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Nonlinearity causes information loss. The phase retrieval problem, or the
phaseless reconstruction problem, seeks to reconstruct a signal from the magnitudes
of linear measurements. With a more complicated design, convolutional neural
networks use nonlinearity to extract useful features. We can model both problems
in a frame-theoretic setting. With the existence of a noise, it is important to study
the stability of the phaseless reconstruction and the feature extraction part of the
convolutional neural networks. We prove the Lipschitz properties in both cases. In
the phaseless reconstruction problem, we show that phase retrievability implies a
bi-Lipschitz reconstruction map, which can be extended to the Euclidean space to
accommodate noises while remaining to be stable. In the deep learning problem,
we set up a general framework for the convolutional neural networks and provide an

approach for computing the Lipschitz constants.
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Chapter 1: Background

1.1 Signal reconstruction without phase

Phase retrieval is a fundamental problem in signal reconstruction. In this
problem we seek to recover the phase of a signal from the magnitude of linear
measurements. It has important applications in X-ray crystallography, quantum

information and speech recognition.

1.1.1 X-ray crystallography

Far-field diffraction intensity

Crystal

X-ray beam
—=*

i

Figure 1.1: The experiment settings for X-ray crystallography.



X-ray crystallography is an important technique for determining the atomic
and molecular structure of a crystal. Figure 1.1 illustrates the measurement process.
The structure of the crystal causes the X-ray to diffract, and the diffracted pattern is
produced on the far-field. The diffracted pattern only contains the magnitude of the
Fourier transform of the crystal. A detailed description can be found in [49,80,90].

In X-ray crystallography, or more generally, coherent diffractive imaging (CDI),
we only have information on the magnitude of the linearly transformed data. The
phase information is difficult to get by experiment due to the high oscillation rate
(~ 10'Hz) of the electromagnetic field. Therefore, we seek to regain the phase
information from the magnitude measurements and reconstruct the crystal image.

X-ray crystallography set a start of the phase retrieval problems. The earli-
est and most popular method is the alternating projection algorithms proposed by
Gerchberg and Saxton, later improved by Fienup [49]. There is no guarantee of
convergence in that iteration method, and it does not work well for 3D images. The
phase retrieval problem arouses interests of a lot of mathematicians, and is gradually

generalized to a setting that more applications fit in.

1.1.2  Quantum information

In quantum tomography, the quantum state is identified from the statistics of
the measurements [39,62]. Suppose we have a d-dimensional Hilbert space H. A
quantum state is a Hermitian matrix p with trace tr(p) = 1.

The quantum measurements are generally described by positive operator val-



ued measures (POVM’s). That is,

A={A,-- A,} (1.1)
where each Ay, Kk =1,--- ,m, is Hermitian. The measurement gives
A(p) = (trpAy,- -+ ,trpA,) . (1.2)

If p is a pure state, that is, p = [1) (3|, then the recovery of the state falls
into the problem of generalized phase retrieval, as studied in [103]. Moreover, if we

choose to use rank-one POVM’s (A = |fx)(fx|, k =1,--- ,m), then we have

trpAy, = || fi)]* (1.3)

In this case, we see that the quantum measurements give (squared) magnitude
of the linear measurements of the state. The reconstruction of the underlying state

is thus modeled by the phase retrieval problem.

1.1.3 Audio signal processing

The phase retrieval problem finds its application in audio processing as well
[16]. In speech recognition, sampled speech signals are first transformed to the
time-frequency domain via discrete windowed Fourier transform. In most signal
enhancement algorithms, we only modify the amplitude of the transformed signal
in the time-frequency domain and keep its noisy phase.

To illustrate, we take the example from [16]. The speech signal is sampled

as {z(t) : t = 0,1,---, T — 1}. The fast windowed Fourier transform gives for
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X(k,w) =Y gt)x(t+ kN)e 2™et/M =01,
t=0

(1.4)

where ¢ is the analysis window function, M is the window size and N is the time
step. In the Ephraim-Malah noise reduction method, we apply a nonlinear transform

on | X (k,w)| that reads

Vro(k,w)
Y(k,w) = 5 k) exp <—

o(k, W)y (@) ] |

where Iy and [ are Bessel functions and v and v are estimates to some SNRs. The

v(kéw))

enhanced speech signal is then
627riw(t—kN)/Mh(t o ]{?N) 7 (16)

where h is the synthesis window function. We see that in this example, in the
representation domain, we do some manipulation without using the information
from the phase. In fact, the phase in this case is noisy and it is desired that we do

reconstruction without phase.

1.2 Signal classification using convolutional neural networks

Convolutional neural networks (CNNs) have enjoyed conspicuous success in
various pattern recognition tasks [68,70,78,95]. CNNs are artificial neural networks

that use convolution in place of general matrix multiplication in at least one place



[54]. The convolution operation, which we denote by *, is understood to be

frg(t) =‘/f@ma—sms -
1.7

= [ s = s)ats)as
where the integral domain and the measure are to be specified depending on the
detailed problem settings. In the discrete 2D case, the convolution reads as a left
multiplication by a Toepliz matrix.

In CNNs, we use convolution between a signal and a filter. The filter in this
case is called the kernel. In most applications, we take kernels of much smaller
size than the input signals. In this case, the machine learning system will have the
sparse connection property (see [54], Chapter 9), which roughly means that a pixel
in the input only affects a few pixels in the output. If we have a deep structure,
then we expect that in shallow layers each pixel in the output relates to only the
neighboring pixels in the input, while in deep layers each pixel is affected by all the
pixels in the input. It is therefore believed that CNNs are able to catch different
levels of features in different layers.

Another property that makes convolution important is its equivariance to
translations (in 1D case, it is said to be time-invariant), which says that the oper-
ation of convolution commutes with translation. Intuitively, if we move the object

by certain pixels, the output will move by the same number of pixels.



1.2.1 The AlexNet and GoogleNet

The AlexNet (see [68]) and GoogleNet ( [95]) are typical CNNs used in image
classification. While they have different structures and the latter is much deeper
than the former, they do have in common that they both contain convolution layers,

detection layers and pooling layers. Their structures are illustrated in Figure 1.2
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and 1.3, respectively.

Figure 1.2: The AlexNet (the structure is the CNN used in [68]).

Figure 1.3: The GoogleNet (the struture is the CNN used in [95]).

In a detector layer, a nonlinear function called the activation function is ap-

plied entriwise to the signal. This function in some cases has biological motivations



(for instance the rectifier, which is defined to be f(x) = max{0,z}) and in some
cases (such as softmax function) has a probabilistic explanation.

In a pooling layer, the output of the network is replaced with a summary statis-
tic of nearby outputs ( [54], Chapter 9). In both the AlexNet and the GoogleNet,
the maximum of pixels in a certain neighborhood is taken. On one hand, pooling
reduces the computing complexity; on the other hand, it makes the representation
to be approximately invariant to small translations.

In AlexNet and GoogleNet, the coefficients in the network are trained using
certain training data. The representation of images are sent through fully connected

layers and a softmax layer to output the classification results.

1.2.2  The Scattering Transform

The scattering network is a deep neural network introduced in [78]. It has
been successfully applied in several image classification tasks [32,63].

The scattering network is a CNN because it has convolutional layers, detection
layers as well as pooling layers. It is different from the traditional CNNs for the
following reasons: first, the convolutional layers are prescribed as certain class of
wavelets; second, the nonlinearity is the absolute value instead of the rectifier; third,
in the pooling layer the scattering network uses a lower frequency filter to take local
averages.

An input of a scattering network propagates along the paths from the first

layer of the network to an output. A path is defined as a sequence of filters. For



instance, in Figure 1.4, (g1,1, 92,1, 93,1, 9a,1) is a path, while (91,2, 92,1, 931, g4,1) is not
a path. If the paths are labeled in this way we can denote the path to be the indexes,
for instance, ((1,1),(2,1),(3,1),(4,1)). Since we have a tree-structured network the
paths are well-defined.

The scattering network is also called a scattering transform. There is a sur-
jective map from R4 to the set of all paths (see [78], Chapter 3) and thus the
scattering network is comparable to the traditional Fourier transform.

A typical scattering transform is illustrated in Figure 1.4. We see that it is a
tree-structured CNN and there is an output from every layer. In terms of CNN, we
have only presented the feature extraction of the scattering network, and in practice,
we put a classifier such as a PCA layer or an SVM layer (see [32]) at the bottom.

As can be seen in Figure 1.4, an input signal propagates through the paths of
the network to generate outputs in all the layers. For instance, y4; on the top right

corner reads

Ya1(t) = ||| * gra| * goa] * gsa] * @u(t) .

In scattering networks, the filters g; ;s are taken to be different scales of a mother

wavelet ¢, that is, we take dilations of :

913(t) = U, (1) = M (Ait) (1.8)

and ¢; is taken to be a fixed scale of the scaling function ¢ associated with 1, that
is,
oi(t) =277p(2771),  Vi=1,2,3,--- . (1.9)

A scattering network is promising because some good properties can be demon-



Figure 1.4: The scattering network.

strated. In particular, a scattering transform is approximately invariant to transla-
tions, and stable in correspondence with small deformations. These properties are
important when we want to do image classification because we hope that translations
and deformations will not change the class of an image. However, these properties
hold to be true only if we use specifically designed wavelets. For instance, in 1D
one possibility is to use the cubic spline Battle-Lemarié wavelets (see [44] for an
instruction on how to construct this family of wavelets), with the scaling function

given by

(1.10)

3(6) = 16v/315sin*(§)
\/554\/4 cos®(§) + 114 cos*((5) + 180 cos?(5) + 17



and the mother wavelet given by

- 256v/315 %sinf‘(g) F%) :
¥(§) = N GO6E ) (1.11)
where
F(€&) = 4sin°(&) + 114sin*(¢) + 180sin*(¢) + 17
and

G (&) = 4cos®(&) + 114 cos* (&) + 180 cos?(€) + 17 .

In practice, specifically in image classification, it is possible to take a Morlet wavelet
and and achieve state-of-the-art result (see [32]).

In a scattering network, the translation invariance is achieved when the pooling
layer contains only extremely low-pass filters. This is not practical and the resulting
feature would be useless because almost all information is lost. Therefore, the
invariance property that makes it work is still mainly the equivariance property due
to the use of convolution.

In [105,106], the authors give a more general structure for scattering networks.
Instead of families of wavelets, the authors consider the filters that compose a semi-
discrete frame. They show the equivariance and stability of a general scattering
network. We discuss the semi-discrete frames in Section 2.1 and compare their

structure with our general framework in Chapter 4.

10



Chapter 2: Mathematical Preliminaries

2.1 Frame theory

In [16], the authors study the phase retrieval problem using the frames, which
is a useful tool in applied harmonic analysis and signal processing. An extended
study of frame theory can be found in [37,38,41]. We take the definition for a finite

frame in a Hilbert space.

Definition 2.1.1. Let H be a n-dimensional Hilbert space. F = {f1, fay---, fm} C

H is a frame for H if there exist constants A, B > 0 such that
Alle)* <> [, f)l? < Bla)® (2.1)
k=1
for any x € H.

The constants A and B in the above is called lower and upper frame bounds,
respectively. A frame F is tight if it is possible to choose A = B in (2.1). Further,
if the optimal frame bounds are A = B = 1, then the frame is said to be a Parseval
frame. If we only have the second inequality in (2.1), then we call F a Bessel
sequence.

Since we have a finite dimensional space and a finite frame, we have the fol-
lowing equivalent definition given as a lemma.

11



Lemma 2.1.2. (see [41], Chapter 1) F is a frame for H if only if it spans H.

Given a frame F = {fi, fo,..., fm}, if we consider z € H as a signal, we
can take linear measurements with the frames as (z, fi) for k = 1,--- ;m. We can

perfectly reconstruct = in this case.

Definition 2.1.3. Let F = {f1, fo,- .-, fm} be a frame in H. The analysis operator

T associated with F is defined by
T:H—C" T(x) ={{z, fu)}iry ; (2.2)
whereas the synthesis operator T™ is defined by
T°:C"—=H  T(c)=)Y cfe (2.3)
k=1
The frame operator S : H — H is defined to be S = T*T.

In this case S is always invertible by the definition of frames, and the perfect

reconstruction formula is given by

m

r=S5"Sr=> (x,fi) S'fi . (2.4)

k=1

Therefore, we can see that in the case of linear measurements, it is rather
easy to reconstruct the signal. We never lose information (and even have redundant
information) in the process of measurements, and therefore it does not take much
effort to get back. However, if we make nonlinear measurements, the process of
reconstruction will be much more difficult, as we will discuss in later chapters.

For convolutional neural networks, the linear measurements are taken using
convolutions. We introduce the semi-discrete frames as defined in [105,106]. In this
case, we specify the signals to be taken from L?*(RY).

12



Definition 2.1.4. Let F = {fi}rer C L*(R?) N L*(R?) where I is an index set that

15 at most countable. F is said to form the atoms of a semi-discrete Bessel sequence

if there exists a constant B > 0 such that

>l filly < Blll (2:5)

kel

for any x € L*(H). Further, we say F form the atoms of a semi-discrete frame if

there is also a constant A > 0 such that

Allzll <Y llz* filly < B ll3 (2.6)
kel
for any v € L*(H).
If we define the Fourier transform of a function f € L'(R%) to be

flw) = N Ft)e 2 tdr | (2.7)

we have the Parseval’s relation

[ full, = fi'kaz (2.8)

for each k.

According to the above, it makes sense to consider filters that lie in some
larger space (for instance, that contains “the delta function”) when we talk about
the application in CNNs. We are going to define that space in Chapter 4. We

introduce some preliminary definitions that will be used there.

Definition 2.1.5. (Algebra over a field) Let K be a field. Let V' be a vector space

over K equipped with an additional binary operation (called the product)

VXV SV (2.9)

13



Then V is said to be an algebra over K if for all x,y,z € V and all a,b €V,
1. (z4y)-z=a-24+y-2;
2. 0-(y+z)=x-y+x-z;
3. (ax) - (by) = (ab)z -y .

