from Theorem 4.3 and
Corollary 4.16,

4’ (t) = eln(t) + g Arean(T) + 2, AV () = etu(t) + ),
#I(t) = eiia(t) — L Areans(T) + ), 22 (t)

€% Areass(T) + P

2D (t) = eiia(t) + L Arean(T) + 5, 22() —€e2t Areaq(T) + A

(5.26)

6
x®@ t) = er’:l 2D (t)A, or X® (t) = H ezgz)(t)Ai,
i=1

and X®(¢) is an O(e?) approximation of X (¢) on an O(1 /€) time interval.

Since (5.25) is a depth-one bracket system, we use Algorithm 1 to construct
open-loop controls to solve (P) with O(e?) accuracy. We are given m = 4, n = 6,
X(O) =g = I and Y= (’)’fl,...,’)’fG)T = \I/_l(gf) = O(E) and tf > 0. Set

zy = vy. We compute

f = [ Flg F13 F14 I123 F24 1-‘34]
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5 5 5 5 5 5
F12 Fls 1—\14 I-‘23 F24 I‘\34
6 6 6 6 6 6
l—‘12 F13 F14 1—‘23 I_‘24 F34

0000 0 1

0000 -10

Options (1) and (2) of Part A yield

s, T3, 0 1 R 0000 0 1

rs, s, -1 0 000O0-10
Therefore, both options give

C24 Zf5 0 =111 25 —2fg
C34 Zfﬁ 1 0 Zf6 Zf5
Ci2 = C13 = C14 = c3 = 0,
cL = 2, — gy, — 34}, = 2 Co = Zfo — Coal'2, — 342, = 2
1= <f1 241 24 34134 — <fpy L2 = <f9 241 94 341 34 fo
_ 3 3 _ _ 4 4 _
C3 = 2y — Coal'yy — Caal'3y = 273, 4 =2y — coal'yg — caal'yy = 24,

S={2,3}, r=2
So we choose an integer M > 1/7e and

tf 2T

oM+1)+1/2 YT T

Then we apply Component 1(ii) for g4 followed by Component 1(ii) for cz4 fol-
lowed by Component 1(i) for ¢;, ¢o, 3, ¢4. To reduce the time and energy expended
by the controls we can instead apply Component 1(ii) just once. To do this let
i =4, j =2,3, ceo = —Ca4, C43 = —C34 and apply Component 1(ii) to match cqo

and cs3. In this case we have S = {4} and r = 1 so we recompute

_ Y L
- M +3/2 ST

138



Let t; = %, o=t + MT, tz3 =1, + %, ty=ty=1t3+ % The controls are then

defined as follows:

0 0<t<ty
euy(t) = 9

Tewsin(w(t —t3)) t3 <t <ty

0 0<t<y

awsin(w(t — 1)) t; <t <ty
eus(t) = <

0 tp <t<t3

sowsin(w(t —t3)) t3 <t <ty

0 0<t<ty
aswsin(w(t —t1)) t; <t <ty
euz(t) = (5.27)
0 o <t <13
scawsin(w(t —t3)) t3 <t <ty
4
ayw sin wt 0<t<ts
euq(t) = 4 1
\ 504(4) sin(w(t — t3)) 123 S t S 17}
where a, = (%)1/“, Qg = cyp/aumM, a3 = cg3/aymM.
For numerical illustration, let ¢ = 0.1, zy, = v, = 0.1, ¢ = 1,...,6, and

ty = 23. Choose M = 10, then T' = 2, w = 7w, ay = 0.067, az = 0.047,
az = —0.047, t; = 0.5, to = 20.5, t3 = 22 and ¢4 = 23. Figure 5.4 shows plots of
the corresponding controls eu; and eus as a function of time. Figure 5.5 shows
a simulation of the response of the Wei-Norman parameters v as a function of
time. The simulation was produced by numerically solving the equations (3.17)
using MATLAB. The horizontal dashed lines of Figure 5.5 represent the desired
final parameter value ;. Figure 5.5 shows that v(t;) — v = O(€®) as expected.
By Theorem 2.8 (Lazard and Tits) and Remark 2.9 for G = se(3) we can let

139




0.2 - T T T T -
Eu
1 o N
—02 C 1 1 L 1 e |
0 5 10 15 20 25
t
0'2 - T T T T
eI AVAVAVAVAVAVAVAVAVAVE-A
—0.2 C 1 1 1 I3 -
0 5 10 15 20 25
t
0.2 - T T T T
Eu
X VAVAVAVAVAVAVAVAVAVASS
—0.2 C 1 1 1 L ha
0 5 10 15 20 25
t
0-2 - T T T T -
U
i °WM/VW\AW '
—0.2 C 1 1 1 1 3
0 5 10 15 20 25
t

Figure 5.4: Control Input Signals for AUV Example with Four Controls.

S = {A € se(3) | |All, < 7/2} for any p. From Figure 5.5 it is clear that
Z; € § and Z(t;) € S for some choice of p. Thus, |Z(t;) — Z|| = O(€?)
implies d(X (tf), gs) = O(¢®), i.e., the AUV has been repositioned and reoriented

as desired with O(€®) accuracy.

Now consider the case when there are only three controls available: angular
velocity control about the by and by axes and translational velocity control along

the by axis. By (3.15) X (t) € SE(3) satisfies

X = eX(u1A1 + UQAQ + ’U,4A4), (528)

which is a depth-two bracket system. The relevant nonzero depth-two structure
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Figure 5.5: Response of AUV with Four Controls.
constants are 01, = —1, §2,, = 63,5 = 63,, = 1. From Corollary 4.18,

20(t) = et (t) + Stmage(T), 20 (t) = etia(t) — Hman(T),
A(t) = etia(t) — Stmun (T), 22 (t) = —S2(2miaa(T) — m1aa(T)),
A0 () = 2ara(t), Z20(t) = —an(t).

XO(f) = eXim 504
and X©®)(¢) is an O(€®) approximation of X (¢) on an O(1/e) time interval.

Since (5.28) is a depth-two bracket system, we use Algorithm 2 to construct
open-loop controls to solve (P) with O(e®) accuracy. For the purpose of the
algorithm, we reorder our basis for se(3) such that A3 < A, and A5 & Ag (see the
first paragraph of Section 5.2.3). The nonzero structure constants associated with

this reordered basis become I'l, =T}, =T% =1, 3 =T¢ =1, T3, =T =1,
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Iy = T3, = 1. Further, 6%; = 1. Thus, n = 6, m = 3, and so by (5.18),
E={4,5} and [ = |Z| = 2. Thus, we get

9 = [9121 0120 G123 0131 G132 G133 0231 Oago 9233]
= [9?21 6’?22 9?23 9?31 6??32 6’?33. 0331 9332 0333]

=0 01000 —10 0

I' = [[yg Tz Do)
F%Q F‘ll3 Fg3 1 0 O
I3, If; T, 00 -1

Options (1) and (2) yield the same selection of constants. Following Option (1),
0 == 9123 == 0?23 = 1

—_p-1,, _
cio3 = 07 25, = 2y,
Ci21 = C122 = C231 = C232 = Co33 = C131 = C132 = C133 = 0.
Note that zs, is based on the original ordering of the basis for se(3) and so it is

the coefficient of Ag in the reordered basis.

