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Quantum systems are prone to noises. Accordingly, many techniques are developed to
cancel the action of a quantum operation, or to protect the quantum information against the
noises. In this dissertation, I discuss two such schemes, namely the recovery channel and the
quantum error correction, and various scenarios in which they are applied.

The first scenario is perfect recovery in the Gaussian fermionic systems. When the relative
entropy between states p and o remains unchanged under a channel, then perfect recovery of
state p can be achieved, using o as the reference state. It is realized by the Petz recovery map.
We study the Petz recovery map in the case where the quantum channel and input states are
fermionic and Gaussian. Gaussian states are convenient because they are totally determined by
their covariance matrix and because they form a closed set under so-called Gaussian channels.
Using a Grassmann representation of fermionic Gaussian maps, we show that the Petz recovery

map is also Gaussian and determine it explicitly in terms of the covariance matrix of the reference



state and the data of the channel. As a by-product, we obtain a formula for the fidelity between
two fermionic Gaussian states. This scenario is based on the work [1].

The second scenario is approximate recovery in the context of quantum field theory. When
perfect recovery is not achievable, the existence of a universal approximate recovery channel
is proven. The approximation is in the sense that the fidelity between the recovered state and
the original state is lower bounded by the change of the relative entropy under the quantum
channel. This result is a generalization of previous results that applied to type-I von Neumann
algebras in [2]. To deal with quantum field theory, the type of the von Neumann algebras is not
restricted here. This induces qualitatively new features and requires extra proving techniques.
This result hinges on the construction of certain analytic vectors and computations/estimations of
their Araki-Masuda L, norms. This part is based on the work [3].

The third scenario is applying quantum error correction codes on tensor networks on hy-
perbolic planes. This kind of model is proposed to be a toy model of the AdS/CFT duality, thus
also dubbed holographic tensor network. In the case when the network consists of a single type
of tensor that also acts as an erasure correction code, we show that it cannot be both locally con-
tractible and sustain power-law correlation functions. Motivated by this no-go theorem, and the
desirability of local contractibility, we provide guidelines for constructing networks consisting
of multiple types of tensors which are efficiently contractible variational ansatze, manifestly (ap-
proximate) quantum error correction codes, and can support power-law correlation functions. An
explicit construction of such networks is also provided. It approximates the holographic HaPPY
pentagon code when variational parameters are taken to be small. This part is based on the work
[4].

Supplementary materials and technical details are collected in the appendices.
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Chapter 1: Introduction

Quantum systems are delicate and prone to various kinds of noises from the environment.
Systems of our interest are usually idealized to be isolated, so that their evolution is determined
solely by the system Hamiltonian as designed. However, in nature any system is inevitably
coupled to the environment. Coupling to the environment on the one hand enables controls over
the system, so that quantum channels can be performed on a system. On the other, it is also this
coupling to the environment that introduces unavoidable noise to the system. Therefore, to make
practical use of quantum systems, we need to deal with undesired quantum operations when they
occur, which amounts to studying whether or in what circumstances they could be undone. This
naturally introduces the idea of quantum recovery channels. Or, we wish to develop methods to
store quantum information in a noise-resistant way. This idea leads to the theory of quantum error
correction code(QECC) [5]. Under certain conditions, a perfect recovery channel does exist. It
is named Petz recovery channel and will be better introduced in Section (1.1.1). QECCs are an
important class of examples where perfect recovery is achievable and the Petz recovery channel
can be constructed explicitly [6].

In this dissertation, I present three scenarios where the above frameworks are applied or
extended. The form of the Petz recovery channel is in general complicated. To get a better

understanding, in Chapter (2) I study the relatively simple system of Gaussian fermions and



obtain an explicit form of the Petz recovery channel. In Chapter (3), I extend my study from
systems with finite degrees of freedom to those with infinite ones, i.e. quantum field theory
(QFT). and from perfect recovery to the more realistic approximate recovery. In Chapter (4), I
study the approximate QECC in the context of anti de Sitter spacetime/ conformal field theory
duality (AdS/CFT).

These three scenarios are chosen in line with my long term goal of studying the reconstruc-
tion problem in AdS/CFT. It was suggested in [7] that the duality can be viewed as a quantum
channel so the reconstruction in AdS/CFT is a problem of finding an appropriate recovery chan-
nel. Most of the concrete AdS/CFT models are based on the large N limit of gauge theories,
where the physical fields are approximately free. So I start my research with Gaussian fermion
systems in (2), which are also known as generalized free fermions. To treat quantum gravity
properly, it is necessary to deal with quantum field theories as the proper description of matter in
curved spacetime. Therefore, in Chapter (3) I try to extend the theory of approximate recovery
to QFTs. The approximate QECC studied in Chapter (4) are toy models of AdS/CFT duality.
My effort concentrates in trying to capture more realistic features of AdS/CFT, especially the
power-law decay of the primary opeartors two-point functions in the boundary CFT. They are

steps towards my final goal.

1.1 Perfect recovery in finite system: Petz recovery channel of Fermionic Gaus-

sian systems

The motivation for studying recovery channels comes not only from the intrinsic delicate

nature of quantum systems, but also from the intensive interaction between quantum information



and many other fields of physics, such as quantum field theory and topological quantum matter.
The Petz recovery map has important applications in many of these circumstances. For example,
one can show that strong subadditivity of the von Neumann entropy implies the averaged null
energy condition (ANEC) in relativistic quantum field theories in Minkowski spacetime [8]. The
strong subaddativity can be written in terms of the monotonicity of relative entropy, S(papc||pa®
ppc) = S(papllpa ® pp), under the channel of tracing out part C. The saturation of the ANEC
bound requires achieving the equality in the above inequality, which is the same condition as the
existence of a perfect recovery map, whose forward channel is an inclusion in the null direction.
This is the same setup as the example studied in Section (3.4.2) of Chapter (3). Another example
is provided by quantum error correction, say in the context of topological quantum matter, where
the Petz map serves as a universal reversal operation that generates no more than twice the error
of the optimal reversal operation[6]. The Petz map also arises in the structure of quantum Markov
states [9], and such Markov states have been used to construct thermal states of quantum many-
body systems [10]. These examples make an explicitly calculable form of the Petz recovery map
important in its own right. In Chapter (2), we solve this problem for the special case of Gaussian

fermionic states and channels, they are together collectively called fermionic Gaussian systems.

1.1.1 Perfect recovery channel and its existence

We start by stating what a legitimate quantum operation is. Rotating a rigid body or break-
ing a chinaware plate are examples of classical operations. They can be reversed or not for
obvious reasons. On the quantum level, an operation needs to satisfy the complete positivity

(CP) condition and the trace preserving (TP) condition to be compatible with the principles of



quantum mechanics. Such a compatible operation is called a quantum channel or a CPTP map.
Given only this abstract definition, it is less obvious under what conditions we can reverse a given
quantum channel. It turns out that for certain channels and input states satisfying an information
theoretic criterion, it is possible to perfectly reverse the channel and recover the initial state. The
operation that implements this perfect reversal is called Petz recovery channel [11, 12].

Mathematically, recovering one particular state is trivial. Let ' be a channel and p a state.
We just need to discard A/ (p), the state contaminated by errors, and replace it with a fresh new
state p. This is a legitimate quantum channel but is too specific to be practical. At the same time,
when we perform the recovery, we wish to preserve the entanglement between the system to be
recovered and the environment, if there initially were entanglement between them. The naive
state substitution recovery clearly breaks the entanglement. What we really want is to develop
a recovery method that can apply to a set of states we are interested in. In this process we do
not want to mess up one state in this set with another. This is why in the discussion of recovery
channels, we need to introduce a reference state, rather than just focusing on one state. It is in
the same set as the interested state p. We need the presence of another state to compare with so
that we can determine whether the error channel harms the distinguishability between the states
pand o.

The quantum error correction is a concrete example of a recovery channel. There, the
family of the interested states is the so-called “code subspace”, i.e. the states that represent
the logical information. The reference state in the QECC context is another state in the code
subspace. It is sometimes taken as the maximally mixed state in the code subspace. To see this,
we note that the quantum error correction condition, (¢;| El Ey|1);) = Cup;;, imposes a similar
requirement. That is, if two states were initially orthogonal to each other, they should be still

4



orthogonal after errors occur. So that this set of errors will not mix up different states, thus can be
corrected with respect to this set of states. The very non-trivial mathematical result of quantum
recovery is that, if the states in a set all satisfy the perfect recovery condition, then the form of
the recovery map, though explicitly dependent on the reference state, is actually independent of
the choice of reference states. Also, this recovery map can recover any state in this set. This is
exactly the more practical recovery method we look for.

The Petz recovery channel first originated from considering the notion of sufficiency of
channels over von Neumann algebras[11, 12]. A channel N between two algebras N : M — N
is called “sufficient” with respect to a family of states 6, if there exists a channel R : N — M
such that for any ¢ € 6, R o N'(¢) = ¢.! R is called a recovery channel because it recovers the
initial state from the action of the channel . It turns out that sufficiency over @ is equivalent to
sufficiency over any pair of the states in 6. A channel A is sufficient for a pair of states {p, o} €
if and only if

S(pllo) = SIN(p)[IN (). (1.1)

S(p||o) is the relative entropy defined as

S(pllo) = tr(plog p) — tr(plog o) (1.2)

I'The notion of “sufficiency” is inherited from the literature of mathematical statistics. A statistic is any quantity
computed from a given sample of probabilistic distribution. A set of statistics is sufficient with respect to a statistical
model and its unknown parameter if no other statistic that can be calculated from the same sample provides any
additional information as to the value of the parameter. A set of statistics R is sufficient for a parameterized family
of distributions if and only if for each pair of probability distributions 1 and v from the family, the classical relative
entropy obeys S(ul|v) = S(ur||vr), where ug,vg are these distributions restricted to R. To draw analogy to
quantum cases, the samples of the distribution are analogous to density matrices. The concept of statistic is thought
of as a manipulation of a given sample. So its quantum analogy is a quantum channel. The analog of classical
relative entropy is the quantum relative entropy.




if supp(p) C supp(o), and 400 otherwise. The intuition is that the relative entropy measures
the difference between two states. If such a channel N does not lose this distinguishability,
then a perfect recovery channel is achieveable, this channel is called “Petz recovery channel”.
Mathematically, the relative entropy is non-increasing under any quantum channel. So if N is
recoverable, the relative entropy should be unchanged under V, as well as its recovery channel.
When the perfect recovery condition is satisfied, for density matrices of finite dimensional
Hilbert space and a quantum channel N' : M — N, Petz recovery channel takes the following

explicit form on the support of A/(c): [9]

1

Porr(X) = oEN™ (N(a)-%XN(a)—

N
N

)o.

(1.3)

Here supp(N (o)) = {O|tr(ON (o)) # 0}. N* : N — M is defined to be the adjoint map
of NV such that (A, N(B)) = (N*(A),B) forany A € N, B € M. When the channel is in
its Krauss representation N'(-) = Y Ei(-)E,, the adjoint map takes the explicit form N*(-) =
>, Eo(-)E]l. The inner product here takes the usual Hilbert-Schmidt form: (A, B) = tr(A'B).
Note that if we restrict the input to P, to be in supp (N (¢)), then the operator inverse N (J)_%
is well defined. Eq. (1.1) is obtained if and only if P, s o N'(¢) = o and P, nr o N (p) = p.

A variant of the Petz recovery man, named “rotated recovery map” was introduced in [13].
It is defined as

R (X) = (Usy 0 Py 0 Un(o),—t) (X), (1.4)

where P, y is the Petz recovery map and U, ;(-) = o%(-)o~" is a one-parameter group, where

o' is a partial isometry. This means that if X € supp(c), then ¢ is an isometry, if X ¢



supp(o), then 0 X o~% = (0. Especially, 0®® = P,, which is the support projector of the state 0.
This rotated recovery map is of interest because it appears in several works that strengthen the
monotonicity of the relative entropy(e.g. [2, 13]), and helps to give a refined description of the

recoverablity. It is physically interesting to investigate as it might give a stronger constraint for

energy conditions in quantum field theory[14].

1.1.2  Fermionic Gaussian systems

The main effort of Chapter (2) is to characterize the Petz recovery map P, s for fermionic
Gaussian channels and states via the Grassmann representation for fermionic Gaussian channels.
It turns out that in this case P, n is also a Gaussian channel. The same result is established for
Rf, v as well. We provide an explicitly calculable expression which might be useful, for example,
for studying error correction in Majorana fermion systems or for studying free fermionic field
theories.

Gaussian states are thermal states of Hamiltonians which are quadratic in creation and
annihilation operators for both bosonic and fermionic operators. More precisely, a state p is
Gaussian if it has the form p = e ## /tr(e=#H) for some quadratic H and inverse temperature 3.
The ground state of H, which is the limiting case as § — oo, is considered a Gaussian state as
well. We denote canonical creation and annihilation operators by c', c. They can be either bosonic
or fermionic. The bosonic case could represent, for example, a system of photons, to which the
subject of quantum optics is dedicated (e.g.[15]). The fermionic case could describe, for example,
electrons or quarks. Here we consider the fermionic case. In either case, Gaussian states have

a closure property such that certain so-called Gaussian channels send Gaussian input states to



Gaussian output states. The set of Gaussian channels includes many common operations such
as tracing over subsystems and evolving under quadratic Hamiltonians. Furthermore, Gaussian
states can be conveniently prepared in experiments [16] and described by the covariance matrix

GG. A more detailed discussion is presented in Section (2.1.1).

1.1.3 Main result

To state the main result, let G(©) denote the covariance matrix of the reference state . Let a
Gaussian channel A act on a Gaussian state with covariance matrix G(»). The covariance matrix
of the output Gaussian state takes the form GW®) = BGWPBT + A, where A, B are matrices
encoding the action of channel N (see Section (2.1.2) for details). Our main result is that the

corresponding A, B matrices for the recovery channel P, - are

1

Bp = /Iy + (G@))2BT (\/ Iy + (G<N<a>>)2) ,

(1.5)
Ap =Gl — BPG(N(”))B%
Based on the above result, the rotated recovery map can be characterized by the matrices
Arys = Ba,tAPBZ,t, Brt = Byt BpBn(o),t (1.6)
in which B,, = e 2tarctanG(? By(o)—t = e2tarctan GN) 1 i¢ noteworthy that Eq. (1.5) is

analogous to that for bosonic Gaussian states[17].
The work introduced in this section is based on [1]. The full derivation is in Chapter (2).

The corresponding supplementary materials are collected in Appendix (A). I performed the full



derivations and analysis presented in the corresponding sections.

1.2 Approximate recovery in infinite systems: universal approximate recovery

channel in quantum field theory

Although the perfect recovery in Chapter (2) gives compact elegant results, nature is not
always perfect. When the relative entropy does change under a certain channel, perfect recovery
is no longer achievable. In this case, we want to find a universal formula, to recover the channel
approximately. At the same time, approximate recovery does have both theoretical and practical
vaule. Consider the case in which one logical qubit is encoded into n physical qubits. If we
restrict to the perfect recovery, no QECC can correct more than n/4 arbitrary errors happening
on the physical qubits[18]. However, if approximate recovery is allowed, the logical qubit infor-
mation can still be approximately achieved until up to | (n — 1) /2] physical qubits have arbitrary
errors [19]. Another scenario of interest, the AdS/CFT duality, is approximate if only finite order
in the gravitational constant G is considered. So if recovery channels are applied in this context,
they have to be approximate.

It turns out that for finite systems, a universal approximate recovery channel does exist. It

was proven in [2] that

S(pllo) = SIN(p)IN(0)) = —2log F(p, (Ron o N)(p))- (1.7)

Here S(p||o) is the relative entropy between p and o. F is the fidelity. It is a measurement of how

close two quantum states are. For finite dimensions, it is defined in Eq. (2.42). Fidelity in infinite



dimensions is defined in Eq. (3.23). Lemma (3.2.1) collects some important properties and other
forms of fidelity. R, s is the desired approximate recovery channel that will be specified in
Chapter (3). To characterize the deviation from perfect recovery, the natural parameter is the
relative entropy difference before and after applying the channel, the LHS of the inequality. This
lower bounds the fidelity between the original state and the recovered state, thus also characterizes
the extent of the approximation of the recovery channel.

The main effort of Chapter (3) is to generalize the result Eq.(1.7) from finite dimensional
Hilbert spaces to the uncountably infinite dimensional Hilbert spaces of quantum field theory.
While quantum computers typically manipulate finite dimensional Hilbert spaces, many applica-
tions of error correction to field theory and gravity go beyond this simple setting and a general
treatment requires more sophisticated tools, including tools from the theory of operator algebras.
Operator algebraic approaches have a long tradition in treating quantum field theory, see e.g.
[20]. One might hope to approximate any of these physical systems by finite quantum systems,
but this point of view can obscure crucial physical features that are more naturally expressed in
a less restrictive approach. At the same time, the operator algebra approach is so general that
expressing proofs of fundamental quantum information results in this language exposes the core
nature of such proofs and ends up simplifying the approach in many situations. Indeed, many of

the original theorems in quantum information have their origin in the study of operator algebras.

1.2.1 Main result

In Chapter (3), the results of [2], pertaining to the approximate reversibility of quantum

channels, are generalized from a type-I von Neumann algebra® setting to general von Neumann

Direct sums of matrix algebras or the algebra of all bounded operators on a separable Hilbert space.
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algebras, stated as Theorem (3.1.2). At the heart of these results is a strengthened version of the
monotonicity [21] of relative entropy (Theorem (3.1.1)). Chapter (3) deals with the sub-algebra
case which involves a simple quantum channel called an inclusion. General quantum channel
cases are treated in a different work [22].

Along the way, we prove two theorems that might be of independent interest. Theorem
(3.2.1) concerns the computations of the derivatives of the “sandwiched” and “Petz” relative
Renyi entropies for two nearby states. We call this result a first law because of its similarity to
the first law of entanglement entropy in the setting of AdS/CFT [23, 24]. Theorem (3.2.2) pertains
to a regularization procedure for relative entropy that produces states with finite relative entropy
and also allows for continuous extrapolation of relative entropy when removing the regulator. The
vectors that result from this procedure are important here because they lead to extended domains
of holomorphy that allow us to proceed towards the proof of strengthened monotonicity with a
similar argument as in the finite dimensional setting.

We will also discuss an application to the study of the quantum information aspects of
quantum field theory that require this general von Neumann algebra setting. In the field the-
ory context, new results using operator algebra methods have made it possible to make rigorous
statements about the dynamics of interacting theories. For example, in Section (3.4.2), we con-
jecture that the quantum null energy condition, a bound on the local null energy density (proven
in [25, 26]), can be derived from the strengthened monotonicity result that we derive in Chapter
(3).

The work introduced in this section is based on [3]. The corresponding supplementary ma-
terials are collected in Appendix (B). I independently proposed this research topic and developed
my approach of the proof in Section (3.3).
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1.3 Approximate quantum error correction model of AdS/CFT: a model with

power-law correlations

Chapter (4) presents a model of approximate quantum error correction codes, aiming to
characterize some features of the AdS/CFT duality, especially the power-law decay of the two-
point correlation functions of primary operators in CFT. QECC is actually an important class of
quantum recovery channels. To see this connection, it is worthwhile to point out that the quantum
error condition[5], (¢;| El Ey|1;) = Cupdy, is a sufficient condition the perfect recovery condition
[11, 12]. Also, the standard error correction protocol, where we perform the syndrome measure-
ment, then do the correcting operation depending on the syndrome measurement outcome, is
equivalent to the Petz recovery channel [6]. So the AQEC model in this chapter is a concrete
example of the approximate recovery presented in Chapter (3). The model is built on a tensor

network that tiles the hyperbolic spatial surface of the AdS; spacetime.

1.3.1 Tensor network models of AdS/CFT

Tensor networks are powerful tools to elucidate many-body physics [27, 28] and quantum
gravity[29, 30]. More recently, they have also been used to study quantum error correction both
in the context of holography[31, 32, 33] and beyond[34, 35, 36, 37]. For the former category, it
was proposed that the Multiscale Entanglement Renormalization Ansatz (MERA) [38] resembles
a discretized version of the AdS/CFT correspondence [29]. At the same time, the AdS/CFT
correspondence itself is believed to implement semi-classical bulk physics as a quantum error

correction code (QECC) [39], where the bulk low-energy subspace defines a code subspace. A
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number of models of this correspondence have been given using tensor networks [31, 32, 33, 40,
41, 42, 43]. See [44] for a recent review.

While these constructions (MERA[38], HaPPY [31], random tensor networks [32], etc.) all
capture some desirable features of the AdAS/CFT correspondence, it is somewhat unclear how to
unify these features under a single framework. MERA is an efficient variational ansatz capable of
capturing the correlations and entanglement of the ground state while realizing an approximate
quantum error correction code [45]. However, it does not fully capture the correct symmetries
[46, 47, 48] of AdS/CFT and is somewhat at odds with gravitational expectations for entropy
bounds [49]. These flaws are amended in the hyper-invariant tensor network [50]. However, in
neither construction is there a clear physical picture of entanglement wedge reconstruction or
code properties. For example, in MERA it is not clear how explicit logical operations can be
realized on the boundary, or, equivalently, how to reconstruct some bulk operator from boundary
operators. Although one can study cursory properties of the code[45], its decoding and error
correction properties are far from manifest. As for the hyper-invariant tensor network, it is not
clear how it should be interpreted as a QECC.

The HaPPY code [31] on the other hand, being a stabilizer code, is a clear-cut QECC with
well-defined logical and decoding operations[33, 35, 37]. It also excels in reproducing the de-
sirable features of subregion duality and bulk reconstruction. However, it is very limited as a
variational ansatz for studying many-body quantum states. Even with interacting bulk Hamilto-
nians, the boundary correlations cannot be made consistent with those of a CFT[51]. In most
cases, boundary connected two-point functions are vanishing. Nevertheless, it is possible to pro-
duce some non-trivial correlations with localized operators only on some specific locations on

the boundary. The fraction of these locations on the boundary goes to 0 as the boundary of this
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network extends outward [52]. In the limit of large bond dimension, random tensor networks
[32] can also produce a QECC and can sustain power-law decaying correlations. In principle,
given a suitably chosen tessellation of the (hyperbolic) bulk, they also capture the symmetries of
an underlying geometry. However, the randomness and the large bond-dimension limit inherent
in their definition make it difficult for these networks to function as variational ansatze usable for

many-body physics. Code properties and decoding also remain underexplored in this picture.

1.3.2 Main result

In Chapter (4), we bridge these gaps by creating what we call a hyper-invariant MERA
(HMERA) tensor network that combines the features of MERA and those of a holographic
QECC. The HMERA inherits some nice features of MERA. HMERA serves as a variational
ansatz for wavefunctions on quantum many-body systems. Each external leg on a HMERA rep-
resents a qubit. When calculating the norm of the wavefunction, we need two copies of tensor
networks, as ket and bra (its dual tensor). The inner product is then calculated by performing
the tensor contraction. Similarly, correlation functions can be calculatead by contracting two
copies of tensor networks, with operators inserted on the corresponding legs. HMERA is a type
of tensor network whose index contractions with its dual tensor can be efficiently performed, just
as MERA. * As a(n approximate) QECC, the network is able to support the correct power-law
behaviour for the two-point function, as well as features of subregion duality/bulk reconstruc-

tion. We provide a set of general construction guidelines for building these HMERA networks

3Usually a (m,n) tensor T » can be viewed as a map from n sites to m sites. Its dual tensor is 77/ #m,
obtained from T by upper indices lowered, lower indices uppered and each entry complex conjugated. It is a
map from m sites to n sites. Doing the tensor contraction T:;M_.l.'u';gumTﬁllfffZl = T*T;’f"_'_';:;: gives a n to n map.
Specifically, a (m,0) tensor T),, .. ,,, defines a state on m sites. And its contraction with its dual T*#1--#=T,
gives a number, which corresponds to the norm squared of this state.

m
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and provide one explicit example which is manifestly a quantum error correction code and well-
approximates the HaPPY pentagon code[31] if we choose some of the variational parameters to
be small. We also discuss some general constraints such codes follow. In particular, we prove a
no-go theorem, which states that locally contractible HMERAs constructed from any single kind
of quantum erasure correction code must contain trivial correlation functions. Hence our explicit
construction, with two distinct types of tensors, is one of the simplest possible networks to exhibit
power-law correlations.

The work introduced in this section is based on [4]. I proposed the idea of analyzing the
constraints to the isometries on the tensor networks based on the tiling structure. This developed
into the no-go theorem (4.2.1). I also performed the full detailed analysis of the explicit HMERA

model, collected in Appendix (C).
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Chapter 2: Petz recovery channel in Fermionic Gaussian systems

This chapter presents the full story of the Petz recovery channel of Fermionic Gaussian
systems. It is organized as follows: Section (2.1) is a detailed introduction to Gaussian states
and Gaussian channels with fermionic degrees of freedom. In Section (2.2), we construct the
Petz recovery map and its rotated version explicitly using the Grassmann representation of the
Gaussian map to get Eq. (1.5),(1.6). In Section (2.3), we present a result giving the fidelity
between two fermionic Gaussian states, which is an application of the methods developed in
Section (2.2) and provides a different formula from that in Ref.[53]. Section (2.4) is a brief
summary of this chapter. The supplementary materials of this chapter are collected in Appendix
(A). Some identities for Grassmann integrals are presented in Appendix (A.1). Appendix (A.2)
is a collection of calculation details. Appendix (A.3) discusses the treatment of singular matrices

involved in the derivation.

2.1 Fermionic Gaussian states and channels

We first give a brief introduction to the fermionic Gaussian state and fermionic Gaussian
channels. Here we mainly follow the results of Ref. [54]. Some other reviews that introduce
different aspects of Gaussian states and channels can be found in Refs. [55, 56, 57, 58]. Interested

readers can refer to the references therein.
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2.1.1 Fermionic Gaussian States

Dirac and Majorana Operators, Grassmann Variables

We start by considering a Hamiltonian quadratic in complex (Dirac) fermionic creation/

annihilation operators:

H = Z CZKUC]' + CIAZ']'C} + CiAl-LjCj. (21)

ij=1

Here cf ’s and ¢’s satisfy the canonical anti-communication relation
f el = 5. el =1 M= k)
{ci,ci} = 0, {CHCJ}—{C}:C]'}— . (2.2)

The matrix K is Hermitian and A is anti-symmetric, so that the Hamiltonian is Hermitian.

It is standard to transform Eq. (2.1) into a basis of Majorana fermions:
Yoim1 = (¢ + Cj)a Yoi = i(c; — CI); (2.3)
which satisfy the anti-commutation relation

{75} = 20,1 (2.4)
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After ignoring the diagonal terms', Eq. (2.1) can be written as

. 2n
2
H=2% My, 2.5)
i,j=1
where
1 1 l 1
M = Z%(K) ® I, + §§R(A) ® 0y — ZéR(K) ® oy + 5%(A) ® 0. (2.6)

Here o’s are the Pauli matrices and M is manifestly real and antisymmetric.
The most general form of the operators composed of 2n Majorana operators, denoted as

Cap, should be the complex span of the monomials ~;7;...7x:

2n
X =oaol + Z Z Qayas...apVai Yaz - Yaps 2.7)

p=1 1<a;<az<...<ap<n

where o = 27™tr X is fixed. For example, the Hamiltonian in Eq. (2.5) H € Cy,, where only the
coefficients of order 2 terms are non-zero and purely imaginary.

