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Biomolecular structure is often treated as a single native conformation, but many molecular

systems are more accurately described as thermodynamic ensembles of interconverting structures.

This thesis develops a probabilistic generative modeling framework for learning such ensembles

from limited molecular data. The central premise is that generative models are most effective for

molecular science when physical inductive biases are included.

The thesis begins by benchmarking existing classes of probabilistic generative models on

molecular data and distributions with tunable dimensionality. These comparisons identify denoising

diffusion probabilistic models as especially capable for the moderate-dimensional, multimodal land-

scapes common in molecular systems. Building on that result, the next study shows that diffusion

models trained on replica exchange molecular dynamics data can extrapolate to temperatures not

present in the training set.

The core methodological contribution, the Thermodynamic Maps framework, represents

physical temperature in a diffusion model. This adjustment enables precise thermodynamic ex-

trapolation from sparse data and is validated on both the Ising model and RNA conformational

sampling. The framework is then extended to ab initio RNA ensemble prediction in RNAnneal,

where hierarchical structure generation, thermodynamic scoring, and physics-grounded ranking are



combined to recover three-dimensional RNA conformational ensembles from sequence alone. A

complementary application, DiffDock-Glide, demonstrates that a similar physics- and data-driven

pipeline improves molecular docking and virtual screening outcomes. Together, these studies

demonstrate that generative models can extrapolate from highly limited data when provided physical

and chemical inductive biases.



PHYSICS-INSPIRED GENERATIVE DEEP LEARNING WITH
APPLICATIONS TO RNA STRUCTURE PREDICTION

by

Lukas Herron

Dissertation submitted to the Faculty of the Graduate School of the
University of Maryland, College Park in partial fulfillment

of the requirements for the degree of
Doctor of Philosophy

2026

Advisory Committee:

Professor Pratyush Tiwary, Chair
Professor Christopher Jarzynski
Professor Yifei Mo
Professor Jeffery Klauda
Dr. John Schneekloth



© Copyright by

Lukas Herron

2026



Acknowledgments

Many people made this thesis possible, and I am grateful to all them for supporting me on my

journey of scientific development. They say that it takes a village to raise a child; well it certainly

takes a community to raise a scientist.

I would like to thank my advisor, Pratyush Tiwary, for his guidance and support throughout

my doctoral studies. I am grateful to him and to the members of the Tiwary group, past and present,

for the many stimulating conversations and discussions that shaped the ideas in this thesis. Similarly,

I thank Jay Schneekloth for supporting my interest in all thing RNA - a direction I couldn’t have

imagined myself taking at the start of my degree.

I thank my parents, grandparents, and sister for the love, support and encouragement they

have given me, from long before my doctoral degree began all the way to the present. I would also

like thank Michelle for sticking with, supporting me through these years, and being a sounding

board for all aspects of my life. Finally, the many long walk I have taken with our dog, Spot,

gave me much needed space to think. Sometimes about science and sometimes not. For that I am

grateful.

Finally, I thank the mentors who first set me on this path: Purushottam Dixit, Bing-Kan Xue,

and Pablo Sartori. Each of them opened my eyes to computational science and statistical physics,

and their early guidance is a large part of the reason I found my way to this work.

ii



Table of Contents

Acknowledgments ii

Table of Contents iii

List of Tables vi

List of Figures vii

List of Abbreviations ix

List of Publications x

Chapter 1: Generative Modeling in the Biomolecular Sciences 1
1.1 Biomolecular structure as a problem of distributions . . . . . . . . . . . . . . . . . 1
1.2 Sampling equilibrium states of physical systems . . . . . . . . . . . . . . . . . . . 3
1.3 Classical approaches to estimating partition functions and free energies . . . . . . . 5
1.4 Generative models for prediction of molecular ensembles . . . . . . . . . . . . . . 7
1.5 RNA: A perfect storm of conformational heterogeneity, limited data, and environ-

mental nuance . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
1.6 The role of physical structure in generative modeling for molecular science . . . . . 10
1.7 Thesis contributions and organization . . . . . . . . . . . . . . . . . . . . . . . . . 12

Chapter 2: A Comparison of Probabilistic Generative Frameworks for Molecular
Simulations 14

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
2.2 Theoretical background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
2.3 Probabilistic Generative Frameworks . . . . . . . . . . . . . . . . . . . . . . . . . 17

2.3.1 Normalizable Architectures . . . . . . . . . . . . . . . . . . . . . . . . . . 18
2.3.2 Neural Ordinary Differential Equations . . . . . . . . . . . . . . . . . . . 19
2.3.3 Diffusion Models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
2.3.4 Schrödinger Bridges . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

2.4 Experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
2.4.1 Gaussian Mixture . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
2.4.2 Aib9 Dihedral Torsion Angles . . . . . . . . . . . . . . . . . . . . . . . . 28

2.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

iii



Chapter 3: From Data to Noise to Data: Mixing Physics Across Temperatures with
Generative AI 33

3.1 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
3.2 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

Chapter 4: Inferring Phase Transitions and Critical Exponents from Limited Obser-
vations with Thermodynamic Maps 47

4.1 Targeted Free Energy Perturbation . . . . . . . . . . . . . . . . . . . . . . . . . . 49
4.2 Leveraging Non-Equilibrium Thermodynamics . . . . . . . . . . . . . . . . . . . 51
4.3 Score-Based Models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53
4.4 Thermodynamic Maps . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56
4.5 Critical Behavior of the Ising Model . . . . . . . . . . . . . . . . . . . . . . . . . 57
4.6 Exploring RNA Conformational Landscapes with Thermodynamic Map-accelerated

Molecular Dynamics (TM-aMD) . . . . . . . . . . . . . . . . . . . . . . . . . . . 60
4.7 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

Chapter 5: Ab Initio Prediction of RNA Structure Ensembles with RNAnneal 69
5.1 RNAnneal . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72
5.2 Unsupervised sampling and prediction of RNA structures . . . . . . . . . . . . . . 73
5.3 RNAnneal samples experimentally resolved conformations of pseudoknot-free

riboswitches . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77
5.4 The RNAnneal score is selective for experimentally resolved conformations . . . . 79
5.5 Annealing improves classification and ranking of experimentally resolved confor-

mations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80
5.6 State-informed prediction of conformational ensembles . . . . . . . . . . . . . . . 81
5.7 Quantification of ensemble heterogeneity via per-nucleotide interaction entropy . . 82
5.8 Evaluation of RNAnneal on experimentally resolved holo riboswitch conformations 83
5.9 Evaluation of RNAnneal on experimentally resolved apo riboswitch conformations 84
5.10 De novo prediction of apo riboswitch conformations . . . . . . . . . . . . . . . . . 85
5.11 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

Chapter 6: DiffDock-Glide: A Hybrid Physics-Based and Data-Driven Approach to
Molecular Docking 88

6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88
6.2 Binding site-conditional DiffDock . . . . . . . . . . . . . . . . . . . . . . . . . . 90
6.3 DiffDock–Glide . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92
6.4 Applications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93

6.4.1 Molecular docking . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94
6.4.2 Virtual screening . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97

6.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

Chapter 7: Outlook 105

Appendix A: Supplementary Material for Chapter 2 107
A.1 Architectural Details . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107

iv



A.2 Data Details . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

Appendix B: Supplementary Material for Chapter 3 111
B.1 MD simulations setup . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

B.1.1 AIB9 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111
B.1.2 GACC . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

B.2 Network structure and hyperparameters . . . . . . . . . . . . . . . . . . . . . . . 112

Appendix C: Supplementary Material for Chapter 4 113
C.1 Network Architecture and Parameters . . . . . . . . . . . . . . . . . . . . . . . . 113
C.2 Training and Sampling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113
C.3 Ising Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115
C.4 G-vectors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115
C.5 Ensemble Weighted Observables . . . . . . . . . . . . . . . . . . . . . . . . . . . 116
C.6 Rosetta, MD Simulations, and Adaptive Sampling . . . . . . . . . . . . . . . . . . 116
C.7 Local Equilibrium and Linear Fluctuations . . . . . . . . . . . . . . . . . . . . . . 117

C.7.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117
C.7.2 Protocol . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118

C.8 Convergence to Equilibrium . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120

Appendix D: Supplementary Material for Chapter 5 127
D.1 Secondary Structure Prediction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127
D.2 FARFAR2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127
D.3 Clustering . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128
D.4 Molecular Dynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128
D.5 R- and G-vectors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129
D.6 SPIB . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129
D.7 Thermodynamic Maps . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130
D.8 RNAnneal Score . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131
D.9 Reference Structures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131
D.10 RMSD . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131
D.11 INF . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 132
D.12 AUAC . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 132
D.13 BEDROC . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133
D.14 Interaction Entropy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 134
D.15 State Ranking . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 134

Appendix E: Supplementary Material for Chapter 6 162
E.1 Software and Data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 162

Bibliography 163

v



List of Tables

6.1 Average enrichments for virtual screening against AF2-generated receptors. . . . . 100

A.1 Aib9 MD parameters . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110

D.1 Details of riboswitch sequences and reference conformations . . . . . . . . . . . . 154
D.2 Molecular Dynamics Equilibration Procedure . . . . . . . . . . . . . . . . . . . . 155
D.3 Molecular Dynamics Simulation Parameters. . . . . . . . . . . . . . . . . . . . . . 156

vi



List of Figures

2.1 Model accuracy results for the 4-modal Gaussian mixture dataset. . . . . . . . . . 23
2.2 Model accuracy results for the 50-dimensional Gaussian mixture dataset. . . . . . . 25
2.3 Free energy difference estimation accuracy on asymmetric bimodal distributions. . 27
2.4 Speed and model size results for the 4-modal Gaussian mixture dataset. . . . . . . 29
2.5 Model accuracy results and generated data for the Aib9 peptide. . . . . . . . . . . 30

3.1 DDPM neural network architecture. . . . . . . . . . . . . . . . . . . . . . . . . . 38
3.2 AIB9 structure and free energy profile. . . . . . . . . . . . . . . . . . . . . . . . . 39
3.3 Samples from REMD and DDPM at 400 K. . . . . . . . . . . . . . . . . . . . . . 41
3.4 Extrapolated free energy differences at 400 K. . . . . . . . . . . . . . . . . . . . . 43
3.5 GACC samples and free energy profile at 325 K. . . . . . . . . . . . . . . . . . . . 44

4.1 Transporting a probability distribution with a diffusion process. . . . . . . . . . . . 52
4.2 Illustration of a thermodynamic map between systems. . . . . . . . . . . . . . . . 55
4.3 Inferring the phase transition of the 2D Ising model from limited sampling. . . . . 58
4.4 GCAA Tetraloop Conformational Landscape. . . . . . . . . . . . . . . . . . . . . 61
4.5 HIV-TAR RNA Conformational Landscape. . . . . . . . . . . . . . . . . . . . . . 65

5.1 Illustrative overview of RNAnneal. . . . . . . . . . . . . . . . . . . . . . . . . . . 71
5.2 RNAnneal evaluated on the riboswitch dataset. . . . . . . . . . . . . . . . . . . . . 75
5.3 Conformational ensemble prediction with RNAnneal. . . . . . . . . . . . . . . . . 77

6.1 Performance of DiffDock-Glide on the Posebusters dataset. . . . . . . . . . . . . . 93
6.2 Targeting the allosteric site of β-2 Adrenergic receptor with ligand KBY. . . . . . . 98
6.3 Target-specific enrichment for the AF2-DUD-E virtual screening benchmark. . . . 99
6.4 Analysis of poses sampled for IGF-1R . . . . . . . . . . . . . . . . . . . . . . . . 101

A.1 Hyperparameter tuning for each model. . . . . . . . . . . . . . . . . . . . . . . . 109

C.1 Quality of linear fluctuation fit for the HIV-TAR RNA. . . . . . . . . . . . . . . . 123
C.2 Convergence of melting temperature calculations. . . . . . . . . . . . . . . . . . . 124
C.3 Convergence towards equilibrium for GCAA. . . . . . . . . . . . . . . . . . . . . 125
C.4 Convergence towards equilibrium for HIV-TAR. . . . . . . . . . . . . . . . . . . . 126

D.1 Riboswitch reference ERCs labeled with PDB accession code. . . . . . . . . . . . 136
D.2 Interaction Network Fidelity (INF) by interaction type. . . . . . . . . . . . . . . . 137
D.3 Evaluation of secondary structures predicted by EternaFold, LinearFold, and Lin-

earAlifold. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 138

vii



D.4 Number of clusters vs d. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139
D.5 RMSD variation over a 100ns MD simulation launched from the reference confor-

mation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 140
D.6 RMSD distribution of conformations sampled by RNAnneal. . . . . . . . . . . . . 141
D.7 RMSD distribution of conformations for the classification task. . . . . . . . . . . . 142
D.8 INF variation over a 100ns MD simulation launched from the reference conformation.143
D.9 INF distribution of conformations generated by RNAnneal. . . . . . . . . . . . . . 144
D.10 INF distribution of conformations for the classification task. . . . . . . . . . . . . 145
D.11 Correlation between RMSD and INF for RNAnneal conformations. . . . . . . . . . 146
D.12 AUAC and BEDROC for each combination of training features. . . . . . . . . . . . 146
D.13 AUAC and BEDROC for RMSD classification criteria. . . . . . . . . . . . . . . . 147
D.14 Variation in AUAC and BEDROC with scoring temperature. . . . . . . . . . . . . 147
D.15 Accumulation Curves. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 148
D.16 Summary of Accumulation Curves . . . . . . . . . . . . . . . . . . . . . . . . . . 149
D.17 Conformational ensembles predicted by RNAnneal, set 1. . . . . . . . . . . . . . . 150
D.18 Conformational ensembles predicted by RNAnneal, set 2. . . . . . . . . . . . . . . 151
D.19 Conformational ensembles predicted by RNAnneal, set 3. . . . . . . . . . . . . . . 152
D.20 Conformational ensembles predicted by RNAnneal, set 4. . . . . . . . . . . . . . . 153

viii



List of Abbreviations

AF2 AlphaFold2
AI Artificial intelligence
AUAC Area under the accumulation curve
BEDROC Boltzmann-enhanced discrimination of receiver operating characteristic
DDPM Denoising diffusion probabilistic model
EF Enrichment factor
ERC Experimentally resolved conformation
IE Interaction entropy
INF Interaction network fidelity
KL Kullback–Leibler
MD Molecular dynamics
ODE Ordinary differential equation
PCA Principal component analysis
PDB Protein Data Bank
PDE Partial differential equation
PGM Probabilistic generative model
REMD Replica exchange molecular dynamics
RNA Ribonucleic acid
RMSD Root-mean-square deviation
SDE Stochastic differential equation
SPIB State Predictive Information Bottleneck
TFEP Targeted free-energy perturbation
TM Thermodynamic Maps

ix



List of Publications

The following manuscripts form the basis of, or are closely associated with, this dissertation.

1. Yihang Wang, Lukas Herron, and Pratyush Tiwary. From Data to Noise to Data for Mixing
Physics Across Temperatures with Generative Artificial Intelligence. Proceedings of the
National Academy of Sciences of the United States of America, 119(32):e2203656119, 2022.

2. Shams Mehdi, Zachary Smith, Lukas Herron, Ziyue Zou, and Pratyush Tiwary. Enhanced
Sampling with Machine Learning. Annual Review of Physical Chemistry, 75(1):347–370,
2024.

3. Pratyush Tiwary, Lukas Herron, Richard John, Suemin Lee, Disha Sanwal, and Ruiyu
Wang. Generative AI for Computational Chemistry: A Roadmap to Predicting Emergent
Phenomena. Proceedings of the National Academy of Sciences of the United States of America,
122:e2415655121, 2025. DOI: 10.1073/pnas.2415655121.

4. Lukas Herron, Kinjal Mondal, John S. Schneekloth Jr., and Pratyush Tiwary. Inferring
Phase Transitions and Critical Exponents from Limited Observations with Thermodynamic
Maps. Proceedings of the National Academy of Sciences of the United States of America,
121(52):e2321971121, 2024.

5. Richard John, Lukas Herron, and Pratyush Tiwary. A Comparison of Probabilistic Gener-
ative Frameworks for Molecular Simulations. The Journal of Chemical Physics, 162(11),
2025.

6. Suemin Lee, Ruiyu Wang, Lukas Herron, and Pratyush Tiwary. Exponentially Tilted
Thermodynamic Maps (expTM): Predicting Phase Transitions Across Temperature, Pressure,
and Chemical Potential. arXiv preprint arXiv:2503.15080, 2025.

7. Lukas Herron, Jumana Dakka, Steven V. Jerome, Kun Yao, and Da Shi. DiffDock-Glide: A
Hybrid Physics-Based and Data-Driven Approach to Molecular Docking. Journal of Chemical
Information and Modeling, published online April 23, 2026. DOI: 10.1021/acs.jcim.5c01635.

8. Yunrui Qiu, Richard John, Lukas Herron, and Pratyush Tiwary. Latent Thermodynamic
Flows: Unified Representation Learning and Generative Modeling of Temperature-Dependent
Behaviors from Limited Data. Chemical Science, 2026.

9. Lukas Herron, Yunrui Qiu, Anjali Verma, Venkata Sai Sreyas Adury, Richard John, Suemin
Lee, Shams Mehdi, Disha Sanwal, John S. Schneekloth Jr., and Pratyush Tiwary. Ab Initio
Prediction of RNA Structure Ensembles with RNAnneal. bioRxiv, 2026.02.01.703098, 2026.

10. Pratyush Tiwary and Lukas Herron. Ribonucleic Acid Tertiary Structure Prediction. U.S.
Patent Application No. 19/278,449; Publication No. US 2026/0031181, 2026.

x



Chapter 1: Generative Modeling in the Biomolecular Sciences1

1.1 Biomolecular structure as a problem of distributions2

Historically, structural biology focused on the native structure—the dominant, stable fold of3

a biomolecule. At the dawn of the field, this description was apt. The early structures of DNA,4

myoglobin, and tRNA, solved from the 1950s through the 1970s, were resolved by X-ray diffraction5

as well-folded structures [1, 2, 3]. As the number of solved molecular structures grew, determining6

the native structure became the central goal of experimental structure determination and, later, of7

computational prediction.8

Concurrently, theorists sought first-principles descriptions of biomolecular folding. For RNA,9

dynamic-programming approaches and nearest-neighbor energetic rules showed that secondary10

structure could be predicted from an explicit decomposition of interaction energies [4, 5]. More11

generally, energy-landscape and folding-funnel pictures described folding as motion on a ther-12

modynamic surface whose minima correspond to stable structures [6, 7]. Spin-glass-inspired13

analyses further shed light on how heterogeneous interactions generate ordered, disordered, and14

metastable phases [6, 8]. The common insight is that many biomolecules have multiple accessible15

configurations, each with an associated thermodynamic weight, rather than a single, dominant fold.16

From the 1980s onward, structural heterogeneity was increasingly confirmed experimentally:17

methods such as NMR spectroscopy, single-molecule FRET, and cryo-electron microscopy revealed18

structural variation that is not explained by a single static model of the structure [9, 10, 11]. The19

goals of molecular modeling expanded beyond identifying one dominant structure, shifting toward20

characterization of structural ensembles.21

1



The equilibrium probability distribution of statistical physics is the natural description: it22

assigns each microstate, or configuration, a Boltzmann weight. For a 3D molecular structure, a23

microstate is a set of atomic coordinates; for a spin model, it is a configuration of spin variables. In24

either case, the equilibrium distribution takes the form [12]25

peq(x; β) =
e−βU(x)

Z(β)
where Z(β) =

∫
e−βU(x) dx. (1.1)

The numerator in Eq. 1.1 is the Boltzmann weight. It describes how the probability of26

microstate x depends on its energy U(x) for a system maintained by an environment at inverse27

temperature β = 1/kBT . At low temperatures, low-energy configurations dominate, while at higher28

temperatures the distribution flattens and high-energy states become accessible. The conceptual29

picture is intuitive, but estimating peq numerically is difficult in all but the most trivial cases. With30

an accessible energy function and temperature in hand, peq appears to be within reach. The obstacle31

is the normalization constant Z, called the partition function, whose evaluation requires an integral32

over a typically high-dimensional configuration space. Computing Z(β) is of interest across physics,33

biology and chemistry, since the full thermodynamics of a system is encoded in the scalar-to-scalar34

map, a far simpler object than peq(x; β). However, practical, computationally tractable methods for35

obtaining Z(β) proved to be elusive due to the so-called sampling problem.36

Levinthal’s paradox illustrates the severity of the problem: a 100-residue polypeptide has37

1047 configurations, assuming each residue has 3 conformational states [13]. The astronomical38

configuration space makes enumeration or brute-force exploration impossible. Analytical methods39

from statistical mechanics for estimating Z, such as the replica trick, are useful, but they typically40

require assumptions that are violated by real biomolecular systems [14]. Today’s commonly used41

biomolecular energy functions like AMBER and CHARMM are necessarily complex because they42

must account for bonded interactions, electrostatics, van der Waals interactions, and solvent effects43

[15, 16].44

Another complication arises when one does not work with a fully atomistic description. In45

practice, biomolecular structure is often represented in terms of reduced variables or collective46

2



coordinates—for example, selected dihedral angles, radii of gyration, or contact distances. These47

reduced descriptions still follow equilibrium probability distributions, but the effective energy48

function that generates them is often not straightforwardly available. In such cases, the distribution49

must be learned from samples alone, without access to the energy function that generated them.50

1.2 Sampling equilibrium states of physical systems51

The previous section identified the Boltzmann distribution and the partition function as52

central objects in statistical mechanics. However, most practical calculations do not begin by53

evaluating the partition function directly. Instead, they begin by generating samples from the54

equilibrium distribution. If representative configurations can be obtained, then structural properties,55

thermodynamic averages, and free-energy differences can be estimated from those samples. The56

central computational problem is therefore not only how to evaluate the partition function, but how57

to explore the relevant regions of configuration space in the first place.58

One major class of sampling methods is Markov chain Monte Carlo (MCMC). MCMC59

constructs a sequence of configurations whose stationary distribution is the desired equilibrium60

distribution. In a typical MCMC algorithm, each step consists of a proposal and an acceptance61

decision. The proposal step generates a candidate configuration from the current one. The acceptance62

step then decides whether the chain moves to the proposed configuration or remains where it is. The63

acceptance rule is chosen so that, over many steps, the chain samples the target distribution [17, 18].64

A central advantage of MCMC is that it does not require the normalization constant of the65

target distribution. Acceptance probabilities depend on ratios of probabilities, so the partition66

function is never required. This makes MCMC one of the most important tools in computational67

statistical physics: it allows equilibrium samples to be drawn from distributions with unknown or68

intractable normalization [17, 18].69

At the same time, MCMC dynamics are not usually physical dynamics. The “time” in a70

Markov chain is algorithmic time: one counts MCMC steps, sweeps, or accepted moves, not71
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seconds, minutes, or hours. A Markov chain may move between configurations in ways that are72

statistically valid but physically unrealistic. For this reason, MCMC is naturally suited to estimating73

equilibrium averages, but it does not generally provide kinetic information [19].74

The practical difficulty in MCMC is in designing the proposal step. Small local moves, such75

as flipping one spin or slightly perturbing one torsion angle, tend to be accepted often, but explore76

configuration space slowly. Large global moves can decorrelate samples more efficiently, but they77

are also more likely to propose high-energy configurations and be rejected. An effective MCMC78

implementation must simultaneously maintain high acceptance probabilities while exploring the79

configuration space efficiently.80

A second major class of sampling methods is molecular dynamics (MD). Rather than propos-81

ing discrete transitions between configurations, MD simulates microscopic equations of motion.82

Given an energy function, forces are computed from the energy landscape and used to propa-83

gate the system forward in time [19, 20]. In atomistic molecular simulations, the coordinates84

are atomic positions and the energy function is supplied by a molecular mechanics force field85

[15, 16]. With appropriate thermostats and barostats, MD simulations can be configured to sample86

particular thermodynamic ensembles, including the canonical and isothermal-isobaric ensembles87

[21, 22, 23, 24].88

Like MCMC, performing MD simulations does not require the partition function directly. But89

unlike MCMC, MD simulations produce trajectories with an associated physical time variable. This90

makes them especially useful for the study of biomolecules, where the same simulation may provide91

both equilibrium structural information and insight into conformational dynamics. A trajectory92

of a protein, RNA, or ligand-receptor complex can, for instance, reveal which conformations are93

thermodynamically accessible and how the system transitions between them [19].94

The cost is that MD must resolve the fastest motions in the system. Bond vibrations and95

other high-frequency modes restrict the integration timestep to femtoseconds. At a timestep of one96

femtosecond, a microsecond of simulation requires one billion integration steps. A microsecond97

may be enough to observe a fast conformational rearrangement, but many biologically relevant98

4



events occur on longer timescales of seconds, hours, and days [19].99

MCMC and MD both face similar sampling limitations. Inefficient proposals in MCMC lead100

to rejection or slow mixing, while MD trajectories may remain trapped in local basins because101

barrier-crossing events are rare. In either case, the total number of sampled configurations can be102

misleading, since they are not statistically independent.103

These limitations motivate enhanced sampling and free-energy methods. Some approaches104

modify the temperature or ensemble, some bias the dynamics along selected collective variables, and105

others reweight samples after they have been collected [25, 26, 27, 28, 29, 30, 31, 32, 33]. Despite106

their differences, they all address the same challenge of sampling high-dimensional distributions.107

The next section summarizes classical approaches developed to overcome this sampling problem108

and estimate partition functions or free-energy differences in realistic systems.109

1.3 Classical approaches to estimating partition functions and110

free energies111

The difficulty introduced by Eq. 1.1 is not new. Much of computational statistical me-112

chanics has been devoted to estimating partition functions, ratios of partition functions, or the113

free-energy differences derived from them. Since the absolute value of Z(β) is rarely accessible114

for realistic molecular systems, most practical methods target relative quantities. For example, the115

free energy F (β) = −β−1 logZ(β) is discussed only in terms of free-energy difference between116

thermodynamic or conformational states. Classical approaches tend to focus either on improving the117

exploration of configuration space or extracting more accurate estimates of free-energy differences118

from samples that have already been collected.119

Free-energy perturbation, Bennett acceptance ratio, thermodynamic integration, and targeted120

free-energy perturbation are the longest-standing route to computing free-energy differences [34,121

35, 36, 37]. These methods apply when the relevant energy functions are known and when samples122

from one thermodynamic or conformational state overlap with the other. In practice, the overlap123
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requirement is the central difficulty. Exponential averages can be dominated by rare samples,124

and free-energy estimates can converge slowly when the reference and target distributions differ125

substantially.126

One family of methods improves sampling by changing the temperature or ensemble of the127

system. Simulated annealing raises and then lowers the temperature to help a system escape local128

minima [25]. Simulated tempering and replica exchange molecular dynamics extend this idea129

by allowing configurations to move among multiple temperatures or thermodynamic ensembles130

[26, 27]. These tempering methods accelerate sampling by allowing high-temperature replicas131

to cross barriers, while maintaining low-temperature simulations to recover the free energy at a132

temperature of interest. However, the replicas must have similar energies for temperature exchanges133

to occur frequently enough to accelerate sampling. For large solvated biomolecules, maintaining134

this overlap can require many closely spaced replicas, which increases computational cost and limits135

scalability.136

A second class of methods biases the dynamics along selected collective variables. Umbrella137

sampling, metadynamics, accelerated molecular dynamics, and related approaches modify the138

energy landscape so that rare transitions become frequent [28, 29, 30]. When the relevant slow139

coordinates are known, these methods can efficiently reconstruct free-energy profiles along those140

variables. The limitation is that the choice of collective variables is a strong modeling assumption.141

Many biomolecular systems do not evolve along one or two obviously meaningful coordinates.142

RNA conformational landscapes, in particular, can involve many competing base-pairing, stacking,143

tertiary-contact, and solvent-mediated interactions. In such cases, biasing a small set of variables144

may accelerate some motions while leaving other important barriers unresolved.145

A final set of methods reconstructs thermodynamic information by reweighting samples after146

simulation. Weighted histogram analysis, multistate Bennett acceptance ratio, and related histogram-147

reweighting methods combine data from biased simulations or multiple thermodynamic states to148

estimate free-energy differences and, indirectly, ratios of partition functions [31, 32, 33]. These149

approaches are especially valuable when samples have been collected at different temperatures or150
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under different biasing potentials. Their accuracy, however, depends on sufficient overlap between151

the sampled distributions. If important regions of configuration space are missing, post-processing152

cannot recover their statistical weights.153

The breadth of these approaches reflects the difficulty of the problem they aim to solve.154

Biomolecular free-energy landscapes are high-dimensional, rugged, and often only partially ob-155

served by experiment. Some methods require carefully chosen collective variables, while others156

require energy evaluations or overlap among sampled ensembles, and still others become expensive157

as system size increases. There is therefore no universal classical solution to estimating Z(β),158

logZ(β), or the equilibrium distribution itself. This motivates the modern generative-model per-159

spective: instead of selecting a small number of coordinates or relying only on reweighting, one can160

attempt to learn a map between a simple prior distribution and the complex molecular ensemble.161

The next section introduces this class of models and explains their utility for predicting molecular162

ensembles.163

1.4 Generative models for prediction of molecular ensembles164

The previous sections identify the equilibrium distribution, and the partition function that165

normalizes it, as central objects in biomolecular structure prediction. Classical methods improve166

sampling or estimate free-energy differences under specific assumptions, but they do not eliminate167

the need to model high-dimensional, multimodal distributions from sparse data. This problem has168

also attracted sustained interest in machine learning, where probabilistic generative models were169

developed to learn complicated probability distributions directly from data.170

Probabilistic generative models (PGMs) begin with access to configurations drawn from171

an intractable target distribution. These may be data generated by experiment or simulation. A172

PGM learns a transformation between the samples from the target distribution and a simple prior173

distribution, conventionally a Gaussian. Generative models parameterize this transformation in174

many ways, but the end goal is always the same: to generate samples from the intractable target by175
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sampling the simple prior and to evaluate the probability of data under the target distribution.176

Normalizing flows were among the earliest successful realizations of this idea [38]. They177

build the generative map as a composition of invertible transformations, so that the likelihood178

of a sample can be computed exactly through the change-of-variables formula. Exact evaluation179

of the likelihood is important because it permits training by likelihood maximization. However,180

normalizing flows are limited in expressivity, since the invertibility and likelihood calculation are181

made possible by restricting the mathematical operations the network performs. Moreover, it was182

discovered empirically that normalizing flows struggle to transform between a multimodal target183

distribution and a unimodal prior.184

A major advance was to move the invertibility condition from the network architecture to an185

ordinary differential equation. In continuous normalizing flows, a neural network learns a velocity186

field that transports particles from Gaussian-distributed initial positions to the target distribution at187

a final time [39]. Importantly, the likelihood remains accessible by integrating the divergence of188

that velocity field along the trajectory of the generative process. This continuous-time formulation189

is more flexible than discrete flows, but still struggles to generate multimodal distributions.190

Diffusion models address this difficulty by employing a stochastic generative process. Inspired191

by non-equilibrium thermodynamics, they define a forward process that progressively destroys192

structure by adding noise to data, and a reverse process that reconstructs data by removing noise193

[40, 41, 42]. Because the forward process is stochastic, the learned reverse process can reconstruct194

disconnected metastable states without the mode-separation problems that limit deterministic models.195

The broader continuous-time literature now connects diffusion models, flow-matching variants, and196

related methods through a shared ODE–SDE–PDE perspective on probabilistic transport.197

These developments have directly impacted structural biology. AlphaFold 3, for example,198

incorporates a diffusion model as part of a larger AI system. The success of AlphaFold 3 and199

contemporary models revealed another limitation. In many problems in molecular science, the main200

bottleneck is no longer the expressive power of the architecture, but the amount and quality of the201

available data. Generative models do not extrapolate reliably to entirely new classes or modes; they202
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are only as good as the data on which they are trained. Protein structure prediction benefited from203

an unusually rich data regime. Other biomolecular structure-prediction problems, such as RNA204

structure prediction, have far less training data. Progress with limited high-quality molecular data205

therefore depends on inductive biases that promote generalization in AI and deep-learning models.206

