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Sampling theory investigates signal recovery from its partial information, and
one of the simplest and most well-known sampling schemes is uniform linear sam-
pling, characterized by the celebrated classical sampling theorem. However, the
requirements of uniform linear sampling may not always be satisfied, sparking the
need for more general sampling theories.

In the thesis, we discuss the following three sampling scenarios: signal quan-
tization, compressive sensing, and deep neural networks.

In signal quantization theory, the inability of digital devices to perfectly store
analog samples leads to distortion when reconstructing the signal from its samples.
Different quantization schemes are proposed so as to minimize such distortion. We
adapt a quantization scheme used in analog-to-digital conversion called signal deci-
mation to finite dimensional signals. In doing so, we are able to achieve theoretically
optimal reconstruction error decay rate.

Compressive sensing investigates the possibility to recover high-dimensional

signals from incomplete samples. It has been proven feasible as long as the signal



is sufficiently sparse. To this point, all of the most successful examples follow from
random constructions rather than deterministic ones. Whereas the sparsity of the
signal can be almost as large as the ambient dimension for random constructions,
current deterministic constructions require the sparsity to be at most the square-
root of the ambient dimension. This apparent barrier is the well-known square-root
bottleneck. In this thesis, we propose a new explicit sampling scheme as a possible
candidate for deterministic compressive sensing. We present a partial result, while
the full generality is still work in progress.

For deep neural networks, one approximates signals with neural networks. To
do so, many samples need to be drawn in order to find an optimal approximating
neural network. A common approach is to employ stochastic gradient descent, but it
is unclear if the resulting neural network is indeed optimal due to the non-convexity
of the optimization scheme. We follow an alternative approach, utilizing the deriva-
tives of the signal for stable reconstruction. In this thesis, we focus on non-smooth
signals, and using weak differentiation, it is easy to obtain stable reconstruction for
one-layer neural networks. We are currently working on the two-layer case, and our

approach is outlined in this thesis.
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Chapter 1: Introduction

1.1 Overview

Harmonic analysis has always been one of the most applicable branches in
mathematics, having strong and active interactions with the engineering commu-
nities. With the advancements of information technology, and more recently the
uprise of machine learning and deep learning, this field is gaining even more atten-
tion, attracting the best mathematicians in the world, such as Daubechies, Mallat,
Tao, Yau, Bourgain, and many more.

Harmonic analysis can be found in many places, both applied and pure. For
direct applications, signal processing and data analysis is present in virtually all
scientific fields, as long as there exist signals or data of any kind in the field. For
instance, the introduction of compressive sensing has greatly reduced the cost and
time needed for MRI scanning, while the research in machine learning makes many
automated processes possible, from facial recognition to self-driving cars. On the
other hand, harmonic analysis also has a profound impact in the development of
mathematics itself. Fourier analysis, an integral part of harmonic analysis, has
always been influential in partial differential equations (PDEs) and number theory,

and in turn it also evolves along with every branch of mathematics to even greater



generalities. In short, harmonic analysis is both applied and abstract, and the
feedback from both sides only accelerates its evolution.

Sampling theory in signal processing investigates the problem to retrieve full
information of the objects in interest from only a fraction of it. Classical examples
includes X-rays, MRIs, and Analog-to-digital (A/D) conversions. Originally, the
sampling theory focused on the linear uniform sampling on R, where the classical
sampling theorem states that given a bandlimited function f : R — R, i.e., an L?
function whose Fourier transform is compactly supported, it is possible to recon-
struct the function from its uniform discrete time samples { f(nT') } ez, where T' > 0
is sufficiently small. However, the limitation of available resources and physical con-
straints call for extension of the theory to non-uniform (balayage, short-time Fourier
transform, etc. ) and non-linear sampling (signal quantization, compressive sensing,
etc. ). This thesis contributes to nonlinear sampling theory in the form of signal
quantization and compressive sensing.

Another subject in applied harmonic analysis is machine learning, and in par-
ticular deep learning. Deep neural networks in deep learning have yielded excellent
results in numerous tasks, but the theories to back up its success are relatively lack-
ing. Current efforts from mathematicians on deep learning can be classified into
two aspects: the approximation power of deep neural networks and the optimiza-
tion problems on the parameters. As deep neural networks generally have millions
of parameters, identification of the true parameters can be troublesome. A popular
choice is to use stochastic gradient descent (SGD) to minimize certain loss functions.

However, the optimization is often non-convex, so there is no guarantee for recovery



of the global minimum. Moreover, the optimization is often slow due to the high
dimensionality.

An alternative is proposed to replace SGD, which utilizes the derivative of
the neural network to recover the parameters via tensor decomposition. Posed as
a signal recovery problem from its samples, I studied the recovery of ReLLU neural
networks with two layers.

In terms of connections, signal quantization and compressive sensing, and to
some extent, weight identification for deep learning, belong in nonlinear sampling
theory. Compressive sensing focuses on designing sampling schemes for data acqui-
sition, while signal quantization and weight identification are concerned more on the
post-processing and signal recovery. In Section 1.2, we shall give a brief outline on

the problems solved in the thesis.

1.2 Description of the Problems and Contribution

1.2.1 Signal Quantization

Signal quantization theory, which leverages between resources spent to record
signal samples and the reconstruction accuracy from the quantized samples, origi-
nally comes from analog-to-digital (A/D) conversion. As mentioned above, a ban-
dlimited function can be recovered from its discrete time samples, but due to the
discrete nature of digital storing devices, one is only able to store quantized samples,
whose values come from a finite alphabet. It is natural to take the direct round-

offs of the samples and store them as quantized samples. However, this approach



has been shown [26] to be vulnerable to hardware imperfection. A more robust
scheme called YA quantization was introduced [41] in 1963 and became popular in
the engineering community, with the caveat of its slow linear reconstruction error
decay rate. Higher order XA quantization yields polynomial error decay rate, and
subsequent developments gave birth to schemes with exponential error decay rate.

In Chapter 2, we introduce two novel quantization schemes for signal quan-
tization on finite frames called alternative decimation and adapted decimation, re-
spectively. Signal decimation was introduced and studied [16] as post-processing on
YA quantization for A/D conversion. It was hypothesized in that paper that signal
decimation coupled with XA quantization yields exponential error decay rate with
respect to the bit usage, and it was proven [25] later that it is indeed the case. We
adapted signal decimation to finite frames, first in the form of alternative decima-
tion. It has a obvious connection to signal decimation, but it is only applicable up
to second order YA quantization. Further generalization requires factorization and
re-arrangement of the decimation operator which is adapted decimation.

One close competitor of decimation is distributed noise shaping, or more specif-
ically, the beta dual [17, 18]. However, we argue that the beta dual requires multi-
plication of some carefully tailored 8 > 1 on the quantized samples, while adaptive
decimation only involves summation, which makes adaptive decimation more viable

for simple hardware.



1.2.2  Deterministic Compressive Sensing

Compressive sensing investigates the feasibility to recover sparse signals from
highly incomplete measurements. Tao et al. [12, 13, 14, 15] and Donoho [29] intro-
duced the concept of restricted isometry property (RIP) to guarantee the recovery
of sparse signals. At the time, random matrices were immediately proven to satisfy
RIP for rather dense signals where the support of the signals can almost be as large
as the ambient space. This fact has led to improvements to medical imaging such
as MRIL

On the other hand, deterministic construction of such matrices saw much less
success. It has been known that given a matrix, low coherence of its columns (the
largest absolute value among the inner products of columns) guarantees the RIP
for sparse signals. However, as the Welch bound gives a lower bound of coherence,
one can only produce matrices with RIP for signals with sparsity the square-root of
the ambient dimension. Such an obstacle is aptly named the square-root bottleneck.
Numerous efforts utilized number theory for the construction, but for a long time the
bottleneck seemed unbreakable. To this date, the bottleneck was only barely eclipsed
once by Bourgain et al.[9] in 2011. Using techniques in additive combinatorics, they

1/2+¢  where n is the

were able to construct RIP matrices with sparsity up to n
ambient dimension, and ¢ ~ 10716,
Motivated by the conjectures in the properties of Legendre symbols, we inves-

tigated in matrices constructed by the Gabor system of such symbols. Following the

work by Bourgain et al., the key estimate was on the sum of inner products between



columns. In particular, the problem of deterministic compressive sensing can be
reformulated as the uniform estimate over multidimensional character sums. Inter-
estingly, the traditional Weil estimate or Polya-Vinogradov inequality both yield a
bottleneck estimate, so an even finer estimate tailored to our construction is needed.
In Chapter 3, we shall prove that for subsets consisting of consecutive indices [48],
the estimate is better than the bottleneck bound. We are continuing our effort with

the aim to tackle the full problem.

1.2.3 Deep Neural Networks

Even though the concept was already known in the 20th century, deep learning
only became feasible in recent years thanks to significant leaps in computing power.
Deep learning has been shown to be extremely useful in many tasks, but theoretical
results on it are still relatively lacking. With its promise in many fields, mathe-
matical aspects of deep learning have become an extremely popular topic among
mathematicians.

Besides the studies on the approximation power of deep neural networks, it
is also important to be able to determine the optimal parameters efficiently. As
deep neural networks generally have millions of parameters, the identification of the
true parameters can be troublesome. A popular choice is to use stochastic gradient
descent (SGD) to minimize certain loss functions. However, the optimization is often
non-convex, so there is no guarantee for recovery of the global minimum. Moreover,

the optimization is often slow due to the high dimensionality.



Fornasier et al.[32, 33, 34] proposed an alternative to SGD, using derivatives
and tensor decomposition to recover the true parameters reliably for up to two
hidden layers. However, their results only work for smooth activation functions,
therefore excluding the rectified linear unit (ReLU) which is a popular activation
function. In Chapter 4, we relax their assumption to include ReLLU activation func-
tions. As ReLU functions are not smooth, distributional derivative is necessary.

Our result for the two layer case creates a different outlook than Fornasier’s
result. In their case, there would be entangled weights that vary for different sam-
pling points. As for ours, the number of entangled weights grows exponentially with
the dimension of the first layer. Our current problem is also related to the work of
Yau et al.[45] where one constructs a convex polytope with prescribed face volumes
and normal directions. In particular, the distribution of face volumes of the convex
polytope will play an important role in our algorithm. Shen et al.[53, 54] exam-
ined the approximation power of ReLU neural networks, and their method provides
a hint on reducing the input dimension to simplify the problem further. In view
of the works above, I have proposed a technique called net-spreading, performing
weak differentiation locally for ReLLU neural networks. Leveraging the properties of
ReLU, a multi-scale version of the original algorithm used by Fornasier et al. can be
employed. Favorable properties of ReLU also allows for reliable function recovery,

which remains open in the work of Fornasier et al..



1.3 Results

1.3.1 Signal Quantization

We formulate and prove Theorem 2.3.5 and Theorem 2.3.8, which is an exten-
sion of Theorem 2.1.4 to finite frames. In particular, using our notion of alternative
decimation, which will be defined in Section 2.3, we shall prove exponential error
decay with respect to the total number of bits used.

In Section 2.3, we define alternative decimation and state our main results.
Theorem 2.3.4 is a special case of Theorem 2.3.5, where we restrict ourselves to
finite harmonic frames, a subclass of unitarily generated frames. The same result
for unitarily generated frames satisfying certain mild conditions is proven in The-
orem 2.3.5, and it is further extended to the second order in Theorem 2.3.8. The
multiplicative structure of decimation is proven in Theorem 2.3.7, and this enables
us to perform decimation iteratively.

We prove Theorems 2.3.4, 2.3.5, 2.3.7, and 2.3.8 in Sections 2.3.1, 2.3.2, 2.3.3,
and 2.3.4, respectively. Generalization to orders greater than two is done by means
of adaptive decimation, defined in Section 2.4 and Theorem 2.4.3. Its proof is given

in Section 2.4.6.

1.3.2 Compressive Sensing

Explained in [9], an equivalent property to RIP is the cancellation between

sums of inner products over arbitrary subsets of pre-determined size. As the first



step to breaking the square-root bottleneck, we prove the cancellation when the
summands consist of consecutive indices, which is given in Corollary 3.3.2, derived
easily from Theorem 3.3.1. The proof of Theorem 3.3.1 is given in Section 3.4.

We also include the motivation and possible guideline of estimates over ar-
bitrary summands in Section 3.8. In particular, we proposed power methods and
exact counting using properties of Legendre symbols. The problem is still open, and

the work for general cases is ongoing.

1.3.3 Deep Learning

In Section 4.2, we show the feasibility to use the same method as [33] for
shallow ReLLU neural networks. We first compute the weak differentiation of such
networks in Section 4.2.2. As it yields similar forms as networks with smooth ac-
tivation functions, it is possible to follow the same methods almost verbatim, as is
described in the following sections.

In Section 4.3, we show that for two-layer networks, the weak derivative of
ReLU neural networks is different from the derivative of those with smooth activa-
tion functions. This leads to an incompatibility between the methods in [34] and

our setting. We describe our new algorithm in Section 4.3.2 and provide partial



theoretical guarantees.

Chapter 2: Signal Decimation

In this chapter, we propose two quantization schemes for finite frames that
satisfy theoretically optimal error decay rates. First, we give a brief exposition
on the recent development of signal quantization theorey in Section 2.1. Then, we
formulate and prove the properties of alternative decimation and adapted decimation

in Sections 2.3 and 2.4 respectively.

2.1 Preliminaries

2.1.1 Classical Sampling Theorem and Analog-to-Digital Conversion

Analog-to-digital (A /D) conversion is a process where bandlimited signals, e.g.,
audio signals, are digitized for storage and transmission, which is feasible thanks to
the classical sampling theorem. In particular, the theorem indicates that discrete
sampling is sufficient to capture all features of a given bandlimited signal, provided
that the sampling rate is higher than the Nyquist rate.

Given a function f € L*(R), its Fourier transform f is defined as
for= [ rwe e

10



The Fourier transform can also be uniquely extended to L?*(R) as a unitary trans-

formation.

Definition 2.1.1. Given f € L(R), f € PWy, if its Fourier transform f € L?(R)

is supported in [—£2, €2].
An important component of A/D conversion is the following theorem:

Theorem 2.1.2 (Classical Sampling Theorem). Given f € PWyjy, for any g €

L3(R) satisfying
e Gg(w)=1o0n[-1/2,1/2]
e G(w)=0 for|w| >1/2+c¢,

with e >0 and T € (0,1 — 2¢), t € R, one has

ft) =T f(nT)g(t —nT),

nez

where the convergence is both uniform on compact sets of R and in L*(R).

As an extreme case, for g(t) = sin(nt)/(nt) and T = 1, the following identity

holds in L?(R):

sin(m(t — n))
m(t —

fty=>_ fn)

neL TL)

2.1.2  Signal Quantization

However, the discrete nature of digital data storage makes it impossible to store
exactly the samples {f(nT)}necz. Instead, the quantized samples {g,}nez chosen

11



from a pre-determined finite alphabet .o/ are stored. This results in the following

reconstructed signal

&) =T gug(t —nT).

As for the choice of the quantized samples {¢, },, we shall discuss the following two

schemes
e Pulse Code Modulation (PCM):

Quantized samples are taken as the direct-roundoff of the current sample, i.e.,

n = Qo(f(nT)) := arg min lg = f(nT)]. (2.1)

e YA Quantization:

A sequence of auxiliary variables {u, } ez is introduced for this scheme. {q, }nez

is defined recursively as

dn = QO(un—l + f(nT))a

Up = Up—1 + f(nT> — Gn-

YA quantization was introduced [41] in 1963, and it is still widely used due to
some of its advantages over PCM. Specifically, YA quantization is robust against
hardware imperfection [26], a decisive weakness for PCM. For ¥A quantization, and
the more general noise shaping schemes to be explained below, the boundedness of
{tn}nez turns out to be essential. Quantization schemes with [|ul|,, < oo are said
to be stable.

12



Despite its merits over PCM, YA quantization merely yields linear error decay
with respect to the bit-rate as opposed to exponential error decay by its counterpart
PCM. Thus, it is desirable to generalize XA quantization for better error decay rates.

As a direct generalization, given r € N, one can consider an r-th order XA

quantization scheme:

Theorem 2.1.3 (Higher Order ¥A Quantization, [24]). Given f € PWi) and

T < 1, consider the following stable quantization scheme

) =g = (3 = 1 ()

where {q,} and {u,} are the quantized samples and auxiliary variables, respectively.

Then, for allt € R,

d"g

10 =TS e = 7)) < Tl |52

neL

1

2.1.3 Signal Decimation

Higher order ¥A quantization has been known for a long time [20, 31], and the
r-th order XA quantization improves the error decay rate from linear to polynomial
degree r while preserving the advantages of a first order XA quantization scheme.

From here, a natural question arises: is it possible to generalize XA quantiza-
tion further so that the reconstruction error decay matches the exponential decay of

PCM? Two solutions have been proposed for this question. The first one is to adopt

13



different quantization schemes. Many of the proposed schemes, including higher
order XA quantization, can be categorized as noise shaping quantization schemes,
and a brief summary of such schemes will be provided in Section 2.1.6.

The other possibility is to enhance data storage efficiency while maintaining
the same level of reconstruction accuracy, and signal decimation belongs in this
category. Signal decimation is implemented as follows: given an r-th order YA

quantization scheme, there exists {¢’}, {u,} such that

F = ay = f(nT) — g = (A", (2.2)

where [|u]|o < 00, and { £}, = {f(nT)},. Then, consider

@’ = (S5a") pr1ym:
a sub-sampled sequence of S} T, where (S,h), = ﬁ S — Pym. Signal deci-
mation is the process with which one converts the quantized samples {¢!'} to {g.°}.
See Figure 2.1 for an illustration.

Decimation has been known in the engineering community [16], and it was
observed that decimation results in exponential error decay with respect to the
bit-rate, even though the observation remained a conjecture until 2015 [25], when

Daubechies and Saab proved the following theorem:

Theorem 2.1.4 (Signal Decimation for Bandlimited Functions, [25]). Given f €

PWh, T <1, and Ty = (2p + 1)T < 1, there exists a function § such that

14



=Ty Z Sy f J2p+1)nd(t = nTh),

T\"
0

where {féT)}nGZ is defined in (2.2), and C is a constant such that ng%r) < C.

Moreover, the number of bits needed for each unit interval is

1 1 To\"
— T+1)< —1 2| —= =:R. 2.4
lon(2o+ 1+ 1) < o (2( ) ) =R (2.4)

Consequently,

D(R) = 2||ul|C27 0%,

From (2.3) and (2.4), we can see that the reconstruction error after decima-
tion still decays polynomially with respect to the sampling rate. As for the data
storage, the number of bits needed changes from O(T ') to O(log(1/T)). Thus, the

reconstruction error decays exponentially with respect to the bits used.

2.1.4 Unitarily Generated Frames

A unitarily generated frame T, is generated by a cyclic group: given a unit
base vector ¢y € C*¥ and a Hermitian matrix Q € C¥**, the frame elements of T,

are defined as

0" = Ujjmdo, Uy i= ™.
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» Samples {y,}

3A Quantization: y — ¢ = Au
I

Quantized sample {g,,} (up — up—1)

Averaged samples {G,} (

Un+p—Un—1—p )
P

af —alf
unf

Decimated Sub-samples G2 (= =)

Figure 2.1: Illustration of the first order decimation scheme. After obtaining the
quantized samples {¢, }, in the first step, decimation takes the average of quantized
samples within disjoint blocks in the second step. The outputs are used as the
decimated sub-samples {G°} in the third step. The effect on the reconstruction
(replacing ¢, with y, — ¢@,) is illustrated in parentheses.

The analysis operator ® of T, has {¢}}; as its rows.

As symmetry occurs naturally in many applications, it is not surprising that
unitarily generated frames receive serious attention, and their applications in signal
processing abound, [17, 18, 30, 35].

One particular application comes from dynamical sampling, which records the
spatiotemporal samples of a signal in interest. Mathematically speaking, one tries
to recover a signal f on a domain D from the samples {f(X), fi, (X), ..., fin (X)}
where X C D, and f;, = A% f denotes the evolved signal. Equivalently, one re-
covers [ from {<A% f,e;>}i; = {<[f,(AY)*¢;>};;, which aligns with the frame
reconstruction problems, [1, 2]. In particular, Lu and Vetterli [49, 50] investigated
the reconstruction from spatiotemporal samples for a diffusion process. They noted
that one can compensate under-sampled spatial information with sufficiently over-
sampled temporal data. Unitarily generated frames represent the cases when the

evolution process is unitary and the spatial information is one-dimensional.
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It should be noted that unitarily generated frames are group frames with the
generator G = Uy, provided that U; = G™ = I, while harmonic frames are tight
unitarily generated frames. Here, a frame 7" = {e;}; C H is tight if for all v € H,
there exists a constant A > 0 such that 3 |<v,e;>[*> = Alv]|*.

A special class of harmonic frames that we shall discuss is the exponential

frame with generator (2 as a diagonal matrix with integer entries and the base

vector ¢ = (1,...,1)t/VE.

2.1.5 XA Quantization on Finite Frames

Signal quantization theory on finite frames is well motivated from the need
to deal with data corruption or erasure [37, 38]. The authors considered the PCM
quantization scheme described above and modeled the quantization error as random
noise. In [6], deterministic analysis on ¥A quantization for finite frames showed
that a linear error decay rate is obtained with respect to the oversampling ratio.
Moreover, if the frame satisfies certain smoothness conditions, the decay rate can
be super-linear for first order A quantization. Noise shaping schemes for finite
frames have also been investigated, some of which yield exponential error decay rate
(17, 18, 19].

Fix a separable Hilbert space H along with a set of vectors T' = {e; };ez C H.

The collection of vectors T' forms a frame for H if there exist A, B > 0 such that for
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any v € H, the following inequality holds:

Allolz <) <v e> < Bl
JEZ

The concept of frames is a generalization of orthonormal bases in a vector
space. Different from bases, frames are usually over-complete: the vectors form a
linearly dependent spanning set. Over-completeness of frames is particularly useful
for noise reduction, and consequently frames are more robust against data corruption
than orthonormal bases.

Let us restrict ourselves to the case when H = CF is a finite dimensional
Euclidean space, and the frame consists of a finite number of vectors. Given a finite
frame T' = {e;},, the linear operator E : C¥ — C™ satisfying Ev = {<v,e;>}"
is called the analysis operator. Its adjoint operator E* : C™ — C* satisfies E*c =
Z}n:l cje; and is called the synthesis operator. The frame operator S is defined by

S =FE*E:CF - C*.

Remark 2.1.5. Note that since § is Hermitian,

vif|v|[2=1 vif|v|[2=1

m
|S]l2 = max |[vTSv| = max Z\<v,ej>\2 < B.
j=1

Similarly, [|S7!|s < A~!. In particular, the 2-norm of S is directly tied to the lower

frame bound of T'.

Under this framework, one considers the quantized samples ¢ of y = Fx and
reconstructs & = S E*q, where S = E*E. The frame-theoretic greedy XA quanti-
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zation is defined as follows: given a finite alphabet o/ C C, consider the auxiliary
variable {u, }I"_,, where we shall set ug = 0. For n = 1,...,m, we calculate {¢,},

and {uy,}, as follows:

dn = QO(un—l + yn>

(2.5)
Up = Up—1 + Yn — qn,
where @) is defined in (2.1). In the matrix form, we have

where A € Z™*™ is the backward difference matrix, i.e., A;; =1 for all 1 <7 < m,
and A;;_; = —1for 2 <7 <m. For an r-th order YA quantization, we have instead
y—q=A"u.

In practice, the quantization alphabet <7 is often chosen to be % which is
uniformly spaced and symmetric around the origin: given § > 0, we define a mid-rise
uniform quantizer % of length 2L to be @ = {(2j +1)0/2: —L < j < L —1}.

For complex Euclidean spaces, we define &/ = @ + 1.9%. In both cases, &
is called a mid-rise uniform quantizer. Throughout this paper we shall always be

using &/ as our quantization alphabet.

2.1.6 Noise Shaping Schemes and the Choice of Dual Frames

YA quantization is a subclass of the more general noise shaping quantization,

where the quantization scheme is designed such that the reconstruction error is
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easily separated from the true signal in the frequency domain. For instance, it is
pointed out in [18] that the reconstruction error of XA quantization for bandlimited
functions is concentrated in high frequency ranges. Since audio signals have finite
bandwidth, it is then possible to separate the signal from the error using low-pass
filters.

Noise shaping quantization has been well established for A/D conversion since
the mid 20th century [55], and in terms of finite frames, noise shaping schemes

generalize the YA scheme in the following way:

y—q= Hu,

where y,q, and u are the samples, quantized samples, and the auxiliary variable,
respectively, while the transfer matrix H is lower-triangular. Now, given an anal-
ysis operator E, a transfer matrix H, and a dual F to F, i.e. , FE = I, the

reconstruction error in this setting is

|l = Fqll2 = [[F(Ex — g)ll2 = [[FHulls < [|FH [0 2|0,

where || - ||s,2 is the operator norm between ¢ and ¢ i.e.,

[Tlloo2 = sup [T

|z]|co=1

The choice of the dual frame F' plays a role in the reconstruction error. For
instance, [8] proved that argmingg_; ||[FH|, = (H 'E)TH™', where given any
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matrix A, A" is defined as the canonical dual (A*A)~'A*. More generally, one can
consider a V-dual, namely (V E)'V, provided that V E is still a frame. With this
terminology, decimation can be viewed as a special case of V-duals, and conversely
every V-dual can be associated with corresponding post-processing on the quantized

sample q.

2.1.7 Perspective and Prior Works

e Quantization for Bandlimited Functions:

Despite its simple form and robustness, /A quantization only results in linear
error decay with respect to the sampling period T" as T" — 0. It was shown
20, 24, 31] that a generalization of YA quantization, namely the r-th order
YA quantization, has error decay rate of polynomial order r. Leveraging the
different constants for this family of quantization schemes, sub-exponential
decay can also be achieved. A different family of quantization schemes was
proven [39] to yield exponential error decay with a small exponent (¢ = 0.07.)

