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Spin glasses are, in essence, simply systems of magnetic moments with disordered interac-
tions. Despite this basic premise, spin glasses have become relevant in a wide variety of fields,
including condensed matter physics, complexity and optimization theory, error correction, quan-
tum computing, machine learning, and even neuroscience. The pervasiveness of spin glasses
stems from the fact that they are paradigmatic examples of how global complexity emerges from
disordered interactions between a large number of basic constituents. The inclusion of quantum
effects in spin glasses creates an even richer picture, due to the interplay between the energy
barriers arising from disorder and quantum fluctuations which allow for tunneling.

This thesis initially focuses on quantum glasses and how their initial states explore their
Hilbert spaces. Two complementary approaches are used. One is comparison of the spec-

tral statistics, particularly the spectral form factor, with the spectral statistics of random matrix



ensembles, a hallmark of quantum chaotic behavior. The other approach uses the Thouless-
Anderson-Palmer mean-field equations to determine the number of local minima which appear
in the free energy landscape.

This thesis then applies methods from spin glass theory to the field of machine learning.
Neural networks, like spin glasses, are systems in which remarkable behavior emerges from in-
teractions between basic constituents. By studying the phase diagrams of spin models analogous
to snapshots of neural networks throughout their training process, insight is gained into the mech-
anisms of learning.

Finally, this thesis investigates how quantum effects can lead to advantages in machine
learning. It is shown, through classical simulation and experiments on both trapped-ion and
superconducting quantum computing hardware, that a natural quantization of a classical neural
network can demonstrate superior generalization performance due to the injection of quantum

uncertainty.
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Chapter 1: Introduction

1.1 Motivation

Spin glasses have proven to be relevant to an impressively large number of fields. These
include, but are not limited to, condensed matter physics, statistical mechanics, complexity and
optimization theory, machine learning, error correction, quantum computing, and even neuro-
science. This ubiquity is due to the fact that spin glasses are paradigmatic examples of complex
systems that arise from the disordered interactions of a large number of very basic constituents.
A great number of real-world complex systems that are of practical interest share at least quali-
tative similarities with a spin glass model. So, the study of spin glasses is essentially the study of
emergent complexity.

The inclusion of quantum effects allows for even richer phenomena to emerge due to the
interplay between barriers in phase space due to disorder and quantum fluctuations which allow
for quantum tunneling through such barriers. As nature is fundamentally quantum, understanding
this interplay is of fundamental importance. Additionally, these studies are of practical interest
as efforts continue to ramp up to build technologies that take advantage of quantum resources.
A main theme of this thesis is understanding the ways in which quantum glasses explore their
Hilbert spaces, or fail to do so. This will be explored through the lenses of spectral statistics and

the structure of glassy energy landscapes.



Recently there have been many advances in the realm of artificial intelligence, which has
shown capabilities that were once thought to require human intelligence. These advances have
been underpinned by neural network technologies. As with spin glasses, these networks are
comprised of very basic elements, the neurons. The remarkable abilities of these models are due
to the way these neurons are trained to interact with each other. The other theme of this thesis is
applying techniques from spin glass theory to understand the learning dynamics of both classical
and quantum NNgs.

In the remainder of this introduction I present primers on the subjects of classical and quan-
tum spin glasses, classical and quantum chaos, spectral statistics within random matrix theory,

and the construction and training of neural networks.

1.2 Spin Glasses

1.2.1 Classical Spin Glasses

At the most basic level, spin glasses are systems of magnetic moments with disordered
interactions. Despite this apparent simplicity, spin glasses are a fascinating testbed for exploring
the phenomena that emerge from large-scale quenched disorder and frustration. Frustration is
when a loop exists in a system such that the product of the interactions along the loop is nega-
tive. Conceptually, this means that there is no configuration along the loop that satisfies all the
interactions.

For example, suppose that we have three Ising spins arranged in a triangle, as shown in
Fig. 1.1. Each of these spins can be in either the “up” (41) or “down” (—1) state. Between each

pair of spins is some interaction. If this interaction is positive, i.e. ferromagnetic, the pair will
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Figure 1.1: (Left) When the product of the interactions along the loop is positive, no frustration
occurs. (Right) When the product of the interactions along the loop is negative, frustration does
occur.

want to align at low temperature. Conversely, if the interaction is negative, i.e. antiferromag-
netic, the pair will want to be in opposite states. This simple system can be described by the

Hamiltonian

1
H= _igjij8i8j7 (11)
i#j

where the s; are the spin states and the J;; are the interactions. If there are an even number of
antiferromagnetic interactions, as in the left of Fig. 1.1, each of the interactions may be satisfied
and the system has a single ground state, putting aside the Z, symmetry of the system by which
we see that flipping every spin simultaneously does not change the energy. On the other hand, if
there is an odd number of antiferromagnetic interactions, as in the right of Fig. 1.1, it is impossible
to find a configuration that satisfies all the interactions. This makes the ground state nontrivial.
In fact, if the interactions all have the same magnitude, the ground state becomes three-fold

degenerate.



While frustration is not too difficult to handle in small systems, consider what happens

when we have a thermodynamically large number of spins described by the Hamiltonian

H=— " Jy.,00, 0, (1.2)

(ilv"vil))

where the o0;, are some variety of spin variables, not necessarily Ising, and the sum is over all
possible sets of p spins. The interactions are drawn from some probability distribution such that
each J;, ;, may be positive or negative. Since the interactions do not evolve in time or fluctuate
with the spins, this is an example of quenched (as opposed to annealed) disorder. Such a system
may have high levels of frustration, leading to a very rugged energy landscape in its configuration
space. Such a landscape is shown schematically in Fig. 1.2. Instead of having a single minimum,
as in the case of an ordered state, it may have many local minima about which the dynamics can
be constrained for a time.

Here is where the connection to structural glasses is apparent, explaining the “glass” part
of spin glasses. Structural glasses are in amorphous configurations at temperatures below their
melting point. This means that, while some of the atoms of the glass are jammed into place,
others are somewhat free to move about. This partitions the configuration space into sectors
separated by energy barriers which can constrain the dynamics.

Eq. (1.2) may be considered the general formulation of a classical spin glass model. The

most commonly studied models are special cases of this construction. A few are listed here:

¢ The Edwards-Anderson Model [7]:

This model is defined on a d-dimensional lattice, with interactions only between nearest



Figure 1.2: A schematic representation of a rugged energy landscape, such as those that exist for
spin glass models.

neighbors. The Hamiltonian for this model may be written more simply as

H==>Jjsis;. (1.3)
(i,5)

where (i, j) indicates the sum over all nearest neighbors. The interactions are typically
drawn from a Gaussian or binary distribution. This model is the standard for studying spin
glasses in finite dimensions. Its spatial structure makes it more physically realistic than the

following models, but less tractable analytically.

* The p-spin Model [8, 9]:
This is the prototypical model for studying mean-field spin glasses. For p > 3 it provides a

clean setting for probing one-step replica symmetry breaking (1RSB). The interactions are



taken to be Gaussian with variance

!
Var(J;, i) = # (1.4)

to ensure that the energy scales extensively. A particularly tractable variation is the p-spin
spherical model (PSM) [10, 11], in which the spins are treated as continuous “position”
variables, while the spin-like nature of the model is somewhat maintained by enforcing the

condition

Y si=N. (1.5)

=1
This means that the system is constrained to a hypersphere in the configuration space.
Calculating the spectral form factor for a quantized version of this model is the subject of

Chapter 3.

The Sherrington-Kirkpatrick Model [12]:
This model may be considered the restriction to p = 2 of the p-spin model above. Its

Hamiltonian is

H=— Z Jijsisj- (16)

i<j

This is the most commonly studied mean-field spin glass model and is exactly solvable in
the thermodynamic limit. It is also the setting in which Parisi’s replica method was first
applied [13]. Interactions are taken to be Gaussian with a variance on the order of N~!
to ensure the energy scales extensively. A variation of this model, termed the multilayer
Sherrington-Kirkpatrick (MSK) model, is studied in Chapter 6. In this model, spins are

organized into layers and interactions only exist between spins in adjacent layers. This spin



glass model is found to provide useful insights into the learning process in feed-forward

neural networks.

* The Random Energy Model [8, 14]:
This model focuses on the rugged energy landscapes that exist for glass models. In a system
of N Ising spins, independent and identically distributed (iid) Gaussian random energies
are assigned to each of the 2"V possible configurations. Despite the fact that energy levels
are not independent in most glass models, the phase diagram of the random energy model
shares many qualitative features with more-physical spin glass models. Additionally, the

p-spin model becomes the random energy model in the limit p — oo.

1.2.2  Quantum Spin Glasses

At this point, we have only discussed classical spin glasses, which are a rich field in them-
selves. Quantum spin glasses support even richer phenomena and are therefore of great interest
as well. Quantum fluctuations act somewhat in opposition of the energy barriers that arise from
the system’s disorder, as the fluctuations introduce the possibility of tunneling through these bar-
riers. The quantum models explored in this thesis are straightforward generalizations of classical
models described above. For example, Chapter 3 quantizes the PSM by defining conjugate “mo-

mentum” operators 7; such that the commutation relationship with the spin operators is

[O'Z‘,ﬂ'j] = Z(SZ] (17)



The quantum Hamiltonian is then generalized from Eq. (1.2) by adding a kinetic energy term
such that
v

2
H = i - ']i1...ip0i1 T Oy (1.8)
¢ (

i1 yeenyip)
where 1 is a parameter that controls the strength of the quantum fluctuations. In the same spirit,

classical spin models may be quantized by promoting the classical spins to Pauli operators and

adding terms to the Hamiltonian containing non-commuting Pauli operators.

1.2.3 Thermalization Behaviors

Chaotic systems thermalize quickly. That is, they quickly exhibit ergodic behavior across
their Hilbert spaces and the expectation value of a generic observable will relax to its thermal
value in a short amount of time. This is not the case for integrable systems. In such systems
thermalization is prevented by an extensive number of conserved quantities, which lead to the
retention of information about the system’s initial state.

Spin glasses exist as a third option between these two extremes. Due to their high degree
of frustration their energy landscapes can be very rugged, leading to the formation of a large
number of local minima. Metastable states can form in the neighborhoods of these minima and
can possibly last for times exponentially long in the system size. Thermalization then occurs at
an extremely slow rate due to rare large thermal fluctuations or tunneling between local minima
in the quantum case. This results in rich thermalization behaviors such as slow dynamics, multi-
stage relaxation, and aging, in which older systems respond to perturbations more slowly [15—

18].



1.2.4 The Replica Approach

To calculate the disorder averaged thermal expectation value of some observable A we need

to calculate

(AY = Z-1tr A(o)eBH(J) (1.9)

where (-) indicates a thermal expectation, - indicates a disorder average over J, and Z is the
system’s partition function. However, the disorder average is often intractable in this form due to
the fact that Z and H are both dependent on .J.

A useful approach is to make use of the replica “trick.” That is, we use the fact that
-1
log Z = lim — log Z™. (1.10)
n—0n

In physical terms, we create n exact replicas of the system in question. We can then disorder
average this replicated partition function and later take the limit of O replicas. This allows us to

rewrite Eq. (1.9) in the much more approachable form

(A) = rlzli% Zn=1tr A(o)e—BH(oJ) (1.11)
= }hbil)%tr A(oy)e=BH(ond)=BH(on,J) (1.12)

where the trace in the last equality is now over all replicas.
Some mathematical peculiarities remain with this method. It’s not clear how to interpret
the limit of O replicas in a physical way. Additionally, we are often most interested in disorder

averaged thermal expectation values of systems in the thermodynamic limit, where the number



of spins goes to infinity. However, such replica calculations often make the implicit assumption
that

1. — 1. —
lim lim —log Z” = lim lim —log Z™. (1.13)

N—ocon—0n n—0 N—oo N

Despite these irregularities, the replica method has been found to give correct answers across a
wide variety of models and was put on more rigorous mathematical footing by, e.g. Refs. [19,
20].

A great advantage of the replica method is that it allows us determine the glass transition
by observing when the replica symmetric solution becomes unstable. After disorder averaging a

replicated partition function, the overlap matrix
Q7 =N"Y ot0) (1.14)

arises naturally. o and 3 are replica indices in this quantity, so Q®° is a measure of how similar
the states of two replicas are.

At sufficiently high temperatures, in which we justifiably expect to see ergodic paramag-
netic behavior, we find that the stable saddle point of the free energy is when the overlap matrix

takes replica symmetric form. That is
QY =+ (1= q0)0°”, (1.15)

where ¢y < 1. This makes sense for an ergodic phase. Due to the chaotic behavior, different
replicas will have small overlaps with each other.

However, when temperature drops below the glass transition, we find that the replica sym-

10



metric solution of the saddle point equations becomes unstable. The new stable solutions are

ones in which the overlap matrix takes on a richer form. For example, for a model with 1RSB,

such as the p-spin model, the overlap matrix will take the block form

Qa Qo Qo
Qo Qa Qo
Qo Qo Qq

Qgﬂ =q¢+(1- C]l)(saﬁ,
gﬁ = qo,

qo<q1<1.

(1.16)

(1.17)

(1.18)

(1.19)

This physical interpretation is thus: in a glassy phase, different replicas will settle into

different minima of the rugged energy landscape. Some of these will cluster together, forming a

block with large values in the overlap matrix, while others are far apart.

Some models will have higher degrees of RSB, leading to more hierarchical block levels

in the overlap matrix. Some models, such as the SK model, even have infinite levels of RSB.

In these cases, clusters can form superclusters, which can form even higher-level clusters, and

so on. The structure of states in these models is ultrametric, meaning that, for each replica =, it

holds that

Q> min(Q*7, Q™).

This is essentially saying that the replicas cluster in a hierarchical fashion.

11

(1.20)



Note that RSB solutions can appear at temperatures higher than that at which the replica
symmetric solution becomes unstable. In fact, there exist discontinuous glasses for which this is
the case [21, 22]. For example, in a system with a IRSB transition, the parameter ¢; in Eq. (1.17)
might have a discontinuous transition when the replica symmetric solution becomes unstable.
This indicates that the states that emerge at this transition are already tight. This is an indication
that these states already existed as metastable states above the transition. For this reason, we
should understand the transition obtained from the replica method as a static transition, due to
the thermodynamic nature of the calculation, which is concerned with equilibrium properties.
Other methods, such as the Thouless-Anderson-Palmer approach discussed in the next section,
can tell us more about the possibility of a dynamic transition away from the paramagnetic phase
at some temperature above the static transition temperature. Below this dynamic transition the
system may get trapped in metastable states for long times without necessarily changing the

system’s equilibrium properties.

1.2.5 The Thouless-Anderson-Palmer Equations

Although we have invoked energy landscapes often in the discussion thus far, we have not
yet made the concept concrete. While the replica method discussed above is powerful, especially
in dealing with disorder averages, it is through the complementary approach developed by Thou-
less, Anderson, and Palmer (TAP) [23] that we are able to actually get a grasp on this landscape.
An additional benefit to this approach is that much progress can be made for single realizations of
disorder, instead of immediately averaging disorder out. This makes the TAP approach very valu-

able for problems in which the distribution of the interactions is not known, such as analogues of

12



trained neural networks, as examined in Chapter 6.

The TAP equations are a set of self-consistent equations that arise from a mean-field de-
scription of a system’s free energy. This TAP free energy is most generally defined as a Legendre
transformation of the free energy with respect to some order parameters. In the classical case one
performs a Legendre transform with respect to the magnetizations m;. In this case, the TAP free
energy is

FTAP,cl = —ﬁ_l 10g tr exp <—5H + BZ hz(az — mz)> s (121)

where (3 is the inverse temperature and the local fields h; are Lagrange multipliers that enforce
the constraint (o;) = m,. In the quantum case, quantum fluctuations can be understood as fluc-
tuations along an imaginary time dimension by taking the continuous limit of a Suzuki-Trotter
transformation [24]. Autocorrelations in imaginary time must also be addressed in order to de-
scribe the metastable properties, and so we must also Legendre transform with respect to these.

So, in the quantum case, the TAP free energy is

B B
FTAP,quant = _671 lOg tr €xp [_ / drH + / dr Z hz<7-) (Ui<T> - ml(T))
0 0 i

g B
+/0 dT/O dT'ZA(T,T')(C’(T,T’)—Ji(T)ai(T')) , (1.22)

where A(7, 7') is a Lagrange multiplier enforcing the constraint on the autocorrelation (o;(7)o; (7)) =
C(7,7"). These TAP free energies can also be obtained through a cavity calculation [25].

With this description of the free energy landscape we can define TAP states, which are
simply the neighborhoods around the local minima of the TAP free energy. This size of these

neighborhoods depends on the temperature. It is these TAP states which describe the metastable

13



states we have discussed previously. We can then decompose the partition function as

Z=tre M =3"7, (1.23)

Zo = tr0,eqe PO (1.24)

where a labels a TAP state.

Within the TAP formalism it is straightforward to determine the static transition away from
the paramagnetic phase. It occurs when the paramagnetic solution m; = 0 becomes unsta-
ble. This is the same static transition that might also be obtained through the replica approach
described previously. However, in addition to the static transition, one may also determine the
dynamical transition by finding the point at which additional local minima of the TAP free energy
appear.

For discontinuous spin glass models, such a dynamical transition may be found above the
static transition. In this case an exponentially large in system size number of such metastable
states appear, though the result for the free energy is the same as would be expected if the system
were still in its paramagnetic phase [21].

The number of free energy minima that emerge at a transition contains information about
the nature of that transition. A glassy transition will have an exponentially large in the system
size number of such minima appear, while a transition to an ordered phase, such as a ferromagnet
will have just one. This fact will be useful in our analysis of spin model analogues of neural

networks in Chapter 6.
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1.3 Chaos Theory

1.3.1 Classical Chaos

For a time after the formulation of Newtonian mechanics and its refinements through La-
grangian and Hamiltonian formalisms, it was believed that, having a set of measurements fully
describing any system at some moment in time, the state of that system could, in principle, be
calculated at any other moment in time. However, Poincaré’s seminal work on the three-body
problem in celestial mechanics demonstrated that this is not always the case. Although the three-
body problem follows deterministic Newtonian mechanics, Poincaré discovered that it does not
admit a closed-form solution [26]. This insight is often considered the beginning of the field of
chaos theory.

Chaos theory took on its modern aspect due to the work of Lorenz concerning computer
simulations of atmospheric models [27]. Unintentionally, he observed that rounding the values
defining the initial conditions of a system led to extremely different dynamics. Due to a scientific
address by Lorenz [28], this extreme sensitivity to initial conditions become colloquially known
as the “butterfly effect.” It is now known that this chaotic behavior is more the rule than the
exception in physically significant models.

The butterfly effect is made mathematically meaningful through the definition of Lyapunov
exponents. Suppose we have a model that we evolve from two very close initial conditions:
x(0) and x'(0) = x(0) + 0x(0), where x(¢) and x’(t) are vectors of coordinates in phase space

and 6x(0) is very small. If the model is chaotic, we will observe that, at short times, the two

15



trajectories will diverge exponentially. That is

[ax(t)] = [x'(t) — x(t)| ~ *|0x(0)] (1.25)

for some Lyapunov exponent A > 0. Formally, this exponent is defined in terms of the Jacobian

matrix M as

A = lim ¢~ 'log || M]|o, (1.26)
t—o00
O;(t)
M;; = ; 1.27
T 0x;(0) (12D

where || M || is the spectral norm of the Jacobian.

However, a positive Lyapunov exponent is not, by itself, evidence of chaotic behavior. In
fact, it is easy to create a mapping with exponential sensitivity to initial conditions, but no chaotic
behavior. For example

Ty = aTp_1, a> 0. (1.28)

This map has a positive Lyapunov exponent, but its behavior is extremely simple. All trajectories,
except the one beginning at 0, diverge to positive or negative infinity.

An additional aspect of chaos that is extremely important in the context of statistical me-
chanics is that of topological mixing. Formally, a mapping f is topologically mixing if, given

open sets A and B in phase space, there exists an integer N such that

frf(ANB#0 (1.29)
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for all n > N. Though this is defined in terms of discrete mappings, it can easily be applied to
continuous-time systems through a stroboscopic approach. Physically, this indicates that, after a
certain amount of time has elapsed, a number of points initially confined to a part of the phase
space will spread across the entire phase space.

This is closely related to the concept of ergodicity, which is when each point in phase space
will eventually visit each other point. Technically, ergodicity does not necessarily imply mixing.
Consider, for example, a particle moving in a 2-dimensional periodic space at a constant velocity,
where the velocity components along the two dimensions are incommensurate. The particle will
eventually visit every point in the space, but this does not mean many such particles starting at
different positions will mix together, since they are all moving in parallel. Despite the difference
in definition, mixing and ergodicity are most often found together in physical systems, and so the
two terms are often used interchangeably, including in this thesis.

Mixing is extremely important in statistical mechanics as it bears on the process of ther-
malization. For a many-body system, regardless of what the initial configuration of the particles
is, we can assume that, after some period of time, the system will thermalize. The distribution
of states will be uniform over the region of phase space which is permitted by conservation laws.
This allows for the calculation of the expectation values of macroscopic observables that would
be intractable on the microscopic level. For example, suppose we want to find the pressure inside
a balloon filled with some gas. Due to the absolutely enormous number of atoms in the gas we
cannot measure the position and velocity of each atom at an instant of time, nor can we carry
through the calculations to determine their later states. Thanks to mixing and thermalization,

neither are necessary, as we can just average over the appropriate region of phase space.
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1.3.2  Quantum Chaos

At first, it does not seem that chaotic behavior should exist at all in quantum systems. After

all, quantum wavefunctions are governed by the Schrodinger equation

O = Hib, (1.30)

which is linear. Since the Hamiltonian is Hermitian, the time evolution operator

Ut) = (131)

is unitary, meaning distances in phase space are always preserved. Additionally, due to Heisen-
berg uncertainty, the concept of trajectories we used in defining classical chaos becomes ill-
defined.

Some progress can be made by considering a semiclassical quantization of a classical
chaotic system. Take one wavefunction ¢/(0) which is sharply peaked at x(0) and another wave-
function v'(0) which is sharply peaked at x(0) + dx(0), where x is a vector of coordinates. As

the system evolves, classical chaos theory tells us that

()| (t)) — (' (O)Ix[t (£))] ~ e]ox(0)]. (1.32)

This is despite the fact that (¢/(¢)|¢'(t)) does not change. This indicates that quantum chaos
should be understood through operators, rather than the evolution of wavefunctions.

One approach to quantum chaotic behavior is to determine the growth of out-of-time or-

18



dered correlators (OTOCs) like

(V(£), W(0)]*) ~ e, (1.33)

where V' and W are some local operators and (-) indicates a thermal average. In this way a
quantum Lyapunov exponent is defined. We can see in this definition a close relationship with the
classical definition of the Lyapunov exponent in Eq. (1.26), where the partial derivatives can be
written as Poisson brackets for a Hamiltonian system, which are then promoted to commutators
when quantizing.

A very important concept in quantum chaos is the Eigenstate Thermalization Hypothesis
(ETH) [29-31], which is a way of explaining how an isolated quantum system which is initially
prepared in a state that is far from equilibrium can move to a state that appears to be in thermal
equilibrium, making it possible to describe the system using statistical mechanics. That this
happens at all is somewhat surprising since quantum systems do not evolve in time to uniformly
sample all states in phase space with the same energy.

ETH shows that this self-thermalizing behavior can be explained when the matrix elements

of physical observables in the energy eigenbasis take the form

Ouy = (E4|O|Ey) = O (E)du, + ¢ > FV2f(E,w) Ry, (1.34)
E = %(Ea + Ey), (1.35)
w=FE, — Eb; (1.36)

where Oy, (F), and f(FE,w) are smooth functions, S(E) is the entropy at energy F, and R is a

matrix of complex standard normal random variables satisfying R, = R;,. We then find that the
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long-time average of the expectation value is

1 T
©) = Jim 7 [ attwviole() (137
0
I ,
:Th—{gof/o dt ;chbOabe_“"t (1.38)
= 1€a|* O + i lim 1 Zczcb—o‘“’ (e7T — 1) (1.39)
a aa Tosoo T w .

~ Ow(E). (1.40)

In the last line we used the fact that the diagonal elements of the operator matrix are approxi-
mately constant over a small energy window. In this way, we see how the microcanonical thermal
expectation is reached.

ETH has been found to hold for typical quantum systems. It has been found to not hold for
many-body localized systems, integrable systems, and, of particular interest for this thesis, glassy
systems. A great advantage of ETH is that it can distinguish between systems that thermalize and
those which do not by examining statistical properties of their energy eigenstates. That is, when
quantum chaos is present, the energy eigenstates behave like random superpositions of basis
states.

This is closely connected with the Bohigas-Giannoni-Schmit (BGS) conjecture [32], which
focuses on the energy spectrum rather than energy eigenstate statistics. The BGS conjecture grew
out of studies of quantized chaotic billiard problems. For a particular billiard one may calculate

the energy spectrum, then define the normalized level spacings

En+l - En
= 1 N-1
N ano (En+1 - En)

, (1.41)

Sn

20



where there are IV levels in the spectrum. BGS found that, for billiards which are chaotic in the
classical limit, the distribution of the level spacings followed a Wigner-Dyson (WD) distribution,
which is the distribution expected for Gaussian random matrices. In contrast, for integrable
systems, the distribution of level spacings is found to be Poissonian. From these observations
come the (paraphrased, and somewhat generalized) BGS conjecture: quantum systems which
are chaotic in their classical limit exhibit spectral fluctuations consistent with those predicted by
random matrix theory.

The ETH and BGS conjectures both describe hallmarks of quantum chaos in relation to
aspects of random matrix theory. These ideas have been further extended to quantum systems
without classical limits. In fact, random-matrix-like behavior has come to be considered by
many as the defining hallmark of quantum chaos. The next section is devoted to providing more

details on what is meant by random-matrix-like behavior.

1.4 Spectral Statistics in Random Matrix Theory

1.4.1 The Gaussian Ensembles

Though random matrices have long been of interest to the field of statistics, their connection
to physics was first appreciated in the context of the spectra of heavy nuclei. In the 1950’s, though
a great deal of experimental data had been collected about these spectra, they did not appear to
follow any mathematical form, instead appearing to be random. Wigner first had the idea to
model the spectra using random matrices [33, 34]. He found that the energy level spacings of
heavy nuclei very closely matched the spacing distribution of a real symmetric random matrix.

This is now known as one of the standard Wigner-Dyson (WD) distributions. In the years since
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Wigner’s insight, the analogy to random matrices has found application to a huge variety of
quantum chaotic systems.

Wigner outlined three random matrix ensembles of particular physical relevance, called the
Gaussian random matrix ensembles. These are summarized below. Each is denoted by its Dyson
index (3, which is the number of real variables needed to define an entry of the matrix. This

number plays a role analogous to inverse temperature.

 Gaussian Orthogonal Ensemble (GOE), g = 1:

GOE matrices are real, symmetric, N x /N matrices. A GOE matrix / may be defined as

H=(2N)Y2(G+G"), (1.42)

where G is a matrix with real entries that are independently and identically distributed
(iid), drawn from the standard normal distribution A (0,1). This ensemble is invariant

under orthogonal conjugation, modeling Hamiltonians with time-reversal symmetry.

* Gaussian Unitary Ensemble (GUE), 5 = 2:
GUE matrices are complex, Hermitian, /N x /N matrices. A GUE matrix // may be defined

as

H = (2N)Y2(G + G, (1.43)

where G is a matrix with complex entries that are iid, drawn from the complex standard
normal distribution CN'(0, 1). This ensemble is invariant under unitary conjugation, mod-

eling Hamiltonians without time-reversal symmetry.

* Gaussian Symplectic Ensemble (GSE), 5 = 4:
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GSE matrices are quaternionic, self-adjoint, N x N matrices. A GSE matrix H may be
defined as

H = (2N)"Y*(G + G, (1.44)

where GG is a matrix with quaternionic entries that are iid, drawn from the quaternionic
standard normal distribution. This ensemble is invariant under symplectic conjugation,
modeling Hamiltonians with time-reversal symmetry and Kramers degeneracy (e.g. elec-

trons with no external field).

More generally, we can define a matrix H from one of these ensembles as being drawn
from the distribution

ps(H) ~ e 5 o H?, (1.45)

where the elements of H are on the field appropriate to the Dyson index 5. By a change of
variables, it is straightforward to find that the joint probability distribution for the eigenvalues of

a Gaussian random matrix is

N
Ps(AL, .. Ay) ~ exp (‘TBZA?> I =17 (1.46)

1<j

Wigner [35] and Dyson [36] found that the eigenvalues behave as a one-dimensional gas con-
fined in a quadratic potential with logarithmic repulsive interactions. This repulsion can be seen
directly in the equation above, as we see that the distribution vanishes as \; — A; — 0 for any
1 # j. This level repulsion is a hallmark of quantum chaotic systems.

Integrating out all the eigenvalues but one from the joint probability distribution and taking
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Figure 1.3: A histogram of the spectral density of a numerically generated 10* x 10* GOE matrix
compared to the Wigner semicircle.

the limit N — oo gives us the celebrated semicircle result

p(A) = (2m) V4= 22, [N <2 (1.47)

by Wigner for the spectral density [37]. (Though, despite its name, this distribution is technically
a semi-ellipse.) This distribution is shown in Fig. 1.3. Due to the repulsion between the levels, the
spectrum exhibits spectral rigidity. That is, for finite NV, the eigenvalue density in any supported
region will have much smaller fluctuations than if the eigenvalues were iid from the semicircle
distribution.

Concerning the level spacing distributions, in connection with the BGS result, the distribu-
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Figure 1.4: The Wigner-Dyson level spacing distributions for the Gaussian random matrix en-
sembles compared to the Poisson distribution.

tions for the Gaussian random ensembles are

p(s) = B2 B=2- (1.48)

7

These, along with the Poisson distribution, are shown in Fig. 1.4.

1.4.2 The Circular Ensembles

The Gaussian ensembles we have been discussing are analogous to ensembles of chaotic

quantum Hamiltonians. However, we may wish to find analogies instead to unitary time-evolution
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operators. In fact, this becomes necessary for certain quantum systems which are defined in terms
of unitary operations, with no reference to Hamiltonians, such as quantum circuits. Dyson defined
the circular ensembles [36] analogous to the Gaussian ensembles that are perfectly suited to this

purpose. These ensembles are:

* Circular Orthogonal Ensemble (COE), g = 1:
If U is a Haar-random unitary, U ' U is a random element of the COE ensemble. COE
matrices are symmetric and therefore have real elements. This ensemble is invariant under

orthogonal conjugation.

e Circular Unitary Ensemble (CUE), 5 = 2:
This ensemble is the Haar measure on the unitary group. Elements of CUE matrices are

complex. This ensemble is invariant under unitary conjugation.

e Circular Symplectic Ensemble (CSE), 5 = 4:
As in the case of the GSE, the elements of the CSE are quaternionic. If we represent
quaternions by complex 2 X 2 matrices, we can generate representations of CSE matrices

in terms of Haar-random unitaries. That is, if U is a 2N x 2N Haar-random unitary, then

0 —1
SUTS™U, where S = ® Iy, is a random element of the CSE. This ensemble

1 0

is invariant under symplectic conjugation.

Because the elements of the circular ensembles are unitary, their eigenvalues are complex
values with unit magnitude. That is to say that they are all of the form ¢ where 0 < 6 < 2.

It is then most convenient to work in terms of eigenphases. The joint probability density of the
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eigenphases from a circular ensemble is

p(0r, ... 0n) ~ [T 1" — e’ (1.49)

1<j

As with the Gaussian ensembles, we can observe level repulsion from the fact that the joint
probability density function (JPDF) vanishes as 6; — ; — 0 for any ¢ # j. Unlike for the
Gaussian ensembles, there is no quadratic potential containing the eigenphases. However, the
eigenphases are only supported on the interval [0, 277), meaning the spectral width is necessarily

O(1). When integrating out all eigenphases but one, we find that the spectral density is uniform.

1.4.3 The Spectral Form Factor

While level spacing statistics are good at finding level repulsion between nearby levels, we
may also ask to what degree repulsion exists between levels that are further away. A particu-
larly useful diagnostic of chaotic random-matrix-like spectral statistics across a range of level

separations is the spectral form factor (SFF). The disorder averaged SFF is defined as

K(t) =) e, (1.50)

i?j

We can gain greater insight into the physical significance of the SFF by writing it in terms

of the density of states.

) (1.51)

p(E) = Z S(E—N). (1.52)



In this form, we can see that the disorder averaged SFF is the magnitude squared of the Fourier
transform of the density of states. This indicates that the SFF at time ¢ is a measure of the
fluctuations in the density of states on the scale of ¢~

In addition, we can write the SFF in terms of the time evolution operator as

Kt) =T U@R, (1.53)

where U(t) = e for a Hamiltonian system. This means the SFF also contains information
about the time dynamics of systems. We will use this fact later in this thesis to determine relax-
ation behaviors.

The random-matrix SFF for the ensembles discussed in this section have 3 distinct time

regimes, outlined below.

* The dip (early time):
The initial value of the SFF at t = 0 is clearly N2, where N is the matrix size. Then, as ¢
grows, the SFF decays rapidly. At these early times, the SFF probes correlations between
levels that are very far from each other, and therefore uncorrelated. So the dip is given by

the disconnected part of the SFF

2

Kdiscon (t> =

§ ez’)\it

7

(1.54)

As the different terms in the sum develop different phases there is a rapid loss of construc-
tive interference, causing the dip. The dip can essentially be thought of as the non-universal

noise that occurs before RMT behavior sets in. If we are interested only in the universal
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features we may instead work with the connected SFF

Keon(t) = K(t) — Kgiscon(t). (1.55)

The exact form of the slope depends on the spectral density.

* The ramp (intermediate time):
The time at which the ramp appears is often called the Thouless time ¢ry,. For the ensembles
discussed here the ramp is positive and linear in ¢. The appearance of a linear ramp is seen
as an unmistakable hallmark of random-matrix-like behavior and quantum chaos. The
ramp continues until the Heisenberg time ty, which is on the scale of the inverse mean
level spacing. In this intermediate time regime the SFF is probing correlations between

levels much closer than the spectral width but much larger than the mean level spacing.

* The plateau (late time):
The appearance of the plateau is simply a result of the discrete nature of the system. The
SFF at these late times is probing for correlations at spacings smaller than the mean level
spacing, for which none exist. The contribution of all the ¢ # j terms in the SFF come to

0, leaving only the diagonal correlations. So we see that the late-time value of the SFF is

N.

Calculating the SFF for different quantum systems will be a central theme of Chapters 2-4

in this thesis.
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Figure 1.5: The SFFs and connected SFFs for the GUE (left) and CUE (right). Results are
averaged over 10 samples of 10 x 10% matrices.

1.5 Neural Networks

Recent years have been marked by excitement, extending to the general public, concerning
advances in machine learning and artificial intelligence. New models have demonstrated capabil-
ities that were once considered to require human input, such as coherent text, image, and video
generation, natural language processing, and complex classification tasks. These advances are
underpinned by the technology of large artificial neural networks (NNs).

Artificial NNs take inspiration from biological networks, such as the human brain. These
networks are comprised of relatively simple constituents, neurons that essentially move between
on and off states. Despite this simplicity, large biological neural networks are, of course, capa-
ble of impressive cognitive tasks (e.g. consciousness), proving the maxim that “more is differ-
ent” [38]. Or, to put it another way, the magic lies in the structure of the connections between the
neurons.

This observation makes the synergy between NNs and statistical mechanics immediately

apparent. The goal of statistical mechanics is describing how large numbers of very simple
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particles can interact to display rich emergent collective phenomena such as universality and
phase transitions. Some NN models, such as Hopfield models [39] and Boltzmann machines [40]
are directly analogous to spin models. In addition, many NNs have rich rugged loss landscapes
in their parameter spaces reminiscent of the free energy landscapes of spin glasses. This opens
the door to understanding learning dynamics in NNs in terms of the phases of analogous spin

models, a connection explored in Chapter 5 of this thesis.

1.5.1 Multilayer Perceptrons

Much of the recent progress in this field has been in deep feed-forward neural networks.
These networks (unlike biological networks) have their neurons grouped into layers. The network
then operates by having the first layer initialized to some input state, then the information flows
unidirectionally from layer to layer until the state of the final layer is observed. Feed-forward
networks come in many varieties, such as convolutional neural networks [41], transformers [42],
and, of particular relevance to this thesis, multilayer perceptrons (MLPs) [43, 44]. The main
differences between these varieties are the connection structure between layers, the functions
that determine the state of a layer in terms of the state of the previous layer, and the methods to
train them.

MLPs are a particularly straightforward type of feed-forward network, as each neuron is
connected to all the neurons in the layers adjacent to it. They consist of an input layer, some
number of hidden layers, and an output layer. This structure is shown schematically in Fig. 1.6.

The state, also called the activation, df of the i™ neuron in the k™ layer is

df = ¢ (WFd*1);, + 1), (1.56)
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Figure 1.6: A schematic of a multilayer perceptron. Data is fed into the input layer. The state
of each following layer is determined by the state of the preceding layer. Finally, the state of the
output layer is read and fed into a loss function or used directly.

where the W* are matrices of trainable weights and the b} are trainable biases. ¢ is some nonlin-
ear function called the activation function. In words, the activation of a layer is given by a linear
operation on the state of the previous layer, which is then passed through the activation function
element-wise. It has been shown that MLPs with at least one hidden layer are universal function

approximators [45].

1.5.2 Training and Learning

Neural networks are trained to perform some kind of task. One of the most important
aspects of training NNs is determining how to best quantify the model’s performance. This is
done by defining some loss function £, that takes as its argument the state of the NNs output
layer. The training task then becomes a matter of minimizing the loss function.

Feed-forward NNs are most often trained using some variety of stochastic gradient descent

(SGD). In its most basic form, the steps of this training process are outlined below.
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. Initialize the trainable parameters (J/’s and b’s), which we represent with the vector 6.
This is most often done randomly to avoid unintentionally starting at a fixed point of the

loss function.

. Randomly select a batch of training data.

. Calculate the average loss of the model on that batch.

. Calculate the gradient of the loss function with respect to the trainable parameters. That is
calculate

g =VeL(0). (1.57)

For deep networks, naively calculating these gradients will be prohibitively inefficient.
However, better approaches to backpropagation [46, 47], which store information during

the forward pass for later use in the gradient calculations, allow this to be done efficiently.

. Take a step in parameter space such that

60— 0 —ng. (1.58)

7 is called the learning rate and controls how large of a step to take in parameter space.

. Repeat steps 2-6 until satisfactory performance is achieved.

Many variations of SGD exist that may increase convergence rate and generalization. These in-

clude adding a notion of momentum to the update rule [47, 48], looking ahead in parameter space

before calculating gradients [49], and having the learning rate decay over time [50]. However,

the main concept of SGD as outlined here remains.
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It is important to recognize that good performance by an NN on some training set does
not mean the NN will perform well generally. The situation when training performance is high
but generalization performance is low is known as overtraining. Essentially, it is possible for the
NN to “memorize” the training data to such an extent that it cannot perform well on data it has
never seen. For this reason it is necessary to divide the available data into separate training and
validation sets. Performance on the validation set, which the NN has not seen during training,
is the true measure of an NN’s capability. Finding ways to regularize NNs to avoid overtraining
is itself an active subfield. Chapters 6 and 7 of this thesis address NN regularization through

quantum effects.

1.5.3 Quantum Neural Networks

As a result of recent advances in quantum computing, there is a natural interest in explor-
ing whether implementing NNs on quantum computers can lead to any sort of advantage over
classical NNs. Among the existing approaches to quantum neural networks (QNNs) are quan-
tum Hopfield networks [51-53], quantum Boltzmann machines [54-56], quantum convolutional
NN [57-61], and parameterized quantum circuits [62—65]. The last is perhaps most closely tied
to current approaches to quantum computing.

Quantum circuits are the dominant paradigm for describing and implementing quantum
algorithms. A circuit is comprised of a register of qubits, a sequence of unitary gates (each gate
acting on one or more qubits), and projective measurements that extract classical information.
Sometimes a classical register of bits is also included that can control the quantum elements of

the circuit. An example of a quantum circuit is shown in Fig. 1.7.
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Figure 1.7: An example of a quantum circuit. Quantum gates may act on one or more qubits.
Gates may have classical controls. At the end of the circuit projective measurements collect
information.

A QNN implemented by a quantum circuit will have some gate structure, where the gates
are defined by some set of parameters. After projective measurements are made at the end of the
circuit and fed into a loss function, the parameters will be iteratively updated to minimize the loss
function. A major drawback of this approach is that unitary operations are linear, in contrast to
the nonlinear activations used in classical NNs, which may greatly limit the expressivity of such a
QNN. Chapters 6 and 7 explore an alternative formulation of a QNN that introduces nonlinearities

through mid-network measurements.

