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ABSTRACT

The determination of a good decomposition of a
manufacturing system into manufacturing cells, when various
manufacturing processes are available for each type of product,
is addressed in this paper. We propose a simple twofold
algorithm. The first part of the algorithm aims at defining the
proportion of each product type to manufacture, using each of the
available manufacturing processes. The result is a mono-
manufacturing process problem, i.e. a problem which consists
of finding a good decomposition of a manufacturing system into
cells when only one manufacturing process is available for
each type of product. The second part of the algorithm uses an
approach already presented by the authors to solve the mono-
manufacturing process problem. We also present a numerical
example to illustrate our approach.

INTRODUCTION

The layout problem of manufacturing systems is usually .

divided into three consecutive sub-problems :

(i) The first one aims at splitting the manufacturing system
into sub-systems (also called manufacturing cells or, in some
specific applications, departments), each of them being
assigned to a subset of product types (also called product
families). This problem has been extensively studied. The
algorithms obtained can be classified into three major types.

The first includes algorithms which attempt to maximize
the number of operations performed within cells corresponding
to part families. The bound energy method [1}], the rank order
clustering method [2], the direct clustering algorithm [3}, and the
GPM method {4,5,6] belong to this first type of algorithms.

The second type of algorithms use a progressive
aggregation of resources, depending on the degree of
"similarity” between these resources. This type includes the
single linkage algorithm {7], the algorithm derived from the
method based on the Average Common Part Weighing Metric [8]
and the Knowledge Based Group Technology (KBGT) system
[9,10]. Note that no explicitly defined objective function appears
in the last three algorithms.

The third type of algorithms concerns those which aim at
minimizing the inter-cell traffic [11,12,13].

To our knowledge, the general problem (i.e. the problem
which considers the case of various alternative manufacturing
processes being available for some product types) has never been
solved when the goal is to optimize a well defined objective
function.

(i1) The second sub-problem consists in planning the overall
layout of manufacturing cells within the plant. Some
information about this step can be found in [14]), [15], [16], and
[17].

(iii) The last sub-problem addresses the detailed layout of
machines within cells. In most cases, this is a highly subjective
process.

The results presented in this paper concern the design of
manufacturing cells and part families in the most general case
of one or more manufacturing processes being available for the
same product type. The paper is organized as follows. Section 2
provides the notations and definitions used in the following
sections. In section 3, we propose an algorithm that defines the
proportion of each product type to be manufactured, using each of
the available manufacturing processes. It leads to a mono-
manufacturing process problem. In section 4, we recall the
general algorithm developed in [6] to solve the second part of the .
problem. Finally, section 5 is devoted to the presentation of a
numerical example.

E ITI

The following basic notations are used in this paper :
m is the number of available machines denoted by j = 1, 2, 3, ...,
m;
n is the number of product types denotedbyi=1,2,3,...,n;
k(i) is the number of manufacturing processes available to
manufacture product of type i.

We also introduce a matrix A :

(Al=la ] i=12 035212 ., k@);j=12 ., mwhere

aisj is the time spent by one unit of product type i on machine j

when using manufacturing process s.



s
2= 0 if machine j does not belong to process s of product
type i.
s i-1
Thus, ai,j is the element of row Y k (v) + s and column j.
v=1
Matrix A is shown in figure 1.
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Fig. 1 : Matrix A

To each product type i, we associate a weight qj which can
be interpreted as the average number of products of type i to
manufacture during a given period of time T.

The algorithm which computes the quantity of each product
type to manufacture, using each of the available manufacturing
processes, is called the translation algorithm, because it
transforms the multi-manufacturing process problem into a
mono-manufacturing process problem.

T N _ALGORITHM

1. Probt iti
The goal of the translation algorithm is to assign a
quantity to manufacture by each of the available production
processes.

We define o; (i=1,2 .,n;5=12 ., k(@) as the

number of products of type i which have to be manufactured

using manufacturing process s.

Aset{q) ;i=12 .,n:s=12 ., k(@ is said to be

feasible if the following constraints are satisfied :
a. the required average number of products of each type (qj) is.
manufactured within time T, that is :

k (i) s
Za =q fori=1,2,.,n (03]
s=1
b. the capacity constraints are verified :
n k (i) s s
> 3 8. q <T forj=1,2,..,m 2)
i=1 s=1 "
n
Let us consider the Y k (i) points of R™ derived from
i=1

matrix A. The coordinates of one of these points are the elements
of a row of matrix A, and the weight associated to this point is the

] .
q; -value associated to that row.

