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We consider three quantum many-body systems motivated by recent develop-
ments in condensed matter physics, namely topological superconductivity, strongly
interacting Bose-Einstein condensates and many-body localization with periodically
driven systems. In each of the three problems, an analogy with classical mechanics
is employed in the solution of the problem and the interpretation of results. These
analogies, in addition to facilitating the solution, illustrate how unique features of
classical mechanics or macroscopic phenomena such as macroscopic order parameter
and observables, hydrodynamics, spacetime curvature, noise and dissipation, chaos
and delocalization emerge out of quantum mechanics. The three problems we study
are as follows.

In the first problem, we use quasiclassical methods of superconductivity to
study the superconducting proximity effect from a topological p-wave superconduc-
tor into a disordered quasi-one-dimensional metallic wire. We demonstrate that

the corresponding Eilenberger equations with disorder reduce to a closed nonlinear



equation for the superconducting component of the matrix Green’s function. Re-
markably, this equation is formally equivalent to a classical mechanical system (i.e.,
Newton’s equations), with the Green’s function corresponding to a coordinate of a
fictitious particle and the coordinate along the wire corresponding to time. This
mapping allows us to obtain exact solutions in the disordered nanowire in terms
of elliptic functions. A surprising result that comes out of this solution is that the
p-wave superconductivity proximity induced into the disordered metal remains long
range, decaying as slowly as the conventional s-wave superconductivity. It is also
shown that impurity scattering leads to the appearance of a zero-energy peak.

In the second problem, we consider a system of bosons in the superfluid phase.
Collective modes propagating in a moving superfluid are known to satisfy wave equa-
tions in a curved spacetime, with a metric determined by the underlying superflow.
We use the Keldysh technique in a curved spacetime to develop a quantum geo-
metric theory of fluctuations in superfluid hydrodynamics. This theory relies on a
“quantized” generalization of the two-fluid description of Landau and Khalatnikov,
where the superfluid component is viewed as a quasi-classical field coupled to a
normal component — the collective modes/phonons representing a quantum bath.
This relates the problem in the hydrodynamic limit to the “quantum friction” prob-
lem of Caldeira-Leggett type. By integrating out the phonons, we derive stochastic
Langevin equations describing a coupling between the superfluid component and
phonons. These equations have the form of Euler equations with additional source
terms expressed through a fluctuating stress-energy tensor of phonons. Conceptu-

ally, this result is similar to stochastic Einstein equations that arise in the theory



of stochastic gravity. We formulate the fluctuation-dissipation theorem in this geo-
metric language and discuss possible physical consequences of this theory.

In the third problem, we investigate dynamical many-body localization and
delocalization in an integrable system of periodically-kicked, interacting linear ro-
tors. The linear-in-momentum Hamiltonian makes the Floquet evolution operator
analytically tractable for arbitrary interactions. One of the hallmarks of this model
is that depending on certain parameters, it manifests both localization and delocal-
ization in momentum space. We present a set of “emergent” integrals of motion,
which can serve as a fundamental diagnostic of dynamical localization in the in-
teracting case. We also propose an experimental scheme, involving voltage-biased

Josephson junctions, to realize such many-body kicked models.
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Chapter 1: Introduction

1.1 Classical and Quantum mechanics

In this thesis, we will solve or extend the solution of three quantum many-
body problems. These problems in addition to their practical value in the context
of recent developments in condensed matter physics, such as zero-energy modes in
topological systems, strongly interacting Bose condensates and many-body localized
systems, serve an auxiliary purpose as well. Each model is connected to a seemingly
unrelated analogous classical system that elucidates the underlying physics or helps
us address a broader issue in modern physics, such as the emergence of classical
degrees of freedom, spacetime and quantum chaos. Before introducing these three
problems, we will give a very brief qualitative review of the relation between classical
and quantum mechanics.

Classical mechanics is a theory of nature that describes the motion of an N-
body system in the 6N dimensional phase space. All observables are functions
of 3N configuration space variables and their 3N conjugate momenta. [1,2] The
N — oo limit leads to an idealization called the classical field and is the subject of
continuum mechanics. The geometry of spacetime on which physical systems live

is thought of as a continuum itself whose dynamics is determined by the Einstein



equation. [3] When the gravitational field is weak, the solution to this equation ap-
proaches the Minkowski geometry. [4] In this geometry, phenomena are described
by the Lorentz covariant equations of motion. For example, electrodynamics is de-
scribed by Maxwell’s equations. Finally, when the typical speeds are slow compared
to the speed of light, Galilean relativity, Newton’s laws of motion and universal grav-
itation hold to a good approximation. In situations where it is impossible to exactly
locate the system in phase space, the equations of motion for a probability distri-
bution is written [5]. Finally where the number of constituents are too numerous
and undergo random collisions, aggregate quantities are described by thermodynam-
ics. [6]

Ever since the conception of quantum theory, the problem of how the classical
description of nature emerges out of quantum mechanics has attracted a great deal
of interest, and it is still at the heart of many interesting physical problems. [7, 8]
Roughly speaking, classical mechanics is thought of as the 7 — 0 limit of quantum
theory. (The numerical value of the Planck constant measured in terms of the
typical scales of the system is small ). Depending on the mathematical formalism
that describes quantum mechanics, this limit manifests itself in myriad ways. In
the path integral quantization, the ratio of the action functional to Planck constant
appears in a complex exponential that represents the amplitude of a matter wave.
When this quantity grows, the path integral tends to zero due to a rapidly oscillating
integrand, except for classical trajectories, for which the action is extremized. [9]
In the canonical quantization, the fundamental commutation relation tends to zero,

which means that the expectation value of a product of position and momentum



operators reduces to the product of their expectation values, each of which obeys
the classical equation of motion by Ehrenfest’s principle. [10, 11] In phase space
formulation, the Moyal bracket reduces to the Poisson bracket, and the equations
of motion for observables obey Hamilton’s equation of motion. [12]

To get a grasp of the situation, consider a harmonic oscillator made up of a

mass of 1 kg and spring constant of 1 kg s~2.

Assuming that a sinusoidal mode
with an amplitude of 1 m is excited, the energy is 0.5 J and the time scale is 1
s. Compare the product of energy and time scales to the metric value of reduced
Planck constant which is 34 orders of magnitude smaller. Alternatively, we can
compute the quantum of energy hAw in the system to find the occupation number
to be on the order of 10%* particles (phonons). In other words, the quanta are too
small to be perceived.

An important issue worth noting is the measurement problem. So long as
one stays in the classical realm where A is small, as everybody did till the 20th
century, the above considerations roughly (we will explain this further 1.1.2) explain
the emergence of classical mechanics. However, the problem deepens when one
considers a quantum system, typically surrounded by an experimental physicist and
her apparatus which are both in the classical realm. As in Schroedinger’s thought
experiment [13], the result of a quantum phenomenon might trigger a macroscopic
classical event, for example the death of a cat. How the quantum state collapses
to a definite classical outcome is the so-called measurement problem that is at the

heart of many scientific and philosophical issues in quantum theory. [8,14]

In the many-body context, quantum mechanics is responsible for many macro-



scopic electromagnetic and thermal phenomena, and the problem of how macro-
scopic observables follow from the many-body wave function encompasses an entire
branch of physics called condensed-matter physics.

Therefore, the transition to classical mechanics, or emergence of classical de-
grees of freedom, is complicated through interactions that entangle the underlying
quantum degrees of freedom. This seems to indicate that the measurement prob-
lem is related to how a quantum system is interacting with its environment, which
can be a macroscopic measurement device or simply the rest of the particles in the
system. This, we believe, should convince the reader that the quantum to classical
transition is essentially a many-body phenomenon.

The process of classicalization of a system due to interactions with an envi-
ronment or a ‘bath’ is called decoherence. One interpretation is that only classical
looking degrees of freedom survive the decoherence process. [8] A simple toy model
is a quantum particle that is coupled to a thermal bath i.e. a family of oscillators.
The so called Caldeira-Leggett model, that we will solve in the Keldysh field integral
method, describes how classical equations of motion, dissipation and noise can be
calculated from quantum mechanics, assuming that decoherence takes place. [15]
The complete resolution of the measurement problem and transition to classical
mechanics is beyond the scope and aims of this thesis, therefore we refer the reader
to the above references. However, as in the Calderra-Leggett model, the models we
consider in this thesis will help us understand how various unique features of clas-
sical mechanics can come out of the many-body quantum mechanics at least from

an operational point of view.



1.1.1 Macroscopic wave functions and order parameter fields

At low temperatures a many-body quantum system, due to the vast number
of its constituents, is approximated by a quantum field. [15] (This ‘low’ tempera-
ture can be as large as thousands of Kelvins in metals due to the vast number of
electrons that occupy high energy states as a result of the exclusion principle). The
quantum field is described as modes (quasiparticles) excited over a vacuum state.
The concept of a vacuum state of a many-body system is intimately connected to
the phases of matter. In metals it is an incompressible sea of electrons; in a BEC,
it is a macroscopic wave function, that behaves like a fluid through Madelung’s de-
scription. In any case, the typical procedure is to start from a phase (that forms by
spontaneously breaking a symmetry) and consider the excitations above the vacuum
defined by the phase. [16]

One of the holy grails of the condensed matter theory is the phases of matter
that has macroscopic quantum properties, such as superfluids and superconductors.
In these systems, a macroscopic number of fermions or bosons get locked and form
a single giant wave function ( a classical matter wave similar to a classical light field
). This classical wave is called the order parameter field of the phase. The many-
body wave function is, by the above mentioned general picture, described by the
quantum field of quasiparticles that are excited over the vacuum defined by the order
parameter. The order parameter field, together with correlation functions of the
quasiparticle field, obeys a set of partial differential equations [17,18]. The resulting

description predicts how macroscopic observables arise from quantum mechanics;



hence, it answers the quantum to classical transition question for the system at
hand. Furthermore, once a PDE is obtained, one can conjure up an unrelated
classical system that mimics its behavior.

In Part 2, we consider a superconductor, where the order parameter (Cooper
field), together with the matrix of two-point correlation functions, satisfies the PDE
called the Gorkov equation supplemented by a self-consistency condition. Further
simplification is obtained by considering the slow varying dynamics of the correlation
functions. In thermal equilibrium, the PDE reduces to a set of three ODE’s with
non-linear terms due to the disorder in the superconductor. By identifying a hidden
constant of motion, we reduce the ODE system to a single second-order ODE, that
can be thought of as the equation of motion of a classical particle moving in a
potential. Using this simple and intuitive system, we compute the Green’s function
of a topological superconducting wire in contact with a dirty lead, a problem of great
practical interest in the field of topological quantum computing. Our calculation
reveals the smoking gun for the long-sought Majorana zero mode in this system.

In Part 3, we start with a bosonic system in the superfluid phase. Writing the
superfluid wave function in hydrodynamic variables, we write the fluid equations
of motion that describe the interplay between the superfluid ‘classical’ degrees of
freedom and the quantum field of excitations, that is phonons. As in the Caldeirra-
Leggett model, the bath of quasaiparticles create dissipative and noisy dynamics
on the background field. Another interesting layer of analogy appears due to the
effective covariance of the phonon field. Phonons in this theory appear as though

they are propagating in a pseudo-Riemannian metric defined by the background flow.



In this respect, the momentum, mass and energy conservation laws of the superfluid
are analogous to Einstein’s equations and the covariant conservation of the stress
energy tensor for matter. We use this analogy to compute the noise correlator and
transport coefficients in the system in a manifestly covariant form. This analogy
provides a hint for the emergence of the classical spacetime from the yet-to-be-
found quantum theory of everything. Moreover, one can discuss the vacuum energy,
cosmological constant and other quantum gravitational phenomena such as black

holes, Hawking radiation and covariance anomalies in this context.

1.1.2 Chaos and localization

Even for macroscopic objects, the A — 0 limit does not straightforwardly ex-
plain classical behavior all together, because the limit is singular. [19] When i = 0
strictly, classical mechanics predicts chaos. Differential equations that describe clas-
sical systems with positive Lyapunov exponents is ubiquitous. A positive Lyapunov
exponent means that the distance between two particles in the system or in the
ensemble grows exponentially with time, despite being infinitesimally small at the
beginning. The linearity and the unitarity of quantum mechanics and the ensuing
integrability prohibits this behavior for isolated systems. [20] Although, at first the
phase space distribution of a quantum system explores the phase space in a way
similar to a classical ensemble at a certain time scale quantum effects take over
and the phase space diffusion stops. [21,22] This time scale, the Ehrenfest time, is

perceivably short even for astronomical bodies, despite the fact that h is extremely



small yet non-zero. For example, the inverse Lyapunov exponent i.e. time scale
for chaos to develop for the rotation of Hyperion, the non-round moon of Saturn
is approximately 30 days. The Ehrenfest time for Hyperion is 37 years. However,
chaotic motions of macroscopic bodies persist. [23]

The resolution is again hidden in the decoherence process. The rotation angle
of Hyperion is not a quantum variable. Hyperion is showered by a variety of particles
that causes decoherence on a time scale of order 107 s. [24] The environment
restores chaos.

Prohibition of chaos in quantum mechanics has an important consequence in
many-body physics: Anderson localization. In a disordered lattice, the diffusion of
a wave packet stops due to quantum destructive self-interference. The Ehrenfest
time is replaced by the localization length. [25,26]

An illustrative model, dubbed the Maryland Model, that connects the pre-
vention of dynamical chaos in quantum mechanics and localization was put forward
by Fishman, Grempel and Prange. [25] The quantized version of a quintessential
chaotic system, the standard map that describes the motion of a rotor kicked with
a constant period, is mapped onto a tight binding model. The sites of the lattice
are angular momentum quantum numbers, so that dynamical chaos maps to delo-
calization. It is shown that, unless certain resonances are avoided, the phase space
diffusion comes to a halt, in other words wave functions of the lattice are localized.
An integrable version of the Maryland model was also proposed, where localiza-
tion is controlled by the rotation number of the rotor, i.e. the number of turns it

completes between each kick. [27, 28]



For a given subsystem located deep inside a many-body system, the environ-
ment is the rest of the system itself. So far, it has been believed that localization
would be destroyed due to the interacting system acting on its components as a bath.
As a result electron transport has been expected to be restored, just as the chaotic
orbit of Hyperion persists due to decoherence enforced by the showering light and
cosmic particles. This process of an interacting system acting as a bath to its sub-
systems is called thermalization and it is what makes the predictions of equilibrium
statistical mechanics applicable to a quantum many-body system. [29-31]

However, recently a class of interacting models have been proposed where
thermalization does not occur, causing a phenomenon called many-body localiza-
tion. [32-39] A many-body localized system can not be described by equilibrium
statistical mechanics because it does not thermalize; instead, it is described by a set
of local conserved quantities that remember their initial values. [40]

In Part 4, inspired by the Maryland model, we consider a set of interacting
integrable rotors and discuss localization in the context of integrals of motion and
resonances in the energy-momentum transfer due interactions and kicking.

Quite surprisingly, the quantum and classical behavior of the integrable Mary-
land model are very similar. [41] For this reason, as a side note, a similar Hamiltonian

is proposed as a building block for a deterministic quantum theory. [42]



1.2 Keldysh contour and nonequilibrium quantum theory

The goals we laid out in the introduction requires formulating quantum theory
of fields and particles and, extracting classical/macroscopic observables. The path
integral formulation is an ideal candidate for this. Moreover, choosing a closed
time integration contour provides great utility in non-equilibrium and disordered
systems, as well as noisy and dissipative scenarios. In this section we will provide a
brief review of Keldysh field integral.

Nonequilibrium quantum field theory is developed by the pioneers of the quan-
tum theory such as Schwinger, Kadanoff, Baym, Konstantinov, Perel and Keldysh
around the same time that Matsubara developed the thermal field theory tech-
nique. [43-46] The method is applied to a variety of problems in non-equilibrium
statistical mechanics, quantum Brownian motion, transport problems and disor-
dered systems and it forms the backbone of nonequilibrium kinetic theory. [15,47]
The technique we refer to as Keldysh formalism is also referred to as Closed Time
Path formalism due to the choice of the integration contour of the path integral.
Calzetta and Hu applied this formalism to fields on curved spacetime [48] and the
marriage between non-equilibrium fields and gravity gave rise to the stochastic grav-
ity paradigm. [49].

In the Keldysh formalism one replaces the vacuum persistence amplitude of

the “in-out” formalism with the following partition function,

ZIV] =T {Ue(V)o(—o0) } (1.1)



In this equation g(—o0) is the (normalized ) density matrix of the system
at an early time, and Trg(—oo) = 1. The operator Uc is the evolution operator
path ordered on a closed time contour.The closed time contour starts at an early
time ¢ — —oo. extends to t — oo, forming the forward branch of the contour,
and reverses back to ¢t — —oo ,forming the backward branch of the contour. The
Hamiltonian for the evolution is H = Hy+ V*(t) where the external time dependent
potential is allowed to be different on the forward and backward branches of the
contour. If Vi(t) denotes the forward and backward values of the external potential,
V*H(t) =V~ (t) renders Us = 1 and the partition function becomes Z = 1. This has
a technical advantage over the usual in/out formalism, where Z = (in|out) is not

necessarily unity and should be accounted for while computing amplitudes.

1.2.1 Keldysh field integral for bosons

Specifically, suppose we have a scalar real massless free field ¢ that obeys the
scalar wave equation. The partition function is then written as a functional integral

over the closed time path C', and it reads

7 — / 9[¢]ez Jo d*x d*a’ &(z) D~ (z,2") (") (12)

where D is the Green’s function. The objective is to determine the Green’s function,
given the initial density matrix. Let ¢* denote the values of the forward/backward
values of the field , thereby effectively doubling the number of degrees of freedom

in the problem. Let S denote the classical action of the field ¢. Labeling the initial
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and final values of the fields as ¢ = ¢*(—o0) and ¢ij = ¢*(+00), respectively, we

can write the Feynman path integral representation of Z in Eq. (1.1) as

2= [ 216410l6t 0515(6] - 67)e S50 (13)
Here S, the action integral, is taken from ¢ — —oco to t — 4o00. Notice that we

explicitly imposed the initial and final conditions on the fields. Keldysh discovered

that the initial and final value constraints can be handled by constructing the fields

¢c(<1) _ (¢+ £+ ¢—) (1.4)

| —

¢°@ are classical and quantum components of the field. Defining q; = (¢ ¢9)T and
absorbing the density matrix into the action and the Jacobian of the transformation
in Eq. (1.4) in the integration measure we get the following path integral for the
field vector:

—

Z = /@[(5] exp [%/d%d%'gﬁr(x)f)1(1:,:6')925(:1:') (1.5)

where the inverse Green’s function matrix reads

DYz, 2") = (1.6)
[DR]_l [D_l]K

z,x’

The retarded (advanced) Green’s functions D) are lower(upper) triangular
matrices in the time domain that are independent of the initial density matrix. They

are formally written as:

—4 <¢C(‘D(a§)¢q(c) (:I;')> — DiA) (v, 2') = % {(z’@t +0)* + V%}_l dx—2a) (1.7
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So we can write them as a Fourier integral over 4-momentum

1 d*k —ik(z—2)
DED (2 /) = 5/ e (k01i0)2 7T (1.8)
and therefore
Dz — &) = D(y) = —-0(°)5 (s"y) (1.9
They satisfy the properties
[DA]" = DR (1.10a)
DA(K°, k) = DR(—K° k) = [DR]*(k°, k) (1.10b)
DAB (0 =0,7) =0 (1.10c)

The last one means, in the continuum limit the step function in Eq. (1.9) is regu-
larized as 6(0) = 0.
The Keldysh Green’s function contains the information about the initial cor-

relations, and it is the correlator

D" (w,a") = —i (¢°(x)¢"(2")) (1.11)

It is parametrized by using an antisymmetric kernel F’

DX(zx —2y=D®oF -~ FoD* (1.12a)
(DX = [DF]' o F — Fo [DA]™! (1.12b)
F' = —-F (1.12¢)

Here F(z,2’) contains the initial correlations hence it depends on g(—o0) and the
symbol o means convolution. The Wigner transform of F' is the distribution function
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and in equilibrium it is F'(¢) = coth(e — p)/27, a manifestation of the Fluctuation-
Dissipation Relation (FDR). For real bosons, F(¢) is real and odd; therefore, the
chemical potential vanishes.
Note that the action in Eq. (1.5) vanishes when quantum components of fields
are put to zero,
950

Solga =0 and 2| =0 1.13
ol s (1.13)

gives the classical equation of motion for the field ¢°¢. This justifies the names chosen
for the field components ¢¢, ¢?. The above properties of the Keldysh action and its
Green’s functions are collectively referred as the ‘causality structure’. The causality

structure is intact when external potentials or interactions are switched on.