Definition 2.1.6. (see [50]) A Banach algebra is an algebra B over C equipped with

a norm with respect to which it is a Banach space and which satisfies

eyl < {l flyll (2.10)

forall z,y € B.

2.2 Holomorphic functional calculus

Let T be a bounded linear operator on a Banach space, the holomorphic
functional calculus relates a function of T with its spectrum p(7'). A detailed study
can be found in [85], Chapter IX. We will mainly focus on the case where A is a

Hermitian matrix.

Definition 2.2.1. Let B be a Banach space and A be a linear operator. The resolvent

transformation of A is defined to be

Ra(z) = (A—zI)"". (2.11)

The following theorem states a decomposition result for a general linear trans-

formation.

14



Theorem 2.2.2. (see [85], Chapter XI1.148) Let A be a bounded linear map of the
Banach space B and let p and p' be two complementary isolated parts of its spectrum.
Then B = B, ® B,y each of which is transformed by A to itself. The projection P,

on B, is equal to

P =—— d 2.12
14 27TZ aDRA(Z) Z ( )

taken along the boundary of an arbitrary domain D which is admissible with respect

to A and contains all elements in p and no element in p'.
In the case where A is a Hermitian matrix, the above theorem reads
Theorem 2.2.3. Let A be an n-by-n Hermitian matriz with spectral decomposition
A= i A P; (2.13)
j=1

where \;’s are the eigenvalues of A and P;’s are the corresponding orthogonal pro-

jections. Then we have for each 7 =1,--- . n that
P ! Ra(z)d (2.14)
= —— 2)dz :
I omi Jor, ’

where I'; is a Jordan curve that encloses only one eigenvalue ;.

A Hermitian matrix A has n eigenvalues (counting multiplicities), which we

denote as \; or \;(A) for j =1,---,n. In the following chapters, unless otherwise

specified, we shall always assume that A;(A) > A(A) > -+ > A, (A).

2.3 Lipschitz continuity and extension theorems

The Lipschitz property (see [26]) is closely related to the stability of both the
phaseless reconstruction and the CNN.

15



Definition 2.3.1. Let (X,dx) and (Y,dy) be two metric spaces where dx and dy
are the distance functions respectively. A continuous map f : X — Y is said to be

Lipschitz continuous, or Lipschitz, if

sup dy (f(z1), f(z2)) < 00 . (2.15)

srasex  dx (T, x2)

In this case, we denote

. dy (f(z1), f(2))
Li = su . 2.16
p<f) Il,.Z'QI;X dX (fL’l, ‘/EQ) ( )
The Lipschitz continuity implies an upper bound. In some cases it makes sense

to introduce a lower bound as well. We define the bi-Lipschitz property as follows.

Definition 2.3.2. Let (X,dx) and (Y,dy) be two metric spaces where dx and dy
are the distance functions respectively. A continuous map f : X — Y is said to be

bi-Lipschitz, if there exist constants A and B, with 0 < A < B < 00, such that

AdX ([Ehl’g) S dy (f(l’l), f(ZEQ)) S BdX (Il,ZL‘Q) (217)

Obviously, if a function f is bi-Lipschitz, then it is injective. However, in gen-
eral the injectivity of a Lipschitz function does not imply the bi-Lipschitz property.
If a Lipschitz continuous function is defined only on a subspace of a metric
space, under some conditions it is possible to extend the function to the whole space

while keeping the Lipschitz constant. We state the Kirszbraun Theorem (see [104]).

Definition 2.3.3. (The Kirszbraun Property (K)) Let X and Y be two metric
spaces with metric dx and dy respectively. (X,Y) is said to have Property (K) if
for any pair of families of closed balls {B(x;,r;) : i € 1}, {B(y;,r;) =i € I}, such

16



that dy (yi,y;) < dx(x;, z;) for each i,j € I, it holds that

(\B(iri) #0 = (\Blyir:) #0 . (2.18)

i€l iel
In general it may not be obvious whether a given pair of metric spaces satis-

fies the Property (K). Nevertheless, if X and Y are both Hilbert spaces, then the

Property (K) is guaranteed. We state it as a theorem.

Theorem 2.3.4. ( [104], Chapter 10) Suppose X and Y are Hilbert spaces and
dx and dy are the metrics induced by the inner products in each space respectively.

Then (X,Y) has Property (K).
The Kirszbraun Theorem states the following;:

Theorem 2.3.5. ( [104], Chapter 10) Let X and Y be two metric spaces and (X,Y)
has Property (K). Suppose U is a subset of X and f : U — Y is a Lipschitz map.

Then there exists a Lipschitz map F : X — Y which extends f to X such that

Flu = f and Lip(F) = Lip(f).

2.4 Random processes

Random processes are useful models in signal processing. In this section, we
define the basic concepts that will be used later. We refer to [67] for a detailed

discussion.

Definition 2.4.1. A family of random variables X; : t € T defined on a common
probability space (2, F,P) is called a random process if T is a subset of the real line
and it is called a random field if T is multi-dimensional.

17



When there is no misunderstanding, we shall call X; a random process regard-
less of T. A trajectory of X; is the realization X, (¢) for some fixed w € .
Now we introduce the notion of strict and wide sense stationary (SSS and

WSS) processes.

Definition 2.4.2. A random process X, is called strict sense stationary (SSS) if

for any ty,--- ,t, € ¥ and Ay, -+, A, €F the probabilities
P{th+T €A Xp4n € An} (2.19)
does not depend on T, where T € X.

Definition 2.4.3. A random process X; is called wide sense stationary (WSS)

if there exist a constant (the expectation) p and a function (the auto-correlation)

R(t),t € T such that E(X;) = p and E(X:X;) = R(t — s) for allt,s € ¥.

Obviously, if the second moment is finite, then SSS implies WSS. For a WSS
process, the power spectral density (PSD) is the Fourier transform of the autocor-

relation. This is the Wiener-Khinchin theorem (see [82], Chapter 10):

Theorem 2.4.4. (Wiener-Khinchin) Let X = X (t) be a WSS process. Let Sx(w) :=
2
limr o E “ (7)1 f_TT X(t)e*%““tdt‘ } be the spectral power density and let Rx (t) =

E [X ()X (t — 7)] be the auto-correlation function. Then

Sx(w) = Rx(w) . (220)
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Chapter 3: Stable reconstruction for the phase retrieval problem

3.1 Frame settings of the phase retrieval problem

We first give a rigorous setting of the phase retrieval problem, in the language

of frame theory, introduced in Chapter 2.1.

3.1.1 The measurement maps

Let H be a n-dimensional real or complex Hilbert space, in practice H = R?
or C". Assume that F = {f1, -+, fm} is a frame for H. We denote the nonlinear

measurement maps « and [ to be

@ H SR, ae) = (1@ )ik (3.1)

and
B:H—=R™, B@) = (2, ") e - (3.2)

We call a the magnitude measurement map and § the square measurement map.
Note that [ is the entriwise square of «. Also, there is an ambiguity of a

universal phase, that is,
a(r) = a(ez), Vo € [0,2m) . (3.3)
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Therefore, we consider an equivalence relation ~ defined by x ~ y if and only if
there is a scalar a with |a| = 1 such that y = ax. Let H denote the collection of the
equivalence classes and = denote the elements in #. Now we read o : H — R™ and
B:H — R™.

The phase retrieval problem, or the phaseless reconstruction problem, refers to
analyzing when « (or equivalently, ) is an injective map, and in this case to finding
“good” left inverses. The frame F is said to be phase retrievable if the nonlinear

map « (or ) is injective. We also say « (or ) is phase retrievable in the case.

3.1.2 Distance function of the quotient space

In general, a quotient space induced by an equivalence relation is not neces-
sarily metrizable. Nevertheless, in the setting described above, there are natural
distance functions associated with o and /.

We consider two classes of metrics (distances), respectively:

(1) the class of natural metrics. For every 1 < p < oo and z,y € H, we define

Dyi.) = min | = ayll, 3.
When no subscript is used, ||| denotes the Euclidean norm, ||| = ||-[|,.

2) the class of matriz norm induced metrics. For every 1 < p < oo and x,y € H,
Yy Y

we define

1/p
(Sior)  for 12p<o

maxi<kg<n Ok for p=o
where (0%)1<k<n are the singular values of the operator za* — yy*, which is of rank
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at most 2. Here 2* denotes the adjoint of = (see [12] for a detailed discussion), which
is the transpose conjugate of z if H = R" or C".

Our choice in (3.5) corresponds to the class of Schatten norms. In particular,
dw corresponds to the operator norm ||-||,, in Sym(H) ={T: H —H , T =T"}; dy
corresponds to the Frobenius norm |||, in Sym(#); d; corresponds to the nuclear

norm |||, in Sym(H). Specifically, we have
doo(l',y) = HQIXC* - yy*Hop ) dQ(xvy) = Hillf* - yy*HFr )

di(z,y) = [|lzz* —yy"|l, -

Note that the Frobenius norm ||T||. = +/tr(77T*) induces the Euclidean distance

on Sym(#). As a consequence of Lemma 3.8 in [12], we have:

1 1
doo(,y) = S| l21* = lylI* | + 5\/(||5'3H2 +yl")? = 4l (z, 9 17,

daf,y) =/ 2ll” + Iyll* = 2/ (w,9) 2,

dy(z,y) = \/(HflfH2 +lyll*)? — 4] (2. y) 2.
To study the above distances it is important to study eigenvalues of symmetric
matrices. Let SP?(H) denote the set of symmetric operators that have at most
p strictly positive eigenvalues and ¢ strictly negative eigenvalues. In particular,

S1O(H) is the set of non-negative symmetric operators of rank at most one:
SYWH)={x2*, v€H}. (3.6)
If H =R" or C", then Sym(H) is the set of n-dimensional Hermitian matrices.

Theorem 3.1.1. We have the following statements regarding D, and d,,:
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. For each 1 < p < oo, D, and d, are well-defined metrics (distances) on H.

. (Dp)1<p<oo are equivalent metrics, that is, each D, induces the same topology
onH as D;. Additionally, for every 1 < p,q < oo the embedding i : (7:[, D,) —
(7:1, D,), i(x) = x, is Lipschitz with Lipschitz constant

1_1

LP = max(l,na 7). (3.7)

p7q7n

. For 1 <p < o0, (dy)i1<p<co are equivalent metrics, that is each d, induces the

same topology on H as d;. Additionally, for every 1 < p,q < oo the embedding

~ ~

i:(H,d,) = (H,d,), i(x) = x, is Lipschitz with Lipschitz constant

B =

d - 1_
L} ,n = max(1, 23

). (3.8)

~ ~

. The identity map i : (H,D,) = (H,d,), i(z) = z, is continuous with continu-

ous inverse. However it is not Lipschitz, nor is its inverse.

. The metric space (7:L,Dp) is Lipschitz isomorphic to SY(H) endowed with

Schatten norm ||-||.,. The isomorphism is given by the map

ﬁxw* if v#0

Kot H — SY(H) | ko(z) = (3.9)

0 iof =0
The embedding k. is bi-Lipschitz with the lower Lipschitz constant

min(Z%fi, nii%)

and the upper Lipschitz constant

\/ﬁmax(n%_%,ﬁ_%) :
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In particular, for p = 2, the lower Lipschitz constant is 1 and the upper Lips-

chitz constant is \/2.

~

6. The metric space (H,d,) is isometrically isomorphic to S*°(H) endowed with

Schatten norm ||-||.,. The isomorphism is given by the map
kg H— SYOH) | kglz) =zt (3.10)

In particular the metric space (7:[,d1) is isometrically isomorphic to S™O(H)

endowed with the nuclear norm ||-||;.

~

7. The nonlinear map v : (H, D,) — (H,d,) defined by

(&) = JICIxH if x#0

0 if =0

is bi-Lipschitz with the lower Lipschitz constant min(2%_%, n%_%) and the upper

Lipschitz constant ﬂmax(n%*%, 2575)'

Proof. 1. The well-defined-ness of the metrics means that the metrics are the
same for different choices inside the equivalence classes and is obvious from the
definition of the metrics. Also immediately seen from the definition, D,(Z,7) >
0 for any #, § € H and D,(z,9) = 0 if and only if £ = g. Also D,(Z,y) =
Dy (3, 2) since ||z —ayl|, = |ly — a~ ||, for any z, y € H, |a|] = 1. Moreover,

for any iia gu z € 7:[’ fix Dp(:iug) = ||I - ay||p7 Dp(ﬂvé) = ||Z - by||7 then
Dy(#,2) < ||z — ab_lep = |[bx — az|],
<|lbx — abyll, + llaby — azl|, = Dy(2, §) + Dp(5, 2) -
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Therefore D, is a metric. d,, is also a metric since ||-||, in the definition of d,

is the standard Schatten p-norm of a matrix.

. For p < ¢, by Holder’s inequality we have for any = = (x1, za, ..., z,,) € H that

n 2 n
Zi:l 2P < n! q)<2i:1 |z;|7)

is homogeneous, we can assume ||z|[, = 1. Then 7 24?7 < 370, 2P = 1.

%_ Thus ||$||p < n(%fé) Hx”q Also, since ||||p

Thus ||z, < [|z[|,- Therefore, we have

and Dy(2,9) = [z —agyl, > ||z —agyll, = Dy(Z,9) for some ai, az with

magnitude 1. Hence

We see that (D,)1<p<c are equivalent. The second part follows then immedi-

ately.

. The proof is similar to Part 2. Note that there are at most two o;’s that are

11y, 11
nonzero, so we have 23 instead of n'» 4.

. To prove that D, and d, are equivalent, we need only to show that each open
ball with respect to D, contains an open ball with respect to d,, and vice
versa. By (ii) and (iii), it is sufficient to consider the case when p = 2.

