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This paper develops an estimation methodology for network data generated from
a system of simultaneous equations, which allows for network interdependencies
via spatial lags in the endogenous and exogenous variables, as well as in the
disturbances. By allowing for higher-order spatial lags, our specification provides
important flexibility in modeling network interactions. The estimation methodology
builds, among others, on the two-step generalized method of moments estimation
approach introduced in Kelejian and Prucha (1998, Journal of Real Estate Finance
and Economics 17, 99-121; 1999, International Economic Review 40, 509-533;
2004, Journal of Econometrics 118, 27-50). The paper considers limited and full
information estimators, and one- and two-step estimators, and establishes their
asymptotic properties. In contrast to some of the earlier two-step estimation liter-
ature, our asymptotic results facilitate joint tests for the absence of all forms of
network spillovers.

1. INTRODUCTION

In this paper, we develop a generalized estimation theory for simultaneous equation
systems for cross-sectional data with possible network interactions in the depen-
dent variables, the exogenous variables and the disturbances. A leading application
will be spatial networks. However, since network interdependencies are modeled
only to relate to a measure of proximity, without assuming that observations are
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indexed by location, the developed methodology can be of interest to the estimation
of a much wider class of networks, including social networks.

There is substantial empirical evidence of cross-sectional interdependence
among observations in many areas of economics both at the macro level, where
cross-sectional units may, e.g., be countries, states, or counties, as well as at
the micro level where cross sectional units may, e.g., be industries, firms, or
individuals.'

An important class of models for spatial networks originates from the seminal
work by Whittle (1954) and Cliff and Ord (1973, 1981). In those models, cross-
sectional interactions are modeled through spatial lags, where the weights used
in forming the spatial lags are reflective of the relative importance of the links
between neighbors for the generation of spillovers. In a spatial setting, the relative
importance would typically be taken to be inversely related to a measure of
distance. The usefulness of those models for the analysis of a wide class of
networks beyond spatial networks stems from the recognition that the notion of
distance is not confined to geographic distance.”

Spatial econometrics has a long history in geography, regional science, and
urban economics; see, e.g., Anselin (1988). For the last two decades, the devel-
opment of econometric methods of inference for Cliff—Ord type models has also
been an active area of research in economics.” Most of the literature focused on
single-equation models where a single dependent variable, say, y;, is determined
for units i = 1, ...,n. However, in economics, it is frequent that the outcomes for
several dependent variables, say, yii, ...,yig, are determined jointly by a system
of equations for units i = 1,...,n. In this case, the simultaneous nature of the
outcomes can stem from two sources, interactions between different economic
variables as well as interactions between cross-sectional units.

Surprisingly, the literature on the estimation of simultaneous systems of spa-
tially interrelated cross-sectional equations has been quite limited until recently.
Kelejian and Prucha (2004) provide, by extending the methodology developed in
Kelejian and Prucha (1998, 1999) for single equations, an early development of
generalized method of moments (GMM) estimators for such models. However, as

I For instance, Conley and Ligon (2002) or Ertur and Koch (2007) document spatial spillovers in economic growth.
Holtz-Eakin (1994) or Audretsch and Feldmann (1996) put forward evidence for spatial spillovers in productivity.
Egger, Pfaffermayr, and Winner (2005) provide evidence for spatial interdependencies of value added tax rates,
and Devereux, Lockwood, and Redoano (2008) for spatial corporate tax rates. Case, Hines Jr., and Rosen (1993)
report on spatial budget spillovers. The results in Behrens, Koch, and Ertur (2012) suggest that bilateral trade flows
exhibit spatial interdependence, and Baltagi, Egger, and Pfaffermayr (2007), Baltagi, Egger, and Pfaffermayr, 2008
and Blonigen et al. (2007) illustrate that the same holds true for bilateral foreign direct investment.

Pinkse, Slade, and Brett (2002) provide evidence for spatial price competition among wholesale-gasoline
terminals. For contributions to the literature on social interactions see, e.g., Ballester, Calvé-Armengol, and Zenou
(2006); Lee (2007); Calvé-Armengol, Patacchini, and Zenou (2009); Blume et al. (2011); Cohen-Cole, Liu, and
Zenou (2018) and Liu (2014).

2 As stated, we think Cliff-Ord type models provide important tools for analyzing networks. However, we also want
to point out an important literature in statistics where spatial dependence is molded via random Markov fields and
conditional autoregressive models; see, e.g., Cressie (1993).

3See, e.g., Anselin (2010) for a review of the development of spatial econometric methods.
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discussed in more detail below, they do not provide a full asymptotic theory for all
considered estimators and their setup only covers first-order spatial lags. Liu (2014,
2019, 2020); Cohen-Cole, Liu, and Zenou (2018), and Liu and Saraiva (2019) build
and extend the methodology of Kelejian and Prucha (2004) within the context
of social interaction models with first-order spatial lags, and cross-sectionally
independent disturbances. Their contributions include one-step GMM estimation
methods that utilize both linear and quadratic moment conditions, identification
conditions, bias correction procedures for many instruments, heteroskedasticity,
and an estimation methodology for a simultaneous system of equations with binary
outcomes generated from an incomplete information network game. Other recent
contributions to the literature on spatial simultaneous equation models are Baltagi
and Deng (2015), who consider an extension of a two-equation system with
first-order spatial lags to panels. Wang, Li, and Wang (2014) analyze the quasi
maximum likelihood estimator for such a system in the cross section. Yang and
Lee (2017) consider identification and quasi maximum likelihood estimation for
a multiequation system with a first-order spatial lag in the dependent variable.
Yang and Lee (2019) provide an extension to dynamic panel data models allowing
for multiple weights matrices. In contrast to the current paper, the above-cited
literature only considers first-order spatial lags in the dependent variable, and
does not also consider spatial spillovers in the disturbance process. Those papers
also differ in terms of the considered estimation methodology. In particular, a
methodological focus of this paper is on two-step estimation, while also covering
one-step estimation.

Within the context of Cliff—Ord type models, two-step procedures are generally
less efficient than one-step procedures. However, they are attractive, especially for
situations where the instruments are strong and the efficiency loss is small, because
of their relative computational simplicity. An important limitation of the two-step
estimation methodology developed in Kelejian and Prucha (2004) is that the paper
only establishes the consistency of the estimator for the spatial autoregressive
parameter in the disturbance process, but not its asymptotic normality. As a result,
the methodology does not facilitate a joint test for the absence of spatial inter-
actions in the dependent variables, the exogenous variables and the disturbances.
Closely related to this is that Kelejian and Prucha (2004) do not consider efficiently
weighted GMM estimators for the spatial autoregressive parameters, since that
paper lacked the knowledge of the limiting distribution for those estimators.

Another important limitation of the earlier paper is that it only allowed for
first-order spatial lags. Allowing for higher-order spatial lags is important for at
least two reasons. First, the researcher may not be sure about the channel through
which interactions occur—e.g., although geographic proximity, or technological
proximity, or both. By allowing for higher-order spatial lags the researcher can
consult the data on this issue. Second, as argued below, higher-order spatial lags
can be used to partially relax the requirement regarding a priori knowledge of what
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weights should be assigned to different units in the construction of a spatial lag.*
Given the complexity of our systems specification, we do not pursue nonparametric
estimation here.

The paper is organized as follows: Section 2 specifies the considered simulta-
neous equation system with spatial/cross sectional network interactions. In this
section, we also discuss two exemplary applications. The first example highlights
how higher-order spatial lags can be used to achieve a more flexible specification
of the spatial weights. The second example considers a social interaction model
where individuals make interdependent choices on the level of effort for mul-
tiple activities. In Section 3, we discuss the moment conditions underlying the
considered GMM estimators for the regression parameters and the parameters of
the disturbance process. The paper focuses on two-step estimation procedures. It
turns out that the distribution of the GMM estimator for the spatial autoregressive
parameters of the disturbance process depends on the estimator of regression
parameters. Section 4 is hence devoted to give generic results concerning the
consistency and asymptotic normality of two-step GMM estimators. In particular,
we give generic results concerning the joint limiting distribution of estimators for
all model parameters of interest, which can be utilized in the usual way to form
general Wald tests regarding the model parameters. Results for one-step estimators
are in essence delivered as a special case of two-step estimation. In Section
5, we consider specific limited and full information two-step estimators, and
provide specific expressions for consistent estimators of the associated asymptotic
variance-covariance (VC) matrices of those estimators. In Section 6, we consider
limited and full information one-step estimators that combine the linear and
quadratic moment conditions used by the two-step estimators. The last section
concludes with a summary of our findings and possible directions for future
research. All technical derivations are given in Appendixes and in an Online
Supplementary Appendix. In the Online Supplementary Appendix, we also report
on a Monte Carlo study of the small sample properties of the various estimators
and test statistics.

Throughout the paper, we adopt the following notations and conventions. Let
(A,)nen be some sequence of matrices, then we denote the (7,j)th element of A,
with a;; ,. If A,, is nonsingular, then we denote its inverse with A~ !, and the (i,j)th
elementof A, ! with a;. Let A,, be of dimension p,, x p,,, then the maximum column
sum and row sum matrix norms of A, are, respectively, defined as

P
1A Iy = max 37, |ag| and 1Al = max 37", |ajn.
1<j<pn 1<i<pp
If |A,ll; <cand ||A,llo < c for some finite constant ¢ which does not depend on

n, then we say that the row and column sums of the sequence of matrices A,, are
uniformly bounded in absolute value. We note that if the row and column sums

4The term higher-order spatial lags seems to have been imported from the time series literature. However, in contrast
to the time series literature, there is not a natural ordering of the lags. Different spatial lags model different pathways
for network dependence, and the corresponding spatial autoregressive parameters reflect their importance.
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of the matrices A, and B, are uniformly bounded in absolute value, then so are
the row and column sums of A, + B, and A, B,; cf., e.g., Kapoor, Kelejian, and
Prucha (2007), Remark A2. For any square matrix A,, A, = (A,+A))/2, and for
any vector or matrix A, |A,|| = [tr(A}A,)]'/2, where tr denotes the trace operator.
Let A,z g=1,...G, be a sequence of matrices, then diaggzl(A,L ¢) denotes the
block diagonal matrix, where A,, , is the gth diagonal block.

2. MODEL

In the following, we specify our simultaneous system of G equations for G
endogenous variables observed for n cross-sectional units.

2.1. Structural Form Model

In specifying the system, we allow for two sources of simultaneity. First, the
observations for the gth endogenous variable for the ith unit may depend on
observations of the other endogenous variables for the ith unit, as in the classical
text book simultaneous equation system.’ Second, simultaneity may stem from
Cliff and Ord (1973, 1981) type higher-order cross-sectional network interactions,
where spatial interactions represent a leading application.

As remarked, the model specification will be fairly general and allows for net-
work interactions modeled by, possibly, higher-order spatial lags in the dependent
variables, the exogenous variables and the disturbances. More specifically, let
g denote the equation index, then we assume that the cross-sectional data are
generated by the following system (g = 1,...,G):

G K G 14
yg,n = E blg,nyl,n"_ E Ckg,nxk,n+ E E )\lg,s,nws,n yl,n+ug,n7
=1 k=1 =1 Ls=

q
U, = Z Pg, r,nMr,n Ug + €g.n (1)
r=1
where y, , is the n x 1 vector of cross-sectional observations on the dependent
variable in the gth equation, x; , is the n x 1 vector of cross-sectional observations
on the k th exogenous variable, which is taken to be nonstochastic,’ u, ,isthenx1
disturbance vector in the gth equation, Wy , and M, , are n x n weights matrices,
€, is the n x 1 vector of innovations entering the disturbance process for the gth
equation, and n denotes the sample size. With b, , and ¢y, , we denote the (scalar)
parameters corresponding to the /th endogenous and kth exogenous variables,

S0ur specification differs from, e.g., Anselin (1988) and Wang, Lee, and Bao (2018) who consider systems for one
variable.

6In treating the exogenous variables as nonstochastic, the analysis may be viewed as conditional on the exogenous
variables.
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respectively. Of course, the structural model parameters are not identified without
certain restrictions. Those restrictions will be introduced below.

Consistent with the usual terminology for Cliff—Ord type network interactions,
we refer to W, , and M, ,, as spatial weights matrices, to

yl,s,n = Ws,nYl,n and ﬁg,r,n = Mr,nug,m

as spatial lags, and to the (real scalar) parameters A, and pg ., as spatial
autoregressive parameters. The weights matrices carry the information on the links
between units and on the relative weight of those links, and the spatial autore-
gressive parameters describe the strength of the spillovers. Although originally
introduced for spatial networks, Cliff-Ord type interaction models do not require
the indexing of observations by location. In general, they only rely on a measure
of distance in the formation of the spatial weights. Since the notions of space and
distance or proximity are not confined to geographic space, these models have,
as discussed Section 1, also been applied in various other settings. This includes
social-interaction models, where one considered specification has been to assign
to each of the ith individual’s friends a weight of 1/n;, where n; denotes the total
number of friends of i, while assigning zero weights to individuals not belonging
to the circle of friends. In the following, we continue to refertoy, ; , and U, ., and
Alg s,n and p, ., as spatial lags and spatial autoregressive parameters, but note the
wider applicability.

The reason for allowing the elements of the spatial weights matrices to
depend on the sample size is to permit—as is frequent practice in applications—
normalizations of these matrices where the normalization factor(s) depend on the
sample size.’ The ith element of y , ,, is given by y;; ; , = 2;21 Wij,s,nYji,n- We note
that even if the elements of the spatial weights matrices do not depend on the
sample size, the elements of the spatial lag y, , , and, analogously, the elements
of U, ,,, will generally depend on the sample size. This in turn implies that also
the elements of y, , and ug , will generally depend on the sample size, i.e., form
triangular arrays. In allowing the elements of x; , to depend on the sample size,
we implicitly also allow for some of the exogenous variables to be spatial lags
of exogenous variables. For example, the elements of x; , could be of the form
Xikon = Z;'l=1 Wij,s,n&; Where &; is some basic exogenous variable. Thus the model
accommodates, as remarked above, cross-sectional interactions in the endogenous
variables, the exogenous variables, and the disturbances.

