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Chapter 1: Introduction and preliminary result

1.1 Preliminary literature review

Clustering is one of the most widely used techniques for exploratory data analysis in many
disciplines. From a statistical point of view, data points are drawn from an underlying probability
distribution, and the aim is to classify them into homogeneous groups, typically when no external
information is given. For historical references, we refer to [24, 28].

Classical methods as exploratory data analysis tools Classical clustering methods in-
clude K-means clustering [24] and hierarchical clustering [28]. While theoretical analysis is
often rudimentary in the early references, there has been good progress in the last few decades:
for K-means, we refer to the elegant work of David Pollard [43]; for hierarchical clustering, we
refer to [54] where the analysis is centered around the tree structure.

Modern algorithmic advances The computer age has led to the popularity of many effi-
cient and scalable clustering methods, e.g., spectral clustering [62] and convex clustering [12].
These methods are computationally efficient and well-suited to many modern applications where
the sample size is quite large. Some algorithms do have some theoretical guarantees (discussed
in the next section). At the same time, there have also been algorithmic advances on classical
methods such as K-means [14, 22, 31].

Clustering in scientific applications As data science approaches become more and more



popular, there is an increasing literature of clustering in scientific applications, including but not
limited to neuroscience [46], genomics [61], and astronomy [57]. These applications demand
more theoretical understanding of the clustering problem, where it is not sufficient to merely
provide a clustering result, but one should also be able to answer further validation questions,

such as how significant are the clustering findings.

Current status of clustering theory

Machine learning literature Much of the modern clustering theory was pioneered by the
machine learning community. In [64], it was explained that the generalization bound from statis-
tical learning theory is not suitable in a general clustering framework, and proposed that conver-
gence proofs and stability considerations should play key roles. In [63], it was clarified that in a
statistical setting of clustering two questions need to be answered:

Question 1 Given a probability distribution over the data space, how is the data space
separated into clusters as a function of the probability distribution? (conceptual question)

Question 2 Given a finite sample of data from the probability distribution, how can the
clusters be approximated? (algorithmic and statistical question)

A well-studied line of this type of work is consistency theory in the context of spectral
clustering [58, 63]. The nature of these works in some sense follows Pollard’s earlier work about
consistency of K-means clustering, but they require more advanced proof techniques (related to
operator theory and calculus of variations).

Two methods for establishing clustering consistency can be distinguished. One starts from

an algorithmic procedure and then studies its limiting behavior, e.g., [58] studies the ideal limit of



spectral clustering as a PDE problem. The other method starts from an ideal population problem,
but implements an analytical algorithm on data samples from the population, e.g., in model-based
clustering when the population is specified as a mixture of Gaussian distributions. The latter is
the point of view taken in classical statistics. We refer to a culminating discussion in section 2.2.1
regarding the issue of Pollard-type clustering consistency.

The topic of cluster stability is discussed in the tuning parameter selection section 3.8 in
Chapter 3.

Statistical literature In model-based clustering ([6], with Adrian Raftery being the main
early contributor), clusters are modeled as components in a statistical mixture model, e.g., Gaus-
sian mixtures. Recent literature has shifted from multivariate to high dimensional and nonpara-
metric settings [3, 8]. The importance of studying clustering from the nonparametric statistics
point of view should be emphasized here: when people use K-means or many modern machine
learning methods for clustering, they are working nonparametrically. As in classification, peo-
ple often do not want to impose parametric assumptions on the data ("Gaussian” or mixtures of
Gaussian or any other specific distribution). The use of nonparametric statistics has been suc-
cessful and mature in classification literature, leading to the so-called distribution free theory of
classification [15, 21]. For the unsupervised clustering problem, however, there is difficulty: a
nonparametric mixture model is not easy to make identifiable or to implement. For example,
mixture of sub-Gaussians is not an identifiable model [3]. High dimensional mixture models will
be discussed only briefly in Chapter 5 as they are not the focus of the thesis.

Geometric perspectives on clustering Geometric considerations arise from density-based
clustering [11, 48], as structures of the level sets of a density-estimate. There are also inter-

esting geometric models studied recently by applied mathematicians, for example, the Low-



Dimensional Large Noise (LDLN) model in [33]. We believe statisticians could play a bigger
role here. The geometric perspective will become relevant in Chapter 2 of the thesis.

Statistical network clustering There are lines of research about clustering in the statistical
networks literature, sometimes under the name community detection [1]. The limit theorems
therein characterize the ranges for the network parameters (in stochastic block model, or more
generally, random dot product graphs) that lead to consistent clustering in the limit, see [32, 36].

These results are mathematically rigorous, but require some different concepts and definitions.

1.2 Problem formulation

Given a distribution Px on some data space X (we will mostly restrict attention to Eu-
clidean space), let Y be a random variable indicating class membership, Y € {1,--- , K}. To
simplify the notation, we write E[g] for F[g(X)] if there is no confusion that the expected value
is taken with respect to Py.

As pointed out in Question 1, we need first a reasonable definition of a clustering as a func-
tion of the underlying probability distribution Px. To this end, suppose the number of clusters is
known a priori to be K. We define a clustering of Py as the minimizer of the following general

criterion

min {min Eonliv £00) ()

vixeg | f1x—{1, K}

where the two things to be minimized over are the conditional probability functions Y| X (i.e.,
P(Y = k|X = z),k = 1,--- , K) and the mapping f. Both the set of conditional probability
functions (G) and set of classification rules (f) can be further restricted in the minimization.

In this thesis we develop relevant theory when [ is 0-1 loss (i.e., [(Y, f(X)) = I{Y #



f(X)}), and G belongs to the class of Lipschitz functions with bounded Lipschitz constant.
K

Specifically, denote gx(z) = P(Y = k|X = z) (s0 Y. g(z) = 1), pr = P(Y = k) =
k=1

Elg(X)],k=1,---, K, we study
gC,a = {YlX : |gk(x) - gk(y)‘ S C . d(l’,y) for all z,y S Xak = 17 e >Ka mklnpk Z 05}7

for some finite positive constants C', o, where C' is a universal Lipschitz constant, and « is a lower
bound on the smallest class probability. The class G¢, also depends on Px through p;,. We make
no further assumption on the set of classification rules here, in which case the inner minimum in

(1.1) can be derived to be E'x [mkin(l — gr(X))], achieved by
f(z) = arg max gr(x). (1.2)
In particular for K = 2, we arrive at
minimize Ex[g A (1 — g)] subjectto L(g) < C, E[g] € [a,1 — @] (1.3)

for specified constants C' > 0, € (0, 1). The presence of a excludes two trivial solutions: the
constant 0 and constant 1 function.

We will work with the penalized form of this optimization problem instead:
minimize Ex[g A (1 — ¢g)] + A2 L(g) + A3 max{E[g],1 — E|g]}. (1.4)

At first glance, the problem might appear a bit unusual from the point of view of classical op-



timization theory [7]: it is nonconvex and therefore hard to use the Lagrangian to characterize
the solution (in fact we will prove that it in general does not satisfy strong duality). However,
through some preliminary analysis and experiments, this formulation turns out to have some
good mathematical properties and special features. Therefore, we commit to this formulation in
the thesis.

(1.4) is a variational problem whose solution may be viewed as a Lipschitz-regularized
Bayes classifier. The term “Bayes classifier” refers to the conventional name for the classification
rule (1.2) in the machine learning literature ([39]), and is not formulated directly in terms of

Bayesian decision theory ([18, 67]) in statistics.

Remark (motivation for (1.1)). In (1.1), the inner minimization is a classification problem (see
next remark). The outer minimization charaterizes clustering as the “easiest” classification prob-

lem.

Remark (definition of a classification problem). The goal of classification is, under some joint
distribution Px y, to find a mapping f : X — {1,--- , K} that minimizes the expected classifi-
cation error, possibly within some subclass

Ifréi;_l Ex (Y, f(X))].

1.3  Outline of thesis

Chapter 1 will focus on preliminary results, including a preliminary optimality result (The-
orem 1.1), a Pollard-type consistency result (Theorem 1.3), and Theorem 1.5 which sets up the

basis for computation. Chapter 2 studies aspects of the variational problem in more depth. Im-



portant aspects include: a further optimality result with geometric interpretation (Theorem 2.1),
a model-based consistency result (Theorem 2.3), and uniqueness (Theorem 2.6). Chapter 3 deals
with computational issues, including a main algorithm (Algorithm 1). Chapter 4 discusses possi-

ble extensions. Chapter 5 summarizes contribution and future work.

1.4 Necessary condition for optimal g, part 1

This section studies necessary condition for a minimizer of the variational problem for

K = 2. From now on denote

L=EgN(l-g)]
I, = X\ L(g)
I3 = A3max{Elg],1 - Elg]}

I=1+5L+1,

where the expectation is with respect to the underlying distribution Px. The problem is

inimize 1(g). 1.5
minimize (9) (1.5)

For results in this section we work with R? instead of general metric space because of technical
reasons: version of Rademacher’s theorem [A.6] and the gradient formula [A.4] used in the proof

hold in R,

Throughout this section, assume A3 < 1, support(Px) = Q C R%, where €2 can be R? or



some compact subset of R%. Let g* € argmin I(g) be an optimal solution, . = L(g*) denotes
g

its Lipschitz constant if there is no confusion.
Remark. For any measure /1, on R”, support(y) = {z € R" : u(B,(x)) > 0,Vp > 0}.
First, we establish below a key lemma that will be used in the proof of several later results.

It comes from the particular form of the objective function (or energy functional) /(g).

Lemma 1.1 (comparison lemma). Let g € [0, 1] be a Lipschitz function, and let U = {g =

1/2}, Uy = {g < 1/2},Uy = {g > 1/2}. Suppose another Lipschitz function ¢’ € [0, 1] satisfies

g <g onlU, (1.6)

g >g only, (1.7)

L(¢") < L(g), (1.8)
and if \3 < 1, then

I(g") < I(g)

The inequality becomes strict if any of the following holds: either (1.6) or (1.7) is strict for some

reUiNQorxelUsnNQ orL(g) < L(g), or{g =1/2} NQ C U N

The proof is in section 1.8.1.

Remark. (1.6)-(1.8) and the conditions where strict inequality holds indicate several ways to find

a local (or global) variation that reduces 1(g).

Remark (several uses of Lemma 1.1). We list below several applications of Lemma 1.1 in the
thesis. For clarity, let us denote U = {¢* = 1/2},U; = {g* < 1/2},Us = {g* > 1/2} where

8



g* is an optimal solution of (1.5). That is, when applying Lemma 1.1, we are thinking of g as a

candidate for the optimal and ¢’ as a variation of g.

1. In Step 1 of proof of Theorem 1.1, ¢ is a local variation of g where ¢’ < ¢ at some point

x € Uy NQand g = g outside some neighborhood of .

2. In Step 2 of proof of Theorem 1.1, Lemma 1.1 is used to show that U N €2 does not contain
any ball. A local variation ¢’ is constructed to satisfy {¢’ = 1/2} NQ C U NQ if otherwise

a ball is contained in U N 2.

3. In Theorem 2.1, the form of ¢g* in the theorem satisfies ¢g* < g < 1/2on Uy, g* > g > 1/2
on Uy and L(g*) = L(g), for any g that shares the same U, Uy, Us, which roughly explains

why it gives a necessary condition for optimality.

4. In Corollary 2.1, Lemma 1.1 is used to show that U is "thin”, because a better function ¢’

can be found by reducing U to a smaller set if it is “’fat”.

5. In Step 4 of proof of uniqueness Theorem 2.6, it is shown that if gy, g; are two solutions,
and if Ly > Ly, thengyg > gyonS; = U; N, go < g1 on Sy = Uy N ) By Lemma 1.1,

we would have (go) > I(g1), which is a contradiction.

Now we present a first result regarding the form of g*:

Theorem 1.1 (necessary condition 1, a.e. version).

Forany x, g*(z) =0 or g*(z) = 1lor||Vg*(2)|| = L,a.e. in Q



The proof is in section 1.8.2.

Remark. ||Vg*(x)|| is the local Lipschitz constant of g* at z. Note that a.e. is in Lebesgue

measure, not in Py.

Remark (Proof outline). Let U = {z : ¢*(z) = 1/2}. We divide the proof into three steps:
Step 1. For any € € such that g*(z) < 1/2 and differentiable, ||Vg*(z)|| = L or

g*(x) = 0; for any = € Q) that g* () > 1/2 and differentiable,

Vg (@)|| = Lor g*(x) = 1.
Step 2. For any ball B,.(z),z € 2, B.(x)\U has positive measure. By Rademacher’s

theorem [A.6], this implies there exists a differentiable point z, within any ball B,.(x),r > 0.
Step 3. For any x € U N ) where g*(z) is differentiable, show ||Vg*(z)|| = L. Thus the

statement of the theorem holds for all differentiable points in €2, which, again by Rademacher’s

theorem, are almost everywhere in (2.

Remark. In Theorem 1.1, |[Vg(z)|| can be understood as the local Lipschitz constant at a dif-
ferentiable point x. We make a more complete result below by extending the almost constant
local Lipschitz constant property to every point in the space, including nondifferentiable points.
In other words, the local Lipschitz constant at a nondifferentiable point is determined by those
of surrounding differentiable points, which, by Theorem 1.1, are always equal to the global Lip-
schitz constant L. For this purpose we need the concept of generalized gradient (denoted by 0¢)
for Lipschitz functions, a generalization of subgradient (usually denoted by 9) for convex func-
tions, and gradient (denoted by V) for differentiable functions. We refer to the definition [A.1.2]
and a list of properties that follows, including sum rule, mean value theorem and gradient formula
in the appendix section. A more comprehensive coverage of generalized gradient can be found

in Chapter 10 of [13].

10



The gradient formula in nonsmooth analysis says, in R", the generalized gradient of a
Lipschitz function can be generated by gradients at nearby points where derivative exist [A.4].
The everywhere version below is a direct consequence of the a.e. version (Theorem 1.1) and the

gradient formula.

Theorem 1.2 (necessary condition 1, everywhere version).

Forany z € Q, g*(z) =0 or ¢g*(z) = 1or sup||0cg*(x)|| = L,

where sup ||0cg(x)|| can be understood as the local Lipschitz constant of a function g at point .

The proof is in section 1.8.3.

Remark. Since g* is Lipschitz, dcg* is well-defined. Note that Ocg*(x) is a compact convex set
[A.1.2], 50 ||0cg*(x)|| is a compact interval in R. If g* is locally convex, this reduces to ||0g(x)|],
where Og(x) is the subgradient of ¢ at . When ¢* is differentiable at x, this further reduces to
||Vg(x)|| as in the differentiable case, and there is no supremum to take. See [A.6-A.9] for

relationship between these quantities and the Lipschitz constant.

We end this section by some remarks on the distributional assumptions of Py. We haven’t
made much assumption on Py in Theorem 1.1 and 1.2, only that Py has support {2 which is
either R? or some compact set. When making these results, we are mostly interested in Py that
are absolutely continuous on R¢. The case ) = R is typical for many statistical models for

clustering, such as the Gaussian mixture model. Another case that will be of interest in Chapter

11



2 is when €2 = S7 U S, for some compact, connected disjoint sets 57, So. In this case care needs
to be taken with what can be said about the behavior of g* outside the support.

A slightly different but interesting case is when Py is atomic, which is related to the data
problem we will start to consider later in Chapter 1. In this case the a.e. version (Theorem 1.1)
might be vacuous simply because the support is finite or countable, so is of measure 0 in R%.
But the everywhere version still gives some restriction on the form of g*, that the local Lipschitz
constant at each point of the support is always equal to the global, whenever ¢g* is not 0 or 1. In
particular, the local variational argument in Step 1 within the proof of Theorem 1.1 works also at

these atoms, so that “rigid” solutions are still encouraged.

1.5 Pollard’s consistency proof

In this section, we summarize Pollard’s contribution in his classical paper on the consis-
tency of K-means clustering [43]. This serves two purposes: first, the proof strategy for our
problem will be very similar to [43] (see next section); second, the proof itself is elegant and the
techniques therein can be generalized to study consistency of many other clustering or unsuper-

vised learning methods.

K-means clustering

For a set of points X7, ..., X,, in R, K-means clustering is based on the criterion of mini-

mizing the within cluster sum of squares:

K
minimize > Y [|X; — el (1.9)

k=1 X;€Cy

12



where (', ..., Ck are K distinct subsets of X1, --- , X, with cluster centers cq, ..., cx, and the
minimization is taken with respect to both ¢y, - - - , cx and cluster memberships. This criterion is
the same as
1 n
. . 2
min — min || X; — ||
o min |1 -

=1,.. K

1=

The paper [43] rewrites the above using the notation C' = {¢y, ..., ¢ } and the empirical measure
Pn = % Z (5 X;+
i=1

W(C,P,) = /mlg ||z — c||*dP,, (1.10)
ce

minimize W (C,P,),
ICI<K

where |C| < K is used instead of |C| = K, to allow the possibility that two cluster centers

coincide. A natural population version for (1.10) is

W(C,P) = /Héiélﬂx — c|[dP. (1.11)

Consistency of K-means clustering

The paper [43] shows under some general conditions that the set of optimal cluster centers
for the sample (the minimizer of (1.10)), converges to the set of centers that minimizes (1.11). The
measure of closeness used is the Hausdorff metric H (-, ), which is defined for compact subsets

A, B of RYby: H(A, B) < § iff every point of A is within (Euclidean) distance § of at least

13



a.s.

one point of B, and vice versa. The convergence is almost surely, that arg Cmin W(C, P, —
argc{nin W(C, P).

The proof is achieved by first showing the optimal sample cluster centers eventually lie in
some compact region £ of RY, then the convergence result is derived following a uniform law
of large numbers statement. By strong law of large numbers, W (A, P,) — W(A, P) converges
almost surely to zero for any set A such that W (A, P) < oo; it turns out this difference also
converges to zero uniformly over all size-K subsets of k. This is shown via techniques from

empirical process theory [A.2.1]. Similar technique is applied within the proof of [63].

Proof sketch

By strong law of large numbers, if W (C, P) < oo, then
W(C, P,) +% W(C, P).

Let
Cp = argénin W(C, P,),

Cy := argmin W (C, P). (1.12)
c

Suppose Cj is unique, this is interpreted as true cluster centers. The major question is,

does C,, X2 C, hold?

14



Step 1: When n large enough, one can show C), eventually lies in some compact region &£

of R4,

Step 2: By a uniform law of large numbers

sup  |[W(C,P,) —W(C,P)| £% 0,
CCE, |CI<LK

we have

W(Cy, B,) — W(C,, P) =0,

W(Cy, Py) — W(Co, P) 5 0.

By definition of C,,, Cy,

W(Cy, P,) < W(Co, Py),

W(Cy, P) < W(C,, P),

so we have

0 <W(C,, P)—W(Cy, P)

(1.13)

(1.14)

=W(C,, P)—-W(C,, P, +W(C,, P,) —W(Cy, P,) + W(Cy, P,) — W(Cy, P)

< (W(Chn, P) = W(Cn, Py)) + (W(Co, P,) = W(Co, P)).
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Therefore by (1.13)&(1.14),

W(C,, P) X% W(Cy, P).

Then by continuity (in Hausdorff metric) of the map C' — W (C, P) on £ and uniqueness of

Co,

Cn == Co.

Remark (Algorithmic consideration). Because the memberships are also variables, (1.9) is not
a convex optimization problem, but a combinatorial one, thus finding its global minimum is
computationally difficult. In practice a heuristic algorithm is often carried out to find a locally
optimal partition (the most widely-used one is Lloyd’s algorithm [34]). There are also efficient
approximation algorithms now, see [14, 22, 31]. Pollard’s paper did not include these algorithmic
considerations. The result means if we can indeed find the global minimum of (1.9), then the
cluster centers attained by finite sample will converge to the true cluster centers (1.12) defined

only through the underlying distribution P that generates the data.

Remark (Drawback of Pollard-type consistency). The consistency result applies to any distribu-
tion P such that [ ||z|]*dP < oo. It presumes the minimizer of the population criterion (1.11)
to be the truth, then the empirical minimizer will converge to it. We call this type of clustering
consistency “Pollard-type consistency”. The drawback of such consistency is that even though
the result looks distribution free, the minimizer of (1.11) may not be interpretable, e.g. when

P has no clustering structure, or when the clusters are not spherical or convex. Consistency of
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a clustering method in some statistical model is harder to attain. We will consider this in later

chapters.

1.6 Consistency, part 1: general case

Consider a data-based version of (1.5). A positive feature of the formulation is that con-
sistency result follows in a similar way as in Pollard’s paper [43]. In [43], the optimal sample
cluster centers C,, converge to the optimal centers C derived from P, provided that the criterion
function (1.11) has unique minimum. Here we can similarly show that the estimated clustering
function g,, converges to the optimal ¢ derived from P, provided that the variational problem

(1.5) has unique solution.

1.6.1 Consistency for K = 2

Following the notation from the last section, let

W(g,P)=E[gA(1—g)]+ \L(9) + Asmax{E[g],1 — E[g]},

Wi(g, P.) = % Z min{g(X;),1 — g(X;)} + A2 L(g) + A3 max{g(X),1 - g(X)},

n

where g(X) =

S =

lg(Xz')‘

1=

Theorem 1.3. Suppose X is a totally bounded metric space. Let g, € argmin W (g, B,). Sup-
g:X—10,1]

pose W (g, P) has unique minimum go. Then ||g, — go||r,(p) — 0.

Remark. This result holds regardless of the dimension of X'. The essential part is a finite cover-
ing number for the Lipschitz function ball on the metric space X, so that uniform law of large
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numbers applies on the function class { f € Lip(X') : L(f) < C} for any positive constant C'.

Remark (Proof outline). First, it can be shown that the Lipschitz constant of g,, is bounded. We

have
A2 L(gn) < W(gn, Pn) < W(0, Fy) = As,
here 0 denotes the constant 0 function. Therefore
L(g,) < ;—z, for any n.

LetC = i—; We can break down the proof into four parts (the norm L;(P) in the theorem

is chosen so that (3) is convenient to show):
1. sup |P,g — Pg| 2% 0,where G = {g: X — [0,1] | L(g) < C}.
g€y

2. Sup|W(gv Pn) - W(g,P)| ﬂ 0.
9geg

3. W(g, P) is continuous in g with || - ||, (p).

a.s.

4. W(gn, P) == W (go, P), then by 3. and uniqueness of go, ||g, — gol|z,(p) — O.

Step 4 is along the same lines as Step 2 of the last section (i.e., along the same lines as [43]):
continuity of the map g — W (g, P) on G and uniqueness of gy implies ||g, — go||z,(r) — 0.

Proofs of Step 1, 2, 3 are in section 1.8.4.

We immediately obtain the following two corollaries (from the proof of Theorem 1.3) about
consistency of the objective function value, and pointwise convergence of g,, to g in supp(P).
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Corollary 1.1 (Consistency of objective value). (g,) == I(go).
This is within the statement of step 4 in the proof of Theorem 1.3.

Corollary 1.2 (From L; consistency to pointwise). Suppose g is a unique solution for (1.5), then

for any x € supp(P), g,(x) —= go(x).

Theorem 1.3 is about g,, being L;(P) consistent to go, if the latter is unique. This, along
with continuity of g,, and gy, implies pointwise convergence. The statement may not hold outside

the support, where gy is in general not unique.

1.6.2 Consistency for K > 2

For general K, we need to measure the distance between the set of /K estimated func-
tions which minimizes the data-based formulation, and the set of K functions that minimizes the

population formulation. It is shown that their Hausdorff distance will converge to zero.

K
Theorem 1.4. Denote g = {g1, ..., gx } satisfying > gr = 1 and let
- k=1

W(g, P) = E[(1 = g1) A1 = g2)--- A (1 = gre)] + Ao max L(gy) + Ag max(1 — Elgy]),

Wig.Pa) = (1= i) A (1= galX0) -+ A (1= gu(X0) + Xy max L3

+ Az mkax{l —gr(X)}

where gi(X) = % gr(Xi).
1

i=
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K
Let 9n € argmmW(g, )’ {{gla : 7gk}’gla"' yJk - X — [07 1]7 ng = 1}
k=1

Suppose miél W (g, P) has unique minimum go. Then
g€ —

where dy (-, -) is the Hausdorff distance between two sets of functions with norm || ||, p). E.g., if

={a" 0} 0® = a0l then dig (9, ) = maxmin ||gf — 7|1,

The proof is in section 1.8.6.

1.7 Computing with data

A representer theorem

Even though (1.5) is in general a variational problem, we show a data-based version of (1.5)
can be represented by finitely many parameters, which are the values of g on the data points.
Therefore with data we can solve a finite dimensional optimization problem, which makes the

method practical, providing the basis for an algorithm.

Theorem 1.5. The following two problems are equivalent:

min {% Z min{g(x;),1 — g(x;)} + A2L(g) + A3 max{m, 1— M}} (1.15)

g:X—[0,1]

and

n

1 @
i - in{a;, i A AT 4 A 1—al. 1.16
al,mI,%}LIé[o,l] - ; min{a;, 1 — a;} + Az d(xrlnzxaéo Al 2, + A3 max{a, a} ( )
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The proof is in section 1.8.7.

R function implementation

Computation based on Theorem 1.5 is coded in R software. The actual algorithm, based
on linear programming and an alternating minimization strategy to deal with non-convexity (or,

to avoid combinatorial optimization schemes), will be introduced in Chapter 3.
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1.8 Proofs of chapter 1

1.8.1 Proof of Lemma 1.1

Notice that (1.6) and (1.7) implies ¢’ < 1/2 on Uy and ¢’ > 1/2 on Us, from which we

deduce

Ii(g") = Li(g) = Elg' AN(1—g')] = Elg A (1 = g)]
= Elg'In] + E[(1 = ¢')Iu,] — (Elglu,] + E[(1 = g)1u,])
FEI(g A (1 g) = DI
= B¢~ 9)lu] + Ellg — )] + El(g' A (1~ o) = 5)T0]
< 0 (by (1.6), (1.7)),
Is(g") = Is(g9) = As(max{E[g], 1 — E[¢']} — max{Elg], 1 — E[g]})
< As|E[g" — g]| (by [A.14])
< M(ENG' ~ )| + Bl(d — )T + El(’ ~ 5)Tu)

=y

=XN(El(¢" = 9)Iv, |+ El(¢' — 9) | + E|(d' AN (1 —¢') — 5

1 1
(for any number a, |a — 5] =laN(l—a)-— §|)
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For any function f < 0, Ef + \3E|f| = (1—A3)E f. Apply this separately to the three functions

f=0 =) luv,.(g—g) v, [¢ N (1 —g') — ]I respectively to obtain

L(g") = Li(g) + Is(g") — Is(g) < (1 = M)(E[(9' — 9)Iv,] + El(g — ¢')Iu,]
FEI(g A (L~ )~ )T

= (1= X3)(1i(¢") — Li(g)) < 0.

Finally, since I5(¢") — I(g) = A2(L(¢") — L(g)) <0,

I(g") = 1(g9) < Ii(¢') — Ii(9) + I(¢') — I2(g9) + I3(¢") — I3(g) < 0.

Now we look at when the inequality holds strictly. If ¢’ < g for some point in U; N €2, then
E[(¢" — 9)Iy,] < 0;if ¢ > g for some point in Uy N Q, then E[(g — ¢')Iy,] < 0; if {¢’ =
1/2}NQ CUNQ, then E[(¢ A (1 —¢') — 3)Iy] < 0;if L(¢') < L(g), then Ir(¢') < L(g).

When either of these happens, we have I(g’) < I(g).

1.8.2 Proof of Theorem 1.1

Step 1.

Let g be any Lipschitz function with values in [0, 1] such that there exists z € 2,0 <
g(x) <1/2and ||Vg(z)|| < L.

Consider local variation g.(z) = g(z) + en, where 7, || Vn|| are both bounded in a neigh-

borhood of x such that 0 < g < 1/2 and ||Vyg|| < L, and n = 0 outside the neighborhood. When
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e small enough, we have 0 < g. < 1/2 and ||Vg.|| < L in the neighborhood, so

Ii(g9.) — Ii(g) = Elgc] — Elg] = €En],
[2(96) = I2(9)>

I3(g¢) — Is(g) < As|Elge] — Elg]| = eAs|E[n]].

Thus I(g.) — I(g9) = (Ii(g9¢) — 11(9)) + (Is(ge) — 13(9)) < e(En] + A3|En]|). As long as 7 is
chosen such that 7 < 0 on the neighborhood of z, since A3 < 1, we have I(g.) < I(g). Therefore
g cannot be the minimizer.

In conclusion, g cannot be a minimizer unless for every x with ||Vg(z)|| < L and g(z) <

1/2, g(x) = 0. Similarly, g cannot be a minimizer unless for every = with ||Vg(z)|| < L and
g9(x) >1/2,9(z) = 1.

Remark. A particular construction for the local variation can be taken as

9(y), y ¢ B(x)
gﬁ(y> = )

inf {g(’z) —L- d<y7 Z)}v ye Be<x>

ZESE

for some e small enough such that ||Vg(y)|| < L for any y € B.(x), and g|p. ) > 0. This
can be seen as a Lipschitz extension of g o into B.(z), where S, is the boundary of B.(x).

By Lemma 1.1, I(g.) < I(g). Such argument works also when Py has point mass at x and has

measure 0 in B,(z)\{z}: since || Vg(y)|| < L for any y € B.(z), we deduce g.(z) < g(x).

Step 2.
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Let us first show B,.(z) € U for any point z € . Suppose B,(z) C U for some point

x € {2 and for some r > 0, define a local modification ¢’ of ¢* within B,.(z) (Figure 1.1) as

, 9" (), y ¢ B.(z)
9(y) = ,
1/2—=L-d(y,S:(x)), y € B,(x)

where S,(x) is the boundary of B, (z). From the construction, [,(¢’) < I1(¢*), L(¢') = L(g").

172

Figure 1.1: 1-d illustration of the local variation ¢’

By Lemma 1.1, I(¢’) < I(g*), a contradiction. This shows U = {¢g* = 1/2} does not contain
any ball.

Let m denote Lebesgue measure in RY. Next we show m(B,(z)\U) > 0 for any z €
Q,r > 0. It suffices to show by contradiction that U cannot have full measure in B,.(z) for any
r > 0. Suppose m(U N B,.(z)) = m(B,(x)) for some r > 0 and x € (2, i.e., by definition of U,
g* =1/2a.e. on B,(x). By continuity of g*, we deduce ¢g* = 1/2 on B,.(z). By the construction
of ¢’ above, such g* cannot be optimal, a contradiction. Therefore, m(UNB,(z)) < m(B,(x)). In
other words, m(B,(z)\U) > 0, i.e., B,(z)\U has positive measure. By Rademacher’s theorem
[A.6], this allows us to pick a differentiable point =, C B,(x) such that g*(x,) # 1/2. Further,
when r small enough, ¢g* is bounded away from 0 and 1, i.e., there exists ry > 0 such that for any

r <19,0<g*(z,) <1. ByStep 1, ||Vg*(z,)|| = L for every r < ry.
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Step 3.
From Step 2, for any differentiable point x € U, there is a sequence of differentiable points
x, — x as r — 0. Moreover, since the gradients Vg(z,) are bounded, there is a convergent

subsequence Vg(z,, ),n = 1,2, ---. By gradient formula [A.4], || Vg(z)|| = || lim Vg(z,,)
n—oo

L.

This concludes the proof.

1.8.3 Proof of Theorem 1.2

By gradient formula [A.4], Ocg(z) = co{lim Vg(z,) : lim Vg(x,,) exists, x,, — x}, the
convex envelope of all limiting gradients arising from neighborhood of z. All differentiable
points are dealt with in the almost everywhere version. For non-differentiable points that are not

0 or 1, by [A.8],

sup [|Ocg(x)]| = sup [lim Vg(z,)|| = L.

lim Vg(xn) exists,xn—x
n

1.8.4 Proof of Theorem 1.3

(1) Step 1 follows from the following lemma:

Lemma 1.2 (uniform law of large numbers for Lipschitz function class). Suppose (X,d) is a

totally bounded metric space. Let Go := {g: X — [0,1] | L(g) < C} for some constant C > 0,
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then for any probability measure P on X,

sup |P,g — Pg| =% 0.
9€Gc

The proof is in section 1.8.5.

(2) The analysis can be broken down into two parts since

sup [W(g, P,) — W (g, P)| < sup |E[gA (1 —g)] — — Zmln{g

9€Gc 9€dc

+A3 sup |max{E[g],1 — E[g]} — max{g(X),1 — g(X)}|.

9€dc

For the first part we can consider

H={h:h=gAN(1—-9g),9€Gc}

By [A.2], forany h € ‘H, L(h) < C, so H is a subset of G¢. It follows that

sup |P,h — Ph| 220
heH

For the second part, by [A.14],

| max{Eg], 1 — Elg]} — max{g(X), 1 - g(X)}| < |E[g] — 9(X)| = |Pg —
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so it follows that

sup | max{E[g],1 — E[g]} — max{g(X),1 - g(X)}| < sup |Pg — Pg| = 0.

9€bc 9€Ge

(3) We have

W (g, P) — W(gs, P)| < / A= g1) = go A (1 — g)|dP
+ As(max{E[gi],1 — E[g1]} — max{E[gs],1 — E[g]})
< /|91 —92|dP+>\3/|91 — go|dP

= (1+X3)Elg1 — gal-
Therefore W (g, P) is continuous in g with || - ||, (p). The proof is complete.

1.8.5 Proof of Lemma 1.2

Result of this type can be found in the empirical process theory literature, a brief exposition
of the background is given in the appendix section [A.2.1]. Here we refer to Example 19.11 of
[60] for the 1-d case; in the general metric space setting, the result basically follows from a
finite covering number for the Lipschitz function ball. The following only serves to address the
technical difference between these existing results and the version we need in Lemma 1.2.

Proof on R!: Suppose P has bounded support [a, b], then G¢ has bounded variation C (b —
a). Therefore G¢ is a subset of the bounded variation class. It suffices to show that the bounded
variation class is P-Glivenko-Cantelli. By [A.10], since || - ||z,(p) < || - ||z,(p)» the bounded

variation class has finite bracketing number in || - ||, (p) for any ¢ > 0. By [A.9], it is P-
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Glivenko-Cantelli.

Proof on general metric space: Suppose (X, d) is a totally bounded metric space. By
[A.12], N(¢,Gc, || - ||o) < o0. Let F' be the constant 1 function on X, then F' is an envelope
function for G (i.e., |g(x)| < F(x) for any g € Goandz € X) with ||F||.,(g) = 1 for any
probability measure ) on X'. Note that N (¢, Gc, || - ||1,(@)) < N(€,Gc, ||+ ||o), since for any two
functions f, g € Ge, ||f — gl < eimplies ||f — g||., (@) < ||f — 9]l < € for any probability

measure (). Therefore,

Sgp N (€l|Fl|Ly(@): Gos La(Q)) < N(e,Gos || - [|oo) < 00,
by [A.11], G¢ is P-Glivenko-Cantelli.