Iz T3 10
F?z ng 0 -1
So
B cizsfiag | _ p | Fs | _ | A
Co3 Zfe — C1230793 2f6 —Zf¢ |
c13 =0,

_ 1 1 1y
€L =2f — (c12l'1y + casl'gs + C1230193) = Zf1
_ 2 2 2\ _
ca = zf, — (C12TT, + c231'53 + C1230%,3) = Zfos
¢ = zpy — (1219 + c2sl's + C103033) = 25,

Y ={cias}, Q@ ={cizs}, R=0, V={ez,c5}, W=0, =1, y=2.
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So we choose an integer M > 1/7e and

tf 2
T= _2r
2M+1)+1/2 “° T

Then we apply Component 2(iii) for ¢jq3, followed by Component 2(ii) for ¢,
followed by Component 2(ii) for c,3, followed by Component 2(i) for ¢, cs, c3.
These components will specify controls uq, us and us. However, ug is really our
original control u4 since it is the coefficient of the original Ay.

For this particular system we note that the algorithm is longer than necessary,
i.e., there are steps which have zero net effect on the system. Thus, to save
time and energy we eliminate the unnecessary steps of the control algorithm
defined above. Specifically, since co33 = 0 and c¢j32 = 0 we can leave out the
controls defined during [sg, 18] of Component 2(i) (this requires a change in the
computation of d; to d; = c¢;jx/mM). Additionally, since cig1 = €129 = 232 =
ca33 = 0 we can leave out the controls defined during [s3, sg] of Component 2(ii)
each time it is applied. Further, we can apply the first part of Component 2(ii)
just once for both c;3 and cy3 as in Component 1(ii) of Algorithm 1. The total

time duration of the parts left out is 9(M + 1)T so we recompute
ty w = 2_7T
3(M+1)+1/2 T

Lettv =L, to=t1 + MT, ts=ts+ 3L, ty =ts+ L, ts =ts + MT, te = t5 + T,

T =

ty = tg + %, ts =t7 + MT, tg = tg + %, tig = to + % The controls are then
defined as follows:

p1w sin wi 0<t<Ltg

0 te <t <ty

eur(t) = ¢ oqwsin(w(t—t7)) t <t <tg

0 tg <t <ty

towsin(w(t — ty)) te <t < tio
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2pow sin wt 0<t<ty
2pawcecosQuw(t —t1)) 1 <t<ty
2pow cos(w(t — t3)) 1 <t <13
unlt) = 1 —2ppwsin(w(t —t3)) t3<t<ty (5.29)
—2powcos(2w(t —tg)) t4 <t <ts
—2powcos(w(t —t5)) ts <t <tg

(67} Sin(w(t - tﬁ)) te <t <1y

Teowsin(w(t — t)) ty <t <ty

(

paw sin wt 0<t<ts
0 ts <t <t
eug(t) = ¢ aywsin(w(t —t7)) t7 <t <tg

0 ts <t <tg

Leqwsin(w(t —t9)) to <t <ty

where p; = (0123/67FM)1/3, P = (|C123/927TM|)1/2, P4 = 0123//)1/027TM, Co1 = —C12,

oy = ((c23 + 2)) /T MY,y = o1/ 0emM, 0y = co3/aamM.

For numerical illustration, let ¢ = 0.2, t; = 37 and vy, = 0.05, 77, =
0.05, 775 = 0.04, 4, = 0.06, v, = 0.05, 75, = 0.05. Let 2y = ;. Choose
M =5 thenT = 2, w =m, py = 0.08, p = 0.20, ps = 0.20, o = 0.06,
oy = —0.04, ay = —0.05. Figure 5.6 shows plots of the corresponding controls eu,
eus and euy as a function of time. Figure 5.7 shows a simulation of the response
of the Wei-Norman parameters v as a function of time. The horizontal dashed
lines of Figure 5.7 represent the desired final parameter values ;. Figure 5.7
shows that v(tf) — vs = O(€®) as expected. We conclude that the AUV has been

repositioned and reoriented as desired with O(e?®) accuracy.
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Figure 5.6: Control Input Signals for AUV Example with Three Controls.
5.3 Adaptation to Changes in Control Author-
ity

In this section we describe a control architecture that uses open-loop control gen-
erating algorithms such as those of Section 5.2 to provide adaptation to changes
in control authority for drift-free systems of the form (2.9) on the Lie group G
with Lie algebra G. Control authority is defined to be the particular choice of m
control inputs which can be actuated, i.e., the choice of &,...,&, € G such that

U(t) = =7 u;(t)é; and uy(t), ..., un(t) can be actuated independently.

Given a Lie algebra G, there is a minimal number my < n of controls and at
least one choice of my controls for which the system is controllable. If the original

choice of control authority includes m > mg controls, then even in the event of a
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Figure 5.7: Response of AUV with Three Controls.

change in control authority that reduces the number of available controls (such
as an actuator failure), the system might still remain controllable. In this case,
we can use the algorithms of Section 5.2 (and higher-order algorithms that can
be derived according to the procedure of Section 5.1) to maintain control over

the system.

As described in Remark 5.8, the open-loop controls depend essentially on the
relevant structure constants associated to the basis {&,...,&,} and the subset
{&,...,&n}. A change in control authority changes the structure of the sys-
tem by changing the relevant structure constants since, in particular, the subset
{&1,...,&n} is changed. We can adapt to such a structural change if the sys-
tem remains controllable by using the new relevant structure constants in the

appropriate algorithm to recompute open-loop controls.
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For instance, consider a depth-one bracket system with m controls and sup-
pose that during operation there is a change in control authority such that with
the remaining m — 1 control inputs the system is a depth-two bracket system.
Then to adapt to the change in control authority, we switch from the open-loop
controls (motion script) generated by Algorithm 1 to open-loop controls (motion
script) generated by Algorithm 2. To make the switch on the fly after such a fail-
ure, one could first terminate the single-bracket system motion script by bringing
the active controls to zero and then begin controlling the system according to the

double-bracket system motion script.

The AUV motion control problem of Section 3.3 with control authority in-
cluding four control inputs is an example of such a system. Suppose the control
authority includes the four controls as in the example of Section 5.2, i.e., angular
velocity control about the by, bz, bg axes and translational velocity control along

the by axis. The system
4
i=1

where X (t) € SE(3) and A; are defined by (3.12), is a depth-one bracket system.
During normal operation we can control the AUV with this control authority
using the open-loop controls of (5.27). However, in the event of an actuator failure
these controls may not be appropriate. If, during the course of operation, one of
the actuators for angular velocity control fails, the system is still controllable. As
discussed in Section 3.3, if u; fails then the system remains a depth-one bracket
system. In this case, we can continue to control the AUV with open-loop controls
computed from Algorithm 1 based on the new control authority. If us or us fails,
the system becomes a depth-two bracket system. In this case, we can continue

to control the AUV with open-loop controls computed from Algorithm 2 based
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Figure 5.8: Control Architecture.

on the new control authority. For a failure of uz we use the controls specified by

(5.29).