The above model generalizes the spatial simultaneous equation model consid-
ered in Kelejian and Prucha (2004) in allowing for higher-order spatial lags.®
Consistent with the terminology introduced by Anselin and Florax (1995) in a
single-equation context, we refer to the above model as a simultaneous spatial

TThe normalizing factors may in turn affect the parameters of the spatial lags, which is the reason for allowing the
parameters in (1) to depend on the sample size; see, e.g., Kelejian and Prucha (2010) for further discussions regarding
normalizations.

8Extensions of the estimation methodology will be discussed later.
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autoregressive model of order p with spatially autoregressive disturbances of
order g, for short, a simultaneous SARAR(p,q) model.” One reason for allowing
for multiple spatial weights matrices is that they can capture different forms of
proximity between units. For example, within the context of R&D spillovers
between firms, one matrix may refer to geographic proximity between firms,
and the other may correspond to a measure of proximity in the product space.
As another example, as discussed in more detail below, within the context of a
social interaction model different matrices may refer to different circles of friends,
e.g., one matrix may identify the very close friends, and a second matrix the
other friends. Additionally, as discussed below, an estimation theory that allows
for multiple spatial weights matrices can also be used to accommodate certain
parameterizations of the spatial weights.
Model (1) can be written more compactly as

Yn = Yan + XnCn +?nAn +Unv

Un = Uan + En (2)
with

Yn = (yl,nwnaYG,n)nxG’ Xn = (Xl,na ---’XK,n)nxK»

En = (ul,nv ---suG,n)nxGa En - (el,n» ---’€G,n)n><G’

X” = (YI,I,VN "'7y1,p.n7""yG,l,n’""yG,p,n)”XPG’

Un = (ul,l,m'“vul,q,ns ~~~qu,1,m'“suG,q,n)nqus

and where the parameter matrices B, = (bjgn)oxc, Cn = (Cign)kxc, An =
(Mg, 5,n)pGxG» and R, = (0g 1. n)gGx G are defined conforrnably.IO

2.2. Exemplary Applications

We next motivate the importance of considering higher-order spatial lags with
two examples. The first example illustrates how higher-order spatial lags can be
useful for certain parameterizations of the spatial weights. The second example
formulates a social interaction model where the utility maximizing solution is
described by a system of equations with higher-order spillovers as defined in (1).

2.2.1. Parameterized Spatial Weights. As part of the specification of the
model in (1) the researcher has to specify the elements of the spatial weights
matrices. When those elements are specified incorrectly, the model is misspeci-
fied and the estimates will generally be inconsistent. Allowing for higher-order
spatial lags provides important flexibility and robustness in modeling network

9For single equations higher order SAR models have been considered by Blommestein (1983, 1985) and Huang
(1984), among others, and more recently by Bell and Bockstael (2000); Cohen and Morrison Paul (2007), Badinger
and Egger (2010), and Lee and Liu (2010).

10For clarity, we note that the gth column of A, and R, are, respectively, given by [Aig 1,0, ...\ A1gpns---»
AGg Lns -+ ,)\.Gg’[)_”]’ and [0, ..., 0, 0g. 1,15 -+ Pg.q.n 05 . ,01.
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interactions. However, while adding higher-order spatial lags helps to address
potential specification errors, it does not, of course, eliminate the possibility; for
a recent contribution on an omnibus test for weights matrix misspecification see
Lee, Phillips, and Rossi (2021).

In the following, we discuss exemplarily how higher-order spatial lags can be
used to allow for certain flexible parameterizations of the spatial weights. For
simplicity of notation we drop subscripts n. Spatial weights are often specified
as a function of some distance measure, possibly combined with some contiguity
measure. Let W = (w;;) be the basic spatial weights matrix, let d; denote some
distance measure between units i and j, and let d[’;- be some contiguity measure
taking on values of one or zero. Then, the researcher may specify the weights as the
product of the contiguity measure and a polynomial in dj;, treating the coefficients
of the polynomial as unknown parameters'':

wi = dj; [Mdij+---+kpdg].

Now, suppose the researcher models y, as a function of, say, A;, Wy, then clearly

14 14
)\lgwy[ = )‘lg Z)‘SWS Y = Z)‘-lg, sws Y
s=1

s=1

with A s = Agghs, Wy = (Wyi5), and wy; s = dl’;d; In allowing for higher-order
spatial lags, model (1) covers this specification as a special case. Of course,
the above specification of spatial weights is entirely illustrative, and model (1)
will cover many other specifications, including specifications with alternate basis
functions instead of power functions, and more general measures of distance and
contiguity. The same ideas also apply to the modeling of the disturbance process.'”

2.2.2. Social Interactions in Multiple Activities. The following example
extends Cohen-Cole, Liu, and Zenou (2018). We follow their basic setup, but
allow for more flexible peer effects. More specifically, consider a model where
n individuals choose effort levels for G activities, say y;i, ..., Vi, allowing for
peer effects among p groups of peers, e.g., for p = 2, we may distinguish between
very close friends and other friends. Now let w}; ( be one or zero depending on
whether individual j belongs to the sth peer group of individual i, and let n;; be the
size of that peer group. Let w;; ; = w:; /nis denote the corresponding normalized

weights, lety;, ;= Z};l Wi syj, denote the average effort level for activity g by the

1 1Alternatively the researcher could specify a polynomial in 1/d;.

12The above observations are related to Pinkse and Slade (1998), who estimate, in a single-equation context, the
spatial weights corresponding to the dependent variable nonparametrically. Given the complexity of our systems
specification, we do not pursue nonparametric estimation here.
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sth group of peers, and assume that the utility of individual i is of the following
linear-quadratic form:

“(Yil» cenYic) = V()’il» e ,)’iG,yn 1o+ -yin, cee 7in,1a s 7in,p)
1 G G G
2
= wa SRS HIEN P ILA D DI DR ACTANNC)
g=1 =1 s=1 g=1 g=11=11#g
payoff cost

The specification considered in Cohen-Cole, Liu, and Zenou (2018) corresponds

to p = 1. The first-order conditions for the maximum of u(y;, ..., yis) yield
Yig = Tig+ Z blg)’zl + Z Z)‘lg syll s
I=1,lg I=1 s=1
with 7, = 71, /by, big = —bj, /by, hig.s = Aj /by, or in matrix notation
G G p
Y. =T + Z blgy1 + Z Z)\lg,sWSYZ (4)
1=1,l#g I=1 s=1
with w, = [m1,, ..., 7] . Similar to Cohen-Cole, Liu, and Zenou (2018) assume

that , can be modeled as

T, = chgxk—i—ug. 5)
k=1

Substituting (5) into (4) then shows that the utility maximizing vectors of effort for
the G activities are defined as the solution of a model of the form specified in (1).
We note that by specifying the W, to be block diagonal, we can accommodate
situations where the individuals i = 1,...,n belong to, say, C groups which,
e.g., represent class rooms. Also, some of the x; covariates may represent group
indicator variables, and others may be spatial lags of some basic covariates.

2.3. Reduced Form and Structural Model with Exclusion Restrictions

Towards computing the reduced form of the above model, let
Y= VEC(Y”), X, = VeC(Xn)a u, = VEC(Un), &, = VEC(E,,),
and let

=W ... W], M, =[M]

p.n Ln> s>

M,

Observing that vec(Y,) = (Ig @ W,)y, and vec(U,) = (I ®M,)u,, and that
vec(A1Ay) = (A, ® Dvec(A)) for any two conformable matrices A; and A, it
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is readily seen that the spatial simultaneous equation system (2) can be re-written
in stacked notation as

Yn = B:Yn + C:Xn +u,,
u, = RZU,, + &y, (6)

where B! = [(B, ®1,) + (A, ®1,) Ic ®W,)], C = (C,®1,), and R} = (R, ®
I,) I ® M,,) . Assuming invertability of I,; — B}, and I,c — R}, the reduced form
of the system is now given by

Vo= (Lo—B)™ [Cixu+u,],
u, = (In(; — R:)_l &,. (7)

As remarked, the structural parameters of the spatial simultaneous equation
system (1) and (2) are not identified unless we impose exclusion restrictions. Let
ﬁg_n, Yan Ag ., and Pen denote the G, x 1, K, x 1, p; x 1 and g, x 1 vectors
of nonzero elements of the gth column of B,, C,, A,, and R,, respectively,
and let Y, ,,, X ,, Vg,n, and Ug,n be the corresponding matrices of observations
on the endogenous variables, exogenous variables, spatially lagged endogenous
variables, and spatially lagged disturbances appearing in the structural equation for

the gth endogenous variable. Then, system (2) can be expressed as (g =1, ...,G):

yg,n = Zg,nag,n +ug,n’
Ug = Ug,npg,n + &g, ®)

where Zg,n - [Yg.na Xg,n» g,n] and Sg,n = [ﬂ/g,na }’fg,n, )‘;’,n],'

2.4. Model Assumptions

We maintain the following assumptions regarding the spatial weights matrices and
model parameters.

Assumption 1. For s =1,...,pand r =1, ...,¢q: (a) All diagonal elements of
Wi, and M, ,, are zero. (b) |W5,n ||l <c, (M, ||l < ¢ for some finite constant ¢

which does not depend on n, and ||WY,1 Hoo =1, | M, , HOO =1

Assumption 2. (a) The matrices I,; — B} are nonsingular. (b) The spatial
autoregressive parameters satisfy sup, Zrdg ) ] g, ,,,1| <l1lforg=1,...,G, where
L, ={rg1,.. .,rg,qg} C {1,...,q} denotes the set of indices associated with the
elements of Pen: (c) The row and column sums of the matrices I, — BZ]’1 are
uniformly bounded in absolute value.

The above assumptions are in line with the recent spatial literature. Assumption
1(a) entails a normalization rule. Assumption 1(b) implies that the row and column
sums of the matrices W, and M, , are uniformly bounded in absolute value.
The assumption that ||WM ||Oo =1 and HM,,,, Hoo = 1| implies a normalization for
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the parameters. For interpretation, let W} be some spatial weights matrix with
||an ||oo # landlet A},  , be the corresponding spatial autoregressive parameter
on Wiy, ,. Now define W, , = Wy / ||W;"7n || o and Ay s = )»Z,’Syn ||an || o then
||WS, n ||oo =land Ay, W, = )\}*g’s’nWj’n. Thus the normalizations ||Wm HOO =1
and HM, n H +, = 1 can always be achieved by appropriately re-scaling the elements
of the spatial weights matrix, provided the corresponding spatial autoregressive
parameter is correspondingly redefined; for further discussions see Kelejian and
Prucha (2010)."3

Assumption 2(a) ensures that the first equation of the expression for the reduced
form in (7) is well defined. In allowing in Assumption 2(b) for the index set I, ,
to vary with g we allow for different orders of spatial lags in the disturbance
process of different equations. Next, observe that RY = diagg=1 [R;n] with R}, =
R; . (0,,) = Zrdg’p P, r,nM; . In light of this, it follows from Assumptions
1(b) and 2(b) that |R;[ , <max, 3 ¢y, |0grn| < 1, which in turn implies that
I,c — R, is nonsingular. Consequently, also the second equation of the expression
for the reduced form in (7) is well defined, and thus y, is uniquely defined by
the model. Assumptions 1(b) and 2(b) imply even that sup, [R} || < 1, which

N . -1 . .
implies that the row sums of the matrices [In — R;n] are uniformly bounded in

absolute value. To see this, observe that || [I, — R;’jﬁ]i1 loo<1/ [1 — ||R§,n HOO] <

1/ [l —sup,, || R; , || oo] < 00. The above arguments use results in Horn and Johnson
(1985, p. 301).

Assumption 3. (a) The matrix of (nonstochastic) exogenous regressors X, in
(2) has full column rank (for » sufficiently large). Furthermore, the elements of X,
are uniformly bounded in absolute value by some finite constant. (b) The elements
of the parameter matrices B,,, C,,, and A,, are uniformly bounded in absolute value.

An assumption such as Assumption 3(a) is common in the spatial literature. In
treating X,, as nonstochastic, our analysis should be viewed as conditional on X,,.
Note that in part (b) of Assumption 3 uniformity refers to n. Assumption 3(b) is
trivially satisfied, if the parameters do not depend on the sample size, since any
real number is finite.

We next state the assumptions maintained w.r.t. €,. In the following let V,, =
[Vin ..., VG.n]l be an n x G matrix of basic innovations and let v, = vec(V,).

Assumption 4. The innovations ¢, are generated as follows:

&y = (Z; by In)vm (9)

3The suggested re-scaling is simple and practically implementable even if n is large. In situations where 7 is
sufficiently small such that the eigenvalues of the spatial weights matrices are computable, one could alternatively
normalize each spatial weights matrix by its spectral radius, which would in conjunction with the next assumptions
entail an expansion of the admissible parameter space.
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where X', is a nonsingular G x G matrix and the random variables {v , : i =
l,...,n,g = 1,...,G} are, for each n, identically and independently distributed
with zero mean, unitary variance, and finite 4 + v moments for some v > 0, and
their distribution does not depend on n. Furthermore, let ¥ = X’ X,.

The above assumption on the innovation process is in line with the specification
of the disturbance terms for a classical simultaneous equation system. Let &,(7)
denote the ith row of E,, then, observing that E, =V, X,, it is readily seen that the
innovation vectors {€,(i) : 1 <i < n} are i.i.d. with zero mean and VC matrix X.
With respect to the stacked innovation vector, the assumption implies that Ee, =0
and Ee,e, =X QI,.

Given (7), we note that Assumption 4 implies, furthermore, that Eu,, = 0 and
Ey, = (I,,G —Bj)71 Crx,, and that the VC matrices of u, and y, are given by,
respectively,

n=ULe—RD ' EOL)Le R,
2, = (L —B;) 'Rl —B;) "
Assumptions 2 and 4 imply that the row and column sums of the VC matrix of u,,

(and similarly those of y,) are uniformly bounded in absolute value, thus limiting
the degree of correlation between, respectively, the elements of u,, and of y,,.

Remark. Under the above assumptions it is shown in Lemmata A.2 and A.3
that all random variables in [Y,,X,,Y,] have uniformly bounded finite fourth
moments, and that

—1rgr —1 /
n ZMA,,ug,n—n EZMAnug,n:op(l)

for any n x n real matrix A,, whose row and column sums are bounded uniformly
in absolute value.