1.8.6 Proof of Theorem 1.4

For any £, we have
L(ge) < max L(ge) < W(ga, Pa) < W(0, Pa) = s,

Therefore

L(gk)gﬁzcak:]ﬂ 7K'
A2

Similar to Theorem 1.3, the proof contains four parts.

1. sup |P,gx — Pgr| =30,k =1,---, K, by Lemma 1.2, as in Theorem 1.3. Let G :=
L(gx)<C

{QGQ:L(gk)SC’k:L...7K}‘
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2. sup [W(g, P,) — W(g, P)| < sup |P,h — Ph| + A3 sup |max(1 — E|[gx]) — max{1l —
9€Ge¢ gede ¥ k

gr(X)}, where H ={h:h=(1—g)A(1—g) A1 —gx),{g1. * ,9x} € Gc}.

y [A.2], for any h € H, L(h) < C. It follows that sup | P,h — Ph| =% 0
heH

Also, by [A.14], | max(1— Elge])-max{1-ge(X)} | < max | Elge]—g¢(X)| = max | Py

Pngkla SO

sup | max(1 — Egx]) — max{l — gk( )H <max sup |Pgy— P,gx| 25%0.
g€Ge K ko Lig<c

Therefore, sup |W (g, P,) — W (g, P)| == 0.

g€bc

3. When dg (g, g@) <4,

W(g, P) - W(g® 1</|1—gl (1= g™y A (1= gD
—(1=gHA1=g?) - A1~ gD)|dP

+ Ag(max(1 — Elgg"]) — max(1 — Elg;”])).
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We have

J10= g A=) n (=g = (= ) A L= o) A (1= f2)]aP
< / maxmin |g;"(v) — g (x) |
< Z/ min g () — g;” ()| dz
< i [ 160) - s

< K max min/ |g§1)($) - 93(2) (z)|dz
i

= Kdu(g", ).

and

max(1 — Elg}"]) ~ max(1 - Elg,”]) < maxmin|g" — ¢ = du(g®. o).

Therefore W (g, P) is continuous in g with dp (-, -).

a.s

4. By 2 &3, and uniqueness of g, dH(g_n, @) 0.

1.8.7 Proof of Theorem 1.5

Suppose g(z;) = a;,i = 1,--- ,n. By [A.5] and [A.1], there exists a Lipschitz extension g

of g such that

g(x;)) =g(z;) =a;,i=1,--+,n; min a; < g(xr) < max qa;, forany z, (1.17)

=1, =1, ,n
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given by

g(x) = %z_mln {a; + Ld(z,z;)} + l _nax {aZ — Ld(z,x;)},

where L = max

—1s the Lipschitz constant of g on {x, z. L.
d(wi,z;) 70 HTT5) P g on {z ,Tn }

Let

n

IW(g) = > min{y(w). 1 - gla)} + AaL(g) + hgmax(5(a). 1 - 5o}

i=1
1 & a —
(2) _ = . 1
I'“)(a) = - ;:1 min{a;, 1 —a;} + Ao d(;flz%o —d(acl, =) + Agmax{a,l —a},

a:{al’...

(1.18)

aan}a

and denote their minimizers by gj, a3, respectively. Let g5 be the interpolation function of aj

by the construction in (1.17), and @ = {gi(z1), -, g1(z,)}. Note that I (a¥)

because Jmax % < L(g). Then,

12(a3) < 1(a}) < 10(g7) < 1D (g5).

< IW(g}),

From (1.17), I®(a3) = 1M (g}). It follows that I®®(a}) = I (at) = IW(g7) = 1MV (g3), i.e

the two minimizations are equivalent.

1.9 Appendix: no strong duality

We are interested in whether the constrained version (1.3) and the penalized version (1.4)

of the problem can be solved by each other. We prove a negative result: strong duality in general

does not hold for this problem. Therefore solving either version of the problem may lead to a

solution that does not come from solving the other version for any parameter. Note that strong
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duality and the KKT condition can sometimes hold for nonconvex problems ([7]).
We study a toy example below, which will be used soon to establish the difference between
the constrained problem and the penalized problem.

Let Px has density fx(2) = p(Lja, 5] + Ljas,bo])> Where a; < by < ag < by, by —a; =

by — a2, P = s Let g(IL‘) = L(l‘ - bl)I[wa)(l') + I[az,oo)<x), where L = —1

2[b1—ar]" az—b1
Remark. Px is a uniform distribution on two disjoint intervals with equal probability mass and
“margin” 1/L . Such example with well-separated compact clusters will be an important gen-
erative model to study in Chapter 2, see C1. In general, suppose we have two well-separated

compact clusters 57, S, we can define their margin to be m.

Below we show that ¢ is not the optimal solution of (1.5) for any A. In fact, we can relax

the Lipschitz constant of g to get a better solution.

Let ¢/(z) = ﬁ(m — (b1 — ) py—e an+e) (%) + Ljgyteno) (). When e/(1/L + 2¢) < 1/2,

by
pL
L(g) - Ii(g) = L(g) = "(z) pdx =
()~ bl =h)=2 [ Jwypdr= Lo e
1 —2)\26L2
Lig) -1 - )=

sol(g)—1(g) = EL(ZI’TTZM < 0 when Ay > 0 and € is small enough. Therefore g is not optimal.

Strong duality does not hold

Suppose strong duality holds for (1.5), then the optimal solution can be characterized by

KKT condition (see e.g., section 5.5.3 in [7]). We show that such necessary condition for opti-
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mality does not apply here. Consider the constrained minimization problem:

min [;(g) s.t. L(g) < C,max{F[g],1 — E[g]} < a. (1.19)

g

Let g*, p* be the optimal function and optimal value for (1.19). The Lagrangian associated with

(1.19) 1s
L(g, A2, As) = Li(9) + Aa(L(g) = €) + As(max{E[g], 1 — Elg]} — ).
Define the dual function h(Ag, \3) = ir;f L(g, A2, A3). The dual problem associated with (1.19) is
max h(Aa, Az) st. Ay > 0,3 >0 (1.20)

A2,A3

Let A3, A\, d* be the dual optimal variables and optimal value for (1.20). We always have d* < p*

(weak duality). To see whether strong duality holds in general, i.e., whether d* = p*, con-

sider the uniform distribution example studied previously and let C' > a;bl = L. In this
case g = L(x — b1)pp, a) + l[as,00) is an optimal function for (1.19) (though it may be not
unique) because /;(¢*) = 0, and so p* = 0. Suppose d* = p*, and g*, A5, \} are the pri-
mal and dual optimal variables, then by “complementary slackness” (see remark below), any
optimal function g* should also minimize L(g, A5, A}) (minimizing L(g, A5, A}) is equivalent to
minimizing [1(g) + A\5L(g) + Aj max{E[g],1 — E|g]}, after throwing out constants), and that
L(g*, A5, \5) = 0. However, we have shown in the example that for any Ay, A3, this g* cannot

be the minimizer of the Lagrangian under the uniform distribution setting. Therefore strong du-

ality does not hold in general, so the constrained problem and the penalized problem may have
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different properties.

Remark (complementary slackness). Suppose d* = p*, then

Li(g") = (X5, 3) = ir,}fL(g, A5, A5)
< L(g™, A5, A3)
= N(g") + X5(L(g") — C) + A3(max{E[g"], 1 — E[g"]} — @)

< ILi(g").

Therefore the two inequalities become equalities: the first one implies that g* is the minimizer of

L(g, A5, A3); the second one implies that L(g*, A5, A5) = 0.
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Chapter 2: Optimal g under ideal population model, further results

This chapter focuses on the ideal problem

minimize E[g A (1 — g)] + A2L(g) + \smax{E[g],1 — E[g]}

and attempts to characterize the optimal solution g* as clearly as we can. There are two main
directions. One is to give necessary conditions under general Py. The other is to assume that Py
is a probability measure supported on /K sharp clusters (we focus on K = 2). In either case, the
main idea is that finding the optimal g reduces to first finding an optimal U - the level set of g* at
1/2, then g* is determined by U almost uniquely by a Lipschitz extension.

The motivation of this variational problem is described in Chapter 1, and Chapter 2 is

written in such a way that it can be read independently. Recall our variational problem (1.5) for
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Iy = E[gn(1—g)]

I, = X\ L(g)

I3 = Asmax{E[g],1 — E[gl},
I=L+L+1s

minimize [(g).
g:X—10,1]

Let g* € argmin I(g) be an optimal solution. When the dependence on Ay, A3 is stressed,
g
it is denoted by g*(+, A2, A3).

Organization. This chapter is organized as follows. In section 2.1, we give a better quali-
tative description of the optimal solution than in Theorem 1.1, and this will set up the foundation
for later results in the chapter. In section 2.2, we study consistency of our variational procedure in
recovering true clusters in a model with various cluster shapes. The difference between this and
the consistency result established in Chapter 1 (Theorem 1.3) is discussed in section 2.2.1. This
model will be used throughout later sections. A bipartite result (Theorem 2.4, which says % —g*
has different signs on the clusters) is developed out of the consistency result, but allows for a
wider range of tuning parameters. In section 2.5, we study uniqueness of the variational problem
(1.5) under the model and under bipartite condition (that ¢* < 1/2 on one cluster and g* > 1/2

on the other). The remaining part in this line of results is essentially a geometric variational

problem — some toy examples with underlying symmetry are studied in section 2.4.
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2.1 Necessary condition for optimal g, part 2

The difficulty of the variational problem (1.5) is in its nonconvexity (in /;) and nonsmooth-
ness (in I5): classical method in calculus of variations such as the Euler Lagrange equation cannot
be directly applied, and general nonsmooth extensions of Euler-Lagrange [13] do not lead to use-
ful first order necessary conditions. In this section we take another route: to exploit the close
relation between Lipschitz functions and distance functions, and give a semi-constructive neces-
sary condition. Part of the motivation for results in this section comes from explicit constructions
of Lipschitz extension, such as Mcshane [A.1], and the fact that distance functions are in general
neither smooth nor convex.

We characterize g* in the following main theorem of the chapter, relating g* to its level set

1.
at 1:

Theorem 2.1. Suppose \3 < 1, support(Px) = Q C RL Let U = {x : g*(z) = 1/2},U; = {z:

g (z) < 1/2},Uy ={z: g*(x) > 1/2}, L = L(g"), then g* must have the form:

max{3 — Ld(z,U),0}, z €U N

, r e U;

N[ —=

min{3 + Ld(z,U),1}, z € Uy N

\

Moreover, when Q) C RY, there is always an optimal g* that has the form:

max{% — Ld(z,U),0}, x € Us;

, x e U,

N[

min{} + Ld(z,U),1}, =€ Us.
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and all other optimals can be modified (in the way given by (2.1) and (2.2)) to have this canonical

form.

The complete proof of Theorem 2.1 is in 2.7.1. See Remark (5) for motivation of the overall

plan of the proof.

Remark (1). Once L and U are determined, ¢g* is uniquely determined on (). This turns the
main problem from minimizing over g to minimizing over L, U, a geometric variational problem.
Although in higher dimensions, solving the geometric variational problem of minimizing over U
can still be hard, Theorem 2.1 gives us a better mental picture of the optimal solution, see further

exposition in the end of this section.

Remark (2). Since g is continuous, and U is the preimage of {1/2} under g, then U must be a
closed set. Therefore for any z, its distance to U, d(z,U) = inlf] ||z — u|| is always achieved at
ue

some point uw € U, and d(x,U) = 0iff z € U.

Remark (3). Theorem 1.1 suggested that U cannot have positive measure. However, the measure

0 of U does not come out directly from the arguments here.

Remark (4). The form of ¢ in the theorem satisfies previous necessary conditions (Theorem 1.1

and Theorem 1.2) on U¢:

forae. z € Uc7g($) =0 or g(z) =1lor||Vg(2)|| = L;

forany z € UY, g(z) = 0 or g(x) =1 or sup||dcg(z)|| = L,
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which follows from properties of distance functions [A.10]:
IVd(z,U)|| = 1,a.e.in U®;

sup||0cd(z, U)|| = 1,Vz € UC.

Moreover, suppose we are willing to assume that U has measure 0, then for any = € U,
dog(x) = co{lim Vg(z,), 2, — v} = coflim Vg(z,), 2, ¢ U, 2, — 2},

by the gradient formula [A.4] and the fact that generalized gradient Jcg(x) won’t change if
any set of measure 0 is excluded when building the sequence {x,} from neighborhood of .
It follows that the property sup ||dcg(z)|| = L also extends (from U®) to any z € U here.
Therefore, Theorem 2.1 improves the necessary condition in Theorem 1.1, giving a more detailed

description of optimal solution.

Remark (5). Below is motivation of the overall plan of the proof:
Suppose ¢ is optimal but violates the above form on either U; or Uy (U = {g = 1/2},U; =

{9 <1/2},Uy ={g > 1/2}, L = L(g)), then let g* be a modification of g such that
g =9, Ve eU; (2.1)

1 1
g'(x) = max{§ — Ld(z,U),0},Vo € Uy; g% (z) = min{§ + Ld(z,U),1},\Vz € Uy.  (2.2)

The main arguments have two parts. First, it can be shown that L(g*) = L(g), that is, doing
this modification does not change the Lipschitz constant.
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Then to see why I(g*) < I(g), note that the first term in the objective is small when ¢ is
close to either 0 or 1. The form of g* achieves this goal most “efficiently” while preserving the
Lipschitz constant, among all functions that share the same level set U.

Specifically, we can show that
. 1 . 1
g'(x) < g(z) < §,Vx eUy; g"(x) > g(x) > 5,%{: € Us. (2.3)

By Lemma 1.1, this implies 7(g*) < I(g).

The following result makes the ”U” in Theorem 2.1 less mysterious.

Corollary 2.1 (U is “’thin”). Let g* be an optimal solution with the form specified by Theorem
2.1, and U = {g* = 1/2}. Suppose U D M where M is a closed, connected (d — 1) dimensional

manifold that separates R into two connected components M, and M, define

max{3 — Ld(z, M),0}, x € M;

g7 (x) = x € M;

N[

)

min{i + Ld(z, M),1}, x € M.

\

Then L(g**) = L(g*), and 1(g**) < I(g*).

The proof is in section 2.7.2.

Remark. Corollary 2.1 shows, if one could first establish a result that U contains some simple,
separating manifold M (e.g., a hyperplane, a sphere), then M is “essential”. However, this does

not prove such separating manifold exists.
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Theorem 2.1 gives us a better mental picture of the optimal solution. We give here a
glimpse of what U and g typically look like in a 2-cluster model, leaving the details to section 2.2-
2.4. Under suitable conditions on Ay, A3, g* is “bipartite”, that is, w.l.o.g, ¢*|s, < 1/2,4%|s, >
1/2. By continuity of g*, this implies that U must separate S;, So, so the solution can then be
understood as follows: starting from a separating surface U (a (d — 1) dimensional manifold)
where g* = 1/2, on one side of U where S lies, the value of 1/2 — g* is proportional to the
distance from U when g* is positive, and g* stays at 0 on the far side; on the other side where
Sy lies, the value of g* — 1/2 is proportional to the distance from U when ¢* is less than 1, and
g* stays at 1 on the far side. U contains those most ambiguous points for clustering (since g*

indicates membership probability), the further away from U the clearer membership becomes.

2.1.1 Result for arbitrary level set

We give a result that suggests the U in Theorem 2.1 may be replaced by other level sets.

This can be regarded as a refinement of Theorem 2.1.

Corollary 2.2. Let g* be an optimal solution that has the form in Theorem 2.1, where U = {g* =
1/2}, Uy = {g* < 1/2},Usy = {g* > 1/2} as before. Then g* has the following property: for

any level set U, = {g* = a},a < 1/2, and corresponding lower level set U, , = {¢g* < a},

g" () = max{a — Ld(z,U,),0},Va € Uy ,.

Further, we have

_1/2—a
L

d(z,U) — d(z,U,) NV € Uy,
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The proof is in section 2.7.3.

Remark. The upper « level set of g* (a < 1/2) may not be recovered in the same way. Suppose

max{a — Ld(z,U,),0}, z € {¢* <a}
Ja(T) = a, x e U, ’

min{«a + Ld(z,U,), 1}, z € {¢* > a}

then g, may not agree with ¢* on {¢* > «}. In particular, {¢g, = 1/2} may not be equal to U,

2

Figure 2.1: Counterexample: U’ = {g, = 1/2} # U —the lower level sets can be recovered from
U by Corollary 2.2, but the reverse may not be true.

see Figure 2.1.

2.2 Consistency, part 2: under sharp cluster model

In this section we show that our objective function-based procedure is not only Pollard-type
consistent (Theorem 1.3), but also converges to meaningful solutions under some ideal models.
The two notions of consistency is distinguished in the next subsection. The next two subsections

define the model, and what we mean by clustering risk. The last subsection gives the main result.
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2.2.1 Pollard-type consistency v.s. consistency in statistical models

The Pollard-type consistency explained in section 1.5 and 1.6 tells only that the data prob-
lem is asymptotic to the ideal one, not that the ideal-problem solution is possible or useful. The
same thing is true in Luxburg’s theory surrounding spectral clustering [63]. These consistency
results do not imply consistency to the clusters in a particular statistical model with a meaningful
notion of clusters, while subsequent statistical inference is only possible for the latter notion of
consistency. In our case, the difference between the two notions of consistency can also be seen
in the proof: proving Theorem 2.3 takes more effort than Theorem 1.3.

Figure 2.2 illustrates issue of Pollard-type consistency: K-means with X' = 2 cannot con-
sistently estimate the two clusters (disk and annulus) even with infinite amount of data (the figure

is generated by n = 100000).

Figure 2.2: Left: 2 clusters—disk and annulus. Right: clustering result by K-means.
This is not surprising, since by the form of K-means criterion, it can only give out linearly sepa-
rable clusters.
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2.2.2  Sharp cluster model

Throughout section 2.2-2.5, consider the generating distribution P to be two sharp

clusters S;, Sy C R? with P(S;) = 7, P(S;) = 7 = 1 — 7y, where “’sharp” means:

(1) density exists for P and is lower bounded away from 0 on S; U S, constant 0 on (S; U SZ)C
(C1)

(2) Sp, Sy are compact, connected and disjoint.

Denote ay = max{m, T}, Lo = m. Let § be any Lipschitz function such that

gls, = 0,3gls, =1, and §|(s,us,)c is a Lipschitz extension [A.5] of j|s,us,, so that L(g) = L.

(2.4)

Remark. ”Sharp” density on the clusters may be a strong technical assumption. For some results
later in this chapter it will be enough to assume that support(Py) = 57 U S;. We make this strong
assumption here to avoid any potential technical issue we might run into — since our major interest
1s having this geometric model with general cluster shapes, it will be a distraction to constantly
discuss what is the weakest smoothness assumption to make for every theorem and corollary.
Sharp clusters have also been considered in the density clustering literature, we refer to

[48] for some related background.

2.2.3 Clustering risk of a clustering function

Recall the classical 0-1 loss function in classification. Let Y be a {0, 1}-valued random
variable indicating class membership. Under Py y and 0-1 loss, the classification risk of a clas-
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sifier f that assigns point z to class 1 with probability g(x), class O with probability 1 — g(x)

(¢g:RT—[0,1], f: @ x R — {0,1}), s

R(g) = E[f(X) # Y] = Elg(X)Iy—=o + (1 = g(X)) [y—y].

In clustering, the risk function should be invariant under permutation of class labels, so for a

clustering function g, the clustering risk “induced” by the classification risk is

R(g) = min E[f(X) # n(Y)], where P, = {m : {0,1} — {0, 1}} is a set of permutation functions,

TEPy

or equivalently,

R(g) = min{ E[f(X) # Y], E[f(X) # (1 = Y)]}.

In the sharp cluster model, we have P(Y = 0|X = z,z € S;) = P(Y = 1|X = x,z €

Sy) =1, s0

E[f(X) #Y] = Elg(X)Is,(X)] + E[(1 = g(X))1s,(X)] = Ellg — gl] = [lg = 9llL.(p)

it follows that

R(g) = min{|lg — gl[z,(p); llg — (1 = 9|, p) }- (2.5)
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Empirical risk

We define empirical risk under the same setting as above. Let {(X;,Y;)}"; be a sample

from Py y, the corresponding empirical classification risk under 0-1 loss is

Zf{f ) # Y3}

The induced empirical clustering risk is

Ru(g) = mm—ZI{f (Y;)}. (2.6)

TEP2 N

The clustering risk and its empirical version are ideal quantities (because they demand true la-
bels), and is not to be confused with /; and its empirical version I, ; in the variational approach

we take, where

I1(9) = Pulg A (1 = g)], (2.7)

although we will sometimes call this the “classification error term” in the objective function.
The latter may be understood as an “unsupervised estimate” to the true (whether population or

empirical) risk.

2.2.4 Consistency of clustering risk

For model C1, we show the clustering risk of g,, converges to 0, under some conditions on
tuning parameters.

Under model C1, and let C' be any constant, the following two theorems holds.
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Theorem 2.2 (population version). Denote

I(g, A2, A3) = E[g A (1 — g)] + A2 L(g) + Asmax{E[g],1 — E[g]},

and let

g*('7 AQ) A3) € arg mln‘[(g7 A27 A3)7
g:R?—1[0,1]

then

lim R(g*(-, A2, A3)) = 0,
A2<A3<COAg,
)\3~)O+

2Lg
I—ag

Remark. This is understood as: for any sequence of solutions g that are individually optimal for
parameters \; ,,, A3, satisfying the bounds underneath this limit, the corresponding R(g;;) values

must tend to 0.

A3
A3 =C)y

2L,
_1—(3([]

Az

Figure 2.3: consistency cone for (Ay, A3)

Theorem 2.3 (sample version). Let

[n(g7 )\Q,ny )‘B,n) = Pn[g A (1 - g)] + )\Q,nL(g) + /\3,n maX{Pn[g]a 1 - Pn[g]}a
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gn('u )\2,717 )\3,TL> S arg min In(g7 )\Q,na )\3,n)-
g:R1—[0,1]

Suppose Xy, and X3 ,, are chosen such that

2L

Aon < Az < Oy Az — 0, (C2)
1— Q)

then

im R(gn(-, Aans Asn)) = 0 as..

Proofs of the two theorems is in section 2.7.4 and 2.7.5. Further, we have control on the
Lipschitz constant:

Under the same condition on (A2, A3..),
limnsup L(gn) < Ly,
and under some further smoothness assumption on Py,
li;n L(gn) = Lo.

We refer forward to section 2.7.6 for a formal corollary of this with a formal definition of
the smoothness assumption needed to establish the lower bound, which ensures convergence of

Lipschitz constant.
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2.3 Perfect separation

As A2, A3 goes to 0 in the way specified by Theorem 2.2, g* gets arbitrarily close to 0 on Sy
and 1 on Sy. This implies that ¢* will first appear as being “bipartite” (¢*|s, < 1/2,g%|s, > 1/2)
before it gets to 0 and 1 in the limit (either the large sample limit or its population counterpart).

This requires weaker condition than the last section.

Theorem 2.4 (Sufficient condition for bipartite g). Under model C1, suppose Ay, \3 satisfies

L A
B < 28 SC, 0< )\2L0+)\30zo <cg, (C3)
1—6—060 )\2

*

where C' is any constant, and c is some sufficiently small constant depending on Px. Then % —g
has different signs on S, Ss.
The proof is in section 2.7.7.

Remark. The proof arguments are mostly borrowed from the proof of Theorem 2.2. Theorem 2.4
is thus a weaker result: here A\, A3 do not have to go to zero as in Theorem 2.2, it is sufficient
that they are reasonably small. One question is whether ¢g* is unique in this case, this will be

addressed in section 2.5.

We do not pursue finding the optimal constants in the sufficient condition.

Discussion

Dependence of these conditions (C2, C3) on unknown constants is theoretical. In practice,

by resampling, stability plots of the solution against Ay, A3 can be generated to select these tuning
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parameters, similar to the cross validation procedure in supervised problems. See section 3.8 in

Chapter 3.

2.4 Some examples

In this section, we show how to theoretically derive the optimal U and L assuming bi-
partition (Ao, A3 satisfy C3) in simple examples. A general method to derive the optimal U and L
is not available at this time, some ideas will be discussed in the appendix section 2.9.

Throughout this section, assume that (\,, \;) satisfies bipartite condition (C3).

A particular nice property here is convexity. Observe that when g|s, < 1/2,g|s, > 1/2,

Li(g9) = Elgls,] + E[(1 — g)1s,],

which becomes linear in g. By [A.3] and [A.13], the Lipschitz constant functional is convex, and

the third term is convex as well, so

I(g) = Ii(g) + A2L(g) + Asmax{E[g],1 — Elg]}

is convex in g. Therefore any locally optimal g is globally optimal.

Remark. This may also be understood as “restricted convexity”: a non-convex function can be
convex when restricted to a certain region. In particular, if the minimizer can be first shown to lie

in a region where the function is convex, we can then do convex analysis as usual.

By convexity, taking an average of two functions or a family of functions will produce a

function that gives a smaller /(g) value, if not equal. This is useful to determine U when Py has
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some underlying symmetry. The following gives a good example.

2.4.1 Example 2.1 (hyperplane separation)

Suppose Py is some distribution supported on S7, S5 symmetric about a hyperplane H. We
would like to show a ”U” of the optimal g is indeed H.

Let g be a candidate function that
1 .1
g(x) = max{§ — Ld(z,U),0},Vo € Uy D Sy;9(x) = m1n{§ + Ld(z,U),1},Vox € Uy D Sy,

the goal is to construct another function extending from / that is better than g, unless U = H
already. We achieve this goal in two steps. Let oy denote rigid reflection about H, the reflection

of U about H is o (U). Define a function ¢’ as

which is built by first reflecting g about H, then "flipping” it (one may find it helpful to first
picture this in 1-d when H is a single point). The "U” corresponding to ¢’ is oy (U), and ¢’

satisfies
1 1
g (x) = max{§ — Ld(z,ou(U)),0},Vz € S1;¢'(x) = min{§ + Ld(z,o4(U)), 1}, Vo € S,.

By definition, Uy, U, Us denotes {g < 1/2},{g = 1/2},{g > 1/2}, respectively. The next ob-

servation is that o (Us), oy (U),on(Uy) are {¢’ < 1/2},{g’ = 1/2},{g’ > 1/2}, respectively.
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To see this, note that
g (x)>1/2 < glou(r)) <1/2 <= oy(z) €U, < x € oy(Uy),
similarly,
gd(x)=1/2 <= z€oy(U),d'(x) <1/2 < z € oy(Us).

By symmetry, ¢’ has the same I, I3, I3 values as g. If U # H, then %9’ is a better (if not equally
good) candidate, by convexity of 7(g). The function %“’/ is the function to which we will apply
Theorem 2.1. Before that, we show the "U” of %g/ contains H.

Claim: H C {¢% = 1/2}.

Proof. Suppose x € H and © € Uy, then oy(z) = = € oy(U;). This implies g(z) <

1/2,4'(x) > 1/2, we have
g(z) = max{% — Ld(z,U),0}, 4 (z) = min{% + Ld(x,o5(U)), 1}

Note that d(z,U) = d(og(x),U) = d(x,o4(U)), so

g+g 1 g+4d
= — = 1 2 .
L) =5 = ve (I =172
Similarly, we can prove the claim for any x € H N U,. The case forz € H N U is trivial. [

By Corollary 2.1 (where H plays the role of M in the corollary), we can reconstruct another
function that extends from H, shares the same ” L.” with %9/, retains the same form as ¢ (but with
different L and U), and is better. Therefore, the ”U” of the optimal ¢ is indeed H.
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2.4.2 Example 2.2 (1-d)

We characterize ¢g* in 1-d. Let S;, S2 be two disjoint intervals, a, b be the boundary of
S1,Se where d(a,b) = d(S1,5,), Px has density f(x). Under suitable conditions on Ag, A3,
g* is bipartite, so we can assume w.l.o.g that g*|s, < 1/2,¢%|s, > 1/2. In particular, g*(a) <
1/2,¢*(b) > 1/2. For this case, U reduces to a single point x(, and the form of g* can be

re-expressed as

0, z€(—00,z0—5:);
g'(z) = L(z —x0)+ 3, =€ (z0o— 575,%0 + 55);
1, T € [xo+ﬁ,oo),
\

where zy € (a,b). Therefore we are able to write /(g*) = I(z, L), and equivalently optimize

for (xo, L) within the compact region zy — 5r < a < zy < b < x¢ + 57, which may also be

1 1
’ 2(zo—a) A 2(b—xo

written as o € [a,b], L € [0 ;15 s0 I(xo, L) achieves its infimum. For L fixed,

we can then take the partial derivative of  with respect to z to find the optimal .

Corollary 2.3. For fixed L, let H(xo) = E[g*], the expectation of g* with respect to Px expressed

P([ro—5r.a])

by xy. Denote the ratio i = r(xg), then the optimality condition for x is
P([bxo+5r])

T H(mo) > 5
7’($0) = < %7 H(:ﬂ0> < %
1538, £538, H(wo) = 3

and there is a unique x{, that satisfies the above condition.

The detail is in section 2.7.8.
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Remark. 1. The three cases in the optimality condition come from taking the derivative of
max{H (xg),1 — H(xo)}, i.e., the I3 term.
2. One can continue to take partial derivative with respect to L to find the optimal L. We

will go through this computation in the next example in 2-d.

2.4.3 Example 2.3 (disk and annulus)

Let S, 5; be a disk inside and an annulus outside (as in Figure 2.2, Left), and Py be
rotationally symmetric around origin. Suppose g is one optimal solution of the problem, then by
convexity, taking average over all rotations of g will produce another (if not the same) rotational
symmetric optimal solution. Therefore, an optimal U is a circle S! that lies in between the

annulus and disk. We have

—(y1,¥y2), vy in annulus
Vd(ya U) - ,

(y1,y2), yindisk

[ly|| =, v in annulus
r—|lyll,  yindisk

Denote the radius of U by 7. Then the optimal g and the objective /(g) has the form

0, TSTU—%
g(x) = %_L(TU_r)a relry—sprut 21L] ’
1, r>ry+ 5z

where r = ||x||.
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Finding optimal U
Fixing L, with some abuse of notation, we now write the objective function [ as a function
of ry:

I(TU) = Il(TU) -+ /\QL + Ig(TU>,

1 1
0=/ (g 2o = lular + [ (5 = LUlol| = re))aP
yeS|lyl|>ru— y€Sa,|lyll<ru+57

1 1
- | (G bt = ler+ | (5~ Lo = lyll)ap
yeS1IlylI>ru— y€S2|lyl|<ru+5%

/ 1P
yESa |lyll>ru+51

= h(rU)7

+

I3(ry) = max{Elg], 1 — E[g]} = max{h(rv),1 = h(rv)}.

Next we will re-express I (ry) in polar coordinates. Denote the rotational symmetric den-
sity f(rcos@,rsinf) := f(r), let r4, 7, be the radius of disk and radius of the inner circle of

annulus, respectively. For example,

/es1 ||yH>rU77(_ — L(rv — [lyl))dP = / / —— L(ry — 1)) f(r)rdrdd

=2¢Ahlg—LwU—mﬁwwm7

2L

taking derivative with respect to r,

d [" 1

o Ty—i(§ — L(ry —r)) f(r)rdr = —/ N Lf(r)rdr.
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Let Ay(ry) = =27 [\ f(r)rdr, As(L) = 2L f:UJrﬁ f(r)rdr, then
2L a

I (rv) = Ai(roy) + As(ry),

h/(’I“U) = Al(TU) — AQ(TU) = A,

;

A, h(?“U) > %
dmax{h(ry),1 = h(ry)} = —A, h(ry) <3
(| AL [A]], R(rv) = 3
so we have
(14 M) A1 (1) + (1 = A3)As(ryr), h(rp) = Elg] > 1
oL + I3)(ry) = (1= X3)A1(re) + (1 + Aa)As(ry), hl(ry) = Elgl < %
L [min’ max], h(TU) = E[g} = %

[min, max] denotes min and max of the two expressions in the first two cases. A necessary

condition for local optimality is 0 € 9(I; + I3)(ry), that is,

(1+X3)Ai(rp) + (1 = A3)Ax(ry), h(ry) = Elg] >

[

0€ (1= A3)Ax(ry) + (1 + A3)Ax(ry), h(ry) = Elg] <

N |

=
—~
=3
S
I
=
=,
I
N | =

[min, max],
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Let T(ry) = —4L = "U"2L______ then the optimal 1 satisfies

e, h(rg) > 1/2

T(ry) € 4 s h(rg) <1/2 -

B 3 hrg) = 1/2

Claim: There is a unique r that satisfies the above condition, i.e., one and only one of the

three cases can hold true.

Proof. Note that h(ry) = Elg], as ry increases, g will decrease, so will E[g|, which implies
h(ry) is monotone decreasing in 7.

Since T'(r) is monotone decreasing in r, ranges from [0, oo, there exist ry, ra, 3 s.t.

14

1—X3 14X
,T'(rs) = 1_—>\37T(7“3) €| - -

14+X3"1—Xs

1N
14N

T(ry) ].

As h(r) is monotone decreasing in 7, we have

(&1 Z T3 2 T, h(?”l) S h(?"g) S h(’l“z).

< h(r3) < h(ry), which

D=

Suppose case 1 in optimality condition holds, i.e., h(r1) > 1, then
implies the other two cases fail to hold. Similar for case 2. Suppose case 3 is true, i.e., h(r3) = %,
then h(r;) < %, h(ry) > %, which implies case 1 and 2 cannot hold. Uniqueness in case 3 follows

from strict monotonicity of & (so that there is one and only one r such that h(r) = %). [

Finding optimal L
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The analysis is similar. Fixing r,

I(g) = I(L) = [L|(L) + A2 L + I3(L),

1 1
/ ——Lvn—mudp+/ (5 — LIyl — ro)dP
yESLllylI>ru— yESa, ||yH<TU+2L

1 1
/ ——Mm—chW+/} (3 ~ Liro — ll))ap
yESLIlylI>ru— yESa, ||y\|<7’U+2L

/ 1dP
y€S2,|lyll>ru+57

= h(L),

_|_

I3(L) = max{E[g], 1 — Elg]} = max{h(L), 1 = h(L)}.

Using polar coordinates,

1 27 rq 1
/ (5 = Lro = [lyll))dP = / / (5 = Llry =) f(r)rdrdf
yeSy|lyll>ru— % 0 Jro-g

Td 1
=27 /TU—1(§ — L(ry —r)) f(r)rdr.

