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Density functional (DF) theory has proved to be a powerful way to determine
the ground state energy of atoms, molecules, and extended systems. An important
part of the theory requires one to determine the kinetic energy of the ground state
of a system of N noninteracting electrons in a general external field. Kohn and
Sham showed how this can be numerically calculated very accurately using a set of
N orbitals. However this prevents the simple linear scaling in /N that would arise if
the kinetic energy could be directly expressed as a functional of the electron density,
as is done with other components of the total energy like the exchange-correlation
energy. Orbital free methods attempt to calculate the noninteracting kinetic en-
ergy directly by approximating the universal but unknown kinetic energy density
functional. However simple local approximations are inaccurate and it has proved
very difficult to devise generally accurate nonlocal approximations. We focus in-
stead on the kinetic potential, the functional derivative of the kinetic energy DF,

which appears in the Euler equation for the electron density. We argue the kinetic



potential is more amenable to simple physically motivated approximations in many
relevant cases. We propose a family of nonlocal orbital free kinetic potentials that
reduce to the known exact forms for both slowly varying and rapidly varying per-
turbations and also reproduce exact results for the linear response of the density
of the homogeneous system to small perturbations. A simple and systematic ap-
proach for generating accurate and weak ab initio local pseudopotentials describing
a smooth slowly varying valence component of the electron density is proposed for
use in orbital free DF calculations of molecules and solids. The use of these local
pseudopotentials further minimizes the possible errors arising from use of the ap-
proximate kinetic potentials. A linear scaling method for treating large extended
systems is proposed for fast computations. Our theory yields results for the total
energies and ionization energies of atoms, and for the shell structure in the atomic
radial density profiles that are in very good agreement with calculations using the
full Kohn-Sham theory. We describe the first use of nonlocal orbital free meth-
ods to determine the ground-state bond lengths and binding energies of diatomic
molecules. These results and the ground-state lattice parameters, and total energy
of bulk aluminum and bulk silicon are in generally good agreement with detailed

calculations using the full Kohn-Sham theory.



ORBITAL-FREE DENSITY FUNCTIONAL THEORY
OF ATOMS, MOLECULES, AND SOLIDS

by

Jeng-Da Chai

Dissertation submitted to the Faculty of the Graduate School of the
University of Maryland, College Park in partial fulfillment
of the requirements for the degree of
Doctor of Philosophy
2005

Advisory Commmittee:

Professor John D. Weeks, Chair/Advisor
Professor Millard H. Alexander
Professor Theodore R. Kirkpatrick
Professor Daniel S. Kosov

Professor Victor M. Yakovenko



(© Copyright by
Jeng-Da Chai
2005



DEDICATION

To my parents, my brother, Lan, Man-Chiao, and Ivy

i



ACKNOWLEDGMENTS

First, I would like to thank my Ph.D. thesis advisor, Prof. John D. Weeks,
for his guidance, giving me this opportunity and allowing me the independence in
designing the theoretical framework developed in this work. I would also like to
thank him for being very flexible and understanding during some tough personal
situations that I faced.

I would like to thank my M.S. thesis advisor, Prof. David G. Stroud at the
Ohio State University, for his advice and encouragement on my past research.

[ want to thank Prof. Emily A. Carter at Princeton University, for her hospi-
tality during my visit to Princeton University, where the work on solids discussed
in Chapter 5 of this thesis was begun. Without this collaboration and the use of
her computer programs and computer facilities, this work could not have been com-
pleted. T am also grateful for the help and scientific conversations provided by her
group members, Gregory Ho and Vincent Ligneres.

Thanks are due to my committee, Prof. Millard H. Alexander, Prof. Theodore
R. Kirpatrick, Prof. Daniel S. Kosov, and Prof. Victor M. Yakovenko, for their
participation and their useful comments on this dissertation.

[ am grateful to Prof. J. Robert Dorfman, for his serving as the substitute
chair of my dissertation committee.

I want to thank Prof. Michael E. Fisher, for his useful comments on this work.

il



[ want to thank my past and present group members, Dr. Tong Zhao, Dr. Yng-
gwei Chen, Dr. Charanbir Kaur, Dr. Madhav Ranganathan, and Jocelyn Rodgers,
for their friendship and scientific conversations.

[ am especially grateful to Lan, Man-Chiao, and Ivy, for their warm support
and friendship through different phases of my graduate study.

Most of all, I want to thank my parents and brother for their love and encour-

agement.

v



TABLE OF CONTENTS

List of Tables

List of Figures

1

Introduction

1.1 Overview . . . . . . . . . e
1.2 Density Functional Theory and the Kohn-Sham Method . . . .. ..
1.3 Orbital-Free DFT and the Thomas-Fermi Model . . . . . . .. .. ..
1.4 Ab Initio Local Pseudopotentials . . . . . .. ... ... ... ....
1.5 Outline of the Dissertation . . . . . . . . ... ... ... .......

Construction of T[p]

2.1 Introduction . . . . . . .. L
2.2 Herring’s Pathway . . . ... ... ... ... .. .. .........
2.3 Density Pathway . . . . . .. .. .. ...
2.4 Potential Pathway . . . . . . .. ... ..
2.5 SUMMATY . . . . o o e e e e e e

Exact Limits and Earlier Work
3.1 Slowly Varying Limits . . . . . . .. ... ... ... ...
3.2 Rapidly Varying Limits . . . . . . . .. ... ... L.
3.3 Linear Response Theory . . . .. .. ... ... ... ... ......
3.4 Kinetic Energy Density Functionals Trpaw|[p] and Twarrlp] . . . . .
3.5 Modified Thomas Fermi Kinetic Potential . . . . . . .. ... .. ..
3.5.1 Modified Euler Equations for the Density Response . . . . . .
3.5.2 Results for the MTF Model . . ... ... ... ... .....
3.5.3 Possible Generalizations . . . . .. .. ... ... .......
3.5.4 Final Remarks . . . . .. .. ... ... ... ...
3.6 LR-based Kinetic Energy Density Functionals . . . . ... ... ...

Kinetic Potentials and Pseudopotentials
4.1 Construction of Nonlocal Kinetic Potentials . . . .. .. ... .. ..
4.2 HQ Kinetic Potential . . . . . .. .. ... .. ... ... ... ....
4.3 LQ Kinetic Potential . . . . . .. ... ... ... ... ... ...,
4.4 Linear Scaling Method . . . . . . . .. .. ... ... L.
4.5 Kinetic Energy of the LQ and HQ KPs . . . . ... ... ... ...
4.5.1 TIsolated Systems . . . . . .. ... ... ... ... ...
4.5.2 Extended Systems . . .. ... ... oo L.
4.6 Generation of Ab Initio Local Pseudopotentials . . . .. ... . ...

Vil

X

13
13
13
15
17
17

18
18
19
19
21
23
23
26
38
39
40



5 Applications of OF-DFT 65

5.1 Introduction . . . . . . . . . ... ... 65

5.2 AtOMS . . .. e e 66

5.2.1 All-electron calculation . . . . . ... ... ... ... ..... 66

5.2.2  Ab initio local pseudopotential calculation . . . . .. ... .. 71

5.3 Molecules . . . . .. ... 78

5.4 Solids . . . . . . e 85

6 Conclusion 89

A LHQ Kinetic Potentials 93
B Numerical Methods for Efficiently Computing the Nonlocal Kinetic Poten-

tials of Diatomic Molecules Using Gaussian Basis Functions 96

C Glossary-List of Abbreviations 100

Bibliography 102

vi



3.1

3.2

3.3

3.4

3.5

4.1

5.1

5.2

5.3

5.4

5.5

5.6

LIST OF TABLES

Electron density at the nucleus p(0) using the various TF-type mod-
els, the KS method, the HF method and the MTF model. The HF
data is taken from Clementi et al [75]. . . . . . . .. ... ... ... 32

(r~') using the TFfW model, the KS method, and the MTF model. . 33

(r=2) using the TF%W model, the KS method, the HF method, and
the MTF model. The HF data is taken from Porras et al [77]. . . . . 34

Atomic chemical potential p using the various TF-type models, the
KS method, and the MTF model. . . . . . . ... ... ... ..... 35

Atomic energy E using the various TF-type models, the KS method,
and the MTF model (evaluated by both the potential and the Her-
ring’s pathways). . . . . . ... 35

Parameters used in Eq.(4.30) for the reference systems. Here, p =
g = 6, and t = 0.1 are used for all the pseudoatoms. The V4(r)
generated by using this parameterized p,(r) is then used to construct
a reference system. . . . . . ... Lo 61

Atomic energy E using the TFAW models, the KS method and the
LQ, HQ, and LHQ models in all-electron calculation. . . . . . .. .. 68

Electron density at the nucleus p(0), using the TEAW models, the KS
method and the LQ, HQ, and LHQ models in all-electron calculations. 69

The total energy E for reference systems using the KS method and
the LQ, HQ, and LHQ models.Parameters used in Eq. (4.30) for such
systems are given in Table 4.1. . . . . . . . .. ... ... ... .. .. 72

Bond lengths 7. of the diatomic molecules. The KS results are from
Becke [74], except for the CO and NO molecules, which are from
Dhar et al [85]. The experimental results are from Huber [86], except
the CO, and NO molecules, which are from Baerends et al [87]. . . . 81

Binding energies D, = E(A) + E(B) — E(AB) (eV) of the diatomic
molecules. The KS and the experimental results are from the same

papersin Table 5.4. . . . . . . . .. ... Lo 82

Lattice parameters (A) for bulk AL. . . . .. ... ... ....... 86

vil



5.7 Energy per atom (eV) for bulk Al. The first row is the energy for

5.8

5.9

the fcc structure, while other rows are energy difference from the fcc
structure. . . . ... L

Lattice parameters (A) for bulk Si. . . ... ... ... .......

Energy per atom (eV) for bulk Si. The first row is the energy for
the dia structure, while other rows are energy difference from the dia
structure. . . . . .. L L L

viil



3.1

3.2

3.3

3.4

3.5

3.6

4.1

4.2

4.3

4.4

5.1

5.2

5.3

5.4

3.5

LIST OF FIGURES

Linear response functions of a uniform system of noninteracting Fermions
as given by the various models. . . . . . .. ... ... 0oL 27

Radial density r2p of the Neon atom with the various TF-type models,

the KS method, and the MTF model. . . . . . ... ... ....... 31
Same as in Fig. (3.2) but for the Argon atom . . .. ... ... ... 32
Same as in Fig. (3.2) but for the Krypton atom . . . ... ... ... 33
Same as in Fig. (3.2) but for the Xenon atom . . .. ... ... ... 34
Ar-Ar interaction potential via the Gordon-Kim approach. . . . . . . 37
Weight functions f(¢) for the HQ KP.. . . . . . ... ... ... ... 49

The smooth valence density p,(r) from Eq. (4.30), with three different
parameters (with ¢ = 0.1) for the Si pseudoatom. . . .. ... .. .. 60

The AILPS V,s(r) generated by the three different parameterized
valence density p,(r) (see Fig. (4.2)). . . ... ... ... ... ... 62

The rV,(r) for p = ¢ = 6, and t = 0.1 (see Fig. (4.3)). The two
points, where rV4(r) = —4, are r; = 2.336 and ro =4.576. . . . . . . 62

Radial density 7?p of the Kr atom using the TFAW models, the KS
method and the LQ, HQ, and LHQ models with the full nuclear
potential. . . . . . ..o 70

Same as in Fig. but for the Xe atom . . . . ... ... ... ..... 71

The smooth valence density p,(r) from Eq. (4.30), with parameters
given in Table 4.1 for the Si pseudoatom used in the inverse-KS pro-
cess, and the valence density p,(r) predicted by the LQ, HQ , and
LHQ models using the V,4(r) (see Fig. 4.3) corresponding to p,(r).
The arrow indicates the locationof r.. . . . . .. . ... ... . ... 73

Radial density r2p of the Si atom using the full KS method and various
models using AILPS. Parameters used for constructing this reference
system are shown in Table 4.1. The arrow indicates the location of r.. 74

Same as in Fig. 5.4 but for the N atom. . . . ... ... ... .... 74

X



5.6

5.7

5.8

5.9

5.10

5.11

5.12

Same as in Fig. 5.4 but for the Be atom. . . . ... ... ... ...
Same as in Fig. 5.4 but for the Ar atom. . . ... ... ... .. ..

Ionization energies of the first and the second row atoms using the full
KS method, and various models using AILPS. For Ar, the TF1/9W
model fails to predict a positive ionization energy (I = —1.010).

Binding curve of C5 using the TFW model and the LQ and HQ KPs.
Same as in Fig. 5.9 but for No . . . ... .00
Same as in Fig. 5.9 but for Cly . . . . . .. ... ... ..

Same as in Fig. 5.9 but for CO . . . .. ... .. ... ... ..



Chapter 1
Introduction

1.1 Overview

Modern quantum theories based on determining electronic orbitals and wave-
functions have led to significant progress in understanding the electronic structure
of atoms, molecules, and solids. In traditional approaches, in order to calculate
the ground state energy and electron density for a system with N electrons, one
uses the Schrodinger equation and tries to determine the ground state wavefunction
U(ry, s, ++,rN,Sn), a complicated function of the space and spin coordinates for
each electron. The Hartree-Fock (HF) method considers a simplified wavefunction
made up of a properly symmetrized product of single electron orbitals. This can
be quite useful in some cases and it serves as the starting point for more accurate
methods like configuration interaction (CI) and coupled cluster approaches (CC),
which account for the correlation energy neglected in the HF method. However
there are important phenomena involving many electrons and occurring on large
length scales, where the traditional orbital-based quantum mechanical approaches
are intractable. For example, the formal scaling of the HF method with the num-
ber of electrons is O(N*). Methods treating electron correlations have even worse
scaling. For example, the formal scaling of CCSD(T) (couple cluster method with

single and double excitations, and perturbative treatment in the triple excitation) is



O(NT). This expensive scaling prevents a general study of large quantum systems
except in special high symmetry cases.

As a result, it is important to develop approximate quantum mechanical meth-
ods to qualitatively account for quantum effects in such large systems. One of the
most appealing candidates is orbital-free density functional theory (OF-DFT). Here
the electron density p(r), a function of only three variables, is the only physically sig-
nificant quantity needed in the theory. The computational cost of such an approach
can be dramatically reduced for large systems when compared with traditional meth-
ods. This dissertation provides both a new physical understanding and theoretical
development of OF-DFT. Our theory represents the first unified and reasonable ac-
curate application of the same OF method to a wide variety of quantum systems,
ranging from atoms to molecules and solids. The results of the present OF-DFT are
compared to those of earlier OF-DFT’s, to the accurate Kohn-Sham DFT (discussed

below), and to experiment.