To work efficiently with operators built from the Majorana fermions, it is convenient to
utilize a Grassman calculus. Grassmann variables are mathematical objects following the anti-
commutation rule

0:0; + 0,0, =0, 67 =0. (2.8)

)

For n Grassmann variables {6y, 6s, ...., ,,}, denote the complex span of the monomials of these

I'The diagonal terms contribute as a number which is the total self-energy of all the modes. It can be absorbed in
a redefinition of the zero of energy.
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variables as G,,. A general element f € G, takes the form

f=a+ Zn: > Qaras. .apOar OB (2.9)

p=1 1<ai1<az<...<ap<n

The similarity between Eq. (2.7) and Eq. (2.9) indicates that there is a natural isomorphism
w : Cap, — Go,, such that

So each Majorana operator X can be mapped via w to a polynomial of Grassmann variables
w (X, 0). We will abbreviate w (X, ) as X (#) and call it the Grassmann representation of the

operator X.

Majorana and Grassmann representation of Gaussian states

Fermionic Gaussian states are in general thermal states for some Hamiltonian of the form
in Eq. (2.5),

. 2n
_ -1 _ _ 7

ij=1
This is the Majorana representation of fermionic Gaussian states.
Any real 2n X 2n antisymmetric matrix can be transformed into the following block-

diagonal form:

0 -1
M=0"|B ® 0, (2.12)

where O € SO(2n) and B = diag(/31, B2, -..0,). The §;’s are the Williamson eigenvalues of the

real antisymmetric matrix M.
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The covariance matrix of a Gaussian state is defined as

G = %tr(p[%,%-]). (2.13)

Here (G is antisymmetric and can be transformed into the block-diagonal form with the same
matrix O as in Eq. (2.12). Its set of Williamson eigenvalues {1, Ao, ..., A,, } are related to f3;’s via
[59]

This induces the matrix equation >
G = itanh (iM). (2.15)

Since Gaussian states represent the non-interacting limit of the corresponding fermionic degrees
of freedom, all higher order correlation functions are totally determined by the matrix elements
of G by Wick’s theorem.

One can use the isomorphism Eq. (2.10) to get the Grassmann representation of the density
operator in Eq. (2.11). 3 It turns out that the covariance matrix G plays a role in the Grassmann

representation”:

p(0) = %exp (%HTGH) . (2.16)

’Eq. (2.15) can be found in e.g Ref [53]. We verify a generalization of it in Section (A.2.1) for the completion
of the context. A bosonic version of this relation between covariance matrix and the Hamiltonian can be found in
Ref. [60].

3The isomorphism Eq. (2.10) can only be used when the operator is written in the form of Eq. (2.7). In this case
there are no identical operators in each monomial so the ;’s and 6;’s are interchangeable.

4One can define displacement operator D(1) in terms of Grassmann variables j;’s [61]. However,the expectation
value of observables in the displaced states would involve the product of Grassmann numbers, whose physical
meanings are ambiguous to the author. Though an important completion of the theory, we do not consider it here.

20



The full notational conventions and some useful formula are in Appendix (A.1).

Eq. (2.16) is a more convenient definition of the Gaussian state, because the matrix G is
always bounded by GG < I according to Egs. (??). The Majorana representation Eq. (2.11)
looks singular in the zero temperature limit 5 — oo, while in the Grassmann representation,
this limit corresponds to A; — =£1. This reflects the physical situation that at zero temperature,

negative energy modes are occupied and positive energy modes are empty.

2.1.2  Fermionic Gaussian Channels

A linear map N : Cy, — Cy, is Gaussian if and only if it admits an integral representation

N(X)(8) = C [ explS(6.m) + in” )X (1) DD 2.17)
where
; A A B\[o) . .
S(0,n) = 5(eT, n" )N = 5(eT, n") = EGTAG + 5nTDn +i6" B
U —-BT DJ \n

(2.18)
Here A, B, D are 2n x 2n complex matrices and A, D can be taken to be antisymmetric.

C'is a complex number.
To have the linear map be a valid quantum channel, the CPTP conditions should be satisfied.
It turns out that the CP condition translates to C' > 0 and requirement that the matrix N in Eq.
(2.18) be real and satisfy NTN < I. The TP condition is equivalent to C' = 1 and the matrix

D = 0. A map is unital if it preserves the identity, which means A/ (I) = I. The unital condition
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is equivalentto C' = 1 and A = 0.

One important ingredient is how to translate the description of quantum channels from the
operator representation, e.g., a unitary time evolution written as e/ftpe="1!_to the path integral
representation defined in Eq. (2.17). ° This is achieved by making use of the Choi-Jamiolkowski

duality between linear maps and states. The duality says that for any linear map &£ : Ca,, — Cay,

there is an isomorphism 7 such that 7(€) € Cy,, ® Cy, takes the form
JE)=> W) eV, (2.19)
!

where V}’s are a complete set of bases for the linear spaces Cs,, which are the monomials of
ViV Vie

To get a compact formula, one uses the isomorphism Z : C,, ® Cy, — Cy, such that
Vo1 Vp; @ 7;1...7(’1j > Vo1 Vpi Y +2n-Vg;+2m Where 1 < pp < .. < p; <2nand 1 < g1 <

.. < ¢j < 2n. This isomorphism induces a map M® ¥ N, : Cy,, — Cyy, such that for monomials

Nl Qy N2 (’Ym"'7pi7q1+2n--'7q]'+2n) = Nl (/71?1""7191')-/\/’2 ('VQ1+2n'-'/7qj+2n) : (2.20)

The definition can be extended to polynomials of Cy,, by linearity.
Now let a linear map £ : Cy,, — Cs,, be parity preserving, which means it sends even(odd)
order monomials to even(odd) order monomials, then the operator pe € Cy4, dual to £ is defined

as

pe = (E@7 1) (1), (221)

>We draw an analogy of this procedure to transforming from a Hamiltonian formalism to a Lagrangian formalism,
as is suggested by the title of Ref. [54].

22



where
2n

1 s
pr = g5 LT (T + #2n1:) - (2.22)
i=1
Intuitively, this is a maximally entangled state in the sense that each mode of ~; is linked to
Yoni- One can work out the form of the density matrix explicitly to show it is the density matrix
of a maximally entangled state up to some one-site local unitaries. One can now make use of
Eq.(2.10) to write Eq. (2.21) in the Grassmann representation. The isomorphism is such that

Vi eees Yon —> 01, ..., 02, and Yo, 1, ..o, Yan — M1, ..., Mo Given the integral representation of the

map &, a straightforward calculation of Eq. (2.18) will give

C
pe(0,m) = g exp (S(0,7)) (2.23)

as the operator representation of a map. Conversely, if one knows the operator representation
of the map &, one can calculate Eq. (2.21) explicitly and perform the isomorphism Eq. (2.10) to
achieve a form similar to Eq. (2.23), so that the integral representation can be read out.

We conclude this section by mentioning an important property of the composition of two
Gaussian channels. If £; and & are CP fermionic Gaussian maps, then the composite map & 0 &;
is still a CP Gaussian map. Similarly, the composition of two TP Gaussian maps is still a TP

Gaussian map. The proof of the results listed in this section can be found in Ref. [54].

2.2 Construction of the Petz recovery map

In this section we give the explicit construction of the Petz recovery map, so that the result

claimed in the introduction is obtained: the Petz recovery map of a Gaussian channel with a
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Gaussian reference state is a Gaussian channel itself, and has its information specified in the
Grassmann integral representation as in Eq. (1.5). Readers who are interested in the calculation
details throughout this section can refer to Appendix A.2.

It is obvious from Eq. (1.3) that P, nr is composed of three linear maps [17]: P, n =

N3 o N5 o Ny, where

N

M X = N(o) 2 XN (o),
No: X = N*(X), (2.24)

Ny X — o2 X0k,

The approach to the construction of P, s is therefore straightforward. We first find the Grass-
mann representations of the three separate maps in Eq. (2.24). Since they each admit an integral
representation as in Eq. (2.17), the three separate maps are Gaussian linear maps. So it follows
that the Petz map is Gaussian. Then we find the formula to combine the three maps together, thus

obtaining an explicit expression for the Petz recovery map.

2.2.1 Separate construction of three linear maps

The linear maps N; and N3 are of similar form: they represent an operator sandwiched
by a Hermitian Gaussian state. Their integral representations are obtained by the map-operator
duality described in Section (2.1.2).

We present the construction of A, since that for N follows in a similar way. The details
of the calculation are collected in Appendix (A.2.2).

. 1 1 . . . . .
Consider A5 : X — 02X02 where o is a Gaussian state with covariance matrix G(%).
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Using Eq. (2.12), define 7; = Zj O;;7v; and o4 = Zj O;jV2n+j Where i, j goes from 1 to 2n.

So the Gaussian state o can be written as

1 - - . o)~ ~
g = 2_n H (I — Z/\Z( )’}/Qi_l’}/gi> . (225)

=1

. 1
One can write o2 as:

1 1 - 3
o2 = = H —— (1 - MEUQ)%Z»_W%) ; (2.26)
2 i=1 4/ 1 + )\505)2
where
1
AT = ot < 1— A2 1) . (2.27)

The Choi-Jamiolkowski dual of N3 can be explicitly calculated via Eq. (2.21) after substi-
tution v; — 6;, Viion — 1;. Comparing with Egs. (2.18), (2.23) and making use of Eq. (A.16),
one can read out that the linear map N3 : X o2 Xo? corresponds to the following Grassmann
integral representation:

1
A3 =G By = \/ I, + (G(9))2,C4 = o Ds = —G). (2.28)

One can calculate NgT N3 = I together with C3 > 0 to see that A3 is a CP map, where Nj is

defined as in Eq. (2.18).

A similar calculation gives the Grassmann integral representation for A : X — N (a)_%X N(o)

25
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N[

A = —G(N(a)), By = \/[2n + (G(N(U)))Z, Cy = 2" det ([2n + (G(N(U)))2>_ , Dy = GW@)),

(2.29)
We have N N; = I and C; > 0 so that \V; is completely positive as well. Here we have assumed
that \(*) £ +1 so N/(c') "2 is invertible. We discuss this in detail in Appendix (A.3.1).

N, is the adjoint map of a given Gaussian linear map N. As stated in the introduction, N'*

is defined via (A, N'(B)) = (N*(A), B), where (A, B) = tr(ATB). So
tr (XNV(Y)) =t (NV(X)TY). (2.30)

One can obatian the following Grassmann integral representation of the adjonit map N*

for a general Gaussian linear map -
A+ = DY, By = BY,Cye = CT, Dy = AT, (2.31)
For the case that AV is a quantum channel, i.e. A, B are real, C = 1 and D = 0, we get
Ay, =0,B, =BT, Cy=1,Dy,=—A (2.32)

The adjoint map of a quantum channel is a completely positive and unital map. This can be
explicitly verified by the integral representation of N* in Eq.(2.32). The calculation for this part

is in Appendix (A.2.3).
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We summarize the integral representation of the three maps:

Ay = —GWO) By =\, + (GN ), ¢y = 27 det (LM +(GW <0'>>)2>é , D, = GV,
Ay =0,B, =BT Cy=1,D, = —A;
Ay =G By =\/Is, + (G©)),Cy = %,Dg =G,

(2.33)

2.2.2  Composition of three linear maps

Consider two Gaussian linear maps which are specified by A;, By, C, Dy and Ay, By, Cs, Ds.
The combination of the two Gaussian linear maps is still a Gaussian linear map. We can read-
ily calculate the corresponding Asq1, Boo1, Coo1, Dao1, by performing the D6, D3 integral in the

expression

Nz o Ni(X)(a) = / DBDODnDpexp (Ss (a, B) 4+ iB70) exp (S1 (0,m) +in" 1) X ().
(2.34)
Using Eq. (A.6¢) twice to integrate first over 6 then 3, and comparing with the form in

Eq.(2.18), one can find

Ager = Ay + By (Dy + A7) ' BY, Baoy = By (Do + A7) AT'By,
Coor = C1Co(—1)"Pf (Ay) Pf (Da + Ay'), Daot = Dy + Bf Dy (D5 + A;l)‘1 AT'By.

(2.35)
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Here we have assumed the invertibility of the matrices A; and (D, + A7').
One can make use of Eq.(2.35) twice to obtain the Gaussian map for the combination of

three Gaussian linear maps. We have to do the Grassmann integration four times so we assume

—1
the following matrices are invertible: GWN@) A+ (G(N(U)))fl, BT (A + (G(N(")))ﬂ) B

and (BT (4+ (EVen™) B)

is equivalent to assuming the invertibility of GV(?), A + (G(N (@) ' B.and I, + (GW (")))2.

1
+ G@). (Label this set of assumptions as 1’ — 4’.) This

(Label them as 1 — 4.) We discuss these assumptions in Appendix (A.3.1). One can show that
the independent assumptions are 1,3,4. It turns out that 1,3 can be overcome by continuity
arguments when these matrices are singular. Assumption 4 is related to the requirement that
N (o) be invertible. When it is not invertible, we can only determine the Petz recovery map on
the support of N (o).

After a fair amount of algebra, (collected in Appendix (A.2.4).) one can find that the com-
position of the three maps in Eq. (2.24) gives a Gaussian linear map whose integral representation

is

—1
Bp = \/ I, + (G@)2BT (\/1% + (G<N(U>))2> , Ap =G —BpGNIBL ¢ =1, Dp = 0.

(2.36)

Note that the form of Ap guarantees that the reference state o can always be recovered: P, o o
N (o) = o. It is obvious that the Petz recovery map is trace preserving since Cp = 1, Dp = 0.
Complete positivity follows from the complete positivity of the three separate maps. So the Petz
recovery map is indeed a quantum channel. The form of Eq. (2.36) is quite analogous to that for

bosonic Gaussian states obtained in [17].°

®It is plausible to argue that the differences between the formula of the Petz recovery map for bosons and fermions
mainly arise from the fact that the covariance matrix for boson is block-diagonalized by J € SP(2n), while for
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2.2.3 Rotated recovery map

The definition of the rotated recovery map in Eq.(1.4) explicitly shows that it is a compo-
sition of three maps. So we can make use of the techniques developed above to construct the
rotated recovery map.

We first construct the isometry map U,;. It is the same method as the construction of
Ni and Ns. The first step is the Majorana representation of the operator ¢, It is defined by

exponential series:
k

f: % (log o) (2.37)
k=0
in which o is written in the form as in Eq.(2.25). In this subsection, we assume that o and A/ (o)
are strictly positive operators. This corresponds the constraints of the Williamson eigenvalues
M| < 1and ]AWV)| < 1, so that ambiguities such as 0 or the points lying on the radius of

convergence are not discussed here. We can further expand log o since ||M§U)%i_1&2i|| < 1 with

|/\§0)| < 1. After doing the contraction and the re-summation, the result is

4 1 1 . N\ o~ 1 ) .
it (9)yit (o)yit (o)yit ()it L~ ~
o 721‘th§<<1_)\2' ) +(1+)\¢ ) >I+§(<1+)\i ) _(1_>\i ) )(—2721'—17%)-
(2.38)

This agrees with the result of naive analytic continuation from o*, k € Z,..

The second step is to perform the calculation that is similar to Eq.(A.21) to read off the

fermion O € SO(2n) plays this role, see Eq. (2.12). In this work we do not further our discussion to deriving Eq.
(2.36) based on above group theoretical arguments.
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Grassmann representation of this isometry. It turns out that
Ao’,t — Da,t — 0’ Co’,t - 1 (239)

In the bases that G(°) is block diagonalized, the matrix B, ; is block diagonalized for each mode

as well. In each block, the entries are

it —it
1 1-2{") 1-2(")
(e ) TLme
mehi_ t *
o,t - it —it
; 1-2{") 1-2(7)
2 1407 1427

Making use of the Eq.(A.16) and noticing that log (L‘r—;) = —2arctanhz for |z| < 1, we

N
N\
[
+ |1
Rl Rl
NN
~_
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o~
7 N
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> | >
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(2.40)
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) ) .. _ (@) .
can write B, ; in a basis independent manner as B,; = Ztarctan G177 - Ope can show that Uy 18

indeed a valid quantum channel.
The last step is to combine three quantum channels in Eq.(1.4) into one, using Eqgs.(2.35)
twice. The singular matrices we encounter can be treated by continuity argument as if they were

invertible, as is discussed in Section (2.2.2) and (A.3.1). It is straightforward to get

Ary = BoyApBL,, Bri= BsBpBy(o)—t» Cri=1, Dgr;=0. (2.41)

2.3 Fidelity between two fermionic Gaussian states

In this section we give a formula for the fidelity of two fermionic Gaussian states in terms
of their covariance matrices. This is an immediate application of the quantum map techniques

developed above.
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Fidelity is a measure of the similarity between two quantum states. We take the definition

of the fidelity between p and o to be

NI

F(p,o)=tr ( o2 po ) . (2.42)

Fidelity is symmetric in the two argument, F'(p,0) = F(o,p), and it is bounded by 0 <
F(p,0) < 1[62]. Two states are identical if and only if F'(p,0) = 1 and are orthogonal to
each other if and only if F(p, o) = 0.

We can first make use of the map N3 : X — o2 Xo2. For the square root of a Gaussian
operator, the construction is the same as that of o2 described in Eq. (A.18), and its covariance
matrix is obtained by applying Eq. (A.16) to Eq. (2.27). After a straightforward calculation, we

get

1 , RS
Flp.0) = o det(ly, = GOGO)Edet | Loy + 4/ Lo + (G(am) (2.43)

where G0 = (G©) 4+ G©)) (I, — GOG@) ",
We present the calculation details in Appendix (A.2.5). A variation of the formula for the
fidelity for fermionic Gaussian states can be found in [53].” A similar formula for the fidelity of

bosonic Gaussian states can be found in Refs. [60],[63].

2.4  Summary

In Chapter (2), we constructed the Petz recovery map for Gaussian quantum channels with

a Gaussian reference state in which the degrees of freedom are fermionic. Using the Lagrangian

"The authors do not derive the equivalence of Eq.(2.43) and the one in [53]. But a numerical test for the fidelity
between random Gaussian states gives the same result for the two formula.
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representation of Gaussian linear maps, we are able to express the Petz recovery map in terms of
the covariance matrix of the reference state, and the matrices A, B that encode the information
of the Gaussian quantum channel. The main result is collected in Eq. (2.36). The corresponding
result for the rotated Petz channel is presented in Eq. (2.41). As an immediate application of
the techniques, we derived a formula for the fidelity of two arbitrary fermionic Gaussian states in
terms of their covariance matrices, which is shown in Eq. (2.43). The supplementary materials

are collected in Appendix (A).
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Chapter 3: Universal approximate recovery channel in quantum field theory

In this chapter we present the proof of the main theorems. We start by charifying the nota-
tions. Section (3.1) gives an introduction to the Tomita-Takesaki theory, as well as the inclusion
of von Neumann algebras. The Theorems (3.1.1) and (3.1.2) are proven in Section (3.2). In Sec-
tion (3.3) we present an alternative strategy of proving the main theorem (3.1.1). The chapter is
concluded by two applications of the theorems in Section (3.4): (1) the case of type-I algebras
and (2) the half-sided modular inclusion.

Notations and conventions: Calligraphic letters A, M, ... denote von Neumann algebras. Cal-
ligraphic letters 5, ¢ , . .. denote more general linear spaces or subsets thereof. S, = {z € C |
0 < R(2) < a} denotes an open strip, and we often write S = S;. We typically use the physicist’s

“ket”-notation |¢) for vectors in a Hilbert space. The scalar product is written

(1), [97)) e = (P|4") 3.1

and is anti-linear in the first entry. The norm of a vector is sometimes written simply as |||1) || =:
|2||. The action of a linear operator 7" on a ket is sometimes written as T'|¢) = |T'¢). In this

spirit, the norm of a bounded linear operator 7" on 7 is written as ||T|| = supyyy.jy=1 T%||-
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3.1 Basic definitions and main results

3.1.1 Tomita-Takesaki theory

Here we outline some elements of von Neumann algebra theory relevant for this work; for
details, see [64, 65, 66]. A von Neumann algebra, A, is a subspace of the set of all bounded
operators B(.7) containing the unit operator 1 that is closed under: products, the star operation
denoted a* and limits in the ultra-weak operator topology. States on .4 are linear functionals that
are positive, p(a*a) > 0, normalized, p(1) = 1, and “normal” i.e., continuous in the ultra-weak
operator topology. The set of normal states is contained in the “predual” A, of A, i.e. the set
of all ultra-weakly continuous linear functionals on 4. One defines the support projection 7
associated to a state p as the smallest projection 7 = 7(p) in A that satisfies p(7) = 1. Faithful
states by definition have unit support projection.

We will work with the von Neumann algebra in a so called standard form, (A, 57, J, 2%,
where A acts on the Hilbert space .7# and where there is an anti-linear, unitary involution .J and a
self-dual “natural” cone Z° left invariant by .J. The existence and detailed properties of a normal
form are proven in [67]; here we only mention: One has JAJ = A" where A" C B(J), the
“commutant”, is the von Neumann algebra of all bounded operators on .7#” that commute with A.
The natural cone defines a set of vectors in the Hilbert space that canonically represent states on
A via

Asp &) e P pl) =we, (1) = (&l - 1&) (3.2)

and where we use the notation wy(-) = (¢| - |¢) € A, for the linear functional on A induced by

a vector 1) € . The vector in the natural cone representing w,, will also be denoted by |,). It
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is known that it is related to |¢) by a partial isometry v;, € A’,

€p) = vylt). (3.3)

Furthermore, it is known that' proximity of the state functionals implies that of the vector repre-

sentatives in the natural cone and vice versa, in the sense that

166 — Epll 1€ + Eull = llwp — wyll = [I€s — &ylI? (3.4)

holds.

We now introduce the modular operators that are central to our discussion of relative en-
tropy [68, 69] and non-commutative L,-spaces [70]. This is most straightforward if we a have
cyclic and separating vector |n) for the algebra A, meaning that {a|n) : a € A} is dense in 57
and that a|n) = 0 implies that ¢ = 0. Then Tomita-Takesaki theory establishes that one can

define an anti-linear, unitary operator .J and a positive, self-adjoint operator A, by the relations

JA}/Qa Ny =a"|n)y, VYaeA (3.5)

A, is in general unbounded. J can be used in this case to define a standard form, with % given
by the closure of {aJaJ|n) : a € A}, but we emphasize that a standard form exists generally
even without a faithful state |r). From now on, we regard such a standard form, hence J, as fixed.
We will continue to take np € %

We will also need the concept of relative modular operator A, , [68]. In a slight gener-

'For the case of matrix algebras, the second inequality is known as the Powers-Stérmer inequality.
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alization of the above definitions, let |@), [¢)) € Z?%. Then there is a non-negative, self-adjoint

operator A ,, characterized by

JASD (@) +x) =4 (@)a*|¢) , VaeA, [x) e l—n¥ @)t  (3.6)

The non-zero support of Ay, is 7 (¢)m* ()7, and the functions A7 , are understood via the
functional calculus on this support and are defined as 0 on 1 —74(¢)7(¢)). We can similarly de-
fine relative modular operators for vectors outside of the natural cone, for a detailed discussion of
such matters see e.g., [70], Appendix C. For example, we may use the well known transformation
property of the modular operators A, .y = V'Ag 0" where v, v/ € A’ is a partial isometry

(with appropriate initial and final support), to define:

Ay = vy Dey e,V V), |¢) € . (3.7)

Similarly we can define the relative modular operators for the commutant in direct analogy. We
will often denote it by A .
When [|¢)) = |¢) we will denote these operators as Ay, = Ay. This is the non-relative

modular operator already discussed from which we can define modular flow:

(a) = Af;faA;it e A, (3.8)

where a € A and we have taken ¢ to be cyclic and separating. The modular flow can also be
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extracted from the relative modular operators:

A yal gl = shla)m (v) (3.9)

for any ¢ € 7.
The modular operators satisfy various relations that we need to draw on below and we

simply quote these here (recall that n € Z%):

A=A, A=A T, AJNaAl e A (3.10)

7776’(/) )

fort € R, z € Cand a € A and where these equations make sense when acting on vectors in
appropriate domains — we are more specific about this when we get to use these equations. The

Connes cocycle (D1 : Do) is the partial isometry from A defined by (¢ € R)

(AZEAL = AJEAL 74(9) = (DY : Dg)_ 7™ (¢). 3.11)

According to [68, 69], if 74(¢) > 74(1)), the relative entropy may be defined as

SWl6) = — lim 28 71 G.12)

a—0t «

otherwise, it is by definition equal to +o0c. The relative entropy only depends on the functionals

Wy, Wy but not on the particular choice of vectors that define them.
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3.1.2 Inclusions of von Neumann algebras and Petz map

Now consider a von Neumann subalgebra B of A. It is convenient to take B to be in a
standard form (B, %", Jj, QZE;) In this representation B3 acts on a (potentially) different Hilbert
space % and to distinguish these representations we define the embedding ¢ : B — A as a
«-isomorphism of von Neumann algebras from B to the range +(5) C A.

Normal states p on B are induced from states on A in the obvious way: p|g = pot =1 p,
so tT(A,) C B,. We adopt the convention that the corresponding support projection will be

labelled in the following manner:

mP(p)=xP(por), peA, (3.13)

and we have

m(p) < (7P (p)), (3.14)

where for two self-adjoint elements a, b € A we say that a < bif a — b is a non-negative operator.

Given p, 0 € A,, we may define the relative entropy S 4(p|o) = S(p|o) as above, and we put

Sp(plo) = S(potloor). (3.15)

By monotonicity of the relative entropy [21], we have S4(p|o) — Sg(p|o) > 0.
Given a faithful state o € A,, an isometry V, : # — JZ can be naturally defined as
follows [71, 72, 73]:

Vob|8) =)&), beB, (3.16)
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where we use the notation |£5) for the vector representative of the state o o « € B, in the natural
cone of the algebra B and |£2) for the vector representative of the state ¢ € A, in the natural
cone of the algebra A. As reviewed in Appendix (B.1), this embedding V,, commutes with the
action of b,

Vo (bIx)) = t(0)Vo |x) X €A, beB (3.17)

and satisfies V*1(b)V, = bforall b € B as well as V,,(#") = 7 for some projector V,V* =
T € L(B).

We now recall the concept of approximate sufficiency. First, recall that a linear mapping
a: A — Bis called a “channel” if it is completely positive, ultra-weakly continuous and (1) =
1, see [73].
Definition 3.1.1. Following [12, 73] we say that the inclusion B C A is e-approximately sufficient

for a set of states . C A,, if there exists a fixed channel

a:A— B, (3.18)

called the “recovery channel ”, for which the recovered state is close to the original state in the

sense that

lp—poroal= sup [p(a) —poroala)<e, Vpe. (3.19)
a€A:||al|<1

Here we take all p € .¥ to be normalized p(1) = 1.
Note that if A C B is e-sufficient for ., then . A C B is e-sufficient for the closed convex
hull of states conv(.¥).
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We would now like to construct an « that works as a recovery map for a set of states that
are close in relative entropy under restriction to the sub-algebra. We take the relative entropy to

compare to a fixed state o € A,. That is, we consider the set

# ={peA:p(1)=1, p>0, Sa(plo) - Ss(plo) < 5} (3.20)

The required recovery channel is related to the so-called Petz map, which is defined in the

sub-algebra context (and faithful o) as (see e.g., [73], sec. 8):

o () = IV Ja(-) JaVods (3.21)

It maps operators on .7Z to operators on %, and furthermore

a,(A) C B. (3.22)

As shown in [73], prop. 8.3 this map satisfies the defining properties of a recovery channel used
in def. (3.1.1) — in fact, in the subalgebra context considered here it is equal to the generalized
conditional expectation introduced even earlier by [74]. In the non-faithful case there is a slightly

more complicated expression that we will discuss below in Lemma (3.1.1).
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3.1.3 Main theorems

Given two states p, o € A,, the fidelity is defined as [75]:

F(o,p) = sup | (&) |- (3.23)

u' e A wu'* =1
Some of its properties in our setting are discussed in Lemma (3.2.1) below.

