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Quantum many-body systems host a variety of exotic phases which can be described as the
deconfined phase of an emergent gauge theory. Such phases in the context of spin systems go by
the name Quantum Spin Liquids (QSLs). Often, the same features that make them interesting also
make them hard to detect experimentally. This thesis is a collection of works aimed at connecting
the defining theoretical properties of such phases to experimentally accessible observables, both
in the setting of solid state materials and quantum devices.

The main theme of the first part of the thesis is magnetic monopoles of emergent compact
U(1) gauge theories that describe certain QSLs, namely Quantum Spin Ice and Dirac Spin Lig-
uid in three and two spatial dimensions respectively. The condensation of monopoles drives a

deconfinement-confinement phase transition in the gauge theory, and in the context of spin sys-



tems, drives transitions from QSL to ordered phases. We exploit this understanding to propose
a “Monopole Josephson Junction” scheme to test if a candidate material is a Dirac Spin Liquid.
A key component of our detection scheme is Raman Scattering. Next, we provide a proposal to
prepare and diagnose Quantum Spin Ice (deconfined phase of U(1) gauge theory in three spatial
dimensions) in Rydberg atom arrays.

In the second part of the thesis, we explore quantum optics techniques to probe correlated
quantum materials. In optical experiments, the photonic observable measured is usually the in-
tensity or photon number operator of inelastically scattered light. We ask a general question —
what can we learn about a material, given access to other photonic observables like quadrature
and correlation between pairs of photons (G(?)? We develop a general formalism to map such
photonic correlation functions to electronic ones. Focusing on the Hubbard model at half-filling,
we show that such correlators can be used to probe spin-charge correlations, and to detect QSLs

by detecting spin chirality and existence of fractional statistics.
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ter operators ]\A@ are defined in Eq. (3.2) and (3.4). F;(w;) is t_he effective filter
function, and F;(t) is its Fourier transform. Here T[ | and T[ | denote time-

and anti-time-ordering respectively. Note that G&?(O) is the same as intensity of
Raman-scattered photons [7, 8]. For measuring the first order quadrature and two-
mode squeezing, the output photons are interfered with a strong local oscillator
whose frequency is equal to the drive frequency, wy,, and whose phase relative to
the drive is §. We provide a detailed discussion on the above photonic correlators
and the experimental schemes to measure them in Sec. 3.3.2 and Appendix C.4. .

The expectation values of the operators in the left column in ansatz wavefunc-
tions |Wgrk), |Wiem) and |Wiapm) respectively. The operator R is defined as R =
> o) (€1 + H.c. In the RK wavefunction, (Q/RK|R|WRK> = 4figip Ny... To cal-
culate expectation values in | Ugk ), we have used classical Monte Carlo sampling.
Behavior of various correlators. Xp and Yp are plaquette operators defined in
Eq. (4.48). MTM(rl — ry) is a monopole string operator defined in Eq. (4.74).
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Symmetry properties of conserved charges of G;r. SO(3) is spin-rotation (S
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B.3 Symmetry properties of conserved currents of U (1), and SO(6). Notation: “V”

2% 4¢

means “transforms as a vector”, “—V"” means transforms as a vector except for a

factor of —1. “V as J]| [o'77]” means the current’s spatial indices are transformed
as a vector while the SO(6) indices are rotated to 0’77, possibly with an overall
SIZNL v e e e e e e e e e e e e e e
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(a) Consider applying a local operator (pale blue circle) which we represent (per-
haps by hand) as a composite made of two “gauge charge” creation operators. (b)
There is a gauge string connecting these charges that remind us of the redundancy
involved in splitting a local operator into two. If the gauge theory is in the decon-
fined phase, then the gauge charges have existence of their own, and the system
supports fractional excitations. . . . . . .. ...
What an attempt to identify a putative Quantum Spin Liquid looks like. Figure
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Monopole Josephson effect, general idea: We consider a junction of two ordered
phases (O, and Og) separated by a DSL. O, and Opg are viewed as monopole
condensates such that their expectation values are related by a generalized phase
(unitary matrix) e’ (possibly time-dependent). This leads to a monopole current
across the junction, which is equivalent to an electric field in the emergent U(1)
gauge field in the perpendicular direction inside the DSL.. . . . . . . ... .. ..
Schematic of the (a) effective monopole tunneling Hamiltonian Eq. (2.15) and
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The resulting monopole current is equivalent to an emergent electric field. . . . .
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AC Josephson effect. An out of plane (w.r.t. magnetic ordering) Zeeman field
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(a): In a SQUID geometry (SC-metal-SC-metal), threading a flux ¢ through the
center results in a tangential electric current [ (black arrow). (b): Similarly, a
DSL with a flux ¢ in U(1), going through results in an emergent electric field

<é> radially outwards (blue arrows). (c): A DSL in the presence of a lattice
dislocation. The red circles mark the two lattice sites making up the dislocation.
(d): Mean field considered for numerics in the presence of two dislocations with
opposite Burger’s vectors (red and blue). Grey triangle indicates 7 flux. . . . . .
Discrete shift . for Hofstadter model on the square lattice. Each lobe represents
a gapped region. The color of a lobe represents the discrete shift of the many-
body state obtained by filling all the single particle states below the lobe. Figure
from Ref. [2]. . . . . . .
A menagerie of butterflies in the spinless square lattice Hofstadter model. o and /3
represent a plaquette center and vertex respectively. For any C; symmetric origin

0, .7, has a Z, classification, while 2, has a Z, classification. Figure from Ref. [3]. 49

A system of itinerant electrons is irradiated with a laser. Conventionally, pho-
todetectors measure the intensity of the scattered photons, and the correlations
are ignored. In this paper, we propose a Hanbury Brown-Twiss-type setup to
measure correlations between pairs of photons. We allow for frequency filters,
JF1 and F;, before detection, and a time delay, 7, between detection events. . . . .
Schematic illustration of different photon scattering processes. (a-¢) The blue-
and orange-shaded regions represent the lower and higher energy sectors, respec-
tively, separated by an optical gap of order U. For the Fermi-Hubbard model
at half-filling, U corresponds to the on-site repulsion, with the low- and high-
energy sectors identified as spin and charge sectors, respectively. More generally,
the presented formalism applies to any insulator with an optical gap. The laser
frequency wy, is assumed to be detuned from U. The three terms in My, defined
in Eq. (3.2) correspond to different pathways leading to emission of a photon.
These three pathways are depicted schematically as follows: (a): Raman process
— absorption of a laser photon followed by the emission of a photon with a fre-
quency near wy,. This process is governed by the effective matter operator Ay,
which mediates transitions from the state |I) to |.J) within the same (lower en-
ergy) sector. (b): Absorption of two photons followed by emission of a photon
of frequency near 2wy — U. This process involves the effective matter operator
By, which transitions the state |I) in the lower energy sector to |K) in the higher
energy sector. (c¢): Emission of a photon of frequency near U originating from a
state | K') in the higher energy sector that was previously accessed via process (b).
This emission is mediated by the effective matter operator C'y, which transitions
the state |K') to |F') in the lower energy sector. Panels (d-f) illustrate the corre-
sponding intensity versus frequency profiles. Notably, emission into sideband (e)
is necessarily accompanied by simultaneous emission into sideband (f). . . . . .
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3.5

Schematic representation of the scattering process. (a) The initial state in the
asymptotic past (at time ¢ = —T7'/2, in the limit where it approaches —oc0),
|W(—T/2)) consists of the electromagnetic field in a laser-produced wavepacket
state far away from the material. The material is assumed to be in an energy eigen-
state |I). Around time ¢ = 0, the wavepacket spatially overlaps with the material
and interacts with it for a duration proportional to the length of the wavepacket,
which we assume to be much larger than its central wavelength (b) At¢ = T'/2,
in the asymptotic future, light and the material are entangled with each other and
the resulting superposition is schematically depicted in the figure. The expansion
depicted here is in the number of photon modes in the final state. The first term
corresponds to the elastic scattering of light. The second set of terms corresponds
to the emission of a photon in mode A, leaving the material in a state fi(;) |T),
where R(Al) is an operator acting purely in the matter sector. For brevity, we have
left out energy-conserving d-functions in the above schematic (for a more careful
treatment, see Eq. (3.43)). The third set corresponds to the emission of a pair of
photons in modes A\; and \y. Therefore, correlation functions of photons map to
correlation functions of matter operators like Rf\l) and RE\? x,- I this paper, we
present a formalism to derive expressions for these matter correlation functions. .
Optical scheme for the measurement of the phase-sensitive second-order quadra-
ture correlations between a pair of photons scattered off the material Eq. (3.23).
One of the photons (shown as blue) is subjected to an additional (retarded) time
delay 7. After both photons pass through the respective frequency filters F;, each
photon is mixed with a strong field of a local oscillator (annihilation operator de-
noted as ar o) using a beamsplitter. In our work, we consider the frequency of the
local oscillator to be equal to the drive frequency wy. The phase difference of the
local oscillator with respect to the drive laser can be tuned. If ay, is a scattered
photonic mode, then for each of the two beam-splitters, the mode through each

. 1 A~ A~ . .
of the two output arms, +1 and —1 is 7 (a A\ £ aL.o,) respectively. First, let us

consider the output from just one of the filters ;. The difference Gg) 4= Gg);_
between the two arms of the beam splitter is proportional to a quadrature mea-
surement <&dj> e + c.c. Now, let us consider the output from both the filters F;
and F,. We show that by measuring G?) correlations between the output arms
of the beam-splitter and by taking a suitable linear combination [Eq. (3.25)], one
can measure phase-sensitive second-order quadrature correlations between the
scattered photons (G, (T)aq, (0)). -« « o o o o
Measurement scheme for Hy, 4, (¢, 7) = (@}, (0)al (t + 7)aa, (t)aa, (0))ou + c.C-s
which can be thought of as a G()(7) measurement at detector dy conditioned on
detecting a photon at d;. The mode shown in green here is split into two paths
using a beamsplitter, and one of the paths is given a time delay 7 with respect to
the other. The two paths are made to interfere, and two G2 measurements are
taken between d; and each arm of d,. We show in Appendix C.4 that the desired
correlator can be obtained thisway. . . . . . . . . ... ... L Lo
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3.6 Schematic representation of the energy eigenstates accessible by applying local

3.7

3.8

39

operators to the ground state of the Fermi-Hubbard model at half-filling. The
eigenstates are divided into distinct sectors: the lowest-energy sector (light blue)
consists of spin states with frozen charge degrees of freedom, while the next two
sectors (orange and red) are separated by approximately U and correspond to
states with one and two doublon-hole pairs, respectively. A Raman process is
illustrated: starting from a state |I) in the spin sector, photon absorption leads to
virtual occupation of a state in the one-doublon-hole sector, followed by photon
emission into mode k, resulting in the material returning to a potentially different
state |J) in the spin sector. Here we use dotted lines to depict virtually occupied
states. The dotted line here is placed at the energy F; + wy, even though there is
no state at that energy in the matter Hamiltonian. . . . . .. ... ... ... ..
(a)-(d) illustrate the four processes contributing to GG ) (1) to leading order in g,
and t/|wy, — U|. (e) and (f) show a cartoon intensity profile of the emitted pho-
tons. Process (a) contributes to the central peak highlighted in (e) and processes
(b-d) contribute to the sidebands highlighted in (f). (a): Raman process occurring
twice, with the intermediate state |.J) being in the spin sector. (b): Scattering of
two photons, accompanied with the real, i.e., resonant excitation of a state |K)
in the charge sector. This is reminiscent of the sideband process in Ref. [14].
(c): This process corresponds to successive absorption of two photons resulting
in virtual occupation of the two-doublon-hole sector, followed by emission of
two photons into the sidebands in (f). (d): This process differs from (a), (b) and
(c) in that it involves the diamagnetic term. After a photon absorption and vir-
tual occupation of the single doublon-hole sector, the diamagnetic term results in
the scattering of a laser photon (wavy line labelled w;,) into an emitted mode of
frequency w,,, which lies in the sideband near 2w; — U. This results in exci-
tation of a matter state | K') in the single doublon-hole sector. Finally, a photon
of frequency w,, is emitted into the sideband around U. (e): The central peak
is highlighted, corresponding to photons of frequency around w;. (f): The side-
bands corresponding to pairs of photons of frequency around 2w; — U and U are
highlighted. . . . . . . . . . . . .
Microscopic processes corresponding to Fig. 3.7: We show the square lattice for
concreteness, but our results are general. In all the subfigures, a curved blue arrow
indicates that an electron runneled from the tail to the head of the arrow, and the
configuration shown in a subfigure is a consequence of the hop shown in the same
subfigure. The legend is provided at the bottom. . . . . ... ... ... ... ..
A visualization of the definition of the operator 16“/2 (r1, 1) (see Eq. (3.52)) on
the square lattice. This is an operator that creates a doublon-hole pair when acting
on the spin sector. (a): p; = x (lattice vector in the z-direction) and p), = y.
(b):pr=xandpb=a. . . . ...
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3.10

3.11

3.12

3.13

3.14

A visualization of the definition of the operators S wt o (T1, p1) and C“/ b (U1, 1)
(see Eq. (3.56) and Eq. (3.57)). Both the _operators create a doublon-hole pa1r
when acting on a state in the spin sector. Sisa spin triplet operator, while Cis
a spin singlet operator. Since this is the only difference between the two, we use
the same figure to denote both S and C. The operators are specified by a bond
(r1, 1) and two additional lattice directions ) and p},. The four subfigures show
the definition for different choices of these directions. . . . . . .. . .. ... ..
Time contour representation of the matter correlation function GEI? 4,(T), given
in Eq. (3.76, 3.77). Here, time flows forward from right to left. The red and
blue circles denote operators that couple to the photon detected first and second,
respectively. The forward time segment of the contour (top) is time-ordered,
while the backward time segment (bottom) is anti-time-ordered. The profiles of
the Fourier transformed causal filter functions ]:“j(tj) are shown schematically. . .
Processes leading to spin chirality matter operator: (a): We study this motif
because the two orientations of equilateral triangles and all six orientations of
isosceles obtuse triangles involving the site labeled 0 can be found in this motif.
Any other such triangle can be obtained by translating a triangle from this motif
by a lattice vector. A black dot represents a singly occupied electron, i.e., a spin
degree of freedom. Blue empty circle is a hole and an orange filled circle is a
doubly occupied site (doublon). (b): Upon absorption of a photon, an electron
virtually hops from 0 to 1. (¢): Upon absorption of a second photon, an electron
hops virtually from 3 to 0. (d): The doublon-hole pair recombines along the bond
from 2 to 0 by emitting a photon of polarization e; and frequency around 2wy, —U.
(e): This is similar to the previous step, but the frequency of the second photon is
around U. (f): Primitive lattice vectors a; and a- of the triangular lattice. Also
shown is the linear combination as —a;. . . . . . . . . . . . .. ... .....
Different magnon processes leading to the scattering of two photons: (a): Raman
scattering of the first photon leads to the creation of a magnon-pair of momenta
k; and —k;. (b): The scattering of the second photon could lead to creation of a
different magnon-pair of momenta k, and —k,. In this case, the second photon is
also red-detuned with respect to the laser and generically has a frequency different
from the first one. (c¢): Scattering of the second photon leads to the annihilation
of the magnon-pair created in (a). The photon is blue-detuned in this case. (d):
This is similar to (b), except ky = k;. This is treated separately here. . . . . . . .
Four operator orderings in Eq. (3.106): (a): 7 — ty > —t; and 7 — t}, > —t/, (b):
—t; > 7 —tyand =ty > 7 — 1), (¢): —t; > T —tlyand 7 — t}, > —t/, and (d):
T—tlo>—trand —t] > 7 —th . ...
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3.15 This figure is similar to Fig. 1 of Ref. [15], except the backward propagation is

4.1

4.2

unfolded here. Without loss of generality, in this figure, ¢, > ¢,. In our time
axis, from —t/,, onwards, time decreases in the upward direction. For the oper-
ator ordering in Fig. 3.14(a), we depict a history of anyons that contributes to
the connected G?). At time —t;, operator A; creates an anyon pair (red) at spa-
tial point x;. Since Ay is a zero-momentum operator, x; is integrated over the
whole area of irradiation. At time —t,, operator A, (blue) creates a second anyon
pair that recombines at —t/, due to wavepacket spreading. Let us consider a fixed
worldline loop of the second pair. A path integral over all possible worldlines of
the red anyons is dominated by those trajectories where a red anyon ballistically
propagates through the blue loop till time —¢}, and then turns around to recom-
bine at time —¢}. For a fixed momentum p of the red anyon, it has been shown
geometrically that x; can only be from an area ~ |t — t2]3/ ? [15]. Since —t}
and —t; are not necessarily equal, classically, the red anyons will not recombine
if they exactly retrace their path during backward propagation. However, due to
quantum wavepacket spreading, there is a nonzero amplitude of recombination,
which we conjecture to be independent of ¢, and ¢,. . . . . . .. ... ... ...

(a) The pyrochlore lattice. White circles denote atoms in the ground state, while
black circles denote atoms in the Rydberg state. The configuration shown satisfies
ny = 2 on each tetrahedron. The label x is used to denote the sites of the
pyrochlore lattice. (b) The diamond lattice. It is the bipartite lattice formed by the
centers of the tetrahedra marked by green (A sublattice) and blue (B sublattice)
dots. e, for 1 € {0,1,2,3} label the vectors joining an A site to its neighboring
B sites. The label r is used to denote the sites of the diamond lattice. (c) The red
links are the edges of the lattice dual to the diamond lattice shown in (b). This
lattice is also a diamond lattice, and we refer to it as the “dual diamond lattice”
in this chapter to distinguish it from the “diamond lattice” in (b). The sites of
the dual diamond lattice are centers of the “polyhedra” formed by four puckered
hexagons of the diamond lattice. u,, for x € {0, 1,2, 3} label the vectors joining
an A site to its neighboring B sites on the dual diamond lattice. The label r [notice
the difference in the font as compared to r in (b)] is used to denote the sites of the
dual diamond lattice. . . . . . . . . ...
Mapping between Rydberg array configurations and dimer configurations. A Ry-
dberg atom (black dot) is mapped to the presence of a dimer (orange bar), while
a ground state atom (white dot) is mapped to the absence of a dimer. (a), (b),
and (c) show example dimer configurations corresponding to ny =1, 2, and 3,
respectively. In each case, ny many dimers touch the center of each tetrahedron
(the centers of the tetrahedra form the diamond lattice). . . . . ... ... .. ..
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4.3

4.4

4.5

4.6

4.7

4.8

4.9

(a) and (b) constitute a virtual process at second order in perturbation theory in
Q/V. Starting from (a) which is a configuration that satisfies n,, = 2 on all sites,
by + Z;J{ is applied giving (b). To complete the second order process, by + ZA)X is
applied to (b) giving back (a). Tetrahedra for which n, # 2 are shaded in red.
Sub-figures (a)—(g) constitute a sixth-order process in the perturbation theory that
contributes to the ring exchange term in the effective Hamiltonian, Eq. (4.9).
Starting from (a), the perturbation b + bT is applied sequentially on sites 7 =
1,2,...,6. At the end of the six steps, a configuration with n, = 2 is obtained
as shown in (g). Note that the configuration of the atoms on the hexagon is
flipped in (g) as compared to (a) thereby producing the effect of a ring exchange.
Other sixth-order processes where the perturbation is not applied sequentially
also contribute to Eq. (4.9), but are not shown here. (h) Ring exchange process
which appears in the effective Hamiltonian Eq. (4.9). A flippable configuration is
mapped to the complimentary flippable configuration. . . . . .. ... ... ..
Shaded in red are the four nonequivalent hexagonal plaquettes of the pyrochlore
lattice. . . . . . ..

Plot showing the variation of (p) (which is the proportionality constant in Jye(p) =

7v(p)Q°/V?) as a function of p. For p = 0.5,1.5,2.5, and 3.5, the energy gap be-
tween the low-energy and the high-energy sectors closes and v(p) diverges.

For p € (3/2,5/2), corresponding to ny = 2, the system is in the U(1) spin
liquid phase at Vzrx = 0 [16]. On the other hand, for p € (1/2,3/2) and
p € (5/2,7/2), corresponding to ny = 1 and 3, respectively, the system is in
an ordered phase at Vzx = 0 [17]. Note that for p = 1/2, 3/2, and 5/2, the per-
turbation theory described in Sec. 4.2.1 does not apply, and we cannot comment
on the phase of the system. . . . . . ... ... ... ... ... .. .. ... .
An ice ferromagnet state. It is an ice rule obeying state (i.e., np = 2 on every
tetrahedron) with k = 0. All the up-pointing tetrahedra are copies of each other.
The same is true for the down-pointing tetrahedra. There are six (*C) such states,
and together they make up the ground subspace of Hao oo o
(ﬁeff> in |Wrk), |Viem), and [Wiapy) calculated by inserting the values in Ta-
ble4.1inEq. (4.23).. . . . . . .
Approximate ground state phase diagram of the Hamiltonian in Eq. (4.6). The
ground state for {2 = 0 was calculated exactly to be an ice ferromagnet (ice FM)
in Sec. 4.3.1.2. We assume that, as (2 is increased, no phase transition occurs to
a different ordered state. The transition point from the ice ferromagnet (confined
phase) to the QSL (deconfined phase) at {2 ~ 0.44V is obtained by comparing
energies of ansatz wavefunctions in the effective Hamiltonian obtained using per-
turbation theory in Hg and H . For the Higgs transition to the TFP phase, we
make an approximation by dropping Hi p, in which case Qy was calculated in
Ref. [18]tobe 0.55(5). . . . . . . . . . e
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4.10

4.11

4.12

4.13

4.14

4.15

Al

A qualitative sketch of the energy scales (per unit cell) in our problem. For 2 >
Q¢, the ground state is a U(1) QSL. Ice ferromagnet is the ordered state obtained
when monopoles proliferate, i.e., the ice ferromagnet has an extensive number
of monopoles. We therefore use the energy difference per unit cell between the
QSL and the ice ferromagnet at {2 = 0, obtained in Table 4.1, as a proxy for
the monopole energy scale. This scale ~ 0.03V" is much smaller than the spinon
energy scale (“electric charge”), whichis~ V. . . . . .. ... ... ... ....
Notation for the plaquette correlators. P and P’ are two hexagonal plaquettes of
the pyrochlore lattice. r,r’, r + u,, and r’ 4 u, are the sites of the dual diamond
lattice. u, and u, are vectors perpendicular to Pand P'. . . .. ... ... ...
(a) The “polyhedron” formed by four puckered hexagons of the diamond lattice
is shown in orange. The centers of these “polyhedra” form the dual diamond
lattice. (b) The center of the “polyhedron” in (a) is also the center of a truncated
tetrahedron (shown in red) of the pyrochlore lattice. . . . . . ... ... .. ...
An example of the monopole string operator M*/\;l(rl — ry) for which we pro-
vide A, explicitly. In our example, the string carries 27 flux through a tube with
a width of 7 puckered hexagons of the diamond lattice. The tube runs along the
z—direction. (a) A schematic of the tube running along the z-direction. The
diamond lattice (whose vertices are centers of tetrahedra of the pyrochlore lat-
tice) can be seen as ABC stacking of layers of “honeycomb” lattices made of
chair-like puckered hexagons. The tube consists of three types of layers shown in
yellow, orange, and cyan. Each layer is made of 7 puckered hexagons. To convey
a sketch, we depict such a layer by a big hexagon with some thickness. (b) A
side view of the stack showing three of its layers, where each layer is made of 7
puckered hexagons of the diamond lattice. The bonds within each of these layers
are colored in yellow, orange, and cyan. The bonds (of the diamond lattice) con-
necting sites of two different layers are shown in black. These layers are repeated
in the 2 direction to get the entire string. For bonds « with (conical) arrows, the
value of A, is written next to the bond. For bonds & without arrows, A, = 0.
The two sub-lattices of the diamond lattice are represented by blue and green
sites. (c) Top view of three of the layers of the stack. It can be seen from all three
sub-figures (a)-(c) that the flux through any closed surface Y that completely en-
closes an integer number of layers, such that the bottom layer is included but not
the top, is 2. However, if X partially encloses a layer, then ®51s0. . . . . . ..
Notation for the two-point S correlator. r and 1’ are the positions of the centers of
the tetrahedra. e, are the vectors joining the center of an up-pointing tetrahedron
to the centers of its neighboring down-pointing tetrahedra. . . . . ... ... ..
A lattice made of corner-sharing tetrahedra different from the pyrochlore lattice.
The lattice consists of ABAB ... stacking of the blue (A) and the orange (B)
layers. A configuration satisfying np = 2is shownhere. . ... ... ... ...

(a) r lives on the sites of the lattice. A, (r) lives on the link joining r and r+e,,. (b)
)Y

187

202

D—1
The oriented plaquette corresponding to F,,(r). (c) Dual lattice site r = r+%e”.221
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C.1

C2

C3

C4

C5

Fig. 3.3 in Interaction Picture: Schematic depiction of (a) |in) = ¢~107/2 | (t = —T/2))
and (b) |out) = ¢'0T/2 |y (¢ = T/2)). This is a mathematical trick used to bring

all wavepackets to where they should have been at ¢ = 0, according to the non-
interacting Hamiltonian H,. The states (a) and (b) are respectively obtained by
evolving the initial and final states shown in Fig. 3.3(a) and 3.3(b) forward and
backward respectively in time till ¢ = 0. States |in) and |out) are identical

to Fig. 3.3(a) and (b) respectively, except that the light wavepackets have been
shifted so as to be in the vicinity of the material. Further, upon doing so, the
individual terms may have picked up additional phases a&l) etc. (compared to the
corresponding terms in Fig. 3.3) due to time-evolution. . . . . .. ... ... .. 251
First class of processes contributing to Fig. 3.7(c). For figures in this paper, an
empty circle denotes a hole at the lattice site and a filled circle denotes a doublon.

The absence of any circle denotes a spin (whose state is left unspecified). We use

a curved blue arrow to denote an electron hopping from the tail to the head of the
arrow. The configuration shown in each figure is the result of such a hop shown

by the arrow on the same figure. Here, we show a square lattice for concreteness.

But our results hold for any lattice. We suppose p) and pf, are in the = and y
directions respectively. (a): One starts with a spin state. (b): Through a photon
absorption, an electron hops from r to r} + . (¢): Through a photon absorption,

an electron hops from r/, to r, + ). At this point, there are two doublon-hole

pairs as shown. Now there are two choices of doublon-hole pairs to annihilate via

a photon emission — either (d): the one created second, or (e): the one created first. 268
Second class of processes contributing to Fig. 3.7(c). Here, the doublon-hole pair

that is annihilated differs from either of the two pairs that were created, but is
instead made of one hole and one doublon from each pair. For this to be pos-

sible, the two bonds along which the doublon-hole pairs were created should be
connected to each other by another bond. (a): Spin state. (b): Creation of first
doublon-hole pair. (¢): Creation of second doublon-hole pair. (d): Annihilation

of adoublon-holepair. . . . .. ... ... ... .. L L 269
(a): Spin state. (b): First doublon-hole pair is created via the paramagnetic term.
(¢): A hole moves via the diamagneticterm. . . . . .. ... ... ........ 271

Microscopic processes involving the cubic term V. This Figure is a continuation
of Fig. 3.8, and hence we use (e;) and (e;) as the subfigure indices. (e;-e4): Via

the A® term, absorption of two photons followed by emission of one results in an
electron tunneling across a bond. Then the doublon-hole pair recombines to emit
the second photon. This process couples to the charge sector because (€}-€)):
A photon is absorbed via the paramagnetic term leading to off-resonant electron
tunneling. Then, two photons are absorbed and one photon is emitted via the A3
term resulting in the electron tunneling back. . . . . . ... ... ... 273
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D.1

D.2

Sub-figures (a), (b) and (c) show the various Borel-Padé approximants and the
Taylor series for the three ansatz states: ice ferromagnet, ice antiferromagnet and
the RK wavefunction. Sub-figure (d) shows the Borel-Padé approximants and
the Taylor series for the RK wavefunction without the long-range interactions.
The curves labelled “Taylor” are the energies of the ansatz states obtained from
perturbation theory. The curves labelled by “[m/n|” where m,n € {0,1,...,6}
such that m + n = 6 are the [m/n| Borel-Padé approximants. . . . . . . ... ..
The energy per unit cell (in units of V') of saddle points ¢ = 0 (QSL) and 0 = 7/2
(ice ferromagnet) given by Eq. (D.20) up to an ogerall additive constant that is
Q

the same for § = 0 and ¢ = /2. We also plot — 4 arising from trivial spin-flip

pairs: this plot almost overlaps with the energy of the = O state. . . . . . . . ..
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Chapter 1: Introduction

The existence of a large variety of quantum phases of matter we see around us, such as
metals, insulators, magnets and superconductors is ultimately due to a grand tug of war that
determines the ground state of a given many-body Hamiltonian. A many-body Hamiltonian
is a sum of kinetic and interaction energies which do not commute with each other. In most
conventional phases of matter, the ground state can be understood by continuously deforming the
Hamiltonian such that one of the terms wins the tug of war. For example, if the kinetic energy of
electrons dominates over electron-electron interactions, then the resulting state is a Fermi gas with
a Fermi surface (if the electrons partially fill a band). Fermi liquids which describe most metals
are continuously connected to such a Fermi gas. Similarly, if a ferromagnetic spin-exchange
interaction wins the tug of war, then the resulting state is a ferromagnet.

Exotic states emerge when there is no clear winner in this tug of war. A limiting case of
such a scenario is when the ground state subspace of one part of the Hamiltonian is exponentially
(in system size) degenerate. Then, any competing term added to the Hamiltonian can lift the
degeneracy in interesting ways. A hallmark example is that of electrons in a magnetic field with
a filling such that a flat Landau level is partially filled. In the exponentially degenerate subspace
of electronic states, electron-electron repulsion can select a topologically ordered ground state

with a fractionally quantized Hall conductance.



/

Figure 1.1: A typical ice-rule configuration on the Pyrochlore lattice. Black circles denote down
S* = —1/2 and empty circles denote S* = 1/2.

A similar outcome in spin systems was pointed out by Anderson [19] where the ground state
is a superposition of several almost-degenerate states, and the excitations are “fractional”[20].
Broadly, a common feature tying together such systems dubbed Quantum Spin Liquids is that, at

low energies, they can be described as lying in a deconfined phase of an emergent gauge theory.

1.1 Motivating emergent gauge theories

To motivate how gauge theory emerges in spin systems, consider the following example of
nearest neighbor Ising model with antiferromagnetic coupling on the Pyrochlore lattice made of
corner sharing tetrahedra (Fig. 1.1). The spins live on the vertices of tetrahedra. Up to additive
constant terms, the Hamiltonian can be rearranged to be a sum over individual tetrahedra (as

opposed to a sum over the vertices):

=Y. (1.1



For V' > 0, this energy is minimized by setting >, s S'f = 0 for each tetrahedron centered at
r, a condition termed “ice rule”. As shown by Pauling [21], there are ~ (1/3/2)" configurations
satisfying this condition (where N is the number of spins). So, in any state obeying the ice rule,
each tetrahedron consists of two —1/2 spins and two +1/2 spins, which can be interpreted as
two spins pointing in and two pointing out of the tetrahedron. So, spins can be viewed as electric
field é, ,» between a pair of neighboring tetrahedra. Thus, the ice rule is a Gauss’s law constaint:
divé,,» = 0. Flipping a spin results in violation of this Gauss’s law on the two tetrahedra that
share this spin. We then say that there is a “‘charge” on each of these tetrahedra. Now, let us
imagine starting with a state that is a superposition of all ice rule configurations. Flipping a string
of alternating (up/down) spins creates a pair of charges at the ends of the string. These charges

are said to be “fractional” because any local operator can only create them in pairs.

(a) (b)

. . . . . Gauge
charge
L] . L ] L | l
@ Oo el(')actir Gauge string
. . . . P e'ifa-dl
L ] . L] .

Figure 1.2: (a) Consider applying a local operator (pale blue circle) which we represent (perhaps
by hand) as a composite made of two “gauge charge” creation operators. (b) There is a gauge
string connecting these charges that remind us of the redundancy involved in splitting a local
operator into two. If the gauge theory is in the deconfined phase, then the gauge charges have
existence of their own, and the system supports fractional excitations.

Now, we can begin to see why gauge theory is a good description of states supporting

“fractional” excitations. We explain this using a cartoon in Fig. 1.2. Let us suppose a lo-

cal operator is rewritten as a composite operator that creates a pair of “fractional” excitations

with a gauge field that encodes this redundancy. It makes sense to talk about each fractional



charge on its own if the gauge theory is in the deconfined phase. If the gauge theory is in the
confined phase, then the fractional charges are bound back together. In this case, the gauge
theory description ceases to be useful for the low-energy physics, and the system is better de-
scribed as a more conventional ordered phase. A deconfined to confined phase transition is
driven by proliferation of “flux/monopole”-like excitations of this gauge theory (reviewed in
Appendix A.1). From this point of view, transitions from a spin liquid to conventional ordered
phases are understood as a confinement-deconfinement transition, driven by a proliferation of
“flux/monopole”’-like excitations, or a Higgs transition, driven by a proliferation of “charge”-like
excitations [22, 23, 24, 25, 26, 27]. Gauge theories and their phase transitions are of fundamental
importance in physics [28, 29, 30, 31]. The prospect of this physics emerging in many-body
systems provides an important motivation for studying quantum spin liquids. They are also inter-
esting due to their possible role in the physics of strongly correlated materials [32] and possible

application in quantum computing [33, 34].

1.2 Kinds of Quantum Spin Liquids

At this point, to prevent a common confusion regarding terminology, we remark that “Quan-
tum Spin Liquid” is a loose umbrella term with the general theme being that it admits a low en-
ergy description involving matter coupled to a deconfined phase of a gauge theory. But this term

encompasses phases that can be theoretically rather disparate. Here is a short summary:

* Quantum Spin Ice, i.e., U(1) gauge theory in 3 + 1 dimensions [6] : This is a gapless spin

liquid and is the example we started with in this chapter. In Chapter 4 of this dissertation,

we propose a scheme to prepare and detect this state in a Rydberg atom quantum simulator.



* In 241 dimensions, gapped quantum spin liquids are topologically ordered, i.e., the ground

state has a topological degeneracy that depends on the genus of the manifold in real space,
and excitations are anyons with fractional statistics [34]. In Chapter 3 of this disserta-
tion, we propose a technique to detect the existence of fractional statistics in a candidate
spin liquid material by studying the correlations between photons in an optical scattering

experiment.

Below are a few examples of such gapped spin liquids:

— Z, gauge theory: Kitaev’s Toric Code is an exactly solvable fixed point [33].

— Chiral spin liquids: Described by a U(1) level 2 Chern Simons theory (a bosonic

version of a Fractional Quantum Hall state). [35]. Such states are characterized by a
nonzero spin chirality. Detecting spin chirality experimentally is an open problem. In

Sec. 3.7 of this dissertation, we propose an optical scheme to measure spin chirality.

— Kitaev Spin Liquids: Kitaev wrote down an exactly solvable model [36] on a Honey-

comb lattice that is effectively Z, gauge theory coupled to Majorana fermions. This
model hosts a variety of spin liquid phases. One is the regular Toric Code phase.
Another is a spin liquid with Ising topological order. Yet another is a gapless (not
topologically ordered) spin liquid described by gapless Majorana fermions coupled

to gapped Z, gauge theory.

* Dirac Spin Liquids [11, 23, 37]: It is described by QEDs, i.e., U(1) gauge theory in 2 + 1

dimensions coupled to gapless Dirac fermions. This theory is believed to flow to a strongly
coupled Conformal Field Theory [9, 10, 38], and is not fully theoretically understood.
Chapter 2 of this dissertation proposes novel ways to test if a candidate material is described
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by this theory.

* Spinon Fermi Surface: It is described by U (1) gauge theory in 2 + 1 dimensions coupled

to a Fermi surface. The theory is believed to be a non-Fermi liquid without quasiparticles

[39, 40, 41, 42, 43], and is not well understood theoretically.

1.3 This dissertation: Bridging Theory and Experiment

The hallmark example of experimentally observed phases of matter described by a gauge
theory are the Integer and Fractional Quantum Hall Effects (described by Chern-Simons theories).
However, beyond these successes, at the time of writing, there is no conclusive experimental real-
ization of other many-body systems described by deconfined phases of gauge theories. Ref. [44]
provides a review of experimental progress on quantum spin liquids. Traditionally, in the solid
state setting, experiments have focused on negative signatures, i.e., on ruling out conventional
ordered states. For example, spin structure factor measured via neutron scattering would show
broadening in a spin liquid because local operators create composite excitations. However, there
could be other explanations for this broadening that are not due to fractionalization. Similarly,
linear, or quadratic in 7" specific heat behavior is used as a signature of an emergent Fermi sea or
emergent Dirac fermions respectively, but again this signature is not conclusive. A single probe
cannot by itself conclusively diagnose a quantum spin liquid.

The approach taken in this dissertation is two-fold: (1) identify the key features of the field
theory and propose a scheme to directly measure these features; and (2) propose a novel set of
experimental probes, specifically making use of light-matter interactions.

We use this approach both in the solid state setting (Chapters 2 and 3) as well as in the set-



It’s
a Snake!

Figure 1.3: What an attempt to identify a putative Quantum Spin Liquid looks like. Figure from
[13].

ting of quantum devices (Chapter 4). In Chapter 2, we first use our field theoretical understanding
to propose a test for a Dirac Spin Liquid. The final observables in Chapter 2 are well-suited for
measurement via Raman scattering. In Chapter 3, we answer a more general question — for a
general electronic/spin system, what can we learn by measuring higher order correlations be-
tween Raman-scattered photons? In solid state systems, there is the prospect of truly realizing
the thermodynamic limit, and thereby the field theoretic limit. But the disadvantage there is that
one only has access to degrees of freedom at a highly coarse-grained level. In quantum devices
on the other hand, qubit numbers at the time of writing are on the order of a few hundreds. But
one has a major advantage of having microscopic access to each of these qubits. We exploit this
access in Chapter 4 to propose a scheme to prepare and diagnose Quantum Spin Ice (deconfined
phase of U(1) gauge theory) in a three dimensional Rydberg atom simulator. In the remainder of

this Introduction, we provide a more detailed outline of each Chapter.



1.3.1 Outline of Chapter 2

The central question of this chapter is — how do we know if a given piece of material is
described by QEDs, i.e., how do we detect a Dirac Spin Liquid (DSL)? More precisely, can
we induce and detect an emergent electric field inside a candidate DSL? We exploit the parent
state picture of a DSL to argue that the answer is yes. This picture is that a DSL is known
to be a “parent state” of various seemingly unrelated ordered states, such as antiferromagnets
and valence bond solids in the sense that one can obtain ordered states by condensing magnetic
monopoles of the emergent gauge field. We propose a range of “monopole Josephson effects”
that arise when two ordered states are separated by a region of the parent DSL. In particular, we
show that one can induce an AC monopole Josephson effect, which manifests itself as an AC
emergent electric field in the spin liquid, accompanied by a measurable spin current. Further,
we show that this AC emergent electric field can be measured as a sharp tunable peak in Raman
scattering. This work provides a theoretical proof of principle that emergent gauge fields in spin
liquids can be externally induced, manipulated, and probed using more conventional states.

The quantum numbers of monopoles under lattice symmetries can be used to character-
ize topological phases of matter under crystalline symmetries. We use this idea to establish a
surprising connection between the DC Monopole Josephson effect and the characterization of

topological phases in the presence of discrete lattice symmetries.

1.3.2  Outline of Chapter 3

In Chapter 2, we use Raman scattering as a probe to detect the emergent electric field in a

spin liquid. In Chapter 3, we zoom out and ask a more general question — Raman intensity is re-



lated to the number operator of inelastically scattered photons, and is just one possible photonic
correlator. But the modern quantum optics toolbox gives one access to a range of other pho-
tonic correlation functions such as G® (two-photon correlation) and phase sensitive quadrature
correlations. Given access to these photonic correlators, what can we learn about the electronic
properties of a Mott insulator off which the photons got scattered?

Specifically, we show that it is possible to probe certain spin, charge, and topological orders
in an electronic system by measuring the correlation functions of scattered photons. We construct
a mapping from the correlators of the scattered photons to those of a correlated insulator, partic-
ularly for Mott insulators described by a single-band Fermi-Hubbard model at half-filling. We
show that frequency filtering before photodetection plays a crucial role in determining this map-
ping. We find that if the ground state of the insulator is a gapped spin liquid, a photon-pair cor-
relation function, i.e., G?, can detect the presence of anyonic excitations with fractional mutual
statistics. Moreover, we show that correlations between electromagnetic quadratures can be used
to detect expectation values of static spin chirality operators on both the kagome and triangular
lattices, thus being useful in detecting chiral spin liquids. More generally, we show that a series
of hitherto unmeasured spin-spin and spin-charge correlation functions of the material can be
extracted from photonic correlations. This chapter opens up access to probe correlated materials,

beyond the linear response paradigm, by detecting quantum properties of scattered light.

1.3.3  Outline of Chapter 4

In this chapter, we switch gears from the solid state setting to quantum devices. With

the recent experiment showing preliminary signs of Z, topological order [45], Rydberg atom



arrays have emerged as a promising platform to realize a quantum spin liquid. We present a
proposal to access a confinement-deconfinement transition in a U (1) quantum spin liquid in three
spatial dimensions on a Rydberg-based quantum simulator. We study the ground state phase
diagram of the proposed Pyrochlore Rydberg atom array as a function of experimentally relevant
parameters. Within our calculation, we find that by tuning the Rabi frequency, one can access both
the confinement-deconfinement transition driven by a proliferation of “magnetic” monopoles and
the Higgs transition driven by a proliferation of “electric” charges of the emergent gauge theory.

We suggest experimental probes for distinguishing the deconfined phase from ordered phases.
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Chapter 2: Detecting a Dirac Spin Liquid: Monopole Josephson Effects

2.1 Introduction

Consider a spin-1/2 system in its ground state. Flipping a single spin creates a spin-1
excitation. If the ground state is conventional, such an excitation would disperse creating a super-
position of spin-wave modes with spin 1. However, there is strong theoretical reason [46, 47] to
expect exotic systems where, in addition to creating spin-1 modes, the spin-flip can fractionalize
into two spin-1/2 excitations, which can then move away from each other. One interesting class
of such systems in 2+1D are Dirac spin liquids (DSLs). The effective field theory describing
DSLs is usually written in terms of Dirac fermions strongly coupled to an emergent U (1) gauge
field. This strongly coupled theory is believed to flow at low energies to a conformally invariant
fixed point QEDj3 [11, 48, 49].

To detect such an exotic state in a given physical system, say a material with spins, we
would need to probe the low energy degrees of freedom of the effective field theory describing
the state in question. For example, the low energy excitations of gapped spin liquids in 2+1D
are anyonic quasiparticles. There have been proposals in the past for accessing emergent degrees
of freedom in such gapped spin liquids with the assistance of more conventional ordered phases,
which is helpful because one typically has better control over ordered phases. Examples of these
include Refs. [50, 51, 52] for Z, spin liquids, and Ref. [53] for Kitaev spin liquids.

11



For a strongly coupled field theory in 2+1D, such as QED; on the other hand, the low
energy degrees of freedom are not well-defined quasiparticles, but instead the primary operators
of the conformal field theory (CFT). Previous works have proposed ways to measure correlation
functions of such operators in the ground state of a DSL [11, 54, 55]. However there appears
to be a lack of proposals to directly control such operators externally and measure them. In this
chapter, we explore this direction and propose a way to induce and measure an emergent electric
field in a DSL. Our proposal relies crucially on coupling to monopole operators.

Monopole operators insert an integer multiple of 27 flux of the emergent U (1) gauge field.
Polyakov showed [56] that in 2+1 D, monopoles are always relevant in the renormalization
group (RG) sense and proliferate in a pure U(1) gauge theory, leading to confinement of test
charges. Such a theory would not describe a spin liquid phase. However, including gapless
fermions in the theory increases the scaling dimension of the monopoles, and in the limit of
large number of fermion flavors /N, monopoles can become irrelevant [9, 48]. Indeed, using a
symmetry analysis followed by a large N, analysis, Ref. [57] found that on the triangular lat-
tice, monopoles are either disallowed by symmetry or irrelevant, suggesting that a DSL could
be a stable phase. Such a phase has an emergent U(1),,, symmetry corresponding to the con-
servation of total emergent flux (the subscript “top” is used to differentiate U (1), from U(1)
gauge redundancy). In fact, monopoles are charged under an enlarged emergent internal symme-
try Grr = SO(6) x U(1)wp/Z2 (see Sec. 2.2 for a review). Because spatial symmetries have a
nontrivial action in Grg, the monopoles transform under the microscopic symmetries like order
parameters for magnetic orders including the 120° antiferromagnet and the /12 x /12 valence
bond solid. Therefore, if the 27 monopoles somehow do proliferate (say as a result of sponta-
neous symmetry breaking, or due to a symmetry-breaking perturbation), the system exits the DSL

12



phase. The resulting phase is an ordered phase determined by which combination of monopoles
proliferates. In this sense, it was suggested that the DSL is a parent state for several seemingly
unrelated magnetic and VBS orders [23, 24].

Can this parent state picture guide us towards finding experimental probes for the low
energy theory (QEDj3) that describes the DSL? Can ordered states in proximity to a spin liquid
have an interesting effect on the spin liquid, and vice-versa? In this chapter, we argue that the
answer to both these questions is yes, by proposing a Josephson junction-like setup shown in
Fig. 2.1 with two ordered phases separated by a middle region in the DSL phase. The main idea
is that since the ordered states can be viewed as monopole condensates, monopoles can tunnel
between the ordered states through the DSL.

We show that in certain circumstances, applying a Zeeman field gradient across the junc-
tion has the same effect as a voltage difference across a regular Josephson junction (between
superconductors) and thus gives rise to an AC monopole current flowing across the DSL. In
2 + 1 dimensions, a monopole current is equivalent to an electric field but in the perpendicular
direction. Therefore, this “monopole Josephson effect” provides a way to externally induce an
emergent electric field through the DSL. We suggest a way to measure the AC emergent electric
field optically as a peak in Raman scattering intensity by identifying microscopic operators cor-
responding to the emergent electric field. In addition to this signature within the DSL region, we
show that when the ordered phases are 120° antiferromagnets, the same monopole Josephson ef-
fect leads to a spin current across the junction. This spin current can in principle be measured on
both the ordered side and the DSL using techniques proposed in [58, 59]. We also discuss three
other conceptually related effects which all fall under the umbrella of the monopole Josephson

effect.
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The rest of the chapter is organized as follows. In Sec. 2.2, we provide a brief review of
DSLs, emphasizing the relevant features of monopole operators and the parent state picture. In
Sec. 2.3, we show that an emergent electric field in the DSL can be induced via the monopole
Josephson effect. In Sec. 2.4, we propose a way to detect this emergent electric field using Raman
scattering. In Sec. 2.5, we discuss other phenomena related to the monopole Josephson effect. In
Sec. 2.6, we make a surprising connection to the classification of Chern insulators in the presence

of crystalline symmetries. Finally, we offer some general conclusions and discussion in Sec. 2.7.

Ordered Phase Dirac Spin Ordered Phase
Or 4 Liquid 4 On
< Emergent . o /A
<(I)L> 70 electric field <(I)R> =€ <‘I)L>
>

Monopole current
Figure 2.1: Monopole Josephson effect, general idea: We consider a junction of two ordered
phases (O, and Op) separated by a DSL. Oy, and Oy, are viewed as monopole condensates such
that their expectation values are related by a generalized phase (unitary matrix) e!® (possibly

time-dependent). This leads to a monopole current across the junction, which is equivalent to an
electric field in the emergent U (1) gauge field in the perpendicular direction inside the DSL.

2.2 Review of Dirac Spin Liquids

DSLs are described by an effective field theory with Ny = 4 flavors of gapless Dirac
fermions at zero equilibrium density strongly coupled to a compact U(1) gauge field. The
fermions carry spin-1/2 under the microscopic SO(3) spin rotation symmetry. One way to get to
this theory is the parton construction, which we will briefly review below.
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Before proceeding, we explain some notation. We use V for 2-component vectors in real-
space, V for 3-component vectors in internal spin or valley space, and V for vectors in other
internal spaces such as SO(6) (see Appendix B.2.4 for other remarks on notation).

Consider a spin system whose microscopic Hilbert space consists of spin-1/2 at each lattice
site. We assume that the Hamiltonian realizes a DSL ground state and respects some set of
symmetries Gy which include lattice symmetries, time-reversal, and spin-rotation symmetry.
We will work on the triangular lattice for concreteness, but the results are general except where

otherwise noted. The objective of the parton construction is to come up with a mean-field theory

~
—

even in the case when the spin operators <SZ> = 0 (likewise for other local spin operators) for
all sites 7. In this approach, the Hilbert space at each site ¢ is doubled by writing spin operators

in terms of fictitious spin-1/2 fermionic “spinon” operators f; ,:

2, 1 N o
_ - § : 7= i
Si - 9 fmo-aﬁfzﬁ- (21)
a,Be{t{}

Here & is a vector of Pauli matrices. This description has a U(1) gauge redundancy
fia = € fia, (2.2)

in the sense that the physical spin operators are invariant under such a transformation. The spin
Hilbert space is recovered by imposing the constraint that there is exactly one fermion at each
site. One now rewrites the spin Lagrangian in terms of these fermions. A quadratic term in spins
becomes a quartic term in fermions, which is then decoupled so that the fermion hopping coef-

ficients <Za:T f fja fja> acquire mean-field expectation value x;;. For a DSL on the triangular
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lattice, the mean-field configuration for {y;;} consists of alternating 7-flux and 0-flux on up-
ward and downward triangles respectively. Diagonalizing this quadratic mean-field Hamiltonian
gives a spectrum with two Dirac cones (valleys). To zeroth order, the single-occupancy-per-site
constraint is relaxed to demanding single-occupancy on average, i.e., that the fermions are at
half filling. This forces the chemical potential to lie exactly at the Dirac points. So, to zeroth
order, the low-energy theory has 4 flavors of Dirac fermions — 2 valleys for each spin. U(1)
gauge fluctuations x;; — x;;€'*/ are now reintroduced. The single particle per site constraint is

reintroduced only weakly as a Gauss’s law by assuming a finite coupling constant g:

> fhfa=1= 3, 23
J

a=T,

where e;; is the emergent electric field, i.e., the electric flux of a;;. This leads us to a field theory

Lagrangian density, which schematically is

Ny=4

L= 9" 0y —iay) s + — (" 0,0,)%, (2.4)
=1

8mg?

where each ); is a 2-component spinor and ay has been introduced as a Lagrange multiplier
enforcing Eq. 2.3. The theory of the DSL is then described by the low-energy fixed point, called
QEDs3, of Eq. (2.4). By itself, Eq. (2.4) is not useful to understand the fixed point because the
coupling constant g2 has dimensions of [Length’l}. So, at low energies g flows to co making
gauge fluctuations uncontrolled. However, progress can be made by treating 1/N; as a small
parameter. Then, because of screening of gauge fluctuations by the many gapless fermions, g>

approaches a fixed point value which scales as A/N; where A is an inverse length scale of order
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of the lattice spacing [48]. Most of the current understanding of the QED3 fixed point comes from
this limit — thinking of the spinons v); essentially as almost free fermions with gauge fluctuations
controlled by the large /N; expansion. At the same time, one should keep in mind that the most
important low energy operators to study are primary operators of the CFT with the lowest scaling
dimensions.

The essential features of the nontrivial fixed point theory QEDj are:

1. Monopole operators: Among the primary operators in QED3 are magnetic monopoles @j

These operators insert 27 flux of the emergent gauge field a, that is,
[b(x), &(2/)] = 2rd(x — 2) Bl (2, (2.5)

where b(z) = (81a2 — »a1)(x). In a path integral, the insertion of these operators corre-
sponds to instanton events whose role is to restore the compactness of the gauge field in

the low energy theory.

2. Enlarged emergent symmetry group: [24, 57] While the microscopic Hamiltonian has the

symmetries listed above, the DSL theory (QED3) has an enlarged internal symmetry Gz =

%QU(U“’". The U(1),, symmetry corresponds to the conservation of total emergent
magnetic flux through the plane: biot = % Ik d%i)(a:). Clearly monopole operators are

charged under U (1),,p. The total flux is conserved because the monopole operators (i.e. flux
creation/annihilation operators) have zero expectation value in the wave function described
by DSL theory. The SO(6) symmetry corresponds to the internal rotation between the spin

and valley indices, and the monopole operators transform as a vector under SO(6).
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More concretely, inserting 27 flux leads to one Landau zero-mode per fermion flavor, and
to maintain half filling, 2 out of 4 zero-modes need to be filled. The resulting 6 choices lead
to 6 independent monopole creation operators @)j (2 € {1,...6}) which together transform
as a vector under SO(6). A complementary way to understand this is to observe that
the fermionic partons enjoy an SU(4) symmetry near the Dirac points. Upon carefully
keeping track of redundant factors of Z,', one arrives at Gz above. While the microscopic
SO(3) C Gy spin-rotation symmetry is directly SO(3)spin C G g, elements of the space
group generally embed nontrivially into SO(3)vaiey X U(1)wp C G (in addition to the

spatial transformation).

3. Parent state of competing orders [23, 24, 57] If a monopole operator condenses, i.e., ac-

quires a nonzero expectation value, then the spinons confine, and the low-energy excitations
are un-fractionalized spin-1 modes. The resultant phase is simply a conventional magnet-
ically ordered phase. Many seemingly-unrelated ordered phases can appear depending on
which monopole operator condenses and what the microscopic symmetries are. For ex-
ample, on the triangular lattice, a 120° coplanar order can be obtained by condensing spin
triplet monopoles, and valence bond solids with a unit-cell area of 12 times the elemen-
tary unit cell can be obtained by condensing spin singlet monopoles. The DSL thus serves
as a “parent state” for many ordered states, in the sense that one mechanism (monopole
condensation) in the DSL is responsible for driving transitions to many different ordered

states.

Such a transition could happen for multiple reasons. A monopole operator may be relevant

"The Z, subgroup of SU(4) generated by fermion parity is actually a U(1) gauge transformation rather than a
symmetry, reducing the SU(4) symmetry to SO(6) = SU(4)/Z;. The element —1 € SO(6) is identical to a 7
rotation in U (1)cp.
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in the renormalization group (RG) sense and symmetry allowed; in this case, the DSL
represents a critical point separating ordered phases. On the other hand, if there are no
relevant monopole operators that are symmetry allowed, then the DSL is a stable phase of
matter — a gapless spin liquid. However, if there is explicit or spontaneous breaking of
a symmetry which was previously forbidding some monopole operator from condensing,

this would also lead to a transition to an ordered state.

