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The first part of my dissertation considers the estimation of a
panel data model with error components that are both spatially and time-
wise correlated. The dissertation combines widely used model for spatial
correlation (Cliff and Ord (1973, 1981)) with the classical error
component panel data model. I introduce generalizations of the
generalized moments (GM) procedure suggested in Kelejian and Prucha
(1999) for estimating the spatial autoregressive parameter in case of a
single cross section. I then use those estimators to define feasible
generalized least squares (GLS) procedures for the regression parameters.
I give formal large sample results concerning the consistency of the
proposed GM procedures, as well as the consistency and asymptotic
normality of the proposed feasible GLS procedures. The new estimators
remain computationally feasible even in large samples.

The second part of my dissertation employs a Cliff-Ord-type model to

empirically estimate the nature and extent of price competition in the US



wholesale gasoline industry. I use data on average weekly wholesale
gasoline price for 289 terminals (distribution facilities) in the US. Data on
demand factors, cost factors and market structure that affect price are also
used. I consider two time periods, a high demand period (August 1999)
and a low demand period (January 2000).

I find a high level of competition in prices between neighboring terminals.
In particular, price in one terminal is significantly and positively
correlated to the price of its neighboring terminal. Moreover, I find this to
be much higher during the low demand period, as compared to the high
demand period. In contrast to previous work, I include for each terminal
the characteristics of the marginal customer by controlling for demand
factors in the neighboring location. I find these demand factors to be
important during period of high demand and insignificant during the low
demand period. Furthermore, I have also considered spatial correlation in
unobserved factors that affect price. I find it to be high and significant
only during the low demand period. Not correcting for it leads to incorrect

inferences regarding exogenous explanatory variables.
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1 Introduction

There has been a rapid increase in the use of models that account for spatial
interactions in economics. The first part of my dissertation considers the
estimation of a panel data model with error components that are both spa-
tially and time-wise correlated. For the case of a single cross section, a widely
used model for spatial correlation is that of Cliff and Ord (1973, 1981). The
dissertation combines this model with the classical error component panel
data model. I introduce generalizations of the generalized moments (GM)
procedure suggested in Kelejian and Prucha (1999) for estimating the spatial
autoregressive parameter in case of a single cross section. I then use those
estimators to define feasible generalized least squares (GLS) procedures for
the regression parameters. I give formal large sample results concerning the
consistency of the proposed GM procedures, as well as the consistency and
asymptotic normality of the proposed feasible GLS procedures. The new
estimators remain computationally feasible even in large samples.

The second part of my dissertation explores the nature and extent of
price competition in the US wholesale gasoline industry. Competing mod-
els of product differentiation produce contrasting predictions regarding the

nature of price competition among firms. In particular, spatial price com-



petition models predict that a firm interacts locally with neighboring firms.
In contrast, monopolistic competition models predict low level of strategic
interaction among neighbors. In this paper I employ a Cliff-Ord-type model
to empirically estimate the nature and extent of price competition in the
US wholesale gasoline industry, and to test the competing theories of price
competition. I use data on average weekly wholesale gasoline price for 289
terminals (distribution facilities) in the US. Data on demand factors, cost
factors and market structure that affect price are also used. Geographic In-
formation System (GIS) software is used to compute the actual road distance
between terminals. For each terminal I select the nearest neighbor based on
the shortest road distance. I consider two time periods, a high demand period
(August 1999) and a low demand period (January 2000).

I find a high level of competition in prices between neighboring terminals.
In particular, price in one terminal is significantly and positively correlated
to the price of its neighboring terminal. This finding supports the prediction
of spatial price competition models. Moreover, I find the extent of spatial
correlation to be much higher during the low demand period, as compared
to the high demand period. Clearly, given the strategic relevance of gasoline

for the U.S. economy, it is important to understand what factors determine



and influence its price. Among other determining factors such as the price of
crude oil and seasonal supply and demand factors, this paper highlights the
significance of competition among distribution facilities as a major factor.
In contrast to previous work, I include for each terminal the characteristics
of the marginal customer by controlling for demand factors in the neigh-
boring location. The marginal customer plays an important role in spatial
price competition models. I find these demand factors to be important dur-
ing period of high demand and insignificant during the low demand period.
Furthermore, I have also considered spatial correlation in unobserved factors
that affect price. I find it to be high and significant only during the low
demand period. Not correcting for it leads to incorrect inferences regard-
ing exogenous explanatory variables. I have also estimated my model using
a Euclidean distance measure between neighbors, as was done in previous
work. I find that a Euclidean distance measure as compared to measur-
ing distance in actual road miles underestimates the extent of correlation in
prices between neighboring terminals.

The organization of the dissertation is as follows. Chapter 2 considers
the estimation of a panel data model with error components that are both

spatially and time wise correlated. Chapter 3 explores the nature and extent



of price competition in the US wholesale gasoline industry. Chapter 4 is the
appendix to chapter 2. Chapter 5 is the appendix to chapter 3. Tables and

Figures are at the end of appendix.



2 A Model for Spatially Correlated Panel Data

2.1 Introduction

In recent years there has been a growing interest in spatial issues in empirical

4 These spatial issues typically relate to interaction of various

€conomics.
sorts between cross-sectional units. These interactions could reflect economic
competition forces, externalities, shocks which affects various cross-sectional
units, etc. On a somewhat more formal level, in spatial econometrics these
interactions could relate to the models’ dependent variable, to the exogenous
variables, to the disturbance term, or to various combinations of these three.
The most widely used model to estimate spatial interactions are variations
of the models considered by Whittle (1954) and Cliff and Ord (1973, 1981).
Typically, these models are linear and consider either a spatially correlated
disturbance term or a spatial lag in the dependent variable, or both.?

In the following we specify a panel data model. We assume that the

time dimension is small relative to the number of cross-sectional units. Our

specification may be viewed as a generalization of the models considered by

4Theoretical and empirical issues have been addressed in papers by Case (1991), Conley
(1996), Delong and Summers (1991), Dubin (1988), Kelejian and Robinson (1993), Kelejian
and Prucha (1998, 1999, 2001a,b,c), Moulton (1990), Pinske and Slade (1998, 2002), Quah
(1992),and Topa (1996) among others.

® Anselin (1988) provides a survey of these types of models, as well as estimation and
testing procedures.



Whittle (1954) and Cliff and Ord (1973, 1981). Furthermore, we generalize
a moments estimator given in Kelejian and Prucha (1999) to our panel data
framework and prove its consistency.

Since Marschaks’ (1939) original suggestion, the use of panel data sets
has become reasonably common in empirical economics.® This has led to
extensive research in the econometrics of panel data. In the literature, tradi-
tional models such as the Seemingly Unrelated Regressions (SUR), originally
suggested by Zellner (1962), and Error-component models, have been used to
estimate the cross-sectional correlations in the disturbance term via the time
dimension. However, there are many panel data sets that have a large cross-
section but a short time dimension.” This feature of panel data sets makes
traditional models “less useful” because of severe difficulties in estimating
cross-sectional correlations via a short time dimension. This limitation of
panel data sets has led to the adoption of spatial models which compensate
for a short time dimension by imposing “reasonable” structural restrictions.

Typically the literature has considered a quasi maximum likelihood es-

timator for models of the Cliff and Ord variety which contain a spatially

®Recent overviews include book length surveys by Hsiao (1986), Dielman (1989),
Matyas and Sevestre (1996), and Baltagi (1995) among others.

"For example, the National Longitudinal Survey of Labor Market Experience (NLS)
and the Michigan Panel Study of Income Dynamics.



correlated disturbance term.® However, the limitations of the resulting esti-
mator have been discussed in a paper by Kelejian and Prucha (1999), who
show that in many cases involving moderate or large sample sizes in a sin-
gle cross-section, the estimators may not be computationally feasible. This
limitation will prevail when we consider more than one time dimension in
addition to cross-sections.

In our framework the disturbances will be assumed to follow a spatially
autoregressive process. Motivated by the error-component literature the in-
novations entering the process will be modelled as a sum of two error com-
ponents, reflecting unit specific effects and some overall innovation. The
implications of this is that the disturbances will be both spatially and time
correlated. The time correlation is due to the unit specific effects. Our pro-
posed estimator accounts for both the spatial and time correlation of the
disturbance term, and, therefore, it is an important extension of the general
moments estimator introduced in Kelejian and Prucha (1999) where the dis-
turbances were only assumed to be spatially correlated. In deriving the large
sample properties of our estimator we consider the case in which the number

of cross-sectional units increase beyond limit, while the number of time pe-

8Kelejian and Prucha (1999) use the term (quasi) ML estimator rather than ML esti-
mator to cover cases in which the true specification of the disturbance term is not that
specified by the likelihood function which is typically the normal distribution.
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riods is fixed at a finite level. As discussed before, this feature is consistent
with many panel data sets. Among other things we provide an application to
the generalized least squares (GLS) model. We show the asymptotic equiv-
alence between a feasible GLS estimator, which is formulated based on our
consistent general moments estimator, and the true GLS estimator.

It proves helpful to introduce the following notational conventions: Let
Ay with N > 1 be some matrix; we then denote the (i,j) — th element
of a matrix Ay as a;;n. Correspondingly, we denote the i — th row and
J —th column of Ay as a; n and a; n, respectively. Let D be some vector or
matrix; then we will use the norm ||D|| = [tr(D’D)]*/2. Note that this norm
is submultiplicative, that is, |[DB|| < ||D|| ||B||, where B is a conformably
defined matrix or a vector. In this study we will also define |D| as vector
or matrix of absolute values. We will say that the elements of sequence of

matrices Ay are uniformly bounded in absolute value if

|aij,N| < k < oo

forall 1 <i4,5 < N; N > 1, where constant k£ does not depend on any of the

indices.

10



2.2 Model Specification

Consider the linear regression model
yit’N:xmeﬁ—l—uit,N, Zzl,,N,tzl,,T (1)

where y;; v is the observation on the dependent variable relating to the i—th
cross-sectional unit at time ¢, Xy n = [z} y,..., ] 5]’ is a corresponding
K x 1 vector of observations on exogenous regressors which may contain
the constant term, and w; ny is the corresponding disturbance term. We
conditionalize our model on the realized value of the regressors and so will
view X y as a vector of constants.

Stacking observations over the N cross-sections we have for each time

period the following regression model

yn(t) = Xn(t)B + un(?), t=1,....T (2)
where yn(t) = [Z/lt,N, cee yNt,N]la Xn(t) = [X/u,zvy cee X/Nt,N]/> and uy(t) =
[ult,N7 cee uNt,N]"

We now model the disturbance process in each time period t =1,..., T

as the following spatial autoregressive process of order one:

un(t) = pWiun(t) +en(?) (3)

11



where Wy is an N x N matrix of known constants often referred to as a
spatial weighting matrix, p is a scalar parameter, which is typically referred
to as a spatial autoregressive parameter, and ey (t) = [enrn, - - -, Ent.nv] 1S an
N x 1 vector of innovations in period t¢. For reasons of generality, we permit
the elements of Wy and ey(t) to depend on N, that is, to form triangular
arrays.” In the analysis to follow we maintain, however, that the weighting
matrix Wy does not change over time.

As remarked earlier, we consider the case where T is fixed and small;
therefore, our asymptotic results are based on the condition, N — oo. It
should be clear that the small time dimension makes it impossible to consis-
tently estimate the general correlation structure via the SUR model.

Stacking the observations over both the cross-section and the time di-

mensions we have via (2) and (3)

ynv = XnB +uy (4)

9For a discussion on triangular arrays see Prucha (2002). In this analysis we will allow
for the elements of the weighting matrix Wy and the innovation vector ey (t) to depend
on the sample size, N. For example, consider w;; x, which is the (4, j) — th element of the
weighting matrix, W whose dimensions are NV X IV, where N is the sample size. Triangular
array implies that if the sample size changes from N to N, then the corresponding (i, j) —th
element of the weighting matrix, W5 will be different from that of Wy, that is, w;; y is
different from w,; 5. Same is true for the innovation vector ~(t). This in turn implies that
the elements of the weighting matrix, W and the innovation vector ¢ should be indexed
by the sample size, N.

12



and

Un = p(IT ® WN)UN +En (5)

!

where Yn = [yN<1)l, ce yN(T)I]/, XN = [XN<1),, ey XN(T)’],, unN = [UN(I) yoo

!

UN<T)I]I, and EN = [5]\[(1) Sy €N(T)l]l.
Finally we assume an error component structure for the innovation vector
en.!? In particular

en = (er ® In)puy + vn, (6)

where er is a T' x 1 vector of unit elements, Iy is an identity matrix of
order N, py = [ty ns-- -5 Hy, ~| represents the vector of unit specific error
components, and vy = [vx (1), ..., vn(T)] where vx(t) = [vin, - - -, UneN]
contains the error components that vary both over units and time periods.

In scalar notation the specification in (6) is
€it7N:/JJZ-7N—|—U¢t7N, izl,...,N;tzl,...,T
In what follows we maintain the following assumptions:

Assumption 1 For all 1 <t < T, 1 < i < N, where T is a fixed pos-
itive integer and N > 1, the errors vy n, are identically distributed with

mean zero and finite variance o2, where 0 < o2 < b,, and where b, is

10See Balestra and Nerlove (1966), Nerlove (1971), Maddala (1971), Hsiao (1986) and
Baltagi (1995) among others.
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a known finite constant. In addition for each N > 1 the error terms,
VIL,Ns -, UNLN, - - s VITN, - - -, UNT, N @7€ identically and independently dis-
tributed. Also for all 1 <i < N and N > 1, the errors p, y, are identically
distributed with mean zero and finite variance ai, where 0 < 03 < by, and
where b, is a known finite constant. In addition for each N > 1 the error
terms fiy n,- - -, fiy v are identically and independently distributed. Further-

more, the two processes (vi,n) and (j1; ) are independent of each other.

Assumption 2 (a) All diagonal elements of Wx are zero. (b) |p| < 1. (¢)

The matriz Iy — pWy is non-singular for all |p| < 1.
In scalar notation the specification in (3) is
Uz N = pZé-Vzlwij,NuﬁvN + €it,N 1= 1, . ,N; t= 1, R ,T

where w;; v is the (i,7) — th element of the weighting matrix Wy. The
nonzero weights w;; y are often specified to be those which correspond to
units which are related in a meaningful way. Such units are often said to be
neighbors. As one example, if the cross-sectional units are geographic regions,
one might make w;; v # 0 if the i—th and j—th regions are contiguous, and
w;j v = 0 otherwise. For reasonable time-periods it is fair to assume that
this relationship does not change- i.e., w;; 5 is constant through time.

14



In the above setting, each disturbance term consists of a weighted sum of
disturbances in related regions in each time period and an innovation term
that contains two stochastic “error components”; one “error component” is
unit specific and the other varies both over time and units. Clearly Assump-
tion 2(a) is the normalization of the model. Assumption 2(b) is a stability
condition for certain specifications of the weighting matrix, Wy, and As-
sumption 2(c) ensures that the disturbance vector uy is uniquely defined in
terms of the innovation vector ey.

Given the above assumptions it then follows from (6) that Eey = 0 and

the covariance vector matrix of the innovation vector ¢y is given by

Ee’SNE,N = Qs,N = Ui(JT X IN) + U%INT

= 02QonN + Q1N (7)
where
O'% = TO'Z + 012),
J
Ql,N = ?T ® IN7 (8)
Jr
Qon = Inr—Qin=(Ir— ?) ® Iy,

and where Jr is a T x T matrix of unit elements, and in general, [k is an
identity matrix of order K. Observing that Jr = epe/, where ey isa T x 1

15



vector of unit elements, it is readily seen that Qo x and ()1 y are idempotent,

orthogonal and sum to the identity matrix'®. Specifically

Q1nQ1N

Qo,nQo.N

QoNQ1N

Qon + Q1N

JT JT JTJT GTG/TGTG/T
(7 ®[N)(? ® Iy) = ( T2 Iy) = (T
ere J

( ZvT ® Iy) = (TT ® In) = Q1N

(Int — Qin)(UnT — Q1N)

Int — Q1 Ny — Qin + Q1 nQ1 N

Int — Qi v — Q1N+ Qiny = Int — Qin = Qo
(Int — Qin)Qin = Qin — @1y =0,

INT-

In addition it is readily seen that

Note that the elements of (g y and )1 x are uniformly bounded by 1.

tr(Qon) = N(T —1),

tr(Qin) = N.

HVariations of these results are available in Baltagi (1995, Pg. 10).

16
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It will prove useful to note that for any N x N matrix Ay we have!?

(Ir ® AN)Qon = Qon(Ir ® An),

(Ir®An)Qiy = Qin(Ir® Ay). (11)
From (5) it follows that
uy = [Ir @ (Iy — pWyx) en. (12)
Thus Fuyx = 0 and, recalling (7) and (11)

Euyuy = Qun(p)=[Ir® (Ixn — pWx) Y% n[Ir @ (Iy — pWi) 7]

= Qenllr @ (In — pWn) ' (In — pWR) ] (13)

We note that in general, the elements of (I — pWy)~! will depend on the
sample size of the cross-sectional units N. Subsequently, the elements of uy
will depend on N and thus form a triangular array. Also, in general, the
elements of Q, y(p) will depend on N. Furthermore, the elements of uy are
heteroskedastic, and spatially correlated, as well as correlated over time. In
the following sections we explore the estimation strategies for the parameters

of the model considered in (4), (5) and (6).

12Observing that Q(LN = (ITfj—T?)(X)IN and QLN = J—T?(X)IN we have (IT®AN)QO,N =
(Ir— )@ An = ((Ir—2F)@1IN)Ir® AN) = Qo,n (Ir®A). Similarly, (Ir® Ax)Q1,n =
JTT ®R AN = (JTT ®@IN)Ir ® AN) = Qin(IT ® AN).

17



2.3 Maximum Likelihood Estimation
Recall our model in stacked form, from (4)-(6)
yn = XnB+un,

uy = p(Ir @ Wy)uy + en,

ey = (er®In)uy + vn.

Assuming ey «~ N (0,9, ) we have

unN N (0, Qu,N(p))

Therefore,
yn -~ N (X5, Qun(p)). (14)
Substituting (7) and (8) into (13) we get

Jr

Qun(p) = oll(Ir— ?) ® (In — pWn) Iy — pWy) '] +
AL ® (I — W) Iy — o) (15)
= (030~ )+ 03 @ (I — pWi) ™ (I — W)

18



and thus'?

det(Qun(p)) = detl(03(Ir — 72) +0375) @ (I — pWa) (I — pWi) ]
= [det(o3(Ir — 75) + 030V det(Iy — pWWi)] " (16)

Given (7)-(9) it is not difficult to show that

Oy =0,2Qon +07°Qun (17)

and, therefore, from (13)

Qonlp) = [Ir@ Uy — pPW) Iy — pPWN)IQ
(021~ S5 + 0750 & Iy — pWg) (I — pW)] (18)

Given (16) the likelihood function for the model in (4)-(6) is given by

L= () fdet(2, A ()] exp(—5 o — X5, (o)l — X6)

— (2m) VT2 det(o? (I — %) 02

5 JT

2 DI (19

[det(Ty — pV)|” exp(— 3y — XnSI2 (0w — XivB)

Substituting (16) and (18) into (19) and then taking the logs we have the log

3Recall that if A is an N x N matrix and B is an M x M matrix then det(A ® B) =
[det(A)]M[det(B)]N. Furthermore, det(A ) = det(A) and det(A~!) = [det(A4)] !
If Aisan N x N matrix and C is an N x N matrix then det(AC) = det(A) det(C).

19



likelihood function

(L) — —gm(zw) _
N J J
Bl In |det(o? (17 — ?T) + a%%) +
Tln|det(Iy — pWi)| — (20)
1 R A
o = X032 - 2y 4 i)

(In — pWy)(In — pWi)llyw — X 8].

