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Chapter 1: Introduction

Since their prediction [2], and creation in a cold atom setting[3] [4], Bose-Einstein
Condensates have become an ubiquitous tool in modern physics. Their pristine nature, and
the fine control available make them at attractive option for task ranging from sensors[5],

clocks[6] or even simulating more exotic systems like gravitational waves [7].

1.1 Distributions and Condensates

Bose-Einstein condensation is a phenomena unique to bosons!. It occurs because
bosons don’t obey the Pauli Exclusion principle, and hence multiple bosons can be in the
same quantum state. A condensate forms when a non-negligible fraction of the total atom
number is in the ground state, and they collectively act a macroscopic quantum object.

For a group of bosons, we can write the single particle occupation number for the

energy state ¢ using Bose Statistics

. 1
Here ¢; is the energy of state i. u is the chemical potential, and g = kBLTZ. For a

I'Nature is endlessly creative, so condensation can even occur when fermions group up to imitate bosonic
behaviour. As is the case in BCS superconductivity|8]
2 At high temperatures or low particle number, both Fermi-Dirac and Bose statistics reduce to the usual



dilute gas in 3D the transition to BEC occurs when the phase space density *

2mh 3/2
D=n (mka) (1-2)

is of order 1?(where n is the number density). This gives us the transition temperature T,

o0 hZn?/3

Lo = 4 C3/2%m

(1.3)

below which atoms begins to collect in the ground state. The proportion of atoms in the

v (L) »

where N is total particle number and « is related the system’s density of states®. This in

excited state is given by

turn lets us compute the condensate fraction, which is the number of atoms in the BEC as

s [ (2)]. 5

We’d like to note the importance of o here, because while o = % for a free particle in a 3D
box, in a 3D harmonic trap a = 3; Since TZ < 1, this implies that condensation is easier in

harmonic traps, which also explains their ubiquity in BEC experiments.

Maxwell-Boltzmann statistics
3A good derivation of these results can be found in [9]
“More precisely, D > ((3/2) ~ 2.6
SThis is because for a large number of commonly encountered system, the density of states is g(€) oc €1



1.2 The Anatomy of the Thesis

I would like to comment on the somewhat unusual nature of the thesis. We began
this project with the goal of using our lab setup (described briefly in Chapter 3) to generate
a 1D breathing lattice,

Vir = (%))2 Vo cos(k(t)) (1.6)

where k(t) oc 1+ ycos(Q,t). Our goal was to subject our BEC to this potential, and
then observe the effect it had on the properties of the cloud. And since breathing lattices
themselves had not been used as the object of study, we were quite excited by the prospect.

However, the pandemic threw a wrench into our plans, and we had to unfortunately
close the lab. As a result, we had to change our focus. This is reflected in the thesis, where
we go over the progress we had made towards conducting the experiment, before switching

to a more theoretical analysis of the breathing lattice extended to two-frequencies.



Chapter 2: Ultracold physics in dilute atomic gases

As mentioned in the introduction, our experiment ended up becoming a casualty of
COVID-19. As such, the experiment as it was no longer exists or functions. Nonetheless,
it is still fruitful to understand the principles and techniques that go behind conducting

experiment in ultra cold atomic gases.

2.1 Laser Cooling and Mageneto-Optical Traps (MOTs)

The fundamental technique that makes any of this possible is the usage of lasers to
manipulate atoms. This includes cooling, trapping, and the generation of optical lattices.
These techniques are well understood and ubiquitous in modern atomic physics [10] [11][12].

The principle behind laser cooling combines momentum conservation with the Doppler
Effect. When an atom moving in a direction collides with a counter-propagating photon
that it’s resonant with, it absorbs the photon and enters an excited state. This is combined
with a momentum kick in the direction of the photon’s travel. Symmetry considerations
then require that the photon be emitted in a random direction, which then imparts a
momentum kick in a random direction. Repeated over many such events, this can be

averaged to a force exerted on the atoms



F, = B I/ Lsat :
21+ I /I + 4(6 —k - v)2/T2

(2.1)

hk is the photon’s momentum, I' is the spontaneous decay rate of the atom and I, is
the saturation intensity for this particular transition. I is the intensity of the laser beam,
and 0 is the laser’s detuning from resonance. The k - v(k is the wave-vector of the laser
and v is atomic velocity) term is the shift in detuning due to the Doppler effect. As the
atomic velocity changes, the ’effective’ detuning does as well. This continues until the force
exerted becomes small enough to have a negligible effect on the atom’s momentum. We can
now imagine using six such beams, two along each axis, which damps the total momentum,
and cools the atoms. This has a lower bound, known as the Doppler cooling limit [13],
as fluctuations and spontaneous emissions limit the average kinetic energy of the atoms.
This state is sometimes referred to as an 'optical molasses’ [14], and the lower bound on

its temperature is

hI'

Tdoppler = 2_1% (22)

Even before going further, one can notice that this is not sufficient to trap the atoms. An
atom with a temperature ~ Ty can slowly wander outside the region where the beams
intersect and then it is no longer subject to the radiation pressure. What we would like is
a spatially dependent 0 to confine the atoms.

One way to accomplish this is using the Zeeman effect. A magnetic field with a zero
at this intersection can be used to provide a restoring force. This is called a MOT[15][16]
, or a Magneto-Optical Trap. A commonly used configuration(and the one we used in our

lab) is to use a quadrupole trap to provide a field gradient in all directions, and then to



detune the lasers from resonance at the field zero. We choose the polarisations of each
beam pair to be o™ and o7, so that they address states with opposing magnetic moments.
The net effect of this is that as atoms move away from the centre, one of the beams shifts
towards resonance, and the other away from resonance. This imbalance in the scattering
rates has the effect of providing a force toward the centre, where the de-tunings are the
same'. This principle is also applied in the construction of a Zeeman slower [19], which is
used to cool the atoms initially to a temperature where they can be captured by the MOT.

One technique we have not mentioned so far is the usage of far off-resonant light for
trapping[20]. The electric field E of a laser beam induces an electric dipole moment p o< E
in atom. This dipole then interacts with the field, generating a potential Vi, oc pE. Since

the intensity of the beam I o< E?, and using Fy;, = VVy;,, we have

‘/dip X E2 (23)
ox I (2.4)

The sign of this potential depends on the sign of the detuning, with red-detuned light
generating an attractive potential, while blue-detuned light generates a repulsive one. This

allows to create purely optical traps using high-intensity red-detuned lasers. An additional

Tt is possible to trap atoms solely using a magnetic field [17], but 'Majorana’ flips around the field
zero causes the trap to leak and lose atoms[18]. Which in turn can be mitigated by using a Time-orbiting
potential (TOP)[3] trap, but we leave that discussion for elsewhere.



advantage is that for a typical beam with a Gaussian profile,

2

—x

I o Ipe o, (2.6)

the potential experienced by our atoms is essentially harmonic near the centre of the focused

beam.

2.1.1 Lattices

We can also imagine using this dipole force to generate a lattice potential for the
atoms. A pair of counter propagating beams will form a standing wave, which generates

alternating peaks and troughs. The lattice potential in this case is
Vi(x) = Vycos®(kix) = Vo/2 (1 + 2 cos(2kz)) (2.7)

ki = 2m/X is the wave-vector for light of wavelength A\. We should note that the beams
need not be counter-propagating, even beams at a shallow angle () will generate a lattice

with spacing

A

1= 53] (2.8)

0 = 7 reduces to d = /2 for the counter-propagating lattice, and 6 = 0 gives d = oo, which
is what one would expect from parallel beams. A shallow angle lattice has an additional
travelling component transverse to the lattice?, but is identical in behaviour otherwise. As

we can see, by varying Vj and k;, we can even create a stack of very narrow pancakes, which

2For large de-tunings, this travelling component applies very little radiation pressure, and can be safely
neglected



allows us to create quasi-2D periodic potentials.
This technique can be extended to generate a whole range of potentials, in both 2D
and 3D, limited only by our control over the beam geometry, making it a very powerful

tool.

2.2 Evaporation

It turns out that the Doppler temperature is typically not low enough to allow for
condensation, so we require further cooling. An easy technique to accomplish this is
Polarisation gradient cooling [21, 22]. If we have two counter-propagating laser beams
with orthogonal linear polarisations, they generate a polarisation standing wave along the
direction of propagation. The gradient from this wave provides a damping force which
further cools the atoms using the Sisyphus effect [11]. In our lab this is implemented by
having linearly polarised MOT beams, which are then retro-reflected. This allows one to
reach much lower temperatures than with just Doppler cooling.

The final step in the cooling process is evaporation, which removes higher-energy
atoms from the trap, hence lowering the mean energy of the remaining cloud [23]. As
mentioned earlier, an optical dipole trap provides an ideal method to accomplish this, as
the intensity is easily controlled|23],[24] , [25], [26]. For atoms in magnetic trap, this can
be done by using RF. The RF is used as a ’knife’ to shave the edge of magnetic trap. This
ejects the higher energy atoms[27]. The RF is used to flip the spin of these atoms, which
makes the field anti-trapping. Since these atoms are closer to the edge, they have higher

energies, and removing them lowers the mean energy of the remaining atoms.



Either of these techniques provides sufficient cooling to form a BEC.

2.3  Re-pumpers

In actual experiments, the complex atomic structure necessitates the usage of additional
beams to keep the atoms in states which are resonant with the main trapping beams. For
instance, in our experiment we use the D line for 8" Rb. The particular transition we use
is from 251/2 to 2P3/2 at 780.241 nm. The ground state for this transition has F = 1
and F' = 2 manifolds separated by 6.8 GHz, and the excited state has F' = 0 to F' = 3
manifolds. We use the state ' =1, mp = —1. (This data has been compiled by [28])

If the atoms decay back down to a different state, they are then ’dark’ to our main
trapping beams, and would consequently fall out of the trap. To prevent this, we use
additional re-pumper beams which send these states back to the appropriate excited state.
Since the two ground band manifolds are separated by 6.8 GHz, the re-pumpers are tuned
6.8GHz away from the main MOT beam. This keeps our atoms in the main trapping cycle,

and plugs any leaks we might have.

2.4 Imaging

Having created the BEC, the best method of data collection is imaging. Which can
either be non-destructive[29] [30], or destructive. We use absorption imaging, using the
atomic cloud’s shadow to infer the spatial distributions, which is a destructive measurement.

To compute these distributions, we need the optical scattering cross-section o. This



is a purely a function of the transition,

hwl
= 2.9
0o ol (2.9)
and if the light is off resonance or at a higher intensity
0o
i (2.10)
L4 (D) + 7

Once we have our image, and using the optical depth 7 of the medium, we can use

Beer’s[31] law to relate the final intensity to the initial intensity,

I = ]OG_T = Ioe_””. (211)

Using this, we can compute density n of the cloud from a picture, assuming we have I and
1.

For out experiment, we take three pictures for every sample. The first image is taken
with the cloud present, let us call this F;,. The second picture is taken immediately after
the atoms leave the frame, which gives us our probe beam, let’s call this F},. The final image
is a 'dark’” image, with neither the probe or the atoms present (F}), this lets us correct for
any background not from the probe or the atoms?®. If these images are taken close enough
together in time, we can reasonably assume that the probe intensity is the same for the
first two pictures.

The CCD readout is in counts/pixel, and to convert from there to the intensity

3This is typically to correct for CCD specific patterns

10



requires one to consider various aspects of the imaging system. This includes magnification,
the quantum efficiency of the camera, the gain from the conversion electronics, the size of
the CCD and the duration of the pulse. These can be all combined in a conversion coefficient
B to convert from count /pixel to intensity /count. Luckily, to first approximation the optical

depth is

F,—F;
=1 —— 2.12
T n<Fa_Fd) ( )

Where the factor of § cancels out. Using eq. (2.11) and this, we can get the column density
of the cloud. We can combine this with other physical properties of the system like trap

frequency, time-of-flight etc.. to reconstruct the cloud and its physical properties.

