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Chapter 1
Literature Review

1.1 Introduction

Multiple-sample semiparametric problems have attracted attention over many
years from both theoretical and practical points of view due to the fact that statis-
ticians may collect data for the same or similar objects from different sources which
refer to different distribution functions. Thus it is essential to build a system of
distributions to analyze multiple-sample problems to derive the necessary statistical
inference. To present the key ideas of this dissertation it is sufficient to focus on
the two-sample system. Therefore we shall deal with systems of two distributions
which represent samples from two sources. One distribution is called the reference
distribution which refers to a reference sample, and the other one serves as the dis-
tortion or deviation from the reference distribution which refers to a distortion
sample.

Since these two samples are observed and collected from the same or similar
objects, it is believed that the log-likelihood ratio of the corresponding unknown
densities, the reference and distortion, is of a known form which depends on

finite dimensional parameters and a tilt function. This form is called the Density

Ratio Model (DRM).



1.2 Density Ratio Model

Consider the following two independent random samples:

UL, ..., Uy, from density g(z). L)

21,y ey 2y from density g1(x) = exp(a + 8'h(z))g(x).

We consider U = {uy, ..., u,,} as the reference sample corresponding to an
unknown distribution function G(x) and density g(x), and let Z = {z,...,2n, }
be the distortion sample with unknown distribution function G;(z) and unknown
density g1(x). a is an unknown scalar, § is a p X 1 unknown vector parameters, and
h(z), called the tilt function or distortion function, is a p X 1 vector that consists of
functions of z. We denote by T' = {t1, ..., t, } = {u1, ..., Uny, 21, .-+, Zn, }, the combined
or fused sample of both reference and distortion samples consisting of n = ng + n4
observations.

Many researchers have made significant contributions to various aspects of the
density ratio model, such as kernel density estimation (Fokianos 2004[10], Cheng
and Chu 2004[5], Qin and Zhang 2005[28], Bondell 2005[3], Wu et al. 2010[34],
Wu et al. 2012[35]), analysis of variance (Fokianos et al. 2001[9]), case-control
studies (Prentice and Pyke 1979[26]), cluster detection (Wen and Kedem 2009[32]),
regression analysis (Voulgaraki et al. 2012[31]), mortality rate prediction (Kedem et
al. 2008[21]), out-of-sample fusion (Zhou 2013[41], Katzoff et al. 2014[18], Kedem
et al. 2016[23], Kedem et al. 2017[20]) and goodness-of-fit tests (Cheng and Chen
2004[5], Cheng and Chu 2004[6], Bondell 2007[4], Zhang 1999, 2000, 2001, 2002 [37]

[38] [39] [40], Xu and Wang 2011[36]).



1.3 Goodness-of-Fit Test for the Density Ratio Model

When we assume the two samples satisfy the density ratio model as in (1.1),
goodness-of-fit tests are needed to justify and support the assumed model. The null

hypothesis is:
Hy : The two samples satisfy the DRM (1.1) with correctly specified tilt function.

Let G be the semiparametric estimate of underlying distribution G obtained
from the fused sample T' = {t1, ..., t, } = {u1, ..., Uny, 21, ---, 2n, } under the DRM. Let
G be the empirical distribution function obtained from the reference sample U =
{u, ..., upy } only. Qin and Zhang (1997)[27] suggested a Kolmogorov-Smirnov type
goodness-of-fit test statistic for the logistic regression model based on case-control
data, which is equivalent to density ratio model (1.1). Their statistic measures the

discrepancy between G and G by
A, = sup V/n|G(t) — G(t)]. (1.2)
t

Unfortunately there is no analytic expression for the distribution of A,,. They pre-
sented a bootstrap procedure to approximate the critical values of this test statistic.
Zhang (2000)[38] extended the Kolmogorov-Smirnov type test statistic to test the
validity of a multiplicative-intercept risk model and presented a bootstrap proce-
dure for approximating the p-value of the proposed test. Zhang (2002)[40] tested
the validity of the generalized logit model by a weighted Kolmogorov-Smirnov type
statistic and still needed a bootstrap procedure to approximate the p-values.
Zhang (1999)[37] proposed a chi-squared statistic to test the validity of the
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model. He distributed the fused sample data in a finite number of mutually ex-
clusive intervals to derive a quadratic form in terms of the deviations between the
cell probabilities obtained from the reference sample U and from the fused sample
T. The test statistic has an asymptotic chi-squared distribution and thus p-values
could be obtained directly without employing the bootstrap method to evaluate
the critical values. Zhang (2001)[39] constructed a Wald-type statistic by extend-
ing the information matrix test of White (1982)[33]. This Wald-type statistic is
called the information-matrix-based goodness-of-fit statistic and it has an asymp-
totic chi-squared distribution. Both the chi-squared statistic and Wald-type statistic
do not require the bootstrap procedure to derive p-values but they require a high-
dimensional matrix inversion. Xu and Wang (2011)[36] developed a test procedure
based on Zhang (2001)[39]. Their procedure can simultaneously test the validity of
the model and also correct the bias of parameter estimators.

Bondell (2007)[4] presented a goodness-of-fit test by constructing a test statis-
tic via the integrated discrepancy between two competing kernel density estimators

in a bounded interval. He constructed the kernel density estimators in two ways:
g(t) = /Kb(t—:c)dé(x) (1.3)
i) = [ Kuft - 2)dG(a) (1.4)

where Kj(-) is a kernel with bandwidth b. Then he defined the test statistic as

12 =n [ (@0 - 50)ar (15)

—L

He proved that the test statistic IZ tends in distribution to an infinite wighted sum
of independent chi-square variables. However, it is not easy to derive the asymptotic

4



distribution of IZ. Hence, he used a bootstrap method similar to that of Qin and
Zhang (1997)[27].
Cheng and Chu (2004)[6] proposed a goodness-of-fit test statistic similar to
(1.5)
J¢ = / (a(t) — a(1)) dt. (1.6)
Furthermore, they proved that under certain conditions, the limiting distribution of
nVb- J¢ is normal. Therefore they constructed the goodness-of-fit test without the
bootstrap procedure. In this dissertation, we shall study the Hellinger distance, a

modification of (1.5) and (1.6), which has a certain advantage.

1.4 Hellinger Distance

In probability and statistics, the Hellinger distance is used to quantify
the similarity between two probability distributions. Let f(x) and g(z) denote two
probability density functions. Then the square of the Hellinger distance between f

and ¢ is defined as
2 1 )
H(f,g) = 5/(\/f($) —+/g(z))dx.
Since H%(f,g) > 0 and

H(19) = 5 [(VI&) - Vel
— 1- [ Vi@gads <1
we have

0< H*(f,g) <1.
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The Hellinger distance measures the discrepancy between two probability den-
sity distributions. Wu, Krunamuni and Zhang (2010)[34] proposed to derive a para-
metric estimator in the density ratio model by minimizing the Hellinger distance
between the semiparametric density estimator and nonparametric density estima-
tor. Wu and Karunamni (2012)[35] investigated the asymptotic properties of the
parametric estimators of the model, including consistency, asymptotic normality
and efficiency. Zhu, Wu and Lu (2013)[42] extended the minimum Hellinger dis-

tance estimation to right-censored survival data.

1.5 Organization of this Dissertation

In this dissertation we propose two new goodness-of-fit test statistics based
on the Hellinger distance. We begin with general semiparametric inference of the
density ratio model, including the derivation of the maximum likelihood estimator
of the underlying distribution G, and some of its asymptotic properties. We de-
scribe the two new goodness-of-fit test statistics, derive their asymptotic limiting
distributions, study them by Monte Carlo simulation, and apply them in real data
analysis.

This dissertation is organized as follows. Chapter 2 is an introduction to the
semiparametric density ratio model, including the procedure to derive the maximum
likelihood estimators of the parameters and underlying reference distribution func-
tion. At the end of Chapter 2, we introduce some asymptotic results, including the

consistency and asymptotic distribution of the estimators. Chapter 3 proposes I, a



new goodness-of-fit test statistic to test the validity of the density ratio model. The
limiting distribution of the new test statistic under the null hypothesis is derived.
A bootstrap procedure is applied in conjunction with Monte Carlo simulations.
Chapter 4 proposes another new goodness-of-fit test statistic J,,. Under the null hy-
pothesis which is model (1.1), the asymptotic limiting distribution of .J,, is derived.
Furthermore the method to obtain the p-value corresponding to the test statistic J,
is derived also. Chapter 5 provides simulation studies for .J,,. Computer-generated
samples from the normal distribution, the gamma distribution and the lognormal
distribution are used to perform goodness-of-fit tests when the tilt function is both
correctly specified and also misspecified. Chapter 6 applies the goodness-of-fit test
developed in Chapter 3 and Chapter 4 in the analysis of experimental radar reflec-

tivity data. Chapter 7 summarizes this dissertation.



Chapter 2

The Density Ratio Model

In this chapter we introduce a semiparametric statistical model which is called
density ratio model. A profiling procedure, following Qin and Zhang (1997)[27], to
derive the maximum likelihood estimation of parameters and underlying reference
distribution, is introduced. The asymptotic results for the estimators which were
derived by Qin and Zhang (1997)[27] and Lu (2007)[25] are given in the last section

of this chapter.

2.1 Introduction

Model (1.1) is a biased sampling model with weights depending on parameters.
Vardi (1982)[30] studied a related nonparametric two-sample estimation problem.
Consider a sample from a distribution function G and another sample from Fy, the
length-biased distribution of G, such that

Faty) = 5 [ adGla) 1)

I

where p = [ 2dG(z) < co. The nonparametric maximum likelihood estimation
(NPMLE) for G and its asymptotic properties were discussed in Vardi (1982)[30].
Gill, Vardi and Wellner(1988)[15] proved the consistency and asymptotic normality
of Vardi’s NPMLE.

Gilbert et al.(1999) extended the biased sampling problem model (2.1) to a

8



semiparametric problem with G unspecified. The model is

1

Fo(y,0) = W.G) /_y w(z, 0)dG(x) (2.2)

where W(0,G) = [*°_w(z,0)dG(x) < co. They showed that under the condition
that the biasing function w(z,6) is known, the semiparametric biased sampling
problem is identifiable. The large sample behavior of the semiparametric MLE was
investigated by Gilbert (2000)[12], and goodness-of-fit test statistics of Cramér-von
Mises type, Anderson-Darling type, and Kolmogorov-Smirnov type were studied by

Gilbert (2004)13].

2.2 Semiparametric Density Ratio Model

We are considering semiparametric inference from DRM by assuming that the
log-likelihood ratio of two unknown densities has a known linear form which depends
on unknown finite dimensional parameters. The DRM is equivalent to a generalized
logistic regression model in case-control sampling (Qin and Zhang (1997)[27]).

Consider model (1.1):

Ul ..., Up, 1S a random sample with reference density g(x).

21, ..y Zn, 18 a random sample with density g;(z) = exp(a + 8'h(z))g(z).

Here g(z) and ¢;(x) are unknown probability density functions, « is an unknown
scalar, B is a p x 1 vector parameter, and h(x), which is called the distortion or tilt
function, is a p x 1 vector that consists of known functions of z. Let U = {uy, ..., tup, }
is the reference sample corresponding to an unknown distribution function G(z),
the cdf corresponding to g(x), and let Z = {z1,...,2,,} is the distortion sample

9



with unknown density gi(x). Let T' = {t1,....,t,} = {u1, ..., Ung, 21, ..., 2n, } be the
combined or fused sample consisting of both the reference and distortion samples of
n = ng + ny observations.

Consider the following well-known examples of DRM.

Example 1 (Normal distribution). Assume that U ~ N(uy,0%) with density g(-)

and Z ~ N(uz,03) with density g;(+). Then ratio of the densities is

91(x) 1 g po 1 1 x
= log (| — — — == = - _
g() exp{ o8 (02> * (20% 203 * o3 o’ 20? 203 )
x
This is a special case of model (1.1) with tilt function h(x) = (x,2?)" and parameters
2 2
91 H1 Ha
—log [ X Mo K
s (G) (5 an)
g (tz_m L 1Y
o5 o}’ 207 20%)°

Note that when p; = s = 0, h(z) = 22

Example 2 (Gamma distribution). Assume that U ~ Gamma(ay, 1) with density

g(+) and Z ~ Gamma(az, 52) with density g;(-). Then ratio of the densities is

x
9:() = exp { log %4—(@1 log 81—z log 52)“‘(% - é ; Qg — al) }
log x

Again this is a special case of model (1.1) with tilt function h(z) = (z,logz)’, and

parameters

) + (oq log B1 — azlog Bs)

1 1 !

Note that when a; = g, h(z) = x, and when 8; = 5, h(x) = logx.

10



Example 3 (Lognormal distribution). Assume that U ~ Lognormal(u,0}) with
density g(-) and Z ~ Lognormal(ps,o5) with density gi(-). Then ratio of the
densities is
T o 2 2 1 1 log x
90(@) _ o Liog (0) (2 B (e w1 L |
g(x) o) 208 203 o3 oif 20 203
(log )

/

This is a special case of model (1.1) with tilt function h(z) = (logz, (log z)?)

2 2
g1 H1 ()

— oo [ T2 M My

e (2)+ (a5
gtz _m 1 LY

o3 0?20 20%)°

Note that when p; = py = 0, h(z) = (logz)?, and when oy = 09, h(z) = log z.

, and

the parameters

In Chapter 3 and Chapter 5, Monte Carlo simulation studies for our test
statistics are applied by using computer-generated samples from normal, gamma
and lognormal distributions. Correctly specified tilt functions in the previous three
examples will be used in goodness-of-fit tests. And based on these examples, we
also can intentionally choose misspecified tilt functions to test our goodness-of-fit

procedures.

2.3 Maximum Likelihood Estimation

In this chapter we follow the main results from Qin and Zhang (1997)[27]
and Lu (2007)[25] and our contributions will be in the following chapters, and the
difference being that we deal with pdf’s whereas Qin and Zhang (1997)[27] and Lu
(2007)[25] deal with cdf’s.

11



A maximum likelihood estimator of G can be obtained by maximizing the
empirical likelihood over the class of discrete cumulative distribution functions with
jumps at all the observed values {t1,...,t,} = {u1, ..., Ung, 21, .., 2n, } from the com-
bined sample. Let p; = dG(t;) denote the size of the jump at the observed value t;.
Then the empirical likelihood is defined as as follows:

ZL(0,8,G) = [[dG(w) ] exp (o + Bh(2))dG(z)

i=1 j=1

— Hpi H exp (a + 8'h(z;)) (2.3)
= Hpi Hw(zj)
where
w(t) = exp (a + B'h(t)). (2.4)

To maximize the empirical likelihood, we follow a profiling procedure by which
first the p; are optimized in terms of «, 5, and then the p; are substituted back into
the likelihood to obtain a function of «, 3 only.

When «, § are fixed, the empirical likelihood (2.3) is optimized by maximizing

the product term [];_, p; subject to the following constraints

ipi =1, ipi[w(ti) —1]=0. (2.5)

The constraints (2.5) simply express the fact that the discrete reference probability
masses and their distortions sum each to 1.