As remarked earlier, normality of €y is not one of our maintained assump-
tions, and hence we refer to the maximizers of the above log likelihood as
quasi ML estimators. As is evident from (20), the computation of the quasi
ML estimators involves among other things, the repeated evaluation of the
determinant of the N x N matrix Iy — pWy. To minimize the computational
burden, Ord (1975) suggested that In |[det(Iy — pWy)| in (20) be determined
as In |det(Iy — pWy)| = S, In(|1 — pX;|), where ); denotes the ith eigen-
value of Wy. Given that Wy is a known matrix its eigenvalues have to be
computed only once at the outset of the numerical optimization procedure
employed in finding the quasi ML estimates and not repeatedly at each of
the necessary numerical iterations. However, this still leaves the researcher

with the task of finding the eigenvalues of the N x N matrix Wy. It has been

20



pointed out by Kelejian and Prucha (1999) that this task is typically “chal-
lenging” particularly if N is very large and Wy is not properly structured.
They considered the case of an “idealized” symmetric weighting matrix, and
a sample of size 400. For such matrices, all eigenvalues are real. They then
employed a subroutine for computing the eigenvalues of the weighting matrix
from the IMSL program library without imposing symmetry. The routine re-
ported eigenvalues with imaginary parts that differed substantially from zero
by more than 0.5 in absolute value. Only when they employed a subroutine
which utilized the symmetric nature of the weighting matrix were they able
to calculate the eigenvalues accurately. In practice, weighting matrices are
typically not symmetric. The implication is that an accurate computation
of the quasi ML estimator may not be feasible in many cases, even for mod-
erate sample sizes, say 400 or larger. Given the computational problems of
the quasi ML estimator, and the small size of the time series which rules
out an SUR or an error-component model, it is clearly important to have
an alternative estimator of the model parameters which is computationally
feasible for general weighting matrices Wy, large cross-sectional units N, and

a reasonably small but fixed time series T

21



2.4 GLS Estimation

Recall our model in stacked form, from (4)-(6)

yn = XnfO+un,

uy = p(Ir @ Wy)uy + en,

ey = (er®In)uy + vn.
As discussed earlier the elements of uy will generally depend on the sample
size and hence those of y will depend on N. For reasons of generality we will

permit the elements of Xy to also depend on N. We maintain the following

assumptions for the regressor matrix Xy.

Assumption 3 The elements of X are nonstochastic and uniformly bounded

in absolute value by k,, 0 < k, < co. Also Xy has full column rank. We also

22



assume

Qe = lim (NT)™' X} Xy,

Qu(p) = A}EI;O(NT)_lXJIV[IT ® (In — pWn) Iy @ (In — pWi) X,
Qx%a;(p) = J&EEO(NT)AXJIV[[T ® (In — pW)]Qon[Ir ® (In — pWN)]| XN,
Qugua(p) = A}EI;O(NT)_lXJIV[IT ® (In — pWn) Qo Ir © (In — pWiy) ' Xy,
Q0.0 = Nh_fgo(NT)_lxz'v[[T ® (In — pW)1Qun[Ir @ (In — pWi)| X,
Qug:(p) = J}E%O(NT)AXJ/\/[IT ® (In — pWn) NQunIr @ (Iy — pWy) XN,

where the matrices Qv D.a(0). 105 Qoye ()07 Duu ). (0570, ()
anQlex(p)] are finite and nonsingular for all |p| < 1.
We can rewrite the disturbance term in (5) as
Ir @ (In — pWy)Juy = en, (21)
uy = [Ir @ (In — pWy)] ten.
Premultiplying (4) by [Ir ® (Ix — pWi)] we get
yn(p) = Xy(p)B +en, (22)

where

yn(p) = [r®Un— pWn)lyn,
Xx(p) = [Ir® Uy — pWn)|Xn.
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Given the form of €y, we have what is often called an “error-component

model”.

The GLS estimator for such model is

Bensy = Xk (o) A X5 (0)] X () Qo Ly ().

Using Q;zlv = 0,2Qo + 07°Q1.n, we can rewrite (23) as

5GLS,N =

(

o2 o}
X5 (p) Qonyn(p) N X5 (p) Qi nyn(p) )
2 )

2
Oy 01

= (Xx(p)QonXi(p) + X n(p)QunXr(p)) " *

(XX () Qonyn(p) + 0 XK () Quiyn(p)),

where

2 2
5= %

o}  o2+To2

Given that Q1 ny = In7 — Qo We can rewrite (24) as

Bersy = [(1—=0)Xk(0)QonXa(p) + X5 (p) X5 (p)] " #

[(1 = 8) XN (p) Qonyn(p) + X5 (p) yn(p)]-
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Let
H = [(1-0)Xxy(p)QonXy(p) +6Xn(p) X (p)],
Fy = H7(1-0)X3(p)QonXx(p)],
Boon = [X3(0) QonX5(0)] ™ (X3 (0) Qo (0],
Borsn = [Xx(p) Xx (o)l (X3 (0) yi ).
From the above expressions in (26) it is very clear that
I—F,=1-H"[(1-0)X3(p)QonXx(p)],
where [ is an identity matrix.
Premultipying (27) by H we get
H(I-F,) = H-HF,
= H—(1-0)Xy(p)QonXN(p)
= X3 (p)' XX (p)-
The result in (28) implies
I - F,=H6Xy(p) Xx(p))-
Using the above definitions for H, F,,, I — F,,, and by noting that

X3 (0 QonXi(0Bosn = [Xi(0)Qonyi(p)],

Xx (o) X5 Borsy = [Xi(p)yi(p)),
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we can express (25) as

Bersy = H 1 —=0)(X3(0) Qon X (0)Boow + (X3 (p) X5:(0) Bors.n]
= H'(1-0)X3(p)QonXi(0)Boen + H 0X5(0) Xi(p)Bors.n

= FuBo,n + U = Fy)Borsn-

We note that BQ& ~ corresponds to the OLS estimator of the transformed

model
QO,NyTV(IO) - QO,NX;[(P)B + QO,NgN-

Furthermore, Bo sy corresponds to the OLS estimator of the model

yn(p) = XN(p)B +en.

The typical element of Qo nyx(p) is ¥ n — Uiy The estimator, BQO, N s
based on within group (unit) variation of the data and corresponds to the
within group estimator defined in the literature.!* Clearly if § = 1 so that
ai = 0, the generalized least squares estimator BGL& ~ reduces to the OLS
estimator Bo Ls.n- Furthermore, if § = 1 then Q. = ¢2/y7, in which case
Bo Ls.v 18 the best linear unbiased estimator (BLUE). If normality is assumed
then Bo 1s.v would be efficient. However, if § # 1 in which case o2 # 0, then

Bops.y is not BLUE.

14See Greene (2000).
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Clearly

EBGLS,N = 57

VC(BGLS,N) _ [XXI(/O)/QO,NX;T(p)_i_X]ﬁ:/(p)/Ql,NX;T(p)]—l‘

2 2
o2 o1

(30)

It is evident that the GLS estimator depends on unknown parameters, in
particular p, 02 and 2. Therefore, such an estimator is not feasible. In order
to compute the feasible GLS estimator of J we need consistent estimators
of p, 02 and o3. For the moment assume that consistent estimators of p, o2

v

and o? exist. Define the feasible GLS estimator of 3 as identical to QGLS, N
except that p, 02 and o2 are replaced by any consistent estimators. Given

this, we put forth the following theorem.

Theorem 1 Given that Assumptions 1 to 3 hold:

(a) The true GLS estimator BGLS, N 18 a consistent estimator of 3, and

(NT)Bersy =Bl = N {0, [0,3Q,0,. () + 013 Q0. (0)) '}

(b) Let Dy, 5oy, Gry be consistent estimators of p, 02, o2. Then the true
GLS estimator BG rs.n and the feasible GLS estimator E rcrs,n have the same

asymptotic distribution. More specifically,

(NT)l/z[/BGLs,N — Brars,yl 20 as N — oco.
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(c¢) Furthermore,
(NT) X' {[Ir @ (Iy = DAWR)Q N Ir ® (Iy — DA Wa)}X
where

O—1 ~—2 ~—2
Qs,N %,NQO,N + Ul,NQl,Na

s a consistent estimator of

08,00 (P) T 01N

(p)-

—zQ1

In the spatial model we have considered, a rigorous proof of the asymp-
totic distribution of the GLS estimator BG Ls.n Tequires the use of a central
limit theorem for triangular arrays. We will consider such a theorem in the

appendix.

2

Note that Theorem 1 will hold for any consistent estimators of p, o7,

o2. Therefore, these parameters can be viewed as nuisance parameters. In
our next section we provide a simple estimation strategy which produces

consistent estimators of p, o2, o7.
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2.5 A Generalized Moment Estimator of the Spatial
Autoregressive Parameter for Panel Data

Recall our model in stacked form, from (4)-(6)

yv = XnB+un,
uny = p(lr @ Wy)uny +en,

ey = (er®In)uy + vn.

As discussed earlier the variance covariance matrix of uy, €2, v, depends on
p, 02 and o?. Therefore, we need consistent estimators of p, 0% and % to be
able to formulate the feasible GLS estimator.

In the following we define generalized moments (GM) estimators of p,
02 and o2. These GM estimators generalize, in essence, the GM estimators
given in Kelejian and Prucha (1999) for the case of a single cross section.
The estimation procedure involves two steps. In the first step we obtain a
predictor of uy, say uy. In the second step the predictor uy is used in the
GM approach to consistently estimate p, 02 and o3.

For notational convenience, let

ﬂN = <[T®WN)UN7
Iy = (Ir @ Wy)ay, (31)

29



and correspondingly, let

ﬂN = (IT X WN)ﬂN,
iy = (Ir @ Wy)un. (32)
Furthermore, let
en = (Ir @ Wn)en. (33)

Given Assumptions 1 and 2 we demonstrate in the appendix the following

moments:®

1 /
EmffNQo,NefN = oy,
1 / '
Em@v@o,]\@v = o N tr(WyWy),
1 /
EmgNQO,NgN = O, (34)
1,
EﬁgNQl,NgN = O'%,
1 / _ /
ENENQLNgN = O'%N 1tT(WNWN),
1_,
EN&“NQLNc‘EN = 0.

Our GM estimators of p, 02, and 0% are based on the six moments de-

scribed in (34). Note that in light of (5), (31) and (33) we have

EN = UN — pﬂN and EN =UN — pﬁN (35)

15See Kapoor, Kelejian and Prucha (2002).
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By substituting the expressions for ey and €y in (35) into the six moments

described in (34) we get the following six-equation systems:

L'y [107 10270-12)70-2], —IN = 0 (36)
N N——
6x4 4x1 6x1
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where

I'y =

IN =

2|~

2|~

’
2EUNQ0,NEN

/ _
—EuyQo NUN

T—-1 T-1
2EuNnQo,NUN —FEunQo,NUN
T—1 T—1

!/ =
E (QIL ~QoNUN

_ _ , _
FUNQoNUN) BT QonTy
T—1 T—1

’ —_ —_ —

ZEUNLQLNUN 'ﬁEUAAQLNUN
:l —_— :l =

ZEUNLQLNUN 'ﬁEUAAQLNUN

E(“;le,NiN

Uy Q1 NTN)

!
EuynQo,NuN
T-1

_I —
Eu Qo NUN
T-1

/ _
FEupnQo,NUN
T-1

EUINQLNUN

EH;VQLNHN

EU}le,NﬂN ]

_EEINQLNEN

6x1
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[ 284 Qo NT — Bty Qo NT T
2By Qo.NT By QonT /
Ton = i NT701N = I}qu = tr(WyWh) (37)
' N
E("I/NQO,NEN
+unQoNTUN) — By Qo NTN 0
| T—1 T—1 Jd3x3
[ QEU,NQLNEN —EﬂINQLNﬂN N T
1 =’ — . = = !
FlN _ N 2EUNQ1,NUN EﬂNQLNuN tT(WNWN) ) (38)
E(UINQl NiN ! =
~ v —Fu m 0
[ +unQ1NTN) @iy i

Note that the elements of upper three rows and the first three columns of
the matrix, I'y, correspond to the elements of the matrix I'y ;. Furthermore,
the elements of the lower three rows and the first, second and fourth column
correspond to the elements of the matrix I'y 5. The usefulness of the matrices
I'o ny and I'; y will be evident later.

Now consider the following analogue to (36) in terms of sample moments

based on uy, Uy and %N which are described in (32):

GN [pv p270-12;70-%], — gn = 5N(/07 0370%)7 (39)
M~ ——— N~ N —
6x4 4x1 6x1 6x1
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where

~! = :, =
2unQo, NUN —UnQo, NUN N
T—1 T—1
2UnQo, NUN —UnQo,NUN 4
7 T tr(WyWn
~ =
(uNQO,NUN
~! ~
= — ! =
1 HUNQoNUN) Ty Qonin 0
Gy — — T—1 T—1
N
N
!
~ ~ -~ =~
2un Q1 NUN —unyQinuy 0
22U Q1 NUN —unQinuny O
~ =
(U1 NT ~ =
NWl,NUN = =
~ ~ _UNQLNUN 0
+UNQ1,NTUN)
~! ~ -
unQo,NUN
T—1
N’ ~
unQo, NUN
T—1
~! =
UnQo, NUN
1 T—1
gN = =3 a
N
o~ ~
UNQLNUN
~/ ~
UNQLNUN
o~ -~
UNQLNUN - 6x1
Since Gy and gy are observable and o = [p, p?, 02, 03
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vector to be estimated, we can view the 6x1 vector &y (p, 02, 0%) as a vector
of residuals.

We now define our generalized moments estimators of p, 62 and o? as a
two step procedure which is similar to the FGLS procedure in the literature.

In the first step we get the nonlinear least squares estimators, say pyis n,

~2

0, nrsn and el s, corresponding to (39). More specifically,

(,5NLS,N>512; NLS,Nﬁ? NLS,N) = argmin{{y(p, U%J%)%N(/@ 03702) :

B € {_a7a]7 g?) € [O’ bv]a Q% € [Oabl]} (40)

where a > 1.

For the second step we define a weighting matrix On. More specifically,

Oy = O33N 0353
033 ®§><3,N 6)(67

where

B 2t (i) 0 '

~4

~ g, ) , , , ,
@éx?u,N = (TNi_LSl’])V Ztr(W) QtT(W) tr(WNWN(]V\[[/N+WN))

i 0 tr(Wf,VWN(]‘ff/I’VJ“WN)) tr(%m) |
D25 n = 01 npsw | 20r(DAN) g (WAWNWE Wy -y WAWN (VW)

I 0 tT(W]/VWN(Kf/]/\r‘FWN)) t?“(%wfl\’wl\’) -
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Wy is a spatial weighting matrix, and &5 5 s and o1 N Ls.N are consistent
estimators of o} and of, which are defined in (40).!® Furthermore, let ©y
be the weighting matrix which is similar to ©y except that TN Lsn and
5? ~Lsn are replaced by their true parameters ol and of, respectively.

In the second step we define our generalized moments estimators of p, o
and 07 as a weighted nonlinear least squares estimators, say pyrq v T SN

~92 .
and 07 y1¢ - More specifically,

@NLS,Na 83 NLS,Ns 3? NLS,N) = argmin{{y(p, 0-12;a U%),@]_VlfN(p» 0-12;a U%) :

14 € [—CL, a], Qz € [O>bv]7 Q? S [Ovbl]} (41)

where a > 1.

Remark 1. If the innovations €, were normally distributed the matrix,
N-10 ~, would correspond to the estimated variance-covariance matrix of
the six moment conditions described in (34). Recall that normality of the
error term is not one of our maintained assumptions. However, our Monte
Carlo results show that even in those cases in which the innovation ¢y is not
normally distributed, using the weighting matrix, 5) ~ instead of an identity

matrix, improves the efficiency of our general moments estimators defined in

16Consistency of 6% and &7 is shown in the appendix.
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(41).17

Remark 2. Note that (41) implies that |py.gn| < a with a > 1.
Since |p| < 1, if the bound a is sufficiently large, ’ﬁNLS’ N‘ is essentially
the unconstrained nonlinear least squares estimator of p. The existence and
measurability of Dy v o2 NI s, and Rl sy are ensured by, for example
Lemma 2 in Jennrich (1969).

In the following let Py (p) = [Ixn — pWx|™'. We now specify three addi-

tional assumptions:

Assumption 4 (a) The row and column sums of Wy, more specifically
S Jwign| and B |win|, are uniformly bounded by, say, k., < oo for
alli > 1,5 < N, N > 1. (b) The row and column sums of Py(p), more
specifically 370, |psn(p)| and B, |pijn(p)|, are uniformly bounded by, say,

k, < oo foralli>1, j <N, N>1, |p| <1, where k, may depend on p.

Assumption 5 Let u; n denote the (i,t)—th element of un. We then as-
sume that there exists (finite dimensional) random wvectors dyn and Ay
such that [Ty n — uin| < ||din|| | AN where (NT) 'S, SN (dan |7 =

O,(1) for some § >0 and N*2||Ax| = O,(1).

I"Monte Carlo results are available in a paper, Kapoor, Kelejian and Prucha (2002).
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Assumption 6 The smallest eigen value ofF;),NF07N, Fll,er,N: 'y, where
Ton, 1y and Ty are defined in (37), (38) and (36) respectively, are bounded
away from zero. This implies that, /\min(FaNFO,N) >\ >0, /\min(F'LNFl,N) >

A > 0, Auin(DyT'y) > A > 0, where A, may depend on p, o2 and o?.

Remark 3. (a) In practice, spatial models are often formulated in such
a way that each cross-sectional unit has a limited number of “neighbors”
regardless of the sample size (see, for example, Case 1991 and Kelejian and
Robinson 1995). In such cases the weighting matrix Wy is sparse for large
N, and so Assumption 4(a) would be satisfied. There are many cases in
which the elements of Wy are taken to be non-negative and row normalized
such that ¥ w;; y = 1. Still in other cases the weighting matrix does not
contain zeros, but its elements are assumed to decline rapidly in certain di-
rections because they are defined in terms of variables such as distance (see
for example, Dubin 1988 and DeLong and Summers 1991). Therefore, under
reasonable conditions, Assumption 4(a) is typically satisfied.
(b) Recall from (15) and the definition of Py(p), that Q. n(p) = [(c2(I7 —
Ir) + 6222) @ Pyn(p)Pn(p)]. Assumption 4(b), together with the specifi-

cation that T is fixed, implies that (NT)"SXIEN |wi; n(p)| is uniformly
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bounded'®, where w;; n(p) is the (i,7)—th element of Q, n(p). Therefore,
Assumption 4(b) restricts the degree of correlation of the elements of uy.

Remark 4. Assumption 5 should be satisfied for most cases in which
un is based on N'/2-consistent estimators of regression coefficients. We
demonstrate in the appendix that under our maintained assumptions and
the model specification in (4), (5) and (6), the OLS estimator BOLS’N =
(XN XN) "1 X yy is NY2consistent. Given this we can compute the corre-
sponding residuals u; v = Yit, N — x;t7 NBO Ls.n- Furthermore, we show in the
appendix that these residuals satisfy Assumption 5 with di v = x; n and
Ay = Borsy — 6.

Remark 5. Assumption 6 is an identifiability condition.
Our basic result is Theorem 2, whose proof is given in the appendix.

Theorem 2 Let Py y, o NLS.N o ~nLs.n be the monlinear least squares
estimators defined by (41). Suppose Assumptions 1 to 6 and the smallest
and largest eigenvalues of the matrices @j\,l satisfy 0 < A, < /\min(@j\,l) <
Amax(ON). Suppose furthermore that Bo Ls.N and O are consistent estima-

tors of B and Oy, respectively. Then, the GM estimators pyps o NLS.N>

18This is demonstrated in the appendix.
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0% s defined in (41) are consistent for p, 02, o3, i.e.,

~ ~2 ~2 p 2 2
(PNLS,N»% NLS,N>01 NLS,N) — (p,0,,07) as N — o,

The assumptions relating to eigenvalues of ©y' together with Assumption
6 ensure identifiably uniqueness of the parameters p, 02, 2. They also ensure

that the elements of ©' are O(1).

2.6 Conclusion

This paper considers the estimation of a panel data model with error compo-
nents that are both spatially and time-wise correlated. The dissertation com-
bines the model for spatial correlation ( that of Cliff and Ord (1973, 1981))
with the classical error component panel data model. T introduce generaliza-
tions of the generalized moments (GM) procedure suggested in Kelejian and
Prucha (1999) for estimating the spatial autoregressive parameter in case of
a single cross section. I then use those estimators to define feasible gener-
alized least squares (GLS) procedures for the regression parameters. I give
formal large sample results concerning the consistency of the proposed GM
procedures, as well as the consistency and the asymptotic normality of the
proposed feasible GLS procedures. The new estimators remain computation-

ally feasible even in large samples.
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3 Estimation of Price Competition in a Spa-
tial Model: An Investigation of the US Whole-
sale Gasoline Industry

3.1 Introduction

Significance of gasoline emerges from the fact that transportation costs ac-
counts for 19% of the average annual expenditure of US households and
gasoline price is an important factor that influence these costs. Having ac-
knowledged this, it is important to understand the factors that determine
gasoline prices. Among several factors such as price of crude oil, seasonal
supply and demand and weather conditions, I highlight the role that com-
petition among distribution facilities play in determining price of gasoline.
More specifically, this paper analyzes the nature and extent of price compe-
tition in the US wholesale gasoline industry.