11



Chapter 3: Conducting experiments using the HiBAL

As mentioned in the introduction, our lab became a casualty of COVID-19, and such
it is no longer in working order. But before that occurred, we developed the HIBAL!, and
used it to observe the sliding phase[32]. This work was done by Matt Reed, Zach Smith
and myself, and the resulting publication is presented as Appendix A.

In this chapter, we will briefly discuss what made our lab suited to conducting the
breathing lattice experiment, and what would be probably required for others to conduct
this experiment. Both Zach Smith [1] and Matt Reed [33] have gone over the details of
running and construction in extensive detail, so we will limit our discussion to the more

unique features of our apparatus.

3.1 The Rebuild

When I joined the lab, it was mid-way through a rebuild of our main apparatus
responsible for creating 8"Rb BECs. The reasons behind this were twofold, firstly we
wanted to modernise our lab to reduce time spent optimising, and increase time spent
conducting experiments. Secondly, we wanted greater optical access to our BEC cloud, to

give us the ability to subject the cloud to complex optical potentials.

'High-Bandwith Arbitrary Lattice

12



We accomplished this by designing our experiment such that after condensation our
atoms were in the "Science Cell’, which is a rectangular quartz cell measuring 1.25x2.25x4.5
cm with 1.25 mm thick walls. On the open end, it was attached via a glass-to-metal seal
to the main MOT chamber. This gave us optical access from five of the six sides. Getting

the atoms there, however, was not an easy feat.

3.1.1 Zeeman Slower

Our atoms start out as a hot gas of 8"Rb atoms at 400 K coming out from our oven.
This gas is then collimated by an aperture into the Zeeman slower, which is a long tube
with a carefully tuned spatially dependent magnetic field gradient, which when combined

with beam travelling through it, slows our atoms down enough to be captured by our MOT.

3.1.2 The MOT

Our MOT design was one that had been used in the JQI before, so we were confident
of its reliability[34]. It consisted of a quadrupole magnetic field generated by a water cooled
coil, and two separate lasers to address the main and repumping transitions respectively.

Once we have a large enough cloud of atoms in the MOT, we transfer them to a
magnetic trap for RF evaporation. We do this because the next step involves transferring
the atoms to a dipole trap, and for that we need the cloud to be small enough to match
the dipole trap’s cross-section. Our dipole trap was provided by a 15W 1550 nm laser with
waist of &~ 60um at its focus. Once the cloud is cold enough, we ramp on the dipole trap,

and ramp off the magnetic trap.

13



3.1.3 Moving the Cloud

After the atoms have been transferred to the dipole beam, they are still in the main
MOT chamber. To move them to the Science cell, we used a an air-bearing stage® to
smoothly move the focus of the dipole beam by 30 cm out to the cell [35]. The acceleration
profile must be carefully chosen to minimise loss, but once that is done, this method is

remarkably stable at transferring atoms from the MOT chamber to the science cell®.

3.1.4 In the Science Cell

Once the cloud has been successfully moved, we can use the full capabilities of our
HiBAL to manipulate it. Our HiIBAL was able to generate a wide range of phase-stabilised
optical lattices. The main lattice beams were generated by a titanium-sapphire laser with
a wavelength near 780 nm. The phase-locking was accomplished by a piezo mirror along
one of the beam paths, which was servo’d by a signal from an interferometer custom built
to allow phase locking of multiple different frequencies at the same time. All of this was
possible because we were able to procure a custom wide-bandwidth AOM from IntraAction.
The different frequencies from the AOM would serve as Fourier components, which we would
pulse on adiabatic timescales to generate the desired potential at the atoms. This analogue
signal came from an arbitrary-waveform generator (AWG), which was pre-programmed
with the correct pulse train.

It was this capability to generate and phase-stabilise lattices that made us confident in

2 Aerotech ABL20040-10
3There can be additional interference from stray RF or magnetic fields, but a track of rare earth magnets
along the travel path solves this problem [33]

14



our ability to generate the breathing lattice. We would use a DDS (direct digital synthesis)

system to generate pulse-train for our AWGs, which would then feed into the AOM.

3.2 The Leak

As anyone who has worked in an experimental setting is well aware, keeping an
experiment functional is a constant battle against entropy. Under ordinary circumstances,
the daily operation of the lab keeps this entropy low, and things operational. The pandemic
changed all that. Quarantining meant leaving the lab unattended for months.

Over one of those quarantine periods, we faced a nightmare scenario. Over a weekend,
we got an email from the facilities department at the university that there was a flood
outside our lab. When we went in an checked, we discovered that our MOT coil had
developed a leak. Since our MOT required 100 A of current for its field, the coil had to be
water cooled. We had accomplished this by using a rectangular hollow copper tube for the
coil, which could then be hooked up to the lab water supply via a pump to maintain flow.

The coil rested right above our main MOT chamber, and had to be very carefully
engineered to provide a clean quadrupole field. The coil and leak can be seen in fig. 3.1,
where we have applied epoxy to seal the leak locations.

This fix worked for a time, but it did not last. A few months after, the leak returned,
and at this point it seemed unlikely that epoxy would be sufficient to fix it. Rebuilding
the coil would take a long time, since it would have to be redesigned and machined from
scratch, made harder by the fact that I was the only person running the lab at this point of

time. This is not to mention the fairly significant issue that one of our lasers had developed
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as well.

So, with a heavy heart, we decided that the best course of action would be to shut
down the lab. And I switched my focus from conducting the breathing lattice experiment to
seeing if extending it to two-frequencies could be interesting from a theoretical perspective.

The rest of this thesis will discuss that work, and the somewhat surprising results we

obtained in doing that simulation.
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Figure 3.1: The MOT coil with epoxy applied to the two leak locations
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Chapter 4: Overview of Floquet Theory

Before we can get to breathing lattices, we need to understand how to treat time-
periodic Hamiltonians. This is where Floquet’s theorem and it’s application to quantum

mechanics comes in. We will briefly discuss those in this chapter.

4.1 Introduction

While the usage of Floquet methods is common in modern day physics[36] [37], it’s
roots predate quantum mechanics. The theorem itself was first proved in 1883 by French
mathematician Achille Marie Gaston Floquet[38]. At the time it was a mathematical
curiosity, investigating the properties of differential equations with periodic conditions. It
was only when combined with Bloch’s work[39] that it’s applications to physics became

clear.

4.2 The Theorem

Floquet’s theorem! states that for all solutions x of the differential equation

x = A(t)x (4.1)

LA proof of this can be found in Appendix C
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where A(t) is periodic with a period 7', the following are true:

1. x may not necessarily be periodic, but it must be of the form e*'p(t), where p(¢) is

T periodic.

2. There exist n such p;, and they satisfy the condition:

T
elrler2l .o — exp (/ tr A(q)dq) (4.2)
0

4.3 Using Floquet’s Theorem to solve the Schrodinger Equation

Let us now see how we can use this to solve the Time-dependent Schrodinger Equation(TDSE)?,
L d
iy V(@) = H(t) (1)) (4.3)

where

H(t+T) = H(t) (4.4)

Of course, we could write down the stroboscopic time-evolution operator U(T),

U(T) = T exp (-% /0 ' H(t/)dt/) (4.5)

(T denotes time ordering). We can then brute force integrate U(T") and then diagonalise

it to obtain Floquet states.

Rather, we will follow Shirley [39] and use Floquet’s theorem to transform this into

2This section is based on [40] [41]
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matrix equation of an Hermitian operator over an extended Hilbert space.
Using Floquet’s Theorem , we can write down the solutions to the Schrodinger
Equation as:

[n(t)) = et @, (1)) (4.6)

Where, |9,,(t)) = [P, (t+T)). €, is the Floquet 'quasi-energy’ of state |1,,(t)). Now since
the driving hamiltonian is also 7" periodic, we can write the ®,, as a discrete Fourier series

in the drive frequency w = 27 /T.

[@a (1)) = Y e ™ @M (1)) (4.7)

m

Here, gbﬁfm is the m-th Fourier coefficient of ®,,(¢). However, we must note that in general,
these coefficients need not be normalised or orthogonal. The only condition on these
coefficients is that they sum to produce the orthogonal Floquet states |1, (t)) for all time
t.

Now, our problem has reduced to finding the set of {qb%m)} that solve the Schrodinger

equation. First, we substitute Eq. 4.6 into Eq. 4.3,

[en + m%] 1B,,(£)) = H(t) | @, (1)) (4.8)

Here we have cancelled the phase factor e~*»*" from both sides. Using the Fourier

representations of both |®,(¢)) and H(t), and after some algebra we obtain:

(en +mhw) [§7™) = H™ ™ |g(m)) (4.9)

m/
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Where, as with |¢,(t)), H™ ™) is the (m — m/) Fourier coefficient of the hamiltonian H
Now, we can write Eq. 4.9 as an eigenvalue problem in this Fourier space. We write

an infinite dimensional column vector ¢,, that contains all the Fourier coefficients |¢$Lm)) as

its components. We then rearrange the coefficients in Eq. 4.9 as a matrix H which acts on

the vectors in this Fourier space.

That is,
Hen = 6,04, (410)
HED H(-2)
HY  Hy — mhw HED H?
H= , (4.11)
H® HW Hy— (m+ Dhw HEY
H®) H®
o)
On = (4.12)
|¢£lm+1)>

The matrix in Eq. 4.11 is composed of an infinite number of d x d blocks, where d is
the dimension of H. Hj is the time-averaged (or DC) component of the hamiltonian,
1 T
Hy =7 [, H(t)dt.
As we mentioned, the solutions to Eq. 4.10 belong to the larger Fourier space, which
is infinite dimensional. Given that our original system only had dimension d, these solutions

must correspond to a set of linearly-dependent quantum states. Moreover, d physical states
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must be encoded an infinite number of times in the eigenvectors of H?. To see this more

clearly, let us consider the Floquet state |¢,(t)). We know that

[n(t)) = 7oty et gl (4.13)

m

This follows from Eq. 4.6 and Eq. 4.7. From here, we can see that we can shift the Floquet-

quasi-energy €, in integer multiples of hw without changing the underlying physical state

[¥n (1))

an (t)) e—i(en+m’hw)t/h Z e—i(m—m’)wt |¢7(’Lm)>

(4.14)

efignt/h Z o~ imwt ‘égm)> :

Here, we define ¢, = ¢, + mhw and ‘é%m)> = ](b%mm/)}. So, all distinct Floquet state
solutions to the Schrodinger Equation fall within an quasi-energy band of width Aw, i.e.
Emin < € < €min + hw. In an analogy to Bloch’s theorem, this is sometimes called the first
'Floquet-Brillouin” zone[42]. A solution outside this zone must correspond to a solution
inside the zone whose quasi energy has been shifted by an integer multiple of Aw.
Physically, this behaviour arises from the discrete time-translation symmetry of the
system. The Floquet states are stroboscopic eigenstates of the time-translation operator
U(T). Since U is unitary, its eigenvalues must be of the form e~%». By write 0,, as €,T/h,
we introduce the aforementioned degeneracy. This property expresses the fact that in a

periodically driven system, the energy is conserved up-to an integer number of photon

3This also follows from definition C.0.2
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emission or absorption events, each with an energy hw.

4.3.1 Truncation and Convergence

Having said all that, there is still one problem that remains. If we want to numerically
compute these solutions, we will naturally have to truncate our infinite dimensional Fourier
space. The question then arises, how large must this truncated space be? Can we obtain
approximate solutions that are both accurate and efficient to compute? To find the answers

to these questions, let us consider the simple case of a single harmonic drive,

H(t) = Hy+V(t), V(t)=Ve™ +VieT™t (4.15)

For this system, we can see that HY =V, HM = Vi and HA™ = 0 for |[Am| > 0.