2.2.1 Monopole condensation and unbroken symmetries

The goal of this section is to highlight one fact that will play a crucial role in our work
— in a 120° AFM, applying spin rotation about a certain axis on the condensed monopoles is
equivalent to applying a U (1), phase rotation.” To do so, we will review a particular mechanism

for driving monopole condensation. We first summarize the key facts:

1. Under this mechanism, a phase transition occurs when a certain linear combination of 27

monopole operators that is an eigenvector of a specific SO(6) generator condenses.

2. From the Gy transformation properties of the condensed monopole operator, one can de-

termine which ordered phase arises.
3. The G symmetry is not fully broken in the ordered state.

In Appendix B.1, we review previous works on the stability of DSLs, which suggest that
a DSL could be a stable phase on the triangular lattice. In this case, 2 monopole operators
are symmetry-disallowed in the Langrangian. However, they are still the operators with the

lowest scaling dimensions in the low-energy theory. The following mechanism was proposed

2The reader can skip to Sec. 2.3, and return to this section when required.
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[24, 60, 61] for destroying the DSL by proliferating 2 monopoles. First, due to interactions, a
fermion bilinear, or mass term, spontaneously acquires a nonzero expectation value. Although

other possibilities can occur, we will generally assume that a single bilinear

(Yo Toy) # 0 (2.6)

where ¢® and 77 are Pauli matrices acting in the spin and valley spaces respectively (here
a, € {0,1,2,3} but @ and (3 are not both 0). This fermion bilinear serves as a mass term
that splits the degeneracy of the fermionic Landau zero modes associated with adding a 27 mag-
netic flux, lowering the energy (and hence scaling dimension) of one specific linear combination
of monopole operators. In particular, given a choice of generator c®7” of SU(4), we can find
a corresponding generator T’ [00‘75} of SO(6). This linear combination of monopoles then be-
comes the most relevant operator and condenses, i.e., acquires a nonzero expectation value. The
resulting state is an ordered state in which the fermions are confined [56] and the condensed
monopole operator serves as an order parameter.

The linear combination of monopoles which condenses corresponds to the eigenvector of
T[o*7?] with the largest eigenvalue. As an example, suppose that the bilinear 1oy has a
nonzero expectation value. One can check that three monopole operators, which we shall call

@17273, transform as SO(3 )i singlets, and the other three transform as an SO(3)pin triplet ®. In
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this basis, the SO(6) generator corresponding to o is

O3x3
P00 =i 0
T[o’] = . (2.7)
i 00
0 0 0

(2.8)

The interpretation of this fact is that the fermion mass term makes the energy of the monopole
(D] +i®!) |GS) negative, where |GS) is the ground state of the DSL in the absence of the fermion
mass term (whose energy we set to 0). Accordingly, the DSL ground state becomes unstable and
a transition occurs to a state with <<f>l + z(i>£> # 0.

Although the fermion mass terms pick up nonzero expectation values, the fact that the
monopole operators have a lower scaling dimension means that we should treat the condensed
monopole operator as the order parameter. Different approaches can be used to determine a
microscopic order parameter corresponding to each monopole operator. Refs. [24, 57] used a
symmetry analysis combined with a Wanner center study of mean-field free fermion bands. In
Appendix B.2.2, we combine symmetry analysis with operator algebra constraints to indepen-
dently motivate the same results. The key results are as follows. First suppose that a spin-triplet

~

monopole operator condenses. If <<f>> (the vector notation refers to a vector under SO(3)pin) is
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given by the eigenvector with positive eigenvalue of &spin‘ipin [o] for a unit 3-vector in spin-space,
&Spin, then the ordered state is a 120° coplanar AFM order in the plane (in spin-space) normal to
&spm. Similarly, various V12 x /12 VBS phases can be obtained if the condensed spin-singlet
monopole is an eigenvector of &Vmey . r]_f‘valley [7] for some unit 3-vector &valley in valley-space. In
this VBS phase, the area of the unit cell is 12 times the area of the unit cell of a triangular lattice.
3

Having identified the monopole order parameters, we now notice that the Gy symmetry
is not completely broken. Suppose that the condensed monopole is an eigenvector (in the sense
of Eq. 2.8) of a generator Q of SO(6). We focus for later use on the case where Qe SO(3)spin-

Then

<ei9@ ® e’i9Q> = 0@ <<i>> =¥ <<i'> . (2.9)

Note also that under a U(1),,, phase rotation,

(e7i0hor § o) — ¢ () (2.10)
Hence <<i>> is invariant under ¢~ #w.¢¥Q_ Such a transformation generates a SO(2) diagonal
subgroup of SO(2)spin X U(1)op that is an unbroken symmetry. This “redundancy” between spin
rotations and U(1),, phase rotation in the 120° AFM state will play a crucial role in the AC
Josephson setup proposed in Section 2.3.

For completeness, we mention the concrete connection between the 120° AFM order pa-

One could also consider condensation channels that are eigenvectors of the mixed generators T'[c"77|. These
“unconventional orders” were considered in Suppl. Note. 5 of [24]. We will not consider these in this chapter.
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where Q = %’r(gl — 62) Here Bl = Y37 — %ﬂ and 132 = ¢ are reciprocal lattice vectors satisfying

2

T+ \/Tgyf are the basis vectors for the triangular lattice. In

Il
NI

51' . b2 = 5ij, where 5:1 = ZZ’,E_lé
Eq. 2.11, the .. .” refers to operators supported on three or more sites.

From Eq. 2.11, we can see that the ordering pattern

<§ﬁ> - (COS (@ﬁ), — sin <Cjﬁ), 0> : (2.12)

- T
corresponds to <<f>> = |P| (1 i 0) , which was the example we considered in Eq. 2.8.

2.3 Monopole Josephson effects

In the previous sections we reviewed how various ordered states can be obtained from a
DSL by condensing combinations of 6 monopole operators related to each other by the enlarged
(SO(6) x U(1)wp)/Z2 symmetry. Now we will argue how this can have physical consequences
in the form of “monopole Josephson effects”, by which we mean a flow of monopole current
between two symmetry-broken regions of a system. Consider the setup shown in Fig. 2.1 where
a lattice is split into three regions — two ordered phases (O, and Og) separated by a DSL region
in the middle. Instead of considering three different materials kept next to each other, we assume
that within the same sample, perturbations localized to regions L and R drive those regions to
ordered phases. This allows us to view the ordered states O and Op as being obtained via

monopole condensation from the DSL. Monopoles can now tunnel from Oy, to Op through the
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middle DSL resulting in a monopole current.
We note that the net monopole current (, i.e., current of U (1), charge) is just the emergent
electric field rotated by 90°. This is because Faraday’s law takes the form of a conservation law

in 2+1 D:
b
8t2— + 0;

T 27

eijej

=0. (2.13)

S0, Q[U(1)ep)(z) = % and J (U (1)0p) () = % Therefore this monopole Josephson setup
provides a way to induce an emergent electric field inside the DSL (see Fig. 2.1). We will show in
Sec. 2.4 that if this induced emergent electric field is time-dependent, it can be optically detected
via Raman scattering.

For a given configuration of O, and Ogp, our goal is to make predictions for the resulting
monopole currents. Since the monopoles are charged under Gz = SO(6) x U(1)p/Z2, there
are 16 different conserved currents in principle, corresponding to each generator of G;i. These
are j [U(1)p) (analogous to electric Josephson current across superconductors), and 15 currents
for each generator of SO(6), of which 3 are spin currents. Deep inside the DSL, since G is a
symmetry, all 16 currents are conserved at low energies. However, outside the DSL and at the
boundaries, generically only the 3 spin currents will be conserved (assuming that SO(3)gin is
respected throughout the system). So we will make statements about two kinds of quantities —
(1) Spin currents that can be measured in either the ordered phases or the DSL, for example using
techniques proposed in [58, 59], and (2) Currents corresponding to the emergent symmetries of
the DSL, which can be probed only within the DSL. The most interesting result of this work is a

time dependent (AC) U (1), current in the DSL arising due to either a gradient in Zeeman field

or due to a gradient in staggered spin chirality applied across the junction.
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In this work, we focus on qualitatively determining, for a given configuration of O, and Og
and external fields, which monopole currents are non-zero and their dependence on the external
fields. In principle, one might also want to calculate the way that the magnitude of the currents
’<jjosephson(f)> ‘ scale with the width of the DSL region and thickness of the boundaries. Quali-
tatively, we expect the currents to decay as a power law in the width w of the DSL region since
the DSL is a critical phase. Since the scaling dimension of a conserved current is d ina d + 1
dimensional CFT, we expect

(&1)][(®n)]

[(roupmon(@))| o Lopl = (2.14)

where A, 1, and A,  are the boundary scaling dimensions of the monopole operators on the left
and right boundaries respectively. (Here, we have also defined the RHS of Eq. (2.14) as & for later
convenience.) If the details of the interface provide an additional length scale, this could modify
the above scaling. Calculating A, 1, A, r and any additional interface effects is a complicated
boundary CFT problem beyond the scope of this work, so we will not address this issue in any

more quantitative detail.

2.3.1 Effective Hamiltonian

Our first task is to write a low energy Hamiltonian coupling the two ordered regions L and
R to the DSL. In the DSL, monopole operators are the most relevant in the RG sense, and hence
coupling terms involving monopole tunneling should be the most important at low energy (we

expect this from the large Ny scaling dimensions of monopole operators when one sets Ny = 4;
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see Table B.1). This motivates the following coupling Hamiltonian (see Fig. 2.2(a))

6
H.=-— Z <FU»L/dy @IL(xLay)&)jD(IL,y)

,j=1

+F1J7R/dy qA)ID(xRay>qA)jR(xRuy>> +h'C'7 (215)

where the left (right) interface is at x = z;, (x = xg) and y runs parallel to the boundary (in both
terms above). A remark on notation — to emphasize a monopole-tunneling interpretation, we
have used the same symbol &, for both the monopole operator in the DSL side (®;p) and on the
ordered sides <i>, /r- But we note that in general, they would have different scaling dimensions.
For example, as one crosses the interface, the system goes through a phase transition and the
monopole scaling dimension at the transition is known to be smaller at the phase transition than
deep in the DSL (from a large Ny calculation [60, 62]).

Since we assumed that the coupling matrix I';; 1, r preserves spin rotation symmetry,
Uijr/r = Dsdij, ford <i,j <6. (2.16)

Now, since the boundary breaks spatial symmetries, but preserves spin-rotation symmetries, we
are also allowed to add single monopole terms for the spin-singlet monopoles, but not spin triplet

monopoles:

3
Hsource = Z / dy(‘/;,L(I)z(xL? y) + V;',R(I)i(mRa y)) + h.c. (217)
=1

We argue in Appendix B.3 that Iflsource does not contribute significantly to the currents we are

interested in. Then the full Hamiltonian without f[source, ie., H=H psr + H, o, + H, or t H - has
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Figure 2.2: Schematic of the (a) effective monopole tunneling Hamiltonian Eq. (2.15) and (b)
our proxy Hamiltonian Eq. (2.18) used to capture qualitative features of the Josephson currents
obtained by schematically “integrating out” the DSL.

a global spin rotation SO(3) symmetry, and formally, also a global U(1),, symmetry. We will
now use the following strategy — we first write a schematic Hamiltonian for monopole tunneling
between Oy, and Op, where the DSL region is assumed to have been “integrated out” (we ignore
any potential retardation effects coming from integrating out gapless modes in the DSL):

6
ﬁeﬁ‘ = [:[OL -+ [’A[OR — Fgﬁz (i)chi)zR + hC)

1=4

5 (2.18)
=3 (I8, b+ ),
ij=1
where we have neglected the spatial dependence of d;1 (see Fig. 2.2 (b)). The parameter
s ~ €L, (2.19)

where the factor of L, the system length along y, comes from the integration along the y direction
and £ was estimated in Eq. (2.14). We compute the conserved spin current and U (1), current

flowing from Oy, to Og using the above Hamiltonian, and assume that by current conservation
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(justified in Appendix B.3), the same current also flows through the spin liquid.

2.3.2 Brief review of the generalized Josephson effects

Eq. (2.18) is of the form which is usually used to derive generalized Josephson currents
between ordered phases which break symmetries belonging to a continuous group G [63, 64, 65].
Here, we provide a brief review of this formalism which computes the DC and AC Josephson
currents of a given symmetry generator, following Ref. [63]. Let QT forr € {1,...M} be
quantum operators corresponding to the M generators of (G. For our problem, Q" are the 15
SO(6) charges Qtot [0%5] (where o and 3 are not both 0) and the emergent flux Btot. Now
suppose the system is divided into left and right parts L and R (Fig. (2.2)). We assume that each
Q" can be written as a sum of local operators (see Appendix B.2 for a discussion). This allows
us to define QE /R as the restriction of Q" to the respective region L/R. Let d, be N operators

charged under G, i.e. they transform under the group action. The group action is

Q0] => 150, (2.20)

where 7" is an N x N Hermitian matrix of c-numbers and is a representation of @” on C¥,
When r above corresponds to U(1)p, T'[U(1)wp] = lexe. For explicit formulas for 7" when
G = SO(6), see Eq. (B.13).

The set of operators ®; will serve as the order parameter. They will acquire expectation
value when the symmetry is broken. Assuming that ®; is a sum of local operators, Eq. (2.20)
holds approximately even when the operators are restricted to small regions. Suppose the expec-

tation value <<i>, R> on the right differs from that on the left <Cf>, L>. We now compute the current
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for each generator Q" from left to right.
To do this, let us write an effective Hamiltonian. It is identical to Eq. (2.18), except that the

following Hamiltonian assumes that the coupling respects the full symmetry G:

N
= Hyp b =TS (8l + @l ), (2.21)

i=1

where [ is an effective coupling constant depending on the details of the intermediate region
between L and R. The current of generator 7 from left to right [ 7 can be calculated from the
Heisenberg equation of motion

. o \ s
I ,=- ib =iQ;. H]. (2.22)

()7, commutes with Hj, because it is conserved, and with Hp because Hp has support only on

side R. The only nonzero contribution comes from the coupling term.

I} ,p=—i0) O Thd;p+ he. (2.23)

i’j

The expectation value of the RHS above has a disconnected component and a connected compo-
nent. Since the two sides of the system are symmetry breaking, <<i>] L/ R> 1S macroscopic. So, to

lowest order, we will ignore the connected piece. Thus,

(I g) ~ =iy (®f,) T3 (®jr) + hec. (2.24)
2%

This is the DC Josephson effect. The same formula can also be used for the AC Josephson effect
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as follows. A term is added to the Hamiltonian that couples to the difference in a conserved charge
across the two sides: [ = %(QSR — QSL) (for example, the electric potential difference between
the two superconductors). As we will see below, this results in an oscillatory time dependence for
<<f>i( L/ R)>, and therefore according to Eq. (2.24), the current fz _,r also acquires an oscillatory

time dependence,

do; . T s . s\ &
—E — —zg (@ir, Q] = +zg S (1);45m, (2.25)
J
d(i)iL T 2 As b s i
= iy (@i, Q3] = —ig zj:(T )i P (2.26)

The solution is (suppressing the indices of o r/rand T7)

A m
2

Bp(t) = 2T ®p(0) and B, (1) = e 27" B(0). (2.27)

Substituting in Eq. (2.24), we get

~

(I alt) = i1 (B,0) 5T (0 .

+ h.c.

If T" commutes with 7", then from Eq. (2.28), the current oscillates at frequency p — the familiar

AC Josephson effect.

2.3.3 Monopole Josephson currents in a DSL

We will now use the above framework to qualitatively determine the Josephson currents
in the setup shown in Fig. 2.1. The symmetry generators Q” are the total magnetic flux bioy and
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the 15 generators of SO(6), namely Qo [0“7”] (where o and §8 are not both 0. Note that for
f =0and a € {1,2,3}, Qiot [0®] is just the total conserved spin S’g;t). The operators charged
under @, are the 6 monopoles ®; which transform as an SO(6) vector. In Sec. 2.2.1, we saw that
the monopoles serve as order parameters for 120° AFMs and V12 x /12 valence bond solids.
Now consider the scenario shown in Fig. 2.1. Deep inside the DSL, we assume that Gpyce Of
the triangular lattice is obeyed. Therefore, <9‘:>> = 0 here. At the same time, deep inside Oy,
and Op, monopoles are condensed and acquire macroscopic expectation value <<i> L> and <<i> R>
respectively. These ordered phases act as a source of monopoles which can tunnel through the
DSL. We show below how one can get DC and AC Josephson effects for the setup where both

Oy, and Ogp, are in the 120° AFM phase.

2.33.1 Op = 120° AFM, Or = 120° AFM with angle mismatch: DC Joseph-

son effect

OL: 120° Anti- OR: 120° Anti-

Dirac Spin Liquid

ferromagnet ferromagnet
(misaligned)
Electric field

P « Wt . AN SD
e N1 o~ ~ SIn @ w ¥ AN \

f « Nt AN g
e N\ { w ¥ AN

$ « N f AN

Spin current

>

Figure 2.3: DC Josephson effect: a (120° AFM — DSL — 120° AFM) arrangement induces a
DC electric field inside the DSL. The spins of the 120° AFM on the left obey Eq. (2.12), while
those on the right are rotated with respect to Eq. (2.12) by angle ¢. This results in a spin current,
whose carriers inside the DSL are monopoles. The resulting monopole current is equivalent to an
emergent electric field.
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Assume both ordered phases are in a 120° AFM state, in which the spin triplet monopoles
have acquired nonzero expectation value. Suppose the plane of ordering in spin-space is the same
for Oy, and Op, which we take to be the xy plane. Now consider the situation where the ordering
pattern on Op is misaligned with respect to Oy, by an angle ¢ (see Fig. 2.3). By this, we mean
that if the spins in Oy, form the ordering pattern given in Eq. (2.12), all the spins in Oy, are rotated
by angle ¢ about the z—axis with respect to the configuration dictated by Eq. (2.12). (Here, we
have assumed that the lattice does not contain any defects.) For this situation, the expectation

values of the spin triplet monopoles on either side take the form

T

<<f>L>=I<I>L|<1 i O)T,<$R>=ei“"|%l (1 i 0) : (2.29)

Now, we can apply the formula for Josephson current Eq. (2.24). Due to the redundancy between
S spin rotation and U (1), phase rotation that we observed in Eq. (2.9) and Eq. (2.10), we get

both a U(1),p current and a spin current that are equal to each other:
(I[U)wpl) = (I[0*]) = 20| ® || @ 5] sin(y). (2.30)

Physically, the reason the two currents are the same is that the carriers of conserved spin and

the carriers for conserved U(1), charge are the same — the spin triplet monopoles. The total

as ‘<f’”>

of the boundary. These currents are perpendicular to both the O -DSL and Og-DSL boundaries.

current <f 7’> is related to the current density ’<j ’”>

= <IAT> /L where L is the length

32



Therefore the emergent electric field is parallel to the boundaries. Since TS ~ £ L, we have
(€) and (J[0%]) ~ Esin(p), (2.31)

where £ has been estimated in Eq. (2.14). As we remarked previously, Eq. (2.31) should not be
taken quantitatively, hence the ~ symbol. The important takeaway is the sin ¢ dependence on the
angle mismatch and the observation that the Josephson currents are those of the U(1)o, and S

generators, and are in fact equal to each other.

2.3.3.2 O =120° AFM, Or = 120° AFM: AC Josephson effect

We again consider a junction with two 120° AFMs separated by a DSL. For this config-
uration, the expectation values of spin triplet monopole operators on either side of the junction

are
T

~ T ~
(@) =10l (1 5 0) and (Ba) = 1al (1 i o) - (2:32)
We now propose two scenarios that lead to an AC Josephson effect. The first scenario is analogous
to the AC Josephson effect in superconductors obtained by applying a potential difference, a term
that couples to the difference in number of particles on the right and left. Analogously, here
we can apply the following term to the Hamiltonian that couples to the difference in emergent

magnetic flux across the two sides (the conserved U(1), charge). On a triangular lattice, we
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show in Appendix B.2.1 that such a term takes the form of the sum of staggered spin chiralities

" (2.33)

where 1(x) has a gradient from L to R such that up — i, = p. Now, we will use the formula
in Eq. (2.28) to determine the Josephson currents. In this formula, a perturbation in generator
QS is applied and the current in generator Q’“ is calculated. For the perturbation considered

in Eq. (2.33), s corresponds to U(1),. Using Eq. (2.32) in Eq. (2.28), and noting that 7% =

T [i)tot} = 1 we see that the channels 7 in which we get nonzero currents are U (1),,, and gfot (i.e.
emergent electric field and spin current). Like before, the two are equal.
(U Wepl(1)) = (1[0°] (1)) = 2T D || @] sin(pat). (2.34)

Here, we have made use of the observation in Eq. (2.9) and Eq. (2.10) that <<f> L> and <<f> R> are
both eigenvectors of T'[o3] with eigenvalue 1. The above equation says that a difference in spin
chirality terms applied across the two ordered phases leads to a time-dependent spin current and
an equal emergent electric field. This is a nontrivial prediction of the theory.

However, applying an external term Eq. (2.33) is not simple experimentally (although there
has been a proposal to get a spin chirality term in the effective Floquet Hamiltonian of a spin
system driven with a laser [66]). Therefore, we now propose a simpler way to get the same time
dependent electric field and spin current as before, but this time exploiting our observation in

Eq. (2.9) and Eq. (2.10).
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In this second scenario, we apply a Zeeman field gradient across the junction instead of H A

above, as shown in Fig. 2.4,

o, = Z h(z)(83), (2.35)

where h(z) has a gradient from L to R such that hr — hy, = h. The only difference now as far as
the formula Eq. (2.28) is concerned, is that 7 = T'[¢®] instead of 1. But since T'[0] <<f' L R)> =
<<I; L( R)>, this difference does not change the currents. We therefore again obtain an AC spin

current and an equal AC emergent electric field inside the DSL given by
(U Mp)(0)) = (I[0°] (1)) = 20| @1 || @5 sin(ht) (2:36)

We can understand this physically as follows. The presence of the Zeeman field gradient leads
to a precession of the macroscopic 120° order parameter with a different rate on the two sides of
the junction, resulting in a spin current. Similar phenomena have been studied theoretically in
several works previously, for conventional magnetically ordered systems [67, 68, 69, 70, 71, 72],
and *He and spinor BECs [73, 74, 75].

What is different for our setup is that the proximity to the DSL, and the assumption that
the 120° AFMs are close to a phase transition to a DSL imply that the carriers of the spin cur-
rent in the DSLs are monopole operators. Therefore any time-dependent spin current should be
accompanied by a time-dependent monopole current, or an emergent electric field in the DSL.

Describing and probing this electric field is what we will now focus on. What does an
emergent electric field mean in the language of microscopic spins? Using the transformation of

electric field under microscopic symmetries (see first row of Table B.3 in Appendix B.2), we can
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write the following expression for the zero momentum electric field (i.e., integrated over space),

keeping only nearest neighbor terms:
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where v is a constant of the order of the Dirac velocity, which in turn is of the order of Ja where
J is the exchange coupling strength and a is the lattice spacing. As a consequence of the AC

Josephson effect discussed above, we expect

((é4(1)), (ey(t))) = Esin(ht) (cos b, sinh), (2.38)

where 6 is the angle made by the electric field with x-axis (the direction of the electric field
is tangential to the DSL-AFM boundaries). &£ is given by the right-hand side of Eq. (2.14),
calculating which is beyond the scope of this work. The key point is that since the DSL is
described by a CFT, £ decays only as a power law in the width of the DSL.

We see that the operators ¢, and ¢, have a non-trivial spatial structure. In order to detect this
“electric field” consistently, we would need a probe that is sensitive to rotational form-factors.
Optical probes are well-suited for this purpose because of the control one gets from the direction
of polarization of light [76, 77]. We now propose a way to measure the emergent AC electric

field inside the DSL using Raman scattering.
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2.4 Raman scattering probe of emergent electric field

%Raman W

Opr: 120° Anti- Dirac Spin Liquid

Opg: 120° Anti-

ferromagnet ferromagnet
Electric field
P « ¢ AN ¥
e N} - ~ Sln ht \ S ECAS
P« Nt AN
N\ f w ¥ AN
P « f AN

Spin current

Zeeman

h field

Figure 2.4: The proposed setup (120° AFM — DSL — 120° AFM) to induce and probe the AC
Josephson effect. An out of plane (w.r.t. magnetic ordering) Zeeman field gradient of magnitude
h is applied across the junction, causing the spins on the left to precess at a different rate than
the spins on the right. This precession results in a spin current, whose carriers inside the DSL
are monopoles. The resulting emergent electric field within the DSL can be probed via Raman
scattering.

Suppose the DSL region is irradiated with a laser of frequency w;. A Raman signal corre-
sponds to inelastic scattering of light, i.e. the outgoing photon’s frequency wy is different from
w;. We will now argue that the presence of an emergent electric field in the DSL of frequency £,
and in particular the one produced in the setup considered in Sec. 2.3.3.2 (see Fig. 2.4), will lead
to peaks at Raman frequency shifts wa = wy — w; = £h.

It was shown in [7, 8] that the Raman scattering rate R for a spin system (not necessarily

a spin liquid) is given by the following correlation function calculated in an energy eigenstate of
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the spin system [i)

R= / " dteient (i ML) My(t) i) , (2.39)

—o0
where ¢ = ¢ — ¢; is the momentum transferred to the photon. (For simplicity, we will ignore this
small momentum transfer from now on.) The operator M acts on the Hilbert space of the spin
system, and depends on the underlying lattice for the spin system as well as the polarizations and
momenta of the incident and scattered light. The operator M was calculated for some relevant
cases in [7, 54], and we will present the leading-order results later in Eq. (2.41).

However, if the expectation value of some operator (in our case, the emergent electric
field) (1|¢(¢)]¢) in a state [¢)) were to depend sinusoidally on time, then |¢)) is clearly not an
energy eigenstate but rather a nonequilibrium state. In such a state, we show in Appendix B.4
that Eq. (2.39) gets modified and the Raman scattering rate now measures the following time-
averaged correlation function of the same operator M:

= lim —/ dto dt (| M (t) M (t + to)|)) 5. (2.40)

T—o0 T T

2 2

We will use the following (Fleury-Loudon [78]) form for M,

_ZU - n—n)}{é-(ﬁ’—ﬁ)}(i—é §n) (2.41)

a-»/

which requires a bit of explanation. Here €; and €; are the polarizations of the incoming and

outgoing photons, respectively. Eq. 2.41 assumes that the spins arise from a single band Hubbard
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model at half filling in the large U limit, of the following form

Ho=— [ 3 et cmne ) Lhe ) 40 iy, (2.42)

Here ff(F) is the electromagnetic field and has the following expansion in photon creation and

annihilation operators
> —) 1 - A~ —k ~ Z_‘F
A(r) = Z —( zap + E_EaT_E>e R (2.43)

where 6,; is the polarization of mode /2 and ¢ and V are the dielectric constant and laser mode

2 €2’V

= oV where ¢ is the electron

volume respectively. We have defined the coupling constant €
charge and \; is the initial number of photons in the mode of frequency w;. The driving is
assumed to be near resonance, but at the same time satisfying t,.» < |U — w;| < U. Under
this assumption, one can calculate the scattering rate perturbatively in both t/(w; — U) and é, the
light-matter coupling constant; one obtains Eq. 2.41 at order ¢*t?/(w; — U).

It is convenient to decompose the tensor (e?c)*ef into two 1-dimensional (A4,,, Ay,) and one

2-dimensional (£,) irreducible representations of the triangular lattice point group

Ay = ()6l + (ep)"els

Ay = (€f)"e] — (€7)"€]

77

(2.44)
Ey _(5?)*526 + (6%*6?

By (€7)7€) + (€7) €
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On the triangular lattice, using this basis reduces Eq. (2.41) to

- A%

<A1@A1 + EQ@EQ — E1@E1)7 where

(2.45)
. V3 5 -
O, 4 Z (Sﬁ Siiva, — Si Sﬁ+52—51)’
L1 S & 5 & S .§
Og, =1 Z <2Sﬁ * Siiva — Si * Sava, — Sa SﬁJﬁz*il)

t2¢&2
U—w;’

Up to order there is no term in the Ay, channel. For the particular case of a Dirac spin
liquid, we can use Eq. (2.37) to relate the emergent electric fields to microscopic quantities. Up
to corrections involving longer range terms, we see that O £, and O g, are indeed proportional to
the emergent electric fields (€, )i and (€, )10 respectively (because the symmetry transformation
of the emergent electric fields on the triangular lattice is identical to that of the E5, channel.) On

the other hand, O A, 1s proportional to the Hamiltonian of the system. This lets us write the above

expression as

R 4282 1 R
N = 2t AH + V3A
J 4v

7 (Baéy — Eré,) + .. ) (2.46)

where A is the area of the DSL region. We can now relate the Raman scattering rate in a DSL to
correlation functions of the electric field and the Hamiltonian by inserting the above expression
into Eq. (2.40).

Before we proceed, we highlight two main differences from previous theoretical literature,
arising due to the presence of the AC Josephson effect in the setup in Sec. 2.3.3.2, on Raman
scattering. First, the Raman scattering rate is usually derived when the spin system is in an

equilibrium state, where one-point functions <@(t)> for interesting operators O typically equal
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zero, in which case a correlation function <(§1 (tl)ég(t2)> would be given entirely by its con-

nected component. However, in our case, the DSL is in a nonequilibrium steady state where

<é(t)> o sin(ht) (see Eq. 2.38). Hence the correlation function also has a disconnected com-

ponent. In what follows, we will assume that the contribution to the autocorrelation function

coming from the monopole Josephson effect is dominated by the disconnected piece
(€i(t1)e;(ta2)) ~ (€i(t1)) (€;(L2)) -

Since
I 1
lim —/ dtosin(hty) sin(h(t + o)) = 5 cos(ht) and

1 (T2
lim —/ dtosin(h(t +to)) =0,

we find that the autocorrelation functions are sharply peaked in frequency as follows

T

L
lim — / "t (6. (to)eu (ty + 1)) ~

T—o0

2 2
E7cos 0 ostht),

1 R R E%sin?f
Tlglgo T/ dto (€4(to)éy(to + 1)) =~ ———— cos(ht),

E%sin(20)

o1 R R
Tlgrgo f/ dto (€5(to)ey(to + 1)) = cos(ht),

1 (= ) .
lim ?/ dty <e$(t0)H(to +t)> ~ 0.

T—o00

N

(2.47)

(2.48)

(2.49)

This brings us to the second difference — an equilibrium correlation function in a symmetry

preserving state is diagonal in the A, As, F», F; basis. But due the monopole Josephson effect,

the steady state no longer has rotational symmetry, leading to mixing within the £, channel, (see
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Eq. (2.49)). Now, we are ready to write down the final result for the Raman scattering rate

R = K|E;sinf — Eycos0]°{6(wa — h) + 6(wa + 1)}, (2.50)
2\ 2
where = 3;”5%%%) is a constant. By tuning the polarizations of the incoming and

detected photons, one can tune the values of A, A,, F, F». By measuring the scattering rate R
for each such choice, one can separately measure the correlation function in each channel, and
thus verify the prediction in Eq. (2.50).

We have shown that for a junction with two 120° AFMs separated by a DSL, if we apply
a Zeeman field gradient h across the junction, the AC emergent electric field resulting from
the monopole Josephson effect produces sharp peaks at Raman frequency shifts £/ in the E,
channels. The strength of the peak decays as a power law in the width of the junction. The
above setup provides a way to induce and directly probe the emergent electric field in a Dirac

spin liquid.

2.5 Other monopole Josephson effects

In this section, we present other effects which fall under the general umbrella of monopole

Josephson effects.

2.5.1 Josephson energy — Long range phase rigidity

For the DC Josephson current, we assumed that the two 120° orders had an angle misalign-
ment. This misalignment could have arisen due to an external pinning potential, with a strength
smaller than the coupling I'S;;, so that our assumption that the spin SO(3) is conserved continues
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to hold. Here, on the other hand, we suppose that there is no external pinning and we let the
relative angle between &) r, and i; r to fluctuate. In other words, if <<f> L> = |Dy| (1 i 0) and
<<f> R> = | Ppg| (1 i 0), we let ¢ be a dynamical degree of freedom.

As a first approximation, one can calculate the energy of such a configuration from the

Hamiltonian Eq. (2.15) from just the disconnected piece of the two-monopole correlation function

B[] ~ —5L<<$TL> : <<i3R> + he)

~ —2EL|D||Pg|cos(yp).

(2.51)

This Josephson energy implies that there is a restoring force that tries to align the angles of two
120° AFM puddles separated by a DSL. This restoring force is proportional to £, which we expect
to decay only as a power law in the width of the DSL (see Eq. (2.14)) since the DSL is a critical
phase. Therefore puddles of ordered phases separated by regions of DSL will display a tendency

for their order parameters to align, a behavior we call long-range phase rigidity.

2.5.2 Mixed current: O = 120° AFM, Or = VBS

Consider a junction with a DSL region separating two completely different orders: Oy =
120° AFM and Og= v/ 12 x v/12 VBS. Using the parent state picture, we view O, as the conden-

sate of spin triplet monopoles and Op, as the condensate of spin singlet monopoles, as follows:

T T
=|<I>L|<0 001 o) ,
r .
<<I>1 Dy O3 Oy D5 ®6>>R=!¢R! (1 i 000 0) : (2.52)

<<(I>1 Oy, D3 Dy Py <I>6>>
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We now argue that in this configuration, the DSL will have currents of the mixed spin-valley
generators of SO(6). As a toy model, we start with the coupling Hamiltonian in Eq. (2.21).
This assumes an SO(6) symmetric term for monopole tunneling. In this case, one can directly
use Eq. (2.24) to calculate the Josephson currents. We then see that the currents with nonzero

~
-

expectation value are those for the the mixed SO(6) generators: J[o'7/]. For the example we
picked in Eq. (2.52), T = ]| lol7!] and T = ] [0272] are nonzero and equal, and the remaining
independent currents are 0.

The presence of these mixed currents can be identified by their symmetry breaking patterns
in the bulk of the DSL region. In Appendix B.2, we summarize the symmetry properties of all
such currents (Table B.3) on the triangular lattice. We observe that when a general combination of
the mixed currents (last three rows of Table B.3) has a nonzero expectation value, time-reversal
symmetry is broken and discrete translation symmetry is reduced to translations by 2 lattice
spacings along both &; and aj, i.e., a 4-site unit cell forms in the DSL region.

We point out, however, that the microscopic model does not have an SO(6) symmetry.
Therefore, our assumption above of an SO(6)-symmetric coupling at the interface is not strictly
justified. Nevertheless, we can qualitatively argue that the physical consequence of having mixed
currents in the DSL — unit-cell expansion and time-reversal symmetry breaking (within the DSL

bulk) continues to hold. Consider the effective Hamiltonian Eq. (2.18) with a coupling that breaks

SO(6) to SO(3)pin- Then we have

<—C§L [Ti]> = <52R [ri]> = 0, while (2.53)

<Q R [UiTj ] > but both are nonzero.
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The above equation says that, not surprisingly, the charge of mixed generators lost from side L is
not equal to that gained by side R. This leakage however, is localized to the boundaries, because
deep inside the DSL, the mixed currents are still conserved. Generically then, the expectation
value of some combination of mixed currents in the DSL should still be nonzero. This is true in
the limit of SO(6)-symmetric coupling, and as we go away from this point, there is no reason for

the mixed currents to immediately drop to zero.

2.5.3 Response to U(1)p flux insertion — lattice dislocation

For the familiar DC Josephson effect, a phase difference between the right (1) and left (L)
superconductors is maintained by threading a magnetic flux, like the SQUID geometry shown
in Fig. 2.5(a), because the gauge invariant phase difference between points R1 and L1 is 0p; —
01+ ¢ f LRll A - dF. This results in a current between the two superconductors in the tangential
direction.

In Fig. 2.5(b), we consider a related configuration involving the DSL. Here ¢ is the flux
inserted in U (1),op. For simplicity, we have assumed that the full system is in the DSL phase. An
analogous situation for metals is persistent currents in the ground state [79] in the presence of

magnetic flux, as required by the Byers-Yang theorem [80]:

1 OF¢]

I¢] = AT (2.54)

where [ is the equilibrium current, 7" is the temperature, and I’ is the free energy. Similar to
an electron current in a SQUID, this results in a tangential U (1)t0p current, i.e. a radial electric

field. But how do we insert a flux in U (1), ? Lattice translations are known to have a nontrivial
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Figure 2.5: (a): In a SQUID geometry (SC-metal-SC-metal), threading a flux ¢ through the cen-
ter results in a tangential electric current [ (black arrow). (b): Similarly, a DSL with a flux ¢ in
U(1)p going through results in an emergent electric field <é> radially outwards (blue arrows).
(c): A DSL in the presence of a lattice dislocation. The red circles mark the two lattice sites
making up the dislocation. (d): Mean field considered for numerics in the presence of two dislo-
cations with opposite Burger’s vectors (red and blue). Grey triangle indicates 7 flux.

U(1)p action when embedded into the low-energy symmetry group G [24, 57]. Therefore, a
symmetry defect of lattice translation, that is, a lattice dislocation (see Fig. 2.5(c)), serves as a
U(1)op flux*.

Following the above argument, we expect that a lattice dislocation creates a radial electric

*In addition to being a U (1), symmetry flux, it is also an SO(6) symmetry flux, but this fact does not play a
role in the rest of our discussion.
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field, which by Gauss’s Law results in a spinon charge (U(1) gauge charge and not a U (1)
charge) near the dislocation. As a first step, in the parton picture, we can verify this prediction
at the mean field level. We consider the mean-field ansatz shown in Fig. 2.5(d) on a lattice with
two dislocations with opposite Burger’s vectors (a; and —a, respectively) separated by d lattice
spacings. The triangles shaded grey have 7 flux going through them. This ansatz preserves
time-reversal but breaks charge-conjugation symmetry. We then numerically diagonalize the
corresponding free fermion Hamiltonian on an L x L torus. The lowest L?/2 levels are filled
by both spin 1 and | fermions in the ground state. Then we compute the charge in a region D

enclosing the dislocation

L?/2

(Gaiso) =2 Z(Wéf—%) : (2.55)

reD =1

where )% is the single fermion wavefunction of the i*" eigenstate (sorted in increasing order
of energy) evaluated at . For L = 100, d = 50 and D being a circle of radius 20, we get
Qaislo = 0.297.

We are unable to determine whether a non-zero spinon charge survives once we include
gauge fluctuations. Qualitatively, we expect that the charge gets renormalized due to screening,
but may not drop to 0. If the localized spinon charge is indeed nonzero, what it would mean in
terms of microscopic spins is an open question. In Eq. (B.8) of Appendix B.2, we have written
a nontrivial microscopic operator that is consistent with both the symmetry properties of the
field theory spinon charge operator and Gauss’s law. How this expression gets modified for a
lattice with dislocations, and whether any resulting spinon charge can be computed numerically

in candidate DSL wavefunctions [81, 82] is an interesting direction to pursue.
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2.6 Discrete Shift and Quantized Electric Polarization in fermionic systems

Figure 2.6: Discrete shift . for Hofstadter model on the square lattice. Each lobe represents a
gapped region. The color of a lobe represents the discrete shift of the many-body state obtained
by filling all the single particle states below the lobe. Figure from Ref. [2].

Based on the the previous section, we take a short digression. We can make our conclusion
on fractional charge more concrete if we directly consider a fermionic system (instead of mean-
field partons employed for describing a DSL). In this case, a monopole is an extra 27 magnetic
flux inserted. A non-zero momentum of monopole in this context translates to flux insertion being
accompanied by addition of nonzero linear momentum. We saw in the previous section that this
implies the presence of fractional charge bound to a lattice dislocation. By the same argument,
a nonzero angular momentum associated with a 27 flux implies a fractional charge bound to
a lattice disclination. If the electronic state is gapped, it can be argued that these charges are
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Figure 2.7: A menagerie of butterflies in the spinless square lattice Hofstadter model. « and f3
represent a plaquette center and vertex respectively. For any Cy symmetric origin o, ., has a Z,
classification, while &, has a Z, classification. Figure from Ref. [3].

quantized [2, 3, 83]. The above observations suggest that one should be able to write down
mixed Chern Simons like terms that associate electric charge with lattice defects (and therefore,
via integration by parts associate linear/angular momenta to magnetic flux). Indeed, such terms

were written in Ref. [2, 3, 83]:

—

£:£AAdA+§A/\dw+'@°
4 2 2

-A/\:F+%AAAXY+... (2.56)

™

Here, A is the electromagnetic U(1) gauge field, w is a discrete spin connection, T is translation
gauge field (or discrete vielbein), Axy is an area 2-form. Further, C, .7, ,?70, and k are topo-
logical invariants. C'is the familiar Chern number. .7, or the discrete shift associates electric
charge to lattice disclination (corresponding to a discrete rotation symmetry centered about ‘0’).

970, or quantized electric polarization associates electric charge to lattice dislocation.
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In Ref. [2], we study the Hofstadter model on a square lattice, i.e., electrons hopping on
a lattice in a magnetic field. We characterize .7, (where ‘0’ is a lattice vertex) throughout the
Hofstadter butterfly. The result is shown in Fig. 2.6. In Ref. [3], we study P, throughout the
Hofstadter model, paying special attention to ambiguities in determining the flux through a dislo-
cation. Due to these ambiguities, our results depend on the distribution of flux within each single
unit cell. Therefore, Fig. 2.7 is periodic under ¢ — ¢ + 87 and not ¢ — ¢ + 27.

We have thus made a connection between the DC Monopole Josephson Effect and the
characterization of topological phases in the presence of discrete lattice symmetries. Having

finished our digression, we now return to Dirac Spin Liquids.

2.7 Discussion

This work uses the viewpoint that certain magnetically ordered states can be obtained upon
condensing monopole operators which enter the low energy description of a Dirac spin liquid. We
have argued that by using a Josephson junction geometry with two ordered states separated by a
DSL, one can induce an emergent electric field (both DC and AC) in the DSL. Further, we have
shown that such an AC emergent electric field can be measured optically as a sharp field-tunable
peak in Raman scattering. Also, the induced electric field is accompanied by a measurable spin
current across the junction that is proportional to the emergent electric field. This serves as an
independent check that can be used to validate our first prediction. We have also highlighted other
phenomena conceptually related to the monopole Josephson effect, namely long-range phase
rigidity between puddles of ordered phases separated by Dirac spin liquids, “mixed currents”

across AFM-DSL-VBS junctions and spinon charge bound to lattice dislocations.
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In general, an AFM — X — AFM junction, for some unknown phase X and generic details
of the interface, will (at least in the short-junction limit) allow monopole tunneling analogous
to that of the AFM — DSL — AFM junction. The observation of, for example, a spin current
in a DC junction setup is therefore insufficient to claim that the unknown phase X is a DSL.
However, two of the effects we propose to measure, namely the field-tunable Raman peak and
the power-law dependence of the spin current as a function of junction size, require a conserved
monopole current in region X (or equivalently require that the low-energy degrees of freedom of
region X include an emergent U (1) electric field). This requirement is satisfied when X is a DSL,
but not in ordered phases such as valence bond solids where a spin singlet monopole creation
operator acquires nonzero expectation value, and hence the monopole current (electric field) is
not a conserved quantity. Therefore, measuring our proposed field-tunable sharp Raman peak in
the region X in conjunction with a spin current across the interface, such that both the strength of
the Raman peak and the spin current scale as a power law in the width of region X, will be strong
evidence that X is a DSL.

We note that our predictions are backed up by writing a phenomenological monopole tun-
neling Hamiltonian that assumes that a DSL couples to a nearby ordered state chiefly through
monopole tunneling terms, since monopoles are the most relevant operators in the DSL. We do
not however attempt a full boundary conformal field theory calculation. This is because the cur-
rent understanding of QEDj3 as a CFT (even without boundaries) is still in its nascent stages,
although there have been promising recent numerical developments [38, 84, 85]. We also note
that due to the Josephson effect, the quantum state of the DSL region differs from the ground
state of QED3. For example, when there is an AC electric field through the DSL, the DSL is in
a nonequilibrium state. When there is a mixed spin-valley current, lattice translation symmetry
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gets broken. In such cases, whether the framework of DSL theory is still a valid description or not
would depend on the strength of coupling between the different regions, size of the DSL region,
and temperature. Determining this would again require a detailed boundary CFT calculation, and
is beyond the scope of this work.

Our work presents an in-principle method to externally induce and measure emergent gauge
field strengths in strongly coupled spin liquids in 2+1 dimensions. In general, one has more con-
trol over the degrees of freedom in an ordered state. So looking forward, attempting to probe op-
erators in other spin liquids using more conventional ordered states is a promising direction. We
note that Ref. [86] theoretically considered tunneling of spinons between ferromagnets through a
quantum spin ice in 3+1D, and is closely related to this idea.

A second interesting direction is in the context of recent developments in Rydberg atom
arrays that take us one step closer to realizing a spin liquid in a lab [45]. In these experiments,
one can access projections of the microscopic wavefunction in a preferred basis. It will therefore
be interesting to come up with signatures of long wavelength operators and non-equilibrium
steady state features such as currents, but in the many-body wave function, such that they can be

accessed in these experiments.
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Chapter 3: Diagnosing Electronic Phases of Matter using Photonic Correlation

Functions

3.1 Introduction

Strongly interacting quantum many-body systems can host a variety of exotic phases of
matter. However, there exists a gap between theoretical models and experimental observations in
terms of accessible physical observables. A hallmark example is topologically ordered phases,
beginning with the experimental observation of the Fractional Quantum Hall effect, whose exci-
tations exhibit fractional statistics [87, 88, 89, 90, 91, 92]. There are strong theoretical reasons
[46, 47, 93] to expect that spin systems dubbed “quantum spin liquids™ also host topological order
and other exotic gapless field theories [32, 36, 44, 94, 95, 96, 97]. However, experimental veri-
fication of such claims has been extremely challenging. At the same time, other unconventional
phases, including high-temperature superconductors and correlated insulators, have been experi-
mentally observed in cuprate-like strongly correlated materials [98], and more recently in moiré
materials [99, 100]. While there is a thriving theoretical effort to explain many of these phases,
conclusively matching theory to experiment is generally difficult. The main challenge stems from
the fact that the nontrivial nature of many of these phases is encoded in correlation functions that

are difficult to measure experimentally. Conventionally, probes for accessing electronic corre-

53



Detect
T ) @\df aetclzr

Filter F,

Scattered
photons

VY AP\]\’\N\N\]\N\[\NWJ\ . TZ
Time Detector
delay d, at R,

. ~
Incident laser

VANV
VA alVAYY.

[Vl

AVAINATVAIVE

2D Material

-

Figure 3.1: A system of itinerant electrons is irradiated with a laser. Conventionally, photode-
tectors measure the intensity of the scattered photons, and the correlations are ignored. In this
paper, we propose a Hanbury Brown-Twiss-type setup to measure correlations between pairs of
photons. We allow for frequency filters, F; and >, before detection, and a time delay, 7, between
detection events.

lation functions work within the linear response paradigm. For example, Raman scattering has
been employed to study potential spin liquid candidates [1, 7, 8, 54,76, 77, 101, 102, 103]. How-
ever, given how difficult it is to characterize exotic phases, it is important to (1) develop novel
experimental protocols to measure a wider class of correlation functions and (2) understand how
these new correlation functions can assist in diagnosing the phase of matter under study.

A promising approach is to move beyond the linear-response paradigm by studying the
nonlinear response to an external electromagnetic drive [15, 104, 105, 106, 107, 108, 109, 110,
111, 112, 113, 114, 115, 116, 117, 118, 119, 120, 121, 122, 123, 124, 125, 126]. One example
is two-dimensional coherent spectroscopy, an extension of pump-probe spectroscopy [127, 128,
129], in which two pump pulses, separated by a fixed time delay, are applied to the sample,

followed by a probe measurement at a fixed delay relative to the last pulse. A recent work
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predicted that a setup like this can be used to detect anyonic excitations [15, 125]. It is also
possible to go beyond the linear-response paradigm by studying higher-order correlations within
the output signal generated by external stimuli. A classic example is shot noise in electric current
[130] that has been used to detect fractionally charged excitations [131, 132], Cooper pairing in
normal state [133, 134] and absence of quasiparticles [135].

Thus, it is intriguing to ask whether quantum correlations between scattered photons could
carry useful information beyond what can be obtained from both linear response and pump-probe
techniques. It is known in quantum optics that when two or more photons are scattered off an
optically nonlinear medium, they can become correlated [136]. Our work demonstrates that when
this medium is a strongly correlated electronic system, its nontrivial correlations are inherited by
the scattered photons. Therefore, analyzing photonic correlations in the outcome of spectroscopy
experiments reveals many-body observables that are not accessible through current linear and
nonlinear probes.

The paradigmatic setup for the detection of the photonic correlations consists of a Hanbury
Brown-Twiss interferometer where the scattered photons are divided into two separate paths [137]
(See Fig. 3.1). Then, the photons are detected in each path separately. In this work, we also allow
for the possibility of frequency and polarization filtering before detection. This scheme allows
for the measurement of a four-point correlation function GEzZI), 0, (7) = (ay, (0)ay, (T)aq,(7)aq, (0)),
where a4, are the annihilation operators of the filtered photonic mode in the corresponding (j-
th) interferometer arm. 7 denotes the time delay between the detection events . We note that
in addition to G, the described setup allows for the measurement of correlation functions of

electromagnetic quadrature including (a4, (0)) and (a4, (7)aq, (0)). This is done by mixing the

IThe correction due to retardation is clarified in Eq. (3.8) in Sec. 3.3.2.
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scattered photons with a strong reference coherent field having a fixed phase.

In this work, we first develop a systematic procedure to map these photonic correlators to
dynamical correlation functions of the material in its undriven state. As a specific example, we
provide the mapping for a single-band Fermi-Hubbard model at half-filling in a Mott insulator
state, where in the limit of strong on-site repulsion, the many-body energy spectrum splits into
distinct sectors corresponding to charge and spin degrees of freedom, well-separated by the Mott
gap 2. Furthermore, we demonstrate that the frequency filtering of scattered photons plays a cru-
cial role in our scheme. In particular, it enables the measurement of matter correlations restricted
to a particular energy sector of interest, i.e. a pure spin or a mixed spin-charge sector.

We then present several salient applications: (1) We show that by measuring the first-order
quadrature of the scattered light and its fluctuations, one can determine the static expectation
value of the spin chirality operator on the kagome and triangular lattices, respectively, which is
currently inaccessible using current techniques. These operators acquire nonzero expectation val-
ues in chiral spin liquids [35, 138, 139, 140, 141, 142, 143], and play the role of chiral mass terms
in U(1) Dirac spin liquids [24, 144]. (2) We demonstrate that the correlations of scattered pho-
tons can be used to probe the mixed spin-charge correlators, providing insights into the dynamics
of a hole and a doubly-occupied site (called a doublon) in a Mott insulator. (3) We derive the
contributions to the G correlation functions from non-interacting magnons in a magnetically
ordered system. (4) We establish that G® can be used to diagnose whether the state in the spin
sector is a spin liquid with excitations carrying fractional mutual statistics. For this, we follow

the semiclassical argument in Refs. [15, 125] for pump-probe spectroscopy, and show that it also

2Strictly speaking, only the many-body states connected through application of local operators on the ground
state split into distinct charge and spin sectors.
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applies to G? spectroscopy.

The rest of the paper is organized as follows. In Sec. 3.2, we provide an overview of the
physical setting and the main results of the paper, along with sufficient background and context to
allow each of the remaining sections to be read independently. In Sec. 3.3.1, we provide details
of the 7-matrix formalism that we use for describing different scenarios of photon scattering.
Sec. 3.3.2 presents a mathematical definition of the photonic correlators studied in this work.
Technical details for experimental measurement schemes are provided in Appendix C.4. Next,
in Sec. 3.4, we apply the scattering formalism to the Fermi-Hubbard model at half-filling. Given
the separation of energy scales discussed in Sec. 3.4.1, we show in Sec. 3.4.2 that correlation
functions of photonic operators map to those of pure matter operators denoted as RW and R®.
We study the microscopic structure of these operators in Sec. 3.5, with the technical details pro-
vided in Appendix C.3. In Sec. 3.6, we discuss the temporal structure of the matter correlation
functions, with the emphasis on the role of frequency filters. Starting from Sec. 3.7, we provide a
detailed discussion of the proposed salient applications. First, in Sec. 3.7, we show that by mea-
suring the squeezing spectrum of the scattered photons it is possible to determine the expectation
values of the scalar spin chirality operators. Next, in Sec. 3.8, we calculate G?) of scattered pho-
tons for the case when the spin sector has non-interacting bosonic excitations such as magnons.
In Sec. 3.9, we discuss the conditions under which their contributions can be filtered out, en-
abling the measurement of more exotic properties of the matter. In particular, we demonstrate
that the presence of anyonic excitations in a spin sector can be established using both conditional
G (1) and G® measurements. In Sec. 3.10, we comment on experimental feasibility. Finally,

in Sec. 3.11, we present an outlook.
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3.2 Summary of the paper

3.2.1 The setting

We now consider the problem of photon scattering off a 2-dimensional strongly correlated
electronic system, as shown in Fig. 3.1. The material, initially prepared in a thermal equilibrium
state, is irradiated by a monochromatic laser having polarization ey, and frequency wy,. The laser
driving is weak, in the sense that g;, = /27l aa/w; < 1, where Iy is the laser intensity, o
is the fine-structure constant and a is the lattice spacing of the electronic system. Throughout
this work, we assume the initial state of the electromagnetic field to be in either a Fock state
VL) = (N21)~Y2(al )V |0) or in a coherent state e?4L=¢%aL |0), where |0) is the vacuum, ar,
is the annihilation operator of the laser mode (see Appendix C.1 for a more careful treatment of
the laser as a wavepacket), and ¢, = e ~|¢|. Since the driving is weak, we can restrict our
consideration to the subspace containing at most 2 scattered photons [145, 146]. These photons,
before being detected, are separated into the two arms of a Hanbury Brown-Twiss interferometer,
each containing frequency and polarization filters. We define the filter function in the j-th inter-
ferometer arm as F;(w) and assume that it is centered around frequency w; with possibly some
spread. Furthermore, we impose the causality condition, i.e. F;(t) = 7 2 Fi(w)e™! is 0 for
t < 0. Then the effective photon annihilation operator corresponding to the detection of a photon
in j-th interferometer arm takes the form a4, ~ i), F;(wi)ax.e,. i-., a superposition of normal
modes of free space, dx e; labeled by momenta k and polarization e; (here, the subscript d; stands
for detector 7). For a precise definition of ddj, see Eq. (3.9, 3.11). Finally, all measurements are

considered to be made in the asymptotic future (formally defined in Sec. 3.3.1).
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For the matter side, the general form of our results applies to any correlated insulator with
an optical gap. For concreteness, we consider a 2-dimensional system of strongly interacting
itinerant electrons in a Mott-insulator state, which we model by the single-band Fermi-Hubbard
model at half-filling [147, 148]. In the limit of strong on-site interaction U > t, where t is
the tunneling amplitude between nearest sites, the many-body energy spectrum splits into sectors
having a definite number of doubly occupied sites (“‘doublon excitations”). The lowest energy
manifold (“spin sector”) consists of pure spin excitations described by the Heisenberg model.
Depending on the lattice geometry, and strengths of tunnelings between next-nearest-neighbors
and beyond, there are several possibilities for the ground state of the spin sector. It could be a
magnetically ordered state such as a Néel or a 120° antiferromagnet, in which case its excitations
are magnons. It could also be a quantum spin liquid whose excitations are charged under an
emergent gauge group, or have fractional statistics or both.