The nature of competition among wholesale gasoline distributors can
be studied using insights from theoretical models of product differentiation.
While product differentiation, within the gasoline industry arises from differ-
ent sources such as brand names, quality (regular, premium etc.), the location
of distribution facilities is also an important dimension of differentiation. In

theoretical literature, classic models of product differentiation include, among
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others, the spatial models such as linear city model by Hotelling (1929) and
circular city model by Salop (1979) and the Monopolistic Competition mod-
els such as Chamberlin (1933), representative consumer models by Spence
(1976), and Dixit and Stiglitz (1977). These competing models, however,
produce contrasting predictions regarding the nature of price competition
among firms.

In spatial models of product differentiation, each firm is identified with

9 In general it can be imagined that the

an “address” in product space.!
firms’ products are located in some N-dimensional characteristic space and
the consumers’ optimum points of consumption are distributed over this char-
acteristic space. The unique feature of these models is that firms compete
only for the local customers.?’ Therefore, firms compete locally and there
is high level of strategic interaction between them.?! In contrast, monopo-
listic competition models predict that firms compete with all other firms for
customers. This implies that there is low level of interaction between firms

and strategies of one firm do not affect or have negligible effect on payoffs of

other firms.

YProduct differentiation between firms selling homogenous products might exist due to
different geographical locations of the firms.

20This result is robust even in the presence of a continuum of firms.

2L A crucial assumption that generates this result is that consumers have a sufficiently
high valuation for the products.
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In this paper, while analyzing price competition in the US wholesale gaso-
line industry, I empirically distinguish between spatial model and monopo-
listic competition model of product differentiation. This work is most closely
related to Pinske, Slade, and Brett (2002) who propose an "instrumental vari-
ables series estimator" to investigate the nature of price competition among
firms in a differentiated product market.?? My work, however, makes crucial
innovations along conceptual and methodological grounds. Specifically there
are three main innovations in this paper. Firstly, at a conceptual level, I
account for the marginal customer who plays a significant role in price deter-
mination in spatial models of product differentiation. And while limited data
availability makes empirical identification of the marginal customer a very
challenging task, the proposed variable has the desirable feature in that it
captures the characteristics of the marginal customer and is also empirically
simple to compute. Secondly, this work is based on a very comprehensive
dataset comprising of two time periods - a high demand period (August
1999) and a low demand period (January 2000). Thirdly, my innovation is
at a methodological level where I introduce an estimation strategy that allows

for spatial correlation in the explanatory variables and in the unobserved fac-

22For "instrumental variable series estimator" see Pinske, Slade and Brett (2002).
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tors, in addition to spatial correlation in the dependent variable that has been
considered in Pinske, Slade, and Brett (2002). From my results, it becomes
clear that this new strategy has important implications for the estimation of
parameters of the model as well as in making accurate inferences.

The organization of the paper is as follows. In the next section I describe
the US wholesale gasoline industry. Section 3.3 describes the theoretical
model and the empirical specification and section 3.4 provides a brief descrip-
tion of the estimation strategy. Section 3.5 discusses the data and section 3.6
describes the empirical model. Section 3.7 describes the results and section
3.8 provides the robustness test. Conclusion and further extensions are in

Section 3.9.

3.2 US Wholesale Gasoline Industry

In the US, gasoline is either imported (from Saudi Arabia, Venezuela, etc.) or
produced domestically (refineries in Texas, East Coast, etc.).? The US pe-
troleum industry is divided into five regions called Petroleum Administration
for Defense Districts (PADDs).?* These are PADD1 (East coast), PADD2

(Midwest), PADD3 (Gulf coast), PADD4 (Rocky Mountain), and PADD5

23Local production here refers to the processing of crude oil which is either imported or
drilled within the US.
24Gee Figure 1 at the end of the paper for map of the PADDs.
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(West coast). Each of these regions are different in terms of production and
consumption of gasoline, for example, PADD1 has limited refining capacity
and has the highest non-feedstock demand. To meet demand in this region,
output is augmented by imports from the Middle East and shipments from
the Gulf Coast. PADD2s’ regional demand is met by local refineries which is
also supplemented by imports from Canada and Gulf Coast. PADD3 is the
largest supplier of refined products accounting for 47% of the entire supply
in the US. It also accounts for 80% of interregional trade of refined products
among the PADDs. PADD4 has the lowest demand for refined products and
PADDS? is logistically separate from the other regions and all of its production
comes from California.?

On a functional basis, the petroleum industry can be divided into two
main sectors: the upstream market that includes exploration and produc-

tion and the downstream market that includes refining, transportation and

marketing. These markets are highly integrated and there are firms that

25For details on regional differences in production and consumption see “How Pipelines
make the Oil Market Work- Their Networks, Operation and Regulation,” Association of
Oil Pipelines and the American Petroleums Institute’s Pipeline Committee. December
(2001)
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operate in both the sectors. Large companies known as “majors” are fully
integrated and may own and operate establishments in all of these sectors.?®
Smaller non integrated companies are referred to as “independents” generally
specializing in one aspect of the industry.

A very complex and an efficient infrastructure exists to transport gasoline
from regions of supply to regions of demand. Four modes of transportation
are available to suppliers of gasoline. They are pipelines, waterways, trucks
and railroads.?” Suppliers, on their part, select the shipping modes that min-
imizes the costs of transportation. Pipelines are the most cost effective and
safest way of shipping refined products over long distances, in particular from
refineries and coastal areas to distribution and storage facilities or terminals
which are typically located near large cities. From these terminals, then,

gasoline is trucked by the wholesalers to the retail outlets.?®

Two types of gasoline, “branded” and “unbranded”, are sold and while

26See Figure 3 at the end of the paper for the list of “majors”.

27See Figure 2 at the end of the paper for map of pipelines for refined products in the
UsS.

28The US has the largest network of oil pipelines of any nation. All of Europe, for
instance, has a pipeline network that is only 1/10 the size of the US network. Suppliers
of gasoline select transportation modes on basis of costs and economics favors pipelines.
Trucking is generally limited to short haul movements where alternatives are often not
available; between distribution facilities or terminals and retail outlets. Railroad is very
expensive compared to pipelines and is far from being universally available in US. Water-
borne shipments can be priced competitively with pipelines, their use is, however, limited

by geography.
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branded gasoline bears the name of a major supplier like Exxon, Shell, etc.,
unbranded gasoline does not bear any brand name. A “major” supplier can
sell unbranded gasoline in addition to branded gasoline, however, this cannot
be resold bearing a brand name. An “independent” supplier, on the other
hand can sell only unbranded gasoline.

Distributors purchase gasoline from suppliers at the terminals and resell
it to retail outlets. There can be two types of distributors, “integrated” and
“independent”. Integrated distributors are owned by the “major” company
and only supply to own brand retail outlets. On the other hand, the in-
dependent distributors buy from any supplier, “major” or “independent”.
If they buy branded gasoline, it can only be resold to retail outlets of the
same brand, however, they can sell unbranded gasoline to any independent
retailers. Market power of a distributor depends on the total number of dis-
tributors in the market as well as on the ability of outside distributors to
enter this market. Entry into the independent distribution market is easier
due to the low costs involved while entry into the integrated market is re-
stricted. This characteristic of the independent distribution sector makes it
very competitive.

Independent distributors play a very important role in price competi-
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tion among suppliers at a terminal and across terminals, particularly in case
of unbranded gasoline. At each terminal they purchase unbranded gasoline
from the supplier with the lowest price. To a large extent this ensures com-
petition among suppliers within the terminal. Furthermore, they also take
advantage of arbitrage opportunities that might exist across terminals, for
example, if the price differential across terminal is larger than the transporta-
tion cost then they will buy from the terminal with the lowest price. Price
competition across terminals, however, is limited due to the transportation
costs involved. Given that unbranded gasoline is a very homogenous product
and competition across terminals is limited, product differentiation within
this industry arises based on the location of the terminal. This feature of
the unbranded gasoline industry makes it interesting and appropriate for my
empirical analysis.?’

From policy perspective, the relevance of this industry was highlighted
by Hastings in the hearing before the Committee on Government Affairs,

US Senate, May 2002. He emphasized that the unbranded gasoline market

is necessary to ensure sufficient unbranded gasoline supply at competitive

29Besides this, purchase decision of gasoline depends on dynamic issues like brand loy-
alty, switching costs, long term contracts etc. These issues are difficult to address with
limited data availability. Unbranded gasoline price is not discounted which makes it a true
transaction price: Pinske, Slade and Brett (2002)
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prices, which in turn is crucial for the entry and survival of independent re-
tailers including new chains such as Kmart, Walmart, Costco and RaceTrac.
These independent retailers are important because they increase competition
at the retail level. For this reason it is important to understand the nature

and extent of competition within the unbranded gasoline industry.

3.3 Theoretical Model

The theoretical model used is the same as in Pinske et. al. (2002). The
advantage of this model is that it nests models of spatial competition and
monopolistic competition. This nesting allows me to assess the nature of
competition.

Suppose there are N firms, where N > 1, which produce a differentiated
product in each time period t. Each firm is indexed by a subscript i, where
1 =1,...,N. Let g; be the product firm ¢ produces in time period ¢. Each
product is associated with a unique characteristic y;; and is sold at a nominal
price p;; in each time period ¢.

There are K buyers, where K > 1. The model allows for the possibility
that buyers can purchase more than one variety of product at a time. A
buyer is indexed by a subscript k£, where k£ =1, ..., K. Each buyer is located

at a point in a geographical space. Depending on their geographical location,
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buyers will choose an optimal location for the purchase of the product. Then
buyers will resell this product in competitive markets that are indexed by j,
where j = 1,...,J. In each of these markets buyers will face a parametric
nominal price v;;. Typically buyers resell in one of these markets, however,
the model can accommodate for the possibility where buyers can resell in
multiple markets.

Let competitive profit of buyer k in time period ¢ be denoted by 7 (Vs, pr, y4),
where vy = (Vit, ..., 0gt), Dt = (P1ty - - - DNe)'s Yt = (Yaty - - -, yne)'. This profit
function implies that buyers do not hold inventories. The justification for this
assumption is that there are huge costs of holding inventories in the gasoline
industry. The aggregate profit function for the entire buying industry in each

time period t is given by

K
%t@taﬁtayt) = Z%kt(5t7@>yt)~ (42)
k=1

It has been shown that the aggregate profit that is obtained when each firm
maximizes profit separately, taking prices as given, is the same as that which
would be obtained if firms were to jointly maximize profits.®’ In brief, there
is no loss of generality in treating the entire buying industry as a single firm.

In order to approximate the profit function of the buying industry, a flexi-

30This has been shown in Koopmans (1957), Mas-Collel et. al. (1995).
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ble functional form is considered. This is a second order approximation of any
arbitrary profit function. Similar to previous work, I simplify the empirical

analysis by using a normalized quadratic functional form.*! Specifically,
J N N
(Vs Dt Ye) = Z a§~1)5jt + Z a§2)@t + Z 0%(*3)%'t
j=1 i=1 i=1
T J J
D~ ~ N~ ~
S NITLEAS ) oL

i=1 j=1 i=1 j=1

N N N N
+ Z Z wl(j' )yityjt + Z Z wg) DitVYjt (43)

i=1 j=1 i=1 j=1

N J N J
T Z Z wz(?)ﬁitajt + Z Z wz(f)yzﬁjt
i=1 j=1

i=1 j=1

After normalizing by an index of output prices, say V;, we get??
J N N
T (Vey s ) = Z 045-1)% + Z aPpy + V! Z oty
= — —
1 N N
| 02w+ S
i=1 j=

=1 j=1
N N
+V;‘, ? ZZ zytyltyjt + V Zzwz]tpztyjt (44)
i=1 j=1 i=1 j=1
J
+ Z Z zjtpltv]t + V Z Zw”t y’LtU]t )
=1 j=1 =1 j=1

where 7, = V7 '7,, vy = W_lﬂjt, and p; = V; 'pi. Furthermore, vjs’ are

31Berndt, Fuss, Waverman (1977), McFadden (1978). Also see Jorgenson (1983) and
Diewert (1974) for useful surveys on this topic.

32Gimilar to previous work I also assume that this index is exogenous to the prices of
the selling industry, p;.
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normalized output prices in competitive markets and can be treated as con-

stants. This will reduce the expression in (44) to the following

1
(v, P, ) = an + Z Q2itPit + Z asitYit + = 5 Z Z b@(]tpztp]t

=1 j=1

N N
Z Z bz(Jt YirYje + 5 Z Z bg’t)pzty]t, (45)

i=1 j=1 =1 j=1

_|_

N —

_ (1) Vi N/ J (2) _ @, v (5)
where a; = ijl a; vt Yoy ijl Wy VitVjt, Aoip = O+ Zj:l Wy Vst

B3 — @

_ 11,08 1y (6)
a3t = ‘/t a; + §Zj:1 wijtvjt7 bjt - ‘/t z]t? b ijt s Yigt wijt'

) jt—Vw

Moreover, bzyt = bﬁg, bm bﬁz and szz = bﬂt
Now we can derive quantity demanded for each product by using the

Hotelling Lemma. Taking the derivative of (45) with respect to pj, for i =

1,..., N, we get

aWt(“ty Dt, yt)
8pit

= Qi+ Z bz]tp]t +5 Z bm Yjts (46)

qit =

where ¢;; is the quantity demanded from seller ¢ at time ¢.

Next we turn to the sellers. As stated earlier, imperfect competition is
assumed in the seller side of the market. Furthermore, it is assumed that
sellers, indexed by subscript i, face a constant marginal cost Cj, in each

time period ¢. This marginal cost is a linear function of various cost factors,
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therefore, C;; = ZhH:17htCit,ha where c;; ) is the marginal cost associated
with h cost factor, and h = 1,..., H. In each time period ¢, seller s profit

function is denoted by
@i = (Pt — Cit) @i — (47)

where F; is the fixed cost.

By substituting for ¢;; from (46) into (47) we get
N | X
i = (pir — Cit) |azie + Y _ b3y + 5 > by | - F (48)
=1 =1

fori=1,...,N.

In time period ¢ seller ¢ will maximize profits with respect to its own
prices, given the prices of other sellers. Therefore, the first order conditions
(foc) can be solved to yield seller #’s best reply function with respect to the

prices of other sellers in each time period ¢. Solving the foc yields

N N
-1 1 3

Pir = Ty |G2i + Z bz(;gpjt +3 Z b'gjzyjt - bz(ilt)cit
2byyq j=1 2 j=1

J#i

= 50 | %t > b + 3 S0y | + 5 > Apicirn- (49)
' =1 j=1 h=1

wit

J.: .
JFi

Equation (49) is the basis of empirical specification. It is evident from
the above equation that it will not be possible to estimate all the parame-
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ters of the model from a single equation or a short panel data. Therefore,
it is necessary to put restrictions on the parameters of the model. In the
empirical analysis of gasoline industry, the constant term can have several
interpretations. It could capture some overall cost factors which affect all
sellers, for example, price of crude oil. In order to model these phenomena I

use a random effects model where,

—1
W@%t = Qt + [y,

iit
and where a, is some finite constant in time period ¢ and i, is independently
and identically distributed with a zero mean and a finite variance.

Seller ¢'s reaction curve with respect to seller j's price, p;;, has a slope

b}) . .
of (—Zggf)). In the literature this has also been referred to as the “short

iit

run market vulnerability”.?® This measures the damage that can be done
to a firm by short-run market action of an opponent. Recall that product
differentiation in this analysis arises from location in geographical space.
Therefore, it is assumed that these ratios will depend on some measure of

distance. In the analysis to follow I assume that

pd)
JE— Z]t f— ..
oy~

Wit

33See Shubik (1959).
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where )\ is the parameter to be estimated and d;; is a dummy variable which
takes a positive value if ¢ and j — th cross-sectional units are neighbors by

some measure of closeness and otherwise it is zero.

®)

.. b, . .
Similarly — 4;{13 measures the slope of the reaction curve with respect to seller

it

Jj's product characteristic, y;;. As before

b @

ZJ . .

= 7N dz ) t 7é J
wy

3

_ bgzt) — 5t

40}/ ’

it

where 7, and d; are the parameters to be estimated and dg) is a dummy
variable which takes a positive value if ¢ and ;7 — th cross-sectional units
are neighbors by some measure of closeness and otherwise it is zero. In
the model, variable y;;, for j = 1,..., N, define the product characteristics.
In our analysis of gasoline industry, product of each terminal is uniquely
characterized by the location of the terminal. The buyers will have an optimal
choice of location to purchase the product based on price and location of each
seller. In this analysis the distributors purchase gasoline from suppliers at
terminals and resell it to retail outlets. Therefore, I assume that y;; reflect
factors that affect demand for retail gasoline in the region where terminal j

is located. Furthermore, I assume that d;; = dgjl.).

95



After imposing these restrictions, the model in (49) reduces to

N N H
Pit = Q¢ + N Z dijpjt + 0eYir + 1, Z dijyje + Z BriCith + Ui, ©=1,..., N,
=1 i=1 h=1
J# G4
(50)

where 3,, = %’yht and u; is the disturbance term that captures the unex-

plained factors that affect the prices. Next we stack the model and get
pn(t) = Xn(t)B; + M Dnpn(t) +un(t), (51)

where pn(t) = (pit, .- pne)'s Xn(t) = [k, yn(t), Dnyn(t), Cn(t)| nx(zem) 18
the N x (3 + H) matrix of observations on (3 + H) exogenous variables, k is
the vector of constants which is identical for each cross sectional unit, 3, =
lat, 04,14, Bugs - - -, Br) 18 (3+ H) x 1 vector of regression parameters, yx(t) =
(Y1ts -y ynt)s On(t) = [ena(t), ... enm(t)|nxm, envn(t) = (cien, .-, Cnen)
forh=1,...,H, Dy is an N x N weighting matrix whose (i, j) — th element
is d;j, us is the N x 1 vector of disturbances. Note that the parameters of
the model are time dependent. Therefore, this allows for the possibility of
different parameters in different time periods. However, I assume that the
model specification remains the same for every time period. In other words
the agents play the same game in each time period.

The disturbance term captures the effect of unobserved demand and cost
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factors. I allow these to be spatially correlated. However, it is assumed that
the disturbance term has a zero mean, finite variance and finite fourth mo-
ments. Furthermore, I also assume that the disturbance term is independent

of the explanatory variables, Xy (). More specifically, E(ux(t)|Xn(t)) = 0.

3.4 Estimation

The model is a first order autoregressive spatial model which is a variation
of the model considered by Whittle (1954) and Cliff and Ord (1973, 1981).

Recall the model in (51)

pn(t) = Xn(8)B; + ADnpn(t) + un(f). (52)
I also consider spatial correlation in the disturbance term. More specifically,
un(t) = pDnun(t) +en(t). (53)

where p, is the spatially autoregressive parameter in the disturbance term and
en(t) is an N x 1 vector of innovations. In order to estimate the parameters
of the model for each cross-section, I use a generalized spatial two-stage
least squares (GS2SLS) procedure suggested in Kelejian and Prucha (1998).
The advantages of using this procedure over the conventional estimation
procedure, maximum likelihood estimator, are (a) computationally feasible
for large samples, (b) the results are not based on the assumption that the
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disturbance term is normally distributed. Note that for each time period, t,
I estimate the parameters of the model separately. I am assuming that there
is a structural change in parameters in different time periods. It will become
evident later from our results that the vector of coefficients is different for
different time periods.3*

In the following it will prove useful to rewrite the model in (52) and (53)

in a more compact form as

pN(t) = ZN(t)9t+UN(t), (54)

un(t) = pDyun(t)+en(t),

where Zy(t) = [Xn(t), Dnpy(t)] and 6; = [5}, \;]'. Furthermore, p, is un-
known and is, therefore, estimated.

Kelejian and Prucha (1998) suggest a three step procedure for estima-
tion of unknown parameters in the model in (54).% In the first step, the
regression model in (52) is estimated by two-stage least squares (2SLS) using
the instruments Hy (t). For instruments they suggest a subset of linearly in-

dependent columns of (Xx(t), DyXn(t), D% Xn(t),...) where the subset at

34If there was no structural change in the parameters for different time periods then we
could estimate the parameters of the model by using an estimation startegy suggested in
Kapoor, Kelejian and Prucha (2002).