Figure 5.8 represents the type of overall control architecture that we envision
to incorporate open-loop control planning and intermittent feedback (described
earlier in the chapter), as well as a second level of feedback to allow for adap-
tation to changes in control authority. The motion script generator represents
algorithms such as those of Section 5.2 which produce open-loop controls (motion
scripts) to achieve desired motions. The first level of feedback control comple-
ments the open-loop control by adding (possibly intermittent) feedback to make
the motion control more robust. The second level of feedback control is used for
adaptation to changes in control authority such as an actuator failure. When
such a change is sensed the open-loop control generator switches motion scripts
as necessary. The first level of feedback control is also updated to account for the

change in control authority.
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Figure 5.9: Front View of SCAMP.

5.4 Underwater Vehicle Experiment

In this section we describe an experimental implementation of Algorithm 1 on an
underwater vehicle built and operated in the Space Systems Laboratory (SSL)
at the University of Maryland. The SSL designs, builds and evaluates integrated
telerobotic systems, including free-flying vehicles and modular manipulators for
space operations such as space structure assembly and satellite servicing [2]. Test-
ing is done in the SSL’s Neutral Buoyancy Research Facility, a water tank 50 feet
in diameter and 25 feet deep, located at the University of Maryland. The condi-

tions in the tank are intended to simulate zero-gravity conditions of space.

SSL’s Supplemental Camera and Maneuvering Platform (SCAMP), illustrated
in Figure 5.9, moves freely and carries a video camera on board [3]. For space
operations, it provides an external view for an operator performing a difficult

task. In the SSL it is used to evaluate how a single person can operate more than
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one vehicle at a time. SCAMP has the additional advantage of requiring little

maintenance and being easy to prepare for underwater testing.

SCAMP is a 28-inch diameter icosahexahedron (26-sided) object weighing
167 pounds in air. About each of its three axes, SCAMP has a pair of ducted
fan propellers, shown in Figure 5.9. A pair of propellers run in the same direc-
tion provides translation and run in opposing directions provides rotation about
its associated axis. There is an on-board, closed-loop motor controller for each
propeller that linearly converts an 8-bit (-128 to +127) command sent to the
motor into a propeller speed. All on-board processing is done using a Motorola
68HC11 microcomputer. The Motorola 68HC11 communicates with the control
station by means of a message-based serial protocol developed at the SSL. Data
is transmitted over a fiber optic link. The control station consists of a MacIntosh
IIfx computer and two hand controllers (joysticks). One hand controller is used
for translation and the other for rotation. SCAMP also has a 7 lbs lead-weight
pendulum that is located below the center of SCAMP along the yaw axis. The
pendulum remains fixed with respect to the coordinate axes fixed on the vehicle
unless it is actuated to control pitch. But for the pendulum, video camera, and

the internal electronics, SCAMP is essentially a symmetric rigid body.

In the experiments described here, SCAMP was used to test the algorithms of
Section 5.2 which provide open-loop controls to drive a vehicle without the aid of
an operator. For these tests, the hand controllers were bypassed. Instead control
signals were computed on the MacIntosh computer using Algorithm 1 and sent
directly to the propeller motors. The main objective of the experiments was to
show how Algorithm 1 can be used to control the attitude of SCAMP even in

the event of an actuator failure. We assumed that the yaw propellers had failed.
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Figure 5.10: Calibration Data for SCAMP.

Then, we applied the open-loop controls from Algorithm 1 to actuate only the

roll and pitch propellers to drive SCAMP with a net yaw rotation.

For our experiments we used the fact that due to the drag of the water, a
constant propeller speed corresponds to a.constant vehicle speed. As a result,
a constant 8-bit command sent to the motor corresponds to a constant vehicle
speed. Calibration data to determine the relationship between the 8-bit motor
command units and vehicle angular velocity is plotted in Figure 5.10. The data
for the 8-bit commands of +127 and -128 was provided from previous testing.
The other data points were obtained at the time of the experiments described
here. A constant 8-bit signal was sent to the yaw propellers for a period of 60
seconds. Angular velocity was measured by counting the number and direction
of rotations during the 60 second period. For the purposes of the experiments
we assumed that vehicle angular velocity is linearly related to the 8-bit motor

command signal. Based on the data in Figure 5.10, we assumed a proportionality
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constant of 163 motor command units per rad/sec.

We note that there is a time delay for the vehicle speed to follow the mo-
tor command related to the natural frequency of the vehicle. Because of the
symmetry of the vehicle, we assumed that this delay is the same for roll, pitch
and yaw. The open-loop controls generated by Algorithm 1 are sinusoids. Pre-
scribed secular motion in depth-one bracket directions is a function of the phase
difference between the sinusoids. For our experiments we used sinusoidal control
signals with frequencies less than the natural frequency of the vehicle. Further,
we counted on the fact that equal time delays in all of the sinusoidal control

signals should not upset their phase relationships.

The kinematics of SCAMP can be described by equation (3.13) of Section 3.3
for an underwater vehicle. Since we consider only the attitude control problem
for SCAMP, ignoring the translational control problem, the kinematics reduce
to the system on G = SO(3) defined by (3.2) of Section 3.1. Based on the
above discussion we can let ; = eu;, i.e., the angular velocities are our small-
amplitude controls. When the yaw propellers are inactive, the motion control
problem becomes

X = €X(’U,1A1 + UQAz), (530)

where X (t) € SO(3), {Ai1, Ag, A3} is the standard basis for so(3) and eu(2)
and eusy(t) are roll and pitch angular velocities (equivalently the 8-bit motor

commands to the roll and pitch propellers), respectively.

System (5.30) is a depth-one bracket system on SO(3) where n = 3, m = 2,
identical to the spacecraft example with two controls described in Section 5.2.

Thus, we use the controls of (5.23) specified by Algorithm 1 to control the attitude
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of SCAMP. For a pure yaw rotation, i.e., v;, = 77, = 0, 77, # 0, these controls

become

eur(t) = oqwsinwt 0 <t <t

0 0<t<t
eus(t) = § opwsin(w(t—1t,)) & <t <t
0 o <t<t3

where T = 27 /w, t, = T/4, to = t; + MT, t3 = ts + 3T/4. 3,0y should be
selected such that

is

7I'M ’ 8% : ’Yf3 (531)

oM

o] = \

For the experiments we chose € = 0.4, |a;| = 0.4, |ag| = 0.4, w = w/4 rad/s
and M = 6.25. From this we can compute T'=8s,t; =2 s,12 =52 8, t3 = 58 s.
Further, from (5.31) v¢, = ayoemM = £m rad. Thus, we expected to see a net
yaw rotation of 3180 degrees within O(e?) accuracy or within about 10 degrees
accuracy. € was chosen to be relatively large so that the oscillations of the vehicle
would be large enough to observe and the test would not be too time consuming,
i.e., t; = t3 relatively small. The fact that M was not chosen to be an integer
implies that there should be a small net rotation about the roll and pitch axes
at t = t;. However, the passive effect of the pendulum was expected to quickly

remove these rotations.