Throughout this work, we assume the incident laser is detuned from the optical gap such
that t < |wy, — U| < U. The absorption and emission of photons couples the spin and charge
sectors of the system as shown in Fig. 3.2. Furthermore, the photons can be scattered inelastically
with their amplitudes being dependent on the finer structure of the spin and charge sectors. We
note that in contrast to the conventional Raman spectroscopy, we are interested in the scattering
of multiple photons, which, as we demonstrate, provides additional information on the state of
the electronic system. The relation between the inelastic photon scattering amplitudes and the
matter correlations constitutes the main focus of this work and will be reviewed in the section

below.
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Figure 3.2: Schematic illustration of different photon scattering processes. (a-c) The blue- and
orange-shaded regions represent the lower and higher energy sectors, respectively, separated by
an optical gap of order U. For the Fermi-Hubbard model at half-filling, U corresponds to the
on-site repulsion, with the low- and high-energy sectors identified as spin and charge sectors,
respectively. More generally, the presented formalism applies to any insulator with an optical
gap. The laser frequency wy, is assumed to be detuned from U. The three terms in My, defined
in Eq. (3.2) correspond to different pathways leading to emission of a photon. These three path-
ways are depicted schematically as follows: (a): Raman process — absorption of a laser photon
followed by the emission of a photon with a frequency near w;. This process is governed by
the effective matter operator A,, which mediates transitions from the state |I) to |.J) within the
same (lower energy) sector. (b): Absorption of two photons followed by emission of a photon of
frequency near 2w; — U. This process involves the effective matter operator B,, which transi-
tions the state |) in the lower energy sector to |K) in the higher energy sector. (¢): Emission of
a photon of frequency near U originating from a state |K) in the higher energy sector that was
previously accessed via process (b). This emission is mediated by the effective matter operator
C'y, which transitions the state |K) to |F) in the lower energy sector. Panels (d-f) illustrate the
corresponding intensity versus frequency profiles. Notably, emission into sideband (e) is neces-
sarily accompanied by simultaneous emission into sideband (f).
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3.2.2 Mapping between photonic and matter correlators (Input-output relations)
We first summarize the main assumptions in this work:

1. The material is initially in equilibrium at a temperature much smaller than U, the optical

gap.

2. t < |wy, — U| < U. More generally, going beyond the single-band Fermi-Hubbard model,
this assumption means that the detuning of the drive frequency from the optical gap is much
smaller than the optical gap. In addition, the intrinsic coupling scale between different

optical sectors is much smaller than the detuning.

3. Weak driving: g;, = /27l aa/w;, < 1. This implies that light-matter scattering processes

can be treated order by order in the number of photons involved.

4. The frequencies of detected photons are postselected to be of the order of the drive fre-
quency wy, up to corrections of order |U — wy|. As discussed later (Sec. 3.4.2), this re-
quirement, together with Assumption 2, implies that light scattering processes conserve

the total number of photons.

5. Dipole approximation, i.e., momentum exchange between light and matter is neglected

(discussed below).

6. We consider a single electronic orbital per lattice site and per spin, and assume that the

light-matter coupling in this truncated Hilbert space is given by Peierls’ substitution.

Later, in Sec. 3.5, we also assume the absence of spin-orbit coupling for simplicity. But this
assumption can be dropped straightforwardly by starting with a spin-orbit coupled microscopic
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tunneling Hamiltonian as done in Ref. [149]. We start by providing a qualitative picture of the
laser-induced processes. For simplicity we assume the system is initially prepared in the lowest
energy sector (for a Mott insulator, this is the spin sector). Emission of a photon by the driven
material can result from one of the three pathways shown in Fig. 3.2(a-c). Fig. 3.2(a) depicts the
conventional Raman scattering process, where the off-resonant absorption of a single photon is
followed by emission at a different frequency, w,. This process is accompanied by the material
transitioning from a state |I) to |J) belonging to the same energy sector. Energy conservation
implies that wy, = wy + E; — E;, where E denotes the energy of the state |...). Under our
approximations, the emitted photon has a frequency close to wy,.

At weak driving, Raman scattering involving emission of a single photon represents the
leading contribution to photonic observables. However, the Hanbury Brown-Twiss measurement
scheme post-selects the scattering amplitudes that necessarily involve two photons. We identify
the following main contributions to these amplitudes. (1) Two Raman processes, occurring se-
quentially, such that both emitted photons have a frequency ~ w;, (see Fig. 3.2(d)), and (2) the
process shown in Figs. 3.2(b, ¢) involving the real excitation of an intermediate state | K') within
the charge sector (upper Hubbard band).

In the second scenario, after the emission of the first photon, the material transitions from
the state |I) in the spin sector to | K) in the charge sector. The frequency of the emitted photon is
given by wy = 2wy + E; — Ex ~ 2wy, — U. The material can then return to the lowest energy
sector by emitting a photon with frequency Ex — Er ~ U. Consequently, the intensity spectrum
of scattered light exhibits sidebands at the frequencies ~ U and 2w, — U, as schematically shown
in Figs. 3.2(e, f). At weak driving, these sidebands have a smaller spectral weight compared to

the central peak at ~ wy, because they involve two-photon emission processes. The microscopic
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details of these processes in the correlated insulators described by the Fermi-Hubbard model at
half-filling are provided in Sec. 3.5.

Let us now assume that the evolution of light and matter in the absence of light-matter
interactions is described by the Hamiltonian Hy. In the remainder of this Subsection, we provide
a quick way to arrive at the mapping between correlation functions of scattered photons and those
of matter operators in equilibrium. A more explicit treatment by quantizing the vector potential
and using the T -matrix formalism to compute scattering amplitudes is provided in Secs. 3.4.2,
3.4.3, and 3.6. To motivate our results here, we directly write down the following effective

interaction Hamiltonian that captures all the photon emission processes in Fig. 3.2:

Hi(t) =Y My(t)ale™ +he., 3.1)
A

where X (t) = eiflot Xe—ifot The operator dg denotes the photon creation operator in the mode
A, which is a composite index for momentum and polarization. M, is an effective pure matter
operator. For now, M, can be thought of as the operator implementing the transitions shown
in Fig. 3.2, but we will define M, precisely in Sec. 3.5 and provide intuition in the remainder
of this Section. For energy scales considered in this work, the momentum transfer between
transverse electromagnetic radiation and electrons is a negligible fraction of the reciprocal lattice
momenta. So, we have used the dipole approximation and dropped the spatial dependence of the
photon operators — an approximation discussed further in Sec. 3.5.1 and Sec. 3.11. The matter
operator Mj does depend on the polarization of the absorbed and emitted photons. Through
this polarization dependence, Mj encodes symmetry properties of light matter interactions, as

elaborated later in this Section, and in Sec. 3.7. For the purpose of this section, photon absorption
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Photonic correlator Matter correlator

First order quadrature: | € F;(wp) <Mj<0)>0 +c.c.
ew <ddj (0) + c.c.

out

Intensity: G (0) = | [ atar ) [F)] < (3 (~#)]' Mj(—t)>0
(af, (0)dq,(0))

out

J

G (1) = (@, (7)ag, (0))ou + .. | { I dtde Fy(t) [F5()] (N (r =)W (—0)) b+
C.C.

Phase-dependent part of {em JI57 dty dta Fi(t) Fa(ts)

the  quadrature  fluctuations: n -

(a0 (ia, O e | ¥ (THRE = JIR]) o+ e

Photon-pair ) correlation | [[[ [ dty dto dt; dt) Fi (t1) Falta) [F1 (8] [Fa(th)]*
function Ggl),dz (7) = | x <T [Mf(—t’l)]\ﬂ(r — té)} T [MQ(T — t2>M1(—t1)} >0
(ah, (0)al, (T)aay (T)ia, (0))

Conditional G de- { JLLJS dty dta dty Aty Fi (tn) Falta) [Fu(8) [ Fa(th)]*

fined as  Hg q,(t,7) = O /
Q Q o (D X (T | My(—ty)My(t+7—1
(@}, (0)ah, (t + 7)ag,(t)aa, (0))ou (T [ (=) 25 ( 3]

N <T [Nby(t — )M (—1)] )} +ec.

Table 3.1: Correspondence between the correlation functions of scattered photons (left column)
and the matter correlation functions in equilibrium (right column). In the left column, (.)_,
indicates that the expectation value (out|.|out) is taken in the full light-matter post-scattering state
lout). In the right column, (.), indicates that the expectation value is taken in a pure matter energy
eigenstate, or more generally in any mixed state diagonal in the energy eigenstate basis. The
matter operators M ; are defined in Eq. (3.2) and (3.4). F;(w;) is the effective filter function, and
F;(t) is its Fourier transform. Here T[] and T[] denote time- and anti-time-ordering respectively.
Note that Gél,) (0) is the same as intensity of Raman-scattered photons [7, 8]. For measuring the
first order qujadrature and two-mode squeezing, the output photons are interfered with a strong
local oscillator whose frequency is equal to the drive frequency, wy, and whose phase relative
to the drive is . We provide a detailed discussion on the above photonic correlators and the
experimental schemes to measure them in Sec. 3.3.2 and Appendix C.4.
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from the laser is treated classically, while emission is treated quantum mechanically. A full
quantum mechanical treatment is provided in Sec. 3.4.3. Under the assumption about energy
scales and post-selection discussed above, we can write the matter operator M, as a sum of three

terms corresponding to the photon-emission processes in Fig. 3.2 (a), (b) and (c) respectively:

MA(t) = [e—i(th-‘r@L)A)\(t) + e—?i(th-‘reL)B/\(t) + CA‘)\(t)} + h.c., (3.2)

where 6, is the phase of the drive laser, which we set to zero without loss of generality. Here, the
first term corresponds to emission of a photon after absorption of a photon from the laser (hence
the factor e=*2*). As shown in Fig. 3.2 (a), the operator A, couples the states |} and |J) within
the spin sector and corresponds to Raman scattering of photons. Operators By and C), induce
transitions between the states belonging to different energy sectors |[/) — |K) and |K) — |F)

—2iwrt

(see Figs. 3.2(b, c¢)). The operator B,\ is multiplied by e because as shown in Fig. 3.2 (b), a
photon is emitted after absorbing two photons from the laser. Operator C', as shown in Fig. 3.2
(c) corresponds to spontaneous emission from the higher energy sector. As a result of the dipole
approximation, the matter operators contributing to M, depend only on the polarization of the
emitted photons, encoded in A. For the detection of these photons, their polarization must match
that of the filter in the corresponding arm of the interferometer. Accordingly, in the following, we
adopt a notation M ;> where j = 1,2 denotes the polarizations of the detectors in our measurement
scheme.

To determine the mapping between photonic and matter correlators, let us consider time

evolution under the effective Hamiltonian, Eq. (3.1). From the term M, (¢)a} (¢), we see that the

emission of a photon into mode A is accompanied by application of the matter operator M A(t)
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on the matter state. This is analogous to photon emission by an oscillating dipole [14] with M,
playing the role of an effective dipolar transition operator. Following this analogy, one can also
expect the creation/annihilation operators of the scattered photons to be related to that of the

matter via the input-output relation:

g, (T) / h dt F;(t) M (T — t). (3.3)
0

In this formula we have also taken into account the modification due to frequency filtering. Phys-
ically it means that for a photon to be detected at time 7, it must have been emitted at some earlier
time, e.g., 7 — t for t > 0, spending the remaining time in the filter. The greater the frequency
resolution in the filter, the greater the uncertainty in time ¢. The complete mapping is summarized
in Table 3.1. The left column lists photonic correlators that can be experimentally measured. The
subscript ‘out’ indicates that the measurement is made post scattering in the asymptotic future (as
explained in Sec. 3.3.1). When mode a4; corresponds to an inelastically scattered photon, Gg)
simply denotes Raman intensity. In Sec. 3.3.2, we explain how the remaining correlators in the
left column of Table 3.1 can be measured using standard quantum optics tools, such as homodyne
detection and the Hanbury-Brown Twiss setup. The right column maps these photonic correlators
to matter correlators in the thermal equilibrium state (in the absence of the laser drive).

To gain some intuition for these matter correlators, let us assume the matter operator M (1)
associated with photon emission creates an excitation. Then two-photon correlations probe the
dynamics of pairs of such excitations. One might naively think that the retarded delay 7 between
the detection of the two photons is the same as the delay between the two matter excitation

events. However, this is not the case when frequency filtering occurs before detection. The
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higher the frequency resolution, the greater the importance of interference between amplitudes
for excitations created at different times, and hence, more the uncertainty in time. This motivates
the convolution between 1M; and the Fourier transform of the detector’s filter function, i.e., F;
that appears in Eq. (3.3). Now let us understand the mapping in Table 3.1 and take G&? d (1) as
an example. If we naively substitute Eq. (3.3) into the photonic correlator, we almost recover the
formula in the right column except for the temporal ordering. Physically, this temporal ordering
reflects causality of light-matter interaction — the excitation created at the time of the second-
photon emission happens after the first. We provide a detailed derivation in Sec. 3.6. Related
treatments of theory of time-resolved spectroscopy for intensities were given in Ref. [150, 151].

Now let us summarize the microscopic structure of Mj coming from Eq. (3.2). For a
detailed explanation, see Sec. 3.5. As shown earlier in Fig. 3.2, the frequency of emitted photons
is either around the central peak w;, or located in pairs of sidebands, near 2w; — U and U. The
corresponding matter operators Aj, Bj and C’j are studied in detail for the single-band Fermi-
Hubbard model in Sec. 3.5. Here, we summarize their key features. The operator flj is a sum
of spin singlet terms modulated by the polarizations of the incoming laser and the scattered

photon. We define the spin of an electron at site r as S,. To leading order in t/|w;, — U], Aj ~

+2
wr,—U r,u

(n-ej)(pn-er) <4Sr “Srip— 1) , where p labels the directions available for electron-
tunneling. This is the Loudon-Fleury operator [7, 8, 78], which is defined in detail in Eq. (3.60)).
Operator A; can be seen as a sum of 2 x 2 tensors in the polarization directions, i.e., (e5)"(er)” for
u,v € {z,y}. It can thus be decomposed into channels that are irreducible representations of the
crystalline point group of the lattice. One can check that at order t2/|wy, — U], the component
of A; in the channel (e5)(er)? — (€5)¥(er)” (invariant under spatial rotations but odd under
reflection) is zero for all lattices. Ref. [54] showed that on the kagome lattice, the leading nonzero
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term for A; in this channel, appearing at order t*/(w;, — U)? is a sum of spin chirality operators
~ S (S0 % 8w).

Next, the operator Bj is a mixed spin-charge operator that involves both a spin operator and
electron tunneling creating a doublon-hole pair (shown in Fig. 3.9, 3.10, and defined precisely in
Eq. (3.61)). Finally, C'j is a sum of electron tunneling operators and is proportional to the total
electric current (See Eq. (3.62)). Given that flj acts within a single energy sector, while Bj and
C’j couple different ones, it is convenient to treat them separately. Therefore, we focus on the
case where the filter functions have enough resolution to distinguish the three peaks in Fig. 3.2,

while within each peak, the filter may be either broad or narrow. Then,

(

e~ A(t)  if detector d; detects near wy,

e~ 2L B.(t)  if detector d;
M;(t) = (3.4)

detects near 2wy, — U,

C;(t) if detector d; detects near U.

Spectral resolution thus enables selection of the energy window of excitations (see Eq. (3.4)
above). We thus see that even though light-matter interaction occurred well before photodetec-
tion, the frequency filtering during detection can drastically affect the information obtained about
the matter. In fact, this is true even for two-photon scattering from a simple two-level system
[14, 152, 153]. For example, in the presence of strong frequency filtering, emitted photons can

be “stored” in the filter, and therefore the signature anti-bunching may disappear.
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3.2.3 Applications

Given the access to new matter correlation functions, what do we learn that cannot be
obtained from photon intensity measurements alone? Here, we summarize key applications for
Mott insulators. We also show how photonic G and quadrature correlation functions can reveal

concrete signatures of spin liquids, which are generally notoriously difficult to observe otherwise.

3.2.3.1 Measuring static spin chirality

A chiral spin liquid is an equivalent of a 1/2- bosonic fractional quantum Hall state oc-
curring in an electrically neutral system [35]. Spin chirality operators defined earlier (~ S, -
(Sr, X gru)) can spontaneously acquire a nonzero expectation value in chiral spin liquids [138,
139, 140, 141, 142, 143]. So far, there are proposals to use neutron [55] and Raman scattering
(G(l)(O) in our notation) [54] to measure the fluctuations in spin chirality. Here, we show that
quadrature measurements can directly measure the static expectation values of spin chirality in
both kagome and triangular lattices.

According to Table 3.1 and Eq. (3.4), when the detector frequency filter is tuned near wy,
the first-order quadrature measurement <€Ldj (0)>0ut directly provides the static expectation value
of operator flj. As discussed in Ref. [54], on the kagome lattice, the operator flj is equal to the
sum of spin chirality terms in the channel (e})*(er)? — (€})?(er)", termed as Ay,. Therefore, the
measurement of the quadrature operator allows for the detection of chiral spin liquids.

For the triangular lattice, it was shown in Ref. [54] that the spin chirality terms vanish at
order t*/(wy, — U)? in the same channel ((e})*(eL)? — (€)Y (er)"). In this work, we show that the

expectation value of the static spin chirality can still be measured using a setup shown in Fig. 3.4,
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and described in Sec. 3.3.2 and Appendix C.4. This setup measures the phase-sensitive part
of quadrature fluctuations, i.e., two-mode squeezing between photons detected in arms d; and
ds. The detected photons should be linearly polarized and the frequency filters in arms d; and d,
should be tuned to the different sidebands of the scattered light, ~ 2w; — U and ~ U respectively.
Within each sideband, the filters need to be broadband. Further, the detection events are post-
selected such that the retarded time-delay 7 = 0. Specifically, we show in Sec. 3.7 that the
two-mode squeezing Im [(Ga, (0)ad, (0)) o) yields ~ D70 o e n S; - (Sw x Sy). For measuring
this, one should take linear combinations of the experimental data, so as to extract the component
along the polarization channels specified in Sec. 3.7 (Egs. (3.84-3.85)) that are invariant under
rotation and odd under reflection. We note that although this type of measurement is accompanied
by the real excitation of the charge sector, by post-selecting detection events having no time delay,
one ensures that the system leaves this sector immediately, and hence the charge sector does not
get entangled with light.

Here, we considered the case 7 = 0. Next, we discuss the more general case (when 7 # 0),

in which case, the matter operators whose correlation functions are probed, lie in the charged

sector.

3.2.3.2 Charged sector dynamics

By detecting a photon pair in the sidebands, one can extract a mixed spin-charge correlation
function. For example, for a Mott insulator, described by the Fermi-Hubbard model at half-
filling, the emission of one photon can be accompanied by the creation of a doublon-hole pair

at a bond, followed by application of specific spin operators on sites neighboring this bond.
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These operators include spin singlet projectors. The doublon-hole pair can then propagate till it
is forced to recombine by emitting the second photon. The resulting correlator can potentially
capture information about possible bound states in the charge sector called Mott excitons [154,
155, 156, 157, 158, 159, 160, 161, 162, 163, 164, 165, 166, 167] and their dependence on the
spin background. We show the general form of such mixed spin-charge operators in Sec. 3.5.3.
However, making quantitative predictions for the charged sector of correlated insulators is the

subject of future research.

3.2.3.3 G from magnon excitations

In Sec. 3.8, we study the contribution of non-interacting magnon excitations in a spin sys-
tem to the connected photonic correlator gg? 3, (T) = Gg), a4, (T)— Géll) (O)GSQ) (0). We demonstrate
that Qé?dg (7) is zero when the excitations are non-interacting bosons, provided four conditions
are met: (1) both the detectors have sharp frequency filters around w; and w, respectively, (2)
w; # wr, 1.e., no elastic scattering, (3) w; # wo, and (4) the polarization symmetry channels
(discussed in Sec. 3.2.2) for the two detectors are distinct. In this limit of sharp spectral resolu-
tion, the result is independent of the time delay 7 due to energy-time uncertainty. Therefore any
nonzero contribution to G(® should arise from interactions between magnons or from topological

properties of excitations.
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3.2.3.4 Anyonic excitations — detecting fractional statistics in spin liquid can-

didates

If the ground state in the spin sector is topologically ordered, its excitations can have frac-
tional statistics. In this case, the emission of each photon can be accompanied by the creation of
an anyon pair. Anyons, created by different photon emissions, can braid nontrivially during their
propagation. Nontrivial mutual statistics during such braiding can lead to a nonzero contribution
to the connected ggf? do- Using the semiclassical argument developed in [15, 125], in Sec. 3.9.2,
we demonstrate that nontrivial braiding leads to a universal singularity in the connected part
of the Qg?tb function, depending on the photon filter frequencies. More specifically, we find
G ~ 0 — AN — Ay) [FKa(Q22) (2 — A1) 2 + (1 4> 2)], where Q; = w;, — w
denotes the Raman shift, (w) is the Heaviside step function, A; and A, are energy thresholds
for creating anyon pairs via operators Ay and A, respectively, and K;(€2;) are system-specific
functions. This singularity is a sharp signature of the existence of fractional mutual statistics in a

spin liquid candidate.

3.3 The formalism and definitions in detail

In this section, we present the T -matrix formalism that we use to model the scattering

process. Then we describe in more detail the photonic correlators studied in this work.
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(a) [W(-T/2)) W (T/2))

A A

(b)

Figure 3.3: Schematic representation of the scattering process. (a) The initial state in the asymp-
totic past (at time ¢ = —7'/2, in the limit where it approaches —oo), |W(—7"/2)) consists of the
electromagnetic field in a laser-produced wavepacket state far away from the material. The ma-
terial is assumed to be in an energy eigenstate |/). Around time ¢ = 0, the wavepacket spatially
overlaps with the material and interacts with it for a duration proportional to the length of the
wavepacket, which we assume to be much larger than its central wavelength (b) At¢ = 7/2, in
the asymptotic future, light and the material are entangled with each other and the resulting su-
perposition is schematically depicted in the figure. The expansion depicted here is in the number
of photon modes in the final state. The first term corresponds to the elastic scattering of light.
The second set of terms corresponds to the emission of a photon in mode A\, leaving the material
in a state Rf\l) |I), where RE\U is an operator acting purely in the matter sector. For brevity, we
have left out energy-conserving d-functions in the above schematic (for a more careful treatment,
see Eq. (3.43)). The third set corresponds to the emission of a pair of photons in modes \; and
Ao. Therefore, correlation functions of photons map to correlation functions of matter operators
like }?EE\I) and }?&21) ), In this paper, we present a formalism to derive expressions for these matter
correlation functions.

3.3.1 Review of formalism

We model the experimental scenario as a scattering process under a time-independent
Hamiltonian H = H, + V, where H, is the Hamiltonian for light and matter, excluding light-
matter interactions, and V is the light-matter interaction. The initial state |U(—7/2)) at time
t = —T'/2 (in the limit 7" — oo) has light and matter decoupled — with light being in a laser-
produced wavepacket state spatially far away from the material (see Fig. 3.3(a)). We assume
the initial state of matter is an energy eigenstate |I) of energy ;. This situation can be readily
extended to any mixed initial state diagonal in the eigenstate basis.

Around the time ¢ = 0 for a duration proportional to the length of the laser wavepacket

(which we later take to oco), the wavepacket spatially overlaps with the material and interacts
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with it. At ¢ = T'/2, which is in the asymptotic future, the electromagnetic part of the state
is once again composed of wavepackets spatially far away from the material. During the scat-
tering, the electromagnetic field becomes entangled with the matter, as schematically shown in
Fig. 3.3(b). Optical measurements are assumed to be made at ¢ = 7'/2 in the state |V (7/2)) =
e~ HT | g (=T /2)).

It is convenient to define |out) = ¢#07/2 |W(T/2)), |in) = e~#T/2 | (—T/2)) and the
expectation value of energy in the initial state E2 = (in|Hy|in). If the experiment duration is
sufficiently long, i.e., when the uncertainty in energy (6E;,) < 1/T, we can use the 7-matrix
formalism [168] to approximate |out). By defining an energy eigenstate (belonging to the full

light-matter Hilbert space) of H, with energy EJQ as ‘\119> we get (see Appendix C.1):

A

jout) = |in) — > " 2mid(E) — EY) W) (U)| T |09 (¥9[in) (3.5)
j.k
where the 7-matrix can be represented as a Dyson series:
A ~ N 1 N
T=V+ VEO B0 i
in 0—V+ZO (36)

. . -1
with the free propagator denoted as Gy = (El?1 — Hy+ z'O*) . Eq. (3.5) is a generalization of
Fermi’s Golden rule to all orders in V. In Appendix C.1, we provide a review of the T -matrix

formalism along with a derivation of Eq. (3.5).
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3.3.2 Definition and measurement of photonic correlation functions

We now consider a wide class of photonic correlation functions (to be introduced in this
section) which can be measured in a quantum optical setting. As a specific example, we focus
on the setup shown in Fig. 3.1. We assume the detectors d; and ds are located at R; and R,
respectively (Fig. 3.1). The spatial origin is chosen to be at the center of mass of the material. The
positive-frequency part of the filtered electric field operator (in the Interaction Picture) along the
direction of the detected polarization e;, seen by the detector d; at location R; (for j € {1,2}),
is given by

s R (R T) — 4 Wi, (kR
e (Rj, %) =1 ; \/;ak,eje fi(wi), and

EC(R,) = [BV(R,)],

(3.7

where Gy ¢, is a photon annihilation operator for each orthogonal plane-wave mode of momentum
k and polarization e;, and wy = c|k|. Here, ¢ is the dielectric constant and )V is the mode-volume
of free-space (which can be taken to infinity at a suitable point). Each detector j could have its
own sensitivity profile for modes of different frequencies determined by f;(w), a dimensionless
filter function. Causality implies that the poles of f;(w), when seen as a function of complex
frequency w, can only lie in the lower half-plane.

We now assume |R;| = ¢T'/2 for simplicity. Furthermore, we assume the two detectors
J = 1,2 are sensitive to the photons having momenta k within the thin solid angles ¢5; around
the directions R;. We also allow for the time delay between the detection events 7. It is also
convenient to introduce the retarded time 7 as

_ |Ra| — Ry
- .

i’_

T

(3.8)
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We can now define an effective annihilation operator (which is related to the local electric field)

that describes the photodetection by the detector d;, as follows:

/

A . (6% o
aq, =1 Z 2—5]”] (wi)axe,, (3.9
K

where >_, restricts the direction of k to be within a solid angle (5.5); around the direction R,;.

The sum over k can be converted into an integral over frequencies wy:

’ %
Z,/C;’—]j N (55)j/dwk\/c"";‘ plwne). (3.10)

k

Here, p(w) represents the density of states of light modes per unit volume. In free space, p(w) =
w?/(2mc)3. More generally, this density can be altered, for example, by the presence of a cavity.
The conversion from a summation over wavevectors k to an integral over frequencies w is valid
because all matrix elements involving ax ., depend on k only through wy. We also define an

effective filter function (for j € {1,2}):

Fj(w) = 2mep(w)(05);£5(w)- (3.11)

When the filter is represented by a Fabry-Pérot cavity, we get:

KTy
- w — wj + ZF]

) (3.12)

]:j , Lorentzian (w )
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where w; denotes the resonant frequency and
K; = 2mep(w;)(05);. (3.13)

In deriving this expression, we assumed that the photonic density of states remains constant
within the frequency window (filter resolution) defined by I';, centered around w;. Similarly,
other causal effective filter functions with different selectivity profiles could be considered [169].

With this setup in mind, we can provide an explicit mathematical definition of the photonic

correlation functions.

3.3.2.1 Photon intensity G(V)(0)

The intensity of light measured by the detector d; of polarization e;, located at point R is

G (0) = c= (W(T/2)| (e; - ED(R)) (e - BF(R)) [¥(T/2)) . (3.14)

j J

Here, the states and operators are represented in the Schrodinger picture. Transitioning to the
interaction picture, using the definitions of |in), |out), and the mode G4, detected by the detector

in (3.9), we can simplify the definition of GV to:

G (0) = (out| ), (0)aa, (0) Jout) = (af, (0)aq,(0)) (3.15)

J

Here, we have used the notation (.)_, to denote an expectation value taken in state |out).
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3.3.2.2 Photon-pair correlation function G (7)

G®(7) characterizes the coincidence detection rate of two photons with a time delay 7 (or
7, as defined in terms of the retarded time in Eq. (3.8)). Let the polarization states selected by
the two detectors be e; and e, respectively. The photon-pair correlation function can then be

defined as:

G (7) = e (W(T/2)] [er - B (Ry)] €77 [e - BO(Ry)]
(3.16)
x [e5 B (Ry)] e 7 [ef - BV (Ry)| [W(T/2)) .

The exponentials e~*H7 in this expression represent the fact that the whole system continues to
evolve between the detection of the first and second photons. Let us suppose that the detection
is in the far-field limit, i.e., the distance from the material L = ¢7'/2 to the detector is much
larger than the wavelengths of incident and scattered light, as well as the correlation length of the
sample. Moreover, the time delay between detection events 7 should be much smaller than 1/,
where 7 is a relaxation rate of matter excitations, given by the maximum of various contributions
such as spontaneous emission and phonon-mediated relaxation. Under these conditions, (see
Fig. 3.3(b)), the light-matter interaction V has almost zero expectation value in the final state.
This is because the light-matter interaction is ~ Ap(x) - J(x) (where Ay (x) is the transverse
part of the electromagnetic field and J (x) is the electric current), and the support of A7 (x) and
that of J (x) are spatially separated. Therefore, V does not have any effect after t = 7/2. One
can thus replace e~H7 with the free evolution e~o% in Eq. 3.16. This equation can be even
further simplified in the interaction picture, by using the retarded time 7 (see Eq. 3.8), and using

Eqg. (3.9) to obtain:

(3.17)
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Figure 3.4: Optical scheme for the measurement of the phase-sensitive second-order quadrature
correlations between a pair of photons scattered off the material Eq. (3.23). One of the photons
(shown as blue) is subjected to an additional (retarded) time delay 7. After both photons pass
through the respective frequency filters ;, each photon is mixed with a strong field of a local
oscillator (annihilation operator denoted as d; o) using a beamsplitter. In our work, we consider
the frequency of the local oscillator to be equal to the drive frequency wy. The phase difference
of the local oscillator with respect to the drive laser can be tuned. If a,; is a scattered photonic
mode, then for each of the two beam-splitters, the mode through each of the two output arms,
+1 and —1is \/% (ax, £ arLo.) respectively. First, let us consider the output from just one of the

—

2D Material

filters ;. The difference Gg) L Gg)ﬁ between the two arms of the beam splitter is proportional
to a quadrature measurement <€Ldj> e + c.c. Now, let us consider the output from both the filters
Fi and F,. We show that by measuring G? correlations between the output arms of the beam-
splitter and by taking a suitable linear combination [Eq. (3.25)], one can measure phase-sensitive
second-order quadrature correlations between the scattered photons (a4, (7)ag, (0)).

The “connected” component of this correlation function can be defined as:

G, (1) =GP, (1) — G (0)G(0). (3.18)

3.3.2.3 Quadrature measurements

So far, we considered the photonic correlation functions G*)(0) and G® (), which are
related to photon number and its fluctuations respectively, and lack information about the phase

of the electric field. The phase-sensitive information can be measured by using a homodyne
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detection scheme where the scattered photons are mixed with a strong field of a local oscillator
(see for example, Chapter 4 of Ref. [170] and Chapter 7 of Ref. [171]). We review below how
one can measure an arbitrary “quadrature” of the electric field aye? + h.c., for any 6. The setup
is shown in Fig. 3.4.

Consider a strong local oscillator a; o, with the same frequency wy, as the incoming laser.

Here, we will replace /“5%aLo.(t) by its classical expectation value —i/T o e wrtt0+0r)

Here, I 0. = M is the intensity of the local oscillator, V is its mode volume, and 6
is the tunable relative phase difference between the local oscillator and the drive laser (whose
phase is 67).

In our proposed setup, each scattered photon after passing through the frequency filter is
admixed with the local oscillator using a beamsplitter. If the input modes going into a beamsplit-
ter are a, and ar o, the output modes are \/Li (G) =+ aro.). Under filtering followed by admixture

with the local oscillator (as shown in Fig. 3.4), the annihilation operator a4, corresponding to

detector d; (defined in Eq. (3.9)) gets transformed as

(g, (t Vel .
ay.(t) = a3, () RO pmilwrt0+01) (3.19)
7 \/5 2
depending on s, the output arm of the beamsplitter, where s can be + or —.
First, one measures GV (0) of the transformed modes:
1 A A
G (0;0:1) = <a2j;8(t)adj;5(t)>om. (3.20)

Here, in writing Gg);s(o; t), the # in the argument refers to the phase of the local oscillator with
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respect to the drive, the 0 implies that the creation and annihilation operators are at equal time,
while ¢ denotes the time at which the measurement is done. The ¢-dependence arises because of
the time-dependence of the local oscillator.

By substituting Eq. (3.19) in Eq. (3.20), one can show that

I .
Gy (6:0:0) = Gyl (6:050) = =52 (g, (1), €+ cc.) (3.21)

We show in Appendix C.4 that upon time-averaging the above measurement, one can extract the
t-independent contribution <ddj (O)ei9> + c.c. reported in Table 3.1. By taking appropriate linear

combinations of this quantity, one can thus measure:

X7(0) = (aq,(0)) - (3.22)

J

3.3.2.4 Phase-sensitive second-order quadrature measurements

Furthermore, we show below that the setup in Fig. 3.4 can be used to obtain phase-sensitive

second order quadrature correlations:
X;rlth (T) = <dd2 (T)ddl (O)>0ut ° (323)

To obtain the above, we consider measurements of G(?) between different arms of the beamsplit-

ters:

G o (03 738) = (@0, (D&Y, (F Ty (4 7)1, (1)) (3:24)

di,d2;s1,82 out
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By substituting Eq. (3.19) in Eq. (3.24), one can show that (we suppress the indices d;, ds for
simplicity):

(6P, +6P - 6P - G2, (0;751)
(3.25)

I 4 .
_ ‘LO. [<€2z(th+0)+zwL-r <&d2 (t + T)ddl (t)) + efzwL'r< (t 4 T)adl (t)>0ut> + C.C.] .

2

out

The above correlation function comprises both a phase-dependent contribution:
p2i(wLt+0)+iwyT (g, (t + T)a, (t)>0m’
as well as a phase-independent contribution:
e (b, (¢ + ), () o

These two terms can be experimentally separated out by measuring Eq. (3.25) for different values
of 0, because the former depends on 6 (the phase of the local oscillator), but the latter does not.

In other words, we consider the following difference for different values of 4 and 03:

(G2, +69 -G —G®) (asmit) — (GO, + 6P - GE — G2, (05 m51)

_ L2.0. [(SQZGA . 62103) eiwr (2t47) (Gg, (t + T)ag, (t )>Om + c. C]

(3.26)
Once again, the above equation has a t-dependence. We show in Appendix C.4 that by time-
averaging, one can extract the phase-sensitive second order quadrature correlator presented in
Table 3.1 and Eq. (3.23).

We note that the above phase-sensitive second order quadrature measurement shown in
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Figure 3.5: Measurement scheme for Hy, 4,(t,7) = (&Ih(())dll2 (t 4+ 7)ag,(t)aq, (0))ouw + c.c.,
which can be thought of as a G(!)(7) measurement at detector do conditioned on detecting a
photon at d;. The mode shown in green here is split into two paths using a beamsplitter, and one
of the paths is given a time delay 7 with respect to the other. The two paths are made to interfere,
and two G® measurements are taken between d; and each arm of d,. We show in Appendix C.4
that the desired correlator can be obtained this way.

Fig. 3.4 is related to two-mode squeezing that has been measured experimentally [172, 173].

3.3.2.5 GW(r) and Conditional G'V)(7)

By beating a mode with its own time-delayed counterpart, one can also measure the fol-
lowing correlator:

GV (r) = (@l (T)ig, (0))ou + ... (3.27)

In this work, we also consider the following correlation function, obtained by measuring GV (7)

by detector dy conditioned on detecting a photon at d; .

Haya,(t,7) = (@l (0)al, (¢ + 7)ag, (£)aa, (0))ou + coc. (3.28)

The corresponding measurement scheme is shown in Fig. 3.5 and described in Appendix C.4.
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Having defined the photonic correlators, we now turn to the matter sector in the next sec-
tion. To establish a connection from the photonic correlators in Eq. (3.15), Eq. (3.17), and
Eq. (3.22-3.28), to the corresponding matter correlation functions, it is necessary to know the
form of the 7 -matrix that acts on |lin). This requires knowledge of the material’s Hamiltonian H,

and light-matter interaction V.

3.4 Light scattering off a single-band Fermi-Hubbard model at half-filling

In this section, we describe the microscopic matter Hamiltonian, light-matter interaction,
and the relevant energy scales. We explicitly work out the mapping between photonic and matter
correlations when Hy is a single-band Fermi-Hubbard model of spin 1/2 electrons at half-filling,
and the light-matter interaction V is obtained by Peierls’ substitution. Our procedure can then be
readily adapted to any other system as long as its ground state is an insulator, i.e., the electrically

charged degrees of freedom are gapped. Let us now consider the following Hamiltonian,

[:Io = Z [_tr,r+uéi+u,aér,a} +he. +U Z ﬁr,Tﬁr# + Z Wk (d;[c,ekdkﬂek + %) ’ (3.29)

(r,p),0 k,ex

where t, ., is the tunneling coefficient between sites r and r + . We denote the nearest-
neighbor tunneling by t. For example, for a square lattice with nearest-neighbor tunneling,
is a(1,0) or a(0,1). However, in general, p can connect site r to an arbitrary site r + p, if
tertp 7 0, and we say there is a bond (r, ) regardless of whether it is nearest-neighbor. To
avoid double counting, @ runs through half the set of bonds. Operator éi}o creates an electron

of spin 0 =1 or | in a Wannier orbital localized at lattice site r. The electronic spin operator is
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defined as:

.1
Se = 3 ZB: &l o g, (3.30)

where o is a vector formed by the three Pauli matrices.
Under the Peierls’ substitution, the full light-matter Hamiltonian H is obtained from H, by
substituting t, 1, with

. . !‘+[1.d A
Corpp = Tppypeddr A (3.31)

where g is the charge of the electron, A(r) is the vector potential of the electromagnetic field. By
Helmholtz decomposition, any vector field can be decomposed uniquely as a sum of transverse
(divergence-free) and longitudinal (curl-free) components. The transverse component of A(r) is
invariant under an arbitrary gauge transformation A(r) — A(r) + Vé(r) for some scalar field
0(r). The transverse component, called A7 (r) can be expanded in terms of the normal modes of

radiation in free space, ak e, (introduced in Eq. (3.7)) as:

o 1 ) .
Ap(r) =) ———— (exine ™" +efal  eT (3.32)
( ) g \/m < k kYk, ey >

and ey is the mode polarization, and satisfies k - e, = 0. We note that quantizing the trans-
verse part of the vector potential is a gauge-invariant notion. For simplicity, we also choose the

Coulomb gauge, i.e.,

A(r) = Ap(r). (3.33)

In the Coulomb gauge, longitudinal electric fields are obtained entirely from the scalar potential
¢ as Ex(r) = —V¢. Gauss’s law implies that —V?¢(x) = g.p(x), where p(x) is the electron
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density. Integrating out ¢ results in the usual density-density Coulomb interaction found in all
electronic systems. For the purpose of this work, this Coulomb interaction can be thought to have
been screened leaving behind the on-site Hubbard repulsion in the Hamiltonian Eq. (3.29). Thus,
longitudinal electric fields arise purely from matter density fluctuations and not from electro-
magnetic radiation. Therefore, we can consider light-matter interactions in the Coulomb gauge
without loss of generality.

Thus, the light-matter interaction 1% (defined such that the full Hamiltonian H=H o+ V),

resulting from Peierls’ substitution in Eq. (3.31) is given by:

V= Z {—i <tr,r+“él+u7oérﬂ — h.c.) sin <qe/lr7r+”>
(r.p).0 (3.34)

+ (tr,HuéL“,Uér,o + h.c.) [1 — CoS (qume)}} ,
where A, = [ dx - A(x) ~ A (r + p/2) - p.

A remark is due here regarding Peierls’ substitution. The single-band Fermi-Hubbard
model should be viewed as the projection of a continuum model into the lowest energy Wannier
orbital. Determining the true light-matter coupling term in such projected models is not trivial.
The interaction terms could generically be modified [174, 175], for instance, by pair-hopping
terms modulated by coupling to the gauge field. In this work, however, following Ref. [7, 8, 54],
we restrict ourselves to the toy problem where the light-matter coupling is obtained by Peierls’

substitution, which is manifestly gauge-invariant.
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3.4.1 Overview of energy scales and sectors

Let us now look at the energy scales in the problem at half-filling (i.e., the number of
electrons equals the number of lattice sites) in the limit t < U, where the ground state is a Mott-
insulator. In this limit, the manifold of energy eigenstates that can be accessed by applying local
operators on the ground state split up into sectors as shown in Fig. 3.6.

In the lowest energy sector (shaded blue), called the spin sector, or lower Hubbard band,
the charge degree of freedom is frozen and the excitations lie purely in the spin sector. If the
ground state is a conventionally ordered state, these excitations are magnons and if the ground
state is a quantum spin liquid, then these states can be composites of fractionalized excitations.
The bandwidth of this sector is of the order of J ~ t?/U. The sector shaded yellow, roughly
separated by an energy U from the spin sector, called the charge sector or upper Hubbard band,
consists of states where one site is doubly occupied (called a doublon) and one site is empty
(called a hole). The states in this sector include bound-states of doublons and holes, called Mott
excitons [154, 155, 156, 157, 158, 159, 160, 161, 162, 163, 164, 165, 166, 167], as well as their
scattering states. We expect the bandwidth of this sector to be of order t. The sector shaded red
consists of states with two doublon-hole pairs and has an energy of order 2U relative to the spin
sector.

Similar to Ref. [7, 8, 54], we assume that the laser frequency w;, satisfies

t < |U—wi| < U. (3.35)

In other words, the laser is detuned from the Fermi-Hubbard repulsion U, and the detuning,
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though small compared to U, is large compared to t. This assumption allows us to do perturbation
theory in both t/|U — wy| and t/U.

The second small parameter is the laser-matter coupling that is involved during each photon
absorption. Expanding the light-matter interaction from Peierls’ substitution in Eq. (3.31) to

leading order in ¢., one gets the paramagnetic interaction qu - J, where J is the electric

current. Further, expanding A using Eq. (3.32), we get an interaction term ~ t \/%& relew. If

the input state (of the laser field) is a Fock state, the operator a;, can be replaced by /A7, where
. . . T

N is the average number of photons in the laser mode. For a coherent state input e?£%.~?LeL |0)

Nrwrc

. Denoting the intensity of the laser as [}, = < and

having the amplitude ¢, N, = |¢p
2
I = WT“LC for the Fock-state and coherent inputs, respectively, we can define a dimensionless

light-matter coupling:

B g.avV/Ni _ V2rlpaa

gL = = (3.36)
vV 2eVw L Wwr,
. . . 2 .
where a is the lattice spacing and where a = = is the fine-structure constant. We can also

interpret g;, as the ratio of the effective Rabi frequency of the laser drive to the laser frequency
wr,. In this work, we will assume that g; < 1.
Similarly, the interaction term corresponding to a photon emission into an unoccupied

mode (k, e;) is ~ t%dl ; ¢léw. This suggests another dimensionless coupling in the prob-

lem: \/%, which we rewrite as /maa wicV' We see from Eq. (3.9),(3.10),(3.11) that the
factor /2% cancels in the final expressions for G™) and G(*). Hence we define the following

wkV

dimensionful light-matter coupling

g = +/maa, (3.37)

with the understanding that the dimensionless small parameter corresponding to g is essentially
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Figure 3.6: Schematic representation of the energy eigenstates accessible by applying local oper-
ators to the ground state of the Fermi-Hubbard model at half-filling. The eigenstates are divided
into distinct sectors: the lowest-energy sector (light blue) consists of spin states with frozen
charge degrees of freedom, while the next two sectors (orange and red) are separated by approx-
imately U and correspond to states with one and two doublon-hole pairs, respectively. A Raman
process is illustrated: starting from a state | ) in the spin sector, photon absorption leads to virtual
occupation of a state in the one-doublon-hole sector, followed by photon emission into mode k,
resulting in the material returning to a potentially different state |J) in the spin sector. Here we

use dotted lines to depict virtually occupied states. The dotted line here is placed at the energy
E; + wy, even though there is no state at that energy in the matter Hamiltonian.

Va.
In the following sections, we present expressions for GV, G@ and quadrature correla-

tions, calculated to leading order in the small parameters t/U, t/|U — w.|, g1, and v/a.

3.4.2 Form of relevant terms in the 7A'—matrix

According to the expansion of the T -matrix, the amplitude of the emission of each addi-
tional photon is accompanied by a multiplicative factor of g, (and therefore a factor of the small

parameter /). Therefore, we can restrict our analysis to processes that result in the emission of
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at most two photons, which is the minimal number required for a nonzero GG (2)

With this in mind, let us examine the relevant terms in the expression T =V+VGV +
VGOVGOV + VGOVGOVGOV + ..., where Vs given by Eq. (3.34). We will do a small /«
expansion, expanding Eq. (3.34) order by order in qu. Later, in Sec. 3.5, we provide a discussion
about the order at which this expansion can be truncated. But for now, let us make some general
conclusions. The (transverse part of) vector potential A can be expanded in terms of ~ a) + di,
where &; is a photon creation operator in mode A. Thus, each factor of geA can lead to either
absorption (via a,) or emission (d;) of a photon. In general, one can have arbitrary numbers of
photon absorptions and emissions. However, using the energy scales discussed in Sec. 3.4.1, i.e.,
t < |U —wr| < U, we can substantially reduce the number of possibilities. Further, we make
the approximation that photons can be only absorbed from the laser. Once a photon is emitted
into a different mode )\, it never gets absorbed.

With these simplifications, let us consider the part of T leading to the emission of one

photon, labeled 7M. As shown in Fig. 3.6, starting from a state in the spin sector, the emission

of a photon requires the absorption of a photon from the laser. Consequently, to leading order:

. 2c
Ry ®al g any | ... 3.38
; (k e] aL V(J.}kNL + 3 ( )

where e; is the polarization selected by the detector. The normalization factor

2c :
Vo, 18 chosen
to simplify subsequent expressions.

We now turn to processes that result in the emission of two photons. In this work, we

assume that the detector selectively filters photons, allowing only those with frequencies within

the range w;, + O(|wy, — U]). For example, as a result, photons with a frequency of 2w, — U are
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detected, while those with a frequency of wy, /2 are not. Under these conditions, we can see that:
(1) it is sufficient to consider processes where two photons are absorbed, and (2) after absorbing
two photons and emitting two photons, the final state of the material is in the spin sector.

Thus, the term in 7T that contributes to the emission of two photons, which we label as 7'(2),
takes the following form (we use the shorthand notation ); for the mode (k, e,;) of frequency

wy;» Where e, is the polarization detected by detector j):

AT AT a2

. . al a\ (ar) 2c

T =% RY o Mk + ... (3.39)
)\17)\2 >\17)\2 2\/NL(NL - 1) V\/ w)\lw)\g

where RE\? ), 18 @ pure matter operator and will be calculated in the next section. RE\? A, 18 Sym-
metric in \; and ). Here, dlldL (ar)” signifies that two photons are absorbed from the laser
and two photons are emitted into modes A; and \,. The remaining factors are due to our normal-
ization convention. We note that while summing over modes A; and )\, the polarizations can be

fixed to correspond to those selected by the detectors, reducing the summation to the associated

momenta only. The full T -matrix is the sum 7 = 70 + 7@ 4

3.4.3 Expressions for photonic correlation functions in terms of matter opera-
tors RV and R®

Recall that the photonic correlations defined in Egs. (3.15), (3.17), (3.22), (3.23) and (3.27)
are expectation values in the |out) state, which can be determined from the |in) state using the
7 -matrix. We now use the form of the 7 -matrix in Egs. (3.38) and (3.39) to express the photonic
correlation functions in terms of matter operators RW and R®. The result of this subsection
should be seen as an intermediate step, which will later be used along with more input from
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microscopic details to derive the results in Table 3.1.
To begin, let us assume that the [in) state is a product state between the matter and light

degrees of freedom.

lin) = [I),, ® ") g, (3.40)

where |I),, is an energy eigenstate of the matter part of Hy (hence subscript M) with energy E;.
]zp(LO)) R 1s a state in the electromagnetic sector with the laser mode occupied (we use subscript L
to denote “laser” and subscript 12 to denote the “radiation” sector). Since Eq. (3.5) is easiest to
apply for an |in) state that is an eigenstate of H,, we can consider |¢(LO)> r to be a Fock state with

N7, photons in laser mode L, a mode with well-defined wavevector and polarization, i.e.,

1 N
W) p = W—@(a}) Lrs (3.41)

In Appendix C.2, we show that we can also have the laser mode L to be populated with a

coherent state and still be able to calculate |out) to use Eq. (3.5). In that case,
[0y = efrar—diar |g) (3.42)

Here, ¢, = |¢L]e*i9L. Using Eq. (3.38), (3.39) and Eq. (3.5), to leading order in g, we get the

lout) state to be a superposition of the unscattered |in) state, and states resulting from one and
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two-photon scattering:

jout) = 1) @ )

_ 2c _,; B .
—2mi Y Y (Epr +wy —wi) |F) /V_wf o (F| RV 1) @ al [y V)
A F

—2i0;,

. 2ce
— 2mi Z Zé(EFI +wy, +wy, —2wp) |F)

(FIAD, |1y Bl oy
v V /—w)qw/\z A1,A2 9 L /-

(3.43)
We used the notation Fr; = Ep — Ej. |w§:")) is defined as (ELL)"|1/J(LO)), normalized so that
(@/}2") |¢(Ln) ) = 1. For example, if |¢(LO)> is a Fock state as in Eq. (3.41), then |w(Ll)) and |1/)(Lz)) are
the corresponding Fock states with N, — 1 and N, — 2 photons respectively in mode L. On the
other hand, if |¢(LO)> is a coherent state as in Eq. (3.42), then both |¢(Ll)> and W(LQ)) are equal to
[0).

It is important to note that the application of photonic annihilation operators to the |out)
state in the phase-sensitive correlation functions (aq, >0ut and (aq,(7)aq,(0)),,, changes the total
number of photons. In contrast, the T -matrix is photon-number preserving, as long as the ap-
proximations outlined in Sec. 3.4.1 and Sec. 3.4.2 are applied. Therefore, if the initial state of
the laser, i.e., |¢(LD)) is a Fock state, then the states |out) and a; |out) are orthogonal. In contrast,
they have a finite overlap if |1/1(LO)) is a coherent superposition of different photon number sectors.
Therefore, for quadrature correlators, we assume that the input laser state W)(LO)> is necessarily a
coherent state (see Eq. (3.42)). On the other hand, the photonic operators in GG ) (0) [Eq. (3.15)],
G(7) [Eq. (3.17)], GM(7) [Eq. (3.27)], and Hy, 4,(t, 7) [Eq. (3.28)] do conserve total photon
number, so both a coherent state and a Fock state input can lead to a nonzero measurement result.

With this in mind, we can now obtain expressions for photonic correlators in terms of
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the matter operators Rf\l) and RE\? A+ Recall that G%) = (out|d2j(0)ddj(0)|out>. Into this, we
substitute |out) [given in Eq. (3.43)], use the definition of operator a,; in Eq. (3.9), the definition
of the effective filter function ]—"j(w,\j) [Eq. (3.11)], and use Eq. (3.10) (for converting sums to

integrals) to obtain:

2

G0y ~> / dwy, Fj(wr))d (Egp +wy, —wr) (IR (i) - (3.44)

J

Here, the polarization of mode \; is e;, as set by detector d;. We also assumed that the de-
pendence of the matter operators R/\ and R .2, On the photonic mode A is only through its
frequency wy and polarization ey, an assumption that we will justify in Sec. 3.5.1.

For a nonzero time delay, the Gg) function takes the following form:

Ggll,)(T) = <&L_(7)&dj(0)>
~Z / de 00, )5 (0 )78 (B s, — ) (I [RO] 11T B 1))

(3.45)
Analogously for the G?) function we get:
G (7) = (@, (0)al, (T)aa,(7)ia, (0))
dwy, dw
~ Z|ff A A2 |:.F1(U))\1)f2(u))\2>5 (EF[ + W, + Wxy — QML) (346)

2
X T (FIRS) (way, @) |1)]

The photon in mode ), is detected after time 7 following the photon detection in mode Ay, leading
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to the phase e™*1™ coming from time- evolution in between. *
Finally, we consider phase-sensitive quadrature measurements for a coherent state input.
Such correlators can be measured using an interferometric scheme, explained in Sec. 3.3.2.3.

The first-order and second-order quadrature correlators are respectively:
e+ (g (0)),, + c.c. F(wr)e (| R (wi)|T) + c.c., and (3.47)

€2i(9+9L) <dd2 (T>a’d1 (O)>out +c.c
dw)\l du))\2 N 2i0 H(2)
Al jf 2" F (w)\l)';r2<w)\2)e d (w)q T Wx, — 20‘}[/) <I’R/\1,)\2 (w/\17w)\2)’[>} :
(3.48)
As expected, the final expressions only depend on the relative phase difference between the local
oscillator (used for measuring the quadrature) and the drive. Further details of the above two

correlation functions are provided in Appendix C.4.

