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Chains of Josephson junctions are known to produce some of the largest kinetic per-

unit-length inductance, which can exceed the conventional geometric one by about 104.

However, the maximum total inductance is still limited by the stray capacitance of the

chain, which results in parasitic self-resonances. This stray capacitance is unnecessar-

ily large in most circuits due to the high dielectric constant of silicon or sapphire sub-

strates used. Here, we explore a regime of ultra-high impedance superconducting cir-

cuits by introducing the technique of releasing the Josephson chain off the substrate. The

ultra-high impedance regime (Z > 4×RQ ≈ 25.8kΩ) is realized by combining a maxi-

mal per-unit-length inductance with a minimal stray capacitance and demonstrating the

highest impedance electromagnetic structures available today. We begin with suspended

“telegraph” transmission lines, composed of 30,000+ junctions and show that the wave

impedance can exceed 5 × RQ (33 kΩ) while the line still maintains a negligible DC re-

sistance. To quantify the effects of parasitic chain modes in ultra-high impedance circuits,

we use high-inductance fluxonium qubits. We show that chain modes are ultra-strongly

coupled to the qubit but can be moved to a higher frequency with the Josephson chain-

releasing technique. Finally, we create a superconducting quasicharge qubit (blochnium),



dual of transmon, whose impedance reaches over 30 × RQ (200 kΩ) with no evidence of

parasitic modes below 10 GHz. This qubit completes the periodic table of superconduct-

ing atoms and demonstrates the dual nature of a small Josephson junction in ultra-high

impedance circuits, which we probe in a DC experiment in the final chapter.
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1
Introduction

“Science is what we understand well enough to explain to a
computer. Art is everything else we do.” — Donald Knuth

The genesis of quantum mechanics at the beginning of the 20th century
ushered in a new description of the physical world inaccessible to human
senses; physics on the atomic scale. The bizarre world of quantum me-
chanics replaces classical physics continual certainty of determinism with
a probabilistic theory of randomness and interference. These two physical
descriptions of the world are separated by a wide rift with various attempts
by founders of the field to stitch the two pictures together through various
thought experiments. Most notably demonstrated by Bohr’s correspondence
principle, Heisenberg’s microscope, and Schrödinger’s cat. Yet, the realiza-
tion of coherent macroscopic quantum mechanics still eluded experiments.

Superconductivity in itself is a macroscopic quantum phenomenon that
manifests in a material upon cooling below a critical temperature Tc [147]
and has the properties that include zero resistance when biased with direct
current (DC) and the expulsion of magnetic fields (Meissner effect). Ac-
cording to the macroscopic phenomenological quantum model of supercon-
ductivity, below the critical temperature, the charge carriers in a supercon-
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ductor condense forming paired electrons called Cooper pairs. The super-
conducting condensate formed can be described by a single wave function
within the material and takes the following form [175]:

ψ(r, t) =
√

n(r, t)eiφ(r,t) , (1.1)

where n is the density of Cooper pairs and φ is known as the supercon-
ducting phase. The superconducting state represents a dramatic reduction
of complexity within the system.

In 1961, Brian Josephson theorized charge carriers in superconducting
leads separated by an insulating barrier should exhibit coherent tunneling
through the barrier [89]. This quantum phenomenon was measured experi-
mentally thereafter, confirming the existence of coherent tunneling through
a macroscopic barrier. This collective phenomenon occurs in systems com-
prised of billions of atoms yet can be simply described with just a single
wavefunction. The technology for engineering quantum electrical circuits
is based upon this effect and the electrical component with this behavior is
referenced to as a Josephson junction (JJ).

The field of superconducting quantum circuits came probably around the
time when Anthony Legget proposed, in 1980 [107], that the observation of
quantum coherence between macroscopically different flux states in a su-
perconducting loop should be realistically observable. During the next few
decades, the field of superconducting circuits progressed rather rapidly with
the first forms of the charge qubit being suggested in 1987 [21] and exper-
imentally realized by the Saclay group [15] experimentally in 1997. While
in the year 1999, Nakumara et al [133] first demonstrated coherent control
of a macroscopic quantum state in a superconducting circuit by observing
the quantum state evolution in the time domain with ultra-fast electronics.
By 2002, the full coherent manipulation of a superconducting circuit was re-
alized [179] and later realized in other varieties of superconducting circuits
[27]. Several years later, in 2004, the circuit analog to cavity QED [113]
was experimentally realized [183] which coupled a photon in a resonator to
a superconducting circuit. These initial highlighted works provided a strong
foundation for exploring macroscopic quantum phenomena with supercon-
ducting electrical circuits which are the foundation for the field.

2



Figure 1.1: (A) A superconducting loop with circulating current has a fixed amount of total
flux threading the loop given by integer values of Φtot = mΦ0. (B) Two superconducting
leads separated by a dielectric barrier forms the superconducting Josephson junction. Each
lead has a superconducting phase φ1,2.

1.1 Macroscopic quantum nature of an electrical circuit

Superconducting circuits exploit the remarkable property that macro-
scopic degrees of freedom, such as the magnetic flux through a loop or
the number of charges stored on an island, can behave coherently. This be-
havior is in part due to the quantum nature of superconductors but probably
manifests itself experimentally due to the lack of electrical dissipation of the
collective excitations present in these systems.

1.1.1 Flux-quantization

Consider a large superconducting ring that has externally applied mag-
netic flux (Φext) penetrating the space occupied by the loop. The magnetic
flux inside the superconductor volume will be expelled by the Messiner ef-
fect yet a finite amount of magnetic flux still penetrates the inner part of the
loop. This residual flux is created not only by the externally applied flux
but also by an induced supercurrent flowing on the surface. To find the total
amount of magnetic field present inside the superconducting loop a path in-
tegral around a contour within the superconducting material itself is utilized

3



[130]: �
φ2

φ1

(
∇φ − 2e

h̄
A
)
·dl = 0

φ2�

φ1

∇φ ·dl =
2e
h̄

"

S

B ·dS
(1.2)

where A is the magnetic vector potential and the line integral of A around
the closed loop from φ1 to φ2 is equal to the total magnetic flux enclosed
through Stoke’s theorem. Additionally, the problem has another constraint,
that the wavefunction (equation 1.1) must be single-valued at the same point
in space which implies φ2 = φ1−2πm; where m is defined as all real inte-
gers. Plugging this into the expression above creates the final solution:

Φtot =
h

2π

1
2e

(φ1−φ2) = m× h
2e

= m×Φ0 (1.3)

where Φ0 is a fundamental constant called a magnetic flux quantum with a
value of:

Φ0 =
h
2e

= 2.068×10−15 Wb . (1.4)

The magnetic flux is often represented in a normalized form and is expressed
as: ϕtot/2π = Φtot/Φ0 = m. This result demonstrates the magnetic flux
threading the loop is quantized in integer values (m) of the magnetic flux
quantum made possible by the induced supercurrent which adjusts value in
order to maintain this quantization effect.

1.1.2 Josephson equations

A Josephson junction (JJ) [89] is formed when two superconducting
wires are electrically separated by a thin insulating barrier and is the es-
sential building block to SCQC. Typically, two aluminum wires are sepa-
rated by a thin aluminum oxide barrier forming an S-I-S junction. When a
junction is cooled to a sufficiently low temperature (T < Tc) the electrodes
become superconducting and present zero resistance to direct current (DC)
while the thin barrier remains in an insulating state.
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Remarkably, a zero voltage supercurrent is able to flow across the insulat-
ing barrier between the two superconducting electrodes. The supercurrent is
a non-linear sinusoidal function whose argument is the Cooper-pair conden-
sate phase difference between the JJ electrodes. When the phase difference
is constant the voltage difference between the electrodes is zero; conversely
when the phase difference is changing with respect to time, a non-zero volt-
age appears implying the junction is now accompanied by a finite resistance.
This phenomenon is described by the first (DC) and second (AC) Josephson
equations [89, 175]:

I = I0sin(ϕ)
V = ϕ0

dϕ

dt
. (1.5)

where (ϕ = 2π

Φ0
{φ2− φ1} = {ϕ2−ϕ1}) is the normalized phase difference

between the Cooper pair wave functions for each of the two superconducting
wires. While I0 is defined as the critical current – that is the maximum
amount of supercurrent the junction can support before turning normal and
is more or less a constant value depending on the junction properties itself.

The second Josephson equation describes when a non-zero voltage is
created between the two superconducting leads. When the voltage exceeds
twice the value of the superconducting gap (∆) V> 2∆, the JJ will radiate at
a frequency proportional to the value of the voltage difference across the JJ
[147]. This astounding effect is used as the fundamental quantum standard
for the SI unit voltage. The frequency-voltage relation is f = 2e⟨V ⟩

h .
The non-dissipative, non-linear properties of a Josephson junction will

be used to convert ordinary macroscopic superconducting circuits into “ar-
tificial atoms” [28] and will be one of the main circuit elements discussed
throughout this work.

1.2 Linear circuit elements

The three key elements in SCQC are the capacitor, the inductor, and the
Josephson junction. Basic circuit analysis uses generalized magnetic flux
and electric charge as the time integral of voltage and current, respectively
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Figure 1.2: A capacitance C has total charge Q on each plate due to a voltage V. Energy is
stored in the electric field between the two plates. A time-varying voltage causes the plates
to charge and discharge. An inductance (L) has a current flowing along the wire which
in turn produces a magnetic flux through the loop. A JJ has a non-linear current flowing
across the barrier where the maximum amount of super current is denoted as I0. When the
phase difference between the two leads changes in time, a finite voltage appears.

[36]. Defining the generic circuit branch variables as:

Φb(t) =
� t

−∞

Vb(t ′) dt ′

Qb(t) =
� t

−∞

Ib(t ′) dt ′ .
(1.6)

The first linear circuit element is the capacitor which stores a total charge
(Q) proportional to the voltage drop across separated leads. The capacitor
stores energy in the electric field between the two plates where the amount
of charge accumulated on each lead is dependent on the amount of voltage
applied:

V (t) =
Q(t)

C
, (1.7)

where C is the capacitance. Using the other generalized circuit equation
for current the rather obvious relation: I(t) = Q̇(t) is recovered. The ca-
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pacitor produces an imaginary reactive impedance to AC electrical signals
that decreases with increasing signal frequency. The expression is given
as: ZC(ω) = 1/iωC. An AC signal imposed on a capacitor produces a dis-
placement current which can be understood as a time-varying electric field
between the capacitor plates caused by the charging and discharging of ca-
pacitance.

The second linear circuit element is the inductor which stores energy in
the form of a magnetic field that is proportional to the current traversing
the wire. The flux is defined as the magnetic field per unit area and the
inductance L is a proportionality constant that determines the ability to con-
vert current into flux. The basic linear equation describing the relationship
between current, flux, and inductance is:

I(t) = Q̇(t) =
Φ(t)

L
. (1.8)

While the other generalized circuit branch equation is the relation:V (t) =
Φ̇(t). Noting this equation’s similarity to the second Josephson equation.
The inductor also produces an imaginary reactive impedance to AC elec-
trical signals where now the impedance increases with increasing signal
frequency. The expression for impedance is given as: ZL(ω) = iωL. An
AC signal imposed on an inductor produces a fluctuating current causing a
time-varying magnetic flux.

These basic variables each obey Kirchhoff’s laws to simplify into node
variables. For flux tunable devices, where the circuit forms a loop, the ex-
ternal biasing field must be included such that:

Φext = ∑
loop, b

Φb . (1.9)

This exerts a physical constraint on the node variables which relates the
external flux bias to the superconducting phase difference across a JJ em-
bedded in a loop.
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1.3 Energy scales

Each electrical component contributes an energy that governs the dy-
namics of an electrical circuit comprised of the three basic building blocks.
Each energy scale can be engineered through careful design and fabrica-
tion. When properly executed the three building blocks are used to create
macroscopic artificial atoms.

An important comment on the usual units convention is: normally, en-
ergy is discussed in units of eV or Joules, however, in SCQC the energy
is usually divided by Plank’s constant and is represented in units of Hertz
(Hz).

1.3.1 Josephson energy

Based on the Josephson equations, the JJ energy is a highly non-linear
function of the phase difference, ϕ , between the two superconducting elec-
trodes separated by the thin insulating barrier. The energy scale for tunnel-
ing of Cooper-pairs is easily calculated as the work of an external circuit
which increases the phase difference from zero to some value ϕ ′:

EJJ =

�
I(t)V (t) dt =

h̄I0

2e

�
ϕ ′

0
sin(ϕ) dϕ =

h̄I0

2e
(1−cos(ϕ ′))=EJ(1−cos(ϕ ′)) .

(1.10)
For a single JJ the total energy is EJJ with the amplitude EJ a constant
value. The usual range for EJ in SCQC is somewhere within the range of
1-100 GHz. A “small” or “weak” JJ is typically when EJ < 10 GHz. From
a practical, experimental viewpoint, the Josephson energy can be written
utilizing the Ambegaokar-Baratoff formula [130] which defines I0 = π∆

2eRN
where the superconducting gap of the Al leads is ∆∼= 40 GHz and RN is the
room temperature normal resistance of the JJ. This allows for the expres-
sion of the Josephson energy as a function proportional to the ratio of the
resistance quantum (RQ = h/2e2 = 6.45 kΩ) to the normal resistance. The
value of the energy scale representing EJ is finally expressed as:

EJ =
∆RQ

2RN
=

h̄I0

2e
. (1.11)
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This formula gives experimental intuition for how the Josephson energy
scales with dimension; realizing RN ∝

1
area which means the smaller the

area of a JJ the lower the value of EJ or simply stated: EJ ∝ area.
Now using the AC Josephson equation and the generalized branch inte-

gral for flux, an illuminating integral showing the likeness of a JJ and an
inductor is found:

Φ(t) =
� t

−∞

V (t ′) dt ′ =
� t

−∞

Φ0

2π

dϕ

dt ′
dt ′ = ϕ0ϕ(t) . (1.12)

This shows the equivalence between the branch flux and the superconduct-
ing phase difference across a JJ which is seen to be proportional to one
another enabling the phase difference to be likewise defined as:

ϕ(t) =
2π

Φ0

� t

−∞

V (t
′
) dt

′
. (1.13)

This shows a clear similarity of the Josephson equations with Faraday’s law
of induction [54]; the change in the phase difference across the junction
barrier is proportional to the voltage just like the change in the magnetic
flux threading a loop is proportional to the voltage. Following this analogy,
the Josephson inductance (LJ) is defined as:

LJ(ϕ) =
V

dI/dt
=

Φ0

2πI0cos(ϕ)
=

Φ0

2πI0

1√
1− I

I0

. (1.14)

However, counter to the usual inductance, the Josephson inductance is non-
linear while also being able to take on positive and negative values alike.
The relation for LJ(ϕ) allows for another form of EJJ(ϕ) expressed as:
EJJ(ϕ) =

Φ0
2πLJ(ϕ)

.

1.3.2 Inductive energy

Traditionally, inductances are constructed of compactly turned wires which
form a coil. The more turn density the stronger the electromagnet and so this
usual form of producing an inductance is considered geometrical in nature.
However, as was seen for JJs in equation 1.14, another form of inductive
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energy exists in a superconductor. This inductive energy is associated with
the amount of energy stored in the kinetic movement of the charge carriers.
A superconductor possesses significant kinetic inductance due to the lack
of scattering which normally thwarts this phenomenon in normal metals be-
low optical frequency. Kinetic inductance can be solved by setting the total
kinetic energy equal to the inductive energy and solving the inductance [2]:

Lkinetic =
me

2ne2
l
A
=

h̄R□

1.76πkBTc
. (1.15)

Where the second expression is found using the Mattis–Bardeen formula
for the imaginary component of the complex conductivity [175] which is
attributed to the kinetic inductance.

Experimentally, the first equation shows kinetic inductance can be in-
creased by making a longer wire or by producing a thinner film. How-
ever, the kinetic inductance can further become enhanced depending on
the material’s Cooper pair density (n). In a superconductor that is “disor-
dered”, meaning superconducting grains are separated by some small region
of non-superconducting material, the supercurrent can only exist in bulk if
the charge carriers tunnel from one superconducting grain to another. This
means the Cooper pair density is suppressed between the grains effectively
increasing the kinetic inductance. The disorder of a superconductor is also
reflected in the normal sheet resistance (R□) and the Tc as represented in the
second equation.

An example of a disordered superconducting material is reactively evap-
orated titanium nitride (TiN) [127]. This material has large kinetic induc-
tance sheet values ranging between 0.1− 2 nH/□. This material’s disor-
der is actually tunable with thickness and chemical composition which are
both used as tuning knobs to push the disorder superconductor through the
superconductor-insulator-transition (SIT) [110].

Likewise, an array of JJs can also act as a (synthetically) disordered wire.
The insulating junction barrier suppresses Cooper pair density and therefore
has a large kinetic inductance due to the reduced number of charge carri-
ers tunneling through the junction interface. Furthermore, for sufficiently
low currents compared to the critical current I0, a small phase difference
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enables a Taylor series approximation of the Josephson inductance repre-
sented in equation 1.14. The approximation leads to the JJ linear inductance
LJ =

Φ0
2πI0

. This inductance is inversely proportional to the critical current
and becomes larger when the junction area is decreased. When a wire is
comprised of many identical large JJs in series and I≪ I0, the series of JJ
can be linearized producing a total inductive energy:

EL =
Φ2

0
4π2

1
Ltot

=
Φ2

0
4π2

1
NLA

J
(1.16)

where Ltot is the total sum of all of the Josephson inductances in the chain
and is simply defined as the inductance per junction LA

J times the number of
junctions N. Typical values of inductive energy range between 1 GHz and
0.06 GHz in this thesis.

1.3.3 Charging energy

The final energy scale relevant to SCQC is the charging energy which is
essentially the amount of energy required to place a charge onto a metallic
island. To properly define the charging energy (EC) consider an isolated
superconducting island with a capacitance C to ground. The number of
charges on the island will be defined as Q = 2eN where N represents the
integer number of excess Cooper pairs located on the island. The excess
charge on the surface of the superconducting island will spread out and pro-
duce a static electric potential (UQ) which requires the energy EC for any
new charge which is inclined to hop onto the island. If a voltage source is
in the vicinity with capacitance Cg to the island then “external charge” can
be induced: Qext = 2e×ng =−CgVg. The total charge on the island is then
used to find the electrostatic potential:

Q =CUQ +Cg(UQ−Vg)⇒UQ =
Q

C+Cg
+

CVg

C+Cg
(1.17)
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and further defining the full self-capacitance of the island as CΣ = C+Cg.
So the total electrostatic charging energy of the island is given as:

Ecap(Q) =
Q2

2CΣ

− QQext

CΣ

=
(Q−Qext)

2

2CΣ

+ constant

=4e2 (N−ng)
2

2CΣ

.

(1.18)

The formal definition of the charging energy EC can now be defined as:

EC =
e2

2CΣ

. (1.19)

Plugging this into equation 1.18 gives the full term expressed as Ecap =
4EC(N − ng)

2. The electrostatic charging energy of an island manifests
charge quantization since if N was continuous then the minimum energy
would always be Ecap = 0 at N = ng. This is actually the case for any circuit
element with a direct DC shortcut between itself and the source.

For a JJ there is always an innate capacitance associated with the par-
allel plate likeness of the S-I-S geometry. The usual JJ capacitance (CJ)
is proportional to the area of the junction with a phenomenological value
for Al/AlOx/Al which scales with area according to CJ ≈ 45 fF/µm2. It
turns out, the separation this oxide creates between the superconducting
leads (∼ 1 nm) is enough to form the electrical disconnection which renders
charge quantized on a superconducting island that is connected to ground
through a single JJ.

1.3.4 A classical Josephson junction

The most basic model of a JJ is a current-biased junction in parallel with
the innate junction capacitance CJ and a resistor. This model utilizes the
Josephson equations and circuit analysis of Kirkohfs laws to find the equa-
tion of motion as:

I =
h̄CJ

2e
d2ϕ

dt2 +
h̄
2e

1
R

dϕ

dt
+ I0sinϕ . (1.20)
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Where the resistance value (R) is of the junction in the normal state and is
the resistance presented to normal electrons/quasiparticles [citation]. This

Figure 1.3: (A) The classical circuit for a current-biased JJ in parallel with a capacitor and a
resistor. (B) The washboard potential for a JJ with I0 = 6 nA. The current tilts the potential
until the particles rolls down the Josephson potential at a rate dφ/dt given by the resulting
voltage.

model is of the form similar to a forced damped oscillator, i.e. like a forced
pendulum in gravity oscillating in a damping medium. More intuitively, we
can think of this model as a particle moving in a viscous medium living in a
sinusoidal potential. The position of the particle is represented by the phase
difference ϕ , the amplitude of the potential is given by A = h̄I0

2e = EJ creating
the potential U(φ) = EJ(1−cosϕ), the particle’s mass is given by M = h̄2

8EC
,

and the viscosity given by η = h̄2

8ECRC .
When the external current is non-zero the potential is modified: EJ(1−

cosϕ)− I
I0

ϕ resembling a “tilted-washboard”. The external current creates
a tilt to the cosinusodial Josephson potential. The simplified equation of
motion using the mechanical analog is [90]:

M
d2ϕ

dt2 =−η
dϕ

dt
− dU(ϕ)

dϕ
. (1.21)

When the particle is confined to a single Josephson well it oscillates
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about the minimum at the plasma frequency (ωp/2π) which is found by
expanding the cosinusodial term for small phase difference and assuming
I≪ I0.

ωp/2π =
√

8EJEC (1.22)

When the potential becomes tilted such that the particle can travel from
well to well, dϕ

dt ̸= 0 meaning, by Josephson’s second equation, a finite value
of voltage appears and the value of voltage is directly proportional to dϕ

dt –
meaning it is oscillating in time depending on the particle’s velocity as it
travels down the potential.

This basic equation of the JJ gives only one equation to find both I(t)
and V(t); another equation to relate these two functions is to consider the
impedance of the external “embedding” circuitry which surrounds the junc-
tion. In SCQC, the external system is usually made up of capacitors or
inductances which are connected to the leads of the JJ. Therefore, the em-
bedding circuitry’s impedance can also determine the current and voltages
of the JJ: Ze(ω) =−VJ(ω)/IJ(ω). This means, in reality, fast variations in
the current can be induced in the JJ by external microwave sources which
are coupled to the external embedding circuitry surrounding the junction
itself.

1.4 Quantum engineering of electrical circuits

In this section, the basic idea for describing voltages and currents in a
superconducting circuit using a quantum mechanical description is formu-
lated. The research presented in this work uses superconducting circuits
to experimentally study macroscopic quantum systems where, ideally, the
experiments are made out of dissipationless circuit elements. The ability
to engineer the energy scales of each circuit element enables the quantum
behavior of the circuit as a whole to either have a well-defined phase dif-
ference or a well-defined charge based on the relevant quantum zero-point
fluctuations (zpf) of these two variables.

14



Figure 1.4: (A) A Josephson junction will always have intrinsic capacitance CJ formed by
the two superconducting leads separated by an insulating layer. To measure the junction, it
must be embedded into some circuitry represented by an arbitrary impedance Z(ω) which
shunts the junction. (B) The shunting impedance can, in the simplest forms, either be a
capacitance or inductance. The value of the shunting impedance depends on the value of C
or L and the operating frequency.

1.4.1 Zero point fluctuations of an LC oscillator

The most basic dissipationless circuit is the LC oscillator where the par-
allel combination of capacitance and inductance is considered. The parallel
LC oscillator can be described by the flux (Φ) threading through the induc-
tor and the charge (Q) accumulated on the capacitor.

The Lagrangian is simply written as:

L = T −U =
CΦ̇2

2
−Φ2

2L
(1.23)

and applying the Legendre transformation to derive the equations of motion,
we verify the LC circuit exhibits harmonic motion:

− d
dt

∂L

∂ Φ̇
=

∂L

∂Φ
⇒ Φ̈ =− 1

LC
Φ . (1.24)

Finding the generalized momentum (charge)Q = ∂L
∂ Φ̇

=CΦ̇ produces a La-

grangian in the form: L = Q2

2C −
Φ2

2L . The Hamiltonian (H ) is then defined
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Figure 1.5: (A) An inductance, L, and capacitance, C, in parallel form a resonant circuit
where the energy oscillates between being stored in the flux Φ which threads the inductor
and the charge ±Q which accumulates on the parallel plate capacitor. (B) The first few
wavefunctions of the quantum harmonic oscillator (HO) which are offset by the eigenener-
gies of the system.

as:

H = QΦ̇−L =
Q2

2C
+

Φ2

2L
(1.25)

To see further connections, Hamilton’s equations show the current in
the inductor is inversely related to the value of inductance, and the voltage
across the capacitor is inversely related to the value of capacitance:

Φ̇ =
∂H

∂Q
=

Q
C

=V

Q̇ =
∂H

∂Φ
=
−Φ

L
= I

(1.26)

mirroring the solutions to the generalized branch variables.
Poisson brackets of the phase space coordinates {Φ,Q}= 1 meaning the

phase space variables can be promoted to quantum operators with a commu-
tation relation [Φ,Q]

ih̄ = {Φ,Q}= 1 such that [Φ̂, Q̂] = ih̄. These now quantum
variables will obey Heisenberg’s uncertainty relation: δΦδQ≥h̄/2.
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We can now think of this circuit as a quantum harmonic oscillator where
the electrical circuit is oscillating between the current flowing through the
inductor storing energy in the magnetic field or charge on the plates of the
capacitance storing energy in the electric field. The dimensionless flux and
charge are now defined as quantum operators written as a function of the
raising and lowering operators used in the usual formalism of the quantum
harmonic oscillator [61].

ϕ̂ =
2πΦ̂

Φ0
=

√
πZ
RQ

(â+ â†) =
1√
2

{
8EC

EL

}1/4

(â+ â†) (1.27)

n̂ =
Q̂
2e

=

√
RQ

4πZ
i(â†− â) =

i√
2

{
EL

8EC

}1/4

(â†− â) . (1.28)

Where the new constants of resistance quantum (RQ) and impedance (Z) are
defined as:

RQ =
h

(2e)2 = 6.45 kΩ, Z =

√
L
C

. (1.29)

The dimensionless operators n̂ and ϕ̂ now obey the canonical dimensionless
commutation relation [ϕ̂, n̂] = i and the dimensionless Heisenberg’s uncer-
tainty relation: δϕδn≥ 1/2. .

The coefficients in front of ϕ̂ and n̂ define the zero-point quantum fluc-
tuations (zpf) of the respective operator and is a consequence of Heisen-
berg’s uncertainty relation. The zpf of flux is smaller than the zpf of charge
in circuits with impedance lower than RQ while the converse is true when
Z > RQ. Using this idea, the oscillator is considered low-impedance when
Z < RQ and high-impedance when Z > RQ.

We can now take a look at the quantum LC oscillator Hamiltonian where
the ϕ term is considered as the potential energy:

H = 4ECn̂2 +
1
2

ELϕ̂
2 =

√
8ELEC

(
a†a+

1
2

)
(1.30)

The wavefunction for the groundstate in the ϕ basis is a Gaussian func-
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tion where the width is determined by ϕzpf:

ψ0(ϕ) =
1

(2πϕ2
zpf)

1/4 e−ϕ2/4ϕ2
zpf . (1.31)

Each subsequent wavefunction can be found analytically using Hermite
polynomials (Hm) which are inserted into the function:

ψm(ϕ) =
1

(2πϕ2
zpf)

1/4
1√

2mm!
Hm(ϕ/ϕzpf)e

−ϕ2/4ϕ2
zpf . (1.32)

These wavefunctions are known as the harmonic oscillator basis and are
commonly used as a basis to diagonalize other Hamiltonians later intro-
duced.

We see that by increasing the impedance but fixing our eigenenergy of
the ground state, the wavefunction in the ϕ basis becomes more spread out,
where the variance of the wavefunction extends beyond the value of a flux
quantum. Irrespective of the resonance frequency, a high-impedance oscil-
lator will have large flux fluctuations with respect to Φ0 and small charge
fluctuations with respect to 2e. The converse is true for a low-impedance
oscillator, always satisfying the Heisenberg uncertainty relation. Therefore,
the relative impedance of our LC oscillator compared to the resistance quan-
tum decides whether charge or flux fluctuates by an amount more or less
than their fundamental units.

1.4.2 What is high impedance?

An important value that is consistently discussed and is based on funda-
mental units only is the resistance quantum. Resistance quantum defines the
boundary where charging effects become observable in SCQC.

Charging effects essentially become destroyed in a low-impedance regime
due to quantum fluctuations of charge exceeding the value of a single Cooper-
pair (charge number n exceeding 1). Low-impedance circuits are more
prevalent naturally and are a consequence of the fine structure constant
(α = 1

137) [37]. While reaching the high-impedance regime requires a large
inductance with a low-valued self-capacitance. The idea is simplified by re-
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Figure 1.6: The LC oscillator’s zpf depends on the ratio between Z0 and RQ. When Z0 <RQ
the variance of the groundstate wavefunction is within a single flux quantum. Keeping the
transition frequency fixed, when Z0 > RQ the variance now exceeds a single flux quantum.
The fictitious particle represents the capacitance as mass and the softness of the harmonic
well represents the inductance.

alizing capacitance always accompanies any metallic leads which are neces-
sary for measuring any superconducting circuit, this capacitance is referred
to as a “stray” capacitance and is more or less always present.

The value for the boundary between low and high impedance being set at
a resistance quantum arises when one does a basic calculation considering
the Heisenberg uncertainty relation between energy and time represented
by the simple inequality: ∆t∆E ≥ h̄

2 . The idea is, if we want to observe the
charging effects of a capacitor then the charge dynamics we are interested in
measuring must occur in less than the charge-decay time (τ = RC) [175]. To
arrive at the desired expression we plug in the charging energy of a capacitor
(EC = (2e)2/2C) and replace the uncertainty in time with the time constant
for a discharging capacitor τ:

∆t∆E = RC · 4e2

2C
≥ h̄

2
⇒ R≥ h̄

4e2 . (1.33)

This expression is valid for DC signals, however, we want to observe the
charging effects of our circuits operating at several GHz; meaning the resis-
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tance is replaced by an inductance that provides a purely reactive impedance.
From basic electrical circuits, the ideal inductor provides a reactive impedance
with magnitude |Z|= ωL. Using this expression an estimate for the size of
the inductance necessary to reach the charging regime in superconducting
circuits is:

L≥
RQ

2π f
=

6.45 kΩ

2π×10 GHz
≈ 100 nH . (1.34)

Indicating an inductance value on the order of one hundred nano-Henries is
necessary to reach an impedance greater than RQ at 10 GHz. This has been
demonstrated already [117] by creating what is known as a superinductance.
In this work, we define ultra-high impedance as Z ≫ RQ. On average we
create L > 1000 nH which effectively creates an impedance Z > 60 kΩ.

Figure 1.7: (A) The circuit diagram for a Cooper-pair box, which is an island separated
from ground by a JJ. Cooper pair number N = Q/2e is the natural basis. (B) The circuit
diagram for a “Fluxon box” (or really any flux qubit) which is an inductive loop interrupted
by a single JJ. The flux quanta number m = Φ/Φ0 is the natural basis.

1.5 Superconducting circuits

A JJ’s behavior depends strongly on the surrounding circuitry. The topol-
ogy of the circuit, whether the two leads of the junction are detached or con-
nected, decides whether degrees of freedom are quantized in discrete values
or rendered continuous and well-defined [38].

A superconducting island is created when a superconducting lead is sep-
arated from a superconducting reservoir by a single JJ. The island can only
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have charge in discrete integer values of 2e. The charge number on the
island changes when Cooper-pairs tunnel across the JJ. This fundamental
circuit is called the “Cooper Pair Box” [21] or CPB for short which was no-
tably studied in depth at Saclay, Paris throughout the 1990s and early 2000s
[15, 33].

The loop scenario has a discrete quantized flux of integer values inside
the closed, connected JJ leads. Instead of a quantized Cooper-pair number,
the quantum variable is the flux that tunnels in and out of the loop by phase
slips across the JJ [124]. The device can be thought of as the dual to the
CPB and can be called a “fluxon box” [14].

In both topologies, the quantized variable is stored either by the charge on
the island or the flux in the loop. The JJ’s role in both cases is the tunneling
of the relevant degree of freedom into or out of the storage “box”. These
two topologies, islands and loops, are the starting points when considering
the dynamics of the variety of superconducting circuits which exist.

In this section, the four distinct forms of superconducting circuits, each
operating in a distinct regime of zero-point fluctuations within the two dif-
ferent circuit topologies, will be introduced [28, 29]. In essence, the JJ can
be shunted by either a capacitor or inductor which is either low or high
impedance at the circuit’s operating frequency.

Three fundamental types of superconducting qubits are already well known [29],
each reflecting a distinct behavior of quantum fluctuations in a Cooper pair
condensate: single charge tunneling (charge qubit [133, 181]), single flux
tunneling (flux qubit [27]), and phase oscillations (phase qubit [121]/transmon [92]).
Yet, the dual nature of charge and flux suggests that circuit atoms come in
pairs. In this thesis, we introduce the missing one, named “blochnium”
which exploits a coherent insulating response of a single Josephson junc-
tion that emerges from the extension of phase fluctuations beyond the 2π-
interval [6, 20, 157, 160].

1.5.1 Charge qubit: Cooper-Pair Box

The Cooper-pair box consists of a superconducting island connected to
a superconducting reservoir by a single JJ. The superconducting island is
capacitively biased by an external voltage source Vg enabling the tuning of
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the dimensionless gate charge ng =
CgVg

2e .
The two energy scales which determine the energy eigenstates are the

tunneling energy EJ and the charging energy EC. The following Hamilto-
nian describes the CPB [33, 180]:

HCPB = ∑
N∈Z

{
4Ec(N−ng)

2|N⟩⟨N|−EJ

2

(
|N⟩⟨N +1|+|N +1⟩⟨N|

)}
(1.35)

where |N⟩ is considered as the pure charge basis. Physically the operator N̂
is the charge number operator (N̂ = Q̂

2e) which returns the integer number of
excess Cooper pairs on the superconducting island when acting on the pure
charge eigenstate (N̂|N⟩ = N|N⟩ where the pure charge basis is a complete
set such that ∑

∞
−∞|N⟩⟨N|= 1.

This Hamiltonian is represented by a matrix where the charging energy
terms are diagonal and the Josephson terms are off-diagonal. The Joseph-
son junction can be thought of as breaking the charge degeneracy of the
island and providing a link from the superconducting box to the supercon-
ducting reservoir. When diagonalized the resulting energy eigenstates are
superpositions of pure, discrete charge states:

HCPB|k⟩= Ek|k⟩, k ∈ N . (1.36)

The conjugate variable of the pure charge N̂ is the phase ϕ̂ which repre-
sents the phase difference between the two electrodes on either side of the
tunnel barrier.

To write the CPB Hamiltonian solely in the phase basis the Josephson
junction term must be transformed to |ϕ⟩ from |N⟩. The transformation
between basis amounts to applying Fourier transformations [36, 38]:

|ϕ⟩=
∞

∑
N=−∞

eiNϕ |N⟩ and |N⟩= 1
2π

� 2π

0
dϕe−iNϕ |ϕ⟩ . (1.37)

To transform to |N⟩ is a discrete transformation while to transform to |ϕ⟩
is continuous. To go along with these definitions it is instructive to define
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Figure 1.8: (A) The eigenspectrum of the CPB with EJ/EC = 1. (B,D) The first two dis-
crete wavefunctions in the charge number basis N when ng = 0. (C,E) The first two discrete
wavefunctions in the charge number basis N when ng = 0.5. The wavefunctions are cen-
tered around the gate charge value. (F,G) The wavefunctions in the phase basis.

Kronecker and Dirac deltas:

δnm=
1

2π

� 2π

0
e−i(n−m)ϕdϕ and ⟨ϕ|ϕ ′⟩= 2πδ (ϕ−ϕ

′)=∑
n

e−in(ϕ−ϕ ′)

(1.38)
After realizing these relations among conjugate variables, a transform

of the Josephson energy term from an expression dependent on N to just
ϕ starts with defining a ’translation’ operator: eiϕ̂ = 1

2π

� 2π

0 eiϕ ′|ϕ ′⟩⟨ϕ ′|dϕ ′

such that operating with eiϕ on the pure charge state amounts to translating
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N by 1:
eiϕ̂ |N⟩= |N +1⟩ . (1.39)

The rest is straightforward, representing the HJJ terms via the translation
operator and using the completeness relation:

∞

∑
N=−∞

−EJ

2

{
|N⟩⟨N +1|+|N +1⟩⟨N|

}
=

∞

∑
N=−∞

−EJ

2

{
eiϕ̂ |N⟩⟨N|+e−iϕ̂ |N⟩⟨N|

}
=−EJ

2
(eiϕ̂ + e−iϕ̂) =−EJ cos(ϕ̂)

(1.40)
The results solely expressed in the ϕ picture recover the standard JJ energy.

Finally,− id
dϕ

= N̂, meaning the re-expression of the CPB Hamiltonian in
the phase-only basis is completed and defined as:

HCPB = 4Ec

(
− i

d
dϕ̂
−ng

)2
−EJ cos(ϕ̂) . (1.41)

This equation is known as the Mathieu equation and has periodic solutions
repeating every ϕ/2π and can be represented as Bloch-wave solutions.

Both basis are completely equivalent except the pure charge basis is a bit
more intuitive and easier to solve. Experience teaches us to diagonalize the
CPB in the N basis and perform a Fourier transformation for the wavefunc-
tions in the phase basis.

In figure 1.8, the charge wavefunctions are well-defined and centered
around the offset charge value ng. When the offset charge is zero, the
groundstate is almost completely comprised of the N=0 state while the first
excited state is the superposition of one charge on the island and one charge
off the island. Therefore a transition from the ground to excited state cor-
responds to a charge hopping on or off the superconducting island which
corresponds to a single Cooper-pair tunneling through the JJ. The actual
physical process of exciting this qubit is associated with a single-charge
tunneling event and is characteristic for charge qubits for when EJ/EC ∼ 1.
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Figure 1.9: (A) The transmon qubit is a small junction with intrinstic capacitance CJ and
Josephson inductance LJ shunted by a large exterior capacitance Cshunt. (B) The simplified
circuit diagram represents the small junction as a non-linear inductance shunted by a single
large valued capacitor CΣ.

1.5.2 Plasma Oscillations: Transmon

The transmon is a charge qubit in virtue yet with different energy scales
compared to the CPB. Transmon adds a large shunting capacitance (Cshunt)
such that the total capacitance is much larger than the intrinsic junction ca-
pacitance CJ and is usually denoted as a single capacitor value, CΣ.

The transmon parameter regime is rigorously defined as when the differ-
ence between α = ω01−ω12 transitions to negative values; where α is the
anharmonicity. This is how the transmon gets the name and occurs when
the ratio of EJ/EC > 20 [92].

The transmon Hamiltonian is that of a charge qubit:

Htm = 4Ec(N̂−ng)
2−EJ cos(ϕ̂) (1.42)

however, when EJ ≫ EC, the lower eigenstates have virtually no charge
dispersion and are well below the Josephson cosine potential amplitude such
that a Taylor series expansion of the Josephson potential is used to obtain
the effective Hamiltonian:

Htme f f = 4Ecn̂2 +
1
2

EJϕ̂
2− 1

4!
EJϕ̂

4−O(ϕ̂6) (1.43)

The legitimacy of the Taylor expansion is seen by the wavefunctions local-
ized in a single JJ well potential in the phase picture; meaning the phase
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difference is defined between −π < ϕ < π . The quadratic term is pertur-
bative and accounts for the weak non-linearity of the JJ which distinguishes
this circuit from a HO and makes the transition energies unique and in-
dividually addressable. The operators in the effective picture are in the

Figure 1.10: (A) The energy eigenstates of the transmon when EJ/EC = 50. (B,C) The
wavefunctions in the pure charge basis for the first two energy states. (D) The phase basis
wavefunctions localized to a Josephson potential. The dashed lines are the HO potential
and the HO energy levels. The transmon transitions from the ground state differ from the
HO’s by −kEC where k is the eigenstate index (shown is k=1,2,3).

LC oscillator basis introduced prior except EL is replaced by EJ. Explic-

itly defining the operators for transmon as: ϕ̂ = 1√
2

(
8EC
EJ

)1/4
(a+ a†) and

n̂ = i√
2

(
EJ

8EC

)1/4
(a†−a) and inserting the operators directly into the effec-
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tive model the Hamiltonian which is now defined as:

Htme f f =
√

8EJEC(a†a)− Ec

12
(a+a†)4 . (1.44)

The first term is none other than the plasma frequency associated with small
oscillations within a Josephson well as previously seen in the classical JJ
model. The quartic term represents the non-linearity of the JJ now repre-
sented as a weakly non-linear inductance.

Once expanding the nonlinear fourth power terms the perturbative cor-
rection to the eigenenergies becomes:

Htme f f =
(√

8EJEC−EC

)
a†a− Ec

2
a†a†aa . (1.45)

Simulating the spectrum demonstrates the difference between the transition
out of the ground state to level n from the plasma frequency is−nEC; where
the charging energy is normally on the order of one hundred MHz.

The transmon wavefunctions are now a large superposition of charge
states while the phase difference between the two leads is well-defined.
Transition energies of the qubit are approximately the plasma frequency
and correspond to plasma oscillations of the phase difference.

1.5.3 Flux qubit: Fluxonium

The superconducting flux qubit has the topology of a loop where a JJ
is shunted by a capacitance and a linear inductor. When the impedance of
the inductance approaches RQ for frequencies comparable to the transition
energy, a fluxonium is formed. The large valued shunting inductance is
coined a “superinductance” [117].

The fluxonium can also be thought about as an LC-oscillator shunted by
a small JJ. This idea is convenient because fluxonium’s operators are tradi-
tionally written in an LC-oscillator basis. The fluxonium’s loop is threaded
by the external flux that tunes the transition frequencies. The parameter
regimes for fluxonium qubits are very large with each different combination
of the three energy scales resulting in different/unique spectra. The most
studied parameter regime appears to be EJ/EC > 1,EL/EC ∼ 1. By circuit
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Figure 1.11: The three circuit elements in parallel are well described by one degree of
freedom, ϕ . The loop, formed by the inductance and JJ, is threaded by external flux to tune
the transition frequencies. The energy scales EJ,EC,EL are changed to access different
parameter regimes. The inductive shunt is comprised of large area JJ in series where EA

J ≫
EJ .

Figure 1.12: The wavefunctions of a fluxonium qubit with EJ = 4 GHz, EC = 1 GHz, and
EL = 0.5 GHz. Each wavefunction is offset by the corresponding energy eigenvalue and is
superimposed with the potential at the corresponding external flux bias.
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quantization, the Hamiltonian can be written with one degree of freedom,
ϕ , the phase difference across the small JJ:

HF = 4ECn̂2−EJ cos(ϕ̂−ϕext)+
1
2

ELϕ̂
2 . (1.46)

The charging energy is normally a summation of the entire circuit’s capac-
itance seen by the small JJ and not solely attributed to the small JJ’s self-
capacitance. This charging energy term can be thought of as analogous to
the kinetic energy of a fictitious particle where the mass of the particle is
the capacitance. Whereas the potential energy is the sum of the Josephson
cosine term and the inductive harmonic well.

The fluxonium qubit will be studied in depth along the course of this
thesis in a lesser explored energy scale regime where EJ/EC∼ 1,EL/EC < 1.
In this regime, the lower energy dynamics can be described by a phase slip
Hamiltonian:

Hs =
∞

∑
m=−∞

{
2π

2EL(m−ϕext/2π)2|m⟩⟨m|−εs

2
{|m⟩⟨m+1|+|m+1⟩⟨m|}

}
(1.47)

where flux tunnels in and out of the loop at a frequency given by εs. The
variable m is now the Josephson well index where a state is localized in
the mth well and a transition corresponds to changing wells thus adding a
2π-phase factor to the phase difference across the small JJ.

When the fluxonium is biased at half of a flux quanta, the dynamics of
the qubit can always be explained in this form. The two lowest eigenstates
are nearly degenerate in energy, where the splitting is the single phase-slip
frequency. In fact, the fluxonium’s lowest eigenstates are symmetric and
anti-symmetric superpositions of the wavefunction being located in the left
or the right Josephson well, and the phase-slip energy εs is the tunneling
rate between the two wells. Fluxonium is most commonly biased at this flux
point; making the fluxonium’s lowest transition associated with a single flux
tunneling event.
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Figure 1.13: (A) The standard fluxonium qubit circuit diagram with the degree of freedom
ϕ . (B) The blochnium circuit diagram consists of a non-linear capacitance shunted by a
large inductance. The degree of freedom, in this case, is the quasicharge, q [141].