1.6 Outline of the Remainder of This Thesis

The remainder of this thesis is comprised of six chapters adapted from Refs. [1-6] by the
present author and collaborators.
Chapter 2 is devoted to calculating the SFF of a minimal quantum glass model. Physical

glass models have very rugged energy landscapes, causing the Hilbert space to be partitioned
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into sectors. At early times in the glassy phase, the system’s dynamics is confined to the sectors,
with thermalization between sectors only possible at much later times. With this in mind, a ran-
dom matrix model called the block Rosenzweig-Porter model (BRP) is defined, which captures
the essence of this segmented Hilbert space structure, with tunable weak interactions between
sectors. This model is a generalization of the standard Rosenzweig-Porter (RP) model, which
supports localized, non-ergodic extended, and ergodic phases. Using the Itzykson-Zuber identity
and a nonlinear sigma model approach, the exact SFF in the thermodynamic limit is calculated.
The results show how the strength of inter-sector couplings affects thermalization timescales.
Chapter 3 is concerned with the study of the spectral statistics for a more physical quan-
tum glass model: the quantum spherical p-spin model. The Hamiltonian for this model is of the
form of Eq. (1.8). It is constructed by treating the spin variables as position coordinates, while
maintaining some of the model’s spin nature by constraining the dynamics to the surface of an
N-dimensional hypersphere. The model is quantized from its classical counterpart by defining
operators conjugate to the position variables and adding a “kinetic energy” term to the Hamilto-
nian. At early times the SFF for this model has a ramp that is linear in time, but the coefficient
of this ramp is exponentially large in system size. It is shown that this ramp coefficient measures
the number of TAP states that emerge at the dynamic transition away from paramagnetism.
Chapter 4 takes the ideas of the BRP model explored in Chapter 2, and translates them to
the context of quantum circuits. In this context there is no Hamiltonian describing the system.
Behavior is instead determined by a random Floquet time-evolution operator. It is shown how a
sector structure analogous to that of the BRP model can be built into the construction of this time-
evolution operator. Using an effective theory for random quantum circuits and a diagrammatic
method of integration over the unitary group, the SFF and relaxation behavior of this circuit is ex-
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plored. Just like the BRP model, this Floquet model’s thermalization time shows dependence on
the degree of inter-sector coupling. This study opens up possibilities for exploring rich quantum
thermalization dynamics through quantum circuits.

In Chapter 5, the techniques of spin glass theory are applied to NNs. Spin model analogues
of MLPs are explored. In this analogy neurons are mapped to Ising spins and weights are mapped
to spin-spin interactions. Using the replica approach, it is found that an Ising spin model, called
the multilayer Sherrington-Kirkpatrick (MSK) model due to its layered structure like an MLP,
exhibits a transition from paramagnet to spin glass. The nature of this transition is then explored
throughout an MLP’s training process. That is, for an MLP, a sequence of analogous spin model
Hamiltonians is defined, parameterized by training time. It is found that training changes the
nature of the melting transition. After a very short amount of training, the transition changes
from a glass transition to an ordered-phase transition, reminiscent of ferromagnetism, but with
no apparent global order. This study demonstrates that statistical mechanical approaches yield
valuable insights into the learning process.

Chapters 6 and 7 are then devoted to explorations in quantum machine learning. In Chap-
ter 6 a quantum circuit is constructed which implements a quantum generalization of an MLP.
The novelty of this approach is that it allows for adiabatic tuning of a NN between classical and
quantum modes of operation, allowing for an “apples-to-apples” comparison between classical
and quantum models. These models are trained on a subset of the MNIST dataset of images of
handwritten numerical digits [66]. It is found, through classical simulation, that adding a certain
amount of uncertainty into the model by turning up its “quantumness” regularizes the model,
preventing overtraining and improving generalization performance.

In Chapter 7 these ideas are implemented on actual quantum hardware. Training of the
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networks is still done through classical simulation, but classification of the images is done on
both trapped-ion and superconducting quantum computing platforms. As in simulations, it is
found that a certain degree of quantum uncertainty is beneficial. Additionally, the physical noise
that is inevitable in these platforms is also found to be helpful in some contexts. This introduces
the possibility of using this simple quantum MLP to benchmark performance across different

quantum computing platforms.
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Chapter 2:  Spectral Statistics of a Minimal Quantum Glass Model

Authors: Richard Barney, Michael Winer, Christopher L. Baldwin, Brian Swingle, and
Victor Galitski

Abstract: Glasses have the interesting feature of being neither integrable nor fully chaotic.
They thermalize quickly within a subspace but thermalize much more slowly across the full space
due to high free energy barriers which partition the configuration space into sectors. Past works
have examined the Rosenzweig-Porter (RP) model as a minimal quantum model which transitions
from localized to chaotic behavior. In this work we generalize the RP model in such a way that
it becomes a minimal model which transitions from glassy to chaotic behavior, which we term
the “Block Rosenzweig-Porter” (BRP) model. We calculate the spectral form factors of both
models at all timescales larger than the inverse spectral width. Whereas the RP model exhibits
a crossover from localized to ergodic behavior at the Thouless timescale, the new BRP model
instead crosses over from glassy to fully chaotic behavior, as seen by a change in the steepness

of the ramp of the spectral form factor.

2.1 Introduction

Random Hermitian matrices provide a simple model for the energy levels of a wide vari-

ety of quantum systems, including complex nuclei [36, 67-71], systems with a chaotic classical
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limit [30, 32, 72-75], strongly interacting quantum field theories [76—80], and much more. The
wide prevalence of random-matrix-like energy levels is known as random matrix universality [32,
81, 82], and it is one of the key manifestations of quantum chaos. Given an ensemble of Hamil-
tonians { H }, one way to characterize random matrix universality is in terms of the statistical cor-
relations of eigenvalues. Letting p(E) denote the density of eigenvalues of a particular random
H, then although the average density m is not universal, the pair-correlation W does
turn out to be. Indeed, one finds that the pair-correlation is closely related to the pair-correlation
of a Gaussian random matrix of the appropriate symmetry.

However, while many systems ultimately exhibit random-matrix-like behavior at the finest
energy scales, i.e. for sufficiently small £'— E’, real systems typically have additional structure in
their energy spectrum which is not random-matrix-like. This structure may be eventually washed
out at the finest energy scales, but it does cause a deviation from the random matrix behavior
of W when E' — FE’ is of some intermediate size. Perhaps the simplest such structure
occurs when the Hamiltonian breaks up into approximately decoupled blocks labelled by some
almost-conserved quantity. This situation is common and is broadly related to the presence of
slow dynamics, e.g. a slowly diffusing charge or almost-frozen glassy dynamics. In the simplest
case, each block is statistically independent and the blocks are connected by some additional
weak perturbations. Then as a function of £ — E’, the pair-correlation can exhibit a crossover
from multiple small random blocks to a single large random block. Recently, a set of effective
theories have been formulated to describe this crossover [2]. Here we present a new solvable
model in which this crossover can be analytically verified and studied. The results are consistent
with Ref. [2], but they also offer new insights into various regimes.

This new model is a generalization of the unitary Rosenzweig-Porter (RP) model, which
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is itself a slight generalization of the original model constructed by Rosenzweig and Porter to

describe complex atomic spectra [83]. The RP Hamiltonian is

A

H:A—FW

V. 2.1

where A is a diagonal matrix with independent and identically distributed elements, and V" is a
random matrix drawn from the Gaussian Unitary Ensemble (GUE) [84] whose matrix elements
have unit variance. N is the size of the Hilbert space. Several studies [85-99] have examined this
model at different values of 7. The RP model has also been generalized in several different ways
to create a family of interesting random matrix ensembles [100—106].

Motivated by the problem of many-body localization, Kravtsov et al. [89] studied this RP
ensemble as a simple random matrix model with both localization and ergodicity-breaking tran-
sitions. Consistent with previous results [85-88, 107], they found Poissonian statistics for v > 2,
indicating Anderson localized behavior, and GUE statistics for v < 1, indicating chaotic be-
havior. They found that intermediate values of ~ led to a non-ergodic extended phase in which
eigenstates are neither localized nor fully ergodic.

One useful tool for studying spectral statistics is the unfolded spectral form factor (SFF),
which is the Fourier transform of the unfolded two-point correlation function. Unfolding refers
to the process of rescaling the spectrum in such a way that the local mean level spacing becomes
unity, bringing the universal features of the SFF to the fore. Ref. [89] provides a calculation of
the RP SFF for all v > 1 at the Thouless timescale, i.e., the timescale at which random matrix
statistics first appear. Other timescales are then examined by rescaling time in this result.

We can form schematic expectations for the behavior of the RP SFF at different values of
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~ by comparing the Thouless time to the two other cardinal times: the inverse spectral width w~!

and the Heisenberg time, which is the inverse mean level spacing. These schematics are shown in
Fig. 2.1. In the figure u/N is the unfolded time, that is the real time divided by the level density.
When the Thouless time is smaller than the inverse spectral width, which occurs when v < 1,
we expect GUE statistics indicating chaotic behavior. When it is larger than the Heisenberg time,
which occurs when v > 2, we expect Poissonian statistics indicating localized behavior. If the
Thouless time is larger than the inverse spectral width but smaller than the Heisenberg time we
expect to see a crossover between the two behaviors. Phase transitions occur when the Thouless

timescale coincides with one of the cardinal timescales.

RP Unfolded SFF on a log-log Scale
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Figure 2.1: Schematic representation on a log-log scale of the unfolded SFF for the RP model in
each of the three identified phases. The lower gray curve is the GUE SFF while the upper gray
curve is the Poissonian result.

As an initial result of the present work, we directly calculate the SFF of the RP model
at all timescales larger than the inverse spectral width. This approach has the added benefit of
more closely paralleling the calculation of the SFF for the new model we examine. The result
is shown in Eq. (2.66). We find that this result does follow the schematic expectations shown in
Fig. 2.1 and is in good agreement with the numerical results we obtain. All these findings are in
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agreement with Ref. [89].

In the bulk of this work, we generalize the RP model to obtain a random matrix model
which transitions from chaotic to glassy behavior, where glassiness is identified by the presence
of multiple thermalization timescales. This is accomplished by redefining A in Eq. (2.1) to be the

block-diagonal matrix

A=A, (2.2)

where each block A is an independent GUE matrix of size M = N/P whose elements have
variance M ' (so that the eigenvalues of each A®) are finite at large /). We call this generaliza-
tion of the RP model the Block Rosenzweig-Porter (BRP) model. Because of the the normaliza-
tion of each A the system thermalizes in O(1) time within each block but can fully thermalize
only at times diverging with NV (if at all). Due to the different structure of the A matrix, the BRP
model will have a localized phase different from that of the RP model. In this phase the system
will be confined to the subspaces corresponding to the blocks of A instead of individual states.
This generalization of the RP model is motivated by our recent work examining the SFF
of a canonical quantum spin glass model [2]. In that work we found that the SFF has a linear
ramp at times sub-exponential in the system size, as would a chaotic system. However, the ramp
is steeper by a factor of the number of distinct metastable states. This enhancement of the ramp
is a hallmark of glassy behavior. It indicates that, at these early timescales, the Hamiltonian can
be viewed as a direct sum of independent random matrices. However, it has been argued that, for
appropriate values of the coupling between spins and at a sufficiently late timescale, the system
will escape from the metastable configurations and fully thermalize [108—110]. At this timescale

we would expect the SFF to experience a crossover from the enhanced ramp to the GUE ramp.
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Due to the challenge of calculating the SFF of canonical quantum spin glass models at late times
with current methods, we turn to the BRP model as a simpler model of a quantum glass for which
the SFF can be calculated at late timescales and the crossover from glassy to chaotic behavior
can be seen.

As we did for the RP model, we form schematic expectations for the behavior of the SFF
at different values of v by comparing the Thouless time with the other cardinal times. These
schematics are shown in Fig. 2.2. When the Thouless time is less than the inverse spectral width,
which we find occurs when v < 1, we expect GUE statistics indicating chaotic behavior. When it
is larger than the Heisenberg time, which we find occurs when v > 2, we expect the statistics of
uncoupled GUE blocks, indicating localization within the blocks. Note that in this case the SFF
reaches its plateau value at a time earlier than the Heisenberg time. This is the block Heisenberg
time, which is the inverse mean level spacing for a single block of A. This means that the block
Heisenberg time is smaller than the full Heisenberg time by a factor of P, the number of blocks.
The block Heisenberg time is an additional cardinal time in the BRP model.

If the Thouless time is larger than the inverse spectral width and smaller than the Heisen-
berg time we expect to see a crossover between the block localized and chaotic behaviors at the
Thouless timescale. Further, if the Thouless time is smaller than the block Heisenberg time,
which occurs when v < 1 + d where d = log, M, this crossover will occur before the SFF can
reach its plateau value at the block Heisenberg time. If the Thouless time is greater than the block
Heisenberg time, which occurs when v > 1 4+ d, the SFF will reach its plateau value at the block
Heisenberg time, drop down to the GUE result at the Thouless timecale, then reach the plateau
value again at the Heisenberg time.

Our primary result is the calculation of the SFF of the BRP model at all timescales larger
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BRP Unfolded SFF on a log-log Scale
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Figure 2.2: Schematic representation on a log-log scale of the unfolded SFF for the BRP model
in each of the four identified phases. The lower gray curve is the GUE SFF while the gray curve
above it is the SFF for completely uncoupled GUE blocks.

than the inverse spectral width, which is O(1). This result is shown in Egs. (2.132)-(2.133). It
follows the schematic expectations shown in Fig. 2.2 and is in good agreement with the numerical
results we obtain. At the Thouless timescale, if it is not of the same order as the Heisenberg time,
the SFF decays exponentially over time from its glassy result to the GUE SFF, as shown in
Eq. (2.155). In the case where the Thouless time is of the same order as the Heisenberg time, a
more complicated crossover behavior emerges, shown in Egs. (2.156)-(2.157).

Our results indicate that for v < 1 the system will immediately thermalize while for v > 2

the system will always remain localized within blocks. For intermediate values of ~y the system
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will initially be confined to a single block, but will escape and thermalize at the Thouless time.
We also find a transition at ¥ = 1 4 d. This transition has an important interpretation in terms
of the eigenstates. It is the point at which the eigenstates become fully delocalized across the
Hilbert space.

The remainder of this work is organized as follows. In section 2.2 we review the spectral
form factor’s definition, features, and role as a diagnostic of quantum chaos. In section 2.3 we
outline the aspects of the construction of the SFF which are common to both the RP and BRP
models and discuss the unfolding procedure. In section 2.4 we examine the RP SFF, discussing
the results of previous works and directly calculating the SFF at relevant timescales. We compare
our analytical results with numerics. Section 2.5 contains the bulk of our results, an examination
of the BRP model and the calculation of its SFF, again comparing to numerical results. Finally,

we conclude with section 5.4.

2.2 Review of the spectral form factor

The spectral form factor (SFF) has a long history as a diagnostic of quantum chaos [32,
81, 84]. Examples of random-matrix-like SFFs in chaotic systems appear in numerous areas
of physics, from nuclear systems [36, 111] to condensed matter [112—-114] to holographic theo-
ries [74, 75]. The SFF diagnoses whether energy levels repel as they do in random matrices [112],
have independent Poissonian statistics [115], or have some more exotic behavior [116—118]. The

SFF can be written as

SFE(t, f) = [trle— T f(H)]]?, 2.3)
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Disorder-Averaged SFF for N = 5000 GUE Random Matrix Theory
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Figure 2.3: A log-log plot of the disorder-averaged SFF for the Gaussian unitary ensemble
(GUE). The matrices in this ensemble have dimension N = 5000. The SFF was computed
numerically by exactly diagonalizing five hundred realizations. The three regimes of the SFF—
dip, ramp, plateau—are each labeled.

where f is a filter function used to pick an energy band of interest, and the overline denotes a
disorder average over an entire ensemble of Hamiltonians.

The SFF can also be expressed as the two-point function of the density of states. Defining
pE, [) = 8(E — E)f(E,) =t (5(H — E)f(H)), (24)

we have

SFF(t, f) = /dEldEQp(El, f)p(EQ, f)ei(El_EQ)t (2.5)

As a two-point function, the SFF can be broken down into connected and disconnected compo-
nents. These components have very different behaviors, as discussed below.

For random-matrix-like systems, the spectral form factor has three regimes of interest.
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* The “dip,” also known as the slope, occurs at early times. It comes from the disconnected
piece of the SFF (and thus its precise shape is non-universal and depends on the details of f
and the thermodynamics of the system). Its downward nature reflects a loss of constructive
interference: at ¢ = 0 the terms in tr[e~*#! f( H )| are all positive, but the different terms of

tr e~*H* acquire different phase factors as ¢ increases.

* The “ramp” occurs at intermediate times. It is arguably the most interesting regime, and
marks the beginning of the universal behavior in the connected spectral form factor. In the

canonical matrix ensembles, it is a consequence of the result [84]

so(2+5)o(5- )] -2p (B 9)|Ep(5-5)] - g @0

where b = 1, 2, 4 for the orthogonal, unitary, and symplectic ensembles respectively. The
fact that the right hand side is negative is a manifestation of level repulsion [111]. Taking
the Fourier transform of Eq. (3.7) with respect to w gives a term proportional to ¢ for the
connected SFF. Such a linear-in-t ramp is often taken as a defining signature of quantum

chaos.

The exact coefficient of the ramp can tell us a lot about a quantum system. For instance, if
H is not a GUE matrix but the direct sum [y & H, of two GUE matrices, the ramp will be
enhanced by a factor of two. This enhancement shows up in realistic systems such as the
Bunimovich stadium [119, 120], which have different sectors of their Hamiltonian which
behave differently under reflection symmetry. It has recently been shown [2] that at times

sub-exponential in system size, all-to-all spin glasses exhibit an enhancement of the ramp
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equal to the number of effective “sectors,” i.e., regions of configuration space rendered
dynamically disconnected by large energy barriers. This work serves as an extension of

that result for a toy model of spin glasses, going out to late times.

The “plateau” occurs at late times. It is a signature of the discreteness of the spectrum.
It is part of the connected spectral form factor and is completely universal to all systems,
whether thermalizing, integrable, glassy, or many-body localized [121, 122]. At times
much larger than the inverse level spacing or “Heisenberg time,” one expects that all off-

diagonal terms in the double-trace of the SFF average to zero, meaning that

SEF(t, f) =Y e En=Ei f(Ey,) f(En) ~ Y f(En)”. 2.7)

mn

For integrable systems, the plateau is reached very quickly with little to no ramp regime [1135,
117, 118], whereas for chaotic systems the plateau isn’t reached until a time exponential in

system size.

In the bulk of this paper we calculate the unfolded connected SFF for the RP and BRP

models at all timescales larger than the inverse spectral width, thus we capture both the ramp and

the plateau regimes. We find that when the sectors of the BRP model are uncoupled the ramp of

the SFF is enhanced by a factor of the number of sectors. As the coupling strength is increased

there will be a crossover to the regular ramp at the Thouless timescale.
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2.3 Construction of the spectral form factor

In this section we lay out the initial steps of the construction of the SFF which are common
to both the RP model and the new BRP model. In fact, the results of this section are applicable
to any Hamiltonian which is perturbed by a GUE matrix. Both of the models can be expressed as

a Hamiltonian matrix of size N with the form
H=A+YV, (2.8)

where the spectrum of A is centered at 0 and has a width that is O(1) with respect to V. V' is a

random GUE matrix drawn from the distribution

v(V) ~e L tr V2 a——)\2 (2.9)
~ ex = . .
P P\ 72, ’ N~

The exact details of A will depend on whether we are working with the RP or BRP ensemble, but

are unimportant at this initial stage.

2.3.1 The joint probability density function

Our first step is to find the joint probability density function (JPDF) of the eigenvalues of
the Hamiltonian /. We follow the method of Kunz and Shapiro [107]. For the moment we will

hold A constant. The probability distribution of H is then

pa(H) =py(H — A) ~ exp [—% Z (Ef + a?)

%

1
exp (— trAUEUT> , (2.10)
g
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where {a;} are the eigenvalues of A, {E;} are the eigenvalues of H, £ = diag(E, ...

, EN) is

the diagonal matrix similar to /7, and U is the unitary matrix which diagonalizes /.

We now make the change of variables H — {U, E'}. The Jacobian of this change is A*(E),

where A(FE)

p(E) ~ A*(E) exp [—% Z (E? +a7)

[I;»;(Ei — Ej) is the Vandermonde determinant. The JPDF is

/ dU exp (1 trAUEU*) ,
g

(2.11)

where dU is the Haar measure over the unitary group U(N). We can evaluate the integral over U

using the Itzykson-Zuber integral identity [77]

det exp(a;E;/0)

1
d —tr AUEU" ) ~ 2.12
Jawres (Gueavent) ~ = G0 e
Applying this identity, we find that the JPDF is
A(E 1 B
p(E) =c(o,N) A((a)) exp [—% XZ: (E? +af)| detexp (aa j) , (2.13)
with ¢(o, N) to be determined by normalization.
To normalize we calculate
1 :/dE p(E)
C(U, N) [ 1 2 2 ] CI,Z'EJ'
=————= [ dEA(E - E; “) | det
A(a) / (E)exd | =55 2 (B af) | detexp | =7
N - - N e (2.14)
1 17 (1
:C(X&a)) /dE A(E) exp T 2 (E? +a?) Z sign(7) Hexp (%)
L 7 1 meSn =1
N! 1
=c(o, N)A(a) /dE A(E) exp [—% tr(E — a)ﬂ :
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where a = diag(aq,...,ayx). In the second line above Sy is the set of permutations of N
elements. The third line follows because A(F) is antisymmetric under all transpositions. We

now use the identity (proven in the appendix of [107])
/ dE A(E)exp {—% tr(E — a)Q} = A(a)(2m0)N/? (2.15)
to find that the normalization factor is
oo, N) = %(QM)—N/? (2.16)

We now let A also be a random matrix. From Egs. (2.13) and (2.16) we see that, for any

function W (E) which is symmetric in the eigenvalues of H, the ensemble average is

W(E) = (2mo)™N/? <AL

@ /dE W(E)A(E) exp {—% tr(E — a)2} > : (2.17)

where the angle brackets indicate that the average over the distribution of A still needs to be per-
formed. Fortunately the SFF and the correlation functions examined below are such symmetric

functions.
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2.3.2 Correlation functions

We now examine two correlation functions which we will use to construct the SFF. The

first is the Fourier transform of the level density

Ci(t) =) e, (2.18)

k

Averaging with respect to the JPDF and making use of Eq. (2.15) yields

a(t) — e—at2/2 <Zeitak%> — e—o't2/2 <;eitak H <1 + ar z a)> ) (219)

k j#k J

where 7 = ito and Jy, is the projection matrix onto the &™ dimension. In order to average over

the eigenvalues of A we rewrite this as

— e—ot?/2 dz . T
t) = — etz | | 1+ 2.20
Git) T ch'e <j ( z—aj>>’ ( )

where C is a rectangular integration contour of infinitesimal width in the imaginary direction
which encompasses the real axis. Using this form is advantageous because each term within the
angle brackets now depends on only a single eigenvalue of A.

We now consider the Fourier transform of the two-point correlation function (excepting the

k = [ terms)

Co(t) =) elFF), (2.21)
k£l

53



Again, averaging with respect to the JPDF and using Eq. (2.15) yields

Co(t) =" <Z gitlar—an A (@ +AT(<2’; — 1)) >

k#l
2
| (S )}
vy ar—ag — T itk ap — aj il a; — a;
(2.22)

We can also write this in terms of contour integrals as

2
eltlz— 1 (—"
2772 27rz 2 —z—T7

2.3.3 The unfolded spectral form factor

We now combine the correlation functions considered above to form the function

C(t) = % (@(t) - IEW) : (2.24)

which is the connected SFF apart from the missing £ = [ terms in Cy(¢). We will now demon-

strate how C'(t) can be used to find the unfolded SFF. We note that

k

= ——/dz dz' et#==) ( (2)p(2") = pa(z, z)+Z5(z—Ek)5(z’—Ek)), (2.25)

Zd z— E), pa(z,2) 25 z— Ep)o(z — Ey). (2.26)
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We now unfold by making the change of variables

(2.27)

t=p(x)T. (2.28)

In these new variables x is the central energy and y is the distance between the energies in units

of local mean level spacings at the central energy. With this change we find

) = / dz plx) (K (2, T) — 1), (2.29)

K(x,T) = —/dy Y (z,y)eY, (2.30)

Ve = e (e am ) (mm) (o wim) ) @30

where p(z) = p(z)/N is the probability distribution function, Y (x, y) is the unfolded connected
two-point correlation function, also called the unfolded two-point cluster function, and K (z,T)
is the unfolded connected SFF. Our approach, whichever model we are examining, will be to put
C'(t) in the form of Eq. (2.29) and extract the unfolded connected SFF, which we will simply call
the SFF going forward.

For the models we study in this work it is reasonable to assume that Y (x, y) vanishes in the
large N limit for y > 1, so we can restrict the interval of integration in Eq. (2.30) to be of order
1. For these values of y the disconnected part of Y (z, y) will tend to 1, thus it will not contribute
to the SFF for 7" # 0. In the calculations that follow we will therefore neglect the disconnected
piece of the two-level cluster function. This is an advantage of the unfolding procedure; we no

longer need to worry about subtracting out the disconnected part in order to observe the universal
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features of the SFF. We will also find that if we unfold the coupling parameter \ as well, Y (z, y)
and the SFF will become independent of the center energy x. So, although C(t) is not universal
due to its dependence on p(z), the unfolded connected two-point correlation function and the
SFF will be universal.

It will be helpful to use the time variable u = N|T'| = |t|/p(x), so u is of the same order
as the real time ¢. This means that u is the time unfolded by the level probability density instead
of the level density. The modulus may be taken since the SFF is symmetric in time. Because the
SFF is the Fourier transform of the two-point cluster function, at time « it probes the correlations
between energy levels with separations on the order of w~*. For this reason we consider only

timescales larger than the inverse spectral width.

2.4 The Rosenzweig-Porter model

The Hamiltonian matrix for the RP model has the form of Eq. (2.8), with the additional con-
dition that the eigenvalues of A are all independent and identically distributed. We can consider
A to be diagonal such that

A = diag(ay,...,an), (2.32)

where each a; is independently drawn from some distribution p(a) with a variance of order 1 in
N.

We can view this as an Anderson model [123] of [V sites with independent random on-site
potentials and all-to-all random couplings on the order of N~?/2. From Fermi’s golden rule, we
can determine that the tunneling rate from one of these sites is on the order of N'=7. Thus the

Thouless time, the time at which the system will escape a single site and random matrix statistics
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first appears, is

toy ~ N1 (2.33)

The ergodicity-breaking transition occurs at the point where the tunneling rate is the same
order as the spectral width [94, 109, 110, 124], or, equivalently, when the Thouless time becomes
of the same order as the inverse spectral width. The spectral width of the GUE matrix V is on the
order of N(1=7)/2 [84], while the spectral width of A is of order 1. So the spectral width of the
RP model is

w ~ max(1, NI=7/2), (2.34)

This indicates that the ergodicity-breaking transition occurs at v = 1. For all v < 1 the RP model
will exhibit GUE statistics.

The localization transition of the model, on the other hand, can be determined from the
Mott criterion [94, 110, 124, 125], i.e., when the number of sites in resonance with a given one
becomes finite at large N. For the RP model this number of sites is on the order of N'~7/2,
indicating that the localization transition occurs at v = 2. Equivalently, we can understand the
localization transition as occuring when the Thouless and Heisenberg times are of the same order.
From our result for the spectral width we find that the Heisenberg time, which is the inverse mean
level spacing, is

theis ~ min(N, N1+7/2), (2.35)

The Thouless and Heisenberg times are of the same order when v = 2, which matches our earlier
reasoning for the localization transition through the Mott criterion. For v > 2 the Thouless time

is larger than the Heisenberg time. Since the SFF reaches its plateau value at the Heisenberg
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timescale, there is no chance for random-matrix-like ramp to appear. The RP model will behave
as if H = A. That is, Poissonian statistics will emerge. This analysis informs our determination
of which values of v lead to which phase in the schematics of Fig. 2.1.

It’s clear from the above discussion that the region 1 < v < 2 is particularly interesting
because random-matrix-like behavior should be found, but only after a long period of time has
elapsed. This case in which the Thouless time is larger than the inverse spectral width but smaller
than the Heisenberg time is the nonergodic extended phase [89]. In this region eigenstates are not
localized, but they are not spread sufficiently to be ergodic. For these values of v the calculation
of the SFF is nontrivial because the behavior of the SFF depends not only on 7 but also the
timescale. Going forward we will assume that v > 1.

As a warm-up we calculate the Fourier transform of the density of states C;(¢) to leading

order. Due to the independence of the eigenvalues of A we can simplify Eq. (2.20) as

Yan R N
Ci(t) = —— § el 2.36)
gi(z,7) = 1+T< ,>, (2.37)
zZ—Qa

where d’ is any eigenvalue of A. C(t) contains information about the average density of states.

Expanding with the binomial theorem, we find

N .
l_ _ l —Ut2/2f dz itz N . j—1 1 ’
NC'l(t) = e b 9.7€ g j (i0t) ) (2.38)

J=0

Note that we have divided by N to probe the average density of states but we have not performed

the unfolding procedure. We want to examine this quantity on the scale of the spectral width, so
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we let ¢ be order 1. For v > 1, No goes to 0, meaning only the 7 = 1 term remains. So

1 _— dz it 1 ita!
_ itz = (e 2.39
NCl(t) C27ri€ <z—a’> <e > (2.39)

This means that the average level density is the same as the probability density of the eigenvalues
of A [82].
As discussed above, we can neglect the disconnected contribution' so the unfolded SFF at

non-zero times is determined entirely by Cs(t). In the RP model, Eq. (2.23) simplifies as

Cy(t)

2
Zt(Z—Z/) 1 _ ; o . N 240
271'2 27“'2 [ <Z/_Z_7_) ] [92(2,7,2, 7—)] 5 ( )

(o) ()
) (- ()

Inserting Eq. (2.40) into Eq. (2.24) and neglecting the disconnected contribution, we obtain

2
= z(z 2 _ T N
B NTZ 7{2m ]{ omis t { [1 (Z’ —z— T) ] l92(2, 732", =7)] } (2.42)

We now make the change of variables

(2.41)

Y
(zz)—xiﬁ—z(qq)() (2.43)

where ¢,¢' = =1, indicating which leg of the contour C the variables are on. Note that this

IStrictly speaking, the argument above for neglecting the disconnected contribution to the SFF only applies for
T #0, i.e.,t/N # 0. Nonetheless, we make the same approximation for times that scale as a smaller (but still non-
zero) power of N as well. We find good agreement between the resulting expressions and numerical calculations for
all timescales of interest.
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definition of y differs from that of Eq. (2.27) by a factor of p(x), but it has the same scaling
with /V and the argument for taking y to be order 1 still applies. This change is made purely for

convenience. With it we obtain

7O‘t2 d

Y iN-1t

Ct) = y
qu /2#@/27”

N 2
X [1 — (y_z(q_q/;0+ —I—NT) ] [92<Z7T; 2'7 —T)]N. (244)

2.4.1 The spectral form factor

Kunz and Shapiro [107] used the process outlined above to find the SFF when v = 2 and
t ~ N (for which the Thouless and Heisenberg timescales coincide). They found that, if the
coupling parameter is also unfolded by replacing A with A/p(x), the two-level cluster function
and the SFF become independent of the center energy x. Later Kravtsov et al. [89] generalized
this result to all v+ > 1 at the Thouless timescale. Additional timescales may be examined by
rescaling time in this result. We first review this result and then present our direct calculation of
the SFF at all timescales of interest. This calculation more closely parallels that of the SFF for
the BRP model presented in section 2.5.

Making the change of variables in Eq. (2.43), we find that

z —

<;a’> = da /p( ) = +imap(x) + O(N), (2.45)

where the symbol indicates the principal value of the integral. Using this result in Eq. (2.41), we
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determine that

(a7, =1) = Lt 7 imp(a)a = )+ OV )] (14— 2T,

We examine the Thouless timescale by rescaling time as
t=N""1s,

where s is independent of /V. Using this we can rewrite the above equation as

iN%s

y—i(qg—¢)0*t

g7, —7) = 1 = N-'mX2sp(a) (g — ¢) (1 ;

With this we determine that, to leading order in N},

922,732/, =TI = exp [—M%pwq ) (1 e <qA Q—Sqf>o+)] |

Inserting this result into Eq. (2.44) and then unfolding by setting

v =s/p(z),

A = Mp(z)
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(2.46)

(2.47)

(2.48)

(2.49)

(2.50)
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yields the result that the Thouless-timescale SFF is

21, (kv3/?)

K (v) = 1 4 e 2mAPo-NT2A%2 [ 032

1 5/2 nTY—2 /OO d€ € 3/2 —NV72A%y2
- N? Lk €+ 1 vl (252
e ==, 1(Kkv £+ 1e , (2.52)

where £ = V8TA*N"—2and [ 1() is the modified Bessel function of the first kind. See Ref. [89]
for full details. Note that we have unfolded using the probability density instead of the level
density, which differ by a factor of N. Eq. (2.52) may also be used to examine other timescales
by rescaling v. However, we note that the intermediate step Eq. (2.49) only holds for s < /N,
that is when ¢t < N?~'/2, Even restricting ourselves to times not larger than the Heisenberg time
(t » N), we see that this is not always the case.

We now present a direct calculation of the SFF for the RP model at all relevant timescales.
We make the same change of variables {z, 2’} — {z,y} shown in Eq. (2.43), but we will not set

the N-dependence of ¢ yet. We can now write

C(t) = /df p($)6_0t2(51 +55), (2.53)
Sl — qu / dy zN lty[gg(z T Z, —T)]N (254)
27rzp NT R )
. __\IN
Z /dy iN~ 1ty [g?(szvzu T)] ' (255)
%w 2mi —i(qg = ¢)0* + N7?
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Instead of seeking an asymptotic form for [g(z, 7; 2/, —7)]" as in Eq. (2.49), we write

NE

g2z, 732/, =)V

(N> (N7 [imp(z)(q — ¢') + O(N )]}
{1+7]

g \J imp(z)(g — ¢) + ON-YY " [y —i(g — ¢')0*]

J

Dbi (N,j, irtp(x)(q' — q) + O(NilT)) (y - Z(évi Q/)O+)J ’

M-

I
o

J

(2.56)

where

Poi( N, j, v) = (];7) (1 —a)NTg7 (2.57)
is the binomial probability density function. We take i7(¢' — ¢) to be positive because, when it
is not, the integrals over y in Egs. (2.54)-(2.55) vanish due to a lack of singularities in the half
of the complex plane in which the contour of integration may be closed. At this point we restrict
ourselves to times not larger than the Heisenberg time, so |7| = ot < 1. This is not a problem
since we already know that the SFF goes to 1 for times larger than the Heisenberg time. With this
restriction, we see by inspection of the first line of Eq. (2.56) that we can neglect the O(N 1)
terms when j < N. The probability density py;([V, 7, z) is peaked near its mean at j = Nx with
a variance of Nx(1 — z). Far from the peak the probability density is exponentially small in V.
So only the j ~ N|7| terms will contribute in Eq. (2.56). This means that the j ~ N terms will

not contribute and we can therefore neglect the O(N ') terms. With these considerations we can

write, for positive i7(¢' — ¢),

eris =0 = o Vi ) (o) @se
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Inserting this into Eq. (2.54) we find

N , , N
1 N 2miNT2p(x))’ ! dy N tay
&:Nz§x )< -t 259)
~ = \J (14 2miTgp(x)) 27i (y — i0t)
where we have made the change of variable y — gy. Note that the j = 0 term vanishes due to
the integrand having no singularities. For the remaining terms the integral over y vanishes when

tq < 0, so we can remove the sum over ¢ by making the replacement tq — |¢|. Performing the

integral over y, we find that

=

t)J
(ﬂ |1)>!pbi (N =1,j, 2rlrip(z)) (2.60)

—_
—~

Si =

J

Il
=)

We now turn our attention to Ss. Inserting Eq. (2.56) into Eq. (2.55), we find

. N . ) N
i N 2miNT?p(x))’ d etN "ty
-5 () g e [ e
27p(x) ~ = \J (14 2miTgp(z))? 2mi (y + N7q)%(y — i0t)J
where we have again made the change of variable y — qy. The 7 = 0 term vanishes because the
integrand has no singularities in the half of the complex plane in which the contour of integration
may be closed. For the remaining terms the integral over y vanishes when tq < 0, so we again

remove the sum over g by making the replacement tq — |t|. Performing the integral over y, we

find that

N-1
- 2 .
Sy =—e"" > i (N = 1,j, 27| 7|p(x)) |T(j + 2, 0%) — .“+1F<j+1,at2> . (262)
, J
j=0
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where

[e'e] J k
T(j+1,2) :%/ dggje—fze—zzz— (2.63)

z k=0

is the regularized upper incomplete gamma function. Note that I satisfies the recurrence relation

Zie~*

J!

T(j+1,2)=T(j,2)+

(2.64)

We take our results for S and S5 in Egs. (2.60) and (2.62) and insert them into Eq. (2.53),

then extract the SFF using Eq. (2.29). Then unfolding time by setting

u=|t|/p(x) = N|T| (2.65)

and unfolding A\ using Eq. (2.51), we obtain the SFF

N-1 —N~7A2y2 .
KO (u/N) =1+ (N —1,5,20NA%) | S (NTTAZ2)
N—'yA2 2

—T (j+2, N'A%?) + [(+1,N7A%) | . (2.66)

Jj+1
With this result we have generalized the Thouless-timescale result of Eq. (2.52) to all times larger
than the inverse spectral width. Although it was derived considering only times not larger than the
Heisenberg time, it continues to hold for later times, as we will discuss in the following section.
Fig. 2.4 plots Eq. (2.66) for v = 1.6 and various values of the coupling parameter A and
compares to numerical results obtained through exact diagonalization. There is good agreement
between theory and numerics at not-too-early times (note in particular that the agreement is al-

ready good by the Thouless timescale). The discrepancy at early times which are still larger than
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the inverse spectral width is a result of calculating the numerical SFF using only the eigenvalues
within a finite window in order to perform the unfolding procedure. At times earlier than this
inverse window width the SFF probes correlations between eigenvalues at separations larger than
the width of the window, but these eigenvalues are cut off in the numerical unfolding procedure.
We observe that the SFF decays from the Poissonian result to the GUE SFF over time, with the
rate of decay controlled by A. As we vary A we can see the SFF moving between the behaviors
we predicted schematically in Fig. 2.1. For small values of A we see that the SFF reaches its
plateau at times greater (but not much greater) than the Heisenberg time. The agreement between

theory and numerics is still very good at these late times.

KW (u/N)

1 2 3 104
10 10 10 UHeisl0
Uu

Figure 2.4: The SFF of the RP model when ~ = 1.6 for several values of the coupling parameter
A. The dark thin lines show the analytical results while the lighter, thicker lines show numerical
results. The dotted line indicates the Heisenberg time. In the numerics the diagonal elements of
A are drawn from the Gaussian distribution with 0 mean and a variance of 1. The numerics are
obtained through exact diagonalization of size N = 1000 random matrices and are averaged over
10° realizations. The numerics are restricted to eigenvalues within the window [-1,1].
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If we examine the Thouless timescale by setting u = N7~ v in Eq. (2.66) we can write

Y2722 2[1 (IQU3/2)

K’Eh)( ) K(’Y)(NV 2 ) =14+ 67271'A v—N oy _ B%?(U), (267)
() _ _—21A%y - (27TA2U)j B 2 ATy—2, 2 AN 2 ATY—2, 2
BTh(v)—e ZT F(]—FZ,AN’Y ’U) ]TF( ‘i‘l,A]\[’y U) s

(2.68)

where we have discarded some vanishing terms and used the fact that the modified Bessel func-

tion may be written as the infinite series

= (z/2)%
=> ‘/ (2.69)
j=0

Writing the regularized upper incomplete gamma functions in the integral form shown in Eq. (2.63),
using Eq. (2.69), and making the change of variable ¢ — /£ + 1, we recover the Thouless-

timescale SFF shown in Eq. (2.52).

2.4.2 The infinite matrix size limit

We can now determine the large /N limit of the SFF at different timescales. We begin by
examining the Thouless timescale where u ~ N7~1. When v > 2 the regularized incomplete

gamma functions in Eq. (2.68) vanish, so

B (v) =o0. (2.70)
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Inserting this result in Eq. (2.67) and noting that the second term of the SFF vanishes for large
N, we find that the SFF is

K (v) =1, 2.71)

indicating localized behavior.
When v < 2 the regularized incomplete gamma functions become complete and go to 1.
Resumming then gives

T )
BY(v)=1- 7 (1 — e ) , (2.72)

where T' = t/p(x) = N7"2v is the fully unfolded (including all factors of N) time. We again
insert this in Eq. (2.67). We note that the second term of the SFF goes to e~2™?_ so the SFF for
1<vy<2is

T
KR ) =2 4 — (1 _ e—m“’“) . (2.73)

The second term is subleading, but we include it to make the crossover to GUE behavior for large
A apparent. Kg) (v) does not have a simple limit.
Pulling together all the results for the Thouless timescale SFF at different values of v we

have

(
1, v > 2
() _
KTg (v) = 1 4+ e—A2v(v+2m) 211}5:;3’2/2) _ B%) (v), v=2 ) (2.74)
\6_27”\2” + % (1 — 6_27”\2”) , l<vy<?2

When 1 < v < 2 the behavior of the SFF is dependent on A. It moves to the Poissonian result for

small A and the GUE result for large A. This can be seen explicitly in the above equation when
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0 7} o 3 A
T

Figure 2.5: The SFF for the RP model when the Thouless and Heisenberg timescales coincide
for various values of the coupling parameter A. The dotted vertical line indicates the Heisenberg
time.

l<y<2

It is not surprising that the SFF does not have a simple limit when v = 2 since, in this case,
the Thouless and Heisenberg timescales are the same. By plotting this case, shown in Fig. 2.5, we
can observe that there is still a crossover from the Poissonian to the GUE result controlled by A.
An interesting feature of this crossover is that, for finite A, the SFF saturates at times later than the
Heisenberg time. There is a trade-off: increasing the level repulsion at large energy separations
decreases the level repulsion at small separations and vice versa. This phenomenon can be shown
through the fact that the area between the SFF and its plateau value is independent of the coupling
strength for any nonzero coupling. This property is demonstrated in the Appendix.

We can now examine the large N limit of the SFF at other timescales. For convenience we
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rewrite the SFF of Eq. (2.66) as

N-1
KO (u/N) =1+ o N Z
=0

(N-7A%u2))

G poi(N — 1,7, 2rN"7A%u) — BD(u), (2.75)

N-1
BP(u) =Y pu(N — 1,5, 27N ""A%u)
j=0

(2.76)

N—'yAQ 2

x {f (j+2, N A% — 1 [ (j+1, N 7A%?)