1.5 RNA: A perfect storm of conformational heterogeneity, lim-207

ited data, and environmental nuance208

RNA structure prediction is a recurring topic throughout this thesis because it lies near the209

limit of what a purely data-driven generative model can be expected to learn. The difficulty is210

not only that fewer RNA structures are available than protein structures, but that the missing data211

are a consequence of the physics of RNA itself. RNA molecules are often more conformationally212

flexible than their protein counterparts: the ribose-phosphate backbone has six rotatable degrees213

of freedom per nucleotide. The large state space conferred by the flexible backbone is stabilized214

by base-pairing and -stacking interactions that generally give rise to multiple alternative states. In215

contrast, the protein backbone is frequently summarized by two main backbone dihedral angles per216

residue. This additional structural freedom makes RNA ensembles broader, more heterogeneous,217

and more difficult to summarize by a single representative conformation [43, 44].218

The same flexibility that makes RNA functionally rich also contributes to the scarcity of219

experimentally resolved structures. High-resolution structure-resolving methods such as X-ray220

crystallography, NMR spectroscopy, and cryo-electron microscopy are most straightforward to221

interpret when a molecule occupies a relatively coherent structural state. For flexible RNAs, the222

measured signal can instead be a superposition of conformations. Rather than resolving one clean223

structural model, the experiment may report an average, a partial model, or no high-resolution224

structure at all. The result is a limited number of solved structures that are biased toward RNAs that225

are experimentally tractable [45, 46].226

RNA structure is also sensitive to environmental context. Ions such as sodium, potassium, and227
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magnesium can reshape the folding landscape by neutralizing the negatively charged backbone or by228

stabilizing specific tertiary contacts. Some RNAs deliberately use this environmental sensitivity as229

the basis of function. Riboswitches regulate gene expression by adopting different structural states230

in response to metabolites or transition metals. Viral RNAs likewise encode structural elements231

whose stability and function depend on host context; dengue virus RNA elements, for example,232

have been studied at mosquito and mammalian temperatures. More generally, both coding and233

noncoding RNAs are frequently bound by protein partners or other nucleic acids, and the presence234

of those partners can change the relevant molecular structure [47, 48, 49].235

For these reasons, RNA is not merely another version of protein structure prediction. It is a236

problem for which limited data, ensemble descriptions, and environmental factors compound one237

another. A model that succeeds only by interpolating among known structures is unlikely to be238

sufficient, because entire classes of RNA folds are weakly represented or absent from available239

structural databases. The RNA3DB dataset, for example, was developed to address the sparse and240

structurally biased nature of RNA structures in the PDB and reports fewer than 2,000 non-redundant241

examples of RNA structures–two orders of magnitude fewer than are available for proteins [50].242

RNA will therefore be used repeatedly in this thesis as a biomolecular system for evaluating243

generative models. The goal is not only to generate plausible coordinates, but to learn distributions244

over structures and how they respond to the environment from sparse data. This motivates the245

central theme of the thesis: generative models for molecular science require physical and chemical246

inductive biases, especially when the target system is flexible, data-poor, and ensemble in nature.247

1.6 The role of physical structure in generative modeling for248

molecular science249

Inductive biases are structural assumptions built into a model that reduce its solution space250

and, by extension, the amount of data required for learning [51]. In molecular machine learning,251

these biases take several forms. Some are architectural: translational, rotational, and Euclidean252
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equivariances can be built directly into the network [52]. Others enter through the objective function,253

such as the addition of physics-informed loss terms that penalize violations of known constraints254

[53]. Probabilistic generative models offer a third route: physical structure can be placed directly255

into the prior distribution or into the dynamical process that transports between the prior and target256

distribution.257

Boltzmann generators are an early example of this strategy [54]. They learn a map between258

a simple reference distribution and a molecular Boltzmann distribution while retaining enough259

structure for reweighting and free-energy estimation. In one reported application, the authors scaled260

the variance of the prior distribution depending on the temperature at which the training sample261

was obtained. This enabled the model to generate data at multiple temperatures and reweight262

samples across temperatures. However, Boltzmann generators require that the energy function be263

readily available, which limits their application to the full atomistic configuration space. Reduced264

descriptions instead require a generative model that learns directly from temperature-dependent265

data, without access to the energy function.266

Extrapolation to new environmental conditions cannot be expected to occur solely on the267

basis of structural data. AlphaFold2 and subsequent AI structure-prediction models are trained268

largely on structures obtained by X-ray crystallography, NMR spectroscopy, and cryo-electron269

microscopy [45, 55, 56]. When such experiments succeed, their output is a molecular structure270

or structural ensemble corresponding to a particular set of environmental conditions. Structure,271

however, is linked to the environment: ion concentrations, protein or nucleic-acid partners, cofactors,272

metabolites, temperature, pressure, and pH can all alter the relevant ensemble. A static structural273

database offers only glimpses into the full relationship between molecular identity, environment,274

and ensemble [47, 48, 57].275

This limitation cannot be overcome simply by collecting the same type of data at every276

condition of interest. It took decades to assemble the current Protein Data Bank, and it is still277

sparse for RNAs and heterogeneous biomolecular assemblies [45, 50]. Repeating high-resolution278

experiments across every relevant temperature, pressure, ionic condition, ligand concentration,279
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and binding-partner composition would be impractical. Available structures reflect only the set of280

conditions and limited thermodynamic contexts in which the structure could be resolved.281

Statistical mechanics provides a way to approach this problem. The equilibrium distribution282

describes how temperature changes the weights of configurations in an ensemble. Responses to other283

thermodynamic variables can be described by introducing the corresponding conjugate variables284

into the thermodynamic potential. For example, pressure couples to volume, and chemical potential285

couples to species number or concentration. In either case, the environmental variable changes286

the probability of conformations through a structured modification to the energy, not an arbitrary287

transformation.288

Rather than expecting such relationships to emerge from data alone, a generative model can289

be biased to learn them by modifying its probabilistic structure. In a diffusion model, this can290

be done by changing the prior distribution or the generative dynamics so that the environmental291

variable is represented explicitly. This modification forms the conceptual basis for Thermodynamic292

Maps, a core methodology developed throughout the thesis.293

1.7 Thesis contributions and organization294

This thesis makes three connected contributions. First, it evaluates probabilistic generative295

models in molecular settings and identifies when particular model classes are useful for distributions296

with different dimensionality, multimodality, and data scarcity. Second, it develops the idea297

that thermodynamic structure can be encoded directly into generative models, culminating in298

the Thermodynamic Maps framework for extrapolating molecular ensembles across temperature299

and related environmental variables. Third, it translates these principles into practical hybrid300

workflows: RNAnneal for ab initio RNA ensemble prediction from sequence and DiffDock-Glide301

for molecular docking through a combination of learned proposal generation and physics-based302

refinement. Across these studies, the common claim is that generative models become more reliable303

in low-data molecular regimes when their priors, objectives, or pipelines reflect physical knowledge304
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and intuition.305

The remainder of the thesis is organized as follows. Chapter 2 benchmarks several proba-306

bilistic generative frameworks on molecularly motivated distributions, including Gaussian mixtures307

with tunable complexity and Aib9 peptide torsion-angle data. These comparisons motivate the later308

focus on diffusion models for moderate-dimensional, multimodal molecular landscapes. Chapter 3309

applies diffusion models to replica-exchange molecular dynamics data and shows that information310

can be mixed across temperatures to improve conformational sampling and estimate thermodynamic311

quantities at temperatures not directly simulated.312

Chapter 4 introduces Thermodynamic Maps, the core methodological contribution of the313

thesis. By giving the prior distribution a thermodynamic interpretation, Thermodynamic Maps allow314

temperature-dependent ensembles and free-energy behavior to be inferred from limited observations.315

The method is validated on the two-dimensional Ising model and then applied to RNA conforma-316

tional landscapes through Thermodynamic Map-accelerated molecular dynamics. Chapter 5 builds317

on this framework in RNAnneal, an ab initio pipeline for RNA structure-ensemble prediction that318

combines hierarchical structure generation, molecular simulation, latent representation learning,319

and thermodynamic scoring. Chapter 6 applies the broader hybrid physics-AI philosophy to molec-320

ular docking in DiffDock-Glide, where a learned diffusion model proposes candidate poses and a321

physics-based docking engine refines and ranks them. Finally, Chapter 7 discusses extensions to322

additional thermodynamic variables, latent generative representations, and therapeutically relevant323

RNA targets.324
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Chapter 2: A Comparison of Probabilistic Generative Frameworks for Molec-325

ular Simulations326

Author contribution. This chapter is based on work with Richard John and Pratyush Tiwary. I327

designed the experiments, conceptualized the work, and wrote portions of the manuscript.328

2.1 Introduction329

In recent years, generative artificial intelligence (AI) has demonstrated a remarkable capacity330

to produce convincing images, text, audio, and video [58, 59, 60]. The domain of applicability331

of generative AI has recently extended to the molecular sciences [57], where generative AI has332

demonstrated the ability to predict protein tertiary structure from amino acid sequence [55, 56, 61,333

62], protein-ligand complex tertiary structure from chemical identity [63, 64] and the temperature334

dependence of the equilibrium distribution of solvated molecular systems [54, 65, 66]. While these335

methods differ in many aspects, all generative models share the common goal of sampling from an336

unknown underlying probability distribution based on an empirical dataset.337

While there are many classes of generative models, recently, probabilistic generative models338

have seen widespread usage. These models represent a framework that broadly encompasses339

flow-based [38, 67] and diffusion models [42]. The probabilistic generative framework explicitly340

seeks to directly model the data distribution through a series of invertible transformations (in flow-341

based models) or by iteratively refining noisy samples back into data space (in diffusion models),342

providing a flexible method for generating new data points that obey the underlying distribution of343

the observed data.344
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There is now a range of probabilistic generative models for use in different domains. Arguably,345

the most popular ones include Neural Spline Flows [68] (NS) models, Conditional Flow Match-346

ing [69] (CFM) models, and Denoising Diffusion Probabilistic Models [41] (DDPM). All of these347

have already been used for exciting and novel applications, including sound field reconstruction348

[70] (NS), zero-shot text-to-speech synthesis [71] (CFM), and medical image segmentation [72]349

(DDPM), demonstrating the utility of probabilistic generative models across different modalities.350

We describe these methods in Section 2.3. However, the scientific literature in this field lacks a351

systematic comparison of these methods for benchmark problems with tunable complexities that352

could establish the conditions under which one particular framework out of NS, CFM, and DDPM353

might be advantageous. This is particularly true for applications to molecular systems. In this work,354

we address this gap by carefully applying NS, CFM, and DDPM to different benchmark systems.355

We realize that the field is moving extremely quickly, with new variants of flow and diffusion356

methods appearing regularly. In this vein, we expect that the datasets used here will serve as useful357

benchmarks for these new methods.358

Our systems include a Gaussian mixture model (GMM) and an explicit water molecular359

dynamics trajectory for the Aib9 peptide [73, 74], where we collect information on the {Φ,Ψ}i360

dihedral angles for all 9 residues. For the Gaussian mixture model dataset, we are interested in361

how generative model accuracy scales with data dimensionality, with data multimodality, and with362

training dataset size. We are also interested in exploring which model best estimates probability363

density differences between asymmetric modes in the training dataset. We also measure sample364

generation speed and model network size as data dimensionality varies. For Aib9, we are interested365

in model performance on molecular dynamics data at varying levels of complexity, which we tune366

by looking at different residues within the peptide. We also examine model accuracy in the low367

training data limit for the Aib9 dataset. Overall, our findings are:368

• NS exhibits superior performance estimating probability density differences. However, NS369

accuracy decreases for high-dimensional data.370

• CFM displays the highest accuracy at high dimensionality but diminished performance in the371
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presence of complex, multiple modes.372

• DDPM most accurately models the complex, multimodal Aib9 dihedral angle distribution.373

However, DDPM is less accurate than other methods at high data dimensionality.374

2.2 Theoretical background375

The microscopic probabilities of configurations of a system comprising coordinates x ∈ Rd
376

are described by the Boltzmann distribution377

p(x) =
e−βU(x)

Z(β)
with Z(β) =

∫
e−βU(x)dx, (2.1)

where β is the inverse temperature, U(x) is the energy and Z(β) is the normalizing constant of378

p(x), also known as the partition function. Upon first impression, Eq. 2.1 may seem trivial, but379

the relationship between Z(β) and p(x) is subtle. The moments of U(x) with respect to p(x) are380

generated by the derivatives of lnZ(β), i.e.381

∂ lnZ(β)

∂β
= −⟨U(x)⟩p(x) (2.2)

where the angular brackets denote ensemble averaging with respect to p(x).382

Since the underlying structure of p(x) at temperature β – a potentially complex, high-383

dimensional probability distribution – is encoded in changes in Z(β) – a scalar-to-scalar function –384

significant effort has been devoted to developing computational strategies to estimate changes in385

partition functions, or equivalently free energy differences, where the free energy is defined as:386

F (β) = −β−1 lnZ(β). (2.3)

The derivative in Eq. 2.2 indicates that the partition function is a relational quantity – that is,387

changes in the partition function are thermodynamically meaningful rather than the value of the388
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function itself. Likewise, as a quantity derived from the partition function, free energy differences389

are typically of interest rather than absolute free energies.390

Free energy differences are evaluated between a target state described by Boltzmann distribu-391

tion p(x) and a reference state with distribution q(x). Assuming that the target and reference states392

share the same temperature (say β = 1), one may express the free energy difference as a ratio of393

partition functions:394

∆Fpq = − ln
Zq

Zp

. (2.4)

Computing the free energy difference in this fashion requires evaluating the Boltzmann395

weights (the integrand of Eq. 2.1) using the states’ energy functions. In cases where the energy396

function is unknown, e.g., if the configuration space comprises collective variables, then the397

Kullback-Leibler (KL) divergence provides an upper bound on ∆Fpq[75, 76]. The KL divergence398

between p(x) and q(x) is defined as399

DKL(p||q) =
∫

p(x) log
p(x)

q(x)
dx (2.5)

and is a measurement of similarity between p(x) and q(x). More specifically, if DKL(p||q) = 0,400

then ∆Fpq = 0 and distributions p and q are identical.401

2.3 Probabilistic Generative Frameworks402

Probabilistic generative models yield samples from an intractable target distribution p(x) by403

transforming a simpler prior distribution q(x′) into the target distribution. The change of measure404

identity underlies probabilistic generative models: it states that the change of probability as a result405

of an invertible coordinate transformationM : x′ → x is406

p(x) =
q(x′)

|JM(x′)|
, (2.6)

where JM is the Jacobian ofM.407
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Generally, the objective of a probabilistic generative model is to find anM that minimizes408

the free energy difference between a set of empirical samples D, andM applied to q(x′).409

Once obtained the map is demonstrably useful, e.g. for accelerating the convergence of free410

energy estimates via targeted free energy perturbation [37, 54, 66, 75, 76, 77, 78]. However, there411

are several approaches to optimizingM, each with advantages and disadvantages. In Sections412

2.3.1-2.3.4 we summarize neural network-based approaches to optimizingM.413

2.3.1 Normalizable Architectures414

Normalizing flows [79, 80] are a class of probabilistic generative models wherein a neural415

network defines an invertible map fθ with change in probability416

log p(x) = log q(fθ(x))− log |Jfθ(x)| . (2.7)

The network is optimized by maximizing (minimizing) the likelihood (free energy) of D417

under the right-hand side of Eq. 2.7. Once learned, a sample from p(x) may be obtained by first418

sampling q(x′) and then applying the inverse map f−1
θ . The change in probability may be computed419

by evaluating the Jacobian determinant Jfθ .420

Computationally evaluating the Jacobian determinant is expensive; in the general case,421

the complexity scales cubically with the dimension d, but imposing additional structure on the422

transformation may simplify the calculation. For example, the complexity for a triangular Jacobian423

is linear in d. Normalizable architectures impose additional structure on the operations the network424

performs in order to simplify the determinant calculation, such as using coupling layers that425

alternately produce upper- and lower-triangular Jacobians [38]. In practice, however, the additional426

structure limits the expressivity of the network. Since the introduction of the framework, efforts427

have focused on balancing expressivity and computational feasibility [68, 81, 82, 83].428
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2.3.2 Neural Ordinary Differential Equations429

Neural Ordinary Differential Equations (ODEs) [84] form the basis of diffusion and flow430

matching models. Neural ODEs use neural networks to model the solution of a differential equation:431

dx(t)

dt
= fθ(x(t)) (2.8)

with boundary conditions x(t = 0) ∈ D and x(t = 1) ∼ q(x′). The continuous limit of repeatedly432

applying the change of measure identity yields the probability flow:433

∂ log p(x, t)

∂t
= −tr Jfθ(x(t)) = −∇ · fθ(x(t)), (2.9)

which depends on the trace of the Jacobian – a computation that scales linearly with d. Similar to434

normalizable architectures, a neural network fθ parameterizes the drift (right-hand side of Eq. 2.8)435

that minimizes the free energy difference between D and samples generated by fθ.436

Once parameterized, the change in probability is obtained by integrating the divergence of the437

probability flow over the generative trajectory, i.e.438

log p(x(0)) = log q(x(1))−
∫ 1

0

∇ · fθ(x(t)) dt

= log q(x(1))−
∫ 1

0

tr Jfθ(x(t)) dt,

(2.10)

where the divergence can be approximated by the Hutchinson trace estimator [85].439

Neural ODEs yield a change of coordinates that smoothly deforms p(x) into q(x′), and the440

neural ODE can be simulated forward or reverse in time to transport samples between the prior and441

target distributions and compute free energy differences. However, they are potentially difficult and442

expensive to parameterize since Eq. 2.8 must be simulated and backpropagation must be carried out443

through the simulated trajectory [84].444
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2.3.3 Diffusion Models445

Diffusion models frame generative modeling in terms of a transport equation with an ODE446

solution that interpolates between p(x) and q(x′) [41, 42, 86, 87]. The transport equation takes the447

form of a Fokker-Planck equation448

∂p(x, t)

∂t
= −λ(t)∇ · [h(x, t)p(x, t)] (2.11)

describing the diffusion of a probability density under the influence of a vector-field h(x, t) [87].449

The vector-field in Eq. 2.11 is chosen to result in a linear drift450

h(x, t) = x−∇ log p(x, t), (2.12)

so that the diffusion has the effect of transporting an arbitrary initial density p(x) towards a Gaussian451

distribution q(x′). The convergence is asymptotic, so a time-dilation factor λ(t) is introduced to452

ensure that Eq. 2.11 is sufficiently converged at t = 1.453

The diffusion in Eq. 2.11 can equivalently be expressed as a stochastic differential equation454

(SDE) that transports samples from p(x) to q(x′):455

dx = −λ(t)xdt+
√

2λ(t)dBt, (2.13)

where Bt is a Brownian motion. The linear drift in Eq. 2.12 allows for simulation free evaluation of456

the SDE, since the conditional path distribution p(x, t|x0, 0) originating from any x0 ≡ x(t = 0)457

has closed form [42, 86].458

A continuous-time generative model must be both (i) reversible to transport samples from459

q(x′) to those of p(x) and (ii) invertible to guarantee that the change of measure identity may be460

applied. Indeed, the diffusion equation is time-reversible under the change of variable τ = 1− t,461
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and, remarkably, the time-reverse of the SDE in Eq. 2.13 is462

dx = −λ(τ) [x+∇ log p(x, τ)] dτ +
√

2λ(τ) dBτ . (2.14)

The invertibility condition is satisfied when the variance of Bτ is zero, with the resulting dynamics463

being described by the probability flow ODE:464

dx

dτ
= −λ(τ) [x+∇ log p(x, τ)] . (2.15)

The only unknown quantity in Eqs. 2.14 and 2.15 is ∇ log p(x, t) – the score, which must465

be estimated [88]. Score-based models use a neural network sθ(x, t) to approximate ∇ log p(x, t)466

from realizations of Eq. 2.13. If the score estimate is sufficiently accurate, then equations 2.14 or467

2.15 can be simulated to transport samples from q(x′) to p(x) and Eq. 2.10 can be used to compute468

the free energy difference from the drift of the probability flow ODE.469

2.3.4 Schrödinger Bridges470

One may further desire a transport process capable of mapping samples between arbitrary471

densities. Obtaining such a process amounts to solving the Schrödinger Bridge (SB) problem472

[89, 90, 91, 92]. The SB problem seeks to obtain the path distribution bridging distributions p(x)473

and q(x′) that minimizes the KL divergence to a reference path distribution. Follmer [93] constructs474

the solution using diffusive dynamics and optimal transport: the optimal path reweights a reference475

Brownian path distribution with an entropically regularized optimal transport plan between p(x)476

and q(x′)[90]. Two related lines of work – Stochastic Interpolants [94, 95, 96] and Flow Matching477

[69, 97, 98] – have been developed to approximate the SB solution numerically using neural ODEs478

and SDEs.479
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2.4 Experiments480

Having examined the different flavors of probabilistic generative models, we turn now to481

numerical experiments to compare performance across two separate datasets. NS is an example of a482

normalizable architecture (Section 2.3.1), CFM is a continuous flow model (Section 2.3.2) which483

solves a user-selected bridge problem (Section 2.3.4), in this case obeying the optimal transport484

solution between the target and prior distributions, and DDPM represents the broad diffusion model485

class (Section 2.3.3). To compare the training, sampling, and accuracy of the NS, CFM, and486

DDPM models, we perform experiments on two datasets - a Gaussian mixture model in spaces of487

varying dimensionality and the dihedral torsion angle distribution associated with an Aib9 molecular488

dynamics simulation in water (see Appendix A.2 for GMM data generation procedure and Aib9489

simulation details). We collected information on all configurational coordinates for the Gaussian490

mixture model, while for Aib9 we collected information on all 9 {Φ,Ψ} pairs of dihedral angles. To491

quantify the accuracy of a given model, we begin by performing principal component analysis on492

the training data. After conducting training, generated samples are projected along the two principal493

components of the training data. This data projection is binned, and KL divergence is computed494

between vectors enumerating the counts in the corresponding bins.495

In addition to measuring the accuracy, we also report the speed of sample generation and496

the number of learnable parameters, a proxy for model complexity. For each model, at least one497

hyperparameter controlling the neural network’s depth or width was optimized, as explained in498

Appendix A.1. Throughout the study, each experiment was conducted three times, with independent499

simulations. From these three runs, the mean and variance statistics can be computed. In every500

graphic, the mean is plotted with error bars corresponding to the standard deviation. The complete501

set of experiments performed for each dataset is as follows. For the Gaussian mixture:502

• Measure DKL for varying data dimensionality at a fixed number of modes and amount of503

training data (Figure 2.1a).504

• Measure DKL for varying amounts of training data at a fixed number of modes and dimen-505
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Figure 2.1: Model accuracy results for the 4-modal Gaussian mixture dataset. a) KL divergence
(DKL) comparison with analytical benchmark as a function of dimensionality. b) KL divergence
comparison as a function of training dataset size at a fixed dimensionality of 50.
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sionality (Figure 2.1b).506

• Measure DKL for a varying number of modes at a fixed dimensionality and amount of training507

data (Figure 2.2).508

• Measure DKL for varying free energy difference between modes at a fixed dimensionality,509

number of modes, and amount of training data (Figure 2.3).510

• Measure sample generation time for varying data dimensionality at a fixed number of modes511

and amount of training data (Figure 2.4a).512

• Measure the number of neural network parameters for varying data dimensionality at a fixed513

number of modes and amount of training data (Figure 2.4b).514

For Aib9:515

• Measure DKL for the distribution of {Φ,Ψ}i for each residue i (Figure 2.5a).516

• Measure DKL along {Φ,Ψ}5 for varying amount of training data (Figure 2.5b).517

2.4.1 Gaussian Mixture518

The first numerical experiment we perform concerns a Gaussian mixture, a superposition519

of samples drawn from independent Gaussian distributions centered at different locations, with520

four modes but dimensionality varying from 10 to 100. After generating the data for the Gaussian521

mixture, we hold back 10% of the data as a test set and allow the models to train for an equal522

amount of time. Figure 2.1a shows that for datasets of dimensionality 40 or greater, we find a lower523

KL divergence, and thus higher accuracy, for CFM compared to DDPM and especially NS. The524

performance of CFM and DDPM seems to remain stable with no upward trend as dimensionality525

increases beyond 40, unlike NS, which rises sharply at very high dimensionality.526

Our next GMM experiment considers varying the amount of training data the model sees527

and measuring model accuracy. In this test, the dimensionality is fixed at 50, and we consider a528
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Gaussian mixture with four modes. Figure 2.1b shows that KL divergence as a function of training529

dataset size varies logarithmically for all three models, and DDPM fares better than NS and CFM530

for low amounts of training data.531

Figure 2.2: Model accuracy results for the 50-dimensional Gaussian mixture dataset. KL
divergence (DKL) comparison with analytical benchmark as a function of number of modes.

After varying the training data amount, we turn to a performance test with fixed dimension and532

training dataset size but a varying number of modes. For this experiment, we fixed the dimension at533

50 and generated Gaussian mixtures with increasing modes ranging from 5 to 50. The general trend,534

shown in Figure 2.2, indicates a peak in difficulty for all models at low-intermediate multimodality,535

with improved accuracy as the number of modes increases. One possible reason is that as the536

number of modes increases, the space becomes full and more closely resembled the standard normal537

base distribution since the Gaussian means are randomly drawn from a standard normal distribution,538

making transport less costly for all three models. It is difficult to appraise an advantage for any539

model when examining this experiment. Perhaps CFM performs better with lower numbers of540

modes and NS slightly better as the modes increase and the target distribution approaches that of the541

normal one. In any event, we maintain that DDPM most accurately models the complex, multimodal542

Aib9 molecular data (Section 2.4.2), which does not exhibit the cleanly separated modes, and does543
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not suffer from convergence to a standard normal distribution as seen in the Gaussian mixtures544

dataset.545

We also note that all of the models tested only claim to estimate the density of modes present546

in the empirical data. The mode discovery task, wherein a generative model predicts additional547

modes is not considered in this work, and we restrict our study to training datasets with full mode548

coverage.549

The fourth experiment performed on the Gaussian mixture dataset examines the ability of550

each model to reproduce free energy differences found in training data. To this aim, we designed a551

training dataset with a 50-dimensional bimodal Gaussian mixture where the free energy difference552

between the two modes varies. This construction differs from the 4-modal distribution of the other553

GMM experiments so that the free energy difference between the two modes can be isolated and554

examined. We can compute the free energy difference between the two modes by first establishing a555

boundary defining two domains corresponding to the two states in the PCA histogram space. To556

compute the free energy difference between the two modes, we first compute the partition function557

for each state using Zi =
∑

j∈i pj , where i is a state label and pj represents the probability associated558

with histogram bin j. For both numerical stability and to exclude low-probability, high-free-energy559

bins, we impose a free-energy minimum cutoff of roughly 0.0374 kJ/mol from the corresponding560

energy minimum and only sum over bins meeting this criterion for either domain. The free energy561

difference is then ∆F = − 1
β
ln(Z1/Z2), where the partition functions correspond to the two modes,562

and we have used β = 1.563

Figure 2.3 shows the accuracy results and the coefficient of determination r2 for each model564

compared to the training free energy difference. We conclude that NS reproduces the training free565

energy differences the most faithfully, followed by CFM and DDPM. It is useful to note that the566

least accurate model by KL divergence in our principal GMM dimensionality test outperforms the567

other two in this case.568

Our final two GMM experiments concern sampling speed and model capacity, both measured569

as dimensionality varies for a Gaussian mixture with four modes. As shown in Figure 2.4a, CFM570
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Figure 2.3: Free energy difference estimation accuracy on asymmetric bimodal distributions.
A free energy difference of zero represents two equal Gaussian modes, while higher free energy
indicates a higher level of asymmetry. r2 is computed with the residuals of each model from the
plotted line indicating training free energy difference. We impose a free energy cutoff of 0.0374
kJ/mol and note the data dimensionality is fixed at 50.
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displays much faster inference than DDPM or NS. Computing the likelihood associated with a571

given sample is also useful in many statistical mechanics tasks. The NS architecture conveniently572

passes likelihoods through the same series of invertible transformations as samples, and thus, the573

cost of likelihood estimation is included in this experiment. In contrast, DDPM and CFM require574

additional probability flow ODE simulations to produce likelihoods at approximately double the575

cost as inference for samples alone [42]. As such, this separate process is not accounted for here,576

although it would not change CFM’s superior speed ranking. Figure 2.4b shows the results of the577

model capacity measurement. CFM and DDPM employ the same predictive neural network, so578

their model capacity is equal. In contrast, the NS network is initially less expensive but increases579

rapidly in size as dimensionality climbs.580

2.4.2 Aib9 Dihedral Torsion Angles581

The previous example has a limit of four modes in the underlying probability distribution.582

More often than not, molecular systems tend to have a very large number of modes corresponding583

to different metastable states. To mimic this situation, we move to a more complex system. Aib9 is584

a synthetic peptide used as a model system because of its clear chirality transitions between left and585

right-handed forms. We simulate a molecular dynamics trajectory of an Aib9 molecule and record586

all of the 9 {Φ,Ψ}i dihedral torsion angle pairs (18 angles in total) as a function of simulation587

time (see Appendix A.2 for details of the molecular dynamics data generation procedure). In this588

experiment, we input a collection of 18-dimensional vectors of {Φ,Ψ}i values as training data and589

train the models to generate samples from this target distribution. KL divergence is then computed590

for each residue individually by isolating the corresponding {Φ,Ψ}i pair and performing principal591

component analysis between the held-back test set and generated samples.592

The ‘exterior’ residues closest to the end of the peptide chain, residues 1 and 9, for example,593

are more flexible and thus more rapidly transition between left and right-handed orientations,594

sampling more of the transition states and other high-energy regions. These residues thus have a595

more complex distribution than the middle residues, which exhibit slower transitions [99]. This596

28



Figure 2.4: Speed and model size results for the 4-modal Gaussian mixture dataset. a) Single
sample generation time comparison as a function of dimensionality. b) Model capacity comparison
measured by total number of learnable parameters as a function of dimensionality.
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behavior can be seen in the U-shaped curve of KL divergence scores, indicating the higher difficulty597

the models face in generating the exterior residues.598

Figure 2.5: Model accuracy results and generated data for the Aib9 peptide. a) KLD per-
formance comparison as a function of residue index for the complete Aib9 torsion angle dataset.
b) KLD performance comparison for the three models and Gaussian baseline fit as a function of
training dataset size for the Aib9 torsion angle data distribution at residue 5. c) d) e) f) {Φ,Ψ} show
free energy contour plots for torsion angle distributions at residue 1 for training data and generated
data for NS, CFM, and DDPM, respectively.