1.2 Density Functional Theory and the Kohn-Sham Method

Density-functional theory (DFT) has become one of the most powerful tools
for investigating the electronic structure of large systems (up to several hundreds
of particles), which the traditional quantum chemistry methods, such as Hartree-
Fock (HF) and configuration interaction (CI) methods, can hardly handle because
of their expensive scaling with system size [1, 2]. As shown by Hohenberg and Kohn

(HK) [3], the exact ground state energy of a system of N electrons can be formally



written as a functional E[p] of the electron density p(r) and the external field V. (r)
only. Kohn and Sham (KS) [4, 5] showed E|[p| can be usefully partitioned into the

following set of terms:

Elp) = T.lo) + Eulo) + Eulo) + [ plx)Ves(w)ir (1.1)

Here Ti[p] is the noninteracting kinetic energy density functional (KEDF),
which gives the kinetic energy of a model system of N noninteracting electrons in a

self-consistent field chosen so that the ground state density equals p(r),

Exlpl = %//%drdr' (1.2)

is the classical electron-electron potential energy (Hartree energy) and E,.[p] is the
exchange-correlation energy (including the difference between the interacting and
noninteracting kinetic energy and the difference between the quantum and classical
electron-electron potential energy). The last term on the right of Eq. (1.1) is the
only term that depends explicitly on the external potential Vg (r). Atomic units
are used throughout the dissertation, unless noted otherwise.

If these functionals were all known, then the density p(r) could be obtained

from the variational principle (Euler equation) associated with minimizing Eq. (1.1):

= Vi, (5 [p]) + Vers (x5 [p]), (1.3)

and the total energy of the inhomogeneous system could then be determined from
the energy functional F[p]. All other physical quantities related to the ground-state
density could also be computed. Here p is the chemical potential (the Lagrange mul-
tiplier associated with the normalization condition [ p(r)dr = N), and V.z¢(r; [p])

3



is an effective one-body potential with the form

Vars(eslo) = %M{EHWEMW / (1) Ve (1)}

= Vi(r;[p]) + Vae(x; [0]) + Veur (1), (1.4)

where

Vi(rs o)) = 0Eulplfsoto) = [ 25 ar (1.5

r—r
is the Hartree potential, and V,.(r; [p]) = dE.c[p]/dp(r) is the exchange-correlation

potential. Similarly we interpret

V(x5 [p]) = 0T[p]/dp(r) (1.6)

as the kinetic potential (KP) arising from the KEDF [6].

Although the exact forms of Ts[p] and E,.[p] are not known, KS showed that
the numerical value of the noninteracting kinetic energy can be exactly determined,
not directly from the density itself using Ts[p|, but by introducing a set of N one-
electron wave functions (orbitals) satisfying the N coupled equations that describe
the model system [4, 5]. Their approach is as follows. Eq. (1.3) with the normal-
ization condition is exactly the same equation as one obtains from DFT, when one
applies it to a noninteracting system, where electrons are moving in the external
potential V,r(r) in Eq. (1.4). For such a reference system, one can simply solve N

one-electron equations [1]

5V 4 Vagg ()4 (r) = () (1.7

where ¢; are the orbital energies, and the orbitals ¢;(r) are chosen to be orthonormal.



The electron density is then

plr) = [ wi(r) [ (18)

Equations (1.4,1.7,1.8) are the KS equations and have to be solved self-consistently.
One starts with a trial density, constructs Ves(r) from Eq. (1.4), and then obtains
a new density from Eq. (1.7) and Eq. (1.8). This process is repeated, until the
constructed V,rs(r) exactly reproduces the density that generates the same V. ¢(r).
After obtaining the ground-state electron density and orbitals, the numerical value

of the kinetic energy Ts[p] can then be computed as

2
Tiol =3 [ i) usteydr (19)

Through the efforts of many workers we now have rather accurate expressions
for E,.[p], whose magnitude is generally much smaller than that of the kinetic
energy. Thus using these orbitals one can accurately determine both the total energy
E[p] and the ground-state density p(r) of a wide variety of systems with currently
available E,.[p].

This accurate treatment of the kinetic energy played a central role in the
development of DFT as a quantitative method [1]. The KS method has yielded very
accurate ground-state densities and energies for many systems. In many cases even
a simple local density approximation for E,.[p] proves adequate, and we will use
this in most of results reported here. Moreover, the accuracy of KS-DFT led to the
development of ab initio molecular dynamics (AIMD) methods, where the forces on
the nuclei as the nuclei move are determined using KS-DFT [7], while the nuclear
motion is treated classically. KS-AIMD has become one of the most powerful and

5



widely used tools for studying the dynamics of a wide variety of chemical processes
in both the liquid and solid states [8, 9, 10, 11].

However, the numerical cost of self-consistently determining N orbitals nor-
mally scales as O(N?). While this is a much better scaling than traditional quantum
chemistry methods treating electron correlation, it still is prohibitive for large sys-
tems. In recent years, there have been some theoretical developments that can
reduce the cubic scaling in KS-DFT in some cases, using the so-called orbital-based
linear scaling techniques [12], which are based on the “locality” of different pieces
of a large quantum system. However, a very large prefactor still remains in these
methods, and they become cheaper than the conventional KS-DFT only for very
large numbers of atoms (larger than 100 atoms). Furthermore, the assumption of
locality prevents these approaches from studying metallic systems, where the or-
bitals cannot be exponentially localized. As a result, simulations of the evolution of
larger systems (more than a few thousands of particles) over longer times (several
tens of ps) are still not possible. An accurate treatment of the kinetic energy as
well as the potential energy contributions in terms of the electron density only, as

originally envisioned in the work of HK, would certainly be desirable.

1.3 Orbital-Free DFT and the Thomas-Fermi Model

Due to the expensive scaling of the KS orbital methods, an accurate treatment
of the kinetic energy as well as the potential energy contributions in terms of the

electron density only could have a major impact in practical calculations [1, 2, 13].



To that end there has been considerable effort invested in developing “orbital-free
density functional theory” (OF-DFT) by making direct approximations for Tj[p]
[14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27]. Due to its fast computation
and qualitative description of quantum systems, OF-DFT has also been combined
with AIMD, and has led to the so-called OF-AIMD. Recently, OF-AIMD has been
successfully applied to study the static and dynamic property of some extended
systems with thousands of atoms [28, 29, 30].

The first direct approximation for T;[p] is the Thomas-Fermi (TF) model [31],

which is exact for a uniform system:

Trelp] = Cr / 713 (x) dr, (1.10)

where Cp = 2(37?)%/3. The TF model is derived by local use of a uniform free
electron gas model and is known to be exact in the limit of an infinite number of
electrons [32]. However, for an atomic system, the number of electrons N is finite,
the electron density is far from constant, and the effective potential is very rapidly
varying near the nucleus. As a result, there are many deficiencies in the TF model
for such applications. The total energies predicted for atomic systems give at best an
order of magnitude estimate, and cannot be relied on for quantitative calculations.
More serious errors can be seen in the density response at particular values of r
as determined from the Euler equation (1.3). For example, the TF model predicts
an infinite electron density at the nucleus. In addition, the density does not decay
exponentially in the classically forbidden region (the tail region), and it does not

show any shell structure. Furthermore, the TF model predicts no atomic bonding



to form molecules or solids [33, 34]. Though the TF model has many shortcomings,
it is a natural local approximation and gives a simple analytical expression for the
KEDF and the KP.

By considering modified plane waves of the form (1+a-r)e’®™, with a a constant

vector and k the local wave vector, von Weizsécker [35] derived a correction
L [[Vp()]®
Twlp|] = —/7dr 1.11
=3 o (1.11)
to the TF kinetic energy functional:

Trrwlpl = Trrlp] + Twlp)- (1.12)

Its self-consistent use in Eq. (1.3) for atoms not only yields a finite electron
density at the nucleus, but also gives the correct exponential decay of the density
far from the nucleus [36, 37| for the exact p. We refer to this as the TFW model.
Disappointingly, however, the kinetic energy given by this approach is not much
better than that of the original TF model.

Based on the TFW model, the main advance in recent work has been to intro-
duce nonlocal KEDF's that reproduce the known exact results for the linear response
(LR) of the density of the uniform model system to small perturbations. Similar
approaches have been used in classical applications of DFT [38]. The KP V. (r;[p])
can then be readily obtained by functional differentiation. However the exact Tj[p]
is highly nonlocal, and we have little idea of its functional form for densities far
from the linear response regime. It has proved very difficult to understand what

errors in the density as determined from the Euler equation with a general V. (r)



will arise from the use of a kinetic potential given by functional differentiation of an
approximate nonlocal T§[p].

Conversely, the exact T[p] can be formally obtained from Vr, (r;[p]) by a
functional integration [6, 25]. Because of this integration over density changes in all
regions, T[p| is a more nonlocal functional of the density than is Vi, (r;[p]). More
detailed arguments arriving at this same conclusion have been presented in a recent
article [39]. Since most problems in devising accurate approximations for Ts[p] have
arisen from the nonlocality, this suggests it could be worthwhile to try to develop
approximations for the KP Vi, (r;[p]) itself. Similar ideas have been successfully
used to describe nonuniform classical fluids [40, 41, 42].

Following this line, Chai and Weeks proposed a modified Thomas-Fermi (MTF)
KP for atoms [13], by adding a simple gradient correction to the original TF kinetic
potential [31], with a coefficient chosen to reproduce the exact boundary condition
of exponential decay of the electron density far from the nucleus. This work will
be reviewed below in Chap. (3.5) of this thesis. Their results for energies of atoms
and for closed-shell diatomic molecules have shown notable success when compared
to the original TF and related models, thus indicating that the kinetic potential is
indeed a useful quantity to study.

However, the MTFEF KP does not satisfy the exact LR behavior in the homo-
geneous limit and the simple local gradient correction used can never reproduce the
oscillatory atomic shell structure. It has been argued that appearance of the atomic
shell structure is a very sensitive test of the accuracy of Ts[p] or V7, (r; [p]) [16]. Since

only a truly nonlocal KEDF or KP can satisfy the exact LR condition, we have de-



veloped new and more general nonlocal approximations for the KP, as described
below. These satisfy the exact linear response condition in the uniform limit, and
reproduce the known local limiting forms of the exact Vr,(r;[p]) both for slowly
varying and rapidly varying perturbations. As will become clear, the nonlocality in
our KP is completely determined by the requirement that linear response is exactly
satisfied. However, even with all these limits satisfied, it would be difficult for our
model to give a very accurate description of the large and rapidly varying atomic
core electron density. In the next section, we suggest using the more slowly varying
valence component of the electron density as described by local pseudopotentials to

further reduce the possible remaining errors in our KPs.

1.4 Ab Initio Local Pseudopotentials

In most molecular and solid-state applications the inner shell core density
changes very little, and most of the interesting physics is associated with changes in
the small and more slowly varying valence electron density. Pseudopotential meth-
ods have been widely used in molecular and solid-state physics to deal with such
problems. In these approaches, the full potential is replaced by a weak pseudopoten-
tial acting only on the valence electrons. For OF-DFT, the use of pseudopotentials
not only can reduce the computational cost, but also can improve its accuracy. Since
most of the nonlocal KEDFs and KPs are based on LR theory, model systems with
weak potentials are certainly desirable. However, most of the existing pseudopo-

tentials are orbital-dependent [43, 44, 45], and thus can not be directly applied to

10



OF-DFT, where the full density is the relevant variable.

Recently, so-called ab initio local pseudopotential (AILPS) methods have been
developed. In these approaches, given a target valence electron density, the corre-
sponding one-body potential producing that density can be generated by solving
the KS equations inversely, because of the one-to-one mapping between density and
potentials in DFT [46]. The AILPS is then determined by subtracting the Hartree
and the exchange-correlation contributions from the resulting one-body potential.
In principle, the AILPS is the unique and exact local potential generating the target
density if an exact exchange-correlation energy functional E,.[p] is used. It has been
shown that even with the simplest local E,.[p], good results comparable to those
based on nonlocal orbital-dependent pseudopotentials can be obtained [17, 47].

To use this method, an input valence density is needed. In most current work
the valence density arising from some standard nonlocal pseudopotential method is
used as the target density for generating the AILPS. The above scheme is rather
inflexible, since it relies on the existence of an independent pseudopotential calcula-
tion, and the associated core electronic configurations are usually chosen to be the
noble gas configurations where the subshells are completely filled.

For our purposes here we want to define a valence density component that is
small and slowly varying in the core region. This presumably will generate a weak
and relatively slowly varying AILPS. This will be more suitable for use in our OF-
DFT, which will be most accurate if the system is close to the linear response regime.
In Chapter (4.6) below we propose a simple and systematic way to construct such
a valence density component and the associated AILPS for atoms. Very promising

11



results for atomic energies and densities are then found using our OF-DFT, and the

AILPS can be used in molecules and solids.

1.5 Outline of the Dissertation

The remainder of this dissertation is organized as follow. Chapter 2 will discuss
some general relations connecting the kinetic energy density functional Ti[p] and the
kinetic potential Vr, (r; [p]). Chapter 3 will introduce several general and important
concepts, such as the limiting forms of the KEDF for slowly varying and rapidly
varying perturbations, and discuss linear response (LR) theory, an exact theory for
the response of density of the uniform electron gas to small perturbations. Some
important earlier work in OF-DFT will also be reviewed in Chapter 3. Our new
method is then described in the subsequent chapters. Chapter 4 will develop a family
of nonlocal KPs incorporating the correct limiting forms of the exact KP and the
exact LR of the free-electron gas, and will propose a simple and systematic scheme
to generate a valence density component consistent with a weak and slowly-varying
AILPS from the one-to-one mapping between the external potential and the density
in DFT. Chapter 5 will compare the numerical results of the present work with the
KS-DFT, and other KEDFs. We show that the use of AILPS further reduces errors
arising from the nonlocality of an approximate KP or KEDF. Finally, Chapter 6
will review the current situation, and suggest possible directions for future work on

OF-DFT.
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Chapter 2
Construction of T[p]

2.1 Introduction

If Ts[p] is known, Vi, (r;[p]) can be simply computed by functional differentia-
tion. However, there is no unique way of determining 7[p| from a given Vi, (r;[p]).
Many possible pathways can be used to construct Ts[p] by functional integration
of Vi, (r; [p]) using a coupling parameter [48, 49]. Because of this functional inte-
gration over density variations in all space, T[p] is a more nonlocal functional of
the density than is Vi, (r;[p]) [13]. If the exact Vi, (r;[p]) is used in the integration,
then all pathways would give the same exact result for Ti[p]. However, when an
approximate Vr, (r; [p]) is used, different pathways will give different results for the
kinetic energy. However, this “thermodynamic inconsistency” is small if reasonably
good approximations for the density are used, since the integration tends to average

out local errors in the density [13]. Here, we discuss three important pathways.

2.2 Herring’s Pathway

There is a particular pathway [6, 25] arising from exact scaling relations be-
tween the non-interacting kinetic energy T§[p] with respect to the coordinate r in p(r)

where very simple results involving only the final density can be found. If the coor-
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dinate r is scaled to ar, the normalized scaled density is p,(r) = a®p(ar). The cor-
responding normalized scaled KS orbitals in Eq. (1.8) become 1; o(r) = a®/?3;(ar).

The exact Ti[p,] in Eq. (1.9) then obeys

Tpa] = Z/@z)m(r v2 Jbsa(r dr—Z/ (2 X) 2124 (x) (=)

:az/m (x)dx

an (2.1)

where vi is the Laplacian with respect to the coordinate x = ar.