First, we fix x € H = C", r > 0. Let R = min(1,rn"2(2||z|| +1)~'). Then

for any y such that Do(Z,9) < R, we take y such that ||z —y|| < R, then
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VI <i,j < n, |25 =yl = [ed@; = 75) + (2 = 4)g5] < |2 R+ R(|z:] +

R) = R(2|z;| + R) < R(2|x;| + 1) < rn~2 Hence ds(Z,9) = |Jza* — yy*||, <

On the other hand, we fix x € H = C", R > 0. Let r = R?/+/2. Then for any

@ such that dg(i’, g) <r,we have
(da(2,9)) = Il + " — 2o, ) < 2 = =

But we also have

2

(z,y)
= |l=1* + lylI* — 2{z, v)] ,

()]

(De(#,9))* = min & — ay|” =

xr —

SO

PN 4 4 2 2 2 2
(Da(2,9))" = llzll” + Iyll” + 2 1= Iyl — 4dl2l” + [y %) [z, )] + 4l »)]* -
Since |(z,y)| < [z Iy < (|=]+]yll*)/2, we can easily check that (Da (i, 9))* <

2(dy(Z,9))? < R*. Hence Do(,9) < R.

Thus D, and dy are indeed equivalent metrics. Therefore D, and d, are equiva-
lent. Also, the imbedding ¢ is not Lipschitz: if we take z = (x1,0,...,0) € C",

then DQ(JAI,O) = |$1|, dg(f,(_)) = |.T1‘2.
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5. First, for p=2, for # # § in H — {0}, we compute the quotient
o) = Ika(x) = Kaly)[l”
Do(z,y)?
el e — iyl e
[I* + [ly]l* = 2 [(z, )]
1P 0y P eI = 2y ey
ll* 1y + N1 Nl = 2 [l [yl |2yl
2 ||| [yl (=] Iyl |*y| — tr(zz*yy*))
| yll* + Nl lyl* = 2 [l gl l=y]
2 (Jlz ] llyll [zy| — tr(za™yy"))
Il 1yl + Nl lgll® = 2 [l flyll le=y]

where we used ||zz*|| = ||z||>. For simplicity write a = ||z, b = [jy|| and

t =z, y)]- (||| |ly])~" We have a > 0,b >0 and 0 <t < 1.

Now

2(abt — abt?)

I 0
Pl y) + a? + b2 — 2abt

Obviously p(x,y) > 1. Now we prove that p(z,y) < 2. Note that

2(abt — abt?)

14+ 5————- <2 & a® +b° —4abt + 2abt* > 0
+a2—i-l)2—2abt_ @ avt+ zaot” 2 U,
but
a® + b* — dabt + 2abt* > 2ab — 4dabt + 2abt* = 2ab(t — 1)* > 0,
so we are done. Note that take any z, y with (z,y) = 0 we would have

p(x,y) = 1. On the other hand, taking ||z|| = ||y|| and let ¢ — 1 we see that
p(x,y) = 2 — € is achievable for any small ¢ > 0. Therefore the constants are
optimal. The case where one of x and y is zero would not break the constraint
of these two constants. Therefore after taking the square root, we get lower
Lipschitz constant 1 and upper Lipschitz constant v/2.
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For other p, we use the results in (ii) and (iii) to get that the lower Lips-

N

1 1 1
chitz constant for k, is min(22"»,n»"2) and the upper Lipschitz constant is

ﬂmax(néfé, 2%7%).
6. This follows directly from the construction of the map.

7. This follows directly from Part 5 and Part 6.

]

The distance functions that we choose for the phase retrieval setting are natu-
ral. In some other settings, for instance, when we can fix a component of the original
signal (see [52]), we cannot quotient out a global phase and will be forced to use the
Euclidean distance. In this case we do not have the bi-Lipschitz property (see [52])
that is crucial for a stable reconstruction. We discuss the bi-Lipschitz property in

the following sections.

3.1.3 The noisy measurement model

While the choice of p is not important here, we are particularly interested in
Dy (corresponding to the Euclidean distance) and d; (corresponding to the nuclear
norm) for their importance in various settings in other problems.

In the following sections we are going to establish two important results: first,
a phase retrievable frame always induces a bi-Lipschitz measurement map; second,
the inverse of the measurement map can be extended to the entire Euclidean space

R™ while the Lipschitz constant is increased by only a small number. Specifically,
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suppose a is the lower Lipschitz bound of the measurement map, we get a recon-

struction map w : R™ — # such that

8.25
Lip(w) < — . (3.11)
a

Consider the map « (a similar discussion works for ). Assume an additive
noise model y = a(z) + v, where v € R™ is the noise. For a signal 2, € H, and noise
v1 € R™ let y; = a(zg) + 1 € R™ be the measurement vector, and let x; = w(y;)

be the reconstructed signal. We have

Dy (0, 71) = Dy (w(a(wo)), w(y1)) < Lip(w) - [|a(zo) — 1|l = Lip(w) - [ -

Figure 3.1 is an illustration of this model. In fact, we have stability in a stronger
sense. If we have two noisy measurements y; = a(zg) + v; and yo = (o) + vo of

the signal g, then

Do (1, 22) = D2 (w(y1),w(y2)) < Lip(w) - [lyr — || = Lip(w) - [[v1 — vel|-

3.2 Phase retrievability implies bi-Lipschitz property

In this section we study the relation between Phase retrievability and bi-
Lipschitz property. It is obvious that if o and (3, as defined in (3.1) and (3.2),
are bi-Lipschitz with respect to the corresponding metrics, then they are phase re-
trievable. We focus on the converse. In this section, we shall assume that o and
are phase retrievable.

We first define three types of Lipschitz bounds for a and § respectively.
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&
! < y1 = alzy) + 1y

'wg
« yp = alxg) + vy

?:l{ Rﬂ’l

Figure 3.1: lustration of the noisy measurement model

Definition 3.2.1. (Lipschitz bounds for «) The following Lipschitz bounds are de-
fined for the measurement o«. The square roots of those bounds are called the Lips-

chitz constants.

1. The global lower and upper Lipschitz bounds, respectively:

Ay — inf le(z) — a(y) I3
eweii Do(z,y)? 7

la(z) — a(y)]];
By = sup X
.7?7yEI:I D2<:U7 y)2

2. The type I local lower and upper Lipschitz bounds at z € H , respectively:

2
a\r) —«
R ORI
r—0 x,yGI:I D2 (xa y)
Dy (z,z)<r
Do (y,z)<r

B(z) = tm sup Je@ =@l

A 2 ’
r—0 eyl DQ(I, y)
Dy (z,2)<r
DQ(yvz)<T‘
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3. The type II local lower and upper Lipschitz bounds at z € H , respectively:

e (@) —a(2)];
Alz) = limy xlglg Dy(z,2)? 7
Do (z,z)<r

B0\ 1 la(z) — a(2)ll3
-y IGEERE.
Dy (z,z)<r

Definition 3.2.2. (Lipschitz bounds for ) The following Lipschitz bounds are de-
fined for the measurement B. The square roots of those bounds are called the Lips-

chitz constants.

1. The global lower and upper Lipschitz bounds, respectively:

wo— e 18 = BWIL

w,yeﬁ dl (ZL’, y)2 ’

b — sup 1@ =B

Ji,yEH dl(x7 y)2 7

2. The type I local lower and upper Lipschitz bounds at z € H , respectively:

a(z) =lim inf &) = Bl

)
r=0 zyeH dl (l’, y)Q
di(z,z)<r
di(y,z)<r

b(z) = lim sup 15(=) _6(1/)”; .

. 2 !
r—0 eyl d1 ({E, y)
di(z,z)<r
di(y,z)<r

3. The type II local lower and upper Lipschitz bounds at z € H, respectively:

5) —tim e 1E@) =B

- )
=0 sl dy(z, z)?
dy(z,z)<r

18(x) = B);
dyi(z, 2)? '

b(z) =lim sup
r—0 ot
di(z,z)<r
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From the definitions, we have the following lemma due to homogeneity.
Lemma 3.2.3. The Lipschitz bounds defined above satisfy the following relations:
1. AO = A(O), B(] = B(O), apg = CL(O), bo = b(O)

2. Forz # 0, A(z) = A(z/ |I2])), B(2) = B(z/|lz[l), a(z) = a(z/||z]]), b(2) =

b(z/ |I21])-

In the following sections we are going to establish the bi-Lipschitz properties

for both o and (3, given that they are phase retrievable.

3.2.1 The bi-Lipschitz property for the magnitude measurement map

3.2.1.1 The case H = R"

For an index set I C {1,2,---,m}, let F[I] = {fx,k € I} denote the frame
subset indexed by I. Also, let o#[I] and o2[I] denote the upper and lower frame
bound of the set F[I], respectively. It is straightforward to see that they respectively

correspond to the largest and smallest eigenvalues of >, _; fifi, that is,

aill] =\ (kaf;:) (3.12)

kel

and

o] =\, <Z ﬂ;f,j) . (3.13)

kel

The following theorem summarizes some of the main results in [19].

Theorem 3.2.4. (see [19]) Let F C R™ be a phase retrievable frame for R". Let A
and B denote its optimal lower and upper frame bound, respectively. Then
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1. Forevery0 # x € R", A(x) = o2[supp(a(z))] where supp(a(x)) = {k, (x, f1.) #

0};
2. For every x € R", fl(x) = A(x);
3. Ap = A(0) = minjcqi 2. my (02 1] + 02[1¢);
4. For every x € R*, B(x) = B(z) = B;

5. By = B(0) = B(0) = B.

3.2.1.2 The case H = C"

We analyze the complex case by doing a realification first. Consider the R-

linear map j : C* — R?" defined by

real(z)
i(z) =
imag(z)
This realification is studied in detail in [12]. We call j(z) the realification of z. For
simplicity, in this paper we will denote £ = j(z), n = j(y), ¢ = j(2), ¢ = j(f),

0 = j(d), respectively.

For a frame set F = {f1, fa, -+, fm}, define the symmetric operator
Oy, = gy, + JorprJT, k=1,2,--- m.

where

J = (3.14)

is a matrix in R2"*?"
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Also, define S : R*™ — Sym(R?") by

0 Jif €=0
S() =

D0 mq)kﬁg‘bk Jif €40

We have the following result:

Theorem 3.2.5. Let F C C" be a phase retrievable frame for C*. Let A and B

denote its optimal lower and upper frame bound, respectively. For any z € C", let

¢ = j(2) be its realification. Then

1. For every 0 # z € C", A(2) = Aan_1(S(Q)) ;

To prove the theorem we need the following lemma.

Lemma 3.2.6. Fiz x € C" and z € C". Let £ = j(x) and ¢ = j(z) be their
realifications, respectively. Let & € & = {j(z) € R*" : & € &} be a point in the

equivalence class that satisfies Do(x,2) = ||§o — C||. Then it is necessary that

(€0, JC) =0 (3.15)
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and

(6,0 =20, (3.16)

where J is defined as in (3.14).
Proof. For 0 € [0,27) define
U(0) := cos(0)I + sin(9).J .
Then it is easy to compute that
j(ex) = U(0)E .
Therefore,

Dy(w,2) = min [[UO) - ¢[I” = 1€]° + ¢ - 2 max (U(6)¢,C) -

0€l0,2m

If (U(0)¢,() is constantly zero, then we are done. Otherwise, note that

N

max (U(0)¢,¢) = ({6,0)° + (JE,¢)%)

0el0,27)

and the maximum is achieved at 6§ = 0, if and only if

cos(fo) = €9
((€,0)° + (J&,0)%)"
and
sin(fy) = (J6,¢)

(6,07 + (J€.0Y)

34



Now we can compute

(o0, JC) = (U(f0)&, JC)

= cos(by) (€, JC) +sin(by) (JE, JC)

S S B S /1 R
(6.0 +(J¢€.0)*) ((6.0)* +(J¢€.0)*)
J
L O gy VRO e
((6.0)* +(J¢€.0)*) (6.0 +(J¢€.0)%)
=0.
So we get (3.15). (3.16) is obvious. O
Now we are ready to prove the theorem.
Proof. (of Theorem 3.2.5)
1. Denote
B 2
R P

We can represent this quotient in terms of £ and 7. It is easy to compute that

p(z,y) = P(&n)
S (6 ) + (@) 2/ [0E G Ben ) (B18)
€12 + Il — 24/ (€.m)? + (€, In)?

Fix r > 0. Take &, n € R?" that satisfy

Dy(z,2) = [I€ =l <

and

Dy(y,z) = lIn =<l <7
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Let

and

Then |Jv| <.

Note that for r small enough we have that ||| > ||v| and that

Pl #0= Ppu #0.
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m

Pl = (30 @+ v)op+0) + (@ul =) =) -

k=1

20/ @+ v), po+ vy (Qp(pp — v), o — V>>-

-1

Qm+mf+M—VW—z¢w+uu—w%wu+mﬂu—mf)

— (i (Propt, 1) + (Prv,v) — \/((Cbku, 1)+ ( Dy, v))? — 4 (Dyp, 1/>2>-

2 2 4 4 2 2 2
Qmu+uw-—me—wwu—zmmuw-+Mme)

=z ( D (Bupp, ) + (D v) — \/<<‘I)kuaﬂ> + (Prv, v))? — 4 (Prp, V>2>'

kD, C£0

-1
2 2 4 4 2 2
Qmu+nw-—¢mm+ww\—2mnnﬂ)

1
S (@) (@) — S (@, ) + (B, 1)) — A (g, v)?
2| ez
1
= > (Pup ) + (Drrv) —
2|lv? ez
(Prv, v) ? (Prp, V>2
(®ipt, 1) Q+————— R et
(Pt 1) (Drp, ,u>2
1
= Y (D) + (Brvv) —
20v? ez

(D, ) (D, V>2 B (P, V>2
(Dpope, 1) \/1 + 2((1)k,u, 1) * (Prp, ,U>2 4<‘I>k/vbaﬂ>2

= S (@) + (@) -
2™ yorcizo
<<I)kyal/> . <q>k,uay>2 v 4
<@“W>G+K@¢w> %@%uf>+0w”)

<(I)k/L’V>2
= > s+ Ol
k:®j,C£0 (Prpt, ) |||l
1
Iv[J*

(S, v) + O(|vII”) -
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Note that

(T, ) = [T, v) = (S| < = Il = [l = CIHIPIE - (3.19)

since (J(,v) = 0 by Lemma 3.2.6. Together with ||u — (|| < r we have

Ju, v Ju, v rllv
S /205 B [/ 1 ]

7 ] 7 —

HPJth22( o )H ?