Let R be an integer. The feasible set (qis] ;i=1,2,.,n:s=

1, 2, ..., k (i) is said to be optimal if and only if it is possible to
group the previous points into r clusters (r < R) such that the sum
of the inertia of those clusters is minimal. In other words, to be
impossible to find another partition of the set of points and
another feasible set of weights having a smaller sum of inertia.

This approach aims at selecting manufacturing processes
which can be grouped into subsets as compact as possible, in
order to favour the second stage of the algorithm. Indeed, this
compactness reduces the variety of the manufacturing processes
to consider at the second stage of the algorithm.,

2. Definiti iti i 1
The problem consists in finding a set (qis; m;i=1,2,..,

n:s=1,2, .. k1) verifying constraints (1) and (2).

Let:
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n
IBlhasnrowsand Y, k (i) columns.
i=1

Let us also define :
[U] = {q1, 92, ..., an]
Relation (1) can be rewritten as :
81 QT = [UIT, (1)
where T denotes the transposition
Relation (2) becomes :
[QlfAl £ TIL 1, .., 1] 29
Furher, we define :
[S1 = [x1, %9, ..., Xn] as a matrix of slack variables
[Olan x n zero-matrix
[I1a n x n unit matrix
The feasible solution (if any) 1s obtained by solving the
following LP-problem :

n
Minimize ¥ xj 3)

i=1

s.t.
8,01 QST = T ON
% :
Q.51 [I ]: TI1,1,.., 1] 5
g 205i=1,2.,n;5=12..,k@ (6)
xi20;i=1,2,..,n D
2.3, Minimization Of Total Intracl Inexti

The process starts with an initial feasible solution {qis] Ji=
1,2,..,n;8=12 ..,k (i). We first compute a set of clusters
-using the K-mean approach. We then improve the total intra-
cluster inertia by modifying the qf-values in an adequate
manner with respect to constraints (1) and (2). We then return to
the computation of clusters, and so on until it is impossible to
further reduce the total intra-cluster inertia.
We detail the previous two points in the following
subsections.

3.3.1, The X-mean approach
We start by setting r = R points of R™, say G (1), G (2), ...,

G (r), at random. Let (xi, xi, ey x:,n) be the coordinates of G (v),

v=1,2, .., r. We can, for instance, choose these points from the

set (P?] ;8=1,2, ..,k @);i=1,2,.. n, where Pis is the point

whose coordinates are (zl-s a~s . a-s )
11 9422 0 S im

Pis is associated with G (u) if :

dG (), P}) = Min
v=12,.,r
where d is the Euclidian distance.
Relation (8) can be rewritten as :

m i s m i s
T (- 8% = Min T (- a2 (8"
=1 v=12,. =1

d(G (), P) @)

If several G (v) lead to the minimum in (8), we choose the G
(u) with the smallest value of v.

At the end of the process, a cluster is associated with each G
), v=1,2,..,r. Some of these clusters may be empty : in that
case, we remove the corresponding points G (v), reorder the
remainding points and reduce r by the number of empty
clusters. We denote K (v) the cluster corresponding to G (v) for v
=12, ..,r

The process continues by computing the gravity centers H
(v) of clusters K (v), v = 1, 2, ..., r. They are obtained by solving:

s - > — >
2 ¢ H®PF = o0 ®
P e K(v)
which can be rewritten as :

s, s ] .
. b qi(aij-yv)=0, ji=L2, ..., m
P, e K(v)
or
T oqhi=L2.,m (9)
P} e K(v)

where (y‘l,, y%, ey yi,n,) are the coordinates of H (v).

ve=C T qap
P; e K(v)

We then set
x =y forj=1,2,.,m

and restart at the beginning of the process until it converges.
The convergence is proven (see for instance [5] and the related
references).

332.T f the total int 1 inerti

At this point of the process, we have obtained r (r < R)
clusters K (1), K (2), ..., K (r) and the related gravity centers H
(1), H (2), ..., H (r). The notations are the same as those of the

. previous sub-section.

We try to reduce the total intra-cluster inertia by
modifying the qis-values with respect to constraints (1) and (2).

