R oute-Tree(S ) | Find a r outing tr e e for S .

1 If jS j = 1 then Return S as a tree on a single v ertex.

2 F or eac h v 2 S , �x its w eigh t U (v ) to b e W (fv g;

�

S ).

Let the sum of the w eigh ts of the v ertices in S b e U

S

.

3 If for an y v ertex v , U (v ) � U

S

=2 and U

S

6= 0 then

4 R oute-Tree(S n fv g)

5 Create a new tree T b y attac hing the ab o v e tree and v as the c hildren

of a new ro ot r . Return T .

6 Find an appro ximate minim um-w eigh t

1

4

-balanced separator for the

subgraph induced b y S in G (if U

S

= 0, �nd an un w eigh ted balanced

separator). Let this break S in to pieces S

1 and S

2

.

7 R oute-Tree(S

1

)

8 R oute-Tree(S

2

)

9 Create a new tree T b y attac hing the t w o trees generated ab o v e as the

c hildren of a new ro ot v ertex. Return T .

Figure 2: Appro ximation Algorithm to Find a Routing T ree

S

1

L

2

S

2

S

L

1

L

Figure 3: Inductiv e pro of.

Let the algorithm use a �-appro ximate minim um

1

4

-bisector in Line 6. If Leigh ton and

Rao’s [LR] balanced separator algorithm is used, � = O (log n). The follo wing theorem sho ws

that the load of an y edge is at most 4� times the optimal congestion. W e use induction to

pro v e that our load-balancing tec hnique splits the load prop erly .

Theorem 3.4 (P erformance) The algorithm in Fig. 2 �nds a r outing tr e e T for G such

that �

T

� 4�

G

.

Pr o of. The pro of pro ceeds b y induction on the lev el of recursion. In the �rst call of R oute-

Tree, the algorithm splits G in to t w o pieces S and

�

S using an appro ximate bisector. It

then �nds routing trees for S and

�

S and connects the t w o ro ots with an edge e. The load

on e is W (S;

�

S ). By Lemma 3.2, the w eigh t of a minim um-w eigh t balanced separator is a

lo w er b ound on �

G

. The w eigh t of the separator the algorithm uses is guaran teed to b e at

most � times the w eigh t of an optimal separator. Hence the load on edge e is at most �

G

.

This satis�es the induction h yp othesis.

F or the induction step, let us consider the case when w e tak e a set S and split it in to

t w o pieces S

1 and S

2

(see Fig. 3). Let L b e the load on the edge connecting the tree for S

to its paren t. Similarly

, let L

i

(i = 1; 2) b e the load on the edge connecting the tree for S

i

to its paren t. Inductiv ely , L � 4�

G

. W e sho w that eac h L

i

� 4�

G

.

Let U b e the w eigh t function de�ned b y the algorithm in this recursiv e call. Note that

L = U () = W (S;

�

S ) and L

i

= W (S

i

;

�

S

i

) = W (S

i

;

�

S ) + W (S

1

; S

2

). Also observ e that

U (S

i

) = W (S

i

;

�

S ).

Case 1: If there is some v ertex v in S whose w eigh t U () is more than U ()=2, then

w e split S as S

1

= fg and S

2

= S n fg. Since L

i

= U (S

i

) + W (S

1

; S

2

) and U (S

1

) >

U ()=2 > U (S

2

) it follo ws that L

1

> L

2

. This is b ecause U () is the sum of U (S

1

) and

U (S

2

). It remains only to b ound L

1

. The demand from , W (), is a lo w er b ound on the

congestion (b y Lemma 3.1) and therefore �

G

� W () = L

1

. Hence b oth L

1 and L

2 satisfy

the induction h yp othesis.

Case 2: Otherwise, the algorithm distributed U () in to the w eigh ts of the v ertices of S

and then used a �-appro ximate

1

4

-bisector of . By the induction h yp othesis, the edge from

the subtree of S to its paren t has a load L (= U ()) of at most 4�

G

.

