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Majorana zero modes are neutral zero-energy localized excitations emerging in the low-
dimensional condensed matter systems, which are their own antiparticles. These excitations
are topological with an intrinsic ground-state degeneracy, belonging to the (SU,), algebra and
obeying the non-Abelian anyonic braiding statistics, which provides a possibility to implement
the fault-tolerant topological quantum computing. As a result, enormous experimental efforts
have focused on the realization of the Majorana zero modes, especially in the one-dimensional
semiconductor-superconductor Majorana nanowires during the past decade. Although experi-
ments have observed the zero-bias conductance peaks, these experimentally observed peaks are
not robustly quantized as theoretically predicted for the signature of Majorana zero modes, and
many other hallmarks of Majorana zero modes are yet to be unambiguously confirmed in experi-
ments, which makes the experimentally observed zero-bias conductance peaks being interpreted

as the Majorana zero modes questionable.



Therefore, in this dissertation, we carry out a detailed theoretical analysis of the experi-
mental results, and classify the experimentally observed zero-bias conductance peaks into three
types: the good (i.e., the actual topological Majorana zero modes), the bad (i.e., which is the
partially-separated quasi-Majorana modes induced by the inhomogeneous potential and quantum
dot in the nanowire), and the ugly (i.e., which is the trivial low energy fermionic state induced
by random disorder). Our study concludes that almost all the current experimentally observed
zero-bias conductance peaks in the publications are the ugly zero-bias conductance peaks, and

future experiments should focus on the improvement of the material quality to reduce disorder.
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Chapter 1: Introduction

Over the past 40 years, the topological phenomena have been among the most active re-
search areas in condensed matter physics since the discovery of the quantum Hall effects in the
1980s [1, 2]. These pioneering experiments on quantum Hall effects are spectacular as the exper-
imental measurements of the Hall conductance in units of €2 /I are so precise that they have now
become the definition of the official resistance standard to define the “Ohm”. This is due to a ro-
bust topological effect, where the quantization of Hall conductance is protected by a topological
gap in the bulk of the sample along with a gapless edge mode on the boundary of the sample. The
reason for the robustness of Hall conductance (i.e., against ubiquitous disorder in the sample)
is the large topological gap, because, in general, the larger topological gap provides the better
topological protection, and thus more robust and precise quantization— the same reason for that
integer quantum Hall effect has better quantization than the fractional quantum Hall effect. Due
to the large bulk gap in the quantum Hall effect, the topological theoretical understanding was
developed after the experimental discoveries, which is to say, the quantum Hall effect was not a
theoretical prediction but an experimentally discovered phenomenon from 1980 to 1982.

By contrast, although the discoveries of quantum Hall effects heralded the blossom of the
theory of the topological phases and matters, the topological theoretical predictions have dom-

inated condensed matter physics during the last 20 years with the worldwide extensive experi-



mental search for the specific theoretical predictions of quantization effects. Such well-known
predictions being studied experimentally are, for instance, quantum spin Hall effect [3], topo-
logical insulator [4], quantum anomalous Hall effect [5], non-Abelian braiding [6], Kitaev spin
liquid [7], Majorana zero mode (MZM) [8, 9]. Many of these theoretical predictions have the
precise conductance quantization protected by an energy gap in the topological phase, such as
the quantum spin Hall effect, quantum anomalous Hall effect, and MZM, or quantization in the
electromagnetic and thermal response, such as topological insulator and Kitaev spin liquid. De-
spite being rigorous and precise in theory, these predictions unwittingly lead to a serious problem
in experiments, the potential confirmation bias, where one tends to “verify” the known theoretical
prediction through fine-tunings and data selection in experiments. This is particularly problem-
atic for the topological discoveries because (1) the experimental samples are usually complicated,
stacked with multiple layers of different materials, which also have the unique and unintentional
disorder from sample to sample; (2) the topology, usually theoretically studied in the thermo-
dynamic limit or at zero temperature and zero dissipation, can apply only when the sample size
(temperature or dissipation) exceeds (is below) a certain characteristic topological length (the
topological gap). Therefore, this leads to the considerable leeway to generously explain the de-
viation in the experimental observation from the theoretical prediction of the “quantization” as
arising from the finite size effect, finite temperature, or finite dissipation.

In this dissertation, we will specifically focus on the experimental observations in the recent
experiments pursuing the MZMs, where our theoretical studies classify all experimental observa-
tions of zero-bias conductance peaks (ZBCP) into three types— the good, the bad, and the ugly.
But before we delve into the experimental and theoretical details, we would like to first clarify
the motivation of why we care about whether the MZMs have been confirmed in the first place.
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1.1 Topological quantum computing

The Majorana zero mode originates from the Majorana fermion, which was first postulated
by Ettore Majorana in 1937 [10] as a real solution to the Dirac equation, describing a charge-
neutral fermion being its own antiparticle. Since then, enormous efforts in high-energy physics
have worked on the search for the Majorana fermion, especially in determining whether neutrinos
are Majorana fermions [11, 12]. However, in condensed matter physics, we do not have neutri-
nos but only electrons (holes). Therefore, the Majorana fermion, besides being a fundamental
particle in high-energy physics, can only exist in condensed matter as a quasiparticle, which is an
equal superposition of electron and hole excitations. Rigorously speaking, because these Majo-
rana fermions in the context of condensed matter physics are not fermions since their exchange
statistics are anyonic other than fermionic; we refer to them as the MZMs in this dissertation to
avoid the confusion with the Majorana fermions in high energy physics.

Besides the fundamental interest in a particle of its own antiparticle, one of the most attrac-
tive aspects of the MZMs lies in the potential application to the topological quantum computing,
which is an intrinsically fault-tolerant quantum computing, due to its non-Abelian anyonic braid-
ing statistics [13—16]. Therefore, it is worth first introducing topological quantum computing
using MZMs.

We start with the definition of the Majorana operators in terms of the fermionic operator as
per

v=c+e y=i(c—d), (1.1

which are manifestly self-adjoint, i.e., ¥ = ~' and 4 = 4. Equation (1.1) states that the Majorana



operator creates a quasiparticle which is the equal superposition of “electron” and ‘“hole”, and

different Majorana operators (e.g., on different sites) anticommute with each other.

1.1.1 Fermion parity as qubits

To implement quantum computing, we first need to encode information into the physical

system in some way. Thus, we consider N pairs of MZMs in a chain

YY1 Y2 Y2t YN—1 YN—-1 YN IN- (1.2)

Since each Majorana +; is a zero-energy excitation, a chain composed of N pairs of MZMs forms
a ground state manifold with the degeneracy of 2VV. For each pair of MZMs ~; and 7;, we define
the fermion parity operator as per

Py =i, (1.3)

whose eigenstates are the two degenerate ground states with eigenvalues +1 and —1 with the
even and odd parity, denoted by |0) and |1). By generalizing the single pair of MZMs to N pairs
of MZMs, we can construct the computational basis in the Hilbert space of the set of NV pairs
of MZMs as |ninsy...ny), where n; = 0 (n; = 1) indicates the i-th fermionic site is empty
(occupied). It is easy to verify that the computational basis is not only the eigenstate of the local
fermion parity at each site P; but also of the total parity P, = Hf\il P;. Therefore, the whole
Hilbert space is decomposed into two orthogonal subspaces depending on the total parity, which
reduces the number of accessible computation basis from 2V to 2¥~! for N pairs of MZMs.

Namely, for N pairs of MZMs, we can express any state |a) in the Hilbert space spanned by the



computation basis with a definite total fermion parity as

’CL> = Z Unyng,...ony [TIN2 - - . nN> ) (14)
{ni}={0,1}

subject to Y . n;=even or odd

where n; can be viewed as the topological qubit on each site.

1.1.2 Braiding as gate operations

After encoding the information using the local fermion parity of MZMs as the topological
qubit, the next step is to manipulate the qubits to perform logic gates. Therefore, we exchange two
MZMs (i.e., braiding), which eventually leads to nontrivial operations acting on the topological
qubits.

We first consider the exchange of two MZMs, ; and «y; (7; will also work following the
same steps). Considering a dynamic process where we slowly drag the first MZM -~; around the
other MZM +y; along a complete closed trajectory containing y; in a two-dimensional plane, and
return them to the initial stage, due to the adiabatic theorem, we will have the final state still lying
in the ground state manifold. Therefore, we can explicitly write down the unitary transformation

U connecting the initial state and final state,

U) +— U |¥), by reasonably assuming (1) it only
involves the two exchanged MZMs -; and +;; (2) the adiabatic process is slow enough to preserve
the total parity throughout the exchange. Given these two assumptions, the unitary matrix takes

the form of

Ui; = exp(Bviy;) = cos(B) + sin(8)7iv;, (1.5)

up to an overall U(1) phase factor. Here (3 is a real parameter, which can be determined in the



Heisenberg picture of the Majorana operator, i.e.,

v = U UT = cos(28)7y; — sin(28)7;
(1.6)

75 = UnUT = cos(28); + sin(26) 7.

Since we have exchanged v; and ; through braiding, the final state should have ~; at the
position where it was originally ~; and vice versa, which gives 3 = £7. (The two signs can be
thought of as the clockwise and counterclockwise exchange, which we can choose the + sign as
a convention in the following results.) Finally, we can write the unitary operator for the braiding
of two MZMs ~; and ; as

™

Uij = exp<4%7j>. (L.7)

To illustrate the non-Abelian statistics of MZMs, we study a chain of four MZMs denoted
by

M1 V2 V2 V2 (1.8)

with the two computational basis in the odd parity (the same result for the even parity)

0) = [ny = 1;n5 = 0) = ¢l |vac)
(1.9

1) = |ny = 0;mp = 1) = ¢ |vac)

where |vac) denotes the vacuum state with zero fermion.

We first consider the braiding of the first pair of MZMs, v, and?¥;. By applying the unitary



operators U, to the two basis, we obtain

7 .
U1 ]0) = exp(zfyfyl)ci |vac) = e'1|0),
(1.10)
T i
Uir|l) = exp(zfyfyl)cg [vac) = e "1 [1).
Therefore, the braiding of v; and 7, effectively performs the gate operation of
e 0
Ui = , (1.11)
0 e'i

when acting on the basis {|0) , |1)}.
Similarly, the final state after braiding the last two MZMs, v, and 75, can be calculated as

per

T .
Us; |0) = exp(Zw%)ci |vac) = e 4 |0),

(1.12)
™ S
Uns [1) = exp (1272 ) b lvac) = % 1),
which also gives an effective gate operation as per
e7'i 0
Uy = . (1.13)
0 et

Both U1 and Uys act trivially on |0) and |1) by adding an additional phase factor to each basis.

However, a nontrivial process happens when we braid the middle two MZMs, 7; and 7,,



where the final state becomes

s 1 ,
Utz [0) = eXP(z%%)é |vac) = WG <CI - ZC;) [vac) ,
(1.14)
m_ 1 .
Uns 1) = exp(§717 ) b Ivac) = G (—ich + ) vac).
Therefore, the gate operation of braiding the middle two MZMs is
1 1 —

Uiy = — . (1.15)

This is actually the v/X up to a global phase factor, which can be used to construct a NOT gate
if applying twice (i.e., returning 7; and - back to the initial stage).

To see the non-Abelian statistics, we verify that the order of braiding matters as

1 el —ie'a
Z/{HZ/{iQ —_ = (116)
2 . o
V2 —ge 't eT'a
is different from
1 e —je
Z/{Iguli - = . (117)
2 . T ;T
\/_ —ieta e's

This is the idea behind topological quantum computing that encodes the information in
fermion parity, and braids MZMs to perform quantum gates (Clifford gates [17]). The advantage
is the topological protection both in the qubit encoding and braiding process because the infor-
mation is stored and manipulated nonlocally between a pair of MZMs, which is robust against

local perturbations by nature. Furthermore, because the building block of topological quantum



computing is composed of a sequence of braidings with each step being exactly a unitary opera-
tion exp(m;y;/4), which does not depend on any detail of the exchanging trajectory as long as
the process is slow enough to ensure the adiabatic limit; it naturally avoids the nasty scenario of
tuning the duration of the m-pulse or Rabi frequency to make an exact flip of a spin in the Bloch
sphere for a CNOT gate as in other quantum computing schemes, where errors are inevitable.
Of course, the aforementioned braiding is just the simplest idea to show how to perform
the logic gate operation using the non-Abelian statistics of MZMs. In fact, more practical archi-
tectures and schemes use ancillary qubits, and braid without “braiding” to perform the complete
Clifford gates, such as Majorana hexon architecture [18], and measurement-based braiding [19—

21], which are beyond the scope of this dissertation, and, thus, will not be covered.

1.2 Kitaev chain: A toy model to obtain MZMs

Despite being a conceptually attractive method to implement topological quantum com-
puting, the way to “split” an electron into a pair of MZMs remains unclear because the electron
is always a stable fermionic bound state in nature. In 2001, it was realized by Kitaev that such
MZMs with non-Abelian statistics can emerge as localized zero-energy bound states in an ideal-
ized model of one-dimensional (1D) spinless p-wave superconductor (SC), which is later known
as the Kitaev chain [22, 23]. The ingredients of the Kitaev chain are composed of a p-wave SC
pairing term A, a nearest-neighbor hopping term ¢, and an on-site chemical potential term g as

shown in Fig. 1.1(a), i.e.,

L-1

L
e = > (—teliei+ Acyc] +he ) = 3 e, (1.18)
i=1

=1



il <21t

Y1 Y2 YL—1 YL

@ ©

Figure 1.1: (a) Schematic of a Kitaev chain in the fermionic basis ¢;; (b) trivial phase of the
Kitaev chain in the Majorana basis 7; and 7; with |u| > 2|¢|. The thickness of the arrow indicates
the hopping amplitude; (c) topological phase of the Kitaev chain in the Majorana basis v; and 7;
with |p| < 2|t
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where clT (c;) creates (annihilates) a spinless fermion at ¢-th site in an N-site chain, and A =
|Alet. Here, we simply choose § = 0 such that A > 0 without loss of generality, as the phase
factor can be absorbed into the creation operators anyway.

Through a Bogoliubov-de Gennes (BdG) transformation, we can rewrite the Hamiltonian

Eq. (1.18) as per

C;

o=

L .
Z(J ) “| _nL
i=1 ’ 2

1 .
Kitaev — ) (cj.+1 Ci+1> (—tr, + AZTy) +h.c. — T

i=1 T
G G

(1.19)
We can ignore the last term as it is simply a constant shift of the total energy, and rewrite the
remaining terms in the momentum space by imposing the periodic boundary condition with the

Fourier transformation ¢; = \/LN > éxe” ", which yields the BAG Hamiltonian

G 1 —2tcosk —pu  2iAsink Ch
HKitaev = 5 Z (52 6_k> (120)
k —2iAsink  2tcosk + p Eik
Therefore, the energy spectrum of the BAG Hamiltonian Eq. (1.20) is
E. = j:\/(2tcosk:—|—,u)2 + 4A2sin’ k. (1.21)

By tracking the gap between E., we can identify that topological quantum phase transition
(TQPT) happens at u = 2t (u = —2t) when the two bands touch at k = 7 (k = 0).
In principle, we can always track the winding number as k crosses the Brillouin zone or

calculate the Chern number of the filled valence bands to identify which side is topological;

11



however, we will follow a more intuitive approach that clearly shows which side is topological

by converting the Hamiltonian Eq. (1.18) into the Majorana basis as per,

1 L

— L . . oplL
Z [+ A)iyieayi + (A = 1)iYi1v] — gz Vi — % (1.22)

% =1

A = -

Kitaev

| —

Therefore, if we set A = ¢, the class BDI Hamiltonian Eq. (1.18) can be viewed as a class AIIl
Su-Schrieffer-Heeger (SSH) chain [24] in the Majorana basis with the “intra-atom coupling” of
i%“, and “inter-atom coupling” of j:%t (see Fig. 1.1). Thus, the two limits— the trivial limit
[Fig. 1.1(b)] and the topological limit [Fig. 1.1(c)]— depend on the competition between the

inter-atom and intra-atom couplings of the two neighboring Majorana sites. It is straightforward

to see that, given the finite SC gap, || < 2|t| corresponds to the topological limit where two
isolated Majorana modes dangle at both ends of the chain, while |n| > 2|¢| corresponds to the

trivial limit, where no edge mode exists.

1.3 Semiconductor-Superconductor nanowire: an engineered spinless p-wave

superconductor

However, the Kitaev chain suffers from two problems in reality because p-wave SC is
hard to find in nature as well as the electron always carries the spin which is a spinful system.
Therefore, several realistic proposals were made for the laboratory realization of effective spin-
less p-wave SC and the associated MZMs in different 2D and 1D systems [25-31]. One of the
most studied and most prevailing proposals is Semiconductor-Superconductor (SM-SC) nano-

wire system [27, 29, 30]. The SM requires a large Rashba-type spin-orbit coupling (SOC) and

12



@ s-wave superconductor

|

semiconductor

v

Figure 1.2: (a) The schematic for the SM-SC nanowire in the presence of an external magnetic
field B. « is the Rashba-type spin-orbit coupling perpendicular to 5. (b) The band structure for
the SM part with SOC for the zero magnetic field (dashed lines) and a finite magnetic field (solid
lines). p is the chemical potential. The spinless regime exists when the chemical potential p lies
between the Zeeman-induced gap at £ = 0 (between the two yellow lines).

Zeeman field to explicitly break the spin-rotational symmetry and time-reversal symmetry. The
SM also acquires an effective p-wave SC pairing by a proximitized s-wave SC in the presence of
Rashba-type SOC and Zeeman spin splitting. The schematic of the SM-SC nanowire is shown in
Fig. 1.2(a).

The essence of this heterostructure is the proximitized superconductivity from the covering
s-wave SC in the SM, namely, the SM can inherit Copper pairing from a nearby long-ranged
ordered superconductor [32, 33]. We consider a 1D SM system with the Hamiltonian in the

general form of

A dk - o
i =3 [ So00) (), 0 e (b) (1.23)

and a 3D conventional s-wave SC as per

. dk
Hye = [ =2
= [ 5

where &S(k)T and 7 (k) create an electron with spin s at the 1D electronic system and supercon-

> ESC(R)il (k)i (k) + Asc (73 (k) (—k) + he) | (1.24)

s
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ductor, respectively, and ESC(k) = 225>

= 2me — Msc and Agc are the kinetic energy and s-wave pairing

in the bulk superconductor. The proximity effect can be modeled by

Hy = —/\Z/dx (@Zl(x)ns(x, 0,0) + h.c.) : (1.25)

where A characterizes the hopping strength with the dimension of energy x length. We treat the
coupling term H) between the SC and SM perturbatively, and assume the Fermi wavevector of
SC, kgc, is much longer than that of the 1D system. Therefore, the first order process, which
describes the single electron hopping, is strongly suppressed as M\k2¢ < Agc. The second order
process generates an effective Copper pair hopping term using the dimensional analyses as per

7o _
A kéC ASC

/ dz [@T(x)z/h(x)ﬁl(x,(),0)771(96,0,0) +hel. (1.26)

In lower energies, we can treat it in the mean-field level by replacing ﬁi(x, 0,0) ﬂ(a:, 0,0) with
<ﬁ1(m, 0, O)ﬂ(x, 0, 0)> o pscAsc. Therefore, we can define the proximitized s-pairing gap as

)\QpSC
RC

A

(1.27)

Therefore, the Hamiltonian of the SM-SC nanowire with a length of L can be described as

per

2m*

. Lo h?9?
Hyw = § / d$¢l(x) (__x e z‘ozay@gc + VZUz) ws’(x)
; J0
5,5 1.28
! (1.28)

+ / o (@) (2) +he).
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where 1] (z) [1),(z)] creates (annihilates) an electron with spin s at z, m* is the effective mass
of the conduction band, p is the chemical potential in the SM, V, = %gu pDB 1s the Zeeman
field with 5 being the Bohr magneton and B being the magnetic field along the wire, « is the
strength of Rashba-type SOC perpendicular to the wire, and A is the proximitized SC gap in the
SM. Through a Bogoliubov transformation of the 1215 (x), one can solve the Hamiltonian Eq. (1.28)
and find that the topological regime requires high magnetic fields such that V; > \//m .

To see why the SM-SC nanowire in the presence of a magnetic field is an effective p-wave
spinless system, we first consider the SM part. In Fig. 1.2(b), we show the band structure of
the SM without the magnetic field in the red and blue dashed lines corresponding to two states
with spin aligned with +y and —y respectively due to the spin-orbit coupling. At this point,
no “spinless‘’ regime exists as there are always two pairs of Fermion points for any chemical
potential x. However, the magnetic field solves the problem by lifting the degeneracy at £ = 0
because if the chemical potential x lies in between the Zeeman-induced gap (indicated by the
yellow dashed lines), there is only one pair of Fermion points, which can be thought of as the
spinless regime. In this spinless regime, we turn on the s-wave SC pairing, which can create an
effective p-wave pairing. To see this point, we need to project the Hamiltonian Eq. (1.28) onto the
lower band by diagonalizing the Hamiltonian for the SM. The band energies for the Hamiltonian

for the SM are

21.2
B = 8 ek, (1.29)

2m*

with the transformed basis as per

Dalk) = = (ivﬁ—mzﬁ (k) + z/h(k:)) . (1.30)



Here ¢! (z) and 1" (x) create an electron on the upper band E. (k) and lower band E_(k),
respectively. Therefore, the low energy effective model after the projection can be obtained by

substituting Eq. (1.30) into Hamiltonian (1.28) as per
~ dk - - iaAk . .
fa= [ BB (00- () + — S8 ()L (<) +he, (13D)

where the first term comes from the SM part and the last term is the effective p-wave SC pairing.

Two years after the original theoretical proposal, the first Majorana experiment on the SM-
SC nanowire [8] came out with the observation of zero-bias tunneling conductance peaks, which
are the hallmark of MZMs. Although the maximal conductance of such ZBCPs was far below
the theoretically predicted quantization of 2¢*/h [34] in Ref. [8], it inspired many follow-up
experiments [9, 35-62] producing better ZBCPs by improving the quality of samples. Recently,
a maximal conductance of almost 2¢2 / h, which is so far the closest one to the predicted Majorana
quantized value, was reported in Refs. [9, 46, 57]. These reported “almost-quantized” ZBCPs are,
however, not very stable as a function of system parameters (such as the temperature, applied
magnetic field, and gate voltage) casting doubts on their topological Majorana origin [57].

With these mysteries in experiments, we will introduce real experimental devices, and ex-

plain the issues in experiments in the next section.

1.4 Experiments on pursuing the MZMs

The schematic of the experimental setup is a normal metal-superconductor (NS) junction as
shown in Fig. 1.3 (a) and (b) from Ref. [57], where the SM, Indium antimonide (InSb), in grey is

covered by the SC shell, aluminum (Al). in green, and the normal lead in yellow is the contact to
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Figure 1.3: (a) Schematic and (b) experimental setup of an NS junction (from Ref. [57]); (c) The
tunneling conductance as a function of bias voltages and magnetic field (from Ref. [57]); (d) The
tunneling conductance as a function of bias voltage and magnetic field in the “waterfall” plot
in 2012 (from Ref. [8]); (e) The tunneling conductance as a function of bias voltage for several
magnetic fields in 2022 (from Ref. [62]); (f) and (g) show the left and right tunneling conductance
as a function of bias voltage and magnetic field in a three-terminal device (from Ref. [55]).
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measure the transport property by applying a bias voltage. Several gate voltages are used to tune
the system parameters such as the tunnel gates in red to control the tunneling energy between the
nanowire and the lead, and the super-gates in purple used to tune the chemical potential and other
parameters in the device.

In experiments, the procedure to search for the ZBCPs can be summarized in these three
steps. First, it involves a coarse search over a large parameter space spanned by super-gates,
magnetic fields, tunnel gates, etc., to identify any signs of the ZBCPs with an otherwise clean,
featureless spectrum below the parent SC gap. Once such a sign is identified in experiments,
one can fine-tune the parameters to obtain the quantized ZBCPs of 2¢2/h. Finally, with the
demonstration of a quantized ZBCP, one further fine-tunes the gate voltages within a small region
to show the robustness of such ZBCPs as a function of external fields, such as tunnel gates and
magnetic fields.

Such a protocol may seem promising as it almost always guarantees to find ZBCPs in
experiments. However, the observed ZBCPs [8, 9, 35-62], although observed some theoretical
predicted features, lack several critical features of the MZMs, including the increasing Majorana
oscillation with increasing magnetic fields [63], the bulk gap closing and reopening [29-31], the
robustness of the quantized ZBCP against gate voltage and magnetic field [64], and the end-to-
end correlation of the ZBCPs from both ends of the wire [65—-67], which we will discuss in detail
in the following subsections. The absence of these critical features makes the experimentally
observed ZBCPs arising from topological MZMs highly unlikely, and many theoretical papers
have attributed these ZBCPs to the trivial ABSs arising from the inhomogeneous potential [64,
68—78] or disorder [71, 77, 79-94] in the system. Therefore, in the following subsections, we
clarify several critical issues in experiments.
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1.4.1 Confirmation bias

The first and foremost issue in experiments to emphasize is confirmation bias. The confir-
mation bias that we are referring to here is that— when one knows exactly that one is looking
for the quantized ZBCPs, one has considerable freedom in what one may report in the experi-
mental publications through unjustified fine-tunings and cherry-picking data selections in order
to “verify” the known theoretical predicted quantized ZBCPs.

It may be unfair to only mention the confirmation bias in the experiments using SM-SC
nanowire to search for MZMs because this issue has been widely existing in topological con-
densed matter physics. For example, the somewhat unsatisfactory situation existing in the quan-
tum spin Hall [95] conductance quantization has recently been discussed in-depth, and a recent
claim [96] for Majorana modes in the quantum anomalous Hall scenario has been debunked [97].
Similarly, experimental claims of MZMs in ferromagnetic chains [98] were persuasively shown
to be likely innocuous signatures of nontopological Shiba states in a rather complicated situa-
tion [99-101]. Similarly, a compelling claim for the observation of non-Abelian quasiparticle
interference in the v = 5/2 fractional quantum Hall state has never been reproduced and is
generally ignored in the literature despite the singular importance of the claim itself [6]. Another
important claim [40] for the observation of exponential protection of topological Majorana modes
in nanowires has been shown to be arising from trivial modes with the claimed exponential wire
length dependence being an artifact of having too few samples [102, 103].

In all of these situations, the experiment data by itself is not so spectacular (unlike the aston-
ishing precise quantization of Hall conductance in quantum Hall effect [1, 2] in the early 1980s),

however, they merit the great interest only because there were compelling earlier theoretical pre-

19



dictions. Therefore, the attention and the guarding against the data selection and confirmation
bias are critical. Especially, it is imperative to trenchantly analyze the claimed discovery, not
only through extensive independent data analyses, but also through rigorous theoretical scrutiny,

to ensure that all possible trivial explanations can be unambiguously ruled out.

