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This dissertation consists of three research projects which deal with laser-matter 

interactions and potential applications of the processes. 

In the first part of this dissertation, I present, analyze, and simulate a mechanism 

for remotely generating RF radiation in air by using a laser pulse train (LPT). The LPT 

ionizes the air through photo detachment and collisional ionization, generating a 

plasma filament. The ponderomotive forces associated with the LPT drive radial and 

longitudinal plasma currents. These plasma currents generate radiation at the LPT 

repetition rate, which can be tuned in the 0.5 – 6.0 GHz range. Of particular interest is 

the RF generation in the 1.4-1.7 GHz regime, which is the operating frequency range 

of all GPS signals. The analysis and simulation results of the RF radiation are shown 

to be in agreement with experimental data. The experiments were performed in 

collaboration with the theory and computational work at the University of Maryland. 



  

 The second part of this dissertation analyzes and simulates long range 

propagation and stability of laser pulses traveling vertically through the turbulent 

atmosphere. By tailoring the initial laser pulse parameters, the pulse can be focused 

transversely and longitudinally at remote locations (>50 km) with intensity 

enhancements of > 103. In addition, nonlinear self-focusing of the laser pulse and 

dispersion lead to the growth of a hybrid modulation-filamentation instability, which 

causes both transverse and longitudinal pulse breakup. This hybrid instability is 

analyzed and numerically simulated for pulses propagating in the atmosphere. The 

potential application of this research is on the long-range generation of RF signals in a 

turbulent atmosphere. 

 The third part of this dissertation presents a mechanism for generating tunable 

low frequency radiation in the ionosphere (F layer) and propagating the low frequency 

signal back to the ground. This process has the potential to be used as a new type of 

over-the-horizon (OTH) radar which would be compact, mobile, and far less costly 

than conventional OTH systems. Conventional OTH radar systems utilize dipole 

antenna arrays that span multiple kilometers, and can cost well over a billion dollars. 

Most major countries employ conventional OTH radar systems. The proposed new 

mechanism relies on a ground-based, modulated RF source. By tuning the modulation 

frequency to the local plasma frequency in the ionosphere (F layer), a current can be 

resonantly excited by the ponderomotive force of the modulated signal. This current 

grows in time and generates a low frequency signal at the local plasma frequency, 

which is in the MHz range. The low frequency signal propagates back to the ground, 

far from the source, where it can be detected. We find that using available RF sources, 



  

i.e., gyrotrons, detectable low frequency signals can be generated and detected on the 

ground. The minimum detectable intensity is ~10-18 W/m2, though the theoretical limit 

may be lower. This mechanism has the potential to detect OTH objects using a 

compact, mobile, and far less expensive system than presently exists. 
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Chapter 1: Introduction 

This dissertation consists of three research projects dealing with laser interactions in the 

atmosphere and the applications of these processes. 

 

1. RF Generation by Laser Pulse Trains in Air (Chapter 2): published in Physical Review E 

[1] and the Journal of Directed Energy [2] 

In the second chapter of this dissertation, a method for generating RF radiation using low-

intensity laser pulse trains (LPTs) is presented. The LPT ionizes the air, first through photo 

detachment of ambient negative ions, i.e., O2
-, and then through collisional (avalanche) ionization. 

The ambient free electron density in the atmosphere is not high enough to initiate collisional 

ionization. However, the ambient negative ion density, O2
-, is quite high, and after the negative 

ions are photo detached, the free electron density is high enough for collisional ionization to occur. 

This ionization process can generate a plasma filament with an electron density near air density. 

The micropulses of the LPT drive oscillations of the electrons in the plasma filament by the 

ponderomotive force. Electrons are driven off-axis by the radial ponderomotive force and return 

on-axis by the resulting space charge field. The electron current oscillations generate radiation at 

the micropulse repetition rate. The micropulse repetition rate can be tuned to cover the entire GPS 

regime. 

 

2. Stability and Propagation of Laser Pulses in the Atmosphere (Chapter 3): published in 

Physical Review A [3] 



 

 

2 
 

In the third chapter, the propagation and stability of laser pulses over long distances is 

analyzed and numerically simulated. The long-range propagation model is for pulses propagating 

vertically over distances >50 km. Envelope equations for the laser spot size and pulse duration are 

derived, which include the effects of linear and nonlinear dispersion, turbulence, and nonlinear 

self-focusing. The change in air density, dispersion, and the nonlinear refractive index of air with 

altitude is included in the model. By properly tailoring the pulse parameters, i.e., the initial 

wavefront curvature, chirp, and ratio of laser power to nonlinear focusing power, the pulse can be 

focused at remote locations with a significant intensity enhancement. The stability of the laser 

pulse is also analyzed. The solution of the envelope equations is treated as a dynamic equilibrium 

for the system. The dynamic equilibrium solution is perturbed, and the growth of the perturbation 

is studied. A dispersion relation describing the longitudinal growth of the perturbation is derived. 

The perturbation leads to a hybrid filamentation-modulation instability, which causes the pulse to 

break up both transversely and longitudinally. Simulation results for the hybrid instability are 

presented which show the beams break up transversely into beamlets, each with a power 

approximately equal to the nonlinear focusing power. 

 

3. Parametric Frequency Conversion in the Ionosphere for Over-the-Horizon Radar 

(Chapter 4): published in Physical Review Applied [4] 

The fourth chapter presents a mechanism for generating low frequency signals in the 

ionosphere which could be used for over-the-horizon (OTH) radar or measuring ionospheric 

parameters. The mechanism relies on a ground-based, modulated, RF source, which is directed 

into the ionosphere. The modulation of the source is tuned to the local plasma frequency in the 

ionosphere and resonantly drives plasma oscillations. The plasma oscillations emit radiation at the 
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local plasma frequency, which is in the range of 3-10 MHz in the F layer of the ionosphere. These 

low frequency signals then propagate back to the ground where they can be detected. The signals 

can also propagate back to the detectors via surface waves on seawater. This mechanism provides 

a compact, mobile, and low-cost alternative to conventional OTH radar systems, which cost 

billions of dollars and can span many miles.  
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Chapter 2: RF Generation by Laser Pulse Trains in Air 

2.1. Introduction 

There has been a great deal of work done in recent decades on the generation of plasma 

filaments in air by high-intensity, ultra-short laser pulses [5-18]. In these studies, the laser pulse 

duration was typically in the multi femtosecond to picosecond regime and the intensities high 

enough to induce tunneling ionization ( 18 19 210 10 W/m− ) in air. Recent work has shown that 

multiple laser pulses can be generated and used to generate extended plasma filaments [19,20]. 

For example, 30 laser pulses of duration ~ 30fs , separated by ~ 0.5 ns  and having a total energy 

of ~ 600 mJ , were used to generate plasma filaments in air [21].  

Laser-plasma filament interactions have been used to generate terahertz (THz) radiation. 

For example, THz radiation has been produced by two-color laser pulses interacting in ionized air 

[22,23].  

The generation of radiation by the interaction of laser pulses with plasma filaments is also 

of interest because of its potential applications in remote sensing, communications, and electronic 

countermeasures [22-28].  

The present work focuses on the generation of radiofrequency (RF) radiation in air by low 

intensity laser pulse trains (LPT). The 2O−  ions, which are generated by ambient levels of ionizing 

radiation, play a major role in the initiation of the plasma filaments. The negative ions are readily 

photo detached by the low intensity LPT. For example, 2O−  ions have a low ionization potential, 

i.e., 0.46 eV  [29], and are ionized by the low intensity LPT. The photo detachment of the negative 

ions provide seed electrons for collisional (avalanche) ionization to take place at relatively low 

laser intensities [26,27]. 
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In this chapter, I present analysis and numerical simulations of a LPT propagating and 

ionizing air by a combination of photo detachment and collisional ionization processes. The 

ionized electrons are acted on by ponderomotive and space charge forces and undergo oscillations 

in the radial and longitudinal directions. The oscillating currents generate RF radiation. As 

micropulses propagate through the plasma filament, ponderomotive forces drive the electrons 

radially outward, and forward and backward, and space charge forces tend to drive the electrons 

radially inward.  The oscillating current density generates RF radiation. The RF frequency 

spectrum is determined by the LPT repetition rate and micropulse duration. The fractional 

linewidth scales as the inverse of the number of micro-pulses in the LPT. For example, for a 

micropulse separation time of 650 ps, the fundamental RF frequency is 1.6 GHz. By varying the 

LPT repetition rate and micropulse duration, the RF frequency spectrum can be varied over a wide 

range. 

The proposed method has the potential to generate directed and tunable RF in the 

atmosphere at extended ranges. Preliminary experimental studies, conducted by Dr. Vladimir 

Markov at Advanced Systems and Technologies, Inc., support the proposed RF generation 

mechanism. Since the RF wavelength can cover the entire GPS spectrum, this approach has 

potential applications in electronic communications and countermeasures. 

2.2. Ionization and RF Generation Model 

In our model, the low intensity LPT propagates in air and initiates photo detachment of the 

ambient negative molecular ions, e.g., 2O−  ions. The photo detached electrons become the seed 

electrons for collisional ionization, which becomes the dominant ionization process after a few 

pulses of the LPT. The effective ponderomotive field associated with the LPT accelerates electrons 

radially outward, and forward and backward, creating a radial space charge field and a current 
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density. The space charge field is created by the radial flow of electrons and the stationary positive 

ions. The space charge field together with the ponderomotive field drive electron oscillations 

having a frequency related to the laser pulse separation time. The RF radiation has a fundamental 

frequency given by 1/ pT , where pT  is the micro-pulse separation time, as well as harmonics. The 

LPT undergoes defocusing as the plasma filament develops. This defocusing limits further 

ionization and limits the LPT-plasma interaction length. Figure 2.1 shows a schematic overview 

of the process of generating a plasma filament in the air through a combination of photo 

detachment and collisional ionization from the LPT. The LPT and plasma fields induce currents 

that generate directed RF radiation. 

2.2.1. Laser Pulse Train 

The LPT interacts with the ionized plasma electrons in the region from 0z =  to z L= , 

where L  is the length of the plasma filament. The LPT intensity consists of multiple, equally 

spaced micropulses. The micropulse intensity, in cylindrical geometry, is 

  2 2 2 2
0( , ) exp( 2 / ) exp( 2 / )pulse peak LI Iρ τ ρ ρ τ τ= − − ,    (2.1) 

pT

plasma filament

z

rf radiation

rf radiation

vG c=

L

air
ϕρ

x

y

~ 2 Lτ

background
negative ions

Figure 2.1.  Schematic overview of the LPT generating a plasma filament 
in air by a combination of photo detachment of background negative ions and 
collisional ionization processes.  The radial plasma currents induced by the 
ponderomotive LPT fields generate RF radiation in the forward and backward 
directions. 
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where peakI  is the peak intensity, 0ρ  is the spot size, /t z cτ = − , and Lτ  is the micropulse duration. 

The energy in a single laser micropulse is given by 3/2 2
0( / 2)pulse L peakW Iπ ρ τ= . 

 The LPT consists of 1pN >>  micropulses separated in time by p LT τ> . The Fourier series 

representation of the injected probe pulse train is  

 ( )2 2
0 0 1

( , , ) exp( 2 / ) 1 cos( ( / 2)) ( )LPT n n Ln
I z I gρ τ ρ ρ ω τ τ τ∞

=
= − + − Τ∑ , (2.2) 

where 0 / 2( / )L p peakI T Iπ τ= , the Fourier intensity coefficients are 22exp( ( / 2) / 2)n n Lg ω τ= − , 

2 /n pn Tω π= , 0,1, 2,...n = , ( ) ( ) ( )Tτ τ τΤ = Θ −Θ − , and ( )τΘ  is a Heaviside step function. The 

LPT has an axial electric field which is neglected since its amplitude is down by the factor 

0 0/ (2 ) 1λ πρ << . A typical plot of the LPT used in our simulations is shown in Fig. 2.2, where the 

laser parameters are taken from Table 2.1. 

Figure 2.2. LPT intensity  verses  and .  

Parameters for this plot are , , 

, , and .   
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2.2.2. Photo Detachment and Collisional Ionization 

Background ionizing radiation is the primary process through which negative ions are 

generated in air. Gamma rays, originating from cosmic and/or ground sources, can ionize air 

molecules. The ionized high-energy electrons cascade down to thermal energies and attach to, for 

example, oxygen molecules. A single MeV gamma ray can produce as many as 4~ 3 10×  thermal 

electrons [11,30]. These electrons attach mainly to 2O  molecules to create 2O−  ions which have a 

relatively long lifetime. The background radiation disintegration rate, at ground level, is 

37 pairs/(m s)~10  radQ −  which results in a negative ion density of 
2

9 3~3 10  mON −
−×  [11]. The 

background density of free electrons is, however, far less than the negative ion density. The 

ionization potential of 2O−  is 0.46eV , while the photon energy for 0 1μmλ =  is 1.24eV . Therefore, 

2O−  ions can be ionized by single-photon detachment and thus, provide seed electrons for 

collisional ionization to further increase the electron density. Multiphoton ionization can be 

neglected when these parameters are used because the ionization potential for 2O  is 12 eV, which 

would require 8-10 photons, and the laser intensity is far below the threshold for tunneling 

ionization (~1018 W/m2). 

The photo detachment rate for 2O−  is given by ( )
2

0/ionO
Iν σ ω− =  , where ionσ  is the 

ionization cross section, I  is the intensity, and 0ω  is the frequency. The experimental value is 

23 25 10  mionσ −≈ ×  for 0 1μmλ =  [29] and the single-photon detachment rate for 2O−  is 

2

1 4 2[s ] 2.5 10 ( , )[W/m ]
O

Iν ρ τ−
− −= × . This rate is sufficient to deplete the 2O−  ions in the optical 

volume for intensities in the range of 15 16 210 10  W/m− . 
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The collisional ionization rate in air can be written in the form [31,32], 

2 2( ) ( )col col colN Oν ν ν= + , where the rate for 2N  and 2O  is 

( ) ( ) ( )3/2/ / 2 exp /col X e X X e X eT U U T U Tν ν= + − , Xν  is a characteristic frequency for species, X , 

i.e., 
2

11 17.6 10 sNν
−= × , 

2

11 110 sOν
−= , eT  is the electron temperature in eV, and XU  is the molecular 

ionization potential for species X , i.e., 
2

15.6eVNU ≈ , 
2

12.1eVOU ≈ . 

The electron collision frequency is the sum of the electron-neutral and electron-ion 

collision frequencies, i.e., en eiν νΓ = + . The electron-neutral collision frequency [31] is given by 

1 6 2 -3 1/2[s ] 2.8 10 [m ] [m ]( [eV])en n n eN Tν σ− = ×  where 20 210  mnσ
−≈ is the molecular area.  Setting the 

neutral molecular density equal to n air eN N N= − , the electron-neutral collision frequency 

1 14 3 3 1/2[s ] 2.8 10 ( [m ] [m ])( [eV])en air e eN N Tν − − − −= × − , where 25 32.7 10 mairN −= ×  is the air density.  

The electron-ion collision frequency is, for singly ionized plasmas, i.e., i eN N= , given by 

1 11 -3 3/2[s ] 2.9 10 [m ]( [eV])ei e eN Tν − − −= × , where the Coulomb logarithm was set equal to 10 [31]. 

2.2.3. Ponderomotive Force 

The plasma currents that drive the RF radiation are induced by the ponderomotive forces 

associated with the LPT. The ponderomotive force is a second order force in the field amplitude. 

In the absence of collisions, the electromagnetic ponderomotive effective electric field 

(nonrelativistic limit) is given by [33,34] 

 ( )2

1( , )
2pond

qt
mω

= − ∇ ⋅E r E E ,     (2.3) 
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where the terms on the right-hand side of Eq. (2.3) are averaged over an optical period, ω  is the 

laser frequency, E  is the electric field amplitude, m  is the electron mass, and q  is the electron 

charge. However, collisions may play an important role in determining the ponderomotive force.  

The ponderomotive force, when collisions are included, is 

2 2 2

, 2 2
ˆ ˆ ˆ2

( )pond DC
q E E

m cω
Γ = − ∇ − + Γ  

F z .    (2.4) 

where ˆ( , ) ( , ) exp( ) . .t t i t c cω= − +E r E r  and Γ  is the electron collision frequency. The derivation of 

Eq. (2.4) is presented in Appendix A. In the absence of collisions, i.e., 0Γ = , Eq. (2.4) reduces to 

Eq. (2.3). This derivation is valid under the assumption that the longitudinal laser electric field is 

small compared to the transverse field, i.e., x zE E>> , which is true for the parameters considered 

here. 

 The first term of Eq. (2.4) is dominated by the radial term. For the micropulse, with an 

intensity given by Eq. (2.1), the transverse and longitudinal components of the effective 

ponderomotive electric fields are respectively  

2 2 2 2
, 0 0( / ) exp( 2 / ) exp( 2 / )pond P LE Eρ ρ ρ ρ ρ τ τ= − − ,    (2.5a) 

2 2 2 2
, 0 0( / 2 )exp( 2 / ) exp( 2 / )pond z P LE E cρ ρ ρ τ τ= Γ − − ,   (2.5b) 

where 2
0 02 / ( )P peakE qZ I mω ρ= . For the parameters used in the simulations, the radial 

ponderomotive field dominates the longitudinal field. The ratio between the two is 

2
, , 0/ 2 /pond pond zE E cρ ρ ρ= Γ . In the parameter regime considered in this analysis, 02c ρ>> Γ  so that 

the radial ponderomotive force due to the gradient term dominates.  