Lagrange multipliers are used in the maximization of []}"_, p;. This is equiva-

12



lent to maximizing

i logp; + A
i=1

ipz‘ — 1] -\ [ipz(w(tz) — 1)]

where A\, A\ are Lagrange multipliers. Differentiating with respect to p; and equating
to 0 gives,

i +Xo — M(w(t) — 1) = (2.6)

(2

or

L+ Aopi — Mipi[w(t;) — 1] = 0.

Sum up over i = 1,...,n and apply the constraints (2.5). Then we have

Substitute Ay = —n into (2.6), and defining p = n;y/ng, we derive

1 1

P00 T pexpla+ Ah(t)

Substituting the p;’s back into the likelihood, we obtain the log-likelihood function

ni

Ua, B) = (a+B'h(z)) — Z log(1 + pexp(a + B'h(t;))). (2.7)

j=1

N

We get (&, 8) by solving two score equations,

o _ N~ _peplat Bht)
da ' 1+ pexpla+fh(t)
= . (2.8)
& pexp(a+ B'h(ti))h(t:)
B _;M'Z]) ; 1+ pexp(a+ B'h(t;)) =0
and therefore,
1 1
b= — (2.9)

no 1+ pexp(a+ Bh(t))

13



Consequently, the MLE of the distribution function from the combined data

ty,...,t, under DRM is

n

_ 1 3 It <) . (2.10)

o =1 1—|—p€XpC¥—|—ﬁl ( ))

2.4 Asymptotic Results

Assume that the true parameters are (ag, ).
Define

T e T 0 [ 1 e e
/ h(y) exp(ag + Boh(y)) 4G (y) / h(y)'h(y) exp(ao + Byh(y)) 4G(y)
)

1+ pexp(ag + Byh(y)) 1+ pexp(ag + Byh(y)

| ~—r

(2.11)
and

s=_" 4 (2.12)

The asymptotic properties of (a, ) are derived by Qin and Zhang (1997)[27]

and Lu (2007)[25] as follows:

Lemma 1 (Qin & Zhang (1997), Lu (2007)). Under certain regularity conditions,

if model (1.1) is true, then the asymptotic expansion of (&, B) is

& — o . 8l(040,50) .
_ tq-1 0 _—
) = ns 8l(a3ﬁ0) + op(\/ﬁ) (2.13)
B — Bo o
and
a —
vn 4, N(0,S7'VS™) (2.14)

B — By

14



where

/ eXP(Oéo + 6(l)h(y) dG(y)

)
v = L4, 1+ pexp(ao + Soh(y))
1+p / h(y) exp(ao + Byh(y))
1+ pexp(ao + Byh(y))

y ( / exp(ag +B6h(y))y))dG(y> / hly) explan + foh(w)) 4o ) .

1+ pexp(ag + Byh( 1+ pexp(ao + Boh(y))

dG(y)

(2.15)
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Chapter 3

A Test Statistic

In this chapter we propose a test statistic constructed from the Hellinger dis-
tance, which is used to measure the discrepancy between two competing probability
densities. We start by defining these two competing density estimators as kernel
density estimators. One kernel density estimator is derived from the reference sam-
ple U and another one is derived from the fused sample 7. Next our test statistic is
decomposed into two components. We derive the limiting distribution of one com-
ponent and render the value of the other component relatively small by choosing
an appropriate bandwidth. Therefore this gives a numerical approximation for our
test statistic. A bootstrap procedure is used to obtain an approximation to this

distribution of the test statistic.

3.1 Kernel Density Estimator

For a given kernel, K(z) > 0, with [ K(z)dz = 1 and [ K*(z)dz < oo, by
using the empirical distribution G,,, we can construct a kernel density estimate as

a convolution
/Kb(a: —y)dG,(y)

where b is the bandwidth and K,(-) = (1/b)K(-/b).

16



The empirical distribution of the reference sample wuy, ..., Uy, is

G(t) = ni nz T(u; < #). (3.1)

From (2.10) and (3.1), we get two competing estimators for G(t): G(t) as

derived from the combined sample T" = {t1,....t,} = {u1, ..., Upng, 21, .., 20, }, and

G(t) as derived from the reference sample {uy, ..., u,, } only.

We can now construct density estimators by using these two competing esti-

mators as follows:

a(t) = / K(t — y)dC(y)
3(t) = / Ky(t - y)dC(y).

Lemma 2. Let §(x) and §(x) be the kernel density estimators defined in (3.2). Then

) =3 !

~ 1+ pexp(a + B'h(t;))

Kb<t — tl)

n (3.3)
. IR
§(t) = o 2; Kyt — ;).
Proof. Let 6(x) be the Dirac delta function. So, for any function f(z)
/f(x)é(m —t)dx = f(t). (3.4)

By (2.10) and (3.1), we have

G(t) = Ly =9
g — 1+ pexp(a+ B'h(t;))
3 1 &
G(t) = n—OZI(ui <t)).
i=1

17



So

Nl
~
S~—
I
\
=
~
|
2
oY
«Q

= /Kb(t—x)i[)ﬁ(x—ti)dx
ot —
_ —Z ;)

1+p%pa+ﬂ%(b

and

0 = [ Kt~ 0)iCio)
_ /Aﬂt—@}iiﬁ@—umm
= _ZKbt_uz

N}

3.2 A New Test Statistic

Bondell (2007)[4] presented a goodness-of-fit test by constructing a test statis-
tic via the discrepancy between two competing kernel density estimators. He con-
structed the kernel density estimators g as (1.3) and g as (1.4) and fixing the band-
width at b = 1. Then he defined the test statistic I” as (1.5). He proved that
under H, the test statistic I” tends in distribution to an infinite weighted linear
combination of independent chi-square variables with one degree of freedom each.

In this chapter we define a new test statistic as the Hellinger distance which
measures the discrepancy between the two competing density estimators, g and g.

The associated integrated squared error is obtained in a closed and bounded interval

18



[—L, L]. Through this dissertation, we use many integrals with certain limits. We
assume that our data are such that the integrals beyond the limits are negligible.

We define a new goodness-of-fit statistic in terms of the Hellinger distance

I, =nb /_L (\/%— g(t))th. (3.5)

L

It is convenient to define

Wat) = 5o (900) — 3(0) (3.6)
and
Du(t) = (V30— ViD) —Wa(e)?
nb . =2 nb . 2
= e 0 50~ g (60~ 500)
 ble(t) — 52 2v/9(t) + V4(t) + Vg(t) -
~ IO a0 + amrwam + i )
b(8(8) — B2 2v/9(t) + V9(t) + V5(t) .
O =30 e+ Ve e + v 1 T
(3.7)
then
I, = / ’ W, (t)%dt + / ’ D, (t)dt. (3.8)

In the following sections we assume that the bandwidth b is fixed at some
properly chosen values. A similar fixed bandwidth approach can be found in An-
derson et al. (1994)[1]. We will prove that W, (¢) converges weakly to W (t), a
Gaussian process with mean 0. In order to approximate W, (t), we need to derive

an approximation of g(t) first. Later we shall show that f_LL D, (t)dt is very small.

19



3.3 An Approximation of §(t)

We would like to obtain the Taylor expansion of §(¢). For this purpose, define

n

| Kyt — 1)
it B) = Z 1+ pexp(a + B'h(t;)) (3.9)

Differentiate H;(t; «, 3) with respect to a and [ respectively.

8H1(t;oz,ﬁ) Zpexp (v + B'h(t;)) Kp(t — ;)
Oa = (1+ pexp(a+ B/h(t)))" (3.10)
OH, (1,0, 5) ___Zpexpa+@' (t)h(E) Kol — 1)
B — (1+ pexp(a+ B'h(t )))2
Taking the expectation at (g, 3y), we have
OH\(t; o, Bo) pexp(ao + Boh(t:)) Kp(t — 1)
p(Z==R 00
( Oa ) (z_: 1+peXp(ao+ﬁo ( )))2 )
1 [ pesplan+ A= 9)
no [ / (1 + pexp(ao + Byh(y )))2 )
[ plexplao + Hoh(y ) Kot y)dG
! / (1+ pexplao + Byh(y)))* (y)]
L[l AR ) g,
1+ pexp(ag + Byh(y))
— —pA() (3.11)

where

At = / exp (a0 + Boh(y)) Ku(t — )

1+ pexp (ag + BHh(y)) 4G1)

20



and

OHi(t;0,0)\ 1 " pexp(ag + Bhh(t:))h(t:) Kp(t — t;)
E< op ) - E<Z (14 pexp(ag + ﬁ(l)h(tz‘)))z >
_ A [ pexplao + Boh(y))h(y) Kt — y)
N [ O/ (1+ pexplao + Byh(y)))” it
i [ Pl B W~

(14 pexp(ao + Byh(y)))?
Y)

Lac(y)]

[ pexplao + Boh(y)) h(y) Kyt —
= e e
— _pB(t) (3.12)
where
_ [ exp (a0 + Boh(y)) h(y) Ku(t — y)
B = / 1+ pexp (oo + BHh(y)) AG)

Let Hy(t) = H1(t; ap, fo) and define

Ol{ag, Bo} /O
Hy(t) = 5 ( A(t) B(t) ) s~ ( e 05 ) : (3.13)

From Lemma 1, we have

(pa) o500 ) ( o ) = Hy(t) + 0,(n "),

B —fo

Lemma 3. The function §(t) admits an approximation uniformly in t,
9(t) = Hi(t) — Ha(t) + Ry(2), (3.14)

and the remainder term R, (t) satisfies sup;|R,(t)| = o0,(n~1/?).
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Proof. We study the Taylor expansion of §(t) at (v, fo). Let 8, = ||(&, 3)—(c, 50)|-

By Lemma 2, we know

P Kyt —t:)
5t) = n021+pexpa+5/ o)

/
OH1 (t;00,00)

Dar & — (%))
= Hl (t, Qq, 50) + + Op(6n>
8H1(ggo,ﬁo) B— By
/
981 (tieo,fo) & —
o’
= Hi(t)+
EaHl(tagO ,B0) B - B,
'
OH; (t;0,60) EaHl(t @0,80) & — ag
[oe" Oa
+ + 0p(0n)
OH; (t;00,80) OHi (t;00,80) 3
18/800_E 18500 B— B
(3.15)
Let .
8H1(gzo,/3’o) _ EaHl(gzo”BO) & — ap
Rnl (t) —
3H1(ggoﬂo) EaHl(ggo ,60) B — By
and
R,(t) = 0,(n%) 4+ R (t) + 0,(6,,)-
Thus
& — (%))
o0 =m0 (paw ps )| | Rl o6
B = bBo

= Hi(t) — Hy(t) + 0,(n Y2 + Ry () + 0,(5,)

= Hy(t) — Haot) + Ro(t).

~

From Lemma 1, the estimator (&, /3) is consistent in probability. So 4§, =
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0,(n"Y/?). Again, Lemma 1 implies that sup, |R.1(t)] = 0,(n""/?). So we have

sup, | R,(t)| = 0,(n/?) which completes the proof. O

Therefore, Hy(t) — H(t) is an approximation of §(¢) uniformly in ¢. In order

b (()

to prove the weak convergence of W, (t) = /D)
g

— g(t)), according to Lemma

3, we only need to show that 2*/”7(’t) (Hq(t) — Ha(t) — g(t)) converges weakly to a
g

Gaussian process.

Next we investigate the structure of the finite dimensional distribution of

Vib_(H,\(t) — Ha(t) — §(t)).

24/9(1)

Lemma 4.
E(Hl(t) ~ Hy(t) — g(t)) —0. (3.16)

Proof. Obviously, E(Hx(t)) = 0 since E(Il(ap, 5o)/0(a, 5)) =0

n

1 Kyt —t)
BUL) = P D T pep(on + Ah(E)

1 Ki(t —y)

= ol [ et L) W

Ky(t —y) exp(an + Syh(
1+ pexp(ag + Byh(y)

= /Kb(t—y)dG(y)

. )y)) dG (y)

and
i 1
B(30) = 2B Kot~ u) = [ Kuft = )dGw)
So

E(Hl(t) ~ Hy(t) — g(t)) — 0.
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3.4 Variance-Covariance Structure

Next we consider the variance-covariance of the process \/\ﬁ—)(H 1(t) — Ho(t) —

g(t
g(t))-

Vb N
COV<2\/_( = H(5) = 9050 5 s (H) — Halt) — 9(0))
= e B () = 30) (10 - 30)

~E((#(s) - 3(9) Hal0)) ~ E(Hals) (1) - 3(1)))
+E<H2(5)H2(t)) } (3.17)

Consider the first part in (3.17). We have,

38| (166) - 366)) (10 - 360))

9 1 Ky(s —t;) 1
- ”OERn_o; I +ﬂexp(ao+tﬁ6 W) g 2 K ~))

05

1 Kyt —t;)
X<_Zl+pexp(ao+ﬂo h(t;)) —n_oZKb >]

- L Ky(s — z) = Ky(t — z)
N {E<Z 1+ pexp(ao + Fyh(z ))> ' <; 1+ pexp(ag +Béh(2j))>

=1

ni Kb(s ZZ) no pexp(ao + ﬁéh(u])) o

B E(; 1+ pexp(ag + Byh(z )))E( — 1+ pexp(ap + ﬁéh(uj))Kb<t ])>
o~ pexp(ag + Bih(u;)) S Kyt — =)

B E( ~ 1+ pexp(ao + Boh(u;)) Kols = u])>E< ZZ1 1+ pexp(ag + B()h(zz»)))
~_pexp(ao + Fyh(u;))

* E( p 1+ pexp(ag + 66h(uj))Kb(S B u))

y <§: pexp(ao + ﬂéh/(u]'))>)Kb(t - uj)ﬂ

~ 1+ pexp(ag + Bhh(u;

- (11 -+ [4). (3.18)
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We shall derive every term in (3.18) as follows.

Ky(s — z;) Kp(t — 2) >
(14 pexp(ag + Byh (=)

) Ky(s — z) Ky(t — )
= ”1)E<1 + pexp(ao + ﬁéh(zi))>E(1 + PeX;((io + %h(zj)))

- pexp(ag + Byh(r)) Ky(s — 2)Ky(t — 2)dG(x
G o 0~

+(nf —n1)A(s)A(t)

B Ky(s — )
I, = 711/ 1+pexp(040+ﬁ(/)h(x))
pexp(ag + Byh(x))
xno/ 1+ pexp(ap + B)h(z))

exp(ao + Syh(x))dG(x)

Ky(t — 2)dG(x)
= nonipA(s)A(t)

_ pexp(ag + Byh()) s — 1 x
Bo= o e s e ~ 20w

Ky(t — ) /
X”l/ﬁ1+¢nmpum-+ﬁy4x»Emp“m'%ﬁ““x»thw
= nonlpA(S)A(t)
B pexp(ag + Byh(u;)) 2 , — U,
Iy = noE<(1 + pexp(ag + ﬁéh(w))) Hols —ugials J)>

pexp(ag + Byh(u;)) —w
1+ pexp(ap + Béh(ui))Kb(s Z))
pexp(ao + Byh(u;))
><E<1 T pexp(an T ﬁ()h(uj))Kb(t — UJ)>

= no/ (1 iepxifs(oa—s fég(,)(;g;)))zf(b(s — ) Ky(t — 2)dG(x)

+(ng —no)p” A(s) A(t).

