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It is often desirable in the o pe ration of a re search 

reactor to make adjustments in the nuclear core configura­

tion. These adjustments may occur for a variety of 

reasons, such as the rearrangement of fuel to perform a 

particular experiment. It is b eneficial to the reactor 

operator and experimenter to have an adequate analytical 

model with which to predict the changes in nuclear char­

acteristics which occur with core rearrangement. 

Several analytical models have be e n investigated 

and compared with experimental results for the semi­

permanent, or normal, core configuration for the University 

of Maryland Reactor. These models were selected because, 

while somewhat time consuming with r e spect to the use of 

computers, the computer time utilized is much less than 

needed by more complex methods. At the same time, the 

methods used tend to minimize the large inherent error 

associated with simple hand calculations . 

The methods used consist of a two - dimensional few 

group diffusion theory coupled with several cross section 

models from which macroscopic cross sections were obtained. 



The cross section models used for the above thermal 

ene r gy groups were the volume integra t e d P-1 method 

and the Fourier transform B-1 method. Thermal energy 

g roup cross sections we re obtained using the Wigner­

Wilkins model and the Maxwell-Boltzmann model. 

The volume integrate d P-1 mo del and the Wigner­

Wilkins model coupled with the two - dimensional group 

diffusion method were found to give the best agreement 

with experiment for the semi-permanent core configura­

tion. This model was then tested over a range of 

experiments. The conclusion of this analysis was 

that the model was capable of predicting, with reason­

able accuracy, the changes in core reactivity with 

core rearrangement. 



ACKNOWLEDGEMENTS 

I wi s h to express my appreciation and sincere thanks to: 

Dr. J. Fisher for his help in interpreting the experi­

mental dataj and to the University of Maryland Computer 

Center for the extensive use of the facilities . I wish 

to especially thank my advisor, Dr. D. Duffey, for his 

advice and guidance which were essent ial for the comple­

tion of this thesis. 



TABLE OF CONTENTS 

ACKNOWLEDGEMENT 

LIST OF TABLES 

LIST OF FI GURES 

. . . . . . . . . . . . . . . . . . . 

I. 

II. 

. . . 

INTRODUCTION . . . . . . . 
DESCRIPTION OF THE UNIVERSITY OF 
MARYLAND REACTOR ..... 

III. THEORETICAL METHODS . . . . . . 

A. 

B. 

PDQ Model . . . . . . . . . 
Group Di ffusion Equations . 1. 

2 . Cor e Representation for PDQ 
Rectangular (X,Y) Geometry 

3 . Core Representation for PDQ 
Cylindrical (R,Z) Geometry 

One-dimens ional WANDA-IV Model 
and Geome trical Re pres entation 

Neutron Spectrum Re presen tation 

. . . . 

. . . . . . 
in 
. . . . . . 
in 
. . . . . . 

C. 

D. Cro ss Sections for Fast Energy Groups ... 

IV. 

1. 
2. 

Fast Spectrum Approximations .. 
Method for Obtaining Fast Group 
Cros s Sections for Core and 
Reflector Compositions ..... 

E. Thermal Spectra Group Cro ss Sections 

1. 
2 . 
3 . 

Thermal Spectra Approximations 
Regi onwis e Thermal Cross Sections 
Flux Weighting Factors ..... . 

ANALYS I S OF SEMI-PERMANENT CORE 
CONFIGURATION ........ . 

A. Experimental Exc ess Reac tivity 

B. Axial Buckling Calculation .. 

1. 
2 . 

Cylindrical Core Method . . .. 
Axial Slab Method ..... . 

I' l 

1 

3 

7 

7 

7 

10 

12 

14 

15 

17 

17 

19 

22 

22 
24 
25 

32 

32 

35 

35 
37 



Page 

C. Comparison of Fast Energy Group 
Me t ho ds . . . . . . . . . . . . . . . . . . . 42 

1. General Description of Calculations . 42 
2 . Result s from Ca lcu lations Utilizing 

Various Fast Group Me thods . . . . . . . 44 

D. Comparison of Therma l Group Methods .. 

E. I nvestigat i on of GAM Leakage Factors 

V. EFFECTIVE DELAYED NEUTRON FRACTION 

A. Me thod 1 . . . . 
B. Me thod 2 . . . . . . . . . 

VI. COMPARISON OF ANALYTICAL MODEL WITH 
EXPERIMENT ......... . 

A. Des cription of Reac t or Experiments 

VII. 

B. Calculations for Exper imen t s 

CONCLUSIONS AND RECOMMENDATIONS .. 

APPENDIX A. CORE AND REFLECTOR CROSS SECTIONS 
FOR R-Z PDQ . . . . . . . . . . . 

APPENDIX B. PDQ ABOVE THERMAL GROUP CONSTANTS 
FOR P-1 VARIABLE B2 . . . . . . . 

APPENDIX c. PDQ ABOVE THERMAL GROUP CONSTANTS 
FOR B-1 GAM B2 = 0 . 0112 cm-2. . . 

APPENDIX D. THERMAL GROUP MAXWELLIAN CROSS 
SECTIONS FOR PDQ . . . . . . . . 

APPENDIX E. PDQ ABOVE THERMAL GROUP CONSTANTS 
FOR P-1 GAM B2 = 0 .005 cm-2 ... 

APPENDIX F. PDQ ABOVE THERMAL GROUP CONSTANTS 
FOR P-1 GAM B2 = .014 cm-2 ... 

APPENDIX G. PDQ ABOVE THERMAL GROUP CONSTANTS 
FOR B-1 GAM B2 = 0 . 005 cm-2 ... 

APPENDIX H. CORE AND REFLECTOR CROSS SECTIONS 
FOR ADJOINT PDQ ..... 

SELECTED BIBLIOGRAPHY . . . . . . . . . . . 
,v 

. 

. 

. 

. 

. 

. 

. 

. . 

. . 

. . 

. . 

. . 

. . 

. . 

. 

. 

. 

. 

. 

. 

. 

50 

52 

57 

57 

61 

66 

66 

72 

76 

79 

80 

81 

82 

83 

84 

85 

86 

88 



LIST OF FIGURES 

Figure 

1 Semi-pe rmanent Core Conf i guration 

2 Core Configuration for Experiment No . l 

3 Core and Reflector Ass embl i es 

4 University of Maryland Full Core Calculation 
166 Plates 

5 Core Conf i guration in Two Dimensional (R,Z) 
Geometry 

6 P-3 Approximation for Thermal Flux 16 Gram 
Plate Fuel Cell 

7 Control Rod Calibration Curve for Shim no. 1 

8 Control Rod Calibration Curve for Shim no. 2 

9 Control Rod Calibration Curve for Reg. Rod 

10 Keff Versus Axial Buckling in Radial WANDA 
Calculations 

11 Keff Versus Axial Buckling for Axial WANDA 
Calculation 

12 Variation of Calculated Core Keff with GAM 
Energy Independent Buckling for P-1 and B-1 
Methods 



Tab l e 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

1 1 

12 

13 

14 

15 

16 

17 

18 

19 

LIST OF TABLES 

Co r e Dime nsions . . . . . . . . 
PDQ Compos i t i on Descr i ptions in 
Rectangular Geome try 

Br oad Grou p S t r ucture . .. 

Co n s tan t s for So lu t i on of P- 3 Equat i ons . 

P- 3 Flux We i gh t i ng Factors 

Measured Reactiv ity fo r S imu late d 
Flooding o f Ex pe rimenta l Fa cilities .. . 

Co r e Ex cess Re a c tiv ity with Exper imen t a l 
Fa c ilities Vo ide d .... . .... . . 

One-d ime n s i onal Radia l WANDA Resu lts 

Grou p De pe nde nt Ra dia l (X, Y) Bu ckl i ngs 
for De t e r minatio n of Ax i a l Buckl i ng . 

Bu cklings u sed t o Spec i fy GAM Le aka ee 
Fa cto r s . . . . . . . . . . . . . . . 

Core Keff Utili z ing P-1 an d B- 1 Fas t 
Grou p Co n s t an t s and Wi gne r - Wi lk i ns Thermal 
Grou p Co n s t ants ..... . . . .. . . 

Co r e Avera ged Parame t e r s Resulting f r om 
Compariso n of Fast Group Me tho d s .... 

Compariso n of Co r e Ke ff fo r Wign e r ­
Wilkins a nd Unhardened Ma xwe ll-Boltzmann 
Th e rmal Spe c trum Mo de l s ... .. ... . 

Compar i s on o f I nput and Outpu t Bucklings . 

I nves tigation o f Kef f with GAM I npu t 
Bucklings . . . . . . . . . . . . . . . 

Delayed Neu t r o n Age s . . . . . . . 
Effe ct i ve De layed Neutro n Fractio n 

Def initio n of I n pu t Qu ant ities f o r 
Ad j oint PDQ .. · · · · , . . ... 

Expe rime ntal Configura tions 

JI 

5 

13 

16 

31 

3 1 

33 

34 

37 

43 

44 

48 

50 

53 

54 

59 

60 

64 

69 



Table 

20 

21 

Resu l ts of Cal culations of 
Exper ime nt s ..... . . . . . . 

Comparison of Calculations and 
Experiments for Approximately Constant 
Shim Positio n s ............ . 

V I I 

72 

74 



CHAPTER I 

INTRODUCTION 

It is often de sirable in the o peration of a nucle ar 

r e actorJ particu l arly a r esea r ch r e acto rJ to make adjus t­

me nts in the nucle ar core configuration. In a research 

reactor these adjustme nts may occur f o r a varie ty of 

r e aso nsJ such as the r e arrangement o f f u e l to pe rform 

a particular experime nt . Usually J the configuration 

chose n will be based on the de s ire d nuclear characteristics 

a s well as geometrical co n s ide ratio n s . Ty pical e xample s 

o f desirable nucle ar characteristics for an exper iment 

are maximizing the thermal neutron flux at a particular 

core locatio n while r e taining sufficie nt excess r eactivity 

to allow a given power l e vel . 

It i s bene ficial t o the r e acto r operator and the 

e xpe rimen ter to have an ade quat e analy tica l model with 

which to pre dict the change s in nucle ar characteristics 

which occur with co r e r e arrangeme nt . Thoug h the final 

core analysis must rest wit h e xpe rimentJ a mathematical 

model can be of us e to the r e actor o pe rato r a s a guide 

t o contro l rod mo vementJ as we ll as for safety considerat i onsJ 

and can b e a significant time saver to the experimenter 

in obta i ning the desired nucle ar characteri s tics . 

Th e purpo s e o f this r e s e arch i s to exami ne several 

analytical models with re gard to application to the 

University of Mary land Re actor (UMR). The models investi­

ga t e d h e r e n e ithe r re quire a prohibitive amount of computer 
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time nor nre they d e pendent on s impl e hand calculations 

wi t h some times large inhe r ent error . The several models 

are examine d on their ability to r e produc e the neutron 

multiplication f a ctor obtaine d exper ime ntally for the 

U11 lve r s ity of Maryland Reacto r . The most promising 

-2 

of the models i s testPd over a range of critical expe riment s 

with the reactor , which we r e pe rformed prior to the 

( 1 ) 
analys i s by Dr s . D. Duffey , J . Fis h e r and Mr . A. Diaz . 

Additional expe rime nt s pe rformed by the author are also 

co nside r e d . 



CHAPTER II 

DESCRIPTION OF THE UNIVERSITY OF MARYLAND REACTOR 

The University of Maryland Reac tor is a heterogeneou s 

light water moderated and cooled system a nd i s operated 

at power levels up to 10 KW . The r eac tor core is l ocate d 

at the bottom of an ope n , water filled aluminum tank 

( 2) 
in the center of the sh i e ld structure . Th e aluminum 

tank a nd sh i e ld are pi re ed by t wo beam tubesJ a through 

tube, and a graphit e th e rmal column . The tank provide s 

for 17½ f ee t of wate r above th e r eac tor core . 

The r eactor utilizes uranium fuel enriched to 93 . 5% 

uranium 23~ (U-235 ) i n the form of an uranium- aluminum 

alloy clad by aluminum in plate form . Th e reactor core 

i s formed of 19 plate t y pe fu e l e leme nts in a clos e packe d 

a rray . A horizontal cross section of the r eac tor i s shown 

in Fig . 1 in its semi - permanent or normal form . This 

semi - pe rmanent core arrangement is composed of 14 r egular 

assemb lie~ containing 1 0 plates e achJ 4 partially loaded 

e lements containing 6 plate s each and 1 par tial l y loaded 

c leme nt contain ing 5 plates . Each plate is 2 . 775 in . wideJ 

. 08 in . thick and 25 . 125 inches long . Non - fuel bearing 

plates are terme d 11 dummy " plates . The fuel bearingJ or 

meat J sect i on of fuel plates is . 026 in . thickJ 2 . 469 

in . wide and 23 . 625 in . long . The plates a~e located on 

a . 263 in . pitch within a fu e l element by means of spacers 

at the top and bottom . The plates associated with e ach 

element are in an aluminum can which is seat ed in a 
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bottom grid plate . Cross sectional views of a fully 

loaded assembly and the various partially loaded e lements 

are shown in Fig . 3 . The dimensions of the core elements 

are summarized in Table 1 . 

Two of the partially loaded fuel assemblies in the 

semi-permanent core configuration have four and five fuel 

plates removed to allow access into these core l ocations 

-4 

for expe riments. These partially loaded assemblies are 

termed outer and inner irradiation spacesJ or "glory holes"J 

respectively . Each of the partial fuel assembl i es contains 

an aluminum "dummy" plate which separates the experimental 

section of the assembly from the fuel bearing region to 

prevent fuel damage . The location of the inner and 

outer "glory holes " in the semi - permanent core arrangement 

is shown in Fig . 1 . 

There are 166 uranium bearing fuel plates in the 

semi - permanent core configuration . Of these platesJ 147 

contain 16 grams of U-235 per plate and 19 contain 18 

grams of U-235 per plate . Th e 18 gram plates a r e l ocated 

in the inner and outer "gl ory hole " elements and element 

F- 8 as shown in Fig . 1 . The total U-235 loading is 2671 

grams . In addition to the "dummy '' aluminum plates in 

the experimental ass emblie s there is a "dummy " plate in 

element C- 4 located at the active core periphery (Fig. 1 ). 

Reactor control is provided by t wo shim-safety rods 

and one regulat i ng rod whose positions are sho wn in Fig . 1 . 

The control rods operate within guide channels provided 



by t he absence o f the four centrally located fuel µlatcs 

in t h r ee or the part i ally loaded ru. la sembJies . The 

sh im-safety r ods a r e use d fo r p;ross co n t r ol wlllle the 

r egulating r o d p r ov ides f i ne adju.stments . The rec;u l aU.n1~ 

l'Od 11 ut1·on al.lsorbj_ng J or poison J sec tion is a sta i n l ess 

stePl tuhe wi th pool watPr acce s through the top and 

bottom. The shim- safe t y r o d po i son s e ctions are sta in l ess 

s t ee l tuues f l l l cd with Loron carb ide . The contro l r o d 

po s itions are i ndicated to the neares t hu ndre dth c e ntime t e r 

b y thre e dial s on the r e actor co n sole . 

The co r e i s r e fl e cted on t op and bot t om by water . 

I n additio n to the 19 fuel ass e mblies ) the r e are 11 

g raphit e e l e ments in alumi num cans wh ich prov i de a pa rt 

o f th e s ide r e flect o r . Th e r e fl e cto r e l ement d ime ns i ons 

are summarized in Table 1 . The c o re and graphite as sem­

b lie s form a 5 x 6 array (Fig . 1). The core and r ef l e cto r 

e l ements are placed on a 3 , 189 i n . pi t c h i n t h e No r th ­

South plane J and a 3 . 035 in . pitch i n the Ea s t-West 

dire ction . A cro ss s e ct i on of a r e fl e ctor e l ement is 

shown in Fig . 3 . 

TABLE 1 

CORE DIMENSIONS 

Element Geometry 

can spacing J in . 
can wall thickness) in . 
can i ns ide dimension) in . 

3 , 035 X 3 , 189 
0. 064 
2. 827 
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Table lJ Cont 1 d 

Fue l Plate 

plate width) i n . 
plate thickness) in . 

plate height ) in . 

plate gap) in . 
fu e l bearing width) in . 

fuel bearing thickness) in . 

fuel bearing height) in . 

Reflector Element 

graphite can 
inside dimension) in. 

graph ite can 
wall thickness) in . 

graphite can height) i n . 

2 . 775 
0 . 080 
25 . 12 
0 . 182 
2 . 469 
0 . 026 
23 . 62 

2 . 669 

0.016 
25 . 25 

-6 



CHAPTER III 

THEORETICAL METHODS 

Th e principal obj e ctive of this chapter is to describe 

the analyt i cal models used in this study of the University 

of Mary land Reactor. Th e current methods us e d i n analys i s 

of critical expe riments in the nuclear indu s try range from 

s i mple hand calculations to t e chn i ques tha t may require 

hours of digita l computer time to obta in a solution . 

A two-dimens i onal g roup diffusion techn ique i s used 

i n this analys i s to calculate the neutron f l ux dis tribu ­

tion and associated multiplication constant for the 

reactor . Th e major port i on of the computationa l time 

required i s due t o the u se of more than one dimension to 

descr i be the reactor ) which i s mo tivat e d by a s trong d es ire 

to repr esen t accurate l y th e distribution of mat e rials i n 

the reactor . While this technique used is somewhat time 

con suming with computers) the t ime require d i s an o rder of 

magn itude l ess than for more complex methods. At t he same 

time) the method i s be lieved to minimize the large errors 

that may occur with hand ca lcula tions . 