The regularized upper incomplete gamma function f( J,x) is the cumulative distribution
function for a Poissonian random variable with parameter . This means that these functions in
Eq. (2.76) have a crossover from 0 to 1, where the location of the crossover is at approximately
j = N~7A%u? and the width of the crossover is on the order of N~7/?Au. Meanwhile the
binomial probability density function in Eq. (2.76) has a mean and variance of approximately
2w N1=7A24 for large N and u not larger than order N.

In the following considerations we will assume that the crossover point of the upper in-
complete gamma functions and the mean of the binomial distribution are much larger than the
crossover width and the binomial distribution width. Fortunately, for the timescales we are con-
sidering, this is only violated when v ~ N and v = 2. This is the case where the Thouless and
Heisenberg timescales coincide, which we have already considered above.

The binomial distribution is exponentially small far from its mean, so only the terms with
j close to 2r N*=YA%u may not vanish. If the mean of the binomial distribution is less than
the crossover point of the regularized upper incomplete gamma functions, which occurs when
u > 27N and v < 2, we see from Eq. (2.63) that those functions will be exponentially small

and can therefore be replaced with 0. If the mean of the binomial distribution is greater than
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the crossover point, which occurs when u < 27N, they can be replaced with 1. We can also
observe that when v > 2, the regularized incomplete gamma functions will become complete

and approach 1. With these considerations we find, after performing the sum over j, that for

u}p N

1—5% [1— (1 —2aNAu)N], w<27Nory>2
B (u) = . (2.77)

0, u> 27N and v < 2

We now seek to find the large /V limit of the SFF for times smaller than the Thouless time
and not larger than the Heisenberg time, that is when u < tr, ~ N7 ! and u % tyes ~ N.
Under these conditions we find that e~ "2*»* — 1 and the mean and variance of the binomial
density in Eq. (2.75) go to O, leaving only the ;7 = 0 contribution nonvanishing in the second
term. We also find that (1 — 27N ~7A%u)™ — 1. Using these limits in Egs. (2.75) and (2.77) we
find that the SFF is

K9(T) =1. (2.78)

This matches the result for the SFF at times much later than the Heisenberg time, so this result is
valid for all times smaller than the Thouless time but larger than the inverse spectral width.

At these times the SFF indicates Poissonian statistics. This can also be determined directly
from Egs. (2.19) and (2.22). When ot? and N7 are both less than order 1, which is the case

for times smaller than the Thouless time and not larger than the Heisenberg time, we find in the
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N — oo limit that

Ci(t)

<Z eitak> : @(t) _ <Z eit(akal)> ’ (2.79)
k

k£l

indicating that the SFF is simply that of A. Since the eigenvalues of A are uncorrelated, Poisso-
nian statistics are found.

We now seek to find the large N limit of the SFF for times larger than the Thouless time
but not larger than the Heisenberg time, that is when u > t1, ~ N77!and u % tyeis ~ N. We
note that the maximum value of the binomial probability density is on the order of the inverse of

its standard deviation. This tells us that

. - > (N_’YAQUZ)]' —¥ A242
pbi(N—l,],Qﬂ'N ’YA2U)<<ZT:€N A .

j=0

(2.80)

Therefore the second term in Eq. (2.75) vanishes. We also note that (1 — 27 N~7A%u)Y — 0.

With these considerations we find that the SFF is

T
™) — min [ —
KY(T) = min (27T, 1> : (2.81)

This result for the SFF is equal to 1 for all times later than the Heisenberg time, so it is valid for
all times larger than the Thouless time and inverse spectral width. We have recovered the GUE
SFF. We know that GUE statistics hold for v < 1, so we can conclude that this result is valid for
all values of 7.

Finally we examine the large N behavior of the SFF at times larger than the Heisenberg

time, where u > tyes ~ N. Although we derived the SFF assuming earlier times, the numerical
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results shown in Fig. 2.4 indicate that our result may also capture the plateau behavior. The way
to determine the large /N behavior at these late times depends on v. When v > 2logy u we
see that the mean and variance of the binomial distribution in Egs. (2.75)-(2.76) vanish, meaning
the distribution goes to ¢;o. Additionally, the regularized incomplete gamma functions become
complete in this case and go to 1. Making these replacements we see that the SFF goes to 1.
When logyu < v < 2logy u the crossovers of the regularized incomplete gamma functions
are much larger than the mean of the binomial distribution, so the gamma functions may be
taken to be 0, meaning B")(u) vanishes. Eq. (2.80) holds in this case, so the second term in
Eq. (2.75) also vanishes, showing that the SFF goes to 1. In the last case, where 1 < v < log, u,
the function py(N — 1, 7,27 N~7Au) can no longer be considered a probability distribution
since its parameter is larger than 1, causing it to take on negative values for odd j. Because
N~=7A%u? > N in this case, we see from Eq. (2.63) that the regularized incomplete gamma
functions are dominated by their highest order terms. Taking the summand in Eq. (2.66) to

leading order we find that the SFF is

KD (u/N)=1—2¢ N 0% Nz_:l poi(N — 1,7, QWNVAQu)(,L(NVAW)N. (2.82)
= Jj+1)!
The sum in the above expression is also dominated by its highest order term, which grows slower
than the exponential factor vanishes. Again the SFF goes to 1. These considerations show that the
plateau behavior is recovered for all times much larger than the Heisenberg time. This accounts
for the good agreement between the theory and numerics at these late times.
We can visualize the results of Ref. [89] and the new results found here with a diagram for

the behavior of the SFF at different timescales and values of -, shown in Fig. 2.6. The SFF is 1
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before the Thouless timescale and equal to the GUE SFF after. At the Thouless timescale, when
it is not greater than the Heisenberg time, there is a crossover between these two behaviors. At

times larger than the Heisenberg time the SFF is simply 1.

GUE Ramp

logy u
Figure 2.6: The SFF of the RP model at different timescales and values of the coupling parameter
~. The magenta dot indicates the point where the Thouless and Heisenberg timescales coincide,

where a closed form expression for the SFF is not known. The dotted lines indicate the values of
~ at which there is a phase transition. The dashed line indicates the Heisenberg time.

2.5 The block Rosenzweig-Porter model

Motivated by our recent results for the early time ramp of the SFF for a quantum spin
glass [2], we construct a minimal quantum model which can also exhibit glassy behavior. We
create this model by generalizing the RP model examined in the previous section. The diagonal
matrix A in Eq. (2.32) is redefined as a block-diagonal matrix with P independent GUE matrices

of size M = N/P. Each block in this matrix corresponds to a single sector and the fact that the
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block is a GUE matrix means that the system is ergodic within that sector. The Hamiltonian is

the sum of this block-diagonal matrix and a size N GUE matrix which couples the sectors.
More formally, the Hamiltonian matrix for the BRP model has the form of Eq. (2.8), but

now with the condition that the eigenvalues of A are those of P independent size M/ GUE matrices

drawn from the distribution
. M .
P (A(’)) ~ exp {—7 tr (A(’))Q} . (2.83)

This means that the spectral width of A is order 1 and, if M is large, the eigenvalues of A cannot

have magnitude greater than 2 [70]. We can consider A to be block diagonal such that

A=A, (2.84)

Similar to our analysis of the RP model, we can use the Fermi golden rule to determine
the Thouless timescale and determine the locations of the transitions by comparing to the other
cardinal timescales. We are interested in the escape rate from a particular site to sites outside that
starting site’s sector. The number of such sites to escape to is of order /V, the coupling is of order
N~7/2_ and the spectral width of A is order 1. It follows that the RP results for the Thouless time,
the spectral width, and the Heisenberg time, shown in Egs. (2.33)-(2.35) respectively, are valid
for the BRP model also.

The localization transition occurs when the Thouless and Heisenberg times are of the same
order, which is when v = 2. Notice that the block-diagonal structure of A leads to a localized

phase in the BRP model which is distinct from that of the RP model. Within this phase the system
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will be confined to the subspaces corresponding the the blocks of A instead of individual states.
The transition to full GUE statistics occurs when the Thouless time is of the same order as the
inverse spectral width. This occurs when v = 1.

For the BRP model there is another timescale of interest—the block Heisenberg time
tHeisBI = theis/P. This is the inverse mean level spacing for a single block of A. In the large
~ limit where the coupling between the blocks vanishes, ¢y g 1S the time at which the SFF will
reach its plateau value. Comparing the Thouless time to the block Heisenberg time, we see that
there will be another transition at v = 1 + d, where d = log, M, which is when these timescales
are of the same order. This analysis informs our determination of which values of - lead to which
phase in the schematics of Fig. 2.2.

Two of the transitions we have discussed have an important interpretation in terms of the
size of the support set of the energy eigenstates. Starting with an unperturbed energy eigenstate of
A, which is spread over M sites in a single block, the perturbation from the V' matrix causes each
of those M sites to hybridize with other sites within an energy interval on the order of Ery, ~ t,..
Assuming this interval is not smaller than the mean level spacing 6 = w/N, the number of sites
in this interval is £r,/d. This means that the size of the support set for the energy eigenstates is
on the order of M Er,/6 = N*77*4, This is of order M when « = 2, indicating the localization
transition. For larger 7, Fr, becomes smaller than ¢ and no hybridization occurs. The size of the
support set is of order /N when v = 1 + d, indicating delocalization over the entire Hilbert space.
It is an interesting feature of the BRP model that this transition is, in general, separate from the
transition to full GUE spectral statistics at v = 1.

We note that if the block size M is of order 1, the BRP model becomes equivalent to the

RP model. In this case the full eigenstate delocalization transition occurs at v = 1 as it does for
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the RP model. In terms of the SFF, the eigenvalues of A are uncorrelated on timescales larger
than the block Heisenberg time. When M is of order 1 the block Heisenberg time is of the same
order as the inverse spectral width. Since the eigenvalues of A are uncorrelated for the relevant
timescales, the BRP model reduces to the RP model. Going forward we will consider M to be
larger than order 1.

We may now turn our attention to the calculation of the SFF for the BRP model. We will
once again assume in our calculations that v > 1. With the additional information about the
structure of A we can simplify Egs. (2.20) and (2.23) for C}(¢) and Cs(t) respectively. Each

eigenvalue of A will be correlated only with the eigenvalues from the same block so

—ot?/2
o) =S 7{ d—Z,e“Z[Zl(z,r)]P, (2.85)

T c 2mi

det(z+T—A’)> (2.86)

Zi(z7) = < det(z — A')

and

[Zy(2, 7,2, —1)]", (2.87)

27?2

2
zt(z z") . T
27?2 2 —z—T

det(z 4+ 17— A")det(z/ — 7 — A)
det(z — A") det(z' — A’) ’

Zy(z, 732, —7) = (2.88)

where A’ is any of the A®. The functions Z; and Z, are actually generating functions. The

ensemble averaged Green’s function for a size M/ GUE matrix is

(G(2)) = <tr - _1 A/> - { ;T Z\(z, 7)} (2.89)
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and the correlator of two Green’s functions is

2
(G(2)G(2)) = <m~z_1 Lt z,_l A,> _ [ Ay (2.90)

/
oror =0

We now consider whether the condition on the average level density which we derived in

Eq. (2.39) for the RP model holds for the BRP model also. From Eq. (2.86) we find that

Zi(z,7) =1 +MT< >+0(72). (2.91)

Using this in Eq. (2.85) and dividing by N while letting ¢ be order 1, the same order as the
inverse spectral width, we find that Eq. (2.39) does indeed hold for the BRP model. This means
that, when v > 1, the average level density is equal to the probability density for the eigenvalues

of A, which is the average level density for size M/ GUE matrices. For infinitely large M this is

%\/4 —a?, |a] <2
pla) = : (2.92)

0, la| > 2

In this section we will make the change of variables
(2,2)) =+ 2 +i(q,q)0" (2.93)

2N

This differs from the change of variables of Eq. (2.43) only in the signs of ¢ and ¢/, which is done
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purely for convenience. With this change of variables we see that

_o't2 qu / / dy ’LN 1ty
211 27rz

(i)
X |1— -
y+ N7 +i(qg—q)0t

As we did for the calculation of the SFF for the RP model, we are neglecting the contribution from

(Zo(2, 752, —7)])". (2.94)

the disconnected part of the two-level correlation function under the assumption that correlations

between energy levels with separations much larger than the mean level spacing will vanish.

2.5.1 The two-point generating function

In this section we calculate the two-point generating function

det(z+ 71— A")det(z/ — 17— A')
Z 7)) = 2.95
(272, =7) < det(s — A)det(# — Ay ) (2.95)
where A’ is a GUE matrix of size M drawn from the distribution
M
p(A’) ~ exp (—7 tr A’2> . (2.96)
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We begin by writing the determinants in the numerator as fermionic integrals and the determinants

in the denominator as bosonic integrals. Doing so, we obtain

Zolz, 732, —1) = 1M < / D(h,¢)exp Y Y {Z AL,
¢ a %

+ ) (DE0E + Ogua) RAL) +i Y (Peug — Pue) S(AY)

i>j i>j

_ [(z(a) — (_1>0‘7') 5(F + Z(a)(S(B} ng?ﬂg]}> , (2.97)

where a = 1,2, (21, 2?)) = (2,2), and ¢ = B, F, indicating bosonic and fermionic fields
respectively.
Performing the GUE average over A’, we obtain the following mean-field sigma model:

B 1 3
Zy(z, 7,2, —1) =M / D(, ) exp {m str Q

(2.98)
- ST [ - (1) S+ 2 tca] Gt
¢ o' )
. Qpp Qpr . > 1/’%&%/2 Zzwéﬂbg'z
Q= Qe = , (2.99)
e e Skt S

where Q is a 4 x 4 matrix and str Q = tr Q Bp —tr Q rr 1s the supertrace. We perform a Hubbard-
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Stratonovich transformation to remove the quartic terms in the action by inserting the unity

1 1 - M
1=— [ dQ ——str Q2 — — str QP .

= dS) exp ( Wi str Q* — QW 5 str 2 ) , (2.100)

Vg

Qpp  Qpr Qll, Q2 )2
Q= = T Le= 7], (2.101)

Qrp 1 Qpp 0% Q% (33

VF

where dS) = dQppdQrrd(Qpr, 2rp). The field Qggf’ is bosonic when ¢ = (’ and fermionic

when ¢ # (’. Inserting this unity and integrating out the W field, we find

1 2

Zy(z, 7,2, —7) = yme, / dQ[sdet(Q + &) MeMstr¥/2, (2.102)
T

£ = diag(zW, 2 M 47,20 7). (2.103)

where sdet Q = det(Qpp—QprQepQrp)(det Qpr) ™! = det Qppldet(Qpr—QrpQ5505r)]
is the superdeterminant.

We now make the change of variable () — UwU t — &, where U is an element of the
superunitary group U(2|2) and w = diag(w}, w%, iwk, iw%). The Jacobian of this change of
variables is the supersymmetric generalization of the Vandermonde determinant [126] A () =
det(1/(wp, — iwr;)), where wp; are the Bose-Bose eigenvalues and iwp ; are the Fermi-Fermi
eigenvalues. We can now write

1
Zy(z, 72, —7) = g /d(w — &)A?(w)(sdet w)_M/dUe_M(U“’UT_ng, (2.104)
77
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where dU is the Haar measure of the superunitary group U (2]2).

We can now use the supersymmetric generalization of the Itzykson-Zuber integral [126]:
/ dUe_M str(UwUT—B)2 N Mk: [As (W)AS (n)]—le—M str(w—n)27 (2.105)

where dU is the Haar measure of the superunitary group U (k|k), w is diagonal, and 7 is the

diagonal matrix similar to 3. Using this integral identity gives us

! M ? AS(W) —M _—Mstr(w—E&)2/2 __ det R
Zo(z, 132", —T) ~ (%) /d(w —£) ALE) (sdetw) e = AE) (2.106)

’ M 0 0o dedwF |
B =0 —-M (@)t (@)
2m /—oo /—oo wp + g0t —iwp P [—M f (ws + g (@)

+Mf (iwp,z(a/) — (—1)0‘/7')] :

(2.107)

1
flw,e) = =(w—c)?+1nw, (2.108)

2

with (¢, ¢®) = (¢,¢).
The saddle points of the integrand in Eq. (2.107) are at
1
wp =whe =5 <z<a> + iy /4 — (Z(O‘))2> : (2.109)
/ 1 / /

wp = i, = 5 (z@” —(-1)¥7r % i\/4 — [2(e) — (—1)a’T]Q> : (2.110)

Since M is large, the eigenvalues of A’ lie within the interval (—2,2); we only need to concern
ourselves with the case when |R(z)| < 2. This means that the terms under the square roots

in the equations above will always have a positive real part. Note that, due to the presence of
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a singularity at wp = 0, only one saddle point value is reachable through deformation of the
contour of integration for wg. This is wiz, when ¢ = 1 and wj_ when ¢ = —1. We need to
consider both possible saddle point values for iwp.

The result of the saddle point approximation is

R =L exp (MF;g; ﬁ> , 2.111)
B
Fgg' = —F (@i #) + f (g, 20 = (-1)77), 2.112)

ao’ « .o -1 a \—2 o =2 —1/2
8B = (wBﬁ — ZWF,B’) { |:1 - (wBﬁ) ] |:1 — (ZWF/J’/) i| }

(2.113)

where 3,3’ = +. Expanding about infinite NV and 7 = 0, we find that the exponents of the

exponential terms in Eq. (2.111) are, apart from the factor of M,

it = e ( F 2mip(z)) {(1 — 6"y +ilg — ¢)0*] + NT}
w (2.114)
+O0(m*) + O(N~'1) + O(N7?),
’ _2 y
Pee =+ {iﬂxp(x) +In (LQ—%S)}
-1 a’'+1 ) )
+ ( 2?\[ _ { [(1 — 0% ) £ 6 27Tip(33)] y+ (z £ 2mip(x)) NT} (2.115)
+O0(7*) + O(N~'7) + O(N~?),
The prefactors are
ad (—1)O/N L
e Sy Y R prpe v g o GO G (2.116)
Lg% = Fi(2mp(x))? + O(1) + O(N ). 2.117)
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Writing these quantities in this way is useful for times not larger than the Heisenberg time, where
|7| < 1. We can restrict ourselves to these timescales since the SFF is already known to be 1 at
later times.

Recall that we are interested in the P power of the two-point generating function to use
in Eq. 2.94. If |7| > N~!, indicating times larger than the Thouless time, the P power of
the two-point generating function will be dominated by the saddle points that maximize the real
part of g‘gf/ excluding the unphysical combinations of saddle points that lead to the two-point
generating function having a complex phase that grows with N. Considering this and using
Egs. (2.114)-(2.115), we find that the dominant Fermi-Fermi saddle point in the calculation of
R is W (o) where

B () = Gpgrq 4 (1 = 849 ) (1)L, (2.118)

Our result for the P™ power of the two-point generating function at these timescales is then
, P
Zo(e7e 2 —1)]F = [ALE)] P {det ( o (a,))} exp [N (Flhy + Few)], (2119

where we have used the fact that F; 6111,6’2 + F gfﬂ = F /}fﬂ L+ F 53152 to extract the exponential term
from the determinant. We can verify that the normalization is correct by setting 7 = 0 and finding
that the above expression is equal to 1, as we know it must be from Eq. (2.95).

If 7] » N~', indicating times not larger than the Thouless time, the real parts of the
exponent of R** will not be much larger than P~ so they will not contribute to the determina-
tion of the dominant saddle points for the P power of the two-point generating function. The

saddle points that will dominate are instead determined by the prefactors ngf We see from
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Egs. (2.116)-(2.117) that, at these timescales, the prefactor for the § = [’ case is always greater
than that for the § = — /3’ case by at least a factor of NV, so the non-dominant contributions can
be neglected. This means that the dominant Fermi-Fermi saddle point in the calculation of R*
is simply iw%;. With these considerations we find that the P™ power of the two-point generating

function at these timescales is

273 2, ~7))F = (AL {det [ 158 exp (MEGES ) |}

-pP

— e~ imNT(g=¢")p(x) |1 _ N7 2 2.120
y+ilg—q)0* + Nt (2120

P

2
“l1— N7 ¢im(a-a'p() (y+2N7) /P
y+ilg—¢)0t + N7 ’

where we have neglected the vanishing terms in the second equality. Once again we can verify

that the normalization is correct by noting that the above expression becomes 1 when 7 = 0.

2.5.2 The spectral form factor

We are now in a position to calculate the SFF. We begin with the case where time is not
larger than the Thouless time. Inserting Eq. (2.120) into the correlation function of Eq. (2.94),

then extracting the SFF using Eq. (2.29), we obtain

—ot? 1-P

: dy n-1 Nt ?
K(’Y) T) = 1 € —2migNTp(z) / v iNT iy 1—
@) = @) zq: {6 omi* Y+ N7+ iq0t

2 P 2
< |1 = Nt e2migp(x)(y+2N7)/P | / ﬁemflty 1— Nt .
y+ N7+ 190" 271 y+ N1

(2.121)
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The first term in the braces is the ¢ = —¢’ contributions while the second term is the ¢ = ¢’
contributions. The integral over y in the second term never has singularities in the half of the
complex plane in which the contour of integration may be closed, so the term vanishes.

Making the changes of variable ¢ — —q and then y — qy and expanding with the binomial

theorem, we obtain

o2 P-1
e ot

Z eZﬂ'inTp(a:) / ﬂeiN_ltqy (y + qNT)2
2mi(NT)%p(x) - 2mi (y —i0%)(y 4+ 2¢NT)

P 2j
y Z P N|7| ¢~ 2min(@)(y+2aNT)I/P (2 122)
J) \y+gNt

J=0

KO(T) =1+

We observe that the integrand contains no singularities in the half of the complex plane in which
the contour integral may be closed when tq < 0. So we can remove the sum over ¢ by making

the substitution t¢ — |t|. This gives us

—at?—27N|7|p(z) P P d
KOy =1+ < /—yD» 2.123
(T) + 2mi(NT)%p(x) Jz:; (]) 27 i), ( )

(y +iN|r])> )
(y —i0*)P=H(y + 2iN|7])

Dj(y) = (N|r[)* 51 exp [N tly — 2mip(2)(y + 2iN|7])j/P] .

(2.124)

By examining the y-dependent terms in the exponent of the exponential term of Eq. (2.124),
we see that the contour of integration can be closed in the lower half of the complex plane when
|t|/p(x) < 2w M. In this case there may be contributions from residues located at y = —iN|7|
andy = —2iN|7|. When |t|/p(z) > 27 M j the contour of integration may be closed in the upper

half of the complex plane and there may be a contribution from the residue at y = i0". Fig. 2.7
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shows the contours of integration for each situation and the poles which they enclose. We find

that
ot - D; D, 1 < 2w M j
™) B e—ot?=2nN|r|p(z) P P yzlie]\s”ﬂ J(y) y:%?]%‘ﬂ J(y)7 2(2) TV
KY(T)=14 — 5 .
2mi(NT)%p(x) = \J " »
Res Dj(y), oy > 2mM

(2.125)
|tl/p(z) > 2mMj

[t]/p(x) < 2wMj;

Figure 2.7: The poles and contours of integration for the integrals over y in Egs. (2.123) and

(2.136). If |t|/p(x) is less (greater) than 27 M j the contour is closed in the lower (upper) half of
the complex plane.

We first find the residue at y = —iN|7|. Observing that it is nonzero only when j = P, we
find that

Res Dp(y) = i(N[7])2(N"'[t] = 2mp(a)) #2710t
y=—iN|T

(2.126)
The other two residues are
P-2
Res Di(y) 2i(— 17N |r|e*® N J (5, k) (of? — 2mj M| |p())", (2.127)
ymmaaT k=0
P-2
Res D;(y) = 2i(=1) N|z|e"™ WS 7 J (5, k) (2miM|7|p(x) - at?)" (2.128)
y=10
k=0
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where

. ok=2P-1) P2k /9P —1— ) 1-P
TG k) = = > 2 ( y )(P_2_k_k,). (2.129)

k'=0

Using Egs. (2.126)-(2.128) in Eq. (2.125) and unfolding by setting

u = |t|/p(x) = NITJ, (2.130)

A = Mp(x), (2.131)

we find that the SFF is

T o—2mAZNT Ty P /P ™)

0 i AN u<2rMj
Q) (u) =" J(j, k) (~AN"ulu — 2 M) . (2.133)

k=0 eAzN*'Vu(47er—u)’ u > 27TM]

Note that we have raised the upper limit for the summation index %k from P — 2 to co. We can do
this because J(j, k) = 0 for k > P — 2. Doing so removes the need for separate treatments of the
cases where P < 3. Although we have derived this result for times not larger than the Thouless
time, it turns out to be valid at all relevant timescales, as we will show.

We now examine the SFF at times larger than the Thouless time, where |7] > N~1. We

obtain the SFF by inserting Eq. (2.119) into the correlation function of Eq. (2.94) then extracting
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the SFF using Eq. (2.29). This yields

_UtQ 1 Nt 2
K(T) = ] —
(T) 2mi(NT)?p(z) qu /27TZ [ (y+NT+i(q—q’)0+) ]

P
X [As(g)] [det ( q(")ﬁ (a,)>:| exp |:N (Fql/élw*(l) + F(12/25*(2)):| . (2134)

We note from Eq. (2.118) that, for the ¢ = ¢’ terms, the dominant saddle points are the same
as for the case examined above for earlier times. This means that, although there may be addi-
tional nonvanishing terms in the exponent of the exponential term of the integrand, they will be
subleading and the residue analysis is unchanged. There are no singularities in the half of the
complex plane in which the contour of integration may be closed. As they did for earlier times,
the ¢ = ¢ terms of the SFF vanish.

We next consider the ¢ = —¢’ = 1 term. From Egs. (2.114) and (2.116)-(2.117) we find that
(LA L?2 — L2 L))" and N(F}, + F??) have vanishing y-dependence. If we consider only
positive times, which we can do since the SFF is symmetric in time, we find that the integrand
once again has no singularities in the half of the complex plane in which the contour of integration
may be closed. For this reason, the ¢ = —¢’ = 1 contribution to the SFF also vanishes.

Finally we consider the only nonvanishing term, for which ¢ = —¢' = —1. From Egs. (2.116)-
(2.117) we find that

N 2
L2 22 o —x - 2.135

where X is a quantity of order 1 with its largest y-dependent terms being of order N1, so they
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can be neglected. Expanding with the binomial theorem, we find that the SFF is

—ot? P

KO(T) =1+ W > (f) (Ir2x)"" /gdiD/ (), (2.136)

=0

(y +iN|r])* ")
(y —i0F)"= 1y + 2iN|r[)"1

Dj(y) = (N|r[)* exp [iN"Utly + N(FY + F2)]. (2.137)

From Eq. (2.115) we learn that that the largest y-dependent term in N(F, + F?2) is
—2mip(z)y. This means that the contour of integration can be closed in the lower half of the
complex plane when |¢|/p(z) < 27 N. In this case there may be contributions from residues
located at y = —iN|7| and y = —2iN|7|. When |t|/p(z) > 27N the contour of integration is
instead closed in the upper half of the complex plane and there may be a contribution from the

residue at y = i0™. So

—0t2
KO(T) =1 x)"
(T) +27mp N7'2Z( ) |T’

— Res Di(y)— Res Di(y), [t|/p(z)<2nN

% y=—iN|r| 7 y=—2iN|7| . (2.138)
Res Dj(y), lt|/p(x) > 27N
y=i01
It turns out that only the residue located at y = —iN|7| contributes for large N. The
exponent of the exponential factor of the terms coming from the residue at y = —2iN|7| is

—ot? +[iNTHt|(y — i0T) + N(FXL + F2)] = ot?—27N|7|p(z)+O(NT?), (2.139)

y=—2iN||

which becomes infinitely negative when |t|/p(x) < 27 N. Similarly, the exponent of the expo-

90



nential factor of the terms coming from the residue at y = 0" is

—ot? + [iN7Ht|(y — i0T) + N(F', + F22)] = —ot* + 27 N|7|p(z) + O(NT?), (2.140)

y:i0+

which becomes infinitely negative when |t|/p(z) > 27 N. The remaining residue at y = —iN|7|
is only nonzero when 7 = P. This residue is, to leading order,

Res Dip(y) = i(N|r2(N""[t] = 2mp(a)e”™ (2.141)
y=—iN|T

This leads to the same contribution to the SFF as the residue at the same location in the case
examined above for earlier times. With this result we find that the SFF for times larger than the

Thouless time is

™

K9(T) = min (21 1> . (2.142)

Noting that v > N7~! at these timescales, we see that this is consistent with the SFF we found
for earlier times in Eq. (2.132). Therefore Eq. (2.132) holds for all relevant timescales.

In Fig. 2.8 we compare this result for the SFF to numerical results obtained through exact
diagonalization for v = 1.6, P = 20 blocks, and various values of the coupling parameter A.
When numerically calculating the SFF with the full spectrum there is good agreement between
theory and numerics at early times, but the agreement is less good at later times. We can trade this
early-time agreement with later-time agreement by using only the eigenvalues within a window
smaller than the spectral width. We can combine these results to get good agreement at all times
of interest by determining the time at which the two approaches converge, then using the full

spectrum result before that time and the windowed results at later times. We observe that the
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SFF decays from the fully uncoupled result to the GUE SFF over time, with the rate of decay
controlled by A. As we vary A we can see the SFF moving between the behaviors we predicted
schematically in Fig. 2.2. As in the RP model, for small values of A we see that the SFF reaches
its plateau at times greater (but not much greater) than the Heisenberg time. The agreement
between theory and numerics is still very good at these late times.

Somewhat similar SFFs with a short-time peak then a crossover to RMT behavior have
been found for random quantum circuits [127-129] and the mass-deformed Sachdev-Ye-Kitaev
model [130]. However, the enhanced ramps are faster than linear in time in these cases because
these models transition from many-body-localized to ergodic behavior, in contrast to the glassy

to ergodic transition we see in the BRP model.

2.5.3 The infinite matrix size limit

We now seek to find the behavior of the SFF in the large N limit for all timescales of
interest. Above we have already considered the SFF at times greater than the Thouless time and
argued that several terms vanish at large N, so Eq. (2.142) is the large N limit for the SFF at
those timescales. Going forward we will consider earlier times. We will assume for now that we
are not at the Thouless and Heisenberg timescales simultaneously, which occurs when v = 2 and
u ~ tt, ~ N. This is a special case which we will examine later.

Under these conditions, the sum of the £ = 0 contributions to the SFF in the time period
2nMj <u<27M(j+1)is

—27r1\2N1 Tu [

TA2NI-vy

i ( ) (1, 0)e 2N T ulanhiou) | AN i (—1)! <J;> J(Z,O)] '

1=0 I=j+1

(2.143)
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Figure 2.8: The SFF of the BRP model when v = 1.6 and there are P = 20 blocks for several

values of the coupling parameter A. The dark thin lines

show the analytical results while the

lighter, thicker lines show numerical results. The left (right) dotted line indicates the block (full)
Heisenberg time. The numerics are obtained through exact diagonalization of size N = 1000
random matrices and are averaged over 10° realizations. In (a) the numerics are calculated with
the full spectrum while in (b) only the eigenvalues within the window [-0.4.0.4] are used. In (c)
the results of (a) are used at times before the numerical curves for a particular A converge and the

numerical results of (b) are used after.
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Since v > 1, the exponents of the exponential terms within the brackets are small. Expanding

them to first order, we can write this as

e—27rA2N1*'Yu P . P
RNy 2 (z)J“’O)
o-2mA2N Ty [ P P b,
t— [Z(—l)l(l)J(l,O)(T—47rl/P)— Z(—l)l(l)J(l,O)T . (2.144)
1=0 I=j+1

We note that J(j, k) is a polynomial of order less than P in j. So, from the theory of finite

differences, we find that [131]

;(—1)3' (f) J(j, k) =0. (2.145)

J
Using this fact, we find that the sum of the & < 2 contributions is, to first order in N1,

26727”\21\71—% Z(_l)l (Jlj) [J(1,0) + J(I, )|(T — 2xl/P). (2.146)

™
=0

The sum of the £ > 2 contributions will be subleading. So, to first order, the SFF in this time

range is

K®(T) = min (1, 1) 2N i(—l)l (I;) [T(1,0)+J (1, 1))(T—271/P). (2.147)

27 T
1=0

We now seek to simplify J([,0) + J(I,1). By shifting the summation index in J(Z, 1) and

()G -6

94

using Pascal’s rule



we find that

P2
ip (2P —1—1)+1 1-P
J(1,0) + J(1,1) = 27220 "ok = J(l—1/2,0).
(7>+ (7> k/z:o k/ P—2—k/ ( /7)
(2.149)
We can also find a closed-form expression for J(,0) by noting that it is the (P — 2)™ coefficient

in the Maclaurin series expansion

J(1,0) = 27 2P0 [P=2)(1 4 )P i@z)k (2(P —1- l)), (2.150)

k
k=0

where [2772] is the (P — 2)" coefficient extractor. Now, summing over k, writing the coefficient

as a residue at z = 0, and making the change of variable 2 — (1/4z + 1 — 1)/2, we find that

1/P—1-3/2
J(1,0) = 2—2<P—1>1jfos ATP(1 4 dz)Pi32 = Z( g / ) (2.151)

Using Egs. (2.149) and (2.151) in Eq. (2.147), we find, for 275 /P < T < 2n(j +1)/P,

(
(P_l)%7 ]:0
KO(T) = min (- 1 —2mARNT 2.152
(T') = min o te 1_%’ 0<j<P- (2.152)
0. j=P

This means that, overall, the SFF is

1—v . T _ - . T
KO(T) = (1 2N “) min (o, 1) +e 2N Tepin (P2 1), (2.153)
27 2T
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This result becomes 1 for times greater than the Heisenberg time, so it is also valid at those
times. We conclude that Eq. (2.153) is valid at all relevant times, excepting the case of coincident
Thouless and Heisenberg timescales. For times smaller than the Thouless time, where u < N7 1,

we see that

T
KY(T) = min (P2—, 1) . (2.154)
e

This result is exactly what we would expect in the weak-coupling limit: the GUE SFF with time
enhanced by a factor of P, the number of blocks.
For the Thouless timescale, while different from the Heisenberg timescale (meaning v #

2), we obtain

) T ) T
KD W) = KO(N2) = (1 _ gm2mA ) min <§ 1) + e 2™ i (P%, 1) . (2.155)

where v = N?77T. We see that at the Thouless timescale there is a crossover from the GUE SFF
for large A to the uncoupled blocks result for small A. For times greater than the block Heisenberg
time 27 M, this becomes identical to the RP SFF. The reason for this is that the correlations
between the eigenvalues of A do not persist for times larger than the block Heisenberg time. At
these timescales we are justified in setting Zs(z,7; 2, —7) = [g2(2, 7; 2/, —7)]™ in Eq. (2.94),

which reduces the calculation of the SFF to that of the RP model.
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We now examine the v = 2 case at the Thouless timescale. From Eq. (2.132) we find that

. v 6727rA2v P /P
K%)(v) = K(Q)(v) = min (%’ 1) iy Z(_l)J (])Q(Ti)1<v)’ (2.156)
=0
, P—2 M’ v <2mj/P
Q) = > I, k) (=A%v|v — 27/ P|)* L @Is7)

£
Il

0 6A2v(47rj/P—v)7 v > 27T]/P

Due to the coincidence of the Thouless and Heisenberg timescales, the SFF in this case does
not generally have a closed form expression. Although the SFF is unwieldy in general, it does

simplify greatly for P < 3. When P = 1 we find the GUE result
2 . v
K? (1) = min (% 1) , (2.158)

while for P = 2, the simplest nontrivial case, we find

r
sinh(A?v?), 0<ov<n

@) ) v 6—271'A2v
KTh (U) = min (%, 1) + m 6A2v(27r—v) _ COSh(A2U2>, T<v<2m- (2159)

—2sinh?(rA%0)eM @)y > or
\

The Thouless-Heisenberg timescale SFF is plotted in Fig. 2.9, for the cases of P = 4 and
P = 20. Also shown are numerical results obtained through exact diagonalization which are in
strong agreement with the theory. For times much greater than the block Heisenberg time there
is graphical evidence that the SFF moves to that of the RP model. By examining Fig. 2.9, we can

see that when the number of sectors P becomes large, making u > 27 M, the SFF moves to the
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RP SFF shown in Fig. 2.5. As with the RP SFF, we see that the SFF reaches its plateau value
at times greater than the Heisenberg time when A is finite. In this case there is also a trade-off
between level repulsion at early and late times. The area between the SFF and its plateau value is
independent of the coupling strength for any nonzero coupling between the sectors, as is shown
in the Appendix.

Bringing together all the results at the Thouless timescale we have that the SFF is

p

min (P%, 1) ) v > 2
K(V)(v) — (e 1 o—27A%0 P i (PYo? _9 . (2.160)
Th min (§> ) ~ TaAZ ijo(_ ) (j)QTh,j(U)v Y=

(1 — 6*27”\2”) min (%, 1) + e~ 2 A% iy (P%, 1) , 1l<y<?2
\

The behavior of the SFF is dependent of A when 1 < ~ < 2. For small A the SFF goes to the
result expected for uncoupled sectors, while for large A it goes to the GUE result. This can be
seen explicitly in the above equation for 1 < v < 2 and can be observed graphically for the v = 2
case in Fig. 2.9.

As we did for the RP model, we can create a diagram showing the behavior of the SFF at
different timescales and values of +, shown in Fig. 2.10. At times larger than the Thouless time
the SFF goes to the GUE result. At times smaller than the Thouless time the SFF goes to the
GUE SFF with time enhanced by a factor of P, the number of blocks. If v > 1+ d this result first
reaches its plateau value at the block Heisenberg time, which is smaller than the full Heisenberg
time by a factor of P. This means that at times larger than the block Heisenberg time the SFF
is the same as the RP SFF. At the Thouless timescale, while it is not larger than the Heisenberg

timescale, there is a crossover between the enhanced GUE SFF and the standard GUE SFF. The
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Figure 2.9: The SFF for the BRP model when the Thouless and Heisenberg timescales coincide
for various values of the coupling parameter A. The dark thin lines show the analytical results
while the lighter, thicker lines show the numerical results. The numerics are obtained through
exact diagonalization of size N = 1000 random matrices and are averaged over 10° realizations.
The numerics are restricted to eigenvalues within the window [-0.75,0.75]. In (a) there are P = 4
blocks while in (b) there are P = 20. The left (right) dotted line indicates the block (full)
Heisenberg time.

99



SFF is 1 at times larger than the Heisenberg time.

c

S

=+
<

Figure 2.10: The SFF of the BRP model at different timescales and values of the coupling param-
eter v when the size of the blocks M is much less than N. The green line represents a crossover
between the enhanced GUE ramp and the regular GUE ramp. The magenta line represents the
crossover between the Poissonian result and the regular GUE ramp. The magenta dot indicates
the point at which the Thouless and Heisenberg timescales coincide and there is no closed form
expression for the SFF. The dotted lines indicate the values of v at which there is a phase transi-
tion. The left (right) dashed line indicates the block (full) Heisenberg time.

2.6 Conclusion

In this paper we introduce a generalization of the Rosenzweig-Porter (RP) model called the
Block Rosenzweig-Porter (BRP) model. This is done by redefining the diagonal matrix in the RP
model to be a block diagonal matrix with each block being a GUE matrix. In doing so we obtain
a minimal quantum glass model which immediately thermalizes within the blocks but has much
slower global thermalization (if it thermalizes at all) depending on the strength of the inter-block

coupling. It is known that the RP model is chaotic for v < 1 and localized for v > 2. For
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intermediate values of v the RP model is localized at early times, then thermalizes and becomes
chaotic at the Thouless time. We find that the same is true for the BRP model. However, the
localized behaviors for the two models are different. Whereas the RP model exhibits localization
in single states, the BRP model instead exhibits localization within single blocks.

Our main result is a calculation of the spectral form factor (SFF) at all timescales larger
than the inverse spectral width for v > 1 in the BRP model. As a lead-in to this, we perform this
calculation for the RP model. In the intermediate phase where 1 < v < 2, the SFF of the RP
model indicates Poissonian statistics before the Thouless timescale and GUE statistics afterward.
At the Thouless timescale there is a crossover between these behaviors mediated by the unfolded
coupling parameter A. These results are consistent with those of Ref. [89]. Within the same
range for v, the BRP model has statistics consistent with independent GUE blocks before the
Thouless timescale. After the Thouless timescale statistics consistent with a single large GUE
block are found. As with the RP model, there is a crossover between these behaviors at the
Thouless timescale, again mediated by A. This indicates that the system is initially frozen into a
single sector, then escapes and thermalizes at the Thouless time.

An important feature of the SFF is the times at which it is equal to its plateau value, as
these indicate the disappearance of repulsion between eigenvalues at the energy separations cor-
responding to these times. We find that if v < 1 + d, where d = log, M, the SFF will first reach
its plateau value at or near the Heisenberg time, meaning that eigenvalue correlations first vanish
at separations smaller than the mean level spacing, as they must for all discrete quantum systems.
However, if v > 1 + d the SFF first reaches its plateau value at the block Heisenberg time, which
is smaller than the full Heisenberg time by a factor of P, the number of blocks. This means that

correlations between eigenvalues first vanish at separations smaller than the mean level spacing
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of a single block. If v < 2, meaning the system is not in its localized phase, level repulsion may
still be present at later times (smaller energy separations), causing the SFF to drop back below its
plateau value until the Heisenberg time.

