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Lattice field theory provides a powerful framework for studying non-perturbative aspects of
quantum chromodynamics (QCD), enabling first-principles numerical calculations of hadron proper-
ties and high-precision theoretical predictions of the Standard Model. Despite its successes, several
longstanding computational challenges hinder progress in frontier regimes. Among these are the sign
problem, which makes simulations exponentially costly in certain settings; the signal-to-noise prob-
lem, which limits precision for key observables; and the infinite variance problem, which can render
estimators ill-defined. Addressing these issues is essential for advancing Monte Carlo simulations.

This thesis explores new strategies for overcoming these obstacles using classical and quantum
computational methods. On the classical side, it develops and analyzes algorithms for variance reduc-
tion in Monte Carlo simulations. Approaches include reweighting schemes to eliminate the infinite
variance problem; contour deformations and complex normalizing flows to mitigate the sign prob-

lem; and control variates—constructed to respect symmetry and using machine learning—to reduce



the signal-to-noise problem. These methods are benchmarked on representative lattice field theory
models.

On the quantum side, the thesis investigates algorithms for efficient eigenstate preparation, a
central requirement for simulating lattice field theory on quantum devices. Methods based on Hamil-
tonian paths are studied, including the rodeo projection algorithm, projection-based schemes inspired
by the quantum Zeno effect, and adiabatic evolution. Their computational costs are analyzed in terms
of path length and volume of the system, with proposed improvements that reduce fluctuations and
demonstrate a potential quantum advantage in simulating quantum field theory on quantum comput-
ers.

Together, these developments contribute to tackling the numerical barriers that arise in simu-
lating strongly interacting quantum many-body systems. The results presented here highlight crucial
advancements in both classical variance reduction and quantum computational methodologies, laying

the groundwork for more accurate simulations of non-perturbative QCD in the future.
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Chapter 1: Introduction

1.1 Overview

Quantum chromodynamics (QCD) is the fundamental theory that describes the strong interaction—
one of the four known fundamental forces in nature. It governs the behavior of quarks and gluons, the
elementary constituents of hadrons such as protons and neutrons, and thereby underlies the structure
of nuclei and the forces that bind them.

A defining feature of QCD is asymptotic freedom, whereby the strength of the interaction be-
tween quarks becomes weaker at high energies or short distances, making perturbation theory a useful
tool in that regime. However, at low energies where the rich phenomenology of hadronic and nuclear
physics emerges, the coupling becomes strong, and perturbative techniques break down. As a result,
understanding hadron structure, confinement, chiral symmetry breaking, and nuclear forces from first
principles requires fully non-perturbative methods.

One of the most powerful tools for exploring non-perturbative QCD is lattice field theory, where
spacetime is discretized into a finite lattice, and the infinite-dimensional path integral is replaced by
a finite-dimensional integral. This formulation regularizes the theory while maintaining gauge invari-
ance, making it suitable for numerical computations using classical computers. Over the past decades,
lattice QCD has led to major insights into the mass spectrum of hadrons, the internal structure of
nucleons, and weak matrix elements relevant for testing the Standard Model and searching for new
physics.

This thesis focuses on the numerical challenges that arise in performing first-principles calcu-
lations of QCD on the lattice. Specifically, it addresses these challenges both in the Euclidean path

integral formalism commonly used in classical Monte Carlo simulations and in the Hamiltonian for-



mulation that provides a natural framework for future quantum simulations.

While Monte Carlo methods have proven indispensable for evaluating the high-dimensional in-
tegrals encountered in lattice QCD, they are not without significant limitations. Three major issues
are the sign problem, which makes simulations exponentially costly in regimes such as finite chemical
potential or real-time evolution; the signal-to-noise problem, which limits the precision of observables
such as baryon correlation functions; and the infinite variance problem, which can render certain esti-
mators ill-defined even in principle. These issues pose serious barriers to progress in several frontier
areas of QCD and nuclear theory.

This thesis systematically explores both classical and quantum computational strategies for over-
coming the numerical challenges in simulating lattice field theories. It proposes new algorithms, an-
alyzes their performance, and connects them to ongoing theoretical and computational developments
in lattice field theory.

To lay the groundwork for these investigations, Section 1.2 provides a brief overview of QCD,
summarizing its essential features and phenomenological implications. Section 1.3 introduces lattice
field theory and explains how it provides a framework for regularizing and simulating quantum field
theories numerically on a computer.

Chapter 2 addresses several fundamental numerical challenges encountered in lattice field theory
calculations. Section 2.2 begins with an overview of Monte Carlo methods, which remain the primary
tool for evaluating high-dimensional path integrals in lattice formulations. In Section 2.3, we examine
the infinite variance problem that often arises in the computation of fermionic observables and present a
strategy to eliminate this pathology. Section 2.4 focuses on the sign problem, a major obstacle in many
lattice simulations, and explores approaches for mitigating its severity, including contour deformation
and the use of complex normalizing flows. Finally, Section 2.5 analyzes the signal-to-noise problem,

2



a common issue that limits the precision of observables at large time separations, and introduces the
control variates method, an unbiased technique to reduce variance and enhance statistical efficiency.

Chapter 2 draws upon the following publications:

* Andrei Alexandru, Paulo F. Bedaque, Andrea Carosso, and Hyunwoo Oh. Infinite variance

problem in fermion models. Phys. Rev. D 107, 094502 (2023).

* Hyunwoo Oh, Andrei Alexandru, Paulo F. Bedaque, and Andrea Carosso. A solution for infinite

variance problem of fermionic observables. PoS, LATTICE2023 021.

* Scott Lawrence, Hyunwoo Oh, and Yukari Yamauchi. Lattice scalar field theory at complex

coupling. Phys. Rev. D 106, 114503 (2022).

* Paulo F. Bedaque and Hyunwoo Oh. Leveraging neural control variates for enhanced precision

in lattice field theory. Phys. Rev. D 109, 094519 (2024).

* Hyunwoo Oh. Control variates with neural networks. PoS, LATTICE2023 051.

* Hyunwoo Oh. Training neural control variates using correlated configurations. Phys. Rev. D

112, 074501 (2025).

Chapter 3 focuses on the problem of quantum state preparation for simulating lattice field the-
ories on quantum computers—a crucial step for realizing accurate and efficient quantum simulations.
The chapter begins in Section 3.1 with a review of quantum simulation approaches for lattice gauge
theories, setting the stage for subsequent developments. In Section 3.2, we analyze the rodeo projection
algorithm, highlighting its limitations and presenting an improved method that reduces fluctuations in
excited-state suppression. Section 3.3 introduces the notion of a Hamiltonian path and defines the path
length as a metric for quantifying the complexity of state preparation methods. Section 3.4 explores a

3



method inspired by the quantum Zeno effect, which offers an alternative projection-based mechanism
for preparing ground states. Section 3.5 provides a comprehensive discussion of adiabatic state prepa-
ration, including a review of the adiabatic theorem, the switching theorem, and an analysis of how
errors behave in different regimes.

Chapter 3 is based on the following publications:

* Thomas D. Cohen and Hyunwoo Oh. Optimizing the rodeo projection algorithm. Phys. Rev. A

108, 032422 (2023).

* Thomas D. Cohen and Hyunwoo Oh. Efficient vacuum-state preparation for quantum simulation

of strongly interacting local quantum field theories. Phys. Rev. A 109, L020402 (2024).

* Thomas D. Cohen and Hyunwoo Oh. Asymptotic errors in adiabatic evolution. Phys. Rev. A

111, 042612 (2025).

* Thomas D. Cohen, Andrew Li, Hyunwoo Oh, and Maneesha Sushama Pradeep. Practical limi-

tations of the switching theorem for adiabatic state preparation. Eur. Phys. J. D 80, 41 (2026).

* Thomas D. Cohen and Hyunwoo Oh. Corrections to adiabatic behavior for long paths. Phys.

Rev. A 110, 062601 (2024).

* Thomas D. Cohen, Hyunwoo Oh, and Veronica Wang. Numerical study of computational cost

of maintaining adiabaticity for long paths. arXiv:2412.08626.

This thesis concludes in Chapter 4 with a discussion of its broader implications and outlines

potential directions for future research building on the results presented.



1.2 Quantum chromodynamics

Quantum chromodynamics (QCD) [4] is the quantum field theory (QFT) that describes the strong
interaction—the fundamental force responsible for binding quarks and gluons into hadrons and nuclei.
It is a non-Abelian gauge theory with the SU(3) gauge group, which represents the local symmetry
of color charge. The degrees of freedom in QCD include fermion quark fields, which transform in the
fundamental representation of SU(3), and gluon fields which transform in the adjoint representation
and mediate the strong force.

The classical Lagrangian density of QCD for N; quark flavors is given by

Ny

1 _
Lacp = = Fu, F*" + > (4" Dy — mp )by, (1.1)
f=1

where
« Bl = 0,A% — 0,A% + gf** A} A¢ is the gluon field strength tensor,
* Aj are the gluon gauge fields,
o f¢ are the structure constants of the SU(3) Lie algebra,
* 1 is the Dirac spinor for the fth quark flavor,
* D, = 0, —1gA;T" is the covariant derivative acting on quark fields,
T are the generators of SU(3) in the fundamental representation.

The gauge fields couple to the quark fields via the covariant derivative, ensuring local SU(3) gauge

invariance of the Lagrangian.



The QCD Lagrangian is invariant under local SU(3) gauge transformations:
1
Y(z) = Ux)y(x), Au(r) = U(r)Au(2)UT(2) + EU(:I:)aﬂUT(x), (1.2)

where A, = >, A%T* and U(z) € SU(3). This invariance requires the introduction of eight gluon
fields Af, corresponding to the eight generators of the gauge group. The non-Abelian nature of SU(3)
leads to self-interactions among the gluons, encoded in the nonlinear terms of the field strength tensor.
While gauge invariance is often referred to as a symmetry, it is fundamentally distinct from
global symmetries that correspond to conserved physical quantities via Noether’s theorem [5]. Local
gauge invariance does not correspond to a physical symmetry of the system in the usual sense; rather
it reflects a redundancy in our description of the degrees of freedom. It allows us to write the theory
in a local way, introducing gauge fields that mediate interactions while encoding the redundancy in
the field representation. Despite this redundancy, gauge invariance plays a crucial role: it dictates the
structure of the interactions and ensures consistency with the principles of quantum field theory. In
particular, it leads to the self-interacting gauge bosons in non-Abelian theories, enforces the form of
covariant derivatives, and constrains the allowable counterterms in the renormalization procedure.
One of the most profound features of QCD is asymptotic freedom [6, 7]: the effective interac-
tion between quarks becomes weaker at short distances or high energies. This behavior is quantified

through the renormalization group and the QCD beta function, which governs the running of the strong

g2 (w)
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coupling constant as(p) = with respect to the renormalization scale .

At one-loop order, the beta function in SU(N,) gauge theory is

dg g (11 4
— S0y — ZN,T, 13
B(g) o 162 (3 Ca 5 Vs F) ; (1.3)



where
* (4 = N, is the Casimir invariant of the adjoint representation for SU(V,.),
e Tp = % is the trace convention of the fundamental representation,
* Ny is the number of quark flavors.

For QCD, this yields

3 2
B(g) = _1{;2 (11 _ ng) . (1.4)

For Ny < 16.5, the parenthesis is positive, making the beta function negative, i.e., the coupling de-

creases at high energy scales. Integrating the renormalization group equation gives the running of

Qg
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(1.5)

with 5y = 11 — %N ¢, and Aqcp is the QCD scale parameter. This expression shows the logarithmic
weakening of the coupling at high energies—a behavior confirmed experimentally in deep inelastic
scattering and jet physics [8].

While asymptotic freedom enables perturbative calculations at high energies, at low energies
the coupling becomes large, and perturbation theory breaks down. This regime is characterized by
confinement, where quarks and gluons are bound into color-neutral hadrons. The non-perturbative
dynamics of confinement, spontaneous chiral symmetry breaking, and hadron mass generation are

central phenomena in QCD and are typically studied using lattice formulations.



1.3 Lattice field theory

Quantum field theories often require ultraviolet (UV) regularization to handle the short-distance
divergences that arise in loop integrals. Traditional methods such as dimensional regularization [9] and
Pauli-Villars regularization [10] are analytically elegant and widely used in perturbative treatments.
However, for strongly coupled regimes where perturbation theory fails, such as low-energy QCD, a
non-perturbative regularization scheme is essential. Lattice field theory provides such a framework
by discretizing spacetime into a finite grid with lattice spacing a, effectively imposing a UV cutoff at
momentum scales of order 7 /a. Additionally, this approach makes the path integral well-defined.

In lattice regularization, the continuum spacetime is replaced by a hypercubic grid. The con-
tinuum limit corresponds to taking a — 0, while keeping physical quantities such as the volume
V = (aL)* fixed. In practice, this means performing calculations at multiple values of a and extrap-
olating to zero lattice spacing. This discretization makes the theory finite-dimensional and amenable
to numerical computation, albeit at the cost of breaking some continuum symmetries, most notably
Lorentz invariance.

Gauge symmetry, however, can be preserved exactly on the lattice. This was a central insight in
Wilson’s formulation of lattice gauge theory [11], where the fundamental gauge degrees of freedom are
represented not by the gauge fields A, (z) € su(N), where su(N) represents the Lie algebra of the Lie
group SU(N), but by link variables U, (x) € SU(N), which live on the links between adjacent lattice
sites and represent parallel transporters. The Wilson action is constructed from these link variables
and ensures exact local gauge invariance even at finite lattice spacing.

For fermions, discretization introduces additional challenges. A naive lattice transcription of the

fermion action in Eq. (1.1) leads to the fermion doubling problem, in which 2¢ fermion species (where



d is the number of spacetime dimensions) emerge in the continuum limit. Wilson’s solution [11]
involves adding a second derivative term, the Wilson term, to lift the doublers by giving them masses
of order 1/a, though this explicitly breaks chiral symmetry. Alternative fermion formulations—such as
staggered, domain wall, and overlap fermions—have been developed to address the trade-offs between
preserving chiral symmetry, computational cost, and continuum behavior.

To systematically understand and reduce discretization effects, the Symanzik effective theory [12,
13] provides a powerful framework. In this approach, the lattice theory is viewed as a deformation of

the continuum QFT by higher-dimensional operators:

Elattice = 'Ccontinuum +a- ‘Cl + (12 : [’2 + - (16)

where each correction £, contains higher-dimensional operators consistent with the symmetries of
the lattice action. These corrections vanish in the continuum limit, but at finite lattice spacing they
contribute systematic errors that can be mitigated using improved actions.

In addition to UV regularization, practical lattice calculations must also regulate the infrared di-
vergence by simulating in a finite spacetime volume. This introduces finite-volume effects, particularly

> 4,

~

relevant for light hadrons like the pion. To suppress these artifacts, it is standard to require m. L
ensuring that the Compton wavelength of the lightest hadron is well-contained within the box.
Over the past 50 years, lattice field theory has undergone tremendous development—both in the-
oretical formulations and numerical methodologies—enabling precise calculations of hadron masses,
matrix elements, and thermodynamic properties from first principles. Nonetheless, open challenges
remain that call for both theoretical and numerical advancements, particularly in the study of multi-

particle systems, resonances, and real-time dynamics. While theoretical developments continue to



address some of these issues, this thesis focuses on the numerical aspects, which will be discussed in

detail in the next chapter.
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Chapter 2: Numerical problems in lattice field theory

2.1 Overview

Lattice methods have played a pivotal role in uncovering the non-perturbative dynamics of quan-
tum chromodynamics (QCD), providing reliable insights into hadron structure, confinement, chiral
symmetry breaking, and other low-energy phenomena. By discretizing spacetime and formulating
QCD on a Euclidean lattice, one can rigorously define the path integral and evaluate it using Markov
Chain Monte Carlo methods. This approach has been extraordinarily successful in calculating static
properties of hadrons, such as masses, decay constants, and parton distributions, with increasing pre-
cision. However, despite these accomplishments, lattice field theory faces significant numerical chal-
lenges that restrict its applicability to some of the most pressing questions in nuclear and particle
physics.

Foremost among these challenges is the sign problem, which arises in a variety of contexts
including finite baryon density, real-time evolution, and systems with a topological theta term. In such
cases, the path integral measure becomes complex, rendering probabilistic interpretation—and thus
importance sampling—invalid. This leads to exponential degradation in the signal-to-noise ratio as
the system size or time increases, making direct simulations prohibitively expensive and completely
infeasible. Although some limited progress has been made through analytic continuation, reweighting,
and Lefschetz thimble techniques, a general solution to the sign problem remains elusive and is widely
regarded as one of the grand challenges in computational physics.

Compounding these difficulties is the signal-to-noise problem, which can persist even when the
sign problem is absent. This issue arises when physical correlators decay exponentially with Euclidean

time, while the associated statistical noise either decays more slowly or remains constant. As a result,
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the signal-to-noise ratio deteriorates exponentially with time, making it increasingly difficult to extract
long-distance physics. For example, in baryonic correlation functions, the signal decays e~ !, where
M 1is the mass of the state of interest, whereas the noise decays more slowly, often governed by a dif-
ferent spectrum. This exponential degradation severely limits the ability of classical lattice simulations
to reliably extract quantities such as mass, matrix elements, or form factors at large time separations.

A third, less widely appreciated, but equally problematic issue is the infinite variance problem,
particularly relevant in fermionic systems and reweighting schemes. This occurs when the observable
being sampled has a heavy-tailed distribution due to near-zeros in the reweighting factor or determi-
nant, leading to divergence of higher moments and rendering standard error estimates unreliable. In
such cases, even a large number of Monte Carlo samples may not suffice to produce a statistically
stable result, and naive application of statistical methods can produce misleading conclusions.

These challenges are not merely technical inconveniences; they impose fundamental limitations
on our ability to probe important aspects of strongly interacting systems. They hinder the study of QCD
at finite baryon density—a regime relevant to the physics of neutron stars and heavy-ion collisions—as
well as the extraction of transport coefficients, spectral functions, and real-time observables necessary
for understanding the dynamical response of quantum systems.

This chapter is devoted to a detailed exploration of these numerical challenges and the methods

designed to address them.

* Section 2.2 reviews the standard Monte Carlo approach where the problems arise.

» Section 2.3 examines the infinite variance problem originating from the fermionic path inte-
gral and presents a potential remedy based on reweighting using an extra time-slice probability

distribution [14, 15].
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» Section 2.4 addresses the sign problem in lattice field theory, with a focus on recent develop-
ments using contour deformation and complex normalizing flows—tools adapted from modern

machine learning [16].

* Section 2.5 discusses the signal-to-noise problem in lattice field theory and demonstrates how
control variates—a standard statistical variance reduction technique—can be integrated with
machine learning to systematically improve the statistical efficiency of Monte Carlo estima-

tors [17-19].

2.2  Monte Carlo method

In quantum physics, measurable quantities are encoded in observables, which are represented
mathematically by Hermitian operators. These observables encode all accessible information about a
quantum system and their expectation values are directly related to experimental outcomes. In the path
integral formulation of quantum field theory, the expectation value of an observable O is expressed as
a weighted integral over all possible field configurations. Specifically, for gauge theories such as QCD,
this takes the form:

)= / [DU] O(U)e=510), @1

where [DU] is the integration measure over gauge field configurations U, S[U] is the Euclidean action,
and Z = [[DU]e~*IYl is the partition function.

Despite its utility in theoretical physics, the path integral is not rigorously defined in the con-
tinuum, due to the infinite-dimensional nature of the integration space and the lack of a well-defined
measure. However, by introducing a lattice regularization, one can render the theory mathematically
well-defined and amenable to numerical computation. This approach discretizes spacetime into a fi-
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nite hypercubic grid with lattice spacing a and finite volume V' = T x L3, replacing the continuum
fields defined on lattice sites and links. The continuum limit is approached by taking a — 0 while
maintaining a fixed physical volume or performing controlled extrapolations, which requires that the
parameters of the action depend on a.

In QCD, the gauge group is SU(3), corresponding to the symmetry group of the strong interac-
tions. Consider a relatively modest lattice volume of 10? sites (far smaller than those used in state-of-
the-art simulations). At each lattice site, there are 4 gauge links (one in each spacetime direction), and
each link is an SU(3) matrix, which can be parameterized by 8 real degrees of freedom (the number

of generators of the group). The resulting dimension of the integration space is then approximately
dim[DU] = 4 x 8 x 10* = 3.2 x 10°, (2.2)

which is already well beyond the reach of standard quadrature or deterministic integration techniques.
In practice, modern lattice QCD simulations often operate on significantly larger lattices, such as 64*,
pushing this dimensionality into the hundreds of millions or more.

To tackle such high-dimensional integrals, Monte Carlo integration is the only viable and ef-
ficient method. The essential idea of Monte Carlo techniques is to estimate expectation values via
statistical sampling. Crucially, the exponential weighting e[Vl defines a natural probability distribu-
tion over field configurations, allowing one to preferentially sample those configurations that dominate
the path integral, which is known as importance sampling. By generating an ensemble of contributions
{U;} distributed according to the Boltzmann weight e~ U1 the expectation value of an observable is

approximated as
|
N E (2.3)
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with the Markov Chain ergodic theorem ensuring convergence to the true expectation value in the limit
of a large sample size N.

The success of lattice gauge theory relies heavily on the efficiency and reliability of these
importance-sampling-based Monte Carlo methods, which are capable of navigating extremely high-
dimensional spaces. Algorithms such as Metropolis [20,21], Hybrid Monte Carlo [22], and heat bath
updates [23] (Gibbs sampler) have been developed and optimized to enable accurate calculations of

non-perturbative quantities such as hadron masses, decay constants, and form factors.

2.2.1 Markov Chain Monte Carlo and error estimation

Markov Chain Monte Carlo (MCMC) methods form a powerful set of algorithms designed to
approximate complex probability distributions by generating samples through iterative procedures.
These methods are especially useful in situations where analytical integration or direct sampling is not
feasible. The core idea is to construct a Markov chain whose stationary distribution coincides with
the target distribution. After an initial burn-in phase, the chain is assumed to have equilibrated, and
samples drawn thereafter can be used to estimate statistical properties such as means, variances, and
higher moments.

One important issue in MCMC is the autocorrelation between successive samples. Since each
sample is generated conditionally from the previous one, strong correlations can persist along the
chain, especially if mixing is poor. This autocorrelation reduces the number of effectively independent
samples, thereby degrading the precision of statistical estimates.

To quantify the uncertainty of an observable from a finite sample, the jackknife method [24,25]

is often employed. It is a resampling-based approach for estimating the variance of an estimator.
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Given a dataset z1, x», . . ., ,, and an estimator 0 computed from the full sample, jackknife replicates

are formed by leaving out one data point at a time:
0(1') :9(371,...7$i_1,xi+1,...,xn). (24)

The jackknife estimate of the variance is then

n

Varja () = " — (9 - ) 2.5)

=1

where 0 is the average over all jackknife replicates, and the corresponding error (standard deviation)
is errjack(é) = Varjack(é). This method assumes that the data points are statistically independent, an
assumption that fails in the presence of autocorrelation, such as in MCMC samples.

To address this, the blocked jackknife (or jackknife with binning) is used. Here, the data is
grouped into B non-overlapping bins, each of size 0, so that the total number of samples isn = B - b.
Each bin j contains the subset z(;_1)p41, - - - , T, and a jackknife replicate is formed by omitting one
entire bin at a time:

é(j) = 0(data excluding bin j). (2.6)

The variance estimate then becomes

Varjack,b<9) - T 5 (2.7)

>
&
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Choosing an appropriate bin size helps to mitigate the impact of autocorrelation within bins, leading

to more accurate error estimates. In practice, the bin size is increased until the estimated variance
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Figure 2.1: Estimation of blocked jackknife errors from 10° correlated configurations. Left: Ratio of
the jackknife error at each bin size to the error at bin size 1, highlighting the growth of the estimated
error due to autocorrelations. Right: Integrated autocorrelation time across different measurement
intervals.

plateaus, indicating that autocorrelations are adequately captured.
The integrated autocorrelation time, i, iS a standard way to quantify autocorrelation in a

Markov Chain. It is defined as
Cov (O, Opri
Tine (0 _1+2Z ov(f ’“”, 2.8)

with 02 = Var(6) denoting the variance of the observable. This quantity characterizes how strongly
each configuration is correlated with later ones and effectively tells us how many correlated measure-
ments correspond to a single independent sample. Accordingly, if € is estimated from n samples, the
variance is increased by 7:

2

Var(f) = %ﬁm. (2.9)

Put differently, autocorrelation decreases the effective number of independent measurements by a fac-

tor of 73,¢, which must be included when assessing statistical errors.
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The left panel of Figure 2.1 illustrates error estimation using the blocked jackknife method for
different bin sizes. When the bin size is too small to capture the full extent of correlations, the estimated
error grows approximately as v/b, where b is the bin size. This occurs because residual correlations
remain within bins, leading the jackknife method to underestimate the true variance in this regime.

The right panel of Figure 2.1 displays how 7;,; varies with the measurement interval. As the
interval increases, autocorrelations between successive samples diminish, and 7;,; approaches 1, cor-

responding to statistically independent configurations.

2.2.2 Improved estimators

It is important to emphasize that Monte Carlo estimation, when implemented correctly, provides
an unbiased estimator for path integrals: the sampling procedure does not introduce a systematic bias
into the estimated observable. In other words, for a finite ensemble of configurations drawn according
to a properly normalized probability distribution, the expectation value of the Monte Carlo estimate
equals its exact value (O); as the number of samples increases, the estimate converges to this value
due to the law of large numbers. The only form of error in such estimations is statistical, stemming
from the finite number of the samples.

However, even when estimators are unbiased, high variance can significantly hinder the practical
usefulness of the results. Observables with large variances require a correspondingly larger number of
samples to achieve a desired level of precision. Thus, much of the effort in improving Monte Carlo
methods is directed toward variance reduction—that is, improving the efficiency of estimators while
trying to avoid altering their expectation values. Two broad strategies exist for achieving this.

The first strategy involves replacing a high-variance observable O with another observable O

18



that shares the same expectation value but has a lower variance:

(O)y =(0) and Var(O) < Var(0). (2.10)

This idea lies at the heart of the control variates method, which will be discussed in detail in Sec-
tion 2.5. Control variates exploit correlations between the observable of interest and other quantities
whose expectation values are either known exactly or can be computed with higher precision. By sub-
tracting a suitably scaled correlated quantities, one can reduce the fluctuations of the target observable
while keeping its expectation value intact.

The second approach involves modifying the probability distribution used to generate samples.
Instead of sampling configurations according to the given distribution P(¢), one may choose a differ-

ent distribution P(gb), and reweight the observable accordingly:

B DGO FGP@)  (ow);
Ol = [PaI0@PO = = PEcy s @1

Here, one samples from ]5(¢), a possibly cheaper or more stable distribution, and corrects for the

mismatch by reweighting each observable using the ratio W (¢) = P(¢)/P(¢). More explicitly, if

O _ Ziv:l o;W;

=S5 is the new estimator using reweighting,
i=1"V1

Var(0) ~ N<V1V>z (W20 —(0)r)*) 5" 2.12)
Therefore, if
1, ) 2
<W>2f><W (O =(0)r)7)p S (O —=(0)p))p, (2.13)

'Tt can be derived using the delta method in the first order.
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one can achieve variance reduction using a new observable. This technique is widely used in lattice
field theory, especially in cases where sampling directly from P(¢) is difficult or numerically unstable,
such as in finite-density QCD or simulations near phase transitions. Additionally, this technique can
be exploited when samples ¢ ~ P(¢) are already available but one would like to study physics with
P(¢) instead.

While this reweighting formula in Eq. (2.11) is formally unbiased, its practical implementation
with finite sample sizes introduces an important subtlety. The problem lies in the estimation of the
denominator in Eq. (2.11). To see this explicitly, consider a simplified case in which we estimate

the reciprocal of the mean of a positive observable A. The expectation value of the inverse of its

finite-sample average A can be expanded around the mean:

IV L A AT
<Z>_<A>OO < A >+< A > , (2.14)

where (A) ., is the exact (infinite-sample) mean, and the larger brackets without subscripts denote an

average over repeated trials with finite samples. The third term shows that 1/A is biased, i.e., the
average of the inverse is not equal to the inverse of the average. This bias originates from the nonlinear
nature of inversion and becomes more severe when the variance of A is large or the number of samples
is small.

In the context of reweighting, this issue becomes particularly noticeable when the same ensemble
is used to estimate both the numerator and the denominator of Eq. (2.11). The correlation between
the two estimators further complicates the statistical structure. Explicitly, if one estimates a ratio

R = B/A, the full bias to O(1/N) must account for the covariance between the numerator and
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denominator:

(Bl . 1 [(B)aVar(4) Cov(A,B) 1
7 ey 1 R R TR R 219

which requires a large number of samples to sufficiently suppress higher-order terms?. This is espe-
cially dangerous in systems with sign problems, where the denominator itself—corresponding to the
average sign—may be exponentially small and dominated by rare events. In such situations, reweight-
ing becomes not only noisy but also fundamentally unreliable.

Therefore, one must be cautious when applying the reweighting method in practice. It is essen-
tial to assess the potential bias introduced by finite-sample estimations of denominators and, where

possible, to design estimators that are explicitly unbiased.

2.3 Infinite variance problem

The efficiency of Monte Carlo calculations relies heavily on the variance of observables; observ-
ables with a variance that is small compared to their expectation value require fewer samples to achieve
a target precision. However, in the extreme case, some observables can exhibit infinite variance. While
the first moment may be finite, the divergence of the second moment means that the standard Central
Limit Theorem fails. Consequently, the empirical sample variance diverges as the number of Monte
Carlo samples increases, rendering standard statistical error estimation fundamentally unreliable.

In fermionic systems, the origin of the infinite variance problem is explicitly clear when exam-
ining the role of the fermion determinant. Because fermionic observables depend on the inverse of
the fermion matrix M, their variance depends on the square of this inverse. Consider an observable

defined as O(¢) = m f(¢), where f is an analytic function of the bosonic field ¢. Upon integrat-

ZNote that the systematic bias is not exactly removed for finite samples.
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ing out the fermionic degrees of freedom, the expectation values for the first and second moments are

given by

0) =5 [ Dol flope-s+@). 2.16)
0% = / [D4] < F (650 (2.17)

For the first moment, the det M in the observable cancels the fermion determinant in the probability
measure, yielding a well-defined, finite integral. However, for the second moment, an overall factor
of (det M)~! remains. If the phase space includes configurations where the fermion determinant
approaches zero, the integral for (O?) can diverge. Thus, the expectation value of the observable
remains finite, but its theoretical variance becomes infinite.

This issue has been known as exceptional configurations in lattice QCD [26]. These configura-
tions arise due to near-zero eigenvalues of the Wilson-Dirac operator, leading to large fluctuations in
quark propagators and numerical instabilities [27,28]. While first observed in quenched simulations
of Wilson fermions, similar divergences also appear in dynamical simulations [29], where they can
cause instabilities in the Hybrid Monte Carlo (HMC) algorithm [22]. Various approaches have been
proposed to mitigate these instabilities, such as modifying the quark propagator to account for zero
mode poles [27,28] or introducing twisted mass fermions to regulate infrared behavior [30]. The ap-
proach we investigate here is similar to previous strategies that utilize sampling with a positive weight,
ensuring non-zero values across the field space, combined with reweighting [31-33].

In this thesis, we will use the Hubbard model to illustrate this problem and consider one possible
solution. The Hubbard model [34] is a simplified representation of interacting electrons in a lattice,

capturing the competition between electron hopping (kinetic energy) and on-site Coulomb repulsion
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(interaction energy). The model has been extensively studied as a potential framework for understand-
ing high-temperature superconductivity observed in cuprate materials [35,36]. The electron creation
operator at site x is denoted by &T where the spin index a takes the values 1, or |. With this the

a,r’

Hamiltonian is written as follows:

. . B T
H == (@00 +9]00) + U Y (0] tte = )@t —5)
) ’ 2.18)
— M Z(@m?ﬁm + ?/Afjxl/;ix —1).

where x represents the hopping parameter, U denotes the strength of the on-site Coulomb interaction,
and y is the chemical potential. We will use x = 1 units. Note that the Hamiltonian is shifted so
that ;o = 0 corresponds to the half-filling, i.e., there are the same numbers (on average) of electrons
with spin-up and spin-down on the lattice. It is widely known that the Hubbard model has the sign
problem except the half-filling, and in order to study the infinite variance problem, we will focus on
the half-filling case.

On a bipartite lattice, it is useful to use the particle-hole basis for removing the sign problem at

the half-filling: by redefining @/A)Lx = qﬂm, 1&2@ = (—1)%/313: the Hamiltonian becomes

~ ~ " . U ) . . R
H == 1 Y @ty + 0ata) + 5 > athe = )
. ’ (2.19)
—H Z(&I,z%&l,m - 7&;{&2,1‘)-

Note that the factor (—1)? in the redefinition of operators is +1 for even sites —1 for odd sites, which
can be defined for bipartite lattices.

