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AN SQP ALGORITHM FOR FINELY DISCRETIZED SIP PROBLEMS
AND OTHER PROBLEMS WITH MANY CONSTRAINTS*

JIAN L. ZHOUt AND ANDRE L. TITS}

Abstract. A common strategy for achieving global convergence in the solution of semi-infinite
programming (SIP) problems is to (approximately) solve a sequence of discretized problems, with a
progressively finer discretization mesh. Finely discretized SIP problems, as well as other problems
with many more constraints than variables, call for algorithms in which successive search directions are
computed based on a small but significant subset of the constraints, with ensuing reduced computing
cost per iteration and decreased risk of numerical difficulties. In this paper, an SQP-type algorithm is
proposed that incorporates this idea. The quadratic programming subproblem that yields the search
direction involves only a small subset of the constraints. This subset is updated at each iteration in
such a way that global convergenceis insured. Heuristics are suggested that take advantage of possible
close relationship between “adjacent” constraints. Numerical results demonstrate the efficiency of the
proposed algorithm.

Key words. Semi-Infinite Programming, Sequential Quadratic Programming, discretization,
global convergence.
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1. Introduction. Optimization problems that arise in engineering design often
belong to the class of Semi-Infinite Programming (SIP) problems, i.e., they involve
specifications that are to be satisfied over an interval of values of an independent
parameter such as time, frequency or temperature (see, e.g., [1], [2], [17], [20]). As a
simple example, consider the problem

(S1) min f(x) st () <0,
with
Ypo,)(x) = sup ¢(x,w),
welo,1}

where f(z) and ¢(z,w) depend smoothly on z. The difficulties in solving (SI) stem
mostly from the facts that (i) the accurate evaluation of yyg ] for each z involves a
potentially time consuming global maximization, and (ii) ¥[o,1) is nondifferentiable in
general, even when ¢ is smooth. Various approaches have been proposed to circumvent
these difficulties. Some algorithms are based on the characterization of maximizers of
¢(wz,-) over [0,1] in the neighborhood of a local solution of (ST) (see, e.g., [10], [11],
[21]). Under mild assumptions, the set of such maximizers contains a “small” number
of points (for small n). The solution of the original problem can then be reduced to the
solution of a problem involving approximations of these maximizers w;(z). Application
of Newton’s method, or of a Sequential Quadratic Programming (SQP) method to
the reduced problem (with constraints ¢(z,w;(z)) < 0) brings about a fast rate of
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convergence. However global convergence, when insured at all, involves a potentially
very costly line search ([3], [27]). A large class of globally convergent algorithms, on
the other hand, is based on approximating %o ;} by means of a progressively finer
discretization of [0, 1], 7.e., substituting for (SI) the problems
(S1y) min  f(z) st #z,w)<0 VweD

c€R"
with, for instance,
=12 . =D
7949 q
where ¢, a positive integer, is progressively increased (see, e.g., [6], [8], [9], [15], [18],
[19], [21], [24]). The overall performance of these algorithms largely depends on the
the performance at each discretization level, especially when ¢ becomes large.

Problem (SI4) involves finitely many constraints and thus in principle can be
solved by classical constrained optimization techniques. Yet typically, if ¢ is large
compared to the number n of variables, only a small portion of the constraints are
active at the solution. Suitably taking advantage of this situation may lead to substan-
tial computational savings. Similar considerations arise in connection with inequality
constrained optimization problems of the form
(MC) min  f(z) st ¢i(x) <0 i=0,...,¢,

zeR™
in which £ > n, i.e., in which constraints far outnumber variables. These include,
among others, mechanical design problems involving trusses (see, e.g., [23], [28] or
papers in [4], [14]). Note that there is no essential difference between (SI3) and
(MC).

In [19], [15], (SI4) is solved by means of first order (thus, slow) methods. In
[19], the construction of the search direction at iteration % is based on the gradients
Ve¢(xp,w) at all points w € Q at which ¢(z,w) > —e. In [15], it is shown that a
small subset of these points can be used instead by suitably detecting “critical” values
of w and “remembering” them from iteration to iteration in a manner reminiscent of
bundle type methods in nonsmooth optimization (see, e.g., [12], [13]). Specifically, at
iteration k, a first order direction dj is computed using a certain subset {2, of 2. After
a new iterate xxy; is obtained, a new set Q. is constructed by including (i) all w’s
that globally maximize ¢(zx41, ) over ; (i) all w’s that globally maximize ¢(Zg41, -),
where Fr41 is a trial point that was rejected in the previous line search; and (iii) all
w’s in € that affected direction d. This scheme is shown in [15] to induce global
convergence. It is efficient because, under mild assumptions, the dimension of the
quadratic programming problem that yields dy is moderate and gradient evaluations
are required at a few grid points only. However, at each level of discretization (u.¢., for
each fixed ¢), the algorithm proposed in [15] (as well as that proposed in [19]) exhibits
at best a linear rate of convergence.

In [26], modifications of standard SQP methods are proposed for the solution of
problems with many constraints. However, no convergence analysis is provided; in
practice global convergence may or may not take place, depending on the heuristics
used to update an active working set of constraints.

In this paper, we propose and analyze a related SQP type algorithm based on
the scheme introduced in [15]. To simplify the exposition, we focus instead on an
unconstrained problem closely related to (S1;), namely,

) T ey,
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and we define

¥(e) = maz ¢(z,w);
where 2 is again a finite set (a corresponding algorithm for (S1g) is stated in Ap-
pendix 1). At iteration k, given an iterate x; and a subset Qi of 2, a search direction
d}, is obtained as the solution of the quadratic program QP(:ck, Hy, ). Here, for any
¢ € R", H € R™*™ symmetric positive definite, and Q C Q, QP(z, H,Q) is defined
by

(QP(a, H,) min 5(d, Ha) + ¥} (e, )
where
(1'1) ¢;‘1(1” d) = ng{(b(l’,w) + (Vx¢(m»w)’ d)} - %(l‘)

is a first order approximation to ¥ (x + d) — g (z), with

Palr) = maz (z,w).