A. PDQ Mode l 

1 . Group Di ffus ion Equa t i ons . I n the t wo - dimensiona l 

g r oup diffusion method) the neutron ene r gy s pe ctrum is 

divided into a finit e numbe r of g r oups . Th e t ime inde pen ­

dent different ial equations of neutron diffusion are then 

assurn. d to 11old for e ach of these groups . Solutions are 
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obtained fo r t he time -independent g roup-diffu s i o n e qua­

t i ons u s i ng PDQ, ( 3 ) a t wo - d i mensiona l r e a c t o r des i gn 

code which f i n d s a d i scre te nume r i ca l approximation fo r 

a he t e r o g eneou s r eac tor i n e i the r r e ctangular (X, Y) o r 

cylindrica l (R, Z ) coo r d i na t e s . Th e equ at i ons as t y pifie d 

i n the PDQ c ode fo r the ith e n e r gy , o r l e thargy , g roup i n 

r ec tangular coo r dinates are : ( 3 ) 

-v-(D1 (;) 17 ¢ /;)) + /2_, 1~) + L ~(;:)+DJ';:)Bn ¢J;) == 

K 

- 8 

Xi )v [ f (; ) ¢ i (;) + l ~ -1 (; ) ¢ i-1 (;) 
( 1 ) 

i~ 

whe r e i, denot i ng t he g r oup nu mbe r , goe s from 1 to K with 

K d e not ing th e t herma l g r oup . The t o t al number of l e thargy 

g r oups i s to be less than o r equ a l t o four groups. The 

phy sical i n t e rpreta t i on of the parameters in Eqn. 1 is : 

D t h e d if f u s i o n coeff i c i e nt (cm) 

t h e ma cros copic a bso rption cross section (cm-1 ) 

the mac ros copic s l o wing do wn cro ss s e ctio n (cm-1 ) 

th e g r oup i nde pende nt transverse buc kling (cm- 2 ) 

that fraction o f fission neutrons appe aring in 

th e l e thargy r a nge r e pre s ented by g roup i 

th e ave r age numb e r of neutro n s pe r fiss i o n 

the mac r o s co pic f i ss i on cross sec tio n (cm-1 ) 
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¢ = the neutron flux (n/cm2/s ec ) 

A.= core multiplication constant 

The phys ical representation of a heterogeneous reactor 

in the PDQ code is accomplished by dividing a two-dimensional 

rectangular reg ion into subregi ons which represent the vari­

ous material compositions present in the reactor . A con ­

s traint impos ed by the code i s that the phys ical parameters 

used in solving the neutron diffus ion equations are a ssumed 

to be constant regionwise . Thus the group diffusion equa­

tions for a particular region in rectangular or X-Y co ­

ordinates become: 

-tie - ·:::!::> _,. - -.. 

U ,~(r ) fll_(r )+, J:t (r ) rA. ( r ) 
Li ~l L i - 1 ~ l-1 

i =l 

The group diffusion equations in cylindrical (R,Z ) 

coordinates are essentially the same as i n rectangu lar (X,Y ) 

coordina tes , with the exception that the transverse leakage 

term in Eqn s . 1 and 2 i s zero . 

neutron f lux i s conside r ed . 

No angula r dependence of 

( 2 ) 

The boundary conditions imposed at internal boundaries 

between regions are that the net current and flux are con ­

tinuous across the interfaces . At external boundaries e ither 

the flux or net current may be set to zero depending upon 

the geometry and physical considerations of the problem . 

Artrtitional limitations placed upon the group diffusion 

equations given by 1 are that no neutron energy increase 
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from scattering, upscattering , can occur as well as that 

no scatter i ng beyond a group range, through a group, is 

permitted . The refore, the transfer of neutrons through 

energy can only proceed in a decreasing , or downward, direc ­

tion between adjacent groups . 

2 . Core Representation for PDQ in Rectangular (X, Y) 

Geometry . The degree to which it is possible to r e presen t 

the materials present in the core and reflector is guided, 

to some extent, by the storage capacity of the computer 

used for PDQ calculations . All calculations were performed 

on the I BM 7094 at the University of Maryland Computer 

Facility , which allows approximately 5300 spatial mesh 

points to represent the core and r e flector components 

in the PDQ model. This representation is accomplished by 

the u se of fifteen separate compos itions o r r egions . 

Eight of these regions are used to represent core components 

while the remaining seven describe the reflector materials. 

There are two distinct types of fuel regions described 

in the core, i. e . tho se assoc iated with fuel loadings of 

16 ~0.2 and 18 ~0 . 2 grams of U-235 per plate, respectively . 

These fuel regions are defined by a di stance parallel to 

the plates equivalent to the length of the uranium­

aluminum alloy meat, whi le the distance perpendicular to 

the plates is taken to be the number of fuel plates in the 

particular element time s the distance from plate centerline 

to adjacent plate centerline . The fuel regions, as defined 

by this are a, are a homogeneously volume averaged, or 

smeared, mixture of water, aluminum, U-235 and u-238 . 
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The volume weighted nucle i, or numbe½ densities are calculated 

for the fuel regions based on the materials present in the defin­

ing area. The loading uncerta i nt y of ~0.2 grams of U-235 pe r 

plate is neglected and the fue l loading per plate is calculated 

on the basis of the actual core l oading of 2671 grams of U-235 

for the semi-permanent core confi guration. This corresponds 

to loadings of 15.86 grams and 17.85 grams of U-235 per plate , 

r e spe ctively , for the se two kinds of plates. 

The plate edges, i. e . the aluminum portion of the plate 

between the end of the uranium section and the edge of the 

plate, are homogenized with wate r . The volume weighte d numbe r 

densitie s for this r egion are ca l culated on the basis of an 

area defined in the direction paralle l to the fuel plate s by 

the distance be tween the edge of the fuel r egion and the in­

ner face of the aluminum can . In the direction perpendicular 

to the fu e l plate s the defining distance is the same as the 

fuel region . 

The "dummy" plate of aluminum in e lement C-4 is homo geni­

zed with water in the same proportion as a fuel plate . The 

"dummy" plates in t he inne r and oute r " glory holes " are 

homo genized with somewhat different amounts of water to allow 

as accurately as possible a r epre s entation of the water in 

t hese elements . The aluminum cans which house the fuel ele­

ments are represented explicitly. The remaining core water not 

already present in the dif fe r ent homo genized r egions is 

also represented explicitly . This wate r consis t s of that 

present be t ween the aluminum cans , in the control rod channe l s , 

" glory hole s ", and that which i s present be twe en the oute r 
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edge of t he f u e l reg i on i n the direction pe rpendicular 

to the f u e l pla t es and the inner fa ce of the aluminum ca n . 

Four reg i ons are u sed to re presen t the graphite r ef l ec ­

t or e l ement s . The dimens i ons of the graphite are chosen t o 

be the s ame a s t hose of t he fue l bearing r egion f or a f u l l 

element. The graphite i s surrounded by a homogeneous mix ­

ture of carbon,water, aluminum, and vo id. The aluminum cans , 

and the water between th e cans , are represented explicitly . 

The r emaining three compos itions in the r efl ector r epresent 

the graphite thermal column, its aluminum sleeve, and wate r 

which i s presen t to t he exterior of the graphite e l ement s . 

A printout of a s ample PDQ mesh for the s emi-pe rmanent 

cor e configuratio n i s s hown in Fig . 4. The code allows for 

only 58 columns of the picture to be printed so that the 

graphit e thermal column and its aluminum sleeve are no t s hown. 

The number densities and description for each PDQ region are 

g iven in Table 2 . 

3 . Core Representation f or PDQ in Cylindrical (R,Z) 

Q_eome try . Th e cor e and ref l ector materials are repres ente d 

in cylindrical geome try by the u se of five compositions. 

The core i s r epresented in this geometry as a homogeneous 

region with an active he i ght of 23 . 625 inches and an 

e quivalent radius of 7. 728 i nches. The equivalent radius 

is based on a core cro s s se c t i onal area e qual t o the num­

be r of element s time s the cross sectional area per e l ement, 

i. e . 19 x 3.189 in. x 3 , 035 i n . The core is surrounded in 

the radial direction by a homogeneous r egion r epresenting 

I 
! 

I 
I 
I 
I 

I 
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TABLE 2 

PDQ COMPOSITION DESCRIPTIONS I N RECTANGULAR GEOMETRY 

PDQ 
Comp 
no . 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

Compos ition 
Description 

r e fl ector water exterior t o graphite 
e l emen t s and be tween South fac e of 
core and thermal column 

graphite thermal column 

aluminum sleeve on thermal column 

wa t e r associated with graphite re­
fl ector e lements 

aluminum cans housing reflector 
e l ements 

carbon - aluminum -water - void mixture 
in graphite reflector element 

carbon associated with reflector 
element 

core water 

aluminum cans housing fuel elements 

aluminum-water mixture r epresenting 
fue l plate edges a nd water between 
fue l region a nd aluminum can 

wa ter -a luminum-uranium mixture re­
presenting fuel region for e l ements 
containing 17. 85 gms of U-235 per 
plate 

water -aluminum-uranium mixture re­
presenting fuel region for elements 
containing 15 . 86 gms of U-235 per 
plate 

aluminum-water mixture for "ctummv" 
plate edge a nd water in "glory holes " 

aluminum-wa ter mixture for "dummy " 
" 1 h 1 " plate and water in gory o es 

. f " d II aluminum-water mixture or ummy 
plate a nd wa ter in element C-4 

CompoRitton Vo l ume 
We ighte d Dens itie s 

( xio- 24/ cm 3 ) 

NH20 = 0 . 033371 

Ne = O. 08 03 

NAL = 0 . 060453 

NH20 = 0 . 033371 

NAL = 0 . 060L~53 

Ne = 0 . 034072 
NAL = 0 . 006932 
NH20 = 0 . 01 3976 

Ne -- o . 0803 

NH20 = 0 . 033371 

NAL = 0 . 060453 

NH20 = 0 . 024694 
NAL = 0 . 015720 

N235 = 0 . 0001819 
N238 = 0 . 0000125 
NAL = 0 . Ol 81L~6 
Nr-r20 = 0 . 023220 

N235 = 0 . 0001618 
N28 = 0 . 0000111 
NAL = 0 . 018173 
NH20 = 0 . 023220 

NAL = 0 . 024107 
NH20 = 0 .020064 

NAL = 0 . 028 199 
Nr-r20 = 0 . 017804 

NAL = 0. 018389 
NH20 = 0 . 023220 



the graphite reflector elements . Th e thickness of this 

region is also determined from the area of the e leven 

graphite elements . Th e final regio n r e presented in the 

radial direction, starting from the core centerline out ­

ward, is reflector water . 
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In th e axial directio n beyond the core at top and 

bottom is an a l uminum - water mixture representing non-fue l 

bearing sections of the plates, aluminum cans and wat e r. 

Immediately adjacen t to the aluminum-water mixture at the 

bottom of the core is anothe r aluminum-water mixture repre­

senting the bottom grid plate and wa ter . Th e top and bot ­

tom most region in the axia l direction i s wa ter. The core 

and ref l ector components a s defined in R-Z coordinates are 

shown in Fig . 5 . 

B . One - dimensional WANDA-IV Mode l and 
Geome trical Representation 

The one -dimensiona l time independent group diffusion 

e quation s are solved i n e ither radial or slab geometry by use 

of the WANDA-IV( 4 ) code . Th e group diffusion equations are 

essen tially of the s ame form as Eqn . 1 with the exc ept ion 

that the transverse buckling may be specified in one of 

several ways . These wa ys include : (1 ) group independent 

va l ue by composition; (2 ) group dependent value by composition 

and ( 3 ) group dependent value by point. Th e boundary condi­

tion at interface s between adjacent re g ions is that the net 

current i s continu ous . No boundary condition is place d on 

the flux at such int e rfaces. At external boundarie~ either 



the net current or flux may be set equal to zero; the 

net current must be zero at R equal to zero in radial 

geometry . 

The core and reflector materials are represented in 

e ither radial or axial s lab geometry in the same manner as 

for th e two - dimensional R-Z model . In radial geometry 

starting from R e qual to zero a 11d proceding outward, the 

compositions are core , g raphit e reflector eleme nts, and 

water. In axial slab geometry proceding from Z equal to 

zero downward the reg i on designations are water, aluminum­

water mixture, core, t wo aluminum - water regions, and 

water . 

C . Neutron Spectrum Re presentation 
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The neutro n ene rgy s pectrum is divided into four broad 

g roups con s istent with the maximum number allowabl e in both 

the PDQ and WANDA calculations . While the group boundary 

points are somewhat arbitrary, those chosen tend to minimize 

the restrictions placed on the group-diffusion equations as 

represented in the codes . There fore, the lethargy width of 

the intermediate groups is chosen suff iciently large so that 

cross coupling between non -adjacent groups is minimal. It is 

a ssumed that the effects of upscattering from thermal energies 

to those above the upper energy of the thermal group can 

be neglected. The upper and lowe r ene r g ies for the groups 

chosen are listed i n Tab le 3 , Th is group structure is 

essent ially the same as that used in the analy sis of thermal 

reactors at both the Bettis Laboratory and the Knolls 

Atomic Po wer Laboratory. 



Group 

1 
2 
3 
4 

TABLE 3 

BROAD GROUP STRUCTURE 

Upper Energy (ev) 

107 6 
0.821 X 10 
5.53 X 103 
0.683 

Lower Energy (ev) 
6 

0.821 X lQ 
5.53 X 103 
0.683 
0 

Each of these broad groups, as defined in Table 3, 

is characterized by certain physical processes and is 

discussed in turn. In Group 1, the hydrogen cross section 

decreases rapidly with energy. As a consequence, inelastic 

scattering with oxygen , uranium, and aluminum make up a 

significant portion of the removal cross section from 

this group for the Universi t y of Maryland core. Due 

to the relatively inefficient slowing down properties 

in this energy range, the major portion of the fast 

neutron leakage occurs i n this group. Finally about 

75% of the fission neutrons appear, or are born, in 

Group 1. 

The remaining 25% of the fission neutrons are born in 

Group 2. This group is characterized by low capture 

cross sections and a hydrogen scattering cross section 

which increases to about 20 barns at the lower cut-off 

point(S)_ This higher hydrogen scattering cross section 

at the lower energies in the group is the main contribution 

to slowing down out of the gr ou p. 
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The hydro gen scattering cross sec tion remains essen­

tially constant in Group 3 . I n this energy range only minor 

perturbations from an inverse energy, 1/ E, flux oc cur du e to 
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a small amount of resonance absorption . 

The main physical proc e s s s o ccurring in the thermal 

group are the rapid i 11 cre a se i n hydroge n s cattering cross 

sect i on with decreas ing e nergy and the higher absorptio n 

cross sections of this range . The absorption cross sections 

for the e l ements present in the University of Maryland 

core essentially follo w an inverse velocity , 1/v, l a w in 

this energy range with some deviation occurr i ng for U-235 

and U- 238 . 

D. Cross Sections for Fast Energy Groups 

1. Fast Spectrum Approximations . The cross sectio n s 

ave raged over eac h of the first three groups in Tab l e 3 

( 6 ) 
were obtained using the GAM-1 code as programmed for 

the IBM 7090 . Two methods, which are i nclude d a s options 

in the cod~ were used to calculate approximate spectra 

and the a ssoc iated gr oup averaged cross sect i ons . These 

methods are the volume i ntegrated P-1 and the Fourier 

transform B-1 approximations as de rive d for a finite bare 

core from the time-indepe ndent Boltzma nn equation with a 

volume iso tropic source. The assumption of a bare core i s 

not necessary in the P-1 approximation but it is assume d 

in this analysis. A brief outline of the metho d s is 

given below stating the other major assumptions necessary 

to obtain the desire d equations . 

The P-1 relations are ob taine d u s i ng a P-1 spherical 

harmonics expansion of the energy de pendent angu lar flux . 

Therefo re, the flux is a ssumed to be iso tropic. The spatial 
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d e pendenc e of the resulting pair of equations is removed by 

integrating both the P- 0 a nd the divergen ce of the P-1 

equation over the re g ion of inte r est . Th e finiteness of 

the core is accounted f o r by a l e akage term, which for 

the bare core approximation is equal to the negative of 

the core buckling . This leakage term,or facto½ can be 

spec ified as either ene r gy de p endent or energy independent. 

In b o th th e P-1 and B-1 methods, a Legendre poly ­

nomial e xpansion of th e transfere11ce fu11ct i on , i . e . the 

--
cross sectio1, for changing the energy E1 a nd directio n n' 

of a neutron i nto unit ene r gy interval at E and unit 

---sol id angle around 11 , is per fo rme d in terms of the 

s cattering angle of the neutrons . The addition th eo r em 

is the1 1 used to express t he s catte ring angle in terms 

of the initial and final directions of the scattered 

neutron . After integration over the azimuthal angle , 

the Four i e r transform of the resulting form of the one ­

dimensional tra nsport equation is the1i taken in the B-1 

metho d . This effectively suppresses the spatial dependence 

of the tra nsport equation . When the Fourier tra nsform 

of the wave equation is also taken, it is seen that the 

transform variable is equal to the square root of the 

buckling of the system . The angular flux in the trans­

formed equa tions , actually the Fourier transform of the 

angular flux, is then expanded in Legendre polynomials. 

In the B- 1 approximation, it is a ssumed that scattering 

is linear i n ang l e in the laboratory system . Therefore, 

the B-1 approximation i s obtained by a ssuming that only 
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the first two coefficients in the expansion of the trans f er­

ence function exist with the non-linear coefficients being set 

to zero . The l eakage f a c t or , which i s th e s quare r oo t of the 

buckling for the B-1 approximation, can be specified only by an 

ene rgy inde pendent value. 

Th e e quations in either the P-1 or B-1 methods are solved 

successively by the code in each of 68 energy groups. In this 

manner, approximate spectra for th e neutron flux and divergence 

of the current are obtained in the P-1 method whereas Fourier 

transform values of the flux and current spectra result if the 

B-1 method is used. Microscopic cross sections for the in­

dividual isotopes present in a region, as well as macroscopic 

cross sections for the homogenized region, are then averaged 

over the neutron flux spectrum for the energy groups defined in 

Table 3. The code accounts for spatial self-shielding of U-238 

and determines the effective resonance integral for this i so tope . 