Training is performed exactly as in the Gaussian mixture experiment, and accuracy is measured599

via the KL divergence at individual residues via the procedure described above. Correspondingly,600

training is done in an 18-dimensional space, and measurement is done in a 2-dimensional space, by601

isolating the {Φ,Ψ}i torsion angles corresponding to the i-th residue in the training and generated602

data, performing PCA on the training data, transforming both datasets, binning, and computing KL603

divergence. While transforming according to 2 principal components is not strictly necessary for604

the already 2-dimensional data, we retained this step for consistency with the GMM experiments.605

Figure 2.5a shows the accuracy results as a function of residue index. We observe the highest606

accuracy from DDPM, with CFM performing the least well universally.607
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We show the results of varying training dataset sizes in Figure 2.5b. In this experiment, the608

residue considered was fixed as residue 5. DDPM and NS perform comparably and show better609

accuracy than CFM for all dataset sizes. {Φ,Ψ}4 plots at residue 1 are shown in Figure 2.5c-f610

respectively for training data and generated data for NS, CFM, and DDPM.611

2.5 Discussion612

In this work, we explored qualitatively and quantitatively how three different classes of613

probabilistic generative models perform on datasets with tunable, varied complexity. We considered614

three classes of models, namely Neural Spline Flows (NS) models, Conditional Flow Matching615

(CFM) models, and Denoising Diffusion Probabilistic Models (DDPM). This selection of models616

is by no means exhaustive, and recently introduced architectures such as Rectified Flow [100],617

Latent Diffusion Models [58], and newly improved diffusion architectures [101] stand out as618

prime candidates for future testing with these benchmark datasets. For our chosen models, we619

performed experiments on a Gaussian mixture model and molecular dynamics simulations of a620

9-residue synthetic peptide undergoing chirality transitions in water. After introducing each class621

of generative architecture, exploring strengths and weaknesses, and examining the results of our622

model comparison experiments on the Gaussian mixture and Aib9 torsion angle datasets, we may623

now draw some conclusions about the relative cases in which each model is the optimal choice.624

CFM outperforms other models for high-dimensional datasets of limited complexity, such as the625

Gaussian mixture model, and exhibits the fastest inference. For lower-dimensional datasets of626

high complexity, such as the Aib9 torsion angle dataset, DDPM is the most accurate. For the free627

energy difference estimation task, NS most accurately reproduces asymmetry between modes in628

the training data. We hope these conclusions will help guide the selection of models for a given629

task depending on the characteristics of the training data, including dimensionality, complexity,630

and asymmetry, and how sensitive the generative problem is to accuracy, cost, and speed. We also631

expect that the systematic curation of datasets with quantified complexity will be helpful for future632
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methods developed for probabilistic generative modeling and beyond.633
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Chapter 3: From Data to Noise to Data: Mixing Physics Across Temperatures634

with Generative AI635

Author contribution. This chapter is based on work with Yihang Wang and Pratyush Tiwary. I636

conducted and analyzed the RNA simulations.637

The comparison in the previous chapter identifies diffusion models as especially well suited638

to the moderate-dimensional, multimodal distributions common in molecular simulations. In this639

chapter, diffusion models are employed to infer a family of equilibrium distribution from replica640

exchange molecular dynamics data.641

How does one learn physics and chemistry at a certain temperature on the basis of experiment642

or experiments performed at certain other temperatures? The Arrhenius Equation [102] provides the643

simplest way to do, if one is willing to make significant simplifying assumptions about the energy644

landscape of the system. Often arbitrarily complex systems indeed display kinetics conforming to645

the Arrhenius picture [103], but frequently one also observes its violations [104]. Even when the646

Arrhenius picture is applicable, it only allows extrapolation of a single number i.e. reaction rate647

across the temperatures. It thus remains desirable to develop techniques allow inferring much more648

detailed information across a temperature range. These could be thermodynamic observables such as649

relative probabilities of a molecule’s different conformations or of a crystal’s different polymorphs,650

or more detailed kinetic observables than just an overall rate constant. Even more generally, given651

observations of the positions and velocities of all constituents of a N−body system at some set652

of temperatures, we seek to estimate what they will be at a temperature where the experiment or653

simulation was never even performed. The problem is hard because the probability distribution654

connecting configurational coordinates across temperatures is hard to sample from, especially since655
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N is extremely large for most systems of interest, equaling at least tens of thousands.656

Here we propose a framework using generative Artificial Intelligence (AI) that learns to657

efficiently sample such high-dimensional, complex probability distributions for N−body molecular658

systems valid across temperatures. There are two central ideas guiding our framework. Firstly,659

we do not treat the temperature T as just a control parameter. By noting that the temperature is a660

measure of the average kinetic energy, we instead work directly with the fluctuating kinetic energy,661

using equipartition theorem to define an instantaneous, effective temperature which we still call T .662

For finite N not yet in the thermodynamic limit, T so defined will display significant fluctuations663

proportional to 1/
√
N . Secondly, if we have experiments or simulations performed at temperatures664

T1, T2, ...TK , we can view them all together as being sampled from the same, but unknown, joint665

probability p(x, T ) for N−body configurations x. We then use a generative AI method, specifically666

denoising diffusion probabilistic models (DDPM) [41, 105] to generate many more samples from667

p(x, T ), given the spare, high-dimensional dataset.668

To learn a p(x, T ) from such a high-dimensional and sparse dataset, we use the denoising669

diffusion probabilistic model (DDPM),[41, 105] a generative artificial intelligence (AI) framework670

inspired by non-equilibrium dynamics to approximate and sample from very high-dimensional671

distributions. By learning p(x, T ) we are referring to the ability to generate many more samples from672

p(x, T ) given the data set we have from simulations or experiments performed so far. DDPM has673

been shown to possess the ability to infer and learn the underlying relationship from complicated674

data i.e. high-dimensional and with complex correlations, but also noisy and sparse [41, 105].675

DDPMs learn two diffusion processes expressed through stochastic deep neural networks, which676

are called noising and denoising. The forward diffusion or noising converts the samples from677

high-dimensional, structured and unknown probability distribution into simpler and analytically678

tractable white noise. The backward diffusion or denoising learns the mapping back from noise679

to meaningful data. The central idea is that it is easy to generate numerous samples from the680

noisy distribution, which can then be denoised back to structured data. The process has been681

demonstrated to be comparable or even outperform other generative AI models for generating high682
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quality samples, and in its ability to model in an unsupervised way the underlying semantics behind683

meaningful data. [41, 105]684

In spite of their promising potential, to the best of our knowledge DDPMs have not yet been685

used in the context of mixing information across processing conditions as done here. We are able to686

achieve this here through recognizing that for finite-size systems, as one has in molecular simulations,687

the temperature can be associated with a random variable that has significant fluctuations and not just688

a control parameter. The protocol developed here should be applicable quite generally to data coming689

from simulations or experiments at different temperatures. It should also be extensible to mixing690

data from control parameters other than temperatures - possibly including concentration, pressure691

and volume. Here we focus on a specific class of molecular simulations known as Replica exchange692

molecular dynamics (REMD) [27, 106] that use information generated at a ladder of temperatures to693

swap configurations across temperatures. REMD has been extremely powerful over the decades for694

the study of molecular systems with rough energy landscapes for fundamental science and practical695

applications. [30, 107] Numerous advances have been introduced over this basic idea in order to696

make it more efficient computationally [108, 109, 110, 111, 112, 113, 114, 115] and it continues to697

be an area of very active research. We demonstrate how DDPM applied to all-atom, femtosecond698

resolution REMD simulations of a small peptide and a RNA nucleotide very significantly improve699

the quality of data generated across temperatures, including temperatures at which the simulation700

was never performed and even at temperatures outside the ladder of temperatures. significantly701

improves the estimates of free energies made through REMD and providing accurate sampling702

in parts of configuration that were not previously visited in the lowest temperature replica during703

REMD. This could be metastable states or transition states. We also show how this can be used to704

generate samples at temperatures not included in the ladder of replicas. The samples we generate705

have thermodynamic relevance and correspond to correct Boltzmann weights as opposed to being706

just wild hallucinations. [41, 116] Due to its generalizable framework and simple post-processing707

nature of application we thus believe that this work should be extensible to a wide range of studies708

to supplement and extend the range of simulations/experiments without actually performing them at709
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all conditions of interest.710

3.1 Results711

Defining a fluctuating effective temperature. We work with the equivalent p(x, β) where712

inverse temperature β = 1
kBT

and kB is Boltzmann’s constant. Molecular dynamics (MD) or Monte713

Carlo (MC) methods allow sampling configurations x as per the equilibrium probability pβ(x) ≡714

e−βU(x)/Z, where U(x) is the potential energy of the N−body system and Z =
∫
dxe−βU(x) is the715

partition function. For systems of practical interest in biology, chemistry and materials science, if T716

is not large enough, it becomes nearly impossible to sample reliably from pβ(x) as many regions717

of interest in configuration space will have e−βU(x) ≈ 0. To deal with this problem, in REMD one718

simulates K+1 replicas of the system at temperatures β = β0 > β1 > ... > βK . For low enough719

βK or equivalently high enough temperature TK , the sampling from pβK
(x) ≡ e−βKU(x)/ZK is720

expected to be more ergodic. One then periodically exchanges conformations between consecutive721

pairs of replica with a Metropolis-type acceptance probability that depends on the potential energies722

of the two replicas and their temperatures. This way even the low-temperature β0 replica can explore723

configurations that it would not have otherwise visited.724

We now argue that by treating the temperature just as a control parameter REMD is not725

making full use of the information gathered across the ladder of temperatures. In most current726

incarnations of REMD (excluding exceptions such as Ref. [33]), all that the higher temperatures727

do is to help the lower temperature replicas discontinuously appear in different locations of the728

configuration space. We take a slightly different view of the temperature, in REMD here but easily729

generalizable to other thermodynamic variables which show fluctuations for finite system size. By730

working with an approximate, effective temperature, we treat it as a random variable instead of a731

control parameter. To do so we work with an effective, instantaneous temperature of the system732

associated with its kinetic energy instead of the temperature of the heat bath that we expect the733

thermostat to enforce on average. More rigorously thus, we are sampling the joint p(x, κ) where734
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the per-particle kinetic energy κ is related through its ensemble average to the temperature, i.e.735

⟨κ⟩ = 3
2β

. We emphasize that our effective temperature is not the true thermodynamic temperature -736

however for the sake of simplicity we still use the symbol T or β to denote this effective temperature737

or its inverse respectively.738

Our motivation in doing so is that all replicas across different temperatures can be viewed739

as being sampled from the same joint probability p(x, β) – as opposed to different replicas sam-740

pling from respective pβK
(x). This change of perspective allows us to combine together the data741

collected from different temperature as having arisen from the same, although intractble, probability742

distribution p(x, β).743

Challenge in sampling the intractable joint probability across configurations and temper-744

atures. Our task at hand now is to learn the joint probability p(x, β) given sampling that has already745

been performed in REMD across x−space and temperatures β = β0 > β1 > ... > βK . There746

are two main challenges in this. The first challenge comes from the curse of dimensionality: the747

memory or computational resources needed to track a very high-dimensional distribution function748

increase exponentially as the number of degrees of freedom increases. For instance, for REMD749

of a small 9-residue peptide in explicit water, which we study here, we exchange all 4749 atomic750

coordinates between the replicas, but for the purpose of analysis we set x as 18 Ramachandran751

dihedral angles. This means we already have a 19-dimensional space where binning procedures are752

out of the question. The second challenge comes from the sparsity of the data. Most of our samples753

come from high probability regions p(x, β) and we have very few samples for low-probability754

states, or for high-probability states at low temperature due to inefficient exchange betweem replica.755

In summary we have sparse sampling of data points in very high-dimensional (x, β)−space and756

wish to construct p(x, β) from this information so that we can create many more samples at any757

temperature of interest.758

Denoising diffusion probabilistic models (DDPM) can generate many more samples from759

p(x, β). The main idea behind the use of DDPM here is to learn a simple and easy-to-sample-from760

distribution Psimple(x, β) that approximates the true p(x, β). For notation simplicity, we denote761
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Figure 3.1: Lower panel shows the neural network architecture used in this work. It has the basic
structure of the U-Net model. [117] During the diffusion process, which is indicated by the direction
of blue arrows in the upper panel, noise is gradually added to the sampled data, in this case the
picture of a very good boy, through a diffusion process labeled with diffusion step ti. This changes
the sampled distribution (for example, more pictures of dogs) to a simpler isotropic Gaussian
distribution from which one can easily generate more samples. An AI model is then trained to
reverse such a diffusion process and starting from sampled noise, learn to generate images similar to
the input image by following the direction indicated by the orange arrows. It takes an 1-d array s′,
which is the noisy sample at diffusion step ti, as input and outputs the parameterization of a Gaussian
distribution to get the reversed transition kernel q(s, ti−1 | s, ti). Each residue block consists of three
components: two 1-d convolution operations with kernel size 3 and a group normalization [118]
between them. The diffusion step ti is added to each convolutional block after being transformed by
the sinusoidal position embedding [119]. The final conv label denotes the convolution operation
with kernel size equal to 1. Max-pooling reduces size of the features by half, while up-sampling
uses the transposed convolution to expand the size of features.

s = {x, β} and refer to Psimple(s) henceforth. DDPM does this by learning to reverse a gradual,762

multi-step noising process that starts with the relatively limited number of samples generated from763

the distribution p(s) and diffuses to the simpler distribution Psimple(s) that is easy-to-sample. For764

instance, Psimple(s) could be an isotropic Gaussian. In addition to learning this noising process,765

DDPMs also learn the reverse denoising process which allows us to go back from samples generated766

using Psimple(s) to samples that would have been generated from the underlying P (s). Both the767

noising and denoising processes are modeled using diffusion processes that convert probability768

distributions to one another, and are implemented using the architecture shown in Fig. 3.1, which is769
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based on the standard architecture for DDPMs as described in Ref. [41].
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Figure 3.2: (a) AIB9 in left-handed (L) and right-handed (R) conformations in explicit TIP3P water.
(b) Free energy profile of residues (with residue 5 as an example) with two stable states labeled as L,
R and two excited state labeled as La, Ra. When all residues are in L states, the peptide chain is in
left-handed state and similar for right-handed state. Free energies in (b) here as well as all through
the manuscript and Supporting Information are provided in units of kBT .

770

Noising and denoising processes. The noising diffusion process carried out in the space771

s = {x, β} that converts p(x, β) to the simpler Psimple(x, β) can be decomposed into M discrete772

steps denoted by corresponding transition probabilities p(s′, ti+1|s, ti) where i ∈ [0,M ], P (s, t0) ≡773

p(x, β), and P (s, tM) ≡ Psimple(x, β). In DDPM, this noising diffusion process that converts774

sampled data to essentially noise, is set to be an Ornstein–Uhlenbeck (OU) process in which the775

transition probability follows an simple Gaussian form. One can then easily generate samples from776

P (s, t0) ≡ p(x, β). The tricky bit now is to convert these samples back to the original distribution.777

In Ref. 41, it was shown that this transition reversed diffusion kernel P (s, ti|s′, ti+1) can also be778

written in a Gaussian form. A deep neural network (Fig. 3.1) is then trained using variational779

inference to learn the approximate reversed transition kernel Q(s, ti|s′, ti+1) ≈ P (s, ti|s′, ti+1).780

Thus by generating samples from a normal Gaussian distribution, which we can easily do in large781

numbers, and then passing these through the reversed transition kernel, we can generate samples that782

follow the target distribution p(x, β) as desired. Note that instead of learning the joint probabilities783

P (s1, s2), it can be advantageous to learn the conditional probability P (s1|s2). This can be done784

through the protocol in Ref. 41 by adding a delta function to allow only a subset of s to change785

during the nosing and denoising process, i.e. δ(s2 − s′2)P (s1, s2, ti|s′1, s′2, ti+1). This is very786
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useful when for instance we are interested in generating samples only at a certain temperature787

or only in certain regions of the configuration space. In the most general form of diffusion788

probabilistic models (DPM),[41] the reversed transition kernel Q(s, ti|s′, ti+1) is considered as789

Q(s, t − 1 | s′, t) = N (s; µ̃(s′, t), σ̃t(s
′, t)) and the neural network is trained to learn the mean790

µ̃(s′, t) and variance σ̃(s′, t). In practice, however, there are many different ways to choose791

the Gaussian distribution parameterization. In Ref. [41], DDPM was introduced with a new792

parameterization approach to reduce the complexity of the training task. DDPM got its name793

because such a design makes the learning task resemble a denoising score matching procedure. [105]794

In Ref. 41, it was shown that with such a design, DDPM can generate samples of a quality that are795

comparable or even better than other generative models.796

DDPM applied to Replica Exchange MD: Desirables. We now demonstrate how the above797

protocol can be applied to mix data collected from different temperatures and configurations in798

REMD and signficantly improve the quality of sampling. Specifically, we consider the following799

two challenging tasks:800

1. Can we improve the sampling quality for the lowest-temperature replica with more accurate801

probability estimates than directly seen after REMD? This includes being able to generate802

samples in low probability regions such as transition and metastable states, and reliably803

estimating their free energies.804

2. Can we generate samples at temperatures that are not even included in the replica ladder?805

This would include temperatures within the range of the replica ladder and also extrapolation806

to temperatures outside the range.807

Peptide conformational transitions. To demonstrate the performance of DDPM, we first808

study a small peptide chain Aib9 in explicit TIP3P water [120] using CHARMM36m force-809

field. [121] This 9 residue system (Fig. 3.2) displays rich and complex conformational dynam-810

ics [122] including the transitions between fully left-handed and right-handed helices. However,811

even in 4 µs unbiased MD at 400K, one can see only around 2–3 transitions between these two812
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dominant equiprobable conformations, and even fewer, if any, transitions to the higher energy813

metastable states. To improve the sampling of this system, we perform REMD with 10 replicas at814

geometrically spaced temperatures ranging from 400K to 518K, with temperature increased by 3%815

for each replica. The attempt of exchanging configurations was made every 20 ps, with acceptance816

rate around 1% ∼ 2% between neighboring replicas, which is intentionally kept lower than what817

one usually has in REMD. This is because we want to show that even in the extreme cases where818

the number of atoms N is so large that replicas do not have enough overlap, or if one wants to819

reduce the number of replicas to save computational resources, our DDPM can still do a decent job820

of complementing REMD and reconstructing the true probability distribution at any temperature of821

interest. To benchmark our results, we ran unbiased MD at 400 K for 4 µs and at 500 K for 0.6 µs.822

To quantify the quality of sampling, we focus on the 18 dihedral angles corresponding to all823

9 residues (Φ1,Ψ1,Φ2,Ψ2, · · ·Φ9,Ψ9). As shown in the Ramachandran plot in Fig. 3.2, the free824

energy surface along any pair of dihedrals is mainly characterized by four metastable states: two825

equiprobable low-energy ground states (L, R) and two excited states (La, Ra). The Ramachandran826

plots for all nine residues in the system look qualitatively similar but the middle residues of the827

peptide are known to be less flexible with higher energy barriers. [123, 124] We thus focus on the828

sampling for residues 5 and 8 as shown in Fig. 3.3. We train our DDPM on a REMD trajectory. At829

the lowest temperature of interest (400K), this trajectory has not yet achieved sufficient sampling. As830

Figure 3.3: Samples (dots) from REMD (left) and DDPM (right) at 400K. The Boltzmann weights
for different samples are indicated through their free energy (contour lines, separated every 0.74
kbT ). (a) Samples generated from DDPM and free energy profile projected on dihedral angles of
residue 5. (b) Samples generated from DDPM and free energy profile projected on dihedral angles
of residue 8. DDPM was able to generate samples in states that are not present in the training dataset
for both residues, indicated with thick black arrows in the right panels.
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shown in Fig. 3.3, DDPM successfully mixes information from all temperatures and configurations,831

and generates samples in states that are not present in the training dataset for both residues, indicated832

with thick black arrows in the right panels of Fig. 3.3. Specifically, for residue 5 we can see that the833

transition states between state R and state La, which were not being sampled in the 400K replica,834

are populated in samples from DDPM. For residue 8 the improvement is even more striking as835

the state Ra which was simply not sampled in REMD now gets populated after DDPM. Thus,836

DDPMs are able to accomplish the first task highlighted above. We also want to highlight that while837

some spurious samples are generated, seen through dots outside the free energy contours in Fig.838

3.3, their Boltzmann weights are very low. Thus, our model “dreams" new configurations without839

hallucinating spurious configurations.840

We now move to the second task from the list above, and test DDPM’s ability to generate841

samples by extrapolating across temperatures not considered in the ladder of replicas. To do so, we842

completely removed the samples from the 400 K replica in the training set and used it to train a new843

model, which was then used to generate samples at 400 K. Even though the lowest temperature in844

the training set is 412K, the model can make good predictions of free energy differences between845

states, as shown in Fig. 3.4. We are particularly encouraged by this finding as in general sampling846

at lower temperatures tends to be harder than at higher temperatures.847

RNA conformational transitions. As a second example to illustrate the general applicability848

of our DDPM+REMD approach, we turn our attention towards sampling RNA conformational849

ensemble. Rare RNA structures have been previously shown to be biologically relevant [125, 126,850

127], but estimating the conformational ensemble still remains computationally intractable using851

traditional sampling techniques [128]. RNA dynamics may occupy a wide range of timescales -852

from several hours for conformational changes that require breaking base pairs, to picoseconds853

for more continuous deformations. [127] As a consequence, identifying rare transient structures854

and estimating their contribution to the RNA ensemble has proved to be difficult. In this example,855

we consider a GACC tetranucleotide as our model system (Fig. 3.5). As a single-stranded RNA856

consisting of four nucleotides labeled G1, A2, C3 and C4, GACC has been previously used as a857
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Figure 3.4: Free energy differences between different metastbale states ∆G calculated from samples
from DDPM by extrapolating to a temperature at 400 K, which is lower than any temperature
included in the dataset. The DDPM model was trained with REMD trajectories with 9 replicas
starting at the lowest temperature 412K. Green empty crosses and purple empty triangles are
reference free energy differences ∆G from 4 µs long unbiased MD at 400 K. Green filled plus
signs and purple diamonds show the energy differences from DDPM. ∆GL-Ra is the free energy
difference between ground state L (−2.2 < Φ < −0.1, −1.6 < Ψ < 0.9) and excited state Ra
(−1.6 < Φ < −0.2, 1.4 < Ψ < 3.14); and ∆GL-TS is the free energy difference between the
ground state L (−2.2 < Φ < −0.1, −1.6 < Ψ < 0.9) and a transition state (−1.8 < Φ < −0.8,
0.8 < Ψ < 1.5)

challenging test system for REMD based sampling methods for its conformational flexibility [129]858

Despite the fact that GACC has been widely studied, it still remains challenging to effectively sample859

possible configurations and is a good system to test new methods [128]. For example, in a previous860

study, in order to get the converged structural populations, a multidimensional replica exchange861

molecular dynamics (M-REMD) simulation was performed with 192 replicas with around 1 µs of862

simulation time per replica, thus totalling almost 192 microseconds of all-atom simulations. [129]863

Here we show that with DDPM, we can better estimate the free energy landscape using fewer864

computational resources, totalling only 12 microseconds of all-atom simulations adding all replicas.865

We trained our DDPM model on 250 ns REMD trajectories from 48 replicas with temperatures866

ranging from 277 K to 408 K (see Appendix B.1 for details). In each frame of the trajectory, the867

structure of GACC is characterized by 6 dihedral angles for each nucleotide. In these REMD868

simulations, the sampling is not sufficient, especially for replicas at very low temperatures. Fig. 3.5869

shows the free energy profile of GACC projected on the γ and ζ angles of A2 at 325 K. We can see870

that expected high energy metastable states indicated by black arrows in Fig. 3.5 were not sampled871
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Figure 3.5: Projection of samples and free energy profile on dihedral angles ζ and γ of A2 in GACC
at 325 K. The Boltzmann weights for different samples are indicated through their free energy
(contour lines, separated every 0.74 kbT ). (a) The structure of GACC. (b) Samples from REMD. (c)
Samples from the benchmark 5µs long unbiased MD. (d) Samples from DDPM. The metastable
states that are not present in the training dataset are indicated with thick black arrows.

in REMD. In contrast, DDPM successfully generates the ensemble of such high free energy states872

that were never even visited in the REMD data. Here as well, any spurious configurations can be873

seen through dots outside the free energy contours in Fig. 3.5 with negligible Boltzmann weights.874

3.2 Discussion875

We have presented a generative AI-based approach that combines physics from simulations876

performed at different temperatures to generate reliable new molecular configurations and accurate877

thermodynamic estimates at any arbitrary temperature even if no actual simulation was performed878

there. The central idea is to not work with the thermodynamic temperature β of the system as a879

parameter set by the heat bath, but instead work with an effective temperature, calculated from the880

instantaneous kinetic energy of the system. This effective temperature shows non-trivial fluctuations881

for a finite size system, and on an average equals the thermodynamic temperature. Given sparse882

sampling from the high-dimensional space comprising configurational space coordinates and the883

effective temperature, we train a generative AI model that generates countless more samples of884

configurations at any temperature of interest. While the idea is generally applicable, here we885

demonstrate its usefulness in the context of the widely used replica exchange molecular dynamics886

(REMD) framework to improve the sampling of REMD through a post-processing framework.887
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We show how this significantly improves the quality of sampling at low temperatures and even888

generate samples in states where have not even been visited in the replicas, and at temperatures889

not considered in the ladder of replicas. It is worth mentioning here that a recent application [130]890

of normalizing flows also attempts to enhance REMD sampling through somewhat similar ideas891

as ours. However in that work the machinery is used to directly affect the acceptance protocol892

in REMD while ours is a purely post-processing scheme. Our work also bears parallel with the893

T-WHAM approach of Ref. 33 which uses a similar joint probability in configuration and energy894

space after binning them. A practical distinction is that our approach does not compute weights895

involving exponentials of the full system’s kinetic or potential energy, thereby avoiding well-known896

issues with the convergence of exponentially averaged quantities [131].897

The generative AI framework of DDPM used here belongs to the broad class of flow-type898

methods, which have been shown to have the ability to generate samples from high dimensional899

space with many interdependent degrees of freedom. Compared with other flow type models such900

as normalizing flow [54, 132] that use deterministic functions to map from an easy-to-sample901

distribution to target distribution, the stochastic nature of DDPM avoids the restriction of preserving902

the topology of configuration space and thus allows the learning of significantly more complicated903

distributions. At the same time the design of the transition kernels in DDPM reduces the learning904

task to just learning means of Gaussian kernels. This makes the training easier compared to other905

methods [133] while at the same time being able to learn more complicated transition kernels.906

We also believe that our generative AI model, while “dreaming” thermodynamically relevant907

structures at different temperatures, avoids the so-called hallucinations suffered by other generative908

AI models, i.e. we do not generate meaningless, unphysical structures with significant thermo-909

dynamic weights [116]. We believe this is through the use of relatively simple transition kernels,910

which avoids overparameterization of the model, and through utilizing molecular basis functions911

instead of all-atom coordinates, which reduces the space that needs to be sampled. The issue of912

generating out-of-distribution samples that has been problematic in other methods attempting to913

generate molecular structure, such as the Boltzmann generator, is usually avoided by discarding the914
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translational and rotational degrees of freedom and reweighting the samples. [54, 133] However,915

calculating the weight of each sample requires knowledge of all the coordinates of a system which916

may also become an issue when the system contains explicit water molecules; in such a config-917

uration space the samples will again become sparse. We finally point out that this work shows918

the possibility of learning generative models in the space of generic thermodynamic ensembles,919

by following the simple recipe that control parameters can also be viewed as fluctuating variables.920

As long as one is not in the thermodynamic limit – something we do not have to worry about in921

molecular simulations – this should be thus a practical and useful procedure for problems far beyond922

replica exchange molecular dynamics.923
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Chapter 4: Inferring Phase Transitions and Critical Exponents from Limited924

Observations with Thermodynamic Maps925

Author contribution. This chapter is based on work that I led, from its conception through its926

analysis and writing, in collaboration with my coauthors.927

Phase transitions are widely observed in biological, material, and social sciences. Across928

these disciplines, phase transitions can be defined as the emergence of higher-level, large-scale929

organization from the coordinated, short-range interactions between many individual constituents.930

Classical examples include the ferromagnetic to paramagnetic transition, boiling of water, and931

conformational transitions in biomolecules like proteins and nucleic acids.932

Statistical mechanics, and especially the framework of energy landscapes, provides a simple933

and unifying way of studying phase transitions in these diverse systems [134]. In this work we are934

specifically interested in phase transitions in systems that stay in equilibrium throughout. For these,935

the Boltzmann distribution relates the probability of finding a system in a particular microscopic936

configuration x to its energy U(x) and the system’s inverse temperature β as937

µ(x, β) =
e−βU(x)

Z(β)
with (4.1)

Z(β) =

∫
e−βU(x)dx. (4.2)

Z(β) is a normalization constant known as the partition function, whose behavior is often938

associated with phase transitions. Exploration of the energy landscape is guided by competition939

between energy and entropy, which is encapsulated by a temperature-dependent free energy F (β)940
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which may be computed from the partition function as941

F (β) = −β−1 lnZ(β). (4.3)

At a glance, Eqs. 4.1-4.3 suggest that the relationship between temperature, energy, micro-942

scopic probability, and macroscopic free energy is simple and tractable. It appears as if with these943

equations, one has the machinery to directly calculate the free energy across temperatures. By doing944

so for different macroscopic phases one could then obtain various thermodynamic attributes of945

phase transitions, including transition temperatures and phase diagrams. By calculating appropriate946

fluctuations, one could directly obtain response functions such as heat capacities.947

In reality, however, the situation is quite complex. Studying phase transitions and their948

characteristics computationally is made difficult by Eq. 4.2, which requires integrating over a949

(usually) intractably large number of dimensions. Numerous elegant theoretical and computational950

schemes have been proposed over the decades to solve this problem. For example, this includes951

methods like free energy perturbation, Markov chain Monte Carlo (MC) methods, the replica trick952

and others [31, 32, 34, 35, 135, 136].953

In this study, we propose a generative Artificial Intelligence (AI) based approach that char-954

acterizes phase transitions by effectively learning the temperature dependence of the partition955

function, and therefore the free energy. Our method, which we call “thermodynamic maps” (TM)956

incorporates score-based generative modeling into the framework of free energy perturbation within957

statistical mechanics [41, 42, 65, 86]. The central idea underlying thermodynamic maps is to map958

the temperature dependence of configurational ensembles of a complex system to and from the959

temperature dependence of a simple, idealized system. We show how such a bidirectional mapping960

can be obtained. This allows for efficient generation of physically realistic samples of the complex961

system with the correct Boltzmann weights. Within the framework of free energy perturbation, the962

mapping also allows for temperature-dependent free energy estimates.963

We demonstrate the broad applicability of thermodynamic maps for three complex systems964
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where we compare against benchmarks from theory, extensive computational studies, and experi-965

ments. The first system we consider is the Ising model on a two-dimensional square lattice. With966

observations made at two temperatures, one deep in the paramagnetic regime and the other deep967

in the ferromagnetic regime, we are able to correctly infer critical behavior. We then study two968

different Ribonucleic Acid (RNA) systems: the GCAA tetraloop and HIV-TAR RNA [137, 138].969

For both of these, we infer the temperature-dependence of the equilibrium distribution across tem-970

peratures using thermodynamic maps trained on data generated by short molecular dynamics (MD)971

simulations. For both RNA systems, we predict the temperature dependence of conformational972

ensemble and compute melting temperatures, finding agreement with computational studies and973

experiment.974

Given this demonstration of applicability, we believe that thermodynamic maps will be found975

useful for the characterization of complex phase transitions in diverse systems, especially those976

with multiple phases. For example, local minima within the energy landscape of biomolecular977

systems are often biologically and functionally relevant [139], and while they have been historically978

challenging to characterize computationally, we are able to study them with thermodynamic maps.979

The computational efficiency of the learning algorithm and scalability due to not requiring samples980

from the global equilibrium distribution make thermodynamic maps especially suitable for studying981

large-scale systems exhibiting complex behavior across long timescales.982

4.1 Targeted Free Energy Perturbation983

To motivate thermodynamic maps, we start with relevant background work in the longstanding984

problem of free energy estimation. Since pioneering work by Zwanzig and Feynman in the 1950s,985

many frameworks have been developed to do this efficiently [32, 34, 35, 36, 140]. The guiding986

principle behind all such methods is that one is usually interested in differences of free energies,987

rather than their absolute values. Such differences can be estimated from ratios of partition functions.988

One relatively recent framework is that of Targeted Free Energy Perturbation (TFEP), which is989
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especially relevant for machine learning approaches to free energy estimation [37].990

Estimates of free energy differences between states converge according to the overlap between991

the states. Avoiding a technical definition, the overlap between states A and B measures how likely992

it is to generate a sample from B by sampling from A. The central idea behind TFEP is to increase993

the overlap between states with an invertible mapping of the configuration space onto itself:994

M : x→ x′. (4.4)

A well-chosenM might map x ∈ A so that A′ is a subset of B. Under such a mapping, sampling995

from A and transforming the sample using Eq. 4.4 always generates a sample from B; it is therefore996

more efficient to estimate free energies underM and reweight back to the original configuration997

space. Reweighting is possible if M has a well-defined Jacobian JM by using the following998

property: if p(x) is the probability density of x ∈ A and q(x′) of x′ ∈ A′, then the densities are999

related through the identity1000

p(x) =
q(x′)

| det JM(x′)|
. (4.5)