In the following, we restrict ourselves to the rows of [Al.

a. We first freeze the rows of matrix [A] corresponding to
product types having only one production process. The related
quantities cannot be used to reduce the total intra-cluster inertia
because the quantity assigned to the unique manufacturing
process is the total quantity required and cannot be modified.

b. We compute the point P]sl1 belonging to a cluster K (u) such that

d(P{, HW) = Max  Max
(i,9)e E(v)

dE],HW) (10
v=1,..,r
where

EW = ((:9)/ P} € Kw)
1
Pis1 is the point which leads to the maximal intra-cluster

. . . sl . .
inertia variation when Pil varies by one unit.



s2
We compute P:l belonging to a cluster K (w) such that :
s2
d (Pil’ H(w)) = Min Min
se F(v)

AP, H() (D
v=12,.r
where

F(v) = /P € Kv)
P‘Sf is the point corresponding to the product type i1 which

leads to the minimal intra-cluster variation when the related
quantity varies by one unit.
c. We now consider the following two cases :

c.l. ld(Pisll,H(u)) - d(Pisf, H@w)l <n

where h is a small real positive value given by the user.
In that case, it is impossible to significantly reduce the

1 . . 2
total inertia of the system by reducing qisl and increasing q?l by

the same value (in order to verify constraint (1)).

1 2
The rows of matrix [A] related to q?l and q?l are frozen,

and the algorithm continues as shown in paragraph d., below.

c2. 1d (P, H@w) - d B}, Hw)l > 7

In that case, we first compute

n k (i) s

Al = Min (T - 3 X (aij
j eX i=1 s=1

where

. s2 sl
X = (3/ (ailj ailj) > 0}

s s2 sl

1
Al is the maximal value we can subtract from qisl and add

2
to qis_l with respect to constraints (2).

1 2
Thus, A = Min [q?l, qi1 - q?l, Al} is the maximal value

. 1 2
we can subtract from qsil and add to qsil with respect to

constraints (1) and (2).

If A > 0, we set

sl sl
91 =%y -8

and

s2  s2
9 =93 +4

1 2
Then, the rows of [A] related to qis1 and q?l are frozen and

the algorithm continues as shown hereafter.

d. If the number of non-frozen rows of [A] is equal to zero, it is no""

longer possible to further decrease the total inertia with regard to.
the previous gravity center, and the algorithm stops. Otherwise,

we return to b., after having removed the points P?

corresponding to the rows of [A] previously frozen.

3.3.3. Summary,
3.3.3.1, Synthesis The algorithms presented in the previous
sub-sections can be summarized as follows.
1. Stage 1 : Computation of a feasible solution

At this stage the LP-problem, given by relations (3) to (7), is
solved. If this problem does not have a solution, the initial
problem has no solution either and the algorithm stops ; else, we

.obtain an initial feasible solution [qis] ;i=1,2,.,n;8=1,2, ..,

k ().
2. Stage 2 : The K-mean approach (see sub-section 3.3.1.)

2.1. We choose G (1), G (2), ..., G (1) at random

2.2. We compute clusters K (1), ..., K (r) corresponding to
points G (1), G (2), ..., G (1)

2.3. We compute the gravity centers H (1), H (2), ..., H ()
of K (1), K(2), ..., K(r)

24.IfH(s) = G(s)fors=1,2,..,r, go to stage 3, else set G
(s) = H (s) and return to 2.2.
3. Stage 3 : Improvement of the total intra-cluster inertia

In this second part of the algorithm, we reduce the total
intra-cluster inertia as explained in the previous section. The
gravity centers H (s), s = 1, 2, ..., r remain unchanged during
,this stage.
4, Stage 4 : Decision

If no improvement has been achieved during the previous
stage, the algorithm stops and clusters K (1), K (2), ..., K (r) are
kept as the solution of the problem ; else, we return to 2.3.
Note :

As the reader can see, the computation has been made
. s . . .
assuming the q -values are real instead of integer. In practice,

the horizon T is very large compared to manufacturing times
and the number of parts involved in the computation is great
. enough to derive a near-optimal solution to the problem from the
outputs of the translation algorithm, by adjusting these values to
the nearest integer value.
3.3.3.2. Convergence The first stage of the algorithm consists
of finding a feasible solution to a LP-problem. As it is well
known, the solution of a LP-problem is obtained within a
reasonable amount of time, despite the fact that it is theoretically
NP-hard.

It is also well known that the K-mean approach converges
and that the limit is reached after a very small number of
computations, specially when the starting points needed in this
type of approach are defined at random.

The computational burden of the third stage of the
algorithm is upper bounded by :

2
ieZSCk (1)

where S = (Vi@E(L,2,..,n)and k (i) 2 2}
because the points corresponding to a given product are, at most,
examined two-by-two.



Furthermore, the step composed of stage 2 followed by stage
3 is executed only a finite number of times because :
(i) the initial intra-cluster inertia is finite
(ii) at each step, the intra-cluster inertia decreases at least by An
>0

Thus the algorithm stops after a finite number of
iterations.