Later in this section, we will present the case where the longitudinal force dominates the 

radial force. The collisional term in Eq. (2.4) can be important. For the parameters 
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12 13 110 10  s−Γ ≈ −  and 0 100 μmρ > , the ratio between the radial and longitudinal terms 

approaches unity. It can be noted that the longitudinal term due to collisions comes from the ×v B  

force term. 

In the case of the LPT, with an intensity given in Eq. (2.2), the transverse and longitudinal 

components of the effective ponderomotive electric field are respectively 

( )2 20
, 0 1

0

exp( 2 / ) 1 cos( ( / 2)) ( )LPT P n n Ln
peak

IE E g
Iρ

ρ ρ ρ ω τ τ τ
ρ

∞

=
= − + − Τ∑ ,  (2.6a) 

 ( )2 20 0
, 0 1

exp( 2 / ) 1 cos( ( / 2)) ( )
2LPT z P n n Ln

peak

IE E g
I c

ρ ρ ρ ω τ τ τ∞

=

Γ
= − + − Τ∑ .  (2.6b) 

2.2.4. Fluid Equations 

The fluid equations used to model the system are derived by taking moments of the 

Boltzmann equation. The Boltzmann equation for this system is given by 

2 2
0( , , ) ( ) ( ) ( ) ( , , )e rad col A eO O

f t Q N f t
t

δ ν δ ν η− −

∂ ∂ + ⋅∇ + ⋅ = + − + − ∂ ∂ 
v a r v v v v r v

v
, (2.7) 

where ( , , )ef tr v  is the electron distribution function, ( , , )zρ ϕ=r , /q m=a E , the electric field is 

comprised of both the effective ponderomotive field and the space charge field, and the ionized 

electrons are created with velocity 0v . The moments of the Boltzmann equation can be evaluated 

where 3( , ) ( , , )e eN t f t d
∞

−∞
= ∫r r v v  is the electron density and 3( , ) ( , ) ( , , )e eN t t f t d

∞

−∞
= ∫r V r v r v v  is 

the current density.  Taking these moments and setting 0 0=v  yields.  

( ) ( )
2 2

,e
e rad col A e ion eO O

N N Q N N N
t

ν ν η β− −

∂
+∇ ⋅ = + + − −

∂
V     (2.8a)

( ) ( ) ( )( ) ( / ) ( , ) ( , )e
e e sc pond col A e ion e

N N qN m t t N N
t

ν η β∂
+∇⋅ = + + − −

∂
V VV E r E r V , (2.8b) 
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where V  is the electron fluid velocity, radQ  is the background radioactivity ionization rate, 
2O

ν −  is 

the photo detachment rate of 2O−  ions, 
2O

N −  is the density of 2O−  ions, colν  is the collisional 

ionization rate of neutral molecules, 8 110  sAη
−≈  is the electron reattachment rate, 

14 32 10  m /seβ
−≈ ×  is the electron-ion recombination rate [31,35], ionN  is the positive ion density, 

scE  is the space charge field, and pondE  is the effective ponderomotive field, i.e., Eq. (2.4). The 

thermal fluctuations in the fluid velocity are assumed to be small and are neglected. This 

assumption allows the stress tensor to be written in the simplified form of ( )eN∇⋅ VV . The 

gradient terms in Eqs. (2.8a) and (2.8b) can be neglected if 0/ / ( ).Lc cρ τ<<V   

 Writing Eqs. (2.8a) and (2.8b) in component form and changing the variable t τ→  gives 

[24] 

 ( )
2 2

,e
rad col A e ion eO O

N Q N N Nν ν η β
τ − −

∂
= + + − −

∂
   (2.9a) 

  ( ) ( )
2 2

, ,( , ) ( , )sc pond rad O O
e

V Vq E E Q N
m N

ρ ρ
ρ ρρ τ ρ τ ν

τ − −

∂
= + − −

∂
,  (2.9b) 

( ) ( )
2 2

, ,( , ) ( , )z z
sc z pond z rad O O

e

V Vq E E Q N
m N

ρ τ ρ τ ν
τ − −

∂
= + − −

∂
.  (2.9c) 

In obtaining Eqs. (2.9a), (2.9b), and (2.9c), the thermal fluctuations in the fluid velocity are 

assumed to be small and are neglected.  In addition, the magnitude of the fluid velocity is c<< , 

so the pressure tensor and flux term in the time derivatives can be neglected. These approximations 

are checked and validated in the numerical simulations. For the remainder of the current analysis, 

I will assume that the radial ponderomotive force dominates the longitudinal force. This is true in 

the case of a small spot size and low collision frequency. Later in this section, I will present an 

analysis of the case where the longitudinal force dominates. 
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For the range of parameters used in the simulations, the ambipolar diffusion coefficient is 

estimated to be 3 2~ 10 [m /s]AD −  and the diffusion time 2
0 / 1μsAr D ≥  [36]. The diffusion time is 

much longer than any time in the present process; therefore, diffusion effects are neglected.  

 An equation for the electron temperature can also be written 

 ( )3
2

e e
cool

N T Q
τ

∂
= ⋅ −

∂
J E ,     (2.10) 

where eT  is the electron temperature in units of eV , ⋅J E  is the ohmic heating due to the LPT, 

and coolQ  contains all of the cooling terms. The ohmic heating term is given by 

2 2
0 / (2 )pe eff eEω ε ν⋅ =J E  where ( )1/22

0/ ( )pe eq N mω ε=  is the plasma frequency, 

2 1/2
0 0 0( / ) / (1 ( / ) )eff e eE Eν ω ν ω= +  is the effective laser field and 1/2

0 0 0 0(2 / )E Z I n=  is the peak 

laser field ( 0 1n = ). The cooling term contains elastic electron-neutral collisional cooling, 

electronic excitation of neutrals, cooling due to ionization, cooling due to radiation emitted by the 

electrons, and cooling due to electron transport. The cooling terms are neglected in the simulations. 

The rate equations for the positive ion density, ionN , and the negative ion density, 
2O

N − , are 

given by 

ion
col e e e ion

N N N Nν β
τ

∂
= −

∂
,      (2.11a) 

2

2 2

O
A eO O

N
N Nν η

τ
−

− −

∂
= − +

∂
.      (2.11b) 

The radial space charge electric field is given by , 0(1 / ) ( ) / ( ) /sc e ionE q N Nρρ ρ ρ ε∂ =∂ − . Using the 

continuity equation, ( / (1 / )) ( ) /e ion eN N N Vρτ ρ ρ ρ∂ ∂ = − ∂− ∂ , the radial component of the space 

field is given by  
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   , 0/ /sc eE qN Vρ ρτ ε∂ ∂ = − .      (2.12) 

In obtaining Eq. (2.12) the self-magnetic field has been neglected since the fluid velocities are << 

c.   

 In the absence of space charge and ionization, the maximum electron velocity from a 

micro-pulse due to the ponderomotive field in Eq. (2.4) is 2 2
max 0 0 0( / ) ( / ) / ( )pond L eV c I r mcτ ρ λ π≈ , 

where 2 2
0/ (4 )er q mcπε=  is the classical electron radius. For example, if 16 2

0 10 W/mI = , 

0 100μmρ = , 0 1μmλ =  and 100psLτ =  the maximum electron velocity due to the ponderomotive 

force is 4
max( ) 10pondV c−≈ . The velocity in the presence of space charge fields is reduced. 

Changes in air density due to thermal expansion are neglected in this model. The laser pulse 

train duration is 10 nsT   and the spot size is 0 100 mρ µ . The air density depression due to the 

thermal blooming process occurs on a time scale of 0 / vsρ , where v 300 m/ss   is the sound 

speed in air. The density depression time is 0 / v 0.3 ssρ µ , which is much longer than the laser 

pulse train duration. 

 As the electron plasma density increases, it can reach a level where the attractive radial 

space charge force balances the repulsive radial ponderomotive force. When the increment in 

electron density caused by a single micro-pulse is large enough, the net radial force is substantially 

reduced. This balance occurs when the space charge field is equal to the ponderomotive field. 

2.2.5. Plasma Defocusing 

The electron plasma density is peaked on axis and, therefore, the refractive index is 

minimum on axis. The plasma filament, as well as diffraction, tend to defocus the micro-pulses in 

the LPT. To estimate the degree of defocusing, we assume that the radial variation of the electron 
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density near the axis is given by 2 2
0( ) (1 / )e e fN Nρ ρ ρ≈ − , where fρ ρ<  is the characteristic 

radial size of the plasma filament. The plasma frequency, ( )1/22
0( ) ( ) / ( )pe eq N mω ρ ρ ε= , is peaked 

on axis. The axial variation of the laser field amplitude spot size ( )R z  is given by [5], 

   
2

0 4
2 3 2 22
0

2 2

4
4 1 p

f

R c R
cz R
ω

ω ρ
 

=   

+



∂
∂

,     (2.13) 

where 0 ( 0)p peω ω ρ= =  is the plasma frequency on axis. The peak power P  in the micro-pulses 

is far below the nonlinear focusing power in air, i.e., 2
0 2/ (8 ) ~ 1GWNLP nλ π= , where 

23 2
2 3 10 m /Wn −≈ ×  is the Kerr refractive index for air at 0 1 mλ µ= . Nonlinear focusing, therefore, 

has a negligible effect for our parameters. In addition, not shown in Eq. (2.13) is the relativistic 

focusing power [5,37], i.e., 2
rel 0 017.4( / ) [GW]pP ω ω= , which is also far greater than the 

micropulse power and, therefore, does not contribute to focusing of the pulses. Plasma defocusing 

dominates both diffractive defocusing and nonlinear focusing for the parameters considered. 

Under these conditions, Eq. (2.13) reduces to 2 22 // DFR Rz L=∂ ∂ , and the spot size is 

( ) (0)exp( / )DFR z R z L= , where 0 0( / )DF p fL ω ω ρ= , is the defocusing length.  

The peak micro-pulse intensity 0I  is no longer constant in the LPT but varies as 

0 0( ) (0)exp( 2 / )DFI z I z L= − ,     (2.14) 

due to defocusing. When the electron density in the filament approaches air density ( 25 32.7 10  m−×  ), 

the effect of plasma defocusing becomes significant.  For example, when the plasma electron 

density approaches air density, the defocusing length 510  m~DFL − .  Incoming micropulses will be 

able to maintain the high electron plasma density through ionization at the front of the filament, 

and the filament will continue to generate RF radiation at this elevated electron density. 
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2.2.6. RF Radiation 

The RF intensity and power generated by the plasma electrons interacting with the 

ponderomotive and self-fields associated with the LPT and plasma filament are obtained in this 

section. The ponderomotive and self-electric fields are the dominant forces acting on the plasma 

electrons. Although the electrons are essentially stationary axially, the ionizing process propagates 

in the forward direction. The RF frequency spectrum can be controlled by varying the repetition 

rate and micropulse duration of the LPT. The configuration used in obtaining the RF Poynting flux 

is shown in Fig. 2.3.  

The vector potential associated with the RF in the radiation zone is reduced to  

   ( )0

'

3ˆ', / ' / '
4

( , )
V

t r c c d
r

t µ

π
= − + ⋅∫A J r r r rr ,   (2.15) 

where J  is the radial current density and the integration is over the current density source, 

3 'd d d dzρ ρ ϕ′= ′ ′ ′r .  In the radiation zone the fields are ˆ ˆ( / )( , ) tt × ×∂ ∂= r r AE r  and 

ρ

z

, zρ

, zρ′ ′

•

•

L0

radiation zone
z L>>

( , )zρ′ ′J

θ

r

′r

 3: Configuration used in the evaluation of the rf intensity. 
The localized current and charge density is confined to the region
within the dotted red curve.

Fig.

ϕ

plasma

ρ
x

y
Figure 2.3. Configuration used in the evaluation of the RF intensity. The 
localized current and the charge density are confined to the region with the 
dotted red curve. 
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( ) 1ˆ, /t c t−= − × ∂ ∂B r r A , where r̂  is the radial unit vector from the origin. The Poynting flux 

associated with the RF radiation is given by 

( ) 2
0 ˆ ˆ, (1/ ) ( , ) /t Z t t= ×∂ ∂S r r A r r ,     (2.16) 

where 0 0 0/Z µ ε= .  The angular distribution of the RF power is given by 

2 ˆ( , ) / ( , )dP t d r tΩ = ⋅r S r r , where sind d dθ θ ϕΩ = , and the total power radiated is 

2 ˆ( , )P r t d= ⋅ Ω∫ S r r .  The vector potential in the radiation zone is  

( ) ( )0

0 0

, , , ,
2

L

Rz t z t
r

d dzµ
ρ ρ ρ ρ

∞

′ ′ ′= ′ ′∫ ∫A J ,   (2.17) 

where the radial current density is ˆeqN Vρ=J ρ , / ( 'sin 'cos ) /Rt t c zr cρ θ θ− + +=  is the retarded 

time, sinrρ θ=  and cosz r θ= .  The current density eJ qN Vρ=  is obtained by numerically 

solving Eqs. (2.9a), (2.9b), (2.10), (2.11a), (2.11b), and (2.12). 

The power radiated into the solid angle, ˆd d= ΩΩ r , where sind d dθ θ ϕΩ = , is 

2( , ) ( , ) ( , )dP t t d r t d= ⋅ = ⋅r S r A S r Ω  and the total radiated power is 2 ˆ( , )P r t d= ⋅ Ω∫ S r r .  The 

angular power distribution is given by 

2 22 1 2 1
0 0ˆ( , ) / ( , ) / ( , )dP t d r Z t t r Z t− −Ω = ×∂ ∂ =r r A r E r ,  (2.18) 

and is independent of r.  

2.3. Simulation Results 

In this section, Eqs. (2.9a), (2.9b), and (2.10) together with Eqs. (2.11a) and (2.11b) and Eq. 

(2.12) are solved numerically for the electron density and the radial space charge field. Equation 

(2.12) is used to evaluate the radial current density. The simulations assume that the collision 

frequency is significantly small so that the radial ponderomotive force dominates. At the end of 
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the LPT, the radial space charge field balances the radial ponderomotive field, i.e., , ,sc pondE Eρ ρ≈ −

. This approximation is used to simplify the simulations at the tail end of the LPT. The radial 

plasma current density is used in Eq. (2.17) to obtain the vector potential associated with the RF 

radiation in the radiation zone. The Poynting flux and angular distribution of the radiation is 

obtained using Eqs. (2.16) and (2.18) respectively. These equations were solved using the various 

programs in Mathematica 12.0. The parameters used in the simulations are given in Table 2.1. 

The energy depletion of the LPT can be neglected in the ionization process, since the 

energy needed to ionize the air is significantly less than the LPT energy. 

              Parameter  

Peak laser intensity, peakI  15 24 10  W/m×  

LPT energy 150 mJ  

Average LPT power 7.4 MW  

Pulse length, Lτ  100 ps  

Pulse separation time, pT  650 ps  

Number of pulses, pN  25  

LPT duration, LPTT  16 ns  

Spot size, 0ρ  100 μm  

Peak pulse power, 0P   60 MW  

Initial electron density, 0N  3 310  m−  

Table 2.1. Parameters used in simulations. 
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2.3.1. Fluid Simulation Results 

Here the LPT propagates into air and photo detaches the ambient negative ions to initiate 

collisional ionization.  Figure 2.4(a) shows the electron density, eN , on axis as a function of time.  

Figure 2.4(b) shows the electron density as a function of time and radius.  The maximum electron 

density reached by the plasma filament is 25 3~ 10 m− .  The electron density is localized on axis and 

(a) (b) 

Figure 2.5. Radial electron current density for a LPT of 25 micro-pulses having a peak intensity of 
. (a) Radial current density as a function of radius, normalized to the spot size, and 

time in the laser pulse frame. (b) Radial electron current density as a function of time in the laser pulse 
frame at . 

Figure 2.4. Electron density as a function of time in the laser pulse frame for a LPT with 25 micro pulses. 
Peak laser intensity is . (a) Logarithmic plot of the electron density along the axis of 
propagation. (b) Electron density as a function of time and radius, normalized to the spot size, from the 
axis of propagation. 

  

(a) (b) 
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increases toward the end of the LPT.  The space charge electric field is less than the ponderomotive 

field at the beginning of the LPT.  Therefore, there is little restoring force on the electrons.  Once 

the space charge electric field becomes comparable to the ponderomotive field, the electron fluid 

velocity, and the current density, reach a maximum.  Figure 2.5(a) shows the electron current 

density as a function of radius and time.  The current density is highest near the end of the LPT, 

where the electron density is high and the space charge field is comparable to the ponderomotive 

field.  Figure 2.5(b) shows the electron current density at 00.5ρ ρ=  as a function of time.   