wEN

A line search (e.g., of Armijo type) is performed along direction dj to obtain a next
iterate xg41; Hy is updated to Hyy1; and a new subset ;41 of © is constructed
following the idea used in [15]. In particular, 2541 includes the global maximizers wy
at the last trial point ., at which a restriction of the step was forced. However, in
the present context, a difficulty arises. The rationale for including @y in Q41 is that,
had @y been included in %, a larger step would likely have been accepted (since &y is
now preventing a larger step). In the context of [15] where a first order search direction
is used (i.e., Hy = I for all k), it follows that dz41 will be a “better” direction than
di. In the current framework however it is unclear whether @y is of any help in the
new metric Hy1, and global convergence may be jeopardized. One remedy would be
to renounce updating Hy when a small step is taken while x; is away from a Karush-
Kuhn-Tucker (KKT) point, while updating H; normally if convergence to a KKT
point appears to be taking place, so as not to jeopardize the anticipated superlinear
rate of convergence. From the analysis for ordinary minimax problems (see, e.g¢., [30]),
it is known that, normally, {dx} goes to zero and {t;} is bounded away from zero (even
if dj, is a first order direction). This is the case in the current context (Lemmas 3.13
and 3.15 below) as it can be proved that, eventually, all critical points of {2 are included
in Q, (Lemma 3.12). Thus a possible criterion for not updating H; would be

tr < [|d].
However, under such a criterion, undesirable resetting may take place when t; is not
small, in particular when ||di|| > 1. To get around this effect, a small number 6 € (0, 1)
is prescribed so that Hy41 = Hy is enforced if

te < mins, [|dill}.

It is shown below that this overall algorithm indeed achieves global convergence and
maintains a fast rate of local convergence.
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As with conventional constrained optimization problems or minimax problems, a
possible adverse effect is that the line search may truncate the unit step even arbitrarily
close to a solution, thus preventing superlinear convergence (Maratos effect). It can
be shown that this can be avoided by incorporating in the basic algorithm standard
technigues such as second order correction and nonmonotone line search (see, e.g.,
[29], {30]). Finally, while the algorithm just outlined does have the desired theoretical
convergence properties, it may entail too extreme a reduction in size of Q to ,
and the number of iterations required for reaching the solution may become unduly
large. Heuristics (possibly inspired from those proposed in [26]) can be used to include
additional constraints into € without jeopardizing the convergence properties. In
particular, regularity properties of ¢(z,w) as a function of w can be put to advantage
(this was done in [7] and a similar scheme was later adopted in [15]).

The paper is organized as follows. The basic algorithm is stated in § 2. The
convergence analysis is presented in § 3. In § 4, implementation and extension issues
are discussed, and numerical results are reported. § 5 is devoted to final remarks. The
paper ends with two appendices: the first one, § 6, contains a complete algorithm for
the solution of (S1;); the second one, § 7, contains some proofs.

2. Preliminaries and Algorithm Statement. The following assumption is
made throughout.
Assumption 1. Forevery w € Q, ¢(-,w) : IR" — 1R is continuously differentiable.

Let z* be a local minimizer for (P). Then it is a KKT point for (P), i.e., there exist
EKT multipliers py, w € € such that

> 0w Vag(at,w) =0

wesl

(2.1) po>0Vw eQ and Y pp =1
wen
Py =0Vw €Q st. $(z*,w) < Y(z*).

Similarly, given z € R, H = HT > 0 and Q C Q, if d solves QP(w, H,Q) then it is a
KKT point for QP(x, H,Q?), i.e., there exist p,, w € Q such that

(Hd+ Y pVaed(z,w) =0
weﬂ

te > 0Vw e Q and Z/lwzl

(2.2) ‘
wEen

fo =0Vw €Q sit.
¢(z,w) + (Vod(z,w), d) — Pg(x) < ¥} (2, d).

Moreover, since QP(z, H, ) is a strictly convex quadratic program, it has exactly one
KKT point, which is the global minimizer.

We are now ready to make precise the rule for updating Q. Following [15], Q.41
is constructed as the union of three sets. Given z € R?, let

Qmar(r) = {w € Q: ¢(z,w) = ¥(z)}

be the set of maximizers of ¢(«, -). The first component of Q41 is Qmas(€p+1). The
second component of {11 is obtained from the line search. While the ideas put forth
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in this paper are largely unaffected by the specifics of this line search, for the sake of
exposition, we will consider the case of an Armijo type line search. Thus,

Tr41 = Tp + tpdy
where tp is the largest number ¢ in {1, 3, 52,...} satisfying
(2.3) Py +tde) < Y(zr) — at(dy, Hidy),

where @ € (0,1/2) and 8 € (0,1) are fixed. Suppose the line search at iteration k
results in tx < 1, i.e., the line search test (2.3) is violated at Zx4; = zx + %dk. A next
search direction taking this into account is called for. Thus, Qaz(Z£+1) 1s the second
component of Q4. Finally, to avoid zigzagging it is important that key elements in
Q1 be preserved in Q4. A natural choice is to preserve all w € Q that are binding
at the solution of QP(xr, Hy, i), i.e., those w for which the corresponding multiplier
M w 1s strictly positive.f Thus, the third component of Q4 is

QZ:{wEQkiuk,w>0}

so that, overall,
Q1 = Qnaz (€r41) U Qo (Tr41) U QL.

Thus the overall algorithm for the solution of (P) is as follows.

Algorithm 2.1.

Parameters. o € (0, %), Be(0,1)0<sk1.

Data. zo € R", Hy € R™" with Hg = HT > 0.

Step 0. Initialization. Set k = 0 and Qo = Qmaz (o).

Step 1. Computation of search direction and step length.

(7). Compute dy by solving QP (zx, Hr, Q). If ||dk|| = 0, stop.
(#7). Compute tg, the first number ¢ in the sequence {1, 43, 42, ...} satisfying

Y(xg +tdy) < Y(xr) — at(de, Hydy).

Step 2. Updates. Set xpy1 = xp +trdy. If ty <1, set Tpyq = a3 + %dk. Set

Q —_ Qmam(mk-{».l) U QZ; lf tk = 1
EAR Qmax(l'k-}-l)UQmax(i'k.pl)UQz Iftk < 1

If ty < min{6,||dk||}, set Hxy1 = Hg; otherwise, compute a new positive
definite approximation Hyi1 to the Hessian of the Lagrangian of (P). Set
k =k + 1. Go back to Step 1.

O

3. Convergence Analysis. Although (P) takes the form of an ordinary mini-
max problem, the classical convergence analysis for such problem cannot be directly
applhed to the present situation since, at each iteration, only a subset of the discretized
set € is employed to construct a search direction.

3.1. Global convergence. The following additional standard assumptions are
made.

11f the multiplier vector associated with Q P(xzy, Hy, ;) is not unique, any choice is appropriate.
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Assumption 2. For any zo € R", the level set {& € R" : ¢(z) < ¢(x0)} is
compact.
Assumption 3. There exist o1, o3 > 0 such that

oilld||? < (d, Hid) < o2||d|]> Vd € R",Vk.
The following lemma gives certain basic properties of Algorithm 2.1.