Figure 1.14: Fluxonium wavefunctions in the phase representation for the blochnium qubit
regime at three different external flux bias values. The groundstate wavefunctions are de-
localized into multiple wells at all flux points.
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1.5.4 Quasicharge Oscillations: Blochnium

The blochnium is the main result of this thesis and is the fourth type of
qubit which consists of shunting a JJ with the largest shunting impedance
possible such that the charge is localized to less than 2e.

Blochnium has the same topology as a fluxonium, however, the lower-
level transitions lose external flux sensitivity due to the delocalized wave-
functions in the phase basis. This qubit can be thought of as dual to trans-
mon where the lowest eigenfunctions are comprised of a large superposition
of charge states but in blochnium’s case, the lower transitions exist in mul-
tiple Josephson wells simultaneously.

The delocalization of the eigenfunctions enables a new Hamiltonian emerg-
ing which describes the dynamics of the system as:

HB = ∑
m∈Z

{
2π

2EL

(
m−ϕext

2π

)2
|m⟩⟨m|+

∞

∑
ℓ=0

ε0,ℓ

2

{
|m⟩⟨m+ ℓ|+|m+ ℓ⟩⟨m|

}}
.

(1.48)
This Hamiltonian enables states which are superpositions of discrete flux
quanta in the loop to transitions to other states comprised of large superpo-
sitions of discrete flux quanta.

The conjugate variable in this case is no longer charge but is instead a
continuous form of charge called quasicharge (q). The potential becomes
the quasicharge energy dispersion of the small JJ and the kinetic energy
is proportional to EL. With correctly selected energy scales the first few
transitions become localized in a single potential well where quasicharge
is the well-defined variable existing between −0.5 < q/2e < 0.5. Bound
to a single harmonic-like potential well the transitions are thought of as
quasicharge oscillations which develop the idea of a JJ acting like a non-
linear capacitor.

1.5.5 Periodic table of artificial atoms

The naturally occurring atoms are categorized and sorted based on sev-
eral defining features such as electron affinity and atomic radius. The main
sorting category highlighted so far in this thesis for superconducting cir-
cuits is the topology and degree of quantum zero-point fluctuations of either

31



Figure 1.15: The quasicharge description of a circuit with the circuit parameters: EJ = 4
GHz, EC = 7 GHz, and EL = 0.02 GHz at Φext/Φ0=0. (A-F) The discrete flux-number
wavefunctions show the superposition of flux quanta in the loop at once for the first six
eigenstates. (H) The wavefunctions in the quasicharge “extended-zone” space (q ∈ ±∞)
and are periodic every q = 2ek. The first few eigenvalues are situated within the first bloch-
band and the transitions can be thought of as quasicharge oscillations.
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phase across the JJ or charge on an island. Another way to sort Josephson-

Figure 1.16: The four fundamental qubit types are sorted by the ratio of their energy scale
parameters. The background outlines the probability to find the groundstate wavefunction
outside a single Josephson well.

based artificial atoms is by the ratio of the respective energy scales; in par-
ticular EJ/EC and EL/EC. The ratio of Josephson energy to the charging en-
ergy indicates the degree of phase localization of the wavefunctions within
a single Josephson well; when EJ ≫ EC the fictitious particle becomes lo-
calized in a single well. While the ratio of the inductive energy to the charg-
ing energy indicates the availability of the wavefunctions to spread out into

33



multiple Josephson wells at a single time; when EC≫ EL the probability of
finding the fictitious particle in multiple wells increases.

The four fundamental qubit types are shown in figure 1.16 sorted by their
energy scale ratios. The two charge qubits have no inductive term EL and
are located on the detached y-axis, yet the ratio EJ/EC still separates them
where the CPB has localized charge and the transmon has a localized phase.
In figure 1.17 the discrete wavefunctions of the charge qubits are shown
in (A,C). The CPB has a localized wavefunction around the external charge
bias of ng = 0 and EJ/EC = 1 for the simulation. The well-defined charge on
the island means the transition frequencies are sensitive to the external gate
charge and are shown in figure 1.18 (A). The transmon on the other hand has
a wavefunction comprised of a superposition of many charge states where
the simulated value is EJ/EC = 40. The large superposition of charge states
creates eigenenergies that are insensitive to the external gate charge.

In figure 1.17 the wavefunctions of the flux-like qubits are shown in
(B,D) where each simulation had an external flux bias at half a flux quantum.
The fluxonium has a wavefunction split into the two adjacent Josephson
wells and is a superposition of the fictitious particle being either in the left
or right wells. This simulation was done for EJ/EC = 4 and EL/EC = 0.5.
The spectrum of fluxonium with these energy combinations is shown in fig-
ure 1.18 (B); where the transition energies are clearly modulated by the
external flux bias. The blochnium on the other hand has wavefunctions de-
localized into many Josephson wells at once where the simulated value is
EJ/EC = 0.5 and EL/EC = 0.005. The probability to find the fictitious par-
ticle outside of the interval −π < ϕ < π is larger than 40% at all external
flux bias points. This large phase delocalization creates eigenenergies that
are insensitive to the external flux bias.

The blochnium is situated by the CPB illustrating the delocalized (lo-
calized) phase (charge) due to the high impedance nature of the junction’s
environment, regardless of the topology. While the transmon and the fluxo-
nium are lesser impedance versions creating a more localized phase.

There are other qubit varieties that have been created, however, these
four sufficiently demonstrate the different zpf possible in a superconducting
circuit which is due to shunting a JJ with a low or high-impedance capacitor
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Figure 1.17: (A) The discrete CPB wavefunctions for EJ/EC = 1 while biased at ng = 0.
(B) The fluxonium wavefunctions for EJ/EC = 4 and EL/EC = 0.5 while at half of a flux
quantum. (C) The discrete transmon wavefunctions for EJ/EC = 40. (D) The fluxonium
wavefunctions for EJ/EC = 0.5 and EL/EC = 0.005.
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Figure 1.18: The CPB - (A) and the transmon - (C) eigenspectrums as a function of ng. The
fluxonium - (B) and the blochnium - (D) eigenspectrums as a function of ϕext/2π . When
the zpf of the variable (ϕ or n) associated with the respective external tuning parameter
(ϕext or n˙g) is made large, the eigenenergies become less sensitive to fluctuations in the
external tuning parameter.
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or inductor at the circuit operating frequency. This discussion demonstrates
the unique ability to engineer a quantum mechanical system’s behavior with
superconducting circuits.

Furthermore, the ability to engineer zpf gives the option to create strong
interactions with light. Normally, the light-matter interaction is weak due to
the small value of the fine structure constant: α = Zvac/8RQ [37]; which in
part is due to the small dipole moment of normal atoms. In SCQC, we can
reach regimes where α ∼ 1, creating light-matter coupling strength compa-
rable to the artificial atom’s transition frequency.

1.6 Thesis overview

The results of this thesis are focused on increasing the impedance of
superconducting circuits to values much greater than RQ. We focus on max-
imizing the inductance density of a wire using ultra-packed JJ arrays while
simultaneously minimizing the parasitic capacitance to the ground. We de-
velop a dry etching technique compatible with high-quality factor resonators
in chapter 4 and high-coherence qubits.

Parasitic chain modes in fluxonium qubits are created in shunting induc-
tances which have a non-trivial capacitance to ground, as will be discussed
in chapter 6, which will lay the framework and motivation for applying our
dry etching technique to a variety of high impedance circuits which would
otherwise be negatively affected by the parasitic modes ultra-strong cou-
pling to the qubit mode. Utilizing this technique, JJ transmission lines with
tens of thousands of JJs can have characteristic impedance Z∞ > 26 kΩ

(chapter 4) and superconducting qubits with Z > 160 kΩ. Furthermore,
we characterize our ultra-high impedance circuits before and after etching
highlighting the circuit’s Q and the qubit’s coherence which both are not
degraded by the dry etching techniques (chapter 7). Finally, we apply this
technology to create the first-ever quasicharge qubit (chapter 8) and explore
the applications of ultra-high impedance transmission lines to study Bloch
oscillations in small JJ’s (chapter 9).

This thesis’s results shed light on a JJ’s insulating character when em-
bedded in ultra-high impedance circuitry. We find the experimental spec-
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trum of blochnium agrees with a duality mapping onto transmon, which
replaces the external flux by the offset charge and introduces a new collec-
tive quasicharge variable in place of the superconducting phase [93, 124].
Our results unlock the door to an unexplored regime of macroscopic quan-
tum dynamics in ultrahigh-impedance circuits with direct applications in
quantum computing and metrology.

Throughout the work done in this thesis, we will be discussing three
distinguishable regimes of looped-based qubits. The distinguishing charac-
teristic is the ratio of the zero-point fluctuations of the phase to zero-point
fluctuations of the charge for the ground state wavefunction as can be seen
in figure 1.19.
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Figure 1.19: (A) The basic circuit studied throughout this thesis. (B) The three distinguish-
able energy scale combinations of loop-based circuits. The energy scale combinations are
distinguished by the ZPF ratio of phase to charge for the groundstate wavefunction. (C)
Wavefunctions at zero-external flux bias (IFQ) demonstrate the varying degree of phase
delocalization by changing the energy scales of the basic circuit. The three energy scale
combinations are discussed in chapter 5

.
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2
Experimental techniques

“Tell me and I forget, teach me and I may remember, involve me
and I learn.”— Benjamin Franklin

In this chapter, the experimental techniques necessary to realize the re-
sults of this thesis are discussed. In the process, we will also introduce sev-
eral physical ideas about certain constraints. We will begin by discussing the
nano-fabrication techniques used to make Dolan bridge [45] based Joseph-
son junctions. An outline of the procedure is highlighted with the demon-
stration of numerous devices in different forms, many devices not thor-
oughly discussed in this thesis are highlighted in literature in references:
[34, 44, 102]. Next, an etching technique is introduced which is employed
for Dolan bridge JJ devices which is necessary for the realization of ultra-
high impedance superconducting circuits.

We will then discuss the various resonators or waveguides used to house
and measure our superconducting circuits. Finally, an introduction to the
basic cryogenic set-up as well as how to actually measure resonators using
well-established microwave engineering techniques is discussed in detail.

The point of this chapter is to give a realistic view of the experimental
procedures, materials, and various apparatuses. This way we can connect
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the later experimental results to the various components of this chapter.

2.1 Overview of the necessities

To successfully engineer a superconducting circuit components of nano-
fabrication, microwave engineering, and cryogenic technology are all com-
bined to create a suitable device in an environment where quantum effects
are measurable in the microwave frequency range.

Firstly, superconducting circuits are created by nano-fabrication which
have dimensions ranging from d ∼ 100 nm to d ∼ 10 mm. These circuits
are operated with microwave frequency electric signals whose wavelength
λ ∼ 10 cm for a signal at 10 GHz. Due to the fact λ ≪ d our circuits can
mostly be treated using the lumped element approximation instead of a truly
distributed circuit. For example, this means a wire of several tens of µm in
length can be considered a single inductor. However, when the dimensions
of the circuit become extended into the mm range the speed of light (v)
in the system must also be considered. The general condition for treating
a circuit with the lumped element approximate model circuit works for all
circuits when : f ≪ v

λ
[169].

Our end goal is to measure the quantum mechanical effects; specifically
the interactions of microwave light and a superconducting circuit which
is often called an “artificial atom” [120]. To prohibit thermal noise from
washing out quantum dynamics, the ambient environment which houses the
circuit must meet the criteria: h̄ω >> kBT . In other words, the transition
energy of the atom must be greater than the thermal energy. A 10 GHz sig-
nal is proportional to a temperature of ∼ 500 mK; this requires the circuit
to be cooled inside a He3-He4 dilution refrigerator where temperatures are
capable of reaching ∼ 10 mK.

Finally, to properly characterize and measure the time-domain dynamics
of superconducting circuits we need ultra-fast pulses and data acquisition
operating with nanosecond precision at microwave/radio frequency while
all being simultaneously synchronized. These capabilities are possible us-
ing microwave electronics with the ability to process incoming data at 1
Gigasample/second; that is 1 billion points per second.
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With these conditions satisfied the measurement of observing fragile
states of quantum superpositions of light and matter in engineered super-
conducting circuits is possible. The remainder of this chapter discusses the
various experimental techniques details necessary to accomplish this feat.

2.2 Nano-fabrication

The devices in this thesis are fabricated using already established nano-
fabrication techniques [57]. This procedure is quite simple and is very re-
producible on the condition that there exists consistency with e-beam lithog-
raphy, and physical vapor deposition with oxidation while also exercising
caution over human factors to minimize any errors or uncertainties induced
by the creator.

Once creating a successful sample, the procedure should be kept as con-
sistent as possible. Below is an outline of the basic procedure followed for
producing JJ-based superconducting circuits.

2.2.1 Lithograghy

The first step is simply to dice the substrate to specified dimensions and
clean the sample thoroughly using only acetone and isopropanol (IPA). The
diced substrates are ultrasonically agitated with the quality insurance of
tossing any samples which have too many specs of dust on top of the pol-
ished surface.

Once cleaving and cleaning the Si or sapphire wafer a bilayer of e-beam
resist is spun on top. The first layer of resist is MMA EL-13 which is spun
at 3500 rpm for 60 seconds. This first layer of resist is approximately 800
nm thick. The sample is then baked at 180 degrees Celsius for 60 seconds
to harden. Next, a layer of PMMA-A3 is spun on top of the first baked layer
at 1500 rpm for 60 seconds. This layer is ∼200 nm thick and completes the
bilayer. The substrate spun with the bilayer of resist on top is then baked for
30 minutes at 180 degrees Celsius.

Understanding the differences in the resist composing the bilayer helps
build intuition for the technician fabricating. The MMA EL-13 resist is a
“softer” yet thicker layer compared to the PMMA layer. Softness refers
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Figure 2.1: The various fabrication steps to create Dolan bridge JJs. The outline shows the
cross-sectional view of a slice through the edge of the bridge mask.
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to the required e-beam dose necessary to create a mask. As an analogy,
the PMMA layer is the stencil for the pattern we want to make while the
MMA layer suspends the stencil layer above the substrate sufficiently high
such that layers of metal can be deposited at an angle onto the substrate.
A key feature is the MMA around the exposed PMMA layer is broader in
width and becomes rounded which will ultimately create a cavern of space
necessary for a shifted circuit pattern.

Once the substrate is prepared with the bilayer it is time for e-beam
lithography. The system used to create devices is an Elionix GLS-100 keV
e-beam lithography system. The main pattern is normally written at 1 nA of
e-beam current with varying doses dependent upon feature size. The e-beam
writes a pattern by exposing small pixels of the entire design. A “dose” from
the e-beam is created by a single pixel being exposed to the beam current
for a certain length of time, the units are then Coulombs per area. The gen-
eral findings through trial and error indicate a feature size less than 1 µm2

requires a dose > 2000 µC/µm2 while large features usually require doses
around 1000 µC/µm2.

Due to the differences between the two resists and the fact we need to
make room for the shifted pattern two doses are commonly used. The main
dose is used to create the “stencil” in the PMMA layer which the metal
pattern will take the shape of; while the second dose commonly referred to
as the “overlay” is smaller, usually around 10 percent of the main dose. Too
large of an overlay dose can deform the PMMA pattern; the overlay is more
or less used to just clean up the MMA on the borders of the main patterns
ultimately creating room for the shifted pattern.

Once the e-beam write is complete the mask is developed in an IPA/DI
water 3:1 ratio mixture cooled to 6 degrees Celsius. The sample is sub-
merged for 120 seconds while being slowly swayed side to side by the cre-
ator. In this step, the exposed areas of resist are removed. To stop devel-
opment a filtered nitrogen gun is used to blow dry the developer off. After
development, the sample can be gently washed in IPA to clean the residuals
left over which are around or on your pattern but this can be skipped if it is
already clean. The merit of success on this step is to have a uniformly spun
device that, after development, has no fallen Dolan bridges and all leads are
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connected as per the design.
The process of creating a mask is similar to that of traditional photog-

raphy and printmaking. First, a picture is snapped with a specific exposure
time depending on the intensity of ambient light. The film is then taken and
developed in a solution for a fixed amount of time and is later used as the
stencil for projecting the image of the final photo onto the canvas. In this
analogy, we have already snapped the photo and developed our film. Now
we must deposit the metal through the resist mask and onto our substrate to
create the final “image”.

Figure 2.2: A cross-sectional view of the deposition of a single junction with the PMMA
bridge forming the shadow required to make Dolan bridge JJs.

2.2.2 Deposition

The developed sample is now loaded into a Plassys e-beam evaporator
for the actual deposition of aluminum; which is the most commonly used
material in superconducting circuits. The device has a specific load orien-
tation with respect to the axis of rotation of the sample mount that must be
adhered to for the correct deposition angle and pattern shift. The loaded
sample is usually pumped overnight; for∼ 16 hours by a turbo pump which
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gives the sample sufficient time to outgas and pump down to ∼ 1e-7 mBar.
The long pump time is technically unnecessary but we have seen greater
reproducibility of our sample’s plasma frequencies once switching to the
standard practice of pumping for longer than 12 hrs. After pumping, the
sample is deposited following an automated recipe which is used for each
device deposition.

A descum process is first performed where we expose the sample to a
light plasma etching of an Argon oxygen mixture for ∼30 sec at each de-
position angle. This step is used to clean up any residual organics on the
substrate surface without damaging the device mask. The next step is a tita-
nium pump where we now open the interlock between the loading chamber
and the material chamber. In this step, we evaporate titanium which substan-
tially lowers the pressure and acts as a pump to further reduce pressures to
∼3e-8 mBar. This step helps establish a constant chemistry composition of
both chambers prior to evaporating the aluminum layers onto the substrate.

The sample holder is rotated to the first angle where 20 nm of 99.999
percent purified aluminum is deposited, rather quickly, at 1 nm/sec. The
deposition angle (α) is determined from the trigonometric relation:

α = tan−1
{

shift
resist- thickness

}
[±degrees]. (2.1)

The oxide barrier is created next in situ by using a static oxidation pro-
cedure of the freshly deposited aluminum film. The pressure is ramped to
100 mBar of an oxygen-argon mixture in about 20 minutes while the sam-
ple sits in the static gas-filled environment for 10 minutes. The oxidizing
gas is pumped out and the next layer of aluminum, which is 40 nm thick, is
deposited at the second angle; thus forming the junctions.

One last static oxidation is performed at 10 mB of pressure in the oxygen-
argon mixture to ensure a clean oxygen capping layer. The sample is then
brought to atmosphere, unloaded, and submerged into a bath of acetone
at 60 degrees Celsius for around an hour so the resist is dissolved in the
acetone. This process “lifts-off” the aluminum-coated resist while leaving
behind the metal deposited through the mask onto the substrate. After an
hour has passed a quick sonication for a few seconds is performed to clear
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Figure 2.3: SEM images showing the final products created following the outlined proce-
dure of: (A) a chain of JJ, (B) a weak/small JJ, (C) a larger snapshot of both.

the device. The sample is removed and dried with nitrogen gas.
Granted good lithography; the sample is now fresh and ready to measure.

Usually, devices are not viewed using SEM imaging after conception. The
SEM images of devices are often done after measurement since the SEM
can modify the parameters of junctions.

2.3 Devices

The devices in this section are a mixture of circuits that have several
hundreds of JJs to several tens of thousands of JJs. The Dolan bridge process
is robust and can create devices spanning millimeters while having small
feature sizes on the order of one hundred nanometers.

2.3.1 JJ transmission line devices

JJ chains comprised of ∼35,000 junctions in series were fabricated as
shown in 2.4. The impedance of each device was tuned during the fabri-
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cation process by the junction size. The wave dispersion and Q-factors of
the standing modes are used to characterize the device and extract junction
parameters in combination with SEMing the junction areas.

Figure 2.4: A JJ transmission line; 10 mm in length and comprised of ≈ 35,000 JJ in
series. Each array is fabricated using the Dolan bridge technique. The junctions on a single
device all have the same width and distance apart. These parameters are changed to tune
the impedance of the line.

Changing the impedance of the JJ transmission line amounts to changing
the width of the individual JJs. In our work [103], widths of the junctions
ranged between ∼300 nm - 3 µm. Another way to tune the impedance of
the device is to change the unit cell dimension of each JJ. The unit cell de-
termines the density of JJs in an array. The usual density is 600 nm/junction
which was pushed to 350 nm/junction for ultra-high impedance devices.
Changing the density of junctions while fixing the length increases the total
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Figure 2.5: An optical microscope image of fluxonium devices fabricated extensively for
[135]. An SEM image of the small junction and an SEM image of several JJs in series
which are apart of the array.

inductance while decreasing the capacitance to ground per junction. Re-
cently the impedance was also tuned by applying an external magnetic field
[101].

2.3.2 Qubit devices

Fluxonium qubit devices fabricated in this work usually require an array
ranging from N ∼ 80 - N ∼500 junctions in total. The challenging part of
qubit fabrication is making a circuit with a small JJ with the correct target
dimensions to achieve the energy scales as per the design. The small JJ in
the fluxonium usually has an area of about 100 nm x 100 nm. This small
feature size can be challenging.

2.3.3 Etched devices

A highly selective dry etching technique is used to remove the relatively
high permittivity silicon substrate around the devices. By etching the silicon
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Figure 2.6: Different samples fabricated for: (A)[34], (B) [44], (C-G) for other on going
experiments.

away from the aluminum circuit the stray electrostatic coupling between
various leads becomes reduced. The devices in this thesis are etched in two
different manners.

XeF2 Etch: The first etch technique employed is an isotropic XeF2 dry
etch [190]; where fluorine atoms react with silicon (Si) when incident on the
substrate. The isotropic nature of this etch attacks silicon non-directionally
and underetches the mask. In this case, the device itself acts as a mask since
aluminum (Al) and aluminum oxide (AlO˙x) are non-effected by the XeF2
dry etch [3]. The XeF2 dry etchant is almost entirely selective of Si over Al
(1000:1) [26] and has the chemical reaction:

2XeF2 +Si→ 2Xe+SiF4 (2.2)

Prior to etching, no additional post-processing to the device was neces-
sary once lifting off the resist since the Al device itself acts as the mask.
Due to the XeF2 etching isotropicity the etchant removes Si under our de-
vices almost at the same rate as down into the substrate. This effect is what
is refered to as an underetch. Our device’s thin circuit components are com-
pletely detached and separated from the Si substrate while the large features
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Figure 2.7: A fluxonium like qubit which has peeled off the Si substrate due to the under
etching effect of the isotropic XeF2. Note the faint outline of where the circuit used to be
attached to the Si substrate. The small JJ is at the top of the standing circuit where the
bottom of the loop is attached to capacitive leads.
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Figure 2.8: A variety of SEM images of different XeF2 qubits. The qubits can stand up
in vacuum vertically (A-D) to different degrees or even roll completely over (E) forming a
spinodal like inductance. (C) Demonstrates the repeatability of the etch effect on devices
on the same chip.

remain attached to the substrate effectively acting as anchor points securing
the device. Due to the strain relaxation of the long thin JJ chains the circuit
effectively peels off the substrate and stands almost vertically in vacuum.
In fact, this is a common technique used to release micro-structures from
substrates to create free-standing on-chip cantilevers [50, 108] and other
on-chip mechanical resonating structures [138].

Using the XeF2 etch technique, observations suggest deep etching is
not necessary for samples to become detached from the substrate and sur-
rounded primarily by vacuum. The amount of etching necessary to make a
vertically standing chain is only a few micrometers thanks to the underetch
and really only depends on the width of the JJ chains. However, we find
etching extra deep (d > 10µm) does not degrade the structure’s integrity as
long as it still has sufficient anchoring to a larger, attached, object.

To much surprise, this etching technique is robust, fast, and with careful
handling, the samples usually last over multiple cooldowns.

SF6 Etch: In order to etch only around our sample, not underneath, an
anisotropic etch with a resist mask that covers parts we do not want etched
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Figure 2.9: An optical image (top) of a selectively etched JJ transmission line and an SEM
image of the same device (bottom).
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must be utilized. Our technique uses a plasma dry etch technique of SF6. At
very low power and flow this process becomes anisotropic and etches down
into the exposed Si and minimally under-etches our devices. The following
reaction describes the chemical reaction of the dry etch [48]:

4SF6 +6Si→ 4S+6SiF4 . (2.3)

Our procedure amounts to an added post-processing procedure where the
devices has multiple layers of MMA spun ontop such that the thickness is
of the resist is∼ 5µm. The spun device is then exposed where the Si should
be removed and the patterned resist mask then has 10 nm of Al deposited
on top at a very sharp angle such that the shift of deposited material misses
the exposed Si region. The device is then etched accordingly. Using this
technique only regions of Si exposed to the SF6 etch will be removed. We
can etch down removing ∼ 7 µm with a trench width of ∼ 10 µm. This
technique also avoids any free-standing leads which avoids any unforeseen
possible thermalization issues of completely releasing JJ chain. In the fab-
rication world, this technique is commonly used for deep etching of devices
to produce micro-electrical-mechanical systems [154].

2.4 Cryogenics

The dilution refrigerator operating at a minimal temperature is crucial.
The brand used in this thesis is BlueFors. This refrigerator uses a dilute
mixture of He3/He4 to reach temperatures under 10 mK; that is −272.09◦

C which is colder than the temperature of deep space. This temperature is
just barely above absolute zero and is completely necessary to freeze out
all thermal degrees of freedom which would otherwise wash out the quan-
tum effects in the microwave frequency range. Using a dilution refrigerator
satisfies the criteria that h f ≫ kBT .

The BlueFors dilution unit is an engineering feat in its own right. Luckily
the dilution refrigerator technology has advanced significantly in the last
few decades. There is no need to fill up Helium reservoirs on a consistent
basis and in fact, the only bi-weekly maintenance necessary for a healthy
fridge is to fill up a liquid nitrogen dewar cold trap which acts as a filter

54



Figure 2.10: A transmission line etched by SF6. (A) An SEM image showing the two
parallel JJ arrays where the differential modes propagate. (B) A crossectional image of the
device snapped. The etch has created trenches in the silicon surrounding the device to a
depth d 6 µm. (C) A zoomed crossectional image showing the chain suspended above the
silicon while still being attached to the silicon mesa.

removing impurities from the He-mixture.
The fridge cools down in about 36 hours and is operated through simple

software which has premade scripts to aid in the cooling process. Elimi-
nating the need to engineer and troubleshoot dilution units has enabled the
common lab to prosper without costly time delays from figuring out why
the fridge won’t cool down properly. With that being said, it is critical for
the proper maintenance of the dilution unit components with a careful un-
derstanding of the thermalization of various microwave components along
with proper microwave hygiene.

Without the proper thermalization, the dilution unit does not guarantee
a cold sample. Thermalization of cables and attenuators is especially criti-
cal. The fridge consists of different temperature stages, each with a differ-
ent cooling rate, and can only withstand a certain thermal load. Therefore,
proper distribution of power dissipating microwave components must be
thermally anchored at different stages to ensure proper cooling. This is true
for both RF and DC measurement lines.
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Figure 2.11: (A) The different temperature stages of a dilution refrigerator with the input
and output lines shown. The basic setup for RF measurements is shown. The temperature
of each component is the same as the stage directly above. (B) A reproduction from [97]
where the dilution refrigerators stages and shields are all shown. The picture is multiple
shot superimposed to show the different temperature shields overlapping.
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Figure 2.12: (A) Photon number at a given frequency for each temperature stage corre-
sponding to -20 dB attenuators at 4 K, 100 mK, and 10 mK. The photon number is found
by using Boltzmann’s distribution and each is represented as a black body at some tem-
perature which can also radiate into the lines. (B) The effective temperature at a given
frequency.

To reduce the “black-body” temperature of the measurement lines, which
enter the fridge at 300 K, cold attenuators are inserted along the line. The
attenuator distribution found most optimal is to thermally anchor -20 dB
attenuators to the 4 K, 100 mK, and 10 mK stages. The line becomes
thermalized due to power dissipation by a very cold object which itself
contributes to the thermal noise at frequencies proportional to its temper-
ature [51]. The idea of cascading attenuators at different temperatures starts
from a black body spectrum at 300 K which enters the fridge along with
the signal of interest. This spectral density is dissipated by each cold at-
tenuator therefore effectively reducing the spectral noise of the incoming
signal. The average photon occupation is calculated using Bose-Einstein
statistics and microwave cascading calculations [151] while also consider-
ing the Black-body spectrum of the thermalized attenuator. Expectedly, at
lower frequencies, average photon numbers are larger and the sum in the
read-out frequency range is limited by the contribution mostly from the 4K
stage. Thermal photon occupation at read-out frequency can contribute to
dephasing and is important to optimize.

Now using the average photon number contributed by each stage, the
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effective temperature can be extracted. Using this attenuation distribution,
a readout in the range of 6-8 GHz has an effective temperature between
Teff∼ 40−60 mK attributed to an average photon number of nth∼ 1×10−3.

Furthermore, proper shielding from the multitude of noise-causing agents
must be considered when optimizing the measurement conditions for our
devices. Major sources considered in state-of-the-art set-ups include shield-
ing from high-frequency stray photons and magnetic field shielding. In this
scenario, high-frequency amounts to anything above 20 GHz and becomes
especially important for light comparable to the superconducting gap of Al
which is approximately 40 GHz. Shielding from high-frequency photons
comes in the form of Eccosorb filters which have large attenuation in this
range. Magnetic field shielding takes the form of a high-µ cylinder which
encloses the sample on the base plate. We also enclose the RT can with
high-µ material to ensure external ambient magnetic fields do not cause
low-frequency drifts of the flux biasing of our devices.

2.5 3D copper box sample holders

The fabricated samples are loaded and mounted into one of the varieties
of 3D copper boxes shown in 2.13. The edges of the chips are thermally
anchored by pressing them firmly into small strips of indium. The actual
device is located in the middle of the chip and has relatively large distances
to the walls of the copper housing which act as ground; indicating the elec-
tric fields from coupling antennas are less dense and therefore are less sus-
ceptible to concentrated fields around lossy TLSs.

2.5.1 3D copper cavities

The fundamental transverse-electric mode of the copper cavity is used
as a way to measure the state of the qubit. The coupling antennas of the
fluxonium are used to couple to the electric field inside the cavity where the
fundamental mode is used as “readout”.

The dimensions of the cavity determine the resonant modes; where the
largest dimension determines the lowest mode frequency. The modes of a
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Figure 2.13: A variety of copper boxes acting as a 3D cavity or 3D waveguide. (A) A
sample box mounted directly to the fridge’s cold finger which has an external biasing coil
underneath. A 3D copper cavity can be measured in (B) transmission configuration (two
ports) and in (C) reflection configuration (one port). The box can also act as a 3D waveguide
(D).

3D cavity are found as [151]:

fnmk =
c

2π

√(
nπ

lx

)2

+

(
mπ

ly

)2

+

(
kπ

lz

)2

(2.4)

In this case, we want to use the lowest frequency mode to couple to the
circuit’s dipole antenna, meaning the lowest mode should be a transverse
electric-field mode (TEM). The walls of the copper cavity are electrical
ground and a pin sticks in from the SMA cable input. The electric field
mode has a spatial dependence that is strongest in the middle and decreases
sinusoidally to zero at the edges. The chip can be positioned at different
points away from the exact center to adjust the external coupling to the in-
put or output bias pins. A subtle detail to point out is the SMA connectors
are non-magnetic brass which helps to create a “cleaner” magnetic environ-
ment.

The cavity can be used for reflection or transmission measurements. Re-
flection is when the second port is terminated with a 50 Ω terminator cap
while the input port has a pin of variable length that determines the line
width of the cavity. Transmission measurements have the second port added
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when the signal enters and exits at different ports each with a separate cou-
pling to the chip. Usually, the signal-out port has stronger coupling to enable
the readout of the qubit at lower powers.

To properly prepare a cavity for cooling down the coupling to the external
pin is extracted for each port separately. This way we can determine the
cavity’s approximate line width before cooling down. The shape of the
cavities resonance should be Lorentzian [87].

2.5.2 3D copper waveguides

We measure 2D samples in this box which, in this work, are either JJ
transmission lines or inductively coupled qubits. Each sample has on-chip
readout modes which are used to read out the state of the qubit instead of the
3D cavity mode. These boxes have a bandpass frequency where frequencies

Figure 2.14: (A) A sample is prepared for a cool down and is thermally anchored to the
box via indium. (B) The transmission spectrum of microwaves through the waveguide. A
passband for f > 5 GHz where signals above 5 GHz are transmitted without reflection.

approximately greater than 5 GHz are able to pass through from port to
port with little reflection. Below this is the cutoff, the 3D waveguide has
significantly reduced transmission.

On-chip resonators made by thin film deposition are used to inductively
couple to qubit devices. These resonators share a mutual inductance with
the qubit by sharing several JJs. These compact resonators have a lumped
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inductance and a lumped capacitance which also serves to couple the sam-
ples to the incoming microwave signals from the large input microwave
launchers. The advantage of a 2D resonator is the reduced footprint and the
ability to easily change the geometry from device to device. 2D resonators
also enable qubit devices to have large charging energies since the large area
coupling antennas are no longer necessary.

2.6 Microwave electronics

The microwave signals to excite, control, and measure devices are pro-
duced at room temperature and rely on fast pulses ranging between 1-1000
ns. Microwave frequency signals typically range between 0.01 - 20 GHz
with a power range between -40 - 22 dBm. A fast voltage pulse is generated
by an arbitrary wave generator (AWG) which is used as the pulse envelope
for the microwave frequency generator. When the voltage pulse is a Gaus-
sian wave packet, the signal entering the fridge is: s(t) = {Acos(ωRFt)+
Bsin(ωRFt)}× exp{− t2/4w2}; where w is the pulse width and A, B are
the signal quadrature amplitudes. Another RT microwave components used

Figure 2.15: (A,C) Continuous RF output signal from a generator. (B) An AWG produces
a voltage pulse (D) of variable width. This pulse is mixed with a continuous signal which
produces a wave packet (E). The pulse is the modulating signal while the RF signal is the
carrier wave.

for measurement are power splitters which takes a single input and makes
two outputs with a usual power loss of approximately one-half or -3 dB. RF
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mixtures are also used to combine two signals with detuned frequencies to
produce an intermediate frequency (IF) signal. The two input frequencies,
in this case, are the RF signal and a local oscillator (LO) signal which when
combined via the mixer produces a signal at ωIF = ωRF ±ωLO. The gen-
erated signal now passes through the fridge and is ultimately converted into
a digital demodulated value of voltage in the IQ plane. The setup is capa-
ble of collecting 1 Giga-samples per second making the time resolution 1
ns per point. We use a phase-insensitive analog-to-digital acquisition which
utilizes a LO-RF frequency detuning of 50 MHz. All signal generators and
ADCs are frequency locked to a 10 MHz reference atomic clock. The spe-
cific ADC used is an Alazzar card. The measurement is controlled with
the GUI measurement software called Labber. For fast measurements in

Figure 2.16: Baisc room temperature microwave set-up for measurements using a single
RF source only.

the frequency domain only, a vector network analyzer (VNA) is often used.
Calibration at temperatures above the base (∼ 800 mK) is necessary to re-
move the background created by the cables and various filters/circulators in
the readout/driving lines.
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2.7 Data aquisition

Once the devices are prepared and loaded into our cryogenic microwave
setup with all other components set up and functioning properly we can now
perform measurements.

We first send in a microwave signal which is modulated with a voltage
pulse at the resonator frequency. After the electrical signal passes by and
interacts with the resonator a new amplitude and phase will be acquired
and this is measurable. A generic cosinusoidal signal microwave signal s(t)
with amplitude ARO at frequency ωRO will pass through the measurement
line and acquire phase θRO [96] expressed as:

s(t) = ARO cos{ωROt +θRO}= Re{AROeiθRO} . (2.5)

Our data acquisition technique converts the signal into a point in the com-
plex voltage plane using heterodyne demodulation. The newly acquired
amplitude and phase of the signal will be detectable in the complex voltage
IQ plane. The goal of the measurement is to extract any newly acquired sig-
nal due to the presence of the resonator which is represented as the complex
number:

{AROeiθRO}= I + iQ (2.6)

This measurement scheme relies on comparing the read-out signal which
has passed through the fridge with a reference signal which has not passed
through the fridge. The digitizer has two separate inputs, channel A for
the signal which interacted with the chip and channel B for the reference
signal that never leaves room temperature. The digitizer also has a time
domain measurement resolution which is ∆t = 1 giga-sample/sec or 1 bil-
lion points per second. This resolution defines a total measurement time as
tm = nm∆t where nm is the total number of points in a single measurement
trace or “record”. Signals arriving at channels A and B in 2.16 do not have
the same phase at all times; after signal A passes through the fridge and ref-
erence signal B both arrive at their respective mixers each signal will have
a phase difference with the LO, defined by φ . Once channel A and channel
B become modulated with the LO using analog mixers the signals can be
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expressed as:

IIFA = AIFA× cos{ωIF ·nm∆t +φ +θRO} , QIFA = BIFA× sin{ωIF ·nm∆t +φ +θRO}
IIFB = AIFB× cos{ωIF ·nm∆t +φ} , QIFB = BIFB× sin{ωIF ·nm∆t +φ}

(2.7)
where ωIF = 50 MHz. Now the electrical signal with some amplitude and
phase oscillating at 50 MHz enters the digitizer board where the analog to
digital conversion (ADC or A2D) takes place. The ADC takes the incoming
signal (IIFA,QIFA, IIFB,QIFB) and creates a “digitized” point for each channel
every ∆t and multiples them by either cos or sin argument of IF frequency
times the time step.

Following this, the signal used as a reference (channel B) is:

IB =
2
M

M

∑
N=1

IIFB× cos{ωIF ·nm∆t}= 1
M

M

∑
N=1

AIFB× cos{φ}

QB =
2
M

M

∑
N=1

QIFB× sin{ωIF ·nm∆t}= 1
M

M

∑
N=1

BIFB× sin{φ}
(2.8)

While the signal which passes through the fridge and interacts with the res-
onator (channel A) is:

IA =
2
M

M

∑
n=1

IIFA× cos{ωIF ·nm∆t}= 1
M

M

∑
n=1

AIFA× cos{φ +θRO}

QA =
2
M

M

∑
n=1

QIFB× sin{ωIF ·nm∆t}= 1
M

M

∑
n=1

BIFA× sin{φ +θRO}
(2.9)

Where M is the total number of discretization points per single measurement
record. Measurement length or the number of points per record depends on
the length of the Gaussian pulse sent by the AWG. A second pulse linked
with the beginning of the readout Gaussian pulse is sent directly to the A2D
which initiates data collection. When triggered by this pulse the A2D effec-
tively demodulates the incoming signals to a zero-frequency signal where
each point in the demodulated record is represented as: z = I + iQ in the
complex plane.

The magnitude and phase of the normalized summation of points in the
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record are expressed as:

magnitude =
√

I2
A +Q2

A

phase = tan−1
{

QB

IB

}
− tan−1

{
QA

IA

} (2.10)

We see that the phase is the difference between the arguments of reference
channel B and signal channel A. This way the arbitrary phases between the
LO and the respective channel signals are accounted for and we are able to
recover the average magnitude and phase:

magnitude = |z̄|=
√

Ā2
IFA

+ B̄2
IFA

phase = θ̄RO

(2.11)

producing a single point in the IQ plane represented as z̄ = |z̄|e−iθ̄RO; this
average value is considered the result of a single measurement record.

This technique is then repeated between 103−106 times creating an en-
semble of points representing the outcome for a measurement with fixed
parameters. These points are again averaged together for a final data point
in the IQ plane. The final averaged records have a value defined as:

⟨z̄⟩= 1
K

K

∑
k

z̄k (2.12)

where k is an integer that represents the number of records incorporated for
the measurement. Specific measurement parameters are then swept and this
procedure is repeated for each unique measurement condition.

2.8 Basic measurement

The data acquired from a resonator measurement where the RF frequency
was swept through the resonance can be most simply analyzed as an RLC
parallel circuit; the analysis considered here is close to the work of [162]
and will help build the intuition of how to make sense of the A2D data. The
analysis naturally starts by first considering the impedance as a function of
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frequency for the RLC circuit. In this case, a resistor is added to represent
dissipation channels that cause energy loss in one form or another; where
each possible loss channel can be added in parallel and become solely rep-
resented as a single resistor.

Figure 2.17: Parallel loss channels can be combined to a single loss source RΣ.

The system is described by the standard damped oscillator equation of
motion where the parallel RLC circuit has an impedance [125]:

Zs[ω] =
1

Ys[ω]
=

{
iωC+

1
iωL

+
1
R

}−1

. (2.13)

This representation of a superconducting resonator allows for the quality
factor of the resonator to be defined as:

Q = ω0
average energy stored

dissipated power
. (2.14)

Using this simple relation with the definition of power dissipation by a re-
sistor:

P =
RI2

2
=

V 2

2R
, (2.15)

along with the energy stored in the reactive elements:

EC =
1
4

V 2C , EL =
1
4

V 2

ω2
0 L

(2.16)

the formula for the quality, Q takes the form:

Q =
ω0

2
×R
{

C+
1

ω2
0 L

}
= ω0RC . (2.17)
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The quality factor is found as the ratio of the imaginary (reactive) part of the
impedance to the real part:

Q =
Re[Y ]
Im[Y ]

∣∣∣∣
ω=ω0

(2.18)

This equation is true for the parallel configuration since taking the limit
R→ ∞ there would be no current traveling through the resistor, meaning
no power dissipated. While in the series configuration of an RLC circuit
if R is large then Q is small and so the inverse of the ratio above would
hold true or the expression for the admittance would be exchanged for the
expression for the impedance. The Q can also be expressed as a function
of a decay constant, τ: Q = ω0τ . In other words, the number of oscillation
cycles a resonance can undergo before losing energy in the form of power
dissipation at the resonant frequency is Q. Finally, Q can also be found by
using the line-width of the resonance (κ) in spectroscopy and is expressed
as: Q = ω

κ
.

The quality factor just considered is called the internal quality or Qint of
the circuit. This Q is dominated by the loss mechanisms which are solely
due to the properties of the circuit and does not consider losses of energy
to the external world. Loses due to the coupling of the superconducting
resonator to the external world is a separate type of quality factor called the
external quality or Qext.

Figure 2.18: (A) An LC oscillator is coupled to and external resistor by a capacitor. (B)
The equivalent parallel RLC circuit.

The external quality factor is the measure of how well the circuit is cou-
pled to the external circuitry which in this case is the 50 Ω measurement
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line. For this consideration, the standard LC circuit is now capacitively cou-
pled to a resistor. The value of the resistor is not necessarily 50 Ω and is
variable depending on Qext while Cc is normally a simulatable quantity. The
shunt impedance is now defined as [62]:

Zs[ω] = Rext +
1

iωCc
=

ω2C2
c R2

ext + iωCc

1+ω2R2
extC2

c
≈ ω

2C2
c R2

ext + iωCc . (2.19)

The last approximation is made valid since the second denominator term is
much less than 1. The impedance of the LC oscillator is just the character-
istic impedance, Z0 =

√
L

C+Cc
simplifying the expression for Q to:

Q =
Im[Y (ω)]

Re[Y (ω)]
=

√
C+Cc

L
1

ω2C2
c R2

ext
. (2.20)

The takeaway is the external quality factor is inversely proportional to the
coupling capacitance and the external variable resistance found by the Q.
Typical values for Qext range between several hundred to several thousand
and can be changed by moving the position of the sample within the 3D
housing.

The parallel addition of the two types of quality factors defines the total
Q as [59]:

Qtot =

(
1

Qint
+

1
Qext

)−1

. (2.21)

The scatter parameters are what we measure experimentally and are rep-
resented by the matrix equation [151]:(

V−1
V−2

)
=

(
S11 S12
S21 S22

)(
V+

1
V+

2

)
.

The actual measurement is either S11 or S21. The ratio of the voltage sent
by port 1 to the voltage reflected back from port 1 is S11 =

V−1
V+

1
= Z−Z0

Z+Z0
and

is called reflection. While the ratio of the voltage transmitted to port 2 after
sending a signal out of port 1 is S21 =

V−2
V+

1
and is called transmission. Another
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geometry exists called “hanger” where S21 is measured however the sample
is not directly attached to either port and is instead hanging between ports
coupled by a capacitance to both input/output. In this work, we use either
reflection or hanger geometry to measure our samples.