+(ng —no) E (

Define

[ eploot W)
(*ﬁ‘/ﬂ+mm@ﬁ%qu“ u{E ~ )G ()
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So, it follows that

E((Hy(s) = §(s)(Hi (1) - §(1)))
([1 LI+ I4>

o pexp(ag + Bih(x)) Ky(s — 2)Ky(t — 2)dG(x
( / (14 pexp(ap + Byh(z)))” ( ol et

+(n3 —n1)A(s)A(t) — 2ngni pA(s) A(t)

pexplao + Foh(x)) yor. o O
+no/(1+,06><p(omJrﬁéh(:v))) Hols —2) {8 = 2)aG(z)

(18 = no)p* A(s) (1)

= (0C(s.1) — p(1+ PA(S)AW)).

Ny

Note that if all the variables are restricted to [—L, L], then bC/(s,t) is finite. Let

y =5 —bzx. Then

b5, 1) — /(”L)/b exp(ao + Byh(s — bz)) K(2)K (2= ¢
’ -0y L+ pexplag + Byh(s — b)) b

is bounded for any b > 0. Specifically, when s = ¢

B =5 exp(a + BHh(s — bx))
bC'(s,s) = lL [y +0 Bhis = bx))K(x)Qg(s — bx)dx.

b

If the kernel function K(-) has compact support (e.g. Epanechnikov, Uniform or
Biweight) and if b << |s — t|, such that |s — ¢|/b is greater than the range of the
compact support, then K(z) - K (2% — x) is zero for any « and thus the value of
C'(s,t) vanishes. To avoid this situation, in this chapter we only use a kernel whose

support is all of R (e.g. Gaussian).

Next consider the fourth term in (3.17). From Qin & Zhang (1997) and Lu
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(2007)[25], we have

(14+p)?
S—lvs—l — 1 + pA—l o 4 0
P 0 0

thus for the fourth term in (3.17),

E((H2(5>Hg(t))

- Q_QE{ ( A(s) B(s) ) g ( O, fo} /D )

al{a(h ﬁO}/aﬁ

x ( ( A(t) B(®) ) g1 9M{a. B} /00 ) )/}

al{%’ﬁo}/aﬁ

2 A(t)

_ %(A(s) B(s))s_1VS‘1 o
t

2 1 L A®

- 2 () By ) ta (B()
t

Furthermore, from Qin & Zhang (1997) and Lu (2007)[25], we have
Cov(Vnb(Hy(s) — §(s)), VnbHy(t)) = Cov(vVnbHs(s), VnbHs(t))

and
Cov(Vnb(Ha(s) — §(s)), VnbH,(t)) = Cov(vV/nbHy(s), VnbHy(t)).
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So (3.17) becomes,

Vb L Vab i
Cov (57 (Hi(s) = Hals) = 5(5)). 5 e (Hl) = Halt) = 9))
nb _ - .
= o B~ 56) (1) - 30) ) = B((H(s) = 35) Hal)
~E(Ha(s) ((1) = 5(1)) ) + B(Ha(s) H>(1)) |
N nb L e ) P40
= T U (PO — a1 DAAW) + EEAA)
_p(1+p)( ) B(s>)A‘1 Al) }
! B(t)

3.5 Weak Convergence of W, (t)

Define

spyo PLEb J o 4| A
Ve =g g<s>g<t>{0(’t) (46 5 ) (B@)

Theorem 1. Assume that the underling density g(-), the tilt function h(-) and the

(9(t) — (1))

converges weakly in [-L,L] to a Gaussian process W(t) with mean 0 and

Vnb

kernel K(-) all are Lipschitz continuous. The process W, (t) = 5 l(’t)
9

Cov(W (s), W(t)) = V(s,t)

- AL+ p)b s, t) — A1 A(t)
44/g(s)g(t) {C( 1) ( A(s) B(s) ) ( - . (3.19)
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Note: Bondell (2007)[4] states a similar result for \/n(g(t) — g(t)) with fixed

bandwidth b = 1 without proof.

Proof. Since C(s,t), A(s) and A(t) are continuous, V' (s, ) is continuous and band-
width is fixed. So V(s,t) is bounded for both s and t in [-L, L]. Thus finite-
dimensional convergence follows from Lindeberg-Feller. For tightness, following
Corollary 16.9 in Kallenberg 2002[19], we need to check the Kolmogorov-Chentsov

criterion which is E(W,,(s) — W,,(¢))* < c|s — t|* for some constant ¢ < oco.
E(Wa(s) = W(t))?

— E(Wo(s))* + E(W, (1)) — 2E(Wo(s) W (1))

=V(s,s)+ V(t,t)—2V(s,t)
t

_pL+pbfCls,s)  Ct,t)  Clsit) \ . Als) A 2
-3 {<gs> O g<s>g<t>> (o ORRYOL
(BB BO A AW BG) B
B s LY~ R s AWy ¢g<t>)>}

_pA+pb [ Clsis)  Ct)  Clsit) \ ’ Als)  A@)
y {( SRRy rrr il Vi iy ol
@ Bls) Bt \\* @ Bs) By
MLV r Yo IR el Gy v o). }
where
Al = ( o ) .
Let

ay) = exp(ao + Soh(y))g(y)
1+ pexp(ao + Byh(y)

exp(ao + Boh(y))h(y)g(y)
1+ pexp(ao + Byh(y))

c(y) =
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We assume that ¢(-) is bounded away from zero in [—L, L]. Since g(-), h(:), and

K(+) all are Lipschitz continuous, 3 C; > 0 s.t.

A(s) A(t) _ a(y)
7~ el = | e it

br) a(t — bx)
< fleezt x\K o

-

a(s —br) —a(t — bx‘

\/_
+/‘m \/@‘ |a(t — bx)| K (x)
< Cils—t
and similarly 3 Cy > 0 s.t.
B(s) B(t) c(y)
ool o i o

/’sbx_tbx’K o

_/‘sba: tbx’m

< C’g}s —t}.

Furthermore, 3 C5 > 0 s.t.

C(s,s)  C(t,t) C(s,t) | Ky(s—y) Kyt —y)\2
B Ry o O Kl G ey o K
R T € G AL
=| fats =t VORI

< %‘ /a(s—bx)K2(m)< gl(s) - ;(t)>2d$
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Thus 3C* > 0 s.t.

E|[W,(s) = Wo(D)]* < C*|s — t|”

And it is easy to see that the sequence W, (0) is tight by Chebyshev’s inequality.
Thus following the Corollary 16.9 in Kallenberg 2002[19], the tightness of W, (t) is

proved. The weak convergence of W, (t) follows. O

Remark 1. Since 1/ g(t) is continuous, \/¢(t) is bounded in [—L, L]. If the bandwidth
is fixed as b = 1, then v/n{g(t) — g(t)} = 21/ g(t)W,(t) converges weakly in [—L, L]

to a Gaussian process 24/¢(t)W (t) with mean 0 and covariance function given by

WAV (s,0) = p(1-+ ) €)= ags) Bls) ) 4™

This result was stated by Bondell(2007)[4] for IZ for without proof.

3.6 Convergence in Distribution to Linear Combination of Chi-square

Variables

We have shown that W), (¢) converges weakly to a Gaussian process W (t) with
mean 0 and covariance (3.19). The Gaussian process W(t) can be represented in
terms of its eigenfunction expansion by the Karhunen-Loeve theorem. Before stating
the theorem, we introduce the Mercer kernel.

A function V'(s,t) : R x R — R is called a Mercer kernel if it satisfies,

1. V(s,t) is continuous
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2. Symmetric: V(s,t) = V(t, s)
3. V(s,t) is positive definite; that is, for all finite sequences of points zy, xs, ..., z,

and all choices of real numbers ci, ¢y, ..., cn, Y20y D00 V(L 25)cic; > 0.

Theorem 2 (Karhunen-Loeve theorem). Let W(t) be a zero-mean square integrable
stochastic process over a closed and bounded interval |—L, L], with continuous co-
variance function V(s,t). Then V(s,t) is a Mercer kernel. Let {ex(t)}32, be an

orthonormal basis of L*([—L, L)) formed by the eigenfunctions of

/_ C V(s then()ds = Aex (D) (3.20)

L

with respective eigenvalues {\}32,. Then W(t) admits the following representation

W(t) = f: Zka(t)
k=1

where the convergence is in L*, uniform in t and

7y = / ’ W (t)ew(t)dt.

Furthermore, if the original process W (t) is Gaussian, the random variables Zy, are

independent normal random variables with zero-mean and variance \j.

Let

1
= — 72
Ck: )\k k

Since W (t) is Gaussian, we have ¢ follows a chi-square distribution with one degree

of freedom.
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Hence, by Theorem 1 and Theorem 2,
L L
/ W ()2t — / W2(#)dt ( Theorem 1 )
L L

— /_L(i Zyer(t))?dt ( Theorem 2 )

L k=1
— Zzg
k=1
= Z)\ka-
k=1

Thus we have derived the following theorem,

Theorem 3. Assume that the underling density g(-), the tilt function h(-) and the
kernel K(-) all are Lipschitz continuous, and L is sufficiently large. The sequence
{\e}52, is defined as (3.20) in Theorem 2. The random variable f_LL W,.(t)dt tends
in distribution to Y ;- \eC, where {(} follow chi-square distribution with one

degree of freedom.

Next we will derive a numerical approach for I,,. From the standard con-
sistency result in Devroye and Gyorfi(1985)[7], we have that [ |g(t) — g(¢)|dt and
[ 1g(t) — g(t)|dt both converge to 0 with probability one if & — 0 and nb — oco.
And by Theorem 1, E(nb(g(t) — g(t))?) = 4g(t)EW,(t)* is finite. Thus when
the sample size n is large enough, Ve > 0, 3b > 0 s.t. ffL D, (t)dt < e almost
surely. And then for fixed b, we can derive Theorem 1 and Theorem 3. By (3.8),
I, = f_LL W, (t)2%dt + f_LL D, (t)dt. Thus I, can be approximated numerically by

[*, W, (t)%dt and then equals to 3257, MGy
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Corollary 1. When sample size n is large enough, we can choose and fix the band-
2

width b which makes f_LL D, (t)dt small. Thus I,, = nb f_LL (\/Q(t) — wg(t)) dt can

be approzimated by > -, \pCx where the sequence {\g}32, is defined as (3.20) and

{Ck} follow chi-square distribution with one degree of freedom.

However it is difficult to derive the analytic expression for the distribution
of > 777, kG- Therefore we apply a bootstrap procedure as in Qin and Zhang
(1997)[27] in the next section.

Bondell (2007)[4] considered the test statistic I as (1.5) and he assumed that
the bandwidth is fixed at b = 1. For the sake of comparison, we modify his test

statistic as

7 — b /L (g(t) - g(t))2dt (3.21)

—L

where the bandwidth b needs to be selected properly.

3.7 Numerical Study

In this section we compare the performance of our I, with the Kommogorov-
Simirnov-type statistic A, in (1.2) of Qin and Zhang (1997)[27], the test statistic I?
in (1.5) of Bondell (2007)[4], and the modified test statistic I5* as in (3.21). Thus,
these four test statistics A, IZ, I3 and I, are used in goodness-of-fit testing to
validate model (1.1).

In the following simulations, we use the Gaussian kernel in our density esti-
mators, K (z) = (1/v/2m)exp(—22/2). The value of bandwidth b is needed in the

calculations of IB® and I,. From standard consistency results, b — 0 and nb — oo

34



are needed. For a given sample, where the sample size n is large enough, we fix
the bandwidth at a proper value which numerically makes ¢(-) and g(-) close to g(-)
and simultaneously makes ffL D, (t)dt small. Thus we fix the bandwidth so that

4/n < b < 0.1. Experience shows that when n = 1000, b = ,/% -0.1 = 0.02 is a

good choice.

3.7.1 Bootstrap Procedure

The bootstrap procedure which was suggested by Qin and Zhang (1997)[27]
simulates the distribution of the test statistic and its quantiles. The steps are as
follows:

1. Generate samples U and Z following model (1.1).

2. Obtain semiparametric estimates (&, §) and G(z) from the fused sample
T, and empirical G(z) from the reference sample U only.

3. Generate bootstrap data U* and Z* from dG(z) and exp(a + 25)dG(x)
respectively.

4. Obtain the estimated (&*, 8*) and G*(z) from the fused sample T* =
(U*, Z*), and the empirical G*(x) from the bootstrap reference sample U*.

5. Derive the bootstrap version of the test statistics A% = sup, /n|G*(t) —

Gr(t)], IP = n [ (5°(t) — () dt, IP™ = nb [ (5°(t) — §*(t) dt and I} =

nb [ (Vg (t) — \/g*(t))2dt. Here §*(t) and §*(t) are derived from G*(z) and G*(x)
respectively, following Lemma 2.

6. Repeat step 3 to step 5 to generate many bootstrap replications of the test
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statistics to approximate the critical values.

7. Calculate the empirical p-values.

We apply our proposed goodness-of-fit test statistic to simulated data following
model (1.1). We generate U ~ N(0,1) and Z ~ N(0,2) with sample sizes (ng, n;) =
(500, 500). The fused sample is T' = {U, Z} with size n = 1000. The bandwidth
is fixed at b = 0.02. According to Example 1, the correctly specified tilt function
is h(x) = 22. Then from the fused sample T we can obtain (&, ) and G(-), the
estimated semiparametric distribution. And from Lemma (2) we obtain the kernel
density estimators g(-) and g(-). From this the observed value of test statistic I,, =
0.4685. To simulate the distribution of I,,, we generate U* and Z* from dé(m) and
exp(@+xﬁ)dé’ (x) respectively. From 500 bootstrap replications of I from {U*, Z*},
the observed p-value is P(I} > I,,) = 0.856 which means that null hypothesis model
(1.1) should be accepted. By applying the same procedure we obtained p-values
corresponding to A,, IZ and 15 P(A* > A,) = 0.834, P(IP* > IB) = 0.966 and
P(IP¥ > [B%) = (.508. They all validate model (1.1).

