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simulators. We have created state-of-the-art differentiable physics for rigid bodies, cloth, fluids,

articulated bodies, and deformable solids, achieving performance orders of magnitude better than

existing alternatives. These differentiable simulators are applied to solve inverse problems, train

control policies, and enhance reinforcement learning algorithms.
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Chapter 1: Overview

1.1 Motivation

Physically-based simulation has become an essential component in animation, visual effects,

and broader computational problems, such as aircraft design and digital fabrication. In the

recent wave of machine learning, simulation environments for games, robots, and autonomous

cars have played a crucial role as infrastructure, fostering breakthroughs in learning algorithms.

With stronger artificial general intelligence approaching, I believe that simulation will be even

more important. We need physics-informed AI; any intelligent agent needs to be safely trained,

aligned, and verified in a simulated sandbox before it can ultimately be deployed and benefit our

human society. Moreover, despite the presence of numerous simulation models and real-world

data, people are working to address the sim-to-real (generalization and robustness problems) and

real-to-sim (digital twin) gaps. Simply enlarging the dataset size or pursuing infinitely accurate

simulation would be too expensive. Instead, I aim to leverage the merits of both data-driven

and model-based approaches by designing novel physics-informed learning algorithms. In recent

years, I have undertaken many pioneering works in differentiable simulation toward this goal.

My research goal is to develop safe, realistic, and efficient simulations for graphics, robotics,

embodied AI, digital twin, and inverse design.

The core of my work can be distilled into a three-part closed-loop pipeline, as illustrated
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in Figure 1. (1) Formulate the governing dynamics: I will initially define the underlying rules of

the system and tailor the simulation to be efficient and realistic for machine learning algorithms.

(2) Generate and understand observations: Subsequently, coupling the simulation output with

real-world observations, the existing data can be used to refine our model-based approach by

automatically finetuning the simulation parameters. (3) Interact and control the system: With

prior knowledge of the model and insights gained from real data, our algorithms can make

more informed decisions to interact with the system. Throughout this closed-loop pipeline, my

collaborators and I have developed several software libraries and made significant contributions

published in internationally renowned venues, as ICML, NeurIPS, ICLR, Siggraph Asia, ICRA,

and ICCV. Those works have garnered significant interest from researchers across the Machine

Learning, Computer Graphics, Robotics, and Computer Vision research communities.

Figure 1.1: An overview of my research. Upper boxes are the closed-loop pipeline, and the lower
boxes are my works.

1.2 Related work

1.2.1 Differentiable Programming

Differentiable physics provides gradients for learning, control, and inverse problems that

involve physical systems. [1] advocate using differentiable physics to solve control problems

in robotics. [2] obtain gradients of 2D rigid body dynamics. [3] use automatic differentiation
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tools to obtain gradients for cloth simulation. [4] develop a more comprehensive differentiable

physics engine for rigid bodies and cloth based on mesh representations. [5] present differentiable

simulation of protein dynamics. For volumetric data, ChainQueen [6] computes gradients of the

MPM simulation pipeline. [7] use FEM to model soft robots and perform trajectory optimization

with analytic gradients. [8] differentiate the simulation of fluids with solid coupling.

Many exciting applications of differentiable physics have been explored [9, 10, 11, 12].

[13] propose a soft-body manipulation benchmark for differentiable physics. [14] manipulate

tools with the help of differentiable physics. [15] perform system identification by learning

from the trajectory, and [16] then use the estimated frictional properties to help robotic pushing.

Differentiable simulation can also be used to train control policies by optimizing model predictive

control’s objective function [17, 18].

A related line of work concerns the development of powerful automatic differentiation

tools that can be used to differentiate simulation. DiffTaichi [19] provides a new programming

language and a compiler, enabling the high-performance Taichi simulator to compute the gradients

of the simulation. JAX MD [20] makes use of the JAX autodiff library [21] to differentiate

molecular dynamics simulation. These works have specifically made use of vectorization on

both CPU and GPU to achieve high performance on grids and particle sets, where the simulation

is intrinsically parallel. In contrast, the simulation of articulated bodies is far more serial, as

dynamics propagates along kinematic paths rather than acting in parallel on grid cells or particles.

TinyDiffSim [22] provides a templatized simulation framework that can leverage existing

autodiff tools such as CppAD [23], Ceres [24], and PyTorch [25] to differentiate simulation.

However, these methods introduce significant overhead in tracing the computation graph and

accumulate substantial computational and memory costs when applied to articulated bodies.
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Our method does not need to store the entire computation graph to compute the gradients.

We store the initial states of each simulation step and reproduce the intermediate results when

needed by the backward pass. This checkpointing strategy is also used in training neural ODEs [26]

and large neural networks [27, 28, 29, 30]. We are the first to adapt this technique to articulated

dynamics, achieving dramatic reductions in memory consumption and enabling stable simulation

of long experiences.

Adjoint method. The adjoint method has been applied to fluid control [31], PDEs [32], light

transport simulation [33], and neural ODEs [26, 34]. Recently, [35] proposed to use the adjoint

method in multi-body dynamics. However, they operate in maximal coordinates and model

body attachments using springs. This does not enforce physical validity of articulated bodies.

In contrast, we operate in reduced coordinates and derive the adjoints for the articulated body

algorithm and spatial algebra operators that properly model the body’s joints. This supports

physically correct simulation with joint torques, limits, Coriolis forces, and proper transmission

of internal forces between links.

Neural approximation. A number of works approximate physics simulation using neural networks [36,

37, 38, 39, 40, 41, 42, 43, 44, 45, 46]. Physical principles have also been incorporated in the

design of neural networks [47, 48, 49, 50, 51]. Approximate simulation by neural networks is

naturally differentiable, but the networks are not constrained to abide by the underlying physical

dynamics and simulation fidelity may degenerate outside the training distribution.
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1.2.2 Simulation and Animation Techniques

Deformable body simulation using Finite Element Method (FEM) plays an important role

in many scientific and engineering problems [52, 53, 54]. Previous works model soft bodies using

different representations and methods for specific tasks. There are several kinds of approaches

for modeling body actuation. Pneumatic-based methods [55] change the rest shape to produce

reaction forces. Rigid bones attached within soft materials are also used to control the motion of

deformable bodies [56, 57, 58, 59]. To further simulate biologically realistic motion, it is common

to apply joint torques in articulated skeletons [60]. For example, [61, 62] use articulated body

dynamics to govern the motion while handling collisions using soft contact. Inspired by animals,

different designs of muscle-like actuators for soft-body simulations were also proposed [63, 64,

65].

Regarding contact modeling, spring-based penalty forces are widely used [66, 67, 68] for

their simplicity. More advanced algorithms include inelastic projection [69, 70] and barrier-based

repulsion [71, 72]. However, these methods do not always conform to Coulomb’s frictional law.

We opt for a more realistic dry frictional model [73] to better handle collisions.

Projective Dynamics [74] is widely used for its robustness and efficiency for implicit

time integration. It has been extended to model muscles [75], rigid skeletons [76], realistic

materials [77], and accurate contact forces [78]. Our method also adopts this framework for faster

and more stable time integration. In contrast to the aforementioned methods using Projective

Dynamics, our algorithm is the first to enable joint actuation in articulated skeletons together

with a generalized dry frictional contact for soft body dynamics.
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1.2.3 Differentiable 3D Reconstruction

Differentiable volume rendering with implicit neural representation have recently been

used to synthesize novel views, estimate geometry and appearance. Neural Radiance Field

(NeRF) [79], and its follow-on works [80, 81, 82, 83] have achieved photorealistic rendering

results even on complex scenes. The expressive coordinate-based multi-layer perceptron (MLP)

representation equips the scene with high resolution [84] while remains regularized [85] and

memory-efficient. Compared with differentiable surface rendering [86, 87], volume rendering

could backpropagate gradients to the entire space so to better handle complex geometry optimization

with topological changes and mitigate local minima. The original density field from NeRF

cannot directly reconstruct high-quality surface mesh, so SDF-based neural fields [88, 89, 90]

are proposed for multi-view geometry reconstruction. Compared to other discrete representation

like mesh [91, 92, 93], point cloud [94, 95] and voxels [96, 97], SDF-field has higher resolution.

And the the NeRF-based method can take raw RGB images without pixel-lebel segmentation [98,

99, 100]. However, current SDF-based neural fields cannot handle dynamic scenes. Recent work

has extended NeRF to videos of dynamic scenes [101, 102, 103], but they mainly focus on the

2D image synthesis, and few of them can reconstruct the 3D geometry well. They either learn

a canonical field with time-dependent motion [104, 105, 106, 107] or condition all the fields

on the time axis [108, 109, 110]. We choose the former strategy because decoupling motion

from the geometry makes the formulation more constrained and it also provides us with point-

wise correspondence. All the mentioned dynamic extension of NeRF focus on the 2D video

reconstruction and lack regularization on the 3D geometry. Our method can reconstruct the

geometry much better than the existing works. Moreover, since single-video 3D reconstruction

7



is highly ill-posed, our geometry prior can also help improving the image reconstruction quality.

1.3 Outline of Dissertation

The subsequent chapters in this dissertation are organized as follows.

In Part II, we will demonstrate how to develop differentiable simulation for several dynamical

systems.

Chapter 2 is dedicated to the two-way coupling of rigid body and cloth. We develop a

scalable framework for differentiable physics that can support a large number of objects and their

interactions. To accommodate objects with arbitrary geometry and topology, we adopt meshes

as our representation and leverage the sparsity of contacts for scalable differentiable collision

handling. Collisions are resolved in localized regions to minimize the number of optimization

variables even when the number of simulated objects is high. We further accelerate implicit

differentiation of optimization with nonlinear constraints. Experiments demonstrate that the

presented framework requires up to two orders of magnitude less memory and computation

in comparison to recent particle-based methods. We further validate the approach on inverse

problems and control scenarios, where it outperforms derivative-free and model-free baselines

by at least an order of magnitude.

Chapter 3 utilizes the adjoint method and checkpoint method for high-performance articulated

body simulation. We present a method for efficient differentiable simulation of articulated bodies.

This enables integration of articulated body dynamics into deep learning frameworks, and gradient-

based optimization of neural networks that operate on articulated bodies. We derive the gradients

of the forward dynamics using spatial algebra and the adjoint method. Our approach is an order
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of magnitude faster than autodiff tools. By only saving the initial states throughout the simulation

process, our method reduces memory requirements by two orders of magnitude. We demonstrate

the utility of efficient differentiable dynamics for articulated bodies in a variety of applications.

We show that reinforcement learning with articulated systems can be accelerated using gradients

provided by our method. In applications to control and inverse problems, gradient-based optimization

enabled by our work accelerates convergence by more than an order of magnitude.

Chapter 4 provides a comprehensive simulation platform for articulated soft bodies. We

present a method for differentiable simulation of soft articulated bodies. Our work enables

the integration of differentiable physical dynamics into gradient-based pipelines. We develop

a top-down matrix assembly algorithm within Projective Dynamics and derive a generalized dry

friction model for soft continuum using a new matrix splitting strategy. We derive a differentiable

control framework for soft articulated bodies driven by muscles, joint torques, or pneumatic

tubes. The experiments demonstrate that our designs make soft body simulation more stable

and realistic compared to other frameworks. Our method accelerates the solution of system

identification problems by more than an order of magnitude, and enables efficient gradient-based

learning of motion control with soft robots.

Chapter 5 presents other differentiable systems that I have been involved with, including

traffic simulation, fluid simulation, and quantum computing.

In Part III, we will go further and study how to fuse simulation and real-world observation.

Chapter 6 proposes to combine NeRF and differentiable simulation to reconstruct and

simulate video data. We present a method for learning 3D geometry and physics parameters

of a dynamic scene from only a monocular RGB video input. To decouple the learning of

underlying scene geometry from dynamic motion, we represent the scene as a time-invariant
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signed distance function (SDF) which serves as a reference frame, along with a time-conditioned

deformation field. We further bridge this neural geometry representation with a differentiable

physics simulator by designing a two-way conversion between the neural field and its corresponding

hexahedral mesh, enabling us to estimate physics parameters from the source video by minimizing

a cycle consistency loss. Our method also allows a user to interactively edit 3D objects from the

source video by modifying the recovered hexahedral mesh, and propagating the operation back

to the neural field representation. Experiments show that our method achieves superior mesh and

video reconstruction of dynamic scenes compared to competing Neural Field approaches, and

we provide extensive examples which demonstrate its ability to extract useful 3D representations

from videos captured with consumer-grade cameras.

Chapter 7 designs a two-way coupling between mesh and NeRF during the rendering and

simulation. We first review the light transport equations for both mesh and NeRF, then distill

them into a straightforward algorithm for updating radiance and throughput along a cast ray

with an arbitrary number of bounces. To address the discrepancy between the linear color space

that the path tracer assumes, versus the sRGB color space that standard NeRF uses, we train

NeRF with High Dynamic Range images to pull the radiance field back to the linear space.

Finally, we consider how the hybrid surface-volumetric formulation can be efficiently integrated

with a high-performance physics simulator that supports rigid and soft bodies, and cloth. The

full rendering and simulation system can be run on a GPU at interactive rates. We show that a

hybrid system approach outperforms alternatives in achieving visually realistic mesh insertion

into a NeRF scene, because it allows realistic light transport from volumetric NeRF media onto

surfaces, which affects the appearance of reflective/refractive surfaces and illumination of diffuse

surfaces informed by the scene.
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Chapter 8 introduces a method to utilize differentiable priors in hand-related tasks. Our

approach uses rendering priors to align with input images and segmentation masks, while physics

priors mitigate penetration and relative-sliding across frames. Furthermore, we present two

alternatives for hand and object pose estimation. The optimization-based pose estimation achieves

high accuracy, while the filtering-based tracking, which utilizes the differentiable priors as dynamics

and observation models, runs faster. We show that our method achieves comparable or better

results in the pose estimation task, and the differentiable physics module enables us to predict

contact information for pose refinement. We also show that our approach generalizes to perception

tasks including robotic hand manipulation and human-object pose estimation in the wild.

Chapter 9 includes two additional works on simulation from real-world observations.

Chapter 10 concludes by summarizing the key contributions and suggest possible future

directions in extending my dissertation research.
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Part II

Differentiable Simulation
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Chapter 2: Scalable Differentiable Physics for Learning and Control

2.1 Introduction

Differentiable physics enables gradient-based learning systems to strictly adhere to physical

dynamics. By making physics simulation differentiable, we can backpropagate through the

physical consequences of actions. This enables agents to quickly learn to achieve desired effects

in the physical world. It is also a principled and effective approach to inverse problems that

involve physical systems [1, 2, 14, 39].

Recent efforts have significantly advanced the understanding of differentiable physics in

machine learning and robotics. Automatic differentiation and analytical methods have been

applied to derive a variety of differentiable simulation engines [3, 5, 19, 32]. Yet existing

differentiable frameworks are still limited in their ability to simulate complex scenes composed

of many detailed interacting objects. For example, modeling assumptions have limited some

existing frameworks to restricted object classes, such as balls or two-dimensional polygons [1, 2].

Other approaches adopt expressive grid- or particle-based formulations, which are general in

principle but have not scaled to detailed simulation of large scenes due to the cubic growth rates

of volumetric grids and particles [6, 38, 111]. For example, a grid of size 10243 has on the

order of a billion elements, and this resolution is still quite coarse in comparison to the scale and

detail of physical environments we encounter in daily life, such as city streets. Particle-based
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representations likewise suffer from explosive growth rates or limited resolution: Macklin et al.

[112] suggest a maximum size ratio of 1:10 between the smallest and largest feature, or placing

particles only around boundaries, which runs the risk of object tunneling.

In this chapter, we develop a differentiable physics framework that addresses these limitations.

We adopt meshes as a general representation of objects. Meshes are the most widely used

specification for object geometry in computer graphics and scientific computing. Meshes are

inherently sparse, can model objects of any shape, and can compactly specify environments with

both large spatial extent and highly detailed features [113].

The use of meshes brings up the challenge of collision handling, since collisions can occur

anywhere on the surface of the mesh. Prior frameworks adopted global LCP-based formulations,

which severely limited scalability [1, 2]. In contrast, we leverage the structure of contacts by

grouping them into localized impact zones, which can be efficiently represented and processed [114,

115]. This substantially reduces the number of variables and constraints involved in specifying

dynamical scenes and dramatically speeds up backpropagation.

Following prior work, we use implicit differentiation to compute gradients induced by

an optimization problem embedded in the simulation [3, 116]. One of our contributions is an

acceleration scheme that can handle the nonlinear constraints encountered in our system.

We evaluate the scalability and generality of the presented approach experimentally. Controlled

experiments that vary the number of objects in the scene and their relative scales demonstrate that

our approach is dramatically more efficient than state-of-the-art differentiable physics frameworks.

Since meshes can represent both rigid and deformable objects, our work is also the first differentiable

physics framework that can simulate two-way coupling of rigid bodies and cloth. We further

demonstrate example applications to learning and control scenarios, where the presented framework
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outperforms derivative-free and model-free baselines by at least an order of magnitude. Code

is available on our project page: https://gamma.umd.edu/researchdirections/

mlphysics/diffsim

2.2 Related Work

Backpropagating through physical dynamics is an enticing prospect for embedding physical

reasoning into learning processes. Degrave et al. [1] articulated the potential of this approach

and applied automatic differentiation to rigid body systems where contacts are assumed to only

happen between balls and planes. Although this assumption simplifies collision detection and

response, it greatly limits the scope of application. de Avila Belbute-Peres et al. [2] introduced

implicit differentiation for gradient computation, obviating the need to explicitly differentiate

through all steps of the forward optimization solver. By designing specific rules for collision

response, their framework supports simple two-dimensional shapes such as circles and polygons,

but was not extended to general 3D objects. Toussaint et al. [14] utilized differentiable primitives

to develop a robot reasoning system that can achieve user-defined tasks. It is designed for path

planning with sphere-swept shapes and frictionless interactions, but not for general control tasks.

Building on the implicit differentiation methodology, Liang et al. [3] developed a differentiable

simulator for cloth. Their formulation assumes that each node can move independently and is

only tied to others by soft constraints. This is true for cloth but not for rigid bodies. Carpentier and

Mansard [117] developed algorithms for efficient computation of analytical derivatives of rigid-

body dynamics, but did not handle collision. Millard et al. [118] implemented an articulated body

simulator in a reverse-mode automatic differentiation framework, but likewise did not handle
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dynamic contact and collision response, which are at the heart of our work.

Hu et al. [6] developed a differentiable simulator for deformable objects based on the

material point method (MPM). A follow-up work applies this framework to controller design

for soft robots [9]. This approach is effective in handling soft bodies, but has limited ability to

enforce rigid structure. Since the method is based on particles and grids, it has limited scalability

and has not been applied to large scenes with interacting objects. In contrast, our method uses

meshes to represent objects, naturally enforces precise detailed geometry, and scales to scenes

with both large spatial extent and fine local features.

Hu et al. [19] introduce a domain-specific language for building differentiable physical

simulators. This work develops a programming language and compiler that can be broadly useful

throughout the differentiable physics community, including to projects such as ours. However,

at present this framework does not deal with general mesh-based rigid and deformable objects.

Their rigid-body scenario uses rectangles constrained by springs, with contact responses only

possible between rectangles and the ground plane. Their three-dimensional scenario uses soft

bodies modeled by particles and grids and inherits the aforementioned limitations of MPM-based

modeling.

A line of work developed particle-based frameworks for differentiable simulation of fluids [39,

44] and unified treatment of fluids and solids [38, 111]. These frameworks resort to approximations

in handling rigid bodies and detailed geometry, and suffer from high growth rates in the scale of

objects and scenes. The generality of particle-based approaches is appealing, but their scalability

limitations are well-known and are explicitly discussed in the literature [112]. We take a different

tack and model objects as meshes, thus harnessing the scalability and generality of this representation.

Some of the aforementioned works, as well as others [36, 37, 40, 42], fit function approximators
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Figure 2.1: Differentiable simulation embedded in a neural network. The loss can be
backpropagated through the physics simulator to the control signal, thus enabling end-to-end
gradient-based training of the controller network. This approach enables faster convergence with
higher accuracy in learning and control of physical systems.

to demonstrations of physical dynamics. Such approximators are valuable, but may not fully

capture the true underlying physics and may degenerate outside the training distribution. Our

work follows the program exemplified by Degrave et al. [1], de Avila Belbute-Peres et al. [2],

and others in that we aim to backpropagate through the true physical dynamics. In this approach,

physical correctness is enforced by construction.

2.3 Overview

Our differentiable physics engine can function as a layer embedded within a broader differentiable

pipeline, with other neural network layers in the loop. This scenario is illustrated in Figure 2.1.

Given observations from simulation, the network can compute control signals and send them to

the simulator. The physics engine performs time integration, evaluates collision response, and

updates the mesh states. The simulation results can be used to evaluate the loss and provide

new observations to the network, thus closing the loop. All operations in our physics engine are

differentiable, supporting end-to-end gradient-based optimization of the complete pipeline. As

mentioned earlier, state-of-the-art differentiable simulation algorithms often suffer from scalability

issues. They either use particle representations, which have cubic growth rates with respect to
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object sizes, or compute custom dynamic responses for a limited number of object primitives,

which have limited ability to represent complex shapes. Our method resolves these issues to

advance scalability and generality.

Section 2.4 introduces our notation and the basic forward integration scheme. To facilitate

scalability and generality, we adopt meshes as our basic object representation. Simulation of

complex scenes brings up the challenge of collision detection and response. We describe an

efficient collision handling scheme in Section 2.5. Observing that collisions are often sparse, we

utilize the impact zone method and handle collisions and contact forces locally in independent

collision areas. This collision handling scheme has linear computational complexity with respect

to the number of constraints rather than the total number of nodes. Our unified collision handling

formulation also enables differentiable two-way coupling of rigid bodies and cloth. In Section 2.6,

we describe the challenges involved in differentiation and introduce an acceleration scheme for

implicit differentiation with nonlinear constraints.

2.4 Preliminaries

After construction of the system, the dynamics can be written as

d

dt

 q

q̇

 =

 q̇

q̈

 =

 q̇

M−1f(q, q̇)

 , (2.4.0.1)

where M is the mass matrix and f is the generalized force vector. We incorporate contact

forces [115], internal forces including bending and stretching [119], and external forces including

gravity and control input. For numerical simulation, the dynamical system can be discretized with
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time step h. At time t0, with q0 = q(t0) and q̇0 = q̇(t0), we can compute the increment of the

coordinates ∆q = q(t0 + h) − q(t0) and velocities ∆q̇ = q̇(t0 + h) − q̇(t0) using the implicit

Euler method [120]:

 ∆q

∆q̇

 = h

 q̇0 +∆q̇

M−1f(q+∆q, q̇+∆q̇)

 . (2.4.0.2)

With a linear approximation, we can solve for ∆q̇,

(
h−1M− ∂f

∂q̇
− h∂f

∂q

)
∆q̇ = f0 + h

∂f

∂q
q̇0, (2.4.0.3)

which can then be used to compute q(t0 + h) and q̇(t0 + h) for the next time step.

2.5 Scalable Collision Handling

One of the most time-consuming and complex parts of physics simulation is collision

handling. The difficulty, especially for differentiable physics, lies in how to compute the correct

derivatives efficiently even in a large scene with many interacting objects. As observed by Hu

et al. [19], naive discrete-time impulse-based collision response can lead to completely incorrect

gradients. We apply continuous collision detection to circumvent this problem. We also employ

a bounding volume hierarchy to localize and accelerate dynamic collision detection.

Traditional collision response algorithms for rigid bodies commonly employ global LCP-

based solvers to resolve collisions [2]. This works well for small-to-medium-size systems, but

does not scale well when the number of objects increases. The problem is exacerbated when the

derivatives of all DOFs in this large system need to be computed simultaneously, which is exactly
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what backpropagation does.

Our key observation is that collisions are sparse in the majority of simulation steps, which

means that the number of collisions is much smaller than the total DOF. As shown in Figure 2.2,

collisions are commonly localized around the scene. With this observation, we resolve collision

locally among the objects involved, rather than setting up a global optimization, updating coordinates,

and computing the gradients for all objects in the environment.

One way to represent local collisions is to

use impact zones [114, 115]. An impact is a pair

of primitives colliding with each other. It can be

an edge-edge (EE) or a vertex-face (VF) pair. For

these two cases, the non-penetration constraints can

be written as

0 ≤ Cee = n · [(α3x3 + α4x4)− (α1x1 + α2x2)]

0 ≤ Cvf = n · [x4 − (α1x1 + α2x2 + α3x3)], (2.5.0.1)

respectively, where xi are the positions of the mesh vertices, αi are the barycentric coordinates,

and n is the normal of the colliding plane.

Impacts may share vertices. All the impacts in one connected component are said to form

an impact zone. Each impact zone is a local area that can be treated independently. The red

areas in Figure 2.2 are impact zones. Collision resolution in one impact zone can be written as
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an optimization problem:

minimize
x′

1

2
(x− x′)⊤M(x− x′)

subject to Gx′ + h ≤ 0. (2.5.0.2)

Here x is the concatenation of vertex positions in the impact zone before collision handling; x′

are the resolved positions that satisfy constraints; M is the mass matrix; G and h are a matrix

and a vector derived from the constraints in Equation 2.5.0.1.

The impact zone method is fail-safe [114] and is commonly used in cloth simulation, where

each vertex in the cloth is free and can be explicitly optimized when solving Equation 2.5.0.2.

However, we cannot directly use this formulation for rigid bodies, because all vertices in a rigid

body are tied and cannot be optimized separately. A possible treatment is to use additional

constraints on the relative positions of vertices to enforce rigidity. However, the number of

vertices in a rigid body is usually far larger than its DOF. We therefore take a different approach

that minimizes the number of optimization variables in the system. This is critical for scalable

backpropagation in such systems.

We make a distinction between contact vertices x and the objects’ generalized coordinates

q. The actual optimization variables are replaced by q. For a rigid body i with rotation r =

(ϕ, θ, ψ)⊤ and translation t = (tx, ty, tz)
⊤, the generalized coordinates are q = [r⊤, t⊤]⊤ ∈ R6.

The block-diagonal mass matrix M̂ ∈ R6×6 is accordingly changed into angular and linear

inertia. The constraints are rewritten using the new variables. A function f(·) maps generalized

coordinates q to a contact point x, including both rotation and translation. Detailed formulations

of M̂ and f(·) are given in Appendices A and A. The optimization problem for collision resolution
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Figure 2.2: Collision visualization. Regions in collision are shown in red. In most cases, the
number of collisions is sparse compared to the number of degrees of freedom in the scene.

becomes

minimize
q′

1

2
(q− q′)⊤M̂(q− q′)

subject to Gf(q′) + h ≤ 0. (2.5.0.3)

2.6 Fast Differentiation

Gradients for the sparse linear system in Equation 2.4.0.3 can be computed via implicit

differentiation [3, 116]. Other basic operations can be handled by automatic differentiation [121].

However, the heaviest computation is induced by collision handling, which can take up to 90%

of the runtime for a single simulation step. Collision resolution can involve multiple iterations

of the optimization specified in Equation 2.5.0.3 for each impact zone. Liang et al. [3] proposed
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a method that reduces computation, but it only deals with linear constraints and does not apply

in our case due to the the nonlinearity introduced by f(·). We now develop an appropriate

acceleration scheme that works in our setting.

Consider the differentiation in our case. At a local minimum z∗ with Lagrange multiplier

λ∗, the following KKT conditions hold:

M̂z∗ − M̂q+∇f⊤G⊤λ∗ = 0

D(λ∗)(Gf(z∗) + h) = 0, (2.6.0.1)

whereD(·) packages a vector into a diagonal matrix. The key idea here is to linearize f(·) around

a small neighborhood of z∗. The implicit differentiation is formulated as

 M̂ ∇f⊤G⊤

D(λ∗)G∇f D(Gf(z∗) + h)


 ∂z

∂λ

 =

 M̂∂q−∇f⊤∂G⊤λ∗

−D(λ∗)(∂G · f(z∗) + ∂h)

 . (2.6.0.2)

As derived by Amos and Kolter [116], by solving for dz,dλ in the following equation

 M̂ ∇f⊤G⊤D(λ∗)

G∇f D(Gf(z∗) + h)


 dz

dλ

 =

 ∂L
∂z

⊤

0

 (2.6.0.3)
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we can get the backward gradients:

∂L
∂q

= d⊤
z M̂ (2.6.0.4)

∂L
∂G

= −D(λ∗)dλf(z
∗)⊤ − λ∗d⊤

z∇f⊤ (2.6.0.5)

∂L
∂h

= −d⊤
λD(λ∗). (2.6.0.6)

Assume that in one impact zone, there are n DOFs and m constraints. In Equation 2.6.0.3,

the size of the system is n +m. The solution of this system would typically take O((n +m)3):

prohibitively expensive in large scenes. We therefore need to accelerate the computation of

dz and dλ. Liang et al. [3] proposed to use a QR decomposition. However, it only copes

with quadratic programming with linear constraints. We can extend this method to nonlinear

constraints by incorporating the Jacobian∇f .

Recall that a rigid body has coordinates q = [r, t] ∈ R6. The rotation is represented by

Euler angles r = (ϕ, θ, ψ). The Jacobian at vertex x = (x, y, z)⊤ of the rigid body is

∇fk =


∂x
∂ϕ

∂x
∂θ

∂x
∂ψ

1 0 0

∂y
∂ϕ

∂y
∂θ

∂y
∂ψ

0 1 0

∂z
∂ϕ

∂z
∂θ

∂z
∂ψ

0 0 1

 . (2.6.0.7)

The exact formulation of∇fk can be found in Appendix A.

After computing ∇f , we apply a QR decomposition
√
M̂

−1

∇f⊤G⊤ = QR and derive
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(a) Benchmark scenes (b) Running time (c) Memory consumption

Figure 2.3: Scalability. (a) Benchmark scenes. Few differentiable simulation frameworks
are capable of modeling these scenes. We compare to the expressive MPM-based framework
ChainQueen [6], implemented in the high-performance DiffTaichi library [19]. (b,c) Runtime
and memory consumption as the scenes are varied in controlled fashion. Memory consumption
is peak memory usage. Time is the running time for simulating 2 seconds of dynamics. Top:
the number of objects in the scene increases from 20 to 1000. Bottom: the relative scale of the
cloth and the bunny increases from 1:1 to 10:1. The MPM-based framework consumes up to two
orders of magnitude more memory and computation before it runs out of memory.

dz,dλ from Equation 2.6.0.3 as

dz =
√

M̂
−1

(I−QQ⊤)
√

M̂
−1∂L

∂z

⊤
(2.6.0.8)

dλ = D(λ∗)−1R−1Q⊤
√

M̂
−1∂L

∂z

⊤
. (2.6.0.9)

The cost of the QR decomposition isO(nm2), reducing the computation fromO((n+m)3).

2.7 Experiments

We conduct a variety of experiments to evaluate the presented approach. We begin by

comparing to other differentiable physics frameworks, with particular attention to scalability and
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generality. We then conduct ablation studies to evaluate the impact of the techniques presented

in Sections 2.5 and 2.6. Lastly, we provide case studies that illustrate the application of the

presented approach to inverse problems and learning control.

The automatic differentiation is implemented in PyTorch 1.3 [121]. All experiments are

run on an Intel(R) Xeon(R) W-2123 CPU @ 3.60GHz.

2.7.1 Scalability

We construct two benchmark scenes and vary them in controlled fashion to evaluate scalability.

The scenes are illustrated in Figure 2.3.

In the first, objects fall from the air, hit the ground, and finally settle. To test scalability, we

increase the number of objects while maintaining the stride between objects. As the number of

objects increases, the spatial extent of the scene expands accordingly.

In the second scene, a rigid bunny strikes a deformable cloth. We vary the relative scale

of the bunny and the cloth to test the ability of simulation frameworks to handle objects with

geometric features at different resolutions.

Few differentiable simulation frameworks are capable of modeling these scenes. de Avila Belbute-

Peres et al. [2] only simulate 2D scenes with a restricted repertoire of primitives. Liang et al.

[3] simulate cloth but cannot handle rigid-body dynamics. We therefore choose the simulation

framework of Hu et al. [6] as our main baseline. This framework uses the the material point

method (MPM), which leverages particles and grids to model solids. We use the state-of-the-art

implementation from the high-performance DiffTaichi library [19].

The results are shown in Figure 2.3. The first row reports the runtime and memory consumption
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of the two frameworks as the number of objects in the scene increases from 20 to 1000. Memory

consumption is peak memory usage. Time is the running time for simulating 2 seconds of

dynamics. Our runtime and memory consumption increase linearly in the complexity of the

scene, while the MPM-based method scales cubically until it runs out of memory at 200 objects

and a 6403 grid.

The second row reports runtime and memory consumption as the relative sizes of the cloth

and the bunny are varied from 1:1 to 10:1. The runtime and memory consumption of our method

stay constant. In contrast, as the size of the cloth grows, the MPM-based framework is forced to

allocate more and more memory and expend greater and greater computation.

These experiments indicate that scalability is a significant advantage of our method. Since

we do not need to quantize space, the extent of the scene or the relative sizes of objects do not

dominate our runtime and memory consumption. Since our method dynamically detects and

handles collisions locally, as needed, rather than setting up a global optimization problem, the

runtime scales linearly (rather than quadratically) with scene complexity.

2.7.2 Ablation Studies

We proposed localized collision handling in Section 2.5 and fast differentiation in Section 2.6

to make our method scalable to large scenes with many degrees of freedom. We conduct dedicated

ablation studies to assess the contribution of these techniques.

Localized collision handling. We compare with LCP-based rigid-body differentiable simulation

developed by de Avila Belbute-Peres et al. [2]. This baseline also uses implicit differentiation to

compute derivatives of optimization solvers [116]. The environment is shown in Figure 2.4(a).
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(a) Localized collisions (b) Correlated collisions
Figure 2.4: Ablation studies. (a) Comparing global and local collision handling. Cubes
are released from the air and fall to the ground. (b) Evaluating the contribution of the fast
differentiation scheme. Cubes are densely stacked, forming a big connected component. All
collisions need to be solved simultaneously because motion of one cube can affect all others.