2.3.2. RF Radiation 

Figure 2.6 shows a comparison of our simulated RF spectrum with an experimental 

spectrum [2,20,24] employing very similar LPT parameters.  The experiment employed a LPT 

consisting of >30 micro-pulses with a micro-pulse separation of 650 pspT = .  The focused LPT, 

having a total energy of 510 mJLPTE = , generated a plasma filament in air.  The peak intensity of 

the micro-pulses is estimated to be 15 25 10  W/mpeakI ≈ × .  A loop antenna was used to detect the 

(b) (a) 

Figure 2.6. The calculated and experimental spectra of the RF in arb. units. (a) The calculated 
spectrum from a LPT with 40 micro pulses and (b) the experimentally measured spectrum. The 
fundamental peak is at  in both spectra. Note that the harmonics are not shown in the 
experimental spectrum since the receiving antenna was tuned to only a narrow range of frequencies. 
The harmonics, however, have been measured experimentally [2]. 
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RF signal generated by the plasma filament [2,20,24].  Figure 2.6(a) shows the spectrum by taking 

a Fourier transform of Eq. (2.16).  The peak intensity of the total calculated RF signal, 

approximately half a meter from the filament, is 10 210  W/m−
  ( 410  V/mrfE −

 ).  Figure 2.6(b) 

shows the experimental spectrum.  The antenna in the experiment is tuned to receive a narrow 

range of frequencies. Therefore, harmonics that are present in the calculated spectrum are not 

shown in the experimental data. 

The angular dependence of the RF radiation is shown in Fig. 2.7. The radiation due to a 

dominant radial electron current is in a cone directed forward at approximately 30̊. The radiation 

is azimuthally symmetric. 

2.4. Dominant Longitudinal Force Case 

 In this subsection I will present the results for the case when the longitudinal 

ponderomotive force dominates the radial ponderomotive force. The longitudinal force is 

 θ

Figure 2.7. Polar plot of the angular distribution of the intensity of the 
RF radiation. The radiation is azimuthally symmetric and directed at 
an angle  from the direction of propagation of the LPT. 

LPT propagation direction 
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dominant over the radial force when the ratio 02 / 1c ρΓ << . For 13 1~ 10  s−Γ  and 0 100 μmρ > , 

this is the case. The ionization process is the same as the previous simulations, and electron 

diffusion is still negligible in our parameter regime.  

The longitudinal space charge field needs is 

, 0/ /sc z e zE qN Vτ ε∂ ∂ = − .     (2.19) 

The electric field is obtained in the same manner as in Section 2.2.4. When the plasma filament 

approaches air density, the space charge field balances the ponderomotive field as before, i.e., 

, ,sc z pond zE E≈ − . Therefore, the longitudinal current is 0 , /z pond zJ Eε τ= ∂ ∂ . This expression for the 

current density can be used in Eq. (2.17) to calculate the RF radiation.  

The radiation will be the same frequency as before, however, the magnitude and direction 

of the radiation will be different. The vector potential will be increased by the ratio 0 / 2cρΓ . 

Because the current is only in the longitudinal direction, it will radiate like a dipole. The radiation 

is in the direction transverse to the LPT propagation direction. 

2.5. Experimental Results 

Experiments have been performed by Dr. Vladimir Markov at Advanced Systems and 

Technologies, Inc., which demonstrate the generation of RF radiation using a LPT [2,24]. In these 

experiments, the LPT has similar parameters to those used in the simulations. The LPT produces 

a plasma spark and drives electron currents, which generate RF radiation. The strength and 

directionality of the RF signal was measured. The mechanism was also used to demonstrate 

jamming of a GPS antenna. 
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2.5.1. Experimental Setup 

Figure 2.8 illustrates the schematic of the experimental setup used to study the LPT-

generated plasma in air. The beamsplitters BS1IN and BS2IN sample the incoming LPT beam to 

measure both its energy, with the energy meter EIN, and temporal profile, with the photodiode PD1. 

The incoming LPT beam is then focused by the lens L1 of focal length f = 38 mm into a spot in 

the focal plane where the laser-induced plasma is generated. This occurs once the intensity of the 

laser beam exceeds the threshold for laser breakdown of air. The laser beam transmitted through 

the focal spot is incident onto lens L2, and is then split into two parts by the sampling beamsplitter 

BS1TR. The transmitted part of the laser beam can be used for detection and analysis of its spatial 

spatter. The reflected light is received by detectors of the transmitted LPT module, where it is split 

into two parts to measure both the transmitted pulse energy, with energy meter ETR, and its 

temporal profile, using the photodiode PD2. Photodiodes PD3 and PD4 are used to detect the 

dynamics of the side- and back-scattered radiation. The angular distribution of the side-scattered 

laser radiation detected by the photodiode PD3 can be measured by changing its angular position 

Figure 2.8. Schematic of the plasma generation and analysis setup. The 
transmitted LPT profile (red) has a lower amplitude compared to the input LPT 
profile (blue) to indicate the significant attenuation caused by the ignited plasma 
at certain conditions.  



 

 

24 
 

with the hemispherical angle -80o > θ > 10o. Photodiode PD5 is used to detect a timeline of plasma 

luminescence.  

 The loop antenna, placed at a distance RA ≤ 20 cm from the plasma spark, was used to 

detect and characterize the plasma-generated RF signal. The antenna can be rotated azimuthally 

about the LPT propagation axis. To prevent contamination of the RF data by secondary reflection, 

the number of support components within the measurement box was minimized and they were 

made of plastic. The quality of the RF signal was verified and validated by comparing its 

characteristics to a non-laser generated RF signal of controlled amplitude and length. Figure 2.9 

shows a picture of the experimental setup on the optical table.  

2.5.2. LPT and measured RF Radiation 

LPTs with energy levels exceeding 100 mJ induce visible light sparks. These light sparks 

remain for durations on the order of ~100 ns. The plasma recombination time is ~10 ns. In these 

Figure 2.9. Picture of the experimental setup. The image shows the optical components that 
generate the LPT and the devices that make the measurements. 
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experiments, detection of the RF signal was performed by using the RFEAH-25 H-Loop magnetic 

antenna (see the setup in Fig. 2.8) designed for near-field measurements. The digitized 

representation of the RF signal and its Fourier spectrum are shown with red trace in Figs. 2.10(a) 

and 2.10(b), respectively. Blue graphs demonstrate the underlining LPT temporal profile and its 

discrete Fourier transform spectrum. The LPT profile carries an amplitude modulation at a 

frequency of 1.25 GHz that translates into a signature amplitude peak of the same frequency for 

the RF signal. Spectral data for the LPT and RF signals shown in Fig. 2.10 is in a good agreement 

with the results of the analysis of the laser induced plasma performed in the laser pulse train 

regime, published in previous work [1,24,38,39]. 

Other broadband spikes are present in the RF spectrum. Likely, all these spikes are the 

signals from other external RF radiation sources that are not related to our experiment. In 

particular, the spikes at about 2.1 GHz may come from the WiFi network. We conclude that the 

detected RF radiation is driven solely by the LPT micro-pulses. The RF strength reaches a 

maximum when the filament density is sufficiently high. The RF strength remains high until the 

LPT amplitude begins to decrease. 
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Figure 2.10. (a) The digitized trace of the LPT (blue) and RF (red) signals; (b) the overlapped 
Fourier spectra FSLPT and FSRF of the LPT and RF signals shown in (a). The graph (a) is in arb. units 
and seconds; (b) has arbitrary units for amplitude and Hz for frequency scale.  
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 Figure 2.11 shows the measured harmonics of the RF signal. The LPT has a pulse 

separation Tp = 1.5 ns. This pulse separation corresponds to a fundamental frequency of ~650 

MHz. The harmonics can be seen at 1.3 GHz and 1.95 GHz. Figure 2.12 shows the tunability 

Figure 2.12. Plot of the micro-pulse frequency of the LPT and the 
produced RF frequency, showing the range of tunability of the LPT 
and the RF. The RF frequency is the same as the micro-pulse 
frequency for all values of fp. 
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Figure 2.11. Fourier Spectrum of the RF signal. The LPT had a laser 
pulse separation time of Tp = 1.5 ns, which gives a fundamental RF 
frequency of 650 MHz. The harmonics are also visible at 1.3 GHz and 
1.95 GHz. 
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of the LPT, and, therefore, the RF frequency produced. The linear relationship of the micro-

pulse repetition frequency to the RF frequency can be seen. 

The directionality of the RF radiation is shown in Fig. 2.13. The radiation is directed 90̊ 

from the direction of propagation of the LPT. The directionality indicates that the currents 

generating the RF radiation are in the longitudinal direction. This indicates that the 

experimental parameters are different from the simulation parameters. If radial oscillations 

were dominant, then the RF would be directed forward in a cone shape around 30̊ from the 

direction of propagation of the LPT. This suggests that the spot size of the LPT is larger than 

100 μm at the focus, or that the electron collision frequency is higher than what was estimated. 

The peak electric field amplitude of the RF signal at 60 cm from the plasma filament is 0.3 

V/m. The GPS signal strength at ground level is ~5 μV/m. 

Figure 2.13. (a) The experimental setup of the measurement. GPS antennas were placed in an array 
around the plasma filament and the strength of the RF signal was measured. (b) Polar data of the 
directionality of the RF radiation. The plot shows that the RF radiation is peaked in the direction that 
is transverse to the direction of propagation of the LPT. The peak field amplitude of the RF signal 
measured 60 cm from the filament is 0.3 V/m, which is 5 orders of magnitude above the GPS signal 
strength at ground level. 

(a) (b) 
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Jamming of a GPS antenna was demonstrated experimentally by the LPT. By operating 

the laser at a 10 Hz repetition rate, the generated RF signal was able to disrupt communications 

between a GPS antenna and the GPS satellites. Figure 2.14 shows the measurment of the 

jamming. The graphs on the left of the figure show the total GPS signal strength as a function 

of time. The charts in the middle show the GPS satellites. The charts on the right show the 

signal strength from each of the satellites. The top row of the figure, Fig. 2.14(a), shows the 

GPS signal before the LPT begins operating. The bottom row of the figure, Fig. 2.14(b) shows 

the signal while the LPT is operating. This shows succesful jamming of the GPS signal. 

Figure 2.14. Depiction of GPS jamming due to the RF radiation. The total signal strength is shown 
in the left graphs. The GPS satellites and their connection strength are shown in the middle and right 
charts. (a) GPS signal before the jamming starts, showing a strong connection. (b) GPS signal 
during operation of the LPT, showing successful jamming. 

(a) 

(b) 
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2.6. Discussion 

In this chapter, I proposed, analyzed, and numerically simulated a mechanism for 

generating RF radiation in air by using low intensity laser pulse trains (LPT). In the model, the 

LPT propagates in air and photo detaches the ambient negative molecular ions, which are present 

due to background (ambient) radiation. The photo detached electrons provide the seed electrons 

for collisional ionization to take place and become the dominant ionization process. The build up 

of electrons form a plasma filament. The ionized plasma electrons are acted on by the 

ponderomotive forces (radial and axial) associated with the LPT. The formation of the plasma 

filament tends to defocus the trailing pulses in the LPT which can limit the length of the plasma 

filament. The plasma oscillations provide a driving current density which generates RF radiation. 

The duration of the RF signal is determined by the duration of the LPT. The peak intensity of the 

RF signal, 60 cm from the filament, is measured to be 4 210  W/m−
  ( 110  V/mrfE −

 ). The 

frequency spectrum of the RF radiation is determined by the harmonics of the micropulse 

separation time and duration. The frequency spectrum can be controlled by varying the pulse 

repetition rate and duration of the micro-pulses. For a particular set of LPT parameters, our 

numerically simulated frequency spectrum is in general agreement with the experimental 

spectrum. The experiment demonstrated effective jamming of a GPS antenna. 
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Chapter 3: Stability and Propagation of Laser Pulses in the Atmosphere 

Propagation of laser pulses over extended distances in the atmosphere has numerous 

applications [1,40-43]. The atmosphere is dispersive, nonlinear, and turbulent, thereby resulting in 

distortion of the laser pulse. Atmospheric turbulence can lead to transverse spreading and centroid 

wandering of the pulse’s spot size [44-48] as well as fluctuations in the laser pulse arrival time and 

temporal pulse broadening [49-52]. Turbulence can also cause pulse breakup to occur during 

propagation, even under weak turbulence conditions [53]. For many applications, the laser 

intensity is limited by the requirement to avoid ionization. However, nonlinearities associated with 

neutral air molecules can lead to instabilities [37,54-56]. Neutral air molecules can produce self-

phase modulation which is responsible for a hybrid filamentation-modulation instability. This 

instability can break up the laser pulse transversely and longitudinally in air [5,57-63] and in 

plasmas [64-66]. The transverse and longitudinal instabilities are generally treated individually. 

However, they are inherently coupled and hence we treat them together. 

In this chapter I present analysis and simulations of the propagation and stability of laser 

pulses in air over extended distances in the vertical direction. In the stability model, the equilibrium 

state of the laser pulse is dynamic so that the spot size, pulse duration, wavefront curvature, phase, 

chirp parameter, and pulse length evolve along the propagation path. The laser pulse parameters 

are tailored in such a way that the maximum transverse and longitudinal focusing occur at nearly 

the same remote location, thereby resulting in a significant intensity enhancement. Our 

propagation model includes turbulence effects and the simulations are performed for long 

propagation distances that are typically computationally challenging [67-70]. The dispersion 

relation describing the hybrid filamentation-modulation instability is obtained by perturbing the 

dynamic equilibrium of the laser pulse. The instability is due to the coupling between the transverse 
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filamentation and the longitudinal modulation instabilities. An analytic expression is given in the 

case where the spot size and pulse duration are constant, i.e., independent of z.  In the general case, 

where the spot size and pulse duration evolve, the simulations indicate that the laser pulse breaks 

up transversely and longitudinally. Our model allows for laser pulse propagation simulations over 

extended distances. The model is valid in the paraxial approximation, where the pulse envelope 

changes slowly with respect to the wavelength. Using full-scale wave-optics simulations, which 

use phase screens to model turbulence, to study these instabilities over extended distances can be 

computationally challenging.  

3.1. Propagation Model 

A propagation equation is derived which describes the dynamics of a laser pulse 

propagating in the atmosphere. It describes the evolution of the laser pulse amplitude and phase in 

the paraxial limit, and includes the effects of linear and nonlinear dispersion. The variation of air 

density and level of turbulence along the propagation path is taken into account. This section 

follows a derivation similar to that in [5,55]. The wave equation is given by  

22 2
2

02 2 2 2

( , , )1 ( , , ) z tz t
z c t t

µ ⊥
⊥ ⊥

  ∂∂ ∂
∇ + − = ∂ ∂ ∂ 

P rE r ,    (3.1) 

where the polarization field L NL= +P P P  consists of a linear LP  and nonlinear NLP  contribution. 

The laser electric field is given by 

ˆ( , , ) (1/ 2) ( , , ) exp( ( , )) . .z t A z t i z t c cψ⊥ ⊥ ⊥= +E r r e ,    (3.2) 

where 0 0( , )z t k z tψ ω= −  is the carrier phase, 0k  is the wavenumber, 0ω is the frequency, A  is the 

complex amplitude, which is assumed to be slowly varying in z and t compared to the carrier phase, 

ˆ⊥e  is a unit vector in the transverse direction, 2
⊥∇  is the transverse Laplacian operator, and c.c. 
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denotes the complex conjugate. The laser intensity is given by 2
0( , ) / (2 )LI t n A Z=r , where Ln  

is the linear index of refraction and 0 0 0/ 377 Z µ ε= = Ω . 

3.1.1. Polarization Fields 

The linear polarization field is given by 

ˆ( , , ) (1/ 2) ( , , ) exp( ( , )) . .L Lz t P z t i z t c cψ⊥ ⊥ ⊥= +P r r e .    (3.3) 

And the linear source term is 

2

0 2
ˆ(1/ 2) ( , , ) exp( ( , )) . .L

LS z t i z t c c
t

µ ψ⊥ ⊥

∂
= +

∂
P r e ,    (3.4) 

where 0
0

( , , ) ( , ) /s s
L s

s
S z t Q z A tω

∞

⊥
=

= ∂ ∂∑r , 
2 2

2 0 0
0

0

( (1 ( , )))( )( , )
!

ss
L

s s

n ziQ z c
s

ω ωω
ω

− ∂ −
=

∂
, 0, 1, 2...s = . 

The sum over s comes from an expansion of the electric field amplitude about t = 0. Defining 

1
0 0 0 0( , ) ( ( , )) /s s

s Lz c n zβ ω ω ω ω−= ∂ ∂ , we note that 2 2 2
0 0 0 0( , ) ( / )(1 ( , ))LQ z c n zω ω ω= − , 

( )2
1 0 0 0 1 0( , ) 2 1 ( , ) ( , ))LQ z ic cn z zω ω ω β ω−= −  and 

( )( )2 2 2
2 0 1 0 0 0 2 0( , ) 1 ( , ) ( , ) ( , )Q z c c z z zω β ω β ω β ω−= − − + . The group velocity is 

( ) 1
0 0 0 1v ( ( )) / 1/g Lc nω ω ω β−= ∂ ∂ = . Typical values for the group velocity dispersion parameters 

in air at approximately 1 μmλ =  are 2
2 20 fs /mβ ≈  and 3

3 10 fs /mβ ≈  [71]. It is necessary to 

include the third order dispersion 3Q  for pulse durations 30 fs<  in the absence of a chirp. For the 

parameters used here the higher order dispersion term 3Q  can be neglected. A detailed derivation 

of the dispersion coefficients is presented in Appendix B. 

