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SPECTRAL VANISHING VISCOSITY METHOD FOR NONLINEAR
CONSERVATION LAWS*

BEN-YU GUOY, HE-PING MA¥, AND EITAN TADMORS

Abstract. We propose a new spectral viscosity (SV) scheme for the accurate solution of non-
linear conservation laws. It is proved that the SV solution converges to the unique entropy solution
under appropriate reasonable conditions. The proposed SV scheme is implemented directly on high
modes of the computed solution. This should be compared with the original nonperiodic SV scheme
introduced by Maday, Ould Kaber, and Tadmor in [SIAM J. Numer. Anal., 30 (1993), 321-342],
where SV is activated on the derivative of the SV solution. The new proposed SV method could
be viewed as a correction of the former, and it offers an improvement which is confirmed by our
numerical experiments. A postprocessing method is implemented to greatly enhance the accuracy of
the computed SV solution. The numerical results show the efficiency of the new method.
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1. Introduction. Spectral methods employ various orthogonal systems of in-
finitely differentiable functions to represent an approximate projection of the exact
solution sought. The resulting high accuracy of spectral algorithms was a major mo-
tivation behind their rapid development in the past three decades, e.g., see Gottlieb
and Orszag [11], Canuto et al. [4], Bernardi and Maday [3], and Guo [15]. The high
accuracy of the spectral algorithm hinges on the global smoothness of the underlying
solution.

Here we discuss spectral approximations to nonlinear conservation laws whose
solutions may develop spontaneous jump discontinuities, i.e., shock waves. In this
context, “physically relevant” entropy solutions must be admitted. Due to the pres-
ence of shock discontinuities, spectral approximations of entropy solutions experience
spurious Gibbs oscillations, which in turn lead to two related difficulties: loss of accu-
racy in the overall computational domain and, in the nonlinear case, loss of instabili-
ties. To solve both difficulties, the spectral viscosity (SV) method was introduced by
Tadmor [29] in the context of Fourier approximation to nonlinear conservation laws.
The main ingredient of the SV method is the use of high-frequencies diffusion which
stabilizes the spectral computation without sacrificing spectral accuracy. Further re-
sults on the periodic SV method can be found in [22, 30, 26, 32, 6]. A more robust
periodic (hyper-)SV based on hyperdiffusion of high frequencies was introduced in
[33]. Maday, Ould Kaber, and Tadmor [23] were the first to consider the nonperiodic
Legendre pseudospectral viscosity method for an initial-boundary value problem, and
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Ma [20, 21] recently developed the nonperiodic Chebyshev—Legendre approximation,
based on the ideas of hyper-SV. For recent applications consult [2, 17, 19, 25, §].

In this paper we propose a new form for the nonperiodic SV method. The pro-
posed SV, presented in section 2, is implemented directly on high modes of the com-
puted solution. In the original nonperiodic SV scheme, Maday, Ould Kaber, and
Tadmor [23] advocated an SV which is activated on the derivative of the SV solution.
Here we point out a correction to [23]. Indeed, compared with the SV operator in
[23], the correction proposed here offers an improvement which is confirmed by the
numerical result in section 4.

The question of convergence addressed in section 3 below deals with the second
difficulty of spectral methods mentioned above, the issue of stability. We conclude
our introduction by referring to the first difficulty regarding loss of accuracy in the
presence of shock discontinuities. As we argued before [23, section 2.1], the SV solution
should be viewed as a more faithful approximation to the projection of the exact
solution, rather than the solution itself. The computations of Shu and Wong in [27]
confirm the high accuracy of the computed SV solution as an approximation to the
appropriate projection of the exact solution. The spectral content of SV solutions in
the context of propagating singularities in linear transport equations was proved in
Abarbanel, Gottlieb, and Tadmor [1]. Thus, the convergence rate of the SV solution
is limited to the first-order convergence rate of the oscillatory exact projections. To
accelerate their convergence, thus recovering the full content of the exact solution
with spectral accuracy, one needs to postprocess the SV solution at its final stage.
Such postprocessing filters were devised in [14, 24] away from the edges of the shocks;
consult [23, section 2.1] for the nonperiodic framework and [13, 12] for postprocessing
up to the shocks. For a recent study that combines an effective edge detector with
spectral postprocessing we refer to [7, 8, 9]. In section 4 we use the Gegenbauer
polynomial partial sum advocated in [12] to postprocess the SV solution so that
spectral accuracy can be recovered.