LemMa 3.1. (i). If dy nonzero solves QP(x, Hg, Q), then there exists 1) > 0
such that, for allt € [0,8;],

l[)(l’k -I-tdk) < ¢($k) - at(dk, dek)-
(11). The sequences {zy} and {dy} are bounded. (iii). The sequence {y(xy)} is
convergent and the sequence {tydy} converges to zero.
_ Proof. Since yq,(xr) = Y(zx), it follows from (2.2) that, at iteration k with
Q - Qk,
Vo, (Tk, di) = gé%w{(b(wk,w) +(Ved(zr,w), di)} — ¥(zx)
k

= Z pw{¢($k,w) + (V$¢(£k:w)! dk)} - lf)(.’ﬂk)

WEN
< Z ﬂk,w(vx¢(xkaw)adk)y
weEN
thus,
(3.1) 1/}(«1k (mk, dk) < —-(dk,dek).

Thus, in view of Assumption 3, since o < 1, there exists t; > 0 such that, for all
te [O,tk],

max ¢(zy +tdy,w) < P(ar) — at{dy, Hidy).

welly

On the other hand, ¢(zx,w) < ¥(zx) for all w ¢ Q. In view of the continuity
assumptions, this implies there exists t; > 0 such that, for all ¢ € [0, z],

g td < — .
ez ¢y + tdy, w) < Y(zy) — at(dy, Hyde)

(i) thus follows by letting t;, = min{{y,%;}. (ii) and (iii) follows directly from As-
sumptions 1, 2, 3 and the fact that ¥ (zx41) < ¥(xr) — atr(di, Hrdr) (since, if {tpdi}
does not go to zero, then {d;} does not go to zero). 1

In view of statement (i), if dj is nonzero the line search is well-defined, even
though not all points of 2 are used in constructing di. The following lemma implies
that, if the sequence {z}} generated by Algorithm 2.1 is finite, the last point must be
a KKT point.

LEMMA 3.2. Let H >0, and Q C Q with QN Quao(x) # 0. If the unique KKT
point d of QP(x, H,{) is zero, then x is a KKT point for (P).

Proof. Suppose the unique KKT point of QP(x,H,Q) is d = 0 and let {1, :
w € 0} be the associated KKT multipliers. In view of (2.2) and since (%) = ¢(«),
the KKT condition (2.1) for (P) holds at # with multipliers . = fi, for w € Q and
piw = 0 otherwise. Thus, z is a KKT point for (P). |



PROBLEMS WITH MANY CONSTRAINTS 7

We now assume that an infinite sequence {z} is generated by Algorithm 2.1. Let
vj, denote the optimal value of QP (xg, Hg, Q), i.¢.,

1
(3.2) Vg = —é(dk,dek)-l-lﬁhk(xk,dk).

Since d = 0 is feasible for QP (xk, Hg, Q), vy < 0 for all k. It turns out that con-
vergence of the sequences {dy} and {vx} to zero implies that accumulation points of
{zr} are KKT points. More generally, the following holds.

LEMMA 3.3. Let K C IN be an infinite index set. Then, (i) {dy} converges to
zero on K if and only if {vy} converges to zero on K; (ii) if {dy} converges to zero
on K, then all accumulation points of {xx}rex are KKT points for (P).

Proof. In view of (3.1) and (3.2),

v < =5 (dk, Hxdg).

DO b=

Thus, the “if” part of (i) follows directly from Assumption 3. On the other hand, if
{dk} goes to zero on K, since {x}} is bounded, it follows from (1.1) that

Ll Vo8 0.
The “only if” part of (i) then follows.

To prove (ii), suppose {dx} goes to zero on K and let K/ C K be any infinite
index set such that {z} converges to some z on K’. Without loss of generality, assume
Q) = Q for all k € K, for some 2 C Q. In view of Lemma 3.1(ii), Assumption 3
and the boundedness of {4} for all w € Q, there exists K" C K’ such that {H;}
converges to some H* on K/ and, for each w € €, there exists i, such that gy,
converges to fi, on K". Letting fi, = 0 for w € Q\Q, taking limits for ¥ € K" in the
optimality condition (2.2) associated with QP(xy, Hg, Q) and comparing with (2.1)
shows that & is a KKT point for (P). [:]

The next lemma, which is the same as Lemma 4.7 in [12, Chapter 3], is central
to the proof of global convergence.

LEMMA 3.4. Let z* € R" be such that

liminf max{|vg], {|ax —*||} = 0.

Emdeel

Then, z* s a KKT point for (P).

Proof. The assumption implies that there exists an infinite index set K such that
{xr} converges to z* and {vx} converges to zero, both on K. Thus, the conclusion
follows from Lemma 3.3. 1

The establishment of the global convergence of Algorithm 2.1 employs a contra-
diction argument inspired from [12, Chapter 3]. If {xx} has a limit point «* that is
not a KKT point, vy is bounded away from zero on the corresponding subsequence
(Lemma 3.4) (with a uniform lower bound ¢; for all subsequences over which {x;}
converges to 2*). It is shown below (Lemma 3.5) that in such case |vg41] is signifi-
cantly smaller than |vg|. Since, in view of Lemma 3.1, {z4;} also converges to a*,
[vi42| is also significantly smaller than |vg41]. A careful repeated application of this
argument shows that |vg| becomes smaller than ¢; on a sequence at “finite distance”
from KA, a contradiction.
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The proof of the following lemma is inspired from that of Lemma 4.11 in [12,
Chapter 3] (see also the proof of Lemma 3.14 in [29]) and is given in Appendix 2.
It relies crucially on the assumption that Hk_-:lHk — I (the identity matrix) when
tr — 0, which is ensured in Algorithm 2.1 by setting Hyy1 = Hy when i is small.

LEMMA 3.5. There ezists ¢ > 0 such that, if K is an infinite indez set on which
{z1} is bounded away from KKT points, then, given any integer io, there erists an
integer N such that

(3.3) [k git1| < |vkgal = cloggs|> Yk > N,k € K, Vi€ [0, io].

[

LEMMA 3.6. Given n > 0 and € > 0, there exists an integer ig depending only on

n and € such that, for any sequence {z;} of real numbers satisfying
0<zig1 <z—nzt Vie N,

2 < € for all i > 1g.

Proof. See Appendix 2. &

We are now ready to establish the global convergence of Algorithm 2.1.

THEOREM 3.7. Let {1} be the sequence generated by Algorithm 2.1. Then, cvery
accumulation point of {xy} is a KKT point.

