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Increased chip densities offer massive computation power to deal with fundamental big
data operations such as sorting. At the same time the proliferation of processing elements (PEs)
in settings such as High Performance Computers(HPCs) or servers together with the employment
of more aggressive parallel algorithms cause the interprocessor communications to dominate the
overall computation time, potentially resulting in reduced computational efficiency. To overcome
this issue, this dissertation introduces a new architecture that uses simple crosspoint switches to
pair PEs instead of a complex interconnection network. This new architecture may be viewed
as a “quadratic” array of processors as it uses O(n?) PEs rather than O(n) as in linear array
processor models. In addition, three different models for sorting big data in a distributed com-
puting environment such as Cloud computing are presented. With the most realistic model of
the three, we demonstrate that the high parallelism made possible by the simple communication
channels overcomes the seemingly excessive hardware complexity and performs comparable to

or better than existing algorithms. Furthermore, two additional algorithms of matrix multiplica-



tion and triangle counting for the 1D-Crosspoint Array are introduced and analyzed. Lastly, two
higher dimensional variants, 2D- and 3D-Crosspoint Array are also proposed with a construction
method, which succeeds in reducing the number of PEs required by utilizing the communication

channels in the added dimensions.
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Chapter 1: Introduction

Digital data is being generated at an unprecedented rate. Back in 2003, it was reported that
the yearly generated data stored in hard disks was 5.1 Exabytes(EB, 10'®B)[5]. In 2012, the
same amount of data was generated less than a day as it was reported that 2.72 Zettabytes(ZB,
10%'B) was generated in that year[6]. Since then, the growth of digital data has been exponential,
generating 16.1ZB, 33ZB, and 59ZB of data by the years 2016, 2018, and 2020 respectively|[7,
8, 9]. Furthermore, the growth is not predicted to slow down anytime in the near future[8].
Consequently, an increasing number of organizations across the globe are utilizing a variety of
big data analysis ideas and techniques. The big data analysis is driving many aspects of society,
including mobile services, retail, manufacturing, financial services, life sciences, and physical
sciences[10, 11, 12]. In each of these aspects, companies are collecting and analyzing vast sums
of data to develop new competitive advantages|8].

Consequently, a lot of research has been done on how to deal with big data problems in
computer science and related fields. It is obvious that big data is too large to process by a single
processor in a reasonable time and/or is to be kept in a single memory. Parallel processing is a
solution to cope with big data and at first, utilizing more processors would seem to be a good
approach. However, increasing the number of processors alone may not necessarily translate into

increased performance proportionally. The main reason for this limitation is the intra- and inter-



processor communication, which becomes more difficult to deal with as the number of processing
elements (PEs) increases. Generally speaking, communication time entails two components: (a)
transmission time and (b) contention time. The transmission time refers to the time a signal takes
to travel the communication medium such as buses or crosspoints. The contention time refers
to the time that is caused by contention for limited communication paths and resources. Both
types of communication time can be problematic as the number of PEs increases. In the case
of transmission time, using more PEs naturally increases the length of communication paths,
resulting in longer transmission times. Using more PEs also generates more contention in the
communication medium. In fact, the communication time in a parallel processor is reported to
be more dominant than the processing time and can even become a bottleneck for overall compu-
tation time[ 13, 14][15, p.33]. Consequently, the focus of parallel processing research gradually
shifted to reducing communication time complexity from the earlier focus on improvement and
optimization of each processor.

This dissertation explores some new ideas to mitigate such communication time complex-
ity issues that arise in parallel executions of a number of big data algorithms. To this end, a
new network, called 1D-Crosspoint Array is introduced to interconnect a set of PEs with the
minimization of the contention time in mind. It is a tightly coupled parallel processing model in
which every pair of PEs is connected by a direct link (an on-and-off switch). For an input size of
n, this parallel processing model uses O(n?) PEs whereas a conventional linear array would use
O(n) PEs [16, 17, 18, 19, 20]. As it will be shown in the dissertation, one particular benefit of
using O(n?) PEs is O(1) time complexity in sorting a set of n keys, O(n) time complexity when
multiplying two n x n matrices, and O(|E|*/2/n) for counting triangles in a graph G(E, V). In
all three cases, 1D-Crosspoint Array model provides an optimal parallel computation in terms
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of time complexity. A 2D and 3D variations of 1D-Crosspoint Array are also presented in the
dissertation in order to reduce the number of PEs by a constant factor.

The rest of the dissertation is organized as follows. This chapter is concluded with a survey
of existing results on reducing the communication cost. The 1D-Crosspoint Array is presented in
detail together with construction method in Chapter 2. Next, we show how the 1D-Crosspoint Ar-
ray can solve three big data related problems, namely sorting, matrix multiplication, and triangle
counting in Chapters 3, 4, and 5. In Chapter 6, the higher dimension variants of the 1D-Crosspoint

Array are introduced and analyzed and the dissertation is concluded in Chapter 7.

1.1 A Survey of Prior Research

Many of the earlier works that aimed to reduce communication time complexity in multiproces-
sors were based on hardware solutions. For example, the hypercube architecture[21, 22, 23, 24]
attracted many researchers as it offers a relatively low communication time complexity with
rich connectivity as compared to mesh architectures. A hypercube is a generalization of the
three dimensional(3D) cubic graph to arbitrary number of dimensions such that each PE of an
n-dimensional cube has n direct neighbor PEs. Compared to a PE of a cubic architecture, which
has 3 neighboring PEs, such a high number of direct links between PEs generate less contention,
and O(n) distance between any two PEs. At the same time, n links per PE make its VLSI layout
more complex than some other networks such as cube-connected cycles[25], hypercycles[26], or
hypernet[27].

A 3D layouts of processors were utilized to compute specific algorithms as well. For ex-

ample, several parallel matrix multiplication algorithms were proposed to run on processors that



were laid out in 3D[28, 29, 30]. The advantage of the 3D layout compared to the 2D layout is
the additional communication channels among PEs, which effectively reduce the communication
distance.

When optical techniques were introduced in the field of digital signal processing in 1960s,
optical interconnects were studied as a faster substitute for electronic interconnects[31, 32, 33].
Optical signal processing provided many advantages over electrical signal processing in terms of
speed, energy, and density[34, 35, 36, 37]. The extremely high bandwidth of optical fiber offers
faster communication and lower power consumption, and so high performance computing (HPC)
systems employ optical interconnects[36, 37]. However, optical interconnects present some is-
sues that must be dealt with such as interfacing electronic and photonic subsystems, increasing
reliability of optical communications and higher upfront costs[36]. Still, optical interconnects are
used in on-chip networking[38] as well as networking between computer chips[20, 39, 40, 41].

At higher levels of integration and after big data problems emerged, access to super-
computers and HPCs is now more common using cloud computing[42, 43, 44] and grid
computing[45, 46, 47]. However, such systems are built as a general-purpose parallel system,
meaning the system is designed with versatility in mind rather than the communication time. To
be sure, many communication time reduction techniques are implemented in the HPCs, but mini-
mizing the communication time for each different algorithm still depends on the algorithm itself.
For example, the Fast Fourier transform(FFT)[48] is an algorithm that can benefit significantly
from reducing communication time. This is because it requires triple all-to-all data exchange,
also known as global transpose, which implies intensive inter-processor communications. In fact,
the communication of a naive 1D FFT algorithm is reported to account for anywhere from 50%
to over 90% of the overall computation time[49]. In [50], a FFT algorithm with no all-to-all data
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exchange was proposed. However, the computation time complexity of the algorithm was raised
to O(n'?) from O(nlgn) for n-size input. Due to the increased complexity, the experimental
result showed that with 8 PEs, the no-communication algorithm performed faster than the reg-
ular FFT when the data size was small, but with bigger data size, the no-communication FFT
was slower since the larger workload of each PE increased the computation complexity [50]. A
few years later, Tang et al. proposed a more feasible FFT algorithm with single all-to-all data
exchange[49, 51]. While reducing the number of all-to-all data exchanges, the authors were able
to retain the computation time complexity of O(n lgn). The algorithm involves some additional
inter-processor communication in addition to the all-to-all data exchange, but is reported to be
negligible, which was proven to be the case by the experimental result that showed the algorithm
being more than two times faster than the regular FFT algorithm.

As access to HPCs became more common, big data computation frameworks, such as
MapReduce[52] and Hadoop[53], were accepted by many companies and research groups. The
difficulty of programming algorithms to fully exploit the potential parallelism of HPCs was one
of the reasons why frameworks gained popularity. In particular, MapReduce framework is com-
posed of Map function and Reduce function with a shuffle phase in between. The input data
is key/value pairs. Map and Reduce functions are written by the user, and each of Map func-
tion generates an intermediate key/value pairs for each input. Then each intermediate data is
mapped to Reduce function associated with specific intermediate key(s). The Reduce function
than carries out the user-written computation and returns an output for each intermediate key.
Such framework made programming parallel algorithms simple and scalable[54, 55]. However,
the framework generated substantial intermediate data which was communicated between proces-

sors in the shuffle phase, degrading the performance due to increased communication time. To
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address this issue, a communication reduction scheme for MapReduce framework, called Coded
MapReduce[56, 57, 58] was proposed. The Coded MapReduce scheme does repetitive distribu-
tion, or in other words, it distributes same input data to more than one Map function. With some
of the Map functions sharing data, the intermediate data can be ‘coded’ into smaller data using
each shared data as a key, and this effectively reduces the communication time. It must be noted
that the initial repetitive distribution exacts additional communication time, but is offset by the
fact that the distributed data can be used in the Reduce function locally, assuming the same set of
processors that ran Map functions are reused for the Reduce functions.

The MapReduce framework provides a very high level approach to structuring algorithms
without focusing on the lower level architectural considerations in the implementation of parallel
algorithms. This will likely result in executions of such algorithms with excessive communication
time as the framework overlooks the potential trade offs between the available hardware and
communication time complexity of the algorithms in question. Such tradeoffs will be explored

and illustrated in this dissertation using a big data model for parallel sorting.

1.2 Contributions

The contributions of this dissertation can be summarized as follows.

1. We introduce a new interconnect architecture, called a 1D-Crosspoint Array to minimize

communication contentions between PEs by localizing their links.

1. We propose three parallel processing models to describe realistic parallel processing in big

data computations and develop distributed algorithms over cloud computing environments.

iii. We present an O(1) time parallel sorting algorithm using the 1D-Crosspoint Array.
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1v.

Vi.

We present an O(n) time parallel matrix multiplication algorithm.

We present an O(n(|V'| + |E|) + n(|Vpre| + | Eprz|) + n|t]) time parallel triangle counting

algorithm.

We present higher dimensional variants of the 1D-Crosspoint Array to reduce the number

of PEs by increasing their connectivities.



Chapter 2: The 1D-Crosspoint Array

This chapter describes the definition, properties and construction of the 1D-Crosspoint Array.

2.1 Overview

The 1D-Crosspoint Array is a tightly coupled linear array of O(n?) PEs that uses simple cross-
point switches to connect each pair of PEs. Each PE communicates only with those PEs that are
directly connected to it, i.e., its left and right neighbor PEs. The locality of connections between
the PEs may potentially limit the communication ability of PEs that are not directly connected
to each other, but this is avoided by introducing the notion of classes of replicates. That is, the
O(n?) PEs are divided into n classes, and the PEs belonging to the same class are referred to
as replicates of one another in the same class. Replicates are created to distribute the workload
to multiple PEs and attain parallelism with local communication links. Those replicates in any
given class will be provided the same input dataset and will be carrying out the same compu-
tation with their own neighboring replicates. Thus, replicates are functionally similar to other
replicates in the same class and when there is no ambiguity, they will be viewed as one and the
same. Now, to enforce full connectivity across classes of replicates, the 1D-Crosspoint Array is
constructed in such a way that a class will have at least one replicate from every other class next

to one of its own replicates. Therefore, the 1D-Crosspoint Array has the same global connectivity
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Figure 2.1: 1D-Crosspoint Array for n = 5

between classes as a conventional linear array model would have between n PEs. As a result, the
1D-Crosspoint Array can be seen as an n—PE array with a global communication connection but
without any communication contention between the PEs. For example, a 1D-Crosspoint Array
for 5 classes is depicted in Figure 2.1. The figure shows that the replicates, which are represented
by the circles, are paired with neighboring replicates by crosspoint switches. The numbers inside
the circles denote the classes to which replicates belong. For example, the two replicates belong-
ing to class 1 are next to replicates belonging to classes 0 and 2 as well as classes 4 and 3. Hence,
class 1 has replicates of every other class as a direct neighbor, and would not require any more
than the minimum communication time (one step) to communicate with any of the other classes
of replicates. This is true for all classes in a 1D-Crosspoint Array.

Throughout this dissertation, we say that a crosspoint array has a 1D-layout if (a) each
replicate is paired with at most two replicates and (b) replicates are placed on a straight path
without any wraparounds. As seen in the figure, all (2) = 10 pairings of five replicates are
realizable in this layout of 10-crosspoint array in which each PE is replicated no more than
three times'. Our goal here is to have a pair of replicates one from each of the (g) pairs of n
classes share a crosspoint in a 1D-Crosspoint Array, using a minimum number of crosspoints
and replicates with the assumption that no replicate is adjacent to more than two replicates. We
formalize this goal as a notion of complete adjacency due to its frequent usage throughout the

dissertation.

'If wraparound were allowed then two replications would suffice when n = 5. In general, for any odd integer
n, |n/2] replications would suffice with wraparounds.



Definition 1. Complete adjacency. A 1D-Crosspoint Array with n classes in which every one of

(;‘) pairs of n classes is adjacent is said to have complete adjacency.

It will be assumed that all 1D-Crosspoint Arrays have the complete adjacency property through-
out this dissertation. To construct a 1D-Crosspoint array with complete adjacency using a min-
imum number of replicates, we must first identify the minimum number of replicates needed
for complete adjacency. Propositions 1 through 4 below are used to prove Theorem 1, which
establishes the minimum number of replicates needed to construct a 1D-Crosspoint Array with

complete adjacency.

Proposition 1. A 1D-Crosspoint Array with n classes and complete adjacency requires (’;) +1

replicates in all of its n classes and (g) crosspoints.

Proof. The complete adjacency dictates that each class be adjacent to every other class. Given
that there are n classes and each adjacency pairs at most two classes, n(n — 1)/2 = () adjacen-
cies or crosspoints are required. That (3) crosspoints (edges) require (Z) + 1 replicates (vertices)
follows from Euler’s formula f + v — e = 2, with f = 1,e = (g) where f, v, and e denote the

number of faces, number of vertices, and number of edges in any graph, respectively. [

Proposition 2. In a 1D-Crosspoint Array with n classes and complete adjacency, each class must

have no fewer than P”T’W replicates.

Proof. A replicate in a 1D-Crosspoint Array can be adjacent to at most two replicates. Thus, any
given class needs at least ”T_l replicates to be adjacent to the replicates of all other n — 1 classes.
Since number of replicates can only be an integer, ”T_l rounds up to the next larger integer, i.e.,

=] =
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The last proposition can be strengthened for the two replicates at the end of the 1D-Crosspoint

Array:

Proposition 3. If the two replicates at the two ends of a 1D-Crosspoint Array with n classes and
complete adjacency belong to the same class then that class must contain at least |24 | replicates

in order to be adjacent to the n — 1 replicates in the other n — 1 different classes.

Proof. Let’s suppose that the two replicates at the two ends belong to class «. These two repli-
cates can only be adjacent to two replicates in total. Therefore, for class a to be adjacent ton — 1
other classes, it must be adjacent to some (n — 1) — 2 = n — 3 classes excluding the classes
adjacent to the two replicates at the two ends. By Proposition 2, we can deduce that class « needs
to have at least "7_3 replicates in addition to the two replicates at the ends. Hence, class « requires
"T_?’ +2 = "T“ replicates in total. Again, since the number of replicates must be an integer, it

rounds up to WLTHW . [

Proposition 4. If the two replicates at the two ends of a 1D-Crosspoint Array with n classes and
complete adjacency belong to different classes then each of those two classes must have at least

{%W replicates in order to be adjacent to the n — 1 replicates in the other n — 1 classes.

Proof. This time, suppose that the replicates at the two ends of the array belong to class o and
B. The class « can be adjacent to only one class via the replicate at its end. Therefore, for
class « to be adjacent to n — 1 classes, it must be adjacent to n — 2 classes via its remaining
replicates. The same holds for class 5. This implies that class « and /5 must each have at least
#5= = % — 1 replicates. Hence, including the replicate at its end, class a and 8 must contain at

least {% -1+ ﬂ = (%w replicates respectively. 0

Combining Propositions 1 through 4, we have:
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Theorem 1. A 1D-Crosspoint Array with n classes and complete adjacency requires at least

—n(n{l) + 1 replicates for odd n, and ”72 replicates for even n.

Proof. When the replicates at the two ends of the array belong to the same class, by Proposition 3,
that class must have (”T“W replicates. By Proposition 2, each of the other n — 1 classes must then

have (”T’lw replicates. Therefore, a 1D-Crosspoint Array with n classes and complete adjacency,

it would require at least

1 -1
[n i —‘ x 1+ [n 5 —‘ X (n — 1) replicates. (2.1)

Eqn. 2.1 equals @ + 1 for odd n, and %2 + 1 for even n.

When the replicates at the two ends of the array belong to different classes, by Proposition 4,
those classes would need to contain {%W replicates each. By Proposition 2, each of the other
n — 2 classes would need to have [“>1] replicates. Therefore, for all () pairs of n different

classes of replicates to be adjacent, the 1D-Crosspoint Array would require at least
n n—1 .
{——‘ X 24 [T—‘ X (n — 2) replicates. (2.2)

Eqn. 2.2 equals @ + 2 for odd n, and %2 for even n.
Therefore, a 1D-Crosspoint Array with n classes and complete adjacency requires @ +1or

. 2 .
more replicates for odd n, and “- or more replicates for even n. O]

With the minimum number of replicates required in a 1D-Crosspoint Array with n classes
and complete adjacency determined, we proceed with the construction of such a 1D-Crosspoint
Array in the next section.