2L

So far, these are the same expressions as before, but viewed as functions of L. Now taking

derivative with respect to L, e.g.,
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similar to the analysis of ry;, we have

(14 A3) A1 (L) + (1 — A3)Ax(L), h(L) = Elg] > 1
I + I3)(L) = (1= X3)Ai(L) + (1 + A3)Ao(L), h(L)=EFE[g] <2
[min, max], WL) = Elg] = 3

Combining I, = Ay L, the first order optimality condition for L is

(1+A3)Ay(L) + (1 = A3)A5(L), h(L) = E[g] > 1
s € (1 — A3)Ai(L) + (14 A3)Ax(L), h(L) = Elg] < }
\ [min, max], h(L) = Elg] = 5

Claim: 0([; + I3)(L) (the R.H.S) is a monotone function of L, so that there is a unique L

that satisfies this condition.

Proof. First, note that A;(L), As(L) are both monotone increasing in L. Denote

(1+A3)A(L) + (1 = A3)Ao(L) == (1), (1= A3)Ai(L) + (1 + A3)Ax(L) == (2),

we have

(1) = (2) = 2X3(As(L) — Az(L)).

It suffices to prove that for any neighborhood of L where A;(L) > As(L), O(I; + I3)(L) is

monotone, and the same hold for neighborhoods where A, (L) < As(L).
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Note that

d
Eh([’) = A1(L) - Az(L)a

so in any neighborhood of L where A;(L) > As(L) (which means (1) > (2)), h(L) is monotone

increasing, so there is at most one “turning point” L, on this neighborhood where

( (2), L<L,
(L +I3)(L) = [(2),(1)], L=1L,
(1), L> L,

which is monotone increasing since (1) > (2) on this neighborhood. Otherwise if there is no
turning point, then J(I; + I3)(L) coincides with either (1) or (2) on the entire neighborhood, and

monotonicity follows from monotonicity of (1) and (2). O

Remark. We may denote the optimal r; for a fixed L by 7y 1, and plug in to solve for L, but the
difficulty is that since r; ;, does not have closed form in general, the derivative with respect to L
will not be explicit. The analysis carried out here basically gives a first order system for L and r,

the optimal pair (L, ) (or (L, U), equivalently) can be found by solving this system.

So far, these uniqueness results are special cases. In section 2.5, we will prove a general
uniqueness result using a convex combination trick. It shows that in general dimension, the
solution is unique up to the part of g* that comes into (1.5) — e.g., in example 2.1, we may

”bend” the hyperplane U (which was proven to be an optimal) from some far-away place without
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changing any part of (1.5).

2.5 Uniqueness

This section investigates uniqueness of solution under sharp cluster model (C1) and bipar-
tite condition (C3). As explained in section 2.4, I(g) is convex in G := {g : g|s, < 1/2,9ls, >
1/2}. Therefore any locally optimal g € G is globally optimal. Suppose I(g) is strictly convex
(i.e., forany 0 < ¢t < 1,g1 # g2, I(tg1 + (1 — t)g2) < tI(g1) + (1 — t)I(g2)), then we can
conclude that the optimal g is unique. However, it is not clear that this property will hold here, so
we instead work on an alternative idea, borrowing strength from our existing results on necessary
conditions: to establish uniqueness in a subset containing only the functions that have the form
in necessary conditions 1.1 and 2.1. This approach appears well-suited for this problem, leading
to a short uniqueness proof in 1-d.

Let g* € argmin /(g). Recall that we have the following necessary condition for g* (The-

orem 1.1) when A3 < 1 and support(Px) = Q:

N.C.1 g*(x) =0or g*(x) = 1or ||Vg*(z)|| = L, a.e. in , where L is the Lipschitz constant of

*

qg .

A more precise result is (Theorem 2.1):

NC2 Let U = {z : g"(x) = 1/2},U; = {z : g*(x) < 1/2},Us = {z : g*(z) > 1/2},

L = L(g*), then g* must have the form:

1 1
g (x) = max{§—Ld(:1:, U),0}, Ve e UiNQ; g% (z) = min{§+Ld(x, U), 1}, Vo € UNeL.
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In the sharp cluster model (C1), €2 = S; U.S,. The two necessary conditions will be used heavily,

denoted by N.C.1 and N.C.2, respectively.

2.5.1 Uniqueness in 1-d

Theorem 2.5. Assume one-dimensional sharp cluster model C1 where Sy, S5 are two disjoint
intervals. Let G = {g : gls, < 1/2,9|s, > 1/2,9 : R — [0,1]}. Suppose Ao, A3 satisfy (C3),
then g* is unique in G. In 1-d, this means the optimal Lipschitz constant L and optimal U are

both unique (U reduces to a single point in 1-d).

Proof. Fori = 0,1, let

0, € (=00, —5r];
9i(x) = Li(z —a)+ 1 ze(n- oty Ti+ 31;);
1 x € [ + 51,00)

be two candidate functions that I(gy) = I(g1) = I, go, 1 € G, x;’s are some points for which
gi(x;) = 1/2. Let g, = tgo + (1 — t)g1,0 < t < 1, then g; € G. Suppose g, g1 are both optimal
solutions and are distinct—i.e., either oy # x; or Ly # L1, then g, won’t have the above form any
more (see Figure 2.4).

On the other hand, by convexity (more precisely, restricted convexity of /(g) in G),

I(g) < tI(go) + (1 - )I(g1) = I.

This will imply [(g;) is another optimal, but it does not satisfy N.C.1 (applied to here—any optimal
should have only one non-zero derivative value), a contradiction.
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Figure 2.4: g, = tgo + (1 — t)g1: g, will be a ”’5-piece” function which violates N.C.1

In fact, let x; be the point where g;(x;) = % then using the same extension procedure as in
(2.1) and (2.2) , we can produce a function g (such that g(z;) = 1, L(g) = L(g:), possesses the

’3-piece” form above) with a strictly smaller /(g) value, a further contradiction. ]

Remark. We have not really used all 0 < ¢ < 1 to establish the contradiction above. Indeed,
pick any 0 < ¢ < 1, the proof argument will still work. For the more difficult uniqueness proof
in general dimension below, the strategy becomes: as long as there exists one ¢ that leads to

contradiction, it is a contradiction.

2.5.2 Uniqueness in general dimension

Theorem 2.6. Assume sharp cluster model C1. Let G = {g : gls, < 1/2,9ls, > 1/2},5 =
Sy U Sy, where Sy, Sy have nonempty interior in RY, and suppose \o, \3 satisfy (C3). Consider
any

* e inl(qg).
g" € argmin (9)

Then
1. The optimal Lipschitz constant is unique.

2. The function value on the clusters g*| is unique.
s
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3. Any function that agrees with an optimal g* in the first two respects is optimal.

The proof is in section 2.7.9.

Remark. Statement 3. identifies the optimal solution as a unique equivalence class in G according

to Lipschitz constant and function value on the clusters.

Remark (about condition on Sy, .5;). The extra condition on S, Sy that they have nonempty
interior in R? is used in Step 2 of the proof. A remark at the end of Step 2 describes the possibility
of generalizing the assumption to having interior in a k-dimensional subspace where £ < d and

P has k-density, and what are the pieces needed to be modified in the proof.

The following corollary shows that, uniqueness property on clusters can be extended to
“in-between” cluster regions, more or less by “rigidity” of our Lipschitz solution. For example,
in the disk and annulus case (Example 2 in section 2.4), this implies uniqueness of solution also

in the middle annulus which separates the two clusters.

Corollary 2.4. Suppose the assumptions in Theorem 2.6 hold (so solution is unique on S by
Theorem 2.6). Let g* be any solution (possibly nonunique outside S) with U = {g* = 1/2} and

L = L(g*). Let A = B (U). For each point x in AN S (the union of AN Sy, and AN Sy), draw

1
2L
the line segment between x and y,, = proj;;(x). If y.. is not unique, draw all such line segments.
Consider the collection of points on U which are shared end points of a pair of line segments

drawn respectively from the two clusters in this way, and the region formed by these pairs of line

segments. Then g* is also unique on this "swept over” region.

The proof is in section 2.7.10.

Remark. The corollary offers an additional ”in-between” region of uniqueness on top of Theorem
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2.6: starting from any solution, we can form a further region of uniqueness shared by all solutions

from these “sweeping normals”.

Remark. By Theorem 2.6, A N S is unique even though U may not be unique. Corollary 2.4

specifies the part of U that is necessarily unique.

Example of nonuniqueness

Figure 2.5 provides a counterexample where the solution is nonunique everywhere outside

the region specified by Corollary 2.4, showing that the result is sharp.

U
U’ 7
|
1
1
pLl
- R D
S1 : S2
o) S
|
1
1
U/

Figure 2.5: Shaded areas (including the two rectangles and the region “between” them) indicate

region of uniqueness. The line P satisfies d(x,U) = %@. U' is constructed such that it shares

a common segment with U, and ¢’ = g everywhere exactly on S; U S,. It can be checked (by
elementary geometry) that g and ¢’ have different values everywhere outside the shaded region.

2.6 Summary of uniqueness and consistency results

This section collects and clarifies several uniqueness and consistency results in the thesis.
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Proved uniqueness

(1) (Major result) Uniqueness on well-separated clusters in general dimension (Chapter 2,
Theorem 2.6) is proved under bipartite condition C3. Corollary 2.4 extends the uniqueness to
certain “’in-between” cluster regions.

(2) (Preliminary result for future direction) For well-separated clusters with noise (Chapter
4), uniqueness is proved in 1-d under a ratio condition on the density lower bound on clusters
and density upper bound of noise density (Theorem 4.3). However, this condition requires a gap
between the two bounds, and thus does not apply to examples like Gaussian mixtures. A result

in general dimension is desired but not yet available.

Nonuniqueness

Figure 2.5 provides a counterexample that for well-separated clusters, the solution can
be nonunique everywhere except on or in between clusters. This nonuniqueness is due to the
noiseless feature of a well-separated cluster model.

The above rigorously established uniqueness/nonuniqueness results mostly cover the ideal

case with well-separated clusters.

Assumed uniqueness

The Pollard-type consistency theorem (Theorem 1.3) states that: assume solution to the
variational problem is unique, then the data-based solution is consistent to the (unique) ideal

solution.

Remark. The possibly confusing situation lies for example in the implementation of a confidence
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band (Figure 3.4) for a presumably unique U (there numerical study goes beyond what has been
proved). In such cases (not necessarily Gaussian) where clusters are not well-separated, and
which are more realistic situations for a real data set, uniqueness needs to be more or less assumed
(to do further things like confidence band) as a general proof argument is not available. This may
be confusing because, on the other end, it is also not clear whether there can be nonuniqueness,

and we are still anticipating a proof for these noise cases.

Consistency

(1) Pollard-type consistency (Theorem 1.3): the data-based solution is consistent to the
ideal solution if the latter is unique. When ideal solution is not unique, the statement becomes
convergence to one of the solutions, or convergence to the set of solutions (see [45] Chapter 2
Problem 1). This theorem does not place any condition on Px.

(2) Model-based consistency (Theorem 2.3): the clustering risk converges to O for the sharp
cluster model, under some conditions on the tuning parameters.

(3) Ly consistency vs. pointwise consistency: the consistency in Theorem 1.3 is in L.
Corollary 1.2 says for any point z € supp(P), gn(z) = g*(x) given that g* is unique. The

pointwise consistency can be extended to some region outside the support by Corollary 2.4 for

well-separated clusters.

Subsampling version

Later in Chapter 3, a subsampling version of the solution will be proposed where consis-

tency is maintained for suitable choice of m, B (size of subsample and number of subsamples),
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whenever consistency/uniqueness is justified or assumed in the several cases above. See Theorem

3.1 and remarks therein.

2.7 Proofs of chapter 2

2.7.1 Proof of Theorem 2.1

Since ¢ is continuous, and U is the preimage of {1/2} under ¢, then U must be a closed
set. Therefore for any =, its distance to U, d(z,U) = 111615 ||z — u|| is always achieved at some
pointu € U, and d(x,U) = 0iff z € U.

Suppose a Lipschitz function g does not have the form specified in Theorem 2.1. Let
U={9=1/2},U ={g9g < 1/2},Uy = {g > 1/2},L = L(g). Let g* be a modification of g
such that

g =g,Vr e U,
N 1 ; 1
g'(x) = maX{§ — Ld(z,U),0}, Vo € Uy; g% () = m1n{§ + Ld(z,U), 1}, Vo € Us.

We will show that I(g*) < I(g).
First let us show L(g*) = L(g) (so ¢g* is Lipschitz continuous).

Claim: For any two points x1, 72, W < L.

* Suppose x1,xy € Uy, let uy, us € U satisfy d(z1,u1) = d(x1,U), d(x2, us) = d(xs,U),

g (z1) — g*(x2) _ max{1/2 — Ld(z,,U),0} — max{1/2 — Ld(z5,U),0}
d(l’l,l‘g) d(l‘l,l'g) ’

When ¢*(21) = max{1/2 — Ld(z,,U),0} = 0, 2E9@2) < o when g*(a1) = 1/2 —

(w1,72)
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Ld(l’l, U),

g* (1) — g*(x2) _ 1/2 — Ld(xy,U) — max{1/2 — Ld(x9,U),0}
d(xq,x2) d(xy,x2)
< 1/2 — Ld(x1,U) — (1/2 — Ld(x2,U))
- d(xy1, z2)
_ L(d(xe,U) — d(z1,U))
d(xq,x2)

S Ld(&?g,ul) — d($1,ul)
d(l‘l,{lfz)

(since d(SL’Q, U) S d(&?g, Ul), d(iCl, U) = d(l’l, U1>)

d(fEl, IQ)

<L
- d(a:l,xz)

= L.

Therefore £Z1)=9"(z2) < Similarly, glz2)=g"@1) < 1 g L9 @)=g @) < LNz, 19 €

d(z1,x2) d(z1,x2) d(z1,x2)

Us.

* Suppose z1,x9 € Us, again let uj,uy € U satisfy d(zq,u;) = d(x1,U),d(xe,us) =

d(l’z,U),

g (1) — g*(x2)  min{1/2 + Ld(x1,U),1} — min{1/2 + Ld(z,,U), 1}‘

d(xy,x2) d(zq,x2)

When g*(z2) = min{1/2 + Ld(z2,U), 1} = 1, CE0062) < . When g*(z;) =
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min{1/2 + Ld(z2,U),1} = 1/2 4 Ld(x5,U),

g (1) — g*(z2) _ min{1/2 + Ld(x,U),1} — (1/2 + Ld(z2,U))
d(xq,x2) d(xy,z3)
< (1/2 4 Ld(x1,U)) — (1/2 + Ld(z2,U))
- d(zq, xq)
d(z,U) — d(xe,U)
d(xy, 2)
d(xy,us) — d(zg, us)
d(xy,z2)
d(x1,x2)
d(xq,x2)

=L

<L

<L = L.

Therefore % < L. Similarly, % < L, so % < L,Vri,19 €

Us.

* Suppose x1 € Uy, o € Us. Note that since g(z1) < 1/2, g(x2) > 1/2, we have

g (r2) — g (1)

> 0.
d(ZL‘l, [EQ)

g (x2) — g* (1) _ min{3 + Ld(x2,U),1} — max{3 — Ld(z,U),0}
d(xy,z2) d(xy,z2)
2+ Ld(zs,U) — (2 — Ld(21,U))
d(xq,x2)
d(xz1,U) + d(z9,U)
d(z1,22) ’

IN

=L

Consider the line segment between x4, z5. Since g(z1) < 1/2, g(x2) > 1/2, by continuity
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of g this line segment must intersect U at some point z,,. We have

d(xy,29) = d(x1, xy) + d(xy, x2) > d(21,U) + d(22,U).

Therefore

g (r2) — g* (1) d(zy, 2,) + d(z,, T2)
d(xy1, o) sk d(xy1, o)

=L,

This proves W < L,Vx; € Uy, x9 € Us.

Finally, note that in all of the above arguments, we can extend either U; or U, to U; UU and
U, U U. This is because for any z € U, max{} — Ld(z,U),0} = min{% + Ld(z,U),1} = 1/2.
We have proved for any two points x1, x, W < L,so L(g*) < L(g).

For the other direction of inequality, note that if U = RY, then g = 1/2, so L(g*) =
L(g) = 0. When U C R, one of U; or U, must be nonempty, let us assume U; # (). Take
any point x; € Uj such that ¢g*(z;1) = 1/2 — Ld(x1,U). Such a point must exist, otherwise
g*(z) = 0 whenever g*(z) < 1/2, which violates continuity of ¢g*. Now let u; € U satisfy
d(x1,uy) = d(zq,U), then

9" (1) — g ()| _ [1/2 = Ld(z,,U) = 1/2| _ Ld(w1,u)

= L.
d(:cl,ul) d(:cl,ul) d(l’l,ul)

Therefore the Lipschitz constant L is achieved by g%, so L(¢*) > L = L(g). Putting these

together, we can conclude L(g*) = L(g).

Now we are ready to show /(g*) < I(g).
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For any point x € Uy, z,, € U, note that

d(z,z,) —

Taking supremum over all ,, € U on the R.H.S of the above gives

1
g(x) > = — L inf d(z,z,) = 5 Ld(z,U).

1
2 T, €U
Since g(z) € [0, 1], we get
1 *
g(x) 2 max{é - Ld(l'a U)70} =g (l’)

Apply similar argument on any point z € Us, together this shows

1 1
g (x) < g(z) < §,V.75 e Uy; g"(z) > g(x) > §,Vx e Us.
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Therefore, combining with L(g*) = L(g),

I(g") = I(9) = Li(g") — L(9) + Ls(9") — Ls(g)

= Elg" N1 —g")] = ElgA (1 - g)l + max{E[g"], 1 — Elg"]}
— max{E[g],1 - Elg]}

< Elg*Iv,] + E[(1 = g")1v,] = (Elglv,] + E[(1 = g)1u]) + As|Elg" — g]]
(by [A.14])

< Ellg" = 9) v, ] + Ellg — 9)Mw] + As(|E[(g" — 9) v ]| + |El(g" — 9) s ][)

= (1 =X3)E[(g" — 9] + (1 = A3) El(g — g") s
(since g* — g < 0on Uy, g — g* < 0on Uy)

<0

— Y

when A3 < 1. Suppose g disagrees with ¢g* in either U; or U, at some point x in the support
(2, then by continuity, ¢ will disagree with ¢g* at least on some neighborhood B.(x), ¢ > 0. By

definition of support, Px(B.(z)) > 0, then the above inequality is strict.

2.7.2  Proof of Corollary 2.1

Since M is closed, and g** is well defined on entire R, L(g**) = L can be proved similarly

as in Theorem 2.1. Since M C U, we have d(z, M) > d(z,U), so

g <g <1/2VxeUNM;, ¢~ >g" >1/2,VxecUsnN M,.
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Note that

51CU1HM1, SQCUQHMQ,

Ii(g™) = Ii(g") = El(9" — " )s,] + El(g" — ") s,]
= El(g™ — g M Muviran] + El(g" = 97 ) o),
I(g™) — I(g") < X|Elg™ — g7]|
= 3| El(9™ = 9" )M vioan ] + E[(9"™ — 9" ) unnan)|
= Xs(=E[(g™ = 9 ) vioan] — El(9" = 9" ) vinan)),
1(g™) = I(g") = Li(g™) = L(g") + Ls(g™") — I3(9")
< (L=X)E[g™ — g )M o] + (1= ) E[(g" = 97 )Muvinan]

<0

Y

because the two expectations are both nonpositive.

2.7.3 Proof of Corollary 2.2

First define g, as

ga(x) = 9" (2), V2 € Ufa;
ga(z) = max{a — Ld(z,U,),0}, Vo € Uy 4.

The goal is to show for any x € U, ,, we have both g,(z) > ¢*(x) and g*(z) > g.(x). One
technical point is to justify L(g,) = L (specifically, in the neighborhood of U,), this part is

proved last.
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Part 1. g,(x) > g*(x) comes from optimality of ¢* proved in Theorem 2.1, we go through
the derivation again because the other case is similar:

For any z € U; and y € U, since

we have

9a(7) > ga(y) — Ld(z,y)

1
=5 Ld(z,y), (by definition of ¢,, {9, =1/2} = {9 =1/2} =U)

taking supremum over all y € U on R.H.S.:

Since g,(z) € [0, 1], we get
1
ga(x) > max{§ — Ld(z,U),0} = g"(x).

Part 2. For any z, € Uy, x € Uy 4, since

9" (va) — 9" (2)
d(z, ) <L
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we have

9" (x) = g"(xa) = Ld(x, za)

=a— Ld(z,z,),

taking supremum over all z, € U,:

g (x) >a—L inf d(z,z,)

o €Uq

=a— Ld(z,U,).

Since g*(z) € [0, 1], we get

9" (z) > max{a — Ld(z,U,),0} = ga(x).

Part 3. Now, for any « € Uy, N A where A := {2 : d(z,U) < 57},

g*(@) = 1/2 = Ld(z,U),
Ja(x) = o — Ld(z,U,)

9" (x) = ga(),

thus d(z,U) — d(z,U,) = l/i_a,V$ €U NA.

Instead of the truncated functions, applying the proof argument to g*(z) = 1/2 — Ld(x,U)
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and g,(z) = o — Ld(z,U,) for any z € Uy, yields

1/2 —
d(z,U) —d(z,U,) = /L a,VxEULa.

Part 4. Lastly, we confirm that L(g,) = L. Since the Lipschitz constant of g, is L when
restricted to either the region U, ,, or Ufa, it suffices to look at the case x; € Uy o, 72 € U N Ufa

and check M < L. First,

(xlva)

9a(72) — go(x1) = max{1/2 — Ld(z2,U),0} — max{a — Ld(x,U,),0}
< max{1/2 — Ld(ws,U) — a + Ld(x1, Us), 0}
(since max{ay, b1} — max{as, by} < max{a; — ag, by — by})
= max{1/2 — a — L(d(xe,U) — d(x1,U,)),0}. (2.8)

It remains to obtain a lower bound for d(xs,U) — d(x1,U,). For any y, € U,,y € U, we have

d(U7 Ua) S d(?%ya) S d(x% y) + d(l‘z, ya>7
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taking infimum over y € U:

d(U,U,) < inf d(z2,y) + d(z2,Ya)
yelU

= d('x% U) + d('r27 yc)z)'
Also, we have

d(U,Uy) = inf  d(y,ya)

yEU,yaGUa

>t 9 (y) = 9" (¥a)
yeU,ya €U, L
1/2 -«
7

(since

Consider the line segment between x, x5. By continuity of ¢g*, there is a point on the line segment
where g* = a.. Now take y,, to be this point (or one of these points), so that d(x1, Yo ) +d(Ya, T2) =

d(xy,x2), then

d(z2,U) — d(x1,Uy) = d(xo,U) — d(U,U,) + d(U,U,) — d(x1,U,)
> —d(z2,Ya) + d(U,U,) — d(x1,U,)
> —d(72,Ya) + d(U,Us) — d(21, Ya)

=d(U,U,) — d(z1,x2)

S 1/2 -«
- L

— d([Eh 172).
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Plug this back to (2.8) to obtain

1/2 — «

9olw2) = gal1) < 1/2—a = L=

—d(z1,72))

= L . d(l’l,l’g),

SO % < L. This proves the inequality needed to check Part 4 and completes the proof.

2.7.4 Proof of Theorem 2.2

Denote g* = ¢*(-, A2, \3) for convenience. We have

](g) = )\QLO + )\30&0 =€,

I(g") = arggmin I(g) <1(9) =«

and € — 0 as Ay — 0, A3 — 0. The proof is divided into 3 parts:
When € is small enough,
1. There exists a point x in S; such that g* A (1 — g*)(z) < €/m;.
2. % — ¢* does not change sign within each cluster.

3. % — g* has different signs on the two clusters.

By 1,2,3, we can assume w.l.o.g that g*|s, < 1/2,¢%|s, > 1/2, when ¢ is small enough.

Therefore R(g*) = Elg*Is,] + E[(1 — g")Ls,] = Elg* A (1 — ¢)] < I(g") < I(3) = ¢ — 0,

proving the theorem.
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1. Suppose g* A (1 — g*) > €/m on Sy, then E[g* A (1 — g*)Ig,] > €/m - P(S1) = ¢, so
I(g*) > 1(g), a contradiction. Similarly for S,.

The Lipschitz constant of ¢g* is bounded. When \3 < C'\,, we have
ML(g") < I(g") < I(g) = AaLo + Asag < AaLo + A3 < AaLg + CAg,

so L(g*) < Lo+ C.

2. Define a smoothness parameter on Sy as C(L, a,b) = inf{fs1 fdP: f(z1) =a, f(xe) =
b for some 1,29 € S1,L(f) < L,f : X — [0,1]}. By sharpness of Sy, C(L,a,b) = 0 iff
a = b = 0. Suppose % — g* changes sign on 57, then by conclusion of 1, continuity of g*
and connectedness of Sj, there exist two points x1,z, € Sy such that ¢* A (1 — g*)(z1) =
€1/m, 9% (x2) = 1/2 = g* A (1 — g*)(x2). Let € be small enough such that ¢ < min{C(Lq +

C,1/4,1/2), 7). By [A.2], L(g* A (1 — ¢%)) < L(g*) < Lo + C, s0

I(g") > Elg" N (1 —g")Is,] = /S 9" N (1—g")dP

> O(Lo+ C,e/m,1/2) > C(Lo + C,1/4,1/2) > e.

Therefore 1(g*) > 1(g), a contradiction. Similarly for .S,.

3. Suppose 3 — g* have the same sign on Sy, S», assume w.l.o.g that 5 — g* > 0, then
I(g*) = Elg"AN(A=g")|+X 2 L(g")+As max{ E[g"], 1-E[g’]} = Elg*]|+ A L(g")+As(1 - E[g"]).
Therefore we have E[g*] < I(g*) < I1(g) = €. Let Cy = +£22_ In fact, choose any 0 < C5 < 1
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that satisfies

02)\3 > )\QLO + )\30&0.

Since 0 < (5 < 1, we can let € be small enough so that 1 — ¢ > (5. It follows that

[(g*) > )\3(1 — E[g*]) > /\3(1 — E) > Codg > AL + A3ag = [(g),

a contradiction. When C, = H%, by rearranging CoA3 > A2 Ly + A3 we obtain the lower

bound assumption on the ratio (which appears in the theorem)

A 2L
= 20
)\2 1—040

2.7.5 Proof of Theorem 2.3

max{number of pts in Sy, number of pts in S}

[n(g) == )\Q,nLO + )\3,71 n

< )\2,71[/0 + >\3,n = €p.

To simplify the notation, we denote ¢,,(+, A2.n, A3) BY G-
Since g,, € argmin I,,(g), we have I,,(g,) < 1,(g)-

g
The proof is divided into 3 parts:

1. There exists a data point z,, in Sy such that g, A (1 — g,)(z,) < 21,(3)/mk, When n

large enough, a.s., and lim P, [g, A (1 — ¢,,)] = lim P[g, A (1 — g,)] = 0.
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2. % — g, does not change sign within each cluster, when n large enough, a.s.
3. % — gy, has different signs on the two clusters, when 7 large enough, a.s.
By 1,2,3, we can assume w.l.o.g that g,,|s, < 1/2,¢,|s, > 1/2, when n large enough, a.s..

Therefore R(g,) = Plgnls,] + P[(1 — gn)Is,] = Plgn A (1 — gn)] — 0, a.s., proving the claim.

1. By law of large numbers,

E I{XiGSk}
i=1

n

a.s.

— Tk

i Iix;esy)
For any § > 0, let n be large enough that =——— > m, — ¢. Suppose for every data point

X € Sk gn AN (1 — g,)(X;) > 21,,(g) /7, then

n > Iixesy N
1 2]n(g) i=1 iSOk 2[n(g) -
() = ;:1 gn N (1= ga)(Xi) [ {xe8,) - - - (1 — 6) (9)

by choosing any ¢ < 7;/2. This is a contradiction since g,, is a minimizer of I,,.

Since 1,,(§) — 0, and P,[g, A (1 — gn)] < I.(gn) < 1.(g), we get P[gn A (1 — g,)] — 0.

The Lipschitz constant of g,, is bounded. In fact, when A3 ,, < C')Ay,,, we have

)\Q,nL(gn) S ]n<gn) S In(g) S /\Q,nLO + )\3,71 < >\2,n(L0 + O))

L(gn) S LO + C,
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s0 L(gn A (1 — gn)) < L(gn) < Lo+ C by [A2].
Let F = {f: X —[0,1], L(f) < Lo+ C}, where X is some bounded domain on R? such

that U S, C X. Then by Lemma 1.2,

sup(P, — P)[f] = O as..
feF

Therefore P,[g, A (1 —gn))] — Plgn A (1 —gn))] — 0, a.s., it follows that P[g, A (1 —g,))] — 0.

2. If any function f (in particular, g, A (1 — g,)) with a bounded Lipschitz constant takes
on two different values (one close to 0 by argument 1, one being 1/2 suppose 1/2 — f changes
sign) within a sharp cluster Sy, then its integral f f1s,dP will be lower bounded (lower bound
depends only on the Lipschitz constant, and P|s, ), contradictory to Plg, A (1 — g,)] — 0.

Specifically, for any a € [0,1],b € [0,1], L > 0, define

Cs, (L,a,b) :==inf{ [ fdP: f(z1) = a, f(x3) = b for some z1, x5 € Sk, 2.9
Sk

L(fy<L,f:X—[0,1]}

This quantity measures regularity of P, it is decreasing in L, increasing in a and b. By sharpness
of Si, Cs, (L,a,b) =0iffa=b=0.

Suppose % — g, changes sign within S, then by continuity of g,, and connectedness of Sk,
there exists a point x; € S such that g,(z;) = % By argument 1, there exists another point
x5 € Sy, such that g, A (1 — g,)(x2) < 2,(g)/m,. Forany € < 3, let n be large enough such that

21,(g) /), < €, we have, by definition of C,, Plg, A (1 — g,)Is,] > Cs, (Lo + C,€,3) > 0,a
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contradiction to Plg, A (1 — g,)] — 0.

3. Proof is shown by contradiction. Suppose % — g, have the same sign on 57, S5, note that
we can always switch the role of £ = 1, K = 2 and in turn switch g, 1 — g accordingly, so we can

assume w.l.o.g that % — gn > 0. Then

I(gn) = Pulgn A (1 = ga)] + )\Q,nL(gn) + Azn max{ P,[gn, 1 — Pu[gn]}

= Pn[gn] + )\2771_[1(971) + )\3,n(1 - Pn[gn])'

Therefore we have P, [g,] < I,(95) < 1,(9) < €, = XanLo + A3

For the rest of proof, note that when P, [g,,] goes to 0, the third term A3 ,,(1— P, [g,]) &= A3,
so this term is much larger than the corresponding term for g (= A3, a.s., where « is the true
proportion). When )\, ,, is controlled by )3 ,,, this indicates I,,(g,,) > I,,(g), a contradiction.

Specifically, for some § > 0, let n be large enough that P,[g,] < J, and

max{number of pts in S;, number of pts in Sy} _s
— (O .

n

We have

max{number of pts in S;, number of pts in Sy}

ManLo+ Asn(ao+0) > AonLo+ A3 -

=1,(9) > L.(gn) > A3n(1 — Pylgn))-
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On the other hand,

>\3,n<1 - Pn[gnD - <)\2,nL0 + )\3,71(060 + 6)) = )\3,11(1 - Pn[gn] — O — 6) - >\2,nLO

> )\S,n(l — 20 — Odo) — )\27nL0,

where the last line is non-negative as long as , and a contradiction will follow.

/\3,n Lo
A2;n — 1-26—ap

Choose § = 1=20 (which is quite arbitrary) to obtain the constant -2 in the theorem.
4 q I'y 1—ag

Remark. The continuous nature of P in model CI is used in proving the claim in Step 2, see
appendix 2.8 for related discussion, and why the same proof may not be applied directly to a
discrete P. Here although the data are discrete, but in the limit we are concerned with P[g, A
(1 — gn)], a quantity involving the continuous P. This is also relevant because the true risk R(g,,)

in the statement of the theorem is evaluated on P.

2.7.6 Corollary 2.5 and proof

Corollary 2.5. For any sequence of (A2, A3.n) satisfying condition (C2),

limsup L(g* (-, A2y Asn)) < Lo,

lim sup L(gn(y )\Z,nv >\3,n)) S LO'

Assume further that there exists 0 < 6 < 1, M > 0 such that

M

> u(B(z,h)NS;) > ou(B(z, h)), VreS;,0<h<diam(S;), i=1,2,
(2.10)
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then

liérn L(g™ (-, Aa;ns Az n)) = Lo,
li7ILn L(gn(-, A2 Asn)) = Lo.

Remark. The two inequalities in (2.10) holds if we “’thicken” any clusters in the following two
ways.
The first inequality holds by taking Ps = (1 — §)P + dUnif(S; U Sy), so forany E C S;,

)
Ps(E) > —,u(Sl v 52)M(E)-

The second inequality holds by taking Ps = P« Unif(B(0,6)) (where * denotes convolution),
supported on S{ U S5. To see this, for any = € S?, there exists a ball B(2/,§) such that x €

B(a',6) and B(2’,8) C S?. We then have two cases:
1. If B(a',0) & B(z,h), then

J

(B 1) 0 81) 2 0B 8) = (B ) > (s

: Vu(B(', ).

2. If the two spheres S(z/,0) N S(x,h) # 0, take 2" € S(2',8) N S(z, k), so d(z”,z) =
h. Then, the ball with diameter xz” is contained in both B(z’,§) and B(xz, h), therefore

contained in B(z, h) N S. The radius of this ball is £, and

p(Br, 1) 1S) > u(B(0, 2) = (5)"u(B(O, ).

[\V]
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Proof of Corollary 2.5.
Step 1. We first show that L(g*) < L(g) + O(e), where € = €1 Lo + €209 = Ao Lo + Az,
when 22 = O(1).

o

We cannot show the opposite direction in general without further smoothness assumptions.
To see a counterexample, consider two disjoint, closed disks Dy, D5, and extend one of them by
a line-segment spike on its boundary which points to the in-between area of the two disks. In this

case L(g) will be much larger than m, because of the spike. On the other hand, L(g*) can

be close to T by allowing g* to take positive value on the spike which does not change the

__1
D1,D2)°

value of /; and I5.

By Theorem 2.2, when e small enough, we can assume w.l.o.g. that g*|s, < 1/2,g%|s, >

1/2. We have
Li(g") = Elg"1s] + E[(1 = g%)Is,] <,
0< Elg"ls] <€, m—e<FElgls,] < mo,
o — € < E[g"] = Flg"Is,] + E[g"Is,] < m2 + €,
m—e<l—FE[g] <m+e
Therefore

max{m, T} — € < I3(¢") = max{E[g"],1 — E[¢"]} < max{m,ma} +¢,

[13(9%) — I3(9)| = [13(g") — ol <e.