Proof. Let z* and K be such that {x} converges to #* on K. Proceeding by

contradiction, we assume z* is not a KKT point. It follows from Lemma 3.4 that
there exists €; > 0 such that

(3.4) liminf maz{|vg|, |lrx — 2*[|} > 1.

k—o00

Thus, {vx} is bounded away from zero on K. In view of Lemma 3.3, {d;} is also
bounded away from zero on K and, in view of Lemma 3.1(iil), {t;} converges to zero
on K. Let ¢ be as given by Lemma 3.5. Let ig be as given in Lemma 3.6 with € = ¢;
and n = c. In view of Lemma 3.5 and since vy < 0 for all £, there exists an integer N
such that

|vk+i+1| < |Uk-|~i| — c|vk+i|2, Vk > N,k € K,Vz (S [O,i()].

From the definition of o, it follows from Lemma 3.6 with z; = |vg44l, k € K, that
|Uk+i0| <ea VYk>NkekK.

On the other hand, since by assumption z* is not a KKT point and since in view of
Lemma 3.1(iii) {zt+4,} also converges to #* on K, it follows from (3.4) that

liminf |vii,| > €,
kEK k— o0

a contradiction. 'l

3.2. Local convergence. Under additional regularity conditions, it is shown
that, close to a strong local minimizer, {; remains constant so that Algorithm 2.1
becomes a standard algorithm for finite minimax problems. Further, it is shown
that Hj will be updated normally, thus will not be prevented from asymptotically
suitably approximating the Hessian of the Lagrangian. If H; does become a suitable
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approximation and if the full step of one is eventually accepted by the line search,
2-step superlinear convergence will result.

Assumption 1 is replaced by

Assumption 1°. For every w € §, the function ¢(-,w) : R" — IR is three times
continuously differentiable.
Let z* be an accumulation point of {z}} (thus a KKT point for (P)).

Assumption 4. Any scalars p., w € Qmas(z*), satisfying

> mVed(zt,w)=0 and Y p.=0

WEmaz (™) WEmaz(T*)

must be all zero.
Thus the KKT multipliers p, w € Q, corresponding to z*, for problem (P), are
unique.

Assumption 5. The second order sufficiency conditions with strict complemen-
tary slackness are satisfied at z*, i.e., u¥ > 0 for all w € Qmqez(2*) and

(h, V2 L(z*, p*)h) >0, VheS* h#0,

with
L(z*,p*) = Y, ubVie(z*,w)

WERmaz(T*)

and

S*={h: (h,de)(a:*,w,-)) = (h,ngzS(a:*,wj)), Yw;,wj € Qmaz (%)}

ProOPOSITION 3.8. The entire sequence {xy} converges to x*.

Proof. Assumption 5 implies that z* is an isolated KKT point. The claim then
follows from Lemma 3.1(iii) and Theorem 3.7. (|

Much of the remainder of this section is devoted to showing that, close to z*, £
does not change from iteration to iteration, z.e., Algorithm 2.1 becomes identical to a
standard SQP algorithm for a minimax problem of the type

min  mazx T,w
TER"™ wef ¢( ’ )

where €2 is a subset of § (in fact, Q= Qmas(2*)). A consequence of this is that rate
of convergence results obtained for such algorithms hold for Algorithm 2.1. The first
step is to show that, for k large enough, Qmaz(2*) C ; (Lemma 3.12). This is first
proved on a subsequence (Lemma 3.10), using the following result.

LEMMA 3.9. There exists an infinite inder set K on which {dy} converges to
zero.

Proof. Suppose by contradiction that {dj} is bounded away from zero. Then,
in view of the definition of vy, of Lemma 3.1(ii) and of Assumptions 1 and 3, there
exist v and T such that 0 < v < |vg| <. An obvious modification of the proof of
Lemma 3.5 can be used to show that there exists ¢ > 0 such that, given any g, there
exists an integer NV such that

[vktita] < |vkga] — clvggal?, YE > N, Vi€ [0,40].
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In particular, with ig > (7 — v)/cv?, there exist N € IN such that, for all i € [0, i),
[onpiti| < Jovgil = clonil?

< Jogal — cu?

< |on| = civ?

< v - civ?.

Thus, [vntig+1] < v, a contradiction. O
LeMMA 3.10. There exists an infinite index set K such that

(3.5) Qumas(e*) C U VEkE K.

Proof. Let K be an infinite index set such that {d;} converges to zero on K (in
view of Lemma 3.9, such K exists). In view of the finite cardinality of 2, without loss
of generality, we assume Q; = Q for all k € K for some constant set 2. Let ;. € RI%
be a vector with components {y ., } such that ., w € Q, are the KKT multipliers
associated with QP(xzy, Hk,Q) and pp ., =0, w € Q\Q Without loss of generality,
HUr — ft as k — o0, k € K, for some ji. We show that fi together with z* satisfies the
KKT conditions (2.1) of the original problem. In view of Proposition 3.8, since {d}}
converges to zero on K, taking limits in the optimality condition (2.2) associated with
QP(zy, Hy,,Q), k € K, yields, since ji, = 0 for allw € Q\Q,

> i Vad(er,w) =0,

well

o> 0Vw €Q and Y i, =1,
weN

fw =0 VYw € Qs.t. d(a*,w) < Pa*).

Therefore, #* with {fiw,w € Q;jiw = 0,w € Q\Q} satisfies (2.1). Uniqueness of the
multipliers for (P) at z* and strict complementarity (Assumptions 4 and 5) imply
that w € Q for all w such that ¢(z*,w) = ¥(z*), i.e., (3.5) holds. O

The following lemma, on the other hand, establishes that dj is small whenever
(3.5) holds.

LEMMA 3.11. Let K be an infinite index set such that Qmaz(x*) C Qi for all
ke K. Then, {dy} converges to zero on K.

Proof. Given Q C €, let Koy={keK Q= Q} For any € C § such that Kg
is an infinite set, we prove by contradiction that {dy} converges to zero on Kg. Since
2 has only finitely many subsets, the lemma will follow. Thus suppose that for some
infinite index set K C Kg, {dx} is bounded away from zero on K andlet K C K
be such that {H}} converges to H* on K for some H* > 0 (such K exists in view
of Assumption 3). Since QP (z*, H*, Q) has d = 0 as unique solution, it follows from
Theorem 2.1 in [25) that d; — 0 as k — oo, k € K, contradicting the fact that ||d|
is bounded from below on K. (|

LeMMaA 3.12. For k large enough, Qmac(2*) C Q.