Still using the same samples U ~ N(0,1) and Z ~ N(0,2) of size (ng,n) =
(500, 500), replacing the correctly specified tilt function h(x) = x? by the misspec-
ified tilt function h(z) = z, from the same procedure we get the observed value
of I, = 3.022 and corresponding p-value P(I} > I,) = 0, which indicates a strong
rejection of the null hypothesis model (1.1). The p-values corresponding to the other

three tests are all zero and so model (1.1) is rejected by all the tests.
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3.7.2 Monte-Carlo Simulation

Next we run Monte-Carlo simulations to investigate the distributions of the
p-values corresponding to four test statistics A,,, IZ, IP* and I,,. Recall from (1.2),

(1.5), (3.21) and (3.5),

B = sup VAIG(D) — G 12 =n [ (a0 - g0

—L

7 — b /_L (g(t) . g(t))th I, = nb /_LL (\/%— \/m>2dt

L
Note that bandwidth b = 1 in I” and b = 0.02 in both IZ® and I,. We ran 100
Monte-Carlo simulation repetitions. In each repetition, we generated U ~ N(0, 1)
and Z ~ N(0,2) with sample sizes (ng,ny) = (500,500). After deriving (&, 3) and
@(x) from fused sample T'= {U, Z}, we repeat the bootstrap procedure 500 times

from step 3 to step 6. Therefore we get the distributions of the observed p-values

corresponding to each test statistic from 100 Monte-Carlo repetitions.

Figure 3.1 gives the distributions of p-values corresponding to four test statis-
tics when the tilt function is correctly specified as h(z) = z%. Figure 3.2 gives the
distributions of p-values corresponding to four test statistics when the tilt function
is misspecified as h(z) = x. Table 3.1 gives minimum, lower quartile, median, upper
quartile and maximum values of the distributions of p-values corresponding to A,
IB. IB% and I,. The 2nd column from right is the difference between the upper
quartile value and the lower quartile value, and the last column is the variance of

the distributions of the p-values for each statistic.
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p-value when tilt is correctly specified h(x)=x"2
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Figure 3.1: Distributions of p-values corresponding to A,, IZ, I5* and I,,. U ~
N(0,1) and Z ~ N(0,2) with sample sizes (ng,n1) = (500, 500). Correctly specified
tilt function h(x) = z?. Bandwidth b = 0.02 for IP® and I,. Bootstrap repeti-
tions=500, Monte-Carlo repetitions=100.

Figure 3.2 tells us that when the tilt function is misspecified, all four test
statistics lead to a strong rejection of model (1.1). Figure 3.1 tells us that when the
tilt function is correctly specified, all four test statistics suggest acceptance of model
(1.1) in most of the cases. Figure 3.1 also tells that the distributions of p-values
corresponding to I, has smaller variation than those of other statistics. From Table
3.1 we see that the distribution of p-values corresponding to I, have the smallest
variation among all four test statistics.

In the simulation above we generate samples from the normal distribution.

Next we generate lognormal samples. The lognormal distribution has much heavier
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p-value when tilt is misspecified h(x)=x

o

0.0010 0.0015 0.0020
| | |

0.0005
|

0.0000
|

T T T T
Delta_n "B 1"Bb I_n

Figure 3.2: Distributions of p-values corresponding to A,, IZ, I5* and I,,. U ~
N(0,1) and Z ~ N(0,2) with sample sizes (ng,n1) = (500,500). The tilt function
is misspecified h(x) = x. Bandwidth b = 0.02 for IP® and I,,. Bootstrap repeti-
tions=500, Monte-Carlo repetitions=100.

tails than the normal distribution. We ran 100 Monte-Carlo simulation repetitions.
In each repetition, we generated U ~ Lognormal(0,0.5) and Z ~ Lognormal(0,0.7)
with sample sizes (ng,n;) = (500,500). According to Example 3, the correctly
specified tilt function is h(z) = (log(z))2. After deriving (a, 5) and G(z) from the
fused sample T' = {U, Z}, we repeated the bootstrap procedure 500 times from step
3 to step 6 above. From this we obtained observed the distributions of p-values
corresponding to each test statistic by 100 Monte-Carlo repetitions.

Figure 3.3 gives the distributions of p-values corresponding to four test statis-

tics when tilt function is correctly specified as h(x) = (log(z))?. Figure 3.4 gives the
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distributions of p-values corresponding to four test statistics when tilt function is
misspecified as h(x) = log(x). Table 3.2 gives the minimum, lower quartile, median,
upper quartile and maximum values of the distributions of p-values corresponding
to A, IB, IP" and I,. The 2nd column from right is the difference between upper
quartile and lower quartile, and the last column is the variance of the distributions

of p-values for each statistic.

The simulation results from the lognormal distribution are very similar to
those from the normal distribution. For all four test statistics, Figure 3.4 indi-
cates strong rejections of model (1.1) when the tilt function is misspecified, however
Figure 3.3 suggests acceptances of model (1.1) when the tilt function is correctly

specified. From 3.3 and Table 3.2, it is observed that the distribution of the p-values

Table 3.1: Distributions of p-values corresponding to A,,, IZ, 15" and I,,.
U ~ Normal (0,1), Z ~ Normal (0,2) with sample size (ng, n1) = (500, 500).
Correctly specified tilt function h(x) = 2. Bandwidth b = 0.02 for I5% and

I,,. Bootstrap repetitions=500, Monte-Carlo repetitions=100.

stat- | mini- | lower median | upper maxi- | upper | variance

istic | mum | quartile quartile | mum | -lower

A, 10.014 | 0.164 0.445 0.699 0.994 | 0.535 | 0.09331524
1B 0.010 | 0.163 0.475 0.731 1.000 | 0.568 | 0.09487272

IB® 10.012 | 0.228 0.468 0.686 0.978 | 0.458 | 0.08061943

I, 0.012 | 0.179 0.362 0.591 0.980 | 0.412 | 0.07121728
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p-value when tilt is correctly specified h(x)=(log(x))"2
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Figure 3.3: Distributions of p-values corresponding to A,, IZ, IB® and I,.
U ~ Lognormal(0,0.5) and Z ~ Lognormal(0,0.7) with sample size (ng,ni) =
(500, 500). Correctly specified tilt function h(z) = (log(x))?. Bandwidth b = 0.02
for IB® and I,,. Bootstrap repetitions=500, Monte-Carlo repetitions=100.

corresponding to I, has the smallest variation among all four test statistics.

Since the distribution of A, is completely unknown, the goodness-of-fit test
based on A, requires simulations to obtain p-values. Since I uses a fixed bandwidth
b = 1, the density estimators g(-) and g(-) are not consistent. Thus, the test statistic
IB may not accurately measure the difference between two competing densities.
Hence IZ may not provide correct decisions. The limiting distribution of I,,, derived
in this chapter, and I2® have similar limiting distribution. Thus I, and I”® can

provide more reliable goodness-of-fit test decisions. In the simulations above, the

distribution of p-values of I,, has the smallest variation as compared with the other
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p—value when tilt is misspecified h(x)=log(x)
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Figure 3.4: Distributions of p-values corresponding to A, IZ, IB® and I,.
U ~ Lognormal(0,0.5) and Z ~ Lognormal(0,0.7) with sample size (ng,ni) =
(500, 500). The tilt function is misspecified h(zx) = log(x). Bandwidth b = 0.02 for
IB% and I,,. Bootstrap repetitions=500, Monte-Carlo repetitions=100.

three test statistics, but all four test statistics reach the same goodness-of-fit test

decisions.
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Table 3.2: Distributions of p-values corresponding to A,, IZ, IB% and I,.
U ~ Lognormal (0,0.5), Z ~ Lognormal (0,0.7) with sample size (ng,n1) =
(500,500). Correctly specified tilt function h(z) = (log(x))?. Bandwidth b =

0.02 for I3 and I,,. Bootstrap repetitions=500, Monte-Carlo repetitions=100.

test mini- | lower median | upper maxi- | upper | variance
statistic | mum | quartile quartile | mum | -lower

A, 0.004 | 0.262 0.507 0.829 0.994 | 0.567 | 0.0985849
IB 0.004 | 0.214 0.475 0.778 0.998 | 0.564 | 0.09622541
IBb 0.002 | 0.174 0.463 0.703 0.988 | 0.529 | 0.08825601
I, 0.004 | 0.125 0.345 0.532 0.994 | 0.407 | 0.06814273
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Chapter 4

Another Test Statistic .J,,

In this chapter we propose a new test statistic which is a modified version of
Cheng and Chu (2004)[6] by using the structure of Hellinger distance. The limiting
distribution of the new test statistic is derived so that the goodness-of-fit test can

be performed without the bootstrap procedure.

4.1 Review of Cheng and Chu (2004)

Cheng and Chu (2004)[6] proposed a goodness-of-fit test statistic defined as
the integrated squared difference between two competing kernel density estimators

g in (1.3) and g in (1.4). Their test statistic is defined as (1.6),

As in Lemma 2, g is the semiparametric kernel density estimator of the un-

derlying reference density g,

n

it =—% ! Kyt — 1),

no 1+ pexp(a + F'h(t;))

We see that §(-) depends on(d, 3) which is the maximum likelihood estimator of
(a, B), derived by solving the two score equations in (2.8). From Lemma 1 we know
that (&, 3) is strongly consistent. Cheng and Chu (2004)[6] applied a second-order

Taylor expansion of the semiparametric kernel density estimate § at (a, 3). Then
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g is decomposed into several parts. Next they used the decomposition of § and
followed the idea of degenerate U-statistics as in Hall (1984)[16] to decompose the
test statistic J¢ into terms with centered components. One term was asymptoti-
cally normal and the other terms were negligible. Therefore the test statistic JC is
asymptotically normal. For completeness, in the next section we will discuss their

results.

4.2 Notation and Decomposition of g(+)

We shall need the decomposition of g in our development. As in (2.4), w(t) =

exp(a + B'h(t)). Define

and

PO = e =

no+nw(t) ng 1+ pi(t)’
where (&, 3) are the MLE that we derived by solving (2.8).

Then

w_ 1 p® e,
da  mo(Lt+pw®)?2 T (t)mw(t)
O _ L o) nyw

08 o (14 pw(t))? P~ (t)nw(t)h(t).
And as in (2.9),

1 1 1 1

Ati = . = = I a—
Pt) no 1+ pexp(a+ f'h(t;)) 1o 1+ pw(t:)
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Recalling the consistency of (&, B), we apply a second-order Taylor expansion to

p(t) at (a, B),
p(t)

o+ (2 20| | +o(pn((@—a)+hay(B - 5)?)
B—=p
= p(t) = p(Onr(t) (6 — a) + h(t) (3 - ) + O (p(t) (@ — a)

+h(t)(B - 9)°).
As in Lemma 2,

9(t)

7 1+ pexp( oz+5’ (t:))
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where

Qu(t) = O( D plt) (& = a) + h{t) (B - B) Kyt — 1))

i=1

Qs(t) = (ga(t) — Q2(1)) (& — @) + (g3(t) — Qs(t)) (B — B) + Qu(t).

The following assumptions are needed.
(A1l). The probability density function g is positive on R and has two Lipschitz
continuous derivatives.
(A2). The kernel function K is a Lipschitz continuous and symmetric probability
density function with support [—1, 1].
(A3). ny/ng — p as n — oo, and the value of the bandwidth b satisfies b — 0 and
nb — 0o, as n — oo.

Let ¢® be the second derivative of g, and let

1
qu:/ K(z)*dx
-1

1
52—/ v* K (r)dx

1
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Lemma 5 (Cheng and Chu(2004)). If model (1.1) holds and assumption (A1)-

are satisfied, then we have the following asymptotic results:

(A3)

B(Qu(t) = (1) + 5¥rag (1) + O) (43)
Var(@u(t) = 75 S+ 0(2) (4.4
B(Qu(t) = 12 M0+ o) (45)
Var(Qult) = o5 (T2—ult)) 8 + o) (46)
B(Qu(t) = 2 - MR o) (1.7
Var(Qatt) = 5 (T2—ult)) =m0 s o) 18
B(Qi(1) = O(:) (1.9
B(Qu(t?) = 0(,) (4.10)
B(a—a) = o), B(B~B) =o(—=), Var(@) = O(>), Var(5) = O(-).
(4.11)
The proof of Lemma 5 is provided in Appendix A.
4.3 A New Statistic
We define our test statistic as the Hellinger distance,
Jp = / (Va(t) — V/3(t)) . (4.12)

2
Note that in Chapter 3 our new test statistic is I,, = [ (\/%(\/g(t) - \/g(t))) dt.

We started from deriving weak convergence of vnb(1/g(t) —+/g(t)) which is inside

of the integral. In this chapter we decompose J, entirely.
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We shall use the Epanechnikov kernel which was first used in density estimation
by Epanechnikov (1969) [8]

K(z) = 2(1 — )1y () (4.13)

where /_y1)(2) is an indicator function. In this chapter and in the following chap-
ters, all the kernel functions used in statistics J, as (4.12) and J¢ as (1.6) are the
Epanechnikov kernel. The interval of the integral in our statistic defined in (4.12)
is actually bounded by the largest value in the samples. Let L = max;<;<, |t;| + 1.
Then all the integrals are considered in [—L, L].

Consider

oo ()
( ) - g(t))?)
rw— 49(t)

(3() — 3(t))*
+(4g J_+\/_) <W+ =7

- % (A0 — VA Vi) (/5D + Vi + VD)
(9(15) —g(t))?

+

WA+ /A
_<g<t> wg) VIO + VIO o o)y
— O FOE ¢ (Votm - Vi) (S T Aty ) = a0

+ (Vo) = V(0) )(W ;iﬂ ¢i ) (@) - 3(1))?
(9(t) - 5(1))?

4g(t)

. 2¢/g(t) + v/9(t) + V/9(t) SO a2
+ (9(¢) 9(75))4g(t (/30 + 50 (Va® + Vo) (g(t) 9(1))
. 21/9(t) + /3(t) + /3 (t) o e
(000 50 R YL )~ (0
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o[ — )

Jo / i (4.14)
L . 2/9(t) + V9(t) + /(1) S (2
= [l M) O30 + Va0 (e + ) ) I
o [ 2/ + Vi + /30 o
Jﬁ/w}wmmwwwwW%vawwwgmt

then J, = J? + J! + J2. In the next section we focus on J2.

4.4  Decomposition of JY

Let
Q(t) = g2(t)(& — @) + g3(1)' (5 — B) — Qs(t)
then
9(t) = Qu(t) — Q"(1).

Let

1 ron 2
_ /M(Ql(t) —Q"(t) — g(t))"dt
= 1 E t E(g(t t)—-F 13
_/@3{[@g»—(ﬂM+U@U— (@)

24/9(1)

/{@w>qm0+(@ﬁ>qw»@w%@nww}dt
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Define

J1:/<q1(2t\/—g(_qto)(t))2dt

e [ (@0-n0) ;(t()ga) “al)y,
ng/(2%>2dt

5= [HEZB0[Q10) - 0(0) - (60) - () i
ek [l

o _%/ (Qu(t) — ql(t);(;) (9(t) — qo(t))Qr(t)dt

Then, J2:J1+J2+J3+J4+J5+J6.

4.5 Asymptotic Result for JO

In this section, we will prove that J, is asymptotically normal and that the
other terms Jy,.J3,J4,J5 and Jg all are negligible. Since J° = Jy+Jo+J3+Jy+J5+ Js,

we have that J? is asymptotically normal with the same distribution as J,.

