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Abstract

It is observed that an algorithm proposed in 1985 by Kautsky, Nichols and Van Dooren
(KNV) amounts to maximize, at each iteration, the determinant of the candidate closed-loop
eigenvector matrix X with respect to one of its columns (with unit length constraint), subject
to the constraint that it remains a valid closed-loop eigenvector matrix. This interpretation
is used to prove convergence of the KNV algorithm. It is then shown that a more efficient
algorithm is obtained if det(X) is concurrently maximized with respect to two columns of X,
and that such a scheme is easily extended to the case where the eigenvalues to be assigned
include complex conjugate pairs. Variations exploiting the availability of multiple processors
are suggested. Convergence properties of the proposed algorithms are established. Their
superiority is demonstrated numerically.

1 Introduction

Given A € R™*™ and B € R™ ™, the state feedback pole assignment problem is that of de-
termining a “feedback” matrix F € R™*" such that the eigenvalues of A + BF (“closed-loop”
eigenvalues) lie at prescribed locations. In the case of more than one input (m > 1), the solution
to this problem is generally non-unique. Many authors have investigated using the available
degrees of freedom to achieve low sensitivity of the closed-loop eigenvalues to perturbations in
A, B, and F [1-8]. This is often referred to as the robust pole assignment problem. An early
contribution to robust pole assignment was that of Gourishanker and Ramer [1,2], who proposed
heuristics to minimize the sensitivity of the closed-loop eigenvalues with respect to specified per-
turbations in the entries of A. Later, Cavin and Bhattacharyya [3] suggested to minimize the
trace of (I— X " X)2, where X is the closed-loop eigenvector matrix, Dickman [4] proposed to use
the sum of the squares of the off-diagonal entries in the Schur form of X as robustness measure
to be minimized, and Sun [7] adopted as cost functions two measures of robustness suggested
by Kautsky et al. [9] (which in turn were inspired from Wilkinson [10]). Among these authors,
Sun is the only one who provided a convergence analysis: he showed that one of his algorithms
generates a sequence whose limit points are all stationary in a certain sense.

To date, the most computationally attractive methods are perhaps those proposed by Kaut-
sky et al. [9]. Unlike most other methods, these algorithms require very few arithmetic op-
erations at each iteration. The present work is directly inspired from Kautsky et al.’s 1985



paper [9]. In [9], four algorithms are proposed for the robust pole assignment problem. These
algorithms are based on the fact that sensitivity of the eigenvalues of a non-defective matrix to
perturbations in its entries is directly related to the condition number of the associated eigen-
vector matrix. Kautsky et al. first show that X is an eigenvector matrix of A + BF for some
F that assigns the prescribed eigenvalues if and only if the columns z; of X belong to certain
subspaces S;. Accordingly, all four of their algorithms successively modify the columns of X,
repeatedly sweeping through the set of columns, in an attempt to make these columns “closer
to orthogonal” to each other, while forcing them to remain in the respective S;’s. In their first
algorithm (“Method 0”), conceptually the simplest among the four, each column z; of X is
successively made closest to the orthogonal complement of the subspace spanned by the other
n — 1 columns, while being forced to remain in S;. The operation count per iteration is low,
and numerical experiments discussed in [9] indicate that Method 0 performs as well as or better
than the other proposed algorithms (“Methods 1 to 3”) on difficult problems. However, it is also
observed in [9] that, on some problems, Method 0 ostensibly fails to converge (but good results
are obtained after a few iterations).

The contribution of the present paper is as follows. First we observe that Method 0 of [9]
amounts to maximize, at each iteration, the determinant of the candidate closed-loop eigenvec-
tor matrix X with respect to one of its columns (with unit length constraint), subject to the
constraint that it remain a valid closed-loop eigenvector matrix. Using this interpretation we
prove convergence of Method 0 of [9] (the “lack of convergence” observed in [9] turns out to be
an instance of slow convergence). It is then shown that a more efficient algorithm is obtained
if det(X) is concurrently maximized with respect to two columns of X, and that such a scheme
is easily extended to the case where the eigenvalues to be assigned include complex conjugate
pairs. Variations exploiting the availability of multiple processors are suggested. Convergence
properties of the new algorithms are established. The superiority of the new algorithms is
demonstrated on a large sample of numerical examples.

The remainder of this paper is organized as follows. In Section 2 we review Kautsky et al.’s
Method 0. Section 3 is devoted to a convergence analysis for this method. In Section 4, we
present the new algorithms for the case of real pole assignment and analyze their convergence.
Section 5 discusses the extension to complex pole assignment. Section 6 addresses implementa-
tion issues. Section 7 presents some numerical results. Finally Section 8 is devoted to concluding
remarks.

2 Preliminaries

Given a positive integer ¢, we make use of the function i,(-) : {1,2,...} = {1,2,..., ¢} defined
by the equivalence

iq(p) = p (mod g).

Given two complex vectors v and v and a complex matrix M, we denote by o; the ith largest
singular value of M, by Re(M) (resp. Sm(M)) the real matrix whose entries are the real (resp.
imaginary) parts of the corresponding entries of M, by u' and u* the transpose and conjugate
transpose of u and by M and M* those of M, by (u,v) the complex inner product v*v (u and
v are said to be orthogonal if (u,v) = 0), by ||u|| the Euclian norm 1/{u, ) of v and by ||[M]|| the
Frobenius norm /Tr(M*M) of M, where Tr denotes the trace. Next, given a normed vector
space V, we denote by BV its unit sphere, i.e.,

BY={x:xeV,|x|| =1}



Finally, we denote by j (non-italics) the square root of —1.
Let A € R™" B € R™™ and let Ay,...,\, € C be the desired closed-loop elgenvalue
locations. A key role will be played by subspaces S;cC*i=1,...,n, defined by

8 ={z: (A= NIz € Re(B)}, 1)
where R (B) C C™ is the “complex range” of B, i.e.,
Rc(B)={By:yeC™},

and by their real parts
SR={zeR":z €S} (2)

In this and the next two sections, we focus on the case where all A;’s are real. The following
result is used in [9)].

Theorem 2.1 Let X = [z1,...,2y,|, nonsingular, and A = diag()1,...,\n) be two real n X n
matrices. Then

(A+ BF)X = XA (3)
for some real matriz F if and only if z; € SiR, t=1,...,n. a

Given a suitable X, the corresponding feedback matrix F is readily obtained via QR factorization
of B (see [9]).

Thus there exists a real F such that A + BF is similar to A (by similarity transformation)
if and only if there exists X = [zi,...,2,] nonsingular such that z; € S;,4 = 1,...,n. These
conditions may fail to hold only if either (A4, B) is not controllable or every A + BF with the
required eigenvalues is defective. In [9], necessary conditions are given for the existence of a
nondefective A+ BF with the required eigenvalues. We simply note here that a suitable F' does
exist whenever (A, B) is controllable and the );’s are distinct. From now on we assume that a
nonsingular matrix X satisfying (3) can indeed be obtained.

Clearly, it is enough to consider matrices X whose columns have unit length and whose
determinant is strictly positive. Thus, let

Xgp={X=[z1,...,2,] ER™™ :2; e BS®, i=1,...,n, det(X) > 0}.

To robustly assign the desired poles Method 0 in [9] makes use of iteration maps f; : Xg — Xg,
i=1,2,...,n, defined essentially’ as follows. Given X = [21,...,%,] € XRg,

fl(X) = [‘,2‘17 s 7§:i—17£’ ﬁi-{*l’ e aﬁn]7

where §~ € R" solves
maximize (£, u;(X)) s.t. ¢ € BSE, (4)

where u; (X ) € R™ is the unit length vector orthogonal to {Z1,...,&i—1,%i+1,---,%n} such that
(#i,u;(X)) > 0. Thus the ith column of f;(X) is a unit vector along the projection of u;(X) on
S; and thus, in some sense, is as close as possible to being orthogonal to the other columns of
X. Note that since X is nonsingular, the direction and the orientation of u; (X ) are uniquely
determined, the solution £ to (4) is unique, and, since (£,u;(X)) > (&;,u;(X)) > 0, fi(X) is
nonsingular. The iteration proposed in [9] is essentially as follows.

Algorithm 2.1 (KNV Algorithm):

Tn [9] the sign of det(X°) and the orientation of the new column of X* are left unspecified. Our choice forces
det(X k) to have constant sign, which allows a notationally simpler convergence analysis.