While this work has been concerned with dynamics and associated spectral statistics, one
can also ask about the eigenstate properties in the three phases. In the RP model the eigenstates
are fully ergodic for v < 1 and localized to a single state for v > 2. For intermediate values of
the eigenstates are neither localized nor ergodic; they are termed nonergodic extended states [89].
A similar phenomenon occurs in the BRP model. For v > 2 the eigenstates are localized to a
single sector. However, the eigenstates become fully delocalized across the Hilbert space for
v < 1+ d (rather than merely v < 1), where M is the sector size. The fact that this eigenstate
transition is, in general, separate from the transition to full GUE statistics at ¥ = 1 is an interesting
feature of the BRP model. Future work may examine this feature and the eigenstate statistics in
more detail.

The BRP model we introduce here is significant because it is a solvable random matrix
model with a glass transition. The SFF of the BRP model can be calculated at all relevant
timescales. In more complex quantum glass models one cannot probe times exponential in the
system size with currently available methods. Particularly interesting is the case in which the
Thouless time is of the same order as the Heisenberg time. The BRP model is thus a useful
starting point in understanding the spectral statistics of systems with slow dynamics.

Due to the simplicity of the BRP model it does not capture some features of more physical
models. Each block is taken to be the same size and independent of the others. More generally
we can expect the sectors to have some distribution in size with correlations between their matrix

elements. The BRP Hamiltonian also has only two levels in its hierarchy, making it a model
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with a single nearly conserved quantity or slow mode. More realistic systems may have a richer
hierarchy of long timescales, which could be captured by a generalized BRP model with more
than two levels of nested blocks. An avenue for future work may be to modify the BRP model to

capture these features.
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Chapter 3:  Spectral Form Factor of a Quantum Spin Glass

Authors: Michael Winer, Richard Barney, Christopher L. Baldwin, Victor Galitski, Brian
Swingle

Abstract: It is widely expected that systems which fully thermalize are chaotic in the
sense of exhibiting random-matrix statistics of their energy level spacings, whereas integrable
systems exhibit Poissonian statistics. In this paper, we investigate a third class: spin glasses.
These systems are partially chaotic but do not achieve full thermalization due to large free en-
ergy barriers. We examine the level spacing statistics of a canonical infinite-range quantum spin
glass, the quantum p-spherical model, using an analytic path integral approach. We find statistics
consistent with a direct sum of independent random matrices, and show that the number of such
matrices is equal to the number of distinct metastable configurations—the exponential of the spin
glass “complexity” as obtained from the quantum Thouless-Anderson-Palmer equations. We also
consider the statistical properties of the complexity itself and identify a set of contributions to the
path integral which suggest a Poissonian distribution for the number of metastable configurations.
Our results show that level spacing statistics can probe the ergodicity-breaking in quantum spin
glasses and provide a way to generalize the notion of spin glass complexity beyond models with

a semi-classical limit.
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3.1 Introduction

An isolated quantum many-body system which reaches an effective thermal equilibrium
state starting from an out-of-equilibrium initial state is often called “quantum chaotic.” As com-
monly used, quantum chaos is a loose term referring to a family of phenomena that typically
co-occur, including the ability of the system to serve as its own heat bath [29, 30, 132], hydro-
dynamic behavior of conserved quantities [133—137], and random-matrix-like energy eigenval-
ues [32, 36, 84, 138]. Given this variety, it is crucial to understand the relationships between
different manifestations of quantum chaos [139, 140].

These relationships are complicated and interesting in large part because the systems in
question have structure, such as locality and symmetry. For example, if the Hamiltonian has
spatial locality, energy conservation implies the existence of slow hydrodynamic modes and an
associated long time scale, the Thouless time, such that random-matrix behavior is only present
for energy levels closer than the inverse Thouless time [127, 141]. Similarly, if the Hamiltonian
possesses a symmetry, then it can be organized into blocks labelled by irreducible representa-
tions of the symmetry. One finds random-matrix statistics within each individual block, but full
ergodicity is broken because matrix elements between different blocks are forbidden [2, 116,
142-144].

It is natural to ask whether there are other ways in which ergodicity can be lost, and if
so, what the resulting spectral statistics of the Hamiltonians are. In particular, we will better
understand the relations between different measures of quantum chaos by understanding how
they are lost and what replaces them.

Quantum spin glasses provide one well-established context to explore these questions,
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since they exhibit a rich phenomenology associated with the inability to fully thermalize [15—
18, 145-147] In this paper, we determine the spectral statistics of an analytically tractable spin
glass model, the quantum p-spherical model. We find that up to times polynomial in the system
size, the Hamiltonian can effectively be described as approximately block-diagonal. Each block
behaves as a random matrix independent of the others, and the number of blocks depends on the
energy per particle. At high energies, there is only one block and the system is ergodic. Below
a critical energy density, the Hamiltonian breaks into exponentially many blocks — the average
number of blocks jumps discontinuously from the high energy regime and then decreases as the
energy density decreases further. We establish these results via a path integral computation of the
spectral form factor (SFF), which measures correlations between pairs of energy levels [75, 118,
148-150].

In the remainder of the introduction, we give some physical context by reviewing the spec-
tral form factor and mean-field spin glasses, and then summarize our results. In Sec. 3.2, we
review the p-spherical model in detail. In Sec. 3.3, we calculate the SFF of this model in the
high-temperature ergodic regime, and in Sec. 3.4, we do so in the non-ergodic regime. Finally,
in Sec. 3.5, we investigate higher-moment analogues of the SFF. We then discuss implications of

these results and directions for future work in Sec. 5.4.

3.1.1 Review of the spectral form factor

To study the spectral correlations of a Hamiltonian H, a standard tool is the spectral form

factor (SFF) [74, 151], defined as

SFR(T) = |Tre 17", (3.1)
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Figure 3.1: (Top left) Fully chaotic systems have energy levels that are statistically similar to
a Gaussian random matrix, indicated by the orange block. (Top right) By contrast, quantum
spin glasses in the non-ergodic phase have spectral statistics that resemble a collection of many
nearly-decoupled random matrices (Bottom) Spectral statistics can be diagnosed via the spectral
form factor, denoted SFF(7"), which consists of a path integral over a pair of real-time contours
as indicated by the red lines. The universal part of SFF(7"), which is proportional to 7', is en-

hanced by the number of effectively uncoupled sectors (other non-universal contributions are not
indicated here).

In situations where the spectrum is unbounded, or when one wishes to concentrate on a portion

of the spectrum, the trace in Eq. (3.1) is regulated by a filter function f(H):

SFF(T, f) = |Trf(H)e 7], (3.2)

One common choice is f(H) = e #7[75, 152], and another is f(H) = e “(#~F0)*  The latter
allows one to study level statistics near a specified energy Fj.

For a single Hamiltonian, the SFF is an erratic function of time [151]. Thus one usually
considers an ensemble of Hamiltonians and defines the SFF as the average of Eq. (3.2) over the
ensemble. Throughout this paper, we use the notation E| - | to denote the ensemble average.

The SFF is closely related to the correlation function of the density of states. Formally, the
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(filtered) density of states is given by

p(E, f)=> f(E)S(E - E,) = Trf(H)3(E — H), (3.3)

where n labels the eigenstate of H with eigenvalue F,,, and its correlation function is

C(E,w,f)EE[p <E+g,f)p<E—g,f)]. (3.4)

We have that

SFE(T, f) = E [Tr FOH e TTrf( H)eiHT}
_ /dEdw TR [Trf(H)(S (E + g - H) Tef(H)S <E _ % - Hﬂ (3.5)

— /dwe—in/dEO(E,w,f)

The SFF is simply the Fourier transform of the correlation function with respect to w, integrated
over I/ (although the filter function allows one to concentrate on an arbitrary subset of the spec-
trum).

It is conceptually useful to split the SFF into two contributions:
SFR(T, f) = [ETcf(H)e #T|* + (E [\Tr f(H)e—iHTﬂ — |ETr f(H)e—iHT\Q) . (3.6)

The first term, the disconnected piece of the SFF, comes solely from the average density of
states. It is the second term, the connected piece, that contains information on the correlation

between energy levels. The assertion of “random matrix universality” [32, 82] can be phrased as
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Figure 3.2: The disorder-averaged SFF for the Gaussian unitary ensemble (GUE) of matrix di-

mension N = 50, computed numerically by averaging over ten thousand realizations. The three
distinct regimes — dip, ramp, plateau — are indicated.

the statement that an ensemble of quantum chaotic Hamiltonians will generically have the same
connected SFF as the canonical Gaussian ensembles of random matrix theory [84, 153]. This
conjectured universal behavior is illustrated in Fig. 3.2, which plots the disorder-averaged SFF of
the Gaussian unitary ensemble (one of the aforementioned canonical ensembles). Note the three

distinct regimes:

* The “dip”, occurring at short times, comes from the disconnected piece of the SFF (and
thus its precise shape is non-universal). It reflects a loss of constructive interference — the
iH

different terms of Tre~ 1T acquire different phase factors as 7" increases.

* The “ramp”, occurring at intermediate times, is arguably the most interesting regime. In
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the canonical matrix ensembles, it is a consequence of the result[84]

2o (5 +5)0(B-5)] -l (B4 el (B-5)] ~ g 7

where b = 1, 2, 4 in the orthogonal, unitary, and sympletic ensembles respectively [84].
The right-hand side being negative is a reflection of the well-known level repulsion in
quantum chaotic systems [111]. Taking the Fourier transform with respect to w gives a
term proportional to 7' for the connected SFF. Such a linear-in-7" ramp is often taken as a

defining signature of quantum chaos.

* The “plateau”, occurring at late times, results from the discreteness of the spectrum. At
times much larger than the inverse level spacing, one expects that all off-diagonal terms in

the double-trace of the SFF sum to effectively zero, meaning that

SFR(T, ) = > e En= BT f(B,) f(En) ~ > f(En)”. (3.8)

mn

As the plateau regime is both challenging to access analytically and not particularly infor-

mative, we shall not consider it further in this work.

The bulk of our analysis in this paper is devoted to calculation of the ramp in a well-

known quantum spin glass model, the p-spherical model (discussed below). The results can be

111



understood via the elementary observation that when a Hamiltonian is block diagonal,

H 0 0
0 Hy, 0
H = , 3.9
0 0 H;

then Tre "7 = S Tre=*#+T. If the different blocks are independent, then the variance of
Tre~*H7 is the sum of the variance of each Tre T ie., the SFF is the sum of the SFF for
each block. In particular, the coefficient of the universal linear-in-7" ramp is multiplied by the
number of independent blocks. Systems with only approximately block-diagonal Hamiltonians,
for which there are small matrix elements between blocks, have this enhancement of the ramp up

to the transition timescale between blocks. For a more detailed analysis, see Ref. [2].

3.1.2 Review of mean-field spin glasses

Broadly speaking, spin glasses are systems in which the magnetic moments o; are frozen
but disordered at low temperatures. However, this definition (much like that of “quantum chaos™)
encompasses a wide variety of phenomena which are in many ways quite distinct, as is made
clear by the literature on the subject [15-18, 145—147]. In the present paper, we focus on what
are known as “one-step replica symmetry breaking” (1RSB) spin glass phases [147]. We are
specifically interested in quantum spin glasses, but we first review the corresponding classical
case, for which configurations are labelled by a list o = {0y, -+ ,ox} and the Hamiltonian is

simply a function of o.
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Ergodic

Non-ergodic,
delocalized

o
Figure 3.3: (Left) Cartoon of the energy landscape in a 1RSB spin glass. The y-axis is energy
per spin, E//N, where E is energy and N is the number of spins. Different points on the x-axis
represent (very roughly, since the actual configuration space is N-dimensional) different spin
configurations o. The dashed line indicates the energy density ¢; below which the system is non-
ergodic. (Right) Sketch of the dynamical phase diagram for a quantum 1RSB spin glass. The
x-axis represents parameters controlling the strength of quantum fluctuations, and the y-axis is
energy density. Note that many other types of phase transitions are also present, in particular

equilibrium transitions, but are not indicated here. See, e.g., Refs. [146, 147, 154] for more
information.

While the technical definition of 1RSB is somewhat involved, the qualitative physics is
straightforward to understand and captured by the sketch in Fig. 3.3. The energy landscape, i.e.,
energy as a function of spin configuration, has many deep wells and steep barriers. In particular,
the number of wells is e?Y) and the heights of the energy barriers separating wells are O(N),
where NN is the number of spins. As a result, below a certain energy density €4, the system is
extremely non-ergodic: it remains trapped within an exponentially small fraction of the thermo-
dynamically relevant configuration space until exponentially long timescales. While the IRSB
phenomenon was originally studied in the context of stochastic classical dynamics [11, 155-157],
it has recently been shown to imply exponentially long tunneling timescales for isolated quantum
dynamics as well [108, 158-161].

TAP states (named after Thouless, Anderson, and Palmer [23]) provide a more quantitative

description of such “deep wells”. Arguably the most general definition (see Ref. [17] for others)
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is in terms of the Legendre transform of the free energy with respect to local fields:

F({m:}) = —% log Tre A Lihior 1N " hum, (3.10)

7

where H is the Hamiltonian of interest and the fields {A;} are chosen so that (0;) = m; (where
(-) indicates a thermal average). TAP states are simply the local minima of F'({m,}). Physically,
each corresponds to a different “well” of the energy landscape, including thermal fluctuations
around the lowest point (thus TAP states do generically depend on temperature). The partition

function can be decomposed as a sum over TAP states:

7 = Ze_ﬂH(U) = Z [Z 50606—6H(0)] = ZZQ, 3.11)

«

where « denotes a TAP state and 0,¢,, restricts the trace to only those states belonging to TAP
state . Note that in this discussion, o can refer to any set of degrees of freedom: Ising spins,
vector spins, continuous coordinates, etc. In all cases, Egs. (3.10) and (3.11) can be interpreted
accordingly.

Quantum generalizations of spin glasses are usually obtained by adding non-commuting
terms to the Hamiltonian. For example, with an Ising Hamiltonian, one often interprets o; as
the Pauli spin-z operator ¢ and includes an additional transverse field I' ) . o7 [162-165]. On
the other hand, with systems having continuous degrees of freedom (including the one which we
study in this paper), one can interpret o; as a position coordinate and include the “kinetic energy”
> 72 /2u, where m; is the momentum operator conjugate to o; [166, 167]. Generically, the

resulting system has a frozen spin glass phase at low energy and small quantum fluctuations (the
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latter being controlled by I' and .~ respectively in the examples above), and has a paramagnetic
phase at either high energy or large quantum fluctuations. A sketch of the typical phase diagram
is shown in Fig. 3.3, with these two phases indicated by “non-ergodic” and “‘ergodic”.

It has recently been noted that quantum 1RSB spin glasses can exhibit eigenstate phase
transitions which are distinct from the above [110, 168, 169]. Qualitatively speaking, on the low
energy/fluctuation side of the eigenstate phase boundary, each eigenstate of the Hamiltonian is
localized on a single TAP state. This implies that under the system’s internal dynamics alone
(i.e., as given by the Schrodinger equation), the system cannot tunnel between TAP states on
any timescale, even times exponential in the number of spins. On the other side of the phase
boundary, each eigenstate is delocalized over many TAP states in accordance with random matrix
behavior. As discussed in Ref. [108], while this implies that the system does tunnel between TAP
states, the timescale for tunneling is necessarily exponential in system size, analogous to the
activation times under open-system dynamics. Only when there exists a single TAP state can
one identify the phase as genuinely thermalizing. As a result, one finds phase diagrams like that
sketched in Fig. 3.3, with “non-ergodic”/“ergodic” indicating whether multiple TAP states exist

and “localized”/*delocalized” referring to the eigenstate properties.

3.1.3 Summary of results

In this paper, we calculate the SFF for a particular ensemble of quantum spin glasses,
the quantum p-spherical model (PSM) [166, 167, 170]. We find that in the ergodic phase, the
connected part of the SFF agrees with the expectation from random matrix theory (Eq. (3.62)

below), while in the non-ergodic phase, it is enhanced by a factor which is precisely the number

115



of TAP states (Eq. (3.111)). Given the discussion in Secs. 3.1.1 and 3.1.2, this makes precise
and validates the idea that each metastable state (i.e., TAP state) corresponds to a block of the
Hamiltonian that is quantum chaotic on its own but is nearly decoupled from all others, thus
making the system as a whole non-ergodic [169]. This is the main result of the present work.
We also consider higher moments of the evolution operator and identify a set of saddle
points (Eq. (3.136)) which, in addition to confirming the picture that different TAP states have
independent level statistics, suggest that at least at low complexity, the number of TAP states at
a given energy is Poisson-distributed and independent of other energies. Yet as we shall discuss,
since our analysis does not consider the perturbative corrections around each saddle point, this

does not constitute a complete calculation and serves more as motivation for future investigation.

3.2 Real-time dynamics of the quantum p-spherical model

3.2.1 The model

The classical p-spherical model (PSM) [10] is a disordered spin model with all-to-all p-

body interactions. It is defined by the classical Hamiltonian

Hcl = Ji1"'ip0i1 Cr Oy (312)
(

where the couplings J;, _;, are independent Gaussian random variables with mean zero and vari-

ance

i = G (3.13)

1%p
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Here and throughout, [E indicates an average over couplings. The notation (7; - - - i,,) denotes sets
of p indices such that 1 < 4; < --- <4, < N. The sum in Eq. (3.12) is over all such sets. Our
treatment differs from the standard convention by including a parameter J for the overall strength
of the disorder. To recover the standard expressions, simply set J? = p/2. We also include the

combinatorial factor C; = [[,<;<n !, where n; is the number of indices set equal to 7. This

1+ip

term is almost always one, but its inclusion avoids 1/N corrections in the action.

The o; are real, continuous spin variables subject to the spherical constraint

S o2 N, (3.14)

which ensures that the system has an extensive free energy. It is apparent that this is a mean-
field model without any spatial structure. This allows for infinite free energy barriers around
metastable states in the thermodynamic limit, making the model ideal for examining the impact
of metastability on the spectral statistics of spin glasses.

In this work, we follow Refs. [166, 167, 170] in generalizing Eq. (3.12) to a quantum
Hamiltonian /. We treat the o; as commuting position operators, and define conjugate momen-

tum operators 7; which satisfy the commutation relations

The quantum PSM simply includes a kinetic energy term in the Hamiltonian:

Dl )

H = Z ﬂ-_ + Z Ji1~--ip0i1 cee Uip~ (316)

=1

=

(Zlmip)
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The mass x is an additional parameter controlling the strength of quantum fluctuations. To incor-
porate the spherical constraint, we take the Hilbert space to be the subspace in which ), o7 has
eigenvalue V.

The quantum PSM may be interpreted as a soft-spin version of the Ising p-spin model in
an external transverse field — itself the subject of much study [164, 171-174] — where p~! is
analogous to the transverse field. Alternatively, if we think of ¢ = {0y, -+ ,0n} as a position
vector in N-dimensional space, the quantum PSM has a natural interpretation as a particle of
mass £ moving on a hypersphere of radius v/N. This particle experiences the Gaussian random

potential

V(e)= > Jieiy0i 04, (3.17)

whose correlation function is

J2
EV(0)V (o) = G NP T Z 03,04, 03,07 = N (o-0)". (3.18)

(i1-++1p)

Note that there is a very important difference between p = 2 and p > 2: the former
is a Gaussian model, essentially (but for the spherical constraint) a system of linearly coupled
harmonic oscillators. It therefore has qualitatively different behavior than the p > 2 models,
which are genuinely interacting and serve as reasonable toy models for rugged energy landscapes.

In this work, we exclusively consider p > 2.
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Figure 3.4: Summary of the contours, order parameters, and (at least at high temperature) equa-
tions of motion considered in this work. The left column gives the quantities appropriate to the
Schwinger-Keldysh path integral, and the right column to the spectral form factor (SFF) path
integral.

(Top row) Contours for the respective path integrals. Each of the different branches is labelled,
and directions are indicated by arrowheads. Points connected by dashed lines are identified, mak-
ing the contours periodic.

(Middle row) Relationship between order parameters of the theory and observable quantities. H

and Z are the p-spin Hamiltonian and partition function respectively. 7 and 7 denote time or-
dering and anti-ordering.

(Bottom row) Equations of motion. These take the same form for both path integrals, differing
only in the contour C being used.

3.2.2 Schwinger-Keldysh path integral

Just as other all-to-all models have a saddle-point/mean-field description at large N, so
too does the PSM. We start with the disorder-averaged (i.e., “annealed”) path integral on the
Schwinger-Keldysh contour at inverse temperature /3, illustrated in the left column of Fig. 3.4.
While it is in general incorrect (often grossly) to disorder-average the path integral itself, it is

known that the annealed approximation is accurate in the PSM as long as /3 is less than a critical
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value [, [146, 175]. We shall assume that this is true throughout. The annealed path integral is

EZg — /DUN exp [/C dt; (2'5“(@@-(15))2 — izét) (0:(t)2 — 1))]

(3.19)
. / AP(J) exp | —i / at S i on(t) o ()]
€ Gaip)
where
NPy, TP
t1ip Yy eeip
dP(J)oc(H)dJil...ipexp | (3.20)

For brevity, we use C to denote the entire contour. Thus | ¢ dt indicates a contour integral within
the complex-t plane. The Lagrange multiplier z(¢) is included to enforce the spherical constraint.
It can be interpreted as a time-dependent harmonic potential whose value is chosen such that
> 0i(t)* = N at all times. Thus the measure Do is simply the product measure over each o;
independently. From here, the same manipulations used to get Schwinger-Dyson equations for
the SYK model will give us equations of motion for the PSM.

One can immediately perform the Gaussian integrals over the couplings to obtain

EZsx = / DoNe NS (3.21)
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where

/dtZ( (B0:(2) )2+i22<t)(0i(t)2—1))

Next introduce a “fat unity”,

1—/DQH(5NQtt Zaz oilt )

tt’

:/DQD]:eXp [g/cdtdt’}"(t,t’) (g(t,t’) — %Zai(t)ai(t’)ﬂ .

%

(3.23)

The integral over the self-energy F(¢,¢’) runs along the imaginary axis, making the second line
simply the identity [ dpe? = 2md(x) (we absorb factors of 27 into the measure DF). However,
when we ultimately evaluate the path integral by saddle point, we shall find that the saddle point

value of F(¢,t') is real. Inserting Eq. (3.23) into the path integral gives

EZsk = / DGDF / DoNe NS, (3.24)

where

NS" = ——/dtz /dtdt (J—zg(t,t’)p—f(t,t’)g(t,t’)>

p

T3 Z { / ( i (000t ))24—2’2(75)0@'(75)2) + / dtdtlai(t)]:(t,t’)ai(t’)} . (3.25)

c
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We can now perform the integral over o;, resulting in

EZsk = / DGDFe NS (3.26)
where
1 1 / J2 / / / 1 . 2
Sett = —= [ dtz(t)+ = [ dtdt’ | —G(t, )P — F(t,t)G(¢t,t) ) + = logDet[z(,uat +2)+ F|.
2 Je 2 Je p 2
(3.27)

Atlarge N, the remaining path integral can be evaluated within the saddle point approxima-
tion. The locations of the saddle points are determined by setting to zero the functional derivatives

of Eq. (3.27):

i(no; +2(1))G(t, ') + /dt”]—"(t, G ) =6(t —t),
¢ (3.28)

Ft,t)y=TGt "y, Gt,t) =1

Keep in mind that the time arguments in Eq. (3.28) are complex and range over the entire
Schwinger-Keldysh contour. In particular, although it is hidden in this compact notation, the
infinitesimals dt acquire different phases depending on the branch of the contour: dt is a posi-
tive real infinitesimal on the upper (‘“forward”) real-time branch, a negative real infinitesimal on
the lower (“backward”) real-time branch, and a negative imaginary infinitesimal on the thermal
branch.

G(t,t") is the order parameter of this theory. As is clear from the manner by which it
was introduced (top line of Eq. (3.23)), expectation values of G(¢,¢') within the path integral
are equivalent to expectation values of N=!' >~ 0;(¢)o;(t'). The latter are simply time-ordered

correlation functions. We shall focus on the real-time correlation functions, for which it is more
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transparent to explicitly indicate the branches by « € {u,(} and have ¢ be simply a real variable.

Formally, we have that

(Guu(t,t)) = E [Zg;Tre—BHTai(t)ai(tf)} , (Gu(t,t)) =E [ZS_IéTre_BHUi(t’)Ui(t)] ,
(Gu(t,t)) = E [ZglgTre’ﬁHai(t)ai(t’)] , (Gu(t,t)) =E [ZS’IgTre’BH%ai(t)a,-(t’)} ,
(3.29)

where T denotes time ordering and T denotes time anti-ordering. Note that we can omit the sum
over ¢ because the different spins (upon disorder-averaging) have equivalent behavior.

A number of formal properties of G, (t,t") are evident from Eq. (3.29). For one thing,
Gao (t,1') clearly depends only on the time difference ¢ — ', and we shall often write G, (t) with

t" = 0. Since the four components differ only in time ordering, we see that for any function f(x),

F(Guu®) + £(Gu(®) = £(Gul®)) + F (Gul®)) (3.30)

We can further express all four components in terms of a single complex-valued function (equiv-
alently two real-valued functions). For example, write G, (t) in terms of its real and imaginary
parts as GT(t) + G’ (t). Since G, (t)* = G (—t), G7(t) is even and G (¢) is odd. One can easily
confirm that

Guu(t) = G"(t) + isgn[t]G' (1), Gu(t) = G (t) — G (1),
(331)

G (t) =GR (t) +14G" (1), Gu(t) = G (t) — isgn[t]G' (¢).

One of the most important features of G,/ (t,t’) is the limiting behavior at large |t — /|, as

a function of the inverse temperature 5. Numerical solution of Eq. (3.28) demonstrates that there
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is a critical value (3, (which is less than f):

* For 8 < Bg, lim_y|—00 Gaar (t, ') = 0. We call this the “ergodic” phase (E(o;(t)) = 0 by

symmetry regardless of temperature, and so in this phase E(c;(t)o;(t")) — E(o;(¢))E(0;(t'))).

* For B3 < < B, imp—y| 00 Gaa (1, 1) = qea > 0. We call this the “non-ergodic” phase.

The quantity gga is referred to as the “Edwards-Anderson” order parameter.

* For s < f3, our initial annealed approximation is no longer valid. The replica trick is re-
quired to obtain accurate results [15, 16], but (at least for finite-time dynamical properties)

the behavior is qualitatively similar to that of the non-ergodic phase.

3.2.3 TAP equations on the Schwinger-Keldysh contour

The dynamical calculation described above only hints at the complexity of the non-ergodic
phase. A more complete picture emerges from a generalization in the spirit of the TAP equations.
Our treatment follows that of Ref. [25], which derived TAP equations on the thermal circle for the
quantum PSM. While the extension to real-time dynamics is straightforward, we are not aware of
any explicit calculation in the literature. Thus we present a detailed derivation of the following
equations in App. B.1.

As discussed in Sec. 3.1.2, the TAP free energy (or Gibbs potential) is the Legendre trans-
form of the free energy with respect to local fields. It is therefore a function of the magnetization
m; of each spin. For the free energy of quantum systems, the magnetization should also have
an imaginary time index m;(7). The imaginary-time correlation function G(7, 7') becomes an
additional order parameter.

We define the TAP action on the Schwinger-Keldysh contour analogously. It is a function
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of the magnetizations m;(t) and the correlation function G(t,t'), with ¢ again being complex-

valued and ranging over the entire contour. Specifically,

iN Stap|m, G| = log/DaN exp iZS? — i/dt Z Jiyoiy iy () -+ 04, (1)
, c
i (

iN . N / / /
+ 25 | e —z/cdt;hi(t)mi(t)jtT/dtth(t,t)g(t,t), (3.32)

c c

where C denotes the Schwinger-Keldysh contour and

50 = /c dt (g(@tai(t))z _ %t)ai(tf + hi(t)ai(t)> - % / dtdt At oD (). (3.33)

c

The fields h;(t) and A(t,t') are not independent parameters. They are instead chosen so that
(os(t)) = my(t) and N713" (o;(t)oi(t')) = G(t,t'), just as z(t) is again chosen to enforce
N=13".(0:(t)?) = 1, where the expectation value is with respect to the action in Eq. (3.32).

Due to the Legendre-transform structure of Stap, we have that

85’TAP

Ot _ 1A(t, t). (3.34)

N oG(t,t) 2

The TAP equations are those for m;(¢) and G(¢,t’) which one gets by setting the right-hand sides
of Eq. (3.34) to zero. The solutions are therefore the values of magnetization and correlation
function which the system can consistently possess “on its own,” without any external fields. In
this sense, each solution corresponds to a distinct metastable state. There is no reason why there
cannot be many self-consistent solutions, and indeed, spin glass models such as the PSM do have

many at sufficiently low temperature.
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We calculate the TAP equations in App. B.1. They are simplified by the fact that we can
take m;(t) = m and z(t) = z. We also define gga = N 'Y, m?. The equations come out to be
(together with G(¢,t) = 1)

i(ud? + 2) (Q(t, 1) — qEA> e / dt” (g(t, {rypt - qggl) <Q(t”, 1) — qEA) = 5(t — 1),

C

(3.35)

J? /C dt’ (g(t, t’)p—l —(p-— 1)qg/§2g(t7 t/) Fp— Q)qggl)mi

a(my, - mlp)
= —izm; — 1 E Jiyi, 5 )
m;

(3.36)

(i1-+ip)

Note that Eq. (3.36) is N equations, one for each spin ¢, and that it holds equally for any value
of ¢ due to time translation invariance. Defining F(¢,t') = J?G(¢, )P, Eq. (3.35) is quite
similar to Eq. (3.28). The only difference is that Eq. (3.35) uses AG(t,t') = G(t,t') — qea and

AF(t,t") = F(t,t')— J?¢%1", which decay to zero at large [t —1'|,

(t,t') and F(t, 1)
themselves.

Despite the more involved derivation, G(¢,¢) remains a contour-ordered expectation value.
Thus, returning to the notation in which o € {u, [} labels branches and ¢ is real, G,/ (t — t’) pos-
sesses the same formal properties as discussed in the previous subsection (Egs. (3.30) and (3.31)).
Of particular importance will be the Fourier transform of AG,,,(t) at zero frequency, denoted
AGeaw (0), as well as its (matrix) inverse, Ag;i, (0). Also define L = [ dtAG"(t) and
A = [;7 dtAG(t). Then from Eq. (3.31), we see that

AGuu(0) AG(0) L+2A L
= , (3.37)

AG(0)  AGy(0) L L-2A
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-1
= . (3.38)

AGL(0)  AGy(0) —L L+ 2iA
The multiplicity of solutions to the TAP equations comes from Eq. (3.36). By use of

Egs. (3.35), (3.37), and (3.38), it can be written (associating v with 0 and [ with 1)

[(-1)@2@@40)- —1) J2qu2Z )Y AG g ( )] m;
A(m, - - 'mz‘p)_

1 2 p—20: .
{ﬂ - ( - 1)J qu 2ZA] m; = —1 Z Jil---z‘p am

(i1p)

(3.39)
Eq. (3.39) is identical to that which appears and has been well-studied for the classical PSM [10,

11, 146, 176]. Thus we simply quote the following results. In addition to the inverse temperature

B, solutions to Eq. (3.39) are parametrized by the quantity

1
E=——: NI > iy, - om, (3.40)

(41-++1p)

which can be interpreted as a “normalized” potential energy density: each magnetization has a
value which is (very roughly) comparable to qéf, and thus the natural scale for the interaction

energy is .J qgf. The value of gga for a given £ < 0 is given by the largest solution to

) 20/p—1
—2J A = —2(pp_ 5 (—5 —\/E2 - &%) , En= —pT, (3.41)

where A depends on gga through Eq. (3.35). One can show that solutions to Eq. (3.41) exist only
for 8 > 4, with ,; the same as defined in Sec. 3.2.2. Furthermore, Eq. (3.41) only makes sense

if £ < &p. In that case, the number of solutions NV(3, £) to Eq. (3.39) — in addition to the trivial
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solution m; = 0 — is exponential in system size: N ~*log N'(3,E) ~ X(&), with!

Y€)= % <1+210gg> —ng + 8(ppi 0 (5—1—\/52—5t%1)2+10g(—5+\/82—&%).

(3.42)
The exponent X(€) is referred to as the “complexity” in the spin glass literature.

The connection between this TAP approach and the conventional Schwinger-Keldysh path
integral lies in the fact that: i) the inverse temperature 3; at which TAP states with non-zero
magnetization appear is identical to that at which the autocorrelation function acquires a non-
zero late-time limit; ii) the overlap determined by Eq. (3.41) is identical to the late-time value of

the autocorrelation function. This strongly suggests the following picture:

» For § < (4 (the “ergodic” phase), there exists a single equilibrium state with zero magne-

tization, and the correlation function decays to zero on a finite timescale.

» For $; < f (the “non-ergodic” phase), there exist exponentially many metastable states
having non-zero magnetization. The number of states is given by the exponential of the
complexity ¥(€). Dynamically, in the N — oo limit, a system prepared in one metastable
state will remain in that state for all time. At finite [V, it is only on a timescale exponential

in N that the system can transition between states.

Much more can be said about these phases (in particular how the replica-symmetry-breaking
transition at 3, appears within the TAP approach), and a large body of literature is devoted to this
topic. We refer in particular to Ref. [146] as an excellent starting point.

In the present work, we determine the spectral statistics of the PSM in both the ergodic and

' As written, Eq. (3.42) is a bit sloppy. NV(£) is given by Eq. (3.42) when the latter is non-negative and /3 is such
that solutions to Eq. (3.41) exist. In all other cases, A/ (£) = 0.
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non-ergodic phase. Those of the former can be computed very much along the lines of Ref. [75],
which we do in Sec. 3.3. Those of the latter, however, require novel calculations which we present

in Sec. 3.4. Unsurprisingly, the properties of TAP states shall play an essential role.

3.3 The semiclassical ramp in the ergodic phase

To reiterate, we are evaluating
SFR(T, f) = E|Tef (H)e 7| = E [Tr F(H)e HTTy f(H)eiHT] , (3.43)

where H is the PSM Hamiltonian (Eq. (3.16)) and f is a filter function as discussed in Sec. 3.1.1.
Here we consider the ergodic phase, for which the results are analogous to those of SYK [75].

We then consider the non-ergodic phase in Sec. 3.4.

3.3.1 Effective action

The calculation begins by retracing the steps described in Sec. 3.2.2, only on a modified
contour. We still have upper and lower branches indicated by « € {u,{} (withu =0and ! = 1),
but now each is separately periodic. Furthermore, we no longer have a thermal branch. See the
right column of Fig. 3.4, as compared to the left column. While some care is required to account
for the filter functions (as discussed in Appendix B.3), we ultimately arrive at an expression

analogous to Eq. (3.27):

SFE(T, f) = / DGDF f(e,[G)) f(a]G])e NSl F, (3.44)
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I (TP
Seff[Ga F] = 5 / dtdt' Z(_l)a+a <J?Goca’(t7 t,)p - Faa’ (ta t/)Gao/ (tv t,))

0 aal

i g o 1 . @ a+a’
_5/0 At 3 (1) 2alt) 5 log Det [i(~1) by (10F + 20) + (1) Fr .

«

(3.45)

where the “energy density” ¢, [G] is defined as (0" denotes a positive infinitesimal)
€a|G] = —E82G 0 (07,0) — f dtz (t,0)P. (3.46)
« = 9 t Yaa aa .

See App. B.3 for details. The saddle point of S is given by the equations (compare to Eq. (3.28))

T
(107 + 2a(t)) Gar (. 1) + / dt" 3 (1) Faar(t,1")Garar (1", 1) = (—1)0aard(t — 1),
0

OC”

Foar(t, 1) = J*Goar (t, )P, Goault,t) = 1.
(3.47)

Denoting averages with respect to the path integral of Eq. (3.44) by (), the expectation
value of G is related to the original degrees of freedom as follows (we omit the filter functions

here for brevity):

<Guu(t,t’)>:]E[Tre’iHT’Tai(t)oi(t’)TreiHT}, (Gult,)) ]E[Tre iHT o () Tre BT o, (1 )],

(Glu(t,t’)>:]E[Tre‘ZHT () Tre T (t)}, <G”(t,t’)>:]E[Tre_iHTTreiHT%ai(t)ai(t’)},
(3.48)

where 7 denotes time ordering and T denotes time anti-ordering. One immediately sees from

Eq. (3.48) that:

1. all components of (G, (t,t")) are time-translation invariant and have period 7’;
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2. (Guu(t,t')) and (Gy(t,t')) are even functions of ¢ — t/;

3. (Gu(t,t')) and (Gy,(t,t')) are in fact independent of both time arguments;
4. (Guu(t, 1)) = (Gu(t,t"));

5. (Gu(t,t')) = (Gu(t,t')).

Solutions to Eq. (3.47) do not necessarily share all these properties, since some of the symmetries
may be spontaneously broken.

However, one simple solution that obeys all of the above is to take G;(¢,t') = G, (t,t') =
iHT

0. The resulting action is precisely what one would get from averaging each factor of Tre™

separately, i.e., this solution gives the disconnected contribution to the SFF:
E [Tr F(H)e ™ T Ty f(H)eiHT} —E [Tr f(H)e*iHT} E [Tr f(H)eiHT} toee (3.49)

where - - - denotes the contribution to the path integral from non-zero GG,; and/or G,. Eq. (3.49)
holds equally well in the non-ergodic phase, and thus the remainder of this paper will be con-

cerned with determining those additional contributions.

3.3.2 Connected solutions

Following Ref. [75], we construct approximate solutions to Eq. (3.47) which become ac-
curate at large 7. We first present the solutions and justify them afterwards. Take G,/ (¢,t') to
be the Schwinger-Keldysh correlation function at inverse temperature (3,,x, exactly as given in

Sec. 3.2.2 (Eq. (3.29) in particular). Again define F o/ (t,t') = J*Gau (t, )P, A solution to the
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SFF saddle point equations (up to terms which vanish at large 7') is

Goo (1) = Y Gaw (t — ' + Sapar A + nT), (3.50)
Foor(t,) = Y Fowr(t —t' + Sapar A +nT). (3.51)

Here A can be any real number between 0 and 7". Thus Egs. (3.50) and (3.51) constitute a two-
parameter family of solutions, the parameters being [3,,x and A. Every such solution contributes
to the SFF.

As for the Lagrange multipliers z,(t), they are independent of ¢ due to time translation
invariance. We further have that z, = z; = z: both equal the value of the chemical potential
needed to satisfy the equilibrium spherical constraint, i.e., N~!'>", TrZgle Pt g2 = 1 (time
translation invariance then implies that G, (¢,t) = 1 for all times and both branches).

To justify Egs. (3.50) and (3.51), it is essential that G,/ (¢ — t’) decay exponentially to zero
as |t — t'| — oo. Thus these solutions only apply in the ergodic phase. With this in mind, the

following comments together establish their validity:
* The sum over n ensures that G/ (t — t') has period 7', even though G,/ (t — t') does not.

e Since G, (t — t') decays exponentially, G, (0) ~ 1 up to terms which are exponentially

small in 7.

o The equation F,.(t,t') = J*Gau(t, )P is satisfied up to exponentially small terms

because, when raising Eq. (3.50) to the p — 1’th power, all cross terms are exponentially
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small (as is the sum over them). In other words,
p—1
(Z Goor (t —t' + 0T + 5a¢a,A)> ~ > Gaw(t =t + 0T + bapar AP (352)
* Gow (t,t') obeys Eq. (3.28), written explicitly in terms of components as

Z(’Mat2 + Z)gaa, (t - t,) + / dt” Z<_1)a”faa// (t — tﬂ)ga//a/ (t” — t,)

0 a//

/Baux
i / A" Fuo (4 i7") G (—i7" — 1) = (—1)%60usd(t — 1), (3.53)
0

where v denotes the thermal branch of the contour. For ¢,¢" > 1 (which still allows ¢ — ¢/
to take any value), G, (t + i¢7) is exponentially small for all 7 and the last term on the
left-hand side can be neglected. We can also take the lower limit of the ¢” integral to —oo.
Thus when checking whether Eq. (3.50) satisfies Eq. (3.47), we have that

T
i(u0f + 2) Goar (t = ) + / dt"y (=1)" Foar(t = t")Gore (" — 1)

0 all

~ (10} + 2)Gawr (t — ') + / Y > (1) Foan(t = t")Garar (8" — ') (3:59)

—00 a!’

~ (_1)a5aa’(5(t - t/)>

again making use of the fact that G,/ (t — ') is exponentially small when |t — t'| is large.

The equation is indeed satisfied.

* Finally, the off-diagonal components G.,(t,t") and Gy,(t,t’) contain the parameter A be-

cause they break the separate time translation symmetries in ¢ and t' (see property iii
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above). Thus if any choice of A solves Eq. (3.47), so do all choices of A € [0, 7).

As noted above, we have thus identified a two-parameter family of solutions to the SFF
saddle point equations. In what follows it will be more convenient to parametrize the solutions
by the equilibrium energy density €([,,) corresponding to inverse temperature (,,x. We can
express €(f3) in terms of G (and thus () by inserting a factor of H into the Schwinger-Keldysh
contour. Since H clearly commutes with the evolution operator e~ eiftc=Ht it can be inserted
at any point, in particular at a late time for which (again because G, (t—t’) decays exponentially)

the thermal branch can be neglected. By following the same steps as in Appendix B.3, we find

that €(3) is given precisely by Eq. (3.46), evaluated on either branch:

D) [e'e)
e=— g0 - / @t (Gualt)” — Gua()")
P J-
(3.55)

72 00
== G000+ - [ a(Guter - Gutr).