Using the path integral formulation with the Hubbard-Stratonovich transformation, which is
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derived in Appendix A, one can derive an action

S=Sg+Sp= —BZCOS ¢r — logdet My (¢) — log det My(¢), (2.20)

x,t

where Sp and Sr denote the bosonic and fermionic parts of the action, respectively. The fermion

matrices M; are given as

M,(¢) =1+ Bu(dn) -+ Ba(1), (2.21)

where ¢; = { ¢, } denotes the auxiliary field on the time-slice ¢, and B,(¢) are given by

Ba(y) = e H2e~Halon), (2.22)

with
(Ha)ay = KEO(zy) + Eaft€dyy, (2.23)
ﬁ4(¢t)x,y = —1g, Sin ¢t,x(sz,y- (2.24)

Here, 0, is the nearest-neighbor hopping matrix, and €, = £1. The parameter /3 is related to eU

by

o <U/2 _ [0(— VIOB(;)_D’ (2.25)

which is derived in Appendix A.3. It is obvious from the form of the matrix that when © = 0,
det M = (det Ms)*, and therefore the model is free from the sign problem.
The Hubbard model is particularly useful to illustrate the infinite variance problem originated

from fermion determinants since it has two determinants from spin-up and spin-down electrons. To
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Figure 2.2: Cumulative estimates of standard deviations obtained from standard Monte Carlo simula-
tions of the Hubbard model on a 4 x 4 lattice, with U = 8, p = 0,7 = 0.5, and € = 2.0. The left plot
shows the standard deviation, error x v/N, of the double occupancy, while the right plot shows that of
the density.

exploit this property, we can consider the density n and the double occupancy D [15]. If we write

them in terms of the fermion determinants, we find:

D) = 5 3 (m(@)ny(e)) = 5 32 My (O (1= My (0)zs) 2.26)
1) = 5 S lms(e) @) = 5 3 (M (Do = M7 0)aa) . @20)

Figure 2.2 shows the estimates of the standard deviations (error x+/N) for each observable as
the number of configurations increases. The double occupancy exhibits an infinite variance problem,
whereas the density does not. This discrepancy arises because the double occupancy includes terms
proportional to the inverse of fermion matrices, specifically (M;M,)~! in Eq. (2.3), while the density

involves only a single inverse, such as M; ' or M, *.
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2.3.1 Extra time-slice method

Different methods have been suggested to deal with infinite variance problems [37-39] and we
will utilize the extra time-slice method [39]. It exploits the reweighting method by using the probability
distribution from an extra time-slice.

In order to introduce the new probability distribution, we define a function F' as

F(¢) = / [do*] e 57" det My 41 (6, ¢%), (2.28)

where My, is the fermion matrix with N 4 1 time-slices and ¢* is the auxiliary field arising from the

(N + 1)th time-slice. Then we can rewrite the partition function as

7 = / () e 52(@) detMN(gé)%— / [do|n[do*] R(¢) e 2@ det Myo1(0, ¢%), (2.29)

~— | —

where R(¢) = det My (¢)/F(¢), [d¢]n denotes the path integral measure with N time-slices, and

[d¢*] is the additional measure from the extra time-slice. More specifically,

[dgb]N = H H d¢i,wa

ivzl v=l (2.30)
[dg) = [ [ doéw-1,e-
=1

Therefore, one can use the new probability distribution and observables can be estimated using the

reweighting procedure:

(2.31)
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where the subscript N + 1 denotes the new probability distribution:

e %0@") det My (¢, ¢*)
dg]n[dp*|e=50(@9") det My 11(¢, ¢*)

pn+1(9, 07) = i (2.32)

Through this reweighting process, the variance of the observable O is determined by the behavior
of OR under the new probability distribution. Importantly, any potential singularities arising from
zeros of the fermion determinant in O, such as factors of 1/ det My, are canceled by corresponding
factors in the reweighting factor R. As a result, the infinite variance problem caused by the fermion

determinant is resolved.

2.3.2 Sub-Monte Carlo method

Reference [39] suggested that one can integrate F'(¢) analytically using the BSS formula [40]

and expand itin e = /N

F(¢) = / [de*] e50@) det My, 1(¢, ¢*) = Tr [e*ﬁ2e*6H4B(¢N) .- B(¢)
(2.33)

=Tr[(1—eH)B(¢n) - B(d1)] + O(€") = (1 — eH(¢)) det My (¢) + O(¢).

The main advantage of this approach is that it incurs no extra cost beyond the increased expense
from introducing a new auxiliary field. However, it also has several drawbacks. First, truncation
introduces an error of order €2, and the number of Wick contractions grows exponentially with higher
orders. Additionally, a small € is required not only to minimize Trotterization errors but because F'(¢)

can vanish when 1 — e H(¢) = 0, potentially leading to another infinite variance problem.

Instead of using the perturbative approach, we can rather estimate F'(¢) using Monte Carlo
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calculations using the new auxiliary field ¢* [14] (which we call sub-Monte Carlo method):

F(¢) = Z'(det Mn+41(9,9")) Py (2.34)

where the subscript Pg represents the Monte Carlo samplings using the bosonic part of the action
e~98(®") and Z' is a normalization constant different from the original partition function Z.

However, from R(¢) = det My (¢)/F(¢), what one needs to estimate is 1/F'(¢), and taking an
inverse of ['(¢) is a biased way to estimate 1/F(¢) as discussed in Section 2.2.2. Therefore, we need

to estimate 1/F(¢) in an unbiased way. The authors in [41] suggested an unbiased estimator of 1/(A):

fa=— H (1 —wA,;) (2.35)

Here, g, can be an arbitrary discrete probability distribution and w should be chosen to be smaller than

1/(A). The variance minimizing choice of ¢, and w [42] is

, {1 A 1 }
w=min<§ —, —
kA7A27Amax ’

p=1-[1-20d+u? 2", (2.36)

=

¢n =p(1 —p)".

Note that the estimation of 1/F(¢) using the sub-Monte Carlo (sub-MC) method is more expen-
sive than the perturbative approach since it involves another Monte Carlo sampling during the mea-
surement of the original Monte Carlo process. However, it is not as expensive as the original Monte
Carlo process. First of all, the sub-MC is only done for measurements, not during the Monte Carlo

updates performed between measurements. Furthermore, applying the action of Eq. (2.20) reduces
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Eq. (2.33) to the following form:

F(g) = / [d6"] 579" det My (6, 6°)
(2.37)

= /[dcb*] det (I + B1(¢*)Bi(¢n) - - - By(¢y)) e® 2wcos,

During the sub-MC process, the background configurations ¢, - - - ¢y are held fixed. Because the
bosonic action Sp takes the form of a von Mises distribution, the proposed field ¢* can be sam-
pled directly and independently, circumventing the autocorrelation inherent to standard Markov Chain
methods. Furthermore, the computational bottleneck of evaluating the fermion determinant is heavily
mitigated. The configurations are updated using the purely bosonic measure, with the fermion deter-
minant evaluated only as a reweighting factor during the measurement phase even if MCMC methods
are utilized. More crucially, exploiting the factorization properties of the fermion matrices [43] re-
duces the determinant to det (I + B;(¢*)B(¢)). Since the bulk product B(¢) = By (¢n) - - - B1(¢1) is
strictly fixed during the sub-MC samplings, the computational cost of evaluating the determinant for

each ¢* is drastically reduced compared to a full lattice calculation.

2.3.3 Results

Figure 2.3 compares the standard Monte Carlo and the sub-MC method. It is evident from the
right figure that the variance of sample mean approaches constant while the variance of the standard
method diverges.

In Figure 2.4, the left panel compares two approaches to the e — 0 extrapolation: the sub-MC

2

method and the expansion method from [39], which introduces € systematic errors. The sub-MC

method exhibits a very mild dependence on €. Although this is due to the method being unbiased and
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Figure 2.3: The double occupancy and its error estimate on a 4 x 4 lattice, withU = 8, u = 0,7 = 0.5,
and € = 2.0. The left plot is the Monte-Carlo history of the cumulative mean and error for the double
occupancy as a function of number of updates, and the right plot represents the standard deviations
which should be constant if the error estimate is reliable. Sudden jumps in the error are a symptom of
the infinite variance problem.

the action being accurate up to €, the small magnitude of the €2 coefficient is coincidental. However,
the expansion method introduces a significant systematic error of order e. Note that the extrapolation
for the expansion method uses the first four points due to the increasing error at large €. This indicates
that a small € is necessary for applying the expansion method to extrapolate to e — 0. As a result,
despite the extra Monte Carlo sampling step, the sub-MC method is more cost-effective in the long
run.

The right plot in Figure 2.4 illustrates the effect of the the unbiased estimation. The biased
estimator uses 1/F as an estimator for 1/F(¢). The bias scales as 1/n,,, where ngy, is the number
of sub-MC samples. Since the number of sub-MC samples for the unbiased estimator is randomly
selected from ¢, in Eq. (2.36), the average value ng,, ~ 2k is used for the figure which accounts for
the cost k associated with estimating w and p in Eq. (2.36). The stochastic errors in the final results
arise from both the configuration-to-configuration variance of the observable and the variance of the
estimator. The blue band represents the ny,;, — o0 extrapolation of the biased estimator. Notably,

the number of sub-MC samplings needed to reach the asymptotic regime is quite modest. Moreover,
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Figure 2.4: Double occupancy computed with the perturbative and sub-MC methods on a 4 x 4 lattice,
with U = 8, and § = 2. The left plot compares the perturbative and sub-MC methods. For extrapo-
lation, the fit for expansion uses the first four points, whereas the sub-MC method utilizes all points,
with the gray band representing the benchmark result from [1]. The right plot contrasts the biased and
unbiased estimators. The solid line illustrates the 1/ng,, fit for the biased estimator, while the blue
band shows the ng,, — oo limit of the biased estimator along with its associated error.

since the sub-MC process is performed only on configurations used for measurements, the overhead

of applying sub-MC method is minimal.

2.4 Sign problem

Monte Carlo methods struggle with oscillating integrals because frequent sign changes of the in-
tegrand cause significant cancellations between positive and negative contributions. This cancellation
results in a high variance, making the statistical error very large and convergence extremely slow. Con-
sequently, achieving an accurate estimate requires an impractically large number of samples, rendering
the method inefficient for such integrals. This problem is called the (numerical) sign problem.

In lattice field theory, such oscillating integrals can arise when the action can have complex
values. While for a given physical theory, the Minkowski action is always real, its Euclidean action

can be complex. Note that while its action can be complex for different configurations, the partition

31



function is real.
One of the cases where the sign problem appears is when there is a finite baryon chemical

potential. Let us consider the Euclidean Dirac matrix
det D(p1) = det(d +m — pyo), (2.38)

where ¢ = "0, where 4 are the gamma matrices which are Hermitian. One can check that D

satisfies the following ~v5-hermiticity:
15 D()vs = (@ +m — pro)ys = @'+ m 4 pyo = (@ +m — i)' = D), (239

which implies det D () = (det D(—pu))” for real u. Therefore, if there are even flavors (such as u and
d quarks) and their masses are the same, the fermion determinant is positive when p = 0, while this
fact does not hold in general when 1 # 0.

Another source of sign problems is the real-time simulation of quantum field theories. While
the Euclidean path integral is used for thermodynamics of the system, discussed in Appendix A.1, in

order to study the time-dependent observables, one needs to consider the Minkowski action:

(0) = % / D¢ O(¢)e Mol (2.40)

where the Minkowski action S is real for every configuration, the factor ¢ in the Boltzmann factor
makes it purely a phase and the integrand highly oscillatory. In general, real-time sign problems are
more severe than Euclidean path integrals with finite baryon chemical potentials.

A typical way to deal with the sign problem is by reweighting with the probability distribution
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from the real part of the action:

Z_lQ [ Do O(¢p)e~S118)e=5rld]
%fD¢e—i51[¢]e—5R[¢} ’

(0) = % / D¢ O(¢)e 5 = (241)

where Z and Z are the partition function and the quenched partition function, respectively.
The measure of the sign problem is the denominator in Eq. (2.41), which is called “average

sign’:
Z

1 .
(o) = — / Dge 018l =Srlel — = and |(0)| < 1, (2.42)
Zo Zo

and therefore
% [ D¢ O(¢p)e~S118le=5rld]

(0) = &)

(2.43)

Thus, as the average sign goes to zero, the variance of O diverges:

S P —sple) _ | L —Srlg]
Var(0) ~ 7o ( 5 [ Dolo@pe s~ | [ Doo(gesie

2
) , (2.44)

where O denotes the estimation of the observable with a finite number of samples, N. This implies
that more Monte Carlo samples are needed to estimate observables within a fixed error.

It is easy to check that the sign problem gets exponentially worse as the volume increases. In
the thermodynamic limit, both Z and Z scale exponentially with the volume V', since the free energy
F = —log Z is extensive. Writing Z = e~"/ and Zy = e~V/e, where f and fq are the free energy

densities of the full and phase-quenched systems respectively, we obtain [44]

(o) = e Vo), (2.45)
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This expression shows that the average sign decreases exponentially with volume. As a result, the
variance of any reweighted observable grows exponentially, and an exponentially large number of

samples is required to maintain a fixed signal-to-noise ratio.

2.4.1 Contour deformation

One of the general approaches to alleviate the sign problem is contour deformation, which lever-
ages the multi-dimensional version of Cauchy’s theorem from complex analysis. Specifically, if f(¢)

is an analytic function in C" (which embeds R"),

/ndqﬁl/\-n/\dqﬁNf(ng):/dgzﬁl/\---/\dgzﬁNf(qb), (2.46)

where ~ is any contour embedded in C" space and lies in the same homology class as R™. A detailed
discussion of the mathematical framework underlying contour deformation is provided in Appendix B.

This flexibility allows one to deform the original integration domain to a more favorable contour
where the sign problem is milder. The improvement stems from the following observation: the average

sign can be written as

Z [ D¢e 5

) =75~ D¢ o5 (2.47)

If the action S[¢)] is holomorphic (which is the case in field theory), the Boltzmann weight exp(—S5) is
holomorphic and the partition function Z is invariant under contour deformations within the same ho-
mology class. However, the denominator Z, is non-holomorphic and thus can be modified by contour
deformation. By deforming the contour to reduce Zg, the average sign improves. A comprehensive

review of this method is given in Ref. [45].
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Historically, contour deformation techniques trace back to the Lefschetz thimble method [46—
61], initially introduced in physics for analytic continuation in Chern-Simons theory [62, 63]. In this
framework, the integral is rewritten as a sum over thimbles, which are manifolds defined by the down-

ward holomorphic flow equation:

05 =0. (2.48)
8¢’L ¢:¢c

Each thimble is tied with a critical point of the action, satisfying

ds 33

i _a_d (2.49)

The thimble 7. is the set of all points that flow to ¢. as ¢t — oo. Importantly, along each thimble,
the imaginary part of the action is constant, meaning the sign problem is absent. If a single thimble
dominates, the sign problem is completely eliminated.

However, practical challenges arise because finding all relevant thimbles is nontrivial, and in-
terference between thimbles with different phases can reintroduce a sign problem. To address this,
the generalized thimble method [64, 65] was proposed. Instead of the downward flow, it utilizes the

upward holomorphic flow,

dp  dS

- = +6_¢’ (2.50)
which has the properties o
as 0S oS
a2 (n0e) 2O s
L

Thus, the upward flow increases the real part of the action while keeping the imaginary part constant,

reducing Zg and improving the average sign.
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Despite their theoretical appeal, Lefschetz thimble-based methods have drawbacks:
* Integrating the flow equations is computationally costly.

* The flow introduces a nontrivial Jacobian determinant, which includes solving /N-coupled ordi-
nary differential equations and computing a determinant of a NV x /N matrix, further complicating

calculations [60].

* As the flow time increases, the resulting probability distribution becomes multimodal, making
sampling challenging. Solutions like parallel tempering [66, 67] alleviate ergodicity issues but

at additional computational cost.

To circumvent these difficulties, an alternative approach is to directly parameterize the contour
to optimize the average sign, rather than relying on the holomorphic flow [68-70]. Specifically, one

can exploit the following fact:

fRN D¢ VSR((b’ A)e_SR(¢§>\)

Vallo)] = [(o)] Tow Do 5r@0
RN

(2.52)

This gradient depends only on the real part of the action, meaning that the optimization process itself
is free from the sign problem. By parameterizing the integration contour (e.g., via neural networks)
and using gradient descent, one can systematically search for manifolds that reduce the severity of the
sign problem.

It is important to note that this parameterization only allows for deformations of the form ¢ —
f(¢) + ig(¢), which are homeomorphic to RY. As a result, this approach excludes any integration
contours that are not topologically equivalent to R . For instance, one could imagine a contour defined
by a manifold + that is topologically the product of an interval [0, 1] and a (N — 1)-dimensional sphere,
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with the ends of the interval identified with disjoint regions in R, Whether such nontrivial topologies

could offer advantages in addressing the sign problem remains an open question.

2.4.2 Complex normalizing flow

A normalizing flow is a bijective map gz;(gzﬁ) between two probability distributions:

(det 2—;’;) Pr (9(9)) = P (9). (2.53)

where P; is the initial probability distribution and P is the final or desired probability distribution.
In applications for lattice field theories, P is often chosen as the Gaussian distribution and Py is the
Boltzmann factor exp(—S[¢]). For the scalar field theory discussed in this thesis, we will use P; as the
Gaussian distribution from this point forward.

The merit of normalizing flows for lattice calculations is that one can compute expectation values
of observables without sampling through MCMC. Uncorrelated samples can be efficiently generated
by transforming from the easily sampled distribution F;. However, in many cases it is hard to find the

exact map; for such an approximate normalizing flow, we define the induced action as

<det g_z> e—Smduced[é(dﬁ] — N€_¢2/2, (2.54)

where N is a normalization constant. The expectation value with respect to the desired action can be

calculated via reweighting:

<O esinduccd_s>n
<esinducedfs>n )

(0) =

(2.55)

Above, the subscript n denotes the expectation value with respect to the normal distribution.
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Normalizing flows have recently attracted attention as an effective tool for accelerating Monte
Carlo simulations in lattice field theory [71-73]. As established in Ref. [74], contour deformation in-
herently connects to the framework of normalizing flows. For systems governed by a complex action
S, the flow equation defined in Eq. (2.53) parametrizes a deformed integration manifold designed to
mitigate the sign problem. Consequently, the training of normalizing flows in this context is concep-
tually equivalent to established contour deformation methodologies.

For two smooth probability distributions, normalizing flows are known to always exist [75].
However, the conditions for the existence of complex normalizing flows are not fully understood.

It is useful to parameterize the space of normalizing flows using neural networks. The next step
is to define a suitable loss function, where smaller values indicate better model performance. Here, we
define a loss function composed of two terms: one that accounts for the logarithm of the magnitude of

the Boltzmann factor and another that captures the phase:

- - 2
2 a ~
Ly(N) = < % + Re |log ai;;\ —log N — S(¢A(¢))] >
T R
- 9 " (2.56)
+ < 1 — (sgn % ) e—i1m<5(¢~>>\(¢))+log/\/) > 7

-~

ei Im(Sinduccd_S) n

where sgn z = é denotes the sign function. This cost function ensures that the transformed distribu-
tion aligns with the target distribution by minimizing deviations in both the real and imaginary parts of
the induced action. Although a different relative weighting could, in principle, be beneficial, we have
not investigated this possibility. During training, the real and imaginary parts of the normalization

factor \V are treated as additional parameters to be optimized.
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Training a complex normalizing flow is more challenging than training a real normalizing flow
or an integration contour. In particular, ensuring that the trained normalizing flow exhibits the correct
asymptotic behavior necessary for Cauchy’s integral theorem to hold is nontrivial. A useful approach
in this context is adiabatic training, as described in [76]. In this method, a one-parameter family of
actions S, is introduced, where S, corresponds to a well-understood action for which a normalizing
flow can be exactly prepared, and S represents the target action. The action is gradually evolved in
small steps of A, retraining the normalizing flow at each stage. Various adiabatic paths can be chosen

to interpolate between Sy and S;. For simplicity, unless stated otherwise, we adopt the following path:

~ ~ 1— o)~
5uld) = a5(3) + 1522 @57
We perform adiabatic training with step size Aa = 0.05. However, it is worth noting that this particular
path is unsuitable when the original path integral diverges along the real plane, requiring an alternative

approach for analytic continuation, as discussed in Section 2.4.3.

2.4.3 Scalar field theory at complex coupling

As a test ground of the contour deformation and the complex normalizing flow approaches to the
sign problem, we study scalar field theories on an isotropic lattice with periodic boundary conditions.

The action is

2

T, 0 x

2
S = 12(% —¢a)" + m7 ST HAY o (2.58)
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where m? and \ are allowed to be complex numbers. 0 + 1D case corresponds to the anharmonic
oscillator:
1

m2
Hopo = 5p2 + 73:2 + Azt (2.59)

In this thesis, the anharmonic oscillator will be studied through the complex normalizing flow and the
1 + 1D case will be studied with contour deformation.

For physical theories, the partition function is real. In contrast, the theory studied here is not
physical in that the partition function can acquire a complex value. This behavior is reflected in the
average sign, as the quenched partition function remains real by definition, while the full partition
function may develop a nontrivial phase.

However, our approach connects naturally to the study of P77 -symmetric theories on the lattice.
PT-symmetric theories, though non-Hermitian, are invariant under the combined action of parity (P)
and time-reversal (7)) symmetries [77]. While such Hamiltonians can possess entirely real spectra
when P7T -symmetry is unbroken, spontaneous P7 -symmetry breaking can result in complex eigen-
values. Such theories extend conventional quantum mechanics and appear in various fields, including
high-energy physics [78,79], statistical mechanics [80-83], and optics [84—87]. A well-known exam-
ple is the Hamiltonian H = p? + ix3, which is PT -symmetric but not Hermitian. P7 -symmetric
systems are particularly relevant in open quantum systems and non-equilibrium physics [88-92].

This subtle non-Hermiticity leads to significant computational challenges, particularly manifest-
ing as severe sign problems in lattice formulations. In path integrals, even when the underlying theory
has real physical observables, the integrand may acquire a rapidly fluctuating phase, rendering standard
Monte Carlo techniques inefficient. One effective strategy to address this issue is contour deformation,

which was successfully applied to P77 -symmetric quantum mechanical systems in [93].
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Figure 2.5: The expectation value (¢?) is plotted against Im A for a one-dimensional 10-site lattice
with parameters m? = 0.5 and Re A = 0.1. For reference, the exact result is obtained by directly
diagonalizing the non-Hermitian Hamiltonian.

Regardless of the physical interpretation of this theory, the model is closely connected to real-
time lattice simulations formulated via the Schwinger-Keldysh contour [94, 95]. This formalism is
widely used to compute real-time observables on the lattice [96,97].

First, we construct normalizing flows gzg(gzﬁ) from neural networks. The precise functional form

used is

¢(¢) = (Mg +iMr)¢ + (Lr +iLr) f(9). (2.60)

The function f(¢) is a fully connected network with a sigmoid activation function, taking V" inputs,
featuring 2V nodes per internal layer, and producing 2V outputs. The trainable parameters include
four real-valued matrices Mg, M;, Lg, and L;, along with the weights and biases of f. Note that the
network ends with the activation function without an additional affine transformation. This convention
is used to indicate that the complex contour is generated by a single network with real inputs.

At first sight, the separation of the M, terms from the definition of f may seem unnecessary and
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Figure 2.6: The average sign plotted as a function of volume for two-dimensional scalar field theory
with parameters m? = 0.5 and A = 1.0i. The integration contour is defined by an affine transformation,
corresponding to a zero-layer network. For the simulations, 5 x 10° configurations were sampled
on the real plane, while only 5 x 10° configurations were required on the trained contours, due to
the improved average sign. Statistical uncertainties, estimated via bootstrapping with blocking, are
indicated but remain smaller than the symbol size.

1

redundant. However, due to the choice of activation function, o(x) = Tre==>

f is inherently bounded
above and below. Consequently, a normalizing flow relying solely on f cannot map the real plane
onto a contour satisfying Cauchy’s integral theorem. The inclusion of simple linear terms restores this
capability.

To validate our approach and implementation, Figure 2.5 presents (¢?) for various complex
A. The exact results, obtained through direct matrix manipulations of the Trotterized imaginary-time
evolution operator, show excellent agreement with Monte Carlo computations.

To investigate the 14 1D scalar theory, we train integration contours using the algorithm outlined

in Section 2.4.1. For the moderate lattice sizes considered, linear contours of the form

(¢) = ¢+ Mrd + iM;é (2.61)
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are sufficient to mitigate the sign problem. Here, Mz and M, are V' x V real matrices treated as train-
able parameters, where V' represents the number of lattice sites. Figure 2.6 illustrates the performance
of these trained integration contours as a function of the lattice size, ranging from 3 x 3t0 9 x 9. A
fully connected network is employed, with optimization performed using the ADAM optimizer [98].
The results demonstrate that the contour deformation method yields an exponential improvement in

the average sign with respect to the lattice volume.

2.4.3.1 Studying partition functions

In this subsection, we will extract information of the partition functions with the two methods:
contour deformation and the complex normalizing flow.

Partition functions are fundamental objects in quantum field theory and statistical mechanics, as
they contain complete information about the system. One particularly important aspect of partition
functions is their analytic structure, especially the location of their zeros in the complex parameter
space. These zeros, known as Lee-Yang zeros [99, 100], are crucial because they offer insight into
phase transitions and symmetry-breaking phenomena. In the thermodynamic limit, the accumulation
of Lee-Yang zeros near the real axis signals the onset of phase transitions. Thus, understanding the
zeros of the partition function is not only of theoretical interest but also essential for characterizing
critical phenomena in both Hermitian and non-Hermitian systems.

In conventional Monte Carlo methods, extracting the partition function is typically challenging,
as these methods yield only the probability distribution + exp(—S[¢]), leaving the normalization fac-
tor Z unknown. One approach to determining the partition function utilizes annealed importance sam-

pling [101], which involves constructing a discrete sequence of intermediate actions, Si, So, ..., Sy.
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This sequence bridges a well-understood base distribution (e.g., a Gaussian action for S;) and the

target system governed by Sy. The partition function is then computed via

InN 2o Zs ZN
N _ 22745 , (2.62)
Zy ZvZy Iy

using reweighting techniques, though this process is nontrivial and computationally intensive.

In contrast, if an exact normalizing flow were available, the partition function would be immedi-
ately determined by the trained normalization factor . For approximate flows, the partition function
can still be estimated by averaging over samples:

Zin — (Smancea=S5). (2.63)

The scalar field theory is well-defined only for Re A > 0, as the path integral [ D¢ e~ becomes
divergent when Re ) is negative due to the instability introduced by the ¢* interaction term. However,
it is possible to analytically continue the theory beyond this region of convergence. The analytically
continued partition function remains well-defined and analytic everywhere except at the branch point
A = 0. One intuitive perspective on this continuation is through a rotation of the field variables,
¢ — €?¢. Under such a transformation, the coupling constant transforms as A\ — e~4%), allowing
one to choose 6 to ensure convergence of the path integral. This comes at the cost of introducing
complex phases into the m? and kinetic terms.

Figure 2.7 illustrates these results. In this example, we utilized a normalizing flow built from
a neural network with a single hidden layer. The adiabatic training process used for the normalizing

flows does not depend on whether the path integral converges on the real axis; rather, it effectively
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Figure 2.7: The partition function for lattice scalar field theory in 0 4+ 1 dimensions for a lattice with
10 sites and m? = 0.5, evaluated at complex values of the coupling \. For negative )\, the partition
function is defined via analytic continuation, with the branch cut placed along the negative real axis.
The color scheme, displayed to the right, corresponds to the mapping of f(\) = X under the same
scale for reference.

performs an analytic continuation following the chosen path. Specifically, the normalizing flows in
Figure 2.7 were first trained at a set of radii (0.1, 0.2, ..., 1.0) along the real A-axis, and then retrained
while rotating A in the complex plane. This rotation was confined to angles between —7 and T,
producing the branch cut seen along the negative real axis.

Contour deformation methods are basically the Monte Carlo method dealing with sign problems.
Therefore, one cannot directly estimate the partition function. However, one can study the zeros of the
partition function from the following quantity.

Reference [74] argued that theories with polynomial actions often admit perfect integration con-
tours, supporting this with several examples of one-dimensional integrals. In the preceding subsection,
we provided numerical evidence that quantum mechanical path integrals can also have perfect con-
tours. However, in this subsection, we highlight an important source of counterexamples: the zeros of

a partition function.
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To illustrate, consider the one-dimensional integral:

I(a) = /OO dze "%, (2.64)

o0

While specific values of « in [74] allowed for perfect contours, there are other values where the average

phase can be made arbitrarily small. This can be demonstrated by showing two key points:
1. Forany e > 0, |I(«)] < e.

2. For any fixed «, the quenched partition function Io(a) = [ _dz le==*~="| has a positive lower

bound.

Together, these imply that the average phase (o) = é can be bounded by 5, where B is the lower
bound of the quenched partition function.

The first point follows from the great Picard theorem: since / : C — C has an essential singular-
ity at infinity, it attains nearly all complex values, and zeros typically cluster near certain « values. For
the second point, consider contours in the complex plane parameterized as z = re?. For any fiducial
radius R, a contour either passes within radius R or remains outside. In the former case, the contour
must traverse an annulus where the modulus of the integrand is bounded below by some constant C'g,
contributing at least Cr to Ig. In the latter case, in unstable angular regions, the integrand grows
exponentially, and its contribution can be bounded from below by a term proportional to R.

Thus, combining both cases yields a non-zero lower bound on the quenched partition function,
albeit a loose one. While in physical theories it may be challenging to compute this bound tightly, the

existence of zeros of a partition function is a general obstacle to perfect contours.

While normalizing flows offer a way to compute the partition function directly via Monte Carlo
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Figure 2.8: Phases of the partition function for m? = 0.5 on an 8 x 8 lattice, plotted across the complex
A-plane. As the partition function is analytic everywhere except at the branch point A = 0, the number
of zeros within any enclosed region can be identified by evaluating the winding number of the phase
along a closed path encircling that region.

sampling, they are not immediately practical for identifying zeros of the partition function. This is
apparent from Figure 2.7, where the existence of zeros cannot be easily inferred. The difficulty arises
because the average phase becomes vanishingly small in the vicinity of the zeros of the partition
function, making it impossible to distinguish between an actual zero and a value that is merely very
close to zero.

Turning to scalar field theory, zeros of the partition function are expected, for instance when
external sources like a .J¢ term are introduced—this is well-established [102]. Crucially, however, the
presence of these zeros can be detected without evaluating the partition function precisely. Specifically,
by integrating the logarithmic derivative of the partition function along a closed contour in the complex
A-plane:

1 I\ Z'(N\)

L= —
To2mi JT Z(N)

(2.65)

one obtains an integer counting the zeros enclosed by the contour. This interpretation links the zeros
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to the winding number of the phase of Z(\). Therefore, even when direct Monte Carlo sampling near
zeros 1s impractical, the locations of zeros can be inferred from phase behavior. In the two-dimensional
case of this subsection, while directly determining Z is challenging, the phase (imaginary part of the
free energy) is accessible via the improved average sign, allowing zeros to be identified through their
topological signature.

Figure 2.8 shows the phase of the partition function across the first quadrant of the complex \-
plane. By inspecting the winding number of the phase along closed loops, one can determine whether
zeros are present within a given region. From the plot, it is evident that no zeros appear in the first

quadrant for || < 2. Additionally, since the partition function satisfies Z(\) = Z(\), the absence of

zeros extends to the corresponding region in the fourth quadrant.

2.5 Signal-to-noise problem

Even in the absence of a complex Boltzmann factor, signal-to-noise problems can still arise
when the observable itself exhibits significant fluctuations. In such cases, the issue does not stem from
the sampling measure but rather from the observable’s intrinsic structure—effectively a sign problem
encoded in the observable. In the lattice field theory community, this type of difficulty is typically
referred to as a signal-to-noise problem to distinguish it from sign problems associated with the path
integral weight.

Mathematically, the signal-to-noise ratio for an observable O is defined as

SNR(O) = %@. (2.66)

This ratio quantifies the strength of the average signal relative to the statistical noise. A low SNR
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indicates that large fluctuations dominate over the mean, making accurate estimation difficult.

A canonical example of this phenomenon is found in Euclidean correlation functions, such as
C(t) = (O1(t)02(0)). (2.67)

As the Euclidean time separation ¢ increases, the correlator C'(¢) typically decays exponentially, C'(t) ~
e~™, where m is the mass of the lightest state coupling to the operators. However, the variance of
C'(t) often remains roughly constant or decays more slowly, resulting in an exponentially worsening
signal-to-noise ratio with increasing ?.

This behavior is elegantly captured by the Parisi-Lepage argument [103, 104], which describes
the degradation of the signal-to-noise ratio in terms of the spectral content of the observable and its
fluctuations. Consider the nucleon two-point correlation function: the signal behaves as exp (—myt),
while the variance is dominated by multi-pion states and scales as exp (—3m.t), where my and m.,

are the nucleon and pion masses, respectively. This leads to a signal-to-noise ratio of the form

SNR(C(t)) & exp (— (mN - §mﬂ) t) : (2.68)

which decays exponentially with time, making precise measurements at large ¢ increasingly costly.
In practical computations, we estimate observables using a finite number of Monte Carlo sam-

ples:

1 X
0= N;Oi’ (2.69)
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with the associated statistical error (standard deviation)

err(0) = . (2.70)

From this, it follows that the signal-to-noise ratio of the estimator improves only as v/N. Con-
sequently, when the signal decays exponentially while the noise remains significant, one requires an
exponentially large number of samples in ¢ to maintain a fixed precision. This exponential scaling
severely limits the accessible time separations in correlator studies and is a central challenge in lattice

QCD and other applications of MCMC to quantum field theory.