N (= 100, 200, 300) cubes are released above the ground plane. They fall down and hit the

ground. We use the same environment for both methods, although the LCP-based framework only

simulates in 2D, thus having only half the degrees of freedom compared to our 3D simulation (3

versus 6 per object, accounting for translation and rotation). We disabled our fast differentiation

method in this experiment in order to neutralize its effect and conduct a controlled comparison

between global and local collision handling.

The implementation of de Avila Belbute-Peres et al. [2] uses four threads while our method

only uses one. Results are reported in Table 2.1. Our sparse collision handling method runs up to

5 times faster than the LCP-based approach, and the performance gap widens as the complexity

of the scene increases.

Fast differentiation. We now evaluate the contribution of the acceleration scheme described

in Section 2.6. The environment is shown in Figure 2.4(b). N (= 100, 200, 300) cubes are

stacked in two layers. During collision handling, all contacts between cubes form one connected
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# of cubes 100 200 300

LCP 0.73s ± 0.017s 2.87s ± 0.103s 8.42s ± 0.190s
Ours 0.56s ± 0.009s 1.11s ± 0.012s 1.65s ± 0.025s

Table 2.1: Runtime of backpropagation (in seconds per simulation step) with LCP-based collision
handling [2] and our approach. Simulation of the scene shown in Figure 2.4(a). The LCP-based
framework simulates in 2D and uses 4 threads, while our implementation simulates in 3D and
uses 1 thread. Our approach is faster, and the performance gap widens with the complexity of the
scene.

component. All constraints need to be solved in one big optimization problem. Thus the linear

system in Equation 2.6.0.3 is large.

# of cubes 100 200 300

W/o FD 1.43s ± 0.015s 7.76s ± 0.302s 21.88s ± 0.125s
Ours 0.41s ± 0.004s 0.86s ± 0.008s 1.30s ± 0.008s
Speedup 3.49x 9.02x 16.83x

Table 2.2: Runtime of backpropagation (in seconds per simulation step) with and without our
fast differentiation scheme. Simulation of the scene shown in Figure 2.4(b). N ( = 100, 200,
300) cubes are stacked in two layers. The impact of the acceleration scheme increases with the
complexity of the scene.

We evaluate the runtime of backpropagation in this scene with and without the presented

acceleration scheme. The ablation condition is referred to as ‘W/o FD’, where FD refers to

fast differentiation. In this condition, the derivative of Equation 2.5.0.3 is calculated by solving

Equation 2.6.0.3 directly. The results are reported in Table 2.2. The fast differentiation accelerates

backpropagation by up to 16x in this scene, and the impact of the technique increases with the

complexity of the scene.
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2.7.3 Two-way coupling

One of the advantages of this presented framework is that it can handle both rigid bodies

and deformable objects such as cloth. This is illustrated in the two scenes shown in Figure 2.5.

In Figure 2.5(a), a Stanford bunny and an armadillo stand on a piece of cloth. The cloth is lifted

by its corners, envelopes the figurines, and lifts them up. In Figure 2.5(b), a piece of cloth strikes

a domino, which begins a chain reaction that propagates until the last domino strikes the cloth

from behind. The scenes are also shown in the supplementary video.

No prior differentiable simulation framework is capable of modeling these scenes properly.

Liang et al. [3] can simulate the cloth, but its motion does not affect the figurines. The framework

of Hu et al. [6, 19] does not enforce rigidity and suffers from interpenetration. In contrast, our

approach simulates the correct dynamics and the two-way coupling between them.

We further compare with MuJoCo, a popular physics engine [122]. MuJoCo models cloth

as a 2D grid of capsule and ellipsoid geoms in addition to spheres. This representation fails

to correctly handle collisions near the holes in a grid. In Figure 2.6, we simulate a rigid body

falling onto a trampoline and bouncing back. When simulated in MuJoCo, the ball penetrates the

trampoline. Our method simulates the interaction correctly.

2.7.4 Applications

Inverse problem. Differentiable simulation naturally lends itself to gradient-based optimization

for inverse problems. A case study is shown in Figure 2.7, in which a marble is supported

by a soft sheet. The sheet is fixed at the four corners. In each time step, an external force

is applied to the marble. The goal is to find a sequence of forces that drives the marble to a
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(a) Bunny and armadillo (b) Dominoes

Figure 2.5: Two-way coupling of rigid bodies and cloth. Top: initial state. Bottom: towards the
end of the simulation. (a) Two figurines are lifted by a piece of cloth. (b) Cloth strikes domino
and is later struck back. No prior differentiable simulation framework is capable of modeling
these scenes properly.
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(a) MuJoCo (b) Ours

Figure 2.6: Comparison with MuJoCo. Simulation of a ball interacting with a trampoline. Top:
initial state. Bottom: later in the simulation. (a) Simulation in MuJoCo. (b) Simulation by
our method. MuJoCo models cloth as a 2D grid of capsules and ellipsoid geoms in addition to
spheres. The ball penetrates the trampoline when the grid is sparse.
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(a) Marble on a sheet (b) Objective function
Figure 2.7: Inverse problem. (a) The goal is to bring the marble to the desired position with
minimal force. (b) Our framework enables gradient-based optimization for this problem and
quickly converges to a lower objective value than derivative-free optimization (CMA-ES). We
perform 5 runs with different random seeds; shaded areas represent one standard deviation.

target position in 2 seconds, while minimizing the total amount of applied force. The vertical

component of the external force is set to 0 so that the marble has to interact with the cloth before

reaching the target. We compare with a derivative-free optimization algorithm, CMA-ES [123].

Our framework enables gradient-based optimization in this setting and converges in 4 iterations,

reaching a lower objective value than what CMA-ES achieves after two orders of magnitude more

iterations.

Learning control. Our second set of case studies uses the differentiable simulator to backpropagate

gradients in a neural network that must learn to manipulate objects to achieve desired outcomes.

The scenarios are shown in Figure 2.8. The neural network controls a pair of sticks and a piece of

cloth, respectively, which must be used to manipulate an object. The goal is to bring the object to

the desired position within 1 second. The optimization objective is the L2 distance to the target.

The neural network is an MLP with 50 nodes in the first layer and 200 nodes in the second, with

ReLU activations.

For reference, we report the performance of DDPG, a model-free reinforcement learning
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algorithm [124]. In each episode, we fix the initial position of the manipulator and the object

while the target position is randomized. For both methods, the input to the network is a concatenated

vector of relative distance to the target, speed, and remaining time. The DDPG reward is the

negative L2 distance to the target.
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(a) Sticks (b) Cloth

Figure 2.8: Learning control. A neural network must learn to control (a) a pair of sticks or (b) a
piece of cloth. The trained controller must be able to bring the manipulated object to any desired
location specified at test time. Our method enables gradient-based training of the controller.
A model-free reinforcement learning baseline (DDPG) fails to learn the task on a comparable
time scale. We perform 5 runs with different random seeds; shaded areas represent one standard
deviation.

Our method updates the network once at the end of each episode, while DDPG receives a

reward signal and updates the network weights in each time step. As shown in the loss curves
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(a) Initial guess (b) Target observation

Figure 2.9: Parameter estimation. Cubes start with opposite velocities and collide with each
other. Our goal is to estimate the mass of the left cube such that the total momentum after the
collision has the desired direction and magnitude. (a) is the initial estimate: both cubes have
the same mass and the total momentum after collision is 0. (b) is the simulation with the mass
produced by our estimation procedure: the momentum points to the right and has a magnitude of
3, as specified in the target observation.

in Figure 2.8, our method quickly converges to a good control policy, while DDPG fails to

learn the task on a comparable time scale. This example illustrates the power of gradient-based

optimization with our differentiable physics framework.

Parameter estimation. Given an observation of motion, our method can estimate unknown

physical parameters for objects in the scene.

In Figure 2.9, two cubes start with opposite velocities ±v and collide with each other.

Given a target momentum observation p = m1v
′
1+m2v

′
2, where v′

1,2 are velocities after collision

and m1,2 are masses, we aim to estimate the mass m1. The target momentum is set to p =

(3, 0, 0). We initialize with m1 = m2 = 1 and p = (0, 0, 0) (Figure 2.9(a)). After 90 gradient

steps, our method arrives at the estimatem1 = 5.4 and achieves the desired momentum (Figure 2.9(b)).

Interoperability across simulators. Our differentiable simulation framework is interoperable

with other physics simulators. We have evaluated this interoperability with MuJoCo, a popular
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(a) Initial state (b) Target state

Figure 2.10: Interoperability across simulators. Three cubes are placed on smooth ground. The
goal is to make the cubes stick together while minimizing the applied forces. The loss is computed
in MuJoCo but the gradient is evaluated in DiffSim. (a) is the initial state and (b) is the successful
simulation result after the optimization.

non-differentiable simulator [122]. The experiment is illustrated in Figure 2.10. We place three

cubes on smooth ground. The goal is to apply forces to the cubes in order to make them stick

together. The objective function is the distance of each cube to its target positions plus the L2

norm of the force. We compute the loss in MuJoCo but evaluate the gradient in DiffSim, our

differentiable simulator. Figure 2.10(a) shows the initial state. Figure 2.10(b) is the result of the

simulation after 10 gradient steps. The goal of making the cubes stick together was accomplished.

This experiment shows that physical states and control signals are interoperable between our

differentiable framework and non-differentiable simulators.

2.8 Conclusion

We developed a scalable differentiable simulation method that has linear complexity with

respect to the number of objects and collisions, and constant complexity with respect to spatial

resolution. We use meshes as our core representation, enabling support for objects of arbitrary

shape at any scale. A unified local collision handling scheme enables fast coupling between
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objects with different materials. An acceleration scheme speeds up backpropagation by implicit

differentiation. Experiments show that the presented techniques speed up backpropagation by

large multiplicative factors, and their impact increases with the complexity of simulated scenes.

We demonstrated the application of the presented method in a number of case studies,

including end-to-end gradient-based training of neural network controllers. Training with differentiable

simulation was shown to be significantly more effective than gradient-free and model-free baselines.

One avenue for future work is to extend the presented framework to other types of objects,

materials, and contact models. The framework is sufficiently general to support deformable solids

and articulated bodies, as long as they have mesh-based representations with repulsive contact

forces. We plan to extend our implementation to incorporate such object classes.
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Chapter 3: Efficient Differentiable Simulation of Articulated Bodies

3.1 Introduction

Differentiable physics enables efficient gradient-based optimization with dynamical systems.

It has achieved promising results in both simulated [4, 6] and real environments [7, 16]. Our goal

is to make articulated body simulation efficiently differentiable. We aim to maximize efficiency

in both computation and memory use, in order to support fast gradient-based optimization of

differentiable systems that interact with articulated bodies in physical environments.

Articulated bodies play a central role in robotics, computer graphics, and embodied AI.

Many control systems are optimized via experiences collected in simulation [122, 125, 126, 127].

However, they do not have access to analytic derivatives of the articulated dynamics. Therefore,

nearly all gradient-based approaches have to design strategies to compute the gradients indirectly

when dealing with articulated bodies.

The straightforward way to differentiate the simulation is to use existing automatic differentiation

tools [25, 128, 129]. However, autodiff tools consume prohibitive amounts of memory when

there are many simulation steps. Autodiff tracks every operation and stores the intermediate

results in order to perform backpropagation. In articulated body simulation, the iterative contact

solver and the dynamics algorithm [130] yield exceedingly long computational graphs. In our

experiments, differentiable simulators built with autodiff tools run out of memory after 5,000
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simulation steps – just a few seconds of experience. As a result, learning is constrained to short

experiences or forced to used large time steps, thus curtailing the scope of behaviors that can be

learned or undermining the simulation’s stability.

Furthermore, the overhead of creating and storing the auxiliary variables for autodiff also

slows down the forward simulation. Although autodiff tools like DiffTaichi [19] and JAX [21] can

accelerate the simulation of fluids and deformable solids by vectorization, it is difficult to achieve

the same speedup in articulated body simulation because the articulated dynamics algorithm is

highly serialized, unlike inherently parallel computation on grids and particles.

In this chapter, we design a differentiable articulated body simulation method that runs 10x

faster with 1% of the memory consumption compared to differentiation based on autodiff tools.

In order to minimize the overhead of differentiation, we derive the gradients of articulated body

simulation using the adjoint method [131]. The adjoint method has been applied to fluids [31] and

multi-body systems [35], but these applications do not support physically correct differentiable

simulation of articulated bodies. Our derivation of the operator adjoints uses spatial algebra [132].

Our method needs almost no additional computation during the forward simulation and is an order

of magnitude faster than autodiff tools.

We further reduce memory requirements by adapting ideas from checkpointing [27, 133]

to the differentiable simulation setting. In the forward pass, we store the initial simulation state

for each time step. During backpropagation, we recreate intermediate variables by reproducing

simulation from the stored state. The overall runtime remains fast, while memory consumption

is reduced by two orders of magnitude.

As an application of differentiable dynamics for articulated systems, we show that reinforcement

learning (RL) can benefit from the knowledge of gradients in two ways. First, it can make
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use of the gradients computed by the simulation to generate extra samples using first-order

approximation. Second, during the policy learning phase, differentiable physics enables us to

perform a one-step rollout of the objective value function so that the policy updates can be more

accurate. Both schemes effectively improve the convergence speed and the attained reward. We

also demonstrate applications of efficient differentiable articulated dynamics to inverse problems,

such as motion control and parameter estimation. Gradient-based optimization enabled by our

method accelerates convergence in these settings by more than an order of magnitude. Code is

available on our project page: https://github.com/YilingQiao/diffarticulated

The contributions of this work are as follows:

• We derive the adjoint formulations for the entire articulated body simulation workflow,

enabling a 10x acceleration over autodiff tools.

• We adapt the checkpointing method to the structure of articulated body simulation to reduce

memory consumption by 100x, making stable collection of extended experiences feasible.

• We introduce two general schemes for accelerating reinforcement learning using differentiable

physics.

• We demonstrate the utility of differentiable simulation of articulated bodies in motion

control and parameter estimation, enhancing performance in these scenarios by more than

an order of magnitude.

3.2 Related Work

Differentiable programming has been applied to rendering [86, 134, 135], image processing [136,

137], SLAM [138], and design [139]. Making complex systems differentiable enables learning
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and optimization using gradient-based methods. Our literature review focuses on differentiable

physics, the adjoint method, and neural approximations of physical systems.

Differentiable physics. Differentiable physics provides gradients for learning, control, and

inverse problems that involve physical systems. Degrave et al. [1] advocate using differentiable

physics to solve control problems in robotics. de Avila Belbute-Peres et al. [2] obtain gradients of

2D rigid body dynamics. Liang et al. [3] use automatic differentiation tools to obtain gradients for

cloth simulation. Qiao et al. [4] develop a more comprehensive differentiable physics engine for

rigid bodies and cloth based on mesh representations. Ingraham et al. [5] present differentiable

simulation of protein dynamics. For volumetric data, ChainQueen [6] computes gradients of the

MPM simulation pipeline. Bern et al. [7] use FEM to model soft robots and perform trajectory

optimization with analytic gradients. Takahashi et al. [8] differentiate the simulation of fluids

with solid coupling.

Many exciting applications of differentiable physics have been explored [9, 10, 11, 12].

Huang et al. [13] propose a soft-body manipulation benchmark for differentiable physics. Toussaint

et al. [14] manipulate tools with the help of differentiable physics. Song and Boularias [15]

perform system identification by learning from the trajectory, and Song and Boularias [16] then

use the estimated frictional properties to help robotic pushing.

A related line of work concerns the development of powerful automatic differentiation

tools that can be used to differentiate simulation. DiffTaichi [19] provides a new programming

language and a compiler, enabling the high-performance Taichi simulator to compute the gradients

of the simulation. JAX MD [20] makes use of the JAX autodiff library [21] to differentiate

molecular dynamics simulation. These works have specifically made use of vectorization on

41



both CPU and GPU to achieve high performance on grids and particle sets, where the simulation

is intrinsically parallel. In contrast, the simulation of articulated bodies is far more serial, as

dynamics propagates along kinematic paths rather than acting in parallel on grid cells or particles.

TinyDiffSim [22] provides a templatized simulation framework that can leverage existing

autodiff tools such as CppAD [23], Ceres [24], and PyTorch [25] to differentiate simulation.

However, these methods introduce significant overhead in tracing the computation graph and

accumulate substantial computational and memory costs when applied to articulated bodies.

Our method does not need to store the entire computation graph to compute the gradients.

We store the initial states of each simulation step and reproduce the intermediate results when

needed by the backward pass. This checkpointing strategy is also used in training neural ODEs [26]

and large neural networks [27, 28, 29, 30]. We are the first to adapt this technique to articulated

dynamics, achieving dramatic reductions in memory consumption and enabling stable simulation

of long experiences.

Adjoint method. The adjoint method has been applied to fluid control [31], PDEs [32], light

transport simulation [33], and neural ODEs [26, 34]. Recently, Geilinger et al. [35] proposed to

use the adjoint method in multi-body dynamics. However, they operate in maximal coordinates

and model body attachments using springs. This does not enforce physical validity of articulated

bodies. In contrast, we operate in reduced coordinates and derive the adjoints for the articulated

body algorithm and spatial algebra operators that properly model the body’s joints. This supports

physically correct simulation with joint torques, limits, Coriolis forces, and proper transmission

of internal forces between links.

Neural approximation. A number of works approximate physics simulation using neural networks [36,
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Figure 3.1: The workflow of a simulation step. Assume there are nq = 6 DoF. The initial state
is an nq × 3 matrix containing the position, velocity, and control input of each joint. The forward
dynamics will traverse the articulated body sequentially three times. This process is difficult to
parallelize and will generate a large number of intermediate results. After the forward dynamics
there is a collision resolution step with collision detection and an iterative Gauss-Seidel solver.
The size of the initial state (position, velocity, and control input) is much smaller than that of
intermediate results but the initial state has all the information to resume all the intermediate
variables.

37, 38, 39, 40, 41, 42, 43, 44, 45, 46]. Physical principles have also been incorporated in the

design of neural networks [47, 48, 49, 50, 51]. Approximate simulation by neural networks is

naturally differentiable, but the networks are not constrained to abide by the underlying physical

dynamics and simulation fidelity may degenerate outside the training distribution.

3.3 Preliminaries

Articulated body dynamics. For the forward simulation, we choose the recursive Articulated

Body Algorithm (ABA) [130], which has O(n) complexity and is widely used in articulated

body simulators [122, 125, 126]. In each simulation step k, the states xk of the system consist

of configurations in generalized coordinates and their velocities xk = [qk, q̇k] ∈ R2nq×1, where

nq is the number of degrees of freedom in the system. Assuming each joint can be actuated by a

torque, there is an nq-dimensional control signal uk ∈ Rnq×1. The discretized dynamics at this

step can be written as fk+1(uk,xk,xk+1) = 0.
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Adjoint method. We can concatenate the states in the entire time sequence into x = [x1,x2, ...,xnt ] ∈ Rnt·2nq×1,

with corresponding control input u = [u1,u2, ...,unt ] ∈ Rnt·nu×1, where nt is the number of

simulation steps. The concatenated dynamics equations can be similarly written as f = [f1, f2, ..., fnt ] =

0. For a learning or optimization problem, we would usually define a scalar objective function

Φ(x,u). To get the derivative of this function w.r.t. the control input u, one needs to compute

dΦ

du
=
∂Φ

∂u
+
∂Φ

∂x

dx

du
. (3.3.0.1)

∂Φ
∂u

is easy to compute for each single simulation step. But it is prohibitively expensive to directly

solve ∂Φ
∂x

dx
du

because dx
du

will be a 2nqnt × nqnt matrix.

Instead, we differentiate the dynamics f(x,u) = 0 and obtain the constraint ∂f
∂x

dx
du

= − ∂f
∂u

.

Applying the adjoint method [131], ∂Φ
∂x

dx
du

equals to

−R⊤ ∂f

∂u
such that

(
∂f

∂x

)⊤

R =

(
∂Φ

∂x

)⊤

(3.3.0.2)

Since the dynamics equation for one step only involves a small number of previous steps, the

sparsity of ∂f
∂u

and ∂f
∂x

makes it easier to solve for the variable R in Eq. 3.3.0.2.

∂Φ
∂u
−R⊤ ∂f

∂u
is called the adjoint of u and is equivalent to the gradient by our substitution. In

the following derivation, we denote the adjoint of a variable s by s, and the adjoint of a function

f(·) by f(·).
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3.4 Efficient Differentiation

In this section, we introduce our algorithm for the gradient computation in articulated body

simulation. For faster differentiation, the gradients of articulated body dynamics are computed

by the adjoint method. We derive the adjoint of time integration, contact resolution, and forward

dynamics in reverse order. We then adapt the checkpoint method to articulated body simulation

to reduce memory consumption.

3.4.1 Adjoint Method for Articulated Dynamics

One forward simulation step can be split into five modules, as shown in Figure 3.1: perform

the forward kinematics from the root link to the leaf links, update the forces from the leaves to

the root, update the accelerations from the root to the leaves, detect and resolve collisions, and

perform time integration. Backpropagation proceeds through these modules in reverse order.

Time integration. Backpropagation starts from the time integration. As an example, for a

simulation sequence with nt = 3 steps and an integrator with a temporal horizon of 2, the

constraints ( ∂f
∂x
)⊤R = (∂Φ

∂x
)⊤ in Equation 3.3.0.2 can be expanded as


( ∂f

1

∂x1 )
⊤ ( ∂f

2

∂x1 )
⊤ 0

0 ( ∂f
2

∂x2 )
⊤ ( ∂f

3

∂x2 )
⊤

0 0 ( ∂f
3

∂x3 )
⊤




R1

R2

R3

 =


( ∂Φ
∂x1 )

⊤

( ∂Φ
∂x2 )

⊤

( ∂Φ
∂x3 )

⊤

 (3.4.1.1)

If using the explicit Euler integrator, we have ∂fk

∂xk = I. Initially Rnt = ∂Φ
∂xnt

. The following Rk
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can be computed iteratively by

Rk = (
∂Φ

∂xk
)⊤ − (

∂fk+1

∂xk
)⊤Rk+1, k = 1, 2, .., nt − 1. (3.4.1.2)

When Rk backpropagates through time, the gradients uk can also be computed by Equation 3.3.0.2.

In fact, by the way we calculate Rk, it equals the gradients of xk. Other parameters can also be

computed in a similar way as uk.

Collision resolution. The collision resolution step consists of collision detection and a collision

solver. Upon receiving the gradients x from the time integrator, the collision solver needs to pass

the gradients to detection, and then to the forward dynamics. In our collision solver, we construct

a Mixed Linear Complementarity Problem (MLCP) [140]:

a = Ax+ b

s.t. 0 ≤a ⊥ x ≥ 0 and c− ≤ x ≤ c+,

(3.4.1.3)

where x is the new collision-free state, A is the inertial matrix, b contains the relative velocities,

and c−, c+ are the lower bound and upper bound constraints, respectively. We use the projected

Gauss-Seidel (PGS) method to solve this MLCP. This iterative solve trades off accuracy for speed

such that the constraints a⊤x = 0 might not hold on termination. In this setting, where the

solution is not guaranteed to satisfy constraints, implicit differentiation [2, 3, 4] no longer works.

Instead, we design a reverse version of the PGS solver using the adjoint method to compute the

gradients. Further details are in the supplement. In essence, the solver mirrors PGS, substituting

the adjoints for the original operators. This step passes the gradients from the collision-free states

to the forward dynamics.
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Forward dynamics. Our articulated body simulator propagates the forward dynamics as shown

in the green blocks of Figure 3.1. Each operation in the forward simulation has its corresponding

adjoint operation in the backward pass. To compute the gradients, we derive adjoint rules for the

operators in spatial algebra [132].

As a simple example, a spatial vector pi = [w,v] ∈ R6 representing the bias force of the

i-th link is the sum of an external force [f1, f2] ∈ R6 and a cross product of two spatial motion

vectors [w1,v1], [w2,v2] ∈ R6:

 w

v

 =

 f1 +w1 ×w2 + v1 × v2

f2 +w1 × v2

 . (3.4.1.4)

Once we get the adjoint [w,v] of pi = [w,v], we can propagate it to its inputs:

 w1

v1

 =

 −w×w2 − v×v2

−w×v2


 w2

v2

 =

 w×w1

w×v1 + v×w1

 ,
 f1

f2

 =

 w

v


(3.4.1.5)

This example shows the adjoint of one forward operation. The time and space complexity of

the original operation and its adjoint are the same as the forward simulation. The supplement

provides more details on the adjoint operations.
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3.4.2 Checkpointing for Articulated Dynamics

The input and output variables of one simulation step have relatively small dimensionalities

(positions, velocities, and accelerations), but many more intermediate values are computed during

the process. Although this is not a bottleneck for forward simulation because the memory

allocation for intermediate results can be reused across time steps, it becomes a problem for

differentiable simulation, which needs to store the entire computation graph for the backward

pass. This causes memory consumption to explode when simulation proceeds over many time

steps, as is the case when small time steps are needed for accuracy and stability, and when the

effects of actions take time to become apparent.

The need for scaling to larger simulation steps motivates our adaptation of the checkpointing

method [27, 133]. Instead of saving the entire computation graph, we choose to store only the

initial states in each time step. We use this granularity because (a) the states of each step have the

smallest size among all essential information sufficient to replicate the simulation step, (b) finer

checkpoints are not useful because at least one step of intermediate results needs to be stored in

order to do the simulation, and (c) sparser checkpoints will use less memory but require multiple

steps for reconstructing intermediate variables, costing more memory and computation. We

validate our checkpointing policy with an ablation study in the supplement. Figure 3.2 illustrates

the scheme. During forward simulation, we store the simulation state in the beginning of each

time step. During backpropagation, we reload the checkpoints (blue arrows) and redo the forward

(one-step) simulation to generate the computation graph, and then compute the gradients using

the adjoint method in reverse order (red arrows).
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Figure 3.2: Differentiation of articulated body dynamics. Top: forward simulation at step k.
The simulator stores the states qk, q̇k, and control input uk. Bottom: During backpropagation, the
checkpoints are reloaded and the simulator runs one forward step to reconstruct the intermediate
variables. Beginning with the gradients from step k+1, we use the adjoint method to sequentially
compute the gradients of all variables through time integration, the constraint solver, and forward
dynamics.
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In summary, assume the simulation step consists of two parts:

Zk = G(xk−1), xk = F (Zk), (3.4.2.1)

where Zk represents all the intermediate results. After each step, we free the space consumed by

Zk, only storing xk. During backpropagation, we recompute Zk from xk−1 and use the adjoint

method to compute gradients of the previous step:

Zk = G(xk−1), (3.4.2.2)

Zk = F (Zk,xk), (3.4.2.3)

xk−1 = G(xk−1,Zk). (3.4.2.4)

3.5 Reinforcement Learning

Our method can be applied to simulation-based reinforcement learning (RL) tasks to improve

policy performance as well as convergence speed. By computing gradients with respect to the

actions, differentiable simulation can provide more information about the environment. We

suggest two approaches to integrating differentiable physics into RL.

Sample enhancement. We can make use of the computed gradients to generate samples in the

neighborhood around an existing sample. Specifically, given a sample (s, a0, s
′
0, r0) from the

history, with observation s, action a0, next-step observation s′0, and reward r0, we can generate
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new samples (s, ak, s′k, rk) using first-order approximation:

ak = a0 +∆ak,

s′k = s′0 +
∂s′0
∂a0

∆ak,

rk = r0 +
∂r0
∂a0

∆ak,

where ∆ak is a random perturbation vector. This method, which we call sample enhancement,

effectively generates as many approximately accurate samples as desired for learning purposes.

By providing a sufficient number of generated samples around the neighborhood, the critic can

have a better grasp of the function shape (patchwise rather than pointwise), and can thus learn

and converge faster.

Policy enhancement. Alternatively, the policy update can be adjusted to a format compatible

with differentiable physics, usually dependent on the specific RL algorithm. For example, in

MBPO [141], the policy network is updated using the gradients of the critic:

Lµ = −Q(s, µ(s)) + Z, (3.5.0.1)

where Lµ is the loss for the policy network µ, Q is the value function for state-action pairs, and Z

is the regularization term. To make use of the gradients, we can expand the Q function one step

forward,

∂Q(s, a)

∂a
=
∂r

∂a
+ γ

∂Q(s′, µ(s′))

∂s′
∂s′

∂a
, (3.5.0.2)
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steps 50.0 100.0 500.0 1000.0 5000.0

Ceres 100.0 200.0 1100.0 2700.0 23 600.0

CppAD 16.0 26.0 160.0 320.0 3100.0

JAX 200.0 200.0 400.0 700.0 3000.0

PyTorch 1200.0 2400.0 11 700.0 12 400.0 N/A
Ours 0.3 0.3 0.7 1.2 5.0

Table 3.1: Peak memory use of different simulation frameworks. The memory footprint (MB)
of our framework is more than two orders of magnitude lower than autodiff methods. PyTorch
crashes at 5,000 simulation steps. ADF fails to compute the gradients in a reasonable time (10
min) and is not included here for this reason.

and substitute it in Eq. 3.5.0.1:

L′
µ = −∂Q(s, a)

∂a
µ(s) + Z. (3.5.0.3)

Eqs. 3.5.0.1 and 3.5.0.3 yield the same gradients with respect to the action, which provide the

gradients of the network parameters. This method, which we call policy enhancement, constructs

the loss functions with embedded ground-truth gradients so that the policy updates are physics-

aware and generally more accurate than merely looking at the Q function itself, thus achieving

faster convergence and even potentially higher reward.

3.6 Experiments

For experiments, we will first scale the complexity of simulated scenes and compare the

performance of our method with autodiff tools. Then we will integrate differentiable physics

into reinforcement learning and use our method to learn control policies. Lastly, we will apply
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steps 50.0 100.0 500.0 1000.0 5000.0

ADF 25.7 25.5 25.1 32.1 58.4

Ceres 27.2 27.5 27.2 34.0 58.2

CppAD 2.4 2.4 2.3 2.3 4.5

JAX 53.3 46.1 43.1 42.7 42.3

PyTorch 195.6 192.2 199.2 192.8 N/A
Ours 0.3 0.3 0.2 0.2 0.2

Table 3.2: Simulation time for forward pass. Ours is at least an order of magnitude faster
than autodiff tools (in msec). PyTorch crashes at 5,000 simulation steps. CppAD is the fastest
baseline.

differentiable articulated dynamics to solve motion control and parameter estimation problems.

3.6.1 Comparison with Autodiff Tools

Using existing autodiff tools is a convenient way to derive simulation gradients. However,

these tools are not optimized for articulated dynamics, which adversely affects their computation

and memory consumption in this domain. We compare our method with state-of-the-art autodiff

tools, including CppAD [23], Ceres [24], PyTorch [25], autodiff [142] (referred to as ADF to

avoid ambiguity), and JAX [21]. All our experiments are performed on a desktop with an Intel(R)

Xeon(R) W-2123 CPU @ 3.60GHz with 32GB of memory.

One robot. In the first round, we profile all the methods by simulating one Laikago robot standing

on the ground. Figure 3.3(a) provides a visualization. The state vector of the Laikago has 37

dimensions (19-dimensional positions and 18-dimensional velocities). We vary the number of

simulation steps from 50 to 5,000. JAX is based on Python and its JIT compiler cannot easily
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Figure 3.3: Memory and speed of our method vs. CppAD, the fastest autodiff method.
(a,b) Two scenes used in experiments. (c,d) Memory consumption and per-step runtime when
simulating ten Laikago robots for different numbers of steps. CppAD crashes when simulating
for 5,000 steps due to memory overflow.
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steps 50.0 100.0 500.0 1000.0 5000.0

Ceres 29.5 29.6 29.5 37.6 62.8

CppAD 2.4 2.3 2.3 2.4 4.8

JAX 148.1 125.7 127.6 129.6 126.6

PyTorch 275.7 273.3 280.8 272.1 N/A
Ours 1.2 1.1 1.2 1.1 1.2

Table 3.3: Simulation time for the backward pass. Ours is the fastest (in msec). PyTorch
crashes at 5,000 simulation steps.

be used in our C++ simulation framework. To test the performance of JAX, we write a simple

approximation of our simulator in Python, with similar computational complexity as ours. The

simplified test code can be found in the supplement.

The memory consumption of different methods is listed in Table 3.1. The memory consumed

by autodiff tools is orders of magnitude higher than ours. Among all the auto-differentiation

tools, JAX and CppAD are the most memory-efficient. ADF fails to backpropagate the gradients

in a reasonable time. We show in the supplement that the computation time of backpropagation in

ADF is exponential in the depth of the computational graph. Note that articulated body simulation

is intrinsically deep. In this experiment, the depth of one simulation step can reach 103 due to

sequential iterative steps in the forward dynamics and the contact solver. PyTorch crashes at

5,000 simulation steps because of memory overflow.

Table 3.2 reports the average time for a forward simulation step. The numbers indicate that

our method is faster than others by at least an order of magnitude. Our method has a constant

time complexity per step. The time per step of ADF, Ceres, and CppAD increases with the

number of steps. Note that JAX and Torch are optimized for heavily data-parallel workloads.
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Articulated body simulation is much more serial in nature and cannot take full advantage of their

vectorization. Table 3.3 reports the time for backward step. Our method is the fastest when

computing the gradients.

Ten robots. To further test the efficiency of our method, we simulate a scene with 10 Laikago

robots. Figure 3.3(b) provides a visualization. In this experiment, our method is compared

with CppAD, the best-performing autodiff framework according to the experiments reported in

Tables 3.1 and 3.2. The number of simulation steps is varied from 1,000 to 5,000. Figure 3.3(c)

shows that the memory footprint of our method is negligible compared to CppAD. Our method

only needs to store 5 KB of data per step, while CppAD needs to save the full data and topology

of the computational graph. The forward and backward time per step are plotted in Figure 3.3(d).

Our backward pass takes longer than our forward pass because the method first runs forward

simulation to reconstruct the intermediate variables. Nevertheless, our method is much faster

than CppAD and the performance gap grows with simulation length.

3.6.2 Integration with Reinforcement Learning

We demonstrate the improvements from the two RL enhancement methods described in

Section 3.5. Note that we cannot use the two methods together because policy enhancement

requires the gradients at the sample point, which the extra samples from sample enhancement

do not have (unless higher-order gradients are computed). Thus, we test the two techniques

separately. We use the model-based MBPO optimizer as the main baseline [141]. All networks

use the PyTorch default initialization scheme.