Since W (S

i

;

�

S ) = U (S

i

) �

3

4

U () and W (S

1

; S

2

) � �

G

(b y Lemmas 3.2 and 3.3) w e

ha v e:

L

i

= W (S

i

;

�

S ) + W (S

1

; S

2

) � 3�

G

+ �

G

:

Theorem 3.5 The r outing tr e e algorithm in Fig. 2 runs in p olynomial time.

Corollary 3.6 The algorithm in Fig. 2 �nds in p olynomial time a r outing tr e e T for G

such that �

T

= O (log n)�

G

.

Note: Our algorithm also handles the case when v ertices of G are allo w ed to b e in ternal

v ertices of the output tree. Lemmas 3.2 and 3.3 are alid in this case also. The lo w er b ound

in Lemma 3.1 w eak ens b y a factor of 3. This lo w er b ound is not critical to the p erformance

ratio, so the p erformance ratio of the algorithm is unc hanged.

6 f

1

(b)

A

1

A

2

B

1

B

2 f

2 f

3

(a)

(c)

(d)

A

B

Figure 1: Example to illustrate algorithm.

among the pie c es S

1 and S

2

. The follo wing idea solv es the problem and leads to an O (log n)

appro ximate solution. Supp ose w e de�ne a w eigh t U () for eac h v ertex v in S according

to the amoun t of demand from v to the set

�

S . No w when w e split , w e use a cut that

splits the v ertices of S in to t w o sets of roughly equal weight. Lemma 3.2 guaran tees that

the minim um alue of suc h a cut is a lo w er b ound on �

S

, whic h is a lo w er b ound on �

G b y

Lemma 3.3. W e illustrate the recursiv e step of the algorithm b y an example in Fig. 1.

The algorithm �rst splits graph G in to A; B b y using an appro ximate bisector (without

w eigh ting the v ertices). Eac h v ertex in A is then assigned a w eigh t equal to the total demand

it has to v ertices in

�

A . Similarly v ertices in B are assigned w eigh ts corresp onding to their

demands from

�

B . The algorithm no w recursiv ely splits A and B b y appro ximate bisectors

with resp ect to the v ertex w eigh ts. The problem is solv ed recursiv ely on eac h piece. These

recursiv e calls w eigh t v ertices similarly and return with resp ectiv e trees as solutions for the

pieces A and B as sho wn. By adding new edges and a new ro ot v ertex, the solution for the

en tire graph is obtained.

The algorithm giv en in Fig. 2 implemen ts the ab o v e ideas. The pro cedureR oute-

Tree() tak es a subset of v ertices , and returns a routing tree for the graph induced

b y the v ertices in . This routing tree will either b e a singleton v ertex, or a tree in whic h

eac h v ertex has degree one or three, except for the ro ot that has degree t w o. The routing

tree is computed in a w a y so as to appro ximately \divide" the demand from the v ertices in

S to the v ertices in V � .

Analysis. Giv en a graph G, R oute-Tree(V ) returns a routing tree for G. T o mak e sure

that the ro ot of the tree has degree three, w e can discard the ro ot b y short-cutting it.

5

3.1 Lo w er Bounds

W e sho w t w o w a ys of �nding lo w er b ounds on the w eigh t of the optimal solution. First,

w e sho w that the w eigh t of a minim um-w eigh t balanced separator is a lo w er b ound on �

G

.

Second, w e sho w that the optimal solution for the problem in a subgraph G

0

induced b y an

arbitrary set of v ertices V

0

� V is a lo w er b ound on the optimal solution of G. This implies

that an optimal solution to a sub-problem costs no more than an y feasible solution to the

whole problem.

Lemma 3.2 L et G = (; ) b e a gr aph with non-ne gative weights on the e dges. Supp ose

we ar e given a non-ne gative weight function U () on the vertic es. L et the weight of e ach

vertex b e at most one-half of the total weight of l the vertic es. L et Q b e the weight of a

minimum-weight b-b alanc e d sep ar ator of G for any b � 1=3. Then Q � �

G

.