In [27], the exponent was improved to ¢ ~ 0.102.

e Finite Frames:

YA quantization can also be applied to finite frames. It was proven [6] that for
any family of finite frames with bounded frame variation, the reconstruction
error decays linearly with respect to the oversampling ratio m/k, where the
corresponding analysis operator F is an m X k matrix. With different choices

of dual frames, [8] proved that the so-called Sobolev dual achieves minimum
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induced matrix 2-norm for reconstructions. By carefully matching between
the dual frame and the quantization scheme, [18] proved that using the 5-dual
for random frames results in exponential error decay of near-optimal exponent

with high probability.

e Decimation:

In [16], using the assumption that the noise in ¥A quantization is random
along with numerical experiments, it was asserted that decimation greatly
reduces the number of bits needed while maintaining the reconstruction ac-
curacy. In [25], a rigorous proof was given to show that such an assertion
is indeed valid, and the reduction of bits used turns the linear decay into

exponential decay with respect to the bit-rate.

Adapting decimation to finite frames is by no means a new idea. Iwen and
Saab [42] used probabilistic arguments and the property of efficient storage
to construct random quantization schemes with exponential error decay rate
with respect to the bit usage. In [40], similar ideas are used on ¥.A. Moreover,
the connection between decimation and distributed noise shaping can be seen
in it.

[40, 42] both use probabilistic arguments that only ensure success with some
probability instead of deterministic guarantee. Different from their work, we

shall propose two deterministic quantization schemes in Chapter 2.

e Beta Dual of Distributed Noise Shaping:
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Chou and Giinturk [17, 18] proposed a distributed noise shaping quantization
scheme with beta duals as an example. The definition of a beta dual is as

follows:

Definition 2.1.6 (Beta Dual). Let £ € R™* be an analysis operator and

k | m. Recall that Fy, € R¥™ is a V-dual of E if

Fy = (VE)V,
where V' € RP*™ guch that V F is still a frame.

Given 3 > 1, the 8-dual Fyy = (VE)'V has V = Vj,,,, a k-by-m block matrix

such that each block is v = [, 372, ..., p~™/k] € R\xm/k,

In this case, the transfer matrix H is an m-by-m block matrix where each
block h is an m/k-by-m/k matrix with unit diagonal entries and —f as sub-
diagonal entries. Under this setting, it is proven that the reconstruction error

decays exponentially.

One may notice the similarity between the beta dual and decimation. Indeed,
if one chooses § = 1 and normalizes V' by %, the same result as decimation
can be obtained, achieving linear error decay with respect to the oversampling
ratio and exponential decay with respect to the bit usage. Nonetheless, its
generalization to higher order error decay with respect to the oversampling
ratio is lacking, whereas the alternative decimation we propose can be extended

to the second order. In particular, the raw performance of the second order
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decimation is superior to the 7-dual under the same oversampling ratio.

2.2 Notation

The following notation is used in this chapter:

x € C*: the signal of interest.

E € C™*k: a fixed frame.

y = Ex € C™: the sample.

p € N: the block size of the decimation.

e = |m/p| € N: the greatest integer smaller than the ratio m/p.

o of = oy + 19 C C: the quantization alphabet. &7 is said to have length 2L

with gap ¢ if @ = {(2j +1)§/2: —L < j < L — 1} for some 6 > 0.

qg € C™: the quantized sample obtained from the greedy XA quantization

defined in (2.5).

u € C™: the auxiliary variable of YA quantization.

F € CF*™: a dual to the analysis operator E, i.e. FE = I.

e & the reconstruction error & = ||z — Fql|2.

Z: total number of bits used to record the quantized sample.

Q € CH*: a Hermitian matrix with eigenvalues {\;}*_; C R and correspond-
ing orthonormal eigenvectors {v; }5_;.

24



® € C™**: the analysis operator of the unitarily generated frame (UGF) with

the generator ) and the base vector ¢, € CF.

U, € C*<k: the unitary matrix defined as U, = 2™ for any t € R.

B = Bg € CF*k: a unitary matrix that simultaneously diagonalizes U, and €.

In particular, Q = BAB* and U, = Be?™MB* where A = diag(\y, ..., \i).

[+ [|p,g: the p-to-g norm. For any matrix M, ||M|[, 4 := supy,,,=1 [[Mv|l4. For

simplicity, we denote || - ||2 := || - ||a—2 for matrices.

d:Z — {0,1}: the Kronecker delta. §(k) = 1if k = 0, and 0 otherwise. With
some abuse of notation, we may also view § as a function on the cyclic group

Z/VZ for any ¢ € N.

2.3  Alternative Decimation

For the rest of the chapter, we shall also assume that our ¥A quantization
scheme is stable, i.e. , ||u||« remains bounded as the dimension m — oo. Recall the
definition of a unitarily generated frame in 2.1.4.

It will be shown that, for unitarily generated frames ® satisfying conditions
specified in Theorem 2.3.5, XA quantization coupled with alternative decimation
still has linear reconstruction error decay rate with respect to the oversampling
ratio p. As for the data storage, decimation allows for highly efficient storage, and

the error decays exponentially with respect to the number of bits used.
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Definition 2.3.1 (Alternative Decimation). Given fixed m,p € N, the (m,p)-

alternative decimation operator is defined to be D,S,, where

e 5,=S5)— 8, € R™™ is the integration operator satisfying

Sif I>pl-(p—-1)<j<I
(SH=1"
0 otherwise,
) (2.7)
(5) Soif I<p—1LI1+1<j<m—p+I
p /i =
0 otherwise.
\

Here, the cyclic convention is adopted: for any s € Z, s = s + m.

e D, € N”™™ is the sub-sampling operator satisfying

1 if j=p-1
(Dp)l,j:

0 otherwise,

where n = |m/p].

Remark 2.3.2 (Canonical Decimation ng , and Alternative Decimation D,S,). It
is tempting to consider a closely related circulant matrix S ,» that satisfies S, = S »—L,

where L is constant on the first (p — 1) rows and zero otherwise. Visually, S*p and
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S, has the following form

1 0 0 1 1 0 -1 -1 0
0 0 1 -1 -1 0
_ 111 1 111 1
S, = — , S, = —
P P
1 1 1 ... ... 1
(2.8)

Indeed, ngp = D,S,, so there is no difference between the alternative deci-
mation and canonical decimation. However, we will show in Appendix 2.3.6.1 that
DPS% # Dpsg, and it is necessary to consider DPS§ instead of ngg for the second

order decimation.

Definition 2.3.3 (Frame variation). Given A = (A4;,...,A4,) € C¥*? the frame

variation o(A) is defined to be

p—1
o(4) = 3 A4~ Acall
t=1

Theorem 2.3.4 (Special Case: Decimation for Harmonic Frames). Fiz the analysis
operator E = E™F € C™* with entries F;; = ﬁexp(—?m(njl)/m). Suppose

{ni}r_, are distinct integers in [—k/2,k/2], then the following statements are true:
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(a) Signal reconstruction: The matriz D,S,E € C"™* has rank k.

(b) Error estimate: The dual F = (D,S,E)'D,S, to E has reconstruction error

T _ _ 1
lz = Fallz < 5 (o(F) + ||F77”2)||u||oo;>

where F' = (Fy, ..., F,) is the canonical dual of the matriz

1 _—2mipln; k
(TEB mpnj/m>hj e Cnxk,

Moreover, if p | m, then the reconstruction error & satisfies

m||U|| £ if m, k are even and n;’s are nonzero
& = ||z—Fqlls < V3 eem ’ j ,
g(M\/;;H) + 1)||UHOO% otherwise.

In particular, the error decays linearly with respect to the oversampling ratio

m/k.

(c) Efficient data storage: Suppose the length of the quantization alphabet
o/ is 2L, then the decimated samples D,S,q can be encoded by a total of
X = 2|m/p|log(2Lp) = 2nlog(2Lp) bits. Furthermore, suppose n is fived as
m — 00, then as a function of the total number of bits used, the reconstruction

error & is

E(#) < Crplluf|e2 5%,

where Crp, < wL(c(F) + || F,|), and F is defined above.
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For p | m, we have a better estimate
8() < Crllull2,

where Cy, 1, < %(M\gl) +1), independent of p. The optimal exponent ﬁ will

be achieved in the case p =m/k € N.
The more general result is as follows:

Theorem 2.3.5 (Decimation for Unitarily Generated Frames (UGF)). Given 2, ¢y,
{Ni}is {vi}, and © = @, as the generator, base vector, eigenvalues, eigenvectors,

and the analysis operator of the corresponding UGF, respectively, suppose
o (N} C=n/2,m/2NZ,
e (4, = ming |<¢g,vs>* >0, and
e plm,

where n = m/p, then the following statements are true:

(a) Signal reconstruction: D,S,®,,, € C™* has rank k.

(b) Error estimate: For the dual frame F = (D,S,®,,x)'D,S,, the reconstruc-

tion error &, , satisfies

™

(/j@m’p S

1
2 1+1 -
s 2 o I+ Dl
(c) Efficient data storage: Suppose the length of the quantization alphabet is

2L, then the total number of bits used to record the quantized samples are
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X = 2nlog(2Lp) bits. Furthermore, suppose n = m/p is fivzed as m — oo,

then as a function of the total number of bits used, &, , satisfies

_ 1 g
E(R) < Chopo,pylltll 2”277,

7L

PO (27 max;<j<k [Aj| + 1), independent of p.

where Cy g0 1.q =

Remark 2.3.6. For Theorem 2.3.4 and 2.3.5, if both the signal and the frame are
real, then the total number of bits used will be Z = nlog(2Lp) bits, half the amount

needed for the complex case.
One additional property of decimation is its multiplicative structure.

Theorem 2.3.7 (The Multiplicative Structure of Decimation Schemes). Suppose
p | m and p = p1ps2, then the (m, p)-decimation is equal to the successive iterations

of an (m, p1)-decimation coupled by an (m/py, p2)-decimation.

Besides the first order alternative decimation in Theorem 2.3.5, it is also pos-
sible to generalize the result to the second order decimation. For such a decimation
process, the reconstruction error decays quadratically (as opposed to linearly in The-
orem 2.3.5) with respect to the oversampling ratio p and exponentially with respect

to the bit usage.

Theorem 2.3.8 (Second Order Decimation for UGF). With the same assumptions
as Theorem 2.3.5 and the additional requirement that the eigenvalues are nonzero,

the following statements are true:

(a) Signal reconstruction: D,S2®,,; € C™" has rank k.
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(b) Error estimate: For the dual frame F = (D,S>®,, ) D,S?, the reconstruc-
tion error &, ,, has quadratic error decay rate with respect to the oversampling

ratio p:

(c) Efficient data storage: Suppose the length of the quantization alphabet
1s 2L, then the total number of bits used to record the quantized samples is
X = 4nlog(2Lm) bits. Furthermore, suppose n = m/p is fivred as m — oo,

then as a function of the total number of bits used &, , satisfies
_ Ll
E(R) < Crgo,Lalltflo27277,

where C g1 = ﬁ (9 + n(27 max; <<k |)\j|%)2) (2Ln)?, independent of p.

To better demonstrate the ideas in the proof, Theorem 2.3.4 will be proven
separately in Section 2.3.1 even though it is essentially a special case of Theorem
2.3.5. Theorem 2.3.5 will be proven in Section 2.3.2, and Theorem 2.3.7 in Section

2.3.3. The proof of Theorem 2.3.8 is given in Section 2.3.4.

2.3.1 Decimation for Finite Harmonic Frames

To prove Theorem 2.3.4, we break down the proof into the following steps:
first, we investigate properties of D,S,E, the decimated version of the frame .

Then, we examine the effect of D,S,A, which is essential for our error estimate.
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2.3.1.1 The Scaling Effect of Decimation

Let E = E™F = (e)1; = (\/LE exp(—2mn;l/m));; where {n;}; are distinct.

For any p < m, we have the following lemma:

Lemma 2.3.9. S, and E satisfy

S,E=EC if mj#0 Vj

S,E=EC—K if nj,=0 forsome jo,
where C € C** is a diagonal matriz with entries

sin(pn;m/m) ri(p—1)n:/m -
= psinp(njjw/m)6 (b= 1ns/ of 1 7é 0

Cjj =
1 Zf n; = 0,

and K is zero except for the jo-th column, where

mof 1<I<p—1
Kl:jO: p\/E

0 otherwise.

In either case D,S,FE = DPEC' as D,K = 0.

Remark 2.3.10. In (2.8), one observes that S, differs from an actual circulant
matrix Sp by a matrix L with 1/p on every entry of the first p — 1 rows and zero
otherwise. Since D,L = 0, we can conclude that D,S, = ngp. Thus, it is possi-
ble to consider ngp, which is a more natural formulation of decimation than the

alternative decimation.
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Proof. We start with the computation on p <! < m. First, suppose n; # 0. Then,

by (2.7),

(SYE),, Zexp —2minis/m)

W(p—1)n; /m(l _ 67271'1pnj/m))

p\/_

— 1 e*ﬂz(erl)nj/me

ok 1 — exp(—2mn;/m)
Le—m(p-l—l)nj/m Sln(pnjﬂ./m> ]
NG psin(n,m/m)

For p <1 <m,

(Sp By = (S, By = (S, E)pjexp(=2mi(l — p)n;/m)

1 i ;
= — exp(—2miln, /m)wem@—w/m

pVk

sin(pn;m/m)

sin(n;m/m)

| SIPRT/M) oty
7 psin(n;m/m)

If n; = 0, then (ST E), f =E;.

For [ < p, we make the following observation:

1
(Sp)ig + o (Sp)itptps

with the cyclic convention on indices. Then for [ < p—1, noting that exp(—2mn;(s+
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m)/m) = exp(—2min;s/m),

(SpE)i; =) (Sp)isbs;

1

NE

I
i\l

=

I4+p,5€

sin(pn,;m/m)
Y sin(n;m/m)

1 m
(So)i+p.s+pEsi — p > By
s=1

m(p—1)n;/m __

2mpn;/m Sin(pnj/ﬁ/m) ewz(p—l)nj/m .
psin(n;m/m)

Mo
ok

Now we can give the condition for which D,S,FE has full rank.

Proposition 2.3.11. The following statements are equivalent:

e D,S,E has full rank.

. {,onj};?:1 are distinct residues modulo m, and pn; = 0 modulo m implies n;

0.

Proof. By Lemma 2.3.9, we see that

D,S,E =D,EC =D

D, E is a sub-matrix of a Vandermonde matrix with parameters {exp(—2mipn;/m)}
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Q)

Eyp

Q |

m
(Sp>l+p,s+pEs+p,j eXp(Qﬂlpnj/m> - m(s(nj)

(n;)

k
=1



Thus this matrix has full rank if and only if {pn; };‘?:1 are distinct modulo m. On
the other hand, C is an invertible diagonal matrix if and only if C;; # 0. It is true
when pn; # 0 for all j except if n; = 0 to begin with.

]

Remark 2.3.12. [{—|n/2],..., [n/2]}| > n, and if {n;}}_, < {=[n/2],....|n/2]}

are distinct residues modulo m, then {pn;}; are distinct since elements of {—|n/2], ..

are in different cosets of (Z/mZ)/ker(c) where o : Z/mZ — Z/mZ satisfies o(z) =
px.
From Lemma 2.3.9, we see that D,S,F = D,EC. Thus for any dual F to

D,EC, F = C~'F where F is a dual to D,E. The estimate of ||C~!||, is described

in Proposition 2.3.14, and we need a lemma for this proposition:

Lemma 2.3.13. Given any number o > 1, the function

3o

is even and strictly decreasing in (0,7/(2a)). Moreover, minge(—x/2a,x/2a] Na(®) >

Proof. Given any o > 1, note that lim, .o h(z) = 1. Taking the derivative of h, we
have

a cos(ax) sin(z) — sin(ax) cos(x)  cos(ax) cos(z)

W (z) = - (a tan(z) — tan(ozx)) .

a?sin?(z) a2 sin?(z)

The first factor on the right hand side is even and positive in (0,7 /(2«)), while the
second one atan(z) — tan(ax) is odd and decreasing in (0,7/(2a)) by taking yet
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another derivative. Thus, the derivative of h is odd and negative in (0, 7/(2«)]. That
is, on I, = [-7/(2a), 7/(2cr)], h achieves global maximum at z = 0 and minimum

at x = m/(2a). At the minimum point,

ho(50) = aErE) 2 2

by noting that sin(z) < z for any z > 0. O

Proposition 2.3.14. If {n;}}_, are concentrated in [—n/2,n/2] in Z/mZ, then
- m
IC™H 2 < 5

Proof. By (2.9), we see that

_ 1 sin(pnym/m
ICz,zIZ'—M‘

p sin(nym/m)

with the convention that sin(p - 0)/(psin(0)) = 1. Thus,

1G]l = max (1CQ)|) = ( win {

1<i<k 1<i<k

sin(pnym /m) '})

psin(nym/m)

Using the result from Lemma 2.3.13 with o = p > 1, we see that |[C7; < 2. O

2.3.1.2 Effect of S, on the Difference Structure A

Here, we describe the effect of D,S,A in Proposition 2.3.16, which is directly
connected to the proof of Theorem 2.3.4.
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Lemma 2.3.15. S, = 1A, A" where

1
p

o(lg =) =ollp+s=1) if j#m,

o(lj = 1) if g =m,

(Ap)y =

and ¢ : Z/mZ — {0, 1} is the Kronecker delta.

Proof. Let 6 : Z — {0,1} be the Kronecker delta on Z. Then,

j<t<m—1
- Z o[t —1)) = Z G(p+t=0+d(p+t—1—m)).
j<t<m j<t<m—1
By definition,
Zj§t§m5([t - l]) =1 if J< [
ngtgm—lg(zo‘i‘t—l) =1 if I>p+1,j<1l—p
ngtgm_15(/)+t—l—m) =1 if I<p—-1,7<m—p+L

Thus, splitting into the cases [ < p— 1,1l =p, and | > p+ 1, we see that

1.
;A,,A 1=,

as claimed. O

Proposition 2.3.16. Given any n € N, let A™ € N**" denote the n-dimensional
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backward difference matriz. For p|m, one has

D.gAm _ LA/ p
pp P P

Proof. 1f p | m,

1 _
D,S,A™ = -D,A,.
Now, note that, for s # m,

(DpAp)l,s = (Ap)lp,é‘
=0(s—1lp) —d(s+p—1p)=d(s—1Ip) = (s — (I = 1)p)

= (ADp)LS'

For s =m, (D,A)1m = 0(m —Ilp) = (AD,)1m. -

2.3.1.3 Proof of Theorem 2.3.4

Before proving Theorem 2.3.4, we shall need two more lemmas:

Lemma 2.3.17. For any E = E™" with n > k, suppose {n;}; are concentrated

between [—k/2,k/2], then E* has frame variation o(E*) < 2”%1).
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Proof.

-1

0_( \/_ Z Z |€ 2miln; /n —27rz(l+1)nj/n‘2)1/2

=1

TZ Z’l Qﬂznj/n‘ 1/2

IA

1 k/2(k/24+1)(k+1)
EQW\/Q. 3

2r(k +1)
< T

]

Lemma 2.3.18 ([6], Theorem II1.7). Given a stable XA quantization scheme with
a mid-rise uniform quantizer of gap 6, if the frame T = {ej}gnzl satisfies the zero

sum condition

> =0,
j=1
then the auxiliary variable u,, has
0, if m even,
|| =
6/2, if m odd.

Now we are ready to give the proof of Theorem 2.3.4.

Proof. of Theorem 2.3.4:
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Adopting the notations above, we see that the reconstruction error is

|z = F(DyS,0)ll2 = |1 E(DyS,)(y = a)ll2
= |FD,S,A™uq|,

1- = 1 _ _
= |=CT'FA™D,ully < =[|C72| FA™ Duls,
p ’ p ’

where the second equality comes from (2.6), and the third equality follows from
Proposition 2.3.16 along with the fact that F = C~'F with F being the canonical
dual frame to D,E. Suppose F = (Fy,--- , F,), then

n—1

FA(n)DpU = Z usp(Fs - Ferl) =+ Uonn' (2'1())

s=1

By Proposition 2.3.14 and (2.10),
Lo I EAD @, < T (o(F) + ||
;HC 2l FAM u™ [ < 2—p(0(F) + 1) o

For the case p | m, we note that E™/*F is a tight frame with frame bound kﬂp. In

particular, (E™/#k)* gm/ek — . 1k- Thus, by Lemma 2.3.17 ,

_ k 2n(k+1)
U(F)Sm/p V3

Thus, we have obtained the following error bound

kom 2m(k+1) ul = 2k +1)
A () = PO

& = llx — F(D,Spq)ll2 <
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Furthermore, by Lemma 2.3.18, if m, k are even, n;’s are all nonzero, and p | m,

then u,, = u, = 0. With that there is a better estimate

koom2n(k+1)
m/p2p /3

w2 (k+1) k
[ulloo = ——7z——llullee.  (2.12)
V3 om

& = llx — F(DyS,0)]2 <

Letting F = FD,S,, Theorem 2.3.4 (b) is now proven.
For Theorem 2.3.4 (c), note that for mid-rise uniform quantizers & = % +1.%

with length 2L, each entry ¢; of ¢ € C™ is of the form

N S

¢ =((2s;+1)+2(2t; +1))5, —L<s;,t; <L-1

Then, each entry in D,S,q is the average of p entries in ¢ which has the form
. - d I
(DySpq); = ((28; + p) +u(2; + P))%, —Lp <5, t; < (L—1)p.

There are at most ((2L —1)p+1)? < (2Lp)? choices per entry with n = m/p entries

in total. Thus, the vector D,S,q can be encoded by Z = 2nlog(2Lp) bits. Noting

_ 1l 1
2n e
2Lp’

for any estimate we have

s<or<ollo g
m npe n

Y
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for some C' > 0. Substituting the suitable constant for each case, we have

E(R) < Crpllul|e2 5%,

where Cr, < wL(o(F) + || F,ll2). If p | m, then by (2.11), (2.12),

E(R) < Crpllull 2727,

where C}, 1 < %(ﬂ\gl) + 1), independent of p.

2.3.2 Generalization: Decimation on Unitarily Generated Frames

Upon examining the proof of Theorem 2.3.4, one can see the following inter-

action between decimation and the existing sampling scheme:
e Commutativity: D,S,E™* = Em/p’kc_'mw.
e Scalability: D,S,AM™y = %A(")Dpu.

Fixing the YA quantization scheme for now, any family of frames satisfying the
commutativity condition shall be compatible with decimation, yielding exponential
error decay with respect to the bit usage. One example is the unitarily generated
frames.

The collection of such elements 7}, = {¢§-m) L1 is the frame of interest.

Lemma 2.3.19. For the same D, and S, along with the analysis operator ® € C™**
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Of T genemted by (Qa {)\j}é?zh (bO)?

G
@5 |
D,S,®,, 1 = Crnps
(6n)"
wheren = |m/p| and C, , = ; =1 Uls_ ) m has eigenvalues {em(p=DAj/m izlr’f’\)\://z) i

In particular, if p | m, then
D,S, ., 1 = CI)m/p,kC_'mvp.

Proof. First, note that S, = Sp + L, where L has value 1/p on the first p — 1 rows

and 0 otherwise, and D,L = 0. Moreover, for any 1 <t < m,

= (1 > Uts—pyméo)’ (2.13)

Thus, D,S,®p, 1 = D,,<I>m,k@m,p + D,L®,, ) = Dp@m,ké’m,p.
Note that we can diagonalize U; = BT; B* where B is a unitary matrix and 7} is

a diagonal matrix with entries {e*™%*}*_, . Then, B*C,, ,B = 520 (B Us—p)mB)*
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is a diagonal matrix, with entries

_ 1< s—p
(B Cy,,B);; = p 2 exp(—2m—=);)
_ lezm”(;_” e—2mpXj/m _ | _ mlo-DAg/m sin pA;m/m
p e=2mAi/m — psin(\jr/m)’

Now, we can find the conditions under which D,S,®,, ; has full rank:

Proposition 2.3.20. Let {v,}"_| be a set of orthonormal eigenvectors of Q0 with

eigenvalues {\}*_,. Suppose
e p|m,
o {p(As — A\t) }szt are nonzero integers modulo m, and
e the base vector ¢y = ) csv, satisfies ¢, # 0 for all s,

then ®p,/,% 15 a frame with frame bounds

m/p
m . m
(Zominec Yol < < >F < (% maxle?)

s=1

In particular, the frame operator S,;, = ®*® satisfies ||S;L}p|]2 < m
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Proof. Suppose the assumptions above are true, then given an arbitrary z € C¥,

m/p m/p  k

D <z, oS =Y 1Y <a u><oy, g0 >
s=1

s=1 t=1
m/p  k

= Z | Z <x, vt><U—sp/mvt’ ¢0>|2

s=1 t=1
m/p  k

= Z | Z e~ 2SI < > <, o> |

s=1 t=1
k m/p
= Z <x,v;><x, U><v;, p><u, Go> Z e~ 2msp(Ag =) /m
J,l=1 s=1

k
m
= ; Z |<ZL’,Uj>|2|<Uj, ¢0>|27
j=1

where the second equality follows from the fact that U, is unitary, the fourth by

expanding the sums, and the last one from the following equality

m/e moif g =1
Zexp(—?msp()\j - \)/m)=¢"
s=1 0 if j#L

Finally, we have

k
m . m m
(% e ) ol < ™ 37 <0y Py, duP < (2 e

j=1
]

Moreover, with the same proof in Proposition 2.3.14, we have the estimate on

1C b ll2:
Proposition 2.3.21. If the eigenvalues {)\j}é?zl of the generator 2 are concentrated
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between [—m/(2p), m/(2p)], then

sin(pA;m/m)

o] 3

1<j<k

ICrtll2 = 11B*Cil, Bllo = max {

).

psin(A;m/m)

Also, we need to consider the frame variation of &7 Ik
Lemma 2.3.22. ¢(®;,, ) < 27 maxi<j<i |Aj].