The diffusion coefficient for each broad group is defined ac­

cording to Fick's law.( 6 ) 

2. Method for Obtaining Fas t Group Cross Sections for 

Core and Reflector Compositions. An average core spectrum was 

de termined in order to calculate macroscopic cross sections for 

the above thermal groups for the material compositions present 

in the core. In order to obtain an average core spectrum, all 

the materials present in the core were homogenized into one 

region. GAM calculations were then performed for the homogeni­

zed mixture using the desired method. The leakage factor s used 

were obtained from hand calculations f or the initial GAM cases 

and from PDQ calculations f or the final GAM calculations. 



- 2 0 

The av e rage core s p e ctra resulting from these calcula ­

tions were th e n u s ed i n accordanc e with an additional option 

pre s e nt in the GAM code . This optio n allo ws the calculate d 

co r e s pectrum, as well as the i s otopic number de ns ities f o r 

any desired material composition, to be us e d as input for 

furth e r GAM calculations . Th e code then calculate s the 

bro ad g roup macroscopic cross sections for the material 

composition by averaging over the input spectrum . I n thi s 

manner macroscopic cross sectio ns we re o b taine d for e ach 

of the core compositions listed in Table 2 . 

It is not possible to calculate the diffus ion co e ffici e nt 

for e ach material composition by th e above me tho d . Th e rea so n 

for this i s that the GAM code uses both current and flux 

spectra in calculating the diffusio n coefficient. When a 

flux spectrum is u sed as i nput for a GAM calculation, no 

current spectrum i s calculate d a nd a zero diffu s io n coef ­

f i c i ent results . To circumve nt this problem th e diffus i on 

coefficients we re calculated i n a manner discussed by 

We inb e r g and Wigner , ( 7) and Pomraning . (S) Thi s essentially 

consists of a parallel average of the transport cross section 

with r e spect to the f lux spectrum . To accomplish this the 

diffusion coef f ic ient wa s obta ined as a function of energy 

for e ach mate rial composition . Th e group averaged diffu s i on 

coefficient was then calculated for e ach mat e rial c omposi ­

tion by ave rag ing over the flux s pectrum u sing the 

equation 

DJ 
l -

I _l__ 0(E)d(E) 
3 ' J (E) 

i LTR ( 3 ) 
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wh e re : 

av e ra6 e diffusion co El' ficient for ith e ne r gy 

g r oup a nd jth mat e rial compositio11 

ene r gy d e penden t transport cros s section a s 

a fun ction of e n e r gy 

¢(E) = n eutron flux as a function of e n e r cy 

Microscopic transport cross sec tions for each i so tope we r e 

obtained for e ach of 68 ene r gy groups from t he s ame GAM 

calculations that yie lded the average core s pectrum . 

These micros copic values were th en we i ghte d by the volume 

We ight e d numb e r densiti e s to obtain the energy dependen t 

macro scopic transport cross sections for each composition. 

The diffusion coefficient is then obtained using th e s e 

value s in a numer ical integration of Eqn. 3. Th e assump-

tion i s exp licitly made in this definition of th e dif f u sion 

co e ffici en t that the spect rum i s separabl e in space and ene r gy . 

This assumption i s implicit in the B-1 and P-1 approximations 

so that no inconsistency occurs. 

Fast group cross sections for the reflector mate rials 

we re obtained in much the same manner as th e core cross 

sect io ns . Th e reflector water and graphit e thermal column, 

therefore compositions 1 and 3 in Ta b l e 2, we r e considere d 

separately,and their corresponding cross sections were 

obtained dire ctly from GAM calculations performed for each 

region separately . Th e r ef lector elements were homogen ize d 

in the same manner as the core. An average spectrum wa s 

obtained,and then the proc e dure u sed f o r the core compo s i­

tion s was followed for those compos itions associat e d with 



the reflector eleme nt s . Th e leakage f actors used for the 

ref l e ctor GAM calculat ions were cho sen to be -1 x 10-6cm-2 

for the P - 1 method and 1 x l0- 3cm - l fo r the B-1 metho d. 

Thi s c hoice i s arb itrary a s is al so the assumption of a 

volume source i n the refle ctor r egion . However, a s i s 

po inted ou t in Ref . 15 , r ef l e ctor cons tan ts using a 

r e latively small leakage factor and a vo lume source appe ar 

to be s atisfactory for reactors of the approximate size of 

the Unive rsity of Mary land core . 

E . Therma l Group Cross Se ctions 

1 . Thermal Spectra Approximations . Two me thods of 

ob taining thermal spectra and a s sociated cross sections 

were used to calculate multiplication constants for 

comparison with exper iment for the semi-permanent core 

configuration . These are the we ll kno wn Max we llian( g ) 

( 10 ) 
and Wigner -Wilk ins spectrum models as programmed in 

th e TEMPEST II(ll)code for the I BM 7090 . 

I n the Maxwellian spectrum mo de l, the neutrons are 

as s umed to be i n thermal e quilibrium with the nuclei of 

the infinite non-absorbing surrounding medium . Th e energy 

distribution of the neutrons is determined by the tempera­

ture distribution of the moderator . The material com­

position of the reg i on ha s no effect on the neutron 

s pec trum which is g iven by the gas equation of Maxwell . 
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Th e Wigner-Wilkins method co ns i sts of converting a neu ­

tron conservation i ntegral equation to a second order dif­

ferential equation which is the n so l ved by the TEMPEST code 
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to obtain a n eutro n flux s pe ctrum . Th e integral equation i s 

der iv e d by con s ider ing t h e phys ical processes govern ing the 

velocity d i s tribution of n eutrons. Th e a ssumption i s made 

initially that an infinite abs orbing me dium exi s ts which is 

uniformly f ille d with s l o wing do wn mate rial . Ch emical bind­

ing of the atoms in the mo de rator i s i gno r e d. The a ssump­

tio n i s th en made that th e mode rator is a gas whose atoms 

hav e a Maxwe llian e ne rgy distribution,a s we ll a s a con tant 

s catt e ring cross ect i on inde pend ent of th e velocity of the 

n eutron s . Th en the tota l numb e r of n eutrons ac quiring a 

Velocity in d-; about Vis equat e d to the lo sses out of this 

different ial velocity e l ement due to a bso rption a nd s catt e r­

ing . In th e cas e of zero ab sorption ,the r esulting integral 

equation i s s atisf i e d by the Max we llian di s tribution . Thi s 

fact a l ong with th e principle of detail e d ba lanc e i s then 

u sed to obta i n the f inal form of th integral equa t i on wh i ch 

th 11 y i e lds th e numb e r of n eu trons pe r CM
3 

a s a f unct i on of 

Ve l o city . 

In th e neutron conservation int e ral equation, a kern 1 

i s us e d to r e present th e pro bab ility that a neutron of .. --
Ve l o city ~ i s scatt r e d into dv a bout v . I n a ddition, th e 

1 
loss du e to sca tt e ring out of th e diffe r ent ial velocity 

e l eme nt i s de pe nde nt on th e probability of a collis i on between 

a n eutron of veloc ity ~ and a moderator atom with a Ma x we l lian 

Veloc ity distribution . Th e integral equation i s th e n con­

v ert e d into th e prev i ou s l y mentio ne d second order di fferent ial 

equatio n u s ing th e additio nal assumption that th e mode rator 

ga s i s composed of hy dro gen atoms which s impli f i es th e kerne l 

c ons ide rably . 
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2 . Reg ionwise Th e rmal Cro ss Se ctions. Th e rmal cross 

section s for e ach of th e compos itions in Table 2, wi th th e 

exception o f th e aluminum cans , we r e obta i ned dire ctly from 

TEMPEST calculations performed for each composition . With 

the additional exception o f th e fuel regions, th e variou s 

compositions were homo gen ized by volume we i ghting the ele ­

ment s present in the particular compo s ition. Th e macro­

scopic cross sect ions were then averaged over the s p ctrum 

a s calculated by the TEMPEST code. Th e diffusion coefficient 

Was averaged directly by the code over the spectrum . 

Th e aluminum cans were assumed to have the s ame spec ­

trum as the surrounding water regions . Th e macro scopic 

absorption cross sect i on and diffusion coefficient we re 

then calculated for these regions based on the corresponding 

microscopic absorption and transport cross sections obtained 

from the TEMPEST calculations. 

Th e treatment of the fuel regions takes a some wha t 

different form . Thi s is due to the variation in the 

thermal flux that occurs in traversing from fuel to 

Water in these regions. Th e fuel region i sotopic number 

dens ities were flux and volume weighted to account for the 

Variation in thermal flux according to the equation: 

i i 
== LNj V 

(/)c e ll i 

== number density for j th isotope in the ith 

region 



vi = vo lume f raction of ith r e g i o n i n th e ce ll 

¢ i th e rmal flux i n t he i th 
= av e rage 

r e c; ion 

¢cel l 
a v e r a ge t l1e rmal flux i n the c e l l 

These vo l u me a nd f l ux we i gh t e d va lues we re us e d a s i nput t o 

TEMPEST f o r th e f u e l r eg i o n s a nd th e appro pr iat e s pec t rum 

av e rage d cro ss s e ctions we r e ob taine d . 

3 . 
Flux Wei·ghting Factors. A th r e e r eg i o11 P - ~ 

__, appro xl -

mation to the one - dimensional, time inde pend en t , a nd one 

ve l oc ity transport e quatio n wa s pe r f orme d b y ha 11 d to ob tai n 

the flux we i gh ting fac t o r s in Eqn . 4 . The three r eg i o 1 ,s i ii 

the calculation were the uran ium - aluminum fu e l , aluminum 

cladding a nd wate r. Th e one -dimens i ona l coordinate s y s -

tem starts at the center line of the f ue l a nd exte nds t hrou gh 

the aluminum cladding to the c en t er line of the ad jac en t 

water re g ion. The calculation wa s only performed for the 

f u el regions with 16 grams of U- 235 per plate . Th e a s sump ­

tion wa s made that these same f actors hold f or th e 18 g ram 

Plate r egions. 
Th e derivation of the P-3 equations has been discuss e d 

(9,12,13 ) 
extensively by s eve ral authors. First the scat-

t e ring kerne l is expanded in Legendre poly nomial s i n t e rms 

of the s catte ring a ngle . Afte r us e of the addi t i o n the orem 

and integration over the azimuthal a ng l e , the angular f lux 

is expande d in terms of Le gendre poly nomial s . Then using 

the orthogonality prope rties of Legendre polynomials the 

PN equations are obtaine d. Th e PN equa tio n s are the n 

t runcated in the P-3 approximatio n so that only the first 

four momen ts in the expansion of th e a ngu lar flu x are 



assumed to exi st . For s implicit~ only the f irs t two coef ­

f icients in the expans i on of th e s ca tter i ng kerne l are 

allowed. Then the P-3 equations for the ith region) 

ing no source i s present for s implicity ) are : (l3 ) 

2 dF~(x) dF5 (x ) 

- + - + 
dx dx 

a ssum -

-26 

( 5 ) 

Where: 

pi 
n 

rt 
[lo 

Ls± 

== 

== 

== 

== 

nth moment of flux for ith region 

total cross section for ith region 

total scattering cross section of ith region 

wh ere µ 0 
is the average cosine of 

the scattering angle. 

Eqns. 5 were then solved for each r egion. The aluminum 

and fuel regions wer e a ssumed t o be sourc e fre e while a 

Un · 
lform i sotropic source was assumed in the water region . 

Therefore the first of Eqns . 5 is equated to a source termJ 

Which i s not a function of position) in th e moderator r eg i on . 



The solution to these equations proceeds in the same 

manner a s g iven by Murray, (i3 ) i.e. a solution is assumed 

to exist of the form: 

Fni(x) = Fi e 
nm 

r:~x 

After substitution of Eqn. 6 into Eqns. 5 the ki's were 
m 
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(6) 

de t ermined by solving the determinant of the coefficients of 

th e set of homogeneous equations for each region. This 

Yields a quadratic express ion in ki2 so that 
m 

Where the region index has been suppressed and 

b = 
27 µoLso 

It 
9 

+55 Lso -90 
[t 

c = 105 [[so ( fi.o[so - fio -1)+1] 

9 [ t [t 

As is seen from Eqn. 7, four values of ½n result for each 

region with k2 = -ki and k4 = -k3 . Then the solution for 

each moment of the flux is given by 

(7) 

( 8) 

(9) 



I ll addi t io n t o the valu es of km c. s e t of coupling coef ­

fici e nts r e latinG the a rbitra r y coe fficien t s ) i. e . th e 

Fnm' s ) wa s obta i ned by t he substi tut i o n o f Eqn . 9 i n t o 

E qn s . 5 . Again s uppress i ng t h e r e g i o n i ndex thes e are 

give n by : 

rlm = 

3 
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r2m = (10) 

r 3m = 
2kmr1m +5 r2m ) 

3km 

At the c en t er l i ne o f t he fu el r eg i on (x = 0 ) and at 

th e c e nte rline o f th e mode rator region (x = c ) the boundary 

c o nditio n s are that the o dd moments and de rivatives of the 

e v e n meme nt s are ze r o . The mome nt s o f the flux are c on tinu­

ous at the fue l to cladding ( x = ~ ) and the cladding t o 

wate r ( x = b ) inte r f aces . Upon u s ing boundary conditions 

at the cente r l ine o f the fuel r e g ion and after manipulation 

t he e quations f o r t he momen t s in the fu e l reg i on be come : 



where U denotes the fuel region. The equations for the 

moments in the cladding become ( with C denoting aluminum 

cladding): 

FC ( ) C C, C C 
0 

x = M
01

cosh klLtx + M02sinh 

The moderator equations contain a particular integral for 

the sourc e term. The boundary conditions are applied at 

the moderator centerline (x ~ c) and the zeroeth moment 

Of the flux is normalized to one at the clad-moderator 

interfac e (x - b). The moderator equations become (with 

(11) 

(12) 
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W denoting water ): 

F~(x) - D~
1

[cos h k1 [ ~(x- c )-cosh k1 [ ~(b-c )] 

+ D~
3

[ cosh k~[~(x-c )-cosh k~ [ ~(b-c )] +l (13 ) 

Fw(x) = rw Dw sinh kw [ W (x-c ) + r1
3

D~
3
sinh k; [ ~(x-c ) 

1 11 01 1 t 

Fw(x ) = rW DW cosh 
kw [ W(x- c ) + rw Dw cosh kW [W( x-c ) 

2 21 01 
1 t 23 03 3 t 

w W DW . h WL W 
W DW . WLW 

F3 (x ) = r31 Olsin 
kl t(x-c ) + 

r
33 03

sinh k
3 

t (x-c ) 

In the above equations : 

i 
i i 

i i 

Mo1+Mo2 
i Mo1-Mo2 

Fo1 = 
Fo2 = 

2 

2 

i 
i i 

i i 

Mo3+Mo4 
i Mo3-Mo4 

Fo3 = 
Fo4 = (14 ) 

2 

2 

w 
w 

w MOl 
w M03 

Do1 = 
Do3 = 

w[w 
WLW 

cosh kl tc 
cosh k3 tC 

When t he boundary conditions of continuity of the moments 

are us ed at the fuel to cladding and cladding to water inter -

faces , eight e quations in e i ght unknowns are obtained . The 

canst ant s u sed so lving these equations are listed in Table 4. 
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TABLE 4 

CONSTANTS FOR SOLUTION OF P- 3 EQUATIONS 

kl 
k3 Lt ( cm - 1 ) 

2 . 84256 
1.13869 
0 . 948114 

- 0 . 315918 

2 . 07206 
0 . 56913 
0 .093321 

- 0 . 05 7528 

1. 97620 
0 . 103422 
3 . 21691 

- 0 . 002673 r11 
r1 3 
r21 
r23 
r 31 
r 33 

- 0 . 788640 
- 0 . 333292 

0 . 538877 
o . 406029 

-0. 262977 

- 0 . 2091-~45 
- 0 . 458354 

0 . 052012 
0 . 407030 

- 0 . 012684 

- 0 . 051091 
- 0 . 498624 
0.002189 
0 .422305 

- 0 . 001208 

The so lution for the scale r flux in each r eg i on i s : 

F~(x ) = 0 . 580454 cosh 2 . 695072 x + 0 . 416140 cosh 1. 07961 x 

F6(x ) = 0 . 042332 cosh 0 .193367 x + 0 . 061079 sinh 0 .193367 x 

+ 0 . 956427 co s h 0 .053112 x + 0 .0036399 s i nh 0 . 053112 x 

= - 0 . 028468 I cosh 6 . 35726 (x-c ) - 2 . 305091 (15 ) 
' · J 

- 1 . 33429 fcosh 0 . 332699 (x - c ) - 1.002989 i +l 

This so l ut io n i s sho wn graphically in Fig . 6 . Th e flux 

we i ghting factors for the uranium, aluminum cladding and 

wate r obtaine d by the i ntegration of Eqns . 15 and normali zed 

to th e ave rage f lu x in th e cell are gi ven in Table 5 . Th e 

symbo l ¢ is used to denot : the scaler f lux i n the tabl e 

which is consis t ent wi th t he nomenclature in Eqn . 4 . 

TABLE 5 

P-3 FLUX WEIGHTING FACTORS 

r/Jc e ll 

0. 97762 

~-cell 

0 . 97976 

?Jc e ll 

1.00915 



CHAPTER IV 

ANALYS I S OF SEMI-PERMANENT CORE CONFIGURATION 

The i nit ial sets of ca l culations were done to investi­

gate the ability of the various analyt ical models discussed 

i n Chapter III to predict the core excess r eactivity for the 

- permanent core arrangement of Fig . 1. This i nvest i-semi 

gatio n wa s motivated by a desire to choose a suitabl e 

model to predi·ct 
reactivity changes i ncurred in r eactor 

experiments and core modifications . 