Now, H for this system can be written as the tri-diagonal block

1% 0
H= |Vl Hy—mhw V (4.16)
0 Vi

repeated along the diagonal with the time averaged term Hj shifted by integer multiples of
hw. This very much reminds us of a tight-binding lattice with nearest-neighbour hopping
and a linear potential. Taking this further, consider a situation where the system described
by Hj is finite, i.e. has a finite-dimensional Hilbert space. If we ignore the —mhw terms,
we can think of H as the hamiltonian of a ’particle’ hopping between ’sites’ of a one-

dimensional lattice in the Fourier harmonic space. Hy governs the on-site energy and
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intra-unit-cell hopping, and V' governs the inter-cell-hopping. If Hy has the dimension one,
the kinetic energy of this particle lies within the band W = 2|V|. And, if the dimension
is larger than one but still finite, the width of this band still lies between ||V'|| and || Ho|
(spaced out in integer multiples of hw).

If we ignore the —mhw terms for a moment, the eigenstates of H are Bloch waves
in this Fourier harmonic space. These states then ’localise’” when the —mhw terms are
introduced in this Fourier space,as one can view the —mhw terms here as analogous to
potential energy terms. Semi-classically, this means that the 'particle’ only ever access
harmonics with a band £,, ~ W/(hw), with the wavefunction decaying rapidly outside this
region.

This suggests we should truncate our space to a size (2M + 1) where (2M +1) > L,,,
to ensure reasonable convergence. It is important to note that, as in any truncation, states
that are close to the edge will likely be distorted and un-physical. But, as long we follow our

guideline, the first Floquet-Brillouin zone solutions will be free from any such pathologies.
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Chapter 5: Breathing Lattices

5.1 Motivation

One way to view breathing lattices eq. (1.6) is as analogous to shaken lattices. For
atoms in an optical lattice, either a shallow-angle or not, we can think of the shaken lattice
as a modulation of the phase of the standing wave. Similarly, a breathing lattice can be
thought of as a modulation of the frequency of the same!.

Shaken lattices have been the subject of extensive investigation, from uses as varied
as Quantum Simulation, and as a clean environment for studying driven systems[43, 44, 45,
46, 47, 48]. Breathing lattices have received less attention[49, 50, 51, 52], largely stemming
from the fact that they are much harder to generate. A shaken lattice can be generated by
position modulation of the retro-reflect mirror (using a piezo for example), but generating
a breathing lattice requires either modulating the angle between the beams of the shallow
angle lattice, or direct modulation of the laser frequency. The latter was going to be our
approach, with a high bandwidth acousto-optic modulator(AOM), and precise control of

the AOM driving frequency using our AWGs.

Numerical work investigating the single-frequency case was done by Zach Smith ([1]).

'We additionally modulate the amplitude, but that is to ensure that the lattice depth in terms of
recoil energies stays constant. This isolates the effect of breathing from modifications to tunnelling from
amplitude modulation.
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I have extended this to breathing in two different frequencies, and found that there are

‘islands’ of interesting behaviour that differ sharply from expectations.

5.2  Bloch Functions

In chapter 4, we discussed how to apply Floquet Theorem to a general T' periodic
Hamiltonian, and transformed the TDSE into an (albeit infinite dimensional) matrix diagonalisation
problem. The system we are interested in is an optical lattice that is then subjected to
a T periodic modulation. To understand this, let us briefly discuss spatially periodic
potentials first. Instead of the standard approach, we will use Floquet’s theorem to solve
this problem.?

Given a spatially periodic Hamiltonian,
H(z) = H(x +a) (5.1)

where a is the period, we would like to solve the Time-Independent Schrédinger

equation for this Hamiltonian,

H|U) = E|¥). (5.2)

Restricting ourselves to one dimension, we can write this as

(G5 + V(o)) vle) = Bl (53)

Qm@

2A more standard discussion of the topics covered in this section can be found in [53, 54]
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All the spatial dependence now resides in V(x), (with the requirement that V(z) =
V(z+a)). If we can transform this second order differential equation to one in first-order,

we could apply Floquet’s theorem to immediately write down the solutions. Let us define

¥(z)
p(xr) = (5.4)
V()
and,
0 1
K(z) = : (5.5)

EV(x)-E) 0

By definition K(z) = K(z + a). Now we can re-write the Scrodinger equation as:

P'(z) = K(z)@(x). (5.6)

This form is familiar to us, and it lets us use the results of chapter 4 to write down

the solution(in 1D),

U(z) = e*uy(z) (5.7)

where uy(x) = ug(z + a). These solutions are called Bloch Functions, after Felix Bloch,
who first proved this result [55]. & (sometimes also called ¢) is the quasi-momentum
corresponding to the Bloch Wave. As with Floquet states, these are not unique, as we

can write

U(x) = e*uy(z) = " FFERTY L or () (5.8)
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For k, = w/a (n is any integer). To reduce this degeneracy, we can restrict ourselves to (very
much like the Floquet case) a quasi-momentum band of width 27 /a, i.e. —7/a < k < 7/a.
This region forms the first 'Brillouin Zone’. We can index the solutions with higher quasi-

momentum with n, sometimes called the band index.

5.2.1 Sinusoidal Lattice Potential

Now let us look at the specific case of sinusoidal lattice potential. Consider

V(z) = % cos(2k,x) (5.9)

Where as before k, = m/a. We would now like to solve the Schrédinger equation for the

resulting one-dimensional Hamiltonian:

H = (-h—28—2 + V(m)) . (5.10)

2m Ox?

k+2nkq)x

One way of accomplishing that is to us plane waves, e , as our basis set. Which

gives us,
i nk. )z h2 82 ‘/0 7 NKq)T
ietrms — (o D os@hyr) ) ek (5.11)
h2 Vo, . : :
— <2—(k + 2nk,)? + Zo(e%x + e”’w))) ¢! (hranke)w (5.12)
m

2
_ h_(k+2nka)2ez’(k+2nka):c+%(ei(k—ﬂ(n—i—l)ka)x+€i(k+2(n—1)ka)m) (5.13)

- 2m

This reveals two important features of this Hamiltonian,
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1. It couples plane waves that differ by multiples of 2k,

2. It also tells us the natural energy scale that governs the problem

h2k?2
- 2m

E,

?

(5.14)

This is called the lattice recoil energy, as it is the energy gained from absorbing one

unit of lattice momentum.

We can then solve the resulting Schrodinger equation by writing it as a matrix

equation,
(% + 2)2 ‘/;’/4 0 Cn,l Cn,l
V.4 (E? VA eno | =€ | cng (5.15)
0 V./4 (£ -2)? Cn1 Cn1
where €, = %» V, = g—i ,and FE,, is the eigenvalue of the state ¢n,k3~ Using the ¢, ;, we can
write this state in the plane wave basis as
(5.16)

_ § i(k+2jkq)x
¢n,k — Cn,je( gka)
J

As we mentioned, n is the band index. Setting n = 0 restricts us to the first Brillouin

Zone.

3Each (n, k) denotes a different eigenstate i.e. (¢, | |[¥n/ k) < 8 nOp r)
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These solutions can be numerically computed to arbitrary accuracy by adding more
tri-diagonal blocks to the matrix. They were also computed exactly by Mathieu when he
was investigating vibrations on a drumhead [56], which gave him the same second order
differential equation as the one we obtained for the case of a sinusoidal lattice. As such,
they are the Mathieu Functions, and they are well understood mathematically.

If we plot the solutions for this problem, we can obtain a physical understanding of
the V.. For V,, = 0 we obtain the free particle solution, since there is no binding potential.
As we increase V., we can see that 'gaps’ begin to open up. These gaps are between ’bands’
of allowed energies, and they are indexed by n. That is, 1), is the state in the nth band

with quasi-momentum k.

Figure 5.1: Band structure schematic, where ¢ o V.

, E(k)
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The Bloch wave functions (¢, ) as written above are delocalised over the whole
lattice, but there is another representation which using a basis of localised states. [57]
showed that if we have a complete set of Bloch Functions, we can generate a set of Wannier

functions using

wp(r — ;) = / Uy e~ * i dk, (5.17)
FBZ

Where we integrate over the first Brillouin zone. Furthermore, it is possible to choose the
U phases such that the Wannier Functions obtained are real and decay exponentially
outside the site j. The Wannier Functions, like the Bloch Functions, form a complete

orthogonal set.

Tight Binding Approximation

Using either of the above representations, it is possible to re-write the Hamiltonian

in terms of creation and annihilation operators. For example, in the Wannier basis,

Hl = — Z Ji,ja;rl’ian,j. (518)

n727]

J is the coupling between sites ¢ and j. Since the Wannier functions form a complete
orthogonal set, there are no couplings between different bands.

For the situations we will be discussing, we will restrict ourselves to the tight-binding
approximation[58]. This approximation is valid when we are dealing with low temperatures

and low atom numbers. The low temperature ensures that no atoms are in the higher
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bands, and the low atom number allows us to ignore inter-atomic interactions. Both
these conditions combined mean that we don’t expect any couplings beyond the nearest

neighbour. So, our lattice Hamiltonian is now

Hp =—J Z ala; (5.19)

li—j|=1

with J as the tunnelling amplitude between adjacent sites.

5.3 Breathing Lattices

Now let us turn to the breathing lattice. For cold atoms we can write the single

particle Hamiltonian as
P k()
Hy. = — + (—) Vo cos(k(t)x) (5.20)
Where the k() is periodic in some 7', and Vj is the lattice depth.

5.3.1 Single Modulation Frequency

For a single modulation frequency, we take k(t) as
k(t) = ko (1 + v cos(Qt)) . (5.21)

Here ko is the mean k-vector, v is the amplitude (v < 1) and Q is the frequency of

modulation(or the drive). The amplitude term (k(t)/ko)? is there to ensure that our lattice
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depth in terms of F, remains constant. This ensures that any behaviour observe can be
attributed to the breathing, and not an amplitude modulation.

As noted, this work was done by Zach Smith [1] as part of his thesis. We will present
a brief summary of that work, as we will need that background before looking at the
two-frequency breathing lattice.

The Hamiltonian in Eq. 5.20 is not trivial. To make the problem tractable, [1]
introduced a ’co-breathing’ frame with the help of two unitary transformations, a dilation

operator D,

(5.22)

D, = exp (1 log(k)

Tp + px
h )

2

(where k is a time-dependent scale factor), and a position dependent momentum shift

operator ),

.2
V. = exp (—%a%) (5.23)

(where as before « is a time-dependent scale factor).
We also need to know how a Hamiltonian transforms under a time-dependent unitary

operator U;. To do this, let’s take the TDSE
. d
Zh% |W) = H |T) (5.24)

and apply U; to both sides,

. d
Uvih [¥) = U H |O)
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then, inserting UtT U; and applying the chain rule we obtain

4 dU
i (550 ) = ) ) = U U )

Which can be re-arranged to obtain

d .
Zh% U [¥) = (U H U, +ihU, UtT)<Ut V)

which is simply the TDSE again, but for

HI - (Ut H UtT +'tht UtT)

T)" = U |T)

Now, going back and applying the dilation operator D, to Eq. 5.20, we obtain

2 k(t 2 .
Hp = r_ () Vo cos(k(t)ka) — kIp+px
k’o K 2

we can combine the first and third terms to complete the square to obtain

mk2r?

Hp = 5

(p - :Z:;m)? N (’fk(? > 2 Vo cos(k(t)ka) —

Now, we apply the position dependent momentum shift operator ), to obtain
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koy/1+’y2/2

where have taken o = mik. * We choose k = —F to obtain the final transformed
Hamiltonian
2 .. 9
P MmKRL
H = = <% +V Cos(kex)) +— (5.32)
where

2
V,=(1++%/2Ve  ke=1/1+ %ko (5.33)

This form looks more tractable, since we have gathered all the ¢-dependence in x and its
derivatives. However, it can be shown that the time averaged term is always negative,
which gives us anti-trapping potential, and leaves us with no bound Floquet states.’
In our experiment, however, we use an additional harmonic confining potential with a
frequency w. We can add this to the our Hamiltonian, and apply the same unitary operator

transformations to obtain

2

2
Hy=— (p_m +V, cos(k:ex)> + %(uﬂﬁ + ki) (5.34)

The added harmonic terms provide the additional confinement needed to obtain bound

states.