Proof. In view of Lemma 3.10, the claim holds on an infinite subsequence. To
complete the proof, we show that given any infinite index set K such that Qpaz(2*) C
 for all k € K, it holds that Qmaz(2*) C Qi41 for all k € K, k large enough. In view
of the construction of Q41, it is enough to show that pz , > 0 for all w € Qe (2*),
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k € K, k large enough, where p o, w € Q, are the KKT mutipliers associated with
QP(zy, H, Q). Thus let K be an infinite index set such that Ques(2*) C Q4 for all
k € K. Lemma 3.11 implies {dy} converges to zero on K. Suppose by contradiction
that there exists w* € Qmqs(2*) and an infinite index set K’ C K such that pg =0
for all k € K’ (note that Qmas(z*) is a finite set). An argument similar to that used in
the proof of Lemma 3.10 shows that, in view of Assumption 4, u}. = 0, contradicting

strict complementarity (Assumption 5). 1
The following result directly follows from Lemmas 3.11 and 3.12.
LEMMA 3.13. The entire sequence {di} converges to zero. 1

This leads to the main result of this section
ProrosiTioN 3.14. For k large enough,

Qp = Qmaz-(;(:*).

Proof. In view of Proposition 3.8 and Lemma 3.13, it holds that, for k large
enough,

Qb ={we: ppw >0}
€ € U+ 6(r1,0) + (Voo 0), de) = maz (d(es, ) + (Va(zs, ), i)

C Qmae(z*).
Moreover, in view of Proposition 3.8 and Assumption 1’, for k large enough,
Qmac(2r) C Qmae (%),
and, in view of Lemma 3.1(ii1), whenever t; < 1, for k large enough,
Qmaz(Zr) C Qmaz(*).

Thus, from the construction of Q4 in Algorithm 2.1, Q) C Qumac(2*) for k large
enough. This together with Lemma 3.12 yields the claim. ]

Thus, for k large enough, the behavior of Algorithm 2.1 is identical to that of
standard SQP algorithms for minimax problems. However if superlinear convergence
is to take place, it is essential that the Hessian matrix H; be normally updated for
k large enough, i.e., in view of Step 2 in Algorithm 2.1, that t; > min{é, ||dx||} for
k large enough. Since {di} goes to zero as k goes to infinity, this will ocenr if ¢y is
bounded away from zero. This is indeed the case, as shown next.

LEMMA 3.15. There exists t > 0 such that, for k large enough, t), > t.

Proof. In view of Assumption 1’ and boundedness of {d}}, there exist ¢; > 0 and
¢z > 0 such that, for allw € Q, all ¢ € [0, 1] and all &,

(3.6) H(xr + tdp,w) < ¢(xk,w) + c1t||dil.

and

¢(er +tdy,w) < plar, w) + H(Vod(ar,w), di) + cat?||di[|.
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Thus, it follows from (2.2) applied to QP(zy, H, Q) that, for allw € Q, all t € [0, 1]
and all k,

(ﬁ(l‘k-l—tdk,w)
< (1= )¢(zr,w) + t{(zr,w) + (Vod(zr,w), di)} + cat2||di|?
< (1= )g(zx,w) + 1 maz{g(er,w) + (Vad(er,w), di)} + cat?||di]?

= (1 - t)¢(.l'k,w) 4t E ﬂk,w{d’(zk,w) + (Vz¢(wk;w)v dk)} + c2t2”dk”2

wEN
< (L= t)¥(ax) + tp(zx) Z Prw +1 z 1w (Vad(Zr,w), di) + cot?||di|}?
weN wWEN

= P(zx) — t(dg, Hrdy) + cat?||dg||?,

where, again, iy o, w € Qi are the KKT multipliers associated with QP(xy, Hy, ).
Thus, in view of Assumption 3, since o € (0,1/2),

¢($k + tdk,w) < 1/)(13k) — at(dk, dek> + t(a - 1)(dk, dek) + Czt?“dk”2
< P(xp) — at{dy, Hedy) + t”dknz{(a - 1o + cot}
< 1/)(1k) - Ozt(dk, dek)> Vt € [O,t],

with £ = (1 — a)oi/ca > 0. On the other hand, since in view of Proposition 3.14
¢(z*,w) < P(z*) for all w € Q\Qy, for k large enough, it follows from Propostion 3.8
that there exists ¢ > 0 such that, for k large enough,

(3.7) d(zp,w) < P(ap) —€, Yw € Q\Q.
Combining (3.6) and (3.7) yields that, for all w € Q\Q, all ¢ > 0 and all k large
enough

¢(zx +tdp,w) < P(xr) — €+ eat(|dil]-
Since di converges to zero (Lemma 3.13), there exists £ > 0, such that, for k large
enough,

QS(Jfk +tdk,w) < I/)(.Z'k) — at(dk, dek), Vi € [O,t].

The claim follows readily. (]
Thus Hy is eventually updated at every iteration and the local behavior of Algo-
rithm 2.1 becomes identical to that of the algorithm in [30].

Suppose that, as a result of the updating rule, Hy approaches the Hessian of the
Lagrangian in the sense that

lim ||Pk{Hk - V%xL(l'*,/t*)}Pkdk” _

0
k—o0 [l |

where the matrices P;, are defined by
Py =I— Ry(RTRy)-'RY

with Ry = [Ve¢(z,w;) — Ved(z,w1) :1=2, .. .,s],Jf wi,...,ws being the elements of
Qmaz(7*); and suppose moreover that tx = 1 for k large enough. Then (see [30]), the
convergence rate is two-step superlinear, i.e.,

o — *
lim lzrtz — 2| _ 0
k—oo |lzg — a*|

TNote that P remain invariant if in the definition of Ry the role of w; is played by any other w,.
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To achieve t; = 1 for k large enough, it is necessary to introduce a scheme to avoid
the Maratos effect. One option is to adopt the “nonmonotone line search” used in
[29], [30]. It is a straightforward if tedious exercise to verify that such a scheme does
not affect any of the results obtained in this section.

4. Implementation, extention and numerical results. In Algorithm 2.1,
the search direction is computed based on, in some sense, the smallest subset 2 of
2 such that global convergence is guaranteed. In practice, faster initial convergence
will often take place if additional “potentially critical” elements of §2 are included.
Yet clearly, increasing the size of Qi will make QP(xy, Hy, ;) more complex to
solve. Various heuristics come to mind (see, e.g., [26]). For the frequent case where
“adjacent” constraints are closely related, we follow the idea used in [7], [15], and
include in Q the set Q&™(z;) of “c-active left local maximizers” at zj, for some
€ > 0. A point w € Q) is e-active if it belongs to

Q(z)={weQ:o(x,w) > Y(z) —¢}

and it 1s a left local maximizer of ¢ over 2 at z if one of the following three conditions

holds: (i) w € (0,1) and

(4.1) ¢(z,w) > ¢(z,w — é)
and
(4.2) $(z,w) > ¢(z,w + 5);

(ii) w = 0 and (4.2); (iii) w = 1 and (4.1).

