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The steady state structure of non-isothermal free radical
solution polymerization in a continuous stirred tank reac-
tor is analyzed. With mean residence time as a bifurcation
parameter, five regions of steady states are identified. The
effect of reactor operating conditions on the structure and
the stability of steady state is discussed.

INTRODUCTION

t has been well known that a class of contin-

uous flow chemical reactors exhibits complex
dynamic behavior for some operating and de-
sign conditions. Polymerization reactors are not
exceptions. In recent years, considerable prog-
ress has been made in understanding the steady
state characteristics and the dynamic behavior
of various types of polymerization reactors (1-
10). Notably. Hamer, et al. (5) performed a de-
tailed analysis of the dynamic behavior of free
radical solution polymerization in continuous
stirred tank reactors (CSTR). They discovered
that depending upon the solvent volume frac-
tion and heat transfer parameter, quite complex
dynamic behavior such as multiple steady
states, limit cycles and oscillatory phenomena
may occur. In particular, they showed that up
to six different types of dynamic behavior are
observed in a CSTR homopolymerization reac-
tor. Schmidt, et al. {10) succeeded in confirming
the isolated branch (isola) experimentally and
illustrated that operating the polymerization re-
actor at the isolas may be advantageous in a
sense that the reactor can be operated at very
short residence times to obtain high monomer
conversions. Their model simulations also in-
dicate qualitatively that small variations in
coolant temperature, reactor heat transfer coef-
ficient, feed solvent concentration, or propaga-
tion rate constant can have enormous effects
on the reactor behavior. An improved under-
standing of complex polymerization reactor be-
havior through such detailed analysis is of great
practical importance in designing control sys-
tems for polymerization reactors.

In modeling a continuous non-isothermal free
radical homopolymerization reactor, one needs

at least two material balance equations (mon-
omer and initiator} and one energy balance
equation to describe the macroscopic behavior
of the reactor. The complexity of the reactor
model increases further when the “gel effect”
{reduction of polymer chain mobility at high
conversions (high viscosities)} correlation is in-
corporated into the model to improve its accu-
racy. In common commercial practice, the ef-
fective initiator concentration in the reactor can
be maintained nearly constant over a wide
range of conversions by using a high feed con-
centration of slowly decomposing initiators or
mixed initiators (11, 12). Previous reports on
the free radical polymerization of acrylic and
styrenic monomers in a CSTR indicate that the
fractional conversion of initiator is quite small
for some initiator systems (5). Jaisinghani and
Ray (3) performed an analysis of reactor behav-
ior for such conditions (constant initiator con-
centration). They showed the existence of mul-
tiple steady state and unstable limit cycles for
some reactor operating conditions. It has also
been shown in earlier studies that a varying
Damkohler number (Da) will produce only
S-shaped multiplicity patterns while a vary-
ing mean residence time can produce more com-
plex multiplicity structures including isolated
branches (isolas) (10, 13, 14). .

In this paper, the steady state of {free radical
solution homopolymerization of methylmeth-
acrylate in a CSTR is analyzed with a simplified
model in which the initiator concentration is
assumed to remain constant. Here the dimen-
sionless groups are parameterized differently
from that of (3), i.e. the residence time is used
as a bifurcation parameter. By doing so. more
detailed steady state structure can be identified.
The validity of this simplifying approach will be
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discussed by comparing the steady state struc-
tures predicted by a more detailed model (i.e.
varying initiator concentration).

REACTOR MODEL

For classical free radical homopolymerization
in a continuous stirred tank reactor of volume
V. mass and energy balances are represented
by the following form:

dM
Vop = aM, - M) - Vk,MP (1)
dl
\4 ar = qlly = Iy — Vkal (2)
dT
pCpV Et—' = pC,,q(Tj - T)

(3)
+ V(=AH,)k,MP — hA(T — T.)

Here M is the monomer concentration, I the
initiator concentration, and T the reactor tem-
perature. g denotes the volumetric flow rate of
feed and product stream. The density of polym-
erization mixture (p) is assumed constant. The
total concentration of growing free-radicals in
the reactor is represented by

2 I 1/2
P= (-——ﬂcd (4)
ktc + k!d

Here the rate constants (kp, ka, ki, and k) are
of the Arrhenius form. It has been well known
that termination and propagation reactions be-
come diffusion controlled as the conversion of
monomer increases. However, for solution po-
lymerization of MMA with high solvent volume
fraction (e.g. f; > 0.6). the gel effect becomes
insignificant (15, 16). Thus, for such operating
condition which is adequate for continuous
process we can neglect the gel effect even at
high conversions.