Critical Drive Limit

With the added harmonic term, we now have another parameter we change to influence

the Hamiltonian’s behaviour. As mentioned, we of course require a x (which come from

4The commutation relations needed to justify the above results are in appendix B
5This follows from the fact that & is an even function, so it can be written with a Fourier series of real
coefficients.
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our choice of Q) so that the time-averaged potential does not become negative, but beyond
that we are free to pick our constraint. A possible direction is one where we fix our
drive frequency such that the time-averaged potential is zero. This has the added benefit
of making the numerics much easier to perform. For the case of single frequency, this

‘critical” drive is easy to compute, and we obtain:

Q=Y T/, (5.35)

This leaves us with v as the parameter to vary in our simulations. We should that any
drive frequency €2 below €2, will produce harmonic bound states, but to simplify the
computations, we will restrict ourselves to critical drives. For our purposes, we assume

that the tight-binding model continues to hold.

5.3.1.1 Numerics and filtering

We will now give some details about our simulation. Since a lot of these techniques
will remain the same when we switch to the two-frequency breathing lattice, these will be
presented in some detail. Fortunately, we have already done much of the preliminary work
in our previous chapter, and we just need to apply those results here. Choosing to work in

the Wannier basis, we can write

HO = —J Z(a;ajﬂ + a;Haj) + gJQTl? (536)
J
2 2

£ = WIZW (w22 + ki) ® (5.37)
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Where we have used the kinetic energy and the sinusoidal lattice terms to compute J, and
used the external harmonic trap as the on-site energy term £°. We then compute the higher
order Fourier components, and use those to construct our matrix equation eq. (4.10). This
can then be solved numerically, as it just a diagonalization problem. £,, can be estimated

from our simulation parameters, to let us decide where to truncate the matrix .

Filtering

As our criterion for picking £,, was to ensure that the states in the FBZ converged,
any states outside this region are not guaranteed to be physical . So we would like a way to
filter out these states. A reasonable requirement is that an atom in the lattice must remain
there over the duration of a drive cycle. That means the Floquet state 1(t), defined in Eq.

4.13, must satisfy

D) P =1 (5.38)

where j sums over the lattice sites. Since states close to edge of Fourier space are unable
to interact with up to half of the states one would physically expect, they have a difficult

time satisfying this requirement. To filter these out, let us define p as

p=_Gilv®) (5.39)

,and the error € as

e=1—p (5.40)

6nj is the number operator at site j, and (%) represents the time-average
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Then we can consider the root-mean-square value e€,,,, of this quantity, averaged over the

same drive cycle.

1
rms — 2dt
‘ T /T€

So we need to evaluate the integral

1
— [ 1-2 2dt
T/T p+p

using the definition of 1),

p=>_ l{nlv) |
J
_ Z ( ¢ efim/ﬂt> ( Cim eimQt)
J
— Z Z C;f’mlcmmei(mfm/)ﬂt

y ’
J m,m

which implies,

1 1 X /
o * ] i(m—m/)Qt
—T/Tpdt— —T/T g g i Cjm€ dt

/
j mm

2 *
= Cj,mcjvm/ 6mml
jamam/

_ * o
= g CimCim = 1
j?m

By definition of .
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Now,

—/ *dt = —/ (Z o Cim€ ™ /)Qt> (Z cz’n,ck,ne"(”"/)m> dt (5.51)

/
jm,m/ k.n,n

Looking closely at this, we notice that only the terms where (m —m’) = —(n —n’) survive,

> *
= E C; i Cim? Chn Chen! (5.52)

Jm,m’ k,n,n/

Let o =m —m/ (5.53)
- Z Cj.m—aCimChntaChn (5.54)
Jm,a.kn
fora =0 (5.55)
Z C;,mcj,mczmck,n =1 (5.56)
Jm.kmn
(5.57)

Putting all of the above together, we obtain

_/ 2dt Z jm ozcj,mck n+aCkn (558>

a#0

Thinking of the c;,, as a vector we can write,

m,n,x

Erms = \/ > (6 am €7 o (5.59)

where we have converted the sums over j, k into the matrix [cTc]. This form is easily
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computable numerically, since c;,, is what we obtain from solving our matrix equation.
Eq. 5.59 has a lower bound of 107® from errors in floating-point arithmetic, but has
the advantage of being fast. To give us a higher accuracy in filtering, we first use Eq.
5.59 as a rough filter (for example, €.,s < 1077), then take the remaining states and
perform direct numeric integration to compute €,,,;. This further pushes our errors down
to ~ 1071%. The simulation is written in Python3[59], making extensive use of the packages

SciPy[60],NumPy[61], and mpmath[62]. PyPlot[63] is used to generate the plots.

The first Fourier-Brillouin Zone

Let us call the set of states we obtain after filtering ®. We now want to find the set of
states ¢ in @ that comprise the first Fourier-Brillouin zone (FBZ). As we showed in [section
on Floquet theory], each distinct physical state ¢ will have up-to 2M + 1 occurrences (each
shifted by hw) in ®. We can use this to group these states, and these groups will then each
be a distinct physical state 1. Let £ be the set of all quasi energies of ®, we then construct

the set

Qa={q modhwl|qgel} (5.60)

We then sort ()4 in ascending order of ¢, To group these states, we find the spots where the
energy difference between adjacent states (0, = ¢, — ¢,11) is greater than some threshold(e)
which is determined by the energy scale of our problem(o f(E,, Vo, Q2)) i.e. |0,| > |¢|. The
states that lie between these spot we can say with reasonable confidence are the same
physical state 1. Since we are in the Wannier basis, if our lattice has j sites, we expect

to find j distinct states. In the case of single-frequency breathing, with no inter-band
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couplings, this is what our simulations give us. In the other cases, i.e. either multi-frequency
breathing or non-zero inter-band couplings, this condition is not always necessarily met.

We will discuss what to do in those scenarios later.

Bessel J, tunnelling

The central result from the single-frequency simulations is that it gives rise to a site-
dependent tunnelling amplitude in the shape of a Bessel Jy. This can be understood as
the averaged result of the position dependent shaking experienced by the atoms. [1] gives

a derivation for this our system to find the tunnelling amplitude

(5.61)

) = <7r\/2(1 - yz)u 22) %]> |

and plotted the results, which are shown in fig. 5.2
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Figure 5.2: Plot taken from [1], showing agreement between the simulation (the orange and
purple dots), and J; (the orange line)
This is another reason why shaken lattices provide a good analogy, as J, tunnelling
is also a feature in those systems [47]. Having summarised previous work, we now turn our

attention to extending the system to two-frequencies.
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Validity of the single band approximation

Before we discuss the two frequency lattice, let us briefly investigate the single-band

assumption. If we add inter-band couplings to the Hamiltonian, does that have any effect

on the results? To consider a smaller lattice, but we include the states in both the ground

band and the first excited band. We then compute the inter-band couplings, and run the

simulation using these new off-diagonal terms.

First, let us consider just the lattice part of the 1D Hamiltonian

2

Hy = Qp—m + Vo cos(kex).

We can solve the Schrodinger equation for this Hamiltonian
Hon1(T) = €nkPnk
to obtain the Bloch Waves ¢, ;:
(@) = ek, |

Here n is the band index and u,, ; periodic.

Now we use these to construct the Wannier functions centred at site j,

wy(r — ;) = / e_ikxjgon,k(x)dk
BZ
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x; is the location of site j. As before, if we are careful with picking our phases, we can
ensure that the Wannier functions are real and exponentially localised around z;. This
forms our basis set for band n, and over all j that comprise our lattice. Using these states
and the Hamiltonian H, we can compute the matrix elements for the Hamiltonian including

the inter-band terms

(m,i| H |n,j) = / w (x — ;) (Ho + Az®) wp(z — z;)dx (5.66)
Where,
A= 22k + ki) O, (5.67)

2

From this point, we consider a system with 2j sites, with j sites being in each of the
ground band and the excited band. We then construct the Hamiltonian for this system,
and then use that as the Hamiltonian for our Floquet simulation.

We did simulation of a 25 = 46 site system, over a wide range of v values. We found
that even if we artificially increased the interband coupling beyond what one would expect,
there were no modifications to the J, tunnelling behaviour. As such, we concluded that
our system lies well within the tight-binding regime, and that we can ignore effects from

the presence of higher bands.
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Chapter 6: Breathing Lattices in two-frequencies

6.1 Motivation

The main focus of this work was investigating the effects of adding a second modulation
frequency to the breathing. We were motivated to explore this direction by considering the
behaviour of two-period static lattices, which can be described by using Aubrey-André
models [64]. The behaviour of these systems depends on the nature § = ]]z—f, the ratio
between the two wave-numbers kj,ky. For systems with an irrational (or increasingly
incommensurate) value of 3, the system exhibits a localisation phase transition. This
has been observed in both atoms[65] and light[66]. We wanted to see if there was similar

behaviour when considering the ratio of the breathing frequencies.

6.2 The Two-Frequency k(t)

The form we chose for our two-frequency k(t), in our hamiltonian

2 2
P k()
Hy, = —+—= 1
b= + e Vo cos(k(t)x) (6.1)
is
k(t) = ko(1 + 1 cos it + 2 cos Qat). (6.2)
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Where as before v;,v, < 1. While this is hard to solve exactly, we can intuit the
behaviour by looking at the ratios I' = %, and R = g—; For either both ' < 1 and I' > 1
we expect our results to resemble the single frequency scenario, as one of the terms will
dominate the breathing behaviour. We expect to see the biggest deviations when I' = 1. It

is less clear what effect varying R would have on the system, as the same limiting scenarios

(R> 1 and R < 1)do not easily compare to the single frequency case.

6.3 Multi-frequency Floquet theory

Before we proceed further, we need to extend Floquet theory to multiple frequencies.
A naive approach could be to take our earlier results and simply add additional Fourier
spaces for the new frequencies. Let us see how that would work in the case of two-

frequencies. Let us take the hamiltonian

H = Hy + Vi(t) + Va(t) (6.3)

Where Hj is the time-independent hamiltonian with eigenfunctions {¢,} and eigen-
energies {¢,} in the Hilbert space a. And Vi (t) and V,(t) are periodic with period 7} and
T, respectively. One approach, detailed in [67, 68, 69] is to apply the same techiniques as

we did in chapter 4 to the larger space

a®FF (6-4)

Where « is the Hilbert space of the original hamiltonian, and F;, 5, are the Fourier spaces
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in w; and ws respectively. We shall not go into too much detail about this method, except
to say that working in this very large composite Hilbert space makes solving the matrix
equation computationally difficult!.

Instead we will write k(¢) as:

k(t) = ko(1 + 71 cos(mS2t) + v cos(nfdt)). (6.5)

Where m,n are co-prime integers. Using this form in our hamiltonian Eq. 6.1, we can view
) as our drive frequency, and view m,n as multipliers on the drive frequency. This form
has the advantage of allowing us to use Eqs. 4.9 and 4.10 to compute the Fourier states.
This is because we can now view the hamiltonian as still having a single (albiet longer)
period 27 /Q. However, this still requires us to increase the number of Fourier terms we
have to consider if we want our states to converge. This can be seen if we look at the

approximation we obtained for L,

Lo =W/ (hw) (6.6)

It is clear that if w = nw', then £, = nL',,. This fact limits us to a smaller set of (m,n)
values than we would like since our memory requirements scale as O(£2). Still, this method
is an improvement over the previous approach, since we went from O(£2) to O(nL,,).