2.5.1 Control variates

To address signal-to-noise problems in lattice field theory, the control variates method was
recently proposed as a promising variance reduction technique [105]. While this method is well-
established in the statistics and Monte Carlo literature, its prior applications have largely been limited
to low-dimensional integration problems—typically in spaces with fewer than ten dimensions [106—
112].

The essential idea behind control variates is straightforward. Given an observable O, suppose
one can construct a function f, called a control variate, such that (f) = 0. Then the modified observ-
able

O=0—f 2.71)

has the same expectation value as the original:

(0) = (0). (2.72)



However, the variance of O may differ from that of O:
Var(O) = Var(O) + (f%) — 2(0f). (2.73)

If f is chosen such that it is highly correlated with O and its variance is small, then Var(O) can
be significantly reduced. Thus, effective control variates reduce statistical noise without altering the
mean.

In practice, constructing a zero-mean control variate is challenging. To this end, a constructive
framework was developed using Stein’s method [113] or the lattice Schwinger-Dyson equations [105,

114]. These rely on the identity:

b}
/ D¢ 5 (9(¢)e™@) =0, (2.74)

which holds under suitable boundary conditions for any appropriately smooth function g(¢). This is
the vanishing of the integral of a total derivative, and its use in physics dates back to the zero-variance
principle of quantum Monte Carlo [115,116].

Applying Eq. (2.74), one obtains general forms of a control variate: for a scalar-valued function

g: MYN = R,

f= Z(a@ a@) (2.75)

where S is the action, M is the field target space, and /N is the number of degrees of freedom?.

3For example, if we consider U (1) gauge theory on 4-dimension, N = 4V where V is the number of sites.
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Similarly, for a vector-valued function g : MY — R¥,

dg; oS
f= Z(a¢, gza@). (2.76)

These are called Stein control variates, and the choice of g determines their effectiveness.
Importantly, using control variates cannot make the variance worse. If a particular choice of f
increases the variance of O, it can simply be discarded. More flexibly, one can introduce a rescaling

factor @ and define

O, =0 —af, (2.77)
with corresponding variance
Var(O,) = Var(0) + a(f?) — 2a(Of). (2.78)
This is minimized when
a=(0f)/(f*), (2.79)
yielding the optimal variance
(Of)°

mainVar(Oa) = Var(0O) — 7

< Var(O). (2.80)

This ensures that variance is never increased, and the method guarantees improvement.

A remarkable property of the control variate framework is the existence of a perfect control
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variate, which achieves zero variance. This is given by
fp=0—{(0). (2.81)

Although fp is not practical in computations (since (O) is the quantity being estimated), it serves as
an ideal benchmark and motivates the search for good approximations.

It is important to note that the Stein control variates constructed via Eq. (2.76) are universal in
the sense that, with a suitably chosen auxiliary function g, they can represent arbitrary control variates.
In contrast, the special case in Eq. (2.75) lacks this universality; a concrete counterexample will be
presented in Section 2.5.3.2. The universality of the Stein construction was first rigorously established
in [117], where the framework was formulated using tools from functional analysis. In addition, alter-
native theoretical justifications based on algebraic topology [114] and differential equations have been
developed to further support and generalize this approach. These derivations are detailed explicitly in

Appendix C.

2.5.1.1 Contour deformation and control variates

The contour deformation method can be leveraged to mitigate signal-to-noise problems. When
the Euclidean action is real but the observable may take complex values, the expectation value can be

expressed as

D6 0(6) exp(—S(6)) = / DG O(3) exp(~5(8)), (2.82)

Rn
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where the contour 7 lies in the same homology class as R™. If v can be parametrized as a deformation

of the original real manifold, then the integral can be written as

96
99

-/ D¢<@¢

0¢
D¢ O(¢) exp(—S()).

/ D& 0(8) exp(—S(3)) = / D6 |2210(6(6)) exp(—S((6)))

O(5(6)) exp(~S(9(6)) + s<¢>>) exp(—S(9)) (283)

Rn

Thus, the original observable O and the modified observable O have identical expectation values but
potentially different variances. This property has been exploited to enhance signal-to-noise ratios in
lattice calculations [118-120].

Moreover, this technique can be reinterpreted through the lens of control variates by defining

fo(¢) = O(¢) — O(9). (2.84)

However, it has been argued that a perfect contour yielding zero variance might not exist in gen-
eral [121], which limits the scope of contour deformation for more intricate models.
In addition to addressing signal-to-noise issues, control variates have also been utilized to alle-

viate sign problems [122, 123] by subtracting fluctuations in the partition function:

Z = / D¢pe 59 = / D¢ (759 — f(¢)), (2.85)

aslong as [ D¢ f(¢) = 0. Within this framework, the contour deformation method can be understood
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as a special case of control variates, where

(2.86)

with ¢ representing the deformed contour.

Although contour deformation may not completely eliminate sign or signal-to-noise problems,
it can yield substantial improvements with even simple parameterizations—for instance, the constant
shift along imaginary axes of the integration variables [124].

Guidance for identifying effective contours can also be drawn from the theory of perfect control
variates. Since perfect control variates (as in Eq. (2.81)) respect the symmetries of the observable
and action, it is natural to expect that optimal deformed contours should exhibit the same symmetries.
For example, if the action is invariant under spacetime translations, then the deformed contour should
preserve translational symmetry. This perspective can significantly reduce the space of candidate

deformations and guide the search for efficient variance-reducing contours.

2.5.2 Neural control variates

The construction of control variates hinges on identifying a function f with zero expectation
value that is strongly correlated with the observable of interest. In the Stein-based approach, this
control variate f is derived from an auxiliary function g, as in Eq. (2.76). To proceed, one must specify
a functional form or parametrization for g. A natural and highly expressive choice is to employ neural
networks.

Neural networks are, under mild assumptions, universal function approximators [125,126], offer

a flexible framework for learning complex, high-dimensional functions directly from data. This makes
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them particularly well-suited for constructing effective control variates in settings where analytic intu-
ition or hand-crafted ansitze are unavailable or insufficient.

This strategy gives rise to neural control variates (NCVs), wherein a neural network is trained to
produce a control variate f correlated with the target observable, while ensuring that its expectation
value remains zero. Training is typically guided by minimizing the variance of the modified observable
O = O — f, often using Monte Carlo estimates of the relevant expectations.

The NCV framework has proven versatile and powerful, showing promising results in a variety
of domains. In lattice field theory, neural networks have been used to construct control variates for
difficult observables with large variance [17-19]. In the context of Bayesian inference, NCVs have
been applied to improve the efficiency of posterior sampling and model evidence estimation [127—
131]. More broadly, applications in probabilistic machine learning [132, 133] demonstrate that NCVs
can generalize across domains, offering a data-driven route to variance reduction in high-dimensional
integration tasks.

This neural approach effectively bridges statistical variance reduction techniques with modern
function approximation, enabling scalable and adaptive solutions to signal-to-noise and sign problems

in computational physics and beyond.

2.5.2.1 Imposing symmetry

In many physical systems, both the action and observables are constrained by symmetries. While
general classes of neural networks are universal approximators, incorporating symmetry directly into
the construction of control variates is often more efficient than relying on the network to learn it from

data.
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A primary example is translational invariance. To ensure that the control variate f respects this
symmetry, it suffices to construct the auxiliary function g to be translationally covariant. A general
and practical way to achieve this is to define ¢ through a scalar function gy : MV — R, where MV

denotes the field space over the lattice, such that

where 7}, denotes a translated field configuration by vector y, and g(¢),, is the value of g(¢) at site .
This construction is the most general form of translationally covariant functions. To see this,

note that translational invariance of the control variate f implies

f(Ty¢) = f(9) (2.88)

for all translations y. Using the definition of f in terms of the auxiliary function g,

11,0 =% (M - gx(Tm)w)

- a¢m+y a¢z+y
01y (9) 95(¢) =
_ Joy\P) _ = ,
-y (%) = 10

This equality holds for all y if and only if

g(Ty¢)x = g(¢)z+yv (2.90)

which defines the condition for translational covariance of g. Additionally this g can be defined by its
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first component: g(z)o = go(x). Then go(z) : MV — R and then

9(@)z = 9(T20)o = go(Tu). (2.91)

A similar construction applies to other symmetries. For example, under a Z, symmetry ¢ —
—¢, one can enforce that g is an odd function. In the case of feed-forward neural networks, this
can be achieved by removing biases in all layers and using odd activation functions (e.g., arcsinh).
Such symmetry constraints reduce the effective parameter space and improve training efficiency while
ensuring that the learned control variates respect the underlying physical symmetries.

By incorporating symmetry at the level of function design, one can greatly enhance the efficiency
and generalization of neural control variates, particularly in structured physical problems such as lattice

field theory.

2.5.2.2 Loss function

The natural loss function for training ¢ is the variance of O — f:

L(w) = (0 = fu)?) = (0 = fu)?, (2.92)

where f,, is a Stein control variate, parametrized by w of the network defining g. Note that (O — f,,)?
can be omitted since it does not affect the new variance.

Since the number of configurations are small (typically of the order of hundreds in lattice QCD)
while the neural network can easily contain a much larger number of parameters, the risk of overfit-

ting exists. In that case, even though (f) = 0 by construction, Eq. (2.92) is minimized by having
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f(¢:) = O(¢;) for every ¢; in the sample, leading to the sample average f ~ O. This is not a good
approximation to the ideal control variate f. This problem was recognized in [127] where the authors

suggest to minimize instead the quantity:

L(w) = (0 = fu— po)?, (2.93)

where /1 is the sample average of the observable iy = O.

In this case, overfitting leads to f,,(¢;) ~ O(¢;) — po for every ¢; in the sample and f,, ~ 0,
a much better approximation to the ideal control variate. In fact, Refs. [117, 127, 134] suggested to
use, instead of a fixed value yi, a variable p that is updated during the training process just like the
parameters w of f,,. We verified that in our examples this last procedure was significantly better and
all results presented below are obtained with this last procedure®. Finally, to further avoid overfitting,

we applied the L, regularization:

L(w, ) = (O = fu—p)*) +6 > _w?, (2.94)

where Y w? is the sum of the squares of all neural network parameters and § is the regularization

parameter”.

2.5.2.3 Training with correlated configurations

Since the estimation of statistical errors for observables requires uncorrelated data, it is standard

practice to use decorrelated configurations when computing final estimates. This methodology has

“Note that (O) is still estimated by (O — f,,), not (O — f, — p).
3If one uses improved optimizers such as ADAM [98], AdamW [135] can be for proper weight decay.
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carried over to recent developments in the construction of control variates using Monte Carlo samples,
where it is widely assumed that independent configurations are employed for training [17, 105, 136].
The rationale is straightforward: autocorrelated configurations contain no genuinely new information
compared to decorrelated ones, so training on them should, in principle, yield similar results to training
on a smaller set of independent samples.

However, while correlated samples are generally regarded as statistically redundant for the pur-
poses of error estimation, they are far from meaningless. In fact, correlations arise precisely because
the Markov chain explores the probability distribution through local updates. As a result, successive
configurations reflect smooth transitions through the configuration space, which encode structural in-
formation about the distribution beyond what is captured by a sparse set of decorrelated samples®. This
additional information—arising from correlations between successive configurations in the Markov
chain—can be valuable when training control variates or machine learning models. By utilizing cor-
related samples, one can potentially capture more detailed features of the observable’s fluctuation
patterns, leading to more effective variance reduction for a given computational budget.

Furthermore, it is important to recognize that the autocorrelation properties of the original ob-
servable O may differ from those of the improved observable O obtained via control variates. While
the design of control variates often aims to produce an improved estimator that fluctuates in tandem
with O, it does not guarantee that the autocorrelation time will be preserved. If O happens to decor-
relate more rapidly than O, then discarding correlated configurations—based on the autocorrelation
time of O—may be counterproductive. In such a scenario, the data considered “correlated” for O may
in fact be decorrelated, or at least weakly correlated, for O, leading to the unnecessary exclusion of

valuable training data. This misalignment underscores the importance of evaluating autocorrelation

The same reasoning applies even when global updates are used in the Markov chain.

60



properties separately for each observable involved in the control variate construction.

Note that the above argument does not mean that one will use the same number of correlated
configurations for training rather than the same number of decorrelated configurations. If we have a
fixed length of Monte Carlo chains, for example, 103 decorrelated configurations, we can measure 100
times more often in the same chain to train the neural control variates with 10° correlated configura-
tions, while they are statistically the same for measuring uncertainties.

In principle, a good control variate should exhibit fluctuations similar to those of O, differing
only in that its expectation value is zero. This similarity suggests that f might retain comparable
autocorrelation properties. Nevertheless, the relationship does not guarantee that O has the same
autocorrelation behavior. Consider, for instance, the perfect control variate defined by fp = O —
(O). This choice eliminates all stochastic fluctuations, yielding an estimator with zero variance and,
consequently, zero autocorrelation time. While such a perfect control variate is rarely attainable, it
highlights that variance reduction can significantly alter the autocorrelation structure, and this should
be considered when interpreting results.

Given these considerations, a safer and more flexible strategy is to retain and utilize correlated
samples when training control variates. By doing so, one avoids discarding potentially informative
data and makes more efficient use of available computational resources—especially in scenarios where
generating additional independent configurations is expensive. Importantly, this approach does not
conflict with standard practices for error estimation. While training may proceed on correlated data, the
final evaluation of observables and their uncertainties should still rely on decorrelated configurations
or techniques such as the blocked jackknife or autocorrelation-aware estimators. In this way, one
can exploit the full informational content of MCMC samples while maintaining statistical rigor in
uncertainty quantification.
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2.5.3 Results

2.5.3.1 Scalar field theory

As a testbed for variance reduction techniques in quantum field theory, we consider the scalar
field theory with a ¢* interaction—a widely used toy model in this context [16,17,105,137]. We study

this theory in two, three, and four spacetime dimensions. The discretized lattice action takes the form:

S:§;<¢W—¢x> +7;¢x+5;¢x, (2.95)
where = = (¢, ¥) denotes the spacetime lattice site, and 1 = 1, ..., d indexes the spacetime directions.

The observable of interest is the zero-momentum two-point correlation function, defined as

O(t) = Z (% Z ¢t+t',£> (% Z <Z5t',:z> ; (2.96)

tl

where V' is the spatial volume of the system.

In Figure 2.9, we present the training history of neural control variates on a 20 x 20 lattice for
both weak and strong coupling regimes, A = 0.5 and A = 24.0, using neural networks with and without
hidden layers. The target observable is the mid-lattice two-point correlator, Eq. (2.96), evaluated at
t = Ly/2 = 10, where the signal-to-noise ratio is the worst.

The plots show the ratio of standard deviations—indicating the improvement in statistical un-
certainty—as a function of training step. A dataset of 10* fully decorrelated configurations is utilized
for training the neural network, while an independent test set of 10® configurations is served to eval-

uate the variance of the estimator. The results demonstrate significant variance reduction, though the
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Figure 2.9: Training history of neural control variates on a 20 x 20 lattice at weak (A = 0.5) and
strong (A = 24.0) coupling. The curves show the ratio or,y/ocv, quantifying the improvement in
standard deviation due to control variates. Dashed lines correspond to networks without hidden layers
(i.e., linear control variates), while solid lines represent networks with 5 hidden layers of 4 neurons
each. 10* decorrelated configurations are used for training, and 10° independent samples are used to
estimate the variance.

performance depends sensitively on the size of the training set.

These findings can be compared to those in [105], which used a different, more direct construc-
tion of control variates. The method in [105] is exact in the free-field limit and performs well at weak
coupling. Neural control variates also excel in this regime, particularly when a linear model (no hidden
layers) is used, consistent with the sufficiency of linear control variates in free theories. However, at
strong coupling, the linear ansatz offers limited improvement, as shown by the dashed lines in Fig-
ure 2.10. By contrast, introducing nonlinearity via hidden layers yields significantly better variance
reduction, highlighting the advantage of flexible neural architectures in strongly interacting systems.

Reducing the uncertainty of a single time-slice does not necessarily lead to improved estimates
of derived quantities such as the mass. To explore this, we applied our method to anisotropic 40 x 10

lattices with couplings near the continuum limit. Ideally, one would construct separate control variates

63



0.0030]
+ Raw

2V 6 =20
CVatt 0.0025!
CVatt=10

+ CV at all points 0.0020]

3 N I 7= 0.0015
) &
) ) N
t N 0.0010]
$ N /
¥ NN ¥
~ P G N L
Ny 3N
RN, G, @ 0.0005|
0.01f T s
................
.....................
0.0000
0 5 10 15 20 25 5 10 15 20

Figure 2.10: Correlation functions on a 40 x 10 lattice with parameters m? = 0.01 and A = 0.1. Both
raw and control variate (CV) results are shown. A total of 2 x 10? samples were used, with 10? reserved
for training the neural control variate and all samples used for evaluating observables. For comparison,
high-statistics raw results computed from 2 x 10° samples are also included. The left panel shows the
correlation functions along with their fits; horizontal shifts have been applied for clarity. The right
panel displays the corresponding standard deviations of the correlators from the left panel.

for each time-slice, but this is computationally prohibitive. Instead, we trained NCV's to optimize the
variance att = Ly/2 = 20 or t = Ly/4 = 10. The resulting correlators are shown in Figure 2.10, and

mass fits using the functional form

C(t) = Ale™™ 4 ¢~mLo=b) (2.97)

are summarized in Table 2.1. The fits incorporate correlations between time-slices, and a regularization

strength 9 = 0.1 was used during training.

A m x?/dof
Raw, N =2 x 103 | 0.000112(18) | 0.1935(40) | 0.55
CVatt =20 0.0001191(51) | 0.1920(13) | 0.29
CVatt=10 0.0001083(44) | 0.1944(13) | 0.55
CV at all points 0.0001096(7) | 0.1938(2) 091
Raw, N =2 x 10° | 0.0001088(18) | 0.1940(4) 0.34

Table 2.1: The fitted values of correlators in Figure 2.10.
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Figure 2.11: Training history for the three-dimensional scalar field theory on a 32 x 8 x 8 lattice with
parameters m? = 0.01 and A = 0.1. All configurations are drawn from the same Monte Carlo chain,
but with different autocorrelation times. The left panel shows the standard deviation reduction ratio,
ORaw/0cv, using a neural network with two hidden layers of 32 neurons each. The right panel shows
the same quantity for a deeper architecture with four hidden layers of 64 neurons each.

At the optimized time-slice (t = 20 or ¢t = 10), the variance is reduced by a factor of ~ 20. Due
to correlations between time-slices, neighboring points also benefit, though to a lesser extent. In this
setup, the uncertainty in the extracted mass is reduced by a factor of ~ 3, equivalent to using a dataset
nine times larger.

While targeting a single time-slice yields substantial local improvements, the global impact on
mass estimation remains moderate. To address this, we employed transfer training—using the trained
model from one time-slice as the initialization for the next. This strategy enables us to construct
effective control variates across all time-slices, achieving ~ 20 times variance reduction uniformly. As
shown in Table 2.1, the resulting mass uncertainty matches that obtained from high-statistics datasets,
confirming the reliability and consistency of the neural control variate approach even with limited data.

We now turn to training with correlated Monte Carlo samples. Configurations are generated
using the Metropolis-Hastings algorithm, with one measurement per sweep. The training dataset in-

cludes 10* samples, while the test set consists of 10 fully decorrelated configurations, obtained by
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Figure 2.12: Training history for the four-dimensional scalar field theory on a 16 x 8 x 8 x 8 lattice
with parameters m? = 0.1 and A\ = 0.5. Configurations are generated from a single Monte Carlo
chain, with different measurement intervals (in units of sweeps) used to control the degree of sample
correlation.

inserting sufficiently long intervals between measurements.

Training is performed using the ADAM optimizer with a fixed learning rate of 10~ and a mini-
batch size of 32. To prevent exploding gradients, we employ gradient clipping [138] with a threshold
of 1.0. To focus solely on the impact of sample correlation, L, regularization is omitted, as it primarily
mitigates overfitting and is not expected to qualitatively affect the results.

Figure 2.11 shows results in three dimensions on a 32 x 8 x 8 lattice. Two network architectures
are compared: the left panel uses two hidden layers with 32 neurons each, while the right panel uses
four hidden layers with 64 neurons each. In both setups, increasing the number of training samples
leads to greater error reduction—even when the samples are correlated.

Results in four dimensions are displayed in Figure 2.12. As before, we observe that adding more

training data, even if the samples are not fully decorrelated, enhances the effectiveness of variance
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reduction when the total MCMC and training budget is held fixed.

2.5.3.2 2D U(1) gauge theory

We now turn to numerical experiments involving a simplified model: two-dimensional U(1)
gauge theory with open boundary conditions. While gauge theories are typically formulated in terms
of link variables, in two dimensions with open boundaries, it is possible to fix the gauge such that the
path integral can be expressed directly in terms of plaquette variables [118]. In this formulation, the

Euclidean action takes the form

S = —BZ (1 — cos 05) , (2.98)

with a corresponding partition function
Z = / [ dor e 7 x-(1mcos0k). (2.99)
As an observable, we consider the Wilson loop over a region A:

O(A) =[] . (2.100)

€A

which is known to suffer from a severe signal-to-noise problem. For all results shown here, the cou-
pling is fixed at § = 5.55, corresponding to a fine lattice spacing close to the continuum limit [118].
As shown in Figure 2.13, the signal-to-noise ratio of this observable decreases exponentially with
increasing area.

To better isolate the effect of correlation in training, we employ unusually high acceptance rates

in the Metropolis-Hastings algorithm, ranging from 0.9 to 0.95—substantially higher than typical val-
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Figure 2.13: Signal-to-noise ratio of Wilson loops as a function of loop area at coupling 5 = 5.55,
estimated from 10% decorrelated samples.

ues (0.3-0.7). The training dataset consists of 10* correlated samples, while the test set comprises 103
fully decorrelated configurations, generated by increasing the interval between measurements in the
Markov chain.

For this toy model, we do not impose symmetry constraints on the neural network. Specifically,
the network is not designed to enforce translational invariance or Z, symmetry, as discussed in Sec-
tion 2.5.2.1. Instead, we use a standard feedforward architecture to parametrize g, with input features
given by cos 0¥ and sin %, representing the real and imaginary parts of the plaquettes. The activation

function used is the Continuously Differentiable Exponential Linear Unit (CELU) [139], defined as

T ifx >0,
CELU(z,a) = (2.101)

a(exp (x/a) — 1) otherwise,
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Figure 2.14: Training dynamics for the Wilson loop with area A = 4 at coupling 3 = 5.55, based on a
single Monte Carlo chain sampled with integrated autocorrelation times. The left panel illustrates the
reduction in standard deviation compared to the original observable O. The right panel shows how the
loss function evolves during training, evaluated on an independently decorrelated test set.

with a = 1.0 throughout this work.

Training is performed using the ADAM optimizer with a fixed learning rate of 10~* and a mini-
batch size of 32. To mitigate the risk of exploding gradients, gradient clipping is applied with a
threshold of 1.0.

Figure 2.14 illustrates the effect of using varying degrees of autocorrelation in training sam-
ples. The left panel shows the variance reduction achieved by the neural control variate relative to the
raw observable O, while the right panel tracks the test loss, Eq. (2.94). A network with three hidden
layers of 32 nodes each is used. The integrated autocorrelation time is varied, controlling the corre-
lation among training configurations, and the results for fully decorrelated samples are presented for
comparison.

To study scaling behavior, we increase the area of the Wilson loop to A = 16. The corresponding
results are presented in Figure 2.15. In this case, we use a smaller network with two hidden layers of

16 nodes each. The overall trend persists: incorporating a larger number of (partially correlated)

69



—— Tjnr =737
Tint = 36.9
Ting = 184
Tint=9.3
Tint = 1.1

{11

err(0)/err(0 -1

T T T T T T T
a 5 10 15 20 25 30 35 40
Training time (m)

Figure 2.15: Training history for the Wilson loop with area A = 16 at coupling S = 5.55, using a
single Monte Carlo chain sampled at various integrated autocorrelation times.

configurations in the training data leads to better variance reduction, assuming a fixed total length of
MCMC chain. However, due to the more intricate loss landscape arising from the larger number of
variables, the reduction in variance is less pronounced compared to the A = 4 case.

While Eq. (2.76) provides a general framework for constructing control variates, one can lever-
age model-specific structures to design more effective variants in practice. In this toy model, the

factorized form of both the action and the observable allows for a tailored control variate of the form:

=TI -1 (ewf - fl(ef)), where f,(07) = 99 _ ;95 (2.102)

T€EA T€A deP d@P

Here, S (07) = B(1 — cos #7) denotes the single-plaquette action. Since the observable in Eq. (2.100)
is complex-valued while its expectation value is real, f; is generally complex. Accordingly, the func-

tion g is modeled using two separate neural networks, g, and g;, such that g(67) = g,(07) + i g:(67).
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Figure 2.16: Wilson loops computed on an 8 x 8 lattice at coupling 5 = 5.555, using the control
variate ansatz from Eq. (2.102). The left panel shows the expectation values of the Wilson loops with
1o error bars. The right panel displays the achieved variance reduction, quantified by the ratio of
standard deviations og,,, /ocy between the original observable and the control variate.

Figure 2.16 shows the error reduction achieved using these neural control variates. Because
two-dimensional gauge theories are exactly solvable, the exact expectation value (11(8)/I,(8))" is
also shown for comparison. For each area, both g, and g; are represented by feedforward networks
with four hidden layers and 16 neurons per layer. To ensure that the control variate f satisfies the
periodic boundary condition required for Stein’s identity, Eq. (2.74), the input to g is constructed using
cos 67 and sin 7 —the real and imaginary parts of the plaquette angle. As illustrated in the right panel
of Figure 2.16, although the raw observable suffers from an exponential signal-to-noise degradation
with increasing area, the neural control variates effectively mitigate this problem, yielding exponential
error suppression.

This example also illustrates a limitation of the generic control variate form in Eq. (2.75): it may
not encompass the “perfect” control variate. Consider a Wilson loop with area A = 2, parameterized

by two plaquette angles,  and y. Finding the perfect control variate corresponds to solving the partial
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differential equation:

20 4+ 20— Guinte)g — fsniug = explita +) — (1) (2.103)

This equation admits a general solution using a change of variables to x + y and = — y, along with the

method of integrating factors:

g(ZL’, y) _ 672,8605(%%)005(96—;1’>

z+y

x (/ T gy (2B eosu) cos(25L) (em _ (222)2) Lo (x;y)> | (2.104)

where C' is a function determined by boundary conditions. However, it is straightforward to verify

that this general solution lacks periodicity, implying that the perfect control variate falls outside the

function class defined by Eq. (2.75).
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Chapter 3: Quantum state preparation for lattice field theory

3.1 Overview

Quantum computers, originally proposed by Richard Feynman [140], represent a fundamentally
different paradigm for simulating quantum systems—one that aligns naturally with the structure of
the problems they are designed to solve. Unlike classical computers, which face exponential resource
requirements when simulating large or entangled quantum systems, quantum computers can in princi-
ple perform these simulations using polynomial resources. This promise is particularly compelling in
areas where classical simulations are known to be intractable.

A canonical example illustrating the power of quantum algorithms is Shor’s factoring algo-
rithm [141], which solves the problem of factoring large integers exponentially faster than the best-
known classical approaches [142—-145]. However, the advantages of quantum computing extend far
beyond cryptographic applications. Quantum simulations have the potential to address some of the
most severe computational bottlenecks in physics, including the infamous sign problem [44]. This
problem arises in various contexts—such as real-time dynamics [96, 146, 147] and systems at finite
chemical potential [148, 149]—where classical Monte Carlo techniques fail due to exponentially sup-
pressed signal-to-noise ratios stemming from complex or oscillatory weights in the path integral.

With the rapid development of quantum hardware, including the emergence of noisy intermediate-
scale quantum (NISQ) devices, the use of quantum simulations to circumvent—not merely mitigate—
these problems has transitioned from a theoretical aspiration to an increasingly viable strategy. In
tandem with advances in quantum error mitigation and the construction of Hamiltonian formulations
suitable for gauge theories, researchers have begun to design algorithms that can potentially outper-

form classical techniques in extracting real-time and finite-density physics from first principles.
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The standard procedure of a quantum simulation can be divided into three essential components:

1. The preparation of an appropriate quantum state, typically a ground state of the target Hamilto-

nian.

2. The time evolution of this state under a given Hamiltonian.

3. The measurement of observables of interest.

Each of these stages poses unique challenges, but among them, state preparation remains a particularly
demanding and central problem.

Indeed, high-fidelity state preparation is not only technically difficult, but also crucial for the
success of a simulation. In many physical applications, such as those involving lattice gauge theories
or strongly correlated systems, the quantum simulation must begin in a well-defined and physically
relevant quantum state—often the vacuum, a thermal state, or a low-energy eigenstate. The quality
of this initial state directly impacts the reliability of downstream observables and the feasibility of
subsequent computational steps. Because of this, state preparation has been the subject of intensive
research for nearly three decades [150-178].

Unlike certain problems in quantum information theory—such as factoring or Grover’s unstruc-
tured search [179]—where a single-shot high-probability success suffices, quantum simulations of
physical systems typically require the prepared state to be generated many times. Observables are
often estimated via statistical sampling, and the reliability of the result depends on repeated measure-
ments of a well-prepared quantum state. For this reason, it can be worthwhile to expend significant
resources upfront to generate a high-fidelity initial state if doing so enables more efficient or scalable

reuse of that state in repeated runs.
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This chapter is dedicated to addressing this foundational issue: the efficient and scalable prepa-
ration of physical states for quantum simulations, with particular emphasis on applications to lattice
gauge theories. Our goal is to propose, analyze, and compare strategies that can prepare quantum
states with high accuracy while maintaining feasibility in both current and future quantum comput-
ing architectures. We are especially interested in methods that offer robustness against errors, exhibit
favorable scaling with system size, and maintain compatibility with near-term devices.

The chapter is organized as follows.

* Section 3.2 examines the rodeo algorithm proposed in [2], where we observe that iterations with
randomly selected times lead to exponentially large fluctuations in the suppression of excited
states, and improve the algorithm both in removing fluctuations and improving the suppression

of excited states [180].

» Section 3.3 introduces the concept of path length, defining it as a quantitative measure of the
difficulty in preparing eigenstates along a given path. The section also explores how the path

length scales with system volume in local quantum field theories [181].

 Section 3.4 explores an efficient projection-based algorithm for traversing Hamiltonian paths [181].

 Section 3.5 analyzes various aspects of errors in adiabatic state preparation.

— Section 3.5.1 and Section 3.5.2 review the adiabatic theorem and the switching theorem,

introducing key concepts relevant to understanding and quantifying errors.

— Section 3.5.3 presents the concept of typical error, providing a framework for error estima-

tion using the switching theorem [182].
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Figure 3.1: The circuit diagram of the rodeo algorithm. This figure is adapted from [2].

— Section 3.5.4 explores how the switching theorem can be applied to reduce errors in prac-

tice [183].

— Section 3.5.5 investigates how errors scale in the limit of long path lengths [184, 185].

3.2 Rodeo algorithm

The rodeo algorithm [2, 186, 187] is a cost-effective method for quantum state preparation, de-
signed to project an initial state onto an energy eigenstate in systems with discrete spectra. Its success
probability scales with the square of the overlap between the initial and target states, while the time
required grows only logarithmically with the desired accuracy. The rodeo algorithm can be used on
its own for direct state preparation or combined with techniques such as adiabatic quantum comput-
ing [188-192], particularly in cases where the overlap between the initial state and the target state is
small. It operates through quantum interferometry and requires a series of iterations to achieve high
accuracy, with each iteration involving a specific evolution time. The circuit diagram for the rodeo
algorithm is shown in Figure 3.1.

It is worth noting that when implemented on a gate-based digital quantum computer, the “time”
in the rodeo algorithm corresponds to a discretized evolution time, such as that appearing in a Trotter-
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ized approximation [193, 194]. However, the rodeo algorithm is also well-suited to analog quantum
simulators, provided there is a mechanism to control the simulator—effectively turning it on and off—
via quantum gates. This concept of gate-controlled analog quantum simulation presents a promising
avenue where the rodeo algorithm might demonstrate a decisive advantage. For the purposes of an-
alyzing the rodeo algorithm, we will focus on such idealized scenarios and set aside concerns about
Trotterization errors.

While the rodeo algorithm is applicable to projecting onto any discrete eigenstate of a Hermitian
operator, for clarity and simplicity, this paper will focus on projecting onto the ground state of a physi-
cally relevant Hamiltonian—a likely common use case. Furthermore, to streamline the discussion, we
will assume that a constant shift has been applied to the Hamiltonian so that the ground state energy
is zero. Nevertheless, the essential points of the analysis remain valid for projections onto arbitrary
discrete eigenstates and Hamiltonians with general ground state energies.

Before analyzing the full rodeo algorithm as discussed in [2], it is useful to first examine the
effect of a single iteration using the framework of density matrices and reduced density matrices. The
Hilbert space of the total system is enlarged by introducing an ancilla qubit, initialized in the state
|1} (in the z basis), while the physical system begins in a pure quantum state. Since the ancilla qubit
becomes entangled with the physical system during the iteration, a natural and convenient description
of the system is through the use of density matrices, allowing us to easily track both the total system
and its reduced subsystems.

Prior to the jth iteration of the algorithm, the physical system is in the state

Ve ™ = i) + 3 adlue) with o+ 3ol =1, G.D
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where |1),) denotes the target eigenstate (typically the ground state), and |1).) represent other eigen-
states. The corresponding full density matrix in the enlarged Hilbert space—including the ancilla
qubit—is given by

P ™ = 1) (1 ® ™, 3.2)

where the subscripts “phys” and “total” refer to the Hilbert spaces of the physical system and the
combined system (physical system plus ancilla qubit), respectively. The superscript j indicates the
iteration number.