Using Eq. 4.5 free energy differences computed under M can be reweighted to free energy1001

differences in the original configuration space.1002

Clearly using Eqs. 4.4 and 4.5 depends on specifying a map that increases the overlap1003

between states and has a tractable Jacobian. Finding a suitable mapping is difficult due to the1004

often complex, high-dimensional nature of the configurations; as a result, the most successful1005

approaches to TFEP represent M with a neural network [78, 141]. Likelihood-based models1006

have been especially appealing since they meet both conditions [38, 84, 142], but have drawbacks1007

of reduced expressivity and robustness [143]. Recent lines of work have improved both aspects1008

– for example, by pursuing more expressive black-box operations or incorporating stochasticity1009

[83, 144, 145, 146]. In the following sections, we bypass these issues of finding a suitable mapping1010

by exploring non-equilibrium diffusion processes as general-purpose maps.1011
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4.2 Leveraging Non-Equilibrium Thermodynamics1012

We begin by recounting the main results of a line of work that explores using properties of1013

stochastic processes for general inference [42, 86, 87, 88, 147, 148]. Suppose that the diffusion1014

process is modeled as a Fokker-Planck equation cast in the form of a Liouville equation1015

∂

∂t
p(x, t) = −λ(t)∇ · [b(x, t)p(x, t)] with (4.6)

1016

b(x, t) = x−∇ log p(x, t), (4.7)

where gradients are assumed to be with respect to spatial coordinates x [87, 149]. Eq. 4.6 is1017

a partial differential equation (PDE) describing the evolution of a probability distribution p(x, t)1018

towards a Gaussian distribution under the influence of the vector field b(x, t) (Eq. 4.7). Time is1019

dilated by the noise schedule λ(t) – a monotonically increasing scalar-valued function that ensures1020

the process converges sufficiently close to a Gaussian distribution at t = 1. Equivalently, the process1021

can be expressed in terms of the evolution of a particle using a stochastic differential equation (SDE)1022

of the form1023

dx = −λ(t)xdt+
√

2λ(t)dBt, (4.8)

where Bt is a standard Brownian motion and x is implicitly a function of t.1024

In Figure 4.1 we solve Eqs. 4.6 and 4.8 numerically in one spatial dimension. Figure 4.1A1025

shows the solution of Eq. 4.6 when p(x, 0) is a mixture of Gaussians. In this case, it is possible1026

the evaluate the PDE exactly since log p(x, t) is known for all t. The dynamics of Eq. 4.6 are1027

presented in the center panel, where an initial distribution is transported to a single Gaussian;1028

during the process the barriers that originally separated the states are destroyed. Similarly, the1029

trajectories generated by the SDE begin at points on log p(x, t) (marked as stars) and end in a1030

Gaussian distribution at t = 1. The diffusion process demonstrably increases overlap by mapping1031

all states onto a single reference state, and does so for arbitrary initial conditions. However, if the1032
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A B

Figure 4.1: Transporting a probability distribution with a diffusion process. A The top panel
shows the negative log-likelihood for a mixture of Gaussians. The center panels show the dynamics
of a diffusion process defined as a PDE (contours) and an SDE (solid lines). Over a time interval
from 0 to 1 the diffusion process relaxes to a Gaussian distribution. B The same dynamics are
depicted in terms of the score. In both panels, the dynamics of the diffusion process can be viewed
forward or backward in time (denoted by t and τ respectively).
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diffusion process is to be a valid TFEP map it must meet the invertibility requirement in Section 4.11033

Indeed, Eq. 4.6 is invertible under the time-reversal τ ≡ 1− t. Remarkably, it can be shown1034

that the time-reverse of Eq. 4.8 also exists [150] and is an SDE of the form1035

dx = −λ(τ) [x+∇x log p(x, τ)] dτ +
√

2λ(τ)dBτ . (4.9)

Note that the drift term is the same as in Eqs. 4.6 and 4.7 but with the opposite sign.1036

While particles simulated under Eq. 4.8 approach equilibrium, particles under the influence1037

of Eq. 4.9 are driven out of equilibrium. When the variance of Bτ is zero, Eq. 4.9 reduces to an1038

ordinary differential equation (ODE) with a well-defined Jacobian, implying the existence of inverse1039

mappingsMt andMτ . For the SDE the inverse mapping exists in a probabilistic sense since Eq.1040

4.9 samples from p(x, 0). In either case, the existence of such an inverse mapping is critical to the1041

class of models studied here. Here on, t will denote the forward-time process and τ the time-reverse1042

process.1043

Since the diffusion process meets the TFEP criteria we are now faced with evaluating the1044

forward and reverse processes using the PDE in Eq. 4.6 or the pair of SDEs in Eqs. 4.8 and 4.9.1045

In either case, one must estimate either the log-likelihood – log p(x, t), or the score – ∇ log p(x, t).1046

Generative models can be broadly categorized based on which quantity they estimate: likelihood-1047

based models solve the PDE by parameterizing the log-likelihood [54, 84, 142], while score-based1048

models solve the SDEs by parameterizing the score [41, 42]. The relationship between the likelihood1049

and the score is depicted in Figures 4.1A and 4.1B. In this work we focus primarily on score-based1050

models.1051

4.3 Score-Based Models1052

Score-based models (SBMs) have emerged as a robust method for generating independent1053

samples from intractable probability distributions [42]. Using the reverse diffusion in Eq. 4.9,1054

SBMs transport a simple prior distribution to a potentially complex target probability density that1055
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is characterized by a collection of samples D. The model approximates the score of Eq. 4.8, which1056

is used to simulate Eq. 4.9 – having the effect of transporting samples from the prior distribution to1057

the target. In an abuse of notation, we define the target distribution as p(x) ≡ p(x, t = 0) and the1058

prior distribution as q(x) ≡ p(x, t = 1).1059

The main advantage of defining the diffusion process with the form in Eq. 4.8 is that1060

realizations of the forward diffusion at t can be generated without simulation; in [42] the distribution1061

of positions originating from x0 ≡ x(t = 0) after time t is derived from Eq. 4.8 as1062

x(t) ∼ N
(
x0e

−
∫ t
0 λ(s)ds, I(1− e−

∫ t
0 λ(s)ds)

)
, (4.10)

and it can be shown that∇x log p(x, t) is proportional to the mean displacement vector from x0 to1063

x(t) [151]. The corresponding distribution for the reverse-time diffusion does not have a closed-1064

form solution; to evaluate Eq. 4.9 one must estimate the score for all x and τ and simulate from an1065

initial condition x(τ = 0).1066

A SBM uses a neural network to model sθ(x, t) ≈ ∇x log p(x, t) from displacement vectors1067

produced by Eq. 4.10. The network predicts the score by minimizing the score-matching objective1068

function:1069

argmin
θ

Ex0∈DEt∈U(0,1)||sθ(x(t), t)−∇x log p(x, t)||2. (4.11)

Once trained, estimates of the score predicted by the network can be used to simulate Eq. 4.9.1070

If the estimates are sufficiently accurate, then the endpoints of the trajectories launched from q(x)1071

are independent and identically distributed samples from p(x). In the next section, we provide an1072

alternative construction wherein q(x) is viewed as the distribution arising from the dynamics of a1073

physical system.1074
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A

B

Figure 4.2: Illustration of a thermodynamic map between systems. A The thermodynamic map
is parameterized as a score-based model transporting densities from a target distribution p(x, β)
to a prior distribution q(x, β). In the schematic, data from an Ising model at two temperatures
is mapped onto a simple harmonic oscillator. The generative processMτ is parameterized from
realizations of the forward processMt. B Once learned, the thermodynamic map allows samples of
the complex system to be generated from the simple prior system at any temperature – even those
showing non-trivial behavior – by sampling the prior at the correct temperature.
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4.4 Thermodynamic Maps1075

The Einstein-Smoluchowski relation states that temperature is proportional to the diffusivity1076

of a Brownian motion [152]. Accordingly, we introduce temperature to the SBM SDEs (Eqs. 4.81077

and 4.9) by augmenting the positions x ∈ Rd with auxiliary inverse temperature-type variables1078

β ∈ Rd. Together, the coordinates and temperatures form a state vector (x,β)⊤ ∈ R2d, and the1079

thermodynamic map is parameterized in the joint x-β-space as a SBM of the form1080

 dx

dβ−1

 = −λ(t)

 x

β−1

 dt+
√
2λ(t)

√
β−1
0

1

 dBt and (4.12)

 dx

dβ−1

 = −λ(τ)


 x

β−1

+ sθ(x,β
−1, τ)

 dτ +
√

2λ(τ)

√
β−1
0

1

 dBτ . (4.13)

Both x and β fluctuate during the dynamics of Eqs. 4.12 and 4.13, relaxing to N (0,β−1
0 )1081

and N (0,1) respectively at t = 1. The value of the auxiliary variables β at t = 0 is denoted by β01082

and is a constant that sets the temperature of the diffusive dynamics for each component of x by1083

rescaling the Brownian motion. The construction ensures that the diffusion process for x relaxes to1084

a normal distribution at temperature β−1
0 .1085

A thermodynamic map maps the thermodynamics of a target system p(x,β) onto the ther-1086

modynamics of a simple prior system q(x′,β′), where in both systems each degree of freedom1087

is coupled to separate baths defined by β. Our construction is motivated by treating the prior1088

distribution as the equilibrium distribution arising from the dynamics of a physical system. If1089

the prior is a Gaussian distribution then the corresponding physical system is a simple harmonic1090

oscillator, and generating samples from p(x) at β amounts to sampling from the harmonic oscillator1091

q(x′) at the corresponding β′. Details on the network architecture, training, and inference are1092
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provided in Appendices C.1 and C.2.1093

In the generalized construction above we have assumed that each degree of freedom of1094

x is coupled to a separate bath defined by the entries of β, but in most cases physical systems1095

are coupled to a single bath. If samples of p(x,β) are from the global equilibrium distribution1096

of an ensemble defined by βbath, each entry of β should be equal to βbath. However, global1097

equilibrium distribution is often not attainable in practice (e.g. in molecular dynamics simulations).1098

In this case, allowing each degree of freedom of x to be coupled to separate baths β allows the1099

global equilibrium distribution to be inferred from samples gathered under a local equilibrium1100

distribution. In Appendix C.7 we discuss how the global equilibrium distribution can be inferred1101

from local equilibrium samples if one assumes that β varies linearly with βbath. In Section 4.6 we1102

demonstrate the validity of the assumption by inferring the global equilibrium distribution from1103

short, independent molecular dynamics simulations of two RNAs.1104

4.5 Critical Behavior of the Ising Model1105

We apply thermodynamic maps to the most widely studied formulation of the classical Ising1106

model as a system of interacting spins arranged on a two-dimensional square lattice, without the1107

presence of an external magnetic field. Arguably, this model serves as a prototypical example of a1108

simple system with a complex phase transition. Each spin can have one of two states with value1109

σ = +1 or σ = −1, and the spins interact with their nearest neighbors through an interaction term1110

J and Hamiltonian given by1111

H = J
∑
⟨i,j⟩

σiσj, (4.14)

where ⟨i, j⟩ denotes nearest-neighbor pairs. When J < 0 the model exhibits ferromagnetic behavior1112

in its ground state. Going forward, we set J = −1 without loss of generality.1113

As the temperature increases, an Ising model in two or higher dimensions transitions from an1114

ordered magnetic phase to a disordered paramagnetic phase. For our set-up of a two-dimensional1115

Ising model on a square lattice with J = −1, this critical temperature is known to be Tc ≈ 2.271116
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A B

Figure 4.3: Inferring the phase transition of the 2D Ising model from limited sampling. A
The magnetization is plotted for samples of a 32× 32 square Ising model generated through MC
sampling (orange) and the thermodynamic map (blue). The thermodynamic map predicts change in
magnetization at Tc when trained on samples generated at T = 1.5 and T = 4 (red stars). Similar
results were obtained (not reported) for a symmetric choice of training data temperatures. B The
heat capacity of samples generated from MC sampling (orange) and the thermodynamic map (blue)
is plotted. The thermodynamic map infers the divergence in the heat capacity, numerically computed
for the red dots, when trained on the same samples as panel A (red stars).

[153]. The two phases can be distinguished from each other with the magnetization order parameter,1117

M , defined as the absolute value of the average of the spins. Well above Tc, as T →∞, the spins1118

are equally likely to be +1 or −1, regardless of their neighbors, resulting in a net magnetization of1119

zero. Well below Tc, all spins in the lattice align, leading to a magnetization of 1. Power law scaling1120

is a signature of critical behavior, and near the critical temperature the magnetization M and heat1121

capacity C of the Ising model scale as:1122

M ∼ |τ |β and C ∼ |τ |−α where τ =
T − Tc

Tc

, (4.15)

and with critical exponents α = 0 and β = 0.125 (not to be confused with the inverse temperature1123

variables β), which can be derived analytically in the thermodynamic limit [154]. For systems that1124

are not solvable, the critical exponents must be measured numerically, which is often done through1125

MC sampling, wherein proposals for spin flips are generated and their acceptance or rejection is1126

determined based on the detailed balance condition. Near the critical temperature, the presence of1127
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long-range correlations causes MC dynamics to slow down exponentially, leading to difficulty in1128

sampling the phase transition [155].1129

We investigate the ability of thermodynamic maps to infer such critical behaviors by generating1130

configurations of an Ising model through MC sampling across temperatures and using the data1131

from two temperatures asymmetrically spaced about Tc to train a TM (details provided in Appendix1132

C.3). In the formalism of Eqs. 4.12 and 4.13 the lattice configurations are x0 ∈ R32×32 and1133

each entry of β−1
0 ∈ R32×32 is the bath temperature; a straightforward choice since MC sampling1134

guarantees the global equilibrium distribution. Once the TM is trained, we generate configurations1135

at each temperature by evaluating Eq. 4.13 with each entry of β−1
0 equal to Tbath. The generated1136

continuous-valued configurations x are then transformed into discrete spins by σ = sgn(x), and the1137

average magnetization and heat capacity at each temperature is estimated directly from the spin1138

configurations. Figure 4.3 shows the behavior of M and C for the MC and TM-generated samples.1139

The TM infers the correct value of Tc (τ = 0) even based on limited, deliberately misleading1140

training data and generates samples with divergences in M and C.1141

Figure 4.3A shows the behavior of the magnetization for MC and TM-generated samples1142

across temperatures, with critical exponents measured as βMC ≈ 0.149 ± 0.004 and βTM ≈1143

0.178± 0.012. Similarly, Figure 4.3B shows a divergence in the heat capacity at TMC ≈ 2.25 and1144

TTM ≈ 2.30, with critical exponents αMC ≈ 0.338± 0.050 and αTM ≈ 0.236± 0.061. For both1145

exponents, the MC and TM exponents agree with each other, although far from the ideal value due1146

to finite size effects.1147

These results highlight the ability of our model to infer the non-trivial thermodynamic behavior1148

of phase transitions without being shown samples from the transition region; the physical meaning1149

of temperature in the prior system has been transferred to the complex system, complete with1150

the statistics properties associated with critical behavior. The correct prediction of Tm, even with1151

asymmetrically spaced training temperatures, indicates our model has learned the physics of the1152

Ising model, not merely the distribution of structures at each temperature.1153
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4.6 Exploring RNA Conformational Landscapes with Thermo-1154

dynamic Map-accelerated Molecular Dynamics (TM-aMD)1155

To show the broad applicability of thermodynamic maps, we now study conformational1156

transitions and melting in two different ribonucleic acid (RNA) systems. Studying atomic-resolution1157

conformational ensembles of RNAs through molecular dynamics simulations has proved crucial1158

for understanding RNA structural dynamics, yet remains challenging due to the disordered, glassy1159

nature of RNA energy landscapes [156, 157].1160

Increasing evidence points towards some RNAs having glassy energy landscapes where1161

multiple minima are separated by high barriers [158, 159, 160]. The ruggedness of the landscape1162

results in many competing degrees of freedom and no clear-cut separation of timescales within1163

the dynamics [159, 160, 161]. The most striking feature of glassy energy landscapes as they1164

relate to polymers is the presence of conformational heterogeneity at equilibrium [159, 162];1165

while the conformational landscape of proteins is often dominated by a single well-defined fold1166

(energy minimum), the RNA conformational landscape may not be dominated by a single structure1167

[163, 164]. This difference is analogous to the single magnetized phase of an Ising model and the1168

multiple phases of long-ranged spin glasses [136, 165, 166, 167]. Since multiple members of the1169

ensemble contribute substantially to the free energy and other thermodynamic observables, RNAs1170

are best described as a weighted ensemble of conformers [164, 168].1171

Exploring energy landscapes by biasing dynamics along a small number of slow degrees1172

of freedom has proven successful for exploring the conformational landscape of proteins, but the1173

lack of timescale separation and ensemble nature of the RNA conformational landscape violates1174

fundamental assumptions of dimensionality made in biasing methods [29]. On the other hand,1175

thermodynamic maps have the advantage of being able to learn the conformational landscape1176

directly in a much higher-dimensional configuration space.1177

We train thermodynamics maps on limited information generated by bioinformatic approaches1178

and multi-ensemble molecular dynamics simulations to efficiently characterize RNA conformational1179
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Figure 4.4: GCAA Tetraloop Conformational Landscape. A Joint distribution of the first two
principal components of G-vectors for GCAA. Contours representing TM-generated samples at
310K are overlaid on MD samples shaded by the number of base pairs, with selected regions of the
conformational landscape annotated as 1-6. The 10 NMR conformers reported in the Protein Data
Bank (PDB: 1ZIH) are depicted as green stars. B Temperature-dependent free energy profiles along
the first two principal components shown in panel A. Colors indicate temperatures ranging from
310K to 450K at 10K intervals. C Representative structures sampled from labeled minima in panel
A, with a representative NMR conformer shown in translucent blue. The structures are colored from
blue to red from the 5’ to 3’ end. D A fraction unfolded curve is obtained by reweighting the MD
data in panel A with the TM conformational ensemble for each temperature in panel B, and fitting a
two-state model. Uncertainties are computed from the last three iterations of TM-aMD. The cutoff
for folded and unfolded states is three base pairs to match a reference REMD study [156].

ensembles. Our starting point is the physics and knowledge-based potential that is central to Rosetta1180

to generate a putative conformational ensemble [169]. These structures serve as the starting point to1181
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explore a more realistic energy landscape through all-atom, explicit solvent molecular dynamics1182

performed over a range of temperatures. Between rounds of molecular dynamics simulation,1183

the global equilibrium distribution is inferred using thermodynamic maps alongside assumptions1184

of local equilibrium (see Appendix C.7). Initial conditions are re-sampled from the inferred1185

equilibrium distribution using a geometric RNA order parameter. Here on, we refer to this protocol1186

as thermodynamic map-accelerated Molecular Dynamics (TM-aMD).1187

Although agreement between the input equilibrium distribution and the output from the1188

thermodynamic map is a necessary, though not sufficient condition that the true equilibrium1189

distribution has been attained, we leave rigorously addressing convergence to equilibrium to future1190

work. Here we take solace in the numerical results for the two challenging test systems, described1191

next.1192

GCAA Tetraloop1193

With a shift in perspective towards viewing RNAs as dynamic entities, there has been1194

interest in studying the variation in dynamics between different tetraloops. Studies combining1195

computation and experiment have demonstrated that even so-called simple tetraloops can exhibit1196

rich dynamics [170]. We study the GCAA tetraloop, a well-studied model system, enabling us to1197

compare the equilibrium distribution generated by our model with extensive molecular dynamics1198

simulations and experimental data [156, 171, 172]. The GCAA Tetraloop is a small, highly-stable,1199

12-nucleotide RNA sequence that adopts a hairpin structure consisting of an eight-nucleotide helix1200

and a four-nucleotide loop (PDB: 1ZIH) [137]. Consistent with an ensemble perspective, the1201

variable arrangement of nucleotides in the loop gives rise to alternative conformations, which we1202

investigate with TM-aMD.1203

The thermodynamic map learns to generate RNA structures represented as G-vectors – an1204

internal coordinate system for RNAs that effectively clusters distinct folded states [173]. The1205

principal components of G-vectors have been shown to be a convenient visualization of RNA1206

structural diversity, which we use to guide adaptive sampling. Further information on G-vectors,1207
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along with details of TM-aMD can be found in Appendices C.4 and C.6.1208

Figure 4.4 summarizes the result of nine iterations of our enhanced sampling procedure,1209

with a total of 50µs of simulation. Although we performed extensive MD simulations reaching1210

long timescales, we still used two orders of magnitude less compute compared to our reference1211

millisecond replica exchange simulation, even with sub-optimal scheduling of TM learning with MD1212

simulation [156]. Fig. C.2A suggests that TM-aMD would benefit from more frequent reseeding of1213

simulations.1214

In Figure 4.4A, we present the projection of the learned equilibrium distribution onto the1215

first two principal components of the G-vectors. The contours represent the free energy landscape1216

inferred by the thermodynamic map, while the shaded regions represent the distribution of structures1217

observed in the simulation, shaded by the number of base pairs. The 10 conformers reported in the1218

Protein Data Bank (PDB), represented as green stars, lie within the most dominant TM-predicted1219

cluster. Figure 4.4B shows the learned, temperature-dependent free energy profiles along each of the1220

principal components in Figure 4.4A. The first principal component clearly shows the reweighting1221

of the folded and unfolded states with temperature. Figure 4.4C shows the structures associated with1222

the minima in Figure 4.4A. The first three conformations are abundant at 310K and are consistent1223

with MD studies [156, 171] and experiment (an example NMR conformer is depicted in blue). The1224

last three represent unfolded states that are stabilized by base stacking and are weakly present in1225

the 310K ensemble. The first principal component corresponds to the folding-unfolding transition,1226

while the second captures the conformational heterogeneity of the loop region.1227

Figure 4.4D displays the melting curve of the GCAA tetraloop computed from the last three1228

rounds of MD simulation, with the melting curve of the learned equilibrium distribution. Both1229

curves exhibit agreement, matching the range of melting temperatures predicted from a millisecond1230

Replica Exchange Molecular Dynamics (REMD) simulation conducted with the same force-field1231

[156]. However, both the TM-generated melting curve and the range of melting temperatures1232

from the reference are higher than the experimental melting temperature, indicating that current1233

force-fields do not yet accurately capture the temperature dependence of the tetraloop ensemble.1234
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HIV-TAR RNA1235

The HIV-TAR RNA is an extensively studied, 29 nucleotide RNA hairpin from the HIV1236

genome that displays rich conformational diversity. The secondary structure consists of lower and1237

upper helices separated by a three-nucleotide bulge with an apical loop closing the upper helix1238

(PDB: 1ANR) [138]. The disordered loop and bulge regions mediate interactions with proteins1239

and small molecules [174]. We investigate the conformational landscape of the HIV-TAR RNA1240

using six iterations of TM-aMD, requiring a total of 70µs of simulation time. We infer relative free1241

energies between the dominant conformer observed through NMR spectroscopy and alternative1242

conformers, which are unattainable through MD simulation alone.1243

The conformational landscape predicted by the learned TMs, projected along the principal1244

components of the G-vectors is shown in Figure 4.5A. Structures corresponding to the NMR en-1245

semble (green stars) are well-separated from other misfolded structures within the two-dimensional1246

projection. The temperature dependence of the free energy along each principal component is1247

shown in Figure 4.5B, where we find that the free energy barrier separating the NMR conformers1248

from unfolded states reaches a height of 5kcal/mol. Figure 4.5C depicts representative samples from1249

each cluster. The first cluster shows agreement with the NMR conformers, with the first reported1250

conformer shown in translucent blue. The other clusters correspond to varied secondary structure1251

motifs. Generally, across the conformational landscape, we find that the contribution of folded states1252

to the conformational ensemble diminishes as temperature increases. This can be clearly shown1253

by computing a fraction folded curve (Figure 4.5D), which shows agreement between melting1254

temperatures of the MD and TM-derived ensembles, and the experimental melting temperature1255

[175].1256

Our results support the idea that RNAs evolve over a rugged free energy landscape punctuated1257

by many long-lived states [176]. We find that the native state is indeed the most stable at physiologi-1258

cal temperatures (310K), but misfolded states consisting of secondary structure elements still have1259

substantial contributions to the ensemble. Minima of the energy landscape corresponding to states1260

2-5 in Figure 4.5 differ from the NMR conformers (state 1) by less than 1kcal/mol. Overall, our1261
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Figure 4.5: HIV-TAR RNA Conformational Landscape. A Joint distribution of the first two
principal components of G-vectors for HIV-TAR. Contours representing TM-generated samples
at 310K are overlaid on MD samples shaded by the number of base pairs, with basins of the TM
landscape labeled 1-5. The 20 reported NMR conformers in the Protein Data Bank (PDB: 1ANR)
are depicted as green stars. B Temperature-dependent free energy profiles along the first two
principal components are shown in panel A. Colors indicate temperatures ranging from 310K to
450K at 10K intervals. C Representative structures sampled from labeled clusters in panel A, with a
representative NMR conformer shown in translucent blue. The structures are colored from blue
at the 5’ end to red at the 3’ end. D A fraction unfolded curve is obtained by reweighting the MD
data in panel A with the TM conformational ensemble for each temperature in panel B, and fitting a
two-state model. Uncertainties are computed from successive iterations of the TM-aMD algorithm
showing agreement between MD and TM-predicted melting temperatures (see Fig. C.2B). The
cutoff for folded and unfolded states is nine base pairs, as determined by the NMR conformers).
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findings are in agreement with theoretical studies of RNA folding pointing towards a rugged energy1262

landscape [160, 176].1263

Clearly, our findings are dependent on the accuracy of the simulation force field, which for1264

RNAs have not yet reached experimental accuracy. Moreover, TM-aMD is incapable of reaching1265

experimental folding timescales. Despite this, the fraction folded curve for HIV-TAR agrees1266

with experimental results [175]. Improved forcefields are out of reach due to the difficulty of1267

attaining equilibrium through simulation; a potential application for TM-aMD may be accelerating1268

convergence to equilibrium, allowing for more rapid evaluation of force-field parameters.1269

4.7 Discussion1270

We have demonstrated that thermodynamic maps (TMs) are capable of inferring the non-1271

trivial behavior of the free energy with temperature from limited data for the two-dimensional1272

square Ising model. Additionally, we also show how thermodynamic maps may be integrated1273

with molecular dynamics simulation to enhance sampling. In this section, we outline prospective,1274

potential applications for thermodynamic maps. Our experiments for inferring critical behavior in1275

the Ising model suggest a number of potential research directions that might shed light on some1276

general principles underpinning thermodynamic maps. We outline three directions below.1277

In this work, we have not explored the mechanism by which thermodynamic maps learn phase1278

transitions. In Section 4.5, as the Ising lattice grows larger the ability to infer the phase transition1279

from only two observations diminishes. Inversely, as the lattice size decreases, the phase transition1280

is learned more consistently. These observations suggest a connection between fluctuations due1281

to finite-size effects and robustness of the algorithm. Spin-glasses with multiple phases present1282

a setting for exploring these connections without the additional complexity molecular dynamics1283

brings.1284

A second avenue worth exploring the extent to which thermodynamic maps infer dramatic1285

changes in Boltzmann weights across temperature. Here too, spin-glasses are an appealing system;1286
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some spin-glasses exhibit temperature chaos, where, in the thermodynamic limit, the weights1287

change discontinuously with temperature [177]. In the framework provided in the introduction, this1288

behavior manifests as a phase transition (i.e. a discontinuity in Z(β)). Recently, descriptions of1289

temperature chaos have been generalized to finite systems, where it is prevalent on a characteristic1290

length scale that diverges as the change in temperature becomes infinitesimal [178].1291

Another direction closely related to those outlined above is determining if thermodynamic1292

maps can capture critical behavior arising from correlation functions. The order parameters explored1293

in this work (magnetization and heat capacity) are measured by averaging over the entire system,1294

but critical exponents are derived from the asymptotic behavior of correlation functions that capture1295

the microscopic details of fluctuations. To measure some critical exponents, computing correlation1296

functions is unavoidable.1297

In terms of applications, our results in Section 4.6 obtained by TM-aMD indicate that ther-1298

modynamic maps are well suited for inferring equilibrium distributions from swarms of short,1299

independent simulations. We show that TM-aMD is capable of exploring the conformational1300

landscape orders of magnitude faster than REMD, and inferring global equilibrium from samples1301

gathered under local equilibrium. Still, TM-accelerated MD stands to benefit greatly from optimiza-1302

tion. And since TMs allow for truly parallel simulations across arbitrary temperatures, TMs are1303

poised to make efficient use of distributed computing resources [179].1304

As pointed out in Section 4.6, we believe that our implementation of TM-aMD is hindered1305

by the scheme used to adaptively re-sample initial states. The one we employ aims for agreement1306

between the TM and MD-generated distributions. However, in practice it is more productive to1307

balance thermodynamic accuracy with sampling of diverse conformations. Methods such as FAST1308

and REAP quantify this trade-off as a reward function which is to be optimized by the choice of1309

adaptive sampling strategy [180, 181].1310

Finally, as presented, thermodynamic maps are not informative of kinetics since the samples1311

they generate are independent. In principle, one may use the height of the barrier separating states1312

and recrossing related dynamical corrections to estimate rates [182]. Still, we do not expect this1313
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approach to be useful without some form of further enhanced sampling [183].1314

Overall, we have presented thermodynamic maps as an exciting way of integrating score-based1315

generative modeling with the theoretical framework of statistical mechanics. We have demonstrated1316

the capability of thermodynamic maps to learn physics by predicting the critical behavior associated1317

with the Ising Model despite limited, deliberately misleading sampling. We also use thermodynamic1318

maps to accelerate Molecular Dynamics (TM-aMD) and show that TM-aMD efficiently infers the1319

equilibrium distribution of two model RNA systems using a fraction of the computational resources1320

required by replica exchange simulations. The TM-aMD method, combined with experimentally1321

measured melting curves, might also prove useful for improving force fields for RNA and similar1322

systems. Based on these results, we believe that thermodynamic maps are suitable for widespread1323

use and have great potential for further theoretical development and computational optimization.1324

The next chapter builds on this thermodynamic framework by embedding Thermodynamic1325

Maps in a full ab initio RNA structure-prediction pipeline, RNAnneal, where they serve as the1326

central component for ranking candidate RNA structures.1327
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Chapter 5: Ab Initio Prediction of RNA Structure Ensembles with RNAnneal1328

Author contribution. This chapter is based on work that I led and carried out in nearly all of its1329

aspects, with the help of my coauthors.1330

RNA was discovered to be the messenger of genetic information, carrying the code for1331

polypeptide sequences from the nucleus to the ribosome, in 1961. [184] Six decades later, our1332

understanding of RNA has expanded to include noncoding, molecular recognition, and enzy-1333

matic functions, establishing the transcriptome as a complex web of functional, interacting RNA1334

molecules that orchestrate gene expression and disease at multiple levels. [185] Interrogation of1335

the transcriptome continues to yield insights that are critical for understanding basic biology and1336

designing next-generation therapeutics. [186, 187] The approval of small molecules such as ris-1337

diplam [188] and successes of mRNA vaccines [189, 190] highlight the role of RNA as both a target1338

and therapeutic modality.1339

Understanding how RNA sequence gives rise to three-dimensional structure and function re-1340

mains a frontier for theoretical and computational science. Accurate structure models would inform1341

decision making in RNA therapeutic development in a similar manner to proteins, where atomic1342

resolution structure models are frequently considered when evaluating the therapeutic potential of1343

protein targets. These models, however, are rarely available for RNAs. To illustrate, approximately1344

100 RNA-only structures are deposited in the Protein Data Bank (PDB) annually compared to1345

10,000 for proteins. [45] Furthermore, most PDB entries are solved by high-resolution methods1346

like nuclear magnetic resonance spectroscopy (NMR), X-ray crystallography, or cryo-electron mi-1347

croscopy. These methods operate by detecting an average signal from the conformational ensemble1348

to generate a structural model, and are therefore most accurate when the ensemble is homoge-1349
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neous. In the case of less ordered structures, the detector receives a superposition of the individual1350

conformations’ signals that can be difficult to deconvolve. The structural heterogeneity of RNAs1351

therefore presents a severe limitation to such ensemble averaged methods. New experimental and1352

computational methods are required to accurately characterize such heterogeneous conformational1353

ensembles. [46, 191, 192] Here, we introduce RNAnneal as a computational method for predicting1354