88



Since 1(g*) = I1(g%) + Mo L(g") + A313(9*) < 1(g) = A2Lo + A3, we have

/\QL(g*> -+ Ag[g(g*) S )\2[/0 + )\30[0,

A L(g") < AaLo+ As(ap — I3(g7)),

L(g") < Lo + As(ag ;213(9*))

Step 2. Under assumption (2.10), g* A (1 — g*)(z) = O(e"/(@*Y) for any z € S;, and
L(g*) > Lo — O(e/@*D), where d is the dimension.

Subproof of Step 2: Suppose there exists a point x; € Sy such that g*(z;) > €, let h = %,
then h < #iq*) since L(g*) < Lo + O(e). By Lipschitzness of g*, for any z € B(x;,h) N

Si,g*(x) > g*(2;) — L(g*) - h > € — L(9") 577 = %/ so we have

I(g*) > E[g*lsl] > —P(B(l’“h) N Sl)

Therefore choosing € = Ce/(@+1) for some constant C' depending only on 6, M, d, will lead to

I(g*) > € = 1(g), a contradiction. Apply the same argument to Sy, we have for every point
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r €81, 9"(x) < Cet/l@+1) and for every point 2 € Sy, g* (1) > 1 — Ce'/(@+D 50

1 — 0(61/(d+1)) _ O<€1/(d+1))
d(S1,S2)

L<g*> Z _ LO o 0(61/(d+1)).

This proves the statement in Step 2.

The corollary is proved by letting € — 0™ in Step 1 and Step 2.

2.7.7 Proof of Theorem 2.4

The proof arguments are mostly adapted from Theorem 2.2 and 2.3.
a. There exists a point z in S such that g* A (1 — g*)(z) < I(g)/m. Otherwise I(g*) >

Elg* N (1 —g*)Is,] > I(g), a contradiction.

b. Note that A2 L(g*) < I(g*) < I1(§) = AaLg+ Az, s0 L(g*) < Lo+ ’A\—gao < Lo+ Cay,

and also L(g* A (1 — g%)) < L(g*) < Lo + Cap.

c. Suppose % — g* changes sign on S, then by a., b. and definition of C, (L, a,b) (2.9),

we have

Ig") > Flg” A1 = g7)) > Cs, (£ + Cao, 22, 3.

Define a "normalized” version of this constant

Cs,(L,a,b) :=inf{ [ fdP, f(x) = |b— a|forsomex € S, L(f) < L,f: X —[0,1]},
Sk

(2.11)
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for any a,b > 0. We have Cs, (L, a,b) < Cs, (L, a,b). Now consider the two functions

), ho(x) = 2,2 € [0, E]

~ z 1
h1<.§5) = Csk<L0+COéo,— — 2

7Tk’2

Since h;1(0) > 0, decreasing in = and continuous, h (%) = 0; hy(0) = 0, increasing in x, there
is a point where hi(x) = hso(x), denote that point by c¢,. For any x < ¢, hi(x) > ho(x).

Therefore as long as Ay, A3 are small enough that
Ao Lo+ Asap = 1(g) < cg,
we have
1(g") > Cs,(Lo + Ca, %) 2) > G (Lo + Can, @ b @) > ha1(@) = 1(3),

a contradiction.

Let ¢ = min{cy, co} be the constant that appears in the theorem.

d. Suppose 1 — g* have the same sign on Sy, S,, assume w.l.o.g that g* < 1.
I(g) = 1(g%) = Elg"] + A L(g") + As(1 = Elg"]) > Elg7],
so Elg*] < I(g) < ¢. On one hand,

AoLo + Az > I(g%) > A3(1 — Elg]).
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On the other hand,

A3(1 — E[g*]) — (MaLo + Azap) = A3(1 — Elg"] — ap) — A2 Lo

> )\3(1 — C— Oéo) — )\QLO

> 0,
when i—?’ > IL This is a contradiction.
2 —C—Qo
c. and d. together shows when i—z is bounded and \;, A3 small enough, it must be that g < %

on one cluster and g > % on the other.

2.7.8 Proof of Corollary 2.3

From the form of ¢*, we may write /(g*) = I(zo, L),

:Eo-i—ﬁ 1

I(xo, L) = /al[L(x —x0) + %]f(m)dm + / [5 — L(z — xo)] f(z)dx + N\o L

TO— 5L b

+ Asmax{H (zg),1 — H(zo)},

where H(zo) = [*

ro—

o (L(z — m9) + 3) f($)dx+fbx°+i (L(z — mo) + %) f(z)dz + f;:Jrﬁ 1-

2L

f(z)dz.
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Fix L and take partial derivative with respect to x, using Leibniz integral rule,

or _ <L~(—i) " %) flao— 57) +/$:_1 ~Lf(a)da

8x0 -

CL‘oJrﬁ
(5= Lo 5ot 50) + /b Lf(x)dz + Ash(xo)

=—L /x:—;L f(z)dx + L/:OJF?L f(x)dx + Ash(xo),

H'(xp), H(zo) > 1/2

where h(zg) = —H'(zy), H(z) <1/2 >

[H'(20), —=H'(w0)], H(x0) =1/2

\

Hla= [ (Df@de+ L5z + Dt 50+ [ (-

1
Uy

1
+ f(zo + ﬁ) (=1)

(1+ A3) f;o_i fz)dx — (1 —A3) fbxo+ﬁ f(x)de, H(xg) > 1/2

(1= X3) f;ofi fz)dx — (14 A3) f;ﬁﬁ f(z)dz, H(xg) <1/2
We obtain 2 = < 2L

[(1—A3) f;o_ﬁ f(x)dx — (14 As) fbonri f(z)dx,

(1+ A3) fai)—i fz)dr — (1 — A3) b:co+ﬁ f(z)dz], H(zo) =1/2

\

(14 A3)P([wo — 2, a]) — (1= Ag) P([b, 0 + 1), H(wo) > 1/2
(1= Xg) P[0 — 5o, a)) — (1+ ) P([bywo + 5], Hi(zo) < 1/2

[(1 = X3)P([z0 — 57, al) — (1 + A3) P([b, 70 + 57]),

(14 2) P[0 — & a)) — (1= Ag)P([b, 20 + )], H(zo) = 1/2

\
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P([xo—ﬁ,a}

. ) - e
Denote the ratio BavtD)) = r(zo), then the optimality condition is

r(zo) = L H(zg) < 1
[ 1), H(wo) = 3

Claim: There is a unique ) that satisfies the above condition, i.e., one and only one of the

three cases can hold true.

Proof of claim. Since r(x() is monotone decreasing in x,, ranges from [0, o], H(z() is mono-
tone decreasing in z (as x increases, g as a function of =, will decrease, thus H(zy) = E|g]

will decrease), let 7 (1g) = {732, 7(2) = {552, r(#f) € [{33%, 1532, then

s> o > ad, H(ab) < H(s}) < H(s})

Suppose case 1 in optimality condition holds, i.e., H(zj) > 3, then 1 < H(z}) < H(x}),
which implies the other two cases fail to hold. Similar for case 2. Suppose case 3 is true, i.e.,
H(z}) = i, then H(z§) < 5, H(23) > 1, which implies case 1 and 2 cannot hold. Uniqueness
in case 3 follows from strict mononicity of H (so that there is one and only one x( such that

2.7.9 Proof of Theorem 2.6

Fori = 0, 1, let gy, g, be two candidate functions that have the form in N.C.2 with U®, (!

be their corresponding level sets at 1/2, and Lg, L; be their Lipschitz constants, respectively. Let

94



gr = tgo+ (1 —t)g1,0 < t < 1. By convexity, for any 0 < t < 1, g, is optimal for I(g). We
prove uniqueness by contradiction: if U(®), U(}) do not "agree to some extent”, then there exists
0 < t < 1 such that g; violates N.C.2. The proof is divided into 4 steps, which are successively
stronger statements that make “agree to some extent”” more precise. The final conclusion is made

after step 4.

To get an analogue of the ”5-piece” argument in the 1-d proof, we are going to use the

property of the gradient of distance functions given by [A.10], along with N.C.2.

2L,

For r > 0, denote B,(U) := {z : d(z,U) < r}. Let A= B (U),B = B (UY).
2Lo
Let A\ denote symmetric difference between sets, and ° denote the interior of a set. By N.C.2,

0<go(x) <liffxe A°,0< gi1(z) < 1iffz € B°. Let S := 57 U 5.

Step 1: P(AAB) = 0.
(Sketch of proof of Step 1) Divide R? into the following regions A\ B, AN B, B\A, A° N

BC€. Tt can be shown that

tLy, a.e.in A\B
Vg (2)]| = [tLoVd(z, U®) £ (1 — t) Ly Vd(z,UD)]], a.e.inANB
tLy, a.e.in B\ A

and g;(z) = 0 or 1 on A° N BY. By N.C.1, g; cannot be optimal for every ¢ in [0, 1] unless A

and B coincide within the support of Py. This extends the proof argument in 1-d (Figure 2.4)
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to general dimension. The formal proof is given below, taking into account that some of these
regions may have zero measure.

(Formal proof of Step 1) Suppose P(AAB) > 0, assume w.l.o.g that P(A\B) > 0. We
deal separately with three cases (at least one of which must hold): P(ANB) > 0or P(B\A) > 0
or P(B) =0.

When z € (A\B) N S,
1 ) 1 0)
go(z) = 5~ Lod(z,U™), g1(x) = 0, g:(x) = tgo(z) = ot = tLod(z, U™);
in general, for any x € A\ B,

1
go(w) = 5 & Lod(z, U®), g1 () = 0 or 1,

1 1
gi(z) =tgo(z) + (1 —t)gi(z) = §t + tLod(z, U”) or 1 — §t + tLod(z, U"),

so in either case we have, by [A.10],
|Vg:(z)|| = tLo, a.e. in A\B. (2.12)

We argue in the following paragraphs that when either P(A N B) > 0 or P(B\A) > 0,
there is a contradiction to N.C.1 (that non-zero gradient norms must be equal almost everywhere)

because of different gradient norms in different regions.
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For any x € B\ A, similar to A\ B, we have
[|IVgi(z)|| = (1 —t)Ly,a.e.in B\ A. (2.13)

Since tLg and (1 — t)L; cannot be equal for all 0 < ¢ < 1, it follows that when P(A\B) > 0,
there exists ¢ such that N.C.1 is violated.

Whenz € AN BN Sy,
1
g0(x) = 5 = Lod(z, UY), 1(x) = 5 = Lud(x, UY),

0(e) = 5 = {tLod(@,U®) + (1 = ) Lud(e, UV

in general, forany x € AN B,

1 1
g0(w) = 5 & Lod(x, UY), g1 (x) = 5 & Lyd(x, UY),

gi(w) = % + {tLod(x, U) + (1 = t) Lad(z, UM)},
SO
IVgi@l| = [[tLoVd(a, U®) £ (1 = )LaVd(w, UD)| ae.in ANB. @14

When P(A N B) > 0, by N.C.1, the gradient norm in (2.12) and (2.14) should be equal. That is,

[|IVg:(x)|| = tLo,a.e. in AN B, so for each ¢,

[tLoVd(z, UD) £+ (1 — )L, Vd(z, UD)|| = tLo, a.e.in AN B.
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Letting ¢ — 0 on both sides of the equality to obtain

|LiVd(z, UM)|| = 0,a.e.in AN B, (2.15)

a contradiction to a property of the distance function [A.10] since (U1))¢ has positive probability.

Lastly, in the case P(B) = 0, contradiction follows from comparing local gradient norms
with the global Lipschitz constant. Note that Ly, L; < oo, so A and B have positive Lebesgue
measure. Therefore either ANB or B\ A has positive Lebesgue measure, even though P(ANB) =

P(B\A) = 0. Since P(A\B) > 0, by N.C.1,

tLO = L(gt)

Now because B\ A and A N B are no longer in the support of Py, we cannot deduce from N.C.1
that the gradient norms in these two regions needs to equal L(g;). Nevertheless, we always have
that the local gradient norms are bounded by the global Lipschitz constant:

(D) If m(B\A) > 0, then

tLy = L(g:) > ||Vagi(z)|| = (1 —t)Lq,a.e. in B\ A,

which cannot be ture for every t.

) If m(AN B) > 0, then

tLo = L(g:) > ||V (2)|| = ||tLoVd(z,U?) £ (1 — )L, Vd(z,UM)]||,a.e. in AN B,
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from which we deduce, by letting ¢ — 0,

0= ||L,Vd(z, UD)||,a.e.in AN B.

As in (2.15), this contradicts [A.10].

This completes the proof of Step 1.

It follows from Step 1 that, for P(A N B) = 0, both g, g; satisfy g .= 0,9 . =
1,L(g) = m, and any g that satisfies these is optimal. Therefore, ¢ is optimal iff g| =
1,52 S1
0,9/ =1,L(g) = m. The theorem is proved for the case P(AN B) = 0.
So ’

When P(AN B) # 0 (the two balls ”peek into the clusters”), we obtain further information
connecting U UM in Step 2, 3, 4.

Step 2: Suppose P(AN B) # 0, then Vd(x, U®) = Vd(z,UM) ae. in AN S.

Our proof of Step 2 uses the assumption about 57, S5 in the statement of the theorem: 57, S,
have nonempty interior in R? (e.g., Sy, Sy are closures of open sets in R?). See remark at the end
of the proof of Step 2 for how it may be modified to extend to S, S5 having nonempty interior in
an affine subspace in R? with dimension & < d.

By Step 1, P((A°NSY)A(B°NSY)) = P((A°AB°)NSY) < P(AAB) = 0, which, since
P has support on S; U S, with density lower bounded, implies m((A° N S7)A(B° N SY)) =0
where m is the Lebesgue measure. Since two open sets with Lebesgue-null symmetric difference
must be equal, we actually have A°NS7 = B°NSY, so their closures are also the same. Therefore,

ANS;=BNS;,0ANS; = 0B NS;. The same assertion can be made on S,.
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The organization in the remaining proof of step 2 will be: In Lemma 2.1, it is shown that
we can choose some point from dA N S° (which justifies the figure above). Further, in Corollary
2.8, it is shown we are able to choose such a point from 9 AN S° at which d;; ) (+) is differentiable,
while Corollary 2.6 and 2.7 gives the intermediate construction, that there is a ball around this
point with certain good properties (which will also be used later in Step 3). The desired equality
in the statement of Step 2 will first be shown to hold at the differentiable point we pick on 9ANS®,

and then extended to A N S using N.C.1.
Lemma 2.1. Suppose gy is an optimal solution, and P(A) # 0, then DA N S° is nonempty.

The proof of Lemma 2.1 is long and a bit technical. It will be postponed to section 2.7.11.
By Lemma 2.1, assume w.l.o.g below that there exists a point x € JA N S;. For some
d >0, Bs(x) C Sy, we have AN Bs(z) = BN Bs(x), 0AN Bs(x) = 0B N Bs(x).

The following corollary is a preparation for the ball construction corollary that follows:

Corollary 2.6. For any point in AC such that dy ) (-) is differentiable, we have Vd(-,U®)) =

Vd(-, 0A).
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Proof of Corollary 2.6. Apply [A.11] with z € A S = U 9B,.(S) = 0A (r = ﬁ),y =

projyo (x), and with z defined as the point of intersection of line segment xy with 9 A. We have

Vd(z,UY) = Vd(z,04) = =4 O

[lz—yll

In the next corollary we introduce our ball construction around the point x chosen above.

It is mainly a consequence of Lemma 2.1 and [A.11]:

Corollary 2.7 (ball construction). Pick any point x € 0AN ST, and § > 0 such that Bs(x) C S5.

Consider the ball Bs3(x). For any point in Bs3(x) N A, we have

* its closest point to A (or equivalently, 0A) must lie inside Bs(x), so the closest point is

inside S4.
s if the point is differentiable, then Vd(-,U") = Vd(-,UW).

Proof of Corollary 2.7. Any two points in B;/s(x) have distance at most 26 /3. On the other hand,
for a point in Bs/3(x), its distance to any point outside Bs(x) is larger than 20/3. Therefore, for
points in By3(z) N AC, its closest point to A cannot be outside Bs(z). See Figure 2.6 for the
picture.

For any differentiable point (at which both d;;©) and d;;) are differentiable) in Bs /3(3:) N
AC, by Corollary 2.6, Vd(-,U") = Vd(-,dA). Since Bs3(z)NA° C S1NA° = $iNBY C BC,
we have, similarly, Vd(-,UV) = Vd(-,0B). Note that AN S = BN S, and Vd(-,0A) (or
Vd(-,0B)) only depends on the closest point to A (or B), which, by the first part of corollary,
is inside S. We therefore have Vd(-,0A) = Vd(-,0B), so Vd(-,U®) = Vd(-,UW), for any

ZEGB(;/gmAC. [

Remark. The construction around the set Bs/3 N A€ here will also be used later in Step 3.
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0A

Figure 2.6: Idea behind construction of the ball with radius ¢/3: for any point y € Bys/3(z) N AC,
the closest point of y to A must be in Bs(z).

Now we are ready to say that we are able to choose a differentiable point in 0A N S7:
Corollary 2.8. There exists a point in A N SY at which dy) (+) is differentiable.

Proof of Corollary 2.8. Since x € 0A, both Bs(z) N A and Bs(z) N A® have nonempty interior.
Note that dy;0) (-) is differentiable a.e. on B;s(x) N A, this implies d; ) (+) is differentiable on all
the line segments connecting these differentiable points and their unique projection on U® (see
[A.11]), which will include some points on JA N Bs(x). To see this, look at the restriction of
the function d(-, U(?) to any of these line segments, by its continuity, we have d(-, U(?)) = ﬁ

at some point on the line segment, so these line segments intersect JA. It suffices to show that

some of these intersections lie in 9A N Bs(z). This follows from Corollary 2.7. O]

To summarize, we are able to first pick a differentiable (for both d;0) and d;;)) point w in

A N S, whose characteristic (line segment) to U®) will intersect A N S at some point 2. By
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[A.11], all points on this line segment are differentiable, with the same gradient. Since the two
gradients Vd(-, U®) and Vd(-, U") are equal for w, they are also equal for z. Therefore, we

have

Vd(z,U?) = Vd(z,UWY), (2.16)

and since v € AN B (A, B are defined as closed balls, and we have shown 0A NS = 0B N.S),

by analysis in Step 1 and (2.16),

IV gi(z)]| = ||tLoVd(z,U) + (1 — ) L1 Vd(z, UY)|| = tLo + (1 — t) L,

L(g:) 2 [[Vai(@)l| = tLo + (1 = ) L1 (2.17)

We are ready to extend (2.16) from this particular point x to almost everywhere in A N S;.

Denote 7iy(+) := Vd(-,U®), 7, (-) := Vd(-,UD). For almost every point z' € AN Sy,

IV g:(2')[| = |[tLotio (") + (1 — t) Luiia (2")]| < tLo|[7io(2")|| + (1 — ¢) La |71 ()]
= tLo+ (1 — 1)L

= |[Vg:(2)|| < L(g:) (by (2.17)),

where the first inequality holds equal iff 7iy(z) = 7i1(x). By N.C.1, for any optimal solution,
the nonzero gradient norms should be equal to the Lipschitz constant almost everywhere. Thus,
equality holds almost everywhere. Similar argument holds for points in A N .S5.

This concludes the proof of Step 2.

Remark (lower dimesional clusters). Our proof of Step 2 relies on 57, Ss to have interior in the
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ambient space R%. This may be extended to S;, S, being manifolds of dimension k < d lying
in R% In particular, S7,.5; can be closures of open regions in an affine subspace, while Py is
absolutely continuous in that subspace. E.g., S, S, are two line segments living in R?, each has
interior in a one dimensional affine subspace, while Px has one-dimensional support on Sy, Ss.
This could be done formally by replacing all interiors appearing in the proof, such as in
Lemma 2.1, by interiors in a k£ dimensional affine subspace; replacing all balls B;(z), such as the
ball construction in Corollary 2.7 by k-balls; and replacing Lebesgue measure m by Hausdorff
measure H*, e.g., the statement of Step 2 should be changed to "H* a.e. in A N S” accordingly.
Finally, we remark that from the point of view of modeling, one can think of “fattening”
the lower dimensional clusters to a narrow tube around it, or consider clusters with a little noise

in the ambient space, to circumvent the above mathematical technicality.

Step 3: Suppose P(ANB) #0. Forany x € AN S,d(x,U®) —d(z,UDV) =

1 1
Lo Ii°

By Corollary 2.2, for any optimal g with the form in N.C.2 and its corresponding U, we

have, for any a > 0,

_1/2—-a
L

d(z,U) — d(z, Uy,) Nz € Ua,

where U, = {g = a},U;» = {g < a}. Leta — 0, and note that 1ir% d(z,U,) = d(z, 0B, (U)),
a— 2
we obtain

1
d(x,U) — d(x,0B (U)) = 57 forany z € B (V).

Apply this to both g and g, (or equivalently, U®) and UM"):

1
d(z,U) — d(z,04) = TR for any 2 € A,
0
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1
d(z,UM) — d(z,0B) = T for any = € B,
1

SO

! i, forany x € AN BY s.t. d(z,0A) = d(z,0B). (2.18)

d(z,U) —d(z,UV) = YY)
0 1

Recall the set Bj/s(x) N A% in Corollary 2.7 within Step 2, where every point satisfies (2.18)

(because by Corollary 2.7, their closest points to A or 0B are inside S7, and 0ANS; = 0BNSY):

1 1
d(z, U9 — d(z,UW) = TR for any x € Bs/3(x) N A°.
0 1

Now it suffices to extend the property from this small open region to ANS;. This is justified

by the following lemma:

Lemma 2.2. Let ) be an open connected set (or its closure), suppose g is Lipschitz, equal to zero

a.e. on an open subset D of (), and satisfies Vg = 0 a.e. in (). Then g = 0 on ).

The proof will be postponed to section 2.7.12.
Applying Lemma 2.2 with Q = (Bj/3(z) U A) N S1, D = Bss3(x) N A, g = d(z,UY) —
d(z, UM) — (£ — £) yields gl = 0.

This concludes the proof of Step 3.

Step 4: Suppose P(A N B) # 0. We can show Ly = L4, and thus for any z € AN S,

d(z,U") = d(z,UW).
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Forany x € AN BN Sy, go(x) = % — Lod(z, U9, g1(2) = L — Lid(z, UMW), so

go(z) — g1(x) = Lyd(x, U(l)) — Lod(z, U(O))
= Lyd(z,UY) — Lid(x,U") + Lyd(z, UY) — Lod(z, U?)

= Li(d(z,UD) — d(z, U)) + (L, — Lo)d(z, U©)

11
= Li(— — —) + (L1 — Ly)d(z,UY) (by Step 3)
Ly Lo

(Lo - L1)<Lio — d(z, UO)).

Since d(z,U®)) < ﬁ, we have g9 > gy on Sy <= Lo > L;. Similarly, g0 < ¢; on
Sy <= Ly > Ly. Suppose Ly > L; (which means I5(gy) > I2(g1)), then I1(go) > I1(g1). By
Lemma 1.1, I(go) > I(g1), so go and g; cannot be both optimal. We conclude that Ly = Ly, and
again by Step 3, d(z,U®) = d(x, UM), Vo € AN S.

This concludes Step 4.

To summarize, note that Step 4 implies go(z) = g1(x),Vx € S. In another words, suppose

go and g¢; are both optimal solutions, then g()’ = ¢g1| , and L(go) = L(g1). On the other
S S

hand, since /(g) depends on g only through these (function value on the clusters and Lipschitz

constant), any function that agrees with g, in these two respects are optimal.

2.7.10 Proof of Corollary 2.4

Let U = {¢’ = 1/2} be the level set at 1/2 of another solution ¢’, we argue that U’ must
coincide with U within the prescribed region.

Step 1. By Theorem 2.6, L is unique.
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Figure 2.7: Left: illustration of proof of corollary in the disk and annulus case; dashed lines
denotes boundaries of A. Right: data illustration of ”sweeping normals” and inferred region of
uniqueness.

Step 2. For any point z € AN S, g*(x) has the form ¢*(z) = 1/2 — Ld(z,U) (on AN Sy)
or g*(x) = 1/2 + Ld(z,U) (on AN Sy). Suppose U’ intersects with any line segment from z
outside U, and suppose 2’ is one such intersection, then d(z,U’) < d(z,2') < d(x,U), which
implies (if v € AN Sy) ¢'(x) =1/2 — Ld(z,U’) > 1/2 — Ld(z,U) = g*(x), a contradiction to
Theorem 2.6 which states that ¢* and ¢’ should have the same function value on the clusters.

Step 3. Let Uy be the collection of points on U which are shared end points of a pair of
line segments drawn respectively from the two clusters. Any element in Uy is an intermediate
point on a path p (formed by the union of the two line segments) between S; and S;. By Step 2,
U’ cannot intersect p outside U; on the other hand, U’ N p cannot be empty by intermediate value
theorem, so it must be that U’ intersects with p exactly on Uy, i.e., U’ coincides with U on p. It
follows that function values of ¢’ and ¢g* are the same everywhere on the pair of line segments.

This concludes the proof.
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2.7.11 Proof of Lemma 2.1

We show that the objective function [ is linear in L when A O S;U.Ss. This implies that for
any fixed U(?), suppose A D S; U Ss, then either increasing or decreasing the Lipschitz constant
of gy alone will give a better solution.

When A D S; U Sy, the expression of I simplifies to

1 1
I = / (= — Ld(x,U?))dP +/ (= — Ld(x,U©))dP,
s, 2 S, 2
[2 = )\QL,
1 1
Elgo] = / (5 — Ld(z, U))dP +/ (§ + Ld(z, U9))dP
Sl 32

1
=5+ L(/ d(z, UDYdP —/ d(z, U"YdP),
SQ Sl

13 = maX{E[gOL 1 — E[go}} — %‘i‘

(

L(fs, d(z,U)dP — [y d(z,UO)dP), [y d(z,U)dP > [, d(z,U*)dP

0, f52 d(x, UO)dP = fsl d(x, UO)dP

—L( [, d(z,UD)dP — [y d(z,UD)dP), [y d(z,UD)dP < [y d(z,UD)dP.

\

For U fixed, the relation between [y d(z,U)dP and [y d(x,U)dP is fixed, so when
A° D 51U S5 (need A° instead of A in order to take derivative, this restriction will be removed a

few paragraphs later), we obtain the derivative of /; with respect to L:

I(L) = — / d(z, UDYdP — / d(z, UD)dP, (2.19)
St

So
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the derivative of /3 with respect to L:

As([fg, d(x, UOYdp — s, d(z, UO)dP), [, d(z, UOYdp > J, d(z, U®)dp

(L) = 0, Jy, d(x, UO)AP = [ d(z,U)dP

Aa([g, d(x, UD)dP — [o d(x,UD)dP), [q d(x,U)dP < [g d(z,U)dP,
(2.20)

the derivative of [ with respect to L:

(As — 1) [g, d(z, UDN)dP — (A3 +1) [ d( )dP,
when [ d(z,U©)dP > [q d(x,U)dP;

— [5 d(z, UNdP — [ d(z,UD)dP,
I = X+ ! 2
when [ d(z,U®)dP = [q d(x,U)dP;
(As = 1) [g, d(z, UD)dP — (A3 + 1) [g, d(x,U)dP,

when f32 d(z, U@)dP < fSl d(z, U)dP.

In any case, this derivative does not depend on L, so we have, depending on the value of A\, and
the relation between [g d(x, U©)dP and [ d(z,U®)dP, either I > 0 or I} < 0or I} = 0.
This shows linearity with respect to L when A° O S;US,. Note that when I} = 0, as we decrease
L all the way to 0 the I value is not changed, and eventually we arrive at the constant function
g = 1/2, which cannot be optimal (since the optimal g should satisfy g|s, < 1/2,g|s, > 1/2).
The analysis is not yet complete because when JA just touches the boundary S; U Sy,
further increasing L will let O A intersect the interior of S; U Sy, so the right derivative may have

a different expression. We analyze this case below.
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ALD-HE

ALQ+€
ALO ALO
When ﬁ = sup d(z,U®), that is, when OA just touches the boundary S; U S, ,
x€S1US2

further increasing L will let A intersect the interior of S; U Sy. For such Ly, with other things

being fixed, view [ as a function of L and look at lim W (note that in this case,

e—0T

lim W is still equal to the expression for /; given above). Denote S = S1USy, A, =

e—0~

A= Bﬁ(U(O)), Apgre = B 1 (U©) be the shrunk ball when increasing L by ¢, and g7,
0 oTe

be the corresponding ¢ function. Note that for any g function such that

max{3 — Ld(z,U),0}, z €S,
g(x) = :
min{i + Ld(z,U),1}, z €5,

we have

gA (1= g)(x) = rnax{% _ Ld(z,U),0},z € S,
and

L =E[gn(1-g)]

_ / max{% ~ Ld(z,U),0}dP

1
_ / max{3 — Ld(x, U),0}dP.
S
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Therefore (whether Ay, . just touches the interior of Sy, or Ss, or both),

L(Lo+¢€) — (Ly) = /Smax{% — (Lo + €)d(z,U?),0}dP — /S(% — Lod(x,U"))dP

_ / X2 (Lo + )z, UD)aP /(% — Lod(z, U®))dP

1
=— / ¢ d(x,U")dP — / (= — Lod(z,U))dP.
SﬁAL0+5 SﬁAg + 2

The second term is o(e): for any z € A¢ .., d(z,U?) > st 50 5 — Lod(z, Uy <

1 1 _ €
§ - LO ’ 2(L0+6) - Lo+e’ and

1
/ (= — Lod(z, U9))dP < —<—P(SN A% L),
SnAG . Lo+
Jsnag (5 = Lod(z, U)dP 1 .
ote < . P(Sn A€0+e) — 0 (by absolute continuity of P).
€ 0 €

Since meALO+E d(z, U)dp =8 [gd(z,U®)dP, we have

hillot¢) = 1i(Lo) g —/d(a;,U@)dp.
S

€

This agrees with the derivative of I; with respect to L in (2.19). Next we analyze the /3 term,
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note that

1
Elgro+clieesy] — Elgol{zes,y] = maX{g — (Lo + €)d(z,UY),0}dP
S1

1
—lL(§——LmﬂxlﬂdeP

:_/ ¢ d(z,U®)dP
S1ﬁALO+€

1
—/ (= — Lod(x, U))dP,
SlﬁAC 2

Lg+e

o1
Elgro+eliees,y] — Elgolizes,y] = / mln{g + (Lo + €)d(z, U™, 1}dP
Sa

1
—é(§+%ﬂ@U@WW

C
Sa QALO+€

1
= / (= + (Lo + €)d(x, UD))dP +/ 1dP
SQQALO+€
1
—/ (= + Lod(x, UY))dP
SQQAL()-Q—E 2

1
—/ i 5+LMLMWMP
SoNA

Lg+e

1
:/' ed@ﬁmMP+/ (= — Lod(z, U))dP.
So mALO-&-e 2

C
SQQALO+5

From the analysis of I, term, we know both [ .0 (3 — Lod(z,U"))dP and [ .o (

1
Lg+e Lp+e 2

Lod(z, U©))dP are o(¢), thus

E — E €E—>
[9L0+c] [90] _0’;/ d(z, U(O))dp_/ d(x, U(O))dP.
Sa S1

When either E[go] < 1/2 or E[go] > 1/2, we have E[gr,+] < 1/2 or E|gr,+] > 1/2 accord-

ingly when € small enough. When FE[gy] = 1/2, note that the g, we are considering here still
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satisfies A O S; U Sy, so

d(z, UV)dP — / d(z, U")dP),
S1

Elgo] :%—FL(/

Sa

and

in which case

— 0,
€
and
I3(Lo+¢€) — I3(Lo)’ < Elgre+d — Elgo] E_>—0;r 0
€ €
Similarly,
1
Elgo) > 5 <= [ d(,U?)dP > / d(z, U©)dP,
2 S, s,
1
Elgo) < 5 = d(z,U)dP < / d(z,U®)dP,
Sa S1
we obtain

Ig(LO + E) — Ig(Lo) 6101—
€

)\3(f32 d(x, UO)dP — fs1 d(z, UO)dP), fs2 d(z, U®)dP > fs1 d(z,U©)dP

0, Sy, d(x, UO)dP = [, d(z,U®)dP

Ag(fsl d(z, U(U))dP — f52 d(z, U(O))dP), f52 d(z, U(O))dP < fS1 d(z, U(O))dp

\
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which also agrees with the derivative of I3 with respect to L in (2.20). Therefore,

lim ](L0+€) —](Lo) _ )\2 1 lim Il(L0+€) —Il(L()) 1 lim Ig(Lg +€) - Ig(Lo)

e—0t € e—0t € e—0t €

has exactly the same form as before. This means the right derivative agrees with the left, so
the limit exists and from linearity with respect to L, we can conclude when A O S; U S,, the

corresponding g function can’t be optimal.

2.7.12  Proof of Lemma 2.2
First, consider the following easier problem:

Lemma 2.3. Let ) be a nonempty open bounded subset of R™. Suppose that the function g :
Q — R is Lipschitz, equal to zero on the boundary of ), and satisfies Vg = 0 a.e. in Q. Then g

is identically zero.

Proof of Lemma 2.3. Since g is equal to 0 on the boundary of {2, one may extend g to all of
R™ where gloc = 0. Let E = {z : Vg(x) # 0 or g is not differentiable at x'}, m denotes n
dimensional Lebesgue measure. By Rademacher’s theorem, m(F) = 0. Let I be indicator

function of E, let (z1,--- , z,) denotes the n coordinates and y = (z3, -+ , T, ), We may write

m(&) = [ tzam= [ dy [ 1)
n Rn—l R

By Fubini’s theorem [A.7], my(E,) = [, I(-,y)dz, = 0,a.e. y € R*"!, where m, is Lebesgue
measure in one dimension, and £, is the one dimensional slice of E by fixing the last (n — 1)
coordinates to be y. This says for almost every line in a fixed direction (here in the direction of
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the first coordinate), the set of points in £ has 0 measure in 1-d. Taking any such line, which
must intersect either the boundary of ) or Q¢ so that there exists some point = on the line where
g(x) = 0. For any other point z on the same line, by the fundamental theorem of calculus in 1-d,

letv=(1,0,---,0),t, = 2 — x1,

ts d t,
9(2)—9(95)—/ d—?( +tv)dt—/ Vy(z + tv) - vdt = 0,
0 0

since Vg is almost everywhere 0 on the line. Thus g(z) = g(x) = 0. This shows g = 0 on the
line {z € R" : (29, -- ,x,) =y}, for any y such that m;(E,) = 0. Since m;(E,) = 0 holds for

almost every y € R"!, we get ¢ = 0 a.e. on R”. By continuity of g, ¢ = 0 on all of R™. [

Remark (Remark on the use of Fubini’s theorem). Fubini’s theorem reduces the n dimensional
measure 0 set E' to one dimensional measure O slices of £, so fundamental theorem of calculus
can be applied in that one dimension. In higher dimension, it is unclear whether a Lipschitz
function is always absolutely continuous so that versions of fundamental theorem of calculus or

Lebesgue decomposition theorem holds.