We will still use the operators D, and ), to work in the 'co-breathing’ frame, so our

'For example if we need 100 Fourier terms for a single-frequency to converge, we will need ~ 100times
as many terms for the two-frequencies of similar size
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hamiltonian after transformation is still

2

2
Hy=— (2p_m +V, cos(kex)> + %(w%f? + Ki) (6.7)

2 2
except V, = (1+72/2 +92/2)Vh, ke = (/I 33/2+ 33/2)ko, and s = 2V 082

Calculating Critical Drive

As seen above, we still have the external harmonic trap term w?x? in our hamiltonian.
This is because even in the two-frequency case, the time-averaged trap without the external
harmonic term ends up being anti-trapping. This means that if we want to operate in the
critical drive limit, i.e. where the time-averaged trap is zero, we need a way to calculate

Q. for a given set of v1, 72, m,n. In other words, we need to find an €2 that satisfies

0 27/
o wWik? + ki dt = 0. (6.8)
T Jo

For the two-frequency k(t) = ko(1 + 71 coswit + 2 coswst), this integral is not solvable

analytically. Even the ’simplest’ term in this integral (which is just w?x?)

27

o 1
a/o (1 + 71 cos(mt) + 5 cos(nflt))

_dt (6.9)

has no closed form solution. We are then left looking for numerical methods of computing
Q.. The integral in Eq. 6.8 is highly oscillatory, so we have to be careful with how we

approach this. Since our simulation is written in Python, the first attempt was to use a
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simple bisection algorithm using integration methods provided by SciPy. This simply uses
the fact that given a continuous function f(x) over an interval [a,b] where f(a) < 0 < f(b),

there exists ¢ € [a, b] for which f(c) = 02. The algorithm in pseudocode is
Data: f(x),a,b, €

Result: ¢ such that f(c) < |e|

(a+b) .
2 ?

CcC =
while | f(c)| > |¢| do

if sgn(f(c)) = sen(f(a)) then

I a=cC

else

| b=c

end

end

Output: ¢

Where sgn is the sign function. This algorithm works by taking the interval [a, b],
looking at the function at its midpoint ¢, and depending on the sign and value of f(c)
either changing the interval(to [a, c] or [c, b]) or, if the error is small enough, returning c as
the required output. This algorithm has the advantage of being quick®. The problem we
face with this method is that the SciPy integration routines do not converge sufficiently
quickly, and even when they do, the 2. we obtain end up being inaccurate. This problem

persisted even if we used other packages for numerical integration (for example MPMATH).

2This is the Intermediate-Value Theorem

3The upper bound for runtime is N < log, ‘a;bl
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Only the integrals calculated using Mathematica[70], gave values of 2. that were correct
when checked. Thankfully, there is a package called "Wolfram Client Library” which lets
us use Mathematica from within Python.The Python code parses the simulation settings,
and then calls Mathematica sub-routines to compute the value of €2..

We would like to note the curious fact that it is usually faster to compute the integral

0 2w /Q

— Wik 4+ ki 41 dt (6.10)
2w Jg

And find €. such that this integral evaluates to 1. The final thing to note is that there are
sometimes multiple values of (). that satisfy Eq. 6.8, and we always try to take the lowest
of those values. We do this by checking if we can find a x < Q. where the sign of f(z)
changes. Since we do not have the closed form of the integral, we cannot prove that the €.

we found is the lowest. But we are fairly confident of that being the case.

Fourier Coefficients

To be able to use Eq. 4.10, we need to compute the Fourier coefficients of our
Hamiltonian. Since we need both negative and positive coefficients, we will be using the

exponential form of the Fourier series

Hp= Y H{™Weme (6.11)
Where
O s .
)2 4 GRA—— H e~ m gy 6.12
f o J, r€ ( )
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Since we already knew that numerically integrating oscillatory functions might be
difficult in python, we again used Mathematica to compute the coefficients. Then we can

construct our matrix equation and solve for the Floquet states.

Simulation Limits

Before we move on to the results, let us discuss the parameters of our simulation. As
we saw earlier, using m{2 and n{) to mimic as single frequency hamiltonian requires us to
include n times as many terms to ensure that our system converges*. This has a cascading
effect on the memory requirements and runtime and limits us to n, m being small integers.
As such we mostly ran simulations for (n,m) < 10, with the largest being n = 7,m = 5.
Even here, in the case of (7,5) we were using ~ 100 GB of memory. So it seems unlikely
that this method could be used for n/m > 1, as even for n = 22,m = 7, we are looking
at 30 — 50 times the memory and runtime requirements for n = 3, m = 2. Our amplitudes
1,72 were .001 < ;1,72 < .2. And for all simulations our lattice had j = 33 sites, and the

external trap frequency w = 20Hz°.

Convergence and grouping states

Filtering states in the two-dimensional case proceeds as it did in the single-frequency
case. We use Eq. 5.59 to find €,,,; and then perform direct numeric integration to further

refine our results. The only difference is , as we mentioned, the larger memory and runtime

4Without loss of generality, we can assume n > m

5This is because we don’t expect the absolute value of w to effect the results, similarly for the absolute
value of j. Increasing j also runs into the same problem as large (m,n) since the simulation scales in size
with 52.
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requirements.

As mentioned earlier, finding the first Fourier-Brillouin zone is not as straightforward.
We still compute g4, and follow the same procedure for demarcating the different states.
But we do not always get j distinct states. Sometimes the number is much larger, and
other times it is smaller. Let us discuss each of these scenarios

In the first case, our procedure is giving us more distinct states than we expect. To
understand this let’s take an example, where v; = .05,7% = .01,m = 2,n = 3 as our
simulation parameters. Following our procedure gives us ~ 200 distinct states, which is far
more than the expected 33. What this implies that after we have constructed and sorted
Qa, we have found ~ 200 locations where |d,| > |€| (0, = gnt1 — ¢n). Now, the distance
between these locations is the number of states with the same quasi energy mod hw. In
other words, this is the number of different Fourier m-blocks a distinct physical state re-
occurs in, let’s call this m; for each distinct j. If a state only appeared in very few m-blocks,
(m; < 3), then it is likely to not be physical. If add this additional condition of m; > 3,
we find that in this specific case, we are left with the correct number (33) of states, each
with m; > 20, confirming the validity of this method®.

In the second case, we are getting fewer states than we expect. This is easy to
understand, it just means that we have degenerate states in our first Fourier-Brillouin
zone. Since we group our states using energies, this is not a surprising outcome. We can

correct this by looking at each group, and computing the overlaps at ¢ = 0.

(Vg3 (1) |t0g. (1)) (6.13)

SThere are rare cases where after doing this filtering, we are left with fewer than the number of states
we expect. Those are discussed below
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where 1), ; denotes the i state in group g. Between different, but degenerate states, we
expect the overlap to be zero. For non-zero overlaps (> .5), we can be fairly sure that those
states represent the same physical state. We then repeat this procedure for all the groups,
and find our 'missing’ states.

Between these two methods, we can ensure that we identify all the physically distinct

states”.

6.4 Results

We will group our results into distinct sections by particular facet of behaviour were

think are exhibiting.

6.4.1 TI'-dependent tunnelling modification

This is the first scan we performed, scanning over I' = 1—? for a given set of drive
multipliers (m,n). This scan was to explore the relationship between the ratio of amplitudes
of the two breathing lattices and nearest neighbour tunnelling. We wanted to see if our
intuition about I" was correct, namely that for I' < 1 and I' > 1 our results are similar
to those for a singel frequency, and that we would see maximal deviation from the single
frequency behaviour at I' ~ 1 The pair m = 2,n = 3 closely match our intuition, as shown
in fig. 6.1, we can see how the tunnelling rate .Jy starts out identical to the single-frequency
scenario for I' << 1, and shows maximal deviations from this behaviour at I' ~ 1. For

I' > 1, as expected, the behaviour look similar to I' < 1. This repeats for other m,n pairs

"There were a few occasions where both methods were required, and in those cases they were conducted
in the order presented here
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[(m,n) = (3,4) and (m,n) = (3,5), as seen in fig.

I' < 1 plots, as they all look like fig. 6.1a).

Tunneling Amplitude

(a) <1

6.2 and fig. 6.3 (We have not shown the
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Figure 6.1: Nearest neighbour tunnelling amplitude as a function of site index for three
different I' value for m = 2,n = 3. (a) shows the tunnelling for v; = .05 75 = .005. (b)
shows the tunnelling for ~; = .05 7, = .045, and (c) is for v, = .02, v = .07

6.4.2 Modifications from R

While we were unable to conclude on whether Aubry-André like behaviour arises from
modifying R, we did not a difference between integer and non-integer values of R. Below
are the of plots comparing I" scans for 3,2, 2,1 and 3, 1. While we see the same behaviour

modifications, it is far more pronounced in the non-integer R. Both the deviation from the
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Figure 6.2: Tunnelling plot for m =3,n =4
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Figure 6.3: Tunnelling plot for m =3,n =5

Jo, and the range of I' values where this deviation is present are much smaller.

We are not sure of the origin of this distinction, but we suspect it arises from the fact
for non-integer R, there are terms in our Fourier series that are not harmonics of either of
our frequencies. For example, in the matrix equation for 3,2, the Fourier terms (and the
associated Floquet m-blocks) for i = 5,7, 11 etc. are not harmonics for either 3Q or 2€2. If

the R is an integer, this is not the case, as {2 is one of the driving frequencies.
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All our results so far can be viewed as perturbations of the single-frequency breathing

In contrast to the earlier results, the effective hamiltonians (fig. 6.9) here show higher-
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6.4.3 Emergence of divergent behaviour
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behaviour. The second frequency’s effect become more apparent as we move away from
the center, and the modulation increases. This can be seen clearly in fig. 6.7. However,
for certain combinations of the parameters, this was no longer the case. Instead we saw a

large shift in the tunnelling amplitude at the lattice centre. An example is given in fig. 6.8

order coupling near the centre. This is not something we were expecting, and a survey of

recent literature has shown no similar results. This is even more surprising when we consider
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Figure 6.6: ' scan for m =1,n=3

the fact that the center experiences the least amount of motion from the breathing lattice.
We expect deviations to arise where the effect of the breathing lattice is felt most strongly

by the atoms, but here we have the opposite happening. As such, we sought to characterise

this behaviour and look for patterns.
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Figure 6.7: Plot contrasting the effective Hamiltonian of I' < 1 with I' &~ 1, showing the
couplings between the different lattice sites. For both I' < 1 and I' = 1, we only have
nearest neighbour coupling. And they show the Jy tunnelling exhibited by I' < 1, and the
deviation from it for I' &~ 1. It is important to note that the deviation occurs towards the
edges of the lattice, leaving the center relatively unperturbed

Table 6.1: Range over which behaviour like fig. 6.8 was observed.

(1,72)  (myn) £
(1007, .002) (3,5) 78.38 Hz
(03,.02) (34) 210.55 Hz
(1,2)  (23) 565.40 Hz

We saw this behavior repeat over a large range of parameters. There was no discernible
relationship to I'; R or even €).. This can be be seen by looking at table 6.1, which shows
the large range of parameters over which this behaviour can be seen. Looking at a scan near
these values, we observed that this phenomena, in contrast to the normal two-frequency
results, first begins to occur at the lattice centre (fig. 6.10a).

We have arranged the various stages of this in fig. 6.11, and have labelled them with

9, which is just a normalized deviation of our tunnelling from J5(0)
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(a) Tunnelling plot showing the first
appearance of the central dip
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Figure 6.10: Plot showing the onset of higher-order couplings
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6.4.4 Analysis and possible sources of this phenomena

As we stated earlier, we have not been able to find a relationship between ¢ and the
other parameters of the simulation (71,7, m,n). It doesn’t have a simple relationship to
., so we cannot say that it a low/high frequency effect or resonance. It does not depend
on the ratio R, as we are able to modulate ¥ by modulating I while keeping R constant.
We suspect a similar relationship exists in other direction, but we are limited by the small

set (m,n) that are computaionally feasible.