A. Exper imental Excess Reactivity 

The calculations performed in this analys is were done 

assuming a core without control r ods with the through and 

b eam tubes flooded . It i s ne cessary t o have an estimate 

Of th e core excess r eactivity for the semi-permanent core 

conr · iguration under these conditions i n order to make a 

comp arison o f the r e lative usefulness of the analytical 

mode l s inves tigate d. This i s provided by data r esulting from 

a ser· (1) i es of experiments performed by Drs . D. Du ffey , 

J. Fi sher, and Mr . A. Diaz i n March and April of 1962. This 

data was obtained by inserting paraffin plugs i n the beam 

and t hr ough tubes to s imulate flooding of these facilities , 

The Values for the measured control rod positions a nd excess 

r eactivity 1 6 obtained are given i n Tab e • 

The reactivity p def ine d by (Keff -1)/ Keff was obtained 

Us1 ng the control rod calibration curves g iven in Ref . 1 and 

r epro duc ed th d t d ·n · An analys i· s of e a a us e 1 

ln F igs . 7-9 · 
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TJ\BLE 6 

MEASURED REJ\CTIVITY ~OR 0IfllULATED FLOODING 
OF EXPERIMENTJ\L 1•'1\C ILITI ES 

Shim no . 1 
cm 

Shim no . 2 
cm 

Re1; . Rod 
cm 

Core Re a ct i v i ty 
% p 

43 ,95 45 .98 0 0,988 

obtain i ng these curves sho ws that the de layed neutron data 

( lL~ ) 
of Hu ghes wa s us ed . No correction fo r the fin i teness 

of t he core wa s made . The commo n pra c tice i n t he a nalysis 

of e xpe riments today is to us e the late r data of Keepin 
( 11.J-) 

Which y i e lds a delayed neutron r action o f . 0065 fo r a n 

infinite c o r e f u e l e d wi th U- 23 as opposed to a value of 
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, 0075 u s i ng the data of Hughe~ . I t i s es tima ted i n Chap ter v, 

u s i ng Keepin ' s data , tha t th ffect i ve de layed neu t r on 

frac t i on fo r the Un i ver s i ty of M2r yland r e a cto r i s . 0078 . 

The i nhour e qua t i on can be wr itt·n approximate l y a s 

p = 

where : 

; * = 

T = 

/Ji = 

A. = l 

l = 

* r)_· : ') 

K eff - l t i-.). 
✓ ' .• . l 

= + 

Ke ff TKeff i =l 1+ A i T 
(16) 

neu tron life tim 

s tab l e r eactor per i oc 

dela ye d neutron fract i on for ith de layed 

neu tron group 

de cay constant o itt g r oup of dela yed neu trons 

/Jerri /J = avera ge crre ction f o r f i n itene s s of 

c o r e 



From Eqn . 16J it is seen that core reactivity i s pro ­

po rtional to the ratio of effect i ve to i nfin ite delayed 

neutron fractions if an ave rage correction is assumed 

and if the stable per i od is sufficient l y long so that the 

f i rs t t e rm of th e right ha nd s ide can be neg l ected . This 

amounts to a correction of approximate l y 3% so that the 

core excess reactivity J base d on expe riment J becomes about 

1% o r possibly 1. 02% p . 
Data obta i ned from Ref . 1 6 and Ref . 1 are used to 

a scertain the erro r associated with the me a surement . 

Since the measurement wa s not repe ate dJ only a r ough 

es timat e may be made of this uncertainty . I n the material 

in Ref . 16 Dr . Fisher di scuss es a series of me asurements 

made over a per i od of l ½ years for the semi - permanent 

core conf i guratio n wi th the experimental facilities 

void ed . The data from these measurements i s partially 

r eproduced in Tab l e 7 along with that from Ref . 1. 

Dat e 

4/16/62 
9/1¼62 
/7 63 

5/23/64 

TABLE 7 

CORE EXCESS REACTIVITY WITH 
EXPERIMENTAL FACILITIES VOIDED 

Sh im no . 1 Shim no . 2 Re g . Rod 
cm cm cm 

L~6 . 02 45 . 96 33 , 80 
47 . 99 47 , 99 34 . 9 4 
48 . 00 48 . oo 24 . 60 
48 . 00 48 . oo 26 . 35 

P{~J 
0 . '(03 
0 . 534 
0 . 630 
0 . 613 
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I f i t is a ssumed tha t the r eact ivity worth of the ex­

periment would remain the same then t he uncertainty in the 

core reactivity in the experiment can be obtained from the 

variation in the u npe rturbed core reactivity . There fore from 
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Tab l e 7, the maximu m e r r o r i s seen t o be .17%fj.p. This varia­

tion i s due to s u ch t h ing s a s t emp e rature and the change over 

p e r i ods o f time of conso l e cont r o l r od dial pos ition s r e lative 

t o actua l contro l r o d po s itions . The above e rror e stimate do es 

not i n clude such e ff e cts a s control rod inte raction, wh ich are 

negl e c ted . 

B. Axial Buc kling Calculation 

As d i s cu sse d i n Chap t e r III, the group dif fu s i on e qua­

tio n s a s programme d for the PDQ code r e quire a value o f the 

g roup i nde p e nde nt trans ve r s e , o r v e rtical, buc kling to be 

s p e cifie d a s i nput fo r the X-Y calculations. This axial 

bucklin g value i s s patially and energy independent as is see n 

f r om Eqn . 1. Th e r efo r e the s ame value of the axial buckling 

i s assume d t o hold in the r e fl e ctor regions as well as in the 

c o r e r eg i ons . 

1. Cylindrical Co r e Me thod. Two me thods were u s ed t o 

ob ta i n a value of the axial buckling . These me thods we r e cho sen 

be cau se they t e nd to minimize eigenvalue differe nces be tween 

one a n d two dime n s ional problems. 

In the fir s t of these methods the core was cylindri­

c i ze d f o r a n R-Z calculation a s shown in Fig. 5 and discussed 

i n Chapte r III. To obtain input for this calculation a pre­

liminary PDQ calculation was performed in X-Y coordinates. 

Th e preliminary X-Y calculation utilized Wigne r-Wilkins 

t he rmal cross section s and fa s t group cross s e ctions 

us ing the P-1 mode l. Core ave rage d macroscopic cro s s s e c t io ns 

and d i f fu s ion coe f f icie nt s f o r the R-Z calculation we r e 

obta i ne d by f lux a nd are a we i ghting the cross sections 



o v e r th e co r e prope r u s i n g the equa t i ons 

d A [ 1 = J f~(;) ¢/; (7) dA 

/ r/Ji (;) dA 

wh ere i d eno t es t he e n e r gy g r ou p numbe r a nd t h e i nt egra ­

tions we r e carrie d ou t o v e r t h e co r e pro pe r . Th e s ymbol s 

ha ve t h e s ame def i n i t i ons a s g ive n prev i ou s l y . The 

r ef l e ctor e l ements we r e homogeni zed i n t h e s ame ma nne r 

a s th e co r e c ompo n en t s . P-1 GAM a nd Wi gner - Wilk i n s 

TEMPEST cal culatio n s we r e pe rfo rme d f o r th e aluminum 

wa t e r mi xture s whil e t h e r ef l e c to r wa ter c r os s s e ct i o ns 

we r e t a ke n to be the s ame a s in th e X- Y calculations . 

Th e input c r oss s e ct i o ns are g i ven by e ne r gy g r oup a nd 

c ompos i tio n i n Appe ndix A. The co r e mul t iplication co n ­

s tan t ob taine d a s output o f the calculation wa s 1 . 023 1 . 

A s e rie s o f o n e d ime n s i onal radial WANDA ca lcula ­

tions f o r th e cy lindricize d co r e we r e pe rforme d f o r a 

sl ic e throu gh the c e nte r o f th e co r e u s ing seve ral axial 

buc klings . Th e axial bucklings were supplie d as e n e r gy 

a nd s pa t ially inde pende nt values . The input cros s 

se c tio n s for core ~ r ef l e cto r e l eme nt s and r ef lector wa t e r 

we r e th e s ame a s f o r th e co r res ponding PDQ compo s itions 

g i v e n in Appendix A. A curve wa s th e n dra wn plo tting the 

r esu lting multiplica t i on c onstant v e r s u s input bu ckl in g . 

- 3 

(1 7) 



Th ese data are sho wn in Fig . 10 and listed in Table B. 

It may be seen from the data that the axial buckli'ng 
value 

of 0 . 0016 cm - 2 in the radial calculations gave 

Keff as the R-Z calculation of Sect i on IV-A. 

TABLE 8 

ONE-DIMENSIONAL RADIAL WANDA RESULTS 

I nput Bi 
cm-2 

0 
0 . 0016 
0.00175 

Core keff 

1.1077 
1 . 0230 
1.0156 

the same 
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2 . Axial Slab Method. I n the above cylindrical core 

method a gross approximation must be made regarding the 

core , i . e . that the cor e may be cylindricized. However, it 

ha s the advantage that a transverse buckling value is 

ob tained which is used in a consisten t manner in the X-Y 

calculations . Additionally , this method makes no further 

assumptions with r egard to the s hape of the flux in the 

top and bottom reflectors. 

Such assumptions must be considered in the second 

me thod inves tigated. In this case, the axial buckling 

wa s obtained from one dimens ional axial slab calculations. 

The core geometry used is the same as shown in Fig. 5 for 

a vert ical slice through the core. The input cross sec­

tions are the same as used in the R-Z calculations for the 

corresponding compositions. Energy dependent values of 

the radial or X-Y bucklings for the core were obtained 

from the preliminary PDQ calculation by integrating the 



group diffusion e quations over t he core area . 

the gr oup dependen t bucklings wer e defi ned by 

wher e B2 

=-f v-(Di r;> v ¢1 rr>JdA 

J D1 (;") ¢ i (;') dA 

Therefor e 

1[x ,YJ = average X-Y buckl ing for 1th ener gy gr oup. 

The integrat i ons a r e carried ou t over the core 

Proper 
and th e othe r symbo l s have t he s ame meaning a s 

defined i·n Chap t er I I I. Eqn . 18 ca n be wri t t en in equiva-

lent form a s :(15 ) 

-
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(18 ) 

(19 ) 

- A[f t:) +[ f {;) +Di {';)Bi]¢ i t)dA 

I D1 f;,) ¢1 {';) dA 

The 
group dependen t radial (X, Y) bucklings were obtained 

lls1ng E 
qn . 19 a nd are lis t ed in Table 9 -

TABLE 9 

GROUP DEPENDENT RADIAL (X, Y) BUCKLINGS 

FOR DETERMINATION OF AXIAL BUCKLING 

Ener gy 
Group 

1 
2 
3 
4 

Buc kling B2 X, Y 
cm - 2 

0 .012201 

0 . 008355 

0 . 005736 

-0 .003 03 2 
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The nega tiv e bu ckling in Group 4, i . e . the the rmal e n e r gy 

g roup , i s caused by f a s t neutrons be i ng slo we d down to 

the rma l ene r g ies i n the r e f l e c t or and r e turning to the core . 

The spe cif ication of a transvers e (X, Y) buckl i n g in 

t h e t op and bottom reflector reg ions i s somewhat arb itrary. 

Th i s i s be cause the s hape o f the flux in these r e gions i s 

no t precis e ly known . At the core -ref l e ctor interfaces, 

one could r e asonably assume that the reflector flux shape 

wou l d b e similar to that in th e adjacent core regions. At 

large distances from the co r e - reflector interface one would 

e xpect the flux shape to be more nearl y flatj for an 

infinite reflector the X-Y bu ckling in the reflector would 

approach zero at large distances from the core. 

S ince reflector neutrons further than a few me an 

free paths from the core have little effect , it was 

assumed i n this analysis that the buckl i ng used i n the 

reflector was the g roup independent core value . This wa s 

ob tained by u s ing an equiva l ent bar e core model and data 

from the preliminary X- Y PDQ calculation . In this model, 

t h e g roup diffusion equ ations are integrated over the core . 

After de f ining the group dependent buckling as in Eqn . 18 

and making this substitution each term is multiplied and 

divided by the core integrated flux . After dividing 

by the core area, the group diffusion equat i ons may be 

written in terms of averag e quantities as 

K 

Di Bf [x, yJ¢i +[ L f + L ~+D1B~] ¢ i ~ xi ~ ~ i ¢1 +L~-1 ¢1-1 
;\ 

( 20 ) 
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where ¢ i is the core averaged flux for the ith group and 

the othe r terms are def in e d by Eqns . 17 and 18 . 

The solution to Eqn 20 i s ob tained for A by solving the 

d ete rminant of the coefficien ts of the f luxes . Th is g ives 

the e quation, with Keff equal to A : (21) 

where : 

+ P1P2P3 ( TJ. f ) 4] 

L1L2L3 L4 

= 

(l -p2 )pl ( 7/ f )2 (l-p3 )plp2 ( 7l f) 3 
+ ---"'------.:=!. 

L1L2 L1L2L2 

(l-p3 )P2( "fl f ) 3 

L2L3 

( 21) 

where L ~ = 0 for i = 4 

Th e g roup inde pe nde nt buc k ling wa s obtained by assuming that 

th e g r oup buckling s we r e cons tan t, i. e . Bi = B2 , and solv i ng 
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Eqn . 21 numerically . The value of the group independent 

6 -2 
X-Y buckling obtained in this manner was 0.00 75 cm . 

The K from the axial WANDA calculation performed 
eff 

with the regionwise bucklings defined as above was 1.0132. 

The method to obtain the g roup independent axial buckling 

was to solve, a gain numerically, Eqn. 21 for the value that 

gave the calculated Keff " The X-Y bucklings were the 

values used as input in the WANDA calculation. A curve 

of K versus axial buckling was drawn to determine the 
eff 

value as shown in Fig. 11. The value of the axial buck-

ling corresponding to the calculated K was found to 
eff 

-2 
be 0 .00169 cm . 

The values obtained by both the cylindrical core and 

axial slab methods agreed reasonably well. It was estimated 

from Fig. 10 that the difference in Keff due to the difference 

in calculated axial buckling would be approximately 0.5%LJK. 

The value selected for the PDQ calculations was that 

obtained from the R-Z PDQ and the radial WANDA calculations . 

Th e choice is a gain arbitrary but if the effects of cylind­

ricizing the core are neglecte d, this method is more satisfying . 

The second method, i. e . the axial slab method, should 

r e ally consist of an iterative procedure. Thus the axial 

buckling found above should be used as input into a second 

X-Y PDQ calculation . Then the output from this calculation 

should be used in a new axial calculation. This proce dure 

would then continue until a minimum difference in Keff 

be t ween t he t wo-dimensional and one-dimensional calculations 



Wa s obtaine d . Thi s proc e du1'e vJ<>uld be qu ite time con­

suming with r es pect to cumpul;e1' 1;ime and so it wa s not 

carried furth e r . In v i ew o f tl1L' uncertainty as to the 

Proper choic e of ref l e tor lJUcL I Lng t o be us e d ) it was 

f e lt that t he a dd it i onal c omp tc·1 ' time required would 
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not be justifie d . I n addit i o11 . 1: he change in the calculated 

Keff due to an ite r ated axial buc kling would only be on 

the order of a t entll o a perC L'1 1t. . 

C. Comparison of Fa st <' 11 1·gy Group Methods 

1 . General Des crip t i on o f Calculations . In the 

comparison of :the fa s t en r gy g r oup analy tical model s ) 

the thermal group cro ss se c t i ow; were obtained u s in g 

the Wigner - Wilkins mode l a s d ~ r ibed in Chapter III . 

The se cross sect i ons are t a u la tPd i n Fig . 4 and were 

kept constant throughout t h a na lys is discus sed i n this 

section . Two -dimensio nal PDQ X- Y calculations were then 

Performed to determine reactiv j t y diffe rences using the 

cross sections for th e a hov thermal ene r gy gr oups as 

calculated with the vo lume i ntP/ 'T'ated P-1 and Fourier 

transform B- 1 method 

Fast g roup core cro s e t ins were obtained using 

the P-1 method for t wo distin t cas es . Thes e consisted 

of calculating core s p ctra, usi1 ~ both energy dependent 

and ene r gy independ n t buckl i nc; values to specify the 

leakage factors in th e GAM calcul ations . The e nergy 

d ependent valu e s we r e a l ul tr,cl from the preliminary 



PDQ Using E qn . 1 9 . The ener gy independent buckling was 

a n effec tive avera ge f a s t group value . Thi s 
t a ken t o be 

Va lue _was calculated 
using Eqn . 21 where it was a s sumed 

2 
fo r i = 1 , 2, 3 and B4 wa s that value ob ta i ned 

that B~ _ B2 
l -
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Us i ng E qn . 1 9 . 

ca1c Ulat ed that would gi ve t he s ame mult i plication cons tant 

Thus a n effe c t i ve fa s t gr oup value wa s 

as •r l t he e nergy dependen t values wer e u sed . The s ame 

value was us ed t o s pec i f y the l eakage 
ener gy inde pendent 

factor f or th e B- 1 calcu l a t i on wher e i n this case t he 

is the posit i ve s quare r oot of the buckl i ng . 
lea ka ge facto r 

Both ener gy de penden t and energy independen t va l ue s are 

tabu l ated i n Tab l e 1 0 . 