There is no conceptual difficulty in modifying Algorithm 2.1 so as to handle
problem (S1;) (or (M C)). Our numerical experiments were carried out on (SIy)-type
problems with such a modified algorithm incorporating the “feasible” SQP idea of [16].
A precise statement of this algorithm is given in Appendix 1 (Algorithm 6.1) and a
complete analysis can be found in [29]. We only found a small number of SIP problems
in the literature and, due to the insufficient reported information, comparison of our
algorithm with existing algorithms is difficult. Thus, Table 1 and Table 2 only contain
results obtained with Algorithm 6.1 (NEW) and with an algorithm identical to it except
that Q; = Q for all k (OLD). The test problems are discretized versions of Examples
2-6 from [27] (denoted by EXPL2, ..., EXPL6 respectively) and of a problem from [19]
(denoted by P-M). In the tables, n stands for the number of variables (n), NF for
the number of evaluations of objective function f, NC for the number of evaluation
of constraint 1, IT for the total number of iterations and |Q2*| for the number of
points in ; = * at the stopping point #; = z*. TIME indicates the execution time
in seconds on a SUN/SPARC 1 workstation, OBJECTIVE the value of the objective
function at z*, and ¢, is the stopping parameter (the algorithm is terminated as soon
as [|d*|] < e). Each problem is tested starting from a hand-picked feasible point:
o = (1,2)T for EXPL2, g = (-100,1,1)T for EXPL3, zy = (5,...,5)T for EXPL4,
xo = (1,0.5,0)T for EXPLE and zo = (0.5, —2)T for EXPL8; P-M is solved using the
same initial point as in [7].

It can be observed that [2*| is much smaller than |Q] for all problems. Also,
comparison of Tables 1 and 2 shows that a finer discretization does not, always result
in a larger 2* and in most cases |2*| remains very small.
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PROB n ALGO NF NC IT |Q*| TIME OBJECTIVE ||d*(| €s
EXPL2 2 NEW 5 11 4 4 0.28 2.6180660 2E-05 1E-04
OLD 4 4 3 0.50 2.6180860 3E-05 1E-04
EXPL3 3 NEW 14 27 13 2 0.74 5.3346873 5E-06 1E-04
OLD 11 15 10 1.54  5.3346873 1E-05 1E-04
EXPL4 3 NEW 13 34 13 4 0.75 0.6490311 7E-10 1E-04
OLD 11 11 10 1.98 0.6490311 4E-08 1E-04
EXPL4 6 NEW 23 49 18 ) 3.706 0.6168213 9E-04 1E-02
OLD 18 18 17 7.12  0.6169191 9E-04 1E-02
EXpL4 8 NEW 23 87 23 16 8.0 0.6165831 8E-03 2E-02
OLD 14 14 14 15.48 0.6167966 2E-03 2E-02
EXpLs 3 NEW 5 7 4 4 0.27 4.3011578 2E-10 1E-04
OLD 4 4 3 0.80 4.3012897 5E-05 1E-04
EXPIe 2 NEW 8 46 7 1 0.70  97.159034 1E-05 1E-04
OLD 8 47 7 1.20  97.159034 1E-05 1E-04
P-M 3 NEW 59 69 50 8 6.78 0.1745942 4E-05 1E-04
OLD 33 33 32 13.22  0.1846945 3E-05 1E-04

Table 1: Numerical Results with Discretization |Q| = 100

PROE n ALGO NF_NC IT |Q*| TIME OBJECTIVE |[|d*|| &
EXPL2 2 NEW 9 13 5 2 0.73  2.4305360 3E-05 1E-04
OLD 4 4 3 2.95 26189860 3E-05 1E-04
EXPL3 3 NEW 14 28 14 2 3.00 5.3346873 1E-05 1E-04
OLD 10 15 9 6.44 53346873 1E-05 1E-04
EXPL4 3 NEW 12 33 11 4 255 0.6490417 2E-09 1E-04
OLD 11 11 10 9.62  0.6490417 4E-06 1E-04
EXPL4 6 NEW 17 46 16 24 1322 06168140 9E-03 1E-02
OLD 14 14 13 35.26  0.6169080 9E-04 1E-02
EXPL4 8 NEW 28 158 29 9 56.70 0.6163828 5E-03 2E-02
OLD 18 18 17 77.85 0.6167391 2E-03 2E-02
EXPL5 3 NEW 5 6 4 3 066 4.3011838 4E-05 LE-04
OLD 5 5 4 4.75 4.3011838 6E-06  1E-04
EXPL6 2 NEW 9 46 7 1 3.00 97.159034 1E-05 1E-04
OLD 8 271 7 545 97.159034 1E-05 1E-04
P-M 3 NEW 52 54 39 27 21.30 0.1746273 1E-05 1E-04
OLD 50 50 39 83.50 0.1746567 5E-05 1E-04

Table 2: Numerical Results with Discretization |Q| = 500

5. Conclusion. An SQP-type algorithm has been proposed and analyzed for
the solution of optimization problems with many more constraints than variables, in
particular, of finely discretized semi-infinite programming problems. At each iteration,
a quadratic problem involving only a small set of constraints is solved and correspond-
ingly, only a few constraint gradients are evaluated. Numerical results indicate that
the proposed algorithm is very efficient.

There is no conceptual difficulty in extending the algorithm to the solution of
problems with more than one free independent parameters ranging over an arbitrary
compact set. The proposed algorithm, with appropriate modifications, has been im-
plemented in an optimization-based engineering system design tool [5] and has proven
very successful in solving various types of engineering design problems.
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6. Appendix 1. In this appendix, the algorithm for problem (SI3) that was
used to obtain the numerical results of § 5 is precisely described. This algorithm
enforces feasibility of all iterates and avoids the Maratos effect.

At iteration k, a direction dj is first computed by solving the quadratic program

(QPo(xk, Hg, Q) d{]éi}?n %(do, Hido) + (Vf(z), do)
st.  @(zp,w) + (Ved(zg,w),d®) <0, Vw € Q.