For isolated systems, such as atoms and molecules, the density and its deriva-
tives to all order vanish far from the nuclei. For such systems, when Eq. (2.1) is
differentiated with respect to «, and the partial derivative is evaluated at @ = 1,

boundary terms vanish and we find the formally exact result

Lol =5 [ Vi )9 - (). 22)

Therefore, once the kinetic potential Vz, (r; [p]) is known for some given p(r),
the numerical value of Ti[p] can then be immediately determined. Since there is
no need to perform a coupling parameter integration over the change of density or
potential, this scheme is not only fast, but also numerically reliable. The final form
of Eq. (2.2) is essentially the viral theorem of Clausius, and is directly related to the
force on molecules [50, 51, 52, 53]. Since this pathway was first derived by Herring,
we refer to it as the Herring’s pathway.

Note that this simple and exact pathway holds only for the noninteracting
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Ti[p] [52], which again shows the virtues of the KS partitioning of the total energy.
We will use Eq. (2.2) as the basic pathway to determine the numerical value of T}[p]
from a given approximate Vr,(r;[p]) for all calculations for isolated systems in this
dissertation. Other pathways can be used to check the accuracy of the Vi, since
results using the exact V7, would be independent of path [48, 49]. For extended
systems, Eq. (2.2) does not hold because of nonvanishing boundary terms. Thus far
we have not found an exact and simple way of including them, though we think this
remains a promising line for future research. In the following sections we discuss

different pathways to determine T}[p| for extended systems.

2.3 Density Pathway

The change in the kinetic energy can be formally related to a coupling param-
eter integration, where the density changes from some known value at A = 0 to the

final density at A = 1:

T =Thwo+ /0 d\ / dr Vi, (r; [p)\])apa/\)(\r) (2.3)

For the linear density pathway, the density p(r) is linearly scaled by a coupling

parameter A

pa(r) = po + Alp(r) — po] (2.4)

where pp is some uniform reference density, naturally chosen to be the uniform

electron density N/V in extended systems.
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When Eq. (2.4) is differentiated with respect to A, it gives

) o) — gy (2.5)

Inserting Eqs. (2.4 ,2.5) into Eq. (2.3), we have

TzﬂﬂﬁAw/wwﬁmmwnﬂm (2.6)

As can been seen in Eq. (2.6), in order to obtain the value of kinetic en-
ergy 1" from this density pathway, knowledge of T\—y is needed. Since one takes
the uniform system as the reference system (A = 0), Th— is the kinetic energy of
the uniform system, which is exactly the Thomas-Fermi kinetic energy Trp[p] with
p(r) = po = N/V the uniform electron density. For extended systems, where the
Herring’s pathway fails, this density pathway appears to be a good way to com-
pute T'. Other density pathways can be defined, and have proved useful in certain
applications, like the square-root pathway introduced by Chen and Weeks [49] to

describe nonuniform hard sphere fluids,

pa*(0) = pi* + AP () = ) (2.7)
We expect very little path dependence for all such density pathways, since the
difference between kinetic energy of the real system (77), and the reference system
(Th=0 = Trr[p] |pr)=p,) is expected to be relatively small, and the KP contributes
only to this small term. Furthermore, from Eq. (2.3), pA(r) is the only A-dependent
term, and depends only on the final density. Thus unlike other coupling parameter
approaches where the potential is scaled (described in the next section) [48, 49],
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there is no need to solve the Euler equation (1.3) for its corresponding external

potential V}

ext

(r) at each A-value (with the same p). Therefore, this pathway is
computationally efficient. However, for isolated systems, where py = 0, this pathway
is likely to be less accurate than the Herring’s pathway, since it does not satisfy the

virial theorem.

2.4 Potential Pathway

Instead of computing the kinetic energy directly, or with a density pathway,
one can compute the total energy by using a coupling parameter approach [13, 48, 54|
to scale the external potential. The kinetic energy can then be found by subtracting
the potential energy (calculated from the potential energy density functionals) from
the total energy. This pathway is, however, considerably more expensive than the
density pathway, since one needs to solve the Euler equation (1.3) for each V2, (r)
(with the same ), to determine the corresponding py. A detailed description of this

pathway is given in Chapter 3.

2.5 Summary

To sum up, for isolated systems, the Herring’s pathway is most appealing,
due to its satisfaction of the virial theorem, and will be used in this dissertation.
For extended system, where Herring’s pathways fails, the density pathway is most
attractive. One can also use the potential pathway as a check for the possible

pathway dependence of the KPs.
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Chapter 3
Exact Limits and Earlier Work

3.1 Slowly Varying Limits

Although the exact T[p| is still unknown, several limiting forms have been
discovered for particular density distributions. We discuss results for the KEDFs
here; results for the associated kinetic potentials follow immediately by functional
differentiation and will be used in Chapter 4. In particular, the TF KEDF from
Eq. (1.10), is known to be exact for a uniform system [31]. Results for nonuniform
systems are best described in Fourier space. For a slowly varying perturbation of
the density, one might try to improve the TF model by including gradients of the
density.

Based on the I expansion of single-electron Green’s function to O(h?), the
correct second order gradient expansion correction to the TF KEDF is known [55],

and is reproduced by using only 1/9 of the original von Weizsécker correction in Eq.
(1.11):

1

Trpiwlol = Trrlpl + §TW[P]- (3.1)

There have been considerable efforts to develop gradient expansions to higher
orders [56, 57, 58, 59]. At present, the highest order gradient expansion with an
analytic form is the sixth order [59]. However, for isolated systems, where density
decays exponentially, these KEDFs are divergent at sixth and higher order, and
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the KPs are divergent at fourth order and higher. Here, we limit our discussion
to the second order expansions, since the TF1/9W model does not have the above
problems, and can be applied to both isolated and extended systems. However, it
is not very accurate in practice, and serves as only one of the limits our models will

obey.

3.2 Rapidly Varying Limits

On the other hand, for a rapidly varying perturbation with only high wavevec-
tor components, the W KEDF Ty [p] from Eq. (1.11) is the leading term [35]. More-
over, this is known to be exact for a system with one or two electrons, or where the
density can be accurately described by a single orbital [1]. Results correct to second

order at high wavevectors [14, 15, 16, 19] are reproduced by

3

TW%TF[P] = Twlp] - gTTF[P]- (3.2)

3.3 Linear Response Theory

Finally, the linear response of the density of a uniform non-interacting electron

ik-r

gas with density pg to a small perturbation §V (k) = ee’™™ is exactly known [60],

op(k) = xr(q)oV (k). (3.3)

The LR function y(¢q) for the uniform electron gas can be written in terms of a

dimensionless wavevector

q=k/2kp, (3.4)
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where

kp = (3m2py) /3 (3.5)

is the Fermi wavevector (FWV) and k = |k|. x1(¢) has the form

krp
xula) = ——F;'(q)
kF 1 1—(]2 1—|—q
= Mr2 1 .
2 {2 4q n‘l—q ’ (3:6)
where
Fotg) = |2+ L | L] (3.7)
= |- n .
i 2 4q 1—g¢q

has been called the Lindhard function [16].

It is known that the weak logarithmic singularity at ¢ = 1 in F; '(g) is re-
sponsible for Friedel oscillations, and may also be important for the appearance
of atomic shell structure. This singularity further divides the Lindhard function
into two branches in Fourier space: the low-momentum (¢ < 1) or the low-¢ (LQ)
branch, and the high-momentum (¢ > 1) or the high-¢ (HQ) branch [16].

By linearization of the TF and W KPs, the corresponding dimensionless re-
sponse function for the TF KEDF is Frr(q) = 1, and that for the W KEDF is
Fw(q) = 3¢* [61]. Clearly, no linear combination of the TF and the W KEDFs can
reproduce the exact Lindhard function in Eq. (3.7). This has the following two
limits [16],

1+24+0(¢")  ¢<1
FL(Q) = (3-8)

32 =2+0(¢?) ¢>1
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For ¢ < 1, F1(q) reduces to the LQ limit, where the first (leading) term is from
the TF KEDF, and the second term is from the second-order gradient correction
in Eq. (3.1). For ¢ > 1, F(q) reduces to the HQ limit, where the leading term is
from the W KEDF', and the second term is due to the second-order high wavevector
expansion in Eq. (3.2).

It should be noted that the expressions for both the low-q and high-¢ limits are
correct to all orders in perturbation theory, but valid only in the appropriate limits
in Fourier space. On the other hand, the LR theory is valid for all wavevectors,
but is only accurate for small perturbations. Therefore, the range of wavevectors
where the response functions of the two limiting KEDFs deviate from the exact
LR function gives an indication of the regimes where the two limiting forms are
inaccurate.

In summary, although the exact Ti[p] or Vr,(r;[p]) are still unknown, knowl-
edge of the existing limiting forms of the exact KEDF at large and small wavevectors
and the exact LR theory in the homogeneous limit provides important cornerstones
for constructing accurate KEDFs and KPs, as will be seen below. In the next Sec-
tion we review previous attempts to construct KEDFs and our earlier work on the

KP for the MTF model.

3.4 Kinetic Energy Density Functionals Trpaw|[p] and Twarr[p]

Since Trrlp] and Ty [p] are the only ingredients in the two limiting forms of

the exact Ts[p] up to second order, simple linear combinations of these two KEDFs,
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such as the TFAW KEDF [32, 36, 55, 62]

Treawlp) = Trelp] + ATu[p] (3.9)

and the WATF KEDF [63, 64, 65, 66]

Twarrlpl = Twlp] + \Trr[p)] (3.10)

have been widely studied for several decades. The value of the parameter \ was
either determined empirically for getting good atomic energies or obtained by some
semiclassical arguments. For example, the TF1/9W KEDF, as discussed before,
has been shown to give the correct second order gradient expansion correction to
the TF functional and to reproduce the exact linear response of a homogeneous
electron gas under a long wavelength perturbation [55], but energy predictions for
atoms are inaccurate; the TF1/5W KEDF, found empirically by Tomishima and
Yonei [62], predicts rather accurate atomic ground state energies for a wide range
of Z. The advantage of these approaches is the ability to generate a family of sim-
ple KEDFs easily. The Trpaw|p] and Tywrr[p] give the correct leading term in
the density response to a slowly-varying perturbation and a rapidly-varying pertur-
bation respectively, although they have the incorrect leading term in the opposite
limit, unless A = 1. However, it has been shown that Trpw[p] with A = 1 always
overestimates the exact T[p| for various systems [16]. Finally, neither the response
function of the TFAW KEDF (Frpw(¢) = 1+ 3A¢?) nor that of the WATF KEDF
(Fwrr(q) = 3¢> + \) can reproduce the exact response function Fy(g) in the ho-

mogeneous limit.
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Although some of these approaches can provide accurate predictions for atomic
energies, the predicted density profiles are generally not very accurate, both near
and far away from the nucleus. Since these models fail to satisfy the known limiting
forms, and nonlocality in Ti[p] is not correctly described, it is also not surprising to

see that atomic shell structure is missing in these approaches.

3.5 Modified Thomas Fermi Kinetic Potential

This section is heavily based on a published paper by J.-D. Chai and J. D.

Weeks, Journal of Physical Chemistry B 108, 6870 (2004).

3.5.1 Modified Euler Equations for the Density Response

As argued above, it may be more profitable to examine simple gradient cor-
rections directly in the more local Euler equation. The Euler equation arising from

use of the TFAW expression for Ti[p] is

Aol AV2o(x)

— V(1 . 3.11
2 TF(I', [p]) + 8 p(I‘)2 4 p(r) ff(r) ( )
There is a local term in the density from the TF model
5

Vrr(x; [p]) = 0Trrlpl/6p(r) = 3 Crp*(x), (3.12)

and two terms involving density gradients from the W model

L (lwpr)P _ vp(r)

Vi (r; = 0T; 4] = — -2 . 3.13
vl o) = 0Tl fopte) = (750 208 (3.13)
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Both terms must be present with specified coefficients if we insist on using
simple local expressions of the von Weizsdcker form directly in Ts[p] with no com-
pensating terms from nonlocal corrections. However the first nonlinear gradient
term does not have a simple physical interpretation and does not appear in the
analogous classical van der Waals equation for the liquid-vapor interface [40]. A
linear gradient correction like the second term would be expected on quite general
grounds. Moreover we find that the second term alone is responsible for producing
a finite density at an atomic nucleus with Vi (r) = Vou(r) = —Z/r, effectively
building in the uncertainty principle, and of course this term alone contributes to
the linear response of the density to weak fields. Finally this term yields exponential
decay far from the nucleus.

Thus we propose as the simplest correction to the TF kinetic potential a mod-
ified Euler equation where only the linear gradient term appears, with a coefficient
chosen to best describe the density response. To avoid confusion in notation, A is

changed to « in our new Euler equation:

_aV?p(r)
4 p(r)

Note that we use a V,¢¢(r) that includes the effects of exchange and correlation in

= Vrrp(r;[p]) + Vers(x). (3.14)

all the calculations reported herein. Thus Eq. (3.14) does not reduce to the classical
TF model when o = 0.
We first examine the predictions of this model for atoms. It is easy to show

that the density at the nucleus is finite for any choice of o and satisfies

% _ _%, (3.15)
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The exact cusp condition [67] for the logarithmic derivative of the density at the
origin can be satisfied if @ = 1, as in the TFW model. However this choice does not
guarantee correct values for p(0) and p/(0) separately, and indeed the TEFW model
gives very poor results for these terms. For example, for Ar p(0) is 72% below the
HF value. Moreover the nonlinear gradient term in the TFW model does not seem
to improve the density at intermediate values of » when compared to the results of
our model.
Equation (3.14) also produces exponential decay of the density at large r,
where
plr) ~ expl—(~4p/a)?r]. (3.16)
When « = 1/2, the correct exponential decay constant for the exact u is predicted.
Using this one parameter model we cannot satisfy both the exact cusp con-
dition and asymptotic decay condition with the same «, and it is clear that no
oscillatory shell structure will be generated by the simple gradient term. (As is the
case for the classical van der Waals theory of interfaces, nonlocal corrections are
required to get oscillatory structure [40].) But we can hope that a proper choice of
« could give a smoothed electron density that reproduces important overall features
and gives improved atomic energies when compared to the TF model. Since any
« produces a finite density at the nucleus and thus corrects a major shortcoming
of the TF model, we choose o = 1/2 to give the correct exponential decay of the
density far from the nucleus. This is the region that should be most important in

chemical bonding. In the following we refer to Eq. (3.14) with @ = 1/2 as the
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modified Thomas-Fermi (MTF) model [13]:

Ve (rs [p]) = Vier(r; [p]) —

(3.17)

We show below that the MTF model gives atomic energies comparable to those
of the best TFAW model with A = 1/5 along with a much better description of the

density distribution.

3.5.2 Results for the MTF Model

Linear Response Function

We first examine the predictions of the various models for the linear response
of the density of the model system to a weak perturbing potential. It is easy to
see that the nonlinear gradient term in Eq. (3.11) does not contribute to the linear
response function of the TFAW models (Frpaw(q) = 1 + 3A¢?). As a result, the
linear response function for the MTF model, derived from Eq. (3.14) with a = 1/2,
is the same as the TF%W model.