Several repetitions of this experiment were run in May and June 1994. Sensors
were not available to take velocity or position measurements during the experi-
ments. However, many of the experiments were recorded on videotape. During
these experiments SCAMP was observed to make a net yaw rotation consistently

as expected. Gentle oscillations about the roll and pitch axes were clearly visible
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throughout the experiments with no significant final net roll or pitch rotation.
When ajo, > 0, SCAMP was observed to rotate about the yaw axis in the
counter clockwise direction (looking from above). When ayap < 0, SCAMP was
observed to rotate about the yaw axis in the clockwise direction (looking from
above). The net yaw rotation was typically slightly less than 180 degrees but

within the accuracy of the predicted motion.

For one series of the experiments with ayas < 0 (i.e., clockwise yaw motion)
towards the end of the experimentation, the net yaw rotation was not quite as
high as expected (closer to 90 degrees than 180 degrees). This may have been
due to error in the approximation of the motor command to velocity conversion
or to asymmetry in the roll and pitch propellers in this direction such that the
phase difference between these signals was affected. Additionally, there was some
difficulty keeping SCAMP neutrally buoyant throughout the test, but this did

not seem to have an effect on the attitude motion.

In summary, attitude control of the underwater vehicle SCAMP with inactive
yaw propellers was experimentally demonstrated using the open-loop controls
derived from Algorithm 1. The experiments were useful in illustrating both the
principle of the control design of this chapter as well as the potential for open-loop
motion control based on the algorithms of Section 5.2. In particular, the experi-
ment illustrated Lie bracket effects through sinusoidal controls (in this case, roll
and pitch propeller thrust reversals). The experiment did not involve precision

measurements; however, one could do so in future experimentation.
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Chapter 6

Application to Bilinear Systems

In this chapter we consider the problem of control synthesis for bilinear systems
on R". The theory derived in this dissertation is relevant to this type of control
problem because the state transition matrix for a bilinear system on R" evolves on
a subgroup of GL(n), i.e., on a matrix Lie group G. Further, the state transition
matrix equation is a right-invariant system on G (possibly with drift) of the form
(2.7). Thus, we can express the control problem for a bilinear system on R"

equivalently as a motion control problem on G.

Our goal is to generate controls to solve the original control problem on R"
by solving the equivalent motion control problem on G, i.e., by driving the state
transition matrix as necessary. We first examine the evolution of the state tran-
sition matrix for periodically time-varying controls by applying the theory of
averaging on Lie groups derived in Chapter 4. Then, we consider generating con-
trols based on the formulas for average solutions to the state transition matrix
equation. If the matrix equation is not drift-free, as is the case in the example we
study in this chapter, we cannot generate open-loop controls using the algorithms

of Chapter 5. However, we can use the same basic idea of driving the average
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matrix solution exactly in order to drive the actual solution approximately.

To illustrate the application of our theory to bilinear systems, we study a
control problem for switched electrical networks. The switched networks of in-
terest have bilinear state-space models in which each component of the control
u, representing the position of a switch, takes value in the set {0, 1} at any given
time. Brockett and Wood [78, 17] have shown that a class of switched electrical
networks such as those used in power conversion applications can be modelled as
bilinear systems with state transition matrices evolving via right-invariant sys-
tems with drift on the Lie group SO(k) or SE(k). The control problem that
we study is that of transferring energy between dynamic storage elements in a
lossless network according to a prescribed path. We assume that we can control
the switching in a periodic way with small (¢) period (which is equivalent to small

(¢) amplitude in scaled time).

Switched electrical networks play an important role in a variety of systems,
most notably in power converters such as dc-dc switchmode power converters.
These power converters in turn are of great value in many growing application
areas such as in communication and data handling systems, portable battery-
operated equipment, and uninterruptable power sources (see [67]). New require-
ments for higher performance, smaller volume and lighter weight power converters
make new demands on technology and warrant a fresh look at associated control

strategies.

In standard practice, switching strategies (pulse-width-modulated controls)
are derived based on state-space averaging methods. The averaging in this con-

text can be interpreted as first-order (i.e., O(€)) averaging, meaning that the
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solution to the averaged system approximates the actual system solution with
O(e) accuracy. Thus, increased accuracy is achieved with decreased ¢ which cor-
responds to a higher switching frequency. In our averaging approach we consider
higher-order (i.e., O(e?), ¢ > 1) averaging. This gives us the means to increase
accuracy by increasing ¢ rather than decreasing e. Thus, we can improve perfor-
mance without requiring excessively high switching frequencies. In their work on
switched electrical networks, Brockett and Wood [17] derive high-order approxi-
mations of the state-space equations using a truncation of the Campbell-Baker-
Hausdorff formula for the logarithm of the product of exponentials. Our work

provides a justification via averaging theory on Lie groups for their formula.

Sira-Ramirez [70] has developed a very clear and simple controller design
methodology for switched electrical networks which is based on variable structure
systems theory and sliding regimes. In his work, control is achieved using feedback
based on surprisingly simple laws (requiring as little as one bit of information).
Our controller design methodology, on the other hand, focuses primarily on open-
loop control, although feedback can be added for robustness. One advantage of
open-loop control is that energy transfers in the networks can be accomplished
in a predictable, finite number of switchings. This eliminates the possibility of
chattering which is sometimes associated with sustaining motion on a sliding

regime.

In Section 6.1 we define the general switched electrical network and describe
our network example which is modelled as a bilinear system with a state transition
matrix that evolves on SO(3). In Section 6.2 we apply averaging theory and study
controllability. In Section 6.3 we describe our controller design for the example.

Simulation results are also presented.
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6.1 Switched Electrical Network Problem and
Approach

The (idealized) state-space bilinear equations for switched electrical networks

generally take the form [78, 17]:
T = (A() + A1u1 + Ag’l.tz +...+ Amum)x + (b1u1 + b2U2 +...+ bmum). (61)

The state £ € R™ represents inductor currents and capacitor voltages. Each
control u;(t) € {0,1} represents the position of a switch at time ¢. Typically,
the network will have only one switch or a set of switches that change position
synchronously such that control action can be represented by a single switch
position u, also taking values in the set {0,1}. The vectors by, ..., by, represent
constant power sources. We can always express system (6.1) as a homogeneous

equation using the fact that

T = (Az + b)u
is equivalent to
d | z A b x
— = U.
di | g 0 1|1
The state-space equations of interest thus become
& = (A+ Bu)z. (6.2)
Alternatively, we can write (6.2) as
= (A(1—-u)+ (A+ B)u)z. (6.3)

In changing the switch from the position corresponding to u = 0 to the

position u = 1, the network topology changes. This is reflected in (6.3) as a
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change between two different linear system descriptions, i.e., £ = Az when u =0
and £ = (A + B)z when u = 1. Thus, these are bilinear systems which always

have a drift term, i.e., nontrivial dynamics when u = 0.

From linear systems theory it is well known that the state transition matrix

®(t) € GL(n) which describes the evolution of the state according to
z(t) = ®(¢)z(0) (6.4)
satisfies the same equation (6.2) as z, i.e.,
® = (A+ Bu)®, ®(0)=1I. (6.5)

It is also well known [11] that ®(t) will evolve on the matrix Lie group G associ-
ated with the Lie algebra generated by A and B (the connected, simply-connected
covering group). Equation (6.5) describes a right-invariant system with drift on

the Lie group G. If we define X = ®~! € G then, using the identity

d

4 (k1) =~k OKOK

for K(t) an n x n matrix, we see that X satisfies
X = X(—A— Bu). (6.6)

Equations (6.6) describes a left-invariant system with drift on the Lie group G.
Considering the alternative system description of (6.3) and defining A; = A,

Ay=A+ B, u; = —(1 —u) and uy = —u we get
X = X(A1u1 + A2u2), (67)

which looks like system (2.11) without the e factor. We have disguised the fact

that the system has a drift term by defining two controls which, in fact, are
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Figure 6.1: Network Example

not independent. However, by transforming our system into the form (6.7), we
can apply our averaging theory on Lie groups to determine high-order average

approximations to the behavior of X and thus ®.