Then, a first order feasible descent direction d! is obtained as the solution of the
quadratic program

0 ) ; Dido — g1 g0 — gt
(QPi(z,d% Q)) pmin Q(dk dt,df —d') ++
st (Vf(zx),dY) <

é(zp,w) + (Ved(zp,w),dt) <7, VYw € Qy,

where 7 is a positive constant, and the search direction d is defined as a certain convex
combination of d® and d?. A second order correction d is then obtained as the solution
of the quadratic program

— 1 . y -
(QP(zx, Hy, dx, Q) gnin §(dk +d, Hi(dp + d)) + (V f(xr), di. + d)
E n

st @(ap +dp,w) + (Ved(zg,w),d) <
— min(v||dx||, ||di|2), Vw € %,

where v and 7, are positive constant, but is discarded if aﬁ(.’ltk,Hk,dk,Qk) has no
solution or if [|d]] is too large. An arc search is performed along i + tdy + t%dy.
Finally, Qmaz(z) and Q.(z) are defined as before except that 9 in the definitions
are replaced by zero and 2% is defined using multipliers associated with constraints
in QPo(zr, Hy, Q). Finally, Hy is updated using the BFGS formula with Powell’s
modification [22]. The complete algorithm is as follows.

Algorithm 6.1.
Parameters. « € (0,1), € (0,1),7=01,v=001, k=21, 71 = 1 = 2.5,
e=1.

Data. g € R®, Ho € R**" and Ho = HY > 0.
Step 0. Initialization. Set k = 0 and Q¢ = Qas{zo).
Step 1. Computation of search direction and step length.

(7). Compute d by solving QPo(zx, Hy, Q). If ||dY]| = 0, stop.

(#1). Compute di by solving QP (zy, d{, Q).
(112). Set dp = (1 — pg)dY + prdl with pg = ||d2}i* /(||d%]|* + vi) and

vp = max(0.5, ||di||™).
(iv). Compute di by solving QP (xx, dr, Hi, Q). If there is no solution or
if ”dk” > ”dk”, set dp = 0.
(v). Compute tg, the first number ¢ in the sequence {1, 3, 3%, ...} satisfying

¢(xk +tdy + tz(ik,w) <0, Ywef

foy +tdy, + t2(i}c) < fxg) — ot{dy, Hedr)
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Step 2. Updates. Set xpy1 = xp + trdy +t,26tik. Ift; <1, set

— + tkd + (tk)z(i
T =T — — .
k+1 k ﬂ k ﬂ k
Set
Q _ { Qrnas(Trg1) U QIIL U Qﬁem(mkH) ift, =1
= Qmaz (Tk+1) U Qmaz (Frp1) U Qz U lem(wk.u) ifty < 1.

Compute a new positive definite approximation Hr41 to the Hessian of the
Lagrangian of (P). Set k = k+ 1. Go back to Step 1.
1

7. Appendix 2.

7.1. Proof of Lemnma 3.5. More notations are defined:

i (W) = (k) — (g, w)
Ty = Z P oYk (w)

WES

Tt = 3 kWY1 (@)

wek

gr(w) = H, > Vad(zp,w)
i
pr= Y Mrwge(w)=—Hidy
wek
Pr+ = Z HE,wgk+1(w).
wEN

With this notations, it can be observed that, in view of Lemma 3.1(iii),
(71) klim |7rk——7rk+]:0
and, if {H,;EIH;C} — I on an infinite index set X C N,

(7.2) lim |lpx = pr+l] = 0.

k—o0

A few more lemmas are first established to facilitate the proof of Lemma 3.5.
LEMMA 7.1. Let K be an infinite inder set such that {Hk_ilHk} — I on K and
{di} is uniformly bounded away from zero on K, then, given any & > «,

(7.3) ¢(ers1, @)+ (Vod(zp 41, @), H;_lelfdk) — P(ag) > —a(dy, Hidy),
for k € K, k large enough, and for all @ € Qmar(F54+1).

Proof. Proceeding by contradiction, suppose (7.3) is not true, i.e., there exists
K’ C K such that, for all k € K’ there exists @ € Qmaz(Tr41), such that

~ 1 1
(7.4) ¢(rt1,08) + (Ved(@rgr, 0r), Hy 3 HEdr) — ¢(xx) < ~a(dy, Hpdy).
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In view of Lemma 3.1(iii), {t;} converges to zero on K and, without loss of generality,
we may assume t; < 1 for all ¥ € K’. Clearly, there exists a subset K C K’ such
that the sequences {zy}, {dr}, {Hi} and {@;} converge on K" respectively to some
z*, d*, H* and w*. In view of Lemma 3.1(iii), {41} also converges to z* on K.
Furthermore, since @y € Qmaz(Zx41) for all k& € K, it follows from the continuity
of ¢ and ¢ (Assumption 1) that w* € Qmaz(x*). Thus, since {H,:ElHE} — I on K,
taking limit of (7.4) on K" yields

(7.5) (Ved(z*,w*), d*) < —a(d*, H*d*) < —a(d*, H*d*).

On the other hand, since Wg € Qmac(Tr41) and ¢ < 1, it follows from the line search
rule that

i 1
é(xr + “ﬂk'dk,a’k) > P(xx) ~ aﬁk(dk, Hydy)
; .
> ¢(xr, @r) ~a-§(dk,dek)
Thus,
A+ dy, wx) — ¢, @
(1.6) P(xx + Fdi :Zc) ¢(Tr, Or) > —al(ds, Heds).
B

Taking limit of (7.6) as k — oo on K" yields
(Voo(a*,w*),d*) > —a(d*, H*d*),

which contradicts (7.5). |
Asin [12, Chapter 3], using the dual of Q P(xy, H, Q), denoted by QP(xy, Hx, %),
facilitates the analysis. Let y(w) = 9(z) — ¢(z,w) and g(w) = H™ 3V, ¢(z,w).
LEMMA 7.2. Given any x € R*, H = HT > 0, and Q C Q, the dual quadratic
program QP(z, H,Q) of QP(z, H,Q) is given by

pERIC

(QP(z, H,Q)) mar - — %II D reg@)P+ > uw*/(w))

weld wesl
s.t. to > 0Vw €Q and Z o =1,
wEﬁ

where {1y, w € Q} are the components of .
Proof. The dual is given by

maz ¢(p) st.pel,

where ¢ is the dual functional, i.e.,

1
(7)) 6(n) = min {5«1, Ha)+ 3 po(6(,0) + (Vad(a,w), d)) - w(w)}
weﬁ

with X
U:{/temlalzz;thl and g, > 0 VYw € Q}.
wEﬂ
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In view of Assumption 3, the unique minimizer d* in (7.7) is given by

d*=—H1Y pVed(z,w)=—H" 1Y pogw)

wesd wef
yielding
> ho(Ved(z,w),d*) = —(d*, Hd*).
weﬁ
Therefore,
1
() = —5(d*, Hd*) = 3 po{v() - $(z,w)}
wel
1
== | 5l 22 meg @ + 3 puv(w)
we wen
and the result follows. D

LEMMA 7.3. The sequences {|vi|}, {||px+|]} and {||lgr+1(w)||} are all bounded.