Figure 2.19: (A) Circuit diagram for reflection measurement geometry. (B) The magnitude
and phase of the resonator measured for different Qint while keeping Qext = 1,000.

Once measuring the resonator, the characteristic features including the
resonance frequency, Qint, and Qext are extracted. For a fit using the reflec-
tion configuration [125]:

S11(ω) =
2i(ω−ω0)/ω0−Q−1

ext +Q−1
int

2i(ω−ω0)/ω0 +Q−1
ext +Q−1

int
(2.22)

or a measurement using the hanger configuration:

S21(ω) =
2i(ω−ω0)/ω0 +Q−1

int

2i(ω−ω0)/ω0 +Q−1
ext +Q−1

int
. (2.23)

The magnitude and phase of the scattering parameters when measuring
S j1, for j=1,2 are defined as [60]:

Magnitude = 20× log10 (|S j1|) [dB]

Phase = tan−1
{

Im[S j1]

Re[S j1]

}
[Radians] .

(2.24)
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Figure 2.20: (A) Circuit diagram for hanger measurement geometry. (B) The magnitude
and phase of the resonator measured for different Qint while keeping Qext = 1,000.

and can also be analyzed by fitting a circle of the measured trace to the real
and imaginary components of each expression.

The usual configuration uses more than one RF source to perform the
full characterization of a device. The standard RT microwave measurement
is shown in 2.21. In the next chapter, we will discuss full-on measurements
of superconducting qubits coupled to the resonators.

Figure 2.21: Baisc room temperature microwave set-up for measuring a resonator and a
qubit. Multiple RF sources are needed.
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3
Quantum information with

superconducting circuits

“Note that because of the quantum nature of the discussed
problem one cannot say that the present state of knowledge is
exactly equal to zero.” — Harry J. Lipkin, The Journal of
Irreproducible Results

3.1 Quantum states

The development and understanding of an electrical quantum circuit starts
with exploring the most fundamental constituent: a single “artificial” atom.
The transition between the lowest two eigenstates is most commonly used
as the two-level system which creates the quantum bit known as a qubit. The
dynamics of a qubit can be understood by using the formalism developed to
describe a spin in the Pauli basis. The qubit, in the simplest consideration,
is a two-level system (TLS) and is made from two orthonormal state vectors
defined as:

|0⟩=
[

1
0

]
, |1⟩=

[
0
1

]
. (3.1)
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The quantum nature of the states provides the ability to create superpositions
of the |0⟩ and |1⟩, which can represent any state on the surface of a sphere
by a linear superposition of |0⟩ and |1⟩. This sphere is commonly called a
Bloch sphere and is used to visualize the state of two-level systems [137].
Any superimposed state can be represented by a state vector [91]:

Figure 3.1: (A) The Bloch sphere representation of a two-level state. (B) The eigenstates
correspond to the x (+,-), the y (+i,-i), and the z (0,1) axis. (C) The rotation of a state
around the x-axis is applied m times. Each displacement corresponds to operating on the
state by the rotation operator Rx(2π/m).

|ψ⟩= cos
θ

2
|0⟩+ eiφ sin

θ

2
|1⟩ . (3.2)

The two angles, θ , and φ , are with respect to the z-axis and x-axis, respec-
tively. The amplitudes of |0⟩ and |1⟩ are normalized such that: |a|2+|b|2=
|cos(θ/2)|2+|sin(θ/2)|2= 1. Now |ψ⟩ can be represented by the Bloch
vector:

u(x̂, ŷ, ẑ) = x̂sinθ cosφ + ŷsinθ sinφ + ẑcosθ . (3.3)

This vector is used when describing arbitrary rotations/dynamics on the
TLS. Basic operations that can be applied to a single qubit are the four
Pauli matrices defined as:

X = σ̂x =

[
0 1
1 0

]
,Y = σ̂y =

[
0 −i
i 0

]
,Z = σ̂z =

[
1 0
0 −1

]
,I = Î=

[
1 0
0 1

]
(3.4)
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The TLS Hamiltonian can now be defined as two energy levels with a tran-
sition frequency ωq/2π:

Hq =
1
2

ωqσ̂z . (3.5)

Furthermore, rotation operators are created by exponentiation of the Pauli
matrices. These operators can be used to define all arbitrary rotations about
the x̂, ŷ, or ẑ axis on the Bloch sphere and are defined as [156]:

Rx(θ) = e−iθX/2 = cos(θ/2)I− isin(θ/2)X =

(
cos(θ/2) −isin(θ/2)
−isin(θ/2) cos(θ/2)

)
Ry(θ) = e−iθY/2 = cos(θ/2)I− isin(θ/2)Y =

(
cos(θ/2) −sin(θ/2)
sin(θ/2) cos(θ/2)

)
Rz(θ) = e−iθZ/2 = cos(θ/2)I− isin(θ/2)Z =

(
e−iθ/2 0

0 eiθ/2

) .

(3.6)
When a state is rotated about the y-axis or the x-axis by π/2, an equal

superposition of |0⟩ and |1⟩ states can be used to create another set of or-
thonormal vectors on the equator of the Bloch sphere:

|+⟩= 1√
2
(|0⟩+ |1⟩) , |−⟩= 1√

2
(|0⟩− |1⟩)

|+i⟩= 1√
2
(|0⟩+ i|1⟩) , |−i⟩= 1√

2
(|0⟩− i|1⟩) .

(3.7)

A bit flip is when the state of the TLS has the |0⟩ amplitude swapped with
the |1⟩ amplitude and is represented by σx. An easy example is σ̂x|0⟩= |1⟩
and σ̂x|±⟩ = |±⟩ where we see it is possible to have a bit flip from the 0
→ 1 but this operation has no effect on the ± state. While a phase flip is
represented by σz which changes the phase factor by -1. Other operators
worth defining is the σ̂+ and σ̂− which represent a change of state of the
TLS no matter the position in the Bloch sphere; where σ̂+ = |1⟩⟨0| and
σ̂− = |0⟩⟨1| such that: σ± = σx± iσy.

Using the TLS Hamiltonian and considering the time evolution of the
state given a prepared input state |ψ(0)⟩; we can define |ψ(t)⟩ using the
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time-dependent Schrödinger equation |ψ(t)⟩= e−iH t |ψ(0)⟩ as:

|ψ(t)⟩= a|0⟩e−2iπ f0t +b|1⟩e−2iπ f1t = a|0⟩+b|1⟩e−2iπ( f1− f0)t . (3.8)

The transition frequency is f01 = f1− f0 and is the frequency at which the
TLS phase is precessing around the z-axis; or in other words, how the phase
is increasing as time evolves. The state evolution as a function of time can
be eliminated by applying the unitary transformation [1]:

i
∂ |ψ(t)⟩

∂ t
= i

∂

∂ t

(
eiHqt

)
|ψ(0)⟩+ i

∂ |ψ(0)⟩
∂ t

eiHqt (3.9)

such that the state is static in time and is now in the rotating frame [96].
To excite or “drive” the qubit transition a signal at the f01 frequency is

applied to the system. The incoming signal is a voltage source oscillating
as a function of time at the RF source drive frequency fd and with a voltage
amplitude A(t). The excitation applied to the TLS is represented as Vd(t) =
A(t)(cos(φ)sin(2π fdt) + sin(φ)cos(2π fdt)) while the signal is coupled
to the qubit with strength g. The Hamiltonian in the rotating frame with
a drive tone detuned from the qubit by δ = ωq−ωd takes the form after
simplification using the rotating wave approximation [11, 86]:

H ′ =
1
2

δ σ̂z−gA(t)
{
(cos(φ)cos(δ t)− sin(φ)sin(δ t))σ̂x

+(cos(φ)sin(δ t)− sin(φ)cos(δ t))σ̂y

}
.

(3.10)

When the driving frequency is off resonance with the qubit such that δ ̸= 0
the Bloch vector precesses about an angle. The width of the precession on
the Bloch sphere is determined by the value of φ . In each representation,
the blue vector is the axis of rotation. When δ = 0, equation 3.4.4 becomes
simplified to:

H ′ = gA(t)
{

cos(φ)σ̂x− sin(φ)σ̂y

}
. (3.11)

For φ = 0 the state will rotate about the x-axis while for φ = π/2 the state
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Figure 3.2: (A) The state vector precesses about a fixed point on the Bloch sphere when
the qubit is driven at a tone that is not perfectly resonant with the TLS transition frequency.
(B) When driven on the qubit frequency with φ = 0 the state will rotate about the x-axis.
(C) When driven on the qubit frequency with φ = π/2 the state will rotate about the y-axis.

will rotate about the y-axis. The total arc length the state moves is deter-
mined by the term gA(t) = ΩR, which is the “drive strength” [86]. If the
TLS is strongly coupled to the signal or the amplitude A is large then the
state is modified and precesses faster. While if the pulse has fixed amplitude
and coupling strength, then the longer the signal lasts the more the state
will rotate and accumulate phase about the respective axis of rotation. Since
any rotation on the Bloch sphere can be decomposed into rotations about
the x or y-axis, all possible states on the Bloch sphere can be created us-
ing sequences of on-resonant drives with varying phases. Furthermore, the
amplitude and duration of the drive tone are experimental parameters both
controllable by the room-temperature electronics.

3.2 Density matrix formalism

The two-level state can be represented as a density operator [191]:

ρ̂ =
1
2
(I+u ·σ) . (3.12)
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Where a more practical form to write the density operator in a matrix repre-
sentation [55]:

ρ̂ = |ψ⟩⟨ψ|=
(

ρ̂00 ρ̂01
ρ̂10 ρ̂11

)
=

(
cos2 θ

2 e−iφ cos θ

2 sin θ

2
eiφ cos θ

2 sin θ

2 sin2 θ

2

)
(3.13)

This representation creates an easy connection between the density matrix
and the Pauli matrices such that:

X = ρ̂10 + ρ̂01 , Y =−i(ρ̂10− ρ̂01) , Z = ρ̂00− ρ̂11 . (3.14)

The diagonal components of the density operator, ρ̂00 and ρ̂11, sum to
unity and quantify the populations in the ground and excited states, re-
spectively. The off-diagonal elements, ρ̂01 and ρ̂10, are called coherence
and quantify the relative phases between the ground and first excited states
which are zero for a mixed state.

The density matrix formalism is particularly instructive when under-
standing quantum measurements. Measuring a qubit amounts to projecting
the state onto the z-axis which simply means taking the expectation value
of σ̂z. This means a measurement in the z-basis amounts to taking the trace
of the matrix product of the density matrix with Z [191]:

⟨Z⟩= Tr(ρ̂Z) (3.15)

Whenever the qubit is not completely in the |0⟩ or |1⟩ state the measured
projected vector will be inside the Bloch sphere and lay on the z-axis.

The density matrix is an important tool to introduce basic ideas about
the decoherence of a quantum system using the Linbladian master equation
formalism [71]:

dρ̂

dt
=− i

h̄
[H , ρ̂]+∑

j

(
L jρ̂L†

j−
1
2

L†
jL jρ̂−

1
2

ρ̂L†
jLi

)
(3.16)
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Figure 3.3: (A) Measuring the quantum state in the z-basis corresponds to projecting the
Bloch vector onto the z-axis. (B) The diagonal elements of the density matrix follow a
vector field which increases the latitude of the Bloch vector only. When the thermal energy
is much less than the ωq the state will relax to the ground state |0⟩. (C) Off-diagonal
elements of the density matrix create a vector field that brings the Bloch vector to the
center of the sphere [55]. These processes are spurred by a slight change in ωq which also
causes a spiral in the trajectory of the quantum state.

3.2.1 Energy relaxation

For qubit relaxation processes L j = L1→
√

Γ1σ̂−. The variable Γ1 rep-
resents the decay rate of the TLS and gives the energy relaxation time
T1 = 1/Γ1. Plugging in the defined variables:

dρ̂

dt
=−

iωq

2
[σ̂z, ρ̂]+Γ1

(
σ̂−ρ̂σ̂+−

1
2

σ̂+σ̂−ρ̂− 1
2

ρ̂σ̂+σ̂−
)
. (3.17)

Now we can explicitly solve for the rate equation of the density operator
resulting in simple differential equations for each term:

dρ̂00

dt
= Γ1ρ̂11,

dρ̂11

dt
=−Γ1ρ̂11,

dρ̂10

dt
=−iωqρ̂10−Γ1ρ̂10, (3.18)

when integrated we find that energy relaxation of the two-level system de-
cays exponentially with a rate Γ1. Expressing the density operator as a
function of time with the newly acquired matrix elements gives:

ρ̂(t) =
(

ρ̂00 +(1− e−Γ1t)ρ̂11 ρ̂01e−Γ1t/2

ρ̂10e−Γ1t/2 ρ̂11e−Γ1t

)
. (3.19)

77



In the rotating frame the ωq term can be ignored when driven exactly on
resonance.

An important observation is an excited state not only decays exponen-
tially at a rate of Γ1 for the diagonal elements but also has off-diagonal
time-dependent elements showing the relaxation processes cause the qubit
to dephase as well at a rate given by Γ1/2. In the absence of other dephasing
mechanisms, the qubit loses the prepared superposition in a characteristic
time given by 2T1.

3.2.2 Dephasing

For qubit dephasing processes, L j = L2→
√

Γφ/2σ̂z. The variable Γφ

sets the dephasing time Tφ = 1/Γφ .

dρ̂

dt
=−

iωq

2
[σ̂z, ρ̂]+

Γφ

2

(
σ̂zρ̂σ̂z− ρ̂

)
(3.20)

In this case, the diagonal terms will be zero and the off-diagonal terms will
be defined as:

dρ̂00

dt
=

dρ̂11

dt
=0 ,

dρ̂01

dt
=−iωqρ̂01−Γφ ρ̂01 ,

dρ̂10

dt
=−iωqρ̂10−Γφ ρ̂10 .

(3.21)

Integrating this set of differential equations finds the dephasing mecha-
nism of a qubit also decreases exponentially at a rate of Γφ and is only given
by the off-diagonal components:

ρ̂(t) =
(

ρ̂00 ρ̂01e−Γφ t

ρ̂10e−Γφ t ρ̂11

)
. (3.22)

3.2.3 Decoherence

Usually, relaxation and dephasing occur simultaneously, the combined
rate is called decoherence. Decoherence’s decay rate is given by: Γ2 =
Γ1/2+Γφ [96], and is most commonly referenced as a new characteristic
time called T2. The expression for T2 using the relaxation and dephasing
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Figure 3.4: (A) An isolated TLS, not in the RWA, will rotate about the z-axis at the transi-
tion frequency. (B) Pure dephasing shows the qubit will spiral inside the Bloch sphere until
the x and y components are zero. This term can be seen as the off-diagonal terms of the
density matrix. (C) Energy relaxation of a state causes decay back to the ground state while
also dephasing due to the off-diagonal elements. (D) Decoherence is the combination of
pure dephasing and energy relaxation. The spiral of the state in (D) spins faster than in (C).
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time constants is:
1
T2

=
1

2T1
+

1
Tφ

. (3.23)

Experimentally, T1 and T2 are the measured quantities while Tφ is extrapo-
lated for.

In summary, T1 is used to quantify how long a quantum state can remain
excited before relaxing to the ground state while Tφ is used to quantify how
long a quantum state can remain in a coherent superposition before the infor-
mation is lost. T2 is the parallel combination of both sources which causes
the prepared quantum state to lose the information encoded within the state.
The way this information is lost due to energy relaxation is primarily from
internal dissipative processes while dephasing mechanisms are due to any
small deviation in the qubit transition frequency caused by low-frequency
fluctuations of environmental factors. Both mechanisms will be covered in
detail in the fluxonium chapter.

3.3 Coupling between an atom and a photon

To measure the quantum state of a two-level system, without destroying
the quantum state, an auxiliary linear bosonic read-out is coupled to the
system. The read-out commonly referred to as a resonator couples to the
two-level system and perturbs/hybridizes with the qubit state. Specifically,
the resonator frequency changes depending on which state the qubit is in
[11]. Furthermore, when the resonator’s frequency is within the vicinity
of the qubit transition a splitting/hybridization occurs proportional to the
atom-resonator coupling strength g. The strength of coupling is a measure
of how strongly the two systems can interact and is usually g < 100 MHz.
The generic form of a Hamiltonian which describes a TLS coupled to a
photon mode with coupling strength g, is defined by the Rabi Hamiltonian
[11, 96, 115]:

HR =
ωqσ̂z

2
+ωra†a+g(a+a†)σ̂x . (3.24)

The Rabi Hamiltonian is used when g is comparable to transition fre-
quencies (g∼ωq), however, the coupling is normally much less. Therefore,
a unitary transformation to the rotating frame of the qubit rotating at ωq ef-
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Figure 3.5: A flux-dependent TLS coupled to a resonator anti-cross (or hybridize). The grey
dashed line represents the pure qubit transition energy while the grey dotted line represents
the undisturbed resonator frequency. The coupling strength g dictates how far the modes
are pushed when fr = fq. (Inset) A picture of the energy levels at the flux point where the
unperturbed transitions intersect. The middle black diagram is of the dressed, hybrizied
picture.

fectively getting rid of the higher frequency terms. The result is a simpler
Hamiltonian which only considers one excitation exchange at a time and is
called the Jaynes-Cummings (JC) Hamiltonian [10]:

HJC =
ωqσ̂z

2
+ωra†a+g(σ̂+a+ σ̂−a†) . (3.25)

The first term represents the TLS, the second term represents the resonator,
and the third term describes the light-matter interaction which occurs be-
tween the resonator photons and the qubit excitations.

In atomic systems, this interaction is created between the dipole moment
of the atom and the electric field present in the cavity housing the atom
[71, 112]. The dipole interaction between the atom and the cavity photon
dictates the strength of the coupling. The operators σ+a and σ−a† describe
the atom-cavity photon exchange while g is proportional to the inverse rate
where an excitation in the qubit decays into an excitation in the cavity and
vice versa.

When the TLS and the read-out are far-detuned in frequency, this Hamil-
tonian is further simplified and re-expressed as the dispersive Hamiltonian
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[13]:

Hdisp = ωra†a+
ωqσ̂z

2
+

χ

2
σ̂za†a . (3.26)

The dispersive Hamiltonian provides insights on exactly the mechanism of

Figure 3.6: The resonator frequency shifts by an amount χ depending on the state of the
qubit. The difference between the resonator magnitude or phase from when the qubit is not
excited from when the qubit is excited is the signature of a qubit transition.

qubit-state measurement by probing the read-out. In essence, the resonator
frequency shifts by an amount χ when the qubit is in the excited state. In
this fashion, the read-out frequency is probed while sweeping the second
(qubit) tone, when the qubit transition frequency is hit, the resonator’s sig-
nal becomes modified – the resonator’s frequency shifts causing the mea-
sured read-out signal to form either a dip or peak in. This process is how
two-tone spectroscopy is performed. Other quantities can be swept besides
the qubit frequency, for example, changing pulse delays, allowing for time
domain characteristics and other quantum measurements can be extensively
performed to fully characterize the device.
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3.4 Basic quantum measurements

This section highlights the basic measurements used to characterize quan-
tum circuits. The experimental results discussed throughout this thesis use
these basic measurement techniques to analyze a variety of devices.

3.4.1 One-tone spectroscopy

The most basic measurement consists of sending in a single microwave
tone and measuring the returned signal. This type of measurement is per-
formed firstly to find the read-out frequency of the resonator coupled to the
qubit. This technique is generally used to probe any resonance frequencies
sufficiently coupled to the incoming microwaves.

Usually, in fluxoniums, the qubit transitions are far detuned from the
read-out frequency and are filtered out by a resonator coupled to the external
signal, therefore using one-tone spectroscopy for measuring qubits is not
feasible. The case when the qubit anti-crosses with the resonator is indeed
visible in one-tone but this is unique to only a few external bias points and
the qubit transitions quickly fade in a one-tone measurement once passing
through the frequency vicinity of the read-out mode.

3.4.2 Two-tone spectroscopy

Once finding the read-out frequency the next task is to map the qubit
transitions. This is done by fixing a tone at the read-out resonance while
sweeping the frequency of another, second tone. When the second tone hits
the resonance frequency of the qubit, the read-out frequency undergoes a
dispersive shift where the resonance frequency of the read-out shifts slightly
by an amount χ and is due to the coupling between the qubit and the read-
out. Two-tone spectroscopy can be performed with second tones of variable
power with frequencies ranging between f ∼10 MHz and 20 GHz. Two-
tone spectroscopy is performed either with a continuous second tone or by a
pulsed second tone. Low-power continuous irradiation of the qubit produces
sharper transition lines but may cause slight shifts of the true resonance
frequency of the qubit transition by Stark-like shifts.
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3.4.3 Rabi oscillations

A two-level system can be made to oscillate between the ground and the
first excited state depending on the length and the amplitude of the incom-
ing excitation pulse. The frequency of oscillation is also dependent on the
coupling strength between the read-out and qubit.

Figure 3.7: (A) Pulse sequence for a Rabi measurement. The pulse width is increased for
every orange point in (B). The power delivered at the qubit frequency increases when the
pulse width becomes larger. The x-axis in (B) is the time duration of a pulse. At t=0 the
qubit is not excited while when the pulse width hits a “pi-pulse” excites the qubit into the
first eigenstate.

Assuming the qubit drive is exactly on resonance, the state evolution
comes from equation 3.11 where the qubit will oscillate between the ground
and first excited state at a frequency ΩR and the dynamics evolve according
to the Hamiltonian [191]:

HRabi =
1
2

ΩRσ̂x (3.27)

where the population in the two states evolve according to the unitary oper-
ation [105]:

Û(t) = exp
(−it

2
ΩRσ̂x

)
=

[
cos(ΩRt/2) −isin(ΩRt/2)
−isin(ΩRt/2) cos(ΩRt/2)

]
(3.28)

such that given the ground state and first excited state populations, will
evolve according to p0(t) = 1

2{1+cos(ΩRt)} and p1(t) = 1
2{1−cos(ΩRt)}.

Using this relation, we define a π-pulse as the duration/length of a pulse
which rotates the Bloch vector around the x- or y-axis by π . This pulse
flips the qubit population between p0 (g) and p1 (e). The duration of time
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the qubit pulse should last to excite swap the ground and first excited state
populations is tπ = π

ΩR
.

Figure 3.8: A Rabi measurement where the state is excited with different pulse widths to
excite certain amounts of the population in each state. The Bloch vector is rotated about
the y-axis.

In actual measurements of Rabi oscillations, the signal decays with time
due to loss mechanisms. The measurement is fit to a decaying oscillation
with a generic form:

f(ti) = A0 +A1 cos(ΩRti +A2)e−ti/TR (3.29)

where A0,A1,A2,ΩR,TR are fit parameters. ΩR is the valuable parameter
that gives the Rabi frequency and is converted to time determining the pulse
length for a pulse sequence to excite the qubit into the first excited state.

When driving the qubit slightly off-resonance with detuning δ the Rabi-
frequency becomes increased modified to [22]: ΩR =

√
Ω2 +δ 2, where Ω

is the Rabi frequency when driving exactly on resonance.

3.4.4 Ramsey fringes

To measure a Ramsey fringe, the superposition of the |g⟩ and |e⟩ states
are prepared and allowed to freely evolve according to: HRamsey =−1

2δ σ̂z.
The variable δ is known as the detuning, introduced in equation which is the
difference between the actual qubit transition frequency and the frequency
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of the excitation pulse sent into the system.

Figure 3.9: (A) The standard Ramsey pulse sequence used to measure T ∗2 . Two π/2 pulses
are measured with the difference in time between the two pulses increased. The second
pulse is the one moving. (B) Several standard Ramsey measurements where the qubit
detuning frequency is changed.

A Ramsey measurement is performed by first preparing the state in an
equal superposition by applying a Hadamard gate which is just a π/2 rota-
tion about the x or y-axis on the Bloch sphere. A π/2-pulse is found in the
Rabi experiment as the duration tπ/2 =

π

2ΩR
. This first pulse prepares the su-

perposition of states onto the equator of the Bloch sphere. Next, the newly
prepared state is allowed to evolve for some variable amount of time before
another π/2 rotation is performed on the evolved qubit state. If no time
elapses then the qubit state is prepared in the excited state, however, when
increasing the time delay between the two π/2 pulses we find the vector to
accumulate a phase proportional to the qubit-excitation detuning. The popu-
lations then evolve as: p0(t) = 1

2{1−cos(δ t)} and p1(t) = 1
2{1+cos(δ t)}.

The actual measurement of Ramsey oscillations decays with time due to
low-frequency noise which causes dephasing effects due to a fluctuating
qubit transition frequency. The Ramsey measurements are fit to a decaying
oscillation envelope with a generic form almost exactly the same as the Rabi
measurements except the function depends on different quantities. The fit
function is defined as:

f(ti) = A0 +A1 cos(δ ti +A2)e−ti/T ∗2 (3.30)

where A0,A1,A2,δ ,T ∗2 are fit parameters where δ is used to find the exact
qubit drive frequency. This quantity can be used to quantify small variations
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in the qubit frequency over a long period of time. The other valuable pa-
rameter extractable is the decay constant T ∗2 which is known as T2- Ramsey
and is a measure of the qubit’s coherence.

3.4.5 T1

Energy relaxation or T1 is used to describe the process which produces an
excitation or relaxation of the two-level system due to coupling to a noise
source at the frequency of the transition between |g⟩ and |e⟩. Unwanted
relaxation of the TLS is induced by longitudinal coupling to a noisy en-
vironment, which is represented as a noise source coupled to the TLS as
[159]:

HTLS =
ωq

2
σ̂z +

1
2

Vxσ̂x (3.31)

where Vxσ̂x causes population flips proportional to the time-dependent noise
source Vx.

Measurements of energy relaxation are performed by applying a π-pulse
at the qubit frequency with an increasing time delay between the excitation
pulse and the read-out measurement. The signal decays exponentially and
is fit to the equation:

f(ti) = A0 +A1e−ti/T1 (3.32)

where A0,A1,A2,T1 are fit parameters and T1 is the decay constant of the
excited state of the qubit.

In SCQC, the dissipative processes caused by coupling to a noisy envi-
ronment are treated by adding resistors in parallel/series to different circuit
elements which have an admittance/impedance evaluated at the qubit tran-
sition frequency. This admittance/impedance is also used to express the
spectral density of the noise source. The noise spectral density (Sx(ωi j)) of
each relaxation source can be represented as:

Sx(ωi j) =h̄ω×
(

coth
[

h̄ωi j

2kBT

]
+1
)

Re[Y (ω)] . (3.33)

The qubit in turn couples to the noise source with a strength given by the rel-
evant matrix element which is susceptible to the noise. The power spectral
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Figure 3.10: (A) The pulse sequence for a T1 measurement. (B) The projected state onto
the z-axis of the Bloch sphere after measurement. (C) The exponential decay profile for a
relaxing qubit.
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density is often small so the use of perturbation theory to represent the tran-
sition rates induced by the noise term between our two states is expressed
by Fermi’s Golden rule where Γi j denotes the transition rate from state i to
j, and using Fermi’s Golden rule takes the form:

Γi j =
1

h̄2 |⟨ j|O|i⟩|
2Sx(wi j) . (3.34)

This expression is used to quantify the energy relaxation rate for different
processes to which the qubit is exposed. The matrix element |⟨ j|O|i⟩|2 is the
“quantum” link to the classical noise spectral variable where the operator is
the coupling Hamiltonian between the qubit and the environment. The cou-
pling to the environment comes in the form of current or voltages induced
by the noise source. Commonly, |⟨ j|O|i⟩|2= −ϕ2

0 |⟨ j|ϕ̂Ienv|i⟩|2; represent-
ing the noise as a voltage source would be completely equivalent.

The qubit can be excited or deexcited with the ratio of the rates given as
the statistical quantity:

Γ01

Γ10
=

Sx[−ω01]

Sx[ω01]
= e−h̄ω01/kBT . (3.35)

Where T is the effective temperature of the qubit coupled to the environ-
mental thermal bath at thermal equilibrium. The spectral density of a current
noise produced by a wire in the quantum regime shows the asymmetry to
the excitation/relaxation spectral density effectively by suppressing excita-
tion when the frequency is much less than the thermal energy. This process
can be represented by a parallel addition of the decay rate of the atom being
excited (0 to 1) or deexcited (1 to 0) represented as:

1/T1 = Γ01 +Γ10 . (3.36)

Common sources of energy relaxation in SCQC include capacitive loss,
inductive loss, and relaxation into the environment. The way to quantify
each decay channel follows the procedure of representing each reactive el-
ement as having both real and imaginary permittivity/permeability and is
covered in depth in the later chapters.
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3.4.6 T2

Low-frequency noise in various forms is the main cause of dephasing
which creates a slowly varying qubit transition frequency [104]. Normally
slow variations to an external control knob are the source that can cause
the qubit frequency to jitter [70]. Having the read-out frequency jitter can
also contribute to dephasing mechanisms since this in turn causes the qubit
frequency to jitter. These processes are represented in the two-level system
as a generic Hamiltonian:

HTLS =
ωq

2
σ̂z +

1
2

Vzσ̂z . (3.37)

Where the qubit now couples to a noise source that has off-diagonal contri-
butions to the qubit state also known as transverse coupling. This fluctuating
noise Vz causes the transition frequencies of the qubit to shift and effectively
causes the phase to accumulate in a none coherent manner. The additional
phase accumulated between the two states over a time t:

φz =

� t

0
Vz(t ′)dt ′ . (3.38)

Due to the natural 1/f quality of the spectral densities considered, the low-
frequency variations, on the time scale of measurement, have the largest
contribution. In the absence of qubit relaxation the qubit would undergo
pure dephasing in a time:

Tφ =
2

SZ[ω = 0]
(3.39)

. But due to the unavoidable presence of relaxation the experimental quan-
tity measurable is the decoherence time T2.

The actual measurement of T ∗2 was already discussed but understanding
how the decay time constant is produced can help illustrate what decoher-
ence measurements represent. Consider a noise source that perturbs the
qubit transition frequency by δω . Two traces are taken in this measure-
ment and are averaged together such that trace 1 has δω = 0 and trace 2
has δω = θ . Then the measurement would average to a population in the
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Figure 3.11: (A) The state on the Bloch sphere is prepared onto the equator where noise
causes the vector to rotate around the z-axis. The noise is random in nature and each
measurement will have a different accumulation of phase. (B) The measurement consists
of many average traces (shown in blue) which lose phase coherence as the time between
qubit rotations is increased. This causes the curve to have a decay envelope. The quantum
state decays to the middle of the Bloch sphere at long times.

ground state as:

p0(t) =
1
2

{1
2
{1− cos(δ t)}+ 1

2
{1− cos(δ t−θ)}

}
=

1
2

{
1− cos(δ t−θ/2)cos(θ/2)

} . (3.40)

This example shows the amplitude of the signal is changed by cos(θ/2)
which is caused by a slightly modified qubit transition frequency. When
many traces are averaged together then at large times, the oscillating signal
decays to p0 = 1/2 where the phase of the states becomes completely unre-
solvable. On the Bloch sphere, p0 = p1 = 1/2 is a point at the very center
where the coordinates are (x,y,z) = (0,0,0).

Another type of T2 measurement can be performed by applying a π-pulse
between the two π/2 pulses. The added π-pulse shifts the noise frequency
window to higher values and are used as a “refocusing” technique acting
to undo the accumulated phase and, this acts as a protective protocol. This
measurement technique is called Hanh-echo or T E

2 . The measured signal
decays exponentially, in this case, to the middle of the Bloch sphere and is
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fit to the equation:
f(ti) = A0 +A1e−ti/T E

2 (3.41)

where A0,A1,A2,T E
2 are fit parameters where T E

2 is the decay constant of
the excited state of the qubit. This protective protocol can be extended to
adding more pi pulses between the two π/2 pulses [22].

The line width of the qubit signal in two-tone spectroscopy can also in-
dicate a ball park estimate of the value for T2. The line width κq of the qubit
transition is inversely proportional to T2 such that κq ∼ 1/πT2 [1, 104].
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4
Josephson junction transmission lines

“Don’t reinvent the wheel, just realign it.”
— Anthony J. D’Angelo

Ultra-high impedance SCQC requires inductance far exceeding the stan-
dard geometrical inductance of a conventional wire while also maintaining
minimal stray capacitance. In this chapter, we first discuss why a conven-
tional wire, with aspect ratios similar to JJ chains, are unable to achieve
Z > RQ in the GHz frequency range. The kinetic inductance of Cooper
pairs is introduced which is the key to substantially increasing the total in-
ductance of a wire. The discussion shifts next to JJ wires and the character-
ization of their electrical properties. Finally, we discuss how to create ultra-
high impedance JJ transmission lines by minimizing the stray capacitance
(capacitance to ground). The results show conclusively that JJ transmission
lines with Z∞≫ RQ ∼ 25.8 kΩ are possible while still remaining well into
the superconducting state for GHz range frequency signals.

4.1 Introduction

Transmission line resonators can be described as a classical telegraphers
line [54]. The circuit is represented as a series of LC oscillators each with
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a single unit cell (∆x) represented as an inductance ∆x · l and a capacitance
∆x · c as seen in figure 4.1 B. The total length of the wire is X = ∆x ·N with
l and c the inductance per unit cell and capacitance per unit cell, respec-
tively. In the analysis, each cell is treated as identical with exactly the same
inductance and capacitance – void of any disorder. The transmission line
under investigation is a single wire which is bent at the halfway point. This
geometry creates electrostatic coupling between adjacent parts of the wire
which is represented as the capacitance between unit cells directly across
from one another; this capacitance is called the ground capacitance.

Figure 4.1: (A) A telegrapher transmission line made of a single wire which is folded at the
midpoint. This configuration creates open-short boundary conditions. (B) The transmission
line can be approximated as discrete unit cells which each has a specific inductance and
capacitance.

Disregarding dispersive effects for the moment, many standing modes
will emerge when solving the basic wave equations of a lossless transmis-
sion line using the fundamental voltage and current laws; in this introduc-
tion, we only consider the differential modes. When the transmission line
has open-short boundary condition the voltage and current are found as a
sum of an incoming wave and a reflected wave [151]:

Vx =V0(eikx− e−ikx)

Ix =
V0

Z∞

(eikx + e−ikx)
. (4.1)
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These modes are dependent on the length, using the expression for the
impedance at x=-X and dividing voltage by current:

Z(x) =
Vx

Ix
= Z∞

e−ikX − eikX

eikX + e−ikX =−iZ∞ tan(kX) . (4.2)

Solutions emerge in this case when k = π

2X + nπ

X while also defining the
characteristic impedance is defined as Z∞ =

√
2l/c. The geometrically con-

strained variable k is known as the wavenumber which fulfills the boundary
constraints of the circuit; the variable n is an integer-valued variable index-
ing the number of modes and ranges from 0 to 2N.

Furthermore n resonate modes exist and are defined as: ωn = v( π

2X + nπ

X ),
where v is the speed of light in the transmission line. The speed of light can
be redefined as v = ∆x/

√
2lc and makes the expression for the standing

modes resonance become:

ωn =
1√
2lc

(
π

2N
+

nπ

N

)
. (4.3)

When the product of the wavenumber and the total length (kX) increases,
the impedance of a transmission line grows faster than a lumped element
inductor to the point where the impedance diverges at the first fundamental
mode of the resonator (when kX = π

2 ). This condition is exactly the behavior
of the resonant mode of an LC-oscillator and exists for all k values which
make Z(ω) diverge. This standard result demonstrates the impedance of a
transmission line resonator is frequency dependent and behaves as an induc-
tance approximately up to the first fundamental mode. The line impedance,
Z(ω) ≈ −iZ∞kX = −iωL which is exactly the expression for the lumped-
element inductance. The transmission line resonances can be thought of
as distributed modes that contain the collective behavior of all lumped ele-
ments in the system. The number of resonant modes in a transmission line
is the same as the number of lumped elements involved within the model.
If there are many modes then the lumped element model is sufficient for the
large wavelengths compared to a single unit cell.
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4.2 Transmission line resonators

When a transmission line is created from a normal wire with geometri-
cal inductance in the specific transmission line configuration shown in figure
4.1, it becomes apparent the impedance is limited to the order of the vacuum
impedance. This is a consequence due to the inductance and capacitance
scaling proportionally and inversely proportionally with the total length of
the wire, respectively. This scaling effectively negates one another when
attempting to increase the impedance and becomes a dilemma for any mi-
crowave engineer who desires to create high-impedance transmission lines
that present RQ at GHz frequency.

To illustrate this point let’s examine two wires shorted at one end while
separated by a distance s with a diameter d. This conventional transmission
line has inductance per unit length and capacitance per unit length defined
as [151]:

L
N∆x

=
µ0

π
ln(s/d)

C
N∆x

=
πε0εr

ln(s/d)

. (4.4)

The results for specific inductance and capacitance produce the characteris-
tic impedance:

Z∞ =

√
L
C
=

ln(s/d)
π

√
µ0

ε0εr
. (4.5)

The equations show the total inductance and total capacitance wire length
scaling cancel and are left with a weak logarithmic dependence on the sepa-
ration and diameter of the wire. The characteristic impedance then is always
on the order of Z∞ =

√
µ0/ε0 ≈ 377Ω, only to be reduced further by having

a dielectric material with εr > 1 present. Conclusively, we see to achieve
characteristic impedance greater than RQ there is a need to destroy the scal-
ing dilemma; which has multiple engineering solutions in fact.

One such solution is to harness a new contribution to the inductance
which is much more than the geometrical inductance of a wire in this con-
figuration and is called “kinetic” inductance. Another solution would be to
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reduce the capacitance of the wire to the minimal value possible. Naively it
is often thought this solution is readily available by just moving the adjacent
wires far apart but this has a weak logarithmic dependence which barely in-
creases the characteristic impedance. In fact, the separation necessary to
achieve Z∞ ∼ RQ is much larger than the wavelength which means the line
would lose energy by radiating at ω0 and would again lead to Z∞ ∼ Zvac
when ω→ω0 [114]. Interestingly, there is another way to produce Z∞∼ RQ
by using nano-fabricated geometrical coiled wires [145]. The results in
[145] prove a coiled wire with a diameter and separation of less than 300
nm on a perforated silicon substrate only 3 µm thick produces an impedance
greater than the resistance quantum almost entirely from the geometric in-
ductance created by tightly spiraling the wire.

4.3 Kinetic inductance

The way around the dilemma presented in the last section is commonly
addressed by creating the transmission line out of an inductance that does
not rely on the geometrical inductance alone and instead harnesses the power
of kinetic inductance.

For a wire of cross-sectional area A and electron density ρ the kinetic
inductance of normal electrons with charge e and mass m have energy stored
in their inertia given by:

Lkinetic =
m

e2ρ

1
A
. (4.6)

However, electrons in normal conductors collide in short time scales too
soon for Lkinetic to have any significant impacts for frequencies below the
THz range. This issue is remedied in a superconductor; the story changes
since the time before a collision, τ → ∞. The expression for kinetic induc-
tance associated with Cooper pairs is modified since now the charge carriers
are pairs of electrons where the new expression becomes [2, 175]:

Lkinetic =
2m

4e2ρ

1
A
=

h̄Rsheet

1.74πkBTC
. (4.7)

This equation demonstrates large kinetic inductance is present in disordered
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superconductors whose normal resistance is large. A further enhancement
arises from the suppression of TC, both properties exclusively present in
“dirty” superconducting wires such as TiN or grAl [64, 127]. In another
view, the Cooper pair density (ρ) is suppressed yet to support the same
amount of supercurrent fewer charge carriers are present therefore the ki-
netic inductance must be enhanced.

Likewise, a synthetically disordered superconductor made out of a chain
of JJs can be utilized, where the order parameter (or the density of Cooper
pairs) becomes reduced in the oxide layer between the two superconducting
leads. The wire is then constructed from a chain of JJs which is called a
superinductance [114, 123].

When the area of the JJs in the array is large enough, such that the cur-
rent passing through them is much less than the critical current values, the
equation for Josephson inductance, LJ, becomes linearized. For typical JJ in
arrays used throughout this thesis, the critical current values are in the range
of several tens of nA putting the inductance for a single junction on the order
of 1 - 10 nH. The linear Josephson inductance expression per single chain
junction becomes:

LA
J ≈

Φ0

2πIA
c
≈ 1−10 nH≈ 1−10×104

µ0 . (4.8)

Furthermore, the capability to fabricate compact-large area JJ arrays with
unit cells reaching as small as 350 nm/junction is possible; creating an in-
ductance per µm in the range of tens of nH.

To summarize, we can directly compare JJ arrays and conventional wires
in the transmission line geometry described. Assuming both capacitances of
the conventional and JJ wires scale the same way, only the inductance/length
of the wire needs to be considered. The geometrical transmission line has
inductance limited to roughly the vacuum permeability, µ0 = 1 µ H/meter
while a JJ chain has about LA

tot ≈ 10 mH/meter; meaning we are increasing
the inductance per unit length by around a factor of 104 times; conclusively
proving the advantage of the JJ array which utilizes kinetic inductance to
for achieving Z∞ > RQ.

98



Figure 4.2: (A) The discrete lumped element circuit representation of a JJ transmission
line. The superconducting island phase φ is the degree of freedom. The transmission line
is coupled to an external signal by a capacitance Cc and has capacitive coupling between
adjacent JJ stripes Cg. (B) An optical image of a JJ transmission line device that hosts a
differential standing mode between the two JJ arrays is shown in green. A current flows
along the JJ wire while a differential voltage is created between the two stripes.

4.4 Josephson Junction transmission lines

The Josephson junction transmission line is comprised of thousands of
JJ connected in series where the total length (X) of the line is given by the
unit cell (∆x = a) times one-half the total number of junctions (N/2). Each
unit cell is exactly one junction and includes the junctions self-capacitance
CJ and the junctions capacitance to ground Cg. The unit cell can be thought
of as the smallest dimension in the system where each cell is an individual
oscillator with a plasma frequency ωp = 2π

√
8EJECJ = 1/

√
LJCJ. Similar

systems have also been explored using JJ which exhibits flux-tunable EJ
[152, 187].

The electrostatic capacitive coupling of each unit cell to the one directly
across from itself is what is defined as Cg. This coupling capacitance gives
rise to differential standing modes in the array. The differential modes are
excited by external signals coupled to the device by the capacitance Cc at
the open end. Each junction has superconducting islands on either side with
the degree of freedom φm for the mth island.
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The boundary conditions of the JJ transmission lines, first considered,
are open-closed where the open end has the coupling antenna and the other
is shorted by a superconducting connection. Since there are N oscillators in
our system, in theory, it can support up to N standing modes. Experimen-
tally, up to the first one hundred modes or so are usually.

4.5 Spectroscopy

JJ transmission lines are first characterized by measuring S11 of the sam-
ple inside the 3D waveguide. This most basic measurement of reflected sig-
nal enables the resonant frequencies within the bandpass to be measured and
extracted. Two-tone spectroscopy is utilized for frequencies above and be-

Figure 4.3: One-tone spectroscopy of a device demonstrating the calibrated magnitude in
(A) and phase is shown in (B). Each magnitude dip is a standing wave mode resonance
supported by the JJ waveguide.

low the waveguide bandpass to overcome the inability to measure the modes
in single-tone spectroscopy due to a diminishing probe signal strength. Two-
tone spectroscopy in the waveguide is possible due to the weak non-linearity
present in the array JJs. The quartic term in the expansion of the Josephson
potential creates a cross-Kerr interaction between different modes. The pho-
tons in the pumped tone (n j, f j) create a shift of the resonant frequency in
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the measured tone ( fi) [98, 103, 187]:

δ fi ≈ n j
fi f j

NEJ
. (4.9)

The dispersive shift of the measure mode is used as the signal. Using this
technique, we are capable to probe all standing modes ranging from about
100 MHz - 18 GHz.

Figure 4.4: (A) The red dip is the read-out mode while the probe tone is on resonance
while the blue dip is the probe tone off-resonance with a standing wave mode at 215 MHz.
(B) The resulting read-out reflection magnitude versus the probe frequency. The sharp dip
indicates the dispersive shift of the read-out resonance caused by the cross- Kerr effect.