One of the two main theorems we would like to establish is:

Theorem 3.1.1 (Faithful case). Montonicity of relative entropy can be strengthened to

oo

Salplo) — Ss(plo) = —2 / In F(p, po 1o al)p(t) dt, (3.24)

—0o0

where we assume that p, o are normal, ¢ is faithful and where cvf, : A — B is the rotated Petz

map, defined as

[

o (a) = o8 (JBV(;“JAgf’A(a)JAVJJB> . (3.25)
p(t) is the normalized probability density defined by

™

E— 3.26
cosh(27t) + 1 (3.26)

p(t) =

7 resp. ¢ are the modular flows of o on A resp. of o o . on B.

We may extend this theorem to the case where o is non-faithful. The basic idea is contained

in the following lemma:

Lemma 3.1.1. Consider a sub-algebra ((53) C A, of a general von Neumann algebra, and a normal
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state o with support projectors 74(c), 72(c) and 74 (o) = JumA(0)J 4, 75 (0) = JpnB(0)Ip.

Then the following statements hold:

(i) The projected sub-algebras, are (o-finite) von Neumann sub-algebras,

1 (By) C A, (3.27)

A, = 14(0) At (o) 7 (o) B, = 78(0)BrB(0)7? (0) (3.28)

acting respectively on %, = n(0)7* (0)# and #; = 78(0)7® (¢).# . The projected

inclusion is defined as:

(D) = @' 010 Dp(b) b € B, (3.29)

where we defined the (ultra weakly continuous) *-isomorphism of von Neumann algebras

dp: By — 72(0)BrB (o) via Dg(br® (o)) =10 (3.30a)

Dy Ar — 1(0)Ar (o) via  Dylan? (o)) = a. (3.30b)

The projected algebras are in a standard form. For example the standard form of A, is
(A, H, J 4, 7(0)m' () P%) where J 4 maps the subspace .7 to itself.
(i1) The relative entropy satisfies

S(plo) = S(po®@|lood), S(potlogor)=S(poPoi|oodou,) (3.31)
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for all states such that 74(p) < 74(c), where ® = 4.

(iii) Consider a channel on the projected algebras:

ap » Ap = By (3.32)

We can construct a new cannel on the algebras of interest o : A — B via:

a(a) = g o a, 0o & (7 (0)ar? (o)) + a(a)(1 — 75(0)). (3.33)

Then for all p € A, with 74(p) < 74(o) we have:

pla) = p(r(0)ar?(0)) and poroala)=poioa(r?(o)ar?(s)), Va € A
(3.34)
and
F(p,potoa)=F(po®,poroao®)=F(pod podoi,oany) (3.35)
Similarly:
lp—poroal = po®—podoroayl. (3:36)

(iv) The explicit form of the resulting Petz map coming from the inclusion ¢, (B,) C A, is:
ot (a) = @ (<7 (Js(VI) sl A @) JaVi I ) ) + o(@) (1 = 78(e)),  (33T)
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where the embedding V) is defined for the projected inclusion as

Vi (0]€8)) = 1 (b) |€2), b e B, (3.38)

and where |£4) and |¢8) are now cyclic and separating for A, and B; respectively.

Proof. The proof of this lemma uses standard properties of support projectors and is left to the

reader. u

Note that the modular automorphism groups in (3.37) can be understood as being associated
to the non-cyclic and separating vector |¢2) (resp. |€8)) for the original algebra A (resp. B),
which are however defined to project to zero away from the 7, (resp. #;) subspace. So, for
example ¢7_y(a) = 74 (¢)mA(c')amA (o). Similarly V"™ can be understood in this way, as being

defined on the subspaces %, and projecting to zero away from this subspace via:

Vi) (rB(0)B[€8) + 1)) = nB(@))u(b) [62) . bEB, [¢) € (1 =78 (o) (0)) H
(3.39)

An obvious corollary is:

Corollary 3.1.1.1 (Theorem 1 in the non-faithful case). Theorem (3.1.1) continues to hold when

o is non-faithful but still 74(p) < 7 (o). The recovery map is now given by (3.37).
From this result one can characterize approximately sufficiency using relative entropy:

Theorem 3.1.2. Consider a set of normal states . on a general von Neumann algebra .4 with a

subalgebra B. If . contains a state o such that for all p € .# the following condition holds:

S(plo) < oo and Sa(plo) — Ss(olp) <4, (3.40)
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then there exists a universal recovery channel o such that A C B is e-approximately sufficient
for . (Here 6 = —In(1 — €%/4).)

The explicit form of the recovery map is:
ay: Asa— / ol (a)p(t)dt € B, (3.41)

where o, was given in (3.37). We can make sense of the later integral as a Lebesgue integral of

a weakly measurable function with values in B, thought of as a Banach space.

Remark 1. Less powerful antecedents of Theorems. (3.1.1), (3.1.2) can be found in [13, 76, 77,

78,79, 80].

An example of a set of states that satisfy the assumptions in Theorem (3.1.2) is simply
S = %(ga) (3.20) for any state o. If we were to additionally assume that 4 is o-finite then we

could also pick .7 to be any closed convex set of states such that

pra€ s, (o) <7 p2) = Salprlp) < oo and  Sa(pilpz) — Ss(prlp2) < 6.
(3.42)
To see this, note that the o-finite condition imposes that all families of mutual orthogonal projec-
tors in A are at most countable. This is satisfied for von Neumann algebras that act on a separable
Hilbert space, and is equivalent to the assumption that there is a faithful state in .A,. Then (3.42)

is sufficient for finding a o that works with Theorem (3.1.2) due to the following basic result:

Lemma 3.1.2. Given a closed convex subset of normal states . C A, for a o-finite von Neumann
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algebra A then we can always find a 0 € .% such that:
(p) <7i0), VpeS (3.43)
Proof. We apply Zorn’s lemma. Consider the following set of projectors:

Ly ={m(p:) —m(p;) : pij € S, w(p;) < 7(pi)} (3.44)

where the later condition requires a proper subset. These differences are still projectors since
(m(pi) — 7(p;))* = w(p;) — 7(p;) by the inclusion condition which implies that 7(p;)7(p;) =
T(pi)-

If T is the empty set then it must be the case that 7(p;) = 7(p;) for all p; ; € .77, since

otherwise we could use convexity to show a contradiction:

n (%) —x(p) € Iy (3.45)

So in this case (3.43) is trivial.

We may thus assume from now on that I is non-empty. By Zorn’s lemma we can pick
a maximal family of mutually orthogonal projectors from II o, where family means a subset of
IT», and maximal means that there are no other orthogonal families of projectors that are strictly
larger under the order of inclusion. Call the maximal family ¢y,.x. By the o-finite condition, it is

a countable family

Gmax = {m(pi,) —7(pj,): n=1,2...}. (3.46)
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Given ¢, We define:

c=> 27"p, (3.47)
n=1

The infinite sum converges in the linear functional norm and so by convexity and closedness of

- we find that 0 € .. The support projector for this state satisfies:
(o) = P (pi,) (3.48)

(understood as a direct sum in the norm topology.) By the maximality condition we can show

(3.43). To see this, suppose that this is not true for some p;, then:

B, Cn (" Z’”“) —n(o) €T, and (7r (U zp’“) - w(a)) 1 (n(ps,) —7(py,)) (3.49)

for all n. This contradicts the maximality of gy,.x, Which is absurd. OJ

3.2 Proof of main theorems

Our eventual goal in this section is to prove our main results, Theorems (3.1.1) and (3.1.2).
As discussed above, without loss of generality we can take o to be faithful and so we will assume
this from now on.

The proof is divided into several steps. In subsec. (3.2.1), we first fix some notation and
recall basic facts about the vectors that we are dealing with. In subsec. (3.2.2), we introduce the
non-commutative L,-space by Araki and Masuda [70] and explain its — in principle well-known
— relation to the fidelity. We make certain minor modifications to the standard setup and prove a
simple but important intermediate result which we call a “first law”, Theorem (3.2.1). In subsec.
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(3.2.3), we motivate the definition of certain interpolating vectors that will be of main interest
in the following subsections and in subsec. (3.2.4) we prove some of their basic properties.
Subsec. (3.2.5) is the most technical section. It introduces certain regularized (“filtered”) versions
of our interpolating vectors and their properties. Our definition of filtered vectors involves a
certain cutoff, P, that is defined in terms of relative modular operators. A quite general result of
independent interest is that the relative entropy behaves continuously as this cutoff is removed,
Theorem (3.2.3). Armed with this technology, we can then complete the proofs in subsec. (3.2.6)

using an interpolation result for Araki-Masuda L,, spaces, Lemma (3.2.7).

3.2.1 Isometries V), for general states, notation

Since the two states o, p play a central role in Theorem (3.1.1) we will use a special notation

for the vectors that represent these states in their respective natural cones:

‘nA) = |€:74> > ’773> = ’€f>7 |¢A> = ‘5;)4> ) |¢B> = ’£pB> (350)

where |n4) € H (Ins) € ) are cyclic and separating for A (B).

We will also choose to label various objects, such as support projectors, and the modular
operators discussed below, for the most part with the vector rather than the linear functional as
we did in Section (3.1). This will be convenient since we will occasionally have to work with

vectors that do not necessarily live in the natural cone. For example, given a |y) € ¢ we define:

Awy) (3.51)
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where w, € Aj is the induced linear functional of |x) € " on the commutant. For vectors [¢) in
the natural cone we have a symmetry between the support projectors 74(¢) = JmA(€)J 4. We
use similar notation for objects associated to the algebras 5. When the only algebra in question
is A, we write

A(x). (3.52)

We have already recalled that a general vector |x) € . is related to a unique vector in the
natural cone inducing the same linear functional on .A. More precisely, there is a partial isometry

in v; € A’ such that

) =v &), v =), v =1 (x) (3.53)

Now consider a vector [¢4) = |£;;‘) € e@il and define a corresponding vector in % using
s) = €5 € P%,. The vector V,, |15) € . induces the same linear functional on ¢(B) as |.4),
where we use exchangeably the notation V;, = V;, for the embedding (3.16). Thus there exists a

partial isometry w;,in ¢(B)’, with implied initial and final support, relating the two vectors

Vo lg) = uy, " |tha) - (3.54)

Combining this with (3.17) we have for b € B

Vablys) = u(b)uy,,” [¥a) - (3.55)

Since this notation is cumbersome we will simply define a new isometry V,, : 2~ — J that is
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defined with reference to |1))

Vy =, Vs (3.56)

It will also be convenient to have V), defined for states |y) € .7 that are not necessarily in the

natural cone. In that case, we extend this definition further:

Vi = v;*uéx;gnvn ) (3.57)

These satisfy

Vib[€3) = () [x) - (3.58)

3.2.2 L, spaces, fidelity and relative entropy

In this part we introduce various quantum information measures that will be useful to char-
acterize sufficiency. We have already seen the importance of relative entropy and the fidelity.
What we need are quantities interpolating between them. These will be provided by the non-
commutative L, norm associated with a von Neumann algebra, with reference to a state/vector.
There exist different definitions of such norms/spaces in the literature; here we basically fol-
low the version by Araki and Masuda [70], suitably generalized to non-faithful states. Such a

generalization was considered up to a certain extent by [81], see also [82] for related work.

Definition 3.2.1. [70] Let M be a von Neumann algebra in standard form acting on a Hilbert

space .. For 1 < p < 2 the Araki-Masuda L,(,M, 1) norms, with reference to a fixed vector
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|4)) € S, are defined by?*:

¢, = inf 1A (3.59)

XEA | x[I=1,7M (x) 2w M ()

where the definition above only depends on the functional w,;, but not the choice of vector repre-

sentative, [1)).

Remark 2. 1) The norm is always finite for this range of p. We will use the L, norms mostly for

the commutant algebra A’ of A. Then,

I, = [l @), (3.60)

due to the (possibily) restricted support of the relative modular operator.

2) For 1 > a > 1/2, the quantity —15 In |32, is sometimes called the “sandwiched
Renyi entropy” (between |7), [1)). It is in general different from the “usual” Renyi-Petz entropy,
ﬁ ln(zﬂ\A}[na ). Both quantities, as well as the L, norms, can be defined or more general

values of the parameters but are not needed here.

When p = 2, the L,, norm becomes the projected Hilbert space norm:

IClzs = [l7* )] - (3.61)

Taking a derivative at p = 2 will give the relative entropy comparing ¢ with ¢ as linear functionals

>The Araki-Masuda norms were originally defined assuming a faithful normal reference state. For the most part
we will only ever need the definition of the norm (3.59) for vectors in the Hilbert space, along with some simple
consequences of this variational formula. Thus we will not need the full machinery developed by [70], except at
some crucial steps in the interpolation argument below that we will highlight. When this is the case we will apply
their results for a faithful state and prove that one can extrapolate to the case at hand.
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on A, see below.

At p = 1 we have the following lemma:

Lemma 3.2.1. 1. At p = 1 the Araki-Masuda norm (3.59) relative to A’ becomes the fidelity

19lly,y = Flwp,wg) = sup  [(P]u'|¢) ], (3.62)

u' €A (u)*u'=1
where wy, w,, € A are the induced linear functionals for |¢), [1)), respectively.

2. The fidelity may also be written as

Fwy,we) = sup | (y|2"|p)]. (3.63)

e A||z'||<1

3. Itis related to the linear functional norm (Fuchs-van-der-Graff inequalities) by

1
1= Flwg,wg) < gllwy = woll < /1= Pl wg)? (3.64)

Proof. While these results are standard, we include the proof in the Appendix (B.2.1) because we
also treat the non-faithful case for the generalized Araki-Masuda norm in (3.59) which has not
explicitly appeared elsewhere as far as we are aware. Note that an argument conditional on other

— unproven in the non-faithful case — properties of Araki-Masuda norms was given in [81]. [l

We will also need the following result that is potentially of independent interest.

Theorem 3.2.1 (First Law for Renyi Relative Entropy). Consider a one parameter family of vec-
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tors |(\) € S for A > 0, which are normalized ||(,|| = 1 and satisfy

o -]
lim —=— =0 3.65
A A ’ (3.65)
where |¢)) = |(y). Then:
1) The Petz-Renyi relative entropy satisfies:
1 ©
lim ~In(GJANY Q) =0,  0<az(d) <1-¢ (3.66)

A0+ A

where ¢ > 0 and there is no other constraint on z(\).

2) The sandwiched Renyi relative entropy satisfies:
lim —1 In A =0 1< A) <2 3.67
)\10+ \ HC}‘HP()\)M 3 _p( ) = 4 ( . )

with no other constraint on how the function p() behaves under the limit.

In order to prove this, we first prove the following lemma:

Lemma 3.2.2. Given two normalized vectors |¢)), |() € 7, we have:

1) For compact subsets K of the complex strip {0 < Rez < 1}, there exists a constant C'x

such that:

0 <Re(1—(ClA]0) < Ck ¢ = (3.68)

forall z € K. Ck is independent of [¢), |().
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2) We also have for1 < p < 2:

/ /p
o<1- a0 <1-(Igh) <= (@az?0)”. 6o

and we have the elementary bound:

- ((@ah2210)" < 2 (1- Al ). (3.70)

i~

Proof. (1) This is demonstrated by an application of Harnack’s inequality (see e.g. [83], sec. 2,
Theorem 11) which applies to any h(z) that is harmonic and non negative in some connected

open set O: for all compact subsets K C O there exists a constant 1 < C'(K,O) < oo such that:

h(z) < C(K,O)h(w), Vz,w e K, (3.71)

where notably this constant is independent of the particular / satisfying the assumptions.

We work with the real part of two holomorphic functions in two strips:

hi(z) = Re(1 — (| A7, [C)) O, ={2€C:—-1/2 <Re(z) <1/2} (3.72a)

ha(2) = Re(1 — (C| A7 . [()) Oy ={2€C:0<Re(z) <1}. (3.72b)

These functions are continuous on the closure of the above strips and they are non-negative since
for normalized vectors | (1| A7 . [C) |, | (¢| A% ¢ [¢) | < 1by an easy application of the Hadamard
three lines theorem — these facts are standard results of Tomita-Takesaki theory for the relative

modular operators. There is no need for any of the vectors to be in the natural cone.
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We can thus apply Harnack’s inequality. Using the fact that:
1 2
m(0) = 5llv = ¢/ (3.73)
and picking the compact subset K; C O, with 0 € K; we have:

0 <hi(z2) < 5CKL Ol = (P Vze K. (3.74)

N | —

We have to relate this to hy(z) which is what we are most concerned with. We can relate the
two functions using the Cauchy-Schwarz inequality where the two defining strips overlap, 0 <

Rez <1/2:

Re (= (¢l A7 (1€ + (W AT (O + () = 1) < [(I6) = [), A €)= [¥)]

< IIC =il (Re (1+ (CIAZZ10) — 2 (] A% 1)) ?

1/2

<|I¢ =¥l (Re (2 =2 (| A, . [C))) (3.75)

which translates to:

ha(z) < %(HC V|| + /2hi (2 ) (3.76)

so that

0 < hs(z

(1 +/C(K.,00) ) o —C|?  VzeK NO.. 3.77)

[\’)I»—t

We can split the compact set K in the statement of the lemma into two compact pieces

Ki=Kn{zeC:0<Rez<1/4}and Ky = KN{z € C:1/4 < Rez < 1}. These satisfy
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K; C O; : i = 1,2. Repeatedly applying Harnack’s inequality as above gives the following

upper bound for C'k:

%max{<1+\/C({0}UKl,01)>2, C({1}U Ky, 0y) <1+,/0({o,§},01))2}, (3.78)

where it was necessary to add the points {0, 1/4} since they may not have been in the original K.
(2) This result is basically the well-known Araki-Lieb-Thirring inequality [84], for a proof
in the von Neumann algebra setting see [81], Theorem 12, for L, norms based on a not necessarily

cyclic and separating vector [)). O

Proof of Theorem (3.2.1). (1) is a consequence of Lemma (3.2.2) (1): We can take K = [0, 1 —¢€]

which satisfies the assumptions of this lemma so:

L= (GIAT 16 |2
0< lim ( o) < lim ¢ IO = YIF _

A—0t A A—0t A

0. (3.79)

Then using differentiability of In(x) at x = 1 and the chain rule we show (3.66).

(2) Here we need Lemma (3.2.2) (1) with K = [0, 1/2]. Applying Lemma (3.2.2) (2):

(1= 160 >
0< li < lim —— (1 — (G| ALV )
Sy =l U elfea o)
2
< lim ZCKM = 0. (3.80)
Again differentiability of In(x) at z = 1 and the chain rule gives (3.67). N
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3.2.3 Exact recoverability/sufficiency

This section is meant as an informal summary of some of the results given in [71, 72],
defining the exact notion of recoverability or sufficiency. We will focus only on the properties
associated to sufficiency that we make contact with in this paper, and we will also treat only the
case of faithful linear functionals and drop all support projectors here.

By definition, the quantum channel ¢ : B — A is exactly reversible for at least two fixed

states p, o if there exists a recovery channel « : A — B such that:

potroala)=pla), Va € A, (3.81)

and similarly for o. Since the relative entropy is monotonous [21] under both «, ¢, we must have
Salp,o) = Sg(p, o), see (3.15) for our notation. Representing o, p by vectors in the natural
cone as in (3.50) and using a standard integral representation of the relative entropy based on the

spectral theorem and the elementary identity (z,y > 0)

o 1 1
lny —1 = — d .82
ny—Inx /0 <x+5 y+ﬁ) I (3.82)
we get that
Salple) = Sutole) = [l (Vigyg Vo gya ) o ds G89)
A B B 0 o d}ﬁ_"AnAﬂbA v B+AW67¢B s .

vanishes. Known properties of the modular operators imply that the integrand is positive [71, 72,
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73]. Therefore,

1 1

[va) =

V6i——— T — (3.84)
v 5 + AUA7¢A ﬁ + AUB ¥B |¢B>

for all 8 > 0, which can be integrated against a specific kernel that we will not write to arrive at

a statement about the relative modular flow:

VoD o lba) = A0 los) = Ja) =AY, VAL [0s) - (3.85)

Further manipulations give a derivation that the Petz map is a perfect recovery channel, although
we will not go through this. Here we simply note that it is a reasonable guess at this point
that for the approximate version of recoverability, one must require that |1/ 4) must be close to

A—z’t V¢Al

|1g) in some metric. We will use the non-commutative Araki-Masuda L, norms
nAYA YIERTE P

to provide such a metric.

3.2.4 Interpolating vector

Motivated by the above discussion we consider the following vector in J7:

P(2)) = A% cwa Vel paus 1¥8) (3.86)

defined at first for purely imaginary z, and assuming at first that |¢)), |n)) are in the natural cone

(of A), see (3.50) for our notation.

Remark 3. The vector defined here is similar in spirit but does not quite coincide with the inter-
polating vector considered by [2]. It seems possible to consider other vectors instead, and we
briefly comment on this in Appendix (3.3).
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Our first result will be an analytic continuation of the vector (3.86) into a strip:

Theorem 3.2.2. 1. There is a vector-valued function |I';(z)) that is holomorphic in the strip
Si/2 = {0 < Re(z) < 1/2}, weakly continuous in the closure of the strip and has the

following explicit form at the top and bottom edges:

’Fw(l/Q—l—it» AZtA wAJAV JgA 778 de |w3> (3.87a)

Ty (it)) = A u Vot [05) - (3.87b)

The norm of the vector |I';(2)) is bounded by 1 everywhere in the closure of S/, and

T4(0)) = [1a).

2. On the top edge of the strip S, /, this vector induces the the following state on A:

(ITy(1/2+ i) as [Ty (1/2+ it))) < (] e(ay(ar)) [¥) = wyoroa(ay),  (3.88)

where a, is any non-negative self-adjoint element in .4, and where ag is the rotated Petz

map (3.25) for the state o induced by |n).

Remark 4. 1) A variant of this theorem holds when |¢)) is replaced by a unit vector |y) that is not

necessarily in the natural cone. In this case, we should define

Ty (2)) = v, |Te, (2)) (3.89)

with v;( as in (3.53). The limiting values (3.87b), (3.87a) at the boundaries of the strip are then

readily computed using (3.54). In particular, (3.87b) takes the same form as before as seen using
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(3.57), (3.58), which also implies ‘FX(O)> = |x). (3.88) follows from (3.7).
2) The proof shows that we would have equality in (2) if 74 (v)) = 1, i.e. if |¢)) is cyclic

for A.

Proof. Let us use in this proof the shorthands A, ., = A, s and A, 4 = Ay 4.

(1) Given an a’ € A’, consider the function:

9(2) = (500 Ina), JaVyJ, 55a ) (3.90)

which using Tomita-Takesaki theory is analytic in the strip S, , continuous in the closure, and

bounded by:

l9(2)| < max [[(A] .0 anall 1(Ayus) sl (3.91)

0<6<1/2

where § = Re(1/2—z). The maximum is achieved by continuity and compactness of the interval.
This bound is however not uniform over vectors a’ |n4) € 7 with norm 1. For this, we need
to use the Phragmén-Lindel6f theorem. Our function has the following form at the edges of the

strip (¢ € R):

g9(1/2+it) = (a" Ina) , Ty (1/2 +it))) (3.92a)

g(it) = (@’ Ina), [Ty (it))) . (3.92b)

where we made use of the expressions/definitions in (3.87a) and (3.87b) respectively. The first
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equation above is rather trivial but the second equation requires some lines of algebra:

= (AN na) , TaVy A B () |773>)

(Anii,i”a’m JAViblns)) » b= Ay mE ()AL, € B

— (A0 Ina) Lav(v) 1)) = (A% a0’ na) ,o(0)" [124)

(A2 4a ), Vab™ [s)) = (A, 4a Ina) , Ve, 2 5 [vs)) (3.93)

where in the first line we used (3.6), in the second we inserted A” g for free giving rise to b which
is in A from the last equation in (3.10), we used (3.16) in the third line after which we passed
A;’ 11/34 to the right which is allowed since this vector is now in the domain of this operator. We

used (3.58) in line four and finally b can be rewritten as:

7% ()b = AP () AY g (3.94)

using (3.11). This finally leads to (3.92b). Since both expressions in (3.87a) and (3.87b) involve

products of partial isometries we have the following bound on the edges of the strip:

lg(it)], lg(1/2 4 it)] < |la'nal, (3.95)

which then extends inside the strip via the Phragmén-Lindel6f theorem. That theorem also re-
quires the (weaker) bound we derived in (3.91) and it applies inside the closure of the strip. Since
A’ |n4) is dense in the Hilbert space we can extend the definition of g(z) to the full Hilbert space,

at which point it is a continuous anti-linear functional on all vectors, weakly (hence strongly)
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holomorphic in S, 5. This then defines a vector in .7 which is then our definition of (3.86) on
the strip S; /2. The bound on the norm of this vector follows also from Phragmén-Lindel6f the-
orem. For the continuity statements we further need the limit of g(z), as o’ |n) approaches an
arbitrary vector, to be uniform in z. This follows easily from the uniform boundedness of g(z)
and the Banach-Steinhaus principle.

(2) The final property (3.88) follows from a short calculation:

(JAViTBA s [0B) s AL a0 A ad AV T8 s X))
= (JaVa st ) s shla ) (9)JaVy Js 2 s i) )
— (LaVa s s 1) s shala) P ()sh alas) 2 LaV T 2 s 1))
< ([vm), A s Ts (Vi Jasy, a(a™)JaVy) ALY 5 [18))

= (lvs)  apalay) [¥B)) = wy o Lo a(ay), (3.96)

where we used (3.9) in the second line, the positivity of gf](a+) in the third line, the bound
74 () < 1 in the fourth line, the fact that VXAV, C B (see (B.7)) and again (3.9) for the B

algebra in the fifth line. [

3.2.5 Strengthened monotonicity

3.2.5.1 Basic strategy

We will apply interpolation theory to the vector |F¢(z)>, following the basic strategy of
[2]. By Theorem (3.2.2) (2) we get the rotated Petz recovered state on the top of the strip at

z = 1/2 + it, so we need to interpolate to the L, (.A’, 1)) norm there where it becomes the fidelity
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by Lemma (3.2.1) (1). Close to z = 0 we will need to approach the p = 2 norm (the 7(v)
projected Hilbert space norm) by (3.61) where we will show that we can extract the difference in
relative entropy. A generalized sum rule, using sub-harmonic analysis, relates the z = 0 limit to
an integral over the fidelities of the z = 1/2 + it vector.

Extracting the relative entropy difference is the most difficult part of the proof and requires
some modifications to the basic strategy. We proceed by extending the domain of holomorphy
to a larger strip so that we can take derivatives at z = 0 easily. This requires defining a class of
states with filtered spectrum for the relative modular operator. We then approach the original state
as a limit. After a continuity argument, we show that this is sufficient to prove a strengthened

monotonicity statement for all states with finite B relative entropy.

3.2.5.2 Filtering and continuity

Our first task will be to extend |I";(z)) holomorphically into the larger strip {—1/2 <
Rez < 1/2}. This might not be possible for general |¢), so to make progress we work with
vectors that have approximately bounded spectral support for the relative modular operator A, ;.
Thus we now introduce a filtering procedure that produces from |¢/) a vector |¢)p) with approxi-
mately bounded spectral support.

