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A sequence w1, 3, ... converges sublinearly to z. if

T |51?k-|-1 - 51?*|

= 1.

Alternatively, if ¢ = |xx — .| denotes the error in x; as an approximation to .,
then

€ht1 = Ak€k_1,

where Ay — 1. Thus sublinear convergence is slow convergence in the sense that
the step-by-step reduction in the error becomes arbitrarily small with increasing k.
For this reason algorithms that converge sublinearly are not greatly in evidence,
and there is no general theory of sublinear convergence.

Sublinearly converging sequences, however, occur in contexts other than iter-
ative algorithms. For example, the inspiration for this note was a recursion of the
form

B Q)

Thtt = T
\ Bi + i

in which the o are lower bounds on the singular values of a sequence of matrices.
For constant f, say Jr = /3, the sequence converges sublinearly to zero—a good
thing in the context, since the object of the investigation was to show that the
singular values remain near one [2]. But a complete theory requires a knowledge
of how quickly the bounds approach zero. From a numerical example I was able

to deduce that for constant
1

(o8 \/E
is a solution of (1). However, the fact that this deduction was largely accidental
shows the need for a general method for determining the asymptotic behavior of
a sublinearly converging sequence generated by a formula like (1). The purpose
of this note is to provide such a method.

We will begin with a definition.
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Definition 1. Let limj_ ., ) = ., and let ¢, = |vy — x.|. Then xp converges
sublinearly with degree p > 0 if

=c>0.

The constant c is called the convergence constant.
Alternatively, the convergence is sublinear of degree p if
erp1 = ex(1 = cpel™), cp — ¢ > 0. (2)

In this form it is easy to see that the error is reduced by a factor approaching one.
The smaller p, the closer the factor to one. Thus small p means slow convergence.

The prototypical pth degree sequence is x, = k. To see this, expand (k+41)7?
in a Taylor series with remainder to get

(k1) = k(L4 B = k77 {1~ [p+ o(1)] 'K,

Thus the errors e, = k77 satisfy (2) with ¢ = 1/p.

We are going to show that all convergence of degree p is essentially the same.
However, first let us establish some facts about the errors of such a sequence.

In the first place, since

k
€ri1 = €o H(l — cie}/p)
1=0

we must have

1 - cie}/p) = 0.

=0
Now it is well known that for a; > 0
[[l+a)=00 or J[(1-—a;)=0 (3)
=0 =0

if and only if
Z a; = Q.
=0

It follows that

Z e}/p = Q. (4)
=0

We are now in a position to establish the essential identity of all degree p
convergence.
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Theorem 2. Let x;, and & both converge sublinearly with degree p and conver-
gence constants ¢ and ¢. Let e;, and é; denote their errors. Then

€L ¢
Pk = — — —.
€L C
Proof. Let
ery1 = ex(l — ckei/p), e, —c>0
and
. . A Al . .
€rt1 = €x(1 — ckek/p), cp — ¢ > 0.
Then
1 — ckei/p 1— Ckpi/péi/p
Pk+1 = Pk ~ A1/p = Pk ~ A1/p
— Créy, 1 —crey

Expanding the denominator in a Neumann series and absorbing the error term in
¢, we get
1 LAl
prer = pill = (cxp” = &)e/"), (5)

where ¢, — c.

1/p

Now p,/" cannot be uniformly greater than ¢/c. For otherwise (ckpi/p

— 6k) 1s
in the limit uniformly positive, and

> (an” = a)e! = oo
k=1
[cf. (4)]. It follows from (3) and (5) that pr — 0, a contradiction. A similar
argument shows that pi/ P cannot be uniformly less than ¢/c. It follows that for
any ¢ > 0, there are arbitrarily large k such that |pr — é/c| < ¢
Now let ¢ > 0. Since é; — 0, ¢, — ¢, and ¢, — ¢, there is an ¢ such that for

all k> 1/
1. |Ek/ck—é/c| <6/2,
2. |pr—¢/el < e = |prr1 — pr| < ¢/2.