As a consequence, we have

and thus

P(&n) = (S(u) i, Py +O(|v|")

1
2
||v||
= e H

> (1 _ M) Ao (S(1)) +0(?)

Take r — 0, by the continuity of eigenvalues with respect to matrix entries we

< Pfﬂz/, Pjﬂy> (1 — T—Q) +O(r?)

il

have that

A(2) > Aana(S(0)) (3.20)

On the other hand, take E5, 1 to be the unit-norm eigenvector correspondent
to A2n—1(S(()). For each r > 0, take { = ( + §Eo,—1 and n = ¢ — §Ey,_;.
Then

p(z,y) = P(§,n) = Aan-1(S(C)) -
Hence

A(z) < A2n-1(S(Q)) -
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Together with (3.20) we have
A(2) = Aan-1(S(C)) -

. Assume on the contrary that Aqg = 0, then for any N € N, there exist zy,

yn € H for which

p(eN,yn) = Ila(lf;12v<>x]—v 0;53)12)” < % (3.21)

Without loss of generality we assume that ||zy| > ||yn]| for each N, for
otherwise we can just swap the role of x and yy. Also due to homogeneity we
assume ||xy|| = 1. By compactness of the closed ball B1(0) = {zx € H : ||z|| <
1} in H = C", there exist convergent subsequences of {zy} neny and {yn }nen,
which to avoid overuse of notations we still denote as {zx}nen — 2o € H and

{yn}nen = yo € H.

Since ||zg|| = 1 we have from (i) that A(xg) > 0. Note that Dy(zy,yn) <
lzn|| + llunl] < 2, so by (3.21) we have [|a(xy) — a(yn)|]| — 0. That is,
lla(zo) — a(yo)|| = 0. By injectivity we have o = 1 in H. By Theorem 3.2.5
Part 1,

p(xn,yn) > A(zo) — 1/N > 1/N
for N large enough. This is a contradiction with (3.21).
. The case z = 0 is an easy computation. We now present the proof for z # 0.

First we consider p(z,z) = P(£,() as defined in (3.18). Fix r > 0. Take

¢ € R?" that satisfy Do(z,2) = || — || < 7. Let

d=xz— 2
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and

Note that

Ple.c) — T (BEE) + (2460 ~2/BEGT @]

€2+ 1ICIP = 2¢/(6. 0% + (€, J)?

We can compute its numerator

(i, &) + (PiC, €) — 20/( P&, €) (P1C, C)

NE

k=1

[
NE

(@r(, C) +2(DPi(, 0) + (Pr6, 6) + (Pr(, ) —

B
Il

1

2/((24C, C) + 2(@xC, 8) + (810, 0)) - (24, C)
= N 204, Q) + 2(04C, 0) + (D16, 6)

k:®p(#0
(@4C, Q) (PrC, 0) + 5 (PrC, () (i, )

2(2ic.¢) <1 * @G, 0)° B

1 4(®¢, Q)% (i, 0)? 3 )
— - O (/|6 E D0, 0
8 <@kC><>4 i (H ” ) i k:<I>kC=0< ’ >

5 <<fpk<75> + Y (@6.8) + 0 (I61P) ;

kB, £0 (iC: ©) k:® (=0

and its denominator

€12+ 11CIP = 24/(6, 0% + (€. J¢)?
= 2l + 101 + 24,8) — 2 ¢ <1+

ISI (6 0) + 5 (¢ 8) + 5 (JC.8)° ¢l (¢, 8)
el 81I¢|®

oI5
— oo (1)

We used Lemma 3.2.6 to get (J(,0) = 0 in the above.
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Take r — 0, we see that
k<zvfk>:0
Let Fy, 1 be the unit-norm eigenvector correspondening to
Donat [ SO+ D> ¥y
k:(z,fr)=0
Note that <JC,E2n_1> = 0 since S(¢)J¢ = 0 and &, J( = JP,( = 0 for each
k with (z, fr) = 0. Take £ = ( + %EQH,l for each r, we again also have

k:(z,fr)=0

Therefore

A(Z) = >\2n71 S(C) + Z q)k
k:(z,fr)=0

. Take z = 0 in Part 3.

. B(2) can be computed in a similar way as in (iii) (in particular, the expansion

for P(&, () is exactly the same). We compute B(z). B(0) is computed in [22],

Lemma 16. Now we consider z # 0. Use the same notations as in (3.18).

Fix r > 0. Again, take &, n € R*" that satisfy Dy(z,2) = || — (]| < r and

Dsy(y,z) = |In—C|l < 7. Let p = (§+mn)/2 and v = (£ —n)/2. Also let
= ¢ — ( and 69 = — (. Recall that

> ey (Pr€, &) + (i, m) —2\/ (Dr&, &) (Prm, m)
€1 + lnl® = 24/ (6.0 + (&, In)?
e (Pr€E) + (P, ) — 24/ q’k§§ (e, "7)

= >
el + Il - 23/ + (€ )

P(&,n) =
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Now we compute it as Y 3," | = >4 20 T D pa,cmo- AgAIN,

(®1&, &) + (Pun, m) — 24/ %55 (Pxn,n)
woro  [EIP 4 Inll? — 23/€m)* + (€, Tn)?

(@upt, 1)+ (@u,v) — ) (B pt) + (B, 0))? — 4 (B, )’

2 2 4 4 2 2 2
kepc20||pl]” 4[] —\/||u|| + ™ =2l v l” + 4, Jv)
(3.22)

Using the same computation as in (i), we get that the numerator is

D (Pupp ) + (D v) — \/(@W,M + (@, 1)) — 4 (Pyps, v)°

k:® -0

= 2(S(uv,v) +O(|lv]") .

Since p # 0, the denominator is

4 4
lall” + Il l” ~ \/IIMH It = 2l 11 + 4 (. Tv)”

4 2 2
2 2 2 ||V|| 2||V|| 4<M7JV>
[l ™+ [l 0™ = el \/1+ i + 1

2
(722 | gl

2 2
v 2, Jv
||u||2+||1/||2—||u||2<1—H I 24 4>>+0<||u||4> (3.23)

gl gl

207 o

liall®
= 2v|* + O(vlI") Dy (3.19).

2
= 2[v|” -

Also we can compute using the denominator as above (note that v = (§; —

55)/2) that

(D4, &) + (P, m) — 24/ q)kff (Pwn, )
wiceo €I+l — 2y/(€.m)* + (€, Jn)?

oy (e - |Jois)

o 161 = &%+ O(lv|")

(3.24)
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Now put together (3.22), (3.23) and (3.24), we get

(S, v) + O(IvII)
e l* + OlvIl*)

s (Jois] - fois])

wanceo 181 =6l* + O(lv|")

P(&,n) =

Note that

(o761 = l#i6])” < @uier - 02050~ o2

since it is equivalent to
(@11, 01) (Prda, b2) > ((Brdr, 62))° (3.25)

which is the Cauchy-Schwarz inequality. Therefore, we have that

((S() + Lrwyeco ®rIvrv) + Ol
o1 + Ol

<\ (S(u) + Z @k) +0(r?) .

k:®r¢=0

P(&,n) <

Take » — 0 we have

B(z) < M <5(g)+ > cpk> .

k:®1,C=0
Again we get the other direction of the above inequality by taking & = ( +
5E1 and n = ¢ — $F; for each r > 0 where E} is the unit-norm eigenvector
correspondent to A\ (S(C) + Zk:(z,m:o @k). Note that for each r, the equality

in (3.25) holds for this pair of £ and 7.

6. Take z = 0 in Part 5.
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3.2.2  The bi-Lipschitz property for the square measurement map

The nonlinear map f as defined in (3.2) naturally induces a linear map between

Sym(H) and R™:
A:Sym(H) = R™  A(T) = (T fe, fi))1<k<m » (3.26)

where Sym(H) is the space of symmetric operator on H. Note that the map [ is
injective if and only if A restricted to SY0(H) is injective.
The following theorem summarizes the results on the bi-Lipschitz properties

for 3:
Theorem 3.2.7. (see [12,19]) Let F be a phase retrievable frame for H = C". Then

1. the global lower Lipschitz bound ag > 0;

2. the global upper Lipschitz bound by < oo, and

m

Z (real ((z, fi) (fr y)))*

k=1

m
= max » |z, fi)l"
lall=1 &=

o = max
l=l=llyll=1

4
= HTHB(HJ;) )
where T : H — C™ is the analysis operator defined by x — ({x, f))j—,, and

L = (C™, |I[l,)-
Remark 3.2.8. An upper bound of by is given by
2
bo< 5 (s IAl) < 5.

where B is the upper frame bound of F.
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We give an expression of the local Lipschitz bounds as well. Define R : R?" —
Sym(R?") by
R(E) =D 0"y, .
k=1
Theorem 3.2.9. Let F be a phase retrievable frame for H = C". For every 0 #

z € H, let ( =j(z) denote the realification of z. Then

1. a(z) = a(z) = A1 (R(O)/ lICIIP;

2. b(z)

b(z) = M(R(Q)/ <N

3. (see [12]) a(0) = ap = miny¢j=1 Aan—1 (R(C));

4. @(0) = minygy—y S0, [, fi)l
5. b(0) = b(0) = by.

Proof. Only the first two parts are nontrivial. We prove them as follows.

Fix z € C". Take x = z +d; and y = z + dy with ||d,|| < 7 and ||ds|| < r for r
small. Let u = 2+y = 22+d;+dy and v = x—y = d; —dy. Let u = 2(+0,+05, € R*"
and v = §; — J, € R?" be the realification of v and v, respectively. Define

_18G) - Bl

p(z,y) = RERIE (3.27)

By the same computation as in [12], Section 4.1, we get

p(z,y) = Q(C;01,02)
(R(2C + 61 + 62)(01 — 02), 01 — 02)
12¢ + 61 + 6 <pﬁ2<+51+52)(51 —5), 61 — 52>

Since
J(2C + 01 + 62) € ker R(2¢ + 61 + 02)
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, we have

Q(C§ o1, 52)
<R(2§ 61+ 02) Phocissn (51 = 02), Piac s, 1o (01 — 52)>
126 + 61+ Ball” (Prac g,y (01 = 82,01 = 82

Now let § = ; + 99 and v = §; — d2. Note the set inclusion relation

{51,52 cR>™: 9] < g V]| < g vl J(2g+5)}

C{o, b eR™: |&] <7, [|6f <r, vLJ(2(+06)}
C{d,6eR™: |0 <2r, |v|<2r, vLJ@2(+6)} .

Thus we have

inf  Q((;61,02) < inf  Q((561,0) < inf  Q((501,02) .

o]l <2r flo1]|<r 6] <r/2
llv||<2r [[02]|<r lv|l<r/2

v1J(2¢+6) v1J(2¢+6) v1J(2¢+6)

That is,
Aon—1(R(2 0 Aop—1(R(2 0
g Aen-1(R( C-; ) < wmf QAL < inf 22 1(R( C-; )
I8l <2r 12¢ + 0| H?HQ lloll<r/2 12¢ + 0|
<r
VLJ2(2C+(5)

Take r — 0, by the continuity of eigenvalues with respect to the matrix entries, we

have

A1 (R(Q))/ ICIP < a(z) < A1 (R(O)/1ICI
That is,

a(2) = dan1(R(O))/ lICI* -

Now consider
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For simplicity write 6 = d;. We can compute that

plz,z) = Q((;9)
(R +0)5,0)
120+ 01 (Piag0.9)
(R(2C + 0)Pac 50, Phacis)? )
12¢ + o < ﬂ%+&55>

Note that
inf Q(¢;0) > inf  inf  Q(¢6) = inf Ay (R(2C+9)) .
ll6]l<r loll<r [|6]l<r lloll<r
§LJ(2¢+6) §LJ(2C+6)

Take r — 0 we have that

a(2) = Aan1(R(20))/ 12¢1° = Aan—r (R(O)/ €I

On the other hand, take é5, 1 to be a unit-norm eigenvector correspondent to
Aon—1(R(2¢)). Then by the continuity of eigenvalues with respect to the matrix

entries, for any € > 0, there exists £ > 0 so that § = té,,_; satisfy

(R(2C + 6)5,6)
(Phacs0)

< Aon—1(R(2€)) + €

and from there we have

a(2) < Aan1(R(20))/ 112¢]° = A2n1(R(C))/ 1I€]7

Therefore,
a(z) = dan-1(R(O)/ lICII*

In a similar way (replacing infimum by supremum) we also get b(z) and b(z)
as stated in the theorem. O
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3.3 Global stable reconstruction

The results above show that if the frame F is phase retrievable, then the
nonlinear map « (resp., ) is bi-Lipschitz between the metric spaces (]f[ ,D,) (resp.,

(H,d,)) and (R™, [|[l,). Recall that the Lipschitz constants between (H, Dy) (resp.,

(H,d,)) and (R™, [|-| = ||||,) are given by v/Aqy (resp., \/ao) and v/By (vesp., vbo):
VADs(x,y) < |la(z) — a(y)|l < V/BoDs(w,y) , (3.28)

Vaodi(z,y) < [|8(x) = B < Vbodi(z,y) - (3.29)
Clearly the inverse map defined on the range of « (resp., §) from metric space

(a(H), [111) (xesp., (B(H),[I1])) to (H, Dz) (vesp., (H,dy)):

O:aH)CR™ - H |, Oe)=z if alz)=c; (3.30)

V:BH)CR" - H , Y(e)=z if Blz)=c. (3.31)

is Lipschitz with Lipschitz constant 1/v/Ay (resp., 1/y/ag). We prove that both
w and 1; can be extended to the entire R™ as a Lipschitz map, and its Lipschitz
constant is increased by a small factor.

The proof should be easy to establish if we can establish that (R™, ) has the
Property (K) as defined in Section 2.3. However, the following examples show that

it is not the case.