Proof. Following the same process of Lemma 2.3.17, we see that

m/p—1

(@) = Y I Wapjm = Utss1pym) ol

s=1

m/p—1

— Z |Uspym(L = Up/m)dol|2
s=1
m/p—1
= > I = Upm)oll2
s=1
k
= 3 IY ol — ey,
j=
k
_ Z (Z ‘Cj 2|€27r7,)\jp/m . 1‘2)1/2

k P 1/2
> el (2W|/\j|g) )

(]

IA

p
J— . < - -
g@%%lm) o]l _ZWIQ%WI [[¢oll2-

Now we are ready to prove Theorem 2.3.5.

Proof. of Theorem 2.3.5.
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First of all, that D,S,®,, 1 = @, /p7k(7m’p has full rank follows from Proposition

2.3.20 and 2.3.21. For notational clarity, we shall denote ®,,/, 1 = ®p,/p-

Let Spyp = @7,/ Pmyp be the corresponding frame operator, then HS;L}pHQ <

p/(mCy,) where Cy, := min, |cs|*. Also, note that, by Proposition 2.3.16,

Lot (gr  A(m/p)
S m/p m/p(D S )A = ;Sm/p( m/pA P )DPU
Then, the reconstruction error ||z — lepSm/pq):l/p(DpSp)qHz is

(D,S,)A™y),

1 . -
< ;H 208, 2o (@5,,) + 165 ) 1Dyl oo

T P (m)
< —
< gy (@) + I Il

(2.14)

where ||C L[> < /2 by Proposition 2.3.21.

Combining (2.14), Lemma 2.3.22, and the fact that ||gz§,(ﬁn)||2 = [|[Uigoll2 =

|¢oll2 = 1, the reconstruction error &, , can be bounded by

s P
Emp < — o 1 00
P = 2p mC¢o (U( m/p) + )HU’”

5 (2 max [Ny] + 1) Jule

= g (27 x|+ Dl

Theorem 2.3.5 (c) follows verbatim from the proof in Theorem 2.3.4.
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2.3.3 The Multiplicative Structure of Decimation Schemes

In this section, we demonstrate the multiplicative structure of alternative dec-
imation. In particular, given m, p, p1, p2 € N fixed with p = p1p2 and p | m, consider

the following operators:

Dp c N(m/p)xm’ Sp c Rmxm’
Dp1 c N(m/m)xm’ Spl c Rmxmj

D,, € N(m/p)x(m/p1) S,, € R(m/p1)x(m/p1)

We shall show that D,S, = D,,S,,D,S,,.

Proof. of Theorem 2.3.7:
The (m, p)-decimation operator is D,S, while the successive iterations of
(m, p1) and (m/p1, p2)-decimation combine to be D,,S,,D,,S,,.

Note that D,,D, = D,. Then, by Proposition 2.3.16,

Dp,Sp, Dy, Sy, = (D Ap2)(A(m/m))*l(DplApl)(A(m))*l

P2
= A(m/P1P2)Dp2(A(m//’l))_lA(m//’l)Dpl (A(m))—l
— A(m/p)Dpszl(A(m))—l

= DpAp(A(m))_l = D,5,,
which concludes our proof. O]

The multiplicative property implies the possibility to conduct decimation with

multiple steps, gradually down-sizing the dimension m. It can be particularly useful
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for parallel computation and transmission of data through multiple devices with
scarce storage resources. In particular, for each stage, it suffices to choose p; to be
a small number dividing m. It reduces the waiting time between each transmission,
and the amplification of quantized sample ¢ will not be large after each stage.
Moreover, although the case where p t m does not produce this structure for
frames, it is now possible to first reduce m to a number closer to k. Only at the last
stage do we choose p that does not divide m. This yields the same result as direct
division m/k by the remark above while possibly gaining sharper estimate on the

eITror.

2.3.4 Extension to Second Order Decimation

So far, we have only defined decimation for the first order YA quantization,
while its counterpart for bandlimited functions, introduced in Section 2.1.3, applies
for arbitrary orders. Due to the boundary effect in finite dimensional spaces, it
is harder to extend decimation to arbitrary orders. However, there is no issue
generalizing this concept to the second order, as stated in Theorem 2.3.8. To prove

the theorem, we shall need the following lemmas:

Lemma 2.3.23 (Effect of DpSE on the Finite Frame). If none of the eigenvalues of
Uijm are 1, then

S, @k = P iCip

m(p—1)Aj/m sin(pA;m/m)

where Cy, , =1 3°_ U has eigenvalues {e 5O /)

p s=1 " (s—p)/m }j- In p(LTt’ZCU-
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lar, for any r € N,

DSty = By Cl -

Remark 2.3.24. The proof is very similar to the one of Lemma 2.3.19. However,
since we are now dealing with D,S7, we are no longer able to use the fact that

D,L = 0. Instead, we impose the condition that U, has no eigenvalue equal to 1.

Proof. First, note that if 1 € C™ is the constant vector with value 1, then
m—1 m—1
s=0 s=0

Given 1 < t < m, note that S, = gp — L, where L has value 1/p on the first
p — 1 rows and 0 otherwise, and L®,,; = 0. Then, by (2.13), S, @, = S‘pCI)m’k =
@m,kC’m,p. Using induction on r, S;Q)m,k = @m,kC’;’p, and DPS;Q)m,k = <I>m/p7kC'fn7p.

The properties of C_'mm follow from Lemma 2.3.19. O

Lemma 2.3.25. For any r,m,p € N,
D,A7 = (A™P)y D,

Proof. By Proposition 2.3.16,
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Thus, for » € N, we have, by induction on r,

DpA; — A(m/”)DpA;’l — (A(m/p))er.

O
Lemma 2.3.26. A'A,A =A, + &, where & 4= (s — (m — p)).
Proof. For s # m,
(A_lApA)l s — Z Al_jl(AP)] nAnS
Jmn
l — —
= Z(Ap)j,s - (Ap)y s+1
j=1
!
= {5(5—]’)—5(s+p—j)—5(s—|—1—j)+5(3+1+p—j)
j=1
! l
=D (s =j)=8(s+1 =) = > (8(s+p—j) = 8(s + 1+ p = )
j=1 Jj=1

=0(s =1) = (s +p—1) + (s +p) = (Ay)us + (s + p),

where the §(s+p) = d(s— (m—p)) comes from the second term in the second-to-last
line. When s+ 1+ p =m+ 1, the term §(s + 1 + p — j) wraps around, producing
an additional —1.

When s = m,

(AT B AN = 3 AT B, = D2 8m = ) = 8lm = 1),

Combining the two equations above, we see that A‘lﬁpA = Ap +£. n
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Proposition 2.3.27. For @}, = ( e,

1
O,k DpSIA = 7 /o D20, + V

where V' is zero except for the (m — p)-th column, which is ¢§")

Proof. When r = 2, we consider the (2, p)-decimation operator DpS?). Then,

D,S2A? =

S
=
>
T

he)
>
>
>
h)
_|_
)

”le — | *em| —

1
A’D, + DAé’
p?

where the first term in the last line follows from Lemma 2.3.25. Now, (A,£), =
5(L = p)d(s+p), and (D,A,E)1s = 6(1 —1)5(s + p). Thus,

N
@y, k1 DpSiA% = e ok D20, + — e V

Lemma 2.3.28. For anyr € N, Zm/” ||<I>m/pA’”vs||2 < 72" 4+ n(27 max; <j< |/\j|%)7",

where (vs); = d(s — j), the s-th canonical coordinate.
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Proof. Note that for any A = (Ay,..., A,), AAes = Ay — Agyq. Thus,

s+r
r
> lnade= X I, ) Ul

s<m/p—r s<m/p—r t=s
. r
= Z ||U5P/m Z(_l)t (t) Utp/m¢0||2
s<m/p—r t=0

_ oy i(—l)t@ Uipjmoll

s<m/p—r t=0

= Y |yicj[g(—l)t(Z)e”’mﬂ‘p/m]vﬂ!z

s<m/p—r j=1

k
_ Z (Z ‘Cj‘2|€2m>\jp/m _ 1|2r)1/2

s<m/p—r j=1

k 1/2
P \2r
< > (Tl eanit))
s<m/p—r ~ j=1
< % (g 2einl) o
s<m/p—r

< n(2r max [, !—) 1o,

1<j<k

where we note that m/p = 7.

For s > m/p — r, with trivial estimates one has

k r

T r T

> e <l Y () )ul < 2
j=1 t=0

s>m/p—r

Proposition 2.3.29 ("Frame Variation” Estimate).

1\?\ 1
(K2 1ok Dp S2A2u||2 <9+7} (27rmax|/\j|ﬁ) ) ?
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Proof. Let {vs}s be the canonical basis of C". Then, by Proposition 2.3.27, we have

s 1 *
||(I)m/p,k:DPS;27A2U’||2 = ;||(I)m/p,kA2DPu + ‘/UH2

m/p
1 *
<< | D195, A%l + 612 | ulloo
s=1

p
1 2
(8—1—7} <27Tmax\)\j|—> —1—1)
n
1\ 1
= (9—|—77 <27rmax\)\j|—> ) —-
n p

IN
bl\')l —_

]

Lemma 2.3.30 (Total Number of Bits Used). Given a mid-rise quantizer of =
Ay + 1.9 with length 2L and v € N, if ¢ € &/™ is a quantized sample from the

alphabet, then D,S;q € C" can be encoded by n - 2rlog(2Lm) bits.

Proof. Given the assumption above, each entry ¢; of ¢ is a number of the form

N S

Then, each entry in S,q is the average of p entries in ¢, which has the form
) . 5 -
(Spa); = ((28; + p) +2(2; + P))%a —Lm <55, t; < (L — L)m.

There are at most ((2L — 1)m + 1)? < (2Lm)? choices per entry. Note that there
are (2Lm)? choices instead of (2Lp)? as we need to account for the first p — 1 rows,

which sums m — p terms. Iterating r times, there are (2Lm)?" choices for each entry
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of S7q. Thus, the vector D,S]q can be encoded by % = n - 2rlog(2Lm) bits. O

Proof. of Theorem 2.3.8:

To estimate the reconstruction error, we note that

DpS2® s = Py i Cin

m,p?

which follows from Lemma 2.3.23. Moreover, (D,S2®p, ;)" = C, 28! &: where

m/p,k’

S =), Pm/ps has lower frame bound 2Cy,. Since ICLll2 < 5, the reconstruc-

tion error is

Emp =1z = Cor oS, ]2

= 1G58 @501 DpSp (A 2u 5

1 ~N— — *
< ;IIC RIS Ml ll®,, Dp Sy A%l

w2 1

1
< 1Z)2 _
< 5o (9+n(27rlr£?§>§€|&ln) )IIU||oop2,

where {v;}; C C™ denotes the canonical basis in C™, the first inequality comes from
Proposition 2.3.29, and the second follows from Lemma 2.3.28. Here, we see that
the error decays quadratically with respect to the oversampling rate p.

As for the bits used, note that % = % . % and

_ Ll . 1 1 1

e 2

(2Lm)*  (2Ln)* p*’
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where Z = n - 4log(2Lm) comes from Lemma 2.3.30. Thus, we have

_ 1 7
= < Crgornllullc2” 27,

where Ci 40,00 < 4770 <9 + n(27 max<j<k | \j| 2 ) >(2L77)2, independent of p.

]

Lemma 2.3.26 shows that A~! and A, do not commute, and such non-commutativity
limits the potential to generalize alternative decimation to higher orders. For the
sake of demonstration, we show explicit calculation in Section 2.3.5 which highlights
the difficulty in the generalization of our results. Thus, to achieve exponential error
decay with respect to the bit usage for higher order XA quantization schemes, we
need to employ different approaches. The new scheme we propose will be introduced

in Section 2.4.

2.3.5 Limitation of Alternative Decimation: Third Order Decimation

The non-commutativity between A, and A~! results in incomplete difference
scaling when applying D,S] on A", creating substantial error terms. This phe-

nomenon already occurs for r = 3.

Proposition 2.3.31. Givenm, p € N with p | m, the third order decimation satisfies
53A3 = %(A("))SDP + O(p~2). In particular, DpSg’ only yields quadratic error

decay with respect to the oversampling ratio p.
First, by noting that A~'A A = £ as in Lemma 2.3.26, one has
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D,A(A, +E)A, + E+ ATIEA)

A
D, (Ag L A% A

p P

(AEA) + A,EA, + A, APE(Alé'A)) |

(2.15)

We shall calculate all terms one-by-one.

Lemma 2.3.32. We have the following equalities:

(1) :
(D828 = als — m = p) (300 = 1) = 81~ 2)),

(2) : (

P if (l,s)=(1,m—-p-—1)
(DA (ATIEA)) s = p if (I,s) = (1,m — p) ;

0 otherwise

(5) :

(D888, = 3(0 = 1) (85— m = ) = s = (m = 20) ),
(4) :

(DpApg2)l,s =0(l = 1)0(s — (m — p)),
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(5) :

(D, 8,8 €A = (m = 93t = 185 = (m = p) = als = m = p = 1)),
where givenn € N, [n] := {1,...,n}. In particular, D,(A2(AT'EA)+AE(ATIEA)) =

O(m), and D,(A28 + A, EA, + A,E2) = O(1).

Proof. We will first compute each term without the effect of D, since D, is the

sub-sampling matrix retaining only the ¢p-th rows for ¢ € [n)].

(1), (3) First, note that (A,€);s = 6(1 — p)d(s + p), so

Similarly,
(BoEB)1s = (0 = p)(By)mps = 81— p) (35— (m — p)) = 8(s — (m — 20)).

(5) Now, to compute A™'EA, we see that, for s # m,

l
(ATEA) =D (Ejs = Eot) = U((m—p—s) = 3(m — p— (s +1))),

=1
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and (A™'EA);,, = 0. In particular,

0 0 -1 1 0 0
-2 2
ATTEA = ,
0 0O —-m m 0 0

where the nonzero columns occur at the (m — p— 1) and (m — p)-th positions.

For A,E(ATIEA),

(ApE(ATIEA) 15 = 0(1 = p)(AT'EN)mop,s

=0(l=p)(m —p)(6(s = (m = p)) = (s = (m — p — 1))).

(4) Note that A,E% = A €. The result then follows from the calculation on the

first term.

(2) Finally, as A"'£A only has non-zero entries on the (m — p — 1) and (m — p)-
th columns, and the two columns differ by a sign, it suffices to calculate the

(m — p)-th column of A2(ATIEA).

(Ap(A_lgA))l,m—p = Z j(Ap)l,j
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Then,

0 otherwise.

Proof. of Proposition 2.3.31:

From (2.15) and Lemma 2.3.32, we see that
3A3_ LRz 1 1 L xs —2
DpSpA = EDPAP + ?81 + Egz = EDPAP + O(p ),

where

-1 if (l,s)=(1,m—p—1)

|
—_

(€ = o (DUAYATED) 1B, E(A 2 ) £ ()= (Lm—p)

l,s

0  otherwise,

and
§
-1 if (I,s) =(2,m —p) or (1,m —2p)
(E)s = (Dp(A§5+Ap5Ap+Ap52>)l =43 if (1,s) = (1,m — p)
| \ 0  otherwise.
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]

Even in higher order cases, alternative decimation still only yields quadratic
error decay with respect to the oversampling ratio, as can be seen in Figure 2.2d
and 2.2e.

Alternative decimation is limited by this incomplete cancellation, but canon-
ical decimation has even worse error decay. Contrary to the quadratic decay for
alternative decimation, canonical decimation only has linear decay for high order
YA quantization. The same thing applies to plain XA quantization, as can be seen

in Figure 2.2b.

2.3.6  Comparison Between Alternative and Canonical Decimation

Here, we present numerical evidence that the alternative decimation on frames
has linear and quadratic error decay rate for the first and the second order, respec-
tively. Moreover, it is shown that the canonical decimation, as described in Remark
2.3.2, is not suitable for our purpose when r > 2.

Recall that given m,r, p, one can define the canonical decimation operator
D,,S'; € R™™ where 5’,, € R™*™ is a circulant matrix.

In our experiment, we look at three different quantization schemes: alternative
decimation, canonical decimation, and plain X A. Given observed data y € C™ from

a frame £ € C™** and r € N, one can determine the quantized samples ¢ € C™ by

y—q=A"u
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for some bounded u. The three schemes differ in the choice of dual frames:
e Alternative decimation: = (D,S}E)'D,Syq = Fuq.
e Canonical decimation: & = (DPS’;E)TDF,S';q =F.q.
e Plain YA: 7 = Efq = Fyq.

For each experiment, we use the mid-rise quantizer &/ and fix k = 55,0 =
0.5, L = 100, and n = 65. For each p, we set m = pn and pick 10 randomly generated
vectors {27};%, C C*. LA quantization on each signal gives {¢/}}2, € C™. The
maximum reconstruction error over the 10 experiments is recorded, namely

6 = max |7 = Fig'lls, i € {a.p}

The frame in our experiment is

(™), = (E)yy = ﬁexp(—m(z )G+ 1)/m)y.

First, we shall compare alternative decimation with plain XA quantization
from Figure 2.2. For r = 1, alternative decimation performs worse than plain
YA quantization, as plain YA quantization benefits from the smoothness of the
frame elements, having decay rate O((%)~*/*) proven in [6]. However, for r > 2,
alternative decimation supersedes plain XA quantization as the better scheme. This
can be explained by the boundary effect in finite-dimensional spaces that results in

incomplete cancellation for backward difference matrices. We are interested in the
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(c) r=3. (d) r=4. (e) r=5.

Figure 2.2: The log-log plot for reconstruction error against the decimation ratio
p for different quantization schemes. In the case r = 1, alternative decimation
coincides with canonical decimation. For r > 2, alternative decimation has better
error decay rate than both canonical decimation and plain XA quantization.
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case r = 1 or 2. As we can see, the theoretical error bound does not have a tight

constant, although the decay rate is consistent with our experimental result.

2.3.6.1 Necessity of Alternative Decimation

The main difference between the alternative decimation operator D,S} and
the canonical one ngg lies in the scaling effect on difference structures. We have
5'; = (S,+ L)" with pL having unit entries on the first p — 1 rows and 0 everywhere
else.

In Figure 2.2, we can see the performance drop-off when switching from al-
ternative decimation to canonical decimation for r > 2. we can see that canonical
decimation incurs much worse reconstruction error than the alternative one, while

generally having worse decay rate. For demonstration, we show explicitly the dif-

ference between alternative and canonical decimation schemes for r = 2:

SEA? = (S, + L)*A?
= S2A*+ (LS, + 5,L + L*)A’

= SIN* + L(S, + L*)A* + S,LA*.

Since D,L = 0, we are left with D,S,LA? Now,

¢

_71 if 1<Ii<p—-1,7=m—1,
(LA%),, = Loif 1<i<p-1,j=m,

0  otherwise.

\
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Then, we see that

e i 1=1,j=m—1,
(DS, LAY ;=4 b if i=1,j=m,
0 otherwise.

We see that D,52A% = O(p™"), hence the linear decay for r = 2.

2.4 Adapted Decimation

In Theorem 2.1.4, we see that signal decimation coupled with the r-th ¥A
quantization scheme in A /D conversion yields polynomial error decay rate of degree
r with respect to the oversampling ratio. Moreover, it yields exponential error
decay rate the bit-rate. The question we seek to address is whether it is possible
to translate decimation from A/D conversion to finite frame quantization. This
adaptation proves to be non-trivial, as the r-th order ¥A quantization does not
yield much more than linear error decay rate for finite frames in general as opposed
to polynomial degree r, [6, 47].

With the introduction of alternative decimation, we were able to adapt sig-
nal decimation to finite frames up to the second order XA quantization, yielding
quadratic error decay rate with respect to the oversampling ratio. Here, we further
generalize the concept of decimation and extends the decimation on finite frames to
arbitrary polynomial degrees.

We have seen in Theorem 2.3.8 that alternative decimation is only useful up
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- Samples ¢z

YA Quantization: dx — ¢ = Au
|

Figure 2.3: Illustration of the first order adapted (alternative) decimation scheme
for finite frames. After obtaining the quantized samples {q,}, in the first step, one
starts by integrating quantized samples in the second step. Finite difference of step
size p followed by sub-sampling are then taken in the third step. The effect on the
reconstruction (replacing ¢, with y, — ¢,) is illustrated in parentheses. Note that
both the recursivity and the boundary effect (see bottom left) can be seen in this
diagram.

to the second order. Thus, we aim to extend our results to arbitrary orders, and

the solution we present here is called adapted decimation.

Definition 2.4.1 (Adapted Decimation). Given r,m,p € N, the (r, m, p)-adapted

decimation operator is defined to be

1 —
A, = —D,ATA,
p"’

where A € N™*™ is the usual backward difference matrix, Ap € R™*™ gsatisfies

(B = 300 ) = 61+ p = 5) + (s — m)od = ), and D, € NP<™ has

(Dp)l,s - 5(8 - lp)

Remark 2.4.2 (Comparison between Alternative and Adapted Decimation). While

coinciding for r = 1, A, is different from D,S7 in the following way: S, = %APA_l,
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and thus

1 1 -
D,S2 = ;DP(ApA_l)Q # ?DpAf)A_Q = A,.

The non-commutativity between Ap and A~! limits the success of the alternative
decimation, see Proposition A.1 in [47]. Adapted decimation essentially factorizes
the alternative decimation and re-arranges the terms. In doing so, the reconstruction
error rate can now be of polynomial degree r. However, it also complicates the effect
of decimation on finite frames, as will be seen in Section 2.4.2. For the illustration,

see Figure 2.3.

It will be shown that, for unitarily generated frames ® € C™** satisfying con-
ditions specified in Theorem 2.4.3 and any r € N, an r-th order XA quantization
coupled with the corresponding adapted decimation has r-th order polynomial re-
construction error decay rate with respect to the ratio p. As for the data storage,
decimation allows for highly efficient storage, making the error decay exponentially

with respect to the bit usage.

Theorem 2.4.3. Given Q, ¢o, {\;};, {v;};, and & = O, 1, as the generator, base
vector, eigenvalues, eigenvectors, and the corresponding UGF, respectively, and r €

N fized. Suppose

plm,

e n=m/p=>3rk,

(N € [=n/2,n/2) N Z\{0}, and

Cy, = ming |[<¢g, vs>|? > 0,
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then the following statements are true:

(a) Recursivity: For all s € {1,...,n}, there exists {c;};2, such that (A.q)s =

7j=1
Zji1 quJ'
(b) Signal reconstruction: A,®,,; is a frame.

(c) Error estimate: Given the dual frame F = (A, ®,,1) A, where for any

M, Mt = (M*M)~'M* is defined to be the pseudo-inverse of M. Then the

reconstruction error &, , = ||x — Fql|2 satisfies

4 1
s < (g )l (2.16)
’ knC% P
(d) Efficient data storage: Suppose the length of the quantization alphabet is
2L, then the total bits used to record the quantized samples A,q are XZ =
2nrlog(2m) + 2nlog(2L) bits. Furthermore, as a function of bits used at each
entry, &m,, satisfies

E(R) < Crmoorlluf o2 3%, (2.17)

8L
knCo,

where Cp po.1, = (272)", independent of p.

We shall prove Theorem 2.3.5 in several steps. First, we split A,®,,; into
one main term and many residual terms in Section 2.4.2.1 . Then, we compute the
cancellation among residual terms in Section 2.4.2.2. We compute the lower frame

bound of A,®,,; in Section 2.4.3 before proving the theorem itself in Section 2.4.6.
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2.4.1 Roadmap of the Proof

In this subsection, we shall identify the key components regarding the proof
of Theorem 2.4.3. Then, we will provide estimates for those components in Sections
4.2-4.5 before finishing the proof in Section 2.4.6.

To estimate the reconstruction error &, , = ||z — (A, @ i) Aql2 in (2.16), we
re-write the form of A,, making the estimate simpler. In particular, we claim that
A, scales down to the usual backward-difference matrix under the under-sampling

matrix D,:

Lemma 2.4.4. Given m,p € N withn=m/p € N,

D,A,=AMD

p=p P

where A is the n-dimensional backward difference matrix.

Proof. Note that, for s # m,

(DpAp)l,s = (Ap>lp,S
=0(s —Ilp) = d(s+p—Ip)=0(s —lp) = d(s — (I = 1)p)

= (ADP)LS-

For s =m, (D,A)im =0(m —1p) = (AD,)1m. O

Then, the reconstruction error &, , satisfies
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gm,p = HJJ - (Arq)m,k)TATQH2
= H(Arq)m,k)TAr(cDm,kx - q)HQ

1 _
= \|(Arq>m,k)*EDpNA-’“(Nu)y|2 (2.18)

1 _
- FH ((AT(I)m,k)*Ar(Dm,k) 1(Arq>m,k)*Aeru”2

* -1 X AT ]‘
< H((Arq)m,k) Ar@m,k) “2 ’ H(Arq)m,k) A Hoo,2 ’ HUHOO_?

r

where the fourth equality follows from Lemma 2.4.4. We have seen from Remark
2.1.5 that ||((Ay@pr)*Ar @ k)"t |2 is the reciprocal of the lower frame bound of

A, Dy, . Thus, in order to estimate (2.18), we need only to answer two questions:

o Is A, ®,,; a frame? What is the lower frame bound of A, ®,, ;7

o What is || (AP i) A" || 2?