4.6 Extracting transmission line parameters

Once measuring all transmission line modes possible via one- and two-
tone spectroscopy, the resonance frequencies are extracted and fit to the
mode dispersion model [63, 103, 126]:

ω(kn) =
vk√

1+
(

vk
ωp

)2
=

2ka
√

EJECg√
1+ k2a2 ECg

2ECJ

(4.10)
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where v is the velocity of light and k is the wavenumber each defined in this
system as:

v =
a√

2LJCg
= 2a

√
EJECg

kn =
π

2X
(2n+1) =

π

Na
(2n+1)

. (4.11)

The dispersion of the modes at low frequency is linear with ω(kn)≈ vk.
While at higher frequencies the dispersion relation is no longer linear and
experiences a cut-off at the plasma frequency. The modes approaching the
plasma frequency begin to bunch together where the increase of the mode
density is noticeable. The mode dispersion is fit using v and ωp as the fit
parameters with equation 4.10. The fit results can be made into junction
parameters by the following relations:

LJ×CJ =1/ω
2
p

LJ×Cg =a2/2v2 (4.12)

where we fit assuming a consistent value of CJ = 45 fF/µm2 while knowing
the area of the junctions in the array. This assumption is validated by exten-
sive SEM imaging of devices to extract the areas of the JJ in the array. Tak-
ing the ratio of the two products, while knowing the unit cell precisely and
assuming CJ, the parameter Cg is extracted by using the ratio ( v

aωp
)2 = CJ

2Cg
.

While the inductance per junction is found by the ratio LJ =
1

CJ
(2π

ωp
)2.

Another parameter extraction technique based on the spectroscopy of the
standing modes is using the density of states (DOS) defined as [102]:

ρ(ω) =
1

2πv(1− (ω/ωp)2)3/2 . (4.13)

Fitting to DOS has the advantage of not having to perfectly index the modes
since this expression does not depend on the wavevector k.

The wave impedance (Z∞) of the transmission line can then be found
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Figure 4.5: (A) The dispersion relation of the JJ transmission line is shown as a function of
the mode index. The dispersion relation is first linear but as the mode frequencies become
closer to the plasma frequency of the junctions the modes become bunched. The plasma
frequency acts as the cut-off of higher frequency modes and causes the mode space to
significantly decrease. (B) The density of states (DOS) shows the modes become spaced
occurring in increasingly smaller intervals.

using the extracted parameters and is defined as:

Z∞ =

√
2LJ

Cg
=

2RQ

π

√
ECg

EJ
. (4.14)

The measurements in the first experiment were on samples where the
impedance of the JJ transmission line was scaled by changing the area of the
individual JJs. The samples area ranged from 3µm× 0.4µm to 0.25µm×
0.4µm, shown in figure 4.6 (A,G). In some cases, the unit cell was decreased
from 600 nm to 350 nm, a comparison is shown in figure 4.6 (C,D).

Logging the plasma frequency of each device can help establish con-
sistency of the fabrication process. The experimental value found for the
plasma frequency of the JJ in the array by the aforementioned fitting pro-
cedure is more or less the average plasma frequency across all of the array
junctions. The plasma frequency has been observed to also evolve depend-
ing on the age of the sample and how long the device is left in ambient
conditions. Over time the oxide becomes more opaque and more opaque
the longer the junction is left in atmospheric conditions. The plasma fre-
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Figure 4.6: SEM images of the variety of JJ arrays with different areas. The images only
show a few junctions that were a part of the mm-long junction arrays. Each image is
approximately scaled with respect to one; (C) compared to (D) demonstrates reducing the
unit cell to change the impedance. While (A,C,E,F,G) demonstrate changing the width of
the junctions to change the impedance.
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Figure 4.7: (A) The different plasma frequencies measured for JJ arrays. (B) The evolution
of the plasma frequency as the device ages. The plasma frequency appears to decrease to
around 85% of the original value.

quency of our devices are consistently between 20 - 27 GHz with 23 GHz
being the most occurring. The device’s plasma frequency decreases with
time; apparently down to ≈ 85% of the original value. Shown in figure
4.7(B) are the aging plasma frequencies for JJ transmission lines made with
different areas A and measured several times after creation.

The collection of samples measured in [103] is summarized in table 4.6.
Devices a-f have the chains separated by 10µm with only the area (EJ/ECJ)
modified. Devices g-i have the separation between the two chains modi-
fied to smaller values. Characteristic impedance ranges from 7-23 kΩ. The
largest impedance device has JJs with EJ/EC = 7. This ratio’s low value
has measurable consequences revealed through fitting each mode’s quality
factor.
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ωp/2π(GHz) v(×106 m/s) Z∞(kΩ) EJ/ECJ

√
ECg/ECJ

a 23.8 1.28 17.0 20.2 20.2
b 20.8 1.12 19.0 15.8 20.2
c 22.3 1.16 21.3 11.3 19.4
d 20 1.04 23.1 9.3 19.4
e 19.3 0.99 23.6 8.7 19.3
f 20.8 0.83 19.0 7 15
g 27.0 2.76 7.4 440 38.4
h 24.8 1.88 12.6 80 28.4
i 22.3 1.68 13.8 65 28.2

4.7 Quality factors

Each resonance measured in one tone can be fit to the expression for
reflection:

S11(ω) =
2i(ω−ω0)/ω0−Q−1

ext +Q−1
int

2i(ω−ω0)/ω0 +Q−1
ext +Q−1

int
. (4.15)

This expression for S11 is a complex number where the signal plotted in the
complex plane traces out a circle Re[S11] + i Im[S11] when the microwave
tone traces through the mode frequency. The magnitude and the phase of the
signal along with the circle in the complex plane can be fit to the collected
data in order to extract the resonance frequencies, internal quality factors,
and external quality factors of each mode.

The measurement of Q-factors across different area devices indicates
larger area JJ with EJ/ECJ > 20 have Qint which decrease with increasing
mode frequency (sample a and b in figure 4.9)indicating dielectric loss as
the main limiting mechanism. Modeling the junction capacitance (CJ) as a
lossy dielectric gives the expression [126]:

Qint(ω) = 2Qcap
ωp

ω

(
1−
(

ωp

ω

)2
)
. (4.16)

The fit value for Qcap is on the order of 103− 104 which is consistent with
other experimental values found in [66, 140].
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Figure 4.8: The quality factors of the modes are extracted by fitting the magnitude and
phase of the reflected signal. The signal is also fit in the real and imaginary plane; in this
case, a resonance creates a circle.

While the modes with smaller ratios of EJ/ECJ have broadened linewidths
and have lower Qint which at first are frequency independent (sample c in
figure 4.9) and further reducing the EJ/ECJ < 10, the Qint begins to increase
with mode frequency (sample e and f in figure 4.9). The loss mechanism’s
dependence on mode frequency appears to be due to phase slips among the
junctions in the array. The Qext dependence is more or less independent on
EJ/ECJ and only depends on the size of the coupling antenna and the posi-
tion where the sample is located inside the 3D box. The slight increase in
the external quality factor is most likely due to the increase in impedance
which causes signal reflection from the extreme impedance mismatch.

This study concludes, tuning EJ/ECJ to increase the impedance of the ar-
ray of junctions while maintaining low loss has a limit given approximately
by the ratio EJ/ECJ ∼ 20 and Z∞∼ 16 kΩ. To further increase the impedance
of the line with sufficiently large enough EJ/ECJ other techniques must be
explored.
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Figure 4.9: Reproduction from [103]. (A) The linewidth of the standing modes increase
as EJ/ECJ decreases. The red plot trace is for EJ/ECJ = 582 while the purple trace is for
EJ/ECJ = 7. (B) The internal quality factor as a function of normalized mode frequency.
Large ratio of EJ/ECJ shows a decreasing Qint with increasing mode frequency. The black
line is a best-fit line for the expected Qint limited by dielectric loss. This trend disappears
for devices that have EJ/ECJ < 20 indicating a new loss mechanism dominating at lower
modes. (C) The Qext versus mode frequency across measured devices are more or less
consistent.
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4.8 Increasing characteristic impedance by etching

The technique used to further increase Z∞ presented in this section is to
consider modifying the capacitance between the two adjacent JJ chains by
selectively etching the silicon substrate away. The goal is to quantify how
much Cg can be reduced while maintaining the same quality factor mode
dependence for EJ/ECJ > 20. Through basic electrostatics, we can conclude
the permittivity of the dielectric substrate unnecessarily enhances Cg by the
electric fields in the Si substrate [87]; which is a consequence due to the
relative permittivity (εr) being around an order of magnitude larger than the
vacuum permittivity for conventional silicon and sapphire substrates. Due
to the larger-than-vacuum permittivity, the substrate enhances the electric
field between the two stripes and enlarges the differential capacitance.

Earlier when considering the classic two-wire transmission line we de-
rived the results which show the capacitance reduces very slowly (∼ 1/ln(s))
when increasing the wire separation so this appears as an impractical solu-
tion. Plus the separation should not be so large that the electrostatic capaci-
tive coupling between the two stripes becomes so weak that the differential
modes are no longer viable.

With this limitation in mind, an anisotropic dry etch which removes the
silicon substrate between and around the device is used. The dry etching
technique utilizes the following chemical process:

4SF6 +6Si→ 4S+6SiF4 . (4.17)

After etching the sample is still attached to the substrate but is suspended on
top of mesas or pillars which sit several micrometers above the Si substrate.

To get an intuition and understand how etching impacts the coupling be-
tween the two adjacent JJ stripes a simulation was performed using ANSYS
Maxwell 3D finite element analysis to find the differential capacitance per
unit length of the stripes depending on the depth and width of the etched sil-
icon trenches. As a sanity check, we also used an analytic solution which is
found for 2D planar coupled stripes [176]. The simulation results are com-
pared to the analytic method for the normal substrate conditions and when
the substrate is completely removed (figure 4.10).
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Figure 4.10: (A) The schematic showing the selective etching technique using SF6. The
etching mask is layers of MMA with a thin layer of∼ 10 nm of aluminum deposited on top.
The areas where the mask was patterned using e-beam lithography are etched away. (B)
Finite element analysis simulation results showing how Cg scales with etching depth. The
structure in (A) is simulated for a finite length of wire where the etch depth d is changed.
The results are compared to the analytical solution for used for 2D planar coupled stripes
[176] with and without the dielectric present. (C) The impedance scaling factor is inferred
from the simulation. Etching the trenches can scale the impedance by roughly a factor of
1.8.
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4.9 Unetched versus Etched comparison

To properly understand the effects of etching, we characterize a sample
before and after the dry etching technique. The sample is probed by wire-
bonding the leads directly to a sample box instead of having the sample
capacitively coupled to a 3D waveguide like what was done in the measure-
ments discussed in the previous sections. This way the sample can be probed
using both RF and DC measurement techniques exclusively or together at
the same time.

The sample has one lead directly wire-bonded to the input pin while
the other lead is wire-bonded directly to the copper box which is ground.
The sample under study is 2 mm long and has unit cells of 400 nm per
junction putting a total number of 10,000 JJ in series. The JJs have an
area of 1.5 µm by 0.25 µm designed specifically for a large enough EJ/ECJ

to avoid quantum phase-slips in the array. Using microwave spectroscopy
the spectrum of the unetched device was measured. The modes are fit to
the dispersion and DOS expressions to extract an EJ/ECJ = 56± 2 with a
characteristic impedance Z∞ = 16.37±0.38 kΩ.

The same device is then selectively etched to create trenches between
and on both sides of the array with trench width w = 10 µm and a depth
d=∼ 5µm. Using the same microwave spectroscopy technique as the un-
etched version, the modes were again extracted and fit using the disper-
sion and DOS expressions. The etched version had an EJ/ECJ = 42± 2
with a characteristic impedance Z∞ = 24.81±0.27kΩ. The etched device’s
impedance increased by a factor of 1.52 while maintaining EJ/ECJ > 20.

ωp/2π(GHz) LJ (nH) Cg (aF) Z∞(kΩ) EJ/ECJ

Unetched 23.22±0.23 2.53±0.05 18.88 ± 0.42 16.37 ± 0.38 56 ± 2
Etched 20.09± 0.21 3.36± 0.03 10.91± 0.17 24.81 ± 0.27 42 ± 3

The Qint is found to decrease with increasing frequency for both samples
indicating dielectric loss as the main source contributing to the measured
internal quality factor. The Qint∼ 104 for the first measurable modes in one-
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Figure 4.11: (A) The unetched JJ waveguide sample wire bonded to the 50 Ω drive pin and
to the Cu box. (B) An optical image zoom-in on the unetched device. (C) The dispersion
and (D) the DOS of the JJ waveguide modes extracted from microwave measurements. In
both (C) and (D) the fits are superimposed.
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Figure 4.12: (A) The etched JJ waveguide sample wire bonded to the 50 Ω drive pin and
to the Cu box. (B) An optical image zoom-in showing the etched trenches between and on
the sides of the array. This device is shown in SEM in chapter 2. (C) The dispersion and
(D) the DOS of the etched JJ waveguide modes extracted from microwave measurements.
In both (C) and (D) the fits are superimposed.
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Figure 4.13: (A) The internal quality factors of both the unetched and etched versions of
the same device. Both have Qint which decreases with increasing mode frequency. (B) The
external quality factors of the devices before and after etching. Notice the difference in the
Qext associated with an increase in Z∞.

tone indicating the selective etch procedure does not produce extreme mod-
ifications of junction quality. Likewise, the EJ/ECJ ratio further indicates
the internal quality factor is not limited by phase slips among the junctions
in the array as was the case for the prior experiment when EJ/ECJ < 20.

The characteristic impedance of the etched device was indeed compa-
rable to unetched devices in [103] (sample f in figure 4.9) however those
devices had EJ/ECJ ∼ 9 with Qint < 103. Therefore, this result demon-
strates the wave impedance of JJ transmission lines with high-quality fac-
tors, and wave impedance can be created by removing the high dielectric
silicon around the JJ array. This technology can be utilized for experiments
that require large EJ/ECJ and wave impedance simultaneously which are
rather conflicting constraints.

Due to the wire bonds the Qext scales differently than the devices in the
3D waveguide and increases with frequency. The sample holder box seems
to have a resonance mode where the Qext has a peak in figure 4.13 (B). The
lower frequency mode dependence makes sense due to the wire bonds acting
as an inductance such that the impedance grows as a function of ω up to the
box mode. The difference of Qext between the unetched and etched versions
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of the device indicates the impedance mismatch between the input pin and
the device grows as well causing more reflection of the signal.

Figure 4.14: (A) The cryogenic setup for the DC and RF measurements. Both measurement
techniques can be performed individually or simultaneously due to the RF-bias tee. (B) The
RF spectrum is measured with a VNA. (C) The DC differential measurements are made
using a Lock-in while also monitoring the voltage. A large valued bias resistor at RT is
used to create a current-biased sample.

4.10 DC Measurements

The etched sample was then measured in a DC-only experiment; mea-
suring the standard I-V and dV/dI characteristics. The measurements show
a critical current value of the array as I0 = 14 nA in both the I-V and dV/dI
measurements.
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Figure 4.15: (A) The bias current IDC versus the measured voltage of the device. The
value for critical current, I0, is taken when the voltage signal jumps to a non-zero value
and then retains the Ohm law linear scaling for IDC > I0. (B) The differential resistance
(dV/dI) measurements of the same device. This measurement is performed by a Lock-in
measurement technique yet both measurements in (A) and (B) show the same value for
I0 = 14 nA.
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Hybrid RF and DC experiments were then performed by doing low power
one tone spectroscopy of a differential mode and a common mode as a func-
tion of IDC. The frequency of the mode shifts to the left due to the modi-
fication of the array junctions inductance and then abruptly disappears at
the value of I0 measured in the DC-only experiment. This result shows a
promising consistency between the two measurements and opens the pos-
sibility for other hybrid DC-RF experiments utilizing etched chains in the
future. The differential mode’s Q-factor was fit for each value of the bias
current IDC. The data shows a decrease of Q when increasing the current.
The external Q-factor decreases much less than the internal Q-factor. The
mode broadens when increasing the bias current and can be due to heating.

Figure 4.16: (A) A differential and common mode are measured using a VNA RF source
while also sweeping the bias current IDC. The color plot is the magnitude of the VNA trace
for S11. For each value of IDC the RF trace is fit using equation 4.15. The Qint and Qext
are then extracted at all current bias points (B,C). Interestingly, the mode disappears for
IDC ∼ 14 nA which is the measured critical current in the previous DC only measurements.

4.11 Outlook

JJ transmission lines are an interesting experiment in their own right but
also enable us to probe the chain properties exclusively in a wide RF range
while also measuring the DC properties of the device.

In summary, the data demonstrates how chain parameters evolve when
etching and prove this technique as a viable option to produce superconduct-
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ing transmission lines with ultra-high impedance. The strategy employed
here uses tightly packed arrays of etched JJs that have a large EJ/ECJ ra-
tio. The selective etching technique of the Si around the device pushed the
impedance up by a factor of 1.5 while maintaining high Q-factors when
compared to the unetched version. As an added bonus, the JJ chains still
show DC superconductivity in the I-V curves and can be measured using RF
and DC signals simultaneously. In the future, the characteristic impedance
can be pushed even larger if more Si is etched away at much larger depths.
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5
Fluxonium

“You must understand that there is more than one path to the top
of the mountain.”— Miyamoto Musashi

5.1 Overview

The fluxonium superconducting qubit has the topology of a loop (flux
qubit) and consists of a small JJ shunted by a superinductance [117]. The
loop is threaded by an external flux bias used to tune the transition fre-
quencies which are periodic with respect to a single flux quantum, Φext/Φ0.
This chapter explores the basic formalism to describe the dynamics of a
fluxonium qubit. Different properties arise from the variety of possible en-
ergy scale combinations found for EJ ∈ (1,10) GHz, EC ∈ (0.5,10) GHz,
and EL ∈ (0.05,1) GHz. Along with the basic fluxonium formalism, three
clearly distinguishable energy combinations will be highlighted in a con-
trasting manner demonstrating the ability to engineer a wide range of di-
verse spectra while also accessing the ability to enter different intrinsically
protected regimes.

In particular, the first energy scale combination to be discussed in detail
is defined as EJ > EC > EL. A fluxonium with these energy scales can be
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thought of as a small JJ in parallel with an LC oscillator. When the external
flux bias is at an integer value of flux quantum (IFQ, defined as Φext/Φ0 =
Z), the lowest energy transition exists within a single Josephson well and
is called a “plasmon”. The transitions then evolve smoothly with external
flux bias into hybridized low-frequency transitions at half an integer value
of flux quantum (HFQ, defined as Φext/Φ0 = Z/2). The transitions at HFQ
are due to quantum phase slips which are transitions between neighboring
Josephson wells. These transitions are called “fluxons” [116].

The second energy scale combination to be discussed is defined where
EJ ∼ EC ≫ EL. This parameter regime is dominated by the fluxon-type
transitions for the lower-level eigenstates which are present at all external
flux bias points. The first few transitions are well described by a phase-slip
Hamiltonian where the loop supports circulating currents [43, 117, 124].

The third and final energy scale combination to be discussed is defined
where EC > EJ ≫ EL. This is a special parameter regime where the tran-
sitions are the hybridization of fluxon- and plasmon-type transitions at all
external flux points. This is due to the wavefunctions spreading out over
multiple Josephson wells simultaneously, wherein the conjugate picture, the
charge wavefunction becomes localized with zero-point fluctuations of n
taking on values less than a single Cooper-pair charge. This energy scale
combination will be the sole focus of a later chapter where a dual descrip-
tion is introduced [93, 141] yet is worth introducing with the fluxonium
formalism first.

5.2 Basic formalism

The fluxonium has a single degree of freedom, ϕ across the small junc-
tion, used to describe the dynamics. The general Hamiltonian, accurate in
all parameter regimes, is defined as:

H f = 4EC(n̂−ng)
2−EJ cos ϕ̂ +

1
2

EL(ϕ̂−ϕext)
2. (5.1)

Optimally, the inductance (EL) is composed of N large area JJs con-
necting to the small JJ leads forming a loop that enables flux tunability.
Since the array provides a connection between the two islands separated by
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Figure 5.1: The three circuit elements in parallel are well described by one degree of free-
dom, ϕ . The loop, formed by the inductance and JJ, is threaded by external flux to tune the
transition frequencies. The energy scales EJ,EC,EL can be changed from device to device
to access and explore the different properties arising from the wide variety of energy scale
combinations. In this work, EJ ∼ 4 GHz while EC,EL are changed through fabrication and
device design. The inductive shunt is comprised of large area JJ in series where EA

J ≫ EJ .

the small junction, the circuit becomes insensitive to external offset charge
[117]; meaning ng can be set to zero. Mathematically, a unitary gauge trans-
formation of the form ÛψÛ† where Û = eingϕ̂ gets rid of the offset charge
term without affecting the eigenenergies. The array of JJs is dubbed superin-
ductance [114] and is defined by the two characteristics: zero DC resistance
and Z > RQ in the GHz frequency range. Conventionally the transformation
ϕ̂ → ϕ̂ +ϕext provides a more convenient yet completely equivalent form
for H f where the cosine term now shifts with external flux instead of the
inductive potential shifting. The array junctions are treated as a linear in-
ductance not only because of the large area (current flowing through each is
much less than the critical current value) but also because the phase differ-
ence across each junction is much less than 2π . In fact, each junction has a
phase difference of ϕ/N and due to the sheer number of junctions compris-
ing the array (N>50) the total inductance can be linearized in the following
way:

EA
Jtot

=
N

∑EA
J cos

(
ϕ̂

N

)
≈

N

∑EA
J

(
1− ϕ̂2

2N2

)
= NEA

J

(
1− ϕ̂2

2N2

)
. (5.2)

The constant term is dropped and the usual inductive energy scale is re-
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vealed for an array of N junctions as:
EA

Jtot
N = EL.

Intuition can be gained by an analogy between the fluxonium system and
a fictitious quantum particle where the ϕ variable is analogous to the spatial
coordinate and n =−i ∂

∂ϕ
is analogous to the momentum. The external flux

modifies the landscape of the potential which is the sum of the EJ and EL
terms. The amplitude of the cosinusodial term in the potential is given by EJ
while EL determines the sharpness of the parabolic scaling of the potential
with ϕ . EC is thought of as the inverse mass, scaling the kinetic energy term;
indicating the charging energy shifts the energy eigenvalues up or down by
a constant value. Interestingly, ϕ is defined for all values: ϕ ∈ (−∞,∞)

with the potential energy U(ϕ) ̸= U(ϕ + 2π). This property is due to the
inductive scaling with ϕ2 which clearly breaks the 2π periodicity of the
usual JJ potential.

The fluxonium potential is tunable, smoothly transforming with the ex-
ternal flux bias ϕext and has two symmetry points when the external flux bias
is equal to integer or half-integer values of a flux quanta. These points are
explicitly denoted as IFQ= nΦ0 (integer-flux quantum) and HFQ= nΦ0+

1
2

(half-flux quantum). The potential at IFQ has the absolute minimum cen-
tered and symmetric at ϕ/2π = 0 (figure 5.2) and the potential at HFQ has
the absolute minimums split into two wells each centered at ϕ/2π ≈±1/2.
The potential between these two points is always asymmetric with respect
to the origin and transforms continuously between the symmetrical points
forming half a period. Similarly to the potential, the eigenvalue transitions
and matrix elements also smoothly evolve between these two points provid-
ing a unique spectrum at every external flux value point.

5.2.1 Eigenspectrum and wavefunctions

The fluxonium Hamiltonian is conventionally diagonalized using the har-
monic LC oscillator Fock basis [122] since all states are bounded by the
harmonic potential created by the inductor. The operators are explicitly ex-

122



Figure 5.2: The fluxonium potential for different values of EL at IFQ. For lower values of
EL the harmonic ϕ2 contribution forms a wider, softer potential. The dashed lines indicate
the harmonic contribution while the dotted line is the Josephson potential contributed solely
by the small JJ; in this case, EJ = 4 GHz. The solid line is the addition of both contributions
forming the fluxonium potential energy.

pressed as:

ϕ̂ =
ϕzp f√

2
(a+a†) =

1√
2

{
8EC

EL

}1/4

(a† +a) ,

n̂ =
nzp f√

2
i(a†−a) =

i√
2

{
EL

8EC

}1/4

(a†−a)

(5.3)

Where a,a† are the HO raising and lower operators each with a Hilbert
space dimension exceeding fifty oscillator states. The commutation relation
between the phase and charge operators is [ϕ̂, n̂] = i. With the considera-
tions presented above and the explicit operator definitions, the fluxonium
Hamiltonian takes the form:

H f = 4ECn̂2−EJ cos(ϕ̂ +ϕext)+
1
2

ELϕ̂
2 (5.4)
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Plugging in the operator definition in the harmonic oscillator basis, H f is
now diagonalizable using the QuTip software [88] by utilizing the built-
in functions and operators. For ease of calculation the cosine term can be
recast as the translation operator [198] which is the off-diagonal element
that mixes the diagonal harmonic oscillator LC Fock modes. Defining T̂ =

exp(−iϕ̂) = exp
{
−iϕzp f√

2
(a† +a)

}
such that cos(ϕ̂ +ϕext) =

1
2

{
T̂ eiϕext +

T̂ †e−iϕext

}
. The fluxonium Hamiltonian becomes:

H f = 4ECn̂2 +
1
2

ELϕ̂
2− EJ

2

{
T̂ eiϕext + T̂ †e−iϕext

}
(5.5)

and is diagonalized at many ϕext values to find the eigenspectrum versus
external flux.

Furthermore, it is instructive to plug the operators in the harmonic oscil-
lator basis directly into the fluxonium Hamiltonian and simplify to find:

H f =
√

8ELEC{a†a+1/2}−EJ cos
{

ϕzp f√
2
(a† +a)+ϕext

}
. (5.6)

This form reinforces the idea of the fluxonium being a small JJ shunted by
an LC oscillator. The non-linear cosine term in H f can be expanded due to
the addition of the phases ϕ +ϕext:

cos(ϕ̂ +ϕext) = cos(ϕ̂)cos(ϕext)+ sin(ϕ̂)sin(ϕext). (5.7)

which provides a clear definition for the off-diagonal matrix elements. The
Hamiltonian in matrix form is defined as:

⟨m|H f |n⟩=
√

8ELEC(m+1/2)δmn

−EJ cos(ϕext) · ⟨m|cos(
ϕzp f√

2
(a† +a))|n⟩

−EJ sin(ϕext) · ⟨m|sin(
ϕzp f√

2
(a† +a))|m⟩;

(5.8)
where δmn is the Kronecker-delta equating to 1 when m=n and zero other-
wise. The off-diagonal matrix elements can be analytically evaluated with
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Laguerre polynomials [4, 122]:

⟨m|cos(ϕ)|m+2n⟩= (−2)−n

√
m!

(m+2n)!
× (ϕzp f )

2ne−ϕ2
zp f /4×L2n

m

(
ϕ2

zp f

2

)

⟨m|sin(ϕ)|m+2n+1⟩= (−2)−n

√
m!

(m+2n+1)!
× (ϕzp f )

2n+1e−ϕ2
zp f /4×L2n+1

m

(
ϕ2

zp f

2

) (5.9)

where m,n ∈ N. Providing an alternative method for constructing the H f
matrix needed for diagonalization if Qutip is inaccessible.

In all cases, H f is diagonalized with the energy eigenvalues of each state
at the defined external flux points being returned. The difference between
the relevant eigenstates is the transition energy where, usually, the basic
transitions out of the ground state or out of the first excited state are consid-
ered.

The eigenvalues returned after diagonalization of the fluxonium Hamil-
tonian in the harmonic oscillator basis give the eigenenergies, however, the
eigenfunctions are the coefficients needed to construct the fluxonium wave-
functions from the linear superposition of the harmonic oscillator wavefunc-
tions defined as:

ψm(ϕ) =
1

(2πϕ2
zp f )

1/4
1√

2mm!
Hm(ϕ/ϕzp f )e

−ϕ2/4ϕ2
zp f . (5.10)

Where m in this equation is the integer index of the harmonic oscillator state.
To explicitly construct the fluxonium wavefunction of the jth energy level
the eigenfunction is defined as: Ψ j(ϕ) = ∑

m=M
m=0 cmψm(ϕ), where cm is the

mth component of the eigenvector given for the jth eigenstate after diago-
nalizing H f and ∑m|cm|2= 1. The value of ϕzpf (or equivalently the amount
of phase delocalization) dictates how many harmonic oscillator states are
necessary to include when diagonalizing H f .

To represent the wavefunctions in the conjugate basis, Q, a discrete Fourier
transformation must be applied to the wavefunctions in the phase (ϕ) rep-
resentation. The transformation is discrete due to the finite ϕ points which
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Figure 5.3: The harmonic oscillator state coefficients used to construct the fluxonium wave-
functions at half flux quantum for the energy parameter combination of: (A) phase local-
ization (B) phase slip (C) phase delocalization. The amount of harmonic oscillator states
necessary to accurately construct the wavefunctions increases as the phase becomes more
delocalized.

126



are used when simulating the Ψ f (ϕ) and is expressed as:

Ψ f (Q) =
1

2π

K

∑
k

Ψ f (ϕ) · eiQkϕext . (5.11)

The dual representation of the wavefunctions in the continuous charge
basis helps illustrate the Heisenberg relationship between charge and phase
in the sense a localized wavefunction in the charge representation is due to
a delocalized wavefunction in the phase representation and vice-versa. The
eigenenergies of the Hamiltonian in both basis are the same however the
potential changes form. The potential in the Q basis becomes the charge
dispersion of the small JJ.

The fluxonium eigenvalues and eigenvectors can be cast into the diagonal
basis such that: H̃ f |k⟩ = Ek|k⟩ where k is the index of the eigenstate and
H̃ f is the unitary transformed fluxonium Hamiltonian which is diagonal. If
the charging term is purely diagonal then the commutation relations have the
form [169]: [ϕ̂,H f ] = 4EC[ϕ̂, n̂2] = 8iECn̂. Now taking the inner product of
states |k⟩ and | j⟩ gives the relation: 8iEC⟨k|n̂| j⟩= f jk⟨k|ϕ̂| j⟩ where EC is in
units of Hz. Therefore the matrix elements are proportional to one another
through the relation:

⟨k|n̂| j⟩=
f jk

8iEC
⟨k|ϕ̂| j⟩ (5.12)

Other ways to define this relation when not in the diagonal basis is consid-
ered in [122].

The matrix elements between different states are considered as the se-
lection rules for our system and are a way to explain how external coupling
strength can induce a transition from k→ j or how an external noise source
couples to a qubit transition. These matrix elements will be used time and
time again to gain insight on the dynamical properties of the system. Matrix
elements are used for perturbation theory, Fermi’s golden rule, and dephas-
ing theory and are intrinsic properties of the fluxonium which are ultimately
set by the combination of energy scales that can be visualized through wave-
functions.

Now that the fluxonium Hamiltonian, matrix elements, wavefunctions,
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and operators are defined simulations of these quantities along with tran-
sition energies and time-domain characteristics will be discussed in depth.
This discussion will be presented for each energy scale combination intro-
duced earlier and will set the stage for the experimental results discussed.

5.3 Energy scale combinations of fluxonium

Figure 5.4: (A) Generic fluxonium electrical circuit. (B) A “phase” diagram showing the
relationship between EJ/EC, EL/EC, and ⟨0|ϕ2|1⟩/⟨0|n2|1⟩. The three points are for the
three-parameter regimes defined for: (1) EJ = 4 GHz, EC = 0.8 GHz, EL = 0.5 GHz; (2)
EJ = 4 GHz, EC = 2 GHz, EL = 0.15 GHz(2) EJ = 4 GHz, EC = 8 GHz, EL = 0.05 GHz.

The different energy scale combinations can be explored through simu-
lation by changing the circuit parameters EJ,EC, and EL and analyzing the
spectrum and wavefunctions. These simulations illustrate the ability to en-
gineer fluxonium’s spectrum and matrix elements by systematically choos-
ing the energy parameters which suit your cause. The wide range of the
resulting fluxonium properties can also enable intrinsic protection from de-
coherence by choosing combinations with small or large matrix elements.

The energy scale combinations selected in this work are partitioned into
three sections categorized by the ratio of the zpf’s at IFQ. At this flux point,
the parameter phase space shows phase localization for EJ/EC > 1 and
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EL/EC > 0.1 (parameter regime 1) which transitions to phase delocalization
for EJ/EC < 1 and EL/EC < 0.1 (parameter regime 3). The energy combi-
nation on the boundary (gold) is a sort of “goldie-locks” regime where the
ratio of zpf’s are roughly unity (parameter regime 2) and will be studied in
depth in chapter 7.

5.3.1 Energy scale combination #1

The first fluxonium energy scale combination is defined with EJ = 4
GHz, EC = 0.8 GHz, EL = 0.5 GHz. This energy scale combination is
studied in depth experimentally in [111, 135, 136, 170, 171].

For starters, the fluxonium in this regime while biased with external flux
at IFQ is qualitatively characterized as the two lowest states being localized
wavefunction in the single Josephson potential centered about zero such that
the expectation value of ϕRMS/2π≪ 1. The transition from |0⟩→ |1⟩ is the
plasmon in this case and can be approximately expressed as [24, 172]:

fplasmon ≈
√

8(EJ +EL)EC−EC . (5.13)

When sweeping the external flux bias away from IFQ, a sharp change in
transition frequency occurs indicating the eigenstates are more or less lo-
calized in the Josephson potential wells which are changing position with
changing external flux (figure 5.5 E). The transitions become a weak hy-
bridization between plasmon and fluxon transitions.

When arriving at HFQ, the qubit transition is at a very low frequency
where the states occupy the two adjacent potential wells forming a sym-
metric and anti-symmetric combination of occupying the left and right well,
evident by a sharp peak of the ⟨0|ϕ|1⟩ matrix element. The symmetric and
anti-symmetric combination of occupying the left and right well can be re-
cast as the superposition of eigenvectors |L⟩ and |R⟩ :

|0⟩= 1√
2
(|L⟩+ |R⟩)

|1⟩= 1√
2
(|L⟩− |R⟩)

(5.14)

129



Figure 5.5: (A) The eigenspectrum with energy scale combination #1. This combination
has flux sensitivity of the ground state |0⟩ of about 2 GHz. A main defining feature is the flat
part of the |1⟩ state at IFQ. This is the plasmon mode which intersects with the fluxon mode
at around 5 GHz and causes the splitting between states |1⟩ and |2⟩. (B) The root-mean-
square (RMS) deviation of ϕ for the first four eigenstates. The RMS deviation increases
sharply around HFQ for the two lowest eigenstates due to the ability to tunnel between the
two adjacent potential wells. (C) The RMS deviation of charge is just greater than e for
all eigenstates. Comparing the normalized RMS values of ϕ and n at all external flux bias
points ϕRMS > nRMS for each respective eigenstate; demonstrating this regime has phase-
localization. (D) The wavefunctions at IFQ where the plasmon transition is labeled. The
plasmon is clear when the states involved in the transition are within the same Josephson
well. (E) The system at ϕext/2π = 0.25. Notice the asymmetry of the potential. (F) At
HFQ the two lowest states are separated by very low frequency and are superpositions of
circulating current states. 130



The coupling of the two states can be modeled as the tunneling of a flux
quantum in and out of the loop.

Figure 5.6: (A) The transition spectrum for the first eight transitions out of the groundstate.
(B) The charge (n) matrix element for the first three transitions. (C) The phase (ϕ) matrix
element for the first three transitions; notice the value becomes peaked when ϕext/2π = 0.5.

The Hamiltonian which describes the tunneling of a single flux quanta at
an arbitrary external flux bias is given by [114]:

Hs = ∑
m,m+1

2π
2EL(1/2−Φext/Φ0)

2|m⟩⟨m|−εs

2

{
|m⟩⟨m+1|+|m+1⟩⟨m|

}
(5.15)

where m is an integer which describes the Josephson well number coor-
dinate that the eigenstate wavefunction is localized in (see equation 5.19);
while εs is the phase slip energy of the small JJ. Using this definition at
HFQ, |L⟩ → m = 0 and |R⟩ → m = 1 making the phase slip Hamiltonian of
the 0 and 1 states:

H HFQ
s =−εs

2

{
|L⟩⟨R|+|R⟩⟨L|

}
. (5.16)

Here εs is the splitting between the ground and first excited state and is the
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frequency of which phase-slips of 2π across the small JJ occur or likewise
the frequency which flux tunnels in and out of the loop. This frequency
exactly corresponds to the transition frequency f01 at HFQ [5, 129] with the
origin of the eigenvectors for |0⟩ and |1⟩ in equation 5.14 now becoming
clear.

These eigenstates are fluxons which are also considered persistent cur-
rent states due to the wavefunctions position changing by 2π during a tun-
neling event, therefore, producing a current due to the phase difference frus-
tration from not having an integer value of flux quanta in the loop. The
symmetric and anti-symmetric superposition of states are represented equiv-
alently as current circulating in the clockwise and counter-clockwise direc-
tions or as localized states exclusively in the left or right potential well.
Re-expressing the two lowest eigenstates one final time in a suggestive way
where the circular arrows represent the current direction, takes the form:

|0⟩= 1√
2
(|⟲⟩+ |⟳⟩)

|1⟩= 1√
2
(|⟲⟩− |⟳⟩) .

(5.17)

The transition at HFQ is considered the optimal operation point for flux-
oniums with this energy scale combination due to: the low transition fre-
quency, the desirable protection which arises from a suppressed charge ma-
trix, and the symmetry of the potential that allows for the first-order deriva-
tive with respect to external flux to be zero. These properties will be dis-
cussed at length in a later section but it is helpful to make connections with
these ideas now.

5.3.2 Energy scale combination #2

The second energy scale combination is defined with EJ = 4 GHz, EC = 2
GHz, EL = 0.15 GHz. This specific energy scale combination has not been
studied in depth however similar fluxonium behavior due to the ratio of
EJ/EC and EL/EC being roughly the same has been experimentally explored
in [117, 148]. The real main difference between the references and our
discussion here comes from the value of transition frequencies.
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Figure 5.7: (A) The eigenspectrum with energy scale combination #2. (B)The RMS devi-
ation of the ϕ variable for the first four eigenstates. The RMS deviation increases much
smoother around HFQ than the energy combination #1.(C) The RMS deviation of charge is
on the order of e. Little change happens for the first three eigenstates as a flux quantum is
swept. (D) The wavefunctions of the first seven states at IFQ. The groundstate is localized
in the center Josephson potential well while the two next states are located as a superposi-
tion of states localized in the left and right potential well from the center. (E) The system at
ϕext/2π = 0.25. The first three states are still localized in their respective wells. (F) HFQ
spectrum where the 0 and the 1 eigenvectors are very close in frequency.
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The second energy combination has a defining “zig-zag” characteris-
tic shape to the lowest transitions which is a consequence of the primar-
ily fluxon-dominated transitions out of the ground state at all external bias
points. However, the plasmon transition recovers by the third or fourth tran-
sition and washes out the pure fluxon nature of said transitions. This means,
with these energy scales chosen for this discussion, the majority of the first
two transitions can be treated with the phase-slip Hamiltonian:

Hs = ∑
m,m+1,m+2

2π
2EL(m−ϕext)

2|m⟩⟨m|

−εs1

2

{
|m⟩⟨m+1|+|m+1⟩⟨m|

}
− εs2

2

{
|m⟩⟨m+2|+|m+2⟩⟨m|

}
(5.18)

where m is again the integer values of flux quanta in the loop except this
time double-phase slips occur at a non-negligible rate almost exclusively at
IFQ between the |1⟩ and the |2⟩ states while still having single-phase slips
out of the |0⟩ state.

Figure 5.8: (A) The expectation value of the flux quanta occupying the loop. (B) The
circulating current in the loop versus external flux. (C) The difference ∆m jk associated
with transitions j→ k.
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The fluxon virtue of the lowest eigenstates allows for the expectation
value of the state flux, ⟨mk⟩ = ⟨k|mk|k⟩, to be represented as the linear
derivative of the energy levels with respect to ϕext. This approximation
gives:

⟨mk⟩= ϕext−
1

4π2EL

∂Ek

∂ϕext
. (5.19)

This quantity is called the “Faraday staircase” in [179] and is analogous
to the “Coulomb staircase” [9, 15, 65]. The Faraday staircase is shown in
figure 5.8 (A) and is important to notice at the flux symmetry points the
state currents are zero as well as ∆m jk = ⟨m j⟩− ⟨mk⟩ = 0 which validates
the degeneracy in the absence of phase-slips.

Starting at HFQ, the behavior of the fluxonium with the second energy
combination behaves basically identical to the first energy combination;
characterized by the two lowest two states having a transition energy given
by the frequency of a single phase-slip event. In figure 5.8 at half-integer
values of flux quantum the |0⟩ and |1⟩ state expectation value is identical
given as by m = 0.5 while the persistent current is equal to zero. This is
the result of the current circulating in the clockwise or counterclockwise
direction.

At IFQ, focusing first at the external flux bias being zero, the ground
state is localized in the central Josephson well (⟨m0⟩ = 0) and is capable
of tunneling into the two adjacent wells on either side where the |1⟩ and
|2⟩ states are the symmetric and anti-symmetric superpositions of localized
states in the two adjacent Josephson wells located at m=±1. When the
ground state to the first or second excited state transition occurs a single
phase slip event takes place as is seen in figure 5.8 (C) for ∆m0,(1or2).

In the transition spectrum there now exists a small valued splitting be-
tween the |0⟩ → |1⟩ and the |0⟩ → |2⟩ state transitions which are due to the
|1⟩ and |2⟩ states now being degenerate. However, this type of degeneracy
is not lifted by a single phase-slip event like what happens at HFQ for the
two lowest states, but instead, a double phase-slip event occurs changing m
by ∆m1,2) = ±2. The double phase-slip rate frequency is given by εs2 and
is less than εs1. Due to the nature of the transitions at IFQ, the charge ma-
trix element are substantially suppressed indicating a lack of plasmon-like
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Figure 5.9: (A) The transition spectrum of energy combination #2. The first two transitions
are “zig-zag” like while the 0-3 transition is flat indicating the plasmon frequency. (B) The
charge (n) matrix element for the first three transitions. (C) The phase (ϕ) matrix element
for the first three transitions.
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transitions.
This parameter regime is ideal for creating a qutrit [78] while biased at

IFQ since the dynamics of the first three energy levels are protected due to
the symmetry of the flux spot and the lack of wavefunction overlap/small
charge matrix element. Furthermore, due to the symmetry of the potential
forbidden transitions arise between |0⟩ → |2⟩ when considering odd parity
operators, such as n or ϕ . Therefore a prepared |2⟩ must decay first through
|2⟩ → |1⟩ → |0⟩.

5.3.3 Energy scale combination #3

The third fluxonium energy scale combination is defined with EJ = 4
GHz, EC = 8 GHz, EL = 0.05 GHz. This energy scale combination is stud-
ied in depth experimentally in [141]. This parameter regime is a very unique
energy scale combination characterized by the complete hybridization of
fluxons and plasmons; where there are no external flux bias points where
either description is prevalent. This parameter regime has EC < EJ ≪ EL
which essentially enables the ground state wavefunction to spread into mul-
tiple Josephson wells at all flux points. The spreading of the wavefuntion
creates phase delocalization where there is a finite probability at all times to
find ϕ > π . This parameter regime has an entire chapter devoted to it but is
worth understanding first in the fluxonium mind frame.

Due to the low value of EL (Ltot > 1µH), the parabolic contribution to
the potential becomes much softer while the high EC allows the eigenstates
to tunnel into adjacent wells. This creates a spectrum that is nearly insensi-
tive to the external flux bias for the lower-lying states spread into multiple
Josephson wells simultaneously. This becomes further evident by the ϕ

matrix elements being > π at all external flux points, an enormous value
compared to the other parameter regimes. This qubit’s lower transitions can
be understood as the superposition of different flux quanta in the loop simul-
taneously much to the likeness of transmon’s superposition of pure charge
states simultaneously occupying the superconducting island. This duality
will be discussed in depth in the chapter 8.
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Figure 5.10: (A) The eigenspectrum in parameter regime #3. Notice the flux insensitivity
of the three lowest eigenstates. (B) The RMS deviation of the ϕ variable for the first four
eigenstates. The RMS deviation is almost completely flat for the ground state. (C) The
RMS deviation of charge is less than e for the first three eigenstates. (D) The wavefunctions
of the first seven states at IFQ. (E) The system at ϕext/2π = 0.25. (F) HFQ spectrum where
the 0 and the 1 eigenvectors are located at the bottom of the harmonic potential and are
situated in multiple wells.
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Figure 5.11: (A) The transition spectrum of energy combination #3. The first two transi-
tions are nearly flux insensitive while by the 0→4 the transition recovers flux dependence.
(B) The charge (n) matrix element for the first three transitions. (C) The phase (ϕ) matrix
element for the first three transitions. The value for the 0→1 is larger than π .
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5.3.4 Parameter regimes discussion

Figure 5.12: Various energy combination maps where the three combinations discussed in
depth are highlighted by the stared points. In the simulation, EJ is kept constant at 4 GHz.
In (A) the color scale represents the flux dispersion. (B, C) represents the charge matrix
elements at HFQ and IFQ respectively.