The nonlinear polarization field is given by 

ˆ( , , ) (1/ 2) ( , , ) exp( ( , )) . .NL NLz t P z t i z t c cψ⊥ ⊥ ⊥= +P r r e .    (3.5) 
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For an isotropic medium, the nonlinear polarization field amplitude is 2
0 3(3 / 4)NLP A Aε χ= , 

and 3χ  is the third order scalar susceptibility. The nonlinear source term is 

2

0 2
ˆ(1/ 2) ( , , ) exp( ( , )) . .NL

NLS z t i z t c c
t

µ ψ⊥ ⊥

∂
= +

∂
P r e ,    (3.6) 

where ( ) 22 2
0 3 0(3 / 8)( / ) 1 2 (1/ ) /NLS c i t A Aω χ ω= − + ∂ ∂ . 

3.1.2. Propagation Equation 

Substituting Eqs. (3.2), (3.4), and (3.6) into Eq. (3.1) yields the reduced wave equation, in 

the paraxial limit, for the laser field amplitude,  

2 2 2
2 2 0 0

0 0 02 2 2 2 2
0

2
0

0

12 2 ( , )

22 1

s

s s
s

NL

k ik i Q z A
c z c t z c t t

k i A A
t

ω ω ω

γ
ω

∞

⊥
=

 ∂ ∂ ∂ ∂ ∂
∇ − + + + + − − = ∂ ∂ ∂ ∂ ∂ 

 ∂
− + ∂ 

∑
, (3.7) 

where 0 3(3 /16)NL kγ χ= . In terms of the nonlinear (Kerr) refractive index 2n , defined by 

2Ln n n I= + , 0 2 0(1/ 2) /NL k n Zγ = , where 3 2 0(8 / 3) /n Zχ = . Keeping linear dispersion terms up to 

order 2 0( , )Q z ω , Eq. (3.7) becomes 

( )
2 2

2 20
0 0 2 02 2 2

2
0

0

2 1( ) 2 1 ( , )
v ( )

22 1

g

NL

kk k z ik i c Q z A
z z z t c t

k i A A
t

ω

γ
ω

⊥

 ∂ ∂ ∂ ∂
∇ − ∆ + + + − + =  ∂ ∂ ∂ ∂ 

 ∂
− + ∂ 

, (3.8) 

where 2 2 2 2
0 0 0( ) ( / ) /Lk z k n c kω∆ = − , 0 0 0 1 0v ( ) / ( ( , ) ( , ))g z k z zβ ω β ω=  is the group velocity, 

0 0 0( , ) /Lz n cβ ω ω= , and 1 0 0 0( , ) ( / )(1 ln( ) / )L Lz n c nβ ω ω ω= + ∂ ∂ .   

Laser beams generally undergo focusing when the laser power exceeds a nonlinear 

focusing power KP  given by 
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22
0

2
0 0 0 0 3 2

4 1
4 3 8

L
K

NL L

nc cP
Z Z n n

λπ π
ω γ ω χ π

= = = .    (3.9) 

The quantity 22 NL Aγ  in Eq. (3.8) is proportional to the intensity and is the driving term for the 

instabilities. In terms of the laser power 2 ( ) / 2laser laserP I R zπ= , the driving term is 

2 2
0 2 0 2 02 2 4 / ( ( )) / (2 )NL laser laser laser KA k n I k n P R z I Pγ π λ= = = , where 2

0/ 2laserI A Z=  is the peak 

intensity and ( )R z  is the spot size.  In terms of the laser power and nonlinear power, 

2 2
0 ( ) /NL laser Kk A R z P Pγ = . The nonlinear focusing power for air at 0 1 μmλ =  is 3GWKP   

[5,37], where, 23 2
2 3 10 m /Wn −= ×  and 16 210 W/mlaserI = .  In the remainder of the section 1Ln ≈ . 

The various defined quantities take on the following values, 0 0 / cβ ω= , 1 1/ cβ ≈ , 0k∆ = , vg c=

, and 0 0 /k cω= . 

It is convenient to perform a change of independent variables from andz t  to 

and / vgz t zη τ= = − . Using / /t τ∂ ∂ = ∂ ∂ , 1/ / v /gz η τ−∂ ∂ = ∂ ∂ − ∂ ∂ , and 

2 2 2 2 1 2 2 2 2/ / 2v / v /g gz η η τ τ− −∂ ∂ = ∂ ∂ − ∂ ∂ ∂ + ∂ ∂ , the wave equation in Eq. (3.8) becomes 

2 2
22

0 0 02

22 ( ) 2
vGVD NL

g

ik k A k A Aβ η γ
η τ η τ⊥

 ∂ ∂ ∂
∇ + − − = −  ∂ ∂ ∂ ∂ 

,  (3.10) 

where the term 2 2/ η∂ ∂  has been neglected compared to 0 /k η∂ ∂ , as has the / τ∂ ∂  term on the 

right-hand side of Eq. (3.8). These approximations are valid in the paraxial limit. The group 

velocity dispersion parameter is 2 2
0 2 1 0( ) (( / ) ( ) ( ) ( ) 1/ ) /GVD Lc n c kβ η ω η β η β η= + − . Although 

1Ln ≈ , we have a finite group velocity dispersion parameter 2GVDβ β≈ . For example, at ground 

level for 0 0.85 μmλ = , 29 22.1 10  s / mGVDβ −= × . 
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3.2. Dynamic Equilibrium 

A set of coupled nonlinear envelope equations is derived for the laser pulse spot size, pulse 

duration, phase, and amplitude. It is customary to use the symbol z for the distance in the direction 

of propagation instead of η . 

The axially symmetric equilibrium laser pulse amplitude ( , , )eqA r z τ  shown in Fig. 3.1, is 

represented as [5], 

( ) ( ) ( )2 2 2 2 )( ) (( , , ) ( ) exp exp (1 ) / ( ) exp (1 ) /) ( ()eqA r z E z i i rz R z i T zz zτ αϕ β τ= − + − + , (3.11) 

where ( )E z  is the amplitude, ( )zϕ  denotes the phase, ( )zα  denotes phase wavefront curvature, 

( )zβ  is the chirp parameter, ( )R z  is the spot size, ( )T z  is the laser pulse length, and the quantities 

, , , andE ϕ α β  are real.   

By inserting Eq. (3.11) into Eq. (3.10) and expanding the Gaussian terms to second order 

in the radial and temporal dimensions, Eq. (3.11) reduces to 

z

c( ) :
spot-size

R z

( ): pulse lengthcT z
Laser Pulse Envelope

Figure 3.1. Schematic of the laser pulse indicating the spot size 
and pulse duration.  The pulse propagates along the z-axis.  The 
spot size and pulse duration are denoted by  and  
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2
2 2

0 0 0

2

22

2

22 ( ) 2 ( ) 1 2 2
( ) ( )GVD eq NL eq

rik k z A k E z A
z R z T z

τβ γ
τ⊥

   ∂ ∂
∇ + − ≈ − − −   ∂ ∂   

, (3.12) 

where the quantities , , , andE ϕ α β  satisfy the following equations, 

2
2

0
2

2 GVD
NLE

k R z T
β γϕ∂

− =
∂

+ ,      (3.13a) 

2 2
0

012 GVDk R E T
E
z

α β β∂
=

∂
− + + ,     (3.13b) 

2
2

2
0

(1 ) 1 1
2 NL

R
z z

E
k R R
α α α γ∂ ∂

+ − =
∂

−
∂

 ,     (3.13c) 

0

2RR
kz
α∂

= −
∂

,        (3.13d) 

22
2

1 (1 )
2

GVD
NL

T
z z

E
T T

β γββ β∂ ∂
− − =−

∂ ∂
,     (3.13e) 

2 GVDT
z T

β β∂
=

∂
.        (3.13f) 

Equation (3.12) defines the dynamic equilibrium associated with the field eqA  and is valid for 

values of r and τ  which are not significantly greater than the spot size or pulse duration. The term 

containing the cross-derivative in Eq. (3.10) is neglected since 1
0v /g kτ− ∂ ∂ << . From Eqs. (3.13b), 

(3.13d), and (3.13f) we find the relationship 2 2 2 2
0 0 0( ) ( ) ( )E z R z T z E R T= , which is a result of energy 

conservation. As there is no ionization taking place, the energy of the system is in the laser 

electromagnetic field and the kinetic energy of the bound electrons. The kinetic energy imparted 

to the bound electrons from the laser is negligible compared to the laser pulse energy. As 

filamentation occurs, the energy in the pulse is redistributed spatially, however, the total energy 

remains constant. The conservation of energy has been verified in the numerical simulations. 
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The instantaneous frequency of the laser pulse is given by ( , , ) ( , , ) /z zω τ τ τ⊥ ⊥= −∂Ψ ∂r r , 

where Ψ  is the phase of the electric field, 0 0( , , ) (1/ 2) ( , , ) exp( ( )) . .eqE z t A r z i k z t c cτ ω⊥ = − +r , and 

( , , )eqA r z τ  is given by Eq. (3.11). The instantaneous frequency is  

2
0 0( , , ) 2 ( ) / ( ) ( / ) ln( ( )) /GVDz z T z T z zω τ ω β τ ω τ β⊥ = + = + ∂ ∂r ,  (3.14)  

where the chirp parameter is given by 2( ) 1/ (4 ( )) ( ) /GVDz z T z zβ β= ∂ ∂ . 

Equations (3.13a) - (3.13f) can be combined to yield coupled nonlinear envelope equations 

for the spot size R  and pulse duration T  as a function of propagation distance, 

2 2 3
0

2
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(
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( )ef
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f
er

K
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z
z

P z
R z P z
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∂ ,      (3.15a) 
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  ∂∂ ∂
= + + ∂ ∂ ∂ 

, (3.15b) 

where the laser power is 2 2
0( ) ( ) ( ) / (4 )laserP z E z R z Zπ= . The beam quality factor, 2

effM , is 

heuristically introduced. The validity of this was benchmarked in full-scale wave-optics 

simulations and experiments [70,72] over distances of ~4 km. 

In the case where the pulse propagates in vacuum, i.e., 0 and 0 ( )GVD NL KPβ γ= = = ∞ , the 

solutions to the dynamic equilibrium equations are 0 0( ) / ( )E z E R R z= ,  

  2 2 2
0 0 0 0 0( ) 1 2 / (1 ) /R RR z R z Z z Zα α= − + + ,      (3.16) 

2
0 0 0( ) (1 ) / Rz z Zα α α= − + , 0( )T z T= , ( )1 1

0 0( ) tan ( / )Rz Z zϕ α− −= − , and 0( )zβ β= , where 

2
0 0 0 / 2RZ k R=  is the initial Rayleigh length. 
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3.2.1. Turbulence Model 

In Eq. (3.15a) the quantity 2
effM  is the effective beam quality factor which includes 

turbulence effects [67,68,70,72]. Atmospheric turbulence causes the spot size to spread and the 

centroid to wander. The effective spreading angle, for a Gaussian beam, due to diffraction and 

turbulence can be written as 2
0 0( ) ( ) / ( )eff effz M z R πλΘ = , where 2 4 4( ) ( )Eff BQ TurbM z M M z= +  

consists of the intrinsic beam quality factor and the turbulence contribution. For an ideal 00TEM  

Gaussian beam, 2 1BQM = . An increase in 2M above unity can arise from the presence of higher 

order modes at the source, termed intrinsic beam quality, 2
BQM . The increase can also be due to 

the effects of the propagation medium, e.g., turbulence, denoted by 2
TurbM . The contribution due 

to turbulence has the form [72] 

  2
0 0( ) 1.7 / ( )TurbM z R r z= ,      (3.17) 

where 0 (0)R R=  is the initial spot size, 
3/5

6/5 2
0

0

( ) 0.185 ( )
z

nr z C z dzλ
−

 
′ ′=  

 
∫  is the transverse 

coherence length [73], 2 5/3
0 01/ ( ( ) )nz k C z l<< , 0  is the inner scale-length of the turbulence 

[67,68,70] and is typically on the order of 1 mm, and 2 ( )nC z  is the refractive index structure 

constant. The inequality on the propagation distance is well satisfied in our examples. The 

expression for 2 ( )TurbM z  in Eq. (3.17) is shown to be in good agreement with full-scale wave-optic 

simulations [70] and experimental results [72]. Typical values for 2
BQM  and 2

TurbM  used in our 

simulations are 2 ~ 1BQM  and 2 ~ 0 3.TurbM −  

 Laser beam wander can be an important effect [53]. In this analysis, we have estimated the 

amount of wander for the example in the following sections using the expressions in [47,73] and 
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found the beam wander to be less than a few spot sizes. Note that in the dynamic equilibrium 

equation the spot size is directly affected by the turbulence, whereas the pulse duration is indirectly 

affected by turbulence through the spot size. 

3.2.2. Possibility of Ionization and Defocusing 

It can be seen that the effects on the laser spot size due to ionization in the atmosphere 

which lead to plasma defocusing are negligible in our parameter regime. The strength of effect of 

plasma defocusing can be evaluated by comparing terms in the envelope equations. Assuming the 

filament has a parabolic shape in the radial direction, with peak electron density on axis and radius 

( )f R zρ  , where ( )R z  is the spot size, the envelope equation is 

2
4
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2
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kP z
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z
z z ρ

 
= +  


−



∂
∂

,   (3.18) 

where 0k  is the wavenumber associated with the wavelength of the laser, 2
effM  is the beam quality 

factor, ( )LP z  is the laser power, ( )NLP z  is the nonlinear focusing power, and 2 2 2/p pk cω=  where 

2 2
0/p e eq n mω ε=  is the square of the plasma frequency, q  is the electron charge, en  is the electron 

density in the filament, em  is the mass of the electron, and 0ε  is the permittivity of free space. The 

plasma defocusing can be evaluated by comparing the magnitude of the last term of Eq. (3.18) to 

the first two terms, which are of order unity. 

 The Keldysh parameter determines whether multiphoton ionization or tunneling ionization 

is dominant. The Keldysh parameter is defined as 

1/2
6

2 2

[ev]2.31 10
( [ m])( [W/m ])

ion
k

U
I

γ
λ µ

 
= ×  

 
,   (3.19) 
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where ionU  is the ionization potential of an electron for a neutral molecule, λ  is the wavelength 

of the laser, and I  is the intensity. For our simulations, the Keldysh parameter 1kγ  , which is 

the multiphoton ionization regime. The rate of multiphoton ionization of air, e.g., O2 and N2 

molecules, is given by [5] 

    02 ( , , )
( 1)!

l

mp
mp

I r z tW
l I
πω  

=   −  
     (3.20) 

where 0Int[ / 1]ionl U ω= + , the minimum number of photons required for ionization, and 

2
0 /mp mpI ω σ=   where 22 26.4 10  mmpσ −= × , which is empirically determined [74,75]. For a 

850 nmλ =  pulse, 17 28.14 10  W/mmpI = × . For the laser intensities considered in this section, the 

peak multiphoton ionization rate, 5 110  smpW − −
 , is not high enough to induce significant plasma 

filamentation or beam defocusing. A 100 fs pulse would raise the electron density by 7 310  m−
 . 

The last term in Eq. (3.18) is 2 4 2 11
0 ( ) / 4 10 1p fk R z ρ −

   for the electron density and parameters 

used in our simulations. Therefore, the contribution from this ionization process is negligible. 

A greater source of plasma build up may be through photo detachment of negative ions in 

the atmosphere and subsequent collisional ionization. In order to show this, we can follow the 

same process used in Chapter 2 for photo detachment and collisional ionization in the atmosphere 

[1]. This process, due to single photo detachment of the ambient negative ions in the atmosphere 

and collisional ionization would produce some level of free electron density above the ambient 

level with our laser parameters. The free electron density could grow to 9 310  m−
 , which is the 

density of ambient negative ions in the atmosphere. This is because the laser is able to photo detach 

the ambient negative ions. However, the laser pulse duration is not long enough near the focus of 

the pulse to initiate collisional ionization. The maximum collisional ionization rate at the peak 
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intensity is ~1011 s-1, while the pulse duration is 13( ) 10T z −
 . With this level of free electrons, the 

maximum value for the term 2 4 2 9
0 ( ) / 4 10 1p fk R z ρ −

  . Therefore, ionization processes and 

plasma defocusing do not play significant roles in the beam propagation. 

While multiphoton and collisional ionization processes do not play a role in affecting the 

pulse spot size, it is possible to use this formulation to investigate parameter regimes where 

tunneling ionization could generate plasma filaments with densities high enough to cause 

defocusing. In order to reach this regime, the peak intensity of the pulse on-axis would have to 

reach ~1018 W/m2. A pulse with length ~1 ps and wavelength of 1 μm could readily ionize the air 

at this intensity through tunneling ionization. The plasma density would approach air density under 

these parameters and would cause significant defocusing, as is presented in Section 2.2.5. 