Remark. Pondering on the above proof, similar technique can be used to deal with situations
where the boundary condition is changed to some other conditions. Here is a simple version in
IR? that also works using the Fubini arguments:

Let ) be a rectangle. If g is Lipschitz and Vg = 0 a.e. on (), g = 0 on the intersection of a

vertical line with the rectangle (a line segment that ”separates” the rectangle), then g = 0 on ().

Now we are ready to prove Lemma 2.2 using similar idea.

Main proof of Lemma 2.2:
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The result holds if 2 is a hyperrectangle (ay,b;) X -+ X (ay,by): it suffices to take an
open rectangle A inside D. For simplicity, we can choose A such that its edges are all aligned
with Q, that is, A = (a},b]) x -+ x (a],,b),). Let Ay = (ay,by) x (a),by)--- x (a,, b)) be the
expansion of A in the first coordinate. Using g|4 = 0 and applying the Fubini argument to A;,
we get g|4, = 0. Similarly, by expanding the second coordinate in A;, and so on until we arrive
at ) after n-steps, yields g|o = 0.

Back to the general case. For any point x € D,y € Q\D, there is a continuous path
p(t),t € [0,1] from x to y such that p(0) = x,p(1) = y. We start from an open rectangle in D
surrounding  where g = 0, then build a chain of rectangles to extend this property to point y. For
every t € [0, 1] there is an open hyperrectangular neighborhood R; of the point p(¢) that lies in €.
Since pl0, 1] is closed and bounded, the collection of all these rectangles, which covers the path,
has a finite subcover { R, },k = 0,1,--- , N. Assume w.l.o.g. thatt, < --- < ty, in addition, we
may require that t) = 0,7y = 1. Note that this subcover forms a chain: all successive rectangles
(R, and Ry, ) intersect pairwise and 7, N Ry, is open. Take R;, for example, since Ry can be
chosen such that g|r, = 0, Ry N Ry, is an open set in R;, where g = 0. By the rectangle result in

the last paragraph, g|r, = 0. Do this sequentially along the chain, we eventually get g| Riy = 0.

Since y € Ry, g(y) = 0.

2.8 Appendix: difference between discrete and continuous measure

This section shows that not all results using Lebesgue densities and positive Lebesgue
density can extend to discrete Pyx. It also draws distinctions between ideal-clustering results and

those based on data.
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We do a simple 1-d analysis below to show that g (2.4) can be optimal for discrete Py, but

is never optimal for continuous Px. This also agrees with numerical findings (Figure 2.8).

3 points at 0,1,2 two piece uniform on [0,1] and [2,3]

a
g

00 02 04 06 08 10

00 02 04 08 08 10

00 05 10 15 20 00 05 10 15 20 25 30

Figure 2.8: Optimal solution under a discrete Px (left), and a continuous Px (right).
Parameters: (left) p(0) = 0.2,p(1) = 0.3,p(2) = 0.5, 2 = 0.1,\3 = 0.5; (right) A\, =
exp(—3), A3 = 0.5.

Continuous case

Suppose Py is absolutely continuous with density f(z) supported on two disjoint intervals

S1, So. For simplicity, assume further that f(z) is symmetric about 5. Then § is not optimal.

Proof. Rotate g around x, so that the Lipschitz constant decreases from L, to Ly — ¢, for some
small e > 0. By symmetry, both the rotated function and g has equal proportions, so the difference

inI(g)is

Hgome) = 1@) =2 [ ™ (Lo =l = 20) + ) (@)do + Mol — €~ Lo)

o 2<L;75)
1 1 1 1
<L —€) e — 21 Pl — B
[( 0 6) 2L0 2] ([xo 2<L0—€)’ 0 2L0]) 26
1
= O(€?) — Age, (the first term is roughly 2LLO c flmo — 2L0) ) LO(LZ - 6))

which is negative as ¢ — 07, so rotating g locally alone would decrease I(g). Therefore g is not
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optimal. [

Discrete case

Suppose Py has positive probability mass on the boundary of Sy, Ss, so P( [a:o—m, To—

L1y =8 P({a}) > 0, where a = ¢ —

s is a boundary point. Still consider a symmetric dis-

1
2L

tribution, now

I(grotate) - ( ) ({a}) Q_LO - >‘2€7

which is positive as long as Ao < ({a})

Remark. This does not say g is optimal yet, only that I(g,otate) > 1(§) when A, is small enough.
Nevertheless, the situation for g being optimal is much better than in the continuous case, and

numerical results suggest that this is often the case.

Continuous case, general dimension

We generalize the argument in the above 1-d analysis for continuous case to the general
sharp cluster model (C1) with P symmetric about an hyperplane H.

Let g be any function such that g| = 0,g| = 1,L(§) = Lo. By Theorem 2.1, we can

S1

Sa

further require g to satisfy

1 1
g(x) = maX{Q—LO d(z,H),0}, Vo € Hy D S1;9(x) = min{§+L0 d(z,H),0}, Yo € Hy D Sy,
2.21)

with d(Sy, H) = d(S2, H) = where H;, H; are the two half spaces separated by H. Similar

2L’
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to the 1-d case, we relax” the Lipschitz constant of g by e:

1
ge(x) = max{§ — (Lo — €)d(z, H),0}, Yx € H; D Sy

1
ge(x) = m1n{§ + (LO - E)d(lC,H),O}, Vo € H2 D) SQ.

It suffices to show that the increase in /; when relaxing the Lipschitz constant by e is of order

O(eP) for some p > 1. We have

[1(@6)—11(§):/ Ed(.’lf,H)dP
z€S, ﬁgd(z,H)Sm
e / d(x, H)dP,
x€S, ﬁgd(x,H)gm

where d(x, H) = in the domain of integration {z € S : ﬁ < d(z,H) < Q(Li%)}.

1
2L

Therefore,

limsup e *(1(g.) — I(g)) < %hmsupP({x €S 1L <d(z,H) < L b,

=0+ 0 ems0t 2L ~ 2(Lo —¢€)

where the probability mass on the R.H.S is of order O(¢*) if P has k-dimensional density (in
another word, P is absolutely continuous on S = S; U S, where S}, S are k-dimensional in R?).

Thus we obtain

I1(ge) — I1(g) = O(e"),

which establishes that g as in (2.21) is not optimal. This also means that any function g such that

=0,9| =1,L(g) = Ly is not optimal, because they all have the same [ value as I(g).

S1

9

Sa
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Comment on the use of connectedness of Sy in the consistency/bipartition result

Proofs of Theorem 2.2-2.4 rely on the fact that if 1/2 — ¢g* changes sign on a single cluster,
in particular, if g*(z1) = 0,¢*(x2) = 1 for some x1,x2 € Sy, then by Lipschitz continuity of
¢* and intermediate value theorem (and that Sy, is connected), we have ¢g*(x) = 1/2 for some
x € Sk. This implies I;(g*) is large, and so such g* cannot be optimal, after comparison with
some other functions such as g. It is not the case for discrete Px. For example, if S; contains

only two support points x, y, and g*(z) = 0, g*(y) = 1, then I;(g*) = 0.

2.9 Appendix: determine optimal surface U

The results here are incomplete, so it is put in appendix.

Now that some special cases are dealt with in section 2.4, we would really like to step to-
wards a general method to characterize the surfaces or curves U for an optimal g-function. One
idea is to find useful one-dimensional perturbations leading to necessary conditions for optimal-
ity. Here we consider the simplest perturbation: rigid motions.

Let S1, So denote the (well-separated) clusters in d dimensions, and suppose U is a (d — 1)-
dimensional oriented manifold separating them.

Translation:

Consider for any unit vector v € R?,

Ufe) = {u+ev: uelU},
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and look at the integrals

UL ) = | max{(),min{l,%+(—1)kL~d(:c, U} fx(z) da,

when U is replaced by U,(¢). This replacement corresponds to a small rigid motion of U by
translation. Because the rigid motion is a distance-preserving map on R?, its effect can be handled
by a change of variables in the integrals. When the cluster S5 is everywhere more than e distant

from U,

UL fx) = [ max{0,min{1 % (=1L d(a, U + € o)V} fx (2)da

1
= [ max{0, min{1, 3 + (=D)L -dly+e-v,U4e-v)}} fx(y +e-v)dy
Sk

= Hy(U, L, fx(- + ev)),

because d(y +¢€-v, U+ ¢€-v) =d(y,U). Therefore as € — 0

L (HU), L, fx) ~ (UL £x)) =
/s V'V fx(y) max{0, min{1, % + (=) L - d(y, U)}} dy,

and this leads to an equation combining these limits to express (a necessary condition for) the

optimality of U. When k = 1,

dHl(Uv(e)7L7fX)
de

o= L i) max(0, 5~ L-dly, Uy
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Note that the [; term is now expressed as I1 (U, (¢), L, fx) = H1(U,(€), L, fx)+H2(U,(¢), L, fx),

SO

dl

dly _dH, n dH,
de

=0 de ' de

=3 [ max{g — Ld(y, 1), 00 V x(y)dy.

k=1,2" 5k

= (0 toserve as a

In order to illustrate the method clearly, from now on, we will set %
e=0

. In fact, from the

first order optimality condition for U, although it should really be 0 € %
e=0

one dimensional analysis in the examples from 2.2, we have

(14 As)Hi(0) + (1 — A3)H3(0), Elg] > 3
ol ol + Iy)
Deleo = B o) (L= A)HI(0) + (14 Xs)H5(0), Elg] <35 -
[min, max], Elg] =1

where E[g] = [; gdP+ [y gdP = [y gdP +([q 1dP — [4 (1 —g)dP) = Hy + P(Ss) — H.
Thus all the necessary information is f;, [, and their derivatives at ¢ = (. For simplicity of
illustration, we will not include the /3 part, which complicates the discussion in this section.

Assume that fx(z) € C7, denote f1(z) = fx(z)I{zes,}, s0 fi has compact support S, we
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can proceed with integration by part [A.2]. Let fy(y) := max{35 — Ld(y,U), 0},

aH;
de

- /S (o), ¥ fx () dy

e=0

= [ ot Tty

_ / (V- (o)) fuly)dy

/ (Vfuly Jdy (v is a fixed vector)
L VU A
d(y,U)<5p
1 (V(y, U), ) fx(v)
y€St: d(y,U) %

Rotation:
Let U, = {g(u),u € U}, where g(u) = R(u — ug) + ug (RTR = 1,det(R) = 1) is a

rotation around ug. Let

(U L. f3) = | max{% = Ld(z, g(U)), 0} fx () dz

=) ) max{% — Ld(g(y),9(U)), 0} fx (g(y))det(Dg)dy

-/ max{% — Ld(y,U),0} fx(g(y)) - 1dy

= /. fu)fx(g(y))dy
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cosf sind
For simplicity, consider rotation in R?. Denote Ry = , we have

—sinf cosf

Hy = ; fu(y) fx(Re(y — wo) + uo)dy,

de (Rg(y — UO) + UO)
do

Sk

where

dfx(Rg(yC;QU(ﬁ + UO) . _ ng(y — UO) . VfX(RG(y — UO) + Uo) —o

—sinf  cos@
= { (y —uo), Vfx(Ro(y — uo) + uo))
—cosf) —sinf

= ( (y — o), VIx(y)).

So far we have obtained two types of balance equations for optimal U

Balance equation from translation with v:

Z/q<fv(y)vjvfx(y)>dy=0, Yu;

k=1,2

Balance equation from rotation around v in R?:

k=1,2" 5k 1 0
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Reduce the number of equations:

It suffices to look at v = (1,0), (0, 1), which spans all possible balance equations from

0 1
translation. Let uy = (0,0), i.e. rotation around the origin, we have y = (Y2, —v1).
-1 0
0 1 0 1
Since for any other rotation uy = (a,b), (y —up) = (y1 —a,ys — b) =
-1 0 -1 0

(y2 — b,a — 1) = (y2, —y1) + (—b, a), so the balance equation from rotation around (a, b) can
be reproduced by summing up the balance equation from rotation around (0, 0) and translation
with (—b, a). Therefore there are essentially only 3 equations above, for v = (1,0), (0, 1), and

Uy = (0, O)

Apply integration by part on the 3 equations (we have seen how this is done in the transla-

tion case, see remark below for the rotation case) to obtain

3 /S (s ), V for () fx (9)dy = 0,

k=1,2

> [ (0.0, i) xwy =0
> [ (00,95 sty =0

or equivalently,

>/ (o, —9n), Vil(y, U) Fx (w)dy = 0, (1)

k=12 YESk,d(y,U)<5%
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Ol I CRUR ORS TR

1
k=1,2 3L

S O ey =0 @

k=1,2

Remark (Integration by part details for rotation around (0, 0)).

/S i) =0)- ¥ )y = = [ 5 Go) =) ()
- _ dfv (y)ye _ dfu(y)ys
-/ ( oy )fx(y)dy

= —/S ((y2, —v1), Vo)) fx(y)dy

_ —L/ (2, —1n), Vd(y, U)) fx (y)dy.
YESk (1)<

L
2L

Remark. These equations illustrate how one can use one dimensional perturbations to find neces-
sary conditions. Given fx and for fixed L, the three balance equations (1), (2), (3) are sufficient
to find an optimal hyperplane U in R?. However, the scope of the analysis is still limited to find
a complete set of equations for a general U surface. We propose that further tools from geo-
metric measure theory (GMT, [37, 52]) should be utilized to answer this question. This future
direction will be described in Chapter 5. Results in this chapter are then regarded as preliminary

constructions and preparations before applying GMT.
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Chapter 3: Computational aspects

Chapter 1 and 2 focus on theoretical aspects of the problem. In this chapter, various com-
putational questions are discussed when implementing the method in practice. This includes the
development of a main algorithm, illustration of solutions to the ideal and data problem using
the algorithm, and handling questions and models that are not covered by available theory. Some
additional conceptual questions are involved.

Organization of the chapter: The main algorithm, Algorithm 1, is based on the idea of
alternating minimization. In section 3.4, we explore remedies for the scalability issue using sub-
sampling ideas. In section 3.3, we distinguish different settings for classification/clustering in
a population or a data-based problem, which the reader should keep in mind in any simulation
experiment. Conceptual issues in tuning parameter selection are discussed in section 3.8, by clar-
ifying the notion of cross-validation and cross-stability. Other elements of the chapter, including
Monte Carlo studies, are chosen selectively for mathematical and statistical insights — such as ef-
fect of dimension and shape (section 3.6), relation between clustering and classification (section
3.9), and statistical inference in terms of variability of the decision boundary U (section 3.5). A

real data example is given in section 3.10.
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3.1 Main algorithm

Implementation of the main algorithm is based on Theorem 1.5 from Chapter 1. Theorem
1.5 shows that with data, the variational problem (1.15) is equivalent to a finite dimensional
(n dimensional) optimization problem (1.16). The optimal g in the original problem (1.15) is
obtained by Lipschitz extension of a function whose values at data points are the optimal a in
(1.16), in particular, (1.18) ensures that the range of the extended function is in [0, 1]. However,
(1.16) is still non-convex, because the function = A (1 — x) appearing in the first term is concave

in [0, 1]. Fortunately, the other two terms can be turned into linear programming form:

1 & a; — a;
min — min{a;, 1 —a;} + Ay max ——— + \3max{a,1—a
ai, 7‘1”6[071} {n ; { } 2 d(l‘i,CCj)?éO d(wza SC]) ’ { }}

is equivalent to

n

1
inimize — infa;, 1 — a;} + Aop+ A 3.1
minimize nizlmm{a a;} + Aap + Asr (3.1)
subject to G4 <pi#]J
d(xl-,xj)

This first step turns the second and third term in (1.16) into linear programming form.
We further rewrites (3.1) into a mixed-integer program by introducing an auxiliary vector

variable z. Let z be a vector variable, where each z;,7 = 1,---  n is binary. The following
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program about (a, z) is equivalent to (3.1):

n

1

minimize — > {0 + o= (1— @) } + dop + Agr (3.2)
i=1
. a; — aj . A _ .
subjectto —— <pi#j;a<r,1—a<r;0<a;<1,i=1,2,...n;
d(z;, z;)

2z €{0,1}, i=1,---,n.

We propose to use alternating minimization to solve (3.2), leading to Algorithm 1. In the
context of clustering and classification, it can be understood as combining Lloyd’s algorithm for
K-means clustering [34] with Luxburg’s linear program for Lipschitz classifier [65], see section

3.11.1.

Alternating minimization

Alternating minimization is a very general principle that has been used to solve a variety of
nonconvex optimization problems, especially optimization problems arising from unsupervised
learning, see e.g. [25]. Often, these problems are not jointly convex in (z,y) (for two vector
variables = and y), but are convex or have closed-form solutions whenever x or y is fixed. Each
alternating step is sometimes reduced to solving a known or well-resolved optimization problem.

A generic alternating minimization algorithm minimizes an objective function f : X x) —

R in the following way: start with an initialization (z°, "), then for t = 0,1,2,---, do

t+1

2 argmin f(x,y'), ¥t < argmin f(2'ty), (3.3)

TeEX yey
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until convergence.

Remark. Lloyd’s algorithm for K-means clustering is one example of the alternating minimiza-
tion principle, which, in terms of the K-means formulation (1.9), can be seen as alternating min-

imization between cluster assignments C', - - - , C'x and cluster centers ¢y, - - - , ck.

Basic property of alternating minimization

The following monotonicity lemma always holds for an alternating minimization algo-

rithm.

Lemma 3.1 (monotonicity of alternating minimization). Suppose the current solution (x*,y") is

updated according to (3.3), then

F™hy™h) < @'y,

and equality holds iff (x',y") is a bistable point: x* € arg minf(z,y"),y" € argminf(z, y).
yey

TEX
Remark. In other words, Lemma 3.1 ensures strict improvement of f value as long as the current
point is not bistable. This is a routine result, see e.g. [25]. Monotonicity implies convergence, at

least to a local optimal point.

Algorithm 1

The following iterative procedure is proposed to solve (3.2):

1. Randomly pick a starting point z°, and start multiple times to avoid locally optimal solu-
tions. Or, use another clustering algorithm to initialize, e.g., spectral clustering.

130



2. Fix z, so that (3.2) becomes a linear program. The solution is the update for a.

3. Fix a, update z. It suffices to

minimize {I}.,—oa; + [jz,=1)(1 — a;) }

for each ¢ with q; fixed. Therefore z; = 0if a; < 1/2; z; = 1if a; > 1/2; when a; = 1/2,

z; can be either 0 or 1.

4. Repeat 2&3 until the decrease in the objective value is smaller than some ¢, or until z and

a do not change any more.

The above steps are summarized into Algorithm 1.

Algorithm 1 Alternating Minimization

1. Initialize z € R"™.

while not converged, do
2. For fixed z, update a € R"™ as the solution of the linear program (3.2).

3. For fixed a, update z as z; = Ij4,>1/23,2 = 1,--+ ,n.

end while

4. return a, z. The clustering function g,, is expressed by a as

gn(z) = 1 ‘min {a; + Ld(xz,x;)} + % max {a; — Ld(z, z;)}, (3.4

=1, n =1,

where L = max d’g;,_aaj).
d(xg,xy)#0 NI
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Remark (1). (3.2) can be further formulated into a bilinear program:

1 n
inimi —E i(1—2) + (1 —a;)zi} + Aap+ A
minimize — {ai(1 — 2z;) + (1 —a;)zi} + Aop + A7

i=1
a; — aj
d(ﬂfi, ZL’j)

0<z<1i=12,....n.

subject to <piFjga<r,l—a<r;0<aq;<1l,0=1,2,...,m;

This is because a;(1 — z;) + (1 — a;)=z; is linear in z;, thus the optimal z;’s should be either 0 or 1.

Remark (2). Why choose Algorithm 1 instead of other alternatives, such as solvers for mixed-
integer quadratic programming or bilinear programming? A reason is that alternating minimiza-
tion is a general principle that may also generalize to the other formulations of the problem. LP
is used here because of the Lipschitz formulation, while different algorithms may be involved if

other nonparametric or parametric formulations are considered.

Computational complexity
Two important complexities (that are not to be confused) in Algorithm 1 are:

* z-iteration: number of alternating steps in alternating minimization. This number is usually
small in most synthetic and real datasets we have run (Table 3.2), but the general perfor-

mance deserves more comprehensive empirical study.

e Iterations within LP for fixed z: the complexity of a linear program done via simplex
algorithm is often small in practice, despite its exponential complexity in the worst case.
This can be partly explained by the theory of linear programming via random inputs [56],
which leads to polynomial-time performance in expectation. Empirically, the complexity
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of this particular LP is about O(n?) using a general purpose LP solver (Table 3.3), this is
similar to the average case bound [56]. Note that we can only give a rough sense of the

complexity because even for a fixed dataset, we have a different LP for every different z.

Remark. A maybe related linear programming problem is the optimal transportation problem,
which typically has O(n?) variables and O(n) constraints. The optimal transportation problem
has a long history, so various algorithmic ideas developed therein (see [40]) may be borrowed to

better solve our particular problem. We do not pursue this direction in the thesis.

computing distance matrix O(n?) for Euclidean distance, see remark
number of z-iterations see “’theoretical issue of alternating minimization”
linear program for each fixed z ~ O(n?) *

evaluating function value at given point | O(n) (searching for minimum among n points)

memory complexity O(n?) by sparse matrix representation of constraints

Table 3.1: computational complexity in different parts of algorithm; *: the rate O(n?) is an aver-
age case bound for linear programming ([56]), which better agrees with empirical performance
(compared to a worst case bound), see Table 3.3.

The linear programming formulation of the Lipschitz term enforces constraints for every
pair of points, therefore storing the full constraint matrix (the A matrix in a canonical form
Az < b) has memory complexity O(n?) (O(n?) constraints of O(n) variables), which can be
too large to handle for a linear programming software even before the computational bottleneck.
Fortunately, the number of nonzero entries of this matrix is only O(n?), so a sparse matrix routine
can resolve this issue, such as the “dense constraint” option in R package “IpSolve”.

Tables 3.2 and 3.3 provide a brief empirical overview of the possible effect of shape, degree
of separation, noise level and sample size on (1) actual number of iterations and (2) actual running

time of each LP solver. The results will be further explained in the next section 3.2.
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Distribution number of z-iterations
average | worst case | SD

two piece uniform e=1 2.73 12 119
e=0.5 2.99 9 1.27
e=0.1 3.87 12 1.83
¢ = 0 (uniform on [0, 2]) | 4.13 15 2.04
e=1,6=0.1 3.45 12 1.31
e=1,0=0.3 4.15 14 2.27
e=1,0=05 4.28 17 2.50

disk and annulus | © 1 6 27 3.96
e=0.5 7.36 20 3.50
e=0.1 6.8 18 2.79
€ = 0 (uniform on By ) | 6.22 15 2.34
e=1,0=0.1 8.07 25 4.23
e=1,0=0.3 7.59 17 3.25
e=1,0=0.5 7.03 19 3.38

Table 3.2: average/worst case/standard deviation of the number of z-iterations over 100 runs for
different problems, n = 200;

e = d(51, 52); 0: noise probability, equal to O by default.

Two piece uniform data: 1-d uniform distribution on [0, 1] U [1 + €,2 + €] when 6 = 0; when
d > 0, observe noise (uniform distribution on [1, 1 + €]) with probability J.

Disk and annulus data: 2-d uniform distribution on By 1) U Bfi4¢2+¢ When 6 = 0; when § > 0,
observe noise (uniform distribution on Bj; ;) with probability 4.

For two piece uniform data, the number of z-iterations increases when the clusters become closer
or when the noise level is increased. The reverse phenomenon is seen for the disk and annulus
data.

Remark in higher dimension

In principle, dimension may affect number of iterations and actual running time of LP as
well. However, numerical experience suggests that the additional cost in these two respects is

not as important as the growth of cost for increasing sample size. These observations are further
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sample size | running time of LP (sec)
average | worst case | SD
50 0.02 0.05 0.01
100 0.13 2.12 0.14
150 0.90 39.39 3.23
200 4.08 242.72 19.09
250 21.46 1311 99.34

Table 3.3: average/worst case/standard deviation of running time of an LP solver for different
sample sizes in 100 Monte Carlo samples, under random initialization of Algorithm 1. Since a
linear program is run for each z-iteration, the average is taken over 100 x ’average number of z-
iteration” (as displayed in Table 3.2 for n = 200) linear programming runs. Data: Uni f([0, 1] U
2,3))-

distance average number of iterations | average running time of LP (sec)
Euclidean distance | 5.5 2.4
Wasserstein distance | 4.2 2.5

Table 3.4: Average number of iterations and average running time of LP for a random unlabeled
sample of size 200 from digit O and digit 1 in the MNIST dataset. The input dimension here is
256, but the running time does not increase much from the 1-d and 2-d datasets in Table 3.2 and
3.3.

supported by real data examples, see Table 3.4. Therefore, for Algorithm 1, higher dimension
may be more of theoretical concern rather than computational (the additional computational cost
is mainly in computing a distance matrix, which for Euclidean distance is O(n*d)). Whether the
algorithm finds the global optimum (Table 3.5) is a notable issue because local optima can be
more abundant in higher dimension.

Though it is not possible to exhaust all possible problem characteristics, some selected
examples are presented in section 3.6, where three problem characteristics are considered: di-

mension, degree of separation and shape of the clusters.
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Theoretical issues of alternating minimization

The monotonicity Lemma 3.1 is not able to explain the empirically small number of z-
iterations (see Table 3.2) of Algorithm 1. It also does not address the question that to what extent
a global optimum can be found by Algorithm 1 on top of a local optimum. For example, table
3.5 shows that simple random initialization can lead to a large number of local optima, which
may prevent the algorithm from finding the global optimum. This will be further discussed in the

future direction section in Chapter 5.

Initialization

By default we will run the Algorithm 1 under 10 random initializations, and the final solu-
tion is one that yields the smallest objective value in the end. Alternatively, the output of another
clustering algorithm, such as spectral clustering, can be used initially. Such choices often lead
to more rapid convergence of Algorithm 1. This practice can be also seen as a postprocessing
step upon other clustering algorithms — since one shortcoming of many machine learning algo-
rithms is that the output is not smooth: either clustering is done only on the data points or the

memberships are categorical.

Initialization within subsampling

Later in Algorithm 2, one method uses output from the previous subsample as the initial
for running algorithm on the next subsample. This is helpful, as can be seen in Table 3.9, the

number of iterations is substantially decreased.
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3.2 Illustration of the method

In this section we present a pure illustration of the method on simple synthetic datasets.

More complicated examples and real datasets will be considered in later sections.

Two piece uniform

The data is generated from a uniform distribution on [0, 1] U [2, 3], sample size n = 200.
Let D be the distance matrix computed from data. Implementation of Algorithm 1 is coded in R
function "Lclust”. The only necessary input is the distance matrix. Default tuning parameters are
Ay = 0.1xmean(D), A3 = 0.5, where mean(D) denotes sample average of entries of the distance
matrix. This choice ensures invariance of clustering under uniform scaling of the variables.

output = Lclust(D=D, one_d = TRUE)

0.8
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Figure 3.1: Left: fitted clustering function values at data points; data: Uni f[0, 1]U[2, 3], n = 200.
Right: clustering membership (z values) at data points by color; data: Unif(Bj1 U Bpg)),
n = 200

The function “Lclust” will return a list of outputs. The main output of the algorithm con-

tains:
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a: length n vector, function values of g at data points;

z: length n binary vector, cluster membership;

L: Lipschitz constant of the fitted solution,

where ”a” and ”L” determines the clustering function g, by (3.4), based on which the
prediction at any future point can be computed. Other output includes the estimated proportion
of the clusters, number of iterations, optimal value of the objective function, and a classification
error which is value of the first term of the objective function under the optimal g. Below is the
output list from the two piece uniform data:

a:0010.9720 ...

z20011011110...

L:0.679

proportion: 0.5

num_of _iterations: 2

objective: 0.35

classification error: 0.0188

Remark. If the original data is supplied rather than a distance matrix, then the function will first
compute a Euclidean distance matrix by default, and the output list will contain the original data
as well. This is useful later to develop subsampling functionality on top of the basic function.

9% ¢¢ 9

In function “predict.Lclust”, “a” and “L” will be extracted from an Lclust object and they
are used to construct the fitted g function. For example, we can do prediction at a new data point:
predict.Lclust(output, newdata = 1.5)

0.6943509
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We can also do prediction for a data matrix (n by p):

newdata = matrix(seq(0, 3, 0.1), ncol = 1)

predict.Lclust(output, newdata = newdata)

The choice of uniform distribution is not significant, see Figure 3.10 for some empirical

results on other choice of distributions.

Disk and annulus

The data is generated from a uniform distribution on the union of disk B /»(0) and annulus
B1,3/2, where B,y = W denotes an annulus, sample size n = 200.

output = Lclust(x=x, two_d = TRUE)

L: 1.176801

proportion: 0.5

num_of iterations: 7

objective: 0.4036826

classification error: 0.02245751

Table 3.5 lists several local optima for this problem and their relative frequency. For d = 3
(ball and annulus), random initialization fails to find the global optimum in 100 runs among a
large number of local optima (so a table is not displayed), possibly due to the annulus structure
is less clear in higher dimension for a small sample. This can be overcome by using the output of

another clustering algorithm, such as spectral clustering to initialize Algorithm 1.
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objective value | percentage
0.47193 8%
0.40687* 20%
0.45013 15%

0.5%%* 14%
0.47362 14%

other 29%

Table 3.5: Objective values and percentage of local optima by running Algorithm 1 using random
initialization for 100 times. Data: disk and annulus in 2d, n = 200. *: global optimum; **: flat
solution; other: other local optima that appear less than 3 times in 100 runs. If spectral clustering
is used initially instead, then the global optimum can always be found for this example.

3.3 Three simulation settings

In this section we distinguish between three simulation settings described in Table 3.6: a

population problem, a classification problem and a clustering problem. They are equally impor-

tant scenarios, serving different purposes in the simulations, see Table 3.7. The three settings are

dealt with by related but slightly different algorithms, contrasted in Table 3.8.

Table 3.6: Three settings

1 | population clustering/classification

know Py, derive/compute ideal clustering function

2 | supervised-classification

{X;}, i.i.d drawn from Py, Y; observed.

3 | unsupervised-clustering

{X;}, i.i.d drawn from P, Y; not observed.

The three settings are ubiquitous in clustering and classification. One can consider the three

settings simultaneously for other ideal population models (such as the Gaussian mixture model)

along with methods and algorithms developed under that model.

Setting 1 (population clustering/classification): Suppose Py is known, and is generated

from C1. The goal is to find either a mathematical or numerical solution to the variational prob-
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Table 3.7: purpose served for three settings

setting 1 understand the method — what is the clustering function (as the optimal
solution of the variational problem) when the distribution Py is known
setting 2& 3 show that there is a unifying framework for clustering and classification

with Lipschitz decision functions; also as a way to assess performance
of setting 3 under ideal conditions (illustrated in section 3.9)

setting 3 + tuning | relevant to real data applications of clustering
parameter selection

Table 3.8: methods for three settings

setting 1 | sample directly from the model, then solve by LP (3.5).
setting 2 | LP, similar to [65].
setting 3 | alternating LP (Algorithm 1). Works well (in a few iterations) empirically when
clusters are well-separated.
lem (1.5). In this chapter we desire a numerical solution. First, sample points =y, - - - , x,, from

the model. For these sampled points, we know which are from S;, and which are from S;.

Then we can

use theoretical results developed in Chapter 2 to make reduction. By Theorem

2.4, under suitable choice of \’s, we can assume w.l.o.g that the optimal solution g satisfies

gls, < 1/2,9

|s, > 1/2. The problem is then reduced to a convex problem, as explained in sec-

tion 2.4, the only difference being that here we are dealing with a discrete version. In fact, it can

be written as the linear program:

1
minimize — | Y a;+ > (1= a;)| + Aap + Agr (3.5)
n ;€51 ;€82
. a; — ay . R _
subjectto ———~ < p,i#j;a<r,1—a<r;
d([Ei,I’j)

Ogai S 1/2,IZ S Sl; 1/2§CLz S 1,ZL’i GSQ.
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Remark. Suppose the optimal solution can be proved to lie in a certain subset of the feasible
region, then we can reduce the search space. In this case, we have convexity in the reduced

space.

Setting 2 (Classification): A natural classification algorithm arises as a byproduct from
Algorithm 1. In Algorithm 1, the vector z can be regarded as an indicator of cluster membership.
In classification, where we observe (X, Y;) pairs, we can replace the z;’s in step (2) by Y;’s. This

gives the optimization problem in the classification context:

N
minimize -~ Z {I[yizo]ai + Ipy,=1y(1 — ai)} + Aop + Agr (3.6)
i=1

subject to 9 < p d(zs ;) A0 a<rl—a<r 0<a<1i=12 .n
d(l'i,l'j)

This is a linear program, equivalent to running step 2 of Algorithm 1 once with z = Y. The
output classification function is still given by the Lipschitz extension (3.4). In other words, (3.6)
is solved by running Algorithm 1 with initial labels Y and with exactly one iteration. This allows

us to write the optimization program for clustering and classification together.

Remark. In classification, we can set A3 = 0 (constraint on proportion is not necessary), in which
case the method will have only one tuning parameter Ao, and can be seen as a variant of Luxburg’s
linear program (3.13) for Lipschitz classifier, with a different loss function and a different range

for the classifier.

Setting 3 (Clustering): This is implemented by Algorithm 1, where the output is a Lips-
chitz clustering function. Contrasted with classification (3.6), it can be viewed as searching for
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labelings that minimize the (empirical) Lipschitz regularized risk.

3.4 Scaling up the algorithm

For very large n, the original program becomes infeasible because it involves solving a
large linear program, with O(n) variables and O(n?) constraints. See also Table 3.1 and several
remarks that follows. In order to make the algorithm scalable, we explore several ideas using
subsampling ([42]). Generally speaking, each time the algorithm is run on a random subsam-
ple of the original data with sample size m much smaller than n. The process is carried on B
subsamples either repeatedly (so is purely parallelizable) or iteratively (for better subsamples or
better estimate), then a final solution is proposed by aggregating the B solutions.

Other than dealing with computational bottleneck, subsampling can also answer important
questions about our ideal and data problems. For the ideal problem, it allows us to get a better
numerical solution of the variational problem by sampling more points from a model. For the data
problem, it comes with inferential advantages. In section 3.5, we use it to construct a confidence
band for the decision boundary U. Consistency of such a subsampling scheme is addressed in

section 3.11.4.