For convenience, we work with |n), [¢)) € % in the natural cone, and consider a related

vector |¢p) (Which is not in the natural cone of .A), defined by:

p) = / (AT, 1) dt = Folln Ayy) [4) (3.97)

where fp is the Fourier transform of a certain function fp and provides a kind of damping.
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All modular operators and support projections in this subsection refer to A, and since we only
consider one algebra in this subsection, we drop the subscripts to lighten the notation. Note that
In A, is defined on 7' ()7 (1)) since A, ,; is only invertible there. Away from this subspace
the operator acts as 0.

We take fp to have the following properties, motivated by the desire to prove nice continu-
ity statements as P — co. Since we want to think of P as a cutoff, we take fp to be a scaling

function:

fp(t) = Pf(LP), (3.98)

and now specify properties of f(t). (Note that the Fourier transform satisfies fp(p) = f(p/P).)

Definition 3.2.2. We call the function f in (3.98) a smooth filtering function if it satisfies the

following properties.

(A) The Fourier transform of f

o0

f() = / i f(t)dt (3.99)

[e.9]

exists as a real and non-negative Schwarz-space function. This implies that the original

function f is Schwarz and has finite L, (R) norm, || f||; < oc.

(B) f(t) has an analytic continuation to the upper complex half plane such that the L, (R) norm

of the shifted function has || f(- 4 i6)||; < oo for 0 < 6 < 0.

Note that the Fourier transform of the shifted function satisfies:

FC+i0)(p) = f(p)e ™. (3.100)
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Examples of such smooth filtering functions include Gaussians as well as the Fourier transform

of smooth functions f with compact support. The norms satisfy:

1fpllo = 1 fllee = FO),  Ilfpll = 1Flt = [1flls (3.101)

where the later inequality is well-known as the Hausdorff-Young inequality.

We now establish some properties of the resulting vector |1)p):

Lemma 3.2.3. The filtered vector |¢)p) defined in (3.97) based on a smooth filtering function f,

has the following properties:

1. limp_,o |1bp) = F(0) |1) strongly.

2. There exists ap € A such that [¢)p) = ap [¢)) , and

lapll < £, (3.102)

such that ap7 () = ap.

3. The induced linear functional on A’ is dominated by

wWyp < NFIT wis (3.103)

and 7' (vYp) < 7' (V).

4. There exists a’» € A’ such that [1)p) = as |n), and ||a’p|| < ||f(- +iP/2)]];.
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5. The induced linear functional on the algebra A is dominated by
wyp < (- +iP/2)]} wy. (3.104)

We need property (A) of def. (3.2.2) for (1-3) and property (B) for (4-5).

Proof. (1) Letting E, ,,(d\) be the spectral resolution of In A, ;, we have

o = FOWIE = [ (F0/P) = F0)) 1By elan)e). (3.109)

We can take the pointwise limit P — oo using dominated convergence (since f is a bounded
function); this immediately gives the statement.

(2) We insert A S (1) next to 1) in the first expression of (3.97) and find
ap = / fe(t)ATA AL, (3.106)

This is an integral over Connes-cocycles, hence defines an element of 4. The operator norm is

bounded by

larll < [ 1fnOIATAZN < [ 1feOlde = ol = Iflh, G107

since A“Aw are isometries.

(3) We establish this via

(Wpld, [0p) = (W d Pabpapa, ' [0) < llap|? (W] d, W), ) € A,d, >0, (3.108)
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which gives (3.103) after using the bound (3.102). The bound on the support projectors follows
since 7'(1p) is the smallest projector 7' € A’ that satisfies wj, (1 — 7) = 0. But 7’ = 7'(¥))
satisfies this since 0 < wy, (1 —7'(¥)) < || f]|fwy, (1 — 7'(¢))) = 0.

(4) Note that All/ 727 In) = J[) = |¢) since [¢) is in the natural cone. Then, shifting the

integration contour as is legal by def. (3.2.2) (A),
lihp) = / fr)AL A ) dt = / fo(t+i/2)A% A" n) dt. (3.109)
Note that Alf /A" is a Connes-cocycle for A’, and hence an element of A’. Now define
ap—/ fr( t+z/2)A” _”dteA'. (3.110)

Since the Connes-cocycle is isometric, the norm of a’» may be bounded by

o0

||a/P||§/ [ fp(t+i/2)[|A] A || dt = /If(t+iP/2)|dt=||f(-+iP/2)||1- (3.11D)

e} o0

(5) We have (vp| s [vop) = (n] aX*ap"apal® In) < [lab||? (n] ay |n), which gives the

statement in view of (4). ]

We would now like to see how the relative entropy between |7), |1)p) behaves in the limit
P — oo. We will find the conditions on f for which the relative entropy converges to that

between |n), |¢)) as P — oo.

Theorem 3.2.3. Suppose [¢), |n) are states on a von Neumann algebra A, assumed to be in the

natural cone, and suppose |¢p) is given by (3.97) with scaling function (3.98) satisfying property
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(A) of def. (3.2.2) and f(O) = 1. Then:

S(¥pln) < oo

2. We have

=2In ([|f]l1) + limsup S(¥p|n) < S(¥ln) < lim inf S(¥pln). (3.112)
P—oo o0
3. The relative entropy behaves continuously for P — oo,

A S(4p(n) = S(n), (3.113)

iff the Fourier transform of the scaling function, f(t), is a Gaussian centered at the origin.

Remark 5. The above statements hold even if S(i|n) = oo with limits understood as liv-

ing on the compactified real line. So for example in this case (3.112) or (3.113) implies that

limp_, S(¢P|77) =0

Proof. (1) In view of (3.103), [69], Theorem 3.6, Eq. (3.7), applied to the algebra A’, gives:

1 1
Ay T 5= IFITAY,

(3.114)

for all 3 > 0.> The following type of integral representation for the relative entropy is well-

3When applying [69], Theorem 3.6, Eq. (3.7) to the commutant A’ using (3.6), where one switches A <> A’ as
well as any support projectors 7 <+ 7’. Note further that [69], Theorem 3.6 refers to the natural cone but the specific
representative of the linear functional does not affect the modular operators above since A, 0= A;l% , using the

o p
notation (3.53) (now for the commutant).
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known, see e.g. [73]:

o 1 1
SW@W)::A <wp|<_A;L,+ﬁ*_ﬁ+1>‘wpwﬂﬁ (3.115)

and integral converges iff the relative entropy is finite. The bound in (3.114) can be used to bound

(3.115) from above due to the first equation in (3.10) and this gives:

1 . 1
ALL+B B+1

SWMWSQMWﬂHQWMW%+AmWH< )Wﬂdﬂ

= 21( /1) (el ) — (0110 Ay (Foin Ag)) 9. G.116)

Using the spectral decomposition of In A, ,, we can write

o0

Wt By (Frtn ) 1) = = [ (Fo/P)) WlBwet@p) o). 317

—00

This integral converges because pf(p/P)? is uniformly bounded, by the Schwartz condition in
def. (3.2.2) (A). Thus the right hand side of (3.116) is finite and so we have shown (1).

(2) Let us continue by first assuming that S()|n) < oo. Strong convergence of 1) p, Lemma
(3.2.3) (1), guarantees that limp (¢p| 1p) = 1 since f(0) = 1. Now the integral on the right

hand side of (3.117) can be split into two parts:

+oo +oo

i [ (F0/P) WIBsap) ) = [ bl Eu@nl),  G11s)

P—oo 0

where we have applied the dominated convergence theorem to each term using the facts that

fp(p) is bounded and that the relative entropy is finite. Taking the lim sup on both sides of
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(3.116) gives the first inequality in (3.112). Lower semi-continuity of relative entropy [69] gives
the second inequality.

If instead S(¢)|n) = oo, then we find from lower semi-continuity:

limsup S(¢p|n) > lilgninf S(vp|n) = oo, (3.119)
—00

P—oo

thus the limit must exist on the extended positive real line where it is infinite. This shows (2).
(3) Note that ||f|l; > ||fllse > f(0) = 1 so we get the continuity in (3.113) iff the

Hausdorff-Young inequality is saturated and f(0) = || f]|e. It was shown by Lieb [85] that

the only functions that saturate the Hausdorff-Young bound are in fact Gaussians. The condition

£(0) = |||~ then simply means the Gaussian f must be centered at the origin. O

3.2.5.3 Updated interpolating vector

We now consider again our interpolating vector (3.86). With the intention to extend the
domain of holomorphy, we consider the filtered states |¢)p) instead of |1)). Although |¢p) is not
in the natural cone, we can still define |F¢ . (z)> in view of Remark (4) (1). This will however by
itself not be sufficient: It turns out that we also have to apply a projector 11, to our vectors, so we

consider

A
M), Ta= [ Bulay (3.120)

where Ey, (d\) is the spectral decomposition of In Ay, so that limy_,o. Iy = 7(¢p)7’(¢p) in
the strong sense. We intend to send the regulators A, P — oo, and in that process we will tune

f(0) to maintain || [¢p) || = 1, and require (A) and (B) of def. (3.2.2). With those changes in
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place, we claim the following updated version of Theorem (3.2.2).

Lemma 3.2.4. 1. The vector valued function 2z > I, ‘Fw p (z)> can be continued analytically
to the extended strip —1/2 < Rez < 1/2. It is bounded and weakly continuous in the

closure.

2. Tts norm is bounded above by 1 in the closed upper half strip {0 < Rez < 1/2} and we

have the following estimate in the lower half strip {—1/2 < Rez < 0}:

[TAT ., (2)|| < (1F (- + iP/2)[1e™?) (3.121)
3. We have
L 1,7 (2)), T[T — oL yplr 3.122
&( A| 1Z)P(Z)>7 A| 1ZJP<Z>>) z:o_ &<w1)‘ ’¢'P<Z)> z:O 3. a)
— —2(Sa(pln) - Ss(rl) (3.1220)

Proof. In order for the proof to run in parallel with that of Theorem (3.2.2), we consider in-
stead of |¢)p) the corresponding vector |, ) in the natural cone of A. By Remark (4) (1), and
transformation formulas such as A7, = %P*Agwp vy, (which give corresponding transformation
formulas for 1), we find that [Ty }FW (2)) = Uy Ay, {Fﬁwp (z)). The partial isometry Uy,
is evidently of no consequence for the claims made in this lemma. By abuse of notation, we can
assume without loss of generality for the rest of this proof that |¢)p) is in the natural cone.

(1) Then, as in the proof of Theorem (3.2.2), we also use the shorthand A, ., = Ay 4.8
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etc. With these notations understood, let us write out

ATy (2)) = (MaA, 4) (Ayf aliwpa) Vor Sy sl e s). (3.123)

which is initially defined only for purely imaginary z. We now consider the bracketed operator
above: A;; Apr. It is well known that the majorization condition (3.104) ensures that this
operator has an analytic continuation to the strip —1/2 < Rez < 0. For completeness we give
this argument here using a similar approach as in the proof of Theorem (3.2.2).

Thus, we define, dropping temporarily the subscript .A as all quantities refer to this algebra:

G(z) = (¢

r) +10) Aur AL d ) = (Ayre[dp) Ay d n) (3.124)

where: ¢ € A, d € A" and |() € (1 — 7' (vp))#. This function is holomorphic in the lower
strip {—1/2 < Rez < 0} and is continuous in the closure due to Tomita-Takesaki theory. As in
the proof of Theorem (3.2.2) we can easily derive an upper bound on |G(z)| that is not uniform
with ¢, d’. We can then improve this to a uniform bound using the Phragmén-Lindel6f theorem

by checking the top and bottom edges of the strip. At the top we have:

Gt)] <

we) || 1 )]l (3.125)

C*
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and at the bottom we need the following calculation:

G124 it) = (8, A2 [0p), Al 8,2 )

1/2 *

A

< it
(AL AL [0r), Ay Td TN 1))
< it

¢P> Azt d/*JA;;tn‘¢P>)

= (Ac (AFTd"TALL) T|e))
- (A:;P nwpd/A37t|¢P>) . (3126)

Consequently,

G172+ )] < [|me)e [Ve)l[[a'(r)d Aflee) | < [le[orllllsy (@)
M

(3.127)

So(@)m)| = 17+ P hle

< |IF(-+iP) | ||e*we) |

where in the first line we dropped the support projectors and defined modular flow on A, ¢’ ; (d) =
Ay i Aff. In the second line we finally used the majorization condition (3.104) that is true for
these filtered states. These bounds at the edges of the strip, and the weaker bound derived earlier,
can be extended into the full strip such that G(z)|| f(- + ¢P)||3* is holomorphic and bounded by 1

everywhere for —1/2 < Re(z) <

n) forallc € Aandd € A are

dense, we can extend the definition of the operator A‘Z AZ . to the entire Hilbert space where it

nYp

remains bounded,

HA ZAZ

Dol <GP0 (3.128)

Since the limit on G(z) > and d’ ‘n> approaches two general vectors in the Hilbert space
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and is uniform in z, we get the same continuity statement for A “A? in the weak operator
topology. We also get holomorphy for this operator in the interior of the strip. Note that since
APANAIIE (Dyp : Dn)_;.7'(¢p) for the Connes-cocycle (Dip : Dn)_,;, € A holds along
z = 1t for real ¢, it continues to take this form in the lower strip.

Now let us turn to the first bracketed operator in (3.123), 11 AAZP, which is a holomor-
phic operator (and thus continuous in the strong operator topology) in the entire strip due to the
projection on a bounded support of the spectrum of In Ay,. In fact, the operator norm satisfies
[TIA A7 || < e Rez for Rez < 0. Finally we analyze the following vector appearing in (3.123),
A ;P;B‘wp3> which is holomorphic in {—1/2 < Rez < 0} and strongly continuous in the
closure of this region due to Tomita-Takesaki theory. This vector is also norm bounded by 1.

At this stage, we can combine the above holomorphy statements in (3.123) showing that this
vector is analytic in the lower strip {—1/2 < Rez < 0}. For the continuity statement in z, note
that an operator that is uniformly bounded and continuous in the weak operator topology such
as Ay~ A7, acting on a strongly continuous vector A ;P;B‘wp8> gives a weakly continuous
vector. Similarly, an operator that is continuous in the strong operator topology I, A7  acting on
a weakly continuous vector — the output of the last statement — gives a weakly continuous vector.

Now we use the vector-valued edge of the wedge theorem (see e.g. [86], Appendix A), in
conjunction with Theorem (3.2.2), which already establishes an analytic extension to the upper
strip 0 < Rez < 1/2. We thereby extend II5|I'y,.(z)) holomorphically to the full strip —1/2 <
Rez < 1/2.

(2) The bound (3.121) follows by combining the operator norm bounds above.

(3) Holomorphy at z = 0 allows us to take the derivative in (3.122a) on the bra and ket

separately and it is easy to see that they give the same contribution. The equality in (3.122a) also
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relies on I [¢)p) = [¢p). The second line (3.122b) follows by working with the right hand side
of in (3.122a) and taking the derivative as a limit along z = ¢ for ¢ — 0. This gives:

te <77Z)PA’A77 Yp; AVwP _ZtP B|¢P6>

=iy (A | 8l a) — 1) /(i8) + T (5] 87, o5 — 1) /1)

== Sa(¥eln) + Ss(veln), (3.129)

where the later limits can be shown to exist when the i) p relative entropies are finite, as is indeed
the case by Theorem (3.2.3) (1), see [73], Theorem 5.7. The first equality in (3.129) can be
shown more explicitly by subtracting the two sides and observing that this is an inner product on
two vectors. After applying the Cauchy-Schwarz inequality, one again uses the finiteness of 1/p

relative entropy, by Theorem (3.2.3) (1), to show that this difference vanishes in the limit:

(A altp ) = [0pa), Vi NJE slvps) — [6pa))]

lim

t—0 12
_ it _ —it
<lim 2Re (1 WPAJLAn,wP;AWPA» 2Re (1 <(wPBt‘ Aupsltrs) _ o (3.130)

3.2.5.4 L, norms of updated interpolating vector

We now study L,, norms of the updated interpolating vector (3.120) and its limits as P, A —

00, 2 — 0 and p — 1 or p — 2. First we consider p = 1.
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Lemma 3.2.5. 1. The Ly (A, p)-norm of (3.120) for z = 1/2 + it satifsfies:

) A S A
Ah_r};o HHAF¢P(1/2 + Zt)H17’¢)P = HF¢P(1/2 + Zt)Hl,z/;P < F(wwpawwp oto Oé%) (3'131)

where 0457 is the rotated Petz map defined in (3.25).

2. We have

Hm F(wy,, Wy, 0 Lo a)) = Fwy,wy0roa)) (3.132)

P—oo N

Proof. (1) For the first equality, we need an appropriate continuity property of the L;-norm which
is provided in Lemma (B.2.1), Appendix (B.2.2). It shows that strong convergence of the vectors
implies the convergence of the L; norm. For the limit A — oo, this follows from the strong
convergence of 11, to 7'(¢p)m(1p). In fact, we can drop these support projectors because by
definition 7'(¢p)| Ty, (2)) = |y, (2)) and also because the L, norms satisfy (3.60).

Next, Lemma (3.2.1) (1) gives ||I'y,(1/2 +it)||“1‘f;bp = F(wy,,wr,), where we use the
shorthand |I';) = |I'y,(1/2 + it)). Now we use the majorization condition on wr, (3.88), in

conjunction with the concavity of the fidelity [75]:

F(wyp,wysp, 0 L0 0) = F(wy,, wr, + (wyp 0 10 ) —wr,))
t —

= F(M¢P,wpt) + F(wav (wlZJP oLoay wrt))

> F(wy,, wr,) (3.133)

This completes the proof of (1).

(2) We use the fact that, where the fidelity F(w¢ Py Wysp O L O a%) is concerned, we can pick
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another vector that gives the same linear functional. We can replace:
. _ t A/
F(wpp,wyp 0 L0 ay) = || AL 4V JsAgtoes|[], - (3.134)

Then, in view of Lemma (B.2.1), Appendix (B.2.2), we only need establish the strong conver-
gence of ‘@/)p3> and of ’wp A> as P — oo, and this follows by combining Lemma (3.2.3) (1) and

Eq. (3.4) [remembering the notations (3.50)]. [

Next, we consider simultaneously approaching p = 2 and z = 0.

Lemma 3.2.6. We have

1 / 1
lim = [T\ (0) 2, = lim oI (T4 [Ty (6)) Ty [T, (0))) (3.135)

— (Sa(¥pln) — Ss(vr(n))

with py = 2/(1 + 26).

Proof. Define the normalized vector

A [Ty (6))
1Co) = 7= avi (3.136)
HHApr(@)H
We can then use Lemma (3.2.4), (3.122a) to show that:
6o — ¥l
) 3.137
9~>0+ 0 =0 ( )
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So we can apply the “first law” (3.67) for the L, norms in Lemma (3.2.1) to |(p), to conclude

1 ,
lim =1 A 3.138
Jim 5 1n |G| : (3.138)

Do,V P

since pyp = 2/(1426) satisfies the assumptions of Lemma (3.2.1). The L, norms are homogenous

so we can pull out the normalization:

.1 w .1
92%14_ 5 In HHAF#’P (0)| pobp Glir(l)l*- 5 In ||HAF'¢'P (9>||’ (3.139)
and this gives the desired answer after applying (3.122a) again. O

The last ingredient that we will need is an interpolation theorem for the Araki-Masuda L,

norms on a von Neumann algebra:

Lemma 3.2.7. Let |G(z)) be a 7-valued holomorphic function on the strip Sy, = {0 < Rez <
1/2} that is uniformly bounded in the closure, |¢)) € ¢ a possibly non-faithful state of a sigma-

finite von Neumann algebra M in standard form acting on 7#’. Then, for 0 < § < 1/2,

1 1—20 20
= +—

— (3.140)
Do Do D1
with po, p1 € [1,2], we have
GO, (3.141)

< ["at (- ey mlGEIY, + O8O WG/ +D],).

o0
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where

sin(270)
(1 — 20)(cosh(27t) — cos(276))’

sin(270)

ay(t) = 260(cosh(2mt) + cos(2m0))

Bo(t) = (3.142)

Proof. See Appendix (B.3). In the commutative setting this is closely related to the Stein inter-
polation theorem [87]. In the non-commutative setting, a proof appears for type I factors and
the usual non-commutative Schatten L, norms in [2]. We will make sure that it works in the
setting of the Araki-Masuda L,, norms defined in (3.59) with reference to a possibly non-faithful

state. ]

3.2.6 Proof of Theorems 3.1.1 and 3.1.2

We close out this long section by combining the above auxiliary results into proofs of the

main theorems.

Proof of Theorem (3.1.1). Given the two normal states p,c we consider as above representers
|1), |n) in the natural cone. From this we construct the filtered vector |1)p) as in (3.97). We then
apply Lemma (3.2.7) with p; = 2,p = 1, M = A, |G(z)) = IIz|T'y.(2)) and use that the L,

norm is actually the (projected) Hilbert space norm, see Eq. (3.61), so

ITIATy, (it)]13",, = ITTAT g, (it)]| < 1. (3.143)
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Taking the limit # — 0" with the aid of Lemma (3.2.6) we have:

Sa(rln) = Se(eln) = —2A1ijgo/ Bo(t) I [|TTAT . (1/2 + it) |1, dt

=2 [ (O T /2 + i), d

Vv

—2/ Bo(t)In F (wwp, Wypp O L O a;) dt, (3.144)

where the limit exits due to Lemma (3.2.5) (1) and where we have used the monotonicity of In.
Taking the limit P — oo we get in view of Lemma (3.2.5) (2), Theorem (3.2.3) (3) for a Gaussian
filtering function satisfying (A) and (B) of def. (3.2.2) and lower semi-continuity of the B relative

entropy that

Sa(ln) — Se(¥ln) > —2/_ Bo(t)In F' (wy, wy 0 voal) dt. (3.145)

We can then re-write the answer in terms of the original states p, o and we arrive at (3.24). (Recall

that we are using o], = o, interchangeably.) N
Theorem (3.1.1) forms the basis of the next proof:

Proof of Theorem (3.1.2). Since all states p; € . have finite relative entropy with respect to
o € % we learn that w(p;) < m(c). This implies, via Lemma (3.1.1), (in particular (3.36)) that

if 1:(B:) C A, is e-approximately sufficient for .7, then +(B) C A is e-approximately sufficient
for .. Here

Fn={pod € (A).:pE S}, (3.146)

and we have used (3.30b). The recovery channel o is derived from the recovery channel for
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tr(Bz) C A,. This later recovery channel g, then pertains to the “faithful” version of this
theorem, and is derived from Theorem (3.1.1), as we will show below. In this way we can
proceed by simply assuming that o is faithful for A, now without loss of generality. In particular
we may take (3.41) to be determined by the faithful Petz map in (3.25).

In the faithful case we first check that the map (3.41) is indeed a recovery channel. This
follows since o are recovery channels for each ¢ € R ( generalizing the results in [11] to non-
zero t) and so the weighted ¢ integral is also clearly unital and completely positive.

We now check the continuity property of (3.41). The integral is rigorously defined as
follows. For all a € A the function ¢ — o, (a) is continuous in ¢ in the ultra-weak topology (thus

Lebesgue measurable) and bounded on R. So
B, Bpr—>/ ))dt € C (3.147)

gives a continuous linear functional and thus defines an element in B (the continuous dual of the
predual) that we call o (a). Continuity in the linear functional norm follows from the conver-

gence of the following integral:

[ ol @t < al. G.148)
R
This also guarantees that the resulting operator «.o (a fR p(t a)dt is a bounded operator:
| [ p(t a))dt|
[l (a)]| = sup Je < /p(t)uag(a)ndt < |al. (3.149)
pEAL H || R
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We need to check the ultraweak continuity of a — «.»(a). For all p € B, we define the integral

/p(t)poa’; dt (3.150)
R

in much the same way as above, as a Lebesgue integral on continuous functions valued in A,.
That is, the evaluation of this expression on a € A defines an ultraweakly continuous functional

on A. This follows since the sequence

/p(t)p o ol (a,)dt (3.151)
R

converges to the integral of the pointwise limit by the dominated convergence theorem, as p(t)|po

al (a)] < p(t)]|pll|||a|| is integrable. Putting all the pieces together we find that

ez

a— ayla) = /00 p(t)a,(a)dt (3.152)

—00

is ultraweakly continuous, since for all p € B,,

([ pattan —a ) ar= [ ptplation - anat = [ o atia, -~ 15y

converges to zero whenever a,, — a ultraweakly.
The proof is then completed by rewriting Theorem (3.1.1) using the concavity of fidelity.

For this, we require a version of Jensen’s inequality for the convex functional o — F(p, o) on
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normal states on .4 with respect to the measure p(t)d¢. This would give us

/ F(p,potoa)pt)dt < F (p, / poLo ozf,p(t)dt) (3.154)
R R

where p is a state in A,. Then Theorem (3.1.1) becomes:
—2In F(p, poroay) < Salplo) - Ss(plo), (3.155)

which implies that B is e-approximately sufficient as claimed by the theorem.

We are not aware of a proof for Jensen’s inequality for convex functionals of a Banach
space valued random variable that would apply straight away to the case considered here. In
particular, it is not evident that the integrals in question can be approximated by Riemann sums
in the general case, as was done in [2]. So we now demonstrate (3.154) by a more explicit
argument using the detailed structure of the fidelity.

Consider the Hilbert space % = Ly(R; 77 p(t)dt) = AR Lo(R; p(t)dt) of strongly mea-
surable square integrable functions valued in 7. Vectors |Y) in this space are (equivalence
classes of) functions t — |Y;). % is evidently a module for .A. We denote this von Neumann
algebra by A® 1 since it acts trivially in the second L tensor factor of /. Now define the fidelity
as:

Fagi(V,Y) = sup (WY |T)]. (3.156)
Y'e(AR1), ||Y'||<1

We next formulate a lemma that will allow us to complete the proof.
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Lemma 3.2.8. Let |Y),|¥) € ¢ induce linear functionals on A ® 1 such that
(T|ay @1|T) < o(ay), (Ulay @ 1|T) < pay). (3.157)

where a is an arbitrary non-negative element in A and o, p states on A. Then if |1;) ,|V,) are

strongly continuous then F'(T;, V;) is continuous, and we have

F(o,p) > / F(T,, T,)p(t)dt. (3.158)
R

Proof. If |Y;) ,|¥,) are strongly continuous then F'(Y;, ¥;) is continuous in ¢ by (B.45), and
since the fidelity is the L' norm, see Appendix C.

The idea is now to construct a suitable family of elements y; € .A’. This family should be
chosen at the same time so as to satisfy: (i) ||y;|| < 1, (ii) ¢ — y; is strongly continuous, (iii) in the
sup definition of the fidelity, (3.63) we are suitably close to saturating the supremum in the sense
that F'(Y;, W,) is approximately |(Y;|y;¥,;)|. Then (ii) implies that y;|¥;) is weakly measurable
and thus strongly measurable by the Pettis measurability theorem, see e.g. [88], Theorem 3.1.1.%
By (i) we then see that the map y,|¥,) is in the Hilbert space % because boundedness ¥, clearly
implies that it is square integrable. (ii) holds for instance if the function y; is continuous in the
norm topology, and we will attempt to choose it in this way. Then y;, as a function, will define

an element Y in (A ® 1)’ that can be used in the variational principle (3.156). We must therefore

“This theorem applies even without assuming .77 to be separable since the image {y;|¥;) : ¢ € R} is a separable
open subset of .7, in the norm topology, by strong continuity.
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have, using concavity of the fidelity in the same manner as in (3.133),

F(0,p) > Faot (0, T) > ‘ / <Tt|y;rwt>p<t>dt' | (3.159)
R

using the variational principle (3.156) to obtain the last inequality, and using that the fidelity only
depends on functionals in the first. The evident strategy is now to make our choice (iii) of of
the function y; in such a way that the right side is close to the right side of (3.158), while being
continuous in the operator norm topology and while satisfying ||y;|| < 1, so that (i) and (ii) hold
as discussed.