We address the problem of specifying switching controls that drive the state
of the bilinear system (6.2) from some initial condition z; along a desired path
to a final condition z;. We approach the switching problem by choosing & target
points zi,...,2, between z; and z; along the desired path. We then specify
open-loop switching controls to drive the state between successive target points.
Feedback can be added (possibly intermittently) for robustness. From equation
(6.4), the problem of controlling the evolution of 2(t) can be considered as a prob-
lem of controlling the evolution of ®(t) (or alternatively X (¢)). As in Chapter 5,
we determine the switching control that will drive an average approximation of

®(t) exactly as desired in order to drive ®(¢) approximately as desired.

The network example that we study in this chapter is shown in Figure 6.1.
This simple network can be considered as a model of the conversion portion of

a dc-dc voltage converter [78]. The control problem is to convert energy from
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one capacitor to the other via the inductor. For example, suppose that at ¢t = 0,
V1(0) = Vi, I3(0) = 0 and V,(0) = 0. By appropriate switching, the energy in
C} can be transfered to C, so that at some later time ¢/, V1 (t') = 0, I3(¢') = 0 and
Va(t') = V, . The ratio V, /Vio will depend on the ratio of the capacitances C;/C
so that voltage scaling up or down can be achieved with an appropriate choice
of capacitors. Of particular interest is controlling the energy transfers in this
network to meet certain performance criteria. In Section 6.3 we design controls to
transfer energy between capacitors while maintaining a constant nonzero current

I through the inductor.
The equations for this network are

Cl‘./l = (1-’LL)I3
CoVo = ul (6.8)

L3j3 = —(1 - ’U,)‘/l - qu

Define the state vector of the network z = (z1,%,23)7 by 1 = VCIVi, 2o =
VC2Va, 3 = /L3I, and let w; = 1/4/C1L3 and wy = 1/4/C2Ls. Then (6.8) can

be rewritten as

T = (w1A2 — (wlAz + LL)QAl)U)iE
= (w1dz(1 —u) — wrdu)x (6.9)
= (—'U,1A1 - ’U,QAQ).’E
where 41 = wou, e = —w;y(1—u) and {A;, Ag, A3} is the standard basis for so(3).
Since {A;, As] = As, the Lie algebra generated by A; and A, is so(3). Thus, the

state transition matrix ®(t) evolves on the Lie group SO(3) and the control

problem for system (6.9) can equivalently be stated as a motion control problem
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Figure 6.2: Switching Control

on SO(3). Since an orthogonal matrix acting on a vector in R® preserves length,
z(t) evolves on a sphere in R3. This confirms that the energy of the system,
1T

37" T, is conserved.

The network of Figure 6.1 is representative of a class of interesting networks.
With an increased number of capacitors and/or inductors in the network, the
state will evolve on a higher dimensional sphere and the transition matrix will
evolve on a higher dimensional orthogonal group SO(k). If power sources and/or
loads are introduced into the network then the state will no longer evolve on a
sphere since energy may be added to or dissipated from the network. In some
of these cases it can be shown that the state transition matrix evolves on the

Euclidean group SE(k) [78].

6.2 Averaging and Controllability

The relevant controls for switched electrical networks are illustrated in Figure 6.2.

These controls have nonzero mean and have O(1) amplitude and O(e) period
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whereas the controls of system (2.9) studied in Chapter 4 have O(¢) amplitude
and O(1) period. By scaling time in the averaging theorems of Chapter 4, we can
derive the appropriate average formulas for the network models. The following
corollary is a time-scaled version of Corollary 4.14 and the first part of Corol-
lary 4.16. It provides O(e) and O(e?) average approximations of the solution

to
m

g= TeLg ) U(t)’ U(t) = Zul(t)gz’ g(t) €G, U(t) €g, (6'10)

i=1
where n is the dimension of G, m < n and the controls u; are periodic with O(e)
period and have nonzero mean. We use Ffj, Ugys &, Ugy, U, Area;;(T) and a;;(t)
as defined by (2.15), (2.19)-(2.23), respectively.

Corollary 6.1 Consider system (6.10). Assume U(t) and b are as in Theorem 4.9
and U(t + T') = U(t), Vt > 0 where T" = O(e). Let g(0) = go € Q C G and
Zo = ¥71(go) = O(e). Let Z¥ = S0, 2,9¢, and assume that ||Z, — Z§?| =
O(e?), ¢ =1,2. Let

n
(1)
2 = gt + 2, 2O =S 4 M)&, V() =270, (6.11)

k=1
If ZO(t) € 8, Vt € [0,b], then
d(g(t), gD (#)) = O(e), V€ [0,8] (6.12)
Let
m n
W) =)+ Y ay®TE+a, 200 =Y L2 0&, 2) =270,
1,j=1;i<j k=1
(6.13)
For an integer N,
AHNT') = NTUgue + N S Areay;(T')T% + 2,5, (6.14)
1,j=1;i<j
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%, Areay;(T"), ai;(t) are defined by (2.15), (2.22), (2.23), respectively. If ALIONS
S, ¥t € [0,b], then

d(g(2),9(2)) = O(¢), V¥t € [0,0). (6.15)

Proof: Let s = t/e, then ds = dt/e and we can write (6.10) as

%(es) — oLy Ules), Ules) = éui(es)ﬁi. (6.16)

Define
V(s) =Ul(es), wv;(s) =us(es), h(s) = g(es).

Then (6.16) becomes

%(3) = €eTeLpisy - V(s), V(s)= ivi(b‘)&-

Since u(t + T") = u(t) then v(s + T) = v(s) where T =T"/e = O(1). Define

1 T
Vo= /0 V(o)do.

Note that

Vo = [ Vo)o
= %/OTI/GV(U)dJ
- £ [ver
iy
= %/OT’ U(r)dr

= Unw.
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Let
YO (5) = eVpos + Z57, AU (s) = &V "),
By Corollary 4.14, if Y()(s) € S, Vs € [0,b/€] then

d(h(s), M (s)) = O(e), Vs e [0,b/e].

This implies that
d(h(£),AD(4) = O(e), V€ [0,8]

Recall that g(t) = h(%). Let
Z0() £ YO () = Vaut + 287 = Unut + 2§,
gV(t) £ hO(L) = VW = 200,
Thus, if ZO(t) € S, Vt € [0,b] then
d(g(t), V() = O(e), vt €[0,b),
proving the first part of the corollary.