Step 1. Pick X° € XR. Set k := 1.
Step 2. Set X*:= f; oy (X*1).
Step 3. Set k:=k + 1 and go to Step 2.

(|
Computation of f;(X) given X is inexpensive. The main task, computation of u; (X), can be
effected by means of a QR factorization of [21,...,%;—1,&it1,...,%Zs]. Kautsky et al. [9] note

that the QR factorization to be carried out at iteration & > 0 can be obtained by a rank-one
update of that computed at iteration k& — 1, requiring only O(n?) operations; and that the
subsequent projection on S; that yields the ith column of f;(X) requires O(nm) operations (if
all 8;’s have dimension m), for a total of O(n?) + O(mn) operations per iteration.

In the next section, we show that, for the sequence {X*} constructed by Algorithm 2.1,
{det(X*)} is nondecreasing and every limit point X of {X*} is a stationary point for the
problem

maximize det(X) s.t. X € Xg, (P)
in the sense that 8 de( v)
det(X -
(F i HN) =0, VH € T(X)

where T'(X) is the tangent plane to Xg at X, and ((Q%%%&, H)) is the directional derivative of
det(-) at X in direction H, i.e.,

€ X € )T
<<6dat;§X)’H)> Ty <6d;§(X) H) _

Use of det(X) as a robustness indicator was suggested in [11]. Relationships between determinant
and condition number are explored in [12] and [13].

3 Convergence of the KNV Algorithm

First, we show that, given X = [£1,...,2,] € XRg, and given i € {1,...,n}, fi(X) is the unique
maximizer for

maximize det(X) s.t. X = [21,..., %1, %ip1,..., 4], £ € BSE. (P{(X))
The key is the following lemma.

Lemma 3.1 Let X = [&1,...,8,] € R™™ be such that det(X) > 0, let £ € R™, let i €
{1,2,...,n}, and let
X = [d\"l,"'ai‘i—laé‘v’ii-i-l,'",{i;n]a

and

~

X_= [-'i'l, ot aj’i—laj.’i+1’ T ,mn]-

Then X' X_ is nonsingular and

det(X) = (€, u;(X))y/det(XTX_). (5)



Proof: Let P be the permutation matrix such that
XP=[(,X ], (6)
and let @ € R**(®~1) and R € R(™D*("~1) be any two matrices such that QTQ = I and
X_=QR. (7)
Using (6) and (7), we obtain

(det(X))? = det(X'X)
= det(PTXTXP) = det([¢, X_]"[¢, X_])

- (| 5% 50 )

= (€Te-€TX_(XTX)1XT¢) det(XTX_)
(Te—¢TQR(RTR)'IRTQTE) det(XTX_)

= (£7¢-¢7QQTE) det(X T X_). (8)

Now note that [@,u;(X)] is an orthogonal matrix so that

QQT + ui(X)uy(X)T = I
Thus
(det(X))? = &Tus(X)us(X) édet(XT X_)
= (&ui(X))? det(XIX_). 9)

Finally note that (£,u;(X)) and det(X) have the same sign since (i) they are both linear in £,

(ii) in view of (9) they vanish simultaneously and (iii) they are both positive at £ = z;. The

claim follows. O
Our next result relates problem (P*(X)) to the KNV Algorithm.

Proposition 3.1 For any nonsingular X and anyi € {1,...,n}, P{(X) has a unique mazimizer
X+ given by Xt = f;(X).

Proof. The claim directly follows from Lemma 3.1 and the definitions of f;(X) and P¥(X). O

Proposition 3.2 Fork =1,2,..., X* constructed by Algorithm 2.1 is the unique mazimizer of
’pin(k) (Xk_l),
0 < det(X%) < det(X1) < ---

and {det(X*)} converges to a finite limit. Moreover, if there ezists ko such that
det(X*oF™) = det(X*°), (10)

then
Xk =Xk V> k.



Proof: The first claim follows immediately from Proposition 3.1. The second claim follows from
Proposition 3.1 and feasibility of X*~! for (Pi=(¥)(X*~1)), The third claim follows from the
second claim and the fact that, since ||jz¥|| = 1, for i = 1,...,n, det(X*) < 1 for all k. The last
claim follows from the uniqueness of the global maximizer of (P*(X*)) for any i. a

Lemma 3.2 For k =1,2,..., let {X*} be the sequence constructed by Algorithm 2.1. Then the
sequence {X* — X*¥~1} goes to zero as k goes to infinity.

Proof. For k = 1,2,..., write X* as [2¥,...,2%], and let X* € R?*("—1) be given by

k _..k—1 k-1 k—1 k—1 k-1
XE =272 T (k=1 T (k)10 |3 (11)

and u* € R™ be the unique (in view of Proposition 3.2) unit vector satisfying

(XE)Tu* =0, (zhp),ub) >0, (12)

ie., uf = uin(k)(Xk‘l). Also, for i = 1,...,n, let P; be the orthogonal projection matrix onto
S; and, for k=1,2,..., let o = ||P,~n(k)uk||‘1. Thus

xfn(k) = akPin(k)uk. (13)

First, we claim that the sequence {1/det(X*” X*)} is bounded away from zero and the sequence
{c*} is bounded. Indeed, since for k = 1,2,..., u* and all columns of X* have unit length,

det(X*" X*) < 1 and |(z*¥ ,,,,u*)| < 1 for all k. Since, in view of Proposition 3.2, det XF)
in(k)

is bounded away from zero, it follows from Lemma 3.1 that {/det(X K x k) and (mfn(k), u*) are
k

in

both bounded away from zero. Since ||Pin(k)uk|| = (z
view of Lemma 3.1 and Proposition 3.2,

lim ((2F 4y, uk) — (zh7h), ub)) | /det(XET X*) = Jim (det(X*) — det(X* 1)) = 0,

k—o0

(k),uk), our first claim follows. Since, in

it follows that

s (a0 = (b uh)) =,

. . k-1 _ _k-n . . y _
Le., since z; "y = ;) and since in(k) = in(k — n),

kll)I{.lo ((ak-Pin(k)uka uk) - (ak—n in(k)uk—nauk)) = 0.

Since o® is bounded and P, (r) is a projection matrix, it follows that
. EN2p2 ok ok k—n_ kp2 . k-n k) _
Jlim (((e*)2 P2 gyut, ub) = (a* "k P2 jyub ", u¥)) =0,
ie.,

. k-1 _k
Jim (af, ) — 254 28, 09) = 0.

Since

[y
I

125 12 = Nl gy + (@54 — 2 )12

= 1+ 2($fn(k)’$fn_(llc) - wfn(kﬂ + Hmfn_(;lg) - fvi-i,(k)llz, (14)
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it follows that
: k k-1 _
,}l,nc}o{"’in(k) — xin(k)} =0.
The claims follows. a
This yields a strong convergence result concerning problems (P*(-)).

Proposition 3.3 Let X be a limit point of the sequence {X*} generated by Algorithm 2.1. Then
fori=1,...,n, X solves (P*(X)).

Proof: Let K be an infinite index set such that
XF 5 X ask— o0, keKk.
In view of Lemma 3.2, for any fixed integer ¢,
Xt 5 X ask— o0, kek. (15)

Now let ¢ € {1,...,n} and for every k € K let j(k) € {k,k+1,...,k+ n — 1} be such that
in(j(k)) = 4. Since {X*} is constructed by Algorithm 2.1,

XI® = £ Gy (XY = f(xI01), - VEe K. (16)

Clearly the iteration map f; is continuous over Xg. Since, in view of Proposition 3.2, X is
nonsingular (thus X € Xg), and since 0 < j(k) — k < n for all k, it follows from (15) and (16),
taking limits as kK — oo, k € K, that

X = fi(X).
The claim then follows from Proposition 3.1. m|
This leads to the main result of this section. Recall that, given s € W, W a subset of a normed
vector space V, the tangent cone to W at s is defined by

TC(W,s)={h:30:R—=> Vst s+th+o(t) e W Vt>0, @—)0, ast— 0, t#0}

and that if a continuouly Fréchet-differentiable function f : V — R achieves its minimum over
W at § € W, then
f'(8,h) 20, VheTC(W,3),

where f/(3,h) is the directional derivative of f at 5 in direction h. Given X € Xy, let XiR(X )
denote the feasible set for (P*(X)), i.e.,

XL (X) = {X = [#1,. ., Fi1,8, Fig1,. .., Fs) € R™" : 2 € BSRY

~

It is readily verified that the tangent cones to X’R(X ) and to Xg at X are subspaces (X is

. “

“regular”). Let T;(X) and T'(X) be these subspaces (tangent planes).