N-link pendulum. We first test our policy enhancement method in a simple scenario, where an
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Figure 3.4: The n-link pendulum task. Our method attains higher reward than MBPO.
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n-link pendulum needs to reach a target point by applying torques on each of the joints under

gravity (Figure 3.4(a)). The target point is fixed to be the highest point reachable, and initially

the pendulum is positioned horizontally. The reward function is the progress to the target between

consecutive steps:

r = ∥xt − xg∥2 − ∥xt−1 − xg∥2, (3.6.2.1)

where xt is the end-effector location at time t, and xg is the target location.

We trained each model for 100n epochs, where n is the number of links. The results

are shown in Figure 3.4. In Figure 3.4(b), we report the relative reward of each task, which is

defined as the attained reward divided by the maximal possible reward. MBPO works well in

easy scenarios with up to 3 links, but its performance degrades starting at 4 links. In contrast,

our model reaches close to the best possible reward for all systems. The learning curves for the

5-link and 7-link systems are shown in Figure 3.4(c,d). MBPO does not attain satisfactory results

for 6- and 7-link systems. We observed that around the 100th epoch, the losses for the Q function

of the MBPO method increased a lot. We hypothesize that this is because the complexity of the

physical system exceeds the expressive power of the model network in MBPO.

MuJoCo Ant. Next, we test our sample enhancement method on the MuJoCo Ant. In this

scenario, a four-legged robot on the ground needs to learn to walk towards a fixed heading

(Figure 3.5(a)). The scenario is the same as the standard task defined in MuJoCo, except that the

simulator is replaced by ours. We also compare with other methods (SAC [143], SQL [144], and

PPO [145] implemented in Ray RLlib [146]) for reference. For every true sample we get from the

simulator, we generate 9 extra samples around it using our sample enhancement method. Other
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Figure 3.5: The MuJoCo Ant task. Using our differentiable simulator to generate extra samples
accelerates learning.

than that, everything is the same as in MBPO. We repeat the training 4 times for all methods.

Figure 3.5(b) shows the reward over time. Our method exhibits faster convergence.

We can also transfer the policy trained in our differentiable simulator to MuJoCo. This

tests the fidelity of our simulator and robustness of the learned policy to simulator details. The

results are reported in the supplement.

3.6.3 Applications

Motion control. Differentiable physics enables application of gradient-based optimization to

learning and control problems that involve physical systems. In Figure 3.6, we show two physical

tasks: (a) throwing a ball to a target location using a 9-DoF robot arm and (b) hitting a golf ball

to a target location using an articulated linkage. These tasks are also shown in the supplementary

video.

For both scenarios, a torque vector is applied to the joints in each time step. Assume

there are n time steps and k DoFs. The torque variable to be optimized has n × k dimensions,
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and the objective function is the L2 distance from the ball’s actual position to the target. The

joint positions and the torques are initialized as 0. If no gradients are available, a derivative-

free optimization algorithm such as CMA-ES [123] can be used. We plot the loss curves of our

method and CMA-ES in Figure 3.6.

In (a), SGD with gradients from our simulator converges in 20 steps. In contrast, CMA-ES

does not reach the same accuracy even after 500 steps. In (b), SGD with gradients from our

simulator converges in 50 steps, while CMA-ES does not reach the same accuracy even after

1500 steps.

Parameter estimation. Our method can estimate unknown physical parameters from observation.

In Figure 3.7, a racecar starts with horizontal velocity 1m/s. The wheels and the steering system

are articulated. We estimate the sliding friction coefficient µ between the wheels and the ground

such that the car stops at x = 0.8m at the end of the episode. At the initial guess µ = 0.002,

the car reaches x = 1.0m. We use gradient descent to optimize the estimated friction coefficient.

After 10 iterations of SGD with gradients provided by our method, the car reaches the goal

with µ = 0.21. In comparison, the gradient-free baseline takes multiple times longer to reach

comparable objective values.

3.7 Conclusion

We have developed a differentiable simulator for articulated body dynamics that runs 10x

faster with 100x smaller memory footprint in comparison to existing autodiff tools. To achieve

this performance gain, we analyze the workload of each simulation step to better manage computation

and memory. The adjoint method is used to compute the gradients of the simulation. We derive
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the adjoints of spatial algebra and the Gauss-Seidel solver. We then adapt the checkpointing

method to deal with the sequential nature of articulated body simulation, reducing memory

consumption by two orders of magnitude.

As a supporting contribution, we have explored two applications of differentiable physics

to reinforcement learning with physical systems, reporting preliminary results that indicate that

differentiable physics can accelerate learning. We have also presented application scenarios

that clearly demonstrate the effectiveness of gradient-based optimization in motion control and

parameter estimation with articulated physical systems.
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Figure 3.6: Motion control. The task is to optimize the torque vectors to (a) throw a ball with an
articulated 9-DoF robot arm and (b) hit a golf ball with an articulated linkage. In both scenarios,
the goal is for the ball to settle at a specified target location. SGD with gradients provided by
our method converges within 20 and 50 steps, respectively, while gradient-free optimization fails
to reach comparable accuracy even with more than an order of magnitude higher number of
iterations. The third row indicates that even though CMA-ES does not compute gradients, our
method is still faster overall in wall-clock time.
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Figure 3.7: Parameter estimation. The goal is to estimate the sliding friction coefficient that
makes the racecar decelerate to a target location. (b,c) Loss curves in episode and wall-clock
time, respectively. (d) Loss landscape plot. SGD with gradients computed by our method solves
the task within 10 iterations, more accurately and faster than the gradient-free baseline.
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Chapter 4: Differentiable Simulation of Soft Multi-body Systems

Soft articulated bodies have been studied and utilized in a number of important applications,

such as microsurgery [52], underwater robots [147], and adaptive soft grippers [53]. Since the

compliance of deformable materials can enable robots to operate more robustly and adaptively,

soft biomimetic robots are drawing a lot of attention and have made considerable progress. A

snailfish robot dives at a depth of 10,900 meters in the Mariana Trench [148]. Drones equipped

with soft manipulators grasp and transmit objects with a 91.7% success rate [149]. Soft hands

with pneumatic actuators are able to grasp objects of different shapes, including water bottles,

eyeglasses, and sheets of cloth [150]. To enable rapid prototyping of soft robots and efficient

design of control algorithms through virtual experiments, we aim to create a realistic deformable

multi-body dynamics framework, in which soft articulated robots can be simulated to learn

powerful control policies.

Design and control of soft robots are challenging because of their nonlinear dynamics and

many degrees of freedom. Differentiable physics has shown great promise to deal with such

complex problems [7, 13, 16, 139]. One possibility is to treat soft bodies as volumes that are

modeled as sets of particles or finite elements [6, 151]. These methods have made great progress,

but the volumetric representations are difficult to scale to large multi-body systems and are poorly

suited to modeling internal skeletons. Moreover, contact handling in recent differentiable physics
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frameworks [3, 19] often does not comply with Coulomb’s Law, which is central to plausible

visual realism and correct physical behavior.

In this chapter, we design a powerful and accurate differentiable simulator for soft multi-

body dynamics. Since our entire framework is differentiable, our method can be embedded with

gradient-based optimization and learning algorithms, supporting gradient-based system identification,

motion planning, and motor control. Within the simulator, we first use tetrahedral meshes to

enable adaptive resolution and more accurate modeling. Next, to couple soft materials with

articulated skeletons, we design a top-down matrix assembly algorithm within the local steps of

Projective Dynamics [74]. For accurate contact handling, we extend and generalize a dry friction

model previously developed for cloth simulation [78] to soft solids and introduce a new matrix

splitting strategy to stabilize the solver. In addition, our simulation framework incorporates

actuator models widely used in robotics, including muscles [152], joint torques [153], and pneumatic

actuators [150]. With the support of the articulated skeleton constraints, dry frictional contact,

and versatile actuators, our novel differentiable algorithm can simulate soft articulated robots and

compute gradients for a wide range of applications.

The key contributions of this work are as follows.

• A top-down matrix assembly algorithm within Projective Dynamics to make soft-body

dynamics compatible with reduced-coordinate articulated systems.

• An extended and generalized dry friction model for soft solids with a new matrix splitting

strategy to stabilize the solver.

• Analytical models of muscles, joint torques, and pneumatic actuators to enable more realistic

and stable simulation results.
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• A unified differentiable framework that incorporates skeletons, contact, and actuators to

enable gradient computation for learning and optimization.

• Experimental validation demonstrating that differentiable physics accelerates system identification

and motion control with soft articulated bodies up to orders of magnitude.

In the following paper, Related Work section will discuss related papers in deformable

body simulation and differentiable physics. Method Section will introduce a preliminary of

projective dynamics to explain the high-level simulation framework and define notations that

will be used later. Then, its following sections will be about how to deal with articulated skeleton

and contact in our method. Experiments will show the ablation studies and comparisons results

with other learning methods. Code is available on our project page: https://github.com/

YilingQiao/diff_fem

4.1 Related Work

Deformable body simulation using Finite Element Method (FEM) plays an important role

in many scientific and engineering problems [52, 53, 54]. Previous works model soft bodies using

different representations and methods for specific tasks. There are several kinds of approaches

for modeling body actuation. Pneumatic-based methods [55] change the rest shape to produce

reaction forces. Rigid bones attached within soft materials are also used to control the motion of

deformable bodies [56, 57, 58, 59]. To further simulate biologically realistic motion, it is common

to apply joint torques in articulated skeletons [60]. For example, [61, 62] use articulated body

dynamics to govern the motion while handling collisions using soft contact. Inspired by animals,

different designs of muscle-like actuators for soft-body simulations were also proposed [63, 64,
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65].

Regarding contact modeling, spring-based penalty forces are widely used [66, 67, 68] for

their simplicity. More advanced algorithms include inelastic projection [69, 70] and barrier-based

repulsion [71, 72]. However, these methods do not always conform to Coulomb’s frictional law.

We opt for a more realistic dry frictional model [73] to better handle collisions.

Projective Dynamics [74] is widely used for its robustness and efficiency for implicit

time integration. It has been extended to model muscles [75], rigid skeletons [76], realistic

materials [77], and accurate contact forces [78]. Our method also adopts this framework for faster

and more stable time integration. In contrast to the aforementioned methods using Projective

Dynamics, our algorithm is the first to enable joint actuation in articulated skeletons together

with a generalized dry frictional contact for soft body dynamics.

Differentiable physics has recently been successfully applied to solve control and optimization

problems. There are several types of physically-based simulations that are differentiable, including

rigid bodies [1, 2], soft bodies [6, 12, 19, 35, 151], cloth [3, 4], articulated bodies [154, 155,

156], and fluids [8, 32, 45, 157]. Differentiable physics simulation can be used for system

identification [16, 158], control [9], and design [139, 159]. For differentiable soft-body dynamics,

Du et al. [151] propose a system for FEM simulation represented by volume mesh. This system

has been applied to robot design [160] and control [161]. Different from this work [151], our

approach uses tetrahedral meshes with adaptive resolution to model finer detail and scale better

to complex articulated bodies.

Krishna Murthy et al. [12], Hu et al. [19] use source code transformation to differentiate the

dynamics, but their contact model does not follow Coulomb’s law. Geilinger et al. [35] simulate

soft materials attached to rigid parts with penalty-based contact force, but their use of maximal
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coordinates makes it difficult to incorporate joint torques. In comparison, our model has realistic

contact handling, versatile actuators, and skeletons with joint constraints, thereby enabling our

method to simulate a much wider range of soft, multi-body systems not possible before.

There are other works that approximate physical dynamics using neural networks [42, 43,

44, 162]. These methods are inherently differentiable but cannot guarantee physical correctness

outside the training distribution.

4.2 Soft Body Simulation Using Projective Dynamics

We use Projective Dynamics [74] to model the physics of soft, multi-body systems because

its efficient implicit time integration can make the simulation more stable. We briefly introduce

Projective Dynamics below. The dynamics model can be written as

M(qn+1 − qn − hvn) = h2(∇E(qn+1) + fext), (4.2.0.1)

with M being the mass matrix, qn the vertex locations at frame n, h the time step, vn the velocity,

E the potential energy due to deformation, and fext the external forces. We choose implict Euler

for a stable time integration, then the state qn+1 can be solved by

qn+1 = argmin
q

1

2h2
(q− sn)

⊤M(q− sn) + E(q), (4.2.0.2)

where sn = qn + hvn + h2M−1fext. Projective Dynamics reduces the computational cost by

introducing an auxiliary variable p to represent the internal energy as the Euclidean distance
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between p and q after a projection G:

E(q) =
∑
i

ωi
2
∥Giq− pi∥2F , (4.2.0.3)

where ω is a scalar weight, and E contains internal energy from different sources, such as

deformations, actuators, and constraints. The computation of ω, G, and p is dependent on the

form of the energy. Combining all energy components into Eq. 4.2.0.2, we have

qn+1 = argmin
q

1

2
q⊤

(
M

h2
+ L

)
q+ q⊤

(
M

h2
sn + Jp

)
, (4.2.0.4)

where L =
∑
ωiG

⊤
i Gi and J =

∑
ωiG

⊤
i Si, and Si is the selector matrix. Since this is

a quadratic optimization without constraints, its optimal point is given by the solution of the

following linear system: (
M

h2
+ L

)
qn+1 =

M

h2
sn + Jp (4.2.0.5)

Note that the estimation of p is based on the current values of q. Therefore we need to

alternate between computing p and solving q until convergence. Luckily, both steps are fast and

easy to solve: solving q in Eq. 4.2.0.5 is easy because it is a simple linear system, and computing

p can be fast because it is local and can be parallelized. We show the generic Projective Dynamics

method in Alg. 1.

Algorithm 1 Soft body simulation using Projective Dynamics

1: x1 ← initial condition
2: for t = 1 to n− 1 do
3: while not converged do
4: Compute pi for all energy components i according to q (Local step)
5: Solve q in Eq. 4.2.0.5 according to pi (Global step)
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4.3 Articulated Skeletons

Skeletons are indispensable for vertebrate animals and nowadays articulated robots. However,

adding skeletons into the soft body simulation is challenging. First, the rigid bones cannot be

simply replaced by soft materials with large stiffness, since this can make the system unstable

and unrealistic. Second, joint connections between bones must be physically valid at all times,

and thus also cannot be modeled as soft constraints. Moreover, the formulation should support

joint actuation as torques to drive the multi-body system like an articulated robot. Li et al.

[59] proposed a method for passive articulated soft-body simulation with ball joint constraints.

We extend this method to enable rotational/prismatic joints, torque actuation, and precise joint

connections without introducing extra constraints.

4.3.1 Rigid Body System

When integrated with hard skeletons, vertices on the rigid parts can be expressed as

qk = QTr
kVk, (4.3.1.1)

where Q =

(
I 0

)
is the projection from homogeneous coordinates to 3D coordinates, Tr

k ∈

R4×4 the rigid transformation matrix, and Vk ∈ R4×mk the rest-pose homogeneous coordinates

of the kth rigid body.

During the global step in Projective Dynamics, we do not directly solve for Tr
k, but for the

increment ∆zk in its degree-of-freedom (DoF), to avoid nonlinearity. This formulation restricts
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the changes of the rigid vertices to the tangent space yielded by the current Tr
k:

qi+1
k = qik +∆qik ≈ qik +

∂qik
∂zk

∆zik, (4.3.1.2)

where qik are the vertex locations of the kth body in the ith iteration step, and zk is the variable

defining the DoF of the kth rigid body, including the rotation and the translation. The nonrigid

part of the vertices can also be integrated with this formulation simply with ∂qi

∂z
= I.

Let B = ∂qi

∂z
be the Jacobian of the concatenated variables. Eq. 4.2.0.4 can be rewritten as

∆zi = argmin
∆z

1

2
∆z⊤B⊤

(
M

h2
+ L

)
B∆z+∆z⊤B⊤

((
M

h2
+ L

)
qi −

(
M

h2
sn + Jp

))
(4.3.1.3)

After solving ∆zi, the new vertex states qi+1 are derived by the new rigid transformation matrix

Tr′
k using Eq. 4.3.1.1, which is subsequently computed in the local step, discussed below.

Local step. The variable ∆zik is composed of the increment of rotation ωik and translation lik

based on the current transformation Tr
k:

∆qik =

[
−[qik]× I

]ωik
lik

 . (4.3.1.4)

Here [qik]× is defined as the vertical stack of the cross product matrices of all vertices in the kth

rigid body. During the local step, we compute the SVD of the new transformation matrix after
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integrating ωik and lik,

Tk =

I+ ωi∗k 0

0 1

Tr
k +

0 lik

0 0

 = UΣV⊤, (4.3.1.5)

and restrict it to SO(3) to obtain the new rigid transformation, Tr′
k = UV⊤.

The local step of Projective Dynamics for a single rigid body is the same as in [76].

However, we propose Eq. 4.3.1.2 to generalize the coupling to kinematic trees [163] with precise

and actuated articulation.

4.3.2 Top-down Matrix Assembly for Articulated Body Systems

The articulated body system formulation is similar to the rigid body one, except that the

transformation matrix is now chained:

Tr
k =

∏
u∈Uk

Au, (4.3.2.1)

where Uk contains all ancestor of the kth link (inclusive), and Au is the local transformation

matrix defined by joint u.

For rigid bodies, the vertex locations of a rigid body only depend on the body’s own DoF

variables. In the articulated system, however, they are also affected by the body’s ancestors.

Therefore, B changes from a block diagonal matrix to a block lower triangular matrix if the rigid

body vertices are ordered by their kinematic tree depth.

To compute the matrix B, we consider a link u with one of its non-root ancestor v. By the
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definitions in Sec. 4.3.1, the corresponding block in matrix B is

Bu,v =
∂Tr

uVu

∂zv
= QPv

∂Av

∂zv
Sv,uVu, (4.3.2.2)

where Pv is the prefix product of the local transformation matrices of the link chain from root

to v (exclusive), and Sv,u is the suffix product from v to u. In boundary cases where u = v, the

formulation becomes

Bu,u = QPu
∂Au

∂zu
Vu. (4.3.2.3)

When v is the root and thus has the same DoFs as a rigid body, using the results from Sec. 4.3.1,

the formulation can be simplified to

Bu,root = Q

[
−[qu]× I

]
. (4.3.2.4)

Computing Eq. 4.3.2.2 requires the matrix products Pv and Sv,u of a link chain (v, u) in the

tree. Straightforward approaches here could result in O(N3) complexity, where N is the number

of links. However, by utilizing the kinematic tree and conducting the computation in top-down

order, the complexity can be reduced to O(N2), which is optimal. The key observation is that the

prefix and suffix products can be computed recursively:

Pv = Pv′Av′ (4.3.2.5)

Sv′,u = AvSv,u, (4.3.2.6)
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assuming v′ is the parent link of v. When we traverse the kinematic tree in a depth-first order, the

prefix product can be computed in O(1). The suffix product is also obtained as we iterate along

the path back to the root. Algorithm 2 shows the matrix assembly method starting from the root

node:

Algorithm 2 Matrix Assembly for the Articulated System
1: Input: tree link u
2: Compute Pu using Eq. 4.3.2.5
3: v ← u
4: while v is not root do
5: Compute Sv,u using Eq. 4.3.2.6
6: Compute Bu,v using Eq. 4.3.2.2
7: v ← parent(v)
8: Compute Bu,root using Eq. 4.3.2.4
9: for s in descendants(u) do

10: Solve link s recursively

The transformation matrix A and the Jacobian of a joint depend on the joint type. This is

further derived in Appendix C.

4.3.3 Articulated Joint Actuation

Eq. 4.3.1.3 is a quadratic optimization, so the optimal ∆zi is given by the linear system

H∆zi = k, (4.3.3.1)
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where H = B⊤ (
M
h2

+ L
)
B and k = −B⊤ ((

M
h2

+ L
)
qi −

(
M
h2
sn + Jp

))
. Reordering the

vertices into sets of deformable and rigid ones yields the following partitioning of the matrix:

Hd H⊤
c

Hc Hr


∆zid

∆zir

 =

kd
kr

 , (4.3.3.2)

where ∗d and ∗r represents the deformable and the rigid parts, respectively. The joint actuation

can be directly added to kr since the linear system is analogous to the basic formulation Ma =

f where the right hand side represents the sum of forces and/or torques. The formulation of

pneumatic and muscle actuators can be found in Appendix C.

4.4 Contact Modeling

We handle the contact using Coulomb’s frictional law via a Jacobian. To compute the

velocities after collisions, we split the left-hand side of Equation 4.2.0.5 into the diagonal mass

matrix M and the constraint matrix h2L, and move the latter to the right-hand side:

Mvi+1 = f − h2Lvi + ξi, (4.4.0.1)

where f = Msn − (M + h2L)qn + h2Jp and the contact force ξi is determined according to

f − h2Lvi (the current momentum) to enforce non-penetration and static/sliding friction. The

idea here is to enforce Coulomb’s law at every iteration, which is ensured by solving vi+1 using

the inverse of a diagonal matrix M. As long as the solver converges at the end, the final v and ξ

will conform to the frictional law.

This method works well for cloth contacts [78], but cannot be directly applied to soft
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bodies, because solid continuum is much stiffer than thin sheets, i.e. the elements in h2L on

the right-hand side are much larger than those in M on the left-hand side, resulting in severe

oscillation or even divergence during the iterative solve.

We show that in order to guarantee the convergence of Equation 4.4.0.1, the time step h has

to satisfy a certain condition:

Proposition 4.4.1. Assuming f and ξ are fixed, Equation 4.4.0.1 converges if the time step h

satisfies

h2 <
ρ

24
√
3Tµ

∑3
k=1 ∥qk − q0∥22

(4.4.0.2)

where ρ is the density, µ is the stiffness, T is the number of tetrahedra, and qi are the vertex

positions.

Details of the proof can be found in Appendix C. Using the setting in our experiments,

where T ≈ 1000, µ ≈ 3×105, ∥qk−q0∥2 ≈ 10−2, and ρ ≈ 1, we would need to set h < 1/1934

in order to ensure the convergence, which is too strict for the simulation to be useful in general

applications.

Splitting scheme. We improve this method to be compatible with soft body dynamics by introducing

a new splitting scheme. Eq. 4.4.0.1 is reformulated as

(M+ h2D)vi+1 = f − h2(L−D)vi + ξi, (4.4.0.3)

where D are the diagonals of L. Our key observation is that (a) the diagonals of L are necessary

and sufficient to stabilize the Jacobian iteration, and (b) adding extra diagonal elements to the

76



left-hand side will not break the Coulomb friction law. We show in Appendix C that under the

same assumption as Proposition 4.4.1, our method is guaranteed to converge no matter how big h

is. This improvement accelerates the simulation since larger time steps mean faster computation.

We also note that the new splitting scheme will not modify the behavior of the collision

response because the convergence point of Eq. 4.4.0.1 is the same as that of Eq. 4.4.0.3, and thus

Coulomb’s Law is still satisfied at convergence.

4.5 Experiments

In this section, we first introduce our implementation and then report ablation studies that

demonstrate the importance of skeletons and collision contacts in soft-body dynamics. Subsequently,

we use the gradients computed by our method to perform system identification; specifically,

we estimate the physical parameters of bridges. Finally, we perform gradient-based learning of

grasping and motion planning on robots with various actuators, including a pneumatic gripper, an

octopus with muscles, and a skeleton-driven fish. Our method can converge more than an order

of magnitude faster than reinforcement learning and derivative-free baselines.

4.5.1 Implementation

Our simulator is written in C++, the learning algorithms are implemented in PyTorch [25],

and Pybind [164] is used as the interface. We run our experiments on two desktops, one with

an Intel Xeon W-2123 CPU @ 3.6GHz and the other with an Intel i9-10980XE @ 3.0GHz,

respectively. For differentiation, the numerical data structure in our simulator is templatized and

integrated into the C++ Eigen library, such that our method can conveniently interoperate with
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autodiff tools to differentiate the dynamics. Our method can also run in pure C++ to perform

forward simulation. We refer to the open-source code from [75] (Apache-2.0), [78] (GNU GPL

v3.0), and [59] (MPL2) during our implementation. More details can be found in our code in the

supplement.

Table 4.1: Memory
footprint (GB).

steps w/o ckpt w/ ckpt

10 0.9 0.1

20 1.4 0.1

100 6.9 0.1

200 15.7 0.1

To further improve the memory efficiency, we introduce a

checkpointing scheme [27] into our pipeline. Instead of storing the

entire simulation history, we only store the system’s state in each

step. During the backward pass, we reload the saved state vector and

resume all the intermediate variables before the backpropagation.

This strategy can save a major part of the memory, compared to the

brute-force implementation. We conduct an experiment to compare

the memory consumption with and without this checkpointing scheme. The results are reported

in Table 4.1. CppAD [23] is used to differentiate the simulation here. In this experiment, we

simulate a bridge and estimate its material properties as shown in Figure 4.3(a). The results

show that the memory footprint of the baseline scales linearly with simulation length, while our

checkpointing scheme keeps memory consumption nearly constant.

Bone length error Body deformation error Joint angle error Runtime (ms)
No skeleton 0.13± 0.02 0.20± 0.14 2.45± 0.87 132± 2
Rigid [4] 0 0.07± 0 1.81± 0 727± 258
Passive [59] 0 0.04± 0.03 2.34± 0.78 163± 4
MPM [19] 0.48± 0.32 0.12± 0.03 NaN 11± 0
Ours 0 0.05± 0.03 0.41± 0.30 191± 4

Figure 4.1: Ablation study of skeleton realization. ‘Bone length error’ measures the length
change of a rigid bone, ‘body deformation error’ measures the deviation from the desired body
length, and ‘joint angle error’ is the deviation from the target joint configuration. For all metrics,
lower is better and 0 in error indicates the highest accuracy possible. Our model is the most
physically realistic.
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4.5.2 Ablation Study

Skeleton constraints. Controlling soft characters via skeletons is natural and convenient: vertebrate

animals are soft, but are driven by piecewise-rigid skeletons. Our simulator supports skeletons

and joint torques within soft bodies. This ablation study compares other designs with ours. In

this experiment, a Baymax model [165] in its T-pose is released from above the ground, as shown

in Figure 4.1. We embed 5 bones inside Baymax (4 in arms and legs, and 1 in the torso). When

Baymax falls to the ground, we also add torques on its shoulders so it can lift its arms to a

target Y-pose. More details of the setting and qualitative results can be found in Appendix C

and the supplementary video. Three metrics, summarized in Figure 4.1, are used to measure

realism. The metrics are averaged over 5 repetitions with different initial positions and velocities.

For comparison, we simulate a ‘No skeleton’ Baymax without the support of rigid bones. Its

bone error is non-zero because of the deformation. The Baymax in a differentiable rigid body

simulator [4] is rigid, so the body length error is non-zero. Li et al. [59] simulate the ‘Passive’

skeleton case where there is no joint actuation and joint angles cannot be adjusted to the desired

configuration. We also run Difftaichi-MPM [19] by converting the mesh model to the point-

based MPM representation. ‘MPM’ does not have skeletons so the errors are high. The arms also

detach from the body so the joint error is NaN. Our method attains the highest degree of physical

realism and correctness overall.

Contact handling. Good contact handling is critical for simulating multi-body systems that

interact with their environment. In this experiment, we throw a 3D soft ball against a 2D thin

sheet. Metrics in this experiment are penetration error and indicators of vertical compression and

horizontal stretching. Zero penetration error is ideal. ‘Yes’ for compression/stretching indicates
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Penetration error Compression Stretching Runtime (ms)
Cloth [78] 0.041± 0.004 No No 930± 52
Rigid [4] 0 No No 520± 135
MPM [19] NaN Yes Yes 14± 0
Ours 0 Yes Yes 51± 3

Figure 4.2: Ablation study of collision handling scheme. ‘Penetration error’ is greater than
0 if objects interpenetrate as a result of the simulation. ‘Compression’ and ’stretching’
indicate whether the simulation allows the ball to compress and stretch in the vertical and
horizontal directions, respectively. Our method can model a soft ball correctly while preventing
interpenetration.

that the simulator can model the deformation of the soft ball correctly. The metrics are averaged

over 5 experiments with different initial positions and velocities. The dry frictional contact model

of Ly et al. [78] does not model the deformation of soft solids, and there could be penetration

when the resolutions of the ball and cloth differ a lot due to the nodal collision handling scheme.

The rigid differentiable simulator of Qiao et al. [4] can prevent interpenetration, but the ball

remains rigid. MPM [19] can model the deformation of both the ball and the cloth, but the cloth

is torn apart by the ball and penetration cannot be quantified. In contrast, our method accurately

handles collision to avoid interpenetration and correctly simulates the deformation of the ball.

4.5.3 Applications

System identification. Determining the material parameters of deformable objects can be challenging

given their high dimensionality and complex dynamics. In this experiment, we use our differentiable

simulator to identify the material property of each finite element cell within the soft body. As

shown in Figure 4.3, there are two bridges with unknown materials: a suspension bridge with

both ends fixed and the entire bridge being soft, and an arch bridge that has three piers attached

to the ground. Given that the movement of the barycenter under gravity, compared to its rest pose,

is ∆x = 8cm, we estimate Young’s modulus and Poisson’s ratio of each finite element cell in the
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Figure 4.3: System identification. Given the desired displacement under gravity, we estimate
Poisson’s ratio and Young’s modulus of each element of the two bridges with different structures.
Our method converges much faster than gradient-free methods.

bridge. The loss function is the distance from the actual barycenter to the target. The suspension

bridge has n = 668 cells and the arch one has n = 2911 cells. The number of unknowns is

2n. We compare our method with four derivative-free methods (CMA-ES [123], LEAP [166],

BOBYQA [167], and Nelder-Mead [168]). Each experiment is repeated 5 times with different

random seeds. As shown in the figure, our method converges in ∼10 iterations while others

fail to converge even after 100 iterations, indicating that derivative-free methods in this high-

dimensional setting become too inefficient to converge to a reasonable solution. By making use

of the gradients provided by our method, common gradient-based algorithms can quickly reach

the target configuration.

Motion planning. Controlling the motion of deformable bodies is challenging due to their

flexible shapes. In this experiment, summarized in Figure 4.4, the task is to control robots

with different actuator types. In general, given an initial state X0, control policy ϕθ1(·), and

material parameters θ2, the simulator can generate a trajectory of the states at all time steps t,

{simt(X0, ϕθ1(·), θ2)} = {X1, X2, ..., Xn}. If we want the system to reach a target stateXtarget at

the end of the simulation, we can define an objective functionL(X0, θ1, θ2) = ||(simN(X0, ϕθ1(·), θ2)−

Xtarget)||2, where the optimization variable are θ1 and/or θ2.

We compare our method with Reinforcement Learning algorithms (SAC [143], SQL [144],
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and PPO [145]), and the best derivative-free optimization method from the last experiment,

CMA-ES. We also tried MBPO [169], but we found that this method takes too much memory

and could not finish any test. All RL methods use the negative of the loss as the reward.

The pneumatic gripper in Figure 4.4(a) has 56 pneumatic cells in four arms and is attached

to an (invisible) drone as in [149]. The pneumatic activation can control the volume of a tetrahedron.

When the cells inflate, the arms will move inwards and hold the ball tighter. We control the

pneumatic activation as well as the movement of the drone to move the ball from the start (0, 0, 0)

to our target (0, 0.3, 0) in 50 steps. The loss is the distance from the actual position to the target

position. Our method converges in 10 episodes while CMA-ES and PPO gradually converge in

200 and 500 episodes, respectively.

The muscle-driven octopus in Figure 4.4(b) has 8 legs, each with 2 muscles inside. It

moves forward by actuating the muscles, being pushed by drag and thrust forces induced by

the water on the octopus’s surface [75]. The octopus starts at (0, 0, 0) and our target location is

(−0.4, 0.8,−0.4). We set the objective to be the distance between the current location and the

desired location. The length of the simulation is 400 steps, and the control input in each step

is 64-dimensional. In total, there are 64 × 400 = 25600 variables to optimize. Our method

converges in 50 episodes while other methods fail to converge in 500 episodes.

The fish with an embedded skeleton in Figure 4.4(c) has 6 bones: 3 in its body, 2 in the

fins, and 1 in the tail. The hydrodynamics in this environment is the same as in the octopus

experiment. The fish starts at (0, 0, 0) in step 1 and the target location in step 100 is (0, 0, 0.15).

The objective function is the distance from the actual location to the target location. For each

step, there will be a torque vector of size 5 that represents the joint actuation level. In total,

the optimization variable has 500 dimensions. Our method with gradient-based optimization can
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(a) Gripper (b) Octopus (c) Fish

Figure 4.4: Motion control experiments. We simulate (a) a gripper with pneumatic cells in four
arms, (b) an octopus with 16 muscles, and (c) a fish with 6 bones inside the body. The goal is
to optimize the actuation schedules to get the robots to the target location. Our method is up to
orders of magnitude faster than reinforcement learning and derivative-free baselines.

converge in roughly 50 episodes, while others cannot converge even after 500 episodes.

In summary, gradient-free optimization methods and RL algorithms meet substantial difficulties

when tackling problems with high dimensionality, such as soft, multi-body systems. Even when

the action space is as small as the one in the gripper case, RL methods still fail to rapidly optimize

the policy. By introducing the gradients of the simulation, simple gradient-based optimization

outperforms other algorithms. This work hopefully may inspire improvements in RL algorithms

that tackle such high-dimensional problems.

4.6 Conclusion

This chapter has developed a differentiable physics framework for soft, articulated bodies

with dry frictional contact. To make the simulation realistic and easy-to-use, we designed a

recursive matrix assembly algorithm and a generalized dry frictional model for soft continuum
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with a new matrix splitting strategy. Integrated with joint, muscle, and pneumatic actuators,

our method can simulate a variety of soft robots. Using our differentiable physics to enable

gradient-based optimization, our method converges more than an order of magnitude faster than

the baselines and other existing alternatives.

There are some limitations in our contact handling and soft body dynamics. Currently,

though our algorithm is more extensive and generalized than existing differentiable physics

algorithms and our implementation handles the most commonly found contact configuration,

vertex-face collisions, there could still be edge-edge penetration missed in some corner cases.