2. The SV scheme.

2.1. Entropy solutions of nonlinear conservation laws. We consider the
nonlinear scalar conservation law over the finite interval A := (=1, 1),

(2.1) Opu(z,t) + 0 f (u(z,t)) =0, (x,t) € A x [0,T7,

with HL_[0, 7] boundary values prescribed at the inflow boundary points along {+1} x
[0, 77,

(2.2) WL D) = gu(t), A (u(+1,8) <0, t>0,

and subject to H'(A)-initial conditions given at ¢t = 0,
(2.3) u(z,0) = uo(x), z € (-1,1), =xe{xl}.

An entropy weak solution of (2.1) is sought, i.e., a bounded measurable u(z,t),
which assumes the prescribed initial and boundary data in the proper sense and admits
the following entropy condition: For all convex entropy pairs (U, F), U”(-) > 0
satisfying the compatibility relation F'(-) = U’(:)f'(-), there holds

(2.4) 8U (u(z, 1)) + 8, F(u(z, 1)) <0, (x,t) € A x [0,T).

The entropy inequality (2.4) is sufficient, in the scalar case, to single out a unique,
physically relevant solution. This so-called entropy solution could be realized by the
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vanishing viscosity limit, u = lim, u®(x, t), where u® satisfies the regularized vanishing
viscosity equation

Opu(x,t) + On f (u¥(x,t)) = €0, (DO u(,t)), D > 0.

We note in passing that the regularized viscosity equation admits an equivalent weak
formulation, namely, for all ¢ € C5°(A x R;")

/ u®(z, )0 p(x,t) + f(u®(2,1))0:p(x,t) + eDOu (x,t)0pp(x,t) dadt = 0.
AXRY
(2.5)

For the classical theory of such entropy solutions we refer to Lax [18] and Smoller
[28]. For the corresponding theory of initial-boundary value problems, cf. [16]
and the references therein. Tartar [34] introduced compensated compactness argu-
ments to study the existence and stability of such solutions. In this context, one
seeks a sequence of approximate weak solutions with entropy production compact in
ngi (A x [0,T]); an L*> weak-star convergence of the corresponding fluxes then fol-
lows. Following Tadmor in [29, 23], we shall use compensated compactness arguments
to answer the stability question of the SV method discussed in this paper.

2.2. The discrete framework. We let Py denote the space of algebraic poly-
nomials of degree < N, and we let (Ly)x>0 denote the orthogonal family of Legendre
polynomials in this space

2
LjLy) = —— 6.
( 7 k) 2k+1]k

Here, (-,-) and || - || represent the usual L?(A)-inner product and norm. Next we let
{¢;}L, denote the zeros of (1 — a?)Ly(x) with § = -1 < & < --- <&y =1. In
what follows we shall use the Legendre Gauss—Lobatto quadrature rule, stating that
there exist weights, w;, such that for all ¢ € Pony_1(A) we have (see, e.g., [4])

1 N
(2.6) / p(a)de = 3 wio(&;).
-1 =0

This suggests that we define a discrete inner product (.,.)n as

N
(d)a ’l/))N = Z Wjd’(fj)d’(fj%
j=0
and we let || - ||y denote the corresponding discrete norm. Indeed, this discrete norm

is equivalent to the usual L?-norm over Py (A):

1
(2.7) ol < llgllv < /2 + 5ol Vo € Py
and, of course, due to (2.6) we obtain

(2.8) (6.9) = (&, 9)n if degd + deg) < 2N — 1.
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Associated with the N + 1 points of the Legendre Gauss—Lobatto quadrature rule,
{¢; };VZO, is a unique P y-interpolant which we denote by Zy:

N
In@)) =S PN L ) D)) = 6(6), =01, N,

The projection Zy can be viewed as an “approximate identity” in the Py-space; in
this context we recall the result of [3] which provides us with the estimate