As shown in Fig. (3.1), the response function of Trp[p] (Frp(q)) is only ex-
act at ¢ = 0, and has no momentum dependence, while the response function of
TTF%W[p] (FT_FI%W(q)) remains accurate for ¢ < 0.5, but decays very slowly as
q — oo. The LR function of Ty [p] (Fy;'(q)) is exact asymptotically at high g,
and remains accurate for ¢ 2 2. The LR function of TW_%TF[p] (FV;I_%TF(q)) re-
mains accurate for ¢ 2 1.2, and has a larger valid regime than Ty [p]. However,
both Fy'(¢) and FV;I%TF(Q) are divergent in the low-¢g branch, and fail completely

for the nearly uniform electron gas. In contrast, the MTF model gives a reasonable
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Figure 3.1: Linear response functions of a uniform system of noninteracting Fermions

as given by the various models.
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average description of the exact response function, especially in the important re-
gion near the singularity at ¢ = 1.Wang et al. [16] have suggested that reproducing
the singularity and the overall form of the linear response function are important
for obtaining the correct physics from OF methods, particularly for producing the
shell structure of atoms. While no simple gradient type model can describe the
singularity exactly (or give shell structure), the MTF model captures the average
behavior of the linear response function and shows better accuracy in the physically

significant region near ¢ = 1.
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Atoms

We carried out benchmark calculation on the hydrogen atom and the rare gas
atoms based on our MTF model. Our results are compared with the TF model, and
its von Weizsacker-type gradient corrections. We examined \ = %, %, %, and 1 but
report results only for A = % and 1, and for the KS and HF methods. The local
density approximation (LDA) [68, 69, 70] for the exchange-correlation functional is
used for all the models. The standard method for solving Euler equations derived
from the TFAW model [71] was implemented to solve the Euler equation for the MTF
model and the KS theory. Our TF%W and KS results are in very good agreement
with previous calculations [72] using a slightly different LDA parameterization [73].
The code uses the finite difference method with the Gauss-Chebyshev (of the second
kind) radial quadrature, proposed by Becke et al., consisting of 1000 points, and
Becke’s algorithms for solving Poisson’s equation for the Hartree potential [74].

As shown in Table 3.1, the electron density at the nucleus, p(0), calculated by
the MTF model is close to the HF results from Clementi et al [75]. As discussed
above, the TF model predicts an infinite value for the electron density, while the
TF%W models overestimates the density by a factor of 4. The TFW model consid-
erably underestimates the density, despite satisfying the exact cusp condition. It is
known [76] that p(0) is related to the density moments (r—') and (r—2). Thus the
MTF model would be expected to give good results for these expectation values,

as is shown in Table 3.2 and 3.3 respectively, when compared with the KS and HF

results [77].
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In Table 3.4 we compare the chemical potential y for the MTF theory, calcu-
lated by a self-consistent solution of Eq. (3.14), with that given by the KS equation
and find very good agreement. This means that the asymptotic behavior of the
density predicted by the MTF model is close to the prediction of the KS theory,
since the MTF model would give exact results for the exact . Since the accuracy of
the density in the tail is an important indicator of chemical bonding [1], we believe
that this desired behavior could lead to chemical bonding in molecules.

The Euler equation (3.14) for the MTF model is not derived by a functional
derivative of an energy functional. As a result we cannot immediately obtain the
energy once we have determined the density, as would be possible in OF methods
that give direct approximations for T[p|. Instead, we can use a coupling parameter
approach [48, 54] to calculate the energy change as the external potential is turned

E= Byt / ot (1) — paco(r)]dr + /0 " / A (E) Vil (3.18)

Here the external potential V., is linearly scaled by a coupling parameter A (not to
be confused with the A parameter in the TEAW methods) and the corresponding
density is py. E is the total energy of the system, and F\_g is the total energy at
the same g in the absence of the external potential.

If exact values for p) were used, Eq. (3.18) would give exact results and
a variety of different integration pathways (e.g., nonlinear scaling of V) could
be used. Since we make approximations there will be errors in our predicted E

values and different pathways could (incorrectly) give different results. However,
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our experience for the analogous classical problem suggests that these errors are
small if the density is reasonably accurate [49], as seems to be the case here.

We note that py—o and thus E\_y vanish for the uniform electron gas because
of the fixed negative value of the chemical potential. Therefore, F, the total energy,
can be straightforwardly computed from Eq. (3.18) by numerical integration over a
series of A values. For the benchmark calculations reported here for the total energy,
1000 points are used between A = 0 and A = 1, though reasonable results can be
obtained with about 10 points. The kinetic energy can then be found by subtracting
the potential energy (calculated from the potential energy density functionals) from
the total energy. This way of obtaining kinetic energy is equivalent to integrating
the kinetic potential directly as discussed above, but we believe it is numerically
more accurate. We also check the possible pathway dependence of the MTF KP by
using the Herring’s pathway (see Eq. (2.2)). As shown in Table 3.5, the total energy
of the MTF model is comparable to that of the TF%W model, the best TFAW model
for the total atomic energy.

In Figs. (3.2 — 3.5), we compare the radial density distribution r?p(r) of the
MTF model to that predicted by other theories. Although the MTF model shows
no shell structure when compared to the essentially exact KS theory, it gives a nice
averaging of the electron density, with slightly more emphasis on the principle peak
than in the TFAW models, along with significantly better results both near and far
from the nucleus. The fact that a smooth density can give such accurate energies
illustrates the point that the integration in Eq. (3.18) renders it less sensitive to

small errors in the density. As can also been seen, the difference of total energy
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Figure 3.2: Radial density 7?p of the Neon atom with the various TF-type models,

the KS method, and the MTF model.
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Figure 3.3: Same as in Fig. (3.2) but for the Argon atom
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Table 3.1: Electron density at the nucleus p(0) using the various TF-type models,
the KS method, the HF method and the MTF model. The HF data is taken from

Clementi et al [75].

MTF HF TF%W TFW  KS

H 0.5820 0.3183 2.390 0.1029 0.2728

He 5208  3.596 19.29  0.9515  3.525

Ne 7882 6199 2595 169.6  614.5

Ar 4811 3840 15482 1093 3819

Kr 40064 32236 126491 9579 32146

Xe 137631 112219 431005 33710 111005
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Figure 3.4: Same as in Fig. (3.2) but for the Krypton atom
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Table 3.2: (r~') using the TF1W model, the KS method, and the MTF model.

MTF TFiwW KS

H 1.000 1.249 0.9208

He 2907 3.261  3.312

Ne 30.56 30.75  31.00

Ar 6993  69.63  69.62

Kr 1835 181.7  182.7

Xe 3212 3178  317.8
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Figure 3.5: Same as in Fig. (3.2) but for the Xenon atom

8 L] L] L] L] L] L] L] L]

— MITF
- TF

I -~ TF1/5W ||
! — KS

r2

Table 3.3: (r~2) using the TF%W model, the KS method, the HF method, and the

MTF model. The HF data is taken from Porras et al [77].

MTF TF%W KS HF

H 2394 4720 1.749 —

He 1150 20.06 11.71 11.99

Ne 3947 599.7 4119 4149

Ar 1390 2056 1459 1465

Kr 6025 8705 6318 —

Xe 14101 20148 14799 14818
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Table 3.4: Atomic chemical potential ;2 using the various TF-type models, the KS

method, and the MTF model.

MTF TF TF%W TFW KS

H —0.2825 —0.08039 —0.09549 —0.09773 —0.2337

He —0.3822 -0.06290 —0.1013 —0.1393 —0.5702

Ne —0.4400 —0.04959 —0.1093 —0.2188 —0.4978

Ar  —0.4304 —0.05034 —0.1112 —0.2346 —0.3823

Kr —0.4224 —-0.05017 —0.1130 —0.2485 —0.3464

Xe —0.4192 -0.05034 —0.1138 —0.2552 —0.3100

Table 3.5: Atomic energy E using the various TF-type models, the KS method, and

the MTF model (evaluated by both the potential and the Herring’s pathways).

MTF,, MTFy TF TF%W TFEW KS

H -0.6092 —-0.4822 -1.076 —0.6085 —0.2927 —0.4459

He —2902 2547 —4.756 —-2.917 —1.559 —2.834

Ne —129.5 —-1253 —-176.6 —129.5 —86.40 —128.2

Ar  —=529.0 5174 —681.1 —526.2 —375.5 —525.9

Kr 2774 —2734  —=3378 2747 —2099 —2750

Xe —7293 —7210 —8643 7214 —5701 —7229
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from these two different pathways is relatively small.

Diatomic Molecules

Gordon and Kim (GK) suggested a simple model for calculating the inter-
molecular potential of closed-shell molecules [78]. By assuming the molecular den-
sity of a diatomic molecule can be expressed as the sum of the two separate atomic
densities, reasonable bonding potentials for closed-shell molecules can be obtained.
Instead of using the inaccurate TF atomic densities, GK used the atomic HF densi-
ties and inserted these into the original TF kinetic energy functional, together with
the classical electron-electron and nuclear-electron potentials, and a local density
approximation for the exchange-correlation functionals.

We followed GK’s simple approach, using atomic densities for the Ar atom
given by the various models discussed here. Becke’s atomic partition, the Gauss-
Chebyshev (of the second kind) radial quadrature, and the Clenshaw-Curtis angular
quadrature with 1000 radial points and 500 angular points are used in the numerical
calculations [79, 80].

We found that the KS bonding potential is very similar to the HF result, as is
expected due to the high quality of its atomic density. As we can see in Fig. (3.6),
the strength of the bonding of the TFAW models increases as A increases. However,
the bonding energy is consistently overestimated, even for the smallest value of A.
The MTF model predicts a reasonable bonding curve, with both its strength and

bond length close to the HF and KS methods. Note that even the TF density can
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Figure 3.6: Ar-Ar interaction potential via the Gordon-Kim approach.
o X 107°
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give a qualitatively accurate bonding curve using the GK method, though a self-
consistent solution of the molecular density using the TF model is known to give no

bonding [33].

3.5.3 Possible Generalizations

We used heuristic arguments to suggest the form of the MTF equation (3.14).
One might hope that a more systematic search using generalized forms of this kind
could yield even better results. Since the MTF model has only one parameter, «,
we considered one such generalization of the gradient term in Eq. (3.14) that allows

for the introduction of a second parameter, [, and that interpolates between the

MTF and the TFAW models:

av W IVe)? | V2p(x)
1 =g - oS5 1)

For « = 1/2 and f = 1, this reduces to the MTF form, while the TFAW models
correspond to {a, f} = {2A,1/2}, as can be seen from Eq. (3.11).
Using this generalized form in Eq. (3.14) for atomic systems, the density at

the nucleus is finite and satisfies a modified cusp condition

’;' ((8)) _ —%. (3.20)

When af = 1, the exact cusp condition is satisfied. This form also produces an

exponentially decaying density in the tail, satisfying

o(r) ~ exp [— <2_(185’“;>%r] | (3.21)

When 2a3? = 1 the correct asymptotic decay constant is found for the exact p.
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However only when {a, 8} = {2,1/2} (i.e., the original von Weizsécker model
with A = 1) can both conditions be satisfied simultaneously. Since all values give a
finite density at the origin, we also considered the one parameter family of models
with 282 = 1 that give the correct exponential decay constant. However, the best
overall results for the atomic energy and density were still found using the MTF
model with {a, 8} = {1/2,1}. Evidently the nonlinear gradient term in Eq. (3.19)
that is generated when [ # 1 does not improve the simple MTF model and other

forms should be examined.

3.5.4 Final Remarks

In summary of our previous work, using the simple KP of Eq. (3.17), one
can get agreement of the atomic energy and chemical potential comparable to the
best TFAW models and the density profile is much more accurate. This shows
that it may indeed be useful to directly approximate the KP, and that simple local
approximations can give a good average description. However, the exact Vi, (r;[p])
must still be nonlocal, and detailed features of the density profile for atoms like
shell structure cannot be reproduced by such a simple gradient correction. A truly
nonlocal Vi, (r; [p]) satisfying the two limiting forms of the exact KP and the exact
LR function is desirable. Two new nonlocal KPs with these properties will be

presented in Chapter 4.
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3.6 LR-based Kinetic Energy Density Functionals

Recent nonlocal KEDF's applied to solids were based on satisfying LR theory.

A general trial functional was written as

Tilp] = Trrlp] + Twlp]

+Cp [ [wap(r —r'skp(r, ') p*(r) p° (r')drdr’, (3.22)

where v and 3 are positive parameters chosen by various arguments [14, 15, 22, 23,
26]. Here kp(r,1'), the scaling variable in w, g(r—r'; kp(r, '), is the two-body Fermi
wave vector (TBFWYV), and approximations must be made to its form to have a
well defined model. Once this is done, then the weight function w, g(r —r'; kp(r,r’))
is uniquely determined by imposing LR in the homogeneous limit. However, there
is no reason to believe that the exact Ts[p| can be written in this form, and it is not
known what errors are introduced by using this mathematical ansatz in nonlinear
regimes.

Clearly, the TBEWYV kp(r,r’) should reduce to the FWV kg in the homoge-
neous limit when p(r) — po, and, at least for slowly varying density distributions,

to the local FWV

kr(r) = (37%p(r))"?, (3.23)
as r' — r, so that

p(l%r_r:po kp(r,r') = kg (3.24)
and

}}E kp(r,r') = kp(r). (3.25)
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Further specifications for kx(r,r’) have to be made for general inhomogeneous
systems. In the KEDFs proposed by Smargiassi and Madden (SM) [22] and by
Perrot [23], the simplest choice kp(r,r’') = kp in Eq. (3.24) is used. Since the mean
density py = N/V of the system is required, their KEDFs can not be applied to
isolated systems, such as atomic or molecular systems.

On different grounds, Wang and Teter (WT) argued that any choice of an
average Fermi momentum will not work very well in general, and they proposed
a somewhat complicated path-integral-like scheme to extend the WT KEDF (with
kp(r,r') = kg for solids) to highly nonuniform systems, such as atoms [26]. Never-
theless, when applied to atoms, the nonlocal part of their proposed kinetic potential
diverges as r — oo, while the correct asymptotic form should approach zero.

In the work of Wang, Govind, and Carter (WGC), kp(r,r’) = kr was originally
used for solids [14], and they later introduced a density dependence into the kernel
with an approximate kp(r,r') [15], as will be discussed below.

A different trial functional for the KEDF was proposed by Chacén, Alvarellos,
and Tarazona (CAT) [19]

3

T.[o] = Twlp) — S Trelp) + 5C / plr) [p(x)] /D dr (3.26)

with p(r) being a weighted average of the density,

p(r) = /w(r — 1’ kp(r, ') p(c)dr’, (3.27)

where w(r — r'; kp(r,r')) is a normalized weight function determined by the LR
requirement, in the homogeneous limit. Again a further ansatz must be made for
kp(r,r'). In the original CAT KEDF, kp(r,r') = kp(r) was adopted. This was
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further generalized by Garcia-Gonzdlez, Alvarellos, and Chacén (GAC) with an
approximate kp(r,r'), as will be discussed below [20, 21].

All these schemes require specification of kp(r,r’). Both kr and kp(r) have
been widely used, due to their simplicity and computational efficiency. Fast Fourier
transforms can then be performed for the nonlocal term in the KEDFs, and can
achieve a fast computation of O(M In M), where M is the integration grid size.
Those KEDF's using kp(r, ') = kp in the weight functions have simple and analytical
forms for the resulting weight functions in Fourier space. However, the mean density
po of the system is needed as an input in these approaches. As a result, they can
not be applied to isolated systems, such as atoms and molecules, where p, = 0.