Moreover, the Projective Dynamics pipeline limits the energy to have the form E = ∥Gq− p∥.

Some nonlinear material models (e.g., neo-Hookean) are not captured in this framework and

new models for differentiable physics will be required for handling nonlinear and heterogeneous

materials. For future work, we aim to add edge-edge collision handling in the Projective Dynamics

pipeline. The techniques in [77] can be used to incorporate addition material types. GPU

or other parallel computing implementation can be used to boost the performance of gradient

computation.
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Chapter 5: Other Differentiable Dynamical Systems

5.1 Traffic Simulation

Automobile traffic is a dynamic phenomenon that emerges from the interactions of a multitude

of distinct entities, and its complexity has led analysts to rely on simulations to solve complex

real-world traffic problems, such as signal control, congestion, road design, and urban planning [170].

Traffic simulation has become increasingly more important due to population growth, fast-growing

technologies, and demands for autonomous driving. Autonomous driving agents need accurate

and efficient models to simulate all types of plausible traffic scenarios to capture corner cases

and accelerate learning-based training that requires data not easily available from real-world

capturing [171].

Techniques for traffic simulation can be broadly classified as either macroscopic or microscopic

based on their modeling assumptions. Macroscopic models describe traffic evolution as a system

of partial differential equations (PDE), and the traffic state is represented as a continuum of

values across the road network. Since we treat vehicles as particles translated by convection

under this assumption, it is computationally efficient but provides coarse simulation results. In

contrast, microscopic models represent traffic through individual vehicles, or agents, that are

evolved individually and which together characterize the traffic state of the road network [172].

Therefore, this approach gives us fine-grained details but often requires much more computation
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Figure 5.1: Traffic simulation in an urban environment. Traffic simulation can be used to
analyze complex traffic dynamics. Among two popular traffic models, by simulating areas of
interest with the microscopic one and using macroscopic simulation elsewhere, we can reduce
the overall computational cost without compromising significant details. For instance, the center
of intersection can be simulated with discrete, agent-based models for higher-fidelity inter-vehicle
dynamic interaction. (This scene is rendered in CARLA [173].)

resources than macroscopic models.

In this work, we propose to adopt both microscopic and macroscopic models to create a

more general traffic simulator that is differentiable (Figure 5.1). This kind of hybrid approach has

already been proven to simulate large-scale traffic environments much more efficiently than either

of the approaches while maintaining integrity [172]. Here we leverage the power of the hybrid

approach to support large-scale traffic scenes, which will be demonstrated in our experiments.

During simulation, our framework computes gradient information that provides abundant insight

into traffic dynamics. This approach results in enhanced sample efficiency in our simulation,

as each sample of traffic simulation comes with gradient information explaining how and why

such an event has occurred. Moreover, this differentiability allows us to integrate our framework

with neural networks to support a wide range of traffic control, planning, management, and flow

optimization problems.

We first derive the analytical formulation of the differentiable traffic models for both macroscopic

and microscopic paradigms. The resulting representations can simulate traffic on road networks

for any metropolitan region more efficiently. Furthermore, we present a probabilistic method to
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convert traffic states between macroscopic and microscopic ones, which is also differentiable.

With this novel differentiable traffic simulation model, we can find near-optimal solutions to

some traffic problems that were otherwise not previously solvable, and we can do so efficiently.

To summarize, in this chapter we introduce the following main results:

• Derivation of a differentiable macroscopic traffic model based on ARZ model [174, 175];

• Analytical formulation of differentiable Intelligent Driver Model [176] for agent-based

vehicle dynamics;

• Differentiable conversion between deterministic and probabilistic instantiation of two traffic

models;

• Application of the first differentiable hybrid traffic simulation framework to traffic control

.

In our experiments, we observe up to an order of magnitude speedup in runtime performance,

in both forward simulation and back propagation process, compared to a baseline differentiable

simulator based on automatic differentiation.

This is a collaboration work led by Sanghyun Son. More details can be found in the full

paper [177].

5.2 Fluids Simulation

Differentiable physics has been introduced recently as a powerful and effective approach to

solving control and inverse problems due to the differentiability that makes it possible to compute

the gradient with user-defined objective functions in a neural network. The computed gradient

allows us to use gradient-based optimizers, such as gradient descent and quasi-Newton method,
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that are generally much more efficient than derivative-free optimization methods. Given the larger

number of degrees of freedoms (DOFs) for complex dynamical systems (e.g., DOFs of fluids can

be more than 10k) and their high computational cost for simulation over many time steps, it is

indispensable to take advantage of the gradient information to efficiently minimize the objective

functions.

Because of the effectiveness, many researchers investigated differentiable physics formulations

and their applications, e.g., for rigid bodies [178, 179], articulated rigid bodies [35, 180], deformable

solids [181], thin shells and cloths [3], coupling of rigid bodies and cloths [4], smokes [182,

183], and liquids [184]. While some differentiable formulations for fluid materials have been

proposed, approaches to achieving differentiable physics differ from each other, typically due

to differences in the underlying fluid simulation methodologies. In the literature, there are two

types of commonly used fluid simulation methods characterized by distinct spatial discretization

techniques: Eulerian grid-based approach and Lagrangian particle-based approach. While the

Lagrangian particle-based approach has become popular due to its flexibility, it is known to be

challenging to enforce the fluid incompressibility, which plays an important role for realistic fluid

behaviors. By contrast, Eulerian grid-based approach has been proven to be efficient and effective

in simulating incompressible fluids.

The differentiable approach for Eulerian fluid simulation has been proposed, e.g., with

deep neural networks to predict fluid behaviors [182, 185, 186, 186]. However, it is reported

that predicting the complex fluid behaviors for a long term can be difficult [185, 186]. In

addition, fluids involving solid objects can pose additional challenges because of the increased

possible fluid and solid configurations, which further make it difficult to learn and predict the

fluid dynamics. As such, for reliable predictions of fluid behaviors involving solid interactions, it
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is typically necessary to compute the fluid and solid dynamics using numerical simulation based

on their governing equations.

In this chapter, we propose a new differentiable fluid simulation method that can be integrated

as a part of layers in deep neural networks. The integrated differentiable simulator enables end-

to-end learning of the neural networks with back propagation of the gradient through both of the

simulator and networks. The trained networks can generate control inputs for the simulator to

handle fluid and solid control problems. Our key contributions are summarized as follows.

1. Our differentiable fluid simulator offers the capability of handling one-way coupled solids

due to a variational principle enforcing the fluid incompressibility for realistic fluid behaviors,

while appropriately applying the free-slip boundary condition at the sub-grid, fluid-solid

interface.

2. To achieve the differentiability, we apply the adjoint method to the entire simulation steps

of dynamical systems (unlike partial application of the adjoint method within one time step,

e.g., as in [3, 178, 182]), thereby enabling efficient and scalable gradient computations for

user defined objective functions.

3. Our differentiable fluid simulator computes the gradient based on automatic differentiation

(AD) at the high-level, fluid simulation operations (e.g., advection and pressure projection),

avoiding the expensive reverse mode AD at the low-level, primitive operations (e.g., addition

and subtractions of each variable), commonly implemented in public libraries.

Our validations and experiments demonstrate that our differentiable simulator can achieve

at least one order of magnitude performance improvement, compared to the state-of-the-art techniques

in inverse and control problems.
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This is a collaboration work led by Tetsuya Takahashi. More details can be found in the

full paper [8].

5.3 Analog Quantum Computing

Quantum computing has promised unprecedented improvement in our computational ability

to tackle classically intractable problems. Despite of the rapid development of quantum hardware [187,

188], near-term quantum computers are still likely to have very restricted hardware resources,

where the limited number of “qubits” and non-negligible machine noises would impede the

implementation of large-scale quantum algorithms. Recent research results in both computer

science [189] and physics [190] suggest a promising approach of designing resource-efficient

Noisy Intermediate-Scale Quantum (NISQ) [191] applications by breaking quantum circuit abstractions

and directly designing applications at the pulse-level control of quantum machines.1 The benefits

of this analog-oriented approach have been witnessed in the history of classical analog computing

that predates digital computing due to relaxed hardware requirement and plays an important role

in domain applications such as simulation.

One leading algorithmic paradigm on NISQ computers is the Variational Quantum Algorithm

(VQA) with a few prominent examples like the Variational Quantum Eignensolver (VQE) [192],

quantum approximate optimization algorithm (QAOA) [193], and more in [194]. Specifically,

VQA uses parametrized quantum models to characterize loss functions, in particular those from

quantum physics, which are potentially intractable for classical computing [195]. These parameters

will then be optimized, usually through gradient-based approaches, to minimize the given loss

function. Conventionally, parameterized quantum models are typically quantum circuits where
1Pulse-level control is available on IBMQ computers.

90



each gate is parameterized by classical variables. Moreover, auto-differentiation techniques have

been recently developed (e.g., [196, 197, 198]) for a scalable quantum gradient calculation on

parameterized quantum circuits. We henceforth refer this existing framework as differentiable

digital quantum computing.

Although parameterized quantum circuits are designed for NISQ applications, implementing

(digital) quantum circuits still incurs non-negligible overheads, which significantly restricts the

size of parametrized circuits that can be executed faithfully on NISQ machines. Moreover, the

current parameterization in VQAs is also largely restricted by available parameterized gates and

how they compose circuits, which in turn limits the expressive power of VQAs. A natural

alternative to the current digital parameterization is to perform VQA directly on parametrized

analog signals (pulses), either on digital quantum machines with pulse-level controls, or on

general analog quantum hardware. Indeed, parameterized analog pulses have the potential for

more efficient NISQ implementation and better expressiveness as suggested in a recent perspective

paper [190], which could be a more favorable parameterization for NISQ applications even when

digital quantum gates are available.

However, there is not yet a systematic study of the analog parameterization for VQAs,

its scalable training, and its quantitative benefits in achieving high-quality solutions in VQA

applications.

Diff. Quantum Neural ODE Diff. Physics

d
dtx(t) =? −iH(v, t)x(t) f(x(t),v) f(x(t),v)

Parametrization Basis Function Neural Network Dynamics Equation

Forward Time Evolution Forward Pass Time Integration

Backward MC Integration Autodiff Auto/Manual Diff.

Device Quantum Classical Classical

Table 5.1: Machine learning in different dynamical
systems.

Contributions. We conduct the first

systematic study of the parameterization

and scalable training of analog VQAs,

which we call differentiable analog quantum

computing. We also leverage our scalable
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training to demonstrate the quantitative

benefits of the analog parameterization for

specific VQA applications.

Specifically, we formulate the general differentiable analog quantum computing as a control

problem, minv L(v), where the loss functionL(v) is calculated from the v-parametrized quantum

state x(T ;v) generated by quantum machines at the evolution time t = T . Intuitively, this control

problem is no different from any classical ones except that the evolution of the quantum state in

[0, T ] is governed by the Schrödinger equation

d

dt
x(t) = −iH(v, t)x(t), (5.3.0.1)

where the Hamiltonian operatorH(v, t) can be much more flexibly parameterized in v compared

with parameterized quantum circuits. We also develop a scalable Monte Carlo integration technique

of computing quantum-related gradients from the loss function L(v). A well-known difficulty

in computing quantum-related gradients by classical means is the exponential cost associated

with classical simulation of the quantum system. Thus, any scalable solution must leverage

quantum machines to compute the gradients for themselves. Existing “auto-differentiation”

techniques for parameterized quantum circuits (e.g., [196, 197, 198]) are designed for discrete-

time evolution and the basic parameterized units (i.e., gates) are described by finite-dimensional

matrices. Differential analog quantum computing exploits parameterization of continuous-time

evolution and H(v, t) refers to a parameterized model from a functional space. Our Monte Carlo

integration technique is designed to bridge this technical gap, which is later integrated with the

stochastic gradient descent (SGD) for the entire framework for fast convergence and robustness
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against empirical noise. We further illustrate that our quantum stochastic gradient descent could

still work with approximate descriptions of H(v, t) for domain applications.

An analogy could be drawn between our approach and classical deep learning, as summarized

in Table 5.1. Neural ODEs [34, 199] view the structure of ResNet [200], xn+1 = xn + f(xn, θ),

as the solving of an ordinary differential equation,

d

dt
x(t) = f(x(t),v), (5.3.0.2)

with f(·) as the network layer, v the network parameter, and x(t) the hidden state. This formula

is similar to our system in (5.3.0.1), although we adopt a different parametrization than neural

networks. Similarly, differentiable physics (e.g., [181]), which incorporates physical simulation

into learning process, leverages existing numerical solvers and the autodiff functionality of deep

learning with backpropagation to compute gradients of a physical or dynamical system, then

integrates them into a neural network. This approach has proven to accelerate learning and

generalization.

Differentiable analog quantum computing can be deemed as a special form of differentiable

physics at the quantum scale. Similar to the promise of differentiable physics or neural ODEs, we

have also observed the advantageous performance of differentiable analog quantum computing

against the conventional parameterized quantum circuits by orders of magnitude in major VQA

applications like optimization and control. Our auto-differentiation technique in quantum is

however less efficient than classical ones that leverage the chain rule and the forward/backward

propagation. This is due to the quantum no-cloning theorem [201] which prevents us from storing

any arbitrary immediate state during quantum computation. So, we develop a sampling technique
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to compute gradients. To sum up, the key contributions of this work include:

• A formulation of differentiable, resource-efficient analog quantum computing framework,

• A scalable technique of computing gradients by Monte Carlo sampling with SGD,

• Formal analysis on correctness, efficiency, and robustness that showcases exponential reduction

of computational complexity and bounded errors with approximate machine description,

• Applications of our framework on quantum optimization and control, with demonstrated advantages

by orders of magnitude against parameterized quantum circuits. Our code is available here:

https://github.com/YilingQiao/diffquantum

This is a collaboration work. More details can be found in the full paper [202].
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Part III

Reality-based Simulation
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Chapter 6: Editable Neural Geometry and Physics from Monocular Videos

6.1 Introduction

Monocular RGB videos are ubiquitous today, and computers’ ability to understand spatial

and physical properties embedded in their contents is essential for many applications. Can you

imagine one day being able to build a fully-interactive digital twin of your surrounding world

using just a smartphone? You could capture a moving, fully 3D portrait of yourself (Sec. 6.4.1),

estimate the physical material parameters of objects and interact with them virtually (Sec. 6.4.3),

playback existing recordings from new angles (Sec. 6.4.2), or even edit your favorite cartoon

videos (Sec. 6.4.4). In this chapter, we design a system that makes progress toward realizing all

of these things. Taking a single RGB video as input, our method estimates the geometry and

dynamics parameters of the scene, parameterized by neural fields [79], and enables subsequent

editing and physically-based simulation.

While humans can easily infer 3D shapes and physical properties of their environment

even from a single eye, these tasks remain challenging for computer algorithms. Geometry

reconstruction from a single view is an intrinsically under-constrained problem: there is usually

more than one 3D structure that could result in a given 2D projection of a scene. Another

key challenge lies in choosing a suitable representation to model the complex geometry of the

real world. Explicit representations like surface mesh [203, 204] are widely used in computer
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graphics, but they suffer from limited resolution and fixed topology. Implicit representations such

as signed distance functions (SDFs) describe complex geometric structure more elegantly, but are

not directly suitable for reasoning about dynamics properties. Estimating dynamics parameters is

yet more challenging, since it is contingent upon correctly estimating geometry and its variation

over time.

In this chapter, we design an end-to-end differentiable rendering and simulation pipeline

that can directly learn the geometry and dynamics from a monocular video. By assuming the

existence of a one-to-one dense mapping between temporal frames in 3D space, our method

decouples the geometry estimation task into two complementary parts: a static reference frame,

and a mapping function that encodes motion. The static reference frame consists of three neural

fields: Appearance, Rigidity, and an SDF for geometry. Given a 3D spatial coordinate as input,

these fields respectively output its RGB color, rigidity mask, and signed distance to the nearest

surface, in the reference frame. Time-variant motion is encoded in a separate Motion field, which

takes as input a 3D spatial coordinate (sampled along a ray), plus a learned latent code denoting a

particular discrete time step, and outputs the 3D displacement from the sampled coordinate back

to its corresponding reference frame coordinate. We utilize the density function from NeuS [88]

for rendering, and the Rigidity mask from Non-Rigid NeRF [106] to regularize the motion and

obtain foreground/background separation.

A convenient property that emerges from factorizing the scene into static geometry +

dynamic motion fields is that by querying the motion field, we can establish a point-wise correspondence

across frames, which we leverage to infer dynamics properties of the scene. Specifically, physics

parameters are optimized by minimizing the difference between results from the differentiable

simulator [151] and motion field. Upon learning reasonable parameters, the differentiable simulator
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can be used for physically-based animation and editing of the scene. Experiments show that

our method outperforms competing approaches in surface reconstruction, video reconstruction,

and novel view synthesis tasks, both qualitatively and quantitatively. Multiple examples also

demonstrate our full pipeline’s physically-based scene understanding and interactive scene-editing

capabilities. Our code and data are available here: https://sites.google.com/view/

neuphysics

In summary, the key contributions of this work are as follows:

• We present a framework for estimating and editing the geometry, appearance, and physics

parameters directly from a single monocular video (Figure 6.3).

• By decoupling the learning of static SDF geometry and dynamic motion, our method

effectively regularizes this under-constrained problem and enables reconstruction of high-

quality dynamic surface mesh sequences from monocular videos (Figure 6.4).

• By connecting the neural-fields-based geometry reconstruction to a differentiable physics

engine, this approach eliminates the need for manual construction of intermediate 3D

models, and avoids poor initialization for the differentiable simulator, empowering users to

estimate the modeling and physics parameters from scratch (Figure 2.9).

• We design a two-way conversion (Figure 6.2& 6.3) between the explicit hexahedral mesh

and implicit neural fields in our end-to-end modeling, simulation and rendering pipeline,

enabling users to (1) extract high-quality explicit meshes from the implicit fields, and (2)

interact with the implicit 3D field (e.g. add, delete, move, deform, and simulate) by directly

manipulating its explicit mesh counterpart.
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6.2 Related Work

Differentiable volume rendering with implicit neural representations has recently been used

to synthesize novel views, estimate geometry and appearance from images and videos. Neural

Radiance Fields (NeRF) [79], and following works [80, 81, 82, 83] have achieved photorealistic

rendering results even on complex scenes. The coordinate-based multi-layer perceptron (MLP)

representation equips the scene with high resolution [84], can be effectively regularized [85], and

is memory-efficient. Compared with differentiable surface rendering [86, 87], volume rendering

can backpropagate gradients through the entire space, which leads to better optimization of

complex geometry that contains topological changes, and mitigates getting stuck in local minima.

The original density field from NeRF cannot directly reconstruct high-quality surface meshes, so

neural SDF fields [88, 89, 90, 205, 206] have been proposed for multi-view geometry reconstruction.

Compared to other discrete representations like meshes [91, 92, 93], point clouds [94, 95] and

voxels [96, 97], SDF fields have higher resolution, and do not require pixel-level segmentation [98,

99, 100] for reconstruction tasks. Current approaches that employ neural SDF fields do not

converge to accurate geometry when faced with dynamic scenes, while our method does so from

a single video, which we show in figure 6.4.

Recent work has extended NeRF to videos of dynamic scenes [101, 102, 103], but they

primarily focus on 2D image synthesis, not reconstructing 3D geometry. These works either

directly condition the neural fields on time [108, 109, 110] or they learn a canonical field

separately from time-dependent motion [104, 105, 106, 107]. We choose the latter strategy

because it better constrains the learning problem based on a reasonable inductive bias, and

importantly, it provides us with point-wise correspondence between time steps that is useful
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for dynamics estimation. By representing geometry with a neural SDF field, and applying

strong geometric priors, we can reconstruct dynamic 3D geometry better than existing dynamic

extensions of NeRF, while even improving image reconstruction as shown in Section 6.4.1.

Differentiable simulators enable physics priors to better fit into data-driven approaches,

and have therefore increasingly been applied to robotics and computer graphics tasks [9, 16, 139,

207, 208, 209]. These physically-based simulation methods have been developed for dynamical

systems with different properties, including rigid bodies [1, 2, 4, 210, 211], soft bodies [6, 12,

19, 35, 151, 212, 213, 214], articulated bodies [154, 155, 156], cloth [3, 215], and fluids [8, 32,

45, 157].

6.3 Methods

Given a monocular video consisting ofN RGB image frames {Ii}Ni=1, our approach estimates

the 3D geometry within the camera’s field of view, point-wise correspondence of the dynamic

3D scene across time, and static/dynamic segmentation. By integrating the differentiable physics

module, we can learn physics parameters from the dynamic motion sequence, which we leverage

for video editing and forecasting. Figure 6.1 shows an overview of this chapter.

6.3.1 Rendering Pipeline

SDF and color networks. Similar to recent Neural Fields methods [79], we parameterize

the geometry and appearance of the scene using coordinated-based Multi Layer Perceptrons

(MLPs), which can render 2D images using the volume rendering scheme proposed in NeuS [88].

Geometry is represented by an SDF network sθSDF
(p) : R3 → R that maps a spatial coordinate
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Figure 6.1: Overall workflow. NeuPhysics takes a monocular video as supervision. The time-
invariant fields are defined on a reference frame, while time-dependent motion is applied to
each point sampled in space. We then compute color loss from the volume rendered images.
A differentiable simulator is embedded after optimizing the neural fields, to learn dynamics
parameters and allow scene editing. A detailed computational graph can be found in Figure 6.3.

p ∈ R3 to its signed distance to the nearest surface. Appearance is represented by another MLP

cθcolor(p) : R3 → R3 that describes the RGB value of each spatial point. During rendering, the

points along a ray cast from a given pixel can be written as {p(t) = o + tv|t ≥ 0}, where o is

the camera center, v is the unit direction of the ray, and t is distance from the camera center. The

pixel’s color is then calculated by integrating along the ray:

C(o,v) =

∫ +∞

0

w(s(p(t))) · c(p(t))dt, (6.3.1.1)

where w(·) [88] is a weight function describing the contribution of each point’s color based on

its SDF value. More details can be found in the Appendix.

Motion network. However, the above framework is only designed to handle multi-view images

of a static scene, which motivates another component to accommodate temporal information.

Instead of directly conditioning the existing networks upon time, we choose to decouple the

dynamic and static scene components. Therefore, the SDF and color networks are defined on

a static reference frame, while a motion network bθmotion
(li,p) : Rdl × R3 → R3 estimates

101



the offset field [106] for each time step, where li ∈ Rdl is a learned latent feature encoding

temporal information about the i-th frame Ii. The motion network bends each query ray {p(t)}

to {p′(t) = p(t) + b(li,p(t))}, which is then queried on the reference frame for SDF and color

values.

Rigidity network. Since we want to segment and simulate dynamic objects within the scene

downstream, we apply a rigidity network [106] rθrigidity(p) : R3 → R to distinguish dynamic

foreground from static background. The mask r(p) ∈ [0, 1] defined on the reference frame

indicates the likelihood that a point belongs to the swept volume of moving elements in the scene.

The offset value becomes b
θrigidity
θmotion

(li,p(t)) = rθrigidity(p) · bθmotion
(li,p(t)). This formulation

pushes dynamic regions toward larger r(·) values during training, while driving static areas

toward zero.

6.3.2 Simulation Pipeline

Geometry reconstruction. Given the signed distance field s(·) and rigidity mask r(·), we

can reconstruct the geometry of the dynamic and static parts of the scene. For example, the

foreground in the i-th frame is contained within the swept volume of moving objects described

by:

Ai = {p|s(p+ b(li,p)) ≤ ksdf , r(p+ b(li,p)) ≥ krigidity}, (6.3.2.1)

where ksdf and krigidity are constant thresholds for the SDF and rigidity values, respectively.

This formulation is amenable to conversion into an explicit mesh representation. For rendering

purposes, a surface mesh could be obtained using the marching cubes algorithm [216]. Alternatively,
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we represent the dynamic elements as a volume mesh. We sample over a discrete 3D grid to find

vertices within volume Ai, and if a grid point p satisfies Equation 6.3.2.1, we add that voxel

to a hexahedral volume mesh mi. We choose hexahedral rather than tetrahedral volume mesh

due to its simplicity and regular structure, and because hexahedral mesh can be simulated by

DiffPD [151], a differentiable FEM simulator. Figure 6.2 visualizes the conversion between the

implicit and explicit representation. Triangle surface mesh and tetrahedral volume meshes could

be explored in future work.

Physics Engine. From the input video of a dynamic scene, we can extract a mesh sequence

{mi}Ni=1 with consecutive motion. An individual mesh model mi is described by its vertices and

hexahedral elements {Qi ∈ Rnv×3,Ei ∈ Nne×8}, where the rows of Qi are the 3D coordinates

of nv vertices, and each row in Ei records the indices of eight vertices that form a hexahedron.

We focus on modeling dynamic objects as soft bodies in this work. Compared to rigid bodies,

soft bodies offer more expressiveness to model a wide range of deformable objects that that are

important in applications like physically-based mixed reality and digital twins. As our physics

engine, we use Projective Dynamics [74] implemented by DiffPD [151]. The governing equation

can be written as

M(Qi+1 −Qi − hQ̇i) = h2(∇E(Qi+1, θphysics) + fext), (6.3.2.2)

where M is the mass matrix, Qi is the vertex locations at frame i, h is the time step, Q̇i is the

velocity, E is the potential energy due to deformation, θphysics are the physics parameters, and

fext are the external forces. Note that the gradient of the potential energy ∇E can be interpreted

as the internal forces within the soft materials. This system uses implicit time integration for
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increased numerical stability, thus ∇E is defined on the frame i + 1. Objects are modeled

by homogeneous co-rotated materials, where the material parameters θphysics include Young’s

modulus and Poisson’s ratio. A detailed formulation of the elastic energy E can be found in the

supplementary materials of [151].

System identification can be valuable for constructing faithful digital twins, producing

plausible animations, and control of dynamical systems, but estimating states Q and Q̇, and

parameters θphysics and fext from only a monocular video is challenging due to the high-dimensionality

and nonlinearity of the system. Recent progress in differentiable physics tackles this challenge

by making the entire simulation differentiable. Gradients ∂L
∂Qi

, ∂L
∂Q̇i

, ∂L
∂θphysics

, and ∂L
∂fext

, where L

is a user-defined scalar loss function, are all available, and allow us to estimate the parameters

using a gradient-based optimizer like Adam [217].

Construct 

hexahedral mesh

Split each hexahedron to 5 

tetrahedron

Compute barycentric 

coordinates
Simulate and/or deform the 

hexahedral mesh

Query points in the 

Neural Fields

The deformed query points
The actual edited 

Neural Fields

+ +

Figure 6.2: The editing pipeline. Users can edit
the neural fields by operating on a hexahedral
mesh.

Parameter Estimation. Running one simulation

step forward in time from the i-th frame gives

us an updated model at frame i+1, dependent

on parameters θphysics: m′
i+1(θphysics) =

sim(θphysics,mi, i → i + 1). By simulating

the reconstructed meshes in the differentiable

physics engine sim(θphysics, ·) and comparing

with the ground truth reconstruction results as

a supervision signal, we optimize the physics

parameters θphysics using gradient-based methods.

One idea for a suitable loss function is to use a metric like Chamfer Distance distance(mi+1,m
′
i+1(θphysics))
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between the extracted and simulated mesh mi+1 and m′
i+1(θphysics), searching for the θphysics that

minimizes the distance. However, this strategy requires sampling and mesh reconstruction for

every time step, which is computationally expensive. An ablation study and profiling numbers

can be found in Figure 6.10. Additionally, the reconstructed mesh might vary significantly across

time steps, thus cannot guarantee point-wise correspondence, making the dynamics discontinuous

and non-differentiable w.r.t. the networks.

To save sampling time and make the gradient well-defined, we design a cycle-consistency

loss to compute the distance between the simulation results and neural fields. Starting from an

arbitrary mesh mi sampled at the i-th frame, we run the differentiable simulation for j steps and

get m′
i+j(θphysics) = sim(θphysics,mi, i → i + j). When m′

i+j(θphysics) is deformed back to the

reference frame using the learned motion field, the result should correspond to the original shape

mi. Since m′
i+j(θphysics) and mi share a common topology, an exact point-wise correspondence

exists, and we can directly subtract their point clouds to obtain their distance:

Lphysics =
∥∥∥(mi + b

θrigidity
θmotion

(li,mi))− (m′
i+j(θphysics) + b

θrigidity
θmotion

(li+j ,m
′
i+j(θphysics)))

∥∥∥
2

(6.3.2.3)

where b(li,mi) is the motion field at frame i that maps mesh mi back to the reference frame.

Lphysics is differentiable w.r.t. the motion network, rigidity network, and physics parameters.

Importantly, independent of the simulation duration, we only need to sample mi once, and it can

be used as a reference point to compare all other frames.
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Scene Editing. The simulator in our pipeline imposes a strong physics prior for forecasting

motion and modifying dynamics. Figure 6.2 shows how we edit the signed distance and color

fields through the hexahedral mesh. Based on hexahedral mesh mi extracted from the i-th frame,

we can simulate it to get a modified state m′
i+1. In order to render the modified scene, we add an

additional ‘bending’ layer bedit(m′
i, ·) on top of the primary motion field b(li, ·).

When querying a ray point p′ to render the modified scene, we first check if the point is

displaced by our editing operation, i.e. if it is located within the hexahedral mesh m′
i. The inside-

outside-test would be trivial if all hexahedra in m′
i remained in a regular grid, however, they may

have deformed during simulation. Thus, we split each hexahedron into five tetrahedra – a query

point p′ is inside the hexahedron if and only if it is inside one of the tetrahedra. Following [218],

we decide whether p′ is inside a tetrahedron by its barycentric coordinates. For a tetrahedron

consisting of four vertices {p′
i = (x′i, y

′
i, z

′
i)
⊤}4i=1, the barycentric coordinates {ci}4i=1 of p′ =

(x′, y′, z′)⊤ can be computed as ci = Deti/Det0, where:

Det0 =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

x′1 y′1 z′1 1

x′2 y′2 z′2 1

x′3 y′3 z′3 1

x′4 y′4 z′4 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, Det1 =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

x′ y′ z′ 1

x′2 y′2 z′2 1

x′3 y′3 z′3 1

x′4 y′4 z′4 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, Det2 =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

x′1 y′1 z′1 1

x′ y′ z′ 1

x′3 y′3 z′3 1

x′4 y′4 z′4 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, ..., (6.3.2.4)

and Deti is obtained by substituting the i-th row of Det0 with (x′, y′, z′, 1). p′ is inside or

on the surface of this tetrahedron if and only if 0 ≤ ci ≤ 1 holds for i = 1, 2, 3, 4. To determine

tetrahedra to check for a given point, we use k-nearest neighbors Q′
p′ = KNN(m′

i,p
′) to locate

mesh vertices Q′
p′ nearest to query point p, and select tetrahedra that contain those vertices.
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Figure 6.3: Computational Graph During Training. We show how data transfers among
modules in a basic 3-step dynamical systems. All operators are differentiable, except the hex
mesh reconstruction for the first frame. In our designed cycle consistency mechanism, the rigidity
and motion networks serve as the bridge between the rendering and physics module.

If p′ does belong to a tetrahedron, then it is displaced along with the mesh. Assuming

the modification can be linearly interpolated inside a tetrahedron, the original coordinate p in

the i-th frame becomes the weighted sum p =
∑4

i=1 cipi, where p is the reference coordinate

corresponding to p′
i (before editing). To account for the area that was once occupied by mi but is

now empty after editing: we simply assign those points a large positive SDF value such that they

are effectively transparent during volume rendering and do not influence 3D reconstruction.

6.3.3 Training and Losses

With video as the main supervision signal used to train our system, we wish to minimize

the distance between rendered and the ground truth images Lcolor =
∥∥∥Ii − Îi

∥∥∥
1
. We include

additional terms to regularize training. First, an important property of an SDF is its unit norm.

Eikonal term [219], LEikonal =
∑

i,k(∥pi,k∥2 − 1)2 is therefore added to the loss. We also want

to constrain the motion of our scene (i.e. to be locally rigid, incompressible, and contain mostly

static ragions), so we include an offset loss Loffset =
∑

i,k ∥b(li,pi,k)∥2+r(pi,k) and divergence

loss [106] Ldivergence =
∑

i,k ∥div(b(li,pi,k))∥2. Finally, we use the physics loss Lphysics when
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we train for physics parameters. The total loss function is:

Ltotal = Lcolor + wEikLEikonal + woffLoffset + wdivLdivergence + wphyLphysics (6.3.3.1)

By default, we set wEik = 0.1, woff = 50.0, and wdiv = 2.0, though these weights may

be further tuned depending on the scene. Figure 6.3 demonstrates the data and flow of gradients

during training. In our proposed cycle-consistency physics loss, the rendering and simulation

modules are connected by the rigidity and motion networks. Instead of jointly training all the

parameters together, we adopt a sequential training strategy where the rendering networks are

first trained to optimize Ltotal for 300,000 epochs, and the physics parameters are then trained

to optimize Lphysics for 100 epochs. The physics module is trained independently after the

geometry networks converge because the differentiable simulation is much more expensive than

querying of MLPs. An ablation study for the efficiency of our training strategy is conducted in

Section 6.4.5. In future work it would be interesting to try a faster simulation engine which could

be incorporated as a physics prior during training of the rendering networks. A full training

cycle typically takes around 18 hours on an NVIDIA A5000 GPU. For the training data (used

with consent), we note that the background must contain sufficient detail, or the Structure from

Motion implementation by COLMAP [220, 221] could fail.
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Method
Sitting Standing Basketball Hand

LPIPS↓ SSIM↑ PSNR↑ LPIPS↓ SSIM↑ PSNR↑ LPIPS↓ SSIM↑ PSNR↑ LPIPS↓ SSIM↑ PSNR↑

D-NeRF 0.163 0.914 34.217 0.251 0.868 33.036 0.332 0.831 32.803 0.165 0.885 34.146
NeuS 0.239 0.911 34.563 0.301 0.829 32.888 0.330 0.862 34.440 0.305 0.908 34.485
NRNeRF 0.223 0.892 32.019 0.269 0.863 31.549 0.340 0.830 32.411 0.205 0.913 33.999
Ours 0.166 0.937 34.563 0.250 0.869 32.881 0.235 0.912 35.974 0.225 0.915 34.710

Table 6.1: Quantitative evaluation of video reconstruction. We evaluate our method on both
real-world and synthetic videos, outperforming alternative methods in most cases.