12



2.2 Construction of 1D-Crosspoint Array

We borrow ideas from cyclic permutation groups and how they are used for constructing a one-
sided binary tree-crossbar switch in [59, 60]. Let p = (0123 --- n — 1) be a permutation of n
classes®. We will use p as the representation of layout of replicates’ belonging to n classes, where
classes whose ids are adjacent in the cycle representation of powers of p will also be adjacent in
the 1D-Crosspoint Array. For example, p indicates a layout where a replicate of class 1 is on
the right-hand side of a replicate of class 0, and a replicate of class 2 is on the right-hand side
of a replicate of class 1, and so on. The cyclic group of permutations generated by p consists
of m permutations p, p?, p3,--- ,p", where p" is the identity permutation. The permutation p7,
where 1 < j < n — 1, specifies that the right neighbor of class i is given by (i + j) mod n. It
was shown in [59] that p,p?,--- ,p" ! map every element to a distinct element, which can be
interpreted as every replicate having distinct right neighbor in the corresponding 1D-Crosspoint
Array. Moreover, it was also shown that p" 7, 1 < j < 5—1,is p’ written in reverse and

it represents the inverse permutation of p’. To make the discussion in this dissertation more

self-contained, we restate these results in Proposition 5 and 6.
Proposition 5. [59, 60] For any i, ji, jo such that 0 < 4,j1,jo < n— 1, (¢ + j1) mod n =
(1 + jo) mod n if and only if j; = js.

Proof. (i + j;) mod n =i+ j; — kyn, where k; = 0 or 1, since 0 < i + j; < 2n — 2. Likewise,
(1 4+ jo) mod n = i + jo — kon, where ks = 0 or 1. When ky; = ko = 0, i + j; = i + j2 holds

if and only if j; = j5. Similarly when by = ky = 1,7+ j; — n = 7 + j» — n holds if and only

>Throughout the rest of the dissertation, p will be fixed to this permutation.
3Replicates in our presentation correspond to PEs in [59, 60], which will also be used at places in our presentation
to emphasize their processing element functionality.
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if j1 = j2. On the other hand, if &y = Oand by = 1, thent+j; =i+ jo—norjy—j =n
which contradicts the assumption 0 < j1, jo < n — 1. The &y = 1 and ky; = 0 case cannot be true
for the same reason. Therefore, we conclude that (i + j;) mod n = (i + j) mod n if and only if

jl :jQWhCTCOSi,jl,jggn—l. [
Definition 2. The k-th image of element i,0 < i < n — 1inp’ is p¥ (i) = (i + kj) mod n.

Proposition 6. [59, 60] The k-th image of i in p" 7, (i+k(n—j)) mod n is the same as (n—k)-th

image of ¢ in p’, (¢ + (n — k)j) mod n.

Proof. (i + k(n — j)) mod n = ((i — kj) mod n + kn mod n) mod n = (i — kj) mod n =

(1t —kj+jn) modn = (i+ (n—k)j) mod n. O

The replicates are identified with the elements in p’ that are generally expressed as a set of disjoint
cycles. For example, p consists of one long cycle, i.e., a cycle of n elements, p?> may or may not
be a long cycle depending on n being a prime or not. The elements that are adjacent in the
cycles of each p’ determine the crosspoints between the replicates in some unique way. More
specifically, two replicates will have a crosspoint between them if the elements that identify their
classes are adjacent in a cycle. In [59], replicates (PEs) need not be physically adjacent when
crosspoints are placed in-between them. However, in our construction of a 1D-Crosspoint Array
with complete adjacency, we restrict the placement of crosspoints between replicates that are
physically adjacent. In addition, each replicate is connected to exactly one other replicate in [59],
whereas, in our work, each replicate is connected up to two other replicates. The last distinction
we need to draw between [59] and our work is that we only use p, p?, - - -, p? in the construction

'

of the 1D-Crosspoint Array even though we will make use of pz ! p2+2 ... p"~! in some of

14



our proofs. With these ideas in mind, we now describe some preliminary facts that are used in

the construction.

Proposition 7. The number of cycles in permutation p’ is equal to ged(n, j), i.e., greatest com-

mon divisor of n and j.

Proof. Suppose a cycle starts with ¢. Then the successive images of 7 in that cycle are obtained
by adding 7,27, .., to ¢ modulo n. The cycle ends when the result of the modulo addition equals ¢
again, which is when (i +mj) mod n = . This implies that the m;j is the least common multiple

of n and j, i.e., mj = lem(n,j). Then, using the equation lem(n, j) x ged(n,j) = n X j,

nj

wed(n )’ and therefore the number of cycles n/m in p’ is given by

we have mj = lem(n, j) =

n/m = ged(n, j).
Proposition 8. The elements of a cycle are at least gcd(n, 7) apart from each other.

n

Proof. Let w = ged(n, j) and let u be an element in a cycle in permutation p/, 0 < j < 5
Further suppose that v is another element that belongs to the same cycle to which u belongs. By
the definition of permutation p’, we can express v as v = (u+xj) mod n, 0 < x < = —1, which
implies u + 7 = an + v, where a is a non-negative integer. Since j and n are a multiple of w,
letting j = bw and n = cw, where b and ¢ are positive integers, we have u + z(bw) = a(cw) +v
orv = u + (bx — ac)w. Now, since v # u, and b, z, a, and c are all integers, (bx — ac) is a
non-zero integer. Hence, v can only be a multiple of w apart from w, such as v + w, u + 2w, etc.

Therefore, every element of a cycle in p’ is at least ged(n, j) apart from each other. [

Proposition 9. The smallest element of any cycle in any of p’, 1 < j < 5, 18 less than or equal

to % — 1 when n is even and "T_l — 1 when n is odd.
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Proof. By Proposition 7, permutation p/, 1 < j < 2, has ged(n, j) cycles. Suppose p’ has a
cycle g;, where 0 < i < ged(n, j) — 1. Further suppose an element m that is less than or equal
to ged(n, j) — 11is in g;. Then, by Proposition 8, m would be the smallest element in that cycle,
since m — ged(n, j) < 0. Furthermore, no other element in g; will be less than m + ged(n, 7).
Since this holds for any m that is less than gcd(n, j), all the elements less than ged(n, j), must be
distributed to distinct cycles and be the smallest elements in their respective cycles. Now, when
nisevenand 1 < j < 7, the maximum value of ged(n, j) is . Whennisoddand 1 < j < %,
the maximum value of ged(n, j) is "T_l Therefore, the smallest element in any cycle must be

less than or equal to § — 1 when n is even and ”T’l — 1 when n is odd. [

2.2.1 Construction of 1D-Crosspoint Array for Even n

The construction of the 1D-Crosspoint Array is given in Algorithm 1 for even n, and Figs. 2.2
and 2.3 illustrate how this algorithm works for n = 12.

Suppose that the cycles in p,p?, - - - ,p2 are written so that the first element is the smallest
in every one of them*. Let (Q; denote the set of cycles in which the first element is i. Thus, Q
consists of all cycles that begin with 0, (); consists of all cycles that begin with 1, and so on, and

(= consists of all cycles that begin with § — 1. The following propositions are used in Steps 3

and 5.
Proposition 10. The cycles in all of p,p?,--- ,p? can be partitioned into n /2 subsets Q;, 0 <
1< 5 —L

Proof. By Proposition 9, for even n, the first element of any cycle in any of p/, 1 < j < 5, 1s

4This is done for notational convenience only.
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less than or equal to § — 1. [

Algorithm 1: Construction algorithm for even n.

Step 1. Suppose that an empty frame of a 1D-Crosspoint Array for ”72 replicates and a
crosspoint between each pair of replicates is provided without the actual assignment of
the replicates into the replicate spaces in the empty frame.

Step 2. Set: = 0.

Step 3. Choose any cycle in (); that consists of more than two elements. Then place a
replicate that belongs to class ¢ into the left most replicate space available in the
1D-Crosspoint Array. Next, suppose the next element in that cycle is «;. Place a
replicate that belongs to class «; on the right-hand side of the previously placed
replicate. Repeat placing replicates in the same manner from left to right into the
1D-Crosspoint Array until all the elements in that cycle are used. We will refer to this
process as placing a cycle on the 1D-Crosspoint Array. (See Fig. 2.3(b).)

Step 4. Choose a cycle in (); that has not yet been chosen. Then place the newly chosen
cycle into the 1D-Crosspoint Array in the same way as in Step 3. The first replicate
associated with the new cycle should be placed on the right-hand side of the last
replicate from Step 3 without skipping any replicate spaces.

Step S. Repeat Step 4 until all the cycles consisting of more than two elements have
been processed. Then choose the cycle in (); that consists of only two elements (Every
Q; has exactly one cycle of two elements as would be implied by Proposition 11 and
the definition of ();), and place it into the 1D-Crosspoint Array as before.

Step 6. Set 7 = ¢ + 1 and repeat Steps 3, 4, and 5 until ¢ = 7 — 1. Again, replicate spaces
must not be skipped between the steps.

Proposition 11. For even n, p? is the only permutation among p/, 1 < j < 5, whose 7 cycles

are composed of two elements each.

Proof. The number of cycles in p’ is ged(n, j) by Proposition 7. For even n and j < n, the

maximum of ged(n, j) is 5, which occurs only if j = %. O

We next establish that Steps 3 through 6 construct a 1D-Crosspoint Array in which all
(’;) pairs of classes of replicates are connected together by crosspoints. Orug stated in [59] that
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=(0,1,2,3,4,5,6,7,8,9,10, 11)
p =(0,2,4,6,8,10) (1,3,5,7,9,11)
p = (0,3,6,9) (1,4,7,10) (2,5,8,11)
pt = (0,4,8) (1,5,9) (2,6,10) (3,7,11)
p =(0,5,10,3,8,1,6,11,4,9,2,7)
p° = (0,6) (1,7) (2,8) (3,9) (4,10) (5,11)

(a) Step 1: The cyclic permutations p’, 1 < j < n/2. The smallest element of each cycle is set as
the first element.

={(0,1,2,3,4,5,6,7,8,9,10,11), (0,2,4,6, 8, 10),
(0,3,6,9),(0,4,8),(0,5,10,3,8,1,6,11,4,9,2,7), (0,6) }

={(1,3,5,7,9,11),(1,4,7,10),(1,5,9), (1,7) }

={(2,5,8,11),(2,6,10),(2,8)}

:{( 7,11),(3,9)}

- {4, w}

= {(5,11)}

(b) Step 2: All of the cycles in all of p] , where 0 < j < 6, has been partitioned into @;, 0 < i < % — 1.

Figure 2.2: Illustration of Step 1 and 2 for the example case of n = 12.
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(a) Step3: The 1D-Crosspoint Array after placing the first cycle of Q)g,
assuming (0,1,2,3,4,5,6,7,8,9,10,11) was chosen.

(b) Step4: The 1D-Crosspoint Array after placing the second cycle of (o,
assuming (0,2, 4,8, 10) was chosen.

OOOOOWEO®O®®WWMHODOE®®WOEAE®@®OWE®OEWROE®OOMWOO@OOO®C . .
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(c) Step5: The 1D-Crosspoint Array after placing all the cycles of Q,
with the cycle (0, 6) from p? is placed last.
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(d) Step 6: The 1D-Crosspoint Array after placing all the cycles of @1, with the cycle (1,7)

’

from p% placed last. Note that some of the replicates are abbreviated by ‘- - - .

olojelelolelolulalolrlnlelelololeltlofclolololclalolo i ololo IeloloRl6lo

(e) The 1D-Crosspoint Array after placing all the cycles of every @);.

Figure 2.3: Illustration of Step 3 through 6 for the example case of n = 12.

by Proposition 5, n — 1 permutations p/, 1 < j < n — 1 express all (Z) pairs, since each of
the n elements appears once in each of the n — 1 permutations and is mapped to a distinct ele-
ment each time. In the 1D-Crosspoint Array, each mapping corresponds to a crosspoint that is
bidirectional and hence only half of the permutations is sufficient to represent all (g) pairs by
Proposition 6. More precisely, suppose that p’ = g;¢s...gx, where each g; represents a cycle and
the cycles do not share any element. Further suppose that g; = (b;ob;1...b;r,—1), Where 7; is
the length of g;. Then p"~7 = gy 'g;"...g; ", and we write g; ' as g;' = (b;obir;—1bir,—2.--bi1)
by Proposition 6. Now, g; represents the pairs (b;0,b;1), (bi1,bi2), (bi2,bi3), (bis, bia), -+,
(biri—3,biri—2)s (biri—2,bir,—1)s (bir,—1,bi0) in the 1D-Crosspoint Array. These pairs also ac-
count for the pairs in g; ! as can be verified by a direct inspection of the terms in the cycle repre-

sentation of g; '. Therefore, it suffices to use g;’s in the contruction of the 1D-Crosspoint Array.
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We note that, when placing the cycles on the 1D-Crosspoint Array, the last pair (b;,,—1 b; o),
which is a mapping from the last element to the first element of a cycle is accounted for in Step 4.
This is done by inserting a crosspoint between the last replicate placed by the previously chosen
cycle and very first replicate placed by the newly chosen cycle, since every cycle in the same ();,
0 <@ < § — 1, start with the same 0; o by Steps 1 and 2. Also, Step 4 excludes choosing a cycle
that consists of only two elements, and saves it for Step 5. This is because for cycles consisting
of only two elements, i.e., when r; = 2, (b; ,_1 b; o) coincide with (b; 1 b; o). Therefore, the cross-
point is not added in Step 4 in this case. It should be added that deferring the placement of cycles
of length 2 to the end ensures threading cycles of larger length first to include all the wraparound
pairs until a cycle of length 2 is reached. This can be seen in Fig. 2.2, where two cycles are added
at the end in placements of ();,0 < ¢ < 5. It should be evident by these explanations that Steps 3
through 6, all (Z) pairs that are extracted from the first 5 permutations, p, p?, -+, pz,are placed

in the 1D-Crosspoint Array.

Remark 1a. The number of replicates that are derived from p, p?, - - ,p2 is n x 5= %, which
matches the lower bound in Theorem 1. Therefore, the 1D-Crosspoint Array described in the
algorithm is optimal with respect to the number of replicates used. At the same time, it should be
stated that this algorithm does not minimize the number of adjacencies between replicates, i.e.,
some pairs may appear more than once in the construction. For example, replicates 1 and 6 are
adjacent in Fig. 2.3 (c) and (d) in two places. In fact, the pairs made of the last replicate placed in
Step 5 and the first replicate placed in the next iteration of Step 3, i.e., the pairs made by elements
from two different ();’s, are already created elsewhere in the 1D-Crosspoint Array. In general, it

can be shown that, for all even n, some 7 — 1 adjacencies may appear twice in the construction
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of the 1D-Crosspoint Array in Algorithm 1. [

2.2.2  Construction of 1D-Crosspoint Array for Odd n

The construction of 1D-Crosspoint Array for odd 7 is similar to that of the even n case. In fact,
we first construct a 1D-Crosspoint Array for n — 1 classes, using Algorithm 1, except that in Step
1, we start with an empty frame with @ + 1 replicates, and in Step 6, we skip a replicate
space between the placements of consecutive (J;’s. An illustration of the construction in the case
of n = 7 1s shown in Fig. 2.4. When a 1D-Crosspoint Array for n — 1 classes with complete
adjacency is constructed with the empty spaces as shown in Fig. 2.4(c), we place the replicates
of the n'” class, or class n — 1, into those spaces after Step 6, as shown in Fig. 2.4(d). There will
always be two empty replicate spaces at the end (for any odd n)’, and we place the replicate of
class n — 1 in the first empty replicate space, and place the replicate of class 0 in the second one
as shown in Fig. 2.4(e).

It still remains to establish that all (g) adjacencies of n classes are included in the 1D-Crosspoint
Array. By the construction of a 1D-Crosspoint Array for n — 1 classes with complete adjacency,
we form all the adjacencies between n — 1 classes, and we would only need to add adjacencies
between class n — 1 and the other classes. Previously, in Remark 1a, we pointed out the existence
of redundant pairs in the 1D-Crosspoint Array, which were made by elements from two different
(@;’s. By inserting class n — 1 in between the classes that form such pairs, we capture the adja-

cencies between class n — 1 and other classes without destroying any of the existing pairs. In

fact, this procedure will ensure the 1D-Crosspoint Array to have the adjacencies between class

>When n is odd, by Theorem 1, the number of replicates is (g) + 1 and the number of replicates for n — 1 (even
n)is (n — 1)2/2. Therefore (5) + 1 — (n — 1)?/2 = (n — 1)/2 + 1 empty spaces remain. Subtracting the number
of Q;’s minus 1 from (n — 1)/2 + 1 gives 2.
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p=1(0,1,2,3,4,5)
p* =(0,2,4) (1,3,5)
p3 = (073) (174) (27 5)

(a) The cyclic permutation for n — 1 = 6 classes.

Qo = {(0,1,2,3,4,5),(0,2,4),(0,3)}
Q1 = {(17375)7 (174>}
Q2 = {(275)}

(b) All the cycles has been partitioned into );, 0 < i < ”Tfl — 1.
Q, Q, Q,
/” —~ N
r ] ] 1 I 10 1 I 1
0/0/60.0/6/006]0/0/0/0/0/6/6]0]0/00]6/0)®
(c) 1D-Crosspoint Array forn — 1 = 6.
Note that a replicate space was skipped between consecutive @;’s.

6) 6 OO

= =+ T =T =T =T = =T =T =T =T =T =T =T =T =T =T =T =T == =

(d) The replicate of class n — 1 is placed in the skipped replicate spaces.

6 © 6lO

- T T == = T =T =T =T =T =T =T =T =T =T =T =T =T =T =T T

(e) The replicate of class n — 1 and 0 are placed at the end.