Lemma 6.

where
2
KC:/(/K(.I’)K(Z/—LE)CZI') dy
is a constant number for fived K(-) with compact support.
In this chapter K(-) is the Epanechnikov kernel. We provide the value of &,

in Appendix B.
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Proof. Notice that

So

i=1,2,..,m0

Then

B (Ql(t) — Ch(t)) - (g(t) - QO(t)) 2
= /< 21/9(t) ) o

- / (iTk(t))th

k=1

-/ S 120t + [2 > nonw (4.15)

1<i<j<n
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Consider the first part in (4.15). From the calculation of ng EX7 (t)+n1 EY} (t)
below, we can see that EX?(t) and EY}(t) both are continuous functions of . Since
the integral is considered in a bounded interval [—L, L], we have E| [ X2(t)dt| < oo

and E| [ Y?(t)dt| < co. Thus

[ymoa= [Yxwe Yo
k=1 i—1 =1

S XA S V0

B noE / Xf(t)dt) +n1E< / Yf(t)dt) — / <n0Exf(t) +n1EYf(t)>dt.
(4.16)
Next we calculate ng EX7(t) +ni EY}(t).

noEX7(t) + ni EY}(t)

2

— 4;((]t)E<pp(Ui)w<Ui)Kb(t —u;) — E(pp(u;)w(u;) Ky(t — Uz))>
- %E(p(zj)f(b(t — zj) — E(p(z;) Kp(t — zj))>2

n No

— K(Ot)E(PJU(W)w(uz’)Kb(t — ul)>2 _ 200 (E(pp(ui)w(ui)[(b(t _ Uz))>2

(<zJ>Kb< >)2 Lo (B - 2)

—x)g(z)dr —

()

n

K(Ot) < / pp(x)w(x) Kyt — a:)g(x)dx>2
/ P RE = D) = s ([ @R = o))

/ (ngp w(z) + n1> o) KE(t — v)w(x)g(x)ds

- noig(ﬂ;m (/p(x)Kb(t — x)w(ac)g(a:)dx>2
= ﬁ / p(2)K2(t — z)w(z)g(x)dr — %( / () Kt — x)w(:v)g(x)d:p>2.

93



Let 22 = y, then © = t — by. Since K(-) is symmetric, [yK(y)dy = 0 and

[ yK?*(y)dy = 0. Apply the Taylor expansion to p(-),w(-) and g(-),

/ p(2) K(t — 2)w(x)g(z)dz

+0O(=) (4.17)
and
/ p(2) K2(t — x)w(x)g(x)dz

= /p(t - by)b%KQ(y)w(t — by)g(t — by)bdy

=5 [ (o0 = by (0) K2 (0) (w(0) = by () (9(0) ~ by )y + O()
— pOuglt) [ K@)y + 0
_ % . w](\?(«‘ytgt)ﬁsq+o(%), (4.18)
mEX2E) + BV D) = s M, - o (LY
Y = s (1)
p w(t) o 1)

b M) T

Then for the first part in (4.15), we have
T2(t)dt LLN\/ P wl ot
/,; Ot =72 [ T 3
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Next we investigate the 2nd part of (4.15). Note that {T(¢)} are independent

and E(Ty(t)) = 0. Furthermore,

B([ Ton @i = [ B{B(T01,0

Let

then

/ 0 S WA= S w, (4.19)

1<i<j<n 1<i<j<n

and E(wj;[t;) = 0. Thus 3 ., ;. wi; satisfies the ‘clean’ condition as in Jong

(1987)[17]. Next we calculate the variance of 3., wi;-

Define
_ 2

W, = E wi;
1<i<j<n

Wb = E (wwwzk + wjiwjk + wkiwkj)
1<i<j<k<n

W, = g (wijwi + wikwj + waw;).
1<i<j<k<l<n

Then

(N wy) = Wa+2W, + 2.

1<i<j<n

Note that for any general term in W}, the product w;;w;; has zero expectation since
E(wijwig) = E(E(wjjwiglti, ty)) = EBwgE(w;;|t;) = 0.

So we have EW, = 0, and obviously, EW, = 0. Let o?(n) be the variance of

Zl§i<j§n w;;. Then

o’(n) = Var( > wy)=E( Y  wy) =EW,+W,+W,)=EW,.



—4 Y E(/Xi(t) ) t> +4 Y E /

1<i<j<ng 1<i<j<ng

In order to obtain the value of o(n), we need to calculate E(X;(s)X;(t)) and
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= E{ L (pp(ui)w(ui)Kb(s — ;) — E(pp(ui)w(u;) Ky (s — ul))>

X
N

pp () () Ko(t = ) = Blpp(u)w(u) Koft = w))) }
S {E(pz(ui)wz(ui)[(b(s —u) Kyt — ui)>

_ E(p(ui)w(ui)Kb(s _ ui))E(p(ui)w(ui)Kb(t _ ui)) }
{ / P (@) (2) Ky(s — 2)Ki(t — )g(x)dx

7
ENOI0)
- / p(a)w(x) Ky(s — 2)g(x)dz - / playu(e) Kyt — )g(x)dz

Let 5% =y, then 2 =t — by and © — s = (t — s) — by. We have

/ 2 (o) (1) Ka(s — 2) ot — 2)g(x)de

p
= [ P*(t = by)w’(t - by)biK(y)K(t ; %~ y)g(t — by)bdy
l1)p2 Yw?(t)g /K dy—l—(’)( 5)
_ nib ;% / K(y y)dy +O(- L. (4.20)
Combining this with (4.17), we have
E(X,(s)Xi(t))
. t—s _
arwrern /K y)dy + O(— )
(1 “’“’“S) +@<%>><i W O0)}
1
= L 1/ /K (5) (4.21)
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Similarly,

— E{ 1 (p(zj)Kb(S — %) = E(p(z) Ki(s — Zj)>>

< (Pl Kot = 25) = Ep(z) Kolt = ) ) }
=) Kt = 2) )

4\/7{ ( e
— E( (2) K (s — Zj)>E(p(ZJ)K"(t B Zj))}

{ / D Ky(s — 2) Kyt — 2)w(x)g(x)dz

4\/
- / p(a)Ki(s — x)w(a)g(x)dr / p(a) Kot — z)u(x)g(x)de
- - \/7 / KK ("~ y)dy + O -
- i<“’<s) L )><“’§%§ )> !
— n% M2 1/ /K (= L. (4.22)
So
noEX< +n1EY

w(t) 2 /g t—s
K(y _
t / y)d
/ t—s
+n1 2b M2 /K —y

()~

o8



Let (t — s)/b =r, then s =t — br. Therefore,

2

_2// M EX(9)X(t) +mEY,(9)Y,(1)) — o (B(X,(9)X(0))

—n1< dsdt
_ w(t) [g(t)
2// 4nb Mt\/gs/K >d8dt
) gt /
2n0// 4n2b M (5) Ky ) dsdt

_27“// mh M2 \/7/ t_s )dsdt
/<8n252 | MQ( ) - ;34/)62 ' 1\124() e Al;4((t))>g<t>/g(tibr)
/K )bdrdt
= S /(%) d”O(nsb) (4.23)

In order to Apply Theorem (2.1) in Jong (1987)[17], we need to check two

conditions in Theorem (2.1) in Jong (1987)[17]:

o(n)~? max Z Ew;; — 0, n — 0o. (4.24)
1<j<n
o(n)E( Z wi) — 3, n — 0o. (4.25)
1<i<j<n

For condition (4.24),

DBl - 43 e ([ T

- 4E( > / LOX, 0+ 3 ([ LoV 0d?).
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For 1 <11 < ny,

Z Ew-2-

1<j<n

_ /X /x

i
Py / / X,(t o (s)dsdt)
_ 41;7/ X(s))dsdt
Y [ [e(x a0V aa(5)) dcl

no<j<n

= 4o - 1// 4n2bM 2\/7/}(
+4n1// WbM 2\/T/K )y + O~ ))

n2bM2 1/ / y)dy + O(— )>dsdt
- TZO 1
= 4n4b2 // t br /K (r—y dy bdrdt
p Ny 1
4n4b2//M4 . t br /K (r—vy dy bdrdt%—(’)(ﬁ)

O()

(= )) dsdt
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And for ng < i <mn, let k =1 — nyg,

1<j<n

4E( 3 /th

/f}%
1<5<ng no<j<n

Z / / Yi(t s)dsdt

1<5<no

+ Y / / Vit )dsdt)

1<j<n;

43 // Yiu(t)Ya(s ())dsdt

1<j<ng

+4 Y // Yk NAC DY, ())dsdt

no<j<n
k#j

4"0// a2 M2 \/7?)/ G >>
4anM QW/K D)y + O ))dsdt

1 2
+(9(ﬁ)) dsdt

0(%). (4.26)

Also from (4.23) we know that

Thus

o*(n) = O(—).

n2b

1
o(n)~? max Z Ew}, = O(E) — 0,
==gi<n

so condition (4.24) is satisfied.
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For condition (4.25), we define

W= Y Euw}

1<i<j<n
_ 2.2 2.2 2.9
Wi = E (Ewl-jwik + Bwjwj, + Ewkiwkj)
1<i<j<k<n
2 2 2
Wi = E (Ewijwkiwkj + Bwjwjwji + Ewkjwijwl-k)
1<i<j<k<n
Wiy = E (Ewijwikwljwlk + Ewijwilwkjwkl + Ewikwilekwjl)
1<i<j<k<i<n
_ 2.2 2 2 2. 2
Wy = E (Ewijwkl + Bwgwj; + Ewilek),
1<i<j<k<i<n

( Z wi)' = [( Z wi)?]”

= (W, +2W, + 2W,)?

= W2+ AW2 + AWE + AW, Wy + AW, W, + 8W, W,
By direct calculation, we have

EW? = W; + 2W; + 2Wy
EWE = Wi+ 2Wi +4Wpy

EW? = 2Wry + Wy

EW Wy, = Wi
EW,W. =0
EW,W, =0,

so that,

E( Z wij)4 = W] + 6W[] + 12W]1[ + 24W1V + 6WV

1<i<j<n
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Consider the general term in W7,

v

Euw};, = 16E( / T;(t)T;(t)dt)*

4

= 16////E(£[1Ti(tk))-E(H]}(tk))dtldtht3dt4.

k=1

Next we need to calculate E([]r_, Ti(tx)). Note here {t;} (k = 1,2,3,4) are inte-

gration variables, not random. For 1 < i < ng, T;(tx) = X;(tx) (k=1,2,3,4.)

4 4

EQ 7)) = B[] X))

L= E[p4(ui)w4(ui) ﬁ Kyt — Ui)}

Ly = 24: {E[p?’(ui)w?’(ui) [y Kol ui)} B [p(uz)w(uz‘)Kb(tk - Ui)} }

— Ky (ty — ui)

L3 = Z {E[p2(ui)w2(ui)Kb(tkl — ;) Ky (tg, — uz)}
{F1,k2,k3,ka}={1,2,3,4},
{1737274}7{1747273}7{2’37174}’
{2’471’3}’{3)471’2}

X E[p(ui)’LU(Ui)Kb<tk3 - Uz)} : E[p(ui)w(ui)Kb<tk4 - Uz)} }

Ly=3 ﬁ E [p(ui)w(ui)Kb(tk — uz)} :

We will get the order of Ly, Lo, L3y and L4 by deriving general term of them. Let

=, “g” = S9, tlgt?’ = §3, tlgt“ = 54, then ty = t1 — bso, t3 = t; — bsz, and

t4 = tl — bS4.
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For the general term in Ly,

Ep(u;)w(u;) Kp(ty —w;) = /p(x)w(x)Kb(tk —z)g(x)dx
[ ot = byt~ bo) K )gtes — by)bay

b
= pltutgt) — O(-)

1 w(tk)g(te) b?

= n M@y oW

_ (9(%). (4.29)

Thus Ly in (4.28) is of order O(-;). For the general term in Ls,

Ep? (u)w? (ug) Ky (t, — w;) Kty — w;)
~ [P Kl ~ 0)Eifts - 2)g(a)da
— [ #(ts = byt ~ ) 512 Ky (" ;“ ~ )glts — by)bdy
%p2t1 (t1)g(t1) /K dy+(9( )
- 0(%). (4.30)

Combining (4.29) and (4.30), we see that Lz in (4.28) is of order O(-%;). Consider

the general term in Lo,

Ep? (u;)w® (ug) Ky (ty — ug) Ky (ta — u;) Ky (ts — ;)
= /pS(x)w3(x)Kb(t1 —x)Kp(ta — ) Kp(ts — x)g(z)dz
- / Pt 3<t1 - by%K(y)K(“ 22— )P gl — by)bdy

_n3b2 M3 tl /K K(ss = y)dy + O( 3b)

O(W) (4.31)
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Thus combining (4.31) and (4.29), we see that Ly in (4.28) is of order O(—). For

L17

— /p4(x)w4(x) HKb(tk —x)g(x)dx

= [ #tn = byt = b)) TLRC = igtes — by

- n41b3 . w]\(/?l)(?l(;l) /K(y)K(32 —y)K(s5 —y)K(ss — y)dy + O(#)

_ 0(#). (4.32)

Thus L; in (4.28) is of order O(—45). Then Ly, Ly and Ly are of lower order than

L. So we have

E([ %) = O(ﬁ) for  1<i<no (4.33)

For ng <i <, let | =i — ng, then T;(tx) = Yi(tx) (k =1,2,3,4). We have

4

E(] 7))

_ E{ T [pl=0)Kolts — =) — E(pl) Kalti — )] }

16/TI, g(t) ki

1
= E(Ly — LY+ L5 — LY}). (4.34)

164/TT5_1 9(tx)
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where

L) = E[P4(Zl) ﬁ Ky(ty, — Zz)]

Ly = i {E [p?’(Zz) [y Kol ~ Zl)} : E[P(Zl)Kb(tk - Zl)} }

— Ky(ty — 21)

Ly = > {E[P2(ZZ)Kb(tk1 — 21) K (tr, — Zz)} : E{p(%)
{k1,k2,k3,ka}={1,2,3,4},
{1,3,2,4},{1,4,2,3},{2,3,1,4},
{274,1,3},{374,172}

x Kylty, — )| - Blp(a) Kulte, — )| }

L, = H E[p(zl)Kb(tk - zl)]

k=1

We can obtain the order of L}, L}, L and L, by deriving general term of them as

before. The result is similar. L] is of order O(=5), L} is of order O(=), L} is of

order O(-;) and L} is of order O(-;). Therefore, we have

E(J[ 7)) = O(L) for  ng<i<n. (4.35)

n4b3
k=1

Combining (4.33) and (4.35), we have for any ¢ € {1,2,---,n},

4
1
E([[T(tn) = O i3)- (4.36)
k=1
So
Euw: = 1 411,701 () +41 (1,01 () O 1 O 1 b3dsidsadsedt
Wiy = EP "o "o (W) (@) 540530520171
1
= G
Thus
W, = Fut = (") O(—) = 0(— 4.37
1= Z Wi = 9 (W)— (W) (4.37)
1<i<j<n
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Consider the general term in W;;, we need the following result from combining