The total system then undergoes unitary evolution described by

~7, final °r ~j,initial £
pzotal = Uj pzotal Uj’ (33)
where
~ . - 1 1 .
U, = exp (—z’ (p; ® thysjy)) with i, = S (1+ ). (3.4)

Here, p! acts on the ancilla qubit and serves as a projector onto the up state in the x basis. This
evolution is implemented by first applying a Hadamard gate to the ancilla qubit, then allowing the
physical system to evolve under its Hamiltonian for a time 7 conditioned on the ancilla qubit being
in the “up” state, followed by another Hadamard gate on the ancilla. The core idea of the rodeo
algorithm is the quantum interference between the Hamiltonian-evolved components and the non-
evolved components, enabling selective amplification of desired eigenstates across iterations.

The full density matrix after the time evolution is

Ploar = 11 (M@ 4+ 1) (L@, ™™ + 1) (M@p™ + 1) (o™ (3.5)
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with w, = E,/h.

(3.6)

3.7

(3.8)

(3.9

The last step is to measure the state of the ancilla qubit. This corresponds to the reduced density

matrix for the physical system at the end of the iteration, obtained from Eq. (3.5), in the following

form:

A, ﬁnal A] final A] final
phys -

= [ad Pl (o] + Y led]?[e) (bl
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Here, P’+% is the probability that the auxiliary qubit is measured in the up state (along the z axis),
corresponding to a “successful” iteration, while 7! is the probability of finding it in the down state,
denoting an “unsuccessful” iteration.

The terms “successful” and “unsuccessful” correspond to the measurement outcome of the an-
cilla qubit. Measuring the qubit in the down state projects the physical system onto /%, which lacks
ground state components, making the iteration unsuccessful. Measuring the up state projects the sys-
tem onto /% enhancing the ground state component and marking a successful iteration. It can be

summarized as

j,initial successful j,final __ .
STy with
|77D>phys iteration |¢> phys

() = gty +Zac!wc ) and [yh)hine —

aglg) + 3.5 (14 e D) adly) -G

\/|a§|2 +>. ]agP cos? (w—QTJ)
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3.2.1 Analysis of the rodeo algorithm

Reference [2] primarily emphasized maximizing the suppression factor per iteration of the rodeo
algorithm. This might suggest that the optimal strategy is always to maximize suppression in each step
and simply run enough iterations to achieve the desired accuracy. However, this approach is not always
the most efficient. Greater suppression typically requires longer evolution times, which may cancel out
the benefits. Performing more iterations with shorter evolution times may reduce overall computational
cost.

The rodeo algorithm suppresses excited-state components based on their energies. Since the
method targets discrete spectra, there is a minimal excitation energy, denoted A. Knowledge of A is
crucial for optimization: investing effort to suppress components below this threshold is unnecessary,
as they are absent by construction.

This minimum excitation energy defines a natural timescale:
Ty = — (3.13)

corresponding to one full phase period of the lowest excited state.

While time provides a useful proxy for computational cost, it is a dimensionful quantity and
can be rescaled alongside energies without altering the problem’s difficulty. Additionally, most anal-
yses of the rodeo algorithm involve products of energies and times. For convenience, we introduce

dimensionless variables:

_ET_ET C _Eﬂot_Eﬂot
Toth AT, YT 2rh T ATy

(3.14)
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where 7' is the time for a single iteration, and 7} is the total runtime. The factor of 27 ensures that ¢

naturally counts periods of the phase.

7, initial

The rodeo algorithm proceeds iteratively, taking as input at the jth step the physical state W>phys

7, final

phys - Lhe evolution time for each iteration is

and, upon a successful iteration, producing the state |¢)
denoted 7j.

The key features of the rodeo algorithm are:

1. Suppression of excited states:
After n consecutive successful iterations, the cth excited state is suppressed relative to the ground

state by
o 4 Mp ;
Se = Hsﬂ with s/ = cos® (%) = cos® (m¢l),
j=1 (3.15)
w7

2T

E, ,
where w, = — and (! =

h

The total suppression factor after n iterations for any component can be expressed in terms of

(tor (from Eq. (3.14)) as

E. T, = wT; =
5(Ciot) = S (K ;ﬂ;) = l_ICOS2 ( 5 J> where Tt = ZTn ) (3.16)

k=1

2. Enhancement of the ground state probability:

The probability that the system is in the ground state after n successful iterations is

’a9|2 P;

log 2+, (H?Zl cos? (ch)> lag)?  Pi+ [JdE s (%%» p(E)
- . P; . .
Pi+(1- Pi)Sg

PTL

g

(3.17)
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Here, p(E) is the spectral density of the initial state:

p(E) = initial<w‘5(]f[ _ E)’w>initial (3.18)

phys phys >

and Sg, the overall suppression factor for excited states, is

(3.19)

where 0 < ¢ < A ensures inclusion of the first excited state. As n — oo, Sg — 0 and Pg" — 1.

. Success probability:
Assuming the ground state energy is precisely known and there are no implementation errors,

the probability of n consecutive successful iterations is

P =og)* + > (H cos? (wgg')> a2 (3.20)
j=1

C

In the limit n — oo,

lim P = o | = ([ 55 (3.21)

n—oo phyS

. Restarts after failure:
If an iteration fails before the desired ground state accuracy is reached, the initial state must be
recreated. On average, the initial state must be prepared 1/P"° times to obtain n successful

iterations.
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5. Expected total runtime:

The expected total time to achieve a projected state with accuracy corresponding to n successful

iterations is

T’I'LS

Texpected .

(Pl ) e 1>

- __ (3.22)

where 7™ ° is the runtime for n successful iterations. This expression assumes that contributions

from excited states are negligible after n iterations.

To understand these features, it is instructive to examine the details of a single iteration. From

Eq. (3.1), the probability that the system is initially in the ground state at the start of iteration j is

ng, initial __ ‘a§‘2‘ (323)

According to Eq. (3.12), after a successful iteration, the state becomes:

() = allibg) + D al|te), (3.24)
with
1j O‘é d o O‘z COS (7"@) e~imC
Qg = : ; = and o; = : : .
\/]czf,|2 + >, |od|? cos? (WC(];) \/\af,P + >, |ad|? cos? (WC,?)

Thus, each successful iteration increases the ground state probability:

P, initial
g

P+ 3, ol cos? (ncl)

e
Fyt =lag|” =
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(3.25)

Z Pg, initial‘ (326)



The inequality holds because the denominator is at most unity and is saturated only if all excited
components satisfy either a/ = 0 or cos? (7(}) = 0—a highly unlikely scenario. Therefore, each
successful iteration reliably enhances the ground-state component.

From Eq. (3.25), it is clear that the enhancement of the ground state probability comes through

the relative suppression of components other than the ground state, which is given by

A AR
s ( 7 5 ) = COS (ch) . (3.27)
g |ag

Since this suppression happens for each iteration, the net suppression for component c is the product
H?Zl sJ which establishes feature 1 above; feature 2 follows consequently.

The reduced density matrix for the physical system is given in Eq. (3.10). Because the reduced
density matrix traces over the ancilla qubit, it accounts for both successful and unsuccessful iterations.
From the explicit form of Eq. (3.10), it is evident that the total probability for the physical system to
be in the ground state—including contributions from both successful and unsuccessful iterations—is
simply ]ag\Q. As noted earlier, this is precisely the initial probability of the system being in the ground
state at the start of the jth iteration. Therefore, when considering the full evolution, including both
successful and unsuccessful outcomes, the total probability for the ground state remains unchanged
by each iteration. Since this property holds for all iterations, it follows that the overall ground state
probability is preserved throughout, remaining equal to its initial value before any iterations have
been applied. Feature 3 follows immediately from this observation, while features 4 and 5 are natural
consequences of feature 3.

Once the number of iterations and the times assigned to each iteration are fixed, the cumulative

suppression factor for components with any given energy is fully determined. However, the algo-
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rithm as described thus far remains incomplete: explicit criteria for selecting the iteration times and
determining the total number of iterations have not yet been specified.

Note that the suppression factor for each iteration depends solely on ¢/ = E.T7/(2rh). Since
the objective is to suppress contributions from various excited-state energies present in the initial state,
the key is to select iteration times that effectively target these components. It is clear that using the
same time for each iteration is suboptimal: for energies satisfying w.7” equal to an odd integer (with
w. = E./h), the suppression factor is unity—that is, no suppression occurs—regardless of the number
of iterations performed. Moreover, components with energies near these points will experience only
weak suppression. The remainder of this section is devoted to exploring various strategies for selecting
the iteration times in order to overcome these limitations and ensure efficient suppression of unwanted

components.

3.2.2  Optimizing the random rodeo algorithm

In its original formulation, the algorithm selected iteration times randomly from a Gaussian
distribution with a predetermined standard deviation [2]. We will refer to this version of the rodeo
algorithm as the random rodeo algorithm (RRA). The underlying logic of RRA is simple: the iteration
times are uncorrelated, except insofar as they share the same overall standard deviation. Given this lack
of correlation, one might reasonably expect that, after many iterations, all excited-state components
will experience significant suppression, as the random variation in times prevents the formation of
coherent regions that remain largely unsuppressed.

This section focuses on how to optimize the RRA to achieve maximal suppression with minimal

computational cost. In subsequent sections, we will explore alternative time-selection strategies that
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generally yield stronger suppression at lower computational expense than the optimized RRA. How-
ever, in order to appreciate the relative advantages of these alternative approaches, it is essential first
to understand the limits of what can be achieved within the RRA framework.

At present, the optimization problem is not fully specified. Different components of the initial
state may experience varying levels of suppression, and the appropriate optimization strategy depends
on the information available about the initial state’s spectral composition. For instance, if it is known
that the excited-state contributions are concentrated within a narrow energy band—say, between A
and 2A—then the algorithm can be tailored specifically to suppress components within this range.
In contrast, if the initial state contains substantial contributions spanning many orders of magnitude
in excitation energies, a qualitatively different strategy may be required to ensure broad and effective
suppression.

Let us consider the case where no detailed information about the initial state is available beyond
the fact that it is normalized and that all excited-state components have energies greater than or equal
to A. In this situation, a conservative optimization strategy is appropriate—one aimed at maximizing
suppression of the components with £ > A, which are, on average, the least suppressed (i.e., have
the largest expectation value of the suppression factor s) for a fixed average total runtime. Since the
random rodeo algorithm selects iteration times randomly, the only control parameter is the average
total runtime. While one cannot guarantee that individual components will not experience smaller-
than-average suppression, one can ensure that, statistically, the average suppression for all components
exceeds a desired threshold. Equivalently, one can ask: how much average total time is required to
ensure that the expected suppression for all components with energies above A is at least a specified
value?

This optimization problem is straightforward to analyze. From Eq. (3.15), the suppression factor
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for a component with energy £ = hw after n iterations is

[ eos’ (%) , (3.28)
j=1

where the T} are randomly and independently drawn for each iteration. Thus, the ensemble average of

the suppression factor is:

([ () (2) - (4)
= < / dT'p(T", T) cos? (“’3’))” (3.29)
) (o)) vremimr

where n is the number of iterations, p(7},7T) is the probability distribution for the iteration times

(specifically, the positive half of a normal distribution with mean 7" such that 7" = \/%TRMS)’ and in
the final line we have introduced { = “JT

It is clear that as ¢ — 0, s*¥8 — 1. This reflects the design of the algorithm, which ensures that
the ground state (with w = 0) remains unsuppressed. Conversely, for large (, the suppression factor
asymptotes to 1/2". Notably, this asymptotic behavior is reached rapidly since exp(—73(?) becomes
negligible for moderate values of (.

It is important to note that the total average runtime, 7., is simply the number of iterations

times the average time per iteration: Tt = nl. Rewriting Eq. (3.29) in terms of 7}, or equivalently

Ciot = wTioy /27, yields:

n ) n
528 (Crotar, 1) = (%) <1 + exp (2—25”» : (3.30)
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Figure 3.2: The average suppression factor is plotted as a function of (i, for various values of n.
The left panel displays all values of n from 1 to 40. As the curves become densely packed near the
separatrix, making the features difficult to distinguish, the middle panel highlights every fifth value of
n for clarity. The right panel includes a dashed line representing the exponential fit given in Eq. (3.34).

This form highlights the trade-off between the number of iterations and the total runtime required to
achieve a given level of average suppression.

In Figure 3.2, s*8 is plotted as a function of (;,; for various values of n. The leftmost panel
shows curves for all n from 1 to 40. It is evident that the (o—s*V8 plane separates into two distinct
regions. The lower left region corresponds to situations where no choice of n yields a given value of
Ciot With the corresponding level of average suppression s2V#; in this region, achieving such suppres-
sion with RRA is impossible. Conversely, in the upper right region, there exist values of n for which
RRA achieves the desired suppression level at the specified (;;. The boundary between these regions
is marked by a well-defined separatrix.

The dense clustering of curves in the left panel makes it difficult to discern the detailed structure
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of the separatrix. To better illustrate its behavior, the middle panel of Figure 3.2 shows only every
fifth value of n. For (o, = 1, the separatrix is strikingly well-approximated by a simple exponential—
manifesting as a straight line in the log-plot.

The optimal exponential fit is the one that intersects the exact separatrix at every n. This can
be achieved by considering the functional form of Eq. (3.30) while allowing n to be a continuous real

variable instead of restricting it to discrete integers. By fixing (;,; and minimizing s*v&, 9sV& /On = 0

gives

n = Ao, (3.31)
where « satisfies

273 2
= log . (3.32)
o? (1+exp (5)) (1 +exp (—2—3)>

Numerically solving for « yields

o~ 4.271. (3.33)

Substituting this result, the minimal suppression factor SA'& for a given (., takes the exponential

form:
3
1+exp (—%)

SAVg(Ctot) = exp (= Gror) With f = —alog 5

R 2.244. (3.34)

Egs. (3.31)-(3.34) provide the minimum achievable value of sV# for any n. However, since the

RRA is implemented with integer values of n, Eq. (3.34) serves as a lower bound:

S (Coor, 1) > SAVE(Cror) = exp (—f Cror) With 8 & 2.244. (3.35)

In cases where (i yields integer n values from Eq. (3.31), the bound is saturated, and Eq. (3.35)
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becomes exact. Moreover, since the curves for successive n values near the separatrix are densely
packed for (¢ = 1, the continuous approximation remains highly accurate. This excellent agreement
is clearly visible in the right panel of Figure 3.2.

Using this result, we return to the optimization problem of determining the required total time to
ensure that all components with energy greater than or equal to A (the minimum excitation energy or
gap) are suppressed on average by at least a predetermined factor S. Given that (i = %, we can

rewrite Eq. (3.35) as

Tt > ——————. (3.36)

To guarantee suppression for all components, we substitute £ = A, yielding

2mhlog(S
Tiot > _B—Ag()' (3.37)
By using the natural timescale 7j, we obtain
Tio 1
o, 10805) 4 4456 log (S) . (3.38)

Ty —

3.2.3 Fluctuations in the random rodeo algorithm

It may seem reasonable to assume that maintaining the ensemble-averaged suppression factor
below a fixed threshold S across all excited-state energies would guarantee effective suppression. In
practice, however, this is not the case—the suppression factor exhibits exponentially large fluctuations,
making it both challenging and computationally expensive to consistently achieve the desired level of

suppression.
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A clear indication of exceptionally large fluctuations can be found in the existence of multiple,
qualitatively distinct “natural” expectations for the suppression after n iterations.

One intuitive expectation follows from the fact that the average of cos?(() is Away from

1
5
¢=0, where no suppression occurs, one might assume that each iteration effectively samples cos?(()
randomly, leading to an average suppression of % per iteration. Alternatively, one could argue that
for large (, the phases in the cosine function become uniformly distributed due to the random time
assignments, and as noted in Ref. [2], the geometric mean of cos?(() suggests a suppression of % per
iteration.

Which of these expectations is correct? The surprising answer is that strong evidence supports
both. Reference [2] provides numerical evidence for suppression scaling as 47", showing that for
¢ = 3.0, the logarithm of suppression closely follows —/N log4 (with significant fluctuations) and
nearly does so for ( = 2. This suggests that, at least for sufficiently large (, typical suppression per
iteration is close to ;.

At the same time, Eq. (3.30) reveals that the ensemble-averaged suppression approaches 27"
rather than 47" as ( increases. This apparent contradiction can be resolved by recognizing that the
average suppression is heavily influenced by rare, atypical cases where suppression factors are much
larger than the typical ones. In other words, while most realizations of the algorithm exhibit suppres-
sion around 4", the ensemble average is skewed by occasional runs with significantly less suppres-
sion, indicating the presence of exceptionally large fluctuations.

This can be easily verified. Table 3.1 presents the geometric mean and root-mean-square (RMS)
values of the suppression factor for the ensemble used in RRA, alongside the previously computed
arithmetic mean. These expressions are obtained using a similar approach to that of the arithmetic

mean.
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S(Ejflttiifjl 5(Ceops ) Crot — 00 Expoiriltential
Geometric mean | exp (n J=5 dT log (cos*(mT Gyt )) p(T, 1)) 4-n B~ 4.46
Arithmetic mean (3)" (1 +exp(—m3¢2,)" 2 " B~ 2.244
Root-mean-square (%)n/ ? (1 + exp(féﬂ%g“) + 4exp(37r3Ct20t)>n/2 (%)n/2 B~ 1.637

Table 3.1: Three statistical quantities characterizing the suppression factor as a function of (i, are
shown, each defined with respect to the ensemble used in the random rodeo algorithm. The second
column provides expressions for these quantities as functions of ;.. The third column lists the asymp-
totic values these expressions approach for large (i.; in all cases, the asymptotic regime is reached
to excellent approximation when (;,x > 1. The fourth column displays the best-fit exponential curves
analogous to the separatrix in the (;,; — s plane. These were obtained following the same method
used for Egs. (3.31)—(3.35). As in that case, the exponential separatrix provides a lower bound on the
time required to ensure that the ensemble-averaged suppression factor reaches (or surpasses) a target
threshold for all energy modes.

Using the expressions for the root-mean-square (RMS) and arithmetic mean, one can readily

compute the signal-to-noise ratio:

1+ exp(—4m3¢2) + 4 exp(—73

o—: (3) ( <1+exp<—w3c2>>32 )

_n exp(—4m3¢?) 4exp(— 342 _n
large n <3> 2 (1 + 3 + 3 large ¢ ( > 2
= N 5 )

(14 exp (—m3¢2))”

(3.39)

At large n, the fluctuations in the distribution of s values grow exponentially with 7, indicating in-
creasingly large deviations from the mean.

The three statistical quantities, despite being sampled from the same distribution, exhibit sig-
nificant differences. If the suppression factors were governed by a single characteristic scale, these
quantities would align. However, as demonstrated in the third column, they not only differ but do so

in an exponentially large manner as a function of n.
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Previously, it was proposed that “typical” suppression factors scale approximately as 4" for
sufficiently large (, aligning with the findings of Ref. [2]. This behavior can be understood intuitively:
the suppression factor is a product of many independently chosen random variables, each sampled from
the same distribution. In such cases, the central limit theorem suggests that, for large n, a log-normal
distribution emerges when considering the logarithm of the suppression factors. Since the logarithms
of these variables combine additively, their distribution tends toward a normal form.

An important consequence of this is that the geometric mean of a log-normal distribution cor-
responds to its median. Thus, at large n, the median suppression factor—a reasonable measure of a
“typical” value—should be given by the geometric mean. In this case, a straightforward calculation
confirms that the geometric mean is indeed 47", explaining the observed scaling behavior.

However, it is worth noting a limitation: while the log-normal distribution provides an excellent
approximation in most cases, its validity can be constrained by the bounded nature of the suppression
factor, which is restricted to values S < 1. This affects quantities that receive significant contributions
from the tail of the distribution extending beyond unity, such as the root-mean-square, which may not
be fully captured by the log-normal approximation.

Up to this point, our focus has been on statistical fluctuations at fixed values of (i across the
ensemble of RRA runs. However, it is natural to expect that the large fluctuations observed in the
ensemble would also manifest as significant variations in ¢ within a single run.

Figure 3.3 illustrates a representative suppression factor profile, providing numerical evidence
supporting this expectation. It is after six iterations, with times drawn from a half-normal distribution
with a mean of unity, plotted over the range 1 < ¢ < 10. The choice of n = 6 ensures that the ensemble
average suppression factor, 1/64, remains visually distinguishable from zero. The presence of extreme
fluctuations relative to the average is evident. The highest peak reaches 13 times the average value,
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Figure 3.3: A single instance of the random rodeo algorithm with six iterations. The solid curve shows
the suppression factor for one representative run, where each iteration time is drawn from the positive
half of a normal distribution with a mean of one. The long-dashed line depicts the ensemble average
suppression over many such runs using the same distribution. The short-dashed curve represents the
root-mean-square (RMS) suppression, while the dotted line (shown in the log-scale plot) corresponds
to the geometric mean.

while typical values between peaks are so small that they are only visible on a logarithmic scale.

The minimum suppression value observed in the log plot highlights the extreme suppression
levels. Within the range 2 < ¢ < 10, where the ensemble average has stabilized at approximately 279,
nearly half of the sampled ¢ values exhibit suppression factors below 4=¢. A numerical integration of
O(47% — s[¢]) (where O is the Heaviside step function) estimates that roughly 58% of values in this
interval satisfy s(¢) < 47°, reinforcing the notion that a “typical” suppression factor is of order 476,

Additionally, the mean suppression factor in this range aligns closely with 27". Specifically, for
this run, s(¢) averages to approximately 0.014, which is about 90% of the expected ensemble average
value 275 =~ 0.0156. Given the limited number of prominent peaks and the modest number of iterations
(n = 6), this agreement is striking.

These large fluctuations pose a fundamental challenge for the efficient application of RRA. To
ensure a high probability that all relevant components of the initial state reach a required suppression

level, significantly more computational resources are needed than what would be expected based on

95



a “typical” suppression factor. In practical settings—especially for early quantum computers capable
of implementing the rodeo algorithm—such fluctuations introduce substantial uncertainty, making it
difficult to reliably estimate the degree to which the initial state has been projected onto the ground

state.

3.2.4  Super iterations and optimizing the rodeo projections

There are two main motivations for exploring non-random (i.e., deterministic or structured) vari-
ants of the rodeo projection algorithm rather than relying on the random rodeo algorithm. The first
motivation stems from the previous discussion: the random approach generates exponentially large
fluctuations in suppression as the number of iterations n increases, making it inefficient for situations
where reliable and predictable suppression is required. Ideally, one would want to deliberately select
parameters that reduce or eliminate these fluctuations.

The second motivation is more general. For any well-defined quantity associated with suppres-
sion, there exists an optimal combination—specific values of n and ¢ (or equivalently the times 7; used
in each iteration)—that either maximizes or minimizes that quantity, depending on the goal. At best,
a random approach can only approximate this optimal choice. In contrast, a carefully designed deter-
ministic algorithm has the potential to perform strictly better, since it can directly target the optimal
suppression characteristics.

A deeper understanding of the fluctuations suggests that they often originate from iterations
where the suppression factor is close to unity. This happens when 7(J is an integer. On the other
hand, suppression factors vanish when 7¢7 is a half-integer. This observation suggests a strategy:

large fluctuations can be mitigated by ensuring that iterations with near-unity suppression are paired
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with ones that force suppression to zero, so their product remains small. Remarkably, this can be done
using a finite amount of time—specifically, just twice the time that would be used in a single iteration.

The key to this idea is a construction called a super iteration, which consists of an infinite
sequence of standard iterations, each with half the time (or half of the (.) of the one before it. Because
this is a geometric series, the total time of a super iteration converges to exactly twice that of the initial
iteration.

As shown in Eq. (3.15), the suppression factor from each sub-iteration depends on the cosine
squared of a phase proportional to (. The second sub-iteration in a super iteration has a suppression
factor of zero whenever (7 is twice a half-integer (i.e., an odd integer), which matches exactly where
the first sub-iteration has a suppression factor of one. Thus, it cancels out these problematic cases. The
third sub-iteration cancels out the next set (where (7 is four times a half-integer), and so on. In this
way, the full super iteration cancels out all the points where the initial iteration alone would have had
a suppression factor near unity—eliminating the peaks responsible for large fluctuations.
= 2(/ is given by

The total suppression factor from a super iteration at a given ¢/

sup

stauwp = | [ cos” (E) = Hcosz( 2;#“) = Jo (7Caup) = (—Sm(“““")) . (340)
k=0 k=1

7T<c sup

where jo(x) is the zeroth-order spherical Bessel function.

From Eq. (3.14), we have ( = (E/A)(T/Tp). If one allocates a total time of Ty = 27h/A—
corresponding to one full period of phase evolution for the lowest excited state—and performs a single
super iteration, the resulting suppression factor as a function of energy is given by j2(TE/A), as
shown in Figure 3.4. Since A is the minimum excitation energy, all excited-state components in the

initial state satisfy £ > A, and Figure 3.4 plots s for £//A > 1. The choice of T' = T} ensures that
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Figure 3.4: Comparison between a single super iteration and the ensemble-averaged suppression fac-
tor from the random rodeo algorithm. The solid curve shows the suppression factor resulting from a
single super iteration as a function of excitation energy, expressed in units of A, the minimum exci-
tation energy. The total time was fixed at Ty = 27//A. For comparison, the dotted curve shows the
ensemble-averaged suppression factor from the random rodeo algorithm, using three iterations with
the same average total time—chosen to minimize the peak value of the average suppression.

the lowest excited state is completely suppressed, with s = 0 at £ = A. Two additional features stand
out: the suppression factor remains below 0.05 for all £ > A, and it decreases rapidly with increasing
E /A (or equivalently with (), indicating strong and efficient filtering of higher excitations within a
modest runtime.

This level of suppression is particularly impressive given the modest total runtime—just a single
period of the lightest excitation. For comparison, if the total runtime is similarly constrained to one
excitation period, three RRA iterations are optimal for maximizing average suppression when £ > A,
as shown in Figure 3.4. The ensemble average suppression from the RRA, represented by the dotted
line, is consistently outperformed by the single super iteration across the entire range £/A > 1, with

suppression remaining at least a factor of 2.6 smaller than the RRA average and becoming orders of

98



magnitude more effective at higher values of E/A.

This rapid decay in suppression with increasing ¢ highlights a significant advantage of super
iterations. In designing optimized variants of the rodeo algorithm, one can focus on improving the
suppression factor for ¢ in the range 1 < ( < 2, knowing that excellent suppression for ( > 1 will
naturally follow. This feature, which is not shared by the random algorithm, underscores the advantage
of selecting algorithm parameters deliberately rather than relying on randomness to achieve optimal
suppression.

As discussed in Section 3.2.2, optimizing the rodeo projection algorithm requires a clear defini-
tion of the quantity to be optimized. Even if one limits the computational resources (or more precisely,
the total time in units of 7y = 2wh/A) and the goal is to optimize the suppression factor, the problem
remains incomplete since the suppression factor depends on the excited energies.

If one has substantial knowledge of the spectral density of the initial state, the optimization can
be tailored to focus on components with higher probabilities. However, merely knowing the spectrum
of the theory, without further details about the initial state, can still impact optimization. For example,
if the spectrum contains no states with energies between A and 2, it would be inefficient to allocate
computational resources to suppressing components in that energy range, as these states do not appear
in the initial state.

A simple approach to optimization involves two steps: first, selecting a quantity Q(s, Ti.) de-
pends on the suppression factor s((it) and the total time, and is designed to minimize and achieve
strong suppression for the given state. Second, one seeks the suppression factor s produced by the
rodeo projection under the constraint of total time, with the goal of minimizing Q).

It is important to note that, regardless of the choice for (), there exists an optimal set of parame-

ters that minimizes () once T}, is determined. However, finding this optimal choice might not always
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be feasible. Instead, one can explore a range of possible parameters and select the one that minimizes
(2 most effectively.

We begin by considering a scenario where little is known about the initial state except that all
unwanted components have energies greater than or equal to A. In this case, we adopt a conservative
strategy that ensures a rigorous bound on the total suppression of excited states. The approach is
straightforward: we define () as the largest suppression value within the physically relevant range

E>A:

ET“’“) . (3.41)

@ = maxs (Z T

This choice of () effectively represents the worst-case suppression in the possible physical range. By
selecting () in this way, we ensure that the suppression for all components of the state does not exceed
this value, thus providing an upper bound for Sg, the total suppression of excited-state components:

[ dB's (£% ) plE)
[ dE p(E)

Sy = <Q. (3.42)

This strategy does not require any specific knowledge about the initial state or the spectrum
beyond the fact that the lowest excitation energy is A. Furthermore, () depends solely on the sup-
pression factor s((it) and the total time, independent of the initial state. Therefore, the optimization
of () needs to be performed only once for each T}, avoiding the need for repeated optimization for
different initial states.

However, this approach is quite conservative. While it provides an upper bound for Sg, this
bound may be much larger than the actual least upper bound. For example, if s is constructed from

super iterations with energies several times A, the suppression factor becomes extremely small at
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maxs(ﬁh) To/To | 0 | Tv/To | To)Ty | T3/To | Tu/To | Ts/To | Ts/Ty | T5/To | Ts)To

oA ATy

4.719 x 1072 8129 | 1| .8129
8.508 x 107* | 1.5906 9361 | .6545
2,421 x 1075 | 2.4222 9494 | .6638 | .8090
7.549 x 1077 | 3.0752 9785 | .6841 | .8338 | .5788
7.385 x 107 | 3.9865 9764 | .6827 | .8320 | .5776 | 9180
8.948 x 10711 | 4.7944 9881 | .6908 | .8419 | .5845 | .9290 | .7601
5.689 x 10712 | 5.4500 9925 | .6939 | 8457 | 5871 | .9331 | .7634 | .6343
1.539 x 1071 | 6.4010 9895 | .6918 | .8431 | .5853 | .9303 | .7611 | .6324 | 9675

0| N || N B W

Table 3.2: Times for each super iteration and the corresponding maximum suppression factor for
E > A, as determined using the Whac-a-Mole scheme.

chosen energies, even with just a few super iterations. If the initial state is heavily weighted toward
such energies, the actual suppression of excited components S will be much smaller than the bound
given by (). In this case, fixing the bound for Sy at the level needed for the problem may result in
unnecessary computational resources being spent. After considering this conservative bound, we will
explore ways to refine and improve it.

Even with this conservative approach, the mathematical problem of finding s that minimizes
rEnZai( s (%%—?) , subject to the constraint that s is obtained through a fixed number of rodeo iterations
with total time, remains unresolved. However, one can resort to ad hoc strategies and test their per-
formance. A natural choice is to consider prescriptions based on super iterations, given their apparent
efficiency.

Table 3.2 illustrates a simple ad hoc prescription, primarily intended to show that there are
schemes that significantly outperform the average results of RRA without suffering from the exponen-

tially large fluctuations. However, it is important to note, though, that this strategy does not guarantee

that the prescription is near the optimal solution.
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We call this method the Whac-a-Mole prescription, named after the arcade game where “moles”
appear randomly and must be whacked with a mallet before new ones pop up in different locations.
Similarly, in this strategy, the “moles” represent the energies to be suppressed.

The prescription follows the structure of super iterations. Initially, one selects a super iteration
with a time equal to 7Ty, yielding a suppression factor with zeros at all integer multiples of £/A. The
focus is on energies grater than A. The largest suppression factor for £ > A is identified, and the
corresponding energy is treated as the “mole” to be whacked. The time for the next super iteration is
chosen to place a zero at this energy maximum, ensuring that the smallest zero remains at £ = A. A
third iteration follows the same process: the maximum suppression factor for £ > A is found, and the
time for the next super iteration is chosen to place a zero at that energy. This cycle can be repeated
for as many iterations as desired. Each cycle results in progressively narrower suppression peaks at
increasingly lower scales, with maxima appearing between 1 < E/A < 2.

The scheme thus far ensures that £ = /A remains the smallest zero. However, this constraint
can be relaxed to optimize time by using a scaling factor less than one. This scaling does not affect
the maximum suppression factor but shifts the suppression function so that energies previously below
A move into the relevant physical range £/ > A. Since the suppression factor at £ = A was initially
zero, applying a scaling factor slightly smaller than one pushes small suppression values into the
physical region. The scaling is chosen to ensure that the suppression at £ = A equals to the maximum
suppression factor, as a smaller value would increase the maximum. This scaling leads to a modest
time reduction after the first few cycles, but it can provide up to a 20% reduction when only a single
super iteration is used.

It is useful to compare the results obtained from the Whac-a-Mole scheme with those from RRA.

In Figure 3.5, we compare the upper bound of the suppression factor with the lower bound for the
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Figure 3.5: Comparison between super iterations using the Whac-a-Mole strategy and the random
rodeo algorithm. The solid points represent an absolute upper bound on the suppression factor achieved
with intentionally chosen times following the Whac-a-Mole prescription, plotted against total runtime
for various numbers of super iterations. For reference, the dashed line shows a lower bound on the
runtime required for the ensemble average suppression factor .S to exceed a fixed threshold using the
random rodeo algorithm from Ref. [2].

time required to achieve a fixed ensemble average of S. The intentional approach clearly outperforms
the random approach by several orders of magnitude for fixed total times, especially when 7' is a
few multiples of 7j or higher. For example, at 7//T, = 6.4, the intentional method produces an
upper bound for the total suppression that is a factor of 3.77 x 107 smaller than the lower bound of
the random method. If calculations are constrained to shorter times—Ilikely the case when quantum
computers are first large enough to implement the rodeo algorithm with sufficient coherence—the
significant performance improvement at fixed times becomes particularly noticeable.