(6)

Let k > ( be such that |p; — ¢/c| < e. Our theorem will be proved if we can show
that |pr41 — ¢/c| < e. There are three cases.

L. |pr — ¢/c| < €/2. In this case (6-1) implies that |pri1 — é/c| < e.

2. pr > ¢/c+€/2. By (6-2), pp > ¢é/ck, and it follows from (5) that pri1 < pg.
Hence by (6-2), |pr+1 — ¢é/c| < e.
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3. pr < ¢/c—¢€/2. By (6-2), pp < ¢éi/ck, and it follows from (5) that pri1 > pg.
Hence by (6-2), |prt1 — é/c| < e. m

It follows from this theorem that if z; converges to . with degree p and
constant ¢, then

|z) — 2] 2 ——. (7)
Since for p > p, k=% = o(k~?), we have the following corollary.

Corollary 3. If x; and %) converge with degrees p and p > p, then

A

er = o(€).

Let ¢ be a function with a fixed point x.. A classical result (e.g., see [1, p. 64])
says that the iteration

Tre1 = o(x), E=0,1,...

converges locally to x, provided |¢'(x.)| < 1. Moreover if

0=¢(z.) = =" N a) # P (x,),

then the convergence is superlinear of order p. If |¢'(z.)| = 1 the convergence, if
any, 1s sublinear, and we can determine its degree by inspecting derivatives.

Theorem 4. Let ¢(x.) = x.. Suppose that the qth derivative of ¢ is continuous
at x, and

Pl =1 and 0="(e.) = = g0 (x) # ¢ (a.).

Then for all xqy sufficiently near x, that satisfy
(20— 2.6 2) <0, )
The iteration
Tre1 = o(x), E=0,1,...

converges sublinearly and monotonically to x. with degree p = 1/(q¢ — 1) and
constant | (x.,)|/q!.
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Proof. From a Taylor series expansion about x, we have

o) — 2= (2 — ) 1
where ¢ lies between @, and x. Choose xo (if possible) to satisfy (8) and also so

that
()
q!

(x — x*)q_l <1

for = between z, and zo. Then

ot — 2a = (25 — 22) (1 A x*)q_l)

q!

For k = 0 the second factor in this relation is positive and less than one. Conse-
quently, x1 is strictly between . and xg. An obvious induction will establish that
the x; proceed monotonically toward z.. Moreover, for z; — x, bounded away
from zero, the decrease is uniform. Hence x; — x,. The facts about the sublinear
convergence of the x; follow directly from the definition. m

The regions from which the iteration converges depends on ¢. If ¢ — 1 is odd,
the iteration converges from the left or the right, depending on whether ¢(@(z.,)
is positive or negative. If ¢ — 1 is even there is no local convergence when ¢(@(z.,)
is positive, and the convergence is from either side when ¢(@(z,) is negative.

There is an analogous theorem for ¢'(x.) = —1; however, the situations under
which convergence occurs is even more restricted. Specifically ¢ — 1 must be even
and ¢(@(z,) must be positive. In this case, the errors converge monotonically to
zero, but the x; alternate about x,.

It should be clear from the above discussion that the theory — unlike the theory
of linear and higher order convergence — does not extend to functions of a complex
variable.

Nor does the theory include all kinds of sublinear convergence. For example,
the sequence kkl)? converges sublinearly to zero, but it lies between convergence
of degree one and 1 + € for any € > 0. Such intermediate modes of convergence
also appear in the theory of higher order convergence.

It is a curiosity of Theorem 4, that no analytic iteration function ¢ can produce
sublinear convergence of degree greater than one.

Returning to the example that motivated these investigations, let

olo) = 22
VI + o2
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Then it is easy to verify that
S0/(0) — 17 S0//(0) — 07 S0///(0) = —_
It follows from Theorem 4, that convergence is of degree 1 with constant =

2 28"
Moreover, from (7), the iterates generated by ¢ must have the asymptotic form

p

7

12

Ok
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