3.5 Microscopic structure of matter operators RW and R®

In this section, we provide the explicit expressions for the matter operators ]%&11) and RE\? o
for the single-band Fermi-Hubbard model at half-filling defined in Sec. 3.4.

We expand T=V+ VGOV + VGOVCOV + VGOVCOVGOV + ..., treating all terms at the
same order in qe/l”/ on equal footing. Recall from the discussion in Sec. 3.4.2 that it suffices
to consider processes involving at most two photons being absorbed and at most two photons

emitted. So, we should expand the light-matter interaction 1% given in Eq. (3.34) up to fourth order

31t may appear from the definition of G(?)(7) that this phase is e i(@xa T EPFWL=2)wL)T Byt this reduces to

e’ 7 after using the -function that imposes energy conservation, and after getting rid of overall phases independent
of indices F', \1, As.
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~

in g.. The fourth order term <tr,r+y,éi +polro T h.c.) (qur,,.JrM)4 can however be dropped. The
reason is that this term can contribute to processes involving two-photon absorption and two-
photon emission at most at linear order in V. However, the factor <tr7r+“él tpolro T h.c.)
results in the material transitioning out of the spin sector (lower Hubbard band), which we forbid
by postselecting the frequencies of detected photons. Therefore, in powers of g., the part of 1%
[Eq. (3.34)] containing linear or*“‘paramagnetic” (Vp), quadratic or “diamagnetic” (Vp), and cubic

(VC) terms is:

~ 3
V = Z {_i (tr,r+uéi+u,o—ér,0 o h.C.) qur’rJr“ N @
(r.p),0

- 2
+ <tr,r+uél+u,oér,a + hC) w} (349)

=Vp+Ve+ Vp.

Thus, according to Eq. (3.49), the paramagnetic term Vp involves an electron current between a
pair of sites by absorbing or emitting a photon. The cubic term Ve consists of the same electronic
process as Vp, but involves three photons in total. In this formulation of light-matter interaction,
the diamagnetic term Vb couples to the point-split local density % Yoo <tr7r+uél tpolro T h.c.)
unlike just the local density in a free-electron gas. Vp thus involves hopping of an electron
by either absorbing two photons, emitting two photons, or by absorbing one photon along with
emitting another.

We now separately study the outcomes where one and two photons are emitted respectively.
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3.5.1 Matter operator R(;): Review of Raman scattering

To leading order in g, we consider processes leading to the emission of one photon. Pro-
cesses involving absorption and emission of two or more photons are of higher order.

At half-filling, electron tunneling results in double occupancy at a site and this costs energy
U. Since t < |U — wy|, just one insertion of V alone cannot result in a photon absorption.
But two insertions of V' via the term VPGOVP can result in absorption and emission of a photon.
More specifically, this term represents that a laser photon can be absorbed off-resonantly via the
paramagnetic term (first arrow from the left in Fig. 3.6). This should then be followed by an
electron in the doubly occupied site returning to its empty neighbor by emitting a photon, thus
leaving the material in a possibly different state in the spin sector (second arrow from the left in
Fig. 3.6). This process can be seen as a photon-assisted superexchange. Therefore, to leading

, the main contribution to fx’E\l) 1s from such a

order in light-matter interaction g and t/|U — wy,
Raman process [7, 78]. By simplifying the term VpGoVp, we obtain the Fleury-Loudon operator,
a sum of projectors to spin singlets, modulated by the polarizations of the incoming laser and the

detected photon [7, 8, 54, 78]:

2
» 1 Ter A A £  — _
Rgllc%ej) =A;= E % gwp — U <4Sr “Srip — 1) (ej . u,) (e, - )+ ... (3.50)

(r.) L

We define it = p/a. In our summation convention, Z(r ) Tuns through each bond exactly once.
The “...” above denotes terms of order t3/|w;, — U|* and higher.
In Eq. (3.50) we ignored the momentum transfer between electrons and photons by omitting

the ei(kL—K)(r+1/2) factor. This is because w;, and w), are of order U, the Hubbard interaction. For
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typical materials, the corresponding wavelength is equal to several thousand lattice spacings.
Hence, throughout this paper, we will ignore the spatial variation of the laser field. Therefore,
I%Ellc)’ej) depends on the emitted mode (k, e;), only through its polarization e; and, in general,
the frequency wy. In the near future, in systems with much larger lattice spacings, such as moiré
materials, significant momentum transfer to electrons may become possible via optical excitation.

In this case, our formalism can be adjusted to include finite-momentum matter operators.

3.5.2 Processes leading to the emission of two photons

We now describe the processes that contribute to R(Q), i.e., lead to the emission of two
photons. Unlike the case for Rf\l), the diamagnetic and cubic terms can also contribute to the
emission of two photons. We show that Rgi) ), can be extracted from Eq. (3.39) by expand-
ing VPGOVPGOVPGOVP + VPGOVDGOVp—l—VCGOVP + VPGOVC. First, we provide a qualitative
overview. We then discuss the result for ]A%gi) ), for the case of the single band Fermi-Hubbard
model at half-filling. Explicit details of the derivation are provided in Appendix C.3.

In Fig. 3.7, we schematically show the two-photon scattering processes on the energy dia-
gram. Their microscopic counterparts are provided in Fig. 3.8 for the Fermi-Hubbard model at
half-filling. As we explicitly demonstrate in this section below, the photon intensity G (0) as a
function of frequency qualitatively resembles the profile in Fig. 3.7(e-f). Specifically, it features
a central peak around w;, with a width of ~ t2/U (Fig. 3.7(e)), along with two sidebands near
2wy, — U and U (Fig. 3.7(f)). The central peak can be anticipated from our previous discussion
of Raman scattering, where the emitted photon’s frequency deviates from the laser’s frequency

by an amount of the order of the spin excitation energy scale. Furthermore, in this section, we
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(a) (b) (c) (d)
Two doublon
hole pairs

One doublon

hole pair
w U
wy, \Kjll w, \w/lz wp, \ A w, \W1, W
T Spin states
1) |F) 1) |F) |7)
\ J \ )
Y Y
(e) GV (w) () GO (w)
M\ r \‘
J 4 \\\ /‘ \ /’/ \\ // \\\ /‘ ‘\ // \\
2wy, —U wr, U 2wy, — U wr, U

Figure 3.7: (a)-(d) illustrate the four processes contributing to G®)(7) to leading order in gy,
and t/|w;, — U|. (e) and (f) show a cartoon intensity profile of the emitted photons. Process (a)
contributes to the central peak highlighted in (e) and processes (b-d) contribute to the sidebands
highlighted in (f). (a): Raman process occurring twice, with the intermediate state |.J) being in
the spin sector. (b): Scattering of two photons, accompanied with the real, i.e., resonant excitation
of a state | K') in the charge sector. This is reminiscent of the sideband process in Ref. [14]. (c¢):
This process corresponds to successive absorption of two photons resulting in virtual occupation
of the two-doublon-hole sector, followed by emission of two photons into the sidebands in (f).
(d): This process differs from (a), (b) and (c) in that it involves the diamagnetic term. After
a photon absorption and virtual occupation of the single doublon-hole sector, the diamagnetic
term results in the scattering of a laser photon (wavy line labelled w; ) into an emitted mode of
frequency w),, which lies in the sideband near 2w; — U. This results in excitation of a matter
state | () in the single doublon-hole sector. Finally, a photon of frequency wj, is emitted into the
sideband around U. (e): The central peak is highlighted, corresponding to photons of frequency
around wy. (f): The sidebands corresponding to pairs of photons of frequency around 2w; — U
and U are highlighted.

demonstrate that the sidebands are generated by the processes in Fig. 3.7(b-d) leading to pairs of
photons around frequencies 2w; — U and U. Let us now study all the processes in Fig. 3.7 one

by one.

1. Fig. 3.7(a) shows the Raman process occurring twice in succession. First, a doublon-hole
pair is virtually created along a bond by a photon absorption via the paramagnetic term

Vp (Fig. 3.8(a;-a3)). This pair then recombines via a photon emission, with the system
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Figure 3.8: Microscopic processes corresponding to Fig. 3.7: We show the square lattice for
concreteness, but our results are general. In all the subfigures, a curved blue arrow indicates
that an electron tunneled from the tail to the head of the arrow, and the configuration shown in a
subfigure is a consequence of the hop shown in the same subfigure. The legend is provided at the
bottom.
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returning to the spin sector — in a possibly excited state. This effectively results in the
application of a spin operator on the matter state, which to leading order in t/|w;, — U| is
the Fleury-Loudon sum of spin singlet projectors [78], A, defined in Egs. (3.50, 3.60). The
system then undergoes a time-evolution until a second Raman process occurs (Fig. 3.8(a5)),
resulting in the application of a second Fleury-Loudon operator Ay (See Appendix C.3.1

for technical details).

Both the photons emitted have frequencies close to wy, (the central peak in Fig. 3.7(e)),
and their difference from wy, is of the order of J ~ t2/U, i.e., the energy scale of the spin

sector.

. The microscopic process corresponding to Fig. 3.7(b) is shown in Fig. 3.8(b;-bg). It starts
similarly to the process in Fig. 3.7(a) with the difference being that the two emitted pho-
tons have frequencies of order 2w; — U and U respectively (belonging to sidebands in

Fig. 3.7(e,f)). See also Appendix C.3.1 for technical details.

. Figure 3.7(c) illustrates a process in which two photons (w; ) are absorbed sequentially, re-
sulting in the creation of two virtual doublon-hole pairs at different locations (see Fig. 3.8(cs-
C3, Ch-C4)). Subsequently, one of these doublon-hole pairs recombines via the emission of a
photon. The recombining pair may consist of one of the initially created pairs (Fig. 3.8(c4)),
in which case the two pairs could have been arbitrarily separated. Alternatively, the re-
combining pair may involve a doublon from one pair and a hole from the other pair
(Fig. 3.8(c})). This latter scenario requires the bonds associated with the two pairs to
be connected via a third bond (Fig. 3.8(c})). The emitted photon in this process has a

frequency w,, approximately equal to 2w; — U.
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Following the emission of the first photon, the system transitions to the single-doublon-
hole pair sector, where it undergoes time evolution (Fig. 3.8(cs, ¢5)) until a second photon
is emitted. This second photon, with a frequency on the order of U, arises from the recom-
bination of the doublon-hole pair, which may have moved to a distant bond (Fig. 3.8(cg,

¢s))- This sequence of events also corresponds to the sidebands depicted in Fig. 3.7(f).

The intermediate state | K'), involved in processes shown in Fig. 3.7(b, c), belongs to the
single doublon-hole sector. This implies that the scattering of photons in this case, is ac-
companied by the action of matter operators that induce transitions between energy sectors.
We also notice that the elementary processes in Fig. 3.8(b4-bg) and 3.8(c4-cg) look iden-
tical. As a result the contributions to ]A%gi) ), originating from the scattering amplitudes
corresponding to rows (b) and (c) in Fig. 3.8 have opposite signs (arising from opposite
signs of two-photon detuning) and nearly cancel each other. The incomplete cancellation
can be explained as follows. As shown in Figs. 3.8(bs) and 3.8(b,), the two bonds along
which light-assisted tunneling occurs, can be arbitrary, and, in principle, can even share a
site or coincide. But for two doublon-hole pairs to be created, the bonds in Figs. 3.8(cy) and
3.8(c3) must not share sites. The associated effect on the matter state can be mathematically
expressed as an application of a sum of local terms. These terms involve a spin-singlet pro-
jection along a bond, e.g. (ry, u1), followed by electron tunneling along bonds touching

the bond (ry, p1).

Similarly, the elementary processes depicted in row ¢’ of Fig. 3.8, up to the emission of the
first photon, can be described mathematically as the application of a sum of local terms,

consisting of a spin operator supported on a bond followed by an electron tunneling oper-
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ator supported near that bond.

Finally, the recombination of the doublon-hole pair, accompanied by the emission of the
second photon (see Fig. 3.8(bs, cg, ¢5) and Fig. 3.8(d5)), is governed by an electron tunnel-

ing operator that is proportional to the global electric current.

So far, the considered processes correspond to the action of Vp GO Vp GO Vp GO Vp in Eq. (3.39),

and do not involve the diamagnetic term.

. The process depicted in Fig. 3.7(d) involves a contribution from the diamagnetic term and
represents the leading-order term in t/|U — wy|. The corresponding elementary steps are
schematically illustrated in Fig. 3.8(d;-d5). In this sequence, an electron first tunnels by
absorbing a photon of frequency w;, via the paramagnetic term. Subsequently, through
the diamagnetic term, another photon of frequency wy, is absorbed, and a photon with
frequency wy, ~ 2wy — U is emitted. Finally, via the paramagnetic term, a photon with
frequency w), ~ U is emitted, returning the material to the spin sector. This process
corresponds to the term VPGOVDGO Vp in Eq. (3.39) and contributes to the sidebands shown

in Fig. 3.7(f).

Finally, the processes involving the cubic term V¢ are explained in Appendix C.3.4.

In summary, all processes contributing to the emission into the sidebands (Fig. 3.7(b, c, d))

involve an intermediate step where the material undergoes a resonant transition to a state |K') in

the single doublon-hole sector. In contrast, the process responsible for emission into the central

peak (Fig. 3.7(a)) involves only off-resonant excitation of this sector. The physical implication

is that, in the cases shown in Fig. 3.7(b, c, d), the scattering of light is governed by mixed spin-

charge operators. Meanwhile, the process in Fig. 3.7(a) corresponds to the action of operators
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Figure 3.9: A visualization of the definition of the operator I@H/Q (r1, 1) (see Eq. (3.52)) on the
square lattice. This is an operator that creates a doublon-hole pair when acting on the spin sector.
(a): p1 = « (lattice vector in the z-direction) and p), = y. (b): uy = x and p), = x.

confined entirely to the spin sector. This distinction is formally demonstrated in Appendix C.3.

3.5.3 Microscopic expression for R®

Following the discussion above, in this subsection, we provide the final expression for the
operator Rf\i) », (see Appendix C.3 for a complete derivation using the T -matrix formalism). We

start by providing several intermediate definitions.

A

3.5.3.1 Defining operators Aj, Ej, and C}

We emphasize that throughout this section, bonds (r, r 4 ) are not restricted to be nearest-

neighbors. First, let us define

jp, = ZZ (tr,r+uéi+u,oér,a - t;r.t,_”é;r‘péwru,a) : (351)

r,o

j“ is related to the global electric current in the direction .
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Figure 3.10: A visualization of the definition of the operators S wt o, (T1, p1) and CAuzl b (P15 1)
(see Eq. (3.56) and Eq. (3. 57)) Both the operators create a doublon-hole pair when acting on
a state in the spin sector. Sisa spin triplet operator, while Cisa spin singlet operator. Since
this is the only difference between the two, we use the same figure to denote both S and C. The
operators are specified by a bond (ry, 1) and two additional lattice directions g} and pf. The
four subfigures show the definition for different choices of these directions.

_

Next, we define an operator ’€u§ (r1, pq) which is a sum of operators that induce elec-
tron tunneling along the lattice vector p), with the following additional constraint. As shown in
Fig. 3.9, the constituent terms belong to the vicinity of the bond (ry, 1), such that each term in

ICM/2 (r1, p1) includes the sites ry or r; + p; as a starting or the ending point of the tunneling.

The formal definition is

A

(r3,p5) of
Ky (01, 10) =8> 102020 (e w i Chy 4y oy ey, —hC) (3.52)

I‘2,0'2

where we have introduced a symbol n(rz’“ 2)) that is a function of two bonds (ry, p1) and (), wt5),
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and is symmetric in its two arguments. It is defined as

)
1, if bonds (r5, @) and (ry, pq) have

(rhm5) _ o
(rrn) = at least one site in common. (3.53)

0, otherwise.
\

Now, we define another set of tunneling operators — a spin triplet operator S o (T, )
and a spin singlet operator CAufl ., (r1, po1), shown in Fig. 3.10. They induce an electron tunneling
between the two distinct sites adjacent to the bond (ry, 1) (see Fig. 3.10). The locations of these
two sites can be parametrized as r; + p) and r; + @y + pfy,. The constraint that these two sites
together with ry and ry + g constitute four distinct sites is enforced using the following notation

(for nonzero lattice vectors p, v and p):

orifv=p
h(p,v,p) = (3.54)
orif u+p=v.

1, otherwise.

Let us also define:

(3.55)

3 ! / —
Tetr (/—lflv Ko, 11, u’l) = tr1+8’1,u’1,1‘1tr1,r1+u1tr1+u1,l‘1+u1+s’2u’2'
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With this notation, S,/ ./ (r1, 1) and CA“,M,Q (rq, p1) are defined as

/ /
12F2

. 1

Sll/l,/.lé(rlau/l) = 5 Z 3/13,2{ h (“178/1“,17 Sl2u’l2)
spe{£1}

spe{+1} (3.56)

3 / / NI N
X Z (teff (“’17 Mo, T, ll’l) Cr1+ll«1+8/2u'2,ola-aﬂcrl+3/1ﬂ'/175 + hC)
a?ﬁ

+[py u’z]}, and

A 1

CH&,IJ/Q (rla IJ’I) = 5 Z 5/18,2{ h (y’h Slll“l’,lv S/QM/Q)
spe{£1}

she{E1},a (3.57)

A

3 / ! t ~
X (teff (11, 1o, T1, p1) Coptpur sty Cr1+sh s a0 — h.c.)

+ [ & )] }
Next, we define a symmetric tunneling operator

~ B . A R
Hr,su,s’p/ = E tr,l‘+8utr7r+slﬂlCr+s’u’,acr+sﬂza + h.c. (358)

«

and a local spin current

~ S
B Z « A R
erslll,s/ll'/ =1 (tr,r+sutl‘,l‘+8'u’Cr+s’u/,aaaﬁcr+suyﬁ — hC) . (359)

«

Using these local operators, we now define the following global (zero-momentum) matter

operators flj, Bj and C‘j that describe photoemission with the polarization matching that of the j-

th detector j € {1, 2}. To leading order in laser-matter coupling ¢, and t/|w;, — U|, the operators

are:

1 g9 &G Y 0. et
A, = wLL_ . (Zu) [trepl” (485 - Sevp — 1) (-ep) (- €)) (3.60)

The operator Aj is therefore equivalent to the Fleury-Loudon operator that describes the conven-
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tional Raman scattering (Eq. (3.50)).

In contrast, operator Bj is a mixed spin-charge operator that creates a doublon-hole pair
and spin excitations. It is defined as (where we make use of the definitions in Eq. (3.58), (3.59),
(3.52), (3.56) and (3.57)):

~ S A
{sp, -er) (sp-ep)e’ -[(su—su)Jm”’SW-Sr

r;L Wos,8' =41
spFts'p

1 ~
+ 5 (8[” + S//:”/) Hr,su,s’p/]]

b > {(ﬁ’-eL) (f-er) (- €;) Ky (v, 1) [texinl” (4Se - Srpp — 1)}

_ 2
(W = U) (r,p),p’
1 .
Yooy > [ -ern) (- er) (- €])
wr (r,p),
H1sHo
X [zsul (T, ) - ( 5 RS, x sw)

(3.61)
The first two lines in Eq. (3.61) come from the process shown in Fig. 3.8(d;-d5), and this process
involves scattering described by the diamagnetic term. The third line above, involving I@ul (r,p)
results from the incomplete cancellation of the processes in Fig. 3.8(b;-bg) and Fig. 3.8(c;-cg)
(see Sec. 3.5.2 for a discussion). The last two lines involving 3“37“/2 (r,p) and CA“/I#/Q(r, 7

originate from the process shown in Fig. 3.8(c}-cj).
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Finally, the operators éj that also couple the spin and charge sectors are defined as:

Cj =ig Z (ﬁ | ej) (trvrﬂtéhmoérﬂ - t:,rﬂtéi,aé”u,a)
(r,p)0 (3.62)

Egz (-e) T
m

~

Cj is proportional to the component of the global electron current along the direction of e].

We can run a sanity check on our expressions Eqs. (3.60-3.62) by performing a sym-
metry analysis. Specifically, because of the absence of spin-orbit coupling in the microscopic
Hamiltonian, all terms should transform as a singlet under spin rotation. One can easily check
that this holds for the operators flj and éj. This also holds for Ej. For example, the tun-
neling operator S 1t (r,p) transforms as a triplet, but after taking the scalar product with
((Sr — SH“) /2 —iS; ¥ SHH), the result transforms as a spin singlet. Next, if the input light
and the detectors are linearly polarized, one can check that each term in Bj and éj is odd under
time-reversal transformation. This is also expected from the microscopic form of the light-matter
coupling ~ A - J and the fact that the electric current J is odd under time-reversal transfor-
mation. Therefore, for linearly polarized input and output, since Bj arises from a three-photon
process (absorption of two and emission of one), and C’j arises from a single-photon process

(emission of one), they should both be odd under time-reversal.

We note that in Eq. (3.61), the leading-order terms at face value (in t/|w;, — U

), are those
in the first line, involving the diamagnetic term. However, after taking the expectation value in a
matter state, we expect the contribution from this set of terms to be small. We can directly see

that this is the case when the time delay between application of By and C, on the matter state is
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0. This is because when acting on a state in the spin sector,

(¢f, atrip — hc.) (€], 50806r,, —hc.) =0, and (3.63)

(6127056['1”8 - h~C-) (éig,ﬁérl7ﬁ + h.C.) - O. (3.64)
However, if the time-delay is nonzero, the contribution from the diamagnetic term may be nonzero.

3.5.3.2 Matrix element of R in terms of flj, Bj and éj

Using operators Egs. (3.60-3.62) we now consider the full operator R® describing the am-
plitude to absorb two photons and emit two photons. The matrix elements of R between matter
energy states |I) and | F") (both in the spin sector) have the following form (see Appendix C.3 for

further details):

(FIRY,IT)
¥ [ (F|As)J) (J]A|I)

Wy, — (wL - EJ[ + i0+)

+(1<—>2)]

J

F|Co|KY (K |By|I
_;[%H |[K) (K|Bi|I)

T (14 2)] , (3.65)

where | /) and | K') are the intermediate many-body eigenstates, belonging to the spin and charge
sectors respectively. E 7, the energy difference between states |.J) and |I) is of order t2/U, while
Exr is of order U + order(t). Therefore, from Eq. (3.65) we explicitly see that the generation
of photon pair with frequencies near wy, (central peak peak in Fig. 3.7(e)) is accompanied by the
action of pure spin operators /1]- on the matter state. In contrast, the sideband emission with the

frequencies 2wy, — U and U (Fig. 3.7(f)), is associated with the action of operators Bj and current
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operator C’j respectively.
The energy dependent factors in Eq. (3.65) can be absorbed into the Heisenberg evolution

of the matter operators (see Appendix C.3 for a derivation), and Eq. (3.65) can be written as

(FIREI) = =i [ dee s (BT [Ax0)As(-0)]1)
.y / Tt [O(t)e™ (02001 Co 0) By (—1) + 0(=t)e M Cr(=) By(0)] 1)
- (3.66)
where T[ | denotes time-ordering of operators inside [ |.

Note that the formula for G(Q)(T) in Eq. (3.46) involves an integral over w), and wy,, i.e.,
coherent superpositions of the different };?5\21) x, S- Therefore, the frequency filter functions Fi(w)
of the detectors play a crucial role in determining G?)(7). With this in mind, in the following
section, we investigate the temporal structure of the matter correlation functions inferred from
measurement of G?)(7), with an emphasis on their dependence on the frequency filter functions

of the detectors.

3.6 Temporal structure of correlation functions

In this section, we combine the results of Sec. 3.5.3 (expressions for matter operators RO
and }?(2)) and Sec. 3.4 (Egs. (3.44-3.48) to derive the central relations of this work summarized

in Table 3.1.

It is convenient to work with the Fourier transform of the filter function defined as .7}] (t) =

| > dw T (w)e™!. In order to simplify the expressions, we absorb phases such as e *#/1* into
—oo 27Y 7

Heisenberg time-evolution of the operators involved in the correlation functions.
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3.6.1 Intensity GM(0)

The expression for Gg) (0) = (out| d;j (0)ag, (0) |out) in Eq. (3.44) can be simplified to

1 ( F F * iwp(t—t! i [

Gy (0)  [[ dedr Fi(e) [F5(#)] e 1| [Ay(=t)] (=0T, (3.67)
where Aj is defined in Eq. (3.50). The operators in Eq. (3.67) are represented in the Heisenberg
picture such that fl(t) = ¢iflot Ae=iflot To connect to the known results [7, 8, 54], let us consider
the case of a Lorentzian effective filter function, defined in Eq. (3.12) that is peaked in frequency

around w; with a width I';. In terms of temporal variables, we get:

JT-.j,Lorentzian(t) = Kjl—‘j0<t)€_iwjt6_rjta (368)
where K is a constant and was defined in Eq. (3.13). In temporal variables, Eq. (3.67) reads:

GO (w;) ~ [K;[°T; /2 / dteffjltle“wrwﬂt<[Aj(t)]TAj(o)> : (3.69)
0

—0o0

As in Eq. (3.67), the expectation value is taken in a matter eigenstate |/) in the spin sector. It can
be straightforwardly generalized to any state or a density matrix describing thermal equilibrium
(henceforth denoted with a subscript 0 as in Eq. (3.69)) within the spin sector. Eq. (3.67) is
equivalent to the results of Ref. [7, 8, 54]. Thus, G (1) measures the dynamical fluctuations of spin
singlet projection operators. In the special case of A, channel for the kagome lattice, it measures

the dynamical fluctuations of spin chirality operators.
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3.6.2 First-order quadrature correlator X

Using Egs. (3.47,3.50), we get the first-order quadrature operator expectation value:

(4, (0)) 0, = Fi(wr) (4;(0)), - (3.70)

0

It follows that, first, the signal for the quadrature correlator X * is sharply peaked at the laser
frequency wy, corresponding to the elastic scattering of photons. Second, this correlator pro-
vides a direct measurement of the static expectation value of the operator /1]-, which, in most
cases, is a sum of spin-singlet projection operators. However, on the kagome lattice in A,,
((e%)" €} — (€¥)" e}) channel, to leading order in t /|w;, — U], this operator is a linear combina-
tion of spin chirality operators [54]. While fluctuations of spin chirality have been proposed to be
measured via neutron [55] and Raman scattering [54], the first-order photonic quadrature corre-
lator introduced in this work enables a direct measurement of static spin chirality. It is important

to note that a nonzero signal in this channel is only possible if the ground state spontaneously

breaks reflection and time-reversal symmetries.

3.6.3 Phase-sensitive second order quadrature correlation X (1)

Analyzing Eqgs. (3.48, 3.46), we find that to derive the matter correlators measured by

X35 (1) = (1, (1), (0)) oy and G, (1) = (@, (0)ath, (7)aa, (7)éa, (0))ous We need to express

~

the following term using the expressions for Aj, Bj and Cj:

. > dw 1 W, T >
z/ M T (wy, ) Fo (2w, — wy, — Epp)e™™ <F|R§21{A2(wh,%)|1). (3.71)
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In the following, we assume that the filters F;(w) are sensitive enough to distinguish fre-
quencies around wy, from those around 2w;, — U and U. Therefore, we ignore any interference
between these sets of amplitudes. Without loss of generality, we assume that 7 > 0, i.e., detector
2 clicks after detector 1.

Substituting the matrix element (F |}3LE\21) 2 (W, W, )|T) obtained in Eq. (3.66) into the ex-
pression in Eq. (3.71), and only keeping the term corresponding to the frequency range of interest,

we get:

. < dw W, T >
Z/ 2;_1 Fi(wa)Fo(2wp — wy, — Epp)e™™ (FIRD |T)

o0

_ ez’(2wL—EFI)T / / dt, dt, ﬁﬂtﬁfz(tz) <F’Mg,)d2 (7‘ — 1o, —t1)|I> , Where
0 0
"

ewrtitta=m)T [A2(7' - 752)1211(—751)}

if both detectors detect near wy,,

(3.72)

B ezz‘thlg(tl + 7 — tQ)CQ(T — tz)Bl(—t1)
Md(h)dz (T — ta, _tl) -

if d; detects near 2wy, — U and d, detects near U,

€2iwL(t2_T)9(t2 — tl — T)él(—tl)BQ(T — tg)

if dy detects near U and d, detects near 2wy, — U.

The above operator is directly related to the operator M ;(t) introduced in Sec. 3.2.2 [see Eq. (3.2)

114



and Eq. (3.4)] as:

Méi)dg(T —ty, =) =T [M2(7' - t2)M1(—t1)} : (3.73)

We now substitute Eq. (3.72) in Eq. (3.48) and obtain:
<&d2 (T)ddl (O)>out ~ ff dt; dt, fl (tl)ﬁg (tg) <Mc(li)d2 (7' — 19, —t1)>0 , (374)

where M tgf,)dz (T — t9, —t1) is a time-ordered product of operators, as defined in Eq. (3.72).
Assuming Lorentzian filter functions defined in Eq. (3.68), and taking the large I'y, I's limit,

i.e., the limit of frequency selectivity being broad, the above equation becomes

{1y (7)1, (0)) g ~ KiKy (M, (0, 7)) . (3.75)

Fl,FQ—)OO

We remind the reader that measurement of the above correlator requires a phase-sensitive quadra-
ture measurement in which the input drive is in a coherent state. Such a scheme is described in

Sec. 3.3.2.3.

3.6.4 Photon pair correlation function G(®) (1)

Now, we are ready to derive the matter correlator measured by:

GEZ),O’Q (T) = <&Ill (0)&22 (T)ddQ (T>dd1 (0>>0ut'

115



We substitute Eq. (3.72) into Eq. (3.46) and sum over final states |F’) to obtain:

GEZQI),dQ(T)
~ jf dty dty Aty dty Fy (1) Fa(t) [Fy (8] [Falth)]* COy (0,7 — thy T — ta, 1),
0 0
(3.76)

where

2
CO (b, T — b T — ta, 1)

/

A

eer(n e B (T [A{ (=) AY(r = 15)] T [Aolr — t2) Ai(=01)]),

if both detectors detect near wy,,

Ot + 7 — 1)0(h + 7 — ta)e™ () (BI(—1)CY(r — 1) Calr — 1) Br(—t1)),

if dy detects near 2wy, — U and d, detects near U,

0ty — t — T)O(t, — ) — 1) 0272) (BY(r — 1)1 (—#)Ca(—t1) Bolr — 1))

if d; detects near U and d, detects near 2wy, — U.

(3.77)

Here, the matter operators A,-, Bj and (:’Z are the same as in Egs. (3.60, 3.61, 3.62), and ]:"j(tj)
for detector j is the Fourier transform of the frequency filter function F;(w).

The temporal structure is illustrated in Fig. 3.11. Given that the photonic correlator is of

the form ~ <d§(0)d£(7’)&2(7)d1(0)>, one might expect the matter correlator to be of the form

~ A

~ <AJ{(O)A§(7)AQ(7)A1(O)>. This structure is indeed correct if the filter functions are broad in
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Y

{ﬁ2(t2)} []:—1 (fl)]
Figure 3.11: Time contour representation of the matter correlation function Gé? 4,(T), given in
Eq. (3.76, 3.77). Here, time flows forward from right to left. The red and blue circles denote
operators that couple to the photon detected first and second, respectively. The forward time
segment of the contour (top) is time-ordered, while the backward time segment (bottom) is anti-

time-ordered. The profiles of the Fourier transformed causal filter functions F;(t;) are shown
schematically.

frequency, and hence narrow in the time domain. However, in a more general scenario, the photon
can spend time in the causal filter, say a cavity, before being detected. Consequently, the time
delay between the detection events is not necessarily equal to the time interval between the photon
emission events. In fact, if the filter’s frequency selectivity is narrower than 1/7, its Fourier
transform can become sufficiently broad such that the first emitted photon may be detected after
the second. Thus, the matter operators must be convolved with the Fourier-transformed filter
functions, as expressed in Eqs. (3.76, 3.77).

Let us now consider Lorentzian effective filter functions as defined in Eq. (3.12), i.e.,

Fi(w) = iK'/ (w — wj +il';), for detectors j = 1 and 2 respectively. Substituting its Fourier
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transform, Eq. (3.68) into Eq. (3.76), we get:

Gglzl),dg(T) = |K1K2F1F2|2////dt1 dty dt] dté[
0O 0 0 O

% 67[F1(t1+t’1)+1“2<t2+t’2)]c$)d2(_t/h T—thT —t, _tl>€iw1(t/1—t1)+iw2(t’2—t2)

(3.78)

Let us now look at the different limiting cases of the frequency selectivity being broad (large I';)

and narrow (small ;). In the large I'; limit, we approximate 6(¢)["je 15t ~ §(¢) *.

3.6.4.1 Detector d; is broad in frequency

First, let us take the limit I'y — oo, while assuming I's is finite. Then, Eq. (3.78) yields:

Ggi),dg (7) _— %|K1K2|2F§/dt2/dt'2 e_FQ(t2+t/2)eiw2(té_t2)cl(i??d2(O, T —ty; T — t3,0).
0 0

(3.79)
Here, the matter operators corresponding to the photon detected first (red dot in Fig. 3.11) are
taken at a fixed time 0, while those, corresponding to the second photon (blue dot in Fig. 3.11)

can contribute at times earlier than 7.

4For Eq. (3.76, 3.77) to hold, we want I'; < |wr, — U, so that the spin operators (/1]») do not interfere with
the charge operators (B;, C;). Therefore, the approximation 0(t)I';e~ 3t ~ §(t) is justified, only if |wy, — U] is
much greater than the bandwidth of matter excitations. Since this bandwidth can be at most the tunneling t, the
approximation is justified in our setting.
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3.6.4.2 Detector ds is broad in frequency

Next, let us take the limit I's — oo, while assuming I'; is finite. Then, Eq. (3.78) yields :

o0 (e 9]

2) —_ 212 -T / i (8 — 2 .
Gizl,dQ(T) . ~|K1Ks| I‘1/d751/d75/16 titt) o eiwnlty tl)CU(ll?dQ(—tll,T,T, —t1).
0 0

(3.80)
Here, the matter operators corresponding to the photon detected second (blue dots in Fig. 3.11)
are taken at a fixed time 7, while those, corresponding to the first photon can contribute earlier

than time 0.

3.6.4.3 Both detectors are broad in frequency

Next, let us take the limit where both I'; — oo and I'y — oo. Then, Eq. (3.78) yields:

62|, ML 07 ) a8

Fl,F2—>oo

In this limit the photonic correlation function exactly reflects that of the matter.

3.6.4.4 Both detectors are narrow in frequency
Let us consider the opposite limit of sharp frequency resolution, when both I'; and I'; are

much less than 1/7. In this limit, Gfg 4,(7) is independent of 7:

(2)
dy,da

x J" j j dty At} Aty e rtitieth=t)e® (g g —t,.0). (3.82)

Fl,F2—>0

In summary, Eqgs. (3.67), (3.70), (3.74), and (3.76), establish a one-to-one correspondence
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between the matter and photonic correlation functions. In our derivation, the expectation value
(.), on the right-hand side is evaluated with respect to the unperturbed energy eigenstate |I) of the
matter Hamiltonian, within the spin sector. As a corollary, this expectation value can also be taken
with respect to a mixed state (within the spin sector) that is diagonal in the energy eigenbasis,
such as a thermal state. Consequently, our formalism remains valid at nonzero temperatures,
provided that the temperature is much smaller than U.

With this mapping established, we now explore several key applications that enable the

characterization of phases in spin systems.

3.7 Application I: Measurement of static spin chirality operators

In this section, we demonstrate that the static spin chirality on the triangular lattice can be
probed through the phase-dependent part of fluctuations of the first-order quadrature operators
of the scattered photons, i.e. Im (a4, (0)aq,(0)),,. For this, the system should be driven by a
coherent state input. Additional conditions are that the delay time 7 = 0, and the filters should be
such that d; and ds select the sidebands near 2w;, — U, and U respectively, but are broad in their
respective sidebands. Also, the polarization of the drive as well as that of the detectors should be
linear, i.e., ey, e1, and e, are all real. The experimental scheme for the photonic measurement is
provided in Appendix C.4.

We have shown in Sec. 3.5.3 that the correlations between photons emitted into the side-
bands probe correlations between matter operators Bj [Eq. (3.61)] and Oj [Eq. (3.62)], both of
which couple the spin sector to the charge sector. How could we then measure a pure spin cor-

relator via photons in the sidebands? The reason lies in the two conditions we mentioned above.
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The absence of filtering implies that photons do not spend any additional time in the filter af-
ter they are emitted by the material. Furthermore, 7 = 0 implies that the doublon-hole pair
formed at the time of the first photon emission should immediately (within a temporal uncer-
tainty ~ 1/|wy, — U|) recombine to emit the second photon. In other words, the time evolution
step between Fig. 3.8(c}) and (c}) is not present anymore. Thus, the net result of the two-photon
scattering on the material is the application of an operator purely in the spin sector. Further, we
are able to circumvent the no-go result in Ref. [54] (where the spin chirality term was zero on the
triangular lattice) because we have access to three polarizations ey, e; and e.
Using the mapping from photonic to electronic correlator in Eq. (3.75), we have

Im (dg, (0)ag, (0)),,, = K1Ks Im <02(0)Bl(0)>0 . (3.83)

The expression for B is given in Eq. (3.61). Operator C, is the global electron current along the
direction e, consisting of nearest-neighbor tunnelings. For the system to return to the spin sector
after applying (s, the electron tunneling implemented by By should also be along a nearest-
neighbor bond.

We discuss the anticipated form of the spin operators measured by Eq. (3.83) using a sym-
metry analysis. First, let us examine the terms in Eq. (3.61). Recall from Egs. (3.63-3.64) in
Sec. 3.5.3.1 that the terms in the first line of Eq. (3.61) do not contribute to <C’2(0)Bl(0)> Fur-
thermore, since e;, €,, and e;, are all real, both B, (0) and C‘Q(O) are odd under time-reversal. So,
C5(0)B1(0) is even under time-reversal. Therefore, —i (C’Q(O)El (0) — Bi(0) Ag(O)) /2 is both a
Hermitian operator and odd under time-reversal. It also transforms as a spin singlet under spin

rotations since there is no spin-orbit coupling. Since all terms considered in this work are at most
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eighth order in fermionic operators, they are at most fourth-order in spin operators. The only
possible spin operator compatible with these conditions is a sum of spin chirality terms of the
form ~ > Sr . (Sr/ X Srm) with real coefficients. Specifically, we are interested in scalar spin
chirality, which is invariant under lattice rotation and odd under reflection. To isolate the scalar
spin chirality, one must take linear combinations of experimental data for different directions of
linear polarizations ey, ey, and ey, and expand the result in terms of irreducible representations
of the crystalline point group of the triangular lattice. There are two such polarization channels

that transform the same way as scalar spin chirality does:

A, = (e7el + esed) [(ef)z — (e%)ﬂ — (efes — efed) (2e7eY), and (3.84)

Ay = (e7el — e5e) [(e7)” + (e})?] . (3.85)

These two channels transform identically as the channel termed A,, in Ref. [54]). Let us now
study Eq. (3.83) in each of these channels separately.

We now show that the contribution to channel A, arises upon combining the current C, with
2'3”1#2(1', w)- [(Sr — SHM) /2 —iS; X SHN} from B (see Eq. (3.61)), thereby yielding a spin
operator. Recall that S u1,m2 (T, ) has been defined in Eq. (3.56) and is shown schematically in
Fig. 3.10. The contributing process is shown in Fig. 3.7(c) with microscopic counterpart provided
in Fig. 3.8(c}-c;). The same process for the triangular lattice is shown here in Fig. 3.12. In
Eq. (3.61), tunneling along p} after absorbing a laser photon is shown in Fig. 3.12(b). We can
now see from Fig. 3.12(c) that the direction of tunneling induced by the first and second photon

absorptions are identical, i.e., u, = p). The same applies to the photon emission process. We

note that Eq. (3.61) holds for arbitrarily long-range fermion tunneling. However, for simplicity,
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in Fig. 3.12 and in the expressions below, we restrict to nearest-neighbor tunneling. The term
in Bl [Eq. (3.61)] which is relevant to Fig. 3.12 is (summation over spin indices of fermionic

operators is implicit):

i 2t3 R R R R S —S .
—(ngL— 5)2 (a1 -e1)’ (ay - e) (cIac;:, + cgacl) ~ < - 5 2 —iSo x Sz) : (3.86)

Here, a; and a, are lattice vectors (1,0) and (1/2, \/5/2) respectively [See Fig. 3.12(f)]. The
subscript for the spins S and fermionic operator ¢ is the site index which runs from 0 to 5, the six
sites shown in Fig. 3.12. Also, we use the shorthand 61{0'63 to denote é;aaa/gégﬁ.

The term from C*Q [Eq. (3.62)] which is relevant to Fig. 3.12 is:

1gt
wr, — U

(a2 - e5) (efer — éles) (3.87)

Now, we can see that the electron tunneling in Eq. (3.86) can be combined with that in Eq. (3.87)
to give an operator lying purely in the spin sector. To do so, we use the following identity (for
combining a pair of fermionic operators into a spin operator) that holds at half-filling (which can

be shown using the definition of spin operators in terms of fermions given in Eq. (3.30)):

(cher — éles) (eloer +elocs) =2(Ss— 1) — 4iSs x Sy, (3.88)

Using this identity, the contribution from the process shown in Fig. 3.12 to CyBy is:

123
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W W€y \
~
1 0 1 0 1
(e) ()

2 3 2 3 Tay-ay a;
§ JAVARY,
a

0 1 0 1

Figure 3.12: Processes leading to spin chirality matter operator: (a): We study this motif because
the two orientations of equilateral triangles and all six orientations of isosceles obtuse triangles
involving the site labeled 0 can be found in this motif. Any other such triangle can be obtained by
translating a triangle from this motif by a lattice vector. A black dot represents a singly occupied
electron, i.e., a spin degree of freedom. Blue empty circle is a hole and an orange filled circle
is a doubly occupied site (doublon). (b): Upon absorption of a photon, an electron virtually
hops from 0 to 1. (c): Upon absorption of a second photon, an electron hops virtually from 3
to 0. (d): The doublon-hole pair recombines along the bond from 2 to 0 by emitting a photon
of polarization e; and frequency around 2w; — U. (e): This is similar to the previous step, but
the frequency of the second photon is around U. (f): Primitive lattice vectors a; and a, of the
triangular lattice. Also shown is the linear combination as — a;.

4 2 2t4
S oo

X (SQ;SO—iSQXSO>'<S3;81—2.Sg><sl).

Now, for the same set of points (0, 1,2, 3) [Fig. 3.12], there is an alternative process where the

(3.89)

laser-induced tunneling occurs along bonds 02 and 13, while the tunneling during photon emis-

sion occurs along the bonds 01 and 23. The resulting contribution to CyB, is:

4 2 2t4
e e

X (83;SZ—i83XSQ>'<SI;SO—ileSO).

In addition to the set of points (0, 1,2, 3) considered above, we have the equivalent of Eq. (3.89)

(3.90)

and Eq. (3.90) for the set of points (0,1,2,4) and (0,4, 5,2) [Fig. 3.12(a)], thereby leading to
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three pairs of terms per motif (shown in Fig. 3.12(a)). We then add up the contribution of each
motif that is obtained by a lattice translation of the motif shown in Fig. 3.12(a). From the resulting
expression, we isolate the terms corresponding to scalar spin chirality. We find that the result has

a nonzero component along channel A,, but not A,. The component along the channel A,

(Eq. (3.84)) 1s

Sﬁg%gzKlthll
2<WL — U)2 X

(3.91)

where

—% er 'ﬁJr +{O (3.92)

Here, we used the notation r@ = Sr . <Sr+a1 X Sr+a2).

Similarly, ) y =S, (Sr+a1+a2 X Sr+a2), etc. gr and g are light-matter couplings
defined in Sec. 3.4.1 and K; and K, are constants related to detector efficiency and photonic
density of states, defined in Eq. (3.13).

Next, we show that the contribution to the channel A, (Eq. (3.85)) arises from combining
the current Cy with IC,L/ (r,p) (4Sr . SHH — 1), thereby yielding a spin operator. Recall that

IC,v(r, p) (defined in Eq. (3.52) and shown in Fig. 3.9) is a sum of electron tunnelings along

bonds in the direction p’ that also touch the bond (r, p). One can see that the result is a sum of
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terms of the following form:

(4S; - S — 1)(4Ss - Seyp — V(- er)(n - e) (i - er) (' - e3) (3.93)
- |:—82Sr . (sr+” X Sr+“/) - 4Sr . Sr+p, - 4Sr . Sr+y,’

48,4y Sepp + 1] (B ep) (- er) (- ep) (1 - e2). (3.94)

The first term in this equation is a spin chirality operator. Performing a summation over bond
directions p and ¢/, and lattice sites r, we find that the resulting component of scalar spin chirality

is zero within the channel A,. In contrast, in channel 4,, we get:

3v3tg7 g?K1K
SV (3.95)
(wp = U)?
Therefore,
~ ~ 3\/§t4g%g2K1K2
Im <ad2 (O>ad1 (0)>out - Q(WL = U)2 (Aa - 2Ab)X + ... , (396)
where “...” includes terms in other symmetry channels which can be filtered out by varying the

linear polarizations ey, e;, e,, and taking appropriate linear combinations of the experimental
data. We note that the sum of coefficients per unit cell in Eq. (3.92) is zero. However, we generi-
cally do not expect the spin chirality on an equilateral triangle and an obtuse triangle to cancel out,
since the two are unrelated by symmetry. Therefore, we generically expect Im (a4, (0)aq, (0)),,,
to be nonzero in a chiral spin liquid. While Eq. (3.92) has been written for nearest-neighbor
tunneling, we see from Eq. (3.61) that analogous expressions follow for the case of long-range

tunneling as well. The main difference will be the addition of spin chirality operators on larger

triangles. These new operators have the same symmetry properties as Eq. (3.92) and are again
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additional contributions to scalar spin chirality.

In summary, we propose the following experimental protocol to detect scalar spin chiral-
ity and identify a chiral spin liquid. (1) The system is driven by a coherent laser beam with a
frequency wy, satisfying t < |wy, — U| < U. (2) The phase-sensitive quadrature fluctuation,
(Gay(0)ag, (0)),,, of the filtered sidebands of the scattered light is measured. Within each sector
of Fig. 3.2, the filters are assumed to be broadband within their respective frequency windows.

Linear combinations of (a4, (0)ag (0)),,, at various polarizations are used to extract contributions

out
in the channels A, and A4,, as defined in Eqgs. (3.84-3.85). A nonzero result directly indicates the
presence of scalar spin chirality.

We note that the generation of entangled photons with frequencies 2wy, — U and U is rem-
iniscent of the four-wave mixing process that naturally occurs in nonlinear media. This process
can also be understood as two-mode squeezing of the coherent component of the scattered light
[176, 177, 178]. The coherent component corresponds to processes where the matter and light are
unentangled after the scattering. In contrast, the incoherent components generate excess noise,
which can be probed via measurement of the phase-independent part of the quadrature correlation
function, i.e., GM(7).

If we consider fol), 4, instead of the squeezing spectrum, the corresponding matter correlator
is the absolute value squared of spin chirality. In this section, we focused on detection near
2wy, — U and U. Using G¢(121), 4,» When both the detectors are centered near frequency wy,, one can

already make interesting predictions for the correlators of Aj, defined in Eq. (3.60). This will be

the subject of the next two sections.
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3.8 Contribution of noninteracting magnons to G2

The low-energy Hamiltonian of the Fermi-Hubbard model at half-filling, when projected

to the spin sector, yields the Heisenberg model:

R 1 SN
Hisciseters = 5 ) JrwrSr + S, (3.97)

r,r’

where J, = 4tf7r, /U . Depending on the lattice geometry and the values of couplings beyond
nearest-neighbor and next-nearest-neighbor couplings, the Heisenberg model is believed to admit
a variety of ground states — both ordered states and spin liquids. If the ground state is magnet-
ically ordered, the excitations are bosonic magnons (which may have a finite lifetime and weak
interactions). However, if the ground state is a spin liquid, the excitations can be more exotic,
such as anyons with fractional statistics. The goal of this section is to study the contribution
to the connected G® from non-interacting magnons. We then determine the conditions under

which these contributions can be filtered away, so that any remaining G'® signal originates from

magnon-magnon interactions or topological contributions.

3.8.1 Quadratic magnon Hamiltonian

Using the standard linearized Holstein-Primakoff and Bogoliubov transformations [179,

180], the Hamiltonian of the Heisenberg model Eq. (3.97) can be written as:

Hipw = Y _ iblbic, (3.98)
k
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where IA)L is the creation operator of a magnon carrying momentum k and characterized by a
dispersion &x. In spin variables, Z;L generally corresponds to a superposition of S’li_ and 5’1: , where
SiE = S 445V

The pure spin sector operators flj, which appear in the photonic correlation functions,
are defined in Eq. (3.60). As outlined in Sec. 3.5.1, flj can be decomposed into irreducible
representations of the crystalline point group. In this section, we assume that this decomposition
has been performed (e.g., by taking linear combinations of experimental data corresponding to
different polarization directions) and that flj belongs to a specific irreducible representation. We
proceed to express flj in terms of magnon operators. Up to second order in magnon operators,

we have (in the interaction picture):

Aj(—t) = D7 {ay(R)e BT, + (o) (K)) biebsee™ <!
kika >0 (3.99)

+8;(k) (BLBk + 01 by + 1)} :

where the coefficients a;(k), (k) and 3;(k) are determined by the same Bogoliubov transfor-
mation that diagonalizes the free magnon Hamiltonian. Note that earlier, the subscript j referred
to whether the operator flj coupled to a photon mode of detector 1 or 2. In this section, the
subscript also labels an irreducible representation of the spatial symmetry group.

The coefficients {a;(k)}, {/;(k)}. {8;(k)}. and their complex conjugates, all transform

according to the same irreducible representation as A ; does, under spatial rotations and reflection.
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Therefore, the following orthogonality conditions hold:

> (k)" au(k) = 0, for j # 1, (3.100)
k

> (o] =0, for j #1, (3.101)
k

> (Bi(k =0, forj # 1. (3.102)
k

3.8.2 Contribution of magnons to Raman Scattering, or G(!)(0)

Let us now assume the spin system is initially prepared in its ground state. Defining the
Raman shift 2, = w;, — w;. Using Eq. (3.67), we find that the Raman intensity G detected in

channel j for a Lorentzian filter (Eq. (3.12)) is given by

12 2
= K[ sz |aj )ésk) (3.103)

This expression reflects the fact that the photon scattering process can create a magnon pair, and
GM(0) includes contributions from all magnon pairs with energy 2& equal to the Raman shift
2; within an uncertainty I'; set by the frequency filter. It is important to note that the equation
involves a discrete sum over momenta, with the number of terms governed by the number of
lattice sites /V illuminated by the laser beam.

We now consider the limits I'; — oo (broad filter) and I'; — 0 (sharp filter). For a broad

filter,

G (0) =7 Na?|K, [ / k)P, (3.104)
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where B.Z. stands for the first Brillouin zone of the lattice. Next, for a sharp filter,
G () 2% N [ T 52— oy WP (3.105)

We thus find that Gg) (0) reflects the density of states of magnon pairs (of zero total momentum)
at ©;, modulated by |a;(k)|. Note that in the sharp filter limit we assume T'; is still greater than
the mean energy spacing due to the finite-size quantization. Thus, I'; N remains nonzero even in

the limit I'; — 0.

3.8.3 Magnon contributions to connected G2

Since the magnon Hamiltonian in Eq. (3.98) is quadratic and the input light is Gaussian,
one might naively expect GEJ?, 4,(0) to factorize as G((ill) (O)G((;Q) (0). However, we show here that
this is not the case. The reason is that the effective coupling to matter via Eq. (3.99) is nonlinear.
This finding is reminiscent of the result of Ref. [177] on single-mode Gaussian states of light.

We consider the connected part of G g?dQ (1) = Gg{ 4, (T)— Ggl) (O)GSQ) (0). For a Lorentzian

filter, it is given by:

d1 d2( 7) = [KiKol'y F2| //// dty dt, dt} dt),

% { —[Pu(ta+t)+Ta(t2+45)] i (11 —15)+ 02 (t2 1))
(3.106)

(T (A== )] T [Aatr = 1))

— (Al A1) (AL(—t5)do(—12) ) }

0

Starting from the ground state of the spin system, the right-most operator (corresponding to the
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earliest photon emission) first creates a magnon pair as shown in Fig. 3.13(a), and the photon
emitted is red-detuned with respect to the laser frequency. For Ay and A, belonging to the same
symmetry channel, A, can annihilate the magnon-pair created by Ay, leading to the emission of a
blue-detuned photon as schematically shown in Fig. 3.13(c). For simplicity, we now assume that
operators Ay and A, are in different symmetry channels. Then, by the orthogonality relations
Eq. (3.100-3.102) the magnon pair created by A; can only be annihilated by AI (and not by A;).

Let us now consider the contribution where A; and A, each create a magnon pair of dif-
ferent momenta as shown in Fig. 3.13(b). Then these pairs are annihilated by /ﬁ and fl; The
term resulting from this process factorizes as Ggll) (O)G&? (0) and thus contributes only to the
disconnected part of the full G(?).

We now describe two classes of terms contributing to the connected part gfj?dz(O) =

GP (0 = P0G (0).

3.8.3.1 Nonlinear bosonic enhancement

Now, let us consider the scenario where A; and A, create magnon pairs with identical
momenta. In this case, the same magnon pair is both created and annihilated twice, as depicted
in Fig. 3.13(d). Using the fact that (0[b_y, b, b_x, BkQZA)ikQZA)LQBEkl BL |0) = 4 for k; = ko, and 1

for k; # ks, we get the following nonzero contribution to the connected gg)dzz

3 3|K1 K| T35 (K)o (K) | (3.107)

— (07 4 (0 — 2602 [13 + (2 — 26)%]

The discrete summation Zk can be written in the continuum as Na? f %, where N is the

number of lattice sites covered by the incoming laser beam. Let us consider the sharp filter case.
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Figure 3.13: Different magnon processes leading to the scattering of two photons: (a): Raman
scattering of the first photon leads to the creation of a magnon-pair of momenta k; and —k;.
(b): The scattering of the second photon could lead to creation of a different magnon-pair of
momenta ky and —ks. In this case, the second photon is also red-detuned with respect to the
laser and generically has a frequency different from the first one. (c¢): Scattering of the second
photon leads to the annihilation of the magnon-pair created in (a). The photon is blue-detuned in
this case. (d): This is similar to (b), except ko = k;. This is treated separately here.
(e): The second photon is elastically scattered.
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Here, we will work in the limit where I';I'y /N is nonzero and finite even as one takes I'; o — 0.

