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Algorithms are widely used today to help make important decisions in a variety

of domains, including health care, criminal justice, employment, and education. De-

signing practical algorithms involves balancing a wide variety of criteria. Deployed

algorithms should be robust to uncertainty, they should abide by relevant laws and

ethical norms, they should be easy to use correctly, they should not adversely impact

user behavior, and so on. Finding an appropriate balance of these criteria involves

technical analysis, understanding of the broader context, and empirical studies “in

the wild”. Most importantly, practical algorithm design involves close collaboration

between stakeholders and algorithm developers.

The first part of this thesis addresses technical issues of uncertainty and fair-

ness in kidney exchange—a real-world matching market facilitated by optimization

algorithms. We develop novel algorithms for kidney exchange that are robust to

uncertainty in both the quality and the feasibility of potential transplants, and we

demonstrate the effect of these algorithms using computational simulations with

real kidney exchange data. We also study fairness for hard-to-match patients in kid-

ney exchange. We close a previously-open theoretical gap, by bounding the price of



fairness in kidney exchange with chains. We also provide matching algorithms that

bound the price of fairness in a principled way, while guaranteeing Pareto efficiency.

The second part describes two real deployed algorithms—one for kidney ex-

change, and one for recruiting blood donors. For each case we characterize an un-

derlying mathematical problem, and theoretically analyze its difficulty. We then

develop practical algorithms for each setting, and we test them in computational

simulations. For the blood donor recruitment application we present initial empir-

ical results from a fielded study, in which a simple notification algorithm increases

the expected donation rate by 5%.

The third part of this thesis turns to human aspects of algorithm design. We

conduct several survey studies that address several questions of practical algorithm

design: How do algorithms impact decision making? What additional information

helps people use complex algorithms to make decisions? Do people understand

standard algorithmic notions of fairness?

We conclude with suggestions for facilitating deeper stakeholder involvement

for practical algorithm design, and we outline several areas for future research.
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Chapter 1: Introduction

Algorithms are all around us, whether we like it or not. If you are reading this

thesis on a screen, at least a few algorithms were involved. If you are admitted to

a hospital, algorithms sound an alarm if your heart rate becomes erratic. If you

apply for a loan, algorithms help with underwriting and setting an interest rate. In

the past two decades, increasing availability of data computing power has enabled

the development of complex machine learning (ML) and artificial intelligence (AI)

algorithms. But not all algorithms are complex, and not all algorithms run on a

computer.

What is an algorithm? In this thesis I use algorithm to mean a process that trans-

forms some input into some output.1 I focus on algorithms used to advise a decision

maker (e.g., suggesting a drug dosage to a physician), or take an action on behalf of

a decision maker (e.g., automatically rejecting a suspicious loan application). This

definition of course includes complex AI and ML algorithms, which are in fact a fo-

cus of this thesis. However we should not neglect “simple” algorithms, which are

not always as simple as they seem.

There are a variety of ways to characterize how a deployed algorithm behaves

“in the wild”: How does it behave in different environments? With different users?

How is it used? How does it impact human behavior or judgment? When does it

make mistakes? These questions help us decide whether an algorithm is practical

1In this definition, an algorithm is simply a mathematical function.
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for a specific application. Importantly, these are questions of human judgment, and

not mathematical analysis. In particular we should consider judgments from people

who use, and who are impacted by, algorithmic systems; throughout this thesis I

refer to these people as stakeholders. There is often a dichotomy between stakehold-

ers and the researchers and engineers responsible for designing and deploying an

algorithm—who I refer to as technicians. As a technician it is important to under-

stand the needs and concerns of stakeholders, and to characterize our work in a way

that is relevant and understandable. At the same time it is important for stakehold-

ers to understand the nature of algorithms that impact their lives. This presents a

challenge: most technicians are not stakeholders in their own creations, and most

stakeholders are not trained computer scientists. One way to bridge this knowledge

gap is using common standards—for example transparency or fairness—for algo-

rithm design; another way is to involve stakeholders directly in the design process.

Thesis Statement

Designing practical algorithms requires technical rigor, consideration for con-

text, and empirical analysis “in the wild”; this is best achieved through close

collaboration between stakeholders and technicians.

Part I of this thesis focuses on algorithms for matching patients and donors in

kidney exchange. This is an application where algorithms play an incredibly impor-

tant role, and their behavior is scrutinized closely by stakeholders. This part focuses

on technical aspects of algorithm design, and in particular robustness to uncertainty

(Chapters 3, 4, 5), and algorithmic fairness (Chapter 6).

In Part II I focus less on technical aspects of algorithm design, and more on their

underlying applications. I present two example projects involving direct collabo-

ration with stakeholders. Chapter 8 describes a project in collaboration with the

United Network for Organ Sharing (UNOS); we develop an algorithm to prioritize
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kidney exchange donors for pre-screening, which is compatible with current UNOS

policies. Chapter 9 describes a collaboration with Facebook for the Facebook Blood

Donation tool, where we design an algorithm to automatically notify potential blood

donors about relevant donation opportunities.

In Part III I address the human challenges of algorithm design. Chapter 11 in-

vestigates the impact of AI suggestions on decision making; Chapter 12 describes

a method for finding useful explanations for stakeholders; Chapter 13 highlights

the importance of indecision in modeling human decisions; Chapter 14 investigates

whether people understand standard notions of algorithmic fairness.

Chapter 15 gives concluding remarks, and Chapter 16 outlines several directions

for future work.
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Part I

Optimization Algorithms for

Kidney Exchange
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Chapter 2: Introduction to Kidney Exchange

Patients with end-stage renal disease (kidney failure) have two treatment options: a

lifetime on dialysis, or kidney transplantation. Dialysis1 is a continuous procedure

is far more expensive and burdensome than transplantation, and life expectancy for

dialysis patients is far shorter than patients who receive a transplant. Table 2.1 gives

a rough sketch of the trade-offs between these two treatments. While transplantation

is by far the more-preferred treatment among patients with end-stage renal disease,

the need for donor organs far outstrips supply. At any given time, there are roughly

100,000 patients in the United States waiting for a kidney, and about 20 of these

people die each day. Roughly 20,000 patients receive a transplant each year, and the

waiting list continues to grow [253].

1There are two types of dialysis: hemodialysis (HD) and peritoneal dialysis (PD). HD is done in a
specialized clinic, where blood is removed from the patient’s body, filtered, and then returned. PD uses
a catheter in the patient’s abdomen to remove fluids and waste products, and can sometimes occur at
home rather than in a clinic. HD is far more common than PD: a 2012 study [171] found that 11% of the
global dialysis population used PD dialysis, and this varies widely across countries. In most countries
the proportion of PD patients is very small ( Japan: 3%, Germany: 4.8%, USA: 7%), however in a few
countries the proportion of PD patients is quite high (Hong Kong: 79.4%, El Salvador: 76.5%, Mexico:
65.8%).

TABLE 2.1: Basic trade-offs between hemodialysis and transplanta-
tion for patients with end-stage renal disease.

Hemodialysis Kidney Transplantation

Five-year survival rate [279] 66% 90%
Annual Cost/QALY [31] $72k $40-60k
Required treatment2 12 hours of treatment

per week
Transplantation surgery, life-
long medication and checkups
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2.1 Kidney Transplantation

There are two sources of donor kidneys used in transplantation: deceased donors

and living donors. Deceased donation is slightly more common: the World Health

Organization (WHO) estimates [301] that about 58% of the roughly 90,000 kidney

transplants in 2016 came from deceased donors; however there are very likely more

living donors than deceased donors, since living donors can donate only one kidney,

while deceased donors can donate two.3 In the United States, between 20-30% of

kidney transplants come from living donors [253].

The criteria for joining the deceased donor waiting list, and the prioritization

rules for allocating organs to the list, vary widely around the world. Both eligibil-

ity and priority are often determined by public policy, which prioritizes patients by

medical, logistical, and moral criteria. For example, in the United States this process

is managed by the Organ Procurement and Transplantation Network (OPTN), and

their policies are publicly available [252]. OPTN prioritization criteria reflect both

medical and logistical compatibility (blood type, antigen mismatch, location of the

donor and recipient, and so on), as well as moral criteria (patient age, time spent on

the waiting list, whether they are a prior organ donor). However, relatively few pa-

tients receive an organ through the waiting list: according to OPTN, around 15% of

patients on the waiting list receive a transplantation within two years [253]. Unequal

access to the deceased donor waiting list is a major cause of disparity in outcomes

for patients; several factors impact a patient’s likelihood of joining the waiting lists,

including socioeconomic status [331], race [242], geography [274], education [276],

and language [300].

Patients can also receive a transplantation from a living kidney donor—often a

3For religious reasons, many countries only allow transplantation from living donors [143].
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family member or friend of the patient, and occasionally a stranger found through

chance meetings, advertisements, or social networks [165]. After identifying a will-

ing, living kidney donor, there are multiple steps to take prior to transplantation.

First, most countries require that donors are screened to ensure that they were not

coerced or induced to donate. The WHO warns against undue coercion in their

Guiding Principles [301]; similar concerns have led some developing countries to

ban living transplants from unrelated donors [85]. Second, the patient and donor

must be medically compatible. Since this medical compatibility is especially impor-

tant to this thesis, it deserves its own paragraph.

Patient-Donor Compatibility There are two primary factors that determine whether

a patient and donor are medically compatible for kidney transplantation: blood type

(ABO) compatibility and tissue type compatibility. Many exchanges require that pa-

tients and donors are ABO-compatible, 4 and these compatibility requirements are

identical to those for blood donation. Tissue type compatibility is typically mea-

sured by the human leukocyte antigen (HLA) typing. A perfect HLA match (zero-

mismatch) between patient and donor is preferable, though some degree of HLA

mismatch is acceptable (though not preferred) by transplant teams [326]. HLA type

is also used to estimate how likely a patient is to find a compatible donor. The calcu-

lated panel reactive antibody score (CPRA) derived from HLA type data, and esti-

mates the fraction of donors that a patient is incompatible with; CPRA ranges from

0 (very likely to find a compatible donor) to 100 (very unlikely to find a compatible

4ABO-incompatible transplantation is possible, though ABO-compatibility is preferred [227].
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donor). Patients with high CPRA are considered highly-sensitized.5 Furthermore, pa-

tients can become highly-sensitized during certain medical treatments (such as trans-

plantation or transfusion); in 2018, roughly 20% of all patients on the US deceased

donor waiting list were highly-sensitized [162].

2.2 Kidney Exchange: Swapping Donors

Kidney exchange is a process where patients who have willing (and possibly incom-

patible) living kidney donors “swap” their donors in order to find a better match.

A simple kidney exchange is illustrated in Figure 2.1: two patients (“husband” and

“daughter”) each have a willing, but incompatible donor (“wife” and “mother”);

however, each donor is compatible with the other donor’s patient, and thus both

patients can receive a transplant. Modern kidney exchanges involve more complex

cycle- and chain-like structures involving several patient-donor pairs. Many kid-

ney exchange programs exist around the world, accounting for roughly 8% of liv-

ing donor transplants; exchanges continue to expand worldwide [51]. Exchanges

vary widely in their structure and governance: several countries have a single, na-

tional or single-center exchange—including the Netherlands, the United Kingdom,

Canada and Australia [130]. National exchanges benefit from coordination and

standardization—and in particular, larger exchanges benefit from increased market

“thickness” (i.e., more potential transplants). On the other hand, exchanges in the

United States have developed in a fragmented manner: there are many US-based

exchanges of varying sizes, who compete for patients and donors. The largest US-

based exchanges include the National Kidney Registry, the Alliance for Paired Dona-

tion, Johns Hopkins University, and the Methodist Specialty and Transplant Hospital

5The CPRA threshold for highly-sensitized patients varies. For example, OPTN policy prioritizes
patients on the deceased donor waiting list according to a sliding scale, however in kidney exchange, pa-
tients with CPRA above 80 are considered highly sensitized and receive additional prioritization [252].
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FIGURE 2.1: A simple pairwise exchange.

in San Antonio; each of these is—on its own—larger than many countries’ national

exchanges. The fragmented nature of US exchanges, paired with the privatization of

US health care, leads to competition between exchanges that make it more challeng-

ing to match patients and donors [7].

2.2.1 Facilitating Organ Exchange via Cycles and Chains

A standard tenet of kidney exchange is that every patient-donor pair who contributes

a donor organ to the exchange should also receive a donor organ. This means that any

organ exchange between two or more patient-donor pairs is a cycle, which can be

represented by an ordered list of patient-donor pairs: the first pair’s donor donates

to the second pair’s patient, the second pair’s donor donates to the third pair’s pa-

tient (and so on); the final pair’s donor donates to the first pair’s patient, completing

the cycle. A cycle involving k patient-donor pairs is called a k-cycle. For example, the

simple exchange in Figure 2.1 is a 2-cycle between the (Mother, Daughter) pair and

the (Wife, Husband) pair. Exchanges usually require that all transplants in a cycle oc-

cur “simultaneously”, meaning that all patients and donors undergo transplantation

surgery at roughly the same time [50]. If cycle transplants occur non-simultaneously,

the cycle may “break” if one of the transplants is canceled for medical reasons, or if

a donor reneges. In this case, a patient may be left with no compatible donor, and no
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donor kidney. Each patient-donor pair participating in exchange involves two peo-

ple undergoing transplantation (both the patient and donor); so, a 2-cycle involves

four surgeries, a 3-cycles involves six, and so on. For this reason many transplant

centers can only accommodate 2- and 3-cycles though much longer cycles have been

reported.

Intuitively, longer cycles create opportunities to match patients with donors; by

one estimate, using unlimited-length cycles can increase the fraction of transplants

in a random exchange pool from 54% to 91% [267]. Fortunately, only 2- and 3-cycles

are required to achieve most of this benefit (if only cycles are allowed). Using theo-

retical models of kidney exchange, Roth et al. [270] and later Ashlagi and Roth [23]

show that cycles longer than 3 pairs does not significantly increase the number of

transplants in an exchange pool.

Modern exchanges also include Non-Directed Donors (NDDs), sometimes re-

ferred to as “altruists,” who contribute a donor organ to the exchange without re-

ceiving one in return. If a NDD can begin a chain of transplants by donating to a

patient-donor pair; the paired donor is then free to donate to another patient-donor

pair, and so on. By donating to an exchange pool rather than a deceased donor on

the waiting list, a NDD may produce more than one kidney transplant—multiplying

the impact of their donation. Using simulated exchanges, Dickerson et al. [106] show

that if NDDs initiate chains rather than donate to the waiting list, 4− 5% more pa-

tients can receive transplants; even greater benefit is possible in smaller and sparser

exchanges. Chains first appeared in the form of domino paired donation (DPD),

where a NDD donates to a patient-donor pair, who then donates to another pair,

and so on; the final pair in the chain donates to a patient on the waiting list. Most

exchanges require DPD chain transplants to be carried out simultaneously, which

(as with cycles) limits their length to 2 or 3.
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Non-simultaneous chains can be far longer than DPD chains, and can signif-

icantly increase the size and equity of kidney exchange. The first reported non-

simultaneous chain occurred in 2009, consisting of 10 transplants, and over a period

of 8 months [259]. These are referred to as non-simultaneous extended altruistic

donor (NEAD) chains, and are currently used by many exchanges in the US and

abroad [130]. As with cycles, non-simultaneous chains run the risk of “breaking” if

a donor reneges or the transplant is canceled. This risk is exacerbated when chains

occur over long time periods and long distances. Indeed many exchanges—such as

the UNOS Pilot Program, and the national exchanges in the Netherlands and the

UK—limit chains to a length of 4; in many cases this limit is due to the requirement

of simultaneous transplants [210].

While simultaneous transplants are still the norm, non-simultaneous chains and

cycles are becoming more common, and initial findings show that the risk of a chain

“breaking” is low. One study of the National Kidney Registry (NKR, a US-based

exchange), only 5.6% of all NEAD chains were broken for any reason, and an esti-

mate 1.5% of all donors reneged on a transplant; in aggregate, broken chains did not

impact the overall number of transplants [92].

2.2.2 Transplantation in the United States

In many countries organ transplantation is coordinated by a government organiza-

tion, and kidney exchange is one small part of this operation. In the United States,

organ transplantation is handled by the Organ Procurement and Transplantation

Network (OPTN)—an organization structure established by the US congress in the

National Organ Transplant Act (NOTA) of 1984.6. OPTN is managed by a private

6http://uscode.house.gov/view.xhtml?hl=false&edition=prelim&req=granuleid%
3AUSC-2014-title42-section274

http://uscode.house.gov/view.xhtml?hl=false&edition=prelim&req=granuleid%3AUSC-2014-title42-section274
http://uscode.house.gov/view.xhtml?hl=false&edition=prelim&req=granuleid%3AUSC-2014-title42-section274
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contractor, the United Network for Organ Sharing (UNOS), who oversees day-to-

day operations and policy management. UNOS has many responsibilities: manag-

ing the organ waiting list, maintaining a database of all transplant data in the US,

monitoring all organ patient-donor matching to ensure compliance with policies,

educating health care experts and the public about organ transplantation, and man-

aging transplantation policy.7

In the US, health care providers (e.g., hospitals) play an especially large role in

transplantation. Individual hospitals conduct their own donor and patient recruit-

ment, screening, and matching of patient-donor pairs; many hospitals also conduct

their own internal exchanges, involving only their patients and donors.

2.2.3 An Operational Perspective of Kidney Exchange

From the perspective of an exchange coordinator, there are roughly three steps in-

volved in facilitating a kidney exchange, outlined in Figure 2.2.

1. First, the exchange identifies the exchange pool, including all potential pa-

tients, donors, and compatible transplants. During this step, potential trans-

plants are deemed feasible if they are both medically and logistically compat-

ible, according to the exchange policy. Some exchanges use additional fac-

tors to prioritize certain transplants over others, related to patient health, lo-

cation, waiting time, prior donation history, and so on; each of these factors

is recorded during this step. During this step, some exchanges ask individual

patients (and their transplant teams) whether they would accept a particular

donor organ. This pre-screening information can substantially improve the ex-

change outcome, and this is the focus of Chapter 8.

7https://unos.org/about/

https://unos.org/about/
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FIGURE 2.2: A high-level operational perspective of kidney exchange.

2. Next, the exchange matches patients and donors according to a “matching

policy.” In other words, the matching policy selects which transplants are used

to facilitate organ exchange. In countries with centralized exchanges—and in

some US-based exchanges—this matching policy is a matter of public policy.8

This is also the most computationally intensive step of kidney exchange: mod-

ern matching policies often require solving an NP-hard problem; much of this

thesis focuses on solving variants of this problem. For each transplant selected

by the matching policy, a match offer is sent to the patient and their care team—

with information about the donor organ, and instructions on how to accept or

reject the offer.

3. If a match offer is rejected, this can cause some transplants to become infeasible.

For example in Figure 2.1 if “husband” rejects a match offer from “mother”,

then the transplant from “wife” to “daughter” cannot proceed because “wife”

will donate her kidney without “husband” receiving one in return—so both

transplants in this exchange become infeasible. Finally, all feasible patient-

donor pairs are transplanted.

8For the US organ clearinghouse, OPTN, policy changes are subject to a six-phase review process
which can take years (https://unos.org/policy/policy-changes/).

https://unos.org/policy/policy-changes/
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A substantial body of research from computer science, operations research, and

economics focuses on step two of this process: developing matching policies for

kidney exchange. Indeed, this is the focus of Chapters 3, 4, 5, and 8.

2.3 The Kidney Exchange Clearing Problem (KEP)

Kidney exchange matching policies use information about the exchange pool to rec-

ommend match offers (i.e., potential transplants) to the exchange coordinator. To

design real kidney exchange policies we first analyze the Kidney Exchange clearing

Problem (KEP)—which uses a (slight) abstraction of the real kidney exchange match-

ing process.

The KEP uses a directed graph representation of kidney exchange G = (V, E),

where each vertex v ∈ V represents a participant in the exchange (including patient-

donor pairs and NDDs). Vertices are partitioned into patient-donor pairs P ⊆ V and

NDDs N ⊆ V, with V ≡ P∪ N. [5, 267, 268]. Each potential transplant from a donor

at vertex u to a patient at vertex v is represented by a directed edge e = (u, v) ∈ E,

which has an associated weight we ∈ w; weights are set by the exchange coordina-

tor, and usually reflect both the medical utility of the transplant, as well as ethical

considerations (e.g., prioritizing patients by waiting time, age, and so on). Directed

cycles in G correspond to cyclic trades between multiple patient-donor pairs in P,

and chains correspond to donations that begin with an NDD in N and continue

through multiple patient-donor pairs in P. An example exchange is shown in Fig-

ure 2.3, with seven patient-donor pairs (nodes pi, di) and a single NDD (n). There

are several cycles and chains in this graph: the NDD can initiate a chain with either

pair 1 or pair 7, leading to 12 different chains, up to length 5; note that only one of

these chains can be matched, since the NDD can participate in a matching only once.
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FIGURE 2.3: Example exchange graph with seven patient-donor pairs
(pi, di) and a single NDD n. There are 12 distinct chains up to length

5, and three cycles.

There are three cycles, between pairs (1, 4), (2, 5), and (1, 7, 6).

Since real exchanges typically limit the length of cycles and chains, in the KEP

we allow cycles up to length K and chains up to length L; these are referred to the

cycle and chain cap. Furthermore, each vertex (participant) can only participate in

one cycle or chain—since each person can only donate or receive one kidney. Thus,

the set of match offers in an exchange corresponds to a set of vertex-disjoint cycles

and chains in G, consisting of cycles of up to length K and chains of up to length L.

We refer to any such set of cycles and chains as a matching, whereM denotes the set

of all matchings in G. Combining these considerations yields the KEP.

Definition 1 (Kidney Exchange clearing Problem (KEP)). Find a matching with max-

imal total edge weight in G.

2.4 Complexity

The complexity of the KEP depends on the cycle cap K and chain cap L. When K = 2

and L = 1 the KEP can be reduced to max-weight matching, and thus can be solved

in polynomial time. The reduction is quite simple: create an undirected graph G′ =

(V, E′) which has the same vertices as the KEP graph G = (V, E). For each 2-cycle in
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G between vertices v1 and v2, add a single undirected edge to E′ between v1 and v2,

with weight equal to the sum of edges in the 2-cycle. For each edge e = (n, v) ∈ E

from a NDD n to a patient-donor pair v, add a single undirected edge to E′ between

n and v with edge weight equal to we. There is a 1-1 correspondence between each

undirected matching in G′ and each cycle-and-chain matching in G, and thus a max-

weight matching in G can be found by finding a max-weight matching on G′.

Interestingly, the KEP can also be solved in polynomial time when K = L = ∞

by reduction to bipartite matching.

For all other cycle and chain caps 2 < K < ∞ and 1 < L < ∞, the KEP is both NP-

and APX-hard, even with uniform edge weights [5, 49]. Until the mid 2010s, most

KEP solution methods involved enumerating all cycles and chains in G, which can

quickly become intractable. This is evident even in the small exchange in Figure 2.3:

even with eight vertices there are 12 distinct chains and three cycles to choose from.

KEP as Cycle Packing The KEP is a variant of cycle packing, a fundamental problem

in algorithmic graph theory with classical results dating to at least 1959 [123, 205].

There are many variants of the cycle packing problem—on directed and undirected

graphs, with and without edge weights, and with and without minimum or maxi-

mum cycle lengths—and many of these are NP- and APX-hard [254]. Cycle packing

problems naturally arise in many real-world settings, including scheduling, trans-

portation, and health care. This thesis covers several real-world challenges related

to the KEP, which naturally apply to other variants of cycle packing: such as data-

driven uncertainty, fairness, and tractability.
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2.5 Solving the KEP

Modern KEP solution methods use Mixed Integer Programming (MIP) and con-

straint or column generation techniques, and can solve realistic problem instances

with hundreds of vertices and thousands of edges in fractions of a second. There

are several MIP formulations in the literature which can be solved using software

packages such as Gurobi and CPLEX. The subsequent chapters of this thesis use

these MIP formulations as a subroutine, or as a benchmark, to address other prac-

tical challenges of kidney exchange. In these chapters I discuss three different MIP

formulations for the KEP (PICEF [109], PC-TSP [16], and PI-TSP [216]). All of these

formulations are a variation of the following approach: let x ∈ Zn be a vector of n

decision variables, each representing a different structure in the kidney exchange. For

example if we treat edge as a separate structure, then n = |E|, and xe = 1 if edge

e is matched, and xe = 0 otherwise. Let M denote the set of legal matchings on G,

meaning that x ∈ M if x is a set of vertex-disjoint cycles of length C or less, and

chains of length L or less. Finally, let w ∈ Rn be a vector of weights, where wi is the

weight of edge or cycle or chain corresponding to xi The KEP can now be written as

maxx∈Mw>x.

The difficulty here lies in defining a reasonable set of decision variables x and

legal matchingsM. Typically we write this formulation in terms of the set of cycles

(denoted by C), and cycles and chains (denoted by C). To illustrate this difficulty,

here I introduce two simple integer programming formulations that serve as the

foundation of all modern KEP solution approaches: the edge formulation and the cycle

formulation.
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Edge Formulation The basic edge formulation assigns one binary decision variable

to each edge in the exchange graph; the number of edges in real exchange graphs is

around 10, 000, so the total number of decision variables is relatively small. How-

ever the number of constraints in the edge formulation can be quite large. First we

require capacity constraints: each vertex can be matched at most once in an exchange;

this requires one constraint for each vertex: the number of incoming edges that are

matched can be at most 1 for each v ∈ V. Next we require flow constraints: each

patient-donor pair can only donate a kidney if they receive one in return. Again we

need one constraint for each vertex: the number of matched outgoing edges can be

at most equal to the number of matched incoming edges, for each v ∈ V. So there are

O(|V|) flow and capacity constraints, which is reasonable—real exchanges have at

most 100s of vertices. If there is no limit on cycle and chain length, we are done, and

the formulation has O(|E|) decision variables and O(|V|) constraints (recall that the

KEP can be solved in polynomial time with no cycle and chain cap). However there

is a finite cycle or chain cap, we need additional constraints to limit cycle and chain

length. There are a variety of ways to restrict cycle and chain length in edge formula-

tions, and most of them require an exponential number of constraints. For example

the approach of Anderson et al. [16] uses constraint generation to selectively restrict

illegal chains, and Abraham et al. [6] uses constraint generation for restricting illegal

cycles and chains. The current state-of-the-art KEP solvers use compact KEP formu-

lations (i.e., with a (polynomial number of constraints and variables) based on the

edge formulation; this includes the position-indexing (PICEF) approach of Dicker-

son et al. [109] and the extended-edge-formulation of Constantino et al. [90].
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Cycle Formulation Another fundamental IP formulation for the KEP assigns one

binary decision variable to each legal cycle in the exchange graph. In the cycle for-

mulation, only capacity-like constraints are required: for each vertex v ∈ V, the

number of matched cycles and chains containing v can be at most 1; so the num-

ber of constraints is O(|V|). Furthermore, the cycle formulation can also include

chains: consider a graph G′ = (V, E′), where E′ includes all edges in E as well as

one zero-weight directed edge (a “dummy edge”) from each patient-donor pair to

each NDD. Each cycle in G′ that includes an NDD corresponds to a chain in G; in this

way the cycle formulation can be modified include chains. However the number of

potential cycles grows exponentially with cycle length, so the cycle formulation is

intractable for even moderate cycle and chain caps. Indeed, Abraham et al. [6] was

unable to store cycle formulations in memory for a 1, 000-vertex graph and a cycle

cap of three. One way to avoid enumerating all cycles is through branch-and-price:

a column- generation method, which adds cycles selectively to the formulation as

needed [6]. Fortunately, current exchanges are sufficiently small and sparse that all

legal cycles (but not chains) can be enumerated very quickly. State-of-the-art KEP

solution methods use a mix of cycle and edge formulation to reduce runtime; these

solution methods are used throughout this thesis.

2.6 The KEP as an Abstraction of Kidney Exchange

It is important to emphasize that the KEP is an abstraction of the messy, real-world

process of kidney exchange. While the KEP is useful for reasoning about how or-

gans can and should be allocated, there are several practical considerations that re-

searchers should keep in mind when studying the KEP. As a conclusion to this chap-

ter I will illustrate some of the most important practical considerations for computer
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scientists interested in kidney exchange research. These should be seen as research

opportunities—studying them helps us uncover new technical challenges, and makes

our research more useful for stakeholders.

Uncertainty Two factors are especially uncertain in kidney exchange: (1) the feasi-

bility of a potential transplant, and (2) the quality of a potential transplant. (1): There

are a variety of reasons that a potential transplant is infeasible—most commonly, a

patient and donor may in fact be medically incompatible, often due to a mismatch

in Human Leukocyte Antigen (HLA) typing. Transplants may also be infeasible due

to logistical or transportation issues, or due to a patient or donor refusing the trans-

plant. (2): The value of a transplant is a matter of moral judgment. Even among

experts there is disagreement about which transplants are most valuable to an ex-

change, or to society. This disagreement can be seen as a type of uncertainty: sup-

pose we can only match one of two cycles: either (a) a 2-cycle that will extend the

lives of two children by 30 years, or (b) a 3-cycle that will extend the lives of three el-

derly organ donors by 10 years each. There are good reasons to match both of these

cycles, and finding the “correct” answer is not a question of computer science. Even

if a clear measure of transplant value is established—which is the case of OPTN in

the US [252]—these value measurements are very uncertain. These measurements

usually depend on medical screenings and logistical assumptions, both of which can

be inaccurate. Most of the following chapters in Part I of this thesis deal with this

type of uncertainty.

Dynamics Researchers often treat kidney exchange as a static problem: the patient-

donor pool is considered to be constant (i.e., patient-donor pairs do not enter or

exit the pool while a matching is being constructed), and matching policies tend

to consider only the current exchange pool, and not future pools. However kidney
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exchange is an inherently dynamic process: patient-donor pairs and NDDs are con-

stantly entering and exiting the exchange, and today’s matching inevitably impacts

tomorrow’s exchange pool. Research has demonstrated that matching policies de-

signed for a dynamic environment can increase overall welfare [30, 104, 105, 307].

Unlike static policies, dynamic policies can be updated based on observations of

previous exchange pools, the current state of the exchange pool, and the chance that

patients will enter or exit the pool in the next stage. That is, dynamic policies can

change based on the exchange pool, and can change over time. However dynamic

kidney exchange is both computationally and theoretically more difficult to analyze

than static exchange, and conclusive results are scarce (see Chapter 16).

Incentives and Preferences Each participant in a kidney exchange has different

incentives. First, patients typically want to find a high-quality compatible organ

as quickly as possible. What constitutes a “good match” depends on the particu-

lar patient and transplant team. Donor-patient compatibility is in fact a spectrum:

different levels of HLA mismatch are acceptable (and can be accommodated with

immunosuppression treatment), and blood-type incompatible transplants are now

relatively common. Match quality involves a trade-off between a variety of fac-

tors, and deciding whether or not to accept a particular organ is a matter of prefer-

ence [28]. Different patients have different preferences over donor kidneys [264], and

surgeons’ preferences sometimes differ from those of their patients. Solomon et al.

[291] finds that as patients spend more time on the deceased donor waiting list, they

assign less importance to donor kidney quality. The foundational matching models

of kidney exchange explicitly account for patient preferences over donors [267, 269],

and modern exchanges do account for patient preferences to some extent. Many

exchanges allow patients to specify general parameters of organs they are willing
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to accept—for example by specifying acceptable donor blood types, donor age, or

donor organ health. It should be noted that donor preferences certainly play a role in

living donor transplantation. However many exchanges (and the OPTN in the US)

attempt to minimize donor influence over their organ recipient to avoid arbitrary

biases—in particular racism [304].

Hospital incentives are also an important factor in kidney exchange. This is es-

pecially a problem in the US, where the majority of kidney exchange occurs within

private hospitals rather than a centralized program. Many exchanges involve sev-

eral hospitals; each hospital manages their own network of patients and donors,

and each decides which patients and donors to include in the exchange. This is the

model used by many US-based exchanges, including the OPTN/UNOS exchange,

the Alliance for Paired Donation9, and the National Kidney Registry.10 For hospitals

participating in these exchanges, there are some benefits to keeping certain trans-

plants in-house, rather than including them in an exchange. First, hospitals benefit

by conducting transplants in-house rather than sending their patients and donors to

another hospital; this keeps their staff trained, brings in additional revenue, and

keeps their patients within the hospital network. Estimated overall revenue per

transplant is over $100, 000 [164], so hospitals are strongly incentivized to match

their own patients and donors rather than exchange them with other transplant cen-

ters. For example, a competitive transplant hospital may wish to keep high-quality

donors within their local exchange rather than “sharing” this donor through a na-

tional or regional exchange; this results in fewer, and lower-quality transplants for

patients. While this problem is not a central focus of this thesis, it is an active area of

market design research [7, 27, 32, 156, 292].

9https://paireddonation.org/
10https://www.kidneyregistry.org

https://paireddonation.org/
https://www.kidneyregistry.org
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Chapter 3: Robust Kidney Exchange: Protecting against the Worst-

Case

3.1 Introduction

Real-world optimization problems face various types of uncertainty that impact

both the quality and feasibility of candidate solutions. Uncertainty in combinatorial

optimization is especially troublesome: if the existence of certain constraints or vari-

ables is uncertain, identifying a good—or even feasible—solution can be extremely

difficult. Stochastic optimization approaches endeavor to maximize the expected ob-

jective value, under uncertainty. While sometimes successful, stochastic optimiza-

tion relies heavily on a correct characterization of uncertainty; furthermore, stochas-

tic approaches are often intractable—especially in combinatorial domains [44]. A

complementary approach is robust optimization, which protects against worst-case

outcomes. Robust approaches can be less sensitive to the exact characterization of

uncertainty, and are often far more tractable than stochastic approaches [41].

Uncertainty in kidney exchange. Presently-fielded kidney exchange algorithms

largely do not address uncertainty. In this chapter we consider two types of uncer-

tainty in kidney exchange: over the quality of the transplant (weight uncertainty)

and over the existence of potential transplants (existence uncertainty). Policymakers

assign weights to potential transplants, which are (imperfect) estimates of transplant
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quality; weight uncertainty stems from both measurement uncertainty (e.g., medi-

cal compatibility and kidney quality) and uncertainty in the prioritization of some

patients over others. Transplant existence is always uncertain: matched transplants

“fail” before executing for a variety of reasons, severely impacting a planned kidney

exchange. To address both cases, we propose uncertainty sets containing different

realizations of the uncertain parameters. We then develop a scalable robust opti-

mization approach, and demonstrate its success on data from a large fielded kidney

exchange.

Robust optimization is a popular approach to optimization under uncertainty,

with applications in reinforcement learning [243], regression [322], classification [80],

and network optimization [222]. Motivated by real-world constraints, we apply ro-

bust optimization to kidney exchange—a graph-based market clearing or resource

allocation problem.

Contributions.

• To our knowledge, weight uncertainty has not been previously addressed in

the kidney exchange literature. Our approach is similar to that of Bertsimas

and Sim [43] and Poss [249], and uses some of their results. Several approaches

have been proposed for existence uncertainty, primarily based on stochastic

optimization [16, 109, 110] or hierarchical optimization [210]. The primary dis-

advantage of these approaches—in addition to tractability—is their reliance

on, and sensitivity to, the explicit estimation of the probability of each par-

ticular potential transplant. This probability is extremely difficult to deter-

mine [110, 147], and prevents the translation of those methods into practice.

Our approach uses a simpler notion of edge existence uncertainty—an upper-

bound on the number of non-existent edges—which is easier to interpret and
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estimate. Glorie [146] proposed a related robust formulation that is exponen-

tially larger than ours, and is intractable for realistically-sized exchanges.

• We introduce a new scalable formulation for kidney exchange that combines

concepts from two state-of-the-art formulations [16, 109], handles long or un-

capped NDD-initiated chains without requiring expensive constraint genera-

tion, and ties into a developed literature on fairness in kidney exchange—thus

addressing use cases that are becoming more common in fielded exchanges [16].

3.2 Preliminaries

Robust optimization is a common approach to optimization under uncertainty, which

is often more tractable and requires less accurate uncertainty information than other

approaches [44]. This approach begins by defining an uncertainty set U for the uncer-

tain optimization parameter, where U contains different realizations of this param-

eter. Consider the example of edge weight uncertainty: we might design an edge

weight uncertainty set Uw that contains the realized (i.e., “true”) edge weights ŵ with

high probability, P(ŵ ∈ Uw) ≥ 1− ε, for 0 < ε � 1. The parameter ε is referred to

as the protection level, and is often used to control the number of realizations in U .

After designing U , the robust approach finds the best solution, assuming the

worst-case realization within U . For kidney exchange (a maximization problem), this

corresponds to a minimization over U ; for example, Problem 3.1 is the robust formu-

lation for a KEP with uncertain edge weights.

max
x∈M

min
ŵ∈U

ŵ>x (3.1)
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The robustness of this approach depends on the proportion of possible realiza-

tions contained in U . If U contains all possible realizations, the approach may be

too conservative; if U only contains one possible realization of ŵ, the solution may

be too myopic. The number of realizations in U is often controlled by a parameter:

either an uncertainty budget Γ, or the protection level ε. Next we introduce the first

type of uncertainty considered in this chapter: edge weight uncertainty.

3.3 Optimization in the Presence of Edge Weight Uncertainty

Edge weights in kidney exchange represent the medical and social utility gained by

a single kidney transplant. Weights are determined by policymakers, and are subject

to several types of uncertainty.1 Part of this uncertainty is due to insufficient knowl-

edge of the future: a patient or donor’s health may change, raising or lowering the

“true” weight of their transplant edges. Another type of uncertainty stems from dis-

agreement between policymakers regarding the social utility of a transplant. For ex-

ample, some policymakers might prioritize young patients over older patients; other

policymakers might prioritize the sickest patients above all healthier patients. Pol-

icymakers aggregate these value judgments to assign a single weight to each trans-

plant edge, but this aggregation is a contentious and imperfect process (although re-

cent work from the AI community has begun to address this using techniques from

computational social choice and machine learning [132, 229]). Still, there is no way

to measure the “true” social utility of a transplant, and therefore this uncertainty is

not easily measured.

Interval weight uncertainty. It is beyond the scope of this work to characterize all

sources of edge weight uncertainty. Rather, we assume that the nominal edge weights

1The process used to set weights by the UNOS US-wide kidney exchange is published pub-
licly [306].
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w, provided by policymakers, are an uncertain estimate of the realized edge weights

ŵ, i.e., the “true” value of each transplant. Next, we formalize edge weight uncer-

tainty and our robust approach. This section focuses on edge weights, so we write

our formulations with decision variables x ∈ {0, 1}|E| corresponding to individual

edges: xe is 1 if e is matched, and 0 otherwise.

We assume that realized edge weights ŵ are random variables with a partially

known symmetric distribution, centered about the nominal weights w. This as-

sumption implies that E[ŵ] = w, thus a non-robust approach that maximizes w

is equivalent to a stochastic optimization approach that maximizes expected edge

weight. We refer to this edge uncertainty model as interval uncertainty.

Definition 2 (Interval Edge Weight Uncertainty). Let ŵe be the realized weight of

edge e, with nominal weight we, and maximum discount 0 ≤ de ≤ we. Let ŵe ≡

we + deαe, where αe is the fractional deviation of edge e. Both αe and ŵe are contin-

uous random variables, symmetrically distributed on [−1, 1] and [we − de, we + de]

respectively. Edge discount factors d ∈ R|E| are exogenous, while α ∈ [0, 1]|E| are

treated as variables.

Edge discount factor de should reflect the level of uncertainty in edge e’s nominal

weight, we. If we is known exactly, then de = 0; if we is very uncertain, then we might

set de = we, or higher.

To vary the degree of uncertainty, we use an uncertainty budget Γ, which limits

the total deviation from nominal edge weights. With our uncertainty model, it is

natural to let Γ limit the total fractional deviation of each edge weight—i.e., sum of

all αe. This uncertainty set U I
Γ is defined as:

U I
Γ =

{
ŵ | ŵe = we + deαe, |αe| ≤ 1, ∑

e∈E
|αe| ≤ Γ ∀e ∈ E

}
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For example if Γ = 3, there may be three edges with |αe| = 1, or one edge with

|αe| = 1 and four edges with |αe| = 1/2, and so on.

Choosing an appropriate Γ is not straightforward. Matchings often use only a

small fraction of the decision variables (e.g., transplant edges), and it is difficult to

predict the size of the optimal matching. Intuitively, Γ should reflect the size of the

final matching: for example if we assume that half of any matching’s edges will be

discounted, then we should set Γ ' |x|/2. Generalizing this concept, we define a

variable-budget uncertainty set U I
γ, with budget function γ(|x|).

U I
γ =

{
ŵ | ŵe = we + deαe, |αe| ≤ 1, ∑

e∈E
|αe| ≤ γ(|x|) ∀e ∈ E

}

Next, to define γ, we relate it to a much more intuitive parameter: the protection

level ε.

3.3.1 Uncertainty Budget and Protection Level

The protection level ε mediates between a completely conservative approach, and

the non-robust approach: as ε → 0 the approach becomes more conservative, and

ε = 1 corresponds to a non-robust approach. In this section we relate γ to ε, begin-

ning with the following Theorem 3.1.

Theorem 3.1 (Adapted from Theorem 3 of [43]). For a matching x ∈ M with |x|

edges, and uncertainty set U I
Γ, the probability that U I

Γ contains the realized edge weights for

matching x is bounded below by

P(ŵ ∈ U I
Γ) ≥ 1− B(|x|, Γ),
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with

B(|x|, Γ) =
1

2|x|

(1− µ)

 |x|
bηc

+
|x|
∑

l=bηc+1

|x|
l


 ,

with η = (Γ + |x|)/2 and µ = η − bηc.

That is, for some ε, if Γ is chosen such that ε = B(|x|, Γ), then the inequality

P(ŵ ∈ U I
Γ) ≥ 1 − ε holds by Theorem 3.1. Next, we use this result to define a

variable uncertainty budget function γ, using the intuitive definition introduced by

Poss [249]: for matching x ∈ M and protection level ε, we find the minimum Γ such

that B(|x|, Γ) ≤ ε. If this is not possible (i.e., the matching is too small, or ε is too

small), then γ = |x|. This budget function is defined as:

β(|x|) =


|x| if min

Γ>0
{Γ | B(|x|, Γ) ≤ ε} is infeasible,

min
Γ>0
{Γ | B(|x|, Γ) ≤ ε} otherwise.

It may not be clear how to solve the edge weight robust problem with this variable

uncertainty budget. We use the approach of Poss [249], which solves the variable-

budget robust problem by solving several instances of the constant-budget robust

problem; details of this approach can be found in Appendix A.1.4. Thus, to solve the

variable-budget robust problem we first solve the constant-budget robust problem.

3.3.2 Constant-Budget Edge Weight Robust Approach

We now describe our approach to the constant-budget edge weight robust problem;

a full discussion and derivation can be found in Appendix A.1. We need to solve

Problem 3.1 with edge weight uncertainty set U I
Γ. This requires a minimization of

the objective, over ŵ ∈ U I
Γ, followed by a maximization over matchings inM.

First we directly minimize the objective of Problem 3.1 over U I
Γ. That is, for any
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matching x ∈ M, we find the minimum objective value for any realized edge

weights in U I
Γ, denoted by Z(x):

Z(x) = min
ŵ∈U I

Γ

ŵ>x (3.2)

Thus, solving the robust problem corresponds to maximizing Z(x) over all feasi-

ble matchings. Our approach to doing so is as follows. First, we linearize Z(x) using

several new variables and constraints; we then add these to an existing kidney ex-

change formulation [109]. The complete linear formulations of Z(x) and Problem 3.1

are given in Appendix A.1.2. Our robust formulation is scalable—it has a polyno-

mial count of variables and constraints, regardless of finite chain cap; on realistic

exchanges it takes only a few seconds to solve. We demonstrate our method’s im-

pact on match composition in Section 3.5, and show how it effectively controls for

the impact of robustness using protection level ε.

3.4 Optimization in the Presence of Edge Existence Uncer-

tainty

In this section we consider edge existence uncertainty, where an algorithmic match

must be chosen before the full realization of edges is revealed. Algorithmically-

matched transplants in a kidney exchange can fail before transplantation for a va-

riety of reasons: a patient may become too ill to undergo transplantation, or pre-

transplantation testing may reveal that a patient is incompatible with her planned

donor kidney. Furthermore, some edges are more likely to fail than others (e.g.,
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FIGURE 3.1: Sample exchange graph with a 5-chain and two 2-cycles.
The NDD is denoted by n, and each patient (and her associated
donor) is denoted by pi (di). A maximum-cardinality matching algo-
rithm would select the 5-chain, denoted with dashed edges; however,
the smaller matching consisting of two disjoint 2-cycles, shown with

solid edges, may be more robust to edge failure.

edges into particularly sick patients). Edge failure significantly impacts fielded ex-

changes, with failure rates above 50% in many cases [16, 26, 110].

For illustration, consider the simple exchange in Figure 3.1 with two potential

matchings: single 5-chain initiated by the NDD, or two 2-cycles (with pairs {1, 4}

and {2, 5}). The 5-chain matches the most patient, but is less robust to edge failures.

Consider the worst-case outcome for each matching, when 1 edge is guaranteed to

fail: with the 5-chain, in the worst-case the first edge fails, causing the entire chain to

fail; with the 2-cycles, a single edge failure only causes a single cycle to fail, leaving

the other cycle complete. With this notion of edge existence uncertainty (which we

define later), the 2-cycles are more robust than the 5-chain.

Managing edge failure in kidney exchange has been addressed in the AI and

optimization literature in application-specific [81, 210] or stochastic-optimization-

based [16, 109, 110, 184] ways. These failure-aware approaches associate with each

edge a pre-determined failure probability pe; these probabilities are used to then

maximize expected matching score, possibly subject to some recourse actions. This

stochastic approach is tractable when pe is identical for each edge. Our work ad-

dresses two major drawbacks of the failure-aware approach. First, when each edge
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has a unique pe, those models require enumerating every cycle and chain, which

is intractable for large graphs or long chains. Second, the failure-aware approach

is very sensitive to pe (as discussed in, e.g., §4.4 of Dickerson et al. [110]). In prac-

tice, precise values of pe are not known, thus the failure-aware approach can easily

produce unreliable results. We use a simpler notion of edge existence uncertainty,

which assumes that in any matching, the number of edges is bounded by a constant

(Γ). This parameter is intuitive and simple to estimate from past exchanges.

To our knowledge, ours is the first scalable robust optimization approach to edge

existence uncertainty in kidney exchange. Glorie [146] develops several elegant ro-

bust methods for edge existence uncertainty, but requires that all cycles and chains

are found during preprocessing and stored in memory. The number of chains grows

exponentially in both the number of edges and the maximum chain length; thus,

these approaches are intractable for exchanges involving more than a few dozen

patient-donor pairs and NDDs.

Edge existence uncertainty. Here we briefly describe our robust approach to edge

existence uncertainty; a full discussion and derivation can be found in Appendix A.2.

For ease of exposition, in this section, decision variables x ∈ {0, 1}C correspond to

cycles and chains rather than edges: xc is 1 if cycle or chain c is matched, and 0 oth-

erwise; in this section we use C to denote the set of all cycles and chains in G. We use

the following model of edge existence uncertainty in the remainder of this chapter.

Definition 3 (Γ-Failures Edge Existence Uncertainty). Up to Γ edges may fail in any

matching. After failures occur, the realized exchange graph is Ĝ = (V, Ê), such that

edges Ê ⊆ E proceed to transplantation, while all other edges do not.

With this notion of uncertainty, without regard to computational or memory con-

straints, a stochastic-optimization-based approach could identify the best matching
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over all possible realizations Ĝ [16]. This is clearly intractable, as the number of re-

alized graphs is exponential in |E|. Instead, we take a robust optimization approach

by maximizing the worst-case (minimum) matching score over a set of realizable

graphs Ĝ in an uncertainty set U . Like the stochastic approach, the robust approach

considers a huge number of realizations Ĝ; however the robust approach is far more

tractable, as it need only find the worst-case realization and need not represent all

realizable graphs explicitly.

Uncertainty set. Let F ⊆ E be the subset of failed edges for a realized graph Ĝ;

thus, Ê = E \ F is the set of realized edges. Equation 3.3 defines uncertainty set U ex
Γ

in this way: up to Γ edges may fail (i.e., |F| ≤ Γ).

U ex
Γ =

{
Ĝ = (V, Ê) | Ê = E \ F, |F| ≤ Γ

}
(3.3)

In kidney exchange, one edge failure can cause other edge failures: if one cycle

edge fails, all edges in the cycle also fail; edge failure in a chain causes all subsequent

chain edges to also fail. This leads to a notion of weight uncertainty for cycles and

chains, where the realized weight of a cycle or chain ŵc may be smaller than nominal

weight wc. Let αc be a discount parameter for cycle or chain c, such that ŵc =

wc(1− αc). For example, if any edge fails in cycle c, then the entire cycle fails and

αc = 0. We define the cycle/chain weight uncertainty set Uw
Γ in this way:

Uw
Γ =

{
ŵ | ŵc = wc(1− αc), αc ∈ [0, 1], ∑

c∈X
αi ≤ Γ∀c ∈ C

}

This uncertainty set is less intuitive than U ex
Γ , but more suited to the robust approach.

In Appendix A.2 we show that Uw
Γ and U ex

Γ are equivalent for integer Γ, and thus can

be used for our robust approach.
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3.4.1 Robust Optimization Approach

In this section we briefly describe our robust approach; for a full discussion and

derivation, please see Appendix A.2. Our robust formulation for uncertainty set

Uw
Γ follows a similar approach to Section 3.3. First, we directly minimize the kidney

exchange objective over Uw
Γ , for some feasible solution x ∈ M. We express this mini-

mization as a function Z(x): in effect, Z(x) discounts the Γ largest-weight cycles and

chains. We then linearize Z(x) using several variables and constraints—this requires

a formulation with variables tracking individual total chain weights—which is not

possible in any existing compact kidney exchange formulations. For this purpose,

we introduce a new kidney exchange formulation.

The PI-TSP formulation. We propose the position-indexed TSP formulation (PI-

TSP); for details, please see Appendix A.2. Our formulation combines innovations

from the two leading kidney exchange clearing approaches: PICEF [109] and PC-TSP

[16]. PICEF introduced an indexing schema that enables a more compact formula-

tion in the context of long chains; our formulation builds on this to allow tracking

of individual chain weights, a necessity that PICEF could not do. PC-TSP builds on

techniques from the prize-collecting traveling salesperson problem [34] to provide

a tight linear programming relaxation; in general, the PC-TSP formulation has ex-

ponentially many constraints and thus requires constraint generation to solve. Our

formulation uses an efficient version of position indexing that also requires only

O(|E|)+O(|V| · |N|) constraints. Unlike PICEF, our formulation does not grow with

the chain cap L: PICEF uses O(|V|3) variables (when L→ |V|); for large graphs, the

PICEF model becomes too large to fit into memory [109]. Our formulation uses

a fixed number of variables—O(|V|2)—for any chain cap, alleviating this memory
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problem. This is especially relevant to existing exchanges, as long chains can sig-

nificantly increase efficiency in kidney exchange [25]. PI-TSP uses the following

parameters:

• G: kidney exchange graph,

• C: a set of cycles on exchange graph G,

• L: chain cap (maximum number of edges used in a chain),

• we: edge weights for each edge e ∈ E,

• wC
c : cycle weights for each cycle c ∈ C,

and the following decision variables:

• pe ≥ 1: the position of edge e in any chain,

• pv ≥ 1: the position of patient-donor vertex v in any chain,

• p̂e ≥ 0: equal to pe if e is used in a chain, and 0 otherwise,

• zc ∈ {0, 1}: 1 if cycle c is used in the matching, and 0 otherwise,

• ye ∈ {0, 1}: 1 if edge e is used in a chain, and 0 otherwise,

• yn
e ∈ {0, 1}: 1 if edge e is used in a chain starting with NDD n, and 0 otherwise,

• wN
n : total weight of the chain starting with NDD n,

• f i
v and f o

v: chain flow into and out of vertex v ∈ P,

• f i,n
v and f i,n

v : chain flow into and out of vertex v ∈ P, from the chain starting

with NDD n ∈ N.



36

The PI-TSP formulation with chain cap L is given in Problem 3.4. We use the notation

δ−(v) for the set of edges into vertex v and δ+(v) for the set of edges out of v.

max ∑
n∈N

wN
n + ∑

c∈C
wC

c zc (3.4a)

s.t. ∑
e∈E

weyn
e = wN

n n ∈ N (3.4b)

∑
n∈N

yn
e = ye e ∈ E (3.4c)

∑
e∈δ−(v)

ye = f i
v v ∈ V (3.4d)

∑
e∈δ+(v)

ye = f o
v v ∈ V (3.4e)

∑
e∈δ−(v)

yn
e = f i,n

v v ∈ V, n ∈ N (3.4f)

∑
e∈δ+(v)

yn
e = f o,n

v v ∈ V, n ∈ N (3.4g)

f o
v + ∑

c∈C:v∈c
zc ≤ f i

v + ∑
c∈C:v∈c

zc ≤ 1 v ∈ P (3.4h)

f o
v ≤ 1 v ∈ N (3.4i)

pe = 1 e ∈ δ+(N) (3.4j)

p̂e = peye e ∈ E (3.4k)

pv = ∑
e∈δ−(v)

p̂e v ∈ P (3.4l)

pe = pv + 1 v ∈ P, e ∈ δ+(v) (3.4m)

∑
e∈E

yn
e ≤ L n ∈ N (3.4n)

f o,n
v ≤ f i,v ≤ 1 v ∈ V, n ∈ N (3.4o)

y ∈ {0, 1}|E|, z ∈ {0, 1}|C| (3.4p)

yn ∈ {0, 1}|E| n ∈ N (3.4q)
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The ability to express individual chain weights as decision variables has appli-

cations beyond robustness. For particularly valuable NDDs (such as those with so-

called “universal donor” blood-type O), exchanges may enforce a minimum chain

length or chain weight, to ensure that these rare NDDs are not “used up” on short

chains; such a policy was formerly used by the United Network for Organ Shar-

ing [106], using a much less scalable form of optimization—that also does not con-

sider uncertainty—than our approach [5]. Such a policy can be implemented effi-

ciently with PI-TSP, inefficiently with PC-TSP, and not with PICEF, where decision

variables do not indicate from which NDD a chain originated. In Appendix A.2 we

show using real kidney exchange data that PI-TSP can enforce a minimum chain

length, and that this restriction has almost no impact on overall matching score.

3.5 Experimental Results

In this section, we compare each robust formulation against the leading non-robust

formulation, PICEF [109], with varying levels of uncertainty. These experiments

use real exchange graphs collected from the United Network for Organ Sharing

(UNOS)—a large US-wide kidney exchange with over 160 participating transplant

centers—between 2010 and 2016, as well simulated exchanges generated from known

patient statistics using the standard method [110].2

For each exchange, we calculate the optimal non-robust matching MOPT (with to-

tal score |MOPT|), and the robust matching MR, for varying uncertainty budgets. We

then draw many realizations of the exchange graph, based on the uncertainty model,

and calculate the realized scores of the robust matching |MR| and non-robust match-

ing |MNR|. We are primarily interested in the fractional difference from |MOPT|,
2All experiments were implemented in Python and used Gurobi [155], a state-of-the-art industrial

combinatorial optimization toolkit, as a sub-solver. Our code is available on GitHub: https://github.
com/duncanmcelfresh/RobustKidneyExchange.

https://github.com/duncanmcelfresh/RobustKidneyExchange
https://github.com/duncanmcelfresh/RobustKidneyExchange
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calculated as ∆OPT
(

M{R,NR}
)
=
(
|MOPT| − |M{R,NR}|

)
/|MOPT|.

We calculate ∆OPT (MR) and ∆OPT (MNR) for N = 400 realizations, and com-

pare the robust and non-robust approaches. In rare cases the optimal matching is

empty (i.e., there is no solution, or the uncertainty budget exceeds the matching

size), we exclude these exchanges from the results.

Edge Weight Uncertainty We begin by exploring the impact on match utility of ro-

bust approaches to managing edge weight uncertainty. Here, each edge is randomly

labeled as probabilistic (P) or deterministic (D). P edges receive weight 0 or 1 with prob-

ability 0.5, while D edges always receive weight 0.5; thus, expected edge weight is

always 0.5. The non-robust approach maximizes expected edge weight, making this

a kind of stochastic approach. The robust approach considers the discount value (0

or 0.5) of each edge, and avoids edges with a positive discount value. To vary the

level of uncertainty, we vary the fraction of P edges (α). Each realization is drawn by

assigning the P edges to have weight either 0 or 1.

We compute MR for protection levels ε ∈ {10−4, 10−3, 10−2, 10−1, 0.5}, and then

calculate both ∆OPT (MR) and ∆OPT (MNR). Figure 3.2 shows ∆OPT on realistic

64-vertex simulated graphs (left) and larger (typically 150–300-vertex) real UNOS

graphs (right); these figures show results for each protection level ε and for various

α. Note that MNR does not depend on ε, and thus the non-robust results are shown

as (constant) dashed lines.

The robust approach guarantees a better worst-case (minimum) ∆OPT, but re-

sults in a lower median ∆OPT. The protection level ε controls the robustness of our

approach; smaller ε protects against more uncertain outcomes, but at greater cost

to nominal behavior. As ε → 1, the robust approach protects against fewer bad

outcomes, and approaches the behavior of non-robust.
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FIGURE 3.2: ∆OPT for non-robust (dashed lines) and edge weight ro-
bust (solid lines) matchings, for 64-vertex simulated exchange graphs

(3 left plots) and real UNOS exchanges (3 right plots).

Edge Existence Uncertainty We now address edge existence uncertainty, and com-

pare the robust and non-robust approaches with Γ edge failures, for Γ ∈ {1, 2, 3, 4, 5}.

Each Γ corresponds to a different notion of uncertainty, such that exactly Γ edges

fail.3 For each Γ, we calculate MR, and draw N = 400 realizations by failing Γ edges

in the matching.

We calculate ∆OPT for each realization, and compare these results for the ro-

bust and non-robust matchings. With edge existence uncertainty, the worst-case

outcome is almost always an empty matching (∆OPT = −1). Thus, rather than

compare the worst-case ∆OPT, we compare the distribution of ∆OPT for each ap-

proach: we treat ∆OPT as a random variable, and use three simple statistical tests to

demonstrate that—as expected—the robust approach produces more conservative

and predictable results.

First, we use the Wilcoxon signed-rank test to determine that the robust and

non-robust approaches produce a different distribution of ∆OPT. For each Γ, this

test produces p-values well below 10−3, indicating that the distributions of ∆OPT

are different for the robust and non-robust approach. Second, for all exchanges and

all Γ, the mean ∆OPT is typically 1% higher, and the standard deviation 1–2% lower

3This is slightly more conservative than the notion of uncertainty introduced previously; in Sec-
tion 3.4, up to Γ edges may fail, while in the experiments exactly Γ edges fail.
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for the robust approach. That is, the robust approach more consistently produces

higher-weight solutions.
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FIGURE 3.3: Difference between the robust and non-robust his-
tograms of ∆OPT (robust minus non-robust) for real UNOS (top)
and simulated exchanges (bottom), for various Γ. Dotted line: mean

∆OPT for non-robust.

Third, we visualize the difference between these distributions using their his-

tograms. Figure 3.3 shows the bin-wise difference between the histograms of ∆OPT

(robust minus non-robust), with mean ∆OPT for non-robust shown as a dotted

line. In these plots, the height of the bars indicate the change in probability den-

sity due to robustness. On all plots, the bars are negative for high and low values of

∆OPT, meaning that the robust matching is less likely to have an abnormally high or

low ∆OPT. The bars are positive when ∆OPT is near its mean non-robust value—

meaning that the robust matching is more likely to have a ∆OPT near the mean non-

robust value. This is exactly the desired behavior: robustness produces more pre-

dictable and less varied results. In this application robustness exceeds expectations:

the robust approach achieves a lower variance, and slightly improves nominal per-

formance.
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3.6 Robustness as Fairness

Balancing efficiency and fairness is a classic economic problem; recently, a body of

literature covering fairness in kidney exchange has developed in the AI/Economics [26,

108, 114, 215] and medical ethics [140] communities; Appendix A.3 presents a more

thorough discussion. We now draw connections between robustness and fairness

in kidney exchange. We show that budgeted edge weight uncertainty generalizes

weighted fairness in kidney exchange, a generalization of “priority point” systems

used in practice (see, e.g., [306]). Though seemingly unrelated, fairness and robust-

ness share a key characteristic: the balance between two competing properties. Fair-

ness rules in kidney exchange often mediate between a fair and efficient outcome,

using a parameter to set the balance. Similarly, robustness mediates between a good

nominal outcome with the worst-case outcome, using an uncertainty budget or pro-

tection level to set that balance.

In kidney exchange, fairness most often refers to the prioritization of both pedi-

atric and highly-sensitized patients, who are unlikely to find a match due to medical

characteristics that make them incompatible with nearly all potential donors. In the

weighted fairness approach, edges that represent transplants to prioritized patients

receive additional edge weight, making them more likely to be matched by standard

algorithms; versions of this prioritization scheme are used by most exchanges, in-

cluding UNOS. To generalize weighted fairness, let each edge have a priority weight

ŵe ∈ [0, ∞), equal to the nominal weight we multiplied by a factor (1 + αe), with

αe ∈ [−1, ∞). For example, we might set αe > 0 for all edges into prioritized pa-

tients; this will help prioritized patients, but will likely lower overall efficiency (a

trade-off often described as the price of fairness [45, 72, 108, 215]).
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To balance fairness with efficiency, policymakers limit the degree of prioritiza-

tion. Let PΓ be a budgeted prioritization set, which bounds the sum of absolute differ-

ences between each we and ŵe; this prioritization set is given as:

PΓ =

{
ŵ | ŵe = we(1 + αe), αe ≥ −1, ∑

e∈E
αewe ≤ Γ ∀e ∈ E

}

As with edge weight uncertainty, the budget Γ balances between fairness and effi-

ciency. If Γ is large, the algorithm might sacrifice matching size in order to match

prioritized patients—but the maximum amount of efficiency sacrificed will be pre-

dictable, given Γ, which is attractive to policymakers. In Appendix A.3 we further

develop this concept, propose fairness rules that use PΓ, and present some theoreti-

cal results regarding the balance between fairness and efficiency.

3.7 Discussion

In this chapter, we presented the first scalable robust formulations of kidney ex-

change. Our methods address both uncertainty over the quality and the existence

of a potential transplant. On real and simulated data from a large, fielded kidney

exchange, we showed that our methods (i) clear the market within seconds and (ii)

result in more predictable and better quality matchings than the status quo.

Adapting automated ethical decision making frameworks that aggregate noisy

human value judgments [58, 132, 229] into our robust formulation is a natural way

to handle uncertainty in the weights determined by a committee of stakeholders.



43

3.8 Authors and Publication

This chapter was written by Duncan McElfresh, Hoda Bidkhori, and John P Dick-

erson. It appeared at the Thirty-Third AAAI Conference on Artificial Intelligence

(AAAI-19) [216].



44

Chapter 4: CVaR for Edge Weight Uncertainty

4.1 Introduction

In Chapter 3 we addressed uncertainty in kidney exchange through robust optimiza-

tion, which protects against the worst-case outcome. There are several reasons to

use a robust approach: it is computationally tractable, it doesn’t rely on statistical

characterizations of uncertainty, and it is very risk-averse. However, the robust ap-

proach can often be too conservative. In this chapter we take a different approach to

edge weight uncertainty in kidney exchange, which moderates risk aversion using

a Conditional Value-at-Risk (CVaR) objective.

One major difference between this approach and the robust approach is assump-

tions of uncertainty: in the previous chapter we assumed no knowledge of the edge

weight distribution. In this chapter we assume that the edge weight distribution is

estimated from a small number of measurements of each edge weight.

Contributions

• We develop a risk-averse formulation for the KEP with respect to uncertainty

in over the quality of the individual match (edge weight uncertainty) in the KEP.

This model balances the expected edge weight value of the solution—the fo-

cus of classical models [82] as well as state-of-the-art kidney-exchange-specific

models [109]—and the expected lowest α% total weight. Solving this model
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exactly is intractable, so we use a Sample-Average Approximation (SAA) ap-

proach. We demonstrate in computational simulations that our SAA meth-

ods effectively balances risk in the resulting KEP solution, over state-of-the-art

baseline methods.

4.2 Characterizing Edge Weight Uncertainty in Kidney Ex-

change.

In the experiments for this chapter, we use a common notion of edge weights that re-

flect the survival time of the transplanted organ [211, 306]. This is the approach taken

by Li et al. [202], who use the Living Donor Kidney Profile Index (LDKPI)—a score

based on the estimated survival time of a transplanted kidney in the donor. These

scores are estimated from past transplants (e.g., using Cox survival analysis), and

are thus inherently uncertain.1 In line with the assumptions of the LDKPI, for our

experiments we assume that each edge weight is drawn from an exponential distri-

bution that depends on patient and donor characteristics; we use this distributional

assumption to define an edge weight distribution for our experiments in Section 4.4.

4.2.1 Risk Measures & Assessment

In this chapter we incorporate Conditional Value-at-Risk (CVaR) into the KEP.

CVaR is one of the most common risk measures with applications in support

vector machines (SVM), reinforcement learning, financial management, and many

other areas. However, the CVaR approach is often mathematically tractable [265];

and is also the case in the CVaR approach to the KEP. In this chapter we propose

1For additional information and a real LKDPI calculator, please see http://www.
transplantmodels.com/LDKPI/.

http://www.transplantmodels.com/LDKPI/
http://www.transplantmodels.com/LDKPI/
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one complementary approach to solving our CVaR-based KEP model, based on the

sample average approximation.

Stochastic programming via SAA Our first approach uses sample average ap-

proximation (SAA), which was first studied by Shapiro and Homem-de Mello [283]

and Kleywegt et al. [183]. SAA approximates the unknown distribution through

empirical distributions. If the data samples are drawn from the true unknown distri-

bution, the optimal solution of SAA converges to the true optimal with probability

1; however, if only a small number of samples are available, the performance of the

obtained solution is often poor.

4.3 A CVaR Model for the KEP

Our kidney exchange model balances the expected outcome with a worst-case out-

come, using a conditional value-at-risk (CVaR) approach, which we describe in de-

tail later in this section. In contrast, most kidney exchange models focus on the ex-

pected matching weight (e.g., [16, 110, 184]) or the worst-case outcome (e.g., [75, 216]).

To our knowledge, the only prior work that considers a CVaR model of kidney ex-

change are due to Zheng et al. [332], which does not limit the cycle or chain length

(and for this reason, they can use a min-cost flow approach), and Bidkhori et al. [46],

which does not consider uncertainty in edge weights.

To account for edge weight uncertainty, we propose the following objective func-

tion for kidney exchange:

µ + γ× µα,

where µ represents the expected edge weight of the matching, and µα represents α%

worst-case mean matching weight (i.e., the mean of all possible edge weights from
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the 0th through the αth percentile). Compared to the standard model, the second

term is new and measures the variance over different match weights. The positive

parameter γ controls the trade-off between the average performance and the risk

of the solution: γ = 0 will optimize only the mean matching weight, while γ = 1

will optimize only the α% worst-case mean. Both α and γ are exogenous parameters

(chosen by the user) to reflect their desired level of risk aversion.

The PICEF Formulation Our CVaR model for the KEP is based on the PICEF

mixed-integer formulation for kidney exchange, of Dickerson et al. [109], and we

define the PICEF constraints here for convenience. This formulation uses two sets of

decision variables, x ∈ {0, 1}|C| for cycles and y ∈ {0, 1}|N|×L for chains, where C is

the set of all cycles in G, N is the set of all non-directed donors, and L is the chain

cap. Consistent with most modern KEP formulations, we assume that all cycles are

identified ahead of time, and no additional constraints are required for cycle: xc is

1 if cycle c is matched, and 0 otherwise. On the other hand, chain variables are de-

fined as follows: yek is 1 if edge e is matched at the kth position of any chain, and 0

otherwise. To define these variables, we use three additional quantities:

• δ+(i) ⊆ P for each i ∈ V is the set of incoming edges to vertex i,

• δ−(i) ⊆ P for each i ∈ V is the set of outgoing edges to vertex i, and

• K(e) is the set of positions that e may take in a chain. If edge e originates with

a NDD, then K(e) = {1}; otherwise, K(e) = {2, . . . , L}.
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Using these decision variables and functions, the set of feasible matchings in the

PICEF formulation is defined

M≡



∑
e∈δ−(i)

∑
k∈K(e)

yek + ∑
c∈C:i∈c

zc ≤ 1 ∀i ∈ P

∑
e∈δ−(i)∧k∈K(e)

yek ≥ ∑
e∈δ+(i)

ye,k+1 ∀i ∈ P, k ∈ {1, . . . , L− 1}

∑
e∈δ+(i)

ye1 ≤ 1 ∀i ∈ N

yek ∈ {0, 1}, ∀e ∈ E, k ∈ K(e)

zc ∈ {0, 1} ∀c ∈ C,

, (4.1)

The first constraint ensures that each patient-donor pair vertex is matched at most

once; the second constraint requires each patient-donor pair can only be matched

with an outgoing chain edge if they are also matched with an incoming chain edge;

the third constraint requires that each NDD is matched at most once.

CVaR Formulation of the KEP While it is common in the literature to represent

kidney exchange as a maximization problem (with a non-negative objective), we in-

stead formulate it as minimization problem (with non-positive objective) to be con-

sistent with the convention of risk-minimization. Using this convention, the average

of the α% worst (highest) losses is known as the Conditional Value-at-Risk (CVaR)

[265] at level α. To represent the objective we use auxiliary variables to represent the

negative matching indicators for each edge, defined as

me = − ∑
k∈K(e)

yek − ∑
c∈C

1(e ∈ c)zc, ∀e ∈ E,
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where 1(e ∈ c) is 1 if edge e is in cycle c, and 0 otherwise. Finally, we formulate the

CVaR model of KEP as

min E
[
w>m

]
+ γCVaRα

[
w>m

]
s.t. me = − ∑

k∈K(e)
yek − ∑

c∈C
1(e ∈ c)zc ∀e ∈ E

m ∈ R|E|

{y, z} ∈ M,

(4.2)

where the expectation is over is the (known) distribution of edge weights.

The objective of Problem 4.2 minimizes a weighted sum of the mean and CVaRα

of the loss (negative weight) of a matching, where α ∈ (0, 100] is the confidence level

of CVaRα. The parameter γ ≥ 0 is set by the user, and defines the trade-off between

the mean and CVaRα: γ = 0 means that this model only optimizes the expected

matching weight, and γ > 0 includes the CVaR objective. We reformulate CVaRα by

introducing an auxiliary variable d, as in [265]. Using this reformulation,Problem 4.2

is equivalent to

min E
[
w>m

]
+ γ

(
d +

1
α

E
[
(w>m− d)+

])
s.t. me = − ∑

k∈K(e)
yek − ∑

c∈C
1(e ∈ c)zc ∀e ∈ E

{y, z} ∈ M

m ∈ R|E|

d ∈ R,

(4.3)

where (·)+ denotes the positive part, and as before all expectations are taken over a
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known edge weight distribution. Problem (4.3) is not analytically solvable, for a gen-

eral edge weight distribution. Therefore, we propose a sample average approximation-

based (SAA) approach to solve problem (4.3).

4.3.1 Solving Problem 4.3 with SAA

In this section, we assume the available edge weight measurements are representa-

tive of the true edge weight distribution. Our approach uses these measurements

to approximately2 solve Problem 4.3. Instead we use a sample average approximation

(SAA), which replaces the exact expectations of Problem 4.3 with sample-averages.

For this we assume there are J measurements of each edge’s weight, independently

drawn from the edge weight distribution; we denote the jth measurement as ŵj,

for j ∈ {1, . . . , J}. The SAA of Problem 4.3 is expressible as a mixed-integer linear

program, given in Proposition 4.1.

Proposition 4.1. The SAA of (4.3) is equivalent to the following mixed-integer program.

min
1
J

J

∑
j=1

r j + γd

s.t. me = − ∑
k∈K(e)

yek − ∑
c∈C

1(e ∈ c)zc ∀e ∈ E

r j ≥ (ŵj)>m ∀j ∈ {1, . . . , J}

r j ≥
(

1 +
γ

α

)
(ŵj)>m− dγ

α
∀j ∈ {1, . . . , J}

{y, z} ∈ M

r ∈ RJ

m ∈ R|E|

d ∈ R,

(4.4)

2If there is sufficient data to accurately characterize the edge weight distribution, we might instead
try to solve Problem 4.3 exactly. However, even in this case, Problem 4.3 is not analytically solvable.
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Proof. We begin with the SAA of Problem 4.3, written explicitly as follows

min
1
J

J

∑
j=1

(ŵj)>m + γ

(
d +

1
αJ

J

∑
j=1

(
((ŵj)>m− d)+

))

s.t. me = − ∑
k∈K(e)

yek − ∑
c∈C

1(e ∈ c)zc ∀e ∈ E

{y, z} ∈ M

m ∈ R|E|

d ∈ R.

Next, we rewrite the objective of this problem using the following steps

1
J

J

∑
j=1

(ŵj)>m + γ

(
d +

1
αJ

J

∑
j=1

(
(ŵj)>m− d)+

))
= ...

=
1
J

J

∑
j=1

(
(ŵj)>m +

γ

α

(
(ŵj)>m− d

)+)
+ γd

=
1
J

J

∑
j=1

(
(ŵj)>m +

γ

α
max

(
(ŵj)>m− d, 0

))
+ γd

=
1
J

J

∑
j=1

max
((

1 +
γ

α

)
(ŵj)>m− dγ

α
, (ŵj)>m

)
+ γd

Next we introduce auxiliary variables r ∈ RJ , defined as follows:

r j ≡ max
((

1 +
γ

α

)
(ŵj)>m− dγ

α
, (ŵj)>m

)
, ∀j ∈ {1, . . . , J}.
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To define these variables in a MIP we use the following constraints for each j ∈

{1, . . . , J}.

r j ≥ (ŵj)>m

r j ≥
(

1 +
γ

α

)
(ŵj)>m− dγ

α
.

Adding auxiliary variables r to the SAA formulation yields the MIP in Proposi-

tion 4.1.

4.4 Experiments

We use 32 randomly-generated exchange graphs resembling the structure of real

exchanges, using anonymized data from the United Network for Organ Sharing

(UNOS), a US-based kidney exchange [253]. To reflect edge weight uncertainty we

define an edge weight distribution inspired by real sources of uncertainty in kidney

exchange, based on transplant survival rate.

Edge Weight Distribution: Survival Rate. We define a simple edge weight distri-

bution based on the Living Donor Kidney Profile Index (LDKPI), a recent metric due

to Massie et al. [211] that is now used as a decision support tool for kidney transplan-

tation. Using the method of Li et al. [202], we assume that the survival rate of a donor

organ is an exponential random variable with mean proportional to the LDKPI.

We define a simple distribution by assuming that edge weights depend only on the

donor LDKPI.3 Each donor node is randomly assigned to have low LDKPI (14.93) or

high LDKPI (59.37), each with probability 1/2; this corresponds to the mean LDKPI

plus/minus one standard deviation of the distribution estimated by Saidman et al.

3In reality, LDKPI also weakly depends on the recipient, including recipient age, if the donor and
recipient are related, and a few additional donor-recipient factors [211].
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[273]. After assigning an LDKPI for each donor, we draw edge weight (i.e., survival

time) from the exponential distribution defined in [202]: we ∼ 14.78e−0.01239×LDKPI.

Stochastic and Deterministic Edges. In practice the variance of edge weight dis-

tributions can be very different: some edge weights may be very uncertain, while

others may be nearly constant [211]. To simulate this, we randomly assign edges

to be either stochastic (edge weights are drawn from its underlying distribution) or

deterministic (the edge weight is equal to the first draw from its distribution). Note

that we always define an edge distribution, but deterministic edges only use a single

draw from this distribution. In our experiments, half of all edges are deterministic

while the other half are probabilistic.

4.4.1 Results

In this setting, J edge weight measurements are made of each edge, and we as-

sume that these measurements come from the correct edge weight distribution. We

compare three methods that use these J measurements: our SAA-CVaR approach, a

state-of-the-art Robust Optimization approach [216], and a non-robust matching al-

gorithm which maximizes the sample mean edge weight. We show that SAA-CVaR

has better α% worst-case performance than both other methods; The main results

are summarized in Figure 4.1.

Implementation details We denote the SAA-CVaR approach of Section 4.3.1 as

SAA. For each of the 32 exchange graphs, we simulate the LDKPI edge weight distri-

bution; we simulate 4 different edge weight distributions (randomly) for each graph

(in effect, creating 4 different graph instances, each sharing the same underlying

structure). For each graph-distribution pair we simulate J = 200 draws (i.e., mea-

surements) from the edge weight distribution, and use these measurements to find
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optimal matchings using each of the following methods: NR: maximize the sample

mean edge weight (where the sample mean is calculated over all J simulated weight

measurements), RO the robust optimization approach of [216], and SAA, our proposed

approach. For RO we use parameter Γ = 5, meaning that up to 5 edges may have re-

alized weight of 0. For SAA we set α to 50, meaning that the this approach aims to

maximize realized matching weight over the 50% worst-case outcomes.To vary the

balance between the mean matching weight and the worst-case objective we vary

parameter γ, with γ ∈ {0.1, 1.0, 10.0, 100.0}. With γ = 0, SAA only optimizes the ex-

pected matching weight; as γ increases, the objective is weighted more toward the

α% worst-case outcomes.

Metrics. To test the quality of these methods, we simulate 1000 realizations of each

edge weight. Our approach is designed to protect against the α% worst-case out-

comes; so, we compare the means of the lowest α% realized matching weights for

each method. We use the following metric to compare each method

FRAC-NR ≡ (µX
α − µNR

α )/µNR
α ,

where µX
α is the mean of the α% lowest-weight realizations for method X. We use the

non-robust method NR as a baseline to compare the previous robust-optimization-

based method RO with our proposed method SAA. In many cases the robust methods

identified the same optimal matching as non-robust; in order to highlight the differ-

ences between robust and non-robust, we remove these cases from our results (i.e.,

the cases where FRAC-NR = 0).

Results. Figure 4.1 shows the simulation results. Recall that parameter γ moder-

ates between the expected edge weight and the CVaR objective (to maximize the α%
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FIGURE 4.1: FRAC-NR for both the RO method due to McElfresh et al.
[216] and our SAA method, for γ ∈ {0.1, 1.0, 10.0, 100.0}.

worst-case edge weight); as demonstrated in Fig. 4.1, when γ is small the behavior

of SAA is similar to non-robust (i.e., FRAC-NR is almost always zero). With larger

γ, SAA prioritizes the CVaR objective, and achieves a higher weight for α% worst-

case weight (i.e., FRAC-NR is positive). Note that the robust optimization approach

of McElfresh et al. [216] (RO) is far too conservative, and in fact achieves lower CVaR

objective than non-robust (i.e., FRAC-NR is negative).

4.4.2 Comparisons of the Structures in Matchings

Here we provide two tables detailing the differences in the matchings produced by

each method in the experiments of the last two subsections. In short, these tables

demonstrate robust methods tend to avoid uncertain edges, even if this results in a

lower average matching weight.

Matched Edges. First, we present the number of each type of edge matched by each

method. Our experiments use four different edge types, which are randomly as-

signed based on each edge’s donor, which we summarize as; high-weight determin-

istic (D-High), high-weight stochastic (S-High), low-weight deterministic (D-Low),

and low-weight stochastic (S-Low). Both D-High and S-High have mean weight

12.3, while D-Low and S-Low have mean weight 7.1. However, both D-High and
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D-Low are exponentially distributed, meaning that the worst-case weight can be

quite low (approaching zero) in any particular realization. Our CVaR approach is

designed to balance between the mean matching weight, and the worst-case weight

in α% of all possible outcomes. Thus, we expect that robust optimization approaches

should favor deterministic edges over probabilistic edges. Table 4.1 shows the num-

ber of each edge matched by each method, compared with non-robust.