Theorem 3.1 Every limit point of {X*} is a stationary point for (P) in the sense that

ddet(X)

5% JHY) =0, VH € T(X).

(«



Proof: Since X solves (P*(X)),

ddet(X) -

((_BT’H» =0, VH € T;(X).
It is readily checked that any H € C'[:,(X ) has all its entries equal to zero except for the ith
column and that a matrix H is in T'(X) if and only if, for all : = 1,...,n, its sth column is the
ith column of a matrix in 7;(X). Thus

TX)=T(X)®-- & Tp(X)

and the claim follows. m]
Remark 3.1 An open problem is: Under what circumstances does the sequence {X k } actually
converge? First, in view of Lemma 3.2, {X*} converges whenever it has an isolated limit point.
Next, for k = 1,2,..., let d* be the i,(k)th column of (X*~!)~T. Since {X*} is bounded
away from smgularlty, 1t is clear that {X*} converges if and only if {d"*+1}$2 converges for all
i€ {l,...,n}. Let X = [#1,...,%y] be a limit point of {X*}; also, for i = 1,...,n, let d; be the

correspondmg limit point of {d"k“} °, and let @; = d;/\/||P,d;||, where P; is the orthogonal
projection matrix onto S;, ({||P;d™***||} is bounded away from zero). Then for i =1,...,n,

1

m(‘ji,PiJi> = (di, %) = 1
1YW

(U, Piti;) =

On the other hand, since {X* — X*=1} goes to 0, (d;, &;) =0fori,j=1,...,n, i # j. It follows
that

(ﬂi,Pjﬂj> = (Sij i,j = 1,...,n, (17)

where §;; is the Kronecker delta. Thus a sufficient condition for {X*} to converge is that, for
one of its limit points, the corresponding 41, ..., %, be isolated solution of (17). If two or more
S;’s are identical (in particular if m = n), then (17) has no isolated solutions. If this is not the
case, however, we conjecture that, at least generically, the Jacobian of the mapping R — R™
defined by (17) is nonsingular at 4y, ..., %, (this is always true for m = 1 when the )\;’s are all
distinct), thus, that solutions to (17) are isolated, implying that {X*} converges.

4 Updating Two Columns at a Time

The convergence analysis of Section 3 was based on the observation that the KNV algorithm
amounts to attempting to solve (P) by performing global maximizations successively with respect
to each column of X, while fixing all other columns, and repeating this process until convergence
is observed. Such partial global maximizations can be performed efficiently due to the linearity
of det(X) with respect to the entries of any given column when all other columns are kept
constant.

Suppose now that global maximization with respect to ¢ > 1 columns could be performed
efficiently as well, specifically at a cost not much greater than that of successively performing
g global maximizations with respect to each column taken individually. Likely, the speed of
convergence of the overall process would be increased (in the extreme case when ¢ = n the
convergence would be achieved in a single iteration). It turns out that this is indeed possible,
with ¢ = 2, as demonstrated next. The key is Proposition 4.1 below.



For simplicity of exposition, suppose that n is even, say n = 2p. Given X = [Z1,...,2,) €
XRg, let U;(X) €e R"™™™, i =1,...,p, be defined by

A~

Uy(X) = (wo" —vu')
where u, v € R™ form an orthonormal basis for the orthogonal complement of the set

(&1, Ea3i1)s B2it1s -+ 1 En}y

and satisfy the inequality
(B2i—1, u)(B2i,v) > (L2i-1,v) (%2, u) (18)

(note that the latter can be achieved by proper choice of the orientation of » and v). It is readily

~

checked that U;(X) is thus uniquely determined (although u and v are not) and is continuous
as a function of X.

Proposition 4.1 Let X = [21,q,. .. , Lop] € R™™ be such that det(X) > 0, let ¢, n € R", let
i€{1,2,...,p}, and let
X = [i'l’ e 7£2i—2a£7777 §:2i+17 Tt )-'i2p]
and
X= = [&1,-- -, 822, L2i41, -+, B2p)-

Then XX X- is nonsingular, and

det(X) = (&, Ui(X)m)y/det(XI X_). (19)

This result (proved in the appendix) suggests the iteration maps ¢g; : Xg — XRg, ¢ =
1,2,...,p, given by

~

gz(X) = [‘%17 s a‘%?(i—l))Ea ﬁ) §:2i+15 s ,in]
where (€,7) is closest to (Zgi_1,#2;), in the Euclidean sense, among the solutions of
maximize (£, U;(X)n) s.t. £ € BSE |, n e BSE, (20)

i.e., among the left-right singular vector pairs corresponding to the largest singular value of the
projection of U;(X) on SR, on the left and on S& on the right (more on this in Section 6

below). In view of Proposition 4.1, for ¢ = 1,...,p, ¢;(X) is closest to X among the global
maximizers for the problem

maximize det(X)

s.t. X = [5}1, cen ,.’22(1'_1),5,7], L2441y - - ,fi?n], ¢ e BS;}_l, HES BSZI} (P%(X))
Following Algorithm 2.1, Algorithm 4.1 below cyclically applies g; through g,.

Algorithm 4.1 :
Step 1. Pick X% € XR. Setk:=1.



Step 2. Set X* .= gip(k)(Xk_l).
Step 3. Set k: =k + 1 and go to Step 2. m]

Remark 4.1: U;(X) always has rank two. Problem (20) has exactly two solutions ((£,) and

(—f , —11)) in case of nonrepeated largest singular value, and a continuum of solutions otherwise.

(£,7) is selected closest to (Z2i_1,%2;) in an attempt to force convergence of the sequence {XF}.
The following result, which parallels Proposition 3.2, is a direct consequence of the above.

Proposition 4.2 Fork =1,2,..., X* constructed by Algorithm 4.1 is the unique mazimizer of
P;p(k) (Xk_l),
0 < det(X?) < det(X)) < ---

and {det(X*)} converges to a finite limit. Moreover, if there exists ko such that
det(X*0+n) = det(X*0), (21)

then
Xk =Xk k> k.
a

In Section 3 we showed that, for the sequence {X*} generated by the KNV Algorithm, the
distance || X* — X*~!|| between successive iterates converges to zero as k — oo. It appears that
this is not guaranteed in the case of Algorithm 4.1. This is due to the discontinuity of the map
g; at points X where the largest singular value of the projection of Ui(X' ) on Sg;_1 on the left
and on S; on the right is repeated. Still, in all our numerical experiments, we observed that
| X* — X*~1|| did converge to zero. We next show that, whenever this occurs, all limit points of
{X*} satisfy certain optimality conditions.

Proposition 4.3 Let X be a limit point of the sequence {x*} construgted by Algprithm 4.1,
and suppose that {X* — X*¥~1} — 0 as k — oo. Then, fori=1,...,p, X solves (P}(X)).
Proof: Let K be an infinite index set such that

Xk X, as ko oo, keKk.

Since i,(k) € {1,...,p}, a finite set, for all k, there must exist ¢ € {1,...,p} such that i,(k) =1
for infinitely many k£ € K. Thus there exists an infinite index set £ such that

Xt 5 X, as £ 00, L€ L.

Since {X* — X*~1} — 0 as k — oo, it follows that, for all i € {1,...,p},

Xt 5 X as £— o0, L€ L. (22)
Now, by construction, we know that, fori=1,...,p,£=1,2,...
det(X ) = max det[zn+ . . ,zg?j'zi, &, :cé?jf, Lzt (23)

¢eBsR || neBsR
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Since maximization over a compact set preserves continuity, letting £ — oo, £ € £ in both sides
of (23) and taking (22) into account, we get

det(X) = max det[ﬁ’:l,...,£21_2,§,n,i2i+1,...,.’i‘n],
¢eBsR || neBsR

which proves the claim. a
A direct consequence is that X also solves (Pj (X )) for j = 1,...,2p. The following result
can then be proved using an argument identical to that used in the proof of Theorem 3.1.

Theorem 4.1 : Suppose that {X* — X*¥=1} = 0 and let X be a limit point of the sequence
{X*} constructed by Algorithm 4.1. Then X is stationary for (P) in the sense that

9 det(X)

(5 H) =0, VH € T(X).