In this limit, using the identity limp_, WLH? = 7md(x), Eq. (3.107) yields:

3‘K1K2|2(NF1F2)3.2
4

5(Q — ) / A2 o (K)o (K) [25(y — 264). (3.108)

Since this term contains §(£2; — ), it can be filtered out by choosing w; # wsy (and hence

O # (D).

3.8.3.2 Elastic scattering

The second contribution to the connected gﬁj? d arises from the following scenario: the first
photon is inelastically scattered by the material, resulting in the creation of a magnon pair de-
scribed by the action of A; on the magnon vacuum state |0). The second photon, however, under-
goes elastic scattering without generating an additional magnon pair, as illustrated in Fig. 3.13(e).
This process is described by the magnon-conserving terms in A, of the form (ZSLBk + ZA)T_klA),k +1).

After a lengthy but straightforward algebraic calculation, we arrive at the following contri-

bution to Eq. (3.106), from the integrals over the domains (t; > to, t| > t}) and (t; < to, t] <

th) :

3 o ()*| 82 (k) T3

— | T+ (26 — )] [(T'1 4+ T2)? + (26 — 1 — 22)?]
(3.109)
+ []. < 2]} X 9|K1K2|2

In contrast, the contribution from (¢, > to, t} < t}) and ({1 < ta, t] > t}) in Eq. (3.106) is given
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below.

F2F2672i€kr
k k 1+ 2
{ {O‘ (k)en () ey =, ) (o = i)

e(iQ2-T2)7 1 — e(i22-T2)7
+ -
Ql+92—2§k i(Ty+Ty)  Qy — 28+l

—i—-T'1)7 1— 6(77:9171—‘1)7—
+ -
Q) + 92 - 251( —i([y +Ty) Qo — 28 — il

+ C.C.} X 9‘K1K2’2.

(3.110)

In Egs. (3.109) and Eq. (3.110), one factor of I'1I's can be combined with N to give a finite
constant while converting the sum to an integral, leaving behind the other factor of I';I'5 in the
integrand. As we take I'y — 0, and ['s; — 0, regardless of the order, one can check that the
expression in Eq. (3.110) goes to 0. On the other hand, for Eq. (3.109), it matters whether one
takes I'y — O first, or I'y — 0. If we first take 'y — 0 and then ['; — 0, then the expression in

Eq. (3.109) becomes:

9\K1K2|2a2NF1F2
4

3(6) [ @k an(0B9"3(26i ~ ). G.111)

On the other hand, if we first take I'y — 0 and then I'y; — 0, then the expression in Eq. (3.109)

becomes:

9|K1K2 |2a2NF1F2
4

5(2) / 2 o (K) By () °5(26 — ). (3.112)

Eq. (3.111-3.112) correspond to elastic scattering and by choosing €2; = w;, — w; # 0, and
Qs = wy, — wy # 0, this contribution to gg?@ can be filtered out.
Therefore, if the filter functions are sharp, any contribution to the connected G 2) from

noninteracting bosonic excitations can be eliminated if we: (1) filter out the case when the two
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magnon pairs created are identical by demanding that the frequencies of the detected photons are
different (i.e., impose w; # w-), and (2) filter out elastic scattering (i.e., impose w; # wy, and
Wy # Wr).

Once this filtering is implemented, any remaining contribution to the connected G® should

thus arise from interactions or topology.

3.9 Application II: Detecting fractional statistics

In this section, we show that if the ground state of the spin sector is topologically ordered,
the existence of anyonic excitations with fractional mutual statistics can be detected by measuring
photonic correlators of scattered photons. We use the argument from Ref. [15, 125].

We start with an outline of this section. First, in Sec. 3.9.1, we consider the conditional
GW (7) [Eq. (3.28)] and observe that it has the same form as a correlator studied in Ref. [15, 125],
allowing us to directly use their results. Next, in Sec. 3.9.2, we propose another approach using
the connected G(® where one can explicitly filter out the contributions from topologically trivial
magnon excitations discussed in Sec. 3.8. The temporal contour of this correlator is slightly
different from the one considered in Ref. [15, 125]. So we adapt their arguments for our case. We
do not repeat their derivation, but summarize their arguments qualitatively in this subsection. We
encourage the reader to refer to Ref. [15, 125] for a treatment of finite temperature effects and for

a discussion on ignoring short-range interactions between anyons.
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3.9.1 Conditional G (7): Signature of existence of fractional statistics

First, let us consider the conditional G (7) defined in Eq. (3.28), under the following

subtraction scheme:

Hy,a,(t,7) = GR(0)GY(7)
=@}, (0)ak, (t + 7)ad, ()aa, (0))ou + c.c. (3.113)

— (@l (0)a, (0))our ({@h, (£ + 7)a, (£))ou + c.c.)

The experimental scheme to measure this photonic correlator is shown in Fig. 3.5, and explained
in detail in Appendix C.4.2. Let us assume that the filter functions are chosen such that they
select the window around wy, (as opposed to the sidebands 2w; — U and U), but is broadband
with respect to the finer structure within each sector in Fig. 3.2. Then, using the mapping provided

in Table 3.1, for ¢ > 0 and 7 > 0, Eq. (3.113) yields:

(3.114)

where the constants K; are defined in Eq. (3.13).

The detection of a photon by detector d; corresponds to the application of the operator
flj, (defined in Eq. (3.60)) on the material state. As long as flj does not commute with the
Hamiltonian, Aj acting on the ground state will create excitations. If the material is topologically
ordered, its excitations can be anyonic. We assume that the material is at zero temperature. Now,

if |I) is the ground state, then Aj |I) would generically have an overlap with a state consisting
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of an anyon pair, unless this is ruled out by symmetry. We will therefore suppose that A; and
A, create pairs of anyons whose energy gaps are A; and A, respectively. For concreteness, if
the ground state is a Z, spin liquid, one can think of A; and A, as creating e and m anyon pairs
respectively. These pairs get annihilated by AI and A; respectively °. We point out that A; and
A, are the gaps within the spin sector and are much smaller than the optical gap U.

The correlator in Eq. (3.114) is indeed of the same form as the pump-probe susceptibility
studied in Ref. [15, 125]. Therefore, using the same argument as Ref. [15, 125] (which we

172 where ™2 is the

summarize in Sec. 3.9.2), Eq. (3.114) is proportional to (1 — cosays)T
braiding phase of an anyon created by A, going around an anyon created by A;. This 71/2
behavior is an experimental signature of the existence of fractional statistics.

One can also look at the following normalized version of the photonic correlator in Eq. (3.113):

Hy, 4y (t,7) — G (0)GY (1)

Hdl,dg (t, 7') = Gd (7‘)

(3.115)

The denominator was shown in Ref. [15] to go as 1/7. Therefore, Hy, 4,(t,7) ~ 73/2 if
there are excitations with fractional mutual statistics. The normalized Hy, 4, (t, 7) ~ 7%2. It was
shown in Ref. [15] to be more robust to thermal fluctuations than Eq. (3.113).

In the next subsection, we show that a similar prediction can be made for the connected
g g) 4, correlator instead of Eq. (3.114). G C(l??dg offers additional functionality by enabling filtering
out contributions from topologically trivial excitations as discussed in Sec. 3.8. Thus, filtering
allows us to consider the contribution originating exclusively from the fractional statistics of

quasiparticles.

SBeing in different symmetry channels, 121]; cannot annihilate anyons created by Ay and vice-versa.
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Figure 3.14: Four operator orderings in Eq. (3.106): (a): 7 — to > —t; and 7 — t;, > —t/, (b):
—ty >7—tyand —t] > 71 —t,(c): —t; > T —tyand 7 — t, > —t), and (d): T — to > —t; and
—t) > 71—t

3.9.2 Connected G?): Singularity from fractional statistics

The spin correlator measured by the connected G is provided in Eq. (3.106). It comprises
contributions from different worldlines of anyons obeying the constraint that the pair created at
time —t, is annihilated at time —t}, and similarly the pair created at 7 — ¢, is annihilated at
T — t,. Among these are those worldlines where one anyon braids nontrivially with another.
Such paths come with an extra braiding phase. In this section, we show that nontrivial mutual
statistics leads to a singularity in the connected G?) as well: gfj?dz (Q1,92) ~ 0(21 —A1)0(Q —
As) [Ka() (2 — A1) 732 4 (1 «» 2)], where K(€2;) are system-specific functions (recall that
); = wr, — wj). In the limit of sharp frequency filters, we expect the dependence of G@ on T to
drop out. Hence, we can set 7 = 0 from the outset.

We adapt the geometric argument in Ref. [15, 125] to show the above result. There is one
difference in our case: due to the frequency-filtering, the time at which the first anyon pair is
created need not be equal to the time when it is annihilated.

The spin correlator extracted from G @ ie., Eq. (3.106) is a sum of terms with four different

139



operator orderings depending on the ordering within the pairs (—t;, —t}), and (—t5, —t}). These
orderings are (suppressing the time arguments): <Aifl£flgfll> <A;AL§11A2> <AJ{A§211A2>
and (AJA] A A,) [Fig. 3.14 (a), (b), (c). (d) respectively].

First, let us consider the operator ordering in Fig. 3.14(a), i.e., </ﬂ (—t))AL(—t)) Ay (—t2) A, (—t1)> .
In this correlator, first 1211 and then flg each create anyon pairs at time —¢; and —%, respectively
(shown as red and blue respectively in Fig. 3.15). The blue pair gets destroyed by fl; at time —t),
and lastly, at time —t/, the red anyon pair gets destroyed by /ﬁ If one ignores anyon-anyon in-
teractions, the contributions from worldlines without any braiding get canceled when we look at
the connected G (as shown in Sec. 3.8). Furthermore, the argument in Ref. [15] about the con-
tribution from short-ranged interactions being less singular than the contribution from fractional
statistics also applies in our setting. Therefore, we will only study worldlines involving nontrivial
braiding of otherwise “non-interacting” anyons. Each such worldline contributes a topological
factor of (1 — cos ay) where €12 is the braiding phase of a blue anyon going around the red one.

The connected part can be written as a path integral over all trajectories where the blue
anyon pair braids around one of the red anyons. Recall that here, ¢; — to > 0, and | — ¢}, > 0,
but the orderings within the pairs (1, t}), and (t», t,) are left unspecified. For the recombination
of the second (blue) anyon pair between ¢, and t), it is not sufficient to consider the ballistic
propagation and wavepacket spreading has to be taken into account (see Fig. 3.15). The amplitude

—d/2
/2 where

of recombination of the blue pair due to quantum wavepacket spreading is ~ |ty — )|
spatial dimension d = 2.

To study the first (red) anyon pair, following Ref. [15, 125], one can perform a semiclassical

analysis in the limit where the time it takes for an anyon pair to recombine is much less than the

time difference between creating the first and second anyon pairs, i.e., [t] — to| > [to — )],
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Figure 3.15: This figure is similar to Fig. 1 of Ref. [15], except the backward propagation is
unfolded here. Without loss of generality, in this figure, ¢t > t,. In our time axis, from —t),
onwards, time decreases in the upward direction. For the operator ordering in Fig. 3.14(a), we
depict a history of anyons that contributes to the connected G?. At time —t;, operator A, creates
an anyon pair (red) at spatial point x;. Since A; is a zero-momentum operator, x; is integrated
over the whole area of irradiation. At time —t,, operator A, (blue) creates a second anyon pair
that recombines at —t/, due to wavepacket spreading. Let us consider a fixed worldline loop of
the second pair. A path integral over all possible worldlines of the red anyons is dominated by
those trajectories where a red anyon ballistically propagates through the blue loop till time —t),
and then turns around to recombine at time —¢}. For a fixed momentum p of the red anyon, it
has been shown geometrically that x; can only be from an area ~ |t} — t5|*/? [15]. Since —t/
and —t; are not necessarily equal, classically, the red anyons will not recombine if they exactly
retrace their path during backward propagation. However, due to quantum wavepacket spreading,
there is a nonzero amplitude of recombination, which we conjecture to be independent of ¢, and
th.
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[ty — th] > |to — th], and |t} — t5| > [t; — t}|. In principle, we also need to evaluate correlators
outside this limit, since ¢; and ¢, are integrated over. But as a first approximation, we obtain the
correlator by extrapolating the expressions found in this limit.

The path integral is then dominated by those trajectories where one anyon from the red pair
propagates ballistically with momentum p and passes through the closed worldline of the blue
anyon pair [15, 125]. At time —t,, the red anyons turn around to recombine at time —t} (here,
p is integrated over). One such trajectory is shown in Fig. 3.15. It was shown in Ref. [15, 125]
that for a fixed momentum p of a red anyon, it can braid through the blue pair only if its starting
location x4, i.e., the spatial position of creation of the red anyon pair, belongs to an area that scales
as ~ |t} — t5**F,(p). Computing the function F}(p) is beyond the scope of this work, and its
specific form is not important for our results. Combining all the factors, the overall amplitude for
braiding scales as ~ (1 — cos ao)|ts — t4|"/*Fy (p)ei2(ta—t2),

One caveat in our case is that since t| # t;, we need to consider wavepacket spreading
even in the red anyon pair to ensure recombination after backward propagation. We conjecture
that this recombination amplitude only depends on (¢; — ¢}), and is independent of ¢, or t;,. We
present a semiclassical argument for this. The center of mass position of the red anyon pair
should remain unchanged at the saddle point level, because the blue pair does not impart center
of mass momentum to the red pair. If we consider the two red anyons to be moving with equal

2
and opposite momenta p and —p, each momentum p contributes an amplitude ei(TI:l_lJrAl)(t/l_tl)

towards recombination, where m is the effective mass of a red anyon. This factor is independent
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of t5 and ¢,. Combining all the above factors, we get
g ,

While the geometric argument captures the scaling |to — t’2|1/ ?_ it does not capture a phase

T ’ . ..
3sien(2=%) \when ¢, and t} are exchanged. The phase jump is important to capture the

jump e
Heaviside step functions 6(£2; — A1)0(€2s — As) in our final result. Fixing the phase requires
consideration of the ¢t — ¢, ~ 0 limit, which is beyond the scope of the scaling approach. In order
to make progress, we employ an analyticity argument. For this, it is convenient to consider the
correlator </ﬁ(—t’l)fl;(—t’Z)AQ(—tQ)Al(—tl)> as an analytic continuation of a Euclidean-time
correlation function. Therefore, we consider the analytic continuation defined as:

. - . / , . / — . /
tj =ty +ie; =iujand t; — t; +i€; = tuy,

(3.117)

such that 0 < ¢ < €2 < €, < ¢, — 0%. This order of limits is required because a zero
temperature correlation function <]51(—2'un)152(—iun_1) . Pn(—iu1)> is well-defined only if
the operators are time-ordered with respect to the arguments Re u,,, Reu,_1,...,Rewuq, i.e., if
Rewu,, > Reu,_1 > ... > Rewuy. Here, we use the convention ﬁn(—zun) = e““ﬁof)ne*“”ﬁo.
Now, we know that the correlation function we are computing here is an analytic function of wus

and v}, when Reu), > Reuy, i.e., €, > €. The factor of ~ |ty — t,|'/* obtained above should

thus be replaced by (u}, — us)'/?, such that the branch-cut is in the unphysical region where
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Re(ufy — ug) < 0. This method is agnostic to the ordering between real times ¢, and t),.

(A} (—iu) Al (— i) Ay (—iuz) Ay (it ))
L . (3.118)
~ Na?(1 = cos arg)e ()= A2( ) oy u2>1/2/ Gt TR G).

Analytic continuing back to real-time, while maintaining Re(u} —u1) > 0 and Re(ub —us) > 0,

we get

(A=) AL () As(—ta) Ay (1))

N Na2|t2 . t/2|1/2€7j%5ign(tg—t’2)eiAQ(t’Q—t2+iO+) (3.119)
d2p (22 A, )@ —tiiot)
x (1— cosalg)/ (27:)926 <m1 1) 1t Fi(p),

If we insert this expression into Eq. (3.106), and perform the Fourier transform, we obtain that
the contribution of the contour in Fig. 3.14(a) to the connected G?) is NO(Q; — A1)0(Qy —
A2) K1 (921)(Q — Ag)~3/2. Here, K1(€Qy) is a function obtained by integrating over momenta
p of the red anyon and performing the Fourier-transform with respect to ¢; — ¢;. One can now
observe that the result for the contour in Fig. 3.14(b) can be obtained by swapping the roles of the
red and blue anyons in the above calculation. The resulting contribution is N0(2; — A;)6(€2 —
A2)K5(2)( — A;)~3/2. The physical origin of this singularity in frequency can be traced
back to the result in Ref. [15, 125] that the amplitude for recombination of one pair of anyons,
conditioned on braiding through the other pair of anyons grows as |ty — t’2\1/ % in time. This
growth is in turn due to the fact that the amplitude for one anyon to braid around the other grows
with the area enclosed by one anyon loop. We note that the mutual statistics phase ;s itself
gets absorbed into non-universal factors here, and only the existence of fractional statistics can

be tested for in this approach.
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Now, we consider the contour in Fig. 3.14(c). Here, the blue anyon pair is created before
the red pair and is also annihilated before the red pair. In this case, neither anyon can be treated
ballistically. If one tries to naively apply the semiclassical argument from Ref. [15, 125], the

location of creation of the red anyon pair is drawn from an area scaling as (u} — 1) (u) — uz)'/2.

This area is smaller than the factor (1, —u5)3/?

we found for the contour in Fig. 3.14(a). Thus, the
resulting contribution to the connected G®) from the ordering of Fig. 3.14(c) should also be less

singular than that from Fig. 3.14(a). The same applies to the contribution shown in Fig. 3.14(d).

Therefore, our final estimate for the singular part of G is

G521y (2, 00) ~ NO(Q — A)O(Q — Ag) [Ka()( — A) 2+ (1 2)]. (3120

In conclusion, in this section, we demonstrated that the measurement of correlation functions of
the photons scattered off the material enables the detection of the existence of fractional statistics
of quasiparticles. We note that the derivation of Eq. (3.120) involved an assumption that the extent
of wavepacket spreading of the first anyon pair is independent of the time at which the second
pair was created, as long as the two creation events are sufficiently spaced apart temporally. This
assumption should be examined more carefully in future work.

We also note that in Eq. (3.120), Qg? dQ(O) is proportional to NV, i.e., the number of sites
illuminated by the input laser. Similarly, our results for Qa(i?dQ in Sec. 3.8, i.e., Egs. (3.108,
3.111, 3.112) are all proportional to V. In contrast, Gﬁ,? (O)Ggé) (0) is proportional to N2, Hence,
the normalized gflf?dQ (0)/ Ggll) (O)GSZ) (0) would be proportional to 1/N. This calls into question
whether our prediction in Eq. (3.120) will result in a detectable signal. One way the signal can be

detected is if the (Q; — A;)~*/2 singularity makes up for the 1/N suppression. Finding whether
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this is indeed the case requires an explicit microscopic calculation of G g?dQ. This is a subject for
future work. Another way is if N (proportional to the area of the input light beam) is small enough
to overcome the 1/N suppression, but large enough for many-body effects to be observed. It is
interesting to ask if such a suitable range of /V can be achieved using recent advances in near-field

spectroscopy [181].

3.10 Potential experimental realization

Our approach is immediately applicable to any correlated material where the system and
its optical response can be captured within a Fermi-Hubbard or a generalized Heisenberg model
such that the charge gap is in the IR/optical range. Sr3IrO, is an example of such a transition
metal oxide. As shown in Ref. [182], after taking into account spin-orbit coupling and crystal
field splitting, among the ten available 5d orbital states, there is a doubly degenerate subspace of
effective total angular momentum Je = 1/2. This provides an SU(2)-symmetric Hamiltonian
in terms of pseudospins. As long as the drive frequency (chosen to be of the order of U) is far
from gaps to all other orbitals, pseudospin-orbit coupling (and not spin-orbit coupling) can be
ignored, and the system is approximately described by Eq. (3.29). In Sr2IrOy4, U is of the order
of 100 meV [182].

Furthermore, the expressions Eq. (3.60), (3.61), (3.62) hold for arbitrarily long-range fermion
tunneling. By building on existing literature, our formalism can straightforwardly be extended
to systems with spin-orbit coupling [149], and with multiple orbitals per site [174, 175]. To do
so, there should be no few-photon resonances between the ground state sector and the higher

orbitals.
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Moreover, our formalism is applicable to any system in which there are two sectors of states
separated by an optical gap. For concreteness, we considered them to be lower Hubbard band
(spin sector) and upper Hubbard band (charge sector) (see Fig. 3.2). But our calculation can be
adapted to other scenarios. For example, we can modify Fig. 3.2 so that the lower and higher
energy sectors are valence and conduction bands respectively in a correlated TMD heterobilayer,
such as WS,/ WSe,. In this case, a single sector consists of both the upper Hubbard band and
lower Hubbard band within the valence/conduction band [183]. In such systems, the emission
of photons is strongly susceptible to the nature of the underlying electronic states [184]. For
example, it has been observed via photoluminescence (PL) measurements that the diffusion of
excitons is affected strongly depending on whether the underlying electronic states are metallic,
a Generalized Wigner Crystal or a Mott insulator. In such systems, U is typically a few tens
of meV [184, 185, 186, 187, 188]. Therefore, detection of many-body correlations from PL at
temperatures much smaller than U is experimentally accessible. Consequently, it is a promising
direction to investigate correlations between emitted photons from such systems. For example,
our results from Sec. 3.7 can be relevant to the proposal to realize a chiral spin liquid in TMD
heterostructures [189].

Furthermore, all photonic correlators in Table 3.1 are either routinely measured in the quan-
tum optics setting or can be measured with existing technology. For example, the phase-sensitive
second-order quadrature measurement shown in Fig. 3.4 is related to two-mode squeezing that
has been measured experimentally [172, 173]. G®) measurements have been used experimentally
to study non-classical features of phonons in condensed matter systems [190].

In optical experiments probing 2D materials, the materials are typically placed on sub-

strates. The laser frequency is far detuned from any resonances within device substrates. There-
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fore, optical coupling to substrates can be ignored as is done routinely in such experiments
[188, 191].

Now, we address the effects of nonzero temperatures in our work. In Eq. (3.40), we started
with the matter in an arbitrary energy eigenstate |I). As a corollary, our mapping in Table 3.1
holds for the matter starting in any mixed state that is diagonal in the energy eigenbasis, and in
particular, for a thermal state. However, we require the temperature to be much smaller than the
optical gap U, so that we can assume that the matter starts in the spin sector (lower Hubbard
band). Further, the mapping from phase-sensitive second-order quadrature correlation to scalar
spin chirality in Sec. 3.7 is purely at the operator level and is agnostic to temperature and the
nature of the ground state in the spin sector. Regarding Sec. 3.9 on the detection of the existence
of fractional statistics, at non-zero temperatures, there is a finite thermal population of anyons.
The resulting effect on the nonlinear matter correlator was considered in Ref. [15]. The same
analysis applies to our results in Sec. 3.9, i.e., the 73/2 growth in Eq. (3.115) is cut off by a

thermal timescale, and similarly, the (Q; — A;)~%/2 singularity in Sec. 3.9.2 gets broadened.

3.11 Conclusions and Outlook

In this work, we have proposed a novel probe of many-body states of matter based on the
measurement of the quantum statistical properties of scattered light. Furthermore, we demon-
strated that it can be used to diagnose exotic properties of strongly correlated electronic systems
such as fractional statistics of excitations and scalar spin chirality.

One important aspect that will be subject to future research concerns the inherent complex-

ity of the electronic band structure. In particular, while this work focused on the single-band
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Fermi-Hubbard model, many realistic materials, such as cuprates (charge transfer insulators) or
insulators based on transition metal dichalcogenides, possess multiple bands. In this case, the
specific form of the light-matter interaction, projected to the relevant bands, must account for the
orbital structure of the corresponding Bloch wavefunctions.

The formalism developed in this work relies only on the existence of the optical gap and is
agnostic to the details of the Hamiltonian describing the low-energy physics. We note that, for a
known Hamiltonian, the ground state of a correlated system is not a priori obvious (what symme-
tries it spontaneously breaks, whether it is a spin liquid, etc.), even if the microscopic Hamiltonian
is known. It would thus be interesting to investigate the different ground state ansatzes and the
corresponding excitations, with the aim of identifying the distinctive signatures in the photon
scattering data corresponding to the different many-body states of matter. The extension of these
ideas to cold atom systems is also intriguing [192].

In this work, we ignored the momentum transfer between electrons and photons. However,
in the absence of strong Coulomb binding in photo-excited electron-hole pairs, the dipole approx-
imation can be violated for itinerant electrons, and photon momentum and angular momentum
can be imparted to electrons [193, 194]. Moreover, given the recent development of near-field
spectroscopy [181], it is intriguing to explore spatially and spectrally resolved correlations. This
question may be especially relevant today in the context of moiré materials which come with a
much enlarged lattice spacing.

The protocol developed in this work is primarily based on classical driving, and correlations
between photons are induced by the nonlinearity of the matter. As a future research direction,
it would be of interest to identify scenarios where an additional advantage could be obtained by

using input light prepared in squeezed coherent [195] or non-Gaussian states.
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Chapter 4: Quantum Spin Ice in Three-Dimensional Rydberg Atom Arrays

4.1 Introduction

Traditionally, the main search space for spin liquids has comprised of solid state systems.
While consistent progress has been made [20, 44], conclusive evidence for spin liquids is still
lacking in these systems. One reason is that the same feature that makes spin liquids interesting—
being characterized by non-local order parameters—also makes them hard to detect. Meanwhile,
over the past decade, Rydberg atom arrays have emerged as a promising platform for engineering
interacting Hamiltonians [196, 197, 198, 199, 200, 201, 202, 203, 204, 205, 206, 207, 208, 209,
210, 211, 212, 213, 214, 215, 216, 217]. Rydberg states have large principal quantum number
n (~ 20 — 100), and the van der Waals interaction between them scales as n'!. The strong tun-
able interactions, along with the ability to customize the lattice of atoms, locally control qubits,
and take wavefunction snapshots, make Rydberg atom arrays a competitive platform to explore
quantum many-body physics. Furthermore, the energy scales in Rydberg atom arrays are orders
of magnitude larger than in optical lattices, enabling observation of quantum effects at much
higher temperatures in Rydberg atom arrays than in optical lattices. Following theory propos-
als [218, 219], promising signs of Z, topological order have been observed experimentally on
this platform [207]. This has sparked a lot of activity over the past few years in the general di-
rection of proposing ways to realize exotic states on quantum devices using analogue quantum
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simulation [220, 221, 222, 223, 224, 225, 226, 227], digital quantum simulation [228], and pro-
jective measurements [229, 230]. However, all of these proposals have been for two-dimensional
Rydberg atom arrays.

Our work is a proposal for realizing a U(1) quantum spin liquid, described by the decon-
fined phase of a compact U (1) gauge theory on three-dimensional Rydberg atom arrays, with an
eye towards accessing the confinement-deconfinement transition. With our proposal, we intend
to push the search for a U(1) quantum spin liquid, which has traditionally remained limited to
solid state systems, in the direction of three-dimensional Rydberg atom arrays. The connection
between Rydberg-atom arrays and Abelian gauge theories in one dimension and two dimensions
has been studied in depth in the literature before [231, 232, 233, 234]; however, this connection
in three dimensions has remained unexplored. It is known that gauge theories in three dimen-
sions can have a significantly different behavior than those in two dimensions. This is illustrated
by the compact U(1) gauge theory. It was shown by Polyakov [235, 236] that compact U (1)
gauge theory in 2+1 dimensions is always in the confined phase in the thermodynamic limit due
to a proliferation of monopole events. Therefore we turn to 3+1 dimensions, where Polyakov
argued [236] for the existence of both deconfined and confined phases separated by a transition
driven by monopole excitations. The deconfined phase consists of gapless “photons”, gapped
“monopoles” and gapped “charge” excitations. In the early 2000s, lattice models of spins [6] and
dimers [237] on corner-sharing polyhedra were constructed that were strongly argued to realize
this phase—a U|(1) spin liquid, using perturbation theory, solvable limits [6] and later Quantum
Monte Carlo simulations [16, 238]. Our work is based on a spin model with easy-axis antifer-
romagnetic interactions introduced by Hermele et al. [6] on the pyrochlore lattice consisting of
corner-sharing tetrahedra (see Fig. 4.1). The classical Ising limit of this model is the widely
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Figure 4.1: (a) The pyrochlore lattice. White circles denote atoms in the ground state, while black
circles denote atoms in the Rydberg state. The configuration shown satisfies ny = 2 on each
tetrahedron. The label x is used to denote the sites of the pyrochlore lattice. (b) The diamond
lattice. It is the bipartite lattice formed by the centers of the tetrahedra marked by green (A
sublattice) and blue (B sublattice) dots. e, for u € {0, 1,2, 3} label the vectors joining an A site
to its neighboring B sites. The label r is used to denote the sites of the diamond lattice. (c) The
red links are the edges of the lattice dual to the diamond lattice shown in (b). This lattice is also
a diamond lattice, and we refer to it as the “dual diamond lattice” in this chapter to distinguish
it from the “diamond lattice” in (b). The sites of the dual diamond lattice are centers of the
“polyhedra” formed by four puckered hexagons of the diamond lattice. u,, for u € {0,1,2,3}
label the vectors joining an A site to its neighboring B sites on the dual diamond lattice. The label
r [notice the difference in the font as compared to r in (b)] is used to denote the sites of the dual
diamond lattice.

studied classical spin ice [239, 240, 241, 242, 243], which has a large residual entropy at low
temperatures similar to water-ice [21]. This is because the ground states form an exponentially
degenerate set of states obeying the “ice rule” (see Sec. 4.2). The quantum model in Ref. [6]
has also been a subject of intense study in the context of pyrochlore materials like Yb,TioO7 and
Er,Ti»O7 as potential quantum spin ice (another name for the U (1) spin liquid) candidates [244].

It was observed in Ref. [245] that the Hamiltonian in Ref. [6] can be viewed as that of hard-
core bosons hopping on an optical lattice with nearest-neighbor repulsion, thus extending its rel-
evance to the cold atom setting. Ref. [246] studied a similar model of hard-core bosons hopping
on a two-dimensional checkerboard lattice. In Ref. [246], the atom’s internal state was largely the

ground state, but a dressing with Rydberg states was used to engineer interactions between atoms.
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Later, Ref. [247] showed that dimer models in two dimensions can be implemented on config-
urable Rydberg arrays—where the atoms themselves are stationary but can internally be either in
a ground state or in a Rydberg state. In this setting, the atoms are driven with a laser (or a pair
of lasers making a two-photon transition) that is detuned from the ground to Rydberg transition.
The Rydberg interactions and the detuning define a (frustrated) “classical” energy landscape. The
laser driving induces quantum fluctuations controlled by the Rabi frequency, leading (perturba-
tively) to dimer moves or ring exchange terms that are required to deconfine a gauge theory. The
proposal [218] and experiment [207] mentioned above worked in the same setting. Our work is
also based on this setting in which the atom array is configured in a 3D pyrochlore lattice. While
Ref. [245] proposes to realize a U(1) quantum spin liquid in a 3D optical lattice, our proposal
focuses on Rydberg atom arrays where the energy scales involved are several orders of magnitude
larger than those in optical lattices. Typical van der Waals interaction strengths in Rydberg atom
arrays are on the order of GHz [207], while the on-site interaction strengths in optical lattices are
on the order of kHz [248, 249, 250]. For an observation of the U(1) quantum spin liquid, the
temperature of the system must be much smaller than the spinon and the monopole gaps. The
large energy scales of Rydberg atom arrays make them more favorable than optical lattices to
realize a quantum spin liquid. Furthermore, our focus on experimentally measurable correlators
goes beyond previous proposals to realize a U (1) quantum spin liquid in atomic, molecular, and
optical systems.

In Sec. 4.2, we explain our proposal. We show that within a window of laser detunings,
the classical landscape is identical to the set of ice rule obeying states. Our Hamiltonian, when
restricted to nearest-neighbor interactions, is equivalent to the transverse-field Ising model on the

pyrochlore lattice. In the limit of small Rabi frequencies, it is perturbatively equivalent to the
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model in [6], which was argued to have a spin liquid ground state. Away from the perturbative
limit, there is numerical evidence for a spin liquid phase [18]. However, once we include the long-
range 1/7% interactions beyond nearest-neighbor, the classical landscape is no longer degenerate,
and it is a priori unclear if the spin liquid survives as the ground state. We attempt to answer this
in Sec. 4.3 by first identifying the classical ground state in the presence of long-range interactions,
which we find to be a “chain state” [251]. Then we compare its energy to the energy of an ansatz
wave function for the spin liquid. Within our approximation, we find a window of Rabi frequen-
cies for which the system is in the quantum spin liquid phase. By dialing up the Rabi frequency,
for fixed detuning and interaction strength, one goes through a confinement-deconfinement tran-
sition from an ice rule obeying ferromagnetic state into a deconfined spin liquid phase. Then, by
further increasing the Rabi frequency, one goes through a Higgs transition from the spin liquid to
a transverse-field-polarized state (see Sec. 4.3.2). Thus both the deconfinement-confinement and
the Higgs transitions of the compact U(1) gauge theory can be accessed by changing the Rabi
frequency in our model. They have also considered effective gauge theories without Lorentz in-
variance and shown that the real-space version can be used to diagnose deconfinement. While
the analysis till this point focuses on the ground state, in Sec. 4.3.3, we comment on the role
played by dynamical state-preparation in deciding the nature of the state prepared in experiment.
In Sec. 4.4, we present correlation functions that distinguish the spin liquid from the confined
phases, and provide experimental protocols for measuring them. We explain the behavior of
the correlation functions in each phase of the phase diagram, and provide protocols to measure
them, which we expect be useful for experiments. Some of these correlators are nonlocal in na-
ture and are qualitatively different from the typically considered pinch-point singularities in local
correlators. Finally, in Sec. 4.5, we present general discussions and conclusions.
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4.2 Proposal to realize a U (1) quantum spin liquid using Rydberg atoms

In this section, we describe our proposal to realize a U(1) Quantum Spin Liquid (QSL) in
Rydberg atom arrays. Consider a 3D Rydberg array in which the atoms are positioned on the
sites of the pyrochlore lattice [see Fig. 4.1(a)]. Each of the atoms can either be in the ground state
|g) or in the Rydberg state |r). In the rotating wave approximation and in a rotating frame, the

Hamiltonian is

A R 174 a GA .

0 .
i
+3 § (bi +b;),

4.1)

where b; = lg:) (ri], n; = IA)IZA)“ (2 is the Rabi frequency, ¢ is the laser detuning, V' is the nearest-
neighbor van der Waals interaction strength, and a is the distance between two neighboring atoms.
The summation ), ; 1s over distinct sites 7 and j of the pyrochlore lattice (each pair is being
counted twice), and ) _, is over sites i. Below, we briefly describe the pyrochlore lattice.

The pyrochlore lattice is a face-centred cubic (FCC) lattice with a four-site basis formed by
the four vertices of an up-pointing tetrahedron. (Since each lattice site belongs to one up-pointing
tetrahedron and one down-pointing tetrahedron, the down-pointing tetrahedra are formed auto-
matically once we create the up-pointing tetrahedra.) In Cartesian coordinates, the primitive

vectors of the FCC lattice are

a; = v2a(0,1,1),
a, = Vv2a(1,0,1), (4.2)
as = v2a(1,1,0).

The pyrochlore lattice sites are physically located at r + e,,/2 [and labeled (r, 11)], where r is an
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FCC lattice vector, and the vectors e,, for ;1 € {0, 1,2, 3} are defined as [see Fig. 4.1(b)]

a 1
eo=—7=(1,1,1) = —(a; + ax + a3),
o= J5(LL1) = flan sy
a
€1 = _(17 _17 _1)7
V2 4.3)
a
e =—(—1,1,—-1),
2 \/5( )
a
es=—(—1,—-1,1).
3 \/5( )

We map the two levels of the atoms to spins-1/2s: |g) — |1}, [r) — [1), s — S7 4 1/2
and b; + l;j — 2§f. The term 7;7; therefore maps to an Sf S 7 interaction in addition to a Zeeman

term S’f. Written in terms of spins, the Hamiltonian, up to an additive constant, is
7 (4.4)

where

hza—gz(mf—%'f, (4.5)

i#0
and is independent of the choice of x for an infinite lattice. Evaluating this sum numerically for
the pyrochlore lattice, we obtain h = 0 — 3.46V. It is useful to separate the total Hamiltonian,

Eq. (4.4), into three parts, ﬁryd = Iflo + fIQ + ﬁLR, where

A, :gzgfg; —nY 8,
(3,9) i

a Qx a 14 ! a ¢ Oz Q2
HQ :QZSZ s and HLR = E Z (m) Sz Sj7
i i#j !

(4.6)
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where 3, ., is over nearest-neighbor pairs and M 2; in Hig is over the remaining pairs that
are not nearest-neighbor (in both >~ and >, each pair is counted twice). Since the interaction
drops very rapidly with distance, we will drop Hi g for the rest of this section because doing so
allows us to connect to some previously known results [6, 16, 17]. We will study the effect of the
long-range van der Waals interaction Hig in Sec. 4.3.

Since the pyrochlore lattice is made of corner-sharing tetrahedra, we see that H, can be
written up to an additive constant as (for convenience, in the expression below, we switch back

to the hard-core boson notation)

Hy = %Z (g, = )", .7)
&,

. _ 1 hY _ 1 s 5 — ¥
where the sum is over all tetrahedra, p = 3 (4 + V) = 3 (0.54 + 7), and ny, = Zz‘e@r i’
denotes the total number of atoms in the excited state on a given tetrahedron £,.. Minimizing H,
to obtain the classical ground state imposes a constraint on rn, for each tetrahedron depending

on the value of p:

(
0 if p<1/2,
My =\ floor (p+3) if1/2<p<7/2, (4.8)
4 if7/2 < p.
\

The classical ground state is unique for n,, = 0 and ny, = 4, while it is exponentially degenerate
(in system size) for ny = 1,2,3. The number of states satisfying the constraint ny, = 2, is
approximately (3/2)Newean (where Nieqahedra 18 the number of tetrahedra) [252]. This is based on

an argument similar to the one given by Pauling to explain the residual entropy of water-ice at zero
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Figure 4.2: Mapping between Rydberg array configurations and dimer configurations. A Ryd-
berg atom (black dot) is mapped to the presence of a dimer (orange bar), while a ground state
atom (white dot) is mapped to the absence of a dimer. (a), (b), and (c) show example dimer
configurations corresponding to np = 1, 2, and 3, respectively. In each case, n, many dimers
touch the center of each tetrahedron (the centers of the tetrahedra form the diamond lattice).

temperature [21]. From now on, we will refer to the condition ny = 2 as the “ice rule”. An ice
rule obeying configuration is shown in Fig. 4.1(a). In these non-trivial cases, the configurations
with fixed n, can be mapped to configurations of dimers on the bipartite diamond lattice formed
by the centers of tetrahedra of the pyrochlore lattice [Fig. 4.1(b)], with exactly n, many dimers
touching each diamond site (see Fig. 4.2). The A and B sites of the diamond lattice are located
at n and n + e, respectively, where n is an FCC lattice vector. For later use in this chapter, we
also show the lattice dual to this diamond lattice in Fig. 4.1(c) (also a diamond lattice, which we
call the “dual diamond lattice”). An atom in the Rydberg state on site ¢ is mapped to a dimer
on the corresponding link of the diamond lattice, while an atom in the ground state is mapped to
no dimer. Such dimer models have been studied extensively in both two and three dimensions
[6, 253, 254, 255].

In the limit Q < V, Hq leads to quantum fluctuations that break the exponential de-
generacy of the low-energy manifold. We will study this effect perturbatively in the following

section (Sec. 4.2.1). Classically, the energy gap between the degenerate ground state space and
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the lowest excited states corresponding to two tetrahedra violating Eq. (4.8) by either +1 or —1
is 2V xmin ({p+ 1/2},1 — {p+ 1/2}). Here, {x} = z — floor(x) is the fractional part of z. It
should be noted that, in the borderline cases when p = m + 1/2 with m € {0, 1,2, 3}, the energy
gap closes and our perturbative analysis cannot be used. We assume going forward that p is away

from these borderline values.

4.2.1 Perturbation theory

We work in the limit Q < V and treat Hy, as a perturbation over H, ignoring for now Hirg
whose effects will be considered later in Sec. 4.3. We calculate the effective Hamiltonian within
the ground state manifold of H, using the Schrieffer-Wolff formulation of perturbation theory.
For simplicity, we present the calculation of the effective Hamiltonian only for ny = 2 here. The
only difference between these three cases will be the Hilbert space on which the Hamiltonian acts.
Calculating, at 5™ order in perturbation theory, the matrix element of the effective Hamiltonian
between two states |n) and |m) lying in the degenerate manifold involves starting from |m),
applying the perturbation & times, and reaching the state |n). Since Hq changes the particle
number by +1, the corrections at all odd orders are zero.

Acting with %(Z;l + BI) on an ice rule obeying state creates two excited tetrahedra (whose
common site is ¢), which violate the constraint ny = 2. Therefore, the only second-order process
that takes us back to the ice manifold (the degenerate manifold of the ice rule obeying states) is
the one in which two excited tetrahedra are created and annihilated, as illustrated in Figs. 4.3(a)
and (b).

Since such processes are present for all the states of the ice manifold, they contribute only
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exchange ﬁ

Figure 4.3: (a) and (b) constitute a virtual process at second order in perturbation theory in €2 /V.
Starting from (a) which is a configuration that satisfies n,, = 2 on all sites, by +bT is applied giving

(b). To complete the second order process, by + bT is applied to (b) giving back (a). Tetrahedra
for which ny, # 2 are shaded in red. Sub-figures (a)—(g) constitute a sixth-order process in the
perturbation theory that contributes to the ring exchange term in the effective Hamiltonian, Eq.
(4.9). Starting from (a), the perturbation b + bT is applied sequentially on sites z = 1,2,... 6.
At the end of the six steps, a configuration with n, = 2 is obtained as shown in (g). Note that the
configuration of the atoms on the hexagon is flipped in (g) as compared to (a) thereby producing
the effect of a ring exchange. Other sixth-order processes where the perturbation is not applied
sequentially also contribute to Eq. (4.9), but are not shown here. (h) Ring exchange process
which appears in the effective Hamiltonian Eq. (4.9). A flippable configuration is mapped to the
complimentary flippable configuration.
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Figure 4.4: Shaded in red are the four nonequivalent hexagonal plaquettes of the pyrochlore
lattice.

a constant energy shift and can be ignored. The same is true for the fourth-order processes.
Now, the pyrochlore lattice has hexagonal plaquettes, some of which are shown in Fig. 4.4.
This allows for non-trivial processes to exist at sixth order. In fact, non-trivial ring exchange over
hexagonal plaquettes of the pyrochlore lattice is obtained by the process shown in Figs. 4.3(a)—(g)
(some sixth-order processes also result in a constant energy shift which we neglect). A flippable
configuration—one in which atoms on a hexagonal plaquette are alternately in the ground and
Rydberg states—is mapped to the complementary flippable configuration by the ring exchange
process as illustrated in Fig. 4.3(h). Thus, the effective Hamiltonian consists of ring exchange

terms:

A

Her = —Jung(p) > £3) (€3 + Hee., (4.9)

O
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Figure 4.5: Plot showing the variation of ~y(p) (which is the proportionality constant in Jyne(p) =
v(p)Q°/V?) as a function of p. For p = 0.5,1.5,2.5, and 3.5, the energy gap between the low-
energy and the high-energy sectors closes and v(p) diverges.

where Jiing(p) = 7(p)Q°/V?, the sum is over all hexagonal plaquettes of the pyrochlore lattice,
and 7(p) is a dimensionless number obtained by summing over virtual processes and is plotted
as a function of p in Fig. 4.5 . We note that, when p is an integer, the value of v(p) is 63/16 and
is the same as the one appearing in Refs. [256, 257]. Although the effective Hamiltonian was
derived here assuming n, = 2, the effective Hamiltonian we obtain for ny, = 1, 3 is also given
by Eq. (4.9).

In terms of dimers on the diamond lattice, the effective Hamiltonian Eq. (4.9) corresponds
to a kinetic energy of the dimers. It is well known that dimer models can be made exactly solvable
by adding a potential energy Vg for the dimers and tuning to a special point Vpx = Jyp, called

the Rokhsar-Kivelson (RK) point [253]. The Hamiltonian with such a potential energy term takes
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the form

Haimer = — Jrng () _ {3 (2] + He. (4.10)
O

+ Vi Y 83 €31+ |2 (2.
O

The Rydberg system we are interested in [Eq. (4.9)] is obtained from Eq. (4.10) by setting

VRK - 0.

422 U(1) quantum spin liquid—relation to Hermele-Fisher-Balents [6]

The Hamiltonian in Eq. (4.10) was also derived by Hermele, Fisher and Balents in Ref. [6]
starting from the Heisenberg model on the pyrochlore lattice and taking the easy-axis limit where

the Hamiltonian is

~

Heasy-axis =

N —

> 585+ L (8587 + 518y (4.11)
(i)

where J, > J; > 0. When J, = 0, the ground state is exponentially degenerate with Sj; =0
on each tetrahedron, which is equivalent to ny = 2. The J, term was treated as a perturbation
over the J, term, and at third order, a ring exchange term identical to Eq. (4.9) was obtained.

Written in terms of the spins, the ring-exchange term is

Hep = —Jing »_ 5155 S5 8y S5 55 + He, (4.12)
O
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where the sum is over hexagonal plaquettes of the pyrochlore lattice. The RK potential term was
added by hand in Ref. [6] giving Eq. (4.10).

Hermele et al. then go to the quantum rotor variables n,,» € Z and 6,,» € [—m, ), which
live on the links rr’ of the diamond lattice (equivalently, sites of the pyrochlore lattice) and satisfy

~

the canonical commutation relations [7i,yr, 0y | = i
S* s h—=, S et (4.13)

The constraint n = Oor 1 is imposed by adding a term to the Hamiltonian that energetically

penalizes states violating this constraint:

. U R 1\?
Hﬂzag%@w—§) (4.14)

~

- 2Jring Z COs (91'11'2 - 91‘21‘3 + 91‘31‘4 - 91‘41‘5
Op

A ~

Hrgrs — Orgry ) (4.15)

where the first sum is over all the links (rr’) of the diamond lattice. The second sum is over the
puckered hexagonal plaquettes of the diamond lattice O, whose vertices are ry, s, ..., rg. In the
limit U — oo, Eq. (4.14) reduces to the effective Hamiltonian Eq. (4.12).

The local constraint, Sj;r = 0 for each tetrahedron, gives a gauge structure to the effective
Hamiltonian where the gauge transformations are generated by 5’&. The presence of this local

symmetry motivated Hermele et al. to write Eq. (4.14) as a lattice U (1) gauge theory. The electric
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field and the vector potential were defined as
. . 1 . A
€ = <nrr’ - 5) y  Qrrr = :i:err’- (416)

The positive (negative) sign is chosen if r belongs to A (B) sublattice of the diamond lattice.
The Hamiltonian written in terms of the electric field and the vector potential takes the form of a

compact U (1) lattice gauge theory [235, 258]:

] u 42 -
Heir = 5 (Z/> €pr — 2Jring g cos ((curl a)gp) , (4.17)

where the second summation is over hexagonal plaquettes of the diamond lattice and

(curl @) =) Gae, = Bry (4.18)
r,r’'eQ

whereY, /0 is a sum along the directed bonds of a hexagonal plaquette of the diamond lattice.
Such a plaquette can be uniquely defined by (r, t), where r belongs to the dual lattice and u,, for
w € {1,2,3,4} gives the plaquette orientation [as defined in Fig. 4.1(c)], and Bn . 1s the magnetic
field operator at that plaquette. The adjective “compact” refers to the vector potential a,,» being
an angular variable. There is an important difference between the above gauge theory and the
compact U(1) gauge theory studied by Polyakov [235, 236, 259]—the gauge theory obtained
by Hermele et al. is an odd gauge theory, i.e., electric fields are half-integers, e, € Z + 1/2,
while the gauge theory studied by Polyakov was an even gauge theory, i.e., the electric fields

were integers, e, € Z. Because of this difference, the phases of the two theories differ. For
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readers familiar with the Schwinger model, we point out that the even and odd compact U(1)
gauge theories are reminiscent of gauge theories with a f-term in 1 4 1 dimensions at # = 0 and
6 = 7, respectively.

The phases of a gauge theory can be characterized by the interaction between two externally
added opposite electric charges separated by a distance R. If the potential between charges goes
to zero (or increases as at most log R in 2 4+ 1D) as R — oo, then the gauge theory is in the
deconfined phase. On the other hand, if the potential increases linearly with R or faster, then
these opposite charges cannot be separated, and the gauge theory is in the confined phase. In the
limit U — oo, the even gauge theory was shown to be in the confined phase in Refs. [235, 258],
while the odd gauge theory can be in either the confined phase or the deconfined phase [6]. This
can be understood intuitively as follows.

In the even gauge theory, in the limit U — oo, the electric fields are forced to be 0, e, = 0,
to minimize the energy in the absence of any external charges. However, in the presence of two
opposite external charges, the Gauss’s law requires that the electric field can no longer be zero

52

everywhere. The spreading of the electric field is, however, penalized by the term % Z(;«,w Cop -

This forces the electric field to be nonzero only in a narrow tube joining the two charges, leading
to a linearly rising potential between the two charges. Thus, in the limit U — oo, the even gauge
theory is in a confined phase, and there is no deconfined phase in this limit. This confinement of
charges has been shown in Refs. [235, 236, 258, 260].

On the other hand, in an odd gauge theory, in the limit U — oo, the electric field can take
two values, e, = £1/2. This results in frustration, i.e., allows for many configurations of the
electric field, so that the ground state in this limit is non-trivial. When two external charges are

introduced, the electric field is not necessarily confined in a string between the charges, but can
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spread in space similar to the familiar Coulomb-law field lines of a non-compact U(1) gauge
theory. This suggests that it is possible for the odd gauge theory to be in the deconfined phase
even in the U — oo limit. In fact, the odd gauge theory on the pyrochlore lattice (4.14) is indeed
in the deconfined phase in the U — oo limit [16, 17, 238].

Hermele et al. have shown that the dimer model with the Hamiltonian Eq. (4.10) is de-
scribed by the deconfined phase of the underlying compact U (1) gauge theory close to the RK
point (for Vpx smaller than Jy,, but close to Jine). This phase is the U(1) quantum spin lig-
uid. It has three types of emergent excitations—gapless photons, gapped magnetic monopoles
and gapped fractionalized electric charges, also called as spinons. The spinons are the tetrahedra

which violate the constraint on rn, Eq. (4.8).

4.2.3 Previous numerical work

In this section, we summarize some of the known work on the dimer model with the Hamil-
tonian Eq. (4.10) and on the nearest-neighbor transverse-field Ising model on the pyrochlore lat-
tice.

Using quantum Monte Carlo simulations, Refs. [16] and [17] studied the range of Vi [see
Eq. (4.10)] over which the U(1) spin liquid exists. They found that the spin liquid is present
in the range —0.5Jing < Vgx < Jung for the dimer model with ny, = 2 and in the range
0.77Jing < Vrr < Jring for the dimer model with ny = L The dimer model with ny =3 is
equivalent to the one with ny, = 1 by a particle-hole transformation. These numerical results are
summarized in Fig. 4.6.

While a theory proposal to realize the RK potential exists [247], the RK potential is a six-
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Figure 4.6: For p € (3/2,5/2), corresponding to ny, = 2, the system is in the U(1) spin liquid
phase at Vzi = 0 [16]. On the other hand, for p € (1/2,3/2) and p € (5/2,7/2), corresponding
to ny = 1 and 3, respectively, the system is in an ordered phase at Vi = 0 [17]. Note that for

p = 1/2,3/2, and 5/2, the perturbation theory described in Sec. 4.2.1 does not apply, and we
cannot comment on the phase of the system.

body term for the pyrochlore lattice and is difficult to engineer experimentally. Thus, we focus
on the case where Vp = 0. From Fig. 4.6, we see that to obtain a spin liquid phase for Vi = 0,
one must have ny = 2, which corresponds to 3/2 < p < 5/2. In the cases ny = 1 and 3, the
system is in an ordered state when Vzx = 0. Hence, in conclusion, assuming the long-range
interactions [, 5 can be ignored, we expect that, in the limit {2 < V, the Rydberg system will be
in a U(1) quantum spin liquid phase for 3/2 < p < 5/2.

When p = 2, or equivalently 4 = 0, and the long-range interactions Hypp are ignored,
the Hamiltonian of the system Hy + Hg in Eq. (4.6) is the transverse field Ising model on the
pyrochlore lattice. For 2 < V, we know from the perturbative analysis of Sec. 4.2.1 and Ref. [17]
that the system is in the U(1) quantum spin liquid phase. For large 2/V', where perturbation
theory cannot be applied, Ref. [18] found using quantum Monte Carlo calculations that the U (1)

spin liquid exists in the region 2 < 0.55(5)V, while, for Q@ > 0.55(5)V, the system is in a
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transverse-field-polarized (TFP) phase, which extends to 2/V — oo where the ground state is
polarized in the x-direction. This transition was also studied in Ref. [261] using perturbation
theory, where a transition was found at €2 ~ 0.6V.

The effects of adding a third nearest-neighbor interaction, Vin, to the dimer model were
considered in Ref. [262]. It was found that the quantum spin liquid transitioned into an ordered
state (antiferromagnet [263]) at Vinn & Jiing. Thus non-nearest-neighbor interactions can desta-
bilize the quantum spin liquid. In fact, in a 2D model with neutral atoms located on the bonds
of a kagome lattice (same as the sites of a ruby lattice), a spin liquid ground state was found if
the interactions were short-ranged using DMRG on cylinders [207, 218]. However, with the full
long-range van der Waals interactions, the spin liquid ceased to be the ground state [207, 218].
While these works suggest that long-range interactions could destabilize the quantum spin liquid
and favor an ordered state, it is not always the case as was discovered in Ref. [264], where the de-
generacy of the ice manifold was preserved despite the introduction of a dipolar-like long-range
interaction. We note that, despite the faster decay of van der Waals interactions compared to
dipolar-like interactions of Ref. [264], the former splits the degeneracy of the ice manifold (see
Sec. 4.3.1.2). Thus, in our work, it is important to study the effects of the van der Waals interac-
tion more closely. In the following section, we will study the phase diagram of Hamiltonian (4.6)

in the presence of long-range interactions, using approximate methods.