Method D-High S-High D-Low S-Low

Non-Robust (baseline) 699 (0) 700 (0) 555 (0) 517 (0)
SAA (γ = 0.1) 706 (+7) 693 (-7) 558 (+3) 514 (-3)
SAA (γ = 1.0) 735 (+36) 661 (-39) 562 (+7) 514 (-3)
SAA (γ = 10.0) 747 (+48) 637 (-63) 571 (+16) 514 (-3)
RO (γ = 5) 640 (-59) 683 (-17) 568 (+13) 580 (+63)

TABLE 4.1: Total number of edges of each type matched by each
method. The difference between each method and non-robust is indi-

cated in parentheses.

Intuitively, most robust methods match more deterministic edges (D-High and

D-Low), and fewer stochastic edges (S-High and S-Low) than non-robust. Notably,

SAA tends to match more deterministic edges as γ increases. It is also notable that RO

does not strictly follow this trend. This behavior helps explain Figure 4.1 in contrast

to SAA, method RO is selecting edges with uncertain edge weights.

Cycle and Chain Structure. Next, we analyze the overall matching structure. In

kidney exchange, the solution (matching) is composed of cycles and chains of a fixed

length. The composition of each matching can be a useful indicator of the quality or

robustness of a solution. Table 4.2 shows the total number of cycles and chains of

each length matched by each method, over all exchange graphs.

There is little difference between the types of structures produced by each method—

i.e., the resulting cycle and chain lengths are very similar. As in the case of edge

existence uncertainty, where risk-averse methods will select smaller structures due to
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Method 2-cycles 3-cycles 1-chains 2-chains 3-chains 4-chains

Non-Robust (baseline) 198 (0) 433 (0) 48 (0) 50 (0) 52 (0) 118 (0)
SAA (γ = 0.1) 208 (+10) 428 (-5) 49 (+1) 44 (+1) 58 (+6) 115 (-3)
SAA (γ = 1.0) 203 (+5) 429 (-4) 44 (-4) 51 (-4) 59 (+7) 114 (-4)
SAA (γ = 10.0) 206 (+8) 425 (-8) 44 (-4) 47 (-4) 56 (+4) 119 (+1)
RO (γ = 5) 215 (+17) 418 (-15) 44 (-4) 51 (-4) 43 (-9) 128 (+10)

TABLE 4.2: Total number of cycles and chains of each length matched
by each method; difference between each method and non-robust is

given in parentheses.

their decreased fragility to edge failure, we see that nearly all robust methods result

in more 2-cycles and fewer 3-cycles than non-robust, due to the decreased variance

in weight for smaller structures.

4.5 Discussion

We proposed data-driven methods to solve the mean-risk KEP (4.2). On realistic

data drawn from a large, fielded US-based kidney exchange, we validated that our

methods strike a balance between protecting against worst-case realizations and

maintaining strong average-case performance. In many matching applications—

including kidney allocation-it is likely that uncertainty (over not just match quality,

as we consider in this chapter, but also match existence) is correlated, due to med-

ical and/or non-medical reasons, with sensitive attributes such as race; past work

has considered this in the deterministic setting [126, 185, 215], and valuable future

work could extend those approaches to our setting.

4.6 Authors and Publication

This chapter was written by Duncan McElfresh, Ke Ren, John P Dickerson, and Hoda

Bidkhori. A full version of this chapter will appear at the 2021 Winter Simulation

Conference (WSC-21). [219]
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Chapter 5: Dealing with Edge Existence Uncertainty in the KEP

In this chapter we build on the ideas presented in the two previous chapters to com-

prehensively address edge existence uncertainty in the KEP. First we fill a major gap

in prior work by proposing the first scalable algorithm (meaning it uses a number of

variables polynomial in the input size) for maximizing expected matching weight

in the KEP, with non-identical edge failure probabilities. This is an important step

forward, as failure probabilities are known to be inhomogeneous–some edges are

inherently riskier than others [110]. We provide a mixed-integer linear program for

our approach, which is compact (for a fixed cycle cap K) and can be solved directly

by a general-purpose integer programming solver (e.g., CPLEX, Gurobi, or SCIP).

In computational experiments we demonstrate that accounting for inhomogeneous

edge probabilities improves over state-of-the-art approaches, using data from the

United Network for Organ Sharing (UNOS).

Additionally, we propose a modified version of the kidney exchange problem

which balances the mean expected weight with the worst-case weight (“risk”) of an ex-

change with known nonidentical edge failure probabilities; we achieve this balance

using a conditional Value-at-Risk (CVaR) objective. This approach is motivated by

the fact that expected weight can be misleading when the worst-case outcome can

be arbitrarily bad (see § 5.2.1).
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5.1 Prior Work on Edge Existence Uncertainty

Many prior approaches address edge existence uncertainty in kidney exchange, of-

ten with the objective of maximizing expected matching weight, assuming all edges

have identical failure probability. Dickerson et al. [109] provides a scalable formula-

tion in this case, and Dickerson et al. [110] extends this to consider inhomogeneous

edge probabilities; however the latter model can require enumeration of all feasi-

ble cycles and chains, which can be intractable for even small exchanges. Similar

approaches have been proposed, but still assume that all edges have equal failure

probability [13, 90]. Zheng et al. [332] propose a CVaR method that endogenously

balances structure length with risk; however, their model is not amenable to length

caps on cycles and/or chains, a requirement in all fielded kidney exchanges. Sev-

eral other optimization-based approaches have been proposed, using recourse [16],

forms of “fallback” options [38, 210, 314], and pre-match edge queries [54, 55, 214].

These methods involve additional decision stages, and are not directly comparable

in our setting.

Next we describe the formal model of kidney exchange and edge existence un-

certainty.

5.2 Edge Existence Uncertaianty Model

We assume that edge failure probabilities p ∈ [0, 1]|E| are known in advance and

are not necessarily homogeneous. That is, if edge e = (vi, vj) is matched, then with

probability pe the patient of vj would still fail to receive a kidney from vi’s donor.

Cycles and chains are quite vulnerable to edge failure: if any edge in a cycle fails,

then none of the transplants in the cycle can proceed, because at least one of the
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patients will be left without a compatible donor. If an edge participating in a chain

fails, then none of the edges following that failed edge can proceed.1

We consider modified versions of the KEP which account for edge failures, using

known edge failure probabilities. Before describing our approach we emphasize that

the choice of objective is important in the KEP, and we demonstrate this with a small

example.

5.2.1 Example: Edge Existence Uncertainty

The choice of the objective function—and, in particular, its treatment of uncertainty—

can substantially impact the structure of the final matching. Consider the exchange

in Figure 5.1, in which there are four possible matchings: 2-cycle (1, 2), 2-cycle (1, 3),

3-chain (n, 1, 2), and 3-chain (n, 1, 3).2 All edges have integer weight w and failure

probability p; only the edge from n to pair 1 is guaranteed to succeed (p = 0). Any

of the four feasible matching in this graph might be “optimal,” depending on the

choice of objective.

An objective that maximizes overall matching weight (i.e., the objective used by

many fielded exchanges [16, 305]) would select 2-cycle (1, 2) with total weight 10.

However this matching is likely to fail: at least one cycle edge will fail with prob-

ability 0.84—in which case the matching receives zero weight. Instead, we might

maximize expected matching weight (e.g., as in Dickerson et al. [110]), and select 2-

cycle (1, 3). Indeed this matching achieves total expected weight 6.23, nearly twice

the expected weight of cycle (1, 2). Of course, cycle (1, 3) has a significant (roughly

10%) chance of failure, which may be unacceptable in a real setting. Thus, we might

choose an objective that aims to maximize the matching weight under the worst-case

1We assume that chains can be partially executed. Some fielded exchanges cancel the entire chain if
even one edge fails.

2The 2-chain (n, 1) is also a feasible exchange, though this chain has strictly lower weight than either
of the 3-chains.
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FIGURE 5.1: Example exchange graph with a single NDD n, and three
patient-donor pairs; weights w and failure probabilities p are shown
for each edge. The max-weight matching is the cycle between pairs 1
and 2; the max-expected-weight matching is the cycle between pairs
1 and 3, and the risk-averse/robust optimal matching is any the chain

beginning with the edge from n to pair 1.

outcome (e.g., as in McElfresh et al. [216]). In this case, any chain beginning with

edge (n, 1) is optimal.

Next we describe our approach, beginning with a characterization of the expected

matching weight.

5.3 Maximizing Expected Matching Weight with Inhomoge-

neous Edge Existence Uncertainty

We are primarily interested in maximizing the expected weight of a matching; indeed

this is the focus of most prior work (see § 5.1). We refer to this as the stochastic KEP.

First we characterize the objective of this problem: the expected matching weight.

With known edge failure probabilities, the expected weight of a cycle or chain is

expressible in closed form.

Expected weight of a cycle The expected weight of a k-cycle c reflects the fact that

the whole cycle will fail if any single transplant fails. The expected weight of a cycle
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u(c) is expressible in terms of the failure probabilities of its edges:

u(c) =

(
∑
e∈c

we

)[
∏
e∈c

(1− pe)

]
.

Expected weight of a chain We denote a k-chain in terms of its constituent edges,

κ ≡ (e1, ..., ek), where e1 originates with a non-directed donor (NDD). The expected

weight of chain κ is expressed as:

u(κ) =
k

∑
i=2

pi

(
i−1

∑
j=1

wj

)
i−1

∏
j=1

(1− pj) +

(
k

∑
i=1

wi

)
k

∏
i=1

(1− pi). (5.1)

In the above expression pi and wi denote the failure probability and weight of the

ith edge in the chain. The first term above is the sum of expected weights for the

chain executing exactly i− 1 = {1, ..., k− 1} edges and then failing on the ith edge.

The second term is the resulting weight if the chain executes completely.

Using the above expressions, we can write the stochastic KEP as follows. With

some abuse of notation, let (C, K) ∈ M denote a feasible matching consisting of

cycles C and chains K. Problem 5.2 is an equivalent formulation of the stochastic

KEP.

max
(C′,K′)∈M ∑

c′∈C
u(c′) + ∑

κ′∈K
u(κ′) (5.2)

Next we describe our solution approach for Problem 5.2, and an equivalent compact

mixed-integer linear program formulation.

5.3.1 Compact Formulation for Maximizing Expected Matching Weight

Here we present a new compact formulation to maximize the expected weight in the

case of non-identical edge failure probabilities. Here, compact means that the counts

of variables and constraints are polynomial in the size of the input, for a fixed cycle
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cap K. Prior to this work there was no scalable solution for Problem 5.2. For exam-

ple, in [110] the authors propose a solution approach which enumerates all feasible

cycles and chains in the graph. However the number of cycles and chains grows

exponentially with the size of the graph, meaning this formulation is not compact.

Further, it is intractable to even write this model in memory for large exchanges or

long chain lengths.

Here we propose an exact, compact representation for Problem 5.2 using an

equivalent expression for expected chain weight u(κ) given in Lemma 5.1.

Lemma 5.1. The expected weight u(κ) of the k-chain κ = (e1, ..., ek) is

u(κ) =
k

∑
i=1

wi

i

∏
j=1

(
1− pj

)
,

where wi and pi are the edge weight and failure probability of the ith edge in the chain.

Proof. The expected discounted weight of a chain with k edges is expressed as

u(k) =
k

∑
i=2

pi(
i−1

∑
j=1

wj)
i−1

∏
j=1

(1− pj)

+ (
k

∑
i=1

wi)
k

∏
i=1

(1− pi).

The coefficient on weight wi (the ith edge in the chain), for any 1 ≤ i ≤ k, is expressed

as ∏i
j=1(1− pj). Thus,

u(k) =
k

∑
i=1

wi

i

∏
j=1

(1− pj).

In other words, the expected weight of a chain can be expressed as the sum of

the “discounted weights” of each edge in the chain, i.e., u(κ) = ∑k
i=1 w′i, where w′i ≡

wi ∏i
j=1(1− pj), where we refer to ∏i

j=1(1− pj) as the discount factor.
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The objective of Problem 5.3 uses Lemma 5.1 to compactly express the total dis-

counted weight of all matched cycles and chains, assuming non-uniform edge failure

probabilities. This is achieved using two sets of variables, oek (the discount factor of

edge e at position k in a chain) and vc (the success probability of cycle c). Problem 5.3

uses the following parameters:

• G = (E, V): kidney exchange graph

• C: all legal cycles in exchange graph G

• L: chain cap (max. number of edges in a chain)

• we: edge weights for each edge e ∈ E

• wc: cycle weights for each cycle c ∈ C, defined as wc = ∑e∈c we

• δ−(i): the set of edges into vertex i

• δ+(i): the set of edges out of vertex i

• K(e): the set of legal positions in a chain that edge e can occupy (see Section 4.3)

• pe: failure probability for edge e ∈ E

The following decision variables are used. Both z and y are borrowed from the

PICEF formulation of Dickerson et al. [109].

• zc ∈ {0, 1}: 1 if cycle c is used in the matching, and 0 otherwise

• yek ∈ {0, 1}: 1 if edge e is used at position k in a chain, and 0 otherwise

• oek ∈ [0, 1]: discount factor of edge e at position k in a chain

The complete formulation for Problem 5.2 is given in Problem 5.3.

max ∑
e∈E

∑
k∈K(e)

weyekoek + ∑
c∈C

wczcvc (5.3a)
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s.t. ∑
e∈δ−(i)∧k∈K(e)

oekyek ≥ ∑
e∈δ+(i)

oe,k+1ye,k+1

1− pe
∀i ∈ P, k ∈ {1, . . . , L− 1} (5.3b)

0 ≤ oek ≤ 1− pe ∀e ∈ E, k ∈ K(e) (5.3c)

vc = ∏
e∈c

(1− pe) ∀c ∈ C (5.3d)

oek ∈ R ∀e ∈ E, k ∈ K(e) (5.3e)

{y, z} ∈ M (5.3f)

whereM denotes the set of feasible decision variables for the PICEF formulation of

kidney exchange; for a description of this set please see Equation 4.1.

Constraints (5.3b), (5.3c), and (5.3d) define the discounted (expected) weight of

chains and cycles. We briefly describe how the discounted weight of cycles and

chains are represented in this formulation:

• For a cycle, the success probability is vc = ∏e∈c(1− pe). Thus the expected

weight of all cycles is expressed as ∑c∈C wczcvc. Since all cycles are known

ahead of time, both wc and vc can be treated as constant parameters rather

than variables.

• For a chain, the expected weight is expressed using Lemma 5.1. Consider the

following example: suppose a k-chain consists of edges e1, . . . , ek. Suppose

that i is the first patient-donor pair in this chain– so e1 is the edge into i, and

e2 is the edge out of i; that is, e1 ∈ δ−(i) and e2 ∈ δ+(i). From constraints

(5.3b) we have oe1,1 ≥ 1
1−pe2

oe2,2 for vertex i. The sums in constraint (5.3b)

contain no other terms, because M requires that only one edge into vertex i

and one edge out of vertex i can be matched. Therefore, (1− pe2
)oe1,1 ≥ oe2,2.

Similarly, (1− pej+1
)oej,j ≥ oej+1,j+1 for j = 2, . . . , k− 1. Since Problem 5.3 is a

maximization, the optimal values of variables oe,j will satisfy oej,j = ∏
j
i=1(1−
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pei
), for 1 ≤ j ≤ k. Accordingly, ∑e∈E ∑k∈K(e) weyekoek represents the total

expected weight of all chains according to Lemma 5.1.

5.3.2 MIP Reformulation of Problem 5.3

Although Problem 5.3 exactly maximizes expected edge weight under non-identical

edge failure probabilities, it is a nonconvex optimization problem since it involves

several products of variables. For this reason, Problem 5.3 cannot be directly solved

using integer linear programming. In this section, we reformulate this problem as

a mixed-integer linear program which can be solved using general-purpose solvers.

Proposition 5.1 gives our primary result; the main idea is to define a set of new

variables θek to replace yekoek in Problem 5.3.

Proposition 5.1. Problem 5.3 is equivalent to

max ∑
e∈E

∑
k∈K(e)

weθek + ∑
c∈C

wczc

(
∏
e∈c

(1− pe)

)

s.t. {y, z} ∈ M,

{y, θ, o} ∈ X ,

(5.4)

where X is defined as

X =



∑
e∈δ−(i)∧k∈K(e)

θek ≥ ∑
e∈δ+(i)

θe,k+1

1− pe
∀i ∈ P, k ∈ {1, . . . , L− 1}

θek ≤ yek

θek ≤ oek

0 ≤ oek ≤ 1− pe

oek, θek ∈ R


∀e ∈ E, k ∈ K(e)



(5.5)
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TABLE 5.1: Comparison of stochastic and robust approaches to
kidney exchange, which use a setting comparable to ours. Col-
umn“Opt.” indicates the type of optimization approach used: Ro-
bust, Stochastic, or None. Column “Homog.” indicates whether the
approach assumes homogeneous edge failure probabilities (only for
stochastic optimization approaches). The rightmost columns indicate

the number of variables and constraints in each formulation.

Formulation Ope. Homog. # Vars. # Constr.

PC-TSP [16] None N/A O(|E| · |V|+ |V|2 + |C|) O(|V| · (|E|+ 2|V| + |C|)
PICEF [109] Stoch. Yes O(L · |E|+ |C|) O(L · |V|+ L · |E|+ |C|)
ROBUST [216] Robust N/A O(|E| · |V|+ |V|2 + |C|) O(|E| · |V|+ |V|2 + |C|)
DPS-18 [110] Stoch. No O(|V|L + |C|) O(|V|)
Our model (5.4) Stoch. No O(L · |E|+ |C|) O(L · |V|+ L · |E|+ |C|)

Scalability

We compare our model size with state-of-the-art approaches in literature. We sum-

marize all approaches in Table 5.1. The size of each model (the number of variables

and constraints) is expressible in terms of the chain cap L, and the number of edges

(|E|), cycles (|C|), total vertices (|V|), NDD vertices (|N|), and patient-donor pair

vertices |P|. For ease of exposition we assume |N| = O(|V|) and |P| = O(|V|).

The size of our formulation in Proposition 5.1 is comparable with PICEF, while

accounting for non-identical failure probabilities. DPS-18 [110] considers non-identical

failure probabilities at the cost of representing every single chain and cycle as a de-

cision variable, and thus this model grows exponentially with the chain cap L; in

contrast, the number of variables in our formulation is polynomial in L. Real ex-

changes often use a cycle cap of 3, which is sufficiently small that all cycles can be

enumerated in practice–even on realistic graphs with hundreds of vertices.

5.4 Edge Existence Uncertainty and CVaR

Next we introduce a kidney exchange model which balances both the mean expected

weight and the worst-case weight (“risk”) of a matching, using known non-identical
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edge failure probabilities. We achieve this balance using a conditional value-at-risk

(CVaR) objective. This approach is motivated by the fact that the expected weight of a

matching can be misleading when the worst-case outcome can be arbitrarily bad (see

§ 5.2.1). This is especially true in kidney exchange, where a single edge failure can

impact an entire cycle or chain.

5.4.1 Conditional Value-at-Risk Model for Edge Existence Uncertainty

Here we follow a similar approach to that in Section 4.3, which proposed a CVaR

model for the KEP with edge weight uncertainty; since the resulting CVaR formula-

tion is intractable to solve exactly, we used a sample-average-approximation (SAA)

to solve it. Here we follow a nearly-identical procedure to instead address edge

existence uncertainty in the KEP.

At a high level, the CVaR objective for kidney exchange is expressed as µ + γ×

µα, where µ is the expected matching weight and µα is the α × 100% (α ∈ (0, 1])

worst-case mean weight–that is, the mean matching weight in the worst α × 100%

of all outcomes. The parameter γ is set by the user, and controls the trade-off be-

tween average performance and the risk of the solution. While the KEP is typically

expressed as a maximization problem, here we formulate it as a minimization in

keeping with the conventions of risk-minimization. For this purpose, we define the

negative matching indicator of edge e using auxiliary variables m ∈ R|E|:

me = − ∑
k∈K(e)

yek − ∑
c∈C

1(e ∈ c)zc, ∀e ∈ E.

That is, me = −1 if edge e is matched, and me = 0 otherwise. We use w ∈ R|E|

to represent the random discounted edge weights under known edge failure prob-

abilities. Using these variables, w>m represents the “loss” (negative weight) of a
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matching. The α × 100% worst-case (highest) mean loss is equivalent to the CVaR

objective [265] at level α. The corresponding optimization problem is expressed in

Problem 5.6, by introducing an auxiliary variable d.

min E
[
w>m

]
+ γ

(
d +

1
α

E

[(
w>m− d

)+])
s.t. me = − ∑

k∈K(e)
yek − ∑

c∈C
1(e ∈ c)zc ∀e ∈ E

m ∈ R|E|

{y, z} ∈ M

d ∈ R.

(5.6)

As before, (·)+ denotes the positive part, and the expectation in (5.6) is taken over the

known edge failure distribution. As before,M denotes the set of feasible matchings

using the PICEF formulation.

5.4.2 An SAA-based Approach for Problem 5.6

The main difficulty in solving Problem 5.6 is that term E

[(
w>m− d

)+]
does not

have a simple closed-form reformulation. Instead, to approximate the objective of

this problem we propose an approach based on Sample Average Approximation

(SAA) [16] to solve (5.6); this is the same approach used in Section 4.3 for edge

weight uncertainty. The main idea is to first sample J “measurements” of edge ex-

istence according to the known edge failure probabilities; for each measurement we

formulate a mixed-integer linear program representing the matching weight under

this realization. Finally, we combine all J models to obtain an optimization problem

that approximates Problem 5.6 based on these J measurements.

We express each measurement using variables f̂
j
e, which is 1 if edge e succeeds

in measurement j and 0 otherwise We assume that these measurements are drawn
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independently from the true edge failure distribution.

These measurement variables are used as input to Problem 5.7, which uses deci-

sion variables m̂j to represent the edge discount factor for measurement j–that is, m̂j
e

is 1 if edge e is matched and succeeds in realization j and 0 otherwise.

Using these decision variables, the objective of Problem 5.7 includes two terms:

the mean matching weight, and the CVaR objective–both approximated using all J

samples (i.e., the sample-average approximation).

Proposition 5.2. Problem 5.7 is equivalent to the SAA of Problem 5.6 under J edge existence

measurements represented by f̂ , with

min
1
J

J

∑
j=1

w>m̂j + γ

(
d +

1
αJ

J

∑
j=1

r j

)

s.t. m̂j
e = − ∑

k∈K(e)
θekj − ∑

c∈C
1(e ∈ c)zcvcj ∀e ∈ E, j ∈ {1, . . . , J}

r j ≥ 0 ∀j ∈ {1, . . . , J}

r j ≥ w>m̂j − d ∀j ∈ {1, . . . , J}

vcj = min
e∈c
{ f̂

j
e} ∀c ∈ C, j ∈ {1, . . . , J}

m̂j ∈ R|E| ∀j ∈ {1, . . . , J}

r ∈ RJ

{y, z} ∈ M

{o, θ} ∈ Q

(5.7)
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whereM is the set of PICEF constraints and X is defined as

Q =



∑
e∈δ−(i)∧k∈K(e)

θekj ≥ ∑
e∈δ+(i)

θe,k+1,j ∀i ∈ P, k ∈ {1, . . . , L− 1}, j ∈ {1, . . . , J}

θekj ≤ yek

θekj ≤ oekj

oekj ≤ f̂
j
e

oekj, θekj ∈ [0, 1]


∀e ∈ E, k ∈ K(e), j ∈ {1, . . . , j}


Proof. We begin by verifying that auxiliary variables m̂ are defined correctly: where

m̂j
e is −1 if e is matched and succeeds in measurement j, and 0 otherwise. Note that

a matched cycle edge succeeds only if none of the cycle edges fail; a matched chain

edge succeeds only if it does not fail, and none of the previous matched edges in the

chain fail. We also use the fact that an edge can be matched only in a single chain

or a single cycle, due to PICEF constraints M. First we show that constraints in

Problem 5.7 define these auxiliary variables correctly, and we prove this by checking

five (exhaustive) cases:

1. e is not matched (m̂j
e = 0 for all j): then yek = 0 and zc = 0 for all k ∈ K(e), and

for all c ∈ C : e ∈ c, as required by the PICEF constraintsM. In this case, due

to constraints in Q, θej = 0 for all j, and thus m̂j
e = 0 for all j.

2. e is matched in a cycle c, and none of the cycle edges fail in measurement j

(m̂j
e = −1): then vcj = 1, and θekj = 0 since all yek = 0 due to PICEF constraints.

Thus, m̂j
e = −1.

3. e is matched in a cycle c, and the cycle fails in measurement j (m̂j
e = 0): in this

case vcj = 0 and all θekj = 0 since all yek = 0 due to PICEF constraints. Thus,

m̂j
e = 0.
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4. e is matched at position k in a chain, with prior edges {e1, e2, . . . , ek−1}, and

succeeds in measurement j (m̂j
e = −1): in this case all ye′k′ = 1 and f̂

j
e′ = 1

for all prior edges in the chain, up to edge e; this also means that the only

constraints on θe′k′ j for all edges in this chain can be written as:

∑
e∈δ−(i)∧k∈K(e)

θekj ≥ ∑
e∈δ+(i)

θe,k+1,j ∀i ∈ P, k ∈ {1, . . . , L− 1},

and since this is a minimization problem, and w > 0, all θe′k′ j will be set to 1 in

the optimal solution to Problem 5.7. Thus, m̂j
e = −1.

5. e is matched at position k in a chain, with prior edges {e1, e2, . . . , ek−1}, and

does not succeed in measurement j (m̂j
e = 0): let e′ be the failed edge, at po-

sition k′, in this chain (with the possibility that e′ = e). Due to constraints in

Q, θe′k′ j = 0; furthermore, due to the first constraints in Q, for all subsequent

edges in the chain e′′ at position k′′, θe′′k′′ j = 0. Since all θ variables for this

chain are 0, and e is matched in a chain m̂j
e = 0.

Using these auxiliary variables, we can explicitly write the SAA of Problem 5.6 as

follows:

min
1
J

J

∑
j=1

w>m̂j + γ

(
d +

1
αJ

J

∑
j=1

(
w>m̂j − d

)+)

s.t. m̂j
e = − ∑

k∈K(e)
θekj − ∑

c∈C
1(e ∈ c)zcvcj ∀e ∈ E, j ∈ {1, . . . , J}

m̂j ∈ R|E| ∀j ∈ {1, . . . , J}

{y, z} ∈ M

{o, θ} ∈ Q

d ∈ R.

(5.8)
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Next we replace the positive part using the auxiliary variables r ∈ RJ , with:

r j ≡
(

w>m̂j − d
)+

= min{w>m̂j − d, 0} ∀j ∈ {1, . . . , J}.

We define these variables using the constraints r j ≥ 0 and r j ≥ w>m̂j− d; since vari-

ables r j appear with positive coefficients in the objective, one of these two constraints

will be tight. Adding all constraints to the MIP formulation above, we recover Prob-

lem 5.7.

There are both positive and negative aspects to the SAA formulation in Prob-

lem 5.7. First, this formulation can explicitly represent J potential outcomes (edge

failures/successes), and as we increase J by taking more measurements, this formu-

lation approaches the exact CVaR formulation. However the number of variables

and constraints in this formulation grows polynomially in J. This is mainly a con-

cern because Problem 5.7 is a MIP which, like the KEP, is NP-hard. Even though

small instances of the KEP can be solved quickly using PICEF, performance can suf-

fer as we modify the formulation. In the next section we demonstrate the benefits of

this CVaR formulation, as well as the computational costs.

5.5 Experiments

First, we benchmark our tractable model for non-identical edge failure probabil-

ities (5.4) (“KEP-NP”) against previous approaches, with the stochastic (i.e., max-

expected-weight) objective. We find that our approach outperforms two leading pre-

vious methods: PICEF without edge failure probabilities [109] (“KEP”), and PICEF

with identical edge failure probability [110] (“KEP-IP”). Second, we compare our

CVaR model (5.7) (“CVAR”) against KEP, KEP-IP, and KEP-NP; to our knowledge,
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there are no other tractable approaches using the CVaR objective in our setting. We

then briefly present the running time of all implemented approaches.

5.5.1 Stochastic Objective

We use two sets of 32 randomly-generated graphs, one with 64 nodes each and one

with 128 nodes each. These graphs resemble the structure of real exchanges, and

are generated using anonymized data from the United Network for Organ Sharing

(UNOS), a US-based kidney exchange. We simulate edge existence uncertainty by

randomly assigning each edge in each graph a failure probability, independently

uniformly distributed on [0.1, 0.9]; for simplicity, we set all edge weights to 1. We

use cycles of length 2 and 3, and chains up to length 4–which are the standard limits

in fielded exchanges (including UNOS). For KEP-IP, we assume pe = 0.5 for all edges

(the correct mean edge failure probability). For each random exchange graph we first

find the optimal matching according to each approach (KEP, KEP-IP, and KEP-NP).

We then generate 200 realizations of the exchange graph, according to each edge’s

(randomly generated) failure probability. We then calculate the realized weight of

the optimal matching for each method, accounting for failed edges (cycles with any

failed edges receive zero weight, and chains only receive weight for consecutive suc-

cessful edges, beginning with the first). We also calculate the omniscient matching for

each realization, i.e., the maximum matching weight after observing edge failures.

Metric: Percentage of Omniscient Weight We compare all approaches against the

omniscient matching weight, which is a strict upper bound on performance for any

matching approach. Let WOPT be the omniscient-optimal matching weight for a

particular exchange, and a particular realization; let WM be the realized matching

weight for a non-omniscient method. We calculate the percentage of WOPT achieved
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by each matching method, for a particular realization, as %OPT ≡ 100×WM/WOPT.

Figure 5.2 (left column) shows %OPT for all exchange graphs, over all 200 realiza-

tions, for 64-node graphs (top) and 128-node graphs (bottom). Our method (KEP-

NP) improves expected matching weight compared to previous methods KEP and

KEP-IP.

5.5.2 CVaR Objective

We implement CVAR (§ 5.5.1) using N = 10 simulated edge realizations, with γ =

10, and α = 0.5.
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FIGURE 5.2: Boxplots of %OPT (left column), ∆α% (center column),
and timing (right column) for each matching approach, over 32 ran-
dom graphs with 64 nodes (top row) and 128 nodes (bottom row).
The horizontal line at the center of each box plot indicates the me-
dian; the upper and lower edges of the box indicate the first and third
quartiles; the whiskers extend 1.5 times the interquartile range be-

yond quartile 1 and 3.
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Metric: α% Worst-Case Mean. CVAR is designed to maximize the α% worst-case

mean matching weight; thus, we use this metric for each matching approach. For

each graph, and each matching approach, we calculate the mean of the α% lowest

realized matching weights (over all 200 realizations). We compare each method to

KEP, which assumes pe = 0. Let µα
P be the α% lowest-realized matching weights for

KEP, and let µα
M be the same, for a different matching approach; we calculate a ratio

as follows: ∆α% ≡ 100× (µα
M − µα

P)/µα
P . Figure 5.2 (middle column) shows ∆α%

for all 32 exchange graphs. CVAR clearly improves the α% worst-case mean match-

ing weight, over other methods (including our new formulation for inhomogeneous

edge failure probabilities, KEP-NP).

Timing Figure 5.2 (right column) shows solver time required for each method. Our

new formulation (KEP-NP), requires nearly the same runtime as KEP (a determinis-

tic PICEF model). As expected CVAR requires more time–and it increases with the

number of samples (N).

5.6 Discussion

In fielded kidney exchanges, planned transplants fail for a variety of reasons. Due to

the cycle- and chain-like swaps used by exchanges, a single failed transplant can

“cascade” through an exchange, causing several other transplants to fail. These

failures are common (UNOS estimates that about 85% of its planned transplants

fail [198]); failures cause patients to face longer waiting times, and incur the addi-

tional costs and burden of dialysis.

We consider a setting where the failure probability of each potential transplant

(edge) is known, and the kidney exchange clearing problem is to select a set of transplants
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that maximize a mathematical objective subject to this uncertainty. The choice of ob-

jective is important, particularly in kidney exchange: a deterministic approach (which

ignores potential failures) may naïvely select long cycles or chains, which have high

likelihood of failure. On the other hand, a robust approach (which protects against

the worst-case outcome) is often too conservative, because in kidney exchange, the

worst-case outcome is often that all transplants fail. We consider two objectives: max-

imizing the expected weight, and maximizing the conditional value-at-risk (CVaR).

We are not the first to investigate these objectives in this setting. However, state-of-

the-art approaches either assume that all edges have identical failure probabilities,

or their algorithms scale exponentially in the size of the input—and are intractable

for realistic exchanges.

We propose the first scalable approaches for kidney exchange with non-identical

edge failure probabilities, for both the stochastic and CVaR objectives. For the max-

expected weight objective our approach is exact, and clearly outperforms prior ap-

proaches that assume identical edge failure probabilities—with marginally longer

runtime. For the CVaR objective we use a sample-average-approximation-based

method, which outperforms comparable state-of-the-art approaches, even with a

small number of samples. We formulate both of our approaches as mixed integer

linear programs, which are solvable with off-the-shelf commercial solvers such as

CPLEX or Gurobi.

There are several areas for future work. Our model assumes perfect knowledge

of edge failure probabilities–while in reality only rough estimates of these probabil-

ities are available. Furthermore, slight over- or under-estimation of these probabil-

ities can impact the matching weight [110]—something we did not address in this

work.

We emphasize that the choice of objective is important in kidney exchange, as
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different objectives (or a different weighting of multiple objectives) can drastically

change the outcome. Before implementing any of these approaches, it is necessary

to understand the priorities of the relevant stakeholders, their appetite for risk, and

whether these priorities align with our mathematical objectives [134, 229].

Finally, each of the approaches discussed in this chapter may negatively impact

some exchange participants. For example, highly-sensitized patients are often sicker

and harder to match than other patients; transplants involving highly-sensitized pa-

tients are thus often riskier than other transplants. A risk-averse or stochastic objec-

tive function would likely de-prioritize highly-sensitized patients, ignoring them for

lower-risk matches. Thus, new objective functions and other modeling choices will

likely raise concerns of fairness for different patients, or groups of patients, within an

exchange [215, 269, 324].

5.7 Authors and Publication

This chapter was written by Duncan McElfresh, Ke Ren, Hoda Bidkhori, and John

P Dickerson. It appeared at the 2020 Conference on Uncertainty in Artificial Intelli-

gence (UAI-21). [46]
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Chapter 6: Fairness in Kidney Exchange

6.1 Introduction

In this chapter we turn to the issue of fairness for hard-to-match patients in kidney

exchanges. Certain patients are particularly disadvantaged because, due to health

characteristics and/or logistical factors, they are very unlikely to find a compatible

donor. Intuitively, any enforcement of a fairness constraint or consideration may

impact the overall economic efficiency (as measured by the total number or quality

of goods exchanged). A quantification of this trade-off is known as the price of fair-

ness [45]. Recent work by Dickerson et al. [108] adapted this concept to the kidney

exchange case, and presented two fair allocation methods that strike a balance be-

tween fairness and efficiency. Yet, as we show in this chapter, those methods can

“fail” unpredictably, yielding an arbitrarily high price of fairness.

With this as motivation, we adapt to the kidney exchange case a recent tech-

nique for trading off a form of fairness and utilitarianism in a principled manner.

This technique is parameterized by a bound on the price of fairness, as opposed

to a set of parameters that may result in hard-to-predict final matching behavior,

as in past work. We implement our fair algorithm in a realistic mathematical pro-

gramming framework and–on real data from a large, multi-center, fielded kidney

exchange–show that our algorithm effectively balances fairness and efficiency with-

out unwanted outlier behavior.
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6.1.1 Related Work

We briefly overview related work in balancing efficiency and fairness in resource

allocation problems. Bertsimas et al. [45] define the price of fairness; that is, the rela-

tive loss in system efficiency under a fair allocation algorithm. Hooker and Williams

[168] give a formal method for combining utilitarianism and equity. We direct the

reader to those two papers for a greater overview of research in fairness in general

resource allocation problems.

Fairness in the context of kidney exchange was first studied by Roth et al. [269];

they explore concepts like Lorenz dominance in a stylized model, and show that

preferring fair allocations can come at great cost. Li et al. [200] extend this model

and present an algorithm to solve for a Lorenz dominant matching. Stability in kid-

ney exchange, a concept intimately related to fairness, was explored by Liu et al.

[204]. The use of randomized allocation mechanisms to promote fairness in stylized

models is theoretically promising [33, 125, 212]. Recent work discusses fairness in

stylized random graph models of dynamic kidney exchange [15, 26]. None of these

papers provide practical models that could be implemented in a fully-realistic and

fielded kidney exchange.

Practically speaking, Yılmaz [324] explores in simulation equity issues from com-

bining living and deceased donor allocation; that paper is limited to only short

length-two kidney swaps, while real exchanges all use longer cycles and chains.

Dickerson et al. [108] introduced two fair allocation algorithms explicitly in the con-

text of kidney exchange, and proved bounds on the price of fairness under those

methods in a random graph model; we build on that work in this chapter, and de-

scribe it in greater detail later. That work has been incorporated into a framework

for learning to balance efficiency, fairness, and dynamism in matching markets [104];
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we note that the fair allocation algorithm we present in this chapter could be used

in that framework as well.

Contributions

• Dickerson et al. [108] finds that the theoretical price of fairness in kidney ex-

change is small when only patient-donor pairs participate in the exchange.

They did not include non-directed donors (NDDs). However, in modern kid-

ney exchanges, non-directed donors (NDDs) provide many more matches than

patient-donor pairs; furthermore, NDDs create more opportunities to expand

the fair matching, potentially increasing the price of fairness. Here, we prove

that adding NDDs to the theoretical model actually decreases the price of fair-

ness, and that—with enough NDDs—the price of fairness is zero.

• Real kidney exchanges are less dense and more uncertain than the (standard)

theoretical model in which we prove our results. Previous approaches to in-

corporating fairness into kidney exchange have neglected this fact: they have

been either ad-hoc—e.g., “priority points” decided on by committee [180]—

or brittle [108, 269], resulting in an unacceptably high price of fairness. We

provide the first approach to incorporating fairness into kidney exchange in

a way that both prioritizes disadvantaged participants, but also comes with

acceptable worst-case guarantees on the price of fairness. Our method is eas-

ily applied as an objective in the mathematical-programming-based clearing

methods used in today’s fielded exchanges; indeed, using real data we show

that this method guarantees a limit on efficiency loss.
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6.1.2 The Price of Fairness

As an example for this chapter, we focus on highly-sensitized patients, who have a

very low probability of passing compatibility test with a random donor organ. Sensi-

tization is determined using the Calculated Panel Reactive Antibody (CPRA) level of

each patient, a number between 0 and 100, which reflects the likelihood that a patient

will find a matching donor. The CPRA level indicates roughly how many donors are

incompatible with the patient (higher CPRA means fewer compatible donors), and pa-

tients with CPRA above 80 are generally considered highly-sensitized. It can be very

difficult for highly-sensitized patients to find a compatible donor, and their waiting

times for a transplant can be much longer than for less-sensitized patients.1 Utili-

tarian objectives will, in general, marginalize these patients. Sensitization is deter-

mined using the Calculated Panel Reactive Antibody (CPRA) level of each patient,

which reflects the likelihood that a patient will find a matching donor.

Formally, we denote the sensitization of each patient-donor vertex v as vs ∈

[0, 100], the CPRA level of v’s patient; NDD vertices are not associated with patients,

so they do not have sensitization levels. Each patient-donor vertex v ∈ P is con-

sidered highly sensitized if vs exceeds threshold τ ∈ [0, 100], and lowly-sensitized

otherwise. These vertex sets VH and VL are defined as:

• Lowly sensitized: VL = {v | v ∈ P : vs < τ}

• Highly sensitized: VH = {v | v ∈ P : vs ≥ τ}.

By definition, highly-sensitized patients are harder to match than lowly-sensitized

patients. Naturally, efficient matching algorithms prioritize easy-to-match vertices

in VL, marginalizing VH. Let u f :M→ R be a fair utility function. Formally, a utility

function is fair when its corresponding optimal match M∗f is viewed as fair, where

1https://optn.transplant.hrsa.gov/data/

https://optn.transplant.hrsa.gov/data/
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M∗f is defined as:

M∗f = arg max
M∈M

u f (M)

Bertsimas et al. [45] defined the price of fairness to be the “relative system efficiency

loss under a fair allocation assuming that a fully efficient allocation is one that maxi-

mizes the sum of [participant] utilities.” Caragiannis et al. [72] defined an essentially

identical concept in parallel. Formally, given a fair utility function u f and the utili-

tarian utility function u, the price of fairness is:

POF(M, u f ) =
u (M∗)− u

(
M∗f
)

u (M∗)
(6.1)

The price of fairness POF(M, u f ) is the relative loss in (utilitarian) efficiency

caused by choosing a fair outcome M∗f (selected by a fair utility function u f ), rather

than the most efficient outcome. In the next section we show that the theoretical

price of fairness in kidney exchange is small, even when both cycles and chains are

used—thus generalizing an earlier result due to Dickerson et al. [108] to modern

kidney exchanges.

6.2 The Theoretical Price of Fairness with Chains is Low (or

Zero)

In this section we use the random graph model for kidney exchange introduced

by Ashlagi and Roth [24] to show that the theoretical price of fairness is always

small, especially when NDDs are included. A complete description of this model

can be found in Appendix B.1. Dickerson et al. [108] finds that without NDDs, the



84

maximum price of fairness is 2/33. Adding NDDs to this model creates more oppor-

tunities to match highly sensitized patients, which could potentially lead to a higher

price of fairness. However we find that including chains in this model only decreases

the price of fairness; furthermore, when the ratio of NDDs to patient-donor pairs is

high enough, the price of fairness is zero.

6.2.1 Price of Fairness

Ashlagi and Roth [24] characterize efficient matchings in a random graph model

without chains, and Dickerson et al. [108] build on this to show that the price of

fairness without chains is bounded above by 2/33. Dickerson et al. [106] extend the

efficient matching of Ashlagi and Roth [24] to include chains, but do not calculate

the price of fairness. We close the gap in theory regarding the price of fairness with

chains.

Given |P| patient-donor pairs, we parameterize the number of NDDs |N| with

β ≥ 0 such that |N| = β|P|. Theorems 6.1 and 6.2 state our two main results: adding

chains to the random graph model does not increase the price of fairness, and when

the fraction of NDDs is high enough (β > 1/8), the price of fairness is zero. The

proofs of the following theorems are given in Appendix B.1.

Theorem 6.1. Adding NDDs to the random graph model (β > 0) does not increase the

upper bound on the price of fairness found by Dickerson et al. [108].

Proof Sketch: We explore every possible efficient matching on the random

graph model with chains; only four of these matchings have nonzero price of fair-

ness. For each case, we compare the price of fairness to that of the efficient matching

without chains found in Dickerson et al. [108], and find that the upper bound does

not increase.
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Theorem 6.2. The price of fairness is zero when β > 1/8.

Proof sketch: For each matching with nonzero price of fairness, β ≤ 1/8. When

β > 1/8, a different matching occurs, and the price of fairness is zero.
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FIGURE 6.1: Price of fairness with chains. (The horizontal dotted line
at 2/33 is the price of fairness without chains.)

To illustrate these results, we compute the price of fairness when β ∈ [0, 1/8].

These calculations confirm our theoretical results, as shown in Figure 6.1: the price

of fairness decreases as β increases, and is zero when β > 1/8.

The worst-case price of fairness is small in the random graph model, with or

without NDDs. However, real exchange graphs are typically much sparser and less

uniform—in reality the price of fairness can be high. In the next section, we discuss

two notions of fairness in kidney exchange and determine their worst-case price of

fairness.

6.3 The Price of Fairness in State-of-the-Art Fair Algorithm

can be Arbitrarily Bad

The price of fairness depends on how fairness is defined. This is especially true in

real exchanges where the price of fairness can be unacceptably high. In this section,

we discuss two kidney-exchange-specific fair algorithms introduced by Dickerson

et al. [108]: lexicographic fairness and weighted fairness. These methods favor the
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disadvantaged class without considering overall loss in efficiency; we show that in

the worst case these methods allow the the price of fairness to approach 1 (i.e., total

efficiency loss).

6.3.1 Lexicographic Fairness

As proposed by Dickerson et al. [108], α-lexicographic fairness assigns nonzero util-

ity only to matchings that award at least a fraction α of the maximum possible fair

utility. Letting uH(M) and uL(M) be the utility assigned to only vertices in VH and

VL, respectively, the utility function for α-lexicographic fairness is given in Equa-

tion 6.2.

uα(M) =


uL(M) + uH(M) if uH(M) ≥ α max

M′∈M
uH(M′)

0 otherwise.

(6.2)

Theorems 6.3 and 6.4 state that strict lexicographic fairness (α = 1) allows the

price of fairness to approach 1.

Theorem 6.3. For any cycle cap K there exists a graph G such that the price of fairness of

G under α-lexicographic fairness with 0 < α ≤ 1 is bounded by POF(M, uα) ≥ K−2
K .

Proof. Consider a kidney exchange graph with one highly-sensitized patient H and k

non-highly-sensitized patients V1, . . . , Vk, where all Vi vertices form a directed cycle

of length k. A 2-cycle connects H with one Vi; see Figure 6.2 (right) for an example

with k = 4. With a cycle cap of k, the optimal utilitarian matching has utility k, while

the optimal lexicographic matching has utility uα = 2, for any 0 < α ≤ 1. The price

of fairness in this graph is POF(M, uα) = (k− 2)/k.



87

H V1

V2

V3

V4

H N

V2

V3

V4

FIGURE 6.2: Supporting graphs for Theorems 6.3 (left) and 6.4 (right),
with cycle cap 4 and chain cap 3, respectively.

Theorem 6.4. For any chain cap k there exists a graph G such that the price of fairness of

G under the α-lexicographic fair algorithm with 0 < α ≤ 1 is bounded by POF(M, uα) ≥

k−1
k .

Proof. Consider an example graph with one highly sensitized vertex H, one NDD,

and k non-sensitized vertices V1, . . . , Vk. The NDD can initiate one of two chains: a 1-

chain to H, and a k-chain including all k non-sensitized vertices; see Figure 6.2 (left)

for an example with k = 4. With a chain cap of k, the optimal utilitarian matching

has utility k, while the optimal α-lexicographic matching has utility uα = 1 for any

0 < α ≤ 1. The price of fairness in this graph is POF(M, uα) = (k− 1)/k.

Thus, α-lexicographic fairness allows for a price of fairness that approaches 1 as

the cycle and chain cap increase.

6.3.2 Weighted Fairness

The weighted fairness algorithm [108] defines a utility function by first modifying

the original edge weights we by a multiplicative factor γ ∈ R such that

w′e =


(1 + γ)we if e ends in VH

we otherwise.
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Then the weighted fairness algorithm uWF is

uWF(M) = ∑
c∈M

u′(c),

where u′(c) is the utility of a chain or cycle c with modified edge weights. The modi-

fied edge weights prompt the matching algorithm to include more highly-sensitized

patients; as in the lexicographic case, we now show that the price of fairness ap-

proaches 1 under weighted fairness.

Theorem 6.5. For any cycle cap k and γ > k− 1, there exists a graph G such that the price

of fairness of G under the weighted fairness algorithm is bounded by POF(M, uWF) ≥ k−2
k .

Proof. Consider the graph used in the proof of Theorem 6.3, with all edge weights

equal to 1. Weighted fairness increases the weight of the edge ending in H to (1+γ).

The weighted utility of the 2-cycle is 2 + γ, while the weighted utility of the L-cycle

is L. If γ is chosen such that γ > L − 2, then the 2-cycle will be chosen over the

L-cycle, resulting in the price of fairness POF(M, uWF) = (k− 2)/k.

Theorem 6.6. For any chain cap k and γ > k− 1, there exists a graph G such that the price

of fairness of G under the weighted fairness algorithm is bounded by POF(M, uWF) ≥ k−1
k .

Proof. Consider the graph used in the proof of Theorem 6.4, with all weights equal

to 1. The weighted utility of the 1-chain is 1+ γ, while the weight of the k-chain is R.

If γ is chosen such that γ > R− 1, then the 1-chain will be chosen over the k-chain,

resulting in the price of fairness POF(M, uWF) = (k− 1)/k.

In the worst case, weighted fairness allows a price of fairness that approaches

1 as the cycle and chain caps increase. The price of fairness also approaches 1 as γ

increases.
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FIGURE 6.3: Graphs for Theorems 6.7 (top) and 6.8 (bottom).

Theorem 6.7. With no chain cap, there exists a graph G such that the price of fairness of G

under the weighted fairness algorithm is bounded by POF(M, uWF) ≥ γ
γ+1 .

Proof. Consider a graph with a single NDD connected to a chain with highly-sensitized

patients Hi of length k, and a chain with non-highly sensitized patients Vi of length

k′ ≡ b(γ + 1)kc − 1; this graph is shown in Figure 6.3 (top). Under weighted fair-

ness, the chain with k′ non-sensitized vertices receives utility uL = b(γ + 1)kc − 1

while the chain with k highly-sensitized vertices receives utility uH = (γ + 1)k, so

uH > uL. The price of fairness for this graph is

POF(M, uWF) =
b(γ + 1)kc − 1− k
b(γ + 1)kc − 1

=
bγkc − 1

b(γ + 1)kc − 1
≥ γk− 2

(γ + 1)k− 1
.

Taking the limit as k→ ∞, we have

lim
k→∞

γk− 2
(γ + 1)k− 1

=
γ

γ + 1
,

which implies POF(M, uWF) ≥ γ
γ+1 .

A similar result exists with cycles rather than chains.

Theorem 6.8. With no cycle cap there exists a graph G such that the price of fairness of G

under the weighted fairness algorithm is bounded by POF(M, uWF) ≥ γ
γ+1 .

Proof. Consider the graph used in the proof of Theorem 6.7, where the NDD N is

instead a highly-sensitized pair H0, and the end vertices of both chains both have



90

edges ending in H0; this graph is shown in Figure 6.3 (bottom). Under weighted fair-

ness, the cycle with non-sensitized vertices receives utility uL = b(γ + 1)kc, while

the cycle with sensitized vertices receives utility uH = (γ + 1)k + 1, so uH > uL. The

price of fairness for this graph is

POF(M, uWF) =
b(γ + 1)kc − k− 1
b(γ + 1)kc ≥ γk− 2

(γ + 1)k
.

Taking the limit as k→ ∞, we have

lim
k→∞

γk− 2
(γ + 1)k

=
γ

γ + 1
,

These bounds show that weighted fairness allows for a price of fairness that ap-

proaches 1, i.e., arbitrarily bad, as the cycle cap, chain cap, or γ increase.

We have shown that the worst-case prices of fairness approach 1 under both the

lexicographic and weighted fairness algorithms of Dickerson et al. [108]. Next, we

propose an algorithm that favors disadvantaged groups, but also strictly limits the

price of fairness using a parameter set by policymakers.

6.4 Hybrid Fairness Algorithm

In this section, we present a hybrid fair utility function that balances lexicographic

fairness and a utilitarian objective. We generalize the hybrid utility function pro-

posed by Hooker and Williams [168], which chooses between a Rawlsian (or max-

imin) objective and a utilitarian objective for multiple classes of agents.
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6.4.1 Utilitarian and Rawlsian Fairness

Consider two classes of agents that receive utilities u1(X) and u2(X), respectively,

for outcome X. The fair algorithms introduced by Hooker and Williams [168] max-

imizes the utility of the worst-off class, unless this requires taking too many re-

sources from other classes. When the inequality exceeds a threshold ∆ (i.e., |u1(X)−

u2(X)| > ∆) they switch to a utilitarian objective that maximizes u1(X)+ u2(X). The

utility function for this method is
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FIGURE 6.4: Level sets for hybrid fair utility functions with ∆ = 2,
with example outcomes XL and XF.

u∆(X) =


2 min(u1(X), u2(X)) + ∆ if |u1(X)− u2(X)| ≤ ∆

u1(X) + u2(X) otherwise.

The parameter ∆ is problem-specific, and should be chosen by policymakers.

Figure 6.4a shows the level sets of this utility function, with ∆ = 2. This utility

function can be generalized by switching to a different method in the fair region (i.e.,

when |u1(X)− u2(X)| ≤ ∆). The next section generalizes this method using lexico-

graphic fairness.
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6.4.2 Hybrid-Lexicographic Algorithm

When it is desirable to favor one class of agents g1 over class g2, lexicographic fair-

ness favors g1. We propose an algorithm that implements lexicographic fairness

only when inequality between groups does not exceed ∆. This algorithm uses two

steps: (1) determine whether inequality is small enough to use lexicographic fairness

(2) choose the optimal outcome. These steps are outlined below, and formalized in

Algorithm 1.

Step 1: Find all outcomes that maximize a hybrid utility function, and determine

whether lexicographic fairness is appropriate.

We use a utility function to identify outcomes that satisfy either a lexicographic

or utilitarian objective. Equation 6.3 shows one option for such a utility function,

which assigns strict lexicographic utility (α = 1) according to Equation 6.2 in the fair

region, and utilitarian utility otherwise.

u∆1(X) =



u1(X) + u2(X) if |u1(X)− u2(X)| ≤ ∆ and u1(X) = max
X′∈X

(u1(X′))

u1(X) + u2(X) if |u1(X)− u2(X)| > ∆

0 otherwise.

(6.3)

where X is the set of all possible outcomes. Figure 6.4b shows the contours u∆1.

This utility function is clearly too harsh—it assigns zero utility to outcomes in the

fair region that do not maximize u1, and its optimal outcomes are not always Pareto

efficient. Consider outcomes XF and XL in Figure 6.4b. XF is in the fair region but

does not maximize u1, so u∆1(XF) = 0; XL is in the utilitarian region but is less

efficient, so u∆1(XL) = u(XL). Under utility function u∆1, the less-efficient outcome

XL is chosen over XF.
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To address this problem we introduce u∆ in Equation 6.4, which relaxes u∆1. For

outcomes in the fair region (that is, with |u1 − u2| ≤ ∆), utility is assigned propor-

tional to u1. As shown in Figure 6.4c, the contours of u∆ are continuous.

u∆(X) =



u1(X) + u2(X)− ∆ if u2(X)− u1(X) > ∆

2u1(X) if |u1(X)− u2(X)| ≤ ∆

u1(X) + u2(X) + ∆ if u1(X)− u2(X) > ∆

(6.4)

Let XOPT be the set of “optimal” outcomes, which maximize u∆. If XOPT contains

multiple outcomes, it is reasonable to randomly sample an optimal outcome, unless

there are additional ways to evaluate outcomes. If the randomly-sampled outcome

is in the utilitarian region, then we are done. However, if any outcomes in XOPT are

in the fair region, then Step 2 must be used. This process is described below, and

formalized in Algorithm 1.

Step 2: If any solution in XOPT is in the fair region, select the lexicographic-

optimal solution in the fair region. That is, select a solution in the fair region that

maximizes u2. Since the utility function u∆ assigns the same utility to all solutions in

the fair region with the same u1(X), no matter the value of u2(X). However, if there

exist two outcomes XA and XB such that u1(XA) = u1(XB) and u2(XA) > u2(XB),

then XA is lexicographically preferred to XB.
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Algorithm 1 LexFair(∆,M)

Require: Threshold ∆, outcomesM

MOPT ← arg maxM∈M u∆(M)

if |MOPT| > 1 then

Select an outcome M uniformly at random fromMOPT

if M is in the utilitarian region then

M∗ ← M

else

M1 ← {M′ ∈ MOPT | u1(M′) = u1(M)}

M∗ ← arg maxM′∈M1
u2(M′)

else

M∗ ←MOPT
returnMOPT

6.4.3 Hybrid Algorithm for Several Classes

We now generalize the hybrid-lexicographic fair algorithm to more than two classes.

Consider a set P of classes gi, i = 1, . . . , |P|. Let there be an ordering � over gi,

where ga � gb indicates that ga should receive higher priority over gb. Without loss

of generality we assume the preference ordering over groups to be 1 � 2 � · · · �

|P|. Let ui(X) be the utility received by group i under outcome X. As in the previous

section, we (1) use a utility function to identify candidate outcomes, and (2) select a

candidate outcome that is lexicographically optimal, if necessary.

Step 1: To define a utility function, we observe that in Equation 6.4, in the utili-

tarian region a positive offset ∆ is added if u1(X)− u2(X) > ∆, and a negative offset

is added if u2(X) − u1(X) > ∆. With |P| classes, each outcome receives a utility

offset of +∆ if u1(X)− ui(X) > ∆, and a negative offset of−∆ if ui(X)− u1(X) > ∆,
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for each class i = 2, 3, . . . , |P|. As in the previous section, these offsets help ensure

the outcome is Pareto efficient, and has a bounded price of fairness; we formalize

both of these claims after presenting our hybrid method. The utility function used

in Step 1 is

u∆(X) = u1(X) +
|P|
∑
i=2

u∆i(X) (6.5)

with

u∆i(X) ≡
(

u1(X) · 1{|ui(X)− u1(X)| ≤ ∆}

+ui(X) · 1{|ui(X)− u1(X)| > ∆}

+∆ · 1{u1(X)− ui(X) > ∆}

−∆ · 1{ui(X)− u1(X) > ∆}
)

where 1{·} is the indicator function. The first term in u∆i(·) adds u1(X) if the differ-

ence between u1(X) and ui(X) does not exceed ∆, and the second term adds ui(X)

otherwise. The second two terms add offsets of +∆ or −∆ if the absolute differ-

ence between u1(X) and ui(X) exceeds the threshold ∆. Note that Equation 6.5 is

equivalent to Equation 6.4 when |P| = 2.

Step 2: As in the 2-class case, we use an algorithm to ensure the final outcome

is Pareto efficient, using the following procedure: If multiple outcomes maximize

u∆(·), then one is selected at random. If there is no 1 < i ≤ |P| such that |u1(X)−

ui(X)| ≤ ∆, then we are done. Otherwise, to ensure Pareto efficiency we must select

a lexicographic-optimal outcome subject to the preference ordering 1 � 2 � · · · �

|P|. This process is described in Algorithm 2.
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Algorithm 2 LexFair(∆,M) for |P| ≥ 2 classes

Require: Threshold ∆, outcomesM

MOPT ← arg maxM∈M u∆(M)

if |MOPT| = 1 then returnMOPT

else

Select an outcome M uniformly at random fromMOPT

J ← {i > 1 | |ui(M)− u1(M)| > ∆} ∪ {1}

M1 ← {X ∈ MOPT | uj(X) ≥ uj(M)∀j ∈ J}

for i = 2, . . . , |P| do

if i ∈ J then

Mi ←Mi−1 (don’t update the set of candidate outcomes)

else

z← max{ui(X) | X ∈ Mi−1}

Mi ← {X ∈ Mi−1 | ui(X) = z}
return any outcome inM|P|

Algorithm 2 starts by identifying the set of outcomesMOPT that maximize u∆(·).

IfMOPT contains multiple outcomes, then a lexicographic maximization procedure

is used: first we select an outcome M at random. Then we identify all groups whose

utility in M is at least ∆ greater or less than ui(M); these groups are added to set J,

along with the most-prioritized group (1); note that J includes all groups whose util-

ities are represented in u∆(·) for outcome M. We then identify all outcomes that are

weakly preferred to M by all groups in J; these outcomes are denoted byM1. Next

we find a lexicographically-optimal solution, by maximizing ui(·) for all groups not

in J.
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6.4.4 Properties of LexFair(∆,M)

Here we prove two important properties of LexFair(∆,M): a bounded price of fair-

ness, and Pareto efficiency.

The following theorem gives a bound on the price of fairness for the hybrid-

lexicographic algorithm (LexFair(∆,M)) defined in Algorithm 2.

Theorem 6.9. The price of fairness of LexFair(∆,M) is at most 2∆(|P| − 1)/uE, where

uE is the sum of group utilities in the utilitarian-optimal outcome inM.

Proof. Suppose there are two outcomes: a “fair” outcome XF, which is returned by

LexFair(∆,M), and an “efficient” outcome XE, which maximizes the sum of group

utilities. First we define two partitions of the groups P , as follows:

Z∆(X) ≡ {i ∈ P \ {1} | |ui(X)− u1(X)| ≤ ∆}

Z−(X) ≡ {i ∈ P \ {1} | ui(X)− u1(X) > ∆}

Z+(X) ≡ {i ∈ P \ {1} | u1(X)− ui(X) > ∆}.

That is, Z∆(X) is the set of groups where the utility difference ui(X) and u1(X) is less

than ∆; groups in Z+ have utilities less than u1(X)− ∆; and groups in Z− have util-

ities greater than u1(X) + ∆. We observe that u∆(·) (Equation 6.5) can be expressed

in terms of the above sets:

u∆(X) = u1(X) + u1(X) · |Z∆(X)|+ ∑
i∈Z+(X)∪Z−(X)

ui(X) + ∆
(
|Z+(X)| − |Z−(X)|

)
.
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Recall that the sum of utilities is defined as u(X) ≡ ∑i∈P ui(X). Substituting u(X)

into the above identity, we find

u∆(X) = u(X)− ∑
i∈Z∆(X)

ui(X) + u1(X) · |Z∆(X)|+ ∆
(
|Z+(X)| − |Z−(X)|

)
.

Next we bound the price of fairness by bounding the difference between u(XE) and

u(XF), using the identify above.

The difference we wish to bound is the numerator of the price of fairness (Equa-

tion 6.1), which is

u(XE)− u(XF) =u∆(XE)− u∆(XF) (a)

+ ∑
i∈Z∆(XE)

ui(XE)− ∑
i∈Z∆(XF)

ui(XF) (b)

+ u1(XF) · |Z∆(XF)| − u1(XE) · |Z∆(XE)| (c)

+ ∆
(
(|Z+(XF)| − |Z−(XF)|)− (|Z+(XE)| − |Z−(XE)|)

)
. (d)

To bound the price of fairness we will find the maximum value for this expression;

we start by maximizing terms (a) and (b) independently:

(a) For XF to be selected over XE by Algorithm 2 requires that u∆(XF) ≥ u∆(XE);

thus we maximize the price of fairness by making these terms equivalent.

(b) Note that for all i ∈ Z∆(X), the inequality |u1(X) − ui(X)| ≤ ∆ must hold.

Thus, this term is maximized when the identities hold:

ui(XE) = u1(XE) + ∆ ∀i ∈ Z∆(XE)

ui(XF) = u1(XF)− ∆ ∀i ∈ Z∆(XF).



99

After maximizing (a) and (b) with these substitutions, we have

u(XE)− u(XF) ≤ (u1(XE) + ∆) · |Z∆(XE)| − (u1(XF)− ∆) · |Z∆(XF)|

+ u1(XF) · |Z∆(XF)| − u1(XE) · |Z∆(XE)|

+ ∆
(
(|Z+(XF)| − |Z−(XF)|)− (|Z+(XE)| − |Z−(XE)|)

)
.

All u1(·) terms cancel, leaving the following:

u(XE)− u(XF) ≤ ∆
(
|Z∆(XE)| − |Z+(XE)|+ |Z−(XE)|

+ |Z∆(XF)|+ |Z+(XF)| − |Z−(XF)|
)

=∆
(
(|P| − 1− 2|Z+(XE)|) + (|P| − 1− 2|Z−(XF)|)

)
,

where the simplification is due to the identity |Z∆(XF)| + |Z+(XF)| + |Z−(XF)| =

|P| − 1. This expression is maximized when Z+(XE) = Z−(XF) = ∅, meaning

that for all i > 1, u1(XE)− ui(XE) ≤ ∆ (in the utilitarian outcome XE), and ui(XF)−

u1(XF) ≤ ∆ (in the fair outcome XF). Finally we have u(XE)− u(XF) ≤ 2∆(|P| − 1),

meaning that the price of fairness is at most 2∆(|P| − 1)/uE.

Theorem 6.10. LexFair(∆,M) Pareto efficient.

Proof. Let XF be an outcome returned by LexFair(∆,M) (Algorithm 2). We prove

that there is no feasible outcome in XE ∈ M that Pareto-dominates XF, through

contradiction. As in Algorithm 2, let J be defined as

J ≡ {i ≥ 1 | |ui(XF)− u1(XF)| > ∆} ∪ {1}.
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As in the proof of Theorem 6.9, we use the following three sets:

Z∆(X) ≡ {i ∈ P \ {1} | |ui(X)− u1(X)| ≤ ∆}

Z−(X) ≡ {i ∈ P \ {1} | ui(X)− u1(X) > ∆}

Z+(X) ≡ {i ∈ P \ {1} | u1(X)− ui(X) > ∆}.

Suppose that XE Pareto-dominates XF, and let I ⊂ P be the set of groups whose

utility strictly improves in XE. By definition, ui(XE) > ui(XF) for all i ∈ I, and

uj(XE) = uj(XF) for all j ∈ P \ I. For each i ∈ I, let ui(XE) ≡ ui(XF) + δi, with

δi > 0. Consider three (exhaustive) cases:

Case 1: u∆(XE) > u∆(XF) In this case, XF cannot be returned by Algorithm 2

(contradiction).

Case 2: u∆(XE) = u∆(XF) By definition in Algorithm 2, XE ∈ Mi for all i ∈ P ,

since XE Pareto-dominates XF. Since Algorithm 2 maximizes ui(·) sequentially for

each i 6∈ J, this implies that ui(XF) = ui(XE) for all i 6∈ J. Therefore, the Pareto im-

provement must only include groups in J, and thus I ⊆ J. Since u∆(XE) = u∆(XF),

we can quantify the Pareto improvement in terms of u∆(·), and we do this separately

for each term u∆i(X). Consider the following cases, for any i ∈ J:

• Case 2a: i ∈ Z+(XF) and i ∈ Z∆(XE). The change in u∆i(·) depends on both

the improvement for group i (δi) and group 1 (δ1):

u∆i(XE)− u∆i(XF) =u1(XE)− (ui(XF) + ∆)

= u1(XF) + δ1 − ui(XF)− ∆

> 0
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where in the third step we use the fact that i ∈ Z+(XF) implies u1(XF) −

ui(XF) > ∆.

• Case 2b: i ∈ Z+(XF) and i ∈ Z−(XE). The change in u∆i(·) is

u∆i(XE)− u∆i(XF) =ui(XE)− ∆− (ui(XF) + ∆)

= ui(XF) + δi − ui(XF)− 2∆

= δi − 2∆

> 0

where in the fourth step we add the inequalities due to i ∈ Z+(XF), and i ∈

Z−(XE): since u1(XF)− ui(XF) > ∆ and ui(XE)− u1(XE) > ∆, then δi − 2∆ >

δ1 ≥ 0.

• Case 2c: i ∈ Z−(XF) and i ∈ Z∆(XE). The change in u∆i(·) is

u∆i(XE)− u∆i(XF) =u1(XE)− (ui(XF)− ∆)

= u1(XE)− ui(XF)− δi + δi + ∆

= u1(XE)− ui(XE) + δi + ∆

≥ δi ≥ 0

where in the third step we use the fact that i ∈ Z∆(XE) implies |u1(XE) −

ui(XE)| ≤ ∆.

• Case 2d: i ∈ Z−(XF) and i ∈ Z+(XE). The change in u∆i(·) is

u∆i(XE)− u∆i(XF) =ui(XE) + ∆− (ui(XF)− ∆)

= ui(XF) + δi − ui(XF) + 2∆
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= δi + 2∆

≥ 2∆ ≥ 0.

• Case 2e: i is in both Z−(XF) and Z−(XE) or i is in both Z+(XF) and Z+(XE)

In this case u∆i(XE)− u∆i(XF) = δi > 0.

Note that in addition to these cases, if the Pareto improvement involves group 1,

then u∆(·) improves by δ1 > 0. Note that in cases 2a, 2b, and 2e, any Pareto improve-

ment strictly increases the term u∆i(·). In cases 2c and 2d, δ1 > 0 and therefore the

Pareto improvement also results in a strict increase to u∆(·). Therefore, any Pareto

improvement involving any group i ∈ J increases u∆(·) (contradiction).

Case 3: u∆(XE) < u∆(XF) According to Cases 2a, 2b, 2c, 2d, and 2e above, any

Pareto improvement involving groups in J strictly increases u∆(·). Next we show that

any Pareto improvement involving i 6∈ J ≡ Z∆(XF) also results in a strict increase to

u∆(·).

• Case 3a: i ∈ Z∆(XF) and i ∈ Z+(XE) The change in u∆i(·) is

u∆i(XE)− u∆i(XF) =ui(XE) + ∆− u1(XF)

= ui(XF)− u1(XF) + δi + ∆

≥ δi ≥ 0

where in the third step we use the fact that i ∈ Z∆(XF) implies |u1(XF) −

ui(XF)| ≤ ∆.
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• Case 3b: i ∈ Z∆(XF) and i ∈ Z−(XE)

u∆i(XE)− u∆i(XF) =ui(XE)− ∆− u1(XF)

= ui(XE)− ∆− u1(XF) + δ1 − δ1

= ui(XE)− u1(XE) + δ1 − ∆

> δ1 ≥ 0

where in the fourth step we use the fact that i ∈ Z−(XE) implies ui(XE) −

u1(XE) > ∆.

• Case 3c: i is in both Z∆(XF) and Z∆(XE) In this case there is no change to

u∆(·).

Thus, no Pareto improvement results in a decrease to u∆(·) (contradiction).

6.4.5 Hybrid Fairness in Kidney Exchange

The hybrid-lexicographic algorithm defined in Algorithm 2 is easily applied to kid-

ney exchange, with uH and uL the total utility received by highly-sensitized and

lowly-sensitized patients, respectively,

u∆(M) =



uL(M) + uH(M)− ∆ if uL(M)− uH(M) > ∆

2uH(M) if |uL(M)− uH(M)| ≤ ∆

uL(M) + uH(M) + ∆ if uH(M)− uL(M) > ∆

(6.7)

In the following section, we demonstrate the practical effectiveness of the hybrid-

lexicographic algorithm by testing it on real kidney exchange data.
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6.5 Experiments

In this section, we compare the behavior of α-lexicographic, weighted, and hybrid-

lexicographic fairness. Code for these experiments is available on GitHub.2 We

use each method to find the optimal fair outcomes for 314 real kidney exchanges

from the United Network for Organ Sharing (UNOS), collected between 2010 and

2016. We solve the KEP we use the PICEF formulation of Dickerson et al. [109], with

cycle cap 3 and various chain caps. In real exchanges, not all recommended edges

in a matching result in successful transplants. To reflect this uncertainty, we use

the concept of failure-aware kidney exchange introduced in [107]: all edges in the

exchange can fail with probability (1− p); in this version of the KEP we maximize

expected matching weight, considering edge success probability p.

6.5.1 Procedure

For each UNOS exchange graph G, we use the following procedure to implement

each fair algorithm. We repeat the following procedure for chain caps 0, 3, 10, and

20, and for edge success probabilities p = 0.1n, with n = 1, 2, . . . , 10.

1. Find the “efficient” matching ME by solving the KEP on G.

2. Find the “fair” matching MF by solving the KEP on G′ = (V, E′), where each

edge e ∈ E′ has weight 1 if e ends in VH and 0 otherwise.

3. Weighted Fairness: Find the γ-fair matching Mγ by solving the KEP on Gγ =

(V, Eγ), where each edge e ∈ Eγ has weight 1 + γ if e ends in VH and 1 other-

wise. After finding Mγ, the reported utilities are calculated using edge weights

of E and not E′. We use weight parameters γ = 2n, with n = 0, 1, 2, . . . , 10.

2https://github.com/duncanmcelfresh/FairKidneyExchange

https://github.com/duncanmcelfresh/FairKidneyExchange
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4. α-Lexicographic Fairness: Find the α-fair matching Mα by solving the KEP on

G, with the additional constraint uH(Mα) ≥ αuH(ME). We use parameters

α = 0.1n, with n = 0, 1, 2, . . . , 10.

5. Hybrid-Lexicographic Fairness: Find the ∆-fair matching M∆ using the α-fair

matchings Mα, and Algorithm 1. That is, M∆ = LexFair(∆, Mα). We use pa-

rameters ∆ = 0.1n · u(ME), with n = 0, 1, 2, . . . , 10.
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FIGURE 6.5: Worst-case price of fairness and %F for various edge
success probabilities, and fairness parameters α = 0.1, γ = 0.1, ∆ =

0.1u(ME), across all UNOS graphs.

Throughout this procedure, we calculate the utility of the efficient matching (uE)

and the fair matching (uF) for each UNOS graph, and for each fair algorithm—with

parameters α ∈ [0, 1], γ ∈ [0, 20], and ∆ ∈ [0, u(ME)].

There are two important outcomes of each fair algorithm: Price of Fairness (PoF),

and fraction of the fair score (%F). To calculate PoF we use the definition in Equa-

tion 6.1, using uE and uF. We define %F as the fraction of the maximum highly

sensitized utility, achieved by M{α,γ,∆}, defined as

%F(M{α,γ,∆}, MF) = uH(M{α,γ,∆})/uH(MF).

PoF and %F indicate the efficiency loss and the fairness of each method, respectively.



106

6.5.2 Results and Discussion

Each fair algorithm offers a parameter that balances efficiency and fairness. Two

of these methods guarantee a certain outcome: α-lexicographic guarantees fairness,

but allows high efficiency loss, while hybrid-lexicographic bounds overall efficiency

loss. Weighted fairness makes no guarantees.

The price of fairness can be high in real exchanges, especially when edge success

probability p is small. In failure-aware kidney exchange, cycles and chains of length

k receive utility proportional to pk. Fair matchings often use longer cycles and chains

than the efficient matching, in order to reach highly sensitized patients; this leads to

a high price of fairness when p is small.

Even when α and γ are small, there are cases when both α-lexicographic and

weighted fairness allow for a high PoF. This becomes worse with lower edge proba-

bility. Figure 6.5 shows the worst-case PoF and %F for each method, for the smallest

parameters tested, for a range of edge success probabilities; results for all parameter

values are in Appendix B.2.

Hybrid-lexicographic fairness limits PoF within the guaranteed bound of 0.2; this

comes at the cost of a low %F—when edge success probability is small, hybrid-

lexicographic fairness awards zero fair utility in the worst case. α-lexicographic

fairness produces the opposite behavior: %F is always larger than the guaranteed

bound of 0.1, but the worst-case price of fairness grows steadily as edge probability

decreases.

Theory suggests that the price of fairness is small on denser random graphs (see

Section 6.2). We empirically confirm this theoretical finding by calculating the worst-

case price of fairness and %F for random graphs of various sizes generated from real

data; these results are given in Appendix B.2 In this case—when the price of fairness
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is small—α-lexicographic fairness may be appropriate, as overall efficiency loss is

not severe.

Both α-lexicographic and hybrid-lexicographic fairness are useful, depending on

the desired outcome. Policymakers may choose between these methods, and set

the parameters α and ∆ to guarantee either a minimum %F or a maximum price of

fairness.

6.6 Discussion

We addressed the classical problem of balancing fairness and efficiency, with a spe-

cific focus on kidney exchange. Extending work by Ashlagi and Roth [24] and Dick-

erson et al. [108], we show that the theoretical price of fairness is small on a random

graph model of kidney exchange, when both cycles and chains are used. However

this model is too optimistic—real kidney exchanges are less certain and more sparse,

and in reality the price of fairness can be unacceptably high.

Drawing on work by Hooker and Williams [168], which is not applicable to kid-

ney exchange, we provided the first approach to incorporating fairness into kidney

exchange in a way that prioritizes marginalized participants, but also comes with ac-

ceptable worst-case guarantees on overall efficiency loss. Furthermore, our method

is easily applied as an objective in the mathematical-programming-based clearing

methods used in today’s fielded exchanges. Using data from a large fielded kidney

exchange, we showed that our method bounds efficiency loss while also prioritizing

marginalized participants when possible.
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Chapter 7: Some Differences between Theory and Practice

Part I of this thesis focused on the kidney exchange clearing problem (KEP), which

is one aspect of the real and complicated process of kidney exchange. The previous

chapters focused mainly on technical aspects of the KEP: how algorithms perform

when the input parameters are uncertain, or how different groups of patients are

impacted when different objective functions are used. These analyses are useful for

several reasons: first, they help us develop better solution methods for the KEP,

which in turn can improve the effectiveness of fielded kidney exchange programs.

Second, the KEP is a variant of cycle packing—a general combinatorial optimization

problem which arises in several real-world scenarios. The insights gained by study-

ing the KEP can translate to these other problem domains relatively easily.

On the other hand, algorithmic research on the KEP is often too abstract, or too

theoretical to be immediately useful. This problem is not isolated to kidney ex-

change: a large proportion of computer science and applied mathematics research is

too abstract to be deployed without substantial modification.

However, novel computer science research can have greater immediate impact,

by focusing more on the underlying real-world problems we are trying to solve. The

following two chapters describe two applied research endeavors that focus more ex-

plicitly on the underlying application than on a mathematical model; both of these
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involve substantial involvement with stakeholders, and both have resulted in im-

provements to a fielded algorithmic system. This research involves several chal-

lenges which are not amenable to mathematical proofs or computational power, but

are necessary aspects of applied research. Below I outline three considerations that

played a role in this research; I hope these will be of use to computer scientists and

mathematicians interested in conducting applied research.

Stakeholder Buy-In It goes without saying that applied research should involve

people who will be directly impacted by the research and its findings—that is stake-

holders. Obtaining stakeholder buy-in to a research project is often necessary, since

stakeholders usually provide the data, the domain expertise, and the access to sys-

tems or people required for applied research. Obtaining and maintaining buy-in is

an ongoing process, which usually involves stakeholder oversight for the research

as well as the resulting publications. This can be seen alternatively as a constraint on

the direction of the research, or as an opportunity to engage with a wider commu-

nity. See [197] for an example of applied computer science research that explicitly

considers stakeholder buy-in. In deployed algorithmic systems there can be a huge

number of stakeholders, and it may not be necessary or possible to obtain buy-in

from everyone. Suppose for example we wish to run an experiment on an online

advertising platform. To conduct this research it might be necessary to obtain buy-in

from the platform’s product managers and engineering team. However there are

other stakeholders—the advertisers and their customers—from whom we need not,

and likely cannot, obtain buy-in. This raises questions of ethics, which we discuss

next.
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Ethical Considerations There is a wide variety of ethical concerns raised by de-

ployed algorithms, many of which are specific to the application domain; these con-

cerns are mainly directed at balancing the harms and benefits to stakeholders. A

comprehensive discussion of these concerns would take several more chapters, so

I will highlight only a few issues here. Since many modern algorithms are driven

by vast amounts of personal data, stakeholder privacy is one of the greatest ethical

concerns, and an active area of research [142]. Privacy is especially important when

stakeholders come from vulnerable groups (such as children, prisoners, and dis-

abled persons), or when the application involves sensitive personal data (as in health

care applications or private messaging services). Another important issue is access: if

a useful technology can only be accessed by certain groups of people, its benefits will

be unequally distributed; this can be addressed through inclusive design [100]. For

example, Johansson et al. [174] finds that people with language- and memory-related

disabilities face difficulty in using modern internet applications. There is however

another side to access: algorithms present an attractive low-cost alternative to (hu-

man) experts, and a low-quality algorithmic alternative can replace high-quality ser-

vice, particularly for marginalized populations. This is a real risk in health care: AI

systems have been proposed as an alternative to costly medical experts, particularly

in under-resourced areas [154, 313]. While these AI systems are “better than noth-

ing”, they are likely to remain less safe and provide lower-quality care than human

experts. Thus due to cost constraints, advanced algorithmic systems might prevent

access to high-quality health care, by providing an attractive but low-quality alter-

native. Another important ethical consideration is algorithmic bias and (un)fairness.