As just.pointed out, we cannot in general guarantee that || X* — X*~1|| goes to zero. A
sufficient condition for this to hold is given next, suggesting that it may hold in some generic
sense.

Proposition 4.4 : Suppose that, for every i € {1,...,p} for which Ag; # Ag;i—1, and every
accumulation points X of {X*}, it holds that

01(Sg;-1Ui(X)S2i) # 02(S5;_1Us(X)Sa:),

where Sa;—1 and So; are matrices whose columns form orthogonal bases for Ssi—1 and Sa;. Then
{X* - X%} -0 as k — . O

Corollary 4.1 : If, fori =1,...,p, Aoi = Agi_1, then {X* — X*~1} 50 as k = . o

Algorithm 4.1 can be modified in such a way that statements in Proposition 4.3 and Theo-
rem 4.1 hold unconditionally. The key is, instead of operating cyclically over all pairs of columns
of X, to always select the pair yielding the largest increase in the determinant value. This is
done in Algorithm 4.2 below. Note that, on a sequential machine, the CPU cost of each iteration
of this algorithm is roughly p times that of each iteration of Algorithm 4.1. If p processors are
used, however, the CPU times are identical.

Algorithm 4.2 :
Step 1. Pick X° € Xg. Set k:=1.
Step 2. Set X* := g; (X*~1) for some i, € {1,...,p} satisfying

det(g;, (X*1)) > det(gi(X*7Y), i=1,...,p.

Step 3. Set k:=k + 1 and go to Step 2. a
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This idea can be pushed further by selecting, at each iteration, the “best” among all n(n—1)/2
pairs of columns of X. Again, this is especially advantageous if a large number of processors
are available. It is done in Algorithm 4.3 below, where iteration maps g;; : Xp = XR, i, =
1,2,...,n, i < j, are defined as follows. Given X = [&y,...,2,] € XRg,

gzj(X) = ["ﬁla s 7"21'—1’{::2‘1'-%-1’ v ):%j—laﬁaé}j-l-la o a-’i'n]
where (€,7) is the closest to (Z;, Z;), in the Euclidean sense, among the solutions of

maximize (£, U;(X)n) s.t. £ € BSR, ne BSE.

Algorithm 4.3 :
Step 1. Pick X° € XR. Set k:=1.
Step 2. Set X% := §;;, (X*~1) for some iy, jx € {1,...,n}, ik < ji satisfying

det(§i,j, (XF71)) > det(gi; (X*1), Vi,5 € {1,...,n}, i <j.

Step 8. Set k:=k+ 1 and go to Step 2.

O
As for the previous algorithm, the following holds.
Proposition 4.5 For k =1,2,..., X* constructed by Algorithm 4.2 and 4.3 satisfies
0 < det(X%) < det(X1) < ---
and {det(X*)} converges to a finite limit. Moreover, if there exists ko such that
det(XFotm) = det(X*0), (24)
then
Xk=Xk  VE>k
O

The following stronger convergence result holds.

Proposition 4.6 : Let X be a limit point of the sequence {X'k}v constructed by either Algo-
rithm 4.2 or Algorithm 4.3. Then, fori=1,...,p, X solves (P4(X)).

Proof. Suppose Algorithm 4.2 is used. Let K be an infinite index set such that X*~! — X as
k — o0, k € K. First note that

det(X*~1) < det(g:(X*1)) < det(gs, (X*1)) = det(XF*), Vi, V&,

where the first relation follows the definition of g;, and the second and third relations follow
from the construction of {X*}. In view of Proposition 4.5, det(X*~!) and det(X*) converge to
the same limit, det(X), as &k — oo. Thus, fori =1,...,p,

det(g;(X*1)) — det(X) as k — oo.

12



In view of the definition of g;, for i = 1,...,p, for any X = [z1,...,2,] € XR,

det(gl(X)) = max det([mla"'amZ(i—l)aganaxZi-i-la"'1m’n])'
¢eBsR || neBsR

Since the maximization over a compact set preserves continuity, det(g;(X)) is continuous in X.
Therefore for i = 1,...,p,

det(g;(X* 1)) det(g;(X)) as k — o0, k € K.

It follows that for i =1,...,p,
det(g;(X)) = det(X).

Thus the claim holds. The case of Algorithm 4.3 is handled similarly. a
The following result can then be proved using an argument identical to the one used in the
proof of Theorem 3.1.

Theorem 4.2 : Let X bev a limit point of the sequence {X k} constructed by either Algorithm 4.2
or Algorithm 4.3. Then X is stationary for (P) in the sense that

(225 ) —o, va e ().
a

Remark 3.2: Note that, similarly, the KNV Algorithm could be modified by selecting the
“best” column at each iteration. It is readily verified that, with such an algorithm, Theorem 3.1
would still hold.

5 Possibly Complex Prescribed Eigenvalues

Consider now the case where the set of desired poles includes a number of complex conjugate
pairs. Let A1,..., A, be the eigenvalues to be assigned. For the sake of simplicity of exposition,
again assume that n is even. Moreover assume that {Ai,..., A} NR = {A1,..., A5}, le,
Al,...,Agp are real and Agpyq,..., A, are complex; let ¢ be the number of complex pairs, i.e.,
¢ = n/2 — p, and assume that Ag; = Moi_1, 4 = p+ 1,...,p + ¢. Clearly, candidate sets
of eigenvectors of the closed loop matrix A + BF must include ¢ complex conjugate pairs.
Moreover, as in the real case, they must satisfy additional conditions. The next theorem extends
Theorem 2.1.

Theorem 5.1 Let X = [z1,...,%Zy], nonsingular, and A = diag(\1,...,\,) be two complez nxn
matrices such that (i) for j =1,...,2p, \; ER and z; € R", and (i) fori=p+1,...,p+¢,
Aoi = Agi—1 and To; = To;—1. Then (i) XAX ™! is real, and (ii) (A+ BF)X = XA for some real
matriz F if and only if x; € S;, j=1,...,n.

Proof. Let P € R™™ be the permutation matrix that exchanges columns 2; — 1 and 2i, i =

p+1,...,p+ ¢, of the matrix it postmultiplies. Thus, denoting complex conjugate by a bar,
X =XP,A=PAP,and P! = P. Then

1

XAX-1=XPAPX =XPAXP)!=XAX"1,
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proving the first claim. Now suppose that for some real matrix F, (A + BF)X = XA. Then
AX —XA=-BFX

implying that

(A—)\jI)(Ej €Rc(B), j=1,...,n, (25)
ie, z; € §j for j = 1,...,n. Finally, suppose that (25) holds, i.e., for some y; € C™, j =
1,...,n,

(A - XD)z; = Byj.
Thus
AX — XA = BY,

with Y := [y1,...,ys) € C™*", i,

A-XAXx'=BYXxl
The left hand side is a real matrix. Thus
BY X! = Re(BYX 1) = BRe(Y X 1).
The last claim then follows by setting F = Re(Y X ~1). o

In view of this result, we will focus on a modification of problem (P) given by
maximize |det(X)| s.t. X € X, (P)
where X (a generalization of Xg) is defined by

X = {X=]z1,...,2,) ECY": 2, €BS;,i=1,...,n; Toj-1 =T, =p+1,...,p+¢
zie R"i=1,...,2p; det(X) # 0}. (26)

(The reason for the absolute value is discussed below.)