35For rigorous proof of consistenecy, large sample properties refer to Kelejian and Prucha
(1998, 2001).
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least contains the linearly independent columns of (Xy(t), Dy Xn(t)). The
resulting 2SLS estimator is as follows:

~ ~ ~

O = [Zn(t) Zn(6) " Zu(t) Py (t), (55)
where Zy(t) = Puy (1) Zn(t) = (X (t), Dypx (), where
Dypn(t) = Py (t)Dypa(t) and Py, (£) = Hy (8)[Hy (£) Hy (£)] " Hy (2)'.
Before proceeding with estimation of spatial autoregressive parameter,
p;, 1 take the residuals from the first step of the estimation to test whether
the disturbance term is spatially correlated. I use the Moran I statistic
suggested in Kelejian and Prucha (2001). In order to test the null hypothesis

of zero spatial correlation in the disturbance, the following Moran [ statistic

is constructed:

In(t) = D N(0,1), (56)

N
O
2*
=

where Q%(t) = Gn(t) Dylin(t), with Gn(t) = py(t) — Zy(t)0, and Fos (t)
is a normalizing factor. Kelejian and Prucha (2001) specify the normalizing
factor as

~

Gos (1) = Gx(D)tr(Dy Dy + Dy Dy) + 53 (1) ()b (1),

where 52, (t) = N~ (t) Uy (1), by(t) = —Hy(t)Py(t)dy(t) with dy(t) =
NN (t) (D + Dy)Zy(t) and where
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Py (t) = [N Zn(tY Zn () "N~ Zn (t) Hy () [N Hy (1) Hy ()"

If the null hypothesis is rejected then I proceed to the second step of the
estimation procedure. In the second step p, and ait are estimated, where
p, is the spatial autoregressive parameter in the disturbances and 0?7,5 is
the variance of the innovation term ey (t). The second step estimators of p,
and o2, say p, and 5;, are nonlinear least squares estimator defined as

minimizers of

Pt Pt
gn(t) — Gn(t) Pz gn(t) — Gn (1) /052 : (57)
where | |
[ 2N (t)On(t) —on (t) 0N (t) N i
Grl(t) = % 2wy (t) N (t) — Wy () wy(t) tr(DyDy) |
(Un (t) Wy (t)+ IS
(1) (1) wyon() 0 Lo
un () un(t)
() = 5 | o |

~

where @\N(t) = DNﬂN(t) and @N(t) = DNUN<t).

In the third step of the procedure a Cochrane-Orcutt type transformation
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is applied to the model in (54). More specifically,
Pr«(t) = Zn«(t)0; + en (), (58)

where pn.(t) = pn(t) —p, Dnpn (1), Zni(t) = Zn(t) —p, DnZn(t) and en(t) =
un(t) — p,Dyun(t). Since p, is unknown we replace it with its estimate p,
defined in (57) and estimate the model in (58) using 2SLS. The resulting

estimator is termed as the feasible GS2SLS and is given by
gtF,N = [Z\f* (t)/Z\N*(t)]ilzN*(t)/ﬁN*@)y (59)

where ZN*(t) = Puy(O)[Zn(t) = DN ZN(t)], P« (t) = pn(t) — oy Dnpn(t).

3.5 Data

I use data on weekly average unbranded gasoline prices, cost factors (wages,
average net earnings, price of crude oil), demand factors (population, per
capita personal income) as well as data on market structure (spot markets
for gasoline and percentage change in stocks of gasoline). The data used is
for two time periods, a high demand period (third week of August 1999) and
a low demand period (third week of January 2000).

There are 289 wholesale rack locations or terminals in the US which sold
unbranded gasoline for third week of August 1999 and third week of January
2000. T have included only those terminals which are located in the mainland
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and have excluded those that did not sell unbranded gasoline in the two time
periods under consideration. There are 238 terminals located in metropolitan
statistical areas (MSAs). For the terminals which are not in MSAs, I identify
the zipcode and locate the county in which these terminals are situated using
Geographic Information System (GIS) software.

Data on terminal prices was obtained from Oil Price Information Ser-
vice (OPIS), a private data collection agency. Price data includes regular
unbranded gasoline prices charged to the distributors at the terminal. The
prices are denoted by PR99 for August 1999 and PRO00 for January 2000.
The prices are in cents/gallon.

Population data for the regions where terminals are located was obtained
from two sources. For terminals located in MSAs the data was obtained from
Census and for the remaining terminals it was obtained from Regional Eco-
nomic Information System (REIS). In the analysis I use the log of population
and denote this by POP99 for August 1999 and PO P00 for January 2000.

Data on per capita personal income and per capita net earnings for re-
gions where terminals are located was also obtained from two sources. For
terminals located in MSAs data from Bureau of Labor Statistics (BLS) is

used and for the remaining terminals I use data from REIS. Per capita per-
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sonal income is denoted by I NC99 for August 1999 and INC00 for January
2000. Per capita net earnings is denoted by FA99 for August 1999 and £A00
for January 2000. Both income and earnings are in 10% dollars.

Price of crude oil is for the entire US and was obtained from Energy
Information Administration (EIA). This is the same for all terminals and
therefore is treated as a constant. It is denoted by C RPR99 for August 1999
and C RPRO0 for January 2000. These are in cents/gallon.

In order to capture the effects of market structure I include the spot mar-
kets for gasoline. There are seven spot markets in the US. They are located
in New York, Gulf Coast, Midwest, Chicago, Los Angeles, San Francisco and
Northwest. The data on spot prices was obtained from OPIS and EIA. The
spot price for terminal ¢ is the price that prevailed in the spot market closest
to terminal 7. The spot prices are denoted by SPOT99 for August 1999 and
SPOTO00 for January 2000. They are in cents/gallon.

Changes in stocks of gasoline are a measure of imbalances in demand
and supply. The data on stock is available from EIA for each of the PADDs.
Moreover, PADD1 (East coast) is further subdivided into three broad regions
and data on stocks is available for them as well. 1T compute the percentage

change in stocks as a difference in stock between the third and the second
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week divided by the stock in second week times 100. I do this for both August
1999 and January 2000. This variable is denoted by PERST99 for August
1999 and PERSTO00 for January 2000.

In order to capture intra-terminal competition I include the number of
suppliers at each terminal. Data on this was obtained from OPIS. This is
denoted by C'0O99 for August 1999 and C'O00 for January 2000.

In order to capture broad regional differences, I introduce dummy variable
for each PADDs. There are 5 PADDs and I denote the dummy variables
as PADD;, where i = 1,...,5. These dummy variables capture the broad
regional differences in demand and supply that have been discussed before.

Most importantly, I discuss the construction of the weighting matrix,
Dy. The weighting matrix is the measure of closeness between terminals.
Theoretical models in this area have suggested measures of closeness like:
terminals that are nearest to each other, terminal that share a common
market boundary, that share a market boundary with a third competitor etc.
These measures could be endogenously or exogenously determined. In this
analysis I will focus only on the first measure of closeness, that is, terminals
that are nearest to each other, geographically.

I use the GIS software to construct a weighting matrix of nearest neighbor.
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I identify each terminal with a zipcode and then use the software to locate
the nearest neighbor for each terminal. There are two ways to identify the
nearest neighbor for each terminal. One way is to use a Euclidean distance
and the second way is to look at actual road distance between terminals. I
find that for some, the nearest terminal is different when I use a Euclidean
distance measure rather than actual road distance. For example, consider
a terminal in Artesia in New Mexico, the nearest terminal by a Euclidean
distance measure is in El Paso, Texas whereas using the actual road distance
the nearest terminal is in Midland, Texas. This has important implications
in the model specification and the consistency of estimates. Misspecified
neighbor for any terminal will make the estimation inconsistent. In this
paper I consider both measures to compute the nearest terminal.

More specifically, the (i, j) —th element of the weighting matrix is denoted
by d;; and is a dummy variable which takes a positive value if terminal j is
nearest to terminal to ¢ and otherwise it is 0. Weighting matrices are not
symmetric, that is, if terminal j is the nearest to terminal 7 then it need not

be the case that terminal 7 is the nearest to terminal j.

65



3.6 Empirical Model

The econometric model to be estimated is specified separately for third week

of August 1999 and third week of January 2000. The model is the following:

5
PR(t) = )\(t)DNPR(t) + 0417(,5)CRPR<t) + Z Oéiy(t)PADDifl + Oé&(t)CO(t)
=2
—|—Oé77(t)SPOT<t) + ()[87(t)PERST(t) + 0697(t)EA<t) + &107(t)POP(t)
+05117(t)DNPOP(t) + Oélg’(t)INC(t) + 05137(t)DNINC(t) (60)

+u(t),

where () = 99 for third week of August 1999 and (t) = 00 for third week
of January 2000, Dy is the weighting matrix, hence Dy PR(t), Dy POP(t),
DNINC(t) are the nearest neighbor’s price, population and income, respec-
tively, u() is the disturbance term and A, o ), for s = 1,...,13, are the
parameters to be estimated. A number of issues must be addressed in order
to develop consistent estimates of the model in (60). Firstly, I need to in-
strument for the nearest neighbor’s price, Dy PR(t) which is an endogenous
variable.?® As instruments for this variable, I use exogenous explanatory vari-
ables for nearest terminal. I also use the exogenous explanatory variables of

terminal nearest to the nearest terminal. I then estimate the model using

30T assume that all explanatory variables other than Dy PR(t) are exogenous, that is,
they are independent of the disturbances, u ;).
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two-stage least squares (2SLS) procedure.’” Secondly, I correct for spatial

correlation in the disturbances. More specifically,
Uy = Py Dnue) + ), (61)

where, p) is the spatial autoregressive parameter. Using the estimation
strategy described in previous section, I estimate the spatial autoregressive

parameter, p, in (61). Then I use the estimate of Pty Say ﬁ(t), and apply

37In choosing instruments for estimation I follow Kelejian and Prucha (1999). In pres-
ence of spatial lag in the dependent variable, the instruments they suggest are linearly
independent columns of the own explanatory variables, nearest neighbors explanatory
variables and nearest to nearest neighbor’s explanatory variables. In our model, for each
terminal we have constructed the nearest neighbor. However, this is not symmentric, for
example, consider terminal A whose nearest neighbor is terminal B, then for terminal B
the nearest neighbor could be terminal C and not terminal A. In our analysis terminal A
competes directly for customer with terminal B, while terminal B competes directly for
customers with terminal C. Clearly, the prices set in terminal A will depend on terminal
B, therefore, as instruments for prices of terminal B we could choose exogenous character-
istics of terminal C which have direct effect on the prices at terminal B but not on prices
of terminal A.
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the Cochrane-Orcutt type transformation on (60) and get

(In = piyDn)PR() = Aoy(In — piyDn)DnPR(2)

+ay,y(In — payDn)CRPR(Y)

—I—Zaz (Iy — puyDn)PADD;_,

+a, 1) (In — p(t)DN)CO(t)

+ar,w(In — puyDn)SPOT(1)

+as,(Ix — Py Dy)PERST() (62)

+ag,1)(In — Py Dn)EA(t)

+ao,)(In — puyDn)POP(t)

+aq1,0)Dn(In — pyyDn)POP(2)

+aug,(In — puyDn)INC(t)

+au3,t)(In — pyDn)DNINC(t) + innovation term,
where, Iy is an identity matrix. I again instrument for the nearest neigh-
bor’s price, Dy PR(t) which is an endogenous variable. I then estimate the
transformed model in (62) using two-stage least squares (2SLS) procedure.

One of the main innovations of this paper is to look at the role of marginal

customer in price determination at a terminal. Spatial models of product

differentiation crucially rest on the characteristics of the marginal customer.
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In models with homogenous customers, where each customer has the same
demand, pricing decision of a terminal is independent of the level of demand.
This however would change when we look at heterogenous customers. In the
appendix, I formally develop a theoretical model to show how pricing decision
of a terminal depends on the level of demand of the marginal customer. In
particular I show that price of a terminal is negatively related to the level
of demand of the marginal customer. Empirically, the marginal customer
is extremely difficult to identify. In order to address this issue, I introduce
a variable that captures the characteristics of the marginal customer and is
easy to compute. More specifically, I incorporate the per capita income of the
neighboring region. This is a good proxy for the marginal customer under
the assumption that terminals are competing for customers.

Another innovation of this paper is to look at two time periods with dif-
ferent demand intensities. In periods of high demand, one expects regional
variations in demand to be higher. This would in turn imply that customers
in different regions can be treated as being heterogenous in terms of demand.
The spatial competition model that I have developed with heterogenous cus-
tomers is the relevant model for periods of high demand. Whereas in a low

demand period, the regional variation in demand is lower. In this situation,
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the appropriate model is the existing spatial competition model with ho-
mogenous customers. In our empirical analysis we nest both these models
by incorporating the characteristics of the marginal customer in both time
periods. The model predicts that in periods of high demand, price in a given
terminal is positively related to price of neighboring terminal and is nega-
tively related to the level of demand of the marginal customer. Whereas, in
periods of low demand, prices are positively related to prices of the neighbor-

ing terminal and are not related to level of demand of the marginal customer.

3.7 Results

I report the results in four tables, given that the analysis is for two time

periods and two weighting matrices®®

Actual Road Distance Fuclidean Distance
High Demand (August 1999) Table 1 Table 3

Low Demand (January 2000) Table 2 Table 4

Each table contains, first, the estimates from ordinary least squares (OLS)

and 2SLS in columns 1 and 2, respectively. Columns 3 and 4 report the OLS

and 2SLS estimates after correcting for spatial correlation in disturbances.’

38Tables are at the end of the appendix.
39Wald test rejects the hypothesis that the same coefficient vector applies in the two
time periods.
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Looking at these results, we notice several interesting features. One gen-
eral fact being that extent of spatial correlation in prices between terminals
is significant and positive for both high and low demand periods. This result
confirms the prediction of spatial price competition model. More specifically,
the coefficient on price of the nearest terminal is positive and significant for
both specifications of the weighting matrix as well as both time periods. As
noted earlier this coefficient is the measure of price competition. Comparing
the two periods we notice that the extent of competition is much higher in
period of low demand (0.84) as compared to high demand (0.58).%

One must observe some caution in interpreting the above result. Positive
correlation in prices is a strong indicator of price competition, however, it is
plausible to think of situations where prices move together even in the ab-
sence of competition.*' This fear can be put to rest as the presence of price
competition between terminals is confirmed by the finding that prices at a
terminal are inversely affected by income in the neighboring region during

periods of high demand. This result is predicted by my model of spatial prod-

40This observation is based on comparing column 2 of Table 1 with column 4 of Table 2.
The reason for this comparison being that in the high demand period, there is no spatial
correlation in disturbances and therefore the meaningful estimate is the uncorrected 2SLS,
as against the low demand period, when there is spatial correlation in the disturbances,
therefore we look at the corrected 2SLS.

41We could observe positive correlation in prices even when firms collude in their pricing
decision.
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uct differentiation with heterogenous customers (appendix). The intuition
for this result is easy to grasp. During periods of high demand, we observe
greater regional variation in demand. If a terminal competes for customers
in neighboring region then higher income in that region implies greater de-
mand, which then means that the terminal should lower its price to attract
some of the high demand customers from the neighboring region. During low
demand periods, however, it is reasonable to assume low regional variation
in demand therefore customers can be treated as homogenous. Spatial price
competition model with homogenous customers predicts that pricing decision
of a terminal is independent of demand in the neighboring region. These pre-
dictions are driven by the central role played by the marginal customer in
price determination.

In the estimation strategy, I account for the characteristics of the marginal
customer by incorporating per capita income in the neighboring region of each
terminal. The estimation results confirm the predictions stated above as we
observe that during the high demand period, the coefficient on neighbor’s
income (DyINC99) is negative and significant (—0.11) and during the low
demand period the coefficient on (DyINC00) is insignificant (—0.02).

Next we compare the two specifications of the weighting matrix. On

72



comparing results, we notice that using a Euclidean measure of distance
underestimates the extent of correlation in prices between terminals in both
periods. This is as expected because actual road distance captures the true
neighbor for a terminal while a Euclidean measure leads to misspecifications.

My estimation strategy allows for spatial correlation in disturbances.
From the results, it is clear that not correcting for spatial correlation in
disturbances leads to inaccurate inferences. In particular, we compare col-
umn 2 (uncorrected 2SLS) and 4 (corrected 2SLS) of Table 2. which analyses
the data for the low demand period with actual road distance specification
of the weighting matrix. The Moran [ statistic which tests for spatial corre-
lation in disturbances, rejects the hypothesis of zero spatial correlation. Not
correcting for this leads to biased estimation of standard errors which in turn

leads to faulty conclusions. The results of Table 2 confirm this.

3.8 Robustness Test

In our analysis the (i, j) —th element of weighting matrix Dy, d;; is a dummy
variable which is positive if the 7 — th terminal is the nearest to the ¢ — th
terminal and zero otherwise. However, one limitation of this weighting matrix
is that it does not account for the actual road distance between nearest

terminals. For example, the nearest terminal to a terminal in Rapid City,
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South Dakota is in Sidney, Nebraska which is 240 miles, and for terminal in
Aberdeen, South Dakota the nearest terminal is 77 miles away in Wolsey,
South Dakota. Irrespective of the distance the weighting matrix in both
cases assigns an equal weight of 1 to the nearest terminal. I overcome this
limitation by constructing different weighting matrices which are dependent
on the distance between the nearest terminals. In particular, I construct five
weighting matrices, D%) where i =1,...,5. Let dl(;) be the (i, j) — th element

of matrix D%), where 7 = 1,...,5. More specifically:

4P = 1/n, if j is the nearest terminal to i and 0 < z < 30,

= 0 otherwise,

d? = 1/n, if j is the nearest terminal to i and 30 < z < 70,

= 0 otherwise,

d? = 1/n, if j is the nearest terminal to i and 70 < x < 110,

= 0 otherwise,

= 1/n, if j is the nearest terminal to i and 110 < z < 150,
= 0 otherwise,
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dg’) = 1/n, if j is the nearest terminal to i and 150 < z,

= 0 otherwise.

where n is the number of terminals which are nearest to terminal 7 and z is
the actual road distance between terminals.
In order to study the effect of distance on the nature and extent price

competition I construct the following empirical model

5
PR(t) = Y M)DYPR(t)+ 01, CRPR(t)+ > aigPADD;

i=1 =2

+a (¢ CO( ) + a77(t)SPOT(t) + ag, t)PERST(t)

+agm EA(t) + az04) POP(1 Z o, DN POP(t)  (63)

Fana,m INC(t —}—Za \DVINC(t) +ug),

where (t) = 99 for third week of August 1999 and (¢) = 00 for third week of
January 2000.

The results reported in Table 5 in the appendix are striking. The results
indicate that for third week of August 1999, )\99 ,fori=1,...,5 are almost
identical. I also find similar results for third week of January 2000. In other
words, it appears from the result that the nature and extent of competition
between terminals is not influenced by the actual road distance between
the terminals. This exercise proves the robustness of the result, that is,

[6)



accounting or not accounting for the actual road distance between the nearest
terminal has little impact on the nature and extent of competition between
terminals.

We have also provided another test of robustness of our results. In addi-
tion to the variables considered above we have included taxes on wholesale
gasoline charged by each state as one of the explanatory variables. The re-
sults (reported in Tables 6 and 7) indicate that inclusion of this explanatory
variable does not change the main conclusion of the above analysis. In par-
ticular, we find that nature and extent of competition is less during high
demand period as compared to the low demand period, these results are sim-
ilar to the analysis without taxes. Furthermore, in both periods taxes have
a positive and a significant impact on the prices. Moreover, we still find that
characteristics of the marginal customer plays an important role during the
high demand period when there is a high regional variation in demand and
is insignificant during the low demand period. One possible explanation for
why the results are not sensitive to inclusion of this variable is that in the
analysis we are using transaction prices. These transaction prices are inclu-
sive of the tax rates, hence, tax rates are significant in affecting the prices

but do not affect the results on the nature and extent of price competition
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between terminals.

3.9 Conclusion and Further Extensions

In this paper, while analyzing price competition in the US wholesale gasoline
industry, I empirically distinguish between spatial model and monopolistic
competition model of product differentiation. While product differentiation,
within the industry arises from different sources such as brand names, qual-
ity (regular, premium etc.), the location of distribution facilities is also an
important dimension of differentiation. There are three main innovations in
this paper. Firstly, I look at the role of marginal customer in price determi-
nation in spatial models of product differentiation. These models crucially
rest on the characteristics of the marginal customer. In models with homoge-
nous customers, pricing decision of a terminal is independent of the level of
demand. This however changes when one considers heterogenous customers.
I formally develop a theoretical model in the appendix to show that in the
presence of heterogenous customers, pricing decision of a terminal depends
on the level of demand of the marginal customer. In particular I show that
price of a terminal is negatively related to the level of demand of the mar-
ginal customer. I introduce a variable that captures the characteristics of

the marginal customer and is easy to compute. Secondly, I consider two time
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periods with different demand intensities. In a period of high demand, one
observes regional variations in demand to be higher whereas in a low demand
period, the regional variation in demand is lower. The difference in demand
intensities in different time periods has important empirical implications.
In particular during the high demand period the relevant spatial model of
product differentiation is the one in which the customers are heterogenous in
their demand levels. In such a scenario the model in the appendix shows that
prices across terminals are correlated and are negatively related to the level
of demand of the marginal customer. Whereas, in periods of low demand, the
regional variation in demand is lower. Therefore, the relevant spatial model
of product differentiation is the one in which the customers are homogenous
in their demand levels. In such a scenario prices are correlated, but are not
affected by the level of demand of the marginal customer. Thirdly, I use an
estimation strategy that allows for spatial correlation in the explanatory vari-
ables and in the unobserved factors that affect prices, in addition to spatial
correlation in the dependent variable that has been considered in previous
work.