Biases can arise from a variety of places: the training dataset, assumptions made

in the design process, malicious intent, and—most commonly—negligence. Several

real instances of algorithmic bias have been reported by the media and academia;
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the most alarming instances involve explicit racism or sexism (see Section 14.2). A

high-level overview of this topic can be found in [95].

Legal Considerations While ethics issues abound, there are currently few cases

where algorithmic oversight is explicitly a legal matter. There are for example sev-

eral regulations meant to protect stakeholder privacy, including the European Union’s

General Data Protection Regulation (GDPR) [311], the United States’ HIPAA Pri-

vacy Rule [1], and California’s CCPA [2]. Another example is facial recognition:

several local and state governments have recently banned the use of facial recog-

nition systems, mainly targeting law enforcement.1 There are several reasons that

regulators may be hesitant to restrict the development or use of algorithms. Large-

scale applications of AI and ML are relatively young, and it is challenging to weigh

their harms and benefits. Furthermore, regulators are hesitant to stifle research ef-

forts. However even without regulation, deployed algorithms are still under close

scrutiny—particularly in medicine [42, 193, 320] and consumer protection [127, 128].

The following two chapters cover two applied projects; and both deal with the

considerations described above. First, Chapter 8 explores an algorithmic process for

pre-screening potential donors in—once again—kidney exchange. This research is

in fact motivated by uncertainty in transplant quality and feasibility, which is also

the focus of Chapters 3, 4, and 5. However these earlier chapters addressed trans-

plant uncertainty using mathematical optimization, which requires modifying kid-

ney exchange policy. Here we develop an approach that fits within the workflow of

a fielded exchange, rather than changing it. Then, in Chapter 9 we describe a new

matching system for connecting potential blood donors with donation opportuni-

ties. There are several practical challenges here: we aim to engage potential donors

1There are currently two US states and 18 cities which have banned some uses of facial
recognition, with many other state and local laws currently under consideration (https://www.
banfacialrecognition.com/map/).

https://www.banfacialrecognition.com/map/
https://www.banfacialrecognition.com/map/
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without overwhelming them with notifications; blood recipients need to be treated

fairly, otherwise they may opt out of the matching system; maintaining user privacy

is especially important, since blood donation involves sensitive health information.

Finally, it is important to note that these practical considerations are best ad-

dressed through direct collaboration with stakeholders. Going one step further, it is

important to understand how stakeholders both interact with and perceive of algo-

rithmic systems; this is the focus of Part III of this thesis.
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Chapter 8: Uncertainty in Kidney Exchange: Pre-Screening

8.1 Introduction

This chapter introduces a practical way to deal with uncertainty in kidney exchange,

using pre-screening. Like Chapters 3 and 5 we are primarily concerned with uncer-

tainty in the feasibility of potential transplants: if a donor is matched with a potential

recipient, will the transplant actually occur? Planned transplants may fail for a vari-

ety of reasons: for example, medical testing may reveal that the donor and recipient

are incompatible (a positive crossmatch); the recipient or their medical team may re-

ject a donor organ in order to wait for a better match; or the donor may decide to

donate elsewhere before the exchange is planned. Failed transplants are especially

troublesome in kidney exchange, due to the cycle and chain structures used: for ex-

ample, suppose that a cyclical swap is planned between three patient/donor pairs;

if any one of the planned transplants fails, then none of the other transplants in that

cycle can occur. Unfortunately, in fielded exchanges it is quite common for planned

transplants to fail. For example, the United Network for Organ Sharing (UNOS)

estimates that in FY2019, about 85% of their planned kidney transplants failed [198].
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Various matching algorithms have been proposed that aim to mitigate trans-

plant failures (for example, using stochastic optimization [16, 112], robust optimiza-

tion [216] (Chapter 3), or conditional value at risk [46] (Chapter 5). However, im-

plementing these strategies would require modifying fielded matching algorithms–

which in many cases would require changing law or policy. One way to avoid

failures without modifying the matching algorithm is to pre-screen potential trans-

plants [54, 56, 198], by communicating with the recipients’ medical team and possi-

bly using additional medical tests. Pre-screening transplants is costly, as it requires

scarce time and resources. Furthermore, there are often many thousand potential

transplants in any given exchange; selecting which transplants to screen is not easy.

In this chapter we investigate methods for selecting a limited number of trans-

plants to pre-screen, in order to “guide” the matching algorithm to a better outcome.

We formalize this as a multistage stochastic optimization problem, and we consider

both an offline setting (where screenings are selected all at once), and an online setting

(where screenings are selected sequentially).

Related Work. Prior work has addressed potential transplant failures; our model is

inspired by Dickerson et al. [112]. Pre-screening potential transplants has also been

addressed in prior work ([56, 226], and § 5.1 of [103]), and our model is similar to

stochastic matching and stochastic k-set packing [35]. However there are substantial

differences between these models and ours: (a) many prior approaches assume that

a large number of transplants may be pre-screened [56, 226]–on the order of one for

each patient in the exchange; we assume far fewer screenings are possible; (b) prior

work often assumes a query-commit setting–where successfully pre-screened trans-

plants must be matched. Instead we assume that non-screened transplants may also
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be matched–which more-accurately represents the way that modern exchanges op-

erate; (c) most prior work assumes that transplants that pass pre-screening are guar-

anteed to result in a transplant. In reality, transplants often fail after pre-screening, a

fact reflected in our model.

One of our approaches is based on Monte Carlo Tree Search (MCTS), which allows

efficient exploration of intractably large decision trees. While MCTS is primarily

associated with Markov decision processes and game-playing [60], it has been used

successfully for combinatorial optimization [177]. We use a version of MCTS, Upper

Confidence Bounds for Trees (UCT), which balances exploration and exploitation by

treating each tree node as a multi-armed bandit problem [29, 186].

Contributions

1. (§ 8.2) We formalize the policy-constrained edge query problem: where a decision

maker (such as a kidney exchange program) selects a set of potential edges

(potential transplants) to pre-screen, prior to constructing a final packing (a set

of transplants) using a fixed algorithm. This model generalizes existing models

in the literature, as edge failure probabilities depend on whether or not the

edge is pre-screened. Further, we allows for context-specific constraints, such

as those imposed by public policy or the particular hospital or exchange.

2. (§ 8.3) We prove that when the decision maker uses a max-weight packing pol-

icy (the most common choice among fielded exchanges), the edge query prob-

lem is both non-monotonic and non-submodular in the set of queried edges.

Despite these worst-case findings we show that this problem is nearly mono-

tonic for real and synthetic data, and simple algorithms perform quite well.

On the other hand, when the decision maker uses a failure-aware (stochastic)
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packing policy, the edge query problem becomes monotonic under mild as-

sumptions.

3. (§ 8.4) We conduct numerical experiments on both simulated and real exchange

data from the United Network for Organ Sharing (UNOS). We demonstrate

that our methods substantially outperform prior approaches and a random-

ized baseline.

8.2 The Policy-Constrained Edge Query Problem

As in previous chapters, kidney exchanges are represented by a graph G = (E, V)

where vertices V represent (incompatible) patient-donor pairs, and non-directed

donors (NDDs) who are willing to donate without receiving a kidney in return.

Directed edges e ∈ E between vertices represent potential transplants from the

donor of one vertex to the patient of another. Edge weights represent the “util-

ity” of an edge, and are typically set by exchange policy. Solutions to a kidney

exchange problem (henceforth, matchings) consist of both directed cycles on G con-

taining only patient-donor pairs, and directed chains beginning with an NDD and

passing through one or more pairs. Each vertex may participate in only one edge in

a matching–as each vertex can donate and receive at most one kidney.

The dilemma of edge failures is illustrated in the example exchange graph shown

in Figure 8.1. This exchange consists of a 3-chain (dashed edges) and two 2-cycles

(solid edges). Suppose the decision-maker queries edge eA: if eA is accepted, then the

chain from the NDD (n) through pairs (d1, p1), (d2, p2), and (d3, p3), i.e., the dashed

edges, can be included in the matching. However if eA is queried and rejected, then

the NDD cannot initiate the chain, and only the cycles may be matched. In our

model, if eA is not queried then it may still be matched.
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FIGURE 8.1: Sample exchange graph with a 3-chain (dashed edges)
and two 2-cycles (solid edges). The NDD is denoted by n, and each
patient (and associated donor) is denoted by pi (di). If edge e1 is not
queried, or queried and accepted, then the chain may be included in
the final matching. However if edge eA is queried and rejected, then

only the 2-cycles may be included in the final matching.

In this chapter we use a cycle-chain representation for matchings:1 let C represent

cycles and chains in G, where each cycle and chain corresponds to a list of edges; as

is standard in modern exchanges, we assume that cycles and chains are limited in

length. Matchings are expressed as a binary vector x ∈ {0, 1}|C|, where xc = 1 if cy-

cle/chain c is in the matching, and 0 otherwise. Let wc be the weight of cycle/chain c

(the sum of c’s edge weights). LetM denote the set of legal matchings–that is, the set

of vertex-disjoint cycles and chains on G, with chains up to length L and cycles up

to length K. Cycle length cap K and chain length cap L are set by the each exchange,

typically K = 3 and L = 4. These length limits serve two purposes: (a) longer cycles

and chains are risky, in that they are likely to be impacted by edge failure, and (b)

policy often requires that all transplants in a cycle or chain are completed simultane-

ously, and most transplant centers can only accommodate a handful of simultaneous

transplants. The total weight of a matching is simply the summed weights of all its

constituent cycles and chains: ∑c∈C xcwc. We denote sets of edges using binary vec-

tors, where q ∈ {0, 1}|E| represents the set of all edges with qe = 1. In the remainder

of this chapter we refer to pre-screening a transplant as querying an edge, in order to

be consistent with the literature.
1Our experiments use the PICEF formulation, which is more compact and equivalent [109].
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“Pre-match” “Post-match”

Construct Matching
● According to exchange policy, 
● using non-rejected edges

Query edges

FIGURE 8.2: Single-stage edge selection: First, edges are selected to
be queried, and responses revealed. Then, a final matching is con-
structed according to the exchange’s matching policy. Finally, the

post-match edge failures are revealed.

Selecting Edge Queries. Our setting consists of two phases (see Figure 8.2): dur-

ing pre-match, the decision maker selects edges to query, and each queried edge is

either accepted or rejected; then the decision maker constructs a matching using a

fixed policy. During post-match, each match edge either fails (no transplant) or suc-

ceeds (the transplant proceeds). We consider two version of the pre-match phase: in

the single-stage version, the decision maker selects all queries before observing edge

responses (accept/reject); in the multi-stage version, one edge is selected at a time

and responses are observed immediately.

Unlike most prior work, edges in our model may fail during both the pre- and

post-match phase. For example, suppose the decision maker queries an edge from

a 60-year-old non-directed donor, to a 35-year-old recipient; if the recipient or their

medical team rejects the elderly donor and decides to wait for a younger donor, this

is a pre-match rejection. Instead suppose the edge is not queried, and it is included

in the final matching; if medical screening reveals that the patient and donor are

incompatible, this is a post-match failure. We refer to pre-match failures as rejections

and post-match failures as failures; however we make no assumption about their

cause. We represent potential failures and rejections using binary random variables:
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r ∈ {0, 1}|E| denotes pre-match rejections, where re = 1 if e is queried and rejected,

and 0 otherwise (re = 0 for all non-queried edges). Similarly f ∈ {0, 1}|E| denotes

post-match failures, where f e = 1 if edge e fails post-match, and 0 otherwise. We

assume that the distribution of rejections r ∼ PR(q) is known, and depends on q;

we assume the distribution of failures f ∼ PF(q, r) is known, and depends on both

q and r.

Rejections and failures impact the matching through the weight of each cycle and

chain. If any cycle edge fails, then no transplants in the cycle can proceed; if a chain

edge fails, than all edges following it cannot proceed.2 Suppose we observe failures

f ; the final matching weight of c is

F(c, y) ≡



∑e∈c we if ∑e∈c ye = 0

0 if c is a cycle and ∑e∈c ye > 0

∑e∈c′ we if c is a chain, where c′ includes all edges up to the first failed edge.

Thus the post-match expected weight of matching x, due to both rejections r and failures

f , is

W(x; q, r) ≡ E
f∼PF(q,r)

[
∑
c∈C

xc F(c, r + f )

]
.

Matching Policy In this chapter we assume that the final matching is constructed

using a fixed matching policy, which uses only non-rejected edges; we denote this

policy by M(r). We focus primarily on the max-weight policy MMAX(·), which is used

by most fielded exchanges, and the failure-aware policy MFA(·), which maximizes the

2This assumes that chains can be partially executed: for example, suppose that the 4th edge in a 10-
edge chain fails; the first three edges can still be matched, and the post-failure chain weight sums only
these three edges. Not all fielded exchanges use this policy: some exchanges cancel the entire chain if
one of its edges fails.
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expected post-match weight [112]:

MMAX(r) ∈ arg max
x∈M

∑
c∈C

xc F(c, r) , MFA(r) ∈ arg max
x∈M(r)

E
f∼PF(q,r)

[
∑
c∈C

xc F(c, r + f )

]
.

Evaluating this policy requires solving a kidney exchange clearing problem, which

is NP-hard [5]. However, state-of-the-art method can solve realistic kidney exchange

clearing problems in fractions of a second (e.g., our experiments use the PICEF

method of Dickerson et al. [109]); thus, throughout this chapter we treat this pol-

icy as a low- or no-cost oracle.

Next we formalize the edge selection problem–the main focus of this chapter. We

denote by E the set of “legal” edge subsets, subject to exchange-specific constraints;

we assume that E is a matroid with ground set E. For example, the decision maker

may limit the number of queries issued to any one medical team (vertex in G) or

transplant center (group of vertices). We aim to select an edge set q ∈ E which

maximizes the expected weight of the final matching. These edges are selected using

only the distribution of future rejections and failures; we take a stochastic optimization

approach, maximizing the expected outcome over this uncertainty.

Single-Stage Setting. The single-stage policy-constrained edge selection problem

(henceforth, the edge selection problem) is expressed as

max
q∈E

VS(q) , with VS(q) ≡ E
r∼PR(q)

[
W (M(r); q, r)

]
, (8.1)

where, M(r) denotes the matching policy after observing rejections r, and W(x; q, r)

denotes the post-match expected weight of matching x. Exact evaluation of VS(q) is

often intractable, as the support of PR(q) grows exponentially in |q|. In experiments

we approximate VS(q) using sampling, and these approximations converge for a
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moderate number of samples (see Appendix C.1).

Multistage Setting. In the multi-stage setting, edge rejections are observed imme-

diately after each edge is queried. The multi-stage problem is expressed as

max
q1∈E1

E
r1∼PR(q1)

[
max
q2∈E1

E
r2∼PR(q2)

[
. . . max

qK∈E1

E
rK∼PR(qK)

[ W (M(r); q, r) ]
]

. . .
]

, (8.2)

where q ≡ ∑K
i=1 qi denotes all queried edges, r ≡ ∑K

i=1 ri denotes all rejections, and

E1 ⊆ E be denotes the legal edge subsets containing only one edge. First, we observe

that Problems 8.1 and 8.2 require evaluating a matching policy M(r). In the case of

kidney exchange, evaluating both the max-weight policy MMAX(·) and the failure-

aware policy MFA(·) require solving NP-hard problems; thus Problems 8.1 and 8.2

are at least NP-hard as well.

However, regardless how difficult the matching policy is, the question remains

whether edge selection is is hard. We observe that while these problems are difficult

in principle, experiments (§ 8.4) show that they are easy in practice. Proofs of the

following propositions can be found in Appendix C.3.

Proposition 8.1. With matching policy MMAX(·), the objective of Problem 8.1 is non-monotonic

in the number of queried edges, even with independent edge distributions.

In other words, querying additional edges can sometimes lead to a worse out-

come. This is somewhat counter-intuitive; one might think that providing addi-

tional information to the matching policy would strictly improve the outcome. This

is a worst-case result–and in fact our experiments demonstrate that querying edges

almost always leads to a better final matching weight.

Proposition 8.2. With matching policy MMAX(·), the objective of Problem 8.1 is non-submodular

in the set of queried edges.
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In other words, certain edges are complementary to each other–and querying com-

plementary edges simultaneously can yield a greater improvement than querying

them separately. Taken together, these propositions indicate that single-stage edge

selection with matching policy MMAX(·) is a challenging combinatorial optimization

problem. On the other hand, using the failure-aware matching policy MFA(·) allows

us to avoid some of these issues under mild assumptions.

Assumption 8.1. Let q, r ∈ {0, 1}|E| denote initial edge queries and responses. Let q′ be

additional edges, such that q + q′ ∈ {0, 1}|E| denotes an augmented edge set; let r′ ∈

{0, 1}|E| denote the responses to edges q′ only. We assume that for any such q, r, and q′,

E [r + f | q, r] ≥ E
[
r + r′ + f | q + q′, r

]
.

Intuitively, Assumption 8.1 excludes distributions where queries arbitrarily in-

crease edge failure or rejection. For example, Assumption 8.1 disallows the fol-

lowing distribution: suppose all edges are independent; all queried edges are ac-

cepted (P(re = 1 | q) = 0 for all q), all accepted edges have failure probability 0.5

(P( f e = 1 | qe = 1, re = 0) = 0.5), and all non-queried edges have failure proba-

bility 0.1 (P( f e = 1 | qe = re = 0) = 0.1). In this case, if an edge is not queried,

then it has overall rejection or failure probability 0.1 (i.e., E[re + f e | q, r] = 0.1 with

qe = 0); if this edge is queried, then it has rejection or failure probability 0.5 (i.e.,

E[re + r′e + f e | q + q′, r] = 0.5 with q′e = 1).

We also assume that edge failures are independent.

Definition 4 (Edge Independence). Two edges e, e′ ∈ E are independent if (a) their re-

jection distributions are conditionally independent, given whether or not they were

queried:

re ⊥⊥ re′ | qe and re ⊥⊥ re′ | qe′
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and (b) their failure distributions are conditionally independent, given whether or

not they were queried and rejected:

f e ⊥⊥ f e′ | qe, re and f e ⊥⊥ f e′ | qe′ , re′ .

Proposition 8.3. If edges are independent and Assumption 8.1 holds, then with a failure-

aware matching policy the objective of Problem 8.1 is monotonic in the set of queried edges.

While Propositions 8.1 and 8.2 state that single-stage edge selection is challeng-

ing in the worst case, our computational results suggest that these problems are often

easier on realistic exchanges.

8.2.1 Using the Max-Weight Matching Policy as a Baseline

It might seem as though our edge pre-screening procedure is simply compensating

for a flawed matching policy (MMAX(·)). If matching policy MMAX(·) performs poorly

in practice, then why not use MFA(·)? Indeed, MFA(·) can directly account for edge

failure, and Proposition 8.3 states that the edge selection problem is in fact “easy”

when using this policy. However this assumes that the edge failure distribution is

accurately known. The failure-aware matching policy MFA(·) is very sensitive to

the specified edge failure distribution, and if the assumed distribution is incorrect

then this policy can perform very poorly. This is in fact a reason that MFA(·) is not

used in practice: edge failure distributions are not accurately known, and exchange

programs are hesitant—with good reason—to guide their matching policy with a

noisy estimation of edge failure.

In our edge pre-screening setting, the assumed edge distribution may also be

noisy, however this does not directly affect the matching algorithm. In the worst

case, an incorrect edge failure distribution will lead us to pre-screen edges that do
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not provide useful information to the exchange (this is the status quo). This is in

stark contrast to MFA(·): in the worst case, a bad estimation of the edge failure dis-

tribution will cause MFA(·) to match risky cycles and chains, potentially decreasing

the number of transplants.

8.2.2 A Note on Match Run Frequency

In the real world kidney exchange is a dynamic process: patients are constantly enter-

ing and leaving the pool, and participants are matched every few weeks. One way

to deal with edge failure uncertainty is to match more frequently. For example if we

match patients and donors once every month, then each failed edge adds one month

to the waiting time for every patient who relied on the failed transplant. If we match

participants every few hours, this increase in waiting time is far less severe.

However there are good reasons to match infrequently. First, exchanges bene-

fit with the addition of more patients and donors—new edges “thicken” the com-

patibility graph, enabling more cycles and chains. Second, each transplant center

participating in exchange needs a transplant coordinator to manage individual pa-

tients and donors. Many small hospitals do not have a full-time staff for organ ex-

change, and they cannot deal with frequent match offers. For these reasons, most

exchanges match patients and donors very infrequently: the UK national kidney ex-

change matches patients and donors every quarter3 (once every three months); the

Canadian national exchange matches participants once every four months4; UNOS

currently matches patients once every week. 5

3https://nhsbtdbe.blob.core.windows.net/umbraco-assets-corp/24443/pol274-4.pdf
4https://profedu.blood.ca/en/organs-and-tissues/programs-and-services/

kidney-paired-donation-kpd-program
5https://unos.org/wp-content/uploads/unos/KPD_emanual_how-matching-works.pdf

https://nhsbtdbe.blob.core.windows.net/umbraco-assets-corp/24443/pol274-4.pdf
https://profedu.blood.ca/en/organs-and-tissues/programs-and-services/kidney-paired-donation-kpd-program
https://profedu.blood.ca/en/organs-and-tissues/programs-and-services/kidney-paired-donation-kpd-program
https://unos.org/wp-content/uploads/unos/KPD_emanual_how-matching-works.pdf
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8.3 Solving the Policy-Constrained Edge Query Problem

First we propose an exhaustive tree search which returns an optimal solution to

Problem 8.1 given enough time. Building on this, we propose a Monte Carlo Tree

Search algorithm and a simple greedy algorithm. Our multi-stage approaches are

very similar to these, and can be found in Appendix C.4.

Our optimal exhaustive search uses a search tree where each tree node corre-

sponds to an edge subset in q ∈ E . The children of node q correspond to any

q′ ∈ E which are equivalent to the parent q, but include one additional edge: C(q) ≡

{(q + q′) ∀q′ ∈ E : |q′| = 1 | (q + q′) ∈ E} . We say that edge sets (or tree nodes)

containing L edges are on the Lth level of the tree. We refer to nodes with no children

as leaf nodes. Unlike other tree search settings, the optimal solution to Problem 8.1

may be at any node of the tree, not only leaf nodes; this is a consequence of non-

monotonicity (see Proposition 8.1). The tree defined by root node q = 0 and child

function C(q) contains all legal edge subsets in E , when E is a matroid. Thus, any

exhaustive tree search algorithm (such as depth-first search) will identify an optimal

solution, given enough time and memory.

Of course exhaustive search is only tractable if E is small. Consider the class of

budgeted edge sets E(Γ) used in our experiments: E(Γ) ≡ {q ∈ {0, 1}|E| | |q| ≤ Γ}

(edge sets containing at most Γ edges). The number of edge sets in E(Γ) grows

roughly exponentially in Γ and |E|, and is impossible to enumerate even for small

graphs. Suppose a graph has 50 edges and we have an edge budget of five: there are

over two million edge sets in E(5). Even small exchange graphs can have thousands

of edges, and thus E(Γ) cannot be enumerated. Therefore, we propose search-based

approach.
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Monte Carlo Tree Search for Edge Selection (MCTS): We propose a tree-search al-

gorithm for single-stage edge selection, MCTS, based on Monte Carlo Tree Search

(MCTS), with the Upper Confidence for Trees (UCT) algorithm [186]. Our approach

keeps track of a value (the objective value of Problem 8.1) and a UCB value estimate

for each node, and these values are updated during sampling. The formula used to

estimate a node’s UCB value is

U
N −Vmin

Vmax −Vmin +
√

NP/N

where U is the “UCB value estimate” calculated by MCTS, N is the number of visits

to the node, NP is the number of visits to the node’s parent, and Vmax and Vmin are

the largest and smallest node values encountered during search.

When the set of tree nodes is too large to enumerate UCT can use a huge amount

of memory, by storing values for each visited node. To limit both memory use and

runtime, we incrementally search the tree from a temporary root node. Beginning

from the root (the the empty edge set), we use UCB sampling on the next L levels

of nodes—where L is a small fixed integer. After a fixed time limit, sampling stops

and we set the new root node to the current root’s best child according to its UCB

estimate—using the method of [186]. This process repeats until we reach the final

level of the search tree. Algorithm 3 gives a pseudocode description of MCTS, which

uses Algorithm 4 as a submethod. While often successful, MCTS requires exten-

sive training and parameter tuning. As a simpler alternative, we propose a greedy

algorithm.

Single-Stage Greedy Algorithm (Greedy). Like MCTS, our greedy algorithm begins

with the empty edge set as the root node, and iteratively searches deeper levels of the
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tree. However unlike MCTS, Greedy simply selects the child node with the greatest

objective value in Problem 8.1–that is, greedily improving the objective value; see

Appendix C.4 for a pseudocode description.

Algorithm 3 MCTS: Tree Search for Single-Stage Edge Selection

Require: E : legal edge sets, K: maximum size of any legal edge set, T: time limit

per level, L: number of look-ahead levels

qR ← 0 root node (no edges)

q∗ ← 0 the best visited node

V∗ ← objective value of q∗

for N = 1, . . . , K do

M← min{N + L, K}

Q← all nodes in levels N to M

U[q]← 0 ∀q ∈ Q UCB value estimate

V[q]← 0 ∀q ∈ Q objective value

N[q]← 0 ∀q ∈ Q number of visits

while less than time T has passed do

Sample(qR, M)

qR ← arg maxq∈C(qR) U[q]

Delete U[·], V[·], and N[·]
return q∗
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Algorithm 4 Sample: Sampling function used by MCTS

Require: q, M

N[q]← N[q] + 1

V[q]← objective of edge set q in Problem 8.1

if V[q] > V∗ then

q∗ ← q, V∗ ← V[q]

if q has no children then return V[q]

if q has children then

if |q| < M then

q′ ← arg maxq∈C(qR) U[q] + UCB[q]

U[q]← U[q]+ Sample(q′, M)

else

q′ ← a random descendant of q at any level

V ′ ← objective value of q′ in Problem 8.1

if V ′ > V∗ then

q∗ ← q′, V∗ ← V ′

U[q]← U[q] + V ′

Runtime. Our methods rely on an “oracle” to solve the NP-hard kidney exchange

matching problem; while state-of-the-art methods solve real-sized instances of these

problems in fractions of a second, there is no guaranteed bound for absolute runtime.

Instead, we can report the number of calls to this oracle for each method as a mea-

sure of complexity. Both benchmark methods (max-weight matching and failure-

aware [112]) as well as IIAB [56] use exactly one oracle call; i.e., they are O(1). Both

Greedy and MCTS use a fixed number of samples (M) to evaluate the objective of an

edge set. Greedy evaluates the objective of an edge set exactly Γ times; thus, Greedy
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is O(M · Γ · |E|). Finally, MCTS can in theory visit all potential edge sets of size at most

Γ (i.e., an exhaustive search), which is O(M ·∑Γ
γ=1 (

|E|
γ )). Since this version of MCTS is

intractable in both runtime and memory, Algorithm 3 imposes reasonable limits on

our implementation.

8.4 Computational Experiments

We conduct a series of computational experiments using both synthetic data, and

real kidney exchange data from UNOS; all code for these experiments is available

online.6 In these experiments, “legal” edge sets are the budgeted edge sets defined

as E(Γ) ≡ {q ∈ {0, 1}|E| | |q| ≤ Γ}. In Sections 8.4.2 and 8.4.3 we present results

in the single- and multi-stage edge selection settings, respectively. We use both real

data and synthetic data for our experiments.

8.4.1 Data

Real Data. We use exchange graphs from the United Network for Organ Sharing

(UNOS), representing UNOS match runs between 2010 and 2019. Some of these ex-

change graphs only have the trivial matching (no cycles or chains), or they have only

one non-trivial matching. We ignore these graphs because the matching policy is a

“constant” function (to return the one feasible matching) and edge queries cannot

change the outcome. Removing these, we are left with 324 UNOS exchange graphs.

These exchange graphs are relatively small and sparse: most graphs have fewer

than 250 vertices, and fewer of half of these can be matched via a legal cycle or chain

(with cycle cap K = 3 and chain cap L = 4); we refer to these vertices as matchable.

The number of NDDs (who can initiate chains) is extremely small: most exchanges

6https://github.com/duncanmcelfresh/kpd-edge-query

https://github.com/duncanmcelfresh/kpd-edge-query
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FIGURE 8.3: Number of patient donor pairs in each exchange, the
number of matchable vertices (who can participate in a legal cycle or
chain), and the number of vertices matched by MMAX(·) in simulation.
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FIGURE 8.4: Left: Histogram of the number of compatible donors
(edges) for each recipient, over all UNOS graphs. Right: Histogram
of the number of matchable edges for each recipient, over all UNOS

graphs.

have zero or 1 NDD. Figure 8.3 shows the number of vertices, the number of match-

able vertices, and the number matched by MMAX(·) (in simulation). These graphs

are also sparse: Figure 8.4 (left) shows the number of edges (compatible donors) for

each patient over all UNOS graphs. The median number of edges per patients is

29, and 14% have only one edge. Furthermore, while many patients have multiple

compatible edges, very few of these edges are matchable (see Figure 8.4 (right)): 72%

of all patients cannot be matched via a legal cycle or chain; of the matchable patients

(with one or more matchable donor), the median number of matchable donors is 3.

Synthetic Data. We generate random kidney exchange graphs based on directed

Erdős-Rényi graphs defined using parameters N and p: let V be a fixed set of N
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vertices; for each pair of vertices (V1, V2) there is an edge from V1 to V2 with prob-

ability p, and an edge from V2 to V1 with probability p (independent of the edge

from V1 to V2). Any vertices with no incoming edges are considered NDDs. In sim-

ulations we generate graphs which are smaller and more-sparse than the average

UNOS graph (N ≤ 100 and p = 0.01). These are meant to represent a toy-model

of kidney exchange, rather than a realistic imitation of exchange graphs. Please see

Appendix C.2 for results on these random graphs.

In these experiments edge rejections and failures are independently distributed

for each edge e; let PR be the rejection probability, PQ is the post-match success prob-

ability if e is queried/accepted, and PN is the success probability if e is not queried.

To simulate edge rejections and failures we use two synthetic edge distributions:

Simple and KPD. In the Simple distribution, PR = 0.5, PQ = 1, and PN = 0.5 for all

edges. The KPD distribution is inspired by the fielded exchange setting from which

we draw our real underlying compatibility graphs. According to UNOS, about 34%

of all edges are rejected by a donor or recipient pre-match [198]; we draw PR uni-

formly from U(0.25, 0.43) for each edge. Edges ending in highly-sensitized patients

(who are often less healthy and more likely to be incompatible) are considered high-

risk; for these edges we draw PQ from U(0.2, 0.5) and PN from U(0.0, 0.2). For other

edges we draw PQ from U(0.9, 1.0) and PN from U(0.8, 0.9).

8.4.2 Single-Stage Edge Selection Experiments

In this section we compare against the baseline of a max-weight matching without

edge queries (using policy MMAX(·)). Many fielded kidney exchanges use a variant

of this matching policy, so by comparing against this baseline we are illustrating

the impact of edge queries on the state-of-the-art matching policies used in many
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real exchanges. Let VX be the objective7 of Problem 8.1 achieved by method X, we

calculate ∆MAX (the relative difference from baseline) as ∆MAX ≡ (VX −VS(0))/VS(0).

A value of ∆MAX = 0 means that method X did not improve over the baseline, a value

of ∆MAX = 1 means that X achieved an objective 100% greater than the baseline, and

so on. Furthermore a value of ∆MAX > 0 means that method X increases the objective

by querying edges, while ∆MAX < 0 means that method X decreases the objective by

querying edges.

Result: Greedy is essentially Optimal with small random graphs. First we inves-

tigate the difficulty of edge selection. Using random graphs, we compare Greedy to

the optimal solution to Problem 8.1, found by exhaustive search (OPT). We generate

three sets of 100 random graphs with N = 50, 75, and 100 vertices, and each with

p = 0.01. For all graphs we run both OPT and Greedy with edge budget 3; we cal-

culate the optimality gap of Greedy as %OPT ≡ 100× (VOPT − VGreedy)/VOPT, where VX

denotes the objective achieved by method X. (VOPT > 0 in all graphs used in these

experiments.) If %OPT = 0 then Greedy returns an optimal solution, and %OPT > 0

means that Greedy is not optimal. Table 8.1 shows the number of random graphs

binned by %OPT, as well as the maximum %OPT over all graphs. For each N, Greedy

returns an optimal solution for at least 90 of the 100 graphs; the maximum %OPT over

all graphs is 2.8.

In other words, Greedy always returns an optimal or nearly-optimal set of edges

to query for small random graphs. This is somewhat unexpected, since the edge

selection problem is both non-monotone and non-submodular (see Section 8.2).

7All objective values are estimated using up to 1000 sampled rejection scenarios (see Appendix C.1),
as it is intractable to evaluate the exact objective of large edge sets.

†We use an approximation of Fail-Aware for the KPD distribution which assumes a uniform edge
failure probability; true Fail-Aware should always have ∆MAX > 0.
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TABLE 8.1: Optimality gap for Greedy, over 100 random graphs with
p = 0.01 and various N, with edge budget Γ = 3; bottom row shows

the maximum value of %OPT over all graphs.

Num. Graphs (out of 100)

%OPT N = 50 N = 75 N = 100

[0, 0.1] 93 93 90
(0, 1] 5 4 9
(1, 2] 1 3 1
(2, 100] 1 0 0

Max %OPT 2.8 1.5 1.0

TABLE 8.2: Single-stage results on UNOS graphs using the variable
IIAB edge budget (top rows), and the failure-aware method (bottom
row). Columns PX indicates the Xth percentile of ∆MAX over all UNOS

graphs.

Simple edge dist. KPD edge dist.

Method P10 P50 P90 P10 P50 P90

MCTS 0.40 0.67 1.11 0.05 0.45 3.44
Greedy 0.47 0.64 1.00 0.02 0.47 3.44
Random 0.00 0.10 0.46 −0.11 0.00 0.63
IIAB 0.21 0.45 0.89 −0.27 0.12 2.24

Fail-Aware 0.00 0.09 0.23 −0.27† 0.00† 2.17†
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Result: Greedy is essentially monotonic with UNOS graphs. We test Greedy on

real UNOS graphs, using maximum budget 100. Figure 8.5a shows the median ∆MAX

over all UNOS graphs, with shading between the 10th and 90th percentiles. Larger

edge budgets almost never decrease the objective achieved by Greedy, and Greedy

never produces a worse outcome than the baseline. Thus–in our setting–single-stage

edge selection is effectively monotonic in our setting, and Greedy is an effective

method.

Result: MCTS and Greedy are nearly equivalent with UNOS graphs. We compare

all methods on UNOS graphs, using smaller, more-realistic edge budgets from 1

to 10. For MCTS we use a 1-hour time limit per edge (Γ hours total). Figures 8.5b

and 8.5d compare ∆MAX for MCTS, Greedy, and random edge selection, for the Simple

and KPD edge distributions, respectively. We draw two conclusions from these re-

sults: (1) MCTS and Greedy produce almost identical results, further suggesting that

Greedy is nearly optimal in our setting; (2) in our setting, edge selection is effectively

monotonic, as ∆MAX almost never decreases. However Figure 8.5d gives an example

of non-monotonicity for both Greedy and Random: in some cases, querying edges

can lead to a worse outcome than querying no edges.

Result: Both MCTS and Greedy outperform benchmarks from the literature. We

also compare against two state-of-the-art approaches: the edge selection approach

of [56] (IIAB), which uses a variable edge budget that depends on the graph struc-

ture; and and the failure-aware matching policy of [112] (Fail-Aware8), which does

not query edges To our knowledge, IIAB is the only edge selection method in the

literature. We compare against the Fail-Aware method because it is a state-of-the-art

8For the KPD distribution we use an approximation of Fail-Aware, which assumes a uniform edge
failure probability.
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kidney exchange matching policy which aims to maximize the expected matching

weight, under a similar edge failure model to ours; we compare against this ap-

proach to further illustrate the utility of querying edges.

Table 8.2 shows a comparison of all edge-selection methods–each using the vari-

able edge budget of IIAB; the bottom row shows results for Fail-Aware. Both MCTS

and Greedy achieve greater ∆MAX (in distribution) than both benchmark methods.

This is expected in both cases: IIAB uses a heuristic to select edges to query, which

does not consider the final matching weight—the objective of our edge selection

problem; on the other hand, both MCTS and Greedy are designed to maximize this

objective. We do not expect Fail-Aware to out-perform any edge selection methods,

since Fail-Aware does not have access to information revealed after edge queries.

It is notable that Greedy performs better than MCTS (in distribution). This likely

means that MCTS is under-trained—that the time and memory limits used in our im-

plementation are too restrictive; alternatively, this indicates that Greedy is simply

very effective in our setting.

8.4.3 Multi-Stage Edge Selection Experiments on UNOS Graphs

We run initial multi-stage edge selection experiments on all UNOS graphs with the

Simple edge distribution. For each graph we test our multi-stage variants of MCTS

and Greedy, and compare with a baseline of random edge selection; as before, MCTS

uses a 1-hour training time per level. It is substantially harder to evaluate the multi-

stage objective, as each edge edge-selection method changes depending on rejections

observed in prior stages. Similarly, the MCTS search tree is orders of magnitude larger

in the multi-stage setting: each node in tree corresponds to both an edge set and a

rejection scenario (see Appendix C.4).
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FIGURE 8.5: Results for UNOS graphs. Right: edge budget up to 10
for the Simple distribution (top) and the KPD distribution (bottom).
Top-left: Greedy with edge budget up to 100, for the simple distribu-
tion. Bottom-left: multi-stage methods using the Simple distribution.
In all plots, a solid line indicates median ∆MAX over all UNOS graphs,
and shading is between the 10th and 90th percentiles; a dotted line

indicates the baseline.
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In these initial experiments we evaluate each method on 10 edge rejections re-

alizations (only a small subset). We estimate ∆MAX for each method and each graph

by averaging the final matching weight over all realizations. Figure 8.5c shows the

results of these experiments.

These initial multi-stage results are quite similar to our single-stage results. How-

ever it is notable that the objective value in the multi-stage setting is somewhat

higher than in the single-stage setting–even using the simple method Greedy. Fur-

ther, this suggests that more can be gained by developing a more sophisticated

multi-stage edge selection policy. We leave this for future work.

8.5 Discussion

Many planned kidney exchange transplants fail for a variety of reasons; these fail-

ures greatly reduce the number of transplants that an exchange can facilitate, and

increase the waiting time for many patients in need of a kidney. Avoiding trans-

plant failures is a challenge, as exchanges are often constrained by policy and law

in how they match patients and donors. We consider a setting where exchanges can

pre-screen certain transplants, while still matching patients and donors using a fixed

policy. We formalize a multi-stage optimization problem based on realistic assump-

tions about how transplants fail, and how exchanges match patients and donors; we

emphasize that these important assumptions are not included in prior work. While

this problem is challenging in theory, we show that it is much easier in practice–with

computational experiments using both synthetic data and real data from the United

Network for Organ Sharing. In experiments, we find that pre-screening even a small

number of potential transplants (around 10) significantly increases the overall qual-

ity of the final match–by more than 100% of the original match weight.
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Our initial study of the pre-screening problem suggests several areas for future

work. First we assume that the distribution of transplant failures is known, when in

reality only rough approximations of these distributions are available. Second, we

assume that exchange participants (donors, recipients, hospitals) are not strategic.

In reality, strategic behavior plays a substantial role in real exchanges [7]; we ex-

pect that participants might behave strategically when responding to pre-screening

requests. Third, our model does not account for equitable treatment of different pa-

tients [215]. For example, it may be the case that pre-screening a transplant decreases

the likelihood of the transplant being matched. That might disproportionately im-

pact highly-sensitized patients, which are both sicker and more difficult to match

than other patients.

8.6 Authors and Publication

This chapter was written by Duncan C McElfresh, Michael Curry, Tuomas Sand-

holm, and John P Dickerson, and it appeared at NeurIPS’20 [214]. Many thanks to

Ruthanne Leishman, Sarah Booker, Morgan Stuart, and Darren Stewart for provid-

ing insight and motivation for this project.
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Chapter 9: Matching Algorithms for Blood Donation

9.1 Introduction

Blood is a scarce resource; its donation saves the lives of those in need. Countries

approach blood donation in different ways, running the gamut from privately-run

to state-run programs, with or without monetary compensation, and with varying

degrees of public campaigns for action.1 As such, blood donation rates differ across

different countries; for example, approximately 3.2%, 1.5%, 0.8%, and 0.5% of the

population donates in high-, upper-middle-, lower-middle-, and low-income coun-

tries, with varying rates of voluntary versus paid donors [319]. Yet demand for blood

still far exceeds supply, and unmet need is greatest in low- and middle-income coun-

tries [263]. Thus, experts suggest that the blood supply chain—collection, testing,

processing, storage, and distribution—be managed at a national level [263, 319].

Optimization-based approaches to blood supply chain management have a rich

history in the operations research and health care management literature. [235] re-

views over 100 publications in this space since 1963. The supply chain is roughly

split into collection, testing & processing, storage & inventory, and distribution &

transfusion [236]. Substantial research effort has gone into each of those segments [113,

120, 178, 251, 327]. Yet, we note that most optimization-based research in the initial

1Some examples follow. China maintains state control of its donation centers, which take a mix of
captive-, quota-, and voluntary-based donations [152]. The US mixes state- and private-run donation
that is primarily sourced via voluntary donations [235]. Brazil has seen a recent shift from remuner-
ated to non-remunerated (aka voluntary) donation at its initially state-run, and now Federally-run,
centers [73].
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collection stage of the blood supply chain has focused on prediction of blood supply

(e.g., during a crisis). In this work, we instead focus on the creation and coordination

of blood supply via automated social prompts, subject to the expressed preferences

and constraints of potential donors and the overall donation system. That is, we

focus on the donor recruitment stage of the blood supply chain (see Figure 9.1).

&ROOHFWLRQ�

Ɣ 6HOHFWLQJ�FROOHFWLRQ�ORFDWLRQV
Ɣ )RUHFDVWLQJ�GRQRU�DUULYDOV
Ɣ 6FKHGXOLQJ�VWDII�	�GRQRUV
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Ɣ 6FKHGXOLQJ�WHVWLQJ�	�SURGXFWLRQ

6WRUDJH�	�,QYHQWRU\�

Ɣ 6HOHFWLQJ�VWRUDJH�ORFDWLRQV
Ɣ 0DQDJLQJ�SHULVKDEOH�LQYHQWRU\
Ɣ )RUHFDVWLQJ�EORRG�GHPDQG

'LVWULEXWLRQ�	�7UDQVIXVLRQ�

Ɣ 'HOLYHU\�URXWLQJ
Ɣ 0DWFKLQJ�KRVSLWDOV�ZLWK�
VWRUDJH�FHQWHUV

'RQRU�5HFUXLWPHQW�

Ɣ 0RGHOLQJ�GRQRU�SUHIHUHQFHV
Ɣ &RQQHFWLQJ�GRQRUV�ZLWK�QHDUE\�
RSSRUWXQLWLHV

FIGURE 9.1: Stages of the blood supply chain. Our work—donor
recruitment—precedes the four stages of the blood supply chain as

described in [235].

Donor recruitment has also been a topic of study for decades. Factors like so-

cial pressure [289], empathetic messaging [260], and non-monetary incentives [78]

can increase donation rates. Negative past experiences, and real or perceived bar-

riers to donation, can also impede donation rates [93, 149, 309]. Most importantly,

this body of work suggests that different donors are motivated by different factors. In

other words, personalized recruitment strategies—which respect diverse donor mo-

tivations, preferences, and perceived barriers to donation—should be more effective

than a uniform recruitment strategy.

Our work leverages the widespread use of web-based applications (apps) and

social media platforms, which already play a substantial role in blood donor re-

cruitment. The American Red Cross, which provides about 40% of transfused blood
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FIGURE 9.2: (a) The Facebook Blood Donation tool inter-
face, where users can search for donation opportunities, and
opt in to receive notifications about nearby opportunities as
they arise. (Source: https://about.fb.com/news/2018/06/
making-it-easier-to-donate-blood.) (b) an example matching
graph, with donors (Facebook users who opt in to receive notifi-
cations about nearby opportunities), recipients (e.g., hospitals and
blood banks), and edges (potential notifications that can be sent to

donors).

in the United States,2 recently launched an app to connect blood donors with do-

nation opportunities.3 A review by [237] identifies 169 free mobile apps for blood

donation; though many of these apps have usability and privacy issues that may

prevent widespread use. In a survey of donors at a German hospital, [297] finds that

social media platforms Jodel and Facebook are a major motivation for donation—

especially for first-time donors. Similar studies find that WhatsApp and Twitter

help promote donation in Saudi Arabia [10] and India [3].

Herein we propose a personalized donor recruitment strategy using the recently

developed Facebook Blood Donation tool,4 which connects millions of potential

blood donors with opportunities to donate, in several countries around the world.

2https://www.redcrossblood.org/donate-blood/how-to-donate/
how-blood-donations-help/blood-needs-blood-supply.html

3https://www.redcrossblood.org/blood-donor-app.html
4https://socialgood.fb.com/health/blood-donations/

https://about.fb.com/news/2018/06/making-it-easier-to-donate-blood
https://about.fb.com/news/2018/06/making-it-easier-to-donate-blood
https://www.redcrossblood.org/donate-blood/how-to-donate/how-blood-donations-help/blood-needs-blood-supply.html
https://www.redcrossblood.org/donate-blood/how-to-donate/how-blood-donations-help/blood-needs-blood-supply.html
https://www.redcrossblood.org/blood-donor-app.html
https://socialgood.fb.com/health/blood-donations/
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Users of this tool can opt in to receive notifications about nearby donation oppor-

tunities. Our strategy aims to notify donors about opportunities they are more likely

to take action on. We frame this notification scenario as an online bipartite match-

ing problem [176]—a well-studied paradigm which has been applied to a variety of

settings including online advertising [221] and rideshare services [111, 206, 315]. We

demonstrate, both in computational simulations and in a real A/B test, that even a

simple matching policy can substantially increase the likelihood of donor action.

9.2 Online Platform: the Facebook Blood Donation Tool

The advent of global social networks offers a unique opportunity to recruit and co-

ordinate massive numbers of donors, in order to meet a large and unpredictable

demand for donor blood. The Facebook Blood Donation Tool aims to seize this

opportunity—leveraging the widespread use of its online platform to connect blood

donors with nearby recipients (see Figure 9.2a). Donors can also opt in to receive

notifications about nearby donation opportunities. This tool is available in several

countries around the world5; as of December 2020, more than 85 million people

have registered with this tool.6

In this chapter we focus on a small but important feature of the Blood Donation

Tool: automatic donor notifications. Our primary goal is to increase the number of

blood donations around the world by carefully selecting which opportunity to notify each

donor about, and when to notify them. We frame this question of donor notifications

as an online matching problem. One might ask whether such a complicated approach

is warranted in this setting—perhaps it does not matter how and when donors are

5As of February 2021, the Blood Donation Tool has been approved in Bangladesh, Brazil, Burkina
Faso, Chad, Cote d’Ivoire, Egypt, England, Guinea, Hong Kong, India, Kenya, Mali, Mexico, Mongo-
lia, Namibia, Netherlands, Niger, Northern Ireland, Pakistan, Peru, Rwanda, Senegal, South Africa,
the United States, Taiwan, Wales and Zimbabwe (see https://socialimpact.facebook.com/health/
blood-donations/).

6https://socialimpact.facebook.com/health/blood-donations/.

https://socialimpact.facebook.com/health/blood-donations/
https://socialimpact.facebook.com/health/blood-donations/
https://socialimpact.facebook.com/health/blood-donations/
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notified. To better motivate our approach, we first answer the question: how can we

tell whether a Facebook user donates blood after we notify them?

9.2.1 Measuring Donation: Meaningful Action.

To design notifications that effectively encourage blood donation, it is necessary to

know when donations occur. However social networking platforms like Facebook

cannot directly observe a user’s action outside the platform. As a proxy, we instead

observe when a donor takes meaningful action toward donation after being notified.

In our context, Meaningful Actions (MA) include user behaviors such as creating a

reminder to donate, or calling a blood bank; note that these actions are only observed

if taken within the Facebook platform.

It is beyond the scope of this study to validate MA as a proxy for actual dona-

tion, however initial results indicate that MA is a reliable indicator. For example, a

2018 Facebook study with its partner donation sites in India and Brazil found that

20% of donors said that Facebook influenced their decision to donate blood.7 In the

remainder of this chapter, we focus on increasing the number of donor MAs as a

proxy for increasing the number of donations. Our goal is to design a notification

policy that chooses both (a) when to notify a donor, and (b) which donation opportu-

nity to notify them about. The next step in designing this policy is to understand

which notifications are likely to prompt donor MA. We begin with some high-level

observations.

As an initial analysis we consider all notifications sent to donors using the Face-

book Blood Donation tool over a one-month period.8 Below we describe some high-

level observations; we leave a deeper analysis to future work.

7Ibid.
8Hundreds of millions of notifications.



146

1. Users rarely take meaningful action in response to notifications: between 3%

and 4% of all notifications lead to meaningful action.

2. More-engaged donors are more likely to take meaningful action: Donors

who tend to use Facebook every day are about 43% more likely to take mean-

ingful action in response to a notification than those who use Facebook about

once per week.

3. New users are more likely to take action: donors who joined Facebook within

the last year are about 35% more likely to take action in response to a notifica-

tion that those who have been users for longer.

4. Older donors are more likely to take action: donors over 30 years old are

about 22% more likely to take action in response to a notification than donors

under 30.

5. Donors are more likely to take action if they are notified about a nearby

opportunity: Donors who are notified about opportunities less than 3km away

are 20% more likely to take action than those who are notified about further-

away opportunities.

6. Donors are more likely to take action if they haven’t been notified recently:

Donors who haven’t been notified about a donation opportunity in the past 60

days are about 12% more likely to take action in response to a notification than

those who have been notified in the past 60 days.

We emphasize that several of these observations have been reflected in prior

studies: (1) reflects the observation of [289] and [297] that social pressure and in-

fluence from family or friends can increase donation rates. (5) reflects the finding of
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[309] and [149] that logistical barriers to donation can impede donation rates. (6) re-

flects the finding of [325] that blood donors can be burdened by receiving too many

notifications.

The likelihood of donor MA varies significantly across several features of both

the blood donor (e.g., when they were last notified) and donation opportunity (e.g.,

location). To better understand these dependencies we train a predictive model for

estimating likelihood of donor MA, using all available data from prior notifications.

This model is used in both our offline and online experiments.

9.2.2 Machine Learning Model for Donor Action

To develop a machine learning (ML) model of donor action, we use all prior noti-

fications sent by the Facebook Blood Donation tool. This model takes an individ-

ual notification as input, and predicts the probability that the donor will take action.

Each notification is represented by a set of features of both the donor and the dona-

tion opportunity (i.e., the independent variables); the dependent variable is binary

(i.e., whether or not the donor took MA). Before being deployed, this ML model

and application passed through Facebook’s internal review process to protect user

privacy.

Prior to training this model, we use industry-standard feature selection tech-

niques to identify the most important features for predicting donor MA; these fea-

tures are (in decreasing order of importance, with importance percentage in paren-

thesis): (1) whether the donor recently took meaningful action (18%), (2) donor age

(8.5%), (3) donor city (7.5%), (4) the number of Facebook friends the donor has

(7.3%), (5) the distance between donor and recipient (6.8%). Other relevant features

include the number of local donors (6.5%), number of times a donor has viewed the

hub in the last 30 days, and the number of days since the donor’s last notification.
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FIGURE 9.3: Density of estimated likelihood of MA, for all notifica-
tions in the training data.

Using the selected features, we train a gradient boosted decision tree (GBDT)

model. We use standard parameter-sweep techniques to obtain the learning rate of

0.1, 120 trees, a maximum tree depth of 5 and a maximum number of leaves of 120.

This model is trained using 10-fold cross-validation on 80% of the the training data

and an additional 10% for validation; it achieves an AUC of 0.66 and logistic loss of

0.45, averaged over all training folds. Training this model is particularly challenging

because of the small number of “positive” examples (i.e., the number of donor MAs).

Figure 9.3 shows the density of prediction scores returned from this model, over all

training data. Most prediction scores are between 0-10%, with an average of 3.43%—

quite close to the observed likelihood of MA.

We use this model to estimate how likely it is that a donor will take action, when

notified about a particular donation opportunity. Next we describe how this model

is used to design a notification policy: by framing blood donor recruitment as a

matching problem.

9.3 Matching Framework for Blood Donation

We represent a blood donation problem as a weighted bipartite donation graph G =

(U, V, E), with donors u ∈ U and donation opportunities (or recipients) v ∈ V.9

9We use the terms “donors" and “recipients" as shorthand for prospective donors and recipients.
Facebook does not make any determination about a person’s eligibility to donate blood; these are
potential donors who sign up to receive notifications of blood donation opportunities.
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Each vertex has a set of attributes (e.g., blood type, geographical location, and so

on), and these attributes determine whether a donor u can donate to a recipient v—

i.e., whether u and v are compatible. Compatible pairs (u, v) are connected by edges

e = (u, v) ∈ E; we denote all edges adjacent to vertices u ∈ U (v ∈ V) as Eu: (E:v). All

omitted proofs for the theoretical results in this section are given in Appendix D.3.

If an edge e = (u, v) exists, then donor u can be notified about v.10 We discretize

time into days t ∈ T ≡ {1, . . . T}, with a finite-time horizon T. In our setting both

donors an recipients are dynamic, in the sense that some donors and recipients are

available at certain time steps. This notion of dynamism is designed specifically to

represent a blood donation setting.

We assume that donors may receive only one notification at each time step, how-

ever any number of donors may be notified about the same recipient on any time step.

Thus, our setting more-closely resembles b-matching [19] than traditional bipartite

matching.

Edge Weights: Each edge (u, v) has weight equal to the probability that donor u

donates to recipient v once notified (i.e., the predicted MA likelihood, see §9.2.2);

we assume that edge weights wet are indexed by edge e and time step t. In other

words, some edges (notifications) are more likely than others to result in donation:

for example, certain people may be more likely than others to donate (e.g., people

who have donated frequently in the past, as observed by [150]) and people may

prefer to donate on specific days more than others.

Recipients: We consider both static recipients S ⊆ V, such as blood banks and hos-

pitals, and dynamic recipients (or events) D ⊆ V, such as blood drives or emergency

10In this initial work, we assume the set of potential donors and donation centers do not change,
although this longer-term dynamism is certainly interesting to consider as future research.



150

requests. Static recipients are available during all time steps, and edges into these

recipients are always available. Events arrive in an online manner, and are available

only during certain time steps. We assume that the distribution of recipient availabil-

ity is known and defined by pvt ∈ [0, 1]: the probability that recipient v is available

at time t. The distribution of recipient arrivals pvt is assumed to be known; this is a

primary input to our matching algorithms. We use p̂vt to denote a realization of recip-

ient arrivals, which is 1 if donor v is available at time t and 0 otherwise. We assume

that realized recipient arrivals p̂vt are revealed on each time step t. In other words,

at time step t′ all realized arrivals p̂vt are known for time steps t with 1 ≤ t ≤ t′.

Donors: After a donor signs up with the Facebook Blood Donation Tool, we say

they are available to receive notifications (i.e., to be matched) at any time. While there

is essentially no limit on the number of notifications that can be sent on via online

platform, there is a legal limit on how often people can donate blood. This limit

is meant to protect donor health, and is often set by local governments or health

authorities.11 Thus, due to legal and health considerations, and out of respect for

donors’ time and attention, we limit how often each donor is notified: this limit is

one notification every K ∈ Z+ days. Since not all notifications lead to donation, it is

reasonable to set K to 7 or 14 days—much shorter than the donation rate limit.

Balancing Priorities: In general there are several priorities when matching blood

donors and recipients: we aim to increase the number of active blood donors, max-

imize the number of donations, respect donor privacy and preferences, satisfy re-

cipients’ needs, and so on. Deciding which of these policies is most important is

a matter of policy, and is beyond the scope of this chapter. Here we consider two

priorities which we believe are relevant to any blood donor matching platform: (a)

11Typically 8 weeks or longer; see https://www.redcrossblood.org/faq.html.

https://www.redcrossblood.org/faq.html
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increasing the overall number of donations from a fixed donor pool, and (b) treat-

ing recipients equitably. While the justification for priority (a) is perhaps obvious,

priority (b) requires more discussion.

9.3.1 Equitable Treatment of Recipients

In an online blood donor matching platform, notification policies have a far greater

potential to impact recipients than donors. From a donor’s perspective, a change

in notification policy might mean that they receive notifications at a slightly differ-

ent rate, or that they are encouraged to donate to a different recipient. (Recall that

donors can always browse for opportunities using the Blood Donation tool; they

need not pay attention to notifications.) However from a recipient’s perspective,

a change in notification policy can drastically impact the number of notifications

encouraging donors to visit their facility. For example if predictive models suggest

that edge weights to centrally-located hospitals are high, while edge weights to rural

hospitals are near zero, then a simple edge-weight-maximizing policy would never

notify donors about rural hospitals (indeed we report a similar distance-based effect

in Section 9.5). Furthermore, two-sided matching platforms—such as the Facebook

Blood Donation tool—are most effective when both sides of the market benefit from

participating. If donors are never notified about rural recipients then these recipients

might choose to leave the platform, which is a strictly worse outcome for everyone.

For these reasons we consider the fairness of different notification policies.

Our approach is inspired by the problem of fair division in economics [296], and

specifically the notion of weighted proportional fair division [94]. In weighted pro-

portional fair division, a finite set of resources is divided among agents such that

each agent values their allocation proportional to their weight—where greater weight

represents greater endowment or priority. In our setting, different recipients have
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different numbers of compatible donors (e.g., due to their location), or different edge

weights (e.g., due to donor preferences or recipient accessibility); it may not be rea-

sonable to, for example, guarantee that each recipient is matched with the same total

edge weight. Instead we endeavor to match each recipient with edge weight propor-

tional to their normalization score—where normalization scores are provided as input

to the matching policy. Furthermore, since individual edges cannot be divided be-

tween recipients, it is not always possible to guarantee exact proportionality for all

recipients. Instead we use a relaxed notion of proportionality, based on the normal-

ized edge weight matched with each recipient.

Definition 5 (γ-Proportional Matching). Let Yv be the total weight matched with

recipient v over time horizon T , and let mv be the normalization score for v. This

matching is γ-proportional for γ ∈ (0, 1] if

γ
Yv′

mv′
≤ Yv

mv

for each v, v′ ∈ V.

In other words, a matching is γ-proportional if the normalized matched weight

for recipient v is at least fraction γ ∈ (0, 1] of the normalized matched weight for all

other recipients. Note that with γ = 1, all recipients receive the same normalized

matched weight.

By this definition, it is always γ-proportional to allocate zero matched weight to

all recipients (i.e., Yv = 0 for all v ∈ V); we refer to this the empty allocation. We are

interested in non-empty allocations; thus, one might wonder how hard it is to find

any γ-proportional allocation which matches at least one edge. We refer to this as

the γ-proportional allocation problem.
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Definition 6 (γ-Proportional Allocation Problem). Input: γ ∈ (0, 1], donation graph

G = (U, V, E), edge weights we ∈ R+ for each e ∈ E, and normalization scores

mv ∈ R+ for each v ∈ V. All recipient availability is known ahead of time. Does there

exist a non-empty set of edges in E′, with E′ ⊆ E, which covers each donor at most once, and

is γ-proportional to all recipients?

Theorem 9.1. The γ-proportional allocation problem is NP-hard for every γ ∈ (0, 1].

In other words, it is intractable to identify a γ-proportional allocation when re-

cipient availability is known. Furthermore, recipient availability is often unknown:

some recipients may host regular week-long blood drives, and others may only ac-

cept donation in response to patient needs. Instead we focus on proportionality in

expectation—over all possible realizations of recipient availability.

9.4 Matching Policies

We aim to match donors with recipients such that we maximize edge weight (max-

imize the number of MAs), such that the outcome is γ-proportional for recipients.

Here we define matching policies which trade off between both of these goals. These

policies assume that donor availability is fixed, that is, we are given as input the time

steps in which each donor can be notified. This is a natural constraint for fielded

notification systems, which may only notify donors, for example, on certain days

of the week. In Appendix D.4 we briefly discuss policies which also select when to

notify each donor.

Each matching policy takes as input a bipartite graph G = (U, V, E) with edge

weights wet, normalization scores mv, recipient arrival distribution pvt, and time

horizon T . At each time step t, all observed demand realizations p̂vt′ for all t′ ≤ t

are “revealed” to the policy, and may be used as input.
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We use parameters aut to denote the (exogenous) donor availability on each time

step: donor u may be matched on time step t only if aut = 1. We denote the set of

available edges for recipient u on time t by Et
u: ≡ {(u′, v′) ∈ E | u′ = u, aut = p̂v′t =

1}.

In order to benchmark practical matching policies, we compare them with an un-

realistic offline optimal policy, which has complete knowledge of the “true” demand

realization p̂vt. The offline optimal policy is defined using any optimal solution to

Problem 9.1.

max ∑
t∈T

∑
e∈E

wetxet

s.t. xet ∈ {0, 1} ∀e ∈ E t ∈ T

sv ∈ R ∀v ∈ V

xet ≤ p̂vtaut ∀e = (u, v) ∈ E, t ∈ T

∑
e∈Et

u:

xet ≤ aut ∀u ∈ U, t ∈ T

sv = 1
mv

∑
t∈T

∑
e∈Et

:v

xetwet ∀v ∈ V

γsv ≤ sv′ ∀v, v′ ∈ V, v 6= v′.

(9.1)

Here variables xet are 1 if edge is matched at time t and 0 otherwise; auxiliary vari-

ables sv denote the normalized matched weight for recipient v. An offline optimal

policy for this setting is defined using an optimal solution to Problem 9.1.

Definition 7 (Offline Optimal Policy OPT(γ)). Let x∗et be an optimal solution to Prob-

lem 9.1, for demand realization p̂et. At each time t ∈ T , OPT(γ) matches all edges

e ∈ E such that x∗et = 1. Policy OPT(0) refers to the offline-optimal matching policy

without proportionality constraints.

Corollary 9.1.1. It is NP-hard to identify policy OPT(γ), for every γ ∈ (0, 1].
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As a direct corollary of Theorem 9.1, Problem 9.1 is NP-hard for every γ ∈ (0, 1].

Thus, even if the demand realization is known, it is computationally hard to find

an optimal matching. Of course, in realistic settings the demand realization is not

known. Instead, our proposed policies use distributional information (exogenous

parameters pvt) to match donors and recipients. We compare these realistic policies

to OPT(γ) using two evaluation metrics:

Competitive Ratio. Let E[OPT(0)] be the expected matched weight by OPT(0), over

all demand realizations. Let E[ALG] be the expected matched weight by matching

policy ALG, over all demand realizations and (if ALG is stochastic) all policy realiza-

tions. The competitive ratio is

CR ≡ min
G,p,a

E[ALG]
E[OPT(0)]

,

where the minimization is over all possible matching graphs, demand distributions,

and donor availability. In other words, CR is the worst-case ratio of expected match-

ing weight over all possible matching scenarios.

Expected Proportionality. Let E[Yv] be the expected weight matched by an a match-

ing policy, over all demand realizations and (if ALG is stochastic) all policy realiza-

tions. The expected proportionality of policy ALG is

EP ≡ min
G,p

max
γ∈[0,1]

{γE[Yv]/mv ≤ E[Yv′ ]/mv′ ∀(v, v′) ∈ V, v 6= v′},

where as before mv is a fixed normalization score for recipient v, and the minimiza-

tion is over all possible graphs, demand distributions, and donor availability. In

other words, if policy ALG is guaranteed to be γ-proportional in expectation then
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EP = γ. Note that EP may be 0, meaning that there is no γ > 0 such that the

expected outcome is γ-proportional.

For the remainder of this section we assume that agent normalization scores are

determined by a uniform random notification policy, defined below.

Definition 8 (Uniform Random Policy Rand (fixed-time)). At each time step t ∈ T ,

for each available donor u: Rand matches u using an edge in Et
u: chosen uniformly at

random.

Definition 9 (Normalization Score mv). Let E[Yv] be the expected weight matched

with recipient v, over all recipient demand realizations and (for randomized policies)

over all policy realizations. The scaling factor for recipient v is mv ≡ E[Uv].

Using these normalization scores we imply that policy Rand, and its outcome,

are “fair”; we emphasize that this is only one choice of normalization scores, and in

practice the notion of fairness/proportionality should be defined by stakeholders.

Metrics CR and EP help us characterize the expected performance of fixed-time

matching algorithms. In the following two sections we analyze two classes of poli-

cies: myopic policies use only information from the current time step to make match-

ing decisions (this includes both policies implemented in our online experiments);

non-myopic policies take into account the demand distribution for future time steps.

Myopic Policies only take into account the information available at each time step.

We consider two simple baseline myopic policies, Max and Rand (defined above).

Policy Max is defined below.

Definition 10 (Max-Weight Policy Max). At each time step t ∈ T , for each available

donor u: let W ≡ maxe∈Et
u:

wet be the maximum edge weight for any of u’s available
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edges at time t. Max matches u using any edge in Et
u: with edge weight W, and if

multiple edges have weight W then one is chosen randomly.

First, note that Rand has EP = 1 by definition. On the other hand, Max does not.

Lemma 9.2. Max is EP = 0; that is, in the worst case Max is 0-proportional in expectation.

Intuitively Max ignores normalization weights mv, meaning that it does not guar-

antee proportionality. In the worst case, Max can leave some recipients can un-

matched, meaning that EP = 0. On the other hand, Max always maximizes matched

weight.

Lemma 9.3. Max achieves competitive ratio CR = 1. Further, without proportionality

constraints (γ = 0), Max is equivalent to an offline-optimal policy (OPT(0)).

On the other hand, since Rand ignores edge weight, its worst-case competitive

ratio is low.

Lemma 9.4. Rand achieves a competitive ration of at most CR = 1/N when there are N

recipients.

Baseline policies Max and Rand represent two ends of a spectrum: on one side, Max

prioritizes maximizing edge weight, at the cost of proportionality for recipients; on

the other side, Rand treats all recipients “fairly” (for one specific notion of fairness),

but does not prioritize edge weights. To balance these objectives in a principled way,

we might randomly choose between Max and Rand at each time step, for each donor.

This is the purpose of myopic policy RandMax, defined below.

Definition 11 (Hybrid Policy RandMax(γ)). At each time step t ∈ T , and for each

available donor u ∈ U, this policy randomly chooses to (a) match the donor using

policy Max (with probability 1− γ), or (b) match the donor using policy Rand (with

probability γ).
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Since this policy randomly mixes Max (which is equivalent to an offline-optimal

policy with γ = 0), and Rand (which is a “perfectly” proportional policy in this

setting), this hybrid policy effectively balances the objectives of maximizing matched

weight and proportionality for recipients.

Lemma 9.5. RandMax(γ) has CR = 1− γ and EP = γ, for all γ ∈ [0, 1].

In other words, this hybrid policy strikes a balance between matched weight

(CR) and proportionality (EP), set by parameter γ. However this hybrid policy may

not be Pareto optimal: for γ ∈ (0, 1) there may be another policy with stronger

guarantees on both proportionality EP and competitive ration CR.

We leave the task of identifying a Pareto optimal policy to future work; instead

we propose a class of stochastic policies with moderate guarantees on CR and EP,

though their performance is far better than these guarantees in computational ex-

periments.

The policies introduced in this section are based on the optimal solution to an

LP formulation of our matching problem. As a baseline for these policies we use

an LP relaxation of the offline optimal MILP, Problem 9.1. We refer to this relax-

ation as Problem 9.1-LP (not stated explicitly). This problem is nearly identical to

Problem 9.1, with two differences: (1) variables xet are continuous (on interval [0, 1])

rather than binary, and (2) demand realization p̂vt is replaced by demand distribu-

tion pvt.

Before defining matching policies based on Problem 9.1-LP, we make some im-

portant observations. First, Problem 9.1-LP yields a valid upper bound for Prob-

lem 9.1

Lemma 9.6. Let ZLP denote the optimal objective of Problem 9.1-LP for a matching problem

defined by U, V, E, mv, pvt, T and γ ∈ [0, 1]. Let E[OPT(γ)] be the expected objective of the
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offline-optimal policy, over all demand realizations. Then, ZLP ≥ E[OPT(γ)].

This result lets us use Problem 9.1-LP as an upper-bound on the matched weight

for any matching policy; we use this as a baseline for which to compare other match-

ing policies.

We consider two classes of LP-based policies: non-adaptive policies (which pre-

commit to a set of edges that may be matched), and adaptive policies (which may

change their matching decisions at each time step).

9.4.1 Non-adaptive Policies

We consider a class of non-adaptive policies which pre-match at most one edge for

each donor at each time step—that is, matching decisions may not adapt at each time

step as new information is revealed. At each time step, if the donor is pre-matched to

an edge and the edge’s recipient is available, then this edge is matched; otherwise the

donor remains unmatched during this time step. Of course, this does not guarantee

that all donors are matched at each time step—and therefore the competitive ratio

can be quite low.

Warm-Up: Policies based on Problem 9.1. First we consider a non-adaptive policy

based on an optimal solution for Problem 9.1-LP.

Definition 12 (NAdapLP(α, γ)). Let x∗et denote an optimal solution to Problem 9.1-LP

with proportionality parameter γ ∈ [0, 1] and α ≥ 0. For each time step t ∈ T

and each donor u ∈ U, edge e ∈ Eu: is pre-matched with probability αx∗et/pvt, and

the donor is not pre-matched with probability 1− α ∑e=(u,v)∈Eu:
x∗et/pvt. At each time

step, all donors are matched using their pre-matched edge, if the pre-matched donor

is available.
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In this policy, parameter α is a scaling factor used to ensure that each edge assign-

ment distribution is valid—that is, that α ∑e=(u,v)∈Eu:
x∗et/pvt ≤ 1 for all u ∈ U. Note

that this policy can only be implemented if each of these distributions are valid. Con-

veniently, the probability that any edge is matched by NAdapLP(α, γ) is expressible in

terms of the optimal solution to Problem 9.1-LP used to define this policy.

Lemma 9.7. Let x∗et be the optimal solution used in policy NAdapLP(α, γ). The unconditional

probability that edge e is matched at time t by policy NAdapLP(α, γ) is αx∗et.

Lemma 9.7 leads to some additional observations about this policy.

Corollary 9.7.1. NAdapLP(α, γ) has competitive ratio CR = α.

Corollary 9.7.2. NAdapLP(α, γ) is always γ-proportional in expectation, that is, EP = γ.

Both corollaries follow directly from Lemma 9.7 and the constraints of Prob-

lem 9.1-LP. These results suggest that we can arbitrarily increase the weight matched

by NAdapLP(α, γ) by increasing α; however these policies are not guaranteed to be

valid. This policy can only be implemented if α is small enough that each edge as-

signment distribution is valid.

Lemma 9.8. Policy NAdapLP(1/D, γ) is always valid and achieves a competitive ratio of

CR = 1/D and EP = γ for all γ ∈ [0, 1], where D is the maximum degree of any donor:

D ≡ maxu∈U |Eu:|.

In other words, Policy NAdapLP(1/D, γ) is always implementable; thus there al-

ways exists a non-adaptive policy which achieves expected proportionality EP = γ

and competitive ratio CR = 1/D for all γ ∈ [0, 1]. This competitive ratio guarantee

is quite weak, and we might ask whether a better non-adaptive policy exists. Indeed

it does, and we discuss this policy next.
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Optimal γ-Fair Non-Adaptive Policies Here we aim to identify a policy which is

γ-proportional in expectation (EP = γ), and also maximizes matched weight (and

thus CR); we refer to this as an optimal γ-proportional non-adaptive policy. To iden-

tify this policy, we first observe that any non-adaptive policy can be characterized by

the probability that it pre-matches edge e at time t: yet ∈ [0, 1]; using these statistics,

the unconditional probability that e = (u, v) is matched at time t is yet pvt. Note that

for any non-adaptive policy, the probability that donor u is pre-matched at time t is

at most 1 if u is available and 0 otherwise; thus, statistics yet must satisfy conditions

∑e∈Eu:
yet ≤ aut for all u ∈ U, and t ∈ T . If a non-adaptive policy is γ-proportional,

then yet must satisfy conditions

γsv ≤ sv′ ∀v, v′ ∈ V

with

sv =
1

mv
∑
t∈T

∑
e∈Et

:v

yet pvtwet ∀v ∈ V.

Aggregating these conditions, we observe that the statistics yet of any γ-proportional

non-adaptive policy is a feasible solution to the following LP.

max ∑
t∈T

∑
e∈E

wetyet pvt

s.t. yet ∈ [0, 1] ∀e ∈ E t ∈ T

sv ∈ R ∀v ∈ V

∑
e∈Eu:

yet ≤ aut ∀u ∈ U, t ∈ T

sv = 1
mv

∑
t∈T

∑
e∈Et

:v

yet pvtwet ∀v ∈ V

γsv ≤ sv′ ∀v, v′ ∈ V, v 6= v′.

(9.2)



162

Furthermore, a solution to Problem 9.2 corresponds to a non-adaptive policy; we use

an optimal solution to this problem to define a γ-proportional non-adaptive policy.

Definition 13 (NAdapOpt(γ)). Let y∗et be an optimal solution to Problem 9.2. For each

time step t ∈ T and each donor u ∈ U, a pre-matched edge is drawn with probability

y∗et; with probability 1− ∑e∈Et
u:

y∗et, no edge is pre-matched. At each time step t and

for each available donor u, if the donor is pre-matched with an available recipient,

then the pre-matched edge is matched.

Lemma 9.9. NAdapOpt(γ) achieves expected proportionality EP = γ and maximal compet-

itive ratio over all non-adaptive policies, with CR ≥ 1/D (where D is the maximum degree

of any donor).

Both non-adaptive policies described in this section are γ-proportional in expec-

tation (EP = γ), thought their competitive ratio guarantee is somewhat weak. This

is expected, since non-adaptive policies cannot change their matching decisions be-

tween time steps—they pre-match at most one edge for each donor at each time step.

Some pre-matched edges will in fact be unavailable, depending on the particular de-

mand realization (which is not known in advance).

9.4.2 Adaptive Policies

Adaptive policies can use any available information in order to make matching

decisions—including observed demand realizations, prior matching decisions, and

the distribution of future demand. We leave a general characterization of adaptive

policies to future work; here we consider a simple class of adaptive policies that nat-

urally extends the non-adaptive policies from the previous section. This policy class,

AdaptMatch, takes as input the set of edges pre-matched by a non-adaptive policy,

denoted by M, where Mut = e ∈ E if u is pre-matched along edge e at time t, and
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Mut = ∅ if u remains unmatched at time t. AdaptMatch uses pre-matched edges

when possible, and if a pre-matched edge is not available it matches donors using

either Rand (with probability γ) or Max (with probability 1− γ). Algorithm 5 gives a

pseudocode description of this matching algorithm.

Algorithm 5 AdaptMatch: Adaptive matching policy

Require: donors V, recipients U, edges E, time steps T , donor availability, pre-

matched edges Mut, parameter γ ∈ [0, 1]

for each time step t ∈ T do

for each available donor, u do

if u has a pre-matched edge Mut, and this edge is available then

Match u using pre-matched edge Mut

else

Flip a weighted coin with “heads” probability γ

if heads then

Match u with policy Rand

else

Match u with policy Max
return Matched edges for each time step

Note that this adaptive policy matches strictly more edges (in expectation) than

their non-adaptive counterparts. Thus, expected matched weight (and CR) is strictly

larger for AdaptMatch than the non-adaptive policy it is based on.

While competitive ratio is at least as large for these policies (CR ≥ 1/D) as for

their non-adaptive counterparts, there is no meaningful guarantee on expected pro-

portionality. We leave more sophisticated adaptive policies to future work. How-

ever, while these approximate adaptive policies do not have strong guarantees on
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CR or EP, they perform far better than these guarantees well in computational ex-

periments (see § 9.5.1).

9.5 Results

Prior to deploying new matching policies in an online setting, it is important to as-

sess their performance in simulations. Section 9.5.1 outlines computational simu-

lations with real data from the Facebook Blood Donation Tool, using our proposed

matching policies; Section 9.5.2 describes our online experiment with the Facebook

blood donation tool. In Appendix D.1 we also present results using synthetic, pub-

licly available data.

9.5.1 Computational Simulations

We developed open-source simulation code for these simulations, which implements

each of our proposed policies; details of these simulations are discussed in Ap-

pendix D.1. All code used in these simulations is available in the supplementary

material, and on GitHub.12 Data related to the Facebook blood donation tool can-

not be released due to concerns for user privacy. We test each matching policy from

the previous section using data from the Facebook Blood Donation tool, and we ran

separate simulations for 12 major cities around the world. For each city we create a

blood donation graph, consisting of donors V and recipients U registered with the

Blood Donation tool; edges are created between donors and recipients within 15km

of each other, and edge weights are calculated by the GBTD models described in

Section 9.2.2. Each of these cities has on the order of 1000 donors, 100 recipients, and

100,000 edges.

12https://github.com/duncanmcelfresh/blood-matching

https://github.com/duncanmcelfresh/blood-matching
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We require that donors are notified exactly once every K = 14 days, and the

first day each donor is notified is chosen randomly from t ∈ {1, . . . , 13}; recipient

availability parameter pvt are determined from past notifications. The realized re-

cipient availability used in these experiments is randomly drawn using parameters

pvt, and this realization is fixed for the remainder of the experiment. Each simula-

tion runs for 60 days, so each donor is notified exactly 4 times. Since policies Rand

and AdaptMatch are random, we run 50 independent trials with these policies. We

define recipient normalization scores mv as the average weight matched to v over all

50 trials of Rand.

For policy Maxwe calculate the total matched weight, and for Rand and AdaptMatch

we calculate the average matched weight over all trials. We also calculate the (aver-

age) weight matched to each recipient, Yv. Using the recipient weights we calculate

a measure of proportionality Gamma, defined as

Gamma ≡ max{γ ∈ [0, 1] | γYv/mv ≤ Yv′/mv′∀v, v′ ∈ V}.

Simulation Results Simulation results for all 12 cities are shown in Figure 9.4. For

each city we simulate matching using policies Max, Rand, and AdaptMatch. We imple-

ment several versions of AdaptMatch: each uses a fixed parameter γ ∈ {0.0, 0.1, . . . , 1.0},

and pre-matched edges M ≡ NAdapOpt(γ). These plots in Figure 9.4 illustrate the

trade-off between overall matched weight and proportionality (or fairness) for re-

cipients. While Max maximizes matched weight in this setting, it does not guarantee

a proportional outcome: in all cities except for City 1 and City 9, Gamma is zero for

Max, meaning that some recipients are never matched by this policy. On the other

hand, Rand is proportional by definition (and Gamma = 1), though this policy does

not maximize matched weight. However, Rand always matches at least 90% of the
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FIGURE 9.4: Simulation results for 12 cities around the world. Each
plot corresponds to one 60-day trial in each city. The vertical axis
shows the fraction of matched weight, compared to Max; the horizon-
tal axis shows proportionality metric Gamma. Policy Max is shown
as a red circle, Rand is a blue “×”, and AdaptMatch is a green “+” (for
γ = 0.0, 0.1, . . . , 1.0. Arrows on each plot indicate the values of γ used

by AdaptMatch.
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maximum possible matched weight in all simulations, and more than 95% in five

out of the 12 cities.

While policy AdaptMatch does not have strong guarantees on matched weight or

proportionality, it mediates smoothly between the extremes of Rand and Max, accord-

ing to parameter γ. In some cases, this policy matches more weight than Rand, while

still achieving a nearly-proportional outcome (Gamma equal to 1), as in Cities 3, 5,

and 7.