Again consider constructing a sequence {X*} of candidate closed loop eigenvector matrices,
ie., of matrices X* € X. Since self-conjugacy of certain pairs of columns of X* must be
preserved, only algorithms that modify such pairs concurrently can be considered. This rules
out extension of the KNV algorithm. Thus let X € X and consider instead problem (P}(X)),
which forms the basis of Algorithm 4.1. For use in the present context, fori =p+1,...,p+¢,
two modifications are in order. First, obviously, maximization must be under the additional
constraints that n = £. Second, maximizing det(X) may not be appropriate, as its value may
not be real (depending on the parity of ¢, it is either real or pure imaginary). While it was
pointed out in Section 4 that, for i = 1,...,p, g;(X) is the closest to X among the global
maximizations for (P4(X)), it is worth noting that it also is the closest to X among the global
maximizers of | det(X)| subject to the same constraints as in (P5(X)) (and that, when | det(X)] is
substituted for det(X), BSQI}_l and BS%} can be replaced by BSy;_; and BSy; without affecting
the solution). The latter point of view will be used here. Thus, we now substitute for (P4(X))
the problems (P§(X)) (for i =1,...,c+ p) given by

maximize |det(X)| s.t. X = [21,...,223-1),&, M, B2it1,- -+, En] € X (7%(5())

It turns out that, as was the case for (PL(X)), (Pi(X)) can be solved efficiently. The key is
Proposition 5.1 below. Given X = [21,---,2p] € X, fori=1,...,p, let Us(X) = uv" —wvu' €
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R™* ™ where u, v € R" form an orthonormal basis for the orthogonal complement of the span
of

{.’f)l, . ,:ﬁzi_z,.’ftzﬂ.l, e ,(i‘zp} U {§Re(§c2j), %m(.’i‘zj);j = p+ 1, ceay P + c},

and, fori =p+1,...,p+¢, let ﬁl(f() = uT' —Tu', where u = up + jus is such that v2up,
V2u; € R™ form an orthonormal basis for the orthogonal complement of the set

{52'17 ve 7:%211} U {%e(i‘%)a%m(f&h))J =p+1l,...,p+¢7J 7é Z}7
and satisfy the inequality
(Re(22), ur) (Sm(22:), ur) = (Re(@2), ur)(Sm(22), ur).- (27)

Again, it is readily checked that U;(X) is thus uniquely determined and is continuous as a
function of X.

Lemma 5.1 : Leti € {p+1,...,p+c}, and let u = ugp + jus be such that \/2ug, v2u; € R®
form an orthonormal basis for the orthogonal complement of the set

{5217 s ’5%211} U {§R6(§,’2]~), %m("%Z‘])’J =p+1,...,p+¢jJ 7é Z}
Then {u,T} is an orthonormal basis for the null space of [£1,-- -, L2i—2, E2i41, "+, Tn]*. O

Proposition 5.1 Let X = [#1,&3,...,3q] € C™™ with &1,...,89 € R”, and 821 = &u,
i=p+1,...,p+c be such that det(X) #0, letne C", leti € {p+1,...,p+c}, and let
X = [Z1,++,82i-2,70, M Tair1,"*+ , En)

and
X== [ila tee ,£.2i—2,:i‘2i+17 e ai'n]'

Then XX X_ is nonsingular, and

| det(X)| = |{n, Us(X)m)ly/ det(X2X=). (28)

This result suggests the iteration maps h; : X =+ X, ¢ =1...,p+ ¢, defined as follows. For
i=1,...,p,

~

hi(X) = (81, .., E2i-1), & Flr £2it1s - - - 5 ]
where (E ,7) is the closest to (Z2;_1, £2;), in the Euclidean sense, among the solutions of
maximize |(§,U;(X)n)| s.t. £ € BSy_1, n € BSy;, (29)
i.e., among the left-right singular vector pairs corresponding to the largest singular value of the
projection of U;(X) on Sz;—1 on the left and on Ss; on the right (more on this in Section 6

below). Fori=p+1,...,p +¢c,

h'l(X) = [é}la' .. ’£2(i—1)aﬁaﬁa£2i+1" .- 7-'2'71]
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where 7 is closest to Z9;—1, in the Euclidian sense, among the solutions of
maximize ](n, Ui(f()n)] s.t. 7 € BSy;. (30)

i.e., among the unit length eigenvectors corresponding the largest eigenvalue of the projection of
the Hermitian matrix U;(X) on Sy; on the left and on Sy; on the right (more on this in Section 6).
In view of Proposition 5.1, and of an obvious extension of Proposition 4.1 to the mixed case, for
i=1,...,p+c, hi(X) is the closest to X among all global maximizers for (Pi(X)).

Algorithm 5.1 below cyclically applies h; through A, .

Algorithm 5.1 :
Step 1. Pick X° € X. Set k :=1.
Step 2. Set X* := h; | () (X*1).

Step 3. Set k:=k+1 and go to Step 2. a

The following result, which parallels Proposition 3.2, is an immediate consequence of the
above.

Proposition 5.2 For k =1,2,..., X* constructed by Algorithm 5.1 is the unique mazimizer of
'P;p(k) (Xk_l),
0 < |det(X?)] < |det(X")| < ---

and {| det(X*)|} converges to a finite limit. Moreover, if there exists ko such that
| det(X*0*™)| = | det(X*)|, (31)

then
Xk = Xxko k> k.

Proposition 5.3 Let X be a limit point of the sequence {X*} constructed by Algorithm 5.1,
and suppose that {X* — X*~1} — 0 as k = oo. Then, fori=1,...,p+c, X solves (Pi(X)).
O

With a suitable interpretation of the notation, a result analogous to Theorem 4.1 follows.

Theorem 5.2 Suppose that {X* — X*~1} = 0 and let X~be a limit point of the sequence {X*}
constructed by Algorithm 5.1. Then X is stationary for (P) in the sense that

8] det(X)|

(3%

JH)) =0, VH € T(X).
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The notation used in this statement is to be understood as follows. First note that since
|det(X)| > 0 at X, |det(X)| is a continuously differentiable function of z1,...,z2p, and of the
real and imaginary parts w%, and xéz of £g;, 1 = p+1,...,p+c (where z1, . .., z, are the columns

of X). By ?J%—%}—Ql, we mean the value at X of the Fréchet derivative of | det(X)| with respect
to (z1,...,Top; ok, ki =p+1,...,p+c). Similarly, in the definition of T(X), the constraints
defining the feasible set of (75) are considered as functions of these real variables.

Again, there appears to be no guarantee that || X* — X*~1|| = 0 as k — co. However, a
result similar to Proposition 4.4 holds, again suggesting that it may hold in some generic sense.

Proposition 5.4 : Suppose that, for every i € {p+1,...,p+c} and every accumulation points
X of {X*}, it holds that o o
01(S3:Ui(X)S2) # 02(53;Ui(X)S),

where 8y, £ = 1,2 are the nonzero eigenvalues of S;lffi(X)Sgi, and Sa; are matrices whose
columns form orthonormal bases for Sa;. Then {X* — X*71} = 0 as k — oo. O

Algorithm 5.1 can be modified in such a way that statements in Proposition 5.3 and Theo-
rem 5.2 hold unconditionally. We therefore propose a modification of Algorithm 5.1 similar to
Algorithm 4.2.

Algorithm 5.2 :
Step 1. Pick X° € X. Set k := 1.
Step 2. Set X* := h; (X*71) for some iy € {1,...,p + c} satisfying
|det(hs, (X*1))| > | det(hs(X*1)), i=1,...,p+ec

Step 3. Set k:=k+ 1 and go to Step 2.

O

Our last algorithm is the obvious extension of Algorithm 4.3. Let ﬁ,-j : X = X be defined
as follows for every pair (4,7) € J, where

J={@,7)4,5€{1,....2p}i<jtuU{(2¢-1,20): £ =p+1,...,p+c}.
Given X = [21,...,%,] € X, () if 4,5 € {1,...,2p}, then
hij(X) = [B1y s Bim1, & Bity -+ -y Bj—1, Ty Bt 1y - - » Bm)
where (€,7) is the closest to (Z;, &;), in the Euclidean sense, among the solutions of
maximize (£, U;(X)n) st. £€BS;, ne BS;;
(W)ifi=20—1,j=20forLe{p+1,...,p+c}, then ;Lij is equal to hy. The idea is to select,
at each iteration, the “best” among all possible p(2p — 1) + ¢ pairs of columns of X.

Algorithm 5.3 :
Step 1. Pick X% € X. Set k:=1.
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Step 2. Set X* := ﬁikjk (X*=1) for some (ix, ji) € J satisfying
| det(hi,z, (X*71)| > | det(his(X* 1), V(i 5) € J.

Step 3. Set k:=k + 1 and go to Step 2. a
The following are obvious extensions of Proposition 4.6 and Theorem 4.2.

Proposition 5.5 Let X be a limit point of the sequence constructed by either Algorithm 5.2 or
Algorithm 5.8. Then, fori=1,...,p+c, X solves (P4(X)).

Theorem 5.3 Let X be a limit point of the sequence constructed by either Algorithm 5.2 or
Algorithm 5.8. Then, X is stationary for (P) in the sense that

8) det(X)|

(« X ,H)) =0, VHET(X)

6 Implementation Issues

For simplicity, when counting floating point operations, we will assume that all subspaces &;,
¢ =1,...,n, have dimension of m (this is the case when B is full column rank and none of the
prescribed closed-loop eigenvalues ); is an eigenvalue of A). Qualitatively, our results do not
require this assumption.