The main results from the estimation confirm all the above predictions of

spatial models of product differentiation. More specifically, I find the extent
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of price competition between terminals to be significant and positive for both
high and low demand periods. On comparing the two periods, I observe the
extent of competition to be much higher in period of low demand as compared
to high demand period. Secondly, the results also confirm the predictions of
spatial model of product differentiation with heterogenous customers and
also with homogenous customers. In particular, the results show that during
the period of high demand (August 1999) when the regional variation is high,
prices are significantly and negatively affected by neighbor’s income (which is
a measure of level of demand of the marginal customer). Whereas during the
period of low demand (January 2000) when the regional variation in demand
is lower, prices are independent of neighbor’s income. Thirdly, the results
reveal a high and significant spatial correlation in the unobserved factors
that affect prices during the low demand period. Not correcting for which
leads to inaccurate inferences. Lastly, I have estimated my model using two
measures of distance between neighboring terminals, actual road distance
and a Euclidean distance. I find that using a Euclidean distance measure as
compared to actual road distance underestimates the extent of competition
between terminals.

This research is relevant from policy perspective. Given the strategic rel-
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evance of gasoline for the US economy, it is important to understand what
factors determine and influence its price. This paper highlights the signifi-
cance of competition among distribution facilities as a major factor and also
that the wholesale gasoline markets are geographically segmented and small.
Furthermore, in studying the unbranded gasoline market we have addressed
an important issue which is being considered by policy makers, as was high-
lighted by Hastings in the hearing before the Committee on Government
Affairs, US Senate, May 2002. He emphasized that the unbranded gaso-
line market is necessary to ensure sufficient unbranded gasoline supply at
competitive prices, which in turn is crucial for the entry and survival of inde-
pendent retailers including new chains such as Kmart, Walmart, Costco and
RaceTrac. These independent retailers are important because they increase
competition at the retail level. For this reason it is important to understand
the nature and extent of competition within the unbranded gasoline industry.

There is an interesting extension to this work which is underway. Through-
out this paper I have assumed each terminal as a single firm. This assumption
puts a restriction on the market structure, as typically at a terminal, more

than one suppliers compete for consumers.*> Furthermore, in many cases a

420n an average there are six suppliers per terminal.
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supplier is present at both the neighboring terminals. In extending this pa-
per I plan to formally incorporate this market structure and develop a model
that can account for both inter as well as intra terminal competition. Avail-
ability of data on suppliers at each terminal has made it feasible to address
these more interesting issues. Using this data I also plan to study the effect
of mergers and acquisitions within the gasoline industry on prices which is

very relevant for policy issues related to antitrust.
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4 Appendix to Chapter 2

In this appendix we will make use of the following definitions.*3

Definition 1. A sequence {ay}3_, is at most of order N°, and is written

as ay = O(N?), if there exists a real number M > 0, such that
N7 ay| < M.

Definition 2. A sequence {ax}%_, is of smaller order than N’ and is

written as ay = o(N?), if

lim N7¢ lax| = 0.

N—oo

Definition 3. A sequence of random variables {cy}%_; is at most of
order N in probability, and is written as cy = Op(N?), if for every € > 0

there exists a real number M > 0, such that
P{N7|cy| > M} <e.

Definition 4. A sequence of random variables {cy }%%_; is smaller order

than N° in probability, and is written as cy = 0,(N?), if

plim N %y = 0.

43These definitions are from Judge and et.al., Pages 145-148.
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These definitions extend to vectors and matrices if the conditions hold

for every element in the vector or matrix.
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In the following we derive the six moment conditions described in (34). In
light of (6) and the definition of Qg x in (8) we note that Qo nen = QonUN.

Specifically,

Qonen = Qon(er ® IN)puy + Qonvn

J
= ((Ir — ?T)GT ® In) iy + Qo NUN

JTGT
T

eree

) @ In )y + Qonvn (A1)

= ((er —

) @ IN) iy + QonUN
= ((er —er) ® IN) iy + Qo.nUN

= QO,NUN-

Furthermore, by the definition of €y in (33) and from (11) we note that

QoneEn = Qon(Ir ®@ Wy)en
= (IT X WN)QO,NgN (AQ)

= (Ir ® Wxn)Qonvn.

Given Assumptions 1 and 2, (A.1), (A.2), and by using (9), (10)and (11) we

have
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m%&?ow&v

N(T —

N(T —

1)5NQ0,N§N

1>§,NQO,N5N

Ei !/
N(T _ 1)UNQ0,NUN

—N(T — 1)012)t7‘(Q0,N) (A.3)

maiN(T —1)

1 ! !
EmUNQO,N(]T @ WyWn)Qo,nUN
1 /
2
SNT =" [QO,N(IT ® WNWN)}
Jr

afjmtr {(I -7)® W]'VWN} (A.4)

1 Jr '
2
- I — — W W
Oy N(T 1)t7‘< T T )tr( N N)

2N "Lr(WyWhy).

1

Emv}on,N(IT ® Wx)Qonvy
azﬁtr [QQNUT ® W]'V)]
af,mtr [(IT - %) ® W;V] (A.5)
Py = V)

oA N"Lr(Wy)

0.
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In light of (6) and the definition of @1 in (8) we note that Q yeny =

ler @ In]pn + Q1.nUn. Specifically,

Qineny = Qinler @ Injpy + Qinvn
. (JTGT
T
B (eTe/TeT

T

@ IN)puy + Q1 nvN
®IN),MN +Q17NUN (A6)

= (er @ In)puy + Q1nVN.

Furthermore, by the definition of Zy in (33) and from (11) we note that

QiveEn = Qin{UIr @ Wr)en
= (Ir @ Wn)Q1nEN
= (Ir@Wy)[(er ® In)py + Q1.nvn] (A7)

= (er @ W)y + (Ir @ Wy)Q1,nUN.

Given Assumptions 1 and 2, (A.6), (A.7), and by using (9), (10), (11) and
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To? 4 03 = of, we have

1,

1, 1,
EsrenQunen = ENMN(elTeT ® In)puy + Eoy@uvon

T 1 Jr
= NUit’f‘(]N) + Naztr(?)tr(bv) (AS)

_ 2 2 _ 2
= To, +o0,=07.

]. / !
E—eyQineny = EN/JN(QITQT ® WyWn)py +

1 ! !
ENUNQLN(]T Q@ WyWn)Q1,nUn

T / 1 /
= NO'Zt?"(WNWN) + UthT [Ql,N(IT &® WNWN)]
T / 1 J /
- NUZZf’I“(WNWN) + aiﬁtr {?T ® WNWN] (A.9)

T / 1 Jr /
= Naitr(WNWN) + Uzﬁtr(T)tT(WNWN)

1 /

T /
= —o2tr(WyWy) + U%N

N M
— (Tai—kag)N’ltr(W]'VWN)

= N "Ur(WyWy).

1, 1
ENéTNQLNéTN = EN/JJN(elTeT ® W)y +
1 ! !
E NUNQLN(IT ® WN)Ql,NUN:|

T : 1 :
= Soltr(Wy) + oi~tr |Qua(ir 8 Wy)]

T 2 / 2 1 JT /

= NautT(WN) + avﬁtr [? ® WN} (A.10)
T, 8T 1 Jp

= Naﬂtr(WN) + Jvﬁtr(?)tr(WN)
T ! 1 !

= NUZM‘(WN) + Ugﬁtr(WN)

= 0.



Recall from (15) and the definition of Py (p) = [Iy — pWy] ™!, that

Jr

(o) = (03 (tr = )+

2JT

22L) & Pu(p)Pu (o).

Given Assumption 4 we observe that

(NT)T'S0 S lwin (p)] < Toil(NT) 'S, S50 50 i ()] Ipsev ()]
= oI [NT'ZLEY [P (0)] 23 [k (0)]

< ofkl < oo, (A.11)

where w;; n(p) is the (4, j) — th element of 2, n(p), and pi n(p) and pjrn(p)
are (i,k)—th and (j, k) —th elements of Py(p), respectively. This proves that
(NT) PSS |wij v (p)| is uniformly bounded, thus limiting the degree of
correlation of the elements of uy.

It proves helpful to introduce the following expressions.

Recall from (12), (31), and the definition of Py(p) = [Iy — pWy]™!, that

uy = [Ir ® (In — pWx) en = [I7 @ Pylen,
iy = (Ir®Wy)uy = (Ir ® WyPy)en, (A.12)

uy = (Ir @ Wy)ay = (Ir © Wi Py)en.
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Furthermore, from (33), (A.1), (A.2), (A.6), (A.7) we have

en = (Ir®Wy)en,
Qonen = QonUn,
Qonen = (It ® Wy)Qonvn, (A.13)
Qineny = (er @ IN)puy + Q1 NUN,

QineEn = (e @WN)uy + (It @ Wr)Q1.nUN-
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Using the expressions in (A.12), (A.13), (8) and (11) we have

QQNUN

QoNUN

QO,NiN

Ql,NUN

Q1,NUN

Ql,NiN

Qon[Ir @ Pylen = [Ir ® Pn|Qonen = [I1 ® Py]QonvN

{(IT — %) ® PN} VN,

Qon(Ir @ WnPy)eny = (Ir @ Wy Py)QonEN
(It ® Wy Pn)Qonvn
Jr
(Ir — ?) ® WnPy| vn,

Qon(Ir ® W]%/PN)QV =(Ir® W]%[PN)QO,NgN

(It ® W2 Pxn)Qo.nUn
J
{(]T - ?T) & WJ%TPN:| UN,

Q1n[Ir ® Pyleny = [Ir @ Pn|Q1nEN
ler @ Pylpy + It ® Pyn|Q1nvN

Jr
ler @ Pnlpy + T ® Pn| vn,
QNI @ WyPy)ey = (Ir @ Wy Py)Q1.nEN
ler @ Wy Pnlpy + It @ Wy Py|Q1nvn

Jr

[eT & WNPN],UN + ? ® WnPn| vn,
QinIr® Wi Py)ey = (It @ WJ%/PN)QLN€N

ler @ WRPnlpy + I @ WRPN])Q1 nvN

J
ler @ WR-Py|py + {?T ® WJQVPN] UN,
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Using the expressions in (A.13), (A.14), (8) and (9) we can write the following

moments. These moments will be used later to prove Theorem 2.

VN

Cin

Yo n

Con

Cs N

Yyn

Vs N

C5,N

Cﬁ,N

1 / 1 /
muNQO,NUN = mUNCLNUN,
J p
(IT_?T)(X)PNPN?
1 / _ 1 /
muNQO,NUN = mUNCZNUNa
J p
(Ir = =) @ PyWx Py,
T, TR
muNQO,NUN = mUNC&NUN,
JT / !
([ — ?) ® PyWxWh Py,
1 —/ _ 1 ’
muNQO,NUN = mUNC4,NUNa
J ! !
(17 = 25y @ LWy W Py,
1 - — 1 i
muNQO,NUN = mUNO5,NUN,
(] / !
(1 — 22y & P WP W3 Py,
1 / — 1 /
muNQO,NUN = mvNcﬁ,NUN,
J p
(17 - 22y WPy
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Vo N

Yio,n
Cion

Cio,n

Vi N
Cu,n

Cun

Vion

Cia,n

1 ’ T [ 1 4

NUNQLNUN = NMNO7,NMN + NUNC?,N”N +
’ J / -~ /

PNPN, 07,N:?T®PNPN7 C(7,N:e,T®PNPN7

2

L
N,UNOZNUNa

1 ! _ [ 1 ! 2 r

NUNQLNUN = NMNOS,N,UN + NUNC&NUN + N,UNOS,NUNa
/ J / jonnd !

PyWyPn, Cgn = ?T ® PyWn Py, Csn = ¢ @ PyWx Py,

1 — _ T 1= 1 i 2 T
—UnQ1NUN = NNNOQ,N,UN + NUNCE),NUN + N,UNCQ,NUNa

NN
/ ! J / !
PyWyWnPy, Con = TT ® PyWy Wy Py, (A.15b)
e ® PyWy Wy Py,
]_ =/ Q — T ’ 5 + ]_ ’ C + 2 ’ 6
NuN 1,NUN = NMN 10,NM N NUN 10,NUN NMN 10,NUN,
/ ! J / /
Py(Wy)*Wy Py, Cion = ?T ® Py (Wy)*W Py,
e ® Py(Wy)* Wy Py,
1 :, e = ’ 2 A
NUNQLNUN = NMNCIl,NMN + NUNCH,NUN —+ NMNCH,NUNa
! ! J ! !
Py(Wy)*WiPy, Cun = TT ® Py (Wy)*W3 Py,
]. / Q — o T / 6 + ! C + 2 / 6
NuN 1L,NUN = NMN 12,NMUN NUN 12,NUN NMN 12,NUN,

’ J / oy /
PyWX Py, Cian = ?T ® PyWaPy, Cian = € @ PyWE Py,
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The corresponding quadratic forms are based on predictors of uy, Uy and

Uy, say Uy, uy and Uy respectively, where uy, Uy and Uy are defined in

(5) and (31), respectively, and where %y and Ty are defined in (32). The

(1) — th element of uy(t), un(t), un(t), un(t), ﬁN(t), %N(t) are Ui N, Uit N,

Wi, N» Wi, N» Wi, N5 Ui, N, Tespectively. We define

Ui, N = Ej-vzlwij,Nujt,N,
ﬁz‘t,N = Zé‘\;lwij,Nﬂjt,N = Z;\lewij,NZfilwﬂ,NUlt,N,
ﬁz't,N = Ej-vzlwij,Nﬂjt,N,
%it,N = Z;-Vzlwzj,Nijt,N = Zévz1wz‘j,NZf\i1wjl7Nﬂlt,Na

where w;; n, wjn are (i,7) —th and (j,1) — th element of Wy, respectively,
and where ;. n, Uy N, Uj, v are predictors for w; n, Wy n, Uje, N, respectively,
which satisfy Assumption 5. The sample quadratic forms will be denoted by

Uy, for h=1,...,12.

Lemma 1 Let Ay and By be two square matrices of dimension kN x kN
whose row and column sums are uniformly bounded in absolute value by a
finite constant, say ka and kg, respectively, and where k is some finite positive
integer and N > 1. Define Cy = AyBy, then the row and column sums of
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Cy are uniformly bounded in absolute value kakp.

Furthermore, let En be a matriz of dimension N X N, where N > 1, whose
row and column sums are uniformly bounded in absolute value by a finite
constant, say kg. In addition consider a finite matrix D of dimension k x
l, whose row and column sums are bounded in absolute value by a finite
constant, say kp, where k and | are some finite positive integers. Define
Fy =D ® Ey, then the row and column sums of Fx are uniformly bounded

i absolute value kpkg.

Proof: Consider matrices AN = (a'ij,kN)y BN = (bz‘j,kN)> and ON =
(cijkn) = AnBy, where a;;rn, bijen and c;jpy are (i,7) — th element of

matrices Ay, By and Cy, respectively. Then
kN
Yt laijen|] < ka,
kN
ity bijen| < ks,
kN kN kN
i leen] = TS EZ aakn| by en]

= S byen| 25 |aaen| < kaks.
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Similarly

E?ivl lagjen| < ka,
SEN bien| < ks,
S leian| = SEESE Jaagn| b en]

= SN |awen| S [byn| < kpka.

For second part of the Lemma consider the matrices D = (d;;), Ex = (e;j.n),
and Fy = (fijn) = D® Ey, where d;;, e;; n and fi; v are (i, j) — th element

of matrices D, Exn and Fl, respectively. Then
!

Ej:l |dz‘j| < kDa

Sialdyl < ko,

S legn| < ke,

E;-Vzl |eij7N| S k?E

Furthermore, let i = (r —1)N +h, and j = (p—1)N +x, where r = 1,.. . k,

h=1,....N,p=1,...;land x =1,...,N. Then

SN fin] = S |dep B0 lenan] < kpke,

SR fiunl = By el B4 lenan| < kpk.
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Lemma 2 Under Assumption 4 the elements of the matriz C, n, for h =
1,...,12, defined above have the following properties:

S enggl < ke

NT
Ej=1 |Ch,ij

< ke

for all N > 1 and where T is a fizved positive integer, and 1 <1, 3 < NT for
some 0 < k. < oo, where cp;; is the (i, j) — th element of matriz Cj n.
Similarly the elements of the matriz é’h,N, for h =7,...,12, defined above

have the following properties:

Zﬁil [chiil < ks,

S [Ch]

N
-
N

for all N > 1 and 1 <i, j < N for some 0 < k; < oo, where ¢y ;; is the
(i,7) — th element of matriz 6’h7N.
Similarly the elements of the matrix 6h7N, for h =7,...,12, defined above
have the following properties:

S Gl < ke

ng [Chiil < ke,
for all N > 1 and where T is a fized positive integer, and 1 <1, j < NT for
some 0 < ks < 0o, where ¢y, ;; is the (i,j) — th element of matriz ath
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Furthermore,

(NT) 2S5 (eng + engi)® = o(1),
N72SY S (Chg + Cngi)® = o(1),

N7ZeN sNE2 o = o1),

j=1%h,ij
as N — oo.

Proof: By Lemma 1 the row and column sums of the matrices Cj, v, 5’;1, N
and @L, n are uniformly bounded. Next observe that the row and column
sums of the matrices iy + C), n» [Chn 4+ C, ] [Chn + Cn ], Chn + 5},1,1\[;
[Chn+ 6’;”\,] [Chn —{—CN’,;N], éh,Né;%N are uniformly bounded by 2k,, 4k?, 2kz,
4k2 and k2, respectively. The second claim of the lemma now follows because

(NT) 2SS (i + enyi)® = (NT)Tr{[Chn + Cyn][Chv + Chn1}

2
;lv—%ﬁHOasNﬁoo.

IN

Similarly,

N2 SN (@i + Chgi)? = N2Tr{[Chn + Cyp)[Chn + Chnl}

4R2
N

IN

—0as N — o0.

Furthermore,
2

e k3
N_2E£\;12§\gci7ij < Nc — 0 as N — oo.
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Lemma 3 * Letny = (71N, ..., *nrN)s where 7; n is a real valued random
variable such that for all1 < i < NT, where T is a fized positive integer and
N > 1, the real valued random variables m; n, are identically distributed with
mean zero, finite variance o2 and »y = E(7}y) < 0o, where 0 < 02 < by,
and where b, is a known finite constant. In addition for each N > 1 the real
valued random wvariables 71 n,..., NN are identically and independently
distributed.

Define a quadratic form Qny = m\yANTN, where Ayn is a square matriz of

dimension NT x NT'. Then
EQn = o2 ay N,
var(Qn) = (s —op)Tiliay y + 07BN (ay v + ajin)?,
where a;; N s the (i,j) — th element of Ay.

Proof: Observe that

QN = 7T§VAN7TN

NT~NNT
= X125 G NTi,NTN,

NT 2 NTsi—1
= Ei:laz‘i,Nﬁi,N + Ez’:lzg‘:l(aij,N + @i N )T NTjN-

41 This Lemma has been proved in Kelejian and Prucha (2001).
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In light of the i.i.d. assumption relating to 7; 5 and also, given that E(m; y) =

0, we have
NT 2 NTsvi—1
EQn = Y DaunE(m; ) + X555 (agn + ajin) E(minmjn)
2\NT .2
- szizlauN

: NT 2 NTyvi—1
Next observe that the random variables ;% a;;, NTG N and Zizlﬁjzl(aij7 N+

ajiN)TiNTj N have a zero covariance since B (] ym, n7jn) = 0 unless i =
r = j, which is ruled out. Furthermore, cov(n; v, 75 ) = 0, unless i = j,
and cov(m; TN, TrNTEn) =0, unless i =r and j =k, or i = k and j =,

which is ruled out by the indices of the summation. Therefore,

var(Qn) = X a yvar(n? ) + SN (g + agin) var(m T N).
Note that
var(tiy) = E(riy) — (B(miy))* = 51— oy,
var(mnmin) = var(my)var(njy) = ok, when i # j.
Therefore,

var(Qn) = (sa — o) S as, y + or S N (asn + ajin)’.
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Lemma 4 * Letny = (Mns -+ Inrn)'s wheren, y is a real valued random
variable such that for all1 < i < NT, where T is a fized positive integer and
N > 1, the real valued random variables n; v, are identically distributed with
mean zero, finite variance 072] and Eni N < 00, where 0 < 072] < by, and where
b, is a known finite constant. In addition for each N > 1 the real valued ran-
dom variables 0y y, ..., Nyr N are tdentically and independently distributed.
Furthermore, let {x = (&, n,-- -, &nn)'s where & y is a real valued random
variable such that for all 1 < i < N and N > 1, the real valued random
variables &; y, are identically distributed with mean zero, finite variance ag
and Efi N < 00, where 0 < ag < be, and where be is a known finite constant.
In addition for each N > 1 the real valued random variables & y,...,{n N
are identically and independently distributed. In addition ny and &y are in-
dependent of each other.