9.5.2 Online Experiments

As a proof-of-concept, we compare the max-weight matching policy (Max) to the

random baseline policy (Rand, which is similar in behavior to the notification policy

currently used by the Facebook Blood Donation tool), in an online experiment. The

goal of this experiment is to answer the question: can we increase the overall number

of donor meaningful actions by carefully selecting which recipient to notify each donor

about. Both of these policies notify donors once every 14 days; they only differ

in which recipient each donor is notified about. Rand selects a nearby recipient at

random, while Max selects a nearby recipient with the greatest likelihood of donor

MA—according to our predictive model.

To compare these policies we design a randomized an online experiment, includ-

ing hundreds of thousands of donors registered with the Facebook Blood Donation

tool. We randomly partition these donors into a control group (who were notified

using policy Rand) and a test group (who were notified using policy Max). As in our

simulations, we include only static recipients (e.g., hospitals and large blood banks),

who are always available to receive donations.
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Potential Impact on Donors and Recipients. This experiment was approved by an

internal review board. We emphasize that the impact of these experiments is min-

imal: the only difference between the test and control group in this experiment is

which donation opportunity the donor is notified about. The impact on blood re-

cipients is less clear: due to our experimental design we cannot effectively measure

the proportionality of each notification policy in a meaningful way. However it is

possible that any optimization-based matching policy (e.g., Max or AdaptMatch) pri-

oritizes certain recipients over others. This may marginalize recipients in rural areas

or those with a limited Facebook presence. More thorough analysis of these impacts

is necessary before more widespread adoption of these policies.

Online Experiment Results This experiment ran from Nov. 23 to Dec. 17, 2019 (25

days); in total, 1,359,980 donors were notified using either policy Rand or Max. In

this experiment many donors had only one compatible recipient—in this case, the

donor was always notified about this recipient, regardless of the notification policy.

For clarity, we distinguish between notifications sent to donors who had only one

compatible recipient (1R), and those sent to donors with two or more compatible

recipients (+2R). Thus we only expect to observe a difference between control and

test groups for +2R notifications; we expect the same outcome for (1R) notifications.

Table 9.1 shows the number of notifications and meaningful actions for notifications

of each type (1R and +2R), in both the test and control group. Note that only +2R no-

tifications are relevant for comparing the test and control groups, though we report

both for transparency. The key result in these tables is the percentage of notifications

that led to meaningful action (%MA, a number on [0, 100]). We report the Wilson

score interval for %MA as C± R/2, where [C− R/2, C + R/2] is the 95% confidence

interval.



169

TABLE 9.1: Online Experiments - Number of notifications (#Notifs)
and meaningful actions (#MA), over the online experiment. Notifica-
tions are separated into those sent to donors with only one compatible
recipient (1R), and those sent to donors with two or more compatible
recipients (+2R). Wilson score intervals are for the percentage of no-
tifications that lead to MA are presented as C ± R/2, where the 95%

confidence interval is [C− R/2, C + R/2].

Notif. Group
Control (Rand) Test (Max)

#MA #Notifs %MA #MA #Notifs %MA

1R 10,534 215,544 4.7± 0.1 10,755 214,841 4.8± 0.1
+2R 15,551 420,230 3.7± 0.1 16,054 412,387 3.9± 0.1

In the remaining discussion we consider only the +2R notifications, as there is

no difference between the test and control group for 1R notifications. For the overall

experiment, %MA is about 5% higher for Max than for Rand. To better understand

the differences between the control and test groups, we use two statistical tests to

compare the notifications sent by Max and Rand.

Overall Comparison We use both a two-sided and one-sided Chi-square test to

compare %MA (+2R notifications only) for the control and test groups, over all no-

tifications sent during this experiment. Let PRand and PMax represent %MA for the

control (Rand) and test (Max) groups, respectively. The two-sided test checks the

null hypothesis H0: PRand = PMax, with alternative PRand 6= PMax; the one-sided test

checks null hypothesis H0: PRand = PMax, with alternative PRand < PMax. We can re-

ject both of these null hypotheses with p � 0.01. In light of the results presented in

Table 9.1, these statistical test suggests Max achieves a small (∼ 5%) but significant

improvement over Rand in terms of overall %MA. In the next set of statistical tests

we compare each day of the experiment as a separate trial.

Daily Paired Comparison Next we treat day of the experiment as a set of paired

measurements of both PRand and PMax. For each day of the experiment (26 days in
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FIGURE 9.5: Aggregate MA rate for both Rand and Max, for each day
in the experiment. Rates are calculated using the cumulative number
of notifications and MAs at each day in the experiment. Error bars
show the 95% confidence interval (Wilson score interval), and points

indicate the center of the interval.

total) we calculate sample estimates of PRand and PMax—i.e., the 100 times the ratio

of MAs to overall notifications. Note that donors are notified once every 14 days,

meaning that the set of donors notified on any particular day is nearly disjoint from

the donors notified on any other day of the experiment; for this reason we treat the

measurements of PRand and PMax on different days as independent.

We use a two-sided Wilcoxon signed-rank test to check the null hypothesis H0:

the median difference between daily PMax and PRand is zero. We reject this null hy-

pothesis (p � 0.01), further confirming that notification policy Max yields a higher

MA rate than Rand. For illustration, Figure 9.5 shows the 95% confidence intervals

for PRand and PMax, using the aggregated number of notifications and MAs for each

day of the experiment. In the Appendix D.2 we show the results for each individual

day, as well as the cumulative rates.
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9.6 Discussion

We introduce the problem of connecting blood donors with demand centers in a

time-dependent setting, with uncertain demand. We formalize this as an online

matching problem, with the priorities of efficiency (maximizing the number of do-

nations) and fairness (proportionality) for recipients. We propose a class of stochastic

policies for this setting, to which we compare a realistic randomized baseline. In sim-

ulations we see a clear trade-off between the overall number of donations and pro-

portionality (Figure 9.4); the particular trade-off between these objectives depends

on the notification policy used. Policy Max (which maximizes edge weight/expected

donations) results in a 5-10% increase in the overall number of expected donations,

compared to a random baseline (Rand). However Max tends to favor certain recipi-

ents over others. In our simulations, Max completely ignores some recipients in 11

out of the 12 cities tested—presumably because these recipients are associated with

lower edge weights. On the other hand, Rand always sends a “fair” amount of noti-

fications to each recipient, regardless of edge weight (according to the definition of

fairness and proportionality used in this study). To mediate between the extremes of

Rand and Max, we propose a class of stochastic policies (AdaptMatch); in simulations

these policies effectively control the balance between the overall expected number

of donations and proportionality across recipients, using parameter γ.

As a proof-of-concept we run an online experiment via the Facebook Blood Do-

nation Tool, comparing notification policies Rand and Max. We find that Max results

in about 5% more meaningful actions (a proxy for donations) than Rand. In relative

terms this improvement seems small, however the implications are quite meaning-

ful. This experiment investigated one small improvement to the notification strategy

used by the Facebook Blood Donation Tool, i.e., whether the donor is notified about
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a nearby donation opportunity at random (Rand), or notified about a particular op-

portunity selected by a predictive model (Max). Several other modifications to the

notification policy might yield similar improvements: for example by changing how

often each donor is notified, by more carefully planning for future donation needs, or

by tailoring notifications to each donor’s unique preferences and values.

The potential impact of this work is considerable. Indeed, if our observed results

generalize to the entire community of Facebook blood donors, then a 5% increase

in donor action corresponds to at about 160, 00013 more donors taking meaningful

action toward donation when notified. Even if few of these meaningful actions lead

to actual donation, the increase is still substantial.

Before implementing these policies at a large scale in practice, it is important

to understand their potential impacts on both blood donors and recipients. In this

study impact on donors is minimal; the only difference between notification poli-

cies is which donation opportunity they are notified about. However our simulation

results indicate that blood recipients may face significant impacts from changes in

notification policy. For example policies that prioritize edges with a high likelihood

of meaningful action (e.g., policy Max) may ignore certain recipients—such as rural

hospitals or small donation centers with a limited web presence. This observation is

particularly troubling if low-weight recipients are already unlikely to recruit donors,

which we expect is the case. Of course, this potential injustice is exactly the motiva-

tion for our stochastic policy AdaptMatch.

Blood donation is a global challenge, and has been the focus of many dedicated

organizations and researchers for decades. In this chapter we investigate a new

13Our results reported in Table 9.1 suggest that policy Max leads has a meaningful action rate of
3.9%, compared to 3.7% for policy Rand. The difference is 0.2%—or 160, 000 of the estimated 85 mil-
lion donors registered with the Blood Donation Tool (https://socialimpact.facebook.com/health/
blood-donations/).

https://socialimpact.facebook.com/health/blood-donations/
https://socialimpact.facebook.com/health/blood-donations/
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opportunity to recruit and coordinate a massive network of blood donors and recip-

ients, enabled by the widespread use of social networks. We formalize a matching

problem around matching blood donors with recipients, and test these policies in

both offline simulations and an online experiment using the Facebook Blood Dona-

tion Tool. Our findings suggest that a matching paradigm can significantly increase

the overall number of donations, though it remains a challenge to do so while treat-

ing recipients equitably.

9.7 Authors and Publication

This chapter was written by Duncan C McElfresh, Christian Kroer, Sergey Pupyrev,

Eric Sodomka, Karthik Abinav Sankararaman, Zack Chauvin, Neil Dexter, John P

Dickerson; an earlier version of this chapter appeared at EC’20 [217].
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Part III

Human-Algorithm Interactions
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Chapter 10: Toward Participatory Algorithm Design

Part III of this thesis steps away from the technical details of algorithm design, and

turns toward questions of how people use and perceive of algorithms. I focus here

on real, deployed algorithmic systems that help people make important decisions—

such as finding the most efficient use of a scarce medical resource, screening job

applications, or estimating the risk of criminal recidivism. In these applications

there is broad agreement that deployed algorithms should satisfy certain ethical

standards, however concrete definitions of these standards remain elusive. There

is little consensus what ethical standards algorithms ought to meet, how compliance

with these standards should be measured and enforced, and how algorithms should

be designed to meet them.1 There has been some progress on this front: over the

past decade, the computer science community has highlighted fairness, accountabil-

ity, transparency, interpretability, and explainability as especially important properties

for deployed algorithms. New academic groups, conferences, and funding sources

have emerged around these topics, which is perhaps a mark of progress. Yet there is

no consensus on how these properties should be defined or implemented, and the

literature is full of conflicting definitions. I believe that this research is currently un-

dermined by its technical bias—focusing on the algorithm rather than the stakeholders

it is intended for.
1One notable exception is privacy, which has been an active research area for decades [142].
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Take for example the research domain currently referred to as eXplainable Artifi-

cial Intelligence (XAI)—which includes the study of machine learning interpretabil-

ity and explanations. Presently, the XAI literature is largely based on computer scien-

tists’ beliefs of what “good” explanations look like, and this narrow focus has drawn

criticism from both within [223] and without [20] the computer science community.

Moreover, XAI research is largely focused on technical problems and technical solu-

tions. For example, nearly all foundational machine learning explanation methods

explain output from complex algorithms using output from additional complex algo-

rithms [209, 261, 281, 298]. In these papers, explanations are deemed useful if they

satisfy certain mathematical properties (symmetry, additivity, fidelity, and so on),

which serve as abstractions for the needs of an actual stakeholder or user. Some re-

cent methods incorporate user feedback—such as personalized explanations [278], the

use of social transparency in XAI [119], and the context-specific explanations devel-

oped in Chapter 12 of this thesis. This is a step in the right direction, however I

believe that even deeper stakeholder engagement is warranted.

Most human-focused AI and ML research, including XAI, centers the algorithm

rather than the stakeholder. The stakeholder is often absent from the actual research

process, save for a nod in the introduction or conclusion.2 In order for our research

to realize benefit, and to avoid harm, I believe that it is necessary to engage directly

with people who use, and who are impacted by, our research—i.e., stakeholders. Since

stakeholders are saddled with the benefits and burdens of AI and ML, they are best-

equipped to make normative judgments about these systems: such as whether a

system is behaving well or poorly, or whether it should be deployed at all. It may

well be that the AI and ML literature aligns with stakeholder interests (we address

this question in Chapter 14), however this cannot be assumed: in some cases AI and

2There are certainly exceptions [316, 321].
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ML systems are demonstrably misaligned with stakeholder interests [234]. However

it is not clear how to facilitate collaboration between stakeholders and computer sci-

entists; I’ll refer to this endeavor as Participatory Algorithm Design (PAD). The phrase

participatory algorithm design was coined by [197] to describe their WeBuildAI frame-

work for algorithm design; this is one of the only examples of participatory algo-

rithm design in the computer science literature, and will serve as an inspiration for

my future work.

As the phrase suggests, PAD is inspired by Participatory Design (PD): a practice

that includes stakeholders directly in the innovation and development of new tech-

nologies. PD emerged in the late 20th century as a way for workers and labor unions

to influence how computers would impact the workplace [57]; today PD falls un-

der the umbrella of Human-Computer Interaction (HCI). There is a wide variety of

PD methodologies for facilitating stakeholder interaction, and the PD literature has

long grappled with the challenges of ethics and power that will inevitably arise in

algorithm design [310]. PD would be a natural starting point for PAD research, how-

ever PD techniques are not commonly used by the applied AI and ML communities.

These communities have instead developed a variety of stakeholder collaboration

models, unrelated to PD, which are described either explicitly or implicitly in the

literature. Most AI and ML literature assumes a “top-down” approach, where stake-

holders determine system requirements, and technicians design algorithms to meet

them; this is true of most XAI and ML fairness research. Alternatively, a “bottom-

up” approach is guided by stakeholder input or by observing stakeholder behavior,

for example through a survey. [131]. Hybrid approaches can involve both aspects

of top-down and bottom-up design [11]. Yet another approach defines a division

of labor between technologists and stakeholders—where each group has different

responsibilities in the design process [201]. Formalizing the goals and methods of
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PAD is an important next step; I discuss this in greater detail in Chapter 16.

Each of the following chapters addresses a different aspect of Participatory Al-

gorithm Design: Chapter 11 investigates how (artificial) AI suggestions can impact

real decisions; Chapter 12 explores a framework for user-driven explanations of ML

models; Chapter 13 highlights the importance of indecision in human and algorithmic

decision making; and Chapter 14 studies when people understand (and misunder-

stand) algorithmic definitions of ML fairness.
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Chapter 11: AI-influenced Decisions

11.1 Introduction

As AI systems are increasingly used to inform—and sometimes make—important

decisions, it is increasingly important to understand how AI suggestions impact hu-

man decision making. We investigate this question using a hypothetical decision

making scenario, where participants are shown an (artificial) AI-generated prediction

of their future decisions; some participants are shown (artificial) predictions from a

human expert, and a control group is shown no predictions. Our research questions

are: Do people follow predictions made about their future decisions? And does this

depend on whether the prediction came from an AI system or a human?

To address these questions we conducted three studies on the effect of “Artificial

Artificial Intelligence” (AAI) assessment, in which random statements about users’

values were (falsely) presented as AI-generated feedback. In each study, partici-

pants received an AAI assessment of their morality before they were presented with

a series of hypothetical questions related to kidney allocation. We found that AAI

assessments had an effect on participants’ allocation choices between patients. Un-

der some conditions, this effect was slightly altered if participants were first asked

whether they agreed with the assessment. We also found differences between the ef-

fect on people who believed the assessment to be AI-generated, compared to those

who believed that it was from human experts.
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As our studies build on research across several disciplines including computer

science, moral psychology, and social psychology, part of our effort is to suggest

how relevant concepts can be reasonably translated across these frameworks. From

the perspective of computer science, our question about AI assessment and moral

decision making can be interpreted as determining the effect of intervening on pref-

erences by introducing a prediction, which is presented to the user as an assessment

in the sense described above. The question of how most effectively to learn prefer-

ences is the focus of preference elicitation, a field with broad applications in several

fields including medicine [317], marketing [169], and auction design. [88] Preference

elicitation is also a primary concern in social choice [21]—the study of how to aggre-

gate preferences for collective decision making; social choice has received significant

attention from computer scientists [63], raising further questions about automation

and AI in human decision making.

However, to our knowledge, the effect of the perception of these predictions has

not been covered in the computer science or preference elicitation literature. To

study this, our AAI goes one step further: after making an assessment of a user,

it presents this assessment directly to the user. Does this impact the user’s moral

decision making, interpreted as an expressed preference? This is an area in which

research from psychology could be informative.

11.2 Methodology

We used a custom online platform to study the effect of AAI assessment on hu-

man decision making. Each decision took the form of a pairwise comparison [61]—a
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decision format used widely in many disciplines, where an agent selects their most-

preferred item from two options. Using a participant’s answers to these compar-

isons, we learned an approximate decision function to describe their choices. In what

follows, we briefly explain our methodology by describing the basic scenario we

presented to participants, the decision function used for analysis, and the custom

platform that simulates the decision making environment.

Scenario: Moral Decisions on Kidney Allocation In order to elicit preferences effi-

ciently from our participants, we designed a simplified choice scenario with a small

class of easily-measurable preferences, motivated by a real life-and-death decision

made every day: allocating donor kidneys. Many of the features that the general

population considers important in determining kidney allocation go beyond objec-

tive medical facts and enter into ethical opinions. In the US, these decisions are

guided strictly by UNOS policy1. However, the general population may think other

features to be relevant to these decisions. For example, people are often unwilling

to allocate organs to patients with features that do not contribute to organ failure

or prognosis [303]. This makes kidney allocation a valuable avenue for comparing

attitudes toward different ethically relevant characteristics, and for studying differ-

ences between informal attitudes and lay opinions about what should be included

in formal policies.

We use life expectancy (henceforth, “LifeExp”) and number of dependents (hence-

forth, “Dep”) as the two criteria for comparing patients in need of a kidney; both of

these features have been demonstrated to be of importance to the general population

for ethically relevant but seemingly distinct reasons [131]. We also included patient

1https://optn.transplant.hrsa.gov/media/1200/optn_policies.pdf

https://optn.transplant.hrsa.gov/media/1200/optn_policies.pdf
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age, which is 40 years for all patients. In these studies we presented each partici-

pant with several pairwise comparisons, where the alternatives are two patients in

need of a single kidney; this is akin to the problem of allocating a single deceased-

donor kidney to one of two patients. In each study, these features were explained to

participants as follows:

Life Expectancy How many years the patient is expected to live if they receive the

kidney transplant, if the patient makes no lifestyle changes.

Dependents The number of children under the age of 18 for whom the patient is

responsible for providing at least half the necessary support, including food,

shelter, and clothing.

Age The current age of the patient. All patients in the scenarios are 40 years old.

This feature does not vary.

Because LifeExp and Dep convey different types of value on a donor kidney,

those two features may be varied independently without either implying anything

about the other. We held age constant at 40 years to limit further the assumptions

participants could make about the patients from the target features.

Measuring Participant Decision Functions: Feature Dominance Each participant

may have arbitrarily complicated preferences in this setting. One participant may

only allocate kidneys to patients with LifeExp greater than 10 years, and choose

randomly otherwise. Another participant might only care about a different feature

(such as the patient’s age) and completely ignore both LifeExp and Dep. To avoid

this problem we constructed a set of pairwise comparisons that essentially ask which

feature the participant cares most about.
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In each comparison, one patient always had greater LifeExp and less Dep than

the other patient. We assume that participants answer each comparison by selecting

the patient with either greater LifeExp or Dep. Formally, we assume that each par-

ticipant has a simple decision model: with probability p they prefer the patient with

greater life expectancy, and with probability 1− p they prefer the patient with more

dependents. For ease of exposition, we express these probabilities as percentages,

where

%Life ≡ 100× p

Because participants only considered a patient who was always strictly greater in

life expectancy and fewer in dependents to another, this is simply the percentage of

comparisons where the participant selects the patient with greater LifeExp :

%Life ≡ 100× # of LifeExp Favoring Decisions
# of Total Decisions

To measure the impact of an AAI assessment on participant decision functions, we

first learned %Life for each participant. We then compared the effect AAI assess-

ments had on each intervention group by aggregating the participants’ %Life from

respective groups.

Custom Online Platform We created a custom online platform to facilitate data

collection, in a style similar to The Moral Machine Project.2 The core component of

the online platform is the sequential display of a set of a hypothetical decision mak-

ing scenarios in which participants choose one of two patients to receive a donor

kidney. In each study, every participant received the same set of scenarios, but the

2http://moralmachine.mit.edu/

http://moralmachine.mit.edu/
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FIGURE 11.1: Decision making screen

display of each scenario was randomized: each scenario appeared in a different or-

der for each participant, and each hypothetical recipient in a scenario was randomly

selected to be presented on either the left or the right side. Participants were given a

chance to review their answer, and the option to change their minds as needed.

For each study below, participants were first given a brief description of the de-

cision making scenario (kidney allocation). They were informed that if one patient

received the kidney, the other would not receive one, and that if a patient did not

receive the kidney they were expected to live less than a year. Furthermore, it was

made explicit that all transplants were likely to be successful. Figure 11.1 shows an

example screen shot of our platform.

From pilot testing, we expected that participants recruited online would main-

tain attention on the kidney allocation task for between 20 and 30 patient profile

pairs. As such, all studies asked participants to respond to 20 pairs to ensure they

remained focused. Further, pilot testing suggested that decision making time de-

creased substantially after the first three pairs, indicating that participants took about

three decisions to become familiar with the task. Therefore, all studies used at least

10 pairs to ensure that most of the participants’ decisions were made after becoming
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familiar with the task.

11.3 Study 1

Method

114 participants were recruited on Amazon Mechanical Turk (MTurk) in a single

cohort (on a Monday afternoon); only United States residents were used. After data

collection was completed, 17 participants were excluded from analyses for failing

an attention check which required them to report the assessment they received. Six

participants were removed due to participants with the same IP address making

multiple attempts. This leaves a final sample of N=91 (41% self-reported females

and 59% self-reported males; mean age=37.7, SD=11.2, 76% white).

Participants were presented with background information on kidney allocation

and about the patient features in this survey. On our online platform, participants

were asked to make decisions on a set of 10 scenarios. To limit decision complexity,

we further simplified the scenarios by keeping all but one patient feature the same for

each comparison. One patient always had a life expectancy of 20 years and 0 depen-

dents, while the other patient had 4 dependents. The only variable feature was the

life expectancy of the latter patient, ranging from 1 to 19 years. After these 10 deci-

sions, an “assessment” screen was displayed with the intervention text. Participants

were randomly assigned to view one of the following AAI assessments:

LifeFavor “According to our AI model, you care a lot about the life expectancy of

the patients when making decisions about who will get a kidney.”

DepFavor “According to our AI model, you care a lot about how many dependents

patients have when making decisions about who will get a kidney.”
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FIGURE 11.2: Study 1: medians and first/third quartiles for %Life,
before and after assessment for each participant

Immediately afterwards, participants were prompted to make 10 more decisions.

While the comparisons were the same as the initial 10, participants were not explic-

itly informed of this. Furthermore, the sequence in which the queries were shown

was shuffled, and the sides on which patient profiles in each comparison were dis-

played were randomly switched. After completing all kidney patient allocation

choices, participants responded to a survey, which included demographic informa-

tion and a question on whether they agreed with the AAI’s assessment. They were

then debriefed, which included telling them that the feedback was actually random.

Results

After exclusions, 32 participants received the LifeExp intervention and 59 received

the DepFavor intervention. %Life was created as a summary variable to capture

the proportion of life expectancy-favoring decisions for each participant. Figure 11.2

displays the visualization of the result.

We use a one-sided Wilcoxon rank sum test to determine if the %Life for partic-

ipants in each group moved toward their respective assessment after it was given.
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For the LifeExp group we test if the median %Life for the identical set of compari-

son was higher after assessment than before it; we cannot reject the null hypothesis

(p = 0.3). For the DepFavor group we test whether median %Life was lower after

the assessment (i.e., participants favored patients with more dependents); we cannot

reject the null hypothesis here either (p = 0.5).

Discussion Surprisingly, both pre-assessment and post-assessment groups are nearly

identical: two important observations came from this exploratory study. First, in the

process of generating the initial 10 decisions as the input for the “AI,” participants

may have formed explicit decision rules that made them resistant to intervention.

This would have been simple to do, since one patient always had 20 years of life

expectancy with no dependents in every comparison. Second, the lack of the effect

of DepFavor compared to LifeFavor could be attributed to the fact to that Dep was

invariant across patients, while one patient’s LifeExp varied between comparisons.

11.4 Study 2

In this study we modified the design of Study 1 to amplify potential effects of the

intervention. First, we changed the position of the intervention relative to the alloca-

tion decisions. This change is motivated by two behavioral observations: (1) choice

tendencies that are constructed through repetition are more resistant to change than

choice tendencies developed through contextual cues [14]; (2) presenting self-referential

information before a task tends to cause behaviors consistent with that self-referential

information [238]. To avoid pre-assessment heuristic development, and to promote

the AAI assessment as self-relevant information, we presented the AAI intervention

before the kidney allocation task. We also asked participants to answer questions on
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which the AAI’s assessment could plausibly be based; these questions are described

in the following section.

Second, we added two conditions: in one condition participants are asked if they

agree with their assessment before the decision task, and in the other condition they

are asked after their decision task. In Study 1, participants could develop an opinion

about their assessment while engaged in the allocation task, and report their end

agreement or disagreement based on their experience. We hypothesize that judging

the accuracy of the assessment before the task would amplify either incorporation of

the assessment into participants’ self-referential beliefs (if they agreed), or reactions

in opposition to the assessment (if they disagreed).

Method

350 participants were recruited on MTurk in two cohorts (one around midday on a

Monday, one during afternoon on a Wednesday), although they were randomly as-

signed among all groups within each cohort. As in Study 1, only US residents were

used. 11 participants failed either or both attention checks, 7 participants could not

accurately report assessment received, and 11 failed an attention check by choosing

to allocate a kidney to a patient with what we considered dominated features (0 de-

pendents, 1 year life expectancy, versus 0 dependents, 20 years life expectancy). 11

participants failed to finish the task, and six attempted the task twice. Some partici-

pants belonged to more than one of the categories above. The final sample after ex-

clusions was therefore N=322 (41% female and 58% males; mean age=35.8, SD=10.2,

79% white).

As in Study 1, participants first received background information about the task

and patient features. They were also told that they would answer a series of ques-

tions that an AI agent would use to make an assessment about what they found most
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important in the kidney allocation task.

Participants rated, on a 5-point Likert-type scale, the extent to which they agreed

or disagreed with 14 statements about the importance of using example features to

determine who should receive a kidney (e.g., “I feel that race is important in determin-

ing which patient should receive a kidney”). These example features did not include life

expectancy, number of dependents, or age. Afterwards, participants were randomly

assigned to one of five conditions, in which all but control received AAI assessments

that used contrastive language (e.g., “you care more about the life expectancy of the pa-

tients than how many dependents they have”):

• Control: no assessment (N = 65)

• LifeFavor : participants “assessed” by AAI to prioritize life expectancy over

number of dependents (N = 66)

• LifeFavorQ : participants “assessed” by AAI to prioritize life expectancy over

number of dependents, and asked immediately upon viewing the assessment

if they agreed with it (N = 60)

• DepFavor : participants “assessed” by AAI to prioritize number of dependents

over life expectancy (N = 64)

• DepFavorQ : participants “assessed” by AAI to prioritize number of depen-

dents over life expectancy, and asked immediately upon viewing the assess-

ment if they agreed with it (N = 67)

Following intervention, all participants responded to 20 curated patient compar-

isons in random order. As before, each comparison had one patient with greater

Dep and one with greater LifeExp; unlike Study 1, both LifeExp and Dep varied by
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FIGURE 11.3: Study 2: medians and first/third quartiles for %Life of
participants in each group

patient and pair. Participants then completed the same post-task survey as in Study

1, and were debriefed as in Study 1.

Results

As before we calculate %Life as the percentage of comparisons in which they de-

cided to allocate the kidney to the patient with higher life expectancy. Figure 11.3

shows a box plot of %Life for each group, aggregated over all comparisons.

Intervention groups LifeFavor (M=56, SD=10) and LifeFavorQ (M=56, SD=10)

both had greater mean %Life than Control (M=45, SD=13). Also consistent with our

main hypothesis, DepFavor (M=40, SD=10) had lower mean %Life than Control.

These results are suggestive of the hypothesis that an AAI assessment influences

people to make decisions aligned with the assessment. The exception, however, is

that DepFavorQ (M=49,SD=13) had a higher %Life than Control.

We used the one-sided Wilcoxon rank sum test to compare %Life for each partic-

ipant group. Compared to the control group, we have some reasonable evidence

suggesting that median %Life was higher for LifeFavor (p = 0.056) and LifeFa-

vorQ (p = 0.057). However, we saw no evidence suggesting that the median %Life
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are lower for DepFavor (p = 0.307) and DepFavorQ (p = 0.85) than for Control.

Discussion Overall, we may reasonably suggest that the modification of experi-

mental conditions from Study 1 to Study 2 enhanced the effect of AAI assessments,

as evidenced by the moderate directional results. In Study 1, the LifeExp assessment

had virtually no impact on decision making, but, in Study 2, participants in groups

that received a LifeFavor and LifeFavorQ assessment favored patients somewhat

more heavily on the basis of LifeExp than control. This could be due to participants

receiving their assessments before having the chance to develop decision preferences,

but also could be due to the increased complexity of the comparisons. The result is

not overwhelming, however: in comparison, there seems to be no evidence that

DepFavor assessment had an impact on participants’ decision making. Even more

curiously is the high p-value (0.85) from the comparison between DepFavorQ %Life

and Control %Life.

11.5 Study 3

Our third study compares the influence of AAI assessments to that of supposedly

human assessments: we examine the effect of AAI assessments relative to assess-

ments believed to be generated by human experts.

Method

450 participants were recruited on MTurk in two cohorts (one between a Thursday

evening and a Friday around midday, and one around midday on a Saturday), all

participants were randomly assigned to an experiment group; as in Studies 1 and 2,

only US residents were included. Exclusion procedures were similar to procedures
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in Study 2, except here we also checked if they could report the source of the as-

sessment. 59 participants were excluded because they could not accurately report

the assessment received or its source, 22 were excluded because of failed attention

checks or failure to complete the task. The final sample after exclusions was therefore

N=369 (43% female, 56% male, and 1% other/not indicated; mean age=38, SD=11.3,

73% white).

The study design and artificial assessments were similar to in Study 2. Each

participant was randomly assigned to five groups:

• Control: no assessment (N = 77)

• LifeFavorAI: participants were given an AAI assessment stating that they care

more about life expectancy than number of dependents (N = 80)

• DepFavorAI: participants were given an AAI assessment stating that they care

more about number of dependents than life expectancy (N = 75)

• LifeFavorPsy: participants were informed that, based on a test made by “ex-

pert psychologists,” they care more about life expectancy than number of de-

pendents (N = 74)

• DepFavorPsy: participants were informed that, based on a test made by “ex-

pert psychologists,” they care more about the number of dependents than life

expectancy (N = 63)

After the assessment, participants were told that their responses to comparisons

would be used either to train an AI that models their decision making, or by expert

psychologists to develop a psychological test. The post-task survey was similar to

the post-task survey used in Studies 1 and 2, as was the debriefing information.
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Results

As in Study 2, we calculated %Life for each participant over all comparisons. Both

groups that received LifeExp assessments—LifeFavorAI (M=45,SD=11) and LifeFa-

vorPsy (M=60, SD=11)—had higher %Life than Control (M=40,SD=12). Inconsistent

with Study 2, however, was that the %Life were also higher for the groups that re-

ceived dependent-favoring assessments—DepFavorAI (M=42, SD=11) and DepFa-

vorPsy (M=42, SD=11). Figure 11.4 shows a box-plot of %Life for subjects in each

group.

We use a two-sided Wilcoxon rank sum test to determine whether assessments

from AAI had a difference in effect from assessments perceived to be from human

experts. We reject the null hypothesis for life expectancy, but not for dependents: the

median %Life for LifeFavorAI was not equal to LifeFavorPsy (p = 0.01), but there is

no significant difference between DepFavorAI and DepFavorPsy (p = 0.93).

Next we use the one-sided Wilcoxon rank sum test for comparison between in-

tervention groups and the control: (1) LifeFavorPsy has a statistically significant

higher %Life than Control (p < 0.001), (2) %Life for LifeFavorAI is not significantly

greater than for the control (p = 0.15). We found no significant difference between

DepFavorPsy (p = 0.75) and DepFavorAI (p = 0.67) and control.

11.5.1 Discussion

We found strong evidence that, for the more impactful of our two patient features

(LifeExp), there was a difference between the perception of “AI” and “expert hu-

man” assessments. Although life expectancy-favoring AAI assessments influenced

participants to make allocation decisions in the expected direction (as they did in

Study 2) compared to control, participants responded more strongly to the “expert”



194

FIGURE 11.4: Study 3: medians and first/third quartiles for %Life for
over all comparisons

life expectancy-favoring assessment by this metric than to any other condition. Fur-

thermore, the results of the LifeFavorAI and LifeFavorPsy groups were significantly

different from each other—suggesting that there is a difference between the percep-

tion of “AI” and “expert human” assessments. Dependent-favoring assessments did

not notably impact decision making, so we cannot draw conclusions about these in-

terventions.

11.6 Discussion

Overall, we derive three central findings from these studies: First, life expectancy-

favoring assessments had modest directional results on participants’ decision mak-

ing. Second, dependent-favoring assessments had little notable effect. Third, the

largest effect was that of the life expectancy favoring-assessment from “expert psy-

chologists,” not that of any AAI assessment.

It is important to keep in mind that the decision scenarios used in this study are

highly stylized; more accurate, genuine AI assessments might have a stronger effects

than artificial assessments. Future research should compare the effects of an artificial

AI assessments with those from a “true” AI or ML system. Other modifications will
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also likely impact participant responses to these assessments—such as the wording

used, whether they align with participants’ self perception, how much information

is provided and when in the decision process the assessments are presented; we

observed some of these effects in Study 1 and Study 2.

It is possible that participants were less receptive to the dependent-favoring as-

sessment than the life expectancy-favoring assessment because it was a less complex

variable and therefore easier to form an opinion about: each patient could have only

up to four dependents, whereas they could have up to twenty years’ life expectancy.

Comparisons of different patient features could also yield different results.

The stronger influence of assessment from an “expert psychologists” compared

to the AAI assessment in the life expectancy-favoring condition could be interpreted

in several ways. As evidence-supported feedback is more effective in belief revi-

sion than unsupported feedback [262], participants might have believed that eval-

uation about decision making by a psychologist was better evidence of their pref-

erences than an evaluation by AI. Alternatively, participants might have assigned

more credibility to “expert psychologists” than to an “AI” simply because of the

word “expert.”

11.7 Authors and Publication

This chapter was written by Lok Chan, Kenzie, Doyle, Duncan C McElfresh, Vincent

Conitzer, John P Dickerson, Jana Schaich Borg, and Walter Sinnott-Armstrong; it

appeared at AIES’20 [76].
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Chapter 12: Learning Useful Explanations

12.1 Introduction

In the previous chapter we explored how (artificial) AI output influences peoples’

behavior. In this chapter instead study how people interpret the output of ML models—

and specifically, output from post-hoc explanation methods.

Researchers have proposed a variety of methods to explain the output of ML

models, and a variety of properties to characterize their performance. Common

properties of explanation methods include fidelity (how well the explanations match

the underlying model), stability or consistency (whether similar inputs or similar

models result in similar explanations), comprehensibility (whether the explanations

are understood by an average person), and computational complexity, among oth-

ers [69, 153, 290, 323].

These properties are important, but they cannot indicate whether the resulting

explanations are useful to the user. Furthermore, whether or not an explanation is

useful varies across users and decision making environments. We refer to the combi-

nation of user, the ML model, and the decision making environment as context. For

example, an engineer debugging a marketing model might use complex explana-

tions to understand aberrant behavior—this is one context. A policy analyst might

interrogate the same marketing model to determine if it discriminates against certain

customers—this is another context.
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Context is defined variously in the computer science community, but largely fo-

cuses on information that can be used to characterize the situation of an entity. An entity

is a person, place, or object that is considered relevant to the interaction between a user and

an application, including the user and applications themselves [4, 66, 101, 102, 271]. Our

definition fits this general definition of context.

Prior work has considered aspects of “good” ML explanations from a philosoph-

ical perspective [207], and through the lens of performance metrics [172]; another

related concept is personalized explanations [278]. However, most prior work focuses

on fixed explanation methods for a particular context; we consider a setting where the

context and user are not specified ahead of time. In this setting, the “best” explana-

tion method is likely to vary across contexts. We propose a framework (Figure 12.5)

for learning the most useful explanation(s) for each context through context-specific

user feedback.

Our Contributions

• (Section 12.2) We conduct an online survey study where participants are asked

to complete a “downstream task” with a ML model, in a computer vision set-

ting; the downstream task is to detect “bugs” in the ML model. We aim to

answer the question can users identify ML explanations that will help them com-

plete their task? In the first part of this survey each participant is shown several

example input-output pairs for the model, along with visualizations of several

common explanation methods. For each example, participants are asked to

rank these explanations according to how useful they are for a downstream

task. Participants are also asked which explanation method they found most

useful for this task (their “preferred” method). Then, each participant is asked

to complete this downstream task for a series of new inputs, using a single
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explanation method; some participants are shown their preferred explanation

method, and a control group is shown a non-preferred method. To vary con-

text, we use two different classification settings, and two different types of

bugs.

• (Section 12.3) We find that participants rate the usefulness of explanation meth-

ods differently in different contexts—this is reflected both in participants’ use-

fulness ratings, and in the method they select as most-useful. We also find that

participant usefulness ratings are not correlated with their ability to complete

the downstream task. This suggests that following user preferences is not nec-

essarily an effective way to develop useful explanations.

• (Section 12.4) We propose a theoretical framework for context-aware explana-

tions, guided by feedback from a user completing a downstream task. We em-

phasize that the quality of a model explanation is necessarily tied to a down-

stream “task,” such as debugging an object detector for a self-driving car, or a

classifier trained to diagnose an illness. Accordingly, our explanations should

strive to help users accomplish this task.

• (Section 12.4.1): As a proof-of-concept for our framework, we simulate an au-

tomated ML explanation system using the data from our survey study.

Related Work

Algorithmic Explainable AI (XAI) Many methods have been proposed by the ML

community that generate post-hoc explanations of black box-models [191, 209, 261]

and complicated models such as deep neural networks [181, 282, 285, 287, 294]. An-

other common method for explaining predictions of a ML model is to have models

that are interpretable by design, so that one can examine the output of a model by
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simply inspecting the model itself [12, 74, 79, 190, 199]. There are also methods which

provide explanations that can serve as recourse for individuals receiving the expla-

nations [308, 312] as well as methods that impose an "interpretability prior" during

the training phase of a ML model [188, 266]. Since all of these methods differ signifi-

cantly in the kind of explanation they provide, many measures have been proposed

to evaluate explanations. These include fidelity, computational complexity, compre-

hensibility, sensitivity, among others [69, 290, 323]. It has often been argued that

explainability evaluation should inherently be human-centered [116]. The goal of

this chapter is not to design a new explanation method or a new evaluation met-

ric. We also do not aim to change the model. Instead, we aim to build on the vast

body of prior work to propose a framework that can be used to assess the type of

explanation(s) that will be most useful in a given decision making context.

Human-Centered XAI Many recent studies have taken a human-centered ap-

proach to evaluating explainability methods [173, 179, 189, 250]. However, these

studies do not vary the context in the evaluation of an explanation method. We take

a different stance and argue that usefulness of an explanation changes based on the

context in which it’s being used. This is inspired by Miller’s work which argues that

research in explainable AI should build on findings in social sciences which have

studied how humans explain their decisions to other humans [224]. One key idea

formalized by Miller is that explanations for AI systems are highly contextualized.

We build on this and propose a framework that returns context-aware explanations,

by eliciting user preferences using feedback mechanisms. Additionally, Arya et al.

[22] acknowledge that different scenarios require different kinds of explanations and

propose a taxonomy of questions that can help people choose an appropriate ex-

plainability method. However, our work differs from such a taxonomy in that we

automatically infer which explainability method is most useful in a given context
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from task-specific feedback. Moreover, our results show that it’s often hard for users

to know exactly the kind of explanation is needed to accomplish some downstream

task, thus showing the flexibility of our framework over a pre-defined taxonomy.

Many current XAI methods have been criticized for being too focused on algorithmic

solutions, without taking into account the stakeholders that will receive the expla-

nation [224]. As a result recent works have focused on characterizing stakeholders

of XAI methods [299] and expanding the epistemic boundaries of XAI to also incor-

porate the social context in which these methods are situated [118]. Our work adds

to the scholarship on broadening the scope of XAI research to include the context in

which an explanation is needed.

12.2 Empirical Study: Users Cannot Identify Helpful ML Ex-

planations

The goal of this study is to determine whether non-expert users of an ML model

can identify model explanations that are helpful for them in a downstream task that

involves the ML model. Since there is a wide range of applications for deployed ML

models, and model users, we expect that the most useful explanations will depend

on the particular context. We aim to test the following hypotheses:

H1: The usefulness of an explanation method varies across users and contexts.

H2: Users are better able to complete downstream tasks that depend on a ML

model if they are provided with explanations they see as useful.

12.2.1 Study Design

This study was approved by our institution’s ethical review board, and a full tran-

script of our survey can be found in Appendix E.3. Survey participants agreed to an
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online consent form, which was approved by our ethical review board; this consent

form is also available in Appendix E.3. Some personally identifiable information

was collected during this survey through the online platform, and it is not used in

our analysis. All code used in this study is available on GitHub. 1 All participants

were recruited via Amazon Mechanical Turk, and were compensated US$3 for their

time, with the opportunity for a small bonus (described below).

Survey Scenario: Self-Driving Cars and ML Bugs. To test our hypotheses we use

four online surveys, each with a different decision scenario. Each survey centers on

a hypothetical ML application, where a self-driving car uses a ML model to classify

(250x250-pixel) images. To simulate a downstream task, participants are told that

the ML model is sometimes “buggy”, and that their task is to identify whether or

not there is a bug. To encourage careful consideration of this task, participants who

complete this task with more than 60% accuracy are given a US$2 bonus (total com-

pensation US$5). To identify bugs, participants are shown a model input (an image),

output (class prediction), and a model explanation (a masked image). Figure 12.1

shows an example input-output pair and ML model explanations.

Explanation Methods. Four different explanation methods are used throughout

all surveys; these methods are commonly used in the ML literature, and we use

publicly-available implementations of them for our experiments. In this study we

aim to focus on user perceptions and behavior rather than specific explanation meth-

ods; for this reason we refer to these methods as (“A”, “B”, “C”, and “D”) in both the

survey and our analysis. Complete descriptions of these explanations can be found

in Appendix E.2.

1https://github.com/duncanmcelfresh/learning-explanations

https://github.com/duncanmcelfresh/learning-explanations
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Each explanation method is a masked version of the target image, where un-

masked regions are “important” to the positive class label; Figure 12.1 shows an ex-

ample of each explanation method.

Survey Design. Each survey consists of two parts. In Part I participants are shown

eight examples, each consisting of an input-output pair, all four explanations of the

output (A, B, C, D), and whether or not this model is buggy—i.e., “ground truth”

for the downstream task. Half (4) of these examples are buggy, and half are not. For

each example participants are asked how useful each explanation is at determining

whether or not there is a bug, using a 5-point scale (5 = Extremely useful, 1 = Not

at all useful). At the end of Part I, participants are asked which explanation method

(A, B, C, D) they found most useful for detecting bugs.

In Part II, participants are asked to identify bugs for 10 additional examples us-

ing an input, output, and a single model explanation; each participant sees the same

explanation method for all 10 examples. In Part II, we use a between-groups de-

sign to test H2 with two groups, Control and Test. Participants in group Control

are shown explanations from a randomly-chosen method that they did not select as

most-useful. In other words, if a Control participant chose method B at the end of

Part I, they are shown either method A, C, or D during Part II. Participants in group

Test are shown explanations from the method they chose as most-useful. Partici-

pants who correctly identify whether or not there is a bug for at least 7 of the 10

examples during Part II are given a US$2 bonus. In addition to the 10 examples, we

include a single attention check, where participants are told whether or not there is

a bug; responses to the attention check did not impact compensation.

After Part II, participants are asked basic demographic questions, and general

questions about whether or not they feel comfortable and confident with the bug
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Input ImageFull Image (for context) ML Prediction: 
Road

The image contains a 
road surface that the car 
can drive on.

Explanations: The region without stripes is a good example of road

#87 (old version)

A B C D

Is there a bug? 

No Bug

FIGURE 12.1: Example of model input and output (top) and expla-
nations (bottom) used in Part I of all surveys. During Part II, partic-
ipants are asked to predict whether or not there is a bug, given only

one explanation (A, B, C, or D).

detection task.

Data, Classification Tasks, and Models. All input images in our survey are ran-

dom 250x250-pixel crops of Cityscapes2 images [91]; each image is a scene of a street,

from a car driver’s point of view. We use two classification tasks: in Road, images are

labeled 1 if they at least 5% of their pixels show a road surface, and 0 otherwise. Sim-

ilarly in task Vehicles, images are labeled 1 if at least 5% of their pixels show a vehicle

(e.g. a car or truck). Ground truth labels are determined using pixel-level semantic

maps from the Cityscapes dataset. For both tasks we train a classifier by modifying a

pre-trained Resnet50 ([163]) model to have a fully-connected output layer with two

output features; each model is trained for 30 epochs using cross-entropy loss, with a

random 50% sample of the Cityscapes dataset. Images are normalized during both

training and testing, and during training images are randomly flipped horizontally

and vertically each with probability 1/2.

2The official license allows the use of the dataset for research purposes: https://www.
cityscapes-dataset.com/license/

https://www.cityscapes-dataset.com/license/
https://www.cityscapes-dataset.com/license/
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Bugs. We use two types of (intentional) bugs in this survey: Weights and Noise.

The Weights bug is created by setting the weights in all convolutional layers and the

final (fully-connected) layer to uniform-random values. The Noise bug is created by

adding shot noise (also known as Poisson noise) to each input image 3. This is a

common corruption used to benchmark robustness in deep learning [166].

12.3 Experiment Results

First, in Section 12.3.1 we investigate the participant-reported usefulness of each ex-

planation method for each classification task—we find that participants’ usefulness

ratings for each explanation method vary across context (classification task and bug

type). Then, in Section 12.3.2 we find that in Part II participants are largely unable to

identify bugs in new examples; furthermore, participants who are shown their pre-

ferred explanation method (group Test) tend to have more trouble identifying bugs

than those who are shown one of their non-preferred methods (group Control).

Survey Overview. We conducted four surveys, one for each classification-bug com-

bination (1: Road+Weights, 2: Road+Noise, 3: Vehicle+Weights, 4: Vehicle+Noise). 150

responses were collected for each survey; we discarded “invalid” responses from

participants who failed the attention check, spent less than 3 minutes completing

the survey, or took the survey multiple times. Table 12.2a shows the number of par-

ticipants for each survey, for both Control and Test.

12.3.1 Part I: Reported usefulness varies across context

Figure 12.3 shows participant-reported usefulness over all examples. Participants

rate the relative usefulness of explanation methods differently for different contexts:

3The severity of noise is the highest value used by [166]
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Number Valid (Invalid) Responses

Survey Control Test
1 (Road+Weights) 44 (31) 44 (31)
2 (Road+Noise) 39 (35) 40 (36)
3 (Vehicle+Weights) 40 (33) 43 (34)
4 (Vehicle+Noise) 42 (31) 47 (30)
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0

2

4

6

8

10

ex
am

pl
es

 id
en

tif
ie

d 
as

 b
ug

gy
(o

ut
 o

f 1
0)

(B)

FIGURE 12.2: (a), Left: Number of valid responses in each survey, in
Control and Test groups. The number of invalid responses is shown
in parentheses. (b), Right: Number of bugs reported by participants
over all 10 examples from Part II of each survey. In each survey, five

of the 10 examples in Part II are buggy (shown as a dotted line).

for example, D is rated as more useful than C in both Survey 1 and 3, but D is rated as

less useful in Survey 4. Using a Wilcoxon signed-rank test, each of these differences

is significant with p < .01.

Similarly, perceived usefulness of some methods changes across context. For ex-

ample, C is rated as more-useful in Survey 2 and 4 than in Survey 1 and 3 (significant

by Mann-Whitney U, p < .01). However there is no significant difference between

ratings for C for each noise type—Weights (Surveys 1 and 3) and Noise (Surveys 2

and 4).

We also observe some differences in the explanation methods selected by partic-

ipants at the end of Part I (see Table 12.1). For example, about half of participants

in Survey 2 select method B, compared to <20% in Surveys 2 and 3 and 34% in Sur-

vey 1. Using a chi-square test of independence, the selected explanation method in

Survey 2 differs significantly from those in both Surveys 3 and 4 (p < .01); these

differences are not significant between the other pairs of surveys.
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TABLE 12.1: Left: Number (percentage) of participants who selected
each method at the end of Part I as the most-useful for identify-
ing bugs in each survey. Right: Usefulness rank of the explanation
method selected by participants at the end of Part I of the survey.
The usefulness rank for each explanation method is the best (lowest)
rank of the average usefulness ratings (1 = Not at all useful and 5 =

Extremely useful) over all examples from Part I.

Selected Explanation Method Usefulness Rank of Selected Method
Survey A B C D 1st 2nd 3rd 4th
1 (Road+Weights) 16 (18%) 30 (34%) 15 (17%) 27 (31%) 36 28 13 11
2 (Road+Noise) 20 (25%) 38 (48%) 9 (15%) 12 (11%) 22 23 16 18
3 (Vehicle+Weights) 17 (20%) 16 (19%) 8 (10%) 42 (51%) 33 31 13 6
4 (Vehicle+Noise) 19 (21%) 14 (16%) 13 (15%) 43 (48%) 18 28 30 13

Overall 72 (21%) 89 (29%) 45 (13%) 124 (37%) 109 (32%) 110 (32%) 65 (19%) 55 (16%)

Participants select methods that they rate as more-useful. A quick glance at these

results suggests that participants select explanations methods that do not align with

their usefulness ratings; for example according to Table 12.1, about half of Survey

2 participants selected method B, yet the same participants rate B as no more-or

less useful than A or C on average. However, by comparing relative rankings we

find that most participants select a method that they ranked (relatively) highly. For

each participant, we find the average usefulness rating (1 = Not at all useful and 5 =

Extremely useful) for each explanation method, and then rank each method for each

participant, where 1 is the method they rank as most-useful, and 4 is least-useful.4

Table 12.1 shows the usefulness rank of the method selected by each participant at

the end of Part I. For each survey, most participants selected the method they rated

as 1st or 2nd most-useful.

Our main observations from Part I are that (a) people prefer different explanations

in different contexts, and (b) the perceived usefulness of an explanation method varies

across contexts—for example, see method C in Figure 12.3 . We believe that these

expressed preferences are authentic, especially since at the end of Part I participants

4We calculate the best ranking of each method, meaning that if two methods are tied with the
second-highest score, they both have rank 2.
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FIGURE 12.3: Box plots of participant-reported usefulness for each
explanation method, over all examples shown in Part I of the survey.

tend to select an explanation method that they rated as (relatively) useful (see Ta-

ble 12.1).

There are multiple interpretations for our results: participants’ usefulness rat-

ings may be authentic—for example, participants in Survey 3 may feel that method

A is more helpful than C for identifying bugs. On the other hand, these ratings may

simply reflect the visual appeal of each explanation method, or perhaps other fea-

tures of the input images. Regardless of what participants’ preferences mean, it is

clear that preferences vary both across context and individual. To investigate whether

usefulness ratings relate to the downstream decision task, we turn to Part II of our

survey.

12.3.2 Part II: User-Selected Explanations are Not Helpful for Identifying

Bugs

We calculate a bug score for each participant—the number of examples (out of 10)

in Part II where they correctly identify whether or not a buggy model produced the

output and explanation. The bug-detection tasks in our survey proved to be difficult:

the median bug score across all surveys is 5 (equivalent to flipping a coin), and the

median score for all Control and Test groups is also 5, with the exception of Control

in Survey 1 (median score = 6).
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Furthermore, we cannot confirm H2: using a Mann-Whitney U test, we cannot

reject the null hypothesis that scores of Control and Test groups come from different

distribution; this is true for Survey 2 (p = .48), Survey 3 (p = .13), and Survey 4

(p = .49). However we can reject this null hypothesis for Survey 1 (p < .01)—where

scores for group Test tend to be greater than for Control.

That is, in Surveys 2, 3, and 4, participants who use their preferred explanation

method are just as (un)able to detect bugs as those who use a non-preferred expla-

nation.

One possible reason that participants have such low bug detection scores is that

they under-identify bugs. Figure 12.2b shows the number of examples in Part II (out

of 10) where participants predicted that the model was buggy. In each survey five

of the 10 examples in Part II were buggy, however participants tend to identify fewer

than five examples as buggy.

Different explanations lead to different bug scores. There is little difference in the

bug scores of participants who see their preferred explanation method (Test), and

those who do not (Control). However, bug scores do vary across explanation meth-

ods. Figure 12.4 shows the bug scores for participants by the explanation method

they used in Part II, for each survey. These results suggest that different explanation

methods may be more- and less-effective at helping users identify bugs, and that

their effectiveness varies across contexts. For example, in Survey 1 participants who

use method C have an average bug score greater than 5, while those with method D

have an average score near 4; the reverse is true for Surveys 2, 3, and 4. However we

cannot concretely determine the relative usefulness of different explanation meth-

ods from these results, for two reasons: (1) the explanation methods used in Part II

depend on users’ expressed preferences during Part I, and (2) our sample size is too
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FIGURE 12.4: Bug scores for participants in each survey, by the expla-
nation method used in Part II (A, B, C, or D).

small to draw conclusions.

12.4 A Framework for Context-Aware Explanations

Our empirical study demonstrates that following user preferences does not neces-

sarily lead to helpful explanations. To address this issue, we propose a framework

for designing explanations that relies on task-specific feedback from the user. Our

setting is summarized in Figure 12.5: a ML system and explanation method out-

puts both predictions and explanations to a user, who uses this output to complete a

downstream task.

We use a mathematical framework to reason in this setting. Let X and Y be the

sets of input and output labels of the ML system.

Let f : X → Y denote the prediction function of the ML system: f (x) is the

predicted label for data point x.

LetM denote the set of possible explanation methods, and let Z denote the set

of possible explanations returned by these methods.

Each explanation method m ∈ M is itself a function m : X → Z , where m(x)

is the explanation for data point x.5 Finally, the user considers the input data, the

prediction, and the explanation, and determines the usefulness of this output.

5Explanation methods usually depend on the ML model; in our setting the ML model is fixed, and
this dependence is implicit.
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FIGURE 12.5: An overview of our framework for context-aware ex-
planations. Data is passed to a ML model, which outputs a predic-
tion. The user receives the ML prediction and the explanation, and
assesses the usefulness in their downstream task (eg: debugging a
ML model). Feedback from this task is used to learn the preferred

explanation method for this particular context.

Modeling the Context We represent the usefulness in a given context with a utility

function u : X × Y ×Z → [0, 1], which is a standard tool for modeling preferences.

In a deployed setting we would use feedback from the user performing the down-

stream task to learn a numerical representation of u; here we adapt techniques from

preference elicitation (e.g., [53]). There are two standard approaches for learning u,

which use different types of questions. We can learn relative utility by using com-

parison questions: we observe which input-output tuple is more useful, (x, y, z) or

(x′, y′, z′) to the user for the downstream task. If (x, y, x) is more useful, then we

learn the constraint u(x, y, s) > u(x′, y′, z′), otherwise u(x, y, s) < u(x′, y′, z′). Alter-

natively, we can learn absolute utility by observing a user’s accuracy on the down-

stream task. This can map directly to numerical values u(x, y, z).

Modeling Explanations We represent each explanation z as a point in an embedding

space. This space can be characterized by using interpretable dimensions, where each

dimension is an existing metric developed by the HCI and ML communities (such

as fidelity, comprehensibility, computational complexity etc.).
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Generating Context-Aware Explanations After learning a model of utility in a de-

cision making context, u(x, y, z), our framework can be used to generate context-

aware explanations. When presented with a new data point x and ML output y, we

identify the most useful explanation for the context by solving the problem maxz∈Z u(x, y, z).

12.4.1 Simulation: Recommending Explanations

As a proof-of-concept of our framework, we use a small simulation to demonstrate

the utility of downstream task feedback. We simulate an explanation recommendation

setting, where a user needs to complete a downstream task (determine whether a

model is buggy), using a single ML explanation that we recommend to them. Each

recommender chooses a single explanation to show the user (A, B, C, or D), with the

goal of maximizing the likelihood that the user completes the task correctly.

We consider two recommendation paradigms: Ratings and Task. Both recommen-

dation methods aim to help the user complete a downstream task, however Ratings

takes user ratings as input, while Task takes other user’s performance on the down-

stream task. In Ratings we first ask the user how helpful each explanation is for the

downstream task, and we recommend an explanation based on their ratings. In Task

we recommend an explanation based only on other users’ accuracy when using each

explanation for the same task.

We simulate both the Ratings and Task paradigms using data from our survey

studies. For this simulation we treat users as identical, and each example in Part II

is a different “task”; each survey participant completes 10 tasks in Part II, so in each

survey there are roughly 700 tasks completed in total. For the Task paradigm, we

learn a separate recommendation “model” for each individual, p = [pA, pB, pC, pD],

where pX is the probability that the user will complete the downstream task correctly

using explanation method X. We learn each model using other users’ accuracy on
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completed tasks: pX is probability that other users complete the task correctly with

explanation X (calculated as the number of correctly-completed tasks divided by the

total number of completed tasks).

For method Ratings we learn one model for each explanation method X ∈ {A, B, C, D}.

Each model takes a single parameter as input—the user’s average normalized rat-

ing for method X—and returns the probability that the user will complete the task

correctly.

For each survey we generate a dataset with one entry for each Part II example

(roughly 700 rows). Columns include the explanation method used by the partic-

ipant (A, B, C, or D), their normalized average usefulness rating for this method

(from Part I), and their task accuracy: 1 if they correctly identified the example as

bug/no-bug, and 0 if they did not.

We generate 1000 random 80%-20% train-test splits of this dataset. For each split

we train the Task model, and three Ratings models (logistic regression, SVM (RBF),

and SVM (linear)) to predict (binary) task accuracy on the training split. We then

calculate the accuracy and log loss for each model on the test split.

Table 12.2 shows the results of this simulation: overall, the accuracy of all meth-

ods are near chance (0.5). In Survey 3, all Ratings methods outperform the Task.

This suggests that usefulness ratings are in fact predictive of downstream task ac-

curacy. Upon closer examination, participant ratings in Survey 3 are negatively cor-

related with task accuracy—meaning that participants who rate an explanation as

less useful also complete the downstream task more accurately than participants who

rate it as more-useful; see Appendix E.1 for more discussion. For both Survey 1 and

Survey 4, the Task model tends to outperform the Ratings models. Overall, this sug-

gests that user ratings are at best loosely related to downstream task performance.

In our simulations, recommendations driven by other users’ task accuracy—in the
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TABLE 12.2: Accuracy and log loss (cross-entropy) on the test set,
over 1000 random 80-20 train-test splits for both Ratings and Task rec-
ommender methods. The mean (± standard deviation) is reported
across all 1000 splits. Models in the Ratings paradigm use partici-
pant usefulness ratings to predict their accuracy in the task; the Task

paradigm uses other participants’ accuracy in the same task.

Ratings Paradigm Task Paradigm
Logistic Regression SVM (RBF) SVM (Linear)

Survey Accuracy Log Loss Accuracy Log Loss Accuracy Log Loss Accuracy Log Loss
1 (Road+Weights) 0.47 ± 0.03 0.70 ± 0.00 0.53 ± 0.04 0.70 ± 0.00 0.47 ± 0.03 0.69 ± 0.01 0.52 ± 0.03 0.69 ± 0.01
2 (Road+Noise) 0.51 ± 0.04 0.69 ± 0.00 0.50 ± 0.03 0.70 ± 0.00 0.50 ± 0.03 0.70 ± 0.04 0.50 ± 0.04 0.70 ± 0.01
3 (Vehicle+Weights) 0.57 ± 0.03 0.68 ± 0.01 0.57 ± 0.03 0.68 ± 0.01 0.55 ± 0.04 0.69 ± 0.01 0.51 ± 0.03 0.69 ± 0.01
4 (Vehicle+Noise) 0.50 ± 0.03 0.69 ± 0.00 0.51 ± 0.03 0.70 ± 0.00 0.50 ± 0.03 0.71 ± 0.04 0.56 ± 0.03 0.69 ± 0.01

Task paradigm—are slightly more predictive of an explanation’s usefulness than the

user’s ratings.

12.5 Discussion

ML models are deployed in a wide variety of contexts, with a wide variety of users.

We are primarily concerned with applications where a (human) user completes a

task with the assistance of a ML model, such as an engineer debugging a computer

vision system, or a physician making a diagnosis with a ML assistant. In these sce-

narios, it is often desirable to explain the model’s behavior. Computer scientists have

developed a wide variety explanation methods, driven by a wide variety of practical

metrics—related both to model performance and to user-model interactions. We ar-

gue that in deployed settings it is essential to consider the context in which a model

is deployed, and most importantly the downstream task that the user faces.

In our empirical study we find that participants rate the usefulness of different

explanation methods differently depending on the context in which they are used.

Furthermore, different users prefer different explanation methods. However, we

find that user preferences for explanations are unrelated to the usefulness of the ex-

planation in assisting the user in a downstream task.

We argue that, in order for ML explanations to be useful, they should be guided
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by downstream feedback from the user’s task—not from direct user feedback. Our

proposed framework outlines one approach for learning useful explanations, which

we term context-aware explanations.

12.6 Authors and Publication

This chapter was written by Duncan C McElfresh, Vedant Nanda, and John P Dick-

erson.
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Chapter 13: Indecision Modeling

13.1 Introduction

The previous two chapters consider ways in which humans interact with an AI or

ML system. In this chapter we take one step back, and consider the data used to

train an AI or ML decision support system. In many deployed settings, AI and ML

systems are trained to mimic human behavior in a similar task—this is true of ML

applications in self-driving cars, hiring, and criminal justice (among others).

A growing body of research views this challenge through the lens of preference

aggregation. From this perspective, researchers aim to (1) understand the preferences

(or values) of the relevant stakeholders, and (2) design an AI system that aligns with

the aggregated preferences of all stakeholders. This approach has been proposed

recently in the context of self-driving cars [228] and organ allocation [133]. These

approaches rely on a mathematical model of stakeholder preferences–which is typ-

ically learned using data collected via hypothetical decision scenarios or online sur-

veys.1 There is a rich literature addressing how to elicit preferences accurately and

efficiently, spanning the fields of computer science, operations research, and social

science.

It is critical that these observed preferences accurately represent peoples’ true pref-

erences, since these observations guide deployed AI systems. Importantly, the way

we measure (or elicit) preferences is closely tied to the accuracy of these observations.

1The MIT Moral Machine project is one example: https://www.moralmachine.net/

https://www.moralmachine.net/
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In particular, it is well-known that both the order in which questions are asked, and

the set of choices presented, impact expressed preferences [98, 99].

Often people choose not to express a strict preference, in which case we call them

indecisive. The economics literature has suggested a variety of explanations for in-

decision [141]—for example when there are no desirable alternatives, or when all

alternatives are perceived as equivalent. Moral psychology research has found that

people often “do not want to play god” in moral situations, and would prefer for

somebody or something else to take responsibility for the decision [139].

In philosophy, indecision of the kind discussed in this chapter is typically linked

to a class of moral problems called symmetrical dilemmas, in which an agent is con-

fronted with the choice between two alternatives that are or appear to the agent

equal in value [286].2 Much of the literature concerns itself with the morality and

rationality of the use of a randomizer, such as flipping a coin, to resolve these dilem-

mas. Despite some disagreements over details [52, 115, 158, 220], many philosophers

do agree that flipping a coin is often a viable course of action in response to indeci-

sion3.

The present study accepts the assumption that flipping a coin is typically an ex-

pression of one’s preference to not decide between two options, but goes beyond

the received view in philosophy by suggesting that indecision can also be common

and acceptable when the alternatives are asymmetric. We show that people often do

adopt coin flipping strategies in asymmetrical dilemmas, where the alternatives are

not equal in value. Thus, the use of a randomizer is likely to play a more complex

role in moral decision making than simply as a tie breaker for symmetrical dilem-

mas.
2Sophie’s Choice is a well-known example: a guard at the concentration camp cruelly forces Sophie

to choose one of her two children to be killed. The guard will kill both children if Sophie refuses to
choose. Sophie’s reason for not choosing one child applies equally to another, hence the symmetry.

3With some exceptions: for example, see [255].
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Naturally, people are also sometimes indecisive when faced with difficult deci-

sions related to AI systems. However it is commonly assumed in the preference

modeling literature that people always express a strict preference, unless (A) the al-

ternatives are approximately equivalent, or (B) the alternatives are incomparable.

Assumption (A) is mathematically convenient, since it is necessary for preference

transitivity.4 Since indecision is both a common and meaningful response, strict pref-

erences alone cannot accurately represent peoples’ real values. Thus, AI researchers

who wish to guide their systems using observed preferences should be aware of the

hidden meanings of indecision. We aim to uncover these meanings in a series of

studies.

Our Contributions.

• We conduct a pilot experiment to illustrate how different interpretations of

indecision lead to different outcomes (§ 13.2). Using hypothesis testing, we

reject the common assumption (A) that indecision is expressed only toward

equivalent—or symmetric—alternatives.

• Then, drawing on ideas from psychology, philosophy, and economics, we dis-

cuss several other potential reasons for indecision, drawing (§ 13.3). We for-

malize these ideas as mathematical indecision models, and develop a proba-

bilistic interpretation that lends itself to computation (§ 13.4).

• To test the utility of these models, we conduct a second experiment to collect a

much larger dataset of decision responses (§ 13.5). We take a machine learning

(ML) perspective, and evaluate each model class based on its goodness-of-fit

4My preferences are transitive if “I prefer A over B” and “I prefer B over C” implies “I prefer A over
C”.
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to this dataset. We assess each model class for predicting individual peoples’

responses, and then we briefly investigate group decision models.

In all of our studies, we ask participants who should receive the kidney? in a hypo-

thetical scenario where two patients are in need of a kidney, but only one kidney is

available. As a potential basis for their answers, participants are given three “fea-

tures” of each patient: age, amount of alcohol consumption, and number of young

dependents.

We chose this task for several reasons: first, kidney exchange is a real applica-

tion where algorithms influence—and sometimes make—important decisions about

who receives which organ.5 Second, organ allocation is a difficult problem: there are

far fewer donors organs than there are people in need of a transplant.6 Third, the

question of who should receive these scarce resources raises serious ethical dilem-

mas [277]. Kidney allocation is also a common motivation for studies of fair resource

allocation [8, 213, 215]. Furthermore, this type of scenario is frequently used to study

peoples’ preferences and behavior [133, 137, 138, 233]. Importantly, this prior work

focuses on peoples’ strict preferences, while we aim to study indecision.

13.2 Study 1: Indecision is Not Random Choice

We first conduct a pilot study to illustrate the importance of measuring indecision.

Here we take the perspective of a preference-aggregator; we illustrate this perspec-

tive using a brief example: Suppose we must choose between two alternatives (X

or Y), based on the preferences of several stakeholders. Using a survey we ask all

5Many exchanges match patients and donors algorithmically, including the United Network for
Organ Sharing (https://unos.org/transplant/kidney-paired-donation/) and the UK national ex-
change (https://www.odt.nhs.uk/living-donation/uk-living-kidney-sharing-scheme/).

6There are around 100, 000 people in need of a transplant today (https://unos.org/data/
transplant-trends/), and about 22, 000 transplants have been conducted in 2020.

https://unos.org/transplant/kidney-paired-donation/
https://www.odt.nhs.uk/living-donation/uk-living-kidney-sharing-scheme/
https://unos.org/data/transplant-trends/
https://unos.org/data/transplant-trends/
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stakeholders to express a strict preference (to “vote”) for their preferred alternative;

X receives 10 votes while Y receives 6 votes, so X wins.

Next we conduct the same survey, but allow stakeholders to vote for “indeci-

sion” instead; now, X receives 4 votes, Y receives 5 votes, and “indecision” receives

7 votes. If we assume that voters are indecisive only when alternatives are nearly

equivalent (assumption (A) from Section 13.1), then each “indecision” vote is analo-

gous to one half-vote for both X and Y, and therefore Y wins. In other words, in the

first survey we assume that all indecisive voters choose randomly between X and Y.

However, if indecision has another meaning, then it is not clear whether X or Y wins.

Thus, in order to make the best decision for our constituents we must understand

what meaning is conveyed by indecisive voters. Unfortunately for our hypothetical

decision maker, assumption (A) is not always valid.

Using a small study, we test—and reject—assumption (A), which we frame as

two different hypotheses, H0-1: if we discard all indecisive votes, then both X and Y

receive the same proportion votes, whether or not indecision is allowed. A second related

hypothesis is H0-2: if we assign half of a vote to both X and Y when someone is indecisive,

then both X and Y receive the same proportion votes, whether or not indecision is allowed.

We conducted the hypothetical surveys described above, using 15 kidney allocation

questions (see Appendix F.1 for the survey text and analysis). Participants were

divided into two groups: participants in group Indecisive (N=62) were allowed to

express indecision (phrased as “flip a coin to decide who receives the kidney”), while

group Strict (N=60) was forced to choose one of the two recipients. We test H0-1 by

identifying the majority patient, “X” (who received the most votes) and the minority

patient “Y” for each of the 15 questions (details of this analysis are in Appendix F.1).

Overall, group Indecisive cast 581 (74) votes for the majority (minority) patient, and

275 indecision votes; the Strict group cast 751 (149) votes for the majority (minority)
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patient. Using a Pearson’s chi-squared test we reject H0-1 (p < 0.01). According to

H0-2, we might assume that all indecision votes are “effectively” one half-vote for

both the minority and majority patient. In this case, the Indecisive group casts 718.5

(211.5) “effective” votes for the majority (minority) patients; using these votes we

reject H0-2 (p < 0.01).

In the context of our hypothetical choice between X and Y, this finding is trou-

blesome: since we reject H0-1 and H0-2, we cannot choose a winner by selecting

the alternative with the most votes—or, if indecision is measured, the most “effec-

tive” votes. If indecision has other meanings, then the “best” alternative depends on

which meanings are used by each person; this is our focus in the remainder of this

chapter.

13.3 Models for Indecision

The psychology and philosophy literature find several reasons for indecision, and

many of these reasons can be approximated by numerical decision models. Before

presenting these models, we briefly discuss their related theories from psychology

and philosophy.

Difference-Based Indecision In the preference modeling literature it is sometimes

assumed that people are indecisive only when both alternatives (X and Y) are indis-

tinguishable. That is, the perceived difference between X and Y is too small to arrive

at a strict preference. In philosophy, this is referred to as “the possibility of parity”

[77].

Desirability-Based Indecision In cases where both alternatives are not “good enough”,

people may be reluctant to choose one over the other. This has been referred to as
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“single option aversion” [225], when consumers do not choose between product op-

tions if none of the options is sufficiently likable. Zakay [328] observes this effect in

single-alternative choices: people reject an alternative if it is not sufficiently close to

a hypothetical “ideal”. Similarly, people may be indecisive if both alternatives are

attractive. People faced with the choice between two highly valued options often

opt for an indecisive resolution in order to manage negative emotions [208].

Conflict-Based Indecision People may be indecisive when there are both good and

bad attributes of each alternative. This is phrased as conflict by Tversky and Shafir

[302]: people have trouble deciding between two alternatives if neither is better than

the other in every way. In the AI literature, the concept of incomparability between

alternatives is also studied [245].

While these notions are intuitively plausible, we need mathematical definitions

in order to model observed preferences. That is the purpose of the next section.

13.4 Indecision Model Formalism

In accordance with the literature, we refer to decision makers as agents. Agent pref-

erences are represented by binary relations over each pair of items (i, j) ∈ I × I ,

where I is a universe of items. We assume agent preferences are complete: when pre-

sented with item pair (i, j), they expresses exactly one response r ∈ {0, 1, 2}, which

indicates:

• r = 1, or i � j: the agent prefers i more than j

• r = 2, or i ≺ j: the agent prefers j more than i

• r = 0, or i ∼ j: the agent is indecisive between i and j
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When preferences are complete and transitive,7 then the preference relation corre-

sponds to a weak ordering over all items [284]. In this case there is a utility func-

tion representation for agent preferences, such that i � j ⇐⇒ u(i) > u(j), and

i ∼ j ⇐⇒ u(i) = u(j), where u : I → R is a continuous function. We assume each

agent has an underlying utility function, however in general we do not assume pref-

erences are transitive. In other words, we assume agents can rank items based on

their relative value (represented by u(·)), but in some cases they consider other fac-

tors in their response—causing them to be indecisive. Next, to model indecision we

propose mathematical representations of the causes for indecision from Section 13.3.

13.4.1 Mathematical Indecision Models

All models in this section are specified by two parameters: a utility function u(·) and

a threshold λ. Each model is based on scoring functions: when the agent observes a

query they assign a numerical score to each response, and they respond with the re-

sponse type that has maximal score; we assume that score ties are broken randomly,

though this assumption will not be important. In accordance with the literature, we

assume the agent observes random iid additive error for each response score (see,

e.g., Soufiani et al. [293]). Let Sr(i, j) be the agent’s score for response r to comparison

(i, j); the agent’s response is given by

R(i, j) = arg max
r∈{0,1,2}

Sr(i, j) + εrij.

That is, the agent has a deterministic score for each response Sr(i, j), but when mak-

ing a decision the agent observes a noisy version of this score, Sr(i, j) + εrij. We make

the common assumption that noise terms εrij are iid Gumbel-distributed, with scale

7Agent preferences are transitive if i � j and i � k iff i � k.
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µ = 1. In this case, the distribution of agent responses is

p(i, j, r) =
eSr(i,j)

eS0(i,j) + eS1(i,j) + eS2(i,j)
. (13.1)

Each indecision model is defined using different score functions Sr(·, ·). Score func-

tions for strict responses are always symmetric, in the sense that S2(i, j) = S1(j, i);

thus we need only define S1(·, ·) and S0(·, ·). We group each model by their cause

for indecision from Section 13.3.

Difference-Based Models: Min-δ, Max-δ Agents are indecisive when the utility

difference between alternatives is either smaller than threshold λ (Min-δ) or greater

than λ (Max-δ). The score functions for these models are

Min-δ :


S1(i, j) ≡ u(i)− u(j)

S0(i, j) ≡ λ

Max-δ :


S1(i, j) ≡ u(i)− u(j)

S0(i, j) ≡ 2|u(i)− u(j)| − λ

Here λ should be non-negative: for example with Min-δ, λ ≤ 0 means the agent is

never indecisive, while for Max-δ this means the agent is always indecisive. Model

Max-δ seems counter-intuitive (if one alternative is clearly better than the other, why

be indecisive?), yet we include it for completeness. Note that this is only one exam-

ple of a difference-based model: instead the agent might assess alternatives using a

distance measure d : I × I → R+, rather than u(·).

Desirability-Based Models: Min-U, Max-U Agents are indecisive when the utility

of both alternatives is below threshold λ (Min-U), or when the utility of both alterna-

tives is greater than λ (Max-U). Unlike the difference-based models, λ here may be
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positive or negative. The score functions for these models are

Min-U :


S1(i, j) ≡ u(i)

S0(i, j) ≡ λ

Max-U :


S1(i, j) ≡ u(i)

S0(i, j) ≡ 2 min{u(i), u(j)} − λ

Both of these models motivated in the literature (see § 13.3).

Conflict-Based Model: Dom In this model the agent is indecisive unless one alter-

native dominates the other in all features, by threshold at least λ. For this indecision

model, we need a utility measure associated with each feature of each item; for this

purpose, let un(i) be the utility associated with feature n of item i. As before, λ here

may be positive or negative. The score functions for this model are

Dom :


S1(i, j) ≡ minn∈[N] (un(i)− un(j))

S0(i, j) ≡ λ

This is one example of a conflict-based indecision model, though we might imagine

others.

These models serve as a class of hypotheses which describe how agents respond

to comparisons when they are allowed to be indecisive. Using the response distri-

bution in (13.1), we can assess how well each model fits with an agent’s (possibly

indecisive) responses. However, in many cases agents are required to express strict

preferences—they are not allowed to be indecisive (as in Section 13.2). With slight

modification the score-based models from this section can be used even when agents

are forced to express only strict preferences; we discuss this in the next section.
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Indecision Models for Strict Comparisons

We assume that agents may prefer to be indecisive, even when they are required

to express strict preferences. That is, we assume that agents use an underlying in-

decision model to express strict preferences. When they cannot express indecision,

we assume that they either resample from their decision distribution, or they choose

randomly. That is, we assume agents use a two-stage process to respond to queries:

first they sample a response r from their response distribution p(·, ·, r); if r is strict (1

or 2), then they express it, and we are done. If they sample indecision (0), then they

flip a weighted coin to decide how to respond:

(heads) with probability q they re-sample from their response distribution until

they sample a strict response, without flipping the weighted coin again

(tails) with probability 1− q they choose uniformly at randomly between responses

1 and 2.

That is, they respond according to distribution

pstrict(i, j, r) ≡


q
(

eS(i,j)+(1/2)eS0(i,j)

C

)
+ 1−q

D

(
eS1(i,j)

)
if r = 1

q
(

eS2(i,j)+(1/2)eS0(i,j)

C

)
+ 1−q

D eS2(i,j) if r = 2

(13.2)

Here, C ≡ eS0(i,j) + eS1(i,j) + eS2(i,j) , and D ≡ eS1(i,j) + eS(2(i,j). The (heads) condition

from above has another interpretation: the agent chooses to sample from a “strict”

logit, induced by only the score functions for strict responses, S1(i, j) and S1(i, j). We

discuss this model in more detail, and provide an intuitive example, in Appendix F.2.

We now have mathematical indecision models which describe how indecisive

agents respond to comparison queries, both when they are allowed to express in-

decision (§ 13.4.1), and when they are not (§ 13.4.1). The model in this section, and



226

response distributions (13.1) and (13.2), represent one way indecisive agents might

respond when they are forced to express strict preferences. The question remains

whether any of these models accurately represent peoples’ expressed preferences in

real decision scenarios. In the next section we conduct a second, larger survey to

address this question.

13.5 Study 2: Fitting Indecision Models

In our second study, we aim to model peoples’ responses in the hypothetical kid-

ney allocation scenario using indecision models from the previous section as well

as standard preference models from the literature. The models from the previous

section can be used to predict peoples’ responses, both when they are allowed to

be indecisive, and when they are not. To test both class of models, we conducted a

survey with two groups of participants, where one group was were given the op-

tion to express indecision, and the other was not. Each participant was assigned to

1 of the 150 random sequences, each of which contains 40 pairwise comparisons be-

tween two hypothetical kidney recipients with randomly generated values for age,

number of dependents, and number of alcoholic drinks per week. We recruited 150

participants for group Indecisive, which was given the option to express indecision8.

18 participants were excluded from the analysis for failing attention checks, leaving

us with a final sample of N=132. Another group, Strict (N=132), was recruited to

respond to the same 132 sequences, but without the option to express indecision.

We remove 26 participants from Indecisive who never express indecision, because

it is not sensible to compare goodness-of-fit for different indecision models when

the agent never chooses to be indecisive. This study was reviewed and approved

8As in Study 1, this is phrased as “flip a coin.”
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by our organization’s Institutional Review Board; please see Appendix F.1 for a full

description of the survey and dataset.

Model Fitting. In order to fit these indecision models to data, we assume that agent

utility functions are linear: each item i ∈ I is represented by feature vector xi ∈ RN ;

agent utility for item i is u(i) = u>xi, where u ∈ RN is the agent’s utility vector.