RNA structural ensembles. RNAnneal integrates modeling principles from generative deep learning,1355

statistical physics, and molecular simulations into an ab initio conformational sampler and a deep1356

learning score model.1357
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Figure 5.1: Illustrative overview of RNAnneal. a. The conformational sampling component of
RNAnneal is illustrated. Starting with the primary sequence, a large number of secondary and 3D
structures are predicted in succession. The 3D conformations are clustered into representatives
before each is simulated for 100ns using implicit solvent molecular dynamics. Together, the
simulation frames form a set of diverse candidate conformations that will be scored by RNAnneal.
b. Energetic features (upper track) and latent representations (lower track) are extracted from each
conformation. The latent features are constructed by projecting geometric descriptors (G- and
R-vectors) into a reduced space of dimension d using Principal Component Analysis (PCA) and
a State Predictive Information Bottleneck (SPIB) model. c. The structure of a thermodynamic
map [66] (TM) is illustrated: latent representations, x0 are mapped onto an energy-dependent
prior distribution, while the energies, U0 themselves are mapped onto a unit normal distribution.
d. TM models are trained on geometric features of dimension d produced by PCA and SPIB. The
RNAnneal score is derived from the log-likelihood of the candidate conformations under the models.
e. The RNAnneal score is suited for the task of classifying experimentally resolved conformations
(ERCs) from decoys.
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5.1 RNAnneal1358

RNAnneal is an unsupervised, ab initio method for predicting RNA structural ensembles that1359

integrates generative deep learning with statistical physics and Molecular Dynamics (MD). RNAn-1360

neal approaches structure prediction in the spirit of a needle-in-a-haystack classification problem: a1361

candidate structural ensemble is generated by broadly sampling secondary structures, assembling1362

them into 3D models, selecting representatives, and performing additional conformational sampling1363

with MD simulations (Fig. 5.1a). If the candidate ensemble contains experimentally resolved1364

conformations (ERCs), then structure prediction amounts to picking them out of the ensemble. To1365

this end, an RNAnneal score is developed based on a physics-inspired generative model, and used1366

to rank candidate structures (Fig. 5.1b-e). The RNAnneal score is parameterized from the candidate1367

conformations by an ensemble of Thermodynamic Maps, a type of generative model that infers1368

the dependence of the conformational ensemble on environmental variables such as temperature1369

or pressure (Fig. 5.1b-c). Thermodynamic maps are probabilistic generative models based on1370

the denoising diffusion framework [86], and have been shown to accurately predict molecular1371

equilibrium distributions from sparse data collected across different thermodynamic conditions.1372

[66, 193, 194] Consistent with these works, one may tailor the RNAnneal score to a user-specified1373

temperature by annealing the ensemble of score models.1374

An essential quality of any RNA structure prediction method is the ability to generalize1375

beyond ERCs, which form the set of known RNA structures. In computational modeling, ERCs1376

are experimentally validated structure models that are serve as ground-truths for computational1377

structure prediction methods. Most approaches are explicitly parameterized, trained, and validated1378

against these experimentally determined structures. However, ERCs capture only a subset of the1379

full conformational ensemble, and assessing model generalization beyond ERCs is critical yet1380

challenging because the true structural ensembles are unknown. Unlike supervised methods that1381

require labeled training data, RNAnneal learns a score function de novo for each sequence, avoiding1382

issues of overfitting to previously observed structures. Within this framework, one may evaluate1383

72



the score model on ERCs and examine if the model selects for them consistently. If they are well1384

predicted, then the highest-scoring decoy structures may be reconsidered as potential alternative1385

conformations.1386

We compared conformations sampled by RNAnneal to validated ERCs for 16 riboswitches1387

and found agreement in their interaction compositions, measured by relative fractions of stacking,1388

Watson-Crick and non-Watson-Crick contacts. (Fig. 5.2a-b). After simulating the ERCs for 100ns,1389

we found their structures to be dynamic. This informed our decision to use the interaction network1390

fidelity (INF) and root mean squared deviation (RMSD) together as complementary evaluation1391

metrics. RMSD captures global geometric deviation but is sensitive to alignment, while INF captures1392

interaction fidelity independent of alignment (Fig. 5.2c-f). In light of the observed flexibility, we1393

evaluated RNAnneal against the simulated ERCs and found that pseudoknot-free (PK-free) near-1394

ERCs were consistently sampled. Following this evaluation, we demonstrate that the unsupervised1395

RNAnneal score prioritizes ERCs over decoys. For each RNA, 20,000 structures (including the1396

ERC) were sampled, and RNAnneal was employed to select ten representative structures for each of1397

the riboswitches. For 11/16 riboswitches, a representative with RMSD < 10Å or INF > 0.75 from1398

the ERC was selected. Lastly, we introduce the interaction entropy as a per-nucleotide measure of1399

structural heterogeneity within an ensemble (Fig. 5.3a-b).1400

5.2 Unsupervised sampling and prediction of RNA structures1401

RNAnneal predicts RNA conformations by sequentially sampling and scoring candidate1402

structure models. As such, the first step is to assemble a diverse, physically plausible candidate set of1403

3D models (Fig. 5.1a). With only the primary sequence as input, RNAnneal employs physics-based1404

and bioinformatics programs to generate a large number of secondary structures (Eternafold [195],1405

Linearfold [196] and LinearAlifold [197]; see Secondary Structure Prediction), which are then1406

assembled into all-atom 3D models using the FARFAR2 algorithm (see FARFAR2). [195, 196, 197,1407

198] Next, 200 diverse, representative models of the 3D structure are selected by clustering using1408
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geometric features and ranking conformations based on their Rosetta scores (see Clustering). To1409

produce a final set of candidate structures, each of the representative conformations is simulated for1410

100ns via implicit solvent MD (see Molecular Dynamics).1411

Next, we describe the RNAnneal score, which is extracted from an ensemble of generative1412

models trained on energy values (see Molecular Dynamics) and latent representations of candidate1413

conformations (Fig. 5.1b). To arrive at the latent representations, geometric features (see R-1414

and G-vectors) are extracted from the candidate conformations and subsequently encoded as1415

latent representations by Principal Component Analysis (PCA) and a State Predictive Information1416

Bottleneck [199] (see SPIB) model; the principal components capture the highest-variance geometric1417

features, while the SPIB projections preserve the slowest processes of the MD simulations and learn1418

state boundaries that are metastable over a user-specified timescale.1419

Then, an ensemble of Thermodynamic Maps [66] (TMs; see Thermodynamic Maps) is trained1420

to estimate the log-likelihood of the candidate conformations based on their energies and latent1421

representations (Fig. 5.1c). [66] In this work, we train 28 TMs on combinations of features (R- and1422

G-vectors) and projections (SPIB and PCA) with 2 to 8 latent dimensions, d (Fig. 5.1d). It is worth1423

noting that the energy values are consistent across all models, even though the latent representations1424

of a given conformation vary from model to model. Finally, for a given conformation, the TM1425

log-likelihoods are averaged to produce the RNAnneal score (see RNAnneal Score). Our evaluations1426

found that the RNAnneal score can reliably distinguish between ERCs and decoys (Fig. 5.1e and1427

Fig. 5.2c-d).1428

Since the TM models represent the energy scale of the conformational landscape as a tempera-1429

ture, one may anneal the RNAnneal score by adjusting the temperature of the prior distribution of the1430

TMs during the log-likelihood calculation (see RNAnneal Score). We investigated the classification1431

power of the RNAnneal score as a function of temperature and found that ERCs are most prioritized1432

at low temperatures, which is consistent with ERCs lying low on the free energy landscape (Fig.1433

D.14).1434
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Figure 5.2: RNAnneal evaluated on the riboswitch dataset. a. Comparison between the interac-
tion composition of ERC (red) and RNAnneal conformations (blue). b. Distribution of sequence
lengths for the riboswitch set. c. Maximum RMSD values from MD simulations of the ERC are
compared to the minimum RMSD among the RNAnneal conformations. (Median [IQR]; Ref. MD:
6.1Å [4.2− 7.4Å]; RNAnneal: 7.4Å [6.2− 10.7Å]). d. Minimum INF values from MD simulations
of the ERC are compared to the maximum INF among the RNAnneal conformations (Median
[IQR]; Ref. MD: 0.85 [0.83 − 0.87]; RNAnneal: 0.80 [0.76 − 0.87]). e. RMSD comparison
between simulations of the ERC and conformations predicted by RNAnneal. f. INF comparison
between simulations of the ERC and conformations predicted by RNAnneal. Conformations with
INF≥ 0.85 (vertical line) are classified as ERCs when evaluating the RNAnneal score (g and h).
The superscripts denote the number of PK base pairs in the reference conformations (e and f).
g. Comparison of AUAC values on the ERC classification task (Median (IQR); Rosetta: 0.59
[0.45− 0.75]; DES-AMBER: 0.67 [0.55− 0.85]; RNAnneal: 0.83 [0.66− 0.95]). h. Comparison
of BEDROC values for the ERC classification task (Median (IQR); Rosetta: 0.16 [0.07 − 0.38];
DES-AMBER: 0.26 [0.17− 0.48]. RNAnneal: 0.40 [0.13− 0.73]).

RNAnneal’s structure prediction performance is evaluated on a set of 16 experimentally1435

determined riboswitch structures originally curated in Ref. [200] (see Reference Structures; Table1436

D.1 and Fig. SD.1). Riboswitches are typically found in the 5’-untranslated region of bacterial1437

mRNAs and are cis-acting regulatory elements that control gene expression by up- or down-1438

regulating transcription or translation. [48] The basis of riboswitch function is conformational:1439
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aptamer domains fold into structurally distinct “bound” (holo) and “free” (apo) states in the presence1440

or absence of a cognate ligand, which in turn transmits a signal that alters expression. Riboswitches1441

bind their cognate ligands with high specificity through higher order structural motifs, including1442

multi-helix junctions, loop-loop interactions, and pseudoknots. Such motifs are rich in non-WC1443

interactions and their structures are typically challenging to model prospectively. [201, 202, 203]1444

The Root Mean Squared Deviation (see RMSD) and Interaction Network Fidelity (see1445

INF) are employed to measure structural discrepancy between RNAnneal conformations and1446

ERCs. The RMSD measures the average change in atomic positions after optimal alignment of1447

two conformations, while the INF measures the correlation between their nucleobase interaction1448

networks. Both metrics are required because minor differences in the interaction network (e.g., at1449

a helix junction) may result in large coordinate changes and therefore a large RMSD. The INF is1450

more robust to such variations since no alignment is required.1451

To summarize, we found that RNAnneal consistently samples PK-free near-ERCs, and its1452

score prioritizes them over decoys. Next, we coarse-grained the RNA structures predicted by RNAn-1453

neal into states with the goal of predicting weighted ensembles of representative conformations.1454

Then, to assess conformational heterogeneity, we introduced the interaction entropy to quantify the1455

variability of a given nucleotide’s interaction patterns within an ensemble. Finally, we show that1456

annealing the RNAnneal score improved ERC classification for most of the riboswitches1457
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Figure 5.3: Conformational ensemble prediction with RNAnneal. a. Ten-state conformational
ensembles are shown for each riboswitch. The location of the circles conveys the INF and RMSD
of the representative conformer for the state, while the size of the circles conveys the state popu-
lation. Points circled black indicate the representative with the minimum Deviation Index [204]
(RMSD/INF) from the ERC. b. Distribution of interaction entropies for each riboswitch. c. Ref-
erence ERC for the NAD+ riboswitch colored by the RNAnneal interaction entropy. d. State
boundaries and representative conformers (stars) projected along the Information Bottleneck (IB). e.
Five highest-ranked representatives for the NAD+ riboswitch; the INF and RMSD from the ERC
and state population are provided for each representative.

5.3 RNAnneal samples experimentally resolved conformations1458

of pseudoknot-free riboswitches1459

First, we assess if RNAnneal’s conformational sampling procedure (Fig. 5.1a) produces1460

conformations that are similar to ERCs. We compared the interaction composition of conformations1461

sampled by RNAnneal to the reference ERCs and found that 60-80% of interactions are stacking,1462
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10-30% are Watson-Crick (WC), and 0-20% are non-WC for both sets (Fig. 5.2a). The interaction1463

composition of the ERCs is consistent, even though their lengths vary from 28 to 149 nucleotides1464

(Fig. 5.2b).1465

Next, the structural similarity of RNAnneal conformations to the ERC was evaluated using1466

RMSD and INF. To assess the stability of the ERCs with respect to thermal fluctuations, we1467

simulated each one for 100ns (see Molecular Dynamics) and monitored how the RMSD and INF1468

changed over the course of the simulation (Fig. 5.2c-f). We examined the furthest excursion from1469

the reference conformation, as measured by the maximum RMSD (RMSDmax) and minimum INF1470

(INFmin), and compared to the closest RNAnneal conformation, as measured by RMSDmin and1471

INFmax. The median RMSDmax among all reference structures was 6.1Å and the median INFmin1472

was 0.85; RNAnneal sampled similar conformations, with a median RMSDmin of 7.4Å and a median1473

INFmax of 0.80 across the set (Fig. 5.2c-d).1474

Ten of the ERCs contain PKs, which are excluded from the secondary structure prediction1475

algorithms we employ. Consequently, the performance of RNAnneal’s candidate ensemble degrades1476

as the number of PK base pairs in the ERC increases (superscript in Fig. 5.2e-f). Only one1477

PK-containing ERC (6TFF [205]) was adequately sampled by RNAnneal (RMSD < 5Å and INF1478

> 0.85) due to conformational sampling provided by FARFAR2 and MD. RNAnneal’s sampling1479

was more consistent for the PK-free RNAs, with 5/6 ERCs (2MXS [206], 6N2V [207], 4RUM [208],1480

6CB3 [209], and 6QN3 [210]) being reproduced.1481

A Wilcoxon signed-rank test was employed to evaluate the statistical significance of the1482

difference in means between RMSDmax and RMSDmin (and INFmin and INFmax), which yielded1483

an ambiguous p-value of 0.08 (0.13 for the INFs). A clearer picture arises when comparing the1484

RMSD and INF values separately for the PK-containing and PK-free ERCs. Here, the test yielded1485

a p-value of 0.01 for the RMSDs (0.02 for the INFs) among the PK ERCs, and a value of 0.301486

(0.63 for the INFs) for the PK-free ones. Based on these results, we concluded that PK-free ERCs1487

were generally modeled well by RNAnneal, while PK-containing ERCs were not, highlighting the1488

ongoing challenges of modeling PKs.1489
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Correlation between INF and RMSD values of RNAnneal conformations, computed separately1490

for each riboswitch, yielded an r of −0.49± 0.22 (µ± σ) which was indicative of weak correlation1491

(Fig. SD.11). This reflects the need for both alignment-based and alignment-free measures of1492

structural fidelity for dynamic molecules such as RNA. Indeed, some ERCs exhibited large changes1493

in RMSD during simulation while still maintaining the interaction network (4RUM [208] and1494

6VMY) and vice versa (6E1W [211]). The INF was observed to be more robust to variations in1495

structure caused by thermal fluctuations compared to the RMSD, which is consistent with previous1496

work [204]. Notably, the non-WC interaction network was found to be highly dynamic for several1497

of the ERCs (Fig. SD.2).1498

5.4 The RNAnneal score is selective for experimentally resolved1499

conformations1500

The performance of the RNAnneal score was benchmarked on the task of classifying ERCs1501

and decoy conformations, with comparisons to two other state-of-the-art scores: the Rosetta score1502

and DES-AMBER force field energy (see FARFAR2 and Molecular Dynamics). For this evaluation,1503

we create a new set of structures by adding conformations from the reference simulations to the1504

pool of conformations sampled by RNAnneal, and then ordering the set based on their scores (Fig.1505

SD.10).1506

Classification performance was quantified by measuring how well each score prioritized1507

near-ERCs (INF ≥ 0.85) over decoys (INF < 0.85) using two metrics: Area Under the Accumu-1508

lation Curve (AUAC; see AUAC) and Boltzmann-Enhanced Discrimination of Receiver Operator1509

Characteristic (BEDROC; see BEDROC). [212] The AUAC is dominated by contributions from1510

the lowest-ranked models, while BEDROC emphasizes classification accuracy among the highest-1511

ranked structures via a tunable parameter α (equal to 8). Both metrics vary from zero to one,1512

with the latter indicating perfect classification of ERCs over decoys. The RNAnneal score broadly1513

outperformed the Rosetta and DES-AMBER scores on the classification task in both the AUAC and1514
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BEDROC metrics (Fig. 5.2g-h). RNAnneal had a median AUAC of 0.83 which was greater than the1515

0.67 for DES-AMBER or 0.59 for Rosetta. Similarly, the median BEDROC for RNAnneal was 0.401516

compared to 0.26 for DES-AMBER or 0.16 for Rosetta. Statistical significance was assessed using1517

the Wilcoxon signed-rank test, which yielded p-values of 0.02 (AUAC) and 0.02 (BEDROC) when1518

comparing the Rosetta score to DES-AMBER, 0.008 and 0.03 for RNAnneal and DES-AMBER,1519

and 0.004 and 0.008 for RNAnneal and Rosetta. These results provide evidence that the RNAnneal1520

score differs from the Rosetta and DES-AMBER scores at a significance level of 0.05.1521

There was little variation in AUAC or BEDROC between different features and projections;1522

instead, most of the variation is due to the latent dimension, d (Fig. SD.12). Similar results1523

were obtained when RMSD ≤ 5Å is used as a classification criteria for defining near-ERCs (Fig.1524

SD.13). Interestingly, when the TM models performed well on average, we observed an effect1525

where the ensemble-averaged RNAnneal score had superior classification accuracy to the average,1526

and sometimes even the best model (Fig. 5.2g-h).1527

Although PK-containing ERCs were not well-sampled by RNAnneal, the RNAnneal score1528

was able to classify them apart from decoys. The ERCs with the five highest RNAnneal AUAC1529

and BEDROC values (6DLQ [213], 6Q57 [214], 6TFF [205], 6UBU [215], and 6WJR [216]) all1530

contained PK base pairs (Fig. 5.2g-h). Still, not all PK-containing ERCs were successfully predicted1531

by the RNAnneal score at the temperature used for the main results (T = 1); some ERCs were1532

better prioritized at lower or higher temperatures (Fig. SD.14).1533

5.5 Annealing improves classification and ranking of experi-1534

mentally resolved conformations1535

RNAnneal encodes the scale of the energy landscape via a temperature parameter in the1536

TM algorithm (see Thermodynamic Maps). The structure of the thermodynamic map reflects the1537

following intutition: conformations that are low-lying on the energy landscape are sampled at1538

low temperatures, and therefore ought to be mapped onto a low-variance prior, while those which1539
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are high on the energy landscape and sampled at hotter temperatures should be mapped onto a1540

high-variance prior. To prioritize low-energy conformations, one may evaluate the RNAnneal score1541

with a low-variance generative prior (see RNAnneal Score). The main results are presented for1542

T = 1.0, which corresponds to one standard deviation above the minimum potential energy value.1543

However, there were multiple instances where altering the temperature value improved RNAnneal’s1544

performance on the ERC classification task.1545

The AUAC and BEDROC values improved for 11/16 riboswitches as the temperature was1546

annealed from T = 10 to T = 1 (Fig. SD.14). The AUAC and BEDROC plateau as the inference1547

temperature was decreased further for eight riboswitches (2MXS [206], 6C27 [217], 6DLQ [213],1548

6N2V [207], 6Q57 [214], 6TFF [205], 6UBU [215], and 6WJR [216]), while classification per-1549

formance continued to improve down to T = 0.1 for three (6E1W [211], 6QN3 [210], and1550

6VMY [218]). The AUAC and BEDROC values showed little response to annealing for two ri-1551

boswitches (4NYA [219] and 4YAZ [220]), and while performance degraded slightly for three others1552

(6CB3 [209], 4RUM [208], and 3Q3Z [221]), the overall change in classification performance was1553

relatively small.1554

5.6 State-informed prediction of conformational ensembles1555

As stated previously, RNA structure is best understood in terms of conformational ensembles1556

consisting of weighted states and representative conformations. ERCs provide critical and infor-1557

mative snapshots but do not elucidate the full ensemble. In addition to sampling 3D structures,1558

ensemble prediction requires state assignments and the selection of representatives–a process that1559

often relies on intimate knowledge of the system in question and human intuition. RNAnneal1560

automates the process of generating a conformational ensemble by ranking states predicted by SPIB1561

based on their average RNAnneal score, and then selecting the highest-scoring conformation from1562

within each state as a representative structure (see State Ranking).1563

We predict ten-state ensembles for each of the 16 riboswitches and measure the state popula-1564
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tion and deviation from the ERC (RMSD and INF) for each representative. Note that the combined1565

decoy and ERC dataset from the AUAC and BEDROC evaluation is employed here so that the1566

model has an opportunity to predict ERCs in the ensemble, even if they were not sampled by1567

RNAnneal. Ultimately, we found that RNAnneal predicted near-ERC structures (RMSD < 5Å and1568

INF > 0.85) as representatives for 5/16 riboswitches, and 11/16 had representatives that satisfy a1569

more relaxed similarity criteria (RMSD < 10Å or INF > 0.80) to the ERC (Fig. 5.3a). The top1570

five representative conformers for each riboswitch are reported in Fig. SD.17-D.20.1571

5.7 Quantification of ensemble heterogeneity via per-nucleotide1572

interaction entropy1573

The simulations of the riboswitch ERCs revealed their interaction networks to be dynamic,1574

especially in terms of non-WC interaction patterns (Fig. SD.2). Consistent with this observation,1575

the riboswitch ensembles predicted by RNAnneal contained heterogeneous structures spanning1576

wide ranges of RMSD and INF values (Fig. 5.3a). To assess heterogeneity in nucleobase interaction1577

patterns across an ensemble, we develop the per-nucleotide interaction entropy.1578

The interaction entropy for a given nucleotide in a structural ensemble is the Shannon1579

entropy of its Leontis-Westhof base-base contact classifications (see Interaction Entropy). When the1580

interaction entropy is zero, the corresponding nucleotide is found in the same base-base interaction1581

across all conformations in the ensemble, and as the interaction entropy increases, the nucleobase1582

participates in more varied interactions. When measured in bits, an interaction entropy equal to H1583

for nucleotide i implies that i participates in 2H interactions across the ensemble; based on this, we1584

bin the interaction entropy around integer values (colors in Fig. 5.3b).1585

The distribution of interaction entropies for the riboswitch ensembles predicted by RNAnneal1586

indicate that a few of the riboswitches have mostly well-determined interaction patterns (light and1587

dark blue in Fig. 5.3b), but most were predicted to have many nucleotides with variable interaction1588

patterns (yellow and red in Fig. 5.3b). To aid in visualization of heterogeneity, the interaction1589
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entropy may also be used to color each nucleotide using the ranges indicated in Fig. 5.3b, as is done1590

in Fig. SD.17-D.20.1591

5.8 Evaluation of RNAnneal on experimentally resolved holo1592

riboswitch conformations1593

RNAnneal was evaluated on fourteen holo riboswitches representing ligand-bound states that1594

span transition-metal and natural-ligand complexes. Across this diverse set, RNAnneal frequently1595

recovered conformations resembling experimentally resolved structures.1596

RNAnneal successfully predicted near-ERC representative structures for the transition-metal1597

riboswitches (4RUM [208], 6CB3 [209], and 6N2V [207]). The interaction network of the ERC1598

for the cobalt-binding riboswitch (4RUM [208]) was reproduced in representative conformations1599

predicted by RNAnneal (INF of 0.82 and RMSD of 8.1Å in Fig. 5.3a). Predicted structures for the1600

cadmium- and manganese-binding riboswitches (6CB3 [209] and 6N2V [207], respectively) were1601

slightly less accurate in terms of INF (0.80 for 6CB3 [209] and 0.78 for 6N2V [207]) and RMSD1602

(10.6Å for 6CB3 [209] and 8.5Å for 6N2V [207]). All three riboswitches had regions were the1603

interaction entropy was low, indicating consistent structure across the ensemble (Fig. 5.3b). Visual1604

inspection of the ERCs colored by the RNAnneal interaction entropy reveals that nucleobases with1605

variable interaction patterns are in close proximity to bound transition metals in the holo structure1606

(Fig. SD.17-D.20).1607

The rest of the holo ERCs bind natural ligands, which present a greater variety of interaction1608

modes due to their diverse chemistry and spatially extended nature. RNAnneal recovered near-ERCs1609

as representatives for four of the riboswitches, as quantified by an INF value greater than 0.85 and1610

RMSD less than 5Å (3Q3Z [221], 6TFF [205], 6UBU [215], and 6DLQ [213]). Superimposing1611

the RNAnneal interaction entropy on each of the ERCs reveals variable interaction patterns for1612

nucleobases close to the binding site(s) (Fig. 5.3c and SD.17-D.20). The next grouping includes1613

two riboswitches (2MXS [206] and 6QN3 [210]) for which the RNAnneal representatives had1614
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moderate accuracy with respect to the ERC (0.7 < INF < 0.85 and 5Å < RMSD < 10Å). The1615

INF for the neomycin sensing riboswitch (2MXS [206]) is low due to the relatively small number1616

of interactions present; RNAnneal predicted multiple conformations with RMSDs between 5 and1617

10Å, indicating good prediction accuracy. The glutamine II riboswitch (6QN3 [210]) was solved via1618

X-ray crystallography as a dimer, but was predicted as a monomer by RNAnneal. As a result, a large1619

fraction of the bases in the ERC appear to be unpaired but actually form inter-chain interactions.1620

Nonetheless, RNAnneal predicts a representative conformation less than 10Å in RMSD from the1621

ERC. Remarkably few nucleobases had a consistent interaction pattern, indicating that the monomer1622

may not have a dominant stable fold (Fig. 5.3b and SD.17-D.20).1623

RNAnneal successfully recovered near-ERC representatives for 9/14 holo riboswitches. The1624

remaining 5 systems (4NYA [219], 4YAZ [220], 6E1W [211], 6Q57 [214], 6VMY [218]) showed1625

lower agreement with the ERCs, as quantified by an INF value less than 0.7 and a RMSD greater1626

than 10Å (Fig. 5.3a). Compared to the previous groupings, these riboswitches were predicted to1627

have many nucleotides with high interaction entropy, consistent with a more flexible or dynamic1628

structural ensemble (Fig. 5.3b). In general, nucleobases in close proximity to ligand binding sites1629

have higher interaction entropies (Fig. SD.17-D.20).1630

5.9 Evaluation of RNAnneal on experimentally resolved apo1631

riboswitch conformations1632

Riboswitch ERCs are typically representative of the holo state due to increased conformational1633

flexibility (i.e., heterogeneity) in the absence of a ligand. Consequently, the apo conformations1634

of riboswitches are generally poorly characterized. Fortunately, two riboswitch ERCs have been1635

solved in the apo state (6C27 [217] and 6WJR [216]). For the S-adenosyl methionine (SAM) III1636

riboswitch (6C27 [217]), multiple representative conformers with INF greater than 0.8 and RMSD1637

between 10 and 15Å were predicted by RNAnneal (Fig. 5.3a). Similarly, RNAnneal predicted a1638

representative conformation less than 5Å in RMSD from the ERC for the flavin mononucleotide1639
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(FMN) riboswitch in the apo state (6WJR [216]). The RNAnneal ensemble for SAM III riboswitch1640

is somewhat homogenous as indicated by lower interaction entropies; the FMN riboswitch however,1641

is more heterogeneous, likely due to PK base pairs present in the ERC which were poorly modeled1642

during the structure sampling step (Fig. 5.3b)1643

5.10 De novo prediction of apo riboswitch conformations1644

While experimentally resolved apo riboswitch structures are valuable benchmarks, most1645

systems lack such reference structures, necessitating a de novo approach to characterize their1646

conformational landscapes. RNAnneal is uniquely suited for this task since it is an unsupervised1647

model.1648

We focus on the NAD+ riboswitch as a representative example and note that similar reasoning1649

may be applied to other RNAs. This choice is motivated by three factors: the holo ERC (6TFF [205];1650

Fig. 5.3c) was predicted de novo by RNAnneal (Fig. 5.2e–f), found to have a fragile interaction1651

network (Fig. SD.2), and was prioritized by the RNAnneal score (Fig. 5.2g–h).1652

Inspection of the location of the ten representative conformations in the SPIB latent space1653

associated with the NAD+ riboswitch generated using RNAanneal reveals only five distinct clusters.1654

The clusters are represented among the top five (of ten total) representative conformations (Fig. 5.3d).1655

The first- and second-ranked states span the first information bottleneck (IB) component, suggesting1656

that they are endpoints of the slowest structural transition. The representative conformation for1657

the top-ranked state forms a single continuous helix with a six nucleotide overhang, while the1658

second-ranked state forms a cloverleaf structure (Fig. 5.3d). The third-, fourth-, and tenth-ranked1659

states cluster together and exhibit an internal loop that propagates up the 5’ side of the helix as1660

the 5’ and 3’ ends pair together. The internal loop moves further up the helix in the fifth- through1661

ninth-ranked states, where the representatives closely model the holo ERCs (both with and without1662

the PK contacts). The transition from the holo ERC to the second-ranked state is unclear, but one1663

may reasonably infer that the transition involves the loop propagating further up the helix.1664

85



5.11 Discussion1665

RNAnneal introduces an unsupervised, ab initio framework for predicting three-dimensional1666

structural ensembles of RNA. The strong performance of RNAnneal on RNA structure prediction1667

tasks may be attributed to multiple factors, including a hierarchical approach to sampling the1668

structural ensemble, geometric and dynamics-based structure featurization, and deep learning1669

models that incorporate physics-inspired inductive biases. The high performance of RNAanneal on1670

structurally challenging systems indicates that that RNAnneal will be an essential tool for rapidly1671

predicting three-dimensional conformations of RNA molecules.1672

Determining how to venture beyond experimental structures of both RNAs and proteins is1673

critical in the post-AlphaFold2 world. RNAnneal generalizes beyond known ERCs by employing1674

ab initio sampling to generate training data, and unsupervised deep learning to distinguish between1675

experimentally resolved and decoy structures. Although in this manuscript RNAnneal has been1676

benchmarked exclusively on the challenging case of riboswitches, the method is expected to1677

generalize well since the structure generation pipeline relies exclusively on minimally parameterized1678

physical models which have been previously evaluated on a variety of systems. [156, 198]1679

RNAs are dynamic, flexible entities containing both persistently structured elements such1680

as helices and dynamic elements such as internal loops. Variability of these structures is captured1681

by RNAnneal’s ensemble output, and flexibility hotspots are conveyed by the interaction entropy.1682

One may examine the riboswitch ERCs colored by their predicted interaction entropies in Fig.1683

SD.17–D.20. Visual inspection of the structure datasets reveals that regions of moderate-to-high1684

interaction entropy (yellow and red nucleotides) frequently coincide with the presence of stabilizing1685

molecules such as metabolite ligands (e.g., Neomycin in 2MXS [206] or PreQ1 in 6E1W [211]),1686

metal ions (e.g., Mn2+ in 6N2V [207] or Cd2+ in 6CB3 [209]), or crystallization additives such as1687

cobalt hexammine (e.g., in 6C27 [217] or 6UBU [215]). Regions with high interaction entropy may1688

be important for ligand binding, allosteric regulation, or functional switching.1689