For purposes of estimation it proves helpful to apply a spatial Cochrane-Orcutt
transformation to the model. In particular, premultiplying (8) by I, — R , (o, ,,)
yields
Yign = Z*g,n(sg,n + €gn (10)

with Y*g,n = y*g,n(pg,n) = [In - R;n(pg,n)] Yg,n and Z*ga” = Z*g~”(pgv”) =
(L, —R; (0, )] Zg, - Stacking the transformed equations yields

Y = Z*nSn + €, (11)

with you = [V, Vi » Zun = diagC, [Zug,). 8, = [8},.....8;,] and
where ¢, is as defined above.
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3. MOMENT CONDITIONS

Recall that from the Cochrane—Orcutt transformed form of the model (10), we have

Eon = €g.n(Pg,m Sg,n) = [In - Rz,n(l)g,n)] [Yg,n - Zg,n(sg.n] .

The estimators for the model parameters p, , and 8, , considered in this paper will
utilize a set of linear and quadratic moment conditions of the form (g = 1,...,G)

Em), (py . 850) =En 'He,, =0, (12)
n='ey AL n€gn

Em} (0, 850) =E ; =0, (13)
nfle(’g,nAg,neg,n

where the n X py instrument matrix H,, in the linear form and the n x n weighting
matrices A, , in the quadratic forms are nonstochastic. In the following, we will
also simply write mgyn and m{ , for the sample moment vector at the true parameter
values.'*

We maintain the following assumptions regarding the instruments H,,. Specific
choices of instruments and a discussion of how the nonlinearity of Ey, in the
parameters generates instruments from within the model are given after the
assumptions.

Assumption 5. The instrument matrices H,, are nonstochastic and have full
column rank py > G, + K, + py(for all n large enough). Furthermore, the ele-
ments of the matrices H,, are uniformly bounded in absolute value. Additionally
H, is assumed to contain, at least, the linearly independent columns of H, =
[Xn,ML,,Xn, .. ,Mp,nX,,].

The inclusion of H, in H, ensures that the exogenous variables on the right
hand side (r.h.s.) of the Cochrane—Orcutt transformed model serve as their own
best instruments. For limited information estimators, it suffices to postulate
that H,, is assumed to contain, at least, the linearly independent columns of

[Xe.n My, X M, X ]

g, g, Ny -+

Assumption 6. The instruments H,, satisfy furthermore:
(a) Qg =1lim,_, o n’lH,;Hn is finite and nonsingular.
() Quz, = plimnﬁmn’lH;Zg,,, and Quuz e = plimnﬁoon’lH;er,,,Zg,,, are
finite and have full column rank.
(c) Let QHZ,g* (Pg, n) = QHZ,g - Zrelg,,, Pg, r.nQHMZ, r,8» then
Amin [Q#z, g+ (P 4.1) QprQriz. g (P, )] = ¢ for some ¢ > 0.

The above assumptions are in the spirit of those maintained, e.g., in Kelejian
and Prucha (1998, 2004, 2010) and Lee (2003). We first discuss Assumption 5.

14We note that our setup could be readily modified to accommodate for H,, and for the Ay, to vary with g at the
expense of further complicating the notation.
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The best instruments for Y, , and Y, , are given by their conditional means.
Observe that in light of (6) we have

Ey, = (Lo —B) ' Cx,

with B} = [(B, ®1,) + (A, ®L,) Ig ® W,)]. For large n, the accurate computa-
tion of the inverse of I, — B}, which is of dimension nG x nG and depends on
unknown parameters, will be challenging if not impossible, unless the weights
matrices are sparse. Furthermore, even in the single equation case existing results
on the asymptotic properties of GMM estimators based on the best instruments
have so far only been obtained by restricting the parameter space to a compact
interval in, say, (—1,1). To avoid those difficulties and limitations, we employ
an approximation of the best instruments, which is consistent in spirit with the
approach adopted in the above cited literature.

Given |B:|| < 1, we have (Lg— B;)71 =Y 7 ,B5Y and thus Ey, =
Yoo (B;‘;)d C:x,. In light of the structure of B}, it is not difficult to see that the
blocks of (I,,G — B:)_l can be expressed as infinite weighted sums of the matrices

L, {Wjin f.:l’ {Wjr.aWjsn f..jzzl’ {Wit.aWinWisn fl,jz,j3:1’ ... Adopting the
notation [Ej]j'.n:l = [Ey,...,E,] for any set of conformable matrices E, ...,E,,
define
74 p
Xl,n - [Wj|,nxn]j1=1 ’
4 p
X2,n = [le'"wjz’”X”]j],jz:l s
Xen =W aWine o WienXa )
1 j1n¥¥jp,n Jrnafi o k=1’

and let Hg, = [X,, X ..., Xg,]. Now suppose Wi, ..., W, are the spatial
weights matrices appearing in ?g,,,, then by including in H, the linearly
independent columns of [HR,,“WSIHR,H, ... ,WSgHR'n], we may view the fitted
values of Zg , as computationally simple approximations of the best instruments
EZ; . Suppose further that M, ,...,M,, are the spatial weights matrices in
the disturbance process of the gth equation, then by including in H, also
the linearly independent columns of M, [HR,H,WMHR,,!,...,ngHR,n],...,
M,, [Hg. W Hg s, ..., Wy Hg ,] we may view the fitted values of Z,,, as
computationally simple approximations of the best instruments EZ.,, ,. The Monte
Carlo results presented in the Online Supplementary Appendix suggest that in
many situations, relatively low values of R are sufficient for providing a good
approximation. A discussion, in a simplified context, as to how instruments
are generated from within the model is given in Appendix F in the Online
Supplementary Appendix.

Assumption 6(a) is standard. Assumption 6(b) is a sufficient condition that
ensures the identification of §, , from linear moment conditions corresponding to
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the untransformed model (8). Assumption 6(c) is used to ensure identification from
linear moment conditions corresponding to the transformed model (10). Those
assumptions are crucial for the consistency of the first-step estimators of §, , from
linear moment conditions only. A more detailed discussion of those assumptions,
including scenarios where those conditions will not hold, are provided in Appendix
F in the Online Supplementary Appendix. Of course, within the context of
one-step estimation identification is still possible with the use of the quadratic
moment conditions, even if identification by the linear moment conditions fails.
More detailed remarks and references are provided in Appendix F in the Online
Supplementary Appendix.

We will maintain the following assumptions regarding the matrices A , in the
quadratic moment conditions (12).

Assumption 7. The row and column sums of the matrices A; ,, s =1,...,S, are
bounded uniformly in absolute value by some finite constant and, furthermore, all
diagonal elements of A; , are zero forany s =1,...,S.

The assumptions that the diagonal elements of A, , are zero ensures that the
moment conditions are robust against heteroskedasticity. Exemplary specifications
for A , include
Mr,n, M;, nMr.n - diag(M/r’nMr,n)a

W‘v,nv Wlnwx,n - diag(W;,nWs,nL M,

S. S.

’nwx,n - dlag(M;an, n)~

For computational purposes and for proving consistency, it is convenient to re-
write the moment conditions in (13) as

Ven—Lonlgn(pg,) =0, (14
where
yl,g,n
Yen=1| : |
Sx1
LY s,¢n
rll,g,n r12,g,n r13,g,n I an
rg,n = s l'g,n(Pg,,,) = l'2,g,n
Sxqy qgx1 r
& _rSl,g,n rSZ,g,n rS3,g,n § 3.g.n
with

_ 1 A
)’x,g,n =n Eug,nAs,nug,na

—1 / / / /
Lion=n (2Eug’nMrgl,n snllgn, ..., 2Eu, M Ag g ),

8. rg qgin

—1 l / / / A
r.v2,g,n =—h (Ellg’nM A nMrg_l,nug,m cee ,Ellg’nM As,nMrg,qg,nug,n)»

AN S, Tg.qglt

T en=—n"'(2Eu, M,

/ ! A
err My g QB0 MDA My g ).
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’
Fign= (pg,rg.l,ns <oy Pg, rg_qg,n) s
_ 2 2 1
r2,g,n - ()Og,rg_l,ns e 7pg,rg_qg_n) ’
’
I3¢6n= (log,rgyl,n:og,rg_z,m <evs Pg, rgvl,npg,rg,qg,m cees ;Og,rg_qg,l.npg,rg,qg,n) ,
recalling the definition of the index set I, , = {rg 1, .. .,rg,qg} c{l,...,q} and

15
where g = 24, +q,(q, — 1)/2. 5

For the case of two-step estimation, let §, , be some estimator for d, ,, let fig, n=
Yen — Zign8gn, and let Ty, and y, , denote the corresponding estimators of Ty,
and y, ,, respectively, which are obtained by suppressing the expectations operator
and replacing u, , by u, , in the above expressions. Then

mg,n(/)g, ‘sg,n) = ’}\;g,n - fg,nrg,n(pg)~ (15)

4. GENERIC ASYMPTOTIC PROPERTIES

In this section, we give a generic discussion of the asymptotic properties of
GMM estimators for p,, and d, , corresponding to the moment conditions in
(12) and (13). A main focus is on two-step estimators. Two-step estimators are
appealing, since they are computationally simple, and since in a single-equation
context, the loss of efficiency has been found to be small under various reasonable
scenarios, provided that the instruments are not weak; see, e.g., Das, Kelejian, and
Prucha (2003) and the Monte Carlo results presented in the Online Supplementary
Appendix. A two-step procedure may also provide some robustness for the
estimation of 8, , against misspecification of the disturbance process. As will be
seen below, the limiting distribution of the GMM estimators for p, , will depend
on the estimator of 8, , used in computing the estimated residual. That is, 8, , is
not a nuisance parameter for p, , (although the reverse is true). As a consequence,
the derivation of the limiting distribution of the two-step estimators is technically
more challenging. We will discuss one-step estimators later on in the paper. In
essence, the results in this section also deliver the limiting distribution of one-step
estimators as a special case.

The GMM estimators for the autoregressive parameter vectors p, introduced
below generalize the GMM estimators in Kelejian and Prucha (2004). In contrast
to Kelejian and Prucha (2004), we not only accommodate higher-order spatial
disturbance processes, but we also provide for a full asymptotic theory for those
estimators. As a result, we are able to introduce more efficient estimators, and
provide results on the joint limiting distribution of the estimators for all model
parameters.

1570 clarify the double indexing notation, consider the example where I, , = {2,4,5} and thus g, = 3. In this case, and
dropping the subscript n, 11 = (0g2, Pg,4, 04,5)'s T2,6 = (P2 9, 03 4 Pp.5) AN T3 ¢ = (g 20,4, g, 2055+ g, 45, 5) -
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4.1. Consistency of GMM Estimator for p

Let ?gg,n be some S x S symmetric positive semidefinite (moments) weighting
matrix. Then a corresponding GMM estimator for p, , can be defined as

Pon="0gn(Leen) = argmin M’ , (g 8g.) Y gg M, (B 8.1)
pg:ZreIg,p |ﬁg‘,.|e[fap,ap]

(16)

with a, > 1. We note that the objective function for ﬁg,n remains well defined even
for values of p, for which I, — R;/n (p,) is singular, which allows us to take as the
optimization space a compact set containing the true parameter space.

We postulate the following additional assumption to establish consistency of

’55’. n*
Assumption 8. The smallest eigenvalue of I‘ig’nl" &n is uniformly bounded away
from zero.

Assumption 9. Tg,,, — Y, = 0,(1), where Y, , is an S x S nonstochastic
symmetric positive definite matrix. The largest eigenvalues of Y, , are bounded
uniformly from above, and the smallest eigenvalues of Y, , are bounded uniformly
away from zero (and, thus, by the equivalence of matrix norms, Y, , and T; L are
0(1)).

Assumption 8 requires l"/g’nl"g,,, to be nonsingular and in conjunction with
Assumption 9 ensures that the smallest eigenvalue of F(’g,n’Y‘g,,,Fg,,, is uniformly
bounded away from zero. This will be sufficient to demonstrate that p, , is
identifiable unique w.r.t. the nonstochastic analog of the objective function of the
GMM estimator!'®

Emy ,(04,84.0) Yo nEmy, (04,8, 1)
= [yg,n - rgyﬂrg,n(ﬁg,n)]/’rg,n [yg,n - rgv"rg,n(ﬁg,n)] .

Some additional remarks on this assumption and connections to the GMM lit-
erature are provided in Appendix F in the Online Supplementary Appendix.
Assumption 9 ensures that Y , is positive definite with probability trending to
one. Of course, Assumption 9 is satisfied for Y, , = ¥, , = Is. In this case, the
estimator defined by (16) reduces to a nonlinear least-squares estimator. Choices
of Y, , which result in efficient estimates of p,, will be discussed below in
conjunction with the asymptotic normality result.
Our basic consistency result for o, , is given by the next theorem.

THEOREM 1 (Consistency). Let o, , = 'ﬁg’n('fg,,,) denote the GMM estima-
tor for p, , defined by (16). Suppose Assumptions 1-9 hold, and suppose that

n2(8 g0 —8g.0) = 0,(1), then,

~ P
Pon—Pgn—>0 as n— oo.

16For a definition of identifiable uniqueness, see, e.g., Definition 3.1 in Potscher and Prucha (1997).
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4.2. Asymptotic Distribution of GMIM Estimator for p

The limiting distribution of the GMM estimator ﬁg,n will generally depend on the
estimator Eg,n used to compute estimated disturbances. To define GMM estimators
for §, , we can employ the moment conditions (12). Leading examples for limited
and full information GMM estimators for 8, , will be the spatial two-stage least
squares (2SLS) and three-stage least squares (3SLS) estimators defined in the next
section. To keep the discussion general, we maintain the following assumption
regarding 8, .

Assumption 10. The estimator 'gg,n is asymptotically linear in &, in the sense
that

G
1273 —1/2

n'2@gn—8gm) =17 Ty &nn+0p(1)

h=1
with Ty, = Fgp, nPop n, where Fyy, , and Py, ,, are, respectively, n X pr and pr x ps .
real nonstochastic matrices whose elements are uniformly bounded in absolute
value by a finite constant, and where p;, is the dimension of the parameter vector
8¢ .. (We note that under the maintained assumptions the elements of Ty, , are
again uniformly bounded in absolute value by a finite constant).

In Appendix A, we show that our spatial 2SLS and 3SLS estimators satisfy
this assumption. For 2SLS estimators of the parameters of the, say, first equation,
Z;?: 1 T, n€n,n Teduces to T/n,,,é‘l.n- Also note that under Assumptions 4 and 10,
we have nl/z(gg,n —84,) = 0,(1), as is assumed by Theorem 1.