Pr o of. Let T b e a routing tree with congestion �

G

. Eac h edge e of T naturally induces a cut

in G as follo ws: delete e from T to obtain subtrees T

1 and T

2

. Let S

e b e the set of v ertices in

G that are lea v es of T

1

(this yields a cut in G). Clearly

, W (S

e

; S

e

) is the congestion on edge

e and hence W (S

e

; S

e

) � �

G

. Since T is a tree of degree three, and b y the assumption on

the w eigh ts of v ertices, it con tains at least one edge e

0

whic h yields a b-balanced separator.

Since Q is the minim um b-balanced separator of G w e ha v e Q � W (S

e

0 ; S

e

0 ) � �

G

.

Lemma 3.3 L et G = (; ) b e a gr aph. L et H b e a sub gr aph of G. Then �

H

� �

G

.

Pr o of. Let T b e a routing tree with congestion �

G

. Generate a routing tree T

H for H

from T as follo ws. Let V

H b e the v ertex set of H . Mark the lea v es of T corresp onding to

V

H

. Rep eatedly delete the unmark ed lea v es of T un til it has no unmark ed lea v es. Delete all

v ertices of degree t w o b y short-cutting the tree, th us yielding T

H

. It is easily v eri�ed that

T

H is a routing tree for H with congestion b ounded b y �

G

.

3.2 The Routing T ree Algorithm

Discussion. Our basic approac h is to sub divide the graph in to pieces that are smaller b y a

constan t fraction using an appro ximately minim um bisector. Since computing a minim um-

w eigh t balanced separator is also NP-hard, w e use appro ximation algorithms designed b y

Leigh ton and Rao [LR ] and T ragoudas [T r] for computing appro ximately minim um-w eigh t

balanced separators (or appro ximate minim um bisectors). The solutions for the pieces are

obtained recursiv ely . All in ternal v ertices of the solution tree ha v e degree three except for

the ro ot. The t w o trees are glued together b y creating a new ro ot and making the ro ots of

the pieces the c hildren of the new ro ot. If implemen ted naiv ely , this pro cedure leads to an

O (log

2

n) factor appro ximation. Using balancing tec hniques, w e impro v e the p erformance

ratio to O (log n).

Supp ose , a subset of the v ertices represen ting a subproblem, is split in to t w o pieces

S

1 and S

2 using an appro ximate bisector. When the problem is solv ed recursiv ely on the

t w o pieces, the main obstacle to obtaining an O (log n) appro ximation is the follo wing. In

the w orst case, it is p ossible that most of the load corresp onding to W (S;

�

S ) ma y fall on

S

1 or S

2

. If this happ ens rep eatedly

, an edge can b e o v erloaded prop ortionally to its depth

in the tree.

o avoid this, it is ne c essary to p artition the demand fr om

�

S r oughly e ly

4

2 Preliminaries

A cut in a graph G is a set of edges whose remo al separates G in to t w o disconnected pieces

S and

�

S = V n . A cut can b e represen ted b y the v ertex set . The weight of a cut ,

denoted b y W (S;

�

S ), is the sum of the w eigh ts of those edges whic h ha v e one endp oin t in

S and one endp oin t in

�

S . W e use W () to refer to the sum of the w eigh ts of the edges

inciden t to . A cut S is b-b alanc e d if b � n � jj � (1 � b) � n. The de�nition is extended

to the case when v ertices are w eigh ted as follo ws. Let U b e a non-negativ e w eigh t function

on the v ertices and let U () b e the sum of the w eigh ts of all the v ertices in . A cut S is

b-balanced if

b � U (V ) � U () � (1 � b) � U (V )

De�nition 2 or b � 1=3, a �-appro ximate minim um b-bisector is a b-b alanc e d cut whose

weight is at most � times the weight of a minimum-weight

1

3

-b alanc e d cut.