1.4.2  Soft gaps

Besides the confirmation bias that generically exists in the topological condensed matter
physics to some extent, we also point out issues specifically in the SM-SC Majorana nanowire
experiments. The first is the soft gap existing in the early stage of experiments [8, 35-38].
The soft gap means a substantial subgap conductance forming a smooth in-gap conductance
background as shown in the bottom red curve for zero magnetic field in Fig. 1.3(d) because
of the interface disorder [91, 104, 105]. However, there has been enormous progress in the
sample quality since 2012, with the emergence of hard zero-field gaps with no obvious features

of deleterious subgap fermionic states, e.g., a recent experiment in 2022 as shown in Fig. 1.3(e).

1.4.3 Majorana oscillations

Another typical issue is the absence of the Majorana oscillation— the increasing of the
splitting amplitude of the zero energy with increasing magnetic fields in the finite nanowire due
to the overlapping between the two Majorana modes at both ends of the wires— which is the
smoking gun evidence of the topological MZM [63] [see Fig. A.1]. The period and amplitude
of the oscillation depend on details such as SC coherence length and Fermi wavevector in the

SM. There are several reasons for the absence of the Majorana oscillations in the local conduc-
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tance [70, 72, 73, 77, 79, 106-110], e.g., the SC bulk gap collapses too early below the putative
TQPT, the self-energy effect is too strong so that it suppresses the amplitude of the oscillation, the
omnipresent trivial ZBCP in class D ensemble due to the disorder in the nanowire [111, 112], etc.
The total absence of MZM oscillations in experimental observed ZBCPs, however, remains a se-
rious problem, particularly since the nanowires used in the experiments are generally rather short,
and some oscillatory behavior is expected in the conductance even in the presence of self-energy
effects. For example, Figure 1.3(c) shows a typical experimentally observed ZBCP without any

Majorana oscillations.

1.4.4 SC gap collapse

As mentioned before, the SC gap collapsing too early below the putative TQPT is another
serious issue. The topological regime for the SM-SC nanowire is defined as the regime where
the Zeeman field is larger than \/m with A being the proximitized SC the nanowire and p
being the chemical potential. Therefore, in principle, one can apply a sufficiently high magnetic
field to enter the topological regime eventually. However, this is impractical because the bulk
SC gap, on the other hand, is suppressed as the magnetic field increases. Therefore, if the bulk
gap collapses at some characteristic fields below the putative TQPT, one can neither access the
topological regime nor observe the signature of the reopening of the bulk gap because the parent
bulk SC gap has already collapsed due to the high magnetic field. For example, in Fig. 1.3(c), the
parent bulk SC gap closes at B ~ 1 T, beyond which the system becomes completely trivial due

to the vanishing SC gap.
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1.4.5 Instability

The MZMs are a pair of topological delocalized states protected by a topological gap ex-
isting in the entire topological regime for V; > \//m . Therefore, MZMs should manifest
a quantized conductance of 2¢?/h due to the perfect Andreev reflection at the NS junction in
the local conductance measurement [83, 113, 114], showing the robustness against the change
of many parameters in the device, including the magnetic field (within the topological regime),
tunnel voltage, etc., as long as they remain in the topological regime. However, this quantization
condition is only a necessary condition but not a sufficient one to deduce the topological MZMs,
due to many other mechanisms that can also trivially induce seemingly quantized ZBCPs arising
from ABSs [68, 72, 73, 75-77, 115-118]. However, unlike the robust topological MZM-induced
quantized ZBCPs, these trivial ZBCPs are usually unquantized because there is no such topo-
logical property to ensure a perfect Andreev reflection at the NS junction. Therefore, it can, in
principle, manifest any conductance depending on the number of electron modes in the normal
lead and the tunneling transparency at the NS junction. Furthermore, even if sometimes a (nearly)
quantized ZBCPs appear by accident, they are not guaranteed to be robust in the sense that the
ZBCPs cannot persist at high magnetic field increases and will disappear and bifurcate. For ex-
ample, the ZBCP disappears at around B ~ 1 T along with the close of the parent bulk gap in

Fig. 1.3(c),

1.4.6 Short wires

In topological condensed matter physics, the topological invariant (TI) is usually only de-

fined in the thermodynamic limit. Therefore, it becomes ambiguous to carry any physical mean-
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ings if the system is simply too short, e.g., the TI of the Pfaffian defined in the Kitaev’s original
paper [23] may not correspond to the topology of a short wire in the presence of disorder, in-
stead, it quickly switches between +1 and —1, indicating a finite-size fermion parity switch [92].
Note that long wire and short wire refer specifically to the actual physical lengths of SM-SC
nanowires used in the current experiments— since the SC coherence length is unknown in the
topological regime, it is possible that all experimental systems so far are in the “short” wire limit
as the topological gap in the experimental nanowires has not been measured or even detected so

far experimentally.

1.4.7 End-to-end nonlocal correlation

The absence of the perfect end-to-end nonlocal correlation [65-67] of the conductance from
both ends of the wire is another critical feature of the MZMs missing in experiments. Because
the MZMs appear in pairs at both ends of the wire, we will expect the simultaneous response of
the conductance spectrum measured from both ends of the wire if the wire enters the topological
regime. However, if the ZBCP is induced by the trivial low-energy ABSs. There is no such an
end-to-end correlation since the fermionic subgap state is not spatially delocalized at the wire
ends, where the two Majorana modes highly overlap. In experiments, the end-to-end correlated
measurements have become available very recently [51, 54, 55, 59-62]. By comparison of the
left-right conductance spectra, we find that the end-to-end correlation is yet to be manifested. For
example, in Fig. 1.3(f) and (g) from Ref. [55], the local conductance spectrum from the left and
the right end does not manifest the perfect end-to-end correlation as they manifest the ZBCPs at

different magnetic fields.
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1.4.8 Inhomogeneous potential and disorder

Vbias (mv)

10 0.5
Vz (meV)

Figure 1.4: (a) and (c) are experimentally measured tunneling conductance as a function of the
magnetic field and bias voltage from Refs. [46] and [9]. The redder color indicates the larger
conductance; (b) and (d) are theoretically fine-tuned results to fit (a) and (c).

Finally, even if all aforementioned issues do not exist, there are still other trivial alternative
explanations of the experimentally observed ZBCPs, the inhomogeneous potential- and disorder-
induced ZBCPs, which are the bad ZBCPs and ugly ZBCPs dubbed in this dissertation. These
ZBCPs are trivially arising from low-energy fermionic subgap states, and are referred to as the
Andreev bound states (ABS), as opposed to the Majorana bound states (MBS). For example,
we show two experimental observed ZBCPs in Figs. 1.4(a) and (c) from experiments Refs. [40]
and [9], respectively, along with the two corresponding theoretical reproductions in Figs. 1.4(b)
and (d) using nanowires in the presence of disorder in the chemical potential. We find that the
experimental results (left column) and simulations (right column) are hard to distinguish as both

experimental observations are qualitatively reproduced by the trivial ZBCPs in the presence of a
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certain disorder through fine-tuning, including the vanishing amplitude of the ZBCP oscillation
with an increasing magnetic field, and the instability of the ZBCP over regimes of high magnetic
fields. The fact that the most experimentally-observed features can be qualitatively reproduced by
the disorder-induced ZBCPs leaves the suspicious origin of the experimentally observed ZBCPs
being interpreted as the topological MZMs. This conundrum necessitates a thorough study in full

detail as we will discuss from Chapters 2- 5 in this dissertation.

1.5 Outline

The remaining part of the dissertation is arranged as follows. In Chapter 2, we construct
a microscopic model for the SM-SC Hamiltonian in the real experimental situation, taking into
account various effects arising from the inhomogeneous potential and disorder. By simulating
the local differential tunneling conductance as a function of Zeeman field and bias voltage, we
define three types of ZBCPs— the good, the bad, and the ugly ZBCPs— that are possible to
be observed in the experiments, which are the most important concept and contribution of our
work. The good ZBCPs are the topological MZMs, which only exist in the pristine limit, or in
the presence of weak disorder. The bad ZBCPs are the quasi-MZMs induced by the quantum
dot (QD), or the inhomogeneous potential. The ugly ZBCPs are trivial ABSs arising from strong
disorder, which, we believe, are the observations of current experiments. We will elaborate on
these three types of ZBCPs in more detail in Chapter 2.

In Chapter 3, beyond the local tunneling conductance, we proceed to the nonlocal conduc-
tance in the hope of probing the bulk information of the SM-SC nanowire, as we will present

in Chapter 2 that the mere local conductance of ZBCP is incapable of distinguishing among the
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three types of ZBCPs due to the lack of bulk information. Thus, we study the thermal conduc-
tance and propose a practical protocol, which combines the local electrical conductance, nonlocal
electrical conductance, and thermal conductance, to decisively classify all three ZBCPs.

In Chapter 4, we study and comment on the real experimental observations in recent liter-
ature, and provide a compelling theoretical analysis with concrete simulations to show that even
the best tunneling conductance in experiments so far is consistent with a disorder-induced trivial
ZBCPs in the theory.

In Chapter 5, we revisit the simulations of the transport properties from a random matrix
theory (RMT) approach, which is beyond the microscopic model constructed in Chapters 2- 4, to
generalize our existing conclusion in SM-SC nanowires into all potential class D SC experimental
platforms pursuing MZMs because the particle-hole symmetry is the only thing that is assumed
in our RMT. We find that the quantized ZBCPs are generic in the class D ensemble by introducing
a protocol that is guaranteed to find the trivial quantized ZBCPs.

Finally, we conclude in Chapter 6, and provide three pieces of guidance for future experi-
ments. More examples of the good, the bad, and the ugly ZBCPs along with the wave functions
are shown in Appendix A, B and C. The code for producing all results in this dissertation is

shown in Appendix D.
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Chapter 2: Physical mechanisms for zero-bias conductance peaks

In this chapter, we take a broad view within the single-subband 1D nanowire model for
the SM-SC structure, considering all possibilities, both trivial and topological which produce
ZBCPs, critically comparing the results in different situations in order to shed light on how to
discern MZM-induced topological ZBCPs from the trivial ones. We critically compare four dis-
tinct physical situations producing ZBCPs within one unified formalism keeping all the SM-SC
parameters fixed (except for the specific mechanism leading to the ZBCP in each case), discuss
similarities and differences between various cases, and comment on possible methods for distin-
guishing between trivial and topological phases as a matter of principle. Given the proliferation
of many different proposed physical mechanisms leading to trivial ZBCPs in different contexts,
it is important to compare them all under one uniform model to understand their relevance and
properties. In addition, we carefully study the nonperturbative stability and robustness of pristine
MZMs in nanowires to different types of disorder, which leads to the interesting conclusion that,
while strong disorder by itself could produce trivial ZBCPs, pristine ZBCPs arising from topo-
logical MZMs, if they exist in the system, are immune to weak disorder. Immunity of topological
MZMs to weak disorder and complete suppression of topological SC with the consequent generic
appearance of trivial ZBCPs (some of which may be accidentally “quantized”) is the unfortunate

dichotomy making it a difficult challenge to interpret the existing tunneling conductance data in
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SM-SC hybrid nanowires since a priori no quantitative information is available on whether the
disorder in the currently existing samples is strong or weak compared with the topological SC
gap (which has not yet been clearly seen in any experiment).

We consider three distinct physical situations (i.e., ZBCP origins) with ZBCPs in the SM-
SC hybrid nanowires, referred to as “good”/“bad”/*ugly”, which differ qualitatively in the way
the ZBCPs arise in each case. All the considered situations apply to the same physical sys-
tem, namely, a 1D SM (InSb) nanowire with SOC in proximity to an ordinary metallic SC (Al)
subjected to an external magnetic field, described by the same 1D BdG Hamiltonian with the
differences among the three cases arising from extra terms in the Hamiltonian representing either
inhomogeneous chemical potential (“bad”) with or without QDs or quenched disorder (“ugly”).
The “good” situation is pristine without these extra terms, and has been the standard model for
studying topological SC and Majorana modes in SM-SC structures ever since it was introduced
in Refs. [29, 30]. The “bad” situation is further subdivided into two physically distinct cases,
depending on how the inhomogeneity in the chemical potential arises in the nanowire. One bad
situation arises from having an unintentional QD in the system, which often happens near the
wire end because of the complex materials science of creating the hybrid system [116]. The
other bad situation arises from the presence of an inhomogeneous potential along the wire, aris-
ing presumably from the presence of charged impurities in the environment [68]. These two
bad situations are not qualitatively different as they both give rise to near-zero fermionic subgap
states leading to trivial ZBCPs, but their physical origins are different and there are significant
quantitative differences between the two so considering them separately is sensible. The “ugly”
is the fluctuation in the nanowire due to the unintentional (mostly) charged impurities invariably
present in the nanowire. Since the charge fluctuation is very sensitive to the gate voltages, tem-
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perature, subband occupancy, etc., it is intractable when multiple gate voltages are being tuned
simultaneously. Thus, it can be treated as a random disorder in the 1D SM-SC nanowire. The
random disorder also arises from disorder in the parent SC, the dielectric substrates, and the var-
ious leads and gates necessary to produce the hybrid system. The precise source of this strong
disorder in the ugly case is unimportant for our considerations since we parametrize it simply as
a random disorder as described below.

We construct the SM-SC nanowire Hamiltonian taking into account various aspects (see
Fig. 2.1), including the pristine wire, QD, inhomogeneous potential, disorder in the chemical
potential, in the SC gap, and the effective g factor. We theoretically calculate the tunneling
conductance spectra through an NS junction as a function of the Zeeman field V; (magnetic field
B) by calculating the S matrix (Fig. 2.1).

Apart from the tunneling conductance results as a function of the Zeeman field, we addi-
tionally calculate the tunneling conductance spectrum at zero Zeeman field as a function of the
chemical potential. At zero magnetic field, where everything observed inside the gap should be
topologically trivial, the “bad” and “ugly” ZBCPs may still manifest fermionic subgap states.
This observation of the fermionic subgap states would thus become an indicator of inhomoge-
neous chemical potential or strong disorder, and therefore, samples showing subgap states at a
zero field are unsuitable for MZM studies.

In addition, we also study the correlation measurement of tunneling conductance from both
ends of the nanowire. In principle, this method, by virtue of the nonlocal nature of the topological
MZM, can serve to distinguish Majorana bound states from trivial ABSs in the “bad” and “ugly”
situations, since the topological state will be correlated but the trivial one will not [66]. How-

ever, this proposal will work only if the nanowire is sufficiently long. Therefore, by comparing
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the long nanowire results (L. ~ 3 pum) with the short ones (L. ~ 1 um), we show that in the
short nanowire it is not feasible to distinguish between trivial and topological even utilizing the
correlation measurement because the end-to-end correlation may be trivially manifested due to

wave-function overlaps from the two ends.

2.1 Theory

When considering the real experimental situation, we can construct the most general form

of the second quantized Hamiltonian to describe an SM-SC hybrid nanowire as per [119]

Hyo = Hey + Hz + Hy + Hsc + Hgysc, (2.1)

where Hgy is the Hamiltonian for SM component, Hy describes the contribution from the applied
magnetic field (entering as the Zeeman splitting energy), Hy contains various effects of disorder
and gate potentials, Hgc quantifies the parent SC, and Hgy.sc is the SM-SC coupling. This model
has been studied extensively since its introduction in Refs. [29, 30], but usually with some of the
terms (e.g., Hy) left out to emphasize one or other physical mechanisms. In this dissertation,
we keep all the terms to study and contrast the different situations within one comprehensive

framework.

2.1.1 Minimal effective model

We start with the minimal effective Hamiltonian of a pristine nanowire without any QD,
inhomogeneous potential, or disorder, which implies f[v = 0. (This, by definition, corre-
sponds to the “good” case where isolated topological MZMs arise at two wire ends for suffi-
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ciently large Zeeman splitting and sufficiently long wires, i.e., above the TQPT.) The pristine
nanowire is then described by the “standard” minimal BdG Hamiltonian [27, 29, 31] f]o =
L[ dx Wt (z) Ho ()W (2) , with

h2
Ho(.ﬁﬂ) = (—2—m*8§ — z'oz&,;ay — ,U) T, + VzO'x + ATI. (22)

Here, U(z) = (&T(w), by (z), &I(x), —zﬂ(x))T represents a position-dependent spinor; & and 7
denote the vectors of Pauli matrices acting on the spin and particle-hole space, respectively. The
magnetic field is applied along the longitudinal direction of the nanowire providing a Zeeman
term H; = Vzo,, where V; = %guBB and pp is the Bohr magneton. Rashba-type SOC with
strength « is assumed to be perpendicular to the wire length [120]. We emphasize the pristine
nanowire aspect by imposing a spatially constant chemical potential 1+ with an effective g-factor
and an SC proximitized gap A in the weak SM-SC coupling limit [32, 121]. Thus, Hgy.sc here
is given simply by the last term A7, in Eq. (2.2). Unless otherwise specified, the values of effec-
tive parameters in Eq. (2.2) are [9, 41, 44, 47, 53, 122, 123] m* = 0.015 m, (for the effective
mass), where m, is the electron rest mass, A = 0.2 meV (for the proximity-induced SC gap),
1 = 1 meV (for the chemical potential), « = 0.5 eVA (for the SOC) and the length of the nano-
wire L = 1 pum [46, 48-50] (for the short wire) or 3 um (for the long wire). (This choice of
parameters corresponds approximately to the InSb-Al hybrid SM-SC systems.) We calculate all
the energy spectra numerically by discretizing the continuum Hamiltonian into a finite-difference
tight-binding model [124] and then exactly diagonalizing the corresponding Hamiltonian matrix.
The tight-binding model is diagonalized for different values of V7, to obtain the corresponding

eigenvalues and eigenvectors utilizing Arnoldi iteration technique [125] for sparse matrices (ex-
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cept for the Hamiltonian in the presence of the self-energy discussed next). The schematic of a

pristine nanowire (“‘good”) model is shown in Fig. 2.1(a).

2.1.2 Self-energy

Under real experimental conditions, the weak SM-SC coupling limit, i.e., Hsy.sc = AT, as
in Eq. (2.2), may not be sufficient to describe the system, especially for those involving epitaxial
Al as the parent SC [36, 126, 127]. Therefore, we consider the proximity effect in an intermediate
regime within a Green’s function approach [30, 32, 121]. The retarded Green’s function GR(w)
for the Bogoliubov quasiparticles in the Nambu basis, which allows us to compute all time-
dependent response functions for an effectively noninteracting theory, can be written in terms of
the effective Hamiltonian,

h2

2m*

Hoyse(z,w) = (— 02 — 100, 0y — u) T, + Vzo, + X(w). (2.3)

where GR(z,w) = [Hose(z,w +in) — (w +11)] " (1 being the standard positive infinitesimal
required to ensure causality). The last term Y(w) arises from the SC proximity effect, which
represents the tunneling effect between the SC and the SM as Hgy.sc. By integrating out the SC

degrees of freedom, we obtain the self-energy term [32, 72, 119, 121, 128, 129]

S(w) = _7M (2.4)

where  is the effective SM-SC coupling (tunneling) strength, w is the energy, and A is the

bulk parent SC gap. Unless otherwise specified, these values of parameters are used throughout:
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v =0.2meV and Ay = 0.2 meV [129].

Since the Hamiltonian (2.3) is w-dependent in the presence of the self-energy, it can be
solved self-consistently in an iterative manner for each energy state [130]. Note that the self-
energy term Y(w) in Eq. (2.3) represents the coupling term Hgy sc of Eq. (2.1).

One of the practical problems encountered in experiments is that the bulk SC gap of the
parent SC is suppressed by the applied magnetic field, and often in fact vanishes for sufficiently
large Zeeman fields [107]. To better simulate the real experimental situation [9, 42, 43, 46,
48-50, 52], we therefore further consider a Vz-dependent bulk SC gap, where it collapses at
some experimentally determined non-universal V7., namely, the constant A in Eq. (2.4) is then

replaced by [72]

Vz
VZc

No(Vy) = Do(Vy = 0)y/1 — ( )26(VZC V), (2.5)

where 6(. . .) is the Heaviside-step function indicating that the SC gap will never reopen once it
has collapsed since the parent bulk SC gap has vanished causing a complete disappearance of the
proximity effect in the SM. As such regimes of gap collapsing V7 are not of our interest, we do
not extend Zeeman field V7 in the numerical calculated tunneling conductance spectra beyond the
SC collapse field V7. (i.e., the theory throughout this chapter is only discussed within V; < V.,
and should not be applied to the regime of 1 > V7.). Thus the Hamiltonian with the self-energy
Eq. (2.4) then becomes

-

2
*@% — 00,0y — u) T, + Vzo, + X(w; Vz), (2.6)

Hyse(z,w; Vz) = <_2m
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where
w + AQ (Vz)Tx

VAR(Vz) —w?

Equation (2.6) along with Egs. (2.7) and (2.5) are the Hamiltonian to produce most of the numer-

2.7)

Y(w;Vz) = —

ical results in the main text. In essence, the reason for including the self-energy with the bulk
Vz-dependent SC gap collapse is to introduce the renormalization effects by the parent SC. The
functional form of the SC gap collapse Eq. (2.5) is chosen merely because it phenomenologi-
cally simulates well the real experimental situation — any other smooth form of the parent SC gap
collapse does not change any aspect of our results or conclusions.

We will show results both with and without the self-energy term to distinguish weak- and
intermediate-coupling SM-SC systems in Appendix A. In the main text, only results with the
self-energy are presented since the self-energy effect is crucial under real experimental condi-
tions. (Note that we call the results with self-energy “intermediate-coupling” rather than “strong-
coupling” since the strongly coupled SM-SC represents the situation where the SC completely
overwhelms the SM nanowire, leading to very unfavorable conditions for the creation of MZMs—
weak-coupling and intermediate-coupling situations, without and with the self-energy respec-

tively, are the experimentally relevant situations.)

2.1.3  Quantum dot

The previous Hamiltonian in Eq. (2.2) describes a pristine “good” nanowire without any
disorder, i.e., f[v = (0. However, the presence of an unintentional QD at the end of the nano-
wire may be inevitable under real experimental conditions due to the mismatch of Fermi energy

between the normal lead and the SM nanowire by creating a Schottky barrier [72, 75]. There-
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fore, although the QD may not be intentionally introduced in experiments, it is expected to be
quite ubiquitous in many SM-SC nanowire experimental setups [9, 42, 46, 53]. Theoretically, the
“QD” is a potential fluctuation at the end of the nanowire which is a short segment uncovered by
the parent SC. Since it is a zero-dimensional (0D) object, the QD usually appears at the contact
point connecting the SM nanowire to the lead. Thus, the QD will play a role in Hy(z) = V (),

where V' (z) is simply chosen as a Gaussian barrier. Namely, the QD potential is given by

2

V(z) = Vpexp (—3;—2) 0(l — z), (2.8)

where 1, defines the peak of the dot barrier and [ is the length of the QD. Here V}; and [ are the
parameters modeling the QD. By intensive numerical calculations, we ensure that the specific
form of the QD potential does not qualitatively modify the results [72, 76]. Consequently, the
BdG Hamiltonian of SM-SC nanowire with a QD then becomes

ﬁ2

2m*

Hop(z) = |— P —iad,oy — p+Voe PO —x)| 1. + Voo, + Mz — D70y (2.9)

Eq. (2.9) where 0(x — [) is included to account for the partially covering parent SC (i.e., the SC
is absent over a length [ at the end of the nanowire). For the same reason, we incorporate the
self-energy Eq. (2.4) as well for the finer simulation of experimental results in the presence of the

QD. Thus, the Hamiltonian in the presence of the QD and the self-energy then becomes

h? 22
Haopse(r,w; Vz) = —%8:% —iadyoy — p+ Vpe Z0(l —x)| 7, + Vzo,
A (V2 (2.10)
@ ¥ 2oV gy,
Aj(Vz) — w?
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The schematic of the nanowire with a QD is shown in Fig. 2.1(b). This is one of our “bad”
situations, with the possibility of ZBCPs arising from the QD. The second “bad” situation with
an inhomogeneous potential along the whole wire, in contrast to a potential fluctuation just at the

end, is discussed below.

2.1.4 Inhomogeneous potential

The inhomogeneous potential is an alternative mechanism producing ZBCP in the trivial
regime [68, 69, 71, 74, 75, 78]. This is the second type of “bad” situation we consider. To be
specific, the inhomogeneous potential is a smooth confining potential in the SM due to charged
impurities in the environment or the gate voltage [8, 9, 36, 42, 53]. In the theoretical model, we

use, similar to the QD case above, a Gaussian smooth confining potential [68, 78]

2
V(@) = Vi €Xp (—%) : 2.11)

where V.« defines the height of confining potential and o controls the linewidth of the inho-
mogeneous potential. Therefore, the BAG Hamiltonian of the nanowire with an inhomogeneous
potential is

h2

2m*

»2
Hinhom () = <— 0 — 1000 — fL+ Vmaxe_%?) T, + Vzo, + AT, (2.12)

We note that both types of “bad” situations, the QD and inhomogeneous potential, can be con-
strued to produce an effective spatially varying chemical potential ;1 — V' (x) in the BdG equations

defined by Egs. (2.9) and (2.12) respectively, with the only difference between the two “bad”
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cases being the way inhomogeneous potential in V' (z) arises. A slight difference in the theoreti-
cal model between the QD and the inhomogeneous potential case lies in the spatial extent of the
parent SC segment covering the nanowire. Unlike the QD case, the parent SC fully covers the
SM nanowire in the “bad” situation of the inhomogeneous potential. We may also incorporate

the self-energy Eq. (2.4) here, and the Hamiltonian then becomes

h? 4 4 + Ao(Vz) Ty
Hinhom,SE(xa w; VVZ) - <_2_7n*a§ - Zaaxo-y — U + Vmaxe 2"2) T + ‘/Zo-x -7 WAQ(;() 2)7(;2'
o\vz) —

(2.13)
The schematic of the nanowire with the inhomogeneous potential is shown in Fig. 2.1(c). This is

our second type of “bad” situation.

2.1.5 Disorder

There are two completely distinct aspects of disorder we study in this chapter. We show that
the pristine MZM-induced topological ZBCPs, if they exist in the system, are to a large extent
immune to the effects of disorder by virtue of their topological robustness. Thus, the “good”
ZBCPs are robust to disorder effects. By contrast, disorder by itself can produce trivial ZBCPs,
which mimic MZM-induced ZBCPs, complicating the interpretation of experimentally-observed
ZBCPs.