The lower frame bound of A,®,,; will be calculated in Section 2.4.3, specifi-
cally in Proposition 2.4.15. As for the estimate in the second question, it is given in
Proposition 2.4.16 of Section 2.4.4.

Aside from the reconstruction error estimate, we also need to calculate the
number of bits needed to record the decimated sample A,q. We shall show that A,.q
can be efficiently stored in O(log p) instead of O(p) bits. The explicit estimate will

be done in Proposition 2.4.17 of Section 2.4.5.
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2.4.2 Expansion of A, P,

In [47], one has, for any r € N, the alternative decimation satisifes

where D, C' € C* will be defined in Section 2.4.2.1. The form is rather simple thanks
to the alternating applications of AP and A~!. For adapted decimation, we have

A, = /%DpA;A_T, and the displaced order of applications creates residual terms

other than CDnvk([)CN’)’". In this section, we observe this phenomenon and examine

the effect of the residual terms.

2.4.2.1 The Effect of Adapted Decimation on the Frame
We start by introducing the following notation:

Definition 2.4.5. Given [, s € N, the [-by-s constant matrix 1; ; has constant 1 on

all entries.

The following two lemmas are needed for us to describe A, ®,, ;, in Proposition

2.4.8.

Lemma 2.4.6. Given & = ®,,;, € C™* with base vector ¢y, we have

AT = (® —1,,,V)C,

where C' and Uy are simultaneously diagonalizable with B*CB = C’O = diag(m)lgsgm
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and V = diag(do).

Proof. For any 1 <t < m, the t-th row of A‘lq)m,k can be written as

(A_lq)m,k)t = (Z Us/m¢0)*
s=1
= (> BTymB"¢)’
s=1

t
- (B Z Ts/mB*¢0)*7
s=1

where we note that U; = BT;B* can be diagonalized by the unitary matrix B = Bg,

and T, = ¥ = diag(exp(2miAst))s. Now,

t

t
Z(Ts/m)a _ Z 627r1/\gs/m
s=1

s=1
627rz)\at/m -1

627rz>\a/m -1

1 1
<ﬂ/m)062m>\g/m -1 - 627rz>\g/m -1

- (éﬁﬂ/m - 00)07

Then,

(Ailq)m,k)t = (B Z Ts/mB*¢0)*

s=1

= (BC'OB*Ut/m%)* - (BCOB*%)*
= ¢1(BCoB")* — ¢3(BCyB*)*

= (®1):C — 03C.

Thus, A~1®,, ;. = ®,,,C — 1,,,VC. 0
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Lemma 2.4.7.

A0 =3D + A1,V

where B*DB = diag(1l — 62”Zp”s/m)1<s<m.

Proof. For any 1 <t < m,

(Ap@rmi)t = (Urym®Po — U—p)ym®o)* + 8(t — p)dg
= (B(Ix = T-pjm) B Utjmo)* + 6(t — p)oy
= (ﬁ:B([k — Tp/m)B* + Aplm’kv

= (q)[))t + (Aplm,kv>t'

Combining Lemma 2.4.6 and 2.4.7, one has the following expansion:

Proposition 2.4.8. Given r,m,p € N,

r—1 r—1
PP APy = DyATAT Dy = D, [@m,kf)”éwz Ar 1, VDICT—ALY " AT 1m,kvér—j} .
=0 j=0
(2.19)

Remark 2.4.9. Note that DC' = C'D as they are simultaneously diagonalizable by

Bg, and thus D"C" = (DC)".

Proof. First, we claim that, for 1 < ¢ <r, A™4® = &C7 — Zg;é A—J’lm’kvéq—j.
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For g =1, A='® = &C — 1,,,VC by Lemma 2.4.6. For ¢ > 1,

q—2
ATIH = A1 (@éq—l - AT 1m7kvéq—1—j>

j=0
q—1
= OC! — 1, VO = AT, VC?
s=1
q—1
=0CT =Y AT, VO
§=0

As for the effect of A,, we claim that Ag@ = ®D7 + Z?;é Ag_jlmka[)j for 1 <

P>

q<r.

For g =1, AP(ID = oD + Aplm,kV by Lemma 2.4.7. For ¢ > 1,

q—2
A1d = A, (@Dql +y A 1m,kVDj>
j=0
q—2
= @D+ ALk VDI + > AL, VD
j=0
q—1
= 0D+ > AL, VD

J=0

From the two assertions above, we get

r—1
ATATD = A7 (@CW ) A 1m,kvér—j)

J=0

r—1 r—1
=OD'C"+ Y AL VDICT = Ap Y AT, VT

J=0 J=0
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2.4.2.2 Cancellation Between Residual Terms of A, ®,,

From (2.19), we can divide A, ®,, into two parts: p—erp@m’kf)’"é”” being the
main term, and the rest being residual terms. In this section, we shall investigate
the behavior of the residual terms.

To facilitate the cancellation, we define an auxiliary double-sequence {a; s }1>0, sz

recursively by

1 if 1=0s>1

as =9 0 if [=0,5<0

Zj<5 aj—1,j if [>0.
[ i<
Let D,A771,,,VDIC" = I? and D,ALA 1, VCrI = IY. We first ex-

amine the form of each ];3) before calculating the cancellation between I ](-2) and

Q
1.

Lemma 2.4.10. Forany j € Nand1 <[l <m,

(A_j 1m7k)l7s = Qj1-

Proof. First, it can easily be seen that a; s = 0 for all s < 0 by induction on /. Then,

by definition and induction on j,
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Lemma 2.4.11. For 1 <k <qand1 <[ <n,

p

(AgAiqlmal)ZP = Z aq_nz(l_n)p“’sl“’""‘l‘sn'

81,8 =1

Proof. We shall prove this by induction on x. For k =1 and [ > 1,

p
(ApAiqlmJ)lp = (AiqlmJ)lp - (Aiqlm,l)(l—l)p = Qq,lp — Qq,(1-1)p = Z Ag—1,(1—1)p+s1-

s1=1

For [ =1,

p
(ApA™ 1) = (AT 1)) = g p = g p — Qg0 = Z Ag—1,0+s; -

s1=1

Forl <k <qgand![ > 1,

(AZA_qlm,l)lp = (Az_lA_qlm,l)lp — (Az_lA_qlm,l)(lfl)p
p

= E (aqfﬁ+1,(lfﬁ+1)p+81+---+sn_1 - aqffﬁ+1,(lfn)p+51+~-+sn—1)
81,..,8—1=1

P
= E Ag—r,(I—K)pts1+-+si -

8158k
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As for [ =1,

(A;A‘qlm,l)p = (A;‘lA‘qlm,l)p
p

= § Ag—k+1,(1—Kk+1)p+s1+-+sk—1
81558k —1=1
)

= E Ag—rk+1,(1—K+1)p+s1+-+sx—1 — Dg—k+1,(0—k+1)p+s1++se—1
51,..,8—1=1
p

= § Qg—k,(1—K)rhots1+-—+sx )

S1yeeySk

where the third equality follows from the fact that s; + -+ + 5,1 < (k—1)p. O

Proposition 2.4.12. For1 <[ <,
DAL, VD'ICT — D,AT AT, VE = A (1777,61/([)7"—107‘4 — Id) + Er_l> ',

where BE,_; = Blnka, and B is a diagonal matriz with |B”\ <ptforalli<r

and f)’” = 0 otherwise.

Proof. From Lemma 2.4.11, we see that (ASA™1,, 1), = E;’lwsq:l A0, (1—q) pt-51-++5¢-

Thus, (AIA™1,, 1), = |Z14], where
Zig=A{(s1,...,8) ENT: 1 <s1,...,81<p, s1+-+5,>(¢—1)p}.
Note that [Z;] < p? and |Z,,] = p? if | > q. Thus, D,AIA M, = pil,, — b,

where [|b]|oo < p¢ and b; = 0 for all j > ¢. Then, we have
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D,Al 1, VD ICT — D,AT AT,V C
= D,A} (1m7kvf)”é” — A;ZAWMm,kv) C'
:Ale<1m7kV‘Drlc~rr l Ar IA—(r— 1)1 " ) IoL
— A (177716‘/[)7"—107« l DAr IA—(r=1)q Lo > oL
N (1,7,kvﬁr—lér—l T Bln,kv> ot
=

A1, V(D'C ! — prtd) + Er_l> Ct.

2.4.3 Lower Frame Bound Estimate

Now, we are able to answer the first question in Section 2.4.1.

Lemma 2.4.13. The 2-norm of (%Dé)_l satisfies H(%Dé)_ng <1z

Proof. To prove the lemma, it suffices to show that for any unit-norm vector v,

||%DCN’U||2 > 2. Note that D and C are simultaneously diagonalizable by the her-

mitian matrix B, so for any such v,

1~ 1 ~ ~
||;DC’U||2 = ||;B(B*DB)(B*C’B)B*U||2

1 — e27mp)\s/m

oy (o= ) (87

1 — e27rzp)\s/m

2

sel{qll,l..r.l, b p(1 — e2miAs/m)
sin(m\s /1) sin(rt/n) | 2
= N e 7 n _smime/m) - 2
s pSiH(ﬂ')\S/m> T te[-n/2,m/2) PSln(ﬂ't/m) =
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where in the second equality, we note that since B is unitary, ||MB|y = ||BM||; =
|M]||2 for any matrix M, and ||B*v||s = ||v||2 = 1. The second-to-last inequality
comes from the assumption that {\,}*_, C [-1/2,71/2], and the final inequality can
be obtained with simple calculus, see Lemma 4.5 in [47].

O

Lemma 2.4.14 (Proposition 5.2, [47]). Given the assumption in Theorem 2.4.3
and n satisfying n | m and m/n > k, @:n/n’k has lower frame bound larger than

2 min, | <go, vs>]* = 2Cy, .
Using Lemma 2.4.13 and 2.4.14, we are able to prove the following proposition:

Proposition 2.4.15. Suppose n =m/p > k- 3r, then A, D,k is a frame with lower

rame bound larger than kC,, (2)*", where ¢y = CsUs.
¢0 T S

Proof. First, note that

D,ATATT®,,

@}

=D, {@m,k[)’“é’” + (A LV + o 4 ALy VDO — Al (1L VET + -+ 4 (A7 1, V)C)

= 3, D'C" + D, > (AL1, VD TICT — Alg T,V E)

=1

= &, D"C"+ ) _A'D, {1m,kvb’“—lér—l — ArIATUDL V|

=1

=, D"C"+ > AL V(DICT - 1)]CN+ ATE,
=1

Now, note that A'l, ; has nonzero entries on only the first [ rows. For A'E,_,

only the first 7 + [ entries can be nonzero. Thus, the [ - |n/k]-th rows of A,®,, is
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equal to the one of p—lTCIDMD”C’T. Now, the lower frame bound of A,®,, is larger
than the one of any of its sub-frame. In particular, its lower frame bound is larger

than the one of L&, D"C", which is kCy,(2)?", since for any unit-norm vector v,
o ; &

1 o 1=~ 2\ %"
200D Cul} 2 Ko (G DOVl 2 KCe ( ) -

™

2.4.4 Frame Variation Bound

In (2.18), we also need to estimate ||(A,; @, %) A" ||oo,2-

Proposition 2.4.16.
||(Ar<bm,k)*Ar||oo,2 S 227’—&—2777’—1‘
Proof. From Proposition 2.4.8 and 2.4.12, we see that

D,ATAT D, =0, D CT 4 ) A <1mkV(Dr—lér—l — p"d) + Er_l> C.

=1

Thus,

* AT 1 AT AT * AT
(A @ ) A oo,z = (172 (Dp AT AT P ) A oo

1 T AT * r - L~ 1 nr—Lr— * r
< HFD C |2/ A [loo2 +2 HﬁcleHFD O = |||V Ly AT oo 2,

=1

where we observe that ||#E:71A’”H||OO,2 < |V 1y AT | 0 2-
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Now, H<I>7’;7kATHOO’2 < 72740 (27 maxy <<k |)\j\%)r by Lemma 2.3.22, and HV*lkmA“ﬂ’HOQ2 =

25| gy ||l = 20771, Moreover, ||pirf)rér||2 < 1, ||prlfzf)r7lé%l — Id||]; < 2, and

H#OZHQ < n'. Thus,

_ 1 o) 1
(DPATA_MDm,k)*ArHooQ < 12" 421 max I\ =) + 2r+1( n)
<<

I
p" 1 2n—1

1
< 27' 2 /\ N\ 22r+1 r—1 < 227‘—4—2 r—1
r2" 4+ n( 7T1m§?§Xk| ]|77) + Tl < 0,

independent of m. O

2.4.5 Data Storage Efficiency

Given a mid-rise quantizer with length 2L and the quantized sample ¢ € C™,
one needs log(2L) bits to record each entry of q. Thus, a total of mlog(2L) = O(p)
bits is needed to fully record ¢ as p — oo. In this section, we shall show that with
the application of adapted decimation, we may now record the decimated signal in

O(log(p)) bits, drastically fewer than originally needed.

Proposition 2.4.17. Given a mid-rise quantizer with length 2L, it is possible to

encode D,ATA™"q with 2nrlog(2m) + 2nlog(2L) bits in total.

Proof. Note that for mid-rise uniform quantizers o/ = o + 1.9 with length 2L,

each entry ¢; of ¢ is a number of the form

| S

g = ((2s;+1)+e(2t;+1))=, —L<sj,t; <L-—1.

Then, each entry in A~!q is the summation of at most m entries in ¢, which has the
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form

_ . - 4] o
(A7q); = ((28; +p) +2(2 4+ p) 5, —Lm <5, 1; < (L= L)m.
[terating r times, we see that
—r 5 g 0 T . 7 r
(A77q); = (25 + p) +0(2L; + p)) 5, —Lm" <8, 4 < (L—1)m".

As for A;A_Tq, we see that, for any v € C™, each entry of A,v contains at most 2

entries of v. Thus,

, —L(2m)" < §;, t; < (L —1)(2m)"

|

(ALATq); = ((28; + p) +2(2t; + p))

Now, there are at most ((2L—1)(2m)"+1)? < (2L(2m)")? choices per entry with n =
m/p entries in total for D,JA;A_"’Q. Thus, it can be encoded by #Z = 2nrlog(2m) +

2nlog(2L) bits.

2.4.6 Proof of Theorem 2.4.3

Proof. of Theorem 2.4.3:

By Lemma 2.4.4,

prAq = DPA;A_’"(] =A"D,(A™"q).
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Since A and A~! are lower-triangular, we see that, for any 1 < s < 7, there exists
{aj}?:1 and {bé»}ﬂ such that

s

(Arq)s =D a(D,ATq); =Y al(A7q), =Y al Y bla=) ceq,

Jj=1 j=1 j=1 =1 =1

»
@
<.
hS)
%
S

proving the first claim. The second assertion follows from Proposition 2.4.15.
Given ® = &,,,, A = A, = #DpA;A_T, and S = (AP)*Ad, the reconstruc-

tion error can be estimated as follows:

& =S (AD) Ag — ]y = [|[ST(AD) AA"ul|2

1 _
= — S (A2)"D,Afull,

= — S (A2)"A™D,ull,

where the second inequality comes from Proposition 2.4.15 and Proposition 2.4.16.
As for the data storage, we see from Proposition 2.4.17 that one can encode
the data A,q with Z = 2nrlog(2m) + 2nlog(2L) bits in total.

Note that
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Thus, as the function of bits used, the reconstruction error satisfies

4 1
E(RX) < 7(2 r) | oo —
) < (e )l

1 /my\r 1
:Okm@o,LHU”ooﬁ <§> F

A
= Ck"fnv(b()vLHuHOOeW’

_ 8L 2
where Cy ) 40,0 = FnCog (27r2)",

Chapter 3: Compressive Sensing

3.1 Introduction and Motivation

In this chapter we estimate the following sum: given a prime p € N and
n € Z/pZ, suppose that My, My C Z/pZ are two sets of consecutive numbers with

| M| < [My| < \/p. We would like to estimate

S5 ST Al — ol [RJem et (3.1)

k mi1€EM; moeMs
where x : Z/pZ — C is a non-principal character.
The sum in (3.1) is related to deterministic compressive sensing, character

sums, and Weil’s exponential sum estimates. From all prior works, one can easily
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derive an upper bound of p*/2 for (3.1). However, as such an estimate is not sufficient
for our purpose, we shall prove that it is possible to improve the estimate to p3/2~
under certain mild assumptions, where o € (0,1/2) depends on |M;| and n.
Motivated by this, we aim to construct deterministic matrices with bottleneck-
breaking RIP from the Gabor system of Legendre symbols. Our formulation follows

from (3.5): given a prime p € N, consider {u;;}; jez/pz C CP where u ;[k] = [k—

1
/X
l]e=2™ki/P with y being the Legendre symbol. Fix disjoint €y,Qy C Z/pZ x Z/pZ

where [, [Q] < \/p, define 75($;) = {j € Z/pZ : Al € Z/pZ such that (I,5) € ;}

and Q;(7) ={l € Z/pZ : (I,j) € M;} for i = 1,2. Then,

< § Umy,ng s E , Uy, ny =

(m1,m)eM (ma2,n2)€N2

‘ Z Z Z Z Z k +mq — mQ]X[k]e2mk(m_m)/pe_2mm2(”l—n2)/17

n1€m2 (1) na€ma(Q2) kEZ/PZ m1€Q1 (n1) ma€Qa(ng)

Z Z Z Z k +my — m2]X[k]627”16(711fnz)/p6727r2m2(n1fn2)/p )
m2(Q

k€Z/pZ m1€Q1(n1) ma€Q2(n2)

IA
%IH

) ngeﬂ'z( )

(3.2)

Note that the expression in inside the final absolute value of (3.2) is exactly (3.1)
when Q4 (ny), Q2(nsy) are consecutive numbers. In order to use Lemma 3.2.6, we aim

to show that (3.1) is less than p*/2= for some a > 0.
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3.2 Preliminaries

3.2.1 Restricted Isometry Property

Introduced in [13] and refined in [12], the Restricted Isometry Property (RIP)

is defined as follows:

Definition 3.2.1. An nxm matrix A satisfies (5, §5)-RIP if the following statement
is true: Let Ay, T' C {1,...,m} be the n x |T| submatrix obtained by extracting
the columns of A which corresponds to the elements in 7. Then for any subset T

with |T'| < S and any coeflicient sequence {c;},er, we have

(1= ds)llellz < [|Arell3 < (1 +ds)ell3. (3.3)

For sampling schemes satisfying RIP, one is able to retrieve sparse signals
efficiently from highly incomplete measurements because of the equivalence between

the following optimization problems:

min ||z]|,, subject to Az = b, (Py)

where ||z||, denotes the number of nonzero entries of x, and

min ||z]|,, subject to Az =b. (P)

(FPy) and (P;) do not yield the same solution in general, but for matrices satisfying
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RIP with small constant d, the two problems will be equivalent provided that the
signal itself is sparse, [15]. (Fp) is a non-convex optimization problem, whereas (P;)
is convex and is readily solvable. Thus, solving (P;) is much more preferable to
solving (P).

Using probabilistic estimates, one can show that given e > 0, there exists
a random matrix A € CM*N gsatisfies (S, d5)-RIP with M'™¢ < S < M with

exponentially high probability.

3.2.2 Square-root Bottleneck

Compressive sensing has found great success in probabilistic settings. However,
deterministically one is not able to obtain such strong results: very few methods are
available other than the coherence estimate, and it is extremely hard to extend the

order S to S > v M. We describe the method and its limitation below:

Definition 3.2.2 (Coherence parameter). Given a matrix ® = (¢1 | ¢2 | --- | ;)

with unit column vectors, the coherence parameter p of ® is defined to be

pi= max |<¢;, ¢;>|.
i#]

Proposition 3.2.3 ([9], Proposition 1). Given a matriz ® € C"*™ with unit norm
columns {¢;};. If the coherence of ® is u, then ® satisfies (k, (k — 1)u)-RIP for all

k.

Proof. Given any k-sparse vector x € C™, let T C {1,...,m} be the set of its
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non-zero entries. Then, one has

1@z = ll=?] = 12 D zras<dy, ds>|

r<seT

Z jz:)* = [l2]*) < p(1T] = Dll=]* < p(k — 1)

]

Following the proposition above, it is favorable to find a matrix with coherence
as low as possible. However, the coherence parameter is bounded below by the

following universal bound:

Proposition 3.2.4. Given any matric & € C™™ with unit norm columns, the

coherence parameter i 1s lower bounded by

uw>C log m > Q
- nlog(n/logm) = y/n’

forlogm <n <m/2 and a fixzed C' > 0.

Proposition 3.2.4 shows that one can construct an (5, 0g)-RIP with S ~ v/n
by constructing matrices with low coherence. However, anything more than that is
significantly harder. In fact, few techniques are available other than the coherence
approach, making the explicit construction of matrices satisfying (.5, dg)-RIP with
S > \/n extremely hard. Such difficulty is denoted as the square-root bottleneck.

Bourgain et al. [9] proposed a new class of matrices satisfying RIP of high order,
breaking the bottleneck by constructing a family of matrices satisfying (5, dg)-RIP
with S ~ M2+ where € is of the order of 1072%. Mixon [51] improved the € to
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the order of 10724, more than 8,000 times better than the original result. One key

ingredient of their proofs is the following notion of flat RIP.

Definition 3.2.5 (flat RIP). Let ug,...,uy be the columns of an n x N matrix ®.
Suppose that for every j, ||u;||2 = 1. ® satisfies the (k, d)-flat RIP if for any disjoint

Jl, J2 - {1, .. ,N} with ’J1|, |J2‘ S k we have

<30 Y > | < 61 ) (3.4)

je i€Jy
The following lemma takes a slightly weaker form of flat RIP.

Lemma 3.2.6. Let k > 2! and s be any positive integer. Assume that the coherence
parameter of ® is p < 1/k, and for some ¢ and any disjoint Jy, Jy with | J1|, |Jo| < k,

one has

< Z Ujy s Z ’U/j2>‘ < (5]€, (35)

J1€J1 J2€J2

then @ satisfies RIP of order (2sk,44s6 log k)-RIP.

By Lemma 3.2.6, matrices satisfying flat RIP also satisfy RIP of high order,

which provides insights on how to approach this problem from a new direction.
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3.2.3 Bjorck Sequence

For each prime number p, the Legendre symbol modulo p is the function y =

(5) : Z/pZ — {—1,0,1} given by

.

+1 if k = m? (mod p) for some m € Z/pZ*

x[k]:(ﬁ>= 0 if k=0(mod p)

—1 if k £ m? (mod p) for all m € Z/pZ*

\

Let the set Q be there nonzero quadratic residues modulo p, and Q¢ be the

quadratic nonresidues modulo p. Note that Q@ = x (1), and Q% = x~(-1).

Definition 3.2.7. The Bjirck sequence {uy|k]}rez/pz of length p, where p is an odd
prime, is defined as follows:

For any k € Z/pZ, if p =1 (mod 4), then

wlk] = exp(fy(k)) = exp (w(%)), where § — arccos (1 +1 )

If p =3 (mod 4), then

exp(up) if k € QF C (Z/pZ)*, where ¢ = arccos(172).

+p

1 otherwise,

The Bjorck sequence {u,[k|}r is an example of a constant amplititude zero

auto-correlation (CAZAC) sequence. The definition of a CAZAC sequence is as
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follows:
Definition 3.2.8. A sequence v = {vy}rez/pz is CAZAC if
e There exists C' > 0 such that |v| = C for all k.

e For any t € (Z/pZ)\{0}, one has <v, o> = 0, where (1;v0); = vp_; with cyclic

convention.

Now, for any odd prime p, consider the following Gabor frame W), = (V0 )m,nez/pz €
CP*?* | where

1
Umnlk] = %up[k +mley(kn),

where e,(x) := exp(—2mz/p). Then for any (mq,n1), (ma,ns) € (Z/pZ)?, one has

Ui =+ 3 (wll mley (b)) (o F male (ko)

kEZ/pZ

1 -
== Y wplk +mauylk + mole,(k(ny — ny))
p kEZ/pZ

— % Z uplt + (mq — ma)]u,tle,(t(ng — na))e,(—ma(ng — na))
teZ/pZ

= A, (up)[m1 — ma, ny — nale,(—ma(ng — na)),

where A,(u,) = %ZteZ/pZ uplt + (mq — mo)]uytle,(t(ny — ny)) is the ambiguity
function of w,,.

For Bjorck sequences, one has the following estimate:

Theorem 3.2.9 (Theorem 3.8 in [7]). For any (m,n) € (Z/pZ x Z/pZ)\{(0,0)},
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one has
4 T
9 £ ifp=1(mod4)
| Ap(up)[m, n]| < ﬁ +q 7 :
# if p=3(mod 4)
In particular, |A,(u,)[m,n]| < 3/,/p, which implies that the coherence of ¥,

is py < 3/\/1_9

3.2.4 Reduction to Legendre Symbols

For given N' C Z/pZ and disjoint 1,9y C Z/pZ x N, we introduce the

following notation:

Definition 3.2.10. For i = 1,2, define Q;(n) = {m € Z/pZ : (m,n) € Q;}.

Then, one has

Z Z Uy ng s Umgne > = Z Z Z Ap(up)[mi—ma, n1—nsle,(—ma(n1—ng)).

(m1,m1)€QL (Mm2,n2)EQ2 n1,m2€N ma€Qa(nz) mi1€Q;(n1)
(3.6)

Moreover, we may assume m; # ma, ny 7# ng as A,(u,)[0,n] = A,(u,)[m, 0] =
0 for all m,n # 0.

Now, fixing ma, ny, ny, we see that the innermost sum of (3.6) becomes

Z Ap(up)[mi —ma,m1 — nalep(—ma(ni — ng)) =

mi EQl(TLl)

LY X wplkr = mafufRey (b — na))ep(—mam = na))

m1€Q1(n1) kEZ/PZ
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Note that for p = 1(mod 4),

1 if K#£0
Rluk]) =4 V7 7

1 if k=0

and S(u,[k]) = Y222

=9 x|[k], a multiple of the Legendre symbol.