1.2.2  Quantum particle in contact with an environment

Here we will derive the Langevin equation for the Brownian motion of a quan-
tum particle in contact with a bath. The particle has the following action in the

Keldysh formalism:

S,[X] :/Cdt %XQ—V(X) (1.14)

Denoting the coordinate over the forward /backward branches as X+ and per-

forming the rotation to classical and quantum components

1 1
X = 5(X+ + X)) X1= 5(X+ —-X) (1.15)
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the action reads
S,[X] = / dt 2X9X7 -V (X4 + X) + V (X9 — X9) (1.16)

Note that variational derivative with respect to X? at the limit X? — 0 gives

the classical equation of motion
X4 V(XY =0 (1.17)

In addition to the particle, we have the heat bath, commonly assumed to be a
collection of bosonic degrees of freedom with a wide spectrum, i.e. a collection of
harmonic oscillators with characteristic frequencies indexed by s. The action for the

bath and bath-system coupling will be taken as

Shatn[s] = Z/ dt¢' D¢ (1.18a)

couplzng ng/th(bs ng/ th O'1¢s (].].8b)

The choice for the form of the couplings make the partition function amenable

to Gaussian integration so that

= / D[§| D X 150+ SvantScouping] — / P[X)eEot Sl (1.19)

where the resulting dissipative term reads

1 S -
Siss = 5//oltdt' XDt —t)X({t) (1.20)
with the dissipative kernel
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Dt —t) = (ZQQD (t—t) ) (1.21)

The kernel D inherits is causality structure from the bosonic Green’s function

D. The retarded and advanced components in Fourier space reads

[DH (W)Y = —% Z oL 2.332 — (1.22)

The spectral density of the path is defined as
—ﬂz 2 Jwe)d(w — wy) (1.23)

and it is assumed to behave as J(w) = 4yw at low frequencies. With this definition

the dissipative kernel becomes

do’ w'?

21 w? — (w £10)?

= const £ 2iyw (1.24)

D =1y [ 52

The constant contributes to the definition of the classical potential in which
the particle is moving. In thermal equilibrium the Keldysh component follows from

these as
D (w)]* = ([D7'(w)]* = [P (w)]*) coth % = 4iw~ coth % ~ 8T~y (1.25)

where the approximation holds in the classical limit where fuw /T < 1.

All in all the total action in real space after integrating out the bath reads:

SiotX] = / At 2X9IXT — V(X + X)) + V (X9 — X9) — 2X 99X + 8inT(X9)*
(1.26)
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The variational derivative around X' = 0 will produce a damped equation of
motion. The full Langevin equation can be obtained by decoupling the (X%)? by

using an auxiliary noise variable.

7 — /@[X]eism _ /@{X)g]ehijﬂfdtgeifdtQX‘l(XClJrV’(XCl)Jr’yXCl§) (1.27)

where, the higher terms in the external potential are dropped, as they don’t con-
tribute to the equations of motion. The Langevin equation immediately follows after

applying Eq. (1.13) to Eq. (1.27).

X4+VI(X)+7X =¢ (1.28)
The correlation function of noise can be computed from Eq. (1.27) as
(€)= 29T6(t — 1) (1.29)

The fluctuation dissipation relation manifests itself in this equation, as the

noise correlator is proportional to the friction coefficient ~.

1.2.3 Keldysh field integral for fermions

The path integral for a fermionic field is written in terms of two independent
Grassmann fields ) and 1. On a closed time path contour C, the functional integral

for a free fermion field with Green’s function G reads

7 — / @[&w]ez Jo dtzdta’ P(2) G (z,a () (130)
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Similar to the boson case, let 1»* and ¢* denote the forward/backward values of

the Grassmann fields. The following Keldysh parametrization

d= s (WP HUT), = (Y -0 (1.31a)
e T ST
proposed by Larkin and Ovchinnikov and defining
N wl = 1;1
U = , U= (1.32)
Wy Uy

brings the action into the following
/@ \f/ [i/d4xd4ac’ \I_}T(x)é_l(x, ') (z) (1.33)

where the inverse Green’s function matrix reads

» / [GR]_l [G_l]K
G (z,2') = (1.34)
o [t

The components of the Green’s function satisfy the following symmetry prop-

erties

¢t ="', & =—[c"] (1.35)

Therefore, the Keldysh component can be parametrized by using a hermitian matrix
F=F"as

GE=GRoF—FoG" (1.36)
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where the symbol o means convolution. In thermal equilibrium the Green’s function
depends only on the difference between time components, due to the time transla-
tional symmetry. Fourier transform in this time coordinate produces the equilibrium

distribution function F' as a function of energy € as

€—

F(e) =1—2np(e) = tanh 5T

(1.37)

To be more specific, consider the free gas of electrons under a uniform Zeeman

field H, that has the Hamiltonian

g=2r +g,.3 (1.38)
m
With the spin degrees of freedom o,0’ = =+, the Keldysh action of the free

Fermi gas reads
S0= 3 [ ataate BE@G o a) ) (139
Choosing the direction of H; as the z axis and using the fact that energy, momentum

and the z-component of spin are good quantum numbers, and defining the Fourier

decomposition of the fermion fields as

—

67 = S w0, D7) = 3 BF, e (1.40)
E k
the bare Green’s functions can be immediately written down as
- -1
G (K, €) = 8,0 <e — €, T iO) (1.41a)
GE. (k. €) = —2mi0,0r F(€)d(e — €7 ) (1.41b)
where
|E|2 +oH (1.42)
€ = — g .
k,o om Z



1.2.4  BCS theory of superconductivity in the Keldysh formalism

The free electron gas is just an idealization, as collisions and momentum trans-
fer between electrons occur due to interactions. The two-body interaction term can
be captured by including the interaction term in the action S = Sy + S;,; where in

reciprocal space we have

1 _
St =5 /C at S S U@, B i e a (1.43)

qj]a]z/ oo’

Depending on the magnitudes of the momenta of the incoming electrons, we
can have three classes of scattering events. First, the incoming electrons have
momenta comparable to the Fermi momentum so that k, & ~ kp and the trans-
ferred momentum ¢ < kp is small. Second, the sum of the incoming momenta
|k + K| ~ 2kp is close to twice Fermi momentum; and third, the difference of the
momenta |k — k| ~ 2k is nearly twice Fermi momentum. In the last two cases, the
momentum transfer is on the order of kp.

The second type, where |IZ — l;’| ~ 2kp is the most important, as it produces
Cooper pairs in the following way. Relabeling the momenta so that the transferred

momentum is exactly |k + k|, we get

1 Lo
SBCS = —§ /C dt Z Z U(k "‘ k )wlg,a¢—/¥+¢i0’1/]/;/+§,U/1/J—E’,U (144)

(ZE’];’/ oo’
where the subscript BC'S stands for Bardeen-Cooper-Schrieffer theory that is based

on the idea that interactions that flip the momenta of the incoming pair binds them
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into bosonic pairs. In BCS theory, the interaction between electrons are mediated
by phonons with momentum ~ kg is frequency independent and attractive and
is —A/v where v is the density of states at Fermi energy and A > 0. Indeed, in
this case, the interaction is of pairing type because the interaction vanishes due to
fermionic commutation relations when the spins of the interacting electrons are the

same. Defining the Cooper pair fields as:

Q@) =Y Vg0 gy (8), (@ 1) =D O g (g0, (1) (1.45)

The interaction in real space reads

Spos = %/CdA‘a: O(x)P(x) (1.46)

A bosonic degree of freedom A is introduced so that the total action becomes
quadratic in the fermionic fields. This effectively decouples the Cooper fields at
expense of creating a bosonic condensate A. To do this observe that, BCS action

can be written as

exp(iSpes) = / ZINER G L (1.47)

Now, the partition function for the free and interacting parts Sy + Spcg can

be expressed in terms of a single quadratic action, the Bogoluibov de Gennes action

Spac

/@[1Z¢]6(i50+i5305) — /@[A]e_iifcd%A'Q/@hﬁd}]eislgdc (1.48)
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where

\ i0; + 5= (V, 4+ 1 A)? — Vi A Uy
SBdG = / d*z (wT _wi>
C

—A* —i0, + = (V, —iA)? = Vi | \ by
(1.49)

The crystal dislocations and non-magnetic impurities impose a disordered elec-
tric potential on the system, which we call V. In addition, we assumed the Zeeman
coupling is small and ignored it.

This 2 x 2 kernel is defined in the particle-hole or the so-called Nambu space. In
a general situation coupling terms exist between the particle hole spinor (i1, ;) and
the spinor with opposite spin structure (1, —t1). So the BdG kernel is 4 x 4 acting
on bi-spinors that live in the direct product of Nambu and spin spaces. Here, due
to the absence magnetic impurities and spin orbit coupling, the spin space becomes
trivial and we get two copies of the Nambu space.

However, we still need to enlarge the kernel if we want to double the degrees
of freedom to account for the closed-time contour. So we are working in the product

of Nambu and Keldysh spaces. In this space, we can write

T -
\D:(%Ta by, o, ?Zu) ’ qj:(@zlm —1y, o, —@/m) (1.50)

Spac = //d4xd4x'\1_}(x) [éal(a:,x') — Vdis(x,x')} U (z') (1.51)
where Gy is the Green’s function of the clean superconducting system and the dis-
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order potential Vg (z,2') = V(2)0(x — 2/)1 i.e. it is diagonal in spacetime as well
as Keldysh and Nambu spaces. The derivation of Gorkov equations for the Green’s
function and quasiclassical Green’s functions for a disordered superconductor follows

from the Keldysh BdG action in Eq. (1.51). [50]
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Chapter 2: Long range p-wave proximity effect into a disordered metal

2.1 Introduction

Superconducting heterostructures have attracted a lot of attention recently
as possible hosts of Majorana fermions [51-59]. One of the important outstanding
questions in the studies of these heterostructures is the interplay between topologi-
cal superconductivity and disorder [60-63]. Here we explore this issue, focusing on
the leakage of p-wave superconductivity into a disordered metal. Naively, it may
not appear to be a particularly meaningful question, because unconventional super-
conductivity is known to be suppressed by disorder per Anderson’s theorem [64].
However, Anderson’s theorem is only relevant to an intrinsic superconductor and
has little to do with a leakage of superconductivity.

The linearized Usadel equations are standard tools in studies of proximity
effects [65,66]. Their derivation, however, assumes that an anisotropic component
of the superconducting condensate’s wave function is small compared to the isotropic
one, which is not the case in the systems we are interested in. Here, we focus on
the more general Eilenberger equations [18,67], which allow us to straightforwardly
model systems with complicated geometries and varying degree of disorder. (In
the context of topological superconductivity, similar approach has been used in
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Refs. [68-71].)

In this work, we consider an infinite quasi-one-dimensional system (nanowire),
at least part of which is superconducting. To describe the electronic correlations
in the system we utilize the quasiclassical Green’s function g — a matrix in Nambu
and spin space [18]. It is obtained from the full microscopic Green’s function and
faithfully captures the long length scale features of the system. For a recent compar-
ison between quasiclassical and fully microscopic calculation of the same structure,
see, for example [72]. In a one-dimensional model, § depends on the Matsubara fre-
quency (w), the center-of-mass coordinate of the pair (x), and the direction of the
momentum at the Fermi points ({ = p,/pr is +1/ —1 for right/left going particles).

It obeys the Eilenberger equation [18,66,67]

1

2Timp

Curpde§ = —[ws, §] +i[A, ] (), 9]- (2.1)

Here 7 are the Pauli matrices in Nambu space. The effects of impurities enter the
equation through the last term, in which 7, is the mean time between collisions,
and (...) denotes an average over the Fermi surface (actually, two disconnected points
in the one-dimensional case). Since we are interested in wires in which supercon-
ductivity is induced by a proximity with a bulk superconductor, we treat A as an
external parameter, which, furthermore, we assume constant throughout the wire.
This allows us to ignore self-consistency, and simplifies the calculations.

The outline of this chapter is as follows. In Sec. 2.2 and Sec. 2.3, we obtain
exact solutions of Eq. (2.1) for s-wave and p-wave order parameters respectively. In

Sec. 2.4 we introduce an intuitive picture for the behavior of the solution by mapping
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the equations to the equation of motion of a classical particle in an external force
field. In Sec. 2.5 we study superconducting correlations induced by proximity in
a metallic wire. In particular, we demonstrate that the p-wave correlations can
be surprisingly long-ranged, even in the presence of disorder. We also show that
impurity scattering produces a zero-energy peak in the density of states (DOS).
We summarize the results of our work in Sec 2.6. Although self-consistency is not
relevant for the experimental setup we are considering, in the Appendix we provide
for completeness the solutions of the fully self-consistent Eilenberger equations for

both s-wave and p-wave quasi-one-dimensional superconductors.

2.2 The s-wave case

We decompose g in Nambu space using the Pauli matrices 7;: ¢ = —ig171 +
goTo + g373. The off-diagonal scalar functions g; and go describe the superconduct-
ing particle-particle correlations, whereas the diagonal component gs contains the
particle-hole correlations. These functions have to satisfy the normalization condi-
tion —gi + g3 + g5 = 1.

In the case of an s-wave superconductor, A s a spin-singlet and, ignoring
the spin indices, it can be written as AgiTs — this is equivalent to choosing the
order parameter to be purely real. We ignore self consistency and assume that A is
constant in space. The function gs is in the same channel as A, and thus encodes the
s-wave pairing correlations. The g; function has more interesting origin — it describes

the p-wave, odd-frequency superconducting correlations, induced by boundaries or
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other inhomogeneities, and disappearing in bulk uniform superconductors [73-76].
The component ¢; is odd in momentum; therefore, its Fermi surface average vanishes
identically: (g;) = 0. The components g and g3 are even in momentum; therefore,
(g2) = g2 and (g3) = g3 are satisfied. With these considerations, Eq. 2.1 can be
now written as a set of three coupled first order differential equations for the scalar

functions g;:

CupOyg1 = —2wgs + 2Ags, (2.2a)
1
CUrdegs = —2wg1 — —— G193, (2.:2b)
imp
1
CurpOzgs = 2Ag1 + —— 9192 (2.2¢)
imp

To be integrable this system of equations has to have two constants of integra-
tion. The norm of g, which is —g} + g5 + ¢> = 1 is one of them. We have identified

another constant Cj, given by
Cs = 91/ (2Timp) + 2292 + 2wgs, (2.3)

and obeying 0,Cs = 0. Note that the value of C can be fixed using the appropriate
boundary conditions. Using it we can reduce the system given by Eq. (2.2) to a

single second-order differential equation for g:

Cs

Timp

1
V202G, = (4w2 +4A* + ) g1 — qgi. (2.4)

27—imp
Let us note several interesting limits for this equation. The 7, — 00 is the clean

superconductor limit, which was considered in Refs. [73,74]. The 7, — 0 is the
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strong disorder limit, in which Eq. (2.4) leads to results equivalent to those obtained
by the Usadel equations [66]. Finally, A — 0 is the normal metal limit, where non
trivial (proximity) solutions follow from superconducting boundary conditions.

The bulk superconducting energy A, is a convenient energy scale for the sys-
tem. Even in a normal metal, where A = 0, non-trivial solutions can appear be-
cause of proximity with a superconductor. In this case we can still use A, the
bulk gap parameter value in the neighboring superconductor, as a convenient en-
ergy scale. To streamline the notation we denote the coefficient from Eq. (2.4) by
s = w? + A% + O, /(4Timyp), and normalize Cy and «ay by the superconducting en-
ergy Ag, to get C, = C| /Ag and &, = a,/AZ We also introduce the dimensionless
coordinate T = x/§, (where { = vr/A is the superconducting coherence length)
and the dimensionless disorder strength 5 = 1/(2A¢Tim,). With these substitutions
we can write Eq. (2.4) as

D291 = 4dasg1 — 25°g;. (2.5)

T

Once the boundary values of the Green’s function components are given, the
value of C; and therefore o is fixed. Then we can solve Eq. (2.5) without ezplicit
reference to the other components of g. Multiplying both sides of Eq. (2.5) with

0391, the solution can be obtained implicitly as an integral:

91(%2) d
/ ~ A =(E (. (2.6)
a@) 4 [4dsg% — 3291 + 2E;

Here, E, is a constant of integration (in itself a function of C.), about which we will
have more to say in Sec. 2.4. Note that the Fermi index ( = 41 appears on the
right side of Eq. (2.6), therefore the function g; is manifestly odd in momentum. We
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determine the plus/minus sign in front of the integrand by demanding consistency
with the boundary conditions and the integration path so that the signs of both sides
in Eq. (2.6) match. We will present an intuitive way to understand this solution in
Sec. 2.4 and show that only monotonic solutions are physically acceptable. For a
solution that starts from & = 0, it is convenient to recast the integral in Eq. (2.6)

in terms of the inverse elliptic function sn~!, which leads to

z

o (@) | o S
sn”! ((;2—)1/2 E) . = igﬁx[_ﬂs]lﬂv (2.7a)
ot = % (zas + [4a§ + 2E552} 1/2) . (2.7b)

where 7’ is a dummy variable.
Once we have g (), we can obtain the other components by using the constant

of integration C and the system in Eq. (2.2), to get

A(Cy = B (@) — COsg(a)

92<5U> — - — , (28&)
2 <w2 + A2)
& (C‘S - ﬁg%(x)) + Az g1 (2)
g3(z) = ~ ~ : (2.8b)
2 (WZ + AQ)

2.3 The p-wave case

In the case of a p-wave wire we consider spinless fermions. As in the previous
section, we decompose ¢ using the Pauli matrices 7;. The order parameter can be
written as (AgiTy, and we again assume that A is a constant in space. The difference
from the s-wave case arises from the fact that now g, is p-wave, and g; contains the

secondary s-wave (odd-frequency) correlations [76,77], and references therein.
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The components of § again obey three coupled differential equations, which
differ from the s-wave case, due to the Fermi surface averaging in the last term of
Eq. (2.1). In the p-wave case the order parameter has p-wave symmetry; therefore,
we get (g1) = g1, (g2) = 0. Note that (gs) = g3 applies (particle-hole correlations

are s-wave-like). With these we have

1
(upOyg1 = —2wg2 + 2CAgs — ——gags, (2.9a)
imp
Curdyg2 = —2wgn, (2.9b)
1
Curdzgs = 20Ag1 — 9192- (2.9¢)

imp
In the clean case, these equations are linear and easily solved [70,73,74]. Impurities
introduce nonlinear coupling, proportional to 1/7;,,. Nevertheless, as we demon-
strate, these equations can be treated analytically. The next several steps closely
follow the discussion in the preceding section. We have again identified a constant

C, obeying 0,C, = 0. It is given by
Cp = =95/ (2Timp) + 2CAgs + 2wgs. (2.10)

Using it we can derive from the system in Eqs. (2.9) a single second-order equation

for gs :
3CA 3
V029 = —2CAC, + doy,g; — Tg—gi + 279—22, (2.11)
mp imp

where for convenience we have introduced a, = w? + A? + C,/(47;mp). Notice the
difference with Eq. (2.4), which is for g;.