Under real experimental conditions, unintentional disorder is unavoidable, and therefore,
disorder may also play an important role in the emergence of topologically-trivial ZBCP [70,
71, 79, 81, 84-91, 106]. In essence, the SC nanowire which hosts the Majorana modes acts
like an effective p-wave SC [131-133] which is not necessarily immune to nonmagnetic disor-

der [80, 134]. We first introduce disorder in the chemical potential as Vimp(x) in Eq. (2.1) [70],
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ie., Hy(z) = Vimp(x). Vimp(z) is a short-ranged random potential drawn from an uncorrelated

Gaussian distribution with zero mean value and standard deviation o, i.e.,

(Vimp(2)Vimp(2)) = 020(x — 2), (2.14)

where §(...) denotes the Dirac ¢ function and the variance az represents the strength of dis-
order. We clarify that the impurity potential is randomly generated and the results in Sec. 2.2
are shown for a specific configuration of randomness without averaging over disorder. Thus, the
Hamiltonian Eq. (2.2) then becomes

h2
2m*

Hdisordenu(x) - |:_ 8325 - iaaxay — M + V;mp(x):| Tz + ‘/Zo-x + ATza (215)

and the Hamiltonian in the presence of the self-energy Eq. (2.4) then becomes

h? _ w~+ Ao(Vy) T,
Hdisorder,u,SE(xa W, VZ) - |:_2_7n*a§ - Zaaxgy — K + Mmp(w):| T + VZUI - A2(‘3<> Z>w2 .
o\VzZ) —
(2.16)

The schematic of disorder in the chemical potential is shown in Fig. 2.1(d). This is the “ugly”
situation in the presence of a large amount of disorder. Here we can think of the chemical po-
tential itself having random spatial disorder with the effective random chemical potential being
1t = Vimp ().

For completeness, we additionally introduce disorder in the effective g factor and the SC
gap in our theoretical model. Since the Zeeman field is related to the applied magnetic field and

the definite value of ¢ in experiments is unknown [130], we avoid directly handling the random ¢
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factor by transferring its randomness to V7. Thus we define a normalized factor §(z) = g(z)/g,
where g(x) is the random ¢ factor and g stands for its mean value. Since V7 is linearly propor-
tional to g, §(x) also equals Vz(z)/V;. We randomize §(x) in the form of Gaussian distribution
N(1, 03) as before. Note that, to avoid the possibility of a physically meaningless negative g
factor, the standard deviation o, cannot be set too large. With the random Vz(z) = §(x)Vy, the

Hamiltonian Eq. (2.2) becomes

2

h
Hdisorder,g(x) = (_ om* a;% - iOéany - ,U) T, + Vz(il')O'x + AT, 2.17)

and the Hamiltonian with the self-energy Eq. (2.3) then becomes

h? , w + Ao(Vz) Ty
Hdisorder,g,SE(xa w; VZ) = <_%a§ - Zaaxay - //J) T, + VZ(x)O'x - AQ(;() Z)w2 . (218)
o\Vz) —

The schematic of disorder in the effective g factor is shown in Fig. 2.1(e). This type of Zeeman
disorder in the effective g factor is the second mechanism leading to creating “ugly” ZBCPs.
The last type of disorder we consider is in the SC gap. It can be defined as A(x) ~
N(A,03) in Eq. (2.2) without the self-energy or Ag(z) ~ N(Ag,0%,) in Eq. (2.3) with the
self-energy. Again, to avoid any unphysical negative SC gap, the standard deviation should not

be too large. Thus the Hamiltonian (2.2) then becomes

hZ
Hdisorder,A(m) = (_ *az - iOéany - M) T, + Vzo, + A(.T)Tx (2.19)

2m
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and the Hamiltonian utilizing the self-energy term (2.4) becomes

2

h .
Hdisorder,Ao,SE(xaw; VZ) = (_%az - Zaamay - ,LL> Tz + VZUx -

w4 Ag(x; V7)1
VR V) — o

. (2.20)

The schematic of disorder in the SC gap is shown in Fig. 2.1(f). In Sec. 2.2, we will show that
neither the topological MBS-induced ZBCP is destroyed due to this gap disorder nor any trivial
ABS-induced ZBCP is created in the presence of disorder in the SC gap. Thus this is another
subcategory of the “good” ZBCPs in contrast to both chemical potential and Zeeman disorder
which lead to ugly ZBCPs. Although the topological MZMs are protected against some gap
disorder [135], a very large gap disorder obviously destroys the MZMs since it suppresses the

topological SC itself [86, 91].

2.1.6  Wave functions

Since all of our foregoing models, after discretization, are based on the tight-binding ap-
proximation, we can obtain the wave functions by diagonalizing the 4N x 4N BdG Hamiltonian
for an N-site system, where the factor of 4 comes from the Nambu spinor basis.

Because the trivial ABSs are distinct from the topological MBSs in the spatial separation
between the localized bound states in the nanowire— ABSs in the trivial regime are two highly
overlapping (or only partially separated) Majorana modes at one end of the nanowire; while
MBSs in the topological regime are two well-separated MZMs at both ends of the nanowire [78,
118, 136]. Thus, the trivial ABSs here are in fact quasi-MZMs that are not well-separated to be
considered as two isolate modes. Therefore, to explicitly identify the ABS-induced ZBCP, we

are motivated to decompose the wave functions of the BdG Hamiltonian in the Nambu space to
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the wave functions in the Majorana basis as per,

. 1 . .
Yo(s,4) = % Z (g (s,7.4) +W_g (s,7,4)], .

Yn(s,4) = 7 Z (Wg, (s,7,0) —U_g (s,7,4)],

where Vg (s, 7,1) is the wave function at Site ¢ with the spin s = {1, ]} for the state with the
energy of £, in the particle channel (7 = e) or hole channel (7 = h), and ¥_g (s, 7,1) is its
negative energy counterpart connected via a particle-hole transformation P = o,7,K with K
being the complex conjugate (note the different form of the particle-hole transformation than the
usual one due to the Nambu spinor ¥). The two wave functions, 7, (s,7) and 5, (s, ), in the
Majorana basis are defined by the Majorana transformation in Eq. (1.1).

We sum over all spins on Site ¢ to obtain the spin-averaged density of wave functions

projecting to the Majorana basis,

7 (0)[* = Z (s, 1) %,
° (2.22)

Fa(OF =Y Fals, D),

as shown in Appendix B, along with its corresponding energy spectrum F,,.

2.1.7 Differential conductance spectrum

To simulate the experimental measurement of tunneling conductance G(V = V) =
d]/dV‘V:%_ [9, 42, 43, 48-50, 52, 53] at a bias voltage V}.s, We attach a normal lead to the end

of the nanowire and numerically calculate the tunneling conductance through the NS junction
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using the S matrix method. The normal lead has the same Hamiltonian as the SM-SC nanowire

except for the absent SC term, i.e.,

h2
Hieaa = (——2 -07 —iad,0, — mwd) T, + Vz0, (2.23)
m

where fieq ~ 25 meV is the chemical potential in the lead controlled by the voltage of the
tunnel gate [72]. The tunnel barrier V, ~ 10 meV is added on at the interface of the NS junc-
tion [137]. We use KWANT to compute the S matrix [138]. Since the calculation technique is
well-established, we refer the reader to existing references for technical details [65, 69, 105, 115,
124, 138-147]. The schematic for the simulated model is in Fig. 2.1 under six distinct afore-
mentioned situations [from (a) to (f)]: the pristine nanowire, the nanowire in the presence of the
QD, the nanowire in the presence of the inhomogeneous potential, the nanowire in the presence
of disorder in the chemical potential, the nanowire in the presence of disorder in the effective g
factor, and the nanowire in the presence of disorder in the SC gap.

We insert a set of discrete V7 into the Hamiltonian and calculate the differential conductance
as a function of Vi, from -0.3 to 0.3 mV. The conductance varies between G = 0 and 4e? /h
because of the two spin channels in general [142]. We present two-dimensional false-color plots,
where the two axes are V; and V4, to visualize the pattern of conductance spectra, with white
indicating quantized conductance 2¢? /, blue indicating zero conductance, and red indicating the
maximally possible conductance of 4¢/h in this single occupied subband model. The numerical

results for the tunneling conductance are presented in Sec. 2.2.
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Figure 2.1: The schematic of the NS junction composed of a lead and (a) pristine nanowire with
a constant SC gap A in the clean limit V' (z) = 0; (b) nanowire with a QD V() and a partially-
covered parent SC; (c) nanowire with an inhomogeneous potential V' (x) and a constant SC gap
A; (d) nanowire with disorder V' (z) in the chemical potential; (¢) nanowire with disorder g(x) in
the effective ¢ factor; and (f) nanowire with disorder in the SC gap A(x).

—

2.1.8 Dissipation and temperature

In the experimental situation, there is invariably some dissipation in the nanowire because
of coupling to the environment, which we simulate phenomenologically by adding a dissipative
term to the diagonal part of the BAG Hamiltonian [139]. Dissipation also introduces a particle-
hole asymmetry in the observed tunneling conductance at finite voltages which is not present
in the dissipationless BdG formalism by virtue of the exact particle-hole symmetry [139]. In
reality, the experiments are at the temperature 7' ~ 20 mK [49, 50]. To include the finite tem-
perature effect, the conductance spectrum is calculated as a convolution with the derivative of
Fermi distribution at finite temperature. The dissipation and finite temperature effects are already
taken into account by following recent works in the literature [30, 69, 70, 76, 84, 106, 124, 137,

139, 148]. Thus, we do not intend to discuss the effect of the dissipation and finite temperature
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throughout this chapter by sticking to zero temperature and small dissipation (I' = 10~* meV) in

the numerical results in this chapter.

2.2 Results

We emphasize that our definitions for good, bad, and ugly physical mechanisms are both
mathematically and physically sharply defined with no ambiguity as shown clearly in Fig. 2.1.
Physically, the good situation is pristine MZM with little background disorder and a constant
chemical potential; the bad situation has a spatially varying (but deterministic) chemical poten-
tial with no random disorder; the ugly case has strong random disorder. Mathematically, the
three situations are distinguished by the term Hy(z) in the Hamiltonian defining the BdG equa-
tion [see Eq. (2.1)] with Hy(x) being a constant (“good”), spatially varying in a deterministic
manner (“bad”), and strongly random (“ugly”). Thus the three situations, good/bad/ugly, are
both physically and mathematically distinct.

In this section, we show representative numerical results for the calculated differential tun-
neling conductance as a function of Vi, and V7 in Figs. 2.2-2.6. The complete correlation con-
ductance measurements from both ends of the nanowire are shown in Appendix A. Our goal is
to simulate stable ZBCPs as observed experimentally, taking into account various possible ex-
perimental situations, including the pristine nanowire, the nanowire in the presence of the QD, in
the presence of the inhomogeneous potential, in the presence of disorder in the chemical poten-
tial, in the presence of disorder in the effective g factor, and the presence of disorder in the SC
gap, within a unified formalism keeping all system parameters the same except for the specific

mechanism leading to that ZBCP. Based on the nature of the ZBCP sticking to zero energy (as
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well as the underlying physical mechanism), we classify the conductance results into three types:
the good (in Sec. 2.2.1), the bad (in Sec. 2.2.2), and the ugly (in Sec. 2.2.3). We emphasize that
all ZBCPs other than the good ones are topologically trivial since the ZBCPs begin to stick to
zero energy in these trivial cases before the nominal TQPT. This triviality is reinforced by the
wave functions in the Majorana basis in Appendix B, where the two Majorana modes are not
well-separated for the bad and the ugly cases in spite of the occurrence of ZBCPs.

In addition, we notice that by including the self-energy with a gradual-collapsing SC gap
(as happens experimentally), the amplitude of the ZBCP oscillation is significantly suppressed
as V7 increases. For each type of ZBCP, the left-right correlation conductance measurements are
also discussed. Although the end-to-end correlation measurement can be, in principle, used to
distinguish MBS from ABS in long wires, we show that the nonlocal end-to-end measurements in
short wires can trivially manifest such correlations. Besides presenting the conductance spectrum
as a function V7, we also present conductance results for zero magnetic field in Sec. 2.2.4, which
qualitatively reproduce the experiments in Ref. [51]. Obviously, the observed existence of subgap
states at the zero magnetic field indicates the presence of substantial disorder in the system which

casts serious doubt on the topological nature of the corresponding finite field ZBCPs.

2.2.1 The good ZBCP

The good ZBCP arises from the genuine topological Majorana mode which occurs be-
yond the TQPT. First, we present the results of good ZBCPs in the pristine nanowire model in
Figs. 2.2(a) and 2.2(b). The schematic of the pristine model is shown in Fig. 2.1(a). In Figs. 2.2(a)

and 2.2(b), the chemical potential and the SC gap are all simply constant without any disor-
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der. The identical nonlocal conductance correlated between the two ends as shown in Fig. 2.2
manifests the most ideal theoretical instance of the good ZBCP, where the ZBCP is completely
topological and appears only beyond the TQPT [136].

The good ZBCP arising from MZM remains immune to some finite amount of disorder as
shown in Figs. 2.2(c) and 2.2(d). In Figs. 2.2(c) and 2.2(d), we provide an example of the good
ZBCP in the presence of weak disorder in the chemical potential with a Gaussian distribution of
variance 0, = 0.4 meV, which accounts for 40% of the chemical potential. The corresponding
schematic is in Fig. 2.1(d). We find no ZBCP emerging in the trivial regime below TQPT, and
the topological ZBCP with the Majorana oscillation emerging beyond the TQPT in the usual
manner. The nonlocal conductance measurements are almost identical from both ends exhibiting
the expected Majorana correlations from the two ends.

Another type of disorder is also found to have a modest impact on the good ZBCP as in
Figs. 2.2(e)(f), where we show the calculated conductance for SC gap disorder. The correspond-
ing schematic is in Fig. 2.1(f). The strength of the random gap disorder is parameterized by
the standard deviation of 0.06 meV, which accounts for 30% of the mean SC gap. Note that,
we avoid using a very large strength of disorder to preserve the SC gap, otherwise, the SC gap
has a possibility to be negative which would be unphysical. In the presence of disorder in the
SC gap, we again find that the topological ZBCP, occurring beyond the TQPT, is relatively im-
mune to disorder, and no trivial ZBCP is induced below the TQPT. To show that we are not
deliberately choosing particular random configurations, we provide more disorder-averaged con-
ductance spectra in Appendix A, where we observe a robust ZBCP beyond the TQPT. Thus, the

good ZBCP survives weak disorder in the chemical potential and the SC gap.
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Figure 2.2: (a) and (b) show an example of the good ZBCP in a pristine nanowire with the
self-energy in a 1 um wire. The color plots show the differential tunneling conductance G as a
function of V (z axis) and Vi, (y axis) from the left lead (left column) and the right lead (right
column). The SC gap collapses Vz. = 3 meV. The TQPT is labeled in the white dashed line at
Vz = 1.02 meV. The complete correlation conductance measurements are shown in Fig. A.1; (c)
and (d) show an example of the good ZBCP in the presence of a small amount of disorder in
the chemical potential in a 1 um wire. The parameters are: standard deviation of disorder in the
chemical potential o, = 0.4 meV, SC gap collapse Vz. = 3 meV. The TQPT is labeled in the
white dashed line at V; = 1.02 meV. The complete correlation conductance measurements are
shown in Fig. A.2; (e) and (f) show an example of the good ZBCP in the presence of disorder
in the SC gap in a 1 pum wire. The parameters are: standard deviation of disorder in the gap
oan = 0.06 meV, mean parent SC gap Ay = 0.2 meV, and SC gap collapse V. = 3 meV.
The TQPT is labeled in the white dashed line at V; = 1.02 meV. The complete correlation
conductance measurements are shown in Fig. A.3.
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2.2.2 The bad ZBCP

The bad ZBCP is topologically trivial because it exists below the TQPT. In Fig. 2.3, we
present the calculated conductance spectra for the nanowire in the presence of a QD at its end,
as shown in Fig. 2.1(b). In Figs. 2.3(a)(b), we find that two ABSs coalesce into a zero-energy
bound state producing a stable ZBCP from V; = 0.6 to 0.9 meV. These two ABSs cross at zero
energy several times before 1 reaches the TQPT. If the amplitudes of crossings are tiny, within
the finite energy resolution scale in experiments (where thermal broadening also provides a finite
energy resolution around zero energy), these crossings may be incorrectly identified as ZBCPs
although they arise from almost-zero-energy trivial ABSs, not from isolated MBSs. Apart from
the fact that the trivial ZBCPs arise below the TQPT, the trivial ZBCPs also differ from the
topological ZBCPs in the amplitude of the ZBCP oscillation. In short nanowires (. = 1 um), the
true Majorana-induced ZBCP should have a prominent oscillation in the topological regime [as
shown in the right of the white dashed line in Figs. 2.2(a)(b)]. However, in Figs. 2.3(a) and 2.3(b),
the ZBCP only has a small amplitude of the ZBCP oscillation. Admittedly, one could go to a very
high magnetic field to measure the amplitude of the ZBCP oscillation, but this may not be feasible
because the SC gap may collapse at such a high magnetic field. Thus, if the SC gap collapses
even below the TQPT (e.g., Vz. = 1 meV shown in Fig. 2.3 is smaller than the nominal TQPT
1.02 meV), one will never expect to observe the real Majorana mode under such a situation. We
believe that in most of the current experimental samples, the bulk SC gap collapse happens before
the TQPT is reached, dooming any manifestation of the MZMs.

Besides the QD, the inhomogeneous potential [as shown in Fig. 2.1(c)] can also induce the

bad ZBCP as shown in Figs. 2.3(c) and 2.3(d). We take the same Gaussian form of V'(z) in the
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inhomogeneous potential case as in the QD case except that the potential is now extended over
the bulk of the nanowire instead of being confined to the end as it is for the QD. Thus, both QDs

and inhomogeneous potential induce bad ZBCPs below the TQPT.

Vbias (mv)

V)

Vbias (m

0 090 0.9
Vz (meV) Vz (meV)

Figure 2.3: Two examples of the bad ZBCP due to the QD in (a) and (b) and the inhomogeneous
potential in (c) and (d) respectively with the self-energy in a 1 pm wire. The left (right) column
shows the conductance measured from the left (right) lead. For the QD case [(a) and (b)], the
parameters are: SC gap collapse Vz. = 1 meV, the peak value of the Gaussian-shaped QD 1V =
1.7 meV, and the size of the QD [ = 0.2 ym. For the inhomogeneous potential case [(c) and
(d)], the parameters are: SC gap collapse Vz. = 1 meV, the peak value of the Gaussian-shaped
potential confinement V},,x = 1.4 meV, and the linewidth o = 0.15 um. The complete correlation
conductance measurements are shown in Fig. A.4 for the QD and Fig. A.5 for the inhomogeneous
potential respectively.

2.2.3 The ugly ZBCP

The ugly ZBCP induced by disorder is also topologically trivial. In Fig. 2.4, we present
two distinct configurations of the random disorder in the chemical potential, where the schematic
is shown in Fig. 2.1(d). Figures 2.4[(a) and (b)], which are calculated conductance from the left
and right lead, respectively, share a common disorder configuration; Figs. 2.4(c) and (d) share
another common configuration. The disorder-induced ugly ZBCPs are ubiquitous. We note that
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the disorder configuration in a given sample is not necessarily fixed and most likely changes as
various gate voltages are tuned to optimize the ZBCPs, as is the common experimental practice.
(The same happens also in thermal cycling.) For example, the occurrence of the disorder-induced
ZBCP in Fig. 2.4(a) could shift from the left lead to the right lead as shown in Fig. 2.4(d). In
addition, under the same configuration of disorder [e.g., Fig. 2.4(a) versus (b), and Fig. 2.4(c)
versus (d)], we also find the end-to-end correlation from both ends, although this arises here
simply due to the shortness of the wire. Thus, random disorder is capable, particularly when gate
voltages are tuned so as to modify the disorder configuration in a given sample, of producing
well-correlated ZBCPs in nanowires although these ZBCPs are completely trivial. Of course, it
is possible that the end-to-end correlations are absent for ugly ZBCPs in a given situation (even
for a short wire) since the correlations in the trivial ZBCPs depend on many details and are not
universal nonlocal properties. More examples are provided in Appendix A.

For completeness, we also study the nanowire in the presence of disorder in the effective
g factor and obtain qualitatively similar results as presented in Fig. 2.5. This corresponds to the
schematic shown in Fig. 2.1(e). Again, Figs. 2.5(a) and 2.5(b) share a common disorder con-
figuration; Figs. 2.5(c) and 2.5(d) share another common configuration. Therefore, we conclude
that, in the short wire, the disorder-induced trivial ABS not only resembles Majorana-induced
ZBCP but also manifests the pseudo-end-to-end correlation from two ends, which could be very
misleading in experiments. We emphasize again that whether end-to-end correlations are present
for ugly ZBCPs depends on many details, and short wires may or may not manifest end-to-end
correlations for ugly ZBCPs in specific instances. The important point is that the existence of
end-to-end conductance oscillations cannot be construed to be smoking-gun evidence for good

ZBCPs since ugly ZBCPs manifest them (as do the bad ZBCPs also) in many instances.
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Figure 2.4: Two examples of the ugly ZBCP in the presence of a large amount of disorder in
the chemical potential with the self-energy in the 1 ym wire. (a) and (b) share a common con-
figuration of disorder; (c) and (d) share another common one. The left(right) column shows the
conductance measured from the left(right) lead. The parameters are: standard deviation of disor-
der in the chemical potential 0, = 1 meV, SC gap collapse V7. = 1.2 meV. The nominal TQPT
is labeled in the white dashed line at V; = 1.02 meV. The complete correlation conductance
measurements are shown in Fig. A.6.

2.2.4 Zero magnetic field

All preceding conductance spectra are calculated for a fixed chemical potential x4 as a func-
tion of V; however, we additionally show the nonlocal end-to-end conductance measurement at
zero magnetic fields as a function of the chemical potential in Fig. 2.6 to theoretically reproduce
the experiment in Ref. [51]. In Fig. 2.6, the left (right) lead measurements are shown in the first
(second) row. All three mechanisms (good, bad, ugly) discussed in this article are presented in
Fig. 2.6. The first column is for the pristine nanowire; the second and third columns are in the
presence of the QD and inhomogeneous potential respectively; the fourth and fifth columns are
both in the presence of disorder in the chemical potential. Two separate conductance spectra in

the ugly case due to two different configurations are presented here again to demonstrate that the
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Figure 2.5: Two examples of the ugly ZBCP in the presence of disorder in the effective g factor
with the self-energy in the 1 pum wire. (a) and (b) share a common configuration of disorder;
(c) and (d) share another common one. The left (right) column shows the conductance measured
from the left (right) lead. The parameters are: standard deviation of disorder in the effective g
factor is o, = 0.8, SC gap collapse Vz. = 1.2 meV. The nominal TQPT is labeled in the white
dashed line at V; = 1.02 meV. The complete correlation conductance measurements are shown
in Fig. A.7.

specific disorder choice is not important for the physics being discussed. Since the nanowire is
short (L = 1 pm), the nonlocal conductance measurements are trivially correlated. In addition,
we notice that the bad and ugly cases will bring down the fermionic subgap states to lower en-
ergies as opposed to the good case. This is particularly noticeable for the bad case in Fig. 2.6
where the subgap trivial states at zero field happen to be almost near zero energy although the
system is simply a non-topological s-wave Bardeen-Cooper-Schrieffer (BCS) SC by construc-
tion. Therefore, whenever there is strong disorder in the nanowire, there could be prominent
fermionic subgap bound states at both ends of the wire, even at the zero magnetic field. This
further implies that if one already finds fermionic subgap states in the system, the chance of see-
ing an ABS mimicking MBS will be highly enhanced at finite magnetic fields, because those

fermionic subgap states could move to zero, and then cross with each other, which could produce
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trivial ZBCPs within the finite experimental energy resolution. Thus, it is important to ascertain
that there are no low energy subgap states in the nanowire at zero field before embarking on the

Vz-dependent search for ZBCPs in the hybrid system.

Vbias (mv)
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Figure 2.6: The conductance spectra as a function of the chemical potential 1 and Vi, at zero
magnetic field in the 1 gm wire with the self-energy. The first (second) row shows the conduc-
tance measured from the left (right) lead. (a) and (f) are in the pristine nanowire case; (b) and (g)
are in the presence of a QD with the peak value of Vp = 1.7 meV and the size of [ = 0.2 pm;
(c) and (h) are in the presence of an inhomogeneous potential with the peak value of V., = 1.4
meV and the linewidth o = 0.15 pm; (d), (1) and (e), (j) are in the presence of disorder in the
chemical potential with two distinct configurations. The standard deviation of disorder is o, = 3
meV.