Figure 2.4: Construction of 1D-Crosspoint Array for n = 7 case.
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n — landclass 1,2,--- ,n — 3. This can be verified by identifying the right-hand and left-hand
side replicates of the skipped replicate spaces. On the right-hand side of the skipped replicate

space will be the first replicate in each of the cycles in ();, 1 < ¢ < ”T_l — 1, i.e., replicates of

n—1 _

class 1,2,--- , %5

1. On the left-hand side of the skipped replicate space will be the second
replicate of the cycles in p% except the one cycle belonging to Q= 1, i.e., replicates of class
"7’1, ”T’l +1,--- ,n — 3. Therefore, by placing the replicate of class n — 1 in the skipped repli-
cate spaces we form all the adjacencies between class n — 1 and class 1,2,--- ,n — 3. The only
adjacencies that are not yet formed are pairs (n — 1,0) and (n — 1,n — 2). These two adjacencies
are formed by placing replicate of classes n — 1 and 0 at the end of the 1D-Crosspoint Array.
Note that the number of replicates we have placed after constructing a 1D-Crosspoint Array
for n —1 classes is "T_l —142= "T“ Therefore, the total number of replicates is ”T“ + @ =
@ + 1, which matches the minimum number of replicates needed for odd n from Theorem 1
and Proposition 1. The ongoing discussion shows that, when n is odd a 1D-Crosspoint Array with
n classes and complete adjacency can be constructed so that every pair of n classes is adjacent

only once. We state this formally in the following remark as it will play a key role in the memory

requirements of the sorting algorithm that is presented in the next chapter.

Remark 1b. For all odd n, when an 1D-Crosspoint Array is constructed by Algorithm 1, each

class of replicates is adjacent to every other class of replicates exactly once. [
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Chapter 3: Parallel Sorting Algorithms on 1D-Crosspoint Array

In this chapter, we explore how a 1D-Crosspoint Array can be used to significantly reduce the

execution time of big data queries such as sorting and searching.

3.1 Introduction

With emerging big data problems in distributed and cloud-based computing systems, designing
efficient on-chip networks for fast searching and sorting extremely large sets of data has become
a critical task as they form the foundations of most all other operations and queries[61, 62, 63].
Here, we assume that an external searching and sorting algorithm such as those described in [64]
is used to handle such big data sets, and searching and sorting time is dominated by the internal
searching or sorting phase of external searching and sorting algorithms. This assumption holds if
the big data is partitioned into a relatively few sets of large subsets of data, each of which can be
searched or sorted by an internal algorithm. To be sure, there exist myriad searching and sorting
algorithms [64, 65] that can be applied to processing the internal searching and sorting phase of
big data in distributed and cloud-based systems, but many of these algorithms are either not suffi-
ciently fast to deal with such large data sets or they require parallel computers with many PEs with
overly complex interconnection networks. In this dissertation, we will use the 1D-Crosspoint Ar-

ray that was introduced in the earlier chapter to implement the internal searching or sorting steps
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using O(n?) PEs. As we described before, each PE represents a replicate with its class identified
by its index. Thus, PE; is a replicate in class 7,0 < ¢ < n — 1. Each PE serves as a sim-
ple compare-and-exchange operator together with some simple combinational circuit functions.
While using O(n?) PEs may seem excessive at first, we note that Valiant provided a theoretical
parallel sorting model that exhibits a spectrum of multiprocessor architectures, trading the num-
ber of PEs with sorting time complexity without actually providing an actual construction for
each architecture in the spectrum[66]. Our work focuses on one end of this spectrum, where we
aim to obtain O(1) time sorting and searching algorithms using O(n?) PEs in our 1D-Crosspoint
Array. Our search algorithm takes O(1) time and sorting algorithm takes O(lgnlglgn) time
with constant fan-in logic gates and O(1) time with threshold gates. These time complexities
compare favorably against parallel searching and sorting architectures that have previously been
reported in the literature, especially given the fact that it can be laid out in a VLSI chip with
O(n?) area, where all interconnections are local to physically adjacent PEs. For comparison, we
provide a brief survey of such architectures here. Earliest results on parallel sorting appeared
in [66, 67, 68, 69, 70, 71, 72, 73]. Batcher’s sorters are non-adaptive or oblivious in that they are
constructed by a set of 2 x 2 switches connected together in stages to compare and exchange keys
to sort them [67]. Batcher’s odd-even and bitonic sorters use O(n Ig* n) compare-and-exchange
switches and have O(lg” n) sorting time. Another non-adaptive sorting network is the AKS net-
work that can sort a set of n keys in O(lgn) time using O(nlgn) compare/exchange switches.
The main issue with the AKS network is the large constants in its hardware and sorting time
complexities. Adaptive techniques are also used in sorting as described [74] for sorting binary
keys in O(lgn) gate delays with O(n) constant fan-in and fan-out gates. Several other parallel
realizations of sorting algorithms have been reported in the literature as well. Many of these rely
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on a mesh-connected parallel computer model [70, 72], or more generic SIMD processors mod-
els [68, 69]. In general, the studies on mesh-connected parallel computer models establish that
n keys can be sorted on a \/n x y/n mesh in O(y/n) time with different constants in the order
of time complexity that range between 3 and 6. Another array processor model was introduced
in [16] to sort a list of n keys in 2n time using O(n) PEs and O(n) memory space. More recent
results on sorting on parallel computers with a mesh topology make stronger claims on the time
complexity of sorting, effectively reducing the time complexity of sorting to O((Ign)(lglgn))
with n PEs. Examples of such results include those that appeared in [17, 18, 19, 20, 40]. These
efforts rely on a reconfigurable pipelined bus system, called the LARPBS (Linear Array, Re-
configurable Pipelined Bus System). The work in [20] reduced the time complexity further to
O((1glgn)?) using n'™ PEs, where 0 < ¢ < 1, and the result in [40] provided an O(lg n)-time
sorting algorithm on the LARPBS model with O(n) PEs. The time complexity of sorting was
reduced further to O(1) in [75] using a mesh topology by assuming that PEs in such a topology
may communicate with each other in O(1) time. We find this assumption impractical as it ig-
nores hops between PEs by asserting that transmission of information between PEs take O(1)
time regardless of where they are located on the mesh topology. Independent from these results,
Valiant reported an abstract parallel processor model and studied the parallel time complexity of
merging and sorting problems without specifying a particular topology [66]. He presented both
lower and upper bounds on the parallel time complexity of merging and sorting on this abstract
model. Valiant’s work is important in that it guides what is feasible theoretically as the num-
ber of PEs is varied from two PEs to @ PEs, even though it is not at all obvious how his
merging and sorting algorithms can be mapped to an actual parallel processor architecture. As

stated earlier, in this paper we fill this void in one particular case, namely when Valiant’s abstract
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model assumes @ PEs, using our 1D-Crosspoint Array. We show that the 1D-Crosspoint
Array provides an O(1) time sorting algorithm, matching the time complexity of sorting a list
elements on Valiant’s parallel processing model [66] when O(n?) PE’s are used. It should be
pointed out that Valiant uses an underlying topology with O(n) fan-in and fan-out to sort a list
of n elements. The underlying topology of our 1D-Crosspoint Array has a fan-in and fan-out of
2, but to accomplish O(1) sorting time, we employ a threshold logic circuit, which by definition
requires O(n) fan-in. We also employ a distribution network with O(n) fan-out in our O(1) time
sorting algorithm. The same assumptions hold for finding the minimum and maximum of a list
of elements as in Valiant’s parallel processor model. In order to deal with big data queries in
distributed and cloud-based systems, the 1-D Crosspoint Array is incorporated into three models

that combine external and internal sorting and searching steps together, and time complexity of

sorting and searching is determined in each case.

3.2 Sorting on the 1D-Crosspoint Array

In this section, an O(1) time internal sorting algorithm, which is based on enumeration sort and
devised for the 1D-Crosspoint Array is presented. External sorting models that incorporate the
1D-Crosspoint Array-based internal algorithm into an overall big data sorting system will be
described in Section 3.4. In 1D-Crosspoint Array, each PE will serve as a simple compare-and-
exchange operator together with some simple combinational circuit functions. The proposed
algorithm, Algorithm 2, is a variant of enumeration sort[64, p.75], also known as count sort.
In general, enumeration sort involves two steps. First, each element in a set of elements A is

compared with every other element. We assume that the comparison of any two elements in
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Algorithm 2: Sorting algorithm for a 1D-Crosspoint Array

[y

10

11

12

13

14

15

16

17
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19

20

21
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23

24

Input: A, a vector storing n input elements

Output: R, a vector storing ranks of n elements

// C;; represent j-th PE (or replicate) of class i,

0<i<n-1, 0<j<2-1

// Ci j.,Cij, denote right and left neighbors of C;

// T is an nXxn matrix
parFor (0 <i<n-1,0<;j<%—1)do

if (i, < i) then

Send Ali] to left neighbor

if (Signal from left == 1) then
| Tl 1

else

Receive Ali;] from left neighbor

if (Alir] < Ali]) || (A[i)] = A[i]) then
Tli][y] « 1
B Send 0 to left neighbor
else if (A[i;] > Ali]) || (A[iy] = A[i]) then
B Send 1 to left neighbor

if (i, < i) then
Send A[i] to right neighbor
if (Signal from right == 1) then

GRS

[l

parFor 0 <:<n—1,do

Rli] = 3232, TIil[K]

else
Receive A[i,| from right neighbor if (A[i,] <
T[i][i,] + 1
Send 0 to right neighbor
else if (A[i,| > A[i]) || (Alir] = A[i]) then
Send 1 to right neighbor

Al II (Alir] =

Ali]) then
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A takes O(1) time. Otherwise, it should be factored into the overall time complexity of our
sorting algorithm. Second, when all comparisons are completed, for each element, the number of
elements that are less than that element is counted, which then gives its rank.

The Algorithm 2 follows this format as we now explain, and the execution of the algorithm
is illustrated in Fig. 3.1 for n = 4 with an array A = [6, 7, 8, 5] of input values, and in Fig. 3.2 for
n = 5 with an array A = [8,6,9, 5, 7] of input values. The input elements, Afi], i <0 <n —1,

are assumed to be preloaded to PE C;;, 0 < j < 5 — 1. Each of the n input elements is

loaded into % different PEs each, giving the area for the loading circuit of O(n x %) = O(n?)
as shown in Fig. 3.3. The first parFor loop performs the first step of parallel enumeration
sort, comparing every element with every other element. As the 1D-Crosspoint Array provides a
crosspoint between any two PE classes, this task is carried out in a distributed manner. Each pair
of neighboring PEs essentially compare their input elements that they were loaded as follows.
Between any two neighboring PEs, the PE with the greater class number sends its element to the
PE with the smaller class number (See the third column in Fig. 3.1 and 3.2). Then the PE with the
smaller class number carries out the comparison between the received element and the element
that it was loaded with. This is done by the i f—else statements beginning in lines 2 and 13.
The two if-else statements are identical except that one of them is for communicating with
the right-hand side PE, and the other is for communicating with the left-hand side PE. During
each of these comparisons, if the PE that carried out the comparison has the greater element,
it writes a 1 to the T'[é|[4;] (or T'[i][i,]), then sends a 0 to the neighboring PE with the smaller
element to indicate that the comparison is done. When the PE that carries out the comparison
has the smaller element, it sends a 1 to the neighboring PE with the greater element, notifying

it that 1 has to be written to the T'[¢;|[i] (or T'[i,][i]). At the end of this step, the array T is set
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Figure 3.1: Illustration of sorting n = 4 elements using 1D-Crosspoint Array, with input data
A ={6,7,8,5}. It shows what is done in each parFor loop in Algorithm 2. Tx and Rx refers
to transmit and receive respectively, and left and right refers to left-hand and right-hand side
neighbor PE respectively.
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Figure 3.2: Illustration of sorting n = 5 elements using 1D-Crosspoint Array, with input data
A ={8,6,9,5,7}. It shows what is done in each parFor loop in Algorithm 2.
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Figure 3.3: Illustration of the loading circuit. The n input elements at the top are loaded to the
O(n) PEs at the bottom.

in such a way that 77i|[¢,] = 1 implies that A[i;] < A[é] (See the fourth column in Fig. 3.1 and
3.2). It may appear that this step requires a memory that supports a concurrent write in order
to run in O(1) time. We first note that when n is odd, by Remark 1b, the 1D-Crosspoint Array
has only one adjacency between any two classes of PEs. Therefore, the locations to which the
PEs write the comparison results are all distinct as seen in Fig. 3.2, and hence a concurrent write
memory is avoided. On the other hand, when n is even, by Remark 1a, there are g — 1 redundant
adjacencies on the 1D-Crosspoint Array. For example, it is seen in Fig. 3.1 that the comparison
between PE classes 1 and 2 is done twice, and therefore the PEs C5 y and (5 ; within the same
class of PEs, i.e., class 2, attempt to write to location 7'[2][1] at the same time (see the bold faced
elements in 7" in the fifth column). However, a simple workaround to avoid multiple writes when
n is even, is adding a dummy class to switch to a 1D-Crosspoint Array with an odd number of PE
classes. Thus, assuming that we have an odd number of PE classes, and given that the number
of i f—-else statements that a PE in any given class executes is at most two, this parFor loop
also takes only O(1) time to complete.

Lastly, the last parFor loop in line 23 computes the rank of each element, which cor-
responds to the second task of enumeration sort. This step is executed by each class of PEs

separately, where up to 7 PEs in each class are used to carry out addition operations. Thus, ac-
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cessing the entries in 7°[][ | cannot result in any contention across the PE classes. We further note
that each 1in 7T'[¢][] implies that there is an element less than A[i], and hence counting the number
of 1’s or summing the entries in 7'[¢][] gives the rank of the A[i]. In a way, the vectors stored in
T[i][],0 <14 < n — 1 may be viewed as encoded representations of the ranks of the elements in
A, and no further operations may be needed. This makes the time complexity of sorting a set of
n elements O(1) on an 1D-Crosspoint Array with O(n?) PEs if the ranks of the elements in A are
not needed in decimal or some other, preferred number representation. If the ranks are desirable
in decimal or some other numerical notation, the binary entries in 7'[i][],0 < ¢ < n — 1, can be
summed in O(lgnlglgn) time using a binary tree of n Brent-Kung adders[76], each with two
lg n-bit operands and consisting of O(lgn) logic gates with constant fan-in to compute the ranks
of all elements on n PEs in parallel, where C;,0 < ¢ < n — 1 computes the rank of A[i].

This increases the overall gate-level time complexity of sorting a set of n elements from
O(1) to O(lgnlglgn), using O(nlgn) additional logic gates with constant fan-in per PE. We
note that it is impossible to reduce the time complexity to O(1) using a polynomial order of AND,
OR and NOT gates even with unbounded fan-in[77, 78, 79, 80]. Instead, we use threshold logic as
shown in Fig. 3.4. The diagram in Fig. 3.4(a) depicts the overall layout of our architecture. The ¢th
1’s-counter sets its e,,, output to 1 when its input string 7°[¢][] has exactly m 1’s,0 < ¢ < n—1. The
n-input, lg n-output encoder then generates the rank for 7'[i][],0 < i < n — 1. The 1’s counters
(part (c)) are constructed from A(m) circuits, each of which is obtained by a pair of threshold
gates, where each such gate is assumed to have O(1) delay, which is the standard assumption
in threshold logic circuits, even though practical physical constraints may make this assumption
overly optimistic[79]. The bipartite graph G(n, n?) replicates each of its n inputs, and connects
each copy to one of the inputs of the n inputs of each A(m) circuit as shown in the figure. The
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Figure 3.4: Computing the ranks from the 7" matrix.
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Figure 3.5: Computing the index of the minimum and maximum elements in an array of n ele-
ments.

upper threshold gate in a A(m) circuit, (in part (b)), together with an inverter produces a 1 when
fewer than m + 1 of its binary-valued inputs are equal to 1, whereas the lower threshold gate
produces a 1 when m or more of its binary-valued inputs are equal to 1. Combining the outputs
of the two threshold gates with an AND gate thus detects if the number of 1’s in the input string
T[i][] is equal to m. Given that the path from an input to the output of a A(m) circuit traverses a
threshold gate, an inverter, and AND gate, its output is computed in O(1) time. Therefore, each
output of a 1’s counter is also computed in O(1) time. Given that the ranks are computed by a
cascade of a 1’s counter and an n-input, 1g n-output encoder, the ranks are computed in O(1) time
as well. Hence, sorting of n numbers is completed in O(1) time using O(n?) threshold gates. It
should be pointed out that sorting is known to be in class T'C° of problems[81] in which every
problem can be solved using a Boolean circuit with O(1) depth that is constructed out of AND,
OR, and threshold gates that grows by a polynomial function of the problem size n. Our rank
computation architecture provides an actual circuit with threshold gates and other combinational
circuit logic that complete our O(1) time sorting algorithm with O(n?) gates, matching both the

depth and circuit complexity bounds.
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3.3 Other Sorting-Related Queries

Besides sorting, a significant utility of this encoded form of sorting is the ease with which the
minimum or maximum of the elements in A can be determined. Both these tasks can be com-
pleted in O(1) time using simple logic gates, and an encoder consisting of OR gates with a fan-in
of n. To see why, suppose that the index of the minimum element of A is iyi,. Then T [imn] ]
should be [0, 0, - - - , 0, 0]. Thus, if we apply a NOR function to the elements in each row as shown
in Fig. 3.5(a), only the row corresponding to the minimum element should output 1. Therefore,
we can compute %,,;, by cascading n number of n-input NOR gates with an n-input by lg n-output
encoder in O(1) time. The time complexity increases to O(lgn) if the fan-in of OR gates within
the encoder is assumed to be a constant or the fan-in of the NOR gate that is applied to each row
of bits in 7T’ is constant. Similarly, suppose that the index of the maximum element of A is 7,,4,.
Then T'[inax][] should be all 1’s except T [imax][imaz]- Therefore, if we apply an AND function
to each row after complementing the diagonal elements in 7’, then only the row that corresponds
to the maximum element should output 1. Again, an encoder may be used to obtain the index of
the maximum element in A in O(1) time with unlimited fan-in gates and in O(lgn) time with
constant fan-in gates as shown in Fig. 3.5(b). In both cases, we only use O(lgn) logic gates with
n fan-in for the encoder and O(n) OR or AND gates for the first stage in Fig. 3.5.