Proposition 3.2.11. Given N, Qq,$Qy, the estimate in (3.6) can be written as

Y Y Ut Y Y Y A mi—ma,mi—nal .

9
(m1,m1)€Q (M2,n2)€EN: n1,n26N ma€Qa(n2) mi1€Q1(n1)

Before proving the proposition above, we first derive the following lemma:

Lemma 3.2.12. Given fized ms,nq,no, one has

[ s () Sonezypz Rluplk + ma = ma])R(up[k] ey (k{1 — ng))| < ZRiml

p

|% Zm16§21(n1) ZkEZ/pZ S(up[k + my — ma])R(up[k])ep(k(n1 — n2))| < M

\ \Zl) Zmleﬂl(m) Zkez/pz R(uplk +mq — ma])S(uylk])ey(k(ng —ng))| < 3\91}§n1)|

Proof. For the first part, note that R(u,[k]) = 1+1\/ﬁ if k£ # 0 and is equal to 1 if

k = 0. Thus, one has

Z §R(up[k +my — mQ])%(up[k])ep(k(nl —ng))

mi1€Q1(n1)
1 V.
=1 7 Z Z ep(k(n1 —ng)) + &b Z (1 + ep((me —my)(ny — nz)))
p mi1€Q(n1) kEZ/PZ p m1€Q1(n1)

- (4 epllma = mi (o - ) ).

mi EQl(’nl)

&I
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As for the second part, we have

S S(uplk + may — ma])R(uy[k])e, (k(ny — ns))

keZ/pZ

! VP
Tr 5 Z/ Sk 1 —mal)ey(k(m = o)) + 57

S(up[m1 — my])

1
1

S

pln1 — naley((me — ma)(ny — n2)) — 1 J\r/p ep((me —ma)(n1 — ”2)))

E

+

S(uplma — mal)e,(k(n1 — nz)).

1+\/‘

Now, |4,| = S(up[my — mg]) = 1 since my # mo. Thus, the magnitude of the
three term does not exceed 3. The third estimate follows verbatim from the second

one. []

Proof. of Proposition 3.2.11:

By noting

[k — maug K] = Ruplk + my — mal) Ry k) + 13y [k + 1 — mal) Ry )

<%

— R (up[k +my — my])

D+ 2/p
_ PRV e — g,

1+ b

(up[K]))

we have

Y A mamenl S| Y A0 ng S

m1€Q1(n1) m1€Q1(n1)
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Then, by summing over ms, ni, ng, we see that

| Z Z LUy g s U s> |

(m1,n1)€Q1 (M2,n2)EN2

Y Y 140 - mem

n1,m2EN ma€Qa(n2) m1€Q (n1)

+Z Z 8|Q ny)

n1,n26N ma€Qa(ns)

=5 3 A - mam

n1,n2€N mac€Qa(ng) mi1€Q (n1)

and that the last term is less than 8/9.

3.2.5 Character Sum Estimates

— ngle,(—ma(ny —ng))|

81821 |2 |

— ol + ——,

p

Besides the practical interests in compressive sensing, estimation of character

sums is also intriguing in its own. Let x : Z/pZ — C be a non-principal character

on (Z/pZ)* with the extension x[0] = 0. Polya-Vinogradov inequality states that

Y XKl < plogp

M<k<M+N

for any arbitrary M, N. Chung [21] investigated the cancellation within the

suim

ZZX[Q—H)]

a€eS beT
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where S, T C Z/pZ. In particular, the following estimate is given:

I3 wla+ 8]] < /oI - Bl - Elye

a€S beT p p

Note that the estimate is only nontrivial for |S|,|T| > ,/p. Chung also com-
mented on a conjecture for the case |S| < /p: for any fixed € > 0 and [S| > pf,

there exists 4 > 0 such that

[ > xla—0ll <SP

a,besS

Friedlander and Iwaniec [36] gave a partial answer to the conjecture above,
proving the inequality when S is contained in an interval I of length < /p and
satisfies | S| > I7/(Hpl/47+¢ for some r > 2 using the Burgess estimate. Note that
the results here do not apply to (3.1) even if Qy(n;) = Qa(nsg), since there is an

additional summation over Z/pZ.

3.2.6 Weil’'s Exponential Sum Estimate
Using Weil’s estimate, one has the following inequalities [5, 7, 52, 58]:
Theorem 3.2.13. Given a prime p with 0 < dy < --- < dj < p, one has

p—1

\Zx[n+d1]~-~x[n+dk]] < 9kp'/2.

n=0
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Theorem 3.2.14. Given a prime p and m,n € Z/pZ\{0}, one has

ST XKk + mle ™) < 2./,

kEZ/pZ

In particular, the sum (3.1) has the trivial estimate ,/p|M;||M;]. When
|Mi|, | Ma| ~ /p, we will have that (3.1)< p¥/2.

In our case, the summation is three dimensional, complicating the issue. How-
ever, we shall show that if we add sufficiently large spins on the sum, there are

indeed additional cancellations occurring.

3.3 Main Results

Theorem 3.3.1. Let p be a prime, and n € Z/pZ. Suppose n ~ p'/>T0 where § €
(0,1/2), and My, My C Z/pZ consist of consecutive numbers such that | M|, | M| <
D Furthermore, if |Ms|/|Mi|, | M| are even, and | M| ~ p'/?77, o € [0,1/2) such

that 6 > o, then

Z ’sm (| M;y|s/p) ‘|Sin(7T|M2|(S + n)/p)’ _ O(ps/Q—a)

sin(7s/p) sin(m(s +n)/p) ’ (3.7)

s#£0,—

where a = o+ (8 — ) /2, and the big-O notation A(p) = O(p>/*=*) means that there

exists a constant K, independent of p, such that limsup,, ;. 3/(2 )a <K.

From this theorem, we derive the following corollaries:
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Corollary 3.3.2. With the assumptions above, we have

> Y Ak = malReE eI O, (3.8)

k m1€Q1(n1)m2€Qg(n2)
where n = ny — nay.

Corollary 3.3.3. With the same assumptions above, we have, for a fized k € Z/pZ,

| Z Z k +my — mo e?mmzn/ﬁ| — O(plia)_

m1 EQl(nl) mQGQQ(ng)

Proof. of Corollary 3.3.2:

Given n € Z/pZ, we compute

k m1€Q1(n1),ma€Qa(n2)

1 2ma(k+m1—ma2)s/ —2 / 2mikn/
— Z . X[S]@ mi(k+m1—mz2)s/p e~ 2mman pX[k:]e mkn/p
e

k7m17m2

D) () (g

m2

_ ZX TL +s (Z 627mm1s/p) (Z 6—2mm2(s+n)/p)

mi mo

© S b ) (),

s#0,—n mi mso

Assuming Q(n1), Q2(ns) are both intervals in Z/pZ, we see that

| Z 627r1mjt/p| _ |Sin(7T‘Mj’t/p)|

m;eQ;(n;) sin(rt/p)
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where 7 = 1,2. Thus, taking the absolute value on both sides, we get this estimate.

]

The proof of Corollary 3.3.3 follows verbatim.

Remark 3.3.4. Using Holder’s inequality and the Fourier transform of the Fejér’s

kernel, we can show that the expression in (3.7) is less than py/|Q(n1)]|Q2(n2)],

which equals p*/? when [Q;(n1)| = |Q2(ns2)| = Nz

To prove Theorem 3.3.1, we will approximate sin(w|M;|(s+t;)/p) and sin(7(s+

t;)/p) with piece-wise linear functions. Then, by summing over all pieces, we shall

show that the contribution as a whole is less than p?/2~.

Definition 3.3.5. We define the following piece-wise polynomials p¥, pl, p¥, pl, as

pi(s) = 2[[[Mi]s/pl, pi(s) = lIs/pll;

ps(s) = 2[[[Ma|(s +n)/pll, ph(s) = ll(s +n)/pl,

where ||t|| := min,ez [t — n|.

Note that

sin (| My|s/p) ,|siH{F|le(8 + n)/p)| < Pils)pi(s)
sin(ms/p) sin(m(s +1)/p) Pi(s)ph(s)

As we assume that |Ms| > | M|, the piece-wise linear function of | sin(m|Ms|(s+
n)/p)| changes directions most frequently. Thus, we first start with the intervals in
which the function does not change direction before expanding into larger intervals.
In particular, we define the following intervals:
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Definition 3.3.6. An interval in Z/pZ with the form [% —n, pf@? —nl, j €

{=|Ma]/2,...,[My]/2} is called an y;-interval, by which we denote I7.

An interval in Z/pZ with the form [IJ\IZI’ pﬁzl‘)], i€ {—|Ml|/2,...,|M|/2} is

called an z;-interval, by which we denote I}".

Here, we abuse the notation by denoting the set of numbers {a € Z/pZ : a €
I}t = I where I C R is an interval.

Given s € [y c I*

77

we denote x;,y; € Z by the integers such that pi(s) =

| |Ma|s | |M2|(s+n)

—ail, py(s) = == =y,

3.4 Proof of Theorem 3.3.1

In this section, we track only the main terms occurring during the calculation.

First, we see that

s (| Mils c (7| Ma|(s+n Mji|s Ms|(s+n
sin (7L sm(%w ap? |95 =l PR — il pe(s)py(s)
sin(Z2) sin(Ze)y | T w? s(s +n) PA(s)ph(s)’

P

where z; = a,(s) € {—[2], RO 1 (2N M2z, 4 = y,(s,n) € {L@J, e

| M2|n
=R N2Z.
Note that IJy C ]Z‘T < Y € [1'1|M2|/|M1| + |Mg|n/p,l’7,+1|M2|/|M1| +

|Ma|n/p — 1] =: J¥. Then,

Z |s1n (7| M| s/p)||sin(7r]M2|(s+n)/p)| < Z Z Zpl s)p(s)

sin(mws/p) sin(mw(s +n)/p) (s)ph(s)

s7£0,— zi=—|M1|/2 y;€JF sEIy
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In our proof, we would like to smooth out {x;};, {y;}; by {z =i}, {w; = j};
to simplify the approximation process. By doing so, we split the sum into the

following parts:

Z+]4p (Bl — (Rl )
Pi(s)ph(s)

pi(s)ps(s) p1 s p"z‘ s)

TR IR R DB I

s#0,n D1NT/E2 jij<pe selz P 2( [i|>p jEJF seT
[My]s i

DD I (];)pggs)+ 2. 2 Zwss—!—n

li|>pe jE€JF 5 odd ser |i|>p€:i even jEJF:j odd geI”

:E1+S+E2+E3

(3.9)

We shall estimate on each of the four terms to show that (3.9) is of order

O(p*/*~).

Proposition 3.4.1. We have the following estimates:

(a)

El _ O(p3/2_6+€).

(b)

Ey + Es = O(p**°log(p)).

(c)

S = 0@** ") + O(p**° log(p)).

With the estimates in Proposition 3.4.1, we can prove Theorem 3.3.1:
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Proof. of Theorem 3.3.1:

From Proposition 3.4.1, we see that

1(s)p3 (s —o—¢ - —0+e€ -«
pi( )Plz( ) O(p3/2 )+O(p3/2 510gp) -I—O(p3/2 5+ ) = O(p3/2 )
2

where . = min{e + 0,0 — €}. Since the choice of € is arbitrary, we can optimize «
to be o + (6 — 0)/2, which is what we claimed.

]

We first consider the case when s is positive. The case when s is negative is
similar, and the proof for positive indices can be modified verbatim. We consider
the term S in (3.9) to be the main term, while the rest are considered as correction
terms. We shall first compute all three correction terms before dealing with the

main term.

3.5 Estimates of Correction Terms

First, we shall prove Proposition 3.4.1 (a).

Proof. of Proposition 3.4.1 (a):

Assuming that |z;| < p¢ and |M;| ~ p'/?77, o € (0,1/2), we have |s| <

~Y

bT;
M

| M|

pt/2t<te. Note that n ~ p*/2*% where § > ¢ + o, 6 € (0,1/2). Thus,
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Z |sin(7r|M1|s/p)Hsin(7r|M2|(S—|—n)/p)| < | M| Z D

Wey-/ sin(ms/p) sin(7(s +n)/p) <t (s +n)

1/24€e+o

n+p
< P|M1|10g(m)

1
np—l/Q—e—U -1 )

= p|M;|log(1 +

~ p’Ml |p76+e+a ~ p3/276+6'

(3.10)

Around the singular point s = —n, we make sure to take out an even number
of y;-intervals so the cancellations still occur in the remaining x;-interval. Thus, the

summation range is |s + n| < |M | for some k € N. Then,

Z |sin(7T|M1|s/p)||sin(7r|M2|(s—|—n)/p)’ < |M2’ Z L

. i
e, s/ s /) o rese 7
n+ p/| My
< p|Ma|log(——F—
Ml os G = i)
1
= p|Ms|log(1 + ———
Mollog(1 4 )
~ P21/ /2=t
(3.11)
[

To prove Proposition 3.4.1 (b), we need the following lemma:
Lemma 3.5.1. Let f,g:Z — R be f(s) =1 and f(s) = = s+t for some t € R. If
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1l <a<a+1<bissuchthat 2 =1+r for somer € (0,1), then

Dacscn f(8) = 1+ Or?)+ 0™

r(r+t/a r
2 a<s<b9(5) = (1(+j—+/tm)+0(7)

Proof. Since both f and g are monotone in (a, b), we may approximate the summa-

tion of both f and g with their respective integrals. Moreover,

|Z —/ d|</b+11d = log(1 + 2 ) = 2 +0(b™?)
A=) TN T T T ‘

a<s<b

Thus,

§:§:4%044q+0@*):r+0w4y

a<s<b

Note that 3 <1 <=2 =7 s0 ) ., f(s) = O(r). For g, we have

b+1 1

|Z s(s+1) /ab (sl—l—t)ds|_/bl s

a<s <b

PR
1 G )@+t—D>

/ NESES)
::%bg01+5§7x1_51§130
B %(bi 1 b+?+ 1)+O(%)'
Thus,
PRI e
B %(1 (1+r;+t/a) +O(§) B % +O(%2)'
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Proof. of Proposition 3.4.1 (b):

Fixing ¢, consider

|Ma]s

ZZS+H

(2k+1)eJf sely

l

‘Ml‘s Z
1 25
:ZP|M1| -
T s+n  s(s+n)
1 p*i 1 1
=2 Pl -G - )
sel? sTnoonos sTn (3.12)
]
= p|My| "+ O(p| My |r?) + O M,y %Y
[ M|

2?; 1 _Db_
P (—. - #) +0(pPn~ta)

|[Mi|n

= P e = gy O )
z—l—'é' nz(z—|—|;|)
=O0(p*n~"i™")

As for E3, by Lemma 3.5.1,

B=p 2 Z (s +n)

1€22+1:4<|M1]/2 (2k+1)€J? sely

> op Z ey (3.13)

i<|Mq]/2 SEI“‘

> L0t ) = On log(M).

i<|My|/2

IA

IN
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Combining (3.12) and (3.13), we see that the total contribution is p>~(1/2¥9) log(|M;|) =

O(p**log(p)). O

3.6 Estimates of the Main Term S

To estimate S in (3.9), we start by computing the expression of the sum in

one y;-interval.

3.6.1 Estimates within y;-Intervals

Lemma 3.6.1. Given j > 0, define the error term E,(j) vt

Mi|s Ms|(s+n .
B =Y gp? (B0l — g (Bl ) ( % i 2p\M1|>
Yy = o =2 =2 ; ’
e 2 s(s+n) 2| M7 U3 725
where §; = % —n, and « is as defined in Theorem 3.3.1.

Then, the total contribution of E, is

Z Z E,(j) = O(pg/Q_a)‘

[i|>pe JEJIF

To estimate E,(j), we will make the following re-arrangements first.

For s € ij all p¥, p4%, p!, pb are linear and none changes sign. Thus,

\Ml\s _ )(|M2|(S+TL) -

u( 4p? 7)
Zplspzs iz P (S_i_?f) _

l
s)ph(s)
sel? () sEIy
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Thus, we would like to compute

1|s . Ms|(s+n .
(M —jy(Lsern) _
2
e T s(s+mn)
4 dp|Mql; 1 dp|Msli1  4p* ij
- }: — [ My || Ma] — | 21’] . 22| s 2 o(etm)
. _ T ™ s+n ™ s 7w s(s+n)
pJj —n§s§p3+1—n
[Ma] [Ma]
4\ My || Ms| | . . ‘ 4dp| M|y Jj+1 , 4p| Msli Yjt+1 .
= AR G — g 5100 — o oI + ) - P g1 ()
s U J m Yj
4p*ij Yjt1 Yj+1+n - )
T (e ity gty g ),
s ( g( 7 ) — log( 7T n )+ fa(5)

where we recall that g; = % -n

Note that g1 —g; = IJ\ZI’ and also log(jji.l) =log(1+3) = % — 5 +03G™).

J 2j?
Thus,
A|M || M|, _ dAp|Mylj . G410 2p| My -
LQIQ‘(%JA_%)_ |21| log(——) = ’2~ + O(IMulpy; ).
T J ™7
Now,
7 i, _ 1 Pl
log(“2) = log(1 + =2) = : - — + O’ |Ma| 7y;7)
( Jj ) ( g IMa| P = 2[Msf g !
P 1 p? 1 PP 1 4 —4~—4
|MQ|%—TL 2|M2|2y]2- 3|M2|3y]3 ( | 2| J )
and
Uis1 + j+1 1 1 _
log( Jf':_n ) = log(~— ):—.—@4‘0(] 3)
Yi J i ; 1 (3.14)
— -+ — 4O
jTap Tap OV
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Thus, we see that, using (3.14),

CAp| Ml p 1

4p%ij p 1
71'2 |M2’W_n 7’L7T2 |MQ‘M—TL
_ —4p?j 1 n 4p%i  4p*i 1
4p?i
nr?

Combining all of the above, we get that

4\ M| My N i 4dp| M|y j+1 . 4dp| Ms|i Ui )
AN 5 — g+ £i5)) — O qog 2L 4 gy — IR g Boeny g )
T T j T o
4p*ij ( Yjt1 Yir1 +n . )
+ log(*2—) — log(“2—) +
5 | losl 7, ) — log( 5Tn )+ f(4)
4| My || M| 2p| M, | 9 4p| |J 2p°i 4p|Msli , .
= ] PR oM _
2 fi1(d) + poF + O(|Mi|pi ™) — fo(d) + EIRYATE 2 f3(5)
o a 4p%i 2ptij 4p?i 2p22' 4p%ij 4p%ij
O M 2 4 '3 . o
(IMs[7"p"g5) + nm? n|Mg|27r2g]2 nw?  nn?j  nmn? fag) + 3nm? 1)
+ O(n~ PP | M| i) + O(n~ ' p%is )
2p4ij 4 2p233i I QP‘MI‘ 2]?3351'
n|MsPr?g;  nmly; - wly; o w Mol
4[M|[My| , . Ap|Mij 4p|M2!z 4p ij 4p*ij . .
+ 2 f1(7) — ) f2(J) — 2 f3(3) + > fa(j) + 372 f1(5)

O(|M]pj~2) + O(IMy|?p*y; %) + O(n‘1p6|Mz|‘4z'jg;4> +O0(n~'p%ii?),

(3.15)

where
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E(5)

Wi WP 1]
321V T g My g3 53

2 . .
4 (3—|J§2|2]2n - 3‘]\%‘373 +n?

~ 3nn2 73

= O(p"| M| 72457155 %) + O(°| M| ~'nij %5 %) + O(p*n®ij 5, ®).

In (3.15), we have four explicit terms remaining, namely

—opti w2 | M 2P
plij 2 +pl 1|Jr p

. 3.16
A A T R IV AT (310
Further simplifying the expressions, we have
4 - 9. 3 . 2 '“2 _ p2 :2 3.
—2p*iy 2p°1 2p°i 2p7 Y5 T ) 2p°1
nm?|My?y  nm?j o w?|Msly;  na? 3i 2| Mal;
o2~ Rt 2pd
nm? ] 2| Ma| 73
o —Aph 2np?i 2p%i
M|y g mP| My
o =2pPi 2np?i
T Malg; g3
To this point, we have computed all the main terms, and we have
AIM|| M|, Ap[Malj, o ApMali, o Aptig L Aptig o,
—Tfl<]) - Tf2(]) - Tfs(]) + 2 fa(d) + 372 f1(5)

+ O(|My|pj %) + O(IMa| ?p* ;%) + O(n™'p°| My | Hijgs*) + O(n~'p%ij ).

(3.17)
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To estimate the effect of f1, fo, fs, fa, f1, we refer to the following proposition which

shall be proved in Section 3.7.

Proposition 3.6.2. The following estimates hold:

(a)
4p22-] !/ - _ -—3 _ 3/2—0'—26
> > 55 lhl= D] 0w = O )

|i|>pe y; €] |i]>pe

(b)

|Mi]/2

4p|Msi 4p=y
S 30 L Gy 20 ) = a1 g

i=—|M]/2 jeJ?

(¢)

| M2 .
dp|Mylj , .
Z LTQl’ f2(7) = O(|My|| Ma|log | Ma]).

y;=1
(d) 3aspe 2oyess MM f1(5) = O(|Maf*) = O(p) if [My] is even.
Proposition 3.6.2 shows that the first five terms in (3.17) sums up to be of the

order O(p*?~77%). Thus, it remains to show that the final four terms in (3.17) can

be well controlled.

Proof. of Lemma 3.6.1: Note that p[M,|~17; ' = —mg = J%t Thus,
]

P

[ ]
SN pIMiTr=pIM| > =00,
li|>pe jeJ® |j|>}ﬁflp

[ ]

e . 1
SO PIM T = plMo T Y G = O(p'?).

1 € 1€ JT . M:
i=ptIE S 1> a2t

110



t
> > T M| it = v pa) DI ( : 3>
[i|>pe FEI? < \(j—1)* (J—t)
i|>pe jEJ] \ |>pe JEJ;

[ Mo |(i+1)
[Mq]

2
P (1t
PP (k_+k_)
li|>pe 1 [Mali
k=Trm0

< r 3 3|MPi((i+1)% —4%)  2[MyPit((i + 1)? —42)
n

L TG RGP VG AT
1| >p€
< 20p* ’M1’3p \M1]2n|M2\ .
T on M M2 p
20p2 —2¢ —0—¢ —0—¢
= 02 (4 o)) = 0,

Syt <t S e (R m)

|i|>pe JEIT |i]>pe

p Z |]\41|2 21+ 1
M2|2 Z+1)

|i]>pe

—_ O<p3/27576).

Combining all the terms above, we see that Z|i\>pe > E(j) = O(p3/270'76>.

jeJe
Choosing € = (§ — 0)/2, we see that it is indeed of the order p*/2=2. O
3.6.2 Estimates within z;-Intervals

Within a given I, pY, P4, p, do not change signs, but p% does between IJ?-J and
[jy+1- Thus, the main terms in Lemma 3.6.1 flip signs across different y;-intervals.

Note that between consecutive y;-intervals, either y;11 = y; or yj41 = y; + 2

111



by construction. Moreover, yo = o = 0. In this section, we replace {y;}; by {z;};

where z; = j. Then, we have

1 if je2Z+1
Yy =% =
0 if je2Z.

In particular, we may split the sum into

u

YIPBLIIL SN pEITINEEC S il gt

b ely (s)pa (s jedy (2k+1)eJI sel? s(s+n)
where
(M _ j)(|M2|(5+n) — )
FG) =y —
; s(s+n)
J

We shall derive the following estimate from Lemma 3.5.1:

Lemma 3.6.3. The contribution of the correction term satisfies

—1) (‘Ml‘s — ;)

I M S ]

i>p© (2k+1)eJ? sely
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Proof. Fixing i, consider the inner sum

|M1|5 — | M |s —3
DI Bl =D D
(2k+1)eJy sEIy S + n seI? S(S + n)
1 p%i
= plMy| -
= s+n s(s+n)

M| . 3.18
ZMMM—MiE+O@MLW)+OWszU (3.18)

p2i 1 |]\I/;|
2, -1,.-1
—7<—.—pz—>+0(pn ;)

|Ma|n

= pIMy|—5 — _% +O0(p*n~ 'z )
i + Min ;' nz(z—i——' ;')
=0’ n ")

Again, we approximated {z;}; by {w; = i};. The contribution of the difference is,
by Lemma 3.5.1,

D DR DD B e

1€2Z+1:0<|M1|/2 (2k+1)eJ? sely

< 2 P2y (3.19)

z<|M1|/2 SEII

> p_i +O0(p*n1i %) = O(p*n~" log(|Ml)).

i<|My|/2

Combining (3.18) and (3.19), we see that the total contribution is p?~(1/2+9) log (| M, |) ~

p*/>~%1og(p). O

| Ms|n/p will not be an integer unless n = 0. Suppose for now that |M;|||Ma].
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Then we see that there will be |M;|/|M;| — 1 complete y-intervals within. Also,
the left and right incomplete y-intervals will combine to have the same length of a

complete y-interval.

Define ¢, (y;) = WQIQMQ‘% 92(y;) = 2Z§y:cz gs(y;) = %, All three terms are

decreasing with respect to y;. Thus,

u

3
Py SP 5
Z 15?3 Z|Z nglyﬂ|+Z|EyJ
yEJIseI” p2 =1 y;eJ? y;€J7

3

consists of three alternating series.

Recal that I} C I} <= y; € [xll‘\i\fﬁ‘ + |M;|n,xl|+]f4lf\|42| + ‘M;‘n — 1], and

}J;’ = |Ms|/|M;|. Thus, the case when |Ms|/| M| is an even number will be superior
to the one with odd numbers.