(a) Input (b) Ours (c) NeuS (d) D-NeRF (e) Input (f) Ours (g) NeuS (h) D-NeRF

Figure 6.4: Surface reconstruction from dynamic videos. Our method achieves higher-quality,
more detailed reconstruction (e.g. on muscles, faces, and books) than other approaches.

6.4 Experiments

6.4.1 Dynamic Geometry Reconstruction

We visualize mesh reconstruction quality of dynamic scenes in Figure 6.4. Table 6.1 shows

quantitative results. Our method frequently outperforms competitive approaches. Additional

geometry reconstruction comparisons can be found in Appendix D.

6.4.2 Novel View Synthesis

We simulate four cases of deformable objects moving in a room. We render each scene

with two different camera trajectories, so that one path may be used for training, while the other

is used as a ground truth to evaluate novel view synthesis. Quantitative results in Table 6.2 show

that our method achieves the best synthesis quality in all metrics. Datasets and results are shown

in Figure 6.5. (a) and (b) are frames from the training videos. (c) is taken at the same time step
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Method
Tennis Ball Basketball Blue Ball Blue Cube

LPIPS↓ SSIM↑ PSNR↑ LPIPS↓ SSIM↑ PSNR↑ LPIPS↓ SSIM↑ PSNR↑ LPIPS↓ SSIM↑ PSNR↑

NRNeRF 0.455 0.566 30.286 0.473 0.550 29.684 0.409 0.479 30.152 0.620 0.398 29.044
D-NeRF 0.596 0.392 29.170 0.565 0.425 29.073 0.596 0.317 28.937 0.775 0.229 27.855
Ours 0.336 0.632 31.103 0.368 0.625 30.568 0.334 0.513 30.407 0.589 0.449 29.997

Table 6.2: Quantitative evaluation of novel view synthesis. In this experiment, we evaluate a
novel camera trajectory different from the training data. Even in this highly under-constrained
task, our method benefits from the consistency of the geometry and significantly outperforms
S.O.T.A. using all metrics.

(a) Input 1 (b) Input 2 (c) Novel view on 2 (d) Ours (e) NRNeRF (f) D-NeRF

Figure 6.5: Qualitative evaluation of geometry reconstruction and novel view synthesis. (a,
b) Frames from the training videos. (c) Ground truth evaluation view. Consistent with numerical
results in Table 6.2, our method generates images from novel views with higher quality than
previous methods.

as (b), but it is a novel view from the test path. Notice that our method successfully synthesizes

the dynamic scene from a novel view, while other methods struggle to reconstruct geometry and

texture accurately.

(a) Original Image (b) Left velocity (c) Right velocity (d) Harder material (e) Moderate material (f) Softer material

Figure 6.6: Parameter estimation and editing by differentiable physics. NeuPhysics can
estimate the acceleration and Young’s Modulus, generate new videos with different initial
velocities and material parameters.
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6.4.3 Parameter Estimation

In these experiments, we first use our network to reconstruct the dynamic scene, then

apply the embedded differentiable simulator to estimate physical parameters. Finally, we edit

the physical parameters to generate novel video frames. More visual results can be found in the

supplementary video. Figure 6.6 shows the initial frame of a bouncing ball sequence, where the

ball is released from a height and collides with the ground. The ball is modeled by co-rotated

material. Using DiffPD [151], we estimate both Young’s modulus and vertical acceleration in

two separate optimization tasks. The physics loss is minimized for 100 epochs (as described in

Section 6.3.2) using Adam [217] optimizer with a learning rate of 0.01. We initialize Young’s

modulus to 2×105Pa and acceleration to 0m/s2, and by the end of optimization, have estimated

Young’s modulus at 2.96 × 106Pa and acceleration at 3.78m/s2. Having identified accurate

physics parameters, we may choose to modify some of them from their true values, and generate

videos that contain modified physical properties from the original on which they are based.

For example, the original ball has no horizontal speed, so we add 0.3m/s left and right initial

velocities in Figure 6.6 (b) and (c), respectively. We also decrease the Young’s modulus in

Figure 6.6 (d), (e), and (f) from 2 × 107Pa to 2 × 105Pa, where the deformation is getting

more significant.

6.4.4 Editing

In this section, we demonstrate how our hybrid representation provides a flexible interface

for users to directly modify the geometry on the 3D hexahedral mesh and volume render the

results.
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(a) View 1 (b) View 2 (c) Delete (d) Appearance (e) Duplicate

Figure 6.7: Geometry and appearance editing in videos. Our method can delete, add, move, or
change the appearance. Editing in the 3D space can provide users with realistic and clean results.

Region of Interest. First, we select a region of interest that we wish to edit. Our system naturally

provides the scene rigidity mask and SDF values, so a foreground area Ai at the i-th frame can

be computed as Equation 6.3.2.1. If users require a more precisely defined region of interest, a

custom bounding box or even more complex hexahedra bounding volume A′ can be provided. A

hexahedra mesh m can be reconstructed from the final region of interest, A′ ∩ Ai,.

Delete. Figure 6.7 (a) and (b) are two distinct time steps from a given input video. In one,

a hand flexes and deforms, and in the second, an elastic ball bounces. First, we delete the

foreground from View 1 by simply setting the SDF value to a positive number (e.g. 1.0) for the

query points inside the hexahedral mesh m. Since we assume a bell-shaped density distribution

centered at 0 [88], an area with large SDF value is less likely to be sampled, and therefore

appears transparent. After removing the foreground from View 1, even though some parts of

the background were occluded in the original, the other views of the scene provide sufficient

textural/structural information to complete the missing background. Since editing takes place

entirely in 3D space, the resulting 2D images feel sharp and physically grounded, as shown in

(c).

Appearance. We can also modify the output of the color network to change the appearance of a
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specific region. For example, we might like to emphasize the moving foreground of a video by

desaturating the background. This is easily done by changing the original color [r, g, b] = cθc(p)

to be [ r+g+b
3

, r+g+b
3

, r+g+b
3

] for all the query points outside m. Results are shown in Figure 6.7

(d).

Duplicate. Translation and scaling are basic operations in graphic design software. With our

pipeline, users are able to copy, move, and scale the hexahedral mesh m, creating a new version

m′. During volume rendering, the SDF and color values of the points p′ inside m′ are set equal

to their counterparts p in m. In Figure 6.7 (d), we duplicate an existing object and modify its size

and position.

Rendering Module Physics Module

Epoch 300,000 20

Time per epoch ∼ 0.22 s ∼ 70 s

Total time ∼ 18 h ∼ 0.5 h

Figure 6.8: Joint training can be time-
consuming and converges slowly.

6.4.5 Ablation Study

In this section, we conduct several ablation studies

using the bouncing ball example to justify our network

design choices and training strategies.

Sequential Vs. Joint Optimization. Our method learns

the scene sequentially by first optimizing the rendering

networks, followed by the physics parameters. A seemingly

more concise strategy might be to jointly train all parameters

from scratch. Unfortunately, the joint training strategy

is impractical for two reasons: (1) the table in Figure 6.8

indicates that the physics module converges rapidly thanks

to the effectiveness of the differentiable simulator, but
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running the forward and backward simulation is costly (∼ 70 s) compared to querying the

rendering networks (∼ 0.22 s) – training the rendering module and physics module together

would require many more iterations (300,000 epochs), with each taking much longer (∼ 70sec

per epoch), making the training infeasible, and (2) before the rendering module converges and

provides satisfactory geometry estimation, the geometry makes little sense for simulation, so

gradients flowing from the Lphysics do not help the optimization. The smoothed plot in Figure 6.8

indicates that joint training slows down the rendering optimization early on. Sequential optimization

is therefore more practical.

We conducted two additional tests to study the

relationship between the rendering and physics modules.

First, during the sequential optimization, we also update

the rendering networks. This harms the rendering quality

(increases loss from 0.03 to 0.10) and does not help

physics parameter estimation. Second, we attempt to

optimize the rendered image from physics simulation to

match the ground truth image. We found this process to

be inefficient (2 minutes per image) and observed no significant benefits.

Physics Module. Within our sequential optimization

strategy, there are still multiple options for physical parameter

estimation. In our pipeline, we reconstruct the volume

mesh m1 of the first frame, then predict the following

mesh sequence m′
i = sim(θphysics,m1, 1 → i) with
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the differentiable simulator. The physics loss for each

frame can be computed in a cycle-consistency manner

as in Equation 6.3.2.3. Our proposed cycle-consistency

loss naturally guarantees a point-wise correspondence for each vertex, and does not require mesh

reconstruction for every time step. For each epoch, we only reconstruct the volume mesh for

the first frame, which reduces computation and makes the loss differentiable w.r.t. the rendering

networks.

A more direct physics loss could rely on reconstructing the geometry of each frame and computing

the Chamfer distance between the simulated and reconstructed meshes. We compare the two

strategies in Figure 6.10. ‘Ours’ is optimized with our proposed cycle-consistency loss Lphysics

and ‘Chamfer’ is optimized with the Chamfer distance. (c) shows the value of acceleration, the

optimization variable. (a) and (b) indicate that the losses have comparable performance in both

metrics. However, ‘Chamfer’ takes significantly longer since every frame must be reconstructed.

Our proposed cycle-consistency loss runs faster and maintains differentiability between the rendering

and physics simulation module. Conceptually, decoupling the NeRF and differentiable physics

has another drawback: a mesh reconstructed purely from SDF cannot capture the interior stress

and deformation. Our proposed cycle-consistency loss addresses this concern, as it takes advantage

of the learned motion field, so it is capable of finding the point-wise correspondence and describing

the deformation.

(a) Motion Magnitude > 0.008(c) Rigidity > 0.15(e) Rigidity > 0.2 + Bounding Box

(b) Motion Magnitude > 0.01 (d) Rigidity > 0.2 (f) Final Foreground

Figure 6.9: Region of Interest. Motion
magnitude (a, b) is an intuitive criterion for
static/dynamic separation, but does not work
well in practice. The rigidity map (c, d) provides
a rough, but reasonable separation. (e, f) We can
also specify a more precise ROI with a bounding
box.

Rigidity Map. Finding the correct dynamic

foreground object is a prerequisite for physical
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simulation. The raw output of the SDF

field can only reconstruct a global scene,

so the rigidity map is used to segment the

dynamic part of the scene (assumed to be

the foreground in this case). The rigidity

map collects the motion information from all

frames and assigns a high rigidity mask value

to dynamic regions. Figure 6.9 (c, d) visualizes the rough segmentation results from using

different rigidity thresholds. We empirically find 0.2 to be a reasonable default threshold for

separating the foreground from background. If the rigidity map does not provide clean separation,

users may manually specify a bounding box covering the moving object swept volume, and

get the final foreground as shown in (e, f). An alternative segmentation approach is to use the

magnitude of the motion field as a criterion to separate dynamic foreground, i.e. large motion

area corresponds to dynamic objects (and the converse). However, in some frames, dynamic

parts might only contain small offsets from the canonical frame. For example, a cyclic bouncing

ball could overlap with the canonical position and thus have offset values of zero, even though it

should be classified as a dynamic area. Figure 6.9 (a) and (b) show results of filtering the scene

using motion magnitude. It is not a good strategy, since a large portion of the background remains

even as the ball is partially clipped off in (b).
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(a) Cycle Consistency Loss (d) Chamfer Distance Loss (f) Acceleration

Time Ours Reconstruct+Chamfer
Reconstruction ∼ 2 s ∼ 50 s
Simulation ∼ 65 s ∼ 65 s
Total ∼ 67 s ∼ 115 s

Figure 6.10: Compare with optimizing Chamfer Distance. An alternative to our proposed
cycle-consistency loss is to use Chamfer Distance for the physics module. The two metrics have
similar effects but our method can save much reconstruction time.

6.5 Conclusion

In this chapter, we design an end-to-end pipeline that can successfully estimate and enable

physically-based editing of geometry, appearance, and physics of a dynamic scene from a single

video. Some possible future directions include incorporating semantic priors to further constrain

the optimization, and leveraging pre-trained networks [222] as supervision to further regularize

training. For example, optical flow / scene flow networks could be used as a motion detection

signal, while a depth estimation network could help to initialize the signed distance field. Another

useful future goal would be to estimate texture [223] and UV maps directly, allowing artists to

construct 3D models in standard formats with less effort. Training and inference could also be

accelerated dramatically by adopting a multi-resolution hash encoding [224]. Finally, we could

couple this differentiable framework with other types of dynamics, to support a wider range of

objects and scenes, e.g. cloth, tetrahedra mesh [212], or even robots [214].

Acknowledgements. This research is supported in part by Dr. Barry Mersky and Capital One

E-Nnovate Endowed Professorships, and ARL Cooperative Agreement W911NF2120076.
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Chapter 7: Dynamic Mesh-Aware Radiance Fields

7.1 Introduction

Creating high-quality 3D environments suitable for photorealistic rendering entails labor-

intensive manual work carried out by skilled 3D artists. Neural Radiance Fields (NeRF) [79]

provide a convenient way to capture a volumetric representation of a complex, real-world scene,

paving the way for high-quality novel view synthesis and interactive photorealistic rendering [224].

These qualities make NeRF exceptionally adept at modeling background environments. On the

other hand, existing methods for physically-based simulation and rendering of complex material

and lighting effects are primarily based on surface mesh representations. Integrating neural field

representations with well-established traditional graphics pipelines opens up many possibilities

in VR/AR, interactive gaming, virtual tourism, education, training, and computer animation.

Volume rendering [225] has demonstrated its capability to produce visually captivating

results for participating media [226]. However, integrating NN-based NeRF into this pipeline

while maintaining realistic lighting effects such as shadows, reflections, refractions, and more,

remains a relatively unexplored area. In terms of simulation, while the geometry of NeRF is

implicit in its density field, it lacks a well-defined surface representation, making it difficult to

detect and resolve collisions. Recent works have delved into enhancing the integration between

NeRF and meshes, aiming to combine the photorealistic capabilities of NeRF with the versatility
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Figure 7.1: Light transport on the surface (left) and in the medium (right).

of meshes for rendering and simulation. Neural implicit surfaces [88, 89, 90, 227] are represented

as learned Signed Distance Fields (SDF) within the NeRF framework. Meanwhile, methods like

IRON [84] and NVDiffRec [228] extract explicit, textured meshes that are directly compatible

with path tracing, offering practical benefits at the expense of a lossy discretization. Nerfstudio [229]

renders NeRF and meshes separately, then composites the render passes with an occlusion mask.

Unfortunately, this decoupled rendering approach offers no way to exploit the lighting and appearance

information encoded in the NeRF volume to affect the rendered mesh appearance. Figure 7.5

visually compares our hybrid method to naively combining NeRF and surface rendering, and

pure surface rendering.

We introduce a hybrid graphics pipeline that integrates the rendering and simulation of

neural fields and meshes. for both representations, we consider lighting effects and contact

handling for physical interaction. By unifying NeRF volume rendering and path tracing within

the linear RGB space, we discover their Light Transport Equations exhibit similarities in terms

of variables, forms, and principles. Leveraging their shared light transport behavior, we devise

update rules for radiance and throughput variables, enabling seamless integration between NeRF

and meshes. To incorporate shadows onto the NeRF, we employ differentiable surface rendering

techniques [230] to estimate light sources and introduce secondary shadow rays during the ray
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marching process to determine visibility. Consequently, the NeRF rendering equation is modified

to include a point-wise shadow mask.

For simulation, we adopt SDFs to represent geometry of neural fields, which is advantageous

for physical contact handling and collision resolution. We then use position-based dynamics [231]

for time integration. Our efficient hybrid rendering and simulation system is implemented in

CUDA. To enhance usability, we have also incorporated user-friendly Python interfaces. In

summary, the key contributions of this work are:

• A two-way coupling between NeRF and surface representations for rendering and simulation.

• Integration with HDR data which can unify the color space of the path tracer and NeRF,

with a strategy to estimate light sources and cast shadows on NeRF.

• An efficient rendering procedure that alternates ray marching and path tracing steps by

blending the Light Transport Equations for both NeRF and meshes.

• An interactive, easy-to-use implementation with a high-level Python interface that connects

the low-level rendering and simulation GPU kernels.

7.2 Related Work

7.2.1 Neural Fields and Surface Representations

Rendering of participating media has been extensively studied [226, 232] in classic graphics

pipelines [233, 234, 235, 236]. In recent years, significant advancements have been made in

this area [237, 238], yielding remarkable visual outcomes. Our work aims to expand upon this

progress by incorporating the emergent Neural Radiance Fields (NeRF) [79], which have gained
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(a) Hybrid models

Radiance Field 
Representation

Surface 
Representation

Convert to SDF

Surface Rendering

NeRF Rendering

(b) Hybrid simulation

(𝑥𝑥,𝑦𝑦, 𝑥𝑥,𝜃𝜃,𝜙𝜙)

(𝑅𝑅𝐺𝐺𝐵𝐵𝜎𝜎)

Contact Handling

Time Integration

MLP

(c) Hybrid rendering (d) Result

Shadow Ray

Figure 7.2: Pipeline overview. Our method takes an optimized radiance field model and surface
meshes as inputs. We can run a physics simulation between the NeRF and meshes. The updated
mesh vertices and NeRF transformations are synchronized to the renderer, which uses Monte
Carlo simulation to sample ray paths. As the ray travels through space, it alternates between
surface rendering (ray-tracing) and NeRF rendering (ray-marching), both updating its radiance.

substantial popularity, into this exciting domain. Within the volume rendering framework, NeRF

bakes the plenoptic function and volumetric density into spatial points. These points can be

effectively parameterized by an an MLP [79], convolutional networks [239], hash grid [224],

point cloud [240], voxel [241, 242], or tensors [243]. It allows users to reconstruct photorealistic

3D static [244, 245, 246, 247, 248] or dynamic scenes [101, 104, 109, 110, 249] by casually

capturing a few images [250]. Original NeRF takes seconds to render one single frame, while

follow-up works have accelerated rendering speed [251, 252, 253, 254, 255, 256, 257, 258, 259,

260].

NeRF simplifies the creation of 3D content compared to classical mesh-based pipelines.

However, addressing challenges of editing [103, 261] and decomposing the baked information [262,

263, 264, 265, 266] is not trivial. Effort has been directed toward reconciling the advantages of

both NeRF and surface-based paradigms. In rendering, [84] and [228] propose to use surface-

based differentiable rendering to reconstruct textured meshes [267] from neural fields. Their

reconstructed meshes can be imported to a surface rendering pipeline like Blender [268], but
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the original NeRF representation cannot be directly rendered with meshes. For simulation,

NeRFEditting [218] proposes to use explicit mesh extracted by [88] to control the deformation of

Neural Fields. Qiao et al. [269] further add full dynamics over the extracted tetrahedra mesh. Chu

et al. [270] integrates the dynamics of smoke with neural fields. [271] also connects differentiable

simulation to NeRF, where the density field and its gradient are used to compute the contact.

These methods aim to construct an end-to-end differentiable simulation and rendering pipeline,

yet they have yet to couple the rendering.

7.2.2 Scene Editing and Synthesis

Our method enables inserting mesh assets into NeRF models of real-world captures. Editing

of existing scenes is an active topic of study. For neural field representations, ray bending [105,

106, 272] is widely used to modify an optimized NeRF. It is possible to delete, add, duplicate,

or actuate [273, 274, 275, 276] an area by bending the path of the rendering ray. [277] propose

to train a NeRF for each object and compose them into a scene. ClimateNeRF [278] can change

weather effects by modifying the density and radiance functions during ray marching. These

methods study editing of isolated NeRF models. There are also inverse rendering works that

decompose [82, 279] the information baked into NeRF, which can then be used to edit lighting

and materials [280]. Such decomposition is useful, but assumes information like a priori knowledge

of light sources, or synthetic scenes. They do not address inserting mesh into NeRF scenes.

Besides NeRF, [281] inserts a virtual object into existing images by estimating the geometry and

light source in the existing image. [282] insert vehicles in street scenes by warping textured cars

using predicted 3D poses.
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(c) Light Estimation

(a) Mesh

(f) Hybrid Rendering

(b) NeRF

Figure 7.3: Shadow Casting. We estimate the geometry and light source of the scene and insert
a metal basket onto the desk. Our pipeline can render the realistic reflection and shadow effects
caused by the synthetic mesh.

7.3 Method

In this section, we describe how radiance fields and polygonal meshes can be integrated into

a unified rendering and simulation pipeline, an overview of which is visualized in Figure 7.2.

7.3.1 Rendering

NeRF can photorealistically reconstruct a 3D scene from a set of images, making it an

appealing candidate for modeling environments and potentially valuable for traditional surface-

based rendering. One possible approach to bridge these disparate representations is to render the

meshes and NeRF volume in separate passes, and composite the results together in 2D image

space. However, compositing in image space is susceptible to incorrect occlusion masks and

inaccurate lighting. A more physically principled approach to this problem is identifying and

exploiting the similarities in their respective light transport equations, which directly allows the

radiance field and mesh to be incorporated in 3D space.

123



Surface Rendering Equation. The Light Transport Equation (LTE) for surface rendering is:

L(p, ωo) = Le(p, ωo) + Lr(p, ωo) (7.3.1.1)

Lr(p, ωo) =

∫
S2

fs(p, ωo, ωi)Li(p, ωi)|cos θi|dωi (7.3.1.2)

Li(p, ωi) = L(t(p, ωi),−ωi) (7.3.1.3)

where p is a surface point; ωi, ωo are the directions of incident (incoming) and exitant (outgoing)

radiance; S2 is the unit sphere sampling space for directions; L,Le, Li, Lr are the exitant, emitted,

incident, and reflected radiance, respectively; θi is the angle of incidence of illumination; fs(p, ωo, ωi)

is the bidirectional scattering distribution function (BSDF); and t(p, ω) is the ray-casting function

that computes the first surface intersected by the ray cast from p in the direction ω.

If a scene is represented solely by surfaces, the LTE in Equation 7.3.1.1 can be solved

by Monte Carlo path tracing: for each pixel, a ray is randomly cast from the camera, its path

constructed incrementally each time it hits, and bounces off of a surface. A natural but memory-

inefficient way to implement this algorithm is to recursively compute Equation 7.3.1.1 and spawn

a new ray upon each ray-surface intersection. Noticing that Li(p, ωi) is independent of previous

paths, the recursive process can be transformed into a weighted sum of radiance on each ray-

surface intersection pk. These weights T (pk) are called throughput, and they depend on their

predecessors’ BSDF fs(p, ωo, ωi), illumination angle |cos θi|, and probability density function P
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of the scattering:

T (pk) =
T (pk−1) · fs(pk, ωk−1, ωk)|cos(θk)|

P
(7.3.1.4)

T (pk) and Li(pk, ω) are the only variables essential to track and integrate for each bounce.

Volumetric Rendering Equation. The light transport equation for the volumetric medium is:

L(p, ωo) =

∫ tf

t=0

exp
(
−
∫ t

s=0

σt(ps)ds
)
Li(pt, ωo)dt (7.3.1.5)

Li(pt, ωo) =Le(pt, ωo) + Ls(pt, ωo) (7.3.1.6)

Ls(pt, ωo) = σs(pt)

∫
S2

fp(pt, ωo, ωi)L(pt, ωi)dωi (7.3.1.7)

where Ls is the (weighted) scattered radiance, σt and σs are the attenuations and scattering

coefficients, fp is the phase function of the volume, and ps is on the ray ps = p + s · ωo (similar

to pt). All other terms share the same definition as in surface rendering.

The integral in the volumetric LTE could again be solved using Monte Carlo methods.

However, stochastic simulation of volumetric data is more challenging and expensive than surface

data. A photon may change direction in a continuous medium, unlike the discrete bounces that

occur only at surfaces. Therefore, rather than simulating the path of photons using Monte Carlo

sampling, methods like NeRF [79] instead bake the attenuation coefficient σ(p) = σt(p) and

view-dependent radiance r(p, ω) onto each spatial point, and so there is no scattering. This

circumvents solving Equation 7.3.1.6, thereby avoiding considering light transport, light sources,
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and material properties. Volume rendering under the NeRF formulation becomes:

r(p, ω) =

∫ tf

0

T (t)σ(pt)r(pt, ω)dt, (7.3.1.8)

T (t) = exp
(
−

∫ t

0

σ(ps)ds
)

(7.3.1.9)

In Equation 7.3.1.8, the radiance and throughput are being updated, similar to surface rendering.

However, note that the volumetric LTE denotes incident radiance at point p from direction ω as

Li(p, ω), while NeRF denotes the same as r(p, ω). This terminology is indeed overloaded, as

r(p, ω) in the NeRF formula represents sRGB color, i.e. the result of applying a nonlinear tone-

mapping function to the raw radiance value. The terms are related in that r(p, ω) = ψ(Li(p, ω)),

where ψ(·) represents a tone-mapping function from linear to sRGB color space.

Unifying color space of path tracing and ray marching. The standard NeRF model accumulates

sRGB color along rays cast from the camera into the volume: each point’s color is represented

by three 8-bit values, one for each color channel. Integrating these colors along the ray (weighted

by transmittance) produces a final 8-bit color value, the rendered pixel color, which is compared

to the corresponding ground truth 8-bit pixel color to supervise NeRF training.

In contrast, path tracing assumes radiance values are expressed in linear color space. To

relate NeRF and surface rendering in a physically meaningful way, they should ideally operate

in a standard color space. To reconcile this difference, we train an HDR variant of NeRF,

supervised with 32-bit HDR images directly rather than the standard 8-bit NeRF. The resulting

HDR NeRF produces a 3-channel radiance in 32-bit linear color space at each sampled point.

For details regarding HDR data acquisition, preprocessing, and HDR NeRF implementation,

see Appendix E. As our focus here is to articulate the advantage of HDR NeRF in the context
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of the overall system, we forego a more general discussion of training NeRF in HDR and refer

interested readers to [283] for a deep dive. The HDR NeRF rendering equation can thus be written

as: Li(p, ω) =
∫ tf
0
T (t)σ(pt)Li(pt, ω)dt where the transmittance term T (t) remains unchanged.

With this simple adjustment, the NeRF equation can now directly relate to the surface

rendering equation. If capturing HDR training data is impractical, one can still use standard

(LDR) NeRF. Since the NeRF volume acts as the only light source, and the total energy is

dissipative during the light transport, Li(p, ω) will never exceed the NeRF volume’s maximal

radiance. ψ(·) would then degenerate to an identity mapping such that L(p, ω) = r(p, ω). In

other words, in many practical cases, reasonable visual results could still be obtained if standard

NeRF is used with our system, despite the resulting inaccuracy in the light transport simulation.

Estimating light sources with differentiable surface rendering. Sampling light sources for

computing the shadow pass requires an approximate representation of the light sources (emitters)

of the scene. Note that NeRF’s volume rendering formulation bakes appearance into each point

in the volume rather than simulating physically based light transport. To recover an explicit

representation of light sources, we first reconstruct the scene’s geometry as a neural SDF using

MonoSDF [284], from which we extract an explicit mesh. Then, we employ a differentiable path

tracer, Mitsuba3 [230, 285], to estimate a UV Emission Texture for the mesh. We follow the

general approach of [286], though we customize the optimization procedure since our goal is to

estimate only the light sources, as opposed to a full BRDF estimation (more details about the

optimization can be found in Appendix E).

Once the light source estimation has converged, we prune faces whose emission falls below

a threshold from the explicit mesh, which is necessary for efficiency, as most faces in the explicit
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(a) HDR (c) LDR

(b) HDR [-3.5 EV] (d) LDR [-1.5 EV]

Figure 7.4: HDR Volumetric Radiance Map. The diffuse sphere is rendered using our hybrid
algorithm. Images rendered using the NeRF trained in 32-bit HDR (a, b) achieve a higher level
of lighting realism than those rendered with 8-bit LDR (c, d).

mesh do not emit light. The hybrid renderer then consumes the pruned mesh.

Shadow rays. We query additional rays during ray-marching to cast shadows on NeRF. For

each sampled point pt in NeRF, we shoot a secondary ray from pt to the light source (see the

following subsection for details on estimating lighting sources). If an inserted mesh blocks this

ray, then this pt has a shadow mask m(pt) = 1 − rsrc, where rsrc is the intensity of the light

source. Non-blocked pixels have mshadow = 1. The contribution of this point in Eq. 7.3.1.8 is

then T (t)σ(pt)m(pt)r(pt, ω). Fig. 7.3 shows that an inserted metal basket casts shadows on the

NeRF desk.

Hybrid Rendering Algorithm Based on the Light Transport Equations mentioned above, we
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note that both surface and NeRF rendering integrate the throughput T (p) and radiance r(p, ω) =

Li(p, ω). The differences are: (1) Surface rendering updates those values on discrete boundaries

while NeRF accumulates them in the continuous space; (2) T (p) and r(p, ω) are governed by

the BSDF parameters in surface rendering, while by neural fields in NeRF. Therefore, we can

alternate between the surface and NeRF rendering rules as they travel in space. Algorithm 3 is a

summary of the hybrid rendering of NeRF and surface representations:

1. We use Monte Carlo path tracing to sample the ray-surface-intersections p0 → p1 → ...→

pn, where p0 is the camera center, and pn is the termination of the path. At the beginning of

the path, initialize accumulated throughput T (p0) = 1 and radiance r(p0, ω0) = (0, 0, 0).

The termination conditions will be discussed in (4).

2. If shadows are needed, we estimate light source geometry and intensity rsrc with differentiable

surface rendering.

3. For each ray segment pj → pj+1, we use the ray-marching algorithm to sample and

integrate the NeRF medium. For the sampled points pt on the ray, we shoot a ray from

pt to the light source (if any). If meshes block this point, set its shadow mask to be

m(pt) = 1 − rsrc (or simply a constant close to 0), otherwise m(pt) = 1. Then the

throughput and shadow masked radiance between surface intersections pj and pj+1 can be

computed as,

T ′(pj+1) = T (pj) · exp
(
−
∫
pt

σ(pt)dt
)

(7.3.1.10)

L(pj+1, ωj) = L(pj, ωj) +∫
pt

T (t)σ(pt)m(pt)r(pt, ω)dt

(7.3.1.11)
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where pt ∈ (pj, pj+1] and

T (t) = T (pj) · exp
(
−
∫ t

0

σ(ps)ds
)

is also accumulated from pj .

4. At the end of a ray segment, we reach the interface pj+1 where the surface-rendering

procedures occur. The direction ωj+1 of the next ray is determined by sampling the BSDF,

and the weighted illumination and emitted light at this point are added to the radiance:

L(pj+1, ωj+1) = L(pj+1, ωj) + T (pj)Le(pj+1, ωj) (7.3.1.12)

The throughput weight is updated as:

T (pj+1) =
T ′(pj+1) · fs(pj+1, ωj, ωj+1)|cos(θj+1)|

P
(7.3.1.13)

where P is the scattering probability density function.

5. In the end, the ray terminates at (pe, ωe) if (1) it runs out of the scene; (2) current throughput

T (pe) is lower than a threshold; or (3) it meets the bounce limit.

6. As the rendering procedure is carried out over a linear 32-bit color space after the path

tracing terminates for a given pixel, we can apply a nonlinear tone-mapping function, which

we denote as ψ, to map from linear radiance to final sRGB color r(pe, ωe) which is more

suitable for displaying on a monitor:

r(pe, ωe) = ψ(L(pe, ωe)) (7.3.1.14)
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Algorithm 3 Hybrid Rendering Pipeline
Require: Meshes and pretrained NeRF of the scene.

Estimate light sources with differentiable surface rendering.
for each pixel (u, v) in parallel do

Initialize p0, ω0 based on (u, v) and camera center.
Set throughput T (p0) = 1.
Set radiance L(p0, ω0) = (0, 0, 0).
for j ∈ {1, ..., nbounces} do

Cast ray to find next intersection pj (Eqn. 7.3.1.3).
March along ray pj−1 → pj .
Cast shadow rays to light sources.
Integrate T ′(pj) and L(pj, ωj−1) (Eqn. 7.3.1.10, 7.3.1.11).
Sample BSDF at pj to get next ray direction ωj
Update T (pj) and L(pj, ωj) (Eqn. 7.3.1.13, 7.3.1.12).
break if termination conditions satisfied.

(Path tracing endpoint denoted as (pe, ωe))
Apply tone-mapping function r = ψ(L(pe, ωe)).

7.3.2 Simulation

We incorporate a dynamics simulator that supports rigid bodies, cloth, and deformable

solids. Neural fields and meshes can be connected in the simulation pipeline by Signed Distance

Fields (SDF) or reconstructed surface mesh. The SDF of the NeRF can be obtained in several

ways during pre-processing. On the one hand, existing methods can directly learn the SDF, like

NeuS [88] and VolSDf [89]. On the other hand, it is common to set a threshold value for the

density field and extract the surface mesh through Marching Cube [216]. And the SDF can be

converted from the mesh. The learned SDF has better quality but takes more time. We also

implement an Instant-NGP version of NeuS (called NeuS-NGP) and accelerate the original code

by more than 10 times. Users can make the trade-off depending on their needs.

We employ extended position-based dynamics (XPBD) [288, 289] to simulate the objects

during runtime. We choose this dynamics model because it is fast and can support various
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(a) Original rendering (b) Ours (c) NVDiffrec (d) Nerfstudio

Figure 7.5: Rendering comparison for virtual object insertion. We insert a reflective metal ball
into the Garden and Bicycle scenes from the Mip-NeRF 360 dataset [287]. (b) Our hybrid method
produces results of superior visual quality with fewer artifacts. (c) We extract the foreground
mesh using NVDiffRec, then insert the synthetic ball and render using ray tracing. Extracting
an explicit mesh object results in noticeable artifacts such as the noisy table surface, and missing
thin structures like the bicycle’s wheel and the bench. (d) The 2D compositing workflow of
Nerfstudio suffers from non-3D-aware occlusion masks and a limited ability to accommodate
realistic interreflection.

physical properties. Collision detection is performed by querying the SDF of all vertices. All

of these queries can be computed efficiently in parallel on a GPU. Given a detected collision

from the SDF, we can also get the penetration depth and normal, which can be used to compute

the contact forces.