Again, we use the energy scale A (see Sec. 2.2 for more explanation) to intro-
duce normalized coordinate & = x/&, (where £ = vp/A), dimensionless disorder
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strength 8 = 1/(2A0Timp), and normalize C,, and oy, as C,, = C,, /A and &, = a, /A2

With these substitutions Eq. (2.11) becomes
0392 = —2CAC, + 46,9, — 6CFAG; + 26795, (2.12)

Now we integrate the equation Eq. (2.12), which can be done without any

explicit reference to the other two components:

g2(%2) d
/ ~ — 2 = (@ —F)  (213)
92(%1) [—4C ACygs + 4d,g5 — 4CAg3 + B2g5 + 2Ep]

The Fermi momentum appears on the right hand side of equation Eq. (2.13)
and g is odd in momentum, as it should. We determine the plus/minus sign of the
integral in Eq. (2.13) in order to be consistent with the boundary conditions and
the integration path.

In this chapter, we are interested in the behavior of the solution in a disordered
normal metal next to a superconductor, so we consider the special case A = 0, and
recast the integral in Eq. (2.13) in terms of the inverse elliptic function sn™" to get

Eq. (2.14):

=/ +\ |Z =~
p P 0
P = % (—2ap + 402 - 2,87 1/2) . (2.14b)

Once we have go(z), we can obtain g;(z) and g3(x) by using the constant of
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integration C), and the system in Eq. (2.9), to get

gi(x) = #ﬁf@), (2.15a)

2.4 Classical particle analogy

There is a surprising but intuitive way to understand the results from the
previous two sections. We can think of Eq. 2.6 as an equation of motion of a
classical particle with coordinate g1, in an external force field. In this interpretation
the normalized position (Z takes the role of the dynamical time of this classical

particle. The Hamiltonian of the classical particle is given by the following equation:

1 R (2
H[gi] = 5(3591)2 — 2a,97 + 7911- (2.16)

This Hamiltonian describes a particle in a double-well potential Vi[g1] =
—2d,59? + 3?g1/2, as shown in Fig. 2.1. We denote the conserved energy of this
Hamiltonian as E,. We can furnish the solution to the “equation of motion” by in-
verting the integral in equation Eq.(2.6) that sums up to the elapsed time (5 — (74
between initial and final coordinates g1(Z1) and ¢o(Z2), respectively.

The double well potential Vi[gi], allows non-monotonic solutions. However,
the classical turning points of this potential scale as £(wTim,) at high frequency,
and for both w — oo or 7,,, — oo the non-monotonic motion has unbounded
amplitude; hence, these solutions are not physical. Therefore, we will only consider
the monotonic solutions. If we denote the poles of the integrand as pF then we can
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Figure 2.1: The potential landscape of a classical particle with motion
describing the Green’s function, for a normal metallic segment, in contact
with a superconductor. Depending on the superconductor (s or p-wave)
potential is either V; or V},. In the clean limit both converge to Ve,

conveniently write the integral in Eq. (2.6) with monotonic integration path that
starts from the point g;(Z = 0), in terms of the inverse Jacobi elliptic function sn=*
as in equation Eq. (2.7).

In a similar manner, we can interpret Eq. (2.12) as the equation of motion
of a classical particle with coordinate gs, moving in an external potential. The
Hamiltonian of this classical particle is given in Eq. (2.17)
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1 . i .
Hygo] = 5(0592)2 +20AC, g, + 26,93 — 20AgE + 793 (2.17)

The Hamiltonian given by equation Eq. (2.17) describes the particle in the
external potential potential V,[g,] = 2CAC,gs + 2,93 — 2CAg3 + (2g /2. We denote
the conserved energy of this Hamiltonian as Ep. We can again find the solution to

the “equation of motion” by inverting the integral in equation Eq.(2.6) that sums
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up to the elapsed time (Zy — (Z; between initial and final coordinates go(Z;) and
92(Z2), respectively.

In the special case of interest, where we are solving the equations in a disor-
dered metal, A = 0, therefore the potential V},[g2], shown in Fig. 2.1, permits only

monotonic solutions (given in Eq. (2.14)).

2.5 The p-wave wire with normal segment

We now proceed to study the leakage of superconductivity in a metallic wire.
We consider an infinite wire extending along the z-axis with two segments that
meet at x = 0. The infinite segment on the left (z < 0) is made of clean p-wave
superconductor with order parameter (A,. The segment on the right (x > 0)
is made of a diffusive normal metal (the order parameter is zero). We are, in
fact, considering a quasi-one-dimensional system, with several conducting channels,
rather than a truly one-dimensional wire, which would be in an insulating state even
for infinitesimal disorder strength.

We want a solution that for x — —oo reproduces the mean field result for a
uniform clean p-wave superconductor. Introducing the parameter B and the dimen-

sionless variables Q = Q/Ag, @ = w/Aq, we can write such a solution [70,78,79):

g1(2) = (1/@)[1 — 2B] exp(2Q /). (2.184)
92(2) = ¢(1/) (1= [1 - QB exp(20/0)) (2.18b)
g3(z) = {[1 — 0B /(Qw)} exp(2Q /&) + @ /S. (2.18¢)
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B has to be determined from the boundary conditions at the junction (z = 0). For
simplicity, we consider the case of perfectly transparent boundary, which guarantees
the continuity of the Green’s functions at the junction (More realistic modeling of
the boundary requires more complicated boundary conditions) [80,81]. (Note that
Egs. (2.18) were derived under the assumption that the order parameter is constant
in the clean p-wave superconductor.)

Now we consider the diffuse normal segment with infinite length. Then, for
x — oo we have g1 — 0, go — 0 and g3 — sgn(w), and using the constant of
integration C,(z = 0) = C,(z — 00) = 2|@| we get a quadratic equation, with one

of the two solutions given as:

B= {—1+\/1+26(Q—@)}, (2.19)

1
8
and we discard the other solution because it leads to a non-monotonic solution.
We can understand intuitively the behavior of g by invoking the classical anal-
ogy. The particle in potential V), starts at “position” g»(0) = (B, with velocity
9392(0) = —20¢g1(0) = —2¢(1 — QB), and moves towards its unstable equilibrium
point g;(+00) = 0, gradually slowing down until 0zgs(4+00) = 0, from which we
deduce E, = 0. Indeed, it takes infinite amount of time for the particle to reach the
point g, = 0, a fact we see from the diverging integral in Eq. (2.13) for E, = 0, as
gs — 0.

For Ep = 0 the elliptic integral leads to inverse hyperbolic functions, and defin-

ing the dimensionless constant x = [1 + 32B2%/(4,)]"/2, we can write the solution
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for go:
(B
cosh(z/¢") + ksinh(z/¢)

go(z) = (2.20)

Here & = &,/ (26411;/ 2) gives the effective decay length of the solution (at 7' = 0). In

physical units it is

£ = L
VAw? + 2w/ Timy|

(2.21)

In the dirty limit we have £’ = \/W , where D is the diffusion coefficient. Finally,
in the clean limit g, converges to (B exp(—2|w|z /&), as expected [70].

The other two components of the Green’s function can be derived from g using
C, and the Eilenberger equations: g, = —(£00,92/(20) and gs = sgn(@) + Bg3/(20).
As expected, impurities suppress g, relative to g;. However, they both decay in the
normal segment over the same length scale, given by Eq. (2.21). This decay is long-
range, and furthermore, with exactly the same length scale obtained for the case of
s-wave order parameter [73,74]. Thus, the naive expectation of strong suppression
of the p-wave correlations is misleading in this case. This is one of the main points
of this chapter ( Also, note that the order parameter amplitude Ag appears only in
the boundary conditions at = 0. Thus, even a complete self-consistent treatment
of the superconducting segment would not change the decay length, only the overall
prefactor), and it is also supported by the fact that the same decay length scale
appears also in the case of an s-wave superconductor with magnetic disorder [75],
which is known to be analogous in some ways to a p-wave superconductor with
potential disorder.

We can now obtain the DOS of the system from Re[gs(w — —ie + 0)] [70].
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Figure 2.2: Contour plot of the DOS of an infinite wire. There is mod-
erate disorder (8 = 1) in the normal segment (x > 0). The solid yellow
marks the regions that are beyond the plot range (where N/Ny > 3.5).
Notice the zero-energy peak in the normal segment.

On Fig. 2.2 we show it for a system with moderate disorder. Several things are
apparent from this plot. First, for low energies there is a significant decrease in the
DOS of the normal segment, caused by the proximity effect; however, it is not a
real gap, since the DOS stays finite. This decrease is entirely due to the impurities,
which “trap” the superconducting correlations close to the boundary (in the clean
case the DOS is constant for x > 0 [70]). The impurity-induced term in g5 also has
a divergence in the limit of small frequencies (g3 ~ 1/w), which leads to an infinite
peak in the DOS (see Fig. 2.3). This zero-energy peak has the same origin as the

Majorana edge state (namely, the sign change in the order parameter [78,79,82]).
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From Eq. (2.20), we can see that the weight of the zero-energy peak has a power-law
decay ~ (1 + SBx/&) % into the metalic segment.

Nie)/No
2.0

o
L
T

-""""'I""I""IE_."II:";
0.0 0.5 1.0 1. 0

L

Figure 2.3: DOS at the junction of infinite normal and superconduct-
ing segments. Three cases for the disorder in the normal segment are
plotted: weak (5 = 0.1, blue), moderate (8 = 1, purple), and strong
(8 = 10, red). Notice the suppression of DOS with the increase of dis-
order strength.

As a side note, in the case of an s-wave superconductor, the solution of Eq. (2.4)
is g1 = CA[cosh(z/&')+kssinh(z/¢")]7!, with A and k, that can be derived by match-
ing the solutions at the junction. However, unlike the p-wave case, the g; component
at the boundary is proportional to w. This dependence on @ changes the behavior
of the DOS. From g3 = sgn(w) — 3/(20)g?, we can see that the low frequency limit is
finite, and there is no zero-energy peak in the s-wave case (Analogous calculation in
the s-wave case leads not to a peak, but linear suppression of DOS at low energies.
The overall DOS profiles are very similar to those obtained earlier numerically ) [83].
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If the normal segment has finite length L, we impose the condition go(L) =0
(the p-wave component is suppressed by boundary reflection). Then the solution
follows immediately from Eq. 2.14 as go(x) = ((p; )1/2g [ﬁ(p;)l/Q(x — L)/&), with
elliptic parameter m = p, +/ p, - However, this expression has limited value, since By,
which should be obtained from matching the two solutions for g, at z = 0, enters
the expression through the parameters p;f , and is difficult to find. Fortunately, an
approximate analytic form for B, can be obtained. Numerical investigation suggests
that By, can be approximated by B[l — exp(—2L/Ag)], with Ag = B& (it controls
how quickly Bj, approaches to the infinite wire limit). Once we have By, we can
write go in a form that manifestly converges to that of the L = oo case [84]. The
common elliptic parameter of the elliptic functions is (o, — p}')/p,, and it lies in

the interval [0, 1]. With these definition we get:

Brdn (B0, 1122 ) = sn (Blo, 122 ) en (Blo; 122 ) \Jlog | + B3\ 1 + B} Jlez |

g2(r) = ¢
en? (Blp; 22 ) = (B3/lo )su? (Bloy 12 )
(2.22)
We can again obtain the two other components from g, by using: ¢g; = —(£00.92/(20)
and g3 = (&, — ©?)/(Bw) + Bga/(2w). Figure 2.4 shows the components g1, g2, g3 of
the quasiclassical matrix Green’s function g, for varying disorder strengths, over a
semi infinite wire with disordered section.
As L — o0, the elliptic functions are replaced by their hyperbolic counterparts,
and we recover Eq. 2.20. This convergence is exponential, so the wire is effectively

infinite when L/(B&) > 1. Conversely, if L/(B&) < 1, g2(x) decays linearly in the

normal metal. Again, it is the impurity-induced contribution to g3 that is of most
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Figure 2.4: Components of §,(g1: blue, go: purple, g3: red) for a wire
with infinite p-wave section and finite disordered section of length L =
5¢y. Top panel: weak disorder(8 = 1/(27;m,A¢) = 0.1). Middle panel:
moderate disorder (8 = 1). And bottom panel: strong disorder (5 = 10).

The Matsubara frequency is set to w = Ag/2.

interest. After analytic continuation we can write the zero-energy limit as
g3(x) = =0 (e)M(x). (2.23)

Here, M(z) describes the z-dependent weight of the zero-energy mode, and can be
extracted from Eq. (2.22):

Bu— /55 (1+ 52 ) sin (Bloy 122 ) cos (Bl 12

2 R2
cos? (5|P§|1/2§0> 'BB sin <5|Pp|1/25%)

O™

M(z) = %+

(2.24)
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It is monotonically decreasing function, and its values at the ends of the wire are
M(0) =1 — By and M(L) = M(0) — BB% /2 respectively. Figure 2.5 shows M (x)
in the normal section with length L = 5&, for various disorder strengths. As can
be seen, it becomes peaked closer to x = 0 as the disorder in the normal section
increases. On the other hand, for weak disorder, [M(0) — M(L)]/(L/&) is small,

so the zero-energy peak is delocalized over the entire normal segment.

0.6

0.41
2
0.2

0 .
0 1 2 3
x/ o
Figure 2.5: The weight of the zero-energy mode M (x) in a normal section

with length L = 5, for three disorder strengths (blue: 5 = 0.1, purple:
B =1,red: §=10).

2.6 Conclusion

We presented a quasiclassical description of a quasi-one-dimensional supercon-
ductor. The appropriate Eilenberger equations of the system were solved exactly.
Surprisingly, we discovered that this problem can be mapped to a one-dimensional
classical particle moving in an external potential. In view of the recent interest
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in superconducting heterostructures, we studied the proximity effects in a normal
segment, attached to a clean p-wave wire. We discovered that despite the presence
of impurities, the proximity-induced superconducting correlations are long-range.
We also found that impurity scattering leads to the appearance of a delocalized

zero-energy peak.
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Chapter 3: Analogue stochastic gravity in strongly interacting Bose-

Einstein condensates

3.1 Introduction

The idea that a curved spacetime is an emergent structure has a long his-
tory [85,86] and has been discussed in various physical contexts [87] from classical
fluid mechanics [88,89] and crystals with defects [90] to quantum entanglement [91].
While in the context of fundamental gravity, the emergent scenario remains specu-
lative at this stage, there has been a number of concrete realizations of various as-
pects of general relativity in “analogue gravity” models, where a non-trivial curved
spacetime metric arises naturally in the description of collective modes relative to
a background solution of the field equations [87,92]. A prominent example of such
analogue theory is a strongly correlated superfluid [93], where the phonon modes,
propagating relative to a (generally inhomogeneous and non-stationary) superflow,

satisfy a wave-equation in an effective curved spacetime

0y (V=99"0,0) =0, (3.1)
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where ¢(7,t) is the phonon field — a small deviation from a “mean-field” configura-
tion, g = detg,, is the determinant and ¢ is the matrix inverse of the metric

o 2 2 'l_JT
Guv = E (32)

—

v —I3x3

which is determined by the underlying superflow (¢ and ¢ are the superfluid velocity
and the speed of sound, p is the density of the fluid including the excitations).
Many exciting general-relativistic effects immediately follow from this observation,
including the formation of sonic horizons and black hole-type physics [92], analogue
Hawking radiation [94], proposed by Unruh [88] and recently reported by Steinhauer
to have been observed in cold-atom Bose-Einstein condensates [95], and a unifying
principle for cosmology and high energy physics discussed extensively by Volovik [93,
96].

This geometric theory of excitations in a superfluid, that this work focuses on
and develops further, is an alternative formulation of the phenomenological Landau-
Khalatnikov two-fluid theory of superfluidity [97,98], which has been originally de-
veloped as a macroscopic description of superfluid Helium. As the name suggests,
this theory separates the fluid flow into two components — one being the zero entropy,
zero viscosity superflow and the other being the entropy-carrying, dissipative nor-
mal flow. The two-fluid theory relies on the conservation laws for mass, energy, and
momentum in a Galilean-invariant continuum made up of these two components.
In addition to being an accurate macroscopic description of superfluid helium, the
two-fluid theory can be viewed as the first historical example of a long wavelength
hydrodynamic limit of a strongly interacting quantum field theory. The low energy
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effective field theory paradigm offers a number of powerful techniques to analyze
strongly interacting field theories and the hydrodynamic limit of high energy theo-
ries (e.g., the AdS/CFT and string theory) [99-102].

The main idea of this work relies on a conceptual analogy between the quantum
generalization of the Landau-Khalatnikov two-fluid description and the Caldeira-
Leggett-type theories of “quantum friction”, where a closed system is separated into
two components — a quantum “particle” and a bath to which it is coupled [15,103].
Integrating out the bath leads to classical equations of motion for the particle, which
necessarily feature a friction force and a stochastic Langevin force, connected to each
other via a fluctuation-dissipation theorem. For a strongly correlated BEC, this
analogy associates the superfluid order parameter field with the Caldeira-Leggett
“particle” and the Bogoliubov excitations with the bath. The question we ask here
is what are the corresponding Langevin equations of motion that arise? We develop
and use a combination of the aforementioned geometric theory of excitations and
Keldysh field-theoretical methods in a curved spacetime to answer this question.

The main result is the following stochastic equations of motion

Op+V - (p) = %v : [\/—_g ((T ) + &) 5?—” , (3.3a)
0,0 + %1)2 + u(p) = @ <<T,W> + fuu> 5?—:7 (3.3b)

where p is the density of the fluid, # is the superfluid flow potential, ¥ = V# is the
irrotational flow fluid of the superfluid component, p(p) is the chemical potential of
the fluid, g" is the matrix inverse of the metric tensor (3.2), v/—g = |det(g,,)|'/?
is the spacetime volume measure, Tuy(x) is the stress-energy tensor operator of the
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phonons (here z is a short-hand for the (3 + 1)-spacetime variable and the Einstein
summation convention is in use) and &, (x) is a stochastic tensor field, describing

its fluctuations around the average (7),,(x)). That is, the statistics of the Gaussian

noise with zero average is determined by the correlator

(€06 (1)) = 5 (L@, @)}

~

where £, (v) = T,,(z) — <Tuy(x)> and {-,-} is the anti-commutator. The averages
here are calculated relative to a deterministic background. What these equations
actually describe are fluctuations in the superfluid, e.g. they yield statistics of
density and velocity fluctuations, which in turn determine a stochastic metric. In
this sense, there is a strong similarity to the stochastic Einstein equations discussed
n the context of stochastic gravity [49, 104].