TABLE 10 

BUCKLINGS USED TO SPECIFY GAM LEAKAGE FACTORS 

Ener gy Group 

1 
2 
3 

Ener gy Depe ndent 
Value cm - 2 

0 . 0 13951 
0 . 01 0105 
O. 0071.~86 

Ener gy I ndependent 
Va lue cm- 2 

0 . 01 12 
0 . 011 2 
0 . 0112 

The r esult i ng co r e s pe ct ra wer e then used to ob tain 

:reg · i onwise cross sections fo r t he cor e material s a s di s -

in Chapter III . The cross sections f or th e ener gy 
cussed . 

g:rou Ps abo ve 0 . 683 ev are tabu lated , f or the cor e compo -

Sit i ons . , in Appendices Band c f or the P- 1 calcu lation 

Us1n c g t he ene r gy de pendent l eakage factor s and t he B- 1 

a1cu1 at i on u s i ng t he energY independent l ea kage f actor, 

:res . Pective l y . The cross s ection data f or the P- 1 ener gy 

l ncte Pe nde nt buckling calcu l ation are sho wn in Fig . 4 . 



Th e r e f lector cons t ant or ti 1e , ne r gy de penden t P- 1 

cal cu la t i on we r e exactly tl1 :; ·, 111 , a s those for the P-1 

energy inde pe ndent ca se and re ' , ho wn in Fig . 4. The 

B- 1 fast gr oup cons tant for l11P r e f lector compositions 

are s imilar t o th e co r r "'pondl11•~ P- 1 values s o that they 

are no t shown . 

2 . Resu lts f r om Ca lculat l o i s Utilizing Various 

Fast Group Method , . The co c i11 u ] tiplication cons tants 

from the PDQ X-Y calcu lation ~ ure lis ted in Table 11 . 

TABLE l J 

CORE Keff UTILIZING P- 1 AND B- 1 FAST GROUP CONSTANTS 
AND WIGNER-WILKINS THERMA L GROUP CONSTANTS 

Fast Group Buc kl j_nc; Core Keff 
Method n GAM 

P-1 En r gv 1. 00740 
D p nde n t 

P-1 Ene r gy 1. 01048 
I ndepe nde nt 

B-1 Ener i · 1. 01590 
De pe 11dc11t 

The t o tal r ea ctivi ty s prea d i s l e ss than 1%~Pwith 

the core eige nvalue ob tained ULl l 1g the P-1 method with 

a group indepe ndent l ea ka ge f'actur experiencing the least 

deviation from th e exper i m nta l value of l . 02%P . The 

difference in Keff be t w nth xperimental r esu l t and 

this best result is only 0 . 02%/J.Pwhich i s fortuitous and 

probably the re sult of can Jla t lJ n of errors . Usually 
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the B-1 method s hou l d g i v t h o tter results . This can best 

be understood by de riv i n th P- L equations in the same 

manner a s the B- 1 equa tion , i . , . by using a Fourier 



transf orm technique in slab geometry . I f this i s done, 

l can be seen that the P-1 e quations are in fact 
then ·t 

proximation to the B-1 equat i ons with the result 
an ap . 

that the energy dependent flux spe ctrum, as calculated 

Us i ng the B- 1 method, should be more accurate . On the 

other h a nd, one would also expect the P-1 r esult u sing 

ener gy depende nt bucklings to obta in the fast group cross 

sect · ions to g ive better agreement with experiment than the 

P-1 result b 
o tained using a n ener gy independent buckling, 

s· J..nc e the gross core flux shape and leakage is supposedly 

better represen t e d with energy in the former case. 

There are several possible uncertainties and sources 

Of error that a ffe ct the calcu la t i ons . While a de tailed 

ana1 Ysis of such errors and u ncertainties would be 
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tive , if not imposs i bl e , some of these are: 
Prohibi . . 

I nheren t approximations of the theoretical me thods . 

Me thod of application of the theoretica l methods . 

Finite di fference approach to solut ion and PDQ 

A. 

B. 

C. 

mockup . 

Axial buckling uncertainty . 

Cross section uncertainties . 

D. 

E. 

F. 
The r e f e r e nc e t o the finite dif ference approach means 

the sens· d t itivity of an e i genvalue prob l em with regar o 

Fue l loading uncertainties . 

the p th DQ mesh description . It i s obvious ,f or example , 

at the coars e r the de s cription of the core, the l ess 

ace Urate the calculation of the f luxes and e i genvalue will 



- 46 

be . I n some instances , the cho ice of how to represen t 

the c o re i s que s tionable . For in s tan c e, the aluminum can s 

were represent e d explici tly . Th i s wa s done through a des ire 

to r e pres e nt the slowing do wn source to the th e rma l s r oup 

as accurately a0 possible as a fu nction of position . On 

the other hand, di f fusion theory i s not accurate for re g i ons 

that are thin compared wi th a mean free path. 

The use of the t heoretica l methods is admittedly 

somewhat arbitrary . Thu s the defin i tion of an average 

core s pectrum for energi es above 0 . 683 ev i s an approx ­

imation s i nce the s pectrum change s f rom point to point 

i n the core . Thi s is due to changes i n the water to 

metal ra t i o as we ll a s r ef l e ctor effects near the core 

pe riphery . Th e trea tmen t of e ach r egion thermally a s a 

eparate e ntity with i ts o wn particular spectrum, u s ing 

th e Wisne r - Wilkins mo de l, i s also somewhat questionable . 

It i s s tat e d i n Ref . 15 that th e Wi gner-Wilkins model 

i a goo d approx imation for r eg i ons that are large com­

pared t o their mean free path which i s tru e of the fu e l 

reg i ons . Ho wever, the combine d thicknes s of the surrounding 

lightly absorbing r egi ons , which al l have essentially the 

same th e rmal s pectrum, i s on l y on th e order of o ne me a n 

free path . 

It may be n o ted that i f the va l ue of axi al buckling 

that wa s calcu l at e d i n the one - dimensional s lab tre atmen t 

had been u se d , then the B- 1 method would have g iven th e 

bes t a gre e ment wi th exper iment . Th i s wa s a matt e r of 

cho ice . However i f the value obtained by the second 



method, i.e. the axia l slab method, had been used it 

would not diminish the uncertainty s ince it would be based 

on assumptions wi th re gard to the treatment of the top 
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a n d bottom reflectors as we ll as the actual use of a constant 

buckling value i n co r e and r ef lector in the X- Y calculations . 

The above are examples of the types of uncertainties 

that may occur due to judgement of how to use the theoreti­

cal models or how to def i ne and calculate a quantity 

such as the transverse buckling . Th e remaining uncertain ­

t i e s are of the types that are incurre d when it is assumed 

that a particular mod e l will suffic e t o pe rform a detaile d 

calculation , e . g . , such as the assumption that diffusion 

theory will be adequate, o r the practical type that must 

be incurre d such as the neg l e ct of impurities in core 

materials and the neglect of a loading uncertainty of 

± 0 . 2 g rams of U- 235 per plate . Cros s section uncertainties 

e x i st i n that there are uncertainties in the measurement 

o f these quantities , in addition to the t ype of error that 

may follo w from a bad va l ue on the library tapes . Wh i le 

a detailed check of the cross sect i on libraries was not 

made some of the mor~ important values, su ch as the thermal 

capture to fiss i on rat i o for U- 235 , were checked and agreed 

. (5,18 ) 
with othe r sourc es of da ta . 

In view of the above remarks , the agreement between 

the calculated Kerr ' s and the experimental result is 

considered quite goo d . For purpose s o f comparison the 

s i gnificant core parameters, a s calculated from the PDQ 

output for each dalcula tio n , are listed in Table 12 . 



( 1( f ) 1 
( l / f ) 2 
( T/ f ) -:, 

' ..) ( n r )4 
Pl 
P2 
P3 
T1 
72 
7 3 
12 

Koo 

whe r e : 

Ti 

2 
L 

TABLE 12 

CORE AVERAGED PARAMETERS RESULTING FROM 
COMPARI SON 0.F' FAST GROUP METHODS 

P- 1 Method2 Variable B 
in GAM 

0 . 6972 
1 . 3282 
1 . 2568 
1 . 4967 
0 . 9938 
0 . 9967 
0 . 9506 

25 . 1002 
12 . 4619 

9 . LW56 
9 . 0704 
1.4807 

Di 
= 

[~+[ ~ 
l l 

= 

P- 1 Method 
Constant B2 

in GAM 

0 . 6837 
1. 32 2 
1 . 2576 
1 . 4 69 
0 . 9937 
0 . 9967 
0 . 9503 

25 . 2325 
11 . 7221 

9 . 2071 
9 . 0676 
1. 4807 

( for i = 1,2 , 3 ) 

B- 1 Method 
Constant E2 

i n CAM 

0 . 6764 
1. 3295 
1. 2582 
1. L~96~ 
0 . 9935 
0 . 9966 
0 . c_ 501 

22 . 7'706 
11. 4687 

9 . 2193 
9 . 0650 
1. 4805 

a nd Ti is t he neutron a ge for the ith ener gy group a bove 
2 

therma l ener gi es , L i s the t hermal diffus i on area and 

K00 i s the infinite multiplication f actor . K
00

is obtained 

2 
by l e tting Bi equal zero in the equivalent bare cor e 

mu ltiplication formula (Eqn . 21). All other symbols are 

de fined as i n Eqn. 21 . 

Ev idently, since the K values r emain about constant, 
co 

l ea ka ge variations accoun t for the major dif fe r ences in 
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the calculations utilizing the diffe r ent me thods. The 

neutron age (T) sho ws this to be the case, especially for 

the B-1 calculation . A comparison o f the Group 1 con­

tributions to the neutron age, whe r e most of the leakage 

o ccurs, shows the B-1 value to be about 10% lower than 

the corresponding P-1 values. 

Another point worth noting from Table 12 is the rel­

atively high thermal diffusion areas. This is partly 

due to the high aluminum content of the core and partly 

a consequence of r epresenting the aluminum cans expl icitly. 

Also the Wigner-Wilkins method classically overestimates 

the rmal diffusion lengths(lS )_ These are to some extent, 

the reasons for the relatively small axial buckling 

which corresponds t o a reflector savings of about 9 cm. 

Usually, measured values of reflector savings, for wate r, 

(17) 
are quoted to be from 7.5 to 8.5 cm 

The explicit representation of the aluminum cans 

would seem to overestimate the thermal axial leakage in 

these regions. However, if the aluminum cans had been 

homogenized with water with a resulting lower core 

diffusion coefficient for thermal neutrons, then it would 

-49 

be expected from one group theory that the axial reflector 

savings would decrease and the axial buckling would increase. 

In other words the effects tend to cancel with respect to 

the core multiplication constant. There is little, if any, 

effect due to this representation in the X-Y direction, 

since these regions are thin. 



D. Comparison of Thermal Group Methods 

For the k 
sa e of completeness, a PDQ calculation using 

therrna1 
cross sections averaged over an unhardened Max­

Wellian 

the 
spectrum was performed to make a comparison of 

effects 
on Keff with the Wigner-Wilkins model. The 

fast group 
constants were the same as in the calculation 

Perr 
ormect With constants obtained from a P-1 calculation, 

Wj_th 
an energy independent leakage factor, using a constant 

GA.!IJ b 

Uckling of 0 . 0112 cm-2 . Thus the fast group constants 

Were t 
aken to be the same as shown in Fig. 4. The Max­

We111 
an thermal group constants, that were used for each 

l:eg1on 
' are s hown in Appendix D. The composition des­

c.1:1Pt1ons 
are given in Chapter III and may be identified 

fr-om Fi 
g. 4. 

The r esult ing core Keff is given in Table 13 along 

Wj_th th
e result from the comparable PDQ calculation using 

W1 
gner-w' lk 

i ins thermal cross sections. 

TABLE 13 

UNBX
0111

PARISON OF CORE K ff FOR WIGNER-WILKINS AND 

R.DENED MAXWELL-BOLTiMANN THERMAL SPECTRUM MODELS 

Maxwell-Boltzmann 

Thermal Spectrum 

1. 0365 

Wigner-Wilkins 

Thermal Spectrum 

1. 0-105 

'1:1l--ie 

Core K 
th use of a Maxwell-Boltzmann 

4 
eff resulting from e 

tlha:r,d 
enect spectrum is 2.6% /jK higher than that obtained 

4s1ng 
th

e Wigner-Wilkins model. There are at leaS t two 
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r a son s f o r t h i s diffe r e nc e . 

Firs t ) i n the me thod using unhardened Maxwe ll-Boltzmann 

the rma l cross section s ) th e the rmal ab s orpt i ons in the 

r eg i o ns surr ou nding the fu e l r eg i ons make up a smal ler 

fract i on of the total thermal absorptions than in the 

c a l cu lation using the Wigner-Wilkins model. This i s 

due t o using a constant spectrum) which i s on l y de penden t 

o n the mo derator temperature in the Maxwellian mo del ) 

a s opposed to l e t t ing the spe ctrum vary according to the 

pro p e rtie s of the r egions in the Wigner-Wilkins model. 

Thus for t h e Wigner -Wilk ins mo del ) the thermal s pe ctrum 

i s s i gnif icant l y softer in the water and aluminum-water 

re g ions wh e re th e absorption is s mall) than the thermal 

s p e ctrum in the relatively high abs orbing f u e l reg io ns . 

The net effect of l ett ing the thermal s pe ctrum vary ac­

c o rd i ng to the prope rties o f the reg i on is to i ncrease 

the f ractio n of the thermal absorptions which take place 

i n the reg i ons surrou nding the fue l regions) there f ore 

to decrease th e therma l utilization r e lative t o the con s tant 

s pec trum Maxwel l-Bo ltzmann approximation . 

The second r e ason for the differen c e i n the calculated 

co r e Ke ff from the two mod e l s i s just t he difference in 

th e f u e l r eg ion s pectrums. Thu s the Maxwe llian mode l does 

n o t accoun t f o r the preferen tial a bsorption of the neutrons 

at low e n e r g i es . This prefe r ent ial absorption has the 

tendenc y to shift th e pea k of the s pectrum upward) thereby 

maki n g the spectrum harder . Of course) if the cross 



sec tions we r e 1/v , this would make no diffe ren ce i n the 

f i, s ion to absorpt i on ratio . Ho wever the U - 235 and U- 238 

cross sec tio ns d e viate some what from a 1/v so that the 

effec t i s detectab l e . 

Th e unhardened Maxwe ll - Boltzmann thermal spectrum 

model i s u seful because it pre dicts thermal dif fus i on 

1 th th t 11 . th · t ( 15 ) e n g- s a a g ree we wi experimen , as op posed 

to rather poo r a g r eement with exper ime ntal diffus i on 

lengths u sing the Wi gner-Wilkins method. However , the 

unhardene d Maxwe ll-Bo ltzmann model does not g ive goo d 

a g r eement with the value of the exper imental reactivity 

fo r the University of Mary land Re actor . 

E. Invest i gation of GAM Leakage Factors 

The questio n naturally ari ses a s t o how sensit i ve 

the calculated core Keff is to the GAM leakage factor s . 

Thus , if the core energy depe nden t or energy independent 

bucklings were calculated from th e PDQ results t o be sig ­

nif icantly diffe rent than the values that were us e d i n 

the GAM calculations , an itera tive process might be neede d . 

Thi s would necessitate the performance of a new set of 

GAM calculations, using the new bu ckling values, and 

then another se t of PDQ' s . This process wou ld have to 

be repeated until convergence wa s obtained on the cal-

u late d core Kerr ' s . 

I n itially , a check was made on the buckling values 

to determi n e the magnitude o f the change for the PDQ 

calcu l a t i ons u s ing P-1 constants obtained with both group 
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d ependent and group independent leakage factors . Table 14 

sho ws a comparison of the bucklings used in the GAM cal­

culations with those obtained from t h e PDQ output . 

TABLE 14 

COMPARISON OF I NPUT AND OUTPUT BUCKLINGS 

Energy 
Group 

1 
2 
3 

Energy Dependent Case 

2 2 Input B Output B 
cm- 2 cm- 2 

0. 013951 
0 . 010105 
0.007486 

0 . 013772 
0 . 009982 
0 . 007182 

Energy Independent Case 

I nput B2 Output B2 

cm- 2 cm- 2 

0 . 0112 
0 . 0112 
0 . 01 12 

0 . 0109 
0.0109 
0 .0109 

I n the above tab l e, the term i nput B2refers to the 

values ob tained from the pre liminary PDQ and u sed in the 

GAM calculations t o obtain cross sec tions f o r the PDQ ' s, 

2 
while output B refers t o those values calculated from 

the output o f the PDQ calculations as discussed previously. 

As can be seen from the table, there was some change 

in the buckling values. The reactivity change that would 

be experienced, if the previously mentioned iterative 

process was followed, wa s not known and had to be checked . 

Al so , if the core Keff wa s indeed sensit ive to the leakage 

fact o rs then an iterative process wou ld be required in 

the analysis of the experiments. 

The i nvestigation of this question was carried out 

by performing additional calculations , with significantly 

different GAM bucklings, for the P-1 energy independent 

and B-1 spe ctrum model s . The thermal cross sections for 
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the c o r e a nd r e fl e cto r r es i o n3 J were cons i s tent with the 

prev i ou s PDQ calculatio ns us ing the Wigner-Wilkin s th e rmal 

s p e ct r um mo d e l . The fa s t g roup cross s ect i ons for t h e 

re I' l ec t o r r egi on s were a lso co ns i s t en t with the valu es 

tha t had been pr e viou sly u sed. The bu ckli nB values c hosen 

- 2 - 2 
fo r the Ga rn calculations we r e 0 .005 cm and 0 . 014 cm 

fo r th e P-1 c a lculation s . On l y o ne additional PDQ cal­

cu latio n wa s pe r fo rme d u s in g the B- 1 metho d to o btain the 

cro s sections f o r e n e r g i es g r eate r t han 0 . 683 e v for the 

co r e r eg i o n s . The GAM buckling chosen for this calculation 

- 2 
wa s 0 . 005 cm The abo ve thermal cross sectio ns for the 

co r e r eg i o nsJ a s obtained using the above quoted values 

f o r the c o r e buckling and the different spectrum mode lsJ 

ar e t abulated in Appendices EJ F and G. 