3.3. Hybrid Modulation-Filamentation Instability 

Laser beams propagating in a nonlinear medium can undergo a transverse filamentation 

and longitudinal modulation instability. In this section the evolution of the spatial and temporal 

perturbations on the laser pulse along the propagation direction are analyzed. In the stability model, 

the equilibrium state of the laser beam is dynamic, wherein the spot size and the pulse length 

evolve along the propagation path. The various instabilities associated with laser beams are 

analyzed by perturbing the dynamic equilibrium given in Eqs. (3.15a) and (3.15b). The hybrid 

filamentation-modulation instability arises from the coupling of the nonlinear refractive index, 

group velocity dispersion, and diffraction. The field amplitude is  

( , , ) ( , , )(1 ( , , ))eqA r z A r z a r zτ τ τ= + ,     (3.21) 
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where eqA a  is the perturbation on the equilibrium, and 1a << . Substituting Eq. (3.21) into the 

full wave equation, Eq. (3.10), neglecting the mixed derivative term, and using the equilibrium 

equation satisfied by eqA  gives the following equation for the perturbation ( , , )a r z τ , 

2
2

0 0 02

2 * * *
0

ln( )
2( (ln( )) ( ) 2 ( ) 2 ( )

2 ( ( 2 ))

eq
eq GVD GVD

NL eq

Aa a aa A a ik k z k z
z

k A a a a a aa a

β β
τ τ τ

γ

⊥ ⊥ ⊥

∂∂ ∂ ∂
∇ + ∇ ⋅ ∇ + − − =

∂ ∂ ∂ ∂

− + + + +
,  

(3.22) 

where ˆ ˆ/ /x yx y⊥∇ = ∂ ∂ + ∂ ∂e e . In deriving Eq. (3.22) the equilibrium equation in Eq. (3.11) was 

used together with 2 2 2 22( ) ( )eq eq eq eqA A A a A a a A⊥ ⊥ ⊥ ⊥ ⊥ ⊥∇ = ∇ + ∇ ⋅ ∇ + ∇ + ∇ . The equilibrium terms in 

Eq. (3.22) are 2 ˆ ˆ(ln( )) 2((1 ( )) / ( ))( )eq x yA i z R z x yα⊥∇ = − + +e e  and 

2ln( ) / 2((1 ( )) / ( ))eqA i z T zτ β τ∂ ∂ = − + . Substituting these relations into Eq. (3.22), and keeping 

terms to first order in a  gives 

2
2

0 0 02 2 2

2 *
0

(1 ( )) (1 ( ))ˆ ˆ4 ( ) ( ) 2 ( ) 4 ( )
( ) ( )

2 ( )

x y GVD GVD

NL eq

i z a a i z aa x y a ik k z k z
R z z T z

k A a a

α ββ β τ
τ τ

γ

⊥ ⊥

+ ∂ ∂ + ∂
∇ − + ⋅ ∇ + − + =

∂ ∂ ∂

− +

e e
.

            (3.23) 

Writing R Ia a ia= + , where andR Ia a  are real, gives 

2 2

2 2 2
0 0

2 ( )2 ( )
2 2

GVD GVDR I I I R
I R

a a a a aa a
z k k R T

β β τ βα
τ τ

⊥ ⊥∂ ∇ ⋅∇ ∂ ∂ +
= − + + + −

∂ ∂ ∂
r ,   (3.24a) 

2 2
2

02 2 2
0 0

2 ( )2 ( ) 2
2 2

GVD GVDI R R R I
R I NL R

a a a a aa a A a
z k k R T

β β τ βα γ
τ τ

⊥ ⊥∂ ∇ ⋅∇ ∂ ∂ −
= − − + − +

∂ ∂ ∂
r , (3.24b) 

where ( ) ( )2 2 2 2
0 ( , ) (0)exp / ( ) exp / ( )A r E r R z T zττ = − − . 
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3.3.1. Constant, Finite Spot Size and Pulse Duration Limit 

In this subsection the laser pulse spot size, R , and pulse duration, T , are taken to be 

constant, i.e., 0 0andR R T T= =  and the curvature and chirp parameters are neglected. The spot 

size and pulse duration are chosen to be constant in order to analytically calculate the growth rate 

of the hybrid instability. However, in the numerical simulations, the spot size and pulse duration 

evolve self-consistently. The equations for andR Ia a  become 

2 2

2
0 0 02 2

GVDR I I I I

R T

a a a a a
z k Z Z

β τ
τ τ

⊥ ⊥∂ ∇ ∂ ⋅∇ ∂
= − + + −

∂ ∂ ∂
r ,    (3.25a) 

2 2
2

0 2
0 0 0

2
2 2

GVDI R R R R
NL R

R T

a a a a aA a
z k Z Z

β τγ
τ τ

⊥ ⊥∂ ∇ ∂ ⋅∇ ∂
= + − − +

∂ ∂ ∂
r ,  (3.25b) 

where 2
0 0 0 / 2RZ k R=  and 2

0 0 / (2 )T GVDZ T β= . The amplitudes are expressed in the form 

ˆ ( , ) exp( ( , )) . .R Ra a i c cω ψ τ= +k r  and ˆ ( , ) exp( ( , )) . .I Ia a i c cω ψ τ= +k r  where 

( , ) zk zψ τ ωτ⊥= ⋅ + −r k r  and ˆ ˆx yk k⊥ = +k x y  and ω  are specified. The initial noise spectrum is 

represented by ˆ ˆ,R Ia a  for each combination of , , andx yk k ω .  Equations (3.25a) and (3.25b) 

become  

22

0

ˆ ˆ( , )
2 2

GVD
z R RT I

kik a i k a
k

β ω κ ω⊥
⊥

 
= − + 
 

,     (3.26a) 

22
2

0
0

ˆ ˆ2 ( , )
2 2

GVD
z I NL RT R

kik a A i k a
k

β ωγ κ ω⊥
⊥

 
= − + + − 
 

,   (3.26b) 

where , 0 0 0 0( , , , ) / /R T R Tk R T Z Zκ ω ωτ⊥ ⊥= ⋅ +k r  represents the finite spot size and pulse duration 

effects. The dispersion relation for the hybrid filamentation-modulation instability for a finite spot 

size and finite laser pulse duration is  
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( )( )2 2 2 2 2 2
0 0 0 0 02

0

1 2 ( / ) / 2
4z GVD RT GVD laser K RTk k k ik k k P P R ik

k
β ω κ β ω κ⊥ ⊥= − + − − + , (3.27) 

where 2 2 2
x yk k k⊥ = + , 2 2

0 0 0( / )laser K NLP P k E Rγ= , and 0 ( 0)E E z= = .   

3.3.2. Long, Broad Pulse Limit 

In the case where both the spot size and pulse duration are sufficiently large so that ,R Tκ  

can be neglected, Eqs. (3.25a) and (3.25b) reduce to    

2 2

2
02 2

GVDR I Ia a a
z k

β
τ

⊥∂ ∇ ∂
= − +

∂ ∂
,      (3.28a) 

2 2
2

0 2
0

2
2 2

GVDI R R
NL R

a a aA a
z k

βγ
τ

⊥∂ ∇ ∂
= + −

∂ ∂
.    (3.28b) 

Substituting ˆ ˆ( , ) ( , ) exp( ( , )) . .R I R Ia a a a i c cψ τ= +r  into Eqs. (3.28a) and (3.28b) and solving for the 

axial wavenumber gives  

( )( )22 2 2 2 2
0 0 0 02

0

1 4
4z GVD GVD NLk k k k k k E

k
β ω β ω γ⊥ ⊥= − − − ,   (3.29) 

where 2 2
0ˆ ˆ/ ( / ) / 2R I GVD za a i k k kβ ω⊥= − − . The spatial growth rate, Im[ ]zkΓ = − , as a function of 

the parameters ,k ω⊥ , and /laser KP P  is shown in Fig. 3.2. It can be seen from Eq. (3.29) that a 

transverse instability will arise as long as the nonlinear index of refraction is nonzero. An important 

consequence of Eq. (3.29) is that when the nonlinear refractive index and the group velocity 

dispersion are nonzero a hybrid transverse-longitudinal instability develops. The growth rate of 

the hybrid instability is maximum when the combination of k⊥  and ω  satisfies  

2 2
0 2

0

2 laser
GVD

K

Pk k
R P

β ω⊥ − =       (3.30) 



 

 

45 
 

where we used 2 2
0 0 0 /NL laser Kk E R P Pγ −= . The growth rate is non zero in the interval 

2 2 2
0 00 4( / ) /GVD laser Kk k P P Rβ ω⊥< − <  and has the maximum value 

Figure 3.2. Growth rate of the plane wave instability for a pulse with 
R0 = 6 cm. (a) Plot of the growth rate as a function of  and , 

. (b) Plot of the growth rate as a function of  and 

, . (c) Plot of the growth rate as a function of 

 and , . 

(a) 

(b) 

(c) 
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max 2
0 0

1 laser

K

P
k R P

 
Γ =  

 
.      (3.31) 

In the absence of group velocity dispersion, we can associate k⊥  at the maximum growth rate with 

a filament spot size radius of / 2fR kπ ⊥≈ . The number of optical filaments in the beam, 

2
0( / )f fN R R≈ , is given by 2(8 / ) /f laser KN P Pπ≈ , where fN  is nearly the ratio of /laser KP P  [37]. 

Figures 3.2(a), (b), and (c) plot the spatial growth rate of the hybrid instability, obtained 

from Eq. (3.29), as a function of ( , ),  ( , / ),  and ( , / )laser K laser Kk k P P P Pω ω⊥ ⊥ , respectively. In Fig. 

3.2(a), the wavenumber cutoff can be seen, which imposes a limit on the minimum size of a 

filament.  Growth of the hybrid instability is limited to the ranges of k⊥  and ω  that satisfy Eq. 

(3.30). Figure 3.2(b) shows the linear relation between the transverse wavenumber with the 

maximum growth rate and the ratio of laser power to nonlinear focusing power. This relationship 

supports the fact that filaments contain a power approximately equal to the nonlinear focusing 

power. Figure 3.2(c) shows the frequency cutoff, above which there is no growth of the instability. 

This frequency cutoff limits the minimum size of the longitudinal modulations. 

3.4. Simulation Results 

In this section, simulations of the dynamic equilibrium are presented. Figure 3.3 is a 

schematic of the laser pulse propagation geometry. In the simulations, the laser pulses are 

propagated vertically, from ground level, through the atmosphere over distances >50 km. The 

strength of the turbulence, group velocity dispersion, and air density vary with altitude. The air 

density decreases with altitude approximately exponentially with an e-folding length of ~7.5 km 

[76]. The group velocity dispersion and nonlinear refractive index are both proportional to the air 
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density. Figure 3.4 shows the variation of the structure constant, 2
nC , associated with turbulence as 

a function of altitude [77]. The model used in our simulations is  

  
( )
( )

2 1/2

2

2 3/2

(0)exp (4 ( ) / ) ,    16 km
( )

(0)exp ( ( ) / ) ,      16 km

n Turb

n

n Turb

C h z L z
C z

C h z L z

 − <= 
− ≥

,   (3.32) 

where 2 (0)nC  is taken to be 15 2/310  m− − , ( )h z  is the altitude, and 8 kmTurbL =  is the characteristic 

scale length for turbulence. Typical low-to-moderate ground level values of 2
nC  are 

16 14 2/310 10  m− − −− . The value we have chosen for the example in this section represents low to 

moderate turbulence. Equation (3.32) was chosen to match the turbulence strength curves in 

ground level

 

atmospheric
turbulence

•0

•

h final focus
point

Figure 3.3. Schematic of the vertical propagation of the laser pulses through the 
atmosphere. The pulses are initiated at ground level and travel through the atmosphere in the 
direction of the arrow.  Various parameters, such as turbulence strength level, group velocity 
dispersion, and air density vary with altitude. 

10 kmz L= >
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previous work [77]. This particular model matches the Hufnagel-Valley model in the absence of 

strong ground-based turbulence.   

Initial peak intensity, laserI  7 x 10
11

 W/m
2 

Pulse energy, ε  0.21 J 
Wavelength, 0λ  850 nm 
Initial spot size, 0R  6 cm 
Initial pulse duration, 0T  30 ps 
Peak pulse power, (0)P  4 x 10

9
 W 

(0) / (0)laser KP P  3.86 
Intrinsic beam quality, 2

BQM  1 
2M  due to turbulence, 2

TurbM  0-1.5 

Structure constant, 2 (0)nC  10
-15

 m
-2/3 

Group velocity dispersion, (0)GVDβ  2.1 x 10
-29

 s
2
/m 

Initial wavefront curvature, (0)α  -1.1 
Frequency chirp, 0(0) /ω ω∆  -17.2% 
Propagation range 50 km 

Table 3.1. List of the laser pulse and atmospheric parameters used in the simulations (50 km 
propagation). 
 

Figure 3.4. Indicates the level of turbulence as a function of 
altitude in terms of the refractive index structure constant  [77]. 
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3.4.1. Long-range Dynamic Equilibrium 

The dynamic equilibrium equations, Eqs. (7a) and (7b), are numerically solved using the 

parameters in Table I. The goal of this example is to focus the laser pulse transversely and 

longitudinally at nearly the same remote location in order to significantly enhance the intensity. 

Figure 3.5(a) and 3.5(b) show the spot size and pulse duration as a function of propagation 

distance. Figure 3.5(c) shows the beam quality factor due to turbulence, 2
TurbM , as a function of 

propagation distance. The intensity enhancement as a function of propagation distance is shown in 

Fig. 3.5(d). The maximum intensity enhancement is ~1000 and occurs at 50 km.   

(a) 

Figure 3.5. (a), (b) Variation of the laser spot size pulse duration as functions of propagation distance. 
(c) Beam quality factor due to atmospheric turbulence  as a function of altitude. (d) Normalized 
laser intensity as a function of propagation distance.  The peak intensity enhancement occurs at the 
location where both the spot size and pulse duration are near their minimum values. The parameters for 
these simulations are listed in Table 3.1. 

(b) 

(c) (d) 
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3.4.2. Hybrid Filamentation-Modulation Instability 

In this section simulation results for the hybrid filamentation-modulation instability are 

presented. The quantities andR Ia a , defined following Eqs. (3.24a) and (3.24b), can be 

represented in terms of discrete Fourier series, 

, , , ,
, ,

( , , , ) ( ) exp( ( , , ))R n l s n l s
n l s

a x y z a z i x yτ ψ τ= ∑ ,    (3.33a) 

, , , ,
, ,

( , , , ) ( ) exp( ( , , ))I n l s n l s
n l s

a x y z b z i x yτ ψ τ= ∑ ,    (3.33b) 

where , , ( , , )n l s n l sx y k x k yψ τ ω τ= + −  and the sum over the integers , , andn l s  is from to−∞ ∞ . 

Since andR Ia a  are real, *
, , , ,n l s n l sa a− − −=  and *

, , , ,n l s n l sb b− − −= . In addition, ( ) 2 / ( )nk z n NR zπ= , 

( ) 2 / ( )lk z l NR zπ= , ( ) 2 / ( )s z s NT zω π= , and N  is a large integer which takes into account the 

spot size and pulse duration. The spot size ( )R z  and pulse duration ( )T z  are obtained from the 

dynamic equilibrium in Eqs. (3.15a) and (3.15b). Substituting the representations in Eqs. (3.33a) 

and (3.33b) into Eqs. (3.24a) and (3.24b), multiplying by , ,exp( ( , , ))m j qi x yψ τ− , and integrating 

over , , andx y τ  gives 

, ,
, , , , , , , , , , , , , ,

, ,

m j q
m n j l q s n l s m n j l q s n l s

n l s

a
KA a KB b

z
∂

= +
∂ ∑ ,      (3.34a) 

2
, , 0

, , , , , , , , , , , , , , , , ,2
, , 0 0 0

2m j q
m n j l q s n m l j s q n l s m n j l q s n l s

n l s NL

b P EKB H H F a KA b
z k R P E

 ∂  
 = − − +  ∂   

∑ , (3.34b) 

where the coefficients are given by 

( ), , , , , , , , , , , , , ,2 2
0

, , , , , , , , ,
, ,

22

             

GVD s
m n j l q s n n m l j s q l n m l j s q n m l j s q

qm l
n m l j s q n m l j s q n m l j s q

n l s

iiKA k G k G J
k R T

k ki G G J
z z z

β ωα δ δ δ δ βδ δ
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δ δ δ δ δ δ

= + +
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− + − ∂ ∂ ∂ 
∑

,  (3.35a) 
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( )
2 2 2

0
, , , , , , , , , , , , , ,2

0 0

, , ,2

( ) 2
2

2               

n l GVD s
m n j l q s n m l j s q n n m l j s q l n m l j s q

GVD s
n m l j s q

k k k iKB k G k G
k k R

i J
T

β ω δ δ δ δ δ δ δ

β ω δ δ

+ −
= + +

+

. (3.35b) 

The derivation of the coefficients in Eqs. (3.34a), (3.34b), (3.35a), and (3.35b) are given in the 

Appendix. 

The hybrid filamentation-modulation instability is studied by numerically solving Eqs. 

(3.34a) and (3.34b). The transverse filamentation of the pulse is shown in Figs. 3.6(a) and (b). The 

Figure 3.6. Cross sections of the laser pulse as it propagates through the atmosphere. (a), (c) show the initial 
beam profile and intensity, (b), (d) show the profile and intensity at the point of maximum intensity 
enhancement, i.e., at 51 km. The top row of figures (a, b) shows the profile in the x-y plane while the bottom 
row (c, d) shows the profiles in the x-  plane. The parameters used in these simulations are shown in Table 3.1. 