For j =1,...,n, let S; € C™*" be a matrix whose columns form an orthonormal basis for
the subspace S;. Let X = [£1,...,8n) € X, and for i =p+1,...,p+c, let 25 = Re(29;), and
#1. = Sm(#y;). Then, for i =1,...,p, hy(X) is obtained by replacing the (2 — 1)th and (2i)th
columns of X by £ and 7, where [€,7] is the closest, in the Euclidian sense, to [Zg; ;,&5;]
among all the vectors of the form [(S2;_1/) T, (S2:?) "], with [&7,7T]" a solution of

maximize p'Sg;_Ui(X)Syuv st. p,v € BR™. (32)

Fori=p+1,...,p+c¢, hi(X) is obtained by replacing the (2i — 1)th and (2i)th columns of X
by 7 and 7}, where 1 is closest to #9;_1, in the Euclidian sense, among all the vectors of the form
Soji, with fi a solution of

maximize ‘(u, S;iﬁi(X)Szm)‘ s.t. p€BC™. (33)

Remark 6.1: When the current iterate X* is such that, for some 4, the two nonzero singular
values of Sj;, ,U;(X*)Sy; (for i € {1,...,p}) or the two nonzero eigenvalues of S3;_,U;(X*)Sy;
(fori € {p+1,...,p+c}) are different but close to each other, computation of a singular vector
(resp. eigenvector) associated to the largest singular value (resp. eigenvalue) is ill-conditioned.
Still, typically, the computed vector will be close to the two-dimensional subspace spanned by
the singular vectors (resp. eigenvectors) associated with the two nonzero singular values (resp.
eigenvalues). As a result, the next value of det(X) will be close to the “correct” next value, and
the overall behavior of the algorithm will likely be satisfactory. This intuition can be formalized.
Indeed, it is readily shown that the convergence properties established in Section 5 still hold if,
in the definition of the map h; (and similarly for hy;), (3) if i € {1,...,p}, € and 7 are replaced
with any vectors £ € BSy;_1 and 1 € BSs; such that

(&, f]i(Xk)n) > (xlzci—p ﬁz(Xk)mlzcz) + 9((5, ffz-(X’“)f» - (wlzci—l, ﬁz(Xk)wgﬁ),
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and (i) ift € {p+1,...,p+ ¢}, 7 is replaced with any vector n € BSy; such that
(0, Gi(XF)m)| = (s, Us(X*)ah)| + 0017, Ta(X*)i) | — (b, Ui(X*)ahi)).
Here 6 € (0,1) is a fixed parameter. 0

It remains to specify, for given X, an efficient way to evalute h;(X),s=1,...,p +c.

6.1 Updating real columns

The following results are easily established.

Proposition 6.1 : Let~X = [Z1,...,8) € X, let i € {1,...,p}, let o1 > o9 be the top two
singular values of S2;_1U;(X)Sa, and for j = 1,2, let p;, v; € BR™ form a left-right singular
vector pair associated with o; with the property that (u1,pe) = 0 and (v1,12) = 0. Then for

1= 1,...,p, hZ(X) = [:i‘l,...,.’f')gi_g,g,’f},figi.{.l,...,fin], where |: é jl = \/EC/HC” and

(i) if o1 > o9, ( is the orthogonal projection of [ x;i_l ] on the span of {[ S2i-1t1 }},

2 Soiv1
i.e.,
s s "3 s
_ 2—1H1 2i—1H1 T2i-1 | _ /a . ) . ) 21-1H1
C— [ Soitr ] l Soitn ] I: £ ] = ((3"21—1, S2z—1ﬂ1> + <$2u S21.V1)) Sty
(34)
) - . Z9i—1 S2i—1p1 Soi—142
1) if o1 = 09, ( is the orthogonal projection o : on the span o , ,
(i) if oy = 03, ¢ gonal proj fl m%] p f{{ Sy ][Sm ”
i.e.,
T Tro.
¢ = S2i-1 0 prop2 || B pe S2i-1 0 £i1 (35)
0 Sy ZEZ ZEZ 0 Sy B
For the prescribed real eigenvalues, the computation of hi(X), ¢ = 1,...,p, for a given
X = [#1,...,2p] is therefore carried out as follows.

(¢) Compute an orthonormal basis {u,v} C R™ for the orthogonal complement of

{:f)l, v ,:ﬁgi_g, §72i+1 A ,.'f)n}.

(i7) Evaluate M = Sy, ;(uv' —vu')Sy;.

(741) Compute associated orthonormal bases for the (1- or 2- dimensional) left and right
singular spaces of M corresponding to the largest singular value of M.

(iv) Compute (¢,7) as per Proposition 6.1 to obtain A;(X).

In Step (7), an appropriate choice for {u,v} is the last two columns of the () matrix in any
QR factorization of

- - . ~  ~R Al ~R Al
[xla ey X225 L2415 - - - aw2paw2p+27x2p+2a ey Ty T |
This factorization can be obtained at low cost by means of two successive column deletion oper-

ations followed by two successive column insertion operations, starting from the decomposition
of

N n . .~ ~R N R
[-'131, s L2—4y L2150+ 1y T2y L2519 L2p 1 25+ -+ amn7xn],
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(where for notational simplicity, we have assumed that ¢ > 2); see e.g., [14, Section 12.6]. (This
is similar to the suggestion in [9] that one rank-one update of a related QR factorization be
performed at each iteration of the QR algorithm.) The operation count is almost exactly twice
that of the computation of u;(X) in the KNV iteration (in which a single column is updated).
When m << n, the operation count of Steps (i¢) to (iv) is small compared to that of Step (4).

6.2 Updating complex conjugate columns

Proposition 6.2 : Let X = [&1,...,3,] € X, leti € {p+1,...,p+c}, let 6, and 6y, with
101] > 162, be the two nonzero eigenvalues of S3,U;(X)Sa:, and let pg, £ = 1,2, denote unit length
eigenvectors associated with 0p with the property that (p1, po) =0. Then fori=p+1,...,p+c,
hi(X) = [#1,..., 22,7, 7, 2541, - - - , &n], where fj = ¢/||¢]| and

(i) if |01| > |02|, ¢ is the orthogonal projection of £2; on the span {Rc(S2ip1)}, i-e.,

¢ = Soip1 155, %9, (36)

(1) if |01} = |02|, ¢ is the orthogonal projection of £2; on the span {Rc(S2uu1), Re(S2iusz)},
i.€.,

¢ = Sailpa, pollp1, pol* S5 (37)

O
Therefore, given i € {p+1,...,p+c}, hi(X ) can be computed as follows.
(i) Compute an orthonormal basis {v2ug, +2ur} C R" for the orthogonal complement of

{j‘la"-a:ﬁ2p}u{ﬁ%,££j,j :p+1,"'ap+caj 3&2},

(17) Evaluate M = S;i(uUT —qu")Sy where u = ug + ju;.

(122) Compute orthonormal bases for the (1- or 2-dimensional) eigenspaces of M correspond-
ing to the eigenvalue of M with the largest magnitude.

(iv) Compute 7 as per Proposition 6.2 to obtain h;(X).

As was the case for the updating of real columns, the computation of (i) can be performed
by means of two successive column deletion and then two successive column insertion operations
starting from the QR factorization of

["217 e a§72p,§:2n;;+1’§;£p+la v ai;gi——Za'%éi—% §:§+2’££i+2a fee 7§:7}3,£7[1],
using rank one QR factorization, where for notational simplicity, we have assumed that ¢ < p+c.
The operation count is close to that for the update of two real columns.

7 Numerical Tests

Algorithms 5.1 to 5.3 were tried on thousands of randomly generated problems, with n ranging
up to 32, and m up to 16. For every case, the sequence {X*} seemed to converge (recall that
we were not able to prove that this is always the case). Furthermore while convergence of { X*}
was sometimes slow, convergence of {det(X*)} (and of sequences of other robustness indicators,
see below) was always fast.