—00

3.3.3 Contribution of connected solutions

Having demonstrated that Eqgs. (3.50) and (3.51) solve the SFF saddle point equations, it
remains to calculate the action (Eq. (3.45)) evaluated at the solutions. First note that, since each

solution obeys Eq. (3.47), we can rewrite the action as

Jp—-1)T " ot , 1 ~
seff__T /0 dt (=1 Gou(t) —§§:logDetGml(w), (3.56)

aao!

where w € 277Z/T and Gow (w) = fOT dte™'G oo (t). Note that the Lagrange multiplier terms

have dropped out since z, = z. Furthermore, since [ dtGou (t)? ~ [ dtGue (t)P, the general
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relation in Eq. (3.30) implies that the first term of Eq. (3.56) in fact vanishes.

For the second term, note that by Eq. (3.50),

Gaoc’ (w) = 6—i5a¢a/wA§aa, (w)7 goco/ (w) = /Oo dteiwtgaa’ (t) (3.57)

oo

The exponential decay of G, (t) implies that éaa, (w) (and thus CNJWI (w)) is an infinitely dif-
ferentiable function of w. Strictly speaking, since the path integral is regularized by a timestep
At = 0, Gaor (w) is furthermore periodic with period 2/ At. The same is true of log DetGaq (w).

Thus the Euler-Maclaurin formula [177] gives

/At /At 00
~ 2 T ~ T ~
E log DetG oo (Ln) ~ —/ dwlog DetG o (W) — —/ dwlog DetG o (w),

(3.58)
up to terms which vanish faster than any polynomial in 7!, Thus S, is proportional to 7', and
we only need to evaluate the proportionality constant.

Rather than calculate the integral directly, we follow Ref. [75] and evaluate the derivative
dSese/dT starting from Eq. (3.45). It is convenient to rescale time as ¢t — 7T't, so that 7' becomes

simply another parameter:

T2 1 o J2
- / _1\oto “ , nNp __ , / , /
Ser =5 | dtdt > (-1 (p Goor (t, )P = Foor(t,1)Goa (m))

0 aa’ (3.59)
+ % log Det [z‘(—1)a5w, (WT 202 + z,) + (—1)a+a’Fw,} .

Note that, since S is evaluated at a solution of the saddle point equations, we only need to
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differentiate the explicit factors of 7"

ClSeff - T/l dtdt/Z(_l)a-i—o/ J_QG (t t/)p — F (t t,)G (t t/)
a , p e

ax

, —1
ZT‘; v S (~1)e? [i(—1)a5aa, (UT 207424 (1)) +(—1)* Fw,]
0

¢4 a=ao/ t=t't

(3.60)

Returning to unscaled time and using Eq. (3.47), we have that

dSeff _ ( _1 J2 a+a p Z/“L a2 +) —
- __—/ dtz o (1) - (—1)?*0?Goa(0T) =0, (3.61)

again using Egs. (3.30) and (3.55). Thus the proportionality constant is in fact zero, i.e., Seir = 0.

3.3.4 Evaluation of the SFF

To finally compute the SFF, we simply need to sum over all connected solutions, i.e., in-
tegrate over €,,, and A. However, there are additional discrete symmetries which give further
solutions: i) we can time-reverse the off-diagonal components, i.e., take G, (t) = G, (—t) and
G (t) = Gu(—t); ii) if p is even, we can take G,;(t) = —G,,(t) and Gy, (t) = —G,(t). These
must be summed over as well, giving an additional factor of 2(1 + 6, even), Where 0, eyen is the

indicator function on p being even (1 if true, O if false). Thus our final expression is

deaux
2

E Trf(H)e‘Z’HTTrf<H>eiHT] ~ |ETef (H)e 7T|" + / Fean)? / "aa 2(1+ Gpeven) €°
0

deaux

= |ETrf(H)e BT 4+ 2(1 + 6y even) T /27T

f(eauX)Q‘
(3.62)
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The measure 1/27 can be derived using hydrodynamic methods [2, 75], but its precise value is
not essential for our purposes. The key feature is simply that the linear-in-7' ramp has emerged.
However, keep in mind that Eq. (3.62) is only valid if the filter function is such that all
contributing values of €, lie in the ergodic phase. In the following section we modify this
analysis to hold in the non-ergodic phase as well. We shall see that it is necessary to incorporate

the structure of multiple TAP states.

3.4 The semiclassical ramp in the non-ergodic phase

As we have stressed repeatedly, the results of Sec. 3.3 rely heavily on having an equilib-
rium correlation function which decays to zero at late times. Thus a new approach is needed to
calculate the SFF in the non-ergodic phase, where G, (t — t') — qga # 0 as |t — /| — oc.
More specifically, we can no longer neglect the integral over the thermal branch in Eq. (3.28),
and G,/ (t — t') no longer solves the SFF equations of motion (Eq. (3.47)).

However, in the TAP equations of motion, Eq. (3.35), we can neglect the thermal branch
since G(t) — gga does decay to zero exponentially quickly. This suggests that a viable strategy
is to construct solutions for the SFF using the TAP correlation function. Since TAP states are
parametrized by the quantity £ in Eq. (3.40), it will be necessary to first modify the SFF path
integral so as to involve £. We associate the magnetizations and overlap from the TAP approach

with time-averaged functions of the spin configuration, namely

1T | )
milo] = 7 /O dtoul),  dlo)= /O ddt' Y oulVoult). (63

The choice to use only the upper contour in defining m;[c] and ¢[o]| will become convenient

137



in Sec. 3.5, but for now one could equally well use any other combination of branches, say
the average of o;(t) over the lower branch or over both branches symmetrically. With these

definitions, we introduce &£ via Eq. (3.40).

3.4.1 Effective action

To begin, insert an additional fat unity into the path integral:

/dE 5 |NE ! > 1/Tdt (t) 1/Tdt (t)
- aux aux 7 1 1. 79 410 = Oiiu AR [ Oiu
Jqlolp/? — "\T Jo T Jo :

(i1-+ip)

With this addition, the full path integral is

SFF =

/ DP(J)Do dé’auxd/\exp[ Z / ity (atam( 1) — za(t) (0ia(t)? — 1)]]
X exp | —1i Z Jiy.. lp/o dtz ) Tira(t) - 0iyalt)

(d1-ip)

T 1 T
Xexp ’iN)\Eaux — p/2 Z i1-1p ( / dtO’zlu(t)) N (f/ dtalpu(t)>
0 0

(3.65)

Proceeding as usual — averaging over disorder, introducing G,/ (t,t') and F, . (t,t’) as before,

integrating out spins — we arrive at

SFE(T, f) = / dEuxdNDGDEF f (e [\, G]) f (@[, G])e NSl dGET (3.66)
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. T
. [/ o
Seff[gaum )\7 G> F] = _Z/\gaux - 5\/0 dt § (_1) Za<t)

A2 JA /T (1 T g
o[y (-1 —/ dt' G, t,t’)
2p  pqlGIP? Jy za:( "\7 0 )

1 [T o J?
+ = [ dtdt’ —1)te (—Gaa/ L) — Fow (t, ) Gou (t, )
5 [t S0 (G4 = P (1.8 Go (1)

aa’

+ %log Det [i(—l)%m, (102 + za) + (—1)“+“'Fw,}, (3.67)

where we are denoting ¢[G] = T2 fOT dtdt'G,(t,t'). The argument of the filter function is

modified as well; it is now

_ M a2 + Z']2 g o P
cal), Gl = —282G 0 (01,0) — — O dt> (=1)" Go (t,0)

2 P
iJ\ 1 /7 P
AT dtG o, (1, . (3.68
i (7 @it ) - Go

O(/

Note that &,,x enters linearly into the action. Thus if we were to integrate over &, at
this point, we would obtain a J-function forcing A = 0. The action would then reduce to the
ergodic-phase expression, Eq. (3.45). While reassuring, this would not have accomplished any-
thing, so we instead treat £, as a fixed parameter for now. We obtain saddle point equations by
differentiating Eq. (3.67) only with respect to A, z, GG, and F'.

The saddle point equations, assuming time translation invariance from the outset, are

T
i(10} + 20) Gaar (t —t') + / dt”Z(_l)a” Fran(t —t")Gangr (1" — 1) = (=1)%6pad(t — 1),

0 Oél/

(3.69)

139



~ p—1
. I\ G (0)
! = 2 / p—1 —_— / o
Fow(t) = J?Goaw ()P + TEE (bau + Oara) ( n )
g ) (3.70)
J\ o [ Gara(0)
~ gt 20 ( T ) |
JT NONEED)
(3 o au (3
Eax = BT g(—l) ( T ) Y (3.71)

as well as the usual requirement G, (0) = 1. Here G oo (w) is the Fourier transform of G o ().

3.4.2 Connected solutions

With &, fixed, let G,/ (t) be the solution to the TAP equation of motion (Eq. (3.35))
corresponding to inverse temperature [3,,x. Denote the Edwards-Anderson order parameter at
Eaux and By by gea. Also recall the various auxiliary quantities we defined in Sec. 3.2.3: the
self-energy Foo (t) = J*Gaw (t)P71, the deviations AG,y (1) = Gow (t) — gea and AF o (1) =
Foar(t) — J?qx", and the quantity A = [ dtAG!(t). We have that Go(t) and Foo (t) obey

Eq. (3.35), which by taking ¢ and ¢’ to be far from the thermal branch can be written

i (HOF+2) AG o (t—1) + / dt" Y (=1 AFoar (t—t") AGarer (" —t') = (—1)*Gaerd(t—t').

(3.72)
We also have, as a result of Eq. (3.39), the relationship
2(p — 1) JgZ2 A 1
= 22Dt A (3.73)

p Zpqu/AzflA.
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Finally, recall the expression for the complexity ¥(&), the logarithm of the number of solutions

to the TAP magnetization equations at £:

$(E) =

py_pE 1 ) _ —
<1+210g2> 2*8@-1)(5“/5 £2) +log( -+ /e2-€2),

(3.74)

N | —

where £2 = 4(p — 1)/p*. Using Eq. (3.73), we can express % (Eyy ) in terms of A and gga:

p—2 1 2(p — 1).2qG A 1

Y () = — — — —log4.J?¢P2A2, 3.75

Our solution to the SFF saddle point equations, Egs. (3.69) through (3.71), is best written

in the frequency domain (tildes denote Fourier transforms):

éaa’ (w) - TQEA5wO + Agoaoz’ (W) + gaajl—,(w)a (376)

2 - (T 2 p—1 , . 1 p/2—1 p/2-1 AF fao/ (w)
aa’ (CU) - J 9ga + ZpJQEA (gaux - 2JqEA ) (5au + 5a’u)> 5w0 + fozo/ (CU) + T )
3.77)
A= ip(Eax — 2JG2A) + % (3.78)

We again take z, to be the equilibrium value corresponding to (3,,x. The precise form of the
correction terms goo (W), ﬁml (w), and ¢ is largely unimportant — the essential feature is simply
that they are O(1) and the corrections are thus O(7T~!). Note that in the time domain, this solution

amounts to

Joo! (t)
T Y

Goo(t) = qea+ Y AGow(t+nT)+ (3.79)

n=—oo
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00 . /2—1 p/2—1
- ZPJQEA (5aux — 2Jqgy A) Jaar(t)
Foo(t) = '+ Y AFou(t+nT O+ 0o :
a ( ) J qEA +n:_oo 'Focoz ( —|—TL )+ T ( au+ ocu)+ T
(3.80)

The sums are convergent because AG,/(t) and AF,. (t) decay rapidly to zero as [t| — oo.

Although we have omitted it for notational simplicity, we can add a term 6, A to the time
arguments of AG,. (t +nT') and AF, (t +nT) forany A € [0,T'), exactly as in Sec. 3.3. Due
to the separate time translation symmetry on each branch of the SFF contour, all such solutions
are equally valid and contribute the same action. Thus we shall demonstrate the validity of
Egs. (3.76) through (3.78) and evaluate the action only for A = 0, but then integrate over all
A € [0,T) in the final expression for the SFF.

Let us first confirm that our solution satisfies the saddle point equation for A, Eq. (3.71).

Referring to Eq. (3.37), we have that AG.a (0) = L + (—1)*2iAd,q. Thus

L + 2iA N
6[G) = gea + ——— + O(T 2, (3.81)
and Eq. (3.71) becomes
_ 2\
e = 2J G2 A — % +O(T). (3.82)

Solving for ) indeed gives Eq. (3.78). The O(T~!) terms determine ¢ as a function of the other

quantities.
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Now turn to Eq. (3.70). In the frequency domain, the right-hand side evaluates to?

T 00 p—1
/ dt@thQ (qEA + Z Agw/ (t —+ TLT))
0

n=—oo

+ szqp/2 ! (Eaux — 2qu£2_1A) (0 + o) 0o + O(T1)

foa (W)
T

(3.83)

set (TJZqEA + ZpJqE/2 1(&‘“X 2Jq€/2 1 )(5au + (Sa/u)) dwo + Afaa/(w) +

Along the lines of Eq. (3.52), we have that

00 p—1
J? (C_IEA + Z AGau (t —l—nT))
- p—1 p— 1 0o T
=@+ ) ( : >qg;1"“ ( D AGaw(t+ nT)>

r=1 n=-—o00
p—1 p— 1 o)

~ T +JQZ( r )qé’;l‘r > AGaw(t+nT)  (3.84)
r=1 n=—oo

_J2qEA + Z AF e (t +nT).

n=—oo

Thus, up to O(1), both sides of Eq. (3.83) agree.

Finally, we confirm that Eq. (3.69) is satisfied. At non-zero frequencies, we have

i(— pw® 4 2) AGoa (w +Z " AF o (W) AGurrar (w) + O(T™) L (=1)%60r,  (3.85)

2Since Gaor (w) = O(1) with respect to T', gua (t) decays to zero as |t| — oo (at least to leading order).
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which agrees at O(1) due to Eq. (3.72). At zero frequency, we instead have

" — T ’;a” 0
> (-1)° (TJQQEA +ipJ g8 (Eax — 2T G A) (s + Sarra) + AF o (0) + fT()>

a//

=~ ~ao/ 0 =~ No/’o/ 0 se
+ZZ (TQEA + Agaa/(O) + gT()> <TQEA + Aga”a’(o) + QT()) :t (_1>a6aa"

(3.86)

The O(T') terms come out to be

r (iZQEA T Z<_1)a, ( 2480 AG a0 (0) + qEAAfaa”«))) +ipJ il (Eaux — 2quz/x21A)>

a//

Yet from the TAP magnetization equations, Eq. (3.36), it follows that

S (-1 <qEAAﬁaa/,(0) —(p— 1)J2qEA1A§aa//(O)> = —izqea — ipJ@ Eux. (3.88)

al/

Thus Eq. (3.87) evaluates to

—ipJ G Ean + DI GEA Y (1) AGaqr (0) + ipJ g € — 2ip P A =0, (3.89)

OC”

using Eq. (3.37). The O(1) terms of Eq. (3.86) determine §oq(0) and fo(0). We have therefore

confirmed that all saddle point equations are solved by Eqgs. (3.76) through (3.78).
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3.4.3 Contribution of connected solutions

It remains only to evaluate the action, Eq. (3.67), at the above solution. The action can be

written as
‘ X2 JTA A Gonl0)\”
San = ~Nun 3+ ot 27V <T>
T o [T (TP
+ = —1)ere / dt (—Gaa/ )P — Foo (1) G oo (T ) (3.90)
5 > (-1) i ; (t) (t)Gaw (1)

aa’

1 . .
+§ZlogDet[z(—1) Soer (= pa® + 2) + (—1)°* Faa,(w)]

Interestingly, we can determine Seg up to a single additive constant simply by noting that dSes/dEyx =
—1\ (recall that S is stationary with respect to variations in all quantities other than &£,,). With

A given by Eq. (3.78) and qﬁf_l/\ given by Eq. (3.41), we can carry out the integral to obtain that

Se[Eun] = Z 5; - (ppi 3 GG 531)2 —log (= Eun + /€2 — &) +C. BID)

for some unknown constant C'. Comparing to Eq. (3.42), this is highly suggestive that Sei =
—%(Eaux ). Of course, we do need to determine the remaining constant, and so we now turn to a
more elaborate calculation.

Rather than substitute Egs. (3.76) and (3.77) into Eq. (3.90), we instead use the simpler
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functions

é/aa/ (w) = TqEA(SUJO + Aéaa’ (w>7 (392)
Fro(@) = (T72a2" +ipI gl (Euwx = 276 A) (o + 0ura) ) b 595
T A;za’ 0 '
+ AF o (W) + ! T( >5wo,

and show that the error incurred in doing so vanishes at large 7.

Let us demonstrate that the error is negligible first. At any non-zero frequency, we have

that
G () = Fgl0) + 22 Fy) = ) + 22 aow
The partial derivatives of Seg at nonzero w are
_ 9% L jjara / ' dte*iwt<J2G ()~ F, /(t)> (3.95)
G o (W) 2 0 7
,vai = 1(—1)a+a/(|:i(—1)a5 /(—Mw2+2)+(—1)a+alﬁ ’ (w)] - —/T dte_thG /(t))
OF o (w) 2 aa’Jo 7

(3.96)
which vanish when evaluated at G, (w) = AGuo(w) and F_,(w) = AFpe(w). Thus the
O(T—1) difference between Goos (w) and G, (w), as with F,y (w) and F”,_, (w), translates only

to an O(T~?) difference in the action. Even after summing over all w # 0, the total error’

is only
o(T—1).

Neglecting non-zero frequencies, F”_,(w) is identical to Foo (w) and G, (w) differs only

3Since the G(t)P term is not diagonal in the frequency domain, this argument requires a bit more care.
One can easily show that 92S.;/0G(w)OG(w') is O(T) for w # 4w’ and O(1) for w = +w’. Summing
over all frequencies, the former case gives a total contribution O(T~3)O(T?) = O(T~!) and the latter gives
O(T=2)O(T) = O(T~'). The total error is thus O(T~!) as claimed.
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bY Gaa(0)dwo/T'. In the time domain, the latter corresponds to

! Naa’ 0 > ~aa, 0
Yet
aSeff - T _ 1\atao 2 p—1
o)~ 2 Y (F2Caa(®)™! = Faw (1)) + O(1). (3.98)

When evaluated at G/, (t) and F!_,(t), the O(T) contribution vanishes (see Eq. (3.84)). Thus
OSetr/OG oo (t) is O(1), and an O(T~2) change to G,/ (t) leads only to an O(7T~!) change in the
action even after integrating over t.

Since all errors are O(T~'), we can safely evaluate S.q at Eqs. (3.92) and (3.93) rather
than the full solution (we still use Eq. (3.78) for ). The first line of Eq. (3.90) can be computed

straightforwardly. It comes out to be

p(gaux - 2qu£‘271A)2 _ 1 1 _|_ QJQQSXQAQ (3 99)
2 SpJ2h PN p p '

where we used Eq. (3.73) to obtain the right-hand side.

Next consider the bottom line. Since F”_,(w) = AFu(w) for w # 0, while F’_,(0) =

F,.(0), we can write the determinant term as

% Z log Det [i(—l)a&m/( — pw® + 2) + (=1)** AF o (w)}

+ %log Det [iz(_l)a(gaa, + (_1>a+a/ﬁm/(0)] (3.100)

- %log Det[i2(— 1) o + (1) AFr(0)]
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The top line vanishes by exactly the same reasoning as in Sec. 3.3.3: it is proportional to 7" by the
Euler-Maclaurin formula, and then must be zero since the derivative with respect to 7" vanishes.

Given Eq. (3.37), the bottom line is simply
5 log DetAG,(0) = 5 log 4A°. (3.101)

For the middle line we take an indirect approach. We have that iz(—1)*0ae + (—1)*+* Foar(0)

is the matrix inverse to éaa/ (0) (using the full solution for the latter, Eq. (3.76)). Written out,

-1

iz + Fn(0)  —Fyu(0) Guu(0)  Gu(0) 1 Gu(0)  —Gu(0)

CDeG0) | g 0) @)

(3.102)

“Fu(0)  —iz+ Fy(0) Gru(0)  Gyu(0)

Rather than this (u,l) basis, express Eq. (3.102) in the (u + [,u — [) basis (called “classi-

cal”/“quantum” in the Keldysh literature), denoted (+, —):

Fo_(0)  iz+ F4(0) [ G~

DGO | g o) @)

(3.103)
iz+F,(0)  Fi(0)

We can read off that DetG (0)~ = F, (0)/G, (0). Note that we only need G- (0) and F, (0)
to O(T) in order to calculate the determinant to O(1). Thus the middle line of Eq. (3.100)

evaluates to (log .J%¢%,”)/2, and the total contribution of the determinant term is
1
5108 4T%q0 A2, (3.104)

Lastly consider the middle line of Eq. (3.90). Since G’ (t) = Gaa (1) (up to exponentially
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small corrections), > ,(—=1)*+*'G’ ,(t)? = 0 by virtue of Eq. (3.30). We are left with

__Z 1)ote’ / dtF ()G (1)
N—_Z yote’ / At Foer (1) Gaw ()

~3 S ( PTG (Eaux = 2T A) (O + Oara) + fmT(O)) Gl (0).
(3.105)

The first term is again proportional to > ,(—1)***'G" ,(t)» = 0. The second term would

aa’(
appear to be more problematic, since ﬁmz(()) (for which we have not given an explicit expres-

sion) contributes at O(1) due to CN;"M,(O) being O(T"). However, we only need the component

__(0)/T = F__(0), and from Eq. (3.103) we see that

~ 1 ~
F_(0)=—=—G__(0) (3.106)
DetG(0)
DetG( ) G++(0)
— 4T N? 1
— . A
s 0 () (3.108)
Eq. (3.105) evaluates to
1 1
2pJ G A (En — 2JGEETA) — 5 272N = 5 — 2J%¢E 2N, (3.109)

again using Eq. (3.73).

We finally have the large-7" limit of the action, given by the sum of Egs. (3.99), (3.104),
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and (3.109):

p—2 1 20p — 1) 2N 1 5 bt 9
Se'gaux - — —1 4] 1 A~ 3.110

Comparing to the complexity (&) given in Eq. (3.75), we see that S is precisely —3(Eyyy)-

3.4.4 Evaluation of the SFF

We have shown that, at a given &,,x and for each value of inverse temperature (3,,, there is
a solution to the SFF saddle point equations with Sy = —X(&,ux). The full (connected) SFF is
obtained by integrating over all &, and [3,,, as well as the symmetry-broken order parameter A
(which contributes an overall factor of 7") and an additional factor 2(1 + 0, even) from the discrete
symmetries. As in Sec. 3.3, it is more convenient to integrate over the energy density €(Euux, Saux)-
We show in App. B.2 that ¢(€, ) comes out to be precisely the argument of the filter function,
Eq. (3.68), when evaluated at the saddle point solution.

Our final result is that*

€+ (gaw()

, N
SFR(T, f) = [ETcf(H)e | 4+ 2(1+ 6, even) T /DY / AE gy eV =) /
27T 6—(£aux) 27T
(3.111)
where the inner integral runs only over the range [e_(Eux), €+ (Eax)] in Which solutions to the
TAP equations exist. Furthermore, one can easily generalize Eq. (3.111) by making the filter

function £-dependent, i.e., f(&, €uux). The resulting quantity is the SFF for the projection of the

system into certain TAP states.

4The factor /pN /27 comes from the integral over fluctuations in A — the variance is p/N (see Eq. (3.90)), and
the original fat unity introducing &,,x comes with a prefactor N/27.
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Compare Eq. (3.111) for the non-ergodic phase to Eq. (3.62) for the ergodic phase, and
recall the discussion of block-diagonal Hamiltonians in Sec. 3.1.1. Our result demonstrates that
each metastable (i.e., TAP) state can be thought of its own quantum chaotic subspace, one which
is independent of any others. This is the central result of our paper. While the qualitative idea has

been proposed in previous work [169], the present analysis both makes it precise and proves it.

3.5 Higher moments of the evolution operator

In this final section we consider higher moments of Tre=*7 i.e., the quantities

SFEC)(T, f) = B[ (Tr f(H)e‘iHT>n (Tef(r)e™) "} . (3.112)

The saddle points of these higher moments exhibit an interesting structure that will shed further
light on the distribution of TAP states, although care must be taken in interpreting the results. We

first present the calculation and discuss afterwards.

3.5.1 Effective action

The effective action governing the n’th moment is derived in exactly the same manner as
in Sec. 3.4. The only major difference is that now spins have a “replica” index a € {1,--- ,n}
in addition to a contour index « € {u,l}. We also include a separate fat unity defining E,ux o for

each replica. The result is (compare to Egs. (3.66) and (3.67))

SFE™(T, f) = / dEundNDGDF [ f(€aul G)) f (€arlX, G]) e VSlbwaAGF] 0 (3.113)

a=1
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T
Sett[Eauxs A, G, F] = —ZZA Eaxa — = / dt> (—1)"z40(t)

0 ax

‘I'Z )\a)\a/ L/Tdtdth (t '[;/)
a’ 2pq[Gaa]p/2q[Ga/a/]p/2 T2 0 au,a’u 9

+ 3 v [ v (5 [ @Gt t))

acx

1 a—l—a 2 / / /
+ 5 /0 dtdt Z Z ( aa,a’o/ (t7 t )p - Faa,a’a’ (t7 t )Gaa,a’a’ (t7 t )

aa’ aa’

p

+5 L log Det [i(—1)a5m,5m, (402 + 2a0) + (—1)°‘+a’Faa,a,a,} . (3.114)

with energy densities

eaocp‘a G] = —garszaa7aa(0+’ O)

i TdtZ(—l)O"G 10—y — 2 1/TdtG (,0) '
aa,a’a’ \by l ” pq[Ga,a,]p/Q T 0 ac,a’u\by .

b 0 a'a’

(3.115)

The saddle point equations are therefore

T
i (40} + 24) Gaaarar (t — 1) + / dt" Y " (=1) Foaaran(t — ") Garan aror (1" — ')
0 "

a Oé//

= (—1)*60ar0aard(t — '), (3.116)

Faa,a’a’ (t) = J2Gaa,a’a’ (t)pil

J )\a )‘a’ Gaa oo (0) L
— —(5au - _5a’u et hetha i S T 7 3117
T (q[Gaa]p/2 T G ) ( ) +0(T™7), (3.117)

152



~ p ~ p
iJT { Conrer(0) i At [ Conara0)
e = e 3 (—1)° ’ - ) ’ .
Fune = G 2V < T ) PGl 2 4G W( T

aa ] a’a
a

(3.118)

Note that Eqgs. (3.116) through (3.118) have the following permutation symmetry with re-

spect to replica indices. Suppose that G, F, and )\ constitute a valid solution. For any permutation
7 of the set {1,--- ,n}, define 7,(a) to be the permuted element 7(a) if « = [ but simply the

original element a if o = u. Then the quantities G, F, and ) defined by

Goaaa (t ) = Grp@yam @) (1), Foawa (V) = Fr @am, @) (1), Ao = Mg,

(3.119)

constitute an equally valid solution. This symmetry has a nice graphical interpretation in terms

of pairings between upper and lower contours, illustrated in Fig. 3.5: however contour au is

correlated with @'l in a given solution, there is an alternate solution in which au has the same
correlation with 7(a’)l.

One trivial solution to the saddle point equations is to use the solution from Sec. 3.4 for

a = o’ while setting all cross-replica elements to zero. The action then decomposes into a sum

of single-replica actions, which we evaluated in Sec. 3.4. In other words, this contribution to the

n’th moment is simply SFF(7’, f)". However, by the permutation symmetry described above, we

actually have n! such contributions:
SFF™(T, f) = n!- SFR(T, f)" + - - - |, (3.120)

where the ellipses denote additional solutions.
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lu @ I O
1l O - ®
2u ® . ‘o)
21 O - O
Pairing A, Pairing B, Pairing A, Pairing B,
same TAP state same TAP state different TAP states different TAP states
lu 2u lux2u lu 2u lu\ 2u
11 21 11 21 1/ 21 1 21

Figure 3.5: Graphical representation of the various saddle point solutions for the n = 2 moment.
The four contours — 1u, 1/, 2u, 2] — are shown at the top. Below are the four varieties of
solutions: each upper contour must be paired with a lower contour, but one is free to choose
which replicas are paired, and there is further freedom in which TAP state each pair lies within
(blue and orange lines indicate two different TAP states).

3.5.2 Connected solutions

In general, for arbitrary values of &, ., we have been unable to find any further saddle
points. However, when some replicas have equal values of &,,, we can construct additional
solutions. Pick any set of inverse temperatures 3, (not necessarily equal), and suppose that the
replicas {1,--- ,n} partition into groups A = {ay,--- , a4}, such that &,y , equals a common
value Eyyx 4 for all a € A. We again take Guq a0/ (t — t') to be the solution from Sec. 3.4. For a
and ¢’ in different groups, we still set G 4o = 0. For a and o’ in the same group A, however,

we now set

Gaa,a’a’ (t - t,) - (QEA,aQEA,a’)1/27 (3.121)
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where gga , is the Edwards-Anderson order parameter corresponding to x4 and j3,. This corre-
sponds to the replicas lying within the same TAP state (see Fig. 3.5). We can write this compactly

as

Gaa,a’a’ (t) - (QEA,aQEA,a’)1/2 + 50,(1’ (Aga,aa’ (t) + O(T—l)) . (3122)

Inserting into Eq. (3.118), we have that A\, must obey

> N = ip(Eaxa — 2T AG) + O(T ). (3.123)

a’€A

Note that, by virtue of Eq. (3.41), J qgl/f’;lAa is a function solely of &,x 4. Thus Eq. (3.123) is

consistent among all a € A. The self-energy is then given by

Faa,a’o/ (t) - J2 (QEA,GLQEA,G/) oz + 5aa’A]:a,oco/ (t)

qp—l qp—l
PAY N abau + || =2 X | +O(T7Y). (3.124)

QEA,a QEA,a

It remains only to check that Eq. (3.116) can be satisfied. It is automatically solved at non-zero
frequencies, since then G (w) and F'(w) reduce t0 8, AG (w) and 8, AF (w) respectively. At zero
frequency we confirm that the equation is solved to O(T") (the O(1) terms only determine sub-
leading corrections). Following the same steps as in Sec. 3.4.2, the left-hand side of Eq. (3.116)

simplifies to

IT\/ Gr s Gen,a (Z Nar + 2i(p — 1) T g2l Ao + 20T qh) Ay — ipgauxﬁ) =0, (3.125)

a’eA

as desired.
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Note that in this solution, only the sum ) ), is determined — all orthogonal components
of the vector \ are free to take any values. This does not imply that there are multiple such
solutions, however. Returning to the effective action in Eq. (3.114), the fact that the saddle
point equations determine only Gz, F', and Za A, means that, if we first integrate over them, the

resulting A-dependent action is of the form

14|

Ser[Eas A = S [e > Aa] i) > AaaptianEaars (3.126)

aa’ b=2

for some function S of the single quantity ) A, (as well as all £,,) and for any choice of
orthonormal basis vectors u,, orthogonal to the all-1 vector. When we integrate over Y A uap,
we thus get a d-function forcing Za, UabEaux,or = 0. Together, the d-functions force all Eyy , tO
equal a common value &, 4. Not only is this consistent with our original assumption, it shows

that our construction cannot work for any other values of &,y 4.

3.5.3 Contribution of connected solutions

To evaluate the action, note first of all that since the numbers (3, define a continuous family
of solutions, and since the action is by definition stationary at these solutions, all choices of 3,
must give the same value of the action. We thus take all 3, to equal a common value [ for

simplicity. The action evaluated at this solution still decomposes into a sum over groups, but now

156



the contribution of a single group A is

Seft[Eaux] = zé’duxZA +—<Z)\) +21Jqp/2 1/\2)\a

acA acA acA

T 2
+ E Z/ dt Z(_l)a-l-a’ (J_Gaa7£w/<t>p — Faa’aa/ (t)Gaa,aa’ (t)) (3127)
aa’ 70 aa’ p

1 /
+5 log Det [z’(—l)aém,&m/ (10} + 2) + (=1)** Fm,a,a,} .

Note that now ., gea, and A are all independent of the replica a (within a given group A). We

are also free to set all A\, = A\, meaning that our saddle point solution simplifies to (in frequency

space)
Ganarar (@) = Tqeadin + da (ACLQ/ () + O(T—l)), (3.128)
~ JaP/F 1 Eox — 27 p/2=1
Faa,a/oc ( ) (TJ2 g Zp Ien ( ‘A’ Ien ) (5ocu + 50/u) 50.10

F Oaar AF e (W) + O(T7Y), (3.129)

Zp

A=
4]

(Eax — 2JEA) +O(T7Y). (3.130)

Eq. (3.127) can be evaluated following the same procedure as in Sec. 3.4.3. Directly sub-

stituting Egs. (3.128) through (3.130) gives

5 T 1 ~
Seff[gaux] = 2 J2 EAQ/X2 QEA Z Z a—l—oz aa ,a'a! ) - 5 Z log DetGaa,a’a’ (w),
(3.131)

and we again must determine certain components of F (0) and DetG (0). As before, it is expedient

to use the (+, —) basis with respect to contour indices. We also switch to the Fourier basis with
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respect to factor indices: from Eq. (3.128),

|l
~ 1 . 1/ =~
Ghrarar (w) = m Z p2miab—a’b )/\A\vaa,a, (w)
aa'=1 (3132)

= T'| Algeadb00r00w0 + Oy <A§o¢o/ (w) + O(T_1)>.

Thus DetG (w) factors with respect to b, and furthermore, >, log Det(Gy(w) ~ 0 forall b # 0 as
in Secs. 3.3.3 and 3.4.3. For b = 0, the determinant is calculated by comparing to the b = 0 block

of iz(—1)® + (—1)*t* F(0), written in the (+, —) basis (compare to Eq. (3.103)):

ﬁo-,o- (0) 1z + ﬁo—,0+(0) 1 60—,0—(0) —éo+,0— (0)

- 3.133
DetGg(O) ( )

iz 4+ For0-(0)  Foyo4(0) ~Go_0+(0)  Goyo1(0)

We see that DetGo(0) = Goio4(0)/Foyo0r(0) ~ 1/J2¢%2, and Fy_o_(0) (which is in fact
the only element of }N?(O) needed in Eq. (3.131)) is given by CNJO_Q_(O)/DetCNJO(O) ~ (1-
4.J%¢2 2 A?) /2T | A|gea. The action evaluates to

p—2 1 2(p — 1) g A 1 p—2

— +3 log 4J%q5, " \?, (3.134)

Se gaux -
irEan 2p +8pJ2q§;2A2 j%

which is again precisely —3(E,ux ).

3.5.4 Evaluation of the Higher SFF

In the above calculation, note that we get a single contribution of complexity for the entire

group A. However, there is still a factor (27')4!(1 + 6, even )24/ ~* due to the separate time transla-
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tion, time reversal, and reflection symmetries of each replica’. Finally, the sum over all connected
solutions amounts to a sum over the possible ways of partitioning n elements, in addition to the
n! ways of pairing upper and lower contours. Using P = {A;,---, Ap|} to denote a partition,

we have that

N
SER(™ Tf——mE:IIﬂM1+@mm”mlﬂﬂwp /ﬁgmﬁ (Eus.)
P AeP
HUXA deauxa
11 / F(eanea)®

acEA Aux A

(3.135)

In particular, suppose the filter function is chosen so as to have a small width A€ < 1/N around
a certain value £ (as in Sec. 3.4.4, the above calculation can easily be modified to allow for

&-dependent filter functions). Then the n’th moment simplifies to

™

o [ de, "
x2u+@m@T/ — fleaw)® | - (3.136)
e_ (&) 2m

1P|
N
SFF("(T, ) —n'Z( ];—eW%g)

Eq. (3.136) has a nice interpretation as the n’th moment of a sum over a Poisson-distributed
number of Gaussians. To be precise, suppose we have an infinite sequence of i.i.d. complex
Gaussians, {Z;}22,, each with EZ; = 0 and EZ;Z = o>. Consider the sum S = YV 7,

where M is itself a Poisson-distributed random variable with mean p. The n’th moment of 5SS,

The contribution (1 + &, even) 24171, rather than (1 + 6, even) Y], is because reflecting all spin configurations
does not change the values of any overlaps.
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averaging over both Gaussians and M, can be written

E[S"S"] = pu(m)E (Z ZZ) (Z Z;) =n! Y pu(m)(mo®)"  (3.137)

where p,(m) denotes the Poisson distribution of mean 4, and Wick’s theorem is used for the
latter equality. It is known that the n’th moment of a Poisson distribution is ), p'Pl, where the

sum is again over all partitions of n elements. Thus
E[S"S*] =n!>  ulPlo™. (3.138)
P
If we associate o2 with the SFF of a single TAP state at &,

flean)?, (3.139)

+(€) de
2 _ 2(1 ) . 271/‘ aux
g ( + pe en) () o

and associate p with the number of TAP states,

- N
= (14 Gpom) /5" OAE, (3.140)

then Eqgs. (3.136) and (3.138) are identical.

It is quite tempting to interpret this as saying that the number of TAP states at £ is Poisson-
distributed with mean given by Eq. (3.140), and that each TAP state has a Gaussian-distributed
value of Tre~'T with variance (i.e., SFF) given by Eq. (3.139). We are not aware of any results

in the literature which would contradict such a claim. However, keep in mind that SFF™ has

perturbative corrections around each saddle point which are suppressed by powers of N, whereas
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every connected partition in Eq. (3.136) is suppressed exponentially relative to the fully discon-
nected one, whose contribution is given by Eq. (3.120)°. Thus we cannot claim to have rigorously
computed the n’th moment to any level of accuracy beyond the disconnected piece. Nonetheless,
the structure of saddle points which we have identified is highly suggestive and warrants further

investigation.

3.6 Concluding Remarks

The focus of this paper was the derivation of Eq. (3.111), which gives the connected SFF
of the quantum PSM in the non-ergodic phase. Our result demonstrates that each metastable
state (i.e., TAP state) can be considered as an independent chaotic phase with an independent
RMT-like Hamiltonian, at least as far as level statistics are concerned.

It is interesting to compare our result for the PSM with Ref. [75], which performs a similar
calculation for the SYK model (the latter is structurally quite similar but with fermionic degrees
of freedom). In the ergodic phase, we find an essentially identical result using extremely similar
methods. Below the dynamical transition, however, the PSM displays an enhanced ramp quite
different from that of the SYK model, which has no analogous phase.

Since we only calculate the SFF up to times polynomial in system size, our results are
consistent with but do not test the distinction between localized and delocalized phases shown in
Fig. 3.3, which is only relevant beyond the exponentially long timescale corresponding to tunnel-

ing between TAP states. We leave it for future work to incorporate such instanton effects into the

®At sufficiently low energies, where the function (&) is negative, the situation is reversed and the fully con-
nected partition dominates. The issue remains, however, that we do not calculate perturbative corrections around
the dominant saddle point. Furthermore, the relevance of these moment calculations to individual realizations of the
PSM is much more suspect when (&) < 0.
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path integral, expecting that they will reduce the SFF to the random matrix result precisely in the
non-ergodic delocalized phase (and even then only beyond the exponential tunneling timescale).
At the same time, consideration of exponential scales can allow one to identify a plethora of ad-
ditional dynamical phases (see Ref. [160] for an example), and so the structure of instantons in
these spin glass models may be quite rich.

In addition to the SFF, we have also considered higher moments of the evolution operator.
We identified an important family of saddle points and evaluated its contribution to these higher
SFFs (Eq. (3.136)). The results suggest that: i) the number of TAP states at a given energy
is Poisson-distributed, and ii) the numbers of TAP states at different energies are independent.
However, since we have not evaluated the perturbative corrections around each saddle point,
which at finite complexity would generically dominate over any subleading saddle points, we
cannot claim to have an accurate calculation. It is another direction for future work to study the
distribution of TAP states more systematically.

Our results can be further understood by comparing to Refs. [116] and [178] on one hand
and Refs. [179] and [180] on the other. The first set of papers argues that for a system which
separates into weakly coupled sectors, the SFF enhancement is the sum of return probabilities
over all configurations. If the time evolution can be considered as an effective Markov process
with transfer rates between sectors given by some matrix M, then the SFF enhancement factor
is TreM” . The second set of papers argues that for a classical spin glass undergoing Markovian
stochastic dynamics with generator M, the number of TAP states can be calculated — and per-
haps even defined — as TreM7. In this sense, the present paper can be considered as a “missing
link” that extends the results of Refs. [179] and [180] to quantum systems.

The fact that SFF enhancement is related to return probabilities suggests that the spectral
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statistics of spin glasses may contain information on aging dynamics as well. Another open
question is whether the equilibrium replica-symmetry-breaking transition has any consequences
for spectral statistics. These, as well as those already mentioned, are all promising directions for
future work.

Finally, let us briefly comment on the case p = 2, which — being a Gaussian model but for
the global spherical constraint (and still integrable in any case [181]) — exhibits very different
behavior than the p > 2 models considered here. The spectral statistics of the analogous SYK
model with two-point interactions among fermions have been studied in the mean-field limit [117,
118], and found to have ramps growing exponentially in time. One explanation for these ramps is
the spontaneous breaking of a hidden SU(2)* symmetry in the saddle point equations, since for
p = 2 the matrix G has a separate SU(2) conjugation symmetry at each frequency. Inspections
show that the p = 2 spherical model has the same symmetry at tree level, although it is broken by
higher loop effects. A full analysis of this system would be yet another excellent topic for further

research.
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Chapter 4:  Slow Relaxation in a Glassy Quantum Circuit

Authors: Richard Barney, Yunxiang Liao, Victor Galitski

Abstract: Quantum circuits have become a powerful tool in the study of many-body quan-
tum physics, providing insights into both fast-thermalizing chaotic and non-thermalizing inte-
grable many-body dynamics. In this work, we explore a distinct intermediate class—glassy
quantum systems—where thermalization occurs, but over very long timescales. We introduce
and analyze a Floquet random quantum circuit that can be tuned between glassy and fully ergodic
behavior through a single adjustable parameter. This circuit can be understood as the unitary ana-
log of the block Rosenzweig-Porter model, which is defined by a Hamiltonian. Using an effective
field theory for random quantum circuits, we analyze the correlations between quasienergy eigen-
states and thereby determine the time evolution of the disorder-averaged density matrix. In the
intermediate regime the circuit displays a two-step thermalization process: an initial relaxation
within weakly coupled sectors followed by a later, global thermalization. We also show that the
ramp of the spectral form factor is enhanced by a factor of the number of sectors in the glassy
regime, as well as at early times in the intermediate regime. These results indicate that quantum
circuits provide an ideal platform for the exploration of nontrivial thermalization dynamics in

many-body quantum systems, offering deeper insights into quantum thermalization.
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4.1 Introduction

Understanding which type of isolated quantum interacting systems, when starting from an
out-of-equilibrium initial state, eventually relax to thermal equilibrium is a foundational ques-
tion for the validity and applicability of quantum statistical mechanics. This question is partially
addressed by the eigenstate thermalization hypothesis (ETH) [29-31, 139], which suggests that
quantum chaotic systems, characterized by particular energy eigenstate statistics, can achieve
thermal equilibrium under their own dynamics. Compared with earlier attempts which try to
explain thermalization in isolated quantum systems, ETH can distinguish systems that can ther-
malize from those that cannot, based on different statistical properties of their energy eigenstates.