For the second part of the corollary define

Note that
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and

" t(0)5(0) — 55(0)s(0))do

(@(@u(@) 2@ T

By ) - BTy e

€

S, S

S~

—

= /Ot(ﬂi(T)’u]'(T) — @ij(T)ui(7))dr

[\~
r—lml
[\~

Il
kS
LY

€2
Let

m
yl[c2](8) = 6’5]‘,(8) + 62 Z b,](S)Fic] + Zk§)2),
1,j=151<4

YP(s) =3 y2(s)&, hA(s) = eV,
k=1
By Corollary 4.16, if Y2(s) € 3, Vs € [0,b/e], then
d(h(s), "?)(s)) = O(*), Vs € [0,b/e].

This implies that
d(h(£),hP(£)) = O(*), Vt e [0,b].

Let

m
= Cﬁk(§)+€2 Z bU(-z-)Ff]-szgm

i,j=15i<j

N.—
_
<~k
~—

>
<
I
~_~
o o
~—

I

m
= ﬂk(t) + Z Q4 (t)l—‘z + Zk(()z).
t,j=1;i<y

290 2 YR = 3 80e = 3 e
k=1 k=1

g?(t) £ hA(E) = 9 = 20,

Thus, if ZB(t) € 8, Vt € [0,b], then

d(g(t), (1)) = O(&), Vvt €[0,b].
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Figure 6.3: Geometric Interpretation of Area,,(T")

Following the proof of Corollary 4.16 for N an integer, @x(NT") = NT ugys,
and a;;(NT') = NArea;;(T"). So

z,[f](NT’) = NT Ugyr + N Z Area;; (T’)Ffj + zk(()2). 0O

§,j=15i<]

It is straightforward to compute the relevant terms in the average formulas
of Corollary 6.1 for our controls in Figure 6.2. The variable u, where 0 < p < 1,
referred to as the duty ratio, is defined as the fraction of the period 7" for which
u = 1. If we only concern ourselves with moments of time ¢t when t = MT', M
an integer, then it is irrelevant when during a period v = 1, i.e., shifts in time
have no effect on our results. Letting v = 1 — u we find using definitions of ug,

(2.19) and Area;;(T") (2.22) that
Ugp = [y, Vg =1—p, Areay,(T") = Tu(l - ). (6.17)
Figure 6.3 illustrates the geometric interpretation of the area term Area,,(7").

For the example network of Figure 6.1, we have by (6.9) that

® = (—ugA; — ugAdy)®, ®(0)=1T

. (6.18)
X = X(UlAl + U2A2), X(O) =1
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where A; = é;, Ay = é;, u; = wou and uy = —w; (1 — u). Thus, from (6.17)

Ugpp = Wall,  Ugpy = —wi(1—p),  Areapp(T") = —%wlsz’zp(l !

Therefore, from Corollary 6.1, since the relevant structure constant is '3, = 1

([A1, Ag) = As) the average state transition matrix solutions are
SV(MT') = (XD HMT') = eXimr % M) (6.19)

ZAV(MT') = woMT 'y, 2P (MT') =~ MT'(1 — ), AP (MT') =0. (6.20)

BA(MT) = (X)L (MT') = eXher 5 MTV (6.21)
PMT) = w,MT'y,  AB(MT) = —o, MT'(1 - p),

(6.22)
BMT) = — Lo, MT? (1 - p).

Towards the goal of controlling the state transition matrix ®(t), we examine

the controllability of the system

X = X(A + Bu) (6.23)

on the matrix Lie group G with Lie algebra G. In order to accommodate switching

controls, as shown in Figure 6.2, we define the class of controls U as

e U, is the class of piecewise constant functions on [0, 0o) taking values in R™

where components of its elements take values in the set {0,1}.

We have the following corollary to Theorem 2.2 of Jurdjevic and Sussmann.

Corollary 6.2 Let G be a compact and connected Lie group. System (6.23) is
controllable with u € U; if and only if the Lie algebra L generated by {4, B} is

equal to G. Further, 3¢' > 0 such that for every Xy, X; € G there is a control
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u € Uy that steers Xy to X in less than #' units of time. If, further, G is semi-
simple, then 3¢’ > 0 such that for every Xy, X; € G there is a control u € U, that

steers Xy to X in exactly ¢’ units of time.

Proof: Letw=2u—1. Then w=1ifu=1and w= —1if u = 0. Thus, if
u € Uy then w € Uy (U, defined in Section 2.2.1). Since u = ;(w + 1), system

(6.23) can be rewritten as

X = X(A+B(5(w+1)) = X((4+ %B) + 3 Bu). (6.24)

By Theorem 2.2 (Jurdjevic and Sussmann) system (6.24) is controllable with
w € Uy if and only if the Lie algebra L, generated by {(A + 3 B), 3B} is equal to
G. Since L, is L, system (6.24) with w € U, is controllable if and only if L = G.
But, system (6.24) with w € U, is equivalent to system (6.23) with u € U;. The

remaining results follow from Theorem 2.2. O

For our example network (Figure 6.1), the state transition matrix, which
satisfies equation (6.18), evolves on the Lie group G = SO(3) which is connected,
compact and semi-simple. The Lie algebra L generated by {A;, A2} is so(3).
Thus, by Corollary 6.2 the system described by (6.18) is controllable. Further,
there exists a time ¢ > 0 such that for every ®, ®; € SO(3), there is a control

u € Uy that steers ®y into P, in exactly ¢’ units of time.

It is important to note that the system (6.18) is not controllable in arbitrarily
short periods of time. In fact, steering from some &, € SO(3) to some other
arbitrary ®; € SO(3) may take a considerably long time. Further, ® may have
to travel far to reach ®;. This implies that we may not be able to choose switching

controls to follow any arbitrary path in the system state space.
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Figure 6.4: Paths in State Space

A qualitative picture of the paths that we can follow closely can be deduced
from the O(e) average formula ®1) for ® given in equations (6.19) and (6.20). In
Figure 6.4 we show the state space for our system, i.e., a sphere in 3. A curve
®(t) corresponds to a rotation of the sphere. While the x1, x2, x3 axes stay fixed,
the system state z(t) rotates with the sphere. Equation (6.19) can be interpreted
as an Euler parametrization of the rotation ®!) which approximates the rotation
®. Let 20 = (2, 29 2{")T and note that 20 (MT") = Mz (T"). Let ¢ =
|z0(T")|]. The magnitude of the rotation ®1) is M¢ and the axis of rotation is
—z()(T")/$. Since p is defined such that it satisfies 0 < u < 1, equations (6.19)
and (6.20) imply that —z&l)(T’) <0, —ZY (T") > 0 and —zgl)(T') = 0. Thus,
the axis of rotation of the O(e) approximation will point into the quadrant of
the x3-x2 plane corresponding to z; < 0, zo > 0. For example, if 4 = 0 then
®(") corresponds to a positive rotation about the x-axis. If g = 1 then ®®

corresponds to a negative rotation about the x;-axis.
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In general, this type of restriction means that a path that can be followed
closely in one direction cannot be followed closely in the opposite direction. In
the next section we will illustrate the design of a controller that transfers energy in
the example network from C to Cs following the path PQR.S shown in Figure 6.4.
The path from P to @ can be achieved using v = 0 (i.e., 4 = 0). Similarly, the
path from R to S can be achieved using u = 1 (i.e., 4 = 1). The path from
@ to R can be followed by successive rotations about different vectors pointing
into the second quadrant of the x3-x2 plane. On the other hand, the reverse
path SRQP cannot be followed closely due to the limitation on the direction of
achievable rotations. Similarly, the path SR'Q’P is achievable while PQ'R'S is

not.