The modeling equations are reduced to dimen-
sionless forms by using dimensionless varia-
bles and parameters:

M -M =1 T - T,
Xl = R 9 = 3 =
My Iy Ty
hA (—AH)M; E
a = \ 6 = R 'y = — 5
pCp Vk(T_f) pCpr RTf ( )
N Y VR N o
T q o
Eq4
D, = 0k(Ty), K= Kao/K(Ty), v1 = E’I—‘f
where
E*E, + (E4 — E\)/2
2ftcaol 1/2
4 —E/RTj f
k(Tj) kpoe <klco + ktdo>

Then, the following dimensionless modeling
equations are obtained.

d_d)% == X; + Dl = X))(1 = Xo)'2
{6)
1 Xz
.exp[1 +XJ
dXx, T
=22 _ _ X, + DJK(1 — X - 7
dx /
e - - X+ DaBll - X1 — Xa)'”

(8)

¥Xs
exp[1 1 Xa] Doa( X3 — )
Here, 6 is the mean residence time and D, the
dimensionless residence time. « is a measure of
heat removal capacity of jacket cooling. 8 a
measure of heat generated by polymerization,
and 6 a dimensionless coolant temperature.
Note that the last term of Eq 8 contains two
dimensionless parameters (D, and «) which re-
flect the effect of mean residence time and heat
removal capacity, respectively. According to
(13, 14), the structure of the problem is greatly
complicated by this type of parameterization.

MODEL ANALYSIS

Let us first assume that the initiator concen-
tration in the reaction remains constant. Then,
the modeling equations are greatly simplified
and only Egs 6 and 8 are to be solved (Model I).
At steady state the following single equation is
obtained by combining Eqgs 6 and 8:

F(X1, p) = Xi — Do(l — X))

ByX, + Daayd
. =0
CXPL + aDq + Daad + 68X,

9)

where the parameter vector, p, is defined as
P = (Da. a. 8. . 0). (10)

and the surface described by Eq 9 is called the
steady state manifold. Here Damkohler number
(D.) represents dimensionless mean residence
time and is chosen as a bifurcation parameter.

A surface in the parameter space p* («, 5, v,
0) at which steady state multiplicity occurs is
now sought. This surface is called the hyster-
esis variety and the following conditions are
satisfied at this surface (17):

F(X,, D,, p*) =0 (11)
dF - _
a—)a(Xx.Da,P )=0 (12)
FF .

a—}(?(xl. D., p*)=0 (13)

A surface in the parameter space p* at which a
continuous change in the parameters causes
the appearance or-disappearance of an isolated
branch (isola) is called the isola variety. This is
the surface at which Egs 12, 13 and the follow-
ing condition are satisfied.
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oF

dD,
The technique developed by (17) leads to the
following convenient analytical expressions for
the hysteresis variety (multiple steady states)
and isola variety:
Hysteresis variety (Multiple steady states)

L1 —4{4&»(1 - ¢) 1]
¢ Lyl — 29

(X1, Do p*) =0 (14)

(15)
exply - 2|
PI" T T2
where
=46U-+5)+475—67*J5 16)
2[4v6 — 28y + 48(1 + 8))
D = [48(1 + 6) + 4v6 — Bv]? (17)
— 4~8]4v5 — 28y + 48(1 + 3)]
Isola variety {Isolated branch)
_ B -2 Byy?
@ = B¢2 _ 5 exp[l + Bw2J (18)

where ¢ is obtained by solving the following
algebraic equation:

VoB%Y — ¥Rl — ¥ + &)y — 2/v)B%?
+ Yl +6v(1 —y) =298 By — 6y =0 (19)
O<y<l)