- P 3 L ITH
The translation algorithm developed in the previous

section assigns a portion of the total quantity of a product type
required within the horizon T to each of the available

manufacturing processes related to that product type . In other’

. -, 1

words, the quantity q; (i =1, 2, ..., n) is split into quantities q;,

2 k (i)
q a

PR which have to be produced following their

respective manufacturing processes 1, 2, ..., k (i) of product type
i. Note that some of the quantities qumay be equal to zero. In that

case, the corresponding manufacturing processes are removed
and k (i) is reduced by the number of manufacturing processes
removed.

Thus, the translation algorithm transforms the initial

multi-manufacturing process problem of n product-types into a
n

mono-manufacturing process problem of N = 3 k (i) product
j=1

types. The translation has been performed in order to favour the

design of manufacturing cells along with their related part

families using the mono-product algorithm already presented

in (7). This algorithm is summarized in this section.

4.1, Notations And Problem Definition

In order to simplify the notations, let 1, 2, ..., N be the new
mono-manufacturing process product types, biji=1,..,N;j=
1, ..., m) the time spent by a product of type i on machine j, and g;
the total quantity of product type i which has to be manufactured

within the horizon T. Note that the bjj values are the a]-sj values of
the general problem and that the quantities gj are the quantities
qis obtained as outputs of the translation algorithm.

We also assume that the bjj values have been normalized
(i.e. divided by the greatest bjj-value) in order to handle only
values belonging to {0,1]. In the following, these normalized
values are still denoted by bij.

Let X = (X1, X2, ..., XK) be a partition of the set of N product
types into K product families and Y = (Y31, Yg, .., YK) a
partition of the set of m machines into K manufacturing cells.

We also denote By =Xk x Yk, k=1,2,..,Kand B= U B k-
. k=1
The basic problem consists of finding K and a set By, Ba,
.., BE. of blocs which minimize :

T ogbea-h 3 g d-bplA (2

AXY) = h /
GjpeaB Y (j)e B

where h (£ [0,1] is a parameter giving more or less importance to
the positive values contained in B and A € (0, +«) is a parameter
modifying the influence of high or low processing times.

42, The Basic Algorit}
The basic algorithm is a heuristic aiming at minimizing
A (X, Y). It can be summarized as follows :

1.Stepl
0.0

Generate K and a partition X0 = (Xl’ X2, very X(I){) of the set

of product types at random.

2. Step 2

21. Forj=1,2 m

211 Fork=12..K
Compute C (X0, k) =

h % abl+a-h
0

T g A-bplh a3
ie XK ieg X(I){

2.1.2. End of loop k
2.1.3. Compute the smallest k1 such that :

C(X%,kp = Max
k=12,..,K

C(x9 K

2.1.4. Assign machine j to manufacturing cell Yllq

2.2. End of loop j
2.3. If some Y,l( are empty for k @& (1, 2, ..., K}, they are

removed and K is reduced by the
number of subsets removed.

3.5tep3

3.1 Fori=12..N

311LFork=12,.K

Compute C (Y0, k) =

h % &b+ (b
. 1
_]EYkl

3.1.2. End of loop k
3.1.3. Compute the smallest K] such that :

S q A-biplh (14
oyl
e k1

C(YLkp = Max
k=12, ..,K

c(YL k)

1
3.1.4. Assign product type i to part family Xy 1

3.2. End of loop i
3.3. If some Xll( are empty for k @ (1, 2, ..., K}, they are

removed and K is reduced by the
number of subsets removed.
4. Step 4 (Test)
4.1. IfF X1 = X0 (X1, Y1) is the near optimal solution, and
the algorithms stops.



4.2 1¢x1 # X0
42.1.SetX0=x1
4.2.2.Goto 2

It has been proved in [4] that the previous algorithm
converges. This algorithm has been improved in two different
ways.

43, Improved Algorithm

The previous algorithm is known as the a-option
algorithm. In [6], two new options have been introduced :
a. the B-option which allows a product family not to be assigned
to a manufacturing cell.
b. the y-option which allows a manufacturing cell not to
correspond to a product family.

Figure 2 represents possible results when applying a-, B- or
y-options.