While RNAnneal is already demonstrated to be capable of tertiary structure ensemble pre-1690
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diction for different problems, it is a general and highly modular framework with many further1691

directions for improvement. First, magnesium ions that facilitate folding by both neutralizing1692

the phosphodiester backbone and binding to specific sites in folded RNA [43], are not explicitly1693

treated by RNAnneal. Future work should focus on both more appropriately modeling Mg2+ im-1694

plicitly and predicting the location of explicit, bound Mg2+. [47]Second, employing templates for1695

hard-to-sample motifs such as kink turns and multi-helix junctions [222, 223, 224] may improve1696

the quality of the sampled 3D structures, and would not bias the RNAnneal score since it is both1697

unsupervised and parameterized ab initio. Third, the RNAnneal score may be extended to envi-1698

ronmental variables like pressure and chemical potential, which have already been incorporated1699

into the Thermodynamic Maps framework. [193] Finally, the coverage of the candidate structure1700

pool could be improved by including outputs from PK-aware secondary structure prediction algo-1701

rithms [225, 226, 227, 228, 229] and candidates models from physics-based [228, 229, 230, 231]1702

and deep-learning [56, 232, 233, 234] tertiary structure prediction methods.1703

Overall, RNAnneal provides a target-specific method to generate and score 3D RNA structure1704

ensembles from sequence alone that makes ensemble-level RNA structure prediction tractable1705

and interpretable, and will help shine light on the sequence-structural ensemble relationships that1706

underlie RNA diversity and function.1707
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Chapter 6: DiffDock-Glide: A Hybrid Physics-Based and Data-Driven Ap-1708

proach to Molecular Docking1709

Author contribution. This chapter is based on work that I conceived and carried out, in collabora-1710

tion with my coauthors.1711

6.1 Introduction1712

The previous chapter introduced RNAnneal, a modeling pipeline that uses a series of physics-1713

based models to generate candidate RNA structures and a probabilistic generative model to score1714

them. This chapter explores the reverse arrangement through DiffDock-Glide, a molecular docking1715

method that uses a probabilistic generative model proposes candidate protein-ligand poses and a1716

physics-based model to score them.1717

Structure-based drug design is a paradigm of drug discovery that uses structural information1718

to rationally design small molecules that bind to targets with high specificity and affinity. [235]1719

Computational approaches have proven indispensable for reducing the vast space of possible1720

molecules to a small number of potentially high-affinity binders. [236, 237, 238] Historically, the1721

most successful computational strategies have been physics-based molecular docking models that1722

explicitly account for energetic [239, 240, 241, 242] and entropic [243] contributions to the binding1723

free energy.1724

But, in recent years, alternative approaches rooted in deep learning have emerged, all of1725

which share a core assumption that the relevant chemical interactions are represented in structural1726

and evolutionary data and can be implicitly modeled by a neural network. In a foundational1727
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application of deep learning to biology and chemistry, AlphaFold2 (AF2) modeled protein structure1728

to unprecedented accuracy by training an artificial intelligence system on coevolutionary information1729

and the structural contents of the Protein Data Bank (PDB). [55] Since AF2 there has been a1730

dramatic increase in deep learning methods for predicting structures that arise from molecular1731

interactions [56, 62], including ones specifically focused on molecular docking. [63, 64]1732

However, comparative studies find that, at present, classical docking methods significantly1733

outperform deep learning ones. [244] Deep learning methods struggle to predict binding poses1734

for receptors from families outside the training data [244] and fail to model the molecular inter-1735

actions that stabilize binding with high fidelity [245], indicating that the amount and diversity of1736

currently available training data is insufficient to model physical chemistry more accurately than1737

first-principles descriptions.1738

Classical learning theory attributes the performance gap to deep learning models having many1739

more free parameters than are necessary to capture the latent variables. The bias-variance trade-off1740

quantifies an inverse relationship between model complexity and capacity for generalization: the1741

reduction in fitting error (bias) due to introducing more tunable parameters is concomitant with1742

an increased ability to memorize noise (variance) present in the data. [246] Deep learning models1743

operate in the low-bias high-variance regime, and as a result they are prone to overfit their training1744

data and struggle to generalize to out-of-distribution settings. [247]1745

Models in the natural sciences are less prone to overfitting: free parameters are kept to a1746

minimum through the inclusion of conceptual prior knowledge, i.e. inductive biases. [248] In1747

fact, incorporating task-specific inductive biases into deep learning models is a popular approach1748

to improving generalization ability [249, 250], and generative diffusion models are particularly1749

promising for introducing such biases via modifications to the diffusion dynamics. One may, for1750

instance, define equivariant dynamics [251], restrict the diffusion to a manifold [252, 253], bias the1751

generative dynamics [254], or represent thermodynamic quantities. [66, 193]1752

In this work, we present a hybrid physics-based and deep learning approach to molecular1753

docking with biophysical and chemical inductive biases. We use DiffDock [64]–a diffusion model–1754
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to sample putative binding poses, then score and refine the poses with Glide [241]– a physics-based1755

molecular docking algorithm. We modify the generative dynamics so that the location of the binding1756

site may be specified in a manner that introduces negligible computational overhead and does not1757

require retraining the model.1758

We benchmark our method, called DiffDock-Glide, on the Posebusters dataset, demonstrating1759

improved generalization to novel sequences and sampling of near-native binding poses compared1760

to DiffDock alone. We also virtual screen compounds from the DUD-E [255] dataset against1761

AF2-generated receptor structures and obtain enrichment values that broadly surpass those obtained1762

from Glide or DiffDock alone.1763

The hybrid molecular docking model has two stages. The first stage involves generating a1764

set of potential binding poses using the DiffDock model and a modified generative process that1765

optionally restricts generation to a putative binding site. The second stage involves refining and1766

scoring the generated poses using Glide.1767

6.2 Binding site-conditional DiffDock1768

DiffDock is a diffusion model that predicts binding poses for a small-molecule given its1769

chemical identity and a target protein structure. It is a blind docking algorithm – anywhere inside1770

or on the target protein’s surface is a potential binding site. But, in a realistic structure-based drug1771

discovery setting, one often knows the location of the binding site and would like to explore poses1772

therein. To this end, we bias DiffDock’s generative process towards the location of the site using1773

the particle guidance framework. [254] We will briefly summarize the core operating principles of1774

DiffDock before introducing the biasing mechanism.1775

DiffDock incorporates internal symmetries of molecular conformers as inductive biases.1776

During conformer generation, perturbations to molecular degrees of freedom are represented as1777

a product space P of groups: T(3) × SO(3) × SO(2)m; T(3) is the group of 3D-translations;1778

SO(3) is 3D-rotations; and SO(2)m are 2D-rotations of m torsion angles. Clearly, the actions of P1779
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on a particular conformer will result in new conformers; it is then natural to ask if two arbitrary1780

conformers are connected through an action of P. Indeed, Corso et. al. show that a typical pair of1781

conformers lie on a manifoldM defined by actions of P. [64]1782

DiffDock is a score-based diffusion model [42]–that is, a stochastic differential equation–with1783

dynamics onM:1784

dx = −λ(τ)
[
x− σPsPθ (x,y, τ)

]
dτ +

√
2λ(τ)σPdBP

τ , (6.1)

where BP
τ is Brownian motion onM, λ(τ) is a time dilation factor to accelerate convergence of the1785

diffusion process, and σP is the scale of the noise perturbations. The vectors x and y–containing the1786

positions of the heavy ligand and Cα protein atoms respectively–are inputs to a score network sθ.1787

The score network acts as a time-dependent vector field onM that generates binding poses from1788

noise vectors by simulating Eq. 6.1 from τ = 0 to τ = 1.1789

The DockGen benchmark highlighted that DiffDock struggles to predict binding poses for out1790

of distribution binding pockets. [256] To address this, we condition Eq. 6.1 on a putative binding1791

site by biasing the translational component of the diffusion with the distance between the ligand’s1792

center of geometry r, and the center of the binding site r0:1793

s
T(3)
θ (x,y, τ)→ s

T(3)
θ (x,y, τ)− γ∇Φ(r, r0). (6.2)

A flat-bottomed harmonic potential Φ characterizes the geometry and location of the binding site:1794

Φ(r, r0) =


0 if d ≤ rmin

(d(r, r0)− rmin)
2 if rmin < d < rmax

d(r, r0) · (rmax − rmin) if d ≥ rmax.

(6.3)

The function d measures the distance between r and r0, rmin is the inner radius, and the outer radius1795

rmax limits the gradient for numerical stability. The strength of the potential is controlled by γ.1796
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When γ = 0 the generative process in Eq. 6.1, is unconditional, i.e. the center of geometry r freely1797

explores the entire protein surface; in contrast, when γ > 0, the generative process is conditional1798

and the center of geometry is biased by Φ towards a spherical region of radius rmin centered around1799

r0. The orthogonality of the groups factoring P guarantees that the rotational degrees of freedom of1800

the generative process are unaffected by the translational bias.1801

6.3 DiffDock–Glide1802

Since researchers are often interested in a small subset of representative poses, the samples1803

from DiffDock ought to be scored and rank-ordered based on their plausibility. The original1804

DiffDock implementation trains a separate neural network, called a confidence model, to predict1805

a score that indicates if a pose is likely to be less than 2Å in root mean square deviation (RMSD)1806

from a crystal pose. We take a different approach in using the ranking mechanism to introduce1807

further inductive biases and evaluate pose quality without reference to the generative model or its1808

training dataset.1809

Buttenschoen et. al. have previously shown that subtle features of real binding poses that are1810

absent from the generated poses can be recovered by minimization under a molecular mechanics1811

force field. [244] Accordingly, we use Glide’s post-docking minimization pipeline to score and refine1812

the generated poses. The pipeline optimizes ligand-receptor and intramolecular ligand interactions1813

through rigid-body roto-translations and rotatable bonds optimizations under the OPLS-AA force1814

field. [241] The minimized complexes are then ranked using Glide’s scoring function, which has1815

been empirically parameterized to approximate the binding free energy by rewarding or penalizing1816

interactions, e.g. hydrogen bonding, van der Waals, hydrophobic, electrostatic interactions and1817

internal strain energy. [241]1818
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Figure 6.1: Performance of DiffDock-Glide on the Posebusters dataset. The percentage of
Posebusters (PB) targets that have an RMSD within 2Å of the crystal pose is presented for three
docking methods: DiffDock-Confidence, DiffDock-Glide, and Glide Confgen. For the DiffDock-
based methods samples are generated with γ = 0 (no conditioning) and γ = 1 (binding site
conditioning). The percentage of targets for which the top-ranked pose by the confidence model
and Glide score (solid bars) is crystal-like is compared to the lowest RMSD selection among all
poses (hatched bars). Glide Confgen (green line) is presented as a baseline. The leftmost panel
summarizes performance for the entire PB dataset, and the remaining panels stratify the PB dataset
by sequence similarity (s) to PDBBind General Set v2020.

6.4 Applications1819

We explore two applications of the hybrid DiffDock–Glide model: pose prediction and virtual1820

screening.1821

• Section 6.4.1 evaluates DiffDock-Glide’s molecular docking performance on the Posebusters1822

dataset. Our results indicate that binding site conditioning and energy minimization improve1823

generalization to receptors outside the training set and increase the fraction of targets for1824

which a pose less than 2Å in RMSD from the crystal pose is sampled. We also demonstrate a1825

potential use case by using the γ = 1 model to dock against an allosteric binding site that the1826

γ = 0 model does not recognize.1827

• In Section 6.4.2 we use DiffDock-Glide to virtual screen binding and non-binding compounds1828

from the DUD-E library against receptor structures generated by AF2. We report enrichments1829
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surpassing those obtained from DiffDock or Glide alone.1830

6.4.1 Molecular docking1831

Molecular docking aims to predict the binding pose of a small molecule with a receptor.1832

The task poses a significant challenge due to the diversity of physical and chemical interactions1833

that contribute to binding stability. We benchmark DiffDock-Glide on the Posebusters molecular1834

docking dataset. [244]1835

Posebusters benchmark1836

The Posebusters (PB) dataset is a collection of protein-ligand complexes that is curated to1837

serve as a benchmark for deep learning docking methods: PDBBind General Set v2020. [244]1838

The dataset provides 308 diverse, high-resolution complexes that are not present in PDBBind1839

v2020. Besides the curated set of complexes, Posebusters implements consistency checks that valid1840

binding poses must satisfy. These checks consider factors such as steric clashes, internal energy,1841

and chemical consistency. A pose that passes all these checks is classified as PB-valid. Similarly,1842

we define a Glide-valid (G-valid) condition by determining whether a pose meets Glide’s internal1843

consistency requirements. Since Glide rejects poses with extreme values in the terms of its scoring1844

function, any pose that receives a score from Glide is considered G-valid.1845

To compare the performance of different ranking methods we sample 40 poses for each PB1846

target using DiffDock with γ = 0 and γ = 1. The poses are then ranked by the confidence model1847

and Glide score after energy minimization. For the γ = 1 models, residues within 5Å of the1848

crystallized ligand are considered part of the binding site, and their coordinates parameterize the1849

binding site in Eq. 6.3: r0 is the center of geometry, rmin is three times the standard deviation of the1850

pairwise inter-residue distances, and rmax is rmin + 10Å.1851

In Figure 6.1 we summarize the performance of DiffDock-Confidence (blue), DiffDock-Glide1852

(red), and Glide Confgen (green) on the PB benchmark. The solid bars display the percentage of1853

PB targets for which a crystal-like (<2Å RMSD) structure is the top ranked pose by each method,1854
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while the hatched bars denote the lowest RMSD selection among all sampled poses. The dashed1855

green line denotes the performance of Glide Confgen, indicating that both DiffDock-Glide and1856

DiffDock-Confidence fall short of state-of-the-art.1857

We observe that γ = 1 has the expected effect of yielding a greater fraction of native-like1858

poses compared to γ = 0. Likewise, we find that energy minimization increases the fraction of1859

targets for which a crystal-like pose is sampled. Consistent with previous studies that identified1860

artifacts in samples from DiffDock, we find that less than 0.1% of the sampled poses are G-valid1861

without minimization. [244, 245] The most striking result is that the fraction of native-like poses1862

selected according to the Glide score (solid red bars) is far below the ideal value (hatched red bars),1863

reflecting the limitations of pose refinement via energy minimization.1864

In the remaining panels we stratify the results by maximum sequence similarity, s, to pro-1865

teins in PDBBind v2020. We find that higher sequence similarity correlates with more accurate1866

predictions, and the positive effect of energy minimization and binding site conditioning is greatest1867

when s < 0.95. Notably, both DiffDock-Glide and DiffDock-Confidence are capable of sampling1868

sub-2Å poses for a similar fraction of targets compared to Glide Confgen, provided that they have1869

high (s ≥ 0.95) sequence similarity.1870

Docking into Allosteric Sites1871

Traditional small-molecule drug design operates on targeting the primary orthosteric binding1872

site of a receptor to modulate its activity. Orthosteric sites typically exhibit well-defined, highly1873

conserved pockets that bind endogenous signaling molecules with high specificity and affinity. [257]1874

However, certain “undruggable” proteins lack well-defined binding pockets, posing a significant1875

challenge for traditional drug discovery. Allosteric modulation offers a compelling alternative by1876

targeting allosteric sites that are spatially separate from the orthosteric site, but can nonetheless1877

affect the protein’s function upon ligand binding. [258] Targeting allosteric sites in G-protein1878

coupled receptors, for instance, has led to improved target selectivity and reduced off-target effects.1879

[259]1880
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Although allosteric sites have therapeutic potential, current deep learning approaches remain1881

focused on orthosteric targets. DiffDock’s training set contains both ortho- and allosteric complexes,1882

but is dominated by the former due to the historical bias towards orthosteric drug discovery and1883

limitations of structure probing techniques like X-ray crystallography, which readily resolve well-1884

defined orthosteric sites but struggle to capture the dynamic and flexible structures of allosteric1885

sites. [259]1886

In this section, we demonstrate how biasing DiffDock’s generative process enables targeting1887

of allosteric sites. We design a cross-docking experiment centered around a β-2 Adrenergic G-1888

coupled protein receptor domain containing both ortho- and allosteric sites. The reference complex1889

(PDB: 6N48) is a holo crystal structure of the β-2 Adrenergic receptor in complex with two ligands:1890

BI-167107 is bound to the orthosteric site while Compound-6FA (KBY) occupies the allosteric site,1891

which is shallow and lies exposed on the membrane interface of the receptor. [260] The ligand of1892

interest, KBY, engages in π–π stacking interactions with side chain residue PHE1133 and interacts1893

with hydrophobic residues on the membrane-exposed face of the receptor’s helical bundle. The1894

target (PDB: 6KR8) is an NMR-derived model containing an ensemble of 10 conformers that1895

represent the apo state. [261] We select the first conformer as a representative apo structure, and1896

backbone alignment with the holo conformer reveals an RMSD of less than 2Å. It is worth noting1897

that the holo structure is present in the DiffDock training set whereas the apo structure is not, though1898

it is included in 2019 version of the PDB.1899

Forty poses of KBY docked to the apo conformer were sampled using DiffDock-Confidence1900

(γ = 0) and DiffDock-Glide (γ = 1) with the biasing potential centered on the allosteric site.1901

Figure 6.2a depicts the distribution of poses sampled by both methods. The orange sphere sits at1902

the centroid of the poses sampled by DiffDock-Confidence, all of which occupy the orthosteric1903

site, while the blue sphere is the centroid of the poses generated by DiffDock-Glide, all of which1904

are within 5Å of the allosteric binding site after aligning the holo ligand (yellow sphere). In this1905

example, the unguided DiffDock-Confidence model always docks KBY at the orthosteric site. The1906

introduction of a simple biasing potential to the generative process in DiffDock-Glide enables one1907
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to target the allosteric site.1908

Figure 6.2b depicts a pose sampled by DiffDock-Glide (γ = 1) alongside the aligned holo1909

(orange) and apo (purple) allosteric sites. The apo intracellular loop 2 (THR146 and LYS147) is1910

in a different orientation relative to the holo conformation, resulting in a narrower binding site.1911

Consequently, we expect the final refined pose to deviate from the holo ligand. Indeed, Glide1912

resolves clashes with THR146 and LYS147 during post-docking minimization by including protein1913

side chain residues that are not present in DiffDock, and, upon aligning the holo binding site to1914

the apo conformer, we find that the DiffDock-Glide pose deviates from the holo pose. Still, a1915

primary interaction is shared between the holo and DiffDock-Glide poses: both form π-π stacking1916

with residue PHE133 (blue dotted line). The DiffDock-Glide pose forms additional stabilizing1917

interactions between the ligand and LYS147: a hydrogen bond (yellow dotted line) and a salt bridge1918

(magenta dotted line) form between the ligand’s carboxylate and the positively charged ϵ-amino1919

group on the side chain residue.1920

6.4.2 Virtual screening1921

In silico hit identification uses computational methods to discover potential drug candidates,1922

or hits, from chemical libraries. A successful virtual screening effort effectively prioritizes binding1923

ligands (actives) over non-binders (decoys). Two classes of techniques are often used to screen large1924

libraries for compounds likely to bind to a target protein.1925

Ligand-based methods are typically used for lead compound optimization when the structure1926

of the target protein is unknown. They rely on chemical features of known actives to search1927

for compounds with similar binding modalities. Techniques like quantitative structure-activity1928

relationship (QSAR) are particularly effective in prioritizing biologically active compounds by1929

using properties of other known actives. [262]1930

On the other hand, structure-based approaches like molecular docking rely on high-resolution1931

protein structures to predict the binding interactions of compounds. Classical docking tools explore1932

potential binding modes by optimizing the orientation of the candidate ligand in the protein’s1933

97



Figure 6.2: Targeting the allosteric site of β-2 Adrenergic receptor with ligand KBY. (a) The
holo structure (PDB: 6N48) is shown. DiffDock-Confidence (γ = 0) samples all 40 generated poses
at the orthosteric site (orange sphere), while DiffDock-Glide (γ = 1) samples poses (denoted by the
blue sphere) within 5Å of the holo allosteric site (yellow sphere). (b) The allosteric sites of the holo
(orange) and apo (purple) receptors are aligned and superimposed alongside a pose sampled by
DiffDock-Glide (γ = 1). Stabilizing interactions recovered by Glide are indicated by dotted lines.

binding site according to a scoring function. Well-known tools like AutoDock Vina [239, 263],1934

DOCK [242], Glide [241], and GOLD [240] use distinct algorithms for both pose generation and1935

scoring. [264] In the following section, we explore if DiffDock-Glide is suitable for structure-based1936

virtual screening.1937
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Figure 6.3: Target-specific enrichment for the AF2-DUD-E virtual screening benchmark.
BEDROC (α = 160.9) enrichments are displayed for the 27 AF2-DUD-E target. Five poses are
sampled per compound by DiffDock, and scored by the confidence model and Glide’s post-docking
minimization pipeline. Compounds are ranked according to the top confidence (blue) and Glide
(orange) score among the five poses for the BEDROC calculation. BEDROC enrichments from
Glide Confgen (green) are provided as a reference.

AF2-DUD-E benchmark1938

Most molecular docking tools perform best on high-quality ligand-receptor structures when1939

searching for binding poses. DiffDock, however, is unique in that it infers binding poses solely1940

based on the Cα coordinates. Accordingly, we believe that DiffDock-Glide should perform well1941

when screening against low-quality receptor structures, e.g. those with misplaced sidechains. To1942

test our hypothesis, inspired by a previous study that showed AF2-generated receptor structures1943

are not generally suitable for virtual screening with molecular docking [265], we screen active1944

and decoy compounds in the DUD-E dataset against receptor structures generated by AF2 using1945

DiffDock-Confidence, DiffDock-Glide, and Glide Confgen.1946

The DUD-E dataset is a standard benchmark in virtual screening for evaluating a method’s1947

ability to distinguish between actives and decoy compounds. [255] It contains proteins from1948

chemically diverse families, each with a set of validated active compounds and physicochemically1949
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similar but structurally distinct decoy compounds.1950

Screening Method EF (↑) BEDROC (↑)
DiffDock-Confidence (γ = 0) 1.07 0.02
DiffDock-Confidence (γ = 1) 9.24 0.16

Glide Confgen 13.1 0.23
DiffDock-Glide (γ = 0) 15.5 0.28
DiffDock-Glide (γ = 1) 16.2 0.31

Table 6.1: Average enrichments from virtual screening DUD-E compounds against AF2-generated
receptors. The EF values are computed with a top 1% cutoff. Likewise, the BEDROC values are
computed with α = 160.9 to emphasize enrichment in the top 1% of rankings.

We screen against the 27 structures from the AF2 database for which the corresponding1951

DUD-E structure does not contain cofactors at the binding site or clashes with the holo ligand. The1952

structures are prepared using the truncation procedure outlined by Zhang et. al. [265] For each1953

structure-compound pair, five poses are sampled, minimized, and scored with the same parameters1954

as the docking study in Section 6.4.1, except that residues constituting the binding site are chosen1955

based on the DUD-E crystal structure and rmin and r0 are derived from the corresponding residue1956

geometry in the AF2 structure.1957

Table 6.1 reports the average EF [266] and BEDROC [212] (α = 160.9) enrichments. In-1958

tuitively, EF1% measures how concentrated actives are in the top 1% of rankings compared to1959

the entire set of compounds. Similarly, BEDROC (α = 160.9) non-linearly emphasizes early1960

enrichment due to actives among the highest ranked compounds. For both measures, a larger value1961

indicates a greater concentration of active compounds among the top ranks. The disproportionately1962

low enrichment values for DiffDock-Confidence (γ = 0) are due to it being a blind screening1963

method. The corresponding DiffDock-Glide (γ = 0) model is not blind since Glide penalizes the1964

rank of poses generated outside the binding site. The top performing DiffDock-Glide (γ = 1) model1965

has the most inductive biases among all the DiffDock-based methods, and even outperforms Glide1966

Confgen. Figure 6.3 compares enrichment on a per-target basis for Glide Confgen, DiffDock-Glide1967

(γ = 1), and DiffDock-Confidence (γ = 1). While the maximum observed enrichment across all1968

targets from Glide Confgen, DiffDock-Glide (γ = 1) provides the greatest enrichment for over half1969
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of the targets. It is also noteworthy that the purely data-driven DiffDock-Confidence (γ = 1) model1970

outperforms Glide Confgen for seven targets.1971

Case Study for IGF-1R1972

Figure 6.4: Analysis of poses sampled for IGF-1R (a) DiffDock-Glide poses before (gray) and
after (purple) minimization are shown for ligand CHEMBL461876. Interatomic distances less than
3Å (red dotted lines) indicate clashes between the receptor and DiffDock pose at LEU1005 and
ARG1003. (b) The DiffDock-Glide pose (purple) for CHEMBL251795 fails to establish a potent
bidentate salt bridge with residues ASN1140 and ASP1153 in the active site. The Glide-Confgen
pose (gray) is correctly oriented to form the salt-bridge. Interactions with interatomic distances
measuring less than 3.5Å are depicted as magenta dotted lines.

DiffDock-Glide demonstrates significantly higher enrichment of active compounds compared1973

to Glide Confgen for the IGF-1R virtual screening target (see Figure 6.3). Glide scores of the top 1%1974

of ranked compounds range from −9.5 to −7.6 for Glide Confgen and −9.1 to −6.9 for DiffDock-1975

Glide (γ = 1), indicating that both methods sample favorable binding poses. For reference, scores1976

greater than −6 are generally associated with poor docking poses. [241]1977
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Although the ranges of scores are similar for both methods, the chemical composition of1978

their top 1% compounds differs. DiffDock-Glide ranks 39 active compounds with 33 unique1979

scaffolds among the top 1%. Notably, 91.4% of the top 1% compounds contain pyrimidine-pyrrole1980

cores. Glide Confgen, on the other hand, recovers 11 actives with 11 unique scaffolds in the top1981

1% and does not show preference for any particular DUD-E chemical series: only two of the1982

top-ranked actives have pyrimidine-pyrrole cores, and the others include, for example, thiazoles1983

and benzimidazoles. Even though the composition of the top 1% of compounds is different from1984

DiffDock-Glide, Glide Confgen still assigns valid (i.e. negative) scores to all the top actives1985

identified by DiffDock-Glide, which suggests that the Glide score is unable to prioritize actives1986

over decoys in this instance. A more detailed analysis reveals that Glide Confgen fails to model the1987

formation of buried hydrogen bonds with nitrogen acceptors. The scores for IGF-1R are dominated1988

by hydrophobic contributions that are not balanced by suitable penalties for protein desolvation.1989

This is a known limitation of Glide Confgen and is addressed by GlideWS, formerly known as1990

WScore. [243]1991

To demonstrate the improvement that pose minimization brings to DiffDock-Glide, we analyze1992

performance for active compound CHEMBL461876 with and without minimization. Figure 6.4a1993

depicts the un-minimized (gray) and minimized (purple) poses. The un-minimized pose undermines1994

interpretation of the binding mode due to an over-packed binding pocket and unrealistic contacts1995

with residues ARG1003 and LEU1005. Atom C17 of the ligand clashes with the guanidinium group1996

of ARG1003 and CD2 of LEU1005 due to interatomic distances less than 3Å. Pose minimization1997

improves the rank of CHEMBL461876 from 372 to 3 by resolving the steric clashes.1998

Still, there are instances where Glide Confgen successfully models essential interactions1999

that DiffDock-Glide fails to capture. We focus on active compound CHEMBL251795, which is2000

stabilized by a buried salt-bridge formed between the protonated amide and charged carboxylate2001

on residue ASP1153, and a hydrogen bond between the ligand and ASN1140. Figure 6.4b depicts2002

poses sampled by Glide Confgen (gray) with the bidentate salt-bridge and DiffDock-Glide (purple)2003

without this key interaction. The top Glide Confgen pose is ranked as the top active with a score2004
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of −9.5. DiffDock-Glide does not sample the salt-bridge, and although minimization proceeds2005

successfully, it yields a comparatively poor score of −4.7.2006

6.5 Discussion2007

In this work we have developed a hybrid approach to molecular docking called DiffDock-2008

Glide that improves the out-of-distribution performance of data-driven docking. The core idea2009

is to use a deep generative model to sample from a learned distribution of binding poses and2010

subsequently relax the sampled poses with a physics and chemistry-based energy function that2011

contains inductive biases. We conclusively demonstrate that providing such biases dramatically2012

improves the performance of DiffDock. The primary limitations of DiffDock-Glide are sampling2013

crystal-like poses, especially for out-of-distribution receptors, and selecting a crystal-like pose from2014

the sampled distribution.2015

We found that the confidence and Glide scores are unable to reliably select for such poses2016

even if they are present among the generate samples. Physics-based pose refinement beyond energy2017

minimization may lead to more accurate pose ranking. We also found that DiffDock-Glide is2018

especially suitable for virtual screening against AF2 receptor structures, though it should be noted2019

that all the screened receptors except PPARD are found in DiffDock’s training set. At the time of2020

writing, there is no virtual screening equivalent of the Posebusters set, so the effects of overfitting2021

could not be systematically investigated. Though based on the Posebusters analysis, we anticipate2022

that DiffDock’s performance will degrade for out-of-distribution targets, and the decline can be2023

mitigated via the inclusion of appropriate biases.2024

Co-folding models that predict the structure of entire complexes have garnered much attention2025

since the publication of DiffDock. Nevertheless, we still believe DiffDock to be the most suitable2026

base model for our approach: while models like Boltz1 [267] and AlphaFold3 [56] are indeed2027

diffusion models, their dynamics unfold in the full coordinate space and are less straightforward to2028

control compared to DiffDock’s torsional representation which respects molecular symmetries.2029
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On a final note, we would like to emphasize that our modifications to DiffDock’s gener-2030

ative dynamics are independent of the model’s weights and therefore do not require retraining2031

to implement, nor do they present substantial computational overhead during sampling. Overall,2032

we introduce DiffDock-Glide as a practical solution for structure-based drug discovery applica-2033

tions that incorporates well-validated biophysical principles, maintains the advantages of learned2034

representations, and is more interpretable compared to fully deep learning approaches.2035
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Chapter 7: Outlook2036

This thesis argues that inductive biases should be an essential component of generative models2037

in the molecular sciences. The work presented here explores two means of introducing physics-2038

inspired biases: first, by encoding thermodynamic information in the prior distribution of a diffusion2039

model, and second, by combining physical and generative models in sequence-to-structure modeling2040

pipelines. A few paths branch from these two initial directions.2041

The first is to extend Thermodynamic Maps to variables other than temperature. Temperature2042

was the natural starting point because its effect on equilibrium fluctuations can be represented2043

cleanly through the variance of a Gaussian prior, but the logic extends to other thermodynamic2044

variables. Separately, exponentially tilted Thermodynamic Maps have been developed, exploring2045

similar representations of pressure and chemical potential through structured changes in the prior2046

[193]. Still, several questions remain open. A central challenge is how to evaluate thermodynamic2047

generalization: benchmark systems should have known or independently computable thermody-2048

namics and tunable phase behavior. Spin glasses, simple fluids, polymers, and well-understood2049

molecular systems may provide useful test beds. A second challenge is determining when a heuristic2050

representation is sufficient. The energy-dependent prior used in RNAnneal, for example, is not2051

a direct physical temperature in the same sense as the temperature variable in Thermodynamic2052

Maps, but it nevertheless provides a useful ranking signal for RNA conformations. Understand-2053

ing the relationship between formally grounded thermodynamic encodings and practically useful2054

heuristic encodings will be important for broadening the method while preserving its connection to2055

thermodynamics and statistical physics.2056

The second is to generate latent representations of molecular data. Recent latent-variable2057
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extensions such as latent thermodynamic flows and diffusive State Predictive Information Bottleneck2058

suggest that representation learning and generative modeling can be mutually reinforcing, especially2059

in the low-data regime that characterizes most molecular problems [268, 269]. A useful latent space2060

should separate metastable states and preserve slow dynamical processes. Conversely, a generative2061

objective can regularize the representation by forcing it to support faithful density estimation and2062

sample generation. Integration of representation learning with thermodynamic prior distributions2063

developed in this thesis may yield models that simultaneously identify collective variables, estimate2064

free-energy landscapes, and generate ensembles under unseen conditions.2065

A third, applications-oriented direction is to use RNAnneal to explore the structural landscapes2066

of therapeutically relevant RNAs, especially those with limited co-evolutionary information or2067

heterogeneous structures. Because RNAnneal learns a sequence-specific score de novo from physics-2068

based sampling, it does not depend on co-evolutionary information or deep phylogenetic signal2069

in the way that popular end-to-end structure prediction models do. In principle, that should make2070

it applicable not only to natural RNAs with limited homologous sequence information, but also2071

to synthetic or regulatory RNAs designed for therapeutic function. Two concrete examples are2072