To this end, consider the open unit ball in A’ in the norm topology, A; = {2’ € A" : ||2'|| <

1}. For all ¢t we define next a subset X C A/ by
X = A n{d € A (T2 |T) — F(T,,T,)| < €} (3.160)

This set is open in the norm topology because the second set on the right hand side of (3.160) is
open in the weak operator topology and so it is open in the norm topology, too. It is non empty
since we know that in the sup definition of fidelity it is sufficient to take ||z’|| < 1 and still achieve
F(W, Ty).

We will be interested in the norm closures X/. What we then need to do is select a function
from this set i/, € X/ that varies continuously in the operator norm. This problem can be solved
by the Michael selection theorem [89]. Indeed, we can consider the mapping t € R — X/ € 24
as a map from the paracompact space R to subsets of .4’ thought of as a the Banach space (with

the operator norm). If it can be shown that the sets X/ are nonempty closed and convex and that
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this map is “lower hemicontinuous”, then by the Micheal selection theorem, there is a continuous
selection y; € X/ as we require.

We have seen that the sets are closed and nonempty. Convexity follows from

(W] p1a) + poay [T) — Fpy 4 p2)| < pr (]2 [T) — F| +pa [(¥] 25| T) — F]

P12y + pawy|| < puflzy || + pall 2] (3.161)

where the first equation is schematic but is hopefully clear, and where p;,p> > 0,p1 + p2 = 1.
This implies that &} is convex and hence its closure is also convex.

Lower hemicontinuity at some point ¢ is the property that for any open set ¥V C A’ that
intersects A7 there exists a d such that X7, NV # () for all |t — /| < §. We see this for the case at
hand as follows. Take V satisfying the assumption, and note that V N X/ is also non empty. Pick

ay’ € VN A]/. There exists an € < € such that:

(Wl |Te) — F(0;, Ty)] < € <e (3.162)

Then, by the strong continuity of |Y;) resp. |V,) and continuity of F'(¥,, T;), we see that this

condition is stable: Given € — €’ > 0 there does indeed exist a d such that

Uy |y |To) — F(Up, Tp)| <€,  Vjt—t|<5 (3.163)

which implies that ' € VN X}, C V N A}, as required.
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From Michael’s theorem we therefore get the desired norm continuous y; satisfying

(Wyly; | Te) — F(y, Te)| <€ (3.164)

for all ¢. Using that the fidelity is real and (3.159) and that € can be made arbitrarily small then

readily implies the lemma. O

We now use this lemma with |Y;) := |I',,(¢/2 + ¢)), which is weakly continuous by Theo-
rem (3.2.2) (1). Actually, it is even strongly continuous since it is given by the product of bounded
operators and Aﬁf A Ajf 5> Which are strongly continuous as they are 1-parameter groups of uni-
taries generated by a self-adjoint operator by Stone’s theorem, see e.g. [90], sec. 5.3. We also
take |W;) = |¢), which is obviously strongly continuous as it is just constant. Then | T) induces a
state dominated by p o ¢ o s, by Theorem (3.2.2) (2), and | V) induces p by definition, and | 1)
induces p o ¢ o .. We thereby arrive at the concavity result (3.154), and this concludes the proof

of Theorem (3.1.2). [

3.3 An alternative strategy for proving Theorem 3.1.1

It is conceivable that our approach based on the vector (3.86) can be modified by choosing
other interpolating vectors, and this may lead to new insights relating the argument to somewhat
different entropic quantities. Here we sketch an approach which seems to avoid the use of L,-
norms, thus leading potentially to a substantial simplification. To this end, we consider now a

vector

‘5111(27 ¢)> = Afp,g;BA;z;BA;,qﬁ;AW)a (3165)
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similar to vectors considered in [91]. Here, |£) is some vector such that 7% (¢) D 75 (¢), and
where in this section we find it more convenient to think of B as defined on the same Hilbert
space as A. The vector (3.165) does not depend on the precise choice of |£) (but on the vector
|n) in the natural cone of A, although we suppress this).

(3.165) is defined a priori only for imaginary z. But if we consider the set of states
majorizing |¢), defined as €' (v, A") = {|p) € A : ||d¢Y| < cylld9|| Vo' € A}, then
for |¢) in this dense linear subspace of J#, it has an analytic continuation to the half strip
Si/2 = {0 < Rez < 1/2} that is weakly continuous on the boundary. This can be demon-
strated by the same type of argument as in [91], prop. 2.5, making repeated use of the following

lemma by [91], Lemma 2.1:

Lemma 3.3.1. Suppose |G/(z)) is a vector valued analytic function for z € S, /5, and A is a self-
adjoint positive operator. Then A*|G(z)) is an analytic function of z € S5 if [|A*G(2)]| is

bounded on the boundary of S, /,.

For example, we may write Ay ; 4|v) = A7, JA % AT L A ), at first for imag-
inary z = it. Using the relations (3.10), (3.11), u'(z) = AF , JA % = (DY @ D). 4 is
a Connes-cocycle for A’. The condition |¢) € € (i, A’) ensures that it has an analytic con-
tinuation from z = it to Sy /5, as an element of A’ that is strongly continuous on the bound-
ary of S;/, — this is standard and a proof proceeds as that of Lemma 3.2.4, (1). Similarly,
v(z) = A7 4 4AL% 4 = (D DY), 4 is a Connes-cocycle for A.

Then, for imaginary z = it we get A7 , ,[v)) = u/(2)v(2)|¢), which has an analytic

continuation to Sy, as v(z)|v) is analytic there by Tomita-Takesaki theory. One next applies the

lemma with [G(z)) = A ; 4[¢) and A* = A ¥ ; (chosing |§) = [¢) here). The conditions
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are verified using standard relations of relative Tomita-Takesaki theory as given e.g. in [70],
Appendix C, such as (3.10), (3.11): At the upper boundary, z = 1/2 + it, one finds |G(1/2 +
it)y = u'(1/2 + it)Jqv(it)*J4|n) which is of the form ¥'|n) for &’ € A’ C B’, and one finds

Al/2+it — Ag’mB, Jp Sy - Together, this gives,
AP 4 i) = AL il (12 4 i) L) L), (3.166)

which is bounded for real ¢. On the other hand, at the lower boundary A*|G(it)) is bounded by

definition. Continuing this type of argument gives the following lemma.

Lemma 3.3.2. For |¢) € €(A',v), |Zy(2,¢)) is analytic in the interior of the strip S/, and

weakly continuous on the boundary.

The relationship with other approaches can be seen through the quantity

z) = inf =u(z, ' 2167
9 = e by 1702 O (3.167)

In the setup of finite-dimensional v. Neumann subfactors described in sec. 3.4.1, we can write
= z _—z z 1/2 5
Z0(2,0)) = (05" ® Le)opd 12 (3.168)

If we take z = 0 real then the infimum over 74 (the density matrix representing |¢)) readily yields
an L,-norm for py = 2/(20 + 1),

1/2

R ; Po\ 1/pe
9(z) = (tr‘(ps% ® le)oapa ) :

(3.169)
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We recognize this again as (3.183) corresponding to an expression also studied by [2].
The strategy is now the following. First, Lemma B.3.1 also applies to the holomorphic
Hilbert-space valued function |=(z, ¢)) (because z — In||Z,(z, ¢)|| is subharmonic). So we

have for 0 < 6 < 1/2 that

[e o]

1n||5w(9,¢)|!§/ (cw(t) In = (it, @) '™ + Bo(t) In | = (1/2 + it, ¢)|*) dt. (3.170)

—00

Since Vt € R, ||Z,(it, ¢)|| < 1, ap(t) > 0, we can drop the first term under the integral. Then,
we want to divide by 6 and take the infimum over |¢) € € (A’,¢),||#|| = 1. The next lemma
will allow us to deal with the second term under the integral. Since |¢) € € (A’, ), we can write

|¥) = a|¢), where a € A is self-adjoint, see [66], 5.21. Then:

Lemma 3.3.3. We have

1Z(1/2 +it, §)||* = wy 0 L0 ay(a®) (3.171)

for all |¢p) € € (A, ).

Proof. On the left hand side of (3.171), we may choose |{) = |n). It is most convenient to work
with state vectors in the natural cones, for notations see (3.50). Define b = A}/ 72]; BA;%/ 2, which

is affiliated to the algebra B and extend the definition (3.173) to affiliated operators. Then we can
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write

124(1/2 4 it, 9)|?
A2 A 2 AR g )12
=[1Js5, 4 (S5 (0)) Jaanall?
=(nalshz(b™0)Jash. 4 (a®) [n4)

(3.172)

=(nslsy5(b°0) Jary (sp. 4 (0%))|78)
:<778’b*bJB B (O‘n (gnA ( ))) |75)
= (ns|b* Jss, .5 (an (55,4 (a*))) blns)

=(¢slay, (a*)[¥s) = wy © L 0 oy (a?).

(The choice 7 () = J4 < 74 (¢) < 7 (n) = 1 guarantees the supports of vectors on A’ are
multiplied in the correct way, so we keep the 7*"’s implicit in the derivation — everything should
be understood to happen on 74’ (1).) In the derivation we used the definition of the Petz recovery

map, see e.g. [73] proof of prop. 8.4, suchthatVa € A,b € B,

(nalbJaalna) = (slbJsay(a)|ns). (3.173)

Thus, we have (3.171). We obtain the claim in the lemma by taking the infimum in the set

€ (A, ) on both sides of (3.171) and using (3.62). O

The lemma and concavity of In allows us to conclude from (3.170) that

lim 1n||~¢< )|l < InllaCs|* = A2 2, (3.174)
0—0+
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where |() is a vector representative of w,, o ¢ 0 auy € A, and a» the recovery channel (3.41).
Note that taking the infimum over |¢) € € (¢, A’) on the right side yields 2 In F'(wy, wy0toay)

On the other hand, it is plausible to expect that for the term on the left side of (3.170), we obtain

. N S 3
sedl, ) im, 5 In 1Z4(0, )| = —Sa(¥ln) + Ss(¥n). (3.175)

If this latter equation could be demonstrated — which is possible at a formal level® — then it is
clear that we would obtain an alternative proof of thm. 3.1.2 (though not of thm. 3.1.1).

When attempting to demonstrate (3.175) (or equivalently (3.176)), one is facing similar
technical difficulties as in the proof strategy described in the previous sections. There, we were
forced to introduced suitably regularized versions |¢)p) of the vector in question. Thus, while the
strategy discussed here nicely avoids the use of L,-spaces up to a certain point, it is not clear
whether their use can be altogether avoided. We think that this would be an interesting research

project.

3.4 Examples and applications

Here we illustrate our method and results in two representative examples.

3 It is relatively straightforward to see that this equation would follow from the equation

1
Jim o (1= 206, 0)I2) = (110 A guslv) = (5] 10 Ay gal). (3.176)

which is easier to check as it does not contain an infimum.
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3.4.1 Example: finite type-I algebras

To compare our method to that of [2] in the subalgebra case, we work out our interpolating
vector (3.86) in the matrix algebra case. Thus let A = M,,(C) and B = M,,,(C),C = B'N A,
embedded as the subalgebra b — «(b) = b ® 1¢ where n = m X k and these integers label the
size of the matrices. We will work in the standard Hilbert space (7 ~ M, (C) ~ C™ ® C") and
identify state functionals such as o with density matrices. So for example o4 € M,,(C), and we
assume for simplicity that this has full rank (faithful state).

A ~ M, (C) is both a left and right module for A,

I[(m1) |mg) = |mims) r(my) Img) = |mam,), (3.177)

and the inner product on 7 is the Hilbert-Schmidt inner product. The natural cone of A is
defined to be the subset of positive semi-definite matrices in .7#. The modular conjugation and

relative modular operators (of .A) associated with this natural cone are:

Jlm) = |m*) Ay =Uo)r(psd), (3.178)

where we invert the density matrix p4 on its support. The natural cone vectors correspond to the
unique positive square root of the corresponding density matrix, now thought of as pure states in

the standard Hilbert space. So [ 4) = ’pi(2> and |¢g) = |p}3/ 2>. The embedding is:

V, = (o T r(05"?),  T*(mp) =mp® ¢ (3.179)
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Using these replacements it is easy to compute our interpolating vector (3.86) |I'y(z)) by starting

with the expression in (3.87a)

Pu(2)) = w5k @ 1e)p{* ™) (3.180)
and
1/2—=z o 1/2—z —s 2
AL = | onlost s @ 10) ). (3.181)

The L,(A’,) norms can be computed using the well known correspondence between these

norms and the sandwiched relative entropy discussed in [81]. This gives:

1/2-0

p\ 1/p po\ 1/po
)= (tr’p&a&(aé%%@lc)pfl ) 68

ITw @)t = (b o T0(0)

where in the last equation we set p = py and used 1/py — 1/2 = 6, and where |¢)) = | pi(Q ).

Similarly, we have

1/2

pi oh(og’ph @ 1¢)

po\ 1/pe
) (3.183)

|a " Imuo)

A/
= (tr
Peﬂl’

and we recognize this later expression as [2], Eq. (25) with « there given by py/2.

3.4.2 Example: half-sided modular inclusions

Half-sided modular inclusions were introduced in [92, 93] and consist of the following
data: An inclusion B C A of von Neumann algebras acting on a common Hilbert space 7,

containing a common cyclic and separating vector |n). Furthermore, for ¢ > 0, it is required that
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Aiﬁ ABA;Z C B, hence the terminology “half-sided.” This situation is common for light ray
algebras in chiral CFTs, where |n) is the vacuum.

Wiesbrock’s theorem [92, 93] is the result that for any half-sided modular inclusion, there
exists a 1-parameter unitary group U(s), s € R with self-adjoint, non-negative generator which

can be normalized so that

A;ZAZ'{B =U(e™ —1) (3.184)

for t € R. Furthermore, the unitaries Aiﬁ 4, U(s) fulfill the Borchers commutation relations
[94] and in particular B = U(1)AU(1)*, J4U(s)J4 = U(—s). For any a > 0, the inclusion
A, =U(a)AU(a)* C Ais then also half sided modular.

For a half-sided modular inclusion, the embedding is trivial, V;, = 1. Using this in-
formation, one can easily show that in the case of the half-sided modular inclusions A4, =
U(a)AU(a)* C A, the rotated Petz recovery channel, denoted here as o/, : B — A to emphasize
the dependence on a, is:

al(z) = Ula(l + e ™)) *zU (a(1 + e~ ™). (3.185)

n

Theorem (3.1.1) therefore gives the following corollary, conjectured in [14], after a change of

integration variable.

Corollary 3.4.0.1. Let B C A be a half-sided modular inclusion with respect to the reference

vector |1)), so B = A, = U(a).AU(a)*. Then we have

2 4y
y?

(3.186)

a

L6 (wilin) — S (wplion)] > / 0 P, Uy)wsU()")
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For a half-sided modular inclusion, V;, = ;€ B’ [from (3.57)] is the partial isometry
that takes |¢)4) in the natural cone 33?4 (defined w.r.t. |n)) to the state representer in 2% (also
defined w.r.t. |n)). The interpolation vector (3.86) thereby becomes in the case of half sided

modular inclusions

Ty (2)) = A7 w A s 1) - (3.187)

The vector (3.187) is similar to a vector studied in [14] in order to prove the quantum null energy
condition (QNEC). Based on this and some preliminary calculations we speculate here that the

QNEC can be understood in terms of the strengthened monotonicity result in Theorem (3.1.1).

Conjecture 3.4.1. The limit a — 0 of Theorem (3.1.1) in the case of a half-sided modular inclu-
sion A, = U(a)AU(a)* C Aleads to a saturation of the bound:
2 (o]

d
lim — In F(p, poa)p(t)dt = d_SA“ (plo)| . (3.188)
a

a—0 oo a=0

This is a more refined version of a conjecture appearing in [14]. A corollary to this conjec-
ture, if proven, would be a new proof of the QNEC since the recovery channel is translationally
invariant so applying the same result to a further translated null cut one can use monotonicity of

the fidelity to prove that %S 4, (p|o) is monotonic in a as required by the QNEC.
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Chapter 4: Approximate quantum error correction model of AdS/CFT

This chapter presents the analysis of quantum error correction models for AdS/CFT. We
provide some basic definitions in Section (4.1). In Section (4.2), we discuss the constraints
necessary for the HMERA to exhibit non-trivial correlation functions. We state a no-go theorem
which requires that an HMERA with non-trivial correlators must necessarily contain more than
one type of tensor. In Section (4.3), we, therefore, turn to the construction of models with multiple
types of tensors, giving both general guidelines for constructions and an explicit realization (with
additional details in Appendix (C)). Finally, in Section (4.4) we finish with a summary of this

chapter.

4.1 Definitions

Typically, a MERA in the literature often refers to a multi-scale tensor network consisting
of two types of tensors, the disentangler and isometry. However, the broader definition of MERA
can extend to more general tensor networks such as the HaPPY code[31], the hyper-invariant
tensor network[50], and other similar network geometries. To avoid this potential ambiguity,
here we define MERA networks that are consistent with some hyperbolic tiling hyper-invariant

MERAs, or HMERAs. We use MERA to specifically refer to the constructions described in [38].

Definition 4.1.1. A hyper-invariant MERA (HMERA) is a tensor network built on the dual graph
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- T®!
= : }Elegs = I

N — { leg contraction

Figure 4.1: An example of a tensor where N — / legs are contracted. Straight lines denote identity
operators.

on a uniform hyperbolic tessellation such that the tensor layouts are consistent with the discrete

symmetries of the tessellation.

Examples of such HMERAs include the HaPPY code and hyper-invariant tensor networks.
In these constructions, all tensors associated with the tiles, vertices and edges are chosen to be
the same. However, one can, in general, place different tensors in various locations as long as
they have the right degrees, i.e., the number of dangling edges; see e.g. Figure (4.5) below for
an example. The usual MERA (see for example figure 7 of [49]), on the other hand, is not an

HMERA because the underlying tiling is not uniform.

Definition 4.1.2. A tensor of degree /N with constant bond dimension on each leg is ¢-isometric
if contracting N — ¢ legs of the tensors with its conjugate transpose yields /®¢. In addition, it is

permutation-invariant if it is {-isometric for any such (/N — ¢)-leg contractions.

Graphically, this property is shown in Figure (4.1).

One can use such isometries as encoding isometries of quantum error correction codes.
Here we call something a code when it encodes at least one logical degree of freedom (more
generally, k£ of them). This, for example, rules out the £ = 0 codes which simply encode a
state. The encoded logical degree of freedom is often referred to as the bulk degree of freedom
in holographic tensor networks. We use these terms interchangeably in this work.

Isometric properties can also be translated into error correction properties. If a degree N
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tensor is permutation invariant /—isometric, then it can also serve as an encoding isometry for an
[[n, k,d]] code where n = N —k, k > 1,and d > ¢ — k + 1 [37]. This is because when any ¢ — k
leg subsystem is maximally mixed, the map onto a subsystem is also a code that corrects at least
that many erasures. Therefore any operation that alters the logical information must have support
over at least £ — k + 1 sites. Here we use this notation to denote a code over n qudits each with
size given by the bond dimension of the tensor. If the tensor is not permutation invariant, then the
resulting code can still correct such erasure on the specific { — k legs required by the isometry.
However, in this case no conclusive statement can be made about code distances in general.
Conversely, it is also straightforward to find examples of tensors with such isometric prop-
erties. For instance, any non-degenerate code with d = ¢+-1 satisfies the property that the reduced
density matrix on ¢ qubits is maximally mixed. This yields a permutation invariant /-isometry.

The tensor that corresponds to this code is at least a k£ + ¢-isometry.

Definition 4.1.3. An HMERA is regular if it is built from a regular hyperbolic tessellation. If the
tensors over different tiles in this network are identical and permutation-invariant, then we say it

is completely regular.

Note that a (1-)uniform tiling can be regular or semi-regular. For example, the semi-regular
pentagon-hexagon code (Figure 17a of [31]) and the hybrid holographic Bacon-Shor code[33] are
completely semi-regular HMERASs. Here we focus on regular tilings where all polygonal tiles
are identical. A completely regular tensor network will have individual tensors that obey the
symmetries of the tiling. A completely regular HMERA is then a tensor network constructed by
gluing together tensors that are also manifestly erasure correction codes. The HaPPY pentagon

code and the holographic Steane code[35] are such completely regular HMERAs.
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Definition 4.1.4. An HMERA is locally contractible if each tensor contracts to an isometry.

There are cases in which groups of tensors together contract to an isometry while each
tensor as its own fundamental unit does not; see, for example, [50]. If the (groups of) tensors in
the network do not contract to isometries, then it becomes more difficult to contract the network
exactly when one computes quantities such as expectation values. This often leads to a much
more costly algorithm, although there are instances where approximate contractions can also be

performed in polynomial time[95, 96].

Lemma 4.1.1. A completely regular HMERA is locally contractible only if it has tensors that are

least 2-isometric.

Proof. For a given layer of the hyperbolic tiling, there is at least one tile which has two edges
facing inwards whereas all others have one edge facing inwards. As a result, the dual network
contains loops. A tensor on this tile will have at least two legs facing inwards. If there are only
I-isometries, then it is impossible to contract this tensor from the outside, thus breaking local

contractibility. [

Note that it is possible to generate completely regular tree tensor networks where all tensors
are identical 1-isometries that are locally contractible. This lemma also ensures that a 5 qubit code
is the simplest tensor that can be used as a building block for a locally contractible and completely
regular HMERA that is also a non-trivial QECC. This is because the quantum Singleton bound
requires that n — k > 2(d — 1). Complete regularity along with 2-isometry now ensure that each
tensor block has d > 3. To encode a non-trivial amount of logical information, we also need
k > 1. Hence this puts n > 4 4+ k > 5. Hence the simplest building block for such a HMERA is

indeed the [[5, 1, 3]] code.

100



4.2 General Constraints and no-go theorem

When considering the holographic code, a “good” non-degenerate QECC that corrects two
or more erasure errors necessarily has a trivial connected 2-point function on the boundary. This
is because in order for the erasures to be correctable, they must contain none of the encoded
logical information. Therefore, for non-degenerate codes, the state p4p on the erased systems
A, B on the boundary must be maximally mixed. Such states have zero mutual information

between the two erasures. Hence, for unit norm operators O 4, Op acting on A, B respectively,

%((OAOB> —(04){(0p))* <I(A: B) =0. (4.1)

This is, for example, the case for most two-site combinations in the HaPPY code. Therefore, to
produce non-trivial correlation functions, one would have to consider a “bad” code with proper-
ties that are usually undesirable for quantum error correction. Additionally, it is difficult for it to
properly capture the correct behaviour of subregion duality in holography.

This is not to say that it is impossible to produce a useful holographic code with non-trivial
correlations. For example, degenerate codes may still sustain non-trivial two point functions
while having the same code distance as a non-degenerate code. That is, let {|i)} be an orthonor-
mal basis for the code subspace; treating O 4, Op as two single-site errors, the Knill-Laflamme
condition is still satisfied,

<€|OAOB|3> = CaBdij, “4.2)

as long as C4 5 has off-diagonal elements while terms like (i|O 4]¢) can vanish. Such is the case

for the Shor code[97] but not for the [[5, 1, 3]] code.
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Another option is to consider approximate quantum error correction codes (AQECC), where
the Knill-Laflamme condition is only satisfied approximately. This is a more natural approach be-
cause AdS/CFT should be described by an AQECC when the gravitational coupling is finite[98,
99]. In this case, it is possible to have a code that has “bad” erasure correction properties in
general, but is nevertheless sufficiently close to a “good” code, such that it reproduces the de-
sired behaviours like entanglement wedge reconstruction to leading order while also supporting
correlation functions which become nontrivial as a result of 1/ corrections.

It might seem straightforward to construct such (A)QECCs using the same techniques of
[33], where one replaces a code by its “noisy” counterparts. However, it is more difficult to
maintain both non-trivial correlation functions and exact contractibility at the same time. On the
one hand, exact contractibility requires (Lemma (4.1.1)) that the tensor be at least 2-isometric,
meaning that certain two-site subsystems need to be maximally mixed. Heuristically, this very
property makes it harder for the tensor network to sustain non-trivial two-point functions. On the
other hand, adding “noisy” terms to the tensor network tends to spoil said isometric properties,
making it easier to support non-trivial correlations but harder to contract exactly. Therefore, the
challenge to building an exactly contractible (A)QECC model with non-trivial correlations is in
balancing these two opposing forces such that each tensor is just good enough an error correction
code, or, more generally, isometry, to give exact contractibility, but not so good as to require
trivial correlation functions on the boundary.

The tension between contractibility and non-trivial correlation function in these holographic
codes can be summarized in the following theorem. The simplest efficiently contractible con-
struction which captures the discrete symmetries of the hyperbolic space is a locally contractible

regular HMERA.
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Theorem 4.2.1. A locally contractible and completely regular HMERA always contains a trivial

connected boundary two-point function.

Proof. Consider a regular tiling of the Poincare disk with Schlafli symbol {p, ¢}, which tiles the
plane with polygons of p edges with each vertex of the polygon adjacent to ¢ p-gons.

Let us tile the space as follows. We start by having the central tile (top layer) then gradually
add more tiles layer by layer by radiating outwards. The first layer consists of the p polygons
whose edges are immediately adjacent to the central tile. Of the polygon in a layer, those that
have edges facing toward the center we call edge polygons (EPs). We then repeat the process by
adding more EPs for the polygons in the outer layers. Finally, we finish by adding polygons that
have a vertex facing the center which fills the gap between EPs, which we call the vertex polygons
(VPs). They have two edges facing inwards. If the tiles in an outer layer are immediately adjacent
to a tile in the inner layer, then outer tiles are the“descendants™ of the inner tile, which is the
“ancestor.”

To construct a completely regular HMERA, for each tile we now place the same tensor
with p in-plane legs on the centroid of each polygon such that its legs are perpendicular to the p
polygon edges. For two polygons that share a common edge, the two tensor legs that cross this
edge are contracted. By lemma 4.1.1, the tensors are also at least 2-isometric for the network to
be locally contractible.

Case 1 (¢ > 3) : For ¢ > 3, no two adjacent polygons in the same layer can have the same

ancestor. Thus for ¢ > 3, all tiles can be divided into the above two categories'.

IFor q > 3 but odd, there are edges of VPs that are neither inward nor outward facing. However, we can take
such legs to be outward facing choosing some sequence of adding tiles. For instance, when two adjacent tensors are
connected on the same layer (two nearby polygons share a common edge that is neither inward nor outward facing),
we can take one of them to be EP which has one inward facing edge and the other to be VP which has two.
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Each EP has one inward facing leg that connects to the direct ancestor, and each VP has
two. Note that a VP cannot have direct ancestors that are only VPs. This is by construction,
where we always add VP after growing EPs. Therefore, for a VP, at least one of its direct ances-
tor/descendent is an EP.