A more moderate view of the improvement can be seen by considering the total time needed
to reach a certain suppression level, where the gain appears to be about a factor of two. Regardless

of how one looks at it, the comparison emphasizes the significant advantages of using the intentional
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method. The random approach, with its exponentially large fluctuations, complicates achieving con-
sistent suppression. In contrast, by selecting times intentionally, this problem is completely avoided,
providing a reliable upper bound for suppression.

The Whac-a-Mole method is entirely ad hoc, created as an example of a scheme that clearly out-
performs the random approach. It is reasonable to think that a more thorough search of the parameter
space could lead to even better results, which could be explored in future work.

For practical implementation, a helpful step would be to create a table similar to Table 3.2, but
with a denser set of total times and ideally, improved suppression factors. This would make it straight-
forward to either select the suppression level needed for a specific problem and find the corresponding
time or set a maximum allowable time and determine the achievable suppression. In either case, one
could then use the times from the relevant row of the table, whether from super iterations or regular
iterations, to efficiently implement the projection. Practical considerations for implementing rodeo

projections are discussed in Appendix D.

3.3 Hamiltonian path

A general strategy for state preparation on quantum simulators is to begin with a system whose
vacuum (ground) state is known and can be prepared explicitly, and then evolve the system by vary-
ing a parameter s that defines the Hamiltonian H(s). We will call this the Hamiltonian path from
the initial Hamiltonian to the final Hamiltonian. If this evolution is performed carefully, the system
remains approximately in its instantaneous ground state |g(s)) throughout the process. This principle
underlies several classes of algorithms, including adiabatic state preparation [170, 191, 192, 195-200]

and approaches based on the quantum Zeno effect (QZE), which utilize projective measurements to
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inhibit transitions out of the ground state [201-205]. The parameter s can always be chosen to be

dimensionless without loss of generality.

3.3.1 Path length

Consider a family of Hamiltonians H (s) parameterized by a continuous variable s, such that
H(s;) and H(sy) correspond to the initial and final Hamiltonians, respectively. We assume that H ()
has a discrete and non-degenerate spectrum for all s € [s;, s¢],' and that H (s) is infinitely differentiable
with respect to s. The instantaneous ground state of H (s) is denoted |g(s)).

The length of the path between two points a and b along this family, where s, < s;, is defined

as [201-203]

L= [ dsllg(s) = lo(s) alg (M. with |9/(5)) = - la(s) (3.43)

This definition of path length provides an intuitive measure of the difficulty of preparing the ground
state along the path from H(s;) to H(sy): it quantifies the rate of change of the ground state in the
direction orthogonal to itself.

Importantly, this definition is invariant under reparameterization: any smooth, invertible change
of variables in s leaves L, ; unchanged for all a and 0.

Since the ground state |g(s)) is defined only up to an overall phase, one may exploit this freedom
and fix the phase such that (g(s)|¢'(s)) = 0 along the entire path. In this gauge, the path length

simplifies to

Luv= [ dsll )] 344

I'These results extend to weaker conditions, but the assumptions stated here simplify the analysis.
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While this phase choice is not necessary for practical calculations, it simplifies formal analysis and
will be adopted throughout the remainder of this thesis. One implication of this choice is that if the
path passes through the same Hamiltonian more than once (i.e., H(s,) = H(sp) for s, # sp), the
corresponding ground states |g(s,)) and |g(s,)) may differ by a Berry phase [206].

For formal clarity, we similarly fix the phases of excited states such that (e;(s)|e}(s)) = 0, where
lei(s)) denotes an arbitrary excited state. Furthermore, it is convenient to reparameterize the trajectory

in terms of parameter \(s) defined by

As) =\ + / ds |||¢'(3))]] with Lap = Xp — Aa. (3.45)

K3

This reparameterization tracks the distance traveled along the path and allows one to describe motion

in parameter space as a function A(¢). The total path length is given by L = Ay — ;.

3.3.2 Scaling of path length in volume for local field theories

We will demonstrate that the path length scales with the square root of the volume of the system:

Ly, [Va
=4/—. 3.46
LV1 ‘/1 ( )

To derive Eq. (3.46), we rely on the assumption of local interactions and finite correlation

lengths. At large volumes, these properties imply:

o (5_‘2) M) X (1 +0 (;)) , (3.47)

9%(g(A1)]g(No))

(g'(Mo)lg'(No)) = — O\ )2

106



¢ |81>|gz>|83>

| 8vsea)

Figure 3.6: Schematic illustration of a ground state governed by local interactions, highlighting finite
correlations.

where h()g) is a volume-independent function at large V, £ is the correlation length, and d is the
number of spatial dimensions. Intuitively, since the correlation length £ is finite, the full volume can
be thought of as being divided into many approximately independent subvolumes of size £¢, which is

shown in Figure 3.6. More generally, the nth derivative of the overlap satisfies:

9"(g(Ao + AA/2)[g(ho — AN/2))

I e Gt (g’(Ao)lg’(Ao)zgn! (1 Lo <§_d>) ’

O(AA)" AA=0 2 2n/2 (n /2) vV
(3.48)
which leads to the approximate expressions:
L2 d
glaOn) = ¢ (140 ().
. / g 1 (3.49)
I1g' (o + AN = [llg' o) % (140 <v) |

1

K) * in the large-volume limit.

These results collectively imply that the path length L scales as L ~ ( i
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3.4 Zeno-inspired state preparation

There are two key issues in optimizing the traversal of the Hamiltonian path. An obvious one
is the choice of path through parameter space, since clearly this affects how efficiently a ground state
can be produced. The other is finding an efficient manner to traverse the path to find the ground state
of interest. This thesis addresses the second issue.

There are important technical restrictions when using the approach outlined here: for the algo-
rithm to be efficient the theory must remains local for all values of A along the path and that no phase
transitions (in the infinite volume theory) are encountered. We recognize that the restriction that no
phase transitions are encountered along the path may reduce the applicability of this approach, but also
note that this restriction applies generally to all methods based on traversing paths in parameter space
including ASP and methods based on the QZE.

Even in the absence of phase transitions, there is a challenge faced by such methods for field
theories with large volumes: the natural path through the various ground states is necessarily long—
with path lengths scaling with the square root of the volume. It is important to note that while the size
of the minimum spectral gap has received significant attention particularly in the context of adiabatic
quantum computing [3,188,207,208], the total cost of traversing a path in parameter space is also quite
sensitive to the path length. This should be clear if one imagines a Hamiltonian trajectory that has been
rescaled so the spectral gap is constant along the trajectory. Clearly, longer paths are more expensive
to traverse. The approach developed here is designed to be efficient for long paths and should be useful
for a variety of problems with long paths but it is particularly useful for QFTs with large volumes.

In this section, we will review the state preparation method based on the quantum Zeno effect

and suggest a method to travel the path more efficiently than the QZE-based methods.
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3.4.1 Quantum Zeno effect

One approach to preparing eigenstates is through the quantum Zeno effect, which exploits
the idea that frequent measurements can inhibit the evolution of a quantum state. If a system is
continuously—or sufficiently frequently—measured in a way that projects onto the instantaneous
eigenstate of the Hamiltonian, the system is effectively “frozen” in that eigenstate throughout the
evolution. This can be used to maintain the system in the ground state as the Hamiltonian changes.

Why does this work? The key lies in the dynamics of quantum transitions: the instantaneous
change of a state due to a small perturbation is linear in time, whereas the probability of making a
transition to an orthogonal state scales quadratically with time. This suppression of transitions is the
essence of the quantum Zeno effect.

A helpful classical analogy comes from optics. Consider a series of polarizers acting as pro-
jectors or measurements. If two polarizers are oriented orthogonally, no light passes through both.
However, if we insert many intermediate polarizers between them, each rotated slightly with respect
to the previous one, a significant portion of the light can make it through.

Mathematically, suppose that we place n — 1 polarizers between two orthogonal ones such that

the angle between the neighboring polarizers is 5. Then the transmitted intensity / is given by

I = <<30s2 <%>>n ~ (1 — % <%>2>2” = (1 — g) lorgen, (3.50)

Thus, as the number of polarizers increases, the transmitted intensity approaches that of the initial
light—albeit with a rotated polarization. In the quantum setting, this analogy reflects how repeated

projections (measurements) can preserve the quantum state. The transmitted intensity corresponds to
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the squared overlap between the final ground state and the state evolved under frequent measurements.

In realistic scenarios, performing infinitely many measurements is not feasible. The number of
measurements must be optimized. It can be shown that the cost of implementing this method scales
quadratically with the path length L:

(3.51)

>[5

where A is the spectral gap.
Before deriving the cost scaling, it is useful to recast the definition of the path length in terms of

the overlap between nearby ground states:

dA L & gA+ A 3.52
L= [ @[ alto o a0 (.52

This expression is equivalent to the original definition in Eq. (3.44) and is motivated by the interpre-
tation of path length as a measure of how rapidly the ground state changes to excited states along the

path. For small d )\, the squared overlap between neighboring ground states can be expanded as

A=0 (3.53)

g0+ VGNP = 1+ SN (g + DlgO) P

=1- QNN+ 0 ((0N)?),

where we have defined

1 d?

Q) = =35 5 llgr+ M)lg(W)I° (3.54)

A=0
Physically, 2(\) quantifies the probability that the evolved state deviates from the instantaneous

ground state over an infinitesimal segment of the path. Using the orthogonality condition (¢’|g) = 0,
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it is straightforward to show that

(9"19) + (glg”) = =2(d'l9"), (3.55)

which further confirms that Eq. (3.52) matches the standard definition of path length.

In the Zeno-based approach, the total cost is proportional to the number of measurements re-
quired to successfully traverse the Hamiltonian path. Let N () denote the expected number of mea-
surements to reach a point A along the path (assuming \; = 0), and let n()) be the local density of
measurements per unit path length. Then, over a small increment J\, the expected number of mea-

surements becomes:

NA+6X) = N(A) + n(A)A + (Prait - N(N) + Py - 2N(A) + -+ ), (3.56)

where P, is the failure probability for a segment of length d\, and the subsequent terms account for
retries due to projection failures (each of which restarts from A = 0).

The success rate over J\ with n(A)J\ measurements is given by

R T )
Pyccess = (1 - Q<>\) (n()\)d)\) ) ~1-— Q()\)W, (357)

mirroring the polarizer analogy (where 6)\/(n(A)d\) corresponds to the angular spacing 7 /2n). Thus,

oA

Pfai] = Q()\)TL()\)

(3.58)
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Substituting this into the recurrence equation gives

A
Q)2
NA+0A) =N +n(A)oX+ 1 Q(/\)a_,\)gN()‘>
n(d) (3.59)
~ N(A) +n(\)oA + Q()\)%N(A),
leading to the differential equation:
dN (A)

o n(A) + QN oV (3.60)

To minimize the cost, the right-hand side of Eq. (3.60) must be minimized with respect to n(\).

The optimal choice satisfies

n(A) = VQA)N(N), (3.61)
yielding the inequality
N
© > 2 /AN, (3.62)

Solving this gives

N > (/Ad/\\/Wf:LQ, (3.63)

0

Therefore, the total cost of Zeno-based state preparation scales as the square of the path length, C' =
O(L?).

This quadratic scaling arises because any failure in the projection process necessitates a full
restart from the beginning. As the path length increases, so does the cumulative risk of failure, leading
to quadratic scaling. Importantly, this derivation assumes idealized, perfect projective measurements.

In practice, physical realizations of such projections may incur additional costs and limitations, which
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are discussed in Appendix D.

In conclusion, while the Zeno method guarantees accurate ground state preparation and offers a
known cost scaling, its quadratic dependence on path length means that it can become expensive for
long paths. Careful consideration is required to assess when it offers advantages over other strategies

such as adiabatic evolution.

3.4.2 A new scheme using projections and reflections

The scheme proposed here is different fundamentally from adiabatic state preparation, in which
the system evolves continuously through every ground state along the path from the initial state |g(\;))
to the final state |g(\y)). It is also different from QZE-based schemes which typically consider only a
discrete set of points ); along the path, chosen such that neighboring ground states have large overlaps:
[{g(Nir1)lg(N)]? ~ L.

Like QZE-based approaches, our method samples the path at discrete points. However, it cru-
cially differs in the choice of these points. Rather than maximizing the overlap between neighboring

states, we ideally select the points so that

(g giA) P = 1/2, Ly iy = V10g(2), (3.64)

where the second expression holds in the large-volume limit. We assume that the set of points along
the path satisfying Eq. (3.64) have been determined to good approximation from the initial study of
the path.

An idealized version of the algorithm makes use of an oracle, U ()4, which depends on a param-

eter A and a label v € a, b. This oracle acts on the combined state of the system |¢)) and two ancillary
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qubits, |x)q and |x);. he action of U (\)y is defined as:

0N = lgN g © L@ Iy + (1 — o) a)]) 67 @ I,
(3.65)

U\ = lgONgW @ L@ Iy + (1, — lg) g @ T @ 67,

where o7/, are Pauli-X operators acting on the ancillas, IAaJ, are identity operators on the ancillas, and
fw is the identity on the state of the system.

Intuitively, U (\), flips |x), if the system is not in the ground state of H()), and leaves it un-
changed otherwise. The same holds for U (), with respect to |x);. Accurate approximations of these
oracles can be constructed using projection algorithms including the rodeo algorithm [2, 150, 180, 186,

187,209-213].

It is straightforward to show that if |e) is a superposition of excited states of H(\),

~

OO0 ((alg) + Ble)) @ [xha @ H*W),) = (algN) = Ale)) @ ) © A |1, (366)

where H*! is the Hadamard gate. That is, U (A), reflects the state of the physical system across the
ground state g(\)).

Now consider an idealized scenario in which the oracle can be implemented exactly, and the
discrete points \; satisfying Eq. (3.64) are known precisely. A simple algorithm can then propagate a
system from the ground state at \; to the ground state at \;.;. The scheme begins with the system in
the state |g(};)), the ancillary qubit a initialized in |1),, and qubit b in Had |4),- The full initial state is

thus:

) = g(\)) @ 1), ® H* (1), . (3.67)
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Act on state with U(A,H) Measure | y), Act on state with U(Alﬂ) Measure | x),,

Figure 3.7: Flowcharts illustrating a single cycle of the algorithm in two settings: the idealized version
assuming perfect operations (left), and a realistic, error-resilient implementation capable of handling
imperfections (right).

The left panel of Figure 3.7 presents a flowchart of the idealized version of the algorithm, which
assumes perfect operations. The process begins by applying the oracle U (M\is1)q to the initial state
|1;). The ancillary qubit |y), is then measured. In approximately half of the cases, the measurement
yields |1),, signaling that the system has successfully transitioned to the ground state of H(\iy1). No
further action is required in these instances.

If instead the measurement yields ||),, this indicates that the system is in an excited state of
H(\i11). Importantly, this excited state lies within the two-dimensional subspace spanned by |g(\;))
and |g(\i41)), and takes the form v/2|g(\;)) —|g(Ais1)), as illustrated in Figure 3.8. To correct this, the
algorithm applies the operator U ()\; )0, which reflects the state across |g()\;)) and yields |g(Ai41)).

Thus, regardless of the measurement outcome, the system ends each cycle in the ground state of
H (M\ix1), requiring at most two oracle calls per step. For a long path of total length L, the number of
oracle calls required is approximately 3L /+/4 log 2 (up to small statistical corrections), and since each
call takes a fixed time, the overall runtime scales linearly with L. Given that the length scales as v/V/,

this implies that the cost of state preparation grows as v V.

Of course, this idealized scenario is not achievable in practice. Real implementations inevitably
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Figure 3.8: Graphical description of a single operation of the idealized version of the algorithm. Here,

|G) = |g(\;)) and |G’) = |g(Ais1)). The operator P denotes projection onto the new ground state,
while R represents reflection about the current ground state.

encounter errors due to imperfect knowledge, non-ideal hardware, or the intrinsic limitations of con-
structing exact oracles within finite time. Prior approaches to managing such imperfections [201-203]
have focused on suppressing errors at each step through increased resource use, ensuring the cumu-
lative error remains below a target threshold. However, such strategies introduce additional overhead
and generally scale no better than L log L.

The present work offers a different insight: it suffices to prevent secular growth in error with
increasing L. As long as the admixture of excited states remains bounded—or follows a distribution
whose width does not grow with L—one can apply a final “afterburner” stage to refine the state to the
desired accuracy. This final projection can be done with cost scaling as v/V, and crucially, without
logarithmic corrections.

The right panel of Figure 3.7 shows a modified flowchart adapted to realistic settings. This
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version differs from the ideal case in just one way: after step 3, rather than terminating the cycle, the
algorithm loops back to step 1. In a perfect setting, this would be redundant, as the system would
already be in the correct ground state. However, in the presence of imperfections, this feedback loop
mitigates the accumulation of errors with only a modest increase in cost.

Several types of errors can affect the process. One is imperfect projection: since projection can-
not be done exactly in finite time, there is a possibility of “false positives,” where excited components
are misidentified as ground states. Another source of error is the approximate determination of points
satisfying Eq. (3.64). “False negatives” can also occur when uncertainty in the ground state energy
leads to rejection of a state that is actually correct, which are discussed for the rodeo algorithm in
Appendix D.

One might worry that such errors could accumulate as the system traverses along the path, re-
ducing the ground state fidelity. However, a simple heuristic shows that this is not the case. Suppose
the maximum error per step is €, representing the amplitude of non-ground-state contamination intro-
duced in a single cycle. Because each cycle concludes with an application of U (A)a, errors introduced
in one step are counteracted in the next. Each new step may introduce its own error (bounded by ¢),
but this process effectively damps the accumulation. Thus, the total error converges geometrically and
remains bounded—ensuring that errors do not grow secularly with L.

To evaluate the heuristic argument, we carried out a numerical simulation of the algorithm using
a simplified toy model. Rather than working directly with Hamiltonians, the model focuses on the
structure of the ground and excited states, since the algorithm depends only on these states, not on how
they are generated. States are constructed essentially at random by forming linear combinations of an
orthonormal basis of 1024 vectors—chosen to be large enough to mimic a generic quantum system

while still allowing for manageable computations.
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Figure 3.9: A numerical simulation of the non-ideal algorithm shown in Figure 3.7 using the toy model
described in the text. The left plot is with the dimension of Hilbert space as 1024. The ground state
probability, P, is defined as the squared overlap between the true intermediate ground state and the
state produced by the algorithm. Dots indicate P, at each step of the path, while rectangles show
averages over every 1000 steps, with error bars representing the standard deviation. The dashed line
marks the overall average across all steps. Note that the vertical axis is compressed, with P, ranging
from 0.94 to 1.00. The right plot depicts the behavior of the algorithm by changing the dimension
of the Hilbert space. (F,) denotes the average of the squared overlap between the true intermediate
ground state and the state produced by the algorithm.

Each pair of successive ground states in the sequence was chosen to have an overlap near 1/ V2.
To model imperfections realistically, we incorporated false positives by allowing excited states to be
mistakenly identified as ground states with a probability drawn uniformly between 0 and 0.1—an
intentionally conservative choice (in practice, for example, a single Rodeo “super iteration” has a false
positive rate below 0.05 shown in Figure 3.4). We also included a 5% chance of false negatives,
representing cases where the projection incorrectly rejects a true ground state—again, a generous
estimate assuming decent knowledge of the spectrum. Finally, we introduced variation in step sizes
by allowing the angle between successive ground states to differ from the ideal /4 by up to 10%,
simulating imperfections in selecting path points.

The left panel in figure 3.9 shows the results from this toy model. The ground state probability,
P,—the squared overlap between the true and computed intermediate ground states—remains very

close to unity across all steps, with a minimum exceeding 0.947. While fluctuations occur, there is
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Figure 3.10: Numerical simulations of the non-ideal algorithm utilizing larger false positive error rates
of 0.2 and 0.3 (left and right panels, respectively). All other simulation parameters are identical to
those detailed in Figure 3.9.

no evidence of secular growth in error: the statistical distribution of P, in steps 9000-10000 closely
mirrors that of steps 1-1000, both in average value and spread. These results provide strong numerical
support for the claim that the error remains bounded throughout the path.

The right panel of Figure 3.9 demonstrates that the algorithm is independent of the Hilbert space
dimension. Specifically, the ensemble average of the squared overlap between the true ground state
and the intermediate ground state, (P,), unchanges as the dimension of the Hilbert space increases.
This is mathematically expected; projections to the ground state only depend on the amplitude of the
ground state component.

Figure 3.10 demonstrates that the false positive error rates (suppression factors) need not be small
during the intermediate steps. The left and right panels illustrate simulations with suppression factors
of 0.2 and 0.3, respectively. Although the overlap between the true ground state and the intermediate
states is reduced compared to scenarios with stronger projections, the ultimate objective is solely the
fidelity of the final state. Consequently, one can significantly optimize the computational cost of the
algorithm by employing weaker projections during the intermediate stages.

Assuming this behavior persists in general, the final state after traversing a long path will have
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a large overlap with the true ground state. If extremely high accuracy is required, a final refinement
step—an “afterburner”—can be applied. Although the last point on the path may not satisfy the optimal
overlap condition from Eq. (3.64), repeated projection and reflection operations using a much more
stringent projector (with an exponentially suppressed false positive rate) will eventually yield the true
ground state with exponentially small error. As shown in Sec. 3.2, the computational cost of achieving
such precision grows more slowly than logarithmically with the inverse of the false positive rate when
using the rodeo super iterations.

For long paths, the total cost is dominated by the traversal, not the final refinement. Each pro-
jection generally requires time proportional to the inverse of the spectral gap, A, so the overall cost

scales as

O~ V3 <l> ’ (3.68)

where the angle brackets denote the average inverse spectral gap along the entire path.

While the numerical evidence demonstrates empirical stability, the algorithm’s robustness can be
enhanced by introducing a hierarchical projection scheme. Specifically, one can apply systematically
stronger projections at fixed steps—for instance, increasing the projection strength by 10 times every
10 steps, 100 times every 100 steps, and so forth. Because the suppression factor decays exponen-
tially with projection strength, these periodic, high-fidelity projections effectively purge accumulated
intermediate errors at the cost of a strictly bounded constant overhead in evolution time. Unlike the
strategy of deferring a single, perfect projection to the final step, this periodic regularization continu-
ously stabilizes the intermediate states while preserving the linear scaling of the overall computational
cost with respect to the path length.

To make subsequent traversals efficient, certain properties of the path must first be determined
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during initial passes. At each point, one needs a reasonable estimate of the appropriate step size A\
that approximately satisfies Eq. (3.64), the ground state energy (to reduce the false negative rate), and
the spectral gap (for effective projection). While the algorithm described above can be applied to any
problem with a long path, it may become impractical if determining these system properties during the
initial traversal is computationally expensive.

However, for local field theories in large volumes, the situation is favorable: key quantities vary
slowly between adjacent points along the path. This means that one can determine the required values
at a relatively sparse set of points and interpolate between them. To see why, recall from Eq. (3.64)

that the step size scales as A\; = A1 —\; oc V1/2

. At large volumes, the spectral gap A(\) depends
only on A and not on the volume. Consequently, A\;; 5 can be well-approximated by A\, for as many
as N oc V1/2 steps. Likewise, from Egs. (3.47)-(3.49), the spectral gap remains nearly constant over
intervals of similar length.

In contrast, the ground state energy E(\) grows with volume, so it requires more careful treat-
ment. Still, a Taylor expansion around \; provides a systematic approximation: an nth-order expansion

remains accurate out to N oc V'1/271/" steps. Thus, even for extensive quantities like Ey()\), efficient

estimation across the path is possible with relatively modest initial effort.

3.5 Adiabatic state preparation

The adiabatic theorem, first discovered by Born and Fock [214], stands as one of the foundational
results of quantum mechanics. It asserts that a quantum system initialized in an eigenstate will remain
in its instantaneous eigenstate if the system’s Hamiltonian changes sufficiently slowly and the spectral

gap remains open. This principle has found wide-ranging applications, from the Born-Oppenheimer
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approximation in molecular dynamics [215] to the understanding of topological phases of matter [216—
218].

In recent decades, the adiabatic theorem has also become central to quantum computing, where
it provides a foundation for adiabatic state preparation and adiabatic quantum algorithms [188-192,
219-223]. These approaches typically involve initializing a quantum system in the ground state of
a simple Hamiltonian and slowly evolving it along a path through Hamiltonian space, such that the
system remains in its ground state and ultimately encodes the solution to a computational problem.
The viability of this process depends critically on the evolution rate and the spectral properties of the
Hamiltonian, making the adiabatic theorem both a conceptual and practical cornerstone of quantum
state preparation.

While the adiabatic theorem is highly useful, its implementation in practice is complicated by
the trade-off between speed and precision. Since physical systems evolve over finite times, perfect
adiabatic behavior cannot be maintained, resulting in errors. Assessing the magnitude of these errors
and how they scale with the evolution time 7" is essential for evaluating whether adiabatic methods are
viable in realistic settings.

In realistic quantum simulations, the Hamiltonian never evolves infinitely slowly, and as a result,
diabatic transitions—transitions to excited states of the instantaneous Hamiltonian—are unavoidable.
These transitions introduce errors that limit the fidelity of adiabatic state preparation. Understanding
and controlling such diabatic errors is especially important in the context of quantum computing, where
precise control over quantum states is essential. However, the behavior of these errors is nuanced and
depends sensitively on properties of the Hamiltonian and its evolution. Over the past two decades, a
number of rigorous approaches have been developed to characterize and bound these errors. These

methods typically provide upper bounds on the total evolution time 7" required to keep the error below
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a desired threshold e. The bounds often depend on the minimum spectral gap A along the evolution
path, as well as the norms of the Hamiltonian and its time derivatives [3,224-229].

However, the usefulness of these bounds is limited, as they depend on the norm of the Hamil-
tonian, which in turn is influenced by the highest energy eigenvalues. Although quantum computers
simulate systems with a finite Hilbert space and thus a maximum energy level, they often aim to ap-
proximate systems that have much larger—or even infinite—Hilbert spaces and unbounded energy
spectra. As the simulation becomes more faithful to the underlying physical system, these theoretical
bounds lose their tightness. This issue becomes especially significant when dealing with systems of
large or infinite extent, such as those found in quantum field theories [163, 170, 198,230-239].

In this section, we examine the “switching theorem” as a method for estimating errors, with a
focus on its effectiveness in minimizing errors while conserving computational resources. Although
the switching theorem provides a practical framework for relating errors to the evolution timescale,
it does not fully capture error behavior in the long-path limit—an important regime for large systems
such as quantum field theories. To address this, we introduce a new proxy that more accurately reflects

the computational complexity and analyze how it scales with the path length.

3.5.1 Adiabatic theorem

This subsection provides a review of the adiabatic theorem and introduces the key terminology
used throughout the discussion.

The evolution of a quantum system is governed by the time-dependent Schrodinger equation:

P u(0) = HOR(D), (3.69)
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where H (t) is the time-dependent Hamiltonian and 7 = 1 is used for convenience. According to the
adiabatic theorem, if the Hamiltonian evolves infinitely slowly, a system that begins in the nth eigen-
state of the initial Hamiltonian will remain in the corresponding nth eigenstate of the instantaneous
Hamiltonian throughout the evolution, arriving at the nth eigenstate of the final Hamiltonian. In this
work, the focus is on the ground state, though the same framework applies to other eigenstates mutatis
mutandis.

In realistic implementations, however, the evolution occurs over a finite time, leading to non-
adiabatic transitions, or diabatic errors, where the system partially transitions out of the instantaneous

eigenstate. The error accumulated during such an evolution is quantified by

e =111~ lgp) (s Ults. 1)) (3.70)

where U (ty,t;) is the time evolution operator from the initial time ¢; to the final time ¢; and |g;), |gf)
are the ground states of the initial and final Hamiltonians, respectively. This expression measures the
amplitude of the evolved state that is orthogonal to the final ground state.

To facilitate analysis, the time evolution is commonly reparameterized by introducing a dimen-
sionless parameter s € [0, 1], related to physical time by s = (¢t —t;) /T, where T' = t; — t, is the total

evolution time. Under this reparameterization, the Schrodinger equation becomes

() = TH(s) (o)) 3.71)

which makes explicit the role of the timescale 7. This formulation highlights the trade-off between

evolution time and accuracy: longer timescales suppress diabatic transitions but come at the cost of
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increased computational resources. Understanding how the error € scales with 7" is central to evaluating
the practicality of adiabatic state preparation in both quantum computing and quantum simulation

contexts.

3.5.2 Switching theorem

One method for estimating diabatic errors involves the use of the switching theorem, which pro-
vides a direct characterization of error behavior in the limit of asymptotically long evolution times.
Although the adiabatic theorem was introduced much earlier, the switching theorem was developed
decades later [240] and has since been explored primarily in the context of mathematical physics [241—
253]. This theorem captures how the diabatic error scales with the evolution time 7" and the spectral
gap structure of the Hamiltonian. The resulting error expression takes the form of a quasi-asymptotic
series, so called because its coefficients depend on 7" only through relative phase differences originat-
ing at the initial and final points. Notably, the structure of the path taken by the Hamiltonian influences
errors only through phase factors, allowing the error bound given by the switching theorem to be
effectively independent of the specific trajectory taken.

Mathematically, the operator difference between the time-evolved projector U |g;)(g;|UT and the

desired projector |gs)(gy| takes the form

nmax(T)
B,
Ule) (@0~ lapdlasl = Y. 22+ R 372
n=1

where the operator 53,, depend on 7" only through phase factors and the remainder R decays more faster
than any polynomial in 1/7". The number of terms n,.,(7") indicates the optimal truncation order at

which the approximation remains valid. This expansion implies a corresponding asymptotic form for
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the error magnitude itself:

nmax(T) b
=Y (3.73)
n=1

where the coefficients b,, and r mirror the properties of 5,, and R, respectively. Crucially, both B,
and b,, depend only on the initial and final Hamiltonians, specifically through the matrix elements of
the nth derivative of the Hamiltonian with respect to the rescaled time variable. The intermediate path
between endpoints affects the error only through phase factors, underscoring the endpoints nature of
the leading error contributions in the switching theorem framework.

This means that if the Hamiltonian has only a finite number of nonzero derivatives at the end-
points, then the series terminates after a finite number of terms, as all higher-order coefficients vanish.
In the limit of large 7', the switching theorem further indicates that, aside from oscillatory behavior
from phase factors, the leading error scales as 1/T%, where k is the smallest integer such that by, is
nonzero.

This implies that if only a finite number of derivatives are nonzero, then there will only be a
finite number of nonzero coefficients and the series will truncate. For asymptotically large values of
T, the switching theorem implies that up to oscillations due to the phase factors, the errors behave as
(1/T)* where k is the smallest integer for which by, is nonzero.

The coefficients b,, can be determined using perturbation theory [184,254-256]. In typical sce-
narios where the first time derivative of the Hamiltonian at either endpoint is nonzero, the leading
contribution to the quasi-asymptotic expansion at large 7" comes from the 1/7" term. The explicit

expression for b is

wing,r IH' Dg(1))  GOIH'(0)]9(0)) i

, 374
A7 (1) AZ (0) (3-74)
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where A, /() = E;(t) — E4(t) is the energy gap between the jth excited state the ground state, and
wj 4 1 the integrated gap along the path, defined as w; , = fol ds A; 4(s). The summation runs over all
excited states. From Eq. (3.74), it follows that if H’(s) vanishes at both endpoints, then b; = 0, and
the leading error term appears at order 1/72 in Eq. (3.73). More generally, if all derivatives H™) up
to order n vanish at the endpoints, but H (™ is nonzero at least one endpoint, the dominant contribution

to the error is controlled by b,,, given by

oy S DHM(D)]g(1)) — (G(0)[H™(0)]g(0)) :
by = ; ey, AT AT : (3.75)

3.5.3 Hyperadiabatic regime and typical error

Within its range of applicability, the switching theorem yields increasingly accurate results as
more terms in the series are included—up to an optimal number that typically depends on the evolution
time 7. When the Hamiltonian has only a finite number of nonzero derivatives at the endpoints, the
expansion terminates at a finite order. We define the hyperadiabatic regime as the range of T' values
for which the asymptotic expansion remains valid and is well-approximated by its leading term. This
regime is a subset of the broader adiabatic regime, where the system remains close to the instantaneous
ground state and the adiabatic theorem is approximately satisfied.

Note that according to Eq. (3.75), the coefficient b,, carries an explicit dependence on 7' through
the oscillatory phase factors e®ss”. As a result, although the error exhibits a leading scaling of 1/7™,
its actual dependence on 7' is more intricate due to these phases. Furthermore, the presence of these
phase factors implies that the error is not determined exclusively by the endpoint—it also reflects the

properties of the Hamiltonian along the entire path of the evolution.
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Figure 3.11: Comparison of the true error (e, solid), the switching theorem estimate (¢;, dotted),
and the rigorous upper bound based on the norms of the Hamiltonian’s derivatives and the minimum
spectral gap (ep, dashed), following the well-known result from [3], for the Hamiltonian defined in
Eq. (3.76).