4.3 Phase Diagram—Approximate Methods

The goal of this section is to study the ground state phase diagram of Hamiltonian (4.4) for

= 3.46V (which corresponds to p = 2) including long-range interactions Hig.
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4.3.1 Confinement-deconfinement transition—Monte Carlo assisted perturba-
tion theory

Consider the full Hamiltonian H = Hy + Hq + Hi g from Eq. (4.6) in the case p = 2 [see

Eq. 4.7)]: ,

M DA

A NI AN (4.19)

A N A V / a 6.
i v J

The long-range interaction Hixr splits the exponential degeneracy of the ice manifold, and selects
one configuration diagonal in the 57 basis as the ground state of ﬁo + fILR, which we call the
“ordered state”. On the other hand, Hq, prefers superpositions of ice rule obeying states, the U (1)
quantum spin liquid (QSL) being one such superposition. Further, we also note that quantum
fluctuations around the “ordered state” due to H may also lead to a change in its energy relative
to the QSL. It is this competition between kinetic energy and long-range interactions that we will
study in this section.

We first show that the ground state in the classical limit 2 = 0 is the zero-momentum state
satisfying the ice rule which we call the “ice ferromagnet”. We assume that, as one increases {2,
there is no phase transition to a different ordered state before the putative transition to a QSL. In
order to determine whether a QSL phase exists and, if yes, at what €2 the transition to the QSL
occurs, one needs to compare the energies of ansatz wavefunctions of the QSL and the ordered
state. When €2 # 0, such wavefunctions would necessarily involve configurations that violate the
ice rule. We incorporate the effect of nonzero €2 on the wavefunction using perturbation theory.

Our strategy is as follows. We treat H 1 = fIQ + fILR, i.e., both the laser driving term and the
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long-range interactions, as a perturbation to Hy (unlike Sec. 4.2.1, where we dropped Hir). We
perturbatively find an effective Hamiltonian He acting on the low-energy ice manifold. We then
compare the expectation value of [:[eff in candidate wavefunctions that live entirely in this low-
energy space. Since a QSL wavefunction is a linear superposition of exponentially (in system
size) many ice rule obeying states, we calculate <Heff> numerically using classical Monte Carlo

sampling (code available online, see [265]).

4.3.1.1 Expression for f[eff

We perform a Schrieffer-Wolff transformation
H = UsHUY = Us (Hy + Fo + Fie) U, (4.20)

for a unitary Ug = ¢S, where S is an anti-hermitian operator chosen to make H block-diagonal

in the (degenerate) eigenbasis of ﬁo, ie.,

A
= A~

H=PHP+ (1 —P)H(1 - P), 4.21)
where P projects onto the ice manifold. In the remainder of this chapter, we will restrict ourselves
to the low-energy sector and therefore only consider the H.; = PHP term above. We calculate
Heff perturbatively in H 1= [:IQ + [:ILR (see Appendix B of Ref. [266] for general expressions

of _Heff). As we saw in Sec. 4.2.1, if we consider only ]:[Q as the perturbation, then the first
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non-trivial term appearing in H.q is —Jring 20 £3) (22| + H.c., where

Jring = %3—? +0 <8—i> . (4.22)
Since we are performing perturbation theory in two operators Hgq and H , each of them comes
with its own small parameter. Since the perturbative expansion will involve polynomials in these
two small parameters, there is some arbitrariness in deciding how to compare the two parameters
relative to each other and thus in how to truncate the expansion. In our calculation, we follow
an operational scheme of keeping all the terms up to sixth order in Hq + Hig. Following this

truncation scheme, we get (up to additive constants)

He = — Jing Y §3) (2] + Hec.
O
02 10
V 18V (4.23)
2
(2 77(3 T4
o (VR + W+ R
QO (152 - (o) 2qo ~ (9
(2 - L )

A~
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where

(2
WIER) - Z Z U] klvj ko Skl SkQ’

J ki#j
ka#j
~(2) _ 109 A A
LLR = 432 § :5(j17j2>vj1,klvj2,k2slilSlzg7
J17#k1
JoFks

~

M]ER = 27 Z 5]1 J2) Vi, k1 Vs, kQS Sklsz Sk27

J1#£k1
JoFks

z
LR = § § :UJ k1 Vj k2 Vg, k35k15k25k35‘7

—~— if x;, x; are not nearest neighbors,
|o; —; | e

0 otherwise.

In the above equations, d; ;) enforces ¢ and j to be nearest neighbors.

The expectation value of the Hamiltonian (4.6) in a given state | V) is

() = (] 08) (UsHUL) (Os ) -

(4.24)

(4.25)

(4.26)

(4.27)

(4.28)

(4.29)

(4.30)

Suppose Ug |¥) (i.e., | ) transformed by the Schrieffer-Wolff transformation) lies entirely in the

ice manifold, then using Eq. (4.20), we get

(W|H|C) = ((U|UL) Har (Us|9)) -

173

(4.31)



For the ground state, |¥,) of the full Hamiltonian H, Us |¥,) lies entirely in the ice manifold.
Thus, we pick an ansatz wavefunction for Us |W) that also lies entirely in the ice manifold and
compute the expectation value of H_g; in our ansatz state to get the energy. Before describing our

ansatz states in Sec. 4.3.1.3, we first consider the limit {2 = 0 in the next section.

4.3.1.2 Classical ground state of the long-range Hamiltonian

Here, we will find the ground state selected by long-range interactions in the limit {2 =
0 where there are no quantum fluctuations. The Hamiltonian is f[al = Ho + H Lr- We find
the ground state by going to the Fourier space. Since the pyrochlore lattice is an FCC lattice
with a four-site basis, we use the notation 357 ,, for spins where r is an FCC lattice vector and
p € {0,1,2,3} labels the sites within the basis. The spin S‘iu is physically located at r +
e,/2 where e, are the vectors joining a diamond A site to a neighboring diamond B site. (See
Fig. 4.1(b) for the precise definition.) Using the Luttinger-Tisza method [267, 268, 269], we
are able to determine the exact ground state of the classical Hamiltonian at {2 = 0. We explain
this calculation below. As we are considering the classical limit in this section, we drop hats on

quantities which would otherwise be operators. The Fourier transform of S5, is

S:, = A > ersi (4.32)
u.c. k

where N, . is the number of FCC unit cells. Substituting this in H, we get

Hy=> VxSt S (4.33)

pov,k
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where k is a vector in the Brillouin zone of the FCC lattice and V), i is the Fourier transform of

the van der Waals potential:

Vv ikor a 6
Vuu,kzgg:ek (|r+(e )/2|> . (4.34)

TR

Diagonalizing the matrix V,,, i for each k gives

Hy =Y el Sl (4.35)
wk

where S{f ., isrelated to S , through a multiplication by a unitary matrix U,k which diagonalizes
Vi x: S{ju = >, UwxSE - Recall that S7 | is either +1/2 or —1/2. This imposes the following

constraint:

SIS =S8, =D (82,)" = Nue. (4.36)
k,u k,u

T
From Eq. (4.35), the energy can be interpreted as a weighted sum of €y ,, with the corresponding
weights being |S{f M‘z_ Because of the constraint in Eq. (4.36), the energy is minimized by having
the full weight on the smallest €y, and no weight on the rest of the €y ,. This holds provided
that such a configuration of S{ju in the momentum space corresponds to some configuration in
the real space where S; , are 1/2.

Calculating the Fourier transform of the long-range potential, Eq. (4.34), and its eigen-

values ¢y ,, we find that the minimum of €y, occurs for k = 0 and is triply degenerate. In
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particular,

U1 V2 V2 U9

Vg VU1 V2 Vg
V,uy,k:O = ’ (437)

Vg Vg U1 U2

Vg Vo V2 V1
where v; = 0.113V and vy = 1.12V. Its eigenvalues are €9y = 3.46V and €91 = €92 = €03 =

—1.004V. The unitary that diagonalizes the above matrix also relates S{f , 1055, as

oo 1 1 1 6o
o1 N ! G
— - . 4.38
5 (4.38)
Sea 1 -1 1 -1 Go
Ses I -1 -1 1 Gs

)

Since €g1,€0,2 and ¢ 3 are the minimum eigenvalues, the energy is minimized by having all
the weight distributed between S{fl, 5622 and Séf3 and no weight on the remaining S{f ,» that is,
S{(;Q , = 0and S{fo = (. There indeed exist states satisfying these two conditions. The first
condition, S{{;Q y= 0, implies that the ground state is a k = 0 state, while the second condition,
Séfo = 0, implies that the ground state satisfies the ice rule (so that the total spin, which is S{fo is
0), see Eq. (4.38). There are six such states, and we refer to them as the “ice ferromagnet” or “ice
FM?” states. One of these is shown in Fig. 4.7. We note that ice ferromagnet is one of the “chain
states” that were described in Ref. [251]. We here point out an interesting question: if we add

a next-nearest-neighbor S#S7 interaction to Hy, do the ground states of this new Hamiltonian
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Figure 4.7: An ice ferromagnet state. It is an ice rule obeying state (i.e., np, = 2 on every
tetrahedron) with k = 0. All the up-pointing tetrahedra are copies of each other. The same is
true for the down-pointing tetrahedra. There are six (*C5) such states, and together they make up
the ground subspace of H,.

satisfy the ice rule and are they also “chain states” as described in Ref. [251]?7 We leave it for

future work to answer this question.

4.3.1.3 Ansatz wavefunctions for the ordered state and for the quantum spin
liquid
We now assume that, as one increases ) starting from ) = 0, the ground state remains
adiabatically connected to the ice ferromagnet derived in the previous section till the point where
it undergoes the putative phase transition to the QSL. Therefore, our ansatz for the ordered state
is

Wora) = UL |Uipm) (4.39)

where |Wigy), a product state in the S= basis, is the k = 0 ice ferromagnet defined Sec. 4.3.1.2.

This configuration is given by Sy , = %5# (independent of r), where (g¢, €1, £9,€3) = (1,1, -1, —1).
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We note that there are six such choices for ¢,, that satisfy the ice rule. We pick one such choice,
but our calculations are not sensitive to which one we pick. |¥gy) lives entirely in the ice mani-
fold. Left-multiplication by U g takes it back to the original Hilbert space with ice rule violations.

Our ansatz wave function for the spin liquid state is

[Wos) = UL [Wgk) , (4.40)

where |Wgx) is a uniform superposition of all dimer coverings [253] of the diamond lattice (with
ng = 2). [Pgk) lives in the ice manifold. Like before, we left-multiply it by U ; to take it back to
the original Hilbert space. The justification for our choice is the following. |¥rk) is the ground

state of the dimer model at the RK point [see Eq. (4.10)]. When the RK potential is zero,

Wgk)
has an energy expectation value of —4 N, ¢ JinsTnip, Where i 18 the average fraction of flippable
hexagons in the RK wavefunction. We find numerically that 7, = 0.1757 (also calculated in
Ref. [6]). Therefore, the energy of |Wrk) is —0.7028 Jing Ny .. Which is not too far from the ground
state energy of the dimer model (4.12) found in Ref. [16] to be —0.756Jing Nyc.. Even though
|Wrk) has slightly higher energy, it has the advantage of being simpler to sample by classical
Monte Carlo. This explains our choice.

For comparison, we will also calculate the energy of a different ordered state |V! ) =
U ; |Wiapm) that we call an ice antiferromagnet. Here |Wiary) is an ice rule obeying state with
ordering wave vector k = 7 (b; + by), where by, b, and bs are primitive reciprocal lattice
vectors of the FCC lattice satisfying a; - b; = d;;. This state is known elsewhere in literature as

the 27(001) state (this nomenclature uses an enlarged cubic unit cell of the FCC lattice) [263,

270, 271].
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Operator |Wrk) |Wirm) | W1arm)

R 0.70288(4) N. 0 0

~

Hir 2.6037(1) x 1072 N, —0.4002 x 1072N,..  3.8722 x 1072N,.

A

W2 1.11778(1) x 103N, 0.01642 x 1073N,..  1.4994 x 103N,

LB —27467(3) x 107 Nye,  —0.0829 X 107" Ny —7.5662 x 104N,
M 2.96(3) x 1073 N, 0.073 x 1073 Ny 6.66 x 1073 N,
W) 5.25(4) x 10°Nye.  —0.00665 x 107 ° Ny, 5.81 x 1077 N,
W —357(2) x 105N, —0.0309 x 10~N,..  —5.35 x 1075N,,

Table 4.1: The expectation values of the operators in the left column in ansatz wavefunctions
|Wrk), |Uirm) and |Wiapm) respectively. The operator R is defined as R = 3" £3) (€3] + H.c. In
the RK wavefunction, <\I/RK|R\\IIRK> = 4ngip,Nyc.. To calculate expectation values in |Wgk), we
have used classical Monte Carlo sampling.

4.3.1.4 Numerical results—energy expectation values and phase diagram

We now describe our computation of the expectation value of f[eff [see Eq. (4.23)] in |Wgk),
|Wipm) and in |Wiapm). While the expectation value in |Wigy) and |Wiapy) can be computed
straightforwardly, the expectation value in |Wrk) requires classical Monte Carlo sampling. We
use a system with 8 x 8 x 8 unit cells (i.e., containing 2048 pyrochlore sites) with periodic
boundary conditions in the a;, as, and a3 directions. We restrict our sampling to sectors in which
the total electric flux piercing through any 2D torus cross-section (as defined in Sec. IV B of
Ref. [6]) is 0. Our sampling is done using loop moves as described in Refs. [6, 270, 271] — in
each Monte Carlo run, we perform 512 x 500, 000 loop moves. We calculate ngip, Hir, W]Eﬁ) and
L£2R) after every 512 loop moves, i.e., we take 500,000 data points. We calculate ML(?, WL(;‘?, and
WL(I? after every 512 x 10, 000 loop moves, i.e. we take 50 data points. We repeat this procedure
for 9 independent runs in order to calculate the uncertainties. Our results are summarized in

Table 4.1. With these values at hand, we calculate the expectation value of [:[eff using Eq. (4.23)
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Perturbation theory — energy comparison
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Figure 4.8: (Heg) in |Wrk), |Yipm), and |Wiapm) calculated by inserting the values in Table 4.1 in
Eq. (4.23).

in |Wrk), |Yirm), and |Wiapm ), and the result is plotted in Fig. 4.8. As we turn on 2, the transition
point () can be determined within our approximation as the {2 for which the energy of the ice
ferromagnet becomes higher than that of the RK wavefunction, as calculated using Eq. (4.23).
We find

Qc = 0.43927(1)V. (4.41)

We note that there are three sources of uncertainty: (1) truncation of the perturbation series
in Eq. (4.23), (2) evaluating energies in ansatz state |Wrk) instead of the true eigenstate of Heff,
and (3) the uncertainty in the Monte Carlo calculation. The uncertainty reported in Eq. (4.41) is
only the uncertainty arising from the Monte Carlo calculation.

There is an important question on whether our use of perturbation theory is justified. First,
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we argue that treating H, p perturbatively is justified. {FILR}, {WL(?, ZALSR), ML(ZR)}, {WL(I?;)}, and
{Wéﬁ)} are sets of operators that are first, second, third, and fourth order respectively in Hixg.
As we can see from Table 4.1, the expectation values of these operators in |V), drops by an
order of magnitude each time one goes one order higher in Hig. Next, is perturbation theory in
Hq justified, given that our calculated {2¢ is outside the 2 < V regime? We observe that the

leading contribution to Jyy,, that we dropped, % (QVC})B = (0.018V [261], is smaller than the

> 16 Vo

one we kep = 0.028V. If we had kept higher order contributions to Jyy,, it would only
decrease the energy of the QSL relative to the ice ferromagnet and ice antiferromagnet. Further,
the energy of the QSL that we present is a conservative estimate since we used the RK wave-
function which has higher energy than the true ground state of Hamiltonian (4.9). This gives us
hope that our result obtained using perturbation theory is qualitatively correct. In Appendix D.1,
we further address the issue of convergence of the perturbation theory by calculating the Borel-
Padé approximants of the perturbative energies of the three ansatz states. We find that using the
Borel-Padé approximants for the ice FM and the ice antiferromagnet does not change the phase
diagram qualitatively, while the Borel-Padé approximant for the RK wavefunction does not cap-
ture the energy reduction coming from quantum fluctuations. However, rigorously ascertaining
the convergence of our perturbative expansion is beyond the scope of this work.

Within our approximation, for {2 < ), the ground state is an ice ferromagnet, an ordered
state satisfying the ice rule. For ) > ()¢ but also close to {2¢, the ground state is in the QSL
phase, i.e., the deconfined phase of a U(1) gauge theory. From the point of view of the QSL, the
ordered ice ferromagnet state is obtained when monopole excitations of the spin liquid proliferate,
and the monopole-antimonopole string operator, to be defined in Sec. 4.4.2, Eq. (4.74), acquires

an expectation value. As a consequence of this, the fractional “electric charges”, or spinons, get
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confined [235, 236]. The monopole creation operator (see Sec. 4.4.2 and Ref. [6]) is diagonal in
the S* basis, and acts in the sector that obeys the ice rule. It is thus plausible that the confined
phase is indeed the ice ferromagnet. While our calculation provides microscopic intuition for this
transition, we emphasize that, to prove the existence of, locate and characterize this transition

accurately, one needs to do a more careful quantum Monte Carlo calculation.

4.3.2 Large (2—Higgs transition

From the Hamiltonian in Eq. (4.6), it is clear that, in the limit {2 > V/, the ground state is
a transverse-field-polarized (TFP) state, i.e., a product state of (|g) — |r)); at each site 7. Thus, as
Q) is increased away from ()¢, the system should eventually go through a phase transition from
the putative QSL phase into the TFP phase. From the point of view of the QSL, this is a Higgs
transition because the operator S7 that acquires expectation value in the TFP phase creates a
pair of “electric”’-charge excitations in the spin liquid. The perturbation theory in Q2 /V" that we
performed in Sec. 4.3.1 relies on the ability to go to a basis where the Hilbert space decouples
into ice rule obeying and ice rule disobeying sectors separated by an energy gap of V. But the
ground state in the {2 > V limit (TFP) straddles both of these sectors. So we do not expect
perturbation theory in 2/V to capture the phase transition into the TFP phase that contains the
) — oo ground state. Hence, we will present an indirect reasoning below. In the 2 < V' limit,
Hir was important, since it was the dominant term splitting the degeneracy in the ice manifold.
On the other hand, in the vicinity of the putative Higgs transition, Hixr may not be as important
since the largest term in H g has magnitude V//27, and as justified above using Table 4.1, the

effect of ﬁLR is indeed perturbative. Therefore, we drop fILR as a zeroth-order approximation
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Figure 4.9: Approximate ground state phase diagram of the Hamiltonian in Eq. (4.6). The ground
state for {2 = 0 was calculated exactly to be an ice ferromagnet (ice FM) in Sec. 4.3.1.2. We as-
sume that, as € is increased, no phase transition occurs to a different ordered state. The transition
point from the ice ferromagnet (confined phase) to the QSL (deconfined phase) at 2 ~ 0.44V
is obtained by comparing energies of ansatz wavefunctions in the effective Hamiltonian obtained
using perturbation theory in Hgq and H . For the Higgs transition to the TFP phase, we make
an approximation by dropping H k. in which case Q was calculated in Ref. [18] to be 0.55(5).

for calculating the Higgs transition point. The resulting Hamiltonian is the transverse field Ising
model on the pyrochlore lattice. Refs. [18] and [261] studied this model and found the transition
point 2 to be at Qy = 0.55(5)V and 0.6V respectively. This leads us to expect that, in the
window 0.44 < € < 0.55, the ground state may be a QSL, leading us to sketch the phase
diagram shown in Fig. 4.9. Within our approximation, {2c < 2 and there is a window where
the QSL is the ground state. However, the introduction of Hig may result in a lowering of the
energy of the TFP state relative to the QSL. Calculating this effect and verifying that this does not
bring down Q2 far enough to destroy the QSL phase requires a more careful calculation which is
beyond the scope of this work. We note that, to be certain about the existence of all the phases we
found and about not missing any additional phases, a more detailed quantum Monte Carlo study
is required, and we leave it for future work.

In the remainder of this section, we provide some intuition for the Higgs transition by

performing a gauge mean field theory (gMFT) calculation introduced in Ref. [272].
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4.3.2.1 Gauge mean field theory—Higgs transition

The main idea of this approach is to first recast the microscopic Hamiltonian as an exact
gauge theory by introducing ancillary degrees of freedom followed by a mean-field decoupling
of the interactions. This theory involves bosonic charges hopping in the presence of a fluctuating
gauge field whose mean-field value is chosen self-consistently. If this mean-field gauge-field
configuration is such that the hopping amplitudes of the bosonic charges is 0, then the theory
is in a confined phase. If not, the theory is in the deconfined phase as long as the bosons do
not condense. If the bosonic charges condense, then the theory is in a Higgs phase, which is
adiabatically connected to the TFP state.

Concretely, the construction is as follows. For r € A, where A is a sublattice of the

diamond lattice,

~ A

— Hfet
r—rte, — (I)I'Sr%rﬁ»e#q)l‘%-e;n (442)

at

B _ A+ &y .. At _
where 5.1, =5 = S, (and similarly 5", ., = Srtey/2

— et T
r+e, /2 = s, ) lives on a bond of

the diamond lattice connecting sites r and r + e, (recall that centers of the bonds of the diamond
lattice are sites of the pyrochlore lattice). 7 is also a spin-1/2 operator and has eigenvalues +1/2.

Here, <f>l serves as a raising operator for Qé@r = ne(fy, — 2), wheren, = 1 forr € A and

n. = —1 forr € B. For convenience, we drop the symbol £ from now on. Q. and (fDI satisfy
the commutation relation: [Qr, Cﬁﬂ = @I Note that &, is not a canonical boson but a rotor
satisfying

PId, = 1. (4.43)

To recover the original spin Hilbert space, one imposes the constraint that the total gauge charge
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atris

Qe =1 Y 8o (4.44)
I

Rewriting the Hamiltonian (4.6) in terms of the fictitious variables, Qr, d, and Sy, We get

A5 Y G5 % (0l bere, + He)

(4.45)
1
+ - Z ZVW(r r')s; 8,
rr’'cA p,v
6
where V,,(r — 1) =V (%IW) whenever (r, ;1) and (r', v) are distinct and are not

nearest-neighbors. V), (r — r’) is O otherwise.

Following Ref. [272], we perform the zeroth-order mean-field decoupling: Pids — diP (8)+
<(f>T(f>> s— <(i>*(i>> () and 85 — § (8) + (3) § — (8) (s) (where & could either be §*, §7, or §*). Upon
doing so, the Hamiltonian decouples into a Hamiltonian of bosons hopping on the diamond lattice
and a Hamiltonian of spins in an external field, which itself is set self-consistently by the Green’s
function of the bosons. Before solving the resulting theory, one needs to enforce the constraints
(4.43) and (4.44) using Lagrange multipliers A, and v,, respectively. Within the mean-field the-
ory, it is assumed that these Lagrange multipliers take a spatially homogeneous value at the saddle
point. We then find the minimum value of QY such that, for any Q > QYF it is possible to self-
consistently choose A only by macroscopically occupying a boson mode. This Q¥ marks the
location of the Bose-Einstein-condensation transition (or Higgs transition within the mean-field
theory). We find O ~ 0.7V. In Appendix D.2, we present more details of this calculation. An
artifact of this technique is that, although we include long-range interactions in our calculation,

they do not play any role at the saddle point near the Higgs transition. Therefore, the final steps
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and result of our calculation are identical to the ones carried out in [256].
In Appendix D.2, we also point out a major limitation of this technique in the small-{2 limit

that may not have been appreciated in previous literature on gauge mean field theory.

4.3.3 Comments on dynamical state preparation

So far, we have focused on the nature of the ground state of Hamiltonian (4.6) as a function
of Q2/V. However, what is often experimentally relevant is the nature of the state prepared by a
ramping of parameters in a finite amount of time. In the context of the experiment in Ref. [207], it
was shown in Ref. [273, 274] that a state in the same phase as the Z, gauge theory can be prepared
by a non-equilibrium time evolution starting from a trivial state. In the context of the experiment
in Ref. [207], it was shown numerically in Ref. [273] that a state with a large overlap with the
RVB state can be prepared by a non-equilibrium time evolution. The question of dynamical state
preparation was also studied in Ref. [274]. Here, we will present an adaptation of the conclusions
of Ref. [274] to our setting.

The excitations of a U(1) QSL are gapless “photons”, magnetic monopoles, and “electric
charges” (spinons). The transition of a QSL to an ice ferromagnet is driven by the condensation
of monopoles, while the transition to the TFP phase is driven by the condensation of spinons.
The gapless “photons” are not directly involved in these transitions. Also, a state with “photon”
modes excited on top of a QSL state is still in the deconfined phase of the U(1) gauge theory.
This allows us to ignore “photons” in this section. Since the confined phase, ice ferromagnet has
an extensive number of monopoles, we use the difference per unit cell between the energies of

the QSL and ice ferromagnet states as a proxy for the monopole energy scale. At 2 = 0, this
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Figure 4.10: A qualitative sketch of the energy scales (per unit cell) in our problem. For Q2 > Q,
the ground state is a U(1) QSL. Ice ferromagnet is the ordered state obtained when monopoles
proliferate, i.e., the ice ferromagnet has an extensive number of monopoles. We therefore use the
energy difference per unit cell between the QSL and the ice ferromagnet at {2 = 0, obtained in
Table 4.1, as a proxy for the monopole energy scale. This scale ~ 0.03V" is much smaller than
the spinon energy scale (“electric charge”), which is ~ V.

difference is <<]:ILR> osL <]:ILR>IFM> /Ny =~ 0.03V (see Table 4.1), which is much smaller
than the spinon energy scale (see Fig. 4.10 for a sketch). Suppose one starts with an initial state

(for a small e ~ Q/V)

V(=) = @i (lg); +€lr);) (4.46)

which is the ground state in the limit of large negative 4 /1 and small 2/V. As shown in Sec. 4.2,
the classical ground state lies in the ice manifold when 6 € (2.46V,4.46V"). Now suppose that
0 is ramped up from its initial large negative value to a value in this range such that the ramp

is adiabatic with respect to the spinon gap V, but is sudden with respect to the monopole scale
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~ 0.03V, while keeping 2/V < 1. Using arguments in Ref. [274], this protocol will not prepare
the ground state, which, from Fig. 4.9, is an ice ferromagnet. Instead, it will (approximately)
project out violations of the ice rule (due to adiabaticity with respect to the spinon scale) from

the initial state “I/(tzo)>. The resulting final state is

Una) & P {@; (|lg); +€|r),)} = Vi), (4.47)

where P is the projector onto the ice manifold. The projected wavefunction is an equal-weight
superposition of all coverings, which is simply the RK wavefunction and which lies in the QSL
phase [6]. There is one catch to the above argument—the spinon gap closes during the above
ramp. So it is impossible to be sudden with respect to the monopole scale and yet be strictly
adiabatic with respect to the spinon gap throughout the ramp. For a short duration (while the
ramp is going through the spinon gap closing), adiabaticity with respect to the spinon gap will be
violated. By the Kibble-Zurek mechanism, the resulting state is composed of finite-size puddles
of QSL-like regions with a nonzero density of spinons interspersed [274, 275, 276, 277]. Thus,
in summary, there are two different ways in which one can prepare a U(1) QSL-like state in

experiment and study a confinement-deconfinement transition'.

1. Q/V <« 1: Perform a ramp of § starting from a large negative value and ending in the
range (2.46V,4.46V') for a fixed ©2/V < 1 such that the ramp is adiabatic with respect to
V' (spinon gap) but sudden with respect to the monopole scale (~ 0.03V"). Even though

the ground state is not a QSL for these parameters, this procedure would create puddles

"We note that the confinement-deconfinement transition of U(1) gauge theory in 3+1D is strictly speaking, a
ground state transition [259, 278]. Therefore, in this chapter, when we use the phrase confinement-deconfinement
transition, we mean signatures of this transition in a finite-size state prepared in finite time.
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of QSL-like regions by the argument in Ref. [274]. To see a deconfinement-confinement
transition, the ramp of § should be slowed down and, once it is adiabatic with respect to the

monopole gap, an ordered, i.e. confined state will be prepared.

2. Adiabatic: Perform a ramp of J starting from a large negative value and ending in the range
(2.46V,4.46V) and a ramp in € starting from €2/} < 1 and ending in a final value (2,
such that both ramps are adiabatic with respect to the monopole scale always. The two
ramps can be performed simultaneously, or such that the ramp in § precedes the ramp in €.
This would approximately create the ground state of Hamiltonian (4.6). As the final value
24 goes through (2 (25), the nature of the final state prepared this way goes through a

confinement-deconfinement (Higgs) transition.

We note that the first method above can prepare a state with a large overlap with the RK wave-
function even if the true ground state of the system is not in the QSL phase. Once a state is
prepared by either of the above schemes, one needs to devise measurements that can tell whether
the state is in the confined phase or in the deconfined phase. We address this in the following

section.

4.4 Diagnosis of the quantum spin liquid

Access to wavefunction snapshots in the Sz basis, combined with access to unitary evolu-
tion, allows one to use the Rydberg-atom platform to measure non-local observables, a feature
generally unavailable in traditional condensed matter systems. In this section, we describe some
measurable correlators which can be used to observe the signatures of a quantum spin liquid state.

In this section, we assume that the detuning is chosen such that p = 2.
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4.4.1 Plaquette-plaquette correlators

The plaquette operators are off-diagonal in the S# basis. Thus they can distinguishing a
coherent quantum superposition from a classical admixture of states. We define two plaquette

operators Xp and Yp for a hexagonal plaquette P of the pyrochlore lattice as

6

- T165).

i=1
5 (4.48)

YP = H (2*?;171) (2‘§gz> )

i=1
where 1,2, ..., 6 denote the sites around a plaquette P. We are interested in the following two
connected correlators of the plaquette operators:

(XpXp)e = (XpXp) — (Xp)(Xpr),
(4.49)

(YpYpr)e = (YpYpr) — (Vo) (Vpr),
where P and P’ denote two plaquettes of the pyrochlore lattice (see Fig. 4.11).
Either of the two correlators, (X P X p)c and (f/pffp/)c, can distinguish a QSL phase from
other phases including a classical spin ice (see Table 4.2).
We compare the two correlators and provide protocols to measure them. We assume
throughout that the two plaquettes P and P’ do not have any sites in common. We now explain

the behavior of these plaquette correlators in the ice FM, QSL, and TFP phases.
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Correlator Confined Deconfined | Higgs Classical Spin Ice
(Ice FM) (QSL) (TFP)

(XpXpr)e Exp. or | 1/R8 1/R*? Exp. or faster de-
faster decay cay

(YpYp)e Exp. or | 1/R* 1/R® Exp. or faster de-
faster decay cay

<MTM(r1 — r2)> Nonzero Exp. decay | Exp. decay | Exp. or faster de-
const. cay

X& Nonzero Exp. or | Nonzero Exp. or faster de-
const. faster decay | const. cay

M Nonzero Exp. or | Nonzero Exp. or faster de-
const. faster decay | const. cay

Gz Qz 4 6 4

(S5:S5;) Nonzero 1/R 1/R /R

const.

Table 4.2: Behavior of various correlators. Xp and Yp are plaquette operators defined in
Eq. (4.48). MTM(rl — ry) is a monopole string operator defined in Eq. (4.74). x& and
are Fredenhagen-Marcu order parameters defined in Eq. (4.82) and Eq. (4.87), respectively. In
this table, we have omitted the form factors multiplying 1/R* and 1/R® that are provided in
Eqgs. (4.66) and (4.93).

4.4.1.1 Plaquette correlators in the ice FM phase

We will determine the behavior of the correlators deep inside the ice FM phase, that is, for
) <« V. In this limit, the ice FM phase is a product state in the S basis with perturbative correc-
tions on top of it produced by Hy,. Our ansatz for the ice FM state is given by [Wo) = UL |Uypy ),
where U ; is the unitary that performs the Schrieffer-Wolff transformation [see Eq. (4.20)], and

|Wigm) is a product state in the 57 basis described in Sec. 4.3.1.2 and shown in Fig. 4.7.
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At zeroth order in Q/V, Ug = 1 implying (X p X p). = 0 because the diagonal components
of X p in the S* basis are zero. Similarly, <§7pr/)0 = 0 at zeroth order. A nonzero contribution
to the connected correlators is obtained only by terms in perturbation theory that are of an order
proportional to R/a. Thus, the plaquette correlators decay exponentially with distance in the ice

FM phase.

4.4.1.2 Plaquette correlators in the QSL phase

Here we provide alternative plaquette correlators which agree with the plaquette correlators
defined in Eq. (4.49) up to sixth order in 2/V. We then interpret them in terms of the gauge theory
to understand their behavior in the QSL phase.

Let |,) be the ground state of the system and let Ug = ¢S be the operator that implements
the Schrieffer—Wolff transformation so that Us HUY is the effective Hamiltonian in the ice man-
ifold. We use the same notation as Sec. 4.3.1.1 here. Thus |Wy) = Ug |¥,) is the ground state
of the effective Hamiltonian and lies in the ice manifold. Consider two new plaquette X and Y

operators defined as

(4.50)

First, note that

(Uo| XpXpr|To) = (Uo| X p X pr [ T). (4.51)

This can be seen by writing 23;7” = S’j + 5’; and noticing that the only terms that preserve the
ice rule are ring exchanges over P and P’. When the remaining terms act on a state in the ice

manifold, they either take it outside of the ice manifold or annihilate it. Thus the expectation value
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acting on a state in the ice manifold would either annihilate this state or give a state that violates
the ice rule on four of the tetrahedra surrounding P. An identity similar to Eq. (4.51) also holds

for the expectation value for a single plaquette X operator:
(Wo| Xp|Wo) = (To| Xp|T). (4.52)

Equations analogous to Eqgs. (4.51,4.52) also hold true for the plaquette Y operator. Now, |V ) =
|Wo) + O (Q/V), where the corrections of order /V come from the perturbation Hy,. Thus, one
would expect (X P X Pefu,) = ()% p)% Pr)e,w,) Up to first order in €2/V (The expectation values
are calculated in |V,) here). However, in Appendix D.3, we show that this is true up to sixth
order:

(XpXp)e = (XpXp)e+ 0 (V1) (4.53)
(VpVor)e = (VpVpr)e + 0 ((/V)) (4.54)

where the expectation values are again calculated in |¥,). We will ignore these sixth-order cor-
rections and now move on to understanding the behavior of ():( P)?’ pr)e and <§/p{}p/>c in the QSL
phase by mapping the operators ):( p and )2( pr to gauge fields.

Using the mapping between the spins and the effective U(1) gauge theory from Eq. (4.13),

we see that the operators Xp and Yp are equal to (twice) the cosine and the sine of the magnetic
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Figure 4.11: Notation for the plaquette correlators. P and P’ are two hexagonal plaquettes of the
pyrochlore lattice. r,r’, r + u,, and r’ 4+ u, are the sites of the dual diamond lattice. u, and u,
are vectors perpendicular to P and P’.

field operator l?r, u» Tespectively:

)%p = 2COS(é1 — ég + ég - é4 + éE) - ét‘)) = ZCOS(Br,u)a
(4.55)

Vp = 2sin(f; — 0 + 6 — 0, + 65 — b5) = 2sin(B,,,).

where r belongs to the dual diamond lattice [see Fig. 4.1(c)], and p € {0, 1,2, 3} labels the
direction of magnetic field. Bw is along u,, which are vectors joining an A site of the dual
diamond lattice to its neighboring B sites. These vectors are perpendicular to the plaquettes of the
pyrochlore lattice, see Fig. 4.11. The effective theory in the deconfined phase (QSL) is Maxwell
electromagnetism. Thus the distance dependence of the plaquette correlators can be determined
from the magnetic field correlator in the 3+1D continuum Maxwell electromagnetism.

Note that, for the plaquette correlators, we need the correlator of the magnetic field along
the normal to the plaquettes, u,, and u,, (see Fig. 4.11). This can be calculated by first calculating

the correlators of the Cartesian components of the magnetic field Er,i for i € {z,y, 2} and ap-
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propriately projecting them on u, and u,. In the 3 + 1D continuum Maxwell electromagnetism,
the correlator of the Cartesian components of the magnetic field can be evaluated analytically [6]
and we explain it here for completeness.

We first express the magnetic field in terms of the gauge field Au(r):

Be(t) = Y e (0;A(rt) — 0As(r,1)) | (4.56)

J.k€{z,y,2}

where i € {x,y, z}. Then we express the magnetic field in momentum space:

Bkﬂ'(ko) =1 Z €ijk <ijk<k, ko) — kkzzlj“(, kg)) . (457)

Jske{z,y,2}

Now the photon propagator in the Maxwell electrodynamics is given by

. . 1 Kk
A;(k, ko)A (—k, —k :—<5i-—L) 4.58
< ( ) 0) J( ’ 0)>0 K2 + k% 3J K2 + kg ’ ( )

where (-)g is the expectation value with respect to the Gaussian Maxwell action. Using Egs. (4.57)
and (4.58), the correlator of the magnetic fields in frequency-momentum space is

(Bri(ko) Bi—ko))o = — 57 2 (4.59)

Finally, the correlator in real space is obtained by performing a Fourier transform of the above

momentum space correlator. The equal-time real-space magnetic-field correlator is given by [6]

A 1 [/ RR;
(BoiBrj)o X = <2 S 5ij> = cg (R). (4.60)



Having obtained the correlator of the Cartesian components of the magnetic field, we now
project the magnetic fields along the normals u, and u, to obtain the correlator of the magnetic
fields along the plaquette normals. Thus the correlator of the magnetic field operators BW for

w € {0, 1,2, 3} on the pyrochlore plaquettes is

PN 1 R,R
(BouBrodo o o > (w)e(w), (2%—@,[), (4.61)

kle{z,y,z}

where By, is the magnetic field along the normal vector u,.

Now we return to the plaquette correlators and determine their behaviors in the QSL phase:

()zfp):(p& = <COS<B.—’“> cos(ér/’y>>0

(4.62)
= B0 cosh <BwBr’,v>0-
Similarly,
<§/p§/p/> = <SiH<Br’“> sin(Br/7y)>0 (463)
— ¢~ (B0 ginh <BewBer/7,,>0.
The connected correlators thus become
XpXp), = e B (cosh (B, By, —1
e - o )y =) (4.64
e~ P 2
~ (BeouBrw),
and
2 o2 —(B% , .
(VpYpr)e ~ © j : (BouBrw), - (4.65)
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Thus the connected plaquette correlators in the QSL phase vary as

_ 12

2 1 RiR
(Ko Xp)e o o | St (2708 —6) |
- . (4.66)

22 1 RiR
FoVode o g | (el (255 5, )|

k.l

where the summation is over k,1 € {z,y, 2z}, R =r — ¥/, and R is assumed to be large compared
to the monopole correlation length. The factors inside the square brackets are geometric factors,
which depend on the direction of the vectors u,, u,, and R, but are independent of the distance
R between the two plaquettes. Ref. [6] also separately studied the correlators precisely at the
RK point (which sits at the phase boundary between deconfined and confined phases) where the
effective field theory differs from the regular Maxwell theory. In the RK wavefunction, while the
behavior of the plaquette correlators differs from Eq. (4.66), it is still a power law with a slower
decay [6]. We note that, if the experimentally prepared state is close to an RK wavefunction (see

discussion in Sec. 4.3.3), then this distinction will be important.

4.4.1.3 Plaquette correlators in the TFP phase

Now we calculate the dependence of the two-plaquette correlators deep inside the TFP
phase, that is for 2 > V. Our strategy is to treat the van der Waals interactions, which we denote
in this section as Hy = Hy + Hig as a perturbation over Hq using perturbation theory. Recall
that Hy is given by

R Gz 6%
_VN o (4.67)
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The unperturbed ground state is simply the product state

)=

S¢=-1/2). (4.68)

Hy flips two spins at &; and x; with an amplitude proportional to V (a/|x; — ;|)°. The first-

order correction from perturbation theory is

6
)= g5 O (mf—wl> i,3). (4.69)
i J

pairs %,

where the summation is over all distinct pairs of sites ¢, j and

~

Sp=-1/2). (4.70)

ST =1/2) ®
! />k¢z‘,j

We find that the first-order terms in <X PX p)c are 0 and, up to second order in perturbation theory

(see Appendix D.4 for derivation),

V2a12 <2,j| Xp—l Xp/—l ’27]>
5 sl (X = 1) (Xr = 1) 16d)

Q2 vy |.’B,L — wj|12

(XpXpr)e x 4.71)

The matrix element in Eq. (4.71) is nonzero only if i € Pand j € P'ori € P’ and j € P. If the

distance between the plaquettes R is large, then we find
IR V2 /qN\12
(XpXp) o oo (2) 4.72)
Now consider the connected plaquette Y correlator. Note that the Hamiltonian Eq. (4.6)
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has a global Z, symmetry: S — —6% 8% — S and S¥ — —SY for h = 0. Under this
symmetry, Yp — —f/p, implying (f/p> = (. However, the product Ypffp/ is Zy-symmetric, and
its expectation value need not be zero.

Note that YpYp flips three spins of P and three spins of P’, where the spins are assumed
to be in the eigenbasis of S7. On the other hand, the perturbation Hy flips two spins in S7 basis.
Thus the first nonzero contribution in the perturbation series for <Ypr/>c can only be obtained
at third order or higher in perturbation theory. For a large distance between the plaquettes, the
dominant contribution to the plaquette Y correlator will come from the process where two spins
of P are flipped by one application of Hy, two spins of P’ are flipped by another application
of Hy, and one spin of P and another of P’ are flipped by the third application of Hy. Such
a process will give a contribution that will fall off with distance as (a/R)°®. Overall, in the TFP

phase,

(Vp¥p) o v (5)6. 4.73)

Since the plaquette correlators involve off-diagonal operators, they cannot be read out di-
rectly from the snapshots of a Rydberg-atom array. However, we show that they can be measured
by evolving the system under a modified Hamiltonian for a specific time duration followed by
measurement of a diagonal operator [207, 218]. We describe the protocols to measure both pla-

quette X and plaquette Y correlators in the sections below.

4.4.1.4 Measurement of the plaquette correlators

To measure the plaquette X correlator, one simply needs to change the basis from S7 o §7

on every site. This can be accomplished by abruptly changing the phase and the amplitude of
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the Rabi frequency, so that the new Hamiltonian is Hy ~ Qy > gzy with 2y > V. (Achieving
0y > V may require working with atom spacings that are sufficiently large and/or with Rydberg
principal quantum numbers that are sufficiently low, but not low enough to make Rydberg lifetime
a problem.) It is assumed that this change of the Hamiltonian is done sufficiently rapidly so that
the sudden approximation is valid and the state of the system does not change. Then evolve the
system under Hy for a time ty = 7/(2y), which amounts to a 7/2 pulse about the y-axis,
transforming S? into S7. Finally, measure all the atoms in the {|g) , |r)} basis and get <§f> in
the final state, which is the same as the <§f> of the state right before the sudden change of the
Hamiltonian. The connected plaquette X correlator can be calculated using these values of <5’f >

The procedure to measure the connected plaquette Y correlator is similar to the procedure
for measuring the plaquette X correlator, except that now the /2 pulses on sites 2i for i =
1,2,...,6 are about the z-axis on the Bloch sphere while the 7/2 pulses on sites 2i — 1 for
1 =1,2,...,6 are around the y-axis, where the sites 1 to 6 are on P and those from 7 to 12 are
on P’. These pulses transform 5‘;} — S;i and 5"%_1 — g;fl. After applying these 7/2 pulses,
<§f> is measured by taking snapshots of the array and the connected plaquette Y correlator is
calculated from it.

We note that the power-law decays of the plaquette correlators in the QSL and the TFP
phases are very rapid, and it might be difficult practically to distinguish them from an exponential
decay. This connected plaquette Y correlator has an advantage over the connected plaquette X
correlator with regards to this issue because the power law decays of the plaquette Y correlator
are slower. The disadvantage of the of the plaquette Y correlator is that measuring it requires

control over individual sites.
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4.4.2 Monopole-monopole correlator

In the deconfined phase, monopoles are gapped. Therefore, the expectation value of an
(equal-time) operator that creates a string with a monopole and antimonopole at its endpoints
should decay exponentially with the length of the string. On the other hand, in the confined
phase, monopoles are condensed, and hence the expectation value should approach a nonzero
constant as the length of the string increases. In the continuum, the following operator inserts a

string that creates a monopole at r; and an antimonopole at r, [6]:
MIM(r = vy) ~ @ JEAT) ), (4.74)

Here A(r’) is a classical (non single-valued) vector potential such that the flux ¢x of B =V x A

through a closed surface X is

Ox = ]4 B-dS = 2mqQs, (4.75)
b

where (J)y; = 1 when X encloses r; and not ry, (), = —1 when X encloses ry, and not rq,
and ()x, = 0 otherwise. ¢ is an integer and denotes the “charge” of the monopole string. For
simplicity, we will set ¢ = 1 in this section. We clarify that B and ¢y, are classical numbers and
are different from b and ®y. which are operators. b=V x a, for gauge-field (operator) a, and

CTDE is defined as

by = }'{ b - dS = 271, (4.76)
by
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Figure 4.12: (a) The “polyhedron” formed by four puckered hexagons of the diamond lattice
is shown in orange. The centers of these “polyhedra” form the dual diamond lattice. (b) The
center of the “polyhedron” in (a) is also the center of a truncated tetrahedron (shown in red) of
the pyrochlore lattice.

where m takes integer eigenvalues. The form of the monopole string operator is chosen so that it

increases the flux through ¥ by 27Qy, i.e.,
[P, MIM(ry = 1)| = 20QuMIM(ry — 12). 4.77)

We now adapt this operator to the Rydberg setting. Consider the diamond lattice formed
by the centers of tetrahedra of the pyrochlore lattice, Fig. 4.1(b). Unlike the continuum, it is
now important to specify that the endpoints of the monopole string r; and r, belong to the dual
diamond lattice [see Fig. 4.1(c)], whose sites are centers of “polyhedra” made of four puckered-
hexagonal “plaquettes” of the diamond lattice?, see Fig. 4.12(a). Let = r + €,,/2 be a site on
the pyrochlore lattice, where r is an A-site of the diamond lattice. A, = Ar,Heu is the discrete
version of A integrated (Fig. 4.1(b) shows the vectors e,,) along the line pointing from the center
of an A tetrahedron (centred at r) to the B tetrahedron (centred at r + e,) such that the two

tetrahedra touch at x.

%In terms of the original pyrochlore lattice, the vertices of the dual diamond lattice are centers of the truncated
tetrahedra [see Fig. 4.12(b)] which fill the voids between the tetrahedra.
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A, is required to satisfy the discrete version of Eq. (4.75), and hence depends on ry, ro,
the “magnetic field” configuration B and the gauge choice for A,. For the pyrochlore lattice, we
have

MTM<|'1 — r2) = @i zﬂ?EPyFOChlore Am(ﬁm_l/Q). (478)

This operator is purely diagonal in the 7, basis (i.e., in the S=-basis). So, experimentally, one
can calculate this phase for each snapshot and average over shots.

Theoretically, one expects

e~Irz=nl/A " deconfined phase,

’<MWt(r1 = r2)>‘ ~ (4.79)

constant,  confined phase,

where A is a correlation length that depends on the monopole gap and the “photon” velocity. In
Fig. 4.13, we provide an example of one configuration of the classical numbers .4, that defines a

monopole string operator. Below, we comment on the freedom in choosing A,.

4.4.2.1 Choice of A

The classical numbers A, should of course obey the constraint that the flux of V x A
through a closed surface ¥ is 27()x;, as mentioned above. However, one still has a freedom in the

choice of A in the following two respects:

1. Freedom in the arrangement of the field lines of V X A. For example, they can be confined
to a thin tube connecting r; and rq, or be spread out according to Coulomb’s law, or be

something in between. Different such arrangements, due to their different energy costs,
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Figure 4.13: An example of the monopole string operator MM (r; — ry) for which we provide
A, explicitly. In our example, the string carries 27 flux through a tube with a width of 7 puckered
hexagons of the diamond lattice. The tube runs along the z—direction. (a) A schematic of the
tube running along the z-direction. The diamond lattice (whose vertices are centers of tetrahedra
of the pyrochlore lattice) can be seen as ABC stacking of layers of “honeycomb” lattices made
of chair-like puckered hexagons. The tube consists of three types of layers shown in yellow,
orange, and cyan. Each layer is made of 7 puckered hexagons. To convey a sketch, we depict
such a layer by a big hexagon with some thickness. (b) A side view of the stack showing three
of its layers, where each layer is made of 7 puckered hexagons of the diamond lattice. The bonds
within each of these layers are colored in yellow, orange, and cyan. The bonds (of the diamond
lattice) connecting sites of two different layers are shown in black. These layers are repeated
in the z direction to get the entire string. For bonds « with (conical) arrows, the value of A,
is written next to the bond. For bonds @ without arrows, A, = 0. The two sub-lattices of the
diamond lattice are represented by blue and green sites. (c) Top view of three of the layers of the
stack. It can be seen from all three sub-figures (a)-(c) that the flux through any closed surface
that completely encloses an integer number of layers, such that the bottom layer is included but
not the top, is 2. However, if X partially encloses a layer, then @y, is 0.
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would differ in sub-leading corrections to the exponentially decaying behavior, but the
leading behavior would be unchanged. In Fig. 4.13, we provide a choice of .4, such that

the monopole string is localized to a thin tube.

. For a fixed choice of field lines, we still have a gauge choice for 4. Consider a gauge
transformation A, e, — Ar,Heu + Arte, — Ar, Where A, is an r-dependent real number.
It results in

MIM(ry = ry) — MEM(ry — ry)em 20 Aol =2), (4.80)

where 5, = 1 forr € Aandn, = —1 forr € B. In the Q/V < 1 limit, we have
ny, = 2, so the expectation value is invariant under the gauge transformation. Away from
this limit, a gauge transformation on A, ,,., generically results in a physical transforma-
tion on the monopole string operator. However, as long as the external field A = 0 [h is
defined in Eq. (4.5)], by particle-hole symmetry, we have <ﬁ4;r> = 2. Since the variance
<(ﬁ®r — 2)2> is bounded, we do not expect the gauge transformation on A, ¢, to qualita-
tively change the behavior of Eq. (4.79). But this question needs to be studied more closely

in future work.

4.4.2.2 Monopole correlator in the ice FM phase

When €2 = 0, the ground state is a product state in which each spin is in an eigenstate of

gz, as discussed in Sec. 4.3.1.2, and the monopole correlator, <MTM(r1 — r2)>, evaluates to a

single phase (as opposed to a sum of phases for a state that is a superposition of the basis states).

Thus ‘</\;1T/\>l(r1 — r2)>‘ = 1 and does not decay with the length of the string. For (2 < V,

‘ <MTM(r1 — r2)> ‘ will not be equal to 1, but we expect it to saturate to a nonzero constant for
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large strings because the monopoles are condensed in the ice FM phase.

4.4.2.3 Monopole correlator in the QSL phase

The monopole correlator at the RK point and away from it in the QSL phase was calculated
by Hermele et. al. in Ref. [6] using perturbation theory and field theory techniques. They
showed that the correlator decays exponentially with the distance between the monopole and the

antimonopole. They also verified the exponential decay numerically at the RK point.

4.4.2.4 Monopole correlator in the TFP phase

In this section, we show that the monopole correlator decays exponentially with the length
of the string deep inside the TFP phase, that is for {2 > V. We start by rewriting the monopole
correlator from Eq. (4.78) as

MM =)= ® {cos <é> + 2isin <é> S} , (4.81)
iestring 2 2
where the tensor product is over the string between r; and rs, and one choice of .4; is shown in
Fig. 4.13.

For V' = 0, the ground state is |—) (see Eq. (4.68) for its definition), and it can be easily
seen that each of the factors of the tensor product in Eq. (4.81) has an expectation value whose
absolute value is less than 1. Thus ’<M7M(r1 — r2)>‘ decays exponentially with the string
length. For V' < (), at first order in perturbation theory, only two spins are flipped (in the S«

basis). Since the monopole correlator involves a product of a number of terms proportional to

the length of the string, only two of which are altered by the perturbation, we expect that the
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monopole correlator will decay exponentially even at first order in perturbation theory. Thus the

monopole correlator decays exponentially in the TFP phase.

4.4.3 Fredenhagen-Marcu order parameters

It is known that the confined and deconfined phases of a gauge theory without matter fields
can be distinguished by the scaling of the Wilson loops W, = <ei I Aﬂdm“>, where A, is the

gauge field and L is a closed loop. In the deconfined phase, the Wilson loop follows the perimeter

—Perimeter of £ —Area of £

law, W, x € , while in the confined phase, it follows the area law, W, o e
However, in the presence of matter fields (which are generically always present), the Wilson loop
follows the perimeter law in the confined phase as well [279, 280] because of the screening of the
confining forces by matter field fluctuations. Thus the Wilson loops cannot be used to distinguish
the phases. In such cases, the Fredenhagen-Marcu (FM) order parameters can be used since it
has a different behavior in the two phases [207, 218, 281, 282, 283, 284, 285, 286]. In its original
formulation [281], the FM order parameters involved expectation values of operators in space-
time. Later, Fredenhagen and Marcu proposed that a real-space version of these order parameters
could also diagnose deconfinement [283]. In the context of condensed matter physics, Ref. [286]
(sections 5.1 and 8.2) demonstrated that these real-space FM order parameters can be used to
detect deconfinement in Z, and U(1) gauge theories with matter. They have also considered
effective gauge theories without Lorentz invariance and shown that the real-space version can be
used to diagnose deconfinement. They further suggested that these real-space correlators could

help identify phases in quantum dimer models with gapped spinons. More recent works [218,

287] have continued to use real-space versions as diagnostics for deconfinement. Here, we adopt
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the real-space FM order parameters because they are simpler to measure experimentally than
their space-time counterparts. The Fredenhagen-Marcu order parameter, denoted here by 7, is

defined as
p |(e'=c i + H.c.)
XC - - — )
Ve )

(4.82)

where C is an open curve and L is the closed loop formed by combining C with its mirror image
about a plane that intersects C only at its end points. This order parameter detects long-range order
in the “electric charge”-creation string. In the Higgs phase, “electric charges” are condensed, and
hence Y% approaches a nonzero constant. In the deconfined phase, the numerator in Eq. (4.82)
(calculated on an open curve) decays to zero faster than the denominator (calculated on a closed
loop, giving the Wilson loop), as the length of C is increased. Therefore, in the deconfined
phase, & goes to 0 as the length of C is increased. In the confined phase, it was argued in
Ref. [282] that while both the numerator and the denominator go to zero as the length of C is
increased, the limit of their ratio approaches a constant. Another way to understand the FM order
parameters is that they determine if the perimeter law of the Wilson loop is arising from matter
fluctuations or gauge field fluctuations. If it is arising from matter fluctuations in the confined
phase, the numerator and the denominator decay at the same rate and their ratio is a constant. If it
is partially arising from gauge fluctuations in the deconfined phase, then the denominator decays
slower than the numerator and the FM order parameters go to zero [281]. This argument is also
applicable to real-space Wilson loops [218, 283, 286, 287]. We point out that distinguishing a
nonzero constant from zero in finite systems for finite length of C may be difficult. Below we

explain how to measure \Z.
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Using the mapping from spin operators to gauge fields, Egs. (4.13) and (4.16), we see that
eiZc a’rr/ ~ gig;g; SN (4.83)

where the product of S+ and S operators is over the sites on the curve C. The denominator in

x5 has a similar expression in terms of spin operators. Thus, y& is given by

L | ene)

StS;
XC: N N N )
\/]< £858¢ -+ He))

(4.84)

where the product in the numerator is along the open curve C and the one in the denominator is
along the closed loop L.