Note that we will only focus on operator insertions where the operator is not proportional
to the identity. This is because the connected two-point function for identity operators always
vanishes. Then, for a single operator insertion on the boundary, it is either inserted on a tensor on
EP or a VP. If the former, then the coarse-graining ascending super-operator can be reduced to
contracting the 1-isometry with one operator insertion (Figure 4.2a). Because the tensor corrects
at least two located errors d > 3, this contraction is zero. One can see this by first tracing the
other p — 2 legs without operator insertions, which reduces to the identity map tensoring a single
operator insertion of the form tr|Op| where p o I. We can then decompose the operator O into
a part that is proportional to the identity and a part that is traceless. The first part coarse-grains
to an operator proportional to the identity; they do not contribute to non-trivial correlations. The
tensor contraction of the second part vanishes by tracelessness. Because the network always has
EPs in its outer layer, this is sufficient to show that the state generated by the network contains
trivial correlation functions.

For completeness, let us also examine operator inserted on VPs. If the boundary operator
is inserted on a VP, then either the tensor contracts to 0, when d > 3, or it produces a weight 2
operator on the parent layer. The former again is trivial. For the latter case, because the graph
is simple, the 2 operators must be passed onto 2 different tensors in the parent layer. At least
one of these tensors is on an EP because they are immediate ancestors of a VP. They have a

weight 1 insertion on each tensor, which makes the EP tensor contraction vanish also (Figure
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Figure 4.2: Left: for inserted operators not proportional to the identity (red dot), such components
are found on EPs and are contracted to 0. Right: an operator inserted on a VP tensor can be
coarse-grained to a weight 2 operator insertion. It can then be decomposed as sum over weight 1
operators contracted on EPs.

4.2b). The only non-trivial term from such contractions is if the parent contains only one EP
and that an identity operator is pushed to the parent EP while a weight one operator is pushed
to the parent VP. However, this cannot always be true because the contraction terminates on a
“top tensor” whose descendents are EPs only. Therefore, there must exist a layer for which both
parents are EPs. Hence for ¢ > 3, we do not have any non-trivial super ascending operator.
Therefore a two-point function is trivial as long as the two insertions are sufficiently far apart on
the boundary.

Case 2 (¢ = 3): By construction, each descendent of the central tile is immediately adjacent
to two others in the same layer. Therefore, for a tensor network on this tiling to be contractible
at all, it has to be at least a 3-isometry. Again, we drop the bulk indices for convenience. Adding
the completely regularity condition, this implies d > 4. Thus for any operator inserted on a VP,
which has only 2 edges facing inwards, insertion on these sites will vanish. Because there are

VPs in this tiling, there will be two-point functions that are trivial.
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]

In other words, if one constructs a tensor network out of a single type of code that corrects
erasures exactly and demands it to be efficiently contractible, then some correlation functions of
this network must be trivial.

Indeed, we see that this is true for both the hyper-invariant tensor network and MERA
where at least two types of tensors are used in its construction. This is also true for the pentagon
and the heptagon code. In fact, we see that there are trivial correlation functions in [52] even for
localized two-point function and that the (pairs of) sites with non-trivial correlators are sparse in
the infinite-layer limit[51].

Note that here we have only focused on locally contractible completely regular HMERAs.
It is in general possible to allow a completely regular HMERA to still be efficiently contractible
by taking groups of tensors to contract to an isometry. We call such tensor networks quasi-locally
contractible. One may worry that the local contractibility is too restrictive a requirement, and
that there may be quasi-locally contractible networks that are completely regular. However, if
a completely regular HMERA is quasi-locally contractible, then we can group the tensors into
isometries. If the grouping produces another uniform tiling of the hyperbolic space, then it is
simply a locally contractible uniform HMERA but with a different component tensor. By the
above theorem it cannot have non-trivial correlations. If the network admits grouping of tensors
into different isometries which correspond to a non-regular tessellation of the hyperbolic plane,
then it is equivalent to an HMERA with multiple component tensors similar to MERA or the
hyper-invariant tensor network, which are not completely regular.

The intuition of the above result is essentially that one has put too much “isometric-ness”
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into the network. By requiring the tensor network to be completely regular we force each tensor
to be permutation invariant. This then forces every two-site subsystem on each tensor to be
maximally mixed. As we have mentioned above, such properties prevent a non-trivial two-point
function. It is clear that we then need to dial down the amount of “isometric-ness” in the network
to avoid this no-go result.

One can achieve this by removing different restricting clauses in the theorem while still
having a satisfactory HMERA. For instance, this is possible by relaxing a completely regular net-
work to a regular one. In doing so, we may relinquish some of the local symmetries of the tensor
by not requiring permutation invariance. Such tensors can only be isometries when contracted in
certain directions (e.g. the isometries in MERA). Alternatively, we can allow more than one type
of tensor in the network while still demanding that all types have the same degree. For such kind
of networks, one can selectively reduce the “isometric-ness” of some tensors such that we still
maintain local contractibility. Of course, we also give up some symmetries in the network. Or,
one can take a combination of these two approaches. The latter will be the approach we take in
the next section.

Going beyond regular and locally contractible HMERA, one can give up regularity entirely
by going to semi-regular or k-uniform tessellations where different shaped tiles can map to dif-
ferent tensors. Local contractibility can also be relaxed to quasi-local contractibility, e.g., in the

hyper-invariant tensor network, while still retaining an exactly contractible ansatz.

107



4.3 HMERA model

4.3.1 General Construction Guidelines

In this section, we consider a construction that uses more than one type of tensors while
preserving a regular tessellation. Although it can be tricky to prepare a tensor network with
desired properties using only one type of tensor, it is much easier with two or more.

Let us begin with a regular tiling of the hyperbolic plane with Schlafli symbol {p, ¢}. We
choose p, ¢ such that the suitable isometries which we will describe in more detail later exist. In
addition, all tiles except the one at the center can be divided into two types: the polygons with
one edge facing the center, or edge polygons (EP), and polygons with a vertex/two edges facing
the center, or vertex polygons (VP)2.

Correspondingly, we need two types of isometries, the 1(+4k; )-isometries of degree p + ki,
which we assign to the EPs, and 2(+k,)-isometries of degree p + ko, which are assigned to the
VPs. For the top tensor living in the central tile, we assign a kp-isometry which encodes kg
qudits into p qudits. From the error correction perspective, the top tensor does not exactly correct
any erasure errors, but it may correct them approximately. By construction, we will assume
that p, ¢ are suitably chosen such that these types of isometries exist (we will give an example
of such a choice in the next paragraph). ko, k1,k2 > 0 are the number of “bulk™ or logical
degrees of freedom we want to assign to each tile. For the tensor network to be a non-trivial
code, we want kg + k; + k2 > 0. We then orient the remaining p tensor legs such that each

leg is perpendicular to the polygon edges. The bulk legs will be left uncontracted while the two

2This construction method will not apply to the cases where some polygons are neither EP nor VP, e.g. when ¢ is
odd. However, for ¢ > 5, one can circumvent this difficulty by preferentially designating such polygons to be either
VPs or EPs. For ¢ = 3 the situation is much worse and it is unclear if such a simple modification is sufficient.

108



in-plane legs of each tensors that lie on the same edge of a polygon will be contracted through the
usual tensor contraction procedure[27, 31, 33]. This then produces a tensor network that maps
the bulk degrees of freedom onto the boundary degrees of freedom. For the sake of convenience,
when we refer to isometries from now on we will automatically drop the (+k) bulk degrees of
freedom and only consider in-plane legs unless otherwise specified.

For a slightly more concrete example, consider the {5, 4} tiling of the hyperbolic plane by
pentagons in Figure (4.5), where the VPs are labelled by squares and EPs are labelled by disks.
The top tensor, a (0(+1))-isometry of degree 6, is denoted by a pentagon. Then for each VP,
we can assign a (2(+1))-isometry and for each EP a (1(+1))-isometry, both of degree 6. This
will allocate kg = k1 = ko = 1 bulk qubit degree of freedom for each pentagonal tile. Such
isometries clearly exist. One example is to take a [[5, 1, 3]] code for the VP and a [[5, 1, 2]] code
for the EP. For the top tensor, more generic encoding isometries V : C? — (C?)®5 would suffice.
For example, we can turn a non-additive [[6, 0, 2]] code into a [[5, 1]] code which does not correct
any erasure error by taking one of the tensor legs to be the bulk leg. Of course, while these
isometries satisfy the necessary conditions we outlined, they need not be sufficient.

The error-correction properties of the code, e.g. the physical representations of logical
operators, can also be easily derived using operator pushing. See [31, 33] for details. The pushing
rules follow from the isometric properties of the tensors, where an ¢-isometry of degree p can
push any operator supported on ¢ legs to the remaining p — ¢ legs. Therefore, the support of each
logical operators can also be derived by following these local pushing rules in the tensor network.
See Figure (4.3) for an example in the {5, 4} tiling where the relevant isometries are given by the

[[5,1,2]] and [[5, 1, 3]] stabilizer codes>.

3The operator pushing in Figure (4.3) also holds for the approximate code we construct in Section (4.3.2). How-
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Figure 4.3: Left: a logical operator on the central (top) tensor is supported on all boundary
degrees of freedom (red and green nodes). However, if one constructs a code that approximates
the HaPPY code, then a logical operator can be pushed along the green arrows to a subregion
of the boundary (green nodes) with a small error. Right: a similar pushing for certain logical
operators closer to the boundary produce operators that are supported on a subregion. The logical
operator can be reconstructed approximately on green nodes and can be reconstructed exactly on
the union of green and red nodes.

Conversely, if all logical operators of some bulk region can be “cleaned” off of a boundary
subregion, i.e. there exists a representation of the logical operators such that they act trivially
on said subregion, then the erasure of this subregion also does not affect the encoded logical
information in that bulk region. Specific code properties will, of course, depend on the details of
the isometries and the network one uses.

Furthermore, because these isometries are QECCs that correct no more than e erasure er-
rors, where e = 1 for EPs and e = 2 for VPs, they will not (exactly) correct any erasure errors
on the boundary. Equivalently, this implies that an inserted weight one operator (such as a Pauli
error) on the boundary will generally coarse-grain to a non-trivial (not zero or identity) operator

on the more coarse-grained layers. This allows us to define non-trivial ascending/descending su-

ever, in Figure (4.3)b, only the logical Z operator can be supported on 4 legs of the imperfect code.
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peroperators in a way similar to that of the MERA[100]. These are mappings that take operators
to operators, corresponding to coarse/fine-graining a particular operator along the renormaliza-
tion group direction. However, a key difference is that these superoperators can be different on
different layers. Therefore we only take them to be similar to their MERA counterparts in an
average sense. Suppose such a coarse-graining (ascending) superoperator averaged over the lay-
ers is given by S(-) which admits spectral decomposition with eigenvalues ), and corresponding
eigen-operators 1/, then, we can reuse the same argument as is used to derive the MERA power-
law correlation functions. See Section 3 of[100] for example.

Consider inserting operators 1), 13 on the boundary sites indexed by i, j. Then the corre-
lation function is expected to behave as

- I C,
(a(i)p(1)) = Caphi Ny = M—Aﬁwﬂ 4.3)

Here C,,5 = tr[¥(a, 3)p)] is the expectation value of a localized coarse-grained operator ¥ (c, 3)
evaluated against the reduced state p supported on a few sites which is approximately a fixed
point* of the coarse-graining S(p) = p, and under its dual fine-graining descending superoperator
S*(p) ~ p. Equivalently, one can keep coarse-graining the operators ¥ (c, 3) using the ascending
superoperators all the way up to the top tensor then evaluate C,5 against the top tensor®. | ~
log | — j| is the number of layers of coarse-graining needed before g@a@ﬂﬂ becomes localized, and

A, = log A\.. The specifics of these super-operators will depend on both the network structure

4The existence of a fixed point is an additional assumption we make for the model. It seems physically rea-
sonable that, for such a tensor network with a large number of layers with the same average ascending/descending
superoperators, there should be a fixed point.

>The top tensor may encode global information of the state[101], but its impact on a few-site reduced state is
washed out by the ascending/descending superoperators, so we expect that ((4.3)) should not depend on the choice
of top tensor.
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and the tensor isometries we use.

Note that this heuristic argument, by itself, does not imply the model can be used to ap-
proximate the ground states of CFTs whereby A are fit to the correct primary operators. Our
statement is simply that such networks should support power-law correlations, as opposed to
other completely regular HMERASs which Theorem (4.2.1) ensures do not.

Thus far, the method described constructs a quantum code which, in general, does not cor-
rect for erasures of subregions. In addition, the logical operators are not necessarily represented
transversally. While such properties are not desirable for fault-tolerance, the latter is not a con-
cern for models of AdS/CFT®. As for the former, holographic codes in general should correct
for erasures of boundary subregions, at least approximately, in the large N limit. Therefore, if
one wants more similarity with holography, it is not enough for such tensor networks to simply
be a “bad code”, rather it also has to be “close” to a good holographic code with proper erasure
correction properties like [31]. To this end, we have to take a bit more care in constructing the
isometric tensors such that they are also close to good erasure correction codes with larger code

distances.

4.3.2 An Explicit Construction

We now present a concrete example of HMERA that is both efficiently contractible and
permits non-trivial boundary correlations on all sites. We will construct isometries using a tunable
parameter 6 such that the code reduces to two copies of the [[5, 1, 3]] “perfect” code when 6 = 0.

It well approximates the HaPPY code when 6 small, but can now produce power-law decaying

®In fact, it would be extremely unusual if all bulk operators can be represented transversally on the boundary,
i.e. that they are simple tensor products of boundary operators acting on disjoint subregions, because the smearing
function is highly non-trivial.
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correlations and can in principle sustain a non-flat entanglement spectrum. We base our model on
a tensor product of two copies of the HaPPY pentagon code. To circumvent the no-go theorem
(4.2.1), we substitute some of the perfect codes in the network with imperfect codes which we
now construct.

First we construct a 1(+0)-isometry tensor associated with the edge polygons which we
call the imperfect code. The imperfect code is illustrated graphically in Figure (4.4). This is but
one way of constructing such isometries which are manifestly close to a perfect code for some
parameters. In practice, one can easily construct other tensors over larger bond dimensions with
more variational parameters. However, we choose this simple construction for the sake of clarity.

The imperfect code is a superposition of the double copy perfect tensor together with
weight-2 Z-type errors inserted’. A weight-1 Z error is inserted in each copy, but no two er-
rors are inserted on the same leg of different copies. Here 7,57 = 1,2,...,5 are labelling legs in
which errors are inserted. All different possible insertion configurations are summed up. To have
this imperfect tensor be a 1-isometry (see Definition (4.1.2)), the parameters should satisfy the
following relation:

cos 0% + Z sin 9%- =1. 4.4)
i#]

To retain the original symmetry of the perfect tensor, we usually choose the parameterization

sin 6

sinf;; = 5%

. Both the perfect and the imperfect tensor being isometries guarantees the effi-
ciently contractible property of our HMERA model.
Treating each leg as a qudit, we can show that this imperfect tensor defines a [[5, 0, 24

code but approximates two copies of the perfect code (Appendix (C.3)). It exactly reduces to

"The added terms with Z errors help tilt the perfect code away from a stabilizer code. In doing so, it adds magic,
which is necessary at all scales of the tensor network to produce a low energy state of a CFT[102].
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=cos O (%)

T~
+ Z sin 6 ® Z

i%j

Figure 4.4: The construction of the imperfect code where each line on the left hand side represents
two physical qubits. Each 5-pronged diagram on the right hand side is a perfect code. In the
second line 7, j label the legs in which Z errors are inserted on each copy respectively.

two copies of the 5 qubit perfect code when # = 0, and therefore inherits all its error correction
properties approximately when ¢ is small. In the tensor network notation, each leg has bond
dimension 4 and the code sub-algebra is supported on any three legs of this tensor when ¢ = 0.
However, when 6 small but nonzero, it only approximates the double-copy perfect code.

We can also construct the top tensor in a similar fashion by super-imposing the same codes
with different choices of the code subspace. For instance, let V' be the perfect code encoding
isometry, then we may construct a tensor that approximates the perfect code for small ¢;o with

encoding map V7 such that,

5
Vr = cos gV + Y _sing; PV (4.5)

i=1
where cos® ¢g + >, sin?¢; = 1and P; € {X,Y, Z} are the same Pauli operators acting on site i.
For the sake of symmetry, let us choose ¢; = ¢y = ¢. We can then take two tensor copies of this

code as the top tensor we use in the network.
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Figure 4.5: The illustration of the HMERA tensor network. The first several layers of substitution
is explicitly shown. The circles represent the imperfect tensors defined in Figure (4.4), while the
squares represent the tensor product of two perfect tensors.

To construct the full tensor network, we specify the positions of the substitution and re-
place those perfect codes with their imperfect counterparts. This is explicitly shown in Figure
(4.5). First we choose a pentagon as the origin and replace it by an imperfect double copy top
tensor ((4.5)). From the origin we can label each pentagon uniquely by the number of edges we
need to cross to reach it from the origin. The collection of pentagons that are assigned to the same
number a is called a “layer”. Apart from the top tensor, if a particular pentagon tile has only one
edge connected to the previous layer, we replace the two tensor copies of the perfect code on it
by the imperfect code (Figure (4.4)).

The variational parameters of this model are given by the logical degrees of freedom, the
top tensor skewing parameter ¢, and 6, where in principle each imperfect code is labelled by 7.
For a more symmetric construction, we can set 6, = 0, Vr.

This network again supports a power-law decaying correlation function. Heuristically, it
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should contain at least one type of scaling operator with A ~ log A\, where \ as the average of

the dominant eigenvalue of the coarse-graining super operators over the layers:
A [T (4.6)
a

The index a labels different types of super operators and p, denotes the probability of type a
super operator contributing to the coarse-graining process. It can be shown that one can choose
the variational parameters such that A, < 1. The detail distributions of p, and the details on the
different superoperators can be found in Appendix (C).

This HMERA model effectively “interpolates” between the usual MERA (or hyper-invariant
tensor network model) and the HaPPY code model of holographic quantum error correction
codes. By tuning these variational parameters, it mimics the former by introducing some varia-
tional parameters, power-law correlation functions while reproduces the approximate code prop-
erties of latter in reconstructing bulk operators on the boundary. Furthermore, because it is an
approximate holographic quantum error correction code for small 6, ¢, it also approximately re-
tains all properties of the HaPPY code such as the Ryu-Takayanagi formula, entanglement wedge

reconstruction, and other error correction properties.

4.4 Summary

In this chapter, we have examined some general properties needed to construct a holo-
graphic quantum error correction code that can support power-law decaying correlation func-
tions. By also demanding the network to be locally contractible, we found that it is impossible to

satisfy both these requirements simultaneously in a completely regular HMERA. Instead, one has
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to introduce more than one type of tensors in order to construct a satisfactory variational ansatz
that is also exactly contractible. This statement also coincide with the general observation that
so far all the MERA-like variational ansatze presented contain at least two types of tensors. We
have also provided general guidelines for constructing approximate holographic quantum error
correction codes with the aforementioned properties. In particular, we gave one explicit construc-
tion where the tensor network approximated two copies of the HaPPY pentagon code in certain
regimes of the parameter space.

It is also desirable, both from AdS/CFT and from many-body physics, for such an ansatz
to capture the CFT entanglement spectrum. We have not investigated this in detail, but we can
provide some general speculations using heuristic arguments. As shown in Appendix (C.2),
cuts through any edge of a perfect tensor have a tendency to flatten the entanglement spectrum
while cuts through more than one edge of the imperfect tensors tend to be the opposite. As
the entanglement of a subregion is tied to minimal cuts through the tensor network, for large
enough boundary regions, we expect such a cut to contain both types of edges after averaging
over the different types of tensors that can be contained in the bulk region affecting the given
bulk subregion. Therefore, the overall entanglement spectrum should be somewhere in between
the behaviour shown in Figure (C.6) and Figure (C.7). Thus the tensor network should be able to

accommodate non-flat spectrums.

117



Chapter 5:  Summary and Outlook

5.1 Summary

In this dissertation, I present three scenarios where recovery methods are applied to differ-
ent quantum systems. They are the perfect recovery in Gaussian fermionic systems in Chapter
(2), the approximate recovery in quantum field theory in Chapter (3), and the approximate QECC
in the context of AdS/CFT in Chapter (4). The logic behind this arrangement is to develop from
finite systems to infinite systems, from perfectly recoverable to approximately recoverable, trying
to capture nature more and more realistically.

In Chapter (2), I deal with the perfect recovery in Gaussian fermionic systems. When
both the channel and the reference state are Gaussian, using the Lagrangian representation of
Gaussian linear maps, the Petz recovery map can be expressed in terms of the covariance matrix
of the reference state, and the matrices A, B that encode the information of the Gaussian quantum
channel in Eq. (2.36). A similar expression for the rotated Petz map is obtained in Eq. (2.41). As
a side product, a new formula for the fidelity of two arbitrary fermionic Gaussian states is derived
in terms of their covariance matrices, shown in Eq. (2.43).

In Chapter (3), the main effort is put to generalize the results of the approximate reversibil-
ity of quantum channels in [2] from a type-I von Neumann algebra setting to general von Neu-

mann algebras. This is stated as Theorem (3.1.2). This chapter concentrates on the sub-algebra
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case where the corresponding channel is called an inclusion. A strengthened version of the mono-
tonicity [21] of relative entropy, stated in Theorem (3.1.1), guarantees the existence of such an
approximate channel. To prepare for the proof of the main theorems, a regularization method,
stated as Theorem (3.2.2), is developed to produce states with finite relative entropy. It also allows
for continuous extrapolation of relative entropy when removing the regulator. Theorem (3.2.2)
is at the core of the proof of Theorem (3.1.1) because it leads to extended domains of holomor-
phy so that derivatives can be performed at the domain which is otherwise on the boundary of
holomorphic regions.

In Chapter (4), the goal is to clarify the general properties needed to construct a holographic
quantum error correction code that can support power-law decaying correlation functions. It turns
out that it is impossible to be both locally contractible and have power-law decaying correlation
functions in a completely regular HMERA. This is summarized as a no-go theorem in Theorem
(4.2.1). We provide general guidelines for circumventing this no-go theorem and constructing
approximate holographic quantum error correction codes with the aforementioned properties. In
particular, one explicit construction is given where the tensor network approximates two copies
of the HaPPY pentagon code in certain regimes of the parameter space of the building block
isometries. Some general speculations are also provided to argue that our HMERA model can
capture entanglement spectra of generic CFTs in Appendix (C.2). The entanglement entropy of

a CFT for a single region takes a universal form depending on the central charege of the theory.
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5.2 Outlook

The results in this dissertation have various implications and applications . At the same
time, the subjects presented here leave much to be explored and to be extended to further research.

The results in Chapter (2) should be useful for studying error correction in Majorana
fermion systems (e.g. [103]), or for constructing fermionic recovery maps in experiments. Also,
it is desirable to generalize the formula to approximate Gaussian states as a step towards interact-
ing systems. An important interacting Majorana model is the Sachdev-Ye-Kitaev (SKY) model
(e.g.[104]). It is conjectured to have a dual gravity description of 2 dimensional AdS spacetime.
At the same time, the methods of obtaining the A, B matrices are of particular use. This is an
efficient way to describe the channels in large systems. For example, it could be used to study the
purification or thermalization problems of fermionic Gaussian systems. One particularly interest-
ing channel is the so-called “modular flow”, which is the unitary group generated by the operator
logarithm of the density matrices. It is of general interest to discuss in which circumstances mod-
ular flows are local. The Gaussian fermion system provides a simple and neat playground and
the methods of representing the action of modular flows have been partially obtained during the
calculation of the rotated Petz map.

The results in Chapter (3) have profound implications for both entanglement structures of
quantum field theories and the constraints on interacting dynamic systems. As stated in the main
text, the quantum null energy condition is related to the strengthened monotonicity inequality,
which is illustrated in Section (3.4.2). It is interesting to investigate the implications of this
inequality in the context of AdS/CFT, for example, whether the particular form of the recovery

channel or the informational quantity of fidelity has a certain geometric interpretation. It is also of
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research interest to examine the relation between this strengthened inequality and the monogamy
of mutual information (MMI). The latter is an informational inequality that is only valid for
semi-classical holographic states, thus defining the so-called holographic entropy cone [105]. It
turns out MMI can be saturated for certain holographic states, so that the remainder term of the
inequality obtained in this chapter is always supershaowed by that in the MMI inequality in the
context of holography. It is a feasible question to ask the reason for this in holography, and
whether this observation can have geometric implications.

The HMERA network constructed in Chapter (4) can in principle serve as a variational
ansatz, but much work is needed to establish its utility. In particular, one would need to develop
an optimization algorithm and analyze its complexity in a similar procedure to [100]. This is
left for future work. I am optimistic that the construction methods described in this dissertation
can be generalized to create other HMERA-like variational ansatze which are also QECCs. In
particular, because AdS/CFT is tied to AQECCs, we hope that such HMERA models can provide
computable examples that help us understand some aspects of holography beyond leading order.
They may also serve as useful tools for intuition building for small N, where the tensor network
remains valid and well-defined despite being in the regime where gravity is strongly coupled and
highly quantum.

The idea of quantum recovery definitely goes beyond the three scenarios presented in this
dissertation. From a pure informational theoretical point, it is always desirable to construct uni-
versal approximate channels that can achieve better recovery results. From an applicational point
of view, ideas of the recovery channel can be applied to gravitational theories to address some of
the most concerning questions in science. For example, it would be of great interest to see if the
information encoded in the Hawking radiation can be recovered to reveal the characteristics of
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matter before falling into the balck hole. As addressed at the very beginning of the dissertation,
my major motivation was using ideas of quantum recovery in AdS/CFT duality. Specifically,
applying the recovery channel to a subregion in the AdS spacetime might enable us to construct
explicit examples of the entanglement wedge reconstruction, thus revealing more details of the
microscopic theories of gravity[7]. An intersting scenario is how to express the operators in the
region inside the entanglement wedge but outside the causal wedge, considering the perturbations
around the classical geometry. A promising playground is the aforementioned SYK model. With
the techniques of calculating fermionic systems studied in Chapter (2), as well as the quantum re-
covery techniques studied throughout this dissertation, obtaining the explicit bulk reconstruction

in the SYK/AdS; duality should be achievable in the near future.
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Appendix A: Supplementary materials of Chapter 2

A.1 Grassmann Calculus Identities

We list some useful formula for Grassmann integral in this section. The integral of a single

Grassmann variable is defined as follows:

/d@ =0, /9d9 =1 (A.1)

For multiple Grassmann variables,
/9102...92nd92n...d92d91 =1 (A.2)

The integral is performed from the interior to the exterior.
One usually abbreviates the integral measure D = df,,,...df>df;. Commonly one writes

0 = (64, ...,0,)T for multiple variables so

2n
0" An =" 0, A (A.3)

7,k=1
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If one makes the following changes of variables
ni = ZRijej; (A4)
J
the corresponding measure changes as
Dn = det(R)™'D6. (A.5)

One can obtain it by requiring that Eq. (A.2) still holds for the set of variables 7;’s.

The following formula are useful for the calculation:

tr(XY) = (—2)" / DOD e’ "X (0)Y (), (A.6a)
/ DO exp (%GTM9> = i"Pf(M), (A.6b)
/ D6 exp (%QTMG + nTBe) = i"Pf(M) exp (—%nTBM‘lBTn) (A.6¢)

where Pf stands for the Pfaffian. Pfaffian is a polynomial defined for an anti-symmetric matrix A
such that Pf(A)? = det(A). For the odd dimensional case, Pf(A) = 0 since det(A) = 0. For the

even dimensional case, the Pfaffian for a 2n x 2n anti-symmetric matrix B is defined as

1 , -
PI(B) = o — > sign(0) [ [ Boaroronis (A7)
' 1

0'65271 =
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where o stands for a certain permutation as an element of the permutation group Ss,,, and sign(o)
denotes the parity of the given permutation.