While these stochastic Einstein equations are interesting in and of themselves,
their derivation presents a technical challenge (a non-trivial generalization of the
non-equilibrium Keldysh techniques for a curved spacetime is required) [48] and
gives rise to a number of additional interesting results along the way, as discussed
below. This chapter is structured as follows:

In Sec. 3.2, we discuss the applicability of the metric description of a superfluid
by analyzing the relevant length and energy scales. In analogy with cosmology, the
geometric description breaks down at an effective “Planck energy,” where both the
linear dispersion of phonons and the hydrodynamic description break down.

In Sec. 3.3, we use the background field formalism to write down the Keldysh

quantum field theory of quasiparticles. We emphasize that the Keldysh description
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is necessary for taking the dynamical fluctuations of the phonon field into account.

In Sec. 3.4, we derive the analogous Einstein equation that governs the back-
ground and the excitations — “matter field.” We establish equivalence of the ana-
logue Einstein equation and the covariant conservation law for the phonons to the
two-fluid conservation laws of Landau and Khalatnikov. We prove the equivalence of
the two descriptions by reducing the covariant conservation law down to the Noether
current of the two-fluid system by using the equations of motion. In Appendix B,
we provide the technical details of this derivation.

In Sec. 3.5, we take the analogy between the superfluid system and general
relativity further to the domain of stochastic fluctuations. We write the response
and dissipation kernels in the covariant language, and give the details of this in
Appendix C. In global thermal equilibrium, we discuss the notion of temperature
on curved spacetime. We prove the fluctuation dissipation relation for a metric with
globally time-like Killing vectors, that is for a flow that can brought to a stationary
form after a Galilean transformation.

Finally in Sec. 3.6, we linearize the stochastic analogue Einstein equation and
obtain a Langevin-type equation for the stochastic corrections to the background.
We show that the symmetries of the flow determine the structure of the Langevin
equation, by considering the Minkowski case.

Throughout this chapter, we will use the Einstein summation convention for
the indices, unless otherwise stated. The spacetime indices are in lower case Greek
letters while the space indices are in lower case Latin letters. We use the sign

convention (+ — ——). In addition, the fluid dynamics equations are written in
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terms of Cartesian tensors, where there is no distinction between covariant and

contravariant tensors.

3.2 The model and energy scales

In this section, we review the energy scales involved in the analysis of an
interacting system of bosons and its excitations. The analogue “general relativistic”
description is an approximation to the exact theory and its applicability is controlled
by our ability, or lack thereof, to neglect a quantum pressure term discussed below.
The main conclusion of this section is that the stronger the repulsive interactions
between bosons composing the superfluid, the less important the quantum pressure
term and correspondingly the wider the domain of applicability of the general-
relativistic approximation (in the sense of a range of energies and length-scales
where the description applies). We discuss these “Planck” energy and length-scales
below.

Our starting point is just the standard Lagrangian of interacting bosons
h2
L[, D] = ®*ihd, P — 2—|w1>|2 —e(joP), (3.4)
m

where ®(7,t) = ®(x) is the boson field, m is the mass of a boson, and the energy
e(|®]?) describes an external potential and density-density repulsion between the
bosons. Though, at this stage we do not specify the external potential and inter-
action potential between bosons, for e = £|®|* 4+ V|®|?, the saddle point of this

Lagrangian, satisfies the Gross-Pitaevskii or non-linear Schrodinger equation:

h2
iho,® = —%v% + V(7 1)® + g|®]*. (3.5)
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The first step in deriving the hydrodynamic theory is the Madelung transformation
of the boson field [105], which is a change of variables to polar coordinates in each

point of spacetime:

d(z) = PA) imotayin (3.6)

m

The new variables are the density, p, and the phase 6, which in effect is a “flow

potential” for the superfluid, that gives rise to the irrotational flow velocity field
v = V6.
In terms of these variables, the Lagrangian (3.4) takes the form

B 1, 1 (hVp\°
$—p8t0—|—2pv +e(p) + 8<m\//_)) : (3.7)

“quantum pressure”

(Classically, the long-wavelength description of this system in local thermo-
dynamic equilibrium is fluid dynamics. This description can be extended to the
quantum regime, where a macroscopic order exists as in the case of a condensate.
This macroscopic order is a non-trivial vacuum that solves the mean field fluid equa-
tion Eq. (3.8), which is just the Gross-Pitaevskii equation Eq. (3.5) in the Madelung

parametrization:

Op+ V- (pt) =0, (3.8a)

1, 0 1R 1_,
6t9 + 5@ + a—p = §W%V \/ﬁ (38b)

These are the Euler equations for an ideal, zero entropy fluid, with an additional
energy per unit mass appears in the right-hand side of Eq. (3.8b) due to the quan-
tum potential term ~ (V,/p)? in Eq. (3.7). Together with the continuity equation
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Eq. (3.8a), the gradient of (3.8b), when multiplied by the density p, produces a
momentum balance equation. In this equation, the quantum potential leads to a
pressure gradient, hence this potential is called “quantum pressure” in Eq. (3.7).

The excitations over this non-trivial vacuum state are the Bogoluibov quasi-
particles. These quasiparticles can be thought of a quantum field propagating on top
of the ground state manifold. When treated semiclassically, the quasiparticles con-
stitute sources to the hydrodynamic equations (3.8), in the spirit of the two-fluid
hydrodynamics. Moreover, the entropy-carrying quasiparticle quantum field acts
as a bath on the background system. In addition to momentum and energy flux
and stresses, the quantum bath creates a noise to the evolution of the background,
leading to a stochastic Langevin component.

We now show, by analyzing the appropriate scales, that when the repulsive
interactions between the bosons are strong, the quantum pressure term is suppressed.
Such a fluid is the basis of the gravitational analogy, as it simulates the spacetime
on which the matter field — that is, the phonon field — propagates [93,96].

If we momentarily ignore the quantum pressure proportional to V,/p, we get
the Lagrangian density of a vortex free perfect fluid with flow velocity v = V6. The
excitations of this system are obtained by linearizing the equations of motion and are
the sound waves with speed ¢ = pd?c/dp? at equilibrium density. When quantized,
the excitations have the linear spectrum FE, = hck. Therefore, the dimensional
parameters characterizing the vortex free quantum hydrodynamics are the Planck
constant, A, the equilibrium density p., and the equilibrium speed of sound, ¢.. The
relevant energy scale of this theory is Fy = (R3c2p.)'/*. Since the energy density
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—1/4 Therefore, the mass

is ~ p.c?, the characteristic length scale is dg = (p.c./h)
scale is ped% = Mg = (pch®/c3)t/* and the time-scale is tg = dg/c. = (pecd/h)~V/2.

With the addition of the quantum pressure term, the spectrum of Bogoliubov

phonons receives a correction as E, = fic.ky/1 + h2k2/(4m2c2). Therefore the linear
spectrum of phonons breaks down at a length scale of & = h/(mc.), this is the
coherence length of the condensate. At this scale, the phonon energy is of order
FErLorent- = mc?, which can be dubbed the Lorentz violation energy (i.e., where the
phonon spectrum deviates from the linear dispersion). Note that, Lorentz violations
do not necessarily occur at exactly the inter atomic length scale d and thus E o enis
is generally distinct from the “Planck” energy scale Epjgner = hee/d — that is the
energy required to resolve the individual atoms separated by a distance d (at such
length-scales the hydrodynamic description becomes meaningless). Indeed, the ratio
of the coherence length to the inter atomic distance is determined by the strength
of the atomic interactions. Defining gy = h?d/m3, and setting gp? = (p.) = pec?,
we get (£/d)? = go/g. In summary the relationships between different scales can be

written in terms of the normalized strength of interactions go/g as:

Epianc _ & _ [0 _ (Mg’ (39)
ELorentz d g m ‘ .

This ratio determines the relative importance of the quantum pressure term
compared to the interaction energy. The corresponding ratio is (below, L is a length-

scale on which the density changes):

2
(=VvP) e .8 _w
£(p) gm?pl? L2~ d* g




In the weak interaction limit, as in a dilute Bose gas, the coherence length £ and
the quantum mass scale Mg are large compared to microscopic counterparts d and
m. This signals that the system behaves like a macroscopic quantum object, hence
the condensate fraction is closed to unity. In this regime, Lorentz violation occurs
much before the interatomic scales are reached and the excitations are Bogoluibov
quasiparticles with the non-linear spectrum. In the strong interaction regime, as in
Helium-II or a strongly interacting BEC, the condensate fraction is small, however
the Lagrangian (3.7) is still valid, as it produces correct equations for a zero entropy
dissipationless classical fluid. In this regime, the quantum pressure is negligible
down to the & ~ d scale. This means that the collective excitations are sound
waves all the way up to the effective Planck energy. Therefore, geometric theory of
analogue gravity for the covariant sound waves, that we will summarize in the next
section, applies as long as we stay in the hydrodynamic regime, that is to say at

length scales larger than the inter atomic distance.

3.3 Background field formalism on the Keldysh contour for Bogoli-

ubov quasiparticles
Here, we outline a procedure to extract a field theory of the excitations starting
from Eq. (3.7). We show that an effective curvature and covariance emerge when the

amplitude modes of the excitations are integrated out. Finally, we obtain an effective

action for the superfluid system and the phonon bath. Unless noted otherwise, we
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Figure 3.1: The Keldysh contour and its forward/backward branches
labeled by the path index s = 4: Each degree of freedom and the
associated sources are defined twice, one on each branch. The values are
matched at ty, for example p} = p5.

use the units, where

h=c.=kp=1. (3.10)

We employ the closed-time path integral or the Keldysh functional integral [43—
46] and the background field formalism [106, 107] to separate the superfluid back-
ground and the quantum field theory of excitations. Note that the procedure, out-
lined below in Eqs. (3.11) — (3.27) is completely general and does not rely on a
particular form of the initial action, but we will apply it specifically to the super-
fluid Lagrangian (3.7).

Generally, given an initial density matrix g(¢;) and the evolution operator 02/;5,5

that takes the system from ¢ to ¢/, the density matrix at any point in time ¢ is

Suppose 0 is an observable. In the Schrodinger picture, the expectation value of
this operator at time ¢ is
(O(t)) =T [06(1)]. (3.12)
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In the Keldysh formalism, the time contour is made up of two branches that
start at an early time ¢; and meet at t; as shown in Fig 3.1. Each degree of freedom
in the system is defined twice, one on the forward and one on the backward branch of
the time contour labeled by + respectively. The values of all variables are matched
at the final point t; where the branches meet. The observable can be coupled to
the system via the source currents J*(7,¢) that are added to the Hamiltonian H—
H+ J*0. The forward /backward evolution operators associated with the modified
Hamiltonian are denoted as % (J*). Then the forward /backward expectation values

of the observable can be obtained from the following generating function
L] = T |0, (T 2y (T )8 (3.13)

by differentiating it with respect to the forward/backward source currents J=

(0*F(t)) = +i Z[JF] (3.14)

5
STE()

JE=0

Note that, if we set J* = J~ from the outset, the forward /backward evolution

operators cancel due to unitarity and
ZJr=J]=Trét) =1. (3.15)

This means taking the logarithm of the generating function as in ordinary field
theory, is redundant in Keldysh theory.
The generating function Eq. (3.13) for the boson system in Eq. (3.7) can be

written as a closed time path integral as [15,47]:

2y Jy) = /@[ei,pﬂg(ﬂfﬁf) X exp [z Z C/dx L(p°,6°) + Jpcpc + JS6°
C==+
(3.16)
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where dz = dtd®r, the sum goes over the upper and lower Keldysh contours, the
factor C'is (£1) for the upper/lower contour.

The simplest observables are the mean fields, that is the expectation values of
the fields. Writing

ZLIE, Jf) = eI, (3.17)
the mean fields are generated by using Eq. (3.14) and Eq. (3.15)

oW
o= (pt) =+ doFr = (9t = +— . 3.18
o= = | = 0 =] (3.18a)

Now, we can separate the system into a classical background and quantum
excitations around it as follows. Suppose that the mean fields are given. Then one
can express the sources in terms of the mean fields by constructing the effective

action, that is the Legendre transform
it 03 = WU Jf = 3 C [ de (56 + I565). (a9
C=+

Now, the sources can be expressed as

5 .o .
% = :FJP and @ = :FJQ . (320&)

Exponentiating the effective action and using (3.19) one can eliminate the sources

in (3.16) in favor of the mean fields. If we define the deviations from the mean fields:

=0 =0, (3.21a)

¢t = 0F — 07, (3.21D)
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we can write the following integral equation for the effective action

0l )|
E d C ey — —_ 50 — —_4C
C/ L (p”,07) S Ocp (5900¢

il[Jp Jﬂ_/@@ﬂ:’pﬂ:] (pz,ei) X exp [Z
C=%

(3.22)
The effective action, I', can be solved for iteratively and be expressed as a series

(we restore the Planck constant below to emphasize the semiclassical nature of the

expansion)
['=Ty+ Al + ATy + ... (3.23)
the classical action
S[p*,6%] = /dx ZL(p*,0%), (3.24)
being the zeroth term:
Lo = Slpg . 5] = Slpo . 0o . (3.25)

In this work we consider only the first order or one-loop correction I',, to the classical
action. This correction encapsulates the quantum field of Bogoluibov quasiparticles
over the background, that become phonons at long wavelengths (hence we use the
subscript ph, a shorthand for “phonon” corresponding to the first loop correction).

We substitute the lowest-order expression( 3.25) into I'’s on the right hand
side of Eq. (3.22). On the left-hand side, we substitute I'g + I',,, where I'yy, is an
unknown. Expanding S around py and 6, and matching the terms in the equation,
we find the phonon effective action I'y, i.e. the leading-order correction in p and ¢

to I'. Defining

(pz 7¢i) ( _p078i ‘9(:]t)7
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we write

Tonlro %51 — / 215*,6*18 (57, ¢) x exp {Z >.C / d $C<2><ﬁc,¢c>}, (3.26)
C=+
where the %2, depends on the path index C' = & not only through its arguments

but explicitly as
R

L (5,0) = (p,¢) - 3205, 8)

in multi-index notation. So far, the results are completely general. Now we use the

Py By
explicit Lagrangian (3.7) and obtain the phonon effective Lagrangian, .Z?). After

suppressing the time-path index C' = &+, it is

3 . 1 (¢~ \. 1
— LD = 50, + - V) + 57 (p—z + KQ) p+ §po(V¢>)2, (3.28)

where we defined the “quantum pressure” operator,

~ 1 (V,O())Q V,OO V2
Ko=1—+ { ERLAN R

3.29
I AT 529

3.3.1 Covariant phonon action

The one-loop correction can be computed exactly in the strong interaction
limit, as the path integral reduces to a Gaussian integral. As noted in Sec. 3.2, at
energy scales below Epo.eni-, the operator f(Q in (3.28), that results from quantum
pressure, can be neglected compared with the term c¢3/py. This yields the following
Lagrangian

22 Db~ 3 <C—) p— 5p0(V6), (3.30)

KQ—)O pO
where we defined the material derivative
D¢ = 0,0 + 1y - Vo
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Now, the density fluctuations, p, can be integrated out. To do the path integral
over p, we can think of spacetime as divided into cubes with volume &*/c, and
discretize the integral. Note that the integrand is a diagonal matrix over spacetime
and the path integral reduces to a product of Gaussian integrals. At this point, we
shorten the notations for the mean-field parameters pg, 6y and vy, writing them as

simply p, 6 and v for the sake of brevity. If we define the density matrix as
0, (67.¢7) = & (5Dt 07 L D07 67 (331)
integrating out the p field produces:
Dy — el %] _ / P[5+ 0,/ (S 1-5167)). (3.32)

with the measure of the path integral being, again suppressing the + signs,

7'l¢] = Hdcb\/#, (3.33a)

and the following covariant action for phonons

S = % / dt &z C—’; [(Dig)? — & (V$)?] . (3.34)

This action can also be obtained through a classical treatment of the La-
grangian Eq. (3.7) [89]. The material derivative D;¢p = 0;¢ + U - V¢ is the measure
of the time rate of change of ¢ in a frame comoving with the fluid. This means
the action in Eq. (3.34) describes non-dispersive waves with speed ¢ in the fluid
comoving frame. Galilean invariance of the fluid system requires that the sound

—

wave velocity @ = dZ’/dt in the lab frame satisfy ( —¥/) = ¢®. This means the sound
rays with velocity with d#/dt = @ are null rays on the manifold with line element
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ds® = L[ (2 = v))dt2 — 25 - dudt + dx - ). (3.35)
C

This is the line element for any analogue gravity system with background
Galilean symmetry up to a conformal factor, for which the choice of p/c allows us

to write the phonon action of Eq (3.34) in the following suggestive form [88,89]

1
Sph, = §/d4x\/—gg“”8u¢8y¢. (3.36)

Here, the metric can be read off from the line element Eq. (3.35) by writing ds? =

gudztdz” as

: (3.37)

g S
wo=

here (+ — ——) convention is used.

The volume measure factor turns out to be \/—g = p?/c . At static equilibrium
the line element Eq. (3.35) is that of Minkowski space.

The measure in Eq. (3.33) is written as

@/[¢] _ H <gDO)1/2 (—g)l/4dgb. (338)

x
“anomaly”

We note that this measure is manifestly non-covariant due to the coordinate depen-
dent factor ¢"°. For a field in curved spacetime the covariant measure ought to be
(—g)'/*4 [108,109]. This means, although the phonon action Eq. (3.34) is covariant,
the path integral is not, leading to a quantum anomaly. We will come back to this

issue in Sec. 3.4.3 where we derive the conservation law of the stress tensor.
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Figure 3.2: The Keldysh contour for the phonon field. The metric tensor
depends on the background variables p(j)E and OSE and therefore is also
defined twice.

Before going into obtaining equations of motion from the effective action of
the Keldysh field theory, it is worthwhile to list a number of properties that Keldysh
theory obeys. We draw Fig. 3.2 to show the forward/backward fields and sources
of the phonon field. We identified Eq. (3.32) with the closed-time-path partition
function of phonons Z,,. The first order correction I'y, to the classical action is

then given as:

Tpn = —ilog Zpnlg™, g7 . (3.39)
As a consequence of unitarity, similar to Eq.(3.15),
Zplg* = 9] =1, (3.40)

i.e. when the background is the same on the forward and backward directions,
the product of backward and forward evolution operators is unitary. Also, from
Eq. (3.32),

Zonlg", 975 I T = (Zlg ™o 975 5, TSNS (3.41)

where J;f are additional sources attached in order to compute expectation values of
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¢. It follows from Eq. (3.40) and Eq. (3.41) that the effective action satisfies

Lonlg, g =0, (3.42a)

Tonlg®,97) = —Thulg ™, g7 (3.42D)

These properties are handy while computing the Keldysh correlation functions.

3.4 Analogue Einstein equations and two-fluid hydrodynamics

In general relativity, the relationship between matter and spacetime curvature
is governed by the Einstein’s equation. Being covariant under coordinate transfor-
mations, the matter field obeys the covariant conservation law. However, this is
not a total conservation law, as there is energy momentum exchange between fields
and the spacetime curvature. There are pseudo-tensor constructions like Einstein
pseudotensor or the Landau-Lifshitz pseudotensor that quantify the stress energy
of the gravitational field [110,111]. These pseudo-tensors, when added to the stress
tensor of matter, become a totally conserved quantity.