In preparation of our result concerning the asymptotic distribution of the GMM
estimator, we next define the matrices that will compose the limiting VC matrix.
In particular, consider the S x g, matrix

om,,, org (P,
Jon=—E—2" = rg,nM, a7
0Pg n 9pgn
and the § x § matrix W52 = (¥, ,) where
'ﬁﬁ?gs" = U;g (zn)iltr [(Ar’” +A,r,n) (AS:" + A/s,n)] (18)
G G
+ n_la;’,! rn |:Z Zo'th;h,nTgl,n:| ug,s,nv
h=1 =1
with

“g,r,n = _nilE [Z(/g,n(ln - R;,n(pg,n))(Ar,n +Alr,n)(ln - RZ,n(pg,n))ug,n] .

As shown in the proof of the subsequent theorem, W¢? , is the asymptotic VC
matrix of the sample moment vector m/ , (o g,gg, »)- The second term in (18) stems
from the fact that the sample moment vector depends on estimated residuals. If the
true residuals could be observed, we could take 8, , = 8, , or T,y , = 0, in which

case the second term in (18) is zero.
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THEOREM 2 (Asymptotic Normality). Let o, , = b‘g,n(?g_ ) denote the GMM
estimator for p, , defined by (16). Then given Assumptions 1-10, and given that
)»min(‘l’gg,,,) > ¢y, > 0, we have

02 Bon—Pen) = [TonXonden]  TouXonkentop(D), (19)
where
Eol 5€, (A1n+A1n)€g’l+aganh 1 T n€hn
ben=]| 1 |=—n
Eosin % (ASn+ASn)€gn+agSnZh 1 T n€hon
(20)

and (W50, )12, 4 N(0.X). Furthermore n'*(p,, — p,,) = O,(1) and
Amin [ e, ra(Xe n)] > const > 0 for

gnJg,n)_lJ/ Tg n‘I’ Tg nJg,n(J;,nTg.nJg,n)_l' (21)

88,n

Qor (Tg n) = (J/

88,n 8, n

The above theorem implies that the difference between the cumulative distribu-
tion function of n'/? (5&” — P, ) and that of N [0, Sl;g,n] converges pointwise to
zero, which justifies the use of the latter distribution as an approximation of the

former.”
Remark. Clearly, 277 (W7 )~ = [J’ 2 (oo )™ ng,,,] and Slfg’gn(Yg n) —
Slgg n((\Ilg,’g )1 is positive semi-definite for any Y, ,. Thus, choosing Tg n as

a consistent estimator for (\Ilpg )~! leads to the efficient GMM estimator. As
discussed in the proof of the above theorem, the elements of W47, are uniformly
bounded in absolute value and, hence, Apax (\Il e n) < ¢y for some ¢ < oo. Since
by assumption also 0 < ¢}, < Amln(\llp”) it follows that the condltlons on the

eigenvalues of Y, , postulated in Assumptlon 9 are automatically satisfied by
W)

88.n

We next define a consistent estimator for Slgg 2(Yg ). As a preliminary result
we have the following lemma.

LEMMA 1. Suppose Assumptions 1—4 hold. For g,h =1, ..., G define
Gohn=n""%} Enn (22)

With €, , = Y*g»n(ﬁg,n) - Z*g,11(ﬁg,n)§g,n and assume Eg»" —8gn=0p(1) and ﬁg*" -
Pon= 0,(1), then o4y, , — ooy, = 0p(1).

17 This follows from Corollary F4 in Potscher and Prucha (1997). Compare also the discussion on pp. 86-87 in that
reference.

https://doi.org/10.1017/5026646662200007X Published online by Cambridge University Press


https://doi.org/10.1017/S026646662200007X

20 DAVID M. DRUKKER ET AL.

We note that in the above lemma p, , and Sg,n can be any consistent estimators.
Now, let I', , be defined as in (15) and corresponding to (17) define
4 = ar n(fﬁn )
Jon =T, ——%. (23)
8 8 a pg’n

Furthermore, corresponding to (18) consider the following estimator g

v gg.n
(V[P g.n) fOr W22 where

8gn’
P8 = s (A + AL (s 4 AL)] 4
G G
+ n- 1 &;, . |:Z Z Ehl,nTéh‘nng,n:| &g,s,ns
h=1 I=1
with

g rn=—n"[Z,, 0, =R, (By,))Arn+A, )L, —R; (B, )z,

where Ty, , is some estimator for Ty, ,, and ﬁg,,, =Yg.n—ZLg ndg . Given estimators

for Jo » and W% , we can now formulate the following estimator for 277 ,:

ﬁggn(?g,n) = (j/ ’Y.g,njg,n)_lj/

an an Tg,nq’pp ’Y‘g nrjg,n(j;,n?‘g, njg,n)_l . (25)

88.n

The next theorem establishes the consistency of \Tlgf:l and ﬁggn.

THEOREM 3 (VC Matrix Estimation). Suppose all assumptions of Theorem 2
hold, except for Assumptioz 9, and suppose that n_lTéh’nTg,’n — n_lT(/gh’nTgl,n =
0,(1). Then, provided that Pon—Pgn= o,(1),

Vo =W =o0,(1), (Woy )T — (W )T = 0,(D),

and g, = O(1), (\Ilgfg,”n)_1 = O(1). If furthermore Assumption 9 holds, then,

QF —@r —o,1), (R ) =@ ) =0,(),

88:n 88n 88:n 88:n

and Qg7 , = O(1), (Slg’gn)‘l =0(1).
Note that for the first part of the above theorem p,, can be any consistent
estimator.

4.3. Joint Asymptotic Distribution of Estimators for p and §

’
1,n

In the following, let §, = [
8= ['g/l,n, - ’E/G,n]/ and p,= [0} . ..., 0 ,]" denote the corresponding estimators

as defined in the previous subsections. In this section, we derive the joint limiting
distribution of 4, and p,. Knowledge of the joint asymptotic distribution of all
model parameters will then enable the researcher to test for the presence of network

.,85,] and p, = (P} -2 PG,) s and let
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spillovers in any of the dependent variables, explanatory variables, or disturbances
in the system.

As shown in the proof of the next theorem, the joint limiting distribution of
the estimators will depend on the joint limiting distribution of the following
vector of linear and quadratic forms [1),,&,1" with 9}, = [} ,....,n; ] and &, =

(&1, .- EG,) where g, , =n"1/2 > T, ,€n.n and the &, , are defined in (20).
Let

T, ... Tein
T, = : : )

| Tin -+ Toon

then the VC matrix of [n/,&]’ is given by

"1’85 ‘Ilﬁ,o
‘I’n: ‘I’(;lp/ ‘I’Z’O ’ (26)
where
i, - ¥,
pemgg= o |,
7 77

‘I’fla = Eﬂn";z = n_lsz(Z ®I”)Tn’
v = En,g, =n" T (E®L)T,diagy_ [etg 1.0 5],

and where the (7, s)th element of ¥*?

gh.n 18 given by

rpsf)gh.n = gh L2n)~ tr[(A, DAL o) (Agn +A;,n)]

—l /
grn|:§ E auvnTgunThvn:|“hsn

u=1 v=1

Analogous to (24), consider the following estimator ¥’) thn = ( e n) for Wy .,

where

fogh n gh n(zn) tr[(Ar n +A/ ) (A5~” +A:n):|

71~/
Oy i |: E E qu nTgu nThv ni| Op s ns

u=1 v=1

with
&g, n = —nfl [Z;,,n(ln Rzln(pg’n))(Ar,n +Alr,n)(ln - R;,n(pg,n))ﬁg’”] ’
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with 'Tgh,n being some estimator for Ty, ,, and ﬁg, n=Yen—Lg n:‘»"g,n. Next, consider
the estimators

"1755 = ”71T;1(2n®1n)rfn7

n
=3 1R =~ ~ ~
U, =n'T,(E,L)Tudiagl_ | ([E 10 ... 8e54]).
then our estimator for ¥,, can be formulated as

~55  ~8p

~ v L\
v, = [\Aﬁfp/ \Al;fp] . 27
We now have the following theorem concerning the joint limiting distribution of

6:1 _6n and ﬁn -p

ne

THEOREM 4 (Asymptotic Normality). Let 0,= [p] ;. .-, 0,1 where p, , =
pg n(Tg n) denotes the GMM estimator for p, " defined by (16), and let
8,= 1[5,
in &,. Then given Assumptions 1-10, n~ T(/gh’nTk] w—n T
given that Ayin(V,,) > ¢ for some ¢ > 0, we have

8, — 8 I 0 [n ]
1/2 nl_ _ n + 1 ,
I:pn pn:| |:0 diagg[[J/g,nTg,nJg,n] lJé’nTg,n]] sn Op( )

with

Lo oo SG .1 be an estimator for 8§, where Sgn is asymptotically linear

gh, nTkl,n - Op(l), and

w12 [z] 4 N, L),

where d = Zng] (G, + Kg +pg +qg). Furthermore, let

| 0
Q, = . , . v, 28
|:0 dlagg:l ((Jg,nT&”Jg,”) ng.nTg,n)iI ( )

I 0
x |:0 diaggzl (Tg,nJg,n(Jfgang,nJg.n)1)] ’

~ I 0 ~
Q, = . Y N~ T 1T A v,
|:0 dmgg=1 ((Jg,nTg,ing,n) ng’nTg,,,)]

I 0
X |:0 diaggzl (Tg,nJg,n(J:g'nTg,nJg,n)1)] '

Then, W, — W, = 0,(1), ¥, — W' =0,(1), ¥, = 0(1), ¥,' = O(1) and R, —
2, =0,(1), 2, =2 =0,(1), 2, =0(1), 2, = 0(1).

Theorem 4 implies that the difference between the joint cumulative distribution
function of the estimators of all model parameters n'/?[(8, — 8,)’, (B, — p,)']’,
and that of N(0,€2,) converges pointwise to zero so that using the latter as an
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approximation of the former is justified.'® The theorem also states that &, is
a consistent estimator of €2,. Of course, since the marginal distribution of a
multivariate normal distribution is normal, the Nabove theorem also establishes the
limiting distribution of any subvector of n'/2[(8, — §,)’, (B, — p,)'] .

5. LIMITED AND FULL INFORMATION TWO-STEP ESTIMATORS

In the previous section, we developed generic results regarding the asymptotic
properties of two-step GMM estimators for the parameters of model (1). The
results show that the limiting distribution of GMM estimators for p, ,, which
employ an initial estimator for §, ,, in computing estimated residuals, will generally
depend on the limiting distribution of the latter. Thus, establishing the proper
asymptotic theory for specific estimators is “delicate.” In this section, we define
specific limited and full information estimators and provide specific expressions
for their asymptotic VC matrices.

5.1. Definition of Limited Information Estimators

In the following, we define, in a sequence of steps, a specific generalized spatial
2SLS (GS2SLS) estimator of 8, , and a GMM estimator of p, , based on GS2SLS
residuals. WLOG we focus on the estimation of the parameters of the gth equation.

Step 1a: 2SLS estimator of §,, As a first step, we apply 2SLS to the gth
equation of the untransformed model (8) using the instrument matrix H, in
Assumptions 5 and 6 to estimate 8, ,. The 2SLS estimator, say d, ,, is then
defined as

Son=(Z,,Ly,)"'L,,Yen (29)
where Zg , = Py, Zg v = (Yo Xem Yon)> Yo = P, Yo, Yo = Pu, Y, ,, and
where Py, = H,(H,H,)'H,."”
Step 1b: Initial GMM estimator of the vectorp, , based on 2SLS residuals
Let fig,n = ug_n(gg,,l) = Yen— Zg,ngg,n denote the 2SLS residuals of the gth
equation, and let m/ , (p, ,,, 8, ») denote the corresponding sample moment vector
as defined in (15). Our initial GMM estimator for p, , is now defined as

5g, n= argmin mg)’ n (ﬁg’ ne ag, n)/m; n (ﬁg, n’ (sg. n) (30)
ﬁgzzre[g,p |ﬁg, r | E[_aﬂ’aﬂ]

witha, > 1.
Step 2a: GS2SLS estimator of 4§, , Analogous to Kelejian and Prucha (1998),
we next compute a GS2SLS estimator of 8 ,, 8,.,(0, ,). This estimator is defined

18This follows from Corollary F4 in Potscher and Prucha (1997). Compare also the discussion on pp. 86—87 in that
reference.

910 the previous section we used tilde to denote generic estimators. In the following tilde is used to denote our initial
2SLS based estimators.
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as the 2SLS estimator of the gth equation of the spatially Cochrane—Orcutt
transformed model (10) with p, , replaced by p, ,, i.e.,

Son=8gnByn) = Zugn(Pg) LugnB o)) ZgnBgn) Vogin Byn): (31)

/vghere Y*g,pl(zg,n) = [In — RZ,,,(’/\;g,n)] Ye.ns Z*g,n(’ﬁg,n) = [In 2, n(pg n)] g, 1> and
Z.gn(0y,) =Pu,Zig . (p,,). We shall also utilize the following estimator for the
(g, g)th block of \Ilff (corresponding to 8, ,):

~585 e 1A ~ ~ ~ _
‘I’gg,n =Ugg[n IZ*g,Vl(pg,n)/Z*g,n(pg,n)] 17

~ I B o~ _ ~ ~ o
where 0gp s =17 €, €0 n With € 4 = Vg n(Pg ) — Lig n(Pg )¢ n-

Step 2b: Efficient GMM estimator of p, , based on GS2SLS residuals

Letu Ug = Yen -7, n6 o denote the GS2SLS residuals of the gth equation, and
letmg , (o, .3, ) denote the corresponding sample moment vector as defined in
(15). Then, the corresponding efficient GMM estimator for p, , based on GS2SLS
residuals is given by

Pon= argmin M, (B 0 80.0) (B0 )7'ME (B 8. 32)

ﬁg:z;-elg,p |ﬁg,r|€[_”ﬂ~”ﬂ]

where W7 = (yrP*

gg.n rs,88,n Py
of the normalized sample moments n'/ 2mg,in(/t) o.n» 0g.n). Specifically, we have

) is an estimator of the VC matrix of the limiting distribution

(271) Oge, ntr[(Arn"‘A/ )(Avn+A/ )]

=86
~ ~
—ng, r,nq’gg,nag’f'"’

rfggn

with
&g,r,n =-n [ *g, ,,(Pg n)(Ar n +A,r n)(I R;,n(;g,n))ﬁg,n] .