Those KEDFs that use a local FWV kp(r) in the weight functions have been
applied to atoms and metallic jellium surfaces. However, a first-order differential
equation has to be solved numerically for their weight functions in Fourier space.
Using a parameterization of the weight function can lead to an analytical form,
but any parameterization of the weight function will not include the important
singularity at ¢ = 1 [20]. Using these approaches, only incipient shell structure for
heavy closed-shell atoms can be obtained, probably due in part to the incomplete
description of kr(r,r’) but more basically because the external potential is far from
the LR regime.

In general, if the density variations of the model system are significantly differ-
ent from its average or local density, the TBFWV kg(r,r') could be quite different
from kp and kp(r). Taking account of the symmetry of kp(r,r’) in r and r’, a more
general choice for the TBFWYV has been proposed in recent KEDFs, [14, 15, 20, 21]
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of the form

kip(r) + kp(r')
2

Ep(r,r') = ( ), (3.28)

where v is a parameter. Clearly, k}.(r,r’) satisfies Eq. (3.24) and (3.25) for any ~y
but there is no fundamental justification for this particular functional form.

GAC empirically found that |y| should be less than unity for atoms, and
v = —% gives the best atomic energy for light atoms using the GAC KEDF [20].
Also, the GAC KEDF shows a clearer shell structure of atoms than that predicted
by their previously proposed CAT KEDF, with kp(r,r') = kp(r) [19]. However, the
CAT KEDF has convergence problems in extended systems, and the GAC KEDF
gives an unphysical density profile for metallic surfaces. Thus a different choice of

v = 3 has to be adopted for metallic surfaces [21]. With v = 1, the GAC KEDF can

1
29
be used for both atoms and metallic surfaces, but the atomic shell structure, and

atomic energy become less accurate than that with v = —%. Most likely, different
choices of v will have to be adopted for different systems, such as molecular clusters
and solids, although calculations on these systems have not been done due to the
expensive O(M?) numerical scaling of GAC KEDF.

With the same form of k.(r,r’), Wang, Govind, and Carter (WGC) [15] em-
pirically found that v = 2.7 gives very good results for bulk aluminum with their
proposed WGC KEDF. Because the use of kJ.(r, r’) results in an expensive quadratic
O(M?) scaling with system size, WGC use a truncated Taylor series expansion to

describe the density dependence in their weight function to reach essentially linear

scaling O(M In M). Nevertheless, a reference uniform density p, is needed in that

43



scheme. For bulk solids, the natural choice for p, is the bulk density p,. For a
system with large density variations, like atoms and molecules, this scheme suffers
due to the lack of a proper choice of p,. In a recent paper [18], they found that
v = 2.7 is not the optimal choice for silicon, and they further argued that there is
no universal 7 for various materials.

In summary, recent advance in OF-DFT have shown that incorporating the
correct limiting forms of the exact KEDF, and the exact LR in the homogeneous
limit into a trial KEDF can generate more accurate nonlocal KEDFs that can give
good results for extended metallic systems and give some indications of shell struc-
ture for atoms. However, there are also notable failures and inconsistencies. We be-
lieve there are two related conditions that should hold before such LR-based KEDF's
can be generally applied with confidence. One is that the model potential should
be weak enough to be within the LR regime to the extent possible and the other is
that the electron density in the model system should be slowly-varying enough that
highly nonlocal approximations to kg(r,r') are not needed.

Regarding to the past failures of using kp(r,r’) = k}(r,r') in different systems,
we believe that it is not likely that one can find a generally applicable kg (r, ') for
the systems with large density variations, because of further unknown errors in
the postulated functional forms of the approximate KEDFs away from the linear
response regime. Computationally, the use of a general kp(r,r’) in KEDFs leads to
an expensive quadratic scaling O(M?), and a second-order differential equation for
the weight functions in Fourier space.

In our proposed nonlocal LR-based KPs discussed in the next section, it is nat-
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ural to use the simple local approximation kp(r) for the FWV. Clearly, this choice
satisfies the Eq. (3.24) and (3.25), and fast Fourier transforms can be performed
to reach essentially linear scaling with the system size. We argue that such a local
approximation is more likely to be useful when used directly in the KP rather than
the KEDF. Moreover, to describe atom-based systems such as atoms, molecules
and solids, where the full density variations are large and the model potentials are
divergent at each nucleus, we show in Chapter 4 how to construct a weak and
slowly-varying local pseudopotential that generates a slowly varying valence density
component more suitable for OF approximations. We believe that both steps, ex-
ploiting the simpler form of the KP, and using the OF theory only for the valence

component, will be needed for quantitative work in many cases.

45



Chapter 4
Kinetic Potentials and Pseudopotentials

4.1 Construction of Nonlocal Kinetic Potentials

It has been noticed that the exact Ts[p] in one spatial dimension satisfies the

following inequality [2]:

Twlpl < Tilp) < Twlp] + Trrlp] (4.1)

For densities deviating sightly from uniformity, Eq. (4.1) was found to be correct
even in three dimensions [25]. In three dimensions, whether the upper bound gen-
erally holds remains an open question, though the lower bound always holds [2, 25].
Since the Tw|[p] appears in both the lower and upper bounds of Tj[p|, it seems
plausible that one should keep the full Ty [p] in constructing an approximate 7T;|[p]
and modify the Trp[p] term. This suggests that one should focus on improving the
WATF KEDFs.

As argued before, it may be more profitable to take advantage of known lim-
iting forms of the kinetic potential, rather than the KEDF, and develop approxima-
tions for the simpler Vi, (r;[p]) directly. Nonlocal effects may be less problematic
and we can rely on known results in the linear response regime when the density
variations are not too large.

As discussed in Chapter 3, the following linear combinations of the TF KP
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and the W KP in Eqs. (3.12) and (3.13) can reproduce exact results to second order

for very small and very large wavevector perturbations respectively:

Vre(r; [p]) + 5 Viv (r; <1
Vo (5510 ~ (r; [p]) (r;00]) ¢ 42

Viv(r; [p]) — 2Vrr(ry[p])  ¢>1

Since Vrr(r; [p]) and Viy(r;[p]) are the only components, up to second order, of the
two limiting forms of the exact KP, instead of combining them with a fixed parameter
A, it seems natural to allow a wavevector dependence in A = A(¢) to connect the
limiting forms. Moreover the A(¢q) can be chosen in a very simple way so that the
exact LR function can be reproduced for a uniform system with density py. In this
way the LR function bridges the exact limits at large and small wavevectors, and if
the theory is applied to perturbations in the linear response regime for intermediate
wavevectors we can expect very accurate results. Here, we derive such generalized

KPs based on the KPs for the WATF KPs.

4.2 HQ Kinetic Potential

Based on Eq. (4.2) and in analogy to the WATF model in Eq. (3.10) we first

look for a kinetic potential of the form

Virg(k) = Viv (k) + Aug(q) Vrr(k), (4.3)
where
q=Fk/2kp (4.4)

is a dimensionless wavevector normalized by the FWV kp in Eq. (3.5) of a uniform
reference system with density py. The superscript 0 in V}}Q indicates use of this
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uniform reference system. For a small perturbation, we can linearize the Vi, (k) in

Eq. (4.3). Requiring that it satisfy LR exactly then determines Agq(q) as

Miq(q) = Fi(q) — 3¢°. (4.5)
The two limiting forms of the Ag¢(q) are

1+ 0(¢% gk 1
Anqlq) = (4.6)

—24+0(?) g¢>1

Inserting Eq. (4.6) into Eq. (4.3), we obtain the two limiting forms of the proposed

VHQ(k)Z

Vrr(k) + - <1
Vio(k) = (4.7)

where - - - indicates that the following terms are not exact higher order terms.
Since this model reduces to the correct high-¢ limit in Eq. (4.2) up to the
second order, and to the correct low-q only to the leading order, we denote this
kinetic potential as the HQ KP.
Since Vpp(r; [p]) and Viy (r; [p]) are the leading components of the two limiting
forms of the exact KP, it is instructive to keep these two terms in full, and treat
the remaining term as their correction. After subtracting Virp(k), Eq. (4.3) can be

rewritten as

Viok) = Vip(k) + Vir(k) + (Anglq) — 1) Vrp(k)
= Vrr(k) + Vir(k) + f(q) Vrr(k), (4.8)
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Figure 4.1: Weight functions f(q) for the HQ KP.
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where the weight function f(q) is
fla) = Fula) = 3¢° - 1. (4.9)

After inverse Fourier transform of Eq. (4.8) to real space, this gives

VI(}Q(I'Q [p], kr) = Vrr(r; [p]) + Vv (r; [p])
(4.10)
+ [ (e = vlike) Ver (s i
This expression is directly useful for metallic systems where a reasonable py can
be defined. For systems such as atoms and molecules where the density vanishes
far from the nuclei, it is natural to replace kr in Eq. (4.10) by the local Fermi

wavevector in Eq. (3.23) .

This yields the general form of our proposed HQ kinetic potential as
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Vig(r; [p), kr(r)) = Vrr(r; [p]) + Viv(r; [p])

430 [ Fe =¥ bole) ()

Note that the last term in Eq. (4.11) is most easily computed in Fourier space

(4.11)

as

5CF P 2/3 —ik-r
St | H/2r ) e, (412)

As can been seen in Eq. (4.9), the weight function f(k/2kg(r)) is determined
analytically. Unlike the KEDF approach, no first-order differential equation (with

Er(r,r') = kp(r)) is needed to solve for the weight function in Fourier space.

4.3 LQ Kinetic Potential

We use the generalized WATFE KPs to suggest the form of the HQ KP. One
might hope that a more systematic search using generalized forms of this kind could
yield even better results. We considered one such generalization of the nonlocal
term in the HQ KP that allows for the introduction of a parameter «, and that
interpolates between the TF and W KPs using linear response theory of uniform

systems:

Va(r; [pl, kp(r)) = Ver(r; [p]) + Vi (x; [p])
(4.13)

F2 Vo (r; o], ki (r))

where the V"¢(r; [p], kr(r)) is defined as

20



5 !/ (0} !/ !/
Vatoe(es [pl, ke (r)) = ch[p(r)]@/?’_a)/fﬂr — s kp(r)) p°(r)dr (4.14)
The two limiting forms of the f(g) are

—2*+0(¢") ¢x1
fla) = , (4.15)
-24+0(?) g¢>1

and the corresponding two limits of V™°¢(r; [p], kp(r)) are

VZ2p®[3p° g<1
Ve (e [pl, ke (r)) & (4.16)

—Vrp(r;[p])  g>1

For o« = 2/3, this reduces to the HQ KP. For o = 1/2, this KP satisfies the
correct low-¢ limit in Eq. (4.2) up to the second order, and the high-¢ limit only to

leading order, and we denote this choice of kinetic potential as the LQ KP.

Vig(r;[pl, kr(r)) = Vrr(r; [p]) + Viv(r; [p])

A5 (x) / F(Ir 1) ke(r)) p2(x')dr

Among these one-parameter generalized KPs in Eq. (4.13), there is no single value

(4.17)

of a that can generate a KP that satisfies both of the correct LQ and HQ limits up
to second order. To achieve this, one can try a linear combination of these types of

nonlocal KP with two different a’s. The detailed description of how to construct

the LHQ KPs is in Appendix A.
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4.4 Linear Scaling Method

Due to the kp(r) term in the nonlocal term of Eq. (4.14) , all these models scale
quadratically. In order to achieve linear scaling, we apply Taylor series expansions
to the weight functional f(|r—r'|; kr(r)) with respect to a reference density p,. This
approach is similar to that proposed by Wang et al [15], where kJ.(r,r’) (see Eq.

(3.28)) is in their weight kernel.

Fr =l kp(r)) = f(Ir — 'l k5) + fO(Jr = 2| k5:) (o(r) — pu)

r)—p.)? * r)—p.)3
+f(2)(|r—r’|;k;)% + O (|r — r/ﬁ@)% 4.

(4.18)

where k% = (372p,)'3, and f™(|r — 1'|; k%) = %}‘;’;F(r)) |,. is the nth order

derivative of f(|r — r'|; kp(r)) with respect to p(r), and is evaluated at p,. Their

functional forms, up to the third order, in reciprocal space are

V) = —5-F'(a) (4.19)
. 2 £n £
F9(q) = @ f"(g) + 1262 (q.) + 28¢..f'(q.) (421)

(3p4)3

where ¢, = %, and f’(q*), f”(q*), and f’”(q*) are the first, the second and the third
derivative of f (q¢) with respect to g.. Since the analytical form of f (q) is available
in Eq. (4.9) , all the kernel needed in the Taylor series expansion [ (q), can be
obtained analytically.
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By carrying out the Taylor series expansion to the nth order in Eq. (4.18), and
inserting it to Eq. (4.14), one can then take out the (p(r) — p.)™ of the mth term
from its integral (where m is a nonnegative integer, and m < n), and the remaining

integral becomes:

JER T VAT (122
The integral in Eq. (4.22) can be easily evaluated by a simple FFT. Therefore, to
compute the nonlocal term in Eq. (4.14), using this scheme, one needs to evaluate a
total of n+2 FF'Ts, including the FFT of p®. Since all of the terms can be computed
by FFT, this scheme essentially scales linearly O(M In M) with system size.
For extended systems, where p(r) is not significantly different from the uniform
density pg, the natural choice of p, is, of course, py. In this dissertation, we choose
P« = po, and carry out our calculations up to the first order. For isolated systems,

or the extended systems with large density variations over space, this method may

experience convergence problems, like the WGC KEDF [15, 16, 18|.

4.5 Kinetic Energy of the LQ and HQ KPs

4.5.1 Isolated Systems

As discussed in Chapter 2, unlike the KEDF approaches, we directly construct
the KPs, and compute the kinetic energy via various pathways. If the approximate
Vr,(r;[p]) used in the integration is accurate, then all pathways would give very

similar results for T}[p).
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For isolated systems, the Herring’s pathway (see Eq. (2.2)) is the most ap-
pealing one, since it satisfies the viral theorem, and it is computationally efficient.
The kinetic energy of the LQ (o = 1/2) and HQ (o = 2/3) KPs in Eq. (4.13) using

this pathway is

Tulpl = Trrlpl + Twlp]
2 rynloc ...
e / i / dr'V (x; [, e (r)

x\7 - (rp(r)) (4.23)

It should be noted that Eq. (4.23) is used for computing the numerical value
of the kinetic energy of the LQ or the HQ model, and should not be regarded as a

KEDF for generating the KP.

4.5.2 Extended Systems

For extended systems, Herring’s pathway does not hold. Here, we adopt the
linear density pathway in Eq. (2.4), due to its computational efficiency (see Chapter
2).

Using this pathway, the kinetic energy of the LQ and HQ KPs is

Ty = Taco + [} dX [ drlp(r) — pol{Virr(r; [pa]) + Vir (r; [p2]) + (4.24)

+2 Ve (s [pa], kp(r))}

kN (r) = (3n%pa(r)) /3. (4.25)
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As discussed in Chapter 2, if one choose the reference system as the uniform
system, the kinetic energy of the reference system is simply the TF KEDF with
p(r) = po (Th=o = Trr[p] |pr)=p,)- Since the Vyg(r;[ps]) and Viy(r;[p,]) in Eq.
(4.24) are from the functional differentials of the Trg[p] and Ty [p] respectively,
these terms can be integrated exactly and lead to the TF and W KEDFs. Eq.