This querying procedure can be extended to answering other queries as well. For example,
we can determine if any particular element in A has a rank of j or higher, 1 < j < n.Thej =1
case is trivial as it only requires an OR-gate with n inputs. If 7 = 2 then we can add the bits in
the corresponding row in the 7" matrix in pairs to determine if any particular element in A has a

rank of j or higher with high probability in O(1) time. To see why, note that exactly three out of
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four binary patterns 00,01, 10, 11 result in a sum of zero or one, and hence the number of n-bit
patterns in which all n/2 pairs sum to less than two is 3"/2. Dividing this by the total number of
n-bit patterns, we find that the probability of incorrectly guessing that the rank of an element is
at least two tends to O as the following computation shows

3n/2 1 1

on  9n(1-051g3) _ 90.2175n — 0asn — oo.

Thus 5 2-input AND gates together with an Z-input OR gate suffice to determine if the rank of
any given element is at least 2 with high probability. In general, adding m bits together, m > 2
leads to the probability of incorrectly guessing that the rank of an elementis atleast j,1 < j <n

is given by

{n -5 ("

2n

— 0asn — oo.

We note that it is always possible to determine the rank of any particular element in A exactly, by
summing the entries in the corresponding row in the 7" matrix by a binary tree adder in O(lglgn)
time.

Querying the 7-th largest element is only a little more involved. Suppose that the index of
the i-th largest element is i,. Then the sum of the 1’s in 7'[i,|[] must be equal to i. Moreover,
the sum of the 1’s in no other row should be equal to ¢,. Therefore, if we subtract ¢+ from the
sum of all entries in the rows in I’ then the row that produces a zero provides the key to the ¢-th
largest element. Once identified, the index of this row can be captured as before using an n-input
by lg n-output encoder in O(1) or O(lgn) time as in the prior cases. All we need to do is to flip

the bits that are generated by subtraction operations, before feeding them to the encoder. The
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only other time complexity that must be added to the total time complexity is that of a lg n-bit
subtraction operation. This can be carried out by the first n PEs, C;,,0 < ¢ < n — 11in O(1)
time, using O(n lg” n) logic gates with O(n) fan-in or O(lglgn) gate-level time using a lg n-bit
prefix adder[76] with O(nlgn) constant fan-in logic gates.

Another possible query is searching for a specific number in a given array. This can be
accomplished with an encoder and slightly modified Algorithm 2. Since we only need to compare
each element with the number we are searching for, not with n — 1 other elements, only one
replicate from each class is needed to check if the element it has is equal to the number that is
searched in the i f statement in line 8, and 18. We would not need the following e 1 se blocks in
line 11, and 21, and the array 7' can be a vector of size n x 1. Each element in array 7" will then be
fed into the n x lg n encoder, which will output the index of the number that is searched. Due to
the fact that algorithm for search query is a cut-down version of the Algorithm 2, and does only
require a n x lgn encoder, the searching among n elements take O(1) time in the 1D-Crosspoint

Array.

3.4 External Sorting Models

As we stated in the introduction, big data sorting algorithms involve dividing a sorting prob-
lem into smaller sorting problems and merging their solutions together. Such a technique may
be implemented in several ways and there exists a number of software tools such as Google’s
MapReduce[52, 82, 83] and Apache’s Spark[84, 85] that make use of such divide and conquer
techniques. The three models introduced in this section is based on the same principle as shown

in Fig. 3.6, where a part of an external sorting problem is mapped onto a parallel processor with
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(b) External sorting model with multiple 1D-Crosspoint Arrays (k copies

of 1D-Crosspoint Array are used.)

Figure 3.6: Two implementation types of the 1D-Crosspoint Array for big data sorting. Big data
is assumed to be stored in a cloud network and merging sorted lists is carried by the cloud network

a given number (n) of PEs. It is assumed that some big data of size N is stored over a cloud
network®, and parts of it are downloaded into the local memory of one or more searching and
sorting engines, 1D-Crosspoint Arrays in our case, to handle the internal searching and sorting

steps. Such steps may be interleaved with periodic downloads and uploads, where merging steps

are carried out by the servers on the cloud network.

6Throughout the section, N will denote the total number of elements in some big data set, and n will denote a
subset of that big data set under the relation N = nk, where k is some fixed number, or N = nkr, where k and r
are some fixed numbers.
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Model 3-A. Single Sorting Engine Model: In the model in Fig. 3.6(a), the time complexity of
an algorithm for searching or sorting N data elements in N/k portions at a time may be expressed

as

Tiotat(N,n) = ET;(n) + kT (n) + Tn(n)

N N

where T;(n) denotes the time taken by the 1D-Crosspoint Array or another sorting engine to sort
n = % operands, 7, ,(n) denotes the time it takes to download and upload data of size n, and
T.»(n) accounts for the time to merge the results together. For future reference, we will denote
the hardware complexity of all the internal searching and sorting processor combined by H;.
Merging k lists: For the purpose of this dissertation, it will be assumed that a cloud network
can merge any k sorted lists using the best-known merging algorithm, which at the time of this
writing is O((1gk)(Iglgnk))) = O((lg N/n)(lglg N))). Such a merging algorithm is obtained
by using the 2-way merge algorithm in [66] over a binary tree of k£ /2 PEs. More recent merging
algorithms have been reported in the literature[86, 87]. The 2-way merge algorithm in [86]
takes O(1) time on a PRAM model that would result in an O(lg k) time k-way merge algorithm.
However, it would be difficult to implement such a 2-way merging algorithm with big data lists.
In [87], a direct k-way merging algorithm is described using perfect shuffles. This algorithm
merges k lists that contain N elements altogether in O(N/p) time [87, p. 11:13] using p PEs.
The complexity tends to O(1) as p approaches NV, but this is not practical for very large data sets.
Downloading and Uploading Lists: T,,(n) will be proportional to n assuming that the
data channel width between the memory and the big data is O(1). In this case the k7, ,(n) =

kan = aN, where « is a constant that is determined by the download and upload speeds of the
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network’ .

Overall Execution Time: Adding all the terms together, we have T}y (N) = (N/n)T;(n)+
aN + O((lg N/n)(lglg N))), which implies that reducing the sorting time beyond a /N offers no
benefit. Sorting n elements with algorithms with time complexity of O(lgn) or O(lg2 n) (for ex-
ample, see [67, 88]) will take (N/n)T;(n) = O((N/n)lg(n)) or (N/n)Ty(n) = O((N/n)1g*(n))
time. It is easy to verify that both these terms are less than O(NN), and hence Tj,1qi(N) = O(N)
in this case. Although it may seem that the pursuit for a faster sorting algorithm is no longer
needed, this assumes that the data channel width between the memory and the big data would be
O(1). If the data channel width can be increased, then the T}, can be reduced to O(lg* n) or even
O(lgn), in which case, T;(n) and 7},,(n) become the dominating terms of 7;,,;(N). Under these
circumstances, a parallel sorting algorithm with time complexity lower than O(lgn), such as the
1D-Crosspoint Array suffices to set Tyora (V) to O((N/n)lgn) or O((N/n)lg? n), depending on
the parallel sorting algorithm used.

Model 3-B. Multiple Sorting Engine Model: The excessive T}, can be further reduced using
multiple 1D-Crosspoint Arrays or other sorting engines as shown in Fig. 3.6(b). In this case, the
time complexity of an algorithm for searching or sorting /N data elements on k£ 1D-Crosspoint

Arrays may be expressed as

T;fotal(Na n) = T;(TL) + Td,u(n) + Tm(n)a (32)

where T;(n), Ty, (n), and T,,(n) are defined as before. Note that the k = N/n factor no longer

appears in the 7; and 7}, terms as internal sorting, download, and upload steps are all done in

7If the download and upload times are different then o will be the sum of download and upload times per unit
data in each iteration of searching or sorting process.
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parallel. Without the N /n factor, the T}, can be simplified to

Tiotar(N,n) = Ti(n) + an + O((Ig N/n)(1glg N))),

Tiotar(N,n) = Ti(n) + O(1) + O((lg N/n)(1glg N))).

The first formula assumes that feeding a list of 7 elements to each sorting engine takes O(n) time,
whereas in the second formula, it is assumed that this happens in O(1) time with a wider bus
between the sorting engines and the cloud. For sorting with the first formula in place, a parallel
sorting algorithm with O(lg? n) time complexity suffices to keep the overall time complexity to
O(n) as T, = O(n) dominates the overall time complexity. With the second formula, we again
need T; to be O(1) not to increase the overall time complexity beyond O(1) since 7,,(n) and
T,»(n) both tend to O(1) as n tends to N. For other values of n, T;(n) must be matched with
Tin(n) = O((1g N/n)(Iglg N))).

The foregoing analysis indicates that sorting algorithms with O(1) time complexities are
essential for big data processing.

Model 3-B highlights the possible tradeoffs between the time and hardware complexities of
external sorting by dividing data of size N into k data sets of size n = N/k, which are then sorted
on individual sorting engines. For moderate size data sets and big data (n in orders of gigabytes
and NV in orders of terabytes), this model can provide sufficiently fast executions of sorting algo-
rithms on big data. However, as N becomes larger, entering the range of exabytes(10*B)[9, 89],
Model 3-B would demand excessive hardware to keep up with the execution speed requirements

of external sorting algorithms. For example, if N = 10'® and the model has 10° parallel sorting
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engines such as 1-D Crosspoint Arrays or k = 10° then the hardware complexity of each such en-
gine would require between 10'? and 10?4 PEs. This is not feasible with today’s chip technology
as the highest performing supercomputers have approximately 107 cores[90]. On the other hand,
if we let n = N/k = 10° in order to avoid such unfeasible hardware complexity then the model
would require an excessive number of parallel sorting engines, i.e., k = 10'? of them. These
examples show that Model 3-B requires unreasonable hardware complexity when the scale of big
data reaches or exceeds exabytes. To cope with this problem, a more realistic and feasible model
is introduced below.

Model 3-C. Multiple Sorting Engine-Realistic Model: As in Model 3-B, Model 3-C consists
of k 1D-Crosspoint Arrays and the data is divided into % datasets, each of their size being %
However, in Model 3-C, each of £ datasets is further split into r segments, where 0 < r < %,
and each 1D-Crosspoint Array is configured to sort one segment in a single execution of the
algorithm. In other words, the size of one segment is % = n in this model, and if we use 1D-
Crosspoint Arrays to carry out sorting the segments then O((+-)%) PEs would be needed to sort
% elements in O(1) time (see Fig. 3.7 for visual illustration of how N elements are split into
datasets and segments). The hardware complexity of all the 1D-Crosspoint Arrays combined is
H; = O(kn?) since there are k 1D-Crosspoint Arrays. By introducing 7 = N/kn, the model
provides more feasible configurations for data of massive scales. For the earlier example, where
N = 108, by setting n = 10? and k& = 102, the value of H; can be confined to 10? x 10* = 10°
PEs, instead of 10'® to 1032 PEs, depending on the hardware complexity of the n PE sorting
engine.

Fig. 3.8 shows the choices of k£ and n in Model 3-C to keep the overall hardware complexity

H; within 107 PEs, which is currently the feasible number of cores within a single supercomputer

43



v |

kdatasetsi N/k H N/k H H N/k ‘
krsegments‘:n\‘:n]...}:nl l “nH nl{n‘{ “n‘
(Internal circuit | [Intemal circuit |

Figure 3.7: Illustration of how input is divided in Model 3-C. Each engine repeats r times, sorting
one n-size segment each time.
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Figure 3.8: Feasible range of n and k to contain hardware complexity within 107,

system[90].

As a consequence of the lower hardware complexity, however, the time complexity of the
algorithm increases. Assuming that the time complexity of a single execution of a sorting algo-
rithm for an n-element list is 7;(n) as before, its contribution to the T}y is rT;(n) = %Ti(n),
since the model requires the execution of the algorithm % times. Therefore, the time complexity

of sorting NV data elements on Model 3-C may be expressed as

N
7jtotal(]\[a ka Tl) = E,‘TZ(TO + Td,u(n) + Tm(Na k') (33)
If n is kept small to avoid excessive hardware complexity, % will be large and increase

Tiotat(N, k,n). On the other hand, if % is made small to keep the %Tl(n) term small, n will
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be large and increase the hardware complexity. Similar to Model 3-B, the 7}, can be reduced
by increasing the bandwidth of the data channel. In such a case, the best time complexity can be
achieved by reducing the 7;(n) as much as possible, ideally reducing it to O(1). It is established
in Section 2.1 that the 1D-Crosspoint Array performs sorting an n element list in O(1) time,
which thus makes the overall time complexity of external sorting O(%) on Model 2C for any

given n.

3.5 Comparison of Sorting Algorithms

Tables 3.1(a), (b), and (c) summarize the time and hardware complexities of representative al-
gorithms mentioned in this chapter. The total time complexity(7},:,;) and hardware cost of each
algorithm(f1;) along with the time complexities of sorting(7;), downloading/uploading(7; ), and
merging steps(';,,) are listed using Eqns. (3.1), (3.2), and (3.3). The downloading and uploading
channel was assumed to be wide enough to let 7, be as small as O(1), and thus was ignored
in the T}, Let us first compare the algorithms solely from a performance perspective without
taking the hardware complexity into account. The total time complexities in the Table 3.1b are
plotted in Fig. 3.9 for N = 10*® considering the actual constants involved in the complexities with
and without the AKS sorting algorithm. The AKS algorithm has a much higher time complex-
ity due to the large constant multiplied to its time complexity expression. The Batcher’s bitonic
sorting network(BAT) and Cole’s parallel merge sort(CVN) follows the AKS network. Here, it
must be noted that although the AKS network and the parallel merge sort has the same total time
complexity, the graph of the two diverge. This is because 71, becomes O(lg(1/n)) = O(—1gn)

when N is fixed and offsets 7; = O(lgn). Because the constant for AKS network(6100) is much
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Tiotat,3-A(N,n) Ti(n) | Tau(n) Tim(N,n) Hiza
VAL | O(Z + (1) (1glgN)) O(1) o) | o((leM)glgN)) | O(n?)
PRP | O(Xlgn+ (1g¥)(1glgN)) | O(lgn) | O(1) | O((lgZ)(iglgN)) | O(nlgn)
AKS | O(Z1gn+ (1g¥)(1glgN)) | O(lgn) | O(1) | O((lgX)(1glgN)) | O(nlgn)
BAT | O(Zl1g?n+ (IgX)(glg V) | O(1g?n) | 0@1) | O((1gX)(glgN)) | O(nlg®n)
CVN | O(Zign+ (1gX)(glgN)) | O(lgn) | O@1) | O((lgX)(glgN)) | O(n)
RCF | O + (1gX)(1glg N)) O(1) o) | O((lgM)(glgN)) | O(n?
XPA | O(5 + (Ig ) (gl N)) o) | o) |0((lg7)(glgN)) | O(n?)
(a) Summary table for Model 3-A based on Eqn. 3.1. Note that N/k = n.
Tyotar,3-B(N, 1) Ti(n) | Tau(n) T (N, n) H;3.p
VAL O((lg¥)(1glg N)) O(1) O(1) | O((lg¥)(glgN)) | O(nN)
PRP | O(lgn+ (1g¥)(glgN)) | O(lgn) | 01) | O((1lg¥)(glgN)) | O(Nlgn)
AKS | O(lgn+ (1gX)(1glgN)) | O(lgn) | O@1) | O((1lgX)(1glgN)) | O(Nlgn)
BAT | O(lg?n+ (lgX)(glgN)) | O(lgn) | O(1) | O((lgX)(glgN)) | O(Nlg®n)
CVN | O(lgn+ (lg¥)(1glgN)) | O(lgn) | O1) | O((lg&)(1glgN)) | O(N)
RCF O((lg¥)(1glg V) O(1) o) | O((le¥)(glgN)) | O(nN)
XPA O((lg¥)(1glg N)) O(1) o) | Oo((le¥)(glgN)) | O(nN)
(b) Summary table for Model 3-B based on Eqn. 3.2. Note that N/k = n.
Tiotar,3-c(N, k,n) Ti(n) Tgu(n) Tin(N,n) Hiszc
VAL O£ + (1gX)(1glg N)) o(1) o) | O((leX)(glgN)) |  O(kn?)
PRP O(%lgn%—( ) (IglgN)) | O(lgn) o@1) | O((lg %)(lglgN)) O(knlgn)
AKS | O(#£1gn+ (lg¥)(1glgN)) | O(gn) | O(1) | O((le¥)(iglgN)) | O(knlgn)
BAT | O(&E1g?n+ (lgX)(glgN)) | O(g®n) | O(1) | O((lgX)(glgN)) | O(knlg?n)
CVN | O(&lgn+ (lgX¥)(1glgN)) | O(gn) | O@1) | O((1leX)(1glg N)) O(kn)
RCF O£ + (1Y) (1glg N)) O(1) o) | O((le¥)(glgN)) |  O(kn?)
XPA O(& + (1g¥)(1glg N)) o(1) o) | Oo((le¥)(glgN)) |  O(kn?)

(c) Summary table for Model 3-C based on Eqn. 3.3. Note that N/kr = n, and the hardware complexities
can be reduced by increasing r. In fact, r captures the trade-off between time and hardware complexity as

increasing 7 increases the sorting time complexity while reducing the hardware complexity.