(a) (b) 

(c) (d) 
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longitudinal modulation of the pulse is shown in Figs. 3.6(c) and (d). The initial noise level in the 

pulse is not known, therefore, in our simulations the noise levels were chosen such that the absolute 

value for the perturbation, |a|, approached unity at the focal point for the pulse. The instability 

undergoes ~25 e-folds in magnitude over the propagation path. This is similar to stimulated 

Brillouin scattering, which undergoes 25-30 e-folds before reaching saturation [37]. Figures 3.6 

and 3.7 show simulation results that were generated using the parameters in Table 3.1, i.e., the 51 

km propagation example. Figure 3.6 shows the initial pulse profile in (a) the x-y and (c) x-τ planes, 

as well as the intensity profiles at the focal points (b, d) after 51 km of propagation. The beam 

distortion and breakup due to the instabilities can be observed. Figure 3.7 shows a 3D plot of the 

pulse intensity in (a) the x-y and (b) x-τ plane, where the beam breakup is visible. 

The beam breaks up transversely and longitudinally into individual beamlets. The beamlets 

each contain a power approximately equal to the nonlinear focusing power. These results are 

consistent with those reported in [5,37,55]. 

3.5. Discussion 

This Chapter presents analysis and simulations of the propagation of laser pulse in the 

atmosphere. Simulations are performed for vertical propagation from ground level. The varying 

Figure 3.7. Intensity of the beam at 51 km in 3D. (a) Shows the intensity of the beam in the x-y plane 
and (b) shows the beam in the x-  plane. 

(a) (b) 
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atmospheric density, group velocity dispersion, and level of turbulence as functions of altitude are 

taken into account. Stability of laser pulses propagating extended distances is analyzed and 

simulated. 

I have derived a set of coupled, nonlinear envelope equations describing the dynamic 

equilibrium of the laser spot size and pulse duration. The envelope equations include turbulence 

effects and beam quality effects, as well as linear and nonlinear (Kerr) dispersion. The model is 

valid in the paraxial approximation, where the electric field envelope varies slowly with respect to 

the wavelength. By appropriately tailoring the laser pulse parameters, the pulse can be spatially 

and temporally focused to high intensities in the upper atmosphere. Tailoring of the laser 

parameters involves the optimum level of i) frequency chirping, ii) initial wave front curvature, 

and iii) ratio of laser pulse power to the nonlinear focusing power. Our simulations indicate that 

transverse and longitudinal focusing together can result in significant pulse intensity 

enhancements. 

The hybrid filamentation-modulation instability of the laser pulse is shown to result in 

transverse and longitudinal pulse breakup. Transverse breakup of the pulse leads to the formation 

of beamlets, each with a power approximately equal to the nonlinear focusing power, which is 

consistent with previous results [5,37,55]. 

The effects of plasma defocusing on the laser pulse are not considered in this section. The 

laser pulses used in simulations in this section are able to ionize the negative ions in the 

atmosphere, such as 2O− , however, the ambient density of negative ions in the atmosphere is not 

high enough to influence the laser pulse [1,5,31,35]. The effects of multiphoton and collisional 

ionization from neutral molecules can be neglected. In this study, the intensity of the laser pulses 

is below the threshold for ionization. However, propagation of laser pulses at high altitudes (>100 
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km) could be affected by the presence of free electrons in the various ionosphere layers, i.e., E, F, 

and D regions. 

It is possible to use this propagation for pulses that reach intensities high enough for 

tunneling ionization to occur. By properly tailoring the pulse, a plasma filament could be generated 

at remote locations with electron densities near air density. This could be used in tandem with a 

low-intensity LPT which follows the high-intensity pulse. The leading, high-intensity pulse would 

ionize the air through tunneling ionization. Then, the trailing, low-intensity LPT would drive the 

electrons in the filament to oscillate and emit RF radiation. 

The numerical model allows for laser pulse propagation simulations over extended 

distances. Using full-scale wave-optics simulations to study these coupled instabilities can be 

computationally challenging. 
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Chapter 4: Parametric Frequency Conversion in the Ionosphere for 

Over-the-Horizon Radar 

The ionospheric electron, ion, and neutral densities have a significant effect on over-the-

horizon (OTH) radar systems [78,79] and worldwide communication networks, space-based 

telescopes, and on the life spans of low-earth-orbit (LEO) satellites [80-85]. The ionosphere 

consists of various layers, D, E, and F [76]. The F layer has the highest concentration of free 

electrons. In the F layer (150 - 600 km) the electron density is 11 12 310 10 m−− , the neutral density 

is 13 17 310 10 m−− , and the electron collision frequency is 310 10 Hz− . The ion and electron 

densities are essentially equal due to charge neutrality and the peak electron density occurs around 

300 - 400 km. Over-the-horizon radar systems and navigation systems, such as GPS, depend on 

knowing ionospheric conditions, i.e., electron, ion, and neutral densities. 

 Solar flares have a significant effect on the ionosphere and can rapidly increase the 

ionization levels by up to an order of magnitude [86,87]. Increases in the electron density in the 

various ionospheric layers, due to enhanced solar activity, can result in sudden OTH radar loss, 

communication loss, radio blackouts, signal delays, GPS positioning errors, disruption of space-

based telescopes, and increased drag on LEO satellites. The US Navy uses atmospheric models, 

such as the NRL NRLMSISE-00 model, to estimate the ion (electron) concentrations for OTH 

radar and communication systems. Direct measurements of the electron density can improve these 

models. 

 A number of countries have OTH radars which are used for early warning systems of ICBM 

launches and for surveillance over extended distances, ~ 3000 km [78,79]. Over-the-horizon radar 

signals rely on reflecting low frequency signals off electron density layers in the ionosphere. These 
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systems generate output power signals in the multi-MW regime, at frequencies in the MHz range. 

The major OTH radar countries include: the USA, China, Russia, Iran, Canada, UK, Australia, 

India, France, and Brazil. The transmitting and receiving antennas for these systems are extremely 

large, extending over distances of many kilometers. The cost of OTH radar systems can be well 

over a billion dollars each. 

 In this chapter, I present a mechanism for generating low frequency signals in the 

ionosphere and propagating them back to the ground far from the source. The concept can be used 

to develop a compact, mobile, low cost OTH radar system and/or to characterize ionospheric 

parameters, such as the electron density as a function of altitude. 

4.1. Parametric Frequency Conversion Model 

In this section, I present the model for generating low frequency signals in the ionosphere 

and propagating them back to ground level far from the source. The overall schematic describing 

the configuration is shown in Fig. 4.1. The low frequency signal in the ionosphere is generated by 

a ground-based, frequency modulated, radio frequency source. The driving source parametrically 

generates a beat wave in the ionosphere which generates a driving current. Tuning the modulation 

frequency to the local plasma frequency resonantly excites a current that increases in time and 

excites a low frequency signal. The low frequency signal propagates back to the observation point 

on the ground. 

 The electric fields of the ground-based driving signals are given by 

( )1 1 1 1 ˆ( , ) exp ( ) / 2 . .z t E i k z t c cω= − +E x  and ( )2 2 2 2 ˆ( , ) exp ( ) / 2 . .z t E i k z t c cω= − +E x . The 

corresponding magnetic fields are ( )1 1 1 1 1 ˆ( , ) exp ( ) / 2 . .z t E n i k z t c c cω= − +B y  and 

( )2 2 2 2 2 ˆ( , ) exp ( ) / 2 . .z t E n i k z t c c cω= − +B y , where 1 1 1/n ck ω=  and 2 2 2/n ck ω=  are the indices 
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of refraction and c.c. denotes complex conjugation. In the ionosphere the driving signal excites a 

beat wave, i.e., a ponderomotive wave. The axial component of the ponderomotive force is  

   ˆ( , ) sin( )pond pond m mz t qE k z tω= −F z ,     (4.1) 

where the modulation frequency and wavenumber of the ponderomotive wave are 2 1mω ω ω= −  

and 2 1mk k k= −  and the amplitude is *
1 2 1 2/ (2 )pond mE qk E E mωω=  [1]. Taking 1 2E E E= =  and 

1 2 mω ω ω ω≈ ≈ >> , the ponderomotive wave amplitude is 

    0
2
m

pond
qZE I
mc

ω
ω

= ,      (4.2) 

where 2
0/ (2 )I E Z=  is the intensity and 0 0 0/Z µ ε= . Diffraction plays an important role as the 

ponderomotive field propagates to the ionosphere. The source spot size, with respect to the field 

amplitude, at ground level, is (0)SR  and the spot size in the ionosphere at altitude z is 

( ) (0) / (0) / (0)S S R SR z R z Z z Rλ π= = , where 2(0) (0) /R SZ Rπ λ=  is the Rayleigh length and 

Figure 4.1. Shows the ground-based, modulated RF source propagating into the atmosphere.  
The ponderomotive forces from the RF source resonantly generate a current at the 
modulation frequency, i.e., local plasma frequency.  The current, in turn, generates a low-
frequency signal, which propagates back to the observation point on the ground. 
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2 /cλ π ω=  is the source wavelength. The source intensity in the ionosphere, assuming a Gaussian 

transverse profile, is  

   2 2( , ) ( (0) / ( )) (0,0)exp( 2 / ( ))S S SI z R R z I R zρ ρ= − ,   (4.3) 

where (0,0)I  is the on-axis intensity at ground level. 

4.1.1. Low Frequency Driving Current 

The fluid model is given by 

( )( , ) ( , ) ( , )( , ) ( , ) ( , ) ( , )
( , )
B

NL
k TV z t V z t q N z tV z t V z t E z t E z t

t z m mN z t z
∂ ∂ ∂

+ +Γ = + −
∂ ∂ ∂

, (4.4a) 

0

( , ) ( , )E z t J z t
t ε

∂
= −

∂
,         (4.4b) 

( )( , ) ( , )( , ) 0
N z t V z tN z t

t z
∂∂

+ =
∂ ∂

,       (4.4c) 

( )0
0

( , ) ( , ) ( )E z t q N z t N z
z ε

∂
= −

∂
,       (4.4d) 

where ( , )V z t  is the electron velocity in the z-direction, Γ  is the electron collision frequency, 

( , )E z t  is the space charge electric field, ( , )N z t  is the electron density, Bk  is the Boltzmann 

constant, T  is the electron temperature, m  is the electron mass, ( , ) ( , ) ( , )J z t qN z t V z t=  is the 

electric current density, and 0 ( )N z  is the initial electron density. We assume that the magnetic 

field is negligible in our model, as the fluid velocities are much less than the speed of light. The 

last term on the right-hand side of Eq. (a) represent the force due to pressure. The force due to 

pressure is 1( ) /pressureF mN P z−= − ∂ ∂  where BP Nk T= , though this term is neglected in this 

analysis. 
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The nonlinear fluid equations are analyzed in Appendix D. However, Eqs. (4.4a) - (4.4d) 

can be linearized to simplify the model. The linearized 1-D fluid equations used to evaluate the 

low frequency driving current are 

 ( )
0

( , ) ( , )( , ) ( , ) ( , )
( )

B
pond

k TV z t q n z tV z t E z t E z t
t m mN z z

∂ ∂
+ Γ = + −

∂ ∂
,  (4.5a)

 
0

( , ) ( , )E z t J z t
t ε

∂
= −

∂
,        (4.5b)

 ( )0 ( ) ( , )( , ) 0
N z V z tn z t

t z
∂∂

+ =
∂ ∂

,      (4.5c) 

 
0

( , ) ( , )E z t qn z t
z ε

∂
=

∂
,        (4.5d) 

where 0( , ) ( ) ( , )J z t qN z V z t=  is the current density and ( , )n z t  is the perturbed electron density. 

The magnetic field is neglected since fluid velocities are much less than c and the model is 1-D. 

The current density is linearized as 0( , ) ( ) ( , )N z t N z n z t= +  where 0 ( ) ( , )N z n z t>> . We have 

neglected the static pressure term, proportional to 0 ( ) /N z z∂ ∂ .  

Figure 4.2. Shows the interaction volume where the ground-based source 
generates a current density in the ionosphere.  The z-direction is the direction 
of propagation of the ground-based source.  The low-frequency signal 
propagates radially, perpendicular to the z-direction.  Note that the origin of 
the coordinate system is at a height of  above the ground. 

x

z

( , , )zJ z tρ

2 ( )SR z

zδ
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 The fluid equations in Eqs. (4.5a) - (4.5d) can be rearranged to obtain an equation for the 

current density, 

 
2 2

2 2 2
02 2

( , )( , ) ( , ) ( , )( ) ( , ) v ( ) pond
p th p

E z tJ z t J z t J z tz J z t z
t t z t

ω ε ω
∂∂ ∂ ∂

+ Γ + − =
∂ ∂ ∂ ∂

,  (4.6) 

where 2 2
0 0( ) ( ) /p z q N z mω ε=  and v /th Bk T m=  is the thermal velocity of the electrons. In the F 

layer, the average electron temperature is ~103 K and the thermal velocity is 5v ~ 10  m/sth . The 

pressure term can be approximated by setting 2 2 2( , ) / ~ ( / ) ( , )mJ z t z c J z tω∂ ∂ . Since vth c<<  and 

(v / )th m pc ω ω<< , the pressure term in Eq. (4.5a) can be neglected. The electron collision 

frequency, pωΓ << , plays an important role in limiting the growth of the induced driving current. 

The maximum amplitude of ( , )J z t  is far below the value required to be in the linear regime and 

is far below the value where the perturbed density, ( , )n z t , becomes comparable to the background 

density 0 ( )N z . 

The electron collision rate in the ionosphere limits the growth of the current density. The 

collision rate can vary depending on many factors, such as the time of day and solar activity. The 

typical range of the electron collision rate in the ionosphere is 3~ 10 10  HzΓ −  [76]. The collision 

frequency is found by adding the electron-neutral collision frequency to the electron-ion collision 

frequency. The equation for the electron-neutral collision frequency is 

1 10 3 1/2[s ] (5.4 10 ) [cm ] [eV]e n n en T− − −
−Γ = × , where nn  is the neutral particle density and eT  is the 

electron temperature [76]. Both of these quantities are functions of the altitude. The electron 

temperature in the ionosphere is typically on the order of ~103 K, though it increases with altitude. 

The equation for the electron-ion collision frequency is 
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( )1 3 3 3 3/2[s ] 34 4.18ln( [eV] / [cm ]) [cm ] [eV]e i e e e eT n n T− − − −
−Γ = + , where en  is the free electron density 

[76]. In the ionosphere, these two collision frequencies are comparable. 

Using Eqs. (4.5a) - (4.5d), an equation can be found for the variation of the electron charge 

distribution, 

22
2 2

02

ln( ( )) ( , )( , ) ( , )( ) ( , ) ( , ) ( )p NL
p p

z E z tz t J z tz z t J z t z
t z t z z

ωρ ω ρ ε ω
∂ ∂∂ ∂ ∂ + + +Γ −Γ = − ∂ ∂ ∂ ∂ ∂ 

, (4.7) 

where ( , ) ( , )z t qn z tρ = . 

The current density in Eq. (4.6) can be solved exactly. In the limit that ( )p zωΓ << , the 

solution is 2
0

0

( , ) ( ) ( ) cos( )
t

p m pond m mJ z t z E G t t k z t dtε ω ω ω′ ′ ′= − − −∫ , where 

( )( ) ( ) exp / 2 sin( ( ) ) / ( )G t t t z t z= Θ −Γ Ω Ω  is the Green’s function, ( )tΘ  is the Heaviside function, 

and 2 2( ) ( ) / 4pz zωΩ = −Γ . Evaluating ( , )J z t  near resonance, where m p mδω ω ω ω= − << , and 

keeping terms to lowest order in δω , gives 

( , ) ( ) exp( ( )) . .c m mJ z t J g t i k z t c cω= − + ,   (4.8) 

where 

   
2 2

0
2 2

( ) ( )
( , )

2 2
p p

c pond
m

z zqJ E I z
mc

ω ωε ρ
ω ω

= = ,    (4.9a) 

( )( ) 1 (1 )exp( / 2)
2
mg t i i t t
i

ω δω
δω

= − − + −Γ
Γ −

.   (4.9b) 

In the case where the system is very close to resonance, i.e., δω << Γ , Eq. (4.8) reduces to 

max( , ) (1 exp( / 2))sin( )m mJ z t J t k z tω= − −Γ − , where max 2 /c mJ J ω= Γ  is the maximum current 

density. In the absence of collisions, Eq. (4.8) reduces to ( , ) sin( )c m m mJ z t J t k z tω ω= − − . It should 
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be noted that even at the maximum value of the current density, maxJ , the system parameters are 

in the linear regime, i.e., 0n N<<  and V c<< . 

4.1.2. Generation of the Low Frequency Signal 

Using Eq. (4.8), the axial current density in the ionosphere at altitude z, which drives the 

low frequency signal, is given by 

  
2

2 2

( )
( , , ) ( , ) ( ) exp( ( )) . .