In this section, in analogy with general relativity, we will start with the first

loop effective action
T'=S[p", 0% = Slp~,07] — ilog Zynlg™], (3.43)

where the metric g% is a functional of p* and 6* according to Eq. (3.2). The ef-
fective action Eq. (3.43), albeit without using the Keldysh contour, is considered
to compute backreaction corrections to acoustic black holes where the quantum ef-
fects, i.e. Hawking radiation, is important. [112] Unlike Ref. [112], in this chapter,
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we explicitly integrated out the phonons through methods discussed in Sec. 3.3.
First, this approach revealed the anomalous measure in Eq. (3.38). Secondly, the
controlled series Eq. (3.23), produces higher order loop corrections. The contribu-
tion of these higher loops to the backreaction, especially near the horizon; where
the acoustic approximation becomes less accurate, and the interplay between the
Hawking radiation and covariance anomaly are interesting problems. However, all
of these are subleading corrections at first order. Therefore we will not address these
problems. Moreover, for the sake of computing the stochastic corrections, we extend
the effective action by using the Keldysh formalism.

We will first write the stress-energy tensor for the covariant phonons starting
from the effective action Eq. (3.19). Then we will write down an analogue Einstein
equation that describes the evolution of metric tensor (3.2) due to the stress-energy
of phonons, which play the part of matter. To complete the analogy, we will derive
a total conservation law by using the covariant conservation law and the analogue
Einstein’s equation. Moreover, we will show that the conserved quantity is a canon-
ical Noether current and therefore describes the total conservation of momentum
and energy in the lab frame. This means two fluid hydrodynamics directly follows

from the analogue gravity formalism.
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3.4.1 Hilbert stress-energy operator of the covariant phonon field

The expectation value of the stress-energy operator can be defined by using

Schwinger’s variational principle [113] as

" Nar i o =T 7 (3.44)

<A >——i 2 dlog Z,, ANN) S

Then, the stress-energy operator is defined (symmetrized for convenience) as

1

Ty(a) = §{au¢3($), ,6(x)} — %guua%(x)@a&(x)- (3.45)

This expression is problematic because it contains a product of field operators at
the same spacetime point and generally leads to divergences. These can be cured
through a variety of regularization and renormalization schemes [113]. One of these
methods is called point splitting where the field operators are taken on different
spacetime points, and the limit of coincidence is taken after performing derivatives
and averages. In semiclassical gravity diverging quantities are renormalized into
coupling constants in Einstein’s equation [49,113].

Physically, the zero point quantum fluctuations that add up to an infinite vac-
uum energy. In the strongly interacting analoguesystem, the divergent quantities
are believed to be already accounted for in the background as a part of the internal
energy of the fluid [93]. This ensures the stability of the liquid droplets, by renor-
malizing the equilibrium pressure to zero. Recently, the role of zero point energy
in the formation of stable macroscopic droplets in strongly interacting BEC’s was
investigated both theoretically [114] and experimentally [115]. Therefore, assuming
that the vacuum energy is already renormalized into the background energy, we will
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formally discard the divergent piece of the stress-energy expectation value. Note
that, in field theory on flat spacetime, the divergence is tacitly discarded through
the normal ordering of operators.

Let (T}, ()i Tepresent the divergent piece in the expectation value for the

stress-energy operator. Throughout this chapter we will refer to the renormalized

stress-energy as:

<Tuu(x)> = % (5267 4 6507 — gug™”) x
x,};ﬁgx%% <T<5(w’)<5(x”)> - < Ly(m)>div. (3.46)

where T is the time ordering operator. The time ordered correlation function is

equivalent to the forward-forward correlation function of the Keldysh theory [47]

~

<T¢(x/)¢3(9&")> = <(13+(13’)¢A5+(x”)> 0 Zpn[J*, 7]

T ST (@S TH(2)

(3.47)
Jt=J-=0

3.4.2 Semiclassical analogue Einstein equations and the “phonon mat-

ter”

Having defined the stress tensor of the matter field (phonons), we now write
down the equations of motion for the superfluid and the phonons and argue that it
is analogous to the semi-classical Einstein’s equation.

After dropping the quantum pressure, and using Eq. (3.44), the Euler-Lagrange

equations that follow from the effective action Eq. (3.43) in the limit (p*, 6%) — (p,
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0) are the fluid equations of motion Eq. (3.8) with semiclassical source terms

L1 L\ OghY
Op+ V- (pv) = §V . (x/—g <TW> %) , (3.48a)

1, 1 5o\ 09"
0+ 50* + lp) = 5 (\/—g <TW> 5_,)) . (3.48b)

Here u(p) = 0¢/0p is the local chemical potential for the superfluid.

Given the initial density operator of phonons and initial values and boundary
conditions for the background fields p and #, one can compute the metric everywhere
by solving Eq. (3.48) and plugging the solutions into the definition Eq. (3.2). The
source terms on the right hand side must be self-consistent with this solution, as the
metric appears both explicitly in (3.48) and also inside the definition of the stress
tensor in Eq. (3.46). This is because the metric tensor determines how the sound
field propagates, classically expressed as Eq. (3.1). In this respect, the Eqgs. (3.48)
resembles Einstein’s equations where the Eulerian left hand sides provide dynamics
to the metric tensor and are analogous to the Einstein tensor and the stress-tensor

corresponds to the matter whose motion is dictated by the curvature.

3.4.3 Canonical versus covariant conserved currents

Here, we show that the covariant conservation law and the analogue Einstein
equations Eq. (3.48) leads to a canonical conservation law for energy-momentum.

Classically, the stress tensor in Eq. (3.44), obeys the covariant conservation
law

0 0
V.T" = 8,T% +T° T, —T%T’,, =0, (3.49)
owing to the fact that it is derived from the effective action [113], where V, denotes
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the covariant derivative. Writing the definitions of Christoffel symbols Eq. (B.1) in

terms of the metric and using Eq. (B.2) and Eq. (B.3), we get:

1
v, =

1
v a Tuy - + = a al/ ah = O 350
= (1", V=9 59 (3.50)

2

The partial derivative is streamlined with comma notation whenever convenient,
i.e. for any quantity A, 9,4 = A,. The Lagrangian density for phonons can be

extracted from Eq. (3.36) as

1
Loh = 5\/—gg“"8ugb@,,¢. (3.51)

Then the first term in Eq. (3.50) is related to the canonical stress tensor of phonons,
and by inspecting the classical version of the Hilbert stress-energy tensor Eq. (3.45),

it can be written as

0%
—qT"* = b
v—gL’, 8¢#

By using the chain rule and the definition Eq. (3.44), the second piece in Eq. (3.50)

G — Lpnd"y. (3.52)

reduces to

1
5V 9T 009" =

0L
0.,

0.
op P

0 + (3.53)

Let %, denote the Lagrangian density of the background after the quantum

pressure term is dropped
1
— %Ly = pof + 5PU + e(p). (3.54)

By using the equations of motion Eq. (3.48), in the Euler-Lagrange form, as shown

in Appendix B write can write Eq. (3.50) as the conservation of the following current

(Lo + L)
20,

_ 0%

0
v vV +
a¢7ﬂ ¢

"zﬂ

0, — (L + La) ", (3.55)
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If we define the total Lagrangian of the background-phonon composite system
D%ys = o%cl + o%fw

and noticing that 0.%,,/0p , and 0.Z,,/0¢ , both vanish, T in Eq. (3.55) is is precisely

the conserved Noether current

o 0L,

=~ (0.0,9), — L5yt
v a(p;0;¢),u (p (b) Y

due to the spacetime translation invariance of the overall system represented by the
effective action Eq. (3.43).

We define T, the stress energy tensor of the analoguegravitational field as

(Lon + L)

vV—gT" = ? %0 0, — Lo, (3.56)
i

This expression generates the familiar energ and momentum density in the back-
ground. For example the energy density of the background in the laboratory frame

follows from Eq. (3.56) as

1 —,
V=4T = 57" +(p). (3.57)
Similarly, the laboratory frame momentum density of the background follows from

Eq. (3.56) as

V—gT? = —puv;. (3.58)

The Noether current Eq. (3.55) can be written as the current due to the

background and the excitations as Eq. (3.49) as the

T = /—gT", +/—gTH, . (3.59)
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This means the mixed canonical stress tensor of the excitations correspond to energy-
momentum corrections due to excitations in the laboratory frame.

However, because of the covariance anomaly of the quantum phonon field that
manifests itself in the path integral measure Eq. (3.38), the covaraint derivative of
the expectation value of the quantum stress operator must be equal to an anomalous
current, i.e. VM(T“V> = J2"™ . Furthermore this current should be Galilean covari-
ant due to the overall Galilean invariance of the system. This is the second type of
anomaly in the analogue gravity system, the first being the trace anomaly due to
Hawking radiation, which occurs when there is a sonic horizon in the system [94].
In this work we assume that no sonic horizon exists and that the quantum pressure
term is weak everywhere. We defer the rigorous analysis and computation of the
anomalous current to another publication. Since anomalies are necessarily quantum
effects, in the regimes we work, they should be washed out by thermal contributions.

Then for the expectation
T, = v=g (%) +v=5(T% 13]), (3.60)

the conservation law

9,3, =0 (3.61)

v

holds. In the next section we rewrite Eq. (3.61) and Eq. (3.48) in the two-fluid

variables.
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3.4.4 Mass-energy-momentum balance and the covariant conserva-
tion of stress-energy operator

In this section, we complete the connection of the analogue Einstein equation
Eq. (3.48) and the covariant conservation law Eq. (3.50) and two-fluid hydrodynam-
ics by identifying the normal and superfluid components in terms of the background
fields and the stress tensor.

Inspecting the conservation law Eq. (3.60) that we derived in Sec. 3.4.3, we
define the momentum density ﬁ, energy density F and energy flux Cj due to phonons,

in the lab frame

P = —\/—_g<TOZ->, (3.62a)
E:=v—g <T°O> , (3.62b)
Qi:=+v—g <T0> . (3.62¢)

Here, the quantities on the left hand side are momentum density, momentum flux
tensor and energy density. Being Cartesian tensors, their indices are uppered /lowered
by using the Kronecker delta function. By Galilean transforming the quantities on
the right hand side according to the usual tensor transformation rules, we observe
that P; is Galilean invariant while £/ and (); are not.
We define the following symmetric, Galilean invariant, Cartesian momentum
flux tensor
My = VG (T,) = Vg () g (3.63)
By using the expression for the metric Eq. (3.2) and the definitions in Eq. (3.62),
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the mixed momentum flux tensor due to phonons is
—v/=g <sz > = m;; + Pjv;, (3.64)

The equations of two fluid hydrodynamics are conservation laws for the den-
sity, momentum and energy for the superfluid and normal components of the system
denoted by the superscripts s and n respectively. We make the following identifica-
tion of velocity and density in Eq. (3.48) as the velocity of the superfluid component

and the total density (i.e. superfluid plus normal)respectively.

U= s, (3.65a)
p = ps+ pn. (3.65b)

Consequently, v, = V6.

Now, we identify the analogue Einstein equations Eq. (3.48) as mass conser-
vation and superflow equations respectively, by writing the phonon contribution in
terms of energy and momenta defined in Eq. (3.62).

The inverse metric in Eq. (3.48) follows from Eq. (3.2) as

1|1 vy
g =— . (3.66)
65 _C2IS><3 + 656?
If A is any tensor with two covariant indices contracted and k = dlne¢/01np

characterizes the logarithmic derivative of the energy of a linearly dispersing sound

wave with respect to the density of the medium, then the derivative of the metric
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Eq. (3.66) obeys the following rules

oghv 1

gp = ;(m — 1)A“M_._“' - QI{CAOO_”"', (3.67a)
dghv

(ggvi pv... = Aoz‘...m + Az'o...“" (3.67b)

The source current can be written as quasi-particle momentum by making the

identification
1 A ogt 0
_ 5\/—_9<T;w> 2 —\/—_9<T¢> _P. (3.68)
Then the first analogue Einstein equation Eq. (3.48a) is recast as the continuity
equation for mass
O+ V- (pils + P) = 0. (3.69)

The source term in Eq. (3.48b) reads

VA {T) =5, = 11

op 2p

anom 1%

. E
= -SE-v9 Pl=-"E= _9% (3.70)
p p dp

Here, the trace of the stress-operator is zero in the absence of an acoustic horizon
where the Hawking radiation creates a trace anomaly. The frame shifted Ej, by
virtue of its tensorial expression being manifestly Galilean invariant, is the comoving
frame energy density of quasiparticles. In these variables the Bernoulli Eq. (3.48b)

takes its familiar form

22}

1
0 T2

=0. (3.71)
A corrolary of this equation is that the classical Lagrangian .Z of the background is

related to the isotropic pressure in the system

1 OF,
L= —p0id — p5vs —e(p) = [pp(p) — <(p)] + pa—po —Eo+ Ey=p+E. (372)
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From Eq. (3.61), the momentum conservation equation reads
0,3+, = 9,%°% 4+ 0;%, = 0. (3.73)

Writing ¥ as in Eq. (3.60), computing 7 according to Eq. (3.56) and using Egs. (3.62),

Eq. (3.64) and Eq. (3.72) we get

at(pvsi + B) + @([pvsi + Pi]’USj + Pjvsi + 7Tij) + 31(]9 + Eo) = 0. (374)

where repeated indices are summed.

Similarly, From Eq. (3.61), the energy conservation equation reads
9,3", = 0:%° + 9;T, = 0. (3.75)

Writing T as in Eq. (3.60), computing 7 according to Eq. (3.56) and using Eqs. (3.62)

and Eq. (3.71), we get

) (%p’uz +e(p) + E) + 0, (Qi + [pvsi + P} Bzﬂ + p(p) + 8E0/8p] ) =0 (3.76)

In summary, the analogue Einstein equation Eq. (3.48), the covariant conser-
vation law of stress tensor Eq. (3.49) and the consequent conservation law Eq. (3.61)
leads to the continuity of mass Eq. (3.69), Bernouilli equation Eq. (3.71) and the
conservation of momentum Eq. (3.74). If we define the current density J, energy

density &, momentum flux II and the superfluid potential G as

Ji == pvg + P, (3.77a)
&= %pvQ +e(p) + E, (3.77b)
Hij 1= pusiUs; + Pivgy + Pjvg + T + [P+ EO](Sij’ (3.77¢)
G = %v? + p(p) + 6‘8_130' (3.77d)
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we rewrite Eq. (3.69), Eq. (3.74), Eq. (3.76) and Eq. (3.71) as the Landau- Khalat-

nikov equations for the superfluid

Op+V-J=0, (3.78a)

Oy J; + VI = 0, (3.78b)
HE+V - (Q+JG) =0, (3.78¢)
8,7, + VG = 0. (3.78d)

The Egs. (3.78a) and (3.78d) share the manifest Galilean invariance of Euler
equations, because the P; and Ej are comoving frame momentum and energy of
phonons. The Galilean invariance of Egs. (3.78b) and (3.78c) follow immediately,
because they are derived using the covariant conservation law Eq. (3.49), that is
valid in all frames, and the analogue Einstein equations, which in the two-fluid
language become Egs. (3.78a) and (3.78d).

Finally, note that the dissipative effects due to the normal fluid are taken into
account in the heat flux C? and the momentum flux tensor m;;. The dissipative
components of these tensors can be computed according to linear response theory
which we explain in the next section. In the limit ¥ — 0, the Eqs. (3.78) become
that of a normal fluid with p — p, is the normal density and P, — p,v,; defines
the velocity of normal component. Assuming Stoke’s constitutive law for stress, the

momentum balance equation (3.78b) becomes the Navier-Stokes equation.
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3.5 Stochastic analogue Einstein equations

Starting from the Lagrangian Eq. (3.7), we first derived the Euler equations
Eq. (3.8) for the background and then compute the phonon contribution and called
the overall system of equations the analogue Einstein (order one in metric pertur-
bation) equations Eq. (3.48).

In this section we will go to second order in the metric perturbations and
obtain dissipation and noise kernels due to phonons through a generalized linear
response method. We will write an effective stochastic action for phonons that cap-
ture this noise and derive the stochastic analogue Einstein equation. This equation
when linearized around a deterministic solution for the background fields p and 0,
describes the motion of the stochastic corrections to the solution. Finally we show
that in thermodynamic equilibrium the stochastic forcing term is balanced by the

dissipation, that is the fluctuation-dissipation relation holds.

3.5.1 Linear response and the covariant stress-energy correlator

To see the semi-classical expansion due to metric perturbations, we first define

the vector in time-path space composed of forward /backward metric tensors

g=(9""(x),97"(2)). (3.79)

Then the expansion of phonon effective action up to second order in metric pertur-

bations is

_ 5th
= 5z

1., 6T,
2%8 " 558

| 08 + 868+ 0(68%). (3.80)

74



Here the boldface symbol & is for variation with respect to the element g™ is

defined as
or 1 oC[g" -
o o0 @l s
ot —g(z) agthr(z) gt=9"=g
and the product of two time-path vectors (A . ]§) sums over all path and tensor

indices and integrates over position by using the metric ¢g© = ¢~ = g, namely,

A-B= / d*a/—g(x) (AW(x)B;V(x) + A-W(x)B,;V(:L«)). (3.82)
Using Eq. (3.40), (3.41) and (3.42), it follows that the first order variation of

the phonon effective action is

- = % (T ,—T) , (3.83)
where

T = <Tﬂy(x)> . (3.84)

We define the deviations of the stress energy operator from its expectation
value

b (2) = Ty ) = (T () (3.85)

Following Martin and Verdaguer [116] we define the local stress deviation K, the

causal response kernel H and the noise kernel N that are bi-tensors made of corre-

lators of ¢

Flsas(,y) = ~i0(° = 3°) ([ (2). Fas(v)]) (3.862)
Nuwap(.9) = 5 (@) s} (3.56b)
~ B —4 62S,n (0] .
Ruwes @) = e <6gw<x>agaﬁ<y>>' (3.86c)
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These tensors are symmetric in the following way. If A is any of the above kernels
than

A A

vpaf — Auuﬁa (387)

praf =

In Eq. (3.86a), H is manifestly causal and H¥# are symmetric/anti-symmetric parts

of H respectively,

Hyyos(,y) = £H, (v, ). (3.88)
and they are
Hfuaﬂ(l‘a y) =Im <T* {f/ﬂ/(l’)faﬁ(y)}> y (389&)
- —1 s .
Hiyaﬁ(m7 y) - 7 < [t,uzz('r)a taB (y)] > . (389b)

As we show in the Appendix C, the second order variation is a matrix in

time-path space is

52F 1 iN — HS - K —iN — HA
ph — = . (3.90)

0gog 4
898 —N+H4 IN+H°+K

All of these kernels are real. H?, the anti-symmetric component of the causal
response function H, changes sign in Eq. (3.90) when the forward /backward branches
are switched. Therefore it breaks time-reversal symmetry and therefore gives rise

to dissipative effects.

3.5.2 Global thermal equilibrium and fluctuation dissipation relation

Here we show, at global thermal equilibrium, that the noise kernel N and the

dissipation kernel H are related in a stationary flow. For example, a flow through a
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tube with varying cross section, but constant in time for each point in the tube and
the temperature measured in the lab is uniform throughout the system.