Subsampling and aggregation

In classical empirical bootstrap, each bootstrap sample of size n is drawn from the empirical
distribution F,,, which amounts to sampling n points with replacement from the original data
Xy, ,X,. In our case, m-out-of-n bootstrap is used instead. This is necessary because of

computational constraints: for large n, running the original program on full data, more precisely,
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the large linear program (with n variables and O(n?) constraints) in Algorithm 1, is infeasible.
Using subsampling, we need only to solve a linear program with m variables each time, where
m can be a data-adaptive choice such as y/n. Such choice has much supportive theory in the
subsampling literature [41] (m — oo, m/n — 0). In practice, m can be set to a small number
(e.g., m = 100) for which the program has efficient and reliable computational performance on

the given machine.

Alignment in clustering

For a clustering problem, the aligning step is necessary when aggregating, because by
symmetry (and here when K = 2), if ¢ is a solution, then 1 — g is also a solution, and an
algorithmic procedure alone cannot tell the two solutions apart. Therefore, a simple average of
B solutions gy, - - - , gg would be meaningless if they are not "aligned”. This is detailed in step 2

of Algorithm 2.

Algorithm 2

In short, the subsampling version of the algorithm runs Algorithm 1 on B subsamples of
size m, then aligns the B solutions to get an aggregated solution (“aggregating” can be imple-

mented in ways other than simple averaging, see, e.g., step 3 of Algorithm 2).
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Algorithm 2 subsample + aggregate

1. Take B random subsamples of X of size m, denoted by X ...  XB),
Method = parallel:
Run Algorithm 1 ”in parallel” on the B subsamples, ¢V, - - - , ¢/®) denote the B solutions.

Method = sequential:

Fori =1,---, B — 1, use the prediction of ith clustering function on (i + 1)th subsample,
g (X D), as the initial z value when running Algorithm 1 on the (i 4 1)th subsample.

2. Letv = (vy, - - - ,vp) be an alignment indicator vector, where v; = 1, and fori = 2,--- | B,
v; = H{d(gW, g) < d(g™W,1 — g)} for some distance metric between g’s, such as the
L, distance (3.8) on the merged sample X (V) U X,

3. Let g (2) = {v;g"(x) + (1 — v;)(1 — ¢g(x))} denote the ith aligned solution. The
aggregated clustering function is

Method = average:
1 e
g(a) = = >3 (@)
=1

Method = pointwise median:

g(x) = sample median{§™" (), --- , 5P (2)}.

Choice of m and B

A good choice of m and B should balance statistical and computational performance. Sup-
pose the LP run on original sample with size n has complexity O(n?), then the complexity of
step 1 (running Algorithm 1 on all B subsamples of size m) is O(m?®B)x average number of
z iterations, the complexity of step 2 (alignment) is O(mB), evaluating the function value at
future point takes O(mB) steps. Memory complexity (mainly to store the linear programming
constraint matrix) is O(m?). Suppose m = /n, B = y/n, then the total computational cost
is reduced to O(n?). On the other hand, a reasonably large m and B ensures good statistical

performance.

145



number of z-iterations | 1 |2 |3 |4 |5]|7 1 2 |3 [4]5|6
frequency 01465 14 5|2 18160192011

method = parallel method = sequential

Table 3.9: comparing number of iterations in a single run of step 1 of Algorithm 2 using the
parallel and the sequential approach, B = 100. The sequential approach has fewer number of
iterations, many converge in a single iteration, illustrating the usefulness of initialization from
the output of earlier subsamples.

Repeated observations in subsample

A typical random subsampling procedure involves sampling with replacement, therefore
there is a positive probability that some points in the subsample are repeated observations. For
certain clustering methods such as hierarchical clustering, this will change the combinatorics and

cause potential issues. The situation is much better here, except for a technical modification of

ai—aj
d(x;,xj)

the linear program: in (3.1) or (3.2), the constraints < p should be changed to a; — a; <
p - d(x;, x;) (so the pair of constraints for ¢, j enforces a, = a; whenever d(z;,z;) = 0). Thus,

the repeated observations play a part in the first and third term in (3.1) and (3.2), but does not

contribute to the Lipschitz term.

Retain necessary condition of solution

The averaged solution in the aggregation stage of Algorithm 2 violates optimality condition
(Theorem 1.1), see left plot in Figure 3.2. This is expected: when proving uniqueness of solution
(section 2.5), we have already used the fact that the average of two different solutions (both satisfy
N.C.1) does not satisfy the optimality condition anymore (Figure 2.4 illustrates this observation in
dimension one). Besides loss of theoretical property, such issue also brings up practical questions:

if a solution solved by the subsampling version of the algorithm does not behave the same way
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as the original version, then it hinders a unified interpretation of the solution under the method.
For this reason, pointwise median of the functions (method = pointwise median in Algo-
rithm 2) is proposed in place of the average. The right plot in Figure 3.2 shows that N.C.1 is

roughly satisfied.

08 10

average solution
04 08

02

00

pointwise median solution

02 04 06 08 10

0.0

Figure 3.2: Left: method = average; Right: method = pointwise median. Px: two piece uniform
on [0,1] U [2,3],n = 1000, m = 50, B = 100.

Subsample discriminating points

For clustering and classification, an alternative strategy to scale up the algorithm is to run
the algorithm on a set of discriminating points rather than on full data, under the assumption that
a small amount of discriminating points near the decision boundary determines the clustering
result, and deleting points far-away from the boundary does not change problem structure much.

Such a procedure can proceed as follows: based on an initial solution ¢(°) or any later solu-
tion ¢, estimate an uncertainty level of each point in the current clustering, then resample from
the original data with sampling probability proportional to the uncertainty level. By repeating
this resampling procedure for a number of times, more important points close to the decision

boundary are gathered in the subsample.
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For example, suppose we use min{g(x),1 — g(z)} as an uncertainty level, then for many
points whose ¢ values are 0 or 1 (optimality conditions suggest that such points are abundant)
indicating that they are perfectly-clustered, they will have O probability to appear in the new
sample. The size of each new sample can be set to be a constant for which computational cost is

reasonable. No aggregation stage is needed here. See Figure 3.3 for an illustration of the idea.

Figure 3.3: Illustration of subsampling discriminating points. Left: two-spheres data, n = 2000.
Middle: discriminating points estimated from a preliminary run on a random subsample of size
200. Right: resample 200 points with sampling probability proportional to the estimated uncer-
tainty level p(x;) o min{g,(x;),1 — g,(z;)}. The algorithm is run on this new subsample in the
next iteration.

3.5 Confidence band for decision boundary U

A natural mathematical object of interest in this method is the decision boundary U, whose
importance can be seen from Theorem 2.1: the optimal solution is almost uniquely determined by
U and the Lipschitz constant (up to a sign at each point). Therefore it will be nice to quantify the
variability of the data-based estimate of U, which gives much information about the variability
of the solution. More precisely, the goal is to find a set C,, based on data such that P(C, D U) =
1 — «, for some confidence level a. The concept of confidence band differs from a pointwise

confidence interval for ¢g* in the sense that it asks for uniform coverage of the target set U, rather
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than pointwise coverage of the function value at a particular point.

Since U is the level set of the optimal solution g at 1/2, the problem of finding a confidence
band for the decision boundary is related to the general problem of constructing a confidence
region for the level set of a function estimate [38]. Such a method was originally developed in
pursuit of a confidence region for the level set of a kernel density estimator. It was later used in the
density-estimate-based clustering literature, where clusters are formed by connected components

of the level set of density estimates.

The method

We elaborate the general methodology proposed in [38] in a simplified manner, at the cost
of losing some mathematical rigor. Then we show how this leads to a practical confidence band
for U in our problem. The remark at the end explains what are the additional technical details
one needs to take care to treat this more rigorously. The method is based on bootstrap and has
the advantage that it does not require particular geometric assumptions on U.

Suppose U is the set of zeros of a function h, i.e., U := {z : h(z) = 0} (it may be
helpful to mentally think of U as a (d — 1)-manifold in the preceding discussion). Based on data
Xi1,---,X, and an estimate h, of h, the goal is to construct a confidence band for U. In our
case we require that both / and h,, are Lipschitz. We can proceed by relating this question to the
statistic Z,, = sup |h,(z) — h(z)|, whose distribution may be hard to derive explicitly but can

zeU

be approximated using (Efron’s nonparametric) bootstrap: let X7, --- X" be a bootstrap sample

drawn with replacement from { Xy, -, X,,}, and h*(-) := h,(- ; XI, - X7) is the estimate of
h using the bootstrap sample. Then Z* := sup  |h%(x) — hn(x)| is an estimate of Z,,. Let F
@ hn(2)=0
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denote CDF of Z,,, and F'™* the corresponding CDF of Z.
The set Cy = { : |h,(2)] < F7'(1 — a)} is a (1 — a) confidence band for U, from the

following derivation

P(Z, <F'(1-a)=1-a

> P(sup |hp(z) —h(z)| < F'1—a)) =1—«

zelU

where (1) is because the two events are equivalent: 81615 \hn(z) — h(z)| < F7Y(1 — a) implies
forany x € U = {z : h(z) = 0}, |hn(z) — 0| < FY(1 — @), so z € C,, therefore C, D U;
conversely, suppose C,, D U, by definition of C,,, forany z € U C C,,, ]ﬁn(x)] < F71(1-a),
this implies sup () — h(z)] < F1(1 - a).
ze

Replacing F' with F* in C, gives a practical approximate confidence band. The justification
of the bootstrap approximation here depends on the smoothness of the random function h,, and
appropriate (functional) central limit theorem holding for h, — h.

Now back to our problem, since U is the %-level set of gy (where g is the solution of a
variational problem). Write h = gy — % (so that U = {h = 0}) and use the confidence set C,,
described above. Let g, denote the data-based estimate of gy and F’ be the CDF of sup |§,(x) —

zeU

go(z)|, we arrive at the following (1 — «) confidence band for U

Co= 1+ linle) ~ 5 < F'(1 - )},
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By optimality condition of the variational problem (assume it holds also for the data-based g,,):

\

max{% - End<x7 Un), 0}, WS [7”71

N

, xel, -

min{3 + L,d(z,U,),1}, 2 € Uy,

where U, = {2 : gn(z) = 1/2},Uny = {2z : §u(z) < 1/2},Ups = {2 : gn(z) > 1/2}; L, =

L(gn), plugging into C,:

Cp={z:d(z,U,) < ——-1. (3.7)

The derived confidence band thus has the form

{z:d(z,U,) < c}.

The confidence band (3.7) can be made practical by approximating F' by a suitable bootstrapped

version

sup |G, () = ()],
{L‘GUn

where U, is some approximating set of U, (such as a finite set of points whose §,, values are close

to 1/2). This is possible because all the g functions involved are Lipschitz continuous.

Remark (technical details). A more rigorous treatment of this subject would at least involve re-

laxing the level sets in Z,, and Z over which the supremum is taken to a small tube around

them with an adaptive choice of bandwidth, e.g., consider {z : |g,(z) — 1/2| < a,} instead
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of U, = {z : g.(x) = 1/2}, where a,, — 0, followed by a careful analysis of the coverage
probability under suitable convergence rate of a,,, plus the approximation error of the bootstrap
approximation Z; to Z,, see Lemma 2.1 in [38]. Theorem 3.1 in [38] did a case analysis on level

sets of kernel density estimator using bootstrap approximations.

Remark (compactness). The confidence region for the entire surface U can be very large, because
there is a lot of variability in the tails of U where data are sparse (for noiseless models, the tails
are not even uniquely defined). Therefore in practice, we only consider confidence band for the
restriction of U within certain compact region D. It is then expected that as we narrow down the

region of interest, the resulting confidence band for U N D will become narrower.

Remark (implementation). It requires a good amount of data to have a uniform confidence band
that is not too wide. On the other hand, computational problems can arise when sample size is
large, as explained in section 3.4. In this case, g,, and each bootstrapped estimate g; are computed

from algorithm 2 using B subsamples of size m.

Remark (nominal coverage probability). It will be desirable to do a numerical experiment or sim-
ulation to verify that the confidence band has the approximate nominal coverage probabilities.
However, such an experiment requires many (100 or more) such confidence band implementa-
tions. At the moment, computing one confidence band such as in Figure 3.4 already takes about

3 hours.

Example

Figure 3.4 illustrates the confidence band method through a Gaussian mixture example.

However, these apparently plausible numerical results given here go beyond what can so far be
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proven rigorously, or verified computationally by nominal coverage probability.

s, empirical distribution of Zn*
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Figure 3.4: Left: U, = {z € {21,--- ,2,} : |gn(z) — 1/2| < 0.01}, as an approximation set

to U, = {z : g,(z) = 1/2}. Middle: histogram for the empirical distribution of the statistic

Z* = sup |gn(z) — g;(x)|. Right: a 90% confidence band for U based on (3.7), within the region
$€U’n

[—2,2] x [—2,2], supplemented by widths of pointwise confidence intervals for ¢g* (greyscale

values). Data: mixture of two gaussians with mean vector 1y = —uy = (0.5,0.5) and common

covariance matrix ( 005 0 n = 1000, m = 50, B = 100, B’ = 100. Here g, and each

0 05 )7

gy (b =1,--- B’ are computed from algorithm 2 using B subsamples of size m, and by the
pointwise median method.

Implications for clustering (last figure): dark grey regions on the tail within confidence band:
pointwise Cls are wide and clustering is confused; dark grey regions on the tail outside confidence
band: pointwise Cls are wide but clustering is clear; white regions at bottomleft and topright: at
least 90% of the empirical bootstrap solutions has value exactly O (or 1) at these points (so that
CI reduces to a single point, at either O or 1).

3.6 Monte Carlo study 1: effect of dimension, shape and degree of separation

In this section we conduct a Monte Carlo study on the effect of dimension, shape and de-
gree of separation on computation (number of iterations, run time of linear program) and quality
of solution (smoothness, correctness). Table 3.10 lays out the empirical behavior for selected
models. The interpretation of the columns should take account of how the dimension grows. The
disk annulus data are generated by uniform distribution on B[(]’g]\B[LQ] (notation defined in sec-
tion 3.2), i.e., with fixed radius and growing dimension. The d-dimensional two-spheres data are

generated in two ways (both uniform distributions): (1) two d-dimensional unit spheres centered
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at 1, and —14; (2) distance between the two d-dimensional unit spheres is fixed to be v/2. It
is worth mentioning that these spherical shell clusters are nonconvex. In the first two-spheres
case, it is clear that clustering is easier in higher dimension, as can be seen from smaller Lips-
chitz constant and less classification error, while the same phenomenon is not quite clear for the
second case and for the disk and annulus data. The differences in computation time for higher
dimensions is not large.

In the last two columns, the two quantities /,, ; and I?,, (see definition in (2.6) and (2.7)) are
both related to classification/clustering errors, but should be carefully distinguished, see section
2.2.3. They are the same (which is in several rows of Table 3.10) when bipartition (C3) holds for

gn. In general, I, ; is smaller than R,,.

Notions of margin

There are two types of notions of margin: population-based and data-based ([59]). A
population-based notion of margin is a function of the joint distribution of (X, Y") which quanti-
fies the degree of separation between clusters. Natural candidates are distance between compact
sets for well-separated compact clusters, and Mahalanobis distance for Gaussian mixture model.

Historically, the data-based notion of margin came from the support vector machine liter-
ature — geometrically it is the distance (or twice the distance) from any support vector” to the
optimal hyperplane, and from functional analysis point of view is the norm of the linear decision
functional [50]. This notion is generalized to the metric space setting by [65], where the corre-
sponding quantity is the reciprocal of the Lipschitz constant. We refer to the many discussions in

[65] about this generalization, especially the functional analysis point of view.
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Distribution dimension | z-iterations | run time | L Ina(gn) | Ru(gn)
Disk and annulus 2 5 3.22 0.57 | 0.03 0.03
3 6 342 0.58 | 0.03 0.05
5 3 2.74 0.55 | 0.07 0.15
10 5 2.12 0.49 | 0.02 0.22
2 3 21.56 0.57 | 0.06 0.06
Two spheres
3 5 2.17 0.41 | 0.02 0.02
(fixed distance along | 5 4 2.53 0.28 | 0.009 0.009
each coordinate) 10 3 2.67 0.18 | 0.003 0.003
20 2 245 0.12 | 0.002 0.002
2 3 21.56 0.57 | 0.06 0.06
Two spheres
3 3 3.69 0.51 | 0.04 0.04
(fixed distance 5 6 3.63 0.47 | 0.02 0.02
between centers) 10 1 3.01 1.12 | 0.04 0.46
20 1 2.98 0.96 | 0.02 0.41

Table 3.10: dimension effect in some ideal models. Sample size n = 200, solution is computed
under 10 random initializations. The iteration and run time columns show relatively little effect on
computing time in higher dimension (even under random initialization). The estimated Lipschitz
constant indicates how smoothness of the clustering change with dimension.

For an estimated clustering function g,,, the second last column is the “’classification error” given
by value of the first term in the objective function I, (g,); the last column is the empirical
clustering risk of g, evaluated from true labeling. The latter (R,) can only be available in a
Monte carlo study when the truth is known for validation, and is not accessible to real data. [, ;
and R, are equal when g, satisfies bipartite condition C3, which can be confirmed in a Monte
Carlo study. The bold-faced numbers indicate cases when /,, ; underestimates the true clustering
error, sometimes severely due to reasons such as convergence to local optimum.

There is an asymptotic agreement of the two notions for well-separated clusters for our
case: convergence of 1/L, (data-based margin) to d(S, S3) (population margin) by Corollary
2.5, when tuning parameters are selected appropriately.

Table 3.11 illustrates that 1/L,, can be a data-based indicator of “degree of separation”

only weakly depending on dimension and shape. But it is well-defined even when clusters are
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not well-separated and in which case ”population margin” may not have a clear definition.

Distribution dimension | 1/L,, | d(S1,S2)
Disk and annulus 2 175 | 141
d(S1,52) = Vd 3 172 | 173

5 1.82 | 2.24

10 2.04 | 3.16
Two separated spheres 2 175 | 0.83
d(Sy,8) =2vd—2 |3 244 | 1.46

5 3.57 | 247

10 5.56 | 4.32

20 8.33 | 6.94

Table 3.11: 1/L,, as a notion of margin. This table is computed from the examples in Table 3.10,
with n = 200 for data randomly sampled from each Px model.
Table 3.11 is a bit crude in the sense that L,, can depend on other quantities. Table 3.16 in

the appendix shows that, in particular, it can depend on the distribution within the clusters.

3.7 Monte Carlo study 2: 6-component Gaussians, visualization and diagnos-
tics

We provide a dataset distributed according to a mixture of 6 bivariate-Gaussian components
(top figure in Figure 3.5, n = 200) as an additional example where nonlinear shape is present.
The 6 Gaussian components are created to resemble “two crescents” (the left 3 Gaussians as one
cluster and the right 3 Gaussians as another). Figure 3.5 presents several locally optimal solutions
discovered by Algorithm 1 based on the dataset. This example is further used to illustrate several
visualization and diagnostic tools.

We provide several tools for visualization and diagnostics after the solution is fitted. These
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Obj = 0.4411 Obj = 0.4497 Obj = 0.4635
3- 3- 3-

Figure 3.5: The 6-component mixed Gaussian data (top) and several locally optimal solutions
found by Algorithm 1 (from different random starting points). Objective values of these solutions
are displayed in the title. The number of z-iterations are 4,4, 7 respectively. These local optima
each correspond to a certain (but different) decomposition of the 6 Gaussian components. Even
though the algorithm is intended for K = 2, the similar objective values for these apparently
different locally optimal clusterings suggest multiple clusters.

tools are suggested by theory in previous chapters, but would implicitly assume the U or other

level sets have sufficient regularity to work well.

Level sets and gradient vector field

The piecewise linear solution in 1-d is easy to imagine, but is much less easy to visualize
in higher dimension. In view of N.C.1, a multiple-path plot (Figure 3.6) is used to visualize
the approximate gradient directions, where each path roughly shows how the clustering function

increases from 0 to 1 (or decreases from 1 to 0).
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Figure 3.6: Visualization in 2-dimension. The arrows indicate approximate local gradient di-
rections. Dashed curves are level sets plotted as contours of the g function. The three plots
correspond to the three solutions in Figure 3.5.

The level sets and gradient-paths are drawn separately — level sets are created from contour plots
of g,, and each arrow is a continuation of the previous arrow on the same path in the following
way: for a prescribed step size, determine the steepest descent/ascent direction from a list of an-
gles. Theoretically, the level sets and the gradient directions should be orthogonal, as step sizes
go to zero, and if the steepest direction could be computed exactly.

Check necessary condition for optimality empirically

We can check empirically whether the solution computed from Algorithm 1 satisfies N.C.2,
by comparing function value with the prediction by N.C.2 based on an approximate set UU. Specif-
ically, let L,, be the estimated Lipschitz constant of a solution g, computed from Algorithm 1,
and U be a finite set of points as an approximation to U,, = {g, = 1/2}. Suppose N.C.2
is satisfied for g,, then for any point = we should have either g,(z) ~ max{d(z,U),0} or
gn(z) ~ min{d(z,U),1}. For convenience, we check this on data points, and compute the dif-
ference between actual function values and the prediction given by N.C.2 (Table 3.12). In fact,

there is no reason not to check at some other points.
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type of difference | median | mean | max
solution 1 0 0.0018 | 0.0182
solution 2 0 0.0015 | 0.0093
solution 3 0 0.0030 | 0.0592
Table 3.12: Each row presents median/average/maximum difference (among n = 200 data

points) between function values of a candidate solution with the prediction by N.C.2, using
an approximate U set and the estimated L. The three solutions correspond to the ones pos-
tulated in Figure 3.5 for the 6-component Gaussian data. Here U := {z : |g,(z) — 1/2| <
0.01, z is on the grid [—2, 2] x [—2, 2.5] with cell length 0.05}. All three solutions agree closely
with N.C.2, while solution 1 and solution 2 appear better.

Margin plot

The variational problem (1.5) is mathematically well-defined for any Py. This, however,
means we could still get the same kind of solution as in Figure 3.1 for a 1-d uniform distribution
on a compact interval. Therefore, it is important to develop further diagnostic tools to answer the
question: does the solution suggest there is a strong/weak clustering structure for the underlying
distribution?

Figure 3.7 offers a natural way to visualize empirical probability measure according to
distance from the decision boundary U. The z-axis represents d(-, U)/L, the distance to U nor-
malized by the Lipschitz constant, and y-axis represents P,({z : d(z,U)/L < t}). It suffices
to plot normalized distance within [0, 1/2), outside which function values will be either 0 or 1
by N.C.2 (where points are perfectly clustered). A positive feature of such a “margin” plot is
that it is always a 1-d plot, regardless of the data dimension. Ideally or as sample size tends to
infinity, for uniform distribution the plot will be exactly a slope. For well-separated clusters, the

y-coordinate will be O for small distances.
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Figure 3.7: Margin plots of the three solutions in Figure 3.5 for 6-Gaussians data. "Normalized”
means the distances are divided by the Lipschitz constant, so that the plot is independent of scale.
Ideally, a curve that stays close to 0 at the beginning and goes up rapidly when x-coordinate
approaches 1/2 would indicate a strong clustering structure.

3.8 Tuning parameter selection

In previous sections we adopted preliminary choice of tuning parameters: Ao = 0.1 x
mean(D), A3 = 0.5, where mean(D) denotes average of the entries of distance matrix D. This
choice makes the procedure invariant under uniform scaling of variables, but is at best an empir-
ical choice. In this section we first discuss the conceptual problem of tuning parameter selection
related to cross validation and stability ideas. Much of the discussion is generic for clustering
regardless of the method being used (some literature review is supplied at the end). Then we

propose a practical procedure to select tuning parameters in our case.
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Cross validation and cross stability

This section discusses the conceptual question of tuning parameter selection. We illustrate
through the notion of cross validation (for classification), cross stability (for clustering), and
another intermediate notion, with the goal of clarifying their differences and relations.

For simplicity and clarity of illustration, consider randomly splitting a dataset X (size n)
into two subsets X (1) and X (), where (1) and (2) denote two subsets of {1,--- ,n}. Let Y{3), Y(9
denote vectors of true classes associated with Xy, X (). The two subsets are not necessarily
equal-sized, and more generally, they can be pairs of random subsamples whose union is only
part of the original dataset. For a given tuning parameter set A, let ) and §® denote the
clustering functions computed from X (1), X () respectively by Algorithm 1.

1. Cross-stability of clustering for a given \: When Y(), Y(5) are not observed, we may
evaluate the stability or sensitivity of clustering by comparing the two clustering functions esti-
mated from the two data subsets. The comparison is based on either some function norm (we use
Ly below) of the difference between g-functions, or a binary-based metric applied to the vector
of cluster labels. We refer to [68] for related definitions.

L, cross-stability: let
(", g?) = E[gV(X) - (X)), (3.8)

with the empirical version 1 3 [§()(X;) — ¢®(X;)|. The L; cross-stability measure for the

-
Il
—
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clustering, after alignment of the classes, is defined as

Instab()) := min{d(3", §®),d(g", 1 — g}, (3.9)

named “instability” [5] because larger difference between §") and §(® indicates less stability.
Binary-based cross-stability: a binary clustering rule f can be obtained from a continuous

clustering function g by f(z) = I{g(z) > 1/2} (or some other thresholding), then define

d(fV, f@) = B[I{fV(X) = fP(X)}], (3.10)

with the empirical version - Z I{fO(X;) = f@(X;)}. The corresponding cross-stability mea-
sure 1s

Instab(\) := min{d(fO, f@),d(fD 1 - f@)}.

2. Cross-validation error of clustering for a given \: This is an intermediate stability
measure between cross-stability and cross-validation. Suppose we fit a clustering rule f (M) using
X (), and validate by (X(2), Y(2)); fit a clustering rule f F®) using X(2), and validate by (X (1), Y(1))
(i.e., have access to Y(), Yoy for testing but not training), then a binary-based cross-validation

error is

—Z DIV =i+ > H{fP(X) =Y} (3.11)

=1 |ie(2) ie(1)
It is important to note that the f here depends on X only and not on Y. Expression (3.12) looks
the same, but in it f depends on both X and Y.

This measure offers a theoretical way to justify clustering. It is only available in a Monte
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Carlo study. The main purpose of introducing this measure is to provide a bridge between the
purely unsupervised cross-stability (above) and the purely supervised cross-validation error (be-
low).

Remark. This setting is not to be confused with a ”semi-supervised” setting where the training

set is partially labeled. Here the training set is still unlabeled.

3. Cross-validation error of classification for a given \: In the classification setting,
Y1), Y(2) are observed. In our case, the classification function g™, ¢ are obtained from (3.6)
followed by (3.4), and the binary classification rule f(), f(?) can be obtained from ¢V, ¢® in

the same way as above. The cross validation error is

—Z IV =i+ > H{fP(X) =Y} (3.12)

= i€(2) 1€(1)

Although (3.11) and (3.12) have the same expression, the classifier f (M in (3.12) is a function of
(X@), Y(1)), while in (3.11) the clustering function f (@ is a function of X (1) only.
The Monte Carlo study in section 3.9 implements these measures, with a comparison in

Table 3.14.

Discussion about cross validation and clustering stability literature

Early work about theory of cross-validation type procedures includes [53]. A paper by
Jun Shao [51] studies cross-validation in the context of linear model selection. Much later work
surrounds using cross validation to select tuning parameters in nonparametric classification and
regression, see [70, 71], and [21].

While the literature for supervised problems is mathematically rigorous, the same cannot

163



be said for unsupervised problems such as clustering. Although there are analogous definitions
of cross-validation error [68], and other practically useful metrics such as rand index [47], there
seems no way internally to provably tell the quality of clustering by a stability approach alone.
Some attempts in the context of clustering, often under the name “clustering stability”, include
[5, 66] in the machine learning literature, and [68] in the statistics literature, among others, but
the extent of these results are limited. In some sense, the limit theorem in [5] is not so useful,
because any clustering with a unique population solution has stability going to zero in the large
sample limit. The issue in [68] is that it relies on an extra definition, that the true clustering is the
one that maximizes stability.

Overall, cluster stability is an important conceptual question that cries out for further in-
vestigation, although perhaps the question of consistency should be addressed first before any
procedure to select the tuning parameter is proposed. That is, these stability questions should
only be rendered within a set of consistent clustering rules under the model, and talking about
tuning parameter selection alone without appropriate model restriction can be a void question.
As an example, consider a “constant clustering” that gives out the same clustering regardless of
data. Such a procedure is stable, which already questions the validity of many stability measures,

but a constant solution will not be statistically consistent in the first place.

A stability-based selection procedure

Practically, one could find A values that minimize the stability measure (3.9). To deal with
multiple tuning parameters, we minimize ~coordinate-wise”, in Algorithm 3.

Some justification for this stability-based selection is given in the next Monte Carlo section
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Algorithm 3 Tuning Parameter Selection

1. Initialize or use preliminary choice of (A9, \J);
For k = 0,1,--- , and let %, s¥ be finite sets (may or may not depend on k) where Ao, A3
are chosen from.

2. Fix \§, M min Instab(s, AE), where Instab is the cross stability measure defined
/\2682
in (3.9);

3. Fix A5TH AL Amen}c Instab(AST, \s);
3Es3

Repeat step 2 and 3, stop when Instab( A5 A1) = Instab(\, A).

3.9, where the value of this stability statistic is shown to be close to the cross validation error in

the supervised case under the same choice of \.

Checking theoretical conditions for tuning parameters

In Chapter 2, theoretical conditions for tuning parameters are given under which consis-
tency and bipartition holds. We give a basic example to check these conditions in practice: the
uniform distribution on [0, 1] U [2, 3], with tuning parameters Ay = 0.01, A3 = 0.04. In this case
the quantities involved in the conditions can be exactly computed.

In order to check for bipartition (C3), recall that the parameter ¢ involved in the condition

depends on the following quantity about Px:

Csk(L’ a7b> = inf{ JdpP: f(fl,j) = a?f(172) =b,71,T3 € SkuL(f) <L0<S[f< 1}'
Sk

Let ¢, be the number such that Cs, (Lo + Cag, &, 1) = ¢4, k = 1,2, then ¢ := min{cy, ¢y }.

0 2

In the given uniform case, oy = m = m = 1/2, Ly = 1. By symmetry, Cs, (L, a,b) =
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Cs,(L,a,b) and ¢; = ¢;. Now suppose 0 < a < b < 3, L > 1, then

b2

b/L
Cs. (L, a,b) — /0 (b~ Layde = 5

so we obtain in this case ¢ = Cg, (Lo + Ca, =, 3) = %. Let C =4, then ¢ = 4.

Check C2 (condition for consistency): 2Lq/(1 — o) = 2/0.5 =4 = :\\—; =C.

Check C3 (bipartite condition): Lo o Lo — 9 < :\\_2 = C, and \oLg + 309 =

l—c—ap l—ap

0.01+0.02 = 0.03 < c.

Therefore, both conditions are satisfied.

3.9 Monte Carlo study 3: classification and clustering in two-component Gaus-

sian mixture model

In this section we consider a two-component Gaussian mixture in 2-d, with class proportion

7 = (0.4,0.6), mean vectors j; = (—1,1), s = (1, —1), and common covariance matrix ¥'/2 =

1.5 0

,n = 80. One goal of this section is to illustrate the two notions: cross-stability for

0 2

clustering and cross-validation for classification introduced in the last section.

Classification and clustering

For fixed A\, we compute clustering (without labels) and classification (with labels) based

on the same (many) training set/testing set split, compare the misclustering error (an average

cross-stability error) and misclassification error (an average cross-validation error), also with the

monte carlo truth for probability of “correct” clustering.
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Part 1

The average confusion matrix from 100 Monte Carlo simulations for clustering and classi-
fication (use corresponding algorithm under setting 2 and setting 3 in Table 3.8) is given in Table
3.13, using A = (0.5,e71,0.5). The label 1 and ”2” denotes true labels for the two gaussians
centered at 11 and po. To make sure clusters are aligned, one should either choose the same ini-
tial z each time or align each simulation (find the best confusion matrix, i.e., closest to diagonal,

among all permutations of columns).

0 1 0 1
1] 0.3432 | 0.0486 1 ]0.3564 | 0.0355
2 10.1562 | 0.4519 2 10.1481 | 0.4600

Table 3.13: Left: average confusion matrix for clustering; Right: average confusion matrix for
classification.

In Table 3.13, the average confusion matrix for clustering is close to the one for classifi-
cation, indicating that in this normal mixture example, the clustering approach works reasonably
when labels are unobserved in the sense that it achieves similar performance as the supervised

setting.

Part 2

In Part 1, clustering error and classification error are evaluated using the true labels in the
monte carlo sample. Since these monte carlo estimates of the clustering/classification errors are
not available for a real dataset, moreover, in the clustering setting the labels are not observed,
we need some internal measures (based on available data) to evaluate these errors — in particular,
cross validation error (for classification) and cross stability (for clustering) as an “estimate” of
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the true error. Definition of these measures are given in section 3.8.

In Table 3.14, the same ) value is used as part 1 and the four measures are compared based
on 50 equal-sized random splits of the data. The four measures are comparable, indicating that
cross-stability for clustering (in the unsupervised setting) is closely resembles the cross-validation

error for classification.

L, cross-stability | binary cross-stability | intermediate | cv error
average | 0.2798 0.3105 0.2995 0.2680
SD 0.0979 0.1260 0.0788 0.0623

Table 3.14: Four stability/validation measures (described in section 3.8) computed from 50 equal-
sized random splits of a two-component Gaussian mixture data with sample size 80, using the
same tuning parameter \: (1) L; cross-stability for clustering; (2) binary cross-stability for clus-
tering; (3) cross-validation error under the intermediate setting; (4) the familiar “/-fold” cross-
validation error for classification with K = 2.

There is a natural order among the last three: the purely supervised cross-validation error is the
smallest, then the intermediate one, the purely unsupervised binary cross-stability is largest. In-
terestingly, the same order also holds for standard deviation.

The four measures in the table are comparable, indicating that cross-stability for clustering (in
the unsupervised setting) closely resembles the cross-validation error for classification.

Remark. The order among the standard deviations for the last three measures may suggest a

theorem to prove under certain conditions.

3.10 Real data analysis: Boston housing data

In this section, we apply our method to the Boston housing dataset. This dataset was used
as an illustrative example in [23], and is available in R package "MASS”. The sample size is
n = 506, with p = 13 variables. We use the same variable transformations following [23]:
T(1356891014) = 109(T(1,356809,1014)), Tr = 27°, 011 = exp(0.4211), 213 = /T13. After the

transformation, all variables are then scaled. The river variable (binary) is deleted from the study.
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In [23], hierarchical clustering with Wald’s method is presented, and interpretation of the result
shows evidence for two clusters: towns with high living quality and towns with low living quality.

We run Algorithm 1 on full data using default tuning. Four initialization procedures are
compared: (1) 10 random initializations; (2) hierarchical clustering (Wald’s method); (3) K-
means clustering; (4) spectral clustering. From Figure 3.8 and 3.9, except for the random ini-
tialization, all other three initialization methods give sensible but slightly different clusterings
indicating high and low living quality, each as a local optimum of the objective function found

by Algorithm 1.