(4.24) then becomes

Tulp] = Trrlp] + Twip] +

+ [idX [ drlp(r) — po] ZV2e(xs [pa], k3 (x)) )

where Th—g = Trr[p] |p(r)=p, term is absorbed in the T7p[p] term.

(4.26)

Similarly, for the linear scaling method described in the previous section, the
kinetic energy of the LQ, and HQ KPs from Eqgs. (4.13, 4.14, and 4.18), is computed

as

Tulp) = Trrlp]+ Twlp / dA / dr[p(r) — pol %CF[p/\(r)](z/?’a)
[ e = w2+ 10 = ) ) — )

O = k) L2y g e (1.27

4.6 Generation of Ab Initio Local Pseudopotentials

Since our nonlocal KPs are based on the LR theory of uniform systems, one
would not expect the LR-based OF-DFT to work well when the model potentials are

well beyond the LR regime. To enhance the performance of the LR-based OF-DFT,
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a weak and slowly varying potential is certainly desirable.

In most chemical applications, the core electrons remain inactive and strongly
bonded to the nuclei, and only the valence density responds to changes in the local
environment. The strong nuclear potentials experienced by all electrons can then
be replaced by a much weaker pseudopotential acting only on the valence electrons.
This simplifying feature has been used to lessen the cost of many orbital-based
calculations, since the valence orbitals are usually slowly-varying and fewer basis
functions are needed to approach the model limit. For the recently proposed non-
local LR-based OF-DF'T, the use of local pseudopotentials not only can reduce the
computational cost, but also can improve the accuracy because the resulting pseu-
dopotential is weaker, and thus more nearly in the LR regime, where the theory is
designed to be accurate.

Because of the one-to-one mapping between the effective one-body potential
acting on a system of N electrons and the electron density in the ground-state con-
figuration, it is possible to obtain a unique local one-body potential that generates
a given density by using a KS-like orbital-based method in an inverse way [46]. Let
us decompose the total electron density p(r) of a given atom into a “core density”
pe(r), which is supposed not to vary significantly in other molecular or solid state

4

environments, and the “valence density” p,(r) where

p(r) = pu(r) + pe(r). (4.28)

Because DFT requires only the total electron density, we can take a more general

view of what is meant by the core and valence components than is used in most
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orbital-based methods. Following AILPS methods [17, 47], for a given p,(r), the
inverse-KS equations are solved to get the corresponding one-body screened po-
tential V.. (r). The desired ab initio local pseudopotential V,(r) (AILPS) is then
obtained by subtracting the Hartree potential and the exchange-correlation poten-
tial:

Vps () = Vier(v) — Vi (r; [po]) — Vae(r; [p0]), (4.29)

This relatively expensive procedure to determine V,(r) requires the use of orbitals.
However it needs to be done only once for each atom, and the resulting V,4(r) can
be used for other problems if the atomic core density remains essentially constant.

In order to use pseudopotential methods with OF-DFT, a target valence den-
sity must be chosen. In most applications to date, a different nonlocal pseudopo-
tential calculation is carried out to generate such a target density. This is not only
computationally expensive, but also inflexible in specifying a desirable form of p,(r)
for OF-DFT. For the LR-based OF-DF'T we consider, a smooth valence density with
small variations from its average in the core region is the most important require-
ment, both for using the local FWV kg(r) and for generating a model system closer
to the linear response regime.

Here we directly construct such a smooth valence density for the N, = N—
N, valence electrons, with N, a given number of core electrons, here chosen to be
the number of electrons in the noble gas configuration. We find most results do not
depend on the details of our fitting procedure. Our proposed valence density p,(r)

for atoms equals the full KS density pgs(r) outside a core radius r., and has the
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following smooth form inside r:

tps(re) + agriexp[—rP(a, + a,r?)] r <.

prs(T) r>r.

Here p and ¢ are given positive numbers, which we generally take as even integers
for concreteness. To avoid producing a cusp in p,(r = 0), we choose p > 2 and
g > 2. The larger they are, the more rapidly varying is the valence density in
the core region (see Fig. (4.2)), and then the larger and the more rapidly varying
is the local pseudopotential V,,(r) (see Fig. (4.3)). For applications in different
environments, such as molecules or crystals, the core size r. has to be small to
maintain transferability of the atomic core density. For this reason, we force p,(r =
0) to be small by taking a small ¢. Without this term (¢ = 0), the vanishing of the
valence density near the nucleus will require a very repulsive V)5, which is certainly
undesirable for the LR-based OF-DFT. However, we found that if ¢ is too large,
there will exist a long oscillatory tail outside the core in the corresponding V(7).
This is an undesirable feature, as will be discussed below. The above two points
constrain the value of ¢. In this dissertation, we choose ¢t = 0.1 for all the AILPS of
pseudoatoms.

The four parameters ag, a;, as, and r. are determined by requiring continuity
of the function p,(r) and its first two derivatives at r = r., and by satisfying the

normalization condition:
N — N, =4~ / po ()12 dr. (4.31)

In contract to the traditional pseudopotential methods, N, could in principle be
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fractional in this scheme and not necessarily equal to number of electrons in the
noble-gas configurations. This feature might provide additional flexibility in choos-
ing a suitable r. that could maximize transferability of the cores in different systems.
However we have not investigated this possibility, and use the standard noble gas
cores in what follows.

To construct our local pseudopotential V,s(r) for atoms, we first solve the KS
equations for an atom with the full Coulomb potential. With the KS density pxg(r)
thus determined, and a plausible guess for N,, which here we take to be the number
of core electrons in the closed-shell configuration. Note by this construction that
the associated core density smoothly approaches zero as  O(|r —r. |*) as r — r,.
Indeed as shown below, with an acceptable N, essentially the same density profiles
are predicted by the LQ and HQ models for a very wide range of p, ¢, and ¢. This
would be expected if most features of the resulting model potentials are within the
different regimes accurately described by the OF KP.

After generating the parameterized valence density p,(r), a set of inverse-KS
equations are then solved to obtain the corresponding one-body screened potential
Vser (). After removing the contributions from the Hartree and exchange-correlation
potentials, the AILPS V;(r) is obtained (see Eq. (4.29)) and the reference system
for an atom is thus constructed.

We found that the 7V,s(r) constructed this way for group III to group VIII
elements deviates from —Z outside the core by a small and long range oscillation
(see Fig. (4.4)). For the 2s?2p” atoms, the maximum amplitude of the tails is about

0.18. For the 3s%3p® atoms, it ranges from 0.003 for Al to 0.037 for Ar. Similar
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Figure 4.2: The smooth valence density p,(r) from Eq. (4.30), with three different

parameters (with ¢ = 0.1) for the Si pseudoatom.
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oscillatory tails were observed by Wang and Stott [47]. Physically, this oscillation is
due to inability of representing both s and p orbitals of the corresponding nonlocal
pseudopotentials by a simple local pseudopotential. We found that the existence
of this long oscillatory tail in the AILPS of each atom does not significantly affect
the density profile of the atom, because its magnitude is so small. However, since
there should be no long range oscillatory tails in cores transferable from atoms to
solids [81], modification of the AILPS V)4(r) is necessary for solid-state applications.
Following Wang and Stott’s approach, the AILPS V,,,(r) is modified by truncating
the tail at a point where 7V,,(r) = —Z. As shown in Fig. (4.4), the truncation can
be made at two points, and truncation at larger r is made for all the cases here.

To apply the model to other chemical environments, such molecules and solids,
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Table 4.1: Parameters used in Eq.(4.30) for the reference systems. Here, p = ¢ = 6,

and ¢ = 0.1 are used for all the pseudoatoms. The V4(r) generated by using this

parameterized p,(r) is then used to construct a reference system.

N N, ag ay a9 Te tprs(re)
Li 3 2 2983x10°* 0.05260 —6.560 x 107®  2.135 3.658 x 1074
Be 4 2 0.02655 0.7078 —0.2130 1.370 2.543 x 103
B 5 2 0.8032 5.855 —3.531 0.9714 9.006 x 103
cC 6 2 11.53 30.17 —31.20 0.7429  0.02442
N 7 2 98.80 112.8 —180.2 0.5978  0.05509
O 8 2 592.7 338.9 —~779.8 0.4981 0.1091
F 9 2 2750 871.4 —2744 0.4256 0.1961
Ne 10 2 1.052 x 10* 1993 —8267 0.3707 0.3279
Na 11 10 5.234x107° 9.840 x 10~ —6.610 x 10~* 2.904 2.700 x 10~*
Mg 12 10 9.805x 10~*  0.04445 —5.002 x 1073 2233 1.203 x 1073
Al 13 10 6.164 x 1073 0.1273 —0.02056 1.861 2.774 x 1073
Si 14 10 0.02942 0.3119 —0.06861 1.593 5.621 x 103
P 15 10 0.1149 0.6864 —0.1979 1.390 0.01027
S 16 10 0.3841 1.390 —0.5100 1.231 0.01734
Cl 17 10 1.133 2.632 —1.201 1.103 0.02750
Ar 18 10 3.018 4.714 —2.624 0.9985  0.04154
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Figure 4.3: The AILPS V),,(r) generated by the three different parameterized valence

density p,(r) (see Fig. (4.2)).
6

Figure 4.4: The rV4(r) for p = ¢ =6, and ¢t = 0.1 (see Fig. (4.3)). The two points,

where 7V,s(r) = —4, are r; = 2.336 and ry = 4.576.
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the predetermined AILPS V,,4(r) centered at each nucleus are regarded as input data,
and the valence densities for other systems are calculated by OF-DFT. Results can
be checked by using the full KS-DFT. For example, for molecules and solids, the
external potential V,;(r) is a linear combination of the local atomic pseudopotentials

centered at each ion position Rj:

Vet (1) = > Vps(r — Ry) (4.32)

I

Interaction between the core and valence electrons is described by V4(r). The

Euler equation for p,(r) is

1= Vi, (r; [po]) + Vi (r; [po]) + Vee(r; [po]) + Vear(r), (4.33)

where p is the chemical potential (associated with the normalization condition of

the valence electrons), and the total energy of valence electrons is

Eylpu) = Tilps] + Enlpo] + Exelpn] + / o) Ve () (4.34)

For the proposed LQ, HQ, and LHQ KPs, Ts[p,] in Eq. (4.34) is given from Eq.
(2.2) with p(r) replaced by p,(r).

In summary, we propose a simple and systematic way to generate a low
and smooth valence density component consistent with a weak and slowly-varying
AILPS. The time-consuming process of using KS-DFT inversely to determine the
AILPS is only done once for each atom, and the resulting AILPS and core elec-
tron densities are then used as inputs in different chemical environments, such as
molecules and solids. Since this approach can generate a low and slowly varying
valence density inside the core, this also justifies the use of the local FWV in Eqgs.
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(3.23) and (4.11). Moreover, the resulting pseudopotential is relatively small and
slowly varying, which justifies the use of the LR-based OF-KPs, such as LQ and

HQ models.
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Chapter 5
Applications of OF-DFT

5.1 Introduction

To understand the performance of the proposed OF models, we applied our
LQ, HQ, and LHQ KPs to various systems, such as atoms, molecules, and solids,
and compared the results to other KEDFs, KS-DFT, and experiment. Throughout
this dissertation, we specify «; = 1/4 in the LHQ KP (see Appendix A). The local
density approximation (LDA) [68, 69, 70] for the exchange-correlation functional is
used for all the models discussed here, unless noted otherwise.

For atoms, we performed both all-electron calculations using the full Coulomb
potential, where we do not expect to find quantitative results in general, and ab
initio local pseudopotential (AILPS) calculations using the valence density only.
Our results are compared with the KS-DFT, and the TEAW models. For molecules,
we performed the AILPS calculations, and compare our results of several diatomic
molecules to the TEFW model, the full KS-DFT, and experiment. For solids, we
compare our results for bulk aluminum, and silicon, with other LR-based KEDFs,
using the same local pseudopotentials as the previous workers. Calculations using

our new AILPS for these systems are currently in progress.
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5.2 Atoms

5.2.1 All-electron calculation

We define the Pauli kinetic potential V' (r;[p]) [82, 83] as

Vi, (x5 [p]) = Vi (x5 [p]) + V(x5 o)) (5.1)

Since Viy(r;[p]) is the exact KP for a system where the density can be accurately
described by a single orbital, if V¥ (r;[p]) is omitted, one would essentially obtain
the ground state density of the corresponding Boson system, where all the electrons

are in the same orbital. If we represent the full density by a single orbital function

(),

p(r) =| v(x) |* (5:2)

then the W KP Vjy (r;[p]) can be written as

(5.3)

One can then combine V' (r;[p]) with the one-body potential V,;¢(r;[p]) in

Eq. (1.3), and derive a Schridinger-like equation for the Bose orbital ¢(r),

{=3V" + Veps (x5 [p]) + V(3 [p]) } oo (x) = pap(x). (5-4)

In other words, Vess(r;[p]) + V7 (r;[p]) is now the one-body effective potential for
the corresponding Boson system with the same electron density. This reduction of
an N-fermion problem to a Boson form is widely implemented in OF-DFT due to
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its numerical stability and its easy implementation using existing KS-DFT codes
[16].

The associated Pauli potentials for the LQ (o = 1/2) and HQ (o = 2/3) KPs
are immediately obtained by subtraction of the W KP from Eq. (4.16) and Eq.

(4.11) respectively,

2

SV (e (). (55

V(s [p]) = Ve (r; [p]) +

Similarly, the associated Pauli potentials for the LHQ KPs can be computed by Eq.
(A.9).

The standard finite difference method for solving Euler equations for the TFW
models [71] are implemented for the LQ, HQ, and LHQ models, and the nonlo-
cal terms are evaluated by Fourier transforms. The code uses the finite difference
method with the Gauss-Chebyshev (of the second kind) radial quadrature (for both
the grids in the real and reciprocal space), proposed by Becke et al., consisting of
1000 points, and Becke’s algorithms for solving Poisson’s equation for the Hartree
potential [74]. The total energy for the LQ, HQ, and LHQ models is computed by
Eq. (4.23), and that for the LHQ models is computed by Eq. (A.8).

As shown in Table 5.1, the atomic energy calculated by the LQ, HQ, and
LHQ models is close to the KS-DFT, and is much better than that predicted by
the TF1/9W and TFW models. In Table 5.2, we compare the electron density at
the nucleus p(0) with various models. The TF1/9W model overestimates p(0) by

about a factor of 10, while the TFW model underestimates it by about 30%. The
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Table 5.1: Atomic energy E using the TEAW models, the KS method and the LQ,

HQ, and LHQ models in all-electron calculation.