Other fluxonium energy combinations not explored in this thesis include:
“heavy fluxonium” [197], “inductively-shunted transmon” [72], and “C-
shunt flux qubit” [193].

In these regimes, EJ is larger while EC is lower in order to gain phase lo-
calization while EL is variable. By going in the converse direction to phase
delocalization, new interesting dynamics still arise further emphasizing the
richness of the fluxonium qubit and the ability to dramatically alter the tran-
sition frequencies and matrix elements just by engineering the three energy
scales to your liking.

5.4 Coupling to fluxonium

In order to read out the quantum state of the fluxonium, a resonator is
coupled to the qubit which in turn couples it to the incoming microwave ex-
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citations and the environment. The read-out resonator is probed after excit-
ing transitions with a separate second tone which enables the spectra/time-
domain dynamics to be measured experimentally.

In this thesis, fluxoniums are capacitively coupled to 3D cavities and
inductively coupled to 2D resonators alike. In both cases, the read-out fre-
quency obtains a dispersive shift which produces a measurable signal of the
qubit state.

Figure 5.13: The two coupling schemes used in this thesis to couple to the read-out mode.
(A) A fluxonium qubit is capacitively coupled to an LC oscillator read-out mode which
represents a 3D cavity. The two systems are coupled through the charge on capacitor Cc.
(B) A fluxonium qubit inductively coupled to an on-chip 2D read-out mode. The two
systems are coupled by the shared current in the inductor LM.

Depending on the exact dynamics/geometry of the coupling scheme,
there can be a mutual charge/ electric field for n̂ type coupling or mutual
current/magnetic field for ϕ̂ type coupling.

5.4.1 Capacitive coupling to a 3D cavity

Coupling a 3D-copper cavity with the fluxonium circuit amounts to hav-
ing capacitance to the box through an antenna that protrudes from the small
junction leads. We couple to the electric field of the 3D-copper cavity’s
lowest fundamental resonant frequency while the lower frequency qubit is
excited by capacitive coupling to the signal input pin instead of the cavity
itself. The fluxonium’s Hamiltonian H f will have new terms added which
need to incorporate the coupling between the cavity and the qubit as well as
the cavity’s own energy corresponding to the read-out mode. For a fluxo-
nium capacitively coupled to a resonator the generic Hamiltonian takes the
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form:
H f +Hc +Hg = H f + frr†r+ igr(r†− r)n̂ (5.20)

Where fr is the resonator frequency, gr is the coupling strength, n̂ is the
charge operator for the qubit, and r (r†) is the lowering (raising) operator
for the resonator. The resonator’s Hilbert space is orthogonal to fluxonium’s
where the diagonalization uses tensor products of the two Hilbert spaces to
make a composite new basis.

The governing equations of motion can be derived from basic circuit
analysis [136]:

L cap
f =

CJ +CΣ

2
ϕ̇

2 +EJ cosϕ− 1
2LA

ϕ
2 +

CR +Cc

2
ϕ̇R

2− 1
2LR

ϕ
2
R +Ccϕ̇ϕ̇R

(5.21)
and when transformed into the generic Hamiltonian form the variables be-
come defined as:

gn
r = 2e

{
h̄2CR

4LR

}(1/4)

× Cc

CΣCR

fr =

√
1

(CR +Cc)LR
, CQ

tot =CΣ +Cc

. (5.22)

A consequence of this coupling scheme is the Cc re-normalizes the capac-
itance shunting the small junction where the total shunting capacitance be-
comes Ctot.

5.4.2 Inductive coupling to a 2D resonator

Another way to consider coupling to the fluxonium is by sharing mutual
inductance with an on-chip resonator as was first done in [95, 167]. The
resonator in this case is a lumped element LC oscillator where the induc-
tance is made from larger area JJs and the coupling is created by sharing a
few mutual array junctions with the resonators. Increasing the coupling be-
tween the qubit and resonator amounts to increasing the amount of mutually
shared junctions.

For a fluxonium that is coupled to a resonator through ϕ̂ the generic
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Hamiltonian is expressed as:

H f +Hc +Hg = H f + frr†r+gϕ
r (r† + r)ϕ̂ . (5.23)

And by analyzing the circuit the Lagrangian can be found as:

L ind
f =

CΣ

2
ϕ̇

2+EJ cosϕ− 1
2LA

ϕ
2+

CR

2
ϕ̇R

2− 1
2(LR +LM)

ϕ
2
R+

LM

LA(LR +LM)
ϕϕR

(5.24)
which is further transformed into the generic Hamiltonian form where the
variables take the form:

gϕ
r =

Φ0

2π

{
h̄2(LR +LM)

4CR

}(1/4)

× LM

LA(LR +LM)

fr =

√
1

(LR +LM)CR
, LA

tot = LA +LM .

(5.25)

This coupling scheme adds the additional inductance shared with the res-
onator to the total shunting inductance attached to the small JJ. The res-
onator can of course have inductance that is not shared with the qubit loop.
This non-mutual inductance actually reduces the coupling between the qubit
and the resonator. Furthermore, increasing the total inductance of the qubit
loop can also reduce coupling.

5.4.3 Dispersive shifts

Dispersive shifts (χ) are when the resonator’s resonance frequency be-
comes perturbed by the qubits state after the qubits state is excited from an
applied RF tone. The dispersive shift can be calculated directly by diagonal-
izing the composite qubit-resonator system and seeing the difference of the
resonator frequency when the qubit-cavity system is in |1,0⟩ and the |1,1⟩
state; where the first index is the number of excitations in the resonator and
the second index is the qubit level excitation. The difference between the
two states is the dispersive shift associated with the 0-1 transition. Depend-
ing on the coupling strength, g, the dispersive shift can range from several
kHz all the way to several tens of MHz. The explicit definition of the dis-

143



Figure 5.14: (A) The fluxonium-cavity spectrum for a readout mode located at 7 GHz. (B)
The zoom-in on the resonator (red solid line) that hybridizes with the intersecting qubit
states. The dashed lines correspond to the qubit in the excited state. (C) The difference be-
tween the solid red line and the closest dashed orange line in figure (B) gives the dispersive
shift for the excited fluxonium qubit by the direct diagonalization method.
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persive shift for a resonator given in terms of eigenvalues is:

χ = {E|1,1⟩−E|0,1⟩}−{E|1,0⟩−E|0,0⟩} . (5.26)

The dispersive shift can also depend on the number of photons in the res-
onator (nr) so the shift of the resonator frequency for the qubit being in the
ground or excited state sometimes needs to include higher resonator photon
states for a more rigorous definition of the dispersive shift for large read out
powers.

Another way to calculate dispersive shift is to use perturbation theory
[198] of the uncoupled fluxonium and resonator states. This method il-
lustrates the fluxonium’s dispersive shift is not limited by the qubit-cavity
detuning. In fact, the χ01 is due to the summation of the perturbing effects
which include all transitions out of the ground and first excited states alike.
When simulating this effect, it is found the transitions out of the ground state
and first excited state which contribute most to the dispersive shift are the
ones nearest in frequency to the resonator. The dispersive shift can be found
using perturbation for capacitive coupling through the n-matrix element and
for inductive coupling using the ϕ matrix element:

χ
n
01 =g2

qr

{
∑
k ̸=0
|n0k|2

2 f0k

f 2
0k− f 2

r
−∑

k ̸=1
|n1k|2

2 f1k

f 2
1k− f 2

r

}
χ

ϕ

01 =g2
ϕr

{
∑
k ̸=0
|ϕ0k|2

2 f0k

f 2
0k− f 2

r
−∑

k ̸=1
|ϕ1k|2

2 f1k

f 2
1k− f 2

r

} (5.27)

The dispersive shift is important to consider, not only to read out the
state of the qubit, and to generate the spectroscopy from 10 MHz - 20 GHz,
but the dispersive shift also plays a crucial role in coherence and can limit
the values of T2 depending on the ratio of χ to the linewidth (κ) of the res-
onator; therefore understanding and optimizing the dispersive shift is crucial
to improve measurements.
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Figure 5.15: (A) The fluxonium-cavity spectrum for a readout mode located at 6 GHz.
(B) The contributions to the dispersive shift on the resonator by various transitions out of
either the ground or first excited state. (C) The resonator and the calculated dispersive shift
through perturbation theory where all contributions are summed in the proper manner from
(B).

5.5 Energy loss mechanisms

The decay or relaxation of a qubit is attributed to loss mechanisms paral-
leling the effect of a resistance on an electrical current in which the resistor
dissipates power. However, for a qubit, the dissipation is due to the coupling
of the circuit to lossy systems which are resonant with the qubit transition
frequency and is given by Fermi’s Golden rule introduced in chapter 3 where
the lossy systems can be thought of as a bath of energy absorbers at a finite
temperature (T). Due to the non-zero coupling to the lossy thermal bath, the
qubit has a finite probability of decaying into the ground state after being
excited.

The bath of absorbers is modeled as an ensemble of harmonic oscilla-
tors with the same transition energy as the fluxonium transition and finite
temperature. In general, the lossy absorbers have a noise spectral density
at frequency f01 that is highly sensitive to the ratio of excitation energy to
thermal energy. This term is attached to the spectral density such that the
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Figure 5.16: The thermal bath of absorbers contributes to energy relaxation depending on
the ratio of the state transition energy to the thermal energy. The minimal possible is when
T=0 or h f > kBT for a of contribution is 1/2.

inverse thermal factor is defined as:

1
T1

∝

{
coth

(
h̄ω01

2kbT

)
+1
}

. (5.28)

For T = 0 the inverse of the thermal factor becomes two and for T ̸= 0,
energy relaxation time becomes dependent on this term when h f01 ∼ kBT .
Ideally, the thermal energy is much less than the transition energy; yet this
is not always the case becoming a noticeable factor at 20 mK temperatures
for f01 < 500 MHz.

5.5.1 Purcell limit

The first mechanism considered is the decay of the qubit state into the
read-out apparatus. The read-out is coupled to the qubit and when the qubit
transition frequency nears the read-out resonator, the qubit excitation has a
large chance to spontaneously decay into the resonator which is coupled to
the driving ports [18, 153].

To illustrate this effect, the “classical” Purcell effect is firstly considered,
where we follow [80] yet for an inductively coupled qubit. In the considered
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reduced model the qubit is expressed as an RLC circuit where T1 = RC.
Treating everything external to the small junction as the shunting admittance
and finding the value for R as R = QtotZr where Zr is the impedance of the
resonator the expression for T1 is:

1
T1

=
Re[Y (ω01)]

CJ
. (5.29)

Figure 5.17: The Purcell limit to T1 for a fluxonium with the second energy scale combi-
nation inductively coupled to a resonator at fr ∼ 7 GHz with a Qint of 104. The plot shows
the “classical” consideration for the Purcell effect for different values of the resonators Qext
while sweeping the possible values for f01.

Using Fermi’s Golden rule, the quantum expression for the spontaneous
relaxation of the qubit into a resonator excitation is:

1
T1

=
ω01

h̄
ϕ

2
0 |⟨0|ϕ̂|1⟩|2Re[Y (ω01)]

{
coth

(
h̄ω01

2kbT

)
+1
}

(5.30)

Where the admittance is found simply by classical circuit analysis produc-
ing the dip seen when the qubit frequency approaches the resonators. For
the fluxonium, this is usually no matter of concern due to the large detuning
between the qubit and the resonator frequencies often by an entire order of
magnitude when biased at HFQ.
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5.5.2 Dielectric loss

For a lossy capacitor, a complex dielectric constant is introduced: ε =
εr + iεi. The complex part will introduce a real component to the normally
reactive capacitor. When taking into account the lossy element in between
a parallel plate capacitor, the admittance will be defined as:

Ycap[ω] = iωCeff→ iω(εr + iεi)C = iω(1+ i tanδC)C . (5.31)

And the quality factor of such a lossy capacitor is then defined as:

Qcap =
Im[Yc]

Re[Yc]
=

εr

εi
=

1
tanδC

, (5.32)

where tanδ is defined as the loss tangent and is commonly used as the quan-
tity to represent the amount of losses. Typical values for Qcap are in the
range of 105−106 for SCQC and the geometry of the capacitance also has
been shown to play an important role in losses due to lossy dielectrics [184].

Now defining the spectral density of capacitive loss as:

Scap(ω) =h̄ω×
(

coth
[

h̄ωi j

2kBT

]
+1
)

ωC
Qcap

(5.33)

and using Fermi’s golden rule [158], dielectric loss in fluxonium can be
modeled as a lossy shunting capacitor with admittance Ycap[ω] with a relax-
ation rate:

Γ
cap
1 (ω01) =

2
h̄
|⟨0|Φ̂|1⟩|2Sdiel(ω01)

=
π

2EC
|⟨0|ϕ̂|1⟩|2

ω2
01

Qcap

= 32πEC|⟨0|n̂|1⟩|2
1

Qcap

(5.34)

where the temperature is set to zero (T=0) in the above expressions. Here,
EC is the effective capacitance energy found experimentally from the fit to
the spectrum, and Qcap = tanδ

−1
C is the effective quality factor. The di-

electric quality factor appears dependent upon frequency such that lower
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Figure 5.18: (A) A lossy capacitor is represented as a capacitor with a resistor in parallel.
(B) The simulated T1 for dielectric loss in the three energy scale combinations is discussed
in the last section. Notice the charge matrix elements impact how the times change with
flux.

frequency modes have higher Q-factors [135]. The frequency dependent
Q-factor most commonly used in this work is defined as:

Qcap = Q
′
cap

{
2π×6 GHz

ω01

}ε

(5.35)

where ε is less than 1 and is taken to be 0.25 in simulations throughout this
work.

The dielectric loss associated from the oxide of JJ’s in the array may
also contribute to dielectric loss. The chain junctions EA

CJ
≈ 0.5−1.5 GHz

depending on geometry. Each junction contributes as a parallel loss channel:

Γ1(ω01) =
N

∑
j

π

2EA
CJ

|⟨0| ϕ̂
N
|1⟩|2

ω2
01

QJJ
cap

=
π

2EA
CJ

|⟨0|ϕ̂|1⟩|2
ω2

01
NQJJ

cap
.

(5.36)

If the oxide barrier (amorphous AlOx) was the sole contributor to relax-
ation then the bound for QJJ

cap from the simulation is QJJ
cap/N , which is the
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same order of magnitude found in experiments in chapter 7 as reported in
literature QJJ

cap ∼ 104 [66, 140]. However, previous measurements of relax-
ation times across many fluxonium qubits with much larger junction array
areas than the ones used in this thesis, report the loss tangent from AlOx
in the junctions must have a much lower dielectric loss with the associated
QJJ

cap an order of magnitude larger than 104 [135].

5.5.3 Inductive loss

A lossy inductance is represented in the same manner analogous to a
lossy capacitor. Except now, for a lossy inductor L→ L(µr + iµi) = L(1+
tanδL) and the circuit model changes such that the resistor, representing
relaxation, is in series with the inductance. The quality factor is expressed
as:

Qind =
Re[ZL]

Im[ZL]
=

µr

µi
=

1
tanδL

. (5.37)

Typical values for inductive Qind are several orders of magnitude larger than
Qcap and range between 105− 106 for JJ arrays. Representing the spec-

Figure 5.19: (A) A lossy inductance is represented as an inductor in series with a resistor.
(B) The simulated T1 for inductive losses in the three energy scale combinations are dis-
cussed in the last section.

tral noise density with the admittance of the lossy inductance as Yind =
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tanδL/ωL = 1/ωLQind:

SL(ω) =h̄ω×
(

coth
[

h̄ωi j

2kBT

]
+1
)

1
QLω

(5.38)

and using Fermi’s Golden rule the expression for the decay rate from a lossy
inductance at T=0 is:

Γ
ind
1 (ω01) =

2
h̄
|⟨0|Φ̂|1⟩|2Sind(ω01)

= 4πEL|⟨0|ϕ̂|1⟩|2
1

Qind

=
64ELEC

π
|⟨0|n̂|1⟩|2 1

ω2
01Qind

(5.39)

For the same relaxation time T1, the ratio between inductive loss tangent and
dielectric loss tangent is:

Qcap

Qind
=

tanδL

tanδC
=

(h̄ω)2

8ECEL
, (5.40)

which is much smaller than unity.

5.5.4 Quasiparticles

Non-equilibrium quasiparticles have been shown to limit qubit’s energy
relaxation time T1 [69, 148].

Quasiparticles (qps) tunneling across the small JJ can absorb energy at
the qubit frequency and contribute to energy relaxation of the qubit. The
relaxation rate for qps tunneling in small JJ is [24]:

Γ
qpJ
1 (ω01) =

8EJ

πh̄
|⟨0|sin

ϕ̂

2
|1⟩|2

√
2∆

h̄ω01
· xqp (5.41)

where ∆ is the superconducting gap for Al and xqp is the ratio of the number
of quasiparticle per Cooper-pair. Measured T1 versus flux in this thesis in-
dicates that xqp is on the order of 10−8, corresponding to less than a single
quasiparticle in the entire system. Quasiparticles often have the signature of
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producing a double exponential T1 trace [69].

Figure 5.20: The simulated T1 is limited by qps (A) across the small JJ and (B) in the JJ
array. The values chosen for the quasiparticle density are the limiting values found for the
measurements in this work and vary between the small JJ and in the array.

At the fluxonium’s sweet spot, qp effects from tunneling across the small
junction are suppressed by the partiy of the transition which has been ob-
served in [148]. However, quasiparticles in the JJ array must also be consid-
ered as a possible cause of energy relaxation [23, 182] and are still present
at HFQ with a rate defined as:

Γ
qpA
1 (ω01) =

8EL

πh̄
|⟨0|ϕ̂

2
|1⟩|2

√
2∆

h̄ω01
· xqp (5.42)

Techniques to mitigate qp effects include filtering the lines with eccosorb
which have large attenuation at frequencies greater than the gap of Al which
can potentially create qps by absorbing high frequency photons that leak
through the line [81].

5.6 Dephasing mechanisims

Low-frequency noise sources are the main contributor to dephasing. These
noise sources act as a slow variation to an external parameter which ulti-
mately modifies the qubit frequency ever so slightly causing the relative
phase on the Bloch-sphere to rotate. This noise source in fluxonium’s are
attributed to flux noise, residual cavity photons, and quantum phase-slips in
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the JJ array.

5.6.1 Flux noise

An inherent decoherence source in solid-state devices is 1/f flux noise,
found to originate from surface defects on the substrate. The spectral density
of flux for electronics has clear 1/f scaling where the associated spectral
density scales inversely with frequency and is defined as [17]:

SΦ(ω) = 2π
A2

ω
. (5.43)

Flux noise is found to affect superconducting flux qubits across more
than an order of magnitude in frequency [193] where the noise amplitude,
A, is found to vary between 10−5−10−6Φ0 [193] in flux-sensitive devices at
cryogenic temperatures. Fluxonium’s qubit transition is generally sensitive

Figure 5.21: The simulated T2 limited by (A) first order 1/f flux noise and second order 1/f
flux noise with a noise spectral amplitude of 2µΦ0. The simulation in (A) spikes to infinity
at the sweet spots, the simulated curve does not show this due to the finite step of external
flux chosen.

to flux noise which causes dephasing proportional to the sensitivity of the
qubit transition to the external flux bias given by:

ΓΦ =
∂ω01

∂Φext
A
√

ln2 (5.44)

Illuminating the fact, lower flux dispersion protects the qubit’s first-order
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sensitivity at all flux points.
As the flux is tuned to half-integer flux, the qubit’s first-order flux sen-

sitivity goes to zero due to the change in the concavity of the transition.
However, the second order sensitivity, ∂ 2ω01/∂Φ2, reaches local maxima,
giving rise to a small limiting source to qubit’s coherence where the relevant
dephasing rate is [85]:

ΓΦ2 =
∂ 2ω01

∂Φ2 A2 . (5.45)

5.6.2 Cavity temperature

The thermal dephasing rate due to hot cavity photons follows [196]

Γth =
κ

2
Re

√(1+
2iχ01

κ

)2

+
8iχ01neff

κ
−1

 . (5.46)

In the limit of low photon number at the cavity frequency, the expression
simplifies to:

Γth =
neffκ

1+κ2/χ2
01

. (5.47)

The ratio of the cavity linewidth to the dispersive shift is the critical factor
here. However, when χ01 > κ , the coherence can still be large as long as
the residual photon number is made sufficiently low. Dephasing by residual
cavity photons can be understood as the cavity-causing the qubit to shift
frequency due to Stark-like effects. This fluctuation to the qubit frequency
can, in fact, be caused by parasitic chain modes as well [178].

5.6.3 Quantum phase-slips in the array

Reducing EL by minimizing the junction area can create quantum phase
slips in the array which are exponentially suppressed by the ratio EJ/ECJ

in large area JJ where the frequency of the phase slips can be expressed as
[150, 155]:

ε
A
s =

√
16EJEC

π

(
8EJ

EC

)1/4

e−
√

8EJ
EC . (5.48)
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Figure 5.22: A resonator coupled to the qubit at an effective temperature (Teff) has a
residual photon number given by the Bose distribution and is more or less determined by
the thermalization of the driving line. The ratio of the resonator line width (κ) with the
value of χ01 gives the sensitivity of the resonator to fluctuating photon number and is the
cause for a “jittering” f01.

Using the chain junction impedance ZA
J =

√
LA

J /CA
J and the array junction

plasma frequency ωp = 1/
√

LA
J CA

J the slip frequency is put into the form:

ε
A
s = ωp

√
8RQ

π2ZA
J

e
− 4RQ

πZA
J . (5.49)

This expression is in fact the offset charge dispersion for the eigenenergy of
a charge qubit when EJ/EC≫ 1 (transmon regime). The phase-slip energy
for array junctions is calculated to be in the kHz frequency range for the
common array junction dimension. This value compared to other energy
scales is small therefore we can treat the phase slips originating in the su-
perinductance array as a perturbation to the system. Phase slips in the array
will add an extra energy term to the usual fluxonium Hamiltonian

H̃ f = H f (ϕ,mext−m)+∑
m

εA
s
2

[
|m⟩⟨m+1|+|m+1⟩⟨m|

]
(5.50)

and treating this to first order it was found [116] the frequency contribution
to the state energy is the array junction phase slip frequency multiplied by
the wave function overlap difference for states 0,1 when displaced by 2π .
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This frequency shift can now be converted into a linewidth by considering

Figure 5.23: (A) The wavefunction overlap as a function of external flux for the three
energy scale combinations. (B) The expected T2 due to CQPS in the JJ array. In the
simulation EA

J = 40 GHz and EA
CJ

= 0.85 GHz; where the number of junctions (N) in the
array is changed to create the value of EL listed. (C) The calculated δ f01 for each parameter
combination. The scale for each is identical and also demonstrates the “sweetness” of each
parameter regime at HFQ.

the offset charge Q j on the jth junction as a random, Gaussian distributed
variable such that εA

s = ∑ j εA
S j

e2πiQ j/2e [149]. Putting this all together, the
linewidth due to phase slips in the JJ array is given by the expression:

δ f A
S =

√
N/2ε

A
S

∣∣∣∣∣
�

dϕΨ1(ϕ)Ψ1(ϕ−2π)−
�

dϕΨ0(ϕ)Ψ0(ϕ−2π)

∣∣∣∣∣
(5.51)

where N is the total number of junctions in the array. This quantity is eval-
uated at any desirable external flux bias point and the dephasing due to this
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process is 1
T2
≈
√

2πδ f01. This process becomes enhanced at HFQ where
the transition energy is at a minimum [41, 119].

Mitigating CQPS in the arrays is accomplished by making array junc-
tions with EA

J /EA
CJ

> 50. This puts a limit on the inductance per unit length
for a JJ array which means creating larger inductances without phase slips
amounts to increasing the number of junctions. However, we will see in the
next chapter, increasing the number of junctions means lowering the para-
sitic chain modes which will ultra strongly couple to the qubit.

5.7 Current state of the art fluxonium results

The current state-of-the-art single fluxonium results [49, 111, 135, 171]
are for the qubit with the energy combination #1 while biased at HFQ. At
this external flux point, the qubit transition is several hundreds of MHz and
exhibits T1,T 2 > 1 ms [171].

While biased at HFQ the fluxonium is a protected qubit in the follow-
ing way: the combined effect of a low charge matrix element and a low
transition frequency offers T1 protection from the seemingly limiting source
for low-frequency fluxoniums which is dielectric loss [135]. Likewise, at
HFQ the fluxonium is first-order insensitive to 1/f flux noise since ∂ω01

∂Φext
= 0.

With proper thermalization of the line which should account for residual
thermal cavity photons and qp sources, the fluxonium can reach T ∗2 > 1 ms,
consistently over multiple cooldowns.

On a quantum engineer note, future improvements to fluxonium could
possibly be realized from higher Q substrates or antenna material [132,
146, 165, 185] which have less loss tangent than silicon or aluminum. Fur-
thermore, improvements to the thermalization of the line to reduce thermal
photons could help improve T2. Finally noting, during the time of writing
this thesis, performing two fluxonium gates experimentally has seen recent
progress with fluxoniums in references: [7, 44, 56, 192].
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Figure 5.24: Figure reproduced from [171]. The fluxonium used in this experiment has en-
ergy combination 1. The time domain statistics show a remarkable coherence, consistently
above 1 ms.
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6
Parasitic chain modes

“..parasites seldom altogether abandon a monarch so long as the
crown still glitters upon his head.” — William Beckford, The
Episodes of Vathek

In reality, large values of pure inductance are nearly impossible to achieve
in the GHz frequency range due to non-negligible capacitance to ground
(Cg) that any wire of finite dimension accumulates. Even a wire constructed
with a maximal inductance density, using packed JJ arrays, struggle to achieve
total inductance values of Ltot > 500 nH; before values of capacitance to
ground begin creating the fundamental issue addressed in this chapter: the
finite length inductance with self-capacitance forms a self-resonant mode
(also called a parasitic mode) fm=0 < 10 GHz which ultra-strongly couples
to the qubit spectrum. The problem becomes even more complex for larger
and larger values of inductance since the first parasitic mode is now accom-
panied by many additional standing wave parasitic modes, all hosted by the
JJ array.

In this chapter, a phenomenological/generic model to fit the fluxonium
spectrum coupled to chain modes is introduced. The model accurately fits
the spectrum from several hundreds of MHz all the way to 20 GHz and
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reveals the inductance’s parasitic modes hosted in the JJ array are ultra-
strongly (g ∼ ω) coupled to the fluxonium qubit modes. The spectrum
becomes dramatically altered by the presence of the coupled modes and
is no longer completely fittable using the standard fuxonium Hamiltonian
where the usual three energy scale values EJ, EC, and EL become effectively
dressed by the chain mode.

Figure 6.1: The operating frequency of an inductance decreases when increasing the to-
tal inductance values due to the ground capacitance accumulated by increasing the length.
Increasing the inductance amounts to increasing the number of array JJs (N) and in turn
Ctot = N/2×Cg ultimately reducing the frequency where the first parasitic chain mode oc-
curs. In (A), an inductance with Cg = 20 aF/JJ is simulated. (B) The increase in inductance
has the consequence of the reduction of the first parasitic mode frequency which is now
accompanied by the appearance of higher harmonic modes.

6.1 Total inductance value limit

The total inductance value achievable before the first chain mode be-
comes an issue is chiefly limited by the amount of parasitic capacitance Cg.
The capacitance to ground is dominated by the electrostatic coupling be-
tween the two adjacent JJ arrays. The most basic consideration is to treat
the shunting inductance as a transmission line resonator where the first mode
is approximately:

Z(ω) = Z∞ tan
(

2π f X
v

)
−→ f0 =

1

4N
√

LA
J CA

g

. (6.1)
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In this equation, N is the total amount of junctions, X is the total length of
the transmission line resonator, Z∞ is the characteristic impedance, and v
is the speed of light. Typical values for capacitance per JJ is CA

g 15− 22
aF while typical inductance per JJ is LA

J 1− 3 nH. Using these values we
estimate the first mode for total inductance Ltot > 500nH to be less than
10 GHz. The first parasitic mode is accompanied by many other modes
which become meaningful, especially for Ltot > 1000 nH where the second
mode is situated around 10 GHz and the first mode is less than 5 GHz.
The mode dispersion follows the same cut-off as the JJ transmission lines
introduced in chapter 4. With this in mind, a fluxonium with Ltot > 500nH

Figure 6.2: To introduce a single chain mode, the inductance is split into two parts by the
parasitic chain mode capacitance C1. Through circuit quantization, the expressions for the
Hamiltonian of the circuit can be found with the addition of a new degree of freedom which
now includes the phase of the chain mode. The expressions are equivalent in both the flux
and the charge gauge.

must, realistically, have the pure shunting inductance accompanied by a self-
resonant mode of the shunting JJ array. Furthermore, the coupling strength
is non-trivial and cannot be treated simply as a perturbation to the spectrum.
Although, chain modes are interesting in their own right, when coupled to a
fluxonium spectrum the parasitic chain modes highly distort and complicate
fits, and therefore a new model which incorporates the chain modes needs
to be developed such that the recovery of the “true” fluxonium energy scale
parameters can be extracted from the experimental spectrum.
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6.2 Single chain mode fluxonia

The simplest case is when a single mode is coupled to the fluxonium.
With the right circuit model, the Hamiltonian can be found using circuit
quantization with the addition of one new capacitance (C1) inserted between
two inductors that are half of the original value as shown in figure 6.2. A
new degree of freedom must be added across the parasitic capacitance and
is defined as ϕ1. The value of C1 is approximately the summation of each
junction’s capacitance to ground, C1 ∼ NCg/2.

Before diving into the exact circuit analysis, a naive approach is con-
sidered to demonstrate the impact of the chain’s capacitance on the energy
scale parameters found by the standard fluxonium fit. The presence of C1 is
first analyzed by means of finding the equivalent shunting impedance seen
by the small junction with C1 shifted towards the small junction as shown
in figure 6.3. Setting the impedance of the two circuits in figure 6.3 equal

Figure 6.3: The effect of the chain capacitance C1 on the small junction’s charging energy
can be approximated by setting the impedance of the circuit in (A) to the impedance in
circuit (B) and solving for C

′
.

to one another: Z(ω) = jωL+ jω3(L
2)

2C1 = jωL+ jω3(L2)2C
′

providing
the expression for the modified capacitance seen by the small junction as
C
′
= C1

4 . This simple model indicates the shunting capacitance felt by the
small junction is no longer just CJ but is modified by the lumped capacitance
of the chain and is expressed as: CΣ = CJ +

C1
4 . The true JJ capacitance is

then increased by the addition of one-fourth of the parasitic capacitance C1
or equivalently by NCg/8. Therefore, the charging energy (EΣ

C) of the small
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JJ using the fluxonium-only Hamiltonian (H f ) is modified to:

EΣ
C ≈

EC

1+EC/4EC1

. (6.2)

Now considering the fluxonium in figure 6.2 with the extra degree of
freedom, ϕ1, across the parasitic capacitance; the Hamiltonian can be de-
rived in both the charge and flux gauge alike. These gauges are com-
pletely equivalent for the same values of EJ,EC,EL,EM

C ,EM
L but only when

Lϕ = 2Ln. Through circuit quantization the Hamiltonians in both gauges are
found to be:

Flux-coupled fluxonia-chain mode Hamiltonian:

H
ϕ

Jm = 4ECn̂2−EJ cos(ϕ̂−ϕext)+
1
2

ELϕ̂
2

+
√

32ELEm
C m†m+(8E3

LEm
C )1/4(m+m†)ϕ̂

(6.3)
Charge-coupled fluxonia-chain mode Hamiltonian:

H n
Jm = 4ECn̂2−EJ cos(ϕ̂−ϕext)+

1
2

ELϕ̂
2

+
√

8EL(EC +4Em
C )m†m+ iEC

(
128EL

EC +4Em
C

)1/4

(m†−m)n̂ .

(6.4)
To understand this new Hamiltonian, the spectrum of the fluxonium-chain

mode model in each of the three-energy scale combinations is simulated and
displayed in figure 6.4 where the bare fluxonium spectrum is shown in (I)
with the grey dashed lines giving the parasitic chain mode frequencies and
(II) is the fluxonium-chain mode spectrum. The results of the simulation
show the chain mode with the first combo has little to no effect on the spec-
trum under 15 GHz. This is in part due to the shorter chain length (smaller L
and C1). However, once entering into the second energy scale combination
(Ltot ≈ 1µH) the chain mode decreases in frequency and drastically alters
the spectrum by hybridizing fluxonium transitions below 10 GHz with sub-
stantial coupling strength g. The third energy scale combination shows more
and more modes emerging below 15 GHz with now the first three parasitic
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Figure 6.4: (A),(B),(C) are fluxonium spectrums in the 1st, 2nd, and 3rd parameter regimes.
(I) of each shows the bare fluxonium spectrum while (II) of each shows the fluxonium-mode
spectrum. The dashed line in (I) is the mode position in (II). The mode in (II) is the magenta
line.
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modes present.
Although the two gauges are completely equivalent, the values of the

coupling scale differently. In the flux gauge, g increases with increasing
mode frequency creating a divergent coupling in the flux gauge as the limit
of the mode frequency fm → ∞. This creates the situation where chain
modes closer to the plasma frequency couple stronger. However, the con-
verse happens for the charge gauge where g decreases with increasing mode
frequency such that coupling g→ 0 as fm → ∞. This behavior was also
studied experimentally and analyzed in depth for chains with many more
modes [126]. The charge gauge is a more intuitive model due to the scaling
of the coupling and is used when considering the coupling of chain modes
to the fluxonium in the remainder of the analysis throughout this thesis.

6.3 Modification of circuit parameters

By just simulating the fluxonium-chain mode spectrum shown in figure
6.4, the parasitic chain modes clearly have a significant impact on the spec-
trum which in turn modifies how the fit extracts the circuit parameters. In
the following section, the modification of the usual fluxonium energy scales
EJ,EC,EL is quantified by simulating a predetermined spectrum for fixed en-
ergy scales using the fluxoina chain mode Hamiltonian and sweeping values
of C1; this spectrum’s first three transitions are then fit with the traditional
3-parameter fluxonium model. The input energy scale parameters used to
simulate the fluxonia chain mode spectrum are compared to the energy scale
values obtained for the fluxonium-only fit. The simulated spectrum is also
fit by the fluxonium-model except with only one free parameter EC while
keeping EJ,EL fixed.

The simulation fit to the fluxonium-only model shows the modification of
all three fluxonium energy scales relative to the original values when sweep-
ing the values of C1 shown in figure 6.5. Interestingly, we find EC decreases
almost at a constant rate while EJ decreases quite drastically for C1 > 1 fF.
EL is least affected but nevertheless increases slightly for larger values of
C1. The simulation and fit results offer the obvious conclusion that when a
parasitic shunting capacitance C1 is present within the chain, fitting the spec-
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Figure 6.5: A generic fluxonium-chain mode spectrum is simulated and then the lowest
transitions are fit using just the fluxonium model to see how EJ,EC,andEL scale when
changing C1. The fluxonium-chain mode spectrum is firstly fit using all three energy scales
and then again only fitting to EC. The estimation from the naive approach shown as the
magenta line in (A,B) offers a seemingly reliable estimation for the scaling of the charging
energy due to the parasitic capacitance.

trum with the conventional fluxonium Hamiltonian is not a reliable source
for extracting exact circuit parameters. Instead, effective circuit parameters
from the fluxonium model are obtained. This conclusion was also stumbled
upon experimentally, due to reliable fabrication the circuit parameters can
be (semi-accurately) predicted so when the spectrum fit for a sample gave
EJ,EC,EL dramatically different than what the fabrication expected it be-
come clear something was amiss for samples with L > 1µH. Finally, when
fitting the simulated spectrum to the fluxonia Hamiltonian with one degree
of freedom only, EC was found to scale approximately by C = CJ +C

′
/4
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which is the solution to the analytic “naive” expression showed previously.
It’s important to comment this analysis was done for a single chain mode

only. In the presence of more than one chain mode, extra capacitance to
ground must be introduced per chain mode resulting in more degrees of
freedom and new expressions for the frequencies/coupling through direct
circuit analysis.

6.4 Generic circuit model for chain mode fluxonias

For fluxonia with more than one chain mode and a flux-coupled res-
onator, a generic model for the coupled system can be introduced. The sys-
tem is the fluxonium qubit (H f ) flux coupled to a generic resonator whose
Hamiltonian is Hr = frr†r. When multiple chain modes exist there are
chain modes added to the generic Hamiltonian term Hm = fmm†m where
the charge coupling term is expressed as Hc = ign

Jm(m
†−m)n̂. The bosonic

lowering (raising) for the resonator and chain modes are r(r†) and m(m†),
respectively, which follow the standard commutation relation for harmonic
oscillators raising/lower operators [r,r†] = 1. Each additional mode adds an
additional H k

m +H k
c term where the mode index is now represented by k.

This produces the generic fluxonium-chain mode Hamiltonian:

H f rm = 4ECn̂2−EJ cos(ϕ̂−ϕext)+
1
2

ELϕ̂
2 + frr†r+gJr(r† + r)ϕ̂

+
M

∑
k=1

{
fmkm

†
kmk− igJmk(m

†
k−mk)n̂

}
. (6.5)

The Hilbert space of the Hamiltonian with more than one mode becomes
dramatically increased since each operator is orthogonal and must be ten-
sor producted together for diagonalization. To remedy this the individual
Hamiltonians for the fluxonioum, resonator, and chain modes are diagonal-
ized separately and then recast in a diagonal form where each individual
Hilbert space can be truncated before performing the last coupled Hamil-
tonian diagonaization. The usual harmonic oscillator levels considered for
each mode is around N=10.
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6.5 Experimental verification of model

In this section, the experimental spectrum of a fluxonium device with
four chain modes plus a resonator is accurately fit from 1-20 GHz using the
charge-coupled fluxonia-chain mode model. Furthermore, a demonstration
of how the fluxonium fit produces effective energy scales which differ sig-
nificantly from the real circuit parameters is shown with real experimental
data.

The device measured is a fluxonium circuit with over N=400 JJ in the
array which is inductively coupled to an on-chip resonator through mutu-
ally shared inductance. The small JJ is at one end of the device far from the
large capacitance associated with the resonator. The spectrum is taken with
standard two-tone spectroscopy up to 16 GHz. Using only the lowest two
transitions (0-1,0-2), the spectrum is first fit using the fluxonium-only model
and the fluxonium-chain mode model resulting in drastically different cir-
cuit parameters even though both fits produce spectra identical to what was
experimentally measured. Away from the two lowest transitions, the fluxo-
nium model fit begins to deviate from the experimental spectra as seen in fig-
ure 6.6. This occurs at around 5-6 GHz, around where the first chain mode
is situated. This fact demonstrates that if only the lowest transitions were
used to fit an experimentally measured spectrum then the extracted energy
scales will drastically differ from the true circuit parameters of the physical
device. This produces an unreliable source for circuit parameters if only the
lowest transitions are measured in a high-inductance device. The fabricator
would indeed be quite confused about the unreliability/unpredictability of
their procedure with these results extracted from a spectrum that should be
fit with the chain modes incorporated!

Now, only taking a look at the fluxonium-chain mode model and per-
forming a very detailed fit more realistic circuit parameters can be extracted
along with chain mode frequencies and couplings. The first mode is situ-
ated at fm1 = 5.61 GHz with a coupling strength g = 4.44 GHz. The ra-
tio of coupling strength to mode frequency is g/ f = 0.79; making this an
ultra-strongly coupled system by definition [16, 173, 194]. The higher
frequency spectrum becomes difficult to resolve in spectroscopy partly due
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Figure 6.6: The measured spectrum of a fluxonium fit by the fluxonium-only model (A)
and by the fluxonium-chain mode model (B). The simulated spectrum in both cases fit the
lowest two transitions perfectly yet yields significantly different circuit parameters.

Model EJ (GHz) EC (GHz) EL (GHz)
Fluxonium 3.05 5.41 0.073
Mode-fit 4.95 7.29 0.073
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Figure 6.7: (A) The full spectrum of device A. (B-C) Shows the zoomed in fit plus the
spectrum. The chain modes and resonators are labeled with the circuit parameters extracted
shown as the header.
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to the added transitions the chain modes introduce. The spectrum not only
has the qubit transitions and the chain modes but also the added transitions
between the chain modes and the qubit. This dramatically increases the
number of transitions probable in spectroscopy and the higher frequency
data hosts a plethora of qubit+chain modes which are hybridized.

Figure 6.8: The ratio of mode coupling (g) divided by mode frequency. This ratio decreases
with increasing mode frequency in the charge gauge. The first several ratios put parasitic
chain modes in the ultra-strong coupling regime.

With the generic fluxonium-chain mode Hamiltonian, proper circuit pa-
rameters can be extracted. The caveat here is, low-frequency data is not suf-
ficient, the spectrum must be mapped at least up to the first mode for large
inductance fluxonium qubits otherwise the parameters will be unknowingly
impacted. It’s important to note for qubits designed with low EC, this map-
ping may not be essential; as we demonstrated the charging energy shunting
the JJ is the quantity firstly made effective for C1 < 1 fF so if EC is already
dominated by a large external capacitance then this effect goes unnoticeable.

Although the generic model fits the fluxonium coupled to a resonator
and four chain modes simultaneously, the model is still phenomenological
and does not capture the microscope parameters of the chain junctions. A
more rigorous model should include the capacitance of each JJ in the array
to the various other elements to truly capture the physics at play. Several
works have modeled chain modes using tensor networks [41] and have also
shown the ability to diagonalize the coupled “microscopic” Hamiltonian in
the chain mode as the basis [74]. Several theoretical works which derive
analytic expressions for chain modes in fluxoniums in references [53, 178]
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Figure 6.9: (A) The lumped element circuit analyzed. Each island has a degree of freedom
φi where i is the island indexing and ranges from 1 to M=m+1.

also exist and can be extrapolated to the system in this work.

6.6 Classical normal mode analysis

Once fitting to the generic model, the comparison of the results with
other models helps verify the correctness and further enables the extrac-
tion of finer capacitances – instead of introducing one extra capacitance per
mode a more distributed model is considered yet is classical in nature. Here
we consider the finite modeling of each JJ in the array as a classical LC
oscillator that has capacitance to ground. The model is similar to the pre-
vious analysis done for junction arrays in a straight-line array [98, 152].
The Lagrangian for the inductive loop is made from the inductive and self-
capacitance components of the Josephson junction as well as the electro-
static coupling between adjacent chains and the coupling capacitance of the
bow-tie antenna. The inductive energy, whose energy component is nor-
mally EA

J (1− cos(φm− φm−1)), is approximated by only considering the
quadratic term for each junction. In the model, the Josephson inductance
can be represented by EA

J
2 (φm− φm−1)

2 where EA
J = Φ0

2πLA
J
. The degree of

freedom in the system is the phase φm and is defined on the node between
each junction. The number of array junctions in the system is M and the
index m ranges from 1 to M+1 where the first and the last island are con-
nected by the minimum and maximum of the index range. The Lagrangian
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Figure 6.10: (A) The fit to the data using the classical lumped-element approach.(B-D)
The eigenmodes structure for the fit chain modes. The amplitude is the normalized phase
of each island. The resonator leads adds a unique feature due to the coupling capacitance.

of the chain system is found as:

L =
Cc

2
(φ̇ 2

i + φ̇
2
j )+

M+1

∑
m=1

CA
J

2
(φ̇m− φ̇m−1)

2

+
M/2

∑
m=1

Cg

2
(φ̇M−m− φ̇m)

2−
M+1

∑
m=1

1
LA

J
(φm−φm−1)

2

(6.6)

where the small junction inductance and capacitance are inserted after con-
struction in the middle at indexes m/2 and (m/2 + 1).