We take a maximum likelihood estimation (MLE) approach to fitting each model:

i.e., we select agent parameters u and λ which maximize the log-likelihood (LL) of

the training responses. Since the LL of these models is not convex, we use random

search via a Sobol process [288]. The search domain for utility vectors is u ∈ [−1, 1]N ,

the domain for probability parameters is (0, 1), and the domain for λ depends on

the model type (see Appendix F.2). The number of candidate parameters tested and

the nature of the train-test split vary between experiments. All code used for our

analysis is available online, 9 and details of our implementation can be found in

Appendix F.2.

We explore two different preference-modeling settings: learning individual in-

decision models, and learning group indecision models.

13.5.1 Individual Models

The indecision models from Section 13.4 are indented to describe how an indeci-

sive agent responds to queries—both when they are given the option to be indeci-

sive, and when they are not. Thus, we fit each of these models to responses from

both participant groups: Indecisive and Strict. For each participant we randomly

split their question-response pairs into a training and testing set of equal size (20

responses each). For each participant we fit all five models from Section 13.4, and

9https://github.com/duncanmcelfresh/indecision-modeling

https://github.com/duncanmcelfresh/indecision-modeling
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Group Indecisive (indecision & strict responses) Group Strict (only strict responses)
Model #1st #2nd #3rd Train/Test LL # 1st # 2nd # 3rd Train/Test LL
Min-δ 29 (27%) 23 (22%) 13 (12%) -0.82/-0.85 26 (20%) 53 (40%) 34 (26%) -0.44/-0.47
Max-δ 11 (10%) 12 (11%) 19 (18%) -0.81/-0.90 31 (23%) 57 (43%) 25 (19%) -0.44/-0.47
Min-U 8 (8%) 32 (30%) 17 (16%) -0.83/-0.88 1 (1%) 5 (4%) 20 (15%) -0.53/-0.56
Max-U 22 (21%) 23 (22%) 12 (11%) -0.81/-0.83 1 (1%) 5 (4%) 15 (11%) -0.53/-0.55
Dom 0 (0%) 3 (3%) 9 (8%) -0.88/-0.95 2 (2%) 4 (3%) 3 (2%) -0.57/-0.58
Logit 5 (5%) 12 (11%) 31 (29%) -0.84/-0.90 4 (3%) 5 (4%) 27 (20%) -0.53/-0.55
Rand 1 (1%) 0 (0%) 3 (3%) -1.10/-1.10 6 (5%) 0 (0%) 1 (1%) -0.69/-0.69
MLP 30 (28%) 1 (1%) 2 (2%) -0.04/-1.15 61 (46%) 3 (2%) 7 (5%) -0.03/-0.49

TABLE 13.1: Best-fit models for individual participants in group In-
decisive (left) and Strict (right). The number of participants for which
each model has the largest test log-likelihood (#1st), second-largest
test LL (#2nd), as well as third-largest (#3rd) are given for each model,

and the median training and test LL over all participants.

two baseline methods: Rand (express indecision with probability q and chooses ran-

domly between alternatives otherwise), MLP (a multilayer perceptron classifier with

two hidden layers with 32 and 16 nodes). We use MLP as a state-of-the-art bench-

mark, against which we compare our models; we use this benchmark to see how

close our new models are to modern ML methods.

For group Indecisive we estimate parameter q for NaiveRand from the training

queries; for Strict q is 0. For MLP we train a classifier with one class for each response

type, using scikit-learn [241]: for Indecisive responses we train a three-class model

(r ∈ {0, 1, 2}), and for Strict we train a two-class model (r ∈ {1, 2}).

Goodness-of-fit. Using the standard ML approach, we select the best-fit models for

each agent using the training-set LL, and evaluate the performance of these best-fit

models using the test-set LL. Table 13.1 shows the number of participants for which

each model was the 1st-, 2nd-, and 3rd best-fit for each participant (those with the

greatest training-set LL), and the median test and train LL for each model. First we

observe that no indecision model is a clear winner: several different models appear

in the top 3 for each participant. This suggests that different indecision models fit

different individuals better than others — there is not a single model that reflects

everyone’s choices. However, some models perform better than others: Min-δ and
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FIGURE 13.1: Best-fit parameters for each indecision model, for par-
ticipants in group Indecisive (top) and Strict (bottom). Elements of
the agent utility vector correspond to patient age (u1), alcohol con-
sumption (u2), and number of dependents (u3); the interpretation of
λ depends on the model class. Only participants for which the model

is the 1st-best-fit are included (see Table 1).

Max-δ appear often in the top 3 models, as does Max-U for group Indecisive.

It it is somewhat surprising the Max-δ fits participant responses, since this model

does not seem intuitive: in Max-δ, agents are indecisive when two alternatives have

very different utility—i.e., one has much greater utility than the other. It is also sur-

prising the Max-U is a good fit for group Indecisive, but not for Strict. One interpre-

tation of this fact is that some people use (a version of) Max-U when they have the

option, but they do not use Max-U when indecision is not an option. Another inter-

pretation is that our modeling assumptions in Section 13.4.1 are wrong—however

our dataset cannot definitively explain this discrepancy.

Finally, MLP is the most common best-fit model for all participants in both groups,

though it is rarely a 2nd- or 3rd-best fit. This suggests that the MLP benchmark ac-

curately models some participants’ responses, and performs poorly for others; we

expect this is due to overfitting. While MLP is more accurate than our models in

some cases, it does not shed light on why people are indecisive.

It is notable that some indecision models (Min-δ and Max-δ) outperform the stan-

dard logit model (Logit), both when they are learned from responses including in-

decision (group Indecisive), and when they are learned from only strict responses
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(group Strict). Thus, we believe that these indecision models give a more-accurate

representation for peoples’ decisions than the standard logit, both when they are

given the option to be indecisive, and when they are not.

Since these indecision models may be accurate representations of peoples’ choices,

it is informative to examine the best-fit parameters. Figure 13.1 shows best-fit param-

eters for participants in group Indecisive (top) and Strict (bottom); for each indecision

model, we show all learned parameters for participants for whom the model is the

1st-best-fit (see Table 13.1). Importantly, the best-fit values of u1, u2, and u3 are sim-

ilar for all models, in both groups. That is, in general, people have similar relative

valuations for different alternatives: u1 < 0 means younger patients are preferred

over older patients, u2 < 0 means patients who consume less alcohol are preferred

more; u3 > 0 means that patients with more dependents are preferred more. We

emphasize that the indecision model parameters for group Strict (bottom panel of

Figure 13.1) are learned using only strict responses.

These models are fit using only 20 samples, yet they provide useful insight into

how people make decisions. Importantly, our simple indecision models fit observed

data better than the standard logit—both when people can express indecision, and

when they cannot. Thus, contrary to the common assumption in the literature, not

all people are indecisive only when two alternatives are nearly equivalent. This as-

sumption may be true for some people (participants for which Min-δ is a best-fit

model), but it is not always true.

13.5.2 Group Models

Next we turn to group decision models, where the goal is for an AI system to make

decisions that reflect the values of a certain group of humans. In the spirit of the

social choice literature, we refer to agents as “voters”, and suggested decisions as
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“votes”. We consider two distinct learning paradigms, where each reflects a poten-

tial use-case of an AI decision making system.

The first paradigm, Population Modeling, concerns a large or infinite number of

voters; our goal is to estimate responses to new decision problems that are the best

for the entire population. This scenario is similar to conducting a national poll: we

have a population including thousands or millions of voters, but we can only sample

a small number (say, hundreds) of votes. Thus, we aim to build a model that repre-

sents the entire population, using a small number of votes from a small number of

voters. There are several ways to aggregate uncertain voter models (see for exam-

ple Chapter 10 of Brandt et al. [64]); our approach is to estimate the next vote from

a random voter in the population. Since we cannot observe all voters, our model

should generalize not only a “known” voter’s future behavior, but all voters’ future

behavior.

In the second paradigm, Representative Decisions, we have a small number of

“representative” voters; our goal is to estimate best responses to new decision prob-

lems for this group of representatives. This scenario is similar to multi-stakeholder

decisions including organ allocation or public policy design: these decisions are

made by a small number of representatives (e.g., experts in medicine or policy), who

often have very limited time to express their preferences. As in Population Modeling

we aim to estimate the next vote from a random expert—however in this paradigm,

all voters are “known”, i.e., in the training data.

Both voting paradigms can be represented as a machine learning problem: ob-

served votes are “data”, with which we select a best-fit model from a hypothesis
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class; these models make predictions about future votes.10 Thus, we split all ob-

served votes into a training set (for model fitting) and a test set (for evaluation).

How we split votes into a training and test set is important: in Representative Deci-

sions we aim to predict future decisions from a known pool of voters—so both the

training and test set should contain votes from each voter. In Population Modeling we

aim to predict future decisions from the entire voter population—so the training set

should contain only some votes from some voters (i.e., “training” voters), while the

test set should contain the remaining votes from training voters, and all responses

from the non-training voters.

We propose several group indecision models, each of which is based on the mod-

els from Section 13.4; please see Appendix F.2 for more details.

VMixture Model. We first learn a best-fit indecision (sub)model for each training

voter; the overall model generates responses by first selecting a training voter uni-

formly at random, and then responding according to their submodel.

k-Mixture Model. This model consists of k submodels, each of which is an inde-

cision model with its own utility vector u and threshold λ. The type of each sub-

model (Min/Max-δ, Min/Max-U, Dom) is itself a categorical variable. Weight parame-

ters w ∈ Rk indicate the importance of each submodel. This model votes by select-

ing a submodel from the softmax distribution11 on w, and responds according to

the chosen submodel.

k-Min-δ Mixture. This model is equivalent to k-Mixture, however all submodels

are of type Min-δ. We include this model since Min-δ is the most-common best-fit

10Several researchers have used techniques from machine learning for social choice [89, 117, 175,
330].

11With the softmax distribution, the probability of selecting i is ewi / ∑j ewj . We use this distribution
for mathematical convenience, though it is straightforward to learn the distribution directly.
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Model Name Represenatitives (20) Population (100)

Indecisive Strict Indecisive Strict

2-Min-δ -0.90/-0.88 -0.46/-0.47 -0.87/-0.88 -0.54/-0.52
2-Mixture -0.87/-0.86 -0.45/-0.47 -0.87/-0.88 -0.53/-0.52
VMixture -0.92/-0.90 -0.49/-0.51 -0.93/-0.94 -0.57/-0.56

Min-δ -0.92/-0.90 -0.46/-0.48 -0.87/-0.87 -0.54/-0.53
Max-δ -0.95/-0.90 -0.45/-0.46 -0.96/-0.95 -0.54/-0.52
Min-U -0.96/-0.95 -0.52/-0.54 -0.98/-0.99 -0.58/-0.57
Max-U -0.87/-0.86 -0.54/-0.54 -0.94/-0.94 -0.58/-0.57
Dom -1.08/-1.07 -0.57/-0.58 -1.05/-1.06 -0.61/-0.60

MLP -0.40/-1.55 -0.15/-0.85 -0.71/-0.77 -0.42/-0.51
Logit -0.91/-0.88 -0.53/-0.54 -0.93/-0.94 -0.57/-0.56
Rand -1.03/-1.00 N/A -1.07/-1.07 N/A

TABLE 13.2: Average train-set and test-set LL per question (reported
as “train/test”) for Representative Decisions with 20 training voters,
(left) and Population Modeling with 100 training voters (right), for both
the Indecisive and Strict participant groups. The greatest test-set LL is
highlighted for each column. For Representatives, the test set includes
only votes from the representative voters; for Population, the test set

includes all voters.

indecision model for individual participants (see § 13.5).

We simulate both the Population Modeling and Representative Decisions settings

using various train/test splits of our survey data. For Population Modeling we ran-

domly select 100 training voters; half of each training voter’s responses are added to

the test set, and half to the training set. All responses from non-training voters are

added to the test set.12

For Representative Decisions we randomly select 20 training voters (“representa-

tives”), and randomly select half of each voter’s responses for testing; all other re-

sponses are used for training; all non-training voters are ignored.

For both of these settings we fit all mixture models (2-Mixture, 2-Min-δ, and

VMixture), each individual indecision model from Section 13.4, and each each base-

line model. Table 13.2 shows the training-set and test-set LL for each method, for

both voting paradigms. Most indecision models achieve similar test-set LL, with

12Each voter in our data answers different questions, so all questions in the test set are “new.”
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the exception of Dom. In the Representatives setting, both mixture models and (non-

mixture) indecision models perform well (notably, better than MLP. This is somewhat

expected, as the Representatives setting uses very little training data, and complex

ML approaches such as MLP are prone to overfitting—this is certainly the case in our

experiments. In the Population setting the mixture models outperform individual

indecision models; this is expected, as these mixture models have a strictly larger

hypothesis class than any individual model. Unsurprisingly, MLP achieves the great-

est test-set LL in the Population setting—yet provides no insight as to how these

decisions are made.

13.6 Discussion

In many cases it is natural to feel indecisive, for example when voting in an elec-

tion or buying a new car; people are especially indecisive when their choices have

moral consequences. Importantly, there are many possible causes for indecision, and

each conveys different meaning: I may be indecisive when voting for a presiden-

tial candidate because I feel unqualified to vote; I may be indecisive when buying

a car because all options seem too similar. Using a small study, in Section 13.2 we

demonstrate that indecision cannot be interpreted as a “flipping a coin” to decide

between alternatives. This violates a key assumption in the technical literature, and

it complicates the task of selecting the best alternative for an individual or group.

Indeed, defining the “best” alternative for indecisive agents depends on what inde-

cision means.

These philosophical and psychological questions have become critical to com-

puter science researchers, since we now use preference modeling and social choice

to guide deployed AI systems. The indecision models we develop in Section 13.4
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and test in Section 13.5 provide a framework for understanding why people are

indecisive—and how indecision may influence expressed preferences when people

are allowed to be indecisive (§ 13.4.1), and when they are required to express strict

preferences (§ 13.4.1). The datasets collected in Study 1 (§ 13.2) and Study 2 (§ 13.5)

provide some insight into the causes for indecision, and we believe other researchers

will uncover more insights from this data in the future.

Several questions remain for future work. First, what are the causes for indeci-

sion, and what meaning do they convey? This question is well-studied in the phi-

losophy and social science literature, and AI researchers would benefit from inter-

disciplinary collaboration. Methods for preference elicitation [53] and active learn-

ing [135] may be useful here.

Second, if indecision has meaning beyond the desire to “flip a coin”, then what

is the best outcome for an indecisive agent? ... for a group of indecisive agents? This

might be seen as a problem of winner determination, from a perspective of social

choice [245].

13.7 Authors and Publication

This chapter was written by Duncan C McElfresh, Lok Chan, Kenzie, Doyle, Walter

Sinnott-Armstrong, Vincent Conitzer, Jana Schaich Borg, and John P Dickerson; it

appeared at AAAI’21 [218].
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Chapter 14: Perceptions of Fairness

14.1 Introduction

In this chapter we focus on one aspect of algorithm design: algorithmic fairness.

In particular, we study whether people understand common notions of algorithmic

fairness used by AI and ML researchers. Unlike previous chapters, we focus almost

entirely on (human) stakeholders, and very little on actual AI or ML systems.

Research into algorithmic fairness has grown in both importance and volume

over the past few years, driven in part by the emergence of a grassroots Fairness,

Accountability, Transparency, and Ethics (FATE) in Machine Learning (ML) commu-

nity. Different metrics and approaches to algorithmic fairness have been proposed,

many of which are based on prior legal and philosophical concepts, such as disparate

impact and disparate treatment [47, 83, 129]. However, definitions of ML fairness do

not always align with pre-existing legal and moral frameworks. The rapid expan-

sion of this field makes it difficult for professionals to keep up, let alone the general

public. Furthermore, misinformation about notions of fairness can have significant

legal implications.1

Computer scientists have largely focused on developing mathematical notions

of fairness and incorporating them into ML systems. A much smaller collection of

studies have measured public perception of bias and (un)fairness in algorithmic de-

cision making. However, as both the academic community and society in general

1https://www.cato.org/blog/misleading-veritas-accusation-google-bias-could-result-bad-law

https://www.cato.org/blog/misleading-veritas-accusation-google-bias-could-result-bad-law
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continue to discuss issues of ML fairness, it remains unclear whether non-experts—

who will be impacted by ML-guided decisions—understand various mathematical

definitions of fairness sufficiently to provide opinions and critiques. We emphasize

that these technologies are likely to have greater impact on marginalized popula-

tions, and those with lower levels of education, as in the case of hiring and criminal

justice [37, 136]. For this reason, we focus on a non-expert audience and a context

(hiring) that most people would find relatively familiar.

Contributions.

• We take a step toward addressing this issue by studying peoples’ comprehen-

sion and perceptions of three definitions of ML fairness: demographic parity,

equal opportunity, and equalized odds [157]. Specifically, we address the follow-

ing research questions:

RQ1 When provided with an explanation intended for a non-technical audi-

ence, do non-experts comprehend each definition and its implications?

RQ2 What factors play a role in comprehension?

RQ3 How are comprehension and sentiment related?

RQ4 How do the different definitions compare in terms of comprehension?

• We developed two online surveys to address these research questions. We pre-

sented participants with a simplified decision making scenario and an accom-

panying fairness rule expressed in the scenario’s context. We asked questions

related to the participants’ comprehension of and sentiment toward this rule.

Tallying the number of correct responses to the comprehension questions gives

us a comprehension score for each participant.
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• In our first study (Study-1), we found that this comprehension score is a con-

sistent and reliable indicator of understanding demographic parity. Further

exploratory analysis suggested two additional hypotheses to examine in our

second, main study (Study-2): that education level is an important predictor

for comprehension, and that negative sentiment is associated with greater com-

prehension of demographic parity.

• In a second study (Study-2), we used a similar approach to compare compre-

hension among all three definitions of interest. We find that (1) education is

a significant predictor of rule understanding, (2) the counter-intuitive defini-

tion of Equal Opportunity with False Negative Rate was significantly harder to

understand than other definitions, and (3) participants with low comprehen-

sion scores tended to express less negative sentiment toward the fairness rule.

This underlines the importance of considering stakeholders before deploying

a “fair” ML system, because some stakeholders may not understand or agree

with an ML-specific notion of fairness. Our goal is to help to designers and

adopters of fairness approaches understand whether they are communicating

with stakeholders effectively.

14.2 Related Work

In response to many instances of bias in fielded artificial intelligence (AI) and ma-

chine learning (ML) systems, ML fairness has received significant attention from the

computer science community. Notable examples include gender bias in job-related

ads [97], racial bias in evaluating names on resumes [70], and racial bias in predict-

ing criminal recidivism [17]. To correct biased behavior, researchers have proposed

several mathematical and algorithmic notions of fairness.
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Most algorithmic fairness definitions found in literature are motivated by the

philosophical notion of individual fairness (e.g., see [257]), and legal definitions of

disparate impact/treatment (e.g., see [37]). Several ML-specific definitions of fair-

ness have been proposed which claim to uphold these philosophical and legal con-

cepts. These definitions of “ML fairness” fall loosely into two categories (for a re-

view, see [84]). Statistical Parity posits that in a fair outcome, individuals from dif-

ferent protected groups have the same chance of receiving a positive (or negative)

outcome. Similarly, Predictive Parity [157] asserts that the predictive accuracy should

be similar across different protected groups–often measured by the false positive rate

(FPR) or false negative rate (FNR) in binary classification settings. Several other def-

initions have been proposed, based on concepts such as calibration [248] and causal-

ity [187]. Of course, all of these definitions make limiting assumptions; no concept of

fairness is perfect [157]. The question remains, which of these fairness definitions are

appropriate, and in what context? There are two important components to answer-

ing this question: communicating these fairness definitions to a general audience, and

measuring their perception of these definitions in context.

Communicating ML-related concepts is an active and growing research area. In

particular, interpretable ML focuses on communicating the decision making process

and results of ML-based decisions to a general audience [203]. Many tools have

been developed to make ML models more interpretable, and many demonstrably

improve understanding of ML-based decisions [170, 261]. These models often rely

on concepts from probability and statistics—teaching these concepts has long been

an active area of research. Batanero et al. [39] provide an overview of teaching prob-

ability and how students learn probability; our surveys use their method of commu-

nicating probability, which relies on proportions. We draw on several other concepts
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from this literature for our study design; for example avoiding numerical and sta-

tistical representations [144, 145], which can be confusing to a general audience. In-

stead we provide relatable examples, accompanied by examples and graphics [167].

Effectively communicating ML concepts is necessary to achieve our second goal

of understanding peoples’ perceptions of these concepts. One particularly active

research area focuses on how people perceive bias in algorithmic systems. For ex-

ample, Woodruff et al. [321] investigated perceptions of algorithmic bias among

marginalized populations, using a focus group-style workshop; Grgic-Hlaca et al.

[151] study the underlying factors causing perceptions of bias, highlighting the im-

portance of selecting appropriate features in algorithmic decision making; Plane

et al. [246] look at perceptions of discrimination of online advertising; Harrison et al.

[161] studies perceptions of fairness in stylized machine learning models; Srivastava

et al. [295] note that perceived appropriateness of an ML notion of fairness may de-

pend on the domain in which the decision making system is deployed, but suggest

that simpler notions may best capture lay perceptions of fairness.

A related body of work studied how people perceive algorithmic decision mak-

ers. Lee [194] studies perceptions of fairness, trust, and emotional response of algo-

rithmic decision makers — as compared to human decision makers. Similar work

studies perception of fairness in the context of splitting goods or tasks, and in loan

decisions [195, 196, 275]. Binns et al. [48] studies how different explanation styles

impact perceptions of algorithmic decision makers.

This substantial body of prior research provided inspiration and guidance for our

work. Prior work has studied both the effective communication of, and perceptions

of, ML-related concepts. We hypothesize that these concepts are in fact related; to

that end, we design experiments to simultaneously study peoples’ comprehension of

and perceptions of common ML fairness definitions.
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14.3 Methods

To study perceptions of ML fairness, we conducted two online surveys where par-

ticipants were presented with a hypothetical decision making scenario. Participants

were then presented with a “rule” for enforcing fairness. We then asked each par-

ticipant several questions on their comprehension and perceptions of this fairness

rule. We first conducted Study-1 to validate our methodology; we then conducted

the larger and broader Study-2 to address our main research questions. Both studies

were approved by the University of Maryland Institutional Review Board (IRB).

14.3.1 Study-1

In Study-1 we tested three different decision making scenarios based on real-world

decision problems: hiring, giving employee awards, and judging a student art project.

However, we observed no difference in participant responses between these scenar-

ios; for this reason, we focus exclusively on hiring in Study-2 (see 14.3.2). Please

see Appendix G.4 for a description of the Study-1 scenarios, and Appendix G.2.5

for relevant survey results. In Study-1, we chose (what we believe is) the simplest

definition of ML fairness, namely, demographic parity. In short, this rule requires

that the fraction of one group who receives a positive outcome (e.g., an award or job

offer) is equal for both groups.

14.3.1.1 Survey Design

Here we provide a high-level discussion of the survey design; the full text of each

survey can be found in Appendix G.4. The participant first receives a consent form

(see Appendix G.5). If consent is obtained, the participant sees a short paragraph

explaining the decision making scenario. To make demographic parity accessible to
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a non-technical audience, and to avoid bias related to algorithmic decision making,

we frame this notion of fairness as a rule that the decision maker must follow to be

fair. In the hiring scenario, we framed this decision rule as follows: The fraction of

applicants who receive job offers that are female should equal the fraction of applicants that

are female. Similarly, the fraction of applicants who receive job offers that are male should

equal the fraction of applicants that are male.

We then ask two questions concerning participant evaluation of the scenario,

nine comprehension questions about the fairness rule, two self-report questions on

participant understanding and use of the rule, and four free response questions on

comprehension and sentiment. For example, one comprehension question is: Is the

following statement TRUE OR FALSE: This hiring rule always allows the hiring manager

to send offers exclusively to the most qualified applicants. Finally, we collect demographic

information (age, gender, race/ethnicity, education level, and expertise in a number

of relevant fields).

We conducted in-person cognitive interviews [160] to pilot our survey, leading

to several improvements in the question design (see Appendix G.1. Most notably,

because some cognitive interview participants appeared to use their own personal

notions of fairness rather than our provided rule, we added questions to assess this

compliance issue.

14.3.1.2 Recruitment and Participants

We recruited participants using the online service Cint [87], which allowed us to

loosely approximate the 2017 U.S. Census distributions [68] for ethnicity and ed-

ucation level, allowing for broad representation. We required that participants be

18 years of age or older, and fluent in English. Participants were compensated us-

ing Cint’s rewards system; according to a Cint representative: “[Participants] can
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choose to receive their rewards in cash sent to their bank accounts (e.g. via PayPal),

online shopping opportunities with one of multiple online merchants, or donations

to a charity."

Data was collected during August 2019. In total 147 participants were included

in the Study-1 analysis, including 75 men (51.0%), 71 women (48.3%), and 1 (0.7%)

preferring not to answer. The average age was 46 years (SD = 16). Ethnicity and

educational attainment are summarized in Table 14.1. On average, participants com-

pleted the survey in 14 minutes.

Table 14.1 summarizes the ethnicity and education level of participants in both

Study-1 and Study-2.

TABLE 14.1: Participant demographics across ethnicity and educa-
tion level, compared to the 2017 U.S. Census. AI = American Indian,
AN = Alaska Native, NH = Native Hawaiian, PI = Pacific Islander,
AA = African American. Note that in Study-2, two participants did

not report their education level.

Percent of Sample
Census Study-1 Study-2

Ethnicity
AI or AN 0.7 0.7 0.9
Asian or NH or PI 5.7 1.4 2.3
Black or AA 12.3 10.2 15.8
Hispanic or Latinx 18.1 12.2 7.7
Other 2.6 2.7 1.4
White 60.6 72.8 71.9

Education Level
Less than HS 12.1 6.1 6.9
HS or equivalent 27.7 29.9 24.9
Some post-secondary 30.8 30.6 24.9
Bachelor’s and above 29.4 33.3 42.7

14.3.2 Study-2

Study-2 follows a very similar structure to Study-1 with a few changes. First, we

decided to use only the hiring (HR) decision scenario (See Appendix G.2.5 for more
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in-depth discussion). Second, we expanded to three definitions of fairness: demo-

graphic parity (DP), equal opportunity (EP), and equalized odds (EO) [157]. Within EP,

we tested both False Negative Rate (FNR) and False Positive Rate (FPR), resulting in

a total of four conditions.

14.3.2.1 Survey Design

Here we provide a high-level discussion of the differences between Study-2 and

Study-1; the full text of each survey can be found in Appendix G.4. We used a

between-subjects design with random assignment among the four conditions (DP,

FNR, FPR, EO). Again, we frame each notion of fairness as a hiring rule that the

decision maker must follow to be fair. For example, in FPR we define the award rule

as follows: The fraction of unqualified male candidates who receive job offers should equal

the fraction of unqualified female candidates who receive job offers.

For this version, we added graphical examples to further clarify our explanations

(see Fig. 14.1 for an example). We used the all the same questions as in Study-1 but

added two additional Likert-scale questions assessing participant sentiment: one

asked whether they liked the rule, and the other asked whether they agreed with

the rule. One free response question (asking how participants personally would go

about the hiring process to ensure it was fair), which did not consistently provide

useful responses in Study-1, was removed from the Study-2 survey in an effort to

keep the expected completion time similar.

14.3.2.2 Recruitment and Participants

We again used the Cint service to recruit participants. Compensation for participa-

tion was handled in the same manner as described in §14.3.1.2. Because our initial
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FIGURE 14.1: A graphical example to describe a fair hiring outcome
for EO. Yellow people represent females while green people repre-
sent males. The darker colors represent qualified individuals while
the lighter colors represent unqualified individuals. The gray box
represents the original pool of applicants. The green box represent
individuals that received job offers while the red box with a dashed

border represents individuals that did not receive job offers.

sample (intended to target education, ethnicity, gender and age distributions ap-

proximating the U.S. census) skewed more highly educated than we had hoped, we

added a second round of recruitment one week later primarily targeting participants

without bachelor’s degrees. Hereafter, we report on both samples together.

Data was collected during January and February 2020. In total 349 participants

were included in the Study-2 analysis, including 142 men (40.7%), 203 women (58.2%),

1 other (0.3%), and 3 (0.9%) preferring not to answer. The average age was 45 years

(SD=15). Ethnicity and educational attainment are summarized in Table 14.1. On

average, participants completed the survey in 16 minutes.

14.3.3 Data Analysis

Free response questions were qualitatively coded for statistical testing. In Study-

1, one question was coded by a single researcher for simple correctness (see Ap-

pendix G.2.1), and the other was independently coded by three researchers (resolved

to 100%) to capture sentiment information (see Appendix G.2.3). In Study-2, both

questions were independently coded by 2-3 researchers (resolved to 100%). Partic-

ipants who provided nonsensical answers, answers not in English, or other non-

responsive answers to free response questions were excluded from all analysis.
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The following methods were used for all statistical analyses unless otherwise

specified. Correlations with nonparametric ordinal data were assessed using Spear-

man’s rho. Omnibus comparisons on nonparametric ordinal data were performed

with a Kruskal–Wallis (K-W) test, and relevant post-hoc comparisons with Mann–

Whitney U (M-WU) tests. Post-hoc p-values were adjusted for multiple comparisons

using Bonferroni correction. χ2 tests were used for comparisons of nominal data.

Box plots show median and first and third quartiles; whiskers extend to 1.5 ∗ IQR

(interquartile range), with outliers indicated by points. The full analysis script for

both studies can be found on GitHub. 2

14.3.4 Limitations

As with all surveys, our study has certain limitations. We recruited a demograph-

ically broad population, but web panels are generally more tech-savvy than the

broader population [258]. We consider this acceptable for a first effort. Some partic-

ipants may be “satisficing” rather than answering carefully. We mitigate this by dis-

qualifying participants with off-topic or non-responsive free-text responses. Further,

this limitation can be expected to be consistent across conditions, enabling reason-

able comparison. Finally, better or clearer explanations of the fairness definitions we

explored are certainly possible; we believe our explanations were sufficient to allow

us to investigate our research questions, especially because they were designed to

be consistent across conditions.
2https://github.com/saharaja/ICML2020-fairness

https://github.com/saharaja/ICML2020-fairness
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14.4 Results

In this section we first discuss the preliminary findings from Study-1 (see §14.4.1).

These findings were used as hypotheses for further exploration and testing in Study-

2; we discuss those results second (see §14.4.2).

14.4.1 Study-1

We analyze survey responses for Study-1 and make several observations. We first

validate our comprehension score as a measure of participant understanding; we

then generate hypotheses for further exploration in Study-2.

14.4.1.1 Our Survey Effectively Captures Rule Comprehension

We find that we can measure comprehension of the fairness rule. The comprehen-

sion score was calculated as the total correct responses out of a possible 9. All ques-

tions were weighted equally. The relevant questions included 2 multiple choice, 4

true/false, and 3 yes/no questions. The average score was 6.2 (SD=2.3).

We validate our comprehension score using two methods: internal validity test-

ing, and correlation against two self-report and one free response question included

in our survey (see Appendix G.2.1 for further details).

Internal Validity Cronbach’s α and item-total correlation were used to assess in-

ternal validity of the comprehension score. Both measures met established thresh-

olds [124, 230]: Cronbach’s α = 0.71, and item-total correlation for 8 of the 9 items

(all but Q5) > 0.3.
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Question Correlation We find that self-reported rule understanding and use are

reflected in comprehension score. First, we compared comprehension score to self-

reported rule understanding (Q13): “I am confident I know how to apply the award

rule described above,” rated on a five-point Likert scale from strongly agree (1) to

strongly disagree (5). The median response was “agree” (Q1 = 1, Q3 = 3). Higher

comprehension scores tended to be associated with greater confidence in under-

standing (Spearman’s ρ = 0.39, p < 0.001), supporting the notion that compre-

hension score is a valid measure of rule comprehension.

Next, we compared comprehension score to a self-report question about the par-

ticipant’s use of the rule (Q14), with the following options: (a) “I applied the pro-

vided award rule only,” (b) “I used my own ideas of what the correct award decision

should be rather than the provided award rule,” or (c) “I used a combination of the

provided award rule and my own ideas of what the correct award decision should

be.” We find that participants who claimed to use only the rule scored significantly

higher (mean 7.09) than those who used their own notions (4.90) or a combination

(4.68) (post-hoc M-WU, p < 0.001 for both tests; corrected α = 0.05/3 = 0.017). This

further corroborates our comprehension score.

Finally, we asked participants to explain the rule in their own words (Q12). Each

response was then qualitatively coded as one of five categories—Correct: describes

rule correctly; Partially correct: description has some errors or is somewhat vague;

Neither: vague description of purpose of the rule rather than how it works, or pure

opinion; Incorrect: incorrect or irrelevant; and None: no answer, or expresses confu-

sion. Participants whose responses were either correct (mean comprehension score

= 7.71) or partially correct (7.03) performed significantly better on our survey than

those responding with neither (5.13) or incorrect (4.24) (post-hoc M-WU, p < 0.001
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for these four comparisons, corrected α = 0.05/10 = 0.005). These findings fur-

ther validate our comprehension score. Additional details of these results and the

associated statistical tests can be found in Appendix G.2.1.

14.4.1.2 Hypotheses Generated

We analyzed the data from Study-1 in an exploratory fashion intended to generate

hypotheses that could be tested in Study-2. We highlight here three key hypotheses

that emerged from the data.

Education Influences Comprehension We used Poisson regression models to ex-

plore whether various demographic factors were associated with differences in com-

prehension. We found that a model including education as a regressor had greater

explanatory power than a model without (see Appendix G.2.2 for further details).

Disagreement with the Rule is Associated with Higher Comprehension Scores

We asked participants for their opinion on the presented rule in a free response

question (Q15). These responses were qualitatively coded to capture participant sen-

timent toward the rule in one of five categories – Agree: generally positive sentiment

towards rule; Depends: describes both pros and cons of the given rule; Disagree:

generally negative sentiment towards rule; Not understood: expresses confusion

about rule; None: no answer, or lacks opinion on appropriateness of the rule. Par-

ticipants who expressed disagreement with the rule performed better (mean com-

prehension score = 7.02) than those who expressed agreement (5.50), did not un-

derstand the rule (4.44), or provided no response (5.09) to the question (post-hoc

M-WU, p < 0.005 for these three comparisons; corrected α = 0.05/10 = 0.005).

Appendix G.2.3 provides further details.
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(A) Grouped by response to
Q13

(B) Grouped by response to
Q14.

(C) Grouped by coded re-
sponse to Q12.

FIGURE 14.2: Comprehension scores grouped by questions. In (a),
self-reported understanding of the rule was not related to compre-
hension score. X-axis is reversed for figure and correlation test. In (b),
rule compliance (leftmost on the x-axis) was associated with higher
comprehension scores. One participant who did not provide a re-
sponse was excluded from this figure and the relevant analysis. Fi-
nally, in (c), participants who provided either correct or partially cor-

rect responses tended to perform better.

Non-Compliance is Associated with Lack of Understanding We were interested

in understanding why some participants failed to adhere to the rule, as measured by

their self-report of rule usage in Q14. We labeled those who responded with either

having used their own personal notions of fairness (n = 29) or some combination

of their personal notions and the rule (n = 28) as “non-compliant" (NC), with the

remaining n = 89 labeled as “compliant" (C). One participant who did not provide

a response was excluded from this analysis, conducted using χ2 tests.

Non-compliant participants were less likely to self-report high understanding of

the rule in Q13 (see Fig. G.7). Moreover, non-compliance also appears to be associ-

ated with a reduced ability to correctly explain the rule in Q12 (see Fig. G.8). This

fits with the overall strong relationship we observed among comprehension scores,

self-reported understanding, ability to explain the rule, and compliance.

Further, negative participant sentiment towards the rule (Q15) also appears to

be associated with greater compliance (see Fig. G.9). Thus, non-compliant partici-

pants appear to behave this way because they do not understand the rule, rather than

because they do not like it. Refer to Appendix G.2.4 for further details.
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14.4.2 Study-2

We first confirm the validity of our comprehension score, then compare comprehen-

sion across definitions and examine the hypotheses generated in Study-1.

14.4.2.1 Score Validation

We validated our metric using the same approach used in Study-1, i.e., assessing

both internal validity and correlation with self-report and free-response questions.

We report the results of this assessment here.

Internal Validity We again used Cronbach’s α and item-total correlation to assess

internal validity of the comprehension score. An initial assessment using all 349 re-

sponses yielded Cronbach’s α = 0.38, and item-total correlation > 0.3 for only four

of the nine comprehension questions. Since both measures performed below estab-

lished thresholds [124, 230], we investigated further and repeated these measure-

ments individually for each fairness-definition condition (DP, FNR, FPR, EO). This

procedure showed stark differences in Cronbach’s α based on definition: DP=0.64,

FNR=0.39, FPR=0.49, EO=0.62. Item-total correlations followed a similar pattern:

best in DP, worst in FNR. Based on these differences, we iteratively removed prob-

lematic questions from the score on a per-definition basis until all remaining ques-

tions achieved an item-total correlation of > 0.3 [124]. By removing poorly perform-

ing questions, we increase our confidence that the measured comprehension scores

are meaningful for further analysis. Table 14.2 specifies which questions were re-

tained for analysis in each definition.

Because questions were dropped on a per-definition basis, the maximum of the

resulting scores varied from 4-8 depending on the definition, rather than being a

uniform 9. We normalized this treating comprehension score as a percentage of the
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TABLE 14.2: Questions that were used for downstream analysis after
iterative removal of questions with poor item-total correlation.

Questions

Q3 Q4 Q5 Q6 Q7 Q8 Q9 Q10 Q11

DP X X X X X X X
FNR X X X X
FPR X X X X X X X
EO X X X X X X X X

maximum for each condition rather than a raw score. We report this adjusted score in

the remainder of §14.4.2. The average score was 0.53 (SD=0.22).

Question Correlation As in Study-1, we compare comprehension scores with re-

sponses to self-report and free response questions included in our survey.

First, we compared comprehension score to self-reported rule understanding

(Q13), as described in §14.4.1.1. The median response was “agree” (Q1 = 2, Q3 = 3).

We assess the correlation between these responses and comprehension score using

Spearman’s rho (appropriate for ordinal data). Unlike in Study-1, there was no rela-

tionship between self-reported understanding and comprehension score (Fig. 14.2a).

Next, we compared comprehension score to a self-report question about the par-

ticipant’s use of the rule (Q14), as described in §14.4.1.1. A K-W test revealed a

relationship between self-reported rule usage and comprehension score (p < 0.001).

We find that participants who claimed to use only the rule tended to score higher

(mean comprehension score = 0.58) than those who used a combination of the rule

and their own notions of fairness (0.47, p < 0.01). No other differences were found

(post-hoc M-WU; corrected α = 0.05/3 = 0.017). This suggests that participants are

answering at least somewhat honestly: when they try to apply the rule, comprehen-

sion scores improve (see Fig. 14.2b).

Finally, we asked participants to explain the rule in their own words (Q12). Each
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response was then qualitatively coded as one of five categories, as described in

§14.4.1.1. These results can be seen in Fig. 14.2c. A K-W test revealed a relation-

ship between comprehension score and coded responses to Q12 (p < 0.001). Correct

(mean comprehension score = 0.83) responses were associated with higher compre-

hension scores than partially correct (0.58), neither (0.44), incorrect (0.52), and none

(0.48) responses (p < 0.001 for all); partially correct responses were also associated

with higher comprehension scores than neither responses (p < 0.001); and incor-

rect responses were associated with higher comprehension scores that neither re-

sponses (p < 0.005). No other differences were found (post-hoc M-WU; corrected

α = 0.05/10 = 0.005). These findings support our claim that our comprehension

score is a valid measure of fairness-rule comprehension.

14.4.2.2 Education and Definition are Related to Comprehension Score

One hypothesis generated by Study-1 was that comprehension score is positively

correlated with education level. We investigated this hypothesis further in Study-2

using linear regression models followed by model selection. We believe this ex-

ploratory approach to be appropriate despite the previously formulated hypothesis,

given the introduction of a new variable in Study-2, i.e., fairness definition.

Eleven models were tested, regressing different combinations of demographics

(ethnicity, gender, education, and age) and condition (fairness definition). Mod-

els were compared using Akaike information criterion (AIC), a standard method

of evaluating model quality and performing model selection [9]. Comparison by

AIC revealed that the model using just education (edu) and fairness definition (def)

as regressors was the model of best fit. In this model, having a Bachelor’s degree

or above resulted in a score increase of 0.14, and the FNR condition caused a score

decrease of -0.11 (p < 0.004 for both; corrected α = 0.05/11 = 0.0045). A regression
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table of the best fit model can be found in Table 14.3.

TABLE 14.3: Regression table for the best fit model, with two covari-
ates: education (baseline: no HS) and definition (baseline: DP). Est. =

estimate, CI = confidence interval.

Covariate Est. 95% CI p

Education
HS 0.00 [-0.10, 0.10] 0.989
Post-secondary, no BS 0.09 [-0.01, 0.18] 0.078
Bachelor’s and above 0.14 [0.04, 0.23] < 0.004

Definition
EO -0.08 [-0.14, 0.01] 0.020
FPR -0.05 [-0.11, 0.01] 0.124
FNR -0.11 [-0.18, -0.05] < 0.001

AIC results of each of the eleven models, along with the relevant regressors, can

be seen in Table G.1 in Appendix G.3.1. Comprehension score as a function of edu-

cation and fairness definition can be seen in Figs. 14.3 and 14.4.

FIGURE 14.3: Comprehension score grouped by education level.
Higher education was associated with higher comprehension scores.
Note that two participants who did not report their education level

were removed from this figure and the relevant analysis.



255

FIGURE 14.4: Comprehension score grouped by fairness definition.
The FNR condition was associated with lower comprehension sore.

14.4.2.3 Greater Negative Sentiment Toward the Rule is Associated with Higher

Comprehension Scores

In Study-1, we found a relationship between participant sentiment towards the rule

and comprehension score. To better interrogate this phenomenon, in Study-2 we

added two more questions to the survey to directly address the issue of sentiment,

rather than relying on a free-response question. One (Q15) asks, “To what extent do

you agree with the following statement: I like the hiring rule?", and is evaluated on a

five-point Likert scale from “strongly agree" (1) to “strongly disagree" (5). The other

(Q16) asks, “To what extent do you agree with the following statement: I agree with

the hiring rule?", and is also evaluated on a five-point Likert scale from “strongly

agree" (1) to “strongly disagree" (5).

Using Spearman’s rho, we assessed the correlation between responses to these

two questions and comprehension score. A minor correlation was found between

liking the rule and comprehension score, i.e., those who disliked the rule were more

likely to have higher comprehension scores (ρ = −0.11, p < 0.05; see Fig. 14.5).
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FIGURE 14.5: Comprehension score grouped by response to Q15.
Dislike of the rule was associated with higher comprehension scores.

X-axis is reversed for figure and correlation test.

A slight correlation was also found between agreeing with the rule and compre-

hension score, i.e., disagreement was associated with higher comprehension scores

(ρ = −0.11, p < 0.05; see Fig. 14.6).

14.4.2.4 Non-Compliance is Associated with Lack of Understanding

A final hypothesis generated in Study-1 involves non-compliance: i.e., why do par-

ticipants who report not using the rule to answer the comprehension questions be-

have this way? In Study-1, we found that this was due to the fact that non-compliant

participants were less able to understand the rule, rather than because they did not

like it. We also observed this in our results from Study-2: compliant participants ex-

hibited higher self-reported understanding of the rule (p < 0.001, Fig. G.11), were

more likely to correctly explain the rule (p < 0.001, Fig. G.12), and were more likely

to dislike the rule (p < 0.05, Fig. G.13). We observed no relationship between com-

pliance and agreement with the rule (Fig. G.14). Refer to Appendix G.3.2 for more

details.
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FIGURE 14.6: Comprehension score grouped by response to Q16.
Disagreement with the rule was associated with higher comprehen-

sion score. X-axis is reversed for figure and correlation test.

14.5 Discussion

Bias in machine learning is a growing threat to justice; to date, ML bias has been

documented in both commercial and government applications, in sectors such as

medicine, criminal justice, and employment. In response, ML researchers have pro-

posed various notions of fairness to correct these biases. Most ML fairness definitions

are purely mathematical, and require some knowledge of machine learning. While

they are intended to benefit the general public, it is unclear whether the general

public agrees with — or even understands — these notions of ML fairness.

We take an initial step to bridge this gap by asking do people understand the no-

tions of fairness put forth by ML researchers? To answer this question we develop a

short questionnaire to assess understanding of three particular notions of ML fair-

ness (demographic parity, equal opportunity, and equalized odds). We find that our

comprehension score (with some adjustments for each definition) appears to be a

consistent and reliable indicator of understanding the fairness metrics. The compre-

hension score demonstrated in this work lays a foundation for many future studies
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exploring other fairness definitions.

We do find, however, that comprehension is lower for equal opportunity, false

negative rate than other definitions. In general, comprehension scores for equal op-

portunity (both FNR and FPR) were less internally consistent than other fairness

rules, suggesting participant responses were also more “noisy” for equal opportu-

nity. This is somewhat intuitive: equal opportunity is difficult to understand, as it

only involves one type of error (FNR or FPR) rather than both. Furthermore, FNR

participants had the lowest comprehension scores and the lowest consistency of all

conditions. We believe this finding also matches intuition: FNR is a strange notion

in the context of hiring, as it concerns only those qualified applicants who were not

hired or offered jobs. Indeed, in free-response questions several participants men-

tioned that they do not understand why qualified candidates are not hired. We be-

lieve many participants fixated on this strange setting, impacting their comprehen-

sion scores. This finding is potentially problematic, as equal opportunity definitions

are increasingly used in practice. Indeed, major fairness tools such as Google What-

If tool [318] and the IBM AI Fairness 360 [40] specifically focus on equal opportunity.

Further work should be put into making descriptions of nuanced fairness metrics

more accessible.

Our analysis also identified other issues that should be considered when think-

ing about mathematical notions of fairness. First, we find that education is a strong

predictor of comprehension. This is especially troubling, as the negative impacts of

biased ML are expected to disproportionately impact the most marginalized [37] and

displace employment opportunities for those with the least education [136]. Lack of

understanding may hamper these groups’ ability to effectively advocate for them-

selves. Designing more accessible explanations of fairness should be a top research

priority.
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Second, we find that those with the weakest comprehension of fairness metrics

also express the least negative sentiment toward them. When fairness is a con-

cern, there are always trade-offs—between accuracy and equity, or between different

stakeholders, and so on. Balancing these trade-offs is an uncomfortable dilemma of-

ten lacking an objectively correct solution. It is possible that those who comprehend

this dilemma also recognize the precarious trade-off struck by any mathematical def-

inition of fairness, and are therefore dissatisfied with it. It is also possible that partici-

pants with positive sentiment toward fairness definitions are genuinely appreciative

of fairness in general—and since education is correlated with comprehension, these

participants may be less well-off than participants with high comprehension scores.

From another perspective, this finding is more insidious. If those with the weak-

est understanding of AI bias are also least likely to protest, then major problems in

algorithmic fairness may remain uncorrected.
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Part IV

Conclusions & Future Research
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Chapter 15: Conclusion

Using algorithms for resource allocation and decision making requires a careful bal-

ance of priorities. On one hand, advanced algorithms can identify ways to use re-

sources far more efficiently, and far quicker, than any human (or team of humans)

could hope for. In Part I of this thesis I describe the algorithms behind one such

application—kidney exchange—where algorithms have been used to great effect for

more than a decade. Similar methods are used regularly in transportation, supply

chain management, medical resource allocation, and finance. Algorithms are also

widely used to help people make better decisions: perhaps the most common exam-

ple of this is recommender systems, which are used widely in retail and marketing

applications to suggest products that are relevant to consumers; similar methods are

used in social media to recommend content to users. Decision support algorithms

are used in medicine, for example to identify an appropriate diagnosis and treat-

ment plan. In each of these examples, algorithms have demonstrated value—which

is further confirmed by their increasing adoption.

Furthermore, algorithms lend stability and credibility to a decision process. Many

fielded algorithms are deterministic—meaning that the same input will always pro-

duce the same output. This consistency is especially important in high-stakes sce-

narios, for example in kidney exchange, where people tend to avoid uncertainty

and ambiguity [71]. In some cases algorithms are even seen as more trustworthy or

objective than humans [194].
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On the other hand, the use of algorithms can complicate things. Algorithms of-

ten assist or replace a human decision maker, and designing an algorithm requires

that we explicitly state how decisions ought to be made. This requires a level of

reflection that isn’t always necessary when a decision is made only by humans. Fur-

thermore, algorithms are often based on a variety of assumptions about the world—

assumptions about human behavior, user priorities, data availability and accuracy,

available computing power, and so on. Each of these design considerations raise im-

portant questions for algorithm designers, as well as stakeholders. Here I briefly

outline some important algorithm design considerations, many of which are cov-

ered in this thesis.

Uncertainty When algorithms are deployed in unpredictable environments, we

guide them with our beliefs about the future; when these beliefs are wrong, al-

gorithms can perform very poorly. This uncertainty is a problem in deployed al-

gorithms; Chapter 3 presents a “robust” (risk-averse) algorithm to deal with un-

certainty in kidney exchange algorithms; Chapters 4 and 5 present data-driven ap-

proaches with adjustable levels of risk aversion. These optimization-based approaches

perform well in computational simulations, however they are very sensitive to our

characterization of uncertainty—such as the distribution or range of an uncertain

parameter. Furthermore, optimization-based approaches tend to require modify-

ing or replacing an existing algorithm; in many applied contexts, including kid-

ney exchange, this is impractical. Deployed algorithms are often a small part of a

much larger ecosystem governed by local law, organizational policies, and oversight

boards. Changing the nature of a deployed algorithm can incur enormous costs; in

kidney exchange this can require months or years of deliberation. However even

if a deployed algorithm cannot be modified, we can still improve its performance
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by changing its use. We take this approach in Chapter 8 to address uncertainty in

kidney exchange by eliciting information from certain participants in the exchange.

Certain kidney recipients can have an especially large impact on the behavior of a

kidney exchange matching algorithm; if these patients refuse a certain donor, this can

alter the entire structure of the exchange. We develop methods for selectively gath-

ering information from these recipients; this information can substantially improve

the exchange outcome, without modifying the deployed matching algorithm.

Transparency In high-stakes applications such as medicine or finance, it is usu-

ally important to justify how decisions are made: What assumptions were made?

What evidence was used? What alternatives were considered? This justification

becomes murky when an algorithm is involved. If an algorithm makes a decision,

it is important to characterize the reasoning and historical data that resulted in the

decision. If an algorithm helps a person make a decision, it is also important to char-

acterize the algorithm’s role in the decision process. These questions relate to the

transparency of an algorithm and the decision process it participates in. Complex ML

and AI algorithms can be especially difficult to understand, even for experts. The

nascent field of eXplainable Artificial Intelligence (XAI) endeavors to build trans-

parent algorithms—both by designing algorithms that are inherently easy to under-

stand, and by explaining algorithm output using post-hoc analysis. I argue in Chap-

ter 10 that existing XAI approaches are too technocentric completely address issues

of algorithmic transparency, and that stakeholders should play a central role in the

development of algorithmic systems. Chapter 12 describes one way to engage more

directly with stakeholders, using their feedback to generate useful explanations of

ML models.
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Social Bias In recent years, algorithmic bias has been an important topic both in-

side and outside of academia. Deployed algorithms have been shown to mimic,

and even amplify, dangerous social biases—most notably racism and sexism [18,

67, 67, 96, 231]. Algorithmic bias is closely related to algorithmic transparency—

since it is more difficult to detect potential biases from complex (or “opaque”) al-

gorithms. Myriad “debiasing” methods have been proposed in the AI and ML lit-

erature, though there is currently no standard of practice. Furthermore, mitigating

one type of algorithmic bias can perpetuate another type of bias [182], and certain

debiasing measures can also impact privacy [256].

User Behavior No matter how well-designed an algorithm is, we cannot predict

how it will be used “in the wild.” How someone uses an algorithmic system de-

pends on a variety of factors: the context in which the system is used, how much

experience the person has, their prior experience with similar systems, their precon-

ceived notions of AI and computers, and so on. It is essential for computer scientists

to consider both the users of their products, and the context in which they are used.

Part III of this thesis addresses several user-specific challenges to algorithm design:

Chapter 11 studies how AI suggestions influence decision making, Chapter 13 high-

lights the importance of indecision in behavior models, and Chapter 14 measures

whether people understand common notions of algorithmic fairness.

Designing an algorithm to make important decisions is a juggling act. Increasing

an algorithm’s performance can require making it less transparent, or more difficult

to use; removing one type of social bias can provoke other biases, and can impact

user privacy. Striking the appropriate balance of priorities is a matter of deliberation—

which should center on the stakeholders and users of a system.
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Chapter 16: Future Work

16.1 Kidney Exchange

RQ1: Online Kidney Exchange Researchers often treat kidney exchange as a static

problem: the patient-donor pool is considered to be constant (i.e., patient-donor

pairs do not enter or exit the pool while a matching is being constructed), and match-

ing policies typically consider only the current exchange pool, and not future pools.

However kidney exchange is an inherently dynamic process: patient-donor pairs

and NDDs are constantly entering and exiting the exchange, and today’s match-

ing inevitably impacts tomorrow’s exchange pool. Research has demonstrated that

matching policies designed for a dynamic environment can increase overall wel-

fare [30, 104, 105, 307], yet there are both theoretical and practical challenges that

must be overcome. First, it is theoretically challenging to design policies for an on-

line environment, especially when there is substantial uncertainty about the future.

An online policy that adapts its behavior based on the exchange pool might also

give policymakers pause—since its behavior might not be intuitive. Future work

should explore dynamic policies that are transparent to policymakers: there is both a

legal and ethical obligation to develop transparent policies in the context of kidney

exchange [239].



266

16.2 Preferences & Social Choice

RQ2: Learning Preferences over Sets Stakeholder preference play a major role

in many modern algorithmic systems. A canonical example is recommender sys-

tems, which are commonplace in marketing, online commerce, and social media

applications; similar systems have been proposed for high-stakes decisions such as

kidney exchange [133] and self-driving cars [228]. In resource allocation settings

such as kidney exchange, the “outcome” is usually a large or complex set; in kid-

ney exchange, the outcome is a “matching”, or a cycle packing on a directed graph,

which represents a set of potential transplants in the exchange. To understand how

stakeholders value different kidney exchange outcomes, we need to understand how

they value different sets of transplants; this raises both mathematical and moral chal-

lenges. From a moral perspective, comparing kidney exchange matchings is similar

to a slightly lower-stakes version of the trolley problem: during each match run,

exchanges choose a set of patients to receive transplants immediately (or very soon

after matching), and all other patients in the exchange must wait for the next match

run—which means they face several more weeks of dialysis, at least. These dilem-

mas are not straightforward, especially when the size of a matching can vary. For

example: when is it reasonable to choose a smaller matching, when a larger matching

is possible? From a mathematical perspective, preferences over sets raise modeling

challenges. Most preference models assume that people have preferences over indi-

vidual “items”—for example, they prefer Product A to Product B, or they prefer that

Patient A receives priority for a kidney transplant over Patient B [133]. Some pref-

erence models (and aggregation techniques) over sets have been studied, primarily

in the context of social choice [36, 59, 62, 65]. There are still many open theoretical
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and practical questions here: for example how to learn and aggregate1 these prefer-

ences efficiently, and how to design a relatively transparent aggregation method for

resource allocation (e.g., for kidney exchange).

RQ3: Dealing with Indecision Chapter 13 highlights the importance of indecision

in human decision making, and we propose several preference models for indeci-

sive agents. There are both theoretical and empirical questions raised in this work.

The largest theoretical question is one of social choice: if some agents are indecisive,

how do we define consensus? Does this depend on the cause or indecision? Some

of these questions have been studied for incomparable items and incomplete pref-

erences [122, 192, 244], but not indecision. From an empirical perspective, further

studies are needed to understand the nature and causes of indecision. For example,

can indecision be resolved through deliberation or information sharing? Do people

wish to resolve their indecision? What scenarios are likely to evoke indecision?

16.3 Participatory Algorithm Design

RQ4: Facilitating Collaboration between Stakeholders and Technicians A fun-

damental challenge in Participatory Algorithm Design (PAD) (see Chapter 10) is the

knowledge gap between stakeholders and technicians (such as computer scientists

and engineers). As we find in Chapter 14, many people do not understand algorith-

mic concepts—even the most “basic” notions of fairness used by computer scientists.

To facilitate PAD, we need to both learn what is important to both stakeholders and

technicians, and to convey these concepts to both groups; this presents a communi-

cation problem. Here we might draw inspiration from the practice of Shared Deci-

sion Making [121] (SDM) in medicine—a process where physicians work closely with

1This question is related to the study of committee elections and multiwinner elections in social choice.
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their patient to decide the most appropriate course of treatment. In SDM, patients

and their physicians discuss treatment options, the patient’s preferences, and the

likelihood of different outcomes. The challenge of SDM is that patients know their

own needs and values, but they’re not always medical experts; on the other hand,

medical staff know about treatment options, but they don’t always know what their

patients want. In this way SDM closely parallels PAD: patients in SDM are anal-

ogous to stakeholders (who know what they need, but are not algorithm experts),

while medical staff are analogous to computer scientists. Many techniques devel-

oped for SDM are readily applicable to PAD, e.g. for measuring patient conflict and

decision uncertainty [232], or for measuring mutual understanding between doctors

and their patients [159].
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Appendix A: Appendix to Chapter 3

A.1 Edge Weight Robust Formulation

We develop an edge weight robust formulation with uncertainty set U I
Γ, based on the

position-indexed chain-edge formulation formulation (PICEF) introduced by Dick-

erson et al. [109]. In Section A.1.1 we review the PICEF formulation, and in Sec-

tion A.1.2 we introduce our linear formulation for edge-weight robust kidney ex-

change.

Section A.1.3 and Section A.1.4 describe the solution methods for constant un-

certainty budget Γ and variable uncertainty budget γ(|x|) for decision variables x,

respectively.

For simplicity, we use the abbreviation KEX(U ) to refer to the robust kidney

exchange problem, with uncertainty set U .

A.1.1 PICEF Formulation

The position-indexed chain-edge formulation (PICEF) is a compact formulation pro-

posed by Dickerson et al. [109], with a polynomial (with regard to the compatibility

graph size and exogenous cycle cap) count of both variables and constraints. This

formulation uses the following parameters:

• G: kidney exchange graph, consisting of edges e ∈ E and vertices v ∈ V =

P ∪ N, including patient-donor pairs P and NDDs N
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• C: a set of cycles on exchange graph G

• L: chain cap (maximum number of edges used in a chain)

• we: edge weights for each edge e ∈ E

• wC
c : cycle weights for each cycle c ∈ C, defined as wC

c = ∑e∈c we

This formulation uses one decision variable for each cycle, and several decision

variables for each edge to represent chains:

• zc ∈ {0, 1}: 1 if cycle c is used in the matching, and 0 otherwise

• yek ∈ {0, 1}: 1 if edge e is used at position k in a chain, and 0 otherwise

Note that edges between an NDD n ∈ N and a patient-donor vertex v ∈ P may

only take position 1 in a chain, while edges between two patient-donor pairs may

take any position 1, 2, . . . , L in a chain. For convenience, we define the functionK for

each edge e, such that K(e) is the set of all possible positions that edge e may take in

a chain.

K(e) =


{1} e begins in n ∈ N

{1, 2, . . . , L} e begins in v ∈ P

We also use the following notation for flow into and out of vertices:

• δ−(s) and δ−(S): the set of edges into vertex s or set of vertices S

• δ+(s) and δ+(S): the set of edges out of vertex s or set of vertices S

The PICEF formulation is given in Problem A.1.

max ∑
e∈E

∑
k∈K(e)

weyek + ∑
c∈C

wczc (A.1a)
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s.t. ∑
e∈δ−(i)

∑
k∈K(e)

yek + ∑
c∈C:i∈c

zc ≤ 1 i ∈ P (A.1b)

∑
e∈δ+(i)

ye1 ≤ 1 i ∈ N (A.1c)

∑
e ∈ δ−(i)∧

k ∈ K(e)

yek ≥ ∑
e∈δ+(i)

ye,k+1

i ∈ P

k ∈ {1, . . . , L− 1}
(A.1d)

yek ∈ {0, 1} e ∈ E, k ∈ K(e) (A.1e)

zc ∈ {0, 1} c ∈ C (A.1f)

The Objective (A.1a) maximizes the total weight of a matching, defined by the

cycle decision variables zc and edge variables yek. Feasible matchings may only use

each edge once, and must contain valid chains. Capacity constraints ensure that

each edge is used at most once:

The capacity constraints for each vertex are as follows:

• Constraint A.1b: each patient-donor vertex i ∈ P may only participate in one

cycle or one chain

• Constraint A.1c: each NDD i ∈ N may only participate in one chain

Valid chains must begin in an NDD, and conserve flow through patient-donor pairs:

• Constraint A.1d: a patient-donor vertex i ∈ P can only have an outgoing edge

at position k + 1 in a chain if it has an incoming edge at position k

In the next section we present the mixed integer linear program formulation for

KEX(U I
Γ), based on PICEF.
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A.1.2 Our Robust Formulation

To simplify notation, let MP be the set of all feasible matchings for the PICEF for-

mulation. The edge weight robust kidney exchange problem KEX(U I
Γ) is given in

Equation A.2.

max min
w∈U I

Γ
∑
e∈E

∑
k∈K(e)

weyek + ∑
c∈C

wczc (A.2a)

s.t. (z, y) ∈ MP (A.2b)

Proposition A.1 states that this problem is identical to the robust formulation with

one-sided uncertainty set U I1
Γ —that is, KEX(U I

Γ) = KEX(U I1
Γ ).

Proposition A.1. The problems KEX(U I
Γ) and KEX(U I1

Γ ) are equivalent.

Proof. In KEX(U I
Γ) (Problem A.2), edge weights are minimized with respect to un-

certainty set U I
Γ. The objective is minimized when up to Γ edge weights are re-

duced by the maximum amount within U I
Γ (de), and one edge weight is reduced by

(Γ− bΓc)de . That is, KEX(U I
Γ) only considers realized edge weights on the interval

ŵe ∈ [we − de, we]. This is equivalent to restricting αe to the interval [−1, 0] in U I
Γ,

which is equivalent to U I1
Γ .

Thus we must solve Problem A.3, with uncertainty set U I1
Γ .

max min
w∈U I1

Γ

∑
e∈E

∑
k∈K(e)

weyek + ∑
c∈C

wczc (A.3a)

s.t. (z, y) ∈ MP (A.3b)
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Next we develop a MILP formulation for Problem A.3 by directly minimizing its

Objective (A.3a). This minimum occurs when bΓc edge weights are reduced by de,

and one edge weight is reduced by (Γ − bΓc)de. For this reason we refer to de as

the discount value of edge e, and all edges that receive reduced weight in the robust

matching are discounted.

For simplicity, we define a variable ŷe for each edge e ∈ E such that ŷe is 1 if edge

e is used in the matching, and 0 otherwise. Note that edge e is used in the matching

if it is used in a chain (i.e., any yek = 1), or if it is used in a cycle (i.e., zc = 1 for any

cycle c containing e). Thus we define variables ŷe using the following constraint.

∑
k∈K(e)

yek + ∑
c∈C:e∈c

zc = ŷe , e ∈ E

ŷe ∈ {0, 1}, e ∈ E

Next we minimize the Objective (A.3a)w.r.t. U I1
Γ , by discounting up to Γ edges.

Note that if only G < Γ edges are used in a matching, only G edge weights may be

discounted. Thus let Γ′ ≡ min{G, Γ} be the number of discounted edges, with

G = ∑
e∈E

ŷe,

the total number of edges used in the matching. To linearize the definition of Γ′

we introduce variable h, which is 1 if G < Γ and 0 otherwise. The statement Γ′ =

min (G, Γ) can be linearized using the following constraints,

Γ− G ≤Wh

G− Γ ≤W(1− h)

G−Wh ≤ Γ′
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Γ−W(1− h) ≤ Γ′

h ∈ {0, 1}

where W is a large constant.

The objective of Problem A.3 is minimized the the Γ′ discounted edges are those

with the largest discount value de. To select these edges we introduce variables ge ∈

{0, 1} for each edge e ∈ E. Let m be the smallest de of any discounted edge—that is,

m is the dΓ′eth highest de of any edge used in the matching. We define ge as follows

ge =


1 if de ≥ m

0 otherwise

That is, ge is 0 if de is smaller than the dΓ′eth highest discount value of edges used in

the matching, and 1 otherwise. We can define these variables using linear constraints

in two steps. First, note that variables ge and de must obey the same ordering rela-

tion. That is, gi ≥ gj ⇔ di ≥ dj must hold for all i, j ∈ E, i 6= j. Note that variables de

are constant, and can be sorted during preprocessing. Let ≥d indicate this ordering

relation.

Next we ensure that only Γ′ edges are discounted. Note that ŷe = 1 implies

that edge e is used in the matching. Edge e should be discounted if it is used in the

matching, and if de is above the minimum discount value (that is, ge = 1). Thus,

edge e should be discounted if the following identity holds

geŷe = 1
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Using this observation, we can ensure that exactly Γ′ edges are discounted with the

following constraint,

∑
e∈E

geŷe = Γ′.

For any feasible matching M = (y, z), we can directly solve the minimization

in Problem A.3 by discounting the Γ′ edges used in M with the largest discount

values. This is accomplished using variables ge; Equation A.4 gives the solution of

this minimization when Γ is integer, which is expressed as a function Z(y, z); the

next section extends this formulation to accommodate non-integer Γ.

Z(y, z) = ∑
e∈E

∑
k∈K(e)

weyek + ∑
c∈C

wczc −∑
e∈E

gedeŷe (A.4a)

s.t. ∑
k∈K(e)

yek + ∑
c∈C:e∈c

zc = ŷe, e ∈ E (A.4b)

∑
e∈E

ŷe = G (A.4c)

Γ− G ≤Wh (A.4d)

G− Γ ≤W(1− h) (A.4e)

G−Wh ≤ Γ′ (A.4f)

Γ−W(1− h) ≤ Γ′ (A.4g)

∑
e∈E

geŷe = Γ′ (A.4h)

ge, ŷe ∈ {0, 1}, e ∈ E (A.4i)

ga ≥d gb, a, b ∈ E, a 6= b (A.4j)

h ∈ {0, 1} (A.4k)

Note that this formulation contains two sets of quadratic terms: geyek for k ∈
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K(e) for e ∈ E, and gezc for c ∈ C and e ∈ E. We linearize these terms in the

following section, after considering non-integer Γ.

Non-Integer Γ The number of discounted edges Γ′ may be integer or non-integer

valued. When Γ′ is not integer valued, up to bΓ′c edges are fully discounted by value

de, and the edge with the smallest discount value is discounted by (Γ− bΓc)de. We

include this fractional discount by using two sets of indicator variables g f
e and gp

e for

all e ∈ E, and then discount each edge e as follows:

• e is fully discounted if gp
e = g f

e = 1.

• e is discounted by fractional amount (Γ− bΓc) if g f
e = 0 and gp

e = 1

• e is not discounted if g f
e = gp

e = 0.

Thus if Γ′ is integer, g f
e = gp

e for all e ∈ E; if Γ′ is not integer, then dΓ′ematching edges

should be at least partially discounted (gp
e = 1), and bΓ′c matching edges should be

fully discounted (gp
e = g f

e = 1). These indicator variables are defined in the same

way as ge in Equation A.4: g f
e , gp

e ∈ {0, 1}, and they obey the same ordering relation

as de. However, the number of matching edges with g f
e = 1 can be different than the

number of edges with gp
e = 1.

First note that dΓ′ematching edges must have gp
e = 1. Recall that G is the number

of matching edges, and Γ′ = min(Γ, G); if Γ < G, then dΓ′e = dΓe, and otherwise

dΓ′e = G. The variable h is defined to be 1 if G < Γ and 0 otherwise. Thus, we use

the following constraint to require that dΓ′ematching edges have gp
e = 1:

∑
e∈E

gp
e ŷe = hG + (1− h)dΓe.
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Similarly, we can require that bΓ′c edges have g f
e = 1 with the following constraint

∑
e∈E

g f
e ŷe = hG + (1− h)bΓc.

Thus if G < Γ, then all G matching edges have g f
e = gp

e = 1; otherwise, there are

dΓe matching edges with gp
e = 1, and bΓc matching edges with g f

e = 1, where the

matching edge with the smallest discount has g f
e = 0 and gp

e = 1.

Using these indicator variables, the new objective of the robust formulation is

max ∑
e∈E

∑
k∈K(e)

weyek + ∑
c∈C

wczc − (1− Γ + bΓc) ∑
e∈E

g f
e deŷe

− (Γ− bΓc) ∑
e∈E

gp
e deŷe

which discounts an edge e by weight de if g f
e = gp

e = 1, and by weight de (Γ− bΓc) if

g f
e = 0 and gp

e = 1. Note that there are two sets of quadratic terms in this problem:

g f
e ŷe and gp

e ŷe for all e ∈ E. To linearize these terms we introduce the variables

ĝ f
e ≡ g f

e ŷe and ĝp
e ≡ gp

e ŷe, which we define using the following constraints.

ĝ f
e ≤ g f

e

ĝ f
e ≤ ŷe

ĝ f
e ≥ g f

e + ŷe − 1

, e ∈ E

ĝ f
e ∈ {0, 1}, e ∈ E

ĝp
e ≤ gp

e

ĝp
e ≤ ŷe

ĝp
e ≥ gp

e + ŷe − 1

, e ∈ E

ĝp
e ∈ {0, 1}, e ∈ E
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To linearize the term hG, we introduce variable ĝ ≡ hG, which is defined using

the following constraints. As before, W is a large constant.

ĥ ≤ hW

ĥ ≤ G

ĥ ≥ G− (1− h)W

ĥ ≥ 0

Finally, for any feasible matching M = (y, z), we can directly solve the min-

imization in problem A.3 by discounting the Γ′ edges used in M with the largest

discount values. This is accomplished using variables g f
e and gp

e ; Equation A.5 gives

the solution of this minimization for general Γ > 0.

Z(y, z) = ∑
e∈E

∑
k∈K(e)

weyek + ∑
c∈C

wczc − (1− Γ + bΓc) ∑
e∈E

ĝ f
e de (A.5a)

− (Γ− bΓc) ∑
e∈E

ĝp
e de (A.5b)

s.t. ∑
k∈K(e)

yek + ∑
c∈C:e∈c

zc = ŷe, e ∈ E (A.5c)

∑
e∈E

ŷe = G (A.5d)

Γ− G ≤Wh (A.5e)

G− Γ ≤W(1− h) (A.5f)

G−Wh ≤ Γ′ (A.5g)

Γ−W(1− h) ≤ Γ′ (A.5h)

∑
e∈E

ĝp
e = ĥ + (1− h)dΓe (A.5i)
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∑
e∈E

ĝ f
e = ĥ + (1− h)bΓc (A.5j)

ĝ f
e ≤ g f

e

ĝ f
e ≤ ŷe

ĝ f
e ≥ g f

e + ŷe − 1

, e ∈ E (A.5k)

ĝp
e ≤ gp

e

ĝp
e ≤ ŷe

ĝp
e ≥ gp

e + ŷe − 1

, e ∈ E (A.5l)

ĥ ≤ hW (A.5m)

ĥ ≤ G (A.5n)

ĥ ≥ G− (1− h)W (A.5o)

gp
e , g f

e , ŷe ∈ {0, 1}, e ∈ E (A.5p)

g f
a ≥d g f

b , a, b ∈ E, a 6= b (A.5q)

gp
a ≥d gp

b , a, b ∈ E, a 6= b (A.5r)

ĝp
e , ĝ f

e ∈ {0, 1}, e ∈ E (A.5s)

h ∈ {0, 1} (A.5t)

ĥ ≥ 0 (A.5u)

Equation A.5 is the direct minimization of the Objective of KEX(U I1
Γ ) (A.3a).

Thus we directly apply this minimization solution to the original Problem A.3, to

obtain the final linear formulation in Equation A.6.

max ∑
e∈E

∑
k∈K(e)

weyek + ∑
c∈C

wczc − (1− Γ + bΓc) ∑
e∈E

ĝ f
e de (A.6a)
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− (Γ− bΓc) ∑
e∈E

ĝp
e de (A.6b)

s.t. ∑
e∈δ−(i)

∑
k∈K(e)

yek + ∑
c∈C:i∈c

zc ≤ 1 i ∈ P (A.6c)

∑
e∈δ+(i)

ye1 ≤ 1 i ∈ N (A.6d)

∑
e ∈ δ−(i)∧

k ∈ K(e)

yek ≥ ∑
e∈δ+(i)

ye,k+1

i ∈ P

k ∈ {1, . . . , L− 1}
(A.6e)

∑
k∈K(e)

yek + ∑
c∈C:e∈c

zc = ŷe e ∈ E (A.6f)

∑
e∈E

ŷe = G (A.6g)

Γ− G ≤Wh (A.6h)

G− Γ ≤W(1− h) (A.6i)

G−Wh ≤ Γ′ (A.6j)

Γ−W(1− h) ≤ Γ′ (A.6k)

∑
e∈E

ĝp
e = ĥ + (1− h)dΓe (A.6l)

∑
e∈E

ĝ f
e = ĥ + (1− h)bΓc (A.6m)

ĝ f
e ≤ g f

e

ĝ f
e ≤ ŷe

ĝ f
e ≥ g f

e + ŷe − 1

e ∈ E (A.6n)

ĝp
e ≤ gp

e

ĝp
e ≤ ŷe

ĝp
e ≥ gp

e + ŷe − 1

e ∈ E (A.6o)

ĥ ≤ hW (A.6p)
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ĥ ≤ G (A.6q)

ĥ ≥ G− (1− h)W (A.6r)

g f
a ≥d g f

b a, b ∈ E, a 6= b (A.6s)

gp
a ≥d gp

b a, b ∈ E, a 6= b (A.6t)

yek ∈ {0, 1} e ∈ E, k ∈ K(e) (A.6u)

zc ∈ {0, 1} c ∈ C (A.6v)

gp
e , g f

e , ŷe ∈ {0, 1} e ∈ E (A.6w)

ĝp
e , ĝ f

e ∈ {0, 1} e ∈ E (A.6x)

h ∈ {0, 1} (A.6y)

ĥ ≥ 0 (A.6z)

A.1.3 Solution Method for Constant Uncertainty Budget

This section describes the algorithm for solving the edge-weight robust formulation

in Section A.1.2, when it is unreasonable to find all cycles in the exchange graph

during preprocessing. We build on the cycle pricing method in Dickerson et al. [109],

which in turn built on corrected versions of methods presented by Glorie et al. [148]

and Plaut et al. [247].

This method begins by solving the LP relaxation of Problem A.6 on a reduced

model (using a small number of cycles), and then identifying positive-price cycles—

which may improve the solution—and adding these to the model. If no positive-

price cycles exist, then the solution is optimal on the reduced LP relaxation. This

process is known as the pricing problem.

After optimizing the reduced LP relaxation, we proceed in one of two ways
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1. If the solution is fractional, then we fix one of the fractional variables and

branch, as in a standard branch-and-bound tree,

2. If the solution is integral, then it is the optimal solution to Problem A.6.

This combination of cycle pricing and branch-and-bound is known as branch-

and-price.

Algorithm 6 is the branch-and-price method for solving Problem A.6. There are

only two inputs to this algorithm: the kidney exchange graph G, and the set of fixed

decision variables XF. At each branch in the search tree, a new decision variable is

fixed to either 0 or 1 and added to XF. When both 1) no positive price cycles exist

for reduced model M and solution X, and 2) the solution X is integral, then X is

returned.

Algorithm 6 BranchAndPrice

Require: G, XF
1: Generate subset of cycles C′, in G
2: Create reduced model M, with cycles C′

3: X← Solve LP relaxation of M
4: C+ ← CyclePrice(G, X) . Find positive-price cycles
5: while C+ 6= ∅ do
6: Add cycles C+ to M
7: X← solve LP relaxation of M
8: C+ ← CyclePrice(G, X)
9: if X is fractional then

10: Find fractional binary variable Xi ∈ X closest to 0.5
11: BranchAndPrice(G, XF ∪ (Xi = 0))
12: BranchAndPrice(G, XF ∪ (Xi = 1))
13: elsereturn X

The branch-and-price method in Algorithm 6 requires a cycle-pricing algorithm

GetCycles. This algorithm either returns positive-price cycles—using the reduced

model M and the current solution to the LP relaxation, X—or determines that none

exist. We adapt the cycle-pricing algorithm used by Dickerson et al. [109] to solve

the PICEF formulation, which is based on [148] and [247]. These algorithms calculate

the price pc of cycle c as
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pc = ∑
e∈c

(we − δv)

where we is the weight of edge e in cycle c, and δe is the dual value of the ver-

tex where e ends. In the edge-weight robust problem, each edge e may receive its

nominal weight we or its discounted weight (we − de). It is not obvious whether the

nominal or discounted weights should be used during cycle pricing.

To illustrate this problem, assume we know the optimal solution X to Prob-

lem A.6, and the set of cycles C used in X. We consider two methods for cycle

pricing.

1. Calculate cycle prices using discounted edge weights (we − de).

Assume that, for some cycle c ∈ C, none of the edges in c are discounted in X.

During branch-and-price, it may occur that—before adding c to the reduced

model—the following inequalities hold

∑
e∈c

(we − de − δv) ≤ 0

∑
e∈c

(we − δv) > 0

If discounted edge weights are used during pricing, c appears to have negative

price—and will not be added to the reduced model. In this case, the calculated

price is incorrectly negative, branch-and-price may return a sub-optimal solu-

tion.

2. Calculate cycle prices using nominal edge weights we.



284

Assume that, for some cycle c′ 6∈ C, all of the edges in c′ are discounted when

it is added to the reduced model. It may occur that the following inequalities

hold:

∑
e∈c′

(we − de − δv) ≤ 0

∑
e∈c′

(we − δv) > 0

In this case, using nominal edge weights for cycle pricing will incorrectly de-

termine that c′ has a positive price, and will add c′ to the reduced model.

Neither of these methods is ideal—using discounted weights can result in a sub-

optimal solution, while using nominal weights adds cycles to the reduced model.

Instead, we calculate cycle prices using discounted edge weights only for edges that

will be discounted in any matching, and nominal edge weights for all other edges.

As discussed in Section A.1.2, up to Γ edges are discounted in every solution to

Problem A.6; these are the edges with the largest discount values de. For any ex-

change graph with |E| edges, the min(Γ, |M|) edges with the largest discount values

are always discounted if they are used in a solution to Problem A.6. Algorithm 7

describes this method, which uses the cycle pricing method of [148] as a subroutine.

Proposition A.2 states that this method never incorrectly determines that a cycle has

negative price—and therefore never results in a sub-optimal solution.

Proposition A.2. Algorithm 7 never determines that a positive-price cycle has a negative

price.
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Algorithm 7 CyclePrice

Require: G = (V, E), X
1: d∗ ← Γth highest discount value de in E

2: w∗e ←
{

we − de if de ≥ d∗

we otherwise
return PositivePriceCycles(G, L, X, w∗e ), the cycle

pricer from [148]

A.1.4 Solution Method for Variable Uncertainty Budget

In this section we describe a method for solving the edge-weight robust kidney ex-

change problem with variable budget, KEX(U I1
γ ). Theorem A.1 is a direct adaptation

of Theorem 4 of [249] to the edge-weight uncertain kidney exchange problem, which

states that the solution of KEX(U I1
γ ) can be found by solving several cardinality-

restricted instances of KEX(U I1
Γ ).

Theorem A.1. Let M be the set of feasible matchings, with edge decision variables x ∈

M ⊂ {0, 1}|E|. The solution to KEX(U I1
γ ) can be found by solving |E| cardinality-

restricted instances of KEX(U I1
Γ ),

max min
ŵ∈U I

Γ

x · ŵ

s.t. x ∈ M

‖x‖ ≤ k

Γ = γ(k)

with k = 1, . . . , |E|, and taking the maximum-weight solution.