The claim that (\Ilgg’n)’1 provides the efficient weighting of the sample moments
will be established by Theorem 5.

5.2. Asymptotic Properties of Limited Information Estimators

In this subsection, we derive results concerning the joint limiting distribution of the
GS2SLS estimators ﬁg’ » and 8, , by applying the generic limit theory developed in
Theorem 4. In preparation, we first specialize the expressions for estimators of the
(8,2)th blocks of W WP and %, Q% Q°Pas implied by the specific structure

of 8, , and ﬁg,n. More spemﬁcally, let

-1
%l =9 e =~ oFrP 5
Qgg n ‘I’gg n szgg,n gg.n"gs”’ ﬂgg n ngn ( 88 n) Jg n ’
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with
=ép =88 1~ ~
\I’gg,n = ‘I’gg,n [Otg’lq,,, e ,ag,s,,,] ,

N R e e e i~ -l
3&":(‘1’;5»1) ng-," [Jz:nn(‘l'g;n) ng,n] ’

and jg,n = Jgn(0g ). We now have the following result concerning the joint
asymptotic distribution of §, , and p,, .

THEOREM 5 (Joint Asymptotic Normality of 'ﬁg’n and :S\g,n). Suppose Assump-
tions 1-8 hold, and that the smallest eigenvalues of ¥, are bounded away from
zero.”’ Then, 'ﬁg,n is efficient among the class of GMM estimators based on GS2SLS
residuals, and

=486 =5p
5 Q Q
|:3g,n _Sg.n) ~AN 10 n71 88:n 88:n
-~ )
Pon—Pyn) o g
988,” Qgg,n

In the above theorem, the estimators for the asymptotic VC matrix of fo\g, . and

/S\g,,, employ p, , as an estimator for p, ,. The theorem continues to hold if o, , is
replaced by p, , (or any other consistent estimator).

5.3. Definition of Full Information Estimators

In the previous section, we discussed GS2SLS estimation, where the parameters
of each equation are estimated separately from the spatially Cochrane—Orcutt
transformed model (10). In the following, we consider full information estimation,
where all parameters are estimated jointly from the stacked spatially Cochrane—
Orcutt transformed model (11). In particular, we will consider a GS3SLS estimator.

Step 3a: GS3SLS estimator of §, The GS3SLS estimator of §, based on the
stacked spatially Cochrane—Orcutt transformed model (11) is given by

= =~ ~_1 o~ =17~ o-1 _ o~

8, =1Z,,(0,)(%, OL)Z.P )2, 0,)(Z, ®L) 'yu(®,), (33)
where Yuu(8,) = [¥1, @) Vi @]+ Zun®@y) = diagg [Zugn(By0)]:
Z*n(ﬁn) == diaggzl [Z*g,n(/ﬁg,n)] with Z*g,n(ﬁg,n) = PH,,Z*g,n(/ﬁg,n)v and where
X, = (b\'gh.n) with a\gh,n = n_l’é\;,ngh,n and ’Eg,n = Y*gn(ﬁg,n) - Z*g,n(’/;g,n)‘sg,n-
Below, we shall also utilize the following estimator for \Ilfl‘S (corresponding to ’6\,,):

88 ~ ~_ ~ -1
¥, =[n2,3)E, @1)2.G)]

286 258
and we denote the (g, h)th blocks of W% and W, with W%} and ¥

ehon oh,n» TESpectively.

2OExplicil expressions for the submatrices composing ¥, specialized to ﬁg. ,» and Sg‘ n are given in the proof of the
theorem.
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Step 3b: GMM estimator ofp,, based on GS3SLS residuals In a final
step, we compute a further GMM estlmator of p,, based on the GS3SLS

residuals u, ug,n =Yon— 1L, ,ng 2, Where Sg » denotes the gth component of 8 Let

my (o, n,gg,n) denote the corresponding sample moment vector as defined in (15).
Then, the corresponding GMM estimator for p, , based on GS3SLS residuals is

given by
PN . = "ﬂp -1, =
pg,n = Clrgmln g n(pg n g n) ( 28, n) mg,,,(ﬂg,ny ag,n)s (34)

ﬁg:Zrelg‘p |ﬁg, rle[fap'aP]

where W' gg,n 18 an estimator of the VC matrix ‘Ilg,’g’ , of the limiting distribution

1/2

of the normalized sample moments n/“m% , (0, . g,n). Towards presenting the

asymptotic distribution of ?Ln,...,?an we need estimators not only for the
(g g)th block of W*”, but more generally for the (g, h)th block W?7  Let @Zp

n > gh,n*
and \Il ehn denote the estimators for WA” and \Ilgin, respectively, then the (r,s)th

element of \II ” is defined as

gh,n

=pp

Vs gnn = (2n)~ 1"g2h A [(Arn+AL DA+ AL ] (35)
~ A% A

=
g,rn

+(¥ \I’gh,nah,s,m
with ﬁg, ron = —I’lil [Z(/g,n(ln - RZ»," (’ﬁg,n))(Ar,n +A,r,n)(ln - R;,n(ﬁg,n))ﬁg,n]-

5.4. Asymptotic Properties of Full Information Estimators

In this subsection, we derive results concerning the joint limiting distribution of the
GS3SLS estimators ?n and:ﬁ\,, by applying again the generic limit theory developed
in Theorem 4. In preparation, we first specialize the expressions for estimators of
W WP and %, Q% @ as implied by the specific structure of 7, and 8,
More specifically, let

266 266

n n°?
Xp X8p = KPP =/ =X pp =
7~ .G = . G ~
Q =V, dtagg_ (Jg,,,), e, _dzagg:1 (‘jg’n> v, dtagg:l (Jg,n),
with
=X6p 288 -~ ~
. G = =
a =Y, dlaggzl ([“g, Lns--- v“g,S.,n])»

Aﬂp -1 Aﬂp -1 7!
3en= (%) e [J’ (Vi) Jg] :
and with J Jon = =J Je (0 o »)- The next theorem establishes the joint limiting distri-

bution of 7, P, and 8.
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THEOREM 6 (Joint Asymptotic Normality of /ﬁn and ’6\”). Suppose Assumptions
-8 hold, and that the smallest eigenvalues of W,, are bounded away from zero.”!
Then,

~ 688 §60
(in - 511) ~AN|O, f’l_l xénp/ ﬁzl) :
(pn - p") Sz” ﬂn

The estimators ?g . based on GS3SLS residuals are efficient within their class.

In the above theorem, the estimators for the asymptotic VC matrix of ?n and
8, employ P, , as an estimator for Pg.n- The theorem continues to hold if ﬁg’n is
replaced by ’ﬁg’n (or any other consistent estimator).

6. LIMITED AND FULL INFORMATION ONE-STEP ESTIMATORS

In the following, we discuss the one-step analogs to the two-step estimators
considered in the previous section. For simplicity, we assume the availability of
a consistent estimator for X, say fn = (o ehn)-

Toward defining our one-step limited information GMM estimator, consider the
stacked moment vector

mé‘,n(pg,rp ag,n)]

mg,n(pg,n’(sg,n) - [mgn(pg’n’ Sgyn)

where m;n(pg’n,Sg,n) = mg,n(pgyn, d,.0) and mgn(pg,nvsg,n) =my ,(p, . 0 n) are
the vectors of linear and quadratic sample moments for the gth equation as defined
in (12) and (13).%” Let

LL __ —lyy 00 _ 2 Q0
\Ilgg,n = Ogen [n Han] and \Ilgg,n = O‘gg’nKn ,

with K29 = (k22) and
k2 = 2n)~'tr[(Ara+AL)(Asn+AL)]

rs,n rn

Then, Emy ,(p, ,,8;.,) = 0 and

\I’LLn 0
VC(nl/zmg,n(pg,n’sgvn)) = |: f)g’ ‘I’QQ i|
88.n

21 Explicit expressions for the submatrices W, are given in the proof of the theorem.

22The purpose of switching the superscripts from § and p to L for “linear” and Q for “quadratic” is to emphasize that
for one-step estimators both moment vectors are used for estimating both p,, ,, and . .
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Let ¥ ge,n and \Il , denote the corresponding estimators, where o, , is replaced

by some con51stent estimator G, ,. Then the one-step limited information GMM
estimator is defined as

~LL —1
o —
(ag,na/ﬁ; ,,) = argmln mg, n(pg n» 9¢g, n) f)g’n ~00 mg,n(pg,n»ag,n)- (36)
ﬂg n 5g n gg,n

For ease of distinction from the two-step limited information estimators defined
in the previous section, we refer to this estimator as the linear-quadratic GS2SLS
(LQ-GS2SLS) estimator. A simple adaptation of the methodology used to derive
the limiting distribution of two-step estimators yields

(EZ _agn)] -1

o ’ ~AN|0,n "R, |,
[(ﬁg,n_pg,n) I: gn:l
with @, = (S2,)~" and

LL QoL
S — SoL Syl
g,n So QL So,QQ ’
Sent =g Zagn(03,) Lo n(B5,)1+ 5y ny  (KZO) T' @Y,

So LO __ So .OL/ __ 6_\gog 3/\0 (K ) ng, 'l(pg.n)’

o ~o0-2
Sy90 = gg,,Jgn(pg,J(K,?Q) Jon(B9,),

—1 . 0
where oy, , = n"'€y &, , With € = Yien(05 ) — Zug, n(’ﬁg )8, > and where
~0 Um0 ~0 - /
ag,n - [ag Ln> - ag,S,n] Wlth agrn - = [ *g, n(pg n)(Arn+Ar n)

@ — gn(pg n)) gn] andﬁ;n =Yen _Zg,n‘s,;'

The one-step estimator defined in (36) is efficient among GMM estimators based
on the moment conditions Emy ,(p, ,,;,) = 0. However, a comparison of the
above expressions for the asymptotic VC matrix of the one-step estimator with
those for the two-step estimator given by Theorem 5 reveals that in the case where
Z, , only contains exogenous variables, and thus e, , = 0, both estimators have
the same limiting distribution.

Our setup contains as an important special case models without spatial lags
in the disturbances (i.e., where p, , = 0 is known). Obviously the LQ-GS2SLS
estimator, which combines both linear and quadratlc moment conditions, remains
well defined in this case, and we obtain (8 8g0) ~AN[0,n" (S" L1 asa
special case. The use of quadratic moment condltlons may be espemally beneficial
in cases where identification by the linear moments is weak; see, e.g., Kuersteiner
and Prucha (2020) for a recent discussion.
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Toward defining our one-step full information GMM estimator consider the
stacked sample moment vector

[ mfn(pl,nvsl,n) ]

mlé,n(pG,na SG,H)

m, (Pn» 6;) =
" ' m%n(pl,msl.n)
_mg.n(pG,msG,n)_
Let
‘I’I,;L = 2:n ® [nilH;lHn] ’
00 00
‘Illl,n \I’lG.n
wol = : : = Y50, K%,
0 00
‘I’Gl,n ce ‘I’GG,n
with W92 =02 K29 and X5p, = (02, ,). Then, Em(p,.8,) = 0 and
[ wEE0
Vc(mn(pm 8,))=n : |: (; oo |-

=LL = . . .
Let ¥, and ‘IIHQQ denote the corresponding estimators where oy, , is replaced
by some consistent estimator ?fgh,n. Then the one-step full information GMM

estimator is defined as
~IL -1
20 . _ | ¥, 0 _ =
(8,,p,) =argmin  m,(p,.5,) o0 | mu(P,.8).
ﬁnagn 0 ‘I’"

For ease of distinction from the two-step full information estimators defined in the
previous section, we refer to this estimator as the LQ-GS3SLS estimator. Again,
a simple adaptation of the methodology used to derive the limiting distribution of
two-step estimators yields

3’ =0
|:(;%(n) _an):| ~ AN [0”1719“] ,

n n

=0, LL ~ =0 ~
S, =17, GOIE) " ®L1Z0W(3)

n *n

+diagl | [@] (T, " ® (K29 '1diagl @] ).
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S0 =820 — _diagl |[@0 sy, ® (K2 diagl, [, (P,
0 o~
S290 = diagh | (¥, ,(PDIL(Zsp,) "' ® (K9 '1diagl | [Jo.n(P,)],

where 35 = (crgh ,) and ngn = (?;i n) with ?), =n" eg nehn and ?;n =
Ve, n(pg w) — L, ,,(pg n)é'g .» and where o oc [otg Lo e &g s.n] with

=0 —

&y =" [Z;g,,<pg_,1><Ar,n+A;,,,><In R, (0,000

=0
and ﬁ;n =Yon—2Lg 10,

A comparison of the above expression for the asymptotic VC matrix of the
one-step full information estimator with that for the two-step estimator given by
Theorem 6 reveals that in the case where the Z, ,, only contain exogenous variables,
and thus e, , = 0, both estimators have the same limiting distribution.

7. CONCLUDING REMARKS

This paper develops estimation methodologies for a cross-sectional simultaneous
equation model in G variables, where simultaneity stems from interdependencies
in the G variables as well as from network interdependencies. Taking guidance
from the spatial literature network interdependencies are modeled in the form of
weighted averages. For simplicity, and consistent with the spatial literature, we
refer to those weighted averages as spatial lags. We allow for higher-order spatial
lags in the endogenous variables, exogenous variables, and disturbances. As a
consequence, the model provides for significant flexibility in modeling network
effects.

The paper develops an estimation theory for both limited and full information
generalized method of moments estimators, which utilize both linear and quadratic
moment conditions. We consider both two- and one-step estimators. An important
aim in specifying our estimators was that the estimators remain feasible even for
very large data sets and general weights matrices.

To explore the small sample properties of our estimators we conducted a Monte
Carlo study. The details of the design and the results of that study are given in
Appendix G in the Online Supplementary Appendix. In general, the results are
encouraging. We consider scenarios where the parameters are well identified by
the linear moment conditions as well as scenarios where they are not. The study
includes the maximum likelihood (ML) estimator for comparison. In the well
identified case, the biases of all considered estimators are fairly small. As expected,
the ML estimator has the smallest root mean squared error (RMSE). However, in
general, the ML estimator only dominates the GS3SLS estimator slightly, and the
GS3SLS estimator dominates the GS2SLS estimator. The differences in RMSE
are the most pronounced for the estimates of the autoregressive parameters in
the disturbance process. For the scenarios where identification by linear moment
conditions alone is weak, the GS2SLS and GS3SLS estimators can, as expected,
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be substantially biased. In these scenarios, the LQ-GS2SLS and LQ-GS3SLS
estimators can greatly outperform the GS2SLS and GS3SLS estimators. However,
for the well identified scenarios the benefit of combining linear and quadratic
moment conditions seems limited.