As a model polymerization system, solution
homopolymerization of methyimethacrylate
with high solvent volume fraction (fs > 0.6) is
now considered. Under this condition, the gel
effect is not significant at high conversion,
making the continuous polymerization attrac-
tive. Figure 1 shows the hysteresis variety and
isola variety on the a-g plane for a fixed value
of é. Here, 6 = 0.01 corresponds to T, = 303°K
for a cooling medium. Kinetic and physical con-
stants of the polymerization are listed in Table
1. Note that there are five regions of dynamic
behavior: '

Region I: Unique steady state

Region II: Multiple steady state

Region IlI: Isola and unique steady state

Region IV: Isola and multiple steady stage
{S-shaped curve)

Region V: Mushroom

Figure 1 shows that for a highly exothermic
reaction (large 8) with high cooling capacity
(large «), a region of isola/unique steady state
(Region 1II) becomes broader. Since both Re-
gions IV and V are small, it would be difficult
to observe these regions experimentally. How-
ever, this diagram illustrates the complexity of
steady state structure and dynamic behavior of
free radical solution polymerization reactors
even when the initiator concentration is con-
stant and the gel effect is absent.

80

60

301

20

10~

Fig. 1. Dynamic behavior regions for a continuous free
radical solution polymerization reactor.

Table 1. Physical Constants and Standard Reactor
Conditions (18).

K, = 7.0 X 10° @ 8%0RT (//me).5)

s = 5.85 x 10" @ P80RT (5-1) (AIBN)
Kie = kg =176 % 10° e 28977 ({/mol.s)
(-=aH,) = 13.5 Kcal/mo!

f = 0.6

Tl = 300°K

I = .05 mole//

pC, = 0.4Kcalf°’K

Figures 2a and b show the variations in the
steady state profiles of monomer concentration
(X)) and reactor temperature (T; X3} as function
of mean residence time 8(= D./k(Ty)) for various
values of «. As predicted in Fig. I, both isola
(curve C) and mushroom (curve B) structures
are observed. The number average degree of
polymerization (Xy) is represented by the ratio
of the sum of the first moments to the zeroth
moments of live and dead polymer chains:

s _ A+
NN+ d
1 + 0ffksS + kprW + I M
o + kwaP))(2 — a)a + kP}
(1 — a)[1 + 0{kgS + kW
+ IgM + kwP)Pla + 3 kiP)
where superscripts [ and d denote live and dead

polymers, respectively, a represents the proba-
bility of propagation

(20)

koM 21)
(koM + kS + ke W
+ ksM + (kic + Kia)P)

a =
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Fig. 2a. Variation of steady state monomer conversion
profiles for varying heat removal capacity parameters.
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Fig. 2b. Variations of steady state reactor temperature
profiles for varying heat removal capacity parameters.
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and S and W represent solvent and chain trans-
fer agent, respectively. Figure 2c illustrates the
steady state values of Xy as a function of mean
residence time (#) for three different values of
a. Here, chain transfer reactions to solvent,
monomer, and chain transfer agent are ne-
glected. Note that Xy decreases initially with an
increase in 6, but Xy increases with a further
increase in 8 (Case ¢). Although Fig. 2a suggests
that operating the reactor at isolas can reduce
the reactor residence time considerably while
obtaining high conversion, Fig. 2c indicates
that such reactor operation may result in a
production of polymers having very low molec-
ular weight. Therefore, it is suggested that the

978
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(X 19°)

Cc

Fig. 2c. Variations of steady state degree of polymeri-
zation profiles _for varying heat removal capacity param-
eters; ++++++ unstable branch.

@ .HR

polymer reactor designer should consider not
only the monomer conversion and temperature
but also the molecular weight of the resulting
polymer in determining the proper reactor op-
erating conditions.

The local stability of the steady state is im-
portant for the design of control systems and is
determined by the roots of the characteristic
equation

|A-MN|=0 (22)

where A denotes the Jacobian of the linearized
modeling equations and X the eigenvalues of A.
If the real part of )\ is positive, the system is
unstable. The stability analysis shows (see
lower diagrams of Fig. 2a) that only the lower
steady states are stable.