0 0
(29) || + - 10 - zwsll < ¢ | 24|

We note in passing that similar estimates hold for some other “approximate identities”
in the Py-space. Clearly, (2.9) applies to Py, the usual L?(A) projection into Py.
For instance, (2.9) remains valid if we replace Zy¢ with Jn¢:

“ 0
ING = / Pn_y 8—¢d:1c.
—1 T
Indeed, using standard estimates of the latter (consult [4]), we obtain
(2.10) 2 | + N-llo - awoll <€ | 2o
’ x N NEE=M 0|

Finally, using (2.8) with ¥ = Zn_19¥+ (¢ —Zn_1¢) followed by (2.9) implies that
the error of Gauss quadrature for Pyn-polynomials does not exceed

c
(@,9) = (&, ¥In] < CllY = Ina9lllIo] < 1040 - Il Vo, 9 € Pa(A).
(2.11)

2.3. The SV scheme. We seek an N-degree approximate solution, up(z,t),
which approximates the interpolant of the exact entropy solution, Zyu(z,t). Initially,
we set un (2,0) = ZnUy(z). To evolve in time, we introduce the following SV operator,
Q. Expressed in terms of the Legendre expansion v = Y _,° ¢;L;, the SV operator,
Q, takes the form

N oo
(2.12) Qu(z) =Y qinki(z), v=> BLi(x).
=0 =0

Here, §; are the so-called viscosity coefficients,

@ =0 for I < m,

(2.13) )

. m

lel—lT form <l <N,
which are at our disposal. Observe that the SV operator is activated by only the
high mode numbers, > m. In particular, if we let m T oo, then the SV operator
is spectrally small (in the sense that ||Qu||g-s < em™%[|v]|). We shall occasionally

highlight the dependence of the SV operator on this cut off of high wave numbers,
writing Q = Q.
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Equipped with the SV operator (2.12)—(2.13), we now construct our Legendre
viscosity approximation of the initial-boundary value problem (2.1). To this end we
let un(z,t) € Py for ¢ > 0 be determined by the moment condition—a discrete
analogue of the weak formulation (2.5) requiring that for all ¢ € Py, t > 0, we have

(Drun(t) + 0oy f(un (1)), 0)y +n (2 Qun (1), 0:Q0)
(2.14) — (B(un(t),¢)y V¥ o€Py.

Here, B(-) is a penalty boundary operator,
B (un(t)) = (At)(1 — z) + p(t)(1 + x)) 0. Ln (),

where the free pair of “Lagrange-multipliers,” (A, u), are chosen to match the inflow
boundary data, uy(z,t) = g4 (t), prescribed at © = 1 whenever f'(uy(1,t)) < 0 and
at © = —1 whenever f'(un(—1,t)) > 0. Consult [10] for the corresponding formulation
of the linear stability theory.

The SV method depends on two free parameters: the vanishing amplitude of the
viscosity € = ey and the size of the viscosity-free spectrum m = my. As in [23], we
choose

(2.15) e=en~cN™Y m=my~cN?’ 0<4B8<a<l.

In particular, an increasing portion of the spectrum of size my ~ N remains viscous
free, thus retaining the (formal) spectral accuracy of the SV scheme (2.14) with the
underlying conservation law (2.1).

Remark. We do not claim the parameterization in (2.15) to be optimal. In partic-
ular, arguing along the lines of [33, 20, 21], one can use hyperviscosity regularization
to increase the size of the viscosity-free modes, my, thus obtaining better resolution
of the resulting SV scheme.

We close this section by explaining how the SV method (2.14) can be implemented
as a collocation method. We first realize the SV in terms of an N-degree polynomial,
Vn, such that

(2.16) (0:(Qun), 0:(Q¢))N = (VN,¢)N Vo € Pn.

