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Within the last few decades, the spatial degree of freedom of light has gained sig-
nificant attention in the form of photonic orbital angular momentum (OAM). The use of
OAM for remote sensing has been of significant interest due to its inherent orthogonality
that can be used for spatial frequency filtering, coherence filtering, and as both an active or
passive sensing modality. Beams with OAM also contain interesting propagation proper-
ties that have potential to be more robust than non-OAM counterparts. One application of
remote sensing is using OAM to measure the strength of optical phase distortions through
random media that can contain turbulence or particulate matter. There has been signifi-
cant work done on the subject, but there have been difficulties at creating an applicable
OAM based sensing technique employed for use in an outdoor environment. This work
develops an active OAM sensing modality denoted as Optical Heterodyne Detection of
Orthogonal OAM Modes (OHDOOM) to reduce the optical receiver hardware based on
a beatnote signal for the first time. The beatnote signal is then hypothesized to return in-
formation about the propagation environment by measuring the crosstalk between OAM
modes due to channel perturbations.

OHDOOM results through an emulated turbulent medium show that our method is
highly sensitive to weak and strong turbulence depending on the transmitted OAM mode.
Within a turbid medium, OHDOOM is believed to be sensitive to particles larger than
the wavelength and insensitive to smaller particles. Experimental results agree well with
simulated environmental conditions using wave optic simulations (WOS) implementing
phase screens. A WOS for a turbulent medium is derived from turbulent phase statistics
based on refractive index fluctuations. However, for the first time, a turbid medium’s
phase statistics are derived from a solution to the radiative transfer equation within the
paraxial approximation.
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Chapter 1: Introduction

Over the last few decades, significant effort has been dedicated to understanding

the applications and practicality of structured laser light. "Structured light" refers to the

spatial shape of a laser beam, represented mathematically as a complex field U(x,y,z) =

A(x,y,z)exp(ikW (x,y,z)), where A(x,y,z) is a real amplitude, k = 2π/λ is the optical

wavenumber, and λ is the optical wavelength, whose amplitude and phase can be used

to encode information. The optical wavefront, W (x,y,z), is the spatial distribution of the

optical phase shifts across a laser beam that is extremely sensitive to changes in the prop-

agation environment. These "changes" are inhomogeneities of the medium’s refractive

index. These refractive index fluctuations can change the direction of the incident radia-

tion, called scattering, that create random amplitude and phase fluctuations. For optical

application such as imaging, communications, or Light Detection and Ranging (LIDAR),

the light of interest is susceptible to these random scattering event. Random scattering

events lead to image blurring, increase in communication error rates or incorrect ranging

estimates for the aforementioned applications.

Being able to quantify the amplitude and phase perturbations present are of utmost

importance to understand how well optical applications will perform. Optical remote

sensing can be used as a method to return an estimate of the environmental parameters
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present to predict system performance. The goal is how to extract information about

the optical phase perturbations by exploiting laser light scattering in a random medium.

Leveraging phase perturbations and scattering the incident beam can lead to a wealth of

knowledge about the state of the propagation environment at any given time. Scatter-

ing can be exploited by laser light that contains various degrees each of which can be

exploited to return information about the environment, such as intensity modulation, po-

larization, optical wavelength, and spatial phase structure. This work will focus on the

spatial degree of freedom due to its high sensitivity to phase perturbations, unique prop-

agation properties, and fruitful research directions. The spatial structure is connected

to the phase perturbations that reduce spatial coherence, therefore, distorting the spatial

information it carries.

The spatial coherence of a laser beam is terminology to describe the relationship

between points along a laser’s wavefronts in space and time. Spatially coherent light

maintains a fixed relationship between multiple spatial points at a fixed time, whereas

temporally coherent light maintains a fixed relationship at a single spatial point while

it varies in time [1]. By studying spatially encoded light, coherence theory is implicitly

involved to explain its propagation and interaction as the quality of the structured light de-

pends on the laser beam source spatial coherence [2], [3]. This is because a laser beam’s

wavefront, containing high spatial and temporal coherence, can undergo controlled phase

or amplitude modulation that induces deterministic interference. This ability to inter-

fere is reduced if the wavefront contains random phase perturbations or reduced spatial

coherence and temporal coherence.