ETH may break down in certain types of quantum systems, including integrable systems
with an extensive number of conserved quantities [132, 182—-186] and many-body localized
(MBL) systems where strong disorder prevents thermalization even in the presence of interac-
tions [187-192]. While there is a substantial number of numerical [193-201] and experimen-
tal [202-211] studies supporting MBL in small size systems, the existence of MBL in the ther-
modynamic limit remains a topic of active debate [212-217]. Additionally, there exists a spe-
cial type of non-ergodic system where thermalization can occur, but at an extremely slow rate:
glasses [2,7, 12, 15, 16, 18, 145, 146, 164, 167, 218, 219]. The slow relaxation dynamics in these
systems remain relatively less explored, particularly concerning the the underlying microscopic
mechanism.

Wigner-Dyson energy level statistics [33, 220] has been widely used as a defining property
of quantum chaotic systems [75, 149, 221-225], based on the Bohigas-Giannoni-Schmit conjec-

ture [32]. By contrast, integrable systems and MBL systems instead exhibit Poisson statistics
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[115, 193]. Recently, it has been demonstrated that a particular quantum spin glass model, the
quantum p-spherical model, exhibits energy level statistics distinct from those of quantum chaotic
systems and of integrable systems [2]. Its statistical properties are analogous to that of a random
matrix model which falls outside the Wigner-Dyson class, known as the block Rosenzweig-Porter
model [1]. In particular, the spectral form factors (SFFs) [226, 227]—a diagnostic of energy level
statistics—of both the quantum p-spherical model and the block Rosenzweig-Porter model ex-
hibit a linear-in-time ramp, analogous to Wigner-Dyson statistics, but with a coefficient that is
enhanced by the number of weakly coupled sectors (metastable configurations).

Quantum circuits have become a widely used platform for the study of many-body quan-
tum physics and can be implemented in digital quantum simulators in various experimental plat-
forms [228-235]. In particular, some of their fine-tuned properties, such as dual unitarity [114,
236-238] or the randomness of the quantum gates [127, 222, 239-246], allow for exact theoret-
ical investigation of the thermalization dynamics as well as other chaotic behaviors which also
occur in more realistic quantum chaotic systems. This makes quantum circuits an ideal candidate
for the exploration of ergodicity breaking and realization of glassy phases characterized by ex-
tremely slow relaxation processes, leading to a deeper understanding of the fundamental question
of quantum thermalization.

In this paper, we propose a Floquet random quantum circuit, a random circuit with discrete
time-translation symmetry, which can exhibit slow glassy thermalization dynamics. The Floquet
operator of this quantum circuit can be considered as a unitary version of the block Rosenzweig-
Porter model. The quasienergy eigenstates and eigenvalues of this glassy quantum circuit possess
statistical properties distinct from those of quantum chaotic systems. Its relaxation towards ther-

mal equilibrium involves two steps: first thermalization occurs within different sectors that are
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Figure 4.1: (a) The time periodic glassy random quantum circuit’s Floquet operator. The first
layer involves independent random phase gates ®; acting individually on the first L — D qudits,
together with a CUE random matrix W acting on the remaining D qudits. The subsequent layers
include an independent CUE matrix V/, a global quantum phase gate ©, and VT, all acting on the
entire chain of qudits. The random phase gates ¢ and © are diagonal matrices with dimensions ¢
and ¢*, respectively. The phases in ® are independently and uniformly distributed over (—, 7],
while those in © are independently Gaussian distributed with zero mean and variance o2. By
tuning o, the process of thermalization can be significantly slowed down, and it is completely
prevented in the ¢ — 0 limit, in which case only the first layer is effective. (b) A schematic
representation of the Floquet operator implemented with local gates. In practice, the global oper-
ators W, V and © can be implemented using layers of local quantum gates that act on individual
or neighboring qudits, as long as the effective time evolution operators exhibit the same statistical
properties.

weakly coupled to each other; then this is followed by global thermalization across the entire
Hilbert space. Moreover, by tuning a parameter in the model that represents the strength of the

coupling between different sectors, the rate of global thermalization can be made extremely slow.
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4.2 The circuit

The Floquet quantum circuit under consideration consists of a one-dimensional chain of L
qudits, each with ¢ internal levels. For our analytic calculation, we focus on the large ¢ limit.
The qudits evolve under discrete and periodic applications of unitary quantum gates depicted in

Fig. 4.1(a). In particular, the Floquet operator U takes the form of

L—D
U=viev (@ <I>Z-®W>. (4.1)

=1

Here ®; = diag (ewgi), o ewgi)) represents a random phase gate acting on a single qudit at site
1 <+ < L — D, with the diagonal matrix element ¢§i) being independently and uniformly
distributed within the range (—m, 71]. © = diag (", ..., %" ) is another random phase gate that
acts on all qudits, where each random phase 6; follows an independent Gaussian distribution with
zero mean and variance o2. W (V) is a Haar-distributed M x M (N x N) random unitary matrix
acting on sites [L — D + 1, L] (all sites), where M = ¢P (N = ¢*) is the Hilbert space of D (L)
qudits. In practice, the random unitary gates 11" and V' can be constructed from layers of two-qudit
unitary gates, such that the statistical properties of the resulting effective time evolution operators
match those of the circular unitary ensemble (CUE) of the same dimensions [84]. Similarly, the
global random phase gate © can also be generated from a series of single-qudit random phase
gates (Fig.4.1(b)).

The time evolution operator for the first layer of quantum gates <®f:_1D D, ® W) =
@il A® has a block diagonal structure with each diagonal block being an M x M matrix

of the form A% = ¢V, Here P is defined as P = N/M. All phases ¢, are given by
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sums of L — D random phases from the set {¢§l)|j =1,2,...,q;1=1,2,.... L — D}. Using
the fact that ¢§1) are independently and uniformly distributed, one can show that the correlation
<A§? (A(l'))},i/> = O 0;70,5: /M, identical to the correlation of statistically independent CUE ma-
trices of dimension M. Here we have used the angular bracket to indicate ensemble averaging.
In the following, we approximate A"), [ = 1,2, ..., P, by statistically independent CUE matrices
of dimension M to simplify the calculation, believing this approximation effectively captures the
essential relaxation behavior of the glassy quantum circuit under consideration.

The remaining layers of quantum gates VOV couple the diagonal blocks A, with the
coupling strength tuned by the variance o of the random phase gate ©. When o = 0, © becomes
an identity matrix, making the Floquet operator U = @i 1 A block diagonal. In the opposite
limit o >> 1, the coupling between A becomes so strong that we expect the random circuit to
be quantum chaotic with Wigner-Dyson statistics. In the intermediate regime where o ~ O(1),
the Floquet operator U possesses a structure analogous to that of the block Rosenzweig-Porter
model in the intermediate regime, which serves as a minimal model for quantum spin glasses.
Therefore, similar glassy behaviors in its relaxation dynamics are expected in this intermediate
regime.

The correlation of the Floquet operator U is given by,

1+ Ne @ 1—¢°
(U] e ‘ ) (4.2)

Here B(i) = [i/M] denotes the block index to which the integer i belongs when the N x N
matrix is divided into P x P blocks, with each block being an M x M matrix. When o = 0,

this correlation function reduces to that of a block CUE, i.e., an N x N block diagonal matrix
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with statistically independent CUE matrices of dimension M as its diagonal blocks. In the large
o limit the first term becomes much smaller than the second term, which reduces the correlation
function to that of a CUE matrix. However, due to the difference in the Kronecker delta functions

of both terms, the first term cannot be simply ignored when investigating the relaxation behavior.

4.3 The quasienergy eigenstate correlation function

To investigate the statistical properties of the quasienergy eigenstates and eigenvalues of the
Floquet random quantum circuit as well as its relaxation behaviors, we compute the following

correlation function of the quasienergy eigenstates

Cnn’m’m(w) = <Z wﬁ(qﬂg/)*qﬁ;'(zﬁfn)*é% (W —E,+ E,,)> . (4.3)

2l

Here ¢* denotes the n™ component of the quasienergy eigenstate with quasienergy F,, and da,
represents the 27-periodic Dirac delta function. The Fourier transform of C,m(w) is the

correlation function of the matrix elements of the time evolution operator U (¢) = U,

Cronrmm (1) = <U,m, (t)U;,m(t>> . (4.4)

From this eigenstate correlation function one can obtain the time evolution of the density matrix

p(t) starting from an arbitrary initial state p(0):

(Pam (1)) =Y Contrintin (£) prran (0), 4.5)
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as well as the SFF:

K@) =(|TrU®)) = Conmm(t). (4.6)

To compute the eigenstate correlation function for the Floquet quantum circuit under con-
sideration, we employ a sigma model [81, 247, 248] approach developed in Refs. [249, 250].
Since the detailed calculation is analogous to that in Ref. [250] for a family of chaotic quantum
circuits, we leave the full derivation to Appendix C.1. By focusing on the quadratic fluctuations
around the standard saddle point in the sigma model, we obtain the smoothed eigenstate correla-
tion function C,,,/pm(w), where the 27 —periodic Dirac delta function in Eq. 4.3 is replaced by
a sharp Lorenzian L, (w) = >0 e™n~ I /27 of width M ! < < 1 [248]. This smoothed
correlation function measures the overlap of pairs of the quasienergy eigenstates j, v whose en-
ergy separation E,, — E, is close to w, weighted by the Lorenzian L, (w — E,, + E, ). Note that
both 77 and 1/¢ serve as the small parameters in our perturbative calculation [248, 251, 252]. To
obtain oscillatory corrections to the smoothed correlation function, which reveals the structure
of nearby quasienergy eigenstates, or to investigate the small ¢ case, it becomes important to

consider the fluctuations beyond the quadratic order. We leave this investigation for future work.

The smoothed quasienergy eigenstate correlation function takes the form:

Onn’m’m(t) - 5nn’6mm’ (57?,0 + (t)) + 5nm6n’m’02(t)

+ 5nn’5mm’ 5B(n),B(m)CS (t) + 5nm6n’m’5B(n),B(n’)C4 (t), (47)
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Figure 4.2: The glassy quantum circuit’s (a) smoothed SFF K (t) (Eq. 4.9) and (b) the time
dependence of the expectation value for a physical observable O(¢) in the intermediate time
regime (Eq. 4.1). Panel (a) shows the SFF in the intermediate o regime (blue curve), which
crosses over from the enhanced ramp for block CUE associated with 0 — 0 (green curve) at
early times to the standard ramp of CUE corresponding to ¢ — oo (orange curve) at later times.
Panel (b) illustrates the relaxation of the expectation value of physical observable O(t) from the
block thermalized value Ogyy, to the fully thermalized value Oy, using Eq. 4.11. The relaxation
rate is also given by o. Note here we show only the regime where the terms involving p(0) and
ps(0), which are important for the early relaxation from O(0) to Ogy, are negligible.

where, to the leading order,

1 —to? 1 + 6_02 —to?
at) =5z |t +e )—1_—6,02(1—6 )] ,

1
co(t) = N <1 - e_t"2> ,

| [ opes? (4.8)
es(t) = 5 % (1 - e_t"2> + (P? = 2P)te™*" — PX(e™'" — 6,0) ],

— 6*0' ’

1

C4(t) = M (e—t0'2 — 61570) .

See Eq. C.21 for the corresponding expression in frequency space. We emphasize that this ex-
pression, obtained from the Fourier transform of the smoothed eigenstate correlation function in
frequency space, applies only at times much shorter than the block Heisenberg time, which is of

the order O(M).
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4.4 The spectral form factor

The smoothed SFF can be derived from Eqs. C.29 and C.27:

K(t)=e " tPt+ (1 —e 7t + N25,0. (4.9)

As expected, this result reduces to that of the CUE when ¢ — o0, and to that of the block
CUE when ¢ — 0. In both cases, the SFF exhibits a linear-in-¢ ramp, but the ramp in the latter
case is enhanced by a factor of the number of blocks P. This enhancement is straightforward to
understand since the SFF for the block CUE is simply given by the summation of the SFFs for
each individual CUE block. Note that the plateau in the non-smoothed SFF occurs at large time
and therefore cannot be recovered from the current perturbative calculation. In the intermediate
o regime, the SFF of the current model interpolates between the limits of 0 — 0 and 0 — o0, as
shown in Fig. 4.2(a). Specifically, it crosses over from the enhanced ramp of the block CUE at
small times to the standard ramp of the CUE at larger times, with the rate o. This SFF structure
resembles that of the block Rosenzweig-Porter model [1]. Notably, a similar enhanced ramp is
observed in the SFF of the quantum p-spherical model [2], with the enhanced factor P being the
number of metastable states.

We also calculate the SFF to leading order using the diagrammatic method for integration
over the unitary group developed by Brouwer and Beenakker [253]. The details of this calculation

are contained in Appendix C.2. With this method we find that, for times much less than the
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Figure 4.3: Comparison between the diagrammatic result for the SFF (Eq. 4.10) and numerics
at different values of ¢ for a system of 10 qubits (¢ = 2, D = 6). The thin dark curves are
the theoretical results while the wider light curves are the numerical results averaged over 10°
realizations of the Floquet operator. The numerical results were obtained by treating the first
layer of gates as a direct sum of independent CUE matrices.

Heisenberg time, the SFF is
K(t) = e " "Pmin(t, M) + (1 - e*°'2f> £+ N2, (4.10)

This is in agreement with the result from the sigma model approach at times less than the block
Heisenberg time (Eq. 4.9). Comparison of this diagrammatic result with numerics is shown in
Fig. 4.3. We see that there is good agreement at times much less than the Heisenberg time. The
oscillations in the numerical results at early times are a result of the finite system size. If we
naively extend the diagrammatic result to later times by saying Eq. 4.10 holds for ¢ < N and the
SFF is at its plateau for all later times, there is still good agreement with numerics at these late
times, so long as the time at which the SFF moves from the glassy result to the CUE result is not

on the same order as the Heisenberg time.
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4.5 Relaxation behavior

From the eigenstate correlation function in Eq. C.27, we can also directly study the the time

evolution of the density matrix using Eq. 4.5:

(p(t)) = (00 + c1(t)) p(0) + Nca(t) pen
@.11)

+ c3(t)ps(0) + Mey(t) pain,

where c;(t) are given by Eq. C.28 to the leading order. Here py, = 1/N is the thermal density

matrix at infinite temperature. pg(0) and pgq, are defined separately as

(pB (0))nm :pnm(o)(SB(n),B(m) )

d

(thh (0))nm :ﬁ tI‘B(n) p(0)7

(4.12)

where tr; denotes the trace restricted to the i-th diagonal block, defined as tr; A = Zj\il Ai( M—1)45,i(M—1)45-
In particular, pg(0) is the initial density matrix p(0) with all off-diagonal blocks set to zero, mak-
ing it block diagonal with the same diagonal blocks as p(0). pgt, is the block thermal density
matrix to which the system, constituted of independent chaotic blocks of equal dimensions, will
eventually relax.

In the limits ¢ — oo and 0 — 0, the time evolution of the current model’s density matrix

(p(t)) agrees, to the leading order, with that of CUE (pcye) and block CUE (pgcye), respec-
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tively !,

Ky(t)—1 N? — Ky(t)
<pCUE(t)> :hp(O) + NQ—_]\ipth, (4133)
Ky(t) —1 M? — Ky (t
(pecuEe(t)) =01,0p(0) + (% - 5t,0> pe(0) + W——Ai()thh' (4.13b)

Here K,(t) = min(t,d) + d?d,¢ represents the SFF for CUE of dimension d = N, M. For
generic quantum chaotic systems, Eq. 4.13a is also expected to hold with K y(t) replaced by
the system’s actual SFF, which now contains an early time non-universal slope in additional
to the universal ramp and plateau. It is this non-universal slope which determines the detailed
relaxation dynamics of the systems [254]. For the block CUE described by Eq. 4.13b, the system
now thermalizes within each individual sector and its density matrix eventually relaxes to pgih.
Since its sectors are uncoupled from each other, it can never fully thermalize to py.

In the intermediate o regime, substituting Eq. C.28 into Eq. 4.11 shows that the term in-
volving p(0) in (p(t)) instantly becomes negligible while the term involving pg(0) remains small
compared to the other terms. This may no longer be the case for small g, where ¢;(¢) and c3(¢)
are expected to initially decay at a rate determined by ¢, similar to the slope in the SFF. While
Eq. C.28 shows that the magnitudes of ¢; 3(¢) can grow with time, their contributions are expected
to remain small. A non-perturbative analysis is required to determine the behaviors of ¢, 5(t), as
well as their contribution to (p(t)), at large times or for finite ¢. By contrast, terms involving py,
and pge in (p(t)) are non-negligible, and also comparable with each other in the intermediate

o regime. The corresponding coefficients behave such that Ncy(t) grows to 1 over time, while

"More precisely, the coefficients in front of all p's agree with those of the CUE and block CUE to the leading
order
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Mec,(t) decays to 0, at the rate o. This indicates a relaxation from the block thermalized density
matrix pgy, to the globally thermalized one py,. This process can be made extremely slow by
tuning o.

In Fig. 4.2(b), we illustrate schematically the relaxation of the expectation value O(t) =
(tr(p(t)O)) for an arbitrary physical observable O from the block thermalized value Ogy, =

Tr(Opgwn) to the fully thermalized value Oy, = Tr(Opy,). It is described by

O(t) = e 'Oy + (1 _ e—a%) O (4.1)

In both Fig. 4.2(b) and Eq. 4.1, we focus on the relaxation from block thermalized Og;;, to the
global thermalized Oy, and therefore have ignored contribution from terms involving p(0) and
pe(0) in (p(t)), which are important for the initial relaxation from O(0) to Og,. To fully capture
the explicit time dependence of O(t) over the entire thermalization process, especially early re-
laxation from O(0) to Og, the higher order terms in ¢, 4(¢) are needed, as their contribution to
Eq. 4.11 becomes comparable to that of ¢; 3(¢). However, the existence of a two-step relaxation
process is apparent even just from the current leading order result. This process consists of an
early time thermalization within individual sectors from O(0) to Ogy, followed by a subsequent

global thermalization from Ogp, to Oyy,.

4.6 Conclusion

Eq. 4.1 for the thermalization behavior and Eqgs. 4.9-4.10 for the SFF have similar structures
in that they move from the block CUE result for ¢ < 02 to the CUE result for ¢ > o2, This

tells us that the Thouless time for the circuit, the time it take for the system to escape from a
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sector and fully thermalize, is tt, ~ o~ 2. We find that the circuit exhibits a phase structure
analogous to that of the block Rosenzweig-Porter model. In order to see sharp transitions we
may reparameterize such that 0> ~ N~7, making the Thouless time ¢, ~ N7. If the Thouless
time is much smaller than the smallest possible timescale, which is 1 for this circuit with discrete
time steps, the system behaves ergodically. So the system is in the ergodic phase for v < 0.
The Heisenberg time is the longest meaningful timescale for a quantum system. If the Thouless
time becomes much larger than the Heisenberg time, the system will never escape a sector and
thermalize. This means that the system is in the localized phase for v > 1. For0 < v < 1
the system will be in the intermediate glassy phase, where thermalization occurs, but only on a
timescale exponentially long in the system size.

In this paper, we introduce a Floquet random quantum circuit whose thermalization process
can be made extremely slow by tuning a parameter of a specific quantum gate. The statistical
properties of quasienergy eigenstates in this model are analogous to those of quantum spin glass
models, but are distinct from those of quantum chaotic systems, as well as integrable and MBL
systems. We investigate the time evolution of the density matrix for this quantum circuit model
in the limit of large local Hilbert space dimensions and for times much shorter than the block
Heisenberg time. We find that the relaxation process consists of an initial thermalization within
weakly coupled sectors and a subsequent global thermalization over the entire Hilbert space.

The explicit time dependence is described by Eq. 4.11, which is an ensemble averaged re-
sult. To show that this result is typical for individual realizations of the quantum circuit in the
ensemble [254], it is necessary to examine the statistical fluctuations of p(t) by computing higher
order correlation functions of the quasienergy eigenstates. A non-perturbative calculation is re-

quired to to investigate the small ¢ case and to fully understand the complete behavior of p(t),
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including the early time thermalization within individual sectors and the later time dynamics
around or after the block Heisenberg time. To address these issues, the non-perturbative treat-
ment by Kravtsov and Mirlin [255], initially invented for studying the energy level correlation
function in disordered systems, can be applied. We leave these investigations for future work.
Due to the specific structure of the Floquet operator, which can be considered as weakly coupled
blocks of equal dimensions, our model’s relaxation process contains two distinct steps. More re-
alistic quantum systems may display a more complex relaxation behavior, and could be modeled
by a generalized quantum circuit whose Floquet operator exhibits a higher level of hierarchy.
Generalizing the glassy quantum circuit to incorporate a richer structure in relaxation dynamics

is another direction for future work.
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Chapter 5: Neural Networks as Spin Models: From Glass to Hidden Order

Through Training

Authors: Richard Barney, Michael Winer, Victor Galitski

Abstract: We explore a one-to-one correspondence between a neural network (NN) and
a statistical mechanical spin model where neurons are mapped to Ising spins and weights to
spin-spin couplings. The process of training an NN produces a family of spin Hamiltonians
parameterized by training time. We study the magnetic phases and the melting transition tem-
perature as training progresses. First, we prove analytically that the common initial state before
training—an NN with independent random weights—maps to a layered version of the classical
Sherrington-Kirkpatrick spin glass exhibiting a replica symmetry breaking. The spin-glass-to-
paramagnet transition temperature is calculated. Further, we use the Thouless-Anderson-Palmer
(TAP) equations—a theoretical technique to analyze the landscape of energy minima of random
systems—to determine the evolution of the magnetic phases on two types of NNs (one with con-
tinuous and one with binarized activations) trained on the MNIST dataset. The two NN types
give rise to similar results, showing a quick destruction of the spin glass and the appearance of
a phase with a hidden order, whose melting transition temperature 7, grows as a power law in
training time. We also discuss the properties of the spectrum of the spin system’s bond matrix

in the context of rich vs. lazy learning. We suggest that this statistical mechanical view of NNs
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provides a useful unifying perspective on the training process, which can be viewed as selecting

and strengthening a symmetry-broken state associated with the training task.

5.1 Introduction

The synergy between machine learning and statistical mechanics has been a long-standing
topic of research [256-263]. In particular, there is a natural relation between spin systems
and neural networks (NNs), including multilayer perceptrons [43], restricted Boltzmann ma-
chines [264], and Hopfield networks [39, 265, 266], where neurons correspond to the spin de-
grees of freedom, the biases to magnetic fields, and the weights to the spin-spin couplings. For
a random realization of weights between neurons, spin glass physics naturally becomes rele-
vant, along with the methods of studying glasses such as replica symmetry breaking [13, 15, 16,
267, 268] and the Thouless-Anderson-Palmer (TAP) equations [16, 23, 269]. These methods are
potentially useful in transplanting intuition from statistical mechanics (phase transitions, univer-
sality, emergent behavior, etc.) to the more practical field of NNs, with the potential to elucidate
the underlying mechanisms for when and how they work in accomplishing various tasks.

Another motivation to study this machine learning/statistical mechanics correspondence is
the recent progress in the field of neuromorphic computing [270, 271], which employs physical
analogue networks rather than algorithmic networks. While still at the experimental state of
development, there has been notable recent success in building such NNs with ultracold atoms
in cavity QED systems. Unlike feed-forward NN, there is no unidirectional layered structure
in such systems (nor in biological NNs), yet they share similarities with current commercial

machine learning platforms and show potential for performing useful tasks. While most work so
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far has focused on experimentally probing classical concepts (associative memory [272], replica
symmetry breaking [273, 274], etc.) with these systems, they include quantum components from
the outset. Hence putting together an underlying theoretical framework to include both classical
and quantum NN is a topic of great interest.

This paper studies two types of NNs with distinct training processes for a classification task
from the perspective of statistical mechanics, in particular using the TAP equations. These are
conventionally used in the studies of random spin systems to quantitatively characterize their en-
ergy landscapes and identify phases and phase transitions. We argue that the TAP equations also
provide both a powerful tool to explore traditional NNs and a bridge to their quantum counter-
part. The latter is left for future work, while here we study the training process of an NN viewed
as a family of classical spin Hamiltonians and explore their phases as a function of “time”—the
epoch of the training process.

Specifically, we consider two types of feed-forward NNs, one with step and one with ReLU
activations. We train the NNs on an image classification task: recognition of images of handwrit-
ten digits from 0 to 9 with the MNIST dataset [66]. At each step of training, which we parameter-
ize by training time ¢ measured in epochs, we have a set of weights J;;(¢). We associate each such
instance with a classical Ising spin Hamiltonian, where the weights are the couplings between the
spins, and explore the flow of its energy landscape and phases using the TAP equations.

The conventional starting point of training, at ¢ = 0, is a random realization of couplings.
We show analytically that its spin counterpart exhibits a spin glass transition with replica sym-
metry breaking and calculate the melting temperature 7, of the glass. Throughout the training
process we numerically calculate 7. by determining the temperature at which nontrivial solutions

to the TAP equations appear. We note distinct regimes of power-law scaling of the transition tem-
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perature as a function of training, 7.(t) o t*, where « appears to depend on the rate at which the
NN is learning. We also consider the number of TAP solutions that appear at the transition and
observe a rapid flow of the spin Hamiltonian from the initial glassy Hamiltonian into one with
a Zo symmetry breaking phase transition. We note a further enhancement of the hidden order,
which manifests itself in the increase in 7, with training. We speculate that the hidden order en-
codes the classification task, where the outcome—the output layer—is characterized by a set of
parameters much smaller than the width of a layer (512 neurons) which encodes a hidden order
parameter. Schematically, we observe a phase diagram as shown in Fig. 5.1 for temperatures not
much below 7,.. We determine that these changes can be primarily attributed to the dynamics of
the spectrum of the bond matrix J(¢). We also comment on the qualitative similarities between
the final bond matrix spectrum and the spectra of the weight matrices connecting adjacent layers

of NNs in the rich learning regime, as observed in previous works [275-278].

t (epoch)

Figure 5.1: A schematic temperature vs. training epoch phase diagram for a multi-layer spin
model with bonds determined by neural network training for temperatures not significantly below
the melting temperature. The critical temperature grows as a power law with training time.

The remainder of this work is organized as follows. In Section 5.2 we analyze the spin
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system corresponding to our NNs before training. In doing so we introduce the multi-layer
Sherrington-Kirkpatrick spin glass model and analytically identify the critical temperature at
which replica symmetry breaking occurs. We also introduce the TAP equations and describe how
they may be used to find the critical temperature for a single instance of a multi-layer spin model
with bonds determined by some training process. In Section 5.3 we describe the training pro-
cedures for our NNs, discuss their performance, determine how the critical temperature evolves
as the training progresses, and discuss the changing nature of the melting transition. We then
examine the evolution of the spectrum of the bond matrix, which is the primary driver of the
previously discussed changes, and connect to previous work on rich vs. lazy learning. We finish

by summarizing our conclusions and future directions in Section 5.4.

5.2 The initial state of the neural network

Before any training occurs the weights in our NNs are independently and normally dis-
tributed in such as way as to preserve the magnitude of the variance of the activations in the
forward pass, as in Kaiming normal initialization [279]. This means that the weights fed into
the k™ layer are independently drawn from the normal distribution N'(0, C /Ny_1), where Cy, is
O(1) and N, is the number of neurons in the k™ layer. For the sake of generality we allow Cy, to
be different between layers for now.

Consider an NN with L + 1 layers labelled O, ..., L, as shown in Fig. 5.2. By map-
ping the neurons in the NN onto Ising spins, which can take only the values +1, and using

the weights as interactions between the spins, we obtain the multi-layer Sherrington-Kirkpatrick
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(MSK) model [280] defined by the Hamiltonian

Np_1,Ng
TP Vgl (5.1)

HMSK(U) = - Z

ij=1

where each Ji(f) is independently drawn from N (0, C/N_1). For large N}, each spin has a high
coordination number, so we can expect mean field theory to have good predictive power. MSK
is a slight modification of the standard well-known Sherrington-Kirkpatrick (SK) model [12], in
which independent and identically distributed interactions exist between every pair of spins in
the system, having no layered structure. The MSK model can also be viewed as a specific case
of a multi-species spin glass [281].

Later it will become convenient to label the spins with a single index such that

o =0, s, (5.2)

With this we can write the MSK Hamiltonian in the simpler form

N
Hysk(0) = —% > Jijoio;, (5.3)
i,j=1
o JH 0 0
Jgor o g@
J = 0 jr . 0 , 5.4)
0o J®
0 0 JBHT 0
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where N = 37 N;.

Input Layer Hidden Layers Output Layer

Figure 5.2: Schematic representation of a neural network with L+ 1 layers. The k™ layer contains
N neurons. J*) is the weight matrix connecting layer k& — 1 to layer k.

5.2.1 Transition temperature

For sufficiently high temperatures we reasonably expect the MSK model to be in the para-
magnetic phase. That is, the system will behave ergodically. We wish to find the critical tem-
perature at which a non-ergodic phase appears. We expect that, as with the SK model, this
low-temperature phase will be a spin glass. This glassy phase is characterized by replica symme-
try breaking [13, 15, 16, 267, 268]. If a large number of exact replicas of the system were made
with identical realizations of the disorder and all were rapidly cooled, the replicas would settle
into a large number of different neighborhoods around local energy minima.

We could make use of the replica “trick” [7, 15] to find the disorder averaged expectation
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of some variable A as

(E(A)) = <% > A(al)eﬂ’““’> (5.5)
= dm, <Zm_l 2 A(al)e‘““"”> (5.6)

o1

=lim Y A(o)(Z™), (5.7)

m—0

{O'Dt}glzl

where [ is the inverse temperature, Z is the partition function, and the replicated partition func-
tion is

—exp[ 521{%1. (5.8)

We are therefore interested in the disorder averaged replicated partition function for small m. We
search for the temperature at which the replica symmetric solution becomes unstable, indicating
the breaking of replica symmetry and the appearance of the glassy phase.

(k) _(

For each layer we define the m x m overlap matrix Q((fﬁ) = Nik SN o 26) We enforce

=1 "

these conditions with the Lagrange multipliers Agg We then find after disorder averaging that

(Zm™) = / DQDA ¢”, (5.9)

= —622Nk20kcz““ )
+ ZN"" Z lAgg —|—10g Z exp (——Zaa a,@aﬁ)
k=0 af

{oa}

(5.10)
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We now make the replica symmetric ansatz

QY) = ¢® + 6,5(p™® — ¢, (5.11)
ALY = AF) 4 5o (® — AE) (5.12)

and expand the action to second order in ¢ and \. This yields

L
32 _ _ 1 1
~ N (k=1) (k) _ ,(k=1) (k)Y |~ N F) (pE) 1) — \B) (k) _ Z(\(k))2
S/m 2;kck(p P =" Vg )5 > N p P (" = 1) = APg® — S (W) )
(5.13)
ignoring higher order terms in m and constant terms. We will evaluate the integrals over () and A
by the saddle point method. By differentiating the equation for the action above in terms of ;(*)

and A*) we find the saddle point equations

p(k) -1 (5.14)
AR = ) (5.15)
With these we can write the action as
32 L 1 &
Sjm ~ —— > NiCrg®Vg®) + I > Ni(g™). (5.16)
k=1 k=0
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The Hessian matrix of the action is then proportional to the tridiagonal matrix

No  —BNC 0 0
—B32N,C, Ny —B2N,C,
H— 0 NG N 0 . (5.17)
—BNLCL
0 e 0 —BNCp, Ny,

At sufficiently high temperatures this matrix is positive definite and the replica symmetric so-
lution will be stable. This indicates that the system is in the paramagnetic phase. When the
temperature decreases to the point that the Hessian is no longer positive definite, the replica sym-
metric solution is no longer stable and replica symmetry breaking occurs. This indicates the
transition to the glassy phase.

For the simple case in which each layer is identical, letting all Ny, = n and C}, = C, the

Hessian becomes a tridiagonal Toeplitz matrix with the eigenvalues

2 (k+ )7 _

The least eigenvalue vanishes at the transition temperature

T 1/2
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If the NN is very deep with large L, the transition temperature approaches

T. = V2C. (5.20)

5.2.2 Thouless-Anderson-Palmer Equations

So far our examination of the multi-layer SK model has made use of disorder averaging.
That is, we have been examining an ensemble of systems with independent randomly distributed
bonds. However, when we are examining systems in which the bonds are determined by some
training procedure, we no longer have such an ensemble to average over. We can instead make
use of the Thouless-Anderson-Palmer (TAP) approach [23, 269], which allows us to analyze an
energy landscape for a single instance.

The mean field free energy for a system with pairwise interactions between spins is

1
F:—§ZJZJmZmJ——ﬂZJ21— 1— )
ij
+ TZ (1 +m;)log 1(1+mi) + (1 —m;)log 1(1—mi) (5.21)
2 2 ’
where m; = (o0;). This is the Curie-Weiss free energy [282] with the addition of the second
term on the right, known as the Onsager term [283]. This term describes the contribution to the

effective field felt by a spin due to the spin itself. Since the effective field should be determined

only by the other spins, this contribution is subtracted. By minimizing with respect to the m; we
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obtain the TAP equations

tanh ™' m; = ijma B2ZJ2 (1-— m;. (5.22)

The solutions to these equations are the locations of fixed points of the mean field free energy.
At temperatures not much lower than the transition temperature we can take each m; to be

small, allowing us to linearize the TAP equations to

= B> Jiymy— B Jima. (5.23)
J J
We can also express these as the matrix equation

(Iy — M)m = 0, (5.24)

i = BJij — 5z‘j52 Z Jfg- (5.25)
¢

Above the transition temperature the only solution is the trivial m = 0, indicating the paramag-
netic phase. At the transition temperature [ — M will cease to be positive definite as at least one

eigenvalue vanishes and at least one nontrivial solution appears. Due to the layered structure of
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our model, M becomes the block tridiagonal matrix

RO M) 0 . 0

JOT RO g2

M= o J&r R& . o |, (5.26)
J&L)
0 0o JWHT RE)
(
évzll(‘]i(el)>27 k=0
(k) _
By’ = =0ub Y S U0+ S O 1<k<p-1e 32D
5;171<Jéf))27 k=1L

For not-too-large systems the transition temperature can be found numerically by exact
diagonalization, which is the approach we take in this work. For deep NNs with a large number
of layers a more efficient approach is to consider that the block tridiagonal matrix Iy — M will

be positive definite as long as all x;, satisfying the recurrence relation

BR(O)_INOJ k=0
Xk = (5.28)

BR® — Iy, — BTN L gk 1<k <L

are positive definite [284]. The determinant is then

L
det Iy — M = [ ] det xu. (5.29)

1=0

The transition temperature can then be determined by finding the value of 3 for which the deter-
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Figure 5.3: (Top) The least eigenvalue of the Hessian of the action [Eq. (5.17)] for the ensemble
describing our neural networks before training. (Bottom) The least eigenvalue of Iy — M for a
particular system in that ensemble. Both vanish or nearly vanish at the same value of .

minant vanishes, meaning that at least one of the yj has a vanishing eigenvalue.

For systems with sufficiently large layers we expect the result from the TAP equations for a
single instance to approximate our analytical result for the ensemble. In Fig. 5.3 we show the least
eigenvalues of Iy — M for a single system in the ensemble and the Hessian H of the action for
the entire ensemble. We see that the least eigenvalues of both do indeed vanish (or nearly vanish
due to finite size effects) at the same temperature. As the system moves to the thermodynamic
limit we expect the least eigenvalue of Iy — M to vanish at the single point of its minimum as
a function of 3. This indicates that nontrivial TAP solutions appear at the same temperature that

replica symmetry breaking occurs in the MSK model.
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5.3 Evolution with training

5.3.1 The training programs

We trained multiple NNs on the MNIST dataset [66]. This dataset is comprised of a 28 x 28
grayscale images of handwritten digits 0-9. The training set contains 60,000 images while the
test set contains 10,000. The classification task is to label each image with the correct digit. Each
of our NNs had three hidden layers containing 512 nodes each.

We analyzed the results of two distinct training programs. The first was designed to closely
follow the analogy between neurons in the NN and Ising spins. This was done by training a
partially binarized NN. Each neuron in the NN can only take on the values +1, but the weights
between neurons in adjacent layers are still continuous variables. This is in contrast to NNs which
binarize only the weights [285] or fully binarized NNs [286] which binarize both activations and

weights. The binarization is enforced by applying the forward activation function

-1, =<0
(bforward(x) = Step(x) = . (530)

1, x>0

between each layer of the NN, as well as on the input data. We will refer to this as the binarized
NN.
In order to train the binarized NN effectively, we use a modified version of the straight

through estimator [287] when calculating the gradients. This amounts to using the hard hyper-
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bolic tangent (htanh) activation function

(
-1, z< -1
Poack () = htanh(z) = ¢ 1 <5 < (5.31)
1, z>1
\

during the backpropagation step. It has been shown that using such a modified STE in a fully
binarized NN allows for near state-of-the-art performance while significantly reducing the com-
putation resources necessary for a forward pass [286]. The loss function for our NN is the Lo
multi-class hinge loss [288, 289]. The NN is then trained using stochastic gradient descent (SGD)
with momentum.

The second training program is more typical, with neurons able to take on continuous
activations. The activation function ¢ () used in the hidden layers is the popularly used rectified

linear unit (ReL.U)

¢(r) = ReLU(x) = : (5.32)

We will refer to this NN as the standard NN. Once again the loss function is the multi-class hinge
loss and training is done by SGD with momentum. In this case the final layer is an L, support
vector machine.

Table 5.1 summarizes the relevant training parameters for both training procedures and the
resulting validation error rates. As can be seen in Fig. 5.4, for the larger learning rate, after 60
training epochs the validation error rate of the standard NN reaches approximately 0.019 while

the binarized NN reaches approximately 0.027 after 500 epochs. Note that the error rates of both
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NNss initally decay as power laws but then eventually plateau.

Validation error rate

Figure 5.4: The validation error rates as training progresses. All axes are log scaled excepting the
linear scaling between 0 and 1 on the horizontal axis. The learning rate for these NNs is 1074,

10° 4

107" 5

NN type Binarized Standard
Forward activation step ReLLU
Backward activation htanh ReLU
Learning rate 107 | 1075 | 107* | 10°¢
Training epochs 500 960 60 960
Validation error rate | 0.0266 | 0.0742 | 0.0189 | 0.0267
Momentum 0.9
Batch size 32
# hidden layers 3
Hidden layer size 512

Loss function

Lo multi-class hinge

Margin

10

Table 5.1: The neural network training details.

(a) Binarized

(b) Standard

+— Data
=== 0.221¢70434

1004,

107" 5 \.

Validation error rate
/
/

~ 1072 4

+— Data
=== 0.091¢70-525

t (epoch)

t (epoch)

Data is collected at the end of each epoch.
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5.3.2 Evolution of the critical temperature

The weights obtained throughout training allow us to define a family of Hamiltonians for a

multi-layer spin system parameterized by the training time ¢:
1
H(U, t) = —5 Z Jij(t)O'in. (533)

A natural question is how the critical temperature of this system changes as training progresses.
To accomplish this we determine the least eigenvalue of Iy — M over a range of § by exact
diagonalization, where M 1is given in Egs. (5.26)-(5.27). Fig. 5.5 shows the least eigenvalue
vs. [3 before and after training for our two types of NNs. Before training the least eigenvalue
vanishes only at its minimum (or nearly does so). As training progresses, the minimum drops
and the least eigenvalue first vanishes at a smaller 5. We observe that the least eigenvalue curve
drops significantly lower for the standard NN than for the binarized NN. This is likely due to
more effective training in the standard NN since the activations are not constrained to be binary
and errors are not introduced by having different forward and backward activation functions.

We calculate the transition temperature 7, for each epoch in the training process by finding
the value of (3 for which the least eigenvalue curve first vanishes. In order to correct somewhat
for finite size effects we find the value of 5 for which the least eigenvalue curve first reaches its
minimum value before training. In Fig. 5.6 we see how the critical inverse temperature evolves
with training for our two NNs. Before training the critical temperature is near the analytic result
obtained in Section 5.2.1. After some transitory behavior at early training times the critical

temperature begins growing as a power law. Eventually the power-law behavior of 7. appears to
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Figure 5.5: The least eigenvalue of Iy — M as a function of inverse temperature 3 before and
after training the neural networks. The learning rate for these neural networks is 1074,

change to a power-law growth with a smaller exponent. Comparison with Fig. 5.4 shows that this
change occurs around the same time at which the validation error rates of the NNs plateau. We
surmise that this change in exponents is a result of the NNs reaching their capacity for learning

generalizable features of the dataset within their training programs.