The follo wing result w as pro v ed b y Leigh ton and Rao ([LR], Section 1.4).

Theorem 2.1 L et G b e a gr aph with non-ne gative weights on the e dges (without vertex

weights). It is p ossible to c ompute an O (log n)-appr oximate minimum

1

4

-bise ctor of G in

p olynomial time.

The ab o v e theorem w as extended to the case when v ertices are giv en non-negativ e w eigh ts

b y T ragoudas [T r ].

Theorem 2.2 L et G b e a gr aph with non-ne gative weights on the e dges and vertic es. It is

p ossible to c ompute an O (log n)-appr oximate minimum

1

4

-bise ctor of G in p olynomial time.

De�nition 3 L et T b e a tr e e and let u b e a vertex of de gr e e two in T . L et v and w b e the

neighb ors of u. The lowing op er ation is said to short-cut u in T { delete u fr om T and

add the e dge f; w g.

o short-cut T is to delete l vertic es of de gr e e two by short-cutting

them in arbitr ary or der.

3 Routing T ree Problem

W () corresp onds to the total w eigh t b et w een v and other v ertices and is called the load

of a v ertex. Note that the load of an y v ertex v is a lo w er b ound on �

G

, b ecause the edge

inciden t to the leaf corresp onding to v in an y routing tree has to handle this load.

Lemma 3.1 or any vertex , W () � �

G

.

Giv en a pro cedure to compute a �-appro ximate minim um b-bisector, our algorithm �nds

a routing tree whose congestion is at most �=b times the optimal congestion.

3 the set of v ertices from G in one of the connected comp onen ts, then l oad(e) is equal to

W (S;

�

S ) =

X

(x;y )2;x2S;y 2

�

S w (x; ):

In other w ords, the demand of eac h edge e = fa; bg in G, maps to the unique path in T

from a to b, and loads eac h edge on the path. The load of a single edge is the sum of the

demands that load this edge.

In this pap er w e study t w o di�eren t v ersions of this problem.

1.1 Routing T ree Problem

The follo wing problem w as prop osed and studied b y Seymour and Thomas [ST].

De�nition 1 A tr e e T is c le d a routing tree if it satis�es the lowing c onditions:

� The le aves of T c orr esp ond to vertic es of G.

� Each internal vertex has de gr e e 3.

The c ongestion of T is the maximum lo ad of any e dge of T . The c ongestion of G, denote d

by �

G

, is de�ne d to b e the minimum c ongestion over l r outing tr e es T of G.

W e w ould lik e to �nd a routing tree T with minim um congestion (that ac hiev es �

G

).

Seymour and Thomas sho w ed that this problem is NP-hard b y sho wing that graph

bisection can b e reduced to this problem. They also sho w ed that in the sp ecial case when

G is planar, the problem can b e solv ed optimally in p olynomial time.

W e pro vide a p olynomial time appro ximation algorithm for the congestion problem when

G is an arbitrary graph. Our algorithm computes a routing tree T whose congestion is within

an O (log n) factor from the optimal congestion (Section 3). The algorithm extends to the

case when the routing tree is allo w ed to ha v e v ertices of higher degree.

1.2 Congestion T ree Problem

W e also study the case when T is required to b e a spanning tree of a giv en feasibilit y graph

F . W e sho w that the problem is NP-complete (Section 4). In the sp ecial case when F is

complete, w e sho w that an optimal solution can b e computed in p olynomial time.

1.3 Main Ideas

Our algorithm is a simple divide-and-conquer algorithm that uses the Leigh ton-Rao [LR]

balanced separator algorithm to split the graph. By a naiv e application of the LR algorithm,

one obtains an O (log

2

n) appro ximation factor. Our main con tribution is to sho w that b y

a subtle application of LR, one can actually obtain an O (log n) appro ximation factor. W e

b eliev e that this kind of an application of LR will pro v e to b e useful in obtaining b etter

appro ximation ratios for other problems as w ell.