Table 3.1: Time complexities and hardware complexity (H;) of different sorting architectures and
algorithms. (VAL:Valiant’s generic model, PRP: Preparata’s algorithm, BAT: Batcher’s odd-even
and bitonic network, RCF: Reconfigurable mesh, CVN: Parallel conventional algorithms (Merge
sort[1], Quicksort[2, 3], Bucket sort[4]), XPA:1D-Crosspoint Array)
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Figure 3.9: N = 10'8. (a) Sorting times of algorithms before normalization but with the constants
incorporated. In other words, it’s plot of 1}, in Table 3.1b with constants. This is a plot from
pure speed perspective. (b) Sorting time of algorithms without the AKS.

greater than the constant for parallel merge sort(15/4), the T; term of AKS dominates 7}, and
results in a regular logarithmic graph, whereas the parallel merge does not and results in a lin-
ear graph. This can be indirectly proved in Fig. 3.10, where we plot 7; only. The figure shows
the graph of AKS and parallel merge sort are parallel, indicating that the 7;,, term changes the
tendency of the two graphs. Following the parallel merge sort, the 1D-Crosspoint Array and
Valiant’s algorithm are lowest, while the reconfigurable mesh is slightly higher by a constant fac-
tor. As the Valiant’s algorithm is plotted without considering the processor allocation overhead
of O(lgn), the 1D-Crosspoint Array can be said to be the fastest among the algorithms in Ta-
ble 3.1b. Therefore, the 1D-Crosspoint Array is an appealing option for internal sorting engine
when the sorting speed is the top priority and hardware complexity is less of a concern.

While 7, in the tables provides a basis for comparing the execution speed of listed sort-
ing algorithms, it must be noted that the hardware complexity H; is different for each algorithm.
Particularly for Model 3-C, it is unreasonable to compare 7}, without normalizing the time

complexities with respect to H;, because the model deliberately introduces a variable & to limit
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Figure 3.10: 7; in Table 3.1b with the constants incorporated.
H;. Thus, as compared to Models 3-A and 3-B, where sorting algorithms are allowed to utilize as
many PEs as they need, in Model 3-C, they cannot utilize more than H; PEs. Therefore, we list
the normalized time 7,5, (N, ) = Tiotar(N,n)/H;(N,n) formulas in Table 3.2. To normalize,
k was expressed in terms of H; and n, and then substituted in 7}, for each algorithm. 7},,,, is
more meaningful to compare the time complexities of representative algorithms, because N and
H; are the same for all of them, and n can be considered as the only variable with which the effi-
cacy of a sorting algorithm can be assessed. Overall, Valiant’s sorting algorithm, Reconfigurable
Mesh, 1-D Crosspoint Array all have the same time complexity. Parallel versions of merge, col-
umn and bucket sort algorithms have the smallest time complexity, followed by Preparata’s and
AKS sorting algorithms, and those followed by Batcher’s sorting algorithms, when the number
of PEs is kept the same across all representative sorting algorithms. Again, this is without taking
into account the large constants in the complexity notations. The constant incorporated 7,,,., s
plotted in Fig. 3.11, where the constants are calculated by the number of comparison operations.
Once again, the AKS network is slowest due to the large constant factor caused by the depth
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jkomn(fv n)

VAL

O( (lg )(lglgN))

PRP

AKS

%lg n+( )lglgN)
N
,

o )
O(F 1g%n+ (1g %) (Iglg N))
O( X )

BAT Flg'n+ (lg¥)(1glg N))
CVN | O(#lgn+ (1g%)(glg N))
RCF | O(fn+ (IgX)(glg N))
XPA | O(gFn+ (lg%)(glgN))

Table 3.2: The normalized execution times for different sorting algorithms and networks based

on Model 3-C.
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Figure 3.11: N = 10*®, H; = 10°. T},,,,, in Table 3.2 with the constants incorporated.
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of the network, and the reconfigurable mesh follows next, which is slower than other constant
time algorithms due to more number of stages the algorithm is composed of. 1D-Crosspoint
Array is faster than the reconfiguration mesh by a constant factor, but the Valiant’s algorithm,
parallel merge sort, and bitonic sorting network are faster than the 1D-Crosspoint Array. The
Valiant’s algorithm is faster by a constant factor, but the algorithm do not consider the O(lgn)
processor allocation overhead. In the case of Cole’s parallel merge sort, it is faster than the 1D-
Crosspoint Array by a factor of n/lgn. It must be noted, however, that the algorithm assumes a
PRAM(Parallel Random Access Machines) model which requires O(1)-time memory access and
does not consider the communication time. In fact, the parallel merge sort and the bitonic sorting
network was implemented on a PRAM in [91]. It was reported that the bitonic sorting network
was faster in practice due to the communication time even though the 7; of parallel merge sort is
lower by a factor of 1gn. Lastly, the bitonic sorting network is faster than 1D-Crosspoint Array
by a factor of n/1g* n, and is the second fastest for n > 10%. Unlike the parallel merge sort, the
bitonic sorting network is free from communication time issues because the network consists of
dedicated paths for each individual input. Therefore, the Batcher’s bitonic sorting network can
be said to be the better option for internal sorting engine when the hardware complexity is also
a priority along with the sorting speed, especially for n > 10%. Although not the fastest, the
1D-Crosspoint Array can also be a competitive option for n in the lower range, 10* < n < 103,
and be a alternative choice among other constant time algorithms considering the minimal com-
munication time complexity.

In conclusion, in this section, the 1D-Crosspoint Array was shown to be the fastest al-
gorithm for the internal sorting engine when the sorting speed is the top priorty. Compared to
other constant time sorting algorithms, the 1D-Crosspoint Array lead the competition owing to
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the minimal communication time. In situations where the hardware complexity is also a priority,
Batcher’s bitonic sorting network was shown to be the optimal algorithm for the internal sorting
engine. The 1D-Crosspoint Array was shown to be a competitive option for 10' < n < 103,

considering its minimal communication time.
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Chapter 4: Parallel Matrix Multiplication

In this chapter, we use 1D-Crosspoint Array to obtain an optimal mapping of a classical matrix

multiplication algorithm on to O(n?) PEs, thereby achieving an O(n?) speed-up.

4.1 Introduction

Matrix multiplication is one of the most widely used operations in many computational fields
such as linear algebra[92, 93], machine learning[94], neural networks[95, 96], and graph
processing[97, 98]. The time complexity of the naive matrix multiplication of two n X n
matrices is O(n®). Although such a naive approach involves relatively simple multiplication-
addition operations, O(n?) steps renders it ineffective, considering the wide and frequent us-
age of matrix multiplication. Consequently, developing faster matrix multiplication algorithms
attracted much attention over the years. In 1969, Strassen introduced a matrix multiplica-
tion algorithm with O(n?8%7) time complexity, which was based on partitioning each of the
two matrices into four submatrices and then forming the product using seven rather than
eight multiplications to reduce the overall time complexity of the matrix multiplication [99].
Since the work of Strassen, the serial matrix multiplication algorithm has been constantly im-
proved(e.g. [100, 101, 102, 103, 104, 105, 106, 107]), to the point where the fastest algorithm has

2.3728596)

a time complexity of O(n at the time of this writing[108]. Along another direction, the
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parallelization of matrix multiplication algorithms has been extensively studied as well for reduc-
ing the time complexity of matrix multiplication. Since matrix multiplication can be divided into
several multiplication of submatrices, it is suitable for divide-and-conquer type of parallelization.
However, as it happens in other parallelization techniques the interprocessor communication time
complexity dominates the computation time complexity when divide-and-conquer matrix multi-
plication algorithms are converted into parallel algorithms. One way of addressing this issue is
to implement the underlying parallel architecture of matrix multiplication in a multi-dimensional
structure, which inherently has more communication channels to help reduce communication
time complexity. Cannon’s algorithm was the first algorithm to assume a 2D grid layout of
PEs[109]. By utilizing the horizontal and vertical channels by shifting the data within the grid,
the algorithm parallelized matrix multiplication while optimizing the memory usage, albeit it
required square input matrices and square grid of PEs. The algorithm was further developed
in [23, 110] to cope with rectangular matrices and different processor decompositions and com-
munication patterns. PUMMA (Parallel Universal Matrix Multiplication Algorithm)[111] was
proposed as an algorithm that generalized previous works to transposed matrices and different
data layouts. In 1995, Van De Geijn and Watts presented SUMMA(Scalable Universal Ma-
trix Multiplication Algorithm), which minimized the communication time and memory usage
by pipelining communication and computation steps[112]. SUMMA is one of the most widely
implemented matrix multiplication algorithm, such as in ScaLAPACK library[113].

The idea of “3D” algorithm that runs on cubic layout of PEs was first introduced in [28],
which had factor of O(n'/®) less communication time overhead compared to 2D algorithms,
but required O(n'/?) more memory space. In 2011, algorithms that run on 2D layouts of PEs
with extra memory, commonly referred to as 2.5D’ algorithms, were introduced[29, 30]. To be
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more specific, these types of algorithms assume multiple 2D grids stacked vertically in order to
partially mimic the parallelism of a 3D layout. However, although 2.5D algorithms were optimal
for square matrices, they performed poorly when matrices were significantly long or wide[114].

In this chapter, a parallel matrix multiplication algorithm for the 1D-Crosspoint Array is
introduced and its performance is analyzed. We already established that the locality of the inter-
processor connections in a 1D-Crosspoint Array leads to fast sorting and searching algorithms
in the earlier chapter. Here, it will be shown that the 1D-Crosspoint Array provides an effective
communication structure for a parallel implementation of matrix multiplication algorithms as
well. The rest of this chapter is organized as follows. In Section 4.2, the parallel matrix multipli-
cation algorithm devised for the 1D-Crosspoint Array will be proposed. In Section 4.3, the time

complexity and the communication cost of the matrix multiplication algorithm will be analyzed.

4.2 Parallel Matrix Multiplication Algorithm

The new parallel matrix multiplication algorithm that runs on the 1D-Crosspoint Array is shown
in Algorithm 3. Before the start of the algorithm, the two multiplicand matrices are assumed to
be distributed to PEs. To be more specific, a;, the i-th row vector, is assumed to be distributed to
class ¢ PEs and likewise b;, the i-th column vector of B, is assumed to be distributed to class ¢ PEs.
In parFor loop in line 1, each PE calculates the dot product of a; and b; it was distributed with.
Then communicate a; and b; with its direct neighbor PEs and calculate the dot product of a;, b; and
the vectors from the neighbor PE. An illustration of Algorithm 3 for the case of n = 5 is shown in
Fig. 4.1. Fig. 4.1(a) shows how A and B is partitioned into row and column vectors before being

distributed to replicates, and Fig. 4.1(b) show which element of C' is being calculated in which
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replicate in which line of Algorithm 3. Once the parFor loop is complete, every element of the

result matrix C'is guaranteed to be calculated, which is proved in the following proposition.

Algorithm 3: Matrix Multiplication Algorithm
Input: A, B, n X n matrices

Output: C', n X n matrix

// P; is a PE belonging to class 1

// a; is the i-th row vector of A

// b, is the i-th column vector of B

// ¢ j is the element of C at i-th row and j-th column
// a; and b; are assumed to be distributed to class i PEs

parFor P, 0 <i<n—1do

2 Ci,i = a; bz

[y

3 Send a; and b; to the right-hand neighbor. (Receive a;, and b, from the left-hand

neighbor.)
4 Ci,p, = Q5 - br
5 Cri;=ar- bZ

Proposition 12. When the parFor loop in line 1 of Algorithm 3 is complete, every element of

C' is calculated.

Proof. The diagonal elements of C, or ¢; ; = a;-b;, is calculated in line 2 with the distributed data.
To calculate the non-diagonal elements, we make use of the complete adjacency. A non-diagonal
element of the result matrix ¢; ; is a dot product of i-th row vector of A and j-th column vector
of B where ¢ # j. In other words, it is a dot product of vectors that are distributed to different
classes. Therefore, due to the complete adjacency, if each adjacent pair on the 1D-Crosspoint
Array calculate the dot product of vectors in both PE’s local memory, every element of C' will be

calculated. O]

In line 3 of Algorithm 3, the PEs uniformly send the row and column vectors to the right-
hand side neighbor. We note that this right shift of row and column vectors may lead to a possible
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(a) Row and column vectors of A and B that is distributed to replicates.

Class of replicates 0 1 3 4 1 3 0
Initially distributed [a] [a;] [a3 [as] as] a1] [a3 [as] [ay] A [a]
a; and b; [[bl] [[bz] [[b3] [[b4] [[bs] [[bl] [[b3] [[bs] [[bz] [[b4]1 [[bl]
Communicated [a4] [a;] [as] [a4] [as] [a4] [as] [as] [az]ﬂ [as]
vectors in line 3 [bi] [bs] [bs] [b4] [bs] [b4] [bs] [bs] [b,] [b4]
¢;,i calculated B . . . . . . . ) ) .
in line 2 i1 22 33 44 55 11 33 55 22 44 11
;1 and ¢ ; calculated
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(b) Detailed demonstration of Algorithm 3 for each line.

Figure 4.1: Illustration of Algorithm 3 for n = 5 case.

deadlock if the PEs are following a message passing type protocol and wait to receive the vectors
from the left-hand neighbor. However, the actual form of communication is not the crucial to
the correct execution the algorithm as there are numerous other methods that can resolve such
deadlock issues (such as deciding based on the class number), and also because such problems
can be often solved by the communication protocol itself. The key aspect of the communication
happening in line 3 is that it only happens between direct neighboring PEs and that the number
of communications required is constant, or O(1).

Algorithm 3 is complete once every element of C'is calculated. If the entire matrix C' must
be collected in a local memory or a shared memory, additional steps is needed. Likewise, the
a; and b;, which are assumed to be distributed to PEs beforehand would also require additional
steps for they were to be done within the algorithm. However, because the matrix multiplication

is mostly a subroutine in a larger computation, the multiplicands, a; and b; are likely to be in-
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termediate results from that subroutine, will already be residing in local memories of PEs. The
elements of resultant matrix C' are also likely to be an input for the next subroutine and reaady
for execution in local memories of PEs. It is therefore reasonable to assume the distribution of

input matrices and collection of result matrices is not necessary[115].

4.3 Parallel Matrix Multiplication Performance Analysis

Let us analyze the run time of the matrix multiplication on the 1D-Crosspoint Array. Each PE
must compute three dot products of length n vectors. Each dot product includes n multipli-
cations, so the computation time is O(n). The communication in line 3 sends or receives two
length n vectors, thus the communication time would be O(n), assuming one element can be
communicated at a time. Since the parFor loop is carried out in parallel, the time complexity
of Algorithm 3 is O(n).

In addition to the arithmetic time complexity, another complexity that must be examined is
the communication time complexity. Many of the recent studies of parallel matrix multiplication
focus on reducing the communication time complexity by optimizing the algorithm to better
fit the data communication pattern(e.g., the dependency between operations or stages) of the
matrix multiplication algorithm. More precisely, studies aim to lower the I/O complexity(()) and
latency(L), where () refers to the total amount of data that is sent or received per PE, and L
denotes the number of messages that is sent or received per PE. () is expressed in number of
words, since each element of a matrix, in general, is assumed to be the size of a word of the
system. Also, since it is reasonable to assume that the maximum size of each message can only

be as large as the size of the local memory S, the value of L can be theoretically calculated as L =
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@/ S, albeit the attainability of such latency depends on the structure or algorithm[116]. These
two metrics naturally became the two of the most common metrics used to compare different
parallel matrix multiplication algorithms, and the lower bound on () and L have become another
focus in parallel matrix multiplication [114, 117, 118].

To provide a reference point for the communication time complexity of matrix multipli-
cation on a 1D-Crosspoint Array, a survey of the lower bound on () and L is provided be-
low. Since the classic O(n?®) algorithm and the Strassen matrix multiplication algorithm have
different data communication requirements, the studies on these lower bounds are generally
categorized into two types, namely classic algorithm and Strassen-like algorithms. The lower
bound for parallel classical O(n?) multiplication algorithm has been substantially studied over
the years(e.g., [114, 115, 119, 120]). One of the early contributions on the communication time
complexity of classical O(n3) multiplication algorithms is due to Irony et al., who devised a
lower bound on (), assuming that input distribution and output collection is not required[115].
They reported that, for multiplying two n x n matrices with P PEs, each with local memory of

size S words, the I/O complexity is

3

n
= — 4.1
Ql’r‘ony 2\/§P51/2 < Qa ( )
and from the relation L = ()/S, we have
3
<L 4.2)

L =
Irony 2\/§P53/2

However, both lower bounds degrade to zero when S > n?/(2P%?). Since the 1D-Crosspoint
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Array is composed of n(n—1)/2+1 PEs, and since each PE must store 4 vectors(i.e., a;, b;, ar,, br)
and three scalar data(i.e., ¢;;, ¢; 1, cr;), let us assume P = n? and S = 5n. In that case, S =
5n > n?/(2n?*2/3) = n2/3/2, and thus the lower bound does not provide practical information
on the () and L of the 1D-Crosspoint Array. The communication lower bound presented by
Kwasniewski et al. in [118] can be an alternative, although it must be noted that these lower
bounds are assuming that the distribution of the input and the collection of the output is also
included in the algorithm. Nevertheless, they derived a lower bound for I/O complexity and

latency for matrix multiplication,

2
chassic Z min { \/— ( 3 ) } ; (43)

4ab 3
Leigssic > # lg <g) , Where a = min{ — } , b =max {n_S Pl} , 4.4)

3

Wl

and devised a matching parallel algorithm called COSMA (Communication Optimal S-partition-
based Matrix multiplication Algorithm). COSMA first arrange an optimal sequential schedule of
multiplication of each element, then convert it to a parallel schedule while preserving the optimal
communication time.