Define Hy = &y Byny, where By is a matriz of dimension N x NT, also

where T is a fixed positive integer and N > 1. Then

EHy = 0,

_ 2 2N NT 12

where b N is the (i, j) — th element of By.

#5This Lemma has been proved in Kelejian and Prucha (2001).
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Proof: Note that

Hy = 5/NBN77N:2 TE@ 177]N§szwNa

= ZN 1773sz 1szbij7N

Given our assumptions relating to the independence of 1y and £y and in
light of the i.i.d. assumption relating to 7, y and &; y, we observe that
cov(nijZfilfi’Nbij,N,nkwEfilfi’meN,) = 0 unless j = k. Furthermore, by

noting that En; y = EE; y = 0, we have
EHy = E?gE(Uj,N)Ez'JLE(fi,N)biJ,N =0,
var(Hy) = SN var(n; vEi& vbijn)
= EN 1“”’(77; n)var (X £1§i,Nbij7N)
= E] 1022N 10§bl2]N
= o020 S NN b

Lemma 5 Under Assumptions 1 to 4, the quadratic forms Wy n, for h =

1,...,12, have the following properties:

EVv,n = 0(1),

var(Ypn) = o(1).
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Therefore,

Uy — BV n 50, Ty =0,(1).

Proof: In light of Lemma 3, observe that for h =1,...,6,

1

EV,n = mEU;\/ChNUN
= maiZﬂch,m
and
var(¥,y) = Wl_wvar(v;\,Chva)
= (N(T—l_l))Q[(a%A — o) S s+ oSS (e + cngi)?]s

where ¢y, ;; is the (¢,7) — th element of Cy n, U,4 = Ev}, since cov(vyvy,
UrmUsp) =0 unless i =r, k=mand j=s,l=n,ori=s, k=nand j=r,
[ = m; compare, e.g., Kelejian and Prucha (2001). By Lemma 2, the row
and column sums of Cj x are uniformly bounded in absolute value by some
finite constant, say k.. Hence

1

Ev e —) 3\ (AR PR
[EVp | < NT-1°" i—1 |cniil
NT
< - 2
S Nr=p)Th
< 2k < 202k, <
< (T—l)av < 20, 00,

since T' > 1 but finite, this proves that EV;, y = O(1).

102



Next we observe that

1
var(¥yn) < m[(ﬁm — o) S s+ 0B S (s + cngi)’]
NT ol
< o=yt o (s o)
T k2 T? ot
< (oa—0y) 50 + T Dy 2 (Cnij + cngi)

(T—12N (T —12N2T?
Given that 7" > 1 and finite, a sufficient condition for var(¥;, y) = o(1) is

that the terms k—]\é and 7z S5 XN (Chyij + cnyi)? on the r.hus. be o(1) as

N — oo, which holds in light of Lemma 2. The last two claims follow from
Chebychev’s inequality and, for example, corollary 5.1.1.2 in Fuller(1976,
p.186), respectively.

In light of Lemma 3 and 4 given our assumption that uy and vy are

independent, we observe that for h =7,...,12,

T A =~ 1 A 2 ! -
E\Ilh,N = NEIUNCh,N:uN + NEUNCh,N'UN + NEILLNCh,NUN

2 —1vN ~ 2 —1vNT
= To, N X Ch + o, N7 X0 Chis

1= v

and
2 1 ]_ 12 4 VA
var(, y) = mUGT(MNCh,NMN) + ﬁvar(vNC’mNUN) + mvar(,uNChvaN)

= TQN_Q[(”‘%A - Ui) zj\ilgigm + Uizi]ilx;;l(ghﬂj + Eh,ji)Q]

AN [(Dpa — 03N 55 + 0SS (i + i)’

—2[4.-2 25N \WNT -2
+N [40uavzi:12jzlch,zj]7
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where ¢ ij, Cnij, Chi; are the (i,7) — th element of Cj , CN“th, 6;17]\;, respec-
tively, 9,4 = Epf and 9,4 = Evj, since cov(pft;, fiophs) = 0 unless i = r,
and j = s, or i = s, and j = r and cov(vigVji, UVpmUs,) = O unless i =7, k =m
and j =s,l=mn,ori=s,k=mnand j=r, [ =m; compare, e.g., Kelejian
and Prucha (2001). By Lemma 2, the row and column sums of (7;17 N, Chn,
6’;17 ~ are uniformly bounded in absolute value by some finite constant, ks,
k. and kg, respectively. Hence, in light of our assumption that p and v are

independent we observe,

BV, y| < TaiN’lZfil |Chii| + 2NTISNT el

< Taik;g—l— Taikc < 00,

given that 7' > 1 and finite, this proves that E¥;, y = O(1).

Next we observe that

UCZT'(\I/}MN) S T2N72K19#’4 — O'i)Nk% + aﬁEﬁilZ?f:l (5}1,2‘]' + gh,ji)2]

+N_2[(19v,4 - Uﬁ)NTk? + oAR NI NT (chij + Ch7ji)2]

vhi=1""5=1
+N*[40’0o NEZ)
2 kg N N [~ ~
— [T (191%4 — Oﬁ)ﬁc —|— TQO';ILN_2EZ-:12j:1(Ch7Z‘j —|— ChJi)Q]

k2
HT(Pua = 03) 5 + TPy (NT) TS0 (ensg + cni)]

k2
+ [40i03 N‘:]
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Given that 7" > 1 and finite, a sufficient condition for var(¥;, x) = o(1) is that
k2 k2 k2 _ ~ ~ —

the terms ==, %, =, N2 5 (Chij + Chyo)® and (NT)2EXIENT (5 +

cnji)? be o(1) as N — oo, which holds in light of Lemma 2. The last two

claims follow from Chebychev’s inequality and, for example, corollary 5.1.1.2

in Fuller(1976, p.186), respectively.

Lemma 6 Consider random variables vis y, wit.n , Vit N, and wyn and as-

sume that
-~ () v ~ w w
Vit v — vien| < Dig NTRs |Wit.n — witn| < D NTR

v W v w y N y
where Dy ., Di n, TR and TR, are,respectively, nonnegative random vari-

ables with

(NTythTzlzijil (DZ:,N)Q = Op(1)>

(NT)_IEthlzi]L( ;;,,N)Q = Op(1)7

and
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Suppose furthermore that

(NT)_lthzlzi]LU?t,N = Op(1)7

(NTylEtT:l z‘]ilwz?t,N = 0O,y(1).
Then
(NT) 'S SN 0y vy — (NT) 'S SN v vwiy =2 0, as N — o0.
Proof: Observe that

‘(NT)712;:12£\L16#,NC~%'1‘,,N - (NT)712?:12£1Uit,NWit,N

IN

(NT)_lELEﬁL |5it, N — Ust, N’ |Wit,N|
+(NT) 'S, BE @iy — wien| Vi

+H(NT) 'S EY [Ou v — vae | @i v — wien

IN

[(NT) 'S, B, D5y |win 175
+[(NT)_1ZtT:12£\L1D§,N |Uit,N|]7—LJ‘<7

+[(NT>712?:12£\L1DZ,ND;,N]TUNTTV

IN

[(NT) 'S, B8 (D) ) P ((NT) B B wf 6 TR
H(NT) 'S B, (D;‘;le/z [(NT)AELZZ»]LU?LN]1/27“&

H(NT) S B (Dh )P INT) S B (D 0) 72Ty
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The last inequality follows from the above equation and Hoélder’s inequality.
Since 7% = 0,(1) and 7§, = 0,(1), the claim in the lemma follows by observing

that all other terms are bounded in probability.
Lemma 7 Under Assumptions 1 to 5 we have for h=1,...,12:
\AI}}L’N — \I’h,N L 0, as N — o0,

where Wy, y is expressed in (A.15a) and (A.15b). \Tlh,N is a sample quadratic
form of Wy, n which is based on predictors of uy, uUn and Uy, say Uy, ﬁN

and Ty respectively, where uy, Wy and Ty are defined in (5) and (31), re-

spectively, and where Ty and Ty are defined in (32). The i — th element of

UN(t), ENU:)? i]\f(t)a 'le(t), %Na:)? iN(t) are uit,N7 Hit,Na i’L't,]\77 ﬁit,N7 %’it,]\ﬁ

iit,N, respectively. We define

U, N = Zé‘\;lwij,NujLNa
Ui N = Ej'vzlwij,Nﬂjt,N = Ej'vzlwij,NE{\ilel,Nult,Nu
ﬁz't,N = Zj‘v:1wij,Nﬂjt,N,
%it,N = Ej'vzlwij,N%jt,N = Ejyzlwij,NE{ilel,Nalt,Na

where wi; N, win are (i,j) —th and (j,1) — th element of Wy, respectively,
and where Uy N, Wy N, Ujr N are predictors for wi n, Wi N, Wt N, Tespectively,
which satisfy Assumption 5.
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Proof: It will prove useful to introduce the following expressions:

ey = Qonun,

Py = Ir@Wn)en = Ir @ Wi )Qonun,

on = Ir@Wy)py = (Ir @ Wy)ey = (Ir @ Wy)Qonun,

Yy = Qinun, (A.16)
Yy = (IT ® WNWN = (IT ® WN)Ql,NuNu

Oy = Ur@Wy)y = (Ir @ Wity = (Ir @ WR)Q1 nun.

In light of (A.16), (11) and (31) we have

Py = (Ir @Wy)Qonun = Qon(Ir @ Wy)un = QonTn,
oy = (Ir@W3)Qonun = Qon(Ir @ Wi )un = QonTn,
d}N = (IT ® WN)QI,NUN = QI,N(IT & WN)UN = Ql,NﬂN; (A17)

vy = (Ir® W]%[)Ql,NUN =Qin{Ur® WR)uy = Q1NUN-

The i —th element of YN (t)a @N (t)a EN (t)7 wN (t)v EN (t)a 77Z)N<t)7 respeCtiVGIY7
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in expressions (A.16) and (A.17) are,

1
T
Pit, N Uit N = 75205 Yis, N 5
T
1
— — T —
Pit, N Uit, N — 752 5—1Uis, N »
T
_ _ 1 _
= = T =
Pit, N Wit, N = 7 25— Uis, N 5
T
1
T
d}it,N Tzszluls,N7
— 1
T —
wz‘tyN Tzszluzs,Nv
= 1 _
Y, =21 Uis,N
it,N T s=1 )
Furthermore,
— N
U N = X5 Wij NUjtN,
= N — N N
Uig, N = ijlwij,Nth,N :ijlwij,Nlelel,Nult,N7

(A.18)

(A.19)

where w;; v is the j —th element of uy(¢) and w;; x is the (i, ) — th element

of WN-

Premultiplying the quadratic forms in (A.15a) and (A.15b) by
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rewriting the expressions using (A.16) and (A.17) into scalar notation yields

T _ T _
Uiy = H(NT) 1‘PINSONZH(NT) 12?:121‘1\;1%2@%
T -1 — r 15T N —
Uon = ﬁ(NT) PNPN = m(NT) 2i—12i1 it NPit, N
T 1 T _ _
Usn = H(NT) PNPy = ﬁ(NT) IZtT:IZz‘]\ilgpzzaN’
T 1= _ T _ = _
Uyn = H(NT) 190,N<PN: ﬁ(NT) 12?:121']\;1%@]\1@%,1\/7
T = = T _ =2
Usy = 7—(NT) PNy = 7 WNT) B P s
T -1 7 = T —15T N =
YN = H(NT) PNPN = ﬁ(NT) Y1221t NPit, N
Ur oy = T(NT) Wty = T(NT) T S, 55,05 v, (A.20)

Us v = T(NT)Wiyty =T(NT) ' ZL 55 %0 n Vi
‘1’9, N = T(NT)AESVEN - T(NT)712;=12£1%215,N7
Vo v = TNT) ydy = TINT) S5 0B,
Uiy = TINT) 0Ty = TINT) 'S0 T
Vi n = T(NT)_lﬁblNiN :T(NT)_lzf:12£i1¢it,NEit,Na
where ;. ny Pisny> Pitns Vitns Vi N EN are the ¢ — th element of (1),

@N (t)> §N (t)a ¢N (t)’ EN(Q? EN (t)v respectively

In the following let By, Brs Bas Vs s Uy be predictors of ¢y, By,
PN s Uns U, EN, which are based on Uy, Uy, Uy, where Uy, Uy, Uy are

predictors of uy, Uy, Uy, respectively, which are defined above. Following
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our convention, the i — th element of &y (t), By (t), Bn(t), Vy(t), iN(t),

¥ (t) will be denoted by Pit, N iit,Na %it,Na %‘t,N, iit,Na Eit,N? respectively.

To prove the lemma we verify that for each of the quadratic forms in
(A.15a) and (A.15b) and reexpressed in scalar notation in (A.20), the as-
sumptions maintained in Lemma 6 w.r.t. the respective variables are satis-
fied. Since T' > 1 and finite, the terms 7'/(7 — 1) and 7" are finite constants
and can be ignored in our arguments.

We first verify that oy, x, Bir x> Piens Viens Eit’ N, and Eit, ~ satisfy con-
ditions maintained for v; y and w; y in Lemma 6. Since ¥j, y = O,(1) by

Lemma 5, for h = 1,...,12, therefore, it follows from (A.20) that

(NT)_lzfvzlth:ﬁD?t,N = Op(1)7
(NT) S5 B oy = Op(1),
NT) 'S0 = On(D), (A21)
(NT)ilzi]ilEzﬂ:lw?t,N = OP(]')J
(NT)_IE?LIEZ:IE?@N = Op(]')a

=2
(NT)ilzﬁilZZﬂ:lwit,Na - Op(l)-

We next show that v, v, By s Pitns Pit,n» Pitn» e,y and their predic-

tors 0y vy PNy Viens Viens Pirns Vi n satisty the remaining conditions in
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Lemma 6 for v,y and w;, y and their predictors, v, n and w; y. Analogous

to (A.18) we have

Ui, N — %Ez:1ﬂz‘s,N7
T = 25T
%z't,N - %23:1ﬁis,N7
%Ez_lais N,
%EZ:lﬁis Ny
%Zs—l%is N

Furthermore, analogous to (A.19), we have

= N = N N ~
Uig, N = ijlwij,Nth,N :ijlwij,Nlelel,Nult,N-

Recall that by Assumption 5,

— N ~
U N = X Wij NUjtN,

U v — win| < ||dien|] [|AN]

(A.22)

(A.23)

(A.24)

where (NT)'SL 5N ||dy |12 = 0,(1) for some § > 0 and N2 ||Ay|| =

O,(1). Then, by Holder’s inequality with ¢ =2+ 6, 6 > 0, and % + ]—1) =1 we
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have

1

Can — Pun| = |titn — Uiy — ngzl(uis,N — Uis,N)
< ugn — U n| + %Estl |Uis, N — Uis V|
< 29T Juisn — Uis |
< 2[|AN[ B dis v
< 2| AN [ LIPS (ldis ][] (A.25)
< 2||An[| TYPE Y ([ dis a7

= 2/ AN TYPUNT) 'S S [dis v ||/ 4(NT)
= 2PNV AN [(NT) 'S B, [[disv ][

- -DNTN7

where Dy = [(NT)7'ST, 2N | ||dis n||1]Y9, and 7 = 2T NV ||Ay||

= 2T N9/2CHIINL/2 ||Ay||. Given that T > 1 and finite, and by Assump-
tion 5, Dy = O,(1), and 7y = 0,(1). Therefore, ¢, y and @, y satisfy the
properties maintained for v; and v; in Lemma 6.

Next observe that by Assumption 4 we have

p—1
| KBTS Jwy || < KD

_ wij
S0 lwi I = kDTS wij | [‘ ,;J’N
w

(A.26)
Recall the expressions for B, v, Uit v, %it’ ~ and Ty, v given in (A.18), (A.19),
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(A.22) and (A.23), and the inequality (A.24). Then by the triangle and
Holder inequalities with ¢ =2+ §, § > 0, and % + Il) =1, as well as (A.26)

yields

- 1 -
= — T = —
Ui, N — Uit N — Tzszl(uis,N - Uz‘s,N)

Pit, N — %’t,N‘ =

< ﬁz't,N — ﬂit,N’ + %Estl ﬁz's,N — ﬂz’s,N‘

< 237, ﬁis,N —Uz‘s,N’

= 250,50 [wi | [js,n — wjs N

< 2 AN L EY Jwijn] [1djs ]

< 2| AN [EL B wi w1 (A.27)
(LS ldje e

= 2[|AN|I TSI, Jwi w17
[(NT) 'S, S0, (s ]|/ (NT)

< 2TNY||Ap|| ke *

[(NT) 8 25 [ djs ]V
= 5N?Na
where Dy = [(NT)*lZleZéV:l ||djs, n||/]Y9,and Ty = 2Tk, NV || Ay|
= 2Tk, N=9/REHIINLZ || A || . Tt now follows immediately from Assumption
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5 and given that T > 1 and finite, that Dy = O,(1) and T = o0,(1).
Therefore, P, y and iim ~ also satisfy the properties maintained for v;; and
vU; in Lemma 6.

Now recall the expressions for B;; x, T v, %it, ~ and %it, ~ given in (A.18),

(A.19), (A.22) and (A.23), and the inequality (A.24). Then by the triangle

and Holder inequalities with ¢ = 2 + 6, 6 > 0, and % + % =1, as well as
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(A.26) yields

e e = 1
Pit, N — %t,N’ =

= = T = =
Uit N — Uit, N — Tzszl(uis,N — Uis,N)

~ _ 1 ~ _
= = T |= =
Uit, N — uit,N‘ + ?25:1 ‘uis,N — uis,N‘

T ; =
S 225:1 uz‘s,N - uis,N‘

= 280,80 Jwy | By [wjin] s, v — s,
< 2| AN BT B wig | B (win] | dis x|

= 2[|AN[|ZL, Jwi v S5 Jwjn ] [dis ] (A.28)

< 2[| AN S Jwign| [ 5N wjn]?]
ST,8 il

< 2| AN Z fwigv] [TSE w7+
(NT)'SL SN [[din ] (NT) Ve

< 2TNY9||An|| S Jwig w] K *
(NT)T'SL SN (diyl)

< 2TNY|| Ay K2 [(NT) ST, SN, [[di ][]

- DN?Na

where Dy = [(NT)"'ST_, SV [|disn||9Y? and Ty = 2Tk2 NV || Ay]|

= 2Tk2 N-9/RCHII N2 || Ay||. Again, it follows immediately from Assump-
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tion 5 and given that 7" > 1 and finite, that Dy = O,(1) and Ty = 0,(1).
Therefore, B;, y and %@'t, ~ also satisfy the properties maintained for v;; and
vU; in Lemma 6.

Recall the expressions for v, N,Z/;it’N, given in (A.18), (A.22), and the
inequality (A.24). Then using the triangle and Holder inequalities with ¢ =

246,60 >0, andé+l—1):1, yields

- 1 B
¢it,N - ¢it,N‘ = ’TEZ—1(U1‘S,N - Uis,N)
1y _
< ?2821 |Uis N — Uis |
1 T
< 7 AN Zs=y [|dis x|
1
< F AN (S, [1PIVPISE (Idis ] 191 (A.29)
1
< S AN TYPISEL, lld ]|

1 .
= FANITPUNT) S L (ldis ||/ (NT) S
< NV AN [(NT) T B [ dis |19

*
= DNTN7

with Dy = [(NT)7'SL 5, [|disn||]'9, and 75 = NV [|Ay]]

= N7/REHINY2||Ay||. By Assumption 5, Dy = O,(1), and 7% = 0,(1).
Therefore, v, y and %t, y satisfy the properties maintained for v;; and v;; in
Lemma 6.
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Recall the expressions for ¥, v, Ti,n, ¥y and ¥, y given in (A.18),

(A.19), (A.22) and (A.23), and the inequality (A.24). Then by the triangle

and Holder inequalities with ¢ = 2 + 6, 6 > 0, and % + é = 1, as well as

(A.26) yields

77Z)it,N - ¢it,N ’

IN

IN

IN

1 _
' Tz‘zll (His,N Uis N)
1 _
?Ez—l ﬂzs N ﬂis N‘
7 2s=1 21 |wij N | [tjs N — s N
1
T JANI S, 20w ] djswl| (A.30)

1

T AN EL S fwi v PTYPIST SN || djs |94
1

7 1AN]] (TS Jwig n P17

[(NT) ™Sy B0 [[djs ][]/ (NT)

N4 |AN|| K *
[(NT) 'S SN |[djs |94
DNTh,

where Dy = [(NT)*lZleZéV:l de&NHq]l/q,and 7 = ko NV || Ax||

= ki N7O/REHINY2 || Ay]|. Tt now follows immediately from Assumption 5

that Dy = O,(1) and T = 0,(1). Therefore, ¥, y and iit, ~ also satisfy the
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properties maintained for v; and v;; in Lemma 6.