2
p

m m

zqJ z t I z g t i k z t c c
mc

ω
ρ ρ ω

ω
= − + .   (4.10) 

The corresponding axial component of the vector potential in the radiation zone is  

   0A ( , ) ( , ( , , ))
4z R

V

t dV J t t
r

µ
π ′

′ ′ ′= ∫r r r r ,     (4.11) 

where ˆ( , , ) / /Rt t t r c c′ ′= − + ⋅r r r r  is the retarded time, 2 2r zρ= + , 2 2x yρ = + , 

ˆ ˆ ˆ ˆ( ) /x y z r= + +r x y z  is a unit vector from the source origin to the observation point, 

ˆ ˆ ˆx y z′ ′ ′ ′= + +r x y z  is the vector from the source origin to points within the source, and 

dV d d dzρ ρ ϕ′ ′ ′ ′ ′= . Figure 4.2 shows the interaction volume associated with the driving current. 

Since the radiation is symmetric about the z-axis, we evaluate the vector potential along the x-axis, 

which is directed towards the ground, as shown in Fig. 4.1. The function ( )g t  is slowly varying in 

time compared to 1/ mω , therefore, we can replace ( )Rg t  with ( / )g t x c− . Along the x-axis, i.e., 

where r x= , the retarded time is ( , , ) / ( / ) cosRt x t t x c cρ ϕ′ ′ ′= − +r , since ˆ cosx ρ ϕ′ ′ ′ ′⋅ = =r r . 

Substituting Eq. (4.10) into Eq. (4.11), the axial vector potential along the x-axis is given 

by 
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0
2

/2 2 22 2

2 2 2
/2 0 0

(0,0)A ( , 0, 0, ) ( / ) exp( ( / ))
8

( ) (0) 2exp( ) exp exp cos . .
( ) ( )

p

p

z m

z z
p S m

m
S Sz z

q Ix y z t g t x c i t x c
mc x

z Rdz ik z d d i c c
R z R z c

δ π

δ

µ ω
π

ω ω ρρρ ρ ϕ ϕ
ω

+ ∞

−

= = = − − −

′   ′′  ′ ′ ′ ′ ′ ′× − − +   ′ ′   
∫ ∫ ∫

, (4.12) 

where resz  is the altitude at which the modulation frequency is resonant with the plasma frequency, 

i.e., ( )m p reszω ω= , and zδ  is the interaction length over which the resonance occurs, see Fig. 4.2. 

Evaluating the ϕ′  and ρ′  integrals in Eq. (4.12), the vector potential along the x-axis is 

0 0
2 2

(0)A ( ,0,0, ) ( / ) exp( ( / )) . .
8z m

q Px t Z g t x c i t x c c c
mc x
µ ω

π ω
= − − − + , (4.13) 

where 
/2 2 2

/2
( ) exp( (1/ 8)( ( ) / ) ) exp( )res

res

z z

p m s mz z
Z dz z R z c ik z

δ

δ
ω ω

+

−
′ ′ ′ ′= −∫  and 2

0 (0) (0,0) (0) / 2SP I Rπ=  is 

the power. The integral Z  can be approximated assuming pω  and SR  are constant within the 

interaction length, which gives 22 exp( (1/ 8)( ( ) / ) )sin( / 2)exp( )m m S res m m resZ c R z c k z ik zω ω δ≈ − . 

The axial vector potential along the x-axis becomes  

A ( ,0,0, ) ( , , ) ( / ) exp( ( / / )) . .z RF m m resx t A x g t x c i t x c z c c cω ω ω= − − − − + ,  (4.14) 

where 

( )( )
2

20 0
2

(0)( , , ) sin exp (1/ 8) ( ) /
4 2

m m
RF m m S res

m

q P zA x R z c
mc x c
µ ω ω δω ω ω

π ω ω
 = − 
 

. (4.15) 

The Poynting vector, 0/ µ= ×S E B , in the radiation zone is 2
0 ˆ ˆ(1/ ) ( , ) /Z t t= ×∂ ∂S r A r r  .  

The low frequency signal intensity as a function of propagation distance along the x-axis, i.e., the 

Poynting flux in the x-direction, is  

42
2 0

0 2

(0)( ) 2 ( / ) exp( ( ))m
RF x X S res

x

PI L C g t L c D z
L

ω
ω

 = − − 
 

,   (4.16) 
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where XL  is the distance from the source in the ionosphere to the observation point on the ground 

along the x-axis as shown in Fig. 4.1, 2 12 3 2
0 0 0( / 4 ) / 2 7.6 10 s /(kg-m )C q mc Zµ π −= = × , and we 

have set the factor 2sin ( / 2 ) 1/ 2m z cω δ = . The exponent in Eq. (4.16), 

2( ) ( ( ) / 2 )S res m S resD z R z cω=  , plays an important role in determining the intensity of the low 

frequency signal on the ground. 

4.2. Evaluation of Low Frequency Signal 

In this section, we evaluate the low frequency RF intensity on the ground given by Eq. 

(4.16). The factor 4( / )mω ω  in Eq. (4.16) indicates that the intensity on the ground, ( )RF XI L , is a 

rather sensitive function of the ground-based source frequency ω . On the other hand, the 

exponential factor ( )exp ( )S resD z−  in Eq. (4.16) is a sensitive function of the spot-size of the 

driving source in the ionosphere. This would imply that a high frequency source, which would 

reduce the spot size ( )S pR z , would be beneficial. These factors tend to compete with each other. 

The quantity 4( / ) exp( ( ))m S resD zω ω −  has a maximum value when the frequency ratio is 

/ 2 (0) /m SR zω ω = . For the parameters used in the example, the optimum source frequency is 

160 GHz. In the example, we use a W-band, ground-based source operating at 94 GHz and at a 

power of 1MW. The 94 GHz source is modulated at the low frequency mω , corresponding to the 

local plasma frequency, which in our example is 9MHz . 

 The parameters associated with the ionosphere are in Table 4.1 and the parameters 

associated with the RF source are in Table 4.2. Figure 4.3 shows the intensity of the low-frequency 

signal, at 9 MHz, as a function of time, at the observation point on the ground, at a distance 

500kmXL =  from the source. Figure 4.4 shows the intensity of the low-frequency signal 500 km 
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from the source as a function of the frequency difference between the modulation frequency and 

the plasma frequency. 

Altitude of the resonance 250 kmresz =  

Electron density 12 3( ) 10  me resn z −=  

Plasma freq. 7( ) 5.64 10  rad/sp reszω = × ,  
9 MHzpf =  

Plasma wavelength 33 mpλ =  

Collision freq. 210  HzΓ =  

Table 4.1. Ionospheric parameters used in the example. 

 

Source freq. 94 GHzf =  

Source wavelength 33.2 10 mλ −= ×  

Source power 1 MWP =  

Modulation freq. 75.64 10  rad/smω = ×  

Spot size at ground level (0) 10 mSR =  

Rayleigh length  (0) 98kmRZ =  

Spot size in the ionosphere ( ) 27 mS resR z =  

Intensity in the ionosphere 2 2( ) 8.5 10  W/mresI z = ×  

Distance from source in the  
ionosphere to the ground 

500kmXL =  

Table 4.2. RF source parameters used in the example. 
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At resonance, i.e., m pω ω= , the function ( / )g t x c−  reaches a maximum value of 

5
max / 5.64 10mg ω= Γ = ×  after a time 21/ 10 st −Γ = . The ground-based source has a carrier 

frequency of 94GHzf =  ( 33.2 10 mλ −= × , 116.0 10 rad/sω = × ). The spot size of the driving 

source in the ionosphere is ( ) / (0) 27 mS res res SR z z Rλ π= ≈ . The low frequency intensity on the 

ground, Eq. (4.24), is 16 2( 500km) 9.6 10 exp( ( )) W/mRF X S pI L D z−= = × − , where 

( ) 3exp 1.4 10SD −− = × . The value of 18 21.3 10  W/mRFI −≈ ×  is higher than needed for detection. 

The rate of photons per second per unit area is 

2 2 9 2[photons/s m ] [W/m ] / [J] ~ 10  photons/s mphotonR I ω⋅ = ⋅  for the intensity and frequency of 

our signal. 

4.3. Discussion 

In this Chapter, I proposed a concept based on a ground-based, mobile, modulated RF 

source, which generates signals in the ionosphere at frequencies in the MHz range which propagate 

Figure 4.3. Intensity of the low frequency signal as a function of time, 500 km from the source. 
The minimum detectable intensity is ~ 10-18 W/m2, denoted by the dashed line. 
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to the observation point on the ground. This concept can be used for an OTH radar or ionospheric 

monitoring system. The low frequency signal is parametrically generated by the ground-based, 

modulated, high frequency RF source. A preliminary comparison of sources for this application 

indicates that sources in the W-band, e.g., 94 GHz, can achieve the intensity level needed for 

detection of the low frequency signal. Sources at 94 GHz have low atmospheric absorption 

coefficients and are used in high power radar systems. These sources are based on Gyrotron 

technology and are commercially available at power levels in the MW regime [88]. On the other 

hand, a ground-based source in the Ka-band, i.e., 34 GHz, would require a very large ground 

antenna dish to produce a reasonably small spot size ( )S resR z  in the ionosphere. It does not appear 

that a 34 GHz source is feasible for this application. The use of lasers for the ground-based source 

also does not appear to be feasible. If a modulated 2CO  laser were used, the factor 

4 27( / ) 8 10mω ω −= ×  would result in values of RFI  that would be too low for detection. 

Figure 4.4. Intensity of the low-frequency signal 500 km from the source as a function of the 

frequency difference between the modulation frequency and the plasma frequency.  The minimum 

detectable intensity is ~ 10-18 W/m2, denoted by the dashed line. 
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The RF source used in our example is a modulated 94 GHz source. The low frequency 

signal intensity at the observation point, 500 km from the ground source, is higher than the 

minimum detectable intensity level. The rate of photons per second per unit area for the intensity 

and frequency in the example is 9 2~ 10  photons/s mphotonR ⋅ . The minimum detectable intensity in 

the 3 MHz – 30 MHz frequency regime is estimated to be 18 2~10 W/m− ; however, the theoretical 

limit on the minimum intensity level is significantly lower. 

If the low frequency signal returns to ground level over seawater, the signal can propagate 

back to the detector by means of surface waves. Low frequency surface waves can propagate 

extremely long distances along the surface of seawater. The surface waves are evanescent waves 

having an e-folding (decay) length that can be extremely long. For frequencies in the low MHz 

range, the surface wave can propagate distances > 500 km over seawater. The proposed mechanism 

may have applications for compact, mobile, and low cost OTH radar systems and/or as a method 

to monitor ionospheric parameters.   
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Chapter 5:  Discussion 

In this dissertation, I presented three research projects dealing with laser interactions in the 

atmosphere. These projects are presented in chapters 2, 3, and 4. In Chapter 2, I presented a 

mechanism for remotely generating tunable RF signals in the GPS frequency regime (~1.6 GHz) 

[1]. The laser pulse train (LPT) ionizes the air through photo detachment and collisional ionization, 

generating a plasma filament. The ponderomotive forces of the LPT drive radial and longitudinal 

plasma currents. These currents generate radiation at the LPT repetition rate, which can be tuned 

in the 0.5 – 6.0 GHz range. Of particular interest is the RF generation in the 1.4-1.7 GHz regime 

which is the operating range of all GPS signals. The analysis and simulation results of the RF 

radiation are shown to be in agreement with experimental data [2]. The experiments were 

performed in collaboration with the theory and computational work at the University of Maryland. 

Chapter 3 presents the analysis and simulations of laser pulses propagating long distances 

(>50 km) vertically in the atmosphere. In addition, the hybrid modulation-filamentation instability 

that causes transverse and longitudinal beam breakup is analyzed and simulated [3]. By tailoring 

the initial laser pulse parameters, i.e., the wavefront curvature, chirp, and power, the pulse can be 

focused transversely and longitudinally at remote locations (>50 km) with intensity enhancements 

of > 103. Nonlinear self-focusing of the laser pulse and dispersion lead to the growth of a hybrid 

modulation-filamentation instability, which causes both transverse and longitudinal beam breakup. 

This hybrid instability is analyzed and numerically simulated for pulses propagating in the 

atmosphere. The potential application of this research is on the long-range generation of RF signals 

in a turbulent atmosphere. 

In the Chapter 4, I presented a mechanism for generating low frequency signals (3-30 MHz) 

in the ionosphere and propagating them back to the ground for use as a low-cost, mobile over-the-
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horizon (OTH) radar system [4]. Conventional OTH radar systems utilize dipole antenna arrays 

that span multiple kilometers, and can cost ~1 billion dollars. Many major countries employ 

conventional OTH radar systems, e.g., the USA, Russia, China, UK, Brazil, Canada, Australia, 

India, and France. The proposed mechanism relies on a ground-based, modulated RF source. By 

tuning the modulation frequency to the local plasma frequency in the ionosphere (F layer), a 

current can be resonantly excited by the ponderomotive force of the modulated signal. This current 

grows in time and generates a low frequency signal at the local plasma frequency, which is in the 

MHz range. The low frequency signal propagates back to the ground, far from the source, where 

it can be detected. For a 94 GHz source modulated at 9 MHz and operating at 1 MW, a low 

frequency signal can be generated above the minimum detectable intensity (~10-18 W/m2). The rate 

of photons per second per unit area for the intensity and frequency of our signal is 

9 2~ 10  photons/s mphotonR ⋅ . This mechanism has the potential to detect OTH objects using a 

compact, mobile, and far less expensive system than presently exists. 

5.1. Future Plans 

For the project in Chapter 2, we are continuing to receive new experimental data from our 

collaborator, Dr. Vladimir Markov, at Advanced Systems and Technologies, Inc. There are always 

new questions to answer with new experimental results. Currently, we are working on improving 

our model to explain the directionality of the RF radiation produced in the experiments. The 

experimental data shows RF being emitted transverse to the direction of propagation of the LPT, 

while our model and simulations show the RF radiation being emitted in a direction that is angled 

forward of the transverse plane. This is consistent with the idea that collisions are important for 

the longitudinal ponderomotive force. If the longitudinal force is dominant, then the RF radiation 
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will be directed transverse to the direction of propagation of the LPT, in agreement with 

experimental data. 

 The long-range propagation model presented in Chapter 3 can be used in tandem with the 

mechanism for generating RF radiation in Chapter 2. This can be accomplished by propagating a 

high-intensity pulse in such a way that it focuses and ionizes the air in front of a target before the 

low-intensity LPT arrives. This pre-ionizing pulse would ionize the air primarily through 

multiphoton/tunneling ionization, providing seed electrons for the LPT. The LPT would continue 

to build the plasma density through collisional ionization. By utilizing a high-intensity pre-ionizing 

pulse, this mechanism could be effective for electronic countermeasure applications. 
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Appendices 

Appendix A: Ponderomotive Force 
In this Appendix, I present a derivation of the ponderomotive force, including the 

longitudinal term due to collisions. Expanding the Lorenz force equation to second order in the 

field amplitudes gives 

( )1 1( , ) ( ( , ) ) ( , ) ( , ) ( , )pond t q t t t t= ⋅∇ + ×F r r r E r v r B r ,   (A1) 

where 1r  and 1v  are the position and velocity to first order in the field amplitudes, 

ˆ( , ) ( , ) exp( ) . .t t i t c cω= − +E r E r  is the laser electric field, and ˆ( , ) ( , ) exp( ) . .t t i t c cω= − +B r B r  is the 

laser magnetic field. The position and velocity vectors are related by 1 1( , ) ( , ) /t t t= ∂ ∂v r r r . 

 Defining 1 1̂( , ) ( , ) exp( ) . .t t i t c cω= − +r r r r  and 1 1ˆ( , ) ( , ) exp( ) . .t t i t c cω= − +v r v r , we can 

solve for the amplitudes 1̂r  and 1v̂  using the fluid equations 

1
1

( , ) ( , ) ( , )t qt t
t m

∂
+ Γ =

∂
v r v r E r ,     (A2) 

where Γ  is the electron collision frequency. Solving for the position and velocity Fourier 

amplitudes as functions of the electric field amplitude gives 

1

ˆ ( , )ˆ ( , )
(1 / )

q tt i
m iω ω

=
+ Γ

E rv r ,      (A3a) 

1 2

ˆ ( , )ˆ ( , )
(1 / )

q tt
m iω ω

= −
+ Γ

E rr r .      (A3b) 

 The ponderomotive force consists of a DC term which is slowly varying in time, and a term 

that oscillates at twice the laser frequency. Keeping only the DC term, the ponderomotive force is 

( )* *
, 1 1

ˆ ˆˆ ˆ( , ) ( ) . .pond DC t q c c= ⋅∇ + × +F r r E v B .    (A4) 



 

 

73 
 

Inserting Eqs. (A3a) and (A3b) into Eq. (A4) gives 

( )
2

* *
, 2 2

ˆ ˆ ˆ ˆ( , ) (( ) ( ))(1 / ) . .
( )pond DC

qt i c c
m

ω
ω

= − ⋅∇ + × ∇× − Γ +
+Γ

F r E E E E .  (A5) 

Using the identity * * *ˆ ˆ ˆ ˆ ˆ ˆ( ) ( ) . . ( )c c⋅∇ + × ∇× + = ∇ ⋅E E E E E E , Eq. (A5) becomes 

2
* * *

, 2 2
ˆ ˆ ˆ ˆ ˆ ˆ( , ) ( ) 2 Im ( ) ( )

( )pond DC
qt

m ω ω
Γ  = − ∇ ⋅ + ⋅∇ + × ∇×  + Γ  

F r E E E E E E . (A6) 

Equation (A6) can be simplified using * * *ˆ ˆ ˆ ˆ ˆ ˆIm ( ) ( ) Im /x xE E z   ⋅∇ + × ∇× ≈ ∂ ∂   E E E E , since the 

transverse electric field dominates the longitudinal field, i.e., 0 0ρ λ>> , where 0ρ  is the laser spot 

size and 0λ  is the wavelength of the laser, for the parameters under consideration. Using this 

expression, Eq. (A6) becomes 

2 2 2

, 2 2
ˆ ˆ ˆ2

( )pond DC
q E E

m cω
Γ = − ∇ − + Γ  

F z .   (A7) 

In the absence of collisions, i.e., 0Γ = , Eq. (A7) reduces to Eq. (2.3). This derivation is valid 

under the assumption that the longitudinal laser electric field is small compared to the transverse 

field, i.e., x zE E>> , which is true for the parameters considered here. 