Note that Eq. (A.6¢) holds when M is invertible. However, if M is not invertible, there
is a well-defined limit of the right hand side that makes the equality holds. We show this by an

explicit calculation.

We work in the bases where the covariance matrix G is in its block diagonal form
M = diag (A1, ..2,,0,...,0) ® (A.8)

where the diagonal matrix is n dimensional so it has (n — p) zero Williamson eigenvalues. For
simplicity, we take B = [, while general B can be transformed into this form by redefining
i =B"n.

Calculating the Grassmann integral explicitly gives

/DQ exp (nTQ + %QT]\/.W)

P k n (A.9)
:(—1)nzik (H >\ai> 12641 1-1"251 11 - - 1126, — 17125, < H 772i—1772i> )
k=1 O1,...,0k

..... i=1 i=p+1

where o1, ..., 0y, label a certain choice of k items from a total number of p and 61, ..., 0, are the
corresponding left (p — k) items.

Consider

M (e) = diag (A1, .. A\p, €pi1, o €n) ® , (A.10)
-1 0
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where all €41, ..., €, # 0. Now M (¢) is invertible so we can use Eq. (A.6¢c) to get

/D9 exp (nTH + %QTM(eW)

= RO exp (~57 ) (o)

, / (A11)
=(=1)" i TN (U= i\ maicame) ] & (1 — i€ mamamey)

i=1 Jj=p+l1

P n
=(=1)"i" [T O\ = impicames) [ (& — imoj—amey) -

i=1 Jj=p+l1

We can now take the limit €, 1, ..., €, — 0 and it is straight forward to verify

p n

(=1)"i" H (Ai = im2i-172:) H (—in2i-172:)
=1 i=p+1
P k n (A.12)
=(-1)" Zlk (H /\ai> N26141-1M26441 ---126,—17125), ( H 7721'—17721') .
k=1 01,0k \1=1 i=p+1

This limit does not depend how (€1, ..., €,) approaches (0,0, ...,0) in a (n — p) dimensional

space, so it is well-defined. We have verified that

lm / Db exp (nT9+ %GTM(e)O) - / D exp (nT9+ %HTMH) . (A13)

Soif M is not invertible in Eq. (A.6¢c), we can still write the right hand side formally, which
is understood as the unique value obtained by a perturbing and limiting procedure described above
and is independent of how we perform the perturbation. Formally, the integration in Eq. (A.6¢)
can be viewed as a matrix-valued function of M, and the above derivation shows that this function

is continuous when M 1is singular.
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A.2 Calculation Details

A.2.1 Two relations for matrix function

We show two matrix function relations whose arguments are anti-symmetric matrices. They
are similar to those matrix functions for bosons found in [60].

Consider an odd function f : R — R and an even function g : R — R whose Talyor series
exist at x = 0. The corresponding function acting on a matrix M is defined via Talyor series.
Due to the odd/even property of the function f and g, only the odd powers of f and the even
powers of ¢ in the Talyor series remain.

Let an anti-symmetric matrix be the argument of the function

X=0"|y® 0, (A.14)

where O € SO(2n) and x = diag (x1, X2, ---» Xn)-
Now define the induced functions f, and g, acting on a matrix such that if X takes the form

of (A.14),

LX) =0" [ fo® 0, g.(X) = 0" (9(x) ® I) O. (A.15)

Here f(x) = diag (f(x1), .-, f(Xn))> 9(x) = diag (9(x1), -, 9(Xn))-
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We want to show

Ji(X) = =if(iX),  g.(X) = g(iX). (A.16)

Direct calculation gives

—if (iX)
2k+1
:i —i e ) | io” | v @ 0 -1 O
e~ (2k +1) L o
2k+1
i 2k+1)( ) T 2k+1 -1
0)0" | x ® O
o ( 2’” 10 (A.17)
= FEHD T | L 2k+1 0 -1
=y 2/<;+ 0)0" [ ™ ® 0
k::O 1 0
. 0 —1
=07 | fO)® 0 = f(X).
1 0

The same calculation gives the second formula in Eq.(A.16).

A.2.2  Construction of N7, N

We present the calculation details for the construction of N3 in this part, while that for N}

follows in a similar way so is largely omitted.
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One can write the ansatz for o'z :
I s (0%)~ =
o2 =[Jei (=N 0192 ) - (A.18)
=1

1
¢; and )\502) are obtained by requiring 0202 = 0. So

1 )\(U) 1
= =22\, (A.19)

z 2<1+A(0%>2>’ 2

One can solve to get Eq. (2.26) and Eq. (2.27).

Note that Eq. (2.27) has a well defined limit

(S

lim M%) =0, (A.20)

A@) =0

It indeed gives the right answer when A(®) = 0. So we will not single out this seemingly singular

case in the following derivation.
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The Choi-Jamiolkowski dual of Nj is

1 - 1 - . O’l ~ ~ a . ~
~93n H 7 (I - Z/\z( 2)721'—1721') (] + W2i-172i-1+2n)
5 ))

1
X (I + i’?gi’?gi+gn> (] — i)\1(02)/3/2i—1/?2i)

1

| A ) o o3 -1 5 B o
=530 H[ +1 (1 - >\z( j)2) (1 + )\E §)2> (F2i—172i—142n + Y2iV2i+2n)

1

-1
- (20\502)) <1 + )\502)2) (F2i—1%2i — F2i—1420V2i+2n) + V2im172iV2i—1+20V2i+2n
1
+

+Y2i—172iY2i—1+2nV2i+2n-

(A.21)

The second equality is obatined by expanding the product into 16 terms, doing contractions using
the anti-commutation rules and rearrangement.
Substitute +; with 6;, v;.2, with n; and let Oy = Y0 02000, T2i = >, O 414, etc. One

can write

NI

1
(UQPIO'

) (6,m)
_1

a o)A ~ . o) ~ ~ . o 2. ~
5 <[ — 2')\@( )922'—1921') <1 + Z)\E )772i—1772i) (1 +uy/1— <>\§ )) 92i—1772i—1> (A.22)
=1

x (1 +iyf1— <A§”>>29}m2¢> .
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Comparing with (2.18), (2.23) and making use of (A.16), one can read out that the linear
map N3 : X — c:Xo? corresponds to the Grassmann integral representation in Eq. (2.28).
One can also obtain o~z by writing down an ansatz and calculating o202 = ]. The result

18

D=
-

1
N 2\ ? 10\ 2 1
o =25 ] (,/1 - (Aff’)) ) 1+ (Ag‘”)) (1 + z’AE"?’&Qi_l%i) . (A23)

1=1
After a similar calculation, one can verify that Ny : X ~— AN(0)"2XN (o) 2 has the

Grassmann integral representation which is specified in Eq. (2.29).

A.2.3 Construction of Ny

In this part we construct N>, which is the adjoint map of a given Gaussian quantum channel

N. We first consider the case when N is just a Gaussian map. If A is specified by matrices
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A, B, D and complex number C, one can explicitly write

tr(XTNV(Y))
—C(~2)" / DOD "X (6) / explS(pn) + €)Y () DDt

—C(=2)" / DODpDnDE expl0” p 4 in" € + §uTAu + §nTDn +ip” Bn] XT(0)Y (€)

=C(-2)" / DODuDNDE exp| =i i + 77" — St Afi = 57" Dij — ifi" Bi] X' (0)Y (€)

=C(-2)" / DODADADE exp| =i i + 17" § — S it Afi = 57" Dij — ifi” Bi] X' (0)Y (€)

~(-2)" [ Dipecs (0 [ exoline - 3 A - i Di - z‘ﬂTBﬁ]XW)DﬂDe) Y (€)
=tr(N*(X)TY).

(A.24)

In the third line we relabel fi; = iu;, 7; = ;. The third line goes to the fourth because the
measure is changed by a factor i =" = 1. Note that exp[S(u, n) + inT£] and integral measures
are even in Grassmann numbers, so X '(f) is interchangeable with these pieces. However X ()
and Y (£) are arbitrary operators, so are not interchangeable.

The Grassmann variables are mapped from Majorana operators which are hermitian, so
they should be real. Since (D))" = df;...d05, = (—1)"?"~1) D4, the hermitian conjugate of
DjiD8 gives an overall factor of (—1)2"(2"=1) = 1. One gets

i i f
N0 = (€ [ exolias - S an - i Di i Bilx (6)DD

2 2 (A.25)

el / explifi’0 + %[LTAT[L + %ﬁTDTﬁ + i BY ) X (0) DDe.
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Comparing with Eq. (2.17) and Eq. (2.18), we get

Apn+ = D', By« = BT, Cyr» = CT, Dye = AT (A.26)

According to Eq. (2.32), N'* as the adjoint of a quantum channel is obviously unital as A, = 0,

C, = 1. To see it is completely positive, note

0 BT 0 1) (-4 -B| [0 1
N, = = = —JNJ (A.27)
-B —A 1 o/ \B" o0 10
01
where J = ,
10
NiNy=JNT'NJ < J? =1 (A.28)

So the adjont map of a completely positive map is still completely positive.
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A.2.4 Composition of three maps
Substitute Eq. (2.33) into Eq. (2.35), one explicitly gets

-1

Ag = =B" (4+(G)") B

Y

Bso1 = BT (A + (GWEN ™ ) \/]2n GW(@))

Chor = 2" det (]2n + (G(N("”)Zy5 (—1)"Pf (-GN ) pf (—A - (GW(")))_1> ,

Doy = GV \/IQn + (G(N(U)))2A (A + (G(N(U)))_1> G(N \/]2” GN )

(A.29)

The following pieces are useful for further calculations:

—Dy— Ayl = (BT (A + (wa)))—l)1 B) + G
=B (A+ (GO 4 BGOBT) (BT)
— B! ((G<N<o>>)—1 1 G(N(a))) (BT),

(A.30)
A2_0113201 == (A + (G(N(a)))_1> (BT)fl BT <A+ (G(N(”)))_1>1

% (GWE@N ! \/ Ton + (G ()2

= LGV \/ Lo, +
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One can then explicitly calculate

Ap

Cp

— A3+ By (Dy+ A1) BY

_ -1
= G\ Iy + (G@)*BT ((GW O e <0>>) By Iy, + (G@)?, (A.31a)

1
= B3 (Ds+ Az_ol1)71 A3k Boor = \/ Iy + (G@)° (\/[2n ) ; (A.31b)

= det (L + (GV)*) T PE(—GWD)
« Pf (—A — (GW @))—1) Pf (—BT (A n (G<N<a>>)—1)‘1 B)
1\ 1 -1
x Pf <—BT (4+ (™) B) — G, (A310)
—  Dyor + BL, Dy (Ds + A1) 7 A3Y Booy
- \/Izn a4+ (¢ (o—)))—l) v
- \/ Ly, + )2 (Ln + AGV @) BG) BT (\/ Ton + <N(o>>)2)
= - (GW“’)))*1 + \/Ign + (GWEN)? (GVEN) T <A " (G<N(0)))1>1

X (GVENY” \/[2 + (W)

= I+ (GWEDY? (WD) (4+ (@)™ (G  g)

= GV 4\ D+ (G (GWEN) <[2 (G ) \/[2n

- 0. (A.31d)

C'p can be calculated by first calculating its square as Pf (A)> = det (A). It’s straightfor-

ward then that C% = 1. We choose Cp = 1 because the composition of completely positive maps

should still be completely positive. So one can verify that Ap, Bp, Cp and Dp are indeed as
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specified in Eq. (2.36). With Cp = 1 and Dp = 0, it is explicit that the Petz recovery map is

trace preserving.

A.2.5 Fidelity calculation

We can obtain the Grassmann representation of o2 pa% by direct calculation,

1 1 . 1 7
a2poz(0) =C / exp[S(0,m) + in" pl o exp (§MTG('°)M) DnDyp

(A.32)

- PE(GW)PE(GW ! — G7)) exp (%HTG(U;M;) 9) ’

- 22n

in which S, C are specified in Eq. (2.28) and
G(a%pa%) =G L /T +@Go)2 (G(P)—l _ G(a))_l I+ GOz, (A.33)

Note that

Lon + (G@)2 (G- — G(a))*l \/ I + (G2 + G

=1/ I, + (G(9))2 ((G(p)—l — G(U))_1 + (G(ff) + (G("))_l)_1> Lon + (G@))2

/Lo + (G@)2 (G 1+ (GO) 1) ((GD) 4 (G9) ) (W) — @) ! \/m
= ( L, + (G(a))2> - (G(G) + G(p)) ([% _ G(G)G(p))_l /I% + (G(o’))Q'

(A.34)
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We denote 6 = \/U%pa%, SO

5(6) = ((_1)nPf(G(p))Pf(G(p)‘1 - G(”)))

i
—9TG¥9g ) . A.
920 5 G (A.35)

1
2 " 1
E Vit P (

By applying Eq. (A.16) to Eq. (2.27), we get

ao) (Gw%pa%))_l <\/1+ <G<U%pa%>>2 _ 1) , (A.36)

The fidelity of two states p and o is merely the trace of the operator J. Since only the
coefficient of I in Eq. (2.7) or (2.9) contributes to the trace via oy = 27 "trX, we focus on that

coefficient

(=1)" P -1 _ o
(QTPf(GU)Pf(G() el >))

1 ,
= det(1 - GG det (I — G?)

1 1 1 1 1\2 i
— _ p) (o) 1 _ (02pc2)

57 det(I = GYG) ! det <2 (I+\/I+(G . )))

1 1 1 —\\*
_ @@ gt [ L (9)

5 det(I = GG det (2 <I+ 1+(G p) ))

The last line makes use of Eq. (A.34). Noting that the dimension of [ is 2n, we arrive at the final

(A.37)

result in Eq. (2.43).

137



A.3 Treatment of Singular Matrices

As part of the construction of the Petz recovery map and the derivation of the fidelity for-
mula, the inverses of several matrices appear. In the calculations in Appendix (A.2), we assumed

all relevant matrices to be invertible. Here these assumptions are analyzed.

A.3.1 Singular matrices in the construction of Petz recovery map

As discussed in Section.(2.2), we assume

GWE) | A4 (GWEN) T BT (A n (G(N(U)))_l)_l B, <BT (A n (G(N(U)))‘l)_l B)_1+G(U)
(A.38)

are invertible (1’ — 4"). We claimed 1’ — 4’ is equivalent to assuming
GWE A+ (G(N(")))fl, B, I+ (G(N(")))2 (A.39)

are invertible (1 — 4). The equivalence between 1 — 3 and 1’ — 3’ is obvious. Eq. (A.30) shows
1" — 4’ implies that (G(N @) (G(N (U)))fl) is invertible, which is equivalent to 4 with the help
of 1’. One can show 1 — 4 implies 4’ just by reversing the derivation in Eq. (A.30). So 1’ — 4’ and
1 — 4 are equivalent. We work with 1 — 4 hereafter.

We next show that 1,3 or 1,4 imply 2. A neccessary condition for A to be completely
positive is ATA + BBT < I. If B is invertible, then we have ATA < I — BBT < I, so

. N (G e Ao —1

|A|| < 1. However, since [|[GWV©@D|| < 1, ||min A | > 1, A+ (GVNED) ™ can

p -1
not have zero eigenvalue so it is invertible. In general ||A|| < 1, and || min AGH) | > 1
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when [ + (G(N (")))2 is invertible. So A + (G(N ("))) ! is invertible for the same reason. So the
independent assumptions are 1, 3 and 4.

We first assume that [ + (G(N (”)))2 is invertible. The construction of the Petz recovery
map, i.e., given G, A, B(or equivalently G B, GN@)) find Ap, Bp, Cp and Dp, can
be viewed as a function R'2"* — R for Ap, Bp, Dp and R'?"® — R for Cp. The matrix
multiplication is continuous in its entries just by the continuity of multiplication and adddition.
The matrix inverse is known to be continuous when the inverse exists[106].! So the function
(G("), B, G(N("))) — (Ap, Bp,Cp, Dp) is continuous when I + (G(N(")))2 is invertible. This
continuity guarantees that if we do perturbation GW(?) — GW())(¢), B — B(ey) so that
GWV(@)(¢) and B(e,) are invertible, then carry on the derivation in Appendix (A.2.4), and finally
take the limit e; — 0 and e; — 0, we will get a well-defined result as in Eq. (2.36).

We then turn to the assumption 4. As is shown in Eq.(A.23), if 4 does not apply, N (a)*% is
not well-defined and AV (o) can be written as N (0) 4® [V ()Y (pNV(@))| ;. Here A is some region
in the full Hilbert space H while A is its complement. In this case N'(c) only have support on
A. This contradicts with the assumption in [11, 12] that the state /(o) is faithful, which means
tr (ON (o)) = 0 does not imply @ = 0. So usually we assume that N ()2 is well-defined. If
N (o) takes the form of N'(0) 4 ® [N} (1hWN(@D)] ;. we can still determine the form of the Petz
recovery map on A.[9, 17]

One might worry that if / + (GW (")))2 approaches a singular limit, then Bp or Ap could

be unbounded in Eq. (2.36). Actually Bp will still be bounded, as well as Ap. This can be

argued by the complete positive of the composite of completely positivity maps. We give a

By continuity of matrix calculation we mean that each entry of the output matrix when viewed as a multivariable
function of the entries of the input matrices is continuous.
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detailed analysis here. To simplify the discussion, when [ + (G(N (")))2 is singular, we take
N (o) = [pN D) (pN(@))|,, and the discussion can be easily generalized. We first consider the
case that o has full support on H.> We can show that a valid quantum channel that takes such
o to N(o) can only be a swap, i.e. B = 0and A = GWV(?), Consider the monotonicity of the
relative entropy. S(p||o) > S(N(p)||N(¢)) actually implies that if supp(p) C supp(c), then
supp(N(p)) C supp(N()). Because otherwise the RHS is +o0o while the LHS is finite so the
inequality does not hold. However, since () = [pN@)) (pN(@)|,, is pure, for any p with
supp(p) C supp(c), N(p) = N (o). Since p is arbitrary, we can conclude that the only quantum
channel that does the job is the swap described above. So in the formula for Bp, BT is strictly
a zero matrix so Bp = 0 regardless of the singularity of I + (G* (")))2. If o is a different pure
state from N(c), then B is an orthogonal matrix with BBT = I. A proper limiting procedure
(for example as described in the last part of Appendix (A.1)) shows that Bp = BT, which means
that the recovery map rotates the state back. If o and A/ (o) are two identical pure states, we can
still show that for each mode Bp = BT, Ap = 0 or Bp = 0, Ap = GV So in any case Bp

is bounded and so is Ap.

A.3.2 Singular matrices in the derivation of fidelity formula

As presented in (A.2.5), in the derivation of the fidelity formula, we assume that G*) and
I — G G® are invertible. If we make use of Eq. (A.34), we might as well assume that G*) and
I+ (G(U))2 are invertible. However, as discussed in Eq. (A.13) and in (A.3.1), the continuity

property of the Grassmann integral and the final form guarantees that Eq. (2.43) is well-defined

2This depends on the choice of the family of states @ discussed in the introduction. We can always choose o to
be the state with the largest support in the family 6. If o is mixed in some region in Hilbert space A, and pure in its
complementary A, then the considerations below apply for A and A respectively and Bp is still bounded.
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by a limiting treatment if G(®, G or /I + (G®) are singular. So the physical one is the

singularity of the matrix / — GG 3
We can show that I — G®)G(¥) being singular implies the fidelity F(p, o) = 0. One can

make use of the trace formula Eq. (A.6a) to calculate

tr(po)

:—(;22”) /DQDueeT“ exp (%HTG(”)Q) exp (%ﬂTG(J)M) (A.40)

:%Pf(G(P))Pf(G(p)l -G = 2% det (I — GV G)

N

So when I — GG is singular, we have tr(po) = 0. However tr(po) = tr(c2poz) and 02 poz
1 1

is a positive semidefinite operator so all its eigenvalues )\1(02’) %) > 0. So tr(a%pa%) = (0 implies

that o'2 pa% = 0 since the only case is that all its eigenvalues are 0. Then naturally its square root

is 0 so the fidelity F'(p, o) = 0.

3Equivalently I — G(?)G(?), as they share the same spectrum.
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Appendix B:  Supplementary materials of Chapter 3

B.1 Isometric embedding

We work with o € A, faithful which implies that o o ¢ € B, is faithful. Thus the corre-
sponding vectors [£2), |€8) in the natural cones are cyclic and separating. By a trivial calculation,
one sees that V,, defined in (3.16) is a norm-preserving (densely defined) map from %" to 7.
So the map extends to the full Hilbert space as an isometric embedding V'V, = 1. A similar
argument shows that:

V, Vi =,y € B(H) (B.1)

where this equation applies on the subspace of .77 that is generated by B:

UB)|EX) = my A = 75 (0) A (B.2)

In other words, |£2) is not cyclic for +(B) and 75 (¢) defines the associated support projector for
the commutant algebra.

The embedding satisfies:

V,blx) =0V, |x) , X € X, be B (B.3)
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since we can approximate any |y) = lim, ¢, }éf > € ¢ for suitable ¢,, € B, and take the limit on

both sides of:

Voben|€8) = u(ben) €)= t(b)ilcn) [€6) = L(b)Vocn|ED).

Thus,

Ol Vo)V Ix2) = Oal ViVeblxz) = (xalblx2)

for all vectors |x;2) € J£, or:

The commutant satisfies:

VAV, C B

which can be verified via a short calculation for @’ € A’ and b € B:

VZa'V,, b = VX'V, VZ(b)Vy] = VI [mrpd me, t(b)] Ve =0

o

where we used the fact that 7, € «(B) and A" C «(B)'.

B.2 Fidelity

B.2.1 Proof of Lemma 3.2.1 (Fidelity and the Araki-Masuda norm)

Proof. (1) In this proof, all L; norms are taken relative to the commutant A" as in

lolly = 1AL )26l

inf
XEHA:|Ix|I=1,7" (x) >7' (¢)
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from (3.59), and we want to relate this to the fidelity,

Flwyg,wg) = sup | @]z |o)| (B.10)

/e Al:||z|| <1

where ¢, 1) are normalized vectors. This relation is proven in [70], lem. 5.3 for a cyclic and
separating vector |¢)). We will now remove this condition. The linear functional that appears in

(B.10) A’ can be written using a polar decomposition

(W] -} = (&l - ' [¢) (B.11)

for some ¢ in the natural cone and a partial isometry «’ with initial support (u')*u" = 7'(£). This
polar decomposition has the property that the largest projector in A’ that satisfies (¢| z/p/u’ |§) =

Oforall’isp’ =1 — 7' (v/&) =1 —o/(uv')*.! Thus:

(]2’ (1 —u'(W))]¢) =0, Va'eA (B.12)

and since A’ |1)) = (1)) we derive that the final support projector satisfies:

(1 —v'(W))[¢) € (1 — () A (B.13)

"Proof: Certainly 1 — u/(u’)* satisfies this. Suppose p’ is larger and still satisfies this. Pick ' = (u/)*, then
&) (u)*p'u’|€) = 0, but then p’ < 1 — 7/ (w'¢) which is a contradiction. Note that the largest projector in A’ that
satisfies (&| p'a’u’ |€) = 0forallz’isp’ =1 —7'(§) =1 — (v')*u’.
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Consider

(@) ), (@) 1)) = (1), @' (¥)2'7" () [6)) = (I§) . 7' ()" [€))
= (J(ALy) 2 W), J(AL,) () [)

= (AL )@ 1), (ALY 1)) (B.14)

where in the second line we used (3.6) and in the third we used the anti-unitarity of .J. The above

relation can be rewritten as:

(@) 19) +16) , m() ()" [9)) = ((ALy) V(@) [) +10)), (A ) [¥) (B.15)

where we have freely added ( € (1 — w(¢)7'(€))S since m(¢)(u')* |¢) is in the subspace
m(¢)n'(§)7, and this subspace is also the support of A; . Now since the vector on the left of

(B.15) is dense: 7' (£)A[Y) + (1 — w(¢)n'(€))# = A we learn that (A} ,)"/?[) is in the

1/2

domain of (A ;)% and

Ay ) =7()(u)"|6), (B.16)

so that

U Agy ) = m()u' (W) [0) = m(¥) ) , (B.17)

where we used (B.13). The next step is to show that

16]116 = 7)ol = [t/ AL yhll1e = €I, (B.18)
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which implies that

1Pl = sup [(Ela'[E) | = sup  [(¥]a"[d)] = F(wy,ws). (B.19)

e A2’ ||<1 e Az’ ||<1

This is what we wanted to derive.

The later equality in (B.18) is fairly standard, but for completeness we go through this.
Without loss of generality we take x in (B.9) such that /Ay, [¢) is in the domain of (A/, )~/
and also such that 7'(x) > 7'(u'Af , [¢)) = 7'(u'§) and || [x) || = 1. We would like to use the
following result that we will justify later (for now the reader should feel free to verify this for

type-I algebras with density matrices):

(AL )P AL, ) = (AL )72 |€) = (AL )7 i(u)" [x) (B.20)

where j(u') = Ju'J and all the domains in the above equation are appropriate. Now apply the

Cauchy-Schwarz inequality:

I€17 = 17 COwell” = AL () xI” = (x5 () (A% )5 ()" x) (B.21)

< AL ) X () X < (AL ) ™2 AL . (B.22)

Taking the infimum over all such x we find that:

I€11* < ' A ¥l = 19l (B.23)

The other inequality is found since the optimal vector in the infimum is |x) = u'|) /|| |€) ||
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where (B.20) becomes:

(A )P AL, ) =€) 1€ (B.24)

which implies that:

[6ll1. = [[t/ ALyl > (1€ (B.25)

and this establishes equality. We now only need to prove (B.20). To do this we will analytically

continue the equation:

(AL )7 (Ag )7 1€) = T(V) (AL ) “u/ (Ag )7 [6) = T(W) (AL e) "0 [€) (B.26)

away from z = is for s real. We simply take an inner product with a dense set of vectors

alx) + |¢) where a € Aand |¢) € (1 —7'(x))H:

(AL ) (alx) +10) v/(Ag)*[€)) = (AL ) 7w (@) alx) +10). ') (B.27)

since we know that |¢) is in the domain of (A} ,)'/? (since we established that |¢) is in the
domain of A’w) it is clear that we can analytically continue the two functions above into the strip
0 < Rez < 1/2 with continuity in the closure (using standard results in Tomita-Takesaki theory.)
Agreement along z = is implies agreement in the full strip. Setting z = 1/2 we have a uniform
bound (with ||a|x) | < 1) on the left hand side since we started with the assumption that the
left hand side of (B.20) exists. On the right hand side this establishes the fact that v’ |£) is in the
domain (A;,g)*l/ 2 and the first equality in (B.20). The second equality in (B.20) is immediate.