Now recall the expressions for Eﬁ,, N> Tig N5 Vi v and Ty v given in (A.18),
(A.19), (A.22) and (A.23), and the inequality (A.24). Then by the triangle

and Holder inequalities with ¢ = 2 + 6, 6 > 0, and % + % =1, as well as
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(A.26) yields

= = 1 T = =
@/)it,N - ¢it,N - ‘Tzszl(uis,N - uis,N)
Lo |2 =
< ?25:1 Uis N — uis,N‘

1 -

= fzzzlzévzl Jwijn | By [wje v | s, v — s v ]
1

< = AN Z 2 Jwig v | B [w)in] [ dis,w]|

1
= 7 AN [wij v S50 Jwji ] || dis |

1 1/
< T”ANHZ;‘V:I wign| [S S [wan]F] 7 *
1
(ST 5 ([dian]1] (A.31)
< L1ANIEY, gl [TEY o]
S 7 AN &= [WijN =1 (Wit | } *
_ 1
[(NT)'ST_ S [[dis ][]V (NT) e
1
< ?(NT)”‘JHANHEL|wij,N|T1/pkw*
_ 1
[(NT)'ST_ 5 [[ds ][]
< NYI||Ay| 2

_ 1
[(NT)'ST_ 5 [[dgs ][]

= ==
— DNTN7

where Dy = [(NT)7'ST_, SV [|disn||Y? and Ty = k2N || Ay]|

= k2 N7O/RCHIINLZ||Ay]|. Again, it follows immediately from Assumption
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5 that Dy = 0,(1) and Ty = 0,(1). Therefore, Eit’ n and Eit’ y also satisfy
the properties maintained for v;; and v;; in Lemma, 6.

Having verified that all variables involved in the quadratic forms in (A.15)
considered in Lemma 7 satisfy the conditions of Lemma 6, then Lemma 7

follows from Lemma 6.

The proof of Theorem 2 requires a central limit theorem (CLT) for tri-
angular arrays. The CLT follows directly from a corollary to the Lindeberg-
Feller CLT for triangular arrays using the Cramer-Wold device. That corol-
lary is, for example, given in Billingsley (1995, problem 27.6, pg. 368).

Theorem A. Let {v;y,1 <i < NT,N > 1} be a triangular array of
random variables, where T is a fixed positive finite integer, that are identically
distributed, and for each N > 1 (jointly) independent, with Ev;, y = 0
and Eviy = 0%, 0 < 0® < oo. Let {z5n,1 < i < NT,N > 1}, j =
1,..., K, be a triangular array of real numbers, where T is a fixed positive
finite integer, that are uniformly bounded in absolute value, that is, k, =
SUP N7 SUD; < N7, j < ¢ |2ij, N| < 00. Furthermore, consider {Vy : N > 1} and
{ZN N > 1}, where Viy = (Vi,N)z‘:l,...,NT and Zy = (Zij,N)z‘:l,...,NT; j=1,...K

denote the corresponding sequences of N7T' x 1 random vectors and NT' x K

46 A similar theorem has been used in Kelejian and Prucha (1999).
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real matrices, respectively. Let

(NT) ' ZNZn = Q,

i
be finite and positive definite. Then
(NT) Y27 Vy 2 N(0,0%Q).
Proof of Theorem 1. To prove part (a) of the theorem observe that
(NTY 2B — B] = [(NT) 23024 Zn) H(NT) 2240 ke,

where BGLS’N is defined in (23) and Zy = [Ir ® (Ix — pWn)] Xn. Note that
in general the elements of Zy will depend on the sample size. Furthermore,
under our maintained assumptions the elements of Zy are uniformly bounded
in absolute value by (1 + ky)k..

Recall from (17) that

Oy = 07°Qun + 0,7 Qo (A.32)
Therefore,
]}EI;O(NT)_IZ&Q;}VZN = ]\}EHOO(NT)_I[UEQZ&QO,NZN +
01 *Zy Q1N ZN]

= 0,7Q,0,.(P) +01°Q,, (),
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where @ ( p) and Q le(p) are defined in Assumption 3, and are finite and
nonsingular.

Recall from (6) that

ey = (er @ In) iy + VN

Furthermore, by Assumption 1 the error terms, vii n,...,UN1N,-- -, VITN,
...,vnrnN are identically and independently distributed and for each N > 1
jointly independent with mean zero and finite variance o. Similarly the error
terms, /iy y, ...,y y are identically and independently distributed and for
each N > 1 jointly independent with mean zero and finite variance ai. In
addition, the two processes {vi,n} and {j; } are independent of each other.

Now we express

(NT) V2 Z Q- ven = (NT)VPZR QN (er @ In)puy + (NT) V2 Z'Q \ow.

123



Using the definitions of @1 x and Qo y in (8) we have

Qon(er ® Iy)

in(er ® Iy)

(1 =) & In)ler @ L)

(Ir — %)eT ® Iy

(er —er)®In =0, (A.33)
(o @ In)(er @ L)

(Zerety)

(er ® Iy).

Using the results in (A.32) and (A.33) we express

(NT)™2Zy 00

(er ® In)uy = (NT)"?Zyoy”

(er @ In)pn-

Next by Assumption 3 and (8) observe that

lim (NT) o7 *ZN(erer @ In)Zn

N—oo

lim (NT)

N—oo

N 2y

/
lim (NT)_lTal_‘*Z;V(% ® Iy)Zy

N—oo

lim (NT) ' To*ZNQi.nZn

To1'Q,,.. (),

lim (NT)_IU;4ZJ/VQ17NZN -+

N—oo

lim (NT) o, *ZNQonZN

N—o00

(p) +0,Q

—~xQox

(p)-

4
91 Qlex
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Then by Theorem A

_ _ D _
(NT) I/QZ],VQEJIV(eT ® IN)MN - N{07 O-Z[Ta-l 4QwQ1x(p)]}7

(NT) 2200 oy 2 N{0.02[07Q,,(9) +02°Q,, (9]}

where @ le(p) and @ Qox(p) are defined in Assumption 3. Given o7 =
02 +To?, and by Assumption 1 that the two processes {y; y} and {vyn} are

independent of each other, it then follows that

(NT)V2Zy S yen = (NT)V2Z0Q0 \(er @ In)uy + (NT) V220 \ow
=[N0, [02(Tor*Q (D]} + (A.34)

N{0,[02(07'Q () + 0, Q, 0 (P)I}]
= NA0,[(To}, + 001" Q.. () +0,°Q

(P)1}-

(0)1}

—~xQox
= N{0.07%Q,,, () +0,%Q

—~xQox

By Assumption 3 and (A.32)

lim (NT) "2 3 Zy = lim (NT) o, *ZyQonZn +

01 2 Zy Q1N ZN] (A.35)

= 00,0, (1) +77°Q, ()
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then it follows from (A.34) and (A.35) that*’

[ (NT)‘leVQ;}vZN]‘l(NT)‘l/QZ]’VQ;}VsN

lim
N—oo
= [0,°Q,,,(P) T 01°Q,, (P)] "

(NT) V2230 hen (A.36)
D -2
= NA0,[01°Q,, ,(0) +

0,7Q 0. (P

—=zQoT

Therefore,

(NT)Bepsy — Bl = NA{0,[07°Q,, () +0.°Q . (9] '},

—zQox

which also implies that BG Ls.n 18 a consistent estimator of 3.

We prove part (b) of the theorem by showing that
(NT)1/2[5GLS,N - 5FGLS,N] 50 as N — oo.
To prove this it suffices to show that*®

(NT) X {[Ir @ (In — By Wa) QN I ® (In — Py Wi)] —

[Ir @ (In = pW)IU p I @ (In — pWa)]}X 50, (A.37)

47See Greene Ch. 12 Pg. 501-502, 2000.
48See Schmidt, pg. 71, 1976.
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and

(NT) XA [T @ (In = Dy W) Q2 W I @ (In = pyWi)] —

[Ir @ (In — pW)IQ W[ Ir ® (In — pWx)Jun 5 0, (A.38)

N ~—2 ~—2 ~—2 ~—2 . .
where Qg,}v =0y y@Q1v + 0, yQon and 07y and 7,7 are consistent estima-

tors of o2 and o2, respectively.

Using the above expressions for Q;]lv and ﬁ;]lv and by (11) we get

[Ir @ (In = Py W) NI @ (In = Py W) —

[Ir @ (In — pWi)IQ- y[Ir @ (In — pW)]
= [Ir® Iy —pxWy)Un — ﬁNWN)]Q;le -

[Ir @ (In = pWi)(In = pWN)IQ y (A.39)
= [Ir® Iy —pxWx)In — ﬁNWN)]Q;JIV -

r @ (In — pWi)(Iy — pW)I} +

Ir @ (In — pWi)(In — pWi)I Q) —

[Ir @ (In = pWi)(In = pWN)IQZ
= [Ir @ [-(x — D)Wi +Wx) + (0% — PIWRWNI(GT 3 Q1 + 5, v Qo) +

[ ® (In = pWR) Iy = pWw))[(@F1 5 = 07) Q1 + (G, 5 — 0, °)Qon].

127



Using (A.39) in (A.37) and (A.38) we have

(NT) ' X' {[Ir ® (In = DAWA)IQ N I @ (Iv — Dy W)

~lIr @ (Iy = pW)IL vl © (In — W)} X (A.40)
= —(x = P(NT) X {[Ir @ (Wi + W)][B7 v Q1w + 5, v Qon]} X +

(P = PPYNT) X {[Ir @ (WaAWn)][61 5 Qun + 7, v Qon]} X +

(@7 = ot )INT) X {[Ir @ (In = pWia) (In = pW)]Qun}X +

G, %y — o, )(NT) ' X {[Ir ® (Iy — pWR) (In — pWN)]Qon 1 X,
and

(NT) X {[Ir @ (Iy = WIS NI ® (Iy — Py Wi )] —

[Ir @ (In — pW)IQ 7 ® (Iv — pWi)] bun (A.41)
= —(x = PINT) X {[Ir @ (Wyy + W[5 ¥ Q1w + 5, 3 QonlYun +

(Px = P YINT) 2 X 0 { [T © (Wy W) [67 3 Qv + T, v Qo] bun +

(Grx — o7 ) NT) X { e @ (Iy — pWi)(In = pWn)]QunYun +

@, 58 — o, )(NT) V2 X\ {[Ir @ (In — pW ) (In — pWi)]Qon fuun-

Next we note that under our maintained assumptions the elements of Xy,

Wi, Qo,n and @1y are uniformly bounded in absolute value by k,, k,, 1, 1,
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respectively. It then follows from Lemma 1 that the elements of

(NT)" X {[Ir © (Wy + Ww))Q1x} X,
(NT) ' X {[Ir ® (Wi + Wi )| Qo } X,
(NT) ' X {[Ir ® (W Wy)Q1n} X,
(NT)™ XA [Ir @ (Wi Wn)] Qo } X,
(NT) ' X {lIr © (In — pWi) (In = pWn)]Qu N} X,

(NT) ' Xy A{[Ir © (In — pWR) (In — pW)]Qon } X n,

are uniformly bounded in absolute value by 2k2k,,, 2k2k,,, k2k2, k2k2 ) k2(1+

wy rtwr Yrtwr Y

kw)?, k2(1 + k)2, respectively. Condition (A.37) then follows from (A.40),
since py, Er\i, N and Ei v are consistent estimators of p, 02 and o2, respectively.

Next consider the following expressions in (A.41):

oin = (NT)V2X\{[Ir @ (Wi + W) Qi un,

Gov = (NT)'2X{[Ir ® (Wy + Wy)]Qon }uw,

San = (NT) 72X {[Ir ® Wy + W)|Qun Jun, (A.42)
dan = (NT)V2X\{[Ir @ (Wy + Wy)]| Qo Yun,

ds = (NT)"2Xy{lIr @ (In — pWx)(In — pWi)| Q1w }un,

Sov = (NT) X3 {[Ir ® (In — pWi) Iy — pWn)]Qo,n Huw.
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It is evident that Edo; y = 0, for ¢ = 1,...,6. Using (7), (13) and Pn(p) =
[In — pWy]| ™! the variance-covariance matrix of d; y for i =1,...,6 is
ES; N6y = (NT) ' Xy ®: Xy i=1,...,6

where

® = oi{lr @ [(Wy + Wx)Pxn(p)Pxn(p) Wy + Wi)]}Q1n,
®y = oo{lr @ [(Wy + Wn)Px(p)Pn(p) (Wi + W)} Qo
O3 = o{Ir @ [(WyWn)Pn(p)Pn(p) (WNWi)} Q1 N,

;= oo{lr @ [(WyWx)Px(p)Px(p) (WyWy)]} Qo

J
ds = a%(TT@)IN):anLN, (A.43)
o 2 JT 2
b = o,((L —?)@)IN)—OHQQN'

Under our maintained assumptions the row and column sums of Wy, Py(p),
Q1,nv and Qo n are uniformly bounded in absolute value. It then follows
from Lemma 1 that row and column sums of matrices ®; are also uniformly
bounded by some finite constant, say k; (i = 1,...,6). Since the elements
of Xy are uniformly bounded in absolute value by k,, the elements of the
variance-covariance matrices (NT) ™' X ]/V<I>,~X ~ are bounded in absolute value
by k2k; < oco. It then follows from, for example, Corollary 5.1.1.2 in Fuller
(1976) pg. 186, that the elements of §; y fori =1,...,6 in (A.42) are O,(1).
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Condition (A.38) is seen to hold from (A.41) because py, 357 ~ and Ei N are
consistent estimators of p, 02 and o%, respectively.

Part (c) of the theorem follows immediately from (A.32) and Assumption
3 and also the fact that py, Zf\i y and Zf\i n are consistent estimators of p, o2
and o2, respectively.

Next we prove that under Assumptions 1 to 5, the OLS estimator for the
model in (4)

yn = XnB + un,

BOLS’N = [ XN Xy X Nyy is (NT)Y? consistent, where N > 1 and T is a

fixed positive integer. Observe that
(NT)2(Bops —B) = [(NT) Xy Xa]  (NT) 2 Xpu
= [(NT) X3\ XN]"HNT)" Y2 Z)en,
where uy is defined in (21) and Zy is defined here as Zy = (Ir ® (Iy —

pW3) 1) Xy. Note that in general the elements of Zy will depend on the

sample size.

Recall from (6) that

ey = (er @ In) iy + vy,

Furthermore, by Assumption 1 the error terms, vii n,...,UN1N,-- -, V1T,
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..., unt,~ are identically and independently distributed and for each N > 1
jointly independent with mean zero and finite variance o. Similarly the error
terms, /iy y,..., My y are identically and independently distributed and for
each N > 1 jointly independent with mean zero and finite variance O'Z. In

addition, the two processes {vy,n} and {j; } are independent of each other.

Now we express
(NT) Y2 Zhen = (NT) V2 ZN(er @ In)py + (NT) V2 Zuy.

Assumption 3 and (8) implies that

/
lim (NT)™ Zyy(erer @ I)Zy = lim (NT)*lTZﬁv(eT;T ® In)Zx
= Jlim (NT) ' TZNQinZN
= T@lez(p)7
Aim (NT)'ZyZy = lim (NT)" Xy (Ir @ (In — pWx) " (Iy = pWR) ™) Xy
= Qulp)-

Then by Theorem A

_ D -
(NT> 1/ZZ;V(€T ® IN)HN - N{()? O-ZTQlex(p>}7

(NT)"V?Zyox 2 N{0,0%Q,,(p)}, (A.44)
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where Q,¢,,(p) and Q,,(p), defined in Assumption 3, are finite and nonsin-

gular. Next note that

Qxaz(p) - Qonz(p) + QxQ1x<p)7
ol = Tai + o2,
Thus
(NT) "2 Zjo = N{0,03(@uuap) + Qure(0))}-

By Assumption 1 the two processes {j; y} and {vy n} are independent of
each other and therefore,
(NT) V2 Zyen = (NT)V2Z\(er @ In)py + (NT) 2 Zjon

D J— J— JE—

- [N{()? UiTQlex(p)} + N{07 Ui(@x@gx(p) + Qlex(p))}]

= N{0,[07Q,q,4(p) + 72Quque(P)]}-

From Assumption 3 we have

(NT) "' XX = Qualp), (A.46)

lim
N—oo

where is ). (p) finite and nonsingular. It then follows from (A.45) and (A.46)
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that

NT) ' XWX N YUNT) Y2 Zhen
N N

= [Qulp)) ' (NT) " Zyex

lim
N—o0

= N{0, [Qua ()] (07042 (0) + 72 @000 () Q)] '}

Therefore,

(NT)2(Borsn—B) = N0, [Qualp)] ™ (07Tug,2 (0) 407 Qe (0)[Qua ()]},

which implies that 3, Ls.n 18 (NT)'2 consistent.

Proof of Theorem 2. In order to prove this theorem we first need to
show that o> s and 7 NL s.n» Which are used in the weighting matrix On
in the definition of the GM estimator in (41), are consistent estimates of o2
and o7.

The existence and measurability of py e v, NI s.n and 7 NL s Which
are defined in (40), are ensured by, for example, Lemma 2 in Jennrich (1969).
The objective function of the nonlinear least squares estimator and its cor-

responding nonstochastic counterpart are given by, respectively,

Ry(0) = [Gnlp.p* ol ot — gn] [Gnlp, p*, 02, 03] — gn),



’ . ~ ~2 ~2
where § = (p, 02, 07) . To prove the consistency of (Pxr.s Ty NLsN: T1 NLSN);

we show that conditions of, for example, Lemma 3.1 in Potscher and Prucha
(1991a) are satisfied for the problem at hand. We first show that § =

(p,02,03) is identifiably unique. By (36) we have

TN = FN[ﬂ? p27 0-12;a U?]

Hence Ry (0) = 0 and

Rn(0) — Ry(0)

= [p—pp—p’ g —osal — il

2 2 2 2 2 21/
lp—p,p°—p°, 0, — 0L, 0f — 07

> Ain(LNIN)[p = p, p° — P08 — 02,03 — o]

2 2 2 2 2 21/
lp—p,p°—p° 0, — 0,0 — 07

> Mp—pai—or ol —alllp—p.as— ool — ol = A0 — 0

utilizing Assumption 6. Hence for every € > 0 and any N, we have

inf — — inf

— > _nl1?2 = 2
{Q:||Q—9||26[RN<Q) RN(Q)]—{Q:HQ_QHZG)‘*HQ 01" = Ae” > 0,

which proves that 6 is identifiably unique. Next, let Fy = [Gy, —gn] and
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Oy = [[n, —yy]; then for p € [—a,a], 02 € [0,b,] and o3 € [0, b]

/ /

|Ry(0) —Bn©)| = |lp,p% 02 03 1)[FyFy — ®y0n] ,QQ,gi,g?,l]‘

2 2
o, 1]

)=

< )FJ’VFN . <1>’N<I>NH |p, o2 0

< ||Fmy - Syo|[ 1+ a2 +at + 82+ 82,

Lemmata 5 and 7 imply that Fy — Py 2, 0 and that the elements of F v and
®y are O,(1) and O(1), respectively. It then follows that Ry(0) — Rn(0)

converge to zero uniformly over the (extended) parameter space, that is,

sup ‘RN (@) — Rn(0) ‘

pE[—a,a),02€[0,b,],02€(0,b1 ]

< ||y - aan[ [+ a2+ at 8248 20

as N — oo. The consistency of (Dyrs a0 nisns O nigy) How follows di-

rectly from Lemma 3.1 in Potscher and Prucha (1991a).

Given that &, v 4y and &; y.gy are consistent estimates of o2 and 0%,
we now show the consistency of Py n, G nrsn and G ~rs.n Which are
defined in (41).