5.3.3 The nature of the melting transition

In Fig. 5.7 we see the spectrum of Iy — M at 7, before and after training for the two
types of NN at the larger learning rate. As the transition temperature increases with training the
spectrum becomes narrower due to the temperature dependence of M seen in Eq. (5.25). More
notably, before training the bulk of the spectrum extends all the way to O where it has a hard
cutoff. This is typical of a glass transition where an extensive number of TAP solutions appear at
the transition [290]. After training the spectrum has a small number of eigenvalues that have split
off of the bulk and form tails, leading to a much lower spectral density at 0. This suggests that

the glassy transition away from the paramagnetic phase that exists before training evolves into a
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Figure 5.6: From top to bottom, the melting temperature, the largest eigenvalue of the bond
matrix ./, and the normalized first level spacing of Iy — M as training progresses. The learning
rate for these neural networks is 10~%. The horizontal axes are logarithmically scaled except for
a linear scaling on the interval [0,1].

different type of transition as training progresses.

In order to further probe this change in the nature of the transition, we track the ratio of the
spacing between the smallest eigenvalues s, to the typical level spacing of the bulk sy,, which
we define as the median level spacing. We refer to this ratio as the normalized first level spacing.

The evolution of this quantity is shown in Fig. 5.6 for the larger learning rate. For both types of

200



(a) Binarized (b) Standard

Before Training Before Training
After Training After Training
2 104 >
2 2 104
0 n
c c
O 7]
a )]
..Tg 10~1 4 T_g -1
rs] ts] 107" 4
(% [
o o
2] (9p]
1072 4 1072 5
0 1 2 3 4 0 1 2 3 4
Eigenvalues of Iy — M at T, Eigenvalues of Iy — M at T,

Figure 5.7: The spectrum of Iy — M at the transition temperature before and after training. The
learning rate for these neural networks is 10~%. The vertical axes are log scaled.

NN we observe a large jump in the early training epochs, corresponding with the large increase
in 7, at these training times. The standard NN then moves into a period of power-law growth for
a time before plateauing. The binarized NN behaves similarly, although no power-law growth for
some period of the training is clear.

Since this large jump happens very quickly after training begins, it is difficult to determine
the nature of this transition. We find that we can delay the onset of this transition by decreasing
the learning rate of our training procedure. Fig 5.8 shows the transition temperature for the two
NNs when the learning rate is 100 times smaller than previously. We observe that 7. now stays
relatively constant for several epochs before growing. Fig 5.8 also shows the normalized first
level spacing for this reduced learning rate. We observe jumps in this quantity at roughly the
same times that 7. begins to grow in the two NNss.

Our interpretation of these results is thus. For both NN types the training procedure, which
determines the interactions between spins in the multi-layer spin systems, causes eigenvalues to

split off from the bulk of the spectrum of M. This causes the critical temperature to grow and
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Figure 5.8: From top to bottom, the melting temperature, the largest eigenvalue of the bond
matrix ./, and the normalized first level spacing of /5 — M as training progresses. The learning
rate for these neural networks is 107, The horizontal axes are logarithmically scaled except for
a linear scaling on the interval [0,1].

greatly reduces the number of TAP solutions which appear at the transition away from the para-
magnetic phase, changing the nature of the transition. Instead of a glassy transition at which an
extensive number of TAP solutions appear, a single Z, symmetry broken solution will appear.
This new phase has some hidden order determined by the training data and procedure. Schemat-

ically the phase diagram for spin systems with interactions determined by training will look as in
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Fig. 5.1.

Note that our approach does not probe temperatures significantly less than the melting
temperature. As temperature decreases it is possible for a larger number of TAP solutions to
appear in the hidden order phase. However, if the largest eigenvalue of M is greatly isolated
from the rest of the spectrum it is likely that there will only be a single TAP solution for lower
temperatures, potentially all the way down to 7" = 0 as in a ferromagnet. Such a situation might

arise from overtraining the NN.

5.3.4 Evolution of the bond matrix spectrum

The transition temperature away from the paramagnetic state is determined by the largest
eigenvalue of M. We see from Eqgs. (5.26)-(5.27) that for high temperatures the largest eigenvalue
of M behaves as B\ ax(J), while for small temperatures it behaves as — 3% Ain(R). For the
cases we have studied in this work, the transition temperature is within the crossover of these
two regimes, making both A\, (/) and A\, (R) quantities of interest. We observed that A, (R)
hardly changed throughout the entire training process. In no case that we examined did it change
by more than 1.2% of its original value. For this reason we can understand the training dynamics
of the multi-layer spin system primarily through the evolution of the spectrum of the bond matrix
J, in particular its maximum eigenvalue.

Fig. 5.9 shows the distribution of the eigenvalues of the bond matrix before and after train-
ing for the larger learning rate. We see that the bulk of the spectrum maintains the same distribu-
tion but a small number of eigenvalues separate from the bulk and form tails. This phenomenon

is likely due to the same processes that have an analogous effect on the spectra of the weight
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matrices connecting adjacent layers, as studied in other works [275-278]. It has been noted that,
as effective training progresses, the spectra of these weight matrices develop tails outside the
predictions of Marcenko-Pastur (MP) random matrix theory [291]. Truncated power-law fits to
these tails have been used to assess the quality of models without any knowledge of the training
or testing data [277].

The formation of these tails has been connected to rich learning [275], as opposed to lazy
learning [292-297]. When the NN is in the lazy learning regime the weights change very little
and the model performs approximately as its linearization about its initial weights. In this regime
the spectra of the weight matrices closely follow the MP prediction with no tails. The appearance
of the tails signals that the model is in the rich learning regime which performs significantly better

than its linearization, barring overtraining.
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Figure 5.9: The spectral density of the eigenvalues of the bond matrix J before and after training.
The learning rate for these neural networks is 1074, The vertical axes are log scaled. (Left)
Binarized neural networks. (Right) Standard neural networks.

In Figs. 5.6 and 5.8 we see the evolution of the largest eigenvalue of J for the four models

we have trained. For the larger learning rate we see that the maximum eigenvalue immediately

starts growing and soon behaves as a power-law. This is an indication that the NN has very
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quickly moved into the rich learning regime. Eventually the largest eigenvalue starts growing
as a different power law with a smaller exponent. The time of these changes correspond to
analogous changes in behavior in the transition temperature and the normalized first level spacing
of Iy — M, as seen in Fig. 5.6. For the smaller learning rate we see that the maximum eigenvalue
initially stays constant, but then quickly moves to a power-law growth. This indicates that the
NNs remain in the lazy learning regime for a period of training time before moving to the rich
learning regime. Again the changes in behavior of the largest eigenvalue of M occur at the
same times as the changes in behavior of the transition temperature and the normalized first level

spacing of Iy — M, as seen in Fig. 5.8.

5.4 Conclusion

In this work we have explored a correspondence between NNs and statistical mechanical
Ising spin models. We have done this by training two different types of NNs: a standard NN with
continuous activations and a partially binarized NN with activations only able to take the values
+1. At each step in the training process the resulting weight matrices are used to define a bond
matrix between spins in a multi-layer spin system analogous to the NN architecture.

We found analytically that, before any training occurs, meaning the weights are all indepen-
dently and randomly distributed, the multi-layer spin system has a critical temperature separating
the ergodic paramagnetic phase at high temperatures from the spin glass phase at low temper-
atures. Using the TAP equations we numerically determined the transition temperature of the
resulting spin system throughout the training. We found that, as training progresses, the transi-

tion temperature increases monotonically, exhibiting power-law growth for a time. Additionally,
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the spin glass transition at which an extensive number of TAP solutions appear is quickly de-
stroyed in favor of a transition to a phase with a single nontrivial TAP solution determined by
the training procedure. This suggests a useful unifying paradigm on the training process: train-
ing an NN effectively selects and strengthens a small number of symmetry broken states of the
multi-layer spin model, one of which is dominant at the transition.

We note that our approach holds only in the regime in which the TAP equations may be
linearized, meaning we do not probe temperatures much lower than the melting temperature.
Although numerically determining the number of TAP solutions in this low temperature regime
is difficult, it may be possible to analytically calculate the average number of TAP solutions in
this regime for bond matrices drawn from a random matrix ensemble whose spectra have tails
similar to those we have observed after training. Future work may explore this possibility. It also
remains to determine how well our results hold for different architectures, datasets, tasks, etc.

In this study we have used the weights resulting from training an NN as bonds in a classical
multi-layer spin system. An interesting alternative would be to consider instead a quantum spin
system and observe what differences may arise in comparison to the classical case. Such an
examination may shed light on the potential of quantum machine learning [schuld2014, 298] and
would be directly relevant to recent experimental advances in analogue neuromorphic computing

in cavity-QED and Rydberg systems [272-274]. We plan to explore this avenue in a future work.
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Chapter 6: Natural Quantization of Neural Networks

Authors: Richard Barney, Djamil Lakhdar-Hamina, Victor Galitski

Abstract: We propose a natural quantization of a standard neural network, where the neu-
rons correspond to qubits and the activation functions are implemented via quantum gates and
measurements. The simplest quantized neural network corresponds to applying single-qubit ro-
tations, with the rotation angles being dependent on the weights and measurement outcomes of
the previous layer. This realization has the advantage of being smoothly tunable from the purely
classical limit with no quantum uncertainty (thereby reproducing the classical neural network ex-
actly) to a quantum case, where superpositions introduce an intrinsic uncertainty in the network.
We benchmark this architecture on a subset of the standard MNIST dataset and find a regime
of “quantum advantage,” where the validation error rate in the quantum realization is smaller
than that in the classical model. We also consider another approach where quantumness is intro-
duced via weak measurements of ancilla qubits entangled with the neuron qubits. This quantum
neural network also allows for smooth tuning of the degree of quantumness by controlling an
entanglement angle, g, with g = 7 replicating the classical regime. We find that validation er-
ror is also minimized within the quantum regime in this approach. We also observe a quantum
transition, with sharp loss of the quantum network’s ability to learn at a critical point g.. The

proposed quantum neural networks are readily realizable in present-day quantum computers on
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commercial datasets.

6.1 Introduction

Recent advances in the fields of quantum computing and classical machine learning have
fueled the growth of a new area of study examining the intersection of these two approaches
to computation—quantum machine learning. Classical artificial neural networks (NNs) have
demonstrated remarkable success across a wide range of tasks once thought to require human
intelligence, such as complex classification tasks [299, 300], natural language processing [301—
303], protein structure prediction [304], and materials data science [305, 306]. At the same time,
steady progress has been made in quantum computation [307], which aims to take advantage of
the fundamentally quantum aspects of nature, such as superposition of states, interference, and
entanglement, using them as resources in computational tasks [308, 309].

Naturally, there is interest in combining these two domains. Artificial neural network mod-
els that utilize quantum resources are called quantum neural networks (QNNs), and they have re-
ceived significant attention in recent years [310-316]. Several formulations of QNNs have been
proposed, such as parameterized quantum circuits [62—65], quantum Hopfield networks [51-53],
quantum Boltzmann machines [54-56], quantum perceptrons [317-320], and quantum convolu-
tional neural networks [57-61]. Many of these have demonstrated significant learning capabil-
ities. Recent advances in quantum hardware, such as trapped ions [321-323], superconducting
qubits [234, 324, 325], and photonic quantum computing [326-328] have further fueled interest
in practical implementations of QNNs.

However, the emergence of any quantum advantage by comparison with classical NN is
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often not straightforward. With the limited capabilities of current quantum computers, it is not
possible to compare a large classical NN with a similarly large QNN. Differences in activation
functions, loss functions, and optimization algorithms are additional confounding factors. In
this paper we examine, through classical simulation, the advantages of using quantum resources
in neural networks by studying two natural quantization of a standard multi-layer perceptron
network [44]. These approaches allow us to tune the network continuously between classical and
quantum modes of operation, allowing us to determine the benefit of quantum effects without

making significant changes to the network’s architecture.

6.2 The classical neural network

The classical NN we will quantize is a binarized multi-layer perceptron [329], as shown in
Fig. 6.1. The input layer has M neurons. In a forward pass through the network these neurons
will be initialized to the elements of a data vector d. The network then contains L hidden
layers, each containing N neurons, followed by an output layer of size P. The network is fully
connected, each neuron is connected to all neurons in adjacent layers. The activation of the i

neuron in the k™ hidden layer is

d* = ¢ <Z W;;.—ld;?—l) : (6.1)
J

¢(x) = sgn(x), (6.2)

where the W* are matrices of learnable weights and ¢ () is the activation function. The network

is binarized in the sense that the activations of the hidden layers can only be 1. This is in contrast
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Figure 6.1: The classical binarized multi-layer perceptron network. It consists of an input layer
of size M, L hidden layers, each of size NV, and an output layer.

to NNs which binarize only the weights [285] or fully binarized NNs [286] which binarize both
activations and weights. A similar binarized network was previously studied by two of the present
authors in the context of spin model analogues [4]. The output vector is then computed as f =
WEdL. This output vector is then the argument of some loss function that estimates the network’s
performance on some task.

For this binarized network, a slight change needs to be made the usual backpropagation
approach of estimating the gradient of the loss function with respect to the weights [46, 47]. This
is necessary because the first derivative of the activation function is either O or undefined every-
where. This can be overcome by using a clipped straight-through estimator for the gradient [286,

287]. This amounts to treating the activation function as

x, lz] <1
Gback () = htanh(z) = (6.3)

sgn(z), |z| =1

when calculating the gradients.

We evaluate the performance of this classical network on the task of classifying images
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Figure 6.2: The validation and training error rates for the classical network as training progresses.
The training error rate quickly vanishes while the validation error rate bottoms out at a nonzero
value. This is an indication of overfitting.

from the MNIST dataset [66], which contains images of handwritten digits 0-9. The full MNIST
dataset contains 60,000 training images and 10,000 images for validation. In Fig. 6.2 the training
curves are shown for the classical network when trained on a subset of 5,000 MNIST training
images. The relevant hyperparameters for this network are shown in Table 6.1. We see that, for
this training set, overfitting [330] is very apparent in the network. The training error rate quickly
vanishes, while the validation error rate bottoms out. This indicates that the model has become
trapped in a minimum of the loss function that is unfavorable for generalization, a problem that
is common when training on small datasets. In the remainder of this text we will examine how

quantization may ameliorate this problem and regularize the network.
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# hidden layers 3
Hidden layer size 512
Optimizer Stochastic gradient descent
Loss function Cross-entropy
Learning rate 0.01
Momentum 0.9
Batch size 64
Training epochs 500
Training dataset size 5000
Validation dataset size 10000

Table 6.1: The hyperparameters for the training and testing of the classical and quantum net-
works.

6.3 The quantized neural network

The quantized version of the classical NN shown in Fig. 6.1 is implemented by replacing
the hidden layers with a quantum circuit, as shown in Fig. 6.3. The circuit is comprised of N
qubits and a set of classical channels. Initially, each of the qubits is set to the |0) state. The
classical channels initially hold the input data vector d°. At each step in the forward pass, the
N qubits are individually rotated about the y-axis and then measured, with the measurement

outcomes for the k'™ layer being the activations d*. The single-qubit rotation operator is

-0

Ry(6) = ei%Y, (6.4)
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Figure 6.3: The quantum circuit implementing the hidden layers of the quantized network. Each
step of the forward pass consists of rotating each qubit by an angle controlled by the classical
channels, then measuring each qubit. These measurements are the activations which are then
passed to the next layer of the network.

with y being a Pauli operator. The rotation angle for the ™ qubit in the k" layer is

1— ¢ (. WEdETY) | k=1
«9?=g ( S ) , 6.5)
=g, (S, WEY) 2<k <L
z/a, lz] < a
¢q(x) = htanh(x/a) = : (6.6)

sgn(z), |z| >a

where ¢, (z) is the network’s activation function. The outputs f of the network are then calculated
as in the classical network.

One can see that, when the limit « — 0 is taken, the activation function reduces to ¢ (z) =
sgn(x), as in the classical binarized network. In fact, in this limit, the rotation angles all become 0
or £7. One can verify by inspection that, if the output of the activation function is 1, the rotation
operator will set the qubit to the |0) state. On the other hand, if the activation is —1, the qubit

will be set to |1). Since the circuit only moves the qubits between computational basis states
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corresponding to the activations of the classical network, classical behavior is recovered in this
limit.

Naturally, we are interested to see how model performance changes when tuning the pa-
rameter a to nonzero values. Increasing a causes the activation function to be “stretched.” This
causes each rotation angle to no longer be constrained to be O or =7 when the magnitude of its
preactivation is less than a, meaning that the rotations move the qubits into superpositions of the
computational basis states. The outcomes of the projective measurements then become stochas-
tic. In this way, the quantum resource of superposition is used to inject stochasticity into the
network. Stochasticity is known to provide regularization in artificial NNs [287, 331-333].

At this point, the question remains of how to best perform inference on the validation
dataset using the weights obtained by training the quantum NN. There are two natural ways to do
so. The first is to take the weights obtained and run inference deterministically. That is, seta = 0
to recover classical behavior for the inference step. The second option we explore is to maintain
the same value of a for inference, but to pass each test datum through the network multiple times
and select the most common prediction. Fig. 6.4 shows how these two approaches compare for
a particular trained network. We see that it only requires a few shots for quantum inference to
outperform deterministic inference, though there are diminishing returns when taking more than
approximately 10 shots. The validation error rates in the remainder of this text are computed by
selecting the most common prediction from 15 shots for each image in the validation dataset.

In Fig. 6.5(a) we see the training curves showing the validation error rate as training pro-
gresses for some selected values of a. We observe that the quantized network reaches significantly
lower error rates than the classical network for some nonzero values of a. In Fig. 6.5(b) we see the

final validation error rates as a function of a. Our best result is obtained for a = 10~1/2 ~ 0.316,
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Figure 6.4: The validation error rate for a quantum network (a = 0.5) after training as a function
of the number of model results used to classify each image in the MNIST validation dataset.

which achieves an error rate of 0.0472. Increasing a further actually reduces performance until
the quantum network performs worse than the classical one. This is expected, since introducing
too much randomness to the network will inevitably impede its ability to learn.

We can understand the increase in performance for nonzero « in terms of quantum tunnel-
ing. The objective of the learning algorithm is to descend down the landscape of the loss function
to find a minimum. Doing this purely deterministically can cause the model to become trapped in
a local minimum that leads to good performance on the training set, but has poor generalization
performance on the validation dataset. This issue becomes more common when training on small
datasets. By adding quantum randomness to the model, we make it easier for the model to tunnel

out of an unfavorable local minimum and find a more favorable minimum that leads to better

generalization.
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Figure 6.5: (a) Validation error rate curves as training progresses in the quantized network for
selected values of a. (b) The validation error rate as a function of a. The best result is achieved
for nonzero a, indicating that quantum effects improve performance.

6.4 Quantization by weak measurements

In addition to the quantization describe above, we examined another method of quantization
by way of weak measurements. This may be done by setting a« = 0 in the previous treatment
and replacing the projective mid-circuit measurements with weak measurements. Each of these
weak measurements is implemented by entangling each neuron qubit with an ancilla qubit that
is prepared in an equal superposition of the computational basis states, and then projectively

measuring the ancilla qubit. The entanglement is effected by the two-qubit rotation gate

Rzy(—g) = Gi%@yam, (6.7)

where ¢ is a parameter that controls the strength of the entanglement. Fig. 6.6 shows the circuit
diagram for this weak measurement protocol.

If the neuron qubit is initially in the state |¢)y) = «|0) + 5|1), then, after the entangling
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Figure 6.6: The quantum circuit that implements a weak measurement of a neuron qubit by
entangling with and then measuring an ancilla qubit.

gate, the two-qubit system will be in the state

10) = /(1 + sin g)/2(a]00) + BI11)) + /(1 — sin g)/2(a|01) + B|10)).  (6.8)

We need only consider g within the interval [0, 7]. When g = 0, the two-qubit system can
be factored into a product state; no entanglement is created. On the other hand, when g = g, the
system is maximally entangled; the ancilla measurement effectively projectively measures the
neuron qubit, recovering classical behavior. Measuring the ancilla qubit will, in general, disturb

the neuron qubit. If the measurement outcome is d, the state of the neuron qubit will become

1+dsing
1+ d(z)sing

1 —dsing

0)+5 1+ d(z)sing

V) = o 1), (6.9)

where (z) = |a|? — |3|? is the expectation value of a z measurement of the neuron qubit before
the ancilla measurement.

Since the activations of the network are now determined by measuring the ancilla qubits,
each activation has the probability %(1 —sin g) to be “wrong” in comparison to what the classical
activation would be. This approach provides an alternative way to introduce stochasticity to the
network. The nature of the stochasticity introduced by weak measurements is different than the

previous approach because each activation has the same probability of being “wrong.” In contrast,
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the previous approach only has a nonzero probability for an activation to differ from the classical
activation when the preactivation has a magnitude less than a. In this way, neurons with large
preactivations, indicating more certainty, are unaffected by quantum randomness. The advantage
of the weak measurement approach is that quantum coherence is not fully destroyed at each step
in the forward pass.

In Fig. 6.7(a) we see the training curves showing the validation error rate as training pro-
gresses for selected values of g. Similar to our previous approach, we see that convergence time
is mostly unaffected until g becomes sufficiently small. Before that point, there are values of g
for which the model performs significantly better than the classical network. In Fig. 6.7(b) we see
the final validation error rates as a function of g. We see that, for g less than approximately ¢, the
network quickly loses its ability to learn at all. Our best result was obtained when g = ‘:{—g, which
achieved a validation error rate of 0.0529. This is slightly worse than the best performing model
using our previous approach. The lack of discrimination between neurons with large or small
preactivations in the weak measurement approach is one possible explanation for this, though the
difference is small enough that its significance is uncertain.

It is also natural to examine model performance when our two approaches are combined.
That is, to quantize the model by varying both a and g. The results of this combined approach
are shown in Fig. 6.8. The classical result is shown in the top left corner, where a = 0 and g = 7.
We see that performance is improved by increasing a, decreasing g, or both simultaneously, up
to a point. The best performance we observed was when a = 1073 ~ 0.464 and g = %, which
achieved a validation error rate of 0.0463, though performance does not vary much along the

curved valley floor shown in Fig. 6.8.
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Figure 6.7: (a) Validation error rate curves as training progresses in the quantized network with
weak measurements for selected values of g. (b) The validation error rate as a function of g. The
inset is the same but zoomed in near the minimum of the curve. The best result is achieved for
g < 7, indicating that quantum effects improve performance.
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6.5 Conclusion

In this paper we explored two approaches to quantizing a binarized multi-layer perceptron
model. The first approach uses single qubit rotations to create quantum superpositions for neu-
rons with sufficiently small pre-activations. Each qubit is then projectively measured, leading
to stochastic activations for these neurons. The second approach entangles the neuron qubits
with ancilla qubits. The activations are then found by projectively measuring the ancilla qubits.
This approach is independent of the pre-activation magnitudes, but has the advantage of not com-
pletely destroying coherence at each step in the circuit. Both approaches use quantum resources
to introduce stochasticity to the network, and both allow for continuous tuning between classical
and more quantum modes of operation. We find that, when training on a reduced MNIST dataset,
introducing quantum stochasticity leads to a significant reduction in the validation error rate. This
improvement can be understood as an enhancement in the model’s ability to tunnel away from
an unfavorable local minimum of the loss function to a more favorable minimum which leads to
better generalization.

In this work we were not primarily concerned with creating state-of-the-art QNNs, instead
seeking to understand how performance changes as we move continuously between classical
and quantum modes of operation without changing the model architecture. We consider the
quantized networks we examined to be a starting point in exploring how quantum resources
can be utilized to improve model performance. There are many possible quantum advantages
that remain to be explored within our framework, such as representing data more efficiently
with multi-qubit superposition states, quantum algorithms for optimizing the loss function, and

exploring connections to measurement induced phase transitions [334]. Thus far, we have only
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explored the behavior of these networks when trained on classical data. It would be interesting
to see what advantages they might have when being trained on data collected from experiments
on physical quantum systems. Currently, we are exploring generalizations of the architectures
in this paper which entangle the neuron qubits through multi-qubit gates. Additionally, we are
working towards implementing our current architectures on actual quantum hardware, extending

the results of this paper beyond classical simulation.
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Chapter 7: Benchmarking a Tunable Quantum Neural Network on Trapped-Ion

and Superconducting Hardware
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M. Green, Norbert M. Linke, Victor Galitski

Abstract: We implement a quantum generalization of a neural network on trapped-ion
and IBM superconducting quantum computers to classify MNIST images, a common benchmark
in computer vision. The network feedforward involves qubit rotations whose angles depend on
the results of measurements in the previous layer. The network is trained via simulation, but
inference is performed experimentally on quantum hardware. The classical-to-quantum corre-
spondence is controlled by an interpolation parameter, which is zero in the classical limit. In-
creasing it introduces quantum uncertainty into the measurements, which is shown to improve
network performance at moderate values of the interpolation parameter. We then focus on partic-
ular images that fail to be classified by a classical neural network but are detected correctly in the
quantum network. For such borderline cases, we observe strong deviations from the simulated
behavior. We attribute this to physical noise, which causes the output to fluctuate between nearby
minima of the classification energy landscape. Such strong sensitivity to physical noise is absent
for clear images. We further benchmark physical noise by inserting additional single-qubit and

two-qubit gate pairs into the neural network circuits. Our work provides a springboard toward
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more complex quantum neural networks on current devices: while the approach is rooted in stan-
dard classical machine learning, scaling up such networks may prove classically non-simulable

and could offer a route to near-term quantum advantage.

7.1 Introduction

There exists a deep analogy between neural networks and spin models in statistical me-
chanics [4, 39, 256, 257]. In this correspondence, neurons and weights are analogous to classical
spins and couplings, respectively. It is natural to quantize these by promoting them to qubits
and gates, respectively [5]. This gives rise to a broad class of quantum neural networks. Much
recent work in the field of quantum machine learning has focused on searching for “quantum
advantage” [298, 312, 335-341]. A variety of network architectures have been discussed in this
context, and while some have been simulated under a variety of assumptions, few have been
experimentally run on genuine quantum hardware [313, 342, 343], let alone in the context of
benchmarking on, e.g., standard image classification tasks [344]. No matter the implementation,
such architectures typically do not allow for smooth interpolation between classical and quan-
tum modes, making comparisons between classical neural networks (NN) and quantum neural
networks (QNN) difficult.

In the following, we present an architecture for a quantum neural network, which we dub
the Benchmark Quantum Neural Network (BQNN), that has several attractive features: (1) It can
be adiabatically tuned between the classical and quantum regime. (2) The circuit is deployable on
any functional quantum computing platform with minimal demands on qubit count, gate fidelity,

and connectivity. (3) Because the classical limit of BQNN reproduces a binary neural network,
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it can be benchmarked on any reference data set, enabling direct classical-quantum comparisons.
(4) BONN is generalizable to more complex hardware set-ups, including those not classically
simulable [345, 346], by introducing partial mid-circuit measurements and feedback, bridging
the field of measurement-induced phase transitions [347] with quantum neural networks.

After reviewing the theory of this BQNN architecture, we present image classification re-
sults on both superconducting and trapped-ion hardware. The latter involves two distinct im-
plementations involving gates driven by microwave and laser interactions as discussed below.
The experimental results are largely consistent with the expected behavior informed by classi-
cal simulations. In particular, in an intermediate quantum regime where quantum uncertainty in
measurements is present but does not fully randomize measurements, the BQNN implemented
on real devices outperform the classical counterpart. We also examine how device noise affects
performance and find that moderate levels of physical noise do not hinder inference. We even
find instances where intentional introduction of noise improves performance, up to a limit. Strong
gate noise, modeled here via insertion of pairs of single-qubit and two-qubit gates and their in-
verse, eventually degrades performance to the level of a random guess. The number of noise
gates it takes to see a decrease in performance provides another neural-network-specific metric
to characterize gate noise. To our knowledge, this study is the first to compare different hardware

implementations of QNNs for benchmarking image classification.

7.2 The Network Architecture

Ref. [5] presents theory and simulation of a quantum partially binarized multilayer percep-

tron i.e. the BQNN. See Fig. 7.1a. This network may be smoothly tuned between classical and
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quantum modes of operation. This network is partially binarized in the sense that, while each
training weight can take on any real value, the activations of the hidden layers are constrained to

be +1. For a classical network this is done by using the activation function

o(z) = sgn(x). (7.1)

The activation of the i'" neuron in the & layer is

di = ¢ (WHd* 1)), (7.2)

where d° = I is the input vector and each WW* is a matrix of trainable parameters. In this way,
information travels through the network layer by layer, in a process called feedforward. The

output of the network with ¢ — 1 hidden layers is

o=Wwfd ", (7.3)

which is then the argument of the loss function during training.

This classical network is then quantized in a straightforward way: binary neurons are pro-
moted to qubits and activation functions are implemented by single-qubit rotations followed by
projective measurements. By defining the activations as the results of projective measurements,
the activations remain binarized. The circuit which implements the hidden layers is shown in
Fig. 7.1a.

To tune between quantum and classical regimes, we define the rotation angle of qubit 7 in
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layer k as

1= 6o (W'D),). =1

0; =5 : (7.4)
= g (WFAED),) | k> 1
sgn(z), |z] >a

¢q(x) = htanh(x/a) = : (7.5)

x/a, lr] <a

where ¢, may be considered a quantum activation function. In the limit a — 0, ¢, reduces to the
classical activation function Eq. 7.1. In this case, each rotation angle is either O or 7. This means
that, under ideal conditions, the rotation gates will only move the qubits between computational
basis states, the behavior of the @ = 0 network is deterministic, and is equivalent to the standard
classical neural net. Non-zero values of a enable arbitrary angels of rotation and hence non-
deterministic measurements. We identify a as a parameter describing the “quantumness” of the

network.

7.3 Training

BQNN training was done using stochastic gradient descent with momentum [348]. A dif-
ficulty in gradient descent arises for both classical and quantized networks due to the activation
function Eq. (7.1) having an undefined first derivative and probabilistic activations correspond-

ingly. To overcome this, a clipped straight-through gradient estimator [287] was used. L.e., when
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Figure 7.1: (a) The mapping from the classical binarized multi-layer perceptron network to the
quantum circuit implementing the hidden layers of the BQNN. Each step of the forward pass
consists of rotating each qubit by an angle controlled by the classical channels, then measuring
each qubit. These measurements are the activations which are then passed to the next layer of the
network. The networks consist of an input layer, [ hidden layers, and an output layer. (b) The
BQNN circuit with noise injection by means of inserted U and U t pairs. (c)-(e) The varieties
of quantum hardware on which we run the BQNN: trapped ions with microwave driven gates,
trapped ions with laser driven gates, and superconducting qubits.

backpropagating the gradients, the activations are treated as:

df - ¢back ((Wkdk_l)z) ) (76)

sgn(z), |z|>1
Gpack () = htanh(x) = ) (7.7)

x, lz] <1

This difference between the forward and backward passes introduces error into the gradient esti-
mation, but in practice yields an effective training procedure [285].

An additional difference between classical and quantum networks arises in inference. While
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it is only necessary to run inference once for each test datum in the deterministic classical case,
in the quantum case, classifications fluctuate from run to run. We take a sample of classifica-
tions for a single input and select the outcome by majority vote. Ref. [5] explored both training
and inference with a classically-simulated BQNN on the MNIST handwritten digit recognition
dataset [349], finding that the classification error rate improved over classical-mode results in an
intermediate quantum regime where 0 < a < O(1). This advantage only required on the order

of 10 classification samples per image.

7.4 Hardware Implementations

In the present work we still train the network using classical simulation, but perform clas-
sification on two different sets of hardware i.e. IBM circuit-QED processors based on transmon
qubits [350, 351], the trapped-ion quantum computer at the Joint Quantum Institute with mi-
crowave gates and Raman gates. The network consists of three layers with 16 qubits per layer
and is classically trained using a straight-through estimator (STE) on the MNIST dataset.While
the circuit in Fig. 7.1b is constructed on 16 qubits according to the network’s architecture, the cir-
cuit is separable and hence can be executed on as few as one qubit. The training and classification
code can be found in the repositories [352, 353]. Below is a brief description of the hardware.

The ion trap system is described in detail in Ref. [354]. It consists of *"*Yb™ ions confined
in a linear Paul trap. Each ion possesses two distinct types of quantum states: internal states and
motional states. The internal states, used to encode qubits, correspond to hyperfine levels within
the electronic ground-state manifold, 25, 5. Specifically, the qubit basis states |0) and |1) are

defined as |, mp) = |0, 0) and |1, 0) respectively. Here, I indicates the total angular momentum
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including both the nuclear spin and total electronic angular momentum in these hyperfine-split
states while mp is its projection onto the quantization axis. The motional states arise from the
quantized collective oscillations of the ion chain within the harmonic potential formed by the
radio-frequency and static electric fields of the Paul trap. These quantized vibrational modes
serve as a shared quantum bus and play a central role in mediating interactions between qubits in
trapped-ion quantum systems.

In this experiment, we employ two trapped-ion gate architectures: microwave-driven single-
qubit gates and laser-driven Raman transitions which implement both single-qubit and two-qubit
entangling gates. For Raman-based operations, three ions are confined simultaneously, though
only the left and right ions were used for quantum gates. Single-qubit gates are implemented
using stimulated Raman transitions, driven by two beams derived from a 355 nm mode-locked
pulsed laser: one beam globally illuminates the ion chain, while the other is split into tightly
focused beams for individual ion addressing. The frequency difference matches the qubit split-
ting and drives coherent transitions between the qubit states. Entangling gates are implemented
by simultaneously applying two bichromatic laser beams—one to each ion— tuned near the red
and blue sidebands of a shared motional mode. These beams generate spin-dependent forces that
couple the ions’ internal (spin) states through their collective motion, realizing a high-fidelity
Molmer—Sorensen interaction. For microwave gates, a single ion is trapped, and transitions be-
tween the states are driven using resonant microwave radiation. This approach enables higher
fidelity qubit control independent of the qubit motional state, the latter being a source of error
in laser-driven Raman gates. In both modes, the qubit states are read out by collecting state-
dependent fluorescence on a photomultiplier tube array.

All superconducting-qubit experiments are executed on IBM’s commercial Eagle and Heron

230



processors, which host capacitively coupled transmon qubits arranged in a heavy-hex lattice and
controlled with microwave single-qubit rotations, cross-resonance two-qubit gates, and dispersive
resonator readout. We access these processors through the IBM Quantum cloud API, submitting

circuits and retrieving results remotely.

7.5 Classification Results

As an initial test of the effectiveness of BQNN, we randomly select and classify 55 images
from the MNIST test set, taking 10 samples per image. Due to resource constraints, this initial test
is performed only on quantum assembly simulation (QASM) and IBM hardware. The results are
depicted in Fig. 7.2a. Our results broadly agree with the prediction of Ref. [5]. In particular, in an
intermediate regime (a ~ (0.5) we observe the validation rate of the BQNN greater than that of the
analogous classical network. Surprisingly, the validation rates observed in the experiment slightly
exceed those obtained through classical simulation for @ < 0.5. Although the difference is within
error bars, its presence can only be attributed to physical noise and demonstrates that noise is not
always hindrance to performance. This initial experiment also explicitly verifies that quantum
uncertainty in quantum neural nets can play a role similar to injecting stochastic noise during
classical neural-network training, which is known to act as an effective regularizer and boosts
performance [355]. We explicitly verify a similar behavior here but induced by intrinsically
quantum noise.

To further explore the effect of both quantum randomness and physical noise on image
classification, we select a representative image (index 6929) that failed to be correctly classified

by the classical model (¢ = 0) but succeeded in simulations with the introduction of quantum
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Figure 7.2: (a) Validation rates on 55 randomly selected test images obtained from supercon-
ducting hardware and simulation for different values of a. For each image, ten shots were taken
and the most common outcome was chosen as the predicted class. (b) An NY image that was
misclassified at a = 0.0 shows improved classification accuracy when the quantumness a is in-
creased to some optimal level on the three different platforms, i.e. superconducting, trapped-ion,
and classical simulation. (c) For an NY and YY image, taken at either a = 0.0 (classical) and
a = 0.5 (quantum), noise is controlled by the insertion of a number of single-qubit UUT = [

pairs.
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noise (a > 0). We call such images No-Yes (NY) images, in contrast with Yes-Yes (YY) images,
which are correctly classified by both the quantum and classical networks. Fig. 7.2b compares
results on the NY image between simulation, IBM hardware, and microwave-gate trapped-ions.

Perhaps the most interesting observation is the difference between the simulated behavior
and experimental results at zero and small values of the quantumness parameter, a. At a = 0,
the classical network deterministically fails and so does the idealized quantum simulation of its
quantum realization. However, the experimental validation rate at a = 0 for this image is 10%
for the trapped ion quantum device and as high as 50% for the IBM device. This behavior too
can only be attributed to physical noise. A plausible explanation is that there are two nearby
minima in the energy landscape of the trained neural net [4] - one representing the erroneous
reading, which gets selected classically 100% of the time, and the second being the correct read-
ing. Measurement noise introduces classical stochasticity and errors, which in this case switch to
the correct classification in a subset of runs. We note that we have not observed such sensitivity to
physical noise at a = 0 for clear YY images (where presumably there is a single deep minimum
insensitive to small perturbations). This simple observation suggests an interesting use case for
noisy quantum neural networks as a way to flag ambiguous data entries. For the MNIST dataset,
the data quality is relatively obvious from visual inspection, but this is not necessarily the case
for more complex datasets.

The NY images are the source of the boost of performance upon quantization exemplified
in Fig. 7.2a. We explore the validation rate as a function of quantumness, a, for the particular
chosen image in Fig. 7.2b. We observe a steep rise in the validation rate for this image to nearly
100% on the trapped ion device and about 90% on the IBM quantum computer. When a becomes

sufficiently large, it introduces nearly random rotations by producing qubit cat-states with almost
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equal probabilities for the two computational basis states. This predictably hinders classification
performance and we observe validation rates dropping with with a. In the a — oo limit classifi-
cations becomes uniformly random, and the validation rate converges to 0.1 in accordance with

Eq. (7.4).

7.6 Noise Injection

The validation rate inferred from both quantum platforms shows a subtle maximum at
a =~ (.5, but otherwise exhibits a plateau in an intermediate quantum regime before eventual
performance decay. Owing to its sensitivity to physical noise, the a = 0 and optimal a regimes
of the BQNN allow for a loose comparison of the physical noise between platforms. In particu-
lar, it is plausible that for these low-depth circuits, physical errors are the largest portion of the
error. Hence, devices with relatively high measurement errors, such as superconducting devices,
will see a greater noise-induced rise in validation rate [356]. In order to serve as a more strin-
gent benchmark of quantum devices, entanglement and mid-circuit measurement will need to be
incorporated into the BQNN.

We further modify the BQNN to benchmark the effects of gate noise on feedforward dy-
namics. Specifically, n pairs of native unitary gates UUT = I are injected into the circuit after
each layer. While in an ideal system, they have no effect, their application in a real device en-
hances bit-flip, phase-flip and other types of noise in the case of single-qubit pairs and introduce

“parasitic entanglement” and crosstalk for pairs of time-reversed entangling gates.
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Figure 7.3: For an NY image at a = 0.0, noise is controlled by the insertion of a number of
two-qubit UUT = I pairs.

7.7 Conclusion

Fig. 7.2c shows results of our single-qubit noise experiments. In the classical regime, we
observe for the trapped ion device that even modest amounts of injected noise lead to a clear jump
in NY-image accuracy at around 20 noise-gate pairs. We do not see any notable improvement of
performance on the YY image with injected noise, which further validates the heuristic picture
of two close by minima for the borderline (ambiguous) NY data entries versus a single deep
minimum for the clear YY images. This behavior carries over into the moderately quantum
regime, where the combination of quantum randomness and added single-qubit noise has only a
minor impact on validation rates. By contrast, the superconducting system does not exhibit any

enhancement in performance on the NY images with injected noise suggesting that the native
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physical measurement noise is already saturated or above the threshold to be beneficial for the
BOQNN performance. We see the per-image accuracy decline almost monotonically as noise
increases.

The final test uses native two-qubit gate pairs and results are depicted in Fig. 7.3. For the
trapped-ion experiment it was found that after the introduction of a single pair of two-qubit gates,
the per-image classification-rate shot up over 40% before deteriorating to random 10% for five
gate pairs. The superconducting platform was more resilient to this entanglement-noise and even
showed a small improvement in performance with the addition of further pairs, a behavior not
consistent with our intuition or simulations.

All in all, our experimental results suggest the possibility that certain types of physical
noise, usually thought detrimental to performance of quantum computers, can be beneficial for
certain quantum machine learning tasks. While such instances at the inference stage may be acci-
dental or task-specific, we expect a more systematic advantage when training quantum networks
with small amounts of background physical noise.

The main obstacle to generalizing this architecture to quantum networks that cannot be
efficiently simulated classically, and thus with potential for genuine quantum advantage, is the
challenge of implementing mid-circuit measurements and feedback. Without measurements, any
circuit is a subset of a unitary matrix which lacks non-linear input. On the other hand, with
complete measurement in every layer the quantum state collapses and entanglement is disrupted,
hence leading to circuits which can always be simulated classically. The only alternative is entan-
gled (e.g., brick-wall) circuits with partial mid-circuit measurements. This corresponds to circuits
designed for measurement-induced phase transitions with the difference being that in neural nets,

gates applied in every layer are a function of the partial measurement in the previous layer. Such
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measurement-induced quantum neural nets can be trained using reinforcement learning to aid in

architecture search, which will be reported elsewhere.
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Chapter 8: Summary and Discussion

The body of this thesis began in Chapter 2 by studying the spectral statistics of a random
matrix ensemble that captures several features of physical quantum glass models. In quantum
glasses the Hamiltonian becomes fractured due to the presence of quenched disorder in the in-
teractions. The BRP model captures this behavior by constructing random matrices with GUE
blocks on the diagonal and scalable disordered couplings between these blocks. While calcu-
lating the SFF for more physical spin models is often not feasible, the SFF for the BRP was
calculated exactly in the limit of infinite matrix size. It was found that, in the glassy and local-
ized phases, the ramp of the SFF is enhanced by a factor equal to the number of weakly coupled
sectors. This indicates that the SFF can be used to count the number of metastable states in spin
glasses.