Since the initiator concentration has been
assumed constant, it will be instructive to check
the validity of this approximation by comparing
Fig. 2 with the steady state profiles obtained by
solving the original three modeling equations
(Eq 6-8) (Model II). Figure 3a shows the steady
state monomer conversion (X,) vs. residence
time () curves for varying values of « when the
original steady state modeling equations are
solved. When compared with Fig. 2a for the
simplified model,the overall structure is almost
identical with only minor differences. Note that
both isola and mushroom shape steady state
profiles are also predicted with Model Il {varying

POLYMER ENGINEERING AND SCIENCE, MID-AUGUST, 1986, Vol. 26, No. 14



(R R 2 U PR

T Y

Analysis of Steady State of Free Radical Solution

initiator) for the same set of parameter values
used in the simplified model. Figures 3b and ¢
show the steady state profiles of initiator con-
version and reactor temperature, respectively.
As expected, initiator conversion at stable
steady state (e.g.: lower branch of A, B, and C)
is very low. It is also interesting to note that
even when the initiator conversion is high (up-
per and middle branches of A, B, and isola (C)).
the overall steady state structure (e.g.; monomer
conversion and temperature} predicted by the
model is quite similar to that predicted by the
simplified model (see Figs. 2a and b). This im-
plies that for the solution polymerization sys-
tem considered, the simplified model predicts
the steady state characteristics of the polymer-
ization reactor reasonably well. This is an in-
teresting result indicating that one can conduct
a quick but still quite accurate analysis of the

B = 100912
S = 001

A 68
Xig 71

74

£

A g .HR

Fig. 3a. Steady state monomer conversion profiles for
the case of varying initiator concentration (Model 1I).

1.0
A= 100912

é = 001

0.8

0.6
P
0.4
0.2
0.0 ; —
0 10 20 30 40 50
B £ MR

Fig. 3b. Steady state initiator conversion profiles (Mode!
).

dynamic behavior of free radical homopolymer-
ization in a CSTR with simplified reactor model.
In other words, one can first obtain the analyt-
ical bifurcation map such as Fig. I using the
simplified mode! and then determine the ap-
proximate range of operating parameters for
more complex model.

Figures 4a, b, and ¢ show the steady state
profiles of monomer conversion. temperature,
and degree of polymerization in different re-
gions ({a = 9.6). Ifa = 8.0), ll{a = 9.4}, and
IV(e = 9.28)) with the simplified model. Note
that the upper portion of the S-shaped curve (o
= 8.0) and isolas (o« = 9.28 and 9.4) are less
exaggerated than in Fig. 2a. As « (dimension-
less heat transfer coefficient) increases from
9.4 to 9.6, the isola “evaporates”, resulting in a
unique steady state. Figures 5a and b represent
the steady state conversions of monomer and
initiator with Model II (varying initiator concen-
tration). Again, there exists only a slight differ-
ence between Fig. 4a and Fig. 5a. Figure 5b
also shows that the initiator conversions at
lower stable branches are very low.

400
A = 100912

S = o001

380
360
(°x)

340

3290

C 8 ,HR

Fig. 3c. Steady state reactor temperature profiles for the
case of varying initiator concentration (Model 11).

1.0

A - 6 .ur

Fig. 4a. Steady state monomer conversion profiles at
constant tnitiator concentration; a = 8.0 (Region I}, a =
9.28 (Reglon 1V). a = 9.4 (Region I1I), « = 9.6 (Region I).
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initiator) for the same set of parameter values
used in the simplified model. Figures 3b and ¢
show the steady state profiles of initiator con-
version and reactor temperature, respectively.
As expected, initiator conversion at stable
steady state (e.g.; lower branch of A, B, and C)
is very low. It is also interesting to note that
even when the initiator conversion is high (up-
per and middle branches of A, B, and isola (C)),
the overall steady state structure (e.g.; monomer
conversion and temperature) predicted by the
model is quite similar to that predicted by the
simplified model (see Figs. 2a and b). This im-
plies that for the solution polymerization sys-
tem considered, the simplified model predicts
the steady state characteristics of the polymer-
ization reactor reasonably well. This is an in-
teresting result indicating that one can conduct
a quick but still quite accurate analysis of the

B = 1009812
S = 001

A 68
Xig 71
c 174

A @ .HR

Fig. 3a. Steady state monomer conversion profiles for
the case of varying initiator concentration (Model 11).