(4.21) and (4.22),

B(T(0)T(1) = O(5), (4.39)

and by using the result in (4.36) and (4.38),

2.2
Ewijwik

—B[¢ [ nOn0dre [ Tenodn?]
—16E//// (t) T (42 Ty (t) T (£) T (£5) T () T (£2) Ty () dit st sdltodt
=w////ﬂﬂnmwmmm@mmwmwmmmm%

1
//// nQb)O(an) bdsadssdsydty

= (W)
Then
Wi = Z (Bwjwy, + Ewjaws, + Ewguwy;)
1<i<j<k<n
1
- o(5)o
_ o<#). (4.39)

Consider Wiy, since
2wirwy;| < wi + wiy,
compare general term of W;;; with the general term of Wiy,
wajwkiwkj + Bwjwjiwjy, + Ew,%jwijwzk < Bw?wi, + Ewﬂ ik T Ewklwkj

ij ik

Thus we have |[Wy| < Wiy.
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Consider the general term in Wy, we will use the result in (4.38),

Ew;jwipwijwg,
— 1627( / ()T () dt / T T (1) dt / TUOT(t)dt / Ti(t) T ()dt)
16 [ [ [ [ B ne) - EL @)L ) BT T

-ETy(t3)Ti(Ls)dt 4dtsdtodty

:////o(%)-O(%).O(%)-0(%)-5%465836552&1
= 0()

Thus we derive Wry as

W = E (Bw;jwpwijwy, + Ewjwgwyjwg + EBwgwgwpw;)
1<i<j<k<l<n

- 3(}) o)

_ 0(%). (4.40)

Consider the general term in Wy, we will use the result in (4.38),

wajwiz = E[w?]‘E[wil]
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So

_ E : 2.2 2.2 2,2
1<i<j<k<I<n

o
T (4.41)

ntb?
Combining (4.37),(4.39),(4.40) and (4.41), and the fact that |W | < Wir, we

have that W; Wi, Wi and Wy all are of lower order than Wy,. So

E( ST wy)' = 6Wy +o(Wy). (4.42)

1<i<j<n

Furthermore,

o'(n) = (EW.)?=(E ) wp)

1<i<j<n
= 2Wy+ Y (Bw})*+2 Y > Bwh-Ewl.  (4.43)
1<i<j<n 1<i<j<n 1<k<n
k#ij
Since
s (N 1 |
> ud) = (3) 0 Ol = Ol
1<i<j<n
and

> X Bk bu = (5) (0~ 20CHOG) = 06)

1<i<j<n 1<k<n
k#i,j

then in (4.43), the 2nd and 3rd terms are of lower order than Wy, So
o'(n) = 2Wy + o(Wy). (4.44)
Combining (4.42) and (4.44), we have
a(n)*E( Z wi;)* — 3, as n — 0o.

1<i<j<n
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we see that condition (4.25) is satisfied.

Applying Theorem 2.1 in Jong (1987)[17], we have

o(n)™ 3wy 5 N(0,1)

1<i<j<n
so that
avaZJWWWLMm)
1<i<j<n

and we have got

g LLN p w(t
/ > T(t)dt = / o M((t)) Fosqdt.
k=1 .
As in (4.15),

&:/iﬁ%m+/2§:nwmwt

1<i<j<n

By Slutsky’s theorem, .J5 converges in distribution to normal distribution with mean

£ ) o dt and variance o(n)? = Lok, [(28224¢. Thus Lemma 6 is proved.

anb = M(t) 8n2b (t)
O
Next we will prove Jy, J3, Jy, J5, Jg are negligible.
Lemma 7.
1 o o 1

B(Qs(1) = O(—)  E(@s(1)") = Olp) (4.45)
Jy=00°) (4.46)
B(Jy) = O() B() = O() (4.47)
B(J) = e = o) (1.48)
BUR) = o) B =0%) (1.9
E(J) = O() B = 0() (1.50)
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Proof. Combining (4.6), (4.11) in Lemma 5 and Cauchy-Schwarz inequality, we have

E{(qa(t) - Qa(6)(6 — a)} < VVar(@a(0) - vVE@ — ) = <ni¢5>.
Similarly we can get E{(gs(t) — Qs()(3 — A)} < O(-1). Thus E(Qs(t)) =

E{(ga2(t) — Qo(1))(& — a)} + E{(as(t) — Qs(1))(B — B)} + E(Qu(t)) = O(=17). Fur-
thermore, E(Q5(t)?) = O(=;). Hence (4.45) is proved.

From Silverman (1986)[29], we know

w0lt) = B@(0) = 9(1) + 519D 1)z + O).

Combined with (4.3) in Lemma 5,

1
a(t) = BQu(1) = glt) + 582D (1) + OF),
Note that the integral is in the bounded interval by the sample,

5= [@OZ 2y - o),

2¢/9(t)
thus (4.46) is proved.

To prove (4.47), combining (4.6), (4.11) in Lemma 5 and (4.45) and by using

Cauchy-Schwarz inequality, we have

(@ o [ @B - 0) w06 -8 - QD)
E(JB)_E/(Q\/g_t) dt_/E( N )2t
_[én, B0 o [ QD
4g(t) e - )dt+/4g(t)E<6 A) dt+/ 4g(t) “

b [ B0 (o - (- it - [ B B(Gu(0a - )t
[80

) E{Qs(1)(8 — B)}dt
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Thus EJ; = O(s5) and (4.47) is proved.
Since E{(Q1(t) — q1(t)) — (g(t) — qo(t))} = 0, EJy = 0. By Cauchy-Schwarz

inequality, (4.46) and Lemma 6,

B < a( [ @02 (p [ (OO =00 Z G0~ itz

2/9(t) 2/9(t)

- 4J1 ‘ EJ2

Thus (4.48) follows.
For (4.49), E(J;) =2 [ & g(tqo(t B(Qr(t))dt = (\b/—%) Thus E(J2) = O(Y).
For (4.50), since (Q1(t) — a1(t)) — (3(t) — ao(t)) = Op(1) and E(Q"(t)) = o(;)),
thus F(Js) = O(+) and E(Jg) = O(=5).

]

When nb® — 0, from Lemma (6) and Lemma (7) we know that compared
with Jp, the other component Ji, J3, Jy, Js and Jg are negligible. And J° =

Ji + Jo + Js + Jy + Js + Jg, therefore, JO converges to the same distribution as Js.

Lemma 8. When nb® — 0,
0o 1 w(t) .\ 1 / w(t)
n\/5<Jn 4nb'0,€sq/M(t)dt> —>N<O, P e M) dt).
4.6 Asymptotic Result for J,

We are using the Epanechnikov kernel, and all the integrals are considered in
a bounded interval [—L, L]. So

2/9(t) + /3(t) + /3 (t) o
V30 + Var(/am + vam I
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and

21/g(0) + /50 + V/5(7) o
4g(t)(\/g(t)+\/g(t))z(\/g(t)+\/g(t))(g(t) q(t))

are both bounded. As in the consistency result in Devroye and Gyorfi(1985)[7], we

have that [ |g(t) — §(t)|dt and [ |g(t) — g(¢)|dt both converge to 0 with probability
one if b — 0 and nb — oo. Therefore J! — 0 and J? — 0 in probability. Since
Jp, = J?+ JL + J2 by Lemma 8 and Slutsky’s theorem, we now finally have our

main result.

Theorem 4. If model (1.1) holds and assumptions (A1)-(A3) are satisfied, and if
the bandwidth b satisfies nb® — 0 as n — oo, then J, = [(1/4(t) — /g(t) )*dt has

limiting distribution given by

n\/E<Jn - ﬁpmsq/%dﬁ 4, N(o, ép%c/ (%)2&)

where

Ksg = /K(:C)Qdm, Ko = / (/K(m)K(y—x)dx)Qdy.

Remark 2. Since the Epanechnikov kernel is our kernel of choice, kg, and k. are

constant. We will derive their values in Appendix B.

Remark 3. Let

1 w(t)
m = mpnsq/wdt

and

_ Ly w(t) \s
U= gl he /(M—(t)) dt.

73



Then from Theorem 4, we know that under model (1.1), the limiting distribution of

Jp is normal with mean m and variance v. The mean m can be estimated by

n

~—

) 1 W(tk) ... o
m = —pks - p(tw 4.51
571 2 g PO (451)
and the variance v can be estimated by
N 1 2 - w(tk>2 A 3
D = _p Ke — D tk . 452
TEO i (4.52)

Remark 4. Combining Theorem 4 and Remark 3 we have

%(Jn —m) — N(0,1) as n — 0o (4.53)

Let the significance level be aig and let z,, denote the point having probability ag
to the right of it in the standard normal distribution. Then we can use the test

which rejects model (1.1) if

Jn > 10+ V2. (4.54)

Remark 5. We can derive the p-value of the goodness-of-fit test by using (4.53). Let

J be the observed statistic which is

L 2
= [ (Vi - Vi)
Since the Epanechnikov kernel is our kernel of choice, §(¢) and §(¢) both are 0 when

[t| > L. Thus the integral range for J is defined in [—L, L]. Then from (4.53), the

p-value can be approximated by

1— @ (—=(J2 —m)). (4.55)

0

-
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Remark 6 (Bandwidth Selection). When we deal with nonparametric and semipara-
metric problems, the choice of an appropriate bandwidth for the kernel estimate of
the underlying density is always crucial and important. In our Theorem 4 the band-

width b is assumed to satisfy

b—0
nb — oo

nb® — 0 as n— oo

Thus we have % << b << —5. That is, we need the bandwidth b to be between

176

and nll/G and not close to either limit. For example the range of the value of the

3=

bandwidth b could be 2 < b < (22)1/6,
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Chapter 5
Simulation Studies for J,

5.1 Overview

In this chapter, we will present Monte Carlo simulations to evaluate the per-
formance of our goodness-of-fit test for the semiparametric density ratio model. The
test statistic J, is defined in (4.12) and its asymptotic properties are analyzed in
Chapter 4. The reference and distortion samples will be computer-generated ran-
domly. We restrict attention to normal, gamma, and lognormal samples.

First, we will derive our asymptotic approximation of the distribution of the
test statistic as in Theorem 4, and get the estimated distribution of the test statistic
from generated samples. The theoretical distribution and real-data distribution
are investigated under various bandwidth selections. According to Remark 6, the
bandwidth b should be selected in the range % <b< (072)1/ 6. We apply an equally
spaced grid search to derive the optimal bandwidth.

Furthermore, using the method in Remark 5, we calculate the p-value as (4.55)
under two cases. One is the correct selection of the tilt function. In this case model
(1.1) is correct and the null hypothesis should be accepted (i.e., the model is correctly
specified). In the second case, we intentionally misspecified the tilt function as in
Fokianos and Kaimi (2006)[11], where the null hypothesis should be rejected (i.e.,

the model is misspecified). As a comparison, we obtain the p-values of the test
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corresponding to the statistic J¢ which was defined in Cheng and Chu (2004)[6].

5.2 Behavior of J,

In this section, we generate the reference and distortion samples from normal,
gamma and lognormal distributions. The asymptotic mean and variance of J, are
calculated following Theorem 4, and also empirically from the samples. In all the
simulations, the total sample size n = ng + ny is 1000, where ng is the size of the
reference sample and n; is the size of the distortion sample. According to Remark
6, the range of the bandwidth will be [2, (22)1/6] = [0.005,0.2418].

Consider the kth Monte-Carlo repetition, let m; be the theoretical mean of
J, as in Theorem 4. Let m; be the value of the test statistic J, calculated from
the kth computer-generated sample. Since the Epanechnikov kernel is our kernel of
choice, the integral range of J, is only considered in [—L, L], i.e. J, = ffL (\/ﬁ—
mydt. Thus by many Monte-Carlo repetitions, the optimal bandwidth can be
obtained by minimizing | > 7y, — > my| with respect to the bandwidth, over equally

spaced grid points in the range [0.005,0.2418].

5.2.1 Normal (0,1) and Normal (0,2)

We generate the reference sample U from N (0, 1), and the distortion sample Z
from N(0,2). According to model (1.1) and Example 1, h(x) = z2. The sample sizes
{no, n1} are first taken as {400, 600} and then {600,400}. For each pair combination,

there are 200 Monte-Carlo runs. Table 5.1 gives the simulation results. Note that
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in each Monte-Carlo repetition, my is the theoretical mean of the .J,. Following
Theorem 4, my is obtained as in (4.51), and 7y is the value of J,, calculated

from the definition J, = f_LL (\/Tt) — \/ﬁfdt by using the simulated samples.
We compare the mean of {1} with the mean of {/m;} under multiple bandwidth
selections and get the relative percentage of the difference of the means of m; and
my, in the last column. A large difference means the approximated distribution of J,,
as in Theorem 4 is not accurate because the bandwidth is not chosen properly. In

the table 5.1 optimal bandwidth is labeled by "x’. Figure 5.1 shows the box plot for

comparison of m, and m; when bandwidth is optimal and when it is not optimal.

5.2.2  Gamma Distribution

In this section we generate the reference sample U from Gamma(3,1), and
the distortion sample Z from Gamma(1,1). According to model (1.1) and Example
2, h(xz) = log(z). The sample sizes {ng,n;} are {400,600}. The number of Monte-
Carlo repetitions is 200. Table 5.2 gives the simulation results.

Furthermore, we generate the reference sample U from Gamma(1,1), and the
distortion sample Z from Gamma(1,0.2). According to model (1.1) and Example 2,
the correct tilt is h(z) = x. The sample sizes {ng,n,} are {500,500}. The number

of Monte-Carlo repetitions is 200. Table 5.3 gives the simulation result.
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Table 5.1: N(0,1) and N(0,2). U ~ N(0,1), Z ~ N(0,2), = optimal

bandwidth for the statistics .J,,.

u | Z band- | {m} mean of | {my} mean of | relative % of
sample size | -width | theoretical empirical the difference
400 | 600 0.005 | 0.1884818 0.2875685 34.46%
0.0178 | 0.1006727 0.1030558 2.31%
0.02x | 0.09371565 0.09341618 0.32%
0.1 0.02942333 0.02125169 38.45%
0.25 0.01337576 0.00866427 54.38%
600 | 400 0.005 | 0.08372413 0.1460077 42.66%
0.0178 | 0.04687305 0.05431368 13.70%
0.03% | 0.0346543 0.03458529 0.20%
0.1 0.0153845 0.01171947 31.27%
0.25 0.0073784 0.004849092 52.16%
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Table 5.2: Gamma (3,1) and Gamma (1,1). U ~ Gamma (3,1), Z ~

Gamma (1,1), * optimal bandwidth for the statistics J,,.

u |z band- | {r} mean of | {m;} mean of | relative % of
sample size | -width | theoretical empirical the difference
400 | 600 0.005 | 0.1184832 0.2083053 43.12%

0.0178 | 0.04331359 0.06594018 34.31%

0.1 0.008454803 0.009272672 8.82%

0.23% | 0.003683005 0.003684826 0.05%

0.25 0.003385677 0.003349908 1.07%

Table 5.3: Gamma (1,1) and Gamma (1,0.2). U ~ Gamma (1,1), Z ~

Gamma (1,0.2), * optimal bandwidth for the statistics J,,.

u | Z band- | {m} mean of | {my} mean of | relative % of
sample size | -width | theoretical empirical the difference
500 | 500 0.005% | 0.1434049 0.1471724 2.56%

0.01 0.1185871 0.09683343 22.47%

0.0178 | 0.09668758 0.06669246 44.98%

0.1 0.03964973 0.017706 123.93%

0.25 0.02122221 0.007987027 165.71%
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Compare mhat and mtilde by different bandwidths
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Figure 5.1: Boxplot for my, and my. The left mhat (A) and mtilde (A’) are under
optimal bandwidth=0.02. The bandwidth for the right mhat (B) and mtilde (B’) is
0.005.