On the other hand, the family of matrix multiplication algorithms that stem from Strassen’s
algorithm[99], which will be referred to as Strassen-like algorithms, has also been studied con-
siderably. This line of studies focus on optimizing the algorithm to fit the unique data pattern of

the Strassen-like algorithms[116, 117, 121, 122, 123, 124]. It was proven that the lower bound
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of I/0 complexity [117] and latency [114] for Strassen-like algorithms is

n \* S
rassen — Q —— C = 4.5
@ (%5) %) -
n3
LStrassen =0 (W + ]-> (46)

when wy < 3.
Given the fact that Algorithm 3 is a variant of the classic algorithm, we use Eqns. 4.3
and 4.4 to calculate the possible lower bound of () and L for 1D-Crosspoint Array. With P = n?

and S = 5n, the lower bound of () and L for 1D-Crosspoint Array is

Qbound = 3n2/3 (47)

Lboung = (81gn) /(1503 — 3). (4.8)

It must be noted that the Lyy,,q < 1 for any n and given that the latency must be an integer since
it is the number of messages, Lyyunq 1S 1 for any n.

Let us now analyze the I/O complexity and the latency of Algorithm 3. In line 3, assuming
each element of the matrices is a word, each PE sends 2n words to the right and receives 2n
words from the left. In addition, each PE is distributed two vectors(i.e., a;, b;), and each PE will
have 3 elements of C' to send to the shared memory. In total, the data that each PE must send or
receive is

Qxpa=4n+2n+3 = 6n + 3.

The input distribution and result collection each can be done in one message, and the line 3 need
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two messages(left and right), the latency for 1D-Crosspoint Array is

Lxpa=4.

It can be seen that the I/O complexity of the 1D-Crosspoint Array is greater than the lower
bound by a factor of n'/3, which indicates the Algorithm 3 needs to communicate n'/® more
words compared to the COSMA. However, it must be noted that the I/O complexity refers to
the total amount of data communicated and does not consider the communication contention
among PEs. This is partially due to the fact that most algorithms assume a general parallel
computing system, so that the algorithm can be versatile to be implemented on different systems.
The downside of such versatility is that the lower bound is not guaranteed in practice, but it
depends on the details of the network of the system[116]. The 1D-Crosspoint Array, on the other
hand, guarantees a contention-free communication and the communication pattern is simple and
predictable. Predictable communication can be a benefit from programming standpoint since it
makes the job of optimizing synchronization across PEs less challenging. In addition, because
there is no communication contention in the crosspoints, and also because the communication in
line 3 can be completed in parallel, we can effectively estimate that the line 3 can be completed
in O(Q/«), where o denotes the bandwidth of the crosspoints. In the case of latency, given that
Lpouna 1s 1 for any n, the latency of the 1D-Crosspoint Array L xp4 = 4 is close to the theoretical
optimum as it only differs by a constant factor.

The matrix multiplication on 1D-Crosspoint Array is adaptable such that it can provide
optimal algorithm for different number of PEs. Moreover, while Algorithm 3 is a parallel version

of naive O(n?) algorithm, other serial or parallel algorithms can also be implemented on the
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1D-Crosspoint Array with minimal effort, since the design can be apt for different divide-and-
conquer type algorithms. For example, the parallel bit-serial matrix multiplication algorithm
such as the one explained in [125] can be implemented in 1D-Crosspoint Array, where each
bit multiplications is done by one PEs. Strassen-like algorithms can also be implemented in
1D-Crosspoint Array as well, by dividing the inputs submatrices instead of vectors and then
computing the submatrix multiplication using Strassen’s algorithm in parallel. In this case, the
communication cost will not be optimal and will require optimization. Finally, as in external
sorting, large matrices can be multiplied by partitioning the multiplicand matrices and performing
submatrix multiplications on a 1D-Crosspoint Array and swapping them between cloud servers
and the 1D-Crosspoint Array. For example, the parallel bit-serial matrix multiplication algorithm
such as the one explained in [125] can be implemented in 1D-Crosspoint Array, where each
bit multiplications is done by one PEs. Strassen-like algorithms can also be implemented in
1D-Crosspoint Array as well, by dividing the inputs submatrices instead of vectors and then
computing the submatrix multiplication using Strassen’s algorithm in parallel. In this case, the
communication cost will not be optimal and will require optimization. Finally, as in external
sorting, large matrices can be multiplied by partitioning the multiplicand matrices and performing
submatrix multiplications on a 1D-Crosspoint Array and swapping them between cloud servers
and the 1D-Crosspoint Array. In particular, let us assume assume the matrix is of size N x /N and
there are £ number of 1D-Crosspoint Array composed with N/ V'k = n classes. Further assuming
Model 3-B, the N x N matrix can be divided into submatrices of size N/v/k x N/v/k and each
1D-Crosspoint Array can carry out one submatrix multiplication in O(1) time. In this case, the
time complexity is Thnr = T; + Tuu + Toga = O(1) + Tyy + Toga, where T; = O(1) refers
to the submatrix multiplication time complexity, 7, ,, refers the download/upload time, and 7,44
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refers to time complexity of adding the result of the submatrix multiplication result. If Model 3-
C is assumed with each 1D-Crosspoint Array consisting of n = N/kr classes, the submatrix
size is reduced to N/ Vkr x N / V'kr, each 1D-Crosspoint Array would carry out 7 number of
submatrix multiplications, and the time complexity would be Ty, = %Ti + Tau + Thda =

O(:L + Ty + Toaa)-
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Chapter 5: Parallel Triangle Counting

In this chapter, we describe an effective mapping of a triangle counting graph algorithm with n

vertices to a 1D-Crosspoint Array with O(n?) PEs.

5.1 Introduction

With the rapid growth of the Internet technologies, data from various domains, including
social, communication, co-authorship networks[126], business and finance[127], biological
networks[128] are modeled as graphs to capture relations and structures within the data[129].
Among many metrics that were introduced to analyze such graphs, one of the most important
and widely used one is the transitivity, i.e., the ratio of the number of triangles to the number of
triples (set of three vertices) in a graph, and clustering coefficient, i.e., the ratio of the triangles
and triples that include a particular vertex. It has been shown that the two metrics can be used to
detect malicious activities[130], optimize query planning in databases[131], find fake accounts in
social networks[132], and discover communities[ 133]. Since triangle counting plays a major role
in computing the two metrics, it has attracted much attention in recent years. Although the fact
that the problem of counting triangles is algorithmically not too hard, it is the sheer volume of the
data that makes the problem time consuming and draws scientists from diverse communities into

the investigation of triangle and similar counting problems. One summary and categorization of
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the numerous triangle counting algorithms can be found in [134], and a few categories of triangle
counting will be introduced in this section. Before diving into each categorie in detail, we first

provide a formal definition of the problem of triangle counting below.

Definition 3. Triangle Counting. The problem of triangle counting is counting the number of
triangles in a graph denoted by G(V, E), where V is the set of vertices and F is the set of edges.
The number of vertices and edges are denoted by |V'| and | E| respectively. Each vertex is uniquely
identified by a number between 1 and |V'|. We assume G is a simple, connected, and undirected
graph. Since G is simple, there exist at most one edge between a pair of vertices « and v, which is
denoted as (u, v), where u < v. For a vertex u, adj(u) denotes the set of u’s neighboring vertices,

and d(u) denote the degree of w. O

The adjacency matrix, A of a graph G in which the edge between vertices v and v is indicated by

1, as shown below:

1, if(u,v) € E
Ty =

0, if(u,v)¢FE

In the rest of this chapter, we present a survey of related literature on parallel triangle
counting and a triangle counting algorithm for the 1D-Crosspoint Array and its performance

analysis.

5.2 Related Works

Vi

The first approach to counting triangles is naturally brute force that checks all of ( 3

) triples and

see which ones form a triangle. Such an approach would take O(|V|?) time which is undoubtedly
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inefficient. A more efficient way is to go through every vertex in the graph and check if either of
the two neighboring vertices are neighbors themselves. In other words, it checks every length-
2 path, instead of every (“g‘) triple, to see if it is a triangle. This type of triangle counting is
commonly referred to as a Nodelterator algorithm and is formalized in Algorithm 4.

A similar way is to iterate through every edge in the graph and check if the two vertices that

the edge consists of have a common neighboring vertex. This type is commonly referred to as the

Edgelterator algorithm and is described in Algorithm 5. The problem with both Nodelterator and

Algorithm 4: Nodelterator
Input: G(V, E)

Output: triangle count, triangle list

1 count =0
2 forv e V do

3 count, = 0

4 for each pair of distinct u, w € adj(v) do
5 if (u, w) € E then

6 count, = count, + 1

7 L append (u, v, w) to list

8 count = count + count,

9 return count, list

Edgelterator is that each triangle can be counted more than once. For example, triangle (u, v, w)
can be counted as any other permutation of the three vertices, such as (u, w, v) or (v, u, w). Such
duplicate count can be avoided by applying a total ordering to the vertices and applying the order
as a condition to the triples being checked by the Nodelterator and Edgelterator algorithms. Thus,
if we check only the triples (u, v, w) with the ordering u < v < w, each triple is then counted
exactly once. One of the frequently used ordering schemes is the degree of the vertices, and some
examples of such improved algorithms can be found in [135] and [136]. The Nodelterator and
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Algorithm 5: Edgelterator
Input: G(V, E)

Output: triangle count, triangle [ist

1 count =0

2 for (u,v) € Edo

3 Wy = adj(u) Nadj(v)

4 count = count + W ,|

5 forw e W, , do

6 t append (u, v, w) to list

7 return count, list

Edgelterator algorithms can be thought of as a triangle listing algorithm, as it is the only type
that can /ist which vertices make triangles in the graph in addition to counting the number of
triangles. The exact list of triangles can be valuable information for tasks such as discovering
communities[137] or filtering spam[130]. It was proven in [138] that these improved triangle
listing algorithms are optimal and have time complexity of O(|E|*?). The following lemma

proves the time complexity of triangle listing is O(| E|>/?).

Lemma 1. [138, Corollary,page.23] The lower bound time complexity of a triangle listing algo-

rithm is Q(|E*/?).

Proof. Consider the worst case for such an algorithm, which occurs when there are as many
length-2 paths as possible in the graph. The number of such paths is equal to the number of

triangles. The maximum number of triangles in a simple graph in terms of [V'|is (/%) = O(|V'[?).

Since the maximum number of edges is ('g') = |V|(|V]—1)/2, wehave |E| < |V|(]V]-1)/2 <

v

2, and in turn, we have /|E| < |V|. Thus, the maximum number of triangles in terms of | E| is
O(/|E \3) = O(|E|*/?). The triangle listing algorithm must iterate through every length-2 path
in the graph, and hence the lower bound on the time complexity of the triangle listing algorithm
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is Q(|EJP/2). O

It must be noted that the equality in |E| < |V|(]V| — 1)/2 is an extreme case of the graph
being a |V|-clique, where every vertex is connected to every other vertex. In general, the relation
between |E| and |V is |E| < |V |*(e.g. see, [139], or the data used in [135, 136, 140, 141, 142]).

Another type of exact counting algorithm employs linear algebra using matrix
multiplication[ 143, 144, 145, 146]. At the base of this type of algorithm is the fact that if A
is the adjacency matrix, the diagonal elements of the A3, say A3(i,7), would indicate a length-3
path(a triangle) that starts and ends at vertex 7. This method is becoming more popular because
it can utilize the linear algebra kernels that most machines already have and are very much opti-
mized for the system[146]. One of the earliest literatures to report this type of triangle counting
was [143], where Alon et al. proved that if a matrix multiplication algorithm with time complexity
of O(n®) was used, the triangle counting could be completed in O(| E|**/(“+1)) time. However,
since summing up the diagonal elements of A3 would count each triangle 3 P; = 6 times repeat-
edly, there exists room for optimization by eliminating duplicate counting. In [144], the algorithm
was optimized to count each triangle twice repeatedly by computing C' = (L - U) o A instead of
A3, where L and U denote the lower and upper triangular matrix respectively, and o denotes the
element-wise multiplication. The elements of result matrix C'(¢, k) would indicate that (¢, j, k) is
a triangle for some j, so every element of the result matrix needed to be summed up to obtain the
number of triangles. Also, since such variant counted each triangle twice, in [145], the algorithm
was further optimized to (L - L) o L, such that each triangle was counted exactly once.

Along another direction, approximate triangle counting algorithms gained popularity in ap-

plications where the exact triangle count is not needed, because the O(|E|*/?) time complexity
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can be excessive due to the vast scale of the data. Graph sparsification[147, 148, 149] and triple
sampling[150, 151, 152] are some examples of approximate triangle counting. The main idea
behind the approximate counting is to project the number of triangles of the entire data based
on the number of triangles counted in a portion of the data. Graph sparcification method prob-
abilistically deletes a subset of edges in the graph and then counts the triangle in the sparcified
graph. The triple sampling method samples length-2 paths and counts triangles among the sam-
pled length-2 paths. In both cases, once the number of triangles is counted in the subgraph, the
triangle count of the original graph is projected based on the probability that was used in the
sparcification or sampling stage. The main challenge of the approximate counting algorithms is
to pick as probabilistically unbiased sample as possible to increase the accuracy of the algorithm.
In addition, since big data is overly large for a system memory to hold at once, access to random
vertex or edges in any part of the graph may be impossible or intolerably inefficient, making the
triangle counting algorithms mentioned above impractical. As an alternative, triangle counting
algorithms, employin distributed memory systems have also been explored. Note that since op-
timal sequential algorithms for counting triangles already exist, the main focus of these research
efforts has been on either dividing the graph to guarantee the correctness of triangle counting or
evenly distributing the workload[135, 140, 141, 153, 154].

The task of dividing the graph is not as simple as dividing the vertex set |/ into equal
sized subsets. In order to avoid excessive communication in distributed triangle counting, the
ideal procedure is to let each PE count the triangles locally and then collect the results at the
end. Therefore, a graph dividing scheme, where triangles can be counted independently while
not missing any triangles is desired. For this reason, simply dividing V' into equal sized non-
overlapping subsets is inadequate, because the triangles also can be divided at the same time,
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necessitating communication in the triangle counting step. One of the earliest methods that was
proposed to properly divide the graph was the GraphPartition(GP) algorithm[140] for MapRe-
duce framework. The GP algorithm first partitions V' into equal sized subsets, and then creates
bigger subsets by combining every possible choice of three subsets. Finally, the algorithm counts
triangles within each of the bigger subsets, which guarantees no missing triangles in the graph.
Although this method indeed partitions the graph while not missing any triangles, the size of the
intermediate data created by the subgraphs is too large and it degrades the performance of the
algorithm[135]. To address this problem, many studies focused on optimizing the GP algorithm
for memory and communication cost[153, 155, 156, 157, 158]. These studies employ marginally
different methods, and we will describe the approach in Hoang et al. called distTC[158] as an
example of graph dividing. In [158], V is first divided into non-overlapping subsets. Then, for
a subset V; and its induced edge set F;, any vertex that is in adj(V};) but is not in V; is identified
as a vertex proxy, and any edges between the vertex proxies are identified as an edge proxy. The
vertex proxies and edge proxies are added to each of the subsets, then are distributed to each of
the PEs. With the vertex proxies and edge proxies added, every triangle is included in at least
one subset, and thus counting the triangles locally and then collecting the results will count all
the triangles in the entire graph correctly.

Similarly, distributing the graph by dividing the set of edges were studied in [156, 157].
Although these algorithms divide the set of edges into subsets, the algorithm eventually in-
duces the vertex set and neighbor set from the subset of edges and count the triangles within
the induced vertex set. In 2013, an algorithm focused on I/O-efficiency was introduced in [156]
for single CPU environment, and then a parallelized and optimized version named PDTL was
introduced[157]. It was proved the communication cost of the PDTL is ©(n + |E| + |¢|), where
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n is the number of PEs, and [¢| is the number of found triangles.

The task of evenly distributing the workload is another area of research in distributed tri-
angle counting. Because all triangle listing algorithms search the neighbor set adj(v) of every
vertex v, the degree of the vertices, d(v), is the major factor that is directly related to the work
carried out by the PEs. The distribution of d(v), v € V, for most of the real-life large graphs
is known to follow the power law[159]. The power law states that the degree of vertices of a
large graph is skewed, and certain vertices in any graph will almost always have a degree lin-
early proportional to the size of the graph while most of the others have very small degree[140].
Thus, to evenly distribute the workload, the degree of each vertex must be accounted for. A basic
framework for such distribution was proposed in [135]. Several cost functions for estimating the
workload for each vertex were introduced. These extend from simple vertex degree-based cost
functions more complicated, but also more accurate aggregate degree-based functions such as
D ucadi(v) (d(v) + d(u)), where d(v) refers to the number of neighbors that satisfy the total order-
ing condition, v < u. Naturally, the more accurate the estimations were, the more time it took to

estimate the cost.

5.3 Parallel Triangle Counting on the 1D-Crosspoint Array

For triangle counting on the 1D-Crosspoint Array, two different solutions are proposed. If list
of the triangles is not needed but the exact count of triangles is needed, then the matrix mul-
tiplication algorithm (Algorithm 3) in Section 4.2 is the optimal triangle counting algorithm for
1D-Crosspoint Array. This is because such an algorithm is designed to minimize communications

between PEs, and the 1D-Crosspoint Array offers an ideal architecture for minimizing commu-
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nications among PEs based on its complete adjacency. However, if the list of triangles is desired,
then a variant of the Nodelterator or the Edgelterator must be used. Algorithm 6 given below
is a type of Nodelterator algorithm combined with the partitioning method of the distTC[158].
As mentioned above, the distTC partitions the graph by identifying the vertex proxies and edge
proxies and including them to the respective subsets in the preprocessing step. Unlike the distTC
which handles the preprocessing in a single CPU, in Algorithm 6, the preprocessing is modified
such that it is processed in parallel in each of the PEs. To be more precise, the non-overlapping
subset of V' is distributed in line 1 to each PE by the P, ,st-,» Which is the master PE that initiates
the algorithm and collects the result. Then, the vertex and edge proxies are identified and added
to the subsets in parallel by the parFor loop in line 2. The triangles are then listed locally in
line 5, then the result is returned to 5. Due to the complete adjacency, our approach accom-
plishes the same result as the distTC, while reducing the communication contention between the
PEs. However, it must be noted that the total amount of communication is not different because

the reduced amount of communication happens between PEs.