We expect the model will be helpful for empirical research in both macro and
micro economic settings, as well as areas outside of economics. As illustrated in
the paper, one potential application is for modeling social interactions in different
activities; e.g., the level of different physical activities among groups of friends
connected via an activity tracker such as Fitbit. Suggestions for future research
include an extension of the methodology to panel data, as well as an extension that
allows for measurement errors in the data.

A. APPENDIX: PRELIMINARY RESULTS

In this appendix, we collect some preliminary results. All proofs are relegated to the Online
Supplementary Appendix.

A.1. Asymptotic Linearity of S2SLS, GS2SLS, and GS3SLS

Assumption 10 postulates that the estimators of the regression parameters are asymptoti-
cally linear. In the following, we show that the S2SLS, GS2SLS, and GS3SLS estimators
are indeed asymptotically linear.

LEMMA A.l. Let Ay = (ajj,n) be some mp x my real matrix where the row sums
of the absolute elements are bounded uniformly in n by some finite constant. Let
Ry = (U1 pses my,n) and 9, = (nl,n’--w’?mn,n)/ be some my x 1 random vectors
with supnmax;'ZlE’,ui,nV’ < oo and supnmax;ﬂz"lEMi)n{p < 0o for some p > 1, and
let £, = (1 .- Emyn) =ty + Anhy. Then sup, max;™, E|&; ,|" < oo

LEMMA A .2. Suppose Assumptions 1—4 hold. Let Z,, = (Y, Xy, Y1, then

4

E <C< oo, (A.1)

Zij.n

where C does not depend on i,j, and n.

LEMMA A 3. Suppose Assumptions 1—4 hold. Let Z,, =Yy, X,.. Y] andlet A, = (aij,n)
be some n x n matrix, where the row and column sums of the absolute elements are bounded
uniformly in n by some finite constant. Then n_lu;l 2Angn = Op(1), n_IZnAnug’n =

Op(1) and nillnAnZn = Op(1) and furthermore
n Z,Anug n —nVEZ,Apug » = 0p(1).
LEMMA A.4. Suppose Assumptions 1-4, 5 and 6 hold. Consider the S2SLS estimator

~ ~, P
Sgn = (Zg,nZg,n) Zg,n)’g,n,
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where Zg n = Py, Zgn and Py, = Hy(H,H,)"'H,,. Then, (a) n'/?(8gn — 8gn) =

n—l/ZT/

eg.n€gn T op(1) with Tge n = Fgg nPeg n and where

Pge = QuyQnz. ¢[Qyz, Qi Quz o1,
Fyon = (I~ R;jn>_l H,.
(b) nil/zT/gg’nsg,n =0p().
(c) Pgg is a finite matrix and Pgg n — Pgg = o0p(1) for
Pog = (n "H,H,) " ("1 H, Zg ) x
("2 Hp) (™ " H H) ™ (07 T ], Z )]

(d) }‘min(n_lT/gg,nng,l’l) > ¢ for some ¢ > 0 for all large n.

LEMMA A.S. Suppose Assumptions 1-4, 5 and 6 hold. Consider the GS2SLS estimator
5g,n = [Zyg, n(ﬁg, n)/Z*g,n (ﬁg,n)]_ ! Zig n (ﬁg,n),}’*g,n(ﬁg, n»

where Zyg n(g n) = PH, Zsg,n(Py ), Where Py, is any consistent estimator for pg .
Then,

(a)n'2[8g.n—8gn] =n"V12T5y &g n+0p(1) with TS, , = F%

*
gg.n ggn Poe  and where

g n

1 1 _
P;g,n = QHHQHZ,g* (pg,n)[Qi-[L g% (pg,n)QHHQHZ,g* (pg,n)] ! >

Fiy, =Hy.
(b) n= V2%, egn = Op(1).
(c) P;g’n = 0p(1) and Pzg,n —P;;g’n = o0p(1) for

Pr = THH) T 07 ) Zg 1 (B ) %

-1
(07 2Ly B B ™ B H) ™ 07 B Zag n (B )|

(d) Agpin (7! Tg’,’nng’n) > ¢ for some ¢ > 0 for large n.

LEMMA A.6. Suppose Assumptions -4, 5 and 6 hold. Consider the GS3SLS estimator
2 T e U I N | —~
80 = (200 ) @1 ZinB) | 2B E ' LY (B),

where Zin(p,)) = diagl_, [2;g,n(ﬁg,n)] with Zsg n(Bg n) = PH, Zug.n(Py). and B, =

! o~
[ﬁ’l e ,ﬁ’G n] is any consistent estimator for p,, and X, is any consistent estimator
for X. Then
(a) nl/z[gn —8,l= n_l/zTﬁ*/en +op(1) with T} = F*Pr*, and where

Py = [27! @ Qg | diag [ Quz g (0|

x {diag [ Qiyz, ¢ (0g.) | [ © Qpaty | diag [ Quz, gu (0.0 |
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and
F:* =I1;H,.

(b) 12T e, = 0, (1).
(c) PE* = 0,(1) and PX* —P* = 0,(1) for

P =[2," @ 0 )~ diag [n ) Zug n B |
157 o~ a1 o~ -
% [ 2,y @102y |

(d) Anin (0™ VT T > ¢ for some ¢ > 0 for large n.

A.2. Auxiliary Results for Linear Quadratic Forms

In the following, we establish some auxiliary results on the relationship between linear and
quadratic forms based on some n x 1 disturbance vector u, and corresponding forms based
on a predictor ;.

Assumption A.1. For n > 1 the n x 1 disturbance vector u, is generated by

Ry up = en,
nxnpx1  nxl1
where R, is a nonstochastic nonsigular n x n matrix, and the row and column sums of the
absolute elements of R, and R, I are bounded uniformly by some finite constant, and
the innovations ¢, = (¢q 4, ., en,n)’ have the following properties: For each n > 1 the
random variables ¢1 ,, ...,epn n are totally independent with Ee; , = 0, E(e%n) =02>0,

‘4+v

and Supj <j<y 5>1 E!e,-,,, < oo for some v > 0.

Assumption A.2. The predictor i, for u, satisfies that
an — Uy =DpAy,

where D, = (05,,) is an n X pA random matrix and Ay is a po x 1 random vector.

|2+5

Furthermore, sup, sup;<;j<p, 1< j<pa E|D,-j,n < oo for some § > 0, and n!'/2 ||A,|| =

0,(1).

Assumption A.3. For any n x n real matrix A:, whose row and column sums are bounded
uniformly in absolute value,

n 1D, Ak, —n T VED ), Ay = op(1).

Remark. The above assumptions are formulated in a general fashion, so that the results
on the properties of linear quadratic forms established below can also be utilized in a
variety of contexts. For an interpretation of the results specific to this paper, suppose that u,
corresponds to the disturbance term of the g-th equation of the model defined by (1)—(8).
Then the quantities considered in Assumptions A.1-A.3 should be interpreted as u, =ug, p,
Dy =—Lgn Rp=1- Zrelg Pg,r,nMpn, ¢y = €g p, and Ay = Sg n—8g n, Where 8¢ 5,
is some estimator for the parameter vector dg . Observe that under Assumptions 1-4, and
given Eg,n a n'/2 _consistent estimator, these quantities clearly satisfy Assumptions A.1—
A.3 in light of Lemmata A.1 and A.2.
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LEMMA A.7. Let A}; be an n x n real matrix whose row and column sums are bounded
uniformly in absolute value. Suppose Assumptions A.1 and A.2 hold, then:

(@ n'E[u,Afu,| = O(1), var(n~ "W, Aju,) = o(1) and

n- n
0 AR, — T EW A, = 0,(1).

(b) n'E|D, Ak, | = 0(1), and

n--n

DA, —n 1D Ak, = op(1).

n - n

(c) If furthermore Assumption A.3 holds, then
V2 AR, = n” VP A, + o i 2 A, 0, (1)

with & = n"'ED! (A% + A )w,. (Of course, in light of (a) and (b), we have o =
0(1) and n~' D/, (A% + A, —a = 0,(1)).

We next state an additional assumption regarding A, which is satisfied by the various
IV estimators considered in the paper; compare Lemmata A.4-A.6. This assumption then
permits a specialization of the r.h.s. expression for n™ 1/ 2ﬁ;AZ§n given in Lemma A.7(c) for
the case where A = R), A, %R, which will be helpful for deriving its limiting distribution.
l\fote that given Assumption A.1 and A} = R, A, R, we have u),A¥u, = u, R, A, Ryu, =
ey Aney.

Assumption A.4. (a) The vector of innovations &, = [e/1 oo ,e/G n]’ satisfies Assump-
tion 4. (b) The estimator A, is asymptotically linear in the sense that

G
n'2An =072 e+ op(l),
h=1

with Ty, , = Fp, ,Py, , where the Fj, ,, = (fis, n) are n x pp dimensional real nonstochastic
matrices with supnn_1 Z?:l |fhis,,,|n <oowithn>2forh=1,...,G,s=1,...,pF, and
Py, = (Phri,n) are pr x pa dimensional real nonstochastic matrices whose elements are
uniformly bounded in absolute value.

We now have the following specialization of Lemma A.7(c).
LEMMA A.8. Suppose Assumptions A.1-A.3 hold where Ay is asymptotically linear

satisfying Assumption A.4, and suppose ¢y = €g n. Furthermore, let Ay be an n x n real
matrix whose row and column sums are bounded uniformly in absolute value.

(a) Then

G
—1/2~1 o3/ ~ —1/2 —1/2 ’
n /un%nAni)%,,u,,zn /sg’nAnsg,n—i-n / E ay ,&nn+o0p(l),
h=1

where ap, = @nin, -« amnn) = Thpttn with a, = n~'ED/ R (A, + ARty
Furthermore, sup, n™! pa }ahi,nr] < 00 forn > 2.
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(b) If furthermore the diagonal elements of A,, are zero, then

G
—1/2/ —-1/2 /
E|:n /eg‘nAnsg.n-i—n / E ah,neh,ni|=0,
h=1

G
—1/2 -1/2 /
var|:n /egy,,Ansg,,,—i—n / E ah,nsh,n:|
h=1

G G
= n_lagzgtr [An(An+AD]+ no! Z Zah;a;l,na;,n.
h=1 =1

B. Appendix: Proofs for Section 4

Proof of Theorem 1. The existence and measurability of ',Bg’ s assured by, e.g., Lemma
3.4 in Potscher and Prucha (1997). The objective function of the weighted nonlinear least
squares estimator and its corresponding nonstochastic counterpart are given by, respectively,

Ru(.pg) =My 4 (g.86.0) Yo nmly (Bg.8.n)
~ Ve o~ L
= I:rg,nrg,n(ﬁg) - )'g,n] Yg,n [rg,nrg,n(Pg) - )’g,n:l s

_ /
Rn(ﬁg) = I:rg,nrg,n(ﬁg) - )’n] Yy I:rg,nrg,n(ﬁg) - Vn],

where the quantities appearing in the above equation are defined before the theorem in the
text. To prove the consistency of ﬁg,n we show that the conditions of, e.g., Lemma 3.1 in
Pétscher and Prucha (1997) are satisfied for the problem at hand. We first show that py ,,

is an identifiably unique sequence of minimizers of R,. Observe that R, (ﬁg) > 0 and that
E,(Pg, n) =0, since y, = Tg nrg n(pg ) by (14). Utilizing Assumptions 8 and 9, we get

En(ﬁg) —En(/’g,n) = En(ﬁg)
/
- [I‘g‘nrg’n(ﬁg) - rg,,,rg,,,(pg,n)] Y, [rg,nrg,n(ﬁg) - rg,nrg,n(pg,n)]
’
= I:rg,n(ﬁg) _rg,n(Pg,n)] ré,nang,n I:rg,n(ﬁg) - rg,n(Pg,n)]

I
= hamin (0 amin (T, Do) [Fn (B) = T n () | [Fen(Be) —Tn(og) |
q

> Ak Z [ﬁg,s - pg,s,n]2

s=1
for some 1y > 0. Hence, for every e> 0 and n, we have

[El’l (ﬁg) - Eﬂ (pg, n)]

inf
Py Lorelg |7y r|€l=ap.ap) and [B,—p, , | =€

. — 2
= _ inf _ Ax Z [Pg,r_log,r,n] :)\*52 >0,
/’g3Zrelg,,) {pg.r|e[7“ﬂ’“ﬂ] and ”pgfpg,n H z€ relg ,
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which proves that p on is identifiably unique. Next let ®,, = [T, —y,] and ;I;n = [fn, —
Y., then

Ru(@. )~ Ra(B)|

~ o~ o~ /
I:rg,n(ﬁg)/s 1] [‘b:lYn¢n - <I),/1an)n] I:rg,n(ﬁg)/v 1] ’
o~ 2
V80— @, Y| g @) 11|

[1 F2g+q(g— 1)/2]ajt].