2.3 Discussion

In addition to the conductance spectra from the lead at a particular end, we compare the
nonlocal correlation measurements in the short wire (L = 1 pm) with the one in the long wire
(L = 3 pm). We note that the long and short here refer only to the actual physical length of the
wire. The nonlocal correlation measurements for each case (“good”/“bad”/“ugly”) in the short

wire are shown in Figs. 2.2-2.6. We additionally provide the nonlocal conductance measure-
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Figure 2.7: Conductance spectra measured from the left lead (the first row) and the right lead (the
second row) in the long wire L = 3 pm. (a) and (f) are the good ZBCP in the pristine nanowire
with the SC gap collapse Vz. = 3 meV; (b) and (g) are the bad ZBCP in the presence of the QD
with the peak value of V, = 0.6 meV and the size of [ = 0.4 um. The SC gap collapse is V7. = 1
meV; (¢) and (h) are the bad ZBCP in the presence of the inhomogeneous potential with the peak
value of Vj.x = 1.2 meV and the linewidth of o = 0.4pm. The SC gap collapse is V. = 1 meV;
(d) and (i) are the ugly ZBCPs in the presence of disorder in the chemical potential, where 0, = 1
meV. The SC gap collapse is Vz. = 1.2 meV; (e) and (j) are the ugly ZBCP in the presence of
disorder in the effective g factor, where o, = 0.6. The SC gap collapse is Vz. = 1.2 meV.
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ments in the long wire in Fig. 2.7. The left lead and right lead measurements are in the first and
second row respectively. In Fig. 2.7, the first column is for the pristine nanowire; the second to
the fifth column is in the presence of the QD, inhomogeneous potential, disorder in the chemi-
cal potential, and disorder in the effective g factor respectively. These nonlocal measurements
inform us of the properties of ZBCPs and the corresponding likely mechanisms; for instance, in
Fig. 2.7(a) and 2.7(f) (the good case), the left and right measurements show conclusively identical
conductance spectra. For the bad and ugly cases in the long wire, the ABS-induced ZBCPs are
completely uncorrelated as they are determined by the detailed shape of the QD, inhomogeneous
potential, or disorder profile at both ends of the nanowire. However, it is a different scenario
in the short wire limit; for instance, in Fig. 2.4 (the ugly case), the ZBCPs measured from both
ends will be trivially correlated just because of the short wire. Imagine a scenario where none
of the physics being discussed here was known theoretically and the very first experimental pa-
per reported results like Fig. 2.4, everything would be temptingly deemed to be well-established
as the discovery of topological MZMs since it is a quantized ZBCP and it is nonlocal. Unfor-
tunately, this conclusion would be most likely incorrect as we know from the results presented
in this chapter where we find that disorder-induced ZBCPs mimic many features of the MZM-
induced ZBCPs, particularly in short wires. The same is true for Fig. 2.5, where Figs. 2.5(a)
and 2.5(b) as well as Fig. 2.5(c) and 2.5(d) appear to manifest similar ZBCPs from both ends
although the ZBCPs are purely ugly and nontopological— thus reinforcing the conclusion that
the mere fine-tuned observation of end-to-end ZBCP correlations by itself cannot be construed
to be a signature or evidence for topological MZMs. Purely ugly disorder-induced ZBCPs could
manifest end-to-end correlations just accidentally. A key problem is that there is no way to know

a priori whether the experimental wires are long or short since the nanowire coherence length is
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completely unknown (and long or short is defined with respect to the coherence length) although
the current experimental samples with L ~ 1 micron are most likely in the short wire regime. For
the results of long wires in Fig. 2.7, which are longer than the SC coherence length, only the real
MZM would have the perfect end-to-end correlation. The trivial ABS, on the other hand, may
have a pseudo-end-to-end correlation in the short wire (typically shorter than 1 pm). This leads
to the conundrum that although the nonlocal correlation measurement, in principle, can serve as
a reliable diagnostic for MZMs, the prerequisite for this indicator being the long nanowire limit
may not be satisfied in the experimental samples. Unless sufficiently long nanowires (at least
longer than the SC coherence length) can be fabricated, the observation of the end-to-end cor-
relation can never prove the existence of topological MZMs. In fact, as a cautionary note, we
emphasize that such accidental end-to-end correlations could happen for ugly ZBCPs even in the
long wire limit as shown in Figs. A.6 and A.7 in Appendix A. This is of course purely accidental
with no significance except that if one post-selects and fine-tunes experimental results, a cer-
tain fraction of ugly ZBCPs will manifest apparent nontopological end-to-end correlations which
could be mistaken for the nonlocal correlation of real topological MZMs. Of course, generically,
short wires do not manifest any end-to-end conductance correlations arising from trivial ZBCPs
as shown in Appendix A, but the important point here is that trivial ZBCPs in short (or even,
long) wires can be correlated from the two ends under suitable conditions, making the correlation
test not conclusive unless one can be sure that the experiment is indeed being carried out in the

no-disorder limit.
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2.4 Conclusion

We have provided extensive numerical simulations for the Majorana properties of SM nano-
wires in the SM-SC hybrid structures, taking into account the essential effects, including QDs and
inhomogeneous potentials along the wire as well as random disorder in the chemical potential or
the SC gap or the effective g factor. We find three different types of tunneling ZBCPs: the good,
the bad, and the ugly. The good ZBCPs arise from the intrinsic topological properties of the
system for the Zeeman field above the TQPT point, with the ZBCPs from the two ends of the
wire showing a high level of correlations even in long wires by the nonlocal topological prop-
erties of the system. We show that good ZBCPs are immune to weak disorder in the chemical
potential and the SC gap, and are robust to system parameters such as the chemical potential or
Zeeman field provided one is the topological regime (i.e., Zeeman field above the TQPT value).
The bad ZBCPs arise from QDs or other inhomogeneous potentials in the nanowire, and are es-
sentially quasi-Majorana modes where the two MZMs, instead of being well-separated as in the
good case, overlap with each other giving rise to near-zero-energy ABSs. These ABSs produce
trivial ZBCPs for Zeeman field values below TQPT, mimicking many properties of good ZBCPs,
including even the end-to-end correlation properties in short wires. Since experimentally neither
the TQPT critical field nor the SC coherence length is known, the mere observation of ZBCPs
by themselves (or even the observation of end-to-end correlations) hardly could be construed to
be evidence supporting the existence of MZMs in nanowires since bad ZBCPs are capable of
mimicking the properties of the good ZBCPs. The situation becomes worse when strong ran-
dom disorder is considered to lead to “ugly” ZBCPs, which are trivial, but may mimic all the

properties of good ZBCPs, including end-to-end correlations. Our direct comparison with the
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available experimental data indicates that most experimental ZBCP observations are consistent
with the ZBCPs being ugly although one can never be sure without knowing what the TQPT field
is and whether the nanowire is long or short from a topological viewpoint. The fact that subgap
conductance and even some end-to-end conductance correlations have been observed already for
the zero magnetic field in nanowires [51] suggests that strong disorder is playing a key role in the
existing SM-SC samples, and the observed ZBCPs are likely to be of the undesirable ugly type.

A key difference between the bad and the ugly ZBCPs is the fact that the system mani-
festing bad ZBCPs should, in principle, eventually manifest good ZBCPs at larger magnetic field
values above the TQPT. By contrast, the strongly disordered systems manifesting ugly ZBCPs
cannot manifest topological properties at any Zeeman field since disorder has eliminated the
TQPT. It may therefore appear that one should be able to observe good ZBCPs in a system man-
ifesting bad ZBCPs simply by increasing the magnetic field so that the bad ZBCPs below TQPT
transmute to good ZBCPs above TQPT. The same can also be achieved in principle by tuning the
chemical potential through the TQPT. Although theoretically appealing, this crossover of trivial
ZBCPs arising from ABS to topological ZBCPs arising from MBS has never been experimentally
achieved because of the SC bulk gap collapse problem in real nanowires, where with increasing
field, the bulk gap eventually collapses at some characteristic field (~ 1 T), thus severely re-
stricting the field range of the topological regime. In particular, if the gap collapse happens at a
field below TQPT, there is no hope ever of observing the topological regime with true Majorana
modes. Current experiments suggest that this is the likely scenario, making the gap collapse a
very serious problem preventing the existence of topological Majorana modes.

An equally serious problem is that most experimental nanowires may be in the “short wire”
(~ 1 pm) regime, where the concept of topology simply does not apply even if the system is
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fairly disorder-free. In such a situation, the MBSs overlap producing near-zero-energy ABSs
which then produce bad ZBCPs. The fact that experimentally Majorana oscillations are never
seen, however, indicates that this situation may not be the dominant scenario in the current ex-
perimental samples, where strong random disorder and the associated ugly ZBCPs arising purely
from random disorder is the dominant physical mechanism.

Our most important finding in this chapter is that although weak disorder does not adversely
affect the topological properties of the MZMs, strong random disorder, with the root mean square
fluctuation of disorder being comparable to or larger than the average system parameter such as
the SC gap or the chemical potential, not only suppresses all topological properties but also
introduces relatively stable ZBCPs with conductance values ~ 2¢%/h, closely mimicking recent

experimental results.
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Chapter 3: Nonlocal conductance in three-terminal devices

In the last chapter, we establish the definition of the good, the bad, and the ugly ZBCPs,
which paves the way for the answer to the next natural question: how to differentiate the three
types of ZBCPs through their transport properties. Therefore, we resort to the three-terminal
nonlocal conductance in Majorana nanowires, and focus on the key question that whether such
nonlocal conductance can decisively distinguish between trivial and topological Majorana sce-
narios in the presence of chemical potential inhomogeneity and random impurity disorder.

As we discussed in Chapter 2, the measurement of local conductance through NS tunneling,
just by itself, is useless in determining the good, bad, and ugly ZBCP, because many accidental
ABS have nearly zero energy in the nanowire [136]. Even if the disorder is weak, the problem
of ABS itself is already notoriously serious [72]. Without any bulk information (e.g., the bulk
gap as a function of the Zeeman field), the local conductance cannot distinguish whether the
Andreev state is perfect or not (the MBS, is simply a “perfect” ABS, being a precise zero energy
state, the MZM), and thus whether the system is in the topological regime or not. What is even
worse, the nanowire system is often highly disordered, and the strong disorder creates ubiquitous
trivial “class D” ZBCP that can even appear to be quantized through careful fine-tuning of system
parameters (e.g., various gate voltages) [112]. Therefore, the local conductance measurement is

not sufficient in distinguishing ABS from MBS.
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One crucial drawback of the two-terminal ZBCP tunneling measurements is that the ex-
periment does not probe bulk properties and cannot, therefore, provide any direct information on
nonlocality, which is the characteristic signature of topological MZMs. There have been sugges-
tions and efforts to circumvent this problem by doing tunneling measurements from both ends
and looking for correlations in the ZBCPs produced from the two ends and/or carrying out local
conductance measurements using tunnel probes throughout the nanowire. But, as already known,
such inherently two-terminal measurements are incapable of providing information about the bulk
gap closure and reopening, which, along with the appearance of a quantized ZBCP, is the hall-
mark of MZM physics. In this chapter, we analyze a promising candidate, a direct measurement
of the three-terminal nonlocal conductance, as a possible probe for MZMs— this measurement
is in principle capable of providing the bulk gap information missing in the two-terminal NS
tunneling measurement.

A conceptually clean way to detect the bulk property is the nonlocal conductance measuring
the tunneling conductance from one end to the other. Several experiments have already performed
measurements in three-terminal devices [54, 55], though they are incomplete and inconclusive,
because only a few situations are studied, and no complete picture has emerged with character-
istic MZM signatures. Given the potential importance of nonlocal three-terminal experiments in
the MZM observation, we develop a complete theory for nonlocal conductance in nanowires in-
cluding effects of potential inhomogeneity (e.g., QDs or a smoothly varying chemical potential)
and random disorder, comparing these realistic results with the pristine situation. Our theory,
comparing “good” (i.e., pristine), “bad” (i.e., inhomogeneous potential and QDs), and “ugly”
(i.e. random disorder) cases [77], should serve as a guide for forthcoming nonlocal conductance

measurements. We already know that disorder can create accidental almost-quantized ZBCP on
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its own in the local conductance from Chapter 2, but the behavior of nonlocal conductance in the
presence of inhomogeneous potential and random disorder has not been studied systematically in
the literature, and therefore, it is unclear at this stage whether the bulk signatures in the nonlocal
conductance of pristine systems survive inhomogeneous potential and/or disorder.

In principle, the nonlocal conductance should be decisive in establishing the existence or
not of MZMs since it contains the bulk information and thus can identify the proximity gap as
well as its closing and reopening associated with the TQPT: The conductance is vanishingly small
above the bulk parent SC gap and below the proximity gap. Therefore, we may directly see where
the bulk gap is and how the bulk gap closes (and then reopens) as the magnetic field increases.
However, the measurement of nonlocal conductance poses a problem that the signal is too weak
since the measurement is nonlocal (and thus of higher order in strength). In this chapter, we will
show explicitly how small the nonlocal conductance could be compared to the local conductance,
especially in the presence of disorder, which usually dominates in experiments. Therefore, one
should be careful not to confuse the background noise with the small signal of nonlocal conduc-
tances. Our proposal provides a quantitative guide on the expected signal strength of nonlocal
conductance.

Despite the ambiguities in interpreting the nonlocal conductance in practice, we have an
advantage in theory that we can directly calculate the TI [114] to identify the topological prop-
erty. This is impossible in experiments— we explicitly know by construction whether a particular
calculated conductance feature, no matter how weak, arises from topological or trivial physics.
We calculate the topological visibility (TV) which is only well defined for the gapped state. To
determine whether it is gapped or not, we resort to thermal conductance, which measures the

total transmission of electrons and holes. The thermal conductance should peak at a quantized
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value [83] at the TQPT. Therefore, in theory, we can unambiguously separate the three situa-
tions, the good, the bad, and the ugly, because we know by construction which results belong to
which category. In experiments, however, one only has the final conductance results, where dis-
tinguishing between topological (“‘good”) and trivial (“bad” or “ugly””) may be a huge challenge,
particularly if the nonlocal conductance signals are so low that they are overwhelmed by noise
leading to all three situations producing qualitatively similar conductance. We already know from
the situation in the local conductance, as obtained by two-terminal NS tunneling, even ZBCPs
which appear to be quantized may be generically “bad” or “ugly”, so one should be very careful
in interpreting the nonlocal conductance experimental results when they come out.

We first present the electrical conductance and thermal conductance of a pristine nanowire
(good ZBCP) to provide a general picture of what the nonlocal conductance in the three-terminal
device should ideally look like. Next, we consider a more complicated case— the bad ZBCP in
the presence of the QD and an inhomogeneous chemical potential. Then we add disorder to the
wire to study the disorder effect, where we find weak disorder preserves the good ZBCP while
intermediate disorder can induce the trivial ugly ZBCP. When disorder is very strong, the whole
concept of the topological SC is pointless since the SC gap is destroyed leading to Anderson
localization. Therefore, the strongly disordered nanowire just breaks into a series of QDs, which
should be described by the RMT [111, 112, 149-152]. (We will revisit this issue from RMT in
Chapter 5.) Finally, we consider a more realistic scenario by combining the QD and the disorder.
To correspond to the realistic experimental scenarios, we also consider short wire lengths as well
as the magnetic field-induced bulk gap collapse situations to investigate realistic complications
expected to arise in the experiments. We present a few sets of the representative results of the

good and ugly ZBCP in the main text, and relegate the rest to Appendix C, where most of our
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detailed results are provided.

3.1 Theory

The most general model for the SM-SC nanowire has already been established in the last
chapter in Sec. 2.1. Here, the additional part in the model is the extra lead that provides the pos-

sibility for the nonlocal conductance and thermal conductance, which we will explain as follows.

3.1.1 Electrical conductance, thermal conductance, and topological invariant

‘/biaS,L — ‘/bias,R
Normal lead 1 SM Normal lead 2

Figure 3.1: The schematic of the three-terminal device with two normal leads in yellow and one
grounded SC in green. The corresponding two-terminal device for measuring the local tunneling
conductance simply removes one of the contacts at the wire ends (i.e., either lead 1 or lead 2 is
present for the two-terminal whereas both are present for the three-terminal).

We show the three-terminal device to measure the nonlocal conductance in Fig. 3.1. The
SM (gray) as a scattering region is covered by a grounded SC lead (green) and separated by two
normal leads (yellow). We apply a bias Vi, on the left normal lead and Vi;,5r on the right
normal lead. The normal lead is described by a Hamiltonian in Eq. (2.23).

Here, we first want to clarify the ambiguity of the two-terminal device and three-terminal
device due to the inconsistent nomenclature used in this community: The two-terminal device in

Refs. [75, 83] is essentially the three-terminal device in Refs. [54, 65]. In this chapter, we reserve
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the term “two-terminal”’—one grounded SC lead covering SM plus one normal lead at the end—
to denote the usual local conductance measurement, as initially proposed in theory and performed
in experiments. However, the “three-terminal device”—one grounded SC lead covering SM plus
two normal leads at both ends— measures the nonlocal conductance, i.e., the conductance matrix
in Eq. (3.3), which is recently suggested in theory [65, 75] and performed in experiments [51,
54]. In the two-terminal device, we can still perform the correlation measurement as in Chapter 2
by isolating one lead when measuring from the other. On the contrary, both normal leads are
always attached to the SM when measuring conductance in the three-terminal device. The local
conductance in the two schemes will be slightly different, but the nonlocal conductance is only
achievable in the three-terminal device.

To calculate the electrical and thermal conductance in the three-terminal device, we use the

S matrix formalism with [153]

St Sir
S = ) 3.1
SRL SRR
where each block of the scattering matrix connecting lead j to lead ¢ is

See  geh
sq=1 " "I (3.2)

he hh
Here the superscript represents a process of transmission from type [ to type «, where
a, 3 = e, h stand for the electron and hole. The numerical calculation of the S matrix (3.1)
is performed [16, 138, 140, 141, 147, 154] with the help of KWANT [138]. We discretize the
continuum Hamiltonian into a finite-difference tight-binding model [124] by setting the lattice

constant 0x = 10 nm. We also model the chemical potential of the lead 1., = 25 meV and the
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height of the barrier at the NS junction equaling 5 meV [137] to match the normal conductance
in experiments [9].
The local conductance (G and Grr) and nonlocal conductance (Gir and Gpgp) in the

differential conductance matrix G at zero temperature is [51, 54, 141, 153]

ol oL
GLL GLR 8‘/bias,L 8%ias,R
g = = : (3.3)
ol 22§
GrL Grr . .

B 8Vbias,L avi)ias,R

where [ (Ig) is the current entering the left (right) normal lead from the scattering region, and
Vbias. (Vbiasr) 15 the bias applied on the left (right) normal lead. Note that different sign con-
ventions may be adopted [65] on the nonlocal conductance, though it does not affect any real
physical conclusion as long as we stick to one convention consistently. In Blonder-Tinkham-

Klapwijk formalism [140], the local conductance is

2
Gis = & (N = T + Ta"), (34)
and the nonlocal conductance is
62 ee eh . .
Gij = ﬁ(ﬁj ~T5"), i # J, (3.5)

where N; = 2 is the number of the electron mode in each single channel lead, and the transmis-

. aff af f af
sion T;;" = tr [Sij ] S; | [tr(..) for the trace].
The local conductance combined with the nonlocal conductance may be insufficient to dis-

tinguish the MBS from ABS in realistic cases, which are dominated by disorder effect. Therefore,
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we additionally calculate the thermal conductance which is defined as [83, 152]

kij = ko(TS + TS + The + T, i 45, (3.6)

where the quantized peak ko = w2k%T/6h at temperature T" happens at TQPT [155-157] (h for
the Planck constant and kg for the Boltzmann constant). Here, the thermal conductances from
both ends are manifestly equal.

To identify the TI in finite-length nanowires, we refer to the TV [114, 124] defined as
det(SLL) and det(Sgr) with a positive value (+1, ideally) indicating trivial regime and a negative
value (-1, ideally) indicating topological regime. Therefore, the TQPT is indicated by the zero
crossings of the TV when the unitarity of det(Syy) or det(Sgr) breaks. We additionally impose
a phenomenological dissipation term ¢I" with ' = 1073 meV [124, 139, 148] in the Hamiltonian
to circumvent potential numerical singularities from local bound states in the middle of the wire.
Such a small dissipation is invariably present in the experiments. We also set the height of the

barrier at the NS junction interface to be 0 when calculating the TV.

3.1.2  Quantum dots and inhomogeneous potential

The minimal effective model in Hamiltonian (2.6) shows a pristine nanowire example re-
sulting in good ZBCPs. However, ZBCPs in nanowires used in present experiments are poten-
tially more consistent with the so-called “bad” and “ugly” ZBCPs as we discussed in Chapter 2.
We first start with the bad ZBCP and will discuss the ugly ZBCP in the next subsection.

The two main sources that can induce the bad ZBCP are (1) the QD, which we model in

the same form as Eq. (2.8), and (2) the inhomogeneous potential, which also takes the same form
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as in Eq. (2.11). They only differ in their physical mechanisms. Therefore, they both induce bad

ZBCP, mimicking MZM, in a similar manner.

3.1.3 Onsite random disorder

For the ugly ZBCP, unlike the QD and inhomogeneous potential, which both induce the
bad ZBCP, the onsite random disorder has threefold effects on the ZBCP: (1) weak disorder can
leave the topological regime unchanged, preserving the good ZBCP; (2) strong disorder itself can
induce trivial ugly ZBCP. The ugly ZBCP can mimic the good ZBCP in the local conductance
measurement; (3) very strong disorder will simply destroy all SC in nanowire and leave the
system in the Anderson localized phase [158]. We have already shown the first two effects in
Chapter 2, and we will extensively study the third effect in this chapter. The onsite disorder
may arise in the chemical potential, parent SC gap, and effective g factor. In this chapter, we
will mainly discuss the effects of the disorder in the chemical potential in the same form as in

Eq. (2.14), which is the leading disorder in SM nanowire [53, 56].

3.2 Results

In this section, we first show representative electrical conductance, thermal conductance,
and TV of the good, bad, and ugly ZBCPs in the three-terminal long nanowire in Secs. 3.2.1, 3.2.2,
and 3.2.3. In Sec. 3.2.4, we add disorder to a bad ZBCP case with the QD for a more realistic
simulation. We also present results for the short wire in Sec. 3.2.5 for the pristine wire and the
nanowire in the presence of intermediate disorder with and without the parent SC gap collapse.

Other examples of the bad and ugly ZBCP are presented in Appendix C. We provide most of
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our results in Appendix C to help with the readability of the text and not because the results in

Appendix C are less important.

3.2.1 Pristine nanowire

We start with the good ZBCP in a pristine nanowire as presented in Fig. 3.2 to show how
this proposal works since the good ZBCP provides a milestone of what the real Majorana should
ideally look like in the three-terminal device in future experiments. We present the local conduc-
tance (Gr, Grr) and nonlocal conductance (G g, Grr), respectively, from the first column to the
last column along with the line cut of the conductance at different V7.

The conductance in the first row is plotted in their “intrinsic” (i.e., defined by the maxi-
mum and minimum values in the plot) color scales—the color bar ranges from 0 to 4e?/h for
the local conductance [Figs. 3.2(a) and (b)] and the color bar ranges from —0.1¢2/h to 0.1e?/h
for the nonlocal conductance [Figs. 3.2(c) and (d)]. The conductances G and Ggg plotted in
Figs. 3.2(a) and 3.2(b) show the appearance of a quantized ZBCP at the TQPT (cyan line) [29].
The nonlocal conductances (Grr, Grr) shown in Figs. 3.2(c) and 3.2(d) provide a more direct
measurement of gap closure as opposed to the local conductance G;;. The gap closure features
seen in G; have been identified previously to be associated with ABSs localized at each end of
the nanowire. By contrast, the conductance G r seen in Fig. 3.2 can only represent contribu-
tions from states that are delocalized across the nanowire. Thus, the transport gap closing and
reopening seen in Figs. 3.2(c) and 3.2(d) provide direct evidence for a gap closure and reopening
associated with TQPT.

In the second row, we present the same calculated conductance data in the opposite way:
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Figure 3.2: The good ZBCP in a pristine nanowire; (a)-(d) show the local and nonlocal con-
ductance in the “intrinsic” color scale. (e)-(h) show the same conductance in the opposite color
scale; (1)-(j) show line cuts of the conductance as a function of bias at V; = 1.1 meV and 1.41
meV. The parameters are: chemical potential 1 = 1 meV, parent SC gap Ay = 0.2 meV, SM-SC
coupling strength v = 1 meV, SOC o = 0.5 eVA, the height of the barrier is 5 meV, and wire
length L = 3 pm. The corresponding TV from the left (right) and thermal conductance g (krr)
are shown in the inset of (k) [(1)].
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The local conductance is colored with the “intrinsic” scale for nonlocal conductance and vice
versa. Although this may look absurd at the first glance— the local conductance is almost satu-
rated at the ZBCP and the nonlocal conductance is nearly invisible everywhere— we still want
to emphasize that this is what Majorana would look like in experiments of the three-terminal
measurement. Even in the pristine wire, without any disorder or inhomogeneous potential, we
almost see nothing in the nonlocal conductance because the nonlocal conductance [Figs. 3.2(g)
and (h)] is several orders of magnitudes smaller than the local conductance. The only way we
can observe any signature is to measure the conductance with very high precision (~ 10722 /h).
This is the premise of the three-terminal measurement. Recent experiments [54, 55] report such
nonlocal conductance measurements with the precision of up to 1072¢?/h, in an attempt to use
three-terminal measurements to distinguish the MBS from ABS. We emphasize that if the signal
in any nonlocal three-terminal conductance measurement is comparable to (or even just an order
of magnitude less than 2 /h) the local conductance, then the only possible conclusion is that the
measurement is dominated by noise and artifacts.

In the third row, we show the line cuts at a specific magnetic field V for the local and
nonlocal conductance. The red line intersects a trivial regime and the cyan line is at the TQPT
(we follow this convention throughout the chapter). By presenting the four conductance plots
“redundantly”, we emphasize that the local conductance G| and Ggg are identical, and the same
for nonlocal conductance G g and Ggy. The inset at the critical point shows a linear dependence
of the conductance on the bias voltage.

The measurement of thermal transport provides another indication of gap closure. As seen
in the insets of Fig. 3.2(k) and (1), the thermal conductance shows a clear quantized peak [83]

indicating the TQPT. While the thermal conductance might be intrinsically more challenging to
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measure, we note that the thermal conductance does not show any of the suppression near zero
bias that the nonlocal electrical conductance shows.

The degree to which the pristine nanowire is topological can be characterized by the TV,
which is plotted in the insets of Figs. 3.2(k) and 3.2(1). The calculated TV for the pristine wire
shows a clear transition from -1 to 1 at the TQPT (cyan line), which occurs at the theoretically
expected critical Zeeman field \/m Thus, in this case, the cyan line represents the unam-
biguous characterization of when the nanowire is topological. The other panels of Fig. 3.2 that
show conductances that are in principle measurable in experiments show the expected character-
istics of the topological, nontopological phase, as well as the TQPT. Unfortunately, TV, being a
purely theoretical construct, cannot be measured in the laboratory, but it does enable the theory
in ascertaining whether a particular experimental sample can in principle manifest topological

properties.

3.2.2  Quantum dot and inhomogeneous potential

Once we establish the protocol of three-terminal measurement in the pristine nanowire, we
proceed to use this protocol in more realistic models. In this subsection, we consider the effect
of a QD and inhomogeneous potential on the nanowire, which can lead to a ZBCP similar to
the pristine topological nanowire seen in Figs. 3.2(a) and (b). This ZBCP may be good (i.e.,
topological) or bad (i.e., trivial) depending on the situation— just looking at the ZBCP itself
would not tell us whether the ZBCP is good or bad; one needs to know whether the ZBCP is
below or beyond the TQPT to figure out its topological nature.

We first add a QD at the left end of the nanowire, and present the electrical conductance in
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Figure 3.3: The bad ZBCP in a nanowire with the QD at the left end. (a)-(d) show the local and
nonlocal conductance in the “intrinsic” color scale; (e)-(h) are the corresponding line cuts of the
conductance as a function of bias at 1/ = 1.1 meV and 1.41 meV. The height of the QD Vp = 0.4
meV and the size [ = 0.15 um. The other parameters are the same as Fig. 3.2. The corresponding
TV from the left (right) and thermal conductance g (xgL) are shown in the inset of (g) [(h)].
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Fig. 3.3. In the local conductance Fig. 3.3(a), we notice that the ZBCP starts to emerge below
TQPT at V; ~ 0.5 meV, which shows a quantized and robust ZBCP without oscillations. In
the nonlocal conductance as presented in Figs. 3.3(c) and (d), we find that the bulk gap does not
collapse until the advent of real TQPT at V; = 1.41 meV.

In the second panel, we show the line cuts of two V; with the red being in the trivial regime,
and the cyan being real TQPT determined by the peak of thermal conductance. In Figs. 3.3(g)
and (h), the nonlocal conductance at the left end is much more prominent than that of the right
end due to the presence of the QD at the left end but not at the right end. Thus, the measurement
of the “bad” quantized ZBCP from a QD can, in principle, be distinguished from an MBS by the
lack of an associated gap closure in Fig. 3.3(c) at the value of the Zeeman field where the ZBCP
starts in Fig. 3.3(a). At the same time, Fig. 3.3(c) shows that the presence of the QD might make
the gap closure harder to see compared to the pristine case.