KS LQ HQ LHQ TF1/9%W TFW

He —2834 -—2.565 —-2437 —-2560 —3.324 —1.559

Ne —1282 —-1343 —-126.6 —134.0 —140.6 —86.40

Ar  —=525.9 —5459 —512.2 —-545.6 —563.2 —375.5

Kr =2750 —=2805 —2621 —2807 —2900 —2099

Xe —=T229 7306 —6844 7314 —7564 —5701

Be —1445 —-14.39 -—-13.64 -14.36 —16.40 —8.699

Mg —-199.1 -2079 -195.7 -2076 —216.1 —136.4

C 3742 -—-3897 -—-36.85 —38.87 —42.29 —24.01

N —54.02 -56.71 —-53.59 —56.59 —60.72 —35.33

O —7447 —-7839 -—74.02 -—-7824 —83.12 —49.39

St —288.2 —-300.4 -—-282.5 —-300.1 —311.0 —200.5

P -3399 -3541 -=-332.7 -353.7 —366.1 —238.3

S —=396.7 —412.8 —387.7 —412.5 —426.4 —279.9
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Table 5.2: Electron density at the nucleus p(0), using the TEAW models, the KS

method and the LQ, HQ, and LHQ models in all-electron calculations.

KS LQ HQ LHQ TF1/9W TFW

He 3.525 3.088 2.742 3.070 50.81 0.9515

Ne 614.5 576.6 517.6 573.0 6538 169.6

Ar 3819 3642 3282 3621 3.858 x 10* 1093

Be 34.86 30.49 27.17 30.29 410.3 8.952

Mg 1086 1024 920.9 1018 1.134 x 10* 303.0

C 126.0 113.3 101.2 1125 1397 33.07

N 2039 1856 166.1 184.4 2225 04.24

O 308.6 284.1 254.6 282.3 3331 83.19

Si 1754 1662 1495 1652 1.806 x 10*  493.9

P 2173 2062 1857 2050 2.225x 10* 614.5

S 2654 2523 2272 2508 2.703 x 10*  753.5
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Figure 5.1: Radial density r?p of the Kr atom using the TFAW models, the KS

method and the LQ, HQ, and LHQ models with the full nuclear potential.
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predicted values of p(0) for both of the LQ, HQ, and LHQ models are very close to
the KS results.

In Figs. 5.2 and 5.2, we compare the radial density distribution r2p(r) of
the LQ, HQ, and LHQ models to that predicted by other theories. Using the full
Coulombic potential, all the LQ, HQ, and LHQ models can predict an incipient shell
structure for heavy atoms (Z 2 30). Both the TF1/9W and TFW models predict
smooth and structureless radial density profiles. Since the full Coulombic potential
is certainly far beyond the LR regime, and the total atomic density p(r) is large and
rapidly varying near the nucleus, these qualitatively reasonable results with some
suggestion of shell structure are about as good as could be hoped for, and compare

favorably to most previous OF theories. However, the difference in the results for
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Figure 5.2: Same as in Fig. but for the Xe atom
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the LQ, HQ, and LHQ models indicates that the OF theory is being used outside
its range of validity. As shown below, we gain a significant improvement by using

the AILPS to deal with these difficulties.

5.2.2 Ab initio local pseudopotential calculation

To determine p,(r) for the reference systems constructed in Chapter 4, the

Euler equation (4.33) can be transformed to a Schrédinger-like equation

{192 + Vir(x; [p0]) + Vae(r; [p0])

+V;3xt(r) + VP(r; [pv])} 1/)1) (I‘) = /“/)v(r) (56)
where
pu(r) =| ¥y(r) |2 . (5.7)

For an atomic system, Ve, (r) = V,s(r) is given as input data. The valence
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Table 5.3: The total energy E for reference systems using the KS method and the
LQ, HQ, and LHQ models.Parameters used in Eq. (4.30) for such systems are given

in Table 4.1.

Eks Erq Eng Erng  Errijpw  Errw

Be —0.9914 —0.8955 —0.8950 —0.8979 —1.408 —0.7786

¢ —-6.134 —-6.080 —6.100 —6.086  —8.881  —5.266

N -11.04 -—-11.06 —11.09 —-11.07 —15.91 —9.462

0O —-18.01 —18.09 —18.09 —18.08 —25.57 —15.30

Si =3.771 =3.738 =3.750 —=3.743 —4.833 —3.350

P —6474 —-6.432 —6.455 —6.436 —7.889 —5.756

S -1020 -10.10 -10.14 —10.10 —11.94 —9.023

Ar  —=21.37 —-20.84 —-20.91 —-20.83 —22.19 —18.56

density p,(r) predicted by the OF KPs is determined from Eqs. (5.6) and (5.7),
and can be directly compared to the exact target density p,(r) given by the full
KS theory. Table 4.1 shows the parameters used to construct the reference systems
of atoms, and Table 5.3 shows the total energy values for such systems using the
KS-DFT, and the LQ, HQ, and LHQ models. As can been seen, the agreement of
the LQ, HQ and LHQ models with the KS-DFT are excellent.

Fig. 4.2 shows the three parameterized valence density p,(r) of the Si pseu-
doatom, along with the total KS density pgs(r). It can be seen that pggs(r) increases
rapidly for r < r., and reaches a very large value at the nucleus, pxs(0) = 1754,

for example, more than a hundred thousand times larger than the proposed pa-
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Figure 5.3: The smooth valence density p,(r) from Eq. (4.30), with parameters
given in Table 4.1 for the Si pseudoatom used in the inverse-KS process, and the
valence density p,(r) predicted by the LQ, HQ , and LH(Q models using the V,(r)

(see Fig. 4.3) corresponding to p,(r). The arrow indicates the location of r..
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Figure 5.4: Radial density r?p of the Si atom using the full KS method and various
models using AILPS. Parameters used for constructing this reference system are

shown in Table 4.1. The arrow indicates the location of 7..
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Figure 5.5: Same as in Fig. 5.4 but for the N atom.
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Figure 5.6: Same as in Fig. 5.4 but for the Be atom.
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Figure 5.7: Same as in Fig. 5.4 but for the Ar atom.
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Figure 5.8: Ionization energies of the first and the second row atoms using the full
KS method, and various models using AILPS. For Ar, the TF1/9W model fails to

predict a positive ionization energy (I = —1.010).
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rameterized valence density p,(0) = 0.005621 (for p = ¢ = 6). Fig. 4.3 shows the
corresponding AILPS generated by the three parameterized valence density in Fig.
4.2.

Fig. 5.3 shows the input valence density p,(r) used in the inverse-KS process,
and the predicted valence density p,(r) given by the LQ and HQ models, obtained
using the input V)(r) shown in Fig. 4.3. Because of the weak V,s(r) and the slowly
varying valence density, both the LQ and HQ models predict results very close to
those of the exact KS theory. The predicted radial density of atoms are shown
in Figs. (5.4 — 5.7). The resulting clear shell structure is in excellent agreement
with the full KS-DFT calculations and shows that the OF treatment of the valence
density does not produce noticeable errors in the core region. The consistency of
our OF theory when pseudopotentials are used is illustrated by the great similarity
of the density predicted by the different HQ and LQ models. Their slight deviation
from the KS-DF'T results might be due to the inappropriate form for the TBFWV
kp(r,r') = kp(r) in these models, even when the local pseudopotential is within LR
regime.

For a simple test on the transferability of the present AILPS, we perform
calculations on ions. Fig. 5.8 shows the ionization energies of various atoms, using
various models. As can be seen, the ionization energies from the full KS-DFT and
from the KS-DFT with AILPS are quite similar. Therefore, the present AILPS is
quite transferable to these positive ions. The LQ, HQ, LHQ models can capture the

overall periodicity of ionization energies, while other OF models perform badly.
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5.3 Molecules

The OF-DFT has not been widely applied to molecular systems, possibly due
to its lack of sufficient accuracy, when compared with the KS-DFT. It has been
known that the classical TF model (without E,.[p]) predicts no binding of molecules,
and including the Dirac exchange energy functional (LDA on E,[p] only), the so-
called TEFD model, does not improve the situation [1, 33, 36]. To investigate whether
Twp| is responsible for the bonding of molecules, Chan et al [36] recently applied
the TEFDW models to both atoms and diatomic molecules, and they found that
there is no single value of A that provides good results in both atoms and diatomic
molecules. The TFDW models can be regarded as using the TFAW KEDF's and
LDA on the E.[p] only. However, correlation energy plays an important role in
molecular bonding [1], so we use LDA on E,.[p] here for all the OF models.

Since diatomic molecules are the simplest of all molecules, we applied the LQ
and HQ KPs to such systems, and compared our results to the those from TFAW
models, as well as the accurate KS orbital method, and to experimental results. In
addition, the AILPS is used for all the OF models to enhance their performance.
The KS results are from many papers, and are all based on the local-spin-density
approximation (LSDA) on the E,., a generalization of LDA with spin-dependent
densities. To see the sensitivity of binding energies, these results are also compared
with experiment. This appears to be the first attempt to apply the LR-based OF-
DFT to molecular systems.

If the centers of atoms A and B in a diatomic molecules are separated by a
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distance R, they experience an internuclear repulsion, an attraction between the
nucleus of one and the electrons of the other, and an interelectronic repulsion. The
binding energy of diatomic molecules is the energy difference between the energy of
molecules F(AB) and the sum of the energy of the two separate atoms (E(A) and

The external potential is the linear combination of the atomic pseudopotentials

(same as those constructed in Table 4.1) centered at atoms A and B.

Veat(r) = V;,?(I‘A) + V) (rp) (5.8)

Here, r4 =r — R, and rg = r — Rp. The valence density p,(r) predicted by the
OF-DFT is determined by a Schrédinger-like equation in Eqs. (5.6, 5.7). Following
Chan et al’s approach [36], we use a linear combination of atomic orbitals (LCAO)
method, in which the molecular orbital 1,(r) in Eq. (5.7) is expanded in atomic

orbitals [xx(r): k =1,2,....]

Pu(r) = Z crXk(T) (5.9)

where Cartesian Gaussian-type atomic orbitals are used as the basis function xy
in the molecular-orbital calculations. To further reduce the cost in computing the
matrix elements of Vy(r;|[p,]) and V,.(r;[p,]), we fit p,(r) and V,.(r;[p,]) to an
auxiliary basis [84]. For the LQ and HQ KPs, we need to evaluate their nonlocal
terms on grids, and fit them to an auxiliary basis for the efficient evaluation of

matrix elements. Since this nonlocal term is relatively small compared with the
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TF and the W KPs, and is also computationally expensive, we describe a scheme to
evaluate this nonlocal term accurately and efficiently in Appendix B. This completes
the description of our numerical methods for the OF models.

Since a diatomic molecule is symmetric with respect to rotations about the
molecular axis, the density is independent of azimuthal angle. Therefore, we only
consider s, p,, and d,, Gaussians in the basis functions, where z is the molecular
axis. The exponents in the Gaussian basis functions are chosen as a series m!; for
s Gaussians, we take m = 2, t = —3,—2,...,21, for p Gaussians, we take m = 2,
t = —9,-8,...,4, and for d Gaussians, we take m = 2, t = —9,—-8,...,—3. This
is a 25s14p7d basis on each atom, which gives a total of 92 basis functions for the
diatomic molecule. The range of these exponents of each Gaussians is about the
same as that proposed in Chan’s paper [36]. The same Gaussian basis functions are
used to expand ,, and those fitted functions mentioned above.

We calculated the bond lengths r. and the binding energy D, of several di-
atomic molecules on the first and the second row. The results are compared with
the TFW model, the KS-DFT, and experimental results. In the KS calculations,
the local-spin-density approximation (LSDA) are used for E,., a generalization of
KS-LDA that allows different orbitals and densities for electrons with different spins.
In our OF-DFT, we ignore this spin-dependence effect, since the kinetic energy is
on an order of magnitude larger than the exchange-correlation energy.

As can been seen in Table 5.4 and 5.5, the LQ and HQ models perform bet-
ter than the TFW model. The remaining errors in the LQ and HQ models could

be due to the accuracy of the KPs, the transferability of AILPS, and the ignoring
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Table 5.4: Bond lengths r, of the diatomic molecules. The KS results are from
Becke [74], except for the CO and NO molecules, which are from Dhar et al [85].
The experimental results are from Huber [86], except the CO, and NO molecules,

which are from Baerends et al [87].

Expt KS LQ HQ TFW

Hy, 140 145 2.1 21 3.2

Cy 235 235 22 22 2.6

Ny, 207 210 1.9 20 2.2

Sip 424 429 39 4.0 4.7

P, 358 357 38 38 4.4

Sy 357 357 4.0 338 4.1

Cly, 3.7 374 39 3.7 3.8

co 213 214 20 20 2.3

NO 217 218 19 1.9 2.1
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Table 5.5: Binding energies D, = E(A) + E(B) — E(AB) (eV) of the diatomic
molecules. The KS and the experimental results are from the same papers in Table

5.4.

Expt KS LQ HQ TFW

H, 48 49 10 1.5 1.9

Co 6.3 73 17.0 195 18.0

Ny 9.9 11.6 175 227 222

Sy 3.1 4.0 36 44 5.8

Py 5.1 6.2 32 5.1 7.8

S 44 59 28 5.2 9.4

Cly 25 3.6 21 49 108

co 112 11.1 150 228 235

NO 6.6 6.7 146 23.6 238
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Figure 5.9: Binding curve of C5 using the TFW model and the LQ and HQ KPs.
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Figure 5.10: Same as in Fig. 5.9 but for N,
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Figure 5.11: Same as in Fig. 5.9 but for Cl

Figure 5.12: Same as in Fig. 5.9 but for CO

84



of spin in E,.[p]. As can be seen, even the KS-LSDA calculations show some no-
ticeable deviations in the binding energies of diatomic molecules from experimental
results. Therefore, the binding energies of diatomic molecules are sensitive to any
approximations used on E,..

The binding curve of some diatomic molecules are shown Figs. (5.9 — 5.12).
The LQ and HQ results are similar for both small and large R, but show deviations
in the intermediate R, especially in the bond length. Their discrepancy indicates
that choices of the TBFWV (kp(r,r’) = kp(r) used in the LQ and HQ KPs) is
sensitive in diatomic molecules, even when a weak and slowly varying AILPS is
used. Therefore, we do not expect that the LHQ KPs would perform better than
the LQ and HQ KPs in such cases. However, their improvements in both of the
bond lengths and the binding energies from the local TFW model, suggests that the
nonlocal terms in our proposed LR-based KPs are indeed important to give good

qualitative results.

5.4 Solids

The research in this section is in collaboration with Prof. Emily A. Carter’s
group at Princeton University. The calculations were performed on their Wiffin
Cluster. We are grateful for their computational support.

In solids, the external potential V.. (r) is a linear combination of the special
array of the local atomic pseudopotentials centered at each ion position Ry (see Eq.

(4.32)). Different arrays of R; lead to different phases, such as face-centered cubic
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Table 5.6: Lattice parameters (A) for bulk Al.

Al KS LQ HQ LHQ WT WGC

fece 4.03 4.04 4.04 4.04 4.04 4.03

bec 3.23 3.23 3.23 3.23 323 3.22

sc 9533 531 536 531 5.33 5.38

dia 584 591 590 591 594 592

(fce), diamond (dia), body-centered cubic (bee), simple cubic (sc), and so on.

For periodic systems, such as solid-state systems, the KS-DFT scales as O(Nj-
N3), where Nj is the number of the k points used for the Brillouin-zone (BZ)
sampling, and NN is the number of atoms. For metallic systems, this BZ sampling is
very expensive, and /N, can be on the order of 1000. The use of OF-DFT, however,
can eliminate such a sampling, and also maintains the linear scaling. As a result, the
OF-DFT is computationally more suitable to study very large systems, especially
metallic systems, than KS-DFT. Further development of OF-DFT may improve its
performance for many different systems. Here, we study two very different materials,
a nearly-free-electron-like metal (solid Al) and a covalent material (solid S7), using
the proposed nonlocal KPs, and compare our results with other KEDFs and the
KS-DFT.