The stationary flow with global thermal equilibrium is especially important
because in the analogue gravity language it maps onto a hot curved spacetime at
global thermal equilibrium. Such a space contains globally time-like Killing vectors
ki, [113,117] The local temperature in the spacetime varies according to the norm

of the time-like Killing vector and is dictated by Tolman’s law:

Troi\/ guwkHKY = constant. (3.91)

Once there are globally time-like Killing vectors, modes that solve the covariant wave
equation Eq. (3.1) are classified as positive/negative Killing frequencies according

to the value of their directional (Lie) derivative along the Killing vector, that is

Loy, = —iWply, (3.92a)

Leuy =iwiuy, w >0, (3.92b)

n =
Now the field operator is written in the second quantization language and reads

o= alu’ + apun, (3.93)

n

where the vacuum state is uniquely defined. The Hamiltonian operator with eigen-
values equal to the Killing frequencies can be written in terms of the positive energy
mode operators
H=> wyil . (3.94)
n
As long as the conserved energy w and the associated temperature is used, the
methods of thermal field theory in flat spacetime is easily generalized to the curved
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spacetime case [116]. In the fluid system, this is not a surprise, as in a stationary
case, the Hamiltonian associated with the Lagrangian in Eq. (3.34) is time indepen-
dent and second quantized in the form of Eq. (3.94).

In analogue gravity systems, this energy w coincides with the lab frame energy
of the mode [118]. Note that, this is not the comoving frame energy or the energy
measured by observers in curved spacetime, which is not conserved. This means
the temperature in the comoving frame and the lab frame and the different and
are related to each other through the Tolman law [93]. Stationary flow means the
Killing vector is k = (1,0,0,0) In global thermodynamic equilibrium, the positive
energe modes u; are distributed thermally according to the lab frame temperature

so that we have

1
Troin/900 = Tron/ pe(l — 02 /c?) = Tigp = E (3.95)

Note that this analogue Tolman law is a purely classical effect that stems from the
emergent Lorentz invariance of excitations in the strongly correlated superfluid. It
is to be distinguished from the Unruh effect, where an accelerating observer detects
a thermal radiation of phonons even if the lab frame’s temperature is zero.

In equilibrium the eigenstates are distributed according to the lab frame tem-

perature, with the density operator of defined in Eq. (3.31) that reads

6, =exp(—BH) /Tt {6,} . (3.96)

Then, the operator averages are best handled in imaginary time (it = 7) formalism.
For example for two operators O, and O, we have, suppressing the space indices,
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<Ol<r)02(7')> —Tr (01(7)(52(7')[3) — T (U(iT)OlU(—iT)U(iT’)OgU(—iT’)U(—iﬁ))

— T (OZ(T' n @)Ol(f)ﬁ) - <O2(T' n 5)Ol(f)> . (3.97)

Stationarity allows the use of Fourier transformation in time domain, hence this

equation can be written as

<Ol(w)OQ(—w)> — P <O2(—w)él(w)> . (3.98)

Now we show that a fluctuation dissipation relation exists. Inspection of
Eq. (3.104), (3.90) and (3.106) reveals that the time- reversal odd piece H# of
the causal response causes dissipation and the fluctuation kernel N causes noise.

Defining

RN dw i(t—t") /3 RPN s
Fuuaﬁ(wa xay) = / Ze (= <t,u1/(ta x)taﬁ(tlay)> ) (399)

and rewriting the definitions in Eq. (3.86) in frequency domain and using Eq. (3.98)

we get:

. L i L >
nya5<W,ZL’,y> = _§F(wax7y) (1 —€ h ) s (3100&)
S 1

Nuwas(w, 7,9) = S F(w, &,9) (1+ 7). (3.100D)

The fluctuation dissipation relation immediately follows as:

~

H;‘mﬁ(w,f, ) = —itanh(Bw/2) Nywas(w, T, 7). (3.101)
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3.5.3 Hydrodynamic fluctuations around a deterministic solution

Suppose p and @ are solutions to the analogue Einstein equations Eq. (3.48).

Define the classical and quantum corrections to the solutions

pr=p+pt=p+p" £ (3.102a)

0 =0+ 6% =04 06°+0°. (3.102b)

Let the corresponding perturbations to the metric tensor be h¢ + h? and h® — h? so

that
g = (9" + (M) + (W)™, g" + (h)" — (h)"). (3.103a)

Breaking the deviations into classical and quantum parts amounts to (Keldysh)
rotating the matrix in Eq. (3.90). The classical deviation can be thought of as a
real displacement while the quantum deviation as a virtual displacement. Variation
with respect to virtual displacement (h?) gives the classical equations of motion with
one loop corrections as in Eq. (3.48). To find the fluctuations of the stress-energy,
we can expand the effective actions as a Taylor series in the classical and quantum

deviations to second order as

. .
Lon[g] =T -h? = S h?- (H+K)-h + % h?-N-h' + O(h%), (3.104)

where, all the kernels are functionals of the unperturbed metric g and h is decom-
posed as (h¢ h?) and the dot product on the right hand side contracts spacetime
indices with g and integrates over spacetime. We notice that the equation (3.104)
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is in the same form as the Keldysh action for a quantum particle in a bath [15].
The well established technique to derive Langevin type equation from this action
is to define an auxiliary stochastic tensor & to decouple the O((h?)?) term (the

Hubbard-Stratanovich decomposition).

1

exp (iT,nlg]) = /Det(27N)

/ @[S]6—%§~N—1-§eiRe{th}+i£-hq
_ <eiRE{th}+i€'hq>§ = <exp (irph [g’ E])>£ . (3105)

The mean and correlation function of the noise tensor field £ is defined by the
above Gaussian path integral, using the definition Eq. (3.106) of the noise kernel N,

which yields

(G ()¢ = 0, (3.1064)

(G (s () = 5 (o), s ()} (3.106)

The new phonon effective action
1
Lpn[g;€[g]] = (T +€) -h? — S h? - (H+ K) - h* + O(h?) (3.107)

depends on the noise tensor &.
Then the background plus phonon effective action in Eq. (3.43) as a functional

of noise tensor

Llp*,0%,&] = S[p*,0%] = Slp™, 07] + Tpnl€: €[9]]- (3.108)
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3.5.4 Stochastic analogue Einstein equation

The Euler-Lagrange equations for the stochastic effective action I'[p*, %, €] in
the limit (p*,6%) — (p,0) and hence h? — 0 are the following stochastic analogue

Einstein equations for the two-fluid hydrodynamics

O+ - (p1) = 3V (¢—_g (T )+ 6 59—) ; (3.109a)

07
0,0 + %yﬂ +ou(p) = % (\/—_g [<TM> + g,w} 5?—;) . (3.109b)

In this equation, the noise source £[g] is computed by using the metric g(p,v) that
solves Eq. (3.48), while p and 6 suffer deviations p°, §° from the solution of Eq. (3.48)
due to the existence of noise. The energy momentum tensor is also computed by
taking these deviations in to account. Next we summarize the procedure to find the

stochastic deviations p and 0° of the background.

3.5.5 Procedure to compute background metric fluctuations from the
analogue Einstein equation

Below, we outline the procedure to determine fluctuations of the metric, given
initial data that consists of the initial conditions, boundary conditions, an initial
state of the phonon density operator, and external sources, if any.

First, is to compute the deterministic solution (p, v) and the associated metric
Gu[p, 0] as defined in Eq. (3.2), by solving the analogue Einstein equation (3.48)

self consistently. In general this is equivalent to solving the two-fluid equations
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Eq. (3.78) and is a difficult task. However, one can approach this problem pertur-
batively. If one has a solution to the Euler equations that describes the background
without the phonons (Eq. (3.8) with no quantum pressure), then one can compute
the expectation value of the stress-energy operator Eq. (3.46) by using the tech-
niques in Ref. [113] and references therein. One then continues this process up to
a desired order, so that the background is consistent with the metric on which the
sources are computed.

Second, is to compute the correlators of the stress tensor in Eq. (3.86) to form
the response and noise kernels. For the methods required to perform this, we refer
the reader to Ref.[ 119, 120] and references therein.

Third, is to linearize the stochastic analogue Einstein equation (3.109) around
the deterministic solution p,d. The resulting equation is linear in the stochastic
corrections p¢ and #°, to the background variables. The associated first-order cor-

rections to the deterministic metric g follow from the chain rule as

5 5"
09" e 93

e\pv

(3.110)

Then, the linearized stochastic analogue Einstein equation, that we dub the analogue
Einstein-Langevin equation, follows from Eq. (3.109), where we linearize the stress

tensor by using Eq. (3.104), as

0+ +9-50) = 1V (VT x| g [ @+ K 0 (0) + 6] )

(3.111)
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Satv
07+ S = (VT x| [ A+ K sl )00+ ) ).

(3.112)

Fourth and final, is to write down correlators of h¢. To do this, one first
expresses the correlators of the background corrections p® and 6. in terms of the
noise correlator N by using the Green’s functions of the linear equations Eq. (3.111)

and Eq. (3.112). Then the correlators of h¢ follow from Eq. (3.110).

3.6 Equilibrium ‘Minkowski’ fluctuations

In this section we illustrate the procedure of Sec. 3.5.5 for the static (75 = 0)
thermodynamic equilibrium focusing on a qualitative analysis (detailed technical cal-
culations and results for the correlators are cumbersome and will be presented else-
where). The metric tensor for the static background reduces to that of Minkowski,
if one sets

pP=pe=c.=c=1 (3.113)

in addition to the choice of units in Eq. (3.10).

This renders Step 1 in Sec. 3.5.5 trivial. The analogue Einstein equations
Eq. (3.48) and the covariant conservation law Eq. (3.49) are trivially satisfied. Nev-
ertheless, it is instructive to outline how the expectation value of the stress-tensor
is computed.

The isotropy and homogeneity of Minkowski space places strong restrictions

on the stress-energy tensor and its correlators. For the stress tensor, homogeneity
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means all components are constant in spacetime. The trace of the expectation value
of stress energy vanishes for a massless scalar field. The energy density is positive.
There is no isotropic Cartesian vector; therefore, the momentum density vanishes.
The only isotropic rank-2 Cartesian tensor is the Kronecker delta; therefore, the
spatial components are isotropic. The only rank-2 Minkowski tensor with the above

properties is

30 0 0
T“V> - , 3.114
< P o 0 21 o R
00 0 -1

where the overall factor is the black body energy density and can be obtained from
the standard momentum space integral that arise in Eq. (3.46), after dropping the
infinite vacuum energy.

Similarly to the stress tensor, the symmetries greatly reduce the complexity of
calculating its correlates as well. First of all, the homogeneity of spacetime requires
that any function f(z,y) = f(z—vy). The stress tensor correllators can be expressed
as momentum space integrals. In thermal equilibrium, all non-local behavior is due
to the factor coth(fw/2), which behaves like

kpT>hw 2kpT
hw

coth(pw/2) (3.115)

in the high-temperature limit and all kernels become local (memoryless) operators
in spacetime.
In this limit, we linearize Eq. (3.109) around p and 6 to get Eq. (3.111) and
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(3.112) for the static equilibrium. This linearized equation is in the Langevin form.
In Fourier domain it reads
—iw —|E‘2 p° Ri1 Rip I G
= + . (3.116)
1 —iWw o° R21 RQQ o¢ CQ
where R’s are local operators, hence polynomials in k and w and (’s are stochastic

sources.

The stochastic sources (’s are deduced from &, by applying Eq. (3.67a), as

(1= —ik &y, (3.117a)

G = %(H — 1), — k™ (3.117b)

where £ = 0lnc¢/d1In p is the change of energy of phonons with density.
The diagonal terms Rj; and Ry in Eq. (3.116) are equal and the symmetric
part of the response kernel does not contribute to them:

1 — .
Riy = Ryy = —z’ﬂkﬂ(ﬁf‘)%“

5 — irkI (H)0.00, (3.118)

H J

Whereas, the antisymmetric part of the response kernel does not contribute to the
off diagonal components

Ry = K'F (H® 4+ K)°), (3.119)
and

1—k)?
iy =020

(H®+ K)"}, — k2 (H® + K)" + k(s — 1)(H® + K)* . (3.120)
Now one can solve Eq. (3.116) and express the correlators of stochastic correc-
tions p¢ and ¢ in terms of the noise correlators and the metric fluctuation follows

by using Eq. (3.110).
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We also note that, to lowest order in k, introducing some constants «, 5, v we

have

Ry = R22 — —V|E|2 (3121&)
R12 — Oéijk’ik’j (3121b)
Ry — —B (3121C)

and the Eq. (3.116) takes the form of the linearized Navier-Stokes and continuity

equations with stochastic forcing terms

6tpc + (51] + O./U)Vﬂ_)}c — Vv2 ¢ = 1) (3122&)

¢ — vV = —(1 + B)Vp© + V(y. (3.122b)

The coefficient of viscosity v can be extracted as

(3.123)

3.7 Conclusions and outlook

In this work, we develop a geometric generalization of the Landau-Khalatnikov
two-fluid hydrodynamics for a strongly correlated bosonic superfluid and derive a
system of coupled equations describing the motion of the superfluid background and
the entropy-carrying normal fluid of phonon excitations. By exploiting the emergent

covariance of the phonon field, we draw analogies between general relativity and the
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two-fluid system including stochastic effects due to the fluctuations of the phonon
“matter” field.

We emphasize that the methods and analogies used here are applicable to a
variety of systems. Indeed, weakly interacting quasiparticles excited over a ground
state is a common picture in many-body physics. Hydrodynamics captures the long-
wavelength behavior of such systems. Galilean invariance requires that quasiparticle
dynamics is defined on the frame comoving with the background fluid that represents
the ground state manifold. This means, when referred to the lab frame, that the
quasiparticle field experiences shifts due to the background flow — an effect captured
in the definition of the metric tensor (3.2). From thereon, the quasiparticles can
be described by quantum field theory on curved spacetime, thereby justifying the
geometric formulation of the problem.

We would like to conclude with a brief summary of our work and promising
directions for further research

In Sec. 3.2, following an earlier work [93], we discussed the applicability of
the metric description for fluid by analyzing the length- and energy-scales. In anal-
ogy with cosmology [96,121], the geometric description breaks down at an effective
“Planck energy,” where the hydrodynamic description becomes inapplicable. How-
ever, the quantum description of the boson system is known at all energies contrary
to the case in cosmology. This paves the way to understanding the cosmological
phenomena through condensed matter systems [122-124].

In Sec. 3.3, we used the background field formalism to write down the Keldysh

theory of quasiparticles. We use the Keldysh contour because the dynamical fluc-
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tuations of the phonon field follow naturally from the Keldysh effective action that
is “designed” to account for non-equilibrium phenomena. One interesting finding of
this analysis is an additional “gravitational anomaly” , not present in the original
work of Unruh [88] and Stone [89] : that is, despite the action for the phonons is
covariant, as already noted in the literature, the measure of the path integral is not
covariant. Hence, in contrast to classical phonon action, their full quantum theory
is not covariant. We believe this anomaly should be taken into account, whenever
quantum effects such as Hawking radiation, is important. It is curious to see if this
anomaly is related to gravitational anomalies in high-energy phenomena. These
interesting issues will be discussed in a future publication.

In Sec. 3.4, inspired by Ref. 93, we derive the analogue Einstein equation
that governs the background and the excitations (matter). We establish the equiv-
alence of the analogue Einstein equation and the covariant conservation law for the
phonons, to the two-fluid conservation laws. Instead of assuming a specific form
for the stress-energy tensor as in Ref. [96], we prove the equivalence of the two de-
scriptions by reducing the covariant conservation law down to the Noether current
of the two-fluid system and by using the equations of motion. We believe that the
proof presented here is more general, than the specific superfluid model we study,
and should be applicable to any emergent general-relativistic theory, which may be
derived in the hydrodynamic, long-wave-length limit of a “parent” condensed matter
system.

In Sec. 3.5, we take the analogy between the superfluid system and general

relativity further to the domain of stochastic fluctuations. This allows the appli-
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cation of a variety of methods that have been invented for stochastic gravity [49]
to condensed matter systems.We write the response and dissipation kernels in the
covariant language. In global thermal equilibrium, we discuss the notion of temper-
ature on curved spacetime and show the appearance of analogue Tolman’s law. We
prove the fluctuation-dissipation relation for a metric with globally time-like Killing
vectors — that is, for a flow that can be brought to a stationary form after a Galilean
transformation. Finally, we outline a procedure to calculate correlators of various
observables, including fluctuations of the metric.

One interesting direction would be to consider the effects of higher order cor-
relators of the stress-energy tensor and build a hierarchy of equations similar to the
BBGKY hierarchy.

Finally, we linearize the stochastic analogue Einstein equation and obtain a
Langevin-type equation for the stochastic corrections to the background. We show
that the symmetries of the flow determine structure of the Langevin equation, by
considering the Minkowski case. Classification of the flow induced spacetimes, the
stress tensor and its fluctuations on the basis of the symmetry of the flow is a
well defined mathematical problem. In general relativity these correspond to the
Petrov classification of spacetimes and Segre classification of symmetric tensors [125].
Together with the machinery of general relativity such as conformal transformations
and general coordinate transformations, the classification of the solutions of the two-
fluid equations can be carried out in a similar spirit.

The main fundamental physical consequence of our analysis is the finding that
sound waves propagating on a superfluid background at a finite temperature experi-
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ence a random, stochastic metric on top a dynamical but deterministic background
metric determined by the classical superfluid flow. Even in the absence of any flows
and in equilibrium, where the average metric is that of flat Minkowski space, the
phonon “rays” would experience random deviations from the flat background. This
may lead to analogue gravitational lensing of acoustic waves due to the phenomenon
called ‘intermittency’. In Ref. [126], Zeldovich considered light rays propagating in
a random medium with a fluctuating metric, and showed that even if the average
metric is flat, an observer receiving two distant rays would see the rays bend and the
corresponding object shrink, due to the stochasticity. The effect seems unobserv-
able in actual general relativity due to very weak metric fluctuations, if any [127].
However, similar fluctuations of “synthetic metric” can be greatly enhanced in a
superfluid and it is conceivable that the corresponding analogue Zeldovich effect —
bending of phonon “rays” propagating through a thermal superfluid — could become

observable.
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Chapter 4: Dynamical many-body localization in an integrable model

4.1 Introduction

Recently, there has been a lot of interest and progress in understanding Anderson-
type localization properties of disordered, interacting many-body systems. No-
tably, the remarkable phenomenon of many-body localization (MBL) was discov-
ered [32-39]. In an isolated system, MBL manifests itself in the localization of all
eigenstates and leads to the breakdown of ergodicity and violation of the eigenvalue
thermalization hypothesis [29,31], forcing to revisit the very foundations of quantum
statistical mechanics [128,129].

In this work, we ask whether a driven interacting system can be dynamically
many-body localized. We answer this question in the affirmative and present an
exactly solvable model of a kicked chain of interacting linear rotors, which shows
both dynamical MBL and delocalized regimes.