Algorithm 6: tc algorithm
Input: V, F
Output: ¢, the list of triangles

// P is a PE belonging to class 1
// Ppaster 1S the master PE
// Vi, 0<i<n-—1, is non-overlapping subset of V

1 Distribute V] to F;.
parFor P, 0 <i<n—1do
Identify the vertex proxies with direct neighbor PEs

N

w

[y

Identify the edge proxies.
5 List triangles using Algorithm 5

6 Return t to the P,,qster-
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(a) Example graph of G(11,16).
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(b) Ilustration of Lines 1 through 4 for the above graph with n = 4.

Figure 5.1: Illustration of Algorithm 6 for an example graph G(11,16) for n = 4. The solid
black lines and numbers refers to the vertex and edge proxies that are identified by each PE.

73



A more detailed analysis on the communication time complexity is as follows. Assume
the graph is stored in the same format as the distTC and PDTL, Compressed Sparse Row(CSR)
format[160], which is a representation that stores each row of the adjacency matrix separately.
Each row is compressed by omitting zeros, resulting in space complexity of O(|V |+|E|). Assum-
ing O(n?) number of PEs, the distribution in line 1 causes O(n(|V|+ |F|)) communication time
as each subset is sent to n(n — 1)/2 PEs and each adjacency matrix is of size O((|V'| + |E|)/n).
Similarly, if the total numbers of vertex proxies and edge proxies are denoted as |V},.,| and | E,,,|
respectively, then the communication occurring in the parFor for identifying the proxies is
O(n(|Vprz| + |Eprz|)). The communication needed for collection of the triangle list can be ex-
pressed as O(n|t|), where t is the list of triangles, because the triangles that are completely within
a subset will be counted repeatedly by all replicate PEs of the same class. Therefore, the total
communication time can be expressed as O(n(|V| + |E|) + n(|Vprz| + |Eprz|) + nlt]). Not
many studies have reported the communication time. A recent one that does is the PDTL[157],
where it was reported that the communication time is ©(n? + |E| + |t|) when using n? PEs.
Because the maximum possible |E| is ('g') = O(]V|?) only in the extreme case of a |V|-clique,
and that generally |V|, |E| > n, the PDTL can be said to have lower communication time com-
pared to Algorithm 6 in general. However, it is worth noting that even though the communi-
cation time is higher, due to the n? term, the fact that 1D-Crosspoint Array can manage the
communication of the proxy effortlessly and without any contentions, the communication time
difference would get smaller for larger n. Lastly, as in the case of external sorting, large graphs
can be divided subgraphs which is distributed from the could servers to different internal en-
gines which would count or list the triangles and sent back to the cloud servers. If we assume

Model 3.2, for a graph G(E, V'), when there are k£ number of 1D-Crosspoint Arrays each of size

74



n = N/k, the triangle counting time complexity would be Tit01.7¢ = T 7¢ + Tau+ T eomp, Where
Tire = O((|V|/k+|E|/k) +n(|Virz| [k + | Eprz|/ k) +nlt/k|), T, refers to download/upload
time, and 7,,,,; refers to the time complexity of the server to combine the triangle count and the
list. When Model 3-C is assumed with each 1D-Crosspoint Array is composed of n = N/kr
classes, then the total time complexity would become T}t 7¢ = %TMC + 10+ Teomp.
Although the performance of triangle counting on 1D-Crosspoint Array did not exceed any
of the existing algorithms, it is worth noting that it showed the 1D-Crosspoint Array can be imple-
mented to solve a graph problem. Utilizing the high parallelism and the minimal communication
time, we anticipate the potential of the 1D-Crosspoint Array in solving other graph problems as

well.
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Chapter 6: 2D- and 3D-Crosspoint Array

6.1 2D-Crosspoint Array

Although the one dimensional(1D) topology is the most simple structure, it is limited in the num-
ber of communication channel between PEs. To overcome this limit, the two dimensional(2D)
variant of the 1D-Crosspoint Array, which will be referred to as 2D-Crosspoint Array, is explored
in this section. The main purpose and the benefit of the 2D variant is the reduction in number
of PEs owing to the added communication channels between PEs. That being said, a crosspoint
array has a 2D-layout if (a) each PE is paired with at most four PEs and (b) no wires can cross
each other without contacting each other, or in other words, the 2D-Crosspoint Array is placed
on a 2D plane. The goal in constructing a 2D-Crosspoint Array is to achieve the complete ad-
jacency in 2D plane with reduced number of PEs compared to the 1D-Crosspoint Array. As it
can be seen in Fig. 6.1(a), the 1D-Crosspoint Array can be bent or curved in any shape, which
technically can be deemed a 2D-Crosspoint Array. However, such snake-like layout is not taking
any advantage of additional communication channels between PEs and is merely ‘2D shaped’
1D-Crosspoint Array. Crosspoints can be added to create a grid as in Fig. 6.1(b), but addition of
such crosspoints without any consideration to adjacency of PEs is a misuse of hardware because
numerous redundant adjacency will be created and because the number of PEs will be the same

as 1D-Crosspoint Array. To fully utilize the benefit of being constructed on a 2D plane, a new
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(b) A 1D-Crosspoint Array with added vertical crosspoints between PEs above and below.

Figure 6.1: Illustration of 1D-Crosspoint Array for the example case n = 8. The crosspoints are
shown as simple lines for simplicity.

construction method for 2D-Crosspoint Array will be proposed in the next subsection.

6.1.1 Construction of 2D-Crosspoint Array

The cyclic permutation used in 1D-Crosspoint Array will be used, as it guarantees the complete
adjacency. The construction method is shown in Algorithm 7, and an example construction fol-
lowing the Algorithm 7 for the case of n = 8 is shown in Fig. 6.2. The cyclic permutation p’,
0 < j < n/2, is shown in Fig. 6.2(a), and the empty frame mentioned in Step 1 is shown in
Fig. 6.2(b). Fig. 6.2(c) shows how each of the PE corresponding to the first (and the only) cycle
of p, (0,1,2,3,4,5,6,7) is place on the array starting from the leftmost top position, and then
right lower position, right upper position, and so on. Fig. 6.2(d) shows the 2D-Crosspoint Array
after Step 5, where the first two elements of the cycle, 0 and 1 is placed following the cycle.
Note that with the permutation p placed on the 2D-Crosspoint Array, the adjacencies of the p? is
already realized on the array. In Fig. 6.2(e), it can be seen the top row (marked as (1)) is the first

cycle of p?, and the bottom row (marked as (2)) is the second cycle of p?. This is the reason for
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Algorithm 7: Basic construction method for 2D-Crosspoint Array

Step 1: Suppose that the cycles in p, p?,- - - , p2 are written so that the first element is
the smallest in every one of them. Suppose that an empty frame of a two dimensional
array of PEs in a layout shown in Fig. 6.2(b) is provided without the actual assignment.

Step 2: Set P as a queue of all p’’s, 1 < j < |n/2], in ascending order of 7,

P=[p", p? -, p"/].

Step 3: Initialize : = 1.

Step 4: Place a cycle in p’ on the empty frame from left to right in a zig-zag fashion. See
Fig. 6.2(c) for detail.

Step S: If the size of the cycle placed in Step 4 is greater than 2, place the first two
elements of the cycle on the array starting from the leftmost empty position.

Step 6: Repeat Step 4 and 5 until all cycles are placed on the array.

Step 7: Remove p’ and p?* from P.

Step 8: Update i = i + 1 until p’ € P, then go back to Step 4. Repeat until P is empty.

removing p¥ together with p’ in Step 7, and is the main property that let 2D-Crosspoint Array
require less number of PEs compared to 1D-Crosspoint Array.

Throughout this chapter, the two overlapping permutations will be referred to as being
paired. The following lemma proves which permutations can be paired on the 2D-Crosspoint

Array.

Lemma 2. Placing permutation p’t following Steps 4 and 5 of Algorithm 7 simultaneously cre-

ates the adjacency of p?! on the 2D-Crosspoint Array.

Proof. Consider a cyclic permutation, p’t. Once the p’! is placed on the 2D-Crosspoint Array in
the zig-zag fashion, each of the top and bottom row has the adjacency of every other element of
the p’. Given that the cyclic permutation formula for p’* is (i + j;) mod n, the formula for top
and bottom row elements is (i + 2j;) mod n, indicating that the adjacency of the top and bottom

row is in fact the adjacency of the permutation p?!. Therefore, placing p’* creates the adjacency
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=(0,1,2,3,4,5,6,7)
= (0,2,4,6) (1,3,5,7)
= (0,3,6,1,4,7,2,5)
= (0,

4) (1,5) (2,6) (3,7)

(a)p?,0 < j <n/2,forn = 8 case

() }—C D) — (M)

—/ -/ —/ —/
(b) Empty frame for 2D-Crosspoint Array
D—@—O—0O
O
(c) The 2D-Crosspoint Array after placing the first cycle in Step 4
B—D———)

(e) The PEs marked as (1) and (2) is adjacency of the first and second cycle of p? respectively

Figure 6.2: Construction of 2D-Crosspoint Array for the case of n = 8.
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of not only p’t, but also p*t. O

From Lemma 2, it can be concluded that the Algorithm 7, even with the Step 7 skipping a
permutation, creates the complete adjacency on the array because all of the adjacencies in [n /2]
permutations are placed on the array. The adjacency of the two end elements of a cycle is retained
by the addition of first two elements after placing a cycle on the array. With the valid construction

method, now let us analyze the 2D-Crosspoint Array in the next subsection.

6.1.2 Analysis of 2D-Crosspoint Array

The time and hardware complexity of the 2D-Crosspoint Array will be analyzed in this subsec-
tion. Given that the algorithms derived for 1D-Crosspoint Array utilize the complete adjacency
and implement high level parallelism, the order of time complexities of the algorithms run on the
2D-Crosspoint Array is the same as the complexities of 1D-Crosspoint Array. The 2D-Crosspoint
Array achieves the complete adjacency, so there is minimal difference in the communication pat-
tern. More precisely, because the algorithms implement high level of parallelism, the workload
of each PE is rather small, and the only modification needed to implement 1D-Crosspoint Array
algorithms on the 2D-Crosspoint Array is to instruct the PEs to check and communicate with four
neighbors instead of two neighbors. For example of sorting algorithm(Algorithm 2), the PE of
class 2 in Fig. 6.2(e) would send the input element it was distributed with to the PEs of class O
and 1, and receive elements from PEs of class 3 and 4 and carry out the comparison. This would
double the time complexity of the computations for some of the PEs, but since the order of the
time complexity do not change by doubling, the order of time complexity remains unchanged.

In terms of the hardware complexity, the number of permutations needed to achieve com-
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All j’s in this range

_/—— even j’s in this range
are paired with

0Odd j’s in this range are left unpaired

(e}
e o=
e e e
e S S

Figure 6.3: Illustration of how j’s are paired.

plete adjacency can be assessed by computing how many permutations overlap for a given n. It
is not as simple as dividing the number of PEs of 1D-Crosspoint Array in half, because the expo-
nents must an integer, and because no permutation can be paired more than once. The following
proposition proves the order on the number of PEs required for 2D-Crosspoint Array for n that

is power of 2.

Proposition 13. For n that is a power of 2, the minimum number of permutations that needs to
be placed on the 2D-Crosspoint Array by Algorithm 7 in order to create the complete adjacency

18 %(1 — (%) LUgn_l)/QJ), and for large n, it can be simplified to n/3.

Proof. Since no p’, 1 < j < n/2, can be paired more than once, we take a top-down approach:
pair the permutations with greater j first. We divide the range of j into three parts, 1 < j < n/8,
n/8 < j < mn/4,and n/4 < j < n/2 as shown in Fig 6.3. We start paring the j’s in n/4 <
j < mn/2tothe j’sinn/8 < j < n/4. Every even j’s in n/4 < j < n/2 will be paired, and
every odd j’s will not be. The odd j’s in n/4 < j < n/2 cannot be paired with any j’s since the
only possible pairing can happen with even greater j’s in the range n/2 < j < n which is out
of bounds. Therefore, out of 3n/8 j’s in the n/8 < j < n/2, 2n/8 j’s are paired together(n/8
pairs) and n/8 j’s are not paired. Meaning, n/8 + n/8 = n/4 permutations are enough to create
the complete adjacency of the 3n/8 permutations in the n/8 < j < n/2 range.

Because the above pairing process did not pair any j’s in the lesser range, 1 < j < n/8, we can
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recursively apply the same procedure to the j’s in that lesser range. Then, the total number of
permutations needed for complete adjacency on the 2D-Crosspoint Array can be calculated by

the following series,

where z = |(Ign — 1)/2], the number of recurrence. When n is large, x is also large, and the

above equation simplifies to n/3. [

Proposition 13 indicates that the 2D-Crosspoint Array needs 2/3 number of permutations
compared to how many 1D-Crosspoint Array needs, n/2. To assess the number of PEs required
on the 2D-Crosspoint Array to accomplish the complete adjacency, the number of permutations
proved by the above proposition is insufficient, as two PEs are added after each cycles is placed.
The following lemma proves the total number of PEs added after each cycle, for an n that is

power of 2.

Proposition 14. For n that is power of 2, the total number of PEs added after placing a cycle in

Step 5 of Algorithm 7 is n(lgn + 3) /6.

Proof. Assume n = 2%. Proposition 7 proved that the number of cycles in permutation p’ is
ged(n, j), where 1 < j < n/2. Therefore, calculating the total number of added PEs is equivalent

to calculating

n/2
2 chd(n,j) = 2(ged(n,n/2) + ged(n,n/2 — 1) + - - - + ged(n, 2) + ged(n, 1)), (6.1)

Jj=1

However, because of the permutation pairing by Proposition 13, not all of the permutations are
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placed. By taking a similar approach to the proof of Proposition 13, it is known that out of the
n/8 < j < m/2 range, if all p’ for n/8 < j < n/4 is placed, then only the p/ for odd j’s in
n/4 < j < n/2 need to be placed on the 2D-Crosspoint Array. So we first divide the summation

of Eq. 6.1 into three summations as

n/2 n/8 n/4 n/2
2> “ged(n,j) =2 > ged(n,j) + Y ged(n,j)+ > ged(n,j) | . (6.2)
Jj=1 Jj=1 j=n/8 j=n/4

Of the three summations, similarly to the proof of Proposition 13, we don’t consider

S8 ocd(n, j) yet, and recursively apply the logic of calculating Zyi A;L gged(n, j) +

J=1

Z;‘i 2n /4 ged(n, j) to the range later. That being said, the total number of added PEs for the

range of n/8 < j < n/4is

n/4
2 Z ged(n, 7) = 2(ged(n, n/4) + ged(n,n/4 — 1) + - -+ + ged(n, n/8)). (6.3)

j=n/8

Since n = 2% > 7, every gecd term is a power of 2. However, instead of checking the divisors of
each j, we check how many j’s are the multiple of each power of 2 numbers. In other words, we

convert the above equation to

n/4

2 ) ged(n, ) = 2(Bac22" " + Bas2 0 + - + p2), (6.4)

j=n/8

where /3, denotes the number of j’s such that gcd(n,j) = 2*. Because we need to check the
‘greatest’ common divisor, we start with the greatest power of 2. In particular, we check how
many numbers between n/8 = 273 and n/4 = 2°72 are a multiple of 2%~2, and then check how

many are a multiple of 223, and repeat until we check for multiple of 1. That is, 2% 2 is divided
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by each of 2* where & — 2 > = > 0. The results are the number of j’s that are multiple of 27,
where 1 < j < n/4. Since every other j of the divided result will be a multiple of 2**1 (except
x = a — 2 case), only half of their gcd(n, j) will be 2*. Also, the range of the summation in
Eq. 6.3 is n/8 < j < n/4, which is half of the 1 < j < n/4. Therefore, the result of 2%72/2%

must be divided by 4 in order to evaluate [3,. The table below shows the flow of such approach.

ye 2072/27 = B,
(=num of j’s that ged(n, j) = 2%)

ga—2 2072/2072 = 1
9a—3 (2072/2073) /4 <1 .0
r ey ii=i
r (=

-

20 (2072/20) /4 = 204

(A demonstration of calculating the [3,’s for the case of n = 128 can be found in Table 6.1.)

Based on the table above, the Eq. 6.3 can be simplified to

n/4
2 ) ged(n,j) =2(1-2°77 41274 422077 ... 42975 . 91 9074 . 90)
j=n/8

—_ 2(2(172 + 20{74 4 20(74 N 20474)
=222 4 (a—3)-2°7%)

n
=2(2*2+(lgn—3)- —
( + (Ign —3) 16)

_n(lgn+1)

S (6.5)

Note that Eq. 6.5 is sum of the added PEs in Step 5 of Algorithm 7 for j’s in the range of
n/8 < j < n/4. Recall that for the range of n/4 < j < n/2, only the p’ with odd j is placed on
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the 2D-Crosspoint Array and consist of one cycle. Then, the sum of added PEs for the range of
n/8 <j<n/2is

e Wk n(lgn + 1)

: . 1 n
QZng(”v])+2Zng(n»]):T R i
j=n/8 j=n/4

_|_
O

Thus, the total number of added PEs for the range of 1 < j < n/2, or the Eq. 6.1, can be

calculated by the following series.

nlign + 3 <1+i+ (i)2+...+ (i)) :W(p G)) (6.7)

where z = | (Ign — 1)/2]. For large n, the equation simplifies to n(lgn + 3)/6. O

Combining Proposition 13 and 14, the following Theorem proves the number of PEs placed

on the 2D-Crosspoint Array by Algorithm 7.

Theorem 2. The number of PEs placed on the 2D-Crosspoint Array by Algorithm 7 is n?/3 +

n(lgn + 3)/6 for a large n that is power of 2.