Appendix B: Dispersion Coefficients 
In this Appendix, I present a detailed derivation of the dispersion coefficients. The 

dispersion coefficients are the coefficients of the time derivative terms for the wave equation. In 

this appendix, the dispersion coefficients will be derived up to third order. Beginning with the 

wave equation, 

2 2 2
2

02 2 2 2

1 ( , , ) ( , , )E z t P z t
z c t t

µ⊥ ⊥ ⊥

 ∂ ∂ ∂
∇ + − = ∂ ∂ ∂ 

r r ,   (B1)  
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where 2 2 2 2 2/ /x y⊥∇ = ∂ ∂ + ∂ ∂ , ( , , )E z t⊥r  is the electric field, and ( , , )P z t⊥r  is the polarization 

field. The polarization field can be written as a linear response function to the electric field 

0
( , , ) ( ) ( , , ) ( ) ( , , )

t
P z t dt t t E z t dt t E z t tχ χ

∞

⊥ ⊥ ⊥−∞
′ ′ ′ ′ ′ ′= − = −∫ ∫r r r , and the Fourier transform is given 

by ˆˆ( , , ) ( ) ( , , )P z E zω χ ω ω⊥ ⊥=r r . We define our Fourier transform as 

1 ˆ( ) ( ) exp( )
2

F t d F i tω ω ω
π

∞

−∞
= −∫  and the inverse transform as ˆ ( ) ( ) exp( )F dtF t i tω ω

∞

−∞
= ∫ . The 

fields are represented as 0 0 0( , , ) 1/ 2 ( , , ) exp( ( )) . .E z t E z t i k z t c cω⊥ ⊥= − +r r  and 

0 0 0( , , ) 1/ 2 ( , , ) exp( ( )) . .P z t P z t i k z t c cω⊥ ⊥= − +r r , where 0k  is the wavenumber and 0ω  is the 

frequency of the light. Therefore, the polarization field amplitude is 

0 0 00
( , , ) ( ) exp( ) ( , , )P z t dt t i t E z t tχ ω

∞

⊥ ⊥′ ′ ′ ′= −∫r r . 

 Using these representations for the fields, the wave equation becomes 

22 2
2 20 0

0 0 02 2 2 2 2

2
2

0 0 0
0

12 2 ( , , )

                                                                     1 ( , , )

k ik i E z t
z c z c t c t

i P z t
t

ω ω

µ ω
ω

⊥ ⊥

⊥

 ∂ ∂ ∂ ∂
∇ + + − + + − ∂ ∂ ∂ ∂ 

 ∂
= − + ∂ 

r

r

. (B2) 

Now, we perform a change of variables into the laser pulse frame. That is, / vtt zτ = − , zη = , 

/ /t τ∂ ∂ = ∂ ∂ , and 1/ / v /tz η τ−∂ ∂ = ∂ ∂ − ∂ ∂ , where vt  is the transformation velocity. Setting this 

velocity equal to the group velocity will greatly simplify the wave equation. The wave equation 

under this transformation becomes 

2 22 2
2 20

202 2 2 2 2
2

0 0 0 02
00 0

0 2
0 0

v1 1
v

( , , ) 1 ( , , )
2 1 2 1

v v

t

t

t t

k
c c iE z t P z t

c kiik i
k c

ω
η τ

µ ω
ω τω

τ η ω τ

⊥

⊥ ⊥

  ∂ ∂
∇ + + − + −  ∂ ∂  ∂   = − +   ∂   ∂ ∂ ∂   + + + −    ∂ ∂ ∂    

r r . (B3) 
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The polarization field becomes 0 0 00
( , , ) ( ) exp( ) ( , , )P d i Eη τ τ χ τ ω τ η τ τ

∞

⊥ ⊥′ ′ ′ ′= −∫r r . 

 In order to evaluate the polarization field, we must expand 0 ( , , )E η τ τ⊥ ′−r  about τ . This 

is useful in the limit that the pulse length is much greater than the wavelength, i.e., 0( ) /T z cλ . 

Expanding the electric field gives 

2 2 3 3

0 0 0 0 02 3( ) ( ) ( ) ( ) ( ) ...
2 6

E E E E Eτ ττ τ τ τ τ τ τ
τ τ τ

′ ′∂ ∂ ∂′ ′− = − + − +
∂ ∂ ∂

.  (B4) 

The polarization field is then 

2 32 3
0 0 0

0 0 02 2 3 3
0 0 0

ˆ ˆ ˆ( ) ( ) ( )1ˆ( , , )= ( ) ... ( , , )
2 6

iP i Eχ ω χ ω χ ωη τ χ ω η τ
ω τ ω τ ω τ⊥ ⊥

 ∂ ∂ ∂∂ ∂ ∂
+ − − + ∂ ∂ ∂ ∂ ∂ ∂ 

r r , (B5) 

where 0ˆ ( )χ ω  is the electric susceptibility, which defines the linear refractive index as 

( )1/2
0 0 0ˆ( ) 1 ( ) /Ln ω χ ω ε= + . By combining Eqs. (B3) and (B5) and grouping terms by order in the 

time derivatives, the wave equation is 

22 2 3
2 20

0 0 2 3 02 2 2 3
0

2 1 ( , , ) 0
vg

ik ik Q Q E z t
c k
ω

η τ η τ τ⊥ ⊥

  ∂ ∂ ∂ ∂ ∂
∇ + + − + + + + =    ∂ ∂ ∂ ∂ ∂  

r , (B6) 

where 

2 2
0 0 0 0

2 0 0 0 0 0 22 2 2
0 0

ˆ ˆ( ) ( )1 1 ˆ ( ) 2
v 2t

Q
c

χ ω µ ω χ ωµ χ ω µ ω β β
ω ω

∂ ∂
= − − − − = −

∂ ∂
  (B7a) 

2 2 3
0 0 0 0 0 3

3 0 0 1 22 3
0 0 0

ˆ ˆ ˆ( ) ( ) ( )
6 3

Q i iχ ω χ ω ω χ ω β βµ ω β β
ω ω ω

 ∂ ∂ ∂  = − + + = − +   ∂ ∂ ∂   
. (B7b) 

In this equation we have taken v vt g≡ , where the group velocity is 

1

0 0 0

0 0 0 0 1

0 0 0

( ) ( ( )) 1v ˆ ˆ( ) ( )1
2

L L
g

n c ncω ω ω
χ ω ω χ ω ω β
ε ε ω

−
 ∂

= = = ∂ ∂ + +
∂

,   (B8) 
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where 0 0

0

( )l
L

l l

n
c

ω ωβ
ω
∂  =  ∂  

. 

Typical values for the group velocity dispersion parameters at approximately 1 mλ µ=  are 

220 fs /m≈  for second order dispersion and 310 fs /m≈  for third order dispersion in air. It is 

conventional to include the effects of third order dispersion for pulse lengths <30 fs when there is 

no chirp [71]. 

Appendix C: Simulation Coefficients for the Hybrid Instability 
In this appendix we derive the equations that are used in the simulation code. Substituting 

the representations in Eqs. (3.33a) and (3.33b) into Eqs. (3.24a) and (3.24b) gives 

[ ( ) ( )

( ) ( ) ]

2 2 2
0 , , , , , ,2

, , 0 0

, , , , , , , , , ,2 2
0

1 2
2

          2 2 exp( ( , , ))

nR
n l GVD s n l s n l s n l s

n l s

l GVD s
n l s n l s n l s n l s n l s

ka k k k b i b a x
z k k R

ki b a y i b a i x y
k R T

β ω α

β ωα β τ ψ τ

∂
= + − + +

∂

+ + + +

∑
, (C1a) 

[ ( ) ( )

( ) ( )

]

2 2 2
0 , , , , , ,2

, , 0 0

, , , , , , , ,2 2
0

2 22
0

, , ,2 2 2
0 0 0

21
2

2 2          

2          exp 2 exp 2 exp(

nI
n l GVD s n l s n l s n l s

m n s

l GVD s
n l s n l s n l s n l s

n l s n
NL

ika k k k a a b x
z k k R

ik ia b y a b
k R T

P E x a i
k R P E R T

β ω α

β ωα β τ

τ ψ

∂
= − + − − −

∂

− − − −

    
+ − −    

    

∑

, ( , , ))l s x y τ

.  (C1b) 

Multiplying Eqs. (C1a) and (C1b) by , ,exp( ( , , ))m j qi x yψ τ−  and integrating over , andx y τ , i.e., 

3 2 1(8 )
NR NR NT

NR NR NT

N R T dx dy dτ−

− − −
∫ ∫ ∫ , gives 

, ,
, , , , , , , , , , , , , ,

, ,

m j q
m n j l q s n l s m n j l q s n l s

n l s

a
KA a KB b

z
∂

= +
∂ ∑ ,     (C2a) 

2
, , 0

, , , , , , , , , , , , , , , , ,2
, , 0 0 0

2m j q
m n j l q s n m l j s q n l s m n j l q s n l s

n l s NL

b P EKB H H F a KA b
z k R P E

 ∂  
 = − − +  ∂   

∑ , (C2b) 
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where the coefficients are given by 

( ), , , , , , , , , , , , , ,2 2
0

, , , , , , , , ,
, ,

22

             

GVD s
m n j l q s n n m l j s q l n m l j s q n m l j s q

qm l
n m l j s q n m l j s q n m l j s q

n l s

iiKA k G k G J
k R T

k ki G G J
z z z

β ωα δ δ δ δ βδ δ

ω
δ δ δ δ δ δ

= + +

∂ ∂ ∂
− + − ∂ ∂ ∂ 
∑

,  (C3a) 

( )
2 2 2

0
, , , , , , , , , , , , , ,2

0 0

, , ,2

( ) 2
2

2               

n l GVD s
m n j l q s n m l j s q n n m l j s q l n m l j s q

GVD s
n m l j s q

k k k iKB k G k G
k k R

i J
T

β ω δ δ δ δ δ δ δ

β ω δ δ

+ −
= + +

+

. (C3b) 

The coefficients used in Eqs. (C2) and (C3) are listed below 

,
1 exp( ( ) )

2

NR

n m n m
NR

i k k x dx
NR

δ
−

= −∫ ,        (C4) 

,
1( ) exp( ( ) )

2

NR

n m n m
NR

G z x i k k x dx
NR −

= −∫ ,       (C5) 

, ,( ) , for and ( ) 0 forn m n n
n m

iG z n m G z n m
k k

= − ≠ = =
−

,    (C6) 

2 2
,

1( ) exp( 2 / ) exp( ( ) )
2

NR

n m n m
NR

H z x R i k k x dx
NR −

= − −∫ ,     (C7) 

2 2 2 2

, 2

1 ( ) 2 ( ) 2 ( )( ) exp Erf Erf
4 2 2 2 2n m

n m N i m n N i m nH z
N N N N

π π π π      − − − + −
= − +      

      
, (C8) 

,
1 exp( ( ) )

2

NT

s q s q
NT

i d
NT

δ ω ω τ τ
−

= − −∫ ,       (C9) 

,
1( ) exp( ( ) )

2

NT

s q s q
NT

J z i d
NT

τ ω ω τ τ
−

= − −∫ ,       (C10) 

, ,( ) , for and ( ) 0 fors q s s
s q

iJ z s q J z s q
ω ω

= ≠ = =
−

,     (C11) 
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2 2
,

1( ) exp( 2 / ) exp( ( ) )
2

NT

s q s q
NT

F z T i d
NT

τ ω ω τ τ
−

= − − −∫ ,     (C12) 

2 2 2 2

, 2

1 ( ) 2 ( ) 2 ( )( ) exp Erf Erf
4 2 2 2 2s q

s q N i q s N i q sF z
N N N N

π π π π      − − − + −
= − +      

      
.  (C13) 

Appendix D: Nonlinear Fluid Formulation 
In this Appendix, I present a derivation of the nonlinear fluid equations. Equations (4.4a) - 

(4.4d) are written in the field variables, i.e., z and t. We now convert them to fluid variables 0z  

and τ . The transformation is 0 00
( , ') 'ez z V z d

τ
τ τ= + ∫  and t τ= , where 0( , )eV z τ  is the velocity of 

the fluid element which started at 0z  as a function of time τ . The transformation rules for the 

derivatives are 0/ / ( , ) /et V z zτ τ∂ ∂ = ∂ ∂ + ∂ ∂  and ( )0 0 00
/ 1 ( , ') / ' /ez V z z d z

τ
τ τ∂ ∂ = + ∂ ∂ ∂ ∂∫ . 

Applying these transformation rules to Eqs. (4.4a) - (4.4d) gives 

( )0
0 0

( , ) ( , ) ( , )e
NL

V z q E z E z
m

τ τ τ
τ

∂
= +

∂
 ,     (D1a) 

0 0 0
0 0

0 00

00

( , ) ( , ) ( , ) ( , ) ( , )
( , ')1 '

e
e e

e

E z V z E z q N z V z
zV z d

z

τ

τ τ τ τ τ
τ ετ τ

∂ ∂
− = −

∂ ∂∂
+

∂∫
,  (D1b) 

0 0 0

00

00

( , ) ( , ) ( , ) 0
( , ')1 '

e e e

e

N z N z V z
zV z d

z

τ

τ τ τ
τ τ τ

∂ ∂
+ =

∂ ∂∂
+

∂∫
,    (D1c) 

( )0
0 0 0

0 00

00

( , )1 ( , ) ( )
( , ')1 '

e
e

E z q N z N z
zV z d

z

τ

τ τ
ετ τ

∂
= −

∂∂
+

∂∫
.   (D1d) 

Combining Eqs. (D1b) and (D1d) gives 

0
0 0 0

0

( , ) ( ) ( , )e
E z q N z V zτ τ

τ ε
∂

= −
∂

.     (D2) 
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Combining Eq. (D1a) and Eq. (D2) gives 

2
20 0

0 02

( , ) ( , )( ) ( , )e NL
p e

V z E zqz V z
m

τ τω τ
τ τ

∂ ∂
+ =

∂ ∂
,   (D3) 

where 2 2
0 0 0 0( ) ( ) /p z q N z mω ε=  is the plasma frequency. Introducing the definition 

0 0( , ) ( , ) /e eV z z zτ τ τ≡ ∂ ∂ , where 0( ,0) 0ez z = , yields 

2
20

0 0 02

( , ) ( ) ( , ) ( , )e
p e NL

z z qz z z E z
m

τ ω τ τ
τ

∂
+ =

∂
,    (D4) 

where ( )0 0( , ) (1/ 2) exp( )exp ( ( , ) ) . .NL pond eE z i E i kz i kz z c cτ τ ωτ= − ∆ ∆ −∆ + . Inserting the definition 

for the nonlinear electric field into Eq. (D4) gives 

( ) ( )
2

20
0 0 02

( , ) ( ) ( , ) exp ( ) exp ( , ) . .e
p e pond e

z z z z z i V i kz i kz z c cτ ω τ ω ωτ τ
τ

∂
+ = − ∆ ∆ −∆ ∆ +

∂
, (D5) 

where / 2pond pondV qE m ω= ∆ . Equation (D5) describes the full nonlinear plasma dynamics in 1D. 

The fluid quantities 0( , )E z τ , 0( , )eN z τ , and 0( , )eJ z τ  can all be derived in terms of 

0( , )ez z τ . From Eq. (D2), we find 

0 0 0 0
0

( , ) ( ) ( , )e
qE z N z z zτ τ
ε

= − .    (D6) 

Using Eq. (D1d) with Eq. (D6) gives 

0 0 0 0 0 0
0

0 0

( ) ( ( ) / ) ( , )( , )
1 ( , ) /

e
e

e

N z N z z z zN z
z z z

ττ
τ

− ∂ ∂
=

+ ∂ ∂
.   (D7) 

Using the definition for the electric current density, we find 

0 0 0 0 0 0 0
0

0 0

( ) ( ( ) / ) ( , ) ( , )( , )
1 ( , ) /

e e
e

e

N z N z z z z z zJ z q
z z z

τ ττ
τ τ

 − ∂ ∂ ∂
=  + ∂ ∂ ∂ 

.  (D8) 
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The electric current density is necessary for determining the HF signal generated by the interaction 

of the electric field with the plasma. The current density must be converted back to the field 

variables in order to find the vector potential of the HF radiation. 
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