From the point of view of measurement, it is more convenient to consider another quantity,
which has the same behavior as xZ in the three phases, defined as:

W= ‘<Hi€csf> , (4.85)

(ML 57)

In the transverse-field-polarized (Higgs) phase, Y7 approaches a nonzero constant, just like x5.
Now, we argue that even in the QSL and confined phases, Y7 and xZ have the same behavior.
For a state |¥) that dominantly lies in the ice manifold, with corrections from outside the ice

manifold being of order €2/V" (such as the ground state | ,)), we have

A ~

(0|87 8585 - +He|D)

= (U](257)(255)(255) -+~ [W) + © ((2/V)") . (4.86)
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where L is the number of sites on C. The correction is of order (/V)* by an argument similar
to the one used to show that the error is sixth order in the protocol to measure the plaquette X
correlator (see Appendix D.3). Thus, for small Q/V, x5 and & are equal up to order (Q2/V)L.

The numerator and the denominator of Y5 can be measured by applying 7/2 pulses about
the y-axis and measuring, from the snapshots, products of S along C and L. This procedure is
similar to the protocol to measure the plaquette X correlator, described in Sec. 4.4.1.4.

The operator e’ 2c %' creates two opposite “electric charges” at the endpoints of C. So a
magnetic analogue of x5 can also be defined, where the numerator is the expectation value of
the operator that creates a monopole and an antimonopole at the endpoints of C. Such an order

parameter, x2, detects long-range order in the monopole string operator and is given by

Xc = , (4.87)

where MTM(rl Lo, ry) inserts a monopole-antimonopole string along C, and was defined in
Eq. (4.78). The open strings C,, C, and the closed loop L are chosen so that £ is obtained
upon joining C, and Cp. In this section, we use the notation where the path of the monopole-
antimonopole string is explicitly written in the argument of M M. Since this operator is diagonal
in the S~ basis, it can be measured straightforwardly from the snapshots of the Rydberg-atom
array.

In the confined phase, monopoles are condensed, so x2! should be a nonzero constant. In
the deconfined phase, by the argument of Ref. [282], the numerator of Eq. (4.87) decays to zero

faster than the denominator as the length of C increases. Therefore, in the deconfined phase,
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& goes to zero as the length of C increases. In the Higgs phase, even though there is no long-
range order in the monopole string and both the numerator and denominator go to zero, by the
argument in Ref. [282], the ratio (i.e. Xf‘{[ ) approaches a nonzero constant as the length of C
increases. But distinguishing this nonzero constant from zero in finite-size numerics and experi-
ment may be challenging (similar to the situation for yZ in the confined phase). The behavior of
the Fredenhagen-Marcu order parameters in various phases is summarized in Table 4.2.

Before proceeding, we note that our protocols to measure the plaquette correlators and
the Fredenhagen-Marcu order parameter x5 work in the limit /1 < 1, which is outside the
window in which the ground state of Hamiltonian (4.6) is a QSL. However, we explained in
Sec. 4.3.3 that it is possible to dynamically prepare finite puddles of QSL regions even in the

2/V < 1 limit when the ground state is not a QSL. Our protocols can then be applicable.

4.4.3.1 Fredenhagen-Marcu order parameters in the ice FM phase

We argued in Sec. 4.4.2.2 that ‘<MT/\;I (rl 5 r2> >‘ approaches a nonzero constant for
large open curves C in the ice FM phase. By the same reasoning, we expect ‘ </\;1U\>l <r1 £ r2> > ‘
to approach a nonzero constant for large closed loops £, implying that x2! approaches a nonzero
constant for large loops.

Now we consider the behavior of xZ in the ice FM phase. For 2 < V, the ground state
will be |Wgy) plus perturbative corrections in €2/V on top of it coming from Hg. The ground
state in the ice FM phase can be written as |V,4) = J g |Wipm) [see Eq. (4.20)]. Also, call the
operator in the numerator of X7 as Y%, = 57 S5 S5 -+ + H.c., where the product is over the

S+ operators of sites on C. The factor in the numerator of x5 in the ice FM phase can thus be
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written as <\IIIFM|U S)QE numU ;|\IJIFM> . Let |C| be the length of C. Now, acting on a basis state in
which spins along C are alternating, ;zg um ips these |C| spins along C. To compensate, the same
number of flips must come from Usand U g combined. This happens at order |C| in perturbation
theory. Thus for a fixed and small €2 (as compared to V'), the numerator of xZ will be proportional

to (©/V)°l. By a similar argument, we conclude that the denominator of x& will be proportional

to (2/V)“/2. Since the loop £ is formed by joining C and its mirror image, we have |£| = 2|C|,

and the two exponential decays cancel out. Thus x5 approaches a nonzero constant in the ice FM

phase.

4.4.3.2 Fredenhagen-Marcu order parameters in the QSL phase

Our ansatz for the QSL phase is |Uqs) = U ; |Wrk) [see Eq. (4.40)]. The numerator of &
is <\I/RK|(A]S§<£numU {|Wrk)|. By an argument similar to the one in Sec. 4.4.3.1, we expect that
the numerator is oc (€2/V)°l. However, unlike the case of Sec. 4.4.3.1, the denominator of x5
for the QSL phase has a nonzero contribution even at zeroth order in €2/V. We can estimate the
size of the denominator of xZ in |Urk) by a simple argument.

Let us call the operator in the denominator of x5 as )25 den = S’fr 5 Sy --++ H.c., where
the product is over the SE operators of sites on £. Now we know that the number of dimer
configurations on a lattice with N lattice sites grows exponentially with V. Say this number is
xN. (We know from Pauling’s estimate for the residual entropy of water-ice that x ~ \/ﬁ [21D).
Now )25 den NAs a nonzero expectation value in a basis state only if the loop L is flippable. If we
fix the spins on the loop to be in a flippable configuration, the number of dimer coverings with

the remaining N — | £| spins will be approximately ™ ~|¢I. Thus the expectation value of )Zg den 1N
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the RK wavefunction will be approximately proportional to x|, If we include the perturbative

corrections, then the denominator of y¢ will be y/(const.)x 14l + O (Q/V).

Combining the numerator and the denominator, we have

b @)t

: 4.88
e e 0V @59

Since |£| = 2|C|, for small enough /V, x& decays exponentially with the length of C. Note
that this is consistent with our expectation from field theory—the Fredenhagen-Marcu order pa-
rameter is supposed to go to zero as the loop size is increased in the deconfined phase of a gauge
theory [281, 283].

For the Fredenhagen-Marcu order parameter corresponding to the monopoles, we do not
have an argument based on the microscopics of our model which shows that the order parameter
decays exponentially with loop length. However, we expect this is the case based on the result
that the Fredenhagen-Marcu order parameter goes to zero in the deconfined phase of a gauge
theory [281, 282, 283]. Verifying this within the field theory and numerically for the microscopic

model is an open problem.

4.4.3.3 Fredenhagen-Marcu order parameters in the TFP phase

We first calculate the two Fredenhagen-Marcu order parameters for the ground state when
V' = 0, which is |—) defined in Eq. (4.68), and later we will consider the perturbative corrections
coming from a small, but nonzero, V.

Using the expression from Eq. (4.84), using ‘ <S”” = —1/2‘3jE

g = —1/2>‘ — 1/2, and
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calculating the expectation value in the |—) state, we find

2 x (1/2)€l

Xe = s E >

(4.89)

where we have used the fact that |£| = 2|C|. Similarly, for the Fredenhagen-Marcu order param-

eter corresponding to the monopole-antimonopole string, x2!., we have

Ve s () g s (4]
VIcceon(%)

=1, (4.90)

i.e., the exponential decay of the numerator cancels the exponential decay of the denominator
to give 1. For a small but nonzero value of V/, the ground state up to first order in perturbation
theory is |[—) + |x1), where | ;) is given in Eq. (4.69). Using perturbation theory, the first-order
correction to the numerator of Eq. (4.84) is (—|MTM(r, 5 r)xi1) o« (1/2)ClO(V/Q). An

analogous expression is true for the denominator with C replaced by £. Thus we have

= 2(1/2)(1+ 0 (g))
¢ V21/2)E (110 (%)

4.91)

and xZ approaches a nonzero constant for large loops. Similarly, for the x2! correlator for a

nonzero but small V', we have

VT e, s (5) (10 (5]
Ve () 040 (5)

, (4.92)

and y also remains a nonzero constant for large loops. This completes our discussion of the

Fredenhagen-Marcu correlators in the TFP phase.
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4.4.4 Two-point S* correlator

Consider two spins Sﬁ’ﬂ and S’f,’l, located on the sites r + e, /2 and r’ + e,/2, where r
and 1’ are the centers of two up-pointing tetrahedra and i, v € {0, 1,2, 3} label the sites of the
tetrahedra (see Fig. 4.14). From the mapping of spins to gauge theory, Egs. (4.13) and (4.16),
it can be seen that the two-point correlator of these two spins (S* : S _) is the same as the two-

/
r,p=r,

point correlator of the electric field. Since Sf, MS’f,,V is a diagonal operator, its correlator can be

measured experimentally by capturing snapshots of the Rydberg-atom array and averaging over

them.

4.4.4.1 Two-point S* correlator in the ice FM phase

For () < V, the ground state of the system is U ; |WiEm), and the two-point S# correlator is
(\IIIFM\USS’Z Sz VU;lllleM). Up to zeroth order in Q2/V/, Us = 1. Since |Wigpm) is a product state

/
ru-r,

in the S* basis, <\IJIFM|5’57HSZ

v

|Uiem) | = (1/2)2. After taking into account corrections in 2/V/,

we still expect that <§§ M§§,7y> will approach a nonzero constant for large separation |r — r’'|.

4.4.4.2 Two-point S* correlator in the QSL phase

The effective theory in the deconfined phase is the Maxwell electromagnetism. By a
derivation analogous to the derivation of Eq. (4.60), one can show that in 3 + 1D continuum
Maxwell electromagnetism, the correlator of the Cartesian components of the electric field é, ;

fori € {x,y, z} is given by [0]

. 1 R;R;
(€0.i€R.j)0 X T <2 RQJ — 5@-) : (4.93)

215



Origin ‘e3

Figure 4.14: Notation for the two-point S= correlator. r and r’ are the positions of the centers of
the tetrahedra. e, are the vectors joining the center of an up-pointing tetrahedron to the centers
of its neighboring down-pointing tetrahedra.

where (-)( denotes expectation value with respect to the Maxwell action. Eq (4.93) is the electric
analogue of Eq (4.60). Now the correlator of the electric field operators é,. , for i € {0,1,2, 3}
along the links of the diamond lattice are obtained from Eq. (4.93) by taking components of the

Cartesian electric field along the vectors e,,. Thus

(52,500 =) (ei(en)i(éxréri)o, (4.94)

kle{zy,z}

4.44.3 Two-point S* correlator in the TFP phase

For V' = 0, the ground state is |—) and (—|3§7u5'f,,u\—> = 0. The first-order correction to
the ground-state wavefunction from the perturbation Hy is given by |x1) defined in Eq. (4.69).
The first-order correction to the two-point S= correlator is

A A V /a\6
(155,87, ha) + He.ox & () - (4.95)
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Thus, in the TFP phase, the two-point S= correlator is proportional to % (%)6.

4.5 Discussion

In this work, we have presented a proposal to prepare and detect the deconfined phase of
the U(1) gauge theory in 3+1 dimensions on a Rydberg atom simulator. We first showed that
laser-driven neutral atoms trapped in a pyrochlore lattice using optical tweezer arrays naturally
realise a U(1) quantum spin liquid as the ground state when the laser detuning lies in a specified
window and the interactions between Rydberg atoms are restricted to nearest-neighbor. We then
studied the effect of van der Waals interactions beyond nearest-neighbor. In the classical limit
obtained by dropping the Rabi frequency term, we showed that long-range interactions break
the degeneracy to select an ice ferromagnet as the ground state. We then studied the competi-
tion between the long-ranged interactions that prefer an ordered state and quantum fluctuations
that prefer a QSL state, by calculating the energies in ansatz wavefunctions using perturbation
theory. We found that, for Rabi frequencies greater than (2 ~ 0.44V, the ground state is a
QSL within our approximation. When (2 is increased further, we argued that the QSL goes into
a transverse-field-polarized state via a Higgs transition. While we have focused on the ground
state, we also commented on the effect of dynamical state preparation in deciding the nature of the
prepared state. We then provided experimental protocols for measuring the plaquette correlators,
Bricmont-Frolich-Fredenhagen-Marcu order parameters, the monopole-monopole correlator, and
the “electric field” correlator that can distinguish a QSL phase from ordered phases.

Our ground state phase diagram is the result of an approximate calculation. A quantum

Monte Carlo calculation is required to firmly establish the phase diagram, and we leave it to
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future work. While it is possible that the true phase diagram differs from what we found, we note
that there are other knobs one can tune to get a desired phase diagram. Dressed states created from
multiple Rydberg and possibly ground levels can be used to customize the interactions away from
the isotropic 1/ r% form we considered in this chapter [288, 289, 290, 291, 292, 293]. It is also
possible to engineer interactions that are strongly peaked in distance [294, 295] which could allow
the nearest-neighbor interactions to be much stronger than the interactions at other distances,
and potentially make the QSL more stable. Designing a dressing scheme compatible with the
symmetries of the pyrochlore lattice and exploring the resulting phase diagrams is an interesting
direction for future work. It is known that dipolar-like interactions can preserve the degeneracy of
the ice manifold [264]. The QSL region can potentially be extended to smaller Rabi frequencies
by making the Rydberg atoms interact via dipolar interactions either by applying a DC electric
field or microwave-dressing a Rydberg s state with one or more Rydberg p states [293]. We
also note that our proposal requires two Rydberg excitations per tetrahedron, meaning that it lies
outside of the Rydberg-blockade regime and is therefore sensitive to imperfections and thermal
fluctuations in nearest-neighbor spacing. It will therefore be useful to extend our proposal to
the blockade regime of one excitation per tetrahedron. While previous numerical work on dimer
models have required a nonzero RK potential (6-body term) to achieve this, it will be worthwhile
to study if one can engineer long-range Rydberg interactions that stabilize a spin-liquid in the
blockade regime.

One can also look for other lattices that could realize a U (1) QSL ground state. One such
possibility is a lattice of corner-sharing tetrahedra where all up-pointing tetrahedra (and sepa-
rately all down-pointing tetrahedra) form a hexagonal close-packed lattice shown in Fig. 4.15. If
only nearest-neighbor interactions are considered between atoms positioned on the sites of this
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Figure 4.15: A lattice made of corner-sharing tetrahedra different from the pyrochlore lattice. The
lattice consists of ABAB ... stacking of the blue (A) and the orange (B) layers. A configuration
satisfying n,, = 2 is shown here.

lattice, then, by perturbation theory in 2/V for a particular range of detunings, one gets ring
exchange terms similar to the ones obtained in Sec. 4.2.1, and the system maps onto a dimer
model. It is not known if this dimer model is in the QSL phase when the RK potential is zero and
long range van der Waals interactions are included. Another open problem is to construct lattices
where a dimer model can be realized within the blockade regime without the RK potential.
Next, we note that, formally, a distinction between the confined and deconfined phases
exists only in the thermodynamic limit. Experimentally, there are two finiteness effects that can
be important. First, a realistic three dimensional Rydberg array will likely have a relatively small
linear dimension. Some of the correlators presented in Sec. 4.4 require asymptotic behavior
in distance to distinguish different phases. Second, as found in Ref. [274] and mentioned in
Sec. 4.3.3, a finite-time state preparation scheme would generically prepare puddles of spin-
liquid regions as opposed to an entire spin liquid. It is therefore necessary to quantitatively study
how the behavior of the correlators is modified under these conditions. One must also estimate

the size of the puddles of the QSL and compare them to the length scale at which the asymptotic
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behavior of the correlators is observed. We leave this for future work.

We also note that, to translate field-theory observables into microscopic variables, we relied
on the perturbative limit of small {2/V. However in the phase diagram that we found, the region
where the spin liquid is a ground state does not satisfy 2/V < 1. Understanding how the field-
theory operators (e.g. plaquette, monopole, and electric-field operators) get renormalized away
from the perturbative limit is important both from fundamental and practical standpoints.

Our work is a proposal to prepare a gapless U(1) spin liquid using unitary evolution. An
interesting research direction would be to come up with schemes that also use projective measure-
ments to expedite the state preparation along the lines of Refs. [229, 296]. One can also explore
how other exotic phases of matter such as fractons and 3+1D topological order can potentially be

realized on a Rydberg simulator.
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Appendix A: Chapter 1

A.1  Compact U(1) gauge theory — partition function

Let us consider compact U (1) gauge theory on a hypercubic lattice of spacetime dimension
D. For simplicity, we will assume the same lattice spacing « in all four directions. We will work
in Euclidean spacetime unless mentioned otherwise. The gauge fields A, (r) live on the links
of the lattice [see Fig. A.1] and is a compact variable in the sense that a4, and aA, + 2nm are
equivalent for all integers n." If r is a lattice site, then A,(r) lives at r + e,,/2, where e, is a
unit vector in the direction . A gauge-field configuration a4, (r) is said to be gauge-equivalent
to a configuration a 4], = aA,(r) + (A,¢)(r) = aA,(r) + ¢(r + e,) — ¢(r), for any compact

(defined mod 27) scalar ¢(r) that lives on the lattice sites r.

(a) (b) (c)

Fuy(r) 4 r

VT——»

ST Au(r)

“

r
Z;?:_Oleu
r=r+ =5 —

Figure A.1: (a) r lives on the sites of the lattice. A,(r) lives on the link joining r and r + e,,. (b)
Z;?:_ol Cu

The oriented plaquette corresponding to F),,(r). (c) Dual lattice site r = r + =45

I'The factor of a is just our normalization convention chosen to make converting sums to integral easier.
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A compact gauge theory has (1) only gauge-invariant quantities as its degrees of freedom,
and (2) is invariant under aA,(r) — aA,(r) + 2n7. What can an action for such theory be a
function of? Consider a linear function of the gauge fields a ) ¢, (r)A,(r).* It can be gauge-
invariant if and only if a(A,q,)(r) = 0 for all r, i.e., for a hypercubic lattice, Zf;ol(q#(r) —
qu(r —e,)) = 0. Further, for this function to respect compactness of the gauge field, ¢, (r) must
be an integer. Therefore, the action in a compact gauge theory can only be a periodic function

(with a periodicity of 2nm where n > 1 is an integer) of the quantity:

Wigawy HA()Y = a ) u(r)Au(r) (A.1)

for a configuration of integers living on the links of the lattice, ¢, (r) that is divergence-free
everywhere, i.e., A,g,(r) = 0. Any such divergence-free configuration of integers can be written
as a linear superposition of loop configurations of integers. The simplest such loop configuration
is when the loop is supported along the links of an elementary plaquette of the lattice. The
function Wy, ()3 [{A,(r)}] for such an elementary plaquette is defined as the flux through it, i.e.,
a?F),,(r) [see Fig. A.1].> It conventionally lives on the plaquette centre, i.e., atr + (e, + e,)/2

and is antisymmetric in its indices p, v:

azFW(r) =aA,(r)+aA,(r+e,) —ad,(r+e,)—ad,(r) =ad,A(r) —aA,A,(r) (A2)

2Throughout this chapter, we use the Einstein summation convention where repeated indices of multiplied sym-
bols are summed over. So ¢, (r)A,(r) means Ef;ol qu(r)A,(r). Since, we work in Euclidean spacetime, we do
not distinguish between upper and lower indices.

3For reference to quantities more familiar to us, we note that in the continuum limit in D = 3 + 1, F,,(r)
approaches the continuum electromagnetic field strengths up to proportionality constants, i.e., for i, j # 0, Fp; =
(cdt)a Ei(r) and F;; = —a® €;,B"(r), where E'(r) and B*(r) are electric and magnetic field components
respectively, a is the lattice spacing, c is the speed of photon and §t is the time-Trotterization unit.
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The traditional action for compact U(1) lattice gauge theory [56? ] is a function of just these
field strengths and is chosen so as to reduce to the familiar Maxwell’s theory in the long-distance

limit for small couplings go:

1
Seosine = Z %(1 — cos(azFW(r))) (A.3)

r?u?”

The cosine function is nonlinear, and hence this is not a free theory. For small g%, we see that 1 —
cos(a?F),,(r)) is forced to be small. On first thought, one may think that one could approximate
it with a4F§V /2. But this is not okay since the quadratic function is not periodic. What one can
still do however, is to take e~ and expand it about all its maxima that occur at a2Fw, = 2n,, 7 on

equal footing (for integers n,,,). This approximation, shown explicitly below, is called the Villain

approximation:

e~ Soosine_y = Nillin = Z exp —4% Z (aZFW(r) — 27rnm,(r))2 : (A.4)

{’n,uu (I‘)EZ} r,u,v

Here, n,, (r) is also defined at the plaquette centre (r+ (e, +e,)/2) and is antisymmetric in x and
v. Note that we have been using a notation of double counting. For instance, a®Fi5(r) — 2mn5(r)
enters the expression as exp [(—1/2¢7)(a* Fio(r) — 2mn;2(r))?]. We are interested in studying the
long distance physics of this theory, so the microscopic action could very well have been Svyijain

to begin with. This is what we will assume from now on.
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The partition function for this Villain model is

Z {Ju(r)}]
= / [DA(r)] Z exp _4_12 Z (a®Fu(r) - Qﬂan(r))Z +ia” Zju(r)Au(r)

(v (1)€Z} 90 ¢ v

(A.5)
Here, [DA,,(r)] means that aA,, for each link is integrated from — to 7, such that each gauge-
nonequivalent configuration is counted only once. {aD -1 ju(r)} is a divergence-free configura-
tion of integers living on the links of the lattice (A, j,(r) = 0). Therefore,
(eio” Tr An(in()) Z [{é;fé}r)}] (A6)
Here, we have used Z|0] to denote Z [j,(r) = 0]. By appropriately choosing the configuration
of j,(r), one can calculate correlation functions of all gauge-invariant quantities using Eq. (A.6).
For example, if j,(r) corresponds to a single connected loop, then the above expression gives the
expectation value of a Wilson loop. If instead, j,(r) corresponds to two connected loops, then the
above expression computes the correlation function of two Wilson loops, and so on. In particular,
let us say we want to compute the correlation function between the field strengths sin (a*F},, (r))
and sin (a*F,,,,(r')) at two different points (recall that the field strengths are compact variables).
This correlation function is readily obtained from Eq. (A.6) by choosing {j,} to be supported
exactly on the links of the elementary plaquettes (r, uv) and (r', 4'v'), and linearly combining
the results for each of the four different combinations of orientation of the two plaquettes. With
this motivation, let us now try to simplify the right hand side (RHS) of Eq. (A.6).

The first simplification we will make is in the limits of integration for a4, (r). First, note
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that the range (—, 7| is arbitrary. If one shifts the variable a4, (r) for each link independently
by an integer multiple of 27, the integrand in Eq. (A.5) remains unchanged. So, formally, if
we extend the limits of integration to (—Nm, N7) for N — oo, one is essentially adding up an
infinite number of copies of the same integral. This is okay because doing so results in both
Z [{j.(r)}] and Z[0] getting multiplied by the same number NV (that we later take to o), leaving
the ratio unchanged.

Next, we change the variable of integration from aA,(r) to a®F),,(r). We are allowed to
do so for Abelian gauge theories since a®F),, is linearly related to aA,. By the argument in
the previous paragraph, we can also extend the range of integration over a*F,, (r) to (—oco, 00).
Since a*F),, is gauge-invariant, one no longer needs to worry about the constraint of integrat-
ing over gauge-nonequivalent configurations of aA4,. However, because a*F),, is defined to be

a(A A (r) — Ay A,(r)), we must respect the following constraint.

1
e BuP(r) = Seun [Py (r + e,) = Py, (r)] = 0, for D =3 and (A7)

N | —

1
—€unpDuF\,(r) =

5 €unp [ Fop(r+e,) — F)\(r)] =0, for D = 4.

1
2
These conditions are saying that F},, as defined above is a closed 2-form (in other words, is
divergence free). Also, to set up notation for later, note that in D = 3, %ey,\pA,,F Ap(r) lives on
the sites of the “dual lattice” formed by the centres of the cubes of the original lattice, i.e., on
r= r+2i=o %“ Similarly, in D = 4, %eu,\pAyFAp(r) lives on the links of the dual lattice formed

byr=r+ Zz:o %“ * The above constraint needs to be enforced by hand when integrating over

“In fact, In the centres of these links of the dual lattice live on the centres of the three dimensional cubes of the
original lattice.
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F,.(r).
Next, to make sure the entire integrand is written in terms of F),,, we introduce a set of in-

tegers .J,,, (r) antisymmetric in y, v, determined completely by the external current configuration

{ju(r)} such that

%Z@ﬂmmw§ymmm> (A3)

= 5o S AA) = A A ) = Y () A,0)

r

= Z (AT (r)]Au(r) =a Zju(r)AM(r) for any choice of A, (r)

= A, J,(r) =aj,(r) (A9)

Thus, a”~2J,,(r) form a set of integers determined (non-uniquely) by the source currents j,.

One solution for J,,,(r) in D =3 and D =4 is

Juw(r) = —ad, o Zj,,(r —neg) + ady o Zju(r — neg) (A.10)
n=0 n=0

This solution is not unique. In D = 4, for a given solution J,,(r), we can find a family of
solutions J,,,,(r) + €., A,lx(r) for [ (r) € Z. In D = 3, we have a similar family of solutions
Juw(r) + Le,,A,1(r) for [(r) € Z. This non-uniqueness of J,,,, is not a concern for us presently
because we can just choose one and proceed.

With these simplifications, we can proceed with rewriting the partition function. We will

do this, first for D = 4. The derivation for D = 3 is outlined in Appendix. A.2.
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A.1.1 Partition function in D = 4: Lattice Sine-Gordon loop model

Z [{ju(r)}]
— [H /Oo dFW(r)} exp [—4%2 Z (a®Fu(r) — 27mw,(r))2 + % Z Jou () F (1)
- {nu(r)ez} 0 r

x Ha( oA, Fy (1 ))

(A.11)
Let us do a change of variables
E,, = F, +21n,,. (A.12)
Since J,, (r)’s are integers, we get
a’ - 2 g -
{ju H/ dF;w €Xp _4_22 (F;u/(r)) +§ZJMV(r)FMV(r)
{n;w(r)EZ} v r
XH(S( EVAAF)\<)+2—7T€V)\AVH)\<I‘)>.
2y p o Curie p
(A.13)
We can now restructure the above equation by defining 1€,,1,A,n,,(r) = —a®m,,(r). Note that
this definition implies that
A,m,(r) = 0. (A.14)

In other words, m,,(r) forms closed loops. The factor of a* is just our normalization conven-

tion. Here, a®m,(r) is an integer. Physically, m,,(r) is the monopole 4—current, i.e. mg is the
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monopole density and m,, ms, and mg are the monopole currents. Using this definition,

Z [{ju(r) H / dF,(r)| > exp [—4a—g22 (Fw(r))Q +%ij(r)ﬁw(r)

{mu(r)EZ} TV
Apmy (=0

X H5< BVIAY F,\p( r)— 27ra3mu(r)>

1
X Z ) (;WA,,A,,nAp(r) + aSmu(r))
{nuv(r)€Z}
(A.15)

For every choice of n,,(r) satisfying A,n,,(r) = —a*m,(r), we have a family of solutions
N (r) + AL (r) — Ayl (r) for a set of integers [, (r). Thus, the sum over n,,, in square brackets
of Eq. A.15 gives an infinite factor independent of {m,,(r)}.> As before, the same factor appears
in both the numerator and denominator of Z [{j,(r)}] /Z[0] and we will thus drop it.

We can enforce the —function using a Lagrange multiplier x,,(r) that lives on the links of

the dual lattice. In other words, we use

2 ~
5 (% sy 1) — 20", ()
(A.16)

) exp {2 2 8, ) — 27'm, 1)

Finally, the integral in Eq. (A.15) is Gaussian in F,,, and thus FW can be integrated out. Doing

Iz

3This should not be surprising because we earlier traded in an infinite factor which we are now being forced to
trade out.
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so gives:

2

2N =TI || ] ew [— IS (epunpt B le) - zna2JMV<r>)2]

(TN
(A.17)
X Z exp [ia4 Z Xﬂ(r)m#(r)]
{mu(r)EZ} r
Apmy(r)=0

Here [], , [ I dxu(r)} should again be integral over nonequivalent configurations of x(r),
where ay,(r) and ax,(r) + A,¢(r) (for a real-valued field ¢(r)) are defined to be equivalent.
While this requirement is not obvious in the previous step, it follows because the integrand in
Eq. (A.17) remains unchanged under redefining ay, to ax, + A,¢. Therefore, if we had not
enforced this requirement, we would have infinite copies of the same integral.

Recall that J,, can be obtained from j, using Eq. (A.10) and Z[0] is obtained by setting
every J,,,(r) to 0. For completeness, let us come back to the freedom of transforming a?.J,, (r) to
a?J (r) + €m0\ (r). This transformation can be undone in Eq. (A.17) by transforming ax,,
to ax, — 2ml, which leaves rest of the integrand unchanged. So, Eq. (A.17) is indeed indifferent

to the particular choice of {.J,,, } we use for a given current configuration {j, }.

A.2 Partition function of compact U(1) gauge theory in D = 3: Lattice Sine-

Gordon Model

For completeness, let us also write down the result for U(1) gauge theory in D = 3 (in the
Villain form). The derivation proceeds almost exactly like the derivation leading to Eq. (A.17)
for D = 4. Let us go back to Eq. (A.3). The steps from Eq. (A.3) to Eq. (A.3) in D = 4 are in

fact identical to those in D = 3. In D = 3, we satisfy the constraint in Eq. (A.13) by defining
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5 2w Eapuniay(r) = —m(r). So, the difference here is that m(r) lives on the sites dual to
the dual cubic lattice in D = 3 instead of the links of the dual hypercubic lattice. The partition

function can then be written as

(AMX(r> -7 Z elw,\Jy,\(r)>
29\

nh ’ (A.18)

xS exp [iZX(r)m(r)] ,
Z} r

{m(r)e

20 =TT [ [ oxn] exp {897

r —

where J, (r) is determined by the configuration of source currents {j, } by the constraint Eq. (A.9)
and can be chosen to obey Eq. (A.10). Therefore compact U (1) gauge theory in D = 3 maps to

a lattice Sine-Gordon model [56, 297].
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Appendix B: Chapter 2

B.1 Review of stability of DSL

If the DSL were to be a stable CFT, then it should contain no relevant (scaling dimension
A > 3) symmetry allowed operators. In Table B.1 , we summarize the scaling dimensions A of

some of the important operators derived by references [9, 10, 11, 12] in the large N limit.

Operator Ay ; AN =4
Monopoles

D, 0.2651N; — 0.0381 + O(1/Ny) | 1.022
. 0.6731N; —0.1934 + O(1/N;) | 2.499
D 1.1864N; — 0.4211 + O(1/N;) | 4.325
Fermion bilinears

»o®75Y, (o, B are not 2 — ﬁ + O(NL?) 1.46
both 0)

by 2+ 5y, + Ol5) 3.08
Conserved charges

and currents

l;, €i, Q [00‘7"3} , 2 2
j [O'O‘Tﬁ}

Table B.1: Scaling dimensions Ay, of some important primary operators in QED3, calculated in
the large /N, limit, compiled from [9, 10, 11, 12]. An operator with A > 3 is relevant in the RG
sense.

Ref. [57] determined the symmetry properties of monopole operators for various lattices:

1. Bipartite lattices: There is a symmetry allowed 27 monopole which is relevant according
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to the large /Ny analysis summarized in Table B.1. Hence a DSL cannot be a stable phase

on bipartite lattices.

2. Kagome lattice: There is a symmetry allowed 47 monopole, which is likely relevant (A ~

2.5) according to the large N calculation.

3. Triangular lattice: &,, and $,, break translation symmetry and hence are symmetry-

forbidden. (We will provide a more microscopic motivation for this fact in Sec. B.2.2.)
A 67 monopole operator is symmetry allowed, but is irrelevant (A = 4.322) according to
the large Ny calculation. This suggests that a DSL could indeed be a stable phase on the

triangular lattice.

So, in this work, whenever we refer to microscopic operators, we will assume a triangular lattice
for concreteness. However, our general idea applies to any lattice which can realize a DSL as a

stable phase.

B.2 Microscopic expressions for field theory operators

In this section, we construct microscopic operators corresponding to operators in the effec-
tive field theory. For a given field theory operator O = | dzx@(x), we construct the micro-
scopic operator

Ot = Y_ 970, (B.1)

n
where we have allowed for @tot to have momentum Cj at the lattice scale. We use the following

procedure [23, 24, 298]:

1. Find how Oy transforms under the microscopic symmetries. For operators that can be
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written in terms of fermionic partons, this can be done using information obtained by
expanding around Dirac points [299]. We tabulate the transformation properties of the

conserved charges of GG in Table B.2, and conserved currents in Table B.3.

2. Construct operators order by order in size (maximum of weight, i.e., number of spins in the
support of a local term, and diameter, i.e., extent of a local term) transforming identically

as Otot-

We do this for the emergent electric and magnetic fields and spinon charge density in Sec. B.2.1.
For monopole operators, this procedure is harder, and requires information at the lattice scale.
Ref. [57] did this using a Wannier center calculation. In Sec. B.2.2, we will motivate their result

using an independent approach involving the algebra of operators.

Charge | SO(3) | T | Ty | T3 Cs R,
beot S |11 1 -1 1
Ol | T |-1]1]1 1 1
o) | s [alalal o | ar
o) | s [l o | —om
o) | s a1 o | G
Qo' T 1| -1|-1]=Qlom? | =Qlo'7?
Qo' r?] T 1|1 |-1] Qo'r? o2
Qo] T 1|1 1] Q'] | —=Qloir!]

Table B.2: Symmetry properties of conserved charges of Grr. SO(3) is spin-rotation (S and T
stand for singlet and triplet under spin-rotation respectively.). T is time-reversal. 7} and 75 are
lattice translations about & and &, respectively. Cj is rotation by 27/6 about a vertex. R, is
reflection about a;.
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Current | SO3) | T | Th | T3 Cs R,
e S | 1|11 -V -V
Jol | T |11 ]1 % %
TPy | s |l -1] VasJr | VasJ[
T | s |11 1] Vas—Jp | Vas T
T | s |1l 1] vas—JF | Vas T
f[UiTl] T |-1|-1]-1|Vas —j[UiTQ] V as —j[UiTS]
f[cri7'2] T -1 1] -1] Vas j[UiT?’] V as f[OiTQ]
T | T |11 | -1] VasJloir] | Vas—J[oir!]

Table B.3: Symmetry properties of conserved currents of U(1),, and SO(6). Notation: “V”

29 13

means “transforms as a vector”, “—V"”" means transforms as a vector except for a factor of —1.

“V as Jo'77]” means the current’s spatial indices are transformed as a vector while the SO(6)
indices are rotated to 0’77, possibly with an overall sign.

B.2.1 Emergent electric and magnetic field

The generator of U(1),, is the total emergent magnetic flux bor = = d?xb(z). Because

beot is odd under time-reversal (see Table B.2), and singlet under spin rotation, the lowest weight

v

ii+(0,1)- Here, we have used the notation (n1,n2) = nq@; + nody. If we only keep (1) elementary
triangles (/\) and (2) triangles whose 2 edges are nearest-neighbour (\=__), then the only term

consistent with symmetries is

beot = Z (Xvi— Xam)+ ... (B.2)

n
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Since the total emergent magnetic flux is the U (1), charge density, it follows from Fara-
day’s law that the emergent electric field &is the U (1)1p conserved current rotated by 90°.
If we consider all operators for & made of terms with 2 spins (both nearest neighbor and

next-nearest-neighbor), then (in the notation: g = €181 + é2ay),
&= on(é)M +an(é)® + ... fori=1,2, (B.3)

where

@V =3N/ @Y =3YN/. (B.4)

(e)®=>" () = Z&, (B.5)

7

with the notation

/\ - (B.6)
: > =S,-S1-S0-S

Note that ¢; and e, are not orthogonal. ¢, and e, are related to ¢; and é; as ¢, = ¢€; and
A~ 1 N ~
€y = 73(—61 + 2¢5).

From the above expression for electric field, one can compute the local divergence of the
electric field, which is proportional to the spinon charge by Gauss’s law:

1. -
q= Edlvg (B.7)
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We see that only & contributes to g, and not &), Therefore, &V is the transverse electric field

and é® is the longitudinal electric field. ¢ at site ¢ is given by

(B.8)

By construction, we see that the sum of spinon charge enclosed in a region D is an operator with

support localized to the boundary of D. This is consistent with Gauss’s law. It also satisfies

(G;) = 0 by symmetry.

B.2.2  Monopole operators from commutation relations

The symmetry properties of monopole operators were calculated in [24, 57] and reported
in Table 2 of Ref. [57]. The SO(6) contribution was calculated using Step 1 (beginning of
Appendix B.2). The U(1), contribution was calculated using a Wannier center calculation of
the free fermion bands for the mean field ansatz. Here, we attempt an alternative approach to
calculate the U (1), contribution. While our calculation involves an uncontrolled approximation,
it provides an independent motivation for the result in Ref. [24].

The principle behind our approach is that the algebra of GG has to be obeyed down to the

microscopic level because we are dealing with operators of the form Oy here, which have the
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longest possible wavelength (allowed by their symmetry properties):

[ A%St? Aigt} = (&;c@tot ac tot + 5athot 5bd@igt)7 (B'9)

[btot, Qiee| = 0. (B.10)

Here {Qab} (antisymmetric in a, b with a, b running from 1 to 4) are the 15 generators of SO(6)
and Btot is the generator of U (1), (see Appendix B.2.4 for the notation).

Next, 270 monopole operators that are charged under G, have to obey the algebra

[btot, (P])tot| = (@])tot, (B.11)
6

Qe (PDot] = > (@Dt (T7) (B.12)
i=1

where, T, a matrix of c-numbers, is the generator of Qtot acting on C°, and the matrix elements
are given by

(Tbc)ij = —i(0cj0ib — Opjic)- (B.13)

This suggests a general procedure:

— N

1. Suppose Oror = doae Q105 If we now expand Oz in operators of increasing ‘“size” s,

) = f:cs(@ﬁ)s. (B.14)
s=1

Here, each <(§ﬁ) is chosen to respect the symmetry properties obtained just from the low
S

energy theory.
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2. Demand Eq. (B.9)-(B.10), (B.11)-(B.12) order by order in size s, and obtain constraints on

Cs.

Here we will only perform this calculation at the lowest order in size by enforcing Eq. (B.11) up

to a proportionality constant.

~

rot, Bl | = KBy, (B.15)

where K is a positive constant. Let us assume that the monopole inserting 27 flux is “simpler”,
i.e., has a lower leading operator size than the one inserting 47 or 67 flux. Then we ask what the

“simplest” spin triplet monopole operator is. We start with operators with size 1.
Dl =) TS+ (B.16)
i

From compatibility of translation symmetry with rotation symmetry, Q is either (0, 0) or (27 /3, =27 /3) [24].
Using identity Eq. (B.30), we evaluate the commutator in Eq. (B.15) using the lowest order ex-

pression for 138,2[ in Eq. (B.2). Each single-spin term in Cf'fop fails to commute with exactly 6
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triangles in ZA)S)% After evaluating each of these commutators, we get

(ﬁjot} =

tot>

(6

n

(@@ _ i0)(§; L Sy
(@@ _ gi)(§, LS,
+(e9 — ¢Sy, - Sr,)

+(e'Q2 — ei(Qz—Ql))(§ﬁ4 . §ﬁ5)

(e — ez‘(Qz—Qn)(gﬁs . §ﬁ6)} +..., (B.17)

where i1, =7 + (0, —1), Ao =i + (1, —1), Az = 7t + (1,0), Ay = 7 + (0,1), 7is = 7@ + (—1,1)
and 77 = 1 + (0, —1). From this, it is clear that (Q1, Q2) = (0, 0) will give 0 as the commutator.
Therefore if the monopole operator is to have single spin terms as its leading order term, then Cj =
+(27/3, —21/3). For K in Eq. (B.15) to be positive, we choose G = (27/3, —27/3). Here, we
have made use of the fact that the DSL is a ground-state of an antiferromagnetic Heisenberg-like
Hamiltonian where <§z . §]> < 0 for nearest neighbors ¢ and j. So, (Q1,Q2) = (27/3, —27/3).

With this choice, the Eq. (B.17) becomes

b, @] =—v3>_ G97g, (%) +..., (B.18)
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where we use the notation,

5 4
6 3 E§1'§2+§2 §3-|—§3 S)4-|—§4 §5
1 2 (B.19)
+§5 §6+§6 §1 Eéﬁ
To our guess for (IADIOP, we now add the RHS obtained above.
Bl = 4B 4 3BT 4 (B.20)
where
o) — Z ei? ﬁgﬁ, and &1 = Z eiQ ﬁgﬁéﬁ (B.21)
We can use the commutators Eq. (B.30,B.31,B.32,B.33) to get
[13&1, é’“”] = —\/§<f>T(2) and
5. R (B.22)
[ggi, @(2)] _ _\/§<Zf)+<1> _Ee )

(B.23)

where Q = (27/3, —21/3).
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B.2.2.1 Spin singlet monopoles

Having determined the momentum of the spin-triplet 27-monopoles, the momenta of spin-
singlet monopoles can be fixed by the low energy theory since the embedding of the space-group
symmetries into SO(3)yaiey can be computed purely from low energy information. Doing so
results in Table 2 of Ref. [24]. Here, we will write microscopic expressions for them.

The spin singlet monopoles are time-reversal even. Here, we will only keep the lowest

weight terms that are dot products of neighbouring spins:

A

& = v, &1W + 0,d1@  fori e {1,2,3}, where (B.24)

i =

0 =Y 6(%g>n(%v> , (B.25)

ol =3 E DU E (N /) +i(N/)}- (B.26)

where we use the notation,

‘vz ~S,-S, (B.27)
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We can now use the identity Eq. (B.34) to get

(2(1) 211
10 -

U . 3.
by, 1] = &) — —\g—qﬂ(z) +..
(B.28)

B 01 4001 — 0l

If we demand proportionality already to this order, then we obtain X = vy/v; = 0.396. In
contrast, K for the spin triplet monopole in Eq. B.23 is v/3, although in theory they should be the
same. The discrepancy is the result of our uncontrolled approximation to drop higher size terms,
since the commutator of two high size operators can give a lower size operator (for example,
Eq. (B.31)). Nevertheless, using this approach we have been able to motivate why the U (1)
contribution to monopole momentum is (27/3, —27/3).

It could be a fruitful direction to assume that the coefficients Cs do decay with operator
size s and self-consistently solve for C'; using the general approach described above. Since the
generators Q4 are generators for emergent global infernal symmetries, naively, one would expect
that Q“b is a sum of approximately local terms, and C; decays exponentially with size s. It will
be interesting to verify that this is indeed the case, and if so, to determine what sets the decay
length when the IR theory is conformally invariant. If this approach succeeds, it would help one
to study DSLs without resorting to parton construction, and serve as a technique complementary

to the one explored in [300].
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B.2.3 List of useful commutation relations

Here, we list some useful commutation relations of various spin operators with the spin

chirality, i.e. commutators of the form

Ny
Ny

2)' 3

0({8). (81

where O [{52}} is a local operator made of spins.

~

O: Spin triplet made of single spin

~

1/.% & .5 a4
+1(<S2 S,)S: — (S, sg)sg)

ol AN z, jaN N @ aN N z, 2 5
[(S1-82)84,(S1 x 82) - S| = —5(S1- 81 = S2 - Sy,
z, AN o z z ’L o AN
[(Sl Sz)Sg, (S1 X Sg) S4i| = 5 <(SQ S4)Sl‘|‘

~
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(B.30)

(B.31)

(B.32)

(B.33)

(B.34)



B.2.4 Remarks on notation

We write the generator corresponding to the charge/current in square brackets. Eg: Q[aiﬂ' ]
and Q[U (1);ep).

Correspondence between the notations Q“b and th [a’ﬁ’j |:

Qut[0'] = Q% Qut[o?] = Q% Qut[c’] = Q" (B.35)
Qut[T'] = Q%, Qut[T?] =Q", Q] = Q" (B.36)
Qrot[0'77] = Q¥ for 1 <4,j < 3 (B.37)

B.3 Ignoring source terms for spin singlet monopoles

In this section, we argue why source terms for spin singlet monopoles potentially arising
due to spatial symmetry breaking near the boundaries (see Eq. (2.17)), do not significantly affect
the U(1),p Josephson current between two 120° AFMs. For simplicity, let us work with the
effective Hamiltonian in terms of the ordered phases alone, with the DSL integrated out, as we

did in Eq. (2.18). The source term, localized to the boundaries modifies Eq. (2.18) as follows:

3
ﬁnew = Aeff+ Z Z (V;?g(i)lp + hC) (B38)

i=1 P=L.R

Note that Vf’g is a coupling arising under RG flow in the effective field theory due to the bound-
aries breaking spatial symmetries. Hence, it is small when compared to 't <<f> L/ R>, which in

contrast is macroscopic in the 120° AFM. The source term leads to the following extraneous
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contribution to the U(1),,, current:

db . 3 .
_( éothL)extra ' [tht’L’ ; (W?Eq)j[’ ! hC)

(B.39)
(Verel, - he.)

Il

~.
-
i Mw
)

Now, we take expectation value of the above expression. The result is proportional to the expec-

tation value of a spin singlet monopole at the boundary of a 120° AFM phase. The only reason

this expectation value is nonzero is because of V. Hence, <Ci>2 L> is first order in V. There-
off

fore, <— (db(‘j%’ﬁ > is second order in VS, which we neglect due to the assumption that V< is
extra ’ ’

small.

B.4 Formula for Raman scattering off a non-equilibrium state

In this appendix, we will derive Eq. (2.40) for the Raman scattering rate when the spin
system is not in an energy eigenstate, but in a nonequilibrium steady state. While we will have
Raman scattering in mind for the sake of concreteness, our derivation applies for any scattering
process. We have two systems — light and matter. Light is used to probe matter (the DSL in our

case). The full time-independent Hamiltonian is
H=Hy+V (B.40)

where Hj is the Hamiltonian for the matter and light fields separately and V is the light matter
coupling. Suppose that at time ¢ = 0, the system is in state [¢)) ® |n;; 0), i.e. the matter part of

the state is |¢)) = >, 1, |I) (where |I) is an energy eigenstate of the matter Hamiltonian) and the
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light part has n; photons in a mode of frequency w; and 0 photons in mode wy. In the final state,
at time 7', the light part is in the state |n; — 1; 1), while the matter part is in an unknown state | f).
The scattering rate is given by
. 2
R= 2 |((fl® (ni = LNU(T)(|l¢) ® Ini;0>)‘

2
(B.41)

= =SS w1 @ (s~ LD © nis0)
fol

where U(T) = e~ iHo+V)T g the time-evolution operator. For ease of notation, we now define

L) = I ® [ns;0) and Ho |L) = Ey |L)
where EL = El + n;w; (B42)
[F) =[f) ®[n; — 1;1) and Hy |F) = Ep [F)

where Er = E; + (n; — Dw; + wy (B.43)

So, Eq. (B.41) becomes

2
1 N
R= 7 3 S dnomin) (B.44)
For T' > 0,
~ A [ dw A T
U(T) =iGgr(T) = z/ %GR(w)e e (B.45)

where G r(w) is the retarded Green’s function for the full system (light + matter). Using the

standard T-matrix formalism, we can write

Grw) = G%(w) + G%(w) Tr(w)G%(w) (B.46)



where G%(w) = 1H0 (here, wt = w—+i0") and Tr(w) = V+VE%L(W)V +VGLVELV +. . ..

wt—
Clearly, GOR cannot induce a transition that changes the number of photons; only the second
term involving Tr can do so. Thus, we get the following scattering amplitude

*do i (FITa()IL)
00 2w (er — Ejp)(wJr — EL)

(F|U(T)|L) = 7,/ (B.47)

The w integral should be closed in the lower half plane for convergence. This integral will pick
up poles at E —i0" and E;, —i0™". The poles of E(w) will not play a role under the assumption
T > 1/(Er — E)r), which is the regime of interest since we wish to consider the large 7" limit.
Here, E,; is the total energy (light + matter) of any level M such that (F|V|M) # 0. In such a
large 7" limit, one can expand out 7}(w) and see that our assumption is justified. So, we get

i(Ep+EL)T/2 sin((Er — £1)T/2)

(F\U(T)|L) = — 2ie foP—on

x (F|Tp(w = Eg)|L) (B.48)
~ — 27Ti6_iEFT(5(Ef +wr — E, — (JJi)

X (F|Ta(w = EF)|L) (B.49)

Now, (F|Ti(w = Ep)|L) is the same operator that appears in the equilibrium calculation in [7,

54]. As shown there, up to a constant of proportionality

(F|Ta(w = Ep)|L) = (f|M]l) (B.50)

i.e. the above matrix element for the full system is proportional to a matrix element of the matter
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part alone. M has been calculated in [7, 54] and depends on the initial and final polarizations of
light, momentum transferred by light and the lattice of the matter system. We have presented the

leading order expression for M in Eq. (2.41). Substituting Eq. (B.49) into Eq. (B.41), we get

ZZ@Dl,wl 47T Ef—l—wf—El—wl)

L

X 6(Es +ws — Ep —w;) (M| f) (f|M]1)

:—Zzwl,wl (47)? (B +wy — B —w;)

L

x 6(Ey — Ey) (UM f) (fIM]1) (B.51)

X b (UMY f) (FIMD) (B.52)

LU

where in the last equation, we used the Fourier representation of the J function. Now, we can
associate the phases in the above equation with the phases coming from time evolution to simplify

it as follows:

T/2 00 ‘
= llm — / dto / dte!wr—wit

X i <1’|M*eiﬁ°t0|f> (Fleot M el o))

T/2 ) )
= lim — / dto / dtetws—wilt
T*}OO T/2 —00

X (Y| M(to) M (t + to) 1) (B.53)
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where M (t) = elot Nf¢=i0t  This completes the derivation of Eq. (2.40).
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Appendix C: Chapter 3

C.1 Review of 7A'—rnatrix formalism

In this appendix, we review scattering theory using the 7 -matrix formalism. This review
is loosely based on Chapter 3 of Ref. [168]. The key takeaway from this appendix is Eq. (3.5)
which serves as a generalization of Fermi’s Golden Rule that works to all orders in perturbation
theory.

Consider a Hamiltonian

H=H,+V. (C.1)

For concreteness, one can imagine Hj to be the full Hamiltonian of light and matter separately,
and V is the light-matter interaction. But this formalism is applicable to any quantum scattering
problem. At time —7'/2, we start with a state |U(—T7"/2)) in the full (light + matter) Hilbert
Space. Around ¢ = 0, light and matter are interacting, and the scattered light is observed at
t = T/2. The final state is |[U(7/2)) = e *#T|W(=T/2)). We are interested in the limit
when 7' — oo. The final state will have several terms with oscillating prefactors of the type
e En—E)T where E° and E° are the energy eigenstates of H,. But we are interested in the
limit 7 > 1/(dE.,), (0 E;, being the uncertainty in energy of the initial state) where terms like
E9,—EO)T

el are fast-oscillating and average out to 0. Therefore, it is useful to have a formalism
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(b) |out)

[in)

L

I»mﬁ a(o)
[Ty —

- (2)

1) 1,42

Figure C.1: Fig. 3.3 in Interaction Picture: Schematic depiction of (a) |in) =
e~ HT/2 | (t = —T/2)) and (b) |out) = ¢'20T/2 | W (¢ = T/2)). This is a mathematical trick used
to bring all wavepackets to where they should have been at ¢ = 0, according to the noninteracting
Hamiltonian H, o- The states (a) and (b) are respectively obtained by evolving the initial and final
states shown in Fig. 3.3(a) and 3.3(b) forward and backward respectively in time till £ = 0. States
lin) and |out) are identical to Fig. 3.3(a) and (b) respectively, except that the light wavepackets

have been shifted so as to be in the vicinity of the material. Further, upon doing so, the individual

terms may have picked up additional phases a(;) etc. (compared to the corresponding terms in

Fig. 3.3) due to time-evolution.

that directly computes the time-evolved state with such fast-oscillating terms filtered away. This
is what the 7 -matrix formalism does.

We define states |in) and |out) as follows:

(U(—T/2)) = e Ho(=T/2) |ip) (C.2)

(U(T/2)| = (out| e"HoT/2, (C.3)

The purpose of this trick is to allow one to define Heisenberg operators in terms of the eigenstates
of Hy with respect to time ¢t = 0, which is a time when the photon wave-packet and the material
are already interacting. So [in) is defined as the initial state evolved forward in time till ¢ = 0
by the noninteracting Hamiltonian Hy. In this state, the laser wavepacket spatially overlaps with

the material [Fig. C.1(a)]. Similarly,

out) is defined by evolving the final state backward in time
till ¢ = 0 by the noninteracting Hamiltonian H, [Fig. C.1(b)]. We suppose the state |in) is a
wave-packet with a narrow spread of energy with respect to Hy such that the energy is centred

around EC. For the wavepacket to be far away from the material at t = —T'/2, it necessarily has
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a non-zero width in momentum (and therefore energy). Generically, a narrow wavepacket gets
wider with time (in real space). Since light is relativistic (i.e., the magnitude of velocity of all
the component waves of the wavepacket are equal, so the uncertainty in velocity comes solely
in its direction), the velocity of this spreading is maximum in the direction perpendicular to the
velocity of the centre of the wavepacket. This spreading velocity has magnitude ~ c% where
p is the mean momentum of the wavepacket and o, is its uncertainty in momentum. For small
enough %, the spreading of the wavepacket fails to catch up with the center itself. Therefore, in
the rest of this section, we will ignore wavepacket spreading. (Similar reasoning can also be used
to neglect wavepacket spreading in the case of a non-relativistic scatterer.)