This idea is further explored in Chapter 3, where the SFF is calculated for the quantum
PSM, a more physical glass model. The classical PSM is known to be a 1RSB glassy model,
making the quantized model an ideal place to explore what can be learned about the number of
metastable states through the SFF. As for the BRP model, it is found that, below the ergodic
transition, the ramp of the SFF is enhanced by a factor equal to the number of metastable states,
for times less than exponential in system size. The number of such states is found through the

quantum TAP equations, directly connecting the weakly coupled sectors of the Hamiltonian with
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local minima that emerge in the free energy landscape.

Chapter 4 takes the concepts of the BRP model and translates them to the context of ran-
dom quantum circuits. A random Floquet operator is defined which has CUE blocks on the
diagonal, with scalable disordered couplings between the blocks. The SFF was calculated with
a diagrammatic method for integrating over the unitary group, and the time evolution of the
disorder-averaged density matrix was found using an effective field theory approach. This model
was shown to exhibit glassy dynamics, such as delayed thermalization. The results of this chapter
open the door to using quantum circuits to explore nontrivial thermalization dynamics in many-
body quantum systems.

Chapter 5 then applies methods from spin glass theory to another context: neural networks.
In this work, snapshots of the training weights are taken for a MLP throughout its training process.
This allows for the analysis of the learning process by mapping the network to an analogous
Ising spin model. In this analogy neurons are mapped to spins and weights are mapped to two-
spin interactions. The TAP equations are then used to determine the melting transition and the
nature of that transition. It is found that, before training, the model exhibits a glassy transition
at low temperature. However, with training, that transition temperature increases as a power
law. Additionally, the transition changes from a glassy transition to that of an ordered phase.
This statistical mechanical approach provides an interesting perspective on the training process,
where training can be understood as selecting and strengthening some state associated with the
network’s task.

Chapter 6 explores a simple way to quantize a multilayer perceptron in such a way that
the network may be adiabatically tuned between classical and quantum modes of operation. This

allows for a direct comparison between classical and quantum performance by tuning a single

239



parameter, without changing anything about the network’s architecture. Through classical simu-
lation the networks are trained to classify handwritten digits on a subset of the MNIST dataset. It
is found that, for intermediate “quantumness,” performance exceeds that of the classical network.
This occurs due to the injection of quantum uncertainty to the network, which provides some
regularization in the training process, avoiding overfitting.

These ideas are then implemented on actual quantum hardware in Chapter 7. The networks
are trained through classical simulation, but the classification on test data is performed on both
superconducting and trapped ion quantum computing platforms. The experimental results are
consistent with the simulation results of the previous chapter. Additionally, it is seen that the
physical noise that exists in these real-world systems can be advantageous for regularization in
some contexts.

The work reported in this thesis opens up many fascinating avenues for further exploration.
In terms of quantum neural networks, there are several generalizations of the circuits discussed in
Chapters 6 and 7 that may enable even better performance. Although one of the circuits presented
makes use of entanglement in order to perform weak measurements on neuron qubits, entangle-
ment is not created between the neuron qubits themselves. True quantum advantage will surely
involve nontrivial interactions between these qubits. However, in order to train such a circuit, a
different method for optimization must be used. The current method, which estimates gradients
of the loss using a clipped straight-through estimator, has been observed to be ineffective when
including nontrivial two-qubit gates.

There are a multitude of ways that the random matrix ensembles discussed in Chapters 2
and 4 can be generalized to capture more features of physical glassy systems. The ensembles

explored in this thesis are analogous to 1RSB systems with statistically identical sectors. These
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could be easily generalized to ensembles with a distribution of sector sizes and higher levels of
symmetry breaking. Despite the simplicity of constructing these generalizations, calculating the
exact spectral statistics for such models is nontrivial.

Finally, analysis of learning in NNs through statistical mechanical analogues, as in Chapter
5, can also be expanded in a variety of directions. While this thesis uses this approach for a fairly
straightforward task and dataset, it would be illustrative to apply it to a problem with nontrivial
learning dynamics, such as grokking [357], where generalization performance improves much
later than the time at which the model saturates its performance on the training dataset. Such a

situation would likely lead to a very different phase diagram.
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Appendix A:  Appendix to Chapter 2

Here we show that the area between the SFF and its plateau value is independent of the

strength of the coupling between different states, as long as the coupling is nonzero. Consider

the integral
I = /OO dt(SFE(t) — N), (A.1)
where
SFF(t) = Y _expli(E, — Ep)1] (A2)

is the SFF. We can approximate [ as

00 2
[(tlong) = /_ dt(SFF(t) - N) eXp <_ Qttz ) ) (A.3)

[e's) long

which goes to I as tion, — 00. We find that

](tlong) = /Oo dt Z eXp[i(En - Em)ﬂ exp (_ 2tt22 )

e m#n long

(A.4)

_(En - Em)Qtlzon
= V2Ttiong Z exp ( 5 g) .

m#n

If there is repulsion between all levels so that each level has a nonzero distance from the others,

I (tiong) Will vanish for ¢, larger than the Heisenberg time. This indicates that / = 0.
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Because the disconnected part of the SFF depends only on the level density, which for
the models considered in this work is independent of the coupling strength when v > 1, the
area between the connected SFF and its plateau value will also be independent of the coupling
strength for those values of v. We found above that, as v — 17 for both models, the SFF goes
to the GUE result, which is also the result for all v < 1. From this we can conclude that the
area between the unfolded connected SFF and its plateau value is equal to the GUE result for any

nonzero coupling strength. This is simply a triangle with area 7/V.
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Appendix B:  Appendices to Chapter 3

B.1 Derivation of Schwinger-Keldysh TAP equations

Here we derive the TAP equations on the Schwinger-Keldysh contour, given by Eqgs. (3.35)
and (3.36) of the main text. Our derivation is a straightforward generalization of that in Ref. [25]
for the thermal circle, but since we are not aware of it appearing in the literature, we aim to make
this section as self-contained as possible.

We begin with the expression for the TAP action, given by Eq. (3.32) and reproduced here:

iN Stap[m, G, n] = 10g/D0N exp iZS? — in/dt Z Jiroiy0ir (1) -+ - 05, (1)
- C —
¢ (41-7p)
N N
+ 27 dtz(t) —i/dchi(t)mi(t) + %/dtdt’/\(t,t’)g(t,t’),
c c 5 c
(B.1)

where C denotes the Schwinger-Keldysh contour and

c

0_ P oo — 28 2 h o)) — L A Yo (B (¢
S :/Cdt (5(@,502@)) 5 (1) + hi(t) Z(t)) 2/dtth(t,t) J(t)oi(t).  (B.2)

Note that we have included an additional parameter 77 governing the strength of interactions. We
calculate Stap by expanding in 7, ultimately setting 7 = 1. One can show that all terms beyond

second order vanish in the thermodynamic limit [25, 269], so we need only calculate Stap and its
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first two derivatives at n = 0. Then

dStap[m, G, 0] n 1 0*Stap[m, G, 0]

Stap[m, G, 1] ~ Stap[m, G, 0] + on 5 o (B.3)
We proceed term by term.
Zeroth order
At zeroth order in 7, we have that
iNSTAp[m, g, 0] = Z IOg / D0i6iso
1N N
o /A !/ / )
+ 5 Cdtz /dch - /Cdtdt (t,t)G(t, 1)
(B.4)
The first term evaluates to
/ Do; exp {—% / dtdt'o;(t) (6(t — ') (n0; + 2(t)) + A(t, ) / dth;(t ]
c c
_% 1 1
:Det[z(uaf +2) +¢A} exp {—— / dtdt'hi(t )( (ud? + 2) —HA) }
2 Je
(B.5)
We further have that
(o;(t)a; (")) — (ou(t)){os(t))) = < (u0? + 2) +ZA> (t,t), (B.6)
-1
(os(t)) =i / dt’<i(u8t2 + 2) +¢A> (t, ) (t). (B.7)
c
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Note that the left-hand sides are constrained to be G(¢,t') — Q(t,t') and m;(t) (summing over i
for the former), where Q(¢,¢') = N~ >, m;(t)m;(t'). Thus we can use Egs. (B.6) and (B.7) to

express the action in terms of them. The first term of Eq. (B.2) becomes
N N / -1 / /
5 log Det [g _ Q] + 5 [ dut (g _ Q) (t,1)Q(t, 1), (B.8)
c

and the second line can be written

— N/Cdtdt’ (g — Q) _1(t,t’)Q(t,t’) — WTM/Cdtafg(t,t’)

t'=t

n E/dtdt’ (g - Q>_1(t,t’)g(t,t’). (B.9)
2 Je

Combining the two, we have that (up to an unimportant constant)

iStaplm, G, 0] = %log Det [g - Q} - %M/dt@fg(t,t’) (B.10)
C

t'=t

First order

Strictly speaking, since h;(t) and A(t, ') are chosen so that (0;(t)) = m;(t) and >_,(0:(t)o;(t')) =
NG(t,t') at every value of 7, they themselves are functions of 7 (as is z(¢)). However, the
Legendre-transform structure of the TAP action ensures that the total derivative with respect to n

equals the partial derivative holding fields fixed (for example, the contribution to 9Stap/0n from
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Oh;(t)/On comes with a factor (o;(t)) — m;(t) = 0). Thus we have simply that

OStap[m, G, n)
% /dt Z le 7,p 0'11 O'Zp<t)> (Bll)

(i1--1p)

At n = 0, the spins are non-interacting and the expectation value factors:

0Stap[m, G, 0]
a— / dt Y Jipeiyma (8) - g (£) (B.12)

(i1--1p)

Second order

The second derivative requires a bit more work. From Eq. (B.11), we have that

o STAPaE;’; G, N/dtdt ZJIJI/( or(t)or(t')) — <Uf(t>><‘”’(t/>>>

11

L dtdtzﬂ’“’ (o200 t)) = (oa(®)out))
+W dtdt’;JIag;)(@I(t)a( 2) = (ou(t))(ou(t’ >>

O\ /’ " )
T dtdt’dt”zJI%«JI(t)gif(t)ai(t> (or()) o) (1))

I3

(B.13)

where for brevity, we use / to denote (i; - - -4,,) and o;(t) to denote o;, (t) - - - 0;,(t). To evaluate

the partial derivatives on the right-hand side, which we only need at 7 = 0, note that

OStap[m, G, 1]

3STAP[m,g,77] o aSTAP[m>ga77] _1 /
SnlD — At t),

1
— _hi(), oot 22 Tagae) . 2

(B.14)
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where we set Y _.(0;(¢)*) = Np(t) (even though ultimately p(t) = 1). Thus, using Eq. (B.12),

Ohi(t) N82STAp[m,Q,O] -3 O(miy(t) - -my, (1))

o om0 o omi(7) | (B.15)
82(t> _ 2825TAp[m,g,O] 0 8A(t,t’) _ 282STAp[m,g,0] _
on dp(t)on ’ on dG(t,t")0n

The second derivative simplifies to

02 STAP [m g 77

B = Lt S s (0o ) — (o1 o 1))

r

8 o !
__/dtdt/ZJ[J[/<<0'[ 0'1 > < I(t)><ai’<t/)>>a<7nT((i/))>'

I//
(B.16)

Just as one can show that higher-order 7 derivatives vanish in the thermodynamic limit, one can
also show that it is safe to replace J;.J; by its average in Eq. (B.16) [25, 269]. Again using that

expectation values factor at 7 = 0, we therefore have that

82STAP[m> g, 0] iJ?
on? p

/Cdtdt {g( t')P —Q(t,t’)p—p(g(t,t’)—Q(t,t’))Q(t,t’)p_l}. (B.17)

Full TAP action

Inserting Eqgs. (B.10), (B.12), and (B.17) into Eq. (B.3), we find that

iStap = —1ogDet[g Q] —? / ARG (t, 1)

v ——/dt Z Ji; .. meh(t)"‘mip(t)

€ (iremip)
J2

~% . dtdt’ [g( Y+ (p—1)Q(t, )P — pG(t, t)Q(t, t’)“} .

(B.18)
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As discussed in the main text, the TAP equations come from setting to zero the derivatives with
respect to m;(t) and G(t,t'). However, since G(t,t) is not free to vary (it must equal 1 by the
spherical constraint), we include a Lagrange multiplier that we again denote by z(¢). The TAP

equations are thus

(g — Q>_1(t, ) —ipdfo(t —t') — (G )P = Q@ t)Y) =iz(t)s(t —t'), (B.19)

- 3 O (my, (1) - - - m;
/Cdt’ <g - Q) (t, 8" Yym;(t') + i i, ( (atzn(t) p(t))
(i1“'ip) 3

—(p—1)J° /C dt' (g(t, t') = Q(t, t'))@(t, )2 ma(t') :(130.20)

Time translation invariance allows us to further simplify by setting m;(t) = m; and z(t) = z.
Note that then Q(¢,t') = N~ Y. m? = gga. After some rearrangement, the TAP equations can

be written

i(102+2) (g(t,t’)—qEA> e / dt" (g(t,t’)l’—l—qggl) (g(t”,t’)—qEA) —5(t—t)), (B21)

C

J /c o (Q(t, ) = (p— DGt t') + (p — Q)QIEJXl)mZ’

A(mg, -+ - my
— —iemi—i Y Jl% (B.22)

(i1-ip)

These are precisely Egs. (3.35) and (3.36) from the main text.
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B.2 Energy of a TAP state

Here we derive an expression for the total energy density € in terms of a solution G(¢,t’) to
the TAP equations, Egs. (B.21) and (B.22).

Note that, despite the complicated derivation, G(¢,t’) is simply the contour-ordered expec-
tation value of N~ >~ 0;(t)o;('). Thus, as we discuss below in App. B.3, the kinetic energy per

spin is given by

QNMAtQ XZ: <[ai(t + 2At) — oyt + At)} [Ui(t + At) — ai(t)}> - _gafg(fr?t)’ (B.23)

where ¢ denotes ¢ + At.
To evaluate the potential energy, we replace J;,..;, by (1 + ((t))J;,...;, in the original path

integral. On the one hand,

0
m Stap

N > T o () -0, (1)) (B.24)

¢=0 (d1-ip)

On the other hand, it is easy to see how the explicit calculation of Stap is modified by ¢(¢):

STAP - STAP

——/dtC Z le zpmn() "mip(t)

(i1-++ip)
! % [ ara () + <) {%, O+ (0= DQUL LY — pG (L 1)QL Y| +0(CP).

(B.25)
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1
N Z Ji1~--ip<0i1 (t) ce Uzp Z le zpmu T My, (t)

(i1--ip) (i1-+p)

Sl K {Q(t,t’)p +(p— DQEY — pG(t,t)QL Y], (B.26)
C

and the total energy per spin is given by

82 +_ Z le zpmzl 'mip(t)
N i (B.27)

A P [g< 1+ (p— DOV — pG(E ) ¢
P Jc

Writing out the various components of G explicitly and using time translation invariance

(as well as taking ¢ to be far from the thermal branch), we have that

08 Gea 07+ ”/26— dt Z {gaa (1=t —paEn" Goo (t=1')+(p—1)gEa |

(B.28)

where £ is defined as in the main text (Eq. (3.40)). Despite the appearance, this expression is

independent of both ¢ and a. Compare it to the argument of the filter function from Sec. 3.4
(Eq. (3.68)), reproduced here:

W00 = 5060 -2 [ S0 Gty (1 [ Gt )

P Jo 7

o

(B.29)

Evaluated at the saddle point given in Sec. 3.4.2, Eq. (B.29) comes out to be (up to corrections

251



small in 771)

e[\ G] = — & L02Gual0) + JGRLE — 27 A - dt’ Z (gm £y qu),
(B.30)
which, since 2iA = [ dt/ Za,(—m/gaa, (t), is precisely the energy density of the TAP state,

Eq. (B.28).

B.3 Accounting for filter functions

The purpose of this section is to derive Egs. (3.44) through (3.46) of the main text. In the

original definition of the SFF,

SFE(T, f) = Trf(H)e— T Trf(H)eiT (B.31)

we need to be careful in how we treat the filter functions, since f(H) does depend on the specific
disorder realization. It is convenient to assume that f( /) is an analytic function of energy density,

i.e., it can be expanded as

f(H) = Z% <%) , (B.32)

n=0
where the coefficients ¢,, do not depend on N. This is not a significant restriction, since we can
still choose f(H) to be as tightly concentrated around any given energy density ¢, as we wish.

Inserting Eq. (B.32) into Eq. (B.31) gives

. Cn 1 Ny p—1 ny ol
SFR(T, f) = WN” o TrH =T TrH et (B.33)

NNy
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We construct the SFF path integral as usual: write H = Hy + Hy with Hy = Y, 72/2u the
kinetic energy and H the potential energy (including a Lagrange multiplier for the spherical

constraint), approximate

. . . T
e HT o (eiHaltgiHa ) 35 (B.34)

insert resolutions of the identity alternating between the |o) and the |7) basis, perform the Gaus-
sian integrals over momenta, and finally take At — 0. The only subtlety is in where and how
we insert the factors of /4 during this process. While any arrangement has to ultimately give the
same answer, we can simplify things by making judicious choices.

First write each H as At ), H/T and insert one term at every time slice, i.e.,

TrH e HTTr HM AT

A et 4 . . .
_ (?> Z Tre—zH(T—tnu)He—zH(tnu —tny—1) . .. e—zH(tg—tl)He—thl

1ty
« Z TreiH(T—tnl)HeiH(tnl—tnl_l) o eiH(tQ—tl)HeiHh. (B.35)

t1tn,

Note that, to leading order in At, no two factors of H coincide at the same time. Furthermore,
each factor of H is itself two terms, whose operators we arrange within the Trotterized exponen-

tial (Eq. (B.34)) as indicated:
.. otHalAt jiHa AL <i Z 7, e el giHalSe o iHGA i Ha Al Hc]> it gitadt | (B 36)
20—~ d (I —

With this arrangement, when we carry out the rest of the path integral procedure, we end up with
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the integrand

5 XtQ Z [03(t 4+ 2A8) — o3(t+ AL [o4(t+ At) — 0, (1)] + (;) Tty 00 (8) - 0y (1), (B.3T)

While these expressions are for the lower contour, those for the upper contour are exactly analo-

gous. Thus the n,n; term of the SFF becomes

TrH e HTTr g™ HT

:/paNeiS (%)n U Ht) - Halt) S H() - Hilt,). B38)

tl“'tnu tl"'tnl

where the action S is, in continuum notation,

5= /OT dtg(—na [Z (g(@tai(t))Q = %’5)(%@)2 = 1))

— Z Ji1~~-ipgi1a(t)"'Uipa(t> s (B39)

(i1-+1p)

and we’ve defined (in a slight abuse of notation) the random function

Ho(1) = ; Kﬁ Z (Gia(t + 2A8) — Gia (t + A1) [01a (t + AL) — 030 (1)]

7

+ Z Ji1-~~ip0i1a(t) tee Uipa(t)~ (B40)

(i1-+ip)

Eq. (B.38) must now be averaged over the random couplings. Due to the term of the action
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linear in J;,..; , each coupling acquires an expectation value:

_— iJ*(p—1)! [T o
Jil...ipezs - —W/O dt/ Z(—l) Uila’ (t/) s O'ipa’(t/)- (B41)

al

Thus in the average of Eq. (B.38), one contribution is the fully disconnected term in which each

insertion of H,(t) gets replaced by its mean value, denoted Ne,(t):

Ney(t) =

=

p

7 o

> [00ia(tN)] [Ooia(t)] — N’ /T dt'y (1) = > Gialt)oiar () )
tY i tY i 0 N : 1 1 .
(B.42)
In fact, all other contributions, which come from contractions of pairs of couplings about their
means, are necessarily subleading in 1//N: whereas the disconnected term contributes one factor

of N for every insertion of H, each contraction accounts for two insertions but contributes only

one factor of N between the two. Thus, to leading order,

TrH e HI Ty HrugiHT / DN (Ne;) Ttu (NEE)”’@Z_'S, (B.43)

where we’ve defined €/, = T [ dte,(t).
Returning to the SFF, we see that we can simply resum the series for the filter functions,

but now with the deterministic function €' in place of the random operator H:

SER(T, f) = / DoV (e (€)™, (B.44)

The average of e is treated exactly as in Subsec. 3.2.2, albeit with the extra index «. It results in

the effective action given by Eq. (3.45) in the main text. Note that, when we introduce the order
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parameter G (t,t") (see Eq. (3.23)), we can also substitute it into the expression for €, giving

the function

F T2

T
_ 5 o BT INT L1V (4 4P
€.[G] = o7 dtO; Goa(t™, 1) T /0 dtdt’y " (—1)* Gow (t, 1) (B.45)

Oé/

The only difference from Eq. (3.46) is that the latter assumes G, (t, t') is time-translation invari-
ant. This is true of the saddle-point value, and the replacement is justified here because f(¢e[G])
is independent of /V and is thus evaluated solely at the saddle point in the large-/V limit. We have

therefore arrived at Egs. (3.44) through (3.46) of the main text.
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Appendix C:  Appendices to Chapter 4

C.1 Sigma model calculation for the eigenstate correlation function

The correlation function C,,/p (w) defined in Eq. 3 in the main text can be obtained from

the generating function [250]

_ [ [T dodet (1 —ae®U+ J¥) (1= fem™U" + J7)
Z[J] = </0 o det (1 — ce’®U) (1 — Be—0U) ; (C.1)

by taking derivatives with respect to the matrix elements of sources J* and setting them to zero

at the end:
B} O*Z[J] - :
Cnn’m’m e = Cnn’m’m t )

(C.2)

1 - _
Onn’m/m(w) = % (Onn’m’m(aﬁ) + C:’nmm’(aﬂ) - 5nn’5mm’) .

« and /3 are complex numbers whose product is 3 = ¢~". The positive infinitesimal 1/M <
n < 1 serves as a small parameter for the following perturbative calculation, and broaden the
2m-periodic Dirac delta function do,(w) in Eq. 3 of the main text into a Lorentzian function
S en I /27 of width 1.

The generating function Z[.J] can be expressed as a Gaussian superintegral, where the
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integration variable possesses a structure within advanced/retarded space (contributing to the
part associated with forward/backward time evolution U/UT) and within the fermion/boson space
(corresponding to the numerator/denominator). This superintegral is then converted by color-

flavor transformation into a sigma model representation [248],

Z[J] =det (L+JH)(1+J7)) </D(Z, Z) exp(—S|Z, Z])> ,
(C.3)

S|Z,Z] = —STrIn(1 — ZZ) + STrIn (1 - aﬁZMjUZM;UT> ,

which is exact and applicable to any time periodic system with a Floquet operator U. Here M f is

1 0
a block diagonal matrix in the boson-fermion space and takes the form of M Ji =

0 (14 J%)!

ijb and Z;‘j” are supermatrices which act in both the boson-fermion space (labeled by superscripts

BF

a,b = B, F) and the Hilbert space of the entire system (labeled by subscripts 7,7 = 1,2, .., N).
They are constrained by the relations: ZFF = —ZFF 1, 7B8 — 7BB1 and |ZBB1ZBB| < 1. STris
used to indicate the supertrace over the product of boson-fermion space and Hilbert space.

For the current model in the limit of large onsite Hilbert space dimension ¢, we could
perform an expansion in powers of Z and Z in S [Z , Z] and focus on the Gaussian order fluctu-
ations. The applicability of this perturbative treatment in the current model is analogous to that
for the g-orbital version of the Wegner model [251, 252] in the limit of large ¢q. Additionally, the
n = — Reln(af) also serves as a small parameter in this perturbative calculation [248]. From
the leading order quadratic fluctuations one obtain the smoothed eigenstate correlation function

with the 27-periodic Dirac delta function replaced with a Lorenzian function of width 7.
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Up to quadratic order in expansion of Z and Z, the action acquires the form

Z ZsaZabe,“,

1,7,¢',j" a,b

/5jj/

(C4)

1+ Ne @ 1—e
—af (85 — 0rJj;) (Oirr — dar T (530:),3@') ‘ ° )

M(N+1)Jr N+1

Here sg/r = *1 and we have ignored terms of higher order in source .J * which are not relevant
to the eigenstate correlation function under study.

This action for the quadratic fluctuations can be rewritten as

~ 1 M-—1 _ M
X <stb(0) - 5bFM m (k) ZQ_ZZW]CZ/M‘]; 1) M+i,(m—1)M+i
k=0 =1
N ~
—Or Y E;FJ;-éB@,m>
i£j=1

N
_50,F Z Y/ /J 5B(j)m> .

i'#j'=1

(C.5)

Here X, (k) is the Fourier transform of the diagonal matrix elements of Z within the block
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m, and Y represents the off-diagonal matrix elements of Z:

M

X(lb Z Zm )M, (m— 1)M+]6—127rk]/M’ Xab Z Z(m 1) M- 1)]\/[_"_16127rk]/M7
7=1

Yab (1 — (5 )Zgb7 Yab (1 . 5])221)

(C.6)

We have used the notation that B(i) = [i/M] and b(i) =i — (B(i) — 1) M.
Setting the source J = 0 in Eq. C.5, we obtain the bare propagators for Y and X (k) with
nonzero momentum £,

<Yb/ /Y“b> — 5,54 <Y“"Yb/ />0 = 5a0iir 0 Oaat Obiy (C.7)

(20 ) X2 (R)) = sas (K (R)XDE (K)) = 50 MBSO

Here the angular bracket with subscript 0 represents the functional average with respect the

quadratic action Sy at JJ = 0. For the zero momentum mode X (k = 0), we instead have

<X,€;9’(0)X;;b(0)>0 — 5,54 <X$(0)Xg?’(0)>

;

0

(1—af)+ aﬁ%ﬁM

5aa’5bb’SaM y M= m,7
) (1- st ) (1 - ap) ©®
N (1—e= )M
(0%
6aa/5bb/8aM 5 Nl , m 7£ m'.

(1 B2 ) (1-ap)

Considering only the contribution from the quadratic fluctuations, the smoothed correlation
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function C,,,,/ym () can be obtained from

Cnn’m’m(aﬂ)

%5, 0Sy 0853 0S5 0S5
- 5nn’5mm’ - — — - 5rm’—_ - 6mm’—

J:0>0

(C.9)

We now evaluate each term in the expression above separately using Egs. C.5, C.7, and C.8:

095,
aJ,

n'n

a i=1

1+ Ne ™ 1—e 7 Fo
. 0>0 Onn ZZS”O‘/B ( JEN+1) TN ><XB<“>(O)XZ' (O)>0

=0,
(C.10)
05, 1+ Ne @ 1—¢° < Eb bE
- 5mm’ 1,B(m) X, X
<8J,;m, o 0>0 ZZsmB < BN+ | N1 >< (0) B(m)(0)>o
(C.11D)
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75
g% dJ

mm/

1+ Ne o 1—¢°
= — 1_5nn’ 1_5mm’ ) n m/’
0
>< YFFYFF >

nn’*m'm

1 1 Ne=o® 1—¢°°
_ 5nn’5mm Z SFOéB ((SB + € ‘l‘ © )

M(N +1) N+1

x <X1F3En>( )XB<m)<k)>o T
2 (1+ Ne™)
M(N +1)?
(1-0f) (1 +New”)+(2—af)(l—e )
(1-aptae?) (1 - ap)
1y
(N 4+1)2 (1 — aplENer > (1—ap)

= _5nn’ mm’(;B(n),B(m)(aB)

- 5nn’5mm’(a5)2

1+ Ne—© N 1—e

BmBOMIANIN+T) T N+1 )7
(C.12)

5nm5n m’aﬁ (
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05, 08

P 2 2
1 1+ Ne™? 1—e?
:5nn’5mm’ a 2 d n),i
J0>O ZZSSF(O(ﬁ) M2 (B( )» M(N+1)+ N+1 >

ij=1 ab

14+ New® 1—e™ o .
(63 ST T N )<X3(n)<0)xi (0)) (XI(0)XE,)(0))

P 2 2
1+ Ne™° 1—e°
+ 2 (arBp)? (53(")’iM(N +1) TN )

3,j=1

1+ Ne ™ 1—e° 5
. ((smmq,- ; ) (XEFO)XE0)

"M(N+1) N+1

M-1

1 * .
M? > <Xg(};)(k)XB(m)(k>> ¢~ i2mhk(b(n) ~b(m)) /M
k=0

X ldnn’ 6mm’

4 (1= G ) (1 — G <YniFYFF>

= Gnt Ot O (m) 5 (m) (@ B)* (Ne ™" 4 1)
(1—ap)E(Ne® + 12+ (2= aB)(1— e )(Ne = +1) + (N +1) (1 - 6*02)
(14 NPM (1- ap=2e) (1 - ap)

(1 - 6—02) [(1 —aB)(Ne™* +1) + (N + 1)]

(V413 (1 - ape™) (1 - ap)2

(Ne=o” +1)?

MN + 1) (1 - apts™)
(1 - 6—02> [(1 —aB)(Ne=® +1) + (N + 1)]

(N+12 (1= apt ) (1—ap)

(C.13)

X

+ 5nn’5mm’ (046)3

+ 5nm6n’m’5B(n),B(n’) (aﬁ)Q

+ 5nm5n/m’ (aﬁ)Q

Combining everything and using Eq. C.9, we find that the contribution from the Gaussian
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fluctuations assumes the form

Cnn’m’m<a6> = 6nn/(5mm’ (1 + El (Oéﬁ)) + 6nm5n/m’52(aﬁ> (C14)

+ 5nn’5mm/5B(n),B(m) C3 (O{B) + 5nm5n’m’ 5B(n),B(n’) 64(aﬁ) >

a(af) = (1—e)? orip () : (C.15)
<1 — ozBHﬁeNo ) (1-— 04/3)2
ea(0B) = (1 - ) w10 , c.16)
(1 — aflaNe ) (1—ap)
&(af) 1 —; N(]BV"2 (11— 045)(04/3)21+1]i€1;0 + N+1 w7 (aB)*(1 - 6_02), (C.17)
+ (1 _aﬁl+1]i€Na > (1 _a6>
T P i (C.18)

1+ N < BH_ﬁeNU )

From now on, we will focus on the regime where o < v/In N. From the expression above,

one can deduce that outside this regime where o > v/In IV, the eigenstate correlation function of

the current model becomes approximately that of the circular unitary ensemble, and as a result the

model becomes chaotic. We then simplify the expression above using N > 1 and e > N L

51 (Oéﬁ) =

ég(@ﬁ) =

Eg(aﬁ) =

E4(CY5) =

we(@B)* (1 —e )

(1—ape=*)’ (1—ap)?’
%aﬁ(l — 6_02)

e gal=aB)(aBPe ” + 2B )

(1—aBe’) (1 —arfr)’ (C.19)

Y

(1—aBe=*)* (1 - ap)

%0556_02

(1 —apBe?)

Making use of this result, we obtain the smoothed correlation function C.,,pm(w) defined by

Eq. 3 in the main text but with the 27 Dirac delta function replaced with the Loranzian of width
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n = —Reln(ap):

L 9 ‘ Ok w
Cnn/m’m(w) :% (Cnn/m/m(@lw) —+ C’n/nmm,(e ) —_ 5nn’5mm’)
:% [6nn/(5mm’ (1 + 1 (W)) + 57’Lm5n’m’62 (w) (C20)

+5nn’ 6mm’5B(n),B(m)C3 (w) + 6nm6n’m’5B(n),B(n’)C4 (w):| )

where

c(w) = — (L _]\?;02>2 <1 . 6_202> il _226_02 ’ €21
[(6*02 — (:os(w))2 + Sinz(w)] (1 — cos(w))
1 (1-e)1+e”)
oy L rer) (C.22)
() N (e=o* — cos(w))” + sin?(w)

—0

calw) =25 {(e‘”g _ cos(w))2 4 sinz(w)} B {Pe“’2 [(6—02 _ cos(w)>2 - sin2(w)]

+(1—e") [2 (e‘”Q — cos(w)) te - 1] }7

(C.23)

’ o _ cos(w)

M (e=* — cos(w))? + sin®(w)

e

cy(w) = —2 (C.24)

We note that the contribution from the fluctuations beyond quadratic order needs to be taken into
account to study the correlation function for nearby quasienergy eigenstates with small energy
separation w < 7.

It is straightforward to see from its definition that this correlation function of quasienergy
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eigenstates C,rpm (w) is related to the correlation function of the quasienergy:

= (S o)

Uy
= Conmm () (C.25)

LIN (14 e1(w) + Nea(w) + NMes(w) + Nea(w)]

:27r

Therefore, we can deduce from Eq. C.20 the smoothed quasienergy correlation function

1+ 6_2"2> cos(w) — 26_02} 1

Ra(w) = { N? 2P 1)6_02 K

i (C.26)
[(e*"2 — cos(w))? + sin? (w)}

1 — cos(w)

In the time representation, the eigenstate correlation function for discrete time ¢ > 0 as-

sumes the form

Cnn’m’m(t) == 5nn’5mm/ (515,0 +c (t)) + 5nm5n’m’02(t)

+ 5nn’5mm’5B(n),B(m) 03(t) + 5nm5n’m’5B(n),B(n/)C4 (t)v (C27)

where
1 14+e
_ —to? —to?
Cl(t)—m [t(l"’e )—m<1—6 )] s
1 2
co(t) = N (1 —e > ,
, (C.28)
1 2Pe™? 2 2 2
c3(t) = V|7 ¢ — <1 —to ) + (P? —2P)te™ — P*(e™'" — 4s0)
—e e ’
1 2
C4(t> = M <€_ta - (51570) .
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The spectral form factor is given by

K() =" Conmm(t) = N? (8,0 + c1(1)) + Nea(t) + NMes(t) + Nea(t)
o (C.29)

= N2Gyg 4+t + (P — 1)te ",

We emphasize that these expressions are valid only at early times and higher order fluctuations
are required around and beyond the block Heisenberg time.
In the limit ¢ — o0, the smoothed correlation functions become those of the CUE of

dimension NV:

1 1 1
Cl(W) :m (l—m) s Cl(t):m(t—l—i—(st,()),

(w/2)
1 1
co(w) = ——, ca(t) = —(1 = dyp),
W)= (1) = (- by0) o
c3(w) = e4(w) =0, c3(t) = cq(t) =0,

1 1
Ro(w)=— (N2 — — ) K()=N2%,,+t.
2(w) = o ( 2sin2(w/2)) K@) to +

On the other hand, in the limit 0 — 0, the smoothed correlation functions become equivalent to
those of a block CUE, i.e., a block diagonal matrix with statistically independent CUE matrices

of dimension M as its diagonal blocks,

c(w) =c(w) =0, c1(t) = cot) = 0,
1 1 1
c3(w) = e (1 - QSIHQ—(W/Q)) . oa(t) = W(t —1+6p), a1
ca(w) = —%, cu(t) = %(1 — 0t0);
1 2 P _ A2
Ralw) = o (N - QSmQ—(w/Q)) . K(t) = N%,0 + Pt.
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C.2 Diagrammatic Calculation of the Spectral Form Factor

In this section we calculate the SFF
K(t) = (|t U']*) (C.32)

of the Floquet operator

U=VerA. (C.33)

We use the diagrammatic method for integration over the unitary group developed by Brouwer
and Beenakker [253] to integrate over V. In this method the V' operators are represented by dotted
lines connecting a filled dot to an empty dot and the VT operators are represented by starred dotted
lines connecting an empty dot to a filled dot. The dots correspond to operator indices. The A,
AT, ©, and ©* operators are then represented by directed solid lines connecting dots of the same
type. Calculation of the SFF involves the product of two traces, tr U! and tr(UT)!. Each trace
forms a loop consisting of alternating directed solid lines and dotted lines.

The average over V' has the form

<vl-1 i Viin Vil - Vi j4n> = > Xuuw [0 i, (C.34)
k=1

I1,IT

when the sequence 7} .. .4 is a permutation of ¢y . . .4, and j; ... j, is a permutation of j; ... j,.
Otherwise the average vanishes. Performing the average requires summing over each of the
possible permutations IT and II'. The coefficients X; v turn out to only depend on the cycle

structure of the permutation IT~*I1" [358]. This allows us to write the coefficients as X, o
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where the ¢, . .., ¢, are the lengths of the cycles in the factorization of 17T’

Each permutation is represented diagrammatically by connecting each filled (empty) dot
connected to a dotted line to a filled (empty) dot connected to a starred dotted line with a solid
undirected line (colored red in our figures for convenience). This means that at time ¢ there are
[(2t)!]? permutations to sum over to calculate the SFF. This would quickly make the calculation
intractable, but we can make progress by considering only the leading order diagrams.

To determine the contribution of each diagram we consider the U-cycles and T-cycles that
are formed. The T-cycles are the loops of alternating directed solid lines and undirected solid
lines. Each T-cycle corresponds to a trace of the product of the operators in the cycle following
the direction of the cycle. The U-cycles are the loops of undirected solid lines and dotted lines.
The length of a U-cycle is half the number of dotted lines within it. It is the lengths of the

U-cycles which determine the prefactor X, ... These coefficients are given by the recursion

.....

relation [358]

k
NX, .., o T § : va%c27---7ck+§ :CjXC1+Cj7027---acj7170j+1 ----- Ck :5011X62 ----- Ck* (C.35)

k
Xey oo = | [ Xe, + O(NF472), (C.36)
j=1
1 nl-2e —1(2C—2 —1-2¢
X.=(-1)“""N""¢ e + O(N ). (C.37)
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Figure C.1: The diagrams contributing to the spectral form factor at ¢t = 1.

2c—2

Note that ¢ * (%

) are the Catalan numbers. In particular we will use that

X, ~ Nt (C.38)

Xy~ —N73. (C.39)

We now examine the diagrams contributing to K'(1) shown in Fig. C.1. Recall that A is
a block diagonal matrix, with each block being a random CUE matrix with some overall phase.
This means that a trace involving only A and A operators will be much less than O(NV) if it does
not come to a trace over the identity. On the other hand, traces involving only © and ©* are O(N)
for finite 0. This means that the second diagram in Fig. C.1 is subleading and can be neglected
in the large N limit.

Fig. C.2 shows only the leading order diagrams contributing to the SFF at ¢t = 2. At this

point we can see some patterns emerge that also hold for later times.
 No T-cycles are formed that combine A and Af operators with © and ©* operators.
* The leading order diagrams do not contain U-cycles with length greater than 2.

* Diagrams that form T-cycles with multiple © or multiple ©* are not of leading order and
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can therefore be neglected at large V.

There are always t diagrams with only U-cycles of length 1 that are fully connected in
the sense that each dot is connected to a dot in the other trace, as seen in the first row of

Fig. C.2. The contribution from these diagrams is ¢.

There is always one fully disconnected diagram of leading order, as seen in the second row

of Fig. C.2. The contribution of this diagram is N~ tr ©|%| tr A*|2.

Excepting the fully connected diagrams mentioned above, each leading order diagram that
forms a T-cycle consisting of a © and a ©* operator has a diagram that approximately
cancels it for large N that is formed by combining or dividing U-cycles. We see this in the
way the diagrams in the last two rows of Fig. C.2 cancel each other at large N. This means

we can consider only diagrams in which each © and ©* is in a T-cycle by itself.

For the remaining leading order diagrams there are t(j) diagrams that connect j A operators
to j A' operators for j = 1,...,t. These are the diagrams shown in the third and fourth

rows. For even j these contributions are positive, while they are negative for odd j. The

contribution of these diagrams is N2 tr ©|* 22:1 (—1) (;) = —N"?"| tr 0)*4.

With these considerations we can write the SFF as

K(t) = N2 (|tr 0] (| tr A + ¢ (1 = N2 (| tr ©*)) . (C.40)
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Sy | - N=4|Tr@|*|TrA?|2

—4N~*|Tre|*

2N~4|Tre|*

4N 2| TrO|?

—4N~2|TrO|?

Figure C.2: The leading order diagrams contributing to the spectral form factor at ¢ = 2. The
base diagram without any contractions is shown at the top with the operators labeled. The labels
are dropped in the other diagrams for clarity.

Considering the average over A we see that

P
[tr AP = ) e WP, (C.41)

ij=1
Since the ¢; are uniformly distributed, only the ¢ = 5 terms do not vanish with averaging.

(| tr W*|?) is simply the dimension M CUE SFF, which approaches min(¢, M) for large M and
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t > 0. So

(| tr A")* = Pmin(t, M). (C.42)

We also note that N ! tr © has the form of an average, so

lim N2 ([tr Q) = ¢!, (C.43)

N—oo

Putting this all together yields the SFF
K(t) = et Pmin(t, M) + (1 - 6—02t> t+ N%,,. (C.44)

The SFF may be tuned between the glassy result (¢ — 0) and the CUE result (¢ — o0). For
finite o the SFF will match the glassy result at early times then cross over to the CUE result at
t ~ o2, This is indicative of delayed thermalization.

This calculation of the SFF takes into account only the leading order diagrams, so it need
not hold at O(N) times where the lower-order diagrams may collectively make a nonvanishing
contribution. We could naively extend the result to later times by saying Eq. C.44 holds fort < N
and the SFF is simply at its plateau value NV at all later times. Comparison with the numerical
results shown in Fig. 3 of the main text does show deviation from this at late times when the
thermalization time is of the same order as the plateau time. However, when this is not the case,
there is good agreement between this naively extended result and numerics at all times. The

oscillations in the numerical results at early times are a result of the finite system size.
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