For bulk Al, the empirical Goodwin-Needs-Heine (GNH) local pseudopotential
for aluminum [88] is used, and the plane wave cutoff up to 600 eV is used to converge
the electron density. We apply the linear scaling version of the LQ, HQ and LHQ

KPs, and expand the kernel to the zeroth order, and let p, = py in the calculations.
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Table 5.7: Energy per atom (eV) for bulk Al. The first row is the energy for the

fcc structure, while other rows are energy difference from the fcc structure.

Al KS LO HQ LHQ WT  WGC
fec —58.336 —58.303 —58.314 —58.302 —58.331 —58.331
bce  0.068 0.053 0.057 0.053 0.060 0.066
sc 0.250 0.253 0.253 0.254 0.227 0.217
dia  0.599 0.712 0.751 0.720 0.673 0.584
Table 5.8: Lattice parameters (A) for bulk Si.

Si KS LQ HQ LHQ WGC

dia 5.38 5.27 5.29 527 5.7

bcc 3.29 3.06 3.06 3.06 3.29

sc 499 498 498 498 5.01

fec 3.83 3.83 382 3.83  3.80

Table 5.9: Energy per atom (eV) for bulk Si. The first row is the energy for the dia

structure, while other rows are energy difference from the dia structure.

St KS LQ HQ LHQ WGC
dia  —110.234 —109.167 —109.282 —109.161 —110.345
bcc 0.165 —0.553 —0.437 —0.558 0.537
sc 0.303 —0.586 —0.531 —0.587 0.506
fee 0.457 —0.584 —0.478 —0.588 0.571
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The linear density pathway is used for computing the kinetic energy of LQ, HQ,
and LHQ models (see Chapter 4). Our results are compared with the WT [26] and
WGC [15] KEDFs, and the KS-DFT, which were previously computed [15], using
the same type of local pseudopotential. As can been seen in Table 5.6 and 5.7, all
the LR-based models perform similarly, and agree well with the KS-DFT. The phase
ordering is correct, and the lattice parameters of the four phases are close to the KS
results.

For bulk Si, the bulk local pseudopotential (BLPS) developed by Zhou et
al [17] is used, and the plane wave cutoff up to 2000 eV is used to converge the
electron density. We carry out the linear scaling method to our nonlocal KPs to
the first order, and let p, = py. Our results are compared with the WGC [15]
KEDF, and the KS-DFT, which were previously computed [18], using the same
type of local pseudopotential. As can been seen in Table 5.8 and 5.9, the LR-based
models perform worse than for Al, when compared with the KS-DFT. The phase
ordering is incorrect, and the lattice parameters of the four phases only qualitatively
match with the KS results. This disagreement might be due to the inappropriate
form for the TBFWV kp(r,r’). For example, kp(r,r') = kp in the WT KEDF,
kp(r,r') = kj(r,x') = (M)I/Vin the WGC KEDF, and kp(r,r') = kp(r) in
the LQ, HQ and LHQ KPs. Since St is a covalent material, the density outside
the covalent bond regions is quite different from the one inside, so the choice of the
TBFWYV might be sensitive in S, even when the local pseudopotential is within the

LR regime. Further work is definitely called for here.
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Chapter 6

Conclusion

In summary, we propose a family of nonlocal OF KPs that satisfy exact limits
for small and large wavevector perturbations and reproduce the exact LR function
in the homogeneous limit. In general, there is no reason to believe that any LR-
based OF-DFT should work well for arbitrary systems, especially when the model
potentials are far beyond the LR regime. However, a KP that satisfies the two
limiting forms of the exact KP will remain accurate to all orders of the perturbation
when the density variations fall into the corresponding limiting regimes, and in
those cases will provide high accuracy. Moreover, since only changes of valence
electron densities are related to most chemical processes, and the interaction of the
core electrons and the nuclei on the valence electrons can be described by a weak
AILPS, our use of a LR-based OF-KP together with AILPS is well justified. Since
our proposed scheme generates a small p,(r), this also validates our use of the local
FWV kp(r) for the TBFWV kp(r,r') in many cases.

The proposed models are not only conceptually simple, but also exact for
a system with a weak potential and a low or slowly-varying density. When the
AILPS is used, the atomic densities given the LQ and HQ KPs become virtually
indistinguishable from those given by the KS method. The appearance of the atomic

shell structure is found to be very sensitive to the accuracy of the proposed KPs.
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Fortunately, by using the AILPS, we could reach such accuracy in atomic systems
using all the LQ, HQ, and LHQ KPs. In diatomic molecules, the small deviations
in the prediction of the LLQQ and HQ models may indicate the binding energy is very
sensitive to the accuracy of the KPs. This can be understood, since even the KS-LDA
and KS-LSDA methods, with different exchange-correlation energy functionals, have
shown differences from the experimental results. For near-free-electron-like solids,
the LR-based OF-DFT works quite well, when compared with the KS-DFT, while
it performs less well in covalent materials, such as Si. In general we found that
our present versions of LR-based OF-DF'T are able to give qualitatively reasonable
predictions for a wide variety systems, when compared with the KS-DFT. Therefore,
it may be suitable for use in OF-AIMD, and can be applied to systems with a very
large number of atoms.

We close this Chapter with some suggestions for future work. Based on our
numerical results, we found that the LH(Q KPs, which satisfy both the LQ and
HQ limits up to second order, do not significantly improve the LQ and HQ KPs.
We believe that this is because these LR-based OF models have to rely on an
approximate form for the TBEFWV. Since the TF KEDF is derived by making local
use of results for the uniform electron gas, this approximation could be substantial,
and getting the second order terms correct in either the LQ or HQ limits may not
necessarily improve the results, even when the AILPS is within the LR regime. This
same point also applies to other LR-based KEDFs, such as the WT [26], WGC [15],
and SM [22] KEDFs. Therefore, the development of an appropriate LR theory for

inhomogeneous systems, with a suitable form for the TBFWYV remains an important
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goal for future work in OF-DFT. To make progress, one could use a nonlocal kz(r, r’)
for inhomogeneous systems, similar to the idea of using a nonlocal KEDF or KP.
One could follow an approach similar to the one we used here for constructing the
nonlocal KPs, and constrain the nonlocal kx(r, ') by requiring that it satisfy certain
known limits, rather than simply taking a mathematically convenient and symmetric
form, and empirically determining arbitrary fitting parameters. The latter way of
constructing kg (r,r’) is similar to the way workers originally tried to determine the
“best” A for the TFAW models, and more systematic LR-based approaches have
provided significant improvements.

In addition to seeking an appropriate kp(r,r’), one could also try to reduce
the computational cost from the typical quadratic scaling (from the nonlocal terms
in KPs) to linear scaling, as discussed in Chapter 4. In our approach, an accurate
pathway to compute the kinetic energy is needed. For extended systems, developing
a generalized Herring’s pathway may be helpful, since only this pathway satisfies
the exact scaling relation of the KEDF.

Finally, in previous studies of OF-DFT, conclusions were usually drawn from
the results on specific systems studied by KEDFs with empirical parameters fit to
those systems. Therefore, these conclusions may not be generally applicable. For
example, the empirically constructed TF1/5W model (the best TEAW model for
atoms) gives poor binding energies and bond lengths for diatomic molecules [36].
Another example is that the best y-parameter in the WGC KEDF for Al is not
the optimal one for S%. In this dissertation, we have presented the first attempt to

apply the same LR-based OF-DFT to study a very wide range of systems: atoms,
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molecules, and solids. This provides a severe test for any such theory, and helps
uncover deficiencies in the present formulation. Further work along these lines could

lead to a generally accurate OF-DFT.
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Appendix A

LHQ Kinetic Potentials
In order to construct a KP that satisfies both of the L) and HQ limits up to
second order, here we propose the following trial KP using a linear combination of

Voiloe(p; [p], kp(r)) with two different o’s.

‘/{al,az}(r; [Io]a kF(r)) - VTF(r; [P]) + VW(r; [P])
1 Vot (x; (], kp(r))
+72 V(x5 [p], kr(r)) (A.1)
To satisfy the LR theory of uniform systems, and the LQ and HQ limits up to second

order, only certain sets of these parameters are satisfied. From the limits of f (q) in

Eq. (4.15) and V™(r; [p], kr(r)) in Eq. (4.16), and the following relation [13],

ViE VP | Vi
&= {ate-nERE a0 A2

we obtain the following three relations for the possible oy, aw, v, and 7s.

= _ A3
m 9(@% — %Ozl + %) ( )
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and

2
p =31 (A.5)

Without loss of generality, let a; < a. Since a; and asp are positive, the acceptable

range of o is

0<a; <1/3 (A.6)

and

2/3<a; <1 (A.7)

The latter in Eq. (A.7) is, however, unstable from several numerical tests in atoms,
so only the former in Eq. (A.6) will be adopted. Since this types of KPs in Eq.
(A.1) satisfy both the LQ and HQ limits up to second order, we denote this type of
kinetic potentials as Vi yga,} KPs, where o satisfies Eq. (A.6), and s, 71, and 7,
are determined from Egs. (A.3, A.4, and A.5).

The Kinetic energies of the LHQ KPs using the Herring’s pathways are:

1%l = Trelp] + Twlp)
/ dr / dr' (V2o (x5 [p], ke (X)) + 2V (x; ], B (1))

v - (rp(r)) (A-8)

Similarly, the Kinetic energies of the LH(Q KPs using the linear density path-
way, can be computed in a way similar to that of the LQ and HQ KPs (see Chapter

94



The Pauli potentials (see Chapter 5) for the LHQ KPs are:

Virgtany (3 [01) = Ver (x5 [p]) + 7 V(x5 [p], ke(r)) + 92 Ve, (r; (], ki (r). (A.9)
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Appendix B
Numerical Methods for Efficiently Computing the Nonlocal Kinetic

Potentials of Diatomic Molecules Using Gaussian Basis Functions
The nonlocal terms in LQ (in Eq. (4.16)), HQ (in Eq. (4.11)), and LHQ (in

Eq. (A.1)) KPs can be written as the following general form:

h(r)
(27)?

Viale) = he) [ (=l belw) /s )i’ = 55 [ O/ 2he(e) g(k)e ik

(B.1)

Our task is to evaluate it on grids, and then obtain its matrix element as dis-

cussed before. One might evaluate this integral numerically. However, even with the

symmetry of diatomic molecules, the total cost for doing this is still O (N, NgNyNg,).

Here, we use the property of Gaussians to simply the evaluation of this nonlocal
term.

First, we fit g(r) to a Gaussian basis set, and write it into sum of two different

centered basis sets:

g(r) =Y ci'xi'(ra) + Y chxi(rs) (B.2)
l m
Here, r4y = r— R4 and rg = r — Rp. Using property of the Fourier transform,

Vu(r) can be written as sum of two Fourier transforms centered at R4 and Rp

respectively. Then, it becomes
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Vialr) = B 5, 6t [ f(k/2kp(0)) xi* (k)e ™1 dk )

PSS B [ (R 2ke (1) (e dk

As discussed before, due to the cylindrical symmetry of diatomic molecules, we only

consider the s, p,, and d,, Gaussians, where z is the molecular axis. Their Fourier

transforms are

v k>
X7 (r) = expl—arri] = " (k) = ()% exp[—— (B.4)
(07 4&[
X7 () = 2 expl—airl] = 7 (K) = i ()72 expl - - ] (B-5)
! ! 20[; (87] 4&[

ADgzy 2 2 A,Dzy T \3/2 TR k%
Xp () = Zyexpl—arry] = g (k) = (=) exp[-—](5— — =) (B.6)

- (27)2 /000 f(k/QkF(r)) eXP[—f—m] Js(k;rA)k2dk (B.7)

P = s | J(k/2ke(0) Xi T (ke adk
_ A F(k/2k K JE (k;ra) k2 dk B.8
" G Jy TP v T o
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DME) = / f(k/2kp(r)) x;""% (K)e ™" dk

(2m)?
1 3/2
= 2—&5 / f (k/2kp(r)
X exp[—4—al] JP (k;r4)k2dk (B.9)

Here, J5(k;ra) = 2580, P (ks ra) = cos(0) (Fii2) — ©5E4)), and

kra kr? TA

JD (k‘ TA) = kr 4 cos(kra)(1+3 cos(20))+2 sin(kr 4 ) ((—24k%r2) cos?(0)+sin?(0))

T, , where 0 is the

azimuthal angle with respect to the molecular axis.

The nonlocal term can then be written as

Va(r) = h(r){(2, ¢S (1) + 3, " P x) + 32,67 Dt (r)

(B.10)
+( e Sm(r) + 32, cn " PR (r) + 32, P Dy (r) }
After substituting these defined functions, finally it gives
V k/2kp r)) {HAYS(k) J%(k;ra) + HAP (k) JP(k;ra)
(B.11)
+H{4’D(k) TS (ks ra) + HP (k) TP (kv a) Ye2dk
VE(r) = k/2kp r)) {HBS(k) J5(k;rg) + HPP (k) JP (k;rp)
(B.12)
+HlB’D(k) J5(k;rg) + HPP (k) JP (k;rp) Yk2dk
Vaulr) = Vi (r) + V] (r) (B.13)
where
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HAS (k) = S e (L1372 axp——— B.14
B = E G el ] (B.14)

1 =« k?
HAP AP 3/2 B].
= S G el ] (B.15)

A,D 1 '/T 3/2 k2
_ B.1
Z 2al al exp| 4@1] (B.16)

1« k2
HWP (k A.D 3/2 B.1
120 = 3D S el (B.17)

In this scheme, the ky integrals are evaluated analytically for each type of
Gaussians. Hence, it is numerically more reliable than evaluating them numer-
ically. Furthermore, the computational cost for this scheme is O(N,NyNy), not
O(N,;NgNiNy,) if evaluated numerically. Since Eq. (B.1) is quite general in LR-
based OF-DFT, this scheme is also suitable for efficient and accurate computation

in diatomic molecules for other KEDFs.
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Appendix C

Glossary-List of Abbreviations

1.

10.

11.

12.

13.

14.

AILPS: Ab Initio Local Pseudopotential

AIMD: Ab Initio Molecular Dynamics

CAT: Chacon-Alvarellos-Tarazona

CC: Coupled Cluster

CI: Configuration Interaction

DFT: Density Functional Theory

FFT: Fast Fourier Transform

FWYV: Fermi Wavevector

GAC: Garcia-Gonzdlez-Alvarellos-Chacén

GK: Gordon-Kim

HF': Hartree-Fock

HK: Hohenberg-Kohn

KEDF: Kinetic Energy Density Functional

KP: Kinetic Potential

100



15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

KS: Kohn-Sham

LDA: Local Density Approximation

LR: Linear Response

LSDA: Local Spin Density Approximation

MTF: Modified Thomas-Fermi

OF': Orbital-Free

OF-DFT: Orbital-Free Density Functional Theory

SM: Smargiassi-Madden

TBFWYV: Two-Body Fermi Wave Vector

TF: Thomas-Fermi

‘W: von Weizsacker

WGC: Wang-Govind-Carter

WT: Wang-Teter
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