6.3 Controller Design

In order to design a controller for the example network of Figure 6.1, we first
develop a technique for computing the control switchings that will drive the state
z(t) from some initial target point z, to the next target point z,. We assume that
the path from z, to x, is in the “achievable” direction as discussed in Section 6.2.
Let the switching period 7" be fixed at 7' = e¢. Then the problem becomes one of
choosing u (the duty ratio) and M (the number of switching periods) such that

for some initial time ¢y, z(ty) = z, and z(to + MT') = x,.

Using our second-order average formula ®? ((6.21) and (6.22)), we know the
state transition matrix solution as a function of y and M with O(e?) accuracy.
To determine the desired motion of the state transition matrix, we parametrize

the various rotations that will take z, into x; as a function of a single parameter.
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One rotation that will take z, into x, can be computed as

. X 7
b, £ e where § = cos™ (23 2p), o= Hza x z:” N ||2a2” (6.25)
a a

After this rotation has been performed, the state is invariant to rotations about

the vector z;. A class of rotations ®,, that will take z, into z; is described by
By, 2 eloelie, (6.26)

where 6, is a free parameter. Our goal is then to compute p, M and 6, such
that ®I(MT") = ®p,. We describe two methods. The first method is based on
quaternions and it produces a set of nonlinear algebraic equations to be solved for
the exact values of y, M and 6,. The second method uses some approximations

to produce a linear set of equations to be solved for p, M and 6,.

Method 1 (quaternions). A unit quaternion is a four-tuple that can be used as
a representation of a rotation in R3. Quaternions are easily multiplied making
the computation of a product of rotations as in (6.26) straightforward. Let Q. =
(9eo Gers Gezr Gea)s @b = (@bos Gor» Bbgs Gbs)y @t = (Qt0s @15 Gt Gts)

Q. = (429, 2y, 0295 @z5) e the quaternion representations of ®,, &, = e%%, by, =

®,®,, ®P(MT"), respectively. Then, by definition

6 6 6 6

Q. = (cos 2> %a sin 2 %ar sin 2> Bea sin 5),
b . gb . 0}; . 91,
Qy, = (cos 5 Loy SI0 o7, T, SI0 o, T, SN 5)’
(2] MT' 2] MT' (2] '
Q, = (cos%,———z1 (¢ )sing,————z2 (¢ )sing,——z3 (fT) sin g),
(6.27)

where ¢ = ||z13(MT")||. By the rules of quaternion multiplication [10], Q; = Q,Q.
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such that

( Gty QvoGco — 9b19c1 — T2 9cy — Gb3Gcs

Q, = A | | @ede T GbiGeo T Gbzdes — Qbses
t G, QboGco T Gbadco t Gbse, — Gb1Gcs
Gt Qbo9cs T+ GbsGeo + Gb19c; — baey

To find p, M and 6, such that ®(MT') = &,,, we solve Q; = Q,. Because
we consider unit quaternions, we have three independent equations and three

unknowns.

Method 2 (linear approximation). For 8, and 8 small, by the Campbell-Baker-
Hausdorff formula [54],

— oOdp BB — o
Dy, = et =¥,

W = Gz + 02, + Hbe[:ftb, f?c] + %0(,02[[:21,, Ze), CIAJC] + é&f&[[a‘cc, .’f?b], ZIAIb] +...

We make an approximation of w linear in 6, by ignoring the bracket terms of

higher-order than single brackets. We use the identity
[6,b] = b — ba = a X b= ab,
and let x4 = Zpx.. Then we find that

w & Gyxp + 0z, + Oz = 05(.’1:1, + Gxd) + 0z..

Now let » = My. From (6.21) and (6.22), ®#(MT') ~ ¥ where

—W9oE€ 0
Yy = —wh€ T+ wi€ M.
Lwiwe? 0
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To find p, M and 6, we solve w = y. This yields three linear equations in the

three unknowns r, M and 6j:

woe 0 (zp, +6zq,) T —0z,,
wie€ —wi€  (Tp, + 0z4,) M |=| -6z,
—lwiwse? 0 (mp, + Oz4,) 6, —fz,,

We can then solve for p=r/M.

We can, of course, improve the accuracy in the computation of M, u and
6, for Method 2 by including nonlinear terms in the expressions for w and y.
The linear approximation, however, is useful because it reduces computational
complexity. This would be an advantage if the computation were to be done

on-line for feedback.

Example Problem. We illustrate a controller design example based on Method
1. Suppose that it is desired to transfer energy from C) to C; while maintaining
a constant current I3 through the inductor. That is, suppose we wish to drive
the state z(t) along the path PQRS as shown in Figure 6.4. Let 27z = 1, i.e.,
assume that z(t) evolves on the unit sphere. Then we want z(0) = P = (1,0,0)7
and z(t;) = S = (0,~1,0)T. Let us, for example, choose the constant current
such that 23 = —1/v/2. Then we want z(s)) = Q = (1/v/2,0,—1/v2)T and
z(s;) = R = (0,—1/v/2,—1/+/2)T. We choose six target points z1, ...,z along

the path from zy = @ to z7 = R as
T =6_%%A31L'i_1, 1= 1,...,6.
We assume the values for the network components are

Cl = 01, 02 = 02, L3 = 0.5.
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We note that the path from P to @ is a rotation of cos™!(1/+/2) = 7/4 radians
about the xz-axis. We can follow this path by setting u = p = 0 for ¢ € [0, 5]

where sq is computed from
w1So(1 — p) = w18 = 7/4.

Similarly, the path from R to S is a rotation of —7/4 radians about the x;-axis.
This path can be followed by setting u = pu =1 for t € [sy,t;] where t; — sf is
computed from
—wy(ty — sp)p = —wa(ty — s55) = —7/4.
To compute the switching control for the path QR, we apply Method 1 to
each of the seven steps to be taken between ) and R. Let p;; and M;; denote
the values of 1 and M, respectively, to be used to drive z(t) from z; to z;. Using

€ = 0.01, Method 1 (solved numerically using MATLAB) produces

ij 01 12 23 34 45 56 67

wij | 0.9262 | 0.8016 | 0.6924 | 0.5858 | 0.4705 | 0.3310 | 0.1374

M;; | 7.5781 | 8.3375 | 8.6737 | 8.5677 | 8.0238 | 7.0701 | 5.7569

Thus, sy = sp + Yoo Mji+1)e = so + 54.0078¢. We note that the values of M;;
are not integers. We account for that by using a fractional period (i.e., a scaled

value of T") for the last switching of each step.

The control u computed for the complete path PQRS is shown in Fig-
ure 6.5(b). This figure shows that there are a finite number of control switchings.
The duty ratio is close to 1 towards the beginning and close to 0 towards the
end. Figure 6.5(a) shows the response of the state z(t) as a function of time. The
desired energy transfer can be observed, i.e., z; goes from 1 to 0 and z, goes from

0 to -1. z3 ramps to —1/4/2, stays there and then ramps back to 0 as desired.
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Figure 6.5: Control Signal and State Response

The trajectory of z(t) in the state space is illustrated in Figure 6.6. The simu-
lation was performed using MATLAB. We show a magnified plot of z3(¢) during
the path QR in Figure 6.7. The root-mean-square error in z3(t) during the path
QR when it was intended to be constant at x3(t) = —1/+/2 was computed to be

0.0037 = 37¢2. This is consistent with the O(e?) accuracy that we expect.