Consider the state at time ¢t = 0:
IT_) = ¢ "HT/2¢iH0T/2 |ip) (C.4)

Now, let us view |I'_) as a function of the initial time —7"/2. We rewrite the above expression
by first differentiating with respect to ¢’ (supposing ¢ = —T'/2 in the above equation) and then

integrating over ¢’ from —7"/2 to 0.

Oy [T_) = ie! "' Vet i) (C.5)

0 7l N a g
— |T_) = [in) —i / dt/ e PV e~ ot |in) (C.6)

—T/2

The advantage of rewriting |I"_) as above is that it makes evident the fact that |I"_) does not
depend on —7'/2 (as long as —7'/2 is sufficiently negative). The reason is that 1% acting on

e~ iHot |in) returns O unless the wavepacket of the photon has some spatial overlap with the ma-

252



terial. This observation is the key physics input in the 7-matrix formalism. In the setting we are
imagining, the laser beam comes close to the material only around ¢ = —t¢ < 0 for some time
scale tc < T'/2. Whatever happens before —¢- does not contribute to the above equation. We

will soon use this useful fact. Let us suppose
[in) =) "¢ [BY) and [out) =Y 42 [WY) (C.7)
J J

where |\If;)> 1s an eigenstate of H, with energy E?. We assume that the ¢;’s are narrowly peaked
around energy Ej, o. Also inserting into Eq. (C.6) a resolution of identity in terms of |¥ ;) which

are eigenstates of H with eigenvalue £, i.e., >, | W) (U], we get:

o) = i) =i Dol D2 W) (W, [V]w5)

0
% / dtlei(gjfEJQ)t/

—T/2
(C.8)

= fim) + 3 30 ) (V[0 o7

—E9
2 sin? [w] +isin [(£; — E)T/2]

X
E9—¢,

Let us now simplify the following expression from Eq. (C.8):

2sin*((&; — ENT/4) +isin((E; — E))T/2)
EY —&;

J

(C.9)

Let us suppose that 7/2 > ﬁ, (where JE? is the spread in EY), i.e., T'/2 is so large that as
E;.) runs through the different eigen-components of the |in) state, the real part of the numerator

of Eq. (C.9) goes through several cycles of the sin?() function. Let us consider two limits for

253



|EY — &;]. The first limit is when |EY — £;| > §E{ (consequently |EY — £, > 2/T). Then
the fluctuations in the numerator of Eq. (C.9) are much stronger than the fluctuations of the
denominator. Hence, we can replace the real part of the numerator by its average which is 2x 1/2.
Thus, the real part of the expression is 1/(E? —&;). But in the opposite limit, when ‘EJO — 5]‘ <

. 1
2/T, the real part of Eq. (C.9) tends to 0. Hence the real part can be approximated by Pm

for large T'/2. Here, P stands for principal value and P2 is defined as lim,,_,q 3 (z jm + ﬁ)

sin((£;,—E9)T/2)

Next, we consider the imaginary part of Eq. (C.9), i.e., — S
J

. As T'/2 increases, this
function becomes sharply peaked around EY —E£; = 0. As T'/2 — oo, it becomes —7d(E? —&;).

Thus, in Eq. (C.8), we can make the following replacement

2 sin’ [%} +isin [(€; — BO)T/2]
B¢,
1 Sy C.10
—)Pm —Z7T(5(Ej —8J) ( )
1
= lim 5
n—0+ Ej _5J+Z77

This agrees with the intuition provided above that |I"_) should not depend on 7'/2 as long as it is

sufficiently large. Thus, we get:

. 1 ~
)= B B —— L C.11
Ty =>4 (l Ay |j>) (€1

J

Now, we need to evolve |I'_) forward in time till ¢ = 7/2 using H. This is simple because

w9 + E?Tlﬂmv |W9) is actually an eigenstate of H with eigenvalue EY. To see this, if we
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replace V with H — ﬁo, then we get

1 N
v+ V|
= lim # ‘\If?>
=0t B9 — H +in
s in 0
= 7715%& > Vo (W) (0,00 (C.12)

We see that as we take the limit 7 — 0%, the only .J’s that survive are those with £; = E?. Thus

we get
1 ~

vtV [P

[¥7) EY) — H +i0* ) 1)

=D Oe,=m V) (W] T7)

J
Therefore,
efiHT/2 ‘F,>
(C.14)

. ) 1 N
_ in —iE9T/2
= E toet )+ ——— V|V,

Before proceeding, we make one more formal manipulation (in the style of Dyson equations):

(B — H+i0")™!
(C.15)
A -1 (A A A
= (B — Hy+i0%) {1+ V(E) - H+i0")"}

Therefore,
1 ~
—V
E? — H 4107
(C.16)

1 N 1 .
= - VtV—r—V¢.
EY — Hy + i0+ EY — H +i0*
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We now define the 7'—matrix as

~

1 ~
T - 1%
E? — H + i0+
- 1 .
1% R 1%
ES — Hy =V +i0+

V4V

(C.17)

where E? is the energy of the eigenstate of H, appearing in the expansion of [in) on which 7~
is acting. For example, in the above equation, T is acting on ‘\If?> and hence we should use

E}, = EY. With this definition at hand, we rewrite Eq. (C.14) as

e—iﬁT/Q |F_>

1 (C.18)
_ in —iEVT/2 0 T 0
= e J A/ + ~ T y .
Recall that we are interested in calculating |out) = ¢'#07/2¢=HT/2 |}  We have
|out)
—i(BY—EQ)T/2 (C.19)

in € T
=S98t s+ g (IO
Jsk J

Now, by the same argument used before to show that |T"_) is independent of —7'/2, the above

state, i.e., |out) = ¢0T/2¢=HT/2|_) should be independent of 7/2 when T/2 > 1/(5E°,).
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Therefore, let us extract the 7'/2-independent piece from the above Eq. (C.19)

e—z‘(E;?—Eg)Tm

(E9— EY) + 0+

= e TP gy — O (] — E)
J k

(C.20)
pEOs (EY—ENT/2)  sin((E)— EQ)T/2)

J

—1
(E} — E}) (E} — E})

—iw§(E) — E)
In the limit 7'/2 — oo, the first term above averages to 0, and hence does not contribute to the
T-independent piece. The second term goes to —imd(E} — EY). Therefore, in the large 7'/2 limit,

efi(E;?ng)T/Q

G —2mid(EY — EY).
J

(C.21)

Therefore,

lout)
R (C.22)
= [in) = " 2mid(E) — Ep) [U3) (WR] T [¥9) (¥}in).
jik
The above equation is a generalization of Fermi’s Golden Rule that works to all orders in V.

C.2  When the incoming laser is modeled as a coherent state instead of a Fock

state

In Eq. (3.40) of the main text, we supposed that the radiation part of the |in) state was

in a Fock state (photon-number eigenstate) with A7, photons in mode L. In this appendix, we

examine the case when the initial state of the radiation sector is a coherent state. Our purpose is
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two-fold — to clarify the definition of the coupling constant g;, and to write an expression for the
lout) state.

Let us define a coherent state in the radiation sector |¢r) as:

|61) = e?La910 |0, ... 0). (C.23)
Then the full |in) state is
lin) = |I),, ® e?24L =433z |0, . 0) (C.24)
lor Ne
:|1>M®e—%zﬂ|0,...,NL,...0>. (C.25)

VN
Ni L:

In Eq. (3.6), when introducing the 7 matrix machinery, we assumed an [in) state that was an
eigenstate of H,. When lin) is not an energy eigenstate, as is the case above, one can decompose
it into its energy eigenstates, and for each of them, linearly add up the corresponding |out) states.

We argued in the main text that within our approximation, the only processes contributing
to GV that we keep are those where exactly one photon is absorbed from the laser and one
photon is emitted into a different mode. Similarly, the only processes that we keep for G are
those where exactly two photons are absorbed from the laser and two are emitted. Therefore, the
matrix elements of E°+Ho are independent of the number of photons A, in the initial state. The
only dependence of |out) on the initial state thus comes from the action of ay,. Therefore, if we

make a replacement from a Fock state to a coherent state, we just need to replace v/N, by ¢y, in

expressions for GV and /N7 (N7 — 1) by 2 in expressions for G(?). For a Fock state, we used

l¢L’wre

I; = A% For a coherent state, we can instead use I, = ==
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Now, we come to the laser-matter coupling. For a Fock state input, in expressions for G(?),

we make the identification

2 NL(NL - 1)(]3&2.

> C.26
L 2eVwy, ( )
On the other hand, for expressions for G, we make the identification
VIVLHeS Nigea (C.27)

< .
I eV,

This means that for Fock state input, our definition of gy, is slightly different for G() when
compared to G®. But for a coherent state input, the effective laser-matter coupling constants
agree.

Now, we are in a position to write an expression for the |out) state that works for both a
Fock state and a coherent state input. We suppose |in) = |I),, ® |¢(LO)> r» as defined in Eq. (3.40)
in the main text. Recall from Eq. (3.5) and (3.6), that |out) can be computed using the T-
matrix. In Eq. (3.38) and Eq. (3.39), we simplified the terms of the T -matrix for processes
corresponding to absorption and emission of one and two photons respectively. Combining these

with the discussion in the above paragraph, we get Eq. (3.43) in the main text.

C.3 Explicit calculation for matter operator R®

Our goal here is to calculate ]%5\21) », defined in Eq. (3.39) by expanding VpGoVpGoVpGoVp+

A A A A A A A A A A A ~ ~ —1
VeGoVpGoVp + VeGoVp + VpGo Ve, as promised in Sec. 3.5. Recall that Gy = (Ein — Ho) .
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Also, recall that within the dipole approximation,

T 7 — . g\/% ~ * At
Vp ~ Z“: Tl ; m(eAaA—l—e/\a)\) , (C.28)

where ju was defined in Eq. (3.51), ¢ = y/maa and we use a convention for summation over r
and p, so that each bond (r, p) is counted exactly once (and not double-counted).

Similarly, the diamagnetic term is

V2 2
C
u~; \g/m (eAdﬁe’;a;)] } (C.29)

Vi %% > { (trrsnllipobes +he.)

(r,p)

and the cubic term 1is

3
a-y gv2 (exda +e§a§)] . (C.30)
A

In the 7~ -matrix, each insertion of Vp can lead to a photon emission (&T\) or absorption (a)). Let us

write Vp = \A/JSL + VID_ , where \71;“ only consists of photon creation operators and ‘7}; only consists

of photon annihilation operators. Similarly, Vp = Vg T+ \75 T+ VD_ ~, where V;{ ~ is of the form

d;d » and so on. Then we see that Fig. 3.7(a) and 3.7(b) correspond to VP+ GOVP? GOV;{ GOVP? . Let
(2

us denote the contribution from this process to Rf\Ql) A, 88 ]:2/\1) x| - Similarly, Fig. 3.7(c) cor-
’ “la+bd

responds to \7; GOV; GOVP_ GOVP_ . Let us denote the contribution from this process as fi(ﬁ) A

C

Fig. 3.7(d) corresponds to V; éo‘}-g ’GOVP’ and we denote its contribution to Rgi) X, 88 RE\QI) o

d.

Finally the contribution from the process in Fig. C.5 coming from VpGoVe and VeGoVp are
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denoted RE\? /\2’ and RE\QI) AQ‘ respectively. Therefore,

~(2 ~(2
RY, =RY, (C.31)

H(2)

H(2)

»(2)

H(2)

el

a+

C.3.1 Processes in Fig. 3.7(a) and 3.7(b)

These processes are shown pictorially in Fig. 3.8(a;-ag). Let us first expand out V}j GOVP’ GOVJ GOVP’ ,

keeping the terms that will contribute to G(?):

VEGoVy G Vi GV
(2¢)? _ _ R
= 9" S0 Z | (i) -er) (i - ep) af
INTENTANTA
oy [ ) ) ©2)
e (VWnWx, WL = Errp+1407*
K,J,K'F

[EXF| Ty K| T 1IN | T KKK Ty
((,L)L — EJ[ — Wi -+ 20+) (2(,LJL - EK[ — Wi + ZO+) '

See Eq. (3.51) for the definition of 7,. Here, we sum over |.J), |K’), |K) and |F) that are
many-body energy eigenstates of the Fermi-Hubbard model. For convenience, we have defined
E;r = Fy — Ey. The overall energy-conservation constraint for each \; and \,, imposed by the
d-function in Eq. (3.46) is

E[—|—2(,<JL = EF‘I’W)\l —|-O})\2. (C33)
Now consider the three energy dependent factors (2w;, — Exy — wy, + i0+)_1,

(wp — Ejr —wy, + z'OJr)f1 and (w;, — Exy + iO*)fl. Of these, the first two factors con-

tain wy,, a variable that we integrate over, so we cannot estimate them just yet. But we can
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estimate the third factor — it is dominated by states |K”) in the single doublon-hole sector. For
such states, the factor is of order 1/ (w;, — U). Within this sector, relative variations in this factor
are of order t/|w;, — U] that we neglect. We drop contributions from outside this sector because
they come with an additional suppression of order |U — wy,|/U (see Fig. 3.7). Since Eq. (C.32)
now becomes independent of Ey-, we can replace ) ., |K')(K’| by the identity operator. Next,
to ensure that |J) is in the spin sector, the bond (r/, ¢t} ) along which the first hop occurs should
be the same as the bond (ry, p1) along which the second hop occurs. Using this fact, we can use

the identities (C.34) and (C.35) given below to simplify the expression in Eq. (C.32):

A

& ey = %g +(8-9),, (C.34)
Cally = Bap <1 = g) ~(8-9),, (C.35)

We then arrive at the following relation

- <J‘juju’|l>

~ (| G D [Eewrnl” (485 - Sepp — 1) 1) (C.36)

if both |/) and |.J) are in the spin sector.

Using this in Eq. (C.32), then symmetrizing the resultant expression between indices A; and s,

we can read off RE\? ), [defined in Eq. (3.39)]. Due to our choice of definition of R(fl) ), all the
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factors of v/2¢/+/Vw, cancel out. We obtain:

~(2
<F|R&3,AQ

I
+b| )

T 2 Zz{nwm

(r1,p1) po,uh K,J

% (ps-er) (.Uz : eAQ) 1
Wxx, — (2wL — EK[ + 20+) Wxx, — (wL - EJ[ + 20+)

+ </\1 > )\2>

X <J| (4Sr1 ’ SI‘H—ILl - 1) (/]'1 ' ej\l) (ﬂl ’ eL)} ’]> :

(C.37)

X (F| Ty [EXK| T 1)

The first term here has two poles, one at wy, = 2wy, — Fx 410", which corresponds to Fig. 3.7(a),
i.e., the central peak and another at wy, = wy, — E;; + 40", which corresponds to Fig. 3.7(b), i.e.,
the sidebands. The two poles here are reminiscent of the fluorescent triplet of a two-level system
studied in Ref. [14]. Our first [Fig. 3.7(a)] and second [Fig. 3.7(b)] set of poles are analogous
to the double Rayleigh process and sidebands respectively of Ref. [14]. The point where the
analogy with Ref. [14] breaks is that state |.J) in Fig. 3.7(a) is generically different from |I), and
therefore Fig. 3.7(a) is technically not a double Rayleigh process.

Coming back to our calculation, recall from Eq. (3.46) that the quantity we are interested
in is Eq. (C.37) multiplied by F;(wy, ) Fz(wy,)e“ ™ and integrated over wy, and wy, with the
constraint 270 (Fr; + wy, + wy, — 2wy, ). In this work, we will assume that the filter function
Fi(w) is narrow enough to prevent the central peak and sidebands from interfering. In this case,

we can expand the above expression around the individual poles of w), (and similarly, of wy,),
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1.e.,
1 1
wy, — (2w — Exr +1i0Y) wy, — (wp — Eyr +107)
1 { 1 1
wr, — U lwy, — (wp — Ejr+i0%)  wy, — 2wy — Exg + i0%)

(C.38)

~
~

The upshot is that we only need to look at Eq. (C.37) around the two poles, corresponding

to either the central peak or the sidebands. With this understanding, we can write ]%(A? Ao as a

a-+b

sum of two terms: RE\QI) /\2‘ and RE\QI) o
9 a 9

, near the first and second pole respectively. Let us look
b

at them one by one.

C.3.1.1 Process in Fig. 3.7(a)

Since R(A?,Az . is evaluated near wy, = wy, — By, the factor [wy, — (2wy, — Exr + i07)] ™"
becomes [Fx — w L]_l. This can be approximated as (U — wy,)~!. Then, the dependence on Fx
drops out and we can replace ), |K)(K| by the identity operator. Then, following the same
reasoning explained in the paragraph below Eq. (C.33), we can simplify the fermionic terms into

a spin singlet projection operator. Doing so, we get

2 2
(2 —g9r9 2 2
<F’R§\1),)\2 ’[> = (w LU)Q Z ‘tr2,r2+u-2| ‘tr1,r1+u1
a L —
(r1,p1)
(e2p2)
1
X
Z]: {{% — (wr, — Ey7 +1i0%) (C.39)

X (F| (48, - Seavps — 1) (2 - €1) (/12 - €3,) )

~

X <J| (4SI‘1 ’ ST1+M1 - 1) (p’l 'eL) (ﬂ'l : eil)} |I> + {)‘1 A )‘2}}7

where |.J) lies in the spin sector. (|/) and |F) lie in the spin sector, as usual.) As anticipated in

Sec. 3.5.2, the process in Fig. 3.7(a) involves operators entirely in the spin sector.
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C.3.1.2 Process in Fig. 3.7(b)

Along similar lines, one can simplify Rf\i) Aol 0 which is evaluated near wy, = 2wy, — Fky.
2 p
As we would expect, this time, it is not possible to rewrite all the fermionic operators in terms of

spins. Instead, we get

~(2
(FIRY,

2 2 2
gryg |tr ri+ |
J=2 {_ L( izlj)gl
K (r1,1) wr

I, (Fi2 - €3,) Tl K) (K| X, (1 €1) Ty, (C.40)
Wx, — (QWL — Frr + iO"")

A~ A

% (486, - Serp = 1) (i ex) (- ex)} D)+ {0 o}

where | K) is an energy eigenstate in the single doublon-hole sector. (|/) and |F’) lie in the spin
sector, as usual.) Therefore, the process in Fig. 3.7(b) necessarily includes operators in the charge

sector.
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C.3.2 Process in Fig. 3.7(c)

We show this process pictorially in Fig. 3.8(c;-¢;). This process, whose energy level

schematic is in Fig. 3.7(c), arises from the term V;“ GOV;“ GOVP_ GOVP_ . Expanding it out,

Gy Vit Gol Go U

=g* ) (#h-eL)(@h-e)a]

“17/"'/17/"'27/"'/2
oy JE (e (i e,) (C41)
Wy, — EK/[ + 10t
A1,A2
K,JK'F

FYF| Foag VK] T | T To VN T
(2wL —EjI+ZO+) (ZwL —EK[—UJ)\I —|—Z0+) ’

where | K') and | K') are in the single doublon-hole sector,

J > is in the two doublon-hole sector,
and |I) and |F) are in the spin sector. Like before, (w, — Ex/;)”' can be approximated as

(wp, — U)™". Also, (2wy, — Ej,)”" can be approximated as (2w;, — 2U)~". Then the dependence
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on both F and E'; drop out. Thus,

)
FIR?, | |1y = —9L9
(FIRD 1D = 5
Ay (F|32,., (2 e},) T |[KXK|
- wy, — 2wy — Fgy +i01)
X Z (I‘_l'l ’ ej\l) (tr17r1+ﬂ161‘1+u1,0161'101 - hC) Zj ‘j><‘]~)
ri,p1,01 (C42)
X Y (s er) (Sepap iyl g o s, — hic.)
rh,ph,
P
X Z ([1,’1 -eL) (tri7r£+“i Ai’l—f—u’l,aiéri"i — h.C.) ‘I> + [)\1 e )\2]},
(rh,11)
91

where ij ‘j><j

first three hops — the first one along bond (r/, p}), the second one along bond (r}, u}), and the

is a projector onto the sector with two doublons and two holes. Consider the

third along (ry, p1). At the end of the second hop, there are two doublons and two holes. At
the end of the third hop, there is one doublon and one hole. This can only happen in the two
qualitatively distinct ways shown in Fig. C.2 and Fig. C.3.  First, in Fig. C.2, the third hop
annihilates the doublon-hole pair created in either the first hop or the second hop.

In contrast, in the process shown in Fig. C.3, the two doublon-hole pairs created by the
first two hops are on neighbouring bonds. The third hop then annihilates a doublon-hole pair, not
along either of the previous two bonds, but instead along the bond connecting the first two hops.

Let us analyze the process in Fig. C.2 first. Here, the bond (ry, pt1) is identical to either
(r}, p}) [Fig. C.2(e)] or (rh, pb) [Fig. C.2 (d)]. Let us go with the former first. In this case, the

bond (r}, ph) corresponding to the second hop should share no site in common with the bond
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Figure C.2: First class of processes contributing to Fig. 3.7(c). For figures in this paper, an empty
circle denotes a hole at the lattice site and a filled circle denotes a doublon. The absence of any
circle denotes a spin (whose state is left unspecified). We use a curved blue arrow to denote an
electron hopping from the tail to the head of the arrow. The configuration shown in each figure is
the result of such a hop shown by the arrow on the same figure. Here, we show a square lattice
for concreteness. But our results hold for any lattice. We suppose wp; and ), are in the x and y
directions respectively. (a): One starts with a spin state. (b): Through a photon absorption, an
electron hops from r) to rj + 7. (¢): Through a photon absorption, an electron hops from rf, to
r}, + ph. At this point, there are two doublon-hole pairs as shown. Now there are two choices
of doublon-hole pairs to annihilate via a photon emission — either (d): the one created second, or
(e): the one created first.

; AT
(r1, p1). Therefore, we can replace i ng o (trg,r'2+u2 Cot 4t o, Cryo

—hc)by

(T27l—‘2 Jf
§ : T] (ri,p1) r2,r’2+u2 rh+ph,oh ,Cr 50% h.c. ’

I'2,0'2

where the symbol 7 2’“2)) is a function of two bonds (ry, p1) and (v}, p}), and was defined in

Eq (3.53). Once we enforce this constraint, we can drop the projector to the two doublon-hole
sector, » _ ; ‘ J ‘ in Eq. (C.42), since the projector is enforced automatically. Now, we can
commute the bond (ry, f£1) to the right in Eq. (C.42) through the bond (r’, ). Then the resulting
expression has the currents through two identical bonds next to each other, and we replace it

with [ty 1| (21 - €1) (1 -e3) (4Sr1 - Sryip — 1). It is easy to see that the second option
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— — p —
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Figure C.3: Second class of processes contributing to Fig. 3.7(c). Here, the doublon-hole pair
that is annihilated differs from either of the two pairs that were created, but is instead made of
one hole and one doublon from each pair. For this to be possible, the two bonds along which the
doublon-hole pairs were created should be connected to each other by another bond. (a): Spin
state. (b): Creation of first doublon-hole pair. (c¢): Creation of second doublon-hole pair. (d):
Annihilation of a doublon-hole pair.

I+ g

n|)

[Fig. C.2 (d)] gives the same result. Let us denote the sum of contributions shown in Fig. C.2 (d)

and Fig. C.2 (e) by (F|]A%E\21))\2‘ |I). Tt thus equals

C1

= 919°
c1 (CUL — U)2

x {Z{ (FIY2,., (2 €3,) T, | K XK

(2
(FIRD,,

% Wy, — (2wL — FExr + i0+)
(C43)

_ > 2
Z (IJ’IZ : eL) <L7y,é - ,C;L/Q (r17 Ml)) ‘tr11r1+/_1,1|

HH

X (485, Serp — 1) (- 1) (1 A)] } D)+ o Ag}},

>

ri,H1

where l@ué (r1, p1) is a Hermitian local operator supported near the bond (ry, p£;) in a way that
depends on the direction pf,. It was defined in Eq. (3.52) and shown pictorially in Fig. 3.9.

If we now re-examine Eq. (C.40), we find that it actually gets cancelled by part of Eq. (C.43).
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Therefore,
—919°
)= JLI
Cl| > (wL — U)2
. {Z {ZM (- €3,) (F] Ty [ KN

Wi, — (ZWL - EK] + i0+)

(2
(FIRY,

52)
HRY,

K
(C.44)

X Z |:Z (/-_1'/2 ) eL) ’eué (rh lJ’l) (4SI‘1 ' S1‘1-1—1111 - 1)

v
X ey ipm| (B1 - €r) (fr - ef\l)} } [I) + {1 < )\2}}-
Now, let us consider the contribution from the process shown in Fig. C.3 to Eq. (C.42), that we
will denote by <F|RE\21)7)\2 |I). In this process, the bonds (r5, 5), (r1, p1) and (v}, p})) form a
c2

train, when put together successively (see Fig. C.3(d)). The result of this process is a back-and-
forth hopping of an electron across the bond (ry, p1) as well as the transport of an electron from
r), to )} or vice-versa. Thus, the resulting operator only involves spin (and is not charged) at sites
r; and ry + w4, but involves charged operators at sites adjacent to the bond (ry, t1). Simplifying
Eq. (C.42) for this process, we get

|]>:_ﬂ
c2 (CUL—U>2

X {Z{Zuz (ﬂ’Q'e;g) <F|j“2 |K> <K|

Wxx, — <2WL — EK] + ZO+)

~(2
(FIRD,,

K

<D

(rl K1 ) 7“’1 7“’2

(1 - €3,) () - eL) (5 - er) (C.45)

A A

~

. S, — S, . .
X zSua,ué(rl,ul) . (% —iSy, X Sr1+m)

R A N 1
+ Coapu (T3, 1) <Sr1 et — Z) >] } 1) +{ A < )‘2}}7

where S wt o (T1, p1) and (f“,l ., (1, po1) are operators that result in tunneling of charge from one
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site adjacent to the bond (ry, 1) to another adjacent to the same bond, for example, from the
empty circle to the filled circle in Fig. C.3(d). These operators were defined in Eq. (3.56) and
Eq. (3.57), and shown pictorially in Fig. 3.10.

Both of the above operators are symmetric under exchanging the bond directions g} with
5. Under reversing the orientation of the bond (ry, p1), i.e., by replacing it with (ry + g1, — 1),
the operator S wt ., (Y1, p1) Temains invariant, while éu’l . (r1, po1) flips sign, as is needed for
consistency of Eq. (C.45). Also, note that S i, (1, ) and CAM/1 ., (T1, 1) transform as spin

triplet and spin singlet respectively under spin rotation.

C.3.3 Process in Fig. 3.7(d): Diamagnetic term

(@ (b) ©

/ J/
— 1| Ty —_

Figure C.4: (a): Spin state. (b): First doublon-hole pair is created via the paramagnetic term. (c):
A hole moves via the diamagnetic term.

Let us now look at B"), | . i.e., the contribution from V7 G,V;i~GoV, in other words,
1,12 d

the process shown in Fig. 3.7(d). This process involves the diamagnetic term, and is illustrated
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pictorially in Fig. 3.8(d;-d5). We have,

(FI RS 1) = ighg”
.S {z (- 5,) (F1 s KUK
K,K' \ p2

X Z (@ -er) (B -er) (f - €},)
(CUL — Egir + ZO+> (2WL — FErr — Wy, + ZO+> (C.46)

ri,p1,01
! ’ !
rHH1,07

S GO S * 1) 10

A N
X (tr/17r/1+“/1Cr,1+“,1’aicr/17gi - h.C.) ’[> + {)\1 <~ )\2} }

Here, |K’) and | K') are in the single doublon-hole sector, and |I) and |F') are in the spin sector.
Like before, (w;, — Exr;) " can be approximated as (w;, — U) . The pattern of electron hopping
in this process is depicted in Fig. C.4.

To ensure that the state | K') remains in the single doublon-hole subspace, the process lead-
ing from Fig. C.4(b) to (c) should be just a hopping of a doublon or a hole, and should not result
in the formation of an additional doublon-hole pair. Therefore, the bonds (ry, pt1) and (v, )

should have exactly one site in common. Therefore, either r} = r; or rj = r; — p. This allows
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R 4

Figure C.5: Microscopic processes involving the cubic term V. This Figure is a continuation
of Fig. 3.8, and hence we use (¢;) and (e;) as the subfigure indices. (e;-e,): Via the A3 term,
absorption of two photons followed by emission of one results in an electron tunneling across a
bond. Then the doublon-hole pair recombines to emit the second photon. This process couples
to the charge sector because (€}-€),): A photon is absorbed via the paramagnetic term leading to
off-resonant electron tunneling. Then, two photons are absorbed and one photon is emitted via
the A3 term resulting in the electron tunneling back.

us to simplify Eq. (C.46) to

2 2
~(2) =919
(F| R, 5, d|f> U
y Z Z (ﬂ2'e;2) <F|ju2|K><K|
rall G (2wy, — Exr +107)

X Z Z {su -er)(sp-ep) e, -

r,pu,p 5,8’ =41

sp#s'p!
~ S
X [(Sﬂ’_ /_/) jr,susu SI‘
+ % (spp+s'@) ﬁr,sms/wH } +{\ )\2}} (C.47)

where Hr sp,s'w and J » were defined in Eq. (3.58) and (3.59) respectively.

r,sp,s’ @
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C.3.4 Contribution from the cubic term

Finally, we calculate the contribution from the cubic term VC to the 7 -matrix: VPGOVC +

VCGOVP (shown in Fig. C.5). First, the contribution from Vpég VC 1s:

2,2
(2 —919
(FIRY,| 1D =—5
x> (12 en)’ (m-e3,) (1 €3,) (C.48)
1,02

AP T 1) (| T |
2wL — EK[ — Wi + 10t

+ [)\1 — )\2] .

Next, the contribution from VCGO Vp 1s:

2 .2

5(2)
<F| R/\1,)\2 o wr, — U

o (C.49)
X Z (lj’ ’ eL>2 (p‘ ' eil) ([l’ ’ e§\2) ‘tr,r+u’2 (4Sr ' SrJru - 1) :
(r,p)

C.3.5 Consolidating all contributions

After all the simplifications in the previous subsection, we are now ready to write an ex-

pression for the total two-photon amplitude

H(2 H(2 (2
(FIRS) ) = (FIRE,| 10+ (FIRS,,

o

H(2 (2 H(2 H(2
+(FIRS,| D+ (FLRD,,| 11+ (FIRE,,| 1D+ (IR, 1)
(C.50)

The result leads to Eq. (3.65) in the main text. We discuss below the corrections to Eq. (3.65) due

to Eq. (C.49).
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(FIRY, )

. / " dtemienant (BT [A(0) Ay (—0)] 1)

o0

—i / Tt (F [e(t)e—i@m—%L)tég(owl(—t) (C.51)

[e.e]

+HO(—t)e N Cy(—t) By(0)] |1)

1 .
F| Dy |1
+wL—U< | D12 |1),
where D is given by:
D= (e ) (el ) (€} - ) [trrrnl” (48, - Sprp — 1), (C.52)
(r,p)

This contribution arises from the A3

r,r’

term in light-matter interactions depicted in Fig. C.5(ef-¢)).
Dy isa pure spin operator, and is hence gauge-invariant. Thus, D15 is not needed to maintain
gauge-invariance of the remaining terms in Eq. (3.66). We now note that the dependence of
Di5 on polarizations is fine-tuned, and hence by choosing appropriate polarization channels, the
contribution from ﬁlg can be eliminated. Therefore, in this work, we drop Dlg since it does not
affect our main results. Developing a careful understanding of D, is a direction for future work.

Thus, Eq. (3.65), combined with the definitions in Eq. (3.60),(3.62) and (3.61), gives the
amplitude to find two photons — one in mode \; and another in mode \,, entirely in terms of
the matrix elements of matter operators between initial matter eigenstate |/) and final matter
eigenstate |F). Now, we would like to get rid of the explicit dependence on the intermediate
states |.J) and |K) in Eq. (3.65). To do so, we use the following identity (for some w and wy):

. = [ _dtO(t)e " @m«0=0)t where (t) is a step function that is 1 for ¢ > 0 and

w—wp—10t
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0 otherwise. By using the constraint wy, = 2wy — wy, — Err, Eq. (3.65) can be viewed as a
function of only one frequency w,,. We then use the above identity to trade the denominators
in Eq. (3.65) in favor of the ¢-dependent phases. Now, these phases can be absorbed into the
Heisenberg evolution of the operators Aj and Bj (defined as /1]- (t) = eiﬁotﬁje_mot). This allows

us to rewrite Eq. (3.65) as Eq. (3.60) in the main text.

C.4 Details of measuring phase-sensitive quadrature correlations and Condi-

tional GV

C.4.1 Time-averaging phase-sensitive quadrature measurements

In Table 3.1 of the main text, we presented phase-sensitive quadrature correlations <&dj (O)> et 4
c.c. and (Gg,(7)aq, (0)) €?+-c.c. In Sec. 3.3.2 and Fig. 3.4 of the main text, we described a setup to
measure these. In this Appendix, we address the ¢-dependence of Eq. (3.21) and Eq. (3.26) of the
Main Text. Our goal here is to extract a t-independent piece from them, because fast-oscillating
quantities cannot be robustly measured experimentally. Further, we should justify why the matter
correlators in Table 3.1 do not depend on . We do so by time-averaging Eq. (3.21) and Eq. (3.26)

over a long time. First, let us consider Eq. (3.21).

T/2
. M (g0 M (9.0,
Jlim / dt [GY), (0;051) — G _(6;0;1)]
—T/2
s (C.53)
o1 Iio (). i(wrt+0)
—Th_rgof / dt\/7(<adj(t)>0ute L +C.c.>.
—T/2
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From the definition of 4, in Eq. (3.9) of the main text, a4, (¢)e™" is a sum of terms of the form
e'wr=wt for each mode of momentum k. The long-time average will select only those modes
satisfying wy = wy, i.e., elastic scattering. This implies that the energy of the material remains
unchanged. Independent of this discussion, we concluded in Eq. 3.47 of Sec. 3.4.3 that in the
(Ieading order) process contributing to (a, (0) >Out, the matter sector remains in the same state | /)
after scattering, and the scattered photon has frequency wy . In this Appendix, we obtain the same
condition from time-averaging. Therefore, combining the two discussions, we conclude that to
evaluate the time-average in Eq. C.53, one can simply set ¢ = 0, thus justifying why we used
t = 0 in the Main Text [Eq. (3.22)] for the quadrature measurement.

Next, let us consider the time average of Eq. (3.26) to obtain the phase-sensitive second or-

der quadrature correlator. The relevant integral over ¢ here is limy_ 7 [ T2 At e2rt (g, (t+ 7)dg, (1))

—T/2 out*

Once again, using Eq. (3.9), we see that e*“L%G,, (t + T)ag, (t) is a sum of terms of the form
¢!(wr—wi; ~w1)t The long-time average selects modes satisfying 2w;, = wy, + wy,, therefore im-
plying that the energy of the matter state remains unchanged after scattering. This is once again
consistent with our independent conclusion in Eq. (3.48) of Sec. 3.4.3, where we considered
(Gay(7)aq,(0)),,, and showed that the matter state remains unchanged in processes relevant to
this correlator. Therefore, the result of setting ¢ = 0, (as in Sec. 3.4.3) is identical to performing
a long-time average over ¢, as in Eq. (3.26).

Finally, we note that by setting 4 = /4 and 05 = —7 /4 in Eq. (3.26), one can measure

Im (ag,(0)aq, (0)),, as desired in Sec. 3.7.
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C.4.2 Measuring Conditional G(!)

In this section, we provide the details for the experimental scheme shown in Fig. 3.5 of the
Main Text to measure Hy, 4,(t,7) = <&21(0)&22 (t + 7)ag,(t)ag, (0))ou + c.c.. One conditions
on a photon detection at detector d; (shown in orange in Fig. 3.5) at time 0. The second photon
is given a time delay ¢ with respect to the first, and is passed through a beamsplitter. One arm
of the beam splitter is given an additional time delay 7 with respect to the other, and they are
mixed again using a second beamsplitter. The detectors at the two output arms of the second

beamsplitters are labeled ds; + and ds; —. We have:

CAldQ;-i-(t + 7—) = [&dQ (t) + ddz (t + 7_)] ) (C54)

CAldQ;,(t + 7') = [ddQ (t) — &d2 (t + T)] . (CSS)

Sl Sl

The conditional measurement to be made here is a G(?)(¢ + 7) measurement between the pair of

detectors (dy, do; +) and (dy, da; —). Let us consider:

2 2
Ggh),dz;+(7f +7) - Gz(il),dg;—(t +7)

= (@}, (0)ah, . (£ + 7)aay (t+7)aa, (0)) = (@h ()l (¢ +7)aay— (t + 1), (0))

out

= (al, (0)al, (1 + )i, (D, (0)) + cc.

out

(C.56)

Therefore, the above difference measures the desired correlator.
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Appendix D:  Chapter 4

D.1 Convergence of the perturbation theory

In this appendix, we examine the issue of the convergence of the Taylor expansion of the
perturbational energies of the ice FM, ice antiferromagnet and the RK ansatz wavefunctions. We
find that the Padé approximants for the perturbational energies of the ice FM, ice antiferromagnet,
and the RK ansatz wavefunctions have spurious singularities in the range 0 < Q/V < 0.6
because of the vanishing of the denominators of the Padé approximants. It is known that such
singularities can appear in Padé approximants and can be avoided by the Borel-Padé analysis,
and the Borel-Padé approximants obtained from it do not have these spurious singularities. We
determine the [m/n] Borel-Padé approximant of a series f(x) by the procedure described in
Section 3 of Ref. [301] and we explain it briefly here: first, we perform a Borel transform on
the series f(z) giving a new series Bf(x). Then, we calculate the [m/n| Padé approximant of
B f(x) which we denote by Py, /(). Finally, we obtain the [m/n] Borel-Padé approximant by
calculating the Laplace transform of P, /,(x). Here, m + n should be equal to the degree of the
truncated Taylor series.

From the perturbation theory calculation of Sec. 4.3.1.4, we have the Taylor series up to
sixth order in §2/V for the energies of the three ansatz states — ice ferromagnet, ice antiferromag-

net, and the RK wavefunction. Thus we have m + n = 6. We have computed the various [m/n]
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Borel-Padé approximants and plotted them in Figs. D.1 (a)-(c). Based on these plots, we make

the following comments:

* Regarding the ice ferromagnet [Fig. D.1(a)]: We find that the [6/0], [5/1], [4/2], and [3/3]
Borel-Padé approximants are equal to the Taylor series while the [2/4] and [1/5] Borel-
Padé approximants have a lower energy than the Taylor series. At the transition point,
Qc = 0.43927, the [2/4] approximant differs from the Taylor series by about 17%. If
we use the [2/4] approximant instead of the Taylor series for the ice FM to determine the
transition point between ice FM and QSL, it shifts from 2 = 0.43927V to 0.44067V .
This change in the location of the transition point is very small, and using the Borel-Padé

approximants instead of the Taylor series does not change the phase diagram qualitatively.

* Regarding the ice antiferromagnet [Fig. D.1(b)]: We again find that the [2/4] and [1/5]
approximants are equal to each other and are different from the Taylor series. The other
Borel-Padé approximants, namely the [6/0], [5/1], [4/2], and [3/3] approximants are equal
to the Taylor series. The [2/4] Borel-Padé approximant differs from the Taylor series at the
transition point, {2 = 0.43927V, by about 20%. This is not a small amount, but even if
we assume that the true energy is lower than the perturbation-theory energy (Taylor series)
by 20%, ice antiferromagnet continues to remain an excited state and the phase diagram
does not change. This is under the assumption that the energies of the ice ferromagnet and

the RK wavefunction are given by their Taylor series.

* Regarding the RK wavefunction [Fig. D.1(c)]: We find that the [4/2], [3/3], [2/4], and
[1/5] Borel-Padé approximants are positive for all values of 2/ > 0, and the phase
diagram would not have a QSL if we used these approximants as the energy of the RK
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wavefunction. However, we believe this is an artifact of the Borel-Padé approximants and
is not representative of the underlying physics. To understand our claim, consider the
Hamiltonian without f[LR, i.e., the transverse-field Ising model. We know from Ref. [18]
that the ground state is a QSL for © < 0.55(5)V. For Q = 0, all states in the ice manifold
including the RK wavefunction are the ground states. For a nonzero but small {2/V, the
quantum fluctuations are present, and we expect them to decrease the energy of the ground
state. In Fig. D.1(d), we show the Taylor series obtained from sixth-order perturbation
theory and its Borel-Padé approximants for the Hamiltonian without Hig. We see that
the Taylor series decreases as €2/V is increased and captures the energy reduction from
quantum fluctuations, however the [2/4], [1/5], [4/2], and [3/3] Borel-Padé approximants
remain equal to 0. Thus, the [2/4], [1/5], [4/2], and [3/3] Borel-Padé approximants do not
capture the physics. This could be because of the structure of the Taylor series—the sixth-
order term has a large coefficient as compared to the zeroth-, second-, and fourth-order
terms. (The Taylor series for the RK wavefunction with Hyg is 0.026 — 0.027(Q/V)? —
0.098(Q/V)* — 2.77(2/V)5). However, we are not certain about why the [2/4], [1/5],
[4/2], and [3/3] approximants do not capture the energy decrease. Thus the only Borel-
Padé approximants we may be able to reliably use with the given data are [6/0] and [5/1],
which are the same as the Taylor series. We would obtain the same phase diagram if we

were to use the [6/0] or [5/1] approximants.

In summary, we find that using the [6/0] and [5/1] Borel-Padé approximants only changes the

critical coupling of the transition, but does not change the phase diagram qualitatively.

281



Borel-Padé approximants for ice FM
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Figure D.1: Sub-figures (a), (b) and (c) show the various Borel-Padé approximants and the Tay-
lor series for the three ansatz states: ice ferromagnet, ice antiferromagnet and the RK wave-
function. Sub-figure (d) shows the Borel-Padé approximants and the Taylor series for the RK
wavefunction without the long-range interactions. The curves labelled “Taylor” are the energies
of the ansatz states obtained from perturbation theory. The curves labelled by “[m/n|” where
m,n € {0,1,...,6} such that m + n = 6 are the [m/n| Borel-Padé approximants.

D.2 Gauge mean field theory

In this appendix, we first provide details of the gauge mean field theory calculation sketched
in Sec. 4.3.2.1, with a focus on capturing the Higgs transition. Then, we attempt to use the same
technique in the small-{2 limit to obtain the confinement-deconfinement transition. We find that,
in this limit, the technique is fraught with a serious limitation stemming from neglecting gauge

fluctuations.
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Starting from Eq. (4.45) of Sec. 4.3.2.1 and performing the mean-field decoupling, we get

ﬁMF = ﬁq; + 13[5 + Iflc, where

LY@ Y (e, (5,) + He)

rcA,B (reA),u
LS (b, 55+ He)
(red),u
(D.1)
2 s 2 (V=) ().
(reA),u (r €A),
Ho=g 3 ((®l#rie,) (8,) + He)
(red),u
5 X o 2 (Ve =1 (5).
(red),n (r €A),
H, is a constant, and V,w(r — 1’) was defined in Sec. 4.3.2.1.
H; above is of the form — D wenyu (Me, S8, + i 5% ,,), where
he, =Q (0, ., ).
(D.2)

hip== 2 (Vwlr-1)(,)).

(r'eA),v

and <§>I<i>r+e#> is calculated in the ground state of I:[q>, which in turn depends on (s*). (We
have implicitly assumed here that <<i>I<i>r+eu> is real, which we will show can be assumed self-
consistently.) This implies that, in the ground state,

i

<ru>—2’h“’f0rz—xz (D.3)
T,

Our goal is to self-consistently minimize the ground-state energy of the mean-field Hamiltonian
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subject to the constraints in Egs. (4.43) and (4.44). We showed in Sec. 4.3.1.2 that the ordered
ground state at {2 = 0 has momentum k = 0. Also, the TFP state in the large-(2 limitis a k = 0

state. So we start with a mean-field ansatz with full translation symmetry (similar to Ref. [272]):

S 1Cosé’,

r,u
2 (D.4)
1
<sf’u> = 5% sin 0,
where ¢, = 1,1, -1, -1 for p = 0,1, 2, 3, respectively. To solve the matter sector, it is conve-
nient to deal with the Lagrangian instead of the Hamiltonian. The imaginary-time Lagrangian for
the matter sector is

L=ov > 1(0r — ive) By

rcA,B

B Qcosb

> (P Py, + ) D.5)

(red),p

— i Z [nrvr (Z SiJﬂ]re#/?) + 5\1'(‘(I)I'|2 - 1)] )
m

reA,B

where the Lagrange multiplier Ar (Which gets integrated over) enforces the constraint ]q)r]2 =1
The Lagrange multiplier v, enforces the constraint (4.44). To zeroth order, we ignore the gauge
fluctuation a, ,. The matter Lagrangian alone, despite being quadratic in the rotor variables,
is nevertheless interacting because a quadratic term in rotor operators is nonlinear in terms of
canonical bosons (in other words, it is a cosine term in the phase of the rotor.) In order to
make progress, Ref. [272] assumes that, at the saddle point, )\, takes on a spatially uniform and
purely imaginary value ¢\, and also implicitly assumes that v, is O at the saddle point. Here, we

will follow suit while acknowledging that these approximations are uncontrolled. Making these
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simplifications, we obtain

1 5 cosf .
L=5 D 10:®* — D> (PiPrie, + cc.)
" (red)u (D.6)
+A) (12— 1).
The constraints now simplify to
(PlD,) =1, (D.7)
he = Q (0[P 1e,) . (D.8)

Now, we have a quadratic Lagrangian, which we solve by Fourier transformation. Our Fourier

transformation convention is (for o € {A, B})

Bro(T) =T Y Dalwy)eltr=nn), (D.9)

where 7' is the temperature, w,, are Matsubara frequencies and we eventually take the limit 7" —

0. Eq. (D.6) becomes

) Py, 4(wy)
L= TZ (q’i,A(Wﬁ (I)l*(,B<Wn)> G (wn) , (D.10)

o CI)k,B(wn)

where
w_v2z + b\ _Qcosefk
Gl = % ] (D.11)
w2
_Qc;)s@fﬁ ﬁ + A
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Here,

fu =14 e 4 emtha 4 omiks, (D.12)

where k = k1b; 4 kybs + k3bg, and by, by and bg are reciprocal lattice vectors of the FCC lattice

satisfying a; - b; = 0;;.

2V

Upon inverting the above matrix, we find that the eigenvalues of Gy (w,,) are W,
wi - wi (A,

where the dispersion of the two bosonic bands is

wEN 0) = \/zv ()\i Qciseuky). (D.13)

As long as the spinon dispersion is gapped, spinons will not condense. From the dispersion
above, we see that the dispersion becomes gapless when A = {2 cos §. However, as we will see
below, for fixed 6 and (2, A is determined by the constraint in Eq. (D.7). Therefore the condition
A = Qcosf is met for a specific 2 = OMF, which we will calculate below. Before that, will go

through a few intermediate steps. First, the matrix form of Gy (w,,) is (assuming €2 > 0)

— + - 9k ( N2 - )
w2 +(w;")?2 w2 +(wy, )2 w2+ (w,")?2 w2 +(w,, )2
gk(wn) — V n+( k) n+( ) +( ) nJF( k) , (D14)
* 1
i <W%+(w;)2 C w2+(w )2) w2 +(wih )2 T wi+(wy )2
where

—|§—‘;‘ when 0 < 0 < 7/2,

gk = (D.15)
0 when 0 = /2.

With the Green’s function in hand, we are now ready to impose the constraints, Eq. (D.7)

and Eq. (D.8). First, we calculate equal-time correlation functions of ® (by performing the Mat-
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subara sum on the Green’s function). Using these, the constraints in Eq. (D.7) and Eq. (D.8)

become, respectively,

v 1 1)
Fi(\0) = N Xk: (!w{f\ + o > =1, (D.16)
Vv 1 1
2( ) 2Nu.c. Zk:gk <‘Wk ‘wf{‘) ( )

Next, by imposing Eq. (D.3) with the help of Eq. (D.2), we get

Bsin 6 in 6
h* = — S;n , where B = Su; ( /EXA:) Vo (—1')e,. (D.18)

For a given 0, Eq. (D.16) determines \. We see that there are three self-consistent solutions for 6:

0= /2, (D.19)

1 (29F(\0
cos 1(—%(’)).
\

Within gMFT (gauge mean field theory), these three solutions correspond to a QSL, a “Coulomb
ferromagnet” (spin liquid with nonzero ice ferromagnetic order parameter), and an ice ferromag-
net, respectively [272]. For a fixed parameter 2, the true solution depends on which of the three
solutions above has lower energy with respect to the mean-field Hamiltonian (D.1). Suppose that,
for large enough (2, one is in the QSL phase, i.e., § = 0 and <<i>r> = 0. Now, the bosons will
condense when their dispersion becomes gapless, i.e., A = (). Using constraint (D.16), we find

that this transition point is Qi &~ 0.7V, as also found in Ref. [256]. For Q > Q. the ground
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state is in the TFP phase.
Having identified the Higgs transition point, we now attempt to identify the confinement-
deconfinement transition for low (2, i.e., find {2 at which § = 0 becomes the lowest-energy

saddle-point. Using Eq. (D.1), we get the following expression for the mean-field energy:
B .2
EMF =K — Nu.c. QQFQ()\, 6) cos f + E sin“ 0 s (DZO)
where K is the total kinetic energy of the bosons and can be calculated to be

K =

| —

D (wy +uwy) (D.21)
k

In Fig. D.2, we plot the energy Eyg for # = 0 (QSL) and # = 7/2 (ice ferromagnet), and find a
transition at 2 ~ 0.13V. (The third solution for § becomes the lowest-energy solution only in a
minuscule window around €2 = 0.13V/, so we ignore it.) However, we will now argue that this
result is misleading.

In gMFT, the energy reduction in the QSL phase with respect to the ordered phase (ice
ferromagnet) arises from the minimization of kinetic energy of the bosonic charges ®, that are
allowed to hop. When 6 = 0, the hopping coefficient is maximized, while, for § = /2, the
hopping coefficient is 0. However, microscopically, this hopping corresponds to a single spin-
flip. A pair of spin-flips at the same site leads to a constant reduction of energy coming from
second order perturbation theory, given by —Q?N, . /V. It is constant in the sense that this re-
duction is obtained for any state including the QSL and the ice ferromagnet. The mean-field

calculation, however, unfairly assigns this reduction to the QSL but not to the ordered state. In
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Figure D.2: The energy per unit cell (in units of V') of saddle points § = 0 (QSL) and 6 = 7/2

(ice ferromagnet) given by Eq. (D.20) up to an overall additive constant that is the same for § = 0

and 0 = /2. We also plot —% arising from trivial spin-flip pairs: this plot almost overlaps

with the energy of the § = 0 state.

fact, in Fig. D.2, we have also plotted —$2?/(4V") (the factor of 1/4 can perhaps be attributed to
using spin-1/2 and classical spins at the same time). As can be seen, this plot almost completely
overlaps with the energy of the QSL calculated within gMFT. So it is clear that, within gMFT, the
difference between the energies of the QSL and the confined phase is quadratic in € to leading
order even though we know from perturbation theory that the leading order term should be pro-
portional to Q°. Hence, gMFT cannot be used in the vicinity of the confinement-deconfinement

transition unless gauge-fluctuations are properly taken into consideration.
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D.3 Difference between <X pX pr)e and ():( p)% P)e

In this appendix, we show that the difference between (X p X p/), and ():( p)% p)c evaluated
in the ground state is of sixth order in 2/V/, that is, derive Eq. (4.53).

Let |¥,) be the ground state of the system. Thus |Wo) = Ug|¥,) is in the ice mani-
fold, where Uy is the unitary operator that implements the Schrieffer-Wolff transformation (see
Sec. 4.3.1.1). We have

(W, | Xp|W,) = (Uo|Us XpUL|Wy). (D.22)

At zeroth order in ©/V, the right-hand side of the above equation is (Uo|Xp|®,), which we
know is equal to (\I/0|)z'p|\lfo> since |¥,) is in the ice manifold [see Eq. (4.52)]. Note that Ug =
145452214 - - . The terms that are of order (Q/V')? flip 7 spins. When Uy and U}, in Eq. (D.22)
are expanded as a power series, the first term whose expectation value is nonzero (other than the
zeroth order term) appears at sixth order in {2/V. This is because Xp flips six spins which need

to be compensated from another six spin flips coming from six powers of S. Thus, we have
(Wo|Us XpUE|Wo) = (Uo| Xp|To) +© ((22/V)°). (D.23)
A similar argument applied to (f( p) shows that
(Wo|Us X pUL[Wo) = (Wo| X p|Wo) + O ((2/V)9). (D.24)

Using Eq. (4.52), we find that <)£(p> = (Xp) + O ((2/V)®). An analogous argument applies to

show ():( p)% p) = (XpXp) + O ((/V)'2). Finally, putting together all the pieces, we obtain
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Eq. (4.53). By similar arguments, Eq. (4.54) can also be derived.

D.4 Plaquette correlators in TFP phase

In this Appendix, we derive the plaquette X correlator deep inside the TFP phase at second
order in perturbation theory, treating the van der Waals interaction as the perturbation. That is,
we derive Eq. (4.71).

For Q2 > V, the ground state up to first order in V/Q is |£) = |—) + |x1) [see Egs. (4.68)
and (4.69) for the definitions of |—) and | ;) respectively]. Here |—) is of zeroth order, and |x1)

is of first order in ©2/V. The connected plaquette X correlator is

(E1XpXplE)  (€1XPIE)(EIXPE)

— : (D.25)
(€le) (€le)?
Since (—|x1) = 0 and Xp |—) = |—), the first-order term in the plaquette X correlator above will
be zero. Keeping only terms up to the second order, the plaquette X correlator becomes
(1+ (al XpXpxa) (1 = (alxa))
(D.26)
— (14 QalXpa) (1 + (alXexa)) (1 = 20alxa))-
Simplifying this expression and keeping only terms that are second-order in 2/V" gives
OalXpXplxa) — CalXelxa) — GalXela) + (alx)
(D.27)

= <X1’(XP - 1)(XP' — Dlxa)-

Substituting the definition of |y;) from Eq. (4.69), we obtain the desired Eq. (4.71).
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