5.2.3 Lognormal Distribution
In this section we generate the reference sample U from Lognormal(0,0.5),
and the distortion sample Z from Lognormal(0,0.7). According to model (1.1) and

Example 3, h(z) = (log(z))?. The sample sizes {ng, n; } are {500,500}. The number

of Monte-Carlo repetitions is 200. Table 5.4 gives the simulation results.
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5.3 Goodness-of-Fit Test

In section (5.2), we studied the behavior of J,,. Here we apply it. Following the
method in Remark 5, we can use (4.55) to approximate the p-value corresponding
to the test statistic J,, and we reject Hy if the p-value is small. We still generate the
samples from normal, gamma and lognormal distributions. We calculate p-values
not only when the tilt function is correctly specified, but also misspecified, as in
Fokianos and Kaimi (2006)[11]. The p-values corresponding to the test statistic
JC¢ = ffL (9(t) — §(t))2dt, which was proposed by Cheng and Chu (2004)[6], are
calculated for comparison. As before, we generate reference and distortion samples

from normal, gamma and lognormal distributions.

Table 5.4: Lognormal (0,0.5) and Lognormal (0,0.7). U ~ Lognormal

(0,0.5), Z ~ Lognormal (0,0.7), * optimal bandwidth for the statistics

I
u |Z band- | {r} mean of | {my} mean of | relative % of
sample size | -width | theoretical empirical the difference
500 | 500 0.005 | 0.07321884 0.1280294 42.81%
0.0178 | 0.03339353 0.04640805 28.04%
0.1 0.01001211 0.01136205 11.88%
0.235% | 0.005325392 0.005319663 0.11%
0.25 0.005084966 0.00502595 1.17%
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5.3.1 Normal (0,1) and Normal (0,2)

We generate the reference sample U from N(0,1), and the distortion sample
Z from N(0,2). According to model (1.1) and Example 1, correctly specified tilt
function is h(z) = z?. We intentionally misspecify the tilt function by h(z) = .
The sample sizes {ng, n1} are first taken as {400,600} and then {600,400}. For each
pair combination, there are 200 Monte-Carlo runs. p-values for both statistics J¢
and J, are calculated under various bandwidths. We pick the median of the p-value
in 200 Monte-Carlo Repetitions. The maximum of the p-value in 200 Monte-Carlo

repetitions is recorded when the tilt function is misspecified. Table 5.5 gives the

simulation results.

5.3.2 Gamma Distribution

We generate the reference sample U from Gamma(3,1), and the distortion
sample Z from Gamma(1,1). According to model (1.1) and Example 1, correctly
specified till function is h(z) = logz. We intentionally misspecify the tilt function
by h(x) = x. The sample sizes {ng,n,} are {400,600}. p-values for both statis-
tics J¢ and J,, are calculated under various bandwidths. We pick the median of
the p-value in 200 Monte-Carlo Repetitions. The maximum of the p-value in 200
Monte-Carlo repetitions is recorded when the tilt function is misspecified. Table
5.6 gives the simulation results. Furthermore, we generate the reference sample U
from Gamma(l,1), and the distortion sample Z from Gamma(1,0.2). According

to model (1.1) and Example 1, correctly specified till function is h(z) = z. We
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Table 5.5: N(0,1) and N(0,2). U ~ N(0,1), Z ~ N(0,2), » optimal bandwidth

for the statistics J,, T optimal bandwidth for the statistics J¢

U A band- p-value, column J¢ and J, are median from simulations
sample -width | specified h(x) = z? misspecified h(z) =z
size J¢ JIn J¢ max J¢ | J, | max.J,
400 | 600 | 0.005 0.5008695 | 0 0.010536 | 0.999999 | 0 | O
0.0115% | 0.5405066 | 0.1401269 | 9.68E-06 | 0.242335 | 0 |0
0.0178 | 0.5267068 | 0.3488811 | 1.96E-06 | 0.549676 | 0 |0
0.02x 0.5164572 | 0.5069916 | 2.91E-07 | 0.381980 | 0 | O
0.1 0.6088644 | 0.9618217 | 0 1.43E-10 | O | O
0.25 0.6810998 | 0.9316603 | 0 0 0 |0
600 | 400 | 0.005 0.6725442 | 0 0.081080 | 0.997779 | 0 | O
0.0178 | 0.561414 | 0.0510693 | 7.80E-06 | 0.208925 | 0 | 0
0.03 0.6323972 | 0.52481 3.75E-09 | 0.007031 | 0 |0
0.1 0.6600704 | 0.9294418 | 0 3.55E-07 10 |0
0.25F 0.698934 | 0.9302384 | 0 0 0 |0
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intentionally misspecify the tilt function by h(x) = log x. The sample sizes {ng, n;}
are {500,500}. p-values for both statistics J¢ and J, are calculated under various
bandwidths. We pick the median of the p-value in 200 Monte-Carlo Repetitions.
The maximum of the p-value in 200 Monte-Carlo repetitions is recorded when the

tilt function is misspecified. Table 5.7 gives the simulation results.

Table 5.6: Gamma (3,1) and Gamma (1,1). U ~ Gamma (3,1), Z ~ Gamma (1,1),

* optimal bandwidth for the statistics J,,, T optimal bandwidth for the statistics

JC.
U | Z | band- | p-value, column J¢ and J, are median from simulations
sample -width | specified h(x) = log(z) | misspecified h(z) = x
size J¢ JIn J¢ max J¢ | J, | max.J,
400 | 600 | 0.005 | 0.6442556 | 0 0.329217 | 0.99172 | 0 | O

0.01+ | 0.5793755 | 1.33E-15 | 0.121219 | 0.98821 | 0 | 3.10E-10
0.0178 | 0.5693371 | 2.70E-06 | 0.033288 | 0.85205 | 0 | 0

0.1 0.6416833 | 0.404165 1.10E-06 | 0.36665 | 0 | 0.000252
0.23x | 0.7039756 | 0.565106 | 2.11E-11 | 0.04825 | 0 | 6.37E-09
0.25 0.7058387 | 0.589399 | 9.13E-12 | 0.04042 | 0 | 2.71E-09

5.3.3 Lognormal Distribution

We generate the reference sample U from Lognormal(0,0.5), and the distor-
tion sample Z from Lognormal(0,0.7). According to model (1.1) and Example 1,
correctly specified till function is h(z) = (logz)?. We intentionally misspecify the

85



Table 5.7: Gamma (1,1) and Gamma (1,0.2). U ~ Gamma (1,1), Z ~ Gamma
(1,0.2), * optimal bandwidth for the statistics J,, 1 optimal bandwidth for the

statistics JC.

U A p-value, column J¢ and J,, are median from simulations
specified misspecified

sample band- | h(x) = log(z) h(z) =z

size -width | J¢ JIn J¢ max JC | J, max J,,

500 | 500 | 0.005% | 0.81777 | 0.37423 | 0.7000 1 2.27E-09 | 0.99998
0.01 0.69705 | 0.99831 | 0.21356 |1 0.00038 | 0.99971
0.0131 | 0.70421 | 0.99948 | 0.09164 |1 0.00083 | 0.99410
0.0178 | 0.71502 | 0.99996 | 0.02159 | 0.99992 | 0.00251 | 0.83783
0.1 0.62303 | 0.99999 | 1.27E-10 | 0.23726 | 3.50E-07 | 0.74024
0.25 0.68406 | 0.99984 | 0 0.00946 | 3.59E-14 | 0.05056
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tilt function by h(z) = logx. The sample sizes {ng, ni} are {500,500}. p-values for

both statistics J¢ and J,, are calculated under various bandwidths. We pick the me-

dian of the p-value in 200 Monte-Carlo Repetitions. The maximum of the p-value

in 200 Monte-Carlo repetitions is recorded when the tilt function is misspecified.

Table 5.8 gives the simulation results.

Table 5.8: Lognormal (0,0.5) and Lognormal (0,0.7). U ~ Lognormal(0,0.5), Z ~

Lognormal(0,0.7), x optimal bandwidth for the statistics J,,, T optimal bandwidth for

the statistics JC.

U Z band- | p-value, column J¢ and J, are median from simulations
sample -width | specified h(x) = log(z) | misspecified h(z) = x
size J¢ In J¢ max J¢ | J, | max.J,
500 | 500 | 0.005 | 0.4875377 | O 0.1198135 | 0.975032 | 0 | O
0.0117 | 0.500015 | 3.64E-07 | 0.0456381 | 0.75716 | 0 | 2.89E-15
0.0178 | 0.4991361 | 0.0008704 | 0.0116544 | 0.724075 | 0 | 3.08E-13
0.1 0.6598331 | 0.3024718 | 2.07E-07 | 0.228446 | 0 | 2.22E-14
0.235% | 0.7710084 | 0.5480933 | 7.25E-11 | 0.077927 | 0 | 2.78E-15
0.25 0.7725608 | 0.5572037 | 6.59E-11 | 0.068809 | 0 | 8.22E-15

5.4 Comparison with J¢

Since we can derive the limiting distribution of J, and J¢, bootstrap is not

n

needed in the goodness-of-fit test using these test statistics. When the tilt function
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is misspecified, J, rejects Hy strongly in most of the cases in our simulations, but
on the other hand J¢ may give relatively large p-values resulting in acceptance
of the null hypothesis in many misspecified situations. When the tilt function is
correctly specified, the p-values of the test corresponding to .J,, are large when the
bandwidth is chosen properly whereas J¢ accepts model (1.1) all the time as it
should in specified cases. Thus J,, performs as well as J¢ when the tilt function is

correctly specified and improves upon J¢ when the tilt function is misspecified.
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Chapter 6

Application to Radar Data
In this chapter, we apply our test statistics I,, proposed in Chapter 3 and J,
proposed in Chapter 4 in a two-sample radar problem, and compare them with the

test statistics A, IZ, 158> and JC.

nJ’n

6.1 Description of the Radar Data

During NASA’s Tropical Rainfall Measuring Mission (TRMM) Kwajalein Ex-
periment (KWAJEX), held during Jul.15-Sep.12,1999 in the Republic of the Mar-
shall Islands, a C-band radar was deployed aboard NOAA ship Ronald H.Brown
(RHB) and an S-band KPOL radar was deployed on Kwajalein Island at the south-
ern end of the Kwajalein Atoll. Experimental radar reflectivity data were obtained
from these two radars. Kedem et al. 2004[24] gives more details about the data.
The data were collected in pairs referring to the radar as ‘Brown’ and ‘Kwajalein’.

We randomly sample the data collected from the ‘Brown’ radar to produce
random reference samples U, and randomly sample the data collected from the
‘Kwajalein’ radar to produce random distortion samples Z. If these two radars
or their algorithms produce equidistributed reflectivity data, the null hypothesis
model (1.1) should be accepted in the goodness-of-fit test by fusing U and Z. For

comparison, random reference samples U and distortion samples Z are sampled
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from the same radar to apply the test statistics. For the reason that radar data are
always assumed to be distributed as lognormal or gamma, following the results from

Example 2 and Example 3, we choose h(z) = z and h(z) = log(x) as tilt functions.

6.2 Dataset From Two Different Radars

U is randomly sampled from ‘Brown’ as the reference sample and 7 is randomly
sampled from ‘Kwajalein’ as the distortion sample. The sample sizes (ng, n1)=(1500, 1500).

The combined sample 7' = {U, Z} has size n = 3000. The test statistics

Ay = s VRIG() — GO

17 =n / " 60 - g0)a
2= [ (a0 - 900) "

I, :nb/_LL (\/%— \/g(_t)>2dt
5= [ (- 30)) "

n= [ (Vi - Vi)

are used in the goodness-of-fit test of the null model (1.1), with bandwidth b. Fol-
lowing the analysis in Chapter 3 and Chapter 4, a Gaussian kernel is used for I2,
IB% and I,,, and the Epanechnikov kernel is used for J¢ and J,,. As noted in Remark
6, the bandwidth needs to satisfy 2 < b < (22)1/6. So, the bandwidth is in the range
[0.0017,0.201]. We derive p-values of the tests corresponding to each statistic under
various values of bandwidth which are 0.02,0.05,0.1,0.2,0.25.

Table 6.1 gives the p-values of the goodness-of-tests corresponding to all six
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test statistics with various values of bandwidth. The tilt functions h(z) = = and
h(z) = log(x) are applied separately. The p-values for J,, and J¢ are derived by
(4.55) as in Remark 5. The p-values for A,,, IZ, IB% and I,, are derived by bootstrap

procedures discussed in Chapter 3. All six statistics suggest strong rejection of

model (1.1) which means that these two radars operate very differently.