After piecing together the Lagrangian, the conjugate variable to each
island phase is called island charge and denoted as Qm must be solved for
following basic Lagrangian mechanics Qm = ∂L

φ̇m
. Utilizing matrices the

M-dimensional vector Q⃗m can be represented as the capacitive operator Ĉ
acting on the M-dimensional vector ˙⃗

φm such that Q⃗i = Ĉ ˙⃗
φi. The capacitive

matrix and inverse inductance matrices are used to construct the Lagrangian
matrix: L = 1

2
⃗̇
φ TĈ⃗̇φ − 1

2 φ⃗ T L̂−1φ⃗ . The eigenfrequncy of the chain is given
by the eigenvalue problem [187]:

Ĉ−1L̂−1
ψ⃗i = ω

2
i ψ⃗i . (6.7)
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The results of the eigenfunctions and eigenvalues are solved for the de-
vice fit using the fluxonium-chain model. The device consisted of a chain
with 418 junctions which have a unit cell size of 350 nm per junction. The
junction areas are 1.0 x 0.25 µm2 with EA

J = 46.8 GHz extracted from the
fit for EL, putting LA

J = 3.49 nH. The intrinsic capacitance of the junction
array is CA

J = 11.25 fF found by the conversion CA
J = 45 fF/µm2. The four

extracted mode frequencies are then fit to the lumped-element model find-
ing the ground capacitance Cg = 21.6 aF or Eg

C = 894 GHz. This value is
almost exactly as expected from similar parameters found in JJ transmis-
sion line measurements. The other parameters extracted from the fit was the
coupling capacitance Cc = 4.32 fF or Ec

C = 4.485 GHz.

6.7 Finite-element simulation

Finally, the circuit is simulated using finite element software Maxwell 3D
to find the all-to-all capacitance matrix. This simulation includes the entire
device’s geometry with the main difference is the individual chain junctions
are bundled together into blocks consisting of 21 junctions per block and 20
blocks in total; 10 on the left and 10 on the right. The simulation is done
by setting a finite static voltage from coupler to coupler and simulating the
resulting capacitance of each element labeled as shown in figure 6.13. Due
to the large differences in the feature sizes in the circuit which ranged from
several mm to just above a µm, special care was taken when considering
the finite element mesh around and between the junction array where the
mesh size was much smaller than the features. The same consideration was
taken around the bow-tie antenna. The sample was simulated as a perfect
electrical conductor and the substrate was standard silicon.

The simulation result of interest is the average capacitance per junction
in each block. The average capacitance per junction in each block to the
blocks of the opposing line (to make it clear the left blocks capacitance to
the right blocks) reveals that each junction, in fact, has capacitance to more
than just the junction directly across. The simulation results show the next
nearest few blocks directly across from the simulated block significantly
contribute. For example, the left block 2 is seen to have non-negligible
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Figure 6.11: The actual measured device superimposed with a visual description of a JJ
block. Each square encapsulates 21 chain junctions which make up a single block. The
average value for the left to right block capacitances per JJ is shown in the histograms.
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Figure 6.12: The sum of a single histogram which is the average Cg/ JJ. These are the
differential capacitances to all opposite facing JJs, the capacitances give an average value
which is right on point with the classical mode analysis.

capacitance to the right block 1,2,3,4 as shown in figure 6.11. The total sum
of all junction-block to adjacent junction-block for each individual index
gives an amount almost exactly the same as the one found in the classical
analysis. The average Cg/JJ in each block is centered more or less around
21.5 aF. The last block shows a decrease of roughly 16 percent from the
average value. The exact reason is speculated to be that there are simply no
chain junctions on one side while also being sufficiently moved away from
the resonator capacitance.

Finally, the simulation allows for the extraction of the junction island ca-
pacitance to the other circuit components not involved with the differential
chain modes. The results show junctions couple to the near-side bow-tie an-
tenna when on the far side away from the small JJ while the junctions by the
small JJ end couple more strongly to the antenna. The value of this capac-
itance is actually less than the differential capacitance yet could contribute
to coupling to noise sources. The total average capacitance of each block is
shown to drop and stabilize further away from the bow-ties.

Using these results to simulate the all-to-all behavior of the complex ca-
pacitance matrix could prove insightful for optimizing the geometry of fu-
ture devices. On a positive note, the summed Cg per junction in each block
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Figure 6.13: (A) An image of the finite element simulation which solves for an all to all ca-
pacitance matrix. The relevant circuit parameters are labeled. (B) The average capacitance
of each JJ in the block index to the other metal structures in the circuit. (C) The average
total capacitance of each JJ in each of the block indexes.
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appears to agree quite nicely with the classical mode results which were
based on the parameters extracted from the generic mode fit.
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7
Fluxonia experiments

“When you have eliminated the impossible, whatever remains,
however improbable, must be the truth.”— Sir Arthur Conan
Doyle, stated by Sherlock Holmes

7.1 Capacitively coupled fluxonia: overview

In the foremost part of the chapter, the effects of etching are quantified by
extensively measuring capacitively coupled fluxonia with the energy scale
combination #2: EJ ≈ EC≪ EL.

Firstly, an unetched fluxonium is studied and ,then, the same exact sam-
ple is etched selectively around the JJ chain and coupling capacitors using
SF6. The selectively etched sample is measured once again in the same exact
3D cavity, in the same exact measurement line. Finally, an almost identical
second sample is etched entirely off the silicon substrate using XeF2 and
is measured in the same exact measurement line. All three samples were
made during the same deposition and measured in the same exact measure-
ment line. Each circuits parameters are found by fitting the spectrum to the
chain mode model where the EJ,EC,EL are all almost exactly the same only
differing by about δEJ± 0.5 GHz, δEC± 0.1 GHz, and δEL± 0.04 GHz.
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Figure 7.1: Device (A) and (B) are the same sample. (A) is unetched while (B) is selectively
etched with SF6 around the JJ chain. Device (C) is a different sample with slightly larger
capacitor pads shunting the small junction. (C) is etched with XeF2. Both devices were
deposited at the same time.

The similarity in the device parameters and measurement lines allow for a
fair comparison to reveal any effects which arise from etching our fluxonium
circuits.

These qubit’s lower energy transitions can be described by the phase slip
Hamiltonian where the spectrum can be described by flux quanta tunneling
in and out of the loop at all external flux bias points. This energy scale com-
bination makes for high coherence values at both sweet spots alike; while
T1 remains large across all external flux bias values. The samples parame-
ters are obtained by fitting the spectrum measured up to 12 GHz due to a
low pass filtering of the input line. This experimental study will compare
all three devices coherence times and will also help illustrate etching does
not degrade coherence values. Likewise, each fluxonium has chain modes
whose frequency and coupling are modified depending on the etching status.

7.2 Non-etched

The original non-etched sample, deposited on silicon, is made with a
small capacitive “bow-tie” antenna on both sides of the small JJ which is
shunted by a tightly-packed JJ array of nearly 300 junctions as shown in fig-
ure 7.2 (A). The small bow-tie antenna is capacitively coupled to large area
aluminium stripes which ultimately couple the qubit to microwave signals
entering and exiting through the cavity pins.
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Figure 7.2: (A) An optical image of the non-etched device with the relevant circuit param-
eters labeling the actual physical circuit elements. (B) The device’s spectrum and fit to the
fluxonium coupled to a single chain mode and resonator. The single-photon transitions out
of the ground state are the thick colored lines while the thin colored lines are single-photon
transitions out of the first excited state.

Two-tone spectroscopy of the qubit is initially performed up to 12 GHz
using the fundamental mode of the 3D copper cavity as read out. In this par-
ticular measurement, the read-out of the qubit state is a hangar style mea-
surement where the cavity has both input and output pins; each with differ-
ent values of κ where κin < κout. The read-out frequency is f0 = 6.92 GHz
while Qint ≈ 25,000 and Qext ≈ 1,000. The experimentally measured qubit
spectrum is fit to the fluxonium coupled to a single chain mode and resonator
model. This fit gives fluxonium parameters EJ = 4.12 GHz, EC = 1.64 GHz,
and EL = 0.18 GHz while the shunting inductance is found to host a mode at
fm = 7.96 GHz with a coupling strength gn

m = 1.58 GHz. The qubit-cavity
coupling strength is also found as g = 0.051 GHz. The total inductance of
the device is Ltot = 0.91µH creating an impedance of the shunting induc-
tance ZL = 2π fm×Ltot = 45 kΩ.
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Figure 7.3: T1 data as a function of the external flux bias superimposed with each relaxation
method. The environmental variable limiting each individual relaxation source is shown.
Dielectric loss appears to limit energy relaxation.

The fit spectrum highlights the single-photon transitions out of the |000⟩
coupled basis state, while the light colored lines highlight the transitions out
of the |001⟩ coupled basis state. The other 1-photon transitions which are
important to comment on are the resonator and the chain mode states which
are represented as |000⟩ → |100⟩ and |000⟩ → |010⟩, respectively. Other
transitions which are also labeled are of the qubit plus either the excited
resonator or the excited chain mode; which are shown in the same color
as the lower modes. The color change of the lines indicate how the pure
fluxonium only transition energies are hybridized due to the resonator and
chain modes alike.

Energy relaxation, T1, data as a function of the external flux bias is mea-
sured many times over where the data plotted in figure 7.3 is the binned
statistics of hundreds of data points making each value of T1 displayed the
collective average in that particular flux bias bin range. The error bars for
each data point is the variance of T1 within each bin. The T1 versus flux
is fit to each relaxation method individually to create a bound for the lim-
iting noise source of each individual decay rate. The T1 data as a function
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Figure 7.4: Indexed time domain measurements while biased at HFQ. (A) is the interleaved
T1, T E

2 measurements; each data point is obtained by a measurement which interleaves the
T1 pulse sequence and the T E

2 pulse sequence with a certain time delay; obtaining the
traces for both simultaneously. While (B) is T ∗2 which plots the decay time versus the qubit
detuning frequency.

of flux indicates the major contribution to energy relaxation is dominated
by dielectric loss. A upper and lower range for the dielectric quality factor
can be set between 125,000 < Qcap < 315,000. The inductance originating
from the JJ array has a high quality factor, Qcap > 106 comparable to other
experimental results in [94] and hosts a small density of xqp < 2×10−8. The
values obtained indicates a large shunting inductance does not significantly
contribute to the relaxation processes for the measured times. There is also
no evidence for quasiparticles tunneling across the small junction suggested
by the lack of double exponetial behavior at all external flux bias points;
however using the qp loss model puts a bound of xqp < 1×10−7 similar to
experimental results in [148].

This particular fluxonium has T1 > 80 µs at all external flux bias which is
due to the small charge matrix elements. The wavefunctions and transition
energy for 0-1 show, in fact, there are no plasmon like transitions. Instead
the wavefunctions must tunnel into adjacent wells to execute a transition
which is reflected by a zigzag shape versus external flux, characteristic for
a fluxonium in the phase slip parameter regime.

Furthermore, indexed measurements at both sweet-spots were performed
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Figure 7.5: Indexed measurements while biased at IFQ. (A) is the interleaved T1, T E
2 mea-

surements while (B) is T ∗2 .

for interleaved T1, T E
2 and T ∗2 . These measurements are performed to gain

statistics for quantifying the consistency of the reported values. Interleaved
time domain statistics at HFQ indicate: T̄1 = 362 ± 20 µs, T̄ E

2 = 212 ±
6 µs, and T̄ ∗2 = 110 ± 30 µs indicating T̄1 > T̄ E

2 > T̄ ∗2 such that T E
2 is not

T1 limited. The main source of decoherence is most probably associated
with cavity photon shot noise. From the fit, χ01 ∼ 2 MHz at HFQ which
enables to find the effective cavity temperature based on values from T̄ E

2
corresponding to Teff ≈ 55 mK; right on par with the estimates due to ther-
malization from chapter 3 figure 4.2. At IFQ, this fluxonium has average
interleaved values: T̄1 = 109 ± 2 µs and T̄ E

2 = 175 ± 6 µs. T1 appears
chiefly limited by dielectric loss while T E

2 is again limited by cavity pho-
ton shot noise; where the value of T E

2 and χ01 are roughly the same at IFQ
as at HFQ. T ∗2 is less than T E

2 with an average T̄ ∗2 = 38 ± 2 µs; indicat-
ing more low frequency noise at IFQ than at HFQ. This can be in-part due
to the sharpness of the 0-1 transition at IFQ which is more susceptible to
small offsets of external flux bias noise which then leads to a 1/f flux noise
limitation when slightly detuned.

The frequency of the 0-1 transition at IFQ is f IFQ
01 = 3.185 GHz which

is an order of magnitude larger than the transition at HFQ which is f HFQ
01 =

0.303 GHz. Furthermore, at IFQ, the 0-1 transition and the 0-2 transition are
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Figure 7.6: (A) The unetched fluxonium device spectrum is fit to a model which incorpo-
rates single and double phase-slips.(B) The phase-slip model fails at around 4.5 GHz when
the plasmon frequency hybridizes with the fluxon state. (C,D) At IFQ, the 0-1, 0-2 transi-
tion is separated by approximately 100 MHz. The transition 1-2 is considered as a double
phase slip transition.
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only 97 MHz apart. This spectrum is fit to the quantum phase slip Hamilto-
nian, shown in figure 7.6, where the fit value of the single phase-slip energy
is almost equivalent to f HFQ

01 , and is given as εs = 0.308 GHz and Es
L = 0.162

GHz; very similar to the fluxonium fit value. The 0-1 transition frequency
at IFQ is then found by the expression: f IFQ

01 = 2π2Es
L = 3.198 GHz.

The anti-crossing between the 0-1 and 0-2 transition can be interpreted
as a double phase-slip in the small JJ changing the flux quanta occupation
of the loop by two. This can also be thought of as a double tunneling fluxon
event where the first eigenstate must tunnel across two Josephson well po-
tentials to occupy the second excited state which in turn changes the reduced
phase by two. When incorporating this into the model the double phase-slip
energy is found to be: εs2 = 0.074 GHz; which is the approximate value
of the anticrossing shown in figure 7.6 (D). The 0-2 transition begins be-
ing hybridized with the plasmon transition around Φext ≈ 0.2Φ0 and can be
observed to anti-cross with the emerging plasmon transition. Furthermore,
the slope of the 0-1 transition between the two sweet spots is approximately
linear and is given by: 2πEL = 1.02 GHz/(Φ0/2).

Figure 7.7: A simulation with the unetched samples EC and EL where the value of EJ is
swept. (A) The transition frequency evolution incorporates the first three states. The 1-2
transition frequency becomes substantially suppressed when EJ > EC. (B) The simulated
time domain limit incorporates dielectric loss only. This shows increasing EJ can substan-
tially decrease susceptibility to dielectric loss due to a decreasing charge matrix element.
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Figure 7.8: (A) An optical image of the SF6 etched device with the relevant circuit param-
eters labeled. Notice the etching “trenches” in (B) between and to the sides of the JJ array
and the etching between the couplers. (C) The device spectrum and fit.

The transition at IFQ appears as a good candidate for a qubit [77]. Due
to the larger transition frequency, the 0-1 transition can be excited with a
Gaussian pulse of width τπ < 10 ns. Which gives an approximate dephasing
probability per gate: pφ ≈ τπ

Tφ
= 3×10−5. Modifications of EJ of a similar

device was simulated and indicates T1 ≈ 1 ms at IFQ for the limit of dielec-
tric loss when EJ = 7.5 GHz where the qubit 0-1 and 0-2 splitting shrinks to
values less than 10 MHz. There appears to be a great potential for using the
three first transitions of fluxonium at IFQ as a qutrit. Effectively the first and
second eigenstates are degenerate yet separated by two phase-slips instead
of one like at HFQ. The low frequency of the 1-2 transition indicates an en-
ergy relaxation time always larger than the 0-1. Finally, IFQ is a sweet-spot
after all meaning there is no first order effect from low-frequency flux noise
which is detrimental to the dephasing time.
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7.3 SF6-etched

The non-etched sample, just measured, is now selectively etched with the
SF6 technique around the chain and between the coupling stripes and the
bow-tie antenna. The etch creates trenches in the silicon substrate around
5-6 µm deep and 10 µm wide. Due to the protective covering, there was no
under-etching of the device such that the small JJ and chain remain entirely
attached to the substrate. The sample is measured in the same cavity with
the same exact measurement configuration as before making any difference
between the measurements presumably due to the selective etching of the
sample.

Figure 7.9: The T1 data as a function of the external flux bias superimposed with each
relaxation method. The environmental variable limiting each individual relaxation source
is shown in the insets. Dielectric loss appears to limit energy relaxation and the Qcap value
remains basically unchanged compared to the non-etched version.

The two-tone spectroscopy reveals a slight modification of EC, which
is increased by 7% and is likely due to both the reduction in the chain’s
parasitic capacitance and the bow-tie capacitance to the coupling stripe an-
tennas. While EJ and EL are reduced only slightly which is expected with
the normal aging of JJs. The coupling between the resonator and the qubit
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is reduced by 5 MHz and can also be attributed to etching a silicon trench
between the bow-tie and the coupling stripes.

Interestingly, the chain mode frequency increased by approximately 700
MHz while the chain mode-qubit coupling decreased slightly by 20 MHz.
An estimation of the percentage of the total parasitic capacitance factor of

∆Cg =
( f 1

m)
2

( f 0
m)

2 ·
E0

L
E1

L
= 1.52. Likewise, the impedance modification of the chain

can be approximated as ∆Z =

√
∆Cg

E0
L

E1
L
= 1.4. The impedance of the shunt

inductance is explicitly found as: ZL = 2π · 8.66× 109 · 1.17× 10−6 = 64
kΩ. Taking the ratio with the previous device the impedance factor is the
same as the estimate.

The qubit transition frequency at IFQ was reduced by nearly 700 MHz
while the qubit transition’s frequency at HFQ was increased by nearly 60
MHz making the reduction of the flux dispersion by approximately 760
MHz. This reduction from the unetched device is due to the modification
of the fluxonium parameters which has the effect to produce larger ϕzpf or
more delocalized ground state and first excited state wavefunctions.

Like the previous device, T1 as a function of external flux bias was mea-
sured many times over and the data was binned and averaged where the error
bars are the variance per bin. At certain external flux bias points, especially
around IFQ, the qubit was difficult to measure due to the small dispersive
shifts. The data indicates the major contribution to relaxation at all flux
values is still dielectric loss with basically the same value of Qcap with a
lower and upper bound set at 135,000 < Qcap < 310,000 thus indicating no
significant reduction or enhancement of the dielectric Q from this etching
procedure. The dominating area the qubit’s electric field occupies is mainly
below the bow-tie antenna and extends into the unetched silicon substrate to
approximately the depth of the separation between the leads. With that said,
the results are not particularly surprising yet indicates no sever catastrophe
associated with selectively etching. All other quantities did not significantly
contribute to relaxation and the the limit of T1 is more or less the same as the
unetched version. Any small deviance to the previous sections measurement
could be due to thermalization of the sample to the cavity or placement of
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Figure 7.10: (A) A zoom in on the one-tone spectrum of the read-out cavity versus flux
which includes the fit. (B) A further zoom in demonstrating the dispersive shift for external
flux around IFQ is less than 500 kHz. The solid magenta line is the read-out only excited
while the dot-dash is the qubit and read-out excited such that the difference is the dispersive
shift.

the sample inside the cavity which could produce small effects which are
not significant enough for quantitative results.

Indexed measurements at both the sweet spots were performed for inter-
leaved T1, T E

2 , and T ∗2 . These measurements shows, at HFQ, T̄1 = 330 ±
20 µs, T̄ E

2 = 270 ± 30 µs, and T̄ ∗2 = 105 ± 10 µs. In this device,
T̄1 ∼ T̄ E

2 > T̄ ∗2 where T̄ E
2 is not T̄1 limited; further analysis of the deco-

herence times, once again, showed the selectively etched qubit was limited
by cavity shot noise. The values of T E

2 > T ∗2 indicate low-frequency noise
and while exploring this in more depth the indexed Ramsey measurements
showed some spectacular sensitivity to the ambient magnetic field even with
substantial shielding.

The indexed data for T ∗2 took place for over a day and a half and re-
veals correlations between the qubit detuning frequency and the fridge’s
base plate temperature. The following observations took place while mon-
itoring the data real time while also observing the fridge temperature. The
measurement became even more interesting while being in the lab at the
right times to note the usual coming and goings to further correlate the
change of the qubit detuning frequency with the ambient lab conditions.

The sudden increase in base plate temperature of the fridge is due to
the other measurement lines signal being attenuated such that the power
dissipated by attenuators on the base plate temperature would increase the
temperature from 8 mK to around 18 mK rather rapidly. The change in
base plate temperature is observed to cause the qubit detuning frequency to
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Figure 7.11: Indexed measurements while biased at HFQ. (A) shows interleaved T1, T E
2

measurements while (B) shows T ∗2 versus qubit detuning.

change by roughly 20 kHz at the same exact time the fridge temperature
would spike. After the initial spike in temperature, the detuning frequency
would stabilize at the modified detuning frequency only to return to the orig-
inal detuning frequency once the temperature cooled to the original value
again. The value of T ∗2 would change as well but only momentarily while
the temperature change was transient. This phenomenon was observed a
total of three times during the same indexed Ramsey measurement with the
detuning peaks and fridge temperature peaks lining up perfectly in time.

Another disturbance observed in the detuning frequency occurred when
another dilution refrigerator, several meters away, was opened for main-
tenance. This normal lab work observed to shift the qubits detuning by
roughly 10 kHz during the duration of the work. The detuning frequency
was slowly displaced and was never truly stable while the adjacent fridge
was opened. Once the work in the lab was wrapped up, the qubits detuning
shifted back to the original detuning. An added bonus here is the tempera-
ture of the base plate was never modified during this occurrence.

The qubit’s detuning frequencies extreme sensitivity to the temperature
and the ambient magnetic field in the lab could be attributed to thermaliza-
tion induced changes to the magnetic properties of surface defects and is
proportional to the amount of trapped vortices in the system [163]. This
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Figure 7.12: An indexed Ramsey measurement where the T ∗2 , qubit-drive detuning, and
base plate temperature are simultaneously monitored for over a day and a half. The change
in temperature is correlated with the qubit’s detuning frequency.

indexed Ramsey measurement indicates the potential extreme sensitivity of
the qubit to temperature and the ambient magnetic field in the lab which is
a testament to the wide range of applications for superconducting circuits;
in this case the qubit can be used as a low-frequency magnetic field sensor
to detect ultra-low noise signals [67]. This measurement is also a warning
sign that cooling down in a large ambient magnetic field can induce a large
susceptibility to small temperature changes (in this case 10 mK).

The T ∗2 Ramsey as a function of flux around HFQ indicates a 1/f flux
noise similar to other experiments [22, 135] SΦ = 2− 4µΦ0. Due to the
“softness” of the transition as a function of flux, measurements off HFQ by
2% were measurable with no signs of a Gaussian envelop decay [17]. In
principle, with no other sources of decoherence, at HFQ, T ∗2 diverges but in
reality is limited by second order flux noise dephasing.

At IFQ, the interleaved data was difficult to measure due to the low dis-
persive shift, however with careful measurement parameter choices inter-
leaved data reveals T E

2 ≈ 2T1 ≈ 200µs meaning T E
2 is limited by T1 which

appears to be primarily limited by dielectric loss. The increase of T E
2 /T1

and the decrease of the dispersive shift in this device at IFQ further provides
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Figure 7.13: T ∗2 as a function of external flux around the HFQ sweet spot. (A)(B)(D)(E)
indicate no signs of a Gaussian decay envelope.

evidence the previous sample was limited by thermal photon shot noise. The
measurements at this flux point were difficult and so time domain statistics
were mainly taken for T1 only. T1 fluctuates slowly between 60 and 120
µs. T ∗2 also has a very large spread in both characteristic time and detuning
frequency.

At both sweet spots the time domain statistics reveal T1 is on the same
order as the unetched version yet there is a clear sign of a slowly fluctuating
source of noise associated with flux and temperature for this particular de-
vice. Conclusions on this source of the low frequency noise are speculative
yet only the T ∗2 measurements were significantly affected.

7.4 XeF2-etched

A sample, simultaneously fabricated as the previous, with a slightly larger
area bow-tie antenna was etched completely utilizing the XeF2 isotropic
technique and systematically characterized. The sample’s spectrum was ini-
tially measured during the same time as the SF6 device and so this sample
was placed into a different cavity whose read-out frequency was f0 = 7.27
GHz. However, all time domain measurements were then performed in a
separate cool-down and measured in the same measurement line as the other
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Figure 7.14: Indexed measurements while biased at IFQ. (A) T ∗2 versus detuning for two
seperate measurements. (B) An average trace of interleaved T1 and T E

2 measurements. (C)
Indexed T1 measurements with an average value of these measurements: T̄1 = 82 ± 5 µs.

samples.
The two-tone spectroscopy reveals a modification of EC, increasing the

value from the predicted EC < 1.5 GHz to EC = 1.83 GHz. EJ and EL are
slightly different from the original non-etched device and this is attributed
to the non-identical lithography of small JJ’s between the two devices. The
coupling between the resonator and the qubit is increased and is due to the
larger dimensions of the bow-tie capacitively coupling the qubit to the an-
tenna strip.

The most striking result of this device is the chain mode frequency in-
creased by approximately 3.3 GHz despite having the same number of array
junctions/array length/EL as the original non etched version. The total par-

asitic capacitance change factor of ∆C˙g =
( f 2

m)
2

( f 0
m)
· E0

L
E2

L
= 2.12; a substantial

enhancement from the SF6 etching technique. Likewise, the chain mode-

195



Figure 7.15: (A) The optical image of the pre-XeF2 etched device with the relevant circuit
parameters labeled. (B) An SEM image of the post-XeF2 etched device with the relevant
circuit parameters labeled. Notice the JJ array and leads to the small JJ are completely
detached from the silicon substrate. (C) The devices spectrum and fit; highlighting the
single-photon fit transitions from the ground state as thick colored lines while the thin
colored lines are transitions from the first excited state.

qubit coupling decreased by 0.41 GHz. The total inductance of the XeF2
device is Ltot = 0.96µH creating an impedance of the shunting inductance
ZL = 2π ·11.26×109 ·0.96×10−6 = 68 kΩ.

Like the previous devices, T1 as a function of external flux bias was mea-
sured many times over and the data was binned and averaged. The data,
once again, indicates the major contribution to relaxation at all flux values
is dielectric loss. A lower and upper bound can be set of 80,000 < Qcap <
210,000; which is less than the previous samples yet close enough indi-
cating little to no reduction or enhancement of the dielectric Q from this
etching procedure. The difference in Qcap can be most likely contributed
to using another silicon diced chip as the dielectric Q can vary with in the
same wafer. All other quantities did not significantly contribute to relax-
ation and the variables setting the limit of T1 is more or less the same as the
non-etched version.

Indexed measurements at both the sweet spots were performed for in-
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Figure 7.16: T1 data as a function of the external flux bias superimposed with each re-
laxation method. The environmental variable limiting each individual relaxation source is
shown. Dielectric loss appears to limit energy relaxation.

terleaved T1, T E
2 and T ∗2 to gain statistics. At HFQ T̄1 = 263 ± 6 µs,

T̄ E
2 = 235 ± 4 µs, and T̄ ∗2 = 125 ± 10 µs such that T1 ≈ T E

2 > T ∗2 .
Nevertheless T E

2 is still not T1 limited at HFQ and is due to cavity photon
shot noise as was the case in all three samples. While at IFQ, interleaved
T̄1 = 54 ± 3 µs and T̄ E

2 = 99 ± 12µs such that T E
2 ≈ 2T1. This means T E

2
is limited by T1 again at IFQ such that the qubits coherence time at IFQ is
limited by the energy relaxation processes associated with dielectric loss.

7.5 Comparison

In this section, a direct comparison is performed of the measured T1 as
a function of external flux for all three devices. The thermal photon shot
noise from the cavity is also presumably the limiting source at HFQ for
each sample and the specific conditions which produce this is considered.
The energy scales and matrix elements of each of the devices are also com-
pared to help quantitatively discuss the possibility of any modifications to
the noise spectral densities or Qcap of each qubit version due to the etching
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Figure 7.17: Indexed measurements while biased at HFQ. (A) is the interleaved T1, T E
2

measurements while (B) is T ∗2 .

procedure applied.
The two most notable things in this study are the likeliness of all three

qubits to one another. The results show all three device’s energy relax-
ation is limited by dielectric loss at all external flux points. The form of
Fermi’s Golden rule used for energy relaxation from dielectric loss is ex-
pressed equally using either the charge matrix elements or the phase matrix
elements and can be expressed equivalent as:

1
T1

= 32πEC|⟨0|n|1⟩|2tanδC

=
πω2

2EC
|⟨0|ϕ|1⟩|2tanδC

=
1

4e2 |⟨0|ϕ|1⟩|
2Sdiel(ω) .

(7.1)

Using both expressions we can gain different sources of insight into our
system. In the first case, the dielectric quality factor Qcap is quantified by
solving the first expression proportional to loss tangent. While, secondly,
the inverse noise spectral density scaling with frequency is found by multi-
plying T1×|⟨0|ϕ|1⟩|2.

Using the first expression, on average all devices have Qcap > 100,000.
The nonetched and SF6 etched device have basically the same Qcap≈ 250,000
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Figure 7.18: Indexed measurements while biased at IFQ. (A) The interleaved T1, T E
2 mea-

surements.(B) The indexed T ∗2 versus qubit frequency detuning.

Etch EJ (GHz) EC (GHz) EL (GHz) fr (GHz) gϕ
r (MHz) fm (GHz) gn

m (GHz)

None 4.12 1.64 0.18 6.92 50 7.96 1.58
SF6 3.84 1.75 0.14 6.92 45 8.66 1.30

XeF2 4.60 1.83 0.17 7.27 64 11.26 1.19

Table 7.1: The table lists the energy scales of each of the qubits obtained from fitting the
spectras.

while the XeF2 device has the lowest Qcap ≈ 150,000. The SF6 device has
the largest variance which spans both typical values for the other two de-
vices. This difference is not significant enough to draw the conclusion that
etching with XeF2 degrades the dielectric Q. Instead, the difference is most
likely due to the difference in individual substrate Q’s which vary across Si
wafers. Also, the capacitive bow-tie antenna was modified to have a larger
area, this modification can in turn change the participation ratio of lossy
dielectric sources and in turn may account for the slight difference.

The variance of the dielectric Q from sample to sample fabricated from
the same wafer is shown to vary by almost a factor of 4 in past experiments
in our lab where the range for untreated silicon Q was: 200,000 < Qcap <
800,000 [135]. Measurements in this previous work only considered T1
values measured at HFQ and not across the entire flux (frequency) range
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Figure 7.19: A direct side by side comparison of the measured spectrum and associated
fits.

likewise the geometry of the antenna was drastically different yet shows the
variance possible from qubit to qubit with the same geometry. Improve-
ments to the capacitively coupled fluxonia in this section would come rather
quickly with the optimal capacitance geometry.

The comparison of T1×|⟨0|ϕ|1⟩|2= 1
S(ω)

illustrates the noise source lim-
iting factor is inversly proportional to the qubit’s transition frequency. We
observe the scaled inverse spectral density is proportional to 1

ω2 ; exactly the
same way dielectric loss spectral density should scale. This furthermore il-
lustrates the limiting source of each qubit must be dielectric loss producing
the spectral densities displayed which all scale in the same manner.

An overwhelming positive when using etching is the chain modes show
a significant increase in mode frequency while the coupling also drops. This
is the major allure to utilizing etching techniques in ultra-high impedance
SCQC especially when the samples are not affected negatively by both etch-
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Figure 7.20: (A) the charge matrix element squared for all devices superimposed. The
matrix elements squared change by approximately a factor of 4 across flux quantum. (B)
The dielectric quality factor across flux quantum for all devices.

Etch T̄ HFQ
1 (µs) T̄ HFQ

2 (µs) χr
01 (MHz) χm

01 (MHz) T̄ IFQ
1 (µs) T̄ IFQ

2 (µs)

None 362 212 2 150 109 175
SF6 330 270 2.5 60 101 201

XeF2 263 235 5 9 54 99

Table 7.2: The table lists the average indexed time domain results along with the dispersive
shifts of the 01 transition when biased at HFQ.

ing techniques. Therefore, using both etching techniques are found viable
for creating fluxonium qubits with large energy relaxation characteristic
times. To further compare these samples the T̄ E

2 are compare at HFQ where
the source of decoherence considered is photon shot noise at the cavity and
the chain mode frequencies. The dispersive shifts used in the calculation
are extracted from the detailed fluxonium coupled to a single chain mode
and resonator fit. The temperature used in the simulation is Teff = 50 mK.
The total decay rate of thermal photon dephasing from the resonator and
the chain mode are added in parallel. The analysis shows the non-etched
and SF6 sample is limited by the thermal photon shot noise from the chain
modes which have large dispersive shifts. On the contrary, the XeF2 etched
sample has the thermal photon shot noise limited decoherence from the res-
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Figure 7.21: (A) The qubit frequencies superimposed for all three devices. (B) The phi
matrix element squared for all devices superimposed. (C) The dielectric noise spectral
densities as a function of transition frequencies for all devices.

onator. To optimize future devices, the coupling should be reduced such
that the dispersive shift of the resonator is reduced. This result neverthe-
less provides result which support that increasing the chain mode frequency
effectively mitigates the thermal photon dephasing induced by the chain
mode. For large values of χm

01 this effect saturates for values greater than 10
MHz.

7.6 Inductively coupled fluxonia: overview

The next fluxonia sample studied in depth consists of a qubit with energy
scale combination # 2 with an on-chip 2D resonator as the readout mode.
The on-chip resonator shares mutual JJs with the shunting inductance of the
loop. The small JJ has large antenna pads used to set the EC of the device
such that it is comparable with the previous samples in this chapter and is
shown labelled in figure 7.23.

7.6.1 Circuit parameters

The experimental spectrum reveals the parasitic chain mode and the 2D
resonator frequency are situated only 300 MHz apart. The close vicinity
of these object physically, on chip, and in frequency space produce a non-
trivial hybridization between the two seen in the spectroscopy; most likely
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Figure 7.22: (A-C) The zoom in on the three samples spectra around the chain modes which
includes the fit. (A) is the nonetched sample, (B) is the SF6 sample, and (C) is the XeF2
sample; where the dispersive shift is labeled at HFQ in each. (D) The simulated resonator
thermal photon dephasing limit. (E) The simulated cavity thermal photon dephasing limit.
(F) The combination of both superimposed with the averaged T E

2 data, simulated with an
effective temperature of 50 mK.

caused by a non-negligible capactive coupling between the small JJ shunting
capacitance and the resonator capacitance. This creates the necessity for a
new term in the Hamiltonian which now must include coupling between the
chain mode and the resonator. The new Hamiltonian used to fit this device
includes this extra coupling term between the resonator and the chain taking
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form:

H f rm j = 4ECn̂2−EJ cos(ϕ̂−ϕext)+
1
2

ELϕ̂
2 + frr†r− igr j(r†− r)n̂+

fmm†m− igm j(m†−m)n̂+gmr(r†− r)(m†−m)
(7.2)

Fitting the spectrum to this Hamiltonian the energy scales are extracted

Figure 7.23: (A) An optical image of the inductively coupled device with the three main
circuit parameters labeled. The leads at the bottom of the device are used to couple the
resonator to the incoming microwave signals. (B) The spectrum and fit up to 12 GHz.
(C) A zoom in of two-tone spectroscopy of the 0-1 and 0-2 transition at IFQ. These to
transitions are separated by only 20 MHz.

where EJ of this device is slightly larger than the other samples studied
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in this section. When considering all three coupling terms the designed
qubit-resonator coupling gr,q = 0.057 GHz is recovered with a qubit-chain
mode coupling of gm,q = 2.14 GHz and a resonator-chain mode coupling of
gm,r = 0.11 GHz. The new Hamiltonian fit reveals a non-trivial resonator-
chain mode coupling which presumably arises due to the large shunting ca-
pacitors on either end of the junction. This creates a resonator and chain
mode hybridized states making the distinction between the two in spec-
troscopy virtually impossible as we will later see. The chain mode is the
differential mode and we expect to see no coupling from the common mode
due to the (almost) perfect symmetry on either side of the small junction. It
is true if there was asymmetric inductance or capacitance on either side of
the small JJ a large coupling to the chain’s common mode can occur. The
qubit is considered to be in the second energy scale combination due to the
ability to fit the first transition and the second transition using the phase-slip
Hamiltonian while incorporating the double phase-slip term.

Figure 7.24: Energy relaxation across half of a flux quanta. The values for T1 > 200 µs at
every flux point. The main loss mechanism is from the lossy dielectric.
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7.6.2 Time domain

The energy relaxation of the 0-1 transition is taken many times over and
again statistically analyzed and fit to the various sources limiting this flux-
onium qubit’s lifetime. The dominant source of energy relaxation is the
dielectric loss, where the bounds for Qcap are less than the previous qubits
with similar energy scales where 45,000 < Qcap < 120,000. This is due to
the geometry of the shunting capacitance which is non-ideal in this qubit’s
geometry. However, this particular choice for the shape/direction of the
shunting capacitance was made to reduce the stray coupling between itself
and the resonator’s bow-tie antenna.

The indexed measurements demonstrate at IFQ, T̄1 of the 0-1 transition is
greater than 400 µs where values as large as T1 ∼ 600 µs were obtained for
single measurements. The decoherence time measured at IFQ is T̄ E

2 ≈ 80 µs
on average which is photon shot limited by the resonator plus chain mode
with the chain modes dispersive shift most likely being the main source. The
Q-factors extracted from the 2D resonator at this flux bias are approximately
Qint ∼ 104, Qext ∼ 103 with a resonate frequency f0 = 7.31 GHz with a
linewidth of the read-out mode: κ

2π
= f0

Qtot
= 9.5MHz. To improve photon-

shot noise Qext can be improved by moving the chip close to the edges of
the 3D copper waveguide which effectively couples the sample less to the
signal ports.

Figure 7.25: (A) An average trace of multiple T1 and T E
2 traces taken one after another at

IFQ. (B) An indexed T ∗2 measurement.
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While the qubit frequency at HFQ is situated at 178 MHz where T1 is
consistently greater than 500 µs with values as large as 800 µs being mea-
sured for a single trace. The T̄ ∗2 is around 100 µs which is severely limited
by the photon-shot noise due to a large dispersive shift. At HFQ, the res-
onator and chain mode appears to be completely hybridized causing a lower
Qint than at IFQ where the resonator is further detuned from the chain mode.
In fact, there are several resonator-like peaks that are resolvable in one-tone
spectroscopy at HFQ. The resonator-chain mode hybridization at HFQ will
be discussed in depth in the upcoming section where we utilize high-power
single-shot readout.

Figure 7.26: (A) Indexed T1 measurements of the 0-1 transition at HFQ. (B) Indexed T ∗2
measurements at HFQ.

Currently, the capacitance geometry appears to limit the T1 supported by
the decreased Qcap found in the fit from other fluxonia in this chapter. The
chain mode photon shot noise is the limiting source for T2 and could be
mitigated by etching the sample to mitigate the impact the chain mode has.

7.6.3 Single-shot read-out

We will first compare the fluxonium-only fit to the fluxonium coupled
fit, using the Hamiltonian in equation 7.2, which should help disentangle
the effects from the chain and resonator modes. The fluxonium fit is sim-
ulated with the three elementary circuit energy scales parameters extracted
from the coupled fit and the obvious effects of the coupled modes emerge
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by noticing the two flat transitions in figure 7.27 which appear at 6.9 GHz
and 7.3 GHz. These modes mix the pure fluxonium transitions in a non-
trivial way, especially around HFQ where many transitions become close
in frequency. At HFQ, the experimental spectroscopy shows there are six
transitions within a span of only 1.5 GHz. The purity of the coupled states
is found by simplifying the chain-mode Hamiltonian (equation 7.2) into the
superposition of several pure fluxonium states. This demonstrates the de-
gree of mixing where the colored lines in the coupled fit displayed in figure
7.27 (B) is a visualization of this degree of mixing.

Away from HFQ, the read-out mode is the coupled state 0-4; at these
external flux points the resonator has Qint ∼ 10,000. When the external
flux bias is changed to HFQ state 0-4 becomes more of a qubit mode with
the main contributing pure fluxonium transition being 0-2. While 0-5,0-
6, and 0-7 all have reduced fluxonium purity and, therefore, must be a
hybridization of states between the resonator, chain mode, and fluxonium
modes alike.

At HFQ, the coupled states 0-4, 0-5, and 0-6 are all measurable by a
single-tone measurement; which is typically not the case unless the transi-
tion is directly crossing the read-out mode. The 0-5 and 0-6 modes have
their Q-factors extracted to show very similar values where Qint ∼ 4,000
decreased from the read-out mode used at IFQ; while the Qext ∼ 2,000 is a
slight increase. The optimal read-out point at HFQ was found neither at the
0-5 nor 0-6 transition but is a frequency situated between. At high resonator
powers, a single shot read-out of the qubit state is possible when probing
this optimal read-out frequency. The integration time initially used is for 7
µs to acquire a single record in the I-Q plane while 10k-30k records were
usually taken for a histogram plot as seen in figure 7.30. Each record value
is an individual point in the I-Q plane and these points are rotated to produce
plots with meaningful information within a single quadrature. The data is
rotated such that a straight line that passes through both “blob’s” centers is
either entirely on the real or imaginary axis. The data is then projected onto
the parallel axis and binned into a histogram. The histogram is fit to a two
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Figure 7.27: The fluxonium only fit compared to the fit including the resonator and chain
mode shows the drastic hybridization between states. The two flat lines emerging in the
spectrum are due to the two new modes introduced.

Figure 7.28: The new states from the coupled Hamiltonian 7.2 are comprised of the su-
perposition of “pure” fluxonium-only states. The inner product of the new states with the
pure fluxonium states is the “purity” of a specific transition. The purity is the amount the
eigenvectors of the fluxonium only fit contributes to the new coupled states. The resonator
and the chain mode coupling mix the pure fluxonium states, especially around HFQ where
coupled states 0-4,0-5,0-6 all show up in one-tone spectroscopy.
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Figure 7.29: At HFQ the optimal readout frequency point is situated directly between the
0-5 and 0-6 transitions. Both modes have similar Qtot which have smaller values than the
value of the bare mode 0-4 at IFQ.
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Gaussian function [171]:

f (x) = A0e−(x−x0)
2/σ2

0 +A1e−(x−x1)
2/σ2

1 (7.3)

where A0,1 are used to extract the populations of either the ground state or
first excited by the relation:p0,1 =

A0,1
A0+A1

. The populations can be used to
extract the effective temperature of the qubit by the Boltzmann distribution:

p1

p0
= e−h f01/kBTeff (7.4)

Using these formulas and a single shot measurement without exciting the
qubit state finds a qubit effective temperature of Teff =10.5 mK. The ex-
tracted qubit temperature is comparable to the temperature of the base plate
of the fridge which was consistently at 8 mK. To verify which I-Q blob rep-

Figure 7.30: (A) Thermal state of the qubit at HFQ. The temperature of the qubit is found
to be 10.5 mK. (B) Single shot histogram versus qubit pulse width shows two distinct
blobs appearing in the I-Q plane. (C) The extracted populations of the single shot Rabi
measurement.

resented the ground state of the qubit a Rabi pulse measurement with single
shot readout was executed. For each pulse width a single shot measure-
ment was taken and the results verified the more intense blob was indeed
the ground state where the population values are observed to swap when
sweeping the qubit pulse duration. The other two quantities are x0,1 which
is the center of each Gaussian fit, and σ0,1 which is the variance of each
Gaussian peak. These quantities can be used to find the signal-to-noise ratio
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(SNR) given by the equation [68, 177]:

SNR =
|x1− x0|
σ0 +σ1

(7.5)

For initial measurements, SNR was 2.4 and observed to increase with in-

Figure 7.31: (A) The rotated single shot of the resonator at HFQ for varying resonator drive
powers. Around 12 dBm two distinct resonator states become visible where the separation
increases when increasing the power. (B) The resonator readout modifies the thermal state
by enhancing the decay rate of p1 into the ground state.

creasing readout power. However, the action of reading out by exciting the
resonator induces the population to shift back into the ground state and the
decay rate is further enhanced when increasing the power. The excited pop-
ulation characteristic decay time versus read-out length was fit at multiple
read-out powers (as seen in 7.31 (B)) where the characteristic decay time
at powers where two blobs become visible is less than the T1 of the qubit
when using measured at lower resonator power below 8 dBm. The read-out
induced lifetime of the qubit for the single shot read-out power used was
120 µs for a power of 18 dBm.

Furthermore, the second excitation drive frequency was swept revealing
the ability to resolve many different higher-level qubit transitions when us-
ing the single-shot method. The signature of the higher states was not the
appearence of more blobs in the I-Q plane but instead was different popula-
tion values between the ground and excited states.