Systematic testing on 2000 examples was carried out to assess the relative merits of the KNV
algorithm and of Algorithms 5.1 to 5.3. Note that the KNV algorithm, including a heuristic
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extension to the case where the set of prescribed eigenvalues includes complex conjugate pairs,
is implemented as place in the MATLAB Control Toolbox. We also tested the “best column”
variation on KNV suggested in Remark 3.2 (below we refer to this algorithm as “bestKNV”).
In all cases, n was 10, m was 4, A and B were generated according to the normal distribution
N(0,1), and computation was terminated when |(det(X*) —det(X*~1))/ det(X*)| < 0.001. The
sequences {X*} generated by the various algorithms often converged to different limit points
X. To compare the relative robustness of the corresponding closed loops systems, we computed,
in addition to our robustness indicator det(X), the real and complex stability radii pg (X) and
pc(X) of the corresponding closed loop matrix (see e.g., [15], [16]), and four robust indicators
used in [9], namely the condition number x3(X) of X, the Frobenius norm ||F(X)| of the
corresponding feedback matrix, and the Euclidean and max norms [jc(X)|| and [|¢(X)]|co of a
vector whose components are the individual condition numbers associated to the closed loop
eigenvalues (low values are desired for the latter four indicators, while high values of det(X),
pr(X) and pc(X) are sought). (The stability radii were computed using M-files due to V.
Balakrishnan and L. Qiu, based on the algorithms in {16-18].)

First, since the KNV algorithm was designed for assignment of real eigenvalues, we ran all
five algorithms on 1000 problems with purely real prescribed eigenvalues. These eigenvalues were
the negative of the absolute value of a random variable distributed according to A'(0,1). For all
algorithms, the initial state X° was the one generated by place as follows. First, orthonormal
bases for the subspaces S; are generated by means of two QR factorizations for each §;, using
the MATLAB qr command (specifically, the basis for S; consists of the last rank(B) columns
of the Q matrix in the QR factorization of (A — )\;I)*@Q1, where the columns of Q; are the
last n — rank(B) columns of the @ matrix in the QR factorization B). Given these bases, for
i=1,...,p, the ith column of X° is taken to be the first basis vector of S; such that the first
i columns of X are numerically linearly independent as determined by the rank command in
MATLAB.

On Figures 1 to 7 the performances of the five algorithms are compared, as measured by
the seven robustness indicators. For each curve, the ordinate indicates the number of problems
for which the ratio (resp. its inverse, in the case of “det”, pr, and pc, for which large values
are best) of the indicator value achieved by the corresponding algorithm to the best indicator
value among all algorithms is less than (resp., more than) the abscissa value (a log scale is
used for the abscissa). Figure 1 shows that, with regards to indicator “det”, as expected,
Algorithm 5.3 performs best (in particular, it achieves the highest value among all algorithms
in almost 90% of the cases, and it never achieved less than about 70% of the highest value
(det(Xppst)/ det(X) < 1.3)), while bestKNV performs worst (somewhat surprising). With
regard to the other indicators (Figures 2 to 7), bestKNV tends to always perform badly while
place, Algorithm 5.1 and 5.3 are roughly equivalent and Algorithm 5.2 trails (also somewhat
surprising to us). We also compared the number of iterations to convergence of the various
algorithms, in two different modes. In “sequential” mode we counted as one “CPU time unit”
2 iterations of place, 1 iteration of Algorithm 5.1, 1/4 iteration of Algorithm 5.2, 2/9 iteration
of bestKNV, and 1/44 iteration of Algorithm 5.3 (as these take about the same amount of
CPU time on a sequential machine). In “paralle]” mode we counted as one CPU time unit two
iterations of place or bestKNV, and 1 iteration of Algorithm 5.1 to Algorithm 5.3 (as these take
about the same amount of CPU time, when appropriately implemented on a parallel machine
with a large enough number of processors). The results are shown on Figures 8 and 9 where,
for each algorithm, the ordinate indicates the number of problems for which the ratio of number
of CPU time units to convergence for the corresponding algorithm to the smallest number of
CPU time units to convergence among all algorithms is less that the abscissa value (again, a log
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scale is used for the abscissa). It is clear that Algorithm 5.1 is best in sequential mode and that
Algorithm 5.3 is best in parallel mode.

Next, we ran all algorithms except bestKNV (it does not extend to the complex case), on
1000 problems with p = 3 and ¢ = 2, i.e., six prescribed real eigenvalues and two prescribed
complex pairs of eigenvalues. The real eigenvalues and the real parts of the complex eigenvalues
were generated as above, the imaginary parts were generated according to A'(0,1). Again, for
all four algorithms, the initial iterate X° was the one generated by place. In this general case,
it is obtained as follows. First the orthonormal bases for the subspace S; are obtained as in the
purely real case. Then the first 2p columns X© are selected as before and, for i = p+1,...,p+c,
columns 2i—1 and 2i of X are taken to be the first basis vector of S;, and its complex conjugate,
such that the first 2; columns of X° are numerically linearly independent as determined by the
rank command in MATLAB.

The performance of the four algorithms as measured by the seven robustness indicators is
portrayed in Figures 10 to 16, where the abscissa and ordinate are as in Figures 1 to 7. Here
the difference between the quality of the solutions achieved by the various algorithms is much
more striking than in the case of purely real eigenvalue assignment. Algorithm 5.2 and 5.3
are generally best, and place is always worst. Finally, as for the first 1000 test problems, we
compared the number of CPU time units in sequential mode and in parallel mode. Here, in
sequential mode, one CPU time unit corresponds to 1/5 of a “sweep” (2 iterations) of place
(update all columns of X), 1 iteration of Algorithm 5.1, 1/4th of an iteration of Algorithm of
5.2, and 1/16th of an iteration of Algorithm 5.3. As for the case of purely real eigenvalues,
in the parallel mode, one unit corresponds to 1/5th of a sweep of place, and one iteration of
Algorithms 5.1 to 5.3. The results are presented in Figures 17 and 18 (same format as Figures 8
and 9). In both modes, place is fastest (but it converges to poor solutions!). Among the other
three algorithms, as expected, Algorithm 5,1 is best in sequential mode, and Algorithm 5.3 is
best in parallel mode.

8 Conclusion

New algorithms have been proposed for the problem of robust pole assignment by state feedback.
Convergence properties have been established. The proposed algorithms are amenable to efficient
implementation. Specifically, h;(X) (which updates two columns) can be computed in roughly
twice the time it takes to compute f;(X), used in the KNV algorithm (which updates a single
column). Extensive numerical tests suggest that the proposed algorithms are superior to their
competitors.

A MATLAB M-file implementation of Algorithms 5.1 to 5.3 is available from the authors.
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A Appendix

Proof of Proposition 4.1: Let P be a permutation matrix such that

XP =[¢n,X], (38)
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and let Q € R"*("=2) and R € R(-2%(n~2) pe any two matrices such that QTQ = I and
X- =QR. (39)
Using (38) and (39) we have

(det(X))?

Il

det(X T X)
= det PTXTXP) det([¢,n, X=] T [¢,n, X=])

= ( [E,n] [ gT ]X— )
XT §an] ‘X=‘X=

7] [ €7 ]
= det( o7 (= | o X_(xIx-)7'xI [6,77]) det(X1X_)

[ " W [ ¢’ 7 Tpy-1pTHT T
= det( nT [§,n] — nT QR(R'R)T"R Q [§,7l]> det(X_X-)

[ ¢’ : : 3 : T T
= det( T [§m] - T QQ [5#7]) det(X_X-) (40)

Now, U;j(X) = (wv” —vu") with {u,v} an orthonormal basis for the nullspace of X_ satisfying

=
(18). Thus [Q,u,v] is orthogonal, therefore QQ" + [ u v ] [ :j—r } =TI and

@0 = aos (| & [ | 27 | i) asx T

3 : T
= (det <{ T jl [u,'u])) det(X_- X-)

= ({&u){(n,v) — (& v)(n,u))” det( X1 X-). (41)

Next,
sgn(det(X)) = sgn((¢, u)(n, v) — (§,v)(n, u))

since (i) the arguments in both sides are quadratic in &,7, (ii) in view of (41) they vanish
simultaneously and (iii) in view of (18) and since det(X) > 0 they are both positive at £ = Z9;_1,
and 1 = Z9;. Thus

det(X) = ((é.au)<nvv> - (ﬁa’l))(??,u)) det(XlX=)
= (&, Ui(X)n)y/det(XTX2). (42)
The claim follows. O

Proof of Proposition 4.4: From Propositions 4.1 and 4.2,

Jim (@5, 0010 Ui, () (XF D)5, 09) = (@57 )10 Ui ) (X* 71 o)V det(XE-1T XA-1)
= lim (det(X*) — det(X*"1)) =0
k—oo
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Since, from Propositions 4.1 and 4.2, det(Xi‘lTXﬁ‘l) is bounded away from zero, it follows
that

(@5 ky—10 Uity (X ¥ D)5 1)) — <37’2ci;%k)_1anp(k)( X+ 1yzh- W) 0, ask oo (43)

k k
T9i (k)1 ] _ [ Soi,y-1 0 ] [ 7 ] m
{ xgz'p(k) 0 5%, (k) e 4

for some left-right unit length singular vector pair {u*, ¥} corresponding to the largest singular
value a’f of S;;p(k)_lUi,,(k)(X k—p—l)s2ip(k), i.e., for some unit length p*, v* satisfying

Next, by construction,

T f—
'uk S;Ep(k)—lUip(k)(Xk 1)SZip(k)V =07.