Recall that the discrete inner product (-,-)x involves the Gauss—Lobatto weights,
W .= diag(wo, . . .,wn). If welet Dg denote the (N+1)x (N+1) differentiation matrix
associated with the derivative of the SV so that (Dg¢)(&;) = 0:(Q¢)(&;), then 0 <
j < N for all ¢’s € Py. Then (2.16), expressed in terms of the corresponding N + 1
vectors, reads (Doun, WDg¢) = (VN,W¢), and hence, Vy = W*IDgWDQuN.
Actually, we have Do = LpQLTW, where Q := diag(do||Lol| 5>, - - - dn|| Ly || 5?) and
L, Lp are the (N + 1) x (N 4 1) matrices with the elements

(L)Jk: :Lk:(gj)’ (LD)Jk = (8ka)(€J)? j?k:OvL"'aN'

Thus, by denoting D := QLEW LpQ, Vx = LDL"Wuy. Since, for 0 < k <1< N,
we have from (2.6) that

_ 1
(217)  (LEWLp)w = (0pLy, 0xLi) = (L0, Li) 221, = 5[1 + (=) (k + 1),



SPECTRAL VISCOSITY METHOD FOR CONSERVATION LAWS 1259

it follows that

(D)ix = (D)1 = QrxQu(9:Ly, 0y Ly)

k(4 Dyvevidedr, m<k<I<N, k+1 even,
10 otherwise,

where 7y, := | Lg[ 3> = (k+1/2) for 0 < k < N and vy = N/2. Another way to reach
this expression is to put ¢ = Ly, in (2.16) so that, for un(z) = Zfio wLi(x),

N N N ~ ~

Lkl = 1Lkl %

N N
wkQu@u Lty O Lit) | Li | Nt () = > > (D)wal| Lal| 3t L ()
=0 k=0 1=0

k !
= (Lo(z), L1 (), ..., Ln(x)) DLYW (un (&), un (&), - . ., un (€n)) "

Remark. To gain better insight into the SV operator we observe that the SV
operator @ is self-adjoint with respect to the discrete inner product (-,-) and, thanks
to (2.8), one can integrate by parts. Consequently, the SV expression on the left of
(2.14) takes the form

(218)  en(0:(Qun), 0:(Q0))N = endu(Qun) - Qe5=11 — en(QD2,(Qun), ) n-

The realization of the SV operator here shows that Vy is an approximation to
Q0?,(Quy) which takes into account the boundary terms, thus preventing spurious
boundary layers. Specifically, comparing (2.16) to (2.18), with ¢ = ¢;, ¢;(§;) = bij,
yields

I
M=
M=
el

V(&) = —Q02,(Qun) (&) + 0:Qun - Qoi|* ;.

The SV operator here is different than the original SV method introduced in [23].

Let us “test” (2.14) against ¢ = ¢;, where ¢; is the standard characteristic poly-
nomial of Py (A) satisfying ¢;(&;) = 6;5, 0 < ¢, < N. At the interior points we
obtain

(2.19) %UN(fi,t)-F%INf(UN)(fi,t):—51\] VN (gi,t), 1<i<N-1.
For the boundary treatment we consider, for example, the case of an outflow boundary
at x = +1 and an inflow boundary at x = —1. In this case B(uyn(t)) = A¢)(1 —
)0, Ly(x). The value of A(t) is dictated by the prescribed inflow boundary data,
setting * = —1 at (2.14). At the outflow boundary, x = +1, the boundary term
B(up(t)) vanishes and (2.14) realizes the equation the same way it was discretized at
the interior points in (2.19), namely,

d 0
(2.20) %UN(—FLt) + asz(uN)(-i-l,t) = —enN VN (+1,t).
We note that the last term on the right of (2.20) defined via (2.16) prevents the
creation of a boundary layer. Equations (2.19)—(2.20), together with the inflow data
prescribed at © = —1, un(—1,t) = g_(¢), furnish a complete equivalent statement of
the pseudospectral (collocation) viscosity approximation (2.14).
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3. Convergence of the SV method. To establish the necessary a priori esti-
mates for uy, we first prepare the following lemma.

LEMMA 3.1. Consider the SV operator Q = Q,, (2.12) with the parameterization
n (2.13). Then for any ¢ € Py,

10:011% < 2[102(Qe)|* + em* In N %,
10:(Qe)|1* < 2/|028|I* + em™ n N 6|,

Remark. The lemma shows the equivalence of the H' norm before and after
application of the SV operator, Q@ = Q,,, for moderate size of my << N/%. This
holds despite the fact that for m = mpy ~ ¢N” 1 oo, the corresponding SV operator,
@, 1s spectrally small.