The proof of this theorem is identical to the proof of Theorem 4 in Poss [249],

and is omitted here. In practice, feasible matchings use far fewer than |E| edges, and

thus many fewer than |E| instances of KEX(U I1
Γ ) must be solved. Algorithm 8 de-

scribes our method for solving KEX(U I1
γ ), which first finds the maximum cardinality
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matching, and then solves each cardinality-restricted problem KEX(U I1
Γ ).

Algorithm 8 EdgeWeightRobust-γ

Require: Function γ, exchange graph G
1: Find the maximum cardinality matching xC
2: for k← 1 to ‖xC‖ do
3: Γ← γ(k)
4: x∗k ← solution to KEX(U I1

Γ ), restricting cardinality to k
return The maximum-weight matching in {x∗k}

A.2 Edge Existence Robust Formulation

In this section we develop an edge existence robust formulation for kidney exchange,

using uncertainty set Uw
Γ . Our approach is based on a formulation introduced by

Anderson et al. [16], which adapts a formulation of the prize-collecting traveling

salesman problem (PC-TSP). For simplicity, we use the abbreviation KEX(U ) to refer

to the robust kidney exchange problem, with uncertainty set U .

A.2.1 PC-TSP Formulation

We begin with an overview of the PC-TSP method proposed by Anderson et al. [16];

it is based on a method for solving the prize-collecting traveling salesman problem

(PC-TSP) introduced by Balas [34]. We use a version of the PC-TSP formulation with

a finite chain cap; the uncapped formulation is much more compact. (Due to high

failure rates, most fielded exchanges incorporate a finite maximum length of chains.

That cap can be quite high, e.g., 20 or more, but is typically not allowed to float

freely with parts of the input size, e.g., |V|.) This formulation is especially useful

because it allows us to define decision variables equal to each chain weight used in

the matching, without explicitly enumerating all possible chains.

This formulation uses all of the same parameters as PICEF:
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• G: kidney exchange graph, consisting of edges e ∈ E and vertices v ∈ V =

P ∪ N, including patient-donor pairs P and NDDs N.

• C: a set of cycles on exchange graph G.

• L: chain cap (maximum number of edges used in a chain).

• we: edge weights for each edge e ∈ E.

• wC
c : cycle weights for each cycle c ∈ C, defined as wC

c = ∑e∈c we.

PC-TSP uses one decision variable for each cycle (zc) and each edge (ye), and

several auxiliary decision variables that help define the constraints:

• zc ∈ {0, 1}: 1 if cycle c is used in the matching, and 0 otherwise.

• ye ∈ {0, 1}: 1 if edge e is used in a chain, and 0 otherwise.

• yn
e ∈ {0, 1}: 1 if edge e is used in a chain starting with NDD n, and 0 otherwise.

• wN
n (auxiliary): total weight of the chain starting with NDD n.

• f i
v and f o

v (auxiliary): chain flow into and out of vertex v ∈ P, respectively.

• f i,n
v and f i,n

v (auxiliary): chain flow into and out of vertex v ∈ P, respectively,

from a chain beginning with NDD n ∈ N.

The PC-TSP formulation with chain cap L is given in Problem A.8. As before, we

use the notation δ−(v) for the set of edges into vertex v and δ+(v) for the set of edges

out of v.

max ∑
n∈N

wN
n + ∑

c∈C
wC

c zc (A.8a)

s.t. ∑
e∈E

weyn
e = wN

n n ∈ N (A.8b)
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∑
n∈N

yn
e = ye e ∈ E (A.8c)

∑
e∈δ−(v)

ye = f i
v v ∈ V (A.8d)

∑
e∈δ+(v)

ye = f o
v v ∈ V (A.8e)

∑
e∈δ−(v)

yn
e = f i,n

v v ∈ V, n ∈ N (A.8f)

∑
e∈δ+(v)

yn
e = f o,n

v v ∈ V, n ∈ N (A.8g)

f o
v + ∑

c∈C:v∈c
zc ≤ f i

v + ∑
c∈C:v∈c

zc ≤ 1 v ∈ P (A.8h)

f o
v ≤ 1 v ∈ N (A.8i)

∑
e∈δ−(S)

ye ≥ f i
v S ⊆ P, v ∈ S (A.8j)

∑
e∈E

yn
e ≤ L n ∈ N (A.8k)

f o,n
v ≤ f i,v ≤ 1 v ∈ V, n ∈ N (A.8l)

ye ∈ {0, 1} e ∈ E (A.8m)

zc ∈ {0, 1} c ∈ C (A.8n)

yn
e ∈ {0, 1} e ∈ E, n ∈ N (A.8o)

The objective A.8a maximizes the total weight of a matching, defined by the cy-

cle decision variables zc and edge decision variables ye. The auxiliary variables are

defined using the following constraints:

• Constraint A.8b: defines wN
n .

• Constraint A.8c: defines ye, using yn
e .

• Constraints A.8d and A.8e: define auxiliary variables f i
v and f o

v .

• Constraints A.8f and A.8g: define auxiliary variables f i,n
v and f o,n

v .
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There is only one capacity constraint for each patient-donor vertex and each

NDD:

• Constraint A.8h: each patient-donor vertex v may only be used in one cycle c;

or, if v is used in a chain, chain flow out of v can only be nonzero if there is

chain flow out of v.

• Constraint A.8i: each NDD n may only start one chain.

The follow constraints ensure that chain flow is conserved, and enforce the chain

cap L:

• Constraint A.8k: chains can use no more than L edges.

• Constraint A.8l: chain flow out of v can only be nonzero if there is chain flow

out of v. This constraint is equivalent to A.8h, but for variables f o,n
v .

The final constraints ensure that each chain includes an NDD. These are very

similar to the generalized subtour elimination constraints in the TSP literature.

• Constraint A.8j: for every subset S of the donor-patient vertices, each vertex in

S can only participate in a chain if there is chain flow into S.

The number of constraints in A.8j grows exponentially with the number of patient-

donor vertices, so it is necessary to use constraint generation with the PC-TSP for-

mulation. We avoid constraint generation by developing a new formulation, which

draws on concepts of both PC-TSP and PICEF; this formulation is introduced in the

following section.
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A.2.2 Our PI-TSP Formulation

In this section we present the new position-indexed PC-TSP formulation (PI-TSP),

which combines concepts from both the PC-TSP formulation and the PICEF formu-

lation. The main advantage of our approach is in the formulation of chains. PC-TSP

uses a fixed number of decision variables to allow long (or uncapped) chains, but

requires constraint generation. PICEF does not require constraint generation, but

the number of decision variables grows polynomially with the chain cap.

Our approach achieves the best of both worlds: PI-TSP uses a fixed number of

decision variables for any chain cap, and does not require constraint generation. To

our knowledge, ours is the first formulation to exhibit this behavior.

PI-TSP uses the same parameters as PICEF and PC-TSP:

• G: kidney exchange graph, consisting of edges e ∈ E and vertices v ∈ V =

P ∪ N, including patient-donor pairs P and NDDs N.

• C: a set of cycles on exchange graph G.

• L: chain cap (maximum number of edges used in a chain).

• we: edge weights for each edge e ∈ E.

• wC
c : cycle weights for each cycle c ∈ C, defined as wC

c = ∑e∈c we.

PI-TSP also uses the same decision variables (and auxiliary variables) as PC-TSP.

Two additional variables are added to the formulation: pe, pv ≥ 1 for each edge e ∈ E

and patient-donor vertex v ∈ P, to represent e and v’s position in a chain.

• pe ≥ 1: the position of edge e in any chain.

• pv ≥ 1: the position of patient-donor vertex v in any chain (equal to the posi-

tion of any incoming edge).
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• p̂e ≥ 0: equal to pe if e is used in a chain, and 0 otherwise. (i.e., p̂e = pe · ye)

• zc ∈ {0, 1}: 1 if cycle c is used in the matching, and 0 otherwise.

• ye ∈ {0, 1}: 1 if edge e is used in a chain, and 0 otherwise.

• yn
e ∈ {0, 1}: 1 if edge e is used in a chain starting with NDD n, and 0 otherwise.

• wN
n (auxiliary): total weight of the chain starting with NDD n.

• f i
v and f o

v (auxiliary): chain flow into and out of vertex v ∈ P, respectively.

• f i,n
v and f i,n

v (auxiliary): chain flow into and out of vertex v ∈ P, respectively,

from a chain beginning with NDD n ∈ N.

The PI-TSP formulation with chain cap L is given in Problem A.9. As before, we

use the notation δ−(v) for the set of edges into vertex v and δ+(v) for the set of edges

out of v.

max ∑
n∈N

wN
n + ∑

c∈C
wC

c zc (A.9a)

s.t. ∑
e∈E

weyn
e = wN

n n ∈ N (A.9b)

∑
n∈N

yn
e = ye e ∈ E (A.9c)

∑
e∈δ−(v)

ye = f i
v v ∈ V (A.9d)

∑
e∈δ+(v)

ye = f o
v v ∈ V (A.9e)

∑
e∈δ−(v)

yn
e = f i,n

v v ∈ V, n ∈ N (A.9f)

∑
e∈δ+(v)

yn
e = f o,n

v v ∈ V, n ∈ N (A.9g)

f o
v + ∑

c∈C:v∈c
zc ≤ f i

v + ∑
c∈C:v∈c

zc ≤ 1 v ∈ P (A.9h)
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f o
v ≤ 1 v ∈ N (A.9i)

pe = 1 e ∈ δ+(N) (A.9j)

p̂e = peye e ∈ E (A.9k)

pv = ∑
e∈δ−(v)

p̂e v ∈ P (A.9l)

pe = pv + 1 v ∈ P, e ∈ δ+(v) (A.9m)

∑
e∈E

yn
e ≤ L n ∈ N (A.9n)

f o,n
v ≤ f i,v ≤ 1 v ∈ V, n ∈ N (A.9o)

ye ∈ {0, 1} e ∈ E (A.9p)

zc ∈ {0, 1} c ∈ C (A.9q)

yn
e ∈ {0, 1} e ∈ E, n ∈ N (A.9r)

All constraints are identical to those of PC-TSP, but without the subtour elimina-

tion constraints A.8j, and with the addition of the following constraints:

• Constraints A.9j: sets pe = 1 for all edges out of NDD vertices.

• Constraints A.9k: defines p̂e.

• Constraints A.9l: for all vertices v, sets pv equal to the variable pe of any incom-

ing edge.

• Constraints A.9m: for all outgoing edges of all vertices v, sets pe = pv + 1.

Two adjustments may be made to this formulation: first, the variables pv are not

necessary, but are useful for illustration. We can remove these variables by combin-

ing Constraints A.9l and A.9m as follows:

pe = 1 + ∑
e∈δ−(v)

p̂e v ∈ P, e ∈ δ+(v)
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Second, Constraints A.9k are nonlinear; we linearize these by replacing A.9k with

the following constraints for each e ∈ E:

p̂e ≤ ye M

p̂e ≤ pe

pe − (1− ye)M ≤ p̂e

A.2.2.1 Experiments: Minimum Chain Length

We demonstrate the utility of the PI-TSP formulation by finding optimal matchings

with a minimum chain length (Lmin). We set a maximum chain length of Lmax = 3, and

vary the Lmin from 0 to 3. For some exchange graph, let |MOPT| be the score of the

optimal matching (i.e., with no minimum chain length, and maximum chain length

3); we calculate the fractional optimality gap for the matching Ml (with score |Ml |),

which has minimum chain length Lmin = l. We define ∆OPT(Ml) as

∆OPT(Ml) =
|Ml | − |MOPT|
|MOPT|

We calculate optimal matchings for Lmin = 0, 1, 2, 3, for each of the UNOS exchange

graphs used in Section 6.5. Only 154 of the roughly 300 UNOS graphs contain

chains; the remaining graphs may have no NDDs, or the NDDs may have no feasible

donors. Focusing on these 154 graphs, we calculate ∆OPT and the chain lengths of

each optimal matching, for each Lmin. Figure A.1 shows histograms of ∆OPT and the

chain lengths for all optimal matchings, for each Lmin = 0, 1, 2, 3. Note that ∆OPT is

zero for Lmin = 0, by definition.

For some of these exchanges, a minimum chain length of 2 or 3 was infeasible

(58 for Lmin = 2, and 77 for Lmin = 3, out of 154 total exchanges); we do not consider
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these cases.
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FIGURE A.1: ∆OPT (top row) and chain lengths (bottom row) for the
optimal matchings with minimum chain length Lmin, and maximum

chain length of 3.

As expected, enforcing Lmin > 0 results in longer chains – such that when Lmin =

Lmax = 3, all chains have length 3. Surprisingly, enforcing a minimum chain length

does not impact the overall matching score. Indeed, even when Lmin = 3, 70% of

all matchings have a zero optimality gap. However these experiments did not con-

sider edge failures. As discussed in Section 3.4, edge failures impact long cycles and

chains more than short cycles and chains; in practice, when edges have a nonzero

failure probability, setting a high Lmin makes the matching more susceptible to fail-

ure (i.e., less robust).

A.2.3 Edge Existence Robust Formulation

In this section we develop a mixed integer linear program formulation for the edge

existence robust kidney exchange (KEX(Uw
Γ )). This problem maximizes the match-

ing score while minimizing the objective with respect to realized cycle and chain

weights ŵM
c for the current matching M. We develop an edge-existence robust for-

mulation by directly minimizing the PI-TSP Objective (A.9a) over all cycle and chain
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weight realizations in Uw
Γ . For brevity, letMP be the set of all possible feasible solu-

tions to the PI-TSP formulation; we represent these feasible solutions as (y, z) ∈ M,

where y are the edge decision variables for chains, and z are the cycle decision vari-

ables.

For any feasible solution (y, z) ∈ MP, we find the minimum objective value for

any realized cycle and chain weights in Uw
Γ With some abuse of notation, this mini-

mum is represented by the function Z(y, z). In this section we separate the realized

weights ŵc into the realized cycle weights ŵC
c and the realized chain weights ŵN

c .

Z(y, z) = min
(ŵC

c ,ŵN
c )∈Uw

Γ
∑

n∈N
ŵN

n + ∑
c∈C

ŵC
c zc

Note that maximizing Z(y, z) is equivalent to solving KEX(Uw
Γ ) – the robust kid-

ney exchange problem with uncertainty set KEX(Uw
Γ ). The following lemma states

that this is equivalent to solving the constant-budget edge existence robust kidney

exchange problem KEX(U E
Γ ).

Lemma A.2. KEX(U E
Γ ) is equivalent to KEX(Uw

Γ )

Proof. Consider a feasible matching M = (zc, ye). The only difference between

KEX(U E
Γ ) and KEX(Uw

Γ ) is the minimization of the objective over uncertainty sets

U E
Γ and Uw

Γ respectively.

Problem KEX(U E
Γ ) minimizes the matching weight over edge subsets Ê ⊆ E,

where R = E \ Ê contains up to Γ edges:

• If Γ = 1, the largest decrease in matching weight occurs if the highest weight

cycle or chain is discounted – that is, if R contains the first edge in the highest

weight chain, or any edge in the highest weight cycle.
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• Similarly if Γ = 2, the largest decrease in matching weight occurs when the

two highest-weight cycles and chains are discounted.

Thus, for any positive Γ and any feasible matching M, the minimum objective in

KEX(U E
Γ ) occurs when the Γ highest-weight cycles and chains in M are discounted.

In KEX(Uw
Γ ), for any Γ and any feasible matching M, the minimum occurs (triv-

ially) when the Γ highest-weight cycles or chains are discounted in Uw
Γ .

For any matching M, minimizing the KEX objective over U E and Uw
Γ produce

the same outcome – the Γ highest-weight cycles and chains are discounted. Thus,

the minimization in KEX(U E) and KEX(Uw
Γ ) is equivalent.

Thus, to solve the constant-budget edge existence robust kidney exchange prob-

lem, we can solve Problem A.10 – which maximizes Z(y, z) over all feasible match-

ings (y, z) ∈ MP.

max Z(y, z) (A.10a)

(y, z) ∈ MP (A.10b)

We proceed by solving Problem A.10, which is equivalent to KEX(Uw
Γ ). To solve

this problem we first develop a linear formulation for Z using the PC-TSP decision

variables, and then we maximize this linear expression.

A.2.4 Linear Formulation for Z

In this section we minimize the function Z for any matching (y, z) ∈ MP, within

uncertainty set Uw
Γ . Within this uncertainty set, up to bΓc cycles and chains can have

zero realized weight (i.e., ŵc = 0), and if Γ is not integer, then one cycle or chain will

have realized weight equal to the fraction (Γ− bΓc) of its total nominal weight (i.e.,

ŵc = (Γ− bΓc)wc. We say that any cycle or chain c with ŵc < wc is discounted.
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First note that if a matching uses G cycles and chains, and G < Γ, only G objects

are discounted. Thus let Γ′ = min{G, Γ} be the number of discounted cycles and

chains, i.e.,

G = ∑
c∈C

zc + ∑
n∈N

∑
e∈δ+(n)

ye.

To linearize the definition of Γ′, we introduce variable h, which is 1 if G < Γ and

0 otherwise. The statement Γ′ = min{G, Γ} is linearized using the following con-

straints:

Γ− G ≤Wh

G− Γ ≤W(1− h)

G−Wh ≤ Γ′

Γ−W(1− h) ≤ Γ′

h ∈ {0, 1}

where W is a large constant.

The function Z is minimized w.r.t. the realized weights, when the Γ′ discounted

cycles and chains are those with the largest weight. To select these objects we intro-

duce variables gC
c , gN

n ∈ {0, 1} for each cycle c ∈ C and each chain’s NDD n ∈ N.

For any matching, let m be the smallest weight of any discounted cycle or chain –

that is, m is the dΓ′eth highest weight of any cycle or chain used in the matching. We

define gC
c and gN

n as follows

gC
c =


1 if wC

c ≥ m

0 otherwise

gN
n =


1 if wN

n ≥ m

0 otherwise
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Thus gC
c = 1 or gN

n = 1 implies that cycle c or chain n should be discounted if used

in the matching. We define these variables using linear constraints, in two steps.

First, we require that g{C,N}
j = 1 only if g{C,N}

k = 1 for all cycles and chains k with

weight larger than w{C,N}
j . That is, we require that variables g{C,N} obey the same

ordering as w{C,N}. This ordering requirement can be defined using the following

correspondences

gC
i ≥ gC

j ⇔ wC
i ≥ wC

j , i, j ∈ C (A.11)

gC
c > gN

n ⇔ wC
c > wN

n , c ∈ C, n ∈ N (A.12)

gC
c ≤ gN

n ⇔ wC
c ≤ wN

n , c ∈ C, n ∈ N (A.13)

gN
i ≥ gN

j ⇔ wN
i ≥ wN

j , i, j ∈ N (A.14)

Note that cycle weights are fixed but chain weights depend on the decision vari-

ables. Thus we determine ordering relation A.11 by sorting all cycle weights during

preprocessing, and enforcing this ordering over gC
i using the relation ≥C, defined as

≥C=
{
(gC

a , gC
b ) ∈ gC × gC | wC

a ≥ wC
b

}
.

Using this notation, the ordering relation ≥C contains all pairs of cycles (a, b) such

that wC
a ≥ wC

b . For simplicity, I will denote this ordering relation as

a ≥C b.

This ordering relation is enforced on variables gC
i using (|C| − 1) constraints. The

ordering required by correspondence A.12, A.13, and A.14 depend on the chain
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weights, which in turn depend on decision variables. We can linearize these cor-

respondences using the following inequalities

gC
c + qcn ≥ gN

n

W(1− qcn) ≥ wC
c − wN

n

gN
n + (1− qcn) ≥ gC

c

Wqcn ≥ wN
n − wC

c

qcn ∈ {0, 1}, c ∈ C, n ∈ N,

Where W is a large constant. When wC
c > wN

n , this forces qcn to be 0; as a result, the

inequality gC
c ≥ gN

n must hold. Otherwise, if wC
c < wN

n , this forces qcn to be 1, which

forces the inequality gN
n ≥ gC

c to hold.

Similarly, the following constraints enforce the ordering in correspondence A.14

over variables gN
n

gN
i + qN

ij ≥ gN
j

W(1− qN
ij ) ≥ wN

i − wN
j

gN
j + (1− qN

ij ) ≥ gN
i

WqN
ij ≥ wN

j − wN
i

qN
ij ∈ {0, 1}, i, j ∈ N, i 6= j
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Next we require that only Γ′ objects are discounted. Note that if cycle c is dis-

counted if gC
c wC

c = 1, and chain n is discounted if gN
n ∑

e∈E
yn

e = 1. Thus, the following

identity requires that exactly Γ objects are discounted:

∑
c∈C

zcgC
c + ∑

n∈N
gN

n ∑
e∈δ+(n)

ye = Γ′

We use these variables to directly minimize Z(y, z) w.r.t. Uw
Γ , and the result is

given in Equation A.15.

Z(y, z) = ∑
n∈N

wN
n + ∑

c∈C
wczc − ∑

n∈N
gN

n wN
n − ∑

c∈C
gC

c wczc (A.15a)

s.t. Γ− G ≤Wh (A.15b)

G− Γ ≤W(1− h) (A.15c)

G−Wh ≤ Γ′ (A.15d)

Γ−W(1− h) ≤ Γ′ (A.15e)

gC
c + qcn ≥ gN

n

W(1− qcn) ≥ wC
c − wN

n

gN
n + (1− qcn) ≥ gC

c

Wqcn ≥ wN
n − wC

c

, c ∈ C, n ∈ N (A.15f)

gN
i + qN

ij ≥ gN
j

W(1− qN
ij ) ≥ wN

i − wN
j

, qN
ij ∈ {0, 1}, i, j ∈ N, i 6= j (A.15g)

∑
c∈C

zcgC
c + ∑

n∈N
gN

n ∑
e∈δ+(n)

ye = Γ′ (A.15h)

gC
i ≥C gC

j , i, j ∈ C, i 6= j (A.15i)
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qcn ∈ {0, 1}, c ∈ C, n ∈ N, (A.15j)

h ∈ {0, 1} (A.15k)

Note that there are two sets of quadratic expressions in this formulation: gC
c zc,

and wN
n gN

n . These are linearized in the next section, which addresses non-integer Γ.

A.2.5 Non-Integer Uncertainty Budget

When Γ is not integer, the actual number of discounted cycles and chains (Γ′) may

be integer or non-integer valued. When Γ′ is not integer valued, up to bΓ′c cycles

and chains are fully discounted (i.e., ŵc = 0), and the smallest-weight cycle or chain

is discounted by fraction (Γ−bΓc). We include this fractional discount by using two

sets of indicator variables f {C,N}
i and p{C,N}

i for all cycles and chains i ∈ C ∪ N, and

then discount each i as follows:

• i is fully discounted if p{C,N}
i = f {C,N}

i = 1.

• i is partially discounted fraction (Γ− bΓc) if f {C,N}
i = 0 and p{C,N}

i = 1

• i is not discounted if f {C,N}
i = p{C,N}

i = 0.

Thus if Γ′ is integer, f {C,N}
i = p{C,N}

i for all cycles and chains i; if Γ′ is not integer,

then dΓ′e cycles and chains are least partially discounted (p{C,N}
e = 1), and bΓ′c

cycles and chains are fully discounted (p{C,N}
i = g f

i = 1). These indicator variables

are defined in the same way as g{C,N}
i in Equation A.15: p{C,N}

i , f {C,N}
i ∈ {0, 1}, and

they obey the same ordering relation as the cycle and chain weights. However, the

number of cycles and chains with f {C,N}
i = 1 can be different than the number of

cycles and chains with with p{C,N}
i = 1. Thus we add new constraints for each of

these variables.
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Setting the number of discounted cycles and chains. First we require dΓ′e cycles

and chains have p{C,N}
i = 1. Recall that G is the number of matching edges, and

Γ′ = min(Γ, G); if Γ < G, then dΓ′e = dΓe, and dΓ′e = G otherwise. The variable h

is defined to be 1 if G < Γ and 0 otherwise. Thus, the following constraint requires

that dΓ′e cycles and chains have p{C,N}
i = 1:

∑
n∈N

pN
n ∑

e∈δ+(n)
ye + ∑

c∈C
pC

c zc = hG + (1− h)dΓe.

Similarly, the following constraint requires that bΓ′c cycles and chains have f {C,N}
i =

1:

∑
n∈N

f N
n ∑

e∈δ+(n)
ye + ∑

c∈C
f C
c zc = hG + (1− h)bΓc.

Thus if G < Γ, then all G cycles and chains will have f {C,N}
i = p{C,N}

i = 1; oth-

erwise, there are dΓe cycles and chains with p{C,N}
i = 1, and bΓc cycles and chains

with f {C,N}
i = 1, where the partially-discounted cycle or chain has f {C,N}

i = 0 and

p{C,N}
i = 1.

Ordering relation over indicator variables. To enforce the ordering relation over

indicator variables f N
n , pN

n , f C
c , and pC

c , we use constraints similar to those used in

the edge weight robust formulation. The auxiliary variables qcn and qN
ij are defined

the same way here: qcn is 0 when wC
n > wN

n and 1 otherwise; qN
ij is 0 if
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f C
c + qcn ≥ f N

n

pC
c + qcn ≥ pN

n

f N
n + (1− qcn) ≥ f C

c

pN
n + (1− qcn) ≥ pC

c

W(1− qcn) ≥ wC
c − wN

n

Wqcn ≥ wN
n − wC

c

, c ∈ C, n ∈ N,

qcn ∈ {0, 1}, c ∈ C, n ∈ N,

Where W is a large constant. When wC
c > wN

n , this forces qcn to be 0; as a result, the

inequality f C
c ≥ f N

n and pC
c ≥ pN

n must hold. Otherwise, if wC
c < wN

n , this forces qcn

to be 1, which forces the inequality f N
n ≥ f C

c and pN
n ≥ pC

c to hold.

Similarly, the following constraints enforce the ordering in correspondence A.14

over variables f N
n and pN

n

f N
i + qN

ij ≥ f N
j

pN
i + qN

ij ≥ pN
j

f N
j + (1− qN

ij ) ≥ f N
i

pN
j + (1− qN

ij ) ≥ pN
i

WqN
ij ≥ wN

j − wN
i

W(1− qN
ij ) ≥ wN

i − wN
j

, i, j ∈ N, i 6= j

qN
ij ∈ {0, 1}, i, j ∈ N, i 6= j
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As before, correspondence A.11, the ordering between cycle indicator variables,

is enforced using the pre-determined ordering ≥C.

f C
a ≥C f C

b

pC
a ≥C pC

b

, a, b ∈ C, a 6= b

Objective for non-integer Γ. Using these indicator variables, the new objective of

the robust formulation is

max ∑
n∈N

wN
n + ∑

c∈C
wczc − (1− Γ + bΓc)

(
∑

n∈N
wN

n f N
n + ∑

c∈C
f C
c wczc

)

− (Γ− bΓc)
(

∑
n∈N

wN
n pN

n + ∑
c∈C

pC
c wczc

)

which discounts cycle or chain i by its full weight if f {C,N}
i = p{C,N}

i = 1, and by

fraction (Γ− bΓc) of its weight if f {C,N}
i = 0 and p{C,N}

i = 1.

Non-linear terms. There are now 7 types of nonlinear terms in this formulation:

• hG,

• wN
n f N

n ,

• wN
n pN

n ,

• zc f C
c ,

• zc pC
c ,

• f N
n ye, and

• pN
n ye.
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First we linearize the chain-related quadratic terms by introducing the variables

f̂ N
n ≡ wN

n f N
n and p̂N

n ≡ wN
n pN

n . The following constraints define these new variables,

using a large constant W.

f̂ N
n ≤ f N

n W

f̂ N
n ≤ wN

n

f̂ N
n ≥ wN

n − (1− f N
n )W

, n ∈ N

f̂ N
n ≥ 0, n ∈ N

p̂N
n ≤ pN

n W

p̂N
n ≤ wN

n

p̂N
n ≥ wN

n − (1− pN
n )W

, n ∈ N

p̂N
n ≥ 0, n ∈ N

Next we define variables f̂ C
c ≡ zc f C

c and p̂C
c ≡ zc pC

c using the following con-

straints.

f̂ C
c ≤ f C

c

f̂ C
c ≤ zc

f̂ C
c ≥ f C

c + zc − 1

, c ∈ C

f̂ C
c ∈ {0, 1}, c ∈ C
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p̂C
c ≤ pC

c

p̂C
c ≤ zc

p̂C
c ≥ pC

c + zc − 1

, c ∈ C

p̂C
c ∈ {0, 1}, c ∈ C

To linearize the term hG, we introduce variable ĝ ≡ hG, which is defined using

the following constraints. As before, W is a large constant.

ĥ ≤ hW

ĥ ≤ G

ĥ ≥ G− (1− h)W

ĥ ≥ 0

Finally, we introduce the variables Fn ≡ f N
n ∑

e∈δ+(n)
ye and Pn ≡ pN

n ∑
e∈δ+(n)

ye, de-

fined with the following constraints. Note that for each NDD n ∈ N the sum of all

ye variables is either zero (if n does not initiate a chain) or 1 (if n initiates a chain).

Thus Fn and Pn are products of binary variables, which we define using the following

constraints.

Fn ≤ f N
n

Fn ≤ ∑
e∈δ+(n)

ye

Fn ≥ ∑
e∈δ+(n)

ye + f N
n − 1

, c ∈ C

Fn ∈ {0, 1}, n ∈ N
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Pn ≤ pN
n

Pn ≤ ∑
e∈δ+(n)

ye

Pn ≥ ∑
e∈δ+(n)

ye + pN
n − 1

, n ∈ N

Pn ∈ {0, 1}, n ∈ N

Linear formulation. Finally, for any feasible matching we directly minimize Z by

discounting the Γ′ largest-weight cycles and chains. This is accomplished using the

variables f̂ N
n , p̂N

n , f̂ C
c , p̂C

c . Equation A.16 gives the minimization of Z for any match-

ing (y, z) , using only linear constraints.

Z(y, z) = ∑
n∈N

wN
n + ∑

c∈C
wczc − (1− Γ + bΓc)

(
∑

n∈N
f̂ N
n + ∑

c∈C
f̂ C
c wc

)
−(Γ− bΓc)

(
∑

n∈N
p̂N

n + ∑
c∈C

p̂C
c wc

) (A.16a)

s.t.

Γ− G ≤Wh

G− Γ ≤W(1− h)

G−Wh ≤ Γ′

Γ−W(1− h) ≤ Γ′

(A.16b)

∑
n∈N

Pn + ∑
c∈C

p̂C
c = ĥ + (1− h)dΓe (A.16c)

∑
n∈N

Fn + ∑
c∈C

f̂ C
c = ĥ + (1− h)bΓc (A.16d)
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f C
c + qcn ≥ f N

n

pC
c + qcn ≥ pN

n

f N
n + (1− qcn) ≥ f C

c

pN
n + (1− qcn) ≥ pC

c

W(1− qcn) ≥ wC
c − wN

n

Wqcn ≥ wN
n − wC

c

, c ∈ C, n ∈ N

(A.16e)

f N
i + qN

ij ≥ f N
j

pN
i + qN

ij ≥ pN
j

f N
j + (1− qN

ij ) ≥ f N
i

pN
j + (1− qN

ij ) ≥ pN
i

WqN
ij ≥ wN

j − wN
i

W(1− qN
ij ) ≥ wN

i − wN
j

, i, j ∈ N, i 6= j

(A.16f)

f C
a ≥C f C

b

pC
a ≥C pC

b

, a, b ∈ C, a 6= b

(A.16g)

f̂ N
n ≤ f N

n W

f̂ N
n ≤ wN

n

f̂ N
n ≥ wN

n − (1− f N
n )W

, n ∈ N

(A.16h)
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p̂N
n ≤ pN

n W

p̂N
n ≤ wN

n

p̂N
n ≥ wN

n − (1− pN
n )W

, n ∈ N

(A.16i)

f̂ C
c ≤ f C

c

f̂ C
c ≤ zc

f̂ C
c ≥ f C

c + zc − 1

, c ∈ C

(A.16j)

p̂C
c ≤ pC

c

p̂C
c ≤ zc

p̂C
c ≥ pC

c + zc − 1

, c ∈ C

(A.16k)

ĥ ≤ hW

ĥ ≤ G

ĥ ≥ G− (1− h)W

ĥ ≥ 0

(A.16l)

Fn ≤ f N
n

Fn ≤ ∑
e∈δ+(n)

ye

Fn ≥ ∑
e∈δ+(n)

ye + f N
n − 1

, c ∈ C

(A.16m)

Pn ≤ pN
n

Pn ≤ ∑
e∈δ+(n)

ye

Pn ≥ ∑
e∈δ+(n)

ye + pN
n − 1

, n ∈ N

(A.16n)
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f̂ C
c , p̂C

c ∈ {0, 1}, c ∈ C

(A.16o)

f̂ N
n , p̂N

n ≥ 0, n ∈ N

(A.16p)

Fn ∈ {0, 1}, n ∈ N

(A.16q)

Pn ∈ {0, 1}, n ∈ N

(A.16r)

qN
ij ∈ {0, 1}, i, j ∈ N, i 6= j

(A.16s)

qcn ∈ {0, 1}, c ∈ C, n ∈ N

(A.16t)

h ∈ {0, 1} (A.16u)

The linear formulation for KEX(Uw
Γ ) is obtained by adding the PI-TSP constraints

to Problem A.16, and mazimizing the objective A.16a.

This linear formulation can be solved by any standard solver; our experiments

use Gurobi [155].

A.3 Robustness as Fairness

In this section we use the framework of edge weight uncertainty to address the prob-

lem of fairness in kidney exchange. Though seemingly unrelated, fairness and un-

certainty share some key characteristics. The concept of budgeted uncertainty balances

the nominal objective value with the worst case. A similar trade-off exists between
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fairness and efficiency in kidney exchange: allocating kidneys to hard-to-match pa-

tients is fair, but often reduces the number of possible transplants.

A.3.1 The Price of Fairness

In kidney exchange, fairness often pertains to highly-sensitized patients, who are very

unlikely to find a compatible donor. Highly-sensitized patients face longer waiting

times than lowly-sensitized patients1. In part this is because highly sensitized pa-

tients are hard to match; for this reason most kidney exchange optimization algo-

rithms – which maximize matching size or weight – marginalize highly-sensitized

patients.

A patient’s sensitization level is measured by her Calculated Panel Reactive An-

tibody (CPRA) score, which ranges from 0 to 100. Patient-donor pair vertices in the

exchange graph are highly-sensitized if the pair’s patient has a CPRA score above

some threshold τ, which is set by policymakers (τ = 80 is common). Let VH (VL) be

the set of highly-sensitized (lowly-sensitized) vertices in P, and let EH (EL) be the set

of all edges that end in VH (VL).

Fairness for a matching M is often quantified using the utility assigned to VH and

VL – i.e., the sum of edge weights into each vertex set,

UH(M) = ∑
e∈EH

xewe, UL(M) = ∑
e∈EL

xewe.

The utilitarian utility function is defined as u(M) = UH(M) + UL(M) (i.e., the

total edge weight of matching M). We might define a fair utility function u f :M→

R, such that the matching M∗f that maximizes u f is considered fair:

M∗f = arg max
M∈M

u f (M)

1https://optn.transplant.hrsa.gov/data/

https://optn.transplant.hrsa.gov/data/
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Fairness is quantified using the fraction of the fair score %F : M,M→ [0, 1] – i.e.,

the fraction of the maximum possible utility awarded to highly sensitized patients

%F(M,M) = UH(M)/ max
M′∈M

UH(M′).

Bertsimas et al. [45] defines the price of fairness as the “relative system efficiency

loss under a fair allocation assuming that a fully efficient allocation is one that max-

imizes the sum of [participant] utilities.” Thus the price of fairness is defined using

the set of matchingsM, the fair utility function u f , and the utilitarian utility function

u:

POF((,M), u f ) =
u (M∗)− u

(
M∗f
)

u (M∗)
(A.17)

POF((,M), u f ) is the relative loss in (utilitarian) efficiency caused by choosing

the fair outcome M∗f rather than the most efficient outcome.

Balancing %F and POF(, i)s a key problem in kidney exchange. Achieving a high

degree of fairness (high %F) often incurs a high POF(, ;) on the other hand, requiring

a low POF(, o)ften results in low %F. Dickerson et al. [108] propose two algorithms

for enforcing fairness in kidney exchange, and demonstrate that without chains, the

price of fairness is low in theory. McElfresh and Dickerson [215] extended this result,

finding that adding chains lowers the theoretical price of fairness – eventually to

zero; they also propose a fair algorithm that limits the price of fairness.

In the next section we generalize one of the fair algorithm proposed by Dickerson

et al. [108] using the framework of budgeted robust optimization, and demonstrate

its versatility in balancing fairness and efficiency.
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A.3.2 Fairness Through Robustness

In this section we adapt the concept of budgeted uncertainty to apply budgeted

prioritization to highly sensitized patients in kidney exchange. To prioritize certain

patients over others, we assign each edge e ∈ E a priority weight ŵe ∈ [0, ∞), equal

to the nominal weight multiplied by a factor (1 + αe), with αe ∈ [−1, ∞). There are

many ways to prioritize highly sensitized vertices using priority weights: we may

set α > 0 for all edges in EH, or we may set α = −1 for edges in EL, and so on.

To balance fairness with efficiency it reasonable to limit the degree of prioritiza-

tion. To limit prioritization, we define a budgeted prioritization set P , which bounds

the sum of absolute differences between each we and ŵe; this prioritization set is

given in Equation A.18.

PΓ =

{
ŵ | ŵe = we(1 + αe), αe ∈ [−1, ∞], ∑

e∈E
αewe ≤ Γ

}
(A.18)

To prioritize VH, we define αe differently for each edge e. In one type of approach,

we prioritize VH by setting αe to a constant (α) for all e ∈ EH. This approach is given

by P+
Γ , in Equation A.19

P+
Γ =

ŵ | ŵe =


we(1 + α) if e ∈ EH

we otherwise

, α ≥ 0, α ∑
e∈E

we ≤ Γ

 (A.19)

A different type of approach prioritizes VH by reducing all edges into EL; this

approach is given by P−Γ , in Equation A.20.
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P−Γ =

ŵ | ŵe =


we(1− α) if e ∈ EL

we otherwise

, α ∈ [0, 1], α ∑
e∈E

we ≤ Γ

 (A.20)

To apply prioritization to kidney exchange, we either minimize or maximize the

kidney exchange objective with respect to P . By choosing αe and prioritization bud-

get Γ, this general framework can implement a wide variety of prioritization re-

quirements. Next we show how budgeted prioritization generalizes a previous fair

algorithm.

A.3.3 Weighted Fairness

Weighted fairness was proposed by Dickerson et al. [108] to prioritize highly sensi-

tized patients in kidney exchange. This fair algorithm maximizes the total matching

weight, after multiplying all edge weights into highly sensitized patients by a factor

(1 + γ), where parameter γ is set by policymakers. Weighted fairness is equivalent

to maximizing the kidney exchange objective over the budgeted prioritization set Pw,

given below. This prioritization set is equivalent to P+
Γ , with prioritization budget Γ

equal to γ times the total weight received by highly sensitized patients.

Pw
γ =

ŵ | ŵe =


we(1 + α) if e ∈ EH

we otherwise

, α ≥ 0, α ∑
e∈EH

we ≤ γ ∑
e∈EH

we

 (A.21)

Note that the uncertainty budget does not depend on edge weights, and can be

written succinctly as Equation A.22.
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Pw
γ =

ŵ | ŵe =


we(1 + α) if e ∈ EH

we otherwise

, 0 ≤ α ≤ γ

 (A.22)

Weighted fairness is implemented by maximizing over priority set Pw
γ , as in Prob-

lem A.23

max max
ŵ∈Pw

γ

ŵ · xe (A.23a)

x ∈ M (A.23b)

Proposition A.3. γ-weighted fairness is equivalent to maximizing the kidney exchange

objective over Pw
γ .

As demonstrated in Equation A.21, weighted fairness uses the prioritization bud-

get Γ = γ ∑
e∈EH

we, which is proportional to the weight received by highly sensitized

patients. Thus, we may derive an upper bound on the POF(, f)or γ-weighted fair-

ness.

Proposition A.4. For γ-weighted fairness, and some matching M the price of fairness for

choosing matching M is bounded above by

POF((, u)w
γ , M) ≤ γ

1 + γ + UL(M)/UH(M)
.

Proof. Suppose that γ-weighted fairness chooses matching M over a higher-weight

matching E. In the worst case, both F and E receive nearly the same priority weight

under γ-weighted fairness (within a small perturbation ε). Let the utility awarded
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by each outcome to highly- and lowly-sensitized patients be given by

UH(M) = A UL(M) = B

UH(E) = 0 UL(E) = A(1 + γ) + B− ε

with 0 < ε � 1. Both M and E receive nearly the same priority weight from γ-

weighted fairness, but E receives γA more weight than M:

uw
γ (M) = A(1 + γ) + B

uw
γ (E) = A(1 + γ) + B− ε

And thus γ-weighted fairness selects M over E. Taking the limit as ε → 0, the price

of fairness for choosing M is

POF((, u)w
γ , M) =

A(1 + γ) + B− ε− A− B
A(1 + γ) + B− ε

=
γ

1 + γ + B/A
,

note that A = UH(M) and B = UL(M), and thus

POF((, u)w
γ , M) =

γ

1 + γ + UL(M)/UH(M)
.

Note that this is the worst-case POF(, f)or choosing M, and thus

POF((, u)w
γ , M) ≤ γ

1 + γ + UL(M)/UH(M)
.

It follows that this POF(, i)s maximized when UL(M) = 0, which is the worst

case POF(, f)or γ-weighted fairness.
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Corollary A.2.1. For γ-weighted fairness, the price of fairness is bounded above by

POF((, u)w
γ ) ≤

γ

1 + γ

Proposition A.5. Let U∗H be the maximum possible utility for highly-sensitized patients.

For γ-weighted fairness, and some matching M the fraction of the fair score %F for matching

M is bounded below by

%F(M,M) ≥ 1− UL(M)

U∗H

1
1 + γ

.

Proof. Let M ∈ mM be a feasible matching, and let U∗H be the maximum possible util-

ity for highly-sensitized patients. Consider the worst case scenario for γ-weighted

fairness: two outcomes receive nearly equal utility from γ-weighted fairness, but the

outcome chosen is far less fair. Let the fair outcome F assign the maximum possible

utility to highly sensitized patients, and zero utility to lowly sensitized patients:

uH(F) = U∗H, uL(F) = 0.

Let M be the outcome selected by γ-weighted fairness, which assigns utility βUH(M)

to highly sensitized patients, with 0 < β < 1, and some utility A + ε to lowly sensi-

tized patients, with 0 < ε� 1:

uH(M) = βU∗H, uL(M) = A + ε,

and note that β is %F, the fraction of the fair score, for outcome M.
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Letting ε→ 0, both F and M receive the same utility under γ-weighted fairness;

that is,

U∗H(1 + γ) = βU∗H(1 + γ) + UL(M).

Rearranging, we have

%F(M,M) = β = 1− UL(M)

U∗H

1
1 + γ

.

This is the worst-case outcome for %F, and thus

%F(M,M) ≥ β = 1− UL(M)

U∗H

1
1 + γ

.

It follows that the worst-case %F occurs when UL is maximal, and M = M∗.

Corollary A.2.2. Let U∗H and U∗L be the maximum possible utility for highly- and lowly-

sensitized patients, respectively. Under γ-weighted fairness, the fraction of the fair score %F

is bounded below by

%F(∗,M) ≥ 1− U∗L
U∗H

1
1 + γ

.

These results may be used to balance %F and POF(, ,) subject to policymaker

requirements. For example, suppose policymakers require that %F ≥ f , and POF(≤

, p), for some constants f and p. If we know the maximum utility for highly- and

lowly- sensitized patients, we can bound γ using the worst-case bounds from Corol-

lary A.2.1 and A.2.2. Inverting the bounds from these Corollaries with p = POF(,

a)nd f = % f , we have

γ ≤ p
1− p

, γ ≥ U∗L
U∗H

1
1− f

− 1.
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Combining these restrictions, we arrive at the bounded prioritization set P f
p , given

in Equation A.24.

P f
p =

ŵ | ŵe =


we(1 + γ) if e ∈ EH

we otherwise

,
U∗L
U∗H

1
1− f

− 1 ≤ γ ≤ p
1− p

 (A.24)

There are two important observations about this prioritization set. First, not all

choices of f and p are valid, and this depends on U∗L/U∗H; that is, choosing either

f or p necessarily bounds the other. Second, there are many ways to use P f
p in

practice: we might minimize or maximize ŵ before maximizing the kidney exchange

objective (i.e., setting γ to its maximum or minimum value; this is equivalent to the

weighted fairness proposed by Dickerson et al. [108].

Alternatively, we might allow γ to vary within the range of set by P f
p . This ap-

proach allows the optimization algorithm to choose the value of γ, such that priority

weight is maximized. Note that this is not equivalent to weighted fairness (Prob-

lem A.23), which maximizes priority weight before maximizing the objective. This

variable-γ approach is given in Problem A.25.

max
ŵ∈P f

p

∑
e∈E

ŵe · xe

x ∈ M

By directly applying the definition of ŵ to this problem, we arrive at Problem A.26.

max (1 + γ) ∑
e∈EH

we · xe + ∑
e∈EL

we · xe (A.26a)

U∗L
U∗H

1
1− f

− 1 ≤ γ ≤ p
1− p

(A.26b)

x ∈ M (A.26c)
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In the next section we tighten this the bound on %F for γ-weighted fairness, by

relaxing the bounds on γ.

A.3.3.1 Variable Weighted Fairness

The bounds in Corollary A.2.1 and A.2.2 are for the worst-case bounds on γ; however,

the worst-case scenarios that produce these bounds may never occur. Instead, we

use Proposition A.4 and A.5 to bound γ for some feasible matching M.

As before, suppose that policymakers require that %F ≥ f , and POF(≤, p), for

some constants f and p. If we know the maximum utility for highly-sensitized pa-

tients, we can bound γ (for some matching M) using the worst-case bounds from

Proposition A.4 and A.5. Inverting these bounds with p = POF(, a)nd f = % f , we

have

γ ≤ p
1− p

(
1 +

UL(M)

UH(M)

)
, γ ≥ UL(M)

U∗H

1
1− f

− 1.

Applying these bounds on γ results in the following prioritization set P f
p , given in

Equation A.27.

P f
p =

ŵ | ŵe =


we(1 + γ) if e ∈ EH

we otherwise

,
UL(M)

U∗H

1
1− f

− 1 ≤ γ ≤ p
1− p

(
1 +

UL(M)

UH(M)

)
(A.27)

As before, we might maximize or minimize the prioritization weight over P p
f (i.e.,

weighted fairness), or allow γ to vary within the range of P p
f . Note that allowing γ

to vary adds variable inequalities, which depends on the decision variables of M.
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Appendix B: Appendix to Chapter 6

B.1 Price of Fairness in the Random Graph Model

Ashlagi and Roth [24] characterize efficient matchings in a random graph model

without chains, and Dickerson et al. [108] build on this to show that the price of

fairness without chains is bounded above by 2/33. Dickerson et al. [106] extend the

efficient matching of Ashlagi and Roth [24] to include chains, but do not calculate the

price of fairness. We close the remaining theory gap regarding the price of fairness

with chains. Appendix B.1.1 describes the random graph model, and Appendix B.1.2

presents the theoretical price of fairness with chains.

B.1.1 Random Graph Model

Let all patient-donor pairs P be partitioned into subsets VX-Y for each patient blood

type X and donor blood type Y. These subsets will be further partitioned into lowly-

and highly sensitized pairs VX-Y
L and VX-Y

H . Let µX be the fraction of both patients

and donors of each blood type X.

Let NX be the set of NDDs of blood type X. Let β|P| be the total number of

NDDs, with the same blood type distribution as patients. That is, |NX| = βµX|P|,

with X ∈ {A, B, AB, O}.

Patient-donor vertices may be blood-type compatible, but will not be connected
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by a directed edge due to tissue-type incompatibility. Let p̄ be the fraction of patient-

donor pairs that are blood-type-compatible, but tissue-type-incompatible. We refer

to certain blood-type vertex subsets of as follows:

1. VA-B and VB-A: reciprocal pairs

2. VX-X: self-demanded pairs

3. VAB-B, VAB-A, VAB-O, VA-O, VB-O: over-demanded pairs

4. VA-AB, VB-AB, VO-A, VO-B, VO-AB: under-demanded pairs

To reflect real-world exchanges, assume p̄ > 1 − λ, µO > µA > µB > µAB,

and p̄ < 2/5. WLOG, let |VA-B| > |VB-A|, and assume that the absolute difference

between these pools grows sublinearly with the size of the exchange, that is |VA-B| −

|VB-A| = o(n).

B.1.2 The Price of Fairness With Chains

We calculate the price of fairness in this model by exploring all of the possible ways

that the efficient matching can proceed, which depends on β. We state without proof

that there are only four possible matchings with nonzero price of fairness, and sev-

eral matchings with zero price of fairness. It is tedious, but straightforward, to con-

firm this statement, using the assumptions made while constructing these match-

ings. Figure B.1 shows each possible matching on this model, and some of the im-

possible matchings.

Propositions B.2, B.3, B.4, and B.5 give the price of fairness for each of the four

matchings with nonzero price of fairness; for each of these cases, β < µAB(1− p̄).

Proposition B.1 states that the price of fairness is zero when β > µAB(1− p̄).
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 A and B NDDs donate to A-AB and B-AB
(A-AB and B-AB are exhausted)

PoF = 0(A and B NDDs exhausted)

3-cycles (AB-O, O-A, A-AB) (AB-O is exhausted)

None exist

(O exhausted first)

(O-A is exhausted)
impossible

(A-AB exhausted)

(AB-O exhausted)3-cycles (AB-O, O-B, B-AB)

3-chains (O,O-A,A-AB)

O and AB-O match with 
underdemanded pairs

None exist

(O-B is exhausted)
impossible (B-AB exhausted)

None exist (A-AB = ∅)

3-chains (O,O-B,B-AB)

None exist

(O exhausted)(O-B is exhausted)
impossible

(B-AB exhausted)

None exist All (O-AB)H 
matched

Price of Fairness PoF > 0
(Prop. 2)

PoF > 0
(Prop. 3)

PoF=0 PoF > 0
(Prop. 4)

Some (O-AB)H 
matched

None exist (A-AB = ∅)

(B-AB exhausted)

All (O-AB)H 
matched

PoF = 0 PoF > 0
(Prop. 5)

Some (O-AB)H 
matched

1

2

3

4

5

6

FIGURE B.1: All possible matchings on the random graph model.
Boxes with blue borders represent the matching outcomes, and boxes
with black borders represent intermediate steps in each matching.
Some of the impossible matchings are shown as boxes with dashed

black borders.

In all of these matchings, the price of fairness is bounded above by the price

of fairness without NDDs, found by Dickerson et al. [108]; Theorem 6.1 states this

finding, which uses by Lemmas B.2 and B.3.

Theorem 6.2 states that the price of fairness is zero when β > 1/8, and Lemmas

B.4, B.5, B.6, and B.7 give bounds on β for each matching with nonzero price of

fairness.

We start with the efficient matching proposed in [106] using cycles and chains

up to length 3. This matching may proceed in many different ways, depending on

β. However, most outcomes are impossible based on the canonical assumptions for

the random graph model. Figure B.1 shows all possible ways that the matching can

proceed.

Lemma B.1 states that even without chains, all highly-sensitized patients except

for those in VO-AB are matched in the efficient matching, only using cycles; this

Lemma will be used in all following propositions.
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Lemma B.1. Denote by M the set of matchings in G(n) using cycles and chains up to

length 3. As n → ∞, a.s. all highly sensitized pairs can be matched with no efficiency loss

under the lexicographic fair algorithm, except for those of type O-AB.

(This Lemma uses the same efficient matching introduced by Dickerson [106].)

sketch. Begin with the efficient matching M∗ using only cycles up to length 3, pro-

posed by Dickerson in [108]. M∗ matches all over-demanded and self-demanded

vertices with high probability, but leaves some under-demanded vertices unmatched.

We proceed through the initial steps of matching M∗ to show that all vertices in VO-A
H ,

VO-B
H , VA-AB

H , and VB-AB
H are matched.

1. Match all vertices in VB-A in 2-cycles with VA-B, exhausting VB-A and leaving

|VA-B| ∝ o(n).

2. Match all remaining vertices in VA-B in 3-cycles with VB-O and VO-A. There are

only |VA-B| ∝ o(n) of these cycles, which will become negligible to the price of

fairness as n→ ∞.

3. Match all remaining vertices in VA-O in 2-cycles with VO-A. Note that |VA-O| ∝

p̄µAµO and |VO-A| ∝ µAµO. The VA-O vertices are exhausted first if |VA-O| <

|VO-A|, which holds almost surely because p̄µAµO < µAµO due to the as-

sumption p̄ < 2/5. All highly sensitized vertices VO-A
H are matched because

(1−λ)µAµO < p̄µAµO holds under the assumption 1−λ < p̄. Thus both VA-O

and VO-A
H are exhausted, and |VO-A| ∝ µAµO(1− p̄).

4. Match all remaining vertices in VB-O in 2-cycles with VO-B. Note that |VB-O| ∝

p̄µBµO and |VO-B| ∝ µBµO. As before, the a.s. |VO-B| > |VB-O|. All highly

sensitized vertices VO-B
H are matched a.s., because p̄µBµO > (1− λ)µBµO holds
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under the assumption p̄ > 1− λ. Thus both VB-O and VO-B
H are exhausted, and

|VO-B| ∝ µBµO(1− p̄).

5. Match all vertices in VAB-A in 2-cycles with VA-AB. Note that, |VAB-A| ∝ p̄µAµAB

and |VA-AB| ∝ µAµAB. As before, a.s. |VA-AB| > |VA-AB|. All highly sen-

sitized vertices VA-AB
H are matched, because p̄µAµAB > (1− λ)µAµAB under

the assumption p̄ > 1 − λ. Thus both VAB-A and VA-AB
H are exhausted, and

|VA-AB| ∝ µAµO(1− p̄).

6. Match all vertices in VAB-B in 2-cycles with VB-AB. Note that, |VAB-B| ∝ p̄µBµAB

and |VB-AB| ∝ µBµAB, and a.s. |VB-AB| > |VAB-B|. All highly sensitized vertices

VB-AB
H are matched, because p̄µBµAB > (1 − λ)µBµAB under the assumption

p̄ > 1− λ. Thus both VAB-B and VB-AB
H are exhausted, and |VB-AB| ∝ µBµO(1−

p̄).

Thus, these initial steps of matching M∗ exhaust all highly sensitized pairs in

VO-A
H , VO-B

H , VA-AB
H , and VB-AB

H .

With uniform edge weights, lexicographic fairness requires that we match the

maximum possible number of highly sensitized vertices. Lemma B.1 states that

the efficient matching M∗ includes all highly sensitized patients, except for those

in VO-AB. Therefore all efficiency loss–and price of fairness–is caused by matching

vertices in VO-AB
H .

Using both chains and cycles increases overall efficiency. In the dense graph

model used in this Appendix, adding chains can only decrease the price of fairness.

Proposition 1 in [108] states that with only cycles up to length 3, and assuming

p̄ > 1− λ, and µO < 3µA/2, and µO > µA > µB > µAB, the price of fairness is
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at most 2
33 . In the dense graph model used here, adding chains tightens this upper

bound.

The following propositions tighten the upper bound on the price of fairness, for

every possible value of β.

Proposition B.1. Assume

1 β > (1− p̄)µAB.

Denote byM the set of matchings in G(n) using cycles and chains up to length 3. As

n→ ∞, almost surely POF(M, uLEX) = 0.

sketch. We begin by executing the initial steps of matching M∗ as done in the proof

of Lemma B.1, matching all highly sensitized vertices except for those in VO-AB
H . The

following steps continue the matching M∗ from Lemma B.1.

7. A- and B-type NDDs donate to VA-AB and VB-AB, respectively. Note that |NA| ∝

βµA and |VA-AB| ∝ (1 − p̄)µAµAB. Assuming β > (1 − p̄)µAB, the inequal-

ity βµA > µAµAB(1− p̄) holds and a.s. |NA| > |VA-AB|. By the same argu-

ment, a.s. |NB| > |VB-AB|. Thus, both VA-AB and VB-AB are exhausted, and

|NB| ∝ µB (β− (1− p̄)µAB) and |NA| ∝ µA (β− (1− p̄)µAB).

8. Create cycles of the form (AB-O, O-X, X-AB), with X ∈ {A, B}. None of these

cycles occur because both VA-AB and VB-AB have been exhausted in previous

steps.

9. Create chains of the form (O,O-X,X-AB), with X ∈ {A, B}. None of these cycles

occur, because both VA-AB and VB-AB have been exhausted in previous steps.

10. Remaining O-type NDDs donate to remaining under-demanded vertices, be-

ginning with VO-AB. Note that no O-type NDDs have been used in previous

steps, so |NO| ∝ βµO.
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11. 2-cycles are created with VAB-O and remaining under-demanded vertices, be-

ginning with VO-AB. Note that no vertices in VAB-O have been used in previous

steps, so |VAB-O| ∝ p̄µOµAB.

The final two steps match up to |VAB-O| + |NO| ∝ βµO + p̄µOµAB vertices in

VO-AB. The only remaining highly-sensitized vertices are in V |HOAB ∝ (1−λ)µOµAB.

Assuming that p̄ > 1− λ, the inequality βµO + p̄µOµAB > p̄µOµAB > (1− λ)µOµAB

holds, and a.s. |VAB-O| + |NO| > |V |HOAB|. This exhausts all vertices in |VO-AB
H |.

All other highly-sensitized vertices were matched in steps 1-6 of, as in Lemma B.1.

Thus, all highly sensitized vertices can be matched with no efficiency loss, and the

price of fairness is zero.

PropositionB.1 assumes that β is extremely large, specifically β > 1/4 > (1−

p̄)µAB. In practice, β < 0.01 – that is, the number of NDDs in an exchange is often

less than 1% of the size of the exchange. The following Propositions address the

price of fairness when β < (1− p̄)µAB < 1/4.

Proposition B.2. Assume

A.1 β < µA (1− p̄)− p̄µAB

A.2 β < µAB(1− p̄)− p̄µABµO/µA

A.3 β < µAB

(
µA

µA+µO
− p̄

)
These constraints imply β ∈ [0, 1/8].Denote byM the set of matchings in G(n) using

cycles and chains up to length 3. Almost surely as n→ ∞, the price of fairness is

POF(M, uLEX) =
(1− λ)µOµAB

uE
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with

uE = p̄
[
2µABµB + 2µABµA + 3µABµO

+2µAµO + 2µBµO + µ2
O + µ2

A + µ2
B + µ2

AB

]
+2µAµB + β (µA + µB + 2µO)

sketch. We begin with matching M∗ as done in the proof of Lemma B.1, matching all

highly sensitized vertices except for those in VAB-O
H . We now complete the efficient

matching using both 3-cycles and 3-chains as in [106].

7. A- and B-type NDDs donate to VA-AB and VB-AB, respectively. Note that |NA| ∝

βµA and |VA-AB| ∝ (1− p̄)µAµAB. The inequality βµA < µAµAB(1− p̄) holds

due to assumption A.2, and a.s. |NA| < |VA-AB|. By the same argument,

a.s. |NB| < |VB-AB|. Thus, both NA and NB are exhausted, and |VA-AB| ∝

µAµAB(1− p̄)− βµA and |VB-AB| ∝ µBµAB(1− p̄)− βµB.

8. Create cycles of the form (AB-O, O-A, A-AB). The current size of each vertex

group is

(1) |VAB-O| ∝ p̄µABµO

(2) |VO-A| ∝ (1− p̄)µAµO

(3) |VA-AB| ∝ µAµAB(1− p̄)− βµA

The inequality (1) < (2) holds due to the model assumptions, so a.s. |VAB-O| <

|VO-A|. Note that the inequality (1) < (3) can be written as

β < µAB(1− p̄)− p̄µABµO/µA
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which holds by assumptions A.2, and a.s. |VAB-O| < |VA-AB|. Executing these

cycles exhausts VAB-O and leaves the following vertices remaining

(1) |VO-A| ∝ (1− p̄)µAµO − p̄µABµO.

(2) |VA-AB| ∝ (1− p̄)µAµAB − p̄µABµO − βµA

9. Create cycles of the form (AB-O, O-B, B-AB). The previous step exhausted

VAB-O, so none of these cycles occur.

10. Create chains of the form (O,O-A,A-AB). The current size of each vertex group

is

(1) |NO| ∝ βµO

(2) |VO-A| ∝ (1− p̄)µAµO − p̄µABµO

(3) |VA-AB| ∝ (1− p̄)µAµAB − p̄µABµO − βµA

The inequality (1) < (2) holds due to assumption A.1, so a.s. |NO| < |VO-A|.

Note that inequality (1) < (3) can be written as

β < µAB

(
µA

µA + µO
− p̄

)

which holds due to A.3. Thus a.s. |NO| < |VA-AB|, and |NO| is exhausted. The

vertices unmatched by these chains are

(1) |VO-A| ∝ (1− p̄)µAµO − p̄µABµO − βµO

(2) |VA-AB| ∝ (1− p̄)µAµAB − p̄µABµO − β (µA + µO)

11. Remaining O-type NDDs donate to remaining under-demanded vertices. The

previous step exhausted NO, so none of these donations occur.
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12. 2-cycles are created with VAB-O and remaining under-demanded vertices. The

previous step exhausted VAB-O, so none of these cycles occur.

In the efficient matching described above, the number of matched pairs in each

under-demanded group is

|VO-A| ∝ µO (β + p̄ (µA + µAB))

|VO-B| ∝ p̄µBµO

|VA-AB| ∝ (β + p̄µAB)(µA + µO)

|VB-AB| ∝ (β + p̄µAB)µB

|VO-AB| = 0

Combining these with the over-demanded and self-demanded vertices, the total

size of the efficient matching is

uE = p̄
[
2µABµB + 2µABµA + 3µABµO

+2µAµO + 2µBµO + µ2
O + µ2

A + µ2
B + µ2

AB

]
+2µAµB + β (µA + µB + 2µO)

This efficient matching includes all highly sensitized vertices except for those in

VO-AB
H . To calculate the price of fairness we now find the size of the fair matching. We

match each vertex in VO-AB
H by removing a 3-cycle of the form (AB-O, O-A, A-AB)

and creating a 2-cycle (AB-O, O-AB). This matching used |VAB-O| ∝ p̄µOµAB 3-

cycles of this form, while |VO-AB
H | ∝ (1− λ)µOµAB. The model assumption p̄ > 1− λ

ensures that |VAB-O| > |VO-AB
H |, and all vertices in VO-AB

H can be matched in this way.
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To match each vertex in VO-AB
H , we remove from the matching one vertex from

both VO-A and VA-AB. Thus the total efficiency loss is |VO-AB
H | ∝ (1− λ)µOµAB. The

price of fairness is

POF(M, uLEX) =
(1− λ)µOµAB

uE

With uE defined previously.

Proposition B.3. Assume

1 β < µAB(1− p̄)− µABµO p̄/(µA + µB)

2 β < µAµAB(1− p̄)+µBµO(1− p̄)− p̄µOµAB
µA+µO

3 β > µAB(1− p̄)− µABµO p̄/µA

4 β < µAB(1− p̄)− p̄µABµO/µA + (1− p̄)µBµO/µA

5 β < µAB(1− p̄)− µOµAB/(1− µAB)

Note that as written, constraint 4 is a looser bound than 5, and can be removed. However

it is convenient to leave 4 for clarity. These constraints imply β ∈ [0, 1/12]. Denote byM

the set of matchings in G(n) using cycles and chains up to length 3. Almost surely as

n→ ∞, the price of fairness is

POF(M, uLEX) =
(1− λ)µOµAB

uE

with
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uE = p̄
[
2µABµB + 2µABµA + 3µABµO

+2µAµO + 2µBµO + µ2
O + µ2

A + µ2
B + µ2

AB

]
+2µAµB + β (µA + µB + 2µO)

sketch. We begin with matching M∗ as done in the proof of Lemma B.1, matching all

highly sensitized vertices except for those in VAB-O
H . We now complete the efficient

matching using both 3-cycles and 3-chains as in [106].

7. A- and B-type NDDs donate to VA-AB and VB-AB, respectively. Note that |NA| ∝

βµA and |VA-AB| ∝ (1− p̄)µAµAB. The inequality βµA < µAµAB(1− p̄) holds

due to assumption A.1, and a.s. |NA| < |VA-AB|. By the same argument,

a.s. |NB| < |VB-AB|. Thus, both NA and NB are exhausted, and |VA-AB| ∝

µAµAB(1− p̄)− βµA and |VB-AB| ∝ µBµAB(1− p̄)− βµB.

8. Create cycles of the form (AB-O, O-A, A-AB). The current size of each vertex

group is

(1) |VAB-O| ∝ p̄µABµO

(2) |VO-A| ∝ (1− p̄)µAµO

(3) |VA-AB| ∝ µAµAB(1− p̄)− βµA

Note that the inequality (3) < (1) can be written as

β > µAB(1− p̄)− p̄µABµO/µA

which holds by assumption 3, and a.s. |VA-AB| < |VAB-O|. The inequality

(3) < (2) can be written as
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β > (1− p̄)(µAB − µO)

which holds by model assumptions, and a.s. |VA-AB| < |VO-A|. Executing

these cycles exhausts VA-AB and leaves the following vertices remaining

|VO-A| ∝ (1− p̄)µA(µO − µAB) + µAβ

|VAB-O| ∝ p̄µABµO − µAµAB(1− p̄) + µAβ

9. Create cycles of the form (AB-O, O-B, B-AB). The current size of each vertex

group is

(1) |VAB-O| ∝ p̄µABµO − µAµAB(1− p̄) + µAβ

(2) |VO-B| ∝ (1− p̄)µBµO

(3) |VB-AB| ∝ µBµAB(1− p̄)− βµB

Inequality (1) < (2) can be written as

β < µAB(1− p̄)− p̄µABµO/µA + (1− p̄)µBµO/µA

which holds by assumption 4. Inequality (1) < (3) can be written as

β < µAB(1− p̄)− µABµO p̄/(µA + µB)

which holds by assumption 1.

Executing these cycles exhausts VAB-O and leaves the following vertices re-

maining

|VO-B| ∝ µAµAB(1− p̄) + (µB − p̄(µAB + µB))µO − βµA
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|VB-AB| ∝ ((1− p̄)µAB − β) (µA + µB)− p̄µABµO

10. Create chains of the form (O,O-A,A-AB). Previous steps exhausted VA-AB so

none of these chains occur.

11. Create chains of the form (O,O-B,B-AB). The current size of each vertex group

is

(1) |NO| ∝ βµO

(2) |VO-B| ∝ µAµAB(1− p̄) + (µB − p̄(µAB + µB))µO − βµA

(3) |VB-AB| ∝ ((1− p̄)µAB − β) (µA + µB)− p̄µABµO

The inequality (1) < (2) can be written as

β <
µAµAB(1− p̄) + µBµO(1− p̄)− p̄µOµAB

µA + µO

which holds by assumption 2. The inequality (1) < (3) can be written as

β < µAB(1− p̄)− µOµAB/(1− µAB)

which holds by assumption 5. Executing these chains exhausts NO and leaves

the following vertices remaining

|VO-B| ∝ µAµAB(1− p̄) + (µB − p̄(µAB + µB))µO

− β(µA + µO)

|VB-AB| ∝ (1− p̄)µAB − β)(µA + µB)− (β + p̄µAB)µO
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12. Remaining O-type NDDs donate to remaining under-demanded vertices. The

previous step exhausted NO, so none of these donations occur.

13. 2-cycles are created with VAB-O and remaining under-demanded vertices. The

previous steps exhausted VAB-O, so none of these cycles occur.

In the efficient matching described above, the number of matched pairs in each

under-demanded group is

|VO-A| ∝ (1− p̄)µA(µO − µAB) + µAβ

|VO-B| ∝ µAµAB(1− p̄) + (µB − p̄(µAB + µB))µO

− β(µA + µO)

|VA-AB| = 0

|VB-AB| ∝ (1− p̄)µAB − β)(µA + µB)− (β + p̄µAB)µO

|VO-AB| = 0

Combining these with the over-demanded and self-demanded vertices, the total

size of the efficient matching is

uE = p̄
[
2µABµB + 2µABµA + 3µABµO

+2µAµO + 2µBµO + µ2
O + µ2

A + µ2
B + µ2

AB

]
+2µAµB + β (µA + µB + 2µO)
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This efficient matching includes all highly sensitized vertices except for those in

VO-AB
H . To calculate the price of fairness we now find the size of the fair matching.

We match each vertex in VO-AB
H by removing a 3-cycle of the form (AB-O, O-A, A-AB)

and creating a 2-cycle (AB-O, O-AB). This matching used |VAB-O| ∝ p̄µOµAB 3-cycles

of this form, while |VO-AB
H | ∝ (1 − λ)µOµAB. The model assumptions ensure that

|VAB-O| > |VO-AB
H |, and all vertices in VO-AB

H can be matched in this way.

To match each vertex in VO-AB
H , we remove from the matching one vertex from

both VO-A and VA-AB. Thus the total efficiency loss is |VO-AB
H | ∝ (1− λ)µOµAB. The

price of fairness is

POF(M, uLEX) =
(1− λ)µOµAB

uE

With uE defined previously.

Proposition B.4. Assume

1 β > µAB(1− p̄)− µABµO p̄/µA

2 β < µAB(1− p̄)− µABµO p̄/(µA + µB)

3 β < µAB(1− p̄)− p̄µABµO/µA + (1− p̄)µBµO/µA

4 β > µAB

(
(1− p̄)− µO

1−µAB

)
5 β < µAB(1− p̄)− λµO

µAB
1−µAB

These constraints imply β ∈ [0, 1/8]. Denote byM the set of matchings in G(n) using

cycles and chains up to length 3. Almost surely as n→ ∞, the price of fairness is
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POF(M, uLEX) =
(1− µAB)((1− p̄)µAB − β)− λµABµO

uE

with

uE = µABµB + µA (µAB + 2µB) + βµO

+ p̄
[
µ2

A + µAµAB + µ2
AB + µABµB + µ2

B

+ 2(µA + µAB + µB)µO + µ2
O
]

sketch. We begin with matching M∗ as done in the proof of Lemma B.1, matching all

highly sensitized vertices except for those in VAB-O
H . We now complete the efficient

matching using both 3-cycles and 3-chains as in [106].

7. A- and B-type NDDs donate to VA-AB and VB-AB, respectively. Note that |NA| ∝

βµA and |VA-AB| ∝ (1− p̄)µAµAB. The inequality βµA < µAµAB(1− p̄) holds

due to assumption 2, and a.s. |NA| < |VA-AB|. By the same argument, a.s.

|NB| < |VB-AB|. Thus, both NA and NB are exhausted, and |VA-AB| ∝ µAµAB(1−

p̄)− βµA and |VB-AB| ∝ µBµAB(1− p̄)− βµB.

8. Create cycles of the form (AB-O, O-A, A-AB). The current size of each vertex

group is

(1) |VAB-O| ∝ p̄µABµO

(2) |VO-A| ∝ (1− p̄)µAµO

(3) |VA-AB| ∝ µAµAB(1− p̄)− βµA

Note that the inequality (3) < (1) can be written as
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β > µAB(1− p̄)− p̄µABµO/µA

which holds by assumption 1, and a.s. |VA-AB| < |VAB-O|. The inequality

(3) < (2) can be written as

β > (1− p̄)(µAB − µO)

which holds by model assumptions, and a.s. |VA-AB| < |VO-A|. Executing

these cycles exhausts VA-AB and leaves the following vertices remaining

|VO-A| ∝ (1− p̄)µA(µO − µAB) + µAβ

|VAB-O| ∝ p̄µABµO − µAµAB(1− p̄) + µAβ

9. Create cycles of the form (AB-O, O-B, B-AB). The current size of each vertex

group is

(1) |VAB-O| ∝ p̄µABµO − µAµAB(1− p̄) + µAβ

(2) |VO-B| ∝ (1− p̄)µBµO

(3) |VB-AB| ∝ µBµAB(1− p̄)− βµB

Inequality (1) < (2) can be written as

β < µAB(1− p̄)− p̄µABµO/µA + (1− p̄)µBµO/µA

which holds by assumption 3. Inequality (1) < (3) can be written as

β < µAB(1− p̄)− µABµO p̄/(µA + µB)
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which holds by assumption 2.

Executing these cycles exhausts VAB-O and leaves the following vertices re-

maining

|VO-B| ∝ µAµAB(1− p̄) + (µB − p̄(µAB + µB))µO − βµA

|VB-AB| ∝ ((1− p̄)µAB − β) (µA + µB)− p̄µABµO

10. Create chains of the form (O,O-A,A-AB). Previous steps exhausted VA-AB so

none of these chains occur.

11. Create chains of the form (O,O-B,B-AB). The current size of each vertex group

is

(1) |NO| ∝ βµO

(2) |VO-B| ∝ µAµAB(1− p̄) + (µB − p̄(µAB + µB))µO − βµA

(3) |VB-AB| ∝ ((1− p̄)µAB − β) (µA + µB)− p̄µABµO

The inequality (3) < (1) can be written as

β > µAB

(
(1− p̄)− µO

1− µAB

)

which holds by assumption 4. The inequality (3) < (2) can be written as

β > (1− p̄)(µAB − µO)

which holds by the model assumptions. Executing these chains exhausts VB-AB

and leaves the following vertices remaining

|NO| ∝ (β + p̄µAB)(µA + µB + µO)− µAB(µA + µB)
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|VO-B| ∝ µB ((β + (1− p̄)(µO − µAB))

12. Remaining O-type NDDs and VAB-O vertices match with remaining under-

demanded vertices, starting with VO-AB. The remaining size of each vertex

group is

(1) |NO| ∝ (β + p̄µAB)(µA + µB + µO)− µAB(µA + µB)

(2) |VO-AB| ∝ µABµO

(3) |VAB-O| = 0

After simplifying, the inequality (1) < (2) can be written as

β < µAB(1− p̄)

which holds by assumption 2. Thus O-type NDDs are exhausted first, leaving

some vertices remaining in VO-AB, with

|VO-AB| ∝ ((1− p̄)µAB − β) (1− µAB)

In the efficient matching described above, the number of matched pairs in each

under-demanded group is

|VO-A| ∝ µA (µAB(1− p̄) + p̄µO − β)

|VO-B| ∝ µB (µAB(1− p̄) + p̄µO − β)

|VA-AB| ∝ µAµAB

|VB-AB| ∝ µBµAB

|VO-AB| ∝ (β + µAB p̄)(1− µAB)− µAB(µA + µB)
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Combining these with the over-demanded and self-demanded vertices, the total

size of the efficient matching is

uE = µABµB + µA (µAB + 2µB) + βµO

+ p̄
[
µ2

A + µAµAB + µ2
AB + µABµB + µ2

B

+ 2(µA + µAB + µB)µO + µ2
O
]

To calculate the price of fairness we now find the size of the fair matching.

The only unmatched highly sensitized patients are in VO-AB
H , some of which were

matched in step 12 above. We now show that the number of matched vertices in

VO-AB is smaller than the initial size of VO-AB
H , so not all vertices in VO-AB

H can be

matched. Let MO-AB be the number of matched vertices in VO-AB, and HO-AB be the

initial size of VO-AB
H . The inequality MO-AB < HO-AB can be written as

(β + µAB p̄)(1− µAB)− µAB(µA + µB) < (1− λ)µOµAB (B.1)

β < µAB(1− p̄)− λµO
µAB

1− µAB
(B.2)

This inequality holds by assumption 5, and a.s. there are some unmatched ver-

tices in VO-AB
H . The number of unmatched highly sensitized vertices is

HO-AB −MO-AB ∝ (1− µAB)((1− p̄)µAB − β)− λµABµO

.

We match each of these remaining vertices by removing a 3-cycle of the form

(AB-O, O-A, A-AB) and creating a 2-cycle (AB-O, O-AB). This matching used |VAB-O| ∝
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p̄µOµAB 3-cycles of this form, while |VO-AB
H | ∝ (1− λ)µOµAB. The model assump-

tions ensure that |VAB-O| > |VO-AB
H |, and all remaining vertices in VO-AB

H can be

matched in this way.

To match each remaining vertex in VO-AB
H , we remove from the matching one

vertex from both VO-A and VA-AB. Thus the total efficiency loss is HO-AB − MO-AB.

The price of fairness is

POF(M, uLEX) =
(1− µAB)((1− p̄)µAB − β)− λµABµO

uE

With uE defined previously.

Proposition B.5. Assume

1 β > µAB(1− p̄)− µABµO p̄/(µA + µB)

2 β < µAB(1− p̄)− λµO
µAB

1−µAB

These constraints imply β ∈ [0, 1/10]. Denote by M the set of matchings in G(n)

using cycles and chains up to length 3. Almost surely as n→ ∞, the price of fairness is

POF(M, uLEX) =
(1− µAB)((1− p̄)µAB − β)− λµABµO

uE

with

uE = µABµB + µA (µAB + 2µB) + βµO

+ p̄
[
µ2

A + µAµAB + µ2
AB + µABµB + µ2

B
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+ 2(µA + µAB + µB)µO + µ2
O
]

sketch. We begin with matching M∗ as done in the proof of Lemma B.1, matching all

highly sensitized vertices except for those in VAB-O
H . We now complete the efficient

matching using both 3-cycles and 3-chains as in [106].

7. A- and B-type NDDs donate to VA-AB and VB-AB, respectively. Note that |NA| ∝

βµA and |VA-AB| ∝ (1− p̄)µAµAB. The inequality βµA < µAµAB(1− p̄) holds

due to assumption 2, and a.s. |NA| < |VA-AB|. By the same argument, a.s.

|NB| < |VB-AB|. Thus, both NA and NB are exhausted, and |VA-AB| ∝ µAµAB(1−

p̄)− βµA and |VB-AB| ∝ µBµAB(1− p̄)− βµB.

8. Create cycles of the form (AB-O, O-A, A-AB). The current size of each vertex

group is

(1) |VAB-O| ∝ p̄µABµO

(2) |VO-A| ∝ (1− p̄)µAµO

(3) |VA-AB| ∝ µAµAB(1− p̄)− βµA

Note that the inequality (3) < (1) can be written as

β > µAB(1− p̄)− p̄µABµO/µA

which holds by assumption 1 and a.s. |VA-AB| < |VAB-O|. The inequality (3) <

(2) can be written as

β > (1− p̄)(µAB − µO)
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which holds by the model assumptions, and a.s. |VA-AB| < |VO-A|. Executing

these cycles exhausts VA-AB and leaves the following vertices remaining

|VO-A| ∝ (1− p̄)µA(µO − µAB) + µAβ

|VAB-O| ∝ p̄µABµO − µAµAB(1− p̄) + µAβ

9. Create cycles of the form (AB-O, O-B, B-AB). The current size of each vertex

group is

(1) |VAB-O| ∝ p̄µABµO − µAµAB(1− p̄) + µAβ

(2) |VO-B| ∝ (1− p̄)µBµO

(3) |VB-AB| ∝ µBµAB(1− p̄)− βµB

Inequality (3) < (2) can be written as

β > (1− p̄)(µAB − µO)

which holds by the model assumptions. Inequality (3) < (1) can be written as

β > µAB(1− p̄)− µABµO p̄/(µA + µB)

which holds by assumption 1.

Executing these cycles exhausts VB-AB and leaves the following vertices re-

maining

|VAB-O| ∝ (β− (1− p̄)µAB)(µA + µB) + p̄µABµO

|VB-AB| ∝ µB(β− (1− p̄)(µAB − µO))

10. Create chains of the form (O,O-A,A-AB). Previous steps exhausted VA-AB so

none of these chains occur.
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11. Create chains of the form (O,O-B,B-AB). Previous steps exhausted VB-AB so

none of these chains occur.