Figure 3.11 illustrates the various difficulties in estimating adiabatic errors using both the upper
bound based on the norms of the Hamiltonian’s derivatives and minimal spectral gap, and the switching
theorem. The figure compares these estimates against the exact error, e, computed by directly solving
the Schrodinger equation, using the Hamiltonian

s(1—s) 0.2
H(s) = , (3.76)

with s € [0, 1]. Since H'(s) is nonzero at the endpoints, the switching estimate ¢; = b /7" (where b, is
given in Eq. (3.74)) applies. The upper bound €, derived in Ref. [3], relies on the minimum spectral

gap and the norms of the Hamiltonian’s derivatives:

- Alugﬂ u‘ << A>2Hf(f<) + Ton(s ¢—r ) 37
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where f|,p, represents f(0) + f(1), and m(s) denotes the number of eigenvalues of the spectrum of
H (s) restricted to the projection operator P(s) = |g(s)){g(s)|. As shown in Figure 3.11, the upper
bound hugely overestimates the true error. In contrast, the switching estimate closely tracks the actual
error at large 7', though both exhibit oscillations—an intrinsic feature of adiabatic dynamics. These
fluctuations highlight the difficulty of reliably estimating errors in practice, where the exact timescale
T is often uncertain.

This subsection explores how these issues can be avoided with a slight change of focus on a
quantity that differs from the asymptotic expression for the error itself. The goal is to identify a quantity
associated with the typical value of the error that has the properties of exhibiting a simple power-law
scaling with 7" in the hyperadiabatic regime, and whose value depends solely on the endpoints. This
can be achieved by considering the typical value of the error for timescales in the vicinity of 7' by
averaging the error over a range of 71" values. The range should be much larger than the inverse of w; 4
(the average spectral gap between the ground state and the lowest excited state) but much smaller than
T.

Formally, the “typical error” at a large timescale 7', denoted €(7"), can be defined as

1 T+VTTo
&T) = ——— / dT" e(T"), (3.78)
2\/T7’0 T—/T7o

where 7 is some arbitrary positive constant. As 7' grows, this averaging window spans a timescale
that is wide enough to smooth over the rapid oscillations in ¢(7") yet remains narrow compared to
T itself. As a result, the average becomes effectively independent of the precise value of 7. When
the first nonzero derivative of the Hamiltonian at the endpoints is of order n, the switching theorem

(specifically Eq. (3.75)) implies that €(T") scales as b, /T™ in the hyperadiabatic regime. The prefactor

129



b,, is determined by the endpoint properties of the Hamiltonian and is given by

GOEOD)lg1)]]

GO H®(0)|g(0))] N ey
Azzl(l) ‘ = (bn) —|—(bn). (3.79)

n+1
Aj; (0)

N>

J#9

2

J#9

Although the typical error is formally introduced in Eq. (3.78), its structure can be anticipated

by analyzing the square of the switching coefficient in Eq. (3.75):

GO)H™(0)|g(0)) |

GO (1)]g(1)) '

J#g A@“(l) A";l(())
4 s SO W)]g(1)) {g(O)IH™(0)15(0)) (3.80)
AnJrl(l) AnJrl(O)
4 i, IOIHM D)]i(L)) (GO0)IH™(0)]9(0 )>>
ATHL(1) A(0) |

The last two terms oscillate with 7" due to the phase factors e*™5s7 and, when averaged over a suitable
timescale, effectively cancel out. This leaves only the first two, time-independent terms, resulting in
the expression for b, in Eq. (3.79). While other formulations of typical error—such as using a root-
mean-square over time—are possible, they also eliminate the oscillatory contributions upon averaging
and yield the same behavior as Eq. (3.78).

There are multiple advantages to using the typical error, €(7"), in place of the true (or instan-
taneous) error €(7"). Two primary motivations for introducing €(7") are first, that in the asymptotic
limit it exhibits a simple power-law dependence on 7', and second, that its value depends only on the
endpoint behavior of the Hamiltonian. This makes the asymptotic scaling entirely insensitive to the
details of how the evolution path is traversed. Indeed, the average of the squared error, €2(T), is given
by ((b9)% + (b).)?) /T°", a sum of contributions from the initial and final points alone.

Beyond these core advantages, €(7") has several practical merits. In realistic scenarios, it is often
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not feasible to exert fine-grained control over the interpolation path—or even to know its detailed
structure well enough to compute the relevant phase factors in the oscillatory terms. In such cases,
the typical error plays a role analogous to the expected error value, providing a reliable estimate.
Moreover, there are situations in which €(7") closely tracks (7) for nearly all large 7', particularly
when the sum in Eq. (3.75) receives comparable contributions from many excited states. In these
cases, the oscillatory phase terms tend to destructively interfere, suppressing fluctuations.

Another practical benefit is that €(7") can provide an effective upper bound on the true error in

the hyperadiabatic regime. From the form of Eq. (3.75) and Eq. (3.79), one finds that

e(T) < V2&(T). (3.81)

Such a bound may prove particularly useful in the context of quantum computation, where guarantees
on error magnitude are often essential. However, it is important to note that this is not a strict upper
bound valid for all 7'; it applies only once the system has reached the hyperadiabatic regime. At earlier
times, before this regime is entered, the error behavior may still be influenced by the total path length
or other non-asymptotic features.

Figure 3.12 presents a comparison between the true error, e, the typical error, €, and its cor-
responding upper bound, v/2¢. The plot demonstrates that € effectively smooths out the fluctuations
present in the true error. Moreover, in the hyperadiabatic regime, the bound v/2€ closely tracks the

envelope of the true error’s fluctuations, confirming its accuracy as an asymptotic upper limit.
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Figure 3.12: Comparison of the true error (e, solid), the typical error (€, dotted), the asymptotic upper
bound in the hyperadiabatic regime (v/2€, dashed), for the Hamiltonian in given Eq. (3.76).

3.5.4 Utility of the switching theorem

The fact that Eq. (3.79) depends only on the endpoints of the evolution—and not on the details
of the intermediate Hamiltonian—presents a potential advantage. In the hyperadiabatic regime, it
becomes possible to alter the instantaneous properties of the Hamiltonian at the initial and final times,
while leaving the bulk of the intermediate evolution unchanged?, to reduce the error. The central
question then becomes: what determines whether the system is actually in the hyperadiabatic regime?

The switching theorem becomes especially valuable for quantum computing applications when
the error is dominated by the leading nonzero term in the 1/7" expansion from Eq. (3.73). When

by # 0, this dominance is achieved when

by > by T7H - 0, T - (3.82)

ZNote that changing the intermediate path can be dangerous since one might encounter phase transitions as discussed
in this section earlier.
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For a given set of higher-order coefficients {05 , b3, - - - }, this means that a larger b; causes the leading-
order behavior to emerge at shorter timescales 7". While this might seem to suggest that increasing
b1 helps reveal the scaling behavior more quickly, doing so actually increases the error—defeating the
purpose.

A more effective strategy for error reduction in the hyperadiabatic regime is to suppress the
lower-order derivatives of the Hamiltonian at the endpoints while preserving the overall path. Ac-
cording to the switching theorem, if H®(t;) = H®(t;) = 0 for all k& < n, the leading term in
the error scales as 1/7""!. Thus, increasing n should, in principle, reduce the error—assuming the
system remains in the hyperadiabatic regime after the modification. However, there is a risk: such
endpoint smoothing may push the required timescale I' for the hyperadiabatic approximation to hold

to impractically large values. It is therefore essential to assess whether this tradeoff occurs.

3.5.4.1 Changing scaling behavior and the onset of hyperadiabaticity

To better understand how the hyperadiabatic regime emerges, this subsection explores a set of
simple, numerically tractable model Hamiltonians. These models confirm the expectations set by the
switching theorem: at sufficiently long times, the system’s behavior does indeed approach the asymp-
totic form predicted by the theorem. However, the timescale required for this asymptotic behavior to
become accurate depends sensitively on details of the interpolation between endpoints. In some cases,
this timescale can become quite large.

Interestingly, it is possible for the system to evolve slowly enough to satisfy standard adiabatic
conditions without yet entering the hyperadiabatic regime. In such situations, the error can exhibit an

approximate power-law scaling in 1/7", where n is smaller than the leading value expected from the
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switching theorem. Only at longer times does the error’s scaling converge to the predicted asymptotic
form.

To illustrate how the timescale for hyperadiabatic behavior can depend on fine details at the
endpoints, consider the following example. Start with a generic Hamiltonian H,(s) that vanishes at
both endpoints but has nonzero first derivatives: Hy(0) = Hy(1) = 0 and H{(0), Hj(1) # 0. In this
case, the typical error in the hyperadiabatic regime scales as € = b, /7.

Now, define a family of functions

: (3.83)

where k is a small positive constant. This function is designed to be zero at s = 0 and approaches 1

for s > k. Using this, construct a modified Hamiltonian:

Hyn(s) = g(s;k)"Ho(s)g(1 — s; k)", (3.84)

which keeps the intermediate path nearly identical to Hy(s) but modifies the endpoints such that the

first n derivatives vanish. The first nonzero derivative of this modified Hamiltonian at the endpoints is:

nH(0) it n!H}(1)
o HG (1) = =

H"V(0) = (3.85)

Substituting this into the expression for the typical error yields:

1l GO)H (0)lg(0)) , GM)IH'(1)]g(1))
en(T) = o\ Z( ATT(0) + AT ) (3.86)
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To ensure this is a valid estimate of the actual error, one needs €,(7") < 1, implying a condition on the

timescale:
(n!) 1/2n

vk

T >

(3.87)

Thus, as £k — 0 (i.e., as the modified Hamiltonian more closely resembles the original), the timescale
required to reach the hyperadiabatic regime grows. More significantly, increasing n to achieve faster
error decay (e.g., 1/T™"1) also pushes the necessary timescale up rapidly—approximately factorially.

The key insight is this: even if one successfully engineers the endpoints of the Hamiltonian to
suppress low-order derivatives, large derivatives at higher order can still arise. These large derivatives
delay the onset of the hyperadiabatic scaling behavior predicted by the switching theorem. Therefore,
while such modifications can in principle reduce long-time errors, they may only do so at impractically

long times.

3.5.4.2 Examples: two-level and three-level systems

We analyze specific examples in two-and three-level systems to investigate how the error ap-
proaches the asymptotic scaling behavior predicted by the switching theorem. These examples are
intentionally designed to reflect the practical challenges discussed earlier. We begin with a baseline
Hamiltonian H,(t), which we then perturb near the endpoints so that its first derivatives vanish, while
keeping the intermediate evolution nearly unchanged. This allows us to study how such endpoint

modifications impact error evolution when the actual dynamics deviates slightly from the intended

Ho(t).
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Consider a two-level system governed by the Hamiltonian:

0 E; fo(t)
Hy(t) = : (3.88)

Eifo(t)  Eo

with a time-dependent function

Jo(t) =t(1 —1). (3.89)

Since H,(t) is nonzero at the endpoints, the switching theorem predicts that in the large-7" limit, the
typical error scales as b; /T where b, is defined in Eq. (3.79).

Although this model might seem trivial because the initial and final states are the same, this does
not affect the key insights. The conclusions remain valid for nontrivial protocols where the initial and
final states differ, as is typical in practical adiabatic state preparation. For the numerical results shown,
we choose (Ey, Ey) = (1, 1), which gives an energy gap of one at the endpoints (in arbitrary units).
We are not concerned with the detailed time dependence of the gap here. The actual error is computed
by numerically solving the Schrodinger equation and averaging the result using Eq. (3.78); we denote
this as €(7"), and compare it with the switching theorem estimate €, (7") from Eq. (3.79).

According to the expansion in Eq. (3.73), if the first derivative of the Hamiltonian vanishes
at both endpoints but the second derivative does not, the leading error in the large-7' limit scales as
€ — b,/T?, with by defined as in Eq. (3.79). Motivated by this, we ask whether we can suppress
the error by modifying the Hamiltonian only near the endpoints to eliminate the first derivative, while
keeping the rest of the evolution intact. In the case of the Hamiltonian from Eq. (3.88), this involves
modifying the off-diagonal time-dependent term so that its first derivative vanishes at the boundaries.

However, any such change at the endpoints will inevitably influence the interior behavior as well,
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Figure 3.13: The function f(t;k) plotted for various values of k. When &£ = 0, the function reduces
to fo(t) = t(1 — t), which has nonzero first derivatives at the endpoints. For k£ > 0, the function is
smoothly modified so that the first derivatives vanish att = 0 and ¢ = 1.

though potentially only slightly.

To implement this, we introduce a modified Hamiltonian:

0 Elf(t; k?)
Ht: k) = , (3.90)
Elf(t; k) Ey
where
1 N\t 1—t
flt k) = <1+2k:) ey s (391)

The additional factor t%k and 1:j - smooth the function near ¢t = 0 and ¢ = 1, ensuring that the first
derivatives vanish when £ > 0. When k£ = 0, the function reduces to fy(), and we recover the original
Hamiltonian Hy(t), which exhibits error scaling as b, /7. For small but nonzero k, the goal is to reduce

the error at moderately large 7" without significantly altering the evolution much. The normalization

factor ensures that the midpoint value f(1/2; k) matches fy(1/2), keeping the intermediate behavior
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Figure 3.14: Comparison of average errors ér, €, and &, with k = 1073 and (Ey, Fy) = (1,1). Left
panel: The ratio of the switching estimates to the true average error, with the solid line showing € /ér
and the dotted line showing €,/ér. Right panel: The values of ér, €1, and é; plotted as a function of
the evolution time 7', with the y-axis showing € x T to highlight the scaling behavior.

as close as possible to the original.

Figure 3.13 illustrates f(¢; k) for various values of k. Since the function is symmetric around
t = 1/2, only the interval 0 < ¢ < 1/2 is shown. When £ is small, f(¢; k) closely resembles fy (%),
but with the key difference that its first derivatives at the endpoints vanish. To ensure the Hamiltonian
path in the adiabatic limit remains close to that of Hy(¢), we restrict k to small values that minimally
perturb the trajectory.

Figure 3.14 compares the actual average error €, with the first-order and second-order switching

theorem estimates €, and &, using k = 1073

. The estimate € is calculated based on the original
Hamiltonian Hy (), while €, is based on the modified Hamiltonian H (t). The left panel plots the ratios
€1 /€ér and €, /ér, and the right panel shows the rescaled errors € - T2, making the long-time scaling
behavior more apparent.

These plots highlight a transition in the accuracy of the switching theorem estimates: for small

T, €, more accurately tracks the true error, while in the large-7" limit, the true error aligns with €. In

the left panel, we see that € /é; &~ 1 at short timescales, signaling better agreement in this regime.
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Figure 3.15: Comparison of average errors €7, €, and & for two values of k£, 10~* and 10~3, with
(Eo, E1) = (1,1). Note that the switching estimates ¢; and €; can exceed 1, as they are estimates,
whereas the true average error e7, computed from Eq. (3.78), always remains below 1.

As T increases, this ratio drifts away from unity while €,/é; approaches one, confirming that the
second-order switching estimate captures the asymptotic scaling behavior more reliably. The right
panel conveys the same transition from 1/7 to 1/T? scaling.

Figure 3.15 presents a broader comparison across different £ values. Solid curves represent the
numerically computed average errors €7, dotted lines show €, and dashed lines denote €;. Across all
values of k, the true error initially follows the first-order estimate €, then transitions to the second-
order scaling €; in the hyperadiabatic regime. However, the onset of this asymptotic scaling depends
sensitively on k. For each k, the true error exhibits 1/7" scaling for moderate 7', which matches the
behavior predicted by Hy(t). Only at significantly larger times 7" > O(k‘_lAié) does the error begin
to reflect the improved 1/77 scaling associated with the smoothed Hamiltonian H ().

Notably, for smaller k£, the crossover from €; to é; occurs at large 7', and the magnitude of the
true error becomes smaller. This reflects the fact that as k¥ — 0, the modified Hamiltonian becomes

more similar to H(t), while introducing more abrupt behavior near the endpoints. Consequently, the
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system requires longer times to enter the hyperadiabatic regime.

In a few words, these results confirm that scaling of errors in powers of 1/7" by switching theo-
rem is achieved at long times, but the timescale at which this regime sets in is controlled by the size
of the endpoint derivatives. Therefore, achieving substantial error reductions at moderate times may
require more than minimal endpoint modifications.

We have examined how a two-level system transitions to the asymptotic regime described by the
switching theorem. We expect this qualitative behavior to extend to systems with multiple accessible
excited states. To explore this, we conduct a similar analysis for a three-level system. The reference

Hamiltonian Hy(t), analogous to the two-level case, is defined as:

1 Eyfo(t) Eafo(t)

Ho®) = |E folt) 2 Esfo(t)] - (3.92)

_Ezfo(t) Es fo(t) 3

where fj(¢) is defined in Eq. (3.89).
Following the same strategy as before, we define a smoothed Hamiltonian with independent

smoothing parameters:

1 Eif(t; ki) Exf(t; k)

H(t:k) = | B f(t; k) 2 Esf(t:ks)| - (3.93)

_Ezf(t; ko)  Esf(t; ks) 3

where f(t; k) is given in Eq. (3.91). As expected, H(t,k) — Hy(t) as k = (ki, k2, k3) — 0, and the

time derivative of H at the endpoints vanishes when k # 0, i.e., 0,H (t;, k) = 0,H (t;,k) = 0.
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We consider two cases for k and E = (E,, Es, E3):

e Case I: B} = Ey = E3 = 1land k = (k,k, k):

1 f(tk) f(tk)

H(tk) = |ft:k) 2 flt:h)] - (3.94)

f k) fltk) 3

» Case2: (Ey, Ey, E3) = (1,0,1) and k = (k,0,0):

1 Evf(tk) 0

H(t:k) = | By f(t; k) 2 Esfo(t)] - (3.95)

0 Es fo(t) 3

Case 1 can be seen as a natural extension of the earlier two-level example, where first-order diabatic
transitions between any pair of states are suppressed by construction. Case 2, while reminiscent of the
two-level setup, introduces new behavior: for & # 0, first-order transitions from the ground state to
either excited state are eliminated, but transitions between excited states remain allowed at first order
inl/T.

Importantly, because the switching theorem expressions, Eq. (3.79), only account for transitions
from the ground state, and such transitions are absent at first order in this case, the leading-order
nontrivial contribution to the switching error for the ground state is €; when £ # 0.

We start with Case 1, investigating how varying & influences the behavior of the true error rel-
ative to the switching error estimates, €; and €;. These are computed as before using the reference

Hamiltonian H,(¢) and the modified Hamiltonian H (), respectively.
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Figure 3.16: Comparison of the error ratio éx/érfor the three-level system with identical off-diagonal
couplings, as defined in Eq. (3.94), for various values of k.

Figure 3.16 presents the ratio € /ér for several values of k. The results show that for larger k,
the true error closely follows €, even at smaller timescales. In contrast, for smaller k, the true error
gradually converges to €, as 7' increases, mirroring the behavior observed in Figure 3.15.

Turning to Case 2, we apply the same methodology as before. As shown in Figure 3.17, the true
error aligns with €; at small 7', transitioning to follow €, at larger 7', consistent with the trends seen in
earlier cases.

Finally, we compare the true errors of Case 1 and Case 2, fixing k& = k;, to understand how
changes in the excited-state structure impact ground state preparation. Figure 3.18 demonstrates that
in the hyperadiabatic regime, both cases exhibit nearly identical behavior. This suggests that modifying
transitions between excited states has minimal influence on the asymptotic error scaling. Instead, the
dominant contribution comes from transitions between the ground and first excited states, as predicted
by Eq. (3.79). Nevertheless, the figure also indicates that at small 7", other transitions can still play a

significant role in determining the total error.
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Figure 3.17: Average errors ér, €, and & for Case 2 with k& = 10~2. For the given Hamiltonian
parameters, the first-order switching error €; vanishes; thus the curve labeled €, is computed using the
unmodified Hamiltonian Hy(t) as defined in Eq. (3.92)

3.5.4.3 Systems with essential singularities at the endpoints

In earlier examples, we modified the Hamiltonians so that their first derivatives vanished at the
endpoints, while leaving the intermediate evolution largely unchanged. In the hyperadiabatic regime,
this led to the expected 7'~ scaling of the error. For small values of 7', agreement with this asymptotic
scaling improved as differences between the modified and original Hamiltonians became negligible
during the bulk of the evolution. This approach can be extended further by ensuring that higher-order
derivatives also vanish at the endpoints. The asymptotic scaling behavior suggests that the error decays
more rapidly—with a more negative power of 7'—as the order of the lowest non-vanishing derivative
at the endpoints increases.

A particularly extreme endpoint modification involves setting all time derivatives to zero, corre-

sponding mathematically to the introduction of an essential singularity. One such construction for the
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Figure 3.18: Comparison of Case 1 and Case 2, as defined in Egs. (3.94) and(3.95). Solid lines
correspond to Case 1, and dotted lines correspond to Case 2.

two-level Hamiltonian is given by:

0 Elfexp(t; k)
H(t: k) = :

Elfexp(t; k) EO
p (3.96)

t(1—t)exp (_t(llit)>7 if0 <t <1,

with fexp(t; k) =

0, otherwise.
\

As k — 0, the difference between H (t; k) in Eq. (3.96) and H,(t) in Eq. (3.88) becomes neg-
ligible at intermediate times. However, since all derivatives of H (¢; k) vanish at the endpoints for
k # 0, the switching theorem is no longer applicable for estimating the error. One can verify directly
that all time derivatives vanish at the endpoints. Nevertheless, the structure of the switching theorem
motivates this kind of endpoint modification, especially when f(t; k) is viewed as the limit of analytic

functions with well-defined endpoint derivatives.
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Figure 3.19: Plots of fe,(t; k) for different values of k. When & = 0, the function reduces to
fo(t), which has nonzero first-order derivatives at the endpoints. The inset highlights the behavior
of fexp(t; k) near the endpoint.

In Figure 3.19, the function fe,(¢; k) is compared with f(¢) from Eq. (3.89). We then study
the errors produced by evolving with the Hamiltonian in Eq. (3.96) for k& = 10, 1073, 1072, and
compare them with the errors from evolving with Hy(t) in Eq. (3.88).

As in earlier cases, when k is small, the Hamiltonian closely resembles Eq. (3.88), so we com-
pare its error to €, computed from the & = 0 Hamiltonian. These results are shown in Figure 3.20°.
Here, we set Iy = E; = 1 as in previous two-level examples.

Figure 3.20 shows that although all derivatives of the Hamiltonian vanish, for small 7', the true
error still follows the estimate from the £ = 0 case. As T increases, the error eventually transitions to
an asymptotic regime, decaying faster than any power law. Similar to previous observations, decreas-
ing k delays the onset of this exponential decay. Notably, for small £ and moderate 7', € does not yet

exhibit clear signs of exponential behavior.

3The Schrodinger equation is solved from ¢t = 1076 to ¢ = 1 — 107 rather than from 0 to 1, to avoid numerical issues
due to the singularity at the endpoints.
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Figure 3.20: Average true errors are shown for different values of k£ as defined in Eq. (3.96), with ¢,
computed using the Hamiltonian corresponding to k£ = 0.

3.5.4.4 Discussion

The practical value of the asymptotic error scaling predicted by the switching theorem hinges
on the timescale at which it becomes a good approximation of the true error. We explored this by
comparing switching estimates with numerically computed errors for several model Hamiltonians.
We observed that the agreement between the true error and the switching prediction improves with
increasing evolution time—i.e., deep in the hyperadiabatic regime.

The switching theorem asserts that for sufficiently large evolution times 7', the diabatic error
scales with a characteristic power of 1/7', determined entirely by the behavior of the Hamiltonian at
the endpoints. This naturally leads to the question: can one reduce errors by only modifying the Hamil-
tonian’s time derivatives at the endpoints, while leaving the intermediate evolution largely unchanged?
Mathematically, this means enforcing the vanishing of a finite number of time derivatives at the end-

points. We investigated this idea using simple two- and three-level systems, where these effects can be
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studied in detail. We confirmed that the switching theorem accurately predicts the asymptotic scaling,
but the onset of that regime—i.e., when the approximation becomes accurate—strongly depends on
how smooth the endpoints are.

Our results show that the usefulness of the switching theorem for practical adiabatic state prepa-
ration is not guaranteed. It is most helpful when the leading nonzero term in the asymptotic expansion
provides a good estimate of the error even at relatively short times. However, if that regime is only
reached at very large 7, or if the corresponding error is already negligible, then the switching theorem
offers limited practical guidance. In other words, for the switching theorem to be a useful predictive
tool, the onset of asymptotic scaling must occur early enough—and with sufficiently large errors—that
scaling behavior remains observable.

Consider a scenario where one employs a fault-tolerant analog quantum simulator, and Trotter
errors are not a concern. Even then, applying the switching theorem requires precise knowledge and
control of the Hamiltonian near its endpoints. In practice, many adiabatic protocols involve abrupt
switching at the start and end of the evolution, which can be difficult to control and may introduce large
diabatic errors not captured by the switching estimate. Our results show that deliberately modifying
the endpoint behavior—while keeping the bulk of the evolution intact—can lead to error suppression,
thus making strategic use of the switching theorem.

In contrast, digital quantum simulations must also contend with Trotterization errors, which
complicate matters further. In this context, the clean asymptotic scaling behavior described by the
switching theorem may no longer be directly applicable. Understanding how Trotter errors interact
with the switching behavior remains an open and important problem.

Throughout this work, we focused on small modifications to the Hamiltonian, parameterized by

a small auxiliary parameter k, that smooth out the time evolution near the endpoints without altering
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the global path. This reflects a common scenario in which the Hamiltonian path is largely fixed, either
by physical constraints or prior design.

Of course, many different paths could in principle interpolate between the same initial and final
Hamiltonians. But not all of them are suitable for adiabatic preparation—for instance, paths that pass
through quantum phase transitions are likely to fail [257-260]. This motivates our focus on modifying
only the endpoints of an otherwise fixed, physically reasonable path. Throughout this thesis, our focus
is not finding the best path, but how to travel the given path with less computational cost.

Given the cost of reaching very small diabatic errors via pure adiabatic evolution, a more efficient
strategy in practice may be to prepare an approximate ground state adiabatically, and then refine it
using post-processing techniques. Projection-based algorithms—such as those discussed in Refs. [150,
209-213] and the rodeo algorithm mentioned earlier—can then be used to project onto the true ground
state. In such hybrid approaches, the asymptotic scaling predicted by the switching theorem may be

of limited relevance, since the diabatic errors are already negligible by the time this regime is reached.

3.5.5 Adiabatic state preparation for long path

This subsection focuses on a different direction of errors: how they relate to the overall com-
putational cost and the length of the path in parameter space, where the parameter determines the
Hamiltonian. The objective here is to find a dimensionless measure that serves as a proxy for compu-
tational cost—something more insightful than simply relying on the total evolution time—particularly
in the regime of long path lengths.

Although adiabatic evolution can be implemented on digital quantum computers [195, 196, 199,

253,261-263], analog quantum simulators offer a more natural setting to study such dynamics. These
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platforms avoid complications arising from Trotterization errors [193, 194], which simplifies analysis.
Nevertheless, the ideas discussed here can be extended to digital setups by incorporating the cost
associated with Trotter errors, but the central cost metrics considered in this subsection are more
general.

Understanding the typical behavior in the long path length limit is especially relevant, since
many important physical problems—including gapped lattice quantum field theories—fall into this
category. One of the overarching goals of this work is to characterize how the computational effort
scales with path length when the error is kept small. While it might seem natural to take the total
runtime as a proxy for computational complexity, we argue that this is misleading. A crucial insight
is a kind of no-go theorem for time-based scaling: for any proposed scaling relation between time and
path length at fixed error, there exists a Hamiltonian that violates it. In other words, one can always
find a different Hamiltonian evolution that achieves the same final error but with a runtime that scales
with path length in any arbitrary way. As a result, time alone is not a robust indicator of computational
cost in adiabatic evolution.

To address this, we propose a dimensionless measure that captures how “adiabatic” the traversal
of the Hamiltonian path is, and suggest using this as a more reliable indicator of cost. There is also
an apparent paradox: shorter paths seem to produce smaller errors for a given runtime, since the state
changes less and encounters fewer opportunities for transitions. However, this intuition can conflict
with implications of the switching theorem. In fact, path length does matter, especially in scenarios
where all terms in the switching expansion vanish and the remaining error is captured entirely by
the remainder term. If we are interested in how long it takes to achieve a small fixed error, and that
time grows as the path length L increases, then it becomes crucial to understand how the expansion

coefficients b,, scale with L.
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To formalize the discussion, we define a “velocity” of the path through parameter space. The
instantaneous velocity at a given parameter value, v(\), and the average velocity over the entire path,
v, are given by:

(3.97)

&

=

o,

S

I
il

where T' = t; — t, is the total evolution time, and L is the path length. Since L is dimensionless, v(\)
has units of inverse time. We can factor out the average velocity v as a scaling parameter and consider
the limit v — 0, while keeping the shape of the trajectory fixed—this means the local velocity profile

v(\) scales with T but retains its relative variation with \.

3.5.5.1 A counterexample for scaling of time in path length

For sufficiently long paths, the Zeno-inspired method discussed in Section 3.4 offers highly
efficient scaling, with the required computational resources increasing only linearly with the path
length. This raises the question of whether adiabatic evolution can achieve comparable scaling in the
long-path regime.

The importance of path length in the state preparation along a path in the Hamiltonian space
has been recognized for over a decade, with several insightful papers emphasizing its role [201-203,
208, 264, 265]. The most assertive claim appears in [208], which presents an argument rooted in
computational complexity, leveraging Grover’s algorithm [179]. The abstract of that work asserts that,
for processes with a constant spectral gap, the minimum time required to approximately prepare the
final eigenstate scales proportionally to the ratio of the path length to the gap. This suggests that no
adiabatic protocol can beat this lower bound. Similar assertions appear throughout the paper. However,

the soundness of this claim has been questioned [266], and its interpretation requires care.
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At first glance, the claim might be taken to imply that any Hamiltonian path with a fixed gap
must require time scaling linearly with path length in order to maintain a given level of accuracy.
However, this interpretation does not hold up when one examines the methods used in Ref. [208]. In
fact, one can easily construct explicit counterexamples that defy this supposed lower bound.

Take, for example, a simple three-level system with a time-dependent Hamiltonian:

t
H(t)=A (1 + —) X'HpX, (3.98)
T
where _ - - -
0 0 0 cos (L4 45) 0 —sin(L+ 1)
Hp = |y 1Jit 0| and X = 0 1 0 ) (3.99)
0 0 2 sin (f + %) 0 cos (f + %)

Here, A and 7 are constants representing energy and time scales, respectively. The energy gap remains
constant at A throughout the evolution. If the system starts in the ground state at ¢ = 0, the path length
up to time ¢ is:
t
L(t)=—-+— (3.100)

T 272

Meanwhile, the error € (as defined in Eq. (3.70)) reaches a maximum value of

1
€max = W’ (3.101)

and repeatedly returns to this value as .. — oo. That is, we can analyze the error at points where it

has reached or nearly reached this maximum. Solving for the time as a function of path length, while
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keeping the gap and error fixed, we find:

t(L) = V2Lr? (\/1 +(20)L - \/(2L)—1> Lo L7, (3.102)

This implies that the evolution time grows with v/L rather than linearly, directly contradicting the
apparent claim from Ref. [208] that the time must scale at least linearly with L at fixed error and gap.

This example highlights a broader point: the error accumulated during the adiabatic traversal
of a path depends both on the local “velocity” of the Hamiltonian change and on the relevant energy
scales driving transitions. Since time carries units, a dimensional quantity must set the scale, and these
energy differences do just that. The analysis in Ref. [208] implicitly assumes that the only relevant
energy scale is the fixed gap A, but this is not generally valid. As shown above, one can construct
Hamiltonians where the characteristic energy differences evolve along with the velocity in a controlled
way, yielding arbitrary scaling of runtime with L while maintaining fixed error.

In fact, it is possible to engineer systems where different Hamiltonians produce mathematically
equivalent dynamics, simply by adjusting the local velocity and energy scales together. We will further
demonstrate how such constructions allow for arbitrary time scalings at fixed error, independent of gap.
Importantly, in many such systems, the gap remains constant while the other energy scales vary, so the
gap alone is insufficient to set the scale of the evolution.

The takeaway is that the time-to-error scaling with path length, by itself, is not a reliable indicator
of computational difficulty. Instead, it is necessary to develop more meaningful, dimensionless metrics

to assess the cost of state preparation via adiabatic evolution.
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3.5.5.2 Insight from time-periodic Hamiltonians

We consider the regime where the adiabatic error € is small. Since the time-evolution operator
is unitary, it can be expressed as U (tf, ;) = exp(iAy,;), where A;; is a Hermitian operator. When e is
small, it is sufficient to expand the exponential to first order in A to estimate the error via Eq. (3.70),

leading to the approximation:

€= |1 —lgr){gsl) Apilgall - (3.103)

Suppose the full evolution along a long path is decomposed into N shorter segments, each with
a small error. If

Ulty,t;) = Uty tn-1)U(tn-1,tn—2) - Ulta, t1)U(t1, ), (3.104)

then the total error becomes

N-1

(=19 {rD) D Ajrilgs)

J=0

(3.105)

€ =

Now consider the special case of a time-periodic Hamiltonian, H (t+7) = H(t), and an evolution
that spans exactly IV periods, starting in the ground state. Let L¢. denote the path length for a single
cycle, so that the total length is . = N Lg.. Assume the trajectory is nontrivial—that is, it does not
simply reverse itself halfway through a cycle.