6.4.4.1 Phase and Symmetry

One unexplored possibility is that this is a consequence of the relative (starting) phase
between the two frequencies. In our formulation of k(t) = ko(14; cos(mt)+~s cos(nflt)),

we assumed to the phase between frequencies to be zero. We could a phase (¢) to this, i.e.
K'(t) = ko(1 + 1 cos(mQt) + v cos(nQt + ¢)). (6.14)

This hypothesis is helped by the fact that if we look at expansions of k(t) and k'(¢)

around €2 and ¢ respectively, we get the same first order term

1 1
KO®) = (i 4 2 4 1) ko + Q2 (—5 (ko (am® + n*y2)) t2) + O (ﬂko (ram* 4+ n'y2) t4)

(6.15)
This suggests that a change in the critical frequency 2. is akin to shift in the phase¢. Recent

work in multi-mode Floquet dynamics ([71] [72] [73]) has emphasised the importance of
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this relative phase, so we suspect this is a good place to start.

Having thought more about the role of phase, we now consider it to be an unlikely
explanation. The best way to understand this is to consider what happens to k(t) when
we add a phase. When ¢ = 0, k(¢) is an even function. By extension, this implies that our
hamiltonian H,, is an even function. Setting ¢ # 0 turns k(¢) into a function that is neither
even nor odd. The more practical consequence of this is that now we need twice as much
memory for our Floquet hamiltonian. This is because an even function can be written as
a Fourier series with only real coefficients, but for functions that are neither even nor odd,
the coefficients are complex. And quite trivially, all else being equal, going from real-valued
to complex-valued matrices doubles memory requirements. The other objection this raises
is more fundamental. It seems unlikely that behaviour exhibited by a Hamiltonian would

be caused by it behaving as if it had lost a symmetry still present in the system.

6.5 Experimental plan and potential challenges

Now that we’ve gone over our theoretical results, and what kind of behaviour we
could expect in the single-frequency and two-frequency case, it is a good place to discuss
the planned breathing lattice experiment. The HiBAL worked by combining beams from
two wide bandwidth AOMs to generate a shallow angle lattice. The frequency of the
RF going into the AOM controls how far the first order beam is deflected, which in turn
changes the angle at which the beams intersect, which by eq. (2.8) changes the lattice
period. By carefully controlling how we modulate this RF signal, we could create a time-

varying potential. To replicate the form of k(t) we have been using, we would just need a
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linear modulation of the RF signal used to drive the AOMs. The two AOMs in our setup
were controlled by two different AWGs, where one is a ’leader’ and the other is a ’follower’
to ensure no relative phase shift in between the two signals. By choosing an appropriate
waveform to store in the AWG, we can generate a breathing lattice.

There are many ways to achieve this, but what I had planned was to use a microcontroller
connected to the experimental control computer. This would be attached to a direct-digital
synthesiser(DDS), like the AD9910, which would generate the waveform that would be fed
to the AWGs. In the case of the single-frequency breathing lattice, we would just simply
give the microcontroller the desired v or €., after which the microcontroller would use
to compute the other and generate the requisite waveform. There are, however, many
unknowns here. To generate the disordered lattice we used to investigate Griffiths’ physics,
we rapidly pulsed a set of discrete frequencies. The pulse lengths were chosen such that the
atoms effectively saw all the frequencies at the same time, hence generating the disordered
potential. For a breathing lattice we would need a continuously varying signal. One
potential problem that could arise would be that the AWGs simply don’t have enough
resolution, or we might be severely limited in the range of frequencies we could investigate.
One problem we did solve while building the HiBAL was phase-locking, we used a Mach-
Zender interferometer along with a piezo-mounted mirror to ensure the two beams stayed
phase locked. The other point of concern is the AOMs themselves, as we had not yet
tested their response to a continuos frequency modulation. It is possible that one of them a
slightly longer delay while changing frequencies, and so that would be something we would
have to consider.

The biggest challenge potentially would be the measurement itself, as we are not sure
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how an actual BEC would differ from our clean model. In the lab we do not have the
luxury of turning off interactions, or of ensuring that every experimental shot is identical.
Either of these could mask the effect of the breathing lattice, especially in one-frequency,

which was the original plan.
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6.6 Future Work

We demonstrated the presence of an unexpected modification to the tunnelling behaviour
of the breathing lattice. There many directions that this work could be extended, in both
the numerical and theoretical sides.

On the theoretical side, it would be interesting to see if treating v/ as a dynamical
variable could give us insights into the behaviour.

On the numerical side, we are mostly limited by the computing power available in
what can be done. It would be very interesting if it would be possible to investigate
frequencies with much larger I' values. As mentioned, one of our initial goals was to see if
there was any Aubry-André like phenomena in the two frequency system. We wanted to
see if there was a qualitative change in behaviour as we changed (m,n) from less to more
incommensurate, for example a sequence approaching \/Li: [(2,3),...(5,7),...(70,99),...].
Unfortunately, due to the polynomial increase in memory required to adequately test this
hypothesis, all we are able to say is that there is a difference between I' as an integer and
as a rational number. But the question of whether there is a marked difference between
(m,n) = (5,7) and (m,n) = (70,99) remains very much open.

Furthermore, there still remains a large parameter space that is unexplored. Perhaps
there is even more exotic behaviour that exists for certain value of (m,n) and €.

The challenge in pursuing either of these avenues is computational power. For
(m,n) = (70,99) the Floquet matrix already consumes ~ 40 Terabytes of RAM. This
is in addition to needing at least an order of magnitude more storage than that. There is

some leeway to investigate more efficient ways of storing these matrices, by using sparse
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data structures for example, but you still run into the problem of polynomial scaling.
And of course, if someone were to conduct this experiment, comparing their results

with our predictions could prove very interesting.
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Chapter 7: Conclusion

We introduced BECs, and briefly discussed their generation in a lab setting. We then
discussed the features of our lab, including our power lattice generation apparatus, that
made the investigation of a breathing lattice system possible.

We then presented an overview of the work done for a single frequency breathing
lattice, and the presence of Bessel J, tunnelling. We briefly discussed how we verified the
single-band nature of our simulations, and then turned our focus to the two-frequency case.

We then discussed our extension of the breathing lattice to two frequencies, and the
results we obtained. For most of the two frequency values we presented, their results could
be viewed as perturbations on the single frequency case. However, we showed that there
are some ’'islands’ of radically different behaviour. Of special interest was modifications to
tunnelling at the lattice centre, and the emergence of beyond nearest-neighbour couplings.

We found that this anomalous behaviour does not correlate well with any simulation
parameter. It does not appear to depend on a energy scale, and it appears at seemingly
random R and I' values. Symmetry considerations make phase unlikely as an explanation,

so we are left looking for more complex explanations.
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Appendix A: Publication: Griffiths Physics in an Ultracold Bose Gas

Note: The following is the text of work published by our group in PRA adjusted in

format only to comply with style requirements.

A.1 Abstract

Coupled XY model systems consisting of three-dimensional (3D) systems with disordered
interlayer physics are of significant theoretical interest. We realize a set of coupled quasi-
2D layers of 8Rb in the presence of disordered interlayer coupling. This is achieved with
our high bandwidth arbitrary optical lattice to obviate restrictions on the dimensionality
of disorder with speckle-generated optical fields. We identify phase crossover regions
compatible with the existence of a pair of intermediate Griffiths phases between a thermal

state and the emergence of bulk 3D superfluidity.

A.2 Introduction

The intersection of dimensionality and disorder is a rich area of study in condensed-
matter physics. The precise control of disorder available with optical potentials enables the
realization of well characterized disordered systems with quantum degenerate atomic gases.

Optical speckle has been used to generate disorder for one-, two-, and three-dimensional
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systems [74, 75, 76], exhibiting Anderson localization, a disordered Berezinskii-Kosterlitz-
Thouless (BKT) transition [77], mobility edges in three dimensions [78], and emergence of
a Bose glass [79]. Similarly, quasidisorder provided by incommensurate lattices has been
used to realize the Aubry-André model in the presence of interactions [80], the role of quasi-
disorder in adiabaticity [81], to study many-body localization [82], and has been contrasted
against uncorrelated disorder in transport [83].

While two-dimensional (2D) Bose gases in isolation are well described by BKT physics
[84] (approximated by the XY model), recent theoretical work [32, 85, 86] suggests rich
behavior when layers of such systems (including stacks of 2D superfluids, cuprate superconductors,
and planar magnets) are randomly coupled to one another. They are predicted to exhibit
Griffiths physics [87, 88, 89] when the interlayer couplings or layer thicknesses are subject
to uncorrelated disorder. A pair of phases of matter emerge as the temperature is lowered
from a nondegenerate state to bulk 3D order (Bose-Einstein condensate, magnetization, or
superconduction). Each intermediate phase is a Griffiths phase, with properties dominated
by the most extreme local deviation in the disordered system. The first is an anomalous
Griffiths phase, a class of sliding phase [90] that exhibits 2D order (superfluidity, magnetic
susceptibility, or superconduction). The second is a semiordered Griffiths phase where order
appears in the third dimension. (Magnetic Griffiths phases have recently been observed in
bulk metal alloy systems [91, 92], but not in anisotropic systems.)

References [32, 85, 86] employ the phase stiffness p® along a direction e, to characterize
the Griffiths phases. Phase stiffness is a measure of the energy required to impose a phase

difference ¢, between two ends of a finite system. As a function of system size L and
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system energy FE, the phase stiffness is defined as

. 1dE(¢s)

While a computationally convenient parameter, it is not easily measurable in experimental
atomic systems. Although it is possible to measure the critical velocities of superfluids [93],
these disordered systems are predicted to have very small superfluid fractions and critical
velocities over much of the phase diagram. Instead we use an analysis of the fluctuations in
large data sets of time-of-flight (TOF) momentum distributions to gain information about
the phases as a function of temperature and lattice depth.

We associate the appearance of a Thomas-Fermi-like distribution in the two in-
plane dimensions (p) paired with a thermal distribution in the third (p,) with a 2D
superfluid transition at ~200 nK. As we decrease the temperature we observe the emergence
of discrete modes in fluctuation correlations along p; [94], which may characterize the
expanding length-scales of superfluid puddles in the anomalous Griffiths phase. Finally we
interpret the suppression of zero momentum atomic density fluctuations at our lowest
temperatures with the Bose statistics of macroscopically occupied non-local state, an

observation consistent with 3D superfluidity.

A.3 Experimental Approach

We study this system using optical potentials generated for a cloud of ultracold
8TRb. After initial loading and cooling, the atoms are held in vacuum by a pair of optical

tweezers. There they are subjected to a disordered 1D optical potential from an optical
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lattice generation system. They are further cooled via optical evaporation to temperatures
from 10nK to (numerical range) 250 nK. This temperature range spans both thermal and
degenerate states of the atomic cloud. After some evolution time in the lattice, we release
the atoms from all optical fields to expand ballistically. They form a position distribution
determined by their momentum distribution at the time of release. This is repeated many
times, allowing us to study statistics of the measured momentum distributions. Each part
of this process is discussed in more detail below.

We create degenerate gases of 3’Rb using a hybrid magnetic trap-optical dipole trap
[95], which then loads into a dipole trap whose waist is translated 30 cm into a science
chamber. The atoms are finally loaded into a crossed 1550 nm dipole trap and disordered
optical lattice, and evaporatively cooled in the F' = 1, mrp = —1 state. Final trapping
frequencies (v, v, ) are E/2mh = (100.0, 20.0) Hz at our lowest temperatures and (126.5,
25.3) Hz at our highest.