The ca l culated PDQ core Kerr ' s are listed i n Table 15 

along with th e or i g i nal values f o r comparis on . The r esult s 

a re s hown g raphically in Fig . 12 . 

TABLE 15 

I NVESTI GATI ON OF Kerr WITH GAM I NPUT BUCKLINGS 

GAM I npu t B2 P-1 Method B- 1 Method 

cm- 2 Keff Keff 

0 . 005 1 . 01154 1 . 01339 
0 . 011 2 1. 01048 1 . 01590 
0 . 013951 1 . 00976 

The B- 1 method i s evidently somewhat more sensitive than 

t he P - 1 method with regard to the core Ke ff obtained as 
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a funct i on of the core buckling used i n the GAM calculations . 
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Th e c ore Keff i s sho wn to have a l i near behav ior a s a 

f unction of the buckl i ng J in Fig . 12 for t he B-1 me thod J 

which i s pro-bab l y no t the case . An est imate of the expecte d 

changes in K that wou ld be experie nced i f an iterative 
eff 

procedure were fol l o wed J can be obtained from the above 

data . From the last two results for the P-1 methodJ a 

2 2 
coefficient in /jK/ UB of - 0 . 2617 cm i s obtained . Thus J 

i f a ne w iterat i on wa s performe d for a GAM buckling of 

-2 
0 . 0109 cm J t he core K s hould change by about +0 . 007% 

ef f 

i n 6 Keff wh i c h i s suffic i ent l y s mal l to be ne g lected . 

2 2 
Fo r the B- 1 me thodJ the coefficient in /JK/ /j, B is +0 . 48 48 cm 

so that f o r the same change in buckling J the core K 
eff 

s hould change by - 0 . 012% /jK . 
eff 

Some c ommen t s o n Fig . 1 2 are in order . As can be 

seen from the figureJ the two methods approach the same 

v alue of th e multiplication constant for an infinite coreJ 

i . e . for a co r e with ze r o bucklingJ which is as it should be. 

F o r an ext r eme l y s mall core the two me thods appe ar t o 

d iverge J thoug h f or the Unive r s ity o f Maryland case the 

d i ffe r en c e is sti l l not very signif i cant . The particularly 

2 
s lig ht s lopes depicte d i n the Keff ve r s us B curve should 

not be taken to mean that this would happen inJ for exampl e J 

a t wo g roup or pe rhaps a four group scheme with diffe r en t 

e nergy g roup structure . In fact J the shallow slopes are a 

c o n se quence of the four group scheme with a goo d r e pre ­

sentation of the few group spectrum which does not vio late 

to e xtreme the physical cons traint s inherent in the group 



diffusion metho d . This is discussed in some de tail in 

Ref . 15 J whe r e it i s sho wn for the P-1 method that the 

slope of K versus core buckling increases s ignificantly 
eff 

a s the number of energy groups is reduce d. 

Care should be us e dJ however) in which method to 

choose f o r a smal l core . Results can be misle ading ifJ 

for e xample ) the P-1 method was invest i gated on the basis 

of a large core a nd found to g ive good a greeme nt with 

e xpe riment. If the assumption wa s made that the same 

method was satisfactory for a small core the error could be 

s i gnif icant . 

In this particular case the P-1 methodJ u sing group 

independent bucklings for the GAM calculations) wa s 

chosen to u se for the comparison betwe en calculations 

and experiment performe d i n Chapter VI . This is because 

this method gave the best a gr eement with the experimental 

value of the core excess reactivity for the semi-permanent 

core conf i guration . While i n the experiments ) the core 

e xperie nced considerable r e arrangement ) the core buckling 

does not vary by an amount that would cause concern . 
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CHAPTER V 

EFFECTIVE DE LAYED NEUTRON l1'RACT I ON 

As has been discussed by ~everal authors , (i9 , 2o) 

the effective delaye d neutro 11 fractio11 for a finite core 

is l arge r than the va lue fo r an i nf i nite core . This i s 

because the delayed neutrons have an average energy that 

is l o wer than th a t for prompt neut r ons . This in turn 

means that their proba bili ty of escaping from the reactor 

i s diminished some what compared to the probability of 

escape for prompt neutro ns . Thus the effective delayed 

neutron fraction i s somewhat larger for a f i n ite core 

tha11 the values for a n i nfinite co r e . 

This chapter i s concerned with the calculation of 

the effect i ve delayed neutron fraction (/{ff ). This i s 

11e cessar y i n o rder to make a comparison of the calcula ­

t i ons with experiment . 

A. Me t hod 1 

The delayed neutron f rac tion wa s ca lculate d by two 

dif fe r en t metho d s . Th e fi r st me thod, wh i le relatively 

s imple , ha s been found t o g ive fairly goo d a gr eement 
( 20 ) 

with expe rime n t. Th is essentially cons i s t s of cal-

culati1Jg r atios of the effective t o infinite valu es of 

the de laye d neutron f raction for each energy gr oup . This 

is done using the ratio of f ast non - leakage probabilities 

for dela ye d a n d prompt neutrons r es pec tive l y . Thus , for 
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t h e 1th d e laye d neutron g roupJ this ratio is just 

-
= l+B2 Tp 

l+B2 T iD 

wh e re : 

/Ji( eff ) = effect i ve d e laye d neutron fraction for 

ith de l ayed neutron group 

= delayed neutron fraction for ith delayed 

neutron g r oup for inf i n ite core 

= average buckling va lue for above thermal 

e nerg i es 

Tp = average age of prompt neutro ns 
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( 22 ) 

TiD = average age of 1th group of de laye d neutrons 

The va lue of the buckling wa s calculated from the 

PDQ output fo r the P-1 ene r gy inde pendent caseJ using 

t h e e quivale nt bar e co r e mode l as discussed previously . 

Thus the valu e of B2 wa s taken to be 0 . 0109 cm- 2 

The valu es of the prompt and de layed neutron ages 

were obta ined from GAM calculations . The de layed neutron 

age J fo r the 1th d e layed neutron groupJ was obtained 

by as s uming a unit source in the GAM energy group which 

corres po nds close st to the quote d average value of the 

dela ye d neutron energy for the 1th de laye d neutron gr oup. 

Th e energy g r oup s tructure in GAM is such that in some 

cases J the same e nergy g roup wa s used for more than one 

de l aye d neutron g roup. The prompt a ge J i.e. the age for 



prompt neutrons for the Univers ity of Maryland Reactor, 

was calculated to be 40 . 436 cm
2

. The calculated a ge s 

fo r e ach group of delayed neutrons , as wel l as the ave rage 

energy for each d e layed neutron group, are tabulated 

in Table 16. 

De layed 
Ne utron 
Grou :12 

1 
2 
3 
4 
5 
6 

TABLE 16 

DELAYED NEUTRON AGES 

GAM Average Actual 
Ene r gy En e rgy 

Kev Ke v 

269 250 
568 560 
443 430 
443 420 
620 730 
568 515 

Tin 

cm2 

14 . 183 
19 . 172 
16 . 094 
16 . 094 
22 . 257 
19 . 172 

No tabulated ave rage energy could be found for the 

s ixth delayed neutron group, so that it was assumed that 

the ave rage energy for this group was the same as that 

for all the delayed neutrons . 

The effective values of the delaye d neutron fraction 

for e ach g roup we r e then calculated using Eqn . 22 and 

t he above calculated values of the age for each delayed 

n eutron group . The effective and infinite valu es of 

the delayed neutron fra c tion for each group are tabulated 

in Table lG where the va l ues for an infinite core are 

ob tained from Ref . 14 us i ng Keepin ' s delayed neutron data . 

The valu e of the effective delayed neutron fraction 

from Table 17 is 0 . 0078 . This value is obtained by 

summing the effective values ove r all de laye d neutron 
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Delayed 
Neutron 
Gr oup 

1 
2 
3 
4 
5 
6 

Total 

TABLE 17 

EFFECTIVE DELAYED NEUTRON FRACTION 

0 . 000211 
0 . 001407 
0 . 001 260 
0 . 002536 
0 . 000740 
0 . 000268 
0 . 0064 22 

0.000263 
0.001680 
0.0015 44 
0.003108 
0.000858 
0.000334 
0 .007787 

g roup s . Th i s value i s some what smalle r, though in fairly 

good a g r eeme nt, than quoted value s from othe r s ources 

( s ee Ref .20 ) f or r e acto r s of s imilar size a nd t y pe . 

Th i s c ould b e du e , a t l e a st i n part, to the partial 

g raphite r ef l e ctor which makes the co re appear larger 

than a c orres ponding complete l y wate r reflected core. 

The values usually r e po r ted are a bout 0 .0080 to 0 .0082 

fo r t he d e lay ed n eu t r on f ract i o n of similar size core s . 

The r e are c e rtain assumptio n s that are made with 

th i s t y p e of calculation . One o f the s e is that it i s 

a ssume d that the c o r e buc kling i s precisely known for 

e nergies a bo ve 0 . 683 e v and t hat this can be repre sente d 

by a n ave rage value u s i ng the e quivalent bare core mode l. 

A s e cond a s sumption i s the neg l e ct of the reflector as 

a s ourc e o f d e layed neutron s t o the co re. While the 

buc k ling value u s ed i s calculate d in a manner to account 

fo r the r e fl e ctor effect s on t he core average flux shape 

fo r e ne r g i es g r eate r t han 0 . 683 e v, the ages for the 

d e laye d and prompt n eutro n s are calculated assuming a 

b are core with a volume fi ss ion s ource. This source 
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should actually be complemented by a source of neutrons 

from the reflector with a considerably different energy 

spectrum than that of the core fiss i on spectrum. 
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However, in view of the fairly good agreement between 

the calculated number and other sources of data for similar 

size cores, the effects of the above assumptions on the 

calculated value of the effective delayed neutron fraction 

are assumed to be negligible. Th e above value of the 

effective delayed neutron fraction i s the value that 

is used in the analysis of the experiments in Chapter VI. 

B. Method 2 

A second method wa s attempted to check the value 

calculated above . Unfortunately , an err or wa s found 

after the calculation wa s performed, even though the cal­

culated value agreed well with the above quoted value. 

However the calculation itself is of some interest so 

that a discussion of it is included . It is recommended 

that this method be investigated in future attempts to 

calculate an effect ive delayed neutron fraction using 

somewhat more sophisticated techniques than was used 

above . 

I n this method, the ratio of the effective delayed 

n eutron fraction to that for an infinite core is cal­

culated as shown by Henry( 22 ) and other authors (
2

0) 

f rom a PDQ calculation using the equation: 
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fJ [ L v[Ln/¢!f;.) :p i°f;)dA ( 23 ) 
J ~ ~ ff ) ~ _n _=l_i_=_l ________________ _ 

f i V Li, n X J p;t;) r/J / ;)dA+ X 
2 
f ¢:(; ) </J /;)dA' 

n =l i=l 

wl1ere ¢~ = adjoint flux for ith energy group and n i s 
l 

summed over the two types of fue l regions in the core, 

i . e . the 18 and 16 gram per plate regions . The o ther 

quant i ties are def i ned previously . 

The adjoint fluxes are obta i ned by pe rforming an 

adjoint PDQ ca l culation . To obtain these values from the 

PDQ code entails considerable r earrangeme nt. If the group 

diffusion equations a r e writt en in matrix form then , a s 

sho wn by Weinber8 and Wign e r , ( 7 ) the adjoint e quations 

can be obtained by transposing the matrix of the coef ­

ficients and replac ing the column vector of fluxes by 

the ir adj o i nts . For a uniform core , the adjoint equations 

th en become , neg l e cting the axial buckl i ng term s inc e it 

i s se lf adjo i nt : 

' f -- -t- ---+ X 2 U[4 ( r ) 0 2 ( r ) 

), 

= X1 v[i(; ) ¢:(;) 
A 

-- +--= X 11 , f ( r ) /4 (r ) 
l ' !..-.3 'f' 1 

f - + -- -- R- - +-- A 
+ X 2 IJ~3 ( r ) ~ 2 (r ) + ;_ 3 ( r ) </J 4 ( r ) 

)_ 

( 24 ) 



ur~f;) ¢1(;) 

.A 

Where the equat io ns have been rearranged for convenience. 

80 1 

in which to use the PDQ code in order to The manner 
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equat i ons is to alter, or "fool", the code by 

th
e input quantities so that the above equations 

Ve these 

l:edefining 

a:i:e Solved . 
r in place of the r egular diffusion equations. This 

, quantities for the PDQ calculation is shown ecter1n· ➔ n ition of 

Table 18 . 

For a uniform · 1 f 1 t thi r ed core , i.e. on y one ue ype, s 

Wer i ion would be exact. The 16 gram plate fuel regions ef1n·t· 

d 

in thi s manner and are consistent with the e treate d 
of the X values. These fuel regions are treated er · in1t1on 

While it was possible to modifY the thermal group e:x:act1 Y. 
C:J:o ss s th ection for the 18 gram plate regions so that the 

errna1 group a nd the fast gr oup were treated exactlY, some 

e:i:r or wa s · g incurred 
in these r egions for the second and third 

This i s due to the coupling between groups where l:oups 

the 
sarne adjoint flux appears in two adjacent groups. 

An the es timate was made prior to the calculation to obtain 

aver •b age energy in the second group. It appeared to be 

out Soo Kev so that it was felt that the input from the 
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DEFINITION OF I NPUT QUANTITIES FOR ADJOINT PDQ 

Energy [ A LR Grou,2. _D~ 

1 D4 r t-L~ [ ~ 

2 D3 LALRLR [~ 3+ 3- 2 

3 D2 [~+[~ X2 IJLi 

-x2 v[f-L~ +[~ 

4 Dl [f+[~ 0 

-x vfr 
1 - 1 

where C = 1 
X1+ \ 1 uf§+ 

1Jft 

- r 
X1 1/L 2 

uf4 

f r X1 X2 

0 c X1 

0 C X-j_/[§ 

url 
X2 u'[i 
X1 C 

vri 
~ 

X 3 

c x1 u L~ 

u[ i 

I 
0\ 
+'" 



previous P-1 group independent buckling PDQ could be 

r e arrange d as input to the calculation . This was done 

and the calculation wa s pe r forme d . The input for the 

calculat io n i s shown in Appendix H. The calculated core 

Ke ff was 1 . 01059 . An e stimate o f the error due to the 

a ssumptions regarding the 18 g ram second and third energy 

g roup fissio n can be obtaine d by comparison with the 

c o r e Keff from the previously run corresponding PDQ. 

The error is only . 01% /j K~ whic h is sufficiently goo d 

agree ment to warrant sayl ng that the adjoint fluxes 

obta i ned were fairly accurate . 

Upon performing the laborious calculations needed 

t o evaluate the effect ive delayed neutron fraction from 

Eqn . 23 ~ a /J(eff ) of . 0074 was ob tained . This was in 

rathe r good agreement with the previously calculate d 

value . Ho we ver~ when a check was made of the Group 2 

average ene r gy ~ this was found to be c l oser to 100 Kev 

than 500 Kev so that the result was suspect . For this 

additional r e ason~ the earlier value of . 0078 was taken 

for the analys is of experiments . 



CHAPTER VI 

COMPARISON OF ANALYTICAL MODEL WITH EXPERIMENT 

A. Description of Re actor Expe riments 

A detailed description of the experiments will not be 

includ e d . The data f o r the majority of the experiments 

fo r which calculations were done we re obtained from 

Ref . 1. The remaining experiments we r e performed by 

the autho r during the course of the analysis . 

Throu gh necess ity the experiments are separated in 

terms of the actual days on which the experiments we re 

performed . This is done in a n attempt to minimize the 

e xperimental erro r . Therefore to compare experiments 

p e r fo rmed on different days is to introduce uncertainties, 

u ch a s the relatio n be tween conso l e control rod dial 

pos itions a nd actual control rod positions . As has been 

ho wn by Dr . Fishe r, (l6 ) this t yp e of e rror is minimal 

f o r e xperiments p e rformed on the same day . Dr . Fisher 

uo t es a value of ~0 . 004%L\ P for measurements of the 

c ritical rod pos itio ns for the unperturbed core during 

a p e riod of several hour s on the same day wi th shims no . 1 

and no . 2 brought to the same bank position and the r egu ­

lating rod mo ved to attain criticallity in each measure ­

me nt . 

Th e types of exp e riments which were calculated in­

volve the rearrangement of th e core and reflector e l ements . 

There are severa l t y pes of u ncertainties that may be 
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incurred . These i nc lude change i n con tro l r od worth with 

core r earra ngement J posit i oning of th e e l eme nts i n the 

o r e J a n d variat i on i n fuel l oading . An add i tional error 

i s the type that invo l ves t h e movemen t of one o r both 

of the sh im rods f rom on e measureme nt to another . There -

o re J when o n e o r bo th of th e s him r ods are moved J there 

iu ome e rror in obta i ning the change in react ivity r ela­

t i ve to a base condit i on . Thi s i s du e to th e way i n 

wh i c h t h e cal i bra tion curves for th e s him rods we r e ob ­

ta i n e d . Th e ca librat i on curve for s him no . 1 was ob ­

tained by rod i nterc hange wi th th e regu l at i ng rod ove r 

the major po rtio n of the curve . Howev e r s him no . 2 was 

e mploye d in a portion of the ca librat i on J with the con -

e quenc e that some inte raction effects were include d . 

imilarly for the calibration of s him no . 2 the r e were 

interact i o n effects due to the u se of s h im no . 1 . Con-

equ e nt l y whe n s him no . 1 o r both s hims are moved i n an 

exper ime ntJ and th e r e activity worth r e lative to a base 

co n f i gurat i o n with the different s him positions i s des ire dJ 

then some e rror is incurre d du e to these effect s . 