1.0

B = 100912

r \ S = ool

0.8

0.6
X2
0.4
0.2
0.0
[1] 10 20 30 40 50
B 8 .HR

Fig. 3b. Steady state initiator conversion profiles (Model
).

dynamic behavior of free radical homopolymer-
ization in a CSTR with simplified reactor model.
In other words, one can first obtain the analvt-
ical bifurcation map such as Fig. 1 using the
simplified model and then determine the ap-
proximate range of operating parameters for
more complex model.

Figures 4a, b, and ¢ show the steady state
profiles of monomer conversion, temperature,
and degree of polymerization in different re-
gions (I(« = 9.6), H(a = 8.0), 1lll(a = 9.4), and
Vi« = 9.28)) with the simplified model. Note
that the upper portion of the S-shaped curve (a
= 8.0) and isolas (« = 9.28 and 9.4) are less
exaggerated than in Fig. 2a. As « (dimension-
less heat transfer coefficient) increases from
9.4 to 9.6, the isola “evaporates”, resulting in a
unique steady state. Figures 5a and b represent
the steady state conversions of monomer and
initiator with Model II (varying initiator concen-
tration). Again, there exists only a slight differ-
ence between Fig. 4a and Fig. 5a. Figure 5b
also shows that the initiator conversions at
lower stable branches are very low.

400

3go

360

(°x)
340

300

(o & . HR

Fig. 3c. Steady state reactor temperature profiles for the
case of varying initiator concentration {Model II).

1.0

0.8

0.6

0.0 .l | 1 1
0 10 20 30 40 50

A - @ ,um

Fig. 4a. Steady state monomer conversion profiles at
constant initiator concentration; a = 8.0 (Region II), a =
9.28 (Region IV). a = 9.4 (Region l1I). « = 9.6 (Region I).

POLYMER ENGINEERING AND SCIENCE, MID-AUGUST, 1986, Vol. 26, No. 14 979



400
0.27046

380}

360~

(%)

JaoF

300

B 6 .Hr

Fig. 4b. Steady state reactor temperature profiles at con-

stant initiator concentration.
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Fig. 4c. Steady state profiles of the degree of polymeri-
zation at constant initiator concentration.

CONCLUDING REMARKS

Non-isothermal solution polymerization of
methylmethacrylate in a CSTR has been ana-
lyzed to identify the complex structure of steady
states. With mean residence time as a bifurca-
tion parameter, five types of steady states have
been identified for the cases of constant initia-
tor concentration and varying initiator concen-
tration. The steady state structures predicted
by the simplified model (constant initiator con-
centration) and the original model (varying ini-
tiator concentration) have been found to be
quite similar qualitatively and quantitatively.
This suggests that one can use this simplifying
approach for a rapid analysis of a free radical
solution polymerization in a CSTR without
making significant errors. However, when the
solvent volume fraction is low, diffusion con-
trolled chain termination (“gel effect”) should be

K. Choi

1.0
L
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T e~ 828
~N
i ‘SN
g 94
- N Ay
0.6 9.28
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0.4}
L
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B = 027046
. § =001
0.0 1 A 1 1
[ 10 20 30 40 50
A 8 .HR

Fig. 5a. Steady state monomer conversion profiles for
the case of varying conversion profiles for the case of
varying initiator concentration.

1.0
I A = 0.27046
S = 001
u—
0.6}
X2
oaf
| ,E":B e = 8.0
‘.. l\ \\ ".‘..
S
SN « el .
L \\9‘4 \\
- S .28
-
0.0 It L e T 94 N
0 10 20 30 40 50
B 8 .HR

Fig. 5b. Steady state inittator conversion profiles for the
case of varying initiator concentration.

incorporated into the model to characterize the
detailed structure and stability of steady states.
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NOMENCLATURE

Cp = Heat capacity of reaction mixture.

D, = Damkohler number.

Eq4 = Activation energy of initiator decom-
position.

E, = Activation energy of propagation.

E, = Activation energy of chain termina-
tion..

f = Initiator efficiency.

Js = Solvent volume fraction in the feed.

h = Heat transfer coefficient to reactor.
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Fig. 4c. Steady state profiles of the degree of polymeri-
zation at constant initiator concentration.