Example 3.3.1. Property (K) does not hold for #H with norm D,. Specifically,
(R™,R™/ ~) does not have Property (K). We give a counterexample for m = n =
2,p=2: Let 4 = (3,1), 5o = (—1,1), 53 = (0,1) be the representatives of three
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points y1, ya, ys in R/ ~. Then Dy (y1, y2) = 2v/2, Da(y2, y3) = 1 and Dy (y1,y3) = 3.
Consider z; = (0,0), 75 = (0, —2v/2), x5 = (=1, —2v/2) in R? with the Euclidean
distance, then we have ||z1 — x| = 2v/2, ||z2 — 23] = 1 and ||z; — 23]| = 3. For
=6, 1 =2 =2, r3 = V6 — /3, we see that (1 —v/2,1++/2) € N, B(xi, )
but (o, By, r:) = 0. To see (._, B(yi,r:) = 0, it suffices to look at the upper half
plane in R%. If we look at the upper half plane H, then B(y;,71) becomes the union
of two parts, namely B(y1,71)NH and B(—g,r1)NH, and B(y;, ;) becomes B(y;, ;)
fori =2, 3. But (B(t1,m1)NH)NB(J2,72) = 0 and (B(—y1,71)NVH)NB(g3,r3) = 0.

So we obtain that (,_, B(y:, ) = 0.

Example 3.3.2. Property (K) does not hold for # with norm d,. Specifically,
(R™ C"/ ~) does not have Property (K). Let m be any positive integer and n = 2,
p = 2. We want to show that (X,Y) = (R™,C"/ ~) does not have Property (K).
Let 41 = (1,0) and ¢, = (0,v/3) be representatives of i, y» € Y, respectively. Then
dy(y1,y2) = 4. Pick any two points z1, x2 in X with ||z; — z3|| = 4. Then B(z1,2)
and B(z,2) intersect at x3 = (1 + 22)/2 € X. It suffices to show that the closed
balls B(y1,2) and B(ys,2) have no intersection in H. Assume on the contrary that
the two balls intersect at ys, then pick a representative of ys, say g3 = (a,b) where

a, b € C. It can be computed that

di(yr,ys) = |a|* + 0| = 2]al*> + 2[b]* + 2|a)’ [b]* + 1 | (3.32)
and

di(y2, y3) = |a|* + b]* +6]a)* — 6 |b]> +2|al* |b]” +9 . (3.33)

Set d1(y1,y3) = di(y2,y3) = 2. Take the difference of the right hand side of (3.32)

49



and (3.33), we have |b|* — |a> = 1 and thus [b]> > 1. However, the right hand side
of (3.32) can be rewritten as (|a|* +|b]* — 1)2 + 4 |b|?, so dy(y1, y3) = 2 would imply

that |b]* < 1/2. This is a contradiction.

Nevertheless, we can still use the Kirszbraun theorem. We need to circumvent
by first constructing a Lipschitz map from the symmetric matrices to the rank-one’s.

This is stated as the following lemma.

Lemma 3.3.3. Consider the spectral decomposition of any self-adjoint operator A
in Sym(H), say A = 22:1 (k) P, where A\y > Xy > -+ > A, are the n eigenvalues
including multiplicities, and Py,...,Py are the orthogonal projections associated to the
d distinct eigenvalues. Additionally, m(1) = 1 and m(k 4+ 1) = m(k) + r(k), where

r(k) = rank(Py) is the multiplicity of eigenvalue A\y). Then the map
7:Sym(H) — SYO(H) , w(A) = (A — )Py (3.34)
satisfies the following two properties:

1. for1 < p < oo, m is Lipschitz continuous from (Sym(H), [|-||,,) to (S™(H), [|-]l,)

with Lipschitz constant Lip(7) < 3 + ZH%;
2. w(A) = A for all A € SYO(H).

Proof. Part 2 follows directly from the expression of m. We prove Part 1 as follows.

Let A, B € Sym(#H) where

d
A= AP

k=1



and

d/
B = Zum(k/)Qk/ :
k=1
We now show that
1
Im(A) = w(B)|l, < (3+2"»)[[A- B, . (3.35)

Assume Ay — Ay < g — pg. Otherwise switch the notations for A and B. If
p1 — p2 = 0 then 7(A) = m(B) = 0 and the inequality (3.35) is satisfied. Assume
now jiy — fig > 0. Thus @y is of rank 1 and [|@;|, = 1 for all p. First we consider

the case A\; — Ay > 0. In this case P; is of rank 1, and we have

m(A) = 7(B) = (M = A)Pr — (11 — p2) @1
(3.36)
= (M= A) (P = Q1) + (M — 1 — (A2 — 2)) Q1 -
Here ||P]|, = ||@1]l, = 1. Therefore we have ||P; — Q1| < 1 since P, 1 > 0.
From that we have ||Py — Q1] < 2. Also, by Weyl’s inequality we have |\; — u;| <
|A — BJ|, for each i. Apply thistoi =1, 2 we get [A\; — 1 — (Ao —p2)| < [ — |+

A2 — po| < 2[|A = Bll. Thus |Ay — | + A — po| < 2[|A = Bl < 2| A= B,

Let g := A1 — Ag, 6 := ||A — BJ|,, then apply the above inequality to (3.36) we get
1
Im(A) = 7(B)|l, < gllPr— Qull, +20 <27g+20 . (3.37)

fo<g<(2+ 2_%)5, then ||[7(A) — m(B)||, < (21+% + 3)d and we are done.

p
Now we consider the case where g > (2 + 27%)(5. Note that in this case we

have ¢ < g/2. Thus we have |\ — p1| < ¢/2 and |A\y — po| < ¢g/2. That means

1 > (A1+2A2)/2 and pe < (A+XA2)/2. Therefore, we can use holomorphic functional
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calculus as introduced in Section 2.2 to put

1
P,=—— ¢ Rudz
271 ~
and
1
Ql = RBdZ
27?2

where Ry = (A —2I)™', Rgp = (B — zI)™!, and v = ~(t) is the contour given in
Figure 3.2 (note that  encloses p; but not us) and used also by [108]. Therefore

— y

Ao A

Figure 3.2: Contour for the integrals

we have
1P = Qull, < o~ /II Ra— Rp)(v(®)ll, 1V (®)|dt . (3.38)

Now we have

(Ra— Rp)(z) = Ralz) — (I + Ra(2)(B — A)) " Ra(2)
(3.39)
= ST (1) (Ra(2)(B — A))"Ra(2) .

n>1

52



since for large L we have

[RA(2)(B = A)ll. < [[Ra(2)]l 1B = All,
0
dist(z,0(A))
20 2

— < -
g 24277

IN

(3.40)

<

<1,

where o(A) denotes the spectrum of A. Therefore we have

I(Ra = Re)(y(@)l, < D IR 1A= B,

_ IRA(v()I% 1A - B, (3.41)
L= [[Ra(v(®)ll 1A = B,
HA B BHp
dist®(y(t), o (A))

since dist(y(t),o(A)) > g/2 for each t for large L. Here we used the fact that if we

’ (21+% + 1) )

order the singular values of any matrix X such that o1(X) > 02(X) > -- -, then for
any i we have 0;(XY) < 01(X)o;(Y), and thus for two operators X, Y € Sym(H),

we have || XY <[ X][ [[Y]l,- Hence by (3.38) and (3.41) we have

p-ol, <@y A B [ L sa)
p T 7 dist*(y(¢),0(A))

By evaluating the integral and letting L approach infinity for the contour, we have

as in [108]
1 ) S |
: MO 2/ —_dt
| e , I
g 9/l
B 2T
g
Hence
1 A — B 1
[P — @Qull, < (27 + 2—1)u AT 2 + 1) (3.44)



Thus by the first inequality in (3.37) and (3.44) we have
Im(4) ~=(B), < (3+27)s .

Now we are left with the case Ay — Ao = 0 < p1 — 2. Note that in this case we

have that 7(A) — 71(B) = — (1 — p2)Q1 = (A — p1) — (A2 — p2))@1, and therefore
I7(A) = =(B), < 2[4 = Bll, < (3+2"%) A~ B, .
We have proved that ||7(A) — 7(B)]|, < (3 + 21+%) |A = BJ|,- That is to say,
m+ (Sym(H), |[-ll,) = (SY°(H), |I]l,)
is Lipschitz continuous with
Lip(m) <3 + 21435

]

Remark 3.3.4. Numerical experiments suggest that the Lipschitz constant of 7 is
smaller than 5 for p = co. On the other hand, it cannot be smaller than 2 as the

following example shows.

10 2 0 0 0
Example 3.3.5. If A = , B = , then 7(A) = and
01 0 0 00
2 0
m(B) = . Here we have ||7(A) — 7(B)||,, =2 and ||[A — B|| = 1. Thus for
0 0

this example we have

I7(A) =7 (B)ll = 2[4 = Bl -
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Now we are ready to establish the extension result. The precise statement is

given in the following theorem:

Theorem 3.3.6. Let F = {f1,..., fm} be a phase retrievable frame for the n di-
mensional Hilbert space H, and let o, [ : H — R™ denote the imjective nonlinear
analysis maps as defined in (3.1) and (3.2). Let Ay and ay denote the positive

constants as in (3.28) and (3.29). Then

1. there exists a Lipschitz continuous function w : R™ — H so that w(o(x)) = x
for all x € H. For any 1 < p,q < 0o, w has an upper Lipschitz constant

Lip(w)p,q between (R™, ||-||,)) and (H,D,) bounded by:

W2 97 E max(1,m? 7)) forg <2

Lip(w)pq < e o (3.45)
—3\@% = .n2 ¢ -max(l,m27r) forq>2.
Ezxplicitly this means: for ¢ < 2 and for all c,d € R™:
3V2+4 11 11
Dye(e) () < 22 bk et mt B fe—dl, . (340

VA

whereas for ¢ > 2 and for all c,d € R™:

_ 32+ 93F4
<=

3=

Dy(w(c), w(d)) s max(l,m2 ) e —d||, . (3.47)

In particular, for p =2 and q = 2 its Lipschitz constant Lip(w)a2 is bounded

443v2 .
by as

S4+3\/§

Dy(w(c), w(d)) o

e —d]| . (3.48)

2. there exists a Lipschitz continuous function v : R™ — H so that v(p(x)) ==z
for all x € H. For any 1 < p,q < 00, ¥ has an upper Lipschitz constant
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Lip(¥)p,q between (R™, [-]| ) and (H,d,) bounded by:

NI

%ﬁ L9u~ -max(l,m%_%) for q < 2;

Lip(@)p, <4 ¥ . . (3.49)
3+2quax(l,mifﬁ) for q > 2.
Ezxplicitly this means: for ¢ < 2 and for all c,d € R™:
22 1 1
et 0i) < PR g st el . 330)
whereas for ¢ > 2 and for all ¢,d € R™:
3+ 21_'% 11
dg(¥(c), ¥(d)) £ ——=—max(1,m2"7)[lc—d|, . (3.51)

NG

In particular, for p =2 and q = 1 its Lipschitz constant Lip(¢)a1 is bounded

by4+3\/§:
Vao
4+3v2
di(¢(c), ¥ (d)) < N e —d]| . (3.52)

Proof. The proof for a and g are the same in essence. For simplicity we do it for £

We need to construct a map ¢ : (R™, [|-[|,) — (H,d,) such that ¥(B(z)) = z

for all z € H, and 1 is Lipschitz continuous. We prove the Lipschitz bound (3.49),

which implies (3.52) for p =2 and ¢ = 1.

The following construction of ¢ is summarized in Figure 3.3.

Set M = /3(?:[) C R™. Due to the bi-Lipschitz property of [, there is a map

Yy - M — H that is Lipschitz continuous and satisfies ¢, (8(z)) = z for all z € H.

Additionally, the Lipschitz bound between (M, |-||,) (that is, M with Euclidean

distance) and (H, d,) is given by 1/\/ag.
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h
&

Rm

Kirszbraun

Do = 2|

Sl,O(rH) '\_/

Sym(H)

Figure 3.3: Illustration of the extended Lipschitz map. We omitted the change of
norms. First we construct a map from the image of the nonlinear measurement to
Sym(?H), then we use the Kirszbraun Theorem to extend it to R™, we use m defined

in Lemma 3.3.3 to map it to S»°(H) and isometrically transform it back to H.

First we change the metric on H from dy to dy and embed isometrically H into

Sym(#) with Frobenius norm (i.e. the Euclidean metric):

~

(M, [ ll) -2 (o dy) 23 (H, da) =2 (Sym(H), ], - (3.53)

where iy () = z is the identity of # and 4 is the isometry (3.10) . We obtain a

map s : (M, I-l,) = (Sym(H), ||-|| ) of Lipschitz constant

Lip(¢2) < Lip(¥1)Lip(i12)Lip(rs) =

Ells
o
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where we used Lip(iy2) = L{,, = 1 by (3.8).
Kirszbraun Theorem extends isometrically ¢ from M to the entire R™ with
Euclidean metric ||-||. Thus we obtain a Lipschitz map 5 : (R™, ||-||) — (Sym(#), ||| #,)

of Lipschitz constant Lip(is) = Lip(s) < —= such that 15(8(x)) = xzz* for all

B

~

r e H.
The third step is to piece together 1, with norm changing identities. For ¢ < 2

we consider the following maps:

R™[11,) 25 R™, [[-,) 2 (Sym(H), |ll5,)
(3.54)

—1

5 (S"(H), 1) == (H,do) = (H,d,)
where 7,2 and i3 4 are identity maps on the respective spaces that change the metric
and 7 is the map defined in Eq. (3.34). The map ¢ claimed by Theorem 3.3.6 is

obtained by composing:

Y (R™, ||||p) - (ﬂvdq) ;b =lag- '%1;1 TP Jp2
Its Lipschitz constant is bounded by

Lip(¥)p,q < Lip(jp2)Lip(¢h2)Lip(T) Lip("ﬁ;l )Lip(iz,q)

N

1 1 1 1
< max(1,m2 » C(342v2)-1-2472 .
( ) Ve ( )
Hence we obtained (3.50). The other equation (3.52) follows for p = 2 and ¢ = 1.

For ¢ > 2 we use:

R™|,) 25 R™, []l,) 2 (Sym(H), ]| )
(3.55)

I€71

24 (Sym(H), |11, = (SR, [1,) = (Hdy) |
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where j, 2 and I, are identity maps on the respective spaces that change the metric.