Proof. Let QASZ be the coefficients of the Legendre expansion of ¢(z), and

Jn={j|l+1<j<N, l+jodd}.

Then by the relation between the coeflicients of the Legendre expansions of ¢(z) and
those for d,¢(x) (see [4]),

N-—
Z oV Ly () =@2+1) > ¢

=0 ]GIZ N

Next set 7 = 1 — §;, and let R denote the corresponding low modes filter

N
Ré(x) ==Y FiLu(x).

=0

Clearly 7 = 1 for | < m, and 7, < m?[=2 for | > m. Since 9,¢(z) = 9,(Q¢(x)) +
0. (R¢(x)), it suffices to prove that

10:(Ro)|[* < em* In N 6]
We decompose 0, (Rp(x)) = A1(z) + Az(x), where

m N
=0, (Z f’lélh(@) ) Az(x) == 0, ( Z f’li)lLl(:r)> .
1=0

l=m+1
By standard inverse inequality (e.g., see [4]), ||0:¢| < ¢N?||¢|| Vé(x) € Py, and hence
| 41]]? < em?*| @||*. Further let J; nom = {j | j € Jin, j > m}. Then
2

N-1
Al = S+ | #dy | Ll
=0 JE€EJI,N,m
N-1
<2y S WP (X 16RIe
=0 jGJl,N,m jEJl,N,m
N-1
<emlllof* Y @+1) Y 7
=0 JEJI,N,m
m N-1
< em®||o||? (m_22(2l+1)+ > (2z+1)z—2>
=0 l=m+1

< em*lnNo|?,
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and the desired estimates follow. |

The following lemma is the heart of the matter.

LEMMA 3.2. Consider the SV scheme (2.14) with H'[0,T] boundary values,
(2.2), and H* initial conditions, (2.3). Assume that the SV solution remains umni-
formly bounded,

. . oo < .
(3.1) max un (1) < A

Then there exists a constant (depending on A, ) such that the following H'-bound
holds:

(3.2) EN |:||atuN||%2([O,T],L2(A)) + 10sun 720,77, 2y | < const.

Proof. To simplify the presentation, we shall deal with the prototype case where
one boundary, say, * = —1, is an inflow boundary, while z = 1 is an outflow one.
Then

B(un(t)) =At)(1 — 2)0 Ly ().

Recall that &; are the zeros of 0:Ln(z),1 < j < N—1so that the boundary operator
B(uy) vanishes at all but the inflow boundary point x = —1, where it involves the
corresponding values of w(®) = 2/N(N 4 1) and 9, Ly(—1) = (=1)NHN(N +1)/2.
Thus

(B (un(t)),0)x = 2(=1)" Xt v(=1,1).

Let ¢ =1 in (2.14). Since Inf (un(x,t)) € Py, we deduce, in view of (2.8), that

(3.3) By (un (), 1) + f (un(1,8)) = f (un(=1,8)) = 2(=1)N A1)
Consequently,
(3.4) A < %Ilaﬂw(t)ll + max (| f(un (1,1))], [f(un (=1,2))]) -

Further, set 7(t) := [&

o A(s) ds; then, integration of (3.3) yields for t < T

1 1 ¢
35) O] < Z=lun O]+ s lun O]+ max £, at) = [ As)ds

Next we recall the SV parameterization in (2.15), ey ~ ¢N~®, m ~ cNP,
0 <48 < a < 1. To get the desired H'-energy bound, we integrate the SV scheme
against uy. That is, we set ¢ = uy in (2.14). Let F(u) = [“wf'(w)dw denote
entropy flux corresponding to the quadratic entropy, U(u) = u?/2. Using (2.11)
followed by Lemma 3.1 we find

5 Sl O + Flux(1,0) ~ Flun(-1,9)

+ en(0:(Qun (1)), 0 (Qun (1)) + 2(= 1N A(H)un (—1,1)
= (0o (un (1), un (1) — (@uly f(un (1), un (1))