2

Designing dit y Flo w T rees

Samir Kh uller

�

ji Ragha achari

y

Neal Y oung z

Abstract

The traditional m ulti-commo dit y o w problem assumes a giv en o w net w ork in whic h

m ultiple commo dities are to b e maximally routed in resp onse to giv en demands. This

pap er considers the m ulti-commo dit y o w net w ork-design problem: giv en a set of m ulti-

commo dit y o w demands, �nd a net w ork ject to certain constrain ts suc h that the

commo dities can b e maximally routed.

This pap er fo cuses on the case when the net w ork is required to b e a tree. The main

result is an appro ximation algorithm for the case when the tree is required to b e of

constan t degree. The algorithm reduces the problem to the minim um-w eigh t balanced-

separator problem; the p erformance guaran tee of the algorithm is within a factor of

4 of the p erformance guaran tee of the balanced-separator pro cedure. If Leigh ton and

Rao’s balanced-separator pro cedure is used, the p erformance guaran tee is O (log n). This

impro v es the O (log

2

n) appro ximation factor obtained b y a direct application of the

balanced-separator metho d.

1 In duction

Let a graph G = (; ) represen t m ulticommo dit y o w demands: the w eigh t of eac h edge

e = fa; bg represen ts the demand of a distinct commo dit y to b e transp orted b et w een the sites

a and b. Our goal is to design a net w ork, in whic h the v ertices of G will b e em b edded, and to

route the commo dities in the net w ork. The maxim um capacit y edge of the net w ork should

b e lo w in comparison to the b est p ossible in any net w ork meeting the required constrain ts.

F or example, the w eigh t of eac h edge could denote the exp ected rate of phone calls b et w een

t w o sites. The problem is to design a net w ork in whic h calls can b e routed minimizing the

maxim um bandwidth required; the cost of building the net w ork increases with the required

bandwidth.

W e consider the case when the net w ork is required to b e a tree, called the tr e e c ongestion

pr oblem. Giv en a tree in whic h the v ertices of G are em b edded, the load on an edge e is

de�ned as follo ws: delete e from T . This breaks T in to t w o connected comp onen ts. If S is

�

Departmen t of Computer Science and Institute for Adv anced Computer Studies, Univ ersit y of Maryland,

College P ark, MD 20742. Researc h curren tly supp orted b y NSF Researc h Initiation Aw ard CCR-9307462.

E-mail : samir@cs.umd.edu.

y

Departmen t of Computer Science, The Univ ersit y of exas at Dallas, Bo x 830688, Ric hardson, TX 75083-

0688. E-mail : rbk@utdallas.edu. P art of this w ork w as done while this author w as visiting UMIA CS.

z

Institute for Adv anced Computer Studies, Univ ersit y of Maryland, College P ark, MD 20742. E-mail :

young@umiacs.umd.edu. Researc h supp orted in part b y NSF gran ts CCR-8906949 and CCR-9111348.

Our algorithm can b e generalized to �nd routing trees when ev ery in ternal v ertex ma y

ha v e degree up to k , for an y k � 3. W e obtain the same O (log n) appro ximation factor,

indep enden t of k . An algorithm obtaining an appro ximation factor of n=k is straigh tforw ard

and is useful as k approac hes n.

4 General Congestion Problem

In this section w e sho w that the follo wing problem is NP-complete. The input to the problem

is a demand net w ork G = (V ; E ), a \feasibilit y net w ork" F = (V ; E

0

), and an in teger D .

Eac h edge e = fa; bg of G has a nonnegativ e w eigh t w (e) that represen ts the demand b et w een

the sites a and b. The problem is to �nd a tree T that is a subgraph of F , suc h that when

the demands of the edges in G are mapp ed to the tree T the congestion on eac h edge is at

most D .