Using the combination of coherence theory and spatially structured light, the goal of
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this work is to understand how environmental information can be interpreted from quanti-

fying structured laser beams propagation through an inhomogeneous medium or random

medium. As coherence can be easily changed depending on the laser source chosen, the

spatial structure of the light is the free parameter to use for environmental sensing. One

form of structured light with notable interest contains orbital angular momentum (OAM)

described by a helical wavefront with the form exp(ilφ), where φ is the cylindrical coor-

dinate [4]. A beam containing OAM is denoted by l, which quantifies the number of 2π

phase rotations within one wavelength along the azimuthal direction of a wavefront. The

number of phase rotations is denoted as the beam order, mode, topological charge, or sim-

ply charge. The sign of l denotes the chirality, or vorticity, as either right or left handed.

Beams containing OAM have a signature on-axis intensity null (see Fig. 1.1(a)) due to

destructive inference created by the presence of a phase singularity (see Fig. 1.1(b)). The

term "optical vortex" is often use to describe OAM beams due to the helix shape of the

wavefront as the beam propagates as illustrated in Fig. 1.1(c-d) and on-axis intensity null.

Figure 1.1: (a) Vortex beam containing an intensity null on-axis. (b) Phase of the previous
beam with an optical vortex at the center. (c) Helical wavefront as a function of x, y, and
z. (d) Side view of the helix showing a sinusoidal dependence in space.
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The OAM of light is not a new phenomenon as Poynting [5], [6] predicted that

circularly polarized light could carry an angular momentum, which was not confirmed

until much later by Beth [7]. This angular momentum refers to spin angular momentum

(SAM) of light with a value of sh̄, where s =±1. Our current understanding of photonic

OAM was predicted later by Darwin who considered angular momentum transfer with

values greater than simply h̄ [8]. OAM and SAM are two separate phenomena and are

not to be thought of analogs of each other. The connection between a helical wavefront

and OAM was not made until 1992 using cylindrical lenses to reverse the vorticity of

the phase profile [4]. OAM relies on the phase profile to contain a phase singularity, but

phase singularities do not necessarily infer OAM. This is why many previous studies that

focused on the phase singularity itself did not notice the evidence of OAM as it is the light

around the phase singularity that contains OAM [9], [10].

The phenomenon of OAM itself is an intriguing field with many questions that are

left unanswered, but this work focuses on its application for remote sensing in a random

medium. OAM’s practical appeal is due to its inherent orthogonality that implies OAM

states are separable and can propagate in free-space without interaction. OAM beams

also, as implied by the terminology, carry a rotational force that can impart torque on

small particles. This force is generally not strong enough to exert the same effect on

macroscopic particles. Light containing OAM has been applied to numerous applications

such as: free-space spatial division multiplexed (SDM) optical communications [11]–

[15], optical trapping [16], [17], polarization state shaping [18]–[20], spatial filtering

[21]–[24], microscopy [25], and sensing [26]–[33]
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1.1 OAM as a Sensing Modality

The focus of this work will be on the application of OAM for sensing within a ran-

dom environment using a highly directional coherent light source. "Sensing" in this work

refers to obtaining information about the environment using laser beams carrying OAM.

OAM remote sensing methods can be grouped into three general categories: passive OAM

sensing, active OAM sensing, and OAM based filters. The propagation environment in

question contains optical inhomogeneities, mainly refractive index variations, that mani-

fest themselves as phase distortions along the laser beam’s wavefront. These distortions

can either be removed or leveraged depending on the OAM sensing technique imple-

mented. Figure 1.2 summarizes how OAM can be viewed to sense the environmental

distortion. Each measurement method leads to different ways of how OAM is applied to

the remote sensing problem.

Passive OAM sensing refers to detecting changes of OAM created in-situ without

injecting extrinsic OAM [34]–[36]. In contrast, active OAM sensing which refers to in-

jecting OAM into an environment and detecting how the input OAM changes due to the

environment [26], [28], [30]–[32], [37]–[39]. Active OAM sensing has been seen to mea-

sure rotational Doppler shifts [32], [40]–[46], linear object speed and size [30], [31], and

surface roughness [28], [47]. The last OAM based sensing method is called optical signal

processing (OSP) [21]–[23], [26]. OAM based OSP techniques are used to distinguish

between coherent and incoherent light components of a laser to improve light detection

and ranging (LIDAR) efficacy [21], [26], [48], [49] or as a spatial frequency filter for

imaging [22], [23], [25].
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Figure 1.2: Illustration of the various methods to measure and apply OAM properties to
the remote sensing problem.