12. O-type NDDs and VAB-O match with remaining under-demanded vertices,

starting with VO-AB. The remaining size of each vertex group is

(1) |NO| ∝ βµO

(2) |VAB-O| ∝ (β− (1− p̄)µAB)(µA + µB) + p̄µABµO

(3) |VO-AB| ∝ µOµAB

Note that the inequality (1) + (2) < (3) can be written as

β < µAB(1− p̄)

which holds by assumption 2 Thus O-type NDDs are exhausted first, leaving

some vertices remaining in VO-AB, with

|VO-AB| ∝ ((1− p̄)µAB − β)(1− µAB)

In the efficient matching described above, the number of matched pairs in each

under-demanded group is

|VO-A| ∝ µA(µAB + p̄(µO − µAB)− β)

|VO-B| ∝ µB(µAB + p̄(µO − µAB)− β)

|VA-AB| ∝ µAµAB

|VB-AB| ∝ µBµAB.

|VO-AB| ∝ (β + µAB p̄)(1− µAB)− µAB(µA + µB)
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Combining these with the over-demanded and self-demanded vertices, the total

size of the efficient matching is

uE = µABµB + µA (µAB + 2µB) + βµO

+ p̄
[
µ2

A + µAµAB + µ2
AB + µABµB + µ2

B

+ 2(µA + µAB + µB)µO + µ2
O
]

To calculate the price of fairness we now find the size of the fair matching.

The only unmatched highly sensitized patients are in VO-AB
H , some of which were

matched in step 12 above. We now show that the number of matched vertices in

VO-AB is smaller than the initial size of VO-AB
H , so not all vertices in VO-AB

H can be

matched. Let MO-AB be the number of matched vertices in VO-AB, and HO-AB be the

initial size of VO-AB
H . The inequality MO-AB < HO-AB can be written as

(β + µAB p̄)(1− µAB)− µAB(µA + µB) < (1− λ)µOµAB (B.3)

β < µAB(1− p̄)− λµO
µAB

1− µAB
(B.4)

This inequality holds by assumption 2, and a.s. there are some unmatched ver-

tices in VO-AB
H . The number of unmatched highly sensitized vertices is

HO-AB −MO-AB ∝ (1− µAB)((1− p̄)µAB − β)− λµABµO.

We match each of these remaining vertices by removing a 3-cycle of the form

(AB-O, O-A, A-AB) and creating a 2-cycle (AB-O, O-AB). This matching used |VAB-O| ∝
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p̄µOµAB 3-cycles of this form, while |VO-AB
H | ∝ (1− λ)µOµAB. The model assump-

tions ensure that |VAB-O| > |VO-AB
H |, and all remaining vertices in VO-AB

H can be

matched in this way.

To match each remaining vertex in VO-AB
H , we remove from the matching one

vertex from both VO-A and VA-AB. Thus the total efficiency loss is HO-AB − MO-AB.

The price of fairness is

POF(M, uLEX) =
(1− µAB)((1− p̄)µAB − β)− λµABµO

uE

With uE defined previously.

Next we compare the price of fairness in Propositions B.2, B.3, B.4, and B.5 to the

price of fairness in the efficient matching without NDDs, given in Dickerson et al.

[108]:

POF0 =
(1− λ)µOµAB

uE
(B.5)

uE = p̄
[
2µABµB + 2µABµA + 3µABµO

+2µAµO + 2µBµO + µ2
O + µ2

A + µ2
B + µ2

AB

]
+2µAµB

The following Lemmas state that POF0 is an upper bound on the price of fairness

when NDDs are used, for each of the four cases when the price of fairness is nonzero.

Lemma B.2. The price of fairness in Propositions B.2 and B.3 is bounded above by POF0.
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sketch. The price of fairness in Propositions B.2 and B.3 is

POFA =
(1− λ)µOµAB

uE

uE = p̄
[
2µABµB + 2µABµA + 3µABµO

+2µAµO + 2µBµO + µ2
O + µ2

A + µ2
B + µ2

AB

]
+2µAµB + β (µA + µB + 2µO)

Both POF0 and POFA have the same numerator, and the denominator of POFA is

equal to the denominator of POF0, with the additional term β (µA + µB + 2µO). Thus

when β = 0, POF0 = POFA, and when β > 0, POF0 > POFA, and the price of

fairness in Propositions B.2 and B.3 is bounded above by POF0.

Lemma B.3. The price of fairness in Propositions B.4 and B.5 is bounded above by POF0.

sketch. The price of fairness in Propositions B.4 and B.5 is

POFB =
(1− µAB)((1− p̄)µAB − β)− λµABµO

uE

uE = µABµB + µA (µAB + 2µB) + βµO

+ p̄
[
µ2

A + µAµAB + µ2
AB + µABµB + µ2

B

+ 2(µA + µAB + µB)µO + µ2
O
]

To show that POFB < POF0 holds, we first show both (1) the numerator of POFB

is smaller than that of POF0, and (2) the denominator of POFB is larger than the

denominator of POF0.
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(1) In both POF0 and POFB, the numerator is proportional to the number of re-

maining vertices in VO-AB
H , after constructing the efficient matching. In Proposition

B.4 and B.5 the efficient matching contains some vertices in VO-AB
H ; without NDDs,

the efficient matching contains no vertices in VO-AB
H . Thus, the numerator of POFB is

strictly smaller the numerator of POF0.

(2) Let the D0 be the denominator of POF0, and DB be the denominator of POFB.

We now show that the inequality D0 < DB holds. First, note that this inequality can

be written as

µAB − (1− p̄)µ2
AB + βµO > µAB( p̄ + µO).

Rearranging, we have

β > (µAB/µO)
[
(1− p̄)µAB − (µA + µB + µAB − p̄)

]
. (B.6)

We now show that inequality B.6 is satisfied by the the following assumption on β,

made in Propositions B.4 and B.5:

A : β > µAB(1− p̄)− µABµO p̄/µA.

Next, we show that assumption A implies inequality B.6, and thus assumption A

implies D0 < DB. Assumption A implies B.6 if the right-hand side of A is larger

than the right hand side of B.6, that is,

µAB(1− p̄)− µABµO p̄/µA > (µAB/µO)(1− p̄)µAB

− (µAB/µO)(µA + µB + µAB − p̄)
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rearranging, we have

1− p̄
p̄

>
µO

µA

1− µAB − µB

1− µB

The random graph model assumes p̄ ≤ 2/5, and µO ≤ (3/2)µA, thus we have

1− p̄
p̄
≥ 3

2
>

3
2

1− µAB − µB

1− µB
≥ µO

µA

1− µAB − µB

1− µB
.

This shows that assumption A implies D0 < DB. Thus, the numerator of POF0 is

larger than the numerator of POFB, and the denominator of POF0 is smaller than the

denominator of POFB, and therefore POFB < POF0.

Lemmas B.2 and B.3 show that with β > 0, the price of fairness has the same

upper bound as when β = 0, given in Dickerson et al. [108]. That is, adding NDDs

to the random graph model does not increase the price of fairness.

Theorem 6.1. Adding NDDs to the random graph model (β > 0) does not increase the

upper bound on the price of fairness found by Dickerson et al. [108].

Proof. When β > 0, there are only four possible matchings with nonzero price of

fairness, and the price of fairness for each case is given in Propositions B.2, B.3, B.4,

and B.5. Lemmas B.2 and B.3 state that in each of these four cases, the matching with

NDDs has a tighter bound on the price of fairness than the matching without NDDs,

given in Dickerson et al. [108].

Next we show that the price of fairness is zero when β > 1/8, by finding the

maximum possible β for each of the four cases with nonzero price of fairness.

Lemma B.4. In the matching described by Proposition B.2, β < 1/8.

Proof. Proposition B.2 makes the following assumptions on β:
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1 β < µA (1− p̄)− p̄µAB

2 β < µAB(1− p̄)− p̄µABµO/µA

3 β < µAB

(
µA

µA+µO
− p̄

)
To determine an upper bound on β, we maximize the right hand side of constraint 3.

Note that the model assumes µAB < 1/4, µA < 1/2, and µA + µO < 1. Using these

bounds, and p̄→ 0, constraint 3 is bounded by

β < µAB

(
µA

µA + µO
− p̄

)
< (1/4)

(1/2)
1

= 1/8

β < 1/8

Constraints 1 and 2 are looser than constraint 3: with the values p̄ → 0, µA → 1/4,

and µAB → 1/4, both constraints reduce to β < 1/4.

Lemma B.5. In the matching described by Proposition B.3, β < 1/12.

Proof. Proposition B.3 makes the following assumptions

1 β < µAB(1− p̄)− µABµO p̄/(µA + µB)

2 β < µAµAB(1− p̄)+µBµO(1− p̄)− p̄µOµAB
µA+µO

3 β > µAB(1− p̄)− µABµO p̄/µA

4 β < µAB(1− p̄)− p̄µABµO/µA + (1− p̄)µBµO/µA

5 β < µAB(1− p̄)− µOµAB/(1− µAB)

Combining 3 and 5, we have

µOµAB/(1− µAB) < µAB(1− p̄)− β < µABµO p̄/µA

µOµAB/(1− µAB) < µABµO p̄/µA
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A : µA/(1− µAB) < p̄

Combining constraint A with 5 gives a new upper bound on β,

β < µAB(1− p̄)− µOµAB/(1− µAB)

< µAB(1− µA/(1− µAB))− µOµAB/(1− µAB)

β < µAB

(
1− µA + µO

1− µAB

)

This bound is maximized when when µAB is maximal, and (µA + µO) is minimal. In

the random graph model, these values are µAB → 1/4 and (µA + µO) → 1/2, and

the numerical bound is

β < (1/4)
(

1− (1/2)
1− 1/4

)
= 1/12

β < 1/12

Lemma B.6. In the matching described by Proposition B.4, β < 1/8.

Proof. Proposition B.4 makes the following assumptions on β

1 β > µAB(1− p̄)− µABµO p̄/µA

2 β < µAB(1− p̄)− µABµO p̄/(µA + µB)

3 β < µAB(1− p̄)− p̄µABµO/µA + (1− p̄)µBµO/µA

4 β > µAB

(
(1− p̄)− µO

1−µAB

)
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5 β < µAB(1− p̄)− λµO
µAB

1−µAB

Combining 1 and 5 results in the following constraint, which is consistent with the

above assumptions:

A : λ
µA

1− µAB
< p̄

Note that 5 is maximized when λ is minimized; this occurs when λ + p̄ → 1, and

λ→ 1− p̄. In this case, 5 can be relaxed as

β < µAB(1− p̄)− λµO
µAB

1− µAB

< µAB(1− p̄)− (1− p̄)µAB
µO

1− µAB

β < µAB(1− p̄)− (1− p̄)µAB
µO

1− µAB

= (1− p̄)
µAB(µA + µB)

1− µAB

Finally, we have

β < (1− p̄)
µAB(µA + µB)

1− µAB

The right hand side of this constraint is maximal when p̄ is minimal; constraint A

determines the lower bound for p̄, with λ→ 1− p̄:

(1− p̄)
µA

1− µAB
< p̄

µA

1− µAB
< p̄

(
1 +

µA

1− µAB

)
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µA

1− µAB + µA
< p̄

Using this lower bound on p̄, we can further relax 5

β < (1− p̄)
µAB(µA + µB)

1− µAB

< (1− µA

1− µAB + µA
)

µAB(µA + µB)

1− µAB

=
1− µAB

1− µAB + µA

µAB(µA + µB)

1− µAB

=
µAB(µA + µB)

1− µAB + µA

β <
µAB(µA + µB)

1− µAB + µA

The right hand side is maximal when µAB is maximal, and µAB, µA, µB, µO → 1/4.

This gives the final bound on β,

β <
(1/4)(1/2)

1
= 1/8

β < 1/8

Lemma B.7. In the matching described by Proposition B.5, β < 1/10.

Proof. Proposition B.5 makes the following assumptions on β

1 β > µAB(1− p̄)− µABµO p̄/(µA + µB)

2 β < µAB(1− p̄)− λµO
µAB

1−µAB
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Combining these assumptions results in the following constraint:

A : λ
µA + µB

1− µAB
< p̄

Note that assumption 2 is identical to assumption 5 in Lemma B.6. Following the

same procedure used in the proof of Lemma B.6, 2 can be relaxed as

β < (1− p̄)
µAB(µA + µB)

1− µAB

The right hand side of this constraint is maximal when p̄ is minimal; constraint A

determines the lower bound for p̄, with λ→ 1− p̄:

(1− p̄)
µA + µB

1− µAB
< p̄

µA + µB

1− µAB
< p̄

(
1 +

µA + µB

1− µAB

)
µA + µB

2µA + 2µB + µO
< p̄

Using this lower bound on p̄, we can further relax 2

β < (1− p̄)
µAB(µA + µB)

1− µAB

< (1− µA + µB

2µA + 2µB + µO
)

µAB(µA + µB)

1− µAB

=
1− µAB

2µA + 2µB + µO

µAB(µA + µB)

1− µAB

=
µAB(µA + µB)

2µA + 2µB + µO

β <
µAB(µA + µB)

2µA + 2µB + µO
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The right hand side is maximal when µAB is maximal, and µAB, µA, µB, µO → 1/4.

This gives the final bound on β,

β <
(1/4)(1/2)

5/4
= 1/10

β < 1/10

Combining Lemmas B.4, B.5, B.6, and B.7, we find that the price of fairness is

zero when β > 1/8.

Theorem 6.2. The price of fairness is zero when β > 1/8.

Proof. There are only four matchings with nonzero price of fairness and β > 0, which

are described in Propositions B.2, B.3, B.4, and B.5. Lemmas B.4, B.5, B.6, and B.7

state that the maximum β for any of these matchings is 1/8. When β > 1/8, the

matching is not one of these four cases, and the price of fairness is zero.

Theorems 6.1 and 6.2 are the two main theoretical results of Chapter 6: adding

NDDs to the random graph model does not increase the upper bound on the price

of fairness, and when the proportion of NDDs is high enough (β > 1/8), the price

of fairness is zero. We show this by addressing each of the four efficient matchings

on the random graph model with nonzero price of fairness. In each case, and β <

1/8, and the matching with NDDs has a smaller price of fairness than the matching

without NDDs given in Dickerson et al. [108].

To further explore these results, we numerically find the maximum price of fair-

ness for the matchings given in Propositions B.2, B.3, B.4, and B.5. For each match-

ing, we find the maximum price of fairness for a range of β, within the defined
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constraints, using the “NMaximize” function in Mathematica with the nonlinear in-

terior point method.
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FIGURE B.2: Maixmum price of fairness for each of the four match-
ings addressed in Propositions B.2, B.3, B.4, and B.5.

Figure B.2 confirms both of our main theoretical results: adding NDDs to the

efficient matching decreases the upper bound on the price of fairness, and when

β > 1/8 the price of fairness is zero.

B.2 Additional Experimental Results

This section contains worst-case price of fairness (PoF) and worst-case fairness (%F)

for real UNOS graphs, and for simulated graphs; these results were produced using

the method described in Section 6.5.

B.2.1 UNOS Graphs

Figure B.3 shows the worst-case (maximum) PoF of each fair algorithm on the 314

UNOS graphs; Figure B.4 shows worst-case (minimum) %F.

Real exchange graphs are relatively sparse, and have very few feasible match-

ings. Each fair algorithm effectively chooses one of these matchings, based on a

fairness criteria. Especially with sparse graphs, fairness is often achieved by using
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FIGURE B.4: Minimum fraction of the fair score for each fair algo-
rithm. Parameters for each method are α ∈ [0, 1], β ∈ [0, 20], and
∆ ∈ [0, u(ME)]. Rows correspond to edge success probabilities from

0.1 to 1.0; columns correspond to different chain caps: 0, 3, and 20.

longer cycles or cycles to match highly sensitized vertices. When edge success prob-

ability p is high, fairness has little effect on overall utility, and PoF is often below

0.3. With lower edge success probability, using longer cycles and chains causes a

huge loss in efficiency: the expected utility of n-cycles and chains is proportional to

pn, which incurs a huge penalty for long cycles and chains when p is small. Thus

as p decreases, very small α and β values result in a high PoF. Our results show

that for p ≤ 0.8, even the smallest parameters for α-lexicographic and weighted

fairness (α = 0.1 and β = 2) achieve the worst-case PoF. As expected, hybrid-

lexicographic fairness limits PoF according to Theorem 6.9. With two classes of pa-

tients (highly- and lowly-sensitized), the theoretical price of fairness is bounded by

POF(M, u∆) ≤ 2∆/u(ME); in the Figures, ∆ is scaled by u(ME), so the upper bound

on the price of fairness has a slope of two.

To illustrate the other side of the fairness-efficiency trade-off, we consider worst

case %F. Figure B.4 shows the minimum (worst case) %F over all UNOS graphs for

each fair algorithm, and for various edge success probabilities and chain caps.
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As expected, α-lexicographic fairness guarantees at %F ≥ α; weighted and hybrid-

lexicogrpahic fairness do not make this guarantee. Small edge success probabilities

make it impossible to match highly sensitized patients without large efficiency loss;

when p becomes small hybrid-lexicographic fairness matches no highly sensitized

patients in the worst case.

These results demonstrate the balance between fairness and efficiency offered by

both α-lexicographic and hybrid-lexicographic fairness. If fairness is more important

than efficiency, then the α-lexicographic algorithm can be used to guarantee that the

resulting matching achieves at least fraction α of the maximum possible fair score.

Alternatively, if efficiency is more important than fairness, hybrid-lexicographic fair-

ness can bound the price of fairness using parameter ∆.

B.2.2 Simulated Exchange Graphs

Simulated exchange graphs were drawn from previous UNOS exchanges, using the

same method as Dickerson et al. [107]. These graphs are typically denser than real

graphs, and have a much lower price of fairness. Figures B.5 and B.6 show the

worst-case PoF and %F on 32 simulated exchanges of size 64 and 128.
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Appendix C: Appendix to Chapter 8

C.1 Estimating The Objective of Problem 8.1

The objective of the single-stage edge selection problem requires evaluating all rejec-

tion scenarios r ∼ PR(q), and the support of this distribution grows exponentially

in the number of edges |q|. In computational experiments, to estimate the objective

of Problem 8.1, we sample up to 1000 scenarios from PR(q). More explicitly: we

exactly evaluate the objective of edge sets with fewer than 10 edges; for larger edge

sets, we sample the objective using 1000 draws from PR(q).

Using bootstrapping experiments we demonstrate that our sampling approach

is sufficient to accurately estimate the true objective, even for large edge sets. For 152

UNOS graphs, we computed edge sets by running Greedy with edge budgets rang-

ing from 1 to 100. For each edge set, we then sample a subset of N ∈ {10, 30, 50, 100, 1000}

rejection scenarios, with replacement, from the set of all sampled edge outcomes. For

each edge set and choice of N we repeat 200 times and calculate the sample mean

for each replication. We then compute the standard deviations of these bootstrap

sample means to estimate the variance due to sampling. For each N, we calculate

the mean sample standard deviation, normalized by the sample mean. Table C.1

shows the median normalized standard deviation for all experiments under each N,

with edge budgets aggregated into 10 bins. We find that with N = 1000 samples, the

standard deviation was on average only about 2% of the overall mean value, even
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Edge budgets N = 10 N = 30 N = 50 N = 100 N = 1000

1-10 0.10 0.06 0.04 0.03 0.01
11-20 0.12 0.07 0.05 0.04 0.01
21-30 0.13 0.08 0.06 0.04 0.01
31-40 0.14 0.08 0.06 0.04 0.01
41-50 0.14 0.08 0.06 0.04 0.01
51-60 0.15 0.08 0.07 0.05 0.01
61-70 0.15 0.09 0.07 0.05 0.02
71-80 0.16 0.09 0.07 0.05 0.02
81-90 0.17 0.10 0.08 0.05 0.02
91-100 0.18 0.10 0.08 0.06 0.02

TABLE C.1: Median normalized standard deviation of the bootstrap
mean, over 200 bootstrap samples for each sample size N, binned by

edge budget.

for large edge budgets.

C.2 Additional Computational Results

First we show results for both single-stage and multi-stage edge selection on random

graphs (see § 8.4 for a description of these graphs). For N = 50, 75, and 100, we

generate 30 random graphs with N vertices and p = 0.01. For each graph we run

single-stage experiments with Γ = 1, . . . , 10 and multi-stage experiments with Γ =

1, . . . , 15. Unlike experiments on UNOS graphs we use a time limit of 20 minutes per

edge; all other parameters are the same. Figure C.1a and C.1b show single-stage and

multi-stage results for all random graphs, respectively. Table C.2 shows comparisons

to IIAB and Fail-Aware for random graphs with N = 50, 75, and 100.

As with UNOS graphs, results for MCTS and Greedy are quite similar, and both

methods achieve larger ∆MAX than Random, IIAB, and Fail-Aware. We make two

observations: (1) Greedy appears to achieve larger ∆MAX than MCTS in the single-stage

setting, likely because of insufficient training time for MCTS; (2) in the multi-stage

setting, MCTS performs at least as well as Greedy, and often better. Observation (2)

is consistent with our experiments on UNOS graphs, and is somewhat surprising
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FIGURE C.1: Results for 30 random graphs with edge probability p =
0.01 and N = 50 vertices (top row), N = 75 (middle row), and N =
100 (bottom row). All experiments use the Simple edge distribution.
In all plots, a solid line indicates median ∆MAX over all 30 random
graphs, and shading is between the 10th and 90th percentiles; a dotted

line indicates the baseline.

TABLE C.2: Single-stage results on random graphs with the Simple
edge distribution, using the variable IIAB edge budget (top rows),
and the failure-aware method (bottom row). Columns PX indicates
the Xth percentile of ∆MAX over all 30 random graphs, for graphs with

N = 50, 75, and 100 vertices.

N = 50 N = 75 N = 100

Method P10 P50 P90 P10 P50 P90 P10 P50 P90

MCTS 0.22 0.30 0.38 0.11 0.33 0.46 0.23 0.33 0.38
Greedy 0.21 0.30 0.38 0.12 0.32 0.48 0.27 0.39 0.43
Random 0.12 0.19 0.23 0.10 0.19 0.28 0.12 0.19 0.23
IIAB 0.07 0.24 0.34 0.11 0.22 0.41 0.07 0.24 0.34

Fail-Aware 0.00 0.02 0.10 0.00 0.06 0.18 0.00 0.02 0.10
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e3

FIGURE C.2: Exchange graph for Propositions 8.1 and 8.2. All edges
have weight 1 except for edge (E, B), which has weight 1.5.

given that MCTS used less training time in these experiments. This suggests that MCTS

may substantially improve over Greedy in the multi-stage setting; we leave further

investigation to future work.

C.3 Proofs for Section 8.2

In the proofs of Proposition 8.1 and Proposition 8.2 we consider a setting where all

edges’ pre-match rejections and post-match failures are i.i.d., where PR = 0.5 is the

pre-match rejection probability, PQ = 1.0 is the post-match success probability if

the edge is queried-and-accepted, and PN = 0.5 is the success probability if e is not

queried. That is, queried edges have rejection probability 0.5, accepted edges have

zero failure probability, and non-queried edges have failure probability 0.5.

C.3.1 Proof of Proposition 8.1

(Proof by counterexample.) We provide an example where querying a single edge

results in a lower objective value in Problem 8.1 (i.e., final expected matching weight)

than querying no edges–when using the max-weight matching policy MMAX(·).

Consider the exchange graph in Figure C.2; edge (E, B) has weight 1.5, while all

other edges have weight 1. First we consider the objective due to querying no edges,

VS(0). In this case, no edges can be rejected pre-match, the max-weight matching
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includes cycle (C, D, F) (expected weight 3× (1/2)3 = 3/8) and cycle (A, B) (ex-

pected weight 2× (1/2)2 = 1/2), with total expected matching weight 7/8. That is,

VS(0) = 7/8.

Next consider the objective due to querying only edge e3 = (C, D), and let q′ de-

note edge set {e3}. With probability 1/2, e3 is rejected and cycle (B, C, E) is the max-

weight matching – with expected weight 3.5/8. With probability 1/2, e3 is accepted

and the max-weight matching includes cycles (A, B) (with expected weight 1/2) and

(C, D, F) (with expected weight 3/4); this matching has total expected weight 5/4.

Thus, VS(q) = 27/32 < 7/8 = VS(0), which concludes the proof.

C.3.2 Proof of Proposition 8.2

(Proof by counterexample.) We provide an example where the objective value in

Problem 8.1 (i.e., final expected matching weight) is non-submodular–when using

the max-weight matching policy MMAX(·). We use the same rejection and failure dis-

tribution as in the proof of Proposition 8.1.

Consider the exchange graph in Figure C.2; edge (E, B) has weight 1.5, while

all other edges have weight 1. With some abuse of notation, we will denote by

VS({ea, . . . , eN}) the objective of Problem 8.1 due to edge set {ea, . . . , eN}. Our coun-

terexample for submodulartiy is that, for this graph,

VS(X ∪ {e1, e2}) + VS(X) > VS(X ∪ {e1}) + VS(X ∪ {e2}),

with set X ≡ {e3}. That is, the objective increase due to of querying both edges e1

and e3 is greater than the combined increase due to querying both edges separately.

Next we explicitly calculate each of the above terms.

VS(X) = VS({e3}). There are two cases to consider:
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• e3 is accepted, with probability 1/2. The max-weight matching is cycles (A, B)

and (C, D, F), with expected weight (1/2 + 3/4),

• e3 is rejected, with probability 1/2. The max-weight matching is cycle (B, C, E),

with expected weight 3.5/8.

Thus, VS(X) = (1/2)(1/2 + 3/4) + (1/2)(3.5/8) = 27/32.

VS(X ∪ {e1}) = VS({e1, e3}). There are four cases to consider:

• e1 and e3 are accepted, with probability 1/4. The max-weight matching is cy-

cles (A, B) and (C, D, F), with expected weight (1 + 3/8),

• e1 is rejected and e3 is accepted, with probability 1/4. The max-weight match-

ing is cycle (B, C, E), with expected weight 3.5/8.

• e1 is accepted and e3 is rejected, with probability 1/4. The max-weight match-

ing is cycle (B, C, E), with expected weight 3.5/8.

• e1 and e3 are rejected, with probability 1/4. The max-weight matching is cycle

(B, C, E), with expected weight 3.5/8.

Thus the objective is VS(X ∪ {e3}) = (1/4)(1 + 3/8) + (3/4)(3.5/8) = 43/64.

VS(X ∪ {e2}) = VS({e2, e3}). There are three cases to consider

• e3 is accepted, with probability 1/2. The max-weight matching is cycles (A, B)

and (C, D, F), with expected weight (1/2 + 3/4),

• e3 is rejected and e3 is accepted, with probability 1/4. The max-weight match-

ing is cycle (B, C, E), with expected weight 3.5/4,

• e3 and e2 are rejected, with probability 1/4. The max-weight matching is cycle

(A, B), with expected weight 1/2.
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Thus the objective is VS(X∪{e2}) = (1/2)(1/2+ 3/4)+ (1/4)(3.5/4)+ (1/4)(1/2) =

31/32.

VS(X ∪ {e1, e2}) = VS({e1, e2, e3}). There are four cases to consider:

• e1 and e3 are accepted, with probability 1/4. The max-weight matching is cy-

cles (A, B) and (C, D, F), with expected weight (1 + 3/4),

• e1 is accepted and e2 is rejected, with probability 1/4 (the response from e3 is

irrelevant). The max-weight matching is (A, B) and (C, D, F), with expected

weight 1 + 3/8.

• e1 is rejected and e2 is accepted (the response from e3 is irrelevant), with prob-

ability 1/4. The max-weight matching is cycle (B, C, E), with expected weight

3.5/4.

• e1 and e2 are rejected (the response from e3 is irrelevant), with probability 1/4.

The max-weight matching is cycle (C, D, F), with expected weight 3/8.

Thus the objective is VS(X∪{e1, e2}) = (1/4)(1+ 3/4)+ (1/4)(1+ 3/8)+ (1/4)(3.5/4)+

(1/4)(3/8) = 35/32.

Finally, we have:

VS(X ∪ {e1, e2}) + VS(X) = 35/32 + 27/32

= 1.9375

and

VS(X ∪ {e1}) + VS(X ∪ {e2}) = 43/64 + 31/32

= 1.640625
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Therefore, VS(X ∪ {e1, e2}) + VS(X) > VS(X ∪ {e1}) + VS(X ∪ {e2}), which con-

cludes the proof.

C.3.3 Proof of Proposition 8.3

For the proof of Proposition 8.3 we make one assumption about the distribution of

edge rejections and failures: querying additional edges cannot increase the overall

probability of rejection or failure for any edge.

First we prove a handful of useful results.

Lemma C.1. If all edges are independent and Assumption 8.1 holds, then additional edge

queries cannot decrease expected post-match cycle and chain weights. Formally,

E [F(c, r + f ) | q, r] ≤ E
[
F(c, r + r′ + f ) | q + q′, r

]

for any q, q′ ∈ {0, 1}|E| such that q + q′ ∈ {0, 1}|E|, for any r ∈ {0, 1}|E|, and for all

c ∈ C.

Proof. We address cycles and chains separately.

Cycles. Conditional on fixed q and r, the expected weight of cycle c = (e1, . . . , eL)

is expressed as

E [F(c, r + f ) | q, r] =

(
∑
e∈c

we

)
E

[
∏
e∈c

(1− re − f e) | q, r

]

=

(
∑
e∈c

we

)
∏
e∈c

(1−E [re + f e | q, r])
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where the second step is due to the fact that all f e are independent. Similarly, for

fixed q′,

E
[
F(c, r + r′ + f ) | q + q′, r

]
=

(
∑
e∈c

we

)
∏
e∈c

(
1−E

[
re + r′e + f e | q + q′, r

])
.

Due to Assumption 8.1, the following inequality holds for all edges e ∈ E

E [re + f e | q, r] ≥ E
[
re + r′e + f e | q + q′, r

]
,

and it follows that

E [F(c, r + f ) | q, r] ≤ E
[
F(c, r + r′ + f ) | q + q′, r

]
.

Chains. Similarly, the expected weight of chain c = (e1, . . . , eL) is expressed as

E [F(c, r + f ) | q, r] =
L

∑
k=1

(
k

∑
j=1

wj

)
E

[
k

∏
j=1

(1− rej − f ej
) | q, r

]

=
L

∑
k=1

(
k

∑
j=1

wj

)
k

∏
j=1

(
1−E

[
rej + f ej

| q, r
])

,

where the second step is due to the fact that f e are independent. Similarly,

E
[
F(c, r + r′ + f ) | q + q′, r

]
=

L

∑
k=1

(
k

∑
j=1

wj

)
k

∏
j=1

(
1−E

[
rej + r′ej

+ f ej
| q + q′, r

])
.

as before, due to Assumption 8.1 it follows that

E [F(c, r + f ) | q, r] ≤ E
[
F(c, r + r′ + f ) | q + q′, r

]
.
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Lemma C.2. With a failure-aware matching policy, and if all edges are independent, adding

a single edge to any edge query set weakly improves the objective of Problem 8.1. Formally,

for any q, q′ ∈ {0, 1}|E| with q + q′ ∈ {0, 1}|E| and |q′| = 1, and M(r) ≡ MFA(r),

VS(q) ≤ VS(q + q′)

Proof. The objective of Problem 8.1 for edge set q is expressed as

VS(q) = E
r|q

[
E

f |q,r

[
∑
c∈C

MFA
c (r)F(c, r + f )

]]

= ∑
r∈{0,1}|q|

Pq(r) E
f |q,r

[
∑
c∈C

MFA
c (r)F(c, r + f )

]

= ∑
r∈{0,1}|q|

Pq(r) ∑
c∈C

MFA
c (r) E

f |q,r
[F(c, r + f )]

For edge set q + q′ we partition response variables into r, r′ ∈ {0, 1}|E|, where re is

the response variable for all edges e ∈ q, and re = 0 for all other edges (including

the edge in q′). Similarly, r′e is the response variable for edge q′, and r′e = 0 for all

other edges. The objective of q + q′ is expressed as

VS(q + q′) = E
r,r′|q+q′

[
E

f |q+q′,r+r′

[
∑
c∈C

MFA
c (r + r′)F(c, r + r′ + f )

]]

= ∑
r∈{0,1}|q|

Pq+q′(r) E
r′|q+q′

[
E

f |q+q′,r+r′

[
∑
c∈C

MFA
c (r + r′)>F(c, r + r′ + f )

]]

= ∑
r∈{0,1}|q|

Pq(r) E
r′|q+q′

[
E

f |q+q′,r+r′

[
∑
c∈C

MFA
c (r + r′)F(c, r + r′ + f )

]]
,

where in the final line we replace Pq+q′(r) with Pq(r), because each re is conditionally

independent, given qe.
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Next, by definition

E
f |q+q′,r+r′

[
∑
c∈C

MFA
c (r + r′)F(c, r + r′ + f )

]
≥ E

f |q+q′,r+r′

[
∑
c∈C

xcF(c, r + r′ + f )

]
∀x ∈ M.

That is, MFA is guaranteed to maximize this expectation, and thus

VS(q + q′) ≥ ∑
r∈{0,1}|q|

Pq(r) E
r′|q+q′

[
E

f |q+q′,r+r′

[
∑
c∈C

MFA
c (r)F(c, r + r′ + f )

]]
(B)

= ∑
r∈{0,1}|q|

Pq(r) ∑
c∈C

MFA
v (r) E

r′|q+q′

[
E

f |q+q′,r+r′

[
F(c, r + r′ + f )

]]
(C)

Finally, combining (B) and (C) with Lemma C.1, the following inequality holds

VS(q) ≤ VS(q + q′).

Using the above lemmas, the proof of Proposition 8.3 is straightforward:

Proposition 8.3 If edges are independent, and Assumption 8.1 holds, then with a failure-

aware matching policy the objective of Problem 8.1 is monotonic in the set of queried edges.

Proof. Let q′, q′′ ∈ E be two edge sets such that q′ ⊆ q′′. It remains to show that,

with matching policy M(r) ≡ MFA(r),

VS(q′′) ≤ VS(q′).

First note that because E is a matroid, there is a sequence of edges (qe1 , . . . , qeL)

(with each |qei | = 1) such that q′′ + qe1 + · · · + qeL = q′. Due to Lemma C.2, the
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following sequence of inequalities hold:

V(q′′) ≤ V(q′′ + qe1)

≤ V(q′′ + qe1 + qe2)

. . .

≤ V(q′′ + qe1 + · · ·+ qeL)

= V(q′)

which concludes the proof.

C.4 Algorithm Descriptions

Here we describe more explicitly the algorithms for Greedy and MCTS, for both the

single-stage and multi-stage settings.

C.4.1 UCB Value Estimates for MCTS

Both the single- and multi-stage versions of MCTS use the method of [186] to select

the next child node to explore. The formula used to estimate a node’s UCB value is

U
N −Vmin

Vmax −Vmin +
√

NP/N

where U is the “UCB value estimate” calculated by MCTS, N is the number of visits

to the node, NP is the number of visits to the node’s parent, and Vmax and Vmin

are the largest and smallest node values encountered during search. In single-stage

MCTS, all nodes have both a node value (the objective value of Problem 8.1) and a

UCB value estimate; as described below, in multi-stage MCTS only query nodes have
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a UCB value estimate, and only leaf nodes have a node value (expected matched

weight, after observing responses from all queried edges).

C.4.2 Greedy Single-Stage Edge Selection

Algorithm 9 gives a pseudocode description of Greedy for the single-stage setting.

Algorithm 9 Greedy: Greedy Search Heuristic for Single-Stage Edge Selection

Require: E : legal edge sets
qR ← 0 the root node (no edges)
V∗ ← objective value of qR Problem 8.1
while qR has children do

q′ ← child node of qR with maximal objective value in Problem 8.1
qR ← q′

return qR

C.4.3 Multi-Stage Edge Selection

In the following sections we describe multi-stage versions of MCTS and Greedy. Un-

like in the single-stage setting, these algorithms take as input a set of previously-

queried edges q ∈ {0, 1}|E| and a corresponding set of observed rejections r ∈

{0, 1}|E|; they output the next edge to query.

Multi-Stage MCTS. The multi-stage search tree is somewhat more complicated than

in the single-stage setting, as each node in the search tree corresponds to both a set

of queried edges and a set of observed rejections. For this purpose we use two types

of nodes: outcome nodes, and query nodes. Outcome nodes consist of previously-

queried edges q and previously-observed rejections r, and are represented by tuple

(q, r). (The root of the search tree corresponds to no queries or observed rejections,

(0, 0).) The children of an outcome node are query nodes, represented by the next
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edge to query from the parent (outcome), represented by tuple (q, r, e). Each out-

come node has one child for every edge that has not yet been queried:

CO(q, r) ≡ {(q, r, e) | ∀e ∈ E : q + ue ∈ E}

where ue is the unit vector for element e (ue
i = 0 for all i 6= e, and ue

e = 1). Each

query node has exactly two children: one where the queried edge is accepted, and

one where the queried edge is rejected,

CQ(q, r, e) ≡ {(q + ue, r), (q + ue, r + ue)}

As before, the level of a node refers to the number of queried edges: |q| for outcome

nodes, and |q|+ 1 for query nodes.

As before we refer to nodes with no children as leaf nodes; note that only out-

come nodes are leaf nodes. Unlike the single-stage version of MCTS, in the multi-stage

setting we only consider the value of leaf nodes1. The value of a leaf (outcome) is

VO(q, r) ≡W(M(r); q, r),

where as before M(r) denotes the matching policy, and W(x; q, r) denotes the ex-

pected matching weight of x, subject to q and r. The value of leaf outcome nodes is

used to by QSample and OSample to guide multi-stage MCTS.

Algorithm 10 describes the multi-stage version of MCTS, taking previously-queried

edges and observed responses as input. This algorithm initializes the value estimate

U[·] and number of visits N[·] for query nodes in the next L levels–these quantities

are used in the UCB calculation.
1This decision was made in part because initial results indicate that edge selection is essentially

monotonic.
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Algorithm 10 Multi-Stage MCTS

Require: E : legal edge sets, K: maximum size of any legal edge set, T: time limit,

L: number of look-ahead levels, qR: previously-queried edges, rR: previously-

observed rejections

M← min{N + L, K}

Q← all query nodes which are descendants of (qR, rR), up to level M

U[(q, r, e)]← 0 ∀(q, r, e) ∈ Q UCB value estimate

N[(q, r, e)]← 0 ∀q ∈ Q number of visits

while less than time T has passed do

QSample(qR, rR M)

(qR, rR, e∗)← child node of (qR, rR) with the greatest UCB estimate return e∗

Algorithm 11 QSample: Function for sampling query nodes in multi-stage MCTS

Require: (q, r): outcome node, M: maximum level to sample from

if (q, r) has no children then return VO(q, r) (return the value of this outcome

node)

if (q, r) has children then

if |q| < M− 1 then

(q, r, e′)← child node of (q, r) with the greatest UCB estimate

OSample(q, r, e)

else

(q′, r′)← random leaf node, descendant from (q, r) return VO(q′, r′)
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Algorithm 12 OSample: Function for sampling outcome nodes in multi-stage MCTS

Require: (q, r, e): query node

N[(q, r, e)]← N[(q, r, e)] + 1

q′ ← q + ue (new query vector with edge e added)

Z ← randomly sample a response to edge e (0 if accept, 1 if reject)

r′ ← r + Zue (updated rejection vector)

U[(q, r, e)]← U[(q, r, e)] + QSample(q′, r′)

Algorithm 11 (QSample) samples query nodes from an outcome node, while Al-

gorithm 12 (OSample) samples outcome nodes from a query node (and updates the

query node’s UCB value estimate).

Multi-Stage Greedy. Algorithm 13 gives a pseudocode description of the multi-

stage version of Greedy. This search heuristic returns the next edge to query with

the highest expected final matching weight, ignoring all future queries. In other words,

this approach treats every edge as the last edge; one might call this heuristic “my-

opic” as well as greedy.

Algorithm 13 Greedy Heuristic for Multi-Stage Edge Selection

Require: E : legal edge sets, q: previously-queried edges, r: previously-observed
rejections
e∗ ← ∅
V∗ ← 0
for all q′ in q’s children do

e′ ← the new edge queried in child node q′

rA ← r
rR ← r
rA

e′ ← 0 (response scenario where e′ is accepted, and re′ = 0)
rR

e′ ← 1 (response scenario where e′ is rejected, and re′ = 1)
pA ← probability that e is accepted, conditional on previous responses
pR ← probability that e is rejected, conditional on previous responses
V ′ ← pA ·W(M(rA); q′, rA) + pRW(M(rR); q′, qR) (value of querying edge

e′)
if V ′ > V∗ then

e∗ ← e′

V∗ ← V ′
return e∗
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Appendix D: Appendix to Chapter 9

D.1 Computational Simulations using Synthetic Data

Here we provide additional simulation results using publicly-available data. All

code used in this section is available online.1 We draw random donor and recipi-

ent locations from population distributions from four large cities around the world:

Jakarta (Indonesia), Istanbul (Turkey), São Paulo (Brazil), and San Francisco (United

States). All population distributions are generated using data from the Socioeco-

nomic Data and Applications Center (SEDAC) ([280]); distance between each donor

and recipient is calculated using the Haversine approximation.

Edges: Edges are created for all donor-recipient pairs within 15km of each other.

Edge weights are generated according to random attributes assigned to donors and

recipients: each recipient is randomly assigned a “nominal” edge weight w0 ∼

U[0.01, 0.08], and each recipient is randomly assigned a decay parameter k ∈ [5, 10, 20].

Edge weights are calculated using the expression w0 × exp(−D/k), where w0 is the

recipient’s nominal edge weight, k is the donor’s decay rate, and D is the distance be-

tween donor and recipient (in km). These parameters are selected to roughly model

the heterogeneity of real donation settings: some recipients are more popular or

have a greater online presence than others (thus, higher w0); some donors are more

willing to travel long distances than others (thus, higher k).

Recipient availability: Half of all recipients are randomly assigned to be static

1https://github.com/duncanmcelfresh/blood-matching

https://github.com/duncanmcelfresh/blood-matching
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(always available), while the other half are dynamic. Dynamic recipients have avail-

ability parameters pvt generated as follows: we generate alternating sequences of low

probability (pvt = 0.1) and high probability (pvt = 0.9); each sequence has random

Poisson-distributed length, with mean 4. These sequences are appended together

to create pvt for all t ∈ T ; the first sequence is randomly chosen to be low or high

probability. For each matching scenario, we draw a single realization of recipient

availability using parameter pvt, and this realization remains fixed for the remain-

der of the experiment.

Matching Simulation: We simulate an online donation scenario over 30 days,

where each donor is notified exactly once every 7 days; each donor receives their

first notification on a random day between the first and sixth day, so each donor is

notified either 4 or 5 times in each simulation. We calculate recipient normalization

scores by running 100 trials of Rand; normalization scores mv are the average weight

matched with each recipient v over all trials.

Results: For each policy we calculate the total matched weight, and the fraction

of the maximum possible weight, matched by policy Max. To report proportionality

we first calculate the normalized weight for each recipient Yv/mv: the total weight

matched with a recipient, divided by their normalization score). For each policy we

calculate a measure of proportionality Gamma, defined as:

Gamma ≡ max{γ ∈ [0, 1] | γYv/mv ≤ Yv′/mv′∀v, v′ ∈ V}.

That is, Gamma is an empirical measure of proportionality for an allocation.

Figure D.1 shows simulation results for all four cities, with matching using poli-

cies Max, Rand, and AdaptMatch (with γ = 0.0, 0.1, 0.2, . . . , 1.0).

The top row of this figure shows the total weight matched by each policy, and
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FIGURE D.1: Simulation results for four cities, for matching pol-
icy Max (red circle), Rand (blue “×”) and AdaptMatch with γ =
0.0, 0.1, . . . , 1.0 (green “+”). Top Row: The vertical axis shows total
matched weight for Max, and the average matched weight for Rand
and AdaptMatch; the horizontal axis shows the range of normalized
recipient outcomes Yv/mv; the plot markers show the median value
of the range. Bottom Row: The vertical axis shows total matched
weight as a fraction of Max; the horizontal axis shows proportion-
ality metric Gamma. Arrows on all plots indicate the γ values for

AdaptMatch.
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the normalized recipient outcomes; horizontal error bars show the range of normal-

ized recipient outcomes. A wider range corresponds to a less-proportional outcome,

since some recipients receive much greater normalized matched weight than others.

For example in San Francisco, policy Max matches some recipients with normalized

weight of 4, while most other agents receive normalized weight near 0.

The bottom row shows matched weight as a fraction of Max, and proportionality

Gamma. As expected, Max maximizes matched weight, though there is a wide range

of recipient outcomes: for both Istanbul and San Francisco, at least one recipient

remains unmatched by Max (and thus Gamma is zero).

On the other hand Rand by definition guarantees a proportional outcome, with

Gamma = 1. This comes at a cost of matched weight: Rand matches between 60%

and 80% of the weight matched by Max.

Policy AdaptMatch mediates between these two extremes, varying the trade-off

between weight and proportionality with parameter γ.

Our two primary observations from these experiments are (1) while policy Max

maximizes matched weight, it clearly treats recipients unequally; in the worst case,

some recipients are never matched; (2) while policy Rand treats recipients equally,

it results in a 20-30% reduction in matched weight. Policy AdaptMatch moderates

smoothly between Max and Rand, using parameter γ; often, this policy yields a Pareto

improvement over both extremes.

D.2 Real-World Online Experiments

Figure D.2 shows 95% confidence intervals (Wilson score) for MA rate in the on-

line experiment. The top plot shows the aggregated MA rate, using the cumulative

number of notifications and MAs up to each day in the experiment. The bottom plot
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FIGURE D.2: (Top) Aggregate MA rate for both Rand and Max, for
each day in the experiment. Rates are calculated using the cumulative
number of notifications and MAs at each day in the experiment. Error
bars show the 95% confidence interval (Wilson score interval), and
points indicate the center of the interval. (Bottom) Daily MA rates,

calculated using only the MAs and notifications for each day.

shows MA rates for each individual day, using only notifications sent on each day.

D.3 Proofs

Proof of Theorem 9.1

Proof. This proof uses a reduction from k-EQUAL-SUM-SUBSET and PARTITION,

each of which are defined as follows:

k-EQUAL-SUM-SUBSET: given a multiset S of positive integers x1, . . . , xN , deter-

mine whether there are k non-empty disjoint subsets S1, . . . , SK ⊂ S such that the

sum of integers in each subset is equal. This problem is NP-complete for any k > 1,

and strongly NP-complete when k varies as a function of N and k = Ω(N) [86].
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PARTITION: given a set S of positive integers x1, . . . , xN , determine whether there

is a partition of S into subsets S1, S2 ⊂ S, with S1 ∪ S2 = S, such that the sum of S1

and S2 are equal. This problem is NP-complete, though efficient pseudo-polynomial

time algorithms exist.

We consider two cases separately: γ = 1 and γ ∈ (0, 1):

• Case 1: γ = 1. reduction from k-EQUAL-SUM-SUBSET. Given an instance of

k-EQUAL-SUM-SUBSET we construct a blood donor matching scenario as fol-

lows: let there be k recipients (one for each subset) and N donors (one for

each integer xi). Each donor i has edge weight xi to every recipient, thus G

is a complete bipartite graph. Let all recipients have the same normalization

score mv = 1. In this case a non-empty γ-proportional allocation awards the

same matched weight to every recipient, since all recipients have the same

normalization score. If such an allocation exists, it can be used to construct an

equal-sum partitioning of integers xi, . . . , xN into k non-empty, disjoint subsets

as follows: let Mj be the set of donor indices matched with recipient j, and

let subsets S1, . . . , Sk be defined as Sj ≡ {xi′ | i′ ∈ {1, . . . , N}, i′ ∈ Mj}; thus,

S1, . . . Sk are non-empty disjoint equal-sum subsets of integers S.

• Case 2: γ ∈ (0, 1). reduction from PARTITION. Given an instance of PARTI-

TION we construct a blood donor matching scenario with N + 1 donors and

3 recipients. Donors 1 through N correspond to integers x1, . . . , xN , and re-

cipients 1 and 2 correspond to subsets S1 and S2; as before, all recipient nor-

malization scores are mv = 1. All donors 1 through N are adjacent to both

recipients 1 and 2, where all edges adjacent to donor i have edge weight xi.

Donor N + 1 and recipient 3 are adjacent only to each other, with edge weight

∑i xi/(2γ). In this case, a non-empty γ-proportional allocation must match
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recipient 3, resulting in normalized matched weight ∑i xi/(2γ). Due to pro-

portionality constraints both recipients 1 and 2 must be matched with normal-

ized matched weight at least ∑i xi/2; thus, both recipients must be matched

with exactly edge weight ∑i xi/2. If such an allocation exists, it can be used

to construct an equal sum partition: let M1 and M2 be the indices of donors

matched with recipients 1 and 2, respectively; let subsets S1 and S2 be defined

as Sj ≡ {xi′ | i′ ∈ {1, . . . , N}, i ∈ Mj}. By definition, both S1 and S2 are

equal-sum subsets of integers S, and S1 ∪ S2 = S.

Proof of Lemma 9.2: EP = 0 for Max

Proof. We provide a simple example where Max is 0-proportional. Let there be one

donor and two recipients (A and B); the edge to recipient A has weight 0.9, while

the edge to recipient B has weight 1.0. Suppose there is only one time step. Rand

matches recipient A and B with equal probability, while Max never matches A. Thus

for policy Max, E[YA] = 0 and mA > 0; this means that there is no γ > 0 such that

this outcome is γ-proportional.

Proof of Lemma 9.3: CR = 1 for Max, and with γ = 0, Max is equivalent to OPT(0)

Proof. First we show that the edges matched by Max are an optimal solution to Prob-

lem 9.1 without proportionality constraints, meaning that Max is an optimal solution

OPT(0).

Proof by contradiction. Let xet be the decision variables representing edges matched

by Max (i.e., xet is 1 is e is matched at time t by Max, and 0 otherwise). Suppose that

xet is not an optimal solution to Problem 9.1. Note that without proportionality con-

straints, Problem 9.1 can be decomposed by both donors u ∈ U and time steps t ∈ T .
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If xet is not an optimal solution, then there is a donor u ∈ U and time t ∈ T such

that ∑e∈Et
u:

xetwet which is not optimal, i.e., e is not a maximal-weight edge for donor

u at time t. In this case, solution xet does not match a maximal-weight edge from Et
u:,

and thus xet was not produced by Max, a contradiction.

Proof of Lemma 9.4: CR = 1/N for Rand

Proof. Consider an example donation graph with N recipients and one donor; there

is one edge from the donor to each recipient, and one time step during which all

edges are available. One “high-weight” recipient has edge weight 1, while the re-

maining N− 1 “low-weight” recipients have edge weight ε ' 0. Policy Max matches

the high-weight recipient with total weight 1 (due to Lemma 9.3, while Rand matches

all recipients with equal probability, with expected weight 1/N + ε(N − 1)/N. As

ε→ 0, the expected matched weight of Rand is 1/N, and thus CR = 1/N.

Proof of Lemma 9.6: ZLP ≥ E[OPT(γ)]

Proof. Let (x∗et | p̂vt) denote the optimal solution of Problem 9.1 for demand realiza-

tion p̂vt, and let x∗et denote the expected value of (x∗et | p̂vt) over all demand realizations

drawn from distribution pet. Note that x∗et is a feasible solution to Problem 9.1-LP: by

taking the expected value of both sides of all constraints in Problem 9.1, we exactly

recover Problem 9.1-LP (note that, by definition, E[ p̂vt] = pvt). Due to linearity of ex-

pectation, the expected objective of the offline optimal solution (x∗et | p̂vt) is exactly

equal to the objective of x∗et in Problem 9.1-LP—we denote this expected objective by

E[OPT(γ)]. In summary, the expected solution to Problem 9.1, x∗et, is a feasible solution

to Problem 9.1-LP and the expected objective value of Problem 9.1 is exactly equal

to the objective of x∗et in Problem 9.1-LP. Therefore, LP(γ) ≥ E[OPT(γ)].
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Proof of Lemma 9.7: the unconditional probability of matching e at t with for

NAdapLP(α, γ) is αx∗et

Proof. Let Rt
v be the event that recipient v is available at time t, when using policy

NAdapLP(α, γ). Let Xt
uv be the event that u is matched by NAdapLP(α, γ) using edge

e = (u, v) at time t; note that Xt
uv and Rt

v are independent By conditioning on Rt
v, the

probability of Xt
uv as follows

Xt
uv = P[Xt

uv|Rt
v] = α

x∗et
pvt

pvt

= αx∗et

Proof of Lemma 9.8: NadapLP(1/D, γ) is always valid

Proof. Corollary 9.7.1 states that the weight matched by NAdapLP(α, γ) is proportional

to the optimal objective of Problem D.1-LP, thus the competitive ratio of NAdapLP(α, γ)

is α. It remains to show that this policy is valid for α = 1/D.

Constraints in Problem D.1-LP state that xet/pvt ≤ 1; therefore ∑e∈Et
u:

x∗et/pvt ≤

|Et
u:| ≤ D and 1

D ∑e∈Et
u:

x∗et/pvt ≤ 1, meaning that this policy is valid for γ = 1/D.

Proof of Lemma 9.9: EP = γ and CR ≥ 1/D for NAdapOpt(γ)

Proof. First, since y∗et is a feasible solution for Problem 9.2, Policy NAdapOpt(γ) has

expected proportionality EP = γ due to constraints in Problem 9.2. Furthermore,

if y∗et is an optimal solution, then the corresponding NAdapOpt(γ) policy has both

EP = γ, and maximal competitive ratio CR.
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Since policy NAdapLP(1/D, γ) achieves competitive ratio CR = 1/D, it follows

that NAdapOpt_Fixedtime achieves a competitive ratio at least 1/D. To further illus-

trate this, consider the pre-match distribution used by policy NAdapLP(1/D): edge

e is matched at time t with probability αx∗et/pvt, where x∗et is an optimal solution to

Problem 9.1-LP. Note that yet ≡ 1
D

x∗et
pvt

is a feasible solution to Problem 9.2 (condition

∑e∈Et
u

yet ≤ 1 is met, due to constraints in Problem 9.1-LP). Since this non-adaptive

policy achieves CR = 1/D, an optimal non-adaptive policy (corresponding to an

optimal solution of Problem 9.2) achieves competitive ratio CR ≥ 1/D.

D.4 Rate-Limited Notification Policies

Rather than fixing the time steps when donors can be notified (“fixed time” policies),

here we consider policies which also determine when to notify donors, subject to

a rate-limiting constraint. As discussed in Section 9.4 it is necessary to limit the

frequency that donors receive notifications; here, we require that donors are notified

at most once every K days. As in the previous section, we first describe the offline-

optimal policy for a known demand realization p̂vt; this policy is identified using an
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optimal solution to Problem D.1.

max ∑
t∈T

∑
e∈E

wetxet

s.t. xet ∈ {0, 1} ∀e ∈ E t ∈ T

aut ∈ {0, 1} ∀u ∈ U t ∈ T

sv ∈ R ∀v ∈ V

xet ≤ p̂vt ∀e = (u, v) ∈ E, t ∈ T

xet ≤ aut ∀e = (u, v) ∈ E, t ∈ T

∑
e∈Eu:

xet ≤ aut ∀u ∈ U, t ∈ T

aut = 1−
t−1
∑

t′=t−K+1
∑

e∈Et
u:

xet ∀u ∈ U, t ∈ T

sv = 1
mv

∑
t∈T

∑
e∈E:v

xetwet ∀v ∈ V

γsv ≤ sv′ ∀v, v′ ∈ V, v 6= v′.

(D.1)

This problem differs from the fixed-time setting (Problem 9.1) in that donor avail-

ability aut is not pre-determined, rather it depends on past matching decisions: on

time t, if donor u has been matched in the prior K − 1 time steps, then aut = 1, and

otherwise aut = 0; thus, aut ∈ {0, 1} is an auxiliary variable defined using constraint

aut = 1 −
t−1
∑

t′=t−K+1
∑

e∈Et
u:

xet. Using an optimal solution to Problem D.1, offline op-

timal policy OPT(γ) and competitive ratio CR are defined identically here as in the

fixed-time setting.

Further, both baseline policies Rand and Max, as well as expected proportionality

metric EP are defined identically here as in the fixed-time setting; however, in the

rate-limited setting donors are available only if they have not been matched in any

of the previous K − 1 time steps. As before, Rand is 1-proportional by definition,

while Max is still 0-proportional in the worst case (using the same example as in

Lemma 9.2).
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However, unlike in the fixed-time setting, Max does not always maximize com-

petitive ratio. This is intuitive: policies Rand and Max are myopic, in the sense that

they ignore changes in edge weights or donor availability over time. Instead they

match donors as soon as they are available (once every K days at most, if there is an

available edge), which can lead to a matching with arbitrarily low weight. Consider

an example donation graph with one donor and one recipient, with two time steps

and K = 2 (the donor may be matched once). For t = 1 the edge weight is ε ' 0,

while for t = 2 the edge weight is 1. Since both Max and Rand both match the donor

on the first time step t = 1, the competitive ratio CR can be arbitrarily small.

Lemma D.1. In the rate-limited setting, the competitive ratio for both Max and Rand is

CR = ε, where ε is the smallest edge weight in the graph.

As in the previous section, we investigate stochastic non-myopic policies. Mir-

roring our analysis of the fixed-time setting, we first investigate non-adaptive poli-

cies, and we extend these to develop approximate adaptive policies.

Non-Adaptive Rate-Limited Policies The policies in this section are analogous to

the non-adaptive fixed-time policies, but for a rate-limited setting. Surprisingly, the

guarantees on competitive ratio and expected proportionality for these policies are

the identical to those in the fixed-time setting.

We begin with a policy based on the an LP relaxation or Problem D.1, which refer

to as Problem D.1-LP. As before, this relaxation is almost identical to Problem D.1;

the only difference being that variables xet and aet are continuous on [0, 1] rather

than binary. As before, this problem yields a valid upper bound on the objective of

Problem D.1.

Lemma D.2. Let ZLP denote the optimal objective of Problem D.1-LP for matching problem

P = (U, V, E, mv, pvt, T ) and γ ∈ [0, 1]. Let E[OPT(γ)] be the expected objective of the
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offline-optimal policy, over all demand realizations. Then, ZLP ≥ E[OPT(γ)].

The proof of this lemma is nearly identical to that of Lemma 9.6, and we omit it

here.

The first non-adaptive policy for the rate-limited setting is based on an optimal

solution to Problem D.1-LP, and is analagous to NadapLP from the previous section:

Definition 14 (NAdapLP_ Rate(α, γ)). Let x∗et denote an optimal solution to Problem D.1-

LP, with proportionality parameter γ. For each time step t ∈ T and each donor

u ∈ U, edge e ∈ Eu: is pre-matched with probability αx∗et/βut pvt, and the donor is

not pre-matched with probability 1− α ∑e=(u,v)∈Eu:

x∗et
βut pvt

. Each parameter βut is equal

to the probability that donor u is available at time t under this policy; these parame-

ters are estimated via simulation.2 At each time step, all donors with a pre-matched

edge for the time step are matched—if both the donor and recipient are available.

Somewhat surprisingly, each of the important properties of NAdapLP also apply

to NAdapLP_Rate; the proofs are nearly equivalent to the corresponding proofs in the

fixed-time setting, and we omit them here.

Lemma D.3. Let x∗et be the optimal solution used in policy NAdapLP_Rate(α, γ). The un-

conditional probability that edge e is matched at time t by policy NAdapLP_Rate is αx∗et.

Corollary D.3.1. NAdapLP_Rate(α, γ) achieves competitive ratio CR = α.

Corollary D.3.2. NAdapLP_Rate(α, γ) is always γ-proportional in expectation.

As in the fixed-time setting, policy NAdapL_Rate(α, γ) can only be implemented

if α is small enough that the policy is valid.

Lemma D.4. Policy NAdapLP_Rate(1/(2D), γ) is always valid and achieves a competitive

ratio of CR ≥ 1/(2D) for all γ ∈ [0, 1], where D is the maximum degree of any donor:

D ≡ maxu∈U |Eu:|.
2Please see [111] for a discussion of this method, which inspired this policy.
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Proof. First we observe that NAdapLP_Rate(α, γ) is valid if α ≤ βut/D, where D.

Next, we show that βut ≥ 1/2 for policy NAdapLP_Rate(1/(2D), γ); thus we set

α ← 1/(2D) for the remainder of this proof. To demonstrate this, we assume that

all donors are available at the first time step (βu1 = 1), and thus βu1 ≥ 1/2. For all

other time steps, βut is expressible as

βut ≡ 1−
t−1

∑
t′=t−K+1

Put

where Xet is the probability that u is matched at time t. Thus, we can express βut in

terms of the decision variables x∗et used to define policy NAdapLP_Rate(α, γ):

βut = 1−
t−1

∑
t′=t−K+1

∑
e∈E:u

αx∗et

≥ 1− α

D

= 1/2

Thus, for α = 1/(2D), βut ≥ 1/2, and α ≤ βut/D. Therefore policy NAdapLP_Rate(1/(2D))

is always valid; due to Corollary D.3.1 this policy achieves competitive ratio CR =

1/(2D).
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Appendix E: Appendix to Chapter 12

E.1 Survey Results

Figure E.1 shows box plots of participant bug scores in both Control and Test for

each survey.
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FIGURE E.1: Box plots of participant scores in Part II. Scores are equal
to the number of examples (out of 10) in Part II where participants
correctly identified whether or not there the example was generated

by a buggy model.

Participant usefulness ratings are not correlated with bug score. Figure E.2 shows

a scatter plot and linear regression for participants’ bug scores and the mean useful-

ness rating (from Part I) for the explanation method used in Part II. There is no

significant correlation between usefulness ratings and bug scores, and if anything a

slight negative correlation in Surveys 2 and 3. This suggests that asking for users’

ratings of explanation methods is not necessarily a good way to identify methods

that help users complete downstream tasks.
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FIGURE E.3: [Linear Regression] Coefficients of Linear Regression
used to predict a user’s probability of correctly identifying bugs. In
Survey 3 (Vehicle + Weights, Fig E.3c) all method’s scores are nega-

tively correlated with the probability of correct prediction.
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(D) Survey 4

FIGURE E.2: The mean usefulness rating (self-reported by partici-
pants) of the explanation method shown during Part II (evaluation
phase) of the survey. We see that in most cases there’s no correlation
between the user-reported usefulness of an explanation method and

the ability of that method to help the user diagnose bugs.

TABLE E.1: Regression models to predict correctness in identifying
bugs (per user) given the self-reported scores of each explanation
method as an input features. We see that for most part, the self-
reported scores of users are not a good predictor for the probability
that the user will correctly identify the bug. There is one noticeable
exception in survey 3 (Vehicle + Weights). However, even in this case,
we see a negative correlation between features (self-reported useful-
ness scores of each method) and the probability to predict a bug cor-
rectly (see Fig E.3). This is further evidence that users cannot identify

which explanation method is useful for the downstream task.

Ridge Lasso ElasticNet Linear Regression
Survey R2 RMSE MAE R2 RMSE MAE R2 RMSE MAE R2 RMSE MAE

1 (Road+Weights) -0.110 0.026 0.136 -0.161 0.027 0.139 -0.161 0.027 0.139 -0.267 0.030 0.146
2 (Road+Noise) -0.125 0.039 0.152 -0.150 0.040 0.150 -0.150 0.040 0.150 -0.160 0.040 0.166

3 (Vehicle+Weights) 0.094 0.028 0.120 -0.010 0.031 0.137 -0.010 0.031 0.137 0.094 0.028 0.127
4 (Vehicle+Noise) -0.182 0.035 0.155 -0.168 0.035 0.158 -0.168 0.035 0.158 -0.206 0.036 0.154

E.2 Model, Explanations, and Dataset Details

All code used for generating the target images and explanations is available online.1

1https://github.com/duncanmcelfresh/learning-explanations

https://github.com/duncanmcelfresh/learning-explanations
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TABLE E.2: Probability of correct bug prediction given a particular
explanation in part II.

Showed Explanation Method
Survey A B C D

1 (Road+Weights) 0.512± 0.145 0.544 ± 0.173 0.517± 0.163 0.395± 0.210
2 (Road+Noise) 0.516 ± 0.114 0.467± 0.156 0.447± 0.189 0.507± 0.144

3 (Vehicle+Weights) 0.483± 0.174 0.529 ± 0.202 0.377± 0.172 0.470± 0.162
4 (Vehicle+Noise) 0.536± 0.116 0.417± 0.142 0.414± 0.188 0.560 ± 0.165

E.2.1 Dataset

All target images were generated using random 250x250 crops from the Cityscapes

dataset. Target images are normalized for both training and testing, and training im-

ages are flipped both horizontally and vertically, each with probability 1/2. All im-

age labels are derived from pixel-level semantic labeling from the Cityscapes dataset.

Road Scenario Target images are labeled 1 (road) if more than 10% of the target

image pixels have semantic label “road” (label 7) in the Cityscapes dataset; otherwise

the target image is labeled 0 (no road). Images which have more than 60% road pixels

are discarded during training and testing, since the explanations generated for these

images were not visually informative.

Vehicle Scenario Target images are labeled 1 (vehicle) if more than 25% of the target

image pixels have a vehicle semantic label, including cars, trucks, buses, rail cars,

trailers, license plates, or caravans in the Cityscapes dataset (labels 26, 27, 28, 29, 30,

31, -1). Otherwise the target image is labeled 0 (no vehicle).

E.2.2 Model

We use a pre-trained Resnet50 model implemented in Pytorch [240] To use this

model for binary classification tasks Vehicle and Road, we replace the final Resnet50

layer with a fully connected linear layer with two output features. For both Vehicle
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and Road scenarios, we train this model using 30 epochs on a random 50% subset of

the Cityscapes dataset; for each epoch, one random crop is taken from each training

image.

E.2.3 Explanations

We use four explanation methods for each survey, described below. For each expla-

nation method we create a masked image, where unmasked regions are “important”

for the positive target label (road or vehicles). For each method we test several pa-

rameter values, and we manually select explanations that appear visually informa-

tive to us. In some cases, certain parameter values yield useless explanations (an

empty or complete mask), and sometimes all explanations were nearly identical ir-

respective of parameter values. Methods A, B, and C return an importance “image”

(or attribution image), with a numerical value for each pixel. For these methods we

first normalize this importance image to have range [0, 1], and then create a mask by

“masking out” all pixels with normalized importance less than threshold t ∈ [0, 1].

All pixels with normalized importance below this threshold are displayed in gray-

scale and with stripes in the explanation.

Method A (Occlusion). We use the occlusion (or “sliding window”) approach of Zeiler

and Fergus [329], implemented in Captum.2 We generate attribution images us-

ing the following parameter sets: (stride=10, window=50, t = 0.8), (stride=8, win-

dow=20, t = 0.6), (stride=20, window=60, t = 0.5)/

Method B (Smoothgrad). We use a publicly available3 implementation of Guided

Smoothgrad [287], with thresholds t ∈ {0.5, 0.7, 0.9}.
2https://captum.ai/
3https://github.com/hs2k/pytorch-smoothgrad

https://captum.ai/
https://github.com/hs2k/pytorch-smoothgrad
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Method C (Guided GradCAM). We use the Captum implementation of Guided

GradCAM [282], with thresholds t ∈ {0.1, 0.2, . . . , 0.9}.

Method D (LIME). We use the publicly available4 implementation of LIME [261].

To generate different LIME explanations we vary the number of features (superpix-

els) returned by LIME. All LIME explanations are for the positive class (road or ve-

hicle), and are generated using 1000 samples. We generate different explanations by

varying the number of features returned; we use 5, 50, and 100 features.

E.3 Survey Details

Each of the four surveys were conducted via Qualtrics, and participants were re-

cruited via Amazon Mechanical Turk. Prior to completing the survey, each partici-

pant agreed to a consent form. Section E.3.1 contains the consent form, Section E.3.2

contains the survey transcript of all questions in the Road scenario (Surveys 1 and

2), and Section E.3.3 contains the survey transcript of all questions in the Vehicle

scenario (Surveys 3 and 4). Section E.3.4 contains all questions shown to all partici-

pants, including demographic questions. Surveys 1 and 2 differ only in the images

and explanations shown to each participant; the same is true of Surveys 3 and 4.

E.3.1 Consent Form

Project Title Machine Learning Model Explanation

Purpose of the Study This research is being conducted by [PI Name] at [Institu-

tion]. We are inviting you to participate in this research project because you are

4https://github.com/marcotcr/lime

https://github.com/marcotcr/lime
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above 18, you are fluent in English, you are living in the U.S., and you have an accep-

tance rate of at least 95% on Amazon Mechanical Turk. The purpose of this research

project is to understand the usefulness of machine learning explanation methods.

Procedures The procedures will start with reading a brief description of a scenario

where machine learning is used by a self-driving car. You will then be shown some

examples of the machine learning input and output, and asked to answer some ques-

tions about the model performance. The questions will ask about how useful the

machine learning output is, and you will be asked to predict the machine learning

model behavior. The entire survey will take approximately 20 minutes or less.

Potential Risks and Discomforts There are several questions to answer over the

course of this study, so you may find yourself growing tired towards the end. Out-

side of this, there are minimal risks to participating in this research study. All data

collected in this study will be maintained securely (see Confidentiality section) and

will be deleted at the conclusion of the study.

However, if at any time you feel that you wish to terminate your participation

for any reason, you are permitted to do so.

Potential Benefits There are no direct benefits from participating in this research.

We hope that, in the future, other people might benefit from this study through

better explanation of machine learning models.

Confidentiality Any potential loss of confidentiality will be minimized by stor-

ing all data (including information such as MTurk IDs and demographics) (a) in

a password-protected computer located at [Institution] or (b) using a trusted third

party (Qualtrics). Personally identifiable information that is collected (MTurk IDs, IP
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addresses, cookies) will be deleted upon study completion. All other data gathered

will be stored for three years post study completion, after which it will be erased.

The only persons that will have access to the data are the Principle Investigator

and the Co-Investigators.

If we write a report or article about this research project, your identity will be

protected to the maximum extent possible. Your information may be shared with

representatives of [Institution] or governmental authorities if you or someone else is

in danger or if we are required to do so by law. Compensation You will receive $3 for

completing this survey, and you will receive a bonus of $2 (total compensation $5)

if you correctly identify bugs in the model on more than 60% of the images during

the second part of this survey. You will be responsible for any taxes assessed on the

compensation.

If you will earn $100 or more as a research participant in this study, you must

provide your name, address and SSN to receive compensation.

If you do not earn over $100 only your name and address will be collected to

receive compensation.

Right to Withdraw and Questions Your participation in this research is completely

voluntary. You may choose not to take part at all. If you decide to participate in this

research, you may stop participating at any time. If you decide not to participate in

this study or if you stop participating at any time, you will not be penalized or lose

any benefits to which you otherwise qualify.

If you decide to stop taking part in the study, if you have questions, concerns, or

complaints, or if you need to report an injury related to the research, please contact

the investigator: [PI Name]
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Participant Rights If you have questions about your rights as a research partici-

pant or wish to report a research-related injury, please contact: [Institution]

Statement of Consent By agreeing below you indicate that you are at least 18 years

of age; you have read this consent form or have had it read to you; your questions

have been answered to your satisfaction and you voluntarily agree to participate in

this research study. Please ensure you have made a copy of the above consent form

for your records.

E.3.2 Survey Transcript: Road Scenario

We are training a machine learning (ML) model for a self-driving car and we need

your help. This ML model takes a small image (250 by 250 pixels) and decides to

label the image as either:

“Road”: the image contains a road surface that the car can drive on.

“Not-Road”: the image does not contain surfaces that the car can drive on.

The correct labels (Road or Not-Road) are calculated by human experts for each

image. The ML model is designed to correctly label images. Sometimes there is a

bug in the model, and a bug can cause the model to incorrectly label the images.

For example, below is an example of the input image and ML prediction. The

full image is shown for context.

[Page Break]

Identifying Bugs.



401

In the last part of this survey we will ask you to predict whether or not there is a

bug in a model, using additional model output.

If you correctly predict whether or not there is a bug for at least 60% of the images

during the second part of this survey you will earn an additional $2.00, so your total

compensation for this task will be $5.00 rather than $3.00.

Additional Model Output.

To help you identify bugs, we provide additional output from the model. There

are four types of output you can use, and we want to figure out which output is most

useful to you.

Here are examples of the two different model outputs, which we call “A” and

“B”. Each output is itself an image. We also show the full image and the ML model

label for context.

[Page Break]

Model Output Examples

Next we will show you several examples of four different outputs from the ML

model:

• Output A

• Output B
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• Output C

• Output D

These outputs can help you identify whether or not there is a bug. We encourage

you to pay attention to each type of output, because you will use one of these outputs

during the second part of the survey.

[Page Break]

[8 examples are shown, in random order. Four of these have bugs and four do

not. Only one buggy and non-buggy example are shown here.]

Below is an example input, with the model output. There is No Bug in this

example.

Please rate each of the four model output images according to how useful they

are for identifying whether or not there is a bug.

[The four explanations are shown in random order]

Output A: The region without stripes is a good example of road.
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[Multiple choice:]

• Extremely useful

• Very useful

• Moderately useful

• Slightly useful

• Not at all useful

Output B: The region without stripes is a good example of road.

[Multiple choice]

• Extremely useful

• Very useful

• Moderately useful

• Slightly useful
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• Not at all useful

Output C: The region without stripes is a good example of road.

[Multiple choice]

• Extremely useful

• Very useful

• Moderately useful

• Slightly useful

• Not at all useful

Output D: The region without stripes is a good example of road.

[Multiple choice]

• Extremely useful

• Very useful
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• Moderately useful

• Slightly useful

• Not at all useful

[Page Break]

Below is an example input, with the model output. There is a Bug in this exam-

ple.

Please rate each of the four model output images according to how useful they

are for identifying whether or not there is a bug.

[The four explanations are shown in random order]

Output A: The region without stripes is a good example of road.

[Multiple choice:]

• Extremely useful
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• Very useful

• Moderately useful

• Slightly useful

• Not at all useful

Output B: The region without stripes is a good example of road.

[Multiple choice]

• Extremely useful

• Very useful

• Moderately useful

• Slightly useful

• Not at all useful

Output C: The region without stripes is a good example of road.
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[Multiple choice]

• Extremely useful

• Very useful

• Moderately useful

• Slightly useful

• Not at all useful

Output D: The region without stripes is a good example of road.

[Multiple choice]

• Extremely useful

• Very useful

• Moderately useful

• Slightly useful

• Not at all useful

[Page Break]

Now we would like you to predict whether or not there is a bug, for 10 input im-

ages. To help you, we will provide additional model output from one of the methods

we showed you earlier.
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If you correctly predict how the ML model labels these images you will earn

an additional $2.00, so your total compensation for this task will be $5.00 rather

than $3.00.

Please select the type of model output you found most useful to identify bugs in

the model. Below are examples of each type of model output.

[Multiple Choice]

[Page Break]

[10 examples are shown in random order. Only one is shown here. This example

has a Noise bug.]

[Only one explanation is shown, based on the participant’s group (Control or

Test). Method C is shown here.]

Model Output:
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[Multiple Choice] Is there a bug in the model that produced this output?

• Yes, there is a bug

• No, there is not a bug

• I’m not sure

[Multiple Choice] To what extent do you agree with the following statement: The

extra model output helped me identify bugs.

• Strongly agree

• Somewhat agree

• Neither agree not disagree

• Somewhat disagree

• Strongly disagree

E.3.3 Survey Transcript: Vehicle Scenario

It is very important that you read each question carefully and think about your an-

swers. The success of our research relies on our respondents being thoughtful and

taking this task seriously.
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We are training a machine learning (ML) model for a self-driving car and we

need your help. This ML model takes a small image (250 by 250 pixels) and decides

to label the image as either:

“Vehicle(s)”: some of the image shows vehicle(s).

“No Vehicle(s)": the image does not show any vehicle(s).

The correct labels (Vehicle(s) or No Vehicle(s)) are calculated by human experts

for each image. The ML model is designed to correctly label images. Sometimes

there is a bug in the model, and a bug can cause the model to incorrectly label the

images.

For example, below is an example of the input image and ML prediction. The

full image is shown for context.

[Page Break]

Identifying Bugs.

In the last part of this survey we will ask you to predict whether or not there is a

bug in a model, using additional model output.

If you correctly predict whether or not there is a bug for at least 60% of the images

during the second part of this survey you will earn an additional $2.00, so your total

compensation for this task will be $5.00 rather than $3.00.
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Additional Model Output.

To help you identify bugs, we provide additional output from the model. There

are four types of output you can use, and we want to figure out which output is most

useful to you.

Here are examples of the two different model outputs, which we call “A” and

“B”. Each output is itself an image. We also show the full image and the ML model

label for context.

[Page Break]

Model Output Examples

Next we will show you several examples of four different outputs from the ML

model:

• Output A

• Output B

• Output C

• Output D
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These outputs can help you identify whether or not there is a bug. We encourage

you to pay attention to each type of output, because you will use one of these outputs

during the second part of the survey.

[Page Break]

[8 examples are shown, in random order. Four of these have bugs and four do

not. Only one buggy and non-buggy example are shown here.]

Below is an example input, with the model output. There is No Bug in this

example.

Please rate each of the four model output images according to how useful they

are for identifying whether or not there is a bug.

[The four explanations are shown in random order]

Output A: The region without stripes is a good example of vehicle.

[Multiple choice:]
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• Extremely useful

• Very useful

• Moderately useful

• Slightly useful

• Not at all useful

Output B: The region without stripes is a good example of vehicle.

[Multiple choice]

• Extremely useful

• Very useful

• Moderately useful

• Slightly useful

• Not at all useful

Output C: The region without stripes is a good example of vehicle.
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[Multiple choice]

• Extremely useful

• Very useful

• Moderately useful

• Slightly useful

• Not at all useful

Output D: The region without stripes is a good example of vehicle.

[Multiple choice]

• Extremely useful

• Very useful

• Moderately useful

• Slightly useful

• Not at all useful

[Page Break]

Below is an example input, with the model output. There is a Bug in this exam-

ple.
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Please rate each of the four model output images according to how useful they

are for identifying whether or not there is a bug.

[The four explanations are shown in random order]

Output A: The region without stripes is a good example of vehicle.

[Multiple choice:]

• Extremely useful

• Very useful

• Moderately useful

• Slightly useful

• Not at all useful

Output B: The region without stripes is a good example of vehicle.
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[Multiple choice]

• Extremely useful

• Very useful

• Moderately useful

• Slightly useful

• Not at all useful

Output C: The region without stripes is a good example of vehicle.

[Multiple choice]

• Extremely useful

• Very useful

• Moderately useful

• Slightly useful
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• Not at all useful

Output D: The region without stripes is a good example of vehicle.

[Multiple choice]

• Extremely useful

• Very useful

• Moderately useful

• Slightly useful

• Not at all useful

[Page Break]

Now we would like you to predict whether or not there is a bug, for 10 input im-

ages. To help you, we will provide additional model output from one of the methods

we showed you earlier.

If you correctly predict how the ML model labels these images you will earn

an additional $2.00, so your total compensation for this task will be $5.00 rather

than $3.00.

Please select the type of model output you found most useful to identify bugs in

the model. Below are examples of each type of model output.

[Multiple Choice]
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[Page Break]

[10 examples are shown in random order. Only one is shown here. This example

has a Noise bug.]

[Only one explanation is shown, based on the participant’s group (Control or

Test). Method C is shown here.]

Model Output:

[Multiple Choice] Is there a bug in the model that produced this output?

• Yes, there is a bug
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• No, there is not a bug

• I’m not sure

[Multiple Choice] To what extent do you agree with the following statement: The

extra model output helped me identify bugs.