Ordering among solutions

By looking at several variable pairs in Figure 3.8 and 3.9, the clusterings given by the
three initializations (hierarchical, K-means and spectral) can be seen as successively adding more
towns to the high living-quality group (more red dots replacing the black ones in the figure),
leading to more unbalanced clusters. A further investigation shows that this seemingly clear
order in the plot comes from comparison between the labelings (z values), while such order is

not clearly present when values of the clustering function (g values) are compared instead.

Trade-offs among solutions

In Table 3.15, the classification problem found by spectral initialization has the lowest clas-
sification error and is most smooth (smallest Lipschitz constant) among the methods presented,
but the unbalanced estimated proportions and an extreme grouping of several variables such as

“rad”, "tax” and “pratio” in Figure 3.8 and 3.9 may need further investigation. The second and
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third row under the hierarchical and K-means column show a typical trade-off between Lipschitz

constant (smoothness) and classification error: the solution from K-means is smoother, but has a

larger classification error.

initialization method | random (10) | hclust K-means spectral
objective value 0.490 0.440% (0.444) | 0.449 (0.462) | 0.509 (0.509)
classification error 0.094 0.065 (0.068) | 0.086 (0.078) | 0.045* (0.045)
Lipschitz constant 0.308 0.265 (0.264) | 0.238 (0.229) | 0.237* (0.237)
proportion 0.50 0.50 (0.50) 0.50 (0.45) 0.30* (0.30)
number of iterations | 10 3 6 1

Table 3.15: Clusterings found by different initializations. Several output quantities of interest
are displayed. Data: Boston housing. Initializing by hierarchical clustering gives the smallest
objective value among the methods presented here. * indicates the smallest number within each
row. The values inside brackets are “initial input values” from the output of another clustering
algorithm, by passing only one iteration to turn a discrete clustering into a Lipschitz continuous
one. Not all quantities are improved from the initial, as our objective function tries to find a
certain balance among them.

It is important to note that, as mentioned in section 3.6 and Table 3.10, the “classification error”
here refers to 7,,1(g,), and since there is no "true label” for this dataset, the “true classification
error” R, (g, ) is not possible to get.

3.11 Appendix

3.11.1 Lloyd’s algorithm and Luxburg’s linear program

Lloyd’s algorithm for K-means clustering

We briefly recall Lloyd’s algorithm [34] because the alternating minimization steps therein
bear much high-level resemblance to the our main algorithm. Since exact minimization of K-
means (1.9) requires combinatorial optimization, in practice often a heuristic algorithm is imple-

mented. The most common one is Lloyd’s algorithm, which proceeds by iterative refinement of
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Figure 3.8: Pairwise clustering plot using different initialization algorithms. Data: Boston hous-
ing. Variable 1-6.

the cluster centers and cluster assignments:
Step 1 Pick K data points randomly as initial cluster centers c?, - - -

Step 2 Given the cluster centers ¢}, ..., ¢}, update the membership of X;’s: X; € CIH!iff ¢

argmin || X; — ¢||.

ce{ct,....ct}

, ). Thenfort =0,1,2,---:

Step 3 Given the membership information, i.e. {i : X; € CI*'} where C{*! denotes jth cluster,
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Figure 3.9: Pairwise clustering plot continued: variable 7-13.

X;
x;ectt!

update the cluster centers by d“rl wg—“\’ j=1,--- k.
J

Step 4 Repeat steps 2& 3 until certain convergence criteria is met: when decrease in the objective

value (1.9) is smaller than some tolerance, or when cluster assignments no longer change.

Now we explain the high-level resemblance of these steps to our main algorithm (Algorithm 1).

In terms of the mixed-integer formulation (3.2), the integer variable z resembles memberships
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of data points, while the continuous variable a resembles values of the clustering function. Each
iteration of Algorithm 1 can be understood in this way: when the membership of data points
are fixed, the problem becomes a classification problem, in our case it is essentially a Lipschitz
classifier known in the literature (introduced next), which yields a fitted classification/clustering
function (corresponding to step 3 above); when the classification/clustering function is fixed, data

points are then relabeled (corresponding to step 2 above).

Luxburg’s linear program for Lipschitz classifier

A Lipschitz classifier [65] minimizes the classification error while controlling the Lipschitz

constant of the decision function:

nt 1 (@) + ML)

where y; € {—1,1}, and [ is the hinge loss for classification: [(y; f(z;)) = max{0,1 — y; f(z;)}.

[65] fits the Lipschitz classifier by solving

min Z l(y;a;) + A max i N (3.13)
P

i d(xg,x)

173



which can be written into a linear program:

min i+ A
min- ;é p
subject to &; > 0,

yia; > 1 —§&;,

ai—aj

> —
p= d(l‘i,l’j)

Remark. In [65], the range for the classifier f is all real numbers, while the range of the clustering

function g we adopt is in [0, 1].

3.11.2 Additional simulations on distributional effects

Figure 3.10 shows the effect of distribution on the clustering result over a family of beta
distributions, replacing the uniform density in the two-piece uniform example. Figure 3.11 and

Table 3.16 shows the effect of radial distribution on 1/L,, in the disk and annulus data.

radial distribution | 1/L,,
beta(5,1) 1.22
beta(1,1) 1.75
beta(1,3) 2.27

Table 3.16: Distribution effect on margin, under the three disk and annulus data described in
Figure 3.11, using different beta distributions in the radial direction. The "margin” 1/L,, becomes
larger when the distribution on the clusters concentrate away from each other, which matches
intuition: degree of separation is higher from left to right in Figure 3.11.
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3.11.3 Subsampling inference for computationally infeasible problems

Consider estimating a statistical functional 6( P) by an estimator 0,, (often formulated as so-
lution to an optimization problem), where 6,, is hard to compute for very large n (either infeasible
or the complexity grows too fast with n). Using classical empirical bootstrap for statistical infer-
ence, such as constructing CI for §( P), requires computing 0, repeatedly for resamples of size n,
which becomes even more computationally prohibitive. On the other hand, m-out-of-n bootstrap
is often able to produce equally valid inference under the condition that m — oo, m/n — 0 [41].
Such subsampling procedure can involve more postprocessing steps than empirical bootstrap, but
doing so are worthwhile as much more computational cost is saved by computing 0,,, instead of
6,,. This may turn an infeasible problem to a feasible one, or reduce the complexity significantly.
For example, when the complexity of the optimization problem is O(n?), then taking m = /n
reduces each run to O(n'®), and if B = \/n subsamples are taken then the total cost is O(n?),
which is a solid reduction in computation. Computing was not one of the main motives to use
subsampling in [41, 42] at that time, instead these approaches were advocated so as to weaken

the assumptions to apply bootstrap methods for valid inference, or as a remedy in cases when

empirical bootstrap fails.

3.11.4 Consistency of aggregated solution

This section studies consistency of a solution computed from the subsample-aggregate ap-
proach proposed in Algorithm 2, which may be of independent interest. The main technical tool
is U-statistics.

Suppose the original dataset has size n while we utilize B repeated subsamples with size
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m to estimate g, the original solution at sample size n, because of computational constraints.
We study consistency of such an estimate when both m and B grow with n, but possibly slowly.
In summary, consistency follows from two parts:

1. the aggregated solution is close to the ”average behavior” at size m;

2. the "average behavior” at size m is consistent as long as m grows with n.

The first part will be dealt with under a specific subsampling scheme introduced below (see
later remark for the difference between this scheme and the usual m-out-of-n bootstrap). The
second part is straightforward.

For any m < n, conditioning on data X, ---, X, let g1, gm2, - + I, (1) denote any

m

(fixed) ordered solutions from all (;:L) data subsets of size m. Consider the following subsampling

and aggregating scheme: Let ¢7,---, g5 be i.i.d and for any b = 1,--- ,B,g; = g, With

m

probability ﬁ, 1=1,--- (T’;) Define the aggregated solution

Under this scheme, the randomness in this average is split into two parts: one involving the
symmetric dependence structure among all subsamples of size m, which will be dealt with by a
U-statistics result; the other is about an average of B independent random variables, conditioning
on the fixed order of (;:L) solutions.

In the preceding theorem, we assume the alignment problem in clustering can be dealt with

separately. One could choose a base point in the data space (e.g., a point far-away from all data

points) and require that all g functions have the same value (0 for example) at this point.

Theorem 3.1. Suppose the variational problem (1.5) has solution g*, and consider any point
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at which the data problem is consistent: g,(z) — g*(z). When B /* co,m / oo, m = o(n),

the subsample-aggregate scheme above is also consistent at this point: ,4(x) = g ().

Remark (1). Section 2.6 summarizes various forms of uniqueness/consistency results around
the original population/data problem, indicating different extents to which consistency property
holds. The focus here is to show what are the additional analysis needed to justify a subsampling
procedure. With suitable choice of m, B, subsampling can be applied where consistency and
uniqueness is justified or assumed for the original data and population problem, and where the

major concern is computation.

Remark (2). There is some difference between the subsampling studied here and what is usually
implemented in an m out of n bootstrap with replacement. Here although some of B subsamples
may be repeated, there are no repeated observations within each subsample. This difference can

be handled by the difference between U-statistic and V-statistic discussed in the next section.

()

Proof. LetUy(x) := ﬁ gm.i(z). Then U, (x) is a U-statistic with degree m. By an exponen-
m) =1
tial inequality for U-statistic [A.8] which dates back to Hoeffding, and the fact that all g values

lies in [0, 1], we have, unconditionally,
P(Un(z) — E[Un(x)] > t) < exp(—2|n/m]t?), (3.14)

where E[U,(2)] = E[gm.i(z)]-

Note that conditioning on X1, - - - , X,,, under the subsampling scheme we have
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and by Hoeffing inequality for i.i.d sum,

Ud|
Mm

We also have, unconditionally,

DUIH
Mm
,

Combining (3.14) and (3.15),

P i) -

b=1

U:JIH

) >t Xy, X)) < exp(—2Bt?).
) > 1) = BIEU(5 3 6i() — Uala) = )%+ X.J]
b=1
= BIP(5 Y 6i(e) ~ Uule) > X1, X,)
b=1
< exp(—2Bt?) (3.15)
Un(e)] 2 1) = P(5 3 61(2) — Uala) + Unla) — E[U(2)] > 1)

< P(+ 3 giw) = Unla) = 1/2)

+ P(Un(z) — ElUn(2)] 2 1/2)

(using P(X +Y > 1) < P({X > t/2}U{Y > ¢/2}) < P(X > 1/2) + P(Y > 1/2))

< exp(—Bt*/2) + exp(—|n/m|t*/2).

This shows when B 0o, m = o(n), the value of the aggregated solution at any point , §,, ()

is close to E[U, ()]

part.

= E[gm,i(x)], the average behavior at sample size m. This finishes the first

For the remaining part, note that whenever the original solution (at size n) is consistent,
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then as long as m grows with n (which can grow slowly), the average behavior at size m will also
n—oo

be consistent. Specifically, suppose g, () 2> ¢*(z), then by [A.12], E[U, ()] = E[gm.(z)] =3

g (x). O
Further remarks on Theorem 3.1:

Remark (1). From this analysis, m, B can even grow as slowly as log(n) to be consistent. How-

ever, the actual performance at any given sample size needs to be checked by Monte Carlo.

Remark (2). The aggregation method studied here is pointwise average. An averaged solution,
however, no longer satisfies the optimality conditions. Another method implemented is pointwise
median (see step 3 of Algorithm 2 and Figure 3.2), which seems to yield finite sample solutions
that roughly satisfy optimality conditions. The proof could be a bit different for the median

approach.

Remark (3). Different tools will be needed to prove consistency for m fixed, or under an adap-
tive scheme other than pure random subsampling, such as described previously in ”subsample

discriminating points”.

3.11.5 U-statistics and V-statistics

Definition: for any kernel” h, a permutation symmetric function of its arguments,
U-statistic: U,, = ﬁ Y h(X;,,- -+, X, ), where c denotes all combinations of m distinct
m/ ¢

elements {iy, - iy} from {1,--- n}.

n n
V-statistic: V,, = nl Yoo T h( Xy, X))
a=1 il

It can be seen from the two definitions that the difference is in sampling with or without

replacement. Suppose we adopt the aggregated solution from the classical m-out-of-n bootstrap
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(sampling with replacement), then the U-statistic U,,(z) appeared in section 3.11.4 will be re-
placed by the corresponding V-statistic with the same kernel.

A result from Serfling ([49], section 5.7.3) says the asymptotic behavior of U-statistic and
V-statistic are very similar—in particular, they share the same central limit theorem. However, one
needs to take caution when applying this result, because Serfling’s proof argument treats m as a

fixed number — while in our case m grows with n.

3.11.6  Other subsampling schemes

Subsample the constraints

The computational bottleneck of Algorithm 1 depends a lot on the large constraint matrix in
the linear program, in terms of both running time and storage. A natural thought is to subsample
the constraint matrix. However, it appears that subsampling rows of constraints uniformly can
lead to very unstable performance. Further knowledge regarding the potential active constraints

is needed to prevent them from being deleted, while getting rid of redundant constraints.

Subsample the variables

Another different idea is to subsample the variables when the number of variables is large,
and consider subsampling in both directions (both the data and the variables) when both the

sample size and the dimension are large. This direction is out of scope here.
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Figure 3.10: Fitted values on the data points from beta distributed clusters with different parame-
ters. Actual distribution on each cluster does not show much effect on the form of solution, only
the “’turning points” are changed.

181



550,
o

l- . . 4
. s
- LA
o e ¢ . et
i - 7 ., s ¥ o -
* 0 o] o, = "y Lol 0
Bt . s .
. . )

-1 0 1 2 -3 -2 -1 0 1 2 3 2 0
x1 x1

(a) beta(5,1) (b) beta(1,1) (c) beta(1,3)

Figure 3.11: Disk and annulus data with different radial distributions, generated by the product
of two independent random variables v and /3, where v denotes uniform distribution on S*, and 3
denotes the radial distribution specified by a beta family: /5 follows beta(a, b) or (3 — beta(a, b))
each with probability 1/2, for some a > 0,b > 0. The case beta(1, 1) corresponds to the uniform
case used in Table 3.11. Each subfigure (a) (b) (c) has the same support (on the same disk and
annulus), but the distribution concentrates differently.
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Chapter 4:  Generalizations

In this chapter, we initiate three major extensions of (1.5): general penalty function, mul-
ticlass, and model with noise — while still under Lipschitz regularization. Section 4.4 discusses
possible variants of the formulation other than Lipschitz function spaces for the decision func-
tions g.

Many results for K > 2 do not involve new proof ideas, and only require finding the right
analogue statements, some can even be repeated verbatim. The emphasis on K = 2 in previous
chapters is not a limitation: while multiple clusters can be an important practical question, the
case K = 2 captures the essence of the theory (also more clear for theoretical understanding).
The extension from 2 to K is more of an engineering step. We also refer back to section 3.7
for an approach to still use the 2-cluster formulation to explore multiple clusters from further

knowledge of multiple local optima.

4.1 General penalty function

In this section we show that N.C.2 holds for general penalty function p when K = 2.
The proof of Theorem 2.1 relies on /3 only through the comparison Lemma 1.1, and only in the
last step. Therefore it suffices to show that such a comparison lemma holds for general penalty

functions, with modified requirement on As.
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Let p(-) be a nonnegative function on [0, 1], and we change I3 = A3 max{FE[g], 1 — E|g|}
in (1.5) used in previous chapters to I3 = A3 - p(E[g]), with other terms fixed.

Suppose p is Lipschitz with constant C"

lp(z) — p(y)| < Clz—yl,

then for any two functions g, ¢’, we have I3(¢’) — I3(g) < A3+ C|E[g’] — E[g]|. From the proof of
Lemma 1.1, this inequality would lead us to the same conclusion in the lemma when A3 < 1/C.

Examples covered by this case include p(x) = (1 — z)? + 2% or max{(1 — z)?, 2°}.

Corollary 4.1. The statements in Theorem 2.1 hold for general penalty function p (replacing
max{FE[g],1 — E[g]}) satisfying |p(z) — p(y)| < C|x — y| for some constant C, for any x,y €

0, 1], when the condition \3 < 1 is replaced by \3 < 1/C, with other things fixed.

8] =

Remark. For penalty functions such as p(z) = < + ﬁ, which are not Lipschitz on the whole
interval [0, 1], one could first use a competitor (such as a nonzero constant function) to obtain
a positive lower bound on E[g*| for any optimal solution ¢g* (i.e., excluding the possibility of

extreme proportions). Suppose the lower bound is d, then p is Lipschitz within [§, 1 — ¢], and

the same argument above can be applied within this interval. In other words, the solution is

1
11—z’

unchanged if p(-) is replaced by min{% + C'} for some constant C, which reduces to the

case in Corollary 4.1.
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4.2  Some multiclass theory

A Pollard-type consistency theorem for K > 2 was already provided in Theorem 1.4. Here
we consider an analogue of Theorem 2.3 about model-based consistency for K > 2, with general

penalty function p. First we define an extension of the sharp cluster model C1 in Chapter 2.

K sharp clusters
Consider the generating distribution P to be K sharp clusters S;,---, S, C R? with

P(Sg) =m >0,k =1,---, K, where ’sharp” means:

(1) density exists for P and is lower bounded away from 0 on Uy,Sy, constant 0 on (US;)%;

(C4)
(2) Si’s are compact, connected, disjoint.
K
Denote L, = max m,wo = (m,-,7x). Let Gx = {{g1, ..., 9k} : k;gk =19, >
0,k =1,---, K} denote the collection of sets of K clustering functions.

For k = 1,--- K, let j; be any function such that gi|s, = 1,gx|s, = 0 for any j # £,
and §k|(uﬁ<:15j)c is a Lipschitz extension of §k|U§<:15J_, so that L(gx) = max ;sk) Let g =

i#k S

{01, , i }. Define the clustering risk (as in section 2.2.3) of g under K sharp clusters as

where dy(g', g*) = maxmin ||g; — g7||2,(p) for any g', g* € G, as in Theorem 1.4.
i

Now we state some technical conditions on p needed in Theorem 4.1 below. Let p(x1, - - - , T k)
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be a nonnegative function on the probability simplex {(z1,- - ,xx) : Y xp = 1,z > 0}, satis-
k

fying the following conditions:

1. p is continuous, symmetric in its arguments, i.e., p(zy, - ,xx) = p(a},--- , 2’ ) for

any x = (z1,--- ,rx) and any permutation ' = (z,- -+ , 2 ) of z.
2. p(xy, -+ ,xK) < oo, forany x1 #0,--- ,xx # 0.

3. p(0, 29, ,xr) > p(y1,- -,y ), forany xo, -+ ,xg,and y; # 0, -+, yx # 0.

K
Examples of p include )
k=1

1

T

1 2 . .
max o, m]?x(l — ), HII?X(l — x1,)*. In practice, this should

be chosen for computational tractability.

Remark. For the first two examples, p(0, zo, - - - , 2k ) = o00; for the latter two, p(0, z2, - -+ , T ) <
oo (e.g., for ml?x(l — k), p(0, 9, - -+ ,xx) = 1). The effect of this difference is discussed in the

last part of the proof of Theorem 4.1.

Consistency under sharp cluster model with K > 2

With all notations and conditions stated above, we give a generalization of Theorem 2.3.

Under model C4,

Theorem 4.1. Let the generalized data-based objective function be

In(9) = Bu[min{l — g (X)}] + Agp max L(ge) + Az np(Palgils -+ s Palge]),
where p satisfies the conditions stated above. Denote any minimizer

Gn(-s Aan, Aspn) € argmin I, (g).
9geGK
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Suppose X\o, and X3 ,, are chosen such that Lo Ao < Az < Chop, A3y —

min p(O,CCQ,“‘ ,Ik)_p(ﬂ'o)
2, T

0, C'is any constant, then

lim R(gn(, )\Qm, )\3,n)) =0a.s..

A
A

In the case when p(0,xq, -+ ,x) = 00, it is sufficient that C < z” < Cs for some constants

0 < Cy < Oy (which does not depend on Ly and ).

The proof is in section 4.5.1.

4.3 Sharp cluster model with noise

In this section we consider the sharp cluster with noise model

Py =(1—6)P, + 6P, (C5)

where P; is a sharp cluster model with K = 2 (C1), where P,(S;) = 7, P;(S3) = 79, and P. is
some noise model in the ambient space, J is the probability of observing noise. We prove a 1-d
uniqueness result in such noise case, as an extension to Theorem 2.5.

First, we show that a “bipartite” theorem (Theorem 2.4) is still attainable, with some extra

condition involving the noise probability 9.

Perfect separation under noise

Under model C5,

1—040)2

Theorem 4.2. Let oy = max{m,m}. When § < ! Sag » there exists a range for (A, A3)
depending on § under which any optimal solution g* for (1.5) satisfies that % — g* has different
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signs on Sy, Sa.
Remark. The analysis is similar to the noiseless case (Theorem 2.4). Here there is an extra
condition on ¢, requiring the noise probability to be small.

The proof is in section 4.5.2.

Uniqueness under noise in 1-d for fixed L
Under model C5,

Theorem 4.3. Let the density of Px in S1, Sy be bounded below by ¢,, and the noise density
(density outside S) be bounded above by €,yise. SUppose €/ €npise > 4/(1=XN3), and 6, Ay, A3 satisfy

the condition in Theorem 4.2. Then (1.5) has unique solution in G = {g : gls, < 1/2,9|s, >
1/2}.
The proof is in section 4.5.3.

Remark (Proof strategy). Fori = 0,1, let

0, € (—00,x— 57);
9i() = Lz —a;) + 1, z€(m— & o+ 5);
1
1, T € [ + 57, 00).

Then define )
07 HANS (_Oo,l't — %]7
@)= Le—z)+3, o (o—Fm+3)
1, T € [z + 57, 00)

where x; = tzg + (1 — t)z;.
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The main proof strategy for uniqueness in the noise model is to replace the role of g; in
Theorem 2.5 by g;. Note that g; is not a convex combination of gy, g;. In the proof, we will
sometimes use the function g, = tgo + (1 — t)g; as an intermediate function to compare. By
Theorem 2.1, when A3 < 1, we have I(g;) < I(g:). Therefore, even though I(g;) < tI(go) +
(1—t)I(g1) no longer holds because of the presence of noise (specifically, the restricted convexity
argument no longer holds), it is still possible that I(g;) < tI(go) + (1 — t)I(g1), which would
enable us to replace the role of g; in Theorem 2.5 by g;. This will be the main idea in the noise
case: show that I(gy) < tI(go) + (1 — t)I(g1) under some condition on the density. Uniqueness
then follows: if gy, g1 are both assumed to be optimal solutions, then we can find a better solution

g; unless go = g1.

Remark on other possible extensions

Other possible extensions may span different combinations of general penalty function,
multiclass and noise model on top of the three demonstrated extensions in this chapter. We do
not pursue all these extensions, but give an example of how to think about any of them, say,
“uniqueness for multiple A under general penalty function in general dimension”. In Chapter 2,
uniqueness was a final product built upon a series of previous results. First one needs an analogue
of N.C.2 such as Corollary 4.1, and a consistency theorem such as Theorem 4.1 followed by an
extension of the bipartite condition C3 (this condition in Chapter 2, which comes out of the proof
of a consistency theorem, is needed in the statement of the uniqueness theorem). Then one finds
the analogue uniqueness statement of Theorem 2.6 (note that any uniqueness result for K -clusters

should be indifferent to permutations). Technical efforts are still needed to carefully check that
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each step of proof of Theorem 2.6 can be generalized seamlessly. In particular, whether key
referring results such as N.C.2 and Lemma 1.1 can be utilized in a similar manner in proof as

before, and whether technical lemmas such as Lemma 2.1 are still valid in a general sense.

4.4 Some variants of the formulation

This thesis has been focused on the development of the Lipschitz formulation (1.5). Other
formulations under the general criterion (1.1) might be possible. For example, one that has been
studied in the imaging literature is the total variation norm ([9, 20, 55]). This assumes the clus-

tering function g lives in the function space BV (bounded variation).

Total variation formulation

We analyze a total variation variant of (1.5) in one-dimension:

minimize  E[g A (1 — g)] + As / |g'|dP 4+ A3 max{Elg],1 — Elg]}.
g:R4—[0,1], g€BV

For any candidate solution g, consider any point xy such that 0 < g(xy) < 1/2, and a local
variation g of g around the neighborhood of x(, § = g —n, where 7 is differentiable, nonnegative,

and equal to zero outside the neighborhood. Suppose A3 < 1, then

1(g) — 1(3) = Eln] + / AP — / (g — n)'|dP + g / ndP)

Z/ndP—A2/|n’|dPi/\3/ndP

> (1= %) [ 0dP = [ lylap
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1-23
Suppose we let 7 = e ¢ % * (which is a solution to (1 — A3)n = Xa|n’]), and choose ¢ small

enough such that ¢ —n > 0 in a neighborhood of xy. Then I(g) — 1(g) > 0, so g is variation that
improves g. This offers a necessary condition for optimality: let g* be any optimal solution, then
for any point x such that g*(z) < 1/2, it must be that ¢g*(z) = 0; similarly, for any point such
that g*(z) > 1/2, it must be that g*(x) = 1. Therefore, the total variation formulation starts with
a continuous formulation, but always yields 0-1 valued solutions.

The above can be contrasted with the necessary condition in the Lipschitz formulation
(Theorem 1.1), the difference being that the Lipschitz solution has an additional “transition”

region.

Parametric formulation: the logistic case

We give an example of a parametric formulation of (1.5) that may be more tractable:
minimize E[g A (1 — g)] + A\ L(g9) + Asmax{FE[g],1 — E|g]}

subject to the parametric constraint that g(x) = , where 3 € R?.

14e <5I

Since logistic functions are differentiable, L(g) = max||Vg(x)||s = max |ﬁ| .

181> = max || - 118112 = L

, where the Lipschitz constant is achieved when y = elBz) =
1,1.e. when (8, z) = 0 (so is achieved along the hyperplane which is the level set of the logistic

function at 1/2).
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Consequence for theory and computing

The previous two examples shows that a different formulation for (1.5) may lead to different
solution properties. Difference can also be expected in computing. A proposal here is to still use
alternating minimization as a general principle, while within each ”z-iteration step” (see Chapter
3) computation is to be done using method specific to the formulation: linear programming for
Lipschitz, existing algorithms for total variation, and logistic regression for the parametric case.

It is also possible that alternative forms motivated from PDE or optimal control theory may

offer better theoretical properties or are more convenient to optimize.

4.5 Proofs of chapter 4

4.5.1 Proof of Theorem 4.1

I(9) = A2.n m]?XL(gk) + )‘3,np(Pn[§1]> T aPn[gK])
= /\2,nL0 + >\3,np<Pn[151]> T Pn[ISK])‘
Since P,[Is,] =% 7,k = 1,--- , K, and p is continuous, we have p(P,[Is,], - , Pu[Is,]) =
p(my, -+ ,mx) < oo. Therefore when Ao ., A3, — 0, 1,(g) — 0.

To simplify the notation, denote ¢,,(, A2.n, A3.n) BY Gn, 9 = (gn1s -+, Inic)- Since g, €

arg min I,,(g), we always have I,,(g,) < 1,(9).
g
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The proof is divided into 3 parts:

1. There exists a data point z,, in S, such that mkm{ 1—gn i} (z,) < PI”[E ) 7, and lim P, [min{1—
nliok n

Gni}] = liTan P[mkin{l — gni}] = 0.

2. Forany k = 1,--- , K, argmin(1 — g, ;(x)) is constant on Sy, when n large enough,
j

a.s.

3. Forany k = 1,--- | K, there is exactly one k* € {1,---, K} such that arg min(1 —
J

Gn.j(7))|Sk+ = k, when n large enough, a.s.

By 1,2,3, we can assume w.l.0.g that arg min(1 — g, ;(x))|Sx = k, when n large enough,
j

a.s.. Therefore

R(gn) = maxmin P[|g; — gn,l]
= maxmin{P[(1 — gn;)Is.] + Plgnilscl}

< max{P[(1 = gni)ls] + > Pl(1 = gay)Is,]}
i

K
> P = gni)Is,]

k=1
= P[mkin(l — gni)] (use argmin(1l — g, ;(x))|Sk = k)
j

— 0,a.s.,

proving the claim.

1. Suppose for every X; € S, mln{l — gni }(X;) > TN [§ )], then
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I,(gn) > Pn[mkin{l — gnitls,] > L XES Pi"[gl] = I,(g), a contradiction as g, is a
1: X,; €S

minimizer of [,,.
Since 1,,(§) — 0, and Pn[rnkin{l—gn,k}] < I(gn) < I,(9), we get Pn[m]gn{l—gmk}] — 0.
The Lipschitz constant of g, is uniformly bounded almost surely. In fact, when A3, <

CAs,n, we have

)\Z,nL(gn,k) < ]n(gn) < In(ﬁ) = )‘Q,nLO + )‘3,np(Pn[Isl]’ U 7Pn[]SKD
< AQ,n(LO + Op(PTZ[ISI]7 T 7Pn[]SKD)
L(gnx) < Lo+ Cp(Pu[ls,], -+, Pullsy]) == Lo + Cp(m).

By [A.2], for any 0 > 0, L(m]jn{l — Gni}) < max L(gnx) < Lo+ C(p(mo) + 6), when n large
enough, a.s.. Below we fix some 6 > 0 and denote L + C(p(m) + 0) := Lc¢.
LetF = {f: X —[0,1],L(f) < Lc}, where X is some bounded domain on R such that Uy,

Sk C X. Then by Lemma 1.2,
sup(P, — P)[f] — O ass..

feFr

Therefore P, [mkin{l — Okt — P[rnkin{l —gnit] — 0, a.s., it follows that P[mkin{l —gnit] — 0.

2. Forany a € [0,1],b € [0,1], L > 0, consider again the quantity (2.9) used when K = 2:

Cs.(L,a,b) :==inf{ [ fdP: f(z1) = a, f(xg) = bfor some z1, 25 € Sy, L(f) < L, f: X — [0,1]},
Sk
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which measures regularity of P on Si. By sharpness of Sy, Cs, (L,a,b) = 0iff a = b = 0.

Suppose arg min(1 — g,, j(x)) is not constant on Sy. By argument 1, there exists a point z*
j

such that mkin{l — gnji(z")} < Pl"[g)]. Denote arg min(1 — g, ;(z*)) = k*. Then there exists
n k J

another point z** € Sy, such that argmin(1 — g, ;(z*™)) = k™ # k*. For some € > 0, let n be
j
large enough that 1@

Pulls,]

K
Consider h(z) = (1 — gg+)(x) — r'r;ikn(l —g;)(x). Since ) g;j(x) = 1,1 — gn = (2*) <e,
JFk* =1

we have min(1 — g;)(z*) = 1 —maxg;(z*) > 1— > gj(«*) = g+ (2*) > 1 — €. Therefore
J#k* J#k* Ak

h(z*) <e— (1 —¢€)=2¢—1,h(z™)>0.

When e < 1/2, by continuity of h(z) and connectedness of Sy, there is a point Z € S}, such that
h(%) = 0. This implies g;- (Z) = max ;(),1 = %Jgj(f) = gi+ (%) + max g;(7) = 2g;- (%), s0
g (Z) < 1/2.

Note that for the two points z* and & above, we have mjin(l —gj)(@*) = (1 —gp)(z") <€
and mjin(l —9;)(&) = (1 — gx+)(Z) > 1/2. For any € < 3, again, by continuity of mjin(l - 9;)
and connectedness of Si, there are two points @ and b that mjin(l — g;) is equal to € and 1/2,

respectively. Then, by definition of C,, P[mkin(l —gr)ls,] > Cs,(Lc, €, 3) > 0, a contradiction

to P[mkin(l —gx)] — 0.

3. Suppose there exists £** such that arg min(1 — g, ;(z))|Sx # k™ forany k =1,--- | K.
J

Since we can always switch the roles of £ = 1,--- |k = K and in turn switch ¢y, -- , gx

195



accordingly, we can assume w.l.o.g that £** = 1. We have
Pn[arg Hlkln(l - gn,k)] < [n(gn) < [n(ﬁ) = €p.

Denote k* = arg mljn(l — gni) (), € S. By argument 2, k* is uniquely defined,

K
Polgna] = Z Pulgnals,]
k=1

Pol(1 = g )1s,]

]~

b
Il

1

Pn[mkin(l — k)] < €n.

Therefore observe that when ¢, goes to 0,

P(Pulgn]) = p(Pu(gn1)s -+ s Pulgni)) = p(0, 29, - -+ 1),

for some o, - - - , x;. Choose some § > 0, let n be large enough that |p(P,[Is,], - - , Pu[ls,]) —

10(77-0)| < 5 and p(Pn[gnD = p(Pn(gn,l)a e 7Pn(gn,K)) > min ,0(07 Xy 71716) - 5 (replace

T2, Tk

by p(P,[gn]) > M for large M if p(0, z, - - - , x1) = 00). We have

AonLo + A3 (p(m0) +6) > XanLo + A3 np(Pulls, ], -+, Pullsy])

= [n(é) > fn(gn) > Ag,np(Pn(gn))'
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On the other hand,

A3nP(Po(gn)) — A2nLo + Asn(p(m0) +0)) = A3n(p(Pnlgn)) — p(m0) — 0) — A2l

> )\3,n< min p(0,$2, o ,$k) — 20 — p(ﬂ'o))

T2, Tk

- >\2,nLO7
. . A3n .
where the last line is non-negative as long as % > - Lo , and a contradic-
A2,n min  p(0,&2, 2,)—p(m0)—26
oo
. . A n 1
tion will follow. When p(0, 2, - - - , z}) = oo, the above becomes /\2’ > m. The claim

then follows by letting 6 — 0, M — oc.

4.5.2 Proof of Theorem 4.2

Denote the constant 0 function by Ox. The proof is done by contrasting /(go) with 1(g)

and /(0x ). We have

I(0x) = A3,
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@) = [ 91 (- g1~ 8)P+ 5P)
:(1—6)/§A(1—§)dP+6/g/\(1—§)dPE
<0+4+0=09,

B(G) = (1-9) [ gap+5 [ gar.
:(1—5)/821dp—|—5/§]dP€
< (1—8)m+ 4,

1-E(g) <(1-0)m+6
max{FE[g],1 — E[g]} < (1 — 0) max{m,ma} + 0,

1(§) <6+ XaLo + A3[(1 — §)ag + 4]

a. There exists a point z on Sy, such that go A (1 — go)(z) < A3/m. Otherwise I(go) >

Elgo N\ (1 — go)1Is,| > As/my - mx = I(0x), a contradiction.

b. goA(1—go) has bounded Lipschitz constant, thus continuous. This is because Ao L(gy) <

I(g0) < I(0x) = A3, 80 L(go) < As/A2, L(go A (1 — g0)) < L(go) < As/A2 < C.

c. Consider the two functions

Tk

_ x 1 1
hl(x) = CSk<C7 7'('_’ §>7h2(x) = 1—_5]7,33' € [07 ?]7

k

where Cj, (C, -, -) is the normalized constant defined in (2.11). Since h;(0) > 0, decreasing in
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x and continuous, hs(0) = 0, increasing in x, there is a point where h;(z) = hy(x), denote that
point by ¢. When x < ¢, Cs, (C, Wik, %) > 15

Claim: When A3 < ¢y, % — go cannot change sign within each S.