CONCLUDING REMARKS

Non-isothermal solution polymerization of
methylmethacrylate in a CSTR has been ana-
lyzed to identify the complex structure of steady
states. With mean residence time as a bifurca-
tion parameter, five types of steady states have
been identified for the cases of constant initia-
tor concentration and varying initiator concen-
tration. The steady state structures predicted
by the simplified model {(constant initiator con-
centration) and the original model (varying ini-
tiator concentration) have been found to be
quite similar qualitatively and quantitatively.
This suggests that one can use this simplifying
approach for a rapid analysis of a free radical
solution polymerization in a CSTR without
making significant errors. However, when the
solvent volume fraction is low. diffusion con-
trolled chain termination (“gel effect”) should be
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NOMENCLATURE

Cp = Heat capacity of reaction mixture.
a = Damkoéhler number.

Ea = Activation energy of initiator decom-
position.

E, = Activation energy of propagation.

E, = Activation energy of chain termina-
tion. -

S = Initiator efficiency.

Js = Solvent volume fraction in the feed.

h = Heat transfer coefficient to reactor.
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(~AHr} = Heat of polymerization.

! = lnitiator concentration.

I = Feed initiator concentration.

ka = Initiator decomposition rate constant.

Kao = Pre-exponential factor of initiator de-
composition rate constant.

k; = Monomer chain transfer rate con-
stant.

kg = Solvent chain transfer rate constant.

kyr = Chain transfer agent chain transfer
rate constant.

kp = Propagation rate constant.

kpo = Pre-exponential factor of propagation
rate constant.

k, = Termination rate constant.

Kico = Pre-exponential factor of considera-
tion termination rate constant.

K = Pre-exponential factor of dispropor-
tionation termination rate con-
stant.

M = Monomer concentration.

M; = Feed monomer concentration.

P = Total concentration of live polymer.

q = Volumetric flow rate.

R = Gas constant.

T = Reactor temperature.

T = Coolant temperature.

T = Feed temperature.

t = Dimensionless time.

t’ = Time.

X1 = Conversion of monomer to polymer.

Xz = Fractional conversion of initiator.

X3 = Dimensionless temperature.

Greek Symbols

o = Dimensionless heat transfer capabil-

ity.

T e

10.

11.
. V. R. Kamath and G. A. Harpell, U.S. Pat. 4,129.703

13.

14.
15.
16.
17.

18.
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Dimensionless heat of reaction.
Dimensionless activation energy.

= Dimensionless coolant temperature.
Mean residence time.

Density of reaction mixture.

il

}

I

REFERENCES

. R. 8. Knorr and K. F. O'Driscoll, J. Appl. Polym. Sci.,

14, 2683 (1979).

H. Gerrens, K. Kuchner, and G. Ley, Chem. Eng. Tech-
nol., 43, 693 (1971). )

R. Jaisinghani and W. H. Ray, Chem. Eng. Sci.. 32,
811 (1977).

M. Nomura and M. Harada. ACS Symp. Ser., 165. 121
(1981).

J. W. Hamer, T. A. Akramov, and W. H. Ray, Chem.
Eng. Sci., 36(12). 1897 (1981).

A. D. Schmidt and W. H. Ray, Chem. Eng. Sci., 36.
1401 (1981).

B. W. Brooks, Chem. Eng. Sci., 36, 589 [(1981).

K. Y. Choi and W. H. Ray, Paper presented at the AIChE
Meet., Los Angeles, 1982.

K. Y. Chof and W. H. Ray, Chem. Eng. Scl., 40(12).
2261 (1985).

A. D. Schmidt, A. B. Clinch, and W. H. Ray, Chem.
Eng. Sci., 39(3), 419 (1984).

Pennwalt Co., Technical Bulletin, 30.90.

{1978).

W. H. Ray, in “Applications of Bifurcation Theory”, Ed.
P. H. Rabinowitz, p. 285, Academic Press, New York,
(1977).

A. Uppal, W. H. Ray, and A. B. Poore, Chem. Eng. Sct.,
31, 205 (1976).

G. V. Schulz and G. Harborth, Makromol. Chem., 1,
106 (1947).

F.L.Marten and A. E. Hamielec, ACS Symp. Ser., 104,
43 (1979).

V. Balakotaiah and D. Luss, Chem. Eng. Commun.. 13,
111 (1981).

J. Brandrup and E. H. Immergut (Eds.), “Polymer Hand-
book", Second Eds., Wiley, New York, (1975).

981