VEGF-associated regulatory RNA structures, where the goal is to characterize the disordered and2073

condition-sensitive structural landscape [270], and the MALAT1 triple helix, where structurally2074

informed conformational ensembles could guide small-molecule screening against the unusual fold2075

[271, 272]. These applications would test whether the proposed methodology can deliver insights for2076

targets whose functional importance lies in conformational heterogeneity or noncanonical structure.2077

The long-term goal is not only to predict RNA structure ensembles more accurately, but2078

to translate them into mechanistic insight. The road ahead will entail expanding the structural2079

vocabulary of RNAnneal beyond the motifs emphasized in the presented benchmark, including2080

pseudoknots, G-quadruplexes, triplexes, and other noncanonical folds; linking predicted states to2081

ligandability, accessibility, and function; and incorporating experimental measurements as modeling2082

constraints. If successful, such direction could push sequence-to-structure models toward becoming2083

an integral part of the decision-making process for therapeutic discovery.2084

106



Appendix A: Supplementary Material for Chapter 22085

A.1 Architectural Details2086

We now provide details of the specific flavors of models implemented in this work. For the De-2087

noising Diffusion Probabilistic Model we selected a variance preserving (VP) diffusion framework,2088

trained via denoising score matching, or the L2 loss between the predicted unnoised image and true2089

unnoised image. We chose the VP diffusion framework over others, such as the variance exploding2090

(VE) framework, to preserve continuity with other ongoing projects in our group [66] requiring2091

the VP construction to relate the variance seen in the model with thermodynamic fluctuations. Our2092

diffusion process transports samples from the empirical data distribution to a normal distribution2093

with zero mean and unit variance during training. The neural network at the model’s center is the2094

U-Net convolutional neural network architecture [117]. This architecture is widely used across2095

diffusion models, specifically for image generation, as it emphasizes local correlations by design.2096

We chose to optimize the model dimension hyperparameter by jointly assessing the KL2097

divergences resulting from different choices of model dimension over a test dataset for the DDPM2098

model and the CFM model, which uses the same architecture. The same optimized value, 128, was2099

chosen for each, and as a result, the two models have an equal number of learnable parameters.2100

Neural Spline Flows use a different neural network architecture, and hyperparameter optimization2101

must be done independently. Figure A.1 shows the hyperparameter tuning results for the three2102

generative models. The ‘layers’ parameter of NS corresponds to the depth of the network, whereas2103

the ‘model dimension’ parameter of CFM and DDPM corresponds to the width and, implicitly,2104

the depth of the network. The base code for the DDPM implemented is available at https:2105
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//github.com/tiwarylab/simple-diffusion.2106

For the Conditional Flow Matching model, we chose the ‘Exact Optimal Transport’ plan (OT-2107

CFM) [273]. The CFM framework allows for various transport objectives that inform a conditional2108

vector field used to transport samples from the prior to the target distribution, which a neural network2109

learns to approximate via the L2 loss. While OT-CFM is generalizable to any base distribution,2110

we chose the standard normal distribution to match the base distribution of DDPM. We selected2111

this transport plan in particular due to its claimed efficiency over other transport plans for high-2112

dimensional data, a quality its authors attribute to the straight, easily integrable trajectories resulting2113

from the imposition of the optimal transport objective. We chose Conditional Flow Matching over2114

other generalized continuous flow-based frameworks due to the repository’s ease of use.2115

Initially, we set Conditional Flow Matching to use a Multi-Layer Perceptron (MLP) to regress2116

the learned conditional vector field, but we decided to modify the code to work with the same U-Net2117

as DDPM. This choice made the comparison more fair, and we selected the same model dimension2118

hyperparameter for both models based on tuning tests. The base code for the CFM model imple-2119

mented is available at https://github.com/atong01/conditional-flow-matching.2120

The category of discrete normalizing flows to which Neural Spline Flows belong is perhaps2121

the largest, containing any invertible transformation (or series thereof) between the base and target2122

distributions. We initially implemented real-valued non-volume preserving normalizing flows (Real2123

NVP) but opted to change to NS flows for a more recent model known for its series of expressive2124

rational quadratic spline transformations, which serve as the affine or additive transformations2125

in coupling layers. As a normalizing flow, NS is trained by maximizing the total log-likelihood2126

of the training data. This objective guides learning the spline parameters at each discrete node,2127

parameterized by the ResMADE (Residual Masked Autoencoder for Distribution Estimation)2128

architecture. We opt to tune the ‘layers’ parameter, a proxy for the depth of the model. The original2129

NS base code is available at https://github.com/bayesiains/nsf. However, we used2130

the normalizing-flows repository, a valuable collection of several normalizing flows models,2131

available at https://github.com/VincentStimper/normalizing-flows.2132
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Figure A.1: Hyperparameter tuning for each model. a) Tuning of the ‘layers’ parameter of NS.
b) c) Tuning of the ‘model dimension’ parameter of CFM and DDPM respectively.

A.2 Data Details2133

Details of the Aib9 molecular dynamics simulation are provided in Table 1. The Gaussian2134

mixture model data was generated via torch.distributions. This package enables sampling2135

from Gaussian distributions of arbitrary dimensionality with given mean vectors and covariance2136

matrices. In our usage, covariance matrices are the identity matrix, and mean vectors are drawn2137

randomly. To generate multimodal Gaussian mixtures, we draw samples from independent Gaussian2138

distributions and combine them. The ratio of samples from one distribution versus another can2139

be varied, allowing a controllable degree of asymmetry for our free energy difference estimation2140

experiment.2141

All code to perform data generation (GMM and Aib9 datasets) is available at https://2142

github.com/tiwarylab/model-comparison, and the datasets are additionally located2143

on Zenodo.2144
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Parameter Value
Simulation engine OpenMM

Temperature 450 K
Water model TIP3P

Integration step 2 fs
Energy minimization True

NVT equilibration 1 ns
NPT equilibration 1 ns

Production run 200 ns

Table A.1: Aib9 MD parameters
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Appendix B: Supplementary Material for Chapter 32145

B.1 MD simulations setup2146

B.1.1 AIB92147

The simulation of AIB9 was setup by following a previous study [124]. The PDB file was2148

taken from the authors with permission, and the simulations are done with the CHARMM36m all2149

atom force field [121] using TIP3P water molecules [120], a Parrinello-Rahman barostat [24], and2150

a Nose-Hoover thermostat [21, 22] under the NPT ensemble. Simulations were performed using2151

GROMACS 2016. [274] The structures of AIB9 were saved every 0.2 ps and the dihedral angles2152

were calculated using PLUMED 2.4 [275].2153

B.1.2 GACC2154

The simulations of GACC were done with the AMBER ff12 all atom force field, using TIP3P2155

water molecules [120], a Parrinello-Rahman barostat [24], and a Bussi-Parrinello velocity rescaling2156

thermostat [23] under the NPT ensemble. The simulations were performed using GROMACS2157

2016 [274]. The AMBER force filed was chosen because it exhibits more conformational variability2158

compared with CHARMM force filed in a previous study [276]. The structures of GACC were also2159

saved every 0.2 ps and the relevant dihedral angles were calculated using PLUMED 2.4 [275].2160

The PDB file of the GACC structure that served as the starting point for our simulation was2161

generated using PyMOL. The initial structure was assumed to be at a temperature of 10K, and the2162

systems energy was minimized with positional restraints of 25 kcal mol−1 Å−2 in a two step process2163
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- first the steepest descent algorithm was applied for 1000 steps followed by the conjugate gradient2164

algorithm for another 1000 steps. Next, the system was equilibrated to 150K over 100ps under the2165

NVT ensemble with positional restraints of 25 kcal mol−1 Å−2. Then, the GACC was equilibrated2166

from 150K to 277K at 1 atm under the NPT ensemble for 100 ps with positional restraints of 52167

kcal mol−1 Å−2. Finally, a long 5 ns equilibration was performed over 5ns at 298K under the NPT2168

ensemble with positional restraints of 0.5 kcal mol−1 Å−2, after which the system was copied to 482169

replicas, and each replica was equilibrated to its target temperature under the NPT ensemble with2170

positional restraints of 0.5 kcal mol−1 Å−2.2171

The replica temperatures were geometrically spaced temperatures ranging from 277K to 408K,2172

with temperature increased by 1% for each replica. The attempt of exchanging configurations was2173

made every 10 ps, which is determined by checking the time correlation function of the potential2174

energy.2175

B.2 Network structure and hyperparameters2176

The structure of the network is shown in Fig. 3.1. It has a U-net structure [117], where the2177

input is down-sampled by 4 residue blocks and then up-sampled by another 4 residue blocks. The2178

diffusion process is divided into 1000 discrete steps. The network parameters are optimized by the2179

Adam algorithm [277] with a learning rate equal to 2−5. Exponential moving average (EMA) with2180

a decrease rate 0.995 is used to stabilize the stochastic gradient descent.2181
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Appendix C: Supplementary Material for Chapter 42182

C.1 Network Architecture and Parameters2183

Our thermodynamic map is parameterized as a score-based model using a U-net [117] with2184

four Resnet downsampling blocks, followed by an attention layer, and four Resnet upsampling2185

blocks. For all experiments, we use a learning rate of 10−3 with the Adam optimizer [277]. We2186

also employ self-conditioning to accelerate training convergence [278]. The thermodynamic map is2187

trained for 250 epochs with 100 diffusion timesteps for all studies performed.2188

C.2 Training and Sampling2189

Thermodynamic maps are trained as a score-based diffusion model where the objective is to2190

estimate the score s(x, t) = ∇x log pt(x) so that the forward diffusion may be reversed. Examples2191

of the score are generated by randomly selecting samples u0 = (x0,β0)
⊤ ∈ D that are noised by2192

evaluating the forward diffusion up to a timestep t ∼ U(0, 1). In practice, the continuous-time2193

forward diffusion process is approximated by a discrete Markov chain with transitions2194

ui =
√
1− λiui−1 +

√
λiz, (C.1)

where z is sampled from N (0,β−1
0 ) for the dimensions of u corresponding to x, and N (0,1) for2195

the dimensions corresponding to β. The continuous noise schedule λ(t) is discretized as {λi}Ni=1,2196

where N is the number of diffusion timesteps.2197

The Markov chain defined by Eq. C.1 linearly interpolates between data u0 and noise z. As2198
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such, Eq. C.1 can be evaluated up to any ui starting from u0 in a single step by2199

ui =
√
1− αiu0 +

√
αiz, (C.2)

where α is a cumulative noise schedule defined as2200

α(t) = e−
∫ t
0 λ(s)ds (C.3)

and has been discretized the same as λ(t). In practice, we specify α(t) as a monotonically decreasing2201

function2202

α(t) = (1− 2a) · (1− t2) + a where a = 10−5, (C.4)

which is the same parameterization as in [251].2203

The U-net backbone of the model, denoted as fθ, takes noisy samples ui as input, and is2204

trained to return denoised samples by minimizing the loss2205

L = Eu0∈DEt∼U(0,1)

[
||u0 − fθ (ui, t) ||2

]
. (C.5)

Eq. C.5 is equivalent to score matching and has the form of the simple loss defined in [279].2206

Predicting u0 from ui enables one to estimate the noise added using Eq. C.3, which in turn is2207

equivalent to the score up to a multiplicative factor determined by the cumulative noise schedule2208

[280].2209

The observations fθ(ui, t) from the denoising network can be used to evaluate the reverse2210

diffusion process via the DDIM [281] update equation2211

ui−1 =
√
αi−1fθ(ui, t) +

√
1− αi−1 − η2i

(
ui −

√
1− αifθ(ui, t)√

αi

)
+ η2i z. (C.6)

DDIM treats the variance of the noise in the reverse diffusion, η2i , as a hyperparameter. When2212

ηi =
√
(1− αi)/(1− αi)

√
1− αi/αi−1 the generative process approximates the reverse diffusion2213
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SDE. When ηi = 0, the generative process approximates the probability flow ODE [282]. The2214

generative process is evaluated with ηi = 0 for all studies performed.2215

C.3 Ising Model2216

The Ising Model presented in the main text is simulated on a 32×32 square lattice with2217

periodic boundary conditions. Lattice configurations x0 ∈ R32×32 are recorded every 1000 lattice2218

sweeps and are uniformly dequantized prior to training the network. The Monte-Carlo simulation2219

scheme ensures that samples at each temperature are always drawn from the equilibrium distribution.2220

Therefore, the entries of β0 ∈ R32×32 are identically βbath. The outputs of the sampling procedure2221

are binarized to ±1 based on sgn(x).2222

C.4 G-vectors2223

G-vectors are an internal coordinate system that represents RNA structures as an orientational,2224

equivariant contact map between all pairs of nucleobases [173]. The G-vector between nucleobases2225

i and j is computed from the displacement vectors between the centers of the six-membered rings2226

of the bases rij ∈ R3 as2227

Gij(rij) =



sin(γ|rij|) rij,x|rij |

sin(γ|rij|) rij,y|rij |

sin(γ|rij|) rij,z|rij |

1 + cos(γ|rij|)


× Θ(|rij| − rc)

γ
, (C.7)

where |rij| is the distance between bases i and j, Θ is the Heaviside step function, rc is a cutoff2228

of 2.4 Å, and γ = π/rc. The internal representation of an RNA with N bases then takes the form2229

of a N ×N × 4 dimensional tensor, making the G-vector representation convenient for use with2230

convolutional networks.2231
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C.5 Ensemble Weighted Observables2232

Consistent with an ensemble perspective of biomolecular structure, we compute ensemble-2233

weighted fraction folded curves for the RNA systems studied in the main text. In principle, any2234

observable A(x) computed from microscopic coordinates x can be weighted by the conformational2235

ensemble at temperature β−1, denoted as p(x, β), through2236

⟨A(x, β)⟩p = ⟨A(x)|p(x, β)⟩, (C.8)

where ⟨·|·⟩ denotes the inner product. Estimating p(x, β) in Eq. C.8 through binning is usually2237

intractable for high-dimensional x. For this reason, it is often more effective to describe the system2238

in terms of some lower-dimensional collective variables ξ = f(x). For example, in the GCAA2239

tetraloop and HIV-TAR RNA experiments, the ensemble-weighted number of base pairs is computed2240

along the first two principal components of the G-vectors for RNA structures, with measurements2241

of A(ξ) gathered from MD simulations, and p(ξ, β) generated by the thermodynamic map.2242

C.6 Rosetta, MD Simulations, and Adaptive Sampling2243

Initially, 104 structures are generated through MC sampling on the Rosetta potential [169].2244

G-vectors are computed for all generated structures, and candidate structures are sampled via regular2245

space clustering on the first two principal components of the G-vectors. Before clustering, we2246

compute the distribution energies of the generated structures in vacuum using the MD force field,2247

and we discard any structures with energy greater than the mean plus two standard deviations.2248

These initial structures are then simulated using the OpenMM simulation engine [283] with2249

the D.E. Shaw RNA force field [156] at 1M KCl concentration and 1 atm with the TIP-4P water2250

model [284]. Simulation temperatures are uniformly spaced at 10K intervals between 310K and2251

450K, and are assigned to Rosetta structures according to increasing energy.2252

Structures are equilibrated for 10ns before the first production simulation of 50ns. Between2253
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rounds of adaptive sampling, structures are equilibrated for 1ns. Simulation structures are saved at2254

1ns intervals during the production simulation, and these structures are represented as G-vectors to2255

form the training data for the thermodynamic map.2256

Beyond the initial round of simulation beginning from Rosetta structures, simulations are2257

launched from new structures which are adaptively sampled via regular space clustering on 1052258

samples generated by the thermodynamic map for each temperature on the simulation ladder2259

(uniformly spaced at 10K intervals between 310K and 450K). Only samples with free energy less2260

than 2kcal/mol relative to the most abundant conformation are considered for adaptive sampling at2261

each temperature.2262

C.7 Local Equilibrium and Linear Fluctuations2263

C.7.1 Motivation2264

Generating statistically independent samples from the global equilibrium distribution of2265

a complex system is computationally expensive, and for sufficiently complex systems may be2266

completely infeasible. An alternative way to explore the energy landscape is to run many simulations2267

in parallel, each of which exists in a local equilibrium that differs from the global equilibrium2268

distribution by a constant shift in the free energy. One must be careful in concluding the parallel2269

simulations since the aggregate of the simulations in local equilibrium may not represent the global2270

equilibrium. For example, if the initial conditions of the parallel simulations are not sampled from2271

the global equilibrium distribution, then the statistics of the obtained data will likely not reflect2272

equilibrium.2273

Methods such as Replica Exchange Molecular Dynamics (REMD) ensure that simulations2274

remain in equilibrium throughout by enforcing exchanges between replicas to follow the detailed2275

balance criteria, but suffer from poor scalability with system size [65]. Maintaining frequent2276

exchanges while enforcing the energy-based detailed balance condition requires replicas to be2277

more closely spaced on the temperature ladder as system size increases to maintain computational2278
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efficiency. For this reason, it is computationally infeasible to study large systems through replica2279

exchange.2280

We develop an alternative method of inferring equilibrium from TM-aMD that assumes the2281

scale of fluctuations should increase linearly with temperature. The temperature of a system can2282

be defined in terms of coordinate fluctuations, but correlations between the fluctuating degrees of2283

freedom and non-linear dependence of fluctuations with temperature make relating fluctuations2284

to temperatures in this manner infeasible [285]. However, for the simple harmonic prior, each2285

coordinate of the simple system fluctuates independently of the others, and the relationship between2286

coordinate fluctuations and temperature is independently linear for each degree of freedom. Based2287

on this observation, we define the inverse-temperature variables β in the thermodynamic map as2288

the simulation’s fluctuations along each degree of freedom. The fluctuations β in turn define the2289

temperature of the prior system, where a linear relationship holds between β and the thermodynamic2290

temperature T .2291

In other words, we rely on the ability of the thermodynamic map to transform a complex2292

system whose fluctuations along all degrees of freedom are highly correlated with one another into a2293

simpler, correlation-free system where the correspondence between fluctuations and temperature is2294

tractable. We emphasize that this protocol is not needed when sampling from the global equilibrium2295

distribution. For example, in the Ising model experiment, each entry of β may be set to βbath2296

since Monte Carlo sampling guarantees global equilibrium. Below we detail the linear fluctuation2297

protocol.2298

C.7.2 Protocol2299

Suppose that N simulations are performed independently and over a short timescale such2300

that large-scale conformational transitions do not occur. In this case, each replica explores a single2301

free energy minimum, generating a local equilibrium distribution of conformations {pn(x)}Nn=12302

where x ∈ RM . The fluctuations of each replica are quantified by β−1
nm = Variance(pn(xm)). That2303

is, the fluctuations are computed coordinate-wise and separately for each replica, leading to N2304
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inverse-temperature variables β−1
n ∈ RM .2305

During the training of the thermodynamic map, samples x ∼ pn(x) are paired with their2306

corresponding β−1
n , so that samples from pn(xm) are mapped to a harmonic oscillator (the prior2307

system) where each degree of freedom is at temperature β−1
nm.2308

To generate samples at a given T , we fit a linear model, fm, to each {(Tn, β
−1
nm)}Nn=1 resulting in2309

a multilinear function f = (f1, f2, . . . , fM) that relates temperatures to fluctuations in a coordinate-2310

wise fashion. Generating samples at temperature T amounts to sampling from the prior at (statistical)2311

temperature β−1 = f(T ).2312

In the main text, we assume linear fluctuations to infer the global equilibrium for the GCAA2313

tetraloop and HIV-TAR RNAs. The coordinates of a N nucleobase RNA are represented as a2314

vector G ∈ RN×N×4 computed from the pairwise displacement vectors between bases r ∈ RN×N×3
2315

(see Appendix C.4). The fluctuation variables β are computed directly from r and averaged over2316

the spatial dimensions to obtain β ∈ RN×N , with a single βij shared between all coordinates of2317

Gij ∈ R4.2318

Initially, we expect the assumed linear relationship between fluctuations and temperatures2319

will be inaccurate. However, after many iterations of TM-aMD with Fluctuation Mapping, we2320

expect that the linear dependence will gradually be imposed on the simulated system. We verify2321

this intuition in Fig. C.1 by characterizing the accuracy of the multilinear fit f for each β for the2322

HIV-TAR RNA. Fig. C.1 shows the Pearson r value for each β−1
ij = fij(T ) across each iteration of2323

the TM-aMD algorithm. Initially, the linear assumption is inaccurate, as evidenced by the large2324

number of fits with small r values. However, as the algorithm progresses, the quality of fit improves2325

indicating that the linear relationship between fluctuations and temperature in the prior has been2326

transferred to the RNA system.2327
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Algorithm 1 TM-aMD Protocol

Require: Seed structures {x(0)
i }Ni=1, temperatures {Tk}Kk=1, j = 0.

1: {x(0)
i }Ni=1 are seeds for TM-aMD iteration 0.

2: Assign each structure x
(0)
i a T ∈ {Tk}Kk=1 to obtain {(x(0)

i , Ti)}Ni=1

3: while not converged do
4: See Appendix C.8.
5: for each simulation seed (x(j), T ) do
6: Simulate x(j) at temperature T and record M samples {xm}Mm=1

7: if linear fluctuations then
8: β−1 = Variance({xm}Mm=1) (e.g. MD simulations)
9: Compute coordinate-wise per replica (see Appendix C.7).

10: else
11: β−1 = T (e.g. Monte-Carlo)
12: end if
13: Pair each x ∈ {xm}Mm=1 with β−1 to form state vectors {(x,β)⊤m}Mm=1

14: end for
15: Form dataset consisting of all simulation state vectors {(x,β)⊤l }MN

l=1

16: Multilinear fit f to {(Ti,β
−1
i )}Ni=1

17: See Appendix C.7.
18: Train thermodynamic map using {(x,β)⊤l }MN

l=1

19: See Appendix C.2.
20: for each temperature T in {Tk}Kk=1 do
21: Generate samples {x̂} from the thermodynamic map with prior β−1 = f(T ).
22: See Appendix C.2.
23: Project samples {x̂} into low-dimensional space {ξ̂} (ξ̂i = g(x̂i)).
24: For example, g is PCA.
25: Obtain new seeds {(x(j+1)

i , T )}Nk
i=1 by clustering on {ξ̂}

26: Nk replicas for each Tk.
27: end for
28: N ←

∑
k Nk

29: Obtain {(x(j+1)
i , Ti)}Ni=1 consisting of all seeds

30: N replicas for TM-aMD iteration j + 1.
31: j = j + 1
32: end while

C.8 Convergence to Equilibrium2328

A central unanswered question is how to determine convergence to the equilibrium distribution2329

for TM-aMD. Other methods, such as those based on Markov state models, rely on enforcing the2330

detailed balance condition for transitions between states [286]. However, the samples produced by2331
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thermodynamic maps are statistically independent, and checking detailed balance in this manner2332

requires correlated samples. Rather than checking the detailed balance conditions, we argue that if2333

the thermodynamic map has learned the equilibrium distribution, then the MD and TM-generated2334

distributions should be in agreement and should not change between iterations. As stated in the2335

main text, this condition is necessary, although not completely sufficient to identify equilibrium.2336

For simplicity, instead of monitoring agreement between the MD and TM distributions, we monitor2337

agreement between MD and TM predictions of observables.2338

More concretely, for the RNA systems studied we monitor agreement between melting2339

temperature predictions, as shown in Fig. C.2. For the GCAA tetraloop (Fig. C.2A), we observe2340

disagreement between MD and TM-predicted melting temperatures until ∼ 45µs of MD simulation,2341

after which the melting temperatures show agreement and are unchanging between iterations. The2342

final three iterations satisfy our heuristic equilibrium condition and are used to compute the melting2343

temperature reported in the main text. On the other hand, the melting temperature predictions2344

for HIV-TAR do not show the same convergence. Fig. C.2B shows that for four of the six2345

iterations, the MD and TM-predicted melting temperatures are in agreement, but are clearly not2346

converged. Nonetheless, we use the four iterations showing agreement (3,5,6,7) to compute the2347

melting temperature reported in the main text.2348

Another striking feature of the convergence plots (Fig. C.2) is the instability of melting2349

temperature predictions for simpler GCAA tetraloop, which occur over a range of 500◦C. Exam-2350

ining the TM-generated conformational landscape at each iteration explains these highly variable2351

predictions. Fig. C.3 shows the TM-predicted conformational landscape at each iteration of Fig.2352

C.2 for the GCAA tetraloop. The iterations with extreme melting temperature predictions (4-6)2353

correspond to the discovery of the unfolded state. All of the Rosetta-generated structures correspond2354

to the folded state, leading to gradual exploration of the unfolded state over the first three iterations.2355

Iterations 4-6 learn the relative populations of the folded and unfolded states across temperature,2356

while the final three iterations show convergence in terms of the relative populations of the folded2357

and unfolded states.2358
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In contrast to the GCAA tetraloop, where Rosetta only predicts the most stable structure,2359

the Rosetta predictions for HIV-TAR constitute an ensemble (Fig. C.4). While TM-aMD explores2360

new states not present in the initial ensemble for the GCAA tetraloop, HIV-TAR requires less2361

exploration. Overall, the findings outlined in our convergence analysis show that the quality of the2362

initial ensemble has a dramatic impact on the convergence of the TM-aMD algorithm.2363
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Figure C.1: Quality of linear fluctuation fit for the HIV-TAR RNA. For each iteration of TM-
aMD applied to the HIV-TAR RNA in Section 4.6 the accuracy of the Fluctuation Mapping method
is assessed. Since the dependence of fluctuations with temperature is linear in the prior system we
expect that as TM-aMD progresses a similar dependence should be observed in the simulated RNA
system. For each iteration of TM-aMD we compute fluctuations from the pairwise displacement
vectors r as {β(n)

ij }Nn=1 = {⟨Variance(r
(n)
ijk)⟩k}Nn=1, where i and j are nucleobase indices, k denotes

the spatial coordinates, and n denotes the replica index. We then evaluate the multilinear fit f(T ),

where each fij is a linear fit to {(T (n), β
(n)
ij

−1
)}Nn=1. The quality of the fit, and therefore the validity

of the Fluctuation Mapping assumption, is characterized by the Pearson r values for each fij , as
depicted in the figure. Initially, the assumption is inaccurate, as evidenced by the number of entries
with small r values. However, as more iterations of TM-aMD are performed the quality of fit
improves, indicating the thermodynamics of the replica simulations more closely matches that of
the prior, validating our use of Fluctuation Mapping.
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Figure C.2: Convergence of Melting Temperature Calculations. A Melting temperatures for
the GCAA tetraloop computed independently for each iteration of TM-aMD with one standard
deviation uncertainties on the prediction. Convergence occurs after 45µs of MD simulation. For
visual clarity, predictions with uncertainties greater than 100◦C are represented as x’s. B Melting
temperatures for HIV-TAR are computed independently for each iteration of TM-aMD with one
standard deviation uncertainties on the prediction. In both panels, the TM predictions show smaller
uncertainties relative to the MD predictions.
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Figure C.3: Convergence Towards Equilibrium for GCAA. The TM-predicted conformational
landscape at each iteration is superimposed on the distribution of all MD structures, shaded by the
number of base pairs. The cumulative simulation time associated with iteration is listed.
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Figure C.4: Convergence Towards Equilibrium for HIV-TAR. The TM-predicted conformational
landscape at each iteration is superimposed on the distribution of all MD structures, shaded by the
number of base pairs. The cumulative simulation time associated with iteration is listed.
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Appendix D: Supplementary Material for Chapter 52364

D.1 Secondary Structure Prediction2365

The secondary structure of an RNA is a simplified representation that specifies Watson-2366

Crick base pairing. There are numerous, long-standing approaches available to predict secondary2367

structures from the primary sequence. [287] RNAnneal relies on three programs to predict RNA2368

secondary structures: EternaFold [195], LinearFold [196], and LinearAliFold [196]. EternaFold is a2369

probabilistic method for secondary structure prediction that has been benchmarked against several2370

widely used secondary structure prediction algorithms (Algorithm 2). LinearFold is an algorithm for2371

predicting secondary structures that has linear runtime with sequence length (Algorithm 3). Linear-2372

AliFold extends the functionality of LinearFold by implementing stochastic sampling (Algorithm2373

4). After a large number of secondary structures have been predicted by the above methods, the2374

structures are aggregated and redundant ones are filtered out. Fig. SD.3 measures the fraction of2375

correctly predicted bases for the predicted distributions of secondary structures for each riboswitch.2376

D.2 FARFAR22377

Rosetta’s Fragment Assembly of RNA with Full-Atom Refinement (FARFAR) is a hybrid2378

knowledge- and physics-based approach to sampling models of 3D RNA structure. [288] FARFAR2379

samples 3D models by performing Monte Carlo sampling on a low-resolution potential using a2380

library of experimentally validated structure fragments, and then relaxes the structure in a higher-2381

resolution all-atom potential. The quality of the conformations is evaluated by the Rosetta score.2382
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FARFAR2 further improves the performance of FARFAR with updates to the sampling algorithms,2383

scoring weights, and fragment libraries. [198] The Rosetta score referred to in the main text and2384

Fig. 5.2g-h corresponds to the rna_hires.wts file in Rosetta v2021.16.61629. Algorithm 52385

describes how RNAnneal uses FARFAR2 to sample a candidate model of the 3D structure with the2386

primary sequence and a secondary structure as input.2387

D.3 Clustering2388

A crucial step in RNAnneal is selecting representative conformations to simulate (see Molecu-2389

lar Dynamics) from the set of structures predicted by FARFAR2. To sample diverse conformations,2390

we first compute G-vectors for the FARFAR2 conformations (see R- and G-vectors), and then project2391

the G-vectors onto d = 2, 3, . . . , 26 principal components. For each d value, the data is clustered2392

using the advanced density peaks algorithm [289] implemented in dadapy [290] with Z = 3.2393

Representatives are selected based on the the d value that yields the maximum number of clusters2394

(Fig. SD.4). To select, e.g., 200 candidate structures, we first sort the conformations within each2395

cluster based on their Rosetta score and then sort the clusters based on the top-scoring conformation2396

in each cluster. The clusters are then traversed in order, and the top-scoring conformation is selected2397

as a representative and subsequently removed from the cluster. If there are fewer than 200 candidate2398

structures after all clusters have been traversed, then they are reordered based on the new top-scoring2399

conformation and the selection procedure is repeated until 200 conformations are obtained. The2400

entire procedure is detailed in Algorithm 7.2401

D.4 Molecular Dynamics2402

RNAnneal simulates models of 3D RNA structure with implicit solvent MD in order to2403

introduce variations in structure caused by the thermal environment. The simulations are conducted2404

under the NVT ensemble using the OpenMM simulation engine and the DES-AMBER RNA force2405

field. [156, 291] The conformations are equilibrated by gradually increasing the temperature from2406
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1K to 300K and then increasing the integration timestep from 1fs to the production integration2407

timestep of 5fs (Table D.2). The production simulation is 100ns and frames are saved at 1ns2408

intervals; additional simulation parameters like ion concentration and solvent model are provided in2409

Table D.3. The DES-AMBER score is the potential energy of the MD simulations (i.e., the energy2410

values of the force field and solvent model) standardized by first aggregating the energy across all2411

simulations (for a given RNA) and then subtracting the minimum value and dividing the standard2412

deviation.2413

D.5 R- and G-vectors2414

RNAnneal featurizes conformations with two nucleobase-centric representations constructed2415

from R- and G-vectors. [173] An R-vector is a displacement vector rij directed between the six-2416

membered aromatic ring of nucleobases i and j. The R-representation of a conformation with N2417

nucleobases is thus a tensor of shape N ×N × 3. Similarly, the G-representation is a N ×N × 42418

tensor consisting of G-vectors that capture the geometry of localized base-pairing and stacking2419

interactions. The G-vector, Gij , is computed as2420

Gij(rij) =



sin(γ|rij|) rij,x|rij |

sin(γ|rij|) rij,y|rij |

sin(γ|rij|) rij,z|rij |

1 + cos(γ|rij|)


× Θ(|rij| − rc)