A quantum kicked-rotor is a canonical model of quantum chaos [25,130] which
exhibits dynamical localization in momentum space. The time dependent Schrodinger

equation for a general kicked rotor is given by (here and below, we set & = 1 and
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the driving period 7' = 1),
10,(0,t) = [2ma(—i0p)" + K (0)3(t — n)](0, ). (4.1)

In the ground-breaking paper [25], Fishman, Prange, and Grempel proved that
the eigenvalue problem for the Floquet operator of a kicked rotor is equivalent to
that of a particle hopping in a (quasi)periodic potential ((ir)rational «) in one-

dimension [28] given by,
Z Winsrtty + tanfw — 27raml]um = FEu,,. (4.2)

This mapping traced the origin of the dynamical localization in driven systems
to Anderson localization in time-independent settings. While the quadratic rotor
(I = 2) is nonintegrable, the linear rotor model (I = 1) in Eq. (4.1) was exactly
solved in Refs. [25,27, 28,41, 131]. The corresponding integrable lattice version
in Eq. (4.2) with [ = 1 is dubbed Maryland model (MM) [132,133] (See section
A.1 for technical details of this mapping). For the linear rotor, both classical and
quantum dynamics is integrable, and the dynamical localization (absence of chaos)
is due to the existence of a complete set of integrals of motion [41]. However, the
incommensurate MM is an Anderson insulator with no classical interpretation [28]
even though the linear rotor manifests classical integrability. Thus, the dynamical
localization for the quantum version of both linear (I = 1) and quadratic rotor
(I = 2) seems to stem from the Anderson mechanism [28].

In this work, we generalize the linear kicked rotor model by considering an

interacting chain of driven rotors in order to understand the anatomy of many-body
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localization in the dynamical space. One of the remarkable features of this many-
particle model is that it manifests both localization and delocalization in dynamical
space depending on whether the components of @ are irrational or rational.

Let us emphasize from the outset that the model we consider is integrable for
all parameters owing to the first order differential operator. This leads to integrals
of motion (IOMs), which are [ocal in the spatial (angular) variables. The underlying
integrability is a special, non-universal feature of our model (4.3), which allows us to
solve it exactly. However, the existence of the local-in-6 IOMs has no direct relation
to dynamical MBL, which occurs in momentum space. The non-interacting version
of these emergent IOM’s for the linear kicked rotor was pointed out by Berry in
Ref. ( [41]).

As shown below, dynamical MBL is accompanied by the appearance of ad-
ditional integrals of motion bounded in momentum space — a central result of this
work. As argued below, these “emergent” IOMs and the dynamical MBL are univer-
sal phenomena, which would survive in non-integrable generalizations of the model
(which however is not analytically solvable).

To capture the dynamical localization for this interacting model, we monitor
three indicators: energy growth at long times, (momentum degrees of freedom at
long times, and the existence of integrals of motion in momentum space. Below, we
first present the details of our model in Section 4.2. The main analytical results are
outlined in Section 4.3, and their numerical analysis and key conclusions are given in
Section 4.4. An outline of technical derivation of the results is given in Section 4.5.

The experimental proposal to realize our model (4.3), is explained in Section 4.6.
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In section 4.7 we list our conclusions. Finally, Appendix A.1 and Appendix A.2 are
devoted to the summary of the connection of the rotor problem to a lattice model
and the correspondence between our model and a d-dimensional lattice, respectively.

Throughout the text, in all the summations ;... or ;... we only consider
i # j. So that, expressions like > . 1/(c; — ;) are not divergent. The denominator

vanishes only when there is a resonance, such as o; — «;.

4.2 'The Model
We consider a many-body interacting generalization,

H(t) = H0+Vz5t—n) with V = ZK

n=—oo

Hy = QWZalpz—l— ZJU (6; — 6;) (4.3)

7]

of the linear rotor model.

H, is the static Hamiltonian describing d particles on a ring, each rotating
2ma; radians per one period of the kick. 0, is the position operator for the ith
particle on the ring and p; is its momentum. These d particles interact through a
translationally invariant two-body potential .J;; (él — éj) This form of the interaction
ensures conservation of momentum. The rotors are driven by V(t), which contains
periodic delta function impulses, where the strength of the impulse is given by a
general periodic one-body potential K (HAZ) The local potentials are periodic with 27
and therefore the most general form can be written as K (0;) = >  kne™%. Here,

k., is the mth Fourier component of the potential that acts on the jth particle. The
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periodic form of the interaction potential .J can be written as J;; = Y, b4 elm@i=0),
Here, b% is the mth Fourier component of the interaction potential between the
1th and jth particle. Reversing ¢ and j and replacing m with —m in this Fourier
expansion has no effect on the components; therefore, b = b’_zm This property will
be handy while deriving formulas throughout the text.

Note that in our model the localization is a consequence of incommensurate
driving period and angular velocities @. This situation is different from recent works
using Floquet analysis to probe dynamical properties of MBL states of disordered
Hamiltonians [134-137] (in these papers, a Floquet perturbation is imposed on a
state, many-body localized in coordinate space, while our goal is to induce dynamical

many-body localization in momentum space by the Floquet perturbation).

4.3 Main Results

4.3.1 Energy dynamics

Following the conjecture of D’Alessio and Polkovnikov [138], we test the dy-
namical localization by computing the energy growth as a function of time at long
times. The average energy after N kicks (equivalent to time) can be written as,

E(N) = (x| Holton). To compute it, we write
[Un) = U o), Up = e Ve, (4.4)

where Up is the Floquet evolution operator, which captures the state of the sys-

tem after each kick. Owing to the linear dependence of the Hamiltonian on the
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momentum, we can explicitly compute this expectation.

E(N) = E(0) + Z S 9 [ SV T) (4.5)

prii sin(mma;)

In the above expression, E(0) = (¢g|Hp|1) corresponds to the average many-body

m(8i+mai[N+1]) depends on the chosen

energy over the initial state. f‘ml = —imkmei
form of K(f) averaged over the initial state and due to its periodic nature is a

bounded function of the number of kicks N. The growth of energy for large N is

sin(mNma;)

then completely dependent on the nature of «; appearing in the ratio Stn(mran)

Note that this expression is completely independent of interactions, which we prove
in Section 4.5.1. This is a consequence of momentum conserving interactions and
this property is no longer valid when the translational invariance of interactions is

broken.

4.3.2 Momentum dynamics

Another indicator for dynamical localization is the spread in the momentum
degrees of freedom. The ith momentum after N kicks, p;(N) = (¥n|p:|¢n) is given

by the following expression,

sm meaz it SIn(mMNTA;;
( 0 + Z ) Z<F t > ( J).

sin(mmay) mij mrAa;;
mj

We have defined Aa;; = o — ;. In the above expression, the first term is the ith
momentum in the initial eigenstate (p;)o = (Yo|p;i|tbo). The second term corresponds

to the kicking potential as defined in Eq. (4.5). The last term depends explicitly

im( 9 —0; i +TNAag;)

on the form of interaction via ['". — —1mb“e and is a bounded

mij
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function of N. The growth of momenta at long times corresponding to the last term

sin(mN7Aa;;)
mTK'ACVZ‘j :

is completely determined by the ratio

4.3.3 Integrals of motion

Recent works have shown that the existence of integrals of motion (IOM) can
be used as a diagnostic to quantify both non-interacting Anderson localization [139]
and many-body localization [40,140]. In the context of dynamical localization for
the model at hand, we work in the momentum basis and search for existence of
IOMs in this basis. We begin by constructing IOMs by identifying operators C,
that satisfies [C;, Up] = 0 and [Cy, ;] = 0. The existence of these IOMs encode
information about dynamical localization. Operators that commute with Up satisfy
the property (C’Z) Nyl = (C‘Z) ~ and are given by

~ 1 mk,, eim m(0;+mor;) bZ] im(6;—0;)
Ci - Ai - 46
pit 2 ; sin(mmay) t3 Z (o — ;) (4.6)

This expression is a generalization of the constant of motion given by Berry [41]. The
derivation of this expression is given in Sec. 4.5.2. Since C; is an IOM, p; is bounded
in time as long as the series in the last two terms converges. The delocalization of
p; with time will occur due to the diverging denominators in the 6 dependent terms.

We reiterate that the model always contains d integrals of motion, B, =
0;/a;(mod 27) ([B;,Ur] = 0) which results in integrability for both localized and
delocalized cases. For example, if a; = 7;/s; is rational, the existence of BZ results

in integrability even though CA’l,.,d do not exist. Since BZ is momentum independent,

its existence cannot bind p;(N). For the fully localized case, we have additional
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Figure 4.1: (Top panel) Plots showing evolution of the root mean square
deviation of energy, o(F) = /(HZ) — (Hy)?, as a function of time, la-
beled by the number of kicks, N. (Bottom Panel) Plots showing evo-
lution of the root mean square deviation of individual momenta in an
ensemble of 10 particles o(p;) = +/(p?) — (p;)? as a function of time,
labeled by the number of kicks, N. The initial states of the rotors are
assumed to be definite momentum states. The total number of particles
in this interacting ensemble is d = 10 and circular boundary conditions
apply. We consider two body interaction term to be J;; = cos(6; — 0;).
The periodic kicking potential is given by K(0) = >_>°_, k, cos(m#) for
all particles. The m-th Fourier coefficient is fixed by k,, = Z/m?, where
Z is a random complex number with real and imaginary parts uniformly
distributed in the interval [0,1]. We make sure that K() is real. We
choose @ corresponding to three scenarios: Figs. (Al, All): If ¢ denotes
the golden ratio, o;; = (j/d)¢ — (1/2)¢p are all irrationals for j =1... 10.
Figs. (BI, BII): We consider «; distinct irrationals as in Case A, but set
a1 = g, which results in the resonant growth of o(p;) and o(py), while
o(E) is bounded. Figs. (CI, CII): We consider «; as in Case A and set
a; = 1/2, which results in the resonant growth of o(£) and o(p;).
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d IOM’s C; 4 given in Eq. (4.6) that explicitly depend of p; and thus constrain
it. Thus, C;’s can be thought of as “emergent” IOM’s constraining the momentum

7

growth, resulting in dynamical MBL and “emergent” superintegrability.

4.4 Dynamical many-body localization and the structure of &

Equipped with three analytical expression for the energy growth, momentum
growth and IOMs [Egs. (4.5), (4.6), and (4.6)], we now diagnose the dynamical
localization for three distinct cases with varying structure of @. We note that, there
are cases where ma; can get arbitrarily close to integers (Liouville numbers) and
total energy and momentum are no longer bounded. In the single rotor case, such
a situation yields interesting consequences like marginal resonance and a mobility
edge in the momentum lattice, [41,141]. In this study we exclude this possibility

and refer to generic irrationals only.

4.4.1 Casel: a;...aqaq are distinct generic irrationals

For irrational values of «;, the total energy in Eq. (4.5) is always a bounded
function of N since mo; ¢ integer. In Fig. 4.1(Al), we fix initial states to be
momentum eigenstates ¢(f) = ¢, For momentum eigenstates, (I'p;)o ~ 0. Thus,
we plot the root mean square (RMS) of system’s energy o(E) = \/ (H2) — (Hy)? as
a function of N. Fig. 4.1 (AI) shows boundedness in the spread of the energy as a
function N. The momentum growth shown in Eq. (4.6) has contributions from both

interactions and the kicking potential. In Fig. 4.1 (AIIl) we plot RMS deviation of
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momenta o(p;) ...o(ps) (we used d = 10 for the specific simulation) and show that
the spread in the momenta is bounded as a function of N. For this case the integrals
of motion in Eq. (4.6) exist and convergent. Thus, all the diagnostics for this case

point towards a true many-body dynamical localization.

4.4.2 Case Il: a1 = as and as ... a4 are distinct generic irrationals

For this case, the energy remains a bounded function of N since ma; are not
integers. Thus, the RMS deviation o(F) is bounded as shown in Fig. (4.1 BI).
However, the second term in the momentum expression (Eq. (4.6)) develops a res-
onance (for the momenta p; and py) since a; — as. Due to this resonance term,
sin(mNwAais)/(mrAags) ~ N as a3 — ag. This resonant growth is reflected in the
RMS deviation of o(p;) and o(p,) growing linearly with N, while the o(p3) ... o(p1o)
remain bounded as shown in Fig. 4.1 (BII). This is a striking scenario where the
resonant momenta are not localized even if the total energy is bounded for large
N. However, the delocalization of p; and p, in time is reflected in the break down
of IOMs C’l and C’z due to diverging denominators in the resonant limit a; — .
For this case, the bounded total energy fails to diagnose delocalization as shown in
Fig. 4.1 (BI, BII). We note that this scenario has no analogue in the non-interacting
limit. Notice that interactions we considered possess translational invariance, i.e.
in the form J(6; — 6;) given in Eq. (4.3) and therefore interactions conserve mo-
mentum. The dichotomy between the energy growth and momentum growth is a

result of conservation of momentum and the linear dependence of energy on mo-
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mentum. If we allow interactions that break translational invariance, momentum is
no longer conserved and resonance due to interactions triggers unbounded growth

(delocalization) of both momenta and the total energy.

4.4.3 CaseIll: oy = 1/2 and s . .. a4 are distinct generic irrationals

For rational oy = 1/2, the system develops a different kind of resonance com-
pared to Case II. We consider a kicking potential with (k2 # 0). The resonance

sin(mNmra1)

condition ma; € integer can be satisfied for m = 2 and the ratio Sn(mray) STOWS

as N. It results in energy growth and delocalization of momenta p; as shown in
the RMS deviations in Fig. 4.1 (CI, CII). This is a converse situation to Case II
where the energy delocalizes with the delocalization of p; even though the momenta
P2, P3, - - - P1o are bounded. This situation is again captured by the IOMs, where Cy
does not exist, while C ... Cyq are well defined and convergent as seen in Eq. (4.6).

We can generalize the above representative cases. For each rational o, its
integral of motion C; breaks down and the corresponding momentum and energy
diverge with time. For each pair a; = «; both CA’z and C’j break down and the
corresponding momenta diverge in opposite directions, therefore Ci + éj is still an
IOM and the total momentum and energy of the pair are bounded.

Other than the behaviour of energy in Case II in Section 4.4.2, the rest of our

analysis apply equally to the interactions that break translational symmetry.
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4.5 Derivation of main results

Having established the physical understanding of localization for this model,
we now sketch the brief derivation leading to the final results in Eq. (4.5), Eq. (4.6)
and Eq. (4.6). In the following we consider the expectation of a generic operator as a
function of time, X (N) = (x| X |¢n). We write the explicit evolution of the many-
body wave function between two successive kicks, |iy) = e~V oy ;). Notice
that Hy = 27r62-ﬁ+% Z?;jl Ji-(éi—éj) contains the many-body interaction term which
may seem daunting, however, the linear momentum term allows a factorization in the
Floquet operator. The Baker-Campbell-Hausdorff formula Z = ln(eX eY) becomes
tractable when [X,Y] = sY. In this case, the result simply reads Z = X + sY /(1 —
e™®). Now fix m and let X = i2m(aypy + aspy) and V = b2 exp(im[f; — 05))
where Aaqy = o — an. The result of the commutator reads [X, f/] = i2rAamY,
precisely the tractable case discussed above. Replacing s with i27Aaqom in the

formula Z = X + sY /(1 — e~*) and inverting both sides of the equality, we obtain

the following factorization

) 5 > 2712 . _ _pl2 3 — —i D
e i2ra-p—iby; exp(im[01—02]) _ e ib;2 exp(im[61 92])6 127rozp' (47)

For this to hold, the Fourier coefficients must satisfy

B — Mb%(imﬂ%. (4.8)

TmAoy;

This argument can be generalized to more particles and Fourier coefficients. Due to

linearity summations over particle indices ¢, 7 and Fourier indices m are introduced.
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All in all, we can factorize the evolution operator for our model in Eq. (4.3) as

where we have defined the modified interaction term as,

jij _ Z Eij im(0;—6;) (410&)
. Z Sln 7TmAOé” bz] eim(Gi—Qj—WA@ij). (410b)
m(Aa;;)

The advantage of this factorization is that the operator e~i2m37 ig g trans-
lation operator in the position basis. We can rewrite Eq. (4.9) in the position
basis by acting with (0| from the left. We define (f|¢n) = ¥n(f) and express

(0le=i270P|y) ) = 4y, (f — 27@). For a single kick we then have,
Yy (0) = e VOIS T OOy (- 21). (4.11)

The above equation can be recursively iterated to yield,

N-1
— —i 0—2mna J” 0—2mna —
b () = ¢TI Al o Na). (4.12)

4.5.1 Derivation of the evolution of energy and momentum averages

Now consider a generic operator X=X (P1..-Pa; él...éd). The expectation value

of this operator after N kicks is

X(N) = / d % (0)X (d%... d‘zd ) Wy (6). (4.13)

If we substitute X = px, we get

N
A Z 7 - 12 o .
pl(N) = <Pl>0 — <81V(9 + 271'7106) + 815 JZ](Q + 27TTLCL’)> .
n=1 j

0
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Here, &, = 8/06; and {...)o = [ df...|spo|>. The contribution from the kicking poten-

tial is:

<—8, > Vi + 27m52)> = Z<fml>osm_(mﬂ. (4.14)

. sin(mmay)

The contribution from the interaction potential is

1 = a0 A it sin(mNmTAaqy;
<_alZ§ZJ1J(01 _9j+2ﬂ-n[ai _aj])> Z<let]> ( : )
n 17 0

TmAoy;
jm
Putting together above expressions, we obtain the expression for the momentum

dynamics presented in Sec. (4.3.2).

sin(mNrao; it Sin(mMNTAaq;;
0+Z —> £y (En S ) (4s)

sin(mmay) m mrAaw;;
mji

Now we derive the expression for the energy growth. Substituting X =H,in

Eq. (4.13), we have

1 P P
+ — 9 Z(J,J(HZ — ej + 27TNAO(U> — sz(ez — 9]‘))0

ij

sin(mN7may)

sin(mmay)

E(N) = Z 270 (i o

int sin(mN7TAa;;)
+ Z 2ray me mrAay

(4.16)

In the above equation, a cancellation occurs between the interaction terms in the

last two lines of Eq. (4.16) owing to the following relation,
- Z zy 8 + QWNA(XU) JZJ<92 - 9j>>0

= =3 2mai (T sin(mNrAai;) (4.17)

ng mrAa;

igm
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This completes the derivation of the energy growth shown in Sec. (4.16)

d . sin(mNma;

E(N) = E(0) + ;;%MFMOW. (4.18)

The dropping out of interaction terms from the total energy can be interpreted
in the following way. As seen from Eq. (4.15), the contribution of interaction to the
momentum average picks up a negative sign when ¢ and j are interchanged. This
means interaction transfers momentum from one particle to the other at each kick,
in other words momentum is conserved for each couple of rotors. Since the energy
is linear in momenta, when the momenta of rotors are summed, the contribution of
interactions vanishes. We emphasize that when the interactions break translational

invariance, they no longer conserve momentum and in that case energy growth

depends on interactions too.

4.5.2 Construction of integrals of motion

In this section, we outline the derivation involved in the construction of in-
tegrals of motion. By inspecting Eq. (4.14) and using the identity sin(mmra) =

lexp(imma) — exp(—imma)]|/(2i), we can write

1 mk P .G
N 1) — N) = = § m < 1m(0;+7rocl)> . < 1m(91+7ral)>
n(N +1) = p(N) 2 <= sin(mmay) ( ‘ v\ N+1

1 bl s s
- m 1m(01—0j)> _< 1m(91—9j)> 419
T3 %; TAwy; (<€ v\ N+1)  (419)

noting that, the expression is valid whenever the denominators sin(mma;) and

Aayj = oy — o are non-zero, in other words, whenever the resonances are avoided.

106



The above expression can be organized in a way that it manifests the IOMs,
1 ket 1 i eim@i6)
<pi Y92 ) T2 =)
" " N+1
1 mk, eim@itma) ] bid eim(0i—0;)

2 = S T 4.20
<p i 2 Z sin(mma;) * 2 XJ: (o — ;) (4.20)

m m N

If we use the definition in Eq.(4.6) we get (C))n41 = (C})n, thereby proving

that C; is an integral of motion.