With the three terms carrying over, we need the following lemma:

Lemma 3.6.4. Within an x;-interval, the contribution is

pi(s)ps(s) 3/2-8,~
PRSIP2AS) o (p|My]i2) + O(p )+ 3B,
2 lrh(s) ~ P )t 2 B

Proof. First, note that
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i+1|Mo|
[Mq]

, —2p3 2np*i  2p|M
Z (_1)]< _ D S ~§7. 4 p|2-1|)
T2 Maly;  U3) %)

| Mg |n
T

=gl T
= PR(s)
<12 s
sere P1 (s)pa(s)

i+l\M2|+|M2\n71
P

[ M| 3. 9.
. —2p°1 2npi  2p|M
D e
| MelG?  G3) %)

i My
[M]

IN

[Mg|n
T

. —9933
Since |Ms|/|M,| € 2N, we can see that, for Wpﬂ%ﬁ’

HHUMy| | [Myin
P

[M;] ; ;
(1) _ [Maf? (=1)
Z ~2 2 Z (] . |M2|n)2

. i| Mo + |Mg|n

=T »
i+1| My|
[P i (1)
= 2
p2 z,iIM2| Zj
I= T
3 |M2|2'(|M1| |y )_( L )]
=52 |\ : M) G+ D[Mi]
B | M)? [ 1 1 ]
- 2 | i Mal i My T G+ D) | M/ G+ 1) M|
20 LG+ S G + D)
- |Ma| (i|Ma| | i|Ma| | M|
| Mef? oz an] T an) D T Ep }
= 92 | Ml dMa] L 1) GEDIMal DM
207 L Gy + D5 s + 1)
= O(p?IMy|%i7?).
For 2%’%,
Y5

115



where A, B, C satisfy

—p? 2p 1
CPR+AR+Bj=1 — A=_L =L o=
Yi J J | My |?n?’ n| M|’ n?
Thus, we have
2 YS p
e
- Jy] - : n?j
[ —p 1 1 p 1 ]
=S st
2.1 AT
. (i+1)| M|
N |Ms|  —p [10g(z+1)—log( ‘M1‘2 +1)}
p | Msn? 7 i\‘j\\/[/[z“ +1
(i+1)|Ma| | [Ma|n (i+D)|Ms|  |Ma2ln
1 { BA v o o, Tl .
+ — | log( ) — log( )| + O™ M| My~ ™t ™)
2 i|Ma| |M2|n i|Ma| |M In
" M| ™ ML +5 Tl
1 { 1 1 1 1 }
~= - - +O(p M| M|t )
2 |M1| | [Mifn |M1|" M|
M|\ [Mijn | |M
|M1| (21_’_ }M1})| ;| + [Mi|*n? 1\

n?| Ms| [ (7 + I%II)( + ‘M;‘”)( + |M1|n +
_ || O(2R) + o(t)
| My |n? O(i4)+0(i2|M;|22"2) '

For 2p|M1| , by letting 2q = {22l 4 IMaln op  (HDIMa| |M2|"

%b]

,and t = 1/2, we

| M| P
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have

(1) 1 1
2. i Z(ﬂ_zkH)

jeJe (2k)eJ®

1
=2 2%(2k + 1)

(2k)eJ?

1 1 + - 1
it POl \ Dol T TnLT, M

= T — )+O(r2)

1 + 1 + - 1
o [Myn i|Ma| | [Ma|n
+ [My] T

@ + O(TQ) = 0(2—2)

IN

Combining the three terms, we see that

oot ompti 2p|M
Z(_l)g( L p|2'1|)
T Ma|y; - 3d 2]

= O(p| M; [*| My 7i7%) + min{O(i?p**77), O(p*/ >~}
+ min{O(i~*p*>7271), O(p*/* i)} + O(p| My |*| M| ~'i )

= O(IMi?) + O i),

3.6.3 Proof of Proposition 3.4.1 (c)

Now, we are prepared to prove Proposition 3.4.1 (c).

Proof. of Proposition 3.4.1 (c):
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For |s| > p'/?*t — 2, > p°, we have

> OIM|2%) + O(p* a7 ) + Ea:) = O(p** ) + O(p** log p).

x; >p©

Thus, adding the two parts, we get

Op**=7=) + O(p** " log p) + O(p'*777) = O™,

where a. = min{e + 0,0 — €¢}. Now, since € is arbitrary, we can optimize « to be
o+ (0 —0)/2.
For different components of p!(s),ph(s), the same arguments work verbatim

by re-enumerate the x; and y;-intervals, so the same estimate holds. Note that

n ~ p'/? where 6 € (0,1/2), so p —n ~ p.

3.7 Proof of Proposition 3.6.2

In this section, we show that the contributions from fi, fo, f5, f1, fi are all
negligible. In increasing order of difficulty, we shall start with f; and end with f;.
The remaining error terms can be summed trivially over JF¥ and {i : i > p}, and

the proof will be omitted. .
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3.7.1 Estimates for f}

First, we note that

@%ﬂmﬁ—4ﬁ”(1ﬁ 1_1)
4 = ;

3nm? ~ 3nm? |M2|3y_§ J3
2 . .
(et i
 3nr? 73

= O(p"| M| 72457155 %) + O(*| M| ~'nij 25 %) + O(p*n®ii—°5;®).

(3.20)

Lemma 3.7.1. For fixed integers I,k > 0, one has

1 . s S—s p l—sy _f._ _
Y == = O(min {([Mo] M *i™*) () oM | M [ M),

Lk 0<s<k Msln
=5 7', <s< | My

where the constant depends on [, k.
With Lemma 3.7.1, we can prove Proposition 3.6.2 (a).

Proof. of Proposition 3.6.2 (a):
From (3.20), we can use Lemma 3.7.1, choosing the parameter s to be 0, 1,2
respectively for the three terms. Noting that |M;| < |Ms|, we get the desired

estimate bound.

Proof. of Lemma 3.7.1:
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ZLN|M2|(|M1|>1€71 L 1

= g;f D 7 gk—1 (Z + 1)k—1
B |M2||M1|k71 (Z + 1)k71 _ ,L'kfl
Bl p* (¢(i + 1))t
| M| M,y |*!

Z‘MQ‘ |M2|n
| M| + P

where we note that z;,1 = z; + 1. For the second equation, denoting

by z;, we have

T 1 (@ + ) =t

J* (ZiTia)!

. —s S;—S8 p k=s
~ O iz {(1Maf~ 1M 7) ()™ D),

where we note that

=21

1 1My
— = O(mln{ ! |M2‘n

T | My|i’

Now, by Holder’s inequality, we can derive the result.

3.7.2 Estimates for f3 and f;4

We are going to use the comparison lemma: If f(x) is monotone, then

b+1

@ = [ swan<) [ swa= [

Lemma 3.7.2. The following statements are true:
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o f3(j) = O(|Malp~'j7?),
o fi(j) = O(|M:[*p7257%).
The constant of the big-O notation is independent of | M| and p.

Proof. For f3, we have that

1£30)] < log(Zh) — 1og(ri ),

_ |10g(gj+1 (gj-‘rl + 1)
Ji(Ujr1 + 1)
Yi+1 — Y
=|log(l + ————=
Ui(Ujp1 + 1)

1

P’ _ 9 pjn 24 P (P
| Mo A 2|M2|+n +‘M2‘(|M2|+1)

= |log(1 +

)|

= O(|Mzlp™"57%).
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For f4, note that

_ 1(% _ 1 ) is monotone.

8(8+n) s+n
g Yj (?Ja+1 +n) NG+ D) (e 0+ 1)
1 1 1
=|log(l — = +log(l — ————) —log(l — = —log(1l — =
logll = ) Fleell — gy el m ) Tl )
IRV SR S B 1 )
Y+l gi+Mn+1) g+1 ga+n+l)
1 1 1 1 1
301 + o + +0(=
T D G R G Gt e O
( P/|M2 B p/|Ma| )
G+ D+ (G + m+1))(Gm + (n+1))
2 2
<|M|M >+|A5_|2_1( 20 (i + D + e )|+0(g3)
(75 + 1)2(j41 +1)° 2\ (9 + 1+ n)%(Yj1 + 1+ n)? !

n(y; + gj11) + (n+1)* -1 |
|M2| (Jj+1 + )75 + )G + (n+ 1)) (41 + (n+ 1))

+O(IMaf*p™257%) + O(|Ma|*p %5 77)

= O(|Msf*p2577).

Proof. of Proposition 3.6.2 (b):

Note that, by Lemma 3.7.2,

4P‘M2|Z

£0) + 4p? ij4( ) = O(|Ms|*ij %) + O(|My|*n~Yij %) = O(| My|*ij ).
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Now,

1 1 1
Z j2 M il T M) | [Mafn

JeJ? | M| P [ M| P
|M2|/|M1| (3'21)
T JilMa| | [Milny, G+ M| | [Mi|n
(Gar + =) o )
| M, |
=0 )

Then, summing over all possible z;, we see that

| M|

xr
> | M| Mz|—5 ~ [ M| M| log p,

=1

which concludes the proof. O

3.7.3 Estimates for f

Proof. of Proposition 3.6.2 (c):

Suppose {fir} = 6, where {} = 2 — [z]. Let {ﬁ;} =1—€e=1—¢j, then

for a given t € 7Z,

J 1 (t—i-l—e
—_— — O e —
¢ BT T

)=
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Summing over ¢ from “M | to Lpﬁ]\];'l |, we have
g
—Je _ Ao
2. tit—e) Z yj(t t—e)
t= (Ile“ t:[\f\efijzl-‘
p(i+1) p(+1)
NG R
J [ pJ & pJ
|Ma| | M|
ORI SRS
N (j+1)
(|M2| +e) (B + (1 —26—0))
. i1 — i + O
=7l log |1+ ; eEs)
(ﬁ—e)( nnp T (1—26—9))

p(+1)

P] _ 2
_ gl — |Mo|* .
I g e gy O
| M3 [ M2]
_ — €Ty +0(|M2|2 -1)
T (2 (P (1 - 2¢ - 0) P
[ M| [ Ma]

= O(|Ma|p™'57") + O(|Ma)*p~2571).

The other term can be obtained similarly. Now,

| Ma| | Ma|

4dp| M-
y - A dp| M|y 1|J = O(|M||Ma|j~") = O(|M, || My log | Ms]).
= i=t

3.7.4 Estimates for f;

Proof. of Proposition 3.6.2 (d):
Since (p,|Ms,]) = 1, we see that the fractional part of {py]/|M2\}| i' runs

through {k/|Ma|}M27"
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We denote the fractional part of a number « by {z} = x—|z]. Let {p/|Ms|} =

d, and {py;/|Ms|} = €;, then

—1-46 if e+d<1
fily) = —(1—¢) —{e+0} =
—0 if e+d>1
Without loss of generality, we may assume that 6 < 1/2. Since f; changes
signs from one y;-interval to another, it is important to identify where |f;| attains

J.

In order to do that, we first introduce the notion of the critical zone.

Definition 3.7.3. Given § < 1/2, the critical zone A C S', the unit circle, is defined

as A = [1 —4,1). The discrete counterpart A C Z/|Ms|Z is A = {x € Z/|M,|Z :

We should note that {pj/|Ms|} € A if and only if |fi(j)] = d. Thus, the
problem now depends on when {pj/|Mz|} lies in A so as to account for cancellation.
Now, we note that there are effectively |Ms|/|M;| y;-intervals within one ;-
interval. Also, the corresponding y,-intervals in consecutive z;-intervals have dif-

ferent signs. In particular, y;49/as|/m|-interval and y;-interval have the same sign.

2| M|
» | My

Since we assume that |M;| is even Z.]|Ms|Z is an additive subgroup of order
|M;|/2. Also, for any given j, {[{pyk/|M2]}]}fj]wg'/uwl‘*1 are distinct representa-
tives of the coset.

|M|/2

As p is a unit in Z/|Ms|Z, we can replace the representatives by {—k}; ]

Also, we see that between each coset, the number of elements inside the critical zone
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A differs by at most 1. Thus, the excessive parts that are not cancelled contribute
at most | Ma| /| M|

For the boundary contribution of one z;-interval, we see that the incomplete
sums on both sides combine to represent the coset |Ma|/| M.

The argument above applies for summation over the whole group, but in our
case we need to avoid the singularity at —n, which splits the summation range into
2 parts. Nonetheless, we shall show that the intuition still holds true even with
segmented sums.

If v = {p/|Ms|} < p~'/** then |fi(j)| = § for at most p° times, so the
contribution is /p|Ms| = O(p).

First, when we split the summation range into 2 parts, note that since the
complete summation gives at most the order of |Ms|/|Mj], it suffices to estimate for
one part and get the estimate of the other part by subtraction.

As it suffices to estimate for the range —n < s < p/2, we are looking at the

following quantity
Tt

=% Y Valpit

a<t<b ;=0

tp|M2|}
M| |

where |b —a| = O(|M,]), and g = 14 : Z/|Ms|Z — R is the characteristic

function of A. Moreover, |A| ~ §|Ms|.
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A -1
1
tp| M|
I= Z Z (=1)glpi + M| ]
a<t<b  j=0
1
_ ’M Z Z Z —27rztpk/|M1|€2mkpyj/|M2|
VIR a<t<bkeZ/|Ma|Z
1 ~ — 2T i T i
= I8 Zg[k]( Z o2 tpk/|M1|> (Z(—l)%e? kpy]/lMgl)
2l g a<t<b Yj

sin(mkp/|Ms|),

1 Z —kSin<7Tk’A‘/‘M2D sin(rk(b —a+ 1)p/|M,|) sin(2wkp/|M;])
- sin(k /| Ma|) sin(mpk/| M) sin(2mkp/|Ma))

where |Cy| = 1 for all k. Thus, by Holder’s inequality, the identity formula of the

Fejér kernel, and change of variables (kp — 1), we see that

sin(mk|A|/|Ma]) /2.
|]|—|]\/[2 (Z| sin(mwk/|Ma)) |>
sin(ml(b—a+1)/|M;

Dl sin(wl /| M)

*|sin(2nl /| M)
sin(27l /| M)

sin(wl/| M)

2>1/2

M| [ M

1 M| | M-
< VAL a
| My |

As a result, the contribution from each ends is at most |Ms|/|M; |, which concludes

our proof. n
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3.8 Extension to general cases

The results we presented above only apply for very specific cases, and it is
significantly harder to extend the result to the general cases with the same technique.
The approaches we introduce below are still work in progress and need to be further
refined.

For the Legendre symbol y, it has intimate connection to the Kloosterman

sums.

Definition 3.8.1. Let p be a prime. For any integers a, b, the quantity

Kla,b;p] = Z exp(2mi(az + bx 1) /p),

z€(Z/pL)*

where 71 denotes the multiplicative inverse of x in Z/pZ, is called a Kloosterman

suim.

In connecting x with the Kloosterman sum, Ernst Jacobsthal wrote down a
formula in the footnote on page 239 of [43], while referring the readers to his Ph.D

thesis. In [7], one of the authors derived the proof again.

Lemma 3.8.2 (Lemma 3.3 in [7]). Let a be an integer not divisible by p and F :

Z7./pZ — C be any function. Then

Z Flx+az™ '] = Z Flx] + Z x[2* — 4a] Flx].

x€(Z/pZ)* T€L/PL z€L/pZ

From Lemma 3.8.2, we can derive the following equality:
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Lemma 3.8.3. For any my # msy, one has

Z X[k +my — ma]x[k] = —1.

kezZ/pZ

Proof. Since y is a character on the multiplicative group (Z/pZ)*,

D xlk+m —molx[kl = Y x[k(k+my—my)]

keZpl kEZ/pZ
= 3 Mk (g —ma) [2)? — (g — o)/
kEZ/pZ
= Z x[E* = (m1 — mo)? /4],
kEZ/pZ

by shifting the indices in the last line. Choosing a = (m; — m3)?/16 and let F be

the constant function taking value 1, one has

p—1=p+ Y xle®—4dd=p+ > xlk+mi—max[k].
x€ZL/pL keZ/pZ

Let 7, x[k] := x[k + m]. Then,

Corollary 3.8.4. Given a fized ma, and Qy(ny) C Z/pZ,

I > Tomax I = Q1) |(p — 1) = Q4 (n1) (12 (n1)] = 1).

mléﬂl(n1)
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Proof.

< Z Tmi—ma X Z Tmi—ma X >

m1€Q1(n1) m1€Q1(n1)

= Z <Tmy—ma Xs Tmy—ma X> 1 Z <Tm1—m2X7Tm’1—m2X>

m1€Ql(m1) ml;ém/l

[Qu(n)l D IXRIP = 1920 (n) (19 ()] = 1)

keZ/pZ

= [2(n)[(p = 1) = [ () || (n1)] = 1)

To estimate | > A, (x)[m1 — mg, ny — nol|, note that

m1EQ (n1)

S Al — mayns — o) =}9 S (kX (b — 1))

m1€Q1(n1) kEZ/PZ mn€N1(ny)
1

\/]_O(Fv)[m — nal,

where F = \/Lﬁ(ep(kl))k,lez sz is the Discrete Fourier Transform (DFT) matrix and

t

o= (X G )

m1€Q (n1) kEZ/pZ

with the slight abuse of notation v = v(€2;(n1), my). From Corollary 3.8.4, we see

that

[o]13 = 2 (n)l(p = 1) = [ () [(IU )] = 1) = | Y Ty X (0]

m1 GQl(nl)
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Thus,

| Z Ap(X)[ma —ma,my — ]| < \/—||~7'_U||oo
m1€Q1(n1)

Remark 3.8.5. For n; = ny, we have

o] =(F)0l= > D TmmaXRIXK] = | ().

k€EZ/pZ m1€Q1(n1)

Since F is a unitary transform, we see that

Y Fole]? = ()| (p=1) = ()12 () =D~ D To—ma X [0 < [ () .

z€Z/pZ m1€Q1(n1)

Thus, the average entry-wise magnitude of Fv will be

1
%H}—U\b <V IQf1(n1).

€21 (n1)]

If we can replace —=(Fv)[n; —nsy) by 7

7 , then assuming |N| < p°, we will have

Z Z | Z Ap( mQ,nl—n2|<Z\/m<pc/21/4

nl,nQGNmQEQQ(nQ) m1€Q1(n1 n1eN

It indicates that if Fv is of constant amplitude (CA), then we would have proven
Theorem 3.3.1 with even smaller exponents. The following lemma related Fv being

CA with v being of zero auto-correlation (ZAC):
Lemma 3.8.6. Given a sequence v € CV, & is CA if and only if v is ZAC.

It leads us to examine the auto-correlation of v. However, as we will see below,
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v is not ZAC, and the estimation on its auto-correlation is not enough to provide a
meaningful bound. Instead, we will employ the power method to examine the high

moments of .

3.8.1 Weil’s Exponential Sums and the Power Method

Mentioned in [5] and proven in [52], we have the following Weil’s exponential

sum estimate:

Lemma 3.8.7 (Theorem 3.1 in [5], Theorem 2C of Chapter 2 in [52]). Given k € N,

there exists py such that for any 0 < t; < --- < tp < p, one has

| Y x(@ ) x(@ )] < kp2
z€Z/pZL
Remark 3.8.8. For any vector v,

[0][oc < inf [|v]]s.
s>1

Now, we are able to give the following estimate on || Fv||s:

Theorem 3.8.9 (This theorem is wrong!). Given fized ms,Q(ny1), one has

[v]l16 < Q1 (ny) [P 4p"/ 16
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In fact, for any integer s = 2" for some n € N, one has

lolls < [Qu(na) P pt>.

Before proving Theorem 3.8.9, we shall see how we can use it to prove RIP:

Proof. of RIP:

Given a fixed N' C Z/pZ and disjoint 0y, Qs C Z/pZ x N, we have

Z Z <um17n1 ’ um27n2 > S

(m1,m1)€Q1 (m2,n2)EN:

Z Z | Z AP(X)[ml_mz,nl—n2]|_|_§

n1,n2€N ma€Qa(n2) mi1€Q(n1)

< > > ||v||oo

(ma2,n2)€Q N1 6/\/

0. 090 1
<p =t spt?

where the fourth inequality follows from the fact that f(t) = t*/* is concave. O
Before proving Theorem 3.8.9, we recall the following facts:

Remark 3.8.10. The following statements are true:

~

e For any two vectors f,g € CP, m[t] = /pf[tlg[t] for any t € Z/pZ,

o [IF = glly <[fllllglls, and
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o ||fxgll2 <|fllillgllz by Minkowski’s inequality.

Proof. of Theorem 3.8.9: First, consider

\p32|v Se ()] = |<T (V¥ v *v* V), V%V xV*V>

< lvxv*xv*o|

< Jlos v ol ol 22,

< [lvll3llvll3
< plloll2lvll3

< p* - [ (n)|'pt = Qi (na)]*p".

On the other hand,

<T(Vx vk V*V), VRV KV * V>

Z Z( Z X[+ k+ (m7 —my) — si)x[l + k — s1]x[s1 + (m] mz)—SQ]X[Sl—SQ]"‘>

S1,52,53

1111

' ( > xlk A+ (m —mg) — ti]x[k = tilx[t + (m§ —ma) — ta]x[tr —t] - )

t1,t2,t3
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Thus,

|[<T(V*v*v*V), V%0 *V*kV>|

ZZZ

8
m$ k s2,s53

D X[k (my —ma) = si]x[l + k= su]x[s1 + (mF —ma) — salx[s1 — s

S1

.....

>

t2,t3

Y X[k + (m? —ma) = ti]x[k = t]x[t + (m§ = ma) — to] X[t — t2]

t1

Z ZZSZ k,mi,mi, so)T(k,m7, mi, ta),

..... m§ k s2,83

By multiplying the each of the first two terms by —1, we are ready to apply Lemma

3.8.7:

1. Suppose

I+ k+ (mi —mg), L+ k —s1,(m3 —my) — 52,59

are distinct, then by Lemma 3.8.7, [S(I, k, mi, m2, s5)| < 4p'/2.

2. Suppose two of the four terms above are identical, then by Lemma 3.8.3,

|S(1, k,mi, m2, s0)| = 1.

3. Suppose there are two identical pairs, then

[+ k+mi=sy—m?

l+k:82

which implies m} = m?, and k = sy — [. For a fixed [, there are |Q;(n)|p such

solutions.
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Taking all the situations into account, we have

|<T_(vxvxvxv),vkvkvkV>| < 16|Ql(n1)]8p6 + 2]91(n1)\7 S 4pSd — ]Ql(nl)\Gp‘r’

S 17|Q1(7’L1>|8p6

(3.23)

Combining the estimates in (3.22) and (3.23), we see that
|p3Z|U Sep(t1)] < min{ |1 (n1)|*p", 170 (1) Pp°} < V7| (m1) P,

Let y[t] := |0[t]|®, then

|?)[ZH < \/1_791(n1)6p3

By Parsevel’s identity,

>yl ZWW <179 (ny) 2.
teZ/pZ

Taking the 16-th root on both sides, we get

16]|16 < 171602 (ny)3/4p7/16,
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3.8.2 Numerical Experiments

Since we want to show that
9]0 < Q1 (r1)]' 7
for some € > 0, where

R S 1
U[S] = vQ1(n1)[S] = = Z TmX[k]X[k]ep(kn)v
\/]_) kEZ/pZ meQ(n1)

it is perhaps beneficial to examine whether the claim has some substance in it.

We have the following two algorithms that attempt to verify our conjecture.

Algorithm 1. This algorithm seeks to simulate supy;cz,z: |n< 5 |00 [l oo

1. A fixed prime p € N and number of iterations iter € N are given.

(\)

. for ¢ in range(|\/p]):

3. for j in range(iter):

4. M; + random sample from Z/pZ\{0} with size j.
5. Valueli] < sup; |[va; |-

6. Plot ({1,..., |[\/p]}, Value).

Algorithm 2. This algorithm seeks to simulate sup ez /pz: |a1< 5 SUPtez/pz | <Tionr, var>|.
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p=613, n=1000 p=1049, n=1000

Normalized value

— —— Normalized value
—&— square-root line —&— square-root line
— linear line — linear line

—e— Exponent=0.7 —e— Exponent=0.7
—¥— Exponent=0.8 —¥— Exponent=0.8

10! 4
10!
T T T T
10° 10t 10° 10t
p=2213, n=1000 p=5153, n=1000
1009 Normalized value —— Normalized value
—&— square-root line 102 —* square-root line
— linear line — linear line
—e— Exponent=0.7 —e— Exponent=0.7
—¥— Exponent=0.8 —¥— Exponent=0.8
10! 4
10! 4
T T T T
10° 10! 10° 10!

Figure 3.1: [lustration of the value sup,. - [|[9]lc With respect to j in log-log
plot. Data are normalized by 2/,/p

1. A fixed prime p € N and number of iterations iter € N are given.

[\

. for ¢ in range(|/p]):
3. for j in range(iter):

4. M; < random sample from Z/pZ\{0} with size j.

ot

Valueli] < sup; sup, |<mvns;, v, >|.
6. Plot ({1,..., [\/p]}, Value).
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p=613, n=1000

Normalized value
square-root line
linear line
Exponent=0.7
Exponent=0.8

AEES

10! 4

10! 4

p=613, n=10000

Normalized value
square-root line
linear line
Exponent=0.7
Exponent=0.8

bt

10° 10t 10° 10!
p=613, n=20000 p=613, n=40000

—— Normalized value —— Normalized value

—&— square-root line —&— square-root line

— linear line — linear line

—e— Exponent=0.7 —e— Exponent=0.7

—¥— Exponent=0.8 —¥— Exponent=0.8

10! 4

10! 4

T
10°

T
10!

T T
10° 10!