As in the pristine case, the thermal conductances in the insets in Figs. 3.3(g) and 3.3(h)
show quantized peaks at exactly the TQPT. For reference, we plot the TV in the inset as well,
which indicates the position of the TQPT by where the TV vanishes. The deviations from quan-
tization for both the thermal quantization and TV are a result of the finite dissipation which we
use to stabilize our numerical calculations.

The second source of the bad ZBCP is the inhomogeneous potential. We present the re-
sults of the inhomogeneous potential with one potential barrier at the left end in Fig. 3.4. The
local conductance in Fig. 3.4(a) is similar to the QD situation in Fig. 3.3(a), where we also ob-
serve a quantized and robust ZBCP without any Majorana oscillation. However, in the nonlocal
conductance in Figs. 3.4(c) and 3.4(d), we find that the gap closure and reopening feature is not

salient— the minimal gap does not completely close at the putative TQPT. Nevertheless, we can
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Figure 3.4: The bad ZBCP in a nanowire with the Gaussian inhomogeneous confinement at the
left end. (a)-(d) show the local and nonlocal conductance in the “intrinsic” color scale; (e)-(h) are
the corresponding line cuts of the conductance as a function of bias at V; = 1.1 meV, 1.37 meV,
and 1.41 meV. The height of the confining potential V,.x = 1 meV and linewidth o = 0.45 pm.
The other parameters are the same as Fig. 3.2. The corresponding TV from the left (right) and
thermal conductance g (kgr) are shown in the inset of (g) [(h)].
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still distinguish the trivial zero-energy ABS from the MBS by the lack of associated gap closure
at where ZBCP starts to emerge in Fig. 3.4(a).

In the second panel, we additionally show the blue line of the nominal TQPT which is
always fixed at V; = 1.41 meV. Here, unlike the pristine wire and the QD case, the value of the
real TQPT determined from the peak of thermal conductance is smaller than that of the nominal
TQPT, but the discrepancy is only slight (i.e., within the width of the thermal conductance peak
and thus can be thought of as a finite size effect). The nonlocal conductance at the real TQPT
[cyan in the insets of Figs. 3.4(g) and 3.4(h)] is also slightly larger than that at the nominal TQPT
[large blue in the insets of Figs. 3.4(g) and (h)] near zero bias.

Similar to the pristine wire and QD, we again calculate the TV and the thermal conduc-
tance in the insets of Figs. 3.4(g) and 3.4(h). We find that the thermal conductance, though not
quantized due to the finite dissipation, accurately indicates the position of TQPT where the TV

flips the sign.

3.2.3 Disorder in the chemical potential

Finally, we present the effect of disorder and show what the nonlocal conductance will look
like in the presence of disorder. Since the weak disorder (typically o,, /1« < 11in this configuration)
preserves the good ZBCPs as shown in Fig. A.1 in Sec. 2.2, we will skip our results for the
nonlocal conductance in the weak disorder case, which is similar to the pristine case in Fig. 3.2.
Weak disorder poses no problem to the detection of MZMs.

We first add the intermediate disorder in the chemical potential with ¢,,/;1 = 1.5 as shown

in Fig. 3.5. In the first row, we find that the trivial ZBCP emerges below the TQPT in G [see
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Figure 3.5: The ugly ZBCP in a nanowire in the presence of intermediate disorder with o,,/;1 =
1.5. (a)-(d) show the local and nonlocal conductance in the “intrinsic” color scale; (e)-(h) are the
corresponding line cuts of the conductance as a function of bias at V; = 1.1 meV, 1.41 meV, 1.55
meV. The other parameters are the same as Fig. 3.2. The corresponding TV from the left (right)
and thermal conductance g (kgr) are shown in the inset of (g) [(h)].
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Fig. 3.5(a)] and beyond the TQPT in Ggrg on the right [Fig. 3.5(b)]. The left-right symmetry
breaking in this case is accidental. Thus the local conductance resembles Figs. 3.3(a) and 3.3(b).
In the nonlocal conductance, it looks like a signal of gap closure and gap reopening, though the
signal is very small (we use a much smaller scale of the color bar here). Similar to the case of the
pristine and bad ZBCPs the nonlocal conductance shown in Figs. 3.5(c), 3.5(d), 3.5(g), and 3.5(h)
still shows a gap closure at the TQPT, though the signal is reduced by three orders of magnitudes
compared to the already difficult to measure pristine case.

In the second row of Fig. 3.5, we present the line cuts of the color plots from the first row
at Zeeman values representing the trivial regime (red), the nominal TQPT (blue), and the real
TQPT determined by the peak of thermal conductance (cyan). The nonlocal conductance near
zero bias also manifests an antisymmetric shape in the insets of Figs. 3.5(g) and 3.5(h).

The insets of Figs. 3.5(g) and 3.5(h) show the thermal conductance (plotted in red). The
thermal conductance here shows a peak at the TQPT as in the pristine case. The TVs [plotted in
blue in the insets in Figs. 3.5(g) and (h)] show a well-defined topological regime, though there
are a few small spikes due to the disorder in the TV. The topological regime here is also narrower
than that in the pristine wire in the sense that the trivial regime extends above the nominal TQPT
(\/m = 1.41 meV). Of course, the nominal TQPT does not indicate a real phase transition
here. Nevertheless, we still show this line cut [dark blue lines in Figs. 3.5(g) and (h)] to emphasize
that the real disorder-renormalized TQPT more and more deviates from the nominal TQPT (1.41
meV) in the pristine limit as disorder increases.

Next, we increase the disorder to 0, /11 = 3 as shown in Fig. 3.6. In the first row of Fig. 3.6,
the trivial ZBCP emerges while the topological ZBCP is destroyed at the left end due to the large

disorder. In the nonlocal conductance, the signature of gap-closing is very faint and the signature
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Figure 3.6: The ugly ZBCP in a nanowire in the presence of strong disorder with o, /;u = 3.
(a)-(d) show the local and nonlocal conductance in the “intrinsic” color scale; (e)-(h) are the
corresponding line cuts of the conductance as a function of bias at V; = 1.1 meV, 1.41 meV, 1.73
meV. The other parameters are the same as Fig. 3.2. The corresponding TV from the left (right)
and thermal conductance g (kgr) are shown in the inset of (g) [(h)].
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of gap reopening is absent even if we use a color scale with a very small range of conductance.
In the second row of Fig. 3.6, we present the line cuts of the color plots of the nonlocal
conductance from the first row and find vanishingly small signals almost everywhere. The upper
insets of Figs. 3.6(g) and 3.6(h) show the thermal conductance (red line). The thermal conduc-
tance has a peak with a height smaller than the quantized value due to the finite dissipation. The
TV (blue line) in the insets of Figs. 3.6(g) and 3.6(h) oscillates abruptly as the magnetic field

increases.
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Figure 3.7: The ugly ZBCP in a nanowire in the presence of very strong disorder with ,, /11 = 5.
(a)-(d) show the local and nonlocal conductance in the “intrinsic” color scale; (e)-(h) are the
corresponding line cuts of the conductance as a function of bias at V; = 1.1 meV, 1.41 meV, 2.24
meV. The other parameters are the same as Fig. 3.2. The corresponding TV from the left (right)
and thermal conductance i (kgr) are shown in the inset of (g) [(h)].

Finally, we use a very large disorder o, /p = 5 and present the electrical and thermal con-
ductance in Fig. 3.7. In the local conductance in the first row, the ZBCP are all trivially induced

by disorder; the ZBCP above the nominal TQPT is completely absent. The nonlocal conduc-
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tances in Figs. 3.7(c) and (d) are featureless: Almost everywhere is measured a tiny conductance
within 10~°¢?/h.

In the second row of Fig. 3.7, we present the line cuts of the color plots of the nonlocal
conductance from the first row, where, again, the conductance is almost zero. The upper insets
of Figs. 3.7(g) and 3.7(h) show the thermal conductance (red line). The predicted thermal con-
ductance in this strong disorder case goes from essentially vanishing at a low Zeeman field to an
irregular structure with many peaks, suggesting suppression of the SC transmission gap with the
magnetic field. Thus, the thermal conductance here does not appear to indicate any topological
phase. This is consistent with the TV [blue line in the insets of Figs. 3.7(g) and (h)], which does
not flip to -1.

In fact, the ugly ZBCP in Fig. 3.5 continuously transmutes to Anderson localization in
Fig. 3.7 when disorder increases from the intermediate level to the very strong level. To show
this continuous development, we additionally present other examples of intermediate and strong
disorder with ¢,/ ranging from 2 up to 4.5 in Appendix C for a direct comparison.

Before ending this subsection, we note that the scale of the disorder ¢, /41 where disorder
effects become substantial is significantly higher compared to the previous Chapter 2 on the
subject. This is largely due to our using a larger tunnel coupling strength v (y = 1 meV as
opposed to v = 0.2 meV in Chapter 2). In general, the effect of chemical potential disorder on
the system depends on other parameters, e.g., the tunnel coupling (which is usually unknown
in experiments) and the lattice constant of discretization (which is purely artificial). The tunnel
coupling strength - sets the overall strength of the conductance and also determines the effective
SC gap at zero energy [32]; therefore, it changes the effective coherence length. Since we use
a larger tunnel coupling strength v = 1 meV other than the previous 0.2 meV, the critical value
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increases due to the larger SC gap protection. Therefore, one should not take the value of disorder
o,/pt = 1.5 and conclude that these results are in the strong disorder limit. In fact, in our
simulations, since we choose the disorder and keep other parameters fixed throughout, we can
directly compare them and the relative results are sensible. However, the matter of how to directly
map this disorder in our theory to experimental disorder values in real samples is unknown at this
stage. Each sample will have its own weak to intermediate to strong disorder regime depending

on the unknown details of various sample parameters such as tunnel coupling, SC gap, etc.

3.2.4 Quantum dot with disorder in the chemical potential
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Figure 3.8: The wire in the presence of the QD and very strong disorder with o, /pt = 5. (a)-(d)
show the local and nonlocal conductance in the “intrinsic” color scale; (e)-(h) are the correspond-
ing line cuts of the conductance as a function of bias at V; = 1.1 meV, and 1.41 meV. The QD
is the same as Fig. 3.3 with Vp = 0.4 meV and [ = 0.15 pum. The other parameters are the same
as Fig. 3.2. The corresponding TV from the left (right) and thermal conductance ki g (kgL) are
shown in the inset of (g) [(h)]. The nonlocal conductance is very small in this situation.

Finally, we consider a more complicated, and more realistic, situation where the QD and
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disorder coexist. This is like mixing the bad ZBCP with the ugly ZBCP. Although we deliberately
isolate them and attribute them to different mechanisms, e.g., QDs or disorder, this is just for the
better instructive purpose and there is no reason that only one of these mechanisms would happen
one at a time. Therefore, it is natural to consider their combined effects on the nanowire. For
example, we impose the disorder on the nanowire in the presence of a fixed QD in Fig. 3.3. The
size of the QD [ = 0.15 pum and the height V, = 0.4 meV as defined in Eq. (2.8) the disorder in
the chemical potential exists only in the region [, L] of the nanowire, leaving the QD intact.

By tuning the magnitude of disorder, we find that: If the disorder is weak, the bad ZBCP
almost remains the same as if no disorder is present, which is expected. We present weak disorder
results in Fig. C.6 in Appendix C and skip it in the main text because it is qualitatively the same
as Fig. 3.3. If the disorder is intermediate, e.g., 0,,/;t = 3 as shown in Fig. C.7 in Appendix C,
we can still see the imprint of the QD since the wire is still dominated by the QD.

However, if the disorder is very large, for example, 0,/ = 5 as shown in Fig. 3.8, apart
from some ZBCP signatures of the QD, the local conductance of the wire is qualitatively similar
to the strongly disordered wire [see Figs. 3.7(a) and (b)]. In G, the remnant effect of the QD
still shows up in the low-lying state near V; = 0.5 meV while the topological regime is destroyed
by the strong disorder. In Figs. 3.8(c) and 3.8(d), the nonlocal conductance is also very small
everywhere, which is the same scenario as the strong disorder case discussed in Sec. 3.2.3.

In the second row, the line cuts of the color plots of the nonlocal conductance from the first
row also show vanishingly small conductance. The thermal conductances [red lines in the insets
of Figs. 3.8(g) and 3.8(h)] remain vanishingly small, which is consistent with the TV. We find the
TV [blue lines in the insets of Figs. 3.8(g) and 3.8(h)] does not flip to -1, which again indicates
that the wire continues to remain in the topologically trivial phase.
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3.2.5 Short nanowires
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Figure 3.9: The short pristine nanowire (L. = 0.5 um). (a)-(d) show the local and nonlocal
conductance in the “intrinsic” color scale; (e)-(h) show line cuts of the conductance as a function
of bias at 1, = 1.1 meV and 1.41 meV. The other parameters are the same as Fig. 3.2. The
corresponding TV from the left (right) and thermal conductance x; g (kgry) are shown in the inset

of () [()].

Previously, our results of the good, bad, and ugly ZBCP are all calculated under the long
wire limit, where the magnitude of TV was close to unity so that wires could be precisely char-
acterized as either topological or trivial. However, at the current stage of experiments, nanowires
are of effective length up to 0.5 ~ 1 um [9, 46], which is closer to the short wire limit (smaller
than SC coherence length), even if some parameters that determine the coherence length in the
nanowire are unknown in experiments, e.g., the SM-SC coupling strength and chemical potential.
Therefore, we also present four representative short wire results in Fig. 3.9 to Fig. 3.12 and show

the other examples of short wires in Appendix C.
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In Fig. 3.9, we use the pristine wire again in a shorter wire L = 0.5 um. The local conduc-
tance [Figs. 3.9(a) and (b)] has a larger Majorana oscillation (which bifurcates at around V; ~ 2.5
meV) compared to the long wire situation in Fig. 3.2. In the nonlocal conductance [Figs. 3.9(c)
and (d)], we also see gap closure and reopening features but the minimal gap at the TQPT (see in
the color plot) is not as small as that in the long wire limit.

In the second row, we present the line cuts of the color plots of the nonlocal conductance
from the first row, and find the nonlocal conductance shows significant nonlinearity at the TQPT
around zero bias [cyan line in Figs. 3.9(g) and 3.9(h)], as opposed to the long wire limit in
Fig. 3.2. Although the thermal conductance [red lines in the insets of Figs. 3.9(g) and (h)] peaks
at the quantized value at TQPT V; = 1.41 meV, it grows again at a larger Zeeman field V; = 2.5
meV as a result of the highly-overlapped Majorana. The TV [blue lines in the insets of Figs. 3.9(g)
and 3.9(h)] also becomes less topological (more deviation from -1) at larger magnetic fields. This
is because the coherence length generally increases as V increases; therefore, the effective length
of the wire becomes shorter at large magnetic fields.

In experiments, the parent SC bulk gap often collapses as the magnetic field increases
(most likely because of the penetration of the magnetic field into the parent Al). Therefore,
we additionally introduce a phenomenological bulk gap collapse in the short wire as shown in
Fig. 3.10. The corresponding modification to the Hamiltonian (2.3) is the change of the parent
SC bulk gap, which closes in the form of Eq. (2.5). Here, we manually set SC gap collapse at
V7. = 3 meV.

In the local conductance in Figs. 3.10(a) and 3.10(b), we find the topological ZBCP is not
affected by the collapse of the parent SC gap as long as the parent SC gap does not vanish below

TQPT. In the nonlocal conductance in Figs. 3.10(c) and 3.10(d), we find qualitatively similar
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Figure 3.10: The short pristine nanowire (L = 0.5 gm). The SC bulk gap collapses as V7
increases and closes completely at V; = 3 meV (not shown here). (a)-(d) show the local and
nonlocal conductance in the “intrinsic” color scale; (e)-(h) show line cuts of the conductance as
a function of bias at = 1.1 meV and 1.41 meV. The other parameters are the same as Fig. 3.2.
The corresponding TV from the left (right) and thermal conductance kg (kg ) are shown in the

inset of (g) [(h)].
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results as in Fig. 3.9 with suppressed oscillations from overlapping Majoranas.

In the second row, we present the line cuts (cyan lines) of the color plots of the nonlocal
conductance from the first row and find that the conductance at zero bias is not altered by the
collapse of the SC gap. However, the whole range of finite nonlocal conductance is suppressed
as a result of a smaller parent SC gap. The thermal conductance [red lines in the upper insets of
Figs. 3.10(g) and 3.10(h)] shows the exact same conductance as in Fig. 3.9 where the SC bulk
gap does not collapse. The TV [blue lines in the upper insets of Figs. 3.10(g) and 3.10(h)] shows
a peak around V; = 1.41 meV and grows a second peak at V; = 2.5 meV again. This implies that
the effect of SC gap collapse is only quantitative— it will not change the topological properties

of the nanowire as long as the SC gap does not vanish already below TQPT.
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Figure 3.11: The short wire (L = 0.5 xm) in the presence of strong disorder with o, /p = 3.
(a)-(d) show the local and nonlocal conductance in the “intrinsic” color scale; (e)-(h) are the
corresponding line cuts of the conductance as a function of bias at V; = 1.1 meV, 1.33 meV, 1.41
meV. The other parameters are the same as Fig. 3.2. The corresponding TV from the left (right)
and thermal conductance g (xgr) are shown in the inset of (g) [(h)].

87



In Fig. 3.11, we present the strong disorder with o,,/; = 3 in the short wire L = 0.5 um,
as a comparison to its long wire counterpart in Fig. 3.6. The local conductance in Fig. 3.11(a)
shows a trivial ZBCP emerging below the nominal TQPT, and the putative topological ZBCP is
destroyed in Fig. 3.11(b). The nonlocal conductance shows a vague signature of gap-closing but
without the gap reopening.

In the second row, we present the line cuts of the color plots of the nonlocal conductance
from the first row, and find that the nonlocal conductance (blue lines) is also much smaller than
the pristine short wire case in Fig. 3.10. The thermal conductances [red lines in the upper insets of
Figs. 3.11(g) and 3.11(h)] remain finite after the induced gap closes, and oscillate as the magnetic
field increases. The TV [blue lines in the upper insets of Figs. 3.11(g) and 3.11(h)] also does not
completely flip to -1, which indicates that the topology is not well-defined as expected from the
lack of gap reopening seen in Figs. 3.11(c) and 3.11(d).

Similar to Fig. 3.10, we show results in a short wire in the presence of strong disorder with
the collapse of the parent SC bulk gap in Fig. 3.12. In the local conductance in Figs. 3.12(a)
and 3.12(b), we find that the conductances at small magnetic fields are not altered while the
conductances at large magnetic fields are more easily affected. In the nonlocal conductance in
Figs. 3.12(c) and 3.12(d), the amplitude of the oscillation (anticrossings of two ABS with low
energies) above V; = 1.41 meV is much suppressed by the collapse of the parent SC gap.

In the second row, we present the line cuts of the color plots of the nonlocal conductance
from the first row, and find that the nonlocal conductance [blue lines in Figs. 3.12(g) and 3.12(h)]
near zero bias is almost the same as the one without SC gap collapse [Figs. 3.11(g) and 3.11(h)].
The thermal conductances [red lines in the upper insets of Figs. 3.12(g) and 3.12(h)] also re-

main finite after the induced gap closes, and oscillate as the magnetic field increases. The TV
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Figure 3.12: The short wire (L = 0.5 pm) in the presence of strong disorder with o, /p = 3.
The SC bulk gap collapses as V7 increases and closes completely at V; = 3 meV (not shown
here). (a)-(d) show the local and nonlocal conductance in the “intrinsic” color scale; (e)-(h) are
the corresponding line cuts of the conductance as a function of bias at V; = 1.1 meV, 1.33 meV,
1.41 meV. The other parameters are the same as Fig. 3.2. The corresponding TV from the left
(right) and thermal conductance kg (kgrr) are shown in the inset of (g) [(h)].
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[blue lines in the upper insets of Figs. 3.12(g) and 3.12(h)] does not flip to -1 completely, which
supports the same conclusion of the ill-defined topology in short wires.

We add as a sobering reminder that the short-wire and highly disordered situation with the
bulk gap collapse appears to be the most consistent interpretation for the recent measurements of
nonlocal conductance in SM nanowires [55]. Thus, more nonlocal conductance measurements

are necessary for progress in the field.

3.3 Discussion

We discuss now the possible experimental situation and the efficacy of observing MZMs in
nanowires based on our results in this chapter.

The local conductance is not a reliable technique to distinguish the ABS from the MBS.
Although in the pristine wire in Fig. 3.2 the topological ZBCP has a quantized value of 2¢%/h, the
opposite assertion is not true. A quantized ZBCP is necessary but not sufficient. In the situation
of the QD and inhomogeneous potential in Figs. 3.3 and 3.4, the bad ZBCP is also induced at
one end of the nanowire by the barrier of the QD or inhomogeneous potential, and it transmutes
into the real MBS beyond TQPT. After the phase transition, the topological regime shows up as
the magnetic field increases. This bad ZBCP is sometimes referred to as the quasi-MZMs[118]:
It generically manifests a quantized and stable conductance peak without oscillation in the trivial
regime due to the partial separation of the two Majorana modes [75, 76, 78], unlike the ugly
ZBCP, where the quantized value of conductance is purely by accident and unstable as a result
of the Anderson localization [158]. Thus, the local conductance is not sufficient to confirm the

MBS. This has already been discussed in the literature.
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The nonlocal conductance should be more informative because it contains the bulk infor-
mation. In the good ZBCP, the conductances at the bias above the parent gap and below the
proximity gap are nearly zero; therefore, we can directly observe the gap closure and gap reopen-
ing in the nonlocal conductance. However, in the bad ZBCP in Figs. 3.3 and 3.4, the nonlocal
conductance is too small to observe any signature near zero bias, which restates the need for
very high precision in the three-terminal measurement. This situation becomes worse in the ugly
ZBCP in the presence of disorder. Disorder generally suppresses the magnitude of the nonlocal
conductance everywhere. For very strong disorder, the topological regime is not well defined;
the system just enters the Anderson localization regime. Therefore, the discussion of topology
in such a case is meaningless since the wire is just composed of a bunch of QDs that cannot be
described by the nanowire model effectively. Thus, the nonlocal conductance will not affirma-
tively tell us whether a system is in the topological regime or not; on the other hand, if a very
weak signal is detected in experiments, it may indicate that the underlying disorder is very strong
and the ZBCP in the local conductance, if any, would be the ugly ZBCP induced by disorder.
The invariable presence of noise in experiments may become a real challenge in the context of
detecting such weak nonlocal signals.

The thermal conductance provides more reliability in determining the topological regime.
In the good ZBCP, the thermal conductance sharply peaks at the vanishing point of TV, which
retains a quantized thermal conductance at that point. This peak does not go away even if we add
the inhomogeneous potential and QD, although the quantization may not manifest due to finite
dissipation. In the presence of disorder, the thermal conductance is still quite robust, though may
not be quantized again due to the combined effect of finite dissipation and disorder. Of course, the

thermal conductance cannot be helpful in the very strong disorder limit since the topology itself
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is not well defined— we do not see a peak of thermal conductance in this situation. Other than
this strong disorder situation, we would consider thermal conductance as a robust and accurate
indicator of the TQPT. On the other hand, if we always find negligible thermal conductance when
sweeping the magnetic field, it indicates that the disorder is so large that the topological regime
may not even exist. Nothing useful will happen in experiments if the samples are in the strong
disorder regime since all one is exploring is the physics of Anderson localization, and not the
physics of topological SC.

From the good ZBCP in the pristine wire to the bad ZBCP in the inhomogeneous potential
and QD, and ugly ZBCP in the presence of disorder, we conclude that the local conductance is
useless in distinguishing the ABS from the MBS; the nonlocal conductance— which may provide
more bulk information— is, in principle, useful, but is, unfortunately, more fragile to the inho-
mogeneous potential and disorder; therefore, it may not serve as a very practical tool. However,
thermal conductance is a more reliable technique to predict the topology of the nanowire.

In short wires, all the conductances— local, nonlocal or thermal— are not illuminating
since the topological regime itself is not well-defined from a practical viewpoint. Therefore, we
emphasize that all the discussions of the electrical and thermal conductance above should be

considered only in the context of the long wire limit.

3.4 Conclusion

In this chapter, we exhaustively simulate the electrical and thermal conductance in the
three-terminal SM-SC hybrid Majorana nanowire device in various situations, including pristine

nanowire, QDs, inhomogeneous potential, and onsite disorder in the chemical potential. The goal
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Table 3.1: Summary of different measurements in different situations.

Gii Gij k TV
Good-pristine v v v v
Bad-QD x v v VY
Bad-inhomogeneous potential x v vV
Ugly-intermediate disorder x v v Y
Ugly-strong disorder X X X X
Short wires X X X X

is to provide extensive results so that forthcoming experimental nonlocal conductance data can
be validated through a direct comparison with our theory. To better simulate experiments, we
also change the long wire limit to the short wire, and introduce the parent SC bulk gap collapse
at a high magnetic field. We summarize the efficacy of all four measurements (although the TV
is only theoretically measured) to distinguish each situation in Table 3.1. The check v* (cross
X ) means a possible (impossible) measurement to distinguish a particular situation. The extra
star * after the check v indicates a possible measurement but with a significantly weaker signal
compared to the pristine case. The four columns are local conductance G;, nonlocal conductance
G;, thermal conductance ~ , and the TV.

This chapter generalizes the previous Chapter 2 on the good, bad, and ugly ZBCP in the
local conductance to the nonlocal conductance and thermal conductance. We first present the
nonlocal conductance in the pristine nanowire, which results in the good ZBCP, to give a general
idea of what the nonlocal conductance will look like if it is the real topological Majorana in a
clean long wire. This serves as a guide for future experiments which may report the observation
of topological Majorana in nonlocal conductance. The local conductance has a quantized peak
at 2¢% /I in the topological regime; the nonlocal conductance shows an apparent gap closure and

reopening signal at TQPT, but in general the signal is much weaker than the local conductance.

93



This TQPT, which is determined by the sign flip of the TV, can be captured clearly by the peak
of thermal conductance. It may therefore be necessary to carry out local conductance, nonlocal
conductance, and thermal conductance measurements in the same sample for conclusive results.
This becomes particularly significant given disorder considerably complicates and weakens the
nonlocal conductance signal.