X, ®,—®,Y,®,

Next, observe that the elements of ®, and Z»n are all of the form n_lEu;lA,,un and
n_]ﬁ;,Anﬁn, where the row and column sums of A ; are bounded uniformly in absolute

value. Recall that ug , = [Zrelg , Ps. r,nMr,n] U, ; + €4, and observe that Ug , — g ;, =

—Zg,n(ﬂgg,n —dg,n). By Assumption 1 and 2, the row and column sums of the absolute

elements of Zrel“ pg,r,nMy,  and [Zrel“ Pg.r, nMr’n] ! are bounded in absolute value
by some finite constant. By Assumptions 4, the elements of &g ,, are totally independent
with zero mean, positive variance and finite 4 4+ v absolute moments for some v > 0.
Furthermore, observe that by Lemma A.2 the fourth absolute moments of the elements
of Zg, ,, are uniformly bounded by a finite constant and nl/2 (Eg, n—38g n) = Op(1). It now

follows immediately from Lemma A.7(a) that :I;,, — P, £z 0, that the elements of ®,, are
O(1) and, consequently, that the elements of ZI;,, are Op(1). The elements of ’Y‘n and Y,
have the analogous properties in light of condition (b) in the theorem. Given this, it follows
from the above inequality that Ry(w, 04) — Ry (pg) converges to zero uniformly over the
optimization space, i.e.,

sup Ru(@.5g) — Ra(B)|

ﬁg:ZrEIg_p {ﬁg.r|6[7“0’ apl

< H & ¥, &, — 7,0,

[1+2¢+a@-D/210} 50

as n — 0o. The consistency of ﬁg’ ,, now follows directly from Lemma 3.1 in Potscher and
Prucha (1997). O

Proof of Theorem 2. We have shown in Theorem 1 that the GMM estimator ﬁg’ ,, defined
in (16) is consistent. Apart on a set, whose probability tends to zero, the estimator satisfies
the following first-order condition

8m§,n(5g,nvgg,n) _ O

mg,n(’ﬁg,nvag,n)/‘rg,n apg

Substituting the mean value theorem expression

omig (B 3g.n)

mg,n(ﬁg,n”gg,n) = mg,n(Pg,m’gg,n) +
apg

(ﬁg,n - pg,n)s
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where ﬁg’ n 1s some between value, into the first-order condition yields

P~ T b ox
amg,n(pg,nvsg,l’l) ? " 8mg,n(Pg,n,3g,n)n1/2

g, (ﬁg,n - pg,n) (B.1)
3Py dpg
Mm% (B y s 8a.n) ~ ~
g,n\Pg n>0g,n
= _—Bpé Yg,nmg,n(pg)n,ég,n).
Observe that
omg ,(pg.8gn)  ~  ITgnlpy)
gﬂla GRULN gan g (B.2)
Pg Pg
and consider
~ 3m§, n(;"g,n,’gg,n) ~ amg,n(ﬁg,m’gg,n)
Sgon = 7 an (B.3)
Py ’ Ipg
Mg n(Pon) sy ~ ~ gn(Pgy)
— %ﬂgﬁyg’nr&n%’
8 8
Brgn(/’g n) arg n(Pg n)
Egn=—F2T, Yogulgn— 20
gn Bpfg gnlgnlgn 90y

Ill proving Theorem 1, we have demonstrated that r en—Tgn £> 0 and that tlle elements of
Ignand Tg p are Op(1) and O(1), rsspectively. By Assumption 9, we have Yg , — Yg n =
op(1) and also that the elements of Yg , and Yg , are Op(1) and O(1), respectively. Since
ﬁg’n and ﬁg)n are consistent for p, ,,, and the elements of p, ,, are bounded in absolute
value, clearly

[N

en—Egn>0, (B.4)

as n — oo, and furthermore gg,,, = O0p(1) and Eg , = O(1). In particular, Amax (Eg, ) <
AL where A5 is some finite constant. Observe that in light of Assumptions 8 and 9, we

have
0rg n(pg ) Org n(Pg )
—_ &n s &n g
min(Eg.n) = Amin(Yg.n)Amin(Tg ,Tg.n)Amin { = > 81 >0k
8 8

for some A%, > 0, observing that

3l‘g,n(pg,n) 3rg,n(pg,n)
— —
9Py 0P,

min } = Amin {qu + semi-positive matrix} > 1.

Hence 0 < AmaX{E;}l} =1/Amin(Eg,n) < l/)ﬂé < 00, and thus we also have Eg,ll =0(1).
Let §; ,, denote the generalized inverse of g g.n- It then follows as a special case of Lemma
F1 in Potscher and Prucha (1997) that Eg , is nonsingular eventually with probability
tending to one, that E;n = Op(1), and that

5t _g-18 (B.5)

=
=gn - =gn

asn — Q.
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Premultiplying (B.1) by Ez,: ,, and rearranging terms yields

~ =+ & ~
”1/2(pg,n _pg,n) = |:I_ 5g,n"“‘gan] n1/2(pg,n _pg,n)

E+ amg,n(;jg,na Sg,n) ‘Y‘

1/2..p Y
—Zen 90 g,nl / mg,n(/’g,m‘sg,n)-
Pg

In light of the above discussion, the first term on the r.h.s. is zero on w-sets of probability
tending to one. This yields

N ~p 0mf (P . 8gn) ~ ~
”1/2(pg,n _pg,n) = _E;nw’rg,nnl/zmg,n(pg,n’sg,n) +op(1). (B.6)

3Py
Observe that
~p 0mf (B 8gn) ~ g n(Png)
=+ g.n\Pg,n:%g.n =—1Ten\Png
ng,na—/rg,n—ng,nai,r/g’n?g,nzap(l). (B.7)
Pg Pg

In light of (15), the elements of nl/zmg,n(pg,n,sg,n) are of the form (s=1,...,5)

V2 [In - szn(pg’n)] Asn [In - R;n(pg’n)] U
with
[In —R;n(pg,n)] Ug n = E&gn,
ﬁg,n —Ug.n= _Zg,n(gg,n - Sg,n),
G
n'2@ g n—8gn)=n"1/2 ZT;,h’neh,,,Jrop(l).
h=1

Recall that if we define Uiy = Ug, s, Uy = Ug n, en = g, Rn = In —R§ (0, ), On =

~Zgn, Ap= :fg, n — 84 n these quantities satisfy Assumptions A.1-A.3 in light of Lemmata
A.1-A.3. Hence, it follows from Lemma A.8 that

w2 [1,, _ jon(pg,,,)] Asn [1,, - R;,,(pg,,,)] (T

G
_inl _
=n 126 (A n+ AL Degn+n e Y Ty, enn+op(D),

2 h=1

where ag 5.0 = —n_lEng)n [In — R;/n(pgyn)] (As,n +Aj, )€ n. Furthermore, the lemma

implies that for some n > 2 the sample moments of the absolute elements Ty, ,otg 5 5, are
uniformly bounded. We now have

n'2mg (pg n8g.n) (B.3)
1 G
7€5 n(A1n —|—A/1’n)eg,n —I—a(/g’ Ln =1 ngh,n"'h,n

—n 12 : +op(1).

1./ / / G /
26 n(Asn+AG Degntay o, 301 Ty &nn
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Let \Ilgg n= (wr@f’ gg,n) denote the VC matrix of the vector of linear quadratic forms on the
r.h.s. of (B.8), then observing that the diagonal elements of Ay ; are zero and that the VC
matrix of &, is X ® I, it follows from Lemma A.1 in Kelejian and Prucha (2010) that

1
Uiigsn = 50 [(Arn + A7) Asn +A )] (B.9)

1 G G

/ /
+ ;ag, rn Z Zathgh,nTgl," ®g.s.n-
h=11=1

We note that Apyip (\Ilgg, n) = const > 0 by assumption. Since the matrices Ay, ;,, the vectors
of the linear forms, and—in light of Assumption 4—the innovations &, satisfy all of the
remaining assumptions of the central limit theorem for vectors of linear quadratic forms
given in Kelejian and Prucha (2010) it now follows that

1./ I I G /
feg,"(Alvn +A1,n)€g,n +ag, 1,n Zh=1 Tgh,nsh»”

Eg,n = _(“I’gg,n)il/znil/z

—

/ l . 1 G /
§€g,n(AS,n+AS‘,,)€g,n +ag,S,nZh:ngh,n€hsn

<4 NO.Iy). (B.10)

Next, observe that \Ilgg,n = 0(1), and hence (\Ilf;(f’,),,,)l/2 = O(1), since the row and column
sums of the absolute elements of A, , are uniformly bounded by assumption, and since in

light of the above assumptions the terms nilocg,’ rinTn n Tgl,n®g s are uniformly bounded

in absolute value. It now follows from (B.6), (B.7), and (B.10) that
02 Bgn—Pgn) =g n Yondgn) Vg Ton(Woo) &g, +0p(D), (B.11)

observing that Eg ,, = J(’g’n’fg, ndg n. This establishes (19). Since all of the nonstochas-

tic terms on the rhs. of (B.11) are O(1), it follows that n'/2(B, , — pg ,) = Op(1).
Next recall that 0 < A% < Amin(Egn) < Amax(Egn) < A5 < 0o and observe that

Amin(E;};) =1/Amax(Eg n). Hence
=—ly op -1
Amin {:‘g,nJg,nTg,n‘I’gg,an,nJg,n-':'g,n}

=1 -1
> Amin (‘1’§§ n) Amin (Yg, n) )Lmin(-’-'-g, nJgr,an,nJg, n "-"g,n)

> Amin (\Ilggs,,) Amin (Xg,n) /A5 = const > 0.
This establishes the last claim of the theorem. O

Proof of Lemma 1. Observe that ﬁg,n =gy —ZgnAgnwith Ag = Xg,n — Sg,n, and
thus

’Egy” = [In - R;,n(’ﬁg,n)] ﬁg,n

=E&gn _R;n(ﬁg,n - ﬂg,n)ug,n - [In _Rg,n(ﬁg,n)] Zg‘nAg,n-
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Consequently

~ —ly o~ —lg
Oghn =N Eg y€hn =N €y n€hn

/
+n - (/S’"I: ;y"(pg,"_pg,n)] Rz,n(ph,n_ph,n)uh,n

’
+ A:g',nnilzfg,n |:IV! - R;,n(;;g,n)] [In - Rz,n(zh,n):l Zh,nAh,n

—1_/ *
€n.nRenPg.n = Pgn)lgn

”_1 / [In Rz,n(ﬁh,n)] ZpnApy— ”_15';1,,1 [In - Rz,n(’ﬁg,n)] Zg nAgn

—1_/ ~
—n &gn Rz,n(ph,n_ph,n)uh,n_n

/!

+n_1u(/g,n I:R;n(pg,n - pg,n)] [In - Rz’n(ph,n):l Zh,nAh,n
!/

17 [ Ry B = o) | [In = Ru Bgn) | Zen B

By Assumption 4, we have o, = ZZGZI OxlgOxip and &g = Z[G:1 04IgV]- Since the elements
of varei.i.d. (0,1), it follows that n_lV;vl =140p(1) and n_lvgvk = op(1) for I # k. Hence

G G
—1_/

n &g n€hn= Zza*lga*khn Vlvk = Za*lga*lh +op(1) = ogp+o0p(1).
I=1k=1 =1

Next observe that, taking into account that &y, = [In —R; n(pg, ,,)] ug p, all the other
terms consist of expressions of the form op(l)n_lué’nAnuh,n, op(l)n_lug,’nAnZh’ n and

op(l)n_IZ(’g, nAnZp, n, where Ay is a matrix whose row and column sums of the absolute
elements is uniformly bounded. In light of Lemma A.3 all those expressions are seen to be
op(1), and thus &gy, , — 0gp = 0p(1) as claimed. O

Proof of Theorem 3. We first demonstrate that \Ilgg n \Ilgg’n = op(1), where the

elements of \Ilgg , and \Ilgg,n are defined in ( 18) and (24). By Lemma 1, we have Egh,,, —

0gh = 0p(1). Furthermore, by assumption n_l’féh’n”f‘gl,n - ”_lTigh,nTgl,n =o0p(1), where
ngh 2 Te1.n = O(1) in light of Assumption 10. Next, observe that under the maintained

assumption the row and column sums of the absolute elements of the matrices A, , and
A, n are uniformly bounded, and thus clearly are those of the matrices A, = (ajj,,) with
a,] n = (@jj,r,n + @i, r,n) (@4j,5,n + Gji,5,n)- 1t then follows directly from Lemma A.7 that
otg rn—0g rn= op(l) where ag r,n = 0(1) andozg,r n = Op(1). Hence, clearly lﬁrs ggn—
lﬁrs gg.n =0p(1), 1aﬁrs gg n=0(1) and 1prs,gg,n = 0p(1),as well as ‘I’gg n _‘I’ppn =op(1),
Wio = 0(1) and Wpe , = Op(1). Observing that Amin (¥4 ) = ck, > Oit follows further
that (\Ilgg,n) 1_ (\Iﬂ’pn) V'=0,(1), (e »)~! = 0(1) and (\Ilgg’n)*l = 0p(1).

By Assumption 9, Tg, =Yg n=o0p(1), Yg =0(1)and thus Yg , = Op(1). Inproving
Theorem 2, we have verified that Jg , — Jg.n = 0, Jg.n = O(1) and Jg » = Op(1), and
furthermore that (J;,an,nJg,n)+ - (Jé’nTg,nJg n)_l = 0[7(]) (J(/g nTg nJg n)+ = Op(l)
and (Jg,,nrg’nJg’,,)*‘ = O(1). The claim that szgg,, Qe n = op(1) and Qg , = O(1)
is now obvious. Observing that A [ g9, n(Yg n)] > const > 0 by Theorem 2, it follows
further that (Rfe ,) ™! — (266 ) ™! = 0,(1), (g6 )~ = 0(1) and (R )" = op(%

88, n)

https://doi.org/10.1017/5026646662200007X Published online by Cambridge University Press


https://doi.org/10.1017/S026646662200007X

SIMULTANEOUS EQUATIONS MODELS 1

We shall utilize the following lemma.

LEMMA B.1. Suppose the nG x 1 vector of innovations €, is generated as postulated
in Assumption 4. Let A = diagg=1 (Agg), and B = diagg=1 (Bgg) be symmetric nG x nG

matrices with zero diagonal elements, and let a:[a’l, ... ,a’G]’ andb=[b’, ... ,b’G]’ be nG x
1 nonstochastic vectors. Then

E(e’As+2a'e)=0
cov(e’Ae +a'e,e’'Be +b'e)=2tr[A(ZQDB(Z QD] +a' (T Db

G G ¢ G
=23 omtriAmBul+ Y owayby.

h=1I=1 h=1I=1

Proof. The result follows immediately from Lemma A1 in Kelejian and Prucha (2010),
observing that the diagonal elements of Ax = (T« ® DA (T, ®1) and B, = (£, QDB(Z, ®
I) are zero. O

Proof of Theorem 4. Observe that 7, = n~1/>T/,e,, and thus clearly W% = En,y/, =
n~ T, Eeyel Ty =n 1T, (Z @1,)T, as claimed.