Dr . Fi s h e r has made an est imate of th e r eact ivity 

unc e rtainty a sso ciate d with th e pos itioning of a sample 

h o lder in the core t o be ±o. Ol%~P which can be assumed 

to b t h e react ivity unc e rtainty associated with the 

pos itio ning of an e l eme nt in the core when the contro l 

r o d s him pos itions are kept co ns tant . In cases wh e r e 

t h e s him posit i ons dif fer from those for the condition 

from which the r eactivity diffe r e nce i s des ire dJ th e err or 
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may b e some what large r. 

Th e uncertainty due to variat i on in f u e l l oading 

can b e r ou ghly es t i mate d by u t i lizing data from Ref . 1 

that was obta ined in the addit i on of the "oute r g l o r y hole " 

f u e l plates in the s emi-pe rmane nt co r e configuration . 

Th e change in reactiv i ty that was obta ine d with the 

addition of the 4 f uel plates , containing 18 g rams of 

U- 2 3 5 per plate, was +o. 44%L':i P . This correspo nds to a 

f u e l coefficie nt of +0 . 006%D P per gram o f U- 235 . This 

doe s not account for the variation i n f lux l e v e l with 

c o r e position but should be a r easonab l e estimate of 

t h e ave rage core fu e l coeffic i ent . Since the majority 

of the e xper ime nts involve the movement of the "inne r 

g l ory hole " and a fue l e l ement conta ining 10 fuel plates 

with 1 6 gram s of U- 235 pe r plate , the uncertainty due 

to variation i n f u el l oadin g should be approximately 

~0. 02%~P . The total e rror then , neg l e cting the change 

in control rod wo rth with core rearrangement and the 

mo v ement of the shim r o d s r ela tive t o the base configu­

rat i on, i s take n t o be appr oximate l y ~0. 02%/J.P . 

The exp e rime ntal conf i gurations , for which calculations 

we r e done , are describe d i n Table 19 g roupe d by the days 

o n which th e e xpe rime nt s we r e performed . The first con­

fi$uration in each time pe riod i s take n t o be the bas e 

case and r e activity diffe rences are shown r elative to 

t his experiment for initial analys i s . The corre cte d 

r e activity values shown are obtained u s ing the control 



TABLE 19 

EXPERIMENTAL CONFIGURATIONS 

No. of Fuel I.G.H. I.G.H. Shim Shim Reg. Exp. Exp. Exp. Plates and Facing Location no. 1 no. 2 Rod P{li 6P{<!:.) no. Date Comments Side in Core cm cm cm 

1 3/ 20/62 162 West D-6 out out 40.85 0.081 
2 II 162 East C-5 36.38 out in 0. 968 +o .888 
3 II 162 East D-5 47.69 out ou t 0.165 +0 .084 4 II 162 North D-5 46 .75 out 18.75 0.485 +0 .404 
5 II 162 North D-6 46.73 out in 0 .566 +0 . 485 6 II 162 East D-6 46 .74 out 21.81 0.453 +0 . 372 
7 II 162 East E-5 54.56 out ou t 0.031 - 0 . 05 0 
8 4/ 2/62 162 East D-5 47 .69 out out 0 .165 
9 II 162 North D-5 out out 26.31 0 .212 +0 . 047 

10 4/16/62 166 with North D-5 46.02 45,96 33,80 0.726 O.G.H. 
facing 
North in 
B-5 

11 II 166 with North D-5 46.00 46.oo 52.30 0.603 - 0 .123 O.G.H. 
facing 
West in 
B-5 

I 
CJ\ 
\.0 



Table 19, Cont'd 

No. of Fuel I.G.H. 
Exp. Plates and Facing 
no . Date Comments Side 

12 11/10/67 166 with North 
0.G.H, 
facing 
North i n 
B-5 

13 ff 166 with No r th 
0,G,H. 
facing 
South i n 
B-5 

14 ff 166 with North 
0,G.H. 
facing 
South in 
B-4 

I.G.H Shim Shim 
Location no. 1 no. 2 
in Core cm cm 

D-5 44 . 00 out 

D-5 44 . 00 out 

D-5 44.oo out 

Reg. 
Rod 
cm 

16.62 

48 .10 

46.99 

Exp, 

Pr£ 
0 . 579 

0 . 313 

0.318 

Exp. 

6 P( °!!J 

- 0 .266 

- 0 .261 

I 
---l 
0 
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rod calibration curves give n in Ref. 1 and correcting the 

resulting reactivity difference by the ratio of the effective 

delayed neutron fraction to the infinite core value, i.e. by 

about 3%. 
The terminology 0.G.H. and I.G.H. is used to designate 

the "oute r glory hole" and "inner glory hole" fuel elements 

respectively. The experiments with 162 fuel plates in the 

core are similar in the respect that location F-3 contained 

10 fuel plates, with 18 grams of U-235 per plate, while the 

element in F-8 contained 10 fuel plates with 16 grams of U-235 

per plate. In the experiments with 166 fuel plates these two 

elements were reversed . A typical configuration with 162 fuel 

plates, i.e. that for Exp. no . 1, is shown in Fig. 2. 

When the terminology that 0.G.H. or I.G.H. is facing 

side X is used, it is meant that the "glory hole" element is 

so located that the water, i . e . that portion of the element 

with the fuel plates removed, fills the X quadrant of the 

e lement location . 

A graphite element is located in B- 5 in all the experi­

ments in which the core is loaded with 162 fuel plates, with 

the exception of Exp. no. 9 where the graphite element has 

been replaced with water. 

The core configurations are the same as the semi­

permanant arrangement shown in Fig . 1 for all the experiments 

in which the core wa s loaded with 166 fuel plates, with the 

exc ept ions as noted in Table 19, i.e. the "outer glory hole " 

was moved from one core location to another or oriented in 

a different manner. 
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B. Calculations f or Experiments 

PDQ calcu lations we r e perf ormed for the experiments 

listed in Table 19 t o d e t e rmine the ability of the cal ­

cu lational mo d e l to pre dict r eactivity changes . The cal­

culations we r e done with the fa s t group cross sections 

obtaine d u s i ng a GAM ene r gy i nd e pendent buckling and Wigner­

Wilk i ns th e rmal cro ss sections as previously discus sed. An 

i t e rative pro c e dure was no t u sed s ince it wa s shown earlier 

t hat the calculated Kerr wa s no t extreme l y sensitive t o 

s mall chang es in the GAM buckling . Thus the cro ss sections 

we r e take n to b e the same a s for the semi-permanent core 

r esult lis t e d i n Ta b l e 11, f o r the P-1 energy i ndependent 

case , and s hown in Fig . 4 . The results of the calculations 

are g iven by t h e c orre sponding exper imen t number from 

Tabl e 1 9 in Table 20. The experimental /j, P ' s for the 

chang e in r e activity from the ba s e case are reproduced 

f r om Table 18 for comparison with the calculated ~ P's 
fo r the initial comparison. 

TABLE 20 

RESULTS OF CALCULATIONS OF EXPERIMENTS 

Exp Cale. Cale. Cale. Exp. Exp -~P-calc .f:Jp 
n o . Dat e Keff p (%) b.P(%) ~P{%) (~} 

1 3/20/6 2 1.00275 0 . 274 
2 If 1. 0108 2 1 . 070 +0.796 +o . 888 +0.092 
3 

If 1. 00341 0 . 340 +0 . 066 +0.084 +0 . 019 
4 If 1 . 00644 o . 64o +0 . 366 +0.404 +0. 038 
5 

If 1. 00694 0 . 689 +0 . 415 +0 . 485 +0.070 
6 If 1 . 00622 0 . 618 +0 . 34 2 +0 . 372 +0 . 030 
7 

If 1. 00142 0 . 14 2 - 0 . 132 - 0 . 050 +0 . 082 
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Table 20, Cont'd 

Exp. 
Cale. Cale. Cale. Exp. Exp.~p-ca1c -~P 
Keff P( ~J 6P(~ 2 {j,P(~1 no. Dat e (~1 

8 4/2/62 1.00341 0.340 
9 II 1.00361 0 . 360 +0.020 +0.047 +0.027 

1 0 4/16/62 1.01048 1. 037 
1 1 II 1.009 48 0 . 939 - 0 .098 -0.123 -0.025 

12 11/10/67 1.01048 1.037 
13 II 1. 00787 0 .781 - 0 .256 - 0 .266 -0.010 
14 II 1. 00780 0.774 -0.263 -0.261 +0.002 

The calculated 6 P 1 s are in fairly good agreement 

with th e exper imental values. The largest variation that 

would have occurred if the calculated reactivity changes 

had been used to predict an experimental reactivity 

would have been - 0 . 092% /j, P. The mean, or average, in 

terms of the abs o lute values of the differences 

between the calculated and experimental reactivity 

changes is on l y 0 .04%, while the mean of the absolute 

values o f the experimental r eactivity changes is 0 .298%~P. 

This would amount t o a difference between predicted 

and experimental reactivities of 0 .04%6Pon the average. 

While the diffe rence between predicted and experimental 

reactivities on an average basis is acceptable for 

most practical purposes, considerable improvement can 

be ob tained if an attempt is made to eliminate some 

o f the experimental uncertainties. Thes e include, as 

described previously , the uncertainty that is introduced 

wh e n mea s urement s utilizing different shim positions are 

compared and al so the change in rod worth with core 

c o nfiguration. To el iminate the first of these uncertainties 

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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the e xpe riments a n d ca l cu l at i ons are compared for those 

c o nditio n s where t h e s him pos itions remain a]most constan t 

relative to a ba se co nf i gura t i on. This comparison is 

s hown i n Tab l e 21. 

TABLE 21 

COMPARISON OF CALCULATIONS AND EXPERIMENTS 
FOR APPROXIMATELY CONSTANT SHIM POSITIONS 

Exp. Date Cale. Cale. Exp. Exp.liP- Cale -~P 
no. {)(%) ~P(%) [if)(%) (%) 

3 3/2 0/62 0 . 34 0 
4 " 0.640 +0. 3 00 +0. 320 +0.020 

5 " 
0 .689 +0 . 349 +0.401 +0.052 

6 " 0 . 618 +0 .278 +0.288 +0.010 

10 4/1 6/62 1.037 
11 " 0. 939 -0.098 -0.123 -0.025 

12 11/ 10/67 1.03 7 
1 3 " 0. 78 1 - 0 .256 -0.266 -0.010 
14 " 0.774 -0.263 -0.261 +0.002 

Th e r e sults i n Table 21 show that the maximum error 

that would b e expe rie nc e d i f calculational results were 

u s ed to predict experime ntal reactivity changes would 

be - 0 . 05 2%/J. P The average or mean of the absolute 

value of the experimen tal r eactivity change is 0.277%li/J 

while the mean of the abso lute difference between cal­

culated and experimental reactivity changes is 0.02%. 

This would mean an error of O. 02% in/j, Pon the average 

i f the calculated r esults had been used to predict 

e xpe rime ntal r e activity changes . It should be observed 

that improvemen t was obtaine d in the mean difference 

b e twe en calculated a n d e xpe rime ntal reactivity change s 



l 
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by c o n s ide ring only those e xpe riments where the shim 

positio n s r emain approximately constant. In addition, 
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the me an di ffe r e nc e i s on l y on t h e orde r o f the experimental 

u n certainty , n eg l e cting the change in control rod worth 

with core c o n f iguration . 

Wh ile the a g r eeme n t be twee n calculational and 

e xpe rime ntal r e sults is quite goo d, especially for the 

s p e cial case whe r e the shim positions remain approx­

imately c on s tan t, it is evident from the data in Tables 

20 and 21 that the calculations consistently underestimate 

the chang e in reactivity compared to experiment . This 

i s felt to be partially due to the calculational model 

rather than s uch po ssibilitie s as the effective delayed 

neutron fraction or uncertainties in the control rod 

calibration curves . One such likely facto~ with regard 

to th e calculational model, is the overestimate of the 

thermal diffusion l engths as predicted using the Wigner­

Wilkins model . This should t e nd to underestimate the 

r e activity worth of t h e water in the glory hole element . 

It is recommended for future work that the use of Max­

wellian thermal diffusion coefficients with Wigner­

Wi l kins thermal cross sections be investigated . 



CHAPTER VII 

CONCLUSIONS AND REC OMMENDATIONS 

Several c ro ss sectio n mo dels , wh ich we r e us e d with 

a two -dimens i o nal g r oup diffu sion me tho d, we r e compare d 

wi t h experiment f or the semi-pe rmanent co r e configuration. 

All of these cros s s e ction mo dels , with the exc e ption 

of t hat u s i ng the rmal g r oup cross section s average d over 

an u n hard ened Maxwe l l - Bo l t zmann the rmal spectrum, we re 

fou nd to g ive r e a sonable a g r eement with the expe rimental 

va lue of th e excess r e a c tiv ity f o r the s emi-pe rmanent 

core conf i gur at ion. The s e models are attractive in that 

th ey t e nd t o mi nimi ze e rrors tha t may o ccur with crude r 

me tho d s , such as hand calculations, while utilizing less 

c ompute r time than mo r e s o phis ticated models, for example , 

s u ch a s a three -dime nsional diffusion theory technique or 

a two -dime nsional Sn type method with an equivalent 

numbe r of me sh points. 

The me thod using fast group cross sections obtaine d by 

u s ing the volume integrated P-1 equations in the GAM code 

with an e nergy indepe ndent buckling, and thermal g roup 

c r oss se ctions using the Wigner - Wilkins thermal spectrum 

mo d e l, gave the clos e st agreement with the experimental 

va l u e of the excess reactivity for the semi-permanent 

co r e configuration . The differe nce be tween the calcu­

late d reactivity,using this cros s s e ction mode l with t he 

t wo -dime n s ional g roup dif f u s ion t e chnique, and the experi­

me ntal value of the e xcess r eactivity was only 0.02%/jP. 
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This agreement was fortuitous, and was certainly the result 

of cancellation of e rrors . In addition, the cross section 

mo del using fast group cross sections obtained from the 

B- 1 method should , theoretically, g ive the closest 

agreement with experiment. However the difference between 

the calculated core reactivity and the experimental value 

was only 0.3%6 Pusing the B-1 method, which was still 

in goo d a greement when the uncertainties of the calculations 

were considered . 

The cro ss section model using fast group cross sections 

obtaine d utilizing the P-1 equations with an energy indepen­

dent buckling, and thermal group cross sections obtained 

with the Wigner-Wilkins thermal spectrum model, was chosen 

for the analysis of the experiments. This choice was 

made solely on the basis that this model agreed closest 

with experiment for the semi- permanent core configuration. 

The agreement between calcu l ated reactivity changes and 

experimental reactivity changes, obtained with core rearrange ­

ment , was good . The closes t agreement,between calculated 

and experimental reactivity changes, was shown for those 

particular cases when the shim rod positions were kept 

approximately constant in going from one experimental 

configuration to another. It is fe lt that the agreement 

betwe en calculations and experiment is such that the 

calculational model could be used to predict reactivity 

c h anges that would occur with core rearrangement, to 

with i n r e aso nable limits of accuracy . 



I t do es appear , ho wever, that the ca lculat ional mode l 

slightly u nderpredict s reactivity changes wh en compare d 

- 78 

wi th e xper iment . Thi s i s f e lt to be due to the calculational 

mo del , rather than to such facto rs as u ncertainty i n the 

e xperimental results o r the value of the dela yed neutron 

f raction that was used in the analy sis of the experiments . 

I n particular, the Wigner - Wilkins the rmal s pectrum model 

c lassically ove r est imates thermal dif f u s i on l engths . Th i s 

would t end to underestimate the reactivity worth of the 

water in the " g lo r y hole " r egions , wi th the r esult that 

the calculational mo del would t e nd to underestimate 

r e activity changes with core r e arrangement for the 

e xperiments that were con s ide r e d . It is recommended that 

the use of Maxwell-Boltzmann t h e rmal diffusion coeff icients , 

wi th Wig n e r-Wilkins thermal group cro ss sections , be 

invest i gated in future analys i s . This should e nhance the 

f lux gradien t s in the " g l o r y hole " water regions , thereby 

incre a s i ng the reactivity worth of these re g ions . 