The reduction is done from the k Edge-Disjoin t P aths Problem, kno wn to b e NP-

Complete [GJ].

k Edge-Disjoin t P aths Problem: Giv en an undirected graph H = (V ; E ), and sets

S = fs

1

; s

2

; : : : ; s

k g and T = ft

1

; t

2

; : : : ; t

k g are there k m utually edge-disjoin t paths

P

1

; P

2

; : : : ; P

k suc h that P

i connects s

i with t

i

?

It is easy to see that this problem can b e reduced to the general tree congestion problem.

F or the reduction w e construct F from H . F or eac h v ertex u 2 V , if u has degree d(u), w e

create a clique on d(u) v ertices, u

1

; u

2

; :::; u

d(u)

. F or eac h edge from v to w w e in tro duce

an edge from v

i to w

j where these are distinct v ertices (not shared with an y other edges).

(Informally

, eac h v ertex is \explo ded" in to a clique, and the edges inciden t on the v ertex

are made inciden t on distinct clique v ertices.) The demand graph G has edges b et w een s

i

and t

i

(for all i). If there is a solution to the disjoin t paths problem, clearly that yields a

congestion tree with bandwidth one. The set of paths P

i can form cycles, but these cycles

can b e \pried" apart in F since w e replaced eac h v ertex with a clique. These can no w b e

connected to form a congestion tree with bandwidth one.

If there is a solution to the congestion tree problem it is clear that this yields a solution

to the edge-disjoin t paths problem (the demand edge from s

i to s

j gets mapp ed to a path

in the tree and causes a load of one on eac h edge). Since the bandwidth is restricted to one,

no other path can use the same edge (ev en when w e go from F to H ).

Theorem 4.1 The gener al c ongestion pr oblem is NP-c omplete.

An in teresting op en problem is to design appro ximation algorithms with non trivial ap-

pro ximation factors for designing routing trees where the feasibilit y graph F is giv en in the

input. In the sp ecial case when F is complete, it is easy to sho w that an optimal routing

tree can b e computed. In this case eac h edge of the routing tree is made to handle a load

that is equal to the minim um cut in G separating t w o of its v ertices. This follo ws from

the result of Gomory and Hu [GH], who sho w ed ho w to construct a tree whic h enco des al l

min-cuts in a graph. Gus�eld [Gu] ga v e an algorithm to compute suc h trees e�cien tly .

Theorem 4.2 If F is the c omplete gr aph, the pr oblem of designing a r outing tr e e with

minimum c ongestion for an arbitr ary demand gr aph G c an b e solve d in p olynomial time.

Ac kno wledgmen ts

W e w ould lik e to thank the referee for useful commen ts.

References

[GJ] M. R. Garey and D. S. Johnson, \Computers and In tractabilit y: A guide to the

theory of NP-completeness", F r e eman, San F r ancisc o (1979).

[GH] R. E. Gomory and T. C. Hu. Multi-terminal net w ork o ws. Journal of SIAM, 9(4):

551{570, 1961.

[Gu] D. Gus�eld. V ery simple metho ds for all pairs net w ork o w analysis. SIAM Journal

on Computing, 19(1): 143{155, 1990.

[LR] F. T. Leigh ton and S. Rao. An appro ximate max- o w min-cut theorem for uniform

m ulticommo dit y o w problems with applications to appro ximation algorithms. In

Pr o c. 29th A nnual Symp. on F oundations of Computer Scienc e, pages 422{431,

Octob er 1988, White Plains, NY.

[ST] P

. Seymour and R. Thomas. Call routing and the rat catc her. Workshop on

A lgorithms and Combinatorial Optimization, Marc h 1991. A tlan ta, GA.

[T r] S. T ragoudas. Impro v ed appro ximations for the minim um-cut ratio and the ux.

T ec hnical Rep ort 93-02, Computer Science Departmen t, Southern Illinois Univ er-

sit y , 1993. Submitted to Math. Syst. The ory.