Divide the evolution into N segments, each corresponding to one cycle: Ul(ts,t;) = Ul with
Uy = exp(iAy) being the single-cycle evolution operator. Then, from Eq. (3.105), and assuming small
error, we find

€ = Neg where e = |[(1 — |g0) (90]) Aolgo)ll , (3.106)
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where |go) is the ground state at both the beginning and end of a cycle.
Because each cycle starts and ends at the same point, all coefficients b,, in the asymptotic series
of Eq. (3.73) vanish, and the single-cycle error is determined entirely by the remainder term: €, = 7,

which decays faster than any power law in 1/7y = T/ L. Thus, we obtain:

€= Nexp (~[(1/t)) = - exp (~f(1/7) (3.107)

sc

where [ is a positive monotonic function satisfying log(xz) = o( f(x))—that is, it grows faster than
logarithmically.

Solving for the time 7', we find:

T=Lf" (log (%)) . (3.108)

L/Lo
€

While we do not know the precise form of f, if f(x) = x then T scales as L log(=-=2), which grows
faster than linearly with L. More generally, this result implies that, to keep the error fixed, the total
time must grow faster than linearly (superlinearly) with the path length.

The core intuition behind this result is simple: as the system evolves over many cycles at a fixed
average speed, small errors from each cycle accumulate. Maintaining a fixed total error thus requires
reducing the error per cycle, which entails slowing down the evolution—hence increasing the total
time.

While this argument is grounded in the periodic case, the underlying principle—that errors accu-

mulate along the path—should apply more broadly. Therefore, one generally expects that maintaining

a fixed error leads to computational cost growing faster than linearly in L. However, the three-level
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model in Eq. (3.98) demonstrates that in some cases, the required time can grow more slowly than L.
This tension points to the need for a more refined understanding that generalizes the periodic result to
broader classes of systems, while incorporating the insight from such models that time can sometimes

scale sublinearly with L for fixed error.

3.5.5.3 A no-go theorem for the relation between velocities and errors

The behavior seen in the model of Eq. (3.98) illustrates a general no-go theorem: for any pro-
posed bound on how the total time 7" must scale with path length L at fixed small error, one can
construct a time-dependent Hamiltonian that violates it. This means that a universal bound on 7'(L) at
fixed e does not exist. However, this does not invalidate the intuition that computational costs tend to
grow faster than L—it simply implies that time alone is not a reliable proxy for computational cost.

To build intuition for this result, consider first a trivial observation: if one rescales a Hamiltonian
by a constant factor along a path, the evolution can be sped up by the same factor without changing
the error. Consequently, reducing the total runtime proportionally preserves the final state. But this
rescaling does not change how 7' scales with L, which is our primary interest. A more insightful
case is when the Hamiltonian is rescaled by a function that varies along the path—this changes the
relationship between L and 7" while keeping the error fixed, and leads directly to the no-go result.

The technical proof begins with the time-dependent Schrodinger equation, H|t) = i4%|t), and

introduces a unitary transformation X that locally diagonalizes the Hamiltonian:

H=X"H;X, (3.109)

where H, is the instantaneous diagonal Hamiltonian, and X depends on A (implicitly time-dependent).

155



Redefining the state as |¢) = X |1}, the Schrdinger equation becomes
5 d
<Hd + zXXT) 9) =i 16). (3.110)
Expressed in terms of A (with d/dt = vd/d)), this becomes
H, d
— +iX'XT =i—|¢). 3.111
(5 ixxt) o) = 1510 a1

Now, consider two Hamiltonians, H4(\) and Hg()), corresponding to two different traversal

dla B(t)

schedules [4(t) and Ip(t) of the same path. Define their velocities v4,5(A) = == o and
t=13"5(A
suppose they are related by
Ha(AN)vs(N)
Hg(\) = —————= 3.112

Then, the transformed states |¢4())) and |pp(\)) evolve identically for all A if they start from the
same initial condition, implying the physical states |1)4(t)) and |¢)5(t)) coincide at matching points

along the path. Thus, the errors are identical, even though the total evolution times differ:

Tap = / dA\——. (3.113)
A

VA,B

This gives
VA L. L
TB:TA__ with UAB:)\—,
VB ’ f_dA
Ai va,B

(3.114)

where U4 p are the average velocities.
It follows that by choosing vg(\) to grow sufficiently quickly with A, one can make 75 scale

with L arbitrarily more slowly than 7’4 while keeping the error fixed. For example, setting vg(\) =
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va(A)(1+ A*) and Hg(A) = Ha(N)(1 4+ \*) with a > 1 yields

Tg

~ATY 3.115
T, : ( )

so for large enough a, even if T4 scales as a power of A\, Tz can scale more slowly than any fixed
power, including linearly. This shows that no general lower bound on the scaling of 7" with A can exist
at fixed error.

The construction can also be adapted to preserve a constant or bounded spectral gap, as consid-
ered in Ref. [208]. This is done by extending system B’s Hilbert space to include two components:
H = Hp, © Hp2, where Hp; behaves as described above and Hp » is time-independent and has a
fixed energy gap above the ground state. As long as Hp; starts with a larger gap than Hp o and its

velocity grows monotonically, this guarantees a controlled gap throughout the trajectory.

3.5.5.4 General case

The no-go theorem should not be interpreted as implying that the computational cost of adiabatic
state preparation fails to grow with the path length A. Rather, it points to the fact that evolution time is
simply not a reliable proxy for computational cost when analyzing how cost scales with \ at fixed error.
This issue has been understood for some time—see, for example, Ref. [190]—where it is emphasized
that time, being a dimensionful quantity, cannot on its own capture meaningful scaling behavior in
terms of dimensionless parameters like the error € or the path length L. To relate time to computational
difficulty, one needs an additional scale-setting quantity.

One candidate proposed in Ref. [190] is the product 7" - max|| H||, where T is the total evolution

time and max||H || refers to the maximum operator norm of the Hamiltonian along the path. This
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quantity has the correct units to be compared to error scaling, and intuitively it incorporates both time
and energy scale. However, it has a significant shortcoming: max|| H || reflects the largest eigenvalues
of the Hamiltonian, which may be irrelevant to the evolution of the ground state and thus not an
accurate reflection of actual computational cost in adiabatic state preparation.

This leads naturally to the question: is there a quantity that better captures the genuine compu-
tational difficulty of adiabatic state preparation? Let us denote such a hypothetical quantity by Q)p.
To serve as a meaningful proxy for computational cost, and to potentially admit general bounds on its

scaling with L, () p should satisfy several reasonable criteria:

1. Superlinear scaling in time-periodic systems:
For systems where the Hamiltonian is periodic in time, the intuition is that errors accumulate
over many cycles. Holding the total error fixed therefore requires reducing the error per cycle as
the number of cycles grows, which in turn necessitates slower evolution—i.e., longer total time.

A good proxy for cost should reflect this by growing superlinearly with L in such settings.

2. Dimensionlessness:
(@ p should be a dimensionless quantity. This ensures that it characterizes computational diffi-
culty independently of physical units, and hence independently of specific hardware or imple-
mentation details. It would also put it on the same footing as the path length L and the target

€ITor €.

3. Invariance under reparameterization:
As shown earlier, two different Hamiltonians related by a time-rescaling transformation (i.e.,
Eq. (3.112)) generate the same state trajectory at different physical speeds. Thus, they should
be regarded as equally difficult in any abstract, model-independent sense. A proper measure of
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computational cost should assign the same value of () to both systems.

4. Sensitivity to adiabaticity:
(2 p should track how close the evolution is to the adiabatic limit. This is essential, since staying
near the adiabatic limit not only increases computational cost (e.g., by requiring slower evolu-

tion) but is also the central criterion for maintaining low error in adiabatic algorithms.

This framework makes clear why traversal time itself fails as a universal cost proxy: the no-go
theorem shows that time can be rescaled arbitrarily without affecting the physical error, simply by
appropriately modifying the Hamiltonian’s amplitude as a function of position along the path. This
destroys any general relationship between time and computational difficulty. However, that does not
invalidate the original intuition that computational resources should grow with path length—it simply
means that time is the wrong variable to express this intuition.

The situation is different for a quantity like ()p, which, by construction, might retain this ex-
pected relationship even in cases where time does not. Specifically, one can ask whether for a wide
class of systems—perhaps excluding only a narrow, well-characterized subclass— (Jp must scale
faster than linearly with L at fixed error. At present, no general proof exists for such a statement, but
this motivates formulating and testing various conjectures.

Before doing so, however, it is essential to clarify the structure of such conjectures. The general
setup involves considering how the asymptotic scaling of () with path length L behaves when the
error € is held fixed and small. This setup allows the velocity along the path to be adjusted to maintain
the error at the desired value while letting L vary, isolating the scaling behavior of the cost measure
from other complicating factors. The key idea is that all other relevant properties (e.g., the Hamiltonian

structure, the gap profile, etc.) are held fixed while L increases.
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The aim is to rescue and reformulate the original intuition about adiabatic cost scaling—namely,
that errors accumulate with distance and therefore resource demands should increase accordingly—in
a framework where it can be meaningfully analyzed. The no-go theorem rules this out for time, but
the possibility remains open for better-behaved cost measures like () p, which may preserve the spirit
of this intuition under broad conditions.

Consider a quantum system with a fixed Hilbert space and a Hamiltonian that depends smoothly
on a single real parameter, which we denote by \. Without loss of generality, let the evolution start at
A = 0 when ¢t = 0, and define the system’s path through parameter space via a differentiable and non-
decreasing function A(¢), i.e., with \'(¢) > 0. This monotonicity guarantees that A(¢) can be inverted

to yield ¢()\), allowing one to express the instantaneous velocity along the path as a function of A:

o) = ——. (3.116)

By construction, v(\) is continuous and non-negative. Assume also that H () is defined for arbitrarily
large values of ), ensuring that one can consistently take the limit of large path length L.

To fully specify a trajectory, one must give not only the path H(\) but also the velocity profile
v(A) and the final point Ay = L, with the convention that the path starts at \; = 0, s0 L = Ay — \,.
Suppose we are interested in a family of trajectories that all follow the same path and have the same
relative velocity along the path, but differ in their overall speed. Such a family can be characterized by

a reference velocity v,.¢(A) and a scaling parameter s., so that:

(3.117)
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Any property of the evolution—such as the final error—can then be viewed as depending on this set
of inputs: the Hamiltonian path H (), the reference velocity v,.¢()), the scaling factor s, and the path

length L. More generally, a quantity associated with the evolution can be denoted as:

Q(Se, L e, H), (3.118)

indicating that it is a function of s, and L, and a functional of v,,¢(A) and H (). In particular, the error
€(S¢, L; vref, H) can be viewed this way. Holding L, v,f, and H fixed, the error becomes a function
of the scaling parameter s.. Although this dependence is not necessarily invertible—multiple values
of s, might yield the same error—one can define s.(¢, L; vy, H) as the minimum value of s, needed
to achieve a given error €, for fixed L, v, and H. in the regime of small error, this minimal s, is
typically unique. With this, any trajectory-based quantity () can be re-expressed as a function of € and
L, and as a functional of v, and H.

The conjectures of interest concern a quantity () p, representing some measure of computational
difficulty associated with the full trajectory. The basic conjecture is that, for a given Hamiltonian path

H (), and ixed error and velocity profile, this quantity grows faster than linearly with the path length:

Conjecture: ()p grows superlinearly in L at fixed small e.

To formulate such a conjecture precisely, one must first specify the choice of () and then identify
the domain over which the conjecture is expected to hold. Depending on these assumptions, one can

define various versions of the basic conjecture, with different degrees of generality:

1. Typical conjecture:
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The conjecture holds for a broad class of physically relevant systems with high probability,

though isolated counterexamples may exist.

2. Zero-measure exception conjecture:
The conjecture holds for all systems and trajectories except for a set of measure zero. This inter-
pretation presumes that one can meaningfully sample the space of Hamiltonians and reference

trajectories and that counterexamples are vanishingly rare in that measure.

3. Criterion-based conjecture:
There exists a clearly defined, computable condition such that if the condition holds, the conjec-

ture is guaranteed to be true. Variants of this scenario include:

(a) The conjecture fails if the criterion fails.
(b) The conjecture may still hold even if the criterion fails.

(c) The conjecture holds with high probability for physically relevant systems, even when the

criterion fails.

(d) The conjecture fails only on a set of measure zero when the criterion fails, under the as-

sumption that the space of systems is properly enumerable.

One could also imagine an even stronger version of the conjecture in which every sensible defini-
tion of () satisfies the conjecture for all systems and trajectories. However, this possibility can likely
be excluded. For instance, in certain cases, such as when a time-dependent system reduces to one with
a time-independent effective Hamiltonian H; + iX X1, well-behaved definitions of Q may scale only
linear with L at fixed error, and not superlinearly. Thus, the most credible versions of the conjecture

are likely those aligned with Scenario 3, involving criteria that imply (but do not fully characterize)
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the conjecture’s validity.

Still, a distinct and potentially more universal conjecture might hold: that () grows at least
linearly (rather than superlinearly) with L for all systems and all trajectories when the error is small
and held fixed. While this form is weaker in the sense that it allows linear growth, it is stronger in that
it is asserted to hold universally, without exception.

As will be discussed next, it is possible to identify quantities satisfying the four conditions
outlined earlie—conditions that make a cost measure both physically meaningful and technically
robust—and there is good reason to believe that at least some formulation of the conjectures above

should hold for these choices of () p.

3.5.5.5 A new measure for quantifying adiabaticity

Although total evolution time has been shown to be an inadequate measure of computational
difficulty, it may have initially appeared reasonable because of its connection to adiabaticity: all else
being equal, longer evolution times typically correspond to more adiabatic behavior. However, as the
no-go theorem makes clear, all else is rarely equal—so relying on total time alone is insufficient. The
challenge, then, is to identify a quantity that more faithfully captures adiabaticity and does so in a way
that satisfies Conditions 1-4.

To this end, it helps to revisit how adiabatic evolution actually works. Consider the Scrodinger
equation parameterized by A\, Eq. (3.111). In the regime of small error, the solution leads to the

following expression for the transition error:

Z/:f dX exp (z’ /: dXE’“(xl&)]%(x)) (k)] X' XTg(\))

k#g g

€ =

| . (3.119)
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Here, the summation over k # g accounts for contributions from all excited states. The key point is
that adiabatic behavior—manifesting as small error—arises from rapid oscillations in the phase due to
energy gaps, which lead to cancellations over the timescale of the Hamiltonian time evolution.

This naturally suggests a link between adiabaticity and computational cost. For instance, on
a digital quantum computer, simulating nearly adiabatic dynamics with discrete time steps requires
resolving these fast phase oscillations. Thus, higher adiabaticity implies a need for finer resolution—
and therefore more computational resources.

To quantify how adiabatic the evolution is at a given point A, consider the ratio:

Er(A) = Ey(A)

ax(A) = oy ,

(3.120)

which governs the suppression of transitions from the ground state to the kth excited state near A. To
measure the overall suppression of such transitions at a particular A\, one can take a weighted average of
the a;()\), with weights wy,(\) that reflect how strongly the transition-driving operator i X’ X T couples
the ground state to the kth excited state. Given the definition of A in Eq. (3.45), the completeness

relation ensures that

> I ENg ) =1, (3.121)

k

so that the natural choice for wy(\) is

wir(X) = [(EN)]g (M) (3.122)
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This leads to the following average quantity:

H\) = Ey(A)

oV 9'), (3.123)

a(A) = (¢

which serves as a reasonable local measure of adiabaticity at each point along the trajectory.
In this context, it is crucial to define a global measure of adiabaticity associated with traversing
a path. Denote this quantity as () p. A natural definition is to integrate the local adiabaticity a(\) over

the entire path:

Af _
= [ dA<g'|W|g'>. (3.124)

This definition aligns with the intuition: it captures the cumulative suppression of non-adiabatic tran-
sitions over the course of the evolution.

Given that for any excited state k, the energy difference satisfies Ej(\) — E,(\) > A(X), where
A()) is the instantaneous spectral gap, and that the gap obeys A(\) > A, the minimum gap over the

entire trajectory, it follows that

)

= AT (3.125)

Af
Qp > / dx (g
A

where T' = t; — t; is the total evolution time.

Although the no-go theorem constrains how 7' scales with the path length L, this inequality does
not directly restrict the scaling of (Jp. Thus, it remains an open question that () admits a scaling
bound consistent with one of the superlinear scenarios previously discussed.

Importantly, () satisfies Condition 1. For time-periodic Hamiltonian, () scales superlinearly

with 7. If the path covers an integer number of periods, say N, then T' = N, 7 where 7 is the period,
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and Qp = N,Qp., with @ p,. the value of () over a single cycle. Hence Qp = (Qp,./7)T, making
it directly proportional to 7'. Even when the path length is not an exact multiple of period, the ratio
Qp/T approaches Q)p,./T asymptotically as the path length increases, preserving the proportionality
in the large-L limit. Since 7" grows superlinearly with L at fixed error, so must () p.

Furthermore, ()p is dimensionless, satisfying Condition 2. By construction, it meets Condi-
tion 3, and since it was motivated by a desire to quantify adiabaticity, it also satisfies Condition 4.
Thus, this definition of ()p satisfies all four criteria, making it a plausible candidate for quantifying
computational difficulty.

It also seems highly likely that () satisfies at least one of the superlinear scenarios. The reason-
ing is simple: longer paths (in terms of L) provide more opportunities for errors to build up.

Nevertheless, the definition of ()p in Eq. (3.124) is not unique. Alternative forms could also

serve this role. For instance,

As | (HN) — E,(\)? g’
QDZE/M Ll <?>}<A) D 16

or

(3.127)

2

_ o, WIVART = EI)
C2D1/2 = / Z U( )\)
could also be used. The first emphasizes higher energy excitations, while the second gives more weight
to lower-lying states. Both satisfy Conditions 1-4.

More generally, for any positive, monotonically increasing, and invertible function f(x), one

could define:

0 = / UL (HO) = B, 00) |9) a18)

)
v(A) ’
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and still satisfy the same set of conditions. Thus, there is a broad class of valid choices for Q) p.

It remains unclear whether all these versions of () lead to the same qualitative behavior. While
it is plausible that each yields superlinear scaling with L at fixed small error, they may differ in how
restrictive they are in terms of applicability or in what they emphasize about the dynamics of the
system.

It seems quite plausible that Scenario 1—the weakest version of the conjecture—holds for all of
these formulations of Q)p. If so, and if ()p truly reflects computational difficulty, this has important
implications: it suggests that adiabatic state preparation may be fundamentally ill-suited for problems

involving very long paths.

3.5.5.6 Setup for numerical test

We outline a numerical approach to test the conjecture for a range of time-dependent Hamilto-
nians. Importantly, these methods are designed specifically to examine how the proposed proxies for
computational cost scale with path length under adiabatic evolution—they are not intended as practical
prescriptions for adiabatic algorithms in real-world applications.

While the conjecture is most naturally formulated using a path-length parameter )\, directly simu-
lating dynamics in terms of \ is technically challenging. Therefore, we instead parameterize evolution
by physical time, which is more convenient for solving the Schrodinger equation numerically.

To ensure the system remains within a fixed error tolerance, the velocity v(\) along the path
must decrease as the path length increases. We consider a family of velocity profiles that preserve
relative velocity along the path but differ by an overall scaling factor, as Eq. (3.117). While increasing

s. reduces errors, it cannot be made arbitrarily large without increasing the computational cost. Thus,
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we define s. as the value that yields an error equal to a specified threshold €y,.

A subtlety arises: the relationship between s. and error is not necessarily monotonic—it can
oscillate about an increasing trend. As a result, multiple values of s. may satisfy the threshold condi-
tion. While the smallest such s. minimizes cost, it is also more sensitive to realistic errors where s,
cannot be perfectly controlled, making it less reliable in practice. To ensure robustness, we adopt the
conservative approach of selecting the largest s, that meets the error criterion. In general, s. depends
on the Hamiltonian, the path length L, and the error threshold: s. = s.(ew, L; H).

With s, fixed, we can express the proxies for computational cost of maintaining adiabaticity in
terms of time. The time-variable versions of the conjecture quantities—originally defined in terms of

path length—are given by:

@b, (th, Tend) = Sc(€ens Tend) /0 dt {9l (H(t)@_lg;Eg(t)) 9 >, (3.129)
o T e T / . V6l (H () ~ 5,014} 150
0 (9l9)
Tend ] \/ H — Eg ]
QD1/2 (Eth7 Tend) = Sc<€th7 Tend) / dt (<g| ’(Z) | >|2 (t)|g>> . (3131)
0 919

Here, T.,q marks the end of the time evolution and corresponds to a particular path length.

To simulate () as a function of path length L, we follow this procedure:

1. For a chosen Hamiltonian and desired path length (encoded via 7.,4) determine the appropriate
scale factor s, by starting with a large initial guess s’ and decreasing it until the evolution error

matches ey,. This gives the appropriate s, as defined above.

2. Increase the path length by scaling 7.4 by a factor k > 1: T\ , = kT¢,q. Set the initial guess
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for the new s, to be s’ = ks, with Kk > 1.
3. Repeat step 1 for the new path length.

By iterating this process, one can study how each () scales with L, maintaining a consistent relative
velocity profile throughout.

Although this method is framed in terms of time—a dimensionful quantity—rather than the di-
mensionless path length used in the theoretical formulation, it is fully equivalent. The time-based
parameterization is simply a reparameterization adopted for practical convenience in numerical simu-

lations.

3.5.5.7 Random Hamiltonians

To test the conjectures, it is necessary to study systems simple enough to permit accurate numeri-
cal simulations over long evolution times. For this purpose, we restrict our analysis to low-dimensional
Hamiltonians, specifically working within a four-dimensional Hilbert space so that the Hamiltonians
are represented by 4 x 4 matrices. Four-level systems offer more complexity than two-level ones by
allowing transitions to multiple excited states, yet remain computationally manageable. Moreover,
since quantities such as the diabatic error and () are primarily governed by properties of the ground
state and low-lying excitations, the general features of the behavior are unlikely to depend strongly
on the Hilbert space dimension. Thus, small-dimensional systems provide a meaningful and practical
context for exploring generic behavior.

Figure 3.21 displays how the path length scales with Hilbert space dimension, along with a
logarithmic fit of the form alog L + b. The figure demonstrates that the rate of increase in path length

slows as the dimension increases. If we interpret the system as representing a spin—% system, then the
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Figure 3.21: Comparison of path lengths for Hamiltonians of varying dimensions, evaluated at a
fixed end time 7¢,g = 10. For each dimension, 100 random Hamiltonians—sampled according to
Eq. (3.132)—are used to compute the mean and standard deviation.

path length would scale with system volume, which itself grows faster than the behavior seen in local
field theories (see Section 3.3.2). This observation suggests that using low-dimensional systems offers
an efficient approach for investigating the scaling of diabatic errors with path length, particularly when
working with classical computers.

Although numerical errors may arise during time evolution from the ground state of the initial
Hamiltonian to approximate the final ground state, we find that for the systems studied, the dominant
source of deviation comes from diabatic corrections rather than numerical inaccuracies, even for long
simulation times.

Since our objective is to understand generic behavior, we focus on Hamiltonians that are ran-
domly generated within a constrained structure. The use of random Hamiltonians helps to avoid
system-specific biases and provides a way to probe typical behavior across a representative ensem-

ble. Some non-random examples to explore the behavior of () on the spectral gap are discussed in

170



Appendix E.

The chosen form of the Hamiltonians is designed to meet three criteria:
1. The time dependence of the Hamiltonian is non-periodic.

2. The energy gaps evolve with time, and all gaps between the ground state and excited states are

on a similar scale.
3. The Hamiltonian is real and symmetric, representing a time-reversal invariant system.

Condition 1 avoids special features of periodic systems, which can exhibit non-generic scaling. For
periodic Hamiltonians, we checked that keeping the diabatic error fixed requires the evolution time to
grow faster than linearly with the path length—a feature that will naturally be reflected in the proxies
discussed here. Condition 2 prevents any single excited state from artificially dominating the error due
to fine-tuning. Condition 3 reflects our broader interest in time-reversal symmetric systems, though
similar studies could be conducted using general Hermitian Hamiltonians, albeit with separate consid-
erations for real and imaginary components.

The specific form of random Hamiltonians that was chosen for these studies was:
H(t) = (2.1sin(t) + sm(\/it)) x Hy + (2.7cos(t) + cos(ﬂt)) x Ha, (3.132)

where H; and H, are independently sampled 4 x 4 real symmetric matrices with elements drawn from
a standard normal distribution (mean zero, unit variance). This form satisfies the above criteria. The
incommensurate frequencies ensure non-periodicity, and random matrices are known to exhibit level
repulsion, making it unlikely for the gap between the ground and first excited states to be anomalously
small.
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Figure 3.22: Comparison of different () proxies defined in Eq. (3.131) for a representative Hamilto-
nian constructed using Eq. (3.132).

Figure 3.22 compares the various proxies () p defined in Eq. (3.131) for a single random Hamil-
tonian. The results show nearly identical behavior among the proxies, suggesting they are all capturing
the same scaling features. This pattern persists across other randomly chosen Hamiltonians, as verified
numerically; we omit those additional figures for clarity. For the remainder of this work, we use () p,
as the representative form of Q) p.

There are two main strategies to achieve large path lengths: one can simulate small systems for
long times, or consider larger systems. Since solving time-dependent Schrodinger equations scales as
O(N?) for explicit solvers (and worse for implicit methods), and because path length generally grows
linearly with end time 7,4, it is computationally advantageous to use low-dimensional models and
extend the evolution time rather than increasing Hilbert space dimension.

In Figure 3.23, we show (Qp as a function of the path length L for four different randomly gen-
erated Hamiltonians of the above form. The vertical axis shows the quantity ()p/L, allowing us to

assess whether () grows superlinearly with L. The results confirm the conjectured superlinear scal-
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Figure 3.23: ()p as a function of path length, computed using four different random Hamiltonians
of the form given in Eq. (3.132). The threshold error is set to €3, = 0.1. Each curve labeled R;
corresponds to a different random choice of matrices H; and H» in Eq. (3.132).

ing: although fluctuations in ()p/L are observed across different instances and values of L, all cases
exhibit a clear secular upward trend. Due to these fluctuations, isolating the exact functional form of
the growth is nontrivial, but the trend is consistent with an approximate (Jp o Llog L scaling. Re-
gardless of the detailed form, the central result is unambiguous: () grows more rapidly than linearly

with path length, in agreement with the conjecture.

3.5.5.8 Discussion

In quantum computing, understanding how computational cost scales with path length dur-
ing ground state preparation is essential, especially since some methods—such as the Zeno-inspired
method—are known to scale linearly with path length. Therefore, assessing whether adiabatic state
preparation remains competitive for systems with long path length is an important question.

There are special cases where the computational proxy (Qp grows linearly with path length L
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while maintaining a fixed error. One such case involves Hamiltonians of the form:

vAt vAt
H(it)=exp| —i—— | Hyexp | iI————= (3.133)
©) ( <go\A2\go>> ’ ( <90|A2|90>>

where |go) is the ground state of Hy, A is a Hermitian operator with zero expectation value in the
ground state, and v is a velocity parameter. This construction ensures that the evolution corresponds
to a unitary transformation of the original Hamiltonian, preserving its spectrum. An explicit example
1s a particle in one dimension with Hy = % + V(z) and A = p, where the evolution corresponds to
a spatial translation. For such paths, the diabatic error averaged over time saturates at a value propor-
tional to v in the limit of small v and long path length, implying that the average error is independent
of L. Meanwhile, () increases linearly with L, as expected from Eq. (3.124).

However, these cases are highly engineered and do not represent generic behavior. The key
question is how ()p scales in typical scenarios. The numerical examples studied, though based on
small systems, show compelling evidence for superlinear scaling when errors are held fixed. This
suggests that superlinear behavior is not only possible but likely generic, and expected to persist even
for systems with much larger Hilbert spaces. In realistic applications of adiabatic evolution, it is
unlikely that one would encounter the kind of fine-tuned structure present in Eq. (3.133); therefore,
proxies like () are expected to scale superlinearly in typical cases.

This implies that for very long paths, methods with provably linear scaling may be preferable.
Nonetheless, our findings also indicate that the superlinear growth in () is mild, consistent with a scal-
ing of Qp ~ Llog L. Thus, if adiabatic state preparation offers other computational advantages—such
as implementation simplicity or robustness—it could still be more practical than alternative methods,

except in regimes where path lengths become exceptionally large. At present, there is no compelling
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reason to assume such advantages exist for the adiabatic approach. In fact, alternative methods might
provide benefits beyond path length scaling. A natural direction for future work is to identify the

regimes in which adiabatic state preparation remains competitive or preferable in the long-path limit.
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Chapter 4: Conclusion

This thesis explores methodologies for studying non-perturbative physics using both classical
and quantum computational frameworks. Chapter 2 addresses techniques for reducing the variance in
Monte Carlo calculations, while Chapter 3 focuses on efficient strategies for preparing eigenstates on
quantum computers—an essential step in many quantum algorithms.

In Chapter 2, two primary approaches to variance reduction are examined: modifying the sam-
pling distribution via reweighting, and identifying alternative observables that yield the same expecta-
tion value but with reduced variance.

Section 2.3 investigates the infinite variance problem encountered in fermionic observables. This
issue originates from zeros of the fermion determinant and is mitigated through reweighting with an
extra time-slice probability distribution. A prior method introduces bias during reweighting, which
can be corrected using a secondary Monte Carlo estimation. However, in scenarios where the sign
problem is present, the secondary estimation also inherits the sign problem, highlighting the need for
further research in this direction.

Section 2.4 examines the use of contour deformation and complex normalizing flows as tools
for alleviating the sign problem. These methods integrate naturally with machine learning frameworks
and are applied to scalar field theory at complex coupling. Additionally, the zeros of the partition
function are probed using both normalizing flows and the behavior of the average sign phase.

In Section 2.5, we study the control variates method for reducing the signal-to-noise problem
in lattice field theory. Through the construction of Stein control variates, this approach can also be
enhanced by employing machine learning techniques. Signal-to-noise ratios for toy models can be
largely improved by incorporating the symmetry of theories into the construction of control variates.

Additionally, its universality is discussed in Appendix C.
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To apply contour deformation or control variates methods on realistically large lattices, transfer
learning becomes essential. In this thesis, we primarily employ fully connected feed-forward networks,
which are difficult to generalize to larger lattice sizes. For scalability, alternative architectures such
as convolutional neural networks [267] or transformers [268] should be explored, particularly in ways
that incorporate symmetries for manifolds or control variates.

Chapter 3 is devoted to the problem of eigenstate preparation on quantum devices. The dis-
cussion centers on algorithms that follow a continuous path in Hamiltonian space, as introduced in
Section 3.3.

Section 3.2 analyzes the Rodeo algorithm proposed in [2], identifying that fluctuations in excited-
state suppression stem from intrinsic randomness. Enhancements are proposed to remove these fluc-
tuations and improve suppression factors for a fixed computational cost.

Section 3.4 develops a projection-based scheme for traversing a Hamiltonian path. By incor-
porating reflections following failed projections, a linear-cost algorithm in the path length L is con-
structed. This method demonstrates quantum advantage by enabling eigenstate preparation in local
field theories with a computational cost scaling as O(\/V ), where V' is the volume of the system.

Section 3.5 examines various facets of the adiabatic theorem. Section 3.5.3 introduces the notion
of typical errors, while Section 3.5.4 explores the practical effectiveness of the switching theorem in
mitigating these errors. As the system evolves along a longer path, the accumulation of errors becomes
more likely, suggesting that the cost of adiabatic state preparation should increase with path length.
This consideration is particularly relevant for quantum field theories, which are expected to involve
long Hamiltonian paths. This hypothesis is investigated in Section 3.5.5, where the scaling behavior of
the adiabatic theorem is studied using several simplified models. Further analysis with more physically
realistic systems is warranted to fully characterize the cost scaling in practical applications.
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Appendix A: Path integral formulation

The path integral formulation, developed by Feynman [269], provides an alternative to canonical
quantization for describing quantum field theories. Rather than promoting fields and their conjugate
momenta to operators and imposing commutation relations, this approach describes quantum dynamics
as a sum over all possible histories the field can take, with each history contributing an amplitude to
the process.

For a given Lagrangian density £(¢), the central object is the transition amplitude between an

initial state |¢;,¢;) and a final state |¢, ¢ ), which is given by

d(tg)=¢

(b7, tr|dir L) =/ " Dg il (A.1)

b(ti)=di

where
* D¢ denotes integration over all field configurations consistent with the boundary conditions,
« S[¢] = [ d*zL(¢) is the classical action of the field.

This formulation extends naturally to interacting quantum field theories, where the generating

functional (with source J(¢)) is defined as

7101= [ D6 exv ( [ atale(e) + sota] ) (A2)

From this generating functional, time-ordered correlation functions (Green’s functions) are obtained
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via functional differentiation:

" Z[J]
J(@1)0J (z2) - - 6 (z0) | 1y

O 3(a1)é(wa) -+ Hl)|0) = = (A3)

The path integral formulation is manifestly Lorentz invariant and naturally incorporates symme-
tries of the classical action. Moreover, gauge invariance can be implemented directly at the level of the
path integral through the use of gauge fixing and Faddeev-Popov ghosts.

A.1 Euclidean path integral

The Minkowski path integral Eq. (A.2) is not mathematically well-defined in general due to the
rapid oscillations of the integrand, especially in systems with many degrees of freedom. This makes
numerical evaluation—such as Monte Carlo methods—impractical.