The map 1) claimed by Theorem 3.3.6 is obtained by composing;:

U (R L) = (Hody) o ¥=rg" 7 Lot o -
Its Lipschitz constant is bounded by

Lip(¢)p,q < Lip(jp,2)Lip(qh)Lip(IZq)Lip(W)Lip(/ﬂ;l)

1
Vs

N

< max(1,m? »)— - 1-(34+2"1) 1.
Hence we obtained (3.51).
Replace 8 by «, ¥ by w, and kg by K, in the proof above, using the Lipschitz

constants for s, in Proposition 3.1.1, we obtain (3.46) and (3.47). O

The theorem above guarantees a Lipschitz extension for both measurements
a and ([. In fact this works for more general measurements because we do not
need to assume a rank-1 measurement for our theory to work. For instance, in
quantum tomography as introduced in Section 1.1.2, suppose we have a pure state
p = |¥)(¥|, and the measurements are given as A(p) = (trpAg),—,. Naturally, we
adapt the distance function d, induced by the matrix norms for p. Then suppose
the measurement is bi-Lipschitz, we can use the same way as in Theorem 3.3.6 to

extend the inverse map to R™.
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Chapter 4: Lipschitz properties of Convolutional neural networks

4.1 Motivations for studying the stability of deep networks

Although AlexNet and GoogleNet introduced in Section 1.2 achieve state-of-
the-art classification accuracy, a small variation of an input image may easily cause
classification errors. In [96], the authors found that for AlexNet, a randomly selected
image can be slightly distorted and be classified wrong. We take their illustrating
example as shown in Figure 4.1. In all those examples, a tiny distortion (that cannot

be told by human eyes) on the input image causes the classification to be wrong.

Lt 1)
|
X

Figure 4.1: The adversarial examples given in [96]. In each group (row) of pictures,

the picture on the left is correctly labeled by AlexNet, the picture on the right is

labeled wrong as “ostrich”, and the picture in the middle show their difference.
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The authors of [96] have studied the upper frame bounds for each layer of the

AlexNet. The following table shows the frame bounds computed numerically.

Layer Size Stride Upper bound
Conv. 1 3 x11 x 11 X 96 4 2.75
Conv. 2 96 X 5 X 5 X 256 1 10
Conv. 3 256 X 3 X 3 X 384 1 7
Conv. 4 384 x 3 X 3 X 384 1 7.5
Conv. 5 384 X 3 X 3 X 256 1 11

FC. 1 9216 x 4096 N/A 3.12

FC.2 4096 x 4096 N/A 4

FC.3 4096 x 1000 N/A 4

Figure 4.2: The frame bound for each layer of AlexNet. Taken from [96].

The scattering network has the property that it is approximately translation
invariant and stable to deformation. However, that property depends on a careful
selection of wavelets. Moreover, the feature generating process is fixed for different
problems while the feature selection process is trained from data.

We are interested to see whether we can do feature selection inside the network.
To do this, We do a case study in which we free the dilation factors in a Scattering
Network and train it from data.

We seek to have a scattering network trained for the task of image classifica-
tion. The training and testing data are taken from the MNIST dataset of hand-
written digits. We take a two-layer Scattering Network and put at the bottom an
SVM for classification. The structure is illustrated in Figure 4.3. We take a Morlet
wavelet and train the convolutional filters as dilations of the wavelet. The training
of the dilation factor is done iteratively with the training of the linear SVM, using
both deterministic and stochastic gradient descent.
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y | — | SVM

Figure 4.3: The structure of the scattering network for our case study. x is the input
signal; hi’s are the convolutional filters taken to be the dilation of a Morlet wavelet
with trained scales; g is the pooling function followed by a downsampling factor L;

the feature y goes through a linear SVM to generate the classification result.

In our setting, the two-dimensional filters, hi, are parametrized as dilations of
the tensor products of two one-dimensional wavelets. We use the same pre-defined

wavelet ¢ for both. That is,
i (t, ts) = ¢,\i71 ® ¢,\i72(t1, t) = Ai,l)\i,gl/}(Ai,ltl)@/J(Ai,QQ) : (4.1)

The optimization problem associated with the linear SVM is

N
. 1 2
min - ] +C;l(yn,an,w,b) , (4.2)
where
Iy, a;w,b) = max(0,1 — a(b+ (w,y))) , (4.3)
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and y is the vector composed of the following vectors:

Yo = T*g;
yio= lexhil*g,1<5<3;
v = Hx*h{fﬂ” shi|xg,1<j<9.

error Class 0 | Class 1 Class2 | Class3 | Class4 | Class5 | Class6 | Class7 | Class8 | Class9
rate (%)
stochastic
gradient 11.5 2.75 32.87 49.88 39.12 42.63 21.62 38.5 38.37 41
descent
deterministic
gdmdicm 1.87 1.12 6 8.25 5.5 10.25 4.5 8 12 10.87
escent
libSVM 3 1.62 0.25 7.5 4.87 9.37 5.25 7.75 10.87 10
Square
(determini 1.63 1.25 6.12 7.88 4.25 10.62 3.62 5.75 10.13 9.38
stic)

Figure 4.4: The classification results for MNIST. The error rate shows the percent-
age of data correctly labeled. The first row shows the results using the stochastic
gradient descent method, the second row shows the results using the deterministic
gradient descent method, the third row shows the results using 1ibSVM, the fourth

row shows the results where |-| is replaced by |-|°.

The testing results are shown in Figure 4.4. From the testing results, we
see that training a variant version of scattering network is not successful since (1)
the widely-used stochastic gradient descent method works bad (2) the result from
deterministic method does not provide significant improvement from the linear SVM
result. One reason is that the scattering network structure is too restrictive and
learning the dilation factors does not seem to be a well-posed problem. We are

63



motivated to develop the theory for a more general model, preferably including all:

AlexNet, GoogleNet and the scattering network.

4.2 A framework for a general convolutional neural network

We consider a CNN that maps the input signal to the representations (of the
features of the signal). In most applications, a fully connected neural network is put

at the bottom of the representations and outputs the classes for the input signal.a

Pooling filters Outputs (Feature)

. Detection &
Convolutional Downsample / .
Input nodes oo Pooling/  |————— Output nodes
filters Dilation
Merge

Figure 4.5: The structure of a layer of CNN. A CNN consists of a chain of layers,

which makes the structure “deep”.

The CNN that we consider has a feed-forward structure and the input prop-
agates through several layers. In the CNN, each layer consists of input nodes,
convolutional filters, detection / merge operations, pooling filters, outputs (feature)

and output nodes. We understand each component as follows.

1. The input nodes are signals from the output nodes in the previous layer (it is

the input of the whole network for the first layer).

2. The convolutional filters are the filters that perform convolution with the signal
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from the input nodes. Suppose y is a signal in one of the input nodes, and g

is the filter, the output is
2(t) =y *glt) = / y(t — 5)g(s)ds = / y(s)g(t — s)ds .

. The detection / merge operations are nonlinear operations applied pointwise
to the output of the convolutional filters. In this stage, several outputs may

be merged by some pointwise operation to produce a single output.

. The pooling filters lower the dimensionality/bandwidth to generate the out-

puts.

. The output nodes are signals that are passed to the next layer. The signal on

the output nodes is identical to that on the input nodes of the next layer.

The space of the filters are chosen to be the Banach Algebra of tempered

distributions with an essentially bounded Fourier Transform, that is,

B:{fes’(Rd),HfHoo <o) | (4.4)

with || f||5 = HfH for each f € B.

Note that in the above definition we ask f to be an ordinary function so it

makes sense to define its L norm and multiplication. We check that B is indeed a

Banach algebra as follows.

Lemma 4.2.1. B as defined in (4.4) is a Banach algebra, where the + operation is

pointwise addition, and the - operation is the convolution defined by

frg= (fﬁ)v : (4.5)
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where “V 7 denotes the inverse Fourier transform.

Proof. Note that B is closed under the convolution in the sense of (4.5) because

f§ € L®(R?) and therefore is also in S'(R%). Since the Fourier transform is an

isomorphism on S'(R%), the inverse Fourier transform of f§ also lies in &'(R%).
After the closedness is clear, it is trivial to check that B is indeed an algebra.

The fact that B is a Banach algebra is due to the norm inequality

fal <|Ifll |lg (4.6)

o0 o0 o0

]

We now return to the settings of CNN. In our framework, there can be three
types of merging. Type I takes inputs yi, -+ ,yx from k different channels, apply a
nonlinearity function oy, --- , 0, respectively, and then take the sum. That is, the
output is

k
2= i) (1.7)

j=1
Type II takes inputs yy, - - -, y, from k different channels, apply a nonlinearity, and

then apply a pointwise p-norm aggregation. That is, the output is
k 1/p
z= (Zlaj(yj)!p> - (4.8)
j=1

Type III takes inputs yy, - - - , yx from £ different channels, apply a nonlinearity with
L*> norm bounded by 1, and then apply a pointwise multiplication. That is, the

output is

c=Tlostw) . (4.9)
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Figure 4.6: The three types of merge. Type I is taking sum of three inputs, Type

IT is taking p-norm aggregation, Type III is taking pointwise product.

with ||o;]| <1 for each j.

We now stop to discuss two widely used operations that can be modeled by
merging, namely, the max pooling and the average pooling. These operations are

illustrated in Figure (4.7).
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Pooling

T

Figure 4.7: A toy example that shows how pooling works. The left image is
subdivided into nine regions. The pooling operation outputs one value for each
region. We take the top right corner for example. In the case of max pool-
ing, we have ¢ = max{cy1,¢12,C21,C22}; in the case of average pooling, we have

C = (61’1 + C1,2 + C2.1 + 02,2)/4.

Maz pooling is the operation of taking the maximal element among those in
the same sub-regions. We can use translations and dilation to separate elements in a
sub-region to distinct channels, as illustrated in Figure 4.8. Then a L*°-aggregation

select the largest element and does the max pooling.

max

pooling H Yy

uoryedeisse 7

Figure 4.8: Max pooling modeled as Type II aggregation using L° norm.

Average pooling replaces “taking the max” by “taking the average”. Similarly
to max pooling, it can be done by taking the sum as illustrated in Figure 4.9.
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average
pooling

Figure 4.9: Average pooling modeled as Type I aggregation.

We illustrate the entire structure of an M-layer ConvNet as Figure 4.10.

QOutput Input Output Input
nodes for nodes for nodes for nodes for
Layer 1  Layer2 Layer2 Layer3
o— F>O——@—| —O——@—
*~— —O——@— O8>
Input
Layer | Layer 2
nodes . .. .o P
o— F>O—@—| —O0—e—
Output Output

Figure 4.10: The detail of an M-layer ConvNet. The signals at output nodes are

identical as at input nodes in the next layer. There may or may not be output in

each layer.

Suppose there are n, nodes in the m’s layer (this works for m < M but

m = M is a similar case in which there is no output node). We denote them by

Output
nodes for
Layer
M-1)

Input
nodes for
Layer M

Layer M

Output

T = {Nm1, N2, -, Nmn,, }- Then within the layer, each node is connected to

several filters. The filter can be either a pooling filter, or a convolutional filter.

Associated with N,,, for 1 <k < n,,, we denote the pooling filter to be ¢, ,, and
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the convolutional filters to be Gy = {gmmni1s * * Gmomskm.n - Lhen the set of filters

in the m-th layer is
G = G - (4.10)
n=1

The filters can be classified into three categories according to the three types
of merging (if a filter is not merged with other filters, then we classify it as Type I).
We denote the sets of all Type-I, II, III filters by 71, 79, 73, respectively.

Note that each filter is associated with one and only one output node. We

use O,, = {N,, |, N/

m,1s LVm2s """

,N;mn,m } to denote the set of output nodes of the m-th
layer. Note that n/ = n,4; and there is a one-one correspondence between O,,
and Z,,+1. The output nodes automatically divides G, into n,, disjoint subsets

/
Gy =Um G, where G

m,n

, is the set of filters merged into Ny ..
The detail of one layer is illustrated in Figure 4.11.

For each filter g, n.x, we define the associated multiplier ,, .., in the following

way: suppose gmnk € G let K = |G;n7n,

m,n’

denote the cardinality of G, ,,. Then

K ) if Imn;k €EnN U 73
A (4.11)

Kmax{0,2/p—1} ) if Im,n;k € T2

We define the 1st type Bessel bound for the node N,,, to be

km n
~ 2 ’
Bg?ﬂ = |||@mn| + Z lm,n;kD;liin;k |§m,n;k|2 ; (4.12)
k=1 -
the 2nd type Bessel bound to be
km,n
Bg?n = Z lm,n;kD;Lfln;k |gm,n;k|2 s (413)
k=1 -
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Output

- ON/ 1
[ 1

0N,
@,1 a‘myl;kT,l
Detection /
Merge /
Pooling

Im,nmiKmnm Q”W;km,nm U”"ly”Trﬁ}m,nm

Nm,nm — 0O N/
m,nl,

Figure 4.11: The detail of one layer. N’s are the input nodes, N'’s are the out-
put nodes. ¢’s and g¢’s are the filters, D’s are the dilation factors. o¢’s are the

nonlinearities.

and the generating bound to be

. 2
BY), = | émn (4.14)
Then we define the 1st type Bessel bound for the m-th layer to be
BY = max BWY (4.15)
1<n<nm, ’
the 2nd type Bessel bound to be
B% = max BY | (4.16)
1<n<nm, ’
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and the generating bound to be

B® = max B®

m 1<n<nm m,n *

(4.17)

4.3 Computation of the Lipschitz constant

Let a CNN defined in the previous section be given. For any input signal f
and f. Let fy be the output for f from the node N, and fy be the output for f
from the node N. Let V be the collection of all nodes. We say L is a Lipschitz

bound for the CNN if

z. (4.18)

szW—f

> | £ = v
Define the map ® : L?(R%) — [L?(R%)]IVI by
(f) = (fn)nev - (4.19)

Then a norm ||| - ||| defined on [L?(R%)]VI by

1/2
| = (Z mni)
NeV

is well defined and v/L is a Lipschitz constant in the sense that

l[ser

[[ocr) —eh||| < vE|r-7

. (4.20)

We have the following theorem for computing the Lipschitz bound.
Theorem 4.3.1. Consider a ConvNet with M layers and in the m-th layer it has

1st type Bessel bound B,(ﬁ), 2nd type Bessel bound BY and generating bound BY.
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Then the ConuvNet implies a nonlinear map that is Lipschitz continuous, and its

Lipschitz bound is given by the optimal value of the following linear program:

M
max 3z

m=1
s.t. yg=1

m+zm <BWy 1 1<m<M-1
Y = PmYmoty 2 == (4.21)
Zm S By(g)ym—b 1 S m S M
Ym, 2m > 0,  for all m
Proof. We are going to show that the optimal value for the linear program (4.21) is
~ 2
a Lipschitz bound. In particular, we are going to study the sum ) . HfN — fNH
2
" _ 2
as Y o1 X Nevi, HfN - fNHz'
We take the m-th layer for analysis. With Figure 4.16, we mark the signals
at the input nodes to be hy, 1, -+, Ay, and the signals at the output nodes to be
Poas s /m,nén . We estimate the Lipschitz bound by comparing the output nodes

and input nodes for each layer, and then derive a relation between the outputs and

the input at the very first layer. Note that with our notation here, h;; = f and

]~11,1 =/
We have three types of merging. We study the relation between the output
and input of the merging blocks. For Type I, see Figure 4.12.