Evaporation begins with a nondegenerate cloud in the presence of our high bandwidth
arbitrary lattice (HiBAL) (see A.1). (Disorder generated using optical speckle necessarily
includes variations along the propagation direction ', so the HiBAL was developed to
provide the desired potentials.) We Fourier synthesize a potential U = A;sin(k;z + ¢;)
from multiple optical lattices spanning two octaves of spatial frequencies. We produce a
time-averaged disordered 1D optical potential using 802 nm light with a set of seven shallow
angle lattices of incommensurate period ranging from 1.21 pm to (numerical range) 4.70 pm.

The 1.21 pm (base) lattice is phase stabilized to an rms of 6(1) mrad with a Mach-Zehnder

'For 1D speckle disorder to be feasible, the Rayleigh range must be much larger than the cloud size.
Our clouds are on the order of ~10 pm—100 pm, whereas for a speckle with features and wavelength ~1 pm,
the Rayleigh range (zg = mw?/)) is 4 pm.
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Figure A.1: We engineer a stack of superfluid pancakes with a set of phase-stabilized
shallow-angle lattices formed by our HiBAL. Its set of phase-stabilized parallel beams is
focused through an aspheric lens to create the 1D disordered optical potential. The local
minima have different depths, which generates a local phase space density for each pancake.

Interplane hopping J; ; is subject to disorder as well, matching our system most closely with
Ref. [85].

interferometer and a piezoelectric transducer-mounted mirror. We confirm the costability
of the other optical lattices to our base lattice and our atoms through our diffraction limited
0.5-NA, 22.8x microscope to 19(3) mrad rms. Each lattice pulse is 300 ns in duration. The
longest delay between base lattice pulses is 600 ns, and the pulse sequence repetition rate is
3ps. We use two disordered lattice depths, labeled by the base lattice depth (2.8 kHz and
5.6kHz). The summed average depth of all seven lattices is 3 times deeper, with an rms
deviation equal to the base lattice depth. Our deeper base lattice depth corresponds to 14
effective recoil energies (Er/2mh = 0.4kHz). The rapid pulse rates of our lattices compared
to their energy gaps puts us well within the time-averaged potential limit. We observe no
differences in heating or TOF images between constant and stroboscopic lattices, thus do
not need to consider Floquet physics effects. Shot-to-shot variation in the position of our

harmonic 1550 nm trap is sub-pm, and the fastest systematic drift during evaporation is
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, which corresponds to energies too small to drive excitations.

The quasi-2D regime in cold gases is reached when the fractional occupation of out-
of-plane excited states in an effective, local harmonic oscillator is small. This occurs when
the thermal energy scale kgT is smaller than the harmonic oscillator level spacing hw,
or alternatively when the thermal deBroglie wavelength A\ ;g is larger than the spatial
extent v/2ma, where a, is the harmonic oscillator length [84]. As described above, our
disordered lattice has sites with varying depths. For our mean site depth of the shallow
lattice (3 x 2.8 kHz = 8.4 kHz) together with the base lattice spacing, we have kgT'/(hw, ) <
1 for T" < 250 nK, putting us in the quasi-2D regime throughout.

In this regime, our time-averaged Hamiltonian under the local density approximation

is

2m

2
A P 1 ~ 1
H=3 [_l +Vi- <Z §Ji,j¢3¢j> + g + 5 (2 97) | (A.2)
J

%

where ﬁﬁ /2m is the in-plane kinetic energy, V; is the lattice well depth, J; ; is the hopping
strength between two lattice sites ¢ and j, g; is the scaled quasi-2D self-energy term for
each pancake, w; is the in-plane trapping frequency, which includes small variations due to
the disorder 2.

We prepare gases ranging in temperature from 250 nK down to 25nK in our lattice
potentials. The relative phases of our component lattices are arbitrarily tunable. We chose
two sets of relative phases to create two different optical potentials with similar statistics.

We observe no difference in the results between the two potentials, confirming that our atom

2The out-of-plane momentum p is contained in the Ji; and g; terms of the Hamiltonian.
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Figure A.2: An example image from a 112nK cloud in our 2.8 kHz lattice, shown together
with the distributions n; and n for that image. Momenta are given in units of the recoil
momentum of our shortest period lattice, p;.o. The bimodal fit to n) is displayed as a solid
red line, with the thermal and coherent parts of the fit displayed separately as a blue dot
dashed and orange dotted lines, respectively.

cloud is large enough (greater than 70 pancakes) to average over the disorder. Each data
set contains two different hold times, 200 ms and 4 s, which show no statistical difference,
indicating equilibrium.

We levitate our atoms during 47ms of TOF with the use of a gravity-canceling
magnetic coil with a microsecond switching time to resolve the momentum distributions
n(p|,pr). Gross-Pitaevskii simulations show that our distributions along the disordered
direction, p,, are minimally distorted by interactions during the expansion due to the
rapid expansion of each atomic plane. We conclude that our TOF distributions faithfully

represent the momentum distribution along the disordered direction.
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Figure A.3: The fraction of atoms in the Thomas-Fermi distribution, frg, is plotted as a
function of temperature. The shallow lattice is plotted with red +’s, and the deep lattice
with blue x’s. Error bars are the standard deviations of the fractions in each bin, and a
typical bar is shown near the center for each lattice depth. We remove a baseline value of

0.054, a fit artifact, from the Thomas-Fermi fraction. frr is consistent with zero at high

temperatures, but increases to finite values as early as 200 nK, establishing p! > 0 below

200 nK.

A.4  Analysis

The trapping energies along the disorder and in plane differ by over a factor of
85, causing each direction to expand at very different rates. The expansion from the
tightest direction of confinement will quickly reduce the local density, preventing any
interactions that might have otherwise coupled p; and p, during the ballistic expansion
phase. Therefore we treat their momentum distributions as separable. We focus on the
in-plane and longitudinal momentum distributions, n|(p) = >, n(p,p.) and ni(p) =
ZPH n(p|,p.). At high temperatures n(p|) is a Gaussian. As the temperature drops a
bimodal distribution emerges, a thermal distribution plus a Thomas-Fermi-like distribution
as expected after expansion [96]. An example image is shown in A.2. We apply a bimodal fit
to n(p)) for every cloud, from which we can extract the total number in the distribution N

and the number in the Thomas-Fermi part Npp. The Thomas-Fermi fraction (A.3) is then
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computed as frp = Npp/N — 0.054, corrected for an experimentally determined fit offset.
At low temperatures, the thermal distribution becomes comparable in size to the Thomas-
Fermi part, causing the fit to underestimate frr. Both lattice depths show the emergence
of a Thomas-Fermi fraction in n(p|) near 200nK. This corresponds to a coherent part
and finite in-plane phase stiffness. We identify this as the onset of the BKT transition in
isolated pancakes. We expect little difference in the BKT transition temperature between
the two lattice depths; the band gap and the compression of the planes scale weakly with
lattice depth in our relatively shallow lattices.

At lower temperatures coherence between planes emerges in the form of interference
effects in n, (p). Identically prepared clouds look radically different from one another
in TOF (see A.4 for example images). The average of images at the same conditions
is featureless, as shown in A.5, so useful information is contained in the fluctuations.
Inspired by Fang et al.’s success in identifying phases of matter in 1D Bose gases [97],
which exhibit strong phase fluctuations, we apply a similar analysis to our data. We
normalize our distributions to ) ni(p) = 1, sort them into 25nK bins and calculate
the average distributions 7, (p,T"). We then calculate the deviation of each cloud from
the average for its bin, dn, ;(p,T) = n i(p,T) — n.L(p,T), and calculate the two-body
fluctuation correlation function o;(pa,py, ) = 6n i(pa,T)on, i(py,T). The averages of
those quantities, @(p,,py, T'), are displayed in A.6. Along a line from lower left to upper
right is the fluctuation power spectrum @(p,p,T). From upper left to lower right is the
opposite-momentum power spectrum a(p, —p, T). A.7 normalizes the latter by the former,
and is a measure of fractional correlations of opposite momenta, § = 2a(p, —p, T)/[a(p, p, T)+
a(—p,—p,T)]. Together these show qualitative changes as a function of temperature and
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Figure A.4: A random sampling of images at a few temperature ranges in our 2.8 kHz
lattice. Top: 200 nK—225nK; middle: 100 nK-125nK; bottom: 25nK-50 nK.
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Figure A.5: The (left) average density profile for shots in the 2.8kHz potential with
temperatures between 25nK and 50 nK, and (right) 7, for the same conditions. Neither
shows any structure, despite the wide variation seen in A.4.
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Figure A.6: We display the mean fluctuation correlations of the momentum, a(p,, py, T'), at
decreasing temperatures in panels (a)—(i), with the color scale in each panel normalized to
the maximum ay,,,. The features at the edge of the panels are artifacts of our normalization
scheme. The temperature bins are 25nK wide, and range monotonically from 225nK-
250 nK in panel (a) to 25 nK-50 nK in panel (i). Note the emergence of distinct momentum
peaks in opposite momenta, which do not correspond to the sublattice recoil momenta.

Pa/P1.2

The longest length scale resolved is 10.9 pm.
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Figure A.7: Normalized p, —p correlations § = 2a(p, —p, T)/[a(p, p, T') + @(—p, —p, T)] for
(a) the 2.8kHz and (b) the deeper 5.6 kHz lattice. Thermal correlations persist to lower
temperatures in (b) than (a), despite similar coherent fraction as seen in A.3.

lattice depth. In concert with our measurement of in-plane coherent fraction, we identify
those differences with a set of phases of matter.

Our atomic gases are finite in size and harmonically trapped in all three dimensions.
While disorder plays a strong role in the onset of superfluidity in each pancake, our harmonic
trap favors emergence of order from its center. Consequently there are likely multiple
phases of matter in most of our temperature bins. The 2.8 kHz lattice exhibits several
competing varieties of correlation in @ as a function of temperature. Isotropic thermal
correlations dominate along the lattice between 250 nK and 175nK as seen in A.6(a)—(c),
when the coherent fraction in plane is insufficient to give rise to interference effects. The

lack of any structure in the normalized correlations /5 is apparent in A.7(a). The apparent
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nonzero correlations in the thermal state derive from the finite width of the temperature
bins. Colder clouds have smaller rms widths, and vice versa, so fluctuation amplitudes
are symmetric about p; = 0 and nonzero. The thermal nature of the correlations imply
that p- = 0. Below 200 nK, we begin to see the growth of a coherent fraction in A.3,
implying that pﬂ > 0. Concurrent p: = 0 and ,0! > ( constitute evidence of a sliding phase,
a phase exhibiting 2D superfluidity in a 3D bulk, consistent with an anomalous Griffiths
phase [32, 85, 86].

Correlations in our 2.8 kHz lattice begin to exhibit structure below 175nK as seen
in A.6(d). We use a multi peak Gaussian fit as a generic localized distribution to analyze
our (3 distributions. Strong positive correlations in (p,,—p,) emerge around p; = 0,
and momenta corresponding near wavelengths of 2.4 pm, 3.0 pm, 4.9 pm and 10.8 pm. The
4.9 pm and 10.8 pm modes blend together into one broad peak at temperatures below 50 nK,
as do those at 2.41m and 3.0 pm, and at our lowest temperatures 3.0 pm correlations are
suppressed. These emergent length scales are distinct from the periods composing our
disordered potential (1.21 pm, 1.37 pm, 1.58 pm, 2.02 um, 2.50 pm, 2.79 pm and 4.70 pm).
Both the momenta peaks in the correlation spectra and the lattice recoil momenta were
measured with the same optical system, thus there is no scale-factor uncertainty between
the two. There is a peak in 8 nearby the 2.50 pm lattice. However, there is nothing special
in our potential about this component, for it is neither the shortest nor the longest period
in the potential, and its amplitude and phase are chosen in the same manner as every
other component. The correlations on the 4.9 pm and 10.8 pm length scales are larger than
any imposed by our disorder. We do not see any peaks in @ corresponding to the recoil

momenta of the four lattices with the smallest periods.
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While correlation peaks may emerge in completely incoherent lattice systems due to
uncorrelated phase noise [98, 99|, this does not explain our results. We confirmed this
with a simple 1D single-particle simulation of noninteracting thermal distributions in our
disordered lattice, which did not match our results. The simulations show correlations at
low temperature, which depend on choice of relative phases, exist for each sub-lattice below
50nK, and emerge first in high momentum states. In contrast, experimentally observed
correlation peaks are evident at higher temperatures (= 175nK), only occur at a few
momenta, and emerge first at low momentum.