Proof. Proposition 13 proved the number of permutations that must be placed on the 2D-
Crosspoint Array is n/3 for large n. Since each permutation is of length n, the hardware com-
plexity of the placed permutations is n?/3. By adding the number of added PEs after plac-
ing a cycle from Proposition 14, we attain the hardware complexity of 2D-Crosspoint Array,

n?/3 4+ n(lgn + 3)/6. O

For large n, the n?/3 term dominates n(lgn + 3)/6 term and the number of PEs needed
become n?/3, which is 2/3 ~ 0.67 of how many the 1D-Crosspoint Array needs. The reduction
trend can be seen in Fig. 6.4.

85



2*  Prospective (3,

Corresponding j’s

Comment

32 32/32=1 32 Single j that ged(128, j) = 32
T ible j’s,
32/16 = 2 16,32 WO PORIDEE ]S
but every other j is multiple of 32. So,
16
—2/2=1 16 But the range is n/8 < j < n/4. So,
—1/2<1 1% No j’sin 16 < j < 32 such that ged(128, j) = 16.
F ible j’s,
32/8 = 4 8,16, 24,32 Our possibie J s
but every other j is multiple of 16(or greater). So, »~
8
—4/2 =2 8,24 But the range is n/8 < j < n/4. So,
—2/2=1 24 One j in 16 < j < 32 such that ged (128, 5) = 8.
39/4 = 8 4,8,12,16, Eight possible j’s,
20,24, 28,32 but every other j is multiple of 8(or greater). So, .~
4
— 8/2=14 4,12, 20, 28 But the range is n/8 < j < n/4. So,
—4/2=2 20,28 Two j’sin 16 < j < 32 such that gcd(128, 7) = 4.
32/2 = 16 2,4,6,8, Sixteen possible j’s,
-, 28, 30,32 but every other j is multiple of 4(or greater). So, .~
2 2,6,10, 14, .
— 16/2 =8 But the range is n/8 < j < n/4. So, ¥
<o ,22,26,30
—8/2=4 18,22, 26, 30 Four j’s in 16 < j < 32 such that ged (128, j) = 2.
32/1 = 32 1,23, .32 All numbers possible,
but even numbers are multiple of 2. So,
— 32/2 =16 1,3,5,---,31 But the range is n/8 < j < n/4. So,
— 16/2 =8 17,19,---,31 All odd j’s that are 16 < j < 32.

Table 6.1: Demonstration of calculating (3, for an example case of n = 128. The comments with
‘.’ symbol at the end is the explanation to why the prospective 3, in each line is divided by 2

in the next line.
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Figure 6.4: The hardware complexity reduction of 2D-Crosspoint Array compared to that of 1D-
Crosspoint Array. It is calculated by dividing number of PEs needed for 3D-Crosspoint Array,
n?/3 + n(lgn — 1)/2, by that of 2D-Crosspoint Array, n?/2.

6.2 3D-Crosspoint Array

The structure can further be extended to three dimensional(3D) structure, allowing more com-
munication channels between PEs. Most of 3D structures are in a cubic formation(e.g.,
[24, 41, 161, 162]) and thus the 3D-crosspoint array is defined as a crosspoint array that each
PE is paired with at most six PEs. There is no restriction on the dimension or wires crossing
over each other. Similar to 2D-Crosspoint Array, the goal of 3D-Crosspoint Array is reducing the
number of PEs required to achieve the complete adjacency by utilizing the added communica-
tion channels of 3D space. In Subsection 6.2.1, a construction method for 3D-Crosspoint Array
is presented, and in Subsection 6.2.2, the hardware complexity of the 3D-Crosspoint Array is

analyzed.
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6.2.1 Construction of 3D-Crosspoint Array

The mechanism of the construction for 3D-Crosspoint Array is similar to that of the 2D-
Crosspoint Array. The cyclic permutation is placed on an empty skeleton structure, but takes the
advantage of the overlapping permutations and skip some of the permutation. Algorithm 8 shows
the construction method of the 3D-Crosspoint Array, and the cyclic permutations p?,0 < j < n /2,
for n = 16 case are listed in Fig. 6.5. Using those permutations, an example construction for
n = 16 case is shown in Fig. 6.6. Fig. 6.6(a) is the empty frame of the 3D-Crosspoint Array and
illustrates the added communication channels(crosspoints) which connects every other PEs on
the top and bottom row respectively. Fig. 6.6(b) and (c) shows how the permutations are placed
on the empty array in Steps 4 and 5. Fig. 6.6(d) and (e) illustrates the adjacencies of the p* created
on the array in addition to the adjacencies of p and p?.

The following lemma proves exactly which permutations overlap in the 3D-Crosspoint

Array.

Lemma 3. Placing permutation p’ following Steps 4 and 5 of Algorithm 8 creates the adjacency

of p’t, p¥* and p** on the 3D-Crosspoint Array at the same time.

Proof. Consider two cyclic permutation p’!, p’2, where 2j; = j,. From Lemma 2, it is known
that the top and bottom row creates the adjacency of p’2. Given that the added crosspoints of the
3D-Crosspoint Array connects every other elements of the top and bottom row respectively, the
formula of those elements is (i + 2j5) mod n = (i + 4j;) mod n, indicating that the adjacency
of pYt is created by the added crosspoints. Therefore, placing p’* creates the adjacency of p’t,

p2jl and p4]1 . D
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=(0,1,2,3,4,5,6,7,8,9, A, B,C, D, E, F)
=(0,2,4,6,8,A,C,E) (1,3,5,7,9, B, D, F)

p =(0,3,6,9,C, F,2,5,8, B, F,1,4,7, A, D)

p =(0,4,8,C) (1,5,9,D) (2,6, A, E) (3,7, B, F)
= (0,5,A,F,4,9,E,3,8,D,2,7,C,1,6, B)
=(0,6,C,2,8,E,4,A) (1,7,D,3,9, F,5, B)
=(0,7,E,5,C,3,A,1,8,F,6,D,4,B,2,9)
=(0,8) (1,9) (2,4) (3,B) (4,C) (5, D) (6, E) (7, F)

SRS

p
P’

Figure 6.5: p,0< 5 < n/2, for n = 16 case. Class IDs are written in hex digits.

Similar to the 2D-Crosspoint Array case, the Algorithm 8 creates the complete adjacency
on the array, even though it skips two permutations in Step 7. In addition, the adjacency of the
two end elements of a cycle is retained by the addition of the four elements added in Step 5. With

the valid construction method, now let us analyze the 2D-Crosspoint Array in the next subsection.

Algorithm 8: Basic construction method for 2D-Crosspoint Array

Step 1: Suppose that the cycles in p, p?, - - - , p? are written so that the first element is
the smallest in every one of them. Suppose that an empty frame of a two dimensional
array of PEs in a layout shown in Fig. 6.6a is provided without the actual assignment.

Step 2: Set P as a queue of all p’’s, 1 < j < |n/2], in ascending order of 7,

P=p' p? -, pW3].

Step 3: Initialize ¢ = 1.

Step 4: Place a cycle in p’ on the empty frame from left to right in a zig-zag fashion. See
Fig. 6.6b for detail.

Step 5: If the size of the cycle placed in Step 4 is greater than 2, place the first four
elements of the cycle on the array starting from the leftmost empty position.

Step 6: Repeat Steps 4 and 5 until all cycles are placed on the array.

Step 7: Remove p’, p*, and p* from P.

Step 8: Update i = i + 1 until p* € P, then go back to Step 4. Repeat until P is empty.
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(e) The adjacency of third and fourth cycle of p* is highlighted

Figure 6.6: Construction of 3D-Crosspoint Array for the case of n = 16.
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Figure 6.7: Illustration of how j’s are paired.

6.2.2 Analysis of 3D-Crosspoint Array

The hardware complexity of the 3D-Crosspoint Array will be analyzed in this subsection. Since
the time complexity remains the same similar to the 2D-Crosspoint Array, the reduction of num-
ber of PEs will be closely analyzed. To differentiate the pairing of two and three permutations, we
refer to as triple pair when three permutations are paired as in Lemma 3, and double pair when
two permutations are paired as in Lemma 2. The number of permutations needed to achieve the

complete adjacency on 3D-Crosspoint Array is proved in the following proposition.

Proposition 15. For n that is a power of 2, the minimum number of permutations that needs to

be placed on the 3D-Crosspoint Array by Algorithm 8 in order to create the complete adjacency
is 22 (1 e L(lgnﬂw)_

Proof. We divide the 1 < j < n/2 range into four parts, 1 < j <n/16,n/16 < 7 <n/8,n/8 <
Jj <n/4,and n/4 < j < n/2 as shown in Fig. 6.7. We start pairing the j’sinn/16 < j < n/8
range to the j’sinn/8 < j < n/4dandn/4 < j < n/2range. Assume a j; inn/16 < j < n/8
range. For any j; inn/16 < j < n/8, 2j; and 4j; willbeinn/8 < j <n/dandn/4 < j <n/2

range respectively and will be paired with corresponding j;. Note that the 2j;’s that are paired
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are all even numbers, and the 47,’s that are paired are all multiple of 4. What is left is the odd
numbers in n/8 < j < n/4 and odd numbers and even numbers that are not a multiple of 4 in
n/4 < j < n/2. No other j’s in n/16 < j < n/2 can be triple paired because no multiple of
4 is left in this range. However, the odd numbers in n/8 < j < n/4 and the even numbers in
n/4 < j < n/2 can be double paired. Therefore, out of 7n/16 j’s in the n/16 < j < n/2 range,
n/16 j’s are triple paired, n/16 j’s are double paired, and 2n/16 j’s are not paired. Meaning,
n/16 +n/16 + 2n/16 = n/4 permutations are enough to create the complete adjacency of the
7n /16 permutations in the n/16 < j < n/2 range. We can recursively apply the same procedure
to the 1 < j < n/16 range, and the total number of permutations needed can be expressed as the

following series,

where x = |(Ign — 1)/3], the number of recurrence. When n is large, x is also large, and the

above equation simplifies to 2n/7. [

Proposition 15 suggests that the 3D-Crosspoint Array needs 4/7 of the number of permu-
tations the 1D-Crosspoint Array needs. To assess the number of PEs required achieve complete
adjacency on the 3D-Crosspoint Array, the total number of PEs added in Step 5 of Algorithm 8
need to be evaluated. The following lemma proves the total number of PEs added for an n that is

power of 2.

Proposition 16. For n that is power of 2, the total number of PEs added after placing a cycle in

Step 5 of Algorithm 8 is n(31gn + 2)/12.
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Proof. Most of the proof is similar to that of Proposition 14. Assume n = 2%. Proposition 7
proved that the number of cycles in permutation p’ is gcd(n, j), where 1 < j < n/2. Therefore,

calculating the total number of added PEs is equivalent to calculating

n/2

2 Z ged(n, j) = 2(ged(n,n/2) + ged(n,n/2 — 1) 4+ - - - + ged(n, 2) + ged(n, 1)).  (6.8)

j=1

However, because of the permutation pairing by Proposition 15, not all of the permutations are
placed. From the Proposition 15, it is known that out of the n/16 < j < n/2 range, all p’
where n/16 < j < n/4 is placed, and only the p’ for odd j in n/4 < j < n/2 is placed on the

3D-Crosspoint Array. So we first divide the summation of Eq. 6.8 into three summations as

n/2 n/16 n/4 n/2
2 chd(n,j) =2 Z ged(n, j7) + Z ged(n, 7) + Z ged(n, j) | - (6.9)
j=1 j=1 j=n/16 j=n/4

Of the three summations, similarly to the proof of Proposition 15, we don’t consider

Zyi Y gcd(n,j) yet, and recursively apply the logic of calculating Z?i i /16 8cd(n, Jj) +

Z;‘i i /4 ged(n, j) to the range later. That being said, the total number of added PEs for the

range of n/16 < j < n/4is

n/4
2 ) ged(n, j) = 2(ged(n, n/4) + ged(n, n/4 — 1) + - - + ged(n, n/16)). (6.10)

j=n/16
Similar to the proof of Proposition 14, we convert the above equation to

n/4

2 ) ged(n, j) = 2(Ba—22"" + Bas2® P+ -+ + 5p2°), 6.11)

j=n/16
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where (3, denotes the number of j’s such that ged(n,j) = 2*. The §’s can be evaluated by
checking how many numbers between n/16 = 2~ and n/4 = 2°~2 are multiple of each power
of 2, in the same way as in the proof of Proposition 14. The 2%~2 is divided by each of 2% where
a — 2 > x > 0. The results are the number of ;’s that are multiple of 2%, where 1 < j < n/4.
Since every other j of the divided result will be a multiple of 2**! (except x = a — 2 case), only
half of their gcd(n, 7) will be 2%, Also, the range in the summationin Eq. 6.10isn/16 < j < n/4,
which is 3/4 of the 1 < j < n/4. Therefore, the result of 2~2/2% must be multiplied by 3/8
in order to evaluate (3,. Because § must be an integer, the floor function is applied as well. The

table below shows the flow of such approach.

[2072/27] = B,
(=num of j’s that gcd(n, j) = 2%)
202 |2072/2072] =1
203 [(2072/2073).3/8] = 12-3/8] <1..0
204 [(2072/207%) - 3/8) = [2%-3/8) =1
207 [(207%/207%)-3/8] =2°-3/8] =3
206 | (2072/2276).3/8] = |2%.3/8] =3-2!
2077 |(2072/227T) . 3/8| = |25-3/8] =322

2;2

2 (@22 -3/8] = [2°0-3/8] =327
20 [(207%/2°)-3/8] = [2%2-3/8] = 3.2°7F
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Based on the table above, the Eq. 6.3 can be simplified to

n/4
2 ) ged(n, j)

j=n/16

:2<1_2a—2+1_2a—4_‘_3.20¢—5+3‘21_204—6_’__“_’_3‘204—6_21+3_2a—5_20)
:2<2a—2+2a—4+3_204—5_‘_3_204—5_'_._‘_‘_3_204—5)

=222+ 2 (a—4)-3-2%79)

~ n(3lgn —2)

16 (6.12)

Note that Eq. 6.12 is sum of the added PEs in Step 5 of Algorithm 8 for j’s in the range of
n/16 < j < n/4. Recall that for the range of n/4 < j < n/2, only the p’ with odd j is placed
on the 2D-Crosspoint Array and consist of one cycle. Then, the sum of added PEs for the range

of n/16 < j <n/2is

= : <L . n(3lgn—2) 1 n

j=n/16 j=n/4

n(3lgn + 2)

16 (6.13)

Thus, the total number of added PEs, or the Eq. 6.8, can be calculated by the following series.

S () ()5 ())

where z = |(Ign — 1)/2]. For large n, the equation simplifies to n(3lgn + 2)/14. O

Combining Proposition 15 and 16, the following Theorem proves the number of PEs placed
on the 3D-Crosspoint Array by Algorithm 8.
Theorem 3. The number of PEs placed on the 3D-Crosspoint Array by Algorithm 8 is 2n2/7 +
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Figure 6.8: The hardware complexity reduction of 3D-Crosspoint Array compared to that of 1D-
Crosspoint Array. It is calculated by dividing number of PEs needed for 3D-Crosspoint Array,
2n%/7 4+ n(31gn + 2)/14, by that of 2D-Crosspoint Array, n?/2.

n(31gn + 2)/14 for a large n that is power of 2.

Proof. Proposition 15 proved the number of permutations that must be placed on the 3D-
Crosspoint Array is 2n/7 for large n. Since each permutation is of length n, the hardware
complexity of the placed permutations is 2n?/7. By adding the number of added PEs after plac-
ing a cycle from Proposition 16, we attain the hardware complexity of 2D-Crosspoint Array,

2n? /7 +n(3lgn +2)/14. O

For large n, the 2n?/7 term dominates n(31gn +2)/14 term and the number of PEs needed
become 2n?/7, which is 4/7 & 0.57 of how many the 1D-Crosspoint Array needs. The reduction

trend can be seen in Fig. 6.8.
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Chapter 7:  Concluding Remarks

In this dissertation, we introduced a new network, called 1D-Crosspoint Array to interconnect a
set of PEs. We first derived the optimal number of PEs needed to achieve complete adjacency,
which were shown to align with Valiant’s upper bound on number of PEs for a sorting network.
A method was then presented to construct the 1D-Crosspoint Array using the optimal number of
PEs for any input size. Then algorithms to solve three different big data problems, namely sorting,
matrix multiplication and triangle counting, were devised and analyzed to demonstrate that the
1D-Crosspoint Array performs comparably to or better than existing parallel architectures for the
three problems. The absence of communication contention and the increased number of PEs were
shown to play a key role even when the communication and computation time complexities were
normalized. Although not all algorithms performed better than existing algorithms, it is worth
noting that the three algorithms have shown that the 1D-Crosspoint Array can be versatile and be
implemented to solve different problems when given a proper algorithm. Furthermore, the three
external models for big data introduced an adaptable model of solving big data problems such that
different configurations can be set depending on the priorities and available resources. Finally,
the higher dimension variants, the 2D- and 3D-Crosspoint Array, were explored and proven to

reduce the hardware complexity, albeit the order of magnitude remaining the same.
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7.1 Future Work

For the 1D-Crosspoint Array, the minimum number of PEs that is possible to construct the 1D-
Crosspoint Array was proven. However, for the 2D- and 3D-Crosspoint Array, while the con-
struction method and the reduction in the number of PEs required were shown, the minimum
or optimal number of PEs needed for the two variants were not proven. A mathematical proof
for the minimum number of PEs will be useful in analyzing how optimal the 2D and 3D variant
presented in this dissertation is. However, it will not be an easy task as the 2D and 3D structures
can have a wide range of different shapes, which lead to different number of neighboring PEs for
each case. A possible approach would be to fix a shape, for example, a square or a cube, and
prove for such specific shapes.

Another useful data would be the experimental results. Due to the unique design of the 1D-
Crosspoint Array, experimenting on general purpose computers or servers were not an option. A
possible solution would be experimenting on a FPGA board, although it would still be difficult
to experiment the situations where the 1D-Crosspoint Array deals with full scale big data, given

the general size of FPGA boards.
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