The 0-2, 1-3, and 0-4 transitions were driven at different powers while
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Figure 7.32: (A,C) Qubit populations versus the 0-2 (0-4) pump power. At -2 (-12) dBm
the population is pumped into the first-excited state. (B) The 1-3 qubit transition is pumped
at -1 dBm the population is pumped into the ground state. (D) The qubit pump tone is
swept in the frequency range many transition’s meet. When a tone is resonate with a qubit
transition, either the ground or first excited state is populated. The bottom signal (centered
around 0.25) represents the population in the g state while the top signal line (centered
around 0.75) represents the population in the e state.
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measuring single shot data with a 15 µs integration time and a total duty
cycle greater than the cavity induced T1. When pumped at certain powers
the 0-2 and 0-4 transitions would transfer the populations into p1. While
when the 1-3 transition would transfer the population into p0.

The transfer of population can be understood by parity rules with the ϕ

matrix element inducing transitions. Since ϕ is an odd parity operator then
the parity of the transition must be preserved. Therefore, if the 0-2 pump is
moving the population into the 2 state then this can only decay to the 1 state
and for the 3 state this can decay to 2 or 0. This effect has been studied in
the previous experiment for a cavityless fluxonium [34].

Figure 7.33: (A) The fitted histogram for various single-shot measurements at differing
qubit drive powers. (B) The extracted populations coming from the fit in (A).

A low-power qubit excitation tone was continuously shined into the sam-
ple box while the qubit drive power was changed. Single-shot measure-
ments were taken and the resulting populations were extracted. Increasing
the qubit’s power resulted in preparing a 50/50 state; known to happen when
saturating the qubit with a long drive tone. Looking closely within a sin-
gle record, quantum jumps were resolvable. A quantum jump is when the
state of the qubit spontaneously becomes excited or de-excited through the
emission of a photon [31]. The quantum jump scans were taken by piece-
wise demodulating an ongoing trace every 7 us. Doing so allows us to re-
solve when the qubit jumps into the first excited state or relaxes back to the
ground state. Each “jump” above a certain voltage threshold value counts as
a “click”; where the threshold is defined by the Gaussian blob fit of a single
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record: xthr = x0 +2σ [195]. Quantum jump statistics have been studied in
fluxonium qubits extensively in references [68, 94, 182]. The quantum jump

Figure 7.34: (A) A raw trace of an individual record. A quantum jump occurs in this trace
when the signal is within the shaded region. (B) The Poisson distribution of an individual
record. The trace has the time between clicks sorted into logarithmically spaced bins to
create a histogram for the average time spent in the ground state. The trace shown is for the
thermal equilibrium state with an average time τ̄ = 5.8ms spent in the ground state before
a quantum jump occurs.

traces were analyzed by finding the mean time between each quantum jump
from the ground to the excited state. The method for analyzing the quan-
tum jumps was performed and outlined in [182]. The time between jumps
is sorted into logarithmically spaced bins where the histogram is multiplied
by the bin spacing, defined as ∆. For a Poissonian process with the mean
time between jumps τ , the distribution takes the form:

τP(τ) =
τ

τ̄
e−τ/τ̄ . (7.6)

The distribution was further normalized by the total sum of measurements
in the bin by multiplying the distribution by Σ∆/τ̄; where Σ was the sum
of all histogram values. The binning was done on a logarithmic scale so an
extra factor of ln(10)τ was added to account for the bin sizes dependence
on τ . The resulting distribution was used to fit the quantum jump data:

τP(τ) = Σ∆ ln(10)
τ2

τ̄2 e−τ/τ̄ . (7.7)

The meaningful fit parameter is the meantime in the ground state, τ̄ . For
the qubit drive off, τ̄ = 5.8 ms. The binned histograms are indeed described
well by Possionian statistics indicating no quasiparticle disruption in the
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fluxonium as can be seen from the deviation of the Poissonian fit [68, 182].
When the qubit power is increased the average time spent in the ground

state decreases or, likewise the excitation rate Γ↑ increases with the mi-
crowave signal amplitude. This result has been shown to follow the follow-
ing relation [58, 166]:

Γ↑ =
Ω2

2(γ2 +Γm/2)
(7.8)

where Ω is the Rabi frequency proportional to the qubit drive amplitude, γ2
is the average 1/T ∗2 = 1/95µs−1 found in normal measurements, and Γm
is the inverse measurement time. Fitting the data to this function shows
the experimentally measured jump rate is dictated by the Zeno effect. The
jump rate is due to the competition between the weak Rabi drive which flips
the qubit population versus the readout of the qubit state which projects the
qubit into an eigenstate of σz [58].

These results can be further used to explore the quantum Zeno effect in
fluxonium qubits where the measurement and control effects on fluxonium
states can be tested in further detail. Improvements can be made by decreas-
ing the measurement times by utilizing TWPA amplifiers. This interesting
effect also furthers the discussion about parasitic chain modes and their pos-
sible applications for modifying measurements performed on fluxoniums
which now could be used as a possible source for high power single-shot
measurements of the qubit state.
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Figure 7.35: (A) The binned data fit to the Poissonian distribution for several qubit powers.
(B) The excitation rate of the qubit versus microwave drive amplitude.
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8
Blochnium

“And now I see with eye serene. The very pulse of the
machine;” — William Wordsworth

8.1 Introduction

The blochnium [141] is experimentally created by shunting a weak junc-
tion with an exceptionally high-value inductance — simultaneously mitigat-
ing unwanted stray capacitance to the weak JJ while pushing the parasitic
chain modes to a higher frequency. Both are accomplished experimentally
by releasing the circuit from the silicon substrate using the XeF2 etching
technique. Releasing the circuit is the key technological innovation behind
the realization of blochnium.

The main characterizing property of the etched circuits is the vanishing
flux-sensitivity of the qubit transition between the ground and the first ex-
cited states which, nevertheless, rapidly recovers for transitions to higher
energy states. The spectrum across devices agrees with a duality mapping
of blochnium onto transmon, which replaces the external flux by the offset
charge and introduces a new collective quasicharge variable in place of the
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superconducting phase [93, 124].
Experimentally, in this chapter, the measured RF-excitation spectrum of

an etched device, measured up to 20 GHz, is displayed and analyzed in
detail. Secondly, an assortment of etched circuits are measured and charac-
terized where the extracted parameters from spectrum and time domain data
are discussed in depth. Our result unlocks the door to an unexplored regime
of macroscopic quantum dynamics in ultrahigh-impedance circuits.

8.2 Generalized Bloch’s theorem

Any solution of the Schrödinger equation describing a quantum particle
subjected to a periodic potential gives rise to band structure [12]; where the
particles energy can occupy bands of allowed states separated from other
bands by a region of inaccessible energy states. This effect arises from
an interference type phenomenon which is described by Bloch’s theorem.
A quantum particle traversing a periodic potential with period “a” has the
eigenfunction solution to the Schrödinger equation:

Ψq(x) = uq(x)eiqx (8.1)

where uq(x) = uq(x+ a). This solution is a function that encapsulates the
periodic potential; making the solution a distance x+a away exactly equiv-
alent to the wavefunction at x: Ψq(x+ a) = Ψq(x)eiqa. The quantity q has
units inverse of x and is commonly called the quasimomentum. The energy
eigenvalues depend on the continuous quantity q resulting from the bunched
energy states that form a single band. Each band index is labeled as an inte-
ger “s”.

In the reduced picture, the quasimomentum is defined within an interval
of −π

a ≤ q ≤ π

a . This region is called the first Brillouin zone and each q
differing by an integer multiple of the potential period 2π/a are equivalent:

q′ = q+
2π

a
k . (8.2)
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Figure 8.1: The JJ potential energy E =−EJ cosϕ , (EJ = 4GHz), creates a periodic poten-
tial for the fictitious JJ particle which has a kinetic energy EC. The particle can tunnel into
all wells which extend from −∞ to ∞. The width of the resulting band depends on the ratio
of the height of the potential EJ and the kinetic energy EC. As the ratio decreases the width
of the Bloch bands increases; as seen in (F).
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8.3 Blochband description of a JJ

Josephson showed that a junction can be viewed as a non-linear induc-
tance which carries flux ϕ0×ϕ with energy E =−EJ cosϕ . When quantum
fluctuations of ϕ are small compared to 2π , the inductance can be linearized
and the junction responds as a superconductor with a well defined phase dif-
ference ϕ . Yet, an opposite scenario was suggested in the case ϕ is free to
extend beyond the 2π-interval [6]. In this scenario, when ϕ extends beyond
a single Josephson well, it is essential to take into account the junction’s
intrinsic oxide capacitance across the Josephson element, CJ. The resulting
circuit equations then mimic an electron in a crystal: the phase difference
ϕ is the position, the capacitance is the mass, the charge on the capacitor is
the momentum, while the Josephson energy corresponds to a periodic crys-
tal potential. The dynamics of ϕ can therefore be described by extended
Bloch waves and continuous Bloch bands [93].

The Schrödinger equation for an isolated JJ is:{
4EC

(
− i

∂

∂ϕ
−q
)2

+EJ(1− cosϕ)

}
Ψq = EqΨq (8.3)

which takes the form of a Mathieu equation [33] that has periodic solutions,
Ψq(ϕ +2π) = Ψq(ϕ), in the form of Bloch waves: Ψq(ϕ) = ψq(ϕ)e−iqϕ/2e

where q is now the conjugate variable to the extended phase variable ϕ and
is called the quasicharge, analogous to the quasimomentum.

This description of an isolated JJ demonstrates the extended scheme
forms bands of energy which continuously depend on the quasicharge which
arise from a quantum particle living in the Josephson potential. The en-
ergy bands are 2e-periodic in q and are equivalent when displacing the qua-
sicharge by 2e× k such that EB(q+ 2ek) = EB(q) where k takes values of
all real numbers. For simplicity, only the energy dispersion of the lowest
(s = 0) Bloch band is considered and is denoted as EB(q); this is the en-
ergy dispersion of what is called the Bloch band (BB) of the JJ shown in
figure 8.2 (A). Connecting the dynamics back to a crystal, a Cooper pair
tunneling (q changing by 2e) is analogous to a Bragg reflection, where the
quasicharge is physically the externally supplied charge to the junction. In
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Figure 8.2: (A),(B) The s=0,1 Bloch bands (BB), with energy dispersion EB(q), are shown
for two different ratios of EJ/EC. The first two bands have a separation E01

gap while the s=0
band has height ∆0. When the ratio is low (<5) the gap is approximately EJ while when
the states are localized the gap is approximately the plasma frequency

√
8EJEC. (C, D) The

simulation of E01
gap and ∆0 for EJ = 4 GHz while sweeping the value of EC.
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other words, at low frequencies the junction stores charge q and is character-
ized by a 2e-periodic charging energy EB(q). This transforms the junction
into a non-linear “Bloch” capacitance (an equivalent of the effective mass).
This idea is dual to the usual JJ behavior, where quantum fluctuations of ϕ

are suppressed, but instead now when quantum fluctuations of q are sup-
pressed the Bloch capacitance can be linearized and the junction responds
as a capacitor.

Figure 8.3: A JJ is approximately self-dual [128] and can behave as a nonlinear inductance
or a nonlinear capacitance. On one hand, a single JJ creates a nonlinear current producing
the Josephson inductance while on the other hand, the JJ has a periodic charging producing
the Bloch capacitance.

The duality becomes more clear when asked: Is a Josephson tunnel junc-
tion between two superconductors a superconducting link or an insulating
break? The answer is revealed when considering the impedance of the JJ
embedding environment.

8.4 An inductively shunted JJ

In practice, measuring a perfectly isolated JJ is not feasible. There is
always external leads which add extra capacitance to the innate junction ca-
pacitance, CJ, which in turn produces the localization of phase within the 2π

interval. Therefore, the junction’s external circuit, necessary for practical-
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ity, plays a decisive role in choosing between the two antagonistic scenarios
of phase localization or phase delocalization.

Figure 8.4: (A) The standard fluxonium qubit circuit diagram with the degree of freedom
ϕ . (B) The Blochnium circuit diagram which consists of a non-linear capacitance shunted
by a large inductance. The degree of freedom, in this case, is the quasicharge, q.

We circumvent this practical issue by shunting a weak JJ by a very large
valued inductor (Ltot > 2µH), with minimal external capacitance. By do-
ing so the phase is now defined across all space, ϕ ∈ (−∞,∞) where the
lower eigenstates are exposed to the periodic nature of the JJ potential cor-
rugated by a slowly growing harmonic potential produced by the inductance.
When EL≪ EJ < EC the wavefunctions spread out into multiple Josephson
wells at all flux values which enables a Bloch-band description of the energy
spectrum – hence the name Blochnium. The resulting non-linear and non-
dissipative electrical circuit is the first artificial atom to reach this regime.

To understand the nuances which arise from this description, we begin
by starting with the fluxonium Hamiltonian with the external flux bias tun-
ability in the inductive energy term:

HF = 4Ec(Q̂/2e)2−EJ cos(ϕ̂)+
EL

2
(ϕ̂ +ϕext)

2 (8.4)

where the variable Q is conjugate to the phase difference ϕ . The wavefunc-
tions in the Q picture can be found by a discrete Fourier transformation:

Ψ(Q/2e) = ∑
k

Ψ(ϕ) · eiϕQk/2e (8.5)
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Figure 8.5: (A) Fluxonium wavefunctions in the ϕ picture for the circuit parameters: EJ = 4
GHz, EC = 7 GHz, and EL = 0.02 GHz at Φext/Φ0=0. The first five wavefunctions are
spread into multiple Josephson wells. (B) Fluxonium wavefunctions in the Q picture where
the states are localized within a single Bloch band potential.

The fluxonium picture results are completely correct yet only shows Q lo-
calization while the Bloch capacitance picture of an isolated JJ has not yet
been mentioned. Since the wavefunctions are spread into multiple JJ wells
at once, the quasicharge description becomes possible. The more spread the
wavefunctions the more accurate the resulting Bloch capacitance picture be-
comes.

The origin of the Blochnium Hamiltonian arises when considering the
charge dispersion energy of the weak JJ plus the inductive energy. Defining
the Bloch band basis as: HBB|s = 0,q⟩ = EB(q)|s = 0,q⟩ and using this
basis instead of the harmonic oscillator basis usually used in Fluxonium,
the Hamiltonian takes the form [93]:

HB = EB(q)+
1
2

EL(ϕ̂ +ϕext)
2 . (8.6)

And furthermore we can represent HB solely in the quasicharge represen-
tation as:

HB =
EL

2

(
i

d
dq

+ϕext

)2

+EB(q) (8.7)
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where now the potential energy is EB(q), and the kinetic energy is EL. The
Bloch band potential, EB(q), which is the charge dispersion of the lowest
band of the small JJ can be described by a Fourier series approximation:

EB(q) =
∞

∑
ℓ=0

ε0,ℓ cos(2πℓq/2e) (8.8)

where each ℓ is an integer index of the ℓth harmonic term contributing to
the series. The first coefficient is just the average value of the BB amplitude

Figure 8.6: (A) The first eight Fourier series components are shown. The dashed line is the
exact solution for the BB of an isolated junction which matches to a high degree the sum
of all Fourier components up to ℓ=15. (B) The Fourier coefficients alternate sign and drop
in amplitude for increasing index ℓ.

which can be thought of as an offset value given by ε0,0 = ĒB. The other
amplitudes are found by taking the average value ĒB modulated by the lth
Fourier component over one period:

ε0,ℓ>1 =
1
2e

� q/2e

0
ĒB cos(2πℓq′/2e)dq′ . (8.9)

Inserting the Fourier series approximation for the charge dispersion into
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the Blochnium Hamiltonian modifies the equation to:

HB =
EL

2

(
i

d
dq

+ϕext

)2

+
∞

∑
ℓ=0

ε0,ℓ cos(2πℓq/2e) . (8.10)

This expression for the Blochnium Hamiltonian reveals a Mathieu equation
for the energy states dual to the CPB Hamiltonian.

The quasicharge dynamics can be understood by oscillations of the small
junction capacitance charging from -e to e and discharging by the tunnel-
ing of a Cooper-pair which is analogous to a Bragg reflection. These qua-
sicharge oscillations are the essence to blochnium dynamics at low energies.
The charging of the small junction’s capacitance is nonlinear and periodic
with 2e and forms the potential for the fictitious particle with kinetic energy
EL.

As shown, the Hamiltonian takes the form of the Mathieu equation with
the quasicharge potential (EB(q)) defined at all values of q and is periodic by
2e. These conditions allow for the conjugate variable, in this case, the flux
in the loop, to be represented as integer values. The loop flux now takes the
form of discrete values of the flux quantum indexed as m taking values of
all real numbers. This treatment is exactly dual to the CPB where Cooper-
pair number N is discrete and ϕ is continuous; however in this case the
flux is discrete and the quasicharge is continuous. This leads to the discrete
“fluxon-box” description as a superposition of different flux quanta states
occupying the loop with a Hamiltonian:

HB = ∑
m∈Z

{
2π

2EL

(
m−ϕext

2π

)2
|m⟩⟨m|+

∞

∑
ℓ=0

ε0,ℓ

2

{
|m⟩⟨m+ ℓ|+|m+ ℓ⟩⟨m|

}}
.

(8.11)
This Hamiltonian represents the discrete representation in the conjugate ba-
sis to quasicharge.

Now we can simulate the resulting spectrum and wavefunctions using
both the quasicharge Hamiltonian (equation 8.10) and the discrete flux Hamil-
tonian (equation 8.11) with exactly the same parameters as the one intro-
duced for the fluxonium picture in figure 8.5. The simulation results are
shown in figure 8.7 where the eigenspectrum is the same for both basis. The
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Figure 8.7: The quasicharge description of a circuit with the circuit parameters: EJ = 4
GHz, EC = 7 GHz, and EL = 0.02 GHz at Φext/Φ0=0. (A-F) The discrete flux-number
wavefunctions show the superposition of flux quanta in the loop for the first six eigenstates.
(G) The transition spectra where the first four Bloch-band Fourier coefficients are listed.
(H) The wavefunctions in the quasicharge space extend to ±∞ and are periodic every q =
2ek. The first few eigenvalues are situated within the first Bloch band and the transitions
can be thought of as quasicharge oscillations.
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discrete flux wavefunctions display the superposition of multiple flux quanta
occupying the loop simultaneously, where the flux-quanta in the loop can in-
crease/decrease by any integer ℓ for a single tunneling event. The ability for
the tunneling of multiple flux-quanta at once is encapsulated by the Fourier
coefficient where the frequency of this tunneling is scaled by |ε0,ℓ| which is
seen to be sufficiently suppressed at ℓ > 3,4. The quasicharge wavefunc-
tions are localized within the BB potential and are periodic with q/2e. The
transition from the ground to the first excited state can be thought of as a
harmonic-like excitation of the quasicharge. Interestingly, this simulation
looks almost identical to what one finds for a CPB except m is replaced by
N and q/2e by ϕ/2π .

8.5 Duality with transmon

Blochnium can be thought of as the dual to the transmon. The transmon
is a Josephson inductance shunted by a large-value linear capacitance where
the large capacitance creates a low-impedance environment; effectively lo-
calizing the phase difference across the JJ to a well-defined value. Whilst
the wavefunctions in the discrete charge basis, N, become a large superposi-
tion of integer charge values on the island. Creating a large superposition of
charge states renders transmon much less sensitive to external charge offsets
(δng) thus creating lower-level transitions that have virtually no sensitivity
to offset the charge. While blochnium uses a high-impedance inductance
that suppresses quantum fluctuations of q which becomes the well-defined
variable, localized within the value of 2e seen as the quaicharge wavefunc-
tion is localized within a single well of the first Bloch band of the small
JJ. Whilst the wavefunctions in the discrete flux basis become a large su-
perposition of flux quanta occupying the loop. This superposition of flux
quanta in the loop creates low-energy transitions that become less sensitive
to external flux bias. The reduced sensitivity to external flux offsets (δϕext)
is the main characteristic that is experimentally measurable by scanning the
spectrum of such a device.

Due to the localization of the states within the respective continuous po-
tentials, the low-energy excitations of blochnium are considered anharmonic
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Figure 8.8: The transmon and blochnium are dual circuits. The transmon is a junction
shunted by a large capacitance which responds as a non-linear inductance due to a well-
defined phase difference across the junction. The blochnium is a junction shunted by a large
inductance which responds as a non-linear capacitance due to the well-defined quasicharge
on the junction’s capacitance.

vibrations of quasicharge across the JJ while the low-energy excitations of
transmon are considered anharmonic vibrations of the phase across the JJ.
The transmon’s transitions, from a first order approximation, is the plasma
frequency fp =

√
8EJEC while the blochnium’s is the quasicharge frequency

fq =
√

8ELEB
C . The charging energy EB

C differs from the usual Coulomb en-
ergy and is found by using the Bloch capacitance CB [47, 189, 200]:

CB = 4e2
{

d2E0(q)
dq2

}−1

. (8.12)

This equation shows mirrors the Josephson inductance, where the Bloch
capacitance can take on negative values and is inversely proportional to the
second-order derivative of the potential.

The transmon has protection against charge noise while the blochnium
has protection against flux noise. The magnitude of the two noise sources
are intrinstically different and so although the f01 frequency dispersion is
smaller for transmon, the protection against the lesser magnitude flux noise
compensates for the larger flux dispersion in the blochnium.
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8.6 Experimental realization

Figure 8.9: The etched blochnium device stands almost vertically in vacuum with the small
JJ at the topmost position. The dielectric silicon substrate is effectively removed from be-
tween the adjacent chain leads ultimately reducing the parasitic capacitance (Cg) associated
with parasitic chain modes. The device is inductively coupled to an on-chip 2D lumped el-
ement resonator used for readout. The resonator and qubit are coupled by sharing mutual
junctions in the array and have a larger area to produce a more linear readout mode.

Building on fluxonium results, a small JJ is shunted by a compact in-
ductance in the form of a Josephson junction chain. The key innovation
here, setting this circuit apart from the conventional fluxonium, is the en-
tire circuit is released from the substrate and suspended in vacuum. With
optimally chosen junction parameters, the Josephson chain can obtain an
exceptionally high inductance density of LA

J ≈ 4.5 nH/junction where the
junction unit cell in the array is one junction every 350 nm with a width
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of 1 µm. This means L□ ≈ 12.5 nH/µm or equivalently almost exactly
L□ ≈ 104µ0/µm (µ0 = 4π pH/µm), where µ0 is vacuum permeability. Fur-
ther increasing the inductance density of the array would produce detri-
mental effects (quantum phase-slips) associated with the superconductor-
insulator transition [103, 119]. Therefore, this value of inductance density
is the largest practical value obtainable for a qubit with reasonable coher-
ence.

Further consideration needs to take into account the fact that the chain
modes should be sufficiently high ( fm > 10 GHz) to avoid any compli-
cations or distortions to the spectrum; this will also limit the total induc-
tance value. This means the total value of inductance is also limited by the
chain’s self-capacitance, originating from the stray electrostatic coupling
between the opposite-facing metal islands. Besides introducing parasitic
chain modes, the self-capacitance contributes to Ctot and this effect prevents
reducing EL/EC far below unity by further lengthening the chain to increase
the total number of junctions. The stray capacitance, however, is found to be
unnecessarily large in most superconducting circuits due to the high relative
dielectric permittivity of the silicon (ε ≈ 12) or sapphire (ε ≈ 10) substrate,
the two most common low-loss substrate materials. So by eliminating most
of the substrate’s contribution for hosting an enhanced electric field which
in turn enhances the coupling of the two chain leads, the stray capacitance is
reduced nearly tenfold by removing the substrate entirely. This fabrication
feat provided the required leap in the practical inductance value obtainable
and used in the device under study.

The substrate-free blochnium devices are created in a two-step fabrica-
tion process. First, a superconducting loop with up to 460 Al/AlOx/Al chain
junctions and one small junction is fabricated using the standard Dolan
bridge technique. Next, a gentle and fast dry isotropic silicon etch is applied
using XeF2 which has a high selectivity of silicon over Al and AlOx. There-
fore, the oxidized Al film acts as a natural mask for our device. Because the
silicon etching is isotropic (etches down and underneath equally) the skin-
nier leads at the small junction end of the chain detach from the substrate
prior to the other parts and immediately curl upwards driven by the strain
relaxation of the thin film. The curling effect is robust and reproducible.
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This process is actually visible to the eye and uses already-established fab-
rication techniques. Moreover, it is possible to vary the amount of curling
which is dependent on the length of the chain and the etch depth. Our main
results focus on devices with a nearly vertically standing chain, where para-
sitic capacitance is minimal. The loop is inductively coupled to the on-chip
readout circuitry following a previously developed method [94]. A small
section of the loop is connected to a capacitive antenna which forms a read-
out resonator for coupling the device to the measurement apparatus. The
device is loaded into a 3D copper waveguide and is measured at cryogenic
temperatures.

The transition spectrum as a function of the external flux bias through the
loop was measured using conventional two-tone RF-spectroscopy [161]. To
identify transitions, the data was fit to the spectrum of a fluxonium. The sim-
ple fluxonium model accurately fits the lowest five transitions with energy
scale fit parameters: EJ = 4.70 GHz, EC = 7.07 GHz, and EL = 66.5 MHz.
These energy scales define a previously inaccessible spot on the circuit
parameter map (EJ/EC = 0.66, EL/EC = 0.009) and define the third en-
ergy scale combination discussed previously in depth. The capacitance
C ≈ 2.7 fF can be almost entirely accounted for by the small junction oxide
capacitance. The inductance L≈ 2.5 µH exceeds that of a typical fluxonium
tenfold while showing no influence of parasitic modes within the entire fre-
quency range up to 11 GHz.

Constructing blochnium experimentally amounts to choosing three en-
ergy scales properly: the Josephson energy EJ, the charging energy EC,
and the inductive energy EL set the stage for which quantum variable is lo-
calized or delocalized. Our experimentally realized blochnium devices have
EJ/EC≈ 1 and EL/EC≈ 1/100. The first condition conveniently maximizes
the width of the lowest Bloch band along with the gap to the next one. This
condition creates the possibility for the quasicharge potential to host sev-
eral energy eigenstates. Conventional fluxoniums have a Bloch band which
is too narrow to host the eigenstates and usually only overlap at HFQ. As
for the second condition, in the special case EL = 0, what is left is just two
isolated grains linked by the tunneling of a single Cooper pair, producing a
charge qubit. In such a case, the quasicharge looses the continuous-valued
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Figure 8.10: The spectrum of the device from 1 GHz up to 19 GHz. The fit transitions
displayed are the fluxonium model fit results. The deviation from the fit occurs at around
11-12 GHz.
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Figure 8.11: (A) Extracted transition peaks fit to the fluxonium model of the first five
transitions out of the ground state. (B) A zoom-in on the 0-2 transition. (C) A zoom-in on
the 0-1 transition where the transition dispersion with external flux bias is only 100 MHz.
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dynamics and can now only be interpreted as a circuit with the availability
for an external charge-offset. For EL/EC ≲ 1, we get fluxonium [118, 134],
a high-coherence implementation of a flux qubit, where a superconducting
loop is disrupted by the tunneling of a single flux quantum. In a charge
qubit, reducing EC proliferates multiple Cooper pair tunneling [92], which
establishes a well-defined phase-difference across the junction due to the
Heisenberg uncertainty principle. This is how a charge qubit evolves into
transmon for EJ/EC ∼ 10−100. Blochnium emerges from the dual evolu-
tion of a flux qubit/fluxonium on reducing EL/EC such that the probability
to find the wavefunction outside a single Josephson well becomes signifi-
cant for EL/EC ≲ 1/100 across all external flux bias points. When these
conditions are fulfilled, the lower-level transitions can be described by the
quasicharge Hamiltonian.

Quasicharge description
The sample being discussed fulfills these requirements which enable us

to use the measured spectrum to test the quasicharge Hamiltonian, suggest-
ing the small JJ behaves as a non-linear capacitance. In this section, we
fit the spectrum to the Blochnium Hamiltonian which uses either the qua-
sicharge or the discrete flux picture. The experimental spectrum is fit using
equation 8.11 where the Fourier coefficients are found by constraining the
values to the first fifteen harmonics of a constrained fit to a EB(q) gener-
ated by sweeping the small junction EJ and EC. Stepwise the fit procedure
first generates the quasicharge dispersion (BB) of the small junction, finds
the first fifteen harmonics (ε0ℓ) in the Fourier series (expression 8.8), and
then uses equation 8.11 to generate the minimal distance fit to the spectrum
points indicated.

The fit and the experimentally measured spectrum agree to a high level
up to around 8.5 GHz. The fit only incorporated data points up to the sec-
ond transition at around 4 GHz. The measured spectrum begins to devi-
ate from the quasicharge description due to the eigenstates having energy
greater than the width of the BB. Furthermore, the second BB comes into
play at around 9 GHz, which is neglected in our fit. Considering interband
transitions (s > 0) could indeed improve our higher frequency data fits. In-
corporating interband transitions by modifying ϕ = id/dq+Ω [93, 199] can
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Figure 8.12: (A) The extracted transition frequencies are fit to the blochnium Hamiltonian
8.11. The fit begins to deviate from the data at around 8.5 GHz. (B,C) A zoom on the
0-2 (0-1) transition shows a high level of agreement between the measured data and the
blochnium model.
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remedy this discrepancy yet is unnecessary for fitting the lower-lying states
situated within the first BB.

Considering the lowest BB only, the energy scale parameters extracted
from the blochnium fit are EL = 0.062 GHz and ε0,ℓ = {2.05,−2.66,0.54,
−0.19,0.08,−0.04,0.02} GHz. This corresponds to a BB formed by a
small junction with energy scales EJ = 3.5 GHz and EC = 7.4 GHz. The
blochnium energy scale parameters are close to the fluxonium fit param-
eters especially for EL and EC while EJ decreased by almost 25 %. The
modification of EJ could be due to renormalization effects from the ϕA

zpf
of the shunting array junctions [75, 106, 139]. The Fourier coefficients,
ε0,ℓ, should not be interpreted as the phase-slip rates as is the case for sin-
gle and double phase-slips which occur in the fluxoniums with the second
energy scale combination. The delocalized nature of the lower eigenstates
“smears” out the sharp jump of flux in the loop at all flux points. There is
no connotation of plasmon or fluxon transitions; instead, these two types
of transitions become completely hybridized in the fluxonium view forming
what is called “metaplasmons” in the quasicharge description. [93, 199].

The blochnium fit eigenvalues are directly compared with the fluxonium
fit eigenvalues in figure 8.13 (A). When the eigenstates are situated inside
the first BB completely the two eigenenergies are basically equivalent. De-
viations between the two models start becoming noticeable around the emer-
gence of the second BB. Therefore supporting the first three eigenstates
which are situated within the first BB can be described as quasicharge oscil-
lations. The wavefunctions in figure 8.13 (B) and (C) compare both models’
wavefunctions in the two conjugate basis. The wavefunctions amplitudes
agree in the phase (discrete flux) picture while the fluxonium charge wave-
functions (Q) hardly exist outside ±e which coincides with the first period
of the quasicharge wavefunctions within the Bloch band.

The transitions situated within the Bloch band potential can be thought of
as quasicharge oscillations due to the localization of the expectation of the
quasicharge accumulating on the junction capacitance to be within the ±e
interval. The transition from the ground to the first excited state corresponds
to the junction’s capacitance accumulating quasicharge from initially q = 0
to a superposition of q = ±q1 where q1 < e. The quasicharge value on
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Figure 8.13: (A) The normalized eigenenergies of the fluxonium fit (dashed-line) and the
blochnium fit (dotted-line) superimposed with the first BB (black line) and the second BB
(grey line). (B) The fluxonium and blochnium wavefunctions in the continuous and dis-
crete phase representations. (C) The wavefunctions in the charge and quasicharge repre-
sentations. The color lines in (B,C) correspond to blochnium wavefunctions.
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Figure 8.14: (A) The persistent current through the junction in the ground state. (B) A
comparison of the 0-1 transition frequency with the blochnium model and with the qua-
sicharge oscillator model which uses EB

C .

the junctions capacitor oscillates back and forth charging and discharging
through the large valued inductance connecting the two junction leads. In
fact, the ground state has a vanishing persistent current value through the
small JJ calculated by I = I0⟨0|sin(ϕ−ϕext)|0⟩ and is found to be oscil-
lating between ±7 pA; a current value three orders of magnitude less than
the critical current value I0 = 9.5 nA. Removing the tunneling component
entirely and setting EJ = 0 the transition from the ground to the first excited
state along with the ϕ matrix element are reproduced within a few percent
accuracy [141]. To get an idea of what happens when the Josephson element
is removed entirely, the simulation of the fluxonium for when EJ = 4.7 GHz
is compared to when EJ = 0 in and is shown in figure 8.15. Furthermore,
due to the lack of external parasitic capacitance seen by the small JJ, the
capacitance in our results is almost entirely attributed to the innate junc-
tion oxide meaning the Bloch capacitance (equation 8.12) and the regular
Coulomb capacitance is approximately equal, CB ≈ CJ ≈ CΣ. The charg-
ing energy associated with the Bloch capacitor can be found by using the
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Fourier series representation:

EB
C =

1
8

d2EB

d(q/2e)2

∣∣∣∣
q=0

=−π2

2 ∑
ℓ=1

ℓ2
ε0,ℓ . (8.13)

Using this approximation along with setting EJ = 0 forms the “quasicharge

oscillator” whose transition frequency is defined as: fq =
√

8ELEB
C ; where

the Bloch capacitance is linearized for the low-frequency transitions. The
linearized Bloch capacitance is analogous to the linearized Josephson induc-
tance; where the linearized Bloch capacitance becomes a better description
for higher values of inductance as seen in figure 8.14 (B).

Figure 8.15: (A) State energy comparison between the fluxonium (solid), HO (grey-
dashed), and the quasicharge oscillator (black-dashed). (B) Comparison of the ϕ matrix
element for fluxonium and the HO.

This description is not suitable for the higher energy eigenstates which
approach and exceed the BB potential maximum. These states begin re-
covering external flux tuneability; in our device, this is already seen for the
second eigenstate where the flux dispersion is roughly half a GHz. This in
turn eliminates any issues related to the anharmonicity of the eigenstates.
Now returning back to the fluxonium picture, the higher states are observed
to become localized in Josephson wells situated at |ϕ/2π|> 2. These states
are considered as persistent-current states that depend on the external flux
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and are hence flux tunable. Due to their external flux sensitivity, the higher
level states could in fact be used for flux tunable interactions with external
systems where the transition energy of the higher states can be tuned within
the vicinity of the external system to enhance interactions while the lowest
energy transitions remain more or less flux insensitive.

Figure 8.16: The wavefunctions within the first parabolically deformed BB are categorized
as either quasicharge oscillations or persistent current states. The first three eigenstates are
quasicharge oscillations while state 4,5 are persistent current like at IFQ and states 5,6 are
persistent current like at HFQ.

The persistent current states commonly overlap with the first and second
BBs causing interband coupling. To illustrate this the BBs are deformed
by the inductive energy term and superimposed with the fluxonium wave-
function picture in figure 8.16. The wavefunctions which overlap with both
the s=0 and s=1 parabolically deformed bands clearly can not be accurately
described with the single BB model. The fifth eigenstate (light blue wf) and
all higher eigenstates overlap with the two bands at all external flux bias
points.

242



8.7 Blochnium as a protected qubit

Due to the significantly reduced 01 transition flux dispersion, blochnium
becomes protected against 1/f flux noise dephasing at all external flux bias
points, where the dephasing rate is proportional to [70]:

Γφ ∝

∣∣∣∣ ∂ω01

∂Φext

∣∣∣∣2S1/ f (ω → 0) . (8.14)

Another way to view the insensitivity of blochnium’s 01 transition is as the

Figure 8.17: The simulated Tφ for the blochnium sample with the noise spectral density
2 µΦ0. The simulation demonstrates the flux insensitivity is sufficient enough to elevate
the expected Tφ > 300 µs at all external flux values.

difference of the ϕ expectation value for each state involved in the transition
[76]:

M 2 = |⟨1|ϕ̂|1⟩−⟨0|ϕ̂|0⟩|2 . (8.15)

This value will tend to zero at both sweet spots, however, between M 2 is
significantly reduced compared to conventional flux qubits due to the wave-
function overlap. In other words, the states are delocalized into multiple
Josephson wells such that a small change in the external flux field hardly
affects the number of flux quanta in the loop and therefore has little effect
on the transition frequency.
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The dephasing rate (Γφ ) is found to be exponentially suppressed scal-
ing as: exp{−4

√
|ε0,0|/EL/π} [93] which becomes exp{−4

√
EC/EL/π}

[76] when the small JJ has EJ/EC ≤ 1. Intuitively, the flux dispersion
∆01 = f01(ϕext = 0)− f01(ϕext = 0.5) also follows the same scaling behavior
dependent on the ratio of EL/EC as seen in figure 8.18 (A).

Figure 8.18: (A) The flux dispersion (∆i j) for the transitions involving the first three
eigenstates as a function of

√
EL/EC. (B) Anharmonicity (α) as a function of

√
EL/EC.

Interestingly, the qubit’s anharmonicity scales slower than the 01 flux
dispersion scaling. The anharmonicity defined as α = f21(ϕext)− f01(ϕext)
[92], is key to have fast gate times which is often lacking from other Tφ

protected qubits. The importance of anharmonicity is shown by the prob-
ability of state leakage into the f state when driving e-g is approximately
given by: pl ≈ h̄ΩR

α
. For the blochnium sample under extensive discussion,

the anharmonicity at HFQ is around 0.4 GHz.
The device reported on extensively had an average T̄1 = 9.65 µs and

T̄ E
2 = 12.79 µs. These values were consistent at all external flux bias points.

Energy relaxation appears to be the limiting factor that is primarily limited
by the consistently large value of the ϕ matrix element coupling to various
noise sources where energy relaxation is: 1/T1 ∝ |⟨0|ϕ̂|1⟩|2S(ω =ω01). The
large overlap of the delocalized blochnium wavefunctions illustrates why 1/f
protection against flux is gained yet this protection against flux noise comes
at the price of a large ϕ matrix element. This is the first conception of a
blochnium qubit and will only be further improved from here by optimiz-
ing the circuit and the environment which will of course take time. The
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Figure 8.19: Average interleaved T1 and T E
2 data.

energy relaxation times are more or less comparable to the first conceptions
of transmon whose T1 has risen by two orders of magnitude in about two
decades. Furthermore, the scalability of blochnium will also take time to
develop; this first version is a proof of concept not state of the art, ingenuity
will push the design to conform with the necessary constraints presented to
the application.

8.8 All quasicharge sample summary

Many blochnium samples were measured to study the consistency of the
etching process while also probing time domain characteristics. The sam-
ples extensively studied are listed in the table below.

EJ EC EL δ f01 f HFQ
01 |⟨0|ϕ̂|1⟩|2 |⟨0|n̂|1⟩|2 T̄1 (µs) T̄2

E (µs)
A 7.29 5.63 0.163 1.6 1.58 9.45 0.012 5.46 8.17
B 6.43 5.59 0.173 1.33 1.29 9.30 0.014 – –
C 5.30 5.19 0.106 0.70 1.53 10.31 0.014 14.48 14.96
D** 4.52 9.44 0.129 0.21 2.88 12.54 0.018 6.32 11.21
E 4.11 8.01 0.066 0.06 1.99 15.23 0.015 4.27 1.12
F* 4.95 7.29 0.072 0.18 1.63 13.93 0.015 4.10 1.03
G 3.12 8.34 0.080 0.055 2.21 14.54 0.016 2.51 4.09
H 4.69 7.07 0.067 0.10 1.80 14.46 0.014 9.65 12.79

* indicates unetched device, ** indicates device measured in “high-coherence” set up.

In summary, the table shows a noticeably large |⟨0|ϕ̂|1⟩|2 matrix ele-
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Figure 8.20: Experimental two-tone spectroscopy superimposed with the fit of the 0-1 qubit
transitions. The flux dispersion ranges between 50 MHz < δ f01 < 150 MHz.

ment which is greater than 10 in most samples; while the flux dispersion
δ f01 < 250 MHz in the samples with EC > 7 GHz. Both properties indi-
cate delocalization of Ψ(ϕ) for groundstate wavefunctions. The average
T1,T2 is below 10 µs. However, with a very large |⟨0|ϕ|1⟩|2 and a relatively
large transition frequency at HFQ ( f01 > 1.5 GHz) this value for energy
relaxation is somewhat predictable. In fact, probing the exact mechanism
causing losses in blochnium has proved a challenge because of the flatness
of the matrix elements and of the transition frequencies rendering the same
loss values at all external flux bias points. This behavior is different than
figuring out the fluxonium losses, say with the second energy scale com-
bination, where the matrix elements and transition frequencies scale more
dramatically with external flux. When debugging the sources of loss the
flux sensitivity certainly makes the investigation simpler.

The samples whose EJ ≈ 4.5 GHz are shown to follow the simulated flux
dispersion of 0-1, 0-2, and 1-2 for various values of EL/EC. Sample G had
the lowest flux dispersion of ∼ 50 MHz and the lowest ratio of EL/EC ∼
0.08. Large EC is necessary for low flux dispersion yet creates a larger than
optimal 0-1 frequency.

The samples with T2 < T1 were most likely limited by phase slips in the
array junctions which was later addressed by nearly doubling the area of the
array junctions. Other than that, the focus of these measurements was to
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Figure 8.21: The samples whose EJ ≈ 4.5 GHz are shown to follow the simulated flux
dispersion as a function of EL/EC. The star point is the only unetched sample whose
energy scale values were obtained through a coupled fluxonium-chain mode fit.The rest of
the energy scale parameters were obtained with the standard fluxonium fit.

study the energy relaxation properties first since a large T2 should naturally
follow.

The best time domain data was measured for device C whose EC and
frequency were the lowest of the bunch while the flux dispersion is sec-
ond largest at around 1.3 GHz. At HFQ, T1 and T2 were around 50 µs on
average. Due to the larger than several hundred MHz flux dispersion the
matrix element had some tunability. Although not as flux insensitive as we
would like, this sample was an etched version of “blochnium” with a max
T1 > 80 µs which is a promising lead for future experiments.

Probably one of the most promising blochnium results is from sample D,
whose EC ∼ 9.45 GHz, the largest value out of the bunch, yet with an EL ∼
0.13 GHz which can easily be further pushed to lower values. Nevertheless,
the promising result is referring to the average T̄1 ≈ 6µs while T̄2 ≈ 2T̄1.
The actual value of energy relaxation is not state of the art in the field but
noteworthy due to the large value of |⟨0|ϕ|1⟩|2×T1 compared to the typical
expected values as shown in figure 8.24.

To fairly compare samples T1 values across different energy scale combi-
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Figure 8.22: Time domain statistics for device C for two separate cooldowns.

Figure 8.23: Device D time domain statistics while biased at IFQ.
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nations the quanitity of |⟨0|ϕ|1⟩|2×T1 is used and is essentially the inverse
of the frequency-dependent spectral density. The blochnium samples in the
table are compared with the results from fluxonias in chapter 7 as well as
other results from our lab reported in [135]. The blochnium data points are
not flux dependent like the results from fluxonia in chapter 7 however the
devices follow the same trend and are even sometimes higher in value.

Figure 8.24: A comparison of T1× |⟨0|ϕ|1⟩|2 with other fluxonia from [135] as well as
chapter 7.

The data comparison to fluxonias across flux to the data in blochnium is
fair due to the established mechanism remaining consistently as dielectric
loss for the frequency-dependent samples. The dielectric Q-factor for these
values of T1 for blochnium give 40,000 < Qcap < 140,000 which is on par
with the other etched fluxonia. The only major difference is the detached
nature of the circuit for blochnium. A participation ratio for the various
lossy interfaces should be considered in the future. With this correlation es-
tablished one can determine the operating frequency necessary to produce
a blochnium sample with large |⟨0|ϕ̂|1⟩|2 matrix element necessary to pro-
duce a sample with T1 > 100 and operating frequency at f01 ≈ 0.5 GHz is
required.
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8.9 Outlook

Blochnium is enabled by a new circuit element to sometimes referred
to as “hyperinductance” [141] which was created in our demonstration of
blochnium whose lossless linear inductance L ≈ 2.5 µH that operates be-
yond the frequency ω/2π ≈ 11 GHz, such that Z ∼ ωL > 180 kΩ. This
impedance value is a factor of 30 greater than the resistance quantum for
Cooper pairs and is likely the highest characteristic impedance an electro-
magnetic structure has attained so far. Among other applications, hyperin-
ductance has long been sought after for realizing fault-tolerant logical op-
erations on superconducting qubits [8, 19, 46] and for implementing the
quantum current standard via Bloch oscillations [40].