In some scenarios, NeRF can represent movable objects (e.g. a scene can be a composition

of several NeRF objects [290]) instead of a static background. We can get the homogenous

transformation t ∈ R4×4 of the NeRF from simulation in each time step, which is used to

inverse transform the homogenous coordinates t−1 · p [105] when querying the color/density

and sampling rays in the Instant-NGP hash grid. In Fig. 7.7 (b), we control a ball to interact with

a NeRF chair [79] in real-time. The supplementary video further shows how the collision effect

changes when the ball and chair have different relative mass and velocities.
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7.3.3 Implementation Details

The entire pipeline employs CUDA backends for computation and Python interfaces for

interaction. For rendering, NeRF is trained with the default configuration using Instant-NGP [224].

We also implement an instant-NGP [224] version of NeuS [88] for efficient learning of the

implicit SDF geometry. The path tracing algorithm is implemented using CUDA, embedded

in Instant-NGP’s ray-marching procedures. We incorporate refractive, reflective, and Lambertian

BSDF models. Physics simulation utilizes Warp [291], which just-in-time compiles Python code

into CUDA kernels. The connection between rendering and simulation is facilitated by a Python

interface using pybind11 [164]. Scene parameters can be easily created or modified through

config files or Python APIs.

Our method can achieve a runtime of 1 to 40 frames per second, contingent upon the

resolution, scene complexity, and dynamics. Figure 7.7 demonstrates a real-time game on a

laptop that has been developed within our pipeline. The code for rendering, simulation, and fast

SDF learning will be released as open-source software.

7.4 Experiments

7.4.1 Comparisons

Rendering Comparisons. In this section, we compare with other surface-based modeling and

rendering methods in the virtual object insertion task. Given a set of images, the traditional

graphics pipeline would first reconstruct the surface.However, the 3D reconstruction step will

usually introduce tremendous noise and errors. Our technique can directly render the virtual
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(a) Soft body (b) Cloth

Figure 7.6: Qualitative results for simulation. In addition to rigid body simulation (Fig. 7.7),
our method can also simulate soft bodies. (a) is a twisting Neo-Hookean FEM mesh. (b) is a thin
shell cloth covering the fox. Please see the supplementary video for more simulation results.

object in the photorealistic 3D scene without meshing the entire scene.

NVdiffrec [228] and IRON [84] are state-of-the-art textured mesh reconstruction methods.

They combine neural fields and differentiable rendering methods to estimate the geometry and

appearance of the objects from images. However, neither of them works on the full image

because the topology of the background is too complex to optimize (e.g. the vegetation). We

further provide the per-frame foreground mask to the comparison methods, and NVdiffRec can

reconstruct foreground models.

In Figure 7.5 (c), we import the extracted mesh into Blender with a metallic ball and

environment map, then render the scene with Cycles, a physically-based render. Both (b) ours

and (c) NVDiffRec can model the reflection on the ball, but our object has better surface quality.

We also compare to Nerfstudio [229], a software library that allows users to train their

own NeRF models. The user can export a camera path moving through the trained NeRF scene

and a coarsely reconstructed mesh and import these into Blender [268] using the Nerfstudio
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Blender plugin. The user may then create their 3D content directly in Blender, using the imported

camera path and mesh as a reference, and then render their 3D content, which is then composited

in 2D over the rendered NeRF trajectory. However, while the coarse mesh may be used to

generate a visibility mask to produce occlusion, this approach is limited in that the coarsely

reconstructed mesh is likely not accurate enough to provide clean-looking occlusion results,

more complex occlusion situations such as occluding objects at multiple layers of depth will be

challenging to generate individual visibility masks, and this requires manual effort to composite

the results. Appendix E includes some more quantitative comparisons with those methods.

Moreover, LumaAI recently released a closed-source UE plugin, and we run a comparison against

it.

Rendering with HDR NeRF. We provide a qualitative comparison between rendering using the

standard (LDR) NeRF and its HDR counterpart, shown in Figure 7.4. Notice that in the images

rendered with the HDR model, the lighting cast from the environment onto the mesh appears

much more faithful to the scene’s true intensity (and therefore directionality). This is also not

surprising, considering the longstanding use of High Dynamic Range Image-Based Lighting in

the traditional graphics pipeline [292]. HDR images are often created by recovering the unknown

nonlinear tone-mapping function from a series of bracketed-exposure LDR images with known

exposure duration, then using the inverse function to map the images back to linear color space,

and merging them into a single 32-bit result, as introduced by Debevec and Malik [293]. As a

result, HDR images are much better suited to capture a scene’s full range of absolute and relative

radiance values and avoid highly lossy clipping, which can be especially problematic in very

bright parts of an image. HDR NeRF may therefore be interpreted as a volumetric HDR lighting
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(a) Static NeRF background (b) NeRF (chair) as dynamic object

Figure 7.7: Real-time photorealistic gaming on a laptop. Our rendering and simulation engine
can be interactive and run in real-time on a laptop with an NVIDIA GeForce RTX 2070 Max-Q
GPU. In this example, a user can control the motion of the synthetic glass ball and interact with
the background (collision and light effect).

map.

Importantly, our hybrid rendering algorithm allows us to utilize such an HDR volumetric

radiance map fully. As an HDR radiance map is particularly useful for representing the indirect

bounce lighting of the scene, future work on extending such learned lighting models to direct

lighting (e.g. directional or point sources that cast hard shadows) would be a promising direction.

Our hybrid rendering algorithm is crucial to enable such an investigation.

Simulation Comparisons. Besides static scenes, our pipeline can also simulate dynamic scenes

with SDF-based contact handling. Appendix E shows that the SDF-based representation has

better collision handling than vanilla NeRF density fields. We also compare with NeRF-based

simulation [269, 271] in Appendix E and ours achieves better performance.
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7.4.2 Performance

In this section, we will show how our method can be used in photorealistic real-time gaming

and physically-based simulation. A detailed profiling of our rendering and simulation modules

can also be found in Appendix E.

Photorealistic Real-time Gaming. In addition to photorealistic rendering, our pipeline is fast,

aiming to serve as a real-time neural-fields game engine. As shown in Figure 7.7, we have

implemented an interactive game where players can control the ball’s motion using a keyboard

and adjust camera viewing angles using a mouse. The background scene, excluding the green

ball, is modeled by NeRF. The ball can have contact with the table and bulldozer. Players can also

observe the bending of rays as they pass through the refractive glass ball. Supplementary material

includes a recording of the real-time game. The game runs on a laptop with an NVIDIA GeForce

RTX 2070 Max-Q GPU. Through our pipeline, game developers can seamlessly integrate animatable

objects with photorealistic NeRFs.

Qualitative Results. Our method can simulate different types of dynamics with the support of

Warp [291]. In Figure 7.6, the background fox is modeled as NeRF. (a) is a cube modeled by

Neo-Hookean FEM mesh, where we can also see the changing light effect as it is twisted. (b) is

a piece of cloth falling down to the fox. Our pipeline can handle the collision and light effects of

such thin shells.

7.4.3 Applications

Our methods could be applied to many situations, where NeRFs can improve the realism

of synthetic scenes.
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Driving simulation is important for developing, training, and testing autonomous driving systems.

With the large number of images captured around roads, people can train NeRF for street views [244].

With our method, people can set up the driving simulation inside those Photorealistic NeRFs (see

Figure 7.8 (a)) and insert synthetic vehicles [294, 295]. Such realistic virtual environments can

help minimize the sim-to-real gap in self-driving cars.

Room layout design can help users design their homes and purchase furniture. After taking

pictures and building a NeRF model for their room, customers can shop furniture [296, 297]

virtually and design the room layout as shown in Figure 7.8 (b).

Virtual try-on using our methods can dynamically simulate the cloth on a human body captured

by NeRF. In Figure 7.8 (c), we place a cloak on the human body and simulate how it swings in

the wind.

Digital human applications are one of the key interests in VR/AR and the metaverse. With our

methods, users can easily collect and build their virtual world by NeRF and then render their

human-body model in that scene. This could be useful for movie making, webcasting, virtual

performance, cyber-tourism, etc. Figure 7.8 (d) renders a futuristic ‘mercury man’ [298] jumping

in the park using NeRF.

7.5 Conclusion

In summary, motivated by integrating NeRF into the traditional graphics pipeline, our

hybrid rendering method can render dynamically changing meshes in a photo-realistic NeRF

environment, without costly surface reconstruction. We also equip the resulting renderer with a

simulator, making it suitable as a real-time NeRF-based game engine.
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(a) Room layout design (b) Driving simulator

(c) Virtual try-on (d) Digital human

Figure 7.8: Application of mixing NeRF with meshes. Our method can be used for realistic
driving simulation, room layout design, virtual try-on, and digital humans.
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There are some limitations in this work. (1) The currently implemented renderer cannot

cast shadows and illumination on NeRF points. Decomposing NeRFs can make the relighting

more realistic. (2) Our renderer offers basic, essential functions; support for environment maps,

UV maps, and image textures for higher rendering quality can be a natural extension. (3)

Additional interfaces can also enable users to take advantage of more mature infrastructures if

integrated into more widely-used platforms, e.g. Blender, Unreal, etc. (4) We can further improve

the runtime performance and integrate the pipeline with larger-scale NeRFs.
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Chapter 8: Physically Consistent Perception of Hand-Object Interactions with

Differentiable Priors

8.1 Introduction

Hands serve as the primary means by which humans interact with the physical world as

they are responsible for most of the intricate and dexterous object manipulation tasks. A good

understanding of hand-object interaction helps with numerous learning-based tasks such as action

recognition [299], robotic manipulation [300], user interaction [301], etc.

Estimating hand and object interaction presents several challenges. Firstly, the complex,

deformable geometry and dynamics of hands present challenges in learning and optimization.

Unlike rigid objects, hands are articulated with joints and possess high degrees of freedom. Their

non-linearity and non-convexity further exacerbate the complexity of the task. Secondly, the

presence of both self-occlusion and hand-object occlusion result in uncertainty when predicting

hand poses during manipulation. Finally, the rich contacts between hands and objects in interaction

scenes necessitate the need for a consistent estimation method for both the hand and the object to

avoid penetration.

There are generally two categories of approaches for estimating hand and object poses.

The first approach is purely learning-based, where the network architectures, loss functions,
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Figure 8.1: HANDYPRIORS is a modular block application in multiple tasks. The estimation
of hand-object interaction can be achieved by (a) optimization-based refinement or (e) filtering
with Extended Kalman Filter (EKF). Moreover, the differentiable contact module can be used to
perform (b) pose refinement given contact status. Our differentiable priors can also be used in
pose estimation for scenes with (c) robot hands or (d) human bodies.
and training strategies are carefully designed to train a generalizable mapping from images to

hand and object configurations [302, 303]. Although neural networks and large training datasets

can mitigate the difficulties posed by high degrees of freedom and non-convexity, they cannot

guarantee interpretability nor correctness. The second category of approaches is optimization-

based [304, 305], which involves defining and optimizing heuristic target functions to improve

physical feasibility and reduce penetrations. Although the optimization process may be slower,

per-frame iterations can improve the accuracy of the results.

In this chapter, we leverage both learning and optimization techniques. Our method utilizes

pre-trained networks to provide an initial estimate of poses, and then uses differentiable self-

supervised terms to further refine the estimation by correcting errors from pixel-level misalignment

and non-physical penetration/oscillation. Inspired by the success of self-supervised learning in

large-scale vision and language models [306, 307], we adopt similar techniques to estimate hand-

object interactions. Specifically, we propose supervising the pose prediction by comparing it
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with subsequent video frames, similar to the way in which text generation can be trained using

sequence completion.

To enable backpropagation of gradients from image space, we develop fully-differentiable

operators that simulate and render predicted poses. This closed-loop optimization approach

improves the accuracy by making the estimation resemble more of the input image. We also

incorporate several regularization terms to minimize motion oscillation and collision in predicted

sequences.

While the optimization process improves the accuracy, it can be time-consuming. To

address this issue, we present an alternative filtering technique based on the Kalman filter [308]

to further utilize our differentiable dynamics and observation modules. This approach allows the

user to make a trade-off between efficiency and accuracy depending on whether they choose

to perform online tracking or offline optimization. Employing this integrated differentiable

rendering and simulation pipeline, we also apply our pose estimation method to human and

synthetic robot hand scenes, demonstrating the generalizability and robustness of our method.

Figure 8.1 summarizes several applications of this approach.

In summary, the key contributions of this work are:

• An integrated differentiable rendering (Sec. 8.3.2) and simulation (Sec. 8.3.3) pipeline

to estimate hand-object interaction.

• An offline optimization (Sec. 8.3.4) and an online tracking (Sec. 8.3.5) process that can

predict poses and contact information, providing the user with options to balance between

accuracy and efficiency.

• Experiments that generalize our priors to applications, e.g. robotic manipulation (Sec. 8.4.1),
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Figure 8.2: An overview of our optimization and filtering pipelines. We provide two
alternatives for utilizing the differentiable priors. Given the image and the estimation from
previous frames, (a) the optimization pipeline first initializes the poses with pre-trained networks
and then minimizes the rendering and physics losses from the differentiable operators; (b) the
filtering pipeline can take some simple observations and use Extended Kalman Filter (EKF)
to update the state estimation. EKF requires differentiable physics and rendering to model the
system and runs much faster than the optimization pipeline.

contact refinement (Sec. 8.4.4), and human bodies (Sec. 8.4.5).

In our experiments, our method achieves comparable or better pose estimation results in

hand-object-interaction datasets [309, 310]. Additionally, we show that the contact information

predicted by our method effectively refines pose estimation. Our ablation study compares the

differences between the optimization and tracking results, further validating the contributions of

different losses.

8.2 Related Works

8.3 Methods

Hand and object pose estimation from monocular images [311, 312, 313, 314] is a fundamental

problem in computer vision. Many recent works predict 6 DoF object poses assuming known
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rigid mesh models [315, 316, 317]. For human hands, MANO [318] proposes a parametric

model to represent the hand geometry using different shape and pose parameters. Numerous

learning-based approaches focus on predicting 3D joint locations from RGB(D) inputs [319,

320, 321, 322, 323, 324, 325]. Others [305, 326, 327, 328] then regress to the MANO pose

and shape parameters. There are also approaches directly learning a mapping between visual

inputs and hand poses from annotated datasets [329, 330, 331, 332]. These methods achieved

remarkable success on hand-only datasets but had poor performance when hands were holding

objects. There are also optimization-based approaches that optimize hand parameters based on

2D key points [304, 305, 333] or segmentations [309]. They tend to have better accuracy but are

much slower due to the iterative optimization process. We propose a tracking-based pipeline with

higher efficiency. Our differentiable priors are more general and can be applied to a wider range

of applications.

Hand object interaction has been garnering progressively more attention. Treating hand and

object pose estimation separately results in inaccurate estimation for both. With an increasing

number of hand-object datasets being created [302, 309, 334, 335, 336, 337], many recent works

have started to focus on jointly tracking hands and objects. However, simultaneously estimating

both is challenging due to occlusions and depth ambiguity. [303] designed a joint learning

framework based on contextual reasoning between hand and object representations. [338] proposed

an ordinal relation loss to correct depth misalignment between hand and object. [339] incorporated

a feature injection mechanism that better handles occlusion by integrating hand information

into the obscured areas. These methods improve the accuracy of pose estimation but pay little

attention to the physical interaction between hand and objects. Other works aim to predict
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physically plausible hand-object poses. To achieve this goal, interaction constraints are applied

to encourage contact and minimize interpenetration. [304, 305] proposed to use signed distance

functions (SDF) to model contact between hand and object, [340] design a deep network to

estimate contact areas and a virtual capsule technique to simulate soft hand tissue deformation.

[341] apply motion and force vectors to reconstruct interactions. Compared to these methods,

our approach is more general and can be used in contact-based refinement and pose estimation

in both human-hand and non-human-hand scenarios.

Differentiable Priors. Differentiable rendering [86, 135, 342] and physics [158, 343, 344] have

been used to solve inverse problems for their efficiency in optimization. For hand grasping,

[345] leverages a physics simulator to evaluate dynamic interactions between the hand and the

object. [346] uses differentiable physics to generate physically realistic and stable grasps. There

are also recent works that use differentiable rendering to optimize human [347] or object [348]

poses. However, they do not consider their physical interactions. [349] utilize a differentiable

articulated body simulator to learn and smoothen human-pose estimation. In contrast, our method

leverages rendering priors for each frame, thereby significantly accelerating pose estimation in a

video.

8.3.1 Problem Setting

Given a sequence of RGB hand-object-interaction images and the object’s 3D model,

we propose two pipelines to estimate the configuration of the hand and object in each frame.

Figure 8.2 shows an overview of our method.

In particular, we represent the hand using the MANO [318] parameterization, which describes
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a hand by its pose θ ∈ R45+6 (representing the rotations of 15 hand joints and a 6 DoF global

transformation) and shape β ∈ R10 (a statistical model) parameters. The 778 vertices Vhand ∈

R778×3 of the hand mesh can be computed from θ, β using a learned linear model Vhand =

m(θ, β).

The object pose has 6 degrees of freedom, which contains its translation t ∈ R3 and rotation

(represented by XYZ Euler angles) r ∈ R3.

8.3.2 Differentiable Rendering Priors

The first prior of our approach is differentiable rendering, which helps align the estimated

3D model with the 2D image. Instance segmentation is the key information we rely on to optimize

hand and object poses. We use a segmentation detector [350] trained on the COCO dataset [351]

to extract hand and object masks. Our experiment shows that although the image segmentation

detector, PointRend [350], was not trained on the YCB objects [352], it can correctly predict

object masks. However, it fails to adequately segment hands as fingertips are harder to detect.

Thus, we further trained PointRend to obtain better segmentations for the hand and hand-held

objects.

For each frame, we utilize a differentiable renderer SoftRas [342] that rasterizes and projects

3D hand and object models to 2D, then we optimize hand parameters θ and object parameters

r, t by fitting the projected vertices onto the hand and object masks. Next, we describe loss terms

related to the rendering part.

RGB image loss. Since hand texture varies greatly from person to person, we only render the

RGB images for objects. We then apply L2 loss between the rendered image Ir and the input
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RGB image Iin cropped by the detected object mask Mobj . The image loss term can be expressed

as follow:

Limg(r, t) = ∥(1−Mhand)Ir −MobjIin∥22 (8.3.2.1)

Mask loss. Compared to the RGB image loss, masks have fewer features but are not sensitive

to lighting and texture, hence the loss based on masks is more robust and general. We use a

differentiable renderer to render the silhouette of hands and objects together. We then apply L2

loss between the rendered mask Mr and the detected mask Md,

Lmask(θ, r, t) = ∥Mr −Md∥22 (8.3.2.2)

8.3.3 Differentiable Physics Priors

Besides the rendering priors defined on the 2D image spaces, we also add more physics-

related priors in the 3D and temporal domain to help us regularize the hand-object understanding.

Contact loss. During manipulation, we observe that most of the contacting vertices between

hand and objects do not have sudden relative sliding. Based on this observation, we first utilize a

GPU-based differentiable contact module to infer the signed distance function sdf(Vhand) from

hand vertices to the object. Then, we find the contact points vt where the SDF values are smaller

than 0.1. The relative sliding between t and t− 1 is,

Lsliding(θ, r, t) = ∥(vt − tt)(r
−1
t )⊤ − (vt−1 − tt−1)(r

−1
t−1)

⊤∥

Moreover, given the SDF results, we reduce penetration by penalizing the negative SDF
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values.

Lpenetration(θ, r, t) = min(0,−sdf(Vhand)) (8.3.3.1)

Smoothness loss. To enhance the continuity of hand and object across time, we penalize sudden

changes of object and hand in two consecutive frames. For objects, we apply L2 loss between

object vertices in the current frame Vt and previous frame Vt−1. For hands, we compute the L2

loss between hand poses in two frames θt, θt−1,

Lcon = ∥Vt −Vt−1∥22 + ∥θt − θt−1∥22. (8.3.3.2)

During the experiment, we also observed that objects usually have jittering for several

frames. Thus, we add a smoothness term to punish the oscillation in object velocity,

Lsmo = ∥(Vt −Vt−1)− (Vt−1 −Vt−2)∥22. (8.3.3.3)

8.3.4 Optimization-based Refinement

In summary, the losses of rendering priors are

Lrender = λ1Limage + λ2Lmask, (8.3.4.1)

and the physics-inspired losses are

Lphysics = λ3Lsliding + λ4Lpenetration + λ5Lcon + λ6Lsmo,
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Figure 8.3: Diagram of the EKF filtering process. With (1) the differentiable physics f and
(2) rendering h modules to compute the Jacobians, (3) the extended Kalman Filter (EKF) can
perform state estimation given the control signal, observation, and previously estimated states.

Table 8.1: Ablation study. We run ablation studies for optimization (left) and filtering (right)
pipelines. For optimization, 2D and 3D errors (cm) decrease with gradually added rendering
Lrender and physics loss Lphysics. Filtering (0.03 s) is faster than the optimization (e.g. ours take
5 s and Homan [305] takes 9 s) but sacrifices accuracy.

Optimization 2D Error 3D Error Runtime (s) Filtering 2D Error 3D Error Runtime (s)

Initialization 1.03 52.5 0.072 Ohand 44.59 5.57 0.024
+Lrender 0.77 1.54 2.29 Oobject 19.00 11.24 0.027
+Lphysics 0.43 1.10 5.83 Ohand+object 8.84 7.41 0.029

where λ’s are the weights for the loss terms. With these differentiable loss terms, we optimize

the pose of the hand θ and object r, t using a gradient-based optimization method such as

Adam [353].

8.3.5 Filtering-based Tracking

Besides the optimization-based process, we can also use the differentiable priors in a more

light-weight (faster but less accurate) pipeline (Fig. 8.3). Multiple filtering algorithms (e.g.
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Extended Kalman Filter (EKF) [308]) can be integrated with this method for fast tracking. EKF

can give a state estimation in a dynamic system

xt = f(xt−1,ut) + ϵs, zt = h(xt) + ϵo, (8.3.5.1)

where x is the state, u is the control, z is the observation, ϵs and ϵo are noises, f(·), h(·) are

differentiable functions for states and observation, respectively. Using the EKF, we can compute

an estimation x̂t for the hidden state xt given the observation zt and control ut.

The states of the hand-object system are xt = (θt, rt, tt). Using those pose parameters

(along with the known object model and shape parameters β), we can reconstruct the entire

scene. For most of the cases in real life and nearly all of the cases in existing datasets, hands can

be modelled as actuators whereas objects are primarily passive. Therefore, the control input for

the system is the hand pose ut = θ.

Since the differentiable renderer can output various quantities (2D keypoints, bounding

box, full image set), the observations we can choose are also flexible. For instance, the 2D

positions of the fingertips can serve as the only feedback supervision. Then the observation

function is,

h(xt) = Stips ·Vhand(θt), (8.3.5.2)

where Stips ∈ R5×778 is a one-hot encoding matrix that selects fingertips out of the hand.

The more challenging part is to construct the dynamics function f(·). A direct solution is

to use a differentiable full dynamics model to describe the system. However, the actuation signals

of the hand (like muscle contraction) are unavailable from the MANO parameter. We thus choose
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to use simpler and more robust quasistatic dynamics. If the hand makes contact with an object

on vertices vt−1 = Scontact ·Vhand(θt−1) at time step t− 1, we assume the relative sliding on the

vertices from vt−1 to vt ∈ Rncontact×3 is small. The rotation R and translation T are estimated

as,

UΣV† = svd(ṽ⊤
t−1ṽt) (8.3.5.3)

Rt = (UV†)⊤Rt−1

Tt = v̄t − v̄t−1(UV†) +Tt−1

where ṽ = v− v̄ is the contact vertices subtracting their centroids v̄, svd(·) is the singular value

decomposition.

With the differentiable observation h(·) (Eq. 8.3.5.2) and dynamics f(·) (Eq. 8.3.5.3), we

can then use the EKF to track and estimate the states xt = (θt, rt, tt).

8.4 Experiments

In this section, we apply our differentiable priors to five scenarios: (a) object pose estimation

for robotic manipulation, (b) pose estimation, (c) filtering-based tracking, (d) contact refinement,

and (e) human-object pose estimation. Our method can achieve comparable or better results in a

wide range of tasks.
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(a) Input (b) Semi [303] (c) HANDYPRIORS

Figure 8.4: Real-world pose estimation. (a) We record a robotic hand manipulating a cracker
box in the real world using a calibrated camera. With (b) initialization using [303]. We observe
that (c) our method can recover the transformation of the box.

8.4.1 Real-world Robotic Hand and Object Iteration

Our method can generalize to a wide range of scenarios, including robotic hands and object

interaction. To demonstrate this, we designed a robotic hand manipulation task. We first record

sequences of RGB images where an Allegro robotic hand interacts with a YCB object [352] using

the calibrated Intel RealSense camera and record the corresponding hand pose parameters. We

then predict the initial object pose using only the RGB image with [303]. Given the robotic

hand configuration calculated using the hand pose parameter and segmentation masks predicted

by Pointrend [350]. We then use our pipeline to optimize the object pose r, t. Figure 8.4 shows

the optimization result of our method. The results demonstrate that our method is capable of

generating accurate object poses even with robotic hand interaction scenes.
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Figure 8.5: Pose Estimation Results. We compare the hand and object pose estimation results
with other methods and visualize the 3D meshes projected on the original image. Our method
yields reasonable joint estimation for the interaction scenes.

Table 8.2: Evaluation of hand pose estimation. We measure the joint error (cm), mesh error
(cm), and joint AUC on the DexYCB dataset [336]. PA is Procrustes Alignment.

Methods Joint (PA) Joint Mesh (PA) Mesh Joints AUC

Artiboost [338] 0.65 1.12 0.69 1.21 0.870
Homan [305] 1.84 4.41 1.80 4.34 0.644
HandOccNet [339] 0.62 1.16 0.66 1.20 0.877
HANDYPRIORS (ours) 0.52 0.81 0.51 0.89 0.896
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Table 8.3: Quantitative evaluation of object pose estimation. Our approach is compared with
Semi [303], Artiboost [338], Homan [305] on the HO3D [309] and DexYCB Dataset [336]. We
report the 2D (cm) and 3D (cm) errors.

Method 2D Error (HO3D) 3D Error (HO3D) 2D Error (DexYCB) 3D Error (DexYCB)

Artiboost [338] 6.41 10.83 3.01 6.78
Homan [305] 4.60 41.33 15.21 95.07
Semi [303] 2.06 26.35 9.20 47.77
HANDYPRIORS (ours) 1.67 3.22 0.96 3.79

8.4.2 Pose Estimation

8.4.2.1 Datasets and Metrics

Datasets. HO3D dataset [309] is a real hand-object interaction dataset that contains approximately

80K images from more than 65 sequences. It uses 10 models from the YCB dataset [352]. We

report the performance of all of the methods on the evaluation split of the dataset. Dex-YCB

dataset [336] consists of 582K images over 1,000 sequences of 10 subjects grasping 20 different

YCB objects [352] from 8 camera views. In this work, we report the performance of our method

on the S0 test split of the dataset. Following [338], we filter out frames that contain the left hand

or where the hand is not in contact with the object. Metrics. In Table 8.3, we measure the 2D

error by projecting the object vertices onto the image plane and computing the Chamfer distance

between the ground truth vertices and predicted vertices. The 3D error is the Chamfer distance in

the original 3D space. We also report the collision between the hand and the object. In Table 8.2,

we compute the joint error, mesh error, and joint AUC (Area Under the ROC Curve). For joint and

mesh error, we report results before and after Procrustes alignment, where Procrustes alignment

changes the global rotation, translation, and scale of the estimated pose to match the ground truth.
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8.4.2.2 Optimization-based Refinement

We compare our optimization-based method described in Section 8.3.4 with Semi [303],

Artiboost [338], Homan [305] for the pose estimation task. In the HO3D dataset, we test three

objects from the evaluation split: Mustard Bottle (SM11), Meat Can (MPM10-15), and Bleach

Cleanser (SB11, 13). Table 8.3 shows that our method outperforms alternative methods for

estimating the pose of the objects. Our method also achieves comparable results in terms of

collision metrics. Table 8.2 shows the hand prediction results compared to Artiboost [338],

Homan [305], and HandOccNet [339]. Our method also improves over the initialization from

[339] and achieves the best accuracy in all metrics. Figure 8.5 shows some qualitative results of

the predictions. Compared to other methods, our optimized results are better aligned with the

image and have more reasonable relative positions between hands and objects.

8.4.2.3 Ablation Study

In this part, we study the influence of different loss terms on the estimation results. All

the experiments are run in the evaluation set SM1 from the HO3D dataset [309]. Table 8.1

presents the quantitative results. Starting from the initialization by the pre-trained network [303],

adding rendering loss Lrendering drastically improves the performance, especially with regards to

the 3D error as it can adjust the translation errors in the depth direction. Moreover, adding the

physics loss term Lphysics improves the results further by reducing penetration and oscillation in

the predicted sequences.
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(a) Semi [303] (b) Filtering (c) Semi [303] (d) Filtering

Figure 8.6: Filtering results. We show that the filtering pipeline can estimate the object pose
with just fingertips (red points) as input. It can give robust and continuous estimation even when
the purely learning-based method (a, c) fails.

8.4.3 Filtering-based tracking

We apply the tracking algorithm described in Section 8.3.5 to perform pose estimation. We

run on the SM1 sequence and qualitative results are shown in Figure 8.6. Our filtering pipeline

(b) yields adequate estimation results of the objects given only the fingertips as inputs (red dots

in the figures). Meanwhile, the (a) learning-based method [303] would have huge errors in object

pose estimation.

We also conduct quantitative experiments in Table 8.1 where different observations are fed

into the filter. Ohand use the predicted 3D positions of fingertips from as observation; Oobject

takes the predicted object center as observations; Ohand+object uses both the aforementioned

hand and object information as an observation. The results show that with more observation

available, the tracking results tend to be more accurate. The tracking method is much faster than

the optimization pipeline; however, the accuracy decreases since less information is provided to

it.
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(a) Initialized (b) Optimized (c) Initialized (d) Optimized

Figure 8.7: Qualitative results of contact-based pose refinement. Given randomized initial
poses (a,c) and desired contact regions, our method can refine poses using a differentiable contact
model & gradient-based optimization (b,d).

8.4.4 Contact Refinement

The physics module can output contact information during prediction. Given the pose

of the hand and the object, our GPU-based differentiable Warp kernel [291] can output the

signed distance function s and the normal direction n for each hand vertex {ni, si}i<nhand
=

contact(θ, r, t). Following [340], we define a contact value COi = min( 1
si
, 1) for each vertex.

When a vertex is within 1mm (si < 1) of the object, COi = 1 then means this point is in-contact.

Given randomly initialized hand poses, our method refers to the ground truth contact

information provided by ContactPose datasets [354] as the target. Since our contact(·) module

is also differentiable, we can then optimize the poses to match the target contact status {COi,ni}

with gradient-based optimization and achieve comparable results as [340] shown in Figure 8.4.

Figure 8.7 shows examples of the optimization process. (a) and (c) are the input randomized

hand, (b) and (d) are the optimized hand-object interaction. The results are similar to how people

handle those objects in daily life.
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Table 8.4: Error after contact-based pose refinement. Our differentiable contact module
achieves comparable results as ContactOpt [340].

Method hand joints hand verts object verts

ContactOpt 0.0143 0.0137 0.0367
ours 0.0143 0.0136 0.0364

Table 8.5: Quantitative evaluation on human object pose estimation Our method can achieve
higher 2D IoU and lower collision error (cm3) compared to PHOSA [348].

Method human IoU object IoU Collision

PHOSA 0.45 0.51 6818.18
+Lrender 0.64 0.59 8742.63
+Lphysics 0.68 0.64 666.67

8.4.5 Generalization to Human

Our proposed differentiable priors can also be applied to human object pose estimation.

With RGB images from the COCO2017 dataset [351], we use [348] to initialize both human

and object poses, and then use [350] to predict the instance segmentation mask for both the

human and objects. Subsequently, we replaced the MANO hand model [318] in our pipeline

by SMPL human body model [298] which describes the human body also by pose θ ∈ R72

and shape β ∈ R10 parameters. Following the same set up as hand-object optimization, we

refine human parameters (θ, β, Thuman) and object parameters(r, t) through our pipeline using

both differentiable rendering and physics priors. Our experiment shows that our method can

generate accurate human-object pose estimation. As ground truth poses for human and object are

unavailable, we report the intersection of union(IoU) and the interpenetration volume between

human and object in Table 8.5. Figure 8.8 shows the qualitative result of our method and the

contribution of each component of the pipeline.
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(a) Initialization (b) Lrender (c) Lrender+physics

Figure 8.8: Human Object Pose Refinement. Qualitative comparison between (a) initialization
using [348], (b) refinement using only differentiable rendering, and (c) refinement using both
differentiable rendering and physics simulator. The rendering loss helps to align the image, and
the physics loss can mitigate penetrations.

8.5 Conclusion

In this chapter, we present HANDYPRIORS, a framework of differentiable rendering and

physics priors for pose estimation in hand-object-interaction scenes. Two alternatives are presented

to match different use cases: the optimization-based pose refinement which focuses on the

prediction accuracy, and the filtering-based tracking which focuses on the runtime speed. Our

proposed rendering and physics-related operators enable closed-loop optimization and tracking

with self-supervision from the input RGB image sequences. Experiments show that our method

yields comparable or better results in the pose estimation and contact refinement task due to our

unified and general priors. We also demonstrate that our method can be applied to robotic hand

manipulation and human pose estimation tasks.

There could be several future follow-ups to this work. First, the optimization pipeline can

fail if the initialization is poor. This problem could be alleviated by adding bounding boxes
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or key-point related terms to the differentiable rendering module. Second, the performance of

the optimization could be improved through a faster differentiable rendering module, such as

Nvdiffrast [355]. Third, the current filtering pipeline based on EKF could potentially output the

uncertainty of the prediction. It would be promising to incorporate our pipeline with probabilistic

prediction. Fourth, while it currently supports human hands, it could be adapted for robotic arms

with different configurations by changing the kinematic structures.
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Chapter 9: Other Visual-Dynamical Systems

9.1 Navigation and Collision Avoidance Using Commodity Sensors

Mobile robots are currently deployed in a wide range of scenarios, including warehouses,

airports, malls, and offices [356]. In these indoor and outdoor spaces, robots are used to perform

routine tasks such as delivering goods or guiding customers. The ability to perform reliable

navigation and avoid collisions with pedestrians and other obstacles is important to perform these

tasks.