Next, observe that &gs, n =n~ /2 [e},Be, +b'e, | with B = diag(0, ..., Bgg, ...,0), where
Bgo = (As,n+Aj ) /2 and b =Ty pag s n With Tg , = [T;Ln, ... ’T/gG,n]/’ It now follows
from Lemma B.1 that

cov(ny,Egs,n) = cov(}fl/zT;le,,,n*l/2 [(-:;,Bsn +b/en]) :cov(nil/znn,nfl/zb/s”)
=n" ') (Z L) Ty notg s,

and thus

oV kg ) =1~ TH(E@L) Ty y [0tg 1, ns - g 5]

and

W, = cov(ng. &,) =" T (S @ L) Tudiagl_ [otg 1. g 5]

as claimed.
Define &g, = n~ /2 [e)Ae, +a'e,] with A = diag(0,...,Agg. ...,0) where Ag, =
Ay n+ A/,,n)/z and a = Tg yog r . Then applying Lemma B.1, we see that

cov(Egr,nEns.n) = g, @0 " ir[(Arn +A ) (Asn+A )]
G G
+aé,r,n Zzguv,nT(/gu,nThv,n ®p s, ns

u=1v=1

which verifies the expressions for the elements of ¥, = cov(§,,,&,,).
In light of Assumption 10 and Theorem 2, we have

3 s | 0 1
1/2 On=0n | _ ' —1 nl 4 .
n |:/’n _ pni| 0 dlagg [[Jé’,ng,nJg,n] Jg’,nyg,n] |:£nj| 0[7( )
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The vector of linear-quadratic forms [5},,&),]" is readily seen to satisfy the assumptions
of Theorem A.1 in Kelejian and Prucha (2010). Hence, it follows from that central limit
theorem that

v,/ [’” 4 N©.1y),
n

which proves the first part of the theorem.

Note that Amin(‘l’ﬁﬁ ) = Amin (W5P) > Amin (W,,) > const > 0. In proving Theorem 3, we
}iave shown that {flggn — \Ilgg’,, =op(1), \Ilggn =0(1) and {flgg,n =0p(D). "Ehe proof that
v, =Y  =op(D), \Iigfn =0(1)and Wiy, = Op(1) is analogous. Thus W}, —W;” =
op(1), ¥4 = 0(1) and W/ = 0, (1). Observing that Amin (¥4°) > const > 0 it follows
further that (W7)~1 — (W*)~1 =0, (1), (¥4")~! = 0(1) and (¥5°)~1 = 0, (1).

Next recall that in proving Theorem 3, we demonstrated that & g.rn —®g rn=0p(l),
agrn = O() and &g rn = Op(1), and furthermore that Ggj, , — ggn = 0p(1). Since

-~ ~ _ . =388 =~
n lT(/gh,nTkl,n —n lT(/gh‘nTkl’n = op(1) it follows that W, — W3 = 0,(1) and ¥,” —
\112" = 0p(1). Also observe that in light of Assumption 10, we have \11,816 = 0(1) and
W2 = 0(1). This and the above results imply that ¥, — ¥, = 0,(1), ¥,, = O(1) and ¥,, =
Op(1). Recalling that Apin(¥,) > const > 0, it follows further that ;Ivl;l — \Il;l =op(1),
V= o() and ¥, ' = 0,(D). N

By Assumption 9, Y — Ygn = op(1), Ygn=0() and thus Yg = Op(D). Also
recall from the proof of Theorem 3 that Jg n —Jg,n = 0p(1), Jg,n = O(1) and Jg » = Op (1),
and furthermore that (j/g’n?‘g’njg,n)+ - (J:g,n‘rg,n-]g,n)_l = op(D), (jg,,n?g,n:fg,n)"_ =
Op(1) and (J;},!,I'Y'g),,Jg‘,,)_1 = O(1). The claim that fl,, — R, =o0p(1) and R, = O(1) is
now obvious. Observing that

Anin (@) = Amin (¥ hmin { diag T 5 Cg.ndgn) "1} = const = 0

utilizing that A, [J é, 2 Yo nJg, )] ] > const > ( as demonstrated in the proof of Theorem

2, it follows further that €, ' — 2571 = 0,(1), 2,1 = 0(1) and &, ' = 0,(1) . 0

C. Appendix: Proofs for Section 5

LEMMA C.1. Suppose the assumptions of Theorem 5 hold. Let 'ﬁg’ n be the initial GMM
estimators defined in (30). Then ﬁg’n = Pg,n=0p(1).

Proof. To prove the claim we verify the assumptions of Theorem 1. Assumptions 1-8
are maintained. Assumption 9 holds trivially with Y g , = Yg , = L. Observing furthermore
that by Lemma A.4 we have nl/2 (8g,n —8g,n) = Op(1) completes the proof. O

Proof of Theorem 5. The proof of Theorem 5 is based on the generic limit theory
developed in Theorem 4. In light of that theorem it proves convenient to first derive the

limiting distribution of 8, = (8] ,.....3¢,,)" and B, = (# ,..... ;) The limiting
distribution of ’S\g, n and ’ﬁg’ ,, is then obtained as a trivial specialization. For clarity we divide
the remainder of the proof into several parts.
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Part 1: (Verification of Assumption 10 for ’gg,n) In light of Lemma A.5, we have

/2850 —8gnl =n" 12Ty, ,egn+0p(1) with

Tgg n =HpPgg n with Pgg y = QIT[II.IQHZ,g* (pg,n)[Qi-IZ,g* (Pg,n)QﬁhQﬁz, g% (Pg,n)]_l,
and thus
- -1 - -1
n ]T(/gg,nThh,n = [Qi-IZ,g* (pg,n)QHHQHZ,g* (pg,n)] lQi.IZ’g* (pg,n)QHH
x (1™ " H) Qg Quz, 1 (00, ) [z, s (P, ) Uiy QHZ, s (05, )] ™

The remaining conditions of Assumption 10 are also seen to hold in light of Lemma A.5.
Part 2: (Specialized Expressions for ¥, and the Corresponding Estimator) Next observe

that the components of ¥, defined in (26) simplified in obvious ways in that T, =

diagg(Tgg n), and thus all terms involving a Tgp, , with g # h are zero. In particular, the

(2, )th blocks of W and W are given b
g n n g y
86 — 1
'I'gh,n =g Tee yThiyyns
5 _1
‘I’g/;t,n = Ogplt T;g,nThh,n[ah,l,n,---sah,S,n]y

and the elements of \Ilgﬁ 0 1-€., the elements of the (g, #)th block of W are given by

VL on = g @) i [(Arn+AL) (Asn +AL,)]
+Ugh,nn71“/g,r,anqg,nThh,n“h,s,n-
Now consider the estimator
Teg.n =Hu(n "HH,) ™ (07 ], Zog 1 (B ) %
Ay gy =1 —lgy ~ -1
(07 2Ly B B ™ B H) ™ 07 B g n g )]

where ,’6& n denotes the first-stage estimator for pg ,, let
CH— [Z/g’n(ln —RY (B ) Arn+ AL ) 0y — R;,,(ﬁg,n))ﬁg,n]

with Uy y = Yg.n — Zgndg.n, and let Gy = n" '8} & n With Eg.n = Yagn(Byg ) —
Z*g,n(ﬁg’n)Sg, n. Then the components of the estimator for ¥, defined in (27) simplify

to
~58 . Ay —~
Wenn=0gnn" Tog nThi,n,

~5p o~ 1Ay oA e N
Vohn = 0eh” Tgg n T [En 1. - @p,5,n]

: 3P PP .
and the elements of the estimator ¥ ghn of ¥ gh,n AT€ given by

stf)gh,n = a:gzh,n(zn)_l” [(AV’" +A;’,n) (ASv" +Aiv,n)]

o~ —1~ m/ m o~
+Ogh,nt ag,r,nng,nThh,nah,s,n-
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Note that
PN o - 1
nilT(/gg,nThh,n = [”71Z;g,n(Pg,n)Z*g,n(Pg,n)} ]Z/g n(Pg n)Z*h n(Bn,n)

DG . |
<[ 2Ly, B Zonn )|

and
~ - ~ - -1 RPN - - —
_lT(/gg nng,n = [n_lZ:kg,n(pg,n)z*g,n(pg,n)] = [n lZ;g,n(pg,n)Z*g,n(pg,n):l

Also note that in light of Lemma A.5, we have n™ ng nThh n—n_ Té,g nThh n=o0p(l).

Part 3: (Verification of Assumption 9 for Yy , = (\Ilgg ) land Tg n= (\Ilgg nh ! with
\Il(’gg’ = (wm 22, n)). Observe that the assumption that Apin (¥,) > ¢ for some ¢ > 0 implies
that also Ay (¥5F gg,n) = c. Recall furthermore that by Lemma C.1, we have iig n=Pgn=
op(1). It now follows directly from Theorem 3 that \Ilgg n \Ilpgn =op(1), (\II ) 1_
(oo )~ = 0p(1), and Wer , = O(1), (\pgg,n) I = 0(1), which verifies Assurnptlon 9.

Part 4: (Limiting Distribution of Sg’n and ',Bg’n) Recall that Assumptions 1-8 are
maintained. Thus, in light of the above discussion, all assumptions of Theorem 4 are
satisfied. Next, observe that since Ty, , = 0 for g # h the expression for €, given in (28)
simplify to:

9 — Szélts sz
n= ﬂip/ Qgp

with
88 85
Q0% — vl
1 8 — _ _
@ =W diagl_y (W50~ Ten Wy n(WEe ) Te ™),
op op
‘1’11 n ‘IIIG n
QP = dlagg | ((Jg n(‘I’p’on)_ng n)_ng ,1(‘I'§§,n)_l) :
oo op
‘I’Gln lI’GGn

x diagl_; (W™ gn Wy n (WG Jgm ™).

By Theorem 4, n'/2[(8, — 8,), (B, — p,)' 4 N(0,,), and as a specialization,

~ 958 SZSP
nl/z[fg, 3gn)] d | Teen Hggn .1

Pon—Pgn) Spr op
&1 &1 Slgg’n ﬂgga"
with
88 _ \ydd — 1l
Szgg n ‘I’gg n = Oggh ng,nng n
3p 5p pp -1 pp -1 -1
szgg,n = ‘I’gg,n(‘l’gg,n) Jg,n(J/g,n(‘I’gg,n) Jg n)
—1 -1 -1 —1
= Oggh ng nTegn [ag,l,nv cees g S n] (‘I’ n) Jg, n(Jg n(‘I’ n) Jg.n)
SZ’O’O

o = U (P )™ Jgm) ™.
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Observe from part 3 of the proof that

_lT,;‘g nng,n = [n_lz;g,n(ﬁg,n)z*g,n(?ig,n)]

and that nillT\fgg, ”"l\“gg,n —n~ ngg’ nTgg,n = o0p(1). The asymptotic normality result of the
theorem now follows immediately from (C.1), observing that Theorem 4 also established
the consistency of the VC estimators. |

Proof of Theorem 6. The proof is again based on the generic limit theory developed
in Theorem 4. For clarity, we divide the proof, analogous to the proof of Theorem 5, into
several parts. R N

Part 1: (Verification of Assumption 10 forgn) In light of Lemma A.6, we have nt/ 2[3,, —
8l =n"12T)en +0p(1) with

Ty = (IG @ Hp)Py,

Py =27 @ Qpyy | diags_, [ Quz, g (0|

x |diagS_, [ Qpaz, gu(0g.) | [E" @ Quiy|diasl, [Quzgutog ]} - (€2

Now let Tgp, , and Pgy, , denote the (g, h)th block of Ty, and Py, then Ty, , = Fep nPon, n
with Fgp, , = Hp. The remaining conditions of Assumption 10 are then seen to hold in light
of Lemma A.6.

Part 2: (Specialized Expressions for ¥,, and the Corresponding Estimator) Specialized
expressions for each of the submatrices \11;3,5, \Ilf,p s \II,’?'O of W, defined in (26) are readily
found by substituting into those expressions the formulas for T, given in (C.2), and by
observing that Zle ZVG:] ouv,,,T"gm #Thy, n represents the (g, i1)th block of U =T/ (Z®
DT,.

Next let

Tn = (IG ® Hn)iiny
PN ~_1 _ _ . _ —~
P, = I:Zn ®(n 1H;lHn) 1] diag [n lH;lZ*g,n(pg,n):I

—157 ~ o1 ~ ]
x[n IZan(pn)(zn ®In)Z*rl(pn)]

Let Tgh n and Pgh » denote the (g, h)th block of Tn and Pn, respectively. Then, clearly,
Tgh n= HnPgh n- Next observe that

88 a o~ a1 11 ERES PN =
0 =17 2B E W Zn G| =0T, Gl Ty,

7]
=266, 238 G G ~ & =A
and thus the (g, 1)th block of ¥,, is given by W, , = =) 12 ouv,n T gy nThy,n- From

288 =dp App 2868 R6p Rpp .
this, we see that the estimators \I’ \Il n >, ., R, are special cases of the class

of VC estimators considered by Theorem 4. Also note that in light of Lemma A.6, we have
that
=/

—1 & /
n Tgh,nTgl,n _Tgh,nTgl,n =op(1),

which verifies that also this condition of Theorem 4 holds.
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Part 3: (Verification of Assumption 9 for Y, , = (\Ilgg n)*1 and Tg, n= (@;’;nrl with
@ggn = (@fs{)gg,n)) Observe that the assumption that A (¥,,) > ¢ for some ¢ > 0 implies
that also Apip (\Ilgg n) > c. Recall furthermore that by Lemma C.1 we have 'ﬁg, n—Pgn=

op(1). It now follows directly from Theorem 3 that @gg’n - \Ilggn =op(l), (@gg,,)*l -

(Wgen) ™" =o0p(1), and W , = O(1), (¥gg »)~" = O(1), which verifies Assumption 9.
Part 4: (Limiting Distribution of &4, and ﬁg‘ ) Recall that Assumptions 1-8 are

maintained. Thus, in light of the above discussion, all assumptions of Theorem 4 are
satisfied. It thus follows from that theorem that

x 88 8p
Gn=8n) | 4 Qg’p/ Qﬁp : (C3)
(o= pp) @, @
where
3, 8p ;. ~ , ,
@ =w, @ =W diagd | (Jgn). N =diagt_ (3}, )W diagS_ (3g.n)
with

5p 88 5. G
v, =V, dlaggzl[‘xg,l,nv---1“g,S,n]7

-1
Jon = Bgn [T nWEE 0 Ten]

The asymptotic normality result of the theorem now follows immediately from (C.3),
observing that Theorem 4 also establishes the consistency of the VC estimators. |

SUPPLEMENTARY MATERIAL

To view supplementary material for this article, please visit:
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