—((I = In)f(un(t)), Ozun(t))
02 Fun @I - [9sun (8)] < 3

IN
hN

(102 (Qua (O)I* + m* In Nun ()|7) -

=
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Here and below, c4 stand for various constants depending on the uniform bound
Aso := max ||un]||poe. Thus for any t < T,

lun (®)1% +2 (en — 5 / 0. (Qun ()1 ds
b feam*in N 5
<ot [ (AT fun ()l + 2 max [FG)| - 2D M) (5)) ds

By (3.5),

/ A(s)g—(5) ds :‘9—(2?)77(75)—9—(0)77(0)— / g (s)n(s) ds
0 0

< 1a— ()] (lun ()] + ea + o) + / 162 ()| (luw ()]l + €4 + co) ds.

Putting together the two estimates above, we have from (3.1) and the SV parameter-
ization in (2.15) that

¢
Jun(®IF +x [ 105 (Quy(e)I? ds < e (lo- s +t+1) +co
Using Lemma 3.1 and (2.15) again, we arrive at

(3.6) enll0vunl72o,rysr2(a)) < €a (||9||%11(0,T) + T+ 1) + ¢co.

Next, we set ¢ = Jyupn in the SV weak formulation (2.14). By (2.9), (2.7), and (3.4),

d 1 2
HatUN(t)I|2+%N@||8m(QuN(t))H2 < CAI\amuzv(t)\|2+§||3tUN(t)II2+CA +ca.

%gf (t)

Temporal integration of the above inequality followed by (3.6) implies

||3tUN||2L2([o,T];L2(A)) <ca (||8$uN||2L2((0,T);L2(A)) + Hg—H?‘Il(QT) + 1)

c

(3.7) < (||g,||§{1(07T) YT+ ¢ +1).
EN

Inequalities (3.6) and (3.7) conclude the proof. d

Equipped with the H'-bound and Lemma 3.2 we are now ready to state the main
stability result of this paper.

THEOREM 3.3. Let uy be the solution of the SV scheme (2.14)—(2.15). Assume
that it remains uniformly bounded so that (3.1) holds. Then un tends (strongly in
P (Q) 1 < p < o) to a weak solution, u, of the initial-boundary value problem
(2.1).

If, in addition, the SV amplitude is set exy ~ N~ with a < 1, then u is the
unique entropy solution.

Remark. The uniform bound of the one-dimensional Fourier SV solution was
proved in [23, 32]. For the corresponding multidimensional proof we refer to [6].
One might expect a proof of the assumed uniform bound (3.1) to be carried out for
the current Legendre case along similar lines, but it would require more technical
arguments which are beyond the scope of this paper.
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Proof. Let Q= A x [0,T] and define (-,-)q and || - || as before. Let

T
(v,w)a,N = /O (v(t), w(t))y dt.

We still use cq to denote, as before, a constant depending on A, with possible
dependence on T

We want to show that the entropy production of uy is compact in ng(}(Q) To
this end, we consider, for an arbitrary convex entropy pair (U, F),

5
(3.8) (U (un) + 0 F(un),w)g = > G5 (U

Jj=1

We decompose the entropy production to the five terms on the right given by

G1(¢) = (Orun + 0z f(un), ¥ — ¥n)a,

G2(¥) = (0uf(un) — Ouln f(un), VN ),
G3(¥) = (Orun + Oz In f(un), ¥n)a — (Qpun + Oudn f(un), ¥n)a,N,
Ga() = en(0z(Run), 09N ) + en(Ozun, 0z (RYN))q,
G5(¥) = —en(0zun, 0x¥N)a — en(Oz(Run ), Oz (RYN) ).