To address this, a Wick rotation is employed:
t— —iT, (A4)

which transforms the theory to Euclidean time 7. Under this transformation, the Minkowski action S

becomes the Euclidean action Sg, and the path integral becomes

Zp = / Depe 5Ll (A.5)

The exponential is now real and damped, except for some systems including those with finite

baryon chemical potential, making the Euclidean path integral well-suited for both rigorous analysis

179



and numerical simulation.
The Euclidean path integral closely resembles the partition function in statistical mechanics. For

a system at inverse temperature 5 = 1/7, the partition function is given by

7 = Tr(e PH), (A.6)

which, when expressed in the path integral language, becomes equivalent to the Euclidean path integral

with periodic (or antiperiodic) boundary conditions in Euclidean time:
* Bosons: periodic boundary conditions, ¢(7 = 0) = ¢(7 = ),
* Fermions: anti-periodic boundary conditions, ¢)(7 = 0) = —¢(7 = ).

Thus, quantum field theory at finite temperature corresponds to Euclidean field theory on a compact-
ified time direction of length 3. In the zero-temperature limit 5 — oo, one recovers the vacuum
(ground state) physics.

This correspondence allows for the direct application of statistical methods to the study of quan-
tum systems, particularly in lattice field theory where spacetime is discretized, and the path integral

becomes a finite-dimensional integral suitable for Monte Carlo calculations.

A.2  Fermionic path integral

In contrast to bosonic fields, fermionic fields obey Fermi-Dirac statistics and anticommute. To
formulate a path integral over fermionic degrees of freedom, we must introduce Grassmann variables—

mathematical objects that anticommute with each other and with fermionic operators.
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Grassmann numbers 6, 7 satisfy the anticommutation relation:
—) (A7)
In particular, this implies that any Grassmann variable squares to zero:
0> = 0. (A.8)

As a result, any function of Grassmann variables is necessarily a polynomial of finite degree. For

example, a general function f(6) of a single Grassmann variable has the form:
f(0)=A~+ B0, (A9)

where A and B are complex numbers.
Integration over Grassmann variables is defined axiomatically by demanding linearity and in-

variance under shifts. The defining rules are

/dé’ =0, /d99 =1. (A.10)

For multiple Grassmann variables, the integration rule generalizes:
/d91-~-d0n9n-~-91:1, (A.11)
where the order of the differentials and the Grassmann variables is essential due to anticommutativity.
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The fermionic path integral is built from Gaussian integrals over Grassmann variables. Consider

the simplest Gaussian integral:

/ DDy e VMY

where 1), 1) are Grassmann-valued fields and M is a matrix (or a differential operator in field theory).
The result is the determinant:

/ DD e "M = det M. (A.12)

This is in contrast to bosonic Gaussian integrals, which yield (det M)~'/2 for real fields. The determi-
nant structure from fermionic integration is crucial in quantum field theory, as it naturally encodes the

effects of virtual fermion loops and obeys the correct antisymmetric statistics.

A.2.1 Coherent states

In systems with fermions, each site of the lattice (or each mode in quantum mechanics) cor-
responds to a two-dimensional Hilbert space, due to the Pauli exclusion principle. The occupation
number basis consists of the vacuum state |0) and the single-particle state |1) = |0}, where ¢ is the

fermion creation operator and ¢ is the fermion annihilation operator satisfying

~

(b, b1y =1, ¢*=@hHh?* =0, (A.13)

To construct a path integral for fermions in the operator formalism, we introduce fermionic coherent

states, which are eigenstates of the annihilation operator with Grassmann-valued eigenvalues:

n) = e?'0),  Dln) = nln). (A.14)
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where 7 is a Grassmann number.

These coherent states form an overcomplete basis with the following resolution of identity:
1= [ dnane ) o] (A15)
Also, the coherent states allow us to express the trace of any operator A:
Tr(4) = [ dndne ™ ([ Aln) (A16)

To see this, we can expand:

/ dipdi e ™ (| Al) = / didn (1 — ) (0] + 7(L)A(J0) — n]1))

(A.17)
= (0]A]0) + (1]A]1) = Tr(A),
which encodes the nature of anti-periodicity in the time direction discussed in Section A.1.
The fermionic partition function is rewritten in the coherent-state formalism as
7 =T ™) = / difodio e (=nole™""|1p0). (A.18)

To express this as a path integral, we discretize the time interval [0, 5] into N steps of size 6 = /N,

and insert the resolution of identity between each short-time evolution operator e %7 . This yields

N—1
7 — / H dijydn, o2t (Mt 1= )10 >, H(ﬁm—lmt)’ (A.19)

t=0
where 7y = —7) due to the anti-periodic boundary condition for fermions in the imaginary time
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formalism. In the continuum limit 6 — 0 with N0 = (3, this becomes

B dn
2= [ Drvgesp (= [ ar |-G+ 0.0 ). (A.20)
0
The term %’Zn plays the role of the kinetic term for fermionic degrees of freedom, and the full Euclidean

action is

B
5= [ ar a0 50+ HG0.00)|. (A21)

A.2.2 Hubbard-Stratonovich transformation

The Hubbard-Stratonovich (HS) transformation [270,271] is a powerful technique used to de-
couple quartic (four-fermion) interactions by introducing auxiliary bosonic fields, thereby reducing the
fermionic action to an exactly integrable bilinear form. This method is especially useful in fermionic
systems where interactions take the form (7/)2, and it plays a key role in both analytical treatments
and numerical simulations of strongly correlated systems.

A central difficulty in simulating fermionic theories on classical computers arises from the Grass-
mann nature of fermionic fields, which cannot be directly represented in terms of ordinary numerical
variables. Consequently, one must analytically integrate out all Grassmann variables before perform-
ing numerical computations. However, four-fermion interactions prevent a straightforward application
of Gaussian integration. The HS transformation provides a way to bypass this obstacle by replacing
quartic fermion terms with bilinear fermion couplings to an auxiliary bosonic field.

The basic identity behind the transformation is a Gaussian integral:

BV o / o7 +aivs, (A.22)
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where ¢ is a real auxiliary scalar field.

In some contexts—such as contour deformation techniques for evaluating highly oscillatory
integrals—it is advantageous to use compact auxiliary variables instead of real ones. Compact vari-
ables allow the deformed contour to remain within the same homology class, which is important for
preserving the correctness of the integral under deformation.

An example of a compact version of the HS transformation is given by the identity:

1 /2“ s oy
do eﬁCOSOGszmO _ eng , (A23)
2mlo(B) Jo

where I,,(z) are modified Bessel functions and /3 is determined from the condition g = I1(3)/51o(3).

A.3 Path integral representation for the Hubbard model

The representation in Eq. (2.20) is derived by a Trotterization which separates quadratic and

quartic terms in the Hamiltonian:
Z = Tr [(e—€H2e—€H4)N] O, (A.24)

with
Hy = —k Z Z @gl,xd}a,y — M Z(ﬁlﬂc - ﬁZ,x)a
(zy) a z

U . R
H4 = E Z(nl7m — 77/271‘)2.

T

(A.25)

Above, 7, , represents the number operator for up-electrons at site z, while 75, corresponds to the

number operator for down-holes.
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We apply a HS transformation with a compact auxiliary field by observing that Eq. (A.23) holds

for any operator X with eigenvalues {0, £1}:

1 2m Lo eU 2
do e,@cosQer sinf _ e‘TX 7 (A26)
2715(B) /

where f3 instead satisfies e=*U/2 = I4(\/f% — 1)/1o(B3). If we exploit the coherent state property for

Grassmann integrals [272],
(n]eZe L Xy y ) = eZeu e (X ey (A.27)
and let X = N1 & — N2 4, the partition function can be written as
7z - / 6]y 5@ det (My(6) Ma(6)) + O(€2). (A.28)
Here, the fermion matrix M, is
Mo(®)(t,),(¢'y) = OayOtar + A% (Dt)aybeOr 41, (A.29)
where b, = —1 fort = 2N — 1 and 1 otherwise, and

if ¢ is even,
A" (Dt)ay = (A.30)

e Hi@e-1/2)  iftis odd,
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with

(Hg>r7y = _€H6<w,y> + Eq€l
(A.31)

HY(¢1)y = —i€a05,y SN ¢y -
Note that we have N auxiliary fields, ¢q, - - -, ¢n_1, from HS transformations for H,, while we need
2N coherent state insertions for H, and H,.

With the following identity (called the BSS formula) for any set of square matrices { A;} [40],

I 0 A,
A, T o 0
det =det (I —(—1)"A,--- A1), (A.32)
0 Apq 1
one can derive that
7 = / [de) ve 0@ det My (¢) det Ma(¢) + O(€?), (A.33)

where the fermion matrix becomes

Ma(¢) =T+ B*(¢n)--- B*(¢1), (A.34)

Whel‘e Ba(¢t) = A&(¢2t71)Aa(¢2t) = e_gge_ﬁ2(¢(tfl)/2).
The “expansion method” in Fig. 2.4 refers to an alternative approach for evaluating F'(¢) in
Eq. (2.33), which expresses it in terms of fermion contractions with respect to an action defined over

N time-slices, as discussed in [39]. First, begin with the Grassmann integral identity

det My 1(, ¢*) = Tr[B(¢")B(on) - - B(¢n)], (A.35)
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where B(¢) = e~“#2¢Xsin(®) with X = fi; — f,. Note that the hat is used to emphasize that B is an

operator. By reversing the HS transformation over ¢* with e=50(¢"), one obtains

F(9) = Tr [ e B(gx) - Bon)|

(A.36)
— Ty {(1 — cH)B(by) - -- B(qsl)] +O(e).
Using the properties of the Grassmann integration, the first term can be written as
Fi(¢) = (1 — ehi(¢)) det Mn(9), (A.37)

where

h1(¢) =K Z ((Ml_l)yﬂc + (M2_1)y7x) + =
()
+ Nz ((Ml_l)xym - (MQ_I)QCJ:)’
(A.38)
and M '(¢) is the inverse of Eq. (A.34). Thus, F(¢) = Fi(¢) + O(€?). Higher-order terms can
be computed, but the number of fermion contractions increases exponentially, and one cannot avoid

systematic errors.
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Appendix B: Contour deformation in terms of homology

While contour deformation can be viewed as a higher-dimensional generalization of Cauchy’s
theorem from complex analysis, a deeper understanding requires the language of homology theory
from algebraic topology.

We begin with the notion of chain groups C),. If X is a simplicial complex (a generalization of
triangles in higher dimensions), then C,, is the free abelian group generated by the set of all oriented

n-simplices in X. Concretely, an element of C,, is a finite formal sum

c= ZCiUu a; € Z, o; an n-simplex. (B.1)

1

For each n, there is a boundary operator 9,, : C,, — C),_1, which encodes how an n-simplex is

built from its (n — 1)-dimensional faces. If o = [vg, vy, . .., v,] is an oriented n-simplex, then
Ono = (=1)[vg, ..., T}y, v, (B.2)
=0

where 0; means the vertex v; is omitted.

These boundary maps assemble into a chain complex:

e Han-'—l Cn d_n> Cn—l 8”_1} e 8—1> CO ﬁ} 07 (B3)
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with the key property that the composition of successive boundary maps vanishes:

Oy 0 Oy 1 = 0 for all n. (B.4)

This expresses the geometric fact that the boundary of a boundary is empty.

Using this structure, we define

* The group of n-cycles:

ker(0,) = {c € C,|0,c = 0}.

* The group of n-boundaries:

B, =im(0p41) = {b € Cy|b = Oy11d for some d € C, 41}

Cycles are chains whose boundaries vanish (such as closed loops or surfaces), while boundaries are
those that arise as the boundary of a higher-dimensional object. From Eq. (B.4), every boundary is a
cycle, so B, C Z,.

To measure nontrivial cycles—those that are not themselves boundaries—we take the quotient:

H,(X) = Z,/ By = ker 0,/ im Op41. (B.5)

The group H,,(X), called the nth homology group of X, classifies genuine n-dimensional holes in X.

An element [c] € H,(X) is an equivalence class of cycles:

[C] = {C + 8n+1d|d S CnJrl}' (B6)
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If [c] # 0, then ¢ represents a nontrivial topological feature of the space.
In the context of path integrals, we can interpret the integration contour as an n-chain and the in-
tegrand as an n-form in the space of differential forms 2" (.X'). The foundation of contour deformation

lies in the following generalization of the fundamental theorem of calculus:

Theorem 1 (Stokes’ theorem) Let c be a smooth p-chain in a smooth manifold M and w be a smooth

/w:/dw.
dc c

Now suppose 71 and 7, are two n-cycles in the same homology class in an n-dimensional real

(p — 1)-form on M. Then

manifold M, embedding it into a complex manifold of dimension 2n. Then, there exists an (n + 1)-
chain ¢ € C,,1 (M) such that

" =72 + Oc. (B.7)

For any closed n-form w € Q"(M)" (so dw = 0), Stokes’ theorem gives

/w:/w+/dw:/w. (B.8)
Y1 2 c 2

This result lies at the heart of the contour deformation method: as long as the integrand is a closed
n-form and the deformed contour lies in the same homology class, the integral remains unchanged.

It is important to note that Stokes’ theorem implicitly assumes that the integrand—the differ-
ential form—is well-defined and finite on the entire integration chain. For example, consider the

Gaussian integral

Z :/ dz exp(—z?). (B.9)
[700700}

Note that every n-form in an n-dimensional manifold is closed.
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-2 -1 0 1 2

Figure B.1: Regions of a Gaussian integral divided by their homology classes. Grey regions lie outside
the homology class of the real axis R, and deformation into them would change the value of the
integral.

This integral is divergent along certain complex contours, such as the imaginary axis [—ioco, i00],
because exp(—z?) diverges as ¥ — Zico. This is illustrated in Figure B.1. Hence, although two
contours may be formally in the same homology class, the integral may not be well-defined on both
if the integrand becomes singular or non-integrable on one of them. Care must be taken to avoid such

divergences when applying contour deformation techniques.
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Appendix C: Proofs of the universality of the Stein control variates

In this appendix, three ways of proving the universality of the Stein control variates, Eq. (2.76),

are shown.

C.1 A proof using functional analysis

We begin by introducing the notation (O); = [ OdIl, where II is a probability distribution
with density 7. In our context, this corresponds to the path integral measure dlIl = [D¢]e (@),

Reference [117] presents the following two results:

Proposition 1 Let G be a normed space and L : G — L?*(I1) be a bounded linear operator. Consider
a sequence of nested sets Vi, C Vo C ... such that UV, is dense in U. If there is a g € G that solves
peN

the Stein equation Lg = O — (O)n, then lim inf Varp|O — Lg] = 0.

p—oovEV)

Proposition 2 Consider the vector space G = W22(I1) N WH4(I1) equipped with norm ||g||g =
max (|| g||wraay, |19 lw22qm)). Then Ly, : G — L*(I1) is a bounded linear operator with || Lsr||g—r2(m) <
2(|V log |24 ) + 1)%.

Furthermore, suppose that
(i) [||z||¥dIl(z) < oo for some K > 8,

(ii) (Vogm)(x) - (z/||x|l2) < —r||x||S for some o < —1, r > 0, and all ||x||s > M for some

M >0,

(iii) |f(x)| < Cy + Cy||z||5 for some Cy,Cy > 1 and B < K/4 — 2.
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Then there exists a g € G that solves the Stein equation Ls;.g = O — (O).

Here, the space W"?(II) refers to the Sobolev space of functions whose weak derivatives up to order

k lie in L?(II). For a vector-valued function i : R™ — R™, the norm is defined as

m 1/2
Al Leany = (Z !hi!%p(n)> : (C.1)
=1

The space L”(II) consists of all measurable functions f : II — R such that

/[f(a:)]pdl_[ < 00. (C.2)

For complete proofs and further details, see Ref. [117].

The core message of Proposition 1 is that even if we cannot find an exact solution to the Stein
equation, we can approximate it arbitrarily well using expressive models (such as neural networks),
provided that they lie in a dense subset of the function space.

Proposition 2 ensures that a solution to the Stein equation exists under mild regularity and growth
conditions on both the observable O and the probability density 7. This establishes a solid foundation

for constructing neural control variates in practice.

C.2 A proof using differential topology

The direction of the proof using differential topology was first outlined in [114]. In this section,
we elaborate on this approach in detail for theories of physical interest.

To begin, we reinterpret control variates using the language of differential forms. A function
f : X — R can be naturally associated with an n-form f(z)dz; A --- A dx,. The expectation
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value of f over X, in this context, corresponds to the integral [ « /- Here, we temporarily omit the
Boltzmann weight for clarity; it can be reintroduced straightforwardly, or equivalently, one may view
X as equipped with a volume form that encodes the probability measure.

Before proceeding, let us recall two important subspaces of the space of r-form 2" (X):

Z"(X) ={w e Q"(X)|dw =0} (closed r-form),
(C.3)

Z"(X) = {w € Q"(X)|w = dn for some n € Q"' (X)} (exact r-form).
The rth de Rham cohomology group is defined as the quotient H"(X;R) = Z"(X)/B"(X). In
particular, the top cohomology group H"(X,R) plays a central role in our discussion. Since the
exterior derivative d of an n-form is always zero (as there are no (n + 1)-forms on an n-dimensional
manifold), any n-form is automatically closed. Thus, the question of whether a control variate f can
be written as a Stein control variate reduces to whether a closed n-form with vanishing integral is also
exact—that is, whether it lies in B"(X).

This leads to the key topological result:

Theorem 2 If X is a compact, connected, n-dimensional manifold, the top de Rham cohomology
H™"(X) is

R if X is orientable,
H"(X) =

0 if X is not orientable.

(See [273,274] for a proof.) It follows that if X is non-orientable, all n-forms are exact, and thus any
control variate with zero expectation value must be a Stein control variate. If X is orientable, then

the space of closed n-forms modulo exact forms is isomorphic to R. In this case, a linear functional
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f — [y [ induces an isomorphism H"(X) = R, so any n-form with vanishing integral must lie
in the trivial cohomology class—i.e., it must be exact. Hence, on any compact, connected, orientable
manifold, a control variate with zero expectation value can be written as a Stein control variate [ = dg,
for some g € Q"1(X).

Let us now consider the case of gauge theories in physics. Many physically relevant target spaces
X are products of Lie groups, such as U(n) or SU(n). Every Lie group is parallelizable and therefore

orientable. Furthermore, compactness follows from the Heine—Borel theorem:

Theorem 3 A matrix Lie group G C GL(n; C) is compact if and only if it is compact as a subset of

M,(C) = R?".

Since the Cartesian product of compact manifolds is compact, it follows that the configuration space
for lattice gauge theories with compact gauge groups is also compact and orientable. Therefore, on
such spaces, any control variate with zero expectation can be expressed as a Stein control variate—
establishing the universality of the Stein construction in these settings.

Finally, we briefly address the case X = R", which is non-compact and thus falls outside the

scope of Theorem 2. However, the Poincaré lemma provides a useful substitute:

Theorem 4 (Poincaré lemma) Every closed p-form on an open ball in R" is exact for pwith 1 < p <

n.

Therefore, locally (or globally under suitable decay conditions), any closed form can be written as an
exact form. In particular, on R", if we restrict attention to compactly supported or sufficiently well-
behaved n-forms, control variates with zero expectation can still be written in the Stein form f = dg.

This provides further support for the universality of Eq. (2.76) even in non-compact settings.
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C.3 A proof using a differential equation

This section starts with a proof suggested by Scott Lawrence [275] using the heat equation. After
this, we consider its application to gauge theories.

Let us consider an arbitrary control variate f : M — R with a uniform probability distribution
on a connected space M and V' number of degrees of freedom. It can be easily generalized to a general

probability distribution. The condition (f) = 0 implies

/ d"z f(z) = 0. (C.4)

To construct a Stein control variate representation of f, we employ the heat equation as a smooth-
ing flow that naturally leads to the divergence form. Specifically, consider the heat equation in the

extended space:

d
/(@) = Vi f(@.0), (C.5)

with initial condition f(z,0) = f(x), where t € R=? is an auxiliary time variable independent of the

configuration space MV . By the properties of the heat equation on connected domains, we have

lim f(r,1) = W [z =0 (C6)

where Vol(V) = [ d"xz. Physically, this reflects that heat (or information) diffuses uniformly across

the domain as ¢t — oc.
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Define an auxiliary function by integrating the gradient flow of f:

g(x) = — /OOO dt Vo f(z,t). (C.7)

Then we find

V.g= —Vz~/oodtvmf(x,t) = —/oodtVif(x,t)
0 0 (C.8)

—— [ G ) = F0.0) = o) = fa).
Thus, we obtain a solution to the Stein identity: f = V, - g. The construction is not unique: any
constant vector can be added to g without affecting V. - g.
To generalize this to non-uniform distributions with a Boltzmann weight e=*®) consider the

modified heat equation:

% (f(x,t)e @) = VE(f(z, t)e ), (C.9)

with initial condition f(x,0) = f(z). The solution satisfies

. . 1 —S(x
tligolo f(ﬂf,t) = GS( )W/de f(x)e S( ) = O, (CIO)
due to (f) = 0. Then defining
g(x) = - / UV (f (e S, (C.11)
0
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we compute

Vi o)) = = [T ar i e ) =50 [T s

(C.12)
= eSO (f(2,0) — f(z,00)) = f(x)e
Hence, g satisfies the Stein identity, Eq. (2.76):
f(x) = Va-g(x) —g(x) - VaS(2). (C.13)

Among all approaches, this construction is particularly well-suited for gauge theories because it
naturally preserves gauge invariance and clarifies the structure of the auxiliary function g. In gauge
theories, control variates must be gauge-invariant due to Elitzur’s theorem [276], which implies that
any gauge-variant observable averages to zero. For both physical relevance and computational effi-
ciency, one should restrict the search space for g to gauge-invariant functions.

Indeed, the differential equation preserves gauge invariance. From Eq. (C.5), a small-time evo-
lution gives

flz, At) =~ f(x) + At x V3, f(x), (C.14)

where p denotes the direction of the link. This equation implies that f(x, At) is gauge-invariant.
Iteratively, this ensures f(x,t) remains gauge-invariant for all ¢, implying that the integrated object
g(x) is also gauge-invariant.

A potential concern is that the gradient operator V, , might break gauge invariance. However,

in lattice gauge theory, the fundamental degrees of freedom are link variables U, (), and gauge trans-
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formations act as

Uu(x) = X(2)U,(2)Y (z + 1) (C.15)

While the gauge transformation depends on the site x, the gradient operator only acts on the link:

Vou(X(@)Uu@)Y (@ + 1)) = X(2) (VaUn(2)) ¥ (@ + ). (C.16)

Therefore, it ensures that gauge-invariant inputs yield gauge-invariant outputs in g(z).
The remaining question is whether restricting to gauge-invariant ¢ limits the expressiveness of
Stein control variates. Fortunately, this is not the case. It was shown in [277] that any gauge-invariant

observable can be approximated arbitrarily well by combinations of Wilson loops:

S aWh, . W) Te Wy - Te W, (C.17)

where WW; denote Wilson loops.

Therefore, one can construct g as a function of Wilson loops:

g=g(TrWy,--- | Tt W,). (C.18)

ensuring gauge invariance. In the abelian U(1) case, this reduces to products of plaquettes:

g:g(Ph 7P’n)) (Clg)

where P = Tr U, UgUg U i , which is just a multiplication for U(1) case, and such plaquette combina-

200



tions generate all Wilson loops.

In non-abelian gauge theories, constructing all gauge-invariant functions from Wilson loops is
more intricate due to non-commutativity and the necessity of loop multiplications before taking traces.
In such cases, gauge-equivariant neural networks [278-281] offer a principled and practical tool for

learning such functions while respecting symmetry constraints.
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Appendix D: Key factors in practical implementations of rodeo projections

D.1 Incorporating initial state information

If complete knowledge of the spectral function of the initial state were available, one could
optimize the suppression strategy differently. Rather than minimizing

ET
@ = paxs <ﬁ)

to bound the total excited-state suppression Sg, one could directly seek a set of (super) iterations that
either minimize S, for a fixed total time or minimize the time needed to achieve a desired value of Sg.
However, this kind of optimization would need to be repeated individually for each known spectral
function, making it impractical in most cases.

That said, if one does know the spectral function and has access to a table like Table 3.2, it
becomes possible to go beyond upper bounds. One could, for instance, choose a fixed total time and
compute the exact value of Sg, or, more pragmatically, determine the minimum time needed to reach
a required suppression level for a particular problem. This can yield significantly tighter and more
efficient suppression than simply relying on conservative upper bounds.

Of course, having complete spectral information is rare. More realistically, one might have
partial knowledge about the distribution of spectral weight. Even such partial knowledge can lead to
significantly improved bounds compared to Eq. (3.41).

To leverage this, it is useful to define an upper-bounding function for the suppression factor,
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denoted sVEB, that is monotonically decreasing and satisfies

v (ET ET
] (ATO) >s <AT0> (D.1)

for all relevant energies.

Suppose one has reason to believe that most of the spectral weight lies at energies well above
the ground state. Define £ as the energy above which a fraction f of the excited-state spectral weight
resides:

[, dE p(E)

N N} (D2)

Then, the suppression factor S can be bounded as:

uB [ ATt B [ Eo Tior
Sp<(1—f)s (ZTO>+fS (KTO)SQ- (D.3)

For example, using the 3-super-iteration Whac-a-Mole scheme from Table 3.2, if 99% of the excited-
state weight lies above Ey = 3A (i.e., f = 0.99), then the bound improves to S < 5.591 x 10~ "—
over 40 times tighter than the original conservative bound. With f = 0.9999 and Fy, = 8A, the bound

tightens dramatically to Sr < 1.194 x 10~8, which is a factor of 2000 smaller.

D.2 Cost of super iterations

We have proposed using computation time, measured in units of 75, as a reasonable proxy for
the computational cost. While this is generally a good approximation, there is an important caveat. In
addition to the time required for the system to evolve under the Hamiltonian, each iteration introduces
a fixed overhead: coupling the auxiliary qubit to the main system (via Hadamard gates and conditional
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operations), followed by measurement of the auxiliary qubit. Although the overhead per iteration is
small, it becomes problematic when considering super iterations, which—as defined in Eq. (3.40)—
formally involve an infinite number of such steps. This leads to an unbounded computational cost.

A natural solution is to replace the idealized infinite super iteration with a finite one using a large
but manageable number of iterations, /N. The suppression factor for such a truncated super iteration

becomes:

N )
SsupN(Csup) - H C082 (ﬂ-gﬁ;:p) — ‘7(2) E&; . (D4)
k=1 Jo \ o~

For most practical purposes, the denominator is very close to one unless (., becomes very large (on
the order of 2/¥~2), meaning that truncating the super iteration has negligible impact on the suppression
factor over a wide range of energies.

One potential concern arises when (g, is an integer multiple of 2V, in which case the suppression
factor becomes unity and suppression is lost. However, this scenario is unlikely to be relevant in
practice. It does, however, imply that theoretical upper bounds derived using such truncated super
iterations are only valid up to a calculable maximum energy. If the spectral weight beyond that energy
is negligible, the bound remains meaningful.

Encouragingly, even modest values of N result in very high-energy cutoffs. For example, using
a single super iteration, the maximum energy (in units of A) for which the bound remains valid is

approximately:

Eax _ 2N —1.430
A T 0.8129

(D.5)

So for N = 15, the bound holds for energies up to around 40, 308A. When using multiple super
iterations, the suppression remains valid over even broader energy ranges. In short, one can always

choose NN large enough to avoid practical limitations, ensuring that finite super iterations serve as a
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good approximation to the ideal case.

D.3 False negative errors

So far, our focus has been on minimizing “false positives”—instances where components other
than the ground state survive after the algorithm has run. We have not yet addressed the issue of “false
negatives,” in which the ground component is mistakenly lost. In the ideal scenario—where the ground
state energy is known exactly and both time evolution and timing control are flawless—false negatives
cannot occur, as the ground state survives each iteration with probability one. However, in realistic
settings, small errors in the estimated ground state energy and imperfections in time evolution can lead
to situations where the auxiliary qubit is measured in the down state even though the system remains
in the ground state.

If one has a rough estimate of the uncertainty in the ground state energy, the quality of the
time evolution, and the likelihood that the system is in the ground state, it is possible to estimate the
probability of such a false negative during a single iteration. If this possibility is low but non-negligible,
a practical strategy is to treat the outcome conservatively: when a down measurement is observed,
continue the algorithm but flag the event as a potentially unsuccessful iteration. If the auxiliary qubit
is subsequently measured in the up state in the following super iterations, it is reasonable to conclude
that the earlier down measurement was a false negative and proceed as if the state had remained in the
ground state.

However, if a second down measurement occurs during or shortly after the next super iteration,
it is safer to assume that the iteration truly failed. This sort of accidental misclassification should be

extremely rare, provided the uncertainty in the ground state energy is not excessively large.
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D.4 Uncertainties in the energy of the first excited state

In our formulation, we assumed that the energies of both the ground state and the first excited
state were known. As discussed earlier, imprecise knowledge of the ground state energy can lead to
false negatives, but there are practical strategies to manage this. Uncertainty in the value of A—the
energy gap between the ground and first excited states—is even easier to handle.

There are two types of possible error in estimating A: overestimation and underestimation.

If A is underestimated, the consequence is minimal. The unit time 7 will be slightly longer
than necessary, so the total runtime (our stand-in for computational cost) will be a bit higher than
required to reach the target suppression. However, the upper bound for the suppression factor, as given
in Table 3.2 or its generalization, remains valid because the total scaled energy (. Will correspond to
a higher actual energy.

In contrast, overestimating A is more problematic. In this case, the scaled energy (. corre-
sponds to lower actual energies, meaning that suppression is being evaluated in a region where the
suppression factor is typically larger than what the computed upper bound predicts. As a result, the
supposed upper bound may no longer be valid.

The simple solution is to conservatively underestimate A—choose a value safely below the
estimated one by more than the uncertainty. This approach preserves the validity of the upper bound

while only slightly increasing the computational cost.
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Appendix E:  Scaling behaviors of ()p for Hamiltonians whose gap changes mono-

tonically

For random Hamiltonian cases, the gap in the spectrum neither grows nor shrinks secularly, it
merely fluctuates. The no-go theorem is based on secular changes in the gaps along the path, which
implied that computational time for calculation with fixed errors could not have any well-defined
scaling with path length. The various proxies for computational difficulties are chosen so that they
would be unaffected by secular changes in the overall scale. Thus it is important to test whether, as
expected these proxies are, in fact, insensitive to secular shifts in the scale. In this subsection, simple
systems whose spectral gap changes secularly will be considered.

One can start with a following simple 2 x 2 Hamiltonian:

cos(t) sin(t)| [0 O cos (t) —sin (¢)
H(t) = ; (E.1)

—sin(t) cos(t)| |0 A(t)| |sin(¢) cos(t)

where A(t) is an eigenvalue. This Hamiltonian is not periodic unless A(¢) is periodic. For the given

Hamiltonian, it is easy to determine () p:

Qp(L) = Sc(thnL)/O dt [\(t)]. (E.2)

Note that it can be represented by L since ‘Cll—’t\ = 1 along the path so it is actually the path length

parametrization.
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Figure E.1: (Qp with respect to path length using the log gap-opening Hamiltonian, Eq. (E.3). The
threshold error €, is chosen as 0.1.

Therefore, one can consider two cases: the gap of the Hamiltonian increases or decreases. For
gap-opening case, since A(t) is an increasing function, its integral is faster than linear in L. However,
since the gap increases, it is easier to have the adiabatic limit with smaller scaling factors. Therefore,
it is imperative to check numerically that ()p increases faster than linearly in L, which is shown in

Fig. E.1. The rate of changes for the eigenvalue is chosen as logarithmically increasing:

A (t) = log(2 +1). (E.3)

Fig. E.1 shows that similar to the random matrix case, () increases with L log L., which suggests that
the scaling factor decreases slower than logarithmically in L for this case.

For gap-closing case, the situation is clearer. For example, let us choose the eigenvalue similar
to the previous example:

Ao(t) = 20 — log(2 + 1), (E.4)
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Figure E.2: ()p with respect to path length using the log gap-closing Hamiltonian, Eq. (E.4). The
threshold error €, is chosen as 0.1.

whose gap decreases logarithmically and closes at ¢t ~ €2° ~ 4.8 x 10%. Then the integral in Q)p
depends on L as 21L — Llog(2 + L). While the scaling factor s. increases as the path is traversed
since the gap is closing, () p/ L decreases, which is shown in Fig. E.2.

From the log-closing example, one might conclude that there is a counterexample for the conjec-
ture. However, it does not contradict the conjecture. It is because in . — oo, the spectral gap becomes
zero and increases as the gap-opening case and () p increases faster than linearly as Figure E.1. In the
meanwhile, this example suggests that () can increase slower than linearly in large, but finite L.

For previous gap-closing example, Eq. (E.4), the spectral gap ends up zero at very large path
length. Therefore, one can consider a case where the gap gets smaller as the path is traversed, but it
never closes, such as

As(t) = ——. (E.5)

For this case, the integral in Qp is log(L + 1) and the full behavior of Q) depends on how fast the
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Figure E.3: (Qp with respect to path length using the polynomial gap-closing Hamiltonian, Eq. (E.5).
The threshold error ¢y, is chosen as 0.1.

scaling factor s, increases. Fig. E.3 demonstrates that () increases faster than linearly in L and it

increases as L log L, similar to the random Hamiltonians and the gap-opening case, Eq. (E.3).
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