γ
(D.1)

where Θ is a step function, rc is a cutoff of 2.4Å, and γ = π/rc.2421

D.6 SPIB2422

The State Predictive Information Bottleneck (SPIB) framework allows one to embed a high-2423

dimensional dynamical system into a lower-dimensional latent space while preserving the slowest2424
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degrees of freedom of the system. [199] SPIB takes the form of a time-lagged autoencoder, where2425

high dimensional coordinates at time t are passed to the encoder and embedded in a latent space;2426

the decoder must then predict the state label at time t+∆t solely from the latent embedding. SPIB2427

has two main hyperparameters: the time lag, ∆t and a regularizer, β. The time lag corresponds2428

to the lifetime of the predicted states, while β regularizes the latent space to follow a mixture of2429

Gaussians prior. We train two sets of SPIB models on the first 8 principal components of the R-2430

and G-vectors. For each feature type, we train seven models with the number of IB components, d,2431

ranging from 2 to 8. For all models, we use a linear encoder, non-linear decoder, a 2ns lag time, and2432

set β = 0.05. The SPIB implementation is provided by the af2rave python package. [292]2433

D.7 Thermodynamic Maps2434

A thermodynamic map (TM) is a diffusion model variant that models the dependence of a2435

structural ensemble on physical parameters like temperature, pressure, or chemical potential by2436

representing their statistical effect on the prior distribution. [66, 193, 194] Temperature, for example,2437

is represented by tempering the prior (i.e., adjusting the variance) on a per-sample basis, while2438

pressure and chemical potential correspond to exponential tilting operations that shift the mean2439

of the prior. [66, 193] Once trained, the TM model can then be used to generate new samples2440

or evaluate the likelihood of existing samples at a given set of thermodynamic conditions. In2441

this work we modify the construction so that the prior is tempered based on the energy of the2442

conformations. Concretely, for a given representation x0, we set the variance of the prior equal to2443

the DES-AMBER score, U0, of the conformation corresponding to x0 (see Molecular Dynamics;2444

Fig. 5.1c). The RNAnneal Score for a given conformation is computed from the log-likelihoods of2445

the latent representations under the trained models. The log-likelihood calculation is summarized2446

in Algorithm 8 and described in detail in Ref. [293] Our TM implementation infers the energy-2447

dependence of the conformational ensemble, and as a result one must choose a variance (i.e., a2448

temperature) for the prior when computing the score. All the results in the main text employ a unit2449
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variance prior, but other values sometimes lead to better performance (Fig. SD.14-SD.16).2450

D.8 RNAnneal Score2451

RNAnneal scores conformations using an ensemble of Thermodynamic Maps trained on2452

geometric and energetic features extracted from a set of 3D conformations (Fig. 5.1b-d). A total2453

of 28 TMs are trained for each RNA, covering all four combinations of representations (R- and2454

G-vectors) and projections (PCA and SPIB). For each feature-projection combination, the number2455

of projection components d varies from 2 to 8 inclusive. After training, the RNAnneal score is2456

computed from the log-likelihoods of the training data under the TM ensemble (Algorithm 8 and 9).2457

D.9 Reference Structures2458

RNAnneal’s structure prediction performance was evaluated on a set of riboswitch sequences2459

with structures that have been solved by high-resolution experimental methods (Table D.1 and Fig.2460

SD.1). The reference ERCs were prepared by downloading the associated Protein Data Bank (PDB)2461

entry, removing any non-nucleic residues, filling in missing nucleobases using FARFAR2, and2462

subsequently minimizing the conformation with the Rosetta energy function (see Algorithm 6).2463

D.10 RMSD2464

Root Mean Squared Deviation (RMSD) is a metric commonly used to evaluate discrepancies2465

between structure models. We evaluate the heavy-atom RMSD of each model after alignment to the2466

native structure. The RMSD between a model x and reference y conformation containing N heavy2467

atoms is defined as2468

RMSD(x,y) =

√√√√ 1

N

N∑
i=1

d(xi,yi)2, (D.2)
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where d(xi,yi) measures the distance between the i-th atom in both models. The RMSD values2469

for RNAnneal conformations and molecular dynamics simulations of the reference structure are2470

reported in Fig. SD.6 and Fig. SD.5.2471

D.11 INF2472

Interaction Network Fidelity (INF) quantifies the similarity between two conformations2473

based on their Leontis-Westhof base pairing and stacking classifications. [204, 294] Let Sm and Sr2474

denote the sets of nucleobase interactions (base pairs and base stacks) in the model and reference2475

conformations, respectively. The INF is defined as the Fowlkes-Mallows Index between these2476

interaction sets:2477

INF =

√
|TP|

|TP|+ |FP|
× |TP|
|TP|+ |FN|

(D.3)

where TP = Sm ∩ Sr are interactions present in both structures, FP = Sm Sr are interactions2478

present only in the model, and FN = Sr Sm are interactions present only in the reference. Minor,2479

localized structural differences (e.g., at a helix junction) may yield large RMSD values due to2480

poor global alignment. Because the INF compares interaction networks directly without requiring2481

alignment, it is more robust to such variations and to thermal fluctuations. We compute the INF2482

using the ClaRNA [295] implementation in rna-tools [296]. INF values are reported in Fig.2483

SD.2 and SD.8-D.9.2484

D.12 AUAC2485

The Area Under the Accumulation Curve (AUAC) is a metric suited for evaluating classi-2486

fication task performance (Fig. 5.1e and 5.2g). [212] Let x ∈ [0, 1] be the normalized rank and2487

f : r → {0, 1} be an associated set of labels, with 1 indicating the positive (near-ERC) class and 02488
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indicating the decoy class. The empirical CDF is then2489

A(r) =

∫ r

0

f(s)ds (D.4)

and the area under the accumulation curve is2490

AUAC =

∫ 1

0

A(r)dr. (D.5)

When the AUAC is 1, the classification is perfect, i.e., members of the positive class are always2491

ranked above decoys. The accumulation curves for the 15 riboswitches investigated in the main text2492

are provided in Fig. SD.15 and SD.16.2493

D.13 BEDROC2494

The Boltzmann-Enhanced Discrimination of Receiver Operator Characteristic (BEDROC)2495

modifies the Area Under the Accumulation Curve (AUAC) to focus on early recognition of the2496

positive (near-ERC) class (Fig. 5.1e and 5.2g). [212] The AUAC is skewed towards late recognition2497

since contributions from the lowest ranked samples dominate the area calculation in Eq. D.5. One2498

may introduce an exponentially decreasing weight on the rank in the AUAC calculation to focus on2499

early recognition, i.e.,2500

wAUAC =

∫ 1

0

A(r)e−αrdr, (D.6)

which is normalized to obtain2501

BEDROC =
wAUAC− wAUACmin

wAUACmax − wAUACmin

. (D.7)

The tunable parameter α controls the focus on early recognition. Our choice of α = 8 is such2502

that the top 20% of the normalized rank contributes 80% of the wAUAC. Early recognition is a2503

suitable evaluation metric when there is a large class imbalance and accurate classification among2504
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the highest ranks is essential.2505

D.14 Interaction Entropy2506

Interaction entropy measures how heterogeneous each nucleobase’s interaction patterns are2507

across an ensemble of conformations. First, each nucleobase i is assigned a Leontis–Westhof2508

(LW) base-base contact classification for every structure in the ensemble. [294] The distribution of2509

these classifications defines probabilities pi(cj) for each contact c with partner nucleotide j. The2510

interaction entropy is then the Shannon entropy of this distribution,2511

Hi = −
∑
j

∑
c∈C

pi(cj) log2 pi(cj),

where C denotes the set of LW classes. Expressing the Shannon entropy in bits lends a direct inter-2512

pretation: a nucleotide with interaction entropy H participates in 2H distinct base-base interactions2513

across the ensemble (Fig. 5.3b). The probabilities may be computed as unweighted frequencies or2514

with prior weights associated to each structure. In this work we use state probabilities (see State2515

Ranking) computed from the RNAnneal score as prior weights.2516

D.15 State Ranking2517

We briefly describe the procedure by which a conformational ensemble, i.e., a small number2518

of representative conformations and their weights, is predicted by RNAnneal. We project the2519

RNAnneal conformations onto the d = 2 information-bottleneck (IB) space learned by SPIB2520

to obtain latent representations {x0,x1, . . . ,xN}. We further assign the predicted state label,2521

yi ∈ {y0, y1, . . . , yM} and RNAnneal Score, si, to each conformation. Next, we histogram the2522

conformations on a K × L grid in the IB space (Fig. 5.2j), using the mean s in each bin (denoted2523

by skl) to define a Boltzmann-like weight wkl = exp[−skl]. We assign each populated bin a state2524

label, ykl, based on the most frequent state label of the conformations in the bin, and define a total2525
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weight, Wi, for state yi by Wi =
∑

ykl=yi
wkl. Finally, normalizing the state weights yields state2526

probabilities pyi, and the frame with the minimal si within each state is taken as its representative2527

conformation. The entire procedure is described in Algorithm 11. The states predicted in the main2528

text (Fig. 5.3) and supplement (Fig. SD.17-SD.20) were predicted based on a d = 2 SPIB model2529

trained on the first 2 PCA components of the G-vectors.2530
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Figure D.1: Riboswitch reference ERCs labeled with PDB accession code.
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Figure D.2: Interaction Network Fidelity (INF) by interaction type. The INF is reported for a.
stacking interactions (Median [IQR]; Ref. MD: 0.82 [0.79− 0.86]; RNAnneal: 0.85 [0.80− 0.87]),
b. Watson-Crick (WC) interactions (Ref. MD: 0.95 [0.93− 0.96]; RNAnneal: 0.98 [0.92− 1.0]), c.
non-Watson-Crick (nWC) interactions (Ref. MD: 0.62 [0.48−0.67]; RNAnneal: 0.80 [0.59−0.87]).
It is worth noting that the conformation with, e.g., the maximum INFWC, does not necessarily have
the maximum INFstack or INFnWC.
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Figure D.3: Evaluation of secondary structures predicted by EternaFold, LinearFold, and
LinearAlifold. Secondary structures sampled by Eternafold, LinearFold, and LinearAilfold are
compared to the reference secondary structure extracted from the listed PDB entry; n denotes the
total number of secondary structures sampled.
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Figure D.4: Number of clusters vs d. For each RNA, the G-vectors are projected onto d components,
and clustering is performed via the Advanced Density Peaks algorithm implemented in dadapy.
The number of clusters, Nc is recorded as a function of d. The star values and vertical line indicate
the d where Nc is maximized; n denotes the total number of models used in the calculation.
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Figure D.5: RMSD variation over a 100ns MD simulation launched from the reference confor-
mation. The dashed line placed at 5Å indicates the cutoff used to classify ERCs (RMSD≤ 5Å) and
decoys (RMSD > 5Å) conformations. The proportion of ERCs is provided underneath the PDB
accession code.
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Figure D.6: RMSD distribution of conformations sampled by RNAnneal. The dashed line
placed at 5Å indicates the cutoff used to classify ERCs (RMSD ≤ 5Å) and decoys (RMSD > 5Å)
conformations. The proportion of near-ERCs is provided underneath the PDB accession code.
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Figure D.7: RMSD distribution of conformations for the classification task. The classification
task merges structures sampled by RNAnneal with frames from simulations launched from the
reference conformations (i.e., merges Fig. SD.5 and SD.6). The dashed line placed at 5Å indicates
the cutoff used to classify ERC (RMSD ≤ 5Å) and decoy (RMSD> 5Å) conformations. The
proportion of near-ERCs is provided underneath the PDB accession code.
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Figure D.8: INF variation over a 100ns MD simulation launched from the reference confor-
mation. The dashed line placed at 0.85 indicates the cutoff used to classify ERC (INF≥0.85) and
decoy (INF<0.85) conformations. The proportion of near-ERCs is provided underneath the PDB
accession code.
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Figure D.9: INF distribution of conformations generated by RNAnneal. The dashed line placed
at 0.85 indicates the cutoff used to classify ERC (INF≥0.85) and decoy (INF<0.85) conformations.
The proportion of near-ERCs is provided underneath the PDB accession code.
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Figure D.10: INF distribution of conformations for the classification task. The classification
task merges structures sampled by RNAnneal with frames from simulations launched from the
reference conformations (i.e., merges Fig. SD.8 and SD.9). The dashed line placed at 0.85 indicates
the cutoff used to classify ERC (INF≥0.85) and decoy (INF<0.85) conformations. The proportion
of near-ERCs is provided underneath the PDB accession code.
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Figure D.11: Correlation between RMSD and INF for RNAnneal conformations.

Figure D.12: AUAC and BEDROC for each combination of training features.
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Figure D.13: AUAC and BEDROC for RMSD classification criteria. Classification power of
the Rosetta (blue), DES-AMBER (orange), and RNAnneal (blue) scores when ERCs are defined
as conformations < 5Å in RMSD from the reference conformation. The gray boxplots show the
distribution of AUAC and BEDROC values for each model in the TM ensemble.

Figure D.14: Variation in AUAC and BEDROC with scoring temperature.
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Figure D.15: Accumulation Curves. Accumulation curves, A(r) are reported for each riboswitch,
identified by the PDB entry of the reference conformation.
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Figure D.16: Summary of Accumulation Curves a. The set of accumulation curves for each
riboswitch PDB is shown with the range of rank, r, for which A(r) = 0.25, A(r) = 0.50, and
A(r) = 0.75. b. The range indicated by the bars shows the variation of r with temperature at fixed
values of A(r) = 0.25, A(r) = 0.50, and A(r) = 0.75. The accumulation curve for the NAD+

riboswitch (6E1W [211]) is shown as an example (see Fig. SD.15 for all riboswitches).
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Figure D.17: Conformational ensembles predicted by RNAnneal (2MXS, 3Q3Z [221],
4NYA [219], 4RUM [208]). The reference ERC for each RNA are depicted to the left. The
five most probable states are reported alongside their probabilities. The best scoring model from
each state is shown as a representative conformation, and the INF and RMSD values compared
to the ERC are reported. Nucleotides are colored based on the interaction entropy (IE) predicted
by RNAnneal according to the ranges marked in Fig. 5.3b (dark blue: 0 ≤ IE < 0.5; light blue:
0.5 ≤ IE < 1.5; yellow: 1.5 ≤ IE < 2.5; red: IE ≥ 2.5)
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Figure D.18: Conformational ensembles predicted by RNAnneal (4YAZ [220], 6C27 [217],
6CB3 [209], 6DLQ [213]). The reference ERC for each RNA are depicted to the left. The five most
probable states are reported alongside their probabilities. The best scoring model from each state
is shown as a representative conformation, and the INF and RMSD values compared to the ERC
are reported. Nucleotides are colored based on the interaction entropy (IE) predicted by RNAnneal
according to the ranges marked in Fig. 5.3b (dark blue: 0 ≤ IE < 0.5; light blue: 0.5 ≤ IE < 1.5;
yellow: 1.5 ≤ IE < 2.5; red: IE ≥ 2.5)
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Figure D.19: Conformational ensembles predicted by RNAnneal (6E1W [211], 6N2V [207],
6Q57 [214], 6QN3 [210]). The reference ERC for each RNA are depicted to the left. The five most
probable states are reported alongside their probabilities. The best scoring model from each state
is shown as a representative conformation, and the INF and RMSD values compared to the ERC
are reported. Nucleotides are colored based on the interaction entropy (IE) predicted by RNAnneal
according to the ranges marked in Fig. 5.3b (dark blue: 0 ≤ IE < 0.5; light blue: 0.5 ≤ IE < 1.5;
yellow: 1.5 ≤ IE < 2.5; red: IE ≥ 2.5)
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Figure D.20: Conformational ensembles predicted by RNAnneal (6TFF [205], 6UBU [215],
6WJR [216], and 6VMY [218]). The reference ERC for each RNA are depicted to the left. The
five most probable states are reported alongside their probabilities. The best scoring model from
each state is shown as a representative conformation, and the INF and RMSD values compared
to the ERC are reported. Nucleotides are colored based on the interaction entropy (IE) predicted
by RNAnneal according to the ranges marked in Fig. 5.3b (dark blue: 0 ≤ IE < 0.5; light blue:
0.5 ≤ IE < 1.5; yellow: 1.5 ≤ IE < 2.5; red: IE ≥ 2.5)
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Table D.1: Details of riboswitch sequences and reference conformations

RNA PDB Mono
mer State Len

gth Sequence Secondary Structure

Neomycin
sensing
riboswitch

2MXS [206] Y Holo 28 ggcugcuuguccuuuaaug
guccaguc

(.(((...(.((......)
).)))).)

c-di-GMP-II
riboswitch 3Q3Z [221] Y Holo 76

gcgcggaaacaaugaugaa
uggguuuaaauugggcacu
ugacucauuuugaguuagu
agugcaaccgaccgugcu

((.(((..((.......((
((.((......[{{[[[[[
..)).))))....))....
]]]]]].}}..))).)).

TPP
riboswitch 4NYA [219] Y Holo 81

ggacucggggugcccuucu
gcgugaaggcugagaaaua
cccguaucaccugaucugg
auaaugccagcguagggaa
guuc

(.(((((((.((((.(((.
....))))))......)..
)))).....(((...((((
......))))...)))..)
)).)

NiCo
transition
-metal
riboswitch

4RUM [219] Y Holo 93

gggaacugagcaggcaaug
accagagcggucaugcagc
cgggcugcgaaagcggcaa
cagaugauacacgcacauc
ugugggacaguuccca

((((((((..(.(((.(((
(((.....))))))...))
)..((.((....)).)).(
((((((.........))))
)))..).)))))))).

3’,3’-cGAMP
sensing
riboswitch

4YAZ [220] Y Holo 84

gguacacgacaauacuaaa
ccauccgcgaggauggggc
ggaaagccuaagggucucc
cugagacagccgggcugcc
gaaauauc

(.((..((......(....
((((((....))))))..[
.)...(((...(((((((.
..))))).])).)))...)
)...)).)

SAM-III
riboswitch 6C27 [217] Y Apo 48

gggacaaguucccgaaagg
auggcggaaacgccagaug
ccuuguccc

.(((((((.(.(.....).
)(.((......)).)....
.))))))).

YkoY
riboswitch 6CB3 [209] N Holo 100

aaaggggaguagcgucggg
aaaccgaaacaaagucguc
aauucgugaggaaacucac
cggcuuuguugacauacga
aaguauguuuagcaagacc
uuuc

.((((......((.((((.

...))))(((((((.((..

.....(((((....)))))
)).))))))).((((((..
..))))))...))....))
))..

PRPP
riboswitch 6DLQ [213] Y Holo 108

ggaaagugugucuaggguu
ccgcgugcuucggcacgga
cugguccaagugacacaga
cgcauucgugcguuacacc
ggagggauagaagcccagg
cggguagguuuc

..((...(((((..((...
((.(((((....)))))..
..)).))....)))))..(
((((....)))))..(.[[
[..(((.......))).).
]]]......)).

PreQ1
riboswitch 6E1W [211] Y Holo 31 cugggucgcaguuucccca

guuaacaaaac
(((((.....[....))))
).........]

Mn2+-
sensing
riboswitch

6N2V [207] Y Holo 99

gcuuggggaguagccugcu
uucggaaacgaaagcgccu
guaucaacauacucggcga
aagccguggugcaggaccg
aaaggucuggcgagaccag
gcc

.(.(((......(((..(.
((((....)))).)..(((
(.(.((.......((((..
..)))))).).))))(((.
...)))..)))....))).
)..

Tetrahydro-
folate
riboswitch

6Q57 [214] Y Holo 90

ggagaguagaugauucgcg
uuaagugugugugaauggg
augucgucacacaacgaag
cgagagcgcggugaaucau
ugcauccgcucca

.(((......((((((.((

.......(((((((...[[
[[[...)))))))....((
....)).))..))))))..
.]]]]].)))..
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RNA PDB Mono
mer State Len

gth Sequence Secondary Structure

Glutamine
II riboswitch 6QN3 [210] N Holo 51

cguucacccuucggggcgc
augaaaugggaguagggaa
cgggauucucau

......(((....)))...

.....(.(.((.(......

....).)).).)

NAD+

riboswitch 6TFF [205] Y Holo 53
ggcuucaacaaccccguag
guugggccgaaaggcagcg
aaucuacuggagcc

((((.((.....[[.((((
.(((.(((....))).]])
)).)))))).))))

Guanine
riboswitch 6UBU [215] Y Holo 68

ggacauauaaucgcgugga
uauggcacgcaaguuucua
ccgggcaccguaaaugucc
gacuaugucc

((((((((..(.(((((..
...[[))))).)[.....)
](((.((]].....)).))
)..)))))))

FMN
riboswitch 6WJR [216] Y Apo 112

ggaucuucggggcagggug
aaauucccgaccgguggua
uaguccacgaaaguauuug
cuuugauuuggugaaauuc
caaaaccgacaguagaguc
uggaugagagaagauu

..((((((.......((..

.....))..((((((((..

..[[))))..(((......
)))...(((((.......)
))))]])).[[[....))]
]].......)))))).

Cobalamin
riboswitch 6VMY [218] Y Holo 149

ggucaaauaggugccgguc
cgugaacaacagccggcuu
aaaagggaaaccgguaaaa
gccggugcggucccgccac
uguaauuggccaagcgcca
agagccaggauaccugccu
guuugaucagcacgaauuc
ugcgaggacagauga

(.((.((.(((.(((((..
[((.....))..)))))..
...(((....((((.....
.)))).((((.....)).[
[[....((((.....))))
...))]]]]...))).)))
.)).)).)..(.....((.
.......).)...).

Stage Duration (ps) Timestep (fs) Temperature (K)

Equilibration 1 1 0.1 1
Equilibration 2.1 1 1 10
Equilibration 2.2 1 1 20
Equilibration 2.3 1 1 30
Equilibration 2.4 1 1 40
Equilibration 2.5 1 1 50
Equilibration 3.1 2 1 100
Equilibration 3.2 2 1 150
Equilibration 3.3 2 1 200
Equilibration 3.4 2 1 250
Equilibration 3.5 2 1 300
Equilibration 4.1 20 1 300
Equilibration 4.2 20 2 300
Equilibration 4.3 20 3 300
Equilibration 4.4 20 4 300
Equilibration 4.5 20 5 300
Production 100,000 5 300

Table D.2: Molecular Dynamics Equilibration Procedure
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Parameter Value

Simulation Engine OpenMM
Ion Type NaCl
Ion Concentation 1 M
Box Shape Dodecahedron
Box Padding 0.5 nm
Force Field (Solute) RNA.Shaw_charmm22-ions.xml
Force Field (Solvent) implicit/gbn2.xml
Pressure 1 atm
Sampling Frequency 1 ns

Table D.3: Molecular Dynamics Simulation Parameters.

Algorithm 2 Sampling RNA secondary structures with EternaFold
Require: example.fa (input sequence);

N (maximum number of samples, 5000)
1: mkdir -p eternafold
2: EternaFold/src/contrafold sample example.fa

-params EternaFold/parameters/EternaFoldParams.v1
-nsamples N > eternafold/ef.ss

Algorithm 3 Sampling RNA secondary structures with LinearFold
Require: example.fa (input sequence)

1: mkdir -p linearfold-v {Vienna parameters}
2: mkdir -p linearfold-c {CONTRAfold parameters}
3: cat example.fa | linearfold -zuker -delta 1000 -V | tail -n +5
| awk ’{print $1}’ > linearfold-v/zuker.ss

4: cat example.fa | linearfold -zuker -delta 1000 | tail -n +5 |
awk ’{print $1}’ > linearfold-c/zuker.ss

156



Algorithm 4 Sampling RNA secondary structures with LinearAliFold
Require: example.fa (input sequence);

N (maximum number of samples, 20000)
1: mkdir -p linearalifold-v {Vienna parameters}
2: mkdir -p linearalifold-bl {BL* parameters}
3: cat example.fa | linearalifold.py -s N -e 1 >
linearalifold-v/stochastic.ss

4: cat example.fa | linearalifold.py -s N -e 2 >
linearalifold-bl/stochastic.ss

5: cat example.fa | linearalifold.py -p -B linearalifold-v/bpp.txt
-M linearalifold-v/mea.ss -T linearalifold-v/threshknot.ss -C
linearalifold-v/centroid.ss -e 1

6: cat example.fa | linearalifold.py -p -B linearalifold-bl/bpp.txt
-M linearalifold-bl/mea.ss -T linearalifold-bl/threshknot.ss
-C linearalifold-bl/centroid.ss -e 2

Algorithm 5 Conformational sampling with FARFAR2
Require: SEQ (input sequence);

DB (secondary structure in dot-bracket notation)
1: rna_denovo.default.linuxgccrelease

-sequence SEQ {From example.fa in Algorithms 2-4}
-secstruct DB {cat */*.ss | uniq from Algorithms 2-4}
-nstruct 1
-cycles 20000
-minimize_rna true
-rna:denovo:rounds 10
-rna:denovo:minimize:minimize_bps true
-rna:denovo:bps_moves true

Algorithm 6 Reference conformation preparation with FARFAR2
Require: SEQ (input sequence);

REF (reference PDB file)
1: rna_denovo.default.linuxgccrelease

-sequence $(echo $SEQ) {lower-case sequence}
-secstruct ’.....’ {all bases unpaired; equal to length of $SEQ}
-nstruct 1
-out:file:silent $(dirname $REF)/silent.out
-s $REF {experimental model}
-minimize_rna true
-rna:denovo:rounds 1
-out:overwrite true
-cycles 10000
-rna:denovo:minimize:minimize_bps true
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Algorithm 7 Unsupervised selection of diverse candidate conformations
Require: FARFAR2 models {xi}Ni=1;

Density-peaks parameter Z=3;
Principal component range d=2, 3 . . . 26;
Target count K=200

1: Featurize each model xi into a G-vector
2: for d ∈ {2, 3, . . . , 26} do
3: Project all G-vectors onto the first d principal components
4: Cluster the projection with dadapy (advanced density peaks, Z=3)
5: Record the number of clusters obtained
6: end for
7: Let d∗ be the dimension giving the maximum cluster count {see Fig. SD.4}
8: Re-cluster the d∗-dimensional data to obtain {Cj}Mj=1

9: for all clusters Cj do
10: Sort conformations in Cj by ascending Rosetta score
11: end for
12: Sort the clusters by the best Rosetta score among all conformations in each cluster
13: S ← ∅ {set of selected candidates}
14: while |S| < K do
15: for j = 1 to M do
16: if Cj ̸= ∅ then
17: Remove the top-scoring conformation c from Cj and add c to S
18: if |S| = K then
19: break
20: end if
21: end if
22: end for
23: Re-sort clusters by their current top-scoring conformation
24: end while
25: return S {200 candidate conformations}
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Algorithm 8 Likelihood estimation for a thermodynamic map (diffusion model) using the Hutchin-
son trace estimator
Require: Observed frame u0 ≡ (x0, U0)

⊤ (data at t0 ≡ t = 0);
Diffusion process D with time grid {t0<t1<. . .<tK};
One–step map STEPtk→tk+1

: u 7→u′; {Neural network}
Prior temperature T ; {T = 1 unless otherwise stated}
Temperature-dependent prior density qT (utK ) ≡ N (0, T )×N (0, 1); {Different priors for x
and U}
Schedule of noise scales {βk}Kk=1;
Number of Hutchinson probe vectors M

1: u← u0 {state at the current time tk}
2: G ← [ ] {to store divergence gk}
3: for k = 0 to K − 1 do
4: Draw M probe vectors

{
v(m)

}M

m=1
∼ N

(
0, I

)
5: for all probes m = 1, . . . ,M do
6: (u′(m),Jv(m)) ← JVP

(
STEPtk→tk+1

,u, v(m)
)

{Jacobian-vector product}
7: end for

8: gk ←
1

M

M∑
m=1

〈
Jv(m), v(m)

〉
{Hutchinson trace estimate of ∇u ·STEP}

9: Append gk to G
10: u← u′(1) {all probes have the same output}
11: end for
12: ∆ℓpq ← trapz

(
G, {βk}Kk=1

)
{trapezoidal integration on (gk, βk)}

13: log q ← log qT
(
u
)

{prior log-density at tK at temperature T}
14: log pθ

(
u0

)
← log q +∆pq

15: return log pθ(u0)
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Algorithm 9 RNAnneal Score

Require: Log-likelihoods {L(F)
i };

Feature sets F = {G-vector,R-vector} × {PCA,SPIB};
Component range D = 2, 3, . . . , 8

1: Lmin ← min
i

Li, σL ←
√

Var{Li}
2: for all frames i do
3: li ←

(
Li − Lmin

)
/ σL {subtract min and divide by SD}

4: end for
5: Sort {li} in ascending order
6: Initialize lists S = [ ] and L = [ ]
7: for all confrmers i do
8: L(i)← [ ]
9: for all feature-projection pairs (v, f) ∈ F do

10: for all dimensions d ∈ D do
11: Append l

(v,f,d)
i to L(i)

12: end for
13: end for
14: Append s̄i =

1

|L(i)|
∑
l∈L(i)

l to S(i) {RNAnneal Score}

15: end for
16: return S(i)

Algorithm 10 Interaction Entropy calculation
Require: Ensemble of conformations {X1, . . . , XM};

Nucleotides i = 1, . . . , N ;
Prior weights {w1, . . . , wM} with

∑
j wj = 1;

LW classification function LW(i,Xj)→ c ∈ C.
1: for all nucleotides i = 1, . . . , N do
2: Initialize frequency table fi(c)← 0 for all c ∈ C
3: for all conformations j = 1, . . . ,M do
4: c← LW(i,Xj)
5: fi(c)← fi(c) + wj

6: end for
7: pi(c)← fi(c)/

∑
c′∈C fi(c

′) {Normalize}
8: Hi ← −

∑
c∈C pi(c) log2 pi(c)

9: end for
10: return {Hi}Ni=1 {interaction entropies for all nucleotides}
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Algorithm 11 Boltzmann-weighted state ranking and representative selection
Require: SPIB projections {xi};

State labels {yi};
RNAnneal scores {si};
Frame keys {fi};
Histogram grid size (K = 25, L = 25);
Minimum population Nmin = 10;
Pre-filter count ktop = 10;
Report count krep = 10

1: F←{(yi,xi, si, fi)}
2: Group F by state label to obtain {Fy}
3: Discard states with |Fy| < Nmin

4: Compute the average score s̄y for every surviving state
5: Keep the ktop states with the lowest s̄y
6: Initialise histogram H on an K × L grid over 2D IB space
7: for all frames (y,x, s, f) ∈

⋃
Fy do

8: Increment H at the bin containing x with (s, y)
9: end for

10: for all occupied bins (k, l) do
11: s̄kl←mean score in bin (k, l)
12: wkl←exp(−s̄kl) {Boltzmann weight in bin hkl}
13: y∗←argmaxy{count of y in (k, l)} {State assigned to bin hkl}
14: Wy∗←Wy∗ + wkl {Each bin hkl with state y∗ contributes wkl to the total state weight Wy∗}
15: end for
16: py←Wy /

∑
y′ Wy′ {Normalize weights}

17: Order states by py (descending) to obtain (y(1), . . . , y(krep))
18: for r = 1 to krep do
19: y←y(r)
20: Fy←{(s, f) ∈ Fy}
21: f ∗←argmin(s,f)∈Fy{s} {representative frame}
22: Record

(
r, y, py, f

∗)
23: end for
24: return Table of the krep most-probable states with their representatives
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Appendix E: Supplementary Material for Chapter 62531

E.1 Software and Data2532

All Glide calculations were performed using Schrödinger Suite (2023-2 release). The pro-2533

tein protonation state is assigned with PROPKA33,34 at pH 7.4. DUD-E actives and decoys2534

were processed using the LigPrep program of Schrödinger Suite starting from a SMILES rep-2535

resentation of each molecule, using the following settings: (1) Tautomers were generated using2536

Schrödinger’s Epik with a target pH of 7.0 +/- 1.0 and (2) a maximum of 32 stereoisomers were2537

generated for each molecule. The Posebusters (https://zenodo.org/records/8278563) dataset was2538

used for molecular docking, and the DUD-E (http://dude.docking.org) dataset and AF2 database2539

(https://alphafold.ebi.ac.uk) for virtual screening.2540
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