The last identity holds for arbitrary ¢y € Py. Following Maday, Ould Kaber,
and Tadmor [23, section 5] we specify

YN = INY = /1 Py _10y9(y, t)dy

This specific choice will play an essential role in the derivation of the entropy condition

below. Observe that ¢y € Px with ¢yn(—1,¢) = 0. We recall that the operator

R above denotes the complement operator, @ + R = Id, associated with symbols

71 = 1 — §;. We proceed with the upper bound on the five terms on the right of (3.8).
By (2.10), (3.6), and (3.7),

1G1()| < \/7 2 |q-
According to (3.6),
|G2(¥)| = |(f(un) = INf(un), Outbn )l < %Hazf(uN)HQHGWNHQ < NFH%K/JNHQ
By virtue of (2.11) and (3.7),
|G3(¥)| = [(Osun, ¥n)a — (Orun, YN )a,N| < 7||8tUN||Q||awwNH¢ S 5= ”89ch||9

N, /€
To proceed, we utilize Lemma 3.1, |0, (Re)|a < cm?VIn N| ¢|q. Applying this with
¢ =un, ¥y we find

|G4(¢)| < exem®VIn N |lun |l |0:¢n o + en|0zun 4|0z (RYN) [|o
(3.9)

< cam*VIn N (en||0:9n |0 + Ven|[¥n o)
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Similarly

G5(¥)| < vEnealldotnlla +enm I N|[gn|o-
The previous statements, with ¢ = U'(ux )@, tell us that

5
> G (U (un)9)
j=1

1
< ea (o +evmtVIN + V&R ) (10unlalll=e) + caloollo)
1

< ca (10l1me + (g +enm® Vi + V&5 ) 10s6la ).

Thus, the entropy production 0;U(uy) + 0, F(un) can be written as a sum of two
terms—the first tends to zero in H~1(Q) and the second is bounded in L!(Q). In
view of the Murat lemma [5], bounded sequences in W=1P (RN )N LI (RY), 2 < p < o0
form a compact subset of H~1(£2). We conclude that the entropy production of the
SV solution is H ~'-compact which, in turn, by compensated compactness arguments
[34], implies that ux converges strongly (in LV (A x R;),p < 00) to a weak solution,
u, of the conservation law (2.1).

It remains to show that u is indeed the unique entropy solution. To verify the
entropy condition for ey ~ ¢cN~™%, «a < 1, we proceed as follows. It is easy to see that

3
Z 1G5 (U'n)9)] < 7= 1102 (U @m))wlg

<
— N, /en
<ca (Na71||¢||Loc(Q) + N%*lHﬁquHQ) — 0.

By the choice of the SV parameters in (2.15), together with (3.6) and (3.10), we have

G4 (U'(un)9)| < caenm®VIn N (|05 (U’ (un)w)llg + cav/enm?VIn N |U' (un)¢llg
< caveM*VInN ([|glle + 110:6]0) — 0.
Finally, let (U'(un)¢)n denote our usual projection, (U'(un)d)n = In(U'(un)@. It

is here that we take advantage of our special choice of projection, Jy. Indeed, for
any nonnegative test function, ¢(x) > 0, we find

G5 (U'(un)p) = —& (0run, Pn-10, (U'(un)$))g — en (9 (Run), 9 (R(U' (un)d)n))q
= —en (Opun, U" (un)wiyun)q — en (Opun, U'(un)0,w)q
—en (0z(Run), 0 (R(U'(un)d)N))q
< —en (Opun, U'(un)0:¢)q — en (0z(Run), 0z (R(U'(un)P)N))q
< cavenl|0udlla + caeym® In N|[gllo — 0.
It follows that u satisfies the entropy inequality (2.4) in the sense of distribution,
and so it is the unique entropy solution. 1]

Remark. Maday, Ould Kaber, and Tadmor [23] introduced the nonperiodic SV
scheme with SV of the form

(3.10) £(Q0un(t),0:0) y ,

(I0zunllelldllL=(0) + llunl =) [0:¢ll2)
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parameterized with viscosity coefficients [23, equation (2.2)]

G =0 for I < m,
4

(3.11) q}Zl—% form <l < N.
Observe that the SV operator is applied here once to the first derivative of the SV
solution. Thus the “amount” of high-modes smoothing introduced in (3.11) is compa-
rable to the amount of SV introduced here in (2.13) which is activated twice—before
and after differentiation. The main difference between these two approaches, however,
lies in the activation of high-modes diffusion to the SV solution rather than to its first
derivative, as in (3.11).