It i s al so r ecommended that the se cond method , i. e . 

that in which an adj o int o r we i ghting funct ion i s used 

t o d e t e rmine the r e lative importanc e of delaye d neutrons, 

be i nvestigated further . I t should be apparen t that for 

a ny inve stigation of r e acto r experiments , an accurate value 

of the delaye d neutron fraction is needed . While the value 

u sed in this analysis appears t o be reasonable, it i s im­

p o rtant that a s accurate a value as possible be obtaine d . 
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APPENDIX A 

CORE AND REFLECTOR CROSS SECTIONS FOR R- Z PDQ 

Compo - D 
LA LR U L_f 

Group sition cm cm- 1 cm- 1 cm - 1 

1 1 2 . 071 09 0 . 000602 0 . 105473 0 . 0 
1 2 2 .176673 0 . 000445 0.081039 0 . 0 
1 3 2 . 294562 0 . 000299 0 .057285 0 . 0 
1 4 2 . 340347 0 . 000079 0 . 037970 0 . 0 
1 5 2 . 134925 0 . 000531 0 . 084899 0 . 000371 

2 1 1. 067550 0 . 0 0 . 147215 0 . 0 
2 2 1 . 15231 1 0 . 000146 0 . 10286LJ. 0 . 0 
2 3 1. 283861 0 . 000277 0 . 061859 0 .0 
2 4 1 . 478003 0 . 000056 0 . 037685 0 .0 
2 5 1. 307966 0 . 000347 0 . 103461 0 . 000461 

3 1 0 . 607451 0 . 000800 0 .150213 0 . 0 
3 2 0 . 807761 0 . 000753 0 . 104359 0 . 0 
3 3 1 . 184133 0 . 000708 0 . 061876 0 . 0 
3 4 1.111625 0 . 00019 7 0 . 030317 0 . 0 
3 5 0 . 99 543 0 . 005369 0 . 103078 0 . 006750 

4 1 0 . 15970 0 .019 23 0 . 0 
4 2 0 . 22740 0 . 01711 0 . 0 
4 3 0 . 37390 0 . 01505 0 . 0 
4 4 0 . 9 43174 0 . 004616 0 . 0 
Lj. 5 0 . 503736 0 . 058489 0 . 088466 
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APPENDIX B 

PDQ ABOVE THERMAL GROUP CONSTANTS 
FOR P-1 VARIABLE B2 

LA LR _f 
Ene rgy Compo - D UL_l 
Group s it ion cm cm- 1 cm- 1 cm 

1 8 1 . 962643 0 . 000462 0 .112631 0 . 0 
1 9 2 . 743129 0 . 000246 0 . 014369 0 . 0 
1 10 2.115~74 0 . 000406 0 . 087080 0 . 0 
1 11 2 . 1 38534 0 . 000635 0 . 082931 0 . 000673 
1 12 2 . 1 39309 0 . 000609 0 . 082910 0 . 000598 
1 13 2 . 208013 0 . 000376 0 .073448 0 . 0 
1 14 2 . 256550 0 . 000361 0 . 066795 0 . 0 
1 15 2 . 145523 0 . 000397 0 . 082742 0 . 0 

2 8 1. 166225 0 . 0 0 .144057 o.o 
2 9 2 . 222087 0 . 000471 0 . 000805 0 . 0 
2 10 1. 225451 0.000122 0 .106807 0 . 0 
2 11 1 . 237008 0 . 000535 0 .100481 0 . 000846 
2 12 1.2377 07 0 . 000492 0 .10048 1 0 . 000752 
2 13 1. 277776 0 . 000188 0 . 086934 o. o 
2 14 1 . 310102 0 . 000220 0 . 077234 o.o 
2 15 1 . 240329 0 . 000143 0 .100483 0 . 0 

3 8 0 . 638765 0 . 000769 0 .143780 0 . 0 
3 9 3 , 931000 0 .000630 0 . 000634 0 . 0 
3 1 0 0 . 8 16226 0 . 000733 0 . 106558 0 . 0 
3 11 0 . 836311 0 . 009406 0 .100236 0 . 01262'.) 
3 12 0 . 838 495 0 . 008444 0 . 100237 0 . 011222 
3 13 0 . 958303 0 . 000713 0 . 086699 0 . 0 
3 14 1.047300 0 . 000704 0 . 077006 0 . 0 
3 15 1.856648 0 . 000727 0 . 100237 0 . 0 
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APPENDIX C 

PDQ ABOVE THERMAL GROUP CONSTANTS 

FOR B-1 GAM B2 = 0 . 0112 cm- 2 

,A LR f 
En e rgy Compo - D L v'L 
Grou2 s it ion cm cm-1 cm- 1 cm-1 

1 8 1 . 763362 0 . 000482 0 .111821 o.o 
1 9 2 . 480532 0 . 000258 0 .014325 0 .0 
1 10 1. 9 02365 0 . 000423 o. 086469 0 . 0 
1 11 1 . 927729 0 . 000652 0 . 082354 0 . 000674 
1 12 1 . 928428 0 . 000626 0 . 082333 0 . 000599 
1 13 1. 986959 0 . 000392 0 .072944 0 . 0 
1 14 2 . 031371 0 . 000377 0 . 066342 0 . 0 
1 15 1. 928428 0 . 000413 0 . 082165 o.o 

2 8 1 . 025 415 0 . 0 0 . 142956 o.o 
2 9 2 . 195342 0 . 000468 0 . 000797 0 . 0 
2 10 1.108025 0 . 000122 0 . 105990 0 . 0 
2 1 1 1.125730 0 . 000534 0 . 099712 0 . 000844 
2 12 1 . 126366 0 . 00049 0 0 . 099712 0 . 000750 
2 13 1 . 172097 0 . 000187 0 . 086268 0 . 0 
2 14 1. 2 1 0619 0 . 000218 0 . 076642 o.o 
2 15 1.126366 0 . 000142 0 . 099713 0 . 0 

3 8 0 . 6051 28 0 . 000756 0 .141290 0.0 
3 9 3 . 921372 0 . 000624 0 . 000621 0 . 0 
3 10 0 . 775905 0 . 000722 0 .104712 o.o 
3 11 0 . 795416 0 . 009347 0 .098500 0 . 012551 
3 12 0 . 797496 0 . 008390 0 . 098500 0 . 011157 
3 1 3 0 . 912941 0 . 000704 0 .085197 o.o 
3 14 0 . 999257 0 .000695 0 .075672 0 . 0 
3 15 0 .79 7496 0 .000716 0 . 098501 o.o 



APPENDIX D 

THERMAL GROUP MAXWELLIAN CROSS SECTI ONS FOR PDQ 

Energy Compo - D 
Group sit i on cm 

4 1 0 . 153500 
4 2 0 . 9 15000 
4 3 3 . 49 2500 
4 4 0 . 153500 
4 5 3 . 49 2500 
4 6 O. c8 1 600 
4 7 0 . 9U?000 
4 8 0 . 153500 
4 9 3 _492500 
4 10 0 . 204000 
4 11 0 . 202900 
4 12 0 . 204100 
4 13 0 . 247400 
4 14 0 . 276200 
4 15 0 . 216100 

.-A 
L 
cm - 1 

0 . 019660 
0 . 000266 
0 . 0129 25 
0 . 019660 
0 . 012925 
0 . 010660 
0 . 000266 
0 . 019660 
0 . 012925 
0 . 0179 10 
0 .123000 
0 . 111300 
0 . 016980 
0 . 016520 
0 . 017610 

f 
u[ 

cm- 1 

0 . 0 
0 . 0 
0 . 0 
o.o 
0 . 0 
0 . 0 
0 . 0 
0 . 0 
0 . 0 
0 . 0 
0 . 218200 
0 . 193900 
0 . 0 
0 . 0 
0 . 0 
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APPENDIX E 

PDQ ABOVE THERMAL GROUP CONSTANTS 
FOR P-1 GAM B2 = 0 . 005 cm- 2 

LA LR f 
Ene rgy Compo- D u [ 
Grou:2 sition cm cm-1 cm-1 cm- 1 

1 8 1 . 9855 19 0 . 000496 0 .111124 0 . 0 
1 9 2 . 754126 0 . 000266 0 . 014281 o.o 
1 10 2 . 136829 0.000436 0 . 085942 0 . 0 
1 11 2 . 158013 0 . 000665 0 . 081856 0 . 000675 
1 12 2.158795 0 . 000638 0 . 081834 0 . 000600 
1 13 2 . 228124 0 . 000404 0 . 072507 0 . 0 
1 14 2 . 277103 0 . 000389 0 . 065949 o.o 
1 15 2 . 165065 0 . 000426 0 . 081666 o.o 

2 8 1. 060106 o.o 0 .145909 o.o 
2 9 2 . 232018 0 . 000475 0 . 000819 0 . 0 
2 1 0 1. 140488 0.000123 0 .108181 0 . 0 
2 11 1.15 1382 0 . 000538 0 .101773 0 . 000849 
2 12 1.152032 0 . 000495 0 .101773 0 . 000755 
2 13 1.202094 0 . 000189 0 . 088053 0 . 0 
2 14 1.222850 0 . 000221 0 . 078228 0 . 0 
2 15 1.157724 0 . 000144 0 .101775 o.o 

3 8 0.605761 0 . 000773 0 .144796 0 . 0 
3 9 3 - 934720 0 . 000633 0 .000640 0 . 0 
3 1 0 0 . 776573 0 . 000737 0 .107311 0.0 
3 11 0.796287 0 . 009431 0 .100946 0 .012656 
3 12 0 . 798367 0 . 008467 0 .100946 0 . 011249 
3 13 0 . 9 13721 0 . 000717 0 .087313 0 .0 
3 14 0 . 997148 0 . 000708 0 .077551 o.o 
3 15 0 . 815625 0 . 000731 0 .100947 o.o 



- 84 

APPENDIX F 

PDQ ABOVE THERMAL GROUP CONSTANTS 
FOR P-1 GAM B2 = . 014 cm - 2 

2__ A \' R _ f 
En e r gy Compo - D L - 1 

I/ /_ 
Group sition cm cm- 1 cm cm- 1 

1 8 1 . 962643 0 . 000462 0 . 112631 0 . 0 
1 9 2 . 743129 0 . 000246 0 . 01436 0 . 0 
1 10 2 .115347 0 . 000406 o. 087080 o.o 
1 11 2 . 138534 0 . 000635 0 . 082931 0 . 000673 
1 12 2 . 139309 0 . 000609 0 . 082910 0 . 000598 
1 1 3 2 . 208013 0 . 000376 0 . 073448 o.o 
1 14 2 . 256550 0 . 000361 0 . 066795 o.o 
1 15 2 . 145523 0 . 000397 0 . 082742 0 . 0 

2 8 1 . 068620 0 . 0 0 . 142872 o.o 
2 9 2 . 219102 0 . 000468 0 . 000796 o.o 
2 10 1 . 146872 0 . 000122 0 . 1059 28 0 . 0 
2 11 1 . 158619 0 . 000534 0 . 099653 0 . 000844 
2 12 1 . 159274 0.000490 0 . 099653 0 . 000750 
2 1 3 1 . 209650 0 . 000187 o. 086218 0 . 0 
2 14 1. 247359 0 . 000218 0 . 076598 0 . 0 
2 15 1. 165002 0 . 000142 0 . 099655 0 . 0 

3 8 0 . 610940 0 . 00075 6 0 . 141246 0 . 0 
3 9 3 . 9 15 276 0 . 000624 0 . 000621 o.o 
3 10 0 . 782665 0 . 000722 0 .104679 0 . 0 
3 11 0 . 802410 0 . 009346 0 , 098469 0 . 012550 
3 12 0 . 804505 0 . 008389 0 . 098469 0 . 011156 
3 13 0 . 9 20746 0 . 000704 0 . 085170 o.o 
3 14 1.007505 0 . 000695 0 . 075648 0 . 0 
3 15 0 . 821896 0 . 000716 0 . 098470 o.o 
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APPENDIX G 

PDG ABOVE THERMAL GROUP CONSTANTS 
FOR B- 1 GAM B2 = 0 . 005 cm- 2 

Energy Compo - D 
) A LR u[ r 

Gr ou p s i t i on cm ~ -1 cm- 1 cm- 1 

1 8 1 . 898206 0 . 000501 0 . 110956 0 . 0 
1 9 2 . 643816 0 . 000269 0 . 014273 0 . 0 
1 10 2 . 04L~830 0 . 000440 0 . 0858 15 o.o 
1 11 2 . 066596 0 . 000669 0 . 08 1736 0 . 000675 
1 12 2 . 067345 0 . 000642 0 . 08 17 15 0 . 000600 
1 13 2 . 136280 0 . 000408 0 . 072403 0 . 0 
1 14 2 . 180642 0 . 000392 0 . 065856 o.o 
1 15 2 . 073350 0 . 000430 0 . 08 1547 0 . 0 

2 8 1 . 043645 0 . 0 0 .145921 0 . 0 
2 9 2 . 223304 0 . 000475 0 . 0008 19 0 . 0 
2 10 1.124396 0 . 000123 0 . 108190 0 . 0 
2 11 1 . 136659 0 . 000538 0 . 101782 0 . 000849 
2 12 1.137301 0 . 000495 0 . 101782 0 . 000755 
2 13 1 . 189323 0 . 000189 0 . 088060 0 . 0 
2 14 1. 223717 0 . 000221 0 . 078235 0 . 0 
2 15 1 . 142921 0 . 000144 0 . 101783 0 . 0 

3 8 0 . 606056 0 . 000773 0 . 144802 0 . 0 
3 9 3 . 930225 0 . 000633 0 . 000640 0 . 0 
3 1 0 O. 7740L/-9 0 . 000737 0 . 10731 6 o.o 
3 11 0 . 793724 0 . 009431 0 . 100950 0 . 012656 
3 12 0 . 795797 0 . 008467 0 .100950 0 . 011250 
3 13 0 . 93068 9 0 . 000717 0 . 0873 16 o.o 
3 1L~ 1. 018683 0 . 000708 0 . 077554 o.o 
3 15 0 . 8 13000 0 . 000731 0 . 100951 0 . 0 
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APPENDIX H 

CORE AND REFLECTOR CROSS SECTIONS 

FOR ADJOINT PDQ 

,- A )R f 

Energy Compo - D L _l lJ L_l 
Grou2 sition cm cm ;m- 1 cm 

1 1 0 . 159700 -0 . 130983 0 . 150213 o.o 
1 2 0.915000 - 0 . 006362 0 . 006626 o.o 
1 3 4 . 039510 0 . 011952 0 . 000628 o.o 
1 4 0 .159700 - 0 . 131663 0 . 150893 o.o 
1 5 3 . 518041 0 . 011909 0 . 000677 o.o 
1 6 0 . 291141 - 0 . 061966 0 . 072350 o.o 
1 7 0 . 9 14610 - 0 . 006120 0 . 006381 o.o 
1 8 0 . 159700 - 0 . 1231 02 0 . 142332 o. o 
1 9 4 . 039510 0 . 011953 0 . 000626 o.o 
1 10 0 . 213900 - 0 . 088054 0 . 105484 o.o 
1 11 0 . 261000 0 . 003373 0 . 099227 o.o 
1 12 0 . 258100 - 0 . 004977 0 . 099227 o. o 
1 13 0 . 261000 - 0 . 069376 0 . 085826 o.o 
1 14 0 . 294200 - 0 . 060270 0 . 076230 o.o 
1 15 0 . 226900 - 0 . 08 2108 0 . 099228 o. o 

2 1 0 . 607451 0 . 003798 0 .1472 15 o.o 
2 2 0 . 933637 - 0 . 004281 0 . 010907 o. o 
2 3 3 . 844500 0 . 000451 O. 000804 o.o 
2 4 0 . 5 3056 - 0 . 009~50 0 .161046 o.o 
2 ,- 3 . 982634 0 . 000 12 0 . 000914 o.o 

:J 
2 6 0 . 793107 - 0 . 004653 0 . 077448 o.o 
2 7 0 . 933149 - 0 . 000920 0 . 007301 o.o 
2 8 0 . 609331 - 0 . 000704 0 . 143798 o.o 
2 9 3 . 9 31~1 69 0 . 000450 0 . 000803 o. o 
2 10 0 . 780906 - 0 . 000404 0 .106615 o.o 
2 11 0 . 800677 0 . 008299 0 . 100299 o.o 
2 1 2 0 . 802768 0 . 007340 0 . 100300 o.o 
2 13 0 . 9 18758 - 0 . 000244 0 . 086777 o.o 
2 14 1 . 005330 - 0 . 000165 0 . 077095 o.o 
2 15 0 . 8201 22 - 0 . 000353 0 . 100301 o.o 

3 1 1 . 067550 0 . 041742 0 . 10~473 o.o 
3 2 1. 081446 -0 . 013449 0 . 024356 o.o 
3 3 :-- . 224563 - 0 . 013129 0 . 014402 o. o 
3 4 0 . 966714 0 . 035875 0 . 125171 o.o 
3 5 2 . 287087 - 0 . 013874 0 . 015307 o.o 
3 6 1 . 628830 0 . 009325 0 . 068182 o.o 
3 7 1.122183 - 0 . 013251 0 . 020552 o.o 
3 8 1 . 065928 0 . 031574 0 . 112223 o.o 
3 9 2 . 2230Li-4 - 0 . 013071 0 . 014344 o.o 
3 10 1 .144522 0 . 019965 0 . 086772 0 . 0 

3 11 1.156339 0 . 018028 O. 082806 0 . 047958 

3 1 2 1 . 156993 0 . 018025 o. 082766 0 . 043252 
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Appe ndix H, Cont ' d 

A [R f 
Energy Compo - D I_l u L_l - 1 Group sition cm cm cm cm 

3 13 1. 207270 0. 013772 0. 073193 o. o 
3 14 1 . 2449ns 0 . 010748 0. 066565 o. o 
3 15 1 . 162710 0. 017994 0. 082450 o. o 

4 1 2 , 071090 0 . 106075 o. o 
4 2 2 . 377797 0. 024356 o. o 
4 3 2 , 739952 0. 014645 o. o 
4 4 1. 834713 0. 125527 o. o 
4 5 2 . 675552 0. 015496 0 . 0 
4 6 2 . 124839 0. 068368 o . o 
4 7 2 . 426979 0. 020552 o. o 
4 8 1. 968672 0. 112694 o. o 
4 9 2. 746000 0 . 014595 0. 0 
4 10 2. 114435 0. 087186 0. 0 
4 11 2 . 142498 0 . 082776 0 . 146677 
4 12 2. 143274 o. 082784 0. 132284 
4 13 2. 212105 0. 073576 0 . 0 
4 14 2 . 260732 0. 066934 o. o 
4 15 2 . 149500 0. 082854 0. 0 
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FIG. 3 

CORE AND REFLECTO R ASS EMBLIES 
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FIG. 5 

CORE CONFIGURATION IN TWO DIMENSIONAL CR,Z) GEOMETRY 
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FIG . 6 

P - 3 APPROXIMATION FOR THERMAL FL UX 16 GRAM PLATE FUEL CELL 
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FIG. 7 

CONTROL ROD CALIBRATION CURVE FOR SHIM NO. 1 
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F'IG. 8 

CONTROL ROD CALIBRATION CURVE FOR SHIM NO. 2 
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FIG. 9 

CONTROL ROD CALIBRATION CURVE FOR REG. ROD 
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FIG. 10 

KEFF VERSUS AXIAL DUCKLING 
IN RADIAL WANDA CALCULATIONS 
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FIG. 11 

KEFF VERSUS AXIAL BUCKLING 
FOR AXIAL WANDA CALCULATION 
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FIG. 12 

VARIATION OF CALCULATED CORE KEFF WITH GAM ENERGY 
INDEPENDENT BUCKLING FOR P-1 AND B-1 METHODS 
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