Letting (u*, v*) be the unique vectors satisfying

x’;; p(k)-1 " S2ip(k)—1/"i’ mgz;%k) = Szz',,(k)l/f, (45)
ie.,
T k—1
B = S (k) -1%01, (k-1 V= = Sa2iy (k) %03, (k)
we can thus write (43) as
T _
- ,U,li S;;p(k)_lUip(k)(Xk 1)Sgip(k)llﬁ —0 as k — o0. (46)

Now for 57 = 1,2, let (uJ, ) be a left- rlght unit length singular pair corresponding to the
jth singular value a of 5’2%( k)—1 U,p(k)( )Szzp(k) such that (u¥, u%) = (v, k) = 0. Since

S;;p(k)_lUip(k) (Xk—l)Szip(k) has rank 2, we have

.
S, 6)—1 Vi) (X* 1) i, (1) = Z phvk

and (46) becomes
2
- Z(u’ﬁ,pf)(uf,vf)af =0 as k — co. (47)
—

Let K1 = {k : Mg, (k) # A2, (k)—1) and Ko = {k : Agi (k) = Agi,(k)—1} First, for all accumulation
points X of the sequence {X*}, it follows from our premise that

01(Sgs, (0)=1Uip (k) (X) Sai (k) # 02(Si )1 Uity (X) Saip ) VE € K. (48)

Therefore, since Uy, (x)(-) is continuous, for k large enough, k € K, we have of # ok, hence

pk = pk vk = vk and since p¥, V¥, uF and v* all have unit length, (47) implies

(f, p®yY(W* VP 51, k= 00, k€K,
which in turn implies
[k, pF) =1 ask - 00, k€K (49)
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It follows that

16® = E 12 = 1612 + 16NN — 2(u*, 1E) = 0, as k= 00, k€Ki

Similarly [[vf — v%||2 > 0, as k — 0o, k € K;. Therefore, in view of (45) and (44),
X% — XF1| -0, as k= 00, k€K, (50)

Next, for all k£ € Kg, let ¢*¥ = [u’iT,VfT]T, and for j = 1,2, let Cf = [p f V5 ]-r Also for
k=1,2,... let f * be the length v/2 vector along the orthogonal projection of ¢¥ on the span
of {¢F,¢5}, ie.,

_ k. k k
Since for k € K2, Agi, (k) = A2i,(k)—1, then S%(k) = S2i,(k)—1, and their bases Sy; () and So; (1)1
can be chosen identical. Denote this matrix by S. Then

S;;p(k)—lUip(k) (Xk_l)SZip(k) = ST(U’UT - 'UUT)S

for some u, v € BR™, and the nonzero singular values of this matrix are equal to the positive
square roots of the eigenvalues of the 2 x 2 matrix

TU T T
[EgTng ] [§7. 57 ][ st z)oTl[ST’“’ ~8Tu] = (ISTul?ISTol* — (u" SST0)*)1. (52)

Therefore 0¥ = ok, and (47) yields

klc)

(W, By WE oF) + (uF, p) (W 08) 5 1, ask = o0, k€ Ky (53)

Now, since pu%, v¥, j = 1,2, u¥ and v* all have unit length, it follows from the Cauchy-Schwartz
inequality that, for all k € Ko,

[, W) 8, o)+ Gk ) (R ) <, )2+ (i, )20 G )2 + ()2 < 1. (59)
This, in conjunction with (53), implies that
(W=, uh)? + (U, ph)? 5 1, ask— oo, keKy, (55)
and
W+ (kU2 51, as ko o0, k€ K. (56)

It follows from (53), (55), and (56) that
(5 B+ (k)24 ask— o0, keKs
Thus, since ||¢*]|2 = 2,

(CﬂCf)Ck ¢k ¢h
2 ! 2

and, using (51) and the fact that ((¢¥,¢F)¢k + (¢*, ¢§)¢k) is the orthogonal projection of ¢k
on the span of {¢f,¢¥},

¢k, ¢k - 5y 50 ask— o0, k€K

k rk
¢t —grp =t~ 58 S8 e L0 sk oo, kel D)

(¢k,¢h)
2
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Now, since for k € Kg, of = o¥, it follows from the definition of the map i (k) that
T8 -1 | Soitty-1 0 Tk
[ iyt ] - [ 0 S |
This, together with (45) and (57) implies that
| X* - X1 50, k=00, k€K, (58)
Since K is the union of K; and K, the claim then follows from (50) and (58). ]
Proof of Proposition 5.1: Let P be the permutation matrix such that
XP = (j,n, X=), (59)
and let Q € C"*("=2) and R € C(»=2%("=2) he any two matrices such that Q*Q = I and
X- =QR. (60)
Using (59) and (60) we have

ldet(X)|? = det(X*X)
= det(PTX*XP) = det((7,n, X=)* (7,7, X=))

— det [:][n,n] [Z:]Xé
Xl_[ﬁ,n] XIX-

= det(-ﬁ* [7,7) — ﬁ: X=(X1X=)‘1X:[ﬁ,n])det(Xle)

= det( n [7,7] — n QR(R*R)_lR*Q*[ﬁ,n]) det(XZX-)

-n- -n-
=<m< ﬂ ] — ? Q@Wﬂ>®WQXJ (61)

Since by Lemma 5.1, {u, @} is an orthonormal basis for the nullspace of X%, thus [Q,u,d] is

}=Iand

*

unitary, therefore QQ* + [ u, U ] l g*

|det(X)|? = det ([ ] [u, 4] l } [n,n]) det(X* X..)

(]
e[ o]

= ‘((UTU)(ﬂTﬁ) - (ﬂTn)(uTﬁ) 12 det(XZX_-)

= |tn, (@uT = wa | et x)

det(X2X-)

det(X2X_)

The claim follows by taking the square root on the both sides. |
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Figure 1: Real assignment: Cumulative distribution of det(Xggs7)/ det(X).
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Figure 2: Real assignment: Cumulative distribution of pr (Xpgst)/pR (X).
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Figure 3: Real assignment: Cumulative distribution of pc(Xprst)/pc(X).
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Figure 4: Real assignment: Cumulative distribution of (X )/k2(XBEST).
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Figure 5: Real assignment: Cumulative distribution of ||F(X)||/||F(XggsT)].
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Figure 7: Real assignment: Cumulative distribution of ||c(X)||oo/|lc(XBEST)|l00-
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Figure 8: Real assignment: Cumulative distribution of (CPU time/best CPU time) counted
according to sequential mode.
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Figure 9: Real assignment: Cumulative distribution of (CPU time/best CPU time) counted
according to parallel mode.
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Figure 10: Mixed assignment: Cumulative distribution of det(Xpgsr)/ det(X).
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Figure 11: Mixed assignment: Cumulative distribution of pg(Xprst)/pR(X).
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Figure 12: Mixed assignment: Cumulative distribution of pc(XBEst)/pc(X).
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Figure 13: Mixed assignment: Cumulative distribution of x5 (X' ) /K2 (X BEST)-
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Figure 14: Mixed assignment: Cumulative distribution of IFECEON/NIF(XBrsT)l-
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Figure 15: Mixed assignment: Cumulative distribution of ||c(X)||/|lc(XprsT)|-

42



1000

Algorithm 5.2
800

Algorithm 5.3 -

600

e place
400

200+~ - 4

10 101

Figure 16: Mixed assignment: Cumulative distribution of ||c(X)||eo/llc(XBEST) |00
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Figure 17: Mixed assignment: Cumulative distribution of (CPU time/best CPU time) counted
according to sequential mode.
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Figure 18: Mixed assignment: Cumulative distribution of (CPU time/best CPU time) counted
according to parallel mode.

45