The existence and measurability of Py v, G ~rsn and o NLSN are
ensured by, for example, Lemma 2 in Jennrich (1969). The objective function

of the nonlinear least squares estimator and its corresponding nonstochastic
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counterpart are given by, respectively,

Rn(0) = [Gulp,p% a2, — gn) O Gnlp, p?, a2 a2 — gl

!

where 0 = (p,a2,07) .
We now establish two preliminary results implied by the assumptions.
First we show that Api,(IyOx' T'n) > A, for some A\, > 0. To see this let

A= (aij) = F&NFO,N and B = (sz) = F/LNFLN' Then in hght of (36)

a1 a2 aiz 0 bii bz 0 b3
/ . az; aze azz 0 bar baa 0 bos
FNFN_ a31 Q3 as3 0 + 0 0 0 0
0 0 0 0 b31 b32 0 b33
Hence in light of using Assumption 6,
' T\Tne = [21, 20, 23] A1, T2, 23] + [T1, 22, x| Blw1, T2, 4]
> Amin(A)[21, Ta, T3] [21, T2, 23] + Apin (B) [21, T2, T4][21, T2, 4]
> Nz,

and thus in light of, e.g., Rao (1973, p. 62)

T\ T yx

Amin (T n) = inf > A > 0.
(I'vI'w) m o z
Next observe that
_ 4 NS It N 2T T
Anin(TyON' Ty) = lgf% > )\min(@Nl)H;f;C—x

= )\min(@]_\[1>>\min(FINFN) Z >\o > 07

137



with Ao = A, since Apin (') > A > 0 by assumption.
Second we show that ©' = O(1). For notational convenience let Sy =
@]_Vl. To verify the claim we need to show that |s;;n| < k < oo for some

constant k that does not depend on N. Again in light of Rao (1973, p. 62)

Amin(SN) = infoNx, Amax (SN) = maxxSNx

r x'r z  xlr

Hence it follows from the maintained assumptions concerning the smallest

and largest eigenvalues of Sy = ©3' that

rSnx

0< A\ < < Nwe < 00.

x'x
Taking = to be a vector that has a one in the ¢ — th and j — th positions and

zeros elsewhere we have

0 < A < (siun+8jn+285n8)/2 < Aw < 00 i # j.

From this it is readily seen that |s;; | < A for all 4, j which proves the
claim.

To prove the consistency of (s O NLS, N O NLs.N); We show that
conditions of, for example, Lemma 3.1 in Potscher and Prucha (1991a) are
satisfied for the problem at hand. We first show that 6 = (p, 02, 03)" is
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identifiably unique. By (36) we have

v =Inlp, p°, 02, o]

Hence Ry (0) = 0 and

Ry (0) — Ry(0)

= [p—p.p° =90 —0s.0f — o TNOR' Ty

v

2 2 2 2 2]’

lp—p,p°—p* 02 — 02 0} — 0}

2 2 2 2]

> Aain(DNON' TN — p,p° — p°, 00 — 02,07 — 0]

[B_p>£2 _p2ag12; - 0—37Q% - 0—%],
> Alp—p.at—o2 0t —alllp—p.at— oot — o3 = N[0 — 0

utilizing Assumption 6. Hence for every € > 0 and any N, we have

inf

{0:110—-0ll =€

[Rn(0) — Rn(0)] >

inf

10— 0]12 = N2
(00— 0| > o1 = 2 >0

which proves that 6 is identifiably unique. Next, let Fy = [Gy, —gn] and

Oy = [[n, —yy]; then for p € [—a,a], 02 € [0,b,] and o7 € [0, by]

|Rn(0) — Ry ()]

IN

IN

WOy Py — @300 ]| [|p, p% 0 3 1

‘FJ'V(:);VIFN - @}V@*@NH [1+a*+a" + b2 +b]]
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Lemmata 5 and 7 imply that Fy — ®y - 0 and that the elements of Fjy and
®y are Oy(1) and O(1), respectively. We also note that by the consistency
of 52 nrsn and o ~zsn and the definition of Oy in (41), On — Oy B0,
furthermore, the elements of Oy and Oy are O,(1) and O(1), respectively.
It then follows that Ry(f) — Rn(f) converge to zero uniformly over the

(extended) parameter space, that is,

sup |Rn(0) — Rn(0)]

pe [—a,a] 70121 € [Ovbﬂ] 70'% € [07b1}

< || FvON' Fy - q’lN@Nflq’NH 1+a*+a* +02+ 1] 20

. ~ ~2 ~2 .
as N — oo. The consistency of (Dyrsn: 0y Nrsn: 01 nzsn) Dow follows di-

rectly from Lemma 3.1 in Pétscher and Prucha (1991a).
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5 Appendix to Chapter 3

5.1 A Linear City Model of Product Differentiation
with Heterogenous Consumers

Consider a city that can be represented as lying on a line segment of length

1, as shown in the figure

There is a continuum of consumers whose total number is /N who are assumed
to be uniformly located along this straight line segment. A consumers loca-
tion is indexed by z € [0, 1], the distance from the left end of the city. At
each end of city is located one supplier of a commodity: Firm 1 is located at
the left end of the city and Firm 2 is located at the right. This commodity
is produced at constant cost of ¢ > 0. The consumers are heterogeneous in
terms of the quantity demanded. Without loss of generality, let us assume
that consumers located between [0, z*] demand d; units of commodity, con-
sumers located between [2*, 2**] demand dy and consumers located between
[2**,1] demand d3 units of commodity and derive gross benefits vy, v and

v, respectively from its consumption. The total cost of buying from firm j
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for a consumer located at distance x from firm j is p; 4 tx, where p; is the
price charged by firm j and ¢/2 is the cost or disutility per unit of distance
traveled by the consumer in going to and from the firm j’s location. The
presence of travel cost induces product differentiation between firms. As a
simplifying assumption let 2* < 1/2 < 2**.

Ignoring the possibility of nonpurchase by consumers, will purchase from
the location with the minimum delivered price, that is, price charged at the
firm and also the cost of travelling to and from the firm. Given pair of prices,
p1 and po charged by firm 1 and firm 2, respectively, consumers at locations
[0,2) buy from firm 1. At these locations p; +tz < py 4+ ¢(1 — 2) (purchasing
from firm 1 is better that purchasing from firm 2). Consumers at locations
(2, 1] will buy form firm 2. The location of the consumer who is indifferent

between the two firms is the point z such that
Ptz =ps+t(1—2),

or

t+p2—p1

- (B.1)

o
Given p; and py, let Z be defined as in (B.1). Then firm 1’s demand given a
pair of prices (p1,p2), equal dyz* + dy[Z — 2*], when 2* < Z < 2™, d;Z when
0 <Z < 2% diz*+ doz™ — 2*] + d3Z when 2™ < Z < 1. Substituting for z
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from (A1) we have

xl(p1,p2) -

(0

dl ( t+p2—p1 )N

2t

[dz ( I+p2—p1 )

2t

+<d1 — dg)Z*]N

[ds(H2222)

+(d2 — dg)z**
+<d1 — dg)z*]N

[d3 + (dg — dg)Z**

+(d1 - dg)Z*]N

if

p1>p2t+t

p1 € [p2+1—2t2* py + ]

p1 € [p2 +1 =262 py +1 — 2t27

p1 € [p2 —t,p2 +t — 2tz

p1<p2—t
(B.2)

and by symmetry of the two firms the demand function of firm 2, x5(py, p2)

$2(p17]02) =

(0

d3 ( t+p21t—pz ) N

[d2 ( l+p1—p2 )

2t

+(ds — da)(1 — 2*)|N

[dl ( t+p1—p2 )

2t

+(ds — da)(1 — 2*)|N

[dg + (dg — dg)z**

+<d1 — dg)Z*]N

p2>p1+i

po € [p1 — t + 2t2** py + 1]

po € [p1 —t+2t2% pp — t + 212"
if

pe € [p1 —t,p1 — €+ 2t2*]

p2<pp—t
(B.3)

I assume that (dy, ds, ds, z*, 2**) are such that firm 1 in searching for its

best response to any price choice of firm 2 will restrict itself prices in the

interval [py + t — 2t2**,py + t — 2tz*] and firm 2 in searching for its best
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response to any price choice of firm 1 will restrict itself prices in the interval
P2 € [p1 —t+2tz*, py —t + 2tz**]. Thus, firm 1 best response to firm 2 prices,

po solves

t+p2—p1)+

2t (dl — dg)Z )N

max(p; — ¢)(da(
p1
s.t.py € [po +1— 22" po +1 — 212"

The necessary and sufficient (Kuhn-Tucker) first order conditions (foc)

for this problem (assuming interior solution) is

(di — da)

t+po+c—2p +
da

2tz = 0. (B.4)

Solving the (foc) in (B.4) yields

_ttmte  (d—d)

5 7 tz". (B.5)

b1

Similarly we can solve the (foc) for firm 2 given the prices of firm 1, p;

which would yield

_t+p1+c+(d3—d2)
N 2 ds

D2 tz™. (B.6)

It is evident from (B.5) and (B.6) that p; for i = 1,2, is inversely related
to ds. This implies that price is determined by the level of demand of the
marginal customer. However, if the agents were identical, that is, dy = dy =
ds, then prices are independent of the level of demand.

144



6 List of Tables

6.1 Table 1: Estimation results, the weighting matrix
is based on measures of closeness by actual road
distance, for third week of August 1999

EQUATION (60) EQUATION (62)
VARIABLES OLS 2SLS OLS GS2SLS
DyPR99Y 811 ** 578 ** 900 ** 574 **
(.032) (.090) (.022) (.091)
CRPRY99 227 ** 501 ** 126 ** 513 **
(.066) (.121) (.047) (.125)
PADD, -.004 -2.232 * -.372 -2.20 *
(.885) (1.25) (.602) (1.30)
PADD, -.389 -2.546 ** .040 -2.54 **
(.701) (1.084) (.474) (1.12)
PADD; -.707 -.967 -.856 -.934
(1.20) (1.44) (.822) (1.51)
PADD, -.155 563 -.459 561
(71) (.816) (.490) (.85)
SPOT99 .064 134 ** .030 132 **
(.032) (.043) (.024) (.043)
PERST99 315%* 477 ** 222 ** A48T **
(.14) (.164) (.099) (.170)
Cc0o99 -.007 -.016 .004 -.017
(.021) (.023) (.017) (.023)
POPY9 - 281%* -.283 ** -.283 ** -.285 **
(.091) (.099) (.089) (.099)
DyPOPY99 .190 .160 233 152
(.091) (.100) (.089) (.100)
EA99 247%* 292 ** 175 * 302 **
(.113) (.126) (.090) (.126)
INC99 -.128 -.178 -.077 -.185 *
(.100) (.110) (.081) (.111)
DNINCY99 - 108** -.107 ** -.095%* -.108 **
(.033) (.036) (.033) (.036)
P99 -.31 .06
Moran 1 -4.67 .40
Observations 289 289 289 289
R’ .92 .97

Dependent variable PR99. The weighting matrix is based on measures of closeness by
actual road distance. Standard errors are in brackets.
Note: Column 4 and 5 are estimates after correcting for spatial correlation in the

disturbances.

(*) indicates significance at 10%. (**) indicates significance at 5%.
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6.2 Table 2: Estimation results, the weighting matrix
is based on measures of closeness by actual road
distance, for third week of January 2000

EQUATION (60) EQUATION (62)
VARIABLES OLS 2SLS OLS GS2SLS
DyPROO L691%* .689%* 875%* 835%*
(.046) (.127) (.032) (.093)
CRPROO 385%* .388%* 180%** 220%*
(.090) (.150) (.063) (.104)
PADD, -1.47%* -1.473%%* -.833 -.875
(.738) (.695) (.527) (.536)
PADD, -.505 -.505 -.246 -.255
(.454) (.626) (.304) (.307)
PADD; -1.928 -.930 -.538 -.555
(.627) (.782) (.455) (.460)
PADD, -2.43 -2.44%* -1.32%* -1.463%*
(.896) (.713) (.591) (.670)
SPOT00 .024 .024 .005 -.003
(.060) (.06) (.042) (.046)
PERSTO00 190%* 191%* .108* A17*
(.092) (.097) (.061) (.064)
CO00 015 015 011 .012
(.019) (.020) (.015) (.016)
0XY00 -.454 -.45 -.205 -.162
(.538) (.552) (.468) (.482)
POPOO -.153* -.152% -.137% -.124
(.081) (.087) (.077) (.083)
DyPOPOO 172%* 172%* 115 116
(.082) (.082) (.076) (.077)
EA00 -.009 .008 -.007 -.009
(.092) (.100) (.070) (.079)
INCO00 .008 -.010 .002 -.009
(.082) (.087) (.064) (.069)
DyINCO0 -.056%* -.055%* -.020 -.021
(.028) (.028) (.026) (.027)
Poo -.32 =31
Moran | -4.36 -2.15
Observations 289 289 289 289
R’ .60 81

Dependent variable PR00. The weighting matrix is based on measures of closeness by

actual road distance. Standard errors are in brackets.

Note: Column 4 and 5 are estimates after correcting for spatial correlation in the

disturbances.
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6.3 Table 3: Estimation results, the weighting matrix
is based on measures of closeness by a Euclidean

distance, for third week of August 1999

EQUATION (60) EQUATION (62)

VARIABLES OLS 2SLS OLS GS2SLS
DyPRY99 802 ** 526 ** 893 ** 517 **
(.031) (.092) (.022) (.092)

CRPRYY 218 ** 552 ** 14 ** 580 **
(.066) (.127) (.047) (.133)

PADD, =311 -2.86 ** -.112 -2.86 **
(.876) (1.26) (.594) (1.36)

PADD, -.556 -3.068 ** .096 -3.08 **
(.695) (1.10) (.469) (1.18)
PADD; 343 ** -1.54 -.587 -1.53
(1.19) (1.46) (.814) (1.61)
PADD, 37 815 -.298 .825
(.702) (.828) (.482) (.90)

SPOTY99 078 ** 156 ** .043* 150 **
(.032) (.043) (.024) (.043)

PERST99 269 * 481 ** 181 * 498 **
(.140) (171 (.098) (.183)
c099 -.010 -.019 .001 -.021
(.021) (.024) (.017) (.024)

POPY99 - 197 ** -.226 ** -.180* -.226 **
(.091) (.103) (.091) (.100)
DyPOP99 156 * 131 158 * 121
(.089) (.101) (.089) (.099)

EA99 209 * 275 ** 146 * 287 **
(.112) (.128) (.088) (.129)

INC99 -.119 -.178 -.080 -.190 *
(.099) (.113) (.080) (.113)

DyINC99 -.100 ** -.109 ** -.070 ** - 113 **
(.032) (.036) (.032) (.035)

P99 -.32 12
Moran 1 -4.67 .83
Observations 289 289 289 289
R’ .92 .96

Dependent variable PR99. The weighting matrix is based on measures of closeness by a
Euclidean distance. Standard errors are in brackets.
Note: Column 4 and 5 are estimates after correcting for spatial correlation in the

disturbances.

(*) indicates significance at 10%. (**) indicates significance at 5%.
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6.4 Table 4: Estimation results, the weighting matrix
is based on measures of closeness by a Euclidean

distance, for third week of January 2000

EQUATION (60) EQUATION (62)
VARIABLES OLS 2SLS OLS GS2SLS
DyPROO 669%* 602%* 860** 736%*
(.046) (.125) (.033) (.103)
CRPROO A400%* 466%* 180%* 308%*
(.092) (149) (.064) (.118)
PADD, -1.522%% -1.587%% -.766 -1.04*
(.750) (.761) (.540) (.607)
PADD, -.530 534 -.223 308
(.462) (.464) (311) (.353)
PADD; -.930 -973 -414 -.583
(.637) (.644) (.464) (.516)
PADD - 257%* -2.785%% -1.44%* -2.003%*
(914) (.994) (.610) (.769)
SPOTO00 037 .048 013 033
(.061) (.064) (.043) (.051)
PERSTO00 197%* 210%* 114%* 154%*
(.094) (.097) (.063) (.075)
Cc0o00 019 019 014 018
(.019) (.198) (.016) (.017)
o0XY00 -413 -.346 .005 -.028
(.546) (.56) (.476) (.517)
POPOO - 167%* -.147 - 133% =127
(.083) (.09) (.079) (.086)
DyPOPOO 208%* 207%* 130%* d61**
(.082) (.082) (.078) (.080)
EA00 .024 .0002 .023 -.009
(.094) (.103) (.071) (.088)
INCO00 -.002 015 -.017 015
(.083) (.089) (.066) (.077)
DyINCO00 -.068%* -.067%* -.028 -.043
(.028) (.028) (.026) (.027)
Loo -.30 -.28
Moran 1 -4.17 -1.48
Observations 289 289 289 289
R’ .58 .80

Dependent variable PR00. The weighting matrix is based on measures of closeness by
euclidean distance. Standard errors are in brackets.
Note: Column 4 and 5 are estimates after correcting for spatial correlation in the

disturbances.
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6.5 Table 5: Estimation results of the robustness test

EQUATION (63)
VARIABLES HIGH DEMAND LOW DEMAND
(t=99) (t=00)
D'NPR(1) 811 741
(.058) (.086)
D’\PR(t) .808 723
(.053) (.085)
D \PR(t) 819 750
(.045) (.084)
D*\PR(t) 791 720
(.075) (.096)
D NPR(1) 811 654
(.049) (.088)

Dependent variable PR(?). The weighting matrix is based on measures of
closeness by actual road distance. Standard errors are in brackets.
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6.6 Table 6: Estimation results, after including tax as
one of the explanatory variables, for third week of
August 1999

EQUATION (60) EQUATION (62)
VARIABLES 2SLS GS2SLS
DyPR99 0.516** 0.486%*
(0.097) (0.097)
CRPRY99 0.57** 0.622**
(0.13) (0.137)
PADD, -4.26%* -4 .577**
(1.644) (1.757)
PADD, -4.06** -4.336%*
(1.355) (1.44)
PADD; -3.93% -4.313%*
(2.08) (2.244)
PADD, 1.186 1.296
(0.903) (0.993)
SPOT99 0.15%* 0.148**
(0.045) (0.045)
PERST99 0.192 0.188
(0.212) (0.232)
c0o99 -0.02 -0.026
(0.024) (0.024)
POPY99 -0.27** -0.278%**
(0.104) (0.101)
DyPOP99 0.159 0.138
(0.104) (0.102)
EA99 0.299%** 0.322%*
(0.13) (0.132)
INC99 -0.2%* -0.217%*
(0.115) (0.116)
DyNINC99 -0.1%* -0.106**
(0.037) (0.037)
TAX 0.091** 0.106**
(0.043) (0.046)
) .14
Moran I 93
Observations 289 289
R .90 .87

Dependent variable PR99. The weighting matrix is based on measures of
closeness by actual road distance. Standard errors are in brackets.
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6.7 Table 7: Estimation results, after including tax as
one of the explanatory variables, for third week of
January 2000

EQUATION (60) EQUATION (62)
VARIABLES 2SLS GS2SLS
DyPROO 0.642%%* 0.796%**
(0.129) (0.101)
CRPROO 0.439%%* 0.267**
(0.15) 0.113)
PADD, -1.00 -0.593
(0.756) (0.571)
PADD, -0.31 -0.132
(0.456) (0.328)
PADD; -1.1* -0.711
(0.631) (0.482)
PADD, -2.03** -1.279%
(0.954) (0.688)
SPOT00 0.017 -0.002
(0.062) (0.048)
PERSTO00 0.106 0.066
(0.097) (0.07)
co00 0.013 0.01
(0.019) (0.016)
0XY00 -0.45 -0.166
(0.546) (0.492)
POPOO -0.15* -0.133
(0.086) (0.083)
DyPOPOO 0.168%* 0.118
(0.081) (0.077)
EA00 0.025 0.016
(0.098) (0.08)
INCO00 -0.01 -0.014
(0.085) (0.07)
DyINCOO -0.05* -0.023
(0.028) (0.027)
TAX 0.064** 0.044%**
(0.026) (0.019)
Poo -0.26
Moran I -1.77
Observations 289 289
R .60 .80

Dependent variable PR0O0O. The weighting matrix is based on measures of
closeness by actual road distance. Standard errors are in brackets.
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49This map has been taken from “How Pipelines make the Oil Market Work- Their

Networks, Operation and Regulation,” Allegro Energy Group.
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7.2 TFigure 2: Network of Qil pipelines in the US

Figure 2:

Major Refined Product Pipelines

%0This map has been taken from “How Pipelines make the Oil Market Work- Their
Networks, Operation and Regulation,” Allegro Energy Group.
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