OAM, as an active sensing modality, has spurred significant interest due to its spa-

tial interaction with random media. A random medium can scatter the incident OAM

mode into higher or lower value OAM modes that can be used to sense the strength of the

random medium variations. The benefit of an active method is that one has knowledge of

the input OAM state, whose perturbations upon propagation can be quantified to charac-

terize environmental parameters. However, implementing active OAM sensing methods

proves to be quite challenging due to the need for complex optical systems, which can

limit practical implementation.
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1.2 Dissertation Research Goals

The goal of this dissertation is to present work towards developing an active OAM

based sensing modality that can quantify the optical effects of a random environment. To

address practical limitations of active OAM sensing, a method called Optical Heterodyne

Detection of Orthogonal OAM Modes (OHDOOM) is developed to reduce the optical

receiver hardware.

To explore the effects of a random medium on an OAM beam, this work is seg-

mented into a simulation and experimental based approach that studies the propagation

and detection of OAM. The simulations aim to show how various metrics and degrees

of freedom of OAM beams are affected by a random medium, which are then translated

to developing the OHDOOM detection scheme. Properties of the laser beam specifically

explored are laser beam size, OAM charge, and source coherence.

Along with the main goal of developing an active OAM sensing modality, the dis-

sertation is written to also address secondary objectives that quantify effects of a ran-

dom medium on OAM beam propagation. The first subgoal is to develop a theoretical

foundation that outlines the similarities and differences between refractive index varia-

tions of scales smaller than the optical wavelength and those comparable to the optical

wavelength. This will be done by discussing the radiative transfer equation under the

small-angle approximation and its relationship to traditional treatment of the stochastic

Helmholtz equation. The second subgoal is how to fairly compare OAM beam propaga-

tion to standard laser beams used in today’s LIDAR systems.
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1.3 Dissertation Organization

This dissertation is organized such that the reader has the necessary background

to understand remote sensing using OAM. This includes background information on the

necessary mathematical foundation to describe laser beam propagation through a random

medium in Chapters 2 and 3, respectively. The theory places an emphasis on how the

coherence of the main laser beam is affected by the medium within the context of image

formation. This chapter will also address the similarities and differences between optical

turbulence and particulate matter, as experimental results are presented for both cases.

The core of OAM sensing is presented in Chapter 4 using the foundations of Chap-

ters 2 and 3 to predict how OAM changes in a random medium. Chapter 5 will discuss

beam propagation simulations through turbulent and turbid media. The subgoal of com-

paring OAM beam propagation to a standard laser beam will be discussed in this chapter.

Chapter 6 will give an overview of two experiments that were performed to explore OAM

as a sensing modality and the knowledge gained. Chapter 7 introduces OHDOOM as a

new active remote sensing modality using the knowledge gained from the previous chap-

ters. Chapter 8 will summarize the findings of this work along with discussion of future

direction of this work. Appendices A - F offer insight to the simulation and theoretical

methods used throughout this thesis.
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1.4 Summary of Forthcoming Contributions

Results of this dissertation research provide a unique perspective on laser scattering

in a turbid and turbulent medium while connecting it to the effects on light’s OAM. This

contribution summary is meant to describe the key findings of this work that are most

relevant to those studying the following topics: laser light propagation through a random

medium, OAM beam propagation in random media, coherence, OAM based sensing, and

random media effects on optical imaging. Each contribution is discussed in great detail

in the specified chapter.

• Determined properties of random media that affect OAM through a simulated trade-

off study determining most important dimensionless ratios for each medium.

• Turbid media is discussed in the language of turbulent media to provide a clear

comparison of the effects of optical wave propagation.

• Created simulations of a turbid medium that can be easily combined with simula-

tions of a turbulent medium.

• Acquired experiment mode spreading results using a different interferometric tech-

nique and mode projection.