4.5.3 Floquet Hamiltonian and quasienergy eigenstates

A special case of our model is when there are no resonances, namely, all [OMs
associated with the momentum localization CA’l.,d are intact. In this case, of particular

importance is the following combination of the integrals of motion
Hp = Z%a@. (4.21)

Where Hp is known as the Floquet Hamiltonian and is defined as,
e HHr = ¢~V e—ifo — . (4.22)

The quasienergy wave functions 1, are simultaneous eigenstates of Hp and C;’s.

~ —

The quasienergy-w state centered around momenta (p) = M is

0ul) = 2y exp {17 G- Y VT S b sy
w = (27 expq1V -0 — - — e
P — 2sin(mmay) P drm(a; — o)
(4.23)
This satisfies Cith, = Mjth,. By writing Hpth, = wi), and using Eq. (4.21),

we see that the eigenvalue equation is satisfied when, w = 27a@ - M (mod 27).
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We can also compute the momentum-momentum correlator, (p;p;) — (9:)(D;)

for i # j over quasienergy eigenstates. The correlator over this state follows as

R I (424

In the case of a resonance a; — «;, this correlator clearly diverges, while in the

localized case it remains finite.

4.6 Experimental proposal

A natural venue for realizing the interacting kicked rotor model is supercon-
ducting grains. The Hamiltonian, Eq. (4.3) could be implemented using a chain
of voltage-biased superconducting grains coupled to each other using Josephson
junctions. Consider a chain of grains gated by a ground plane which resistively
connected to ground (see, Fig. 4.2). We then supply a gate voltage V; to each grain,
and connect them to each other by Josephson junctions J;;.

Because the voltage on the i-th grain is locked to be V;, its phase winds with
an angular velocity gzﬁl = 2eV;/h. Therefore, the resistance and gate capacitor can

be ignored when writing the effective stationary part of the Hamiltonian:

Ho = Z Qi‘/i — Z Jij COS(¢¢ — gb]) (425)

In addition, the “kick” term is obtained by connecting each grain to a common
macroscopic superconductor (which is itself grounded), for a short time and through

a strong Josephson coupling.

V(t)=— Z K(t —nT) cos ¢, (4.26)

i“wn
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Figure 4.2: Schematic of chain of voltage-biased (V;) superconducting
grains coupled to each other (J;) using Josephson junctions. Each grain
is connected (K;) to a grounded common macroscopic superconductor
stroboscopically through a strong Josephson coupling.

with K(t) = K when |t| < 7. To make the kick term as close to a delta function as
possible, we must have 2eV;7 < h27, and K7 ~ h, and 7 < T. A diagram of the
circuit for a nearest-neighbor interaction is shown in Fig. 4.2. Identifying, ¢; = 6;,
2a; = 2€V;/h and p; = hg;/2e we see that we indeed obtain the Hamiltonian of

Eq. (4.3).

4.7 Conclusions

In this work, we introduced the concept of dynamical many-body localization
and presented an exactly-solvable model of driven linear rotors, which exhibits this
phenomenon. Although the model possesses a full set of integrals of motion, it is

shown that dynamical MBL is accompanied by the emergence of additional integrals
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of motion, local in momentum space. We believe that this observation has important
general implications for understanding dynamics of interacting many-body systems.

We have shown that these integrals of motion break down due to two types
of resonances indicating delocalization in momentum space. One type of resonance
originates from commensuration of the external driving period with the parameters
of the system and the other from the static interactions. An interesting feature of
this model is that the total energy in the system, that is linear in momenta, fails
to be a good indicator of dynamical localization, since when momentum conserving
interactions delocalize momentum, momenta of interacting pair grow in opposite
directions.

Moreover, we have shown, by utilizing the lattice mapping introduced by Fish-
man and Grempel and Prange, that our model maps into a disordered lattice with
as many dimensions as there are rotors. Based on this observation, we argue that
what is observed is an Anderson type localization, particularly of the type seen in
correlated disorder systems.

We also have proposed an experimental setup composed of Josephson junctions
and superconducting grains to realize the model Hamiltonian.

Finally, we emphasize that the results presented here can apply to more generic
non-integrable systems. For example, a recent work [142] considers interacting
kicked Dirac particles with individual Hamiltonians, Hy = 2rao,p + Mo, and
provides a simple argument that this non- integrable system also exhibits MBL.
First, this model also exhibits localization when a’s are generic distinct irrationals.

Second, although the number of interacting particles that can be considered numer-
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ically is limited, note that at large momenta the Dirac model crosses over to the
linear model considered here. This suggests that MBL should be robust to a class

of non-integrable generalizations, for any number of interacting rotors.
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Chapter 5: Conclusions

(Classical mechanics is built on assumptions that hold for macroscopic bodies,
therefore, is applicable to a diverse set of phenomena that includes those that appear
in anthropic scales, which makes the theory appealing to our intuition. For this
very reason it historically precedes quantum mechanics that lies at the heart of our
current understanding of nature.

Classical models have enormous utility for being well understood and intuitive.
In this thesis we put forward three models for many-body quantum systems, solve
them under certain assumptions and employ a classical analogy to help understand
the underlying physics and/or make inference about a broader class of systems.

From a different perspective, these analogies contribute to resolve the problem
of how classical dynamics emerge from quantum mechanics. Although the emer-
gence of classical mechanics from quantum mechanics, commonly referred to as the
classical limit, is controlled by a single parameter, the Planck constant, the quali-
tative picture the two theories paint is fundamentally different. The measurement
problem, the failure of conventional quantization schemes for the gravitational field
and the emergence of chaos from unitary quantum dynamics are all different cases

of the ‘classical limit’ problem that plagues almost all fields of modern physics in
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addition to rising foundational questions. All three of these issues are related to
how we extract a set of observables (what we refer to as the ‘system’) from a very
large number of interacting quantum degrees of freedom, a majority of which make
up the ‘environment’ for the system. Therefore, the afore-mentioned issues can be
considered in the context of the ‘quantum many-body problem’ as we argued in the
introduction.

Below is a summary of the models considered in these thesis, the corresponding
classical analogy, its advantages and/or its relation to a broader problem say of
classicalization of particles/fields, emergence of spacetime or chaos.

In Part 2, we considered a quasi-one-dimensional superconductor. In the su-
perconducting phase of matter, the complete many-body quantum field theory can
be reduced to the solution of a PDE for the superconducting order parameter and
the two-point function for the quasiparticles. This PDE parametrically depends on
the disorder in the system. In the long wavelength limit, the appropriate Eilen-
berger equations of the system were solved. We discovered that this problem can
be mapped to a one-dimensional classical particle moving in an external potential.
In view of the recent interest in superconducting heterostructures, we studied the
proximity effects in a normal segment, attached to a clean p-wave wire. We discov-
ered that despite the presence of impurities, the proximity-induced superconducting
correlations are long-range. We also found that impurity scattering leads to the ap-
pearance of a delocalized zero-energy peak that hints to the long sought zero-energy
Majorana mode. The methods we employ can be applied to analyze a variety of sit-

uations with quasi one dimensional disordered superconductor and metal junctions,
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which will form the building block of topological quantum computers.

In Part 3, we considered a strongly interacting Bose system. Similarly, the
superfluid phase is described as a classical object: a perfect fluid. The environment
is the gas of phonons which effect the background flow by applying stresses. This
picture is called the two-fluid model. The phonons, possessing Lorentz symmetry,
can be shown to travel on an emergent spacetime metric defined by the perfect fluid.
With this observation we drew analogies between general relativity and the two-fluid
system including stochastic effects due to the fluctuations of the phonon “matter”
field. This gives an idea of how classical spacetime might emerge from quantum
degrees of freedom in the low energy limit. Moreover, based on this analogy, we
conjectured a lensing for a phonon wave packet due to stochastic fluctuations of the
background fluid, similar to lensing of light rays due to a fluctuating metric field.

In Part 4 we considered the analogy between localization of electron states in
a lattice and the quantum bounds to classical chaos, known as the Maryland model.
To understand if the quantum suppression of chaos persists despite interactions,
we introduced the concept of dynamical many-body localization and presented an
exactly-solvable model of driven and interacting linear rotors, which exhibits this
phenomenon. For each rotor, the rest of the rotors is the environment. The ex-
istence of dynamical MBL depends on whether the environment restores chaos or
not. Although the model possesses a full set of integrals of motion, it is shown that
dynamical MBL is accompanied by the emergence of additional integrals of motion,
local in momentum space. In both cases the quantum evolution equations closely
follow their classical counter parts. The additional integrals of motion break down
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when interactions become resonant causing phase space diffusion or delocalization.

We also have proposed an experimental setup composed of Josephson junctions
and superconducting grains to realize the model Hamiltonian. Finally, we emphasize
that the results presented here can apply to more generic non-integrable systems.
For example, a later work [142] considers interacting kicked Dirac particles with
individual Hamiltonians, Hy = 27ao,p + Mo,, and provides a simple argument
that this non- integrable system also exhibits MBL. This suggests that MBL should
be robust to a class of non-integrable generalizations, for any number of interacting

rotors.
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Appendix A: Mapping between Quantum Kicked Rotor and the tight-

binding model

In the first part of this section, we derive the known lattice mapping of the
one dimensional kicked rotor [28]. Once we establish this derivation, we show that
the many-body linear kicked rotor 4.3 also admits a lattice mapping of a particle
on a d-dimensional lattice. We emphasize that existence of such a mapping in the

many-body case is limited to the case of linear p model (I = 1).

A.1 Lattice model of single quantum kicked rotor

In the introduction we considered the time dependent Schrodinger equation
for a kicked rotor. The kinetic part was considered to be p!. For the quadratic
kicked rotor case [ = 2 and the linear kicked rotor that we consider in this work is

Il =1. Also h =1 and kicking period T = 1 are used in this equation.

10,00, 1) = [2ma(—i0p)' + K (0) > 5(t — n)}ib(6, t). (A1)

The above equation can be solved for ¥(0,t) = e~™“'u(6,t), where the function u

has the unit periodicity of the driving. Let u™ defines the state just before and after
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the kick and are connected by the evolution operator in the following way,

u-i- — e—iK(G)u—’ u- = ei(w—Qﬂaﬁl)u—i- (AQ)

Define the following: u = %, exp(—iK(0)) = (1 —iW ()11 + iW(9)),
exp(—i[2rap’ — w]) = (1 —iT(#))"(1 +iT(h)). Based on the above definitions,
u* = (1 FiT(0))a and

A

[T(0) + W (0)]a =0 (A.3)
is obtained.

Fourier transforming the above expression, we get the following tight binding

model,

> Winenttn + Tty = Ety. (A.4)
n#m

Here, the energies and hoppings are:

Wmfn - _E(Sm,n -

[ K(9)
—i(m—n)0
7 i e {tan ( 5 ) } de,

T,, = tan (%[w - 2mml]) : (A.5b)

(A.5a)

This completes the derivation for the lattice mapping for the single rotor case. In
the following section, we generalize this derivation to demonstrate the existence of

a lattice mapping for the interacting rotor model of Eq. (4.3).

A.2 d-dimensional lattice model

In this section we show that there exists a d— dimensional lattice model corre-
sponding to the d particle interacting version of the kicked rotor model in Eq. (4.3).
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Such a mapping has been previously identified for the case of a d rotors driven by
an interaction potential [131]. Notice that in our case, the interactions are encoded
in the stating Hamiltonian [:[0. However, we show that for the linear momentum
dependence of the kinetic term, static interactions can expressed as the driven inter-
actions and the rest of the lattice mapping simple follows from Ref. ( [131]). In order
to establish this mapping, we use the factorization of the Floquet operator discussed
in the Section. (4.5). The time dependent Hamiltonian in Eq. (4.3) produces the

same Floquet operator as,

d 00
i=1

n=—oo

where we have defined,

d
V=S KG) +y 3 Tulh— ) (A7)
i=1 i#j
d
_ szjkmme +%;;5geimw>. (A8)

The factorization enables to treat on site and interaction potentials on equal footing.

The b7 is defined in Eq. (4.8). Moreover, we write:
Ve =3y, (A.9)

Here, m is a d-dimensional vector characterized by the integer m. The com-
ponents of the potential V£ are as follows. For fixed i and j, for vectors i parallel
to a coordinate axis, i.e. m; = md;, V,nﬁj takes the value k,,. For vectors m such
that m; = m(d; — &), VL takes the value b /2. For any other vector, VI van-
ishes. Treating a’s and p’s as d-dimensional vectors as well, the Hamiltonian can be
succinctly as:
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H(t) = 25a - 5+ 3 Ve ™ S 6(t - ). (A.10)

n=—oo

Following Ref. ( [131]), the above driven Hamiltonian can be mapped on to a d-
dimensional lattice model, which is closely related to the lattice mapping outlined

in the previous section for the single rotor case.
H"fiUﬁ = Trum + Z Wmﬁ’dﬁ = Fuy,. (A.ll)

Here, m and 7 are vectors that contain integers that correspond to the quantized

eigenvalues of the angular momentum operator. The hopping and onsite terms are

defined as,

W"_ﬁ = _E(Sﬁifi

2 PR , (A.12a)
1 Fe—i(m—ﬁ)ﬁ _tan V(o) 7
oy ) e (157)

1
T = tan (ﬁ[w — 21 - 773]) . (A.12b)

—

Here, we defined F = —(1/[27]¢) [ tan (VF(Q)/2> so as to make Wy = 0.
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Appendix B: Derivation of the canonical conservation law

Here we derive the canonical conservation laws in Part 3, by using the covari-
ant conservation law and the equations of motion for the two-fluid system. The

Chrystoffel symbols are

1
D = 58 (g + e = s (B.1)

where the comma notation means

0
gﬁu,a - %gﬁy-

For a symmetric tensor T%,, with the application of chain rule, we have

1 1 1
Ty = 5T (9700, + 97,8 = 9" ,0%) = =3T0 (97,0%) = =3 T,9™".
(B.2)
Similarly, we have
Iz 1 wB 1 s 1
r v = ég (gﬁl/,u + 9y — gl/u,ﬁ) = 59 Ipuw = Zg,v = 0, log \/__g (BS)

Using Eq. (B.2) and Eq. (B.3) and relabeling dummy indices as required, we

write the covariant conservation law Eq. (3.49) in the main text as Eq. (3.50).
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Now, by using Eq. (3.52) and Eq. (3.53), the covariant conservation law
Eq. (3.50) can be recast in the Noether current form that appears in Eq. (3.55)

as follows.

0Ly,

0L 0Ly,
=t
a¢7l"’

a6, " "oy

V-9V, T", = ( b, — .,iﬂphé“l,) + pr=0. (B.4)
H

Using the Euler-Lagrange equation (classical limit of Eq. (3.48a))

=0,

8($ph + .ipcl) _ (a(ﬁph + .,%l))
dp Op "

and using the chain rule

0L 0L

Vgc = 5 Uv 6 vy
0 1 ap 0) p+ 89’“ o
the covaraint derivative in Eq. (B.4) becomes
V=gV, T", = (aipph b, — iﬂph(wy) + wgw — 0, %", = 0. (B.5)
0, " a0,

Now using, the second Euler-Lagrange equation (classical limit of Eq. (3.48Db)),

=0.

N+ L)\ _ Lo+ o)
20, ), o6

the Eq. (B.5) reduces to

0L
06,

(Lo + 2,
6, — (L +$ph)5ﬂy> + (%e,y) — 0. (B.6)
M M Y2

/_gVMTuV _ (

The total derivative on the right hand side can be written as the divergence of the

Noether current Eq. (3.55).
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Appendix C: Noise and response kernels

Here, we write the first and second order variations of the effective phonon
action in Part 3 as tensors and bi-tensor kernels. For example consider the second

order variations of the phonon effective action with respect to the forward metric:

82T,
6(gt)r(x)d(gt)* (y)

TV (Tlo)) VI (Tl0)) ~ sttt | (€

~ ~

In the last part we used the unitarity of the partition function in Eq. (3.40).
The second order variation of the phonon partition function contains the ex-

pectation value of a product of stress-energy operators.

527, -
(g ) (2)0(g) P (Y) [ gr—g-
1 Ad (T : 6> Spn[9)]
— V=9@V =) (T { T (@) Tas(w) } ) +1 <5gw(x)5ga6(y)> . (C2)

Here, the Weyl or T* ordered average of the product of stress operators is understood
in the following way. The stress-energy operator contains terms quadratic in the
field and its derivatives. It can be regularized by using the point splitting method

[104,113]. In this regularization scheme, to take an average as in Eq. (C.2), one first
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writes the quadratic operator average as

lim <T*{3#<;3(x')8yq§(x”)}> — lim %% <T{¢3(x’)<§(x")}>. (C.3)

x! ! —x ! ! —x
Then, the time ordered operator average is computed and renormalized by sub-
tracting the divergent terms. Lastly, the operators are acted on the result and the
coincidence limit is taken.
Weyl ordering inherits all properties of time or path ordering, for example it

is possible to rewrite the Weyl ordered average as

(T { D0 @) Tasw) }) = (T { T @) Tasly) }) . (C4)

Here, {, } is the anti-commutator and T is the reverse Weyl ordering computed by
reversing the time ordering in Eq. (C.3). Using Eq. (3.41), we can decompose the

Weyl ordered average into its real and imaginary parts

e, y) = Tm (T { T (@) Tus(0) ) (C.6a)
i p(o.) = 5 ([Tunle) Tustu)] ). (C.6h)
Hynias (@.9) = Bl @.9) + Hissl,0) (C.6c)

~ ~

= —i0(2* ~ ) (| Tule). Tus(v)] ) (C.60)
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~ ~

Rwas:) = 5 ({), Fas®)}) (€7

o) = (T (@) (C.7h)

_ —4 528ph[$] c
Rpwos(z:) = V=9(x)/~a(y) <5g“”(w)5g“ﬁ (y)> ' (G.7c)

The kernels H° and H# are the symmetric and anti-symmetric bi-tensor parts of

Mast

where 1, (z) =

H,ie.

Hot o(r,y) = £Hys (y,@). (C.8)

With these, the second order variational derivative of the effective action on

the forward branch reads

A ~

4 52T, »
“ = ZN,LLVO{B(Q:ay)_HSVa,B(xvy>_K#Vaﬁ<x7y)'

V=9(2)\/=g(y) 097 (£)3(g")* () | -y

(C.9)
Similarly, the second order variation with respect to the other combinations

of the forward and backward values of the metric are

A

= _iNuuaﬁ(‘xa y) - Hﬁyaﬁ('T? y)’

gt=g~

4 52T
V—9(@)\/—g(y) 0(g) (2)d(g7)*(y)

(C.10)
4 (52th
V=9(@)\/—g(y) 0(g7 ) (2)d(g7)*" (y)

= —iNﬂyag<.’L', y) + ﬁiyaﬁ(ita y)?

gt=g—

(C.11)
4 52T,
V—g(x)\/—g(y) 6(g7)" (2)d(g7)* (y)

= ZNMVO(ﬁ (Z’, y)—{_[:[;fuaﬁ (ZE, y)"—Kumxﬂ (ZL’, y)

gt=g~

(C.12)
The Eq. (3.90) is a compact way to write the above second order variations
Egs. (C.9)- (C.12).
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