We have thus finished the proof that (B.9) and (B.10) are equal.
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(2) Our next task is to show that it is sufficient to vary over unitaries in (B.10) and relate
this to (3.62). Note that for a bounded operator we have the polar decomposition ' = u'p’ where
u’ is unitary and ||p|| < 1. Such a self adjoint operator can always be written as (v' 4 (v')*)/2

where v’ = p' +i4/1 — (p)2. So:

y (B.28)

for unitaries w’,y’ € A’. Then | (0|2 |¢) | < 5 (| (W] w' @) |+ | (¥ Y |¢) |). Thus

[(Wla|g) | < sup [ ([u']) ] (B.29)

u' €A/ (u)*=1

since the right hand side is larger than both terms with w’ and 3’ above. Taking the sup over the

left hand side:

sup (W |o)[ < sup  [(Plaf]g)| < sup [l ]g)|  (B.30)

ueA ! (u)*<1 e A2’ ||I<1 u'eA ! (u)*=1

where the first inequalities is because the set of unitaries is a subset of operators bounded by 1.
This implies equality and we see that the L; norm is equivalent to the Uhlmann fidelity of two

linear functionals:

Flwy,ws) = |0l  wp= (@[ [¢), ws=(¢-]|¢) € A, (B.31)

Thus it is clear the fidelity is independent of the vector representation. We take the norms of ¢, ¢

tobe 1.
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(3) Finally, we want to relate the fidelity to the norm of the linear functional difference:

|wy —wgll = sup  |wy(z) — we()] (B.32)
z€A;||z[<1

Since A C B():

lwy —wgll < sup \<w\x|w>—<¢\(u’>*xu’|¢>\=2J1—|<w\u’¢>>|2 (B.33)

2eB(A)|l2]<1

We calculate the last equality as follows. The two normalized vectors v, u'¢ live in a two dimen-

sional subspace, which without loss of generality can be chosen as:
|1) = cos(6/2) |0) + sin(0/2) |1) , u"¢> = € (sin(0/2) [0) + cos(6/2) 1))  (B.34)
where <¢|u’ ¢) = €' sin(#). We can then take z to be an operator in this subspace. Note that:
) (] — |u'¢)(u'¢| = cos o (B.35)

such that the maximum is achieved for x = o3 = diag(1, —1) which has an operator norm of 1.
So the norm of this linear functional is 2 cos 6, giving the last equality in (B.33). Taking the inf

over v’ in (B.33), we have:

s = wsll < 2/1— Flwy,wp)2 (B.36)
In the other direction we can pick ¢ and %) to live in the natural cone without loss of
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generality, and then we have [|wy — wy|| > | |¢) — [¢) |* = 2(1 — (| ¢)) where the later quantity

is real since both vectors are in the cone. We use the inequality (3.69) for p = 1 that we reproduce

here:
1111, = (@] (A 5)' 2 1) = (¢l ¥, (B.37)
SO
1
§wa —wyll > 1 = F(wy,ws) (B.38)
Altogether, we have
1 2
1= Flwg,wg) < gllwy = woll < /1= Pl wg)? (B.39)

Note that the fidelity lies between 0 and 1 and:

0 < [lwy —woll <2 (B.40)

where equality is achieved on the left iff the two linear functionals are the same and on the right
if the support of the two linear functionals are orthogonal. We can see this as follows. Note that
for [|z|| < 1:

jwi ()] < flflwy (1) < 1 (B.41)

so that |wy () — wy(z)| lies between 0 and 2. Equality is achieved for x = 7(¢)) — m(¢) with

orthogonal support. [
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B.2.2  Proof of Lemma B.2.1 (Continuity of fidelity)

In this section, all L; norms refer to the commutant algebra A’, as in (lem. 3.2.1):

1914 = Fwy,ws) = sup (Y] [9)] (B.42)

where the supremum is over partial isometries v’

Lemma B.2.1. For a v. Neumann algebra 4 in standard form acting on a Hilbert space 5¢ and

any |y), |¢s) € A,

[1ll16, = 19ally g, < N1 = a2l + [l = s - (B.43)

Proof. The variational expression (B.42) immediately allows one to deduce the triangle inequal-

ity for the L;-norms. Note that:

sup [(Un]u' [v2)] < sup (W] w[vha)] = ([l [[¥2]l, (B.44)
ueA u€B(H)
and that [|¢[|, 4, = [¢l], , are further trivial consequences of the variational definition. For nor-

malized vectors 1)1, 19, ¢1, ¢o We derive for the L,-norms relative to A’:

||¢1||1,¢1 - Hw?HI,qﬁz

< | Wl = 191l

| Il g, = Il

< o1 = Galligy + 101 — Yallig, < ll¢1 — @all + (|1 — || (B.45)

where to go to the second line we used the reverse triangle inequality twice, and in the last step
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we used (B.44). ]

B.3  Proof of lemma 3.2.7 (Hirschman’s improvement)

Proof. (1) First assume that wy, is faithful and we may assume |¢)) € gzi,l by invariance of the
L,-norms. Then [¢) is cyclic and separating and the standard theory developed in [70] applies.
We use the notation Sy, = {0 < Rez < 1/2}.

Denote the dual of a Holder index p by p/, defined so that 1/p+ 1/p’ = 1. [70] have shown
that the non-commutative L” (M, ¢)-norm of a vector |() relative to i) can be characterized by

(dropping the superscript on the norm)

€110 = sup{[(CIEN = (1€l < 1} (B.46)

They have furthermore shown that when p’ > 2, any vector |(') € L” (M, 1) has a unique
generalized polar decomposition, i.e. can be written in the form |(') = uA;/ f;l 1), where u is a
unitary or partial isometry from M. Furthermore, they show that ||’||,s., = ||#||”". We may thus

choose a u and a normalized |¢), so that
9 !
1GO) 106 = (WAL ¢1G(®)). (B4T)

perhaps up to a small error which we can let go zero in the end. Now we define py as in the

statement, so that

1 1-20 26

/ /

+ =,
Dy Po Py

(B.48)
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and we define an auxiliary function f(z) by
f(2) = (A6 ), (B.49)
noting that

F(0) = |G () lpy. (B.50)

by construction. By Tomita-Takesaki-theory, f(z) is holomorphic in S;/,. For the values at the

boundary of the strip S, /5, we estimate

—tal —1 1
£ (it)] = [(ud, 2PN G it)) |
2it(1/p} —1/p})) A 1/
< (A 5 ANl |Gt o
< A72it(1/p’171/p0 1/p0 Glit (B.51)
< ||ay2 20| | G Lo
< | GIPE (| G (i) | 0

< G-

Here we used the version of Holder’s inequality proved by [70], we used ||a*(||,; 4 < [lal|[|C]ly; .4
for any a € A, see [70], lem. 4.4, and we used [|A 20t(1/Ph=1/70) A 1/%pr0 » < ||¢||Po which we

prove momentarily. A similar chain of inequalities also gives

[F(/2 +it)] < ||G(1/2+ it)lpy - (B.52)

To prove the remaining claim, let [¢') = AZ [¢)) and z = 1/p’ + 2it. Then we have, using the
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variational characterization by [70] of the L (M, 1))-norm when p’ > 2:

1¢ 0 = sup [AYZTVPAL |

Ix|I=1
2—1/p'—2i 1/p'4+2i

= sup ISP A |

=1
= sup IAYZT (DX Dg)ar™(9) AL | (B.53)

=1

2_ / /

< swp AT an[T

Ixll=La€A,|lal=1

< sup  [aldYT Pl
a€Alal|=1

Using [70], lem. 4.4, we continue this estimation as

< s lall ALY Bl = 0], (B.54)
acA,|la

which gives the desired result.

Next, we use the Hirschman improvement of the Hadamard three lines theorem [107, 108].

Lemma B.3.1. Let g(z) be holomorphic on the strip S, />, continuous and uniformly bounded at

the boundary of S; j». Then for € (0,1/2),

inlg@)] < [ (50 nlg(1+ )P + aa(e) ngfin) ) dr, (B.55)

where ay(t), By(t) are as in lem. 3.2.7.

Applying this to g = f gives the statement of the theorem.

(2) Let us now extend this result to the case where p = wy, is not faithful. We employ the
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following common trick where we use case (1) above for the modified functional
pe = (1 —€)p+ eo, (B.56)

where o is any faithful normal state, which exists since M is assumed to be sigma-finite. Then p,
in (B.56) with 0 < € < 1 is now a faithful state. We take the unique cyclic and separating vector

representative in the natural cone and denote it as |t ).

Lemma B.3.2. For 1 < p < 2 and p,. the family of states (B.56), we have lim_,o+ ||C||p.p. =

€11,

Proof. Since p./(1 —€) > p, it follows that A, _, > (1 — €)Ay,. Therefore, by standard
properties of the modular operator, A;p > (1-— )A ! . By Lowner’s theorem [109] applied to
the operator monotone (for 1 < p < 2) function f(z) = 2'/7~/2, we have

AYITUP > (1 — eV AR, (B.57)

Taking the infimum on (B.57) gives

: V2=1/p r\l (1 — \1-2/p
[l < gt AT < (0= 2l (B.58)

Ce@(A1/2 1/1”)

The first inequality holds because the domain restriction gives a smaller class of states over which

one takes the infimum and the second inequality is (B.57). We therefore obtain

2o — I . < Ofe). (B.59)
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Now we use a variational characterization of the L,-norms proven in paper II, prop. 1, for 1 <
p<2

sin(27/p)

ISl = — Jnf / [l ()¢ + " Fae (y(Bwgy ()", wy) 2l dt, - (B.60)
TRy =M [

where y(t) = 1 — x(t), the infimum is taken over all step functions = : R, — M’ with finite
range such that x(t) = 1 for t € [0, ¢| for some ¢ > 0, and x(t) = 0 for sufficiently large . We
also use the notation (zwz*)(b) = w(z*ax). For any fixed 0 > 0 a step function may be chosen

so that the infimum is achieved up to ¢. It follows that, with this choice,

(/= (e
. 2 o0 /
<§— M/ [Fae (y(@)wey (1), p)? = Fae(y(Owey (), p)7) 1727 dt (B.61)

< 5 + sine(2r/pf) 27 (sup ||y<t><u2) lo— pell? < 6+ O(e2),
t>c

using the continuity of the fidelity, lem. B.2.1 together with (1/2)||p" — pL|| < |[v — @] <
|p— pe||*/? from (3.4) in the second step, and using (B.56) in the third step. If we chose ¢ so small
that the e-dependent terms in (B.59), (B.61) are each less than 4§, we get | [|C||2 . — IIC]12 ;| < 20.

Therefore, since 0 > 0 can be arbitrarily small, the lemma is proven. O]

Using this lemma in conjunction with [70], lem. 6 (2) gives ||(||,,,, < [[¢]|. Then, since
|G(2)) is assumed to be bounded in the Hilbert space norm, we have ||G(2)]], , < C inside the
closed strip {0 < Rez < 1}. Now taking the limit ¢ — 0 of case (1) for the vector |¢) using
the lemma and the dominated convergence theorem to take the limit under the integral in (3.141)

concludes the proof of (2). L]

156



Appendix C: Supplementary materials of Chapter 4

This appendix provides the details of the HMERA model constructed in Section (4.3).

C.1 Super-operators

Recall that tensor networks of this type can yield a power-law decaying correlation as
shown in (4.3) where the scaling dimensions are given by Eq. (4.6). To preview the results
of this subsection, the different types of superoperators are depicted in Figure (C.4) and their
corresponding probabilities are presented in Eq. (C.8). As long as we show that (1) the only
eigen-operator for eigenvalue 1 is the identity operator; (2) for each type of superoperator all the
other eigenvalues indeed have absolute value less than 1, we can conclude it produces a decaying
connected two-point function that is roughly a power law.

We start by investigating the properties of each tensor individually, as the superoperators
interpolating between layers are composed of them. The perfect tensor defines a 2-isometry
depending on the state of the logical qubit. See the left panel of Figure (C.1). As the two copies
form a direct product, studying a single copy suffices. Most generally, we initialize the logical
qubit in the state |¢) = cos a|0) + ¢’ sin a|1) and denote the corresponding isometry as W,. By
distinguishing the inward 2 legs from the others, the original rotational symmetry breaks down

to the reflection symmetry 1 <+ 2, 3 <+ 5. Except for the top few layers, the incoming operator
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of W, will at most be weight 2, and will have support either on 3,4 or 4,5. This motivates us
to view Wp(~)WJ as a super-operator sending a weight 2 operator to another weight 2 operator.
Studying the case in which operators have support on legs 3 and 4 would suffice because of the
reflection symmetry. If the operator is weight 1, say X3, we view it as a weight 2 operator X3/,
etc. The identity operators together with Pauli matrices on both legs form a set of bases of weight
2 operators. The super-operator can be viewed as a 16 X 16 matrix in such bases. The right
panel of Figure (C.1) illustrates how to determine one entry of the super operator. One can easily
calculate the eigen-operators and the eigenvalues of this superoperator. It turns out that there is
only one eigenvalue with norm 1, whose eigen-operator is the identity operator, as expected. All
the other eigenvalues, though complex, have norm less than 1. This is manifestly seen in Figure
(C.2). Since for the tensor product of two matrices, the eigenvalues are pairwise products of each
matrix, we conclude that for the double copy of 2-isometries, all but one eigenvalue have norm

less than 1 as well.

Figure C.1: Left: The perfect tensor on the pentagon defines a 2-isometry. Right: An example of
how the super-operator defined by I/I{p(-)VVpT acting on a weight 2 operator. The prefactor (X) is
the expectation value of the logical X operator in state |¢).

We then investigate the properties of the imperfect code defined in Figure (4.4). This
defines a 1-isometry. We denote the isometry as I¥/;. In this case, the original five-fold rotational

symmetry breaks down to the reflection symmetry 2 <+ 5, 3 <+ 4. It turns out that one can have
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Figure C.2: Eigenvalues of the super-operator defined by Wp(-)Wg . This is depicted on the
complex plane with parameter o = %, 3 € (0,27). The outer dashed one is the unit circle. This

manifestly shows that all but one eigenvalues have norm less than 1.

weight 1 or 2 operator fed into the super-operator defined by WI()WIT . In the weight 1 case, one
can solve for its eigenvalues and eigen-operators. In the weight 2 case, operators can have support
onleg 2,3 or 3,4 or4,5. In this case no eigen-operator can be defined because the operator weight
changes. Instead, we calculate the operator norm after applying the super-operator WI()VVIT
The identity operator together with Pauli matrices of one qubit forms the bases of operators. For
weight 2 operators, this is a Hilbert space of 256 dimensions. Since the bases operators all have
norm 1, to show that the super-operator WI()VVIT result in decaying two point functions, we show
the resulting operators have norm less than 1, except for the identity operators on 4 qubits. For
operators inserted on leg 2, 3, numerical results in Figure (C.3) explicitly verifies this property.
Inserting the operators in legs 3, 4 turns out to produce the same figure. Inserting the operators in

legs 4, 5 is the same as inserting in 2, 3 by symmetry.

With the properties of perfect and imperfect codes above, we can already conclude that our
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1.0

0.8¢

0.6+

0.4:

0.2¢

0.5 1.0 1.5

Figure C.3: The norms of weight 2 operators inserted on leg 2, 3 with respect to the parameter 6
in the range 6 < (0, 7). We plot all 255 bases after the action of super-operator W (-)W/. This
explicitly shows that they have norm strictly less than 1 when 6 > 0.

model can produce decaying yet non-vanishing two point correlations. Furthermore, we would
like to identify different types of super-operators. They are collectively depicted in Figure (C.4).
We draw the dual graph so that the isometries are on the nodes. We summarize them in the
following. A weight 1 operator can be coarse-grained either into a weight 1 operator via an
imperfect code (panel 1), or into a weight 2 operator via a perfect tensor (panel 2). A weight 2
operator can be coarse-grained into a weight 1 operator via an imperfect tensor (panel 3), or into
a weight 2 operator via a product of imperfect tensors (panel 4), or into a weight 3 tensor via a
product of perfect and imperfect tensor (panel 5). A weight 3 operator may remain “stable” as
weight 3 (panel 6 and 7), or “shrink™ to weight 2 (panel 8).

Since the operator weight may change, it is not feasible to solve for the eigen-operators of
super operators defined on an individual layer. It is possible to calculate the eigenvalue and the
eigen-operators for the procedure during which a weight 1 operator increases to weight 3 then

decreases to weight 1, i.e., defining a super-operator across multiple layers. However the number
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Figure C.4: This shows the different superoperators during the coarse-graining process. The
coarse-graining goes from bottom to top in each panel. Blue circles and diamonds represent
imperfect and perfect tensors respectively. The red circles mark the legs on which the operators
act. The irrelevant legs are depicted in dashed lines. The first row shows the cases of weight 1
operators, the second row for weight 2 and the third for weight 3.
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of layers involved depends largely on particular processes. We adopt a different strategy to calcu-
late the probability of each type of super-operator appearing in a typical coarse graining process.
For a given insertion point, the total coarse-graining process is fixed. We randomize the insertion
point at the boundary for a generic operator so we can calculate these probabilities as an average
over different coarse-graining processes'. An assumption is that the two operators inserted at the
cut-off boundary are well-separated, i.e., N ~ log|i — j| > 1, so the two insertions will be
coarse-grained separately before they meet at the top few layers. It is this part that contributes to
the long range behaviour of the correlation. Also, the notion of taking the average super-operator
with said probability distribution make more sense when N is large.

The types of super-operators and their corresponding probabilities depend primarily on the
graph structure of the tensor network. We start by reviewing the formulae for the number of
perfect tensors g(n) and imperfect tensors f(n) in each layer. One node is chosen as the center
and is labelled layer 0. Then if we need to go across a minimal number of n edges to reach from
the center to a particular node, it is assigned to layer n. The labelling procedure is unique and
unambiguous in this model. This setup is familiar in the literature [31] and we reproduce its result

here for readability:

— V5 3+ VB — VoY
n 25 5 5<3+2 5) [1+O<<2+\/§> >]’ (C.1)
MY o (2))]

We work in the case where n is large so we can set the factors in the square brackets to 1. The

I'This is similar to the strategy in [100], where the authors averaged over the super-operators, which can also be
viewed as an averaging over different coarse-graining processes.

162



number of total layers /V can be calculated more precisely as

N ogli— ]

3+v5Y

~ (C.2)
log(+57)

Now we are able to calculate the probability of a weight 1 operator expanding to weight 2.
There are two situations. If the weight 1 operator is at the start of the coarse-graining process,
the probability of it spreading is the same as the probability of inserting an operator on legs that

are directly connected to a perfect code.

Plo2y =390 5 6 pq iy MW 6, s

4f(n) + 3g(n) V5 4f(n) +3g(n) /5

This only affects the initial step and does not impact the final result in Eq. (C.8). If the weight
1 operator appears during coarse-graining process, then it has a different probability. The reason
is that the weight 1 operator necessarily came from the superoperator of an imperfect code. See
Figure (C.5) for an illustration. So this is the conditional probability of connecting to a perfect

code at layer n, given that it is connected to imperfect code at layer n + 1.

P(1—2/1) = —2][(”‘9)(?9(@ =V5-2, P(1—11) = —2f(5{<+”;(n> —3-V5.  (C4)

If the operator is weight 2, then its behaviour is more complicated as it depends on the
previous two coarse-graining steps. Suppose an operator has just expanded from weight 1 to 2
by passing through a perfect code, it may either remain weight 2, shrink to weight 1, or expand
to weight 3. The illustrations are depicted in the second row of Figure (C.4). Ignoring the case

where the operator weight remains constant, as it does not involve any transitions, from the graph
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Figure C.5: These figures illustrate the possible insertions of weight 1 operators. If the operator is
inserted at the boundary, it can appear on any leg randomly. If it is a result of the coarse-graining,
it can only appear on solid lines which connect to imperfect tensor in the layer n + 1. It can not
appear on dashed lines while being weight 1 in generic cases.

one finds that when looking at layer n, there are f(n — 2) cases that corresponds to the panel 3
of Figure (C.4) and 2¢g(n — 1) cases that corresponds to the panel 5 of Figure (C.4). So this leads

to the conditional probabilities:

f(n—2):\/—_27 P(2—>3|1_>2):@:3_\/3 (C.5)

P2—2[1—2)= )

If an operator has just shrunk from weight 3 or stayed as weight 2, it will necessarily shrink to

weight 1. This is illustrated in panel 3, 4, 8 in Figure: (C.4).

P2—-12—-2)=P2—13—2)=1. (C.6)

For a weight 3 operator, it is similar to the behaviour of weight 1 operator. It may stay
weight 3 or shrink to weight 2 then to weight 1. This depends on which tensor these legs connect
to in the next layer. Similar to weight 2 cases, if they both connect to imperfect tensors, the
weight would shrink to 2; if they connect to 1 perfect and 1 imperfect tensor, the weight would

remain to be 3. The illustrations are collected in the third row of Figure (C.4). So we have the
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following conditional probabilities:

P(3%2]3):%:\/_—2, P(3%3]3)=%23—\/§. (C.7)

With all these conditional probabilities, we are able to calculate the unconditional proba-
bilities of different types of super-operators appearing in a sufficiently long and typical coarse-

graining process. We take p(1 — 1) = z, p(3 — 3) = y. Then p(1 — 2) = %:?Bx from

the conditional probabilities in Eq. (C.4). Similarly p(3 — 2) = gggjggg;y from Eq. (C.7). Next

we have p(2 — 1) = p(1 — 2) and p(2 — 3) = p(3 — 2). This is because when the total
number of the layers /V is large enough and intermediate coarse-graining processes dominate. If
an operator remains weight 1 through several layers, it always begins with a transition 2 — 1 and
ends with a transition 1 — 2. The same happens for the weight-3 case. The remaining unknown
p(2 — 2) can be obtained from the normalization condition and from the conditional probability
in Eq. (C.5), such that p(2 — 2) = %p@ — 3). This yields two equations of =, y and

we can solve for them to obtain Eq. (C.8).

The resulting probabilities are,

3v/5 2
p(l%l):%—1%34.16%, (1%2)—1——‘[~1056%,
p 11
p(2—>1)—1——\/_’\'1056%, p(2 = 2)—¥—4~249%, (2—>3)—5——\/_~807%,
11 14
p(3 — 2)—5——\/_~807%, (3—>3)——\/_—6~2610%

(C.8)

When N is sufficiently large, there are approximately p(i — j)N layers in which the coarse-
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graining operation is sending a weight-i operator to weight-j. These are precisely the probabili-
ties p,’s in Eq. (4.6).

In summary, we have shown that each super-operator has a dominant singular value 1 with
only the identity operator as its sole eigen-operator; all other singular values are less than 1. By
averaging such super-operators, our HMERA model produces power-law decaying correlation
functions. The probabilities of each type of super operator are further calculated in Eq. (C.8).

This allows us to estimate the average eigenvalue ) that appears in in Eq. (4.3) and (4.6).

C.2 Non-flat entanglement spectrum

It was pointed out in [110, 111] that, to leading order, the density matrix obtained from the
gravitational path integral evaluated with fixed area RT surface has a flat entanglement spectrum.
This implies that the Renyi entropies of the resulting density matrix is identical to all orders. It
is consistent with the existing QECC constructions [31, 32], yet in contradiction to any real CFT
models [112]. In this section, we show that the tensor sub-networks in our proposed approximate
QECC model can obtain non-flat entanglement spectra.

Here we consider two examples. In Figure (C.6) and (C.7) we calculate explicitly the eigen-
values of some reduced density matrices of three sites at the boundary. As each leg represents a
qudit or a pair of qubits, the density matrices are of dimension 64. With two legs contracted, they
both have rank 16. If the # parameter is 0, the eigenvalues are indeed flat, i.e. all the non-zero
ones are 1/16. In the figures we turn on 6 to a generic random non-zero value and the spectrum
is no longer flat. While they are insufficient to show that the entanglement spectrum is non-flat

for all subsystems in the actual HMERA, we can gain some intuition from such toy examples.
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Figure C.6: The reduced density matrix of the sites labelled by yellow rectangle are calculated.
Its corresponding Schimdt coefficients are plotted on the left. The legs that are labelled by red
crosses are contracted to compute the reduced density matrix in the tensor network.

C.3 Imperfect Tensor Properties

The imperfect tensor itself is an approximate quantum error correction code that inherits
the code properties of two copies of the [[5, 1, 3]] code in the small § regime. For any value of
6 # 0, it is also an exact 1-isometry when the logical qubits are fixed to be the |00) state. While
its isometric properties can be verified by showing all single-qudit (single-leg) reduced density
matrices are maximally mixed, they can also be verified through tensor contraction. The latter

technique also generalizes to other stabilizer codes without matrix computations.
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Figure C.7: The eigenvalues of another reduced density matrix. The legends are the same as

those in Figure. (C.6).
= ®Q> + cross terms

Figure C.8: Contraction of two imperfect tensors (blue, left) with their logical states fixed in |0)
can be decomposed into contractions of perfect tensors with non-trivial operator insertions in the

Cross terms.

Proof. The imperfect tensor can be expanded as the sum over diagonal terms and cross terms (Fig-
ure (C.8)). Because we have chosen the coefficients to be normalized, the diagonal terms sum to

the identity operator. It remains to show that the cross terms vanish.
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Xz ;2 ® ; Kz . XRzz|];..

Figure C.9: Examples of cross terms that are present in the contraction. The four diagrams shown
here represent the four types of terms that are relevant to us. All other terms are variations of these

terms with Z operators in different places.

The cross terms consist of the type of tensor contractions shown in Figure (C.9). All of
them contain factors of the following two types: ones with a single Z insertion (type-1) and ones
with weight-2 Z Z insertions (type-2).

The stabilizer group of the double copy perfect code is (S; ® I,I ® S;), where S;,i €
{1,...,4} are the original 5 qubit code stabilizer generators. Suppose we can find a stabilizer
element, S = S’ ® I, that only acts non-trivially on the 4 contracted legs and anti-commute
with the inserted operator O, then by the commutation relation in Figure (C.10), the terms in
Figure (C.9) will vanish.

Indeed, this can be trivially done for terms of type-1 — let us treat the uncontracted leg(s)
and the one potential Pauli Z error insertion within the contraction as two located errors. Because
the 5 qubit code detects two errors, there must exist stabilizers of the 5 qubit code that anticom-
mute with any insertion of P, ® P; where P € {I, X, Y, Z}. Therefore, all terms in Figure (C.9)
vanish except for the last one where both of them are type-2 factors.

For type-2 contraction with ZZ insertions, the above argument no longer works because
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Figure C.10: If S = S’ ® I and {S’, O} = 0, then the tensor contraction with operator O inserted
is trivial.

the code doesn’t detect any three errors. To show that it vanishes, we do an exhaustive search of

all stabilizers that will anti-commute with the terms with ZZ insertions.

The stabilizer group of the 5 qubit code is

S=(XZZX1,IXZZX XIXZZ ZXIXZ). (C.9)

Without loss of generality, let the first qubit be the uncontracted leg of the perfect tensor, then
the only stabilizer elements from the 5 qubit code that act trivially on the uncontracted legs are
IXZZX,IYXXY, IZYY Z where we ignore the potential minus signs. These anti-commute
with all weight-2 Z insertions except [ ZIIZ,IIZZ1. However, recall that the state |0) is also
stabilized by Z = ZZZZ Z. A representation of Z is I1Y ZY , which anti-commutes with both
1Z11Z and 117 ZI. Therefore all cross-terms vanish.

Note that other logical states are not stabilized by both ZI and IZ. As there are no other
stabilizers that anti-commute with /2117 11771, the tensor is not a 1-isometry when it is in

other logical states.
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]

Because the imperfect code in the |00) state is a 1-isometry, any two qubits associated with
one leg must be maximally entangled with the rest of the system. Because any leg is maximally
mixed, it contains no information of the logical state. Thus, the code corrects any one qudit

erasure error; it is a [[5, 0, 2]]4 code on dimension-4 qudits.
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