We have

Yo = Z oY) (4.22)
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Figure 4.12: Type I merging. 1 is the sum of o1(y1), -+ , 0k (Y ).
and
o= on(i) - (4.23)

Therefore )

|0 — ﬂo”g =

> onlye) — o)

K

< KZ low () — ow (i) (4.24)

K
< KZ lye = Gill5 -
k=1

For Type II, see Figure 4.13.

Y1—> o1 '—>
v

2

—> Yo

uone3ai3de uou-d

YK—| ok

Figure 4.13: Type II merging. yo is the aggregate of o1(y1), -+ ,0k(yx) using p-

norm.

We have

K 1/p
Yo = (Z |0k(yk)|p> , (4.25)
k=1
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and
K 1/p
Yo = <Z|‘7k@k)|p> ;
k=1

Therefore if p < 2 we have

1Yo — Goll>
K 1/p K
- () (S
k=1 k=1
K 1/p ?
< | (X lowtm) — ontam)l?)
k=1 2
K 1/2
< K2/r=1 H(Z ’Uk yk _Uk k)’2>
=1
K
= K770 " low(ue) — o)l
=1
K
< KN e — il
k=1
and if p > 2 we have
1Yo — B0l
K 1/p K
- <Z|0k Yk ) - (Z|0k(yk
k=1 =1
K 1/p ?

IA
— —

K L\ 12
< (D2 lowlur) — onliie)|
k=1 2
K
= > o) — o)l
k=1
K
< )l — el
k=1

For Type III, see Figure 4.14.

5

1/p
)Ip>

2

2

(4.26)

2

2

(4.27)

(4.28)



Figure 4.14: Type III merging. o is the product of oy(y1), - ,0k(yx), with

oill  <1lforj=1,--- K.
o J

We have yo = [[o_, ox(yx) and §o = [[ry 0% (7). Therefore,

llvo — Boll,
K K
= [T ox(ww) = [T on(in)
k=1 k=1 9
K K—1 K
= Hak(yk) + [— Hak(yk) H HUk: Yk) H ok (Uk ]
k=1 J=1 k=1 k=J+1 k=J+1
K—1 K—1J-1
= ok(yr) - (ox(Yx) — ok (YK )) + Z HUk: i) - (0(ys) — 04(9s))
k=1 J=2 k=1
(01(y1 —01 HUk
2
K-1
< ok (W)l - ok (Yr) — ok ()5 +
k=1

1

K—1J-
Z ok (yx) | H o)l oo - los(ys) = o5 (@)l +

J=2 k=1 k=J+1

H 1ok ()l - o2 (1) — o1 (G)ll,

Mx

o (yx) — on(Gir) Il

k=1

Hyk - ka2 )

Mx

B
Il

1
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+ Hﬁk(ﬂk)
I o

k=J+1

(4.29)




and thus
K

o — 7ioll5 < KZ e — Gxll5 - (4.30)
=1

For the downsampling / dilation operation, see Figure 4.15. We have
e "

Figure 4.15: Downsampling / dilation. f®) is the downsampled version of f()

H O _ @ ? i

- /’f (Dz) — fV(Da)

5/ ]f<1><x> ~ @)

- gl

2

dx (4.31)

Therefore, when we compare the input nodes and output nodes of the m-th

layer, we have

/
nm

Z‘h’;n,n_ﬁ;n, mnHQ
1 (4.32)
S Bg) ‘hm,n - Bm,n i )

where BY is as defined in Equation (4.15).

By the one-one correspondence of the output nodes in the (m + 1)-th layer
and the input nodes in the m-th layer, we know that
o
> —hall (4.33)
n=1

‘hm—s—l,n - m+1 n

and therefore,

g Hhm—i-ln_ m—+1,n

+2Hfmn o

(4.34)
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for1<m< M -—1.
If we do not consider the output generating, then the forward propagation

relation is

i 4
. (4.35)

Nm,
E Hhm—l-l,n - hm+1,n
n=1

for 1 < m < M — 1, and similarly, considering the output generating nodes alone

2 m -
< B@ Hhmn g

gives
S [ = Fona] |, < B | = P (4.36)
n=1 n=1
for1<m< M.
. . M Nm e 2 . 7 2
Since we would like to compare >, > "™ || frnn — finn ) with ‘ hy1— hia K

by (4.34)-(4.36), we see that the maximal value of the linear program (4.21) gives a

Lipschitz bound.

We can also give a Lipschitz bound more explicit to compute.

Corollary 4.3.2. Consider a CNN with M layers and in the m-th layer it has 1st
type Bessel bound B,,. Then the CNN induces a nonlinear map that is Lipschitz

continuous, and its Lipschitz bound is given by
M
[[ max{1,B.} . (4.37)
m=1
Proof. From the definitions of B\, BYY, and B, (4.12)-(4.14) it is obvious that
BY < B® + B® (4.38)
and from (4.15)-(4.17) we have hence

BY < BY 4 BB (4.39)

m

78



(bm,l Output fm,l

hm 1 i i
’ ———0 Nm,l

hl

m,2

'S) U
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Merge /
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] ]

:

Figure 4.16: Details of one layer with signals marked as blue.

for each m. Then note that if {y,}»-} and {2, }) are the maximums of the

linear program (4.21), then
Zm < B,gi)ym_l — Y, 1<m<M-—1, (4.40)

and

2 < BWyua (4.41)

(note that B](\? = BJ(S})).
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We take the sum over all m’s to get (denote yy = 0)

M
Zm S Z Br(r})ym—l —Um

1=

m=1
M-1 M—-1
1
= Br(n)+1ym - Z Ym (4'42)
m=0 m=1
M-1
1 1
= B+ (B — Dym
m=1

AlSOa Ym S Br(g)ym—l 1mpheS Ym S Bf(r})ym—la S0

M M-1
Z Zm < BF) + Z(max{l,B,(,}Lll} —1)-
m=1 m=1
[ max{1, B0} (4.43)
m/=1

max{1, BD} .

[
=

3
IL

4.4 Examples

The Scattering Network, AlexNet and GoogleNet as introduced in Section 1.2
all fall in our general framework. In particular, Scattering network is a 1-Lipschitz
map. In each layer the filters come from the wavelets used in multi-resolution
analysis. A natural choice of wavelets has Bfﬁ)n = Bg)n = st)n =1, for all m,n.
Therefore, the optimal solution in the linear program (4.21) is 1. The Alexnet and
GoogleNet do not generate outputs in each layer except for the last one. Therefore,

Bﬁ,?n = B,(s’)n for each 1 < m < M — 1. In this case, the result in Corollary 4.3.2

gives the optimal Lipschitz bound in the linear program (4.21).
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4.4.1 A three-layer Scattering Network

Given a CNN, We can use three different approaches to estimate the Lipschitz
constant. The first is by propagating backward from the outputs (either analytically
or numerically) and collecting the Lipschitz constants of all the outputs. The second
is by directly applying what we have discussed in Section 4.2. The third is by
deriving a lower bound for L, either because of the specifies of the network or by
numerical simulating.

We first give an example of a scattering network of three layers. The structure
is the same as Figure 1.4. We consider the 1D case and the wavelet given by the

Haar wavelets with the scaling function

, ifo<t<1
o(t) = (4.44)

0, otherwise

and the mother wavelet

(

1, if0<t<1/2
() =9 -1, if1/2<t<1 - (4.45)

0, otherwise

\

In our convention, the sinc function is defined as

%, ifx#0
sinc(z) = . (4.46)

0, ifxr=0
We first look at real input functions. In this case the Haar wavelets ¢ and v

readily satisfies the unitarity condition given as Equation (2.7) in [78]. Recall that
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in the scattering network the convolutional filters are given by scales of the mother

wavelet 1):
o (2) = 294 (272) | (4.47)

and the output generating filter is given by a scale of the scaling function ¢:
po-i(x) =27 p(27z) | (4.48)

Take J = 3 in our example and consider all possible three-layer paths for j =
0,—1,—2. We have three branches from each node. Therefore we have outputs from
1+ 3+ 32+ 3% = 40 nodes.

To convert the settings to our notations discussed in this chapter, we have a
three-layer convolutional network (as in Section 2) for which the filters are given by

G111, €41,2,3}, 9245, 02 € {1,---,9} and g3,,,13 € {1,---, 27}, where
4

Y, if mod ([,3) =1;

Gml =\ tg-1, if mod (1,3) = 2;

tho—2, if mod (1,3) = 0.

q = ((1,01),(2,12),(3,13)) is a path if and only if I, € {3l; — k,k = 1,2,3} and

ls € {3la—k,k=1,2,3}. ¢ =((1,11),(2,02)) is a path if and only if Iy € {3, —k, k =
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1,2,3}. The set of all paths is

Q= {(?),{(1,1)},{(1,2)},{(173)}7{(171),(2,1)},{(1,1)7(2,2)},{(1&),(2,3)},
{(1,2),(2,4)},{(1,2),(2,5)},{(1,2),(2,6)},{(1,3),(2,7)},
{(1.3), 2.8)}1{(1,3), 2.9} }
{00, (2,8), (3,11 <1 <3, be {3 —kk=123}
Iy € {3ly — k, k = 1,2,3}} .
Also, for the output generation, ¢; = ¢ = ¢3 = ¢4 = 277¢(277-). An illustration

of the network is as in Figure 4.17, which appeared also as Figure 1.4.

Figure 4.17: The three-layer scattering network in the example.

The first approach. We know that we have a set of 40 paths, each generating
an output. We can track back from each output to the input and compute a Lipschitz
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bound, and then collect all the bound to compute a total bound. To do so, we
use backpropagation and the chain rule. Note that w1y (t) = 2/1(2t) and thus
|4, = ||¥2i|l; = 1. Therefore ||gy ||, = 1 for all m, . Similarly, ||¢;||, = 1 for all
7. Let y’s denote the outputs and 2’s denote the intermediate values, as marked in
Figure 4.17. Note that each y is associated with a unique path. Consider two inputs

fand f, and r > 1. Take a path ¢ = ((1,01),(2,12),(3,13)) we have

1yags = Gagsll, = [(z305 — Z305) * Dall,

< lzas = Zagsll, Ndally = Nz — Zasll,
12305 = Zaasll, = Nl220 % 9305 — 1220 * g3 I,

< 2 = Zousll, lgsslly = ll220. — 22,
1220 = 220, = Nz * 92.] — 12100 * g2,

< lzin = 2ol g2l = 20 — 2l
210, — Zisll, = H|f * g1 | — )f*glh )

< =7 o], = £ - 7],

and similarly for all output y,,,,,’s. Therefore, we have

o9 -] <ol

2
’ = E Hy'rnJm - ym,lm
mMylm

The second approach. According to the result from multi-resolution anal-

N N 2
ysis (see [24,44,77]), we have |dy-o(w)| + 29—, [t ()| < 1 (plotted in Figure

4.18), we have the first-type Bessel bounds for all layers are equal to 1. Indeed, we
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can compute that
. o . 2
‘(;ngj(w)’ + Z ‘@Zzzj (w)’ = sinc?(8w) + sinc®(w/2) sin?(7w/2)+

j=-2

sinc?(w) sin?(7w) + sinc?(2w) sin? (27w) .

Thus in this way, according to our discussion in Section 2, we have ‘HQ)( f) —

~ 2 ~[12
o <]s =,

2

Figure 4.18: Plot of )

Ga-s()| + ),

The third approach. A lower bound for the Lipschitz constant is derived

by considering only the output y;; from the input layer. Obviously

o)~ 2| = ==
Thus ) i )
[otr) - o) l=nxal
sup sk > sup Ar=al =1
o e=gl e -, )

Therefore, 1 is the exact Lipschitz bound (and Lipschitz constant) in our example.
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4.4.2 A general three-layer CNN

We now give an example of how to compute the Lipschitz constant as in Figure
4.19. In Figure 4.19 f is the input, y’s are the outputs and z’s are the intermediate

values within the network. We assume that p > 2.

1 Y2,1 Y31

||A||pi{ g2
Z]_Ig"xl
N T H -

Yz.2

Figure 4.19: An example of a three-layer CNN. o denotes the nonlinear pointwise

function tanh.

Again we use three approaches to estimate the Lipschitz constant.