The length scales of fluctuations depend on two factors. First, the lattice imposes
structure on the coherent fraction; second, the temperature determines the size of coherently
connected lattice sites (“puddles”) and the distances between them. As the temperature is
lowered, the system transitions to a fully connected puddle and lowering the temperature
further has no effect. We attribute this transition to the population of many-body phonon
modes as more pancakes undergo the BKT transition, leading to larger superfluid puddles
and increasing overall coherent fraction. This is the process described by [85], as the
anomalous Griffiths phase proceeds towards the superfluid transition with decreasing temperature.

This structure first emerges as peaks in A.6(d), and then settles to its final forms in
A.7(a) below 100nK. As mentioned, we interpret the settled form of 8 below 100nK as
the establishment of complete connectivity. This suggests that below 100 nK the system
has crossed over to a Griffiths superfluid phase from an anomalous Griffiths phase. While
we cannot measure phase stiffness directly, we expect it to be quite small in this regime
(32, 85].

The same trend can be seen in the 5.6 kHz lattice data in A.7(b), but at much lower

81



z_
10% @(p, p)
OFRNWHARUIOOFNWAUIOOFRFNWA VOO NWEARUIOORNWAULOD

p/p1.2

Figure A.8: Displayed are the square fluctuations @(p, p) for a few choices of temperature
in our 2.8 kHz lattice. A drop in fluctuations at p = 0 emerges below 70(£2.5)nK.

temperatures, despite the coherent fraction’s concurrent growth with the 2.8 kHz lattice.
The disordered lattice in this data set is twice as deep, so we would expect the most depleted
pancake’s phase-space density, and thus transition temperature, to drop by 1/e, and we see
no evidence it ever leaves the sliding phase.

At temperatures below 70 nK, in our 2.8 kHz lattice, we observe a drop in the fluctuation
power spectrum @(p,p) at p = 0, as shown in A.8. Its contrast increases with decreasing
temperature. We take this as evidence of the suppression of fluctuations due to Bose
statistics of a macroscopically occupied, nonlocal state. This is consistent with the onset
of finite phase stiffness along the disorder. We find it difficult to draw a clear line between
a superfluid Griffiths phase and a full 3D superfluid. The literature does not discriminate
between the two phases using parameters accessible with our system [85, 86], and Ref. [32]

does not identify a distinction. If there are two such distinct phases, this macroscopically
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ordered region is likely the latter.

A.5 Conclusion

Using our HiBAL we engineered an optical field isotropic in two dimensions and
disordered in the third dimension. We explored the phase diagram of a previously unrealized
class of disordered system. The momentum distributions of individual realizations vary
wildly, thus we examined noise correlations as our experimental measure. Although we
cannot directly measure phase stiffness (the primary parameter calculated theoretically),
we observe trends with temperature consistent with the predictions of this Griffiths system.
At high temperatures, distributions show no coherent (low momentum) features in plane
and no correlations out of plane. As the temperature lowers, a low momentum (Thomas-
Fermi-like) feature appears in plane, suggesting superfluidity in plane, while the out-of-
plane correlations are still absent. At even lower temperatures, coherence between planes
becomes apparent as a p; = 0 peak in the out-of-plane correlations appears along with
correlation features at nonzero momenta. Notably we observe discrete momentum peaks
in the correlations unrelated to the momentum components of the disordered lattice. This
suggests local correlations as some regions within the disordered potential become phase
coherent, which is characteristic of the anomalous Griffiths phase. Finally, below 100 nK
the noise correlations change little, suggesting full three-dimensional superfluidity (or at
least coherence), although the correlation function is still quite different than a superfluid in
a lattice without disorder. At a deeper lattice potential, similar phenomena are observed

although the onsets are at lower temperatures, as might be expected as the disorder is
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better able to prevent coherence buildup. Direct comparison with theory is needed to
fully understand this disordered system, and given experimental limitations, would require
calculations beyond phase stiffness.

Our HiBAL is a flexible platform capable of generating arbitrary sets of optical lattices
over two spatial octaves with phase, amplitude, and wave-vector control at MHz frequencies.
It will enable a large set of experiments, from transport measurements in disordered systems
and the production of Hamiltonians for the study of Floquet physics, simultaneous with

Bragg spectroscopy of all of the above.
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Appendix B: Commutation relations for D, and ),

These follow from the canonical commutation relations for x, p and the definitions of

D, and Y,
For D,,
DDl = ka (B.1)
DDl =L (B.2)
K
. K + px
p.pf = LI B.3
K= g (B.3)
And for Y,,
Vor)l =z (B.4)
VapYl = (p+ ax) (B.5)
. . 2
)yt LAt B.6
VIl P (B.6)
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Appendix C: Proof of Floquet’s Theorem

We follow [100] in our presentation of the proof.

As stated in chapter 4, for a problem of the form
x = A(t)x (C.1)

where A(t) is periodic with a period T'. Floquet’s theorem then states that for all solutions

x the following are true:

1. x may not necessarily be periodic, but it must be of the form e*'p(t), where p(¢) is

T periodic.

2. There exist n such y;, and they satisfy the condition:
T
etTer . ot — oxp (/ tr A(q)dq) (C.2)
0

We will first prove some lemmas that will help us in proving this result.

Definition C.0.1. (Fundamental Matrix) Let x!(¢),--- ,x"(¢) be n solutions of x' = A(#)x,
and let

X(t) = [[x'] - [x"] (C.3)



such that X(t) is an n x n solutions of X’ = AX. If all x*(¢) are linearly independent,
then X(t) is non-singular and is often called a fundamental matrix If X(¢y) = I, then X is

the principal fundamental matrix

Lemma C.0.1. If X(t) is a fundamental matrix then so is Y (t) = X(¢)B for any non-singular

constant matrix B

Proof. Since X(t) and B are non-singular then so is Y~! = B™!X~!(¢) and hence Y () is
also non-singular. And,
Y' = X'B = AXB = AY (C.4)

O
Lemma C.0.2. Let the Wronskian W(t) of X(¢) be the determinant of X(¢). Then

W(t) = W(to) exp (/t tr(A(q))dq) (C.5)

to

Proof. Let ¢y be some time. Expand X(t) in a Taylor series:

X(t) = X(to) + (t — to)X'(to) + O ((t — 1)) (C.6)
= X(to) + (t — to)A(to)X(to) + O ((t - t0)?) (C.7)
= [T+ (t — to)A(to)| X (to) + O ((t — t0)?) (C.8)
this implies that
det(X(t)) = det[I+ (t — to)A(to)] det[X(o)] (C.9)
W (t) = det[I + (t — to)A(to)]W (to). (C.10)
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If we now expand W (¢) in a Taylor series,
W(t) =W (to) + (t — to)W'(to) + O ((t — t0)?)

and use the fact that

det(I4+ €C) =1+ €etr(C) + O (€?) .

We can infer that

W'(tg) = W (to) tr(A(tg))

Since tq is arbitrary, this is equivalent to
W'(t) = W(t) tr(A(t)).
This is a simple differential equation, and is solved by

(o) = Wit exp ([ t tr(A(q)dn

to

(C.11)

(C.12)

(C.13)

(C.14)

(C.15)

O

Theorem C.0.3. Let A(t) be a T-periodic matrix. If X(¢) is a fundamental matrix then so

is X(t + T') and there exists a non-singular constant matrix B such that

1. X(t+T)=X(t)B for all t

2. det(B) = exp (fOT tr(A(q))dq)
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Proof. Consider Y (t) = X(t + T'), we will show that Y (¢) is also a fundamental matrix.

Y'(t) =X (t+T)=A{t +T)X(t+T) = A Y (1) (C.16)

Hence, X(t 4+ T) is also a fundamental matrix. Now,

1. Let B(t) = X71(#)Y(¢). Then,

If we let BU = B(to)

a fundamental matrix.

Y(t) = X)X ()Y (t) (C.17)

= X(1)B(1) (C.18)

Then we know by Lemma C.0.1 that Yo(t) = X(¢)By is

And since both Y (¢) and Y(¢) are solutions to the same

equation, uniqueness of solutions demands that they be equal. Hence we have Y (t) =

Y (¢) for all t. Therefore, Bo = B(t) and B is time independent.

2. From Lemma C.0.2, we know that

o) = Wit esp ([ wr(a)n) (.19)
Wt +T) = Wi(ty) exp ( t: tr(A(q))dg + /t t+T(A(q))dq) (C.20)
W(t+T) = W(t) exp ( /t t+T(A(q))dq) (C.21)
W(t+T) = W(t) exp ( /0 T(A(q))dq) | (C.22)

(C.23)
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and,

X(t+T)=X(t)B (C.24)
det(X(t + T)) = det(X(t)) det(B) (C.25)
W(t+T) = W(t) det(B). (C.26)

Together, these imply that
T
det(B) = exp </ (A(q))dq) (C.27)
0

O

These result allows to compute B by choosing a time t. In particular, for ¢t = 0,
B = X"1(0)X(T). If we set our initial condition as X(0) = I, then B = X(T).!

Before proving the main result, we need one more definition.

Definition C.0.2. (Characteristic Multipliers and Exponents) The eigenvalues p1, ..., p, of
B are called the characteristic multipliers for X'(¢) = A(¢)X(t). The characteristic exponents

or the Floquet exponents are pq, ..., u, satisfying
pP1 = e'ulTa P2 = €M2Ta ceey Pn = eunT (028)

i; for 5 € N could in general be complex. Things to note,

'If we think in terms of Quantum mechanics, this allows us to write the time-independent Floquet
hamiltonian, H in terms of the time-dependent hamiltonian H
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1. The characteristic multipliers py, ..., p, of B = X(T') obey the condition

det(B) = pipa. .. pn — oxp ( /O ' tr(A(s))ds> (C.29)

for X(0) = I. This follows from the previous theorem
2. The characteristic exponents are not unique, as e?” = eles+2m/T)T

3. The p; are a property of the equation X'(¢) = AX and do not depend on the particular

fundamental matrix chosen.

Proof. Take X'(t) to be another fundamental matrix. Then by Theorem C.0.3
X'(t) = X(t)B' (C.30)

We showed earlier that for two fundamental matrices X and X', there is a constant

non-singular matrix C such that

X'(t) = X(£)C (C.31)
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now,

(X'()B') = (X(t)B) C (C.32)
X(t)CB' = X(t)BC (C.33)

CB' = BC (C.34)
CBC'=B (C.35)

So the eigenvalues of B’ and B are the same, therefore the p; are also the same. [

Theorem C.0.4. For a given characteristic multiplierp and its corresponding exponent

(p = e*T), there exists a solution x(t) of x' = A(t)x such that
L x(t+T) = px(t)
2. A periodic solution, p(t), with the period T exists, and x(t) = e*'p(t)

Proof. 1. Take the eigenvector b of B with eigenvalue p. Let x(t) = X(¢)b. Now,

x' = Ax and

x(t+T)=X(t+T)b

(C.36)
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2. Let p(t) = x(t)e ", now

p(t+T) = x(t + T)e *+T)

— px(t)e—u(t+T)

— (e )x(t)e (C:37)
= x(t)e "
=p(t)

U]

This proves all the claims made in the original statement of Floquet’s theorem.
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