In reference [144] further exploration of ultra-high impedance supercon-
ducting qubits using geometrical superinductances was reported. A fluxo-
nium qubit with reduced external flux sensitivity ( f01∼ 1 GHz) was reported
with Z >> RQ. This sample’s reduced flux sensitivity appears due to the ex-
tremely small value of EJ (1.99 GHz) where the wavefunctions are primarily
localized within the ϕ2 potential and are not spread into multiple Josephson
wells simultaneously. This energy scale combination offers another route
for creating flux-insensitive transitions and may offer an easier route.

Another direction demonstrated in reference [168] to reduce the flux sen-
sitivity of f01 of a flux qubit is to create a protected form using a new
element (called the KITE) which reduces the Josephson cosine potential
periodicity. This essentially enhances the delocalization of the resulting
wavefunction into double the amount of Josephson wells which is shown
to significantly reduce the external flux dispersion to values < 200 MHz.
This clever trick reproduces the blochnium spectrum by utilizing the KITE
circuit element biased at a particular flux. To describe this circuit with qua-
sicharge, the conjugate Bloch band potential would then get double as wide.
This means the wavefunctions in the quasicharge space would become lo-
calized to the scale of pairs of Cooper-pairs or 4e.
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9
Bloch Oscillations

“Creativity is a wild mind & a disciplined eye.” — Dorothy
Parker

The response of a single Josephson junction which emerges from the
extension of phase fluctuations beyond the 2π-interval [6, 20, 157, 160] has
profound effects when applying a DC current, an oscillating voltage appears
which is proportional to the amount of applied current. Evidence for such
an effect was found in an out-of-equilibrium dc-transport through junctions
connected to high-impedance leads [32, 35, 99, 143, 186], although a full
consensus is absent to date [25, 52, 131].

This chapter discusses the preliminary results of experiments on applica-
tions of a Bloch capacitance embedded in an ultra-high impedance JJ trans-
mission line which has a DC current bias applied. This measurement has
the capability to contribute to the field of quantum metrology [142].

9.1 Fundamentals

The elusive Bloch oscillations occur at a frequency fB = ⟨I⟩/2e which
are expected in response to a DC-current I = q̇ driven through a Joseph-
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Figure 9.1: The metrology triangle of electrical standards offers a way to connect voltage,
current, and frequency by only fundamental constants of nature.

son junction behaving as a Bloch capacitance by an infinite-impedance cur-
rent source [6]. By contrast, Josephson oscillations occur at a frequency
fJ = 2e⟨V ⟩/h̄ and are induced as a response to a DC-voltage V = (h̄/2e)ϕ̇
across the junction applied by a zero-impedance voltage source. Joseph-
son oscillations occur when the phase difference is a well-defined semi-
classical variable while Bloch oscillations occur when the quasicharge is a
well-defined semi-classical variable. The duality can be observed by simply
interchanging the variables [128]:

EJ(ϕ)←→ EB(q)
2e
h̄

dϕ

dt
←→ 2π

2e
dq
dt

. (9.1)

The cosinusodial Josephson potential, periodic in the phase difference, ϕ ,
is replaced by the Bloch band potential, periodic in the quasicharge, q, and
represented by the Fourier sum:

EB(q) =
∞

∑
ℓ=0

ε0,l cos(2πℓq/2e) (9.2)
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Figure 9.2: The Bloch band potential for EJ/EC = 0.5. The first band height is given by
EC when EC ≫ EJ while the gap between the two first bands at q=e is given by EJ . A
fictitious particle moves along the potential with a “velocity” given by the voltage which
will oscillate in time.

where each ℓ is the integer harmonic term contributing to the series. The ve-
locity of the fictitious particle is analogous to the voltage V (q) = dEB(q)/dq
and the external force applied to the particle is the applied current such that
dq/dt = I(t). Integrating this equation, while assuming the external bias
current is constant gives q(t) = tIbias +q0 which is then substituted into the
expression for voltage:

V (q) =−π

e

∞

∑
ℓ=0

ℓε0,ℓ sin(2πℓq/2e) =−π

e

∞

∑
ℓ=0

ℓε0,ℓ sin
{

2πℓ

2e
× Ibiast

}
.

(9.3)
This equation shows the junction’s voltage will oscillate at a frequency pro-
portional to the average constant biasing current, fB = ⟨Ibias⟩/2e. This strik-
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ing result is the fundamental idea behind Bloch oscillations in the absence
of dissipation.

Figure 9.3: The circuit diagram for measuring Bloch oscillations shiunted by a resistance.

When considering dissipation due to the normal resistance of the current
biased Josephson junction, RN must be taken into account for the energy
loss due to the presence of quasiparticle tunneling. As long as RN ≥RQ such
that fluctuations due to the normal current are not too high, the quasicharge
dynamics can be described according to the Langevin equation [6, 82, 109]:

dq
dt

= Ibias−
V
RN

. (9.4)

For the case EC ≫ EJ, the Bloch band height is given by EC such that the
voltage is given by V (q) = q/CJ; where the charging time constant for the
capacitance is introduced as τ = RNCJ. Explicitly integrating the Langevin
expression a time-dependent expression for quasicharge is found [82]:

q(t) = τ

{
Ibias− e−t/τ

(
Ibias−

q(0)
τ

)}
. (9.5)

Letting q(0) = −e then the time to accumulate q(tB) = +e on the capaci-
tance is defined as:

tB = τ ln
{

Ibias + e/τ

Ibias− e/τ

}
. (9.6)

This time is required for the capacitance to charge from -e to +e which
amounts to traversing a single Bloch band period. Finally, the time-averaged
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voltage takes the form:

V =
1

tBCJ

� tB

0
q(t)dt = RN

{
Ibias−H(Ibias− It)×

2e
tB

}
(9.7)

where H is the Heaviside step function which is zero if Ibias < It or one if
Ibias > It . Further defining It as the “threshold” current given by It = e/τ .
When the bias current is below the threshold value current will only flow
through the resistive part such that V = IbiasRN . Playing on the analogy, if
the force (current) supplied is less than required by the particle to submit
the potential well then it becomes stuck within a single Bloch band where
current will only flow through the normal resistor. However, when the bias
current is above the threshold value then the capacitance can fully charge
and discharge to q = ±e such that the voltage is now periodic with respect
to 2e:

V = RN

{
Ibias−

2e
tB

}
= RN

{
Ibias−

1
RN

dEB(q)
dq

}
. (9.8)

Figure 9.4: The simulated IV and dV/dI characteristics for different values of normal resis-
tance. Larger resistance increases the Coulomb blockade region.

A region of “negative” resistance appears in the I-V characteristics once
surpassing the threshold current. This feature indicates the system is ab-
sorbing power to charge and discharge the Bloch capacitance at a growing
rate proportional to the bias current. The dV/dI curve shows once surpass-
ing the threshold voltage the differential resistance is negative indicating a
power radiating-like behavior. The value of tB can be re-expressed in terms
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of the threshold current which is a more experimental variable:

2e/tB = 2It

[
ln
{

Ibias + It
Ibias− It

}]−1

. (9.9)

Combining this equation as well as solving equation 9.7 for 1/tB demon-
strates the Bloch oscillation frequency in the presence of an Ohmic shunt is
the frequency of voltage oscillations occurring at:

fB =
1
2e

{
Ibias−

V
RN

}
=

1
e

It

[
ln
{

Ibias + It
Ibias− It

}]−1

. (9.10)

Figure 9.5: The frequency which Bloch oscillations will take place as a function of normal
resistance RN . Increasing RN increases the Coulomb blockade width which effectively
increases the lowest frequency at which the Bloch capacitance can oscillate. The frequency
just after the threshold current is exceeded is extremely sensitive to the bias current, this
effect may produce a wider decay of the Coulomb blockade region.

This equation illustrates the threshold current (It = e/τ) sets the lowest
frequency at which the system can undergo Bloch oscillations while also
demonstrating near the threshold current that the frequency of oscillation is
extremely sensitive to current fluctuations.

An external microwave source can be utilized to further probe Bloch os-
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Figure 9.6: The simulated IV and dV/dI characteristics when the junction has a harmonic
current added. In this simulation f = 200 MHz. The amplitude of the current is increased
which shows the increase signal strength for larger IA.

cillation dynamics. Irradiating the system at frequency ω which will induce
a current of amplitude IA. This signal will in turn have an effect on the volt-
age, modifying the static bias current to a time-varying one. The Langevin
equation becomes modified:

dq
dt

= Ibias + IA cos(ωt)− q
τ
. (9.11)

Which can be integrated as before to find the time dependence of the qua-
sicharge. Furthermore the averaged voltage becomes [82]:

V =
1

tBCJ

� tB

0
q(t)dt = RN

{
Ibias−H(Ibias− It)×

(
2e
tB
− IA

sin(ωtB)
ωtB

)}
(9.12)

The addition of the external microwave source modifies the current-voltage
characteristics with the emergence of a positive differential resistance peak
when 2e/tB < Ibias + IA

sin(ωtB)
ωtB

.
Once the bias current exceeds a certain value called the “Zener Current”

the fictitious particle now has enough force to be kicked into the higher
Bloch band. The probability to pass from the lowest BB to the next should
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be minimized and is given by [188]:

PZ = exp
{
−π

4
E2

gap

EC fapp

}
= exp

{
−IZ

Ibias

}
. (9.13)

where IZ is the Zener tunneling current which is the current necessary to
push the particle out of the first BB. The Zener tunneling current is further
estimated as IZ = πI0

4

√
2RQ/RN [73]. When incorporated into the Langevin

equation a separate resistance RZ should be used. This has the effect of

Figure 9.7: The simulated IV and dV/dI characteristics when incorporating different values
for the Zener current. The effect is to make the resistance positive.

bending the IV characteristics to positive slope values when Ibias approaches
IZ. The separation of the two lowest bands when q = e and EC≫ EJ is EJ
which in itself is low valued due to the necessary charging effect regime.
Therefore, the external bias current must be changed adiabatically to avoid
this detrimental effect. Furthermore, Zener transitions could be induced
due to thermal effects which are not considered in this basic introduction
analysis.

9.2 Preliminary experiment

The strategy in this work is to current bias a small JJ, with a tunable EJ,
shunted by an ultra-high impedance environment in the form of an etched
JJ transmission line. The transmission line modifies the impedance seen
by the small junction which now no longer has just an Ohmic shunt but
a frequency-dependent impedance. The current-voltage characteristics of
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small junctions in the presence of environmental modes has been exten-
sively considered in past investigations by: [39, 84]. Conclusively, the
electromagnetic environmental modes modify the junction’s I-V charac-
teristics where current peaks are shown as the result of the environmental
impedance’s resonant modes.

In the simplest consideration, the total impedance seen by the tunneling
electrons through the junction becomes Zt(ω) = 1

iωCJ+Z−1(ω)
; where Z(ω) is

the frequency-dependent impedance of the JJ transmission line. The effect
of the environmental modes will be to cause a perturbation to the supercon-
ducting current/voltage [79, 83]. Therefore when exciting the environmen-
tal modes, these should in turn “phase-lock” [109] to the current-voltage
dynamics associated with the Bloch oscillations of the small junction which
was utilized in the experimental results [100].

9.2.1 Superconducting Quantum Interference Device

A squid is a Superconducting Quantum Interference Device where a loop
consists of two JJ in parallel. The advantage of using squids is the ability

Figure 9.8: (A) An illustration showing the geometry of the squid used in our experiments.
(B) The circuit representation of a squid. (C) The Josephson energy as a function of flux
threading through the squid loop is modulated with a minimum value occurring at HFQ.
(D) The energy of the first two BBs when q = 0.

to tune the Josephson energy with an external flux bias. Where an effective
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Josephson energy (E∗J (Φext)) is defined as:

E∗J (Φext) = EJΣ

√
cos2 (πφext)+ γ sin2 (πφext) (9.14)

where EJΣ
= EJ1 +EJ2 and γ =

EJ1/EJ2−1
EJ1/EJ2+1 is the sum of the two JJ energies

and γ is the asymmetry of the two junctions in parallel; usually about 5%.
The capacitive energy is the addition of two small junction capacitances in
parallel. Squids are used in our experiment due to the tunability of the BB
gap and height by adjusting the external flux bias.

9.2.2 Device and preliminary results

The experimental device is a JJ transmission line that is selectively etched
using SF6 and shorted at one end with a squid loop of small JJs in parallel.
We have the capability to probe both DC and RF and use the same hybrid
setup described in chapter 4.

The transmission line is first characterized and the extracted dispersion
of the chain modes is fit. The parameters of the transmission line found
are: Z∞ = 33kΩ with LA

J = 3.55 nH and Cg = 7.04 aF. The total shunting
inductance is calculated to be 35.5 µH in total. This transmission line has
the highest characteristic impedance reported in this thesis with a plasma
frequency of 20.56 GHz.

The next measurement was to perform dV/dI as a function of external
flux shown in figure 9.10 (A). There is a clear trend that the dV/dI curve
“opens” up when the external flux is biased at IFQ where effective E∗J is at
a maximum meaning the largest EJ/EC and therefore the flattest BB. The
closer the device is biased to HFQ the smaller the dV/dI gap gets until a
resistive peak around zero bias current appears. The resistive peak is the
largest at HFQ where effective E∗J is at a minimum due to the smallest
EJ/EC. The peak around zero current bias is considered as the Coulomb
blockade [30] where charging effects dominate the tunneling of charge car-
riers. The differential resistance measured at zero-bias current is the value
of RN which we use where the extracted values are shown in figure 9.10 (B).

The IV characteristics were measured at different flux points where the
traces exhibit a “Bloch nose” or the region where there is negative resis-
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Figure 9.9: (A,B) The device is a small squid loop embedded in an ultra-high impedance JJ
transmission line. (C,D) The dispersion and density of states for the standing wave modes
of the transmission line. These measurements were used to characterize the transmission
line.
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tance. The critical voltage decreased the further away from HFQ indicating
the BB amplitude was also shrinking. Interestingly the region exhibiting
negative differential resistance appears to grow when sweeping flux away
from HFQ. This is most likely due to the probability of Zener transitions
shrinking meaning the lowest two BBs have a larger gap between them at
q = ±e. This particular device had negative differential resistance for only
very small values of bias current 2 pA < Ibias < 10 pA. It’s important to note
no RF source was irradiating the sample during these measurements.

Figure 9.10: (A) The differential resistance as a function of the external flux. This is a
rough sweep to find the dependence on external flux. (B) The extracted RN at zero-current
bias for the curves displayed in (C). The IV characteristics of the device biased at different
flux points. The traces exhibit a “Bloch nose” which exhibits negative resistance.
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A measured dV/dI curve at IFQ, where EJ/EC is the largest, is shown in
figure 9.11. At this flux bias point, the small junction still has a Coulomb
blockade feature appearing as a peak centered at zero bias current. The
value of resistance is reduced by almost two orders of magnitude compared
to the data around HFQ and has the value RN ∼ 10kΩ. By analyzing the
features of the measurement a threshold current It = 24.5 pA is estimated.
When the bias current exceeds It the resistance drops to non-negative values
and is then followed by two small peaks at Ibias = 49,70 pA. Following these
peaks, the resistance increases slightly most likely due to Zener tunneling
before stabilizing at around 2 kΩ. The peaks are an intriguing feature since
one would first conclude these are signatures of Bloch oscillations yet the
system is not irradiated by any microwave source. However, the shunting
chain has standing modes that can phase lock to the Bloch oscillations yet no
negative differential resistance is conclusively observed. This feature could
be the modifications of the IV characteristics due to the external modes of
the transmission line environment. This is an ongoing experiment presently,
however, we hope these results are a positive indication that phase-locking
the Bloch oscillations in the small JJ to the standing modes of the JJ trans-
mission line is possible.

Currently, Bloch oscillations in an array of JJs were measured by [35]
in a voltage-biased measurement which included phase locking a resonator
driven at high power to the oscillations of the array junction. This is a
promising result that offers evidence for such a phenomenon yet measured
in another configuration. Finally, full on quantized current steps were mea-
sured by [164] using a constricted NbN thin film as a phase-slip element
which was shunted by on-chip inductors and resistors. The on-chip cir-
cuitry appears to be the way to go where the current bias and voltage sense
had their own on-chip resistors each of value R ∼ 23.5 kΩ which lead to
inductances of L∼ 4.4 µH and ultimately to the phase-slip center. This de-
sign allowed for Bloch oscillations occurring between∼ 15−31 GHz. This
state-of-the-art experiment could possibly be replicated using JJ yet with
Bloch frequencies less than the plasma frequency. Nevertheless, this is an
interesting experiment still ripening in the field of superconducting circuits
yet theorized about in the 1980s.
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Figure 9.11: (A) A differential resistance (dV/dI) measurement taken at IFQ and averaged
over several traces. No external RF source was irradiating our sample during these traces.
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10
Conclusions

“There is nothing like a dream to create the future.”
— Victor Hugo

Ultra-high impedance SCQC are completely realizable using standard
industry fabrication techniques and is demonstrated to show promise for ex-
ploring new parameter regimes in superconducting circuits. The dry etching
techniques presented in this thesis is more proof-of-concept rather than a
state-of-the-art demonstration and can be refined further, undoubtedly.

Using these etching techniques we have established the ability to produce
ultra-high impedance JJ transmission lines with wave impedance greater
than Z∞ > 32 kΩ while still maintaining high-quality factors. Next, we
explored high-inductance fluxona; where the parasitic chain mode, aris-
ing from the stray capacitance of the elongated chain, was shown to ultra-
strongly couple to the qubit causing effective circuit parameters when just
fitting to the fluxonium-only Hamiltonian. A generic model was introduced
which reproduced experimental results from 100 MHz to 16 GHz that in-
corporated four parasitic modes. The fluxonium qubit was then used to
demonstrate the energy relaxation, T1, usually limited by lossy capacitance,
is not negatively affected by either etching procedure. Simultaneously, we
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explored a new energy scale combination that produced T1 > 400µs at all
flux values. These results demonstrate the richness and possibilities the
fluxonium energy scale combination parameter map has to offer.

Pushing the fluxonium into the ultra-high impedance regime by com-
pletely releasing the chain from the substrate, the blochnium emerged with
inductance Ltot > 2µH and no apparent chain mode below 11 GHz. This
is a newly realized qubit, first of the quasicharge kind, whose low-energy
transitions are describable with a Hamiltonian in the quasicharge basis. The
blochnium offers a 0-1 transition which is nearly flux insensitive thus creat-
ing a qubit protected from 1/f flux noise.

Finally, the preliminary results of our experiment on probing Bloch os-
cillations which combines the ultra-high impedance JJ transmission lines
with a Bloch capacitance was introduced. The preliminary measurements
foster future hopes of systematically demonstrating Bloch oscillations of a
single JJ embedded in high-Z circuitry.

10.1 Future perspectives

Improving the blochnium’s T1 in order to access the T2 protection the
circuit has to offer will most likely come in the form of lowering the 0-
1 transition frequency. The blochnium’s main attraction is a low-frequency
dispersion with the external flux bias control which comes at a cost of having
large EC – meaning a high transition frequency. There exists an energy
combination that combines low flux dispersion and low operating frequency,
this parameter regime comes in the form of lowering EJ < 2 GHz such that
EC can be lowered as well while maintaining an EJ/EC < 1. Lowering EJ
to this value may take a new fabrication technique that makes the junction
barrier more opaque than normal rather than reducing the size of the small
JJ to an area below approximately 50 nm by 50 nm. Furthermore, reducing
EC allows for the ability to design a low-loss antenna which could increase
the effective Qcap of the circuit. With these improvements, a f01 <1 GHz is
conceivable with T1 > 100µs at all flux points while the higher transitions
still retain flux sensitivity allowing for multi-qubit architecture which has
flux tuneable interactions despite f01 is more or less flux insensitive. This
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Figure 10.1: The 0-1 transition frequencies and expected T1 due to dielectric loss of
blochnium for lower than normal EJ with EC = 2 GHz. The Qcap in this simulation is
400,000.

would open the door for exploring blochnium as a viable option for multi-
qubit processing.

A proposal for a two-qubit blochnium gate is a c-phase gate that uses
fast-flux pulses on just one qubit to modify interactions between the two
qubits. The design of this gate is similar to the Strauch-gate [174] and would
be implemented similarly to the work done in [42]. Essentially the compu-
tational state of |00⟩ → |11⟩ anticrosses with the non-computational state
|00⟩ → |02⟩ which when tuned to the region of anticrossing will cause the
qubits to accumulate phase amounting to the time parked at the interacting
point. This gate has the advantage that, when blochnium acquires the larger
T1, will have a T2 which is not severely limited by 1/f flux noise.

Furthermore, the fluxonium in the second energy scale combination should
be explored in further depth at IFQ. The double-phase slip feature makes T1
very large at higher than normal frequency (for a fluxonium) which means
faster control pulses. The energy landscape at this flux bias point would
also make studying a qutrit at IFQ a very interesting experiment where the
12 transition is a mere several ten of MHz. Another asset worth exploring
is using the parasitic chain modes as a way to read out the qubit.

Finally, the blochnium should be made such that it is completely sus-
pended in vacuum with no substrate around it. This is the absolute bottom
limit for reducing the parasitic capacitance and is completely doable with a
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Figure 10.2: The spectrum of two coupled blochnium qubits where only one has external
flux tuneability.
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proper fabrication facility.
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Appendix A: Reactive evaporation of Titanium Nitride

In this work, we discuss the process of growing highly disorder TiN thin
flims by reactive e-beam deposition. These thin films exhibit high kinetic
inductance which is demonstrated to be tunable based on the partial pres-
sure of N2 gas during deposition and on the films thickness. Furthermore,
the film’s RF properties are investigated by lumped-element and distributed
resonators.
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ABSTRACT

We report a novel method of growing strongly disordered superconducting titanium nitride (TiN) thin films by reactive electron-beam
deposition. The normal state sheet resistance and superconducting critical temperature (Tc) can be tuned by controlling the deposition
pressure in the range of 1:1� 10�6–3:1� 10�5 mbar. For 10 nm thick films, the sheet resistance (RA) reaches 1361Ω=A and
Tc ¼ 0:77K, which translates into an estimate for the sheet inductance as large as LA ¼ 2:4 nH=A. Benefiting from the directionality
of reactive evaporation, we fabricated RF test devices with micrometer-sized dimensions using a resist mask and a lift-off process,
which would be difficult with sputtering or atomic layer deposition methods. The spectroscopic measurements result in consistent
sheet inductance values in two different device geometries, and the quality factors ranged from Q = 300 to 2200. The loss is possibly
due to the presence of titanium oxynitride (TiNxOy) in the morphological composition of our films. The flexibility of the lift-off
process suggests applications of reactively evaporated TiN for making supporting structures around quantum circuits, such as readout
resonators or compact on-chip filters.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0048819

I. INTRODUCTION

High kinetic inductance of disordered superconducting films
is a useful asset for device applications, including detectors, ampli-
fiers, resonators, and qubits.1–7 Due to self-capacitance, the charac-
teristic impedance of typical geometric inductance is limited at the
order of vacuum impedance, Zvac ¼ 377Ω. The high geometric
inductance can typically have a low unwanted self-resonance mode
frequency to couple to the functioning circuit parts. Therefore, the
high kinetic inductance is required for the application of high-
impedance circuit applications. The high kinetic inductance by
highly disordered superconducting films usually are compound
materials, such as titanium nitride (TiN), niobium nitride (NbN),
or niobium titanium nitride (NbTiN). The two standard processes
for creating highly disordered superconducting thin films are sput-
tering8,9 and atomic layer deposition (ALD).10,11 However, these
methods are generally incompatible with depositing through a
resist mask, which would be useful for fabricating devices, espe-
cially in a situation where the wafer already contains structures
from the previous fabrication step. Here, we explore a novel

approach that utilizes reactive electron-beam (e-beam) evaporation
to fabricate TiN thin films. Such a process generates a directional
TiN flux for deposition, while the substrate is maintained at room
temperature. This allows for the patterning of a device with stand-
ard e-beam lithography resist masks without additional postdeposi-
tion fabrication and processing. Our growth technique produces
highly disordered films whose superconducting critical temperature
Tc is in the range from 0.77 to 3.17 K, which is lower than the
Tc ¼ 5:4K of a single crystal TiN film.12 The resistivity is in the
range of 520–6000 μΩ cm, which is two to three orders of magni-
tude larger than 5–18 μΩ cm of single crystal TiN films.12,13 The
sheet inductance values are as high as LA ¼ 2:4 nH=A, which is
larger than any reported TiN films grown by other growth methods
with a similar film thickness.11,14–16 From morphology and compo-
sition analysis, we find that the strong disorder of e-beam deposited
TiN films may originate from mostly amorphous-phased titanium
oxynitride (TiNxOy) with nano-crystalline TiN embedded sparsely
throughout. This fabrication process may provide an alternative
way to produce devices with high kinetic inductance.
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II. TITANIUM NITRIDE FABRICATION

Our TiN thin films are deposited by reactive e-beam evapora-
tion on silicon-(100) oriented substrates. The substrates were pre-
pared by sonication in acetone and isopropanol and then blown
dry with nitrogen. The devices fabricated for DC transport proper-
ties were patterned with a Hall bar geometry created by a physical
shadow mask. The devices fabricated for RF measurements were
patterned by electron-beam lithography using a MMA-EL13 resist
mask.

The substrates were then loaded into a Plassys MEB550S
e-beam evaporation system where the main deposition scheme is
shown in Fig. 1. The main deposition chamber is pumped down to
a pressure below 5:0� 10�7 mbar before beginning the deposition.
We first utilize an in situ argon ion gun to perform a 20 s argon

ion milling to clean the surface. The deposition procedure started
with heating a titanium (with purity 99.995% ) source with the
e-beam. Once the titanium evaporation rate is stabilized, we per-
formed a deposition of pure titanium on the shutter at least 5 min
with a deposition rate of 0.10 nm/s. The purpose of this deposition
is not only for cleaning the titanium target but also use the evapo-
rate titanium material as getter pumping. After deposition of tita-
nium, a controlled flow of ultrahigh pure nitrogen gas (with purity
99.999%) was introduced into the deposition chamber. Due to the
high energy of the e-beam and the high temperature of the tita-
nium source, the nitrogen gas reacts with the titanium flux to form
TiN.

During deposition, the chamber deposition pressure is deter-
mined by a titanium deposition rate and a nitrogen gas flow rate.
Clearly, the higher the nitrogen gas flow rate, the higher the
chamber pressure. However, the evaporated titanium material can
both simultaneously generate titanium flux (raising the chamber
pressure) and serve as a titanium sublimation pump (reducing the
chamber pressure). To control the chamber pressure and the reac-
tion condition, a feedback circuit loop of the e-beam current main-
tains a constant titanium deposition rate at 0:15 nm=s for all TiN
films in this study. The chamber pressure is then tuned by a nitro-
gen flow rate, which is controlled in the range of 0–20 standard
cubic centimeters per minute (SCCM) and has a precision of
0:1 SCCM. The actual TiN deposition only started once both the
deposition rate and chamber pressures have reached stable values.
Unlike ALD growth, the substrate is always maintained at room
temperature during the whole deposition process. Also, the evapo-
rated material flux is directional—the same as the normal e-beam
evaporation process. Thus, this film growth process is suitable for
both photo- and e-beam resist mask fabrication techniques. The
only required postdeposition step of fabricating RF devices is the
standard lift-off procedure of the e-beam mask by a heated acetone
bath for approximately 1 h. It is worth mentioning that the same
substrate, substrate cleaning, and lift-off process have been used to
fabricate high coherence fluxonium superconducting qubits, where
loss tangent is lower than 4:0� 10�6.17

III. DC TRANSPORT MEASUREMENTS

We utilize a physical properties measurement system (PPMS)
to characterize DC transport properties of TiN films. All the
samples for DC transport are performed by standard four terminal
measurements and summarized in Table I. We found that deposi-
tion pressure Pdep and film thickness d significantly affect the prop-
erties of the grown TiN films.

In Fig. 2(a), we compare sheet resistance (RA) vs temperature
of seven 100 nm thick films (A–G) grown at deposition pressures,
Pdep, in a range from 1:1� 10�6 to 3:1� 10�5 mbar. The normal
RA at 10K increases more than one order of magnitude from 52 to
600Ω=A (corresponding to resistivity from 520 to 6000 μΩ cm,
respectively). On the other hand, the Tc first increases but then
decreases with increasing Pdep. The highest Tc peaked at 3:03K
with the Pdep ¼ 5:5� 10�6 mbar. The non-monotonic behavior of
Tc with Pdep suggests that there is a competition between nitrogen
incorporation15,18 and suppression of Tc due to disorder.10,19

According to the Ambegaokar–Baratoff relation and BCS theory,

FIG. 1. A schematic diagram of the nitrogen reactive electron-beam evapora-
tion. An ultrahigh nitrogen gas flow is introduced into a deposition chamber,
while a 10 keV e-beam evaporator performs titanium deposition. The precision
of gas flow control is down to 0.1 standard cubic centimeters per minute
(SCCM).
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the sheet kinetic inductance can be estimated as
LA ¼ �hRA=1:76πkBTc.

20 Accordingly, we obtained a wide range of
LA for samples A–G ranging from 27 to 353 pH=A.

The TiN film properties are also tunable by changing the film
thickness d. Figure 2(b) shows RA vs temperature of six films
(samples F and H to L), all grown at the same
Pdep ¼ 1:2� 10�5 mbar, with the thicknesses ranging from 10 to
300 nm thick. The normal RA increases with decreasing film thick-
ness. Interestingly, the critical temperature of TiN films decreases
with decreasing film thickness. The 10 nm film shows a critical
temperature of 0:77K, while it has the highest normal
RA ¼ 1361Ω=A at 10 K. Such behaviors have been observed with
strongly disordered superconducting films near thickness tuned
superconductor–insulator (SI) transitions.10,19 With such tunability,
the LA of a 10 nm TiN film reaches up to 2.4 nH/A, which is
nearly one order of magnitude larger than LA of TiN films grown
by sputter and ALD.11,14,15 Interestingly, in sample F and H to L,
the resistivity is non-monotonically changing with decreasing
thickness. This may be related to the evolution of different mor-
phologies as a function of film thickness or diffusion of elements
so that the stoichiometry may vary with thickness.

Additionally, the superconductivity of these TiN films can tol-
erate large perpendicular magnetic fields. Figure 2(c) shows the RA

of samples H, F, J vs perpendicular magnetic fields at 1:8K. The
critical magnetic field for samples H, F, and J are 5.3, 2.9, and
0:4T, respectively. The critical field is also one to two orders of
magnitude larger than the typical aluminum based Josephson junc-
tion array devices. This demonstrates that disordered TiN films can
still serve as a high-impedance device in a high magnetic field
environment.

IV. RF DEVICE AND MEASUREMENTS

To probe the RF properties of TiN films, we patterned two
different types of devices: (1) resonators [shown in Fig. 3(a)] and
(2) high-impedance transmission lines [shown in Fig. 3(c)].

The measurement utilized the same setup of Kuzmin et al.21 The
devices are capacitively coupled to a single-port 3D copper wave-
guide, which is then mounted to a dilution refrigerator, and the
microwave reflection response is probed with a vector network ana-
lyzer (VNA).

The resonator device was deposited at Pdep ¼ 6:3� 10�6 mbar
with a 100 nm thick TiN film. There were a total of six resonators
with a separation of at least 2mm to the nearest neighboring resona-
tor such that the coupling between resonators is weak. The capaci-
tance value is dominated by the two 175� 175 μm2 square pads.
The capacitance of the antenna was determined by HFSS simula-
tions to be 39 fF. The geometric sheet inductance of the thin wire is
calculated to be 1 pH, which is two orders of magnitude lower than
the kinetic inductance. Therefore, the inductance value is domi-
nated by the kinetic inductance of the 100 μm long thin wire con-
necting the two pads. The width of the wires is chosen to be 1.575,
2, 2.25, 2.5, 3, and 3:55 μm for these six different resonators.

The magnitude of the reflected signal, S11, is shown in
Fig. 3(b). There are six dips at 8.6, 9.5, 10.1, 10.7, 11.7, and
12:5GHz, which correspond to the resonance frequencies of the six
resonators. The total inductance of each resonator can be extrapo-
lated from the measured resonance frequencies and a simulated
capacitance value. Assuming that the inductance values here are all
provided by the kinetic inductance of the disordered TiN film, we
find the sheet inductance value of each resonator to be 139, 146,
145, 142, 145, and 146 pH. The maximum difference between indi-
vidual resonator’s sheet inductance is about 4%, which reveals the
non-uniformity of the TiN film within a single deposition.
Moreover, the thickness and deposition pressure of this device are
controlled to be the same as film D in the DC measurement experi-
ment, but each sample was deposited in two different depositions.
The DC measurement analysis of film D revealed a sheet inductance
of 148 pH, which has only a 3% difference to the average sheet
inductance value of the six resonators in the RF measurement. The
systematic difference from deposition to deposition is comparable to
sputtering TiN and Josephson junction chains.15,18,22 To extrapolate
the intrinsic quality factor (Qint), we used the common expression to
fit the reflection coefficient as a function of frequency,21,23

S11(f ) ¼ 2i(f � f0)=f0 � Q�1
ext þ Q�1

int

2i(f � f0)=f0 þ Q�1
ext þ Q�1

int
: (1)

We obtained Qint values in the range of 1500–2200 for the six reso-
nance peaks.

The transmission line device is designed with two parallel
10 mm long, 3 μm wide TiN wires shown in Fig. 3(c). The TiN
waveguide was deposited 30 nm thick with Pdep ¼ 7:0� 10�6 mbar.
One end of the wire is short circuited and the other end is con-
nected to an antenna, which capacitively couples to a 3D copper
waveguide.21 The magnitude of a single-tone reflection signal, S11,
as a function of probe frequency is shown in Fig. 3(d). S11 reveals
resonance dips with equal frequency spacing fnþ1 � fn ¼ 200MHz.
The wave-number difference of adjacent modes is defined as
knþ1 � kn ¼ π=l, where l ¼ 10mm is the length of the line. In the
measured frequency range, we observed a linear dispersion relation,
which gives a slow wave velocity v ¼ 4:0� 106 m=s. The value of

TABLE I. Summary of TiN film growth conditions and DC transport measurements.
All films are grown with the same growth rate of 0.15 nm/s. The sheet kinetic induc-
tance LA is estimated by the Ambegaokar–Baratoff relation and the BCS theory.
Normal sheet resistance and normal resistivity are measured at 10 K.

d
(nm)

Pdep
(mbar) RA (Ω=A)

ρ (μΩ
cm)

Tc

(K) LA (pH=A)

A 100 1.1 × 10−6 52 520 1.85 27
B 100 2.6 × 10−6 157 1570 2.95 73
C 100 5.5 × 10−6 250 2500 3.03 114
D 100 6.1 × 10−6 316 3160 2.95 148
E 100 7.3 × 10−6 451 4510 2.7 231
F 100 1.2 × 10−5 534 5340 2.58 286
G 100 3.1 × 10−5 600 6000 2.35 353
H 300 1.2 × 10−5 85 2550 3.17 37
I 200 1.2 × 10−5 135 2700 3.02 62
J 30 1.2 × 10−5 855 2565 2.4 492
K 20 1.2 × 10−5 961 1922 1.91 674
L 10 1.2 × 10−5 1361 1361 0.77 2442
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capacitance per micrometer is 42 aF=μm, which is calculated with a
common formula for two coplanar strip lines on top of a silicon
substrate.24 Thus, we can obtain the sheet inductance value of TiN
for this particular device as 465 pH=A. The sheet inductance value
is smaller than the value of sample K found via DC measurements.
Presumably, this is due to a slightly lower TiN deposition pressure

of the transmission line device. We also obtained the Qint for each
mode with Eq. (1). The value of Qint is between 300 and 700 with
an average of 470. Note that the values of Qint for both types of res-
onators are all lower than all the other reported literature.11,15,25

This result may be due to the morphology and composition, which
will be discussed in Sec. V.

FIG. 2. DC transport measurements of sheet resistance RA as a function of temperature for sets of (a) samples (A–G) grown in different deposition pressures Pdep and
(b) samples (F and H to L) of different film thickness d. (c) RA as a function of perpendicular magnetic field of samples H, F, and J. The growth condition of all samples is
listed in Table I.

FIG. 3. The optical microscope image of (a) six RF resonators and (c) a transmission line RF device with an effective circuit model shown at the bottom. In the resonator
device, the two square electrode pads provide capacitance of the resonator and couple to a 3D waveguide for measurements. The transmission line device consists of
10mm long TiN wires. One end of the transmission line is shorted, while the other end links to an antenna. The reflection response S11, measured by a VNA, is shown in
(b) and (d).
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V. MORPHOLOGY AND ATOMIC COMPOSITION
CHARACTERIZATION

To further understand the origin of the disorder and the mor-
phology in the TiN films, we performed various morphology analy-
ses to the films grown with the same conditions of sample F in
Table I.

First, we used transmission electron microscopy (TEM) to
analyze local crystalline morphology of the TiN films. The most
striking feature is that most areas are amorphous with only spora-
dic poly-crystalline embedded within, as shown in Fig. 4(a). The
false color area labeled “crystalline area” shows the formation of
nano-crystals, which typically have a size less than 5 nm. The fact
that the majority of the film morphology is amorphous confirms
that these TiN films are strongly disordered. The different crystal-
line orientations seen in TEM are determined with the selected
area diffraction (SAD) pattern, as shown in the inset of Fig. 4(a).
The locations of the ring like features indicate that the different
crystalline orientations are fcc-TiN (111), fcc-TiN (200), and
fcc-TiN (220).26 Furthermore, we performed x-ray diffraction
(XRD) theta-2 theta analysis to confirm crystalline orientations, as
shown in Fig. 4(b). The peaks found at 36:5�, 42:5�, and 42�

correspond to fcc-TiN (111), fcc-TiN (200), and fcc-TiN (220),
respectively, and are consistent with SAD’s results. Despite the dif-
ferent growth method, the same crystalline orientations have also
been found in ALD and sputtered TiN thin films.11,15,18,25,27

We then utilize atomic force microscopy (AFM) to study the
surface morphology of the TiN films. Figure 4(c) shows an example
of a 1� 1 μm2 AFM scan performed on a 100 nm thick TiN film
grown at the deposition pressure of sample E. The surface of TiN
consists of grains with a diameter around 20 nm. The root mean
square surface roughness is 1:2 nm, while the maximum thickness
variation is less than 12 nm. Therefore, films thinner than 10 nm
may result in physically disconnected structures. To avoid weak
links or an unwanted vortex structure, the thickness of TiN films
should be thicker than 30 nm while fabricating RF devices.

The atomic composition of the TiN films was analyzed by
energy-dispersive x-ray spectroscopy (EDX) with a 5 keV accelerat-
ing voltage variable pressure Hitachi scanning electron microscope.
Contrary to the expected composition of just titanium and nitro-
gen, a large amount of oxygen was present in all TiN films.
Figure 4(d) shows a summary of the EDX atomic ratio of nitrogen
to titanium (N/Ti) and oxygen to titanium (O/Ti) as a function of

FIG. 4. The morphology analysis of grown TiN films. (a) Transmission electron microscopy (TEM) of a TiN sample grown in conditions similar to sample F. The false color
area labels the crystalline features, while the other area is mainly amorphous. The inset shows the selected area diffraction (SAD) pattern, which reveals the crystalline ori-
entations of TiN. (b) X-ray diffraction (XRD) of theta-2 theta analysis. (c) Atomic force microscope (AFM) scan of the surface structure. (d) Atomic ratios of nitrogen to tita-
nium and oxygen to titanium measured by energy-dispersive X-ray spectroscopy (EDX). These results reveal that the atomic composition of grown films is, in fact, titanium
oxynitride TiNxOy .
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deposition pressure. The nitrogen to titanium ratio is nearly 1:1
within the measurement error, which indicates that the nitrogen
atom indeed incorporates in the form of titanium nitride.
Interestingly, the oxygen to titanium atomic ratio increases from
0:5 to 0:8 with an increase in the deposition pressure. An oxidation
process under ambient conditions and the large amounts of oxygen
in the chemical composition have also been reported in TiN thin
films grown by ALD and sputtering.11,15 Since SAD and XRD both
confirmed that crystalline regimes are formed by TiN, we conclude
that the oxygen is diffused into the amorphous regions and forms
TiNxOy . The large portion of amorphous TiNxOy reveals that the
origin of the strongly disordered, highly resistive properties may
come from amorphous oxides. One possible conjecture is that
oxygen is much easier to diffuse into our film and form oxides
once the film is exposed to the ambient condition. It is worth
noting that we observed the color of our films changed once we
vent the deposition chamber to air, which may be due to oxidation
of films after exposure to air. Typically, amorphous oxides have a
higher loss tangent value and may explain the low quality factors
than other studies.

VI. CONCLUSION

In conclusion, the values of the sheet kinetic inductance of
TiN films prepared by nitrogen assisted reactive e-beam deposition
can be tuned by two orders of magnitude from 27pH=A to
2:4 nH=A. The tuning knobs are deposition pressure and film
thickness. The variations of kinetic inductance within the same
deposition and between different depositions are within about 5%.
Although the quality factors of our lift-off devices are short of the
values accessible with more traditional sputtering or ALD film
growth methods, our process can be useful in creating compact
high-impedance resonators and filters that survive in relatively high
magnetic fields.
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Appendix B: All qubit parameters

Figure B.1: All qubit samples measured extracted parameters. The black hexagon data
points indicate no etch performed while the magenta stars indicate the sample was etched
using XeF2.
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Appendix C: Chain mode energy constants

Figure C.1: The circuit for analysis of a chain mode fluxonia with an inductively coupled
resonator.
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Appendix D: Classical mode analysis matrix

C =



Cc +CA
J +Cg −CA

J 0 · · · 0 0 0 −Cg

−CA
J 2CA

J +Cg −CA
J 0 · · · 0 −Cg 0

0 −CA
J 2CA

J +Cg −CA
J 0 · · · 0 0

0 0 −CA
J 2CA

J +Cg −CA
J · · · 0 0

...
...

...
. . . . . . . . .

...
...

0 0 −Cg · · · −CA
J 2CA

J +Cg −CA
J 0

0 −Cg 0 · · · 0 −CA
J 2CA

J +Cg −CA
J

−Cg 0 0 · · · 0 0 −CA
J Cc +CA

J +Cg



L−1 =
1

LA
J



1 −1 0 · · · 0 0 0 0
−1 2 −1 0 · · · 0 0 0
0 −1 2 −1 0 · · · 0 0
0 0 −1 2 −1 0 · · · 0
... ... ... . . . . . . . . . ... ...
0 0 0 · · · −1 2 −1 0
0 0 0 · · · 0 −1 2 −1
0 0 0 · · · 0 0 −1 1


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Appendix E: Fitting spectra

The way to extract the circuits parameters is to measure the spectrum of
the device and fit it to the corresponding model which is most suitable.

The fit is performed by choosing ’anchor points’ of transitions and min-
imizing the distance between the experimental point and some theoretical
value for the transition energy which tweeks the energy scales. This is per-
formed via python while minimizing the rms fit error defined as:

σ f it =

√√√√ 1
M

M

∑
i=1

{
f exp
i − f thy

i
f exp
i

}2

(E.1)
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[46] B. Douçot and L. B. Ioffe. Physical implementation of protected qubits. Reports on
Progress in Physics, 75(7):072001, 2012.

286



[47] Tim Duty, Goeran Johansson, Kevin Bladh, David Gunnarsson, Chris Wilson, and
Per Delsing. Observation of quantum capacitance in the cooper-pair transistor. Phys-
ical review letters, 95(20):206807, 2005.

[48] Riccardo d’Agostino and Daniel L Flamm. Plasma etching of si and sio2 in sf6–o2
mixtures. Journal of Applied Physics, 52(1):162–167, 1981.

[49] Nathan Earnest, Srivatsan Chakram, Yao Lu, Nicholas Irons, Ravi K Naik, Nelson
Leung, Leo Ocola, David A Czaplewski, Brian Baker, Jay Lawrence, et al. Real-
ization of a λ system with metastable states of a capacitively shunted fluxonium.
Physical review letters, 120(15):150504, 2018.

[50] Clayton Easter and Chad O’Neal. Xef2 etching of silicon for the release of micro-
cantilever based sensors. In ASME International Mechanical Engineering Congress
and Exposition, volume 48746, pages 697–701, 2008.

[51] Jack Ekin. Experimental techniques for low-temperature measurements: cryostat
design, material properties and superconductor critical-current testing. Oxford uni-
versity press, 2006.

[52] Adem Ergül, Jack Lidmar, Jan Johansson, Yağız Azizoğlu, David Schaeffer, and
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