We also investigate the bad ZBCP arising from inhomogeneous potential including QDs.
This may induce the quasi-Majorana ABS in the trivial regime with a quantized ZBCP. As the
magnetic field increases, the trivial bad ZBCP finally transmutes into the topological ZBCP. We
find that the local conductance here becomes misleading and the nonlocal conductance, while still
showing the gap closure and reopening feature near TQPT, has much weaker signals than the local
conductance. It is unclear if such a weak signal is experimentally detectable in the presence of
noise, but such measurements are necessary for progress since these nonlocal measurements are
capable of detecting bulk topological properties. However, the peak of the thermal conductance
can still provide evidence for the real TQPT. Thus, measuring thermal conductance along with
nonlocal conductance is warranted for decisive conclusions.

Most relevant to experiments, we consider the role of disorder in nonlocal conductance.
This is crucial since, based on the previous Chapter 2, we believe that the existing NS tunnel-
ing, measurements may be observing disorder-induced ZBCP effects. We study a nanowire in
the presence of disorder in the chemical potential and find that weak disorder does not destroy
topological effects: The electrical conductance and thermal conductance in the weak disorder
resemble those in the pristine wire. In the presence of the intermediate disorder, we find that the
trivial ZBCP emerges in the local conductance below the putative TQPT which is misleading if

one decides only based on the local conductance (since local conductance measurement knows
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nothing about TQPT, and there is no way to tell whether a ZBCP is above or below the TQPT
based only on local conductance data). A decisive measurement of three-terminal conductance as
proposed in this chapter may enable the observation of bulk topological properties, but one must
be careful about the weak strength of the nonlocal signal. However, if we measure the thermal
conductance, we notice that the thermal conductance still peaks at the real TQPT, which can be
determined by the zero TV. The only difference is that the range of the topological regime now
becomes small compared to the pristine case. The worst case is strong disorder, which destroys
the topological regime. The system dominated by the strong disorder (and not SC) enters the
Anderson localization regime, where the local conductance is purely random as in the class D
ensemble, the nonlocal is very small, and thermal conductance shows irregular structures with
many peaks. Thus, it is not meaningful to discuss the topological or nontopological in such a
strong disorder situation, and the only possible conclusion then would be that the sample quality
must improve before MZMs can manifest.

We also consider a realistic situation by combining disorder and QD. We find two limits
based on the magnitude of disorder. For the weak disorder, the nanowire is still dominated by
the QD, which manifests the bad ZBCP as if the disorder is absent. For the strong disorder, the
nanowire is dominated by disorder so that the bad ZBCP becomes the ugly ZBCP. The local
conductance now becomes arbitrary, and the putative topological regime disappears.

Finally, simulating the current experimental short wire situations, we perform the same
calculation in a short wire (L = 0.5 pm) and introduce the phenomenological parent SC bulk
gap collapse which happens in the experiment. In the short wire, there is no distinction between
the topological and trivial regime from a practical standpoint since the topology itself is not well

defined when the wire is much shorter than the coherence length. The overlap of Majorana from
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both ends in the short wire is so large that the thermal conductance remains finite even after the
proximity gap closes. This is a situation that should be avoided in experiments, although we
believe that all experiments so far, unfortunately, may be in this undesirable short wire limit.
Our extensive results presented in this chapter establish that nonlocal three-terminal con-
ductance along with the standard two-terminal tunneling spectroscopy could distinguish between
topological and trivial regimes in Majorana nanowires provided the wires are not too short and
not too dirty, in particular, any observation of gap closure and reopening features in the nonlocal
conductance, even if the signal is weak, along with a stable quantized tunneling conductance peak
should be reasonable evidence for topological MZMs. If thermal conductance measurements can
also be carried out simultaneously and manifest our predicted signatures, one could be more as-
sured that the nanowire is indeed in the topological regime, and one could then proceed toward

the goal of braiding the Majorana modes in order to create a protected topological qubit.
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Chapter 4: Disorder-induced zero-bias conductance peaks

In the previous two chapters, we have both defined and compared the methods of nonlocal
conductances and thermal conductances to distinguish the three types of ZBCPs. In this chapter,
we focus on the real experiments, especially on the recently retracted experiment Ref. [9], and
the related recently available correctly analyzed data from this Delft experiment [57], to discuss
the general problem of confirmation bias in experiments verifying various theoretical topological
quantization predictions.

Reference [9] was published in Nature in 2018 reporting the quantized Majorana conduc-
tance, but has been retracted in 2021 as the authors concluded on the reanalysis and recalibra-
tion of the original data that the original claim might have suffered from confirmation bias with
fine-tuned data selection unwittingly preferring false positives in favor of the known theoretical
prediction [30]. This retraction [159] of the high-profile article [9] in favor of a new detailed
article [57] with corrected data and analysis has led to the conclusion that the original claim of
the Majorana quantization observation is untenable. We show that this Majorana experiment [9]
is most likely dominated by disorder, which produces trivial (but quite sharp and large) zero-
bias Andreev tunneling peaks with large conductance ~ 2¢?/h in the theory, closely mimicking
the data. Thus, although the corrected Delft data are by far the best tunnel spectroscopy results

available in the literature, manifesting large and sharp ZBCPs rising above the background with
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an impressive hard SC gap, our theory shows that the most natural explanation for these ZBCPs
is that they are disorder-induced and not topological Majorana modes. One characteristic of
the disorder-induced trivial peaks is that they manifest little stability as a function of the Zee-
man field, chemical potential, and tunnel barrier, distinguishing their trivial behavior from the
expected topological robustness of non-Abelian MZMs.

Although our theory and analysis in this work are specific only to the Majorana nanowire
physics of [57], we believe that our conclusions are far-reaching and may have substantial rel-
evance to the somewhat unsatisfactory aspect of various experimental claims in the whole field
of topological condensed matter physics. Our results apply to most of the Majorana experiments
since 2021 in the literature, which were trying to verify precise theoretical predictions made in
2010 [23, 27, 29-31] claiming evidence in support of the existence of MZMs in 1D nanowires.
Therefore, we also provide a brief analysis of another very recent nanowire experiment with
small peaks, which most obviously arises from disorder [56]. The data presented in this recent
experiment [56] are taken on samples with a very high amount of disorder, with substantial sub-
gap conduction and a very soft gap, but still manifesting small conductance peaks which can

occasionally be fine-tuned to values of O(2¢%/h).

4.1 Theory

The theory is still based on the standard free-fermion BdG Hamiltonian introduced in
Sec. 2.1 and 3.1. We use the same parameters for the InSb/Al system as in Chapter 2. We
show in Fig. 4.1 the experimental structure [reproduced directly from Fig. 1(a) of [57]] as well

as the corresponding 1D theoretical idealization studied in this section. An SM (InSb) nanowire
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is in contact with an SC (Al) so that the nanowire becomes SC due to the proximity effect [160].
The experiment (and our theory) studies tunneling spectroscopy through the nanowire using the
standard NS tunneling structure at one end (left end in Fig. 4.1) by controlling a tunnel barrier
(seen in red as tunnel gates in Fig. 4.1) in the presence of a magnetic field applied parallel to the

nanowire.
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Figure 4.1: (a) The experimental device from Fig. 1 of Ref. [57]. The InSb nanowire (gray) is
covered by the Al shell (green). The tunnel gate (red) controls the tunnel barrier V;, in (b). The
super gate (purple) controls the chemical potential. The normal lead (yellow) is attached to one
end of the nanowire; (b) The schematic of the SM-SC hybrid nanowire in the theory, which is
essentially the same device as Fig. 2.1(a), except for the explicit inclusion of the tunnel barrier
V.

4.2 Results

The most important aspect of our theory, which is also the key physics underlying the
ZBCPs reported in Majorana experiments, is the inclusion of a model spatially random potential,
Vimp($), added to the constant chemical potential p as discussed in Sec. 2.1.5. This random term
represents the disorder that invariably exists in the nanowire due to the presence of quenched
random impurities and interface imperfections. The presence of Viy,(z) in the BAG Hamiltonian
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makes our theory correspond to the “ugly” situation in the terminology in Chapter 2, whereas for
Vimp(2) = 0 the system is pristine, corresponding to the “good” situation, which is the situation
the experimentalists always have in their mind as the theoretical prediction to be emulated. The
good situation is the standard theoretical Majorana scenario [23, 27, 29-31], where topological
ZBCPs appear in the tunneling spectra for V; > V7., whereas for V; < V. the subgap con-
ductance is basically zero. The presence of random disorder is the key physical mechanism in
our theory which, in our opinion, produces much of the physics showing up in the experimental
ZBCPs reported in Refs. [9, 56, 57, 159]. We contend that the physics of Majorana nanowires at
this point is dominated by disorder rather than topology as discussed in the next studies of two

real experiments.

4.2.1 Intermediate disorder: InSb/Al SM-SC nanowire

We start with Ref. [57], which is deemed to carry an intermediate amount of disorder, and
reproduce Fig. 2 exactly as it appears in this experimental work with no modification because
these results in Fig. 4.2 are what we are trying to explain theoretically. In Fig. 4.2, we show
the measured conductance spectra as a function of the magnetic field, bias voltage, and tunnel
barrier. The theory must be able to reproduce all dependence of the three parameters faithfully
for us to claim the understanding. The experimental measurement temperature is very low (~
20 mK), therefore, we show our theoretical results at 7' = 0 with no loss of generality. Thermal
effects are easy to include but would not modify the results as long as the thermal broadening is
smaller than the tunneling energy, which is easily checked in the experiment by ensuring that the

ZBCP saturates with the lowering of temperature.
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Figure 4.2: The experimental tunneling conductances from Ref. [57]. Panels (a)-(c) are tunneling
conductances as a function of the bias voltage and magnetic field at various tunnel gate voltages
Vig=—7.74, —7.80, —7.92 V, respectively; (d) The horizontal line cuts at zero bias as a function
of magnetic field corresponding to (a)-(c); (e) The vertical line cuts at zero magnetic field (red)
and finite magnetic field (orange) at Vg = —7.74 V; (f) The closed-up view of the conductance
peak near 2¢?/h, indicated by the dashed rectangle in (d). The shading regions indicate the error
bar of 1o (darker) and 20 (lighter). Refer to Ref. [57] for the other parameters of gate voltages.
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Figure 4.3: The theoretical tunneling conductances in the trivial regime which qualitatively re-
produce the experimental measurements in Fig. 4.2. Panels (a)-(c) are tunneling conductances as
a function of the bias voltage and Zeeman field at different tunnel barriers V,=14.5, 13.0, and 16.5
meV, respectively; (d) The horizontal line cuts at zero bias as a function of Zeeman field corre-
sponding to (a)-(c); (e) The vertical line cuts at zero magnetic field (red) and finite magnetic field
(orange) at V;, = 14.5 meV; (f) The closed-up view of the conductance peak near 2¢2/h. Note
that the error bar is not applicable here compared to Fig. 4.2 because it is purely the theoretical
calculation. The parameters are as follows: the wire length is 1 pm, the chemical potential © = 1
meV, the standard deviation of disorder o, = 1 meV, the parent SC gap Ay = 0.2 meV [122],
the SM-SC coupling strength v = 0.2 meV, the parent SC gap closes at V; = 1.2 meV, the SOC
o = 0.5 eVA, the phenomenological dissipation is 3 x 1073 meV [139], and zero temperature.
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In Fig. 4.3, we show our calculated conductance spectra corresponding to the experimental
results shown in Fig. 4.2 using a Gaussian disorder distribution for Viy,(2) with the disorder
parameters shown in the figure caption. Note that the disorder is spatially fixed once chosen using
the Gaussian distribution (for Fig. 4.3). We adjust the strength of the disorder to get the striking
agreement between our theoretical results in Fig. 4.3 with the experimental results of Fig. 4.2, but
we do not vary the disorder strength once chosen and all the results shown in Fig. 4.3 use identical
disorder. There is no disorder averaging here, just one fixed disorder configuration, characterized
by the single parameter of disorder strength, since the low experimental temperature implies that
ensemble averaging is unnecessary. The striking agreement between Figs. 4.2 and 4.3 in both the
magnetic field and the tunnel barrier dependence between experiment and theory is remarkable
at a qualitative and semiquantitative level. A quantitative comparison is impracticable since the
experimental disorder parameters are unknown including experimentally Vz and p.. (We note that
knowing the experimental magnetic field is not equivalent to knowing the Zeeman energy since
the precise Landé g factor is not known under the actual experimental conditions [130].) So,
what we do here with a model disorder potential, obtaining excellent qualitative agreement as a
function of several different tuning parameters, is the best one can do.

The most important physical point about Fig. 4.3, and by inference about the experimental
results in Fig. 4.2, is that the sharp ZBCPs with large conductance ~ 2¢%/h are trivial peaks
occurring below the TQPT in the trivial V; < V. regime. Note that in our theory we know
the TQPT location V7, analytically by construction (the bulk gap closes and then reopens at V7.)
whereas the TQPT is unknown in the laboratory since a gap reopening is not observed experi-
mentally. For our parameters in Fig. 4.3, the TQPT is at V. = 1.02 meV whereas the ZBCPs are

at Vz ~ 0.90meV < VZ.. In addition, the ZBCP values in Fig. 4.3 (as in the experiments shown in
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Fig. 4.2) are slightly (by about 10%) larger than the Majorana quantization value of 2¢2/h, further
reinforcing the fact that these are not MZM-induced topological ZBCPs, but disorder-induced
trivial ZBCPs [64]. The fact that one can have large (and even sharp) ZBCPs of O(2¢?/h) arising
just from disorder has recently been emphasized [112] (which will also be discussed in the next
chapter), nevertheless, the agreement between Figs. 4.2 and 4.3 is surprising, giving us confi-
dence in claiming that it is possible, even likely, that the best Majorana nanowire experiments
are disorder-limited even though the induced gap is hard rather than soft as was common in the
earlier Majorana experiments [8, 35-38], where the role of strong disorder was obvious just by
very soft induced gap implying the presence of considerable subgap fermionic states. The fact
that disorder may dominate the ZBCPs even when the zero-field-induced gap is hard (and the
ZBCPs themselves are sharp and large) is sobering. There have been earlier theoretical works
in the literature on disorder effects in Majorana nanowires, mostly emphasizing class D antilo-
calization peaks and soft gap arising from the disorder-induced fermionic subgap states as well
as on the stability of the MZMs against weak disorder [70, 79, 81, 82, 86, 87, 90, 91, 104, 106,
161-164]. The fact that disorder by itself can, under certain circumstances, give rise to large and
sharp trivial ZBCPs closely mimicking the Majorana ZBCPs, even when the gap is hard, was
not realized before. Certainly, no earlier theory presented such a convincing agreement between
theory (Fig. 4.3) and experiment (Fig. 4.2) based on trivial disorder-induced theoretical ZBCPs.
In Fig. 4.4, we further study and discuss the (lack of) stability of the trivial ZBCPs of
Fig. 4.3 by showing [Fig. 4.4(a)] the calculated zero-bias conductance, at fixed tunnel barrier and
Zeeman splitting, as a function of the chemical potential, taking care to ensure that the system
stays in the trivial phase with V; < V7. always in the whole range of the chemical potential. We
show the calculated chemical-potential-dependent conductance for three values of 1. We find
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that the conductance can be tuned almost at will by changing the chemical potential (which is
experimentally controlled by various gate voltages, such as the side gate and back gate voltages
in Refs. [9, 57]). Although the dependence on the chemical potential is complicated and non-
monotonic, in Fig. 4.4 the key feature is that the calculated conductance can be tuned by tuning
chemical potential, with no stability, as also seen experimentally [57]. In Fig. 4.4(b), we depict
the calculated zero-bias conductance as a function of the tunnel barrier potential for fixed Zeeman
energy and chemical potential, showing that the trivial ZBCPs of Fig. 4.3 vary smoothly with a
varying tunnel barrier, indicating its trivial character. The topological MZM manifests a constant
2¢%/h ZBCP for all tunnel barrier values as long as the temperature is lower than the tunneling
energy. The fact that the ZBCP varies with the tunnel barrier means that it is not quantized, and
does not arise from MZMs. One point to note here is that it is a challenge to connect our theo-
retical parameters V, and p to various gate voltages in the experimental situation, and it is likely
that a variation in any of the experimental gate potentials varies both x and V;, in some complex
manners. For our discussion, however, this is irrelevant because the point we are making is that
even when a fine-tuned ZBCP is apparently “quantized” (see Fig. 4.3), it is simply a feature of
fine-tuning and postselection, and the conductance can be tuned to almost any value between O
and 4e?/h by carefully tuning V7, u, and Vj in the theory (and, equivalently, by the magnetic
field, various gate voltages, and the tunnel barrier in the experiments).

In Fig. 4.5 we show the calculated energy spectra (and the lowest and the second-lowest
wave functions) with and without the disorder potential to emphasize what is going on at the
microscopic quantum-mechanical level. Figure 4.5(a) shows the energy spectrum in the pres-
ence of disorder corresponding to Figs. 4.3(a)-4.3(c) (since they only differ by the height of the
tunnel barrier). The pair of low-lying states emerging from V; = 0.75 to 1 meV is trivial be-
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Figure 4.4: (a) The calculated zero-bias tunneling conductance as a function of the chemical
potential y at a fixed tunnel barrier V;, = 14.5 meV for 1 =0.8 meV (blue), 0.9 meV (orange), 1
meV (red); (b) The calculated zero-bias tunneling conductance as a function of the tunnel barrier
Vj, at a fixed chemical potential y = 1 meV for Vz = 0.8 meV (blue), 0.9 meV (orange), 1 meV
(red). Refer to Fig. 4.3 for the rest parameters.
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Figure 4.5: The energy spectra (upper panels) and wave functions (lower panels) of the disor-
dered (left panels) and pristine nanowires (right panels) InSb/Al hybrid nanowire. (a) The energy
spectrum as a function of Zeeman field in the presence of disorder, which corresponds to Fig. 4.3;
(b) The energy spectrum as a function of the Zeeman field in a pristine nanowire for comparison.
The topological regime is where V; > 1.02 meV, indicated by the vertical red dashed line. The
SC gap always persists as the Zeeman field increases; (c) shows the lowest and second-lowest
wave functions in the trivial regime at V; = 0.9 meV corresponding to the black line in (a); (d)
shows the lowest and second-lowest wave functions in the topological regime at V; = 1.1 meV
corresponding to the black line in (b). Refer to Fig. 4.3 for the other parameters (except for the
tunnel barrier and dissipation, which are absent here).
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cause it is below the putative TQPT at 1.02 meV. Given the finite dissipation (or even low, but
finite, temperature), this pair of low-lying states may merge into a single peak and thus manifest
the ZBCPs in Fig. 4.3. We also plot the corresponding wave function in the Majorana basis at
Vz = 0.9 meV below the TQPT in Fig. 4.5(c). The wave functions of the lowest state in the
Majorana basis (71, 71) as defined in Egs. (2.21) and (2.22) are in blue and cyan while the wave
functions of the second-lowest state in the Majorana basis (72, 7-) are in red and orange. We find
that the two Majorana modes are highly overlapping, which indicates a trivial fermionic state.
For comparison, we also present the energy spectrum of the corresponding disorder-free pristine
nanowire in Fig. 4.5(b). The TQPT happens at ; = 1.02 meV (red dashed line); thus, the cor-
responding wave function at V; = 1.1 meV [Fig. 4.5(d)] is in the topological regime. The wave
function of the lowest state is localized at two ends of the nanowire, while the wave function of
the second-lowest state is localized in the bulk region of the nanowire.

Several aspects of our disordered Majorana nanowire results need to be emphasized in or-
der to avoid any misunderstanding. First, there is no ensemble averaging, the quenched spatial
disorder is one fixed random configuration chosen from a Gaussian distribution, consistent with
the experiment being done at very low temperatures. Second, most disorder configurations with
the same strength and variance do not produce large zero-bias trivial peaks— in fact, most dis-
ordered results have small ZBCPs or no peaks at all; only a few configurations give rise to large
ZBCPs. This is also consistent with the experimental situation where the protocol is to go through
many samples by varying tuning parameters until large ZBCPs appear in the measurements, and
once such a peak appears, it is fine-tuned to produce the desired results. Both the experiment [57]
and our theory produce only of the order of ~2% samples manifesting large ZBCPs with con-

ductance ~ O(2¢?/h). Large ZBCPs are not guaranteed by any means either in the experiment
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or in the theory with disorder, only for the pristine nanowires with real topological Majorana
modes, ZBCPs with conductance 2¢%/h appear generically for V, above the TQPT. We mention
as an aside that very stable trivial ZBCPs with values pinned at 2¢%/h may arise from certain
types of smooth deterministic potential-induced trivial tunneling peaks, but such stable peaks do
not go above 2¢%/h [64]. We believe that the measurements of Refs. [9, 56, 57], as well as all
the earlier nanowire Majorana experiments, are dominated by random disorder effects and not
by any smooth potential-induced quasi-Majorana behavior. The other thing to emphasize is that
even our disordered system eventually would manifest topological ZBCPs at a large enough Zee-
man field well above the TQPT so that the Zeeman field can overcome the disorder effect. But,
experimentally such a high-field regime is currently inaccessible since the bulk SC is completely
suppressed at the high field in the experiment, most likely because the parent Al SC is quenched
by the high magnetic field. The ZBCPs in Fig. 4.3 in our theory are all nontopological occurring
below TQPT, which are induced entirely (but only occasionally, not generically) by disorder. No
experiment has ever reported either ZBCPs ~ 2¢? /I values stable over a large magnetic field
range or reentrant ZBCPs with ~ 2¢?/h conductance at high magnetic fields, so we can safely
conclude that the existing experimental data do not provide evidence for any topological ZBCP
at Vz; > Vz.. We emphasize that the good MZM-induced topological ZBCPs could manifest
conductance < 2¢?/h (e.g., because of temperature effect), but not > 2¢?/h, as in Fig. 4.2 and

Ref. [57].
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Figure 4.6: The tunneling conductances in the trivial regime as a function of bias voltages at
fixed Zeeman fields 0 meV (red), 0.88 meV (blue), and 1.45 meV (black) to reproduce Fig. 3(c)
in Ref. [56] using exactly the same Hamiltonian as in Fig. 4.3 but only with a different set of SC
parameters corresponding NbTiN: the parent SC gap is 3 meV and the SM-SC coupling strength
is 1.5 meV (hence the induced SC gap is around 1 meV) [122]. The other parameters are as
follows: the wire length is 0.4 pm, the chemical potential is © = 5 meV, the standard deviation
of disorder o, = 20 meV, the parent SC gap closes at V; = 10 meV, the SOC o = 0.5 eVA,
the phenomenological dissipation is 0.1 meV, and the tunnel barrier height V, is 10 meV. We
also verify that the conductance at the other end [left end in Fig. 4.8(c)] of the nanowire has no
feature, namely, no subgap states emerge and the conductances are almost zero everywhere inside
the parent SC gap.

4.2.2 Strong disorder: InSb/NbTiN SM-SC nanowire

Now, we briefly discuss another recent experiment, where very small ZBCPs ~ 2¢2/h
are reported in Indium Antimonide/Niobium-Titanium-Nitride (InSb/NbTiN) SM-SC structures,
with the system being well-known to be very highly disordered [56]. Very similar (essentially
identical) tunneling data to what is reported in [56] were already reported extensively in the
early experiments on Majorana nanowires [8, 35-38], where the characteristic features were the
existence of a soft SC gap (indicating strong disorder in the system) and very non-sharp small
peaks over the large background tunneling conductance because of the presence of considerable
subgap fermionic states (the same states leading to the gap being soft). In addition, the new

experiment emphasizes the fact that tunneling from only one end manifests ZBCPs, not from
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both ends, further reinforcing the trivial nature of these small (above the background) ZBCPs.
In Fig. 4.6, we show our fine-tuned simulated theoretical results corresponding to the ob-
servations of [56] using nanowire parameters corresponding to the InSb/NbTiN system, where
the parent SC gap is larger (than in Al) and so are disorder and dissipation (arising from the
copious presence of vortices in the rather poor quality NbTiN material). We reproduce disorder-
induced small ZBCPs above the background which are not sharp at all (similar to the experiment
in [56]), but have conductance values ~ 2¢?/h. Our results of Fig. 4.6 look very similar to
the results shown in Figs. 2(c) and 3(c) of [56]. We note that neither experiment [56] nor our
theory generically produces ZBCPs ~ O(2¢?/h) — both are fine-tuned results without much
significance. The characteristic features are as follows: the ZBCPs are trivial arising entirely
from disorder, a strong asymmetry in the peaks arising from dissipation [139], very soft SC gap
because of disorder-induced subgap states, and small non-sharp ZBCPs above the background
with conductance ~ O(2¢?/h). We have checked that the tunneling from the other end here does
not produce any ZBCPs in our simulations as expected, and we have also checked that these
calculated ZBCPs are not robust against the tunnel barrier potential. The tunnel barrier potential
has to be carefully tuned both in our theory and in the experiment of [56] in order to find small
peaks with 2¢2/h values: it is a result of precise fine-tuning in the magnetic field, tunnel barrier,
and disorder potential. The peaks in the experiment of [56] and in our Fig. 4.6 are similar to the
ones seen in the early 2012 nanowire tunneling spectroscopies [8, 35-38], and are not similar to
the results in Figs. 4.2 and 4.3, i.e., in Ref. [57], where the gap is hard and the ZBCPs are large
and sharp. We do not believe that the experimental observations of Refs. [56, 57] are equivalent
as the latter is reporting results in extremely highly disordered systems with a huge amount of

subgap fermionic states as was the situation in 2012. It is clear that sample improvement from
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2012 to 2021 has vastly improved the quality of the data in Majorana nanowires, and we believe

that further improvement in sample quality will lead to the observation of topological Majorana

modes.
u=5 meV
0 T T
4.5 5.0 55 0 10 20
i (meV) V, (meV)

Figure 4.7: (a) The calculated zero-bias tunneling conductance as a function of the chemical
potential y at a fixed tunnel barrier V;, = 10 meV for V; =0 meV (red), 0.88 meV (blue), and
1.45 meV (black); (b) The calculated zero-bias tunneling conductance as a function of the tunnel
barrier V}, at a fixed chemical potential 4 = 5 meV for Vz =0 meV (red), 0.88 meV (blue), 1.45
meV (black). Refer to Fig. 4.6 for the rest parameters.