Figure 3.2: Given a fixed p, we examine the asymptotic behavior of the graph as
the number of iterations increases. Illustration of the value supy s —; [[9]lcc with
respect to j in log-log plot. Data are normalized by 2/,/p

3.8.3 Premature Ideas

To tackle the problems posed in Section 3.8, we made many unsuccessful at-

tempts. Below we recount some of them, and even though they do not seem to lead

to anywhere, they may be of use after some modification.
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p=613, iter=100 p=1049, iter=100

—— Normalized value 103 { —— Normalized value
—&— Square line —&— Square line
— linear line — linear line
—e— Exponent=1.4 —e— Exponent=1.4
102 { 7 Exponent=1.6 —¥— Exponent=1.6
10? 4
10! 4
10! 4
10° 4 10° 4
T T T T
10° 10t 10° 10t
p=1049, iter=500 p=2213, iter=500
10% { —— Normalized value —— Normalized value
—&— Square line ; —&— Square line
— linear line 10°3 — linear line
—e— Exponent=1.4 —e— Exponent=1.4
—¥— Exponent=1.6 —¥— Exponent=1.6
10? 4
10? 4
10! 4
10! 4
10° 4 10° 4
T T T T
10° 10! 10° 10!

Figure 3.3: Illustration of supy,a—; SUPiez/pz |<Tivar, var>| with respect to j in
log-log plot. Data are normalized by the first entry.

3.8.3.1 Exact Counting

The idea is to derive the exact distribution of signs of {x[k+mi]x[k+ma]x[k+
ms]x[k]} + k. Incidentally, it is quite accurate up to counting {x[k + mi]x[k +
mo]x[k]}k, but things break down in the case with four elements, and one needs
to resort to Weil’s exponential sum estimate, which defeats the purpose of exact

counting.

e n =2
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First, one should note that for any m # 0, >, x[k + m|x[k] = —1. Thus,
{x[k + m]x[k]}x has 2 zeros, (p — 1)/2 negative ones, and (p — 3)/2 positive

ones. Thus, looking at w[k] := x[k 4+ m] + x[k], we see that w must satisfy

(
-3
2 5
1
W=y 0 5
+1 ;2
\

by viewing the positive sign in y[k+m]x[k] as amplification and negative sign
as cancellation.
e n =23

We know that ), (x[k + m1] + x[k + ms])x[k] = —2. Suppose that there are
j of 2’s, and i of 1’s, then we have the following situations:
Lox[ma] + x[me] =42 = i=0,2:
=0 —2=2j 252 ~1-j) -2 = j =12
—1=2 —2=2j-2(2 -1—j)+2 = j=12

2. x[mi] + x[ma] =0 = i=1:

=1 —2=2j 22 —j) = j=12

Note that 7 depends on the sign distribution of y[m;] and y[ms).

As the number of j represents amplification, we can derive that for z[k] =

X[k + ma] + x[k + mo] + x[k], one has

141



+2 : i+1
z —

1 0 (B2 -+t -1

\

Up to this point, we are able to fairly accurately capture the exact distribu-

tions. We shall see the difficulty arising when n = 4.

n = 4:

Again, we have ), (x[k+mi]+x[k+ma]+x[k+ms])x[k] = —3. We assume that
ma, ma, mg are distinct nonzero residues. We look at s = x[m1]+x[ma]+x[ms].

Since none of them are 0, it can only be +1, £3.

Let’s talk about the case when (s, 1, ) = (£3,0,22). If there are a of 3, b

of 2’s, and ¢ of 1’s, then

-5 > - -5 —1
3=s3a-3 2 1-a)+2m-20-b+e- 2+ g
4 4 2
= 3
:6&+4b+26—§(p—5)—1
N -
:>3a+2b+c:1(p—5)—1.
On the other hand, we see that what we really want is
S -3 ~ p—1
Sl +mxlk + molxlk+mylx b =a—c— (G-a) + (5= =)+ E=—1-¢
k
— 2 -2+ 221



where b = 0 or 1.

Note that @ represents the number such that all four elements have the same

sign, i.e.,

a=|{k € Z/pZ: x|k +m] = x[k + ma] = x[k + ms] = x[k]}|.

From the pseudo-randomness of Legendre symbols, we see that |a — £| =
O(p'/?). However, how the distribution of (my,my, ms) affects the distance,
we are not sure yet. Knowing this more thoroughly will help us pin down the

exact value, and in turn it may help us crack <7v,v> problem.

Algorithm 3. This algorithm simulates the distribution of {>, x[k + ma|x[k +

mal X[k + ma] X K]} imy moms) -
1. A fixed prime p € N and number of iterations iter € N are given.
2. for j in range(iter):
3. M; + random sample (m], mj, m}) from Z/pZ\{0} with size 4.
4. Valueli] « X, x[k +m]x[k + mj)x[k + m3]x[K].

5. Plot histogram of Value.
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p=397, n=4

p=1049, n=4

p=10069, n=4

" 200 -150 -100 -50 ©

p=613, n=4

p=2213, n=4

Figure 3.4: Distribution of ), x[k + ma]x[k + ma]x[k + ms]x[k] for 200 random

samples of (my, mg, m3).
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3.8.3.2 Splitting Convolutions into Shifted Products

We will illustrate with the case v * v *x v x v.

vkvkvxv[k] = Zv[sl] Zv[k — 81 — 89 20[33]1)[32 — s3]

— :Z: <§j[31]v[/{: T SQ]S; (gv[s:g]v[@ — 83])
= g (;v[sl]v[& + 59 — k]) (gv[&a]v[ss, - 32])

= Z (<Tk_827),v><75211, v>).

52

3/2|||9]*|2. For n layers of convolution, the

On the other hand, ||vxv*vxv|3 = p
shifted products absorbs about (n — 1)/2 layers of whole sums. If we can show that
<mw,v> = O(M?7¢), independent of p, then we can estimate the remaining sums
trivially and still arrive at the desired bound. The problem is, is it possible to bound

<1, v> solely with, say, M16? It seems unlikely, as the simulation shows that the

quantity also grows with ,/p, which means we might need better estimations.

3.8.3.3 Randomness of Legendre Symbol

The pseudo-randomness of Legendre symbols may also help us in estimating

9] oc-

By viewing Z/pZ as a sample space with the normalized counting measure as
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the probability measure, we see that each 7;x is almost Bernoulli with

Also, they are almost mutually independent, as Cov(ryx, x) = ’71. Thus, it might

be expected that TmX may weakly converge to a normal random variable

meM
~ p=l
X ~N(0,M > ).
Now, vy = Xy is a perturbed version of a normal random variable, and
<Tupr, var> = pE(rvys - vy). If we naively believe that is indeed the case, and

suppose the index shift ¢ is such that M N M = ¢, then we may invoke

<ot var> = pE(rivoasont) = PE(revong)E(var) = %(ZUM[/M]) (Z Mk]) _ 1M

k

by noting that - ., >, x[k + m]x[k] = —|M].
If that is the end, then everything will be solved. However, there is bound to

be some error term. Thus, it will become

M

<TiUN, V> = + Error. (Realistic)

The first term is inconsequential, while we would have hoped the error term to be
of the form C|M|'~¢, which is not entirely outrageous if we think of vy, as some sort
of perturbed normal random variable. On the other hand, the left-hand side seems

to also grow with p'/2. If that is the case, then the end estimate of ||0]|o will take
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on an additional p*/*, which does not bode well at all, given that we are not able to

accommodate this factor with the gained space from |M |1

Chapter 4: Weight Identification for ReLu Neural Networks

In this chapter, we discuss whether it is possible to recover the weights in neural
networks with rectified linear units (ReLU) as activation functions up to permutation
and re-scaling with positive factors. In particular, we extend the approach employed
in [33, 34] to neural networks with non-smooth activation functions, specifically
leaky ReLLU neural networks. A more precise description of the problems is given
in Section 4.1.3. We first investigate 1-layer networks, which yield similar results
to the ones discussed in [33]. Then, we outline our work on 2-layer networks. This
part is not yet finished, and research is still ongoing.

First, we start with the definition of a (leaky) ReL.U function:

Definition 4.0.1. A Rectified Linear Unit (ReLU) o is defined to be o(z) = z if
x>0, and o(x) =0if x <O0.
A leaky ReLU o, with parameter n € [0, 1) satisfies 0,,(z) = x if x > 0, and

op(x) =nx if z <O0.

We shall cover the preliminaries in Section 4.1 before stating and proving our

results in Sections 4.2 and 4.3.
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4.1 Preliminaries

4.1.1 Tensor Decomposition and Its Motivation

A neural network f(z) : R? — R is an alternating composition of affine trans-

formations and non-linear activation functions:

f(x)=Ap000A, 10000 A (),

where A; : R%-1 — R% are affine transformations and o is a non-linear activation
function applied entry-wise.
For exposition, we first restrict ourselves on the case where f has only one

hidden layer:

m d m
f@) = aioc(d wiz;+6;) =Y gila;-x), xeR
i=1 j=1 i=1

Our task is to recover all {a; }, {w;;},{6;}, or equivalently, {g;, a;}. Note that f
is a sum of ridge functions with unknown ridge directions. Estimation of the sum of
ridge functions has been extensively studied in approximation theory [11, 22, 23, 28|.
In particular, in [10] it was pointed out that higher order differentiation can be used

to obtain information on the ridge directions {a;} by

Dc1 T Dcch(x) = Zgz(k)(az ’ I)<az : Cl) T (ai : Ck‘)'
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This provides a connection between identification of {a;} and tensor decom-

position of the derivatives of f. In particular, for all 1 < /¢, s < d,

Ouf (x Zgl a; - x)(a;)y = Vf(x Zgz a; - x)a;.

0005 f(x Zg Delai)s = V2f( Zg x)a; ® a;.

However, for some cases it is not feasible to obtain derivatives of f due to
limited access to the samples. It is then necessary to employ weak differentiation:
given random samples x; ~ p for some distribution p with density p(x), one can

calculate

S 1) T2 [ (a0 T )

— p(l"k:)

ZIH

(4.1)

In the case when strong derivatives can be obtained, for any =z,

Vf(z) € A = spanfay,. .., an} C R?

V2f(x) € o = spanf{a; @ ay, ..., anm @ @y} C R

T

where a; ® a; = a;a; .

Suppose that {a;}, are orthonormal, then we can exactly
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recover {a;} from the eigen-decomposition of V2 f(x) from just one sample. How-
ever, there are some difficulties in practice: (i) {a;}; are generally not orthonormal,
and (ii) the stability of eigen-decomposition relies on spectral gaps, which we do not
know a priori.

To deal with the difficulties above, [33, 34] sample many approximations of
{V2f(x;)}; so as to approximate &/ with /. Using a technique called whitening,
the weights {a;},; can be assumed to be nearly orthogonal. Then, it was shown
that unit-norm approximations of {£a;}; can be recovered by searching for rank-1

matrices in </ with the following optimization scheme
argmax |M||o, |[[M|lp<1,M e o,

where || - || is the £%-to-£? operator norm.
For neural networks with two layers, they are no longer sums of ridge functions.

Instead, they take the following form

f@) = aw(by-g(x) +de) =hog(x), (g9(x));=0cla;-x+¢),j=1,...,mo.
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Its second derivative has the following form

Z R, (b g(ATx) Z b]gg] x)a; ® a;

E 303 AT gl ) s S+ 0y @ )
=1 i,j=1
—Zhﬁ b, g(ATz) Zb]gg] r)a; @ a;
=1
+Zh (b g(AT ) wagza ijggjax ],
where A = (a1] - - [am,)-

While the first mg terms of V2f are {a; ®a;}; which do not depend on z € R?,
> = 1™bygl(al T)a; does change for different z. It is particularly problematic as
now {V?2f(zx)}r do not belong in the same (mg+m)-dimensional subspace of R%*¢,
However, assuming max; ||¢/||~ can be well-controlled, each V?f(z) is close to the

space span{a; ® aj, vy @ v}, where vy = > " birgi(0)a;.

4.1.2 Perspective and Prior Works

In [4], it is shown that the third order tensor decomposition can be done by
alternative rank-1 updates even for overcomplete cases. [44] analyzed a two-layer
feedforward neural network with linear activation function on the second layer using
(4.1) and the same techniques of [4].

In [33], the authors recovered weights for neural networks with one hidden layer
using multiple instances of principal Hessian directions of the network, making it

more robust than [44, 46] where only one instance is utilized. [34] extended the
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same method to neural networks with two layers. For two layers, the principal
Hessian direction belongs in different linear subspaces at each sample point due to
the non-linearity of activation functions. A reference subspace was set up, and the
error estimate relies on the bound of derivatives of the activation function. In both
[33, 34], the activation function is assumed to be smooth, which excludes popular
activation functions such as (leaky) Rectified Linear Unit (ReLU). In [34], it is more
complicated to use weak differentiation due to the variability of principal Hessian

directions, and recovery of bias terms is less explicit.

4.1.3 Problem Description

Our main focus here is on neural networks of one and two layers with ReLLU as
the activation function. The goal is to identify the weights of the neural networks
up to permutation and re-scaling.

We can show that the ReLLU neural networks with one layer can be written
as f(xz) = Y -, 0(ar -z + ¢), and the ones with two layers can be written as
f(z) =3 awo(be - g(z) + dp), where (g(x)); = o(a; - © + ¢;) for all j. Note that
there may be multiple neural networks corresponding to the same f by permutation
and re-scaling with positive factors. However, up to those trivial transformations,
we alm to reconstruct the parameters {a;, ¢;}, {be, de, o}

For simplicity, we shall assume that we have full access to the values of f,
that is, we may sample however many points at wherever we desire. This is to

investigate whether the algorithms to recover weights of f by from its second order
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weak derivatives do exist. Nonetheless, our ultimate goal is to provide constructive

algorithms and give guidelines on the selection of points during the process.

4.1.4 Results

This chapter follows similar techniques as [33, 34|, except for the principal
Hessian direction step: due to the difference between smooth activation functions
and leaky ReLU, there is a different outlook than result in [34]. In their case, there
would be entangled weights that vary for different sampling points. As for ours, the
number of entangled weights grows exponentially with the dimension of the first
layer. We propose a technique called net-spreading, performing weak differentiation
locally for ReLLU neural networks. Leveraging the properties of ReLLU, a multi-scale
version of the original algorithm used by Fornasier et al. can be employed. Favorable

properties of leaky ReLUs also allow for reliable function recovery.

4.2 One-Layer Case

Leaky ReLU neural networks with one hidden layer have the following form

fla) =) ola-x+cp),

(=1

where o(z) = 0,(z) = nz + (1 — n)xl,so for n € [0, 1) is the leaky ReLU function.
Note that when n = 0, oy is the usual ReLLU function. In this section, we follow

almost verbatim on [33].
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Definition 4.2.1. Given ¢ € C®(R%), a compactly supported smooth function,
and {z;}_, a set of N realizations of a random variable with probability density

function p(z), the (-th order weak derivative of f VY ,(f) is defined to be

Ve L(f) = /R (1 @)V () d

Its approximation Afy ,(f) is defined as

Algorithm 4. Given x € R?, a shallow neural network f : R¢ — R with layer width

m < d:

e Construct Vi = (Ang, (f)| -+ [ANg,., (f)). Compute the SVD

Let A; be the row space of VT, where V;I' € R™*4,

e Dimension reduction using A;. Let Py, = BBT : R? — R? be the orthogonal
projection onto A; and define f : R™ — R by f(y) := >, gi(e - y) where
a; = BTa;. Then f(z) = f(BTx) for all x € R%. In particular, we may assume

d=m.
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e Construct Y = (vec(A%y,, (f))] - |vec(A?\,’¢mX (f))). Compute the SVD

T .. 2 ‘71T
Y, = (U1 U2)

Yo | \ Vi

2

Let </ be the row space of VT € R

e Whitening: recursively making {a;}; more and more orthonormal by finding

positive definite matrices in <7

e Optimize max || M| such that |[M||p < 1,M € . If the top eigenvalue of
M is not || M||, replace M by —M. Take and record the top eigenvector, and

repeat the same process many times. Use k-mean to recover {a;};.

e Recover f: Let {4}, be the normalized approximation to {a;};. Let {b;}; be

the dual basis to {a;};. Set g;(t) = f(tb;) and f(z) =3, g;(a; - ).

In order to identify {a,}, C R¢, we follow the same process in [33, 34] and
recover them through the tensor decomposition of V2 f, the Hessian of f.
Due to the non-differentiability of o at 0, we discuss the Hessian of f in the

weak sense, i.e. , we would like to evaluate the following expressions: for any i, j,

f(z)0;¢ dx
Rd

and

Rd
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4.2.1 Auxiliary Theorems

In this section, we list some important results that we will refer to in the

following sections.

Theorem 4.2.2 (Chernoff Bound, [56]). Let Xi,...,X, be independent random,

positive semi-definite matrices of dimension m x m. Moreover, suppose that

almost surely for all 7 =1,...,n. Let

Mmin = Um(Z EXJ')

j=1

be the smallest singular value of the sum of the expectations. Then

n 9
]I X — minS
{%(E : 3) = Hmin < Summ} < mexp('uZ—C)

j=1
for all s € (0,1).

Theorem 4.2.3 (Wedin’s Bound, [57]). Given two matrices B and B with corre-

sponding singular value decomposition

Y, 0 %4
B = (U1 U2> ,

0 %) \vf
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and

5 o S0 VI
p- (0 )

0 o) \Vf

If there exists an & > 0 such that

min, 7 [o7(51) — 04(52)| > @

ming |o3(%)| > @,

then
T 71 77T T T V2 >
max{[|10; — DWUp |Ip, [V = ViV e} < —IB = Bllr.
Corollary 4.2.4. Let X4,..., Xy be independent zero-mean dy X dy-random matri-

ces. Assume that

X < K

almost surely for all 1 < 7 < N, and denote

o? = max (H ZE(XjXJT)||7 | Z(XJTXJ)”) ;

=1 j=1
then

P (u >l > n> < (i + dern(g o)
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4.2.2 Weak Differentiation of Leaky ReLU Neural Networks

Proposition 4.2.5. For any 1 <i<m, ¢ € C®(R?Y), a€ R?, and c € R,

/ a(a-x—l—c)&gbdx:—/ aigbdx—n/ a;¢dx.
R4 {a-z+c>0} {a-z+c<0}

In particular, the weak derivative of o(a-x + c) is a;(n + (1 — 1) Lligatc>0})
and Vf(z) = Y ae(n+ (1 —n)la,) where Ay = {zx € R*: ay- x4+ ¢, > 0} in

distribution sense.

Proof. Note that o,(t) = nt + (1 — n)og(t), and the strong derivative of a -z + ¢
is a. Thus, it suffices to evaluate the weak derivative of og(a -z + ¢). We start by
assuming that a = a e;, where e, is the first canonical coordinate in R¢. Once we
deduced the formula, we may then generalize to arbitrary a via change of variable.

Now,

/ oo(azy + ¢)0;pdr =0
R4

for all i > 1, since o¢(ax; + ¢) does not depend on x; and ¢ is compactly supported.

For ¢ =1,

/ O'[)(CLZL‘l +C)81¢dl’ = / (axl —I—b)algbdxl di’l
R4 Rd-1 J{az1+c>0}

= —/ / agb dIl dil
Ra—1 J{az1+c>0}

= — / ajpdr,
{a-z+c>0}

where &1 = (22, ...,24q)".
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Now, for general a, construct an orthogonal matrix @ = (¢1|q2] - . . |qa), where

2‘. Then,

®

[ ota-w+epiota)de = [ oollallan +0) S (a)ardly
Rd Rd n

=/auwmﬁc> Or(y) dy
g Tall

=—/ 26 (y) dy
{llall2y1+c>0}

= — / a;p(x)dx
{a-z+c>0}

where we set y = Q'z and ¢(y) := ¢(Q'x). Furthermore, we note that d;¢p =

>0(40)i0.

As for the last statement, we see that

m

/ (9¢dx—2/ o(ap-x+cg)0 x)dx:—Z{/ . Ogbdx—l—r]/{ . O}dex] (ap);-
/=1 ap-T+ce> ap-T4cp<

Proposition 4.2.6. For any 1 <i,j <m, ¢ € C*(R%), a € R?, and c € R,

e

/ ola-x+¢c)0;0;0de=(1—n / odz.
R4 ”a'H2 {a-z+c=0}

In particular, the second weak derivative of f satisfies V2 f(x) = (1—n) > -, mﬂaAe &
ay.
Proof. Again, we note that o(as-z+cp) = n(ae-x+co) + (1 —n)oo(ae- x+ce), where
the first term has zero second derivative. Thus, it suffices to consider the second
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weak derivative of og.
First, we start with the canonical case where a = a e;. Then, other than the
case 1 = j = 1,

/ 0'0(@1’1 + c)@lﬁjgb dr = 0.
Rd

For:=j5=1,

/ oo(ax, + )P opdr = —a/ / 010 dx1diy
R4 Rd-1 Jax14c¢>0

—C .
= sgn(a)a O(—, 21) day
Rd—1 a

— |al o(x) d.

ax1+c=0

Again, for general a, we consider the orthogonal matrix @ = (¢1]...|qq) with

¢1 = ar;- Noting that 9;,0;¢ = >, S (90)i(qs) ;0605 6, we have

[ oota-a+ das0ta) e = [ anllallan+ ) 3 S (aita)00.60) da
o, @02 ~
=lal Gt [ sy

_ (a)i(a); ) d
= al /a.mo‘“ ) de-

4.2.3 Dimension Reduction

To recover the weights, we follow the procedures in Algorithm 4. In view of

Proposition 4.2.5, we can create many instances of vectors in span{a;}; by changing
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the test function ¢. Consider the following matrix

Wi = [ ([ r@ve, [ re)vo,dn i)

where (V, ) is a probability space of test functions. To ensure non-degeneracy of
Jv[f], we may let {¢,},cy be a bounded resolution of identity, i.e. , a set of non-
negative smooth and compactly supported functions ¢, such that fv o (x)dm(v) =1
for all z in some pre-determined bounded set. For a discrete set V, {¢,} is a bounded
partition of unity.

Note that if one draws the test functions ¢; of Y1 = (An g, ()] [Ang,., (f))
from (V,7), then Y1 ~ X1 = (Vg (f) [V, (f)). We shall show that if the
m-th singular value o,,(Jy[f]) > a > 0, then 0,,(X;) will be bounded from below
with high probability.

Let du(z) = p(x)dx be a compactly supported probability measure on RY.

Define, for j = 1,2,

v \Y
Cy =sup sup ¢ (x)’ C,;=sup sup |[———
veV z€supp(p) p(x) veV zesupp(p) p( )

Lemma 4.2.7. Assume that {a;}; are linearly independent with max; ||a;||* = Cy

and o(Jy[f]) > a > 0. Then, for any s € (0,1) we have that

om(X1) > y/mya(l —s)

2

with probability at least 1 — mexp(%).
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Proof. Let P4 : RY — R™ be a compression onto A = span{a;}. In particular, we

set the rows of P4 to be an orthonormal basis of A. Note that 0;(X;) = 0;(P*X;) =

\/0]- (PAX, XT(PA)T), where

XlX;F - Z vw7¢k<f)vw7¢k(f)T'

k=1

Now, for each k,

1PV (Vs ()T (PDT) = [V, () Voo ()l
= [V (Hl2

1>

j=1 “{ajz+c; 20}

b +1 / o d)ay |2
{aj~+c]-§0}

< (- yllalP)* <mCiCy.
j=1

Note that E(P4V g, (f) Vs, (f) (PDT) = PA[FI(PA)T, and 0 (P [f](PA)T) =

o(Jy[f]) = a. Then, by Theorem 4.2.2, we see that

_ 2
m,as

P {Jm(PAXleT(PA)T) > (1—s)mya} < mexp(m).

Taking square-root, we have proven the claim. O

Now, we know that Y; ~ Xj, and the row space of X{ is A = span{a;} as
long as 0,,(X7) > 0. Let the row space of ‘71T from Algorithm 4 be A. We shall
compare the distance between the two spaces A and A. Thus, we have the following

proposition:
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Proposition 4.2.8. Let C = Sup,capp |f(2)|. Suppose we sample N points {zy.}
according to . and obtain { f(xy)+ny}, where ng are independent zero-mean random
variables with |ng| < Cx almost surely. Define Py, P; be the orthogonal projection

to A, A, respectively. Then,

2n
(1—-s)a—n

1P - Pillr <

with probability at least 1 — mexp(%) — (d+ 1)m, exp(ﬁ%), where

K= CVJ(Cf + CN) + mCVJC().
Proof. Let
()= v . N v
Y'l = (U1 UQ) 3 B ) Xl = (U1 Ug)
Yo 144 2y 3

where ¥, %, € R™™_ By construction, Xs = 0, so we may choose @ = om (Y1), and

by Theorem 4.2.3, we have

AV~ Xille _ 2Yi— Xl
V) oK)~ Y5~ X[l

1Pa = Pillr = AV = ViV || < (4.2)

where we used Weyl’s estimate on o,,,(Y7).
From Lemma 4.2.7, we see that 0,,(X;) > /mya(l — s) with probability at

least 1 —m exp(2_m><a52

W) Now, we shall estimate || X; — Y|/ .
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Now, [| X1 = Yi|[7 = 3252 [[(X1); — (Y2);[13, where

N

XYl = g Sty S [ 5 X ) el = I lemu
where
s = (o) + ) P ) Y
Now,
ol = 1)+ ) T2 — [ 1) T p0)
~ 1)+ n>vjj<)> D Ty e

< (Cf + CN)CV,l + mCyCy =: K

and

N N N
max{|| > " E(xexis) 11D B0 )} <D Elwgll® < NK? =: 0,

k=1 k=1 k=1

Thus, using Corollary 4.2.4, one has

_772]\/'
2(K?+ Kn/3)

N
1
P(IINZMIIQ > 1) < (d+ 1) exp( );
k=1

and || X, — Yi[|F = Y202 [[(X1); — (Y1);/15 < myn? with probability at least 1 —

my(d+ 1) exp(m) Plugging it back in (4.2), we can prove the claim.
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After obtaining an approximation A to A = span{as,...,am}, we are now

able to reduce our ambient space R? to R™ if d > m:

Proposition 4.2.9 ([33] Theorem 1.1). Consider
f@) = gila;-2), zeBi={reR:|z|, <1},
i=1

where m < d. Let A = span{b, ... by} where {b;} form an orthonormal basis in

A. Let B = (by|---|by). Then, one can construct

with o; = BYa;. Then, for all f : R™ — R, the following estimate holds
1f = FB" Moo < 1 fliinllPa = Pille +1f = flloe-
Moreover, for any other set of vectors {&q, ..., &y} C R™,
| = Baill2 < [[Pa — Pyllr + llai — dlla-
In particular, from now on we may assume that d = m.