There are extensive works on robot navigation and collision-avoidance in dynamic scenes [357,

358]. These include model-based techniques based on velocity obstacles [359] and dynamic

constraints [357]. However, these methods assume accurate detection or representation of obstacles

in the environment [357, 359]. Other techniques have been proposed for dynamic scenes [358,

360], but their performances vary in different environments and none of them are robust enough

for all general scenarios [361].

Recently, a number of learning-based approaches have been proposed to perform robot

navigation and collision avoidance [362, 363, 364]. These algorithms can handle sensor noise

in many scenarios. However, it is challenging to predict the performance in new or unknown

scenes with those learning-based models because their performance is governed by the training

data. Some model-based navigation algorithms [365, 366] use probabilistic techniques to handle
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sensor errors, but they are not robust in terms of handling partial observations.

Main Results: We present a novel hybrid scheme for safe navigation of a mobile robot among

pedestrians and other obstacles. Our approach takes advantage of learning-based methods to

handle sensor data (perception) and a model-based formulation (planning) to compute safe velocities

for collision avoidance. Instead of developing an end-to-end learning pipeline, we use separate

components for perception and planning to provide guarantees of collision avoidance. The novel

components of our approach include:

• We integrate a segmentation and an optical flow estimation network to detect obstacles.

The state-of-the-art pretrained models helps robots perceive the environment accurately in

real time.

• We present a modified velocity-obstacle algorithm to perform local navigation and collision

avoidance based on partial observations. We highlight improvements over prior velocity

obstacle methods and show that our approach is more robust.

• We present bounds for our probabilistic collision avoidance. These bounds provide better

guarantee and interpretability than learning-based navigation schemes.

We have tested our algorithm on a Turtlebot robot with commodity sensors, including an

Orbecc Astra RGB camera (around $100) and a 2-D Hokuyo Lidar (costing around $1000).

We have evaluated OF-VO in simulated environments with multiple pedestrians, including high-

density cases with more than 10 pedestrians in 5 × 5 m2 area. We used different methods to

simulate pedestrian movements, including socially acceptable collision avoidance [367, 368].

Moreover, we tested the algorithm in our laboratory with pedestrians close to the robot and

moving in different patterns. Results will be shown in the video. We compared our approach
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with prior model-based methods like DWA [357] and deep-reinforcement learning algorithms

like [369]. We observe 2− 5X improvement in success rate (and reliability).

This is a collaboration work led by Jing Liang. More details can be found in the full

paper [370].

9.2 Physics Augmented Continuum Neural Radiance Fields

Inferring the geometric and physical properties of an object directly from visual observations

is a long-standing challenge in computer vision and artificial intelligence. Current machine vision

systems are unable to disentangle the geometric structure of the scene, the dynamics of moving

objects, and the mechanisms underlying the imaging process – an innate cognitive process in

human perception. For example, by merely watching someone kneading and rolling dough,

we are able to disentangle the dough from background clutter, form a predictive model of its

dynamics, and estimate physical properties, such as its consistency to be able to replicate the

recipe. There exists a large body of work on inferring the geometric (extrinsic) structure of

the world from multiple images (e.g., structure-from-motion [371]). This has been bolstered by

recent approaches leveraging differentiable rendering pipelines [372] and neural scene representations [373],

unlocking a new level of performance and visual realism. On the other hand, approaches to

extract the physical (intrinsic) properties (e.g., mass, friction, viscosity) from images are yet

nascent [12, 211, 374, 375] – all assume full knowledge of the geometric structure of the scene,

thereby limiting their applicability.

The key question we ask in this work is “can we recover both the geometric structure

and the physical properties of a wide range of objects from multi-view video sequences”? This
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dispenses with all of the assumptions made by state-of-the-art approaches to video-based system

identification (known geometries in [211] and additionally rendering configurations in [12]).

Additionally, the best performing approaches to recover geometries (but not physical properties)

of dynamic objects in videos include variants of neural radiance fields (NeRF) [79], such as [104,

105, 106]. However, all such neural representations of dynamic scenes need to learn object

dynamics from scratch, requiring a significant amount of data to do so, while also being uninterpretable.

We instead employ a differentiable physics simulator as a more prescriptive, data-efficient, and

generalizable dynamics model; enabling parameter estimation solely from videos.

Our approach—Physics Augmented Continuum Neural Radiance Fields (PAC-NeRF)—is

a novel system identification technique that assumes nothing about the geometric structure of

a system. PAC-NeRF is extremely general – operating on deformable solids, granular media,

plastics, and Newtonian/non-Newtonian fluids. PAC-NeRF brings together the best of both

worlds; differentiable physics and neural radiance fields for dynamic scenes. By augmenting a

NeRF with a differentiable continuum dynamics model, we obtain a unified model that estimates

object geometries and their physical properties in a single framework.

Specifically, a PAC-NeRFF is a NeRF, comprising a volume density field and a color field,

coupled with a velocity field v that admits the continuum conservation law: DF
Dt

= 0 [376]. In

conjunction with a hybrid Eulerian-Lagrangian formulation, this allows us to advect geometry

and appearance attributes to all frames in a video sequence, enabling the specification of a

reconstruction error in the image space. This error term is minimized by gradient-based optimization,

leveraging the differentiability of the entire computation graph, and enables system identification

over a wide range of physical systems, where neither the geometry nor the rendering configurations

are known. Our hybrid representation considerably speeds up the original MLP-based NeRF
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by efficient voxel discretization [377], and also conveniently handles collisions in continuum

simulations, following the MPM pipeline [378]. The joint differentiable rendering-simulation

pipeline with a unified Eulerian-Lagrangian conversion is highly optimized for high-performance

computing on GPU.

In summary, we make the following contributions.

• We propose PAC-NeRF – a dynamic neural radiance field that satisfies the continuum conservation

law.

• We introduce a hybrid Eulerian-Lagrangian representation, seamlessly blending the Eulerian

nature of NeRF with MPM’s Lagrangian particle dynamics.

• Our framework estimates both the geometric structure and physical parameters of a wide

variety of complex systems, including elastic materials, plasticine, sand, and Newtonian/non-

Newtonian fluids, outperforming state-of-the-art approaches by up to two orders of magnitude.

This is a collaboration work led by Xuan Li. More details can be found in the full paper [272].
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Part IV

Conclusion
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Chapter 10: Conclusion

10.1 Summary of Results

In summary, my research focuses on building differentiable, high-fidelity, and feature-rich

simulation pipelines and applying them to control, learning, and system identification tasks. My

contributions can be categorized as follows,

Differentiable Simulation for Cloth and Rigid Bodies [4]. In this project, we develop a scalable

differentiable simulator for rigid bodies and cloth. We evaluate the scalability and generality of

the presented approach experimentally. Controlled experiments that vary the number of objects

in the scene and their relative scales demonstrate that our approach is dramatically more efficient

than state-of-the-art differentiable physics frameworks. Code is available on our project page:

https://gamma.umd.edu/researchdirections/mlphysics/diffsim

Differentiable Articulated Body Simulation [156]. In this project, we design a differentiable

articulated body simulation method that runs 10x faster with 1% of the memory consumption

compared to differentiation based on autodiff tools. As an application of differentiable dynamics

for articulated systems, we show that reinforcement learning (RL) can benefit from the knowledge

of gradients in two ways. First, it can make use of the gradients computed by the simulation to

generate extra samples using first-order approximation. Second, during the policy learning phase,
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differentiable physics enables us to perform a one-step rollout of the objective value function so

that the policy updates can be more accurate. Both schemes effectively improve the convergence

speed and the attained reward. Code is available on our project page: https://github.

com/YilingQiao/diffarticulated

Differentiable Soft Multi-body System [212]. We aim to create a realistic deformable multi-

body dynamics framework, in which soft articulated robots can be simulated to learn powerful

control policies. Our code is available here: https://github.com/YilingQiao/diff_

fem

Differentiable Hybrid Traffic Simulation [177]. In this work, we propose to adopt both microscopic

and macroscopic models to create a more general traffic simulator that is differentiable. This kind

of hybrid approach has already been proven to simulate large-scale traffic environments much

more efficiently than either of the approaches while maintaining integrity. https://github.

com/SonSang/diff-hybrid-traffic-sim

Editable Geometry and Physics from Monocular RGB Videos [269]. In this chapter, we

design an end-to-end differentiable rendering and simulation pipeline that can directly learn

the geometry and dynamics from a monocular video. Our code is available here: https:

//github.com/gaoalexander/neuphysics

Physics Augmented Continuum Neural Radiance Fields for Geometry-Agnostic System

Identification [272]. PAC-NeRF is a novel approach to estimating both the unknown geometry

and physical parameters of highly dynamic objects from multi-view videos. We design PAC-

NeRF to only ever produce physically plausible states by enforcing the neural radiance field to

follow the conservation laws of continuum mechanics. Our code is available here: https:
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//github.com/xuan-li/PAC-NeRF

Differentiable Analog Quantum Computing [202]. Differentiable analog quantum computing

can be deemed as a special form of differentiable physics at the quantum scale. We develop a

sampling technique to compute gradients on analog quantum machines. Our code is available

here: https://github.com/YilingQiao/diffquantum

Dynamic Mesh-Aware Radiance Fields [379]. We integrate the conventional mesh-based graphics

pipeline with the radiance field representation. We can interact with mesh and NeRF in real-

time under our hybrid ray-tracing rendering and simulation pipeline. Our code is available here:

https://github.com/YilingQiao/DMRF

Physically Consistent Perception of Hand-Object Interactions with Differentiable Priors [380].

We integrate differentiable rendering and physics priors to estimate hand-object-interaction. It

can also generalize to filtering-based methods and human-pose estimation. Here is the project

page: https://handypriors.github.io/.

10.2 Future Work

Based on my prior experience in learning, simulation, and rendering, I plan to continue

contributing to AI, Robotics and Visual Computing communities. The recent success of large pre-

trained models has demonstrated the potential for artificial general intelligence (AGI). However,

deploying such powerful AGI in the real world without sufficient training and verification in

simulation environments could be dangerous, especially in interactions with humans. With this

concern in mind, I am committed to develop a simulation platform suitable for AGI development

over the next five years. Ideally, this platform should be machine-learning-friendly (consistent
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with my previous work), controllable (enforcing safety constraints), general (handling complex

real-life tasks), and scalable (catering to large model sizes and data volumes). Simultaneously,

I will explore the application of machine learning techniques to solve simulation and physics

problems. For instance, leveraging differentiable dynamics can aid in structural design, robot

control, and addressing broader scientific challenges, leading to more interdisciplinary projects.

Physics-Informed Artificial General Intelligence (AGI). We have witnessed very impressive

progress in large-scale and multi-modal foundation/generative models recently. However, these

models are usually trained on passive data such as texts and images. The generated content does

not come with guarantees for physics correctness, posing a potential risk for wider use. I plan

to train these models in a physically-based simulation environment and/or add explicit physics

constraints to ensure their correctness. By doing so, we can improve language models’ ability

in physics-related reasoning. For example, we recently organized a CoRL workshop [381] on

how to train a generalist robot, which garnered much attention and constructive discussion. This

white paper [382] describes how to combine simulation and large language models (LLM) to

create more powerful embodied AI agents. By injecting physics rules and information, we can

potentially improve the safety of AI, align trained models with the physical world, and pave the

way for human-robot interaction.

A Uniform and Efficient Simulation Platform for AGI. A generalist robot would require a

general simulation environment. Nowadays, simulation algorithms usually only specify a certain

object type. We do not have a general enough engine to cope with even our daily scenarios, such

as a robot doing dishwashing using a towel. Based on my experience dealing with a wide range of

dynamic systems, I want to develop a uniform and efficient simulation platform that can faithfully
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simulate our real world. This requires an accurate and general contact coupling formulation

for different materials (rigid, soft, fluids, etc.). Moreover, to train large models with extensive

data, the simulation needs to have high throughput, ideally compatible with modern acceleration

hardware (GPU, TPU, etc.). Designing simulation algorithms with massive parallelization is,

therefore, an urgent task. Besides breeding AGI, such a general and easy-to-use platform can

also greatly facilitate animation, VR/AR, and robotics applications.

Integrated Simulation and Learning for Scientific Exploration and Advancements. Real-

world scientific experiments are usually expensive, time-consuming, and risky. Efficient simulation

and learning algorithms can help accelerate progress in broader scientific problems. We already

have initial examples and theories showing that differentiable quantum computing can improve

optimization and control problems. Our next step is to scale it up and attempt to solve some real-

world chemistry or physics problems. For example, I will continue our quantum-related projects

and solve tasks in bigger condensed matter physics systems (e.g. ground-state problems). And

we can also use our algorithm to build better quantum computers by designing more efficient

gates.
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Appendix A: Scalable Differentiable Physics for Learning and Control

Mass Matrix

For a rigid body i with rotation r = (ϕ, θ, ψ)⊤ and translation t = (tx, ty, tz)
⊤, the

generalized coordinates are q = [r⊤, t⊤]⊤ ∈ R6. Its kinetic energy can be computed by E =

1
2
q̇M̂q̇, where M̂ is a diagonal blocked mass matrix composed of angular and linear inertia,

M̂ =

 Ia 0

0 Il

 . (A.0.0.1)

The linear inertia Il is simply mI3×3, where m is the total mass of the rigid body.

When the rigid body’s distribution is approximated by a set of particles, an angular inertial

is given by,

I ′ =
∑
i

mi(p
⊤
i piI3×3 − pip

⊤
i ), (A.0.0.2)

wheremi is the mass of the particle i; pi is the vector from the center of mass to this particle. Note

that this angular inertia corresponds to the axis-angle velocity ω in the world frame. The angular

momentum is I ′ω. However, We cannot directly use this formula since we have to represent the

angular velocity in terms of velocities of Euler angles.

We used the RPY convention for Euler angle representation: given the Euler angle r =
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(ϕ, θ, ψ)⊤, the rigid body will first rotate about the Z axis by ψ, then rotate about the new Y ′ axis

by θ, and finally rotate about the new X ′′ axis by ϕ.

By the above definition, the angular velocity vector Ω can be represented by Euler angles,

Ω = ψ̇eZ + θ̇eY ′ + ϕ̇eX′′ (A.0.0.3)

We convert the angular velocity in local frame back to the world frame so that it matches

with the angular inertia in the world frame:

Ω = (cos θ cosψϕ̇− sinψθ̇)eX

+ (cos θ cosψϕ̇+ cosψθ̇)eY .

+ (− sin θϕ̇+ ψ̇)eZ (A.0.0.4)

The matrix form is given as:


ωx

ωy

ωz

 =


cos θ cosψ − sinψ 0

cos θ sinψ cosψ 0

− sin θ 0 1




ϕ̇

θ̇

ψ̇

 . (A.0.0.5)

We denote this transformation as ω = Tṙ, so the angular momentum is reformed as I ′ω =

I ′Tṙ. Therefore, in the Euler angle representation, the angular inertia becomes

Ia = T⊤I ′T. (A.0.0.6)
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The new mass matrix M̂ for the generalized coordinates is,

M̂ =

 T⊤I ′T 0

0 I3×3

 . (A.0.0.7)

Represent a Vertex using Generalized Coordinates

For a vertex p attached to the rigid body, its coordinate in the body frame is p0. The

origin of the body frame is set to be the center of mass (COM). p0 = (px, py, pz)
⊤ is the relative

displacement of p w.r.t. the COM in the first frame of simulation. The coordinates of the vertex

in the world frame are then given by,

p = f(q) = [r]p0 + t, (A.0.0.8)

where [r] is a rotation matrix represented by the Euler angle r = (ϕ, θ, ψ)⊤. The corresponding

rotation matrix [r] = R3×3 is computed by

R11 = cos θ cosψ

R12 = − cosϕ sinψ + sinϕ sin θ cosψ

R13 = sinϕ sinψ + cosϕ sin θ cosψ

R21 = cos θ sinψ

R22 = cosϕ cosψ + sinϕ sin θ sinψ
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R23 = − sinϕ cosψ + cosϕ sin θ sinψ

R31 = − sin θ

R32 = sinϕ cos θ

R33 = cosϕ cos θ

Computation of Derivatives

To backpropagate the gradients at vertex p to the generalized coordinates q, we need to

compute the derivatives ∂f(q)/∂q.

The coordinates of a vertex (x, y, z)⊤ = f([ϕ, θ, ψ, tx, ty, tz]
⊤) are given by Equation A.0.0.8.

Therefore, the Jacobian matrix for the partial derivatives is:

∇f =


∂x
∂ϕ

∂x
∂θ

∂x
∂ψ

1 0 0

∂y
∂ϕ

∂y
∂θ

∂y
∂ψ

0 1 0

∂z
∂ϕ

∂z
∂θ

∂z
∂ψ

0 0 1

 . (A.0.0.9)

Assuming that the relative displacement of p w.r.t. the COM in the first frame is p0 =

(px, py, pz), the corresponding elements in the Jacobian matrix are:

∂x
∂ψ

= −px cos θ sinψ+py(− cosϕ cosψ−sinϕ sin θ sinψ)+pz(sinϕ cosψ−cosϕ sin θ sinψ)

∂x
∂θ

= −px sin θ cosψ + py sinϕ cos θ cosψ + pz cosϕ cos θ cosψ

∂x
∂ϕ

= py sinϕ sinψ + cosϕ sin θ cosψ + pz(cosϕ sinψ − sinϕ sin θ cosψ)

∂y
∂ψ

= px cos θ cosψ+py(− cosϕ sinψ+sinϕ sin θ cosψ)+pz(sinϕ sinψ+cosϕ sin θ cosψ)

∂y
∂θ

= −px sin θ sinψ + py sinϕ cos θ sinψ + pz cosϕ cos θ sinψ
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(a) Ours (b) E2E (c) ChainQueen (d) DiffCloth

Figure A.1: Qualitative comparison on complex models and interactions. In this scene, we
simulate two complex rigid bodies, bunny and armadillo on a cloth. (a) is the simulation result
of our method, and the comparisons, (b) is E2E [2]; (c) is ChainQueen [6]; (d) is DiffCloth [3].
Our method gets the most reasonable results because we can deal with both rigid body and cloth
dynamics. Meanwhile, the mesh representation enables us to model different objects precisely.

∂y
∂ϕ

= py(− sinϕ cosψ + cosϕ sin θ sinψ) + pz(− cosϕ cosψ − sinϕ sin θ sinψ)

∂z
∂ψ

= 0

∂z
∂θ

= −px cos θ − py sinϕ sin θ − pz cosϕ sin θ

∂z
∂ϕ

= py cosϕ cos θ − pz sinϕ cos θ

Qualitative Comparisons

Figure A.1 shows qualitative comparisons of two complex rigid bodies interacting with a

soft cloth.

In this comparison, our differentiable physics gets the most realistic results, that both

the bunny and armadillo are lifted from the table. E2E cannot simulate the detailed motion

of the objects because it only supports basic primitives. ChainQueen cannot preserve the rigid
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property of bunny and armadillo because these objects are composed of small particles during the

simulation and obey deformable body dynamics. Moreover, the cloth would break up because the

MPM method cannot keep connectivity information faithfully during the simulation. Diffcloth is

able to model the motion of cloth, but the cloth cannot have an impact on the bunny and armadillo,

therefore they can not be lifted.
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Appendix B: Efficient Differentiable Simulation of Articulated Bodies

Discussion of RL Applications

For the policy enhancement method used in n-link pendulum, we use off-policy training

and weigh the relevance of each sample according to the distance to the current action:

w = exp(−∥a− a0∥) (B.0.0.1)

where a is the policy network output, and a0 is the action sampled from the history pool. For

every epoch, we sample from the environment 1,000 times and train the model after each sample.

We train both models from the simplest 1-link to the most difficult 7-link setting, each experiment

repeated 10 times to obtain stable statistics. In Table B.1, we report the statistics of the maximum

return for pendulums of different numbers of links. As mentioned in the main text, the performance

of MBPO degrades while ours does not. The reason behind it is that, during the policy update, our

method does not need to fully depend on the critic function. By making use of the gradients as

shown in Eq. 3.5.0.3, the policy network can first optimize the short-term reward (∂r/∂a) before

the critic is up to date. When the critic network is able to reveal the true value of the state-action

pair, the policy can then converge as well to the long term goal. On the other hand, traditional

RL methods heavily depend on the convergence of the critic network, thus having a hard time
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searching for the best action in a large space, especially when the links are attached sequentially.

In Fig. 3.5 that shows our MuJoCo Ant experiment results, we observe an even faster

convergence than MBPO, while MBPO already outperforms most of the RL algorithms. This is

because by generating nearby samples, the feedback from the environment is no longer a single

point but a patch as an approximation of the shape of the state transitioning function. It can greatly

help the critic function learn the correct estimation of the values not only for the observation point

but also nearby ones, thereby achieving faster convergence on the value estimation and eventually

the policy model.

Limitations and future directions. We also observe limitations on these two proposed techniques.

We observed that the sample enhancement does not provide better overall rewards in the ‘pendulum’

test, and the policy enhancement does not provide faster convergence in the ‘ant’ test. We attribute

this to a number of possible causes. Sample enhancement enriches the interaction history with

the environment, but it is inherently limited because extra samples can only be generated near

the true sample, it may not help the agent jump out of the local minima. Policy enhancement

relies heavily on the assumption that the actions drawn from the training batch are the same as or

similar to the action that the policy takes at the current moment: it is considered as an on-policy

learning algorithm. Therefore, it faces the same limitation, which is poor sample efficiency, as

other on-policy algorithms as well. These two techniques cannot be combined together because

the generated samples from the sample enhancement do not have accurate first-order gradients at

their location, as mentioned in the paper.

While we have shown the two techniques to be a proof-of-concept demonstration that

differentiable physics can help improve performance of reinforcement learning using an appropriate

method depending on different scenarios, there remain several directions to further explore.
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We hope that our preliminary investigation on differentiable physics integrated with RL, as

presented in this chapter, will stimulate more study on the coupling of differentiable physics

with reinforcement learning.

# of links 1 2 3 4 5 6 7
Ours 0.49± 0.01 1.93± 0.08 4.28± 0.25 7.81± 0.19 12.31± 0.16 17.78± 0.24 24.34± 0.11
MBPO 0.49± 0.01 1.90± 0.02 4.28± 0.22 7.50± 0.57 11.13± 0.99 15.02± 1.45 19.97± 2.33
Maximum 0.5 2 4.5 8 12.5 18 24.5

Table B.1: Maximum reward on n-link pendulum. Our method has higher reward scores than
MBPO, as the system complexity increases.

Ablation Study for Checkpointing Scheme

In this section, we conduct an ablation study to show why we choose to save the checkpoints

each time step, instead of having a lower frequency for checkpointing. We vary the intervals

between checkpoints and profile the peak memory usage and backpropagation time per step. Our

default design is interval=1 such that checkpoints are stored every step.

If interval=k, our method needs to compute the gradients xi, xi+1, .., xi+k−1 given the

gradients xi+k and the checkpoint xi. The intermediate variables in step i+ k− 1, i+ k− 2, ..., i

have to be resumed from xi, taking k, i − 1, ..., 1 steps of forward simulations, respectively.

Therefore, the total forward steps used to resume variables here are (k + 1)k/2. If there are n

simulation steps in total, the average time of backpropagation per step should be

(k + 1)/2 · tforawrd + tbackward, (B.0.0.2)

where tsimulation, tadjoint are the time for one step of simulation and adjoint method, respectively.
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Figure B.1: Ablation study for the checkpointing scheme.

On the other hand, the peak memory usage is

n/k ·mcheckpoint +msimulation, (B.0.0.3)

where mcheckpoint is the size of one checkpoint; msimulation is the memory usage of one step,

which is the size of all intermediate variables. Since msimulation >> mcheckpoint, the increase of

k would not significantly reduce the memory usage but will slow down the backpropagation

linearly.

In Figure B.1, the experiments have similar setup as in Section 3.6.1 where we simulate 10

Laikago robots for 5,000 steps. The memory and the time scale linearly w.r.t. the number of the

robots. When the checkpoint intervals get larger, the memory usage decreases gradually to the

lower bound of msimulation, but the average backpropagation time increases linearly. Since the

memory usage is low enough even for interval k = 1, we choose to checkpoint every step to have

a faster speed and set the interval k = 1.
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The Adjoints of Contact Solver

In the collision solver, we construct a Mixed Linear Complementarity Problem (MLCP) [140]:

a = Ax+ b

s.t. 0 ≤a ⊥ x ≥ 0 and c− ≤ x ≤ c+,

(B.0.0.4)

where x is the new collision-free state, A is the inertial matrix, b contains the relative velocities,

and c−, c+ are the lower bound and upper bound constraints, respectively. In the forward pass,

A,b are known variables, and the projected Gauss-Seidel (PGS) method is used to solve for x.

In Algorithm 4, we are computing the adjoint of A,b given the adjoint x. For simplicity,

we assume there are no constraints c−, c+ and it is now a pure Gauss-Seidel method which solves

Ax + b = 0. Basically, we store variables in Vd,Vx1, and Vx2. In the backward pass, we load

the variables and compute the adjoints in a reverse order.

Model Mismatch/Transplant

Our articulated body simulation has similar functionality to MuJoCo [122] in terms of

physical and contact modeling. We first trained the ‘MuJoCo Ant’ model using our simulation as

the environment. Upon convergence, we directly tested our model in MuJoCo, while keeping all

robot configuration the same. As shown in Table B.2, without any retraining, the trained model

is able to obtain non-trivial reward in MuJoCo.
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Algorithm 4 Adjoint of Gaussian-Siedel Solver
Input: matrix A, vectorb, adjoint x, iterations niter
Output: adjoints A, b
Initialize vectors Vd(niter, rows(A)),
Vx1(niter, rows(A)), Vx2(niter, rows(A)).
# forward pass
for t = 1 to niter do

Vx1(t) = x
for i = 1 to rows(A) do

d = 0
for j = 1 to rows(A) do

if j ̸= i then
d = d+A(i, i) ∗ x(j)

Vd(t, i) = d
x(i) = (b(i)− d)/A(i, i)

Vx2(t, i) = x(i)

# start backward process
A = 0, b = 0
for t=1 to niter do

for i = rows(A) to 1 do
d = 0
d = d− x(i)/A(i, i)
b = b+ x(i)/A(i, i)
A(i, i) = A(i, i)− x(i) ∗ [b(i)−Vd(t, i)]/A(i, i)2

x(i) = 0
for j = rows(A) to i+1 do

A(i, j) = A(i, j)d+ d ∗Vx1(t, j)
x(j) = x(j) + d ∗A(i, j)

for j = i− 1 to 1 do
A(i, j) = A(i, j)d+ d ∗Vx2(t, j)
x(j) = x(j) + d ∗A(i, j)

Method Reward in MuJoCo
w/o pretraining 868±77
w/ pretraining (Ours) 1735±1066

Table B.2: Model transplant results on MuJoCo Ant. After pretraining in our simulation
environment, the model can be directly transplanted to a new environment, MuJoCo, with non-
trivial reward. This shows that our simulator behaves similarly with MuJoCo.

Other Limitations and Future Directions

In addition to some possible directions to further explore, as mentioned in Appendix B,

our method can benefit from additional enhancement. The current simulator can potentially185



provide more options for users. For example, we have not provided options to select different

contact models. The current LCP formula using iterative solver is fast but sometimes not accurate

enough. Implementing extra contact models like exact LCP solvers or convex soft contact model

can help the simulator adapt to more applications. Moreover, we assume that each link is a rigid

body. It would be natural to extend this work to support deformable objects such as cloth [4, 122].

We also plan to build on top of the current simulator to provide more comprehensive tool

sets for users. Furthermore, it is worth exploring how differentiable physics can improve the

sampling strategies and optimization of deep reinforcement learning models. Lastly, we hope to

deploy our algorithms on real-world robots to perform a wide range of complex tasks.

Code for Profiling Autodiff Tools

ADF. We post below the code to run the backpropagation of ADF [142]. As we described in

Section 3.6.1, ADF can be used to run the forward simulation of articulated body dynamics but

fails to complete the backpropagation in a reasonable time. We found out that ADF will greatly

slow down when the computation graph goes deeper. Here is an example where we repeat a

simple operation iteratively. When the iteration number is 28, it already takes a long time to

backpropagate. In articulated body simulations, the depth of computation is far larger than 28, so

ADF fails to compute the corresponding gradients.

# i n c l u d e <a u t o d i f f / r e v e r s e . hpp>

u s i n g namespace a u t o d i f f ;

/ / The s i n g l e − v a r i a b l e f u n c t i o n f o r
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/ / which d e r i v a t i v e s a r e needed

v a r f ( v a r x )

{

i n t n u m i t e r = 2 8 ;

f o r ( i n t i =0 ; i<n u m i t e r ; i ++)

x = x + 1 / x ;

r e t u r n x ;

}

i n t main ( )

{

v a r x = 2 . 0 ; / / t h e i n p u t v a r i a b l e x

v a r u = f ( x ) ; / / t h e o u t p u t v a r i a b l e u

/ / e v a l u a t e t h e d e r i v a t i v e o f u

/ / w i th r e s p e c t t o x

a u t o [ ux ] = d e r i v a t i v e s ( u , wr t ( x ) ) ;

}

JAX. JAX is based on Python and is hard to integrate into our C++ simulator. Therefore, we write

simplified Python code to do the profiling. The input parameters to this code are the number of

robots and simulation length. Each robot in the simulation environment of Section 3.6.1 has 37
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DoFs, so we multiply 37 by the number of robots and get the dimension of the states variable.

The operations in one simulation loop are far simpler than the articulated body dynamics.

from j a x i m p o r t g r ad

i m p o r t j a x . numpy as j n p

from j a x i m p o r t j i t

i m p o r t numpy as np

i m p o r t s y s

c l a s s RunBW( o b j e c t ) :

d e f i n i t ( s e l f , dim , n s t e p ) :

s e l f . dim = dim

s e l f . n s t e p = n s t e p

d e f t e s t ( s e l f , x ) :

dim = s e l f . dim

n s t e p = s e l f . n s t e p

f o r s i n r a n g e ( n s t e p ) :

v a r = [ ]

f o r k i n r a n g e ( dim ) :

v a r . append ( x [ k ] )

f o r i i n r a n g e ( dim ) :

k = i % ( dim −1) + 1
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v a r [ k ] = v a r [ k −1] + 1 / v a r [ k ]

v a r = [ j n p . expand d ims ( v , 0 ) f o r

v i n v a r ]

x = j n p . c o n c a t e n a t e ( var , 0 )

r e t u r n j n p . sum ( x )

i f n a m e == ’ m a i n ’ :

dim = 37 * i n t ( s y s . a rgv [ 1 ] )

n s t e p = i n t ( s y s . a rgv [ 2 ] )

rb = RunBW( dim , n s t e p )

i n i s t a t e = np . ones ( [ dim ] )

g r a d t e s t = g rad ( rb . t e s t )

r e s u l t = g r a d t e s t ( i n i s t a t e )

r e s u l t = rb . t e s t ( i n i s t a t e )
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Differentiation of Articulated Body Algorithm

This section describes the list of adjoint operations. We start with basic operators and go

over all adjoints used in our implementation. (·) is denoted as the adjoint of a variable.