In Fig. 4.7 (see Fig. 4.4 for comparison with the same results for Ref. [57] parameters), we
show our calculated conductance for Ref. [56] parameters as a function of chemical potential and
tunnel barrier keeping all other quantities fixed (and ensuring that the system is always trivial, i.e.,
Vz < V. throughout). As expected, the conductance at zero bias varies smoothly as a function of
either the chemical potential [Fig. 4.7(a)] or the tunnel barrier [Fig. 4.7(b)], reflecting their trivial
unstable character, similar to what we find in Fig. 4.4 for the Delft sample. Thus, trivial ZBCP,
arising at Vz < V4., could possibly be tuned to ~ 2¢2 /I (or to any value between 0 and 4¢?/h) by
fine-tuning the chemical potential and/or the tunnel barrier strength, but such a fine-tuned 2¢2/h
ZBCP is neither stable nor meaningful. Of course, for the extremely disordered samples used in
Ref. [56], these peaks are very small and are additionally misleadingly fine-tuned by carrying out

an arbitrary contact resistance subtraction, making the whole fine-tuning exercise meaningless
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Figure 4.8: The energy spectra (upper panels) and wave functions (lower panels) of the disordered
(left panels) and pristine nanowires (right panels) in InSb/NbTiN hybrid nanowire. (a) The energy
spectrum as a function of the Zeeman field in the presence of disorder, which corresponds to
Fig. 4.6; (b) The energy spectrum as a function of the Zeeman field in a pristine nanowire for
comparison. The topological regime is where V; > 5.22 meV, indicated by the vertical red
dashed line. The SC gap always persists as the Zeeman field increases; (c) shows the lowest and
second-lowest wave functions in the trivial regime at V; = 1.45 meV corresponding to the black
line in (a); (d) shows the lowest and second-lowest wave functions in the topological regime at
Vz = 6.2 meV corresponding to the black line in (b). Refer to Fig. 4.6 for the other parameters
(except for the tunnel barrier and dissipation, which are absent here).
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and bizarre.

In Fig. 4.8 (c.f., Fig. 4.5 for the corresponding results for the corresponding Delft [57]
results) we show our calculated energy spectra and low-lying wave functions for the typical pa-
rameters of Ref. [56]. The important point of Fig. 4.8 is that disorder mixes the Majorana states
from the two ends strongly, and depending on the details of this overlap, it is possible to have a

trivial zero-bias tunneling peak from one end, but not from the other end.

4.3 Discussion

We have provided in this chapter detailed Majorana nanowire theoretical simulations, show-
ing that trivial ZBCPs with sharp and large ~ O(2¢?/h) values may appear in the tunneling spec-
tra mimicking aspects of topological MZMs, thus misleading the experimentalists. These large
trivial peaks arise from random disorder with fine-tuning very similar to the experimental proto-
col used in the experimental data analysis searching for MZMs through tunneling spectroscopy.
Just as not all laboratory samples manifest large ZBCPs, not all random disorder configurations
produce large trivial peaks, and therefore the possibility of confirmation bias is considerable be-
cause the inevitable presence of disorder in the experimental samples may very well produce large
zero-bias tunneling conductance peaks through extensive data selection, which is the current lab-
oratory protocol for the Majorana search. For example, Zhang et al. [9, 57] find the reported
large ZBCPs, which they originally mistakenly attributed as “Majorana quantization”, only in 2
out of around 80 samples they looked at. This is a ~2% yield on the desired outcome one is
trying to find, and should always be taken with considerable suspicion as possibly being “false

positives” arising from the inherent nature of the confirmation bias syndrome. We believe that it
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is likely that all existing claims of Majorana observations in the literature are trivial peaks arising
from disorder, but of course, we can only suggest this as a real possibility, we cannot prove it.
Something negative, i.e., true MZMs have not yet been experimentally observed, can only be per-
suasively suggested by our theory, by definition, it cannot be proven. The fact that the observed
ZBCPs never manifest any robust stability in experimental tuning parameters, e.g., the magnetic
field, gate voltage, and tunnel voltage, which is consistent with our disorder-induced trivial peaks
in this chapter, where we find that the disorder-induced trivial ZBCPs show smooth variations
in Zeeman energy, chemical potential, and barrier potential, and inconsistent with topological
zero modes also lends credence to our suggestion that Majorana experiments are dominated by
random disorder. We would speculate that this disorder problem is prevalent in most, if not all,
topological experiments in the literature. Although our current work focuses on SM-SC nanowire
platforms, because the best and the most quantitatively compelling tunneling spectroscopy data
are extensively available in Majorana nanowires, other systems, where the ZBCPs are studied
at vortex cores using scanning tunneling microscopy, manifest ZBCPs of extreme small values
which are much more consistent with disorder-induced subgap Andreev states in the vortex cores
than with topological MZMs.

The most important finding in this chapter is its remarkable agreement with the reported
data in Ref. [57]: both experiment [57] and our theory find similar-looking large and sharp fine-
tuned zero-bias tunneling conductance peaks which are not robust against variations in Zeeman
field, chemical potential, and tunnel barrier, and both manifest peaks which could go above 2¢2 /h
quantization value, but can be fine-tuned (by adjusting parameters such as magnetic field and gate
voltages) to 2¢2 /h, enhancing the unfortunate possibility of a confirmation-bias-induced claim for
Majorana quantization. Also, our trivial ZBCPs generically exist only for tunneling from one end,
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and not the other end, although that can occasionally happen accidentally [66, 77]. Therefore, we
urge experimentalists to try simultaneous tunnel spectroscopies from both ends as an additional

distinguishing aspect of trivial versus topological.

4.4 Conclusion

This chapter suggests that serious vigilance is necessary to guard against claims of topo-
logical discoveries based on confirmation bias arising from precise existing theoretical predic-
tions. In particular, all such experimental claims should necessarily release all data collected in
the experiment (including data that are inconsistent with the topological predictions) so that the
community could go through the data to ensure that the outcome is not generated by confirmation
bias achieved through fine-tuned data selection. The fundamental problem here is that, given a
sufficient number of tunable parameters (magnetic field, tunnel barrier, gate voltage) in the ex-
periment, it is often, if not always, possible to keep on tuning parameters until one finds precisely
what one is looking for. What we show here is that disorder produces trivial peaks, which on suf-
ficient fine-tuning, would produce ~ 2¢?/h peaks, and this by itself is no discovery, it is simply
confirmation bias.

One specific and concrete conclusion of our extensive theoretical studies on Majorana
nanowires including effects of disorder is that topological MZMs in all likelihood have not yet
been observed in the laboratory since even the very best currently available experimental data
[57] appear consistent with disorder-induced ZBCPs in the theory.

The other key general conclusion of this chapter is that confirmation bias is almost in-

evitable in claiming topological discoveries if one looks for something precise among a huge
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amount of data, particularly if there are many parameters to tune and many samples to use.
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Chapter 5: Generic quantized zero-bias conduct peaks: a random matrix theory

study

In Chapters 2-5, we have studied the transport properties of the SM-SC nanowires from
a microscopic model. However, one may argue that because the emergence of ZBCPs may ex-
plicitly depend on the details of the specific platform, the conclusion cannot generalize to the
other platforms for searching for the MZMs. To address this issue, we revisit the problem from
a random matrix approach, and show that quantized ZBCPs should be ubiquitous in any class D
ensemble.

As a quick reminder, the experimental methodology for reporting candidate MZMs based
on single-junction NS conductance typically involves: (1) a search over the experimental pa-
rameter space (e.g., Zeeman field, tunnel barrier, and various gate voltages to tune the chemical
potential) to identify any ZBCPs with an otherwise clean, featureless spectrum below the par-
ent SC gap; (2) additional parameter fine-tuning to obtain 2¢%/h conductance; then finally (3)
a demonstration that this conductance is quantized through the stability of the ZBCP as exter-
nal parameters (e.g., gate voltage and Zeeman field) are tuned (i.e., a quantized conductance
“plateau”). In this chapter, we conclusively establish that even step (3) of the protocol above is
generally unable to rule out the trivial non-MZM ZBCP scenario.

Theoretically, we establish compellingly that ZBCPs of trivial origin are generic in systems
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with no symmetry other than particle-hole symmetry that these peaks can stick to zero energy
over extended regions of the parameter space, and finally that some finite fraction of these peaks
manifests stable and robust quantized conductance. In other words, the experimental procedure
of searching for quantized ZBCPs by fine-tuning experimental parameters (e.g., Zeeman field,
gate voltages, and tunnel barrier) in a systematic way is practically guaranteed to produce these
“false positive” apparently quantized, nevertheless, trivial ZBCPs. Our theoretical starting point
is a class D random matrix ensemble [79, 106, 111, 165]. The model is maximally generic since
we impose no constraint other than particle-hole symmetry on the Hamiltonian, which holds for
every experimental Majorana platform. We do not claim that any previous experiment is pre-
cisely described by such a random matrix in its full details: The RMT can only predict the most
generic features due to fluctuations in different Hamiltonians governed by the same symmetry
(i.e., particle-hole symmetry here) [150]. Thus, this should be only understood as a null hypothe-
sis applied to all 1D and two-dimensional Majorana platforms, including SM-SC devices [9, 46,
49, 53], iron-based SCs [166, 167], etc. We then calculate the NS tunneling conductance spectra
of an essentially 0D QD system (see Fig. 5.1). Our central result expands and substantially gener-
alizes on the generic class D “sticking ZBCP” [111] scenario— i.e., a nonquantized conductance
peak that remains at zero bias as a single continuous parameter is tuned (this was also called a “Y-
shaped Andreev resonance” in Ref. [111]). In a higher-dimensional parameter space as consistent
with the experimental methodology searching for MZMs, we show here that sticking ZBCPs can
evolve into extended plateaulike regions enclosed by contours with 2¢?/h conductance. We es-
tablish that it is typical to find completely generic random Hamiltonians that produce sticking
ZBCPs over some fraction of the parameter space and with stable near-quantized conductance

but which never correspond to spatially isolated MZMs by construction. If we are allowed some
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additional postselection over the space of random class D matrices as can be performed by tun-
ing several parameters in the experimental protocol, these plateaus can even be made remarkably
large. We also show that varying the tunneling amplitude leads to qualitatively similar results to
those reported in experiments by changing the barrier gate voltage [9].

We choose the Gaussian ensemble to simulate the QD so that each element of the random
Hamiltonian is distributed independently, which simplifies the later calculation [149, 165]. We
mention also that our random matrix model, whereas being the most generic theoretical model
of the hybrid system from the perspective of symmetry, is also a reasonably physical model of
the currently available experimental samples where the nanowire is typically short with many
discrete energy levels being occupied. This guarantees the prerequisite of a valid random matrix
approach that the energy states in the Hamiltonian spectrum should be sufficiently large [149]. In
essence, nanowires that have a high chemical potential and, thus, occupy many subbands act like
an effective random matrix system because any changes in the system parameters (e.g., various
gate voltages) can drastically alter the Hamiltonian of the system during the measurement, even

though the material itself is in the clean limit [168].

5.1 Theory

The region in Fig. 5.1 enclosed by the dashed line is mainly composed of a 0D SC QD
appearing in a proximitized SM nanowire, which can be described by a class D M x M Her-

mitian random matrix. We adopt the Majorana basis for simplicity, where the Hamiltonian is
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Figure 5.1: Schematic of an SM-SC hybrid structure coupled to a normal metal lead. V) and
V, represent two gate voltages. The dashed circle highlights the QD region arising from the
proximitized SM nanowire, which is described by the random matrix Hamiltonian.

characterized by a particle-hole symmetry as per,

H= 5.1)

It is then convenient to take H = iA, where A is real and anti-symmetric. In the large-M

Iimit [111, 149, 150, 165, 169], we can assume a Gaussian distribution for H,

2

45, M

P(H) o exp (— tr(HQ)), (5.2)

where tr(---) is the matrix trace and mean energy-level spacing d, = 0 for simplicity. Equa-
tion (5.2) can be further simplified to independent Gaussian distributions for each element of

A,

A
P({Apn}) H exp( 2M58)' (5.3)

l=n<m
To calculate the conductance, we follow the formalism of Ref. [111], which we reproduce
here to make the presentation self-contained. To simulate the NS tunneling geometry, the M

states of the QD are coupled to an /N-channel lead through the M x N tunneling matrix W.
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Figure 5.2: (a) Color plot of the differential conductance at zero-bias voltage, as a function of
tuning parameters «; and a,. The red solid lines are the contours of the zero-bias conductance
of 2¢?/h. Here, we set the temperature 7' = 0. The marked wite solid lines A and B indicate
the paths of varying o mimicking the tuning of gates in experiments; (b-c) The conductance as a
function of the bias voltage and position following along Path A and Path B. The bias voltage is
normalized by the mean level spacing §y. This is an example of the gap closing feature followed
by trivial nearly quantized ZBCP; (d-e) are the corresponding ZBCP heights.
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Since the choice of the basis of H does not affect the distribution of H, we can, without loss of

generality, simply choose the basis where the tunneling matrix W is diagonal [111], i.e.,

Wmn:wném,nv 1§m§M, 1§7ISN, (5.4

where w,, is determined by the tunneling probability I',, € [0, 1] as [149, 150]

|2 _ M50

m2T,

(2—rn—2 1—Fn>. (5.5)

|wy,

For simplicity, we assign an identical tunneling probability for each channel in the lead, following
Ref. [111].

The differential conductance G(V') = dI/dV is then determined by calculating the N x N
scattering matrix [72, 115, 142] according to the Mahaux-Weidenmiiller formula [149, 150, 170—
172],

S(E) = Ix + 2imWH(H — it WW' — E)7'W. (5.6)
We then obtain the differential conductance in the Majorana basis as

G(V) = %2 (g _ %tr [S(eV)TyS(eV)TTy}) 5.7)

where 7, is the Pauli matrix acting on the particle-hole space.
Another useful tool for understanding the sticking of ZBCPs is the non-Hermitian “effec-

tive Hamiltonian”,

Heir = H — inWWT, (5.8)

122



where the imaginary term is a self-energy acquired from the coupling to the lead. When the
tunneling probability I, is small, the energy spectrum of H.g approaches that of the original .
Note that the eigenvalues of H.g are distributed in the lower half of the complex plane due to the
positive definiteness of W1, In addition, the particle-hole symmetry in 7 constrains the eigen-
values to come in pairs € and —e*. Therefore, the eigenvalues will be symmetrically distributed
along the imaginary axis, unless purely imaginary. Thus, the nondegenerate eigenvalue on the
imaginary axis has a range of stabilities [173, 174] against perturbations since there is no way to
obtain a nonzero real part without breaking the particle-hole symmetry. This kind of stability is
responsible for the zero energy sticking of the trivial ZBCPs. An intuitive way to understand this
is that a purely imaginary eigenvalue of H.g corresponds to the presence of an exact zero eigen-
value in H. Consequently, one will observe a corresponding ZBCP, especially when I',, is small.
In what follows, we use M = 80 and N = 4 (i.e., a single transport channel with particle-hole
and spin degrees of freedom). Our results are sensitive to the choice of NV, so we choose it to re-
flect the experimental situation; our results are not sensitive to the choice of M, once sufficiently
large. The tunneling probability is I',, = 0.1 by default unless stated otherwise. We emphasize
that all of our results, quantized conductance or not, are, by construction, topologically trivial
since M is even [175-177].

Finally, our conceptual break with Ref. [111] is that we simulate the manipulation of several
independent parameters (simulating the role of gate voltages in experiments), describing the QD
with a parametric Hamiltonian in a higher-dimensional parameter space (i.e., Zeeman field plus
gate voltages),

H = 0417‘[1 + 0627’[2 -+ (1 — Q1 — Oég)Hg, (59)
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Figure 5.3: Conductance spectra near zero energy following along Path A as in Fig. 5.2 for (a)
I, =0.01 and (b) I';, = 0.1. The red dashed lines are the eigenvalues of 4. For sufficiently large
I',,, the corresponding conductance smears the level structure into a stuck ZBCP. Fixing «; 5 at

the vertical red dashed line, the conductance as a function of transparency is shown in (c), and
the ZBCP height is shown in (d).
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where #,_3 are three randomly drawn matrices and a4 » € [0, 1] x [0, 1] are two tuning param-
eters. This two-dimensional parameter space can be considered as an isomorphism to a space
spanned by magnetic-field B and another gate voltage (V; or V%) in the experiment through a
certain deterministic mapping (which does not have to be orthogonal or linear). However, we
also clarify that, since there are typically several gates in experiments, the manner in which we
introduce two parameters o o does not forbid the possibility of a higher-dimensional parameter
space. In fact, it is very straightforward to generalize the two-parameter-dependent Hamiltonian
to a higher-dimensional one. We find, however, that the two-dimensional parameter space is al-
ready sufficient to establish our main conclusions, and any higher-dimensional parameter space

representation only reinforces the generic results presented here.

5.2 Results

We now emulate the “Majorana search” protocol of tuning parameters to find sticking
ZBCPs. We do this systematically by finding the purely imaginary eigenvalues of Eq. (5.8). We
randomly draw 125000 independent triplets for H;_3, and then we post-select a H that max-
imizes the region of «; o with sticking ZBCP by choosing the particular set of H;_3 which
yields the largest number of purely imaginary eigenvalues. To determine the occurrence fre-
quency of purely imaginary eigenvalues over realizations of H, we discretize the parameter space
a9 € [0,1] x [0, 1] and sweep over each grid point of «; » to evaluate the corresponding H in
Eq. (5.9). By enumerating the occurrences of purely imaginary eigenvalues, we indirectly know
the likelihood that one can find the sticking ZBCP in such a configuration. In Fig. 5.2(a), we plot

the differential conductance at the zero-bias voltage for the 7 selected by this procedure. The
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conductance varies continuously from 0 (dark blue) to 4e?/h (dark red), the maximum possible
for N = 4 [34]. Thus, searching for the sticking quantized ZBCP is equivalent to finding the
region of 2¢?/h conductance in the color plot. To compare with experimental results [9, 46, 49,
53], we highlight the contour of 2¢?/h conductance in Fig. 5.2(a) in red. From this, we can im-
mediately identify two types of regions with high conductance: the plateaulike regions on the
upper left versus the ridgelike regions on the right of Fig. 5.2(a). The plateaulike regions are
characterized by small gradients in the conductance and are reminiscent of the theoretical expec-
tation for a topological region of a phase diagram. In Figs. 5.2(b) and 2(c), we show the full
conductance spectra following along the two paths marked A and B in the plateaulike region of
Fig. 5.2(a). The conductance spectra in Figs. 5.2(b) and (c) show a remarkable resemblance to
experimental candidate Majorana ZBCPs [9, 46, 49, 53], i.e., an in-gap conductance peak coming
down to zero-bias voltage, followed by a stable ZBCP of 2¢%/h. More importantly, this nearly
quantized ZBCP can even be stable in a certain region of parameters. Shifting Path A slightly
to obtain Path B, the conductance spectrum is hardly affected as long as the path remains within
the plateaulike region. These ZBCPs in the plateaulike region can manifest a “robust nature” in
experiments. Again, we emphasize that, by construction, these nearly quantized ZBCPs shown
in the conductance spectra do not arise from a spatially isolated MZM. Furthermore, these trivial
nearly quantized ZBCPs are ubiquitous in Fig. 5.2; plateaulike regions are not rare in the color
plot, and any path that crosses a plateaulike region (such as paths A and B) will result in similar
conductance spectra to Figs. 5.2(b) and 2(c).

We also investigate the effect of tuning the barrier transparency through I',,. We first vary
I',, from 0.01 to 0.1 following along Path A of Fig. 5.2(a). In Figs. 5.3(a) and 3(b), we compare the
conductance spectra for two values of I',,, overlaid with the eigenvalues of H. As I, increases,

126



the ZBCP broadens and appears more stuck to the zero voltage axis [111], whereas for small [',,,
the peak becomes steeper and fainter, and the origin of this ZBCP as a parabolic near touching
becomes apparent. This phenomenon is consistent with experiment [9] in the sense that the zero-
bias conductance looks nearly quantized for larger transparency but vanishes at small I',, where
it is accompanied by a peak splitting as shown in Fig. 5.3(c).

Although the previous plots were all produced for a single particular realization of H, we
emphasize that the qualitative behavior is typical as we have verified explicitly: Our main results
are that the existence of plateaus is generic and these plateaus can be easily obtained by following
the generally accepted Majorana search experimental methodology. To quantify this, we calcu-
late the fraction of the parameter space (o, ) where H.g has purely imaginary eigenvalues,
which, in turn, roughly corresponds to the fraction of parameter space covered by plateaulike
ZBCPs. We histogram this fraction over independent realizations of H, shown in Fig. 5.4. This
coverage fraction has a distribution that is peaked around 4% — i.e., when performing a search
for MZMs through a two-parameter conductance map (for example, to construct a topological
phase diagram), one should a priori expect around 4% of the map to feature trivially almost-
quantized conductance. In the inset of Fig. 5.4, we show the typical statistics for the expected
values of these ZBCPs within £20% of the putative quantized value of 2¢?/h. Clearly, quantized

stable trivial ZBCPs are generic in class D SC systems.

5.3 Discussion

We have generalized the crucial insight of Ref. [111] that distinguishes X- versus Y-shaped

Andreev resonances (the latter being our sticking ZBCPs) to a higher-dimensional parameter
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Figure 5.4: Distribution (over the ensemble of #) of the fraction of the parameter space (aq, az)
where H.ir [Eq. (5.8)] possesses purely imaginary eigenvalues. This is proportional to the area
of parameter space covered by plateaulike ZBCPs. The inset shows the almost-quantized ZBCP
statistics as a function of I';, which is determined by the tunnel barrier voltage.

space where the distinction becomes one between ridgelike and plateaulike regions in the pa-
rameter space. Although Y-shaped resonances of a single parameter might not be quantized in
general, the quantized plateaulike higher-dimensional regions are generic, and if we allow even
more parameters «;, the parameter space that realizes nearly quantized trivial ZBCPs can only
increase. This implies that more gate voltages being independently tuned to optimize experi-
mental ZBCPs necessarily leads to the observation of generic and trivial quantized ZBCPs. Our
simulated results for conductance spectra in the OD random matrix model resemble the existing
experimental NS conductance results, regardless of the proposed Majorana or quasi-Majorana in-
terpretations. The nearly quantized ZBCP is, therefore, ubiquitous in theory in multidimensional
parameter space, requiring no input other than class D symmetry— a symmetry that any platform
pursuing Majorana should possess— and can be easily observed in conductance color plots, such

as Fig. 5.2(a), i.e., modeling the multiparameter tuning involved in Majorana search procedures.
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5.4 Conclusion

Our results clarify that even stable apparently quantized ZBCPs do not provide conclu-
sive evidence for topological MZMs; the observation of such peaks does not necessarily imply a
topological phase nor does the peak merging or splitting as a function of electrostatic gate ma-
nipulation (especially local gates near the junction) imply entering or exiting such a phase. We
emphasize that our theory applies to all class D SC platforms where ZBCPs have been reported,
which include, in addition to the well-studied SM-SC nanowires [9, 46, 178], also ferromagnetic

chains [145], topological insulator-based structures [179], and Fe-based SCs [166, 167].
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Chapter 6: Conclusion

In this chapter, we summarize what we have discussed in the previous chapters. In Chap-
ter 1, we start with the introduction of topological quantum computing and introduce the mo-
tivation for searching for the MZMs as topological qubits. We then introduce the Kitaev chain
as a toy model to host the MZMs at the ends of the chain. However, because the Kitaev chain
requires a p-wave SC to pair the fermions between two neighboring sites, which is not naturally
found, we introduce the SM-SC nanowire which only requires an SM with a large SOC strength
being covered by a conventional s-wave SC and the magnetic field perpendicular to the direc-
tion of SOC. Such an SM-SC nanowire should manifest a quantized conductance of 2¢?/h in
the transport experiment as a signature of MZMs. However, these signatures were only partially
observed in experiments as they are neither quantized nor robust, which led to the alternative ex-
planations of the mechanism as trivial ABSs other than the topological MZMs. These ambiguous
experimentally observations are the original motivation of this dissertation.

In Chapter 2, we construct the SM-SC nanowire Hamiltonian by taking into account vari-
ous aspects, including the pristine wire, QD, inhomogeneous potential, disorder in the chemical
potential, the SC gap, and the effective g factor. By theoretically calculating the tunneling con-
ductance spectra through an NS junction as a function of the Zeeman field V7, we classify all the

ZBCPs into three types: the “good”, the “bad”, and the “ugly”, which are the most significant
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results in this dissertation. The “good” ZBCPs are the true topological MZMs only existing in
pristine nanowires or a small amount of disorder which, however, have never been observed in
experiments. The “bad” ZBCPs are induced by the QD or the inhomogeneous potential, where a
trivial ZBCP emerges from a pair of fermionic ABSs below the TQPT approaching zero energy,
and splitting again at a higher magnetic field. The “ugly” ZBCPs are induced by the intermediate
to large disorder in the chemical potential or the effective g factor. These types of disorder com-
pletely alter the pattern of the conductance spectrum by creating the trivial ZBCPs with arbitrary
zero-bias conductance from 0 to 4e?/h below the putative TQPT, and even suppressing the real
topological ZBCPs which could have been induced by MZMs beyond the TQPT.

We also discuss the efficacy of the correlation measurement in the two-terminal device,
where the left and right local conductances are obtained by isolating the lead at the other end,
respectively. In principle, the perfect correlation of ZBCPs on both ends should serve as a reliable
diagnostic for the topological MZMs. However, the prerequisite for this indicator to work is the
long wire limit, which is not satisfied in the experimental samples at the current stage. Therefore,
we conclude that even the observation of the end-to-end correlation cannot prove the existence
of topological MZMs by showing that the correlation can be trivially manifested because of the
short absolute wire length, and the long SC coherence length due to the small SC gap at large
magnetic fields.

Although the local conductance in two-terminal devices by itself is incapable of distin-
guishing the trivial states from the topological states since ZBCPs are generic in the presence of
disorder and inhomogeneous potential, in Chapter 2, in Chapter 3, we develop a new theory in
three-terminal devices aiming to answer the question of whether the combination of local, non-

local electrical conductance, as well as the thermal conductance, can separate the good, the bad,
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and the ugly ZBCPs in finite-length wires.

We first present the nonlocal conductance of the good, the bad, and the ugly ZBCPs, and
show that the nonlocal conductance, which in principle is capable of providing the bulk gap clos-
ing and reopening information at the TQPT, is far too weak in the magnitude to be practically
useful in the presence of disorder and inhomogeneous potential. Therefore, we resort to the ther-
mal conductance which shows a quantized peak at the TQPT as an accurate indicator. However,
the thermal conductance may also be not quantized or even fail to show a unique single peak in
the presence of large disorder, which is expected because the very strong disorder destroys the
topological ZBCPs by creating a very large coherence length since the SC gap may collapse. In
this situation, the system transmutes from a topological SC into a trivial Anderson insulator, and
talking about the topology, therefore, becomes pointless.

Chapter 3 aims to provide a guide to future experiments, and we conclude that a combi-
nation of all three measurements would be necessary for a decisive demonstration of topological
MZMs in nanowires because the positive signals corresponding to just one kind of measurement
are likely to be false positives arising disorder and inhomogeneous potential.