4.2.4 Second Order Derivative

Again, we draw randomly {¢;} from (V,7) and {z}}3_, from B¢(0). Then, we
define Yz = (vec(A3 4 (f)));2 to approximate X» = (vec(V2, , (f)));2;. Suppose
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that
= / f(x)V?¢, dz dn(v)
Vv JRrd
satisfies o,,(H[f]) = ag > 0. Then, we have the following results:

Lemma 4.2.10. Suppose o,,(H|[f]) = as > 0, and du(x) = p(z)dx is the uniform

measure on B'(0), then for any s € (0,1), Xy satisfies

om(X2) > \/myas(l — s)

with probability at least 1—m exp( mXO‘S ), where C' = (l—n)QmQC’OC’%%

Proof. The proof follows almost the same derivation of Lemma 4.2.7. The only

difference is to estimate

a1 (vee(Vi, o, (Fvec(Vi, 4, (F)F) = | / @)V (@) da|3

G-Iy [ S
(m—1)
< (- npmecie Tt )
['(m/2+1)

=(1- n)zmQCOC% Val((m —1)/2+1)’

where we note that {a; - * + ¢; = 0} N B{*(0) is a cross-section of B"(0) and has

volume at most A(B}"*(0)). O

Then, we can quantify the goodness of approximation Y5 to Xs:

Proposition 4.2.11. Suppose we sample N points {x} according to the uniform
distribution p and obtain { f(xx)+ng}, where ny are independent zero-mean random
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variables with |ng| < Cy almost surely. Define Py, P,; be the orthogonal projection

to o, o , respectively. Then,

2n

V(L —=s)a—n

1Per = Pl <

2
—myas

2C

—n2 =
) — 2mm, exp(Z(”—N)), where K =

with probability at least 1 — mexp( K24 Kn/3

Cya(Cr+ Cy) +VC.

4.2.5 Whitening Process

Before we recover {a;}; from o, it is possible to use the following whitening
process such that {a;} be comes nearly orthonormal. This step is important in the
sense that the weight recovery is guaranteed when {a;} is nearly orthonormal.

We first introduce the following definition:

Definition 4.2.12. Let a4, ..., a,, be unit vectors. Then, we define
S(ay,...,am) = inf{(z la;i—w;||2)? : {wy, ..., wy} forms an orthonormal basis in R™}.
i=1

The following theorem gives a guideline on how to make {a,}; nearly orthonor-

mal.

Proposition 4.2.13 ([33], Theorem 3.7). Let v,n > 0 be positive real numbers. Let

|Py — Pjllp <1 and let G € o be positive definite with G > yI,,. Consider the
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spectral decomposition G = UDUT and let W = D=Y2UT. Then,

Wa, Wan_  V20lGlr

s
Ul TWan] )

To use Proposition 4.2.13, one needs to search for positive definite matrices
in o with preferably large ~. It can be satisfied with the following optimization
scheme

T

_ max min  x" Ax. (4.3)
Aed || A||p=1 z€R™,|z|l2=1

For the sake of completeness, we detail the whitening algorithm and demon-

strate how we can manipulate {a;} without knowing them a priori.
Algorithm 5 ([33], Algorithm 3.2).
e Fix n >0 and let fO(z) =", ¢ 0@ 2).

e Compute o7 *+1) by using Proposition 4.2.11 with accuracy n > 0 from point

values of f(*).

e Define W*+1 as the whitening matrix of the vectors {a'"}7 by using &/ *+1)
and (4.3).

e Define o = Wk DF /W kDM, for all 7.

e Denote fE+D(z) =S g® D (B gy — p®) (W kD) Ty,

=11 %
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4.2.6 Weight Recovery

After whitening process, we may assume that {a;} are nearly orthonormal.

Here, we shall introduce the following optimization scheme:

argmax |M||o, |[Ml|lp<1, M€ o, (4.4)

where || M| 1= maxy, |z|,=1 || Mz||2. We can assume that

There exists an orthonormal basis {wy, . . ., wn, } such that (37" [la;—w;||3)/* =

e > 0.

~

o o/ = span{w; ® w;};.

[1Per = Pylle < .

1Py = Pjllp < 4etn=:v.

Then, we recover the weights {a;} by the following algorithm:

Algorithm 6 ([33], Algorithm 3.3).

e Let M be a local maximizer of (4.4).

o If || M|~ is not an eigenvalue of M, replace M by —M.

e Denote by \; > Ay > -+ > A, the eigenvalues of M arranged in decreasing

order.
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e Take the eigenvalue decomposition of M, i.e. M = Z;n:l Ajuj @ uj.
e Put a:=uy.
The performance of Algorithm 6 is guaranteed by the following theorem.

Theorem 4.2.14 ([33], Theorem 3.12). If0 < v < 1/(cm) for a suitable constant
¢ > 6, then there exists jo € {1,...,m} such that the vector a found by Algorithm 6

satisfies Minger_11} |[5a — aj|l2 < 5v.

4.2.7 Function Recovery

Now, it is possible to recovery f:

Algorithm 7. -

Let a; be the normalized approximations of a;, j = 1,...,m.

Let {b;}; be the dual basis to {a;};.

Put §;(t) := f(thy), t € (=1/]1byll2, 1/11bs1l2)-

Put f(x) =377, gj(a; - ), ||lzfl < 1.
Theorem 4.2.15 ([33], Theorem 4.1). Let S(ay,...,an) <€, S(a,...,a,) <€,

and (3772, llaj — a;||2)? <n. Then f constructed in Algorithm 7 satisfies

1f = Flloo < 5C(1+ E(e, €')) max(n, ),

where &(€,€) — 0 as (e,€') — (0,0).
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4.3 'Two-Layer Case

For neural networks with two hidden layers, functions take the following form

= Z ao(by-g(x) +de) = h(g(x)), (9(z));=0(a;-x+c¢;),7=1,...,my.

We shall show that we may assume that {a;}, {b¢} are all unit vectors.

Proposition 4.3.1. Given any two-layer neural network f : R — R, we have

:Zaia(bg-g —I—dg Zaz bé g d)
/=1

where (9(a)); = ola; - +¢;), (@(@); = olpige + ), (), = C2fsl,

Cz’ = Croy, and Cy = Zj(be)?Haij-

Proof. 1t follows from the fact that when o is a leaky ReLU function, o(cx) = co(x)

for any ¢ > 0. O]

To evaluate its first order derivative, we refer to the following result on the

composition of distributions:

Theorem 4.3.2 ([3] Corollary 3.1). Given an open set Q C R%, let g € BV () be

of bounded variation. If h is Lipschitz continuous, then f = h o g satisfies
Vf=Vh-Vg.

Using Theorem 4.3.2 and Proposition 4.2.5, we have the following proposition:
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Proposition 4.3.3. The weak derivative 0;f satisfies

mo mo

=3 (b)s(as);(m+ (1= )Ty az0p) (1 + (1= 1) Lo, ate,20))-
(=1 s=1

Proof. 1t suffices to note that VA = >/ bj(n + (1 — 7)1 ,-g(x)+d,>0}) and the s-th

row of Vg is (Vg), = ai(ﬂ +(1— n)ﬂ{as-xﬂ-cszﬂ})' L

The Hessian of f is arguably the most interesting part. In [34], the entangled
weights appear, which involve both {as}s and {b,}, and varies for different x. The
same thing happens more or less, but currently it is not yet enough for direct

application of their methods.

Proposition 4.3.4. For any 1 <1i,j <d and ¢ € C>*(R?),

/Rd J(@)0:0;0dz =" [Z(MS ((1 - /{as~z+<:sO}m{brg(iv)‘f'dfzo} o

s=1 /=1

(as)i(as)j
d ATSJUATS)I
*"/{asm_oﬁ )} laslls

where C¢, = ng ¢dw, vt = Yo+ (1 —n)au)(be)ear, and D! ={x €R¥:b,-g(x) +

de =0, gi(x) = (as - v +cs)(n+ (1 = n)aw)}.

In particular,

y f(2)V2¢(z) dz = Z Tae GS®GS+Z Z A f||2 vt @ vl

s=1 ae{0,1}™0

Proof. The proof involves partition of R? according to the sets A, = {a, - +c; > 0}
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and BY = {By-g(x) +d, > 0}. To simplify the proof, we shall implicitly partition ¢
with partition of unity to avoid the artificial boundaries created during the process.

By Proposition 4.3.3, we know that

f(2)0:0;¢(x) dx
Rd
mg mo
= Z Z /d(bZ)S(QS)j (ML {pp-g(w)+de<oy + Lippg(e)+d,>01) (N {asates<0} T Liagate,>01)0id(x) da.
(=1 s=1 /R

(4.5)

Since w1 (x) = (N+(1=0)Lgp,.g(z)+da,>03) and ug(z) = (n+(1—1) 1 {0, 24c,>0}) are
of bounded variation locally, we may compose (ug, uz)" with multiplication function
M (z,y) = xy. Since M is again Lipschitz, we may use Theorem 4.3.2 to deduce the

product rule for u(x)uq(z) by

mo Mo

B ZZUV)s(as)j /Rd ur(z)uz(z)0;¢ do

(=1 s=1

- Z Z(b2)3<as)j/ (1 - 77)U1 (x)ai]]‘{(ls'a?-l-CsZO}(b dx

(=1 s=1 Rd

£33 00 [ =10 proteyeazoyiala)s da

=1 s=1 Rd

where we note that dyu; = (1 — U)aiﬂ{b[g(x)m[zo}, and Jjus = (1 — n)@iﬂ{as.xﬂszo}.

The first term [; is rather straightforward, and we can see that I; = (1 —

n) 2, OGS (B)s (1 =) foppe DT+ 1 [y e & I
For I, it is a little more complicated as B, is not a half space. In fact, it may

not even be convex if by is not positive. However, locally B, may still resemble a
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half space.
Define, for a € {0,1}™, A, = {z € R?: gi(z) = (az-z+c)(n+ (1 —n)ay) Vi }.

In particular, on A,, as-x + ¢, > 0 if and only if ay = 1. Then,

I = /d 05 Liby-g(x)+de>0) (Z(be)s(as)j(ﬁ +(1— U)]l{as-ac+<:szo})> ¢(x)dx
= > / i Liby-g(a)+d, >0} (Z(be)s(as)j(ﬁ +(1- n)ﬂas-HcSzO)) ¢(x)dz
aef{0,1}™o0
- > / 05 L{by-g(x)+d; >0} (Z(bdt(@t)j(ﬁ + (1 - 77)0%)> ¢(x)dz.
aef{0,1}™o0

On Ay, be-g(x) +dg = 0!, - &+ doy, where dyp = > (be)eci(n+ (1 —n)ay) +dy.

Thus,

Z / 8]1{1)” +de>0}( )¢( )d

ae{0,1}™0

e .
= > (@) <“;7>Z / o(z)dz.
aef0,1}™o0 ||Uoz||2 A,NOB¢

4.3.1 Some Auxiliary Results

As we mentioned above, B® = {b;-g(x) +d, > 0} is not a half plane in general.

Here, we prove some properties of BY.

Proposition 4.3.5. Given b e R™ and d € R, if there exists ig such that b;, >

0, then B = { b-g(x) +d > 0} is path connected and unbounded in R™° where
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g(x)s = o(as - © + ¢5) with {as}s linearly independent.

Proof. Without loss of generality, we may assume that ic = 1. Since {as}s are
linearly independent, the subspace V = span{a, : s > 2} is a proper subspace of R?
and a; ¢ V. Then, consider @ = a; — Py(ay) where Py is the orthogonal projection
onto V. For large enough C' > 0, Ca € B since byg;(Ca) = byo(Cay-a+c) =
bio(C||a||* + ¢1) will be very large while the remaining terms are unchanged as

C — o0, due to the fact that @ € V+. Thus, B is unbounded.

Given 1, x9 € B, choose a > 0 large enough so that min{ by g, (z1+aa), bygi(z2+

aa)} > max{) . ., | bsgs(x1), X 5o | Palgs(z2)} + d. It is possible since for any

r € R4, gi(r+aa) — oo as a — co. Then, the line segment connecting 7; := x;+aa
for i = 1,2 lies completely inside B. In particular, for ¢ € (0, 1),

b-g((tE + (1 —t)i)) = bigi(tis + (1 - t)ia) + Y bags(td + (1 — t)in)

s>2

> bigi(td + (1 1)F) — Y | balga(tis + (1 — )i)

>t ( b1g1(71) — Z’ bs|gs(.f1)>
+(1-1) ( bigi(iz) — > | bslgs(fz)>

> 0,

where we use the fact in the second inequality that g5 are convex and ¢, is affine
on the segment from z; to Ts. Thus, the line segment from z; to Z; to s to x5 lies

entirely in B.
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To prove Proposition 4.3.4, we need to understand the weak derivative of the

product of two indicator functions of half planes.

Lemma 4.3.6. Given aj,ay € RY, ¢1,¢5 € R, and ¢ € C(RY),

/ ]]-{al-erchO}ﬂ-agﬂ:—&-cgzoai(bdx = Clal + 02a2a
R4

for some C1,Cy € R independent of 1.

Proof. As before, we first examine a simpler case before generalizing the result.

Given aq, ¢, a1, 29,2 € R and 7 > 2,

/Rd 1{a111+cl>0}1{a2111+a22m2+02>0}8i¢ dx = O
For ¢ =1,

/d -ﬂalﬂCH-Cl>0-ﬂazlﬂh-&-(122962-|-02>081¢da7

R

:/ /ﬂa1x1+61>0]1a21901+a22562+02>081¢dxldwl
Rd-1 JR

—C1 . —(Qo9x2 +C2) . R
- / (¢<—1,x1>—¢<—( = 2>,x1>) L tomyryien) . —er (i
Rd-1 ay

ai 21 agy

sgn(ay) / ¢dx
{a1z1+c1=0}N{az121+a22x2+c2>0}

+ 39”(@21)/ odx.

{a1214+c1>0}N{az1z1+azare+ca=0}
For ¢ = 2,

/d 1a1$1+61>0]1a21961+1122$2+62>082¢dx = Sgn(a22>/ ¢dl’
R

{a1z14+c1>0}N{as1z2+azewa+ca=0}
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Thus, for general a;,as € R ¢;,co € R, we have, by change of variable

al-a
210
llaylls

y=Quwith@=(q|--[g)and g = ar/|arlls, ¢ = 7=

Y
a: a
| 2 HC"IH% 1”2

/d ﬂ{al-x+c1 >0} ﬂ{ag-$+62>0}ai¢ dx
R

B /Rd H{H‘ll||1y1+01>0}1{ ﬁél(ﬁz y1taz-qay2+c2>0} Z(qs)’asgb(y) dy

— (q1) ( / s+ sgnlar-as) | ¢dw>
{a1-z4+c1=0}N{az-z+c2>0} {a1-z4+c1>0}N{az-z+c2=0}

ey o da
{a1-z+c1>0}N{az-z+c2=0}

= Cy(a1); + Ca(az)i,

by splitting qi, g2 into linear combinations of a;, a; and noting that as - go > 0 by

construction.

4.3.2 Net Spreading

As we can see in Proposition 4.3.4, the number of terms can be potentially up
to mg + m12™° > m?, whose span may be the whole space. We will need to find a
way to make the number of terms smaller, or we will not be able to reconstruct the
terms. Fornasier et al. would have run into the same problem if they used passive
sampling, but the nature of ReLU actually helps us circumvent the difficulty. We

shall name the following tactic net spreading:

1. We first obtain many samples, say uniformly.

177



2. We compute weak differentiation with test functions of large support.

3. Partition the space sequentially into small cubes. Each time, we produce test

functions with support about the size of the cube.

4. Search for active cubes: that is, the cubes that return non-trivial weak differ-

entiation.

5. For active cubes, we choose many different test functions with roughly the
same support. After getting many ”weak samples”, we perform PCA on it to

find the dominating terms.
6. Partition the active cubes and perform yet again the searching.

7. Stop partitioning when an active cube returns only one dimension via PCA.

In order to perform the procedure, we need to answer the following questions

first:
1. Determine the number of terms we are getting from each cube.
2. Estimate the size of approximation error.

3. Estimate how often we get too many (> m3) terms.

Lemma 4.3.7. Given {¢;},"X C C*(R™), {Xy}, be i.i.d. uniform from Q C

R™. Let W € R™*L be the matriz whose columns are the vectorization of

W 1
W= 5 F(X)Via(X),

k
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and W € R™*L be the matriz whose columns are the vectorization of

W = /Q F(@) V() dz

Then,

IW = Wle < i

with probability greater than 1 — 2mgem, exp(ﬁ%), where K = (2| f|leo +

V3¢ (z)
p(z) ||

Cy) max,

Proof. First, we note that |V — W/|p = S/ |lvec(W;) — vec(W)) |13 = S || W, —

Will%, where

1 V261(X) )
Wi— W= ;um) ) — 557 - [ f@ V(@)
which is a mgxmg matrix. Letting xx; = (f(Xg)+nx) V ‘m meO (2)V2¢(z)dx

W, — Wi|lp = [F= S Xkillp. The spectral norm can be bounded by ||xz.| <

V2 (x)
p(z)

(2] f oo + Cnr) max, —: K. Moreover, S0 E||xz]|? < NK? =: 0% Then,

—172N
2(K?+ Kn/3)

1 N
NZXk,l

k=1

P( ).

> 1) < 2mgexp(

Thus, |W —W||p < \/fyn with probability larger than 1 — 2mgm, exp(ﬁ%).

[]

Lemma 4.3.8. Compute the SVD of W = USVT, W = USVT and take the first g
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columns of U,U to create Py = U|,(U|,)", Py, = U|,(U],)T. Then,

2n

Py — P <
| Pw — Py llr < D

2
my as

. 7. —n2
with probability greater than 1 —2mom,, eXp(Q(TQ_T’H]{VT/B)) —q exp(—m), where

V3¢ () H

C, 2 = maxje, max, || e

Lemma 4.3.9 (Singular value gap between meaningful and meaningless terms).
Suppose the test function ¢, intersects with q edges. Then, with probability greater
m C!S2 2N
than 1 — (mo+q) exp(—m) —2my exp(—4[2(mOQ’)72+m0Qn/3]), where Q@ = (Co +

CN/mO)Cw Umo+g(m) > V mxa(l - S); O-mo-HI(VVl) > \/m_x( V a(l - 8) - 77)7 and

Omo+q+1 (Wl) < /-

Proof. Using Weyl’s estimate, we see that opiq(W)) > Omorq(Wi) — [|[W — W||p,
and o1 g1 (W1) < Omgrqrr(Wh) + (W — Wil = ||[W) — Wi||r since W; consists of
only mg + ¢ symmetric rank-1 matrices.

]

Lemma 4.3.10 (”Lebesgue number” of edges). Suppose that sup, ||bellcc < C,

sup, dy < Cyq then in a cube [—R, R]™, the measure of the set

Lsp = {z € R™ : a cube with center x and length 0 intersect more than k entangled boundaries}

satisfies u(Tsy) < (2RCy)™0my (T;L_%s)—logk'

Proof. For a fixed ¢, we consider b;-g(x)+de = >, (be)i(ar-x+ ;) +dp, where x4 =
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max{xz,0}. We shall make successively the following three change of coordinates to

simplify the expression:
1. y= Alz,
2. U=y + o,

3. g = [(be)e|ye-

Note that we assumed that A is orthogonal by whitening. Then, the expression
becomes , sgn((be)¢)(9:)+ + do.

Now, the boundaries {a; - z + ¢; = 0} is transformed into g; = 0 for all ¢, and
{be-g(x)+de=0: (g9(x)): = (ar- v +ct)ay, o € {0,130} becomes {3, _ (be):Js +
dg=0: 79 >0 <= «; = 1}. Each of the entangled boundaries is positioned in
one 2™0-drant. Thus, if a cube of length ¢ intersects with multiple boundaries, it
must be near the lower-dimensional faces where some entries are 0.

Around the face with s entries being 0 and others away from 0 by more than
0, cubes with center at those points intersect with at most 2° entangled boundaries.
The set of points near these intersections has volume not greater than (20)*(2d,)™°~*.
There are in total (™) choices, so the total volume is (") (28)*(2d,)™~* < (QdZ)mO(";—(f)s.Also,
a point intersects one or more fixed boundaries if and only if some entries are small.

Let the change of coordinate be denoted as .A. Thus, given k, Al'5; has volume

moo 1 mod
K] < mo
10 < (e (S

log, k
1— , )

AT ke) <) (2d)™(

s>logy k

Y

where € = mod/dp. p(A(UeL51/my0)) < %(2Cd)m°(mc—‘f)1°g2 k=logzm1  Reverting back
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to the original space, the volume of T'sy C UgL's g /m, ¢ is less than 2 (2C,Cy)™ (%’—;5)10g2 k—loggmi

]

4.3.3 Function Recovery

As we recover {£a;}, {£Abs},, we are still far from recovering f. In particular,

we need to address the following problems:

e Assigning {+a;} to the first layer.

Determine the correct orientation of {a,}.

Determine the correct orientation of {b,}.

Determine {ay, ds}, {c;}.

Once we are able to carry out all actions above, we will be able to recover f

fully.

4.3.3.1 Assigning {a;} and {b;} to their respective layers

Note that we have recovered {+a;} U {v%}. Now, for any oy, oy € {0,1}™,

<vh vl > > n?||be||3. Thus, we may use this to distinguish {a;} from {b.}.

a1? o
Proposition 4.3.11. If S(ay,...,am,) <6, then for any € € {1,...,m1}, ai,as €

{0,1}™, one has

2 2
¢ 4 n 2049
< >| > — .
| Vays Vay | = (1 + 5)2 (1 _ 5)2
Proof. Since S(ay,...,an,,) < 0, there exists an orthonormal basis {wy, ..., Wy, }

such that (3 |la; — wi]|?)Y? < 6. Let A = (ay]...|amy), W = (w1] ... |wyn,), then
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|A — W||r < d by construction. Then, for any b € R™0, |||Ab||2 — ||b]|| = ||| Abl|2 —
IWollo] < [[(A = W)bllz < 5|02,

Now, for any ¢, ay, as, v Ab?j, where (b?j)t = (be)e(m+ (L —n)())e),

_ 1
P 274
U]l Ab Y|

_ 1
-
[4b,” |

14

where j = 1,2. Since v, is of unit-norm, we have that || b ll2 € 55 5)-

Moreover, as ||b,”||2 < ||be]l2 = 1, we have that ||Ab,7||; < 1+ 4. Then,

1 1

0 V4 ao\T AT (e}
Vg Vg | = —0,°) AT A ——— bt
aq 2 ’ |(’|Ab£2|l 4 ) (HAbKlHQ 0 )|
1
> — — po2 TWTWbal
v asey O VW
1 T
)T [(A = WYTW 4 WT(A = W)+ (A= W)T(A = W)] (b))
| Abg* || | Abg™ [|2
1 a1 Lo
= mkbg b >|
1
~ e (M= W)W = [V (A = W) = 4 = WY (4 = W)l
7’ 1

> Trop a2t

where we note that the operator norm is dominated by the Frobenius norm and that

<byt by > < 32, (be)in? = 7. O

4.3.3.2 Orienting {a,} and obtaining bias {c;}

We orient {a;} by looking at the first weak derivative of f. Let {¢;} be the
dual basis of an arbitrarily oriented version of {a;}, i.e. , ¢ - a; = (—1)"0;; where
n; € {0,1}. Then, we plot out f;(t) = f(t¢;) fort € R. Then, f; is a piece-wise linear

function with a finite amount of break-points. We examine the slope change around
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each break-points. Suppose that around break-point to, we have f'(t5) = +f'(ty),

then we know that n; = 0, and ¢; = —to. If f'(ty) = 1f'(t{), then n; = 1 and

Cj = to.

4.3.3.3 Determining the orientation of {b,} and {a,}

Once we have determined the orientation of {a;};, we are now able to assign
{be} to the second layer with possibly wrong orientations. Then, as {b,} are linearly
independent, we may construct {3} such that b,-8; = (—1)"0,s, where n, € {0,1}.
Now, since {a;},; form a basis in R™, there exists {z;} such that a; - z, =
vi(Be); for all j, where 75 = 1if (8,); > 0, and 1/c if (8,); < 0. Then, if we
calculate the derivative of fo(t) = f(tx,), then either f;(t) = a4 or fj(—t) = a, for

large t. the value with larger magnitude is oy, while we re-orientate our b, to —b, if

fé(—t) = Oy.

4.3.3.4 Determining {d,}

Basically we follow the same process as the previous section while looking
closely at the break-points of f*. It has only one break-point, and judging from the

orientation of {b,}, we can recover {d,} perfectly.

4.3.4 Future Works

For the two-layer case, the biggest remaining difficulty is the theoretical guar-

antee for net-spreading, as it is not yet clear how to determine the threshold for
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cut-offs in the algorithm. The first step is to identify the cases when no components
are activated in a region. This will help us reduce the chance of false positives. The
second one is to estimate the gap between the smallest activated singular value and

the largest inactive one.
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