B

o-optio

By
Machines
8
Product | Initial B
Families matrix B3
/s

Fig. 2 : a-, B- and y-options

The B-option is obtained by computing the value :

m
C(YLk+1) =(1-h ¥ g (1-bjplh
i=1

in addition to the values defined by (14), and by computing k] as

c(YLky = Max c(YL K

k :1,2, ...,K +1

If k1€ (1, 2, ..., K}, the product type i is assigned to part
1
family Xkl' Ifk1 = K+ 1,iis assigned to a supplementary subset
1
XK + 1
The y-option is obtained by computing the value :

N
C(X0k+1)=@a-h ¥ q (-bplh

i=

in addition to the values (13), and by computing k1 as :

C(X0 kp = Max
k=1,2,.,K+1

Cc(x0 %k

Ifki e {1, 2, ..., K], the machine j is assigned to the cell Y:q

1
.Ifk1 =K+ 1, ] is assigned to the supplementary subset Yo | 1

It has been proved in Harhalakis (1989) that both options
converge.

4. NUMERICAL EXAMPLE

In this section, we present an example of 7 machines M1,
Mg, ..., M7 and 6 product types P1, Pg, ..., Pg. In this example,
M2 and M3 are identical, as well as Mg and M7.

The manufacturing processes are given below (machines
are followed by manufacturing times) :

P1:(Ms5, 1), (Mg or M7, 8), (M1, 3), (M2 or M3, 2)
Pg : (M35, 2), (Mg or M7, 6)

P3: (M4, 7), (M5, 2), (Mg or M7, 3), (M2 or M3, 2)
P4 : My, 5), (M4, 2), (Mg or M3, 1)

P5 : (M4, 5), (M1, 2), (Mg or M7, 2)

Pg : (M4, 1), (Ms, 9), (M1, 8), (Mg or M7, 2)

The following quantities of products have to be
manufactured within a 500 time unit period.

Py (50), P2 (20), P3 (30), P4 (20), P5 (20), Pg (20)

Consequently, the machine loads are :

M1 : 450 time units
Mgor M3 : 180 time units
My : 370 time units
Ms : 330 time units
Mg or M7  : 690 time units

As seen above, 4 manufacturing processes are available
for manufacturing product P3, 2 for P9, 4 for P3, 2 for P4, 2 for P5,
and 2 for Pg.

In this example, many feasible solutions are obvious. We
chose the feasible solution proposed in figure 3. The numbers in
parentheses represent the number of products manufactured
using a particular process.

The translation algorithm statisfies the total quantity
requirements : ‘

1 3 1 3 1 1 1
P1 (27), P1 (23), P2 (20), P3 (30), P4 (20), P’s (20), PG (20)

Applying the algorithm described in section 4 for the
mono-manufacturing process, we finally derive the
manufacturing cells and part families as shown in figure 4.



M Mo M3 Mg Ms Mg My

rPi(25) 3 2 1 8
J Pf(O) 3 2 1 8
Pi 3
Pi(25) 3 2 1 8
\P‘i(O) 3 2 1 8
P;(ZO) 2 6
Py
P3O 2 6
P;(IO) 2 7 2 3
Pg(O) 2 7 2 3
15‘34 3
P3(20) 2 7 2 3
P50 e 7 2 3
Pi(20) 5 1 2
Pg 9
P,(0) 5 1 2
P;(20) 2 5 2
Ps 9
P5(0) 2 5 2
Pé(?O) 8 1 9 2
Pg 2
PS(O) 8 1 9 2
Fig. 3 : A feasible solution
MMM MM M M
1
P3(23) |2 0 8 3 1 0 0
P3(30) [2 7 3 0 2 0 0
PLo) |0 5 o 2 0 2 0
Ple7) 2 o o [3 1 e 0
P} (200 0 0 o 0 2 8 0
P% (200 1 2 o 5 0 0 0
Ps(20) 0 1 2 8 9 0 0

Fig. 4 Manufacturing cells and part families

The partition in figure 4 has been computed applying the g-
option with parameter values h = 0.9 and 1 = 1.0. We obtained two

product families :

* 131 * 1111
Xy =(P3 Py Py X = (P}, Py, Py, Pyl

and two manufactruing cells :

* *
Yl = (Mg, My, M7} Y2 = {My, M5, Mg}

Note that machine M3 belongs to the supplementary subset.

6. CONCLUSION

The fast translation algorithm presented in this section
tends to split production volumes in a way that the clusters
obtained have a total inter-cluster inertia as small as possible.
This leads to using manufacturing processes which are close to
each other (i.e. grouped in clusters in which the points
representing the manufacturing processes are close to each
other according to the Euclidian distance). This situation
favours the use of mono-manufacturing process algorithm
described in section 4.

Unfortunately, the translation algorithm does not
necessarily favour the application of the algorithm which aims
at reducing inter-cell traffic.
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