Scalar multiply:

a = bc

∂ϕ

∂b
=
∂ϕ

∂a

∂a

∂b

b = ac, c = ba

(B.0.0.5)

Matrix vector multiply:

v = ma

mij = viaj, aj =
∑

vkmkj

m = vaT

a = mTv

(B.0.0.6)

Matrix multiply:

c = ab

a = cbT

b = aTc

(B.0.0.7)
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Matrix ATBA:

c = aTba

a = bTac + bacT

b = acaT

(B.0.0.8)

Matrix inverse:

b = a−1

∂b

∂q
= −b∂a

∂q
b = −

∑
k

∑
t

bij
∂ajk
∂q

bkt

ajk = −
∑
i

∑
t

bijbktbit

a = −bTbbT

(B.0.0.9)

Multiply three matrices:

m = abc

a = mcTbT

b = aTmcT

c = bTaTm

(B.0.0.10)
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Vector cross product:

v = a× b = [a2b3 − a3b2, a3b1 − a1b3, a1b2 − a2b1]

a = [−v2b3 + v3b2,v1b3 − v3b1,−v1b2 + v2b1] = −v × b

b = [v2a3 − v3a2,−v1a3 + v3a1,v1a2 − v2a1] = v × a

(B.0.0.11)

Vector norm:

a =
√
b · b

∂a

∂q
= −1

2

1√
b · b

(
∂b

∂q
· b+ b · ∂b

∂q
) =

1

a

∂b

∂q
· b

b =
a

a
b

(B.0.0.12)

Spatial transform: apply():

 b1

b2

 = stapply(

 E

r

 ,
 a1

a2

) =
 Ea1

E(a2 − r× a1)

 (B.0.0.13)

 E

r

 =

 a1b
T

1 + (a2 − r× a1)b
T

2

ETb2 × a1

 ,
 a1

a2

 =

 ETb1 − ETb2 × r

ETb2

 (B.0.0.14)
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Spatial transform: apply-inv():

 b1

b2

 = stapply−inv(

 E

r

 ,
 a1

a2

) =
 ETa1

ETa2 + r× (ETa1)

 (B.0.0.15)

 E

r

 =

 a1(b1 + b2 × r)T + a2b
T

2

−b2 × ETa1

 ,
 a1

a2

 =

 E(b1 + b2 × r)

Eb2

 (B.0.0.16)

Spatial transform: apply-trans():

 b1

b2

 = stapply−trans(

 E

r

 ,
 a1

a2

) =
 ETa1 + r× (ETa2)

ETa2

 (B.0.0.17)

 E

r

 =

 b1a
T
1 + (b1 × r+ b2)a

T
2

−b1 × ETa2

 ,
 a1

a2

 =

 Eb1

E(b1 × r+ b2)

 (B.0.0.18)
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Spatial transform: apply-invtrans():

 b1

b2

 = stapply−invtrans(

 E

r

 ,
 a1

a2

) =
 ET (a1 − r× a2)

ETa2

 (B.0.0.19)

 E

r

 =

 (a1 − r× a2)b
T

1 + a2b
T

2

Eb1 × a2

 ,
 a1

a2

 =

 Eb1

−Eb1 × r+ Eb2

 (B.0.0.20)

Spatial transform: multiply():

 E0

r0

 = stmultiply(

 E1

r1

 ,
 E2

r2

) =
 E1E2

r2 + ET
2 r1

 (B.0.0.21)

 E1

r1

 =

 E0E
T
2

E2r0

 ,
 E2

r2

 =

 ET
1E0 + r1r

T
0

r0

 (B.0.0.22)

Spatial motion: crossm():

 w0

v0

 = smcrossm(

 w1

v1

 ,
 w2

v2

) =
 w1 ×w2

w1 × v2 + v1 ×w2

 (B.0.0.23)
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 w1

v1

 =

 −w0 ×w2 − v0 × v2

−v0 ×w2

 ,
 w2

v2

 =

 w0 ×w1 + v0 × v1

v0 ×w1

 (B.0.0.24)

Spatial motion: crossf():

 w0

v0

 = smcrossf (

 w1

v1

 ,
 w2

v2

) =
 w1 ×w2 + v1 × v2

w1 × v2

 (B.0.0.25)

 w1

v1

 =

 −w0 ×w2 − v0 × v2

−w0 × v2

 ,
 w2

v2

 =

 w0 ×w1

w0 × v1 + v0 ×w1

 (B.0.0.26)

Spatial dyad: mul-ori():

 w0

v0

 = sdmul−inv(

 m11 m12

m21 m22

 ,
 w

v

) =
 m11w +m12v

m21w +m22v

 (B.0.0.27)
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 m11 m12

m21 m22

 =

 w0w
T w0v

T

v0w
T v0v

T

 ,
 w

v

 =

 mT
11w0 +mT

21v0

mT
12w0 +mT

22v0

 (B.0.0.28)

Spatial dyad: mul-inv():

 w0

v0

 = sdmul−inv(

 m11 m12

m21 m22

 ,
 w

v

) =
 mT

11w +mT
12v

mT
21w +mT

22v

 (B.0.0.29)

 m11 m12

m21 m22

 =

 wwT
0 vwT

0

wvT0 vvT0

 ,
 w

v

 =

 m11w0 +m21v0

m12w0 +m22v0

 (B.0.0.30)

Spatial dyad: vvT ():

 m11 m12

m21 m22

 = sdvvT (

 w1

v1

 ,
 w2

v2

) =
 w1w

T
2 w1v

T
2

v1w
T
2 v1v

T
2

 (B.0.0.31)
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 w1

v1

 =

 m11w2 +m12v2

m21w2 +m22v2

 ,
 w2

v2

 =

 mT
11w1 +mT

21v1

mT
21w1 +mT

22v1

 (B.0.0.32)

Spatial dyad: v×:


m00 m01 m02

m10 m11 m12

m20 m21 m22

 = ([v0,v1,v2]
T )× =


0 −v2 v1

v2 0 −v0

−v1 v0 0

 (B.0.0.33)


v0

v1

v2

 =


−m12 +m21

m02 −m20

−m01 +m10

 (B.0.0.34)

Spatial dyad: st2sd():

 n11 n12

n21 n22

 = sdst2sd(

 E

r

) =
 E 0

−Er× E

 (B.0.0.35)

 E

r

 =

 nT11 + nT22 − r×n21

−(En21)×

 (B.0.0.36)
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Spatial dyad: shift():

n = sdshift(

 m11 m12

m21 m22

 ,
 E

r

) = aTba(st2sd(

 E

r

),
 m11 m12

m21 m22

) (B.0.0.37)

Adjoints of shift() can be decomposed into the adjionts of ATBA() and st2sd().

Quaternion: mul vec():



q1.x

q1.y

q1.z

q1.w


= qtmul vec(



q2.x

q2.y

q2.z

q2.w


,


v.x

v.y

v.z

) =



q2.w ∗ v.x+ q2.y ∗ v.z − q2.z ∗ v.y

q2.w ∗ v.y + q2.z ∗ v.x− q2.x ∗ v.z

q2.w ∗ v.z + q2.x ∗ v.y − q2.y ∗ v.x

−q2.x ∗ v.x− q2.y ∗ v.y − q2.z ∗ v.z


(B.0.0.38)



q2.x

q2.y

q2.z

q2.w


=


q1.x ∗ q.w − q1.y ∗ q.z + q1.z ∗ q.y − q1.w ∗ q.x

q1.x ∗ q.z + q1.y ∗ q.w − q1.z ∗ q.x− q1.w ∗ q.y

−q1.x ∗ q.y + q1.y ∗ q.x+ q1.z ∗ q.w − q1.w ∗ q.z

 (B.0.0.39)
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
v.x

v.y

v.z

 =


q1.x ∗ q2.w − q1.y ∗ q2.z + q1.z ∗ q2.y − q1.w ∗ q2.x

q1.x ∗ q2.z + q1.y ∗ q2.w − q1.z ∗ q2.x− q1.w ∗ q2.y

−q1.x ∗ q2.y + q1.y ∗ q2.x+ q1.z ∗ q2.w − q1.w ∗ q2.z

 (B.0.0.40)

Quaternion: mul qt():



q.x

q.y

q.z

q.w


= qtmul qt(



q1.x

q1.y

q1.z

q1.w


,



q2.x

q2.y

q2.z

q2.w


) =



q1.w ∗ q2.x+ q1.x ∗ q2.w + q1.y ∗ q2.z − q1.z ∗ q2.y

q1.w ∗ q2.y + q1.y ∗ q2.w + q1.z ∗ q2.x− q1.x ∗ q2.z

q1.w ∗ q2.z + q1.z ∗ q2.w + q1.x ∗ q2.y − q1.y ∗ q2.x

q1.w ∗ q2.w − q1.x ∗ q2.x− q1.y ∗ q2.y − q1.z ∗ q2.z


(B.0.0.41)



q1.x

q1.y

q1.z

q1.w


=



q.x ∗ q2.w − q.y ∗ q2.z + q.z ∗ q2.y − q.w ∗ q2.x

q.x ∗ q2.z + q.y ∗ q2.w − q.z ∗ q2.x− q.w ∗ q2.y

−q.x ∗ q2.y + q.y ∗ q2.x+ q.z ∗ q2.w − q.w ∗ q2.z

q.x ∗ q2.x+ q.y ∗ q2.y + q.z ∗ q2.z + q.w ∗ q2.w


(B.0.0.42)
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

q2.x

q2.y

q2.z

q2.w


=



q.x ∗ q1.w + q.y ∗ q1.z − q.z ∗ q1.y − q.w ∗ q1.x

−q.x ∗ q1.z + q.y ∗ q1.w + q.z ∗ q1.x− q.w ∗ q1.y

q.x ∗ q1.y − q.y ∗ q1.x+ q.z ∗ q1.w − q.w ∗ q1.z

q.x ∗ q1.x+ q.y ∗ q1.y + q.z ∗ q1.z + q.w ∗ q1.w


(B.0.0.43)

Please refer to our code for more details.
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Appendix C: Differentiable Simulation of Soft Multi-body Systems

Proof for Proposition 4.4.1

Below we prove Proposition 4.4.1. For ease of analysis, we assume the soft body has only

one tetrahedron.

According to our assumption, we have:

Mx

h2
=



ρV
4h2

ρV
4h2

ρV
4h2

ρV
4h2


Lx = µVAx⊤Ax (C.0.0.1)

Ax =

[
−P−⊤s P−⊤

]
P =

[
q1 − q0 q2 − q0 q3 − q0

]
s =

(
1 1 1

)⊤

(C.0.0.2)

where ∗x means the submatrix of the original one after extracting the rows and columns that

represents the x axis (we omit the other axes because the coefficients are the same), ρ is the

density, V the tetrahedron volume, µ the material stiffness, P the displacement matrix for the

tetrahedron, and pi the coordinates of the ith vertex. Here, Ax can be regarded as the spatial

differential operator, which is usually used to compute the deformation gradient of the soft body.
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Assuming fixed forces of k and ξ in Eq. 4.4.0.1, the iterative method becomes the Jacobi

method, whose convergence is determined by the spectral radius ρ(M−1L). We relax this condition

to obtain a sufficient condition: if the diagonals of M is larger than the row sums of L, the Jacobi

method is guaranteed to converge.

By definition we have

ρV

4h2
>

∑
j

|Lxij| (C.0.0.3)

Since Lij = µV ⟨A∗i,A∗j⟩, we have

ρ

4h2µ
>

∑
j

| ⟨ai, aj⟩ | ≥ 6∥P−1P−⊤∥∞ (C.0.0.4)

since Ax⊤Ax =

s⊤P−1P−⊤s −sP−1P−⊤

−P−1P−⊤s P−1P−⊤

. Further reducing the right hand side yields:

ρ

24h2µ
> ∥P−1P−⊤∥∞ ≥

1√
3
∥P−1P−⊤∥2 =

1√
3
λ−1
min(P

⊤P) (C.0.0.5)

where λmin denotes the minimum eigenvalue of the matrix. It is then straightforward to obtain

the inequality with respect to the edge lengths of the tetrahedron:

λmin(P
⊤P) ≤ 1

3
tr P⊤P =

1

3

3∑
k=1

∥qk − q0∥22 (C.0.0.6)

202



To sum up, we reach a condition that constrains the upper bound of h:

h2 <
ρ

24
√
3µ

∑3
k=1 ∥qk − q0∥22

(C.0.0.7)

In fact, it is easy to extend the results to a soft body system with multiple tetrahedrons. All

we need to to is to sum up the L matrix for all individual elements in Eq. C.0.0.3 while increasing

the mass matrix by a small constant factor (from ρ/4 to O(1)ρ, so we omit it for convenience).

The upper bound of h of the original method becomes even smaller:

h2 <
ρ

24
√
3Tµ

∑3
k=1 ∥qk − q0∥22

(C.0.0.8)

where T is the number of tetrahedrons. We assume the soft body has T identical tetrahedrons

for analysis convenience. For general cases, one can simply replace T
∑3

k=1 ∥qk − q0∥22 with∑
i

∑3
k=1 ∥qi,k−qi,0∥22 where i is the index of tetrahedrons. Using the setting in our experiments,

where T ≈ 1000, µ ≈ 3×105, ∥qk−q0∥2 ≈ 10−2, and ρ ≈ 1, we would need to set h < 1/1934

in order to ensure convergence.

Convergence Proof for Eq. 4.4.0.3 in Splitting Scheme

Below we prove that Eq. 4.4.0.3 is guaranteed to converge. Having the same assumption as

Appendix C, the convergence now is determined by the spectral radius ρ((M +D)−1(L −D)).

We relax this condition to obtain a sufficient condition: if M + L is strictly row diagonally
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dominating, the Jacobi method is guaranteed to converge.:

ρV

4h2
+ |Lxii| >

∑
i ̸=j

|Lxij| (C.0.0.9)

for all 1 ≤ i ≤ 4, yielded by the definition of row diagonally dominance. Since Lij =

µV ⟨A∗i,A∗j⟩, we have

ρ

4h2µ
>

∑
i ̸=j

| ⟨ai, aj⟩ | − | ⟨ai, ai⟩ | ≥ 0 (C.0.0.10)

given that
∑

j ⟨ai, aj⟩ = 0 since the row sum of Ax is 0. This completes the proof.

To extend this conclusion to multiple tetrahedrons, we use the same method discussed

before: we sum up the L matrix for all individual elements in Eq. C.0.0.9. Since the right hand

side is 0, summing up the inequalities will not change the conclusion; the convergence is still

guaranteed.

Joints

We give two examples here: 1-DoF rotational joint and prismatic joint.

Rotational joint. This joint is characterized by a rotation axis n and the angle θ. Its transformation
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matrix and the Jacobian are:

Ar =

R 0

0 1

 ∂Ar

∂θ
=

∂R
∂θ

0

0 0

 (C.0.0.11)

R = cos θ · I+ sin θ[n]× + (1− cos θ)nn⊤ (C.0.0.12)

∂R

∂θ
= − sin θ · I+ cos θ[n]× + sin θnn⊤ (C.0.0.13)

The local update of the rotational joint is given by:

θi+1 = arctan
(
sin θi + cos θi∆θi, cos θi − sin θi∆θi

)
(C.0.0.14)

Prismatic joint. This joint is characterized by a prismatic axis u and the scale l. Its transformation

matrix and the Jacobian are:

Ap =

I lu

0 1

 ∂Ap

∂l
=

0 u

0 0

 (C.0.0.15)

(C.0.0.16)

The local update of the prismatic joint is simply addition:

li+1 = li +∆li (C.0.0.17)
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Actuators

Pneumatic actuator. We use co-rotational elastic strain energy model for tetrahedral cells. For

a pneumatic cell with activation level a, the energy is computed as

Ψpneumatic(F, a) =
kp
2
∥F−R(a)∥2 (C.0.0.18)

To compute R(a), we first perform SVD decomposition on the deformation gradient F =

UΣVT . Then R(a) can be written as R(a) = UΣ∗VT , where Σ∗ = D+Σ, and D is computed

by

argmin
D
∥D∥22, s.t.

∏
i

(Σii+Di) = a (C.0.0.19)

Muscle actuator. We use the muscle actuators described in [75]. Muscles are modeled as fibers in

the soft bodies, and the forces are computed as fmuscle(a) = −fmuscle(a)m, where a ∈ [0, 1] is the

activation level, m is the direction of fiber. To implement this force, a strain energy model [63]

is used, Emuscle = VmuscleΨmuscle(F, e), where Ψmuscle(F, a) = km
2
∥(1− r)Fm∥, km is the

stiffness, r = 1−a
l

is the projection of the cord segment, l = ∥Fm∥ is the stretch factor.

Ablation study

Figure C.1 shows the ablation study of skeletons. In the experiment, a Baymax in its T-

pose is released above the ground, as shown in Figure C.1(a). In (b), we embed 5 bones inside

the Baymax (4 in arms and legs, and 1 in the torso). When the Baymax falls to the ground,

we also add torques on its shoulders so it can lift its arms. (c) shows the result of [59], where
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(a) Start (b) Ours (c) Passive [59] (d) Diffsim [4] (e) No skeleton (f) MPM[19]

Figure C.1: Ablation study of embedded skeletons. (a) is the initial frame where a Baymax is
released from the air and will hit the ground. (b) is a baymax with bones, torques are applied to
two shoulder joints so it lifts the arms. (c) is simulated by passive skeleton [59]. (d) Baymax in
the differentiable rigid body simulator [4] does not have deformation. Baymax has no skeletons
in (e), where the arms are stretched and the legs are collapsed. The MPM particles scatters after
the collision in (f).

(a) Ours (b) Projective [78] (c) Diffsim [4] (d) MPM [19]

Figure C.2: Ablation study of collision handling scheme. A ball collides with a cloth. Our
method in (a) can simulate the deformation of both objects. The dry frictional model for cloth
simulates (b), where the solid ball is modeled as rigid body and there is penetration because of
the nodal collision handling. The ball is also modeled as a rigid body by [4] in (c). The cloth is
teared apart when modeled as MPM particles in (d).
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the skeleton is passive and we cannot apply torques. (d) is simulated by another differentiable

simulator, Diffsim [4]. It can only simulate cloth and rigid bodies, so Baymax maintains the rest

pose. (e) is simulated without a skeleton. Without the support of rigid bones, we notice that its

arms are stretched and its legs are compressed. We also run Difftaichi-MPM in (d), where the

arms of the Baymax are detached from the body after collision.

Figure C.2 is the ablation study for different contact handling schemes. A soft ball is

released from the air and then collide with a cloth. (a) is our simulation results, where both the

ball and the cloth have signification deformation. We run the dry frictional contact algorithm

designed for cloth [78] in (b), but the method cannot simulate 3D soft objects, so the ball is

rigid. And there is also slight penetration due to the instability of nodal collision handling. (c)

is Diffsim [4], which can simulate cloth and rigid body, but the ball is not differentiable. (d) is

simulated by Difftaichi-MPM. The objects can deform, but the elasticity is not realistic and the

cloth will break down after the collision.
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Appendix D: Editable Neural Geometry and Physics from Monocular Videos

Weight Function

We follow the NeuS [88] paper to set the weight function w(t) in Equation 6.3.1.1. First, a

density function ρ(t) is defined as:

ρ(t) = max

(−dΦh

dt
(s(p(t)))

Φh(s(p(t)))
, 0

)
(D.0.0.1)

where Φh(x) = (1 + e−hx)−1 is the Sigmoid function, and w(t) can be constructed as:

w(t) = T (t)ρ(t), where T (t) = exp

(
−
∫ t

0

ρ(u)du

)
. (D.0.0.2)

Additional Implementation Details

The Color Network (MLP) consists of 4 dense layers, each with 256 hidden dimensions,

while the SDF Network has 8 dense layers of 256 hidden dimensions, the Motion Network has 5

dense layers of 64 hidden dimensions, and the Rigidity Network has 3 dense layers of 32 hidden

dimensions.

Similar to NeRF++ [85], we use a separate NeRF network to render far-away points outside

of a unit-sphere region of interest. The Motion and Rigidity networks are not applied to those
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regions since we assume the background to be static. If we do not disable these networks on the

background, we observe significant jittering on those regions.

We have also tried enabling and disabling viewing direction as an input to the Color

Network. It turns out that disabling viewing direction can result in smoother geometry, as it

prevents over-fitting to the viewing direction as discussed in NeRF++. However, we also observed

that disabling the viewing direction led to incorrect geometries (like holes) in some cases.

Potential Applications

NeuPhysics enables high-resolution mesh reconstruction from a casual video captured by a

smartphone. It would be easy for users to collect their own data to customize virtual body avatars

for games and social applications. Accurate facial and body models can also be used in virtual

try-on, or even customized suits, furniture, and sports equipment. Moreover, the physically-

based, dynamic, photorealistic editing technique could be used in designing, content creation,

and broader VR/AR applications.

Other Supplementary Materials

More dynamic visualization results can be found in our supplementary video; we invite

the readers to view these videos for visual comparison. A preliminary version of our code is

included for reviewing only. We will also open-source a release version in the future for research

reproduction with the paper publication.
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(a) Input 1 (b) Input 2 (c) Ours (d) NRNeRF [106](e) D-NeRF [105] (f) NeuS [88]

Figure D.1: Qualitative evaluation of video reconstruction. We evaluate four methods on both
real and synthetic videos. Our method outperforms other SOTA methods with higher fidelity and
less blur.
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Video Reconstruction

For the video reconstruction task, we evaluate the methods on a dataset consisting of both

real-world captured and synthetic videos. The synthetic data are animated by Blender, and the

real-world videos are taken by a smartphone in both indoor and outdoor scenes. Figure D.1

visualizes the datasets as well as the reconstruction videos by different methods. (a, b) are two

frames from the input videos where both the scene and the camera positions have changed. (c) is

by our method, while (d) NRNeRF [106] (e) D-NeRF [105], and (f) NeuS [88] are SOTA methods

for comparison. Note that (d) and (e) are designed for dynamic videos as input, but not designed

for geometry reconstruction. (f) learns SDF field during the video reconstruction as ours does,

however, it is originally designed for static scenes so inconsistency among views would likely

undermine its performance.
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Appendix E: Dynamic Mesh-Aware Radiance Fields

Runtime and Memory

To break down the time and memory cost of our method, Figure E.3 profiles the simulation

and rendering modules as the number of synthetic objects increases. In the test scene, we

throw n ∈ {1, 10, 100, 1000, 10000} balls onto a Fox [224] represented by NeRF. The rendering

resolution is 900× 450.

As seen in the figure, the simulation and rendering memory stay constant at a low level (0.5

GB and 1.0 GB, respectively) throughout the entire experiment. The run time for both modules

scales practically linearly w.r.t. the number of objects.

Moreover, the simulation module is independent of the resolution, and the rendering time

scales linearly w.r.t. the number of pixels (see left). This pipeline can run in real time (20 FPS)

at 600× 300 resolution.

Comparison with density fields

We compare the simulation quality with different collision geometry. In Figure E.5, we

drop four balls above a messy counter top [287]. In this simulation scene, (a) models the collision

geometry using learned SDF by our NeuS-NGP and (b) directly uses Marching-Cube mesh from

instant-NGP density fields (with resolution 256× 256× 256). Two of the balls in (b) ‘sink’ into
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the countertop, which is unrealistic. In contrast, our SDF-based simulation in (a) can correctly

simulate the interaction between the balls and the background objects. More dynamics results

can be found in our supplementary video.

Comparison with other NeRF-based simulation.

There are two recent works [269, 271] that can simulate in neural fields. [271] establish

a collision model based on the density field. In our simulation, we found that the density

fields are usually noisy and inadequate to model a surface well for accurate contact processing.

NeuPhysics[269] aims at differentiable simulation and rendering, and it extracts hexahedra mesh

from learned SDF [88] and simulates the mesh using [151]. NeuPhysics can only simulate

existing NeRF objects instead of synthetic objects. Table E.4 shows that our method runs at

least an order of magnitude faster when simulating a bouncing ball.

Light Source Estimation - Implementation Details

Geometry Reconstruction

Given our choice to represent light sources as area lights defined on an explicit mesh, we

first need to reconstruct the geometry of the scene. We choose to use MonoSDF [284], which

leverages monocular geometric priors (depth and normal estimation) in the neural implicit surface

reconstruction process. Importantly, these priors especially help in reconstructing surfaces that

have only a low degree of visual texture, which is very common for walls and flat tabletop

surfaces. For differentiable surface rendering, having reasonably accurate geometry is critical for

achieving good convergence, as noisy geometry will tend to bias the result to bad local minima.
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Empirically, MonoSDF achieves sufficiently accurate geometry for this purpose.

Once we have an optimized signed distance field, we convert it to an explicit mesh using

Marching Cubes, then UV unwrap the mesh to obtain a UV texture map, using SDFStudio [229,

383]. This step also results in a UV texture map whose values are determined by querying the

underlying MonoSDF appearance model, which we use as an albedo UV texture map. The UV-

unwrapped mesh is the input to the differentiable surface render, described below.

Differentiable Surface Rendering

We implement our differentiable surface rendering optimization using Mitsuba3 [230],

which is built on Dr. Jit [285], a just-in-time compiler that is specialized for rendering use cases.

Our inverse rendering procedure is generally based on [286], though our specific implementation

details are as follows. The UV-unwrapped scene mesh is assigned a Principled BSDF material

[384], as well as an emission UV texture map, which constitute the inputs to the differentiable

renderer. The emission UV texture map, Temission, with dimensions (htx, wtx, ctx), is the variable

that we are interested in optimizing. It is initialized uniformly with near-zero values. The other

BSDF parameters remain fixed (albedo texture map, specular transmission map with default

value 1.0, and roughness map with default value 0.5). For rendering, we use a Path-Replay

Backpropagation (PRB) integrator [385], and limit the light transport simulation to a maximum

depth of 3 (2 bounces). This stands in contrast to differentiable rasterization approaches to inverse

rendering, which are limited to a maximum depth of 2 (1 bounce), and are therefore unable to

account for indirect lighting in the optimization. We also directly render emitters (as opposed to

only emitting light onto surfaces without being directly visible).
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Given a set of ground-truth 32-bit HDR images {I1, · · · , In}with dimensions (him, wim, cim)

and known camera poses, our primary objective is to minimize the rendering loss (mean-squared

error) between the ground truth images, and images rendered from identical camera poses. Since

the variables that we are optimizing are the emission UV texture map values, we also find that

applying uniform L1 regularization to the optimization variable corresponds well to the inductive

bias that the majority of the scene does not emit light, and therefore the emission UV texture map

should be encouraged to be sparse. For each optimization step i ∈ [1, n] in a given optimization

epoch, our objective is therefore to minimize the following, where α is a tunable hyperparameter:

minimize
1

(him ∗ wim ∗ cim)
∥Ii − Îi∥2 +

α

(htx ∗ wtx ∗ ctx)
|Temission|

In addition to the rendering loss and L1 regularization in texture space, we also find

that periodically clipping low values and boosting large values in the emission texture space

encourages convergence toward correct results. The motivation is that periodically during the

optimization procedure (according to a tunable cadence, where we assume a default period of

every 2 epochs), emission values below a given brightness threshold (also a tunable hyperparameter,

with a default value of 0.2), are clipped to 0. By assuming that very dim values are not light

sources, we avoid local minima. At the same time, values that are above this threshold are likely

to be light sources, and therefore, we boost these values, in order to accelerate the optimization,

since extreme emission values in the 32-bit linear color space may be arbitrarily larger than

1. This part of the optimization should be self-correcting: values that are boosted when they

shouldn’t be will then be brought down in order to satisfy the rendering loss objective. See

Figure E.1 for an example of the converged result of optimizing the emission texture map.
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(a) Ground Truth Images (b) Resulting image rendered with Mitsuba3 (c) Optimized Emission UV Texture Map

Figure E.1: Optimizing Emission UV Texture Map. We optimize the (c) Emission UV Texture
Map by minimizing a rendering loss objective between (a) ground truth images and (b) images
rendered with Mitsuba3, a differentiable surface rendering engine.

Finally, once the optimization has converged, we post process the mesh by pruning off any

triangular faces whose vertices all fall below a threshold, by looking up the brightness of each

vertex in the emission UV texture map, according to that vertex’s associated UV coordinates.

This results in a greatly reduced mesh that only contains faces that should emit light onto the rest

of the scene, and can therefore be used as an area light for computing the shadow pass of our

Hybrid Renderer.

HDR Rendering Experiment Details

Data acquisition

To train the HDR NeRF, we first construct a set of 32-bit HDR images of a scene, where

each image is analagous to a single LDR image in the baseline NeRF formulation. To create a

single one of these HDR images, we shoot a bracketed series of LDR exposures that consists

of several images (7 in our experiments) captured from a fixed camera pose. We use a single

Canon 5D MKIII with a 28mm lens, and set the camera to record images in 8-bit JPEG format.
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Specifically, the camera is mounted to a tripod to minimize any minute difference in camera pose

between each of the exposures in the bracket, and to minimize any optical differences between

the images (e.g. depth of field, bloom, etc.) apart from raw exposure value, we only adjust the

exposure duration (i.e. shutter speed) between images, while the aperture remains fixed. The

relative difference in exposure between any consecutive images in the bracket is kept constant,

though the magnitude of this difference depends on the degrees of dynamic range of the scene

being captured; ideally, within the range of exposures from darkest to brightest, every pixel of the

image should be “well-exposed” in at least one of the images. We generally captured 7 images in

the bracketed exposure, with 1-2 stops difference between each image.

Data preprocessing

After capturing the scene, we preprocess the data using OpenCV. For each bracketed

exposure consisting of n images taken from the same camera pose with different exposures,

we align the images to ensure the best possible quality of the HDR image result, as even slight

perturbations in the camera pose may cause degradation. Then, we select a single bracketed series

that is “representative” of the lighting conditions of the full set, roughly covering the upper and

lower limits of the overall dynamic range. The representative bracketed series is used to recover

the camera’s nonlinear tone-mapping function, which we will refer to as the Camera Response

Function (CRF) [Figure E.2] using the method from [293].

To improve computational efficiency, we recover the CRF from only one representative

image, although the linear system that must be solved could theoretically incorporate pixels from

all of the bracketed series as constraints. By applying the recovered CRF uniformly to all series,
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Figure E.2: Inverse Camera Response Function (CRF) showing the recovered nonlinear
function mapping from sRGB 8-bit pixel color to linear 32-bit radiance.

we achieve consistent levels across all images. After applying the CRF to all bracketed series,

we downsample each resulting 32-bit image by a factor of 4x. Finally, for numerical stability

during downstream training, we normalize all of the images by linearly scaling radiance values

to the range of [0, 255]. While this may seem similar to reducing the HDR result back to LDR,

all values are scaled uniformly so the relative differences between values are preserved, and they

are not quantized to integer values. The resulting HDR images are then stored as EXR files.

Note that for performing camera pose estimation using COLMAP, as is widely done in the

NeRF literature, we only use a single 8-bit LDR image from each bracketed series. Similarly,

when training an LDR model for comparison against its HDR counterpart, we use a single image

from each bracketed series, where all of the singleton images have the same exposure duration.

HDR NeRF Implementation Details

Training the HDR NeRF is largely the same as training the baseline (LDR) NeRF. In

fact, the Instant-NGP implementation already supports training with 32-bit HDR images in EXR

format. We simply need to toggle flags ‘is hdr’ in Instant-NGP’s data loader and ‘linear colors’ in
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(a) Rendering module (a) Simulation module (c) Rendering module

Figure E.3: Scaling the number of the inserted objects and image resolution. When we
increase the number of simulated objects from 1 to 104, the peak simulation memory and
rendering memory stay nearly constant. The (a) simulation time scales linearly w.r.t. the number
of objects, while the (b) rendering time can increase when the number of the inserted meshes is
too high. The (c) rendering time and memory usage in rendering modules scales linearly w.r.t.
the number of pixels.

the GUI. Therefore, training is supervised purely in (scaled) linear color space, and correspondingly,

the radiance component of the neural field is defined in linear color space. Optionally, during

rendering only, we may choose to apply a tonemapping function uniformly to all of the accumulated

pixel radiance values to obtain the final image in sRGB color space.

Rendering Simulation
Ours ∼ 0.1 s ∼ 0.02 s
NeuPhysics ∼ 5 s ∼ 0.5 s

Figure E.4: Run time comparison with NeuPhysics [269]. We simulate a ball that bounces
around (left). Compared to NeuPhysics, our method supports hybrid NeRF and mesh rendering
and runs 25x-50x faster.

Details about the Rendering comparison

We conducted a user study where participants were asked to rank the realism, quality, and

correctness of rendered results from three methods, including ours, on the following examples:

Mirror (main paper Fig. 2), Garden, and Bicycle (main paper Fig. 5). Of 15 participants, 13/15
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(a) Using learned SDF to simulate (b) Using mesh from density fields

Figure E.5: Simulation Comparison. Our simulation (a) using learned SDF as collision
proxy geometry can correctly handle the contact between the counter and four balls. (b) Using
macrching-cube mesh directly from the density field, it fails to resolve collision and two of the
four balls sink into the counter.

Figure E.6: Number of Rank-1s each method receives.

ranked our results highest for Mirror, while 12/15 did so for Garden and 15/15 for Bicycle (see

Fig. E.6). Binomial tests indicate that our images are statistically superior in all three scenes,

with significant results at a significance level of 0.05. The corresponding p-values were found to

be 0.035, 0.007, and 6× 10−5, respectively. We will include the quantitative results in the revised

paper.

We also consider metrics such as FID and CLIP [5] scores. However, FID requires a

ground truth distribution we cannot access. CLIP is a large language/vision model, but its scores

are sensitive to prompts, and it is likely prone to misinterpreting reflections. Defining a scalable

and robust quantitative metric to measure the visual fidelity of generative tasks remains an open

problem.

MirrorNeRF designs a convenient capture system utilizing mirrors, but it does not focus on
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Figure E.7: Comparison between Luma AI (left) and Ours (right).
the rendering problem, thus does not overlap with the scope of our work.

LumaAI recently released a UE plugin in April after the submission deadline. They provide

binaries but no source code, so we only have a limited understanding of how it works. It is stated

on their blog that NeRF cannot be used to simulate (otherwise, users need to add collider objects

manually). Moreover, when we put a mirror in the Garden, shadows in the mirror reflections look

strange. By contrast, our reflections and shadows are superior (see Fig. E.7).
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Appendix F: Physically Consistent Perception of Hand-Object Interactions with

Differentiable Priors

Extended Kalman Filter

We have a dynamic system,

xt = f(xt−1,ut) + ϵs, zt = h(xt) + ϵo, (F.0.0.1)

where x is the state, u is the control, z is the observation, ϵs and ϵo are multivariate Gaussian

noises with covariance Q and R respectively, f(·), h(·) are differentiable functions for states

and observation, respectively. EKF can predict the state x̂t and covariance matrix Pt given the
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observation z. The EKF works in the following steps for each frame,

F = ∂f/∂x̂t−1 (F.0.0.2)

x′ = f(x̂t−1,ut) (F.0.0.3)

H = ∂h/∂x′ (F.0.0.4)

P′ = FtPt−1F
⊤
t +Q (F.0.0.5)

y = zt − h(x′) (F.0.0.6)

S = HP′H⊤ +R (F.0.0.7)

K = P′H⊤S−1 (F.0.0.8)

x̂t = x′ +Ky (F.0.0.9)

P̂t = (I−KH)P′ (F.0.0.10)

More detailed derivation can be found in [308]. In our experiments, we use the 3D

positions of fingertips as the control input. The observation signal could be the hand pose, object

bounding boxes, etc.

Quasistatic Time-stepping

We assume that the relative sliding of the contact points on the object is small. For

simplicity, we approximately treat the fingertips as the contact points v. Since the object is rigid,

we could treat the point cloud at two adjacent frames under rigid transformation. Therefore,

we could use SVD-based rigid point registration [386] to compute the relative rotation and

translation.
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Table F.1: Error after contact-based pose refinement. Our differentiable contact module
is used to refine the pose given the contact status and achieves comparable results as
ContactOpt [340].

Method hand joints hand verts object verts

ContactOpt 0.0143 0.0137 0.0367
ours 0.0143 0.0136 0.0364

Contact Refinement

Table F.1 show the quantitative comparisons with ContactOpt. It demonstrates that the two

methods have comparable performance on the 3D hand and object errors.

Implementation Details

Our differentiable priors are implemented using Pytorch and optimized by Stochastic Gradient

Descent (SGD) with learning rate 0.01. The weights of loss terms are {λi}i = 1, .., 6 = {0.1, 0.3, 0.005, 0.001, 1, 0.1}.

The profiling numbers in Table 8.1 are obtained on a desktop with an Intel(R) Xeon(R) W-2123

CPU @ 3.60GHz and an NVIDIA Titan XP GPU. The EKF is from the torchfilter [387] and the

differentiable renderer is SoftRas [342].
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