• Strongly agree

• Somewhat agree

• Neither agree not disagree

• Somewhat disagree

• Strongly disagree

E.3.4 General and Demographics Questions

To what extent do you agree with each of the following statements:

Q1. I understand how to identify bugs in the model.

Q2. The model output was helpful for identifying bugs.

Q3. This ML model can accurately label images as Vehicle(s) or No Vehicle(s).

[All above questions are multiple choice, with the following response choices]

• Strongly agree

• Somewhat agree

• Neither agree not disagree

• Somewhat disagree

• Strongly disagree



420

[Page Break]

[Multiple Choice] Please specify the gender with which you most closely iden-

tify:

• Male

• Female

• Other

• Prefer not to answer

[Free response] Please specify your year of birth

[Check box] Please specify your ethnicity (you may select more than one):

• White

• Hispanic or Latinx

• Black or African American

• American Indian or Alaska Native

• Asian, Native Hawaiian, or Pacific Islander

• Other

[Multiple Choice] Please specify the highest degree or level of school you have

completed:

• High school graduate, diploma or the equivalent (for example: GED)

• Some college credit, no degree

• Trade/technical/vocational training

• Associate’s degree
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• Bachelor’s degree

• Master’s degree

• Professional or doctoral degree (JD, MD, PhD)

[Multiple Choice] How much experience do you have in each of the following

areas?

Q4. IT infrastructure/systems administration

Q5. Computer science/programming

Q6. Machine learning and data science

[For each of the above questions, the following options are given]

• No experience

• Limited experience

• Significant experience

• Expert
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Appendix F: Appendix to Chapter 13

F.1 Online Survey Experiments

This appendix describes our survey experiments in greater detail. F.1.1 describes

the online platform we used for this survey, Section F.1.2 describes Study 1 and our

analysis, and Section F.1.3 describes the design of Study 2.

F.1.1 Online Platform

All online experiments were conducted using a custom online survey platform. Af-

ter agreeing to an online consent form, participants were shown background infor-

mation on kidney allocation and about the patient features in this survey, shown

below:

Sometimes people with certain diseases or injuries require a kidney trans-

plant. If they don’t have a biologically compatible friend or family mem-

ber who is willing to donate a kidney to them, they must wait to receive

a kidney from a stranger.

Choose which of two patients should receive a sole available kidney. In-

formation about Patient A will always be on the left. Information about

Patient B will always be on the right. The characteristics of each patient

will change in each trial. Patients who do receive the kidney will un-

dergo an operation that is almost always successful. Patients who do not
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receive the kidney will remain on dialysis and are likely to die within a

year.

After completing an online consent form, participants were asked to respond to a

series of comparisons between two potential kidney recipients. Each recipient is rep-

resented by three features: “number of child dependent(s)”, “years old”, and “drinks

per day prediagnosis.” Figure F.1 shows a screenshot of the decision scenario.

FIGURE F.1: Screenshot of a comparison question from our online
survey (Study 1). This screenshot is for the group Indecisive; for par-
ticipants in group Strict, the middle response option “Flip a coin” was

not shown.

All participants were recruited on Amazon Mechanical Turk1 (MTurk). We in-

cluded only participants in the United States, who have completed more than 500

HITs, with HIT approval rate at least 98%, and who have not participated in any

previous studies for this project.

F.1.2 Study 1

We recruited 120 participants via MTurk. One participant was excluded from the

cohort due to incompleteness, leaving us a sample of N= 119 (32% female and 68%

male; mean age = 35.2, SD = 10.12, 82% white) with N=60 for group Indecisive and

N=59 for group Strict. On our online platform, both groups were asked to make

decisions on a set of 15 pairs of hypothetical patients, whose features were pre-

determined a priori. Both groups were given the same sequence of scenarios; the
1https://www.mturk.com/

https://www.mturk.com/
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features of each patient in these scenarios is included in our dataset (included in the

supplement and online, see below).

The Indecisive group were given the additional option to flip a coin, instead of

choosing one of the two patients.

Anonymized responses from Study 1 are available online.2

Study 1 Analysis: Hypothesis Testing For this analysis we refer to each strict re-

sponse as a “vote”. For example if a participant expresses the preference for patient

A over patient B, we say this is a vote for A. To test hypotheses H0-1 and H0-2 we

first identify the majority patient (the patient who received more votes than the other

patient); the other patient is referred to as the minority patient. Coincidentally, the

majority and minority patients were the same for both groups, Indecisive and Strict.

Table F.1 shows the number of votes for the minority and majority patient for each

question, for both groups.

F.1.3 Study 2

We first recruited 150 participants using MTurk for the Indecisive group. Each par-

ticipant was assigned a randomly generated sequence of 40 pairs of hypothetical

patients, and they were presented with the option to either give a kidney to one of

the patients, or flip a coin (see Figure F.1). Patient features were generated uniformly

at random from the ranges:

• # dependents: 0, 1, 2

• age: 25, . . . , 70

• # drinks: 1, 2, 3, 4, 5
2https://github.com/duncanmcelfresh/indecision-modeling

https://github.com/duncanmcelfresh/indecision-modeling
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Q#
Group Indecisive Group Strict

#Maj. #Min. #Flip #Maj. #Min.

1 31 5 2 38 22
2 48 2 12 50 10
3 43 2 17 57 3
4 40 13 9 42 18
5 37 0 25 51 9
6 55 0 7 57 3
7 43 1 18 56 4
8 37 9 16 48 12
9 29 8 25 43 17
10 22 5 35 54 6
11 41 12 9 43 17
12 51 3 8 54 6
13 29 4 29 55 5
14 42 1 19 56 4
15 33 9 20 47 13

TABLE F.1: Number of votes for the majority patient (#Maj.) and minor-
ity patient (#Min.) for each group. The number of “flip a coin” votes
(#Flip) is shown for group Indecisive. The right column Q# indicates

the order in which the comparison was shown to each participant.

In addition, 3 or 4 attention-check pairs, in which the participant is presented with

the choice between an already deceased patient and a “favorable” patient,3 were

randomly distributed in each sequence. After data collection, 18 participants were

excluded for failing at least one attention check, i.e., choosing to give the kidney to

the deceased patient. This leaves us N=132 participants (age distribution was 31%:

18-29, 48%: 39-30, 10%: 40-49, 6%: 50-59, 3%: 60+; gender distribution was 29%:

female, 70%: male; racial distribution was 75%: white, 25% nonwhite).

Next we recruited 153 participants for group Strict; these participants were given

the exact same task as the Indecisive group, but without the option to flip a coin. 21

participants were excluded from the analysis due to attention check failures, leaving

us with a final sample of N=132 (age distribution was 26%: 18-29, 46%: 39-30, 17%:

40-49, 10%: 50-59, 2%: 60+; gender distribution was 36%: female, 63%: male; racial

distribution was 72%: white, 28% nonwhite).

3A 30-year-old patient who consumed 1 alcoholic drink per week, with 2 dependents.
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Anonymized responses from Study 2 are available online.4

F.2 Fitting Indecision Models

In this appendix we provide additional details on the indecision models from Sec-

tion 13.4, as well as details of our computational experiments.

First, in F.2.1 we motivate the score-based decision models (from Section 13.4)

using an intuitive—and equivalent—representation as response functions. In F.2.2

we provide additional motivation for the strict response model from Section 13.4.1.

In F.2.3 we provide additional details on our group indecision models. Finally,

in F.2.4 we describe the implementation of our computational experiments.

F.2.1 Response Functions vs Score-Based Models

In the score-based models from Section 13.4, the agent responds by evaluating a

“score” for each possible response. Here we provide an intuitive motivation for

each of these indecision models, framed as response functions. As in Section 13.4, an

agent response function R : I × I → {0, 1, 2} maps a pair of items (a comparison

question) to a response. In this section, all agent response functions are expressed

in terms of the agent utility function u(·) and threshold λ. Each response function

identifies a set of feasible responses for the agent, which depend on the agent utility

function and threshold. If there are multiple feasible responses, the agent chooses

one uniformly at random. Importantly, we show below that these response functions

are identical to the score-based response functions for models in Section 13.4, when

the agent observes no “noise.”

Below we formalize each response function, grouped by by their “causes” (see

Section 13.3).

4https://github.com/duncanmcelfresh/indecision-modeling

https://github.com/duncanmcelfresh/indecision-modeling
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Each of the functions here appears We emphasize that each of these response

“functions” is in fact a multifunction, as multiple responses may be possible. How-

ever

Difference-Based Response Functions: Min-δ, Max-δ Here the agent is indecisive

when the utility difference between alternatives is either smaller than threshold λ

(Min-δ) or greater than λ ∈ R+ (Max-δ). The corresponding response functions are

Min-δ : R(i, j) ≡



1 if u(i)− u(j) ≥ λ

2 if u(i)− u(j) ≤ λ

0 if |u(i)− u(j)| ≤ λ

Max-δ : R(i, j) ≡



1 if 0 ≤ u(i)− u(j) ≤ λ

2 if − λ ≤ u(i)− u(j) ≤ 0

0 if |u(i)− u(j)| ≥ λ

Note that in these definitions, multiple responses may be feasible (i.e., the conditions

may be met for multiple responses. In this case, we assume the agent selects a feasi-

ble response uniformly at random. For example, for both models Min-δ and Max-δ,

if u(i)− u(j) = λ then the agent selects a response randomly with either 1 or 0.

In these models the agent response depends on the utility difference between i

and j, (u(i)− u(j)). Depending on how this utility difference compares with thresh-

old λ, the agent may be indecisive. Since the agent is indecisive only when the

absolute difference in item utility (|u(i)− u(j)|) is too large or too small, negative λ

is not meaningful here—thus, we only consider λ > 0.
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Desirability-Based Models: Min-U, Max-U Here the agent is indecisive when the

utility of both alternatives is below threshold λ ∈ R (Min-U), or when the utility of

both alternatives is greater than λ (Max-U). Unlike the difference-based models, λ

here may be positive or negative. The response functions for these models are

Min-U : R(i, j) ≡



1 if u(i) ≥ max{u(j), λ}

2 if u(j) ≥ max{u(i), λ}

0 if λ ≥ max{u(i), u(j)}

Max-U : R(i, j) ≡



1 if u(j) ≤ min{u(i), λ}

2 if u(i) ≤ min{u(j), λ}

0 if λ ≤ min{u(i), u(j)}

As before, if there are multiple feasible responses, the agent selects one feasible re-

sponse uniformly at random.

Unlike the difference-based models, both positive and negative λ are reasonable

here. For example: suppose an agent is only indecisive when both alternatives are

very undesirable (e.g., both items have utility less than−100). This agent’s decisions

might be best modeled by Min-U, with λ = −100.

Conflict-Based Model: Dom Here the agent is indecisive unless one alternative dom-

inates the other in all features, by threshold at least λ ∈ R. For this indecision model,

we need a utility measure associated with each feature of each item; for this purpose,

let un(i) be the utility associated with feature n of item i. As before we assume λ may
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be positive or negative. The response function for this model is

Dom : R(i, j) ≡



1 if Mij ≥ max{Mji, λ}

2 if Mji ≥ max{Mij, λ}

0 if λ ≥ max{Mij, Mji}

where Mij ≡ min
n=1,...,N

{un(i) − un(j)} and Mji ≡ min
n=1,...,N

{un(j) − un(i)}. In other

words, Mij is the minimum difference between the feature utilities of i and j: if Mij is

positive, then all features of alternative i are strictly better than those of j. If neither

i nor j “dominates” the other by at least threshold λ, then the agent is indecisive. As

before, the agent selects uniformly at random from all feasible responses.

While these response functions appear qualitatively different from the score func-

tions in Section 13.4, they are in fact identical under certain circumstances.

Proposition F.1. For each indecision model (Min-δ, Max-δ, Min-U, Max-U, Dom), the re-

sponse function given in Appendix F.2.1 is identical to the response function induced by score

functions S0(·, ·) and S1(·, ·) as in Section 13.4, when the agent observes no score error. This

score-induced response function is expressed as

RS(i, j) ≡ arg max
r∈{0,1,2}

Sr(i, j)

where if multiple scores are maximal (i.e., the corresponding response is feasible), the agent

selects a response with maximal score uniformly at random.

Proof. We prove equivalence for each indecision model separately. Note that, if both

response functions RS(i, j) and R(i, j) have the same set of feasible responses for a

given comparison (i, j), then these responses are identical–since both response func-

tion chooses a feasible response uniformly at random. Thus, we prove that the set of
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feasible responses is the same for both RS(i, j) and R(i, j), for an arbitrary comparison

(i, j).

Min-δ For score-based response function RS(i, j), response 1 is feasible if the fol-

lowing conditions are met

S1(i, j) ≥ S0(i, j)

S1(i, j) ≥ S2(i, j)
⇐⇒

u(i)− u(j) ≥ λ

u(i)− u(j) ≥ 0

where the left and right side are equivalent. Note that the right side conditions are

equivalent to the conditions for response 1 in R(i, j), since λ is positive. Note that

the same argument holds for response 2.

Next, for score-based response function RS(i, j), response 0 is feasible if the fol-

lowing conditions are met

S0(i, j) ≥ S1(i, j)

S0(i, j) ≥ S2(i, j)
⇐⇒

λ ≥ u(i)− u(j)

λ ≥ u(j)− u(i)

and these conditions are equivalent to |u(i) − u(j)| ≤ λ, since λ is positive. This

condition is equivalent to the condition for response 0 in R(i, j).

Max-δ For score-based response function RS(i, j), response 1 is feasible if the fol-

lowing conditions are met

S1(i, j) ≥ S0(i, j)

S1(i, j) ≥ S2(i, j)
⇐⇒

u(i)− u(j)

≥ 2|u(i)− u(j)| − λ

u(i)− u(j) ≥ 0.
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Note that the first constraint right side reduces to u(i)− u(i) ≤ λ; thus, these con-

ditions are equivalent to the conditions for response 1 in R(i, j). Note that the same

argument holds for response 2.

Next, for score-based response function RS(i, j), response 0 is feasible if the fol-

lowing conditions are met

S0(i, j) ≥ S1(i, j)

S0(i, j) ≥ S2(i, j)
⇐⇒

2|u(i)− u(j)| − λ ≥ u(i)− u(j)

2|u(i)− u(j)| − λ ≥ u(j)− u(i).

There are two cases: (1) if u(i) ≥ u(j), then the first condition on the right side

reduces to |u(i)−u(j) ≥ λ, and the second condition on the right side holds trivially;

(2) if u(i) < u(j), then the second condition on the right side reduces to |u(i) −

u(j) ≥ λ, and the first condition on the right side holds trivially. In both cases, these

conditions are equivalent to the conditions for response 0 in R(i, j).

Min-U For score-based response function RS(i, j), response 1 is feasible if the fol-

lowing conditions are met

S1(i, j) ≥ S0(i, j)

S1(i, j) ≥ S2(i, j)
⇐⇒

u(i) ≥ λ

u(i) ≥ u(j)

where the right-side conditions reduce to u(i) ≥ max{u(i), λ}, which is equivalent

to the condition for response 1 in R(i, j). Note that the same argument holds for

response 2.
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Next, for score-based response function RS(i, j), response 0 is feasible if the fol-

lowing conditions are met

S0(i, j) ≥ S1(i, j)

S0(i, j) ≥ S2(i, j)
⇐⇒

λ ≥ u(i)

λ ≥ u(j)

which is equivalent to λ ≥ max{u(i), u(j)}, the condition for response 0 in R(i, j).

Max-U For score-based response function RS(i, j), response 1 is feasible if the fol-

lowing conditions are met

S1(i, j) ≥ S0(i, j)

S1(i, j) ≥ S2(i, j)
⇐⇒

u(i)− u(j)

≥ max{u(i), u(j)} − λ

u(i) ≥ u(j).

The first condition on the right side reduces to u(j) ≤ λ; thus, the right side condi-

tions are equivalent to u(j) ≤ min{u(i), λ}, which is the condition for response 1 in

function R(i, j). Note that the same argument holds for response 2.

Next, for score-based response function RS(i, j), response 0 is feasible if the fol-

lowing conditions are met

S0(i, j) ≥ S1(i, j)

S0(i, j) ≥ S2(i, j)
⇐⇒

max{u(i), u(j)} − λ

≥ u(i)− u(j)

max{u(i), u(j)} − λ

≥ u(j)− u(i).

There are two cases: (1) if u(i) ≥ u(j), then the first condition on the right side
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reduces to u(j) ≥ λ, and the second condition on the right side reduces to 2u(j)−

u(j) ≥ λ (which holds trivially); (2) if u(i) < u(j), then the second condition reduces

to u(i) ≥ λ (and the first condition holds trivially). In both cases, these conditions

are equivalent to λ ≤ min{u(i), u(j)}, which is the condition for response 0 in R(i, j).

Dom This proof is identical to that of Min-U: let u(i) and u(j) be replaced by Mij

and Mji, respectively, and the proof is identical.

F.2.2 Strict Decision Models

In Section 13.4.1 we describe how indecision models can be used to model scenarios

where an indecisive agent is required to express a strict preference. Here we assume

that the agent uses a two-step process to respond, represented in Figure F.2.

Indecisive agent
is presented with
comparison (i, j)

Agent draws re-
sponse r from their

response distribution

Agent flips a coin
with “heads”
probability q

Agent responds r

r ∈ {1, 2}r = 0

Agent draws
from strict dis-

tribution pS(i, j)

Agent responds
either 1 or 2 uni-
formly at random

heads tails

FIGURE F.2: Flowchart describing our model for an indecisive agent
who is required to express a strict preference.
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If the agent’s coin flip is “heads” (with probability q), then the agent draws from

a strict version of their response distribution, defined as

pS(i, j, r) ≡ eSr(i,j)

eS1(i,j) + eS2(i,j)

for r ∈ {0, 1}. Note that this is similar to the agent’s true response distribution

(Equation 13.1), but assigns zero probability to response 0.

The overall response distribution described in Figure F.2 has a closed-form ex-

pression, since the probability-q coin flip is independent from each draw of the

agent’s decision function. As stated in Section 13.4.1, this distribution is

pstrict(i, j, r) ≡



q
(

eS(i,j)+(1/2)eS0(i,j)

C

)
+ 1−q

D

(
eS1(i,j)

) if r = 1

q
(

eS2(i,j)+(1/2)eS0(i,j)

C

)
+ 1−q

D eS2(i,j)

if r = 2

where, C ≡ eS0(i,j) + eS1(i,j) + eS2(i,j) , and D ≡ eS1(i,j) + eS(2(i,j). The (heads) condition

from above has another interpretation: the agent chooses to sample from a “strict”

logit, induced by only the score functions for strict responses, S1(i, j) and S1(i, j). We

discuss this model in more detail, and provide an intuitive example, in Appendix F.2.

F.2.3 Group Decision Models

Here we outline the mathematical group decision models from Section 13.5.2.

A set of L observed responses is represented by vectors i ∈ IL, j ∈ IL, r ∈

{0, 1, 2}L, where ik and jk are the indices of items i and j in query j, and rk is the

observed agent’s response.
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VMixture This model is parameterized only by the best-fit models for each of its

constituent voters. Let V ∈ Z be the number of voters, and let Sv
r (·, ·) be the best-

fit score function for voter v and response r. Since we take an MLE approach, the

goodness-of-fit metric for these models is the log-likelihood of the model, given ob-

served responses.

The log-likelihood for model VMixture is

L

∑
l=1

log

(
V

∑
v=1

1
V

pv(il , jl , rl)

)

where

pv(i, j, r) ≡ eSv
r (i,j)

eSv
0(i,j) + eSv

1(i,j) + eSv
2(i,j)

is the response distribution for voter v.

k-Mixture This model class is parameterized by k distinct sets of submodel param-

eters: each submodel consists of a utility vector u ∈ RN and threshold λ ∈ R; the

type of each model is also a variable (i.e., a categorical variable). Weight parameters

w indicate the importance of each submodel. Let Sk
r (·, ·) be the score function for

model l ∈ {1, . . . , k} and response r ∈ {0, 1, 2}; these score functions depend on the

type of each model (see Section 13.4). For the k-Mixture model, the log-likelihood is

L

∑
l=1

log

(
k

∑
k′=1

ewk′

∑k
n=1 ewn

pk′(il , jl , rl)

)

where

pk′(i, j, r) ≡ eSk′
r (i,j)

eSk′
0 (i,j) + eSk′

1 (i,j) + eSk′
2 (i,j)

is the response distribution for model k′.
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F.2.4 Experiments and Implementation

All code used for our computational experiments is available online,5 and attached

in our supplementary material. All code is written in Python 3.7, and uses packages

Ax6 for random sampling. All experiments were run on a single Intel Xeon E5-2690

node with 16GB memory.

For all experiments, models were fit by sampling several random parameter sets

using a Sobol process (implemented using Ax). Each model is “trained” using a

different number or random Sobol points in our experiments:

• Individual indecision models (Table 13.1): 1,000 points for Indecisive, and 5,000

for Strict (which uses an additional parameter q).

• Group indecision models (Table 13.2, models Min-δ, Max-δ, Min-U, Max-U, Dom,

Logit): 5,000 points

• VMixture: 500 points for group Indecisive and 1,000 points for Strict, for each

individual model.

• k-Mixture, k-Min-δ: 100,000 points

5https://github.com/duncanmcelfresh/indecision-modeling
6https://ax.dev/

https://github.com/duncanmcelfresh/indecision-modeling
https://ax.dev/
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Appendix G: Appendix to Chapter 14

G.1 Methods

G.1.1 Cognitive Interviews

We recruited 9 participants from the DC Metropolitan area using Craigslist. We re-

quired participants to be over 18 years of age and fluent in English. Participants

ranged between the ages of 20 and 66. These interviews took place on the Univer-

sity of Maryland campus and lasted about 1 hour. All participants signed a written

consent form prior to the interview, and were paid $30 for their time.

During these interviews, participants completed a preliminary version of the sur-

vey used in Study-1. After each survey question, we asked the participants several

interview questions related to their comprehension of and feelings toward the sur-

vey. We found that some participants tended to use their own personal notions of

fairness when answering comprehension questions rather than using the definition

we provided. We were concerned that this would limit our ability to effectively

measure comprehension. To address this problem, we rewrote several parts of our

survey and added two new questions (Q14 and Q15).

G.1.2 Non-Expert Verification

We designed this study to assess non-expert understanding and opinions of ML fair-

ness metrics. To this end, we asked respondents to self-rate their level of expertise



438

in a variety of fields, including ML, at the end of the survey (see Appendix G.4.3). A

number of participants did report having “expert" level experience in ML (n = 2 out

of 147 in Study-1, and n = 15 out of 349 in Study-2). We considered removing these

participants from the analyses, but ultimately did not because there was no relation-

ship between self-reported ML expertise and comprehension score (Spearman’s rho,

for both studies).

G.2 Study-1: Detailed Results

G.2.1 Our Survey Effectively Captures Rule Comprehension

We find that our survey is internally consistent, and effectively measures participant

comprehension of demographic parity. The former we evaluated using Cronbach’s

α and item-total correlation (discussed in §14.4.1.1), and the latter using two self-

report measures and one free response question.

See Fig. G.1 for participant performance per question.

FIGURE G.1: Number of participants answering each question cor-
rectly. Each panel contains all 147 participants.
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G.2.1.1 Self-reported rule understanding and use are reflected in comprehension

score

First, we compared comprehension score to self-reported rule understanding (Q13).

Higher comprehension scores were associated with greater confidence in under-

standing (Spearman’s rho), suggesting that participants were accurately assessing

their ability to apply the rule (see Fig. G.2).

FIGURE G.2: Comprehension score grouped by response to Q13. Self-
reported understanding of the rule was associated with higher com-
prehension scores. X-axis is reversed for figure and correlation test.

Next, we compared comprehension score to a self-report question about the par-

ticipant’s use of the rule (Q14) Participants who claimed to use only the rule tended

to score higher than those who used their own notions of fairness or a combination

thereof (K-W test, and post-hoc M-WU), suggesting that participants are answering

somewhat honestly: when they try to apply the rule, comprehension scores improve

(see Fig. G.3).

G.2.1.2 Participants with higher comprehension scores are better able to explain

the rule

To further validate our comprehension score, we asked participants to explain the

rule in their own words (Q12). Responses were qualitatively coded as one of five
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FIGURE G.3: Comprehension score grouped by response to Q14. Rule
compliance (leftmost on the x-axis) was associated with higher com-
prehension scores. One participant who did not provide a response

was excluded from the figure and relevant analysis.

categories: correct, partially correct, neither, incorrect, or none (as discussed in

§14.4.1.1). The results of this coding can be seen can be seen in Fig. G.4. Participants

providing correct explanations of the rule attained higher comprehension scores (k-

W test, and post-hoc M-WU), further corroborating our claim that our comprehen-

sion score is a valid measure of fairness rule comprehension.

FIGURE G.4: Comprehension score grouped by code assigned to Q12
response. Participants who provided either correct or partially correct

responses tended to perform better.
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G.2.2 Education Influences Comprehension

During the cognitive interview phase, we observed a possible trend of comprehen-

sion scores being lower for older participants and those with less educational at-

tainment. If true, this would suggest that fairness explanations should be carefully

validated to ensure they can be used with diverse populations. We investigated this

hypothesis, in an exploratory fashion, using Poisson regression models.

Three models were tested. The first regressed score against all four demographic

categories as predictors (gender, age, ethnicity, and education), the second omit-

ted education, and the third tested only education. Models were compared using

Akaike information criterion (AIC), a standard method of evaluating model quality

and performing model selection [9]. Comparison by AIC revealed that model 1 (all

four categories) was a better predictor for comprehension score than models 2 or 3

(AIC = 643.3, 651.2, and 660.5, respectively; difference = 0.0, 7.9, and 17.1). In model

1, only education showed correlation with comprehension score (effect size = 1.40,

p < 0.05). Further work is needed to confirm this exploratory result.

FIGURE G.5: Comprehension score grouped by education level.
Higher education level was associated with higher comprehension

scores.
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G.2.3 Disagreement with the Rule is Associated with Higher Compre-

hension Scores

Participants were asked for their opinion on the presented rule in another free re-

sponse question (Q15). These responses were then qualitatively coded to capture

participant sentiment towards the rule as one of five categories: agree, depends,

disagree, not understood, or none (as discussed in §14.4.1.2).

FIGURE G.6: Comprehension score grouped by code assigned to Q15
response. Participants who exhibited negative sentiment toward the

rule responses tended to perform better.

This question was added based on the cognitive interviews (see Appendix G.1.1),

where perception seemed to influence compliance. The results of coding Q15 can

be seen in Fig. G.6. Participants who expressed disagreement with the rule per-

formed better than those who expressed agreement, did not understand the rule,

or provided no response to the question (K-W test, post-hoc M-WU). Note that this

result should not be interpreted as an overall finding on the appropriateness of de-

mographic parity. Instead we anticipate the perceptions of appropriateness of any

fairness definition will be highly context-dependent.
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G.2.4 Non-Compliance is Associated with Lack of Understanding

We were interested in understanding why some participants failed to adhere to the

rule, as measured by their self-report of rule usage in Q14. After labeling participants

as either “non-compliant" (NC, n = 57) or “compliant" (C, n = 89), we conducted a

series of χ2 tests to investigate this phenomenon.

Non-compliant participants were less likely to self-report high understanding of

the rule in Q13 (see Fig. G.7). Moreover, non-compliance also appears to be associ-

ated with a reduced ability to correctly explain the rule in Q12 (see Fig. G.8). Further,

negative participant sentiment towards the rule (Q15) also appears to be associated

with greater compliance (see Fig. G.9). Thus, non-compliant participants appear to

behave this way because they do not understand the rule, rather than because they

do not like it.

FIGURE G.7: Self-report of understanding (Q13) split by compliance
(Q14). NC participants tend to report less confidence in their ability
to apply the rule. SD = strongly disagree, D = disagree, N = neither

agree nor disagree, A = agree, SA = strongly agree.

FIGURE G.8: Correctness of rule explanation (Q12) split by compli-
ance (Q14). NC participants tend to be less able to explain the pre-
sented rule in their own words. NA = none, I = incorrect, N = neither,

PC = partially correct, C = correct.
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FIGURE G.9: Participant agreement with rule (Q15) split by compli-
ance (Q14). NC participants tend to harbor less negative sentiment
towards the rule. NA = none, NU = not understood, D = disagree, De

= depends, A = agree.

G.2.5 Decision Scenarios

For Study-1 we designed three decision-making scenarios to test whether the per-

ceived importance or realism of a particular scenario influenced comprehension

score. They are as follows:

• Art Project (AP): distributing awards for art projects to primary school stu-

dents,

• Employee Awards (EA): distributing employee awards at a sales company,

and

• Hiring (HR): distributing job offers to applicants.

In each scenario the students/employees/applicants are partitioned into two groups

(parents’ occupation for the first scenario, and binary gender for the other two sce-

narios). We use a between-subjects design: participants are randomly partitioned

into three conditions, one for each scenario (AP, EA, or HR). For each condition

we define the fairness rule in the context of the decision-making scenario (see Ap-

pendix G.4 for the full surveys).

Next we describe our main conclusion related to the different decision-making

scenarios in Study-1: the scenario does not influence comprehension score.
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G.2.5.1 Scenario does not Influence Comprehension Scores (RQ4)

We were concerned that less important and/or realistic scenarios would cause par-

ticipants to take the survey less seriously, and therefore perform more poorly. To test

this, participants were randomly assigned to a scenario, resulting in the following

distribution: AP = 41, EA = 49, HR = 57.

A K-W test revealed no differences between scenarios in terms of comprehension

score (mean comprehension scores: AP = 6.0, EA = 6.74, HR = 5.86). However, differ-

ences did exist between scenarios in terms of importance (assessed in Q2), measured

in hours of effort deemed necessary to make the relevant decision (K-W, p < 0.001).

Post-hoc M-WU revealed that participants believed making a decision in the AP

scenario merited fewer hours of effort (mean = 3.15hrs) than in the EA (13.52hrs,

p < 0.001) or HR (15.23hrs, p < 0.001) scenarios (corrected α = 0.05/3 = 0.017). See

Fig. G.10 for distributions of responses.

FIGURE G.10: Importance of a scenario by proxy of hours of effort
necessary to make a decision in each scenario. AP merited less hours

of effort than both EA and HR.

Of note, it is possible that perceived realism, assessed in Q1 on a five-point Lik-

ert scale, was also influenced by scenario (K-W, p = 0.051), but we may need larger

sample sizes to confirm this. Regardless, while the nature of a scenario does influ-

ence participant perception in terms of importance and (possibly) realism, it does

not appear to influence comprehension (at least for the scenarios we chose). For this
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reason, we chose to test a single scenario (HR) in Study-2.

G.3 Study-2: Detailed Results

G.3.1 Model Selection

In §14.4.2.2 we assessed eleven linear regression models for predicting comprehen-

sion scores. The best fit model, determined by model selection via AIC, included

only education (edu) and fairness definition (def) as regressors. The results of model

selection are below in Table G.1.

TABLE G.1: Models tested in §14.4.2.2, sorted by best to least fit. The
first model in the table (edu + def) is the model of best fit. dAIC =

difference from model with lowest AIC value.

Model regressors AIC dAIC

edu + def -80.4 0
edu -72.8 7.6
gender + edu -70.3 10.1
age + edu -63.7 16.7
gender + age + edu -61.1 19.2
gender + age + eth + edu + def -61.1 19.2
def -60.8 19.6
gender + age + eth + edu -55.5 24.9
gender + age + def -46.4 34
gender + age + eth + def -41.6 38.8
gender + age + eth -37.2 43.2

G.3.2 Non-Compliance

In §14.4.2.4 we sought to further investigate the findings of Study-1 with regards

to compliance (Q14). To do so, we labeled those who responded (in Study-2) with

either having used their own personal notions of fairness (n = 26) or some com-

bination of their personal notions and the rule (n = 148) as “non-compliant" (NC),

with the remaining n = 174 labeled as “compliant" (C). One participant who did not
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provide a response was excluded from this analysis, conducted using KW and χ2

tests.

Non-compliant participants were less likely to self-report high understanding of

the rule in Q13 (KW test, p < 0.001, see Fig. G.11). Moreover, non-compliance also

appears to be associated with a reduced ability to correctly explain the rule in Q12

(χ2 test, p < 0.001, see Fig. G.12). This fits with the overall strong relationship we

observed among comprehension scores, ability to explain the rule, and compliance.

Further, greater dislike towards the rule (Q15) also appears to be associated with

greater compliance (KW test, p < 0.05, see Fig. G.13). However, there was no re-

lationship between disagreement towards the rule (Q16) and compliance (see Fig.

G.14).

These results largely corroborate the notion that non-compliant participants ap-

pear to behave this way because they do not understand the rule, rather than because

they do not like it.

FIGURE G.11: Self-report of understanding (Q13) split by compliance
(Q14). NC participants tend to report less confidence in their ability
to apply the rule. SD = strongly disagree, D = disagree, N = neither

agree nor disagree, A = agree, SA = strongly agree.
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FIGURE G.12: Correctness of rule explanation (Q12) split by compli-
ance (Q14). NC participants tend to be less able to explain the pre-
sented rule in their own words. NA = none, I = incorrect, N = neither,

PC = partially correct, C = correct.

FIGURE G.13: Participant liking for rule (Q15) split by compliance
(Q14). NC participants tend to dislike the rule less than C partici-
pants. SD = strongly disagree, D = disagree, N = neither agree nor

disagree, A = agree, SA = strongly agree.

G.4 Surveys

G.4.1 Study-1 Survey

Each of the surveys are split into four main sections. The first section is the consent

form which can be found in Appendix G.5. The second section describes the scenario

and asks questions about the given scenario (§G.4.1.1). The third section describes

the fairness metric, defined as the rule, used (in this case it is demographic parity)

and asks specific questions about the metric (§G.4.1.2). Finally the last section asks

for demographic information (§G.4.3).

G.4.1.1 Scenario descriptions and questions

The following is shown to each participant:
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FIGURE G.14: Participant agreement with rule (Q16) split by compli-
ance (Q14). No differences were found between NC and C partici-
pants. SD = strongly disagree, D = disagree, N = neither agree nor

disagree, A = agree, SA = strongly agree.

It is very important that you read each question carefully and think about your

answers. The success of our research relies on our respondents being thoughtful and

taking this task seriously.

I have read the above instructions carefully.

We then introduce one of three different decision making scenarios, described

below, followed by two questions. Words that vary across scenario in the questions

are shown as <art project, employee awards, hiring>.

Art project A fourth grade teacher is reviewing 20 student art projects. They will

award lollipops to the top 4 students who put the most effort into their projects. The

teacher knows that some of the students have artists as parents, who might have

helped their children with their art project. The teacher’s goal is to give out lollipops

only based on the amount of effort that the student themselves put into their projects.

The teacher uses the following criteria to decide who should get a lollipop:

• Elaborateness of each project.

• Creativity of each project.

About 50% of the students have artists as parents, and 50% do not.

In the past, students with artists as parents typically put more effort into their

projects.



450

In this group of students there is a wide range of project quality (as measured

by elaborateness and creativity). However, this range of quality is about the same

between students with artists as parents and those without.

The teacher wants to make sure that they award lollipops in a fair way, no matter

whether the students’ parents are artists or not.

Employee awards A manager at a sales company is deciding which of their 100

employees should receive each of 10 mid-year awards. The manager’s goal is to

give awards to employees who will have high net sales at the end of the year.

The manager uses the following criteria to decide who should get an award:

• Recent performance reviews

• Mid-year net sales

• Number of years on the job

About 50% of the employees are men, and 50% are women.

In the past, men have achieved higher end-of-year net sales than women.

In this group of employees, there is a wide range of qualifications (as measured

by performance reviews, mid-year net sales, and number of years on the job). How-

ever, this range of qualifications is about the same between male and female em-

ployees.

The manager wants to make sure that this awards process is fair to the employ-

ees, no matter their gender.

Hiring A hiring manager at a new sales company is reviewing 100 new job ap-

plications. Each applicant has submitted a resume, and has had an interview. The

manager will send job offers to 10 out of the 100 applicants. Their goal is to make

offers to applicants who will have high net sales after a year on the job.
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The manager will use the following to decide which applicants should receive

job offers:

• Interview scores

• Quality of recommendation letters

• Number of years of prior experience in the field

About 50% of the applicants are men, and 50% are women.

In the past, men have achieved higher net sales than women, after one year on

the job.

In this applicant pool there is a wide range of applicant quality (as measured by

interview scores, recommendation letters, and years of prior experience in the field).

However, the range of quality is about the same for both male and female applicants.

The hiring manager wants to make sure that this hiring process is fair to appli-

cants, no matter their gender.

Questions

1. To what extent do you agree with the following statement: a scenario similar

to the one described above might occur in real life.

• Strongly agree

• Agree

• Neither agree nor disagree

• Disagree

• Strongly Disagree

2. How much effort should the <teacher, manager, hiring manager> put in to

make sure this decision is fair? [short answer - number of hours]
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G.4.1.2 Rule descriptions and questions

Unless otherwise noted the rule description is shown above each of the questions

for reference. Correct answers are noted in red.

Art project The teacher uses the following award rule to distribute lollipops: The

fraction of students who receive lollipops that have artist parents should equal the fraction of

students in the class that have artist parents. Similarly, the fraction of students who receive

lollipops that do not have artist parents should equal the fraction of students in the class that

do not have artist parents.

Example 1: If 10 out of the 20 students in the class have artist parents, then 2

out of the 4 lollipops would be awarded to students with artist parents (and the

remaining 2 would be awarded to students without artist parents).

Example 2: If 5 out of the 20 students in the class have artist parents, then 1 out of

the 4 lollipops would be awarded to students with artist parents (and the remaining

3 would be awarded to students without artist parents).

In the next section, we will ask you some questions about the information you

have just read. Please note that this is not a test of your abilities. We want to mea-

sure the quality of the description you read, not your ability to take tests or answer

questions.

Please note that we ask you to apply and use ONLY the above award rule when

answering the following questions. You will have an opportunity to state your

opinions and feelings on the rule later in the survey.

3. Suppose a different teacher is considering awarding lollipops to the whole 4th

grade. There are 100 students with artist parents, and 200 students without

artist parents. The teacher decides to award 10 lollipops to students with artist
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parents. Assuming the teacher is required to use the award rule above, how

many students without artist parents need to receive lollipops?

(a) 10

(b) 20

(c) 40

(d) 50

4. Assuming the teacher is required to use the award rule above, in which of

these cases can a teacher award more lollipops to students without artist par-

ents than to students with artist parents?

(a) When the students without artist parents have higher-quality projects

(i.e., more elaborate and more creative) than those with artist parents.

(b) When there are more students without artist parents than those with artist

parents.

(c) When students without artist parents have more creative projects than

those with artist parents.

(d) This cannot happen under the award rule.

5. Assuming the teacher is required to use the award rule above, is the follow-

ing statement TRUE OR FALSE: Even if a student with artist parents has a

project that is of the same quality (i.e., equally elaborate and equally creative)

as another project by a student without artist parents, they can be treated dif-

ferently (ie., only one of the students might get a lollipop).

6. Assuming the teacher is required to use the award rule above, is the fol-

lowing statement TRUE OR FALSE: If all students without artist parents have
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low-quality projects (i.e., low elaborateness and low creativity), but the teacher

awards lollipops to some of them, then any lollipops awarded to students with

artist parents must be awarded to those who have low-quality projects.

7. Assuming the teacher is required to use the award rule above, is the fol-

lowing statement TRUE OR FALSE: Suppose the teacher is distributing 10 lol-

lipops amongst a pool of students that includes students with and without

artist parents. Even if all students with artist parents have low-quality (i.e.,

low elaborateness and low creativity) projects, some of them must still receive

lollipops.

8. Assuming the teacher is required to use the award rule above, is the follow-

ing statement TRUE OR FALSE: This award rule always allows the teacher to

award lollipops exclusively to the students who have the highest quality (i.e.,

most elaborate and most creative) projects.

In the two examples above there are 20 students. Consider a different scenario,

with 6 students – 4 with artist parents and 2 without, as illustrated below. The next

three questions each give a potential outcome for all six students (i.e., which of the

6 students receive awards). Please indicate which of the outcomes follow the award

rule above.

9. Alternative scenario 1:

Does this distribution of awards obey the award rule? Yes
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10. Alternative scenario 2:

Does this distribution of awards obey the award rule? No

11. Alternative scenario 3:

Does this distribution of awards obey the award rule? No

12. In your own words, explain the award rule. [short answer] (The rule is not

shown above this question)

13. To what extent do you agree with the following statement: I am confident I

know how to apply the award rule described above?

• Strongly agree

• Agree

• Neither agree nor disagree

• Disagree

• Strongly Disagree

14. Please select the choice that best describes your experience: When I answered

the previous questions...

(a) I applied the provided award rule only.

(b) I used my own ideas of what the correct award decision should be rather

than the provided award rule.
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(c) I used a combination of the provided award rule and my own ideas of

what the correct award decision should be.

15. What is your opinion on the award rule? Please explain why. [short answer]

16. Suppose that you are the teacher whose job it is to distribute lollipops to stu-

dents based on the criteria listed above (i.e., elaborateness of each project, cre-

ativity of each project). How would you ensure that this process is fair? [short

answer]

17. Was there anything about this survey that was hard to understand or answer?

[short answer]

Employee awards The manager uses the following award rule to distribute awards:

The fraction of employees who receive awards that are female should equal the fraction of em-

ployees that are female. Similarly, fraction of employees who receive awards that are male

should equal the fraction of employees that are male.

Example 1: If there are 50 female employees out of 100, then 5 out of the 10

awards should be awarded to female employees (and the remaining 5 would be

made to male employees).

Example 2: If there are 30 female employees out of 100, then 3 out of the 10

awards should be awarded to female employees (and the remaining 7 would be

made to male employees).

In the next section, we will ask you some questions about the information you

have just read. Please note that this is not a test of your abilities. We want to mea-

sure the quality of the description you read, not your ability to take tests or answer

questions.
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Please note that we ask you to apply and use ONLY the above award rule when

answering the following questions. You will have an opportunity to state your

opinions and feelings on the rule later in the survey.

3. Suppose a different manager is considering employees for a different award.

There are 100 male employees and 200 female employees, and they decide to

give awards to 10 male employees. Assuming the manager is required to

use the award rule above, how many female employees do they need to give

awards to?

(a) 10

(b) 20

(c) 40

(d) 50

4. Assuming the manager is required to use the award rule above, in which of

these cases can a manager give more awards to female employees than to male

employees?

(a) When there are more well-qualified female employees than well-qualified

male employees (i.e., more women have better performance reviews, higher

mid-year net sales, and more years on the job).

(b) When there are more female employees than male employees.

(c) When female employees receive higher performance reviews than male

employees.

(d) This cannot happen under the award rule.

5. Assuming the manager is required to use the award rule above, is the follow-

ing statement TRUE OR FALSE: Even if a male employee’s qualifications look
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similar to a female employee’s (in terms of performance reviews, mid-year net

sales, and years on the job), he can be treated differently (i.e., only one of the

employees gets an award).

6. Assuming the manager is required to use the award rule above, is the follow-

ing statement TRUE OR FALSE: If all female employees are unqualified (i.e.,

have low performance reviews, low mid-year net sales, and few years on the

job), but you give awards to some of them, then awards given to male employ-

ees must be made to unqualified male employees.

7. Assuming the manager is required to use the award rule above, is the fol-

lowing statement TRUE OR FALSE: Suppose the manager is distributing 10

awards amongst a pool that includes both male and female employees. Even

if all male employees are unqualified for an award (i.e., have low performance

reviews, low mid-year net sales, and few years on the job), some of them must

still receive awards.

8. Assuming the manager is required to use the award rule above, is the follow-

ing statement TRUE OR FALSE: This award rule always allows the manager to

distribute awards exclusively to the most qualified employees (i.e., employees

with better performance reviews, high mid-year net sales, and high number of

years on the job).

In the two examples above there are 100 employees. Consider a different sce-

nario, with 6 employees– 4 female and 2 male, as illustrated below. The next three

questions each give a potential outcome for all six employees (i.e., which of the 6

employees receive awards). Please indicate which of the outcomes follow the award

rule above.
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9. Alternative scenario 1:

Does this distribution of awards obey the award rule? Yes

10. Alternative scenario 2:

Does this distribution of awards obey the award rule? No

11. Alternative scenario 3:

Does this distribution of awards obey the award rule? No

12. In your own words, explain the award rule. [short answer] (The rule is not

shown above this question)

13. To what extent do you agree with the following statement: I am confident I

know how to apply the award rule described above?

• Strongly agree

• Agree
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• Neither agree nor disagree

• Disagree

• Strongly Disagree

14. Please select the choice that best describes your experience: When I answered

the previous questions...

(a) I applied the provided award rule only.

(b) I used my own ideas of what the correct award decision should be rather

than the provided award rule.

(c) I used a combination of the provided award rule and my own ideas of

what the correct award decision should be.

15. What is your opinion on the award rule? Please explain why. [short answer]

16. Suppose that you are the manager whose job it is to distribute mid-year awards

to employees based on the criteria listed above (i.e., recent performance re-

views, mid-year net sales, number of years on the job). How would you ensure

that this process is fair? [short answer]

17. Was there anything about this survey that was hard to understand or answer?

[short answer]

Hiring The hiring manager uses the following hiring rule to send out offers: The

fraction of applicants who receive job offers that are female should equal the fraction of ap-

plicants that are female. Similarly, fraction of applicants who receive job offers that are male

should equal the fraction of applicants that are male.
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Example 1: If there are 50 female applicants out of the 100 applicants, then 5 out

of the 10 offers would be made to female applicants (and the remaining 5 would be

made to male applicants).

Example 2: If there are 30 female applicants out of the 100 applicants, then 3 out

of the 10 offers would be made to female applicants (and the remaining 7 would be

made to male applicants).

In the next section, we will ask you some questions about the information you

have just read. Please note that this is not a test of your abilities. We want to mea-

sure the quality of the description you read, not your ability to take tests or answer

questions.

Please note that we ask you to apply and use ONLY the above hiring rule when

answering the following questions. You will have an opportunity to state your

opinions and feelings on the rule later in the survey.

3. Suppose a different hiring manager is considering applicants for a different job.

There are 100 male applicants and 200 female applicants, and they decide to

send offers to 10 male applicants. Assuming the hiring manager is required

to use the hiring rule above, how many female applicants do they need to

send offers to?

(a) 10

(b) 20

(c) 40

(d) 50

4. Assuming the hiring manager is required to use the hiring rule above, in

which of these cases can a hiring manager make more job offers to female ap-

plicants than to male applicants?
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(a) When there are more well-qualified female applicants than well-qualified

male applicants (i.e., more women have higher interview scores, higher

quality recommendation letters, and more years of prior experience in the

field).

(b) When there are more female applicants than male applicants.

(c) When female applicants receive better interview scores than male appli-

cants.

(d) This cannot happen under the hiring rule.

5. Assuming the hiring manager is required to use the hiring rule above, is the

following statement TRUE OR FALSE: Even if a male applicant’s qualifications

look similar to a female applicant’s (in terms of interview scores, recommen-

dation letters, and years of prior experience in the field), he can be treated

differently (i.e., only one of the applicants will receive a job offer).

6. Assuming the hiring manager is required to use the hiring rule above, is the

following statement TRUE OR FALSE: If all female applicants are unqualified

(i.e., have low interview scores, low-quality recommendation letters, and few

years of prior experience in the field), but you send job offers to some of them,

then any job offers made to male applicants must be made to unqualified male

applicants.

7. Assuming the hiring manager is required to use the hiring rule above, is the

following statement TRUE OR FALSE: Suppose the hiring manager is sending

out 10 job offers to a pool that includes male and female applicants. Even if all

male applicants are unqualified (i.e., have low interview scores, low-quality

recommendation letters, and few years of prior experience in the field), some

of them must still receive job offers.
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8. Assuming the hiring manager is required to use the hiring rule above, is

the following statement TRUE OR FALSE: This hiring rule always allows the

hiring manager to send offers exclusively to the most qualified applicants (i.e.,

applicants with high interview scores, high quality recommendation letters,

and high number years of prior experience in the field).

In the two examples above there are 100 applicants. Consider a different sce-

nario, with 6 applicants – 4 female and 2 male, as illustrated below. The next three

questions each give a potential outcome for all 6 applicants (i.e., which of the 6 ap-

plicants receive job offers). Please indicate which of the outcomes follow the hiring

rule above.

9. Alternative scenario 1:

Does this distribution of job offers obey the hiring rule? Yes

10. Alternative scenario 2:

Does this distribution of job offers obey the hiring rule? No

11. Alternative scenario 3:
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Does this distribution of job offers obey the hiring rule? No

12. In your own words, explain the hiring rule. [short answer] (The rule is not

shown above this question)

13. To what extent do you agree with the following statement: I am confident I

know how to apply the hiring rule described above?

• Strongly agree

• Agree

• Neither agree nor disagree

• Disagree

• Strongly Disagree

14. Please select the choice that best describes your experience: When I answered

the previous questions...

(a) I applied the provided hiring rule only.

(b) I used my own ideas of what the correct hiring decision should be rather

than the provided hiring rule.

(c) I used a combination of the provided hiring rule and my own ideas of

what the correct hiring decision should be.

15. What is your opinion on the hiring rule? Please explain why. [short answer]

16. Suppose that you are the hiring manager whose job it is to send job offers to

applicants based on the criteria listed above (i.e., interview scores, quality of
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recommendation letters, number of years of prior experience in the field). How

would you ensure that this process is fair? [short answer]

17. Was there anything about this survey that was hard to understand or answer?

[short answer]

G.4.2 Study-2: Survey

Each of the surveys are split into four main sections. The first section is the consent

form which can be found in Appendix G.5. The second section describes the hir-

ing scenario and asks questions about it (§G.4.2.1). The third section describes the

fairness metric, defined as the rule, used (in this case it is demographic parity) and

asks specific questions about the metric (§G.4.2.2). Finally the last section asks for

demographic information (§G.4.3).

G.4.2.1 Scenario description and questions

The following is shown to each participant (note that Step 3 is not shown to partici-

pants with the DP definition):

It is very important that you read each question carefully and think about your

answers. The success of our research relies on our respondents being thoughtful and

taking this task seriously.

I have read the above instructions carefully.

A company, Sales-a-lot, is reviewing their hiring process. They want to hire ap-

plicants who are high performing, and they also want to make sure that their hiring

process is fair to their applicants, no matter their gender. To do this, Sales-a-lot em-

ploys an external firm, Recruit-a-matic, which keeps track of all applicants. This

review will take place over one year.
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For clarity at each stage of the hiring process we use images to represent the

hiring pool.

Step 1: Applicant Pool. At the beginning of the year, Sales-a-lot reviews all job

applicants, and sends job offers to some of them. The initial applicant pool is shown

with a gray background. For example, the following image shows an applicant pool

with 15 female applicants and 25 male applicants:

Step 2: Sending Job Offers. Next, Sales-a-lot sends job offers to some of these

applicants, using the following criteria:

• Interview scores

• Quality of recommendation letters

• Number of years of prior experience in the field

Suppose that Sales-a-lot sends offers to 5 female applicants and 8 male applicants

(so 10 female and 17 male applicants didn’t receive offers). In the following image,

applicants who received a job offer are shown on the left (with a green background)

and applicants who didn’t receive a job offer are shown on the right, with a red

background):

Step 3: Applicant Evaluation. For the rest of the year, Recruit-a-matic (the external

firm) keeps track of all applicants in the initial pool, whether they received job offers
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or not. At the end of the year, Rectruit-a-matic finds out which applicants were high

performers, i.e., qualified (shown in dark), and which applicants were low perform-

ers, i.e., unqualified (shown in light). For example, the following image shows that

most of the high performers received job offers, but some did not.

female male

qualified

unqualified

Questions

1. To what extent do you agree with the following statement: a scenario similar

to the one described above might occur in real life.

• Strongly agree

• Agree

• Neither agree nor disagree

• Disagree

• Strongly disagree

2. How much effort, in hours, should Sales-a-lot put in to make sure these deci-

sions were fair? [short answer - number of hours]

G.4.2.2 Rule descriptions and questions

The following sections provide fairness definitions (presented to participants as rules)

for Demographic Parity, Equal Opportunity (FNR and FPR), and Equalized Odds.
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Unless otherwise noted the rule description is shown above each of the questions

for reference. Correct answers are noted in red.

Demographic Parity. Recruit-a-matic uses the following rule to determine whether

Sales-a-lot’s hiring decisions were fair:

The fraction of male candidates who receive job offers should equal the fraction of female

candidates who receive job offers.

Example 1: Suppose that over the past year, Recruit-a-matic finds that Sales-a-lot

received the following applicants (10 female and 12 male).

If Sales-a-lot sent job offers to the following number of applicants (5 female and

6 male), then this would be fair according to the hiring rule (note that there are other

possible outcomes that are fair according to the hiring rule).

Example 2: Suppose that over the past year, Recruit-a-matic finds that Sales-a-lot

reviewed a total of 100 applicants as follows (40 female and 60 male).

If Sales-a-lot sent job offers to the following number of applicants (10 female and



469

15 male), then this would be fair according to the hiring rule (note that there are

other possible outcomes that are fair according to the hiring rule).

In the next section, we will ask you some questions about the information you

have just read. Please note that this is not a test of your abilities. We want to mea-

sure the quality of the description you read, not your ability to take tests or answer

questions.

Please note that we ask you to apply and use ONLY the above hiring rule when

answering the following questions. You will have an opportunity to state your

opinions and feelings on the rule later in the survey.

3. Suppose a different company considered applicants for a different job. There

were 200 female applicants and 100 male applicants,

and they did send job offers to 90 male applicants.

Assuming that Recruit-a-matic reviews their decisions using the hiring rule

above, how many female applicants should have received job offers?
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(a) 190

(b) 180

(c) 160

(d) 150

4. Assuming Recruit-a-matic reviews decisions using the hiring rule above, in

which of these cases could Sales-a-lot have accepted more qualified female

applicants than qualified male applicants?

(a) When there are more qualified female applicants than qualified male ap-

plicants (i.e., more women had low net sales at the end of the year).

(b) When there are more female applicants than male applicants.

(c) When female applicants receive worse interview scores than male appli-

cants.

(d) This cannot happen under the hiring rule.



471

5. Consider one male applicant and one female applicant, both of whom are sim-

ilarly qualified for the job (they achieve about the same net sales at the end of

their first year). Is the following statement TRUE OR FALSE: The hiring rule

above allows Sales-a-lot to make a job offer to one of these applicants and not

the other.

6. Consider a situation where all female applicants were unqualified (they all

achieve low net sales at the end of their first year), but some of them received

job offers. Is the following statement TRUE OR FALSE: The hiring rule above

requires that some job offers made to male applicants must have been made to

unqualified male applicants.

7. Suppose Sales-a-lot received 100 male and 100 female applicants, and eventu-

ally made 10 job offers. Is the following statement TRUE OR FALSE: The hiring

rule above requires that even if all male applicants were unqualified (they all

achieve low net sales at the end of their first year), some of the unqualified

males must have received job offers.

8. Is the following statement TRUE OR FALSE: The hiring rule above always

allows Sales-a-lot to send job offers only to the most qualified applicants (those

who achieve high net sales at the end of their first year).

Consider a different scenario than the two examples above, with 6 applicants

– 4 female and 2 male, as illustrated below. The next three questions each give a

different potential outcome for all 6 applicants (i.e., which of the 6 applicants do

receive job offers). Please indicate which of the outcomes follow the hiring rule

above.
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9. Sales-a-lot makes the following hiring decisions.

Do these decisions obey the hiring rule? Yes

10. Sales-a-lot makes the following hiring decisions.

Do these decisions obey the hiring rule? No

11. Sales-a-lot makes the following hiring decisions.

Do these decisions obey the hiring rule? No

12. In your own words, explain the hiring rule. [short answer] [The rule is not

shown above this question]

13. To what extent do you agree with the following statement: I am confident I

know how to apply the hiring rule described above?

• Strongly agree

• Agree

• Neither agree nor disagree

• Disagree

• Strongly Disagree

14. Please select the choice that best describes your experience: When I answered

the previous questions...

(a) I applied the provided hiring rule only.
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(b) I used a combination of the provided hiring rule and my own ideas of

what the correct hiring rule should be.

(c) I used only my own ideas of what the correct hiring decision should be

rather than the provided hiring rule.

15. To what extent do you agree with the following statement: I like the hiring

rule?

• Strongly agree

• Agree

• Neither agree nor disagree

• Disagree

• Strongly Disagree

16. To what extent do you agree with the following statement: I agree with the

hiring rule?

• Strongly agree

• Agree

• Neither agree nor disagree

• Disagree

• Strongly Disagree

17. Please explain your opinion on the hiring rule. [short answer]

18. Was there anything about this survey that was hard to understand or answer?

[short answer]
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Equal Opportunity - FNR. Recruit-a-matic uses the following rule to determine

whether Sales-a-lot’s hiring decisions were fair:

The fraction of qualified male candidates who do not receive job offers should equal the

fraction of qualified female candidates who do not receive job offers.

Example 1: Suppose that over the past year, Recruit-a-matic finds that Sales-a-lot

received the following qualified applicants (10 female and 12 male).

If Sales-a-lot did not send job offers to the following number of qualified appli-

cants (5 female and 6 male), then this would be fair according to the hiring rule (note

that there are other possible outcomes that are fair according to the hiring rule).

Example 2: Suppose that over the past year, Recruit-a-matic finds that Sales-a-lot

reviewed a total of 100 qualified applicants as follows (40 female and 60 male).

If Sales-a-lot did not send job offers to the following number of qualified appli-

cants (10 female and 15 male), then this would be fair according to the hiring rule

(note that there are other possible outcomes that are fair according to the hiring rule).
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Note that in the above examples the remaining qualified applicants received job

offers, but are not displayed here.

In the next section, we will ask you some questions about the information you

have just read. Please note that this is not a test of your abilities. We want to mea-

sure the quality of the description you read, not your ability to take tests or answer

questions.

Please note that we ask you to apply and use ONLY the above hiring rule when

answering the following questions. You will have an opportunity to state your

opinions and feelings on the rule later in the survey.

3. Suppose a different company considered applicants for a different job. There

were 200 qualified female applicants and 100 qualified male applicants,

and they did not send job offers to 90 qualified male applicants.

Assuming that Recruit-a-matic reviews their decisions using the hiring rule

above, how many qualified female applicants should not have received job

offers?
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(a) 190

(b) 180

(c) 160

(d) 150

4. Assuming Recruit-a-matic reviews decisions using the hiring rule above, in

which of these cases could Sales-a-lot have rejected more qualified female ap-

plicants than qualified male applicants?

(a) When there are more qualified female applicants than qualified male ap-

plicants (i.e., more women had low net sales at the end of the year).

(b) When there are more female applicants than male applicants.

(c) When female applicants receive worse interview scores than male appli-

cants.

(d) This cannot happen under the hiring rule.
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5. Consider one male applicant and one female applicant, both of whom are sim-

ilarly qualified for the job (they achieve about the same net sales at the end of

their first year). Is the following statement TRUE OR FALSE: The hiring rule

above allows Sales-a-lot to make a job offer to one of these applicants and not

the other.

6. Consider a situation where all female applicants were unqualified (they all

achieve low net sales at the end of their first year), but some of them received

job offers. Is the following statement TRUE OR FALSE: The hiring rule above

requires that some job offers made to male applicants must have been made to

unqualified male applicants.

7. Suppose Sales-a-lot received 100 male and 100 female applicants, and eventu-

ally made 10 job offers. Is the following statement TRUE OR FALSE: The hiring

rule above requires that even if all male applicants were unqualified (they all

achieve low net sales at the end of their first year), some of the unqualified

males must have received job offers.

8. Is the following statement TRUE OR FALSE: The hiring rule above always

allows Sales-a-lot to send job offers only to the most qualified applicants (those

who achieve high net sales at the end of their first year).

Consider a different scenario than the two examples above, with 6 qualified ap-

plicants – 4 female and 2 male, as illustrated below. The next three questions each

give a different potential outcome for all 6 qualified applicants (i.e., which of the 6

applicants do not receive job offers). Please indicate which of the outcomes follow

the hiring rule above.
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9. Sales-a-lot makes the following hiring decisions.

Do these decisions obey the hiring rule? Yes

10. Sales-a-lot makes the following hiring decisions.

Do these decisions obey the hiring rule? No

11. Sales-a-lot makes the following hiring decisions.

Do these decisions obey the hiring rule? No

12. In your own words, explain the hiring rule. [short answer] [The rule is not

shown above this question]

13. To what extent do you agree with the following statement: I am confident I

know how to apply the hiring rule described above?

• Strongly agree

• Agree

• Neither agree nor disagree

• Disagree

• Strongly Disagree

14. Please select the choice that best describes your experience: When I answered

the previous questions...

(a) I applied the provided hiring rule only.
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(b) I used a combination of the provided hiring rule and my own ideas of

what the correct hiring rule should be.

(c) I used only my own ideas of what the correct hiring decision should be

rather than the provided hiring rule.

15. To what extent do you agree with the following statement: I like the hiring

rule?

• Strongly agree

• Agree

• Neither agree nor disagree

• Disagree

• Strongly Disagree

16. To what extent do you agree with the following statement: I agree with the

hiring rule?

• Strongly agree

• Agree

• Neither agree nor disagree

• Disagree

• Strongly Disagree

17. Please explain your opinion on the hiring rule. [short answer]

18. Was there anything about this survey that was hard to understand or answer?

[short answer]
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Equal Opportunity - FPR. Recruit-a-matic uses the following rule to determine

whether Sales-a-lot’s hiring decisions were fair:

The fraction of unqualified male candidates who receive job offers should equal the frac-

tion of unqualified female candidates who receive job offers.

Example 1: Suppose that over the past year, Recruit-a-matic finds that Sales-a-lot

received the following unqualified applicants (10 female and 12 male).

If Sales-a-lot sent job offers to the following number of unqualified applicants (5

female and 6 male), then this would be fair according to the hiring rule (note that

there are other possible outcomes that are fair according to the hiring rule).

Example 2: Suppose that over the past year, Recruit-a-matic finds that Sales-a-lot

reviewed a total of 100 unqualified applicants as follows (40 female and 60 male).

If Sales-a-lot sent job offers to the following number of unqualified applicants (10

female and 15 male), then this would be fair according to the hiring rule (note that

there are other possible outcomes that are fair according to the hiring rule).
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Note that in the above examples the remaining unqualified applicants did not

receive job offers, but are not displayed here.

In the next section, we will ask you some questions about the information you

have just read. Please note that this is not a test of your abilities. We want to mea-

sure the quality of the description you read, not your ability to take tests or answer

questions.

Please note that we ask you to apply and use ONLY the above hiring rule when

answering the following questions. You will have an opportunity to state your

opinions and feelings on the rule later in the survey.

3. Suppose a different company considered applicants for a different job. There

were 200 unqualified female applicants and 100 unqualified male applicants,

and they did send job offers to 10 unqualified male applicants.

Assuming that Recruit-a-matic reviews their decisions using the hiring rule
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above, how many unqualified female applicants should have received job of-

fers?

(a) 10

(b) 20

(c) 40

(d) 50

4. Assuming Recruit-a-matic reviews decisions using the hiring rule above, in

which of these cases could Sales-a-lot have accepted more unqualified female

applicants than unqualified male applicants?

(a) When there are more unqualified female applicants than unqualified male

applicants (i.e., more women had low net sales at the end of the year).

(b) When there are more female applicants than male applicants.

(c) When female applicants receive worse interview scores than male appli-

cants.
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(d) This cannot happen under the hiring rule.

5. Consider one male applicant and one female applicant, both of whom are sim-

ilarly qualified for the job (they achieve about the same net sales at the end of

their first year). Is the following statement TRUE OR FALSE: The hiring rule

above allows Sales-a-lot to make a job offer to one of these applicants and not

the other.

6. Consider a situation where all female applicants were unqualified (they all

achieve low net sales at the end of their first year), but some of them received

job offers. Is the following statement TRUE OR FALSE: The hiring rule above

requires that some job offers made to male applicants must have been made to

unqualified male applicants.

7. Suppose Sales-a-lot received 100 male and 100 female applicants, and eventu-

ally made 10 job offers. Is the following statement TRUE OR FALSE: The hiring

rule above requires that even if all male applicants were unqualified (they all

achieve low net sales at the end of their first year), some of the unqualified

males must have received job offers.

8. Is the following statement TRUE OR FALSE: The hiring rule above always

allows Sales-a-lot to send job offers only to the most qualified applicants (those

who achieve high net sales at the end of their first year).

Consider a different scenario than the two examples above, with 6 unqualified

applicants – 4 female and 2 male, as illustrated below. The next three questions each

give a different potential outcome for all 6 applicants (i.e., which of the 6 applicants

receive job offers). Please indicate which of the outcomes follow the hiring rule

above.
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9. Sales-a-lot makes the following hiring decisions.

Do these decisions obey the hiring rule? Yes

10. Sales-a-lot makes the following hiring decisions.

Do these decisions obey the hiring rule? No

11. Sales-a-lot makes the following hiring decisions.

Do these decisions obey the hiring rule? No

12. In your own words, explain the hiring rule. [short answer] [The rule is not

shown above this question]

13. To what extent do you agree with the following statement: I am confident I

know how to apply the hiring rule described above?

• Strongly agree

• Agree

• Neither agree nor disagree

• Disagree

• Strongly Disagree

14. Please select the choice that best describes your experience: When I answered

the previous questions...
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(a) I applied the provided hiring rule only.

(b) I used a combination of the provided hiring rule and my own ideas of

what the correct hiring rule should be.

(c) I used only my own ideas of what the correct hiring decision should be

rather than the provided hiring rule.

15. To what extent do you agree with the following statement: I like the hiring

rule?

• Strongly agree

• Agree

• Neither agree nor disagree

• Disagree

• Strongly Disagree

16. To what extent do you agree with the following statement: I agree with the

hiring rule?

• Strongly agree

• Agree

• Neither agree nor disagree

• Disagree

• Strongly Disagree

17. Please explain your opinion on the hiring rule. [short answer]

18. Was there anything about this survey that was hard to understand or answer?

[short answer]
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Equalized Odds. Recruit-a-matic uses the following rule to determine whether

Sales-a-lot’s hiring decisions were fair:

The fraction of qualified male candidates who do not receive job offers should equal the

fraction of qualified female candidates who do not receive job offers. Similarly, the fraction

of unqualified male candidates who receive job offers should equal the fraction of unqualified

female candidates who receive job offers.

Example 1: Suppose that over the past year, Recruit-a-matic finds that Sales-a-lot

received the following qualified applicants (10 female and 12 male) and unqualified

applicants (10 female and 12 male).

If Sales-a-lot did send offers to the following number of unqualified applicants

(left, 5 female and 6 male), and did not send job offers to the following number of

qualified applicants (right, 5 female and 6 male), then this would be fair according

to the hiring rule (note that there are other possible outcomes that are fair according

to the hiring rule).

Example 2: Suppose that over the past year, Recruit-a-lot finds that Sales-a-lot

reviewed a total of 100 qualified applicants (40 female and 60 male) and 100 unqual-

ified applicants (40 female and 60 male).
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If Sales-a-lot did send offers to the following number of unqualified applicants

(left, 10 female and 15 male), and did not send job offers to the following number of

qualified applicants (right, 10 female and 15 male), then this would be fair according

to the hiring rule (note that there are other possible outcomes that are fair according

to the hiring rule).

Note that in the above examples the remaining unqualified applicants did not

receive job offers, but are not displayed here. Similarly, the remaining qualified ap-

plicants received job offers, but are not displayed here.

In the next section, we will ask you some questions about the information you

have just read. Please note that this is not a test of your abilities. We want to mea-

sure the quality of the description you read, not your ability to take tests or answer

questions.

Please note that we ask you to apply and use ONLY the above hiring rule when

answering the following questions. You will have an opportunity to state your

opinions and feelings on the rule later in the survey.

3. Suppose a different company considered applicants for a different job. There

were 200 qualified female applicants and 100 qualified male applicants,
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and they did not send job offers to 90 qualified male applicants.

Assuming that Recruit-a-matic reviews their decisions using the hiring rule

above, how many qualified female applicants should not have received job

offers?

(a) 190

(b) 180

(c) 160
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(d) 150

4. Assuming Recruit-a-matic reviews decisions using the hiring rule above, in

which of these cases could Sales-a-lot have accepted more unqualified female

applicants than unqualified male applicants?

(a) When there are more unqualified female applicants than unqualified male

applicants (i.e., more women had low net sales at the end of the year).

(b) When there are more female applicants than male applicants.

(c) When female applicants receive worse interview scores than male appli-

cants.

(d) This cannot happen under the hiring rule.

5. Consider one male applicant and one female applicant, both of whom are sim-

ilarly qualified for the job (they achieve about the same net sales at the end of

their first year). Is the following statement TRUE OR FALSE: The hiring rule

above allows Sales-a-lot to make a job offer to one of these applicants and not

the other.

6. Consider a situation where all female applicants were unqualified (they all

achieve low net sales at the end of their first year), but some of them received

job offers. Is the following statement TRUE OR FALSE: The hiring rule above

requires that some job offers made to male applicants must have been made to

unqualified male applicants.
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7. Suppose Sales-a-lot received 100 male and 100 female applicants, and eventu-

ally made 10 job offers. Is the following statement TRUE OR FALSE: The hiring

rule above requires that even if all male applicants were unqualified (they all

achieve low net sales at the end of their first year), some of the unqualified

males must have received job offers.

8. Is the following statement TRUE OR FALSE: The hiring rule above always

allows Sales-a-lot to send job offers only to the most qualified applicants (those

who achieve high net sales at the end of their first year).

Consider a different scenario than the two examples above, with 6 qualified ap-

plicants – 4 female and 2 male; and 6 unqualified applicants – 4 female and 2 male.

The next three questions each give a different potential outcome for the applicants

(i.e., which of the applicants did or did not receive job offers). Please indicate which

of the outcomes follow the hiring rule above.

9. Sales-a-lot makes the following hiring decisions.

Do these decisions obey the hiring rule? Yes

10. Sales-a-lot makes the following hiring decisions.

Do these decisions obey the hiring rule? No

11. Sales-a-lot makes the following hiring decisions.

Do these decisions obey the hiring rule? No
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12. In your own words, explain the hiring rule. [short answer] [The rule is not

shown above this question]

13. To what extent do you agree with the following statement: I am confident I

know how to apply the hiring rule described above?

• Strongly agree

• Agree

• Neither agree nor disagree

• Disagree

• Strongly Disagree

14. Please select the choice that best describes your experience: When I answered

the previous questions...

(a) I applied the provided hiring rule only.

(b) I used a combination of the provided hiring rule and my own ideas of

what the correct hiring rule should be.

(c) I used only my own ideas of what the correct hiring decision should be

rather than the provided hiring rule.

15. To what extent do you agree with the following statement: I like the hiring

rule?

• Strongly agree

• Agree

• Neither agree nor disagree

• Disagree

• Strongly Disagree
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16. To what extent do you agree with the following statement: I agree with the

hiring rule?

• Strongly agree

• Agree

• Neither agree nor disagree

• Disagree

• Strongly Disagree

17. Please explain your opinion on the hiring rule. [short answer]

18. Was there anything about this survey that was hard to understand or answer?

[short answer]

G.4.3 Demographic Information

1. Please specify the gender with which you most closely identify:

• Male

• Female

• Other

• Prefer not to answer

2. Please specify your year of birth

3. Please specify your ethnicity (you may select more than one):

• White

• Hispanic or Latinx

• Black or African American
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• American Indian or Alaska Native

• Asian, Native Hawaiian, or Pacific Islander

• Other

4. Please specify the highest degree or level of school you have completed:

• Some high school credit, no diploma or equivalent

• High school graduate, diploma or the equivalent (for example: GED)

• Some college credit, no degree

• Trade/technical/vocational training

• Associate’s degree

• Bachelor’s degree

• Master’s degree

• Professional or doctoral degree (JD, MD, PhD)

5. How much experience do you have in each of the following areas? (1 - no

experience, 2 - limited experience, 3 - significant experience, 4 - expert)

(a) Human resources (making hiring decisions)

(b) Management (of employees)

(c) Education (teaching)

(d) IT infrastructure/systems administration

(e) Computer science/programming

(f) Machine learning/data science

We will maintain privacy of the information you have provided here. Your

information will only be used for data analysis purposes.
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G.5 Consent

G.5.1 Online Survey Consent Form

G.5.1.1 Project Title

Fairness Evaluation and Comprehension

G.5.1.2 Purpose of the Study

This research is being conducted by Michelle Mazurek at the University of Mary-

land, College Park. We are inviting you to participate in this research project be-

cause you are above 18. The purpose of this research project is to understand lay

comprehension of different fairness metrics.

G.5.1.3 Procedures

The procedures will start with reading a brief description of a decision-making sce-

nario. You will then be asked to answer some comprehension questions about the

scenario. The questions will look like the following: What are the pros and cons of

the notion of fairness described above?

Finally, you will be asked some demographics questions. The entire survey will

take approximately 20 minutes or less.

G.5.1.4 Potential Risks and Discomforts

There are several questions to answer over the course of this study, so you may find

yourself growing tired towards the end. Outside of this, there are minimal risks to

participating in this research study. All data collected in this study will be main-

tained securely (see Confidentiality section) and will be deleted at the conclusion of

the study.
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However, if at any time you feel that you wish to terminate your participation

for any reason, you are permitted to do so.

G.5.1.5 Potential Benefits

There are no direct benefits from participating in this research. We hope that, in the

future, other people might benefit from this study through improved understanding

of fairness metrics and their applications.

G.5.1.6 Confidentiality

Any potential loss of confidentiality will be minimized by storing all data (including

information such as MTurk IDs and demographics) will be stored securely (a) in a

password-protected computer located at the University of Maryland, College Park

or (b) using a trusted third party (Qualtrics). Personally identifiable information that

is collected (MTurk IDs, IP addresses, cookies) will be deleted upon study comple-

tion. All other data gathered will be stored for three years post study completion,

after which it will be erased. The only persons that will have access to the data are

the Principle Investigator and the Co-Investigators.

If we write a report or article about this research project, your identity will be

protected to the maximum extent possible. Your information may be shared with

representatives of the University of Maryland, College Park or governmental au-

thorities if you or someone else is in danger or if we are required to do so by law.

G.5.1.7 Compensation

You will receive $3. You will be responsible for any taxes assessed on the compensa-

tion.
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If you will earn $100 or more as a research participant in this study, you must

provide your name, address and SSN to receive compensation.

If you do not earn over $100 only your name and address will be collected to

receive compensation.

G.5.1.8 Right to Withdraw and Questions

Your participation in this research is completely voluntary. You may choose not to

take part at all. If you decide to participate in this research, you may stop partic-

ipating at any time. If you decide not to participate in this study or if you stop

participating at any time, you will not be penalized or lose any benefits to which

you otherwise qualify.

If you decide to stop taking part in the study, if you have questions, concerns, or

complaints, or if you need to report an injury related to the research, please contact

the investigator:

Michelle Mazurek

5236 Iribe Center,

University of Maryland, College Park 20742

mmazurek@cs.umd.edu

(301) 405-6463

G.5.1.9 Participant Rights

If you have questions about your rights as a research participant or wish to report a

research-related injury, please contact:

University of Maryland College Park

Institutional Review Board Office

1204 Marie Mount Hall
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College Park, Maryland, 20742

E-mail: irb@umd.edu

Telephone: 301-405-0678

For more information regarding participant rights, please visit:

https://research.umd.edu/irb-research-participants

This research has been reviewed according to the University of Maryland, Col-

lege Park IRB procedures for research involving human subjects.

G.5.1.10 Statement of Consent

By agreeing below you indicate that you are at least 18 years of age; you have read

this consent form or have had it read to you; your questions have been answered

to your satisfaction and you voluntarily agree to participate in this research study.

Please ensure you have made a copy of the above consent form for your records.

Pease ensure you have made a copy of the above consent form for your records.

A copy of this consent form can be found here [link to digital copy].

I am age 18 or older

I have read this consent form

I voluntarily agree to participate in this research study

G.5.2 Cognitive Interview Consent Form

G.5.2.1 Project Title

Fairness Cognitive Interview

https://research.umd.edu/irb-research-participants
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G.5.2.2 Purpose of the Study

This research is being conducted by Michelle Mazurek at the University of Mary-

land, College Park. We are inviting you to participate in this research project because

you are above the age of 18, and fluent in English. The purpose of this research

project is to understand lay comprehension of different fairness metrics.

G.5.2.3 Procedures

The procedure involves completing an interview. The full procedure will be approx-

imately 1 hour in duration.

During the interview you will be audio recorded, if you agree to be recorded.

You will be asked to first read a brief description of a decision-making scenario. You

will then be asked to fill out a survey about the scenario. While answering questions

you will be asked verbal questions related to how you reached your answer in the

survey.

Sample survey question: Is the following statement true or false? This hiring rule

allows the hiring manager to send offers exclusively to the most qualified applicants.

Sample interview question: How did you reach your answer to that survey ques-

tion?

G.5.2.4 Potential Risks and Discomforts

There are several questions to answer over the course of this study, so you may find

yourself growing tired towards the end. Outside of this, there are minimal risks to

participating in this research study. All data collected in this study will be main-

tained securely (see Confidentiality section) and will be deleted at the conclusion of

the study.
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However, if at any time you feel that you wish to terminate your participation

for any reason, you are permitted to do so.

G.5.2.5 Potential Benefits

There are no direct benefits from participating in this research. We hope that, in the

future, other people might benefit from this study through improved understanding

of fairness metrics and their applications.

G.5.2.6 Confidentiality

Any potential loss of confidentiality will be minimized by storing all data (including

information such as demographics) securely (a) in a password protected computer

located at the University of Maryland, College Park or (b) using a trusted third party

(Qualtrics). Personally identifiable information that is collected will be deleted upon

study completion. All other data gathered will be stored for three years post study

completion, after which it will be erased. The only persons that will have access to

the data are the principle Investigator and the Co-Investigators.

If we write a report or article about this research project, your identity will be

protected to the maximum extent possible. Your information may be shared with

representatives of the University of Maryland, College Park or governmental au-

thorities if you or someone else is in danger or if we are required to do so by law.

G.5.2.7 Compensation

You will receive $30. You will be responsible for any taxes assessed on the compen-

sation.

If you will earn $100 or more as a research participant in this study, you must

provide your name, address and SSN to receive compensation.
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If you do not earn over $100 only your name and address will be collected to

receive compensation.

G.5.2.8 Right to Withdraw and Questions

Your participation in this research is completely voluntary. You may choose not to

take part at all. If you decide to participate in this research, you may stop partic-

ipating at any time. If you decide not to participate in this study or if you stop

participating at any time, you will not be penalized or lose any benefits to which

you otherwise qualify.

If you decide to stop taking part in the study, if you have questions, concerns, or

complaints, or if you need to report an injury related to the research, please contact

the investigator:

Michelle Mazurek

5236 Iribe Center,

University of Maryland, College Park 20742

mmazurek@cs.umd.edu

(301) 405-6463

G.5.2.9 Participant Rights

If you have questions about your rights as a research participant or wish to report a

research-related injury, please contact:

University of Maryland College Park

Institutional Review Board Office

1204 Marie Mount Hall

College Park, Maryland, 20742

E-mail: irb@umd.edu
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Telephone: 301-405-0678

For more information regarding participant rights, please visit:

https://research.umd.edu/irb-research-participants

This research has been reviewed according to the University of Maryland, Col-

lege Park IRB procedures for research involving human subjects.

G.5.2.10 Statement of Consent

Your signature indicates that you are at least 18 years of age; you have read this

consent form or have had it read to you; your questions have been answered to your

satisfaction and you voluntarily agree to participate in this research study. You will

receive a copy of this signed consent form.

Please initial all that apply (you may choose any number of these statements):

I agree to be audio recorded

I agree to allow researchers to use my audio recording in research publications

and presentations.

I do not agree to be audio recorded

If you agree to participate, please sign your name below.

https://research.umd.edu/irb-research-participants
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