In the proof of the main result of [23], Corollary 3.2 plays an important role,
analogous to our Lemma 3.1. According to [23, Corollary 3.2], for any ¢ € Py, we
have

10:01% < (102013 + em* In N |,

where [|0,¢|7, stands for the weighted norm [|0,¢[|3, = (Qd.¢, 0z$). The argument,
based on dyadic decomposition of ¢, fails, however, precisely because of the additional
terms introduced by differentiation of each dyadic bloc. Indeed, let us take ¢(x) =
Ly (x) so that

N—
Z (20 + 1)Ly (),

1=0
l4+N odd

and let ¢ = 1 for m <1 < N. Then on the one hand,

10:811° = 10:0l15 = > @I+1?[Lf*=2 Y (2+1)=0(m?);
l+11\1:(<))dd l+N:odd

on the other hand, however, ||¢||? = (N+3)~!. To establish the a priori estimates (3.6)
and (3.7) therefore requires mh, < clnN which is much stronger than the condition
imposed in [23, (2.15)]. Thus the result of the present paper is a correction and an
improvement of the result in [23].

4. Numerical results. In this section, we give some numerical results of the
scheme (2.19)—(2.20). We consider the Hopf equation (or inviscid Burgers equation)
opu(z,t) + Opu?(z,t)/2 =0, (x,t) € Q,

with initial values
1.
u(0,2) =14 psinmz,  w €[-1,1],

and boundary conditions u(—1,t) = g(t), where the inflow data are taken from the
outflow boundary, i.e., g(t) = u(1,t).

This is the example presented in Maday, Ould Kaber, and Tadmor [23]. We
compute the same problem for the purpose of comparison. In Figure 4.1(a),(b),
we show the numerical results of the Legendre viscosity method (2.14)—(2.15) with
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F1G. 4.1. Solution of the proposed pseudospectral viscosity method (2.14) with (a) N = 64 modes
on the left and (b) N = 128 mode on the right.
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F1G. 4.2. The (preprocessed) pseudospectral viscosity solution of [23] based on SV (3.10)—(3.11),
with (a) N = 64 modes and (b) N = 128 modes.

N = 64 and N = 128 modes, respectively. The Legendre SV solution is computed
with SV parameters (¢ = ey, m = my) taken as ¢ ~ N~! and m = my ~ N4,
For time discretization, we use the fourth-order Runge-Kutta scheme with time step
At = 107°. These should be compared with the corresponding results of [23] displayed
in Figure 4.2.

To enhance the convergence up to the location of the shock (at z = 0) the Legen-
dre pseudospectral viscosity solution at time ¢t = 1 is postprocessed using the Gegen-
bauer reconstruction [12], where un(-,¢ = 1) is expanded in terms of Gegenbauer
polynomials C))(z) for 0 < n < £y in each of the smooth regions [—1,0] and [0, 1].
Figure 4.3(a),(b) shows the corresponding results after the postprocessing, which en-
joy better resolution than those reported in [23, Figure 6.3].

The improved error decay of the postprocessed Legendre viscosity solution pre-
sented in Table 4.1 below is quantified in terms of the L'([—1,—0.2] U [0.2, 1]) norm
(away from the jump). Gegenbauer postprocessing was implemented with A = £y ~
0.05N. Compared with the preprocessed results in Table 4.1, column (a), the errors in
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Fi1c. 4.3. The SV solution in Figure 4.1 after postprocessing.

TABLE 4.1
LY([-1,-0.2]U[0.2,1]) error of the SV method, (a) without postprocessing, (b) after Gegenbauer
postprocessing.

N (a) (b)
40 | 2.3464c2 | 3.3437e4
80 | 1.1740e-2 | 2.5697¢5
160 | 5.4598¢-3 | 6.8909¢-6

the smooth part of the solution, Table 4.1, column (b), are considerably smaller after
the postprocessing. Moreover, the convergence rate of the preprocessed results is lin-
ear; after postprocessing one recovers a considerably faster error decay with increasing
N (the error decay with N = 160 hinges on the rather sensitive parameterization of
the Gegenbauer postprocessing).
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