The first approach. In this approach we do not analyze the network by
layers, but directly look at the outputs. We make use of the following rules: (1)
backpropagation using the product rule and the chain rule; (2) each p-norm block
is a multi-input-single-output nonlinear system with Lipschitz constant 1 for each

channel.
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Take two signals f and f . We use y’s and Z’s to denote the outputs and
intermediate values corresponding to f. Starting from the leftmost channels, we

have for the first layer that
=3l = |(F = Dol |
and thus for any 1 <r < o0,

lys =31l < [[£ = £ enll - (4.49)

For the second layer we have

|Yy21 — Go1| = [(z11 — Z11) * 20|

and thus
1921 = Goall, < Iz = Z1all, 102l -
With
e = Zuall, < |7 = 7] gually -
we have
I = Gl < £ = 7| Nonally ool - (4:50)
Similarly,
Y22 = D22l < llz12 = Z12l, [|@2]];
and with
212 — Z12] = ‘ (1f * gual” + 1f * gual” + |f % gral’)/* —
(‘f*gl,Z ’ + ‘f*gl,B ’ + ‘f*91,4 p>1/p

p p

+‘(f—f)*91,4

IN

p> 1/p

<‘(f—f) * 01,2

""(f—f)*gl,g

IN

)(f—f)*gl,z

+‘(f—f)*91,3

"“(f—f)*gu
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we have
212 = Z1all, < |7 = 7| Qgnall, + Donall, + gnall)

Therefore

lyzz = ozl < ||7 = 7| Qlgraly + lgvall, + lgnally) el (451)

For the third layer we have

lys1 — Tsall, < |lz21 — Zoall, l#sll; -

With
22,10 = Z2all, < 210 = 21l lg2all,
we have
s = dsall, < [ £ = 7| Ngrally lgoall, loslls - (4.52)
Also,
|200 — Z22] = |(Jz11 % 92,2|p + |21 * 92,3|p + |21 * 92,4|p)1/p —

P |22 % 92,4|p)1/p

(1211 * 922" + |Z1,1 * g2.3

IN

(|(z11 — Z11) * 92,2|p + (2110 — Z11) * 92,3’1? + (212 — Z12) * 92,4|p)1/p

< |(21,1 - 51,1) * 92,2| + |(21,1 - 51,1) * 92,3’ + ’(2’1,2 - 51,2) * 92,4| )

which gives
222 = Z22ll, < ll211 = Ziall, (lg22lly + llg2slly) + 212 — Z12ll, lg24ll; -
A more obvious relation is

223 — Za3ll, < llz12 — Z12ll, 92515 -
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Since tanh has value bounded in [—1, 1], the L™ norm at 225 and 23 are bounded

above by 1, and therefore we have

||22,4 - 52,4| r ||22,322,2 - 52,352,2||T

= ||22,322,2 - 52,322,2 + 52,322,2 - 52,352,2Hr
< 2z = Z2sll, 2220l + (1228l 1222 = 2221,
< ez = Za2ll, + 223 — Z2ll,

and consequently we have

lys2 — Usoll, < 224 — Z24ll, |3l

< (llz22 = Z22ll, + 223 — Z23ll,.) [ 03]l

<z = 2l Glgeally + lgasly) sl +
212 = Zrall, (lgaally + lgzsly) sl
< |l r= 7] (lorally Ggozll, + llgasll)+

(gr2lly + llgrally + llgrall) (lg2all, + ||92,5||1)> sl -
(4.53)
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Collecting (4.49)-(4.53) we have
S s = il < 7= 7] (101l + sl oal, +
m,l

(lgr2lly + llgrslly + llgrally) l#2ll, +
lgially llgzally [|@slly + <||91,1||1 (lg22ll; + llg2,3ll1)+

(lgrzlly + llgrslly + Ngrall)((lg2all, + ||92,5||1)) ||¢3||1)
il (naslnl + (lgrall, + lgrall, + lgaally + llgrall) gl +

(lgrally Ulgzall + llgzelly + llgzall)+
(lgealy + lovsll, + Ngwall)lgal, + lloosl,)) Hasgnl) .

On the other hand we also have
2

= ) Yms = Gmall;
m,l

1= 7 (1ol + lowal et +

[Jetr) —o(f)

IN

2
(lgrally + llgrslly + Nlgrall)* le2lly +
g a3 Udsll? + (Ngnilly (gl + llgasll)+

2
(lgr2lly + lgually + Nlgrall) (g2l + ||92,5H1)> H¢3Hf>
(4.54)

The second approach. To apply our formula, we first add §’s and form a

network as in Figure 4.20. We have a four-layer network and as we have discussed,
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we can compute, since p > 2, that

2
B, = H|§1,1|2 + |§1,2|2 + |§1,3|2 + |§1,4|2 + ‘¢1’ H ;

2+QA52 ’ 7‘

2+ |G2,3

‘ 2

5

L2
’§2,4\2 + ’§2,5\2 + ‘¢2’

B, = max {17 |§2,1’2 + [G2,2

)
)

Then the Lipschitz constant is given by (B;ByB3;By)'/2, that is,

B;g :maX{Q, &3

B4 = max {1, QZA53

|or) — 27| < (BuBoBBy |7 - 7], - (4.55)

Y1 Y2,1 Y3

Y2,2
1st layer 2nd layer 3rd layer 4th layer

Figure 4.20: Equivalence of the example. We can clearly see four layers from this

illustration.

The third approach. In general (4.55) provides a more optimal bound than
(4.54) because the latter does not consider the intrinsic relations of the filters that
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are grouped together in the same layer. The actual Lipschitz bound can depend
on the actual design of filters, not only on the Bessel bounds. We do a numerical
experiment in which the Fourier transform of the filters in the same layer are the
(smoothed) characteristic functions supported disjointly in the frequency domain.
Define F(w) = exp(4w?/(4w? — 1)) - X(~1/2,0)(w) (as illustrated in Figure 4.21),
and G(w) = F(—w). The filters are defined in the Fourier domain to be
$1(w) = Flw+ 1)+ x1nw) +Glw—1)
g11(w) = F(w+3) + x(-3-2)(w) + Gw+2) + F(w—2) + x@3 (W) + Gw—23)
Gr2(w) = Fw+5)+ X(-5-0(w) + Gw+4) + F(w—4) + x5 (w) + Glw—5)
Gir3w) = Flw+T7)+ X(=7-6)(w) + Gw+6) + F(w —6) + x,7)(w) + Glw—T7)
Gra(w) = Flw+9) + x(—9-8)(w) + G(w+8) + F(w—8) + x589 (w) + G(w—9)
Po(w) = F(w+2)+ x(22)(w) + Glw—2)
Go1(w) = Flw+4) + x-a-3)(w) +Gw+3) + F(w—3) + x@a(w) + Gw—4)
Go2(w) = F(w+6)+ x(—6-5)(w) + G(w+5) + F(w—15) + X6 (w) + G(w—6)
Gos(w) = Flw+8) + x(s-n(w)+Gw+T7)+ F(w—T7) + x7,8(w) + Gw—8)
Goa(w) = F(w+5)+ x(-s5-3)(w) + G(w+3) + F(w—3) + X35 (w) + G(w—5)
Go5(w) = F(w+8) + x(—s-6)(w) + G(w+6) + F(w—6) + x5 (w) + G(w—18)
P3(w) = F(w+9)+ x99 (W) +Gw—9)
Then each function is in C(R).

We numerically compute the L' norms of the inverse transform of the above

functions using IFFT and numerical integration with stepsize 0.025: ||¢1||, = 1.8265,
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Fle)

a8 r 1

a8 1

04 r &

a3 r 1

a2 r 1

158 I 1

Figure 4.21: An illustration of F/(w). The functions we define in the Fourier domain

are composed of the translations of F' and a reflected version of F'.

lguall, = 2.078L, [lgaall, = 2.0808, [lgrall, = 20518, [lgrall, = 2.0720, 6]}, =
2.0572, ||g2,1]l; = 2.0784, ||g22ll, = 2.0734, |[g23]|, = 2.0889, ||g24|l, = 2.2390,
llg25]l, = 2.3175, ||¢s]|; = 2.6378. Then the constant on the right-hand side of
Inequality (4.54) is 966.26, and by taking the square root we conclude that the
Lipschitz constant computed using the first approach is less than or equal to I'; =
31.1.

It is no effort to conclude that in the second approach, Bl = BQ = B’4 =1

and B; = 2. Therefore the Lipschitz constant computed using the second approach
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is Ty = V2.

A numerical experiment suggests that the Lipschitz bound associated with our
setting of filters is about I's = 1.1937. In the experiment we numerically compute
the output of the network and record the largest ratio |[|®(f) — ®(H)||I/If — fll2
over one million iterations. Numerically, we consider the range [—20,20] for both
the time domain and the frequency domain and take stepsize to be 0.025. For each
iteration we generate two randomly signals on [—20,20] with stepsize 1 and then
upsample to the same scale with stepsize 0.025.

We conclude that the naive first approach may lead to a much larger Lipschitz

bound for analysis, and the second approach gives a more reasonable estimation.

4.4.3 A comparison between Theorem 4.3.1 and Corollary 4.3.2

In the examples above, the approximation in Corollary 4.3.2 readily gives the
tightest Lipschitz bound. However, it is not always the case. We shall use the same
network as in the last example but a different group of filters.

Define the function on the Fourier domain supported on (—1,1) as

4w? 4+ 4w + 1
Fw) = exp (m) X(-1,-1/2)(w)+
X(-1/21/2) W)+ (4.56)
4w? — 4w +1
il ol R

as illustrated in Figure 4.22.
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Figure 4.22: An illustration of F'(w). The functions we define in the Fourier domain

all shape like F' and are composed of translations of (part of) F'.

With that done, we define the filters in the Fourier domain to be

G1;(w) = Flw+2j—1/2)+ Flw—2j+1/2)

j=1,2,34.
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A 40% + 12w+ 9
= ex
p 4w? + 12w+ 8

> X(-2,-3/2) (w)+

X(-3/2,3/2) (w)+

4w? — 12w+ 9
exXp X(3/2,2) (w)

4w? — 12w + 8
g24(w) = Flw+2j)+ F(w—2j)
j=1,2,3.
Goa(w) = Flw+2)+ F(w—2)

Gos(w) = Flw+5)+ F(w—5)

n 40w? + 20w + 25 ( )+
X _3 _ w
Pl a2 20w 1 24 JXE39/2)
X(-5/2,5/2) (W) +

4? — 20w + 25 )
ex w) .
P 4w =200 1 25 J 1029

Then we have B{)) = 2exp(—1/3), B = B{¥ =1 for each m. We execute a linear

program using MATLAB and find out that the optimal Lipschitz bound is 2.2992,
while the Lipschitz bound as derived in Corollary 4.3.2 is 8[exp(—1/3)]> = 2.9430.
Therefore, in general the output of the linear program (4.21) is more optimal than

the product given in Corollary 4.3.2.

4.5 Stationary processes

Signals (audio or image) are often modeled as random processes [82]. In our
case, there are two ways to model the input signal of a CNN: one is to consider

X(t) as a random process (field) with some underlying space (2, §,P) with finite
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second-order moments (see [78], Chapter 4); the other is to regard X as a random

variable such that

X (Q,3,P) — L*(RY) .

The latter treatment makes it easy to make use of concentration inequalities (see
[71,72]). We shall present the former model for our general framework of CNN. We
find out that the analysis is much parallel to the way

In this section, we shall use the notation X (¢) to emphasize the time (space)
variable t € R? and X,(w) to emphasize w € €. In general, if we have dilations for
random processes then after we merge the signals we lose stationarity. Thus in the
section we assume that there is no dilation in our CNN.

Fix a trajectory X (t) = X, (¢) for some w € Q. Then we can define ®(X) the
same way as in (4.19). We first show that the output of a CNN is SSS provided that

the input X is SSS. This is stated as the following lemma.

Lemma 4.5.1. Suppose there is no dilation in CNN. If X s an SSS process, then

so is ©(X).
Proof. This lemma lies on the following two facts.
1. If X is SSS, then o(X(t)), where o is a pointwise function, is also SSS;
2. If X is SSS, then X % g(t) defined as
(X # )olt) = / X (t — 8)g(s)ds | (4.57)

is also SSS.
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To see 1, we need to show

]P){U(thJrT) < Al, cee ,O'(th+7-) € An}
(4.58)

- P{J(th) €A, 0(X,) € An}
for any t1, -+ ,t,,7 € R? and any Ay, , A, € §. Let B; = 071(4;) = {c e C:

o(c) € A;} for j =1,--- ,n. The above equality reads

P{Xisr € Bio , Xipsr € Bu )
(4.59)
_ P{th €Bi,-, X, € Bn} ,

which holds true due to the assumption that X is SSS.

To see 2, note that since X is SSS there exists a semigroup of measure-preserving

transformation

{Tt:Q—>Q}

teRd
associated with X such that

TsTt — Tert

for each s,t € RY; and a function f such that
f(T'w) = Xy (w) (4.60)
for each w € Q, t € R%. Thus
X xg(t) = /f (T"*w) g(s)ds . (4.61)
For any t1,--- ,t, € R Ay,--- A, €5, let

Qr={weQ: (X*g)yr(w) €A, (X % g),4r(w) € A} . (4.62)
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For w € Q,, note that 77w satisfies
(X *g)tl(w> S Alv"" 7(X *g>tn(w) €A, .

Since T7 is measure-preserving, we have P(€.) = P(Qp). Thus X x g is SSS.
Given the two facts, the lemma is proved by tracking from the input to each

output of the CNN. O]

Theorem 4.5.2. Assume there is no dilation in CNN. Let X andY be SSS processes

with finite second-order moments. Then
2
E(H)@(X)-@(Y)m ) <L-E(X-YP) . (4.63)
In particular, |||®(X)||[? < L-E (|X[*).

Proof. Since the input X and Y are SSS, so are the signals at all input and output
nodes of the CNN. Therefore we can use the Wiener-Khinchin Theorem (Theorem
2.4.4) to relate the auto-correlation with the power spectrum.

Consider an SSS process Z that are filtered by some fixed ¢ € B. Denote
W = Z % g. Then by Theorem 2.4.4 we have Ry (0) = [ Sw(w)dw. Note that we

have the transfer relation
Sw(w) = Sz(w) - [§(w)]* . (4.64)

That is to say,
B (W) = [ R i) do. (4.65)

More generally, due to linearity of E, if we have two inputs Z and Z and a family
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of filters {g;},ecs, we have

E(Z‘Z*gj—Z*gj
J

2) = Z/gz_z(w) 195 (W)[* dw

(4.66)

oo

With this, we can compare the correlation on the first input nodes with the outputs
of the CNN similar to what we did in the proof of Theorem 4.3.1. Note that
for merging, the inequalities (4.24), (4.27), (4.28), (4.30) still hold when |-||5 are

replaced with E|-|*. O
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