Proof. Follows directly from Assumptions 1 — 3 and the boundedness of y, and
(7.8). 0

Proof of Lemma 3.5. We first prove (3.3) for i = 0. Let @ € Qmaz(Tr41) and
define ¥/ = QZ U {@r}. Let v§c+1 denote the optimal value of QP(zg41, Hr+1,§). In
view of the construction of Qx41, ' C Qxy1. Thus, [vx4a] < |v} 4| Therefore, it
suffices to prove (3.3) (with i = 0) with the left hand side replaced by |v},|.

We define the quadratic function in v

QW) = 5lvgrs1 @) + (1= 0) 3 ewgin @) +viea (@)
wWESk

+(1-v) Z P w Yk 41(w)

wWEN
1
= §||ng+1(@k) + (1 = v)pr+]12 + vyesr(@r) + (1 — v)me+.
Let v € [0,1]. Let pg o, w € O, be the KKT multipliers associated by QP(xp, Hi, Q).
With the (dual feasible) choice ps, = v, po = (1 = v)pg o, forallw € Q¢ and p, =0
forallw € Q\§, the objective of the dual quadratic program QP(xg41, Hy41, ') takes

valu:Q(u). By duality, v}, is the optimal objective value for both QP (41, Hiq1, Q')
and QP(zk+1, Hr41,€). Thus,

el SQv), Wwe(o,1].
Thus, it suffices to prove (3.3) (with i = 0) with the left hand side replaced by
min,efo,1] @(v). Expanding the quadratic term of Q(v) yields
1 2 S 4 & 2 2 (
QW) = V2grr1@)I* + 5 (1 = v)llpe+l* + v (1 = 1) (g1 ((@)k, Pest)
+ vye41(@) + (1 — v)my
1 v? - 9
= Sllpe+ll? + S llge1(©0) = prsl? + v{gr41(@8), Pt ) = vlipes|l?
(7.8) + v741 (@) + (1= v)mpe.
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Note that L .
(gr41(w1), px) = = (Vo d(Tr41,0r), Hp  HE di).

Since {z} is bounded away from KKT points on K, it follows from Lemma 3.3 that
both {v;} and {d;} are bounded away from zero on K and, from Lemma 3.1(iii),
{tx} converges to zero on K. Thus ty < min{6, ||di||} for k € K, k large enough
and, from Step 2 in Algorithm 2.1, Hyyy = Hy. Thus, assumptions of Lemma 7.1
are all satisfied. Picking & € (&, 1/2), in view of Lemma 7.1 with @ = @, and since
Y(zrt1) < Y(xy), there exists an integer ki such that, for all k > ki1, k € K, it holds

(g +1(@r), Pr) < ¢(xrg1,08) — Y(Tr41) + @{di, Hrdi).
In view of the definition of 7 and of relationships (3.1) and (3.2), it follows that
(gr+1(r), Pr) < —Ye+1 (W) — 2avk, Vk € K,k > k1.
Hence, for all k > ky, k € K|
(gr+1(@r), Pr+) = (r41(0k), Pr) — (9r+1(Wk), P — Pr+)
< —Yi41(@r) — 260 — (gr41(@k), Pk — Pr+)-
Also,
lpx+112 = llpx — po + pr+1]?
= [lpell? + llpe — pr+ | — 2{px, P& — Pr+)
= lpell? + O(llpe — p+|1)-
On the other hand, in view of Lemma 7.3, there exists M > 1 such that

maz{|v|, (lpx+]], lgx+1 (@0} < M, Vk,

yielding
|9 +1(@k) — pr+]]? < 4M2.
Substituting all these into (7.8) yields

QW) < gllpell + 221202 ~ (2w +IIpell?) + (1= )7es + Ol ~ pics)
= Sllpel? + e + 2020 = v (@i + [l + me) (1= v)(me = mas)
+O(llpe — pi+ )
< Hlpal + 7o + 2202 — (20, + %”Pk“z +m) + O(|me — mi+)

+ O(|lpx — pr+l])-

In view of Lemma 7.2 and duality,
1
|'Uk| = —Vp = §||pk||2 + Tk
Thus,
~ v .
Q) < ol + 20202 — (280 + o) — Sl

+O(Im = mi+]) + O((lpx — pe+ D)
< Jol +2M%02 = v(1 = 28)|ve| + O(lme — mi+ ) + O(llpx — pe+)-
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The minimum of the right hand side is achieved at i, = QT_A;?—;.’)

|ox| < M and M > 1, it follows that 7 € [0,1] and thus

{vg]. Since @ < 1/2,

min_ Q(r) < Q) < oy| — E=28)

-— 2 - O _
velo,1] 8M?2 e |2 4+ O(lme — mi+1) + O(llpz — pe+ll)

and, in view of (7.1), (7.2) and the fact that vy is bounded away from zero (Lemma 3.3(1)),
there exists an integer Ny such that, for all k > Ng, k€ K

. (1-2&)?
< Jor] = ——L | |2
(1-2a)®

Therefore, by letting ¢ = *5z37-, (3.3) with ¢ = 0 follows from the inequality

k1] < o] € min Q)

Now for any i, in view of Lemma 3.1(iii), {zx4:} is also bounded away from KKT
points for k € K and this in turn implies, in view of Lemma 3.3, that {v;;} is bounded
away from zero for £k € K. Therefore, from above argument, there exits N; for each
given ¢ such that (3.3) holds for all k > N;, k € K. Choosing N = mazo<i<i,{Ni}
yields that (3.3) holds for all i € [0,4) and for all k > N, k € K. (|

7.2. Proof of Lemma 3.6. 2, — 5z2 achieves its largest value with zy =

L1
< g . . 2n’
yielding a largest possible value for z; given by

1 1 1
= — — —)2 = —,
S

The mapping
2z — 722

is monotonic increasing over [0, z_ln] Thus, given any zo, the sequence defined by
1

Ty
Zpi=zi—nzt, 1=1,2,...

<1

is the largest of all nonnegative sequences satisfying the given inequality condition, in
the sense that given any such sequence {y;},

i<z, 1=12, ...

Let now ip be such that z; < € for all ¢ > éy. It follows that y; < e for all 7 > 4. [
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