With a full understanding of the three types of ZBCPs in theory, in Chapter 4, we provide
a thorough yet compelling theoretical analysis with concrete simulations of the recent experi-
ments. Since the corrected results [57] are by far the best tunneling conductance in the literature,
because of the very large and sharp ZBCPs values ~ 2¢%/h, we develop a theoretical analysis to
understand the underlying physics. We apply the standard disorder theory to Ref. [56, 57] and
establish convincingly, through a detailed comparison with the experimental data, that the large
ZBCPs reported in these experiments are likely to be disordered-induced trivial peaks. Our re-

sults reiterate that seeing occasional large ZBCPs is not evidence of the existence of topological
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Majorana modes. The qualitative and semiquantitative agreement with the experimental obser-
vations indicates the need for producing much higher-quality nanowire samples with much less
disorder for future Majorana experiments.

Chapter 4 also signifies the novelty of a series of our previous works [64, 67, 77, 92-94,
112, 180-182], which differs from the earlier works in inhomogeneous potential [64, 68—78] or
disorder [71, 79-91] in the sense that our extensive simulations since 2019, when compared to the
latest as well as the best experimental ZBCPs [9, 46, 57], presented in this dissertation suggest
that most, if not all, experimentally observed ZBCPs are in fact “ugly” ZBCPs arising from strong
random disorder present in the currently available SM-SC nanowire Majorana platforms. Our
claim of the experimental ZBCPs being induced by the random disorder, instead of the smoothly
varying deterministic background potential, distinguishes our work from the earlier theoretical
works, which attribute the experimental ZBCPs to be all inhomogeneous potential induced.

Besides the simulations from a microscopic model, to generalize our conclusion, in Chap-
ter 5, we also simulate the transport properties of the SM-SC nanowire from an RMT approach
and find that all features in experiments can be also reproduced, including the quantized con-
ductance with certain degrees of robustness, by preparing a contour plot of conductance over
several independent tuning parameters, mimicking the effect of Zeeman splitting and voltages
on gates near the NS junction. This suggests that even stable quantized ZBCPs do not provide
conclusive evidence for topological MZM; rather, the a priori expectation should be that such
quantized peaks generically occupy a significant fraction of the high-dimensional tuning parame-
ter space that characterizes the NS tunneling experiments. Such trivial ZBCPs are generic in class
D systems [112], and are inevitably present if the results are postselected from a large amount of

data.
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In summary, we believe that almost all existing experimentally observed ZBCPs in nano-
wires arise from strong disorder in the system, particularly because the observed experimental
behavior of these ZBCPs as functions of magnetic fields and gate voltages belong to what we
find in the “ugly” ZBCPs calculations. Therefore, we provide three pieces of guidance for future
experiments as follows.

First, we urge that further progress in the field should focus on reducing the disorder in the
system, as our work has reinforced the need for the very pristine limit of the nanowire. In order
to realize the topological MZM, one has to measure the 2D mobility in the SM part (e.g., InSb)
of the nanowires, which should at least increase to 100000 — 300000 cm?/V s, as we estimated in
Ref. [94].

Second, we point out that one must control the gap collapse problem so that higher mag-
netic fields can be applied to the system without suppressing the bulk SC completely.

Third, we emphasize the importance of the long wire limit in order to make all the discus-
sions on the trivial ABSs versus MBSs meaningful. Therefore, one has to estimate the actual SC
coherence length in the nanowires to guarantee that the system is in the long wire regime.

On the other hand, we list the caveats that experimentalists should avoid in future ex-
periments: The most important caveat is that one refrains from the obsession to search for the
“quantized conductance”. Any effort to build the topological qubits based on the apparent “quan-
tized conductance” is doomed to failure unless the background disorder is reduced substantially,
and the system is sufficiently long at zero temperature with small dissipations. As a result, one
also needs to avoid mere fine-tunings to obtain the quantized conductance in experiments. Such
fine-tuning and postselection merely to fit the data to the known prediction is dangerous, unless

done with great care and rigor, as the retraction of Ref. [9] demonstrates [159]. Let this be a
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cautionary tale for the topological condensed matter physics since this field is currently all about

experiments chasing precisely known theoretical predictions.
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Appendix A: Correlation of local conductance at both ends

In this section, the complete nonlocal correlation of conductance spectra are presented
including the pristine nanowire in Fig. A.1, a small amount of disorder in the chemical potential
in Fig. A.2, disorder in the SC gap in Fig. A.3, the presence of a QD in Fig. A.4, the presence of
the inhomogeneous potential in Fig. A.5, a large disorder in the chemical potential in Fig. A.6,

disorder in the effective g factor in Fig. A.7, and the short but uncorrelated instances in Fig. A.S.

0 1 20 1 2
Vz (meV) Vz (meV)

Figure A.1: The good ZBCP in two 1 pm pristine wires [shown in (a)-(d)] and two 3 pm pristine
wires [shown in (c)-(h)]. The color plots show the differential tunneling conductance G as a
function of V (x axis) and Vi, (y axis) measured from the left lead (in the first row) and the
right lead (in the second row). Nanowires with the self-energy are shown in (b), (f), (d), and (h)
and without the self-energy are shown in (a), (c), (e), and (g). The SC gap collapse V7. = 3 meV
for the self-energy case. The TQPT is labeled in the white dashed line at V; = 1.02 meV. The
corresponding wave functions and energy spectra are shown in Fig. B.1.
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Figure A.2: The good ZBCP in the presence of a small amount of disorder in the chemical
potential for 1 pm wires [shown in (a), (b), (e), (f), (1), and (j)] and 3 pm wires [shown in (c), (d),
(g), (h), (k), and (1)]. The color plots show the differential tunneling conductance G as a function
of V (z axis) and V4, (y axis) measured from the left lead (in the first row) and the right lead
(in the second row). The third row shows the disorder-averaged conductance over 200 samples;
the first two rows are the conductance spectra under one specific configuration of disorder. The
standard deviation of disorder in the chemical potential o, = 0.4 meV for wires both with the
self-energy shown in (b), (d), (f), (h), (j), and (1) and without the self-energy shown in (a), (c),
(e), (g), (1), and (k). The SC gap collapse Vz. = 3 meV for the self-energy case. The TQPT is
labeled in the white dashed line at V; = 1.02 meV. The corresponding wave functions and energy
spectra are shown in Fig. B.2.
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Figure A.3: The good ZBCP in the presence of a small amount of disorder in the SC gap for 1 ym
wires [shown in (a), (b), (e), (f), (i), and (j)] and 3 pm wires [shown in (¢), (d), (g), (h), (k), and
(1)]. The color plots show the differential tunneling conductance G as a function of V7 (z axis) and
Vhias (y axis) measured from the left lead (in the first row) and the right lead (in the second row).
The third row shows the disorder-averaged conductance over 200 samples; the first two rows are
the conductance spectra under one specific configuration of disorder. Mean proximity-induced
SC gap A = 0.2 meV/parent SC gap Ay = 0.2meV and the standard deviation of disorder in the
SC gap oo = 0.06 meV are for wires both with the self-energy shown in (b), (d), (f), (h), (),
and (1) and without the self-energy shown in (a), (¢), (e), (g), (1), and (k). The SC gap collapse
Vz. = 3 meV for the self-energy case. The TQPT is labeled in the white dashed line at V; = 1.02
meV. The corresponding wave functions and energy spectra are shown in Fig. B.3.
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Figure A.4: The bad ZBCP due to the QD in two 1 um pristine wires [shown in (a), (b), (e),
and (f)] and two 3 um pristine wires [shown in (c), (d), (g), and (h)]. The color plots show the
differential tunneling conductance G as a function of V7 (x axis) and Vi, (y axis) measured
from the left lead (in the first row) and the right lead (in the second row). For the short wire
L =1 um, the peak value of the QD V, = 1.7 meV and size [ = 0.2 um for wires both with the
self-energy shown in (b) and (f) and without the self-energy shown in (a) and (e). For the long
wire L = 3 pum, the peak value of the QD Vp = 0.6 meV and size [ = 0.4 pm for wires both with
the self-energy shown in (d) and (h) and without the self-energy shown in (c) and (g). The SC
gap collapse Vz. = 1 meV for the self-energy case. The TQPT is labeled in the white dashed line
at Vz = 1.02 meV. The corresponding wave functions and energy spectra are shown in Figs. B.4
and B.5.
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Figure A.5: The bad ZBCP due to the inhomogeneous potential in two 1 pm pristine wires [shown
in (a), (b), (e), and (f)] and two 3 pm pristine wires [shown in (c), (d), (g), and (h)]. The color
plots show the differential tunneling conductance G as a function of V7 (z axis) and Vj;,s (v axis)
measured from the left lead (in the first row) and the right lead (in the second row). For the short
wire L = 1 pm, the peak value of the inhomogeneous potential V;,.,x = 1.4 meV and linewidth
o = 0.15 um for wires both with the self-energy shown in (b) and (f) and without the self-energy
shown in (a) and (e). For the long wire L. = 3 pm, the peak value of the inhomogeneous potential
Vmax = 1.2 meV and linewidth 0 = 0.4 um for wires both with the self-energy shown in (d)
and (h) and without the self-energy shown in (c) and (g). The SC gap collapse V7. = 1 meV
for the self-energy case. The TQPT is labeled in the white dashed line at V; = 1.02 meV. The
corresponding wave functions and energy spectra are shown in Figs. B.6 and B.7.
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Figure A.6: The ugly ZBCP in the presence of a large amount of disorder in the chemical potential
for two 1 um wires (shown in the first two rows) and for one 3 ym wire (shown in the third row).
The color plots show the differential tunneling conductance G as a function of V; (z axis) and
Vbias (y axis) measured from the left lead (shown in the first and third columns) and the right
lead (shown in the second and fourth columns). The conductance spectra in the first row share
a common configuration of disorder; the ones in the second row share another. The standard
deviation of the chemical potential o, = 1 meV for wires both with the self-energy shown in (c),
(d), (g), and (h) and without the self-energy shown in (a), (b), (e), and (f). For L = 3 um wire,
the standard deviation of the chemical potential o, = 1 for wires both with the self-energy shown
in (k) and (1) and without the self-energy shown in (i) and (j). The SC gap collapse V7. = 1.2
meV for the self-energy case. The TQPT is labeled in the white dashed line at V; = 1.02 meV.
The corresponding wave functions and energy spectra are shown in Figs. B.8 and B.9.
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Figure A.7: The ugly ZBCP in the presence of disorder in the effective g factor for two 1 pum
wires (shown in the first two rows) and for one 3 um wire (shown in the third row). The color
plots show the differential tunneling conductance GG as a function of V7 (x axis) and Vi, (v axis)
measured from the left lead (shown in the first and third columns) and the right lead (shown
in the second and fourth columns). The conductance spectra in the first row share a common
configuration of disorder; the ones in the second row share another. The standard deviation of
disorder in the effective g factor is o, = 0.8 for wires both with self-energy shown in (c), (d),
(g), and (h) and without the self-energy shown in (a), (b), (e), and (f). For L = 3 pum wire, the
effective g factor is o, = 0.6 for wires both with the self-energy shown in (k) and (1) and without
the self-energy shown in (i) and (j). The SC gap collapse Vz. = 1.2 meV for the self-energy
case. The TQPT is labeled in the white dashed line at V; = 1.02 meV. The corresponding wave
functions and energy spectra are shown in Figs. B.10 and B.11.
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Figure A.8: The short but uncorrelated occasions in bad (the first and second rows) and ugly (the
third row) ZBCPs. The color plots show the differential tunneling conductance G as a function
of Vz (x axis) and Vi, (v axis) measured from the left lead (in the first and third columns) and
the right lead (in the second and fourth columns). The bad ZBCPs due to the two QDs at both
ends in 1 gm wires are shown in (a)-(d). The peak value of the QD is V1 = 1.7 meV on the left
and Vpr = 2.3 meV on the right, the size of the QD is [, = 0.2 yum on the left and g = 0.15 ym
on the right for both wires with the self-energy shown in (c) and (d) and without the self-energy
shown in (a) and (b). The SC collapse V. = 1 meV. The bad ZBCPs due to the inhomogeneous
potential with the Gaussian barriers on both ends are shown in (e), (f), (g), and (h). The peak
value of the Gaussian barrier is Vi.x . = 1.4 meV on the left and Vj,.,x g = 1.8 meV on the right,
the linewidth of the Gaussian barrier is o, = 0.15 um on the left and og = 0.1 m on the right for
both wires with the self-energy shown in (g) and (h) and without the self-energy shown in (e) and
(f). The SC collapse Vz. = 1 meV. The ugly ZBCPs due to the disorder in the chemical potential
are shown in (1), (j), (k), and (I). The standard deviation of the chemical potential o, = 1 meV
for wires both with the self-energy shown in (k) and (1) and without the self-energy shown in (i)
and (j). The SC collapse V7. = 1.2 meV. The corresponding wave functions and energy spectra
are shown in Fig. B.12.
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Appendix B: Energy spectra and wave functions

In this section, the energy spectra as a function of the Zeeman field V are shown in the
first column and the corresponding wave functions at several representative V7 in the Majorana
basis defined in Eq. (2.21) are presented in the second to the fourth columns. In energy spectra,
the energies have identical ranges as those in conductance spectra and the red dashed lines are for
the nominal TQPT. The two Majoranas are labeled with blue and cyan in the lowest state while

red and orange in the second state.
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Figure B.1: (a), (b), (¢), and (d) correspond to Figs. A.1(a) and A.l(e); (e), (f), (g), and (h)
correspond to Figs. A.1(b) and A.1(f). (i), (j), (k), and (I) correspond to Figs. A.1(c) and A.1(g).
(m), (n), (0), and (p) correspond to Figs. A.1(d) and A.1(h).
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Figure B.2: (a), (b), (¢), and (d) correspond to Figs. A.2(a) and A.2(e); (e), (f), (g), and (h)
correspond to Figs. A.2(b) and A.2(f). (i), (j), (k), and (I) correspond to Figs. A.2(c) and A.2(g).

(m), (n), (0), and (p) correspond to Figs. A.2(d) and A.2(h).
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Figure B.3: (a), (b), (c), and (d) correspond to Figs. A.3(a) and A.3(e); (e), (f), (g), and (h)
correspond to Figs. A.3(b) and A.3(f). (i), (j), (k), and (I) correspond to Figs. A.3(c) and A.3(g).
(m), (n), (0), and (p) correspond to Figs. A.3(d) and A.3(h).
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Figure B.4: (a), (b), (c), and (d) correspond to Figs. A.4(a) and A.3(e); (e), (f), (g), and (h)
correspond to Figs. A.4(b) and A.3(f).
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Figure B.5: (a), (b), (c), and (d) correspond to Figs. A.4 (c) and A.4(g); (e), (f), (g), and (h)
correspond to Figs. A.4(d) and A.4(h).
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Figure B.6: (a), (b), (c), and (d) correspond to Figs. A.5(a) and A.5(e); (e), (f), (g), and (h)
correspond to Figs. A.5(b) and A.5(f).
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Figure B.7: (a), (b), (c), and (d) correspond to Figs. A.5(c) and A.5(g); (e), (f), (g), and (h)
correspond to Figs. A.5(d), and (h).
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Figure B.8: (a), (b), (¢), (d) correspond to Figs. A.6(a) and A.6(b); (e), (f), (g), and (h) correspond
to Figs. A.6(c) and A.6(d). (1), (j), (k), (1) correspond to Figs. A.6(e) and A.6(f). (m), (n), (o),
and (p) correspond to Figs. A.6(g) and A.6(h).
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Figure B.9: (a), (b), (c), and (d) correspond to Figs. A.6(1) and A.6(j); (e), (), (g), and (h)
correspond to Figs. A.6(k) and A.6(1).
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Figure B.10: (a), (b), (c), and (d) correspond to Figs. A.7(a) and A.7(b); (e), (f), (g), and (h)
correspond to Figs. A.7(c) and A.7(d). (i), (j), (k), and (1) correspond to Figs. A.7(e) and A.7(f).
(m), (n), (0), and (p) correspond to Figs. A.7(g) and A.7(h).

152



Vz = 0.7 meV ) Vz = 0.8 meV Vz = 0.9 meV
b) _ (c) j (d) _
-7 Y1 -7 Y1 -7 Y1
Y2 Y2 Y2 Y2 Y2 Y2

2 1= |2
7|,-yn|
2 1= |2
|Yn ]

[y
>
=
—
[y
-
[vn|

LA O o il VY ARV NSH
0.0 1.5 3.0 0.0 1.5 3.0 0.0 1.5 3.0
Vy = 0.7 meV V7 = 0.8 meV Vz = 0.9 meV
f ] (2) _ (h) _

-m Y1 et Y1 M Y1

Y2 Y2 o Y2 Y2 o Y2 Y2
= =
I e

[yl

&

,“A\H ..o Fil

T T T T T I T I I T
0.0 0.5 1.0 0.0 1.5 3.0 0.0 1.5 3.0 0.0 1.5 3.0
Vz (meV) L (um) L (um) L (um)

[y
1
—
—
>

Figure B.11: (a), (b), (c), and (d) correspond to Figs. A.7(i1) and A.7(j); (e), (), (g), and (h)
correspond to Figs. A.7(k) and A.7(1).
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Figure B.12: (a), (b), (c), and (d) correspond to Figs. A.8(a) and A.8(b). (e), (), (g), and (h)
correspond to Figs. A.8(c) and A.8(d). (i), (j), (k), and (1) correspond to Figs. A.8(e) and A.8(f).
(m), (n), (0), and (p) correspond to Figs. A.8(g) and A.8(h). (q), (r), (s), and (t) correspond to
Figs. A.8(i) and A.8(j). (u), (v), (W), and (x) correspond to Figs. A.8(k) and A.8(1).

154



Appendix C:  More examples of conductance spectra in three-terminal devices

In this section, we show other examples of the good, bad, and ugly ZBCPs in Figs. C.1-

C.14.
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Figure C.1: The ugly ZBCP in a nanowire in the presence of intermediate disorder with o, /11 = 2.
(a)-(d) show the local and nonlocal conductance in the “intrinsic” color scale; (e)-(h) are the
corresponding line cuts of the conductance as a function of bias at V; = 1.1 meV, 1.41 meV, 1.55
meV. The other parameters are the same as Fig. 3.2. The corresponding TV from the left (right)
and thermal conductance xgr (xgr) are shown in the inset of (g) [(h)].
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Figure C.2: The ugly ZBCP in a nanowire in the presence of intermediate disorder with o,, /¢ =
2.5. (a)-(d) show the local and nonlocal conductance in the “intrinsic” color scale; (e)-(h) are the
corresponding line cuts of the conductance as a function of bias at Vz = 1.1 meV, 1.41 meV, 1.7
meV. The other parameters are the same as Fig. 3.2. The corresponding TV from the left (right)
and thermal conductance g (xgr) are shown in the inset of (g) [(h)].
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Figure C.3: The ugly ZBCP in a nanowire in the presence of strong disorder with o,,/;1 = 3.5.
(a)-(d) show the local and nonlocal conductance in the “intrinsic” color scale; (e)-(h) are the
corresponding line cuts of the conductance as a function of bias at V; = 1.1 meV, 1.41 meV, 2.53
meV. The other parameters are the same as Fig. 3.2. The corresponding TV from the left (right)
and thermal conductance g (kgr) are shown in the inset of (g) [(h)].
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Figure C.4: The ugly ZBCP in a nanowire in the presence of strong disorder with o,/ = 4.
(a)-(d) show the local and nonlocal conductance in the “intrinsic” color scale; (e)-(h) are the
corresponding line cuts of the conductance as a function of bias at V; = 1.1 meV, 1.41 meV, 1.65
meV. The other parameters are the same as Fig. 3.2. The corresponding TV from the left (right)
and thermal conductance g (kgr) are shown in the inset of (g) [(h)].
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Figure C.5: The ugly ZBCP in a nanowire in the presence of strong disorder with o,,/;1 = 4.5.
(a)-(d) show the local and nonlocal conductance in the “intrinsic” color scale; (e)-(h) are the
corresponding line cuts of the conductance as a function of bias at V; = 1.1 meV, 1.41 meV, 2.01
meV. The other parameters are the same as Fig. 3.2. The corresponding TV from the left (right)
and thermal conductance g (kgr) are shown in the inset of (g) [(h)].
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Figure C.6: The wire in the presence of the QD and weak disorder with o, /it = 0.5. (a)-(d) show
the local and nonlocal conductance in the “intrinsic” color scale; (e)-(h) are the corresponding
line cuts of the conductance as a function of bias at V; = 1.1 meV, and 1.41 meV. The QD is
the same as Fig. 3.3 with Vp = 0.4 meV and [ = 0.15 pm. The other parameters are the same
as Fig. 3.2. The corresponding TV from the left (right) and thermal conductance kg (kgL) are
shown in the inset of (g) [(h)].
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Figure C.7: The wire in the presence of the QD and intermediate disorder with o, /;u = 3.
(a)-(d) show the local and nonlocal conductance in the “intrinsic” color scale; (e)-(h) are the
corresponding line cuts of the conductance as a function of bias at V; = 1.1 meV, 1.41, and 1.76
meV. The QD is the same as Fig. 3.3 with Vj, = 0.4 meV and [ = 0.15 pm. The other parameters
are the same as Fig. 3.2. The corresponding TV from the left (right) and thermal conductance
kLR (krp) are shown in the inset of (g) [(h)].

161



0 2 4 —-0.1 0.0 0.1 —0.1 0.0 0.1
Grp (e /b)) Grr/(e? /1) —— Gru (€2 /h)

C

Vbias (mv)

0 1 2 0 1 2
Vz (meV) Vz (meV) Vz (meV) Vz (meV)
4*1.10 1.27 —1.41 —1.10 1.27 —1.41 2*1.10 1.27 —1.41 —1.10 1.27 —1.41
O (5 T PT 7 T 7 .
3 = N ]_ -1 —14 - o -1 —14 - o
= | ] ] Vi (hnev) 2 ] Vi (hnev) 2
U2 N 0 T - VS Wv’m_
U T 1 1 102 e > 10 -l >
1 1 14 R 1
] > ] 7
0 T T T T 72 — T - - T — T - - T
-0.2 0 0.2 -0.2 0 0.2 -0.2 0 0.2 -0.2 0 0.2
Vbias (mv) Vbias (mv) Vbias (mv) Vbias (mv)

Figure C.8: The short wire (L = 0.5 um) in the presence of intermediate disorder with o, /;1 =
1.5. (a)-(d) show the local and nonlocal conductance in the “intrinsic” color scale; (e)-(h) are the
corresponding line cuts of the conductance as a function of bias at V; = 1.1 meV, 1.27 meV, 1.41
meV. The other parameters are the same as Fig. 3.2. The corresponding TV from the left (right)
and thermal conductance g (kgr) are shown in the inset of (g) [(h)].
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Figure C.9: The short wire (L = 0.5 um) in the presence of intermediate disorder with o, /11 = 2.
(a)-(d) show the local and nonlocal conductance in the “intrinsic” color scale; (e)-(h) are the
corresponding line cuts of the conductance as a function of bias at V; = 1.1 meV, 1.41 meV, 1.49
meV. The other parameters are the same as Fig. 3.2. The corresponding TV from the left (right)
and thermal conductance g (xgr) are shown in the inset of (g) [(h)].

163



0 2 4 —-0.1 0.0 0.1 —0.1 0.0 0.1
Grp (e /b)) Grr(e? h)__l——id) Gru (€2 /h)

0 2 4
G (€2 /h)
b)

(a) c
0.2 1 1=
—~ \ ——
2 | S |
= 0.0 ] ]
B
Q —_—
= -
—0.2 i
T T T T T T T T T
0 1 2 0 1 2 0 1 2 0 1 2
Vz (meV) Vz (meV) Vz (meV) Vz (meV)
4*1.10 1.37 —1.41 —1.10 1.37 —1.41 2*1.10 1.37 —1.41 —1.10 1.37 —1.41
(' T (t) ] PT T ) | T
3 ] 1 - VA (hev) 2 ’ | - VA (o) 2 N
02 - . 0 st A == A
0 0.1 el I (] el I
1 1 T R — 1
0 T T T T 72 7UJ| - - T 7UJ| - - T
-0.2 0 0.2 -0.2 0 0.2 -0.2 0 0.2 -0.2 0 0.2
Vbias (mv) Vbias (mv) Vbias (mv) Vbias (mv)

Figure C.10: The short wire (L = 0.5 um) in the presence of intermediate disorder with o, /11 =
2.5. (a)-(d) show the local and nonlocal conductance in the “intrinsic” color scale; (e)-(h) are the
corresponding line cuts of the conductance as a function of bias at V; = 1.1 meV, 1.37 meV, 1.41
meV. The other parameters are the same as Fig. 3.2. The corresponding TV from the left (right)
and thermal conductance xr (kgr) are shown in the inset of (g) [(h)].
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Figure C.11: The short wire (L = 0.5 um) in the presence of strong disorder with o,/ = 3.5.
(a)-(d) show the local and nonlocal conductance in the “intrinsic” color scale; (e)-(h) are the
corresponding line cuts of the conductance as a function of bias at V; = 1.1 meV, 1.41 meV, 2.23
meV. The other parameters are the same as Fig. 3.2. The corresponding TV from the left (right)
and thermal conductance g (kgr) are shown in the inset of (g) [(h)].
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Figure C.12: The short wire (L = 0.5 um) in the presence of strong disorder with o, /p = 4.
(a)-(d) show the local and nonlocal conductance in the “intrinsic” color scale; (e)-(h) are the
corresponding line cuts of the conductance as a function of bias at V; = 1.1 meV, 1.41 meV, 2.04
meV. The other parameters are the same as Fig. 3.2. The corresponding TV from the left (right)
and thermal conductance g (kgr) are shown in the inset of (g) [(h)].
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Figure C.13: The short wire (L = 0.5 um) in the presence of strong disorder with o,/ = 4.5.
(a)-(d) show the local and nonlocal conductance in the “intrinsic” color scale; (e)-(h) are the
corresponding line cuts of the conductance as a function of bias at V; = 1.1 meV, 1.35 meV, 1.41
meV. The other parameters are the same as Fig. 3.2. The corresponding TV from the left (right)
and thermal conductance g (kgr) are shown in the inset of (g) [(h)].
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Figure C.14: The short wire (L = 0.5 m) in the presence of very strong disorder with ,, /11 = 5.
(a)-(d) show the local and nonlocal conductance in the “intrinsic” color scale; (e)-(h) are the
corresponding line cuts of the conductance as a function of bias at Vz = 1.1 meV, 1.41 meV, 1.7
meV. The other parameters are the same as Fig. 3.2. The corresponding TV from the left (right)
and thermal conductance g (xgr) are shown in the inset of (g) [(h)].
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Appendix D:  Code

The codes for all the simulations presented in this dissertation, including the local conduc-
tance, nonlocal conductance, thermal conductance, topological visibility, energy spectrum, and
wave function in both Nambu space and Majorana basis is accessible on the GitHub repository
at https://github.com/hainingpan/Conductance_Kwant, where a “README.md” file is provided
to explain the usage, and a directory of “Examples” shows the parameters to reproduce all simu-

lations in this dissertation.
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