Suppose % — go changes sign on Si, then by a. there is a continuous path in S such that g

continuously change from A3/ to 1/2. By definition of Cy, (L, a, b) (2.9) and by b., we have

I(g0) > (1 - 6) / do A (1~ go)dP

Sk
Az 1
> (1 - 5)OSk(O7 _3’ _>
Tl 2
~ Az 1
> (1 — S A
= (1 5)Csk<07 7Tk7 2)
1-9¢ L A3 = 1(0
>( — )1—(5 3 = (X)a

a contradiction.
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d. Suppose 1 — go have the same sign on S, Sz, assume w.l.o.g that gy < 3.

1) 2 1) = (1=8) [0 A (1= g0)dP+5 [ g0 (1= qu)dP.+ DL (g0
+ Az max{E[go], 1 — Elgol}
=(1-9) /ggdP + 6/goalP6 - 5(/ god P, — /go A (1= go)dPF,)
+ A2L(g0) + Az max{E[go], 1 — E[go]}
> [ (1= &P +5P) =5 [ lgn =90 1 (1= )P
+ A2L(g0) + As(1 — E[go])

= Elgol = 0+ A2L(go) + As(1 — Elgo])-
so we have F[go] < I(g) + d and I(go) > A3(1 — E[go]) — d. On one hand,
8+ ALy + A3[(1 =)o+ 6] > 1(g) > 1(g0) > A3(1 — E[go]) — 0.
On the other hand,

As(1 — Elgo]) — 6 — (6 + MaLo + As[(1 — 8)ag +8]) = As(1 — Elgo] — (1 — 6)ag — 6)
— 20 — )\gLo
> A3(1=1(g) =6 — (1 = d)ag — 0)

— 20 — )\2.[/07
leading to a contradiction if the above expression is positive.
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c. and d. together gives a range under which g < % on one cluster and g > % on the

other: A3 < min{cy, 2}, A3/ g < C, 1_035;5% < )\ < %, where C' is a constant
satisfying 6 < C' <1 —20 — (1 — ¢§)ay.

The last condition suggests that s and A3 should not be too small when the model includes
noise: if Ay and A3 both go to 0, the last expression will converge to —20 < 0, and we would not
have the above guarantee. Also for the range to exist, § cannot be too large. The condition in the

@Q
8«

— 2, .
theorem 6 < % gives a rough estimate.

4.5.3 Proof of Theorem 4.3

Part 1. analysis of I;

Claim: When the density in S7, S5 is bounded below by ¢, and the noise density (density
outside 5) is bounded above by €, then

(D tE[gols,] + (1 — t)Elg11s,] — ElgiIs,] = €s(z1 — w0)?,

@) [tE[(g0 A (1 = go))Ise] + (1 = ) E[(gr A (1 — gi))se] = El(g7 A (1 = 7)) se]l =
€noise (T1 — xo)z, where the remaining constants depend on L and ¢.

Subproof of (1): Suppose xy < z;. From the bipartition result in Theorem 4.2, we also
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have that x lies to the right of Sy and x; to the left of S,.

tElgols) + (1~ OElgls) - Elgils] = [ [tmax{5 + Liz - 2),0)

S1
+(1-—1) max{% + L(x — x1),0}
_ max{% + Lz — 2,),0}]dPy

1
_ / {1y + Lla — w)]dPy
[ro—i,xt—i]

1
+/ [tL(xy — o) — (1 —t)(§+L(:c—xt))]
[xt_ﬁvxl_i]
1
[zo— 55,7t — 57 ]

. t)/[ (L(zy — 2) — 2)dPy.

=g 1= ] 2

We have 0 < 1 + L(z — z0) < L(z; — xz0) = (1 — t)L(z1 — 3),Vz < 2 — 57, and 0 <

L(zy —x) — & < L(zy — x) = tL(x1 — 20), Yz > 2, — 5. Note that (see Figure 4.1)

Figure 4.1: lower and upper bound for A; and A, are chosen such that the two integrands are
lower bounded (by half the height of the triangle) on A;, Ay

1 1 1 1-1¢
§+L($—I0) Z —(1 —t)L((L’l —ZE()),V.T S [ZL’O - —+

1
5 5T 5 (x1 — x0), 2y — =—| 1= A; C S,

2L
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1 1 t

11
L(Qfl — QJ) — 5 Z §tL<l’1 — l’g),vz € [l’t — i,xl — E — §($1 — Qio)] = A2 - Sl,
where m(Al) = %(Il — ZEQ),’/R(AQ) = %(3171 — .130).
So a lower bound for LHS of (1) is
1—1)L tL
t(l1—t
> M0 10y — ) [ (P(A) + PA)

t(l—1¢ 1—t¢
= ( 5 )L(ml—xo)es 5

(z1 — 20) + %(ml )

o €5(z1 — 20)°,
as long as ¢ is bounded away from 0 and 1.
Subproof of (2): Since zy < 1, we have S = R, U R, U R3, where

1 1 1 1
Ry = {27 € SC : gO(‘T) < 5791(33) < 5}7R2 = {ZL’ € SC : go(fﬁ) > 5,91(37) > 5}7

1
,91(r) < 5} = [z0, 71].

N | =

Rgz{xGSC:go(:L’) >

From now on, for some subset D C R?, denote Ep|g] := E[glp]. Note that all four functions

1/2 —go,1/2 —¢g1,1/2 — g7,1/2 — g, are positive on RR;, negative on Ry, and

ERl [g:] < ERl [gt] = tERl [90] + (1 - t)EPq [91]7

ER2 [g:] > ER2 [gt] = tERQ [90] + (1 - t)ERQ [91]7
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so we have

Erlgi N(1—g/)] = tEr,[90 A (1 = go)] = (1 =) Er g1 A(1 —g1)] <0, i =1,2.

Therefore,

Eselgi N1 —=g7)] = tEsclgo A (1= go)] = (1 =) Eselgr A (1 — g1)]

< Erylgy AN (1= g7)] = tERg[g0 A (1 — go)] — (1 =) ERry[g1 A (1 — g1)],

that is, it suffices to control the expectation within Rj.

When restricted to 23, g7 is a linear combination of gy and g;:

9;(x) =tgo(x) + (1 = t)g1(z), z € Rs,

we have

tER3 [gf A (1 - g:)] - tERg [90 A (1 - gO)]
< tEp,ltgo + (1 —t)g1 — ol
= t(1 —t)Ery|g1 — g0l
1 1
= t(l — t)LERJ|$1 — [L’0|

=t(1 —t)L(x1 — z0) Px([x0, 71])

<1 —t)L - enoise (1 — 20)?, (since [zg, z1] NS = 0)
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and similarly,

(1= 1) Ery[g7 A (1= g))] = (L= 1) Epy[g1 A (1= g1)] < t(1 = t) L €ngise (21 — 20)”.

Therefore

Esclgp AN(1—g0)]—tEsclgoN(1—g0)] — (1—1t)Egc g1 A1 —g1)] < 2t(1 —1) L+ ngise (11 — 20)*.

Part 2. analysis of /3

The three functions go, g1, g; have the same Lipschitz constant. It remains to control /3
(I3(g) = max{E[g|,1 — E[g]}). By convexity of I3(¢g) in g, I3(g:) < tI3(g0) + (1 — t)I3(g1)-

Therefore

tls(g0) + (L — t)I3(g1) — Is(g;) > I3(g:) — I3(g;)
> = X3|Elg: — g/l
= —X\3|Es, [g: — 97] — Es,[9; — g4l
= —X(Es[9: — g7] + Es,[9; — 1))
(gt > g/ on Sy, g: < g; on Sy)
= —\3(tBs,[go] + (1 — t)Es, [91] — Es, [g7]

+ E5‘2 [gf] - tES2 [90] - (1 - t)Esz [91])-

Part 3. combining /; and /3

The last expression appears also in the analysis of /;, so we can combine terms when
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analyzing I(g):

tI(go) + (1 = t)I(g1) — I(g;) = thi(go) + (1 — 1) 11(g1) — Tn(gy;)

+ts(g0) + (1 = t)Is(91) — Is(g7)

> tEs [g90] + (1 = 1) Es, [91] — Es, [97]
+ tEg,[1 — go] + (1 =) Es,[1 — g1] — Es,[1 — g7]
+tEgc[go A (1 — go)] + (1 — ) Egelgo A (1 — go)]
— Egelgi A(1—g7)]
— Ms(tEs, [90] + (1 = 1) Es, [91] — Es[97]
+ Es,[97] — tEs,[g0] — (1 — 1) Eg,[61])

= (1= A3)(tEs, [90] + (1 = 1) B, [01] — Es,[97)
+ (1= A3)(Es,[97] — tEsy[90] — (1 — t) B, [g1])
+tEgc[go A (1 — go)] + (1 — ) Egelgo A (1 — go)]

— Egelgy A (1 —g7)].

Let t = 1/2, we have
(1): tEs,[go] + (1 — t)Es, [91] — Es,[g7] > %L - €5(z1 — 20)?, and similarly,
Es,[97] — tEs,[g0] — (1 = t)Es,[g1] > 6L - €s(w1 — 0)%
(2): Esclgi AN(1—g9)]—tEsc|goN(1—go)]—(1—t) Esc[gi A(1—g1)] < 5L-€noise (21 —0)?,
s0 t1(go) + (1 —t)I(g1) — I(g7) = (1 — A3)Les(1 — 20)* — § Leénoise(z1 — 20)?, and

I(gy) < tl(go) + (1 —t)I(g1) as long as €5/ €noise > 4/(1 — A3).
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Chapter 5: Conclusion and future work

5.1 Contribution of this work

Contributions made in this thesis beyond [65] (Lipschitz classifier) include: consideration
of the population (variational) problem and (statistical) consistency issue (Theorem 1.3), two
optimality conditions (Theorem 1.1, 2.1), a model (C1) which the method adapts to (Theorem
2.3), the uniqueness problem (Theorem 2.6), and further computational developments on top of
the original linear program in [65] (Chapter 3). Lastly, our approach can be seen as a step forward
from classification to clustering.

Contribution of the thesis to the clustering literature include the following. This work
proposes a general criterion where clustering is viewed as the easiest classification problem (1.1).
The corresponding data problem has natural consistency property. The Lipschitz formulation
offers a novel approach for continuous clustering with good mathematical properties, but is also
different from traditional model-based clustering.

Overall, we hope this work can offer necessary preparations for further mathematical anal-

ysis and algorithmic development.
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5.2 Future directions

We describe some major future directions for data and ideal problem.

Ideal variational problem

By Theorem 2.1, the remaining question in finding optimal g is now a geometric variational
problem: how to find an optimal surface U for a fixed Lipschitz constant L. The first step may
be to use the fact that almost every level set of a Lipschitz function is (d — 1)-rectifiable [2], in
company with Corollary 2.2. There are also results specifically applied to distance functions [30]
that may extend to all level sets. The next direction is to establish regularity result ([37, 52]) of
U possibly under addition assumptions such as convexity of clusters.

An equally interesting question is to characterize mathematical (regularity) properties of
U, = {9, = 1/2} in the data problem. This may also help to determine optimal U in the ideal

problem, either numerically or theoretically (asymptotically).

Algorithm

Convergence guarantee for alternating minimization An important problem about al-
gorithmic guarantee is to explain the empirically small number of z-iterations (see, e.g., Table
3.2) in Algorithm 1, and to what extent a global optimum can be found, under certain ideal
models.

There are existing general and problem-specific results for alternating minimization along
this line. We refer to Theorem 4.3 and 5.5 in the review paper [25] for general results in the
machine learning literature, and [4] for such result in the statistical literature, in particular for
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the EM algorithm (which is a special case of the alternating minimization principle). These
results have the common flavor: first, certain initialization procedures are proposed to ensure the
algorithm starts in a "’basin of attraction” (often come with convexity of objective function within
this region), within which the global optimum can then be approached at a linear rate. This in
turn implies log(%) iterations are sufficient to solve the optimization problem to € accuracy.
Core set/sparse representation Lipschitz extension from n data points may be deter-
mined by a much smaller set of data points. Specifically, in (3.4), we call [s] C {1,---,n} a

’core set” for g, if for any =z,

1 1
gn(r) = 5 r.g%r]l{gn(xi) +Ld(w, 2:)} + 5 rg??{gn(wi) — Ld(z,2;)}.
In the 1-d case in Figure 3.1 when g, is piecewise linear, [s] can be reduced to only the two
turning points of g,,. This reduction can be important for prediction at future points. For coreset

in K-means clustering, see [22].

Distributional result

A (functional) limit theorem for g,, would provide a more complete understanding of this
approach. For example, it will further justify the subsampling and confidence band calculation in
Chapter 3. A central limit theorem for K-means clustering was proved by Pollard [44]. However,
the technique relies on the parametric and differentiable nature of K-means objective function,

while (1.5) is both nonparametric and nonsmooth.
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Real data illustration

More real data illustrations of the computational developments in Chapter 3 will be helpful,
such as using the visualization and diagnostic ideas in section 3.7. For implementation on large-
scale datasets, more progress would be required on (1) making the algorithm more scalable; (2)

have better understanding of the algorithm, such as the earlier discussion in this section.

Some general questions in clustering

Clusterable models As discussed in section 1.1, a theory that applies to both traditional
model-based statistical methods and modern machine learning approaches for clustering would
be desirable. We propose that future work should begin with clarifying the concept of “clusterable
models”, followed by theoretical study of clusterable models on one hand, and design of efficient
clustering algorithms under corresponding models on the other hand. This will also set up the
basis for a tuning parameter selection theory (see section 3.8). The meaning of clusterable”
can be more general than an identifiable statistical mixture model. Modeling considerations are
important for other extensions of the clustering problem as well, such as bi-clustering [17].

High-dimensional clustering problem Intuitively speaking, high dimensional classifica-
tion problem is relatively simple because in higher dimension it becomes easier to find hyper-
planes to separate the classes. The remaining question in high dimensional classification is then
to find an optimal hyperplane. For unlabeled data, however, the abundance of hyperplanes be-
comes an obstacle: hyperplane cuts are very arbitrary, so that clustering is not always possible or
meaningful. Thus the more important question for high dimensional clustering is to study statis-

tical limits under various distributional assumptions. We refer to [8, 27] for the Gaussian case.
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Recent works [10, 35] consider high dimensional regimes where both the number of clusters /K
and number of variables are comparable to sample size n. Comprehensive study on canonical

models like Gaussian mixture models will remain important for these problems.
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Appendix A:

A.1  Analysis results

A.1.1 Non-smooth analysis

Results in this section can be found in Chapter 10 of [13], which is a generalization of
differential calculus for smooth functions, and subdifferential calculus for convex functions. The
function class considered is locally Lipschitz functions. In the main thesis, we will mostly work
with (globally) Lipschitz functions, which are locally Lipschitz everywhere. This includes, in
particular, distance functions to a closed set.

X denotes a Banach space. Let f : X — R be Lipschitz of rank K near a given point

z € X, that is, for some € > 0, we have

[f(y) = F(2)] < Klly — 2|, Vy, z € B(x,¢).

That is, f is Lipschitz on some (sufficiently small) neighborhood around x, which implies conti-

nuity at x. We will mostly work with Euclidean space X = R".

Definition A.1.1. The generalized directional derivative of f at x in the direction v, denoted
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f°(z;v), is defined as:

fo(.ZU' U) — lim sup f(y + t’U) - f(y)
7 y—x,t]0 t ’

where y € Xt > 0.

E.g., the generalized directional derivative of a distance function dg at x in the direction v

is denoted by d(z;v).

Definition A.1.2. The generalized gradient of the function f at x, denoted J¢ f (), is the unique

nonempty weak* compact convex subset of X* whose support function is f°(z;-), that is,

(€ cf(x) <= [f(x;v) 2 ((v) Vv e X,

fo(z;v) = max{(¢,v) : ¢ € Do f(x)} Vv € X.

We will mostly work with the case when X = X* = R".
The concepts above are indeed a generalization of gradients in the smooth and convex case,

as can be seen from the following:

Theorem A.1l. If [ is continuously differentiable near x, then Oc f(x) = {f'(z)}. If [ is convex
and lower semi-continuous, and if x € int domf, then Oc f(x) = Of (x), the subgradient of f at

x.

As in calculus, we usually work with generalized gradients through their properties, rather

than from the definition.
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Calculus of generalized gradients

Theorem A.2 (Sum rule). Let f and g be Lipschitz near x. Then

do(f +9)(x) C Iof(x) + dcg(x).

If g is convex, then

Oc(f + 9)(x) = o f (x) + Ig(x).

Theorem A.3 (Mean value theorem). Let x and y belong to X, and suppose that f is Lipschitz

on a neighborhood of the line segment [, y|. Then there exists a point z in (x,y) such that

fly) — f(z) € (0cf(2),y — ).

Definition A.1.3 (convex envelope). Let S be a subset of X. The convex envelope of S, denoted

co S, is the smallest convex subset of X containing S.
The convex envelope has the following charaterization:
LemmaA.l. coS={> tix; :m> 1,2, € S, ¢, >0,> t; =1}.
i=1 i=1

Theorem A.4 (Gradient formula). Let x € R", and let f : R" — R be Lipschitz near . Let E;

be the set of points at which f fails to be differentiable. Then
Ocf(z) = co{ im Vf(z,) : x, = x,z, ¢ Ef}.
n—oo

Remark. One property of Oc f is that it is ”blind to sets of measure 0” [13]: this means that
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any measure ( set can be ignored in the construction of all limiting sequences, without changing

dc f(x).

A.1.2 Lipschitz functions

Many results in this section can be found in [69] and [13]. In the finishing stage of this
work, we discovered that Lipschitz analysis plays a fundamental role in geometric measure the-

ory, two good references are [37] and [52].

Lemma A.2. For any function g, L(g\ (1—g)) < L(g). In general, for K functions g1, - - , gk,

Lgi A+ AgK) < max L(gr)-
Lemma A.3. L(g) is convex in g.

Proof. For any two functions g1, g» and any 0 < ¢ < 1,

tgi(z) + (1 = t)g2(x) —tgi(y) — (1 —)g2(v)]

L(tgy + (1 —t)g2) = max

2y d(z,y)
< max tlgi(r) — g1 (y)] + (1 = t)|g2(x) — ga(y)|
T ooy d(z,y)
- 91(z) — g1(y)] |g2(z) — ga(y)]
= {t i@y T aEy) }
l91(7) — 91(y)] |92(7) — g2(y)|
< trr;’%x ey) +(1—1) max i)

=tL(g1) + (1 —t)L(g2)

]

Theorem A.5 (Kirszbraun Theorem, Lipschitz extension). Let £ C R"™, f : EE — R™ such that
Lip(f, E) = L < co. Then there exists f : R" — R™, f is L-Lipschitz, f|g = f.
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There are many constructions for Lipschitz extension. For example,

(m = 1) Mcshane extension

fly) = mf{f(z) + Lly — x|}

fly) = sup{/(z) — Lly = x|}

These two constructions generalize to metric space:

Fy) = it {f(2) + Ld(z, )} (A1)
F) = sup{ (@) - L(z.)} (A2)

Therefore

Lemma A.4. Let (X, d) be a metric space and E C X, f : E — R is Lipschitz with Lipschitz

constant L. Then there exists f : X — R, f is L-Lipschitz, f|g = f.

The following lemma gives a family of constructions for Lipschitz extension from finite

data points, which is a consequence of the two constructions (A.1) and (A.2), if we let &/ =

{1, @}

Lemma A.5 (Lemma 7 from [65]). Given a function f defined on a finite subset x1,--- ,x, of
X, there exists a function f which coincides with f on x1,- - , ., is defined on the whole space

X, and has the same Lipschitz constant as f. Additionally, it is possible to explicitly construct f
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in the form

f(@) = a min (f(z;) + L(f)d(z, 2;)) + (1 — ) max (f(z;) = L(f)d(z,;)),

=1, n i=1,-,n

forany o € [0,1], with L(f) = max (f(x;) — f(x;))/d(z;, x;).

l’]zlv )1

Corollary A.1. When o = % the construction in the above lemma also implies r{nn flz;) <
=1, ,n

f(z) < max f().

Proof. Since

f(x) < %(f(xlo) + L(f)d(x>x20>> + é(f(xlo) - L(f)d(xvxm)) = f(xi0> < zirll,ax,nf(xl%

L(f)d(z,x;)). The other side of the inequality can be similarly shown. O

Theorem A.6 (Rademacher’s theorem). Let f : R®™ — R be Lipschitz. Then f is differentiable

almost everywhere, and its gradient vector field is essentially bounded with || |V f| ||.c = L(f).

Corollary A.2 (integration by part). Let f : R™ — R™ be Lipschitz, then

[ wro == . vopveecia),

where C}(R™) denotes the class of continuously differentiable compactly supported functions
on R"™. Since integration by part always figures the right dimension, NV is understood as either

gradient or divergence according to the dimension.
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The remaining lemmas in this section relate the global Lipschitz constant with local ones

by norm of (classical or generalized) gradients.
Lemma A.6. Suppose g is differentiable, then L(g) = sup ||Vg(x)||2.

Lemma A.7. Suppose g is Lipschitz, then L(g) = sup ||C|| (Ocg :={( : { € dcg(x) for some x}).
¢€dcy

Lemma A.8. Suppose g is Lipschitz, then sup ||(]| = sup |C]| (the supremum is
C€Dcg(x) C:1i7ILn Vy(zn),zn—x

determined by differentiable points).
The following is a consequence of the previous two lemmas:

Lemma A.9. Suppose g is Lipschitz, then L(g) = sup  ||[Vg(2)]].

x differentiable

Proof of Lemma A.2. Tt suffices to show that | min{g(y),1 — g(y)} — min{g(x),1 — g(x)}| is

bounded by |g(y) — g(x)|. Note that in the case when g(y) < 1 — g(y),g9(z) < 1 — g(z) or

9(y) > 1 —9g(y),g(x) > 1 — g(z), we have | min{g(y), 1 — g(y)} — min{g(x),1 — g(z)}| =

19(y) — g(x)]- When g(y) <1 —g(y),9(z) > 1 — g(x),
g(y) —g(x) < gly) — (1 —g(z)) <1—g(y) — (1 — g(z)) = g9(z) — g(y),

| min{g(y), 1 — g(y)} — min{g(z), 1 — g(z)}| = |g(y) — (1 — g(x))| < |g(y) — g(x)|.

The other case g(y) > 1 — g(y), g(x) < 1 — g(x) is similar. Therefore L(g A (1 — g)) < L(g).

In general, [min{gi(y), -, gx(y)} — min{gi(z), -~ gx(2)}| < max|ge(y) — ge(@)]-

The lemma thus follows. ]

218



Proof of Lemma A.6. By Taylor’s theorem,

9(y) — g(x) = Vg(x)(y — ) + o(|ly — z|2),y = =

< [[Vg@)llally = |2 + oflly = =|]),

s 200 = 9(5) _
ey =ll

< [[Vg(@)]]2-

Lety = x 4+ hVg(x),

9(y) — g(x) = Vg(z)(hVg(z)) + o(h]|Vg(z)||2),h — 0

= h[|Vg(@)[|5 + o(h]|Vg(2)|]2),
g(z +hVg(z)) — g(x)

lim = |IVag(z)||s.
ho0 ||th(x)||2 || g( )||2
Therefore
limsupg<y)_g< ) ||v ( )||27
y—z ||y — 2l
L(g) = sup 9W) = 9) o o limsup LW~ 9
oty |y — 7|2 e oy |y — 7|2

= sup [[Vg(z)] 2.
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On the other hand, by mean value theorem,

9(y) —g(x) =Vg(§)(y —2),§ =z +0(y —x),0 € (0,1),

< [[Vg(©ll2lly — ]2,

9(y) — g(x)

<[V <sup ||Vg(z)||2,
ly =2l < IVg©ll2 < sup [[Vg (@)l

L(g) < sup|[Vg(@)[l2,

so L(g) = sup|[Vg(z)[|2.

Proof of Lemma A.7. By definition, the generalized directional derivative of g at = (A.1.1) is

t _
g°(x,v) = limsup glz + tv) g(x)’
) t

so for any direction v, we can extract a sequence t,, J. 0 such that hfln 9(50“7;—:’1)—9(90) = g¢°(x,v).

The generalized gradient dcg(z) (A.1.2) is characterized by directional derivatives:

go(x7,v) = maX{<C7U>’C € an(x>}

Choose v = ( for some { € dcg(x), we have

lim g(x +t,¢) — g(x)

n tn

=¢°(z,0) 2 (¢, ¢) =l¢IP,
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9w +taQ) —g(x) _ . gz +t() —glx) 1

li = .
ER—TT " t, 1¢]]
=g°(x,é“)~||1—“
1
2. _ _
> |[¢]] Tl 1€

The local Lipschitz constant at =

i sup S =9 iy I 00) 290 ) v € g,
ly—zll-0 |1y = ]| n [t ClI

lim sup 9(y) —g(z) > s |l
[ly—2||—0 |y — ] Cedog(x)

On one hand, the global Lipschitz constant dominates the local ones,

gly) —glx . 9\y) —g\&x
L(g) = sup W) ( >ZsuphmsupMESUP sup HCH:CS‘%P |1<1];
€dcyg

oty ||y — || z |ly—al—0 |y — ]| z (edeg(x)

On the other hand, by mean value theorem [A.3],
9(y) — 9(x) € (Ocy(z),y — =),
for some point z on the line segment [x, y|. Therefore

9(y) —g(x) < sup )HCHHy—xH

¢€dcyg(z

< sup [[¢][|ly — ],

(€dcg
9(y) — g(x)
==t < sup [[(]],
Hy-—-x|| ¢€dcyg
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so L(g) = sup 2W=91) < gup [|¢||. We conclude L(g) = sup ||¢]|. O
(€dcyg

ety [ly—=| Cedeg
Proof of Lemma A.8. Denote £, = {( : ( = limVyg(z,),z, — x}. By gradient formula

m m

[A.4] and [A.1], any ( € Ocg(x) can be written as ( = > ¢;(;, where 0 < ¢; < 1,> ¢; =
i=1 i=1

1,(, -+, Gn € B, It follows that

m

m
< 1< A || = 1< ,
1¢ll < X;CmHQII <(Q_c) max |Gl = max [IG]] < sup Ic]
(3

i— i=1

A.1.3 Distance functions

Definition A.1.4. S denotes a nonempty closed subset of a Banach space X. The distance

function associated with the set S is defined by

ds(a) = inf |ly — al

which is globally Lipschitz of rank 1.

Lemma A.10 (Exercise 10.40, [13]). S is a nonempty closed subset of R", and projs(x) denotes

the set of points u € S satisfying ds(x) = ||z — ul|. Then
* dg is Lipschitz and L(dg) = 1.

* dg is differentiable a.e.. For any v ¢ S such that d(x) exists, projs(z) is unique, and

xr —

)
V(@) = =y

where y = projy(z).
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Therefore, ||Vds(x)|| = 1 a.e. in SC (and equality holds for any x where dg is differen-

tiable).

Lemma A.11. Let S be a closed set. Suppose dg is differentiable at x ¢ S, and y = projg(x),

then dg is differentiable on the open line segment xy (but may not be differentiable on the ray

e
[lz—yl|*

that leaves x). All points on this line segment share the same gradient, equal to Vdgs(z) =
Suppose the line segment xy intersects 0B, (S) at point z for some 0 < r < d(x,y), then

z = projg, (s () (z is also the closest point from x to B,.(S)). Therefore, Vdp,(s)(x) = =2 =

o le=2ll

Tomuy = Vs (@).

Proof of Lemma A.10. Lety € projs(x), which implies ing |z —ul| = ||z — y]|
ue
If d'y(x) exists, then for any v € R”
d tv) —d
ds(z;v) = lim sl +tv) = ds(w)

10 t
inf ||z + tv — u|| — inf ||z — ul|
uesS ues

= lim
10 t

< tign I+ 10 =5l = Il ]
10 t

[Pl
= —||z +tv—
dt Y t=0

_ 2<l’—y,7)>
a 2||z + tv — y|

t=0

r—=y
:< 7U>'
|z — yl|

By property of gradient, d'y(z;v) > (Vds(z),v),Vv € R™, we have

m_
<||$ — zH,v} > (Vdgs(x),v),Vv € R™.
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Replace v by —v, we deduce (ﬁ, vy < (Vdg(x),v), and so

(——Y
EExI

v) = (Vdg(x),v), Vv € R".

It follows that Vdg(x) = ——%-.

llz—yl|

From this we also see that suppose d's(x) exists, then y must be the unique point in projs(z)

(otherwise gradient will be non-unique). [

Proof of Lemma A.11. By Lemma A.10, it suffices for the second sentence of the assertion to

show that for any 2’ on the line segment zy (not including y), y = projg(«’). For any ¢’ € S,

d(2’,y) 2 d(z,y') — d(z,2")
> d<$a y) - d('qjv .27’)

=d(«',y),

where the second inequality follows from y = projg(x), and equality is achieved only when

Yy =Y

For the second part, suppose d(z, 2') < d(z, z) for some 2’ € B,(S). Let y' € proj4(2’)
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(so d(z',y') <r), and look at the triangle with endpoints x, ', 3/. We have

d(z,y") < d(z,2) +d(<,y)
<d(x,z)+r
=d(x,2)+d(z,y)

=d(z,y).

Since y = projg(z), we have d(x,y) < d(z,y'),” =" iff y = y. Thus all the inequalities should
be equality, and iy’ = vy, 2’ is on the line segment xy’ (now the same as line segment xy) to achieve

the first equality. Therefore, 2’ = 2. 0

A.1.4 Other

Theorem A.7 (Fubini’s theorem). Let (X, M, i), (Y, N,v) be measure spaces. If E C X x Y,

forx € X,y €Y define the x-section I, and y—section 1Y of E/ by

E,={yeY:(zv,y) e E},EY ={x € X : (z,y) € E}.

IfE € M x Nandpx v(E)=0,thenv(E,) = u(EY) =0 for a.e. x and y.

The reference is [19].
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A.2 Statistical results

Theorem A.8. Let U,, be a U-statistic with degree d, i.e., U, = ﬁ S f(&y, - 1 &y) where
a) ¢

&1, 00+, & are ii.d random variables, f is permutation symmetric in its arguments, and c denotes
all combinations of d distinct elements {iy,- - ,iq} from {1,--- ,n}. Suppose a < & < b,i =
1,---,n, then

P(U, - E[U,] >1t) < exp(—QLn/thQ/(b — a)z).
The reference is (2.4) in [41] or (4.3) in [26].

Lemma A.12. Suppose X,, % 11, and X,,’s are bounded uniformly, then E (X, —

Proof. We have |X,,| < C for some constant C'. For any ¢ > 0, P(|X,, — u| > €) — 0.

EXy = EXo (| X0 — pl > €)] + BEIXaI(|X, — pf < €)]

S COP(I Xy —pl > €) + (p+ )P X0 — pf <€)

n—o0

— U+ E€,

the inequality on the other side can be shown similarly, so

p—e€ <liminf X, <limsup FX,, < u+e.

Let € — 0 to obtain E[X,,| — p. O

In fact, this is a trivial consequence of the bounded convergence theorem (or dominated

convergence theorem) and the fact that convergence in probability implies for every subsequence
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there is a further subsequence along which a.s. convergence holds (and that common limits for

the subsequences implies the original sequence has the same limit). See [16] Theorem 2.3.4.

A.2.1 Empirical process theory

In this section we will follow the notation in chapter 19 of [60].
Let Xy,---, X, be arandom sample from a probability distribution P on space X'. Let P,

denote the empirical measure on X1, - - - , X,,. Given a measurable function f : X — R, write

Pf=[sar Rp= > X))
=1

Let F be a class of functions.

Definition A.2.1 (bracketing number). Given two functions [ and u, the bracket [/, u] is the set of
all functions f with I < f < u. An e-bracket in || - || is a bracket [[, u] with ||u — [|| < e. The

bracketing number Nj(e, 7, || - ||) is the minimum number of e-brackets needed to cover F.

A function class that satisfies uniform law of large numbers under distribution P is called

P-Glivenko-Cantelli:

Definition A.2.2. A class F of measurable functions f : X — R is called P-Glivenko-Cantelli
if
|Pof — Pfllr =sup|P.f — Pf| =3 0.
feF

The following gives a user-friendly condition for a function class to be P-Glivenko-Cantelli:

finite bracketing number for every e > 0 implies uniform law of large numbers holds.
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Theorem A.9 (Glivenko-Cantelli, [60] Theorem 19.4). Every class F of measurable functions

such that Nyj(e, F, || - ||z, (p)) < oo for every e > 0 is P-Glivenko-Cantelli.

Theorem A.10 ([60] Example 19.11). Let F be the collection of all monotone functions f : R —
[—1, 1], or bigger, the set of all functions that are of variation bounded by 1. Then there exists a

constant K such that, for every r > 1 and probability measure P,

1
log Ny(e, F, || - lz.p)) < K(=).

€
An alternative condition for P-Glivenko-Cantelli is based on covering number:

Definition A.2.3 (covering number). The covering number N (¢, F, || -||) is minimum number of

open balls {f : ||g — f|| < €} of radius € and center g needed to cover F.

Theorem A.11. Let F be a class of measurable functions with an envelope function F, i.e.,

|f(x)| < F(x) < oo forevery x and f. Suppose

SgpN(EHFHLl(Q)J’, - 1lu@) < oo,
for every € > 0, where sup is taken over all probability measures () such that ||F||r, o) > 0. If
PF < oo, then F is P-Gilvenko-Cantelli.

Theorem A.12 (covering number for Lipschitz function balls, [29]). For a totally bounded metric

space (X, d) and the unit ball B of (Lip(X), || - ||1),

2diam/(X)

N(X,4e,d) <logy N(€, B, || ||oc) < N(X,€/4,d)log,(2] |+1),
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where N (X, €, d) is the minimum number of balls with centers in X and radius d to cover X. If,

in addition, X is connected and centred,

2diam/(X)

N(X,2¢,d) < log, N(e, B, || - ||oc) < N(X,€/2,d) + logy(2] | +1))

Remark. only metric properties of the underlying space X is involved.

A.3 Other elementary facts

Lemma A.13. The maximum of a family of convex functions (finite or infinite) is convex.
See, for example, [7].

Lemma A.14.

max{a, as} — max{by, by} < max{a; — by, as — by}.

In general,

max{a, - ,ar} — max{by, -+ ,bx} < max{a; — by, -+ ,ar — by}
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