Increases in accuracy could be achieved either by decreasing e (increasing
switching frequency) or by considering higher-order terms in the average approx-
imation of ®(t). Feedback could be introduced for robustness by computing u
and M on line after each or every few target points are reached. As explained
above, Method 2 might be more suitable for feedback since it requires solving a

linear rather than a nonlinear set of algebraic equations.

The network that is the topological dual to this example is also described by
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a state transition matrix that evolves on SO(3) [70]. Accordingly, the method-
ology described here can be used to control energy transfers in the dual net-
work. Similarly, it is expected that one could extend the methodology to other
more complicated networks such as those with a state transition matrix evolving
on SO(k), k > 3. The major difficulty with such an extension would be the
parametrization of the rotations in SO(k) that drive the state from one point to

another on the sphere in R*.
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Chapter 7

Conclusions and Future Research

Motion control problems were considered in this dissertation in the framework
of systems on finite-dimensional Lie groups. One goal of this study was to un-
derstand the behavior, or motion, of these systems given small-amplitude, peri-
odically time-varying control inputs. A second goal was to address the problem
of control synthesis. Averaging theory proved to be a very useful tool in this
investigation. Our success in deriving simplified, geometric formulas for average
motion and the generalized nature of our methodology for control synthesis pro-
vides evidence for our initial assertion that Lie groups provide both a natural
and a rich setting for studying a variety of motion control problems. Some of the

contributions of this dissertation are outlined below.

In Chapter 2 we described the abstract framework of motion control on Lie
groups. We cited two important local representations of the solution to a left-
invariant system on a finite-dimensional Lie group for use in our averaging theory
on Lie groups. We extended the applicability of the product of exponentials
representation (Wei and Norman) from systems on matrix Lie groups to systems

on abstract finite-dimensional Lie groups. We also applied a result of Lazard and
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Tits on the injectivity of the exponential map to show that the single exponential
representation (Magnus) of solutions on certain Lie groups have reasonably large

domains.

In Chapter 3 we showed how to express several example motion control prob-
lems as drift-free, left-invariant control systems on matrix Lie groups. The ex-
amples are all kinematic control problems for mechanical systems in that the Lie
group in each example is the system configuration space, the differential equation
on the Lie group describes the kinematics and the system velocity was taken to
be the control input. For the spacecraft attitude control problem, we described
two different physical arrangements, one using internal rotors and one using an
appended point-mass oscillator, for which the motion control problem is a kine-
matic control problem. Using the example of a ball rolling between two rough,
parallel plates, we illustrated how the methodology of this dissertation might
be applied to the design of a piezo-actuated vibratory motor. We also showed
that, contrary to what is typically done in the nonholonomic motion planning
literature, mobile robots such as the unicycle and the front-wheel drive car are
naturally modelled as systems on Lie groups. Thus, the methodology of this

dissertation is applicable to these systems.

In Chapter 4 we derived averaging theory for left-invariant systems (with or
without drift) on finite-dimensional Lie groups. This is one of the most impor-
tant contributions of this dissertation. Our theory provides explicit formulas for
approximating the system solution given small (¢) amplitude, periodically time-
varying (oscillatory) control inputs to arbitrarily high order in e. We showed that
these formulas could be interpreted geometrically as functions of ¢, time, area and

moment-like terms and the structure constants associated to a given basis for the
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relevant Lie algebra. The area and moment terms depend only on the path of the
control inputs during one period of the oscillation and not on the frequency of
the oscillation. We emphasized the intrinsic nature of these formulas by showing
that the second-order term in the average formulas derives from the curvature
form of a certain principal fiber bundle with connection. We also showed how
the results of averaging of systems on Lie groups could be used to derive controls

for stabilization of a system equilibrium point.

In Chapter 5 we developed a methodology for open-loop control synthesis to
achieve point-to-point system maneuvers. This is the second main contribution
of this dissertation. The methodology rests on the idea that by controlling an
average solution exactly we will control the system motion approximately. We
showed how controllability of the average solution depends on the relationship
between the order of the average solution and the depth of the Lie brackets used in
the Lie algebra controllability rank condition for the original system. We showed
how to generate open-loop controls by exploiting the geometric interpretation of
the average solution formulas. Explicit algorithms were derived and illustrated
for the examples of Chapter 3. The algorithms depend fundamentally on the
structure of the system as described by the structure constants for the basis
of G associated with the system’s control authority. If the control authority
changes then the algorithm produces different control laws. We showed how
this feature of our control synthesis methodology can be used for adaptation to
changes in control authority such as an actuator failure. Finally, we described
experiments run to test these algorithms on an autonomous underwater vehicle.
The experiments demonstrated the potential for accurate motion control based

on our methodology.
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In Chapter 6 we applied our theory of averaging on Lie groups to address
the control synthesis problem for bilinear systems on R™. This was motivated
by the fact that the evolution of the state transition matrix of such a system is
described by a right-invariant system on a matrix Lie group. As an example we
considered a switched electrical network that models the conversion portion of a
de-de voltage converter and the problem of controlling energy transfers between
dynamic storage elements to meet certain performance criteria. The state transi-
tion matrix for this example system is described by a system with drift on the Lie
group SO(3). Using average formulas for the state transition matrix evolution
we derived a controller design methodology. We illustrated the use of open-loop
controls derived from this methodology and successfully showed that the energy
in the circuit could be transferred as desired with a finite number of switchings.
Open-loop controls have an advantage over purely feedback techniques which

sometimes can lead to chattering.

There are several directions for future research related to the work described
in this dissertation. One of these will be to investigate the possibility of extending
our results to systems on infinite-dimensional Lie groups. Another direction will
be to formalize the proceés of combining open-loop with feedback controls as
well as adaptation schemes using a higher level supervisory control strategy. If
we use the open-loop controls of this dissertation which solve the motion control
problem with a high order of accuracy, then we can consider local feedback control

strategies to make the system more robust.

We will also study motion control problems which are dynamic rather than
kinematic, i.e., for which the control inputs are forces and torques rather than

velocities (e.g., see Baillieul [6, 5]). This will involve, among other things, dealing
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with a drift term and motivates future research addressing control synthesis for
systems on Lie groups with a drift term (i.e., extending the methodology of
Chapter 6). Addressing the motion control problem for systems with drift will
allow us to consider control synthesis for bilinear systems more general than
the network example of Chapter 6 as well as for nonlinear systems that can be

approximated by bilinear systems.

Further work will be done to apply the theory of averaging on Lie groups to
the problem of stabilization of a system equilibrium point. For example, we will
address the problem of stabilization with periodically time-varying controls when
m < n controls are available and n is the dimension of the configuration space of

the system (e.g., a Lie group).

Additionally, it is of great interest to continue experimental testing of our
algorithms, particularly for a system such as an underwater vehicle where there

are sensors which can measure position and velocity.
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