6.3 From the Same Radar

In section (6.2), all test statistics indicate rejection of model (1.1) when the
reference sample is from ‘Brown’ and the distortion sample is from ‘Kwajalein’. In
this section, the reference and distortion samples are from the same radar. The
sample sizes are as before, (ng, n;)=(1500, 1500). The reference U and distortion Z
are both randomly sampled from ‘Brown’ first and then from ‘Kwajalein’. As before,
a Gaussian kernel is used for IZ, I5% and I,,, and Epanechnikov kernel is used for J¢
and J,,. The bandwidth used is in the range [0.0017,0.201]. The optimal bandwidth
for .J,, is 0.19. Since A, does not depend on a bandwidth, and the bandwidth for IZ
is fixed at b = 1, we see that the p-values of the goodness-of-fit tests corresponding
to A, and I” do not change in Table 6.2 and Table 6.3. The tilt functions h(z) = x
and h(x) = log(x) are applied separately both in Tables 6.2 and 6.3. Very similar
results are seen from these two tables. The p-values for A,, IZ, 1B [, and J¢
lead to acceptance of model (1.1), and so does J,, when the bandwidth is chosen

properly. The results tell us the fact that samples U and Z are generated by the

same algorithm.
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Table 6.1: U is from ‘Brown’ as reference and

Z is from ‘Kwajalein’ as distortion. Sample size

(ng,n1)=(1500,1500). Tile functions are h(x) = x and

h(z) = log(z).

tilt band- p-value

function | width | A, | I2 | 1B | I, J¢ In

x 025 |0 0 |0 0 0 0
0.2 0 0 |0 0 0 0
0.1 0 0 |0 0 1.35E-10 | O
0.05 |0 0 |0 0 2773E-7T |0
002 |0 0 |0 0 0.00112 |0

log(x) 025 |0 0 |0 0 0 0
0.2 0 0 |0 0 0 0
0.1 0 0 |0 0 248E-12 | 0
0.05 |0 0 |0 0 2.62E-8 | 0
002 |0 0 |0 0.002 | 0.00041 | 0O
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Table 6.2: U is from ‘Brown’ as reference and Z is from ‘Brown’ as distor-

tion. Sample size (ng,n1)=(1500,1500). Tile functions are h(z) = = and

h(z) = log(z).

tilt band- p-value

function | width | A, IB | [Bb I, J¢ J,

x 0.25 | 057 |07 |1 0.994 | 0.9981411 | 0.9703743
0.2 0.57 107 |1 0.998 | 0.999185 | 0.9565418
0.1 057 107 |1 1 0.9999877 | 0.6973797
0.05 | 057 |07 |1 1 1 0.010993
0.02 |057 |07 |1 1 1 0

log(x) 0.25 | 0.462 | 0.76 | 0.998 | 0.998 | 0.9983481 | 0.9853257
0.2 0.462 | 0.76 | 0.998 | 0.998 | 0.9992846 | 0.9779273
0.1 0.462 | 0.76 | 1 1 0.999989 | 0.8064212
0.05 | 0.462 | 0.76 | 1 1 1 0.02748843
0.02 |0.462]0.76 | 1 1 1 0
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Table 6.3: U is from ‘Kwajalein’ as reference and 7 is from ‘Kwajalein’ as

distortion. Sample size (ng, n1)=(1500,1500). Tile functions are h(z) = z

and h(x) = log(x).

tilt band- p-value

function | width | A, IB B I, J¢ J,

x 0.25 | 0.318 | 0.768 | 1 0.992 | 0.9988772 | 0.9926679
0.2 0.318 | 0.768 | 1 0.998 | 0.9995837 | 0.9904045
0.1 0.318 | 0.768 | 1 1 0.9999903 | 0.6773479
0.05 | 0.318 | 0.768 | 1 1 1 0.00017857
0.02 | 0.318 | 0.768 | 1 1 1 0

log(x) 0.25 0254|087 |1 0.998 | 0.9990609 | 0.9972642
0.2 0.254 | 0.87 |1 1 0.999647 | 0.9963206
0.1 0.254 | 0.87 |1 1 0.9999915 | 0.7975165
0.05 | 0.254 | 0.87 |1 1 1 0.000779084
0.02 |0.254 | 0.87 |1 1 1 0

94



Chapter 7
Conclusion

7.1 Overview

In this dissertation, we proposed two new goodness-of-fit test statistics I,, as
in (3.5) and J, as in (4.12) for DRM. Model (1.1) is the null model. Goodness-
of-fit tests are needed to justify or reject the assumed model. I, is a modification
of IB which was proposed by Bondell (2007)[4], and J, is a modification of J?
which was proposed by Cheng and Chu (2004)[6]. In this chapter we summarize the
advantages of our test statistics, I, and J,,, our contribution of this dissertation. The
distributions of the test statistics A, IZ, IB® and J¢ are investigated to illustrate
the advantage of I,, and J,,, namely, our test statistics appear to be more symmetric,
and distinguished well between correctly specified and misspecified cases. Recall

from (1.2), (1.5), (3.21), (3.5), (1.6) and (4.12),
Ay = sup VnlG(t) - G(t)|
12 =n [ (a0 - 50)’a
2= [ (o) - 5(0)
I, = nb/_L (\/g(t) - \/g(t))th
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and

Io= [ (Va0 = Vi) .

7.2 Simulation

In this section, we derive the distributions of A, IZ, IB® [, = J¢ and J, by
samples from computer-generated data when the tilt functions are both correctly

specified and misspecified.

7.2.1 Correctly Specified

Let X ~ N(0,1) with size 5000 and Y ~ N(0,2) with size 5000 be our popu-
lations. The reference U and distortion Z are sampled from X and Y respectively
with sample sizes (ng,n1) = (500,500). As Example 1, the correctly specified tilt
function is h(z) = 2%, Following the DRM in Chapter 2, we can obtain &, 3 and G
from the fused sample 7' = {U, Z}, and G from the reference sample U only. There-
after, g and g are derived by following Lemma 2. Note that IZ 5% and I,, use the
Gaussian kernel K (z) = (1/v/27) exp(—22/2), and J¢ and J, use the Epanechnikov
kernel as in (4.13). Bandwidth b = 0.02 is used for I2° I,,, J¢ and J,, but IZ uses
a fixed bandwidth b = 1. Therefore we can obtain the numerical values of A,,, IZ,
I I, JC and J, from the reference samples U and the distortion samples Z. We
repeat this procedure 1000 times to approximate the distributions of A,,, IZ, 15%
I,, J¢ and J,.

Figure 7.1 gives the histograms of the simulated distributions of A,,, IZ, 1B

mny n n
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I,, J¢ and J,. The histograms of A, and I” have very long right tails. Actually
we do not know their distribution functions. The right tails corresponding to I7°
and J¢ are shorter as compared with A, and IZ. I, improves I5° at both left and
right tails and its histogram shape appears more symmetric. Similarly .J,, improves
J¢ at both left and right tails, and the histogram of J,, is more symmetric than that
of J¢. Figure 7.2 gives the Q-Q plots of the distributions of all six test statistics.
Clearly J,, is the closest to normal which is its limiting distribution according to

Theorem 4. Hence .J,, performs more accurately in goodness-of-fit tests.

7.2.2 Correctly Specified and Misspecified

In this section we intentionally misspecify the tilt function by h(z) = z. This
time we only focus on I2°, I, J¢ and J,,. We repeat the same procedure as we have
done in Section (7.2.1) above to derive the simulated distributions of 12, I,,, J¢ and
Jy,. Together with the corresponding results in Section (7.2.1) , we get Figure 7.3
which gives the comparisons of the histograms of these four test statistics under both
correctly specified and misspecified tilts. The histograms of the test statistics when
the tilt function is correctly specified are given in red color in Figure 7.3 and those
are without color when the tilt function is misspecified. We consider the change from
correctly specified to misspecified. We can see that when tilt function is misspecified,
all the values of the test statistics increase and therefore lead to rejection of null
hypothesis Hy. Our proposed test statistics [,, and J,, increase greatly so that they

make a strong rejection very conclusively under the misspecified case. However, I2°
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Figure 7.1: Histograms of A, IZ, IB% I, J¢ and J,. The reference U is sampled
from N(0,1). The distortion Z is sampled from N(0,2). Sample sizes (ng,ny) =
(500, 500). 12, IB® and I,, use the Gaussian kernel. Jnc and .J,, use the Epanechnikov
kernel. b = 0.02 is the bandwidth for 1%, I,, JC and J,. b =1 is the bandwidth
for IB. Simulation repetitions=1000.

and J¢ do not increase much. Thus the two distributions of the same test statistic,
which are under the correctly specified case and under the misspecified case, may
have overlaps! This could lead to a wrong decision of the goodness-of-fit test like
we have discussed in Chapter 5. On the other hand, the distributions of I,, and J,

do not suffer an overlap!
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Figure 7.2: Normal Q-Q plot for A, IB, IB® I, J¢ and J,.

7.3 Conclusion

In this dissertation we have discussed six goodness-of-fit test statistics. A,
performs well in data simulations. However, the unknown distribution of A,, is
always a problem. The fixed bandwidth used by I” may lead to inaccurate estimates
of the underlying density. Thus the test statistic IZ is not sufficiently reliable. I,
improves I5% by better distribution shapes on both the left and right tails when the
tilt function is correctly specified, and increases more pronouncedly when the tilt
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Figure 7.3: Histograms of IP I, J¢ and J, when tilt functions are both correctly
specified h(z) = x? (in red) and misspecified h(z) = x (in white).

function is misspecified, which helps to reject model (1.1) when it should be rejected.
Although we know the distributions of I, and I5% the bootstrap procedure is still
needed to simulate the distributions of these test statistics. On the other hand, J,
and J¢ can perform goodness-of-fit tests without the bootstrap procedure. It seems
that the normal approximation of J, is more apparent as compared with that of
JC. J, can perform as well as J¢ in correctly specified cases and improves J¢ in

misspecified cases. The distributions of our proposed statistics I,, and .J,, appear
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more symmetric than those of I7° and J¢ in our simulation study.
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Appendix A

Proof of Lemma 5

In this section, we will provide the proof for the Lemma 5 which is not given
by Cheng and Chu (2004)[6].

Let (t — x)/b = y, then x = ¢t — by. Note that since K(y) is symmetric,
JyK(y)dy =0 and [yK?*(y)dy = 0. These facts will be used in this section many
times, including in the following proof.

To prove (4.3),

E(Qi(t) = Zp VEy(t — ;)]

= E[ZP(Uz‘)Kb(t — Uz)} + E[Zp(zj)Kb(t - ZJ)}

i=1 Jj=1

- / () Ky(t — 2)g(x)dz + ny / p(@) Ky (t — 2)w(z)g(z)dz

= /Kbt—x
= / K(y)g(t — by)dy

- /K y) - [g(t) — byg'(t) + 62 29 (1) + O(°)]dy

1
Sb%g? /yQK(y)dy +O(b%)

= g(t)+ 5

1
= g(t)+ 562@9(2) (t) + O@%).
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(4.4) is the variance of Q;(t), we have

Var(Q:(t)) = Var| Zp VK (t — t;)
= Var| Zp DKt — )] —i—Var[Zl:p(zj)Kb(t—zj)}

= 0 [ P@RYE - D)9z 1 [ )R - 2)ule)g(o)ds
ol [ o)t = )g(a)de)’
([ p@)Esft = 2)u(a)g(o)do)’

= [ bt = 2)gla)ds — nal [ p(@)Eslt = 2)gla)de)’
.y / (@) Kot — 2)w(z)g(z)dz)’.

Since

[p@ie = agtads = [ ot~ o) ;KA @)g(t - by)biy

= 5 [ (0 -0 + 0 K2 (900 - b 1)
+(9(62))dy
- %p(t)g(t)/K2(y)dy+O(%)
1 Reg(t) b
— %'M—(zf)+o(ﬁ)

and

([ st = 2)gla)da)* = ( [ plt =) Kw)alt - by)bay)”

= (e + oLy’
g°(t) b?
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([ s kate = opuig)ds) = ([ ol = b)) - by)gle - by)bdy)

then

Var(Qu(t))

= (p(t)w(t)g(t) + O(%))2

w?(t)g*(t) v

= gy oG
1 Kgg(t) b g°(t) w?(t)g*(t) b’
= M O T e ™ e - O
1 Rg(t) 1
= w Mp oG

To prove (4.5),

E(Qa(t) =

Zp Dmaw(t) Ky(t — t:)]
ZP mw(u;) Ky (t —u;)] +E[J§;P2(zj)”lw(zj)l{b(t_Zj)]
" / P (@)nyw(@) K(t — 2)g(x)de
g / P (@)mw(@) Kyt — 2yw(@)g(x)da
[ pomute) Kt - a)g(ots
/ p(t — by)niw(t — by)%K (y)g(t — by)bdy

nip(t)w(t)g(t) + O(b?)

p w(t)y(t) 2
T i O

104



To prove (4.6),

Var(Qg( ))

= Var]| Zp Dniw(t;) Kyt — t;)]

ni

= Var| Zp (ui)naw(uw;) Ky (t — ;)] + Var[sz(zj)nlw(zj)Kb(t —zj)]

i=1 j=1

=m0 [ p)nfut(e) K¢ - 2)g(a)da
b [ Pyt e) Kt - a)uo)g(o)ds
ol [ Pyt - 2)g(a)do)’
“un( [ Pt - a)u()g()ds)
— [Pt @K - a)glaids — no( [ e)muta) Kt - 0)g(o)ds)
([ Plamilo) Kult — Dpw)g(e)ds)’

Like the calculations above for (4.4), we derive every term for Var(Q2(t)),

[Pemt @R - ogis = [t - ) pE)

xg(t — by)bdy

1
= a0 (1) / K2(y dy+(’)(%)

1 P nsqg(t)
- %(m“‘”) M) +O(n)
and

([ PRt - o9z = ([ 5t - bymult - ) K)

x g(t — by)bdy)’
2

= (mpOuo(n) + o(L))

1 p Lur()g() b
B ﬁ<1+p) MA(t) +005)

2
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and

2

(/pQ(x)nlw(ﬁ)Kb(t — z)w(z)g(x)dz)
= (/p2(t — by)nw?(t — by)%K(y)g(t — by)baly)2

)?

_ Lo Luwi(t)gP() b’
20T p) MA(t) OCz)

2

= (WA Oglt) + O

Thus

Var(Qg(t)) = %(ﬁw(t))Q’ﬁﬁg((Z))+O(%)+_< P )
_ %(ﬁw(@)%sqg(ﬁ +O(%).

Similarly we can get the mean and variance of Q3(t),

P(@(n) - 72 - Hlel0st)
))QRth%;fziz;)g(t) N O(%)

+0(b?)

Var(Qs(t)) = %(ﬁw(t

Next we are considering the expectation and variance of & and (. Like in

section (4.6), we assume that we only consider all the variables and integrals in the

bounded interval [—L, L]. From (2.19) in Lu (2007)[25], and combined with the as-

sumption of g(-) and K (-), we know that 2V ar(9¢(cv, Bo)/0c), 2Var(0¢(aw, 5)/08)

and %C’ov(aé(ao,50)/804,36(%,50)/05) all are bounded uniformly for n. So we

have \/Lﬁ (0l(aw, Bo)/Ocx, Dl g, Bo)/ 65)/ is uniformly integrable. Combining Lemma

1, we have
~ ol
&~ % . G 1
= ES +ﬁ§n
A Jl(ao,
B— By (8%50)
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where ¢, is uniformly integrable and ¢, — 0 in distribution. Following Theorem

25.12 in Billingsley (1995)[2], we have

Therefore, E(Q4(t)) = O(%) and E(Q3(t)) = O(-5). The Lemma 5 is proved.
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Appendix B

Values of ry, and K,

We are using the Epanechnikov kernel which is

K(r) = 50— a?) 1)

then

Let’s consider k.,

Ke = / (| K(x)K(y - x)dx)Qdy
— / (% /(1 — (1 - (y — q;)2)1[_171] ()11 (y — x)da:>2dy

Then the integral is in the area bounded by x = -1, 2 =1, y=r—1landy =z +1.

o= [ (5 [ a- 0 - o) ey

9.,/ (%1 o 2., 4, 16,
= (= —f — Syt — P+ )
(76 (/_2(303/ 3V T3V T g

2 1 2 4 16
+/ (—=v"+ =y — —y° + )Qdy>
0

30° "37 37 15
9 21 2.4 4, 16
— 9.( )2 P SRt B R R PP
(16 /0( 0V TRV Ty )
3 2
= 2 (355)° / (4" — 40y + 80y™ + 400y° — 1664y° + 1600y + 1280y
0

—2560y* + 1024)dy

= 0.4337662
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