• Developed an original OAM based sensing technique - OHDOOM. Its uniqueness

falls with its inherent low frequency noise rejection, simplification of hardware and

data processing, and inherent phase information.
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• Demonstrated OHDOOM’s response to a turbulent and turbid media with simula-

tions and theory. Results are confirmed through experimentation.
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Chapter 2: Review of Laser Beam Propagation through a Random Medium

2.1 Introduction

To thoroughly appreciate how an active OAM sensing method works, it is of ne-

cessity to introduce quantitative methods of laser beam propagation through a random

medium. The theory of concern describes the evolution of a laser beam’s spatial coher-

ence in the presence of random phase perturbations. OAM beam propagation can be

treated similarly to a Gaussian beam, without OAM, if it maintains a low divergence.

The coherence properties of a random medium can be studied independently of the beam

shape and spatial properties. However, when the effects on a finite beam are considered

the random variations are dependent on the initial beam’s coherence properties, wave-

front curvature, spot size, and wave function shape. Effects of a random medium on

a laser beam manifest itself as phase variations on the optical wavefront that lead to a

coupling between phase and amplitude variations due to interference.

Before introducing further consequences of a random medium on beam propagation

(Chapter 3), a short background on notation and functions of a random medium are intro-

duced in Section 2.2 followed by the definitions of a random medium’s inherent optical

properties in Section 2.3.
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2.2 Mathematical Formalism of a Random Medium

As a laser beam, or more generally an optical wave, propagates through a random

medium the amplitude and phase are subject to random fluctuations. The fluctuations

are mainly due to random changes of the medium’s refractive index, but their scale size

compared to the laser wavelength can significantly alter results. Due to these random

changes of the optical field, the optical wave must be treated as a random variable.

The optical field depends on space and time allowing for the treatment as a "ran-

dom field", which is a stochastic process denoted as x(r, t), where r = (x,y,z). Using a

probabilistic point of view, it is most convenient to work with the statistical moments of

the field as they are most practical for physical measurements. Within this mathematical

framework, the time dependence of the random variables is suppressed since the time

scales of the considered random media are much slower than the time it takes for light to

travel through them. The discussion of when temporal variations of the medium must be

considered will be discussed briefly in Section 4.1.3. For more information on the math-

ematics involved in a random medium, the reader is referred to Andrews and Phillips

[50]. As the theory focuses on a statistical treatment it is useful to define the following

functions: spatial autocorrelation, spatial power spectrum, and structure function.
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2.2.1 Spatial Autocorrelation Function

Given a randomly varying spatial field x(r), the second order moment or autocorre-

lation function can be defined as

Bx(r1,r2) = ⟨x(r1)x∗(r2)⟩, (2.1)

where ⟨...⟩ denotes an ensemble average and ∗ denotes the complex conjugate. Within

the random medium of interest, the statistics can be assumed homogeneous and isotropic.

This assumption leads to the autocorrelation depending only on the distance between two

points within the field rather than their absolute position leaving Bx(r), where r = |r2−r1|.

2.2.2 Spatial Power Spectrum

In order to compute the autocorrelation in equation 2.1, a useful quantity to derive is

the spatial power spectrum using the Wiener-Khinchin theorem. Assuming that the field

x(r) is statistically homogeneous with zero mean, the field can be represented using the

Riemann-Stieltjes integral [50]

x(r) =
∫

∞

−∞

eiκκκ·rdν(κκκ), (2.2)
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where κκκ = (κx,κy,κz) and dν(κκκ) represents the random amplitude of x(r). Using equa-

tion 2.1 and 2.2 the autocorrelation can be written as

Bx(r1,r2) =
∫∫∫∫∫∫

ei[κκκ1·r1+κκκ2·r2]⟨dν(κκκ1)dν(κκκ2)
∗⟩. (2.3)

Upon using statistical homogeneity, ⟨dν(κκκ1)dν(κκκ2)
∗⟩ = δ (κκκ2 −κκκ1)Φx,3(κκκ)d3κ1d3κ2,

where Φx,3(κκκ) is the three-dimensional spatial power spectral density (PSD). Equation

2.3 simplifies to

Bx(r1,r2) =
∫∫∫

Φx,3(κκκ1)eiκκκ1·rd3
κκκ1. (2.4)

The inverse Fourier relationship is given as

Φx,3(κκκ1) =
1

(2π)3

∫∫∫
Bx(r1,r2)e−iκκκ1·rd3r. (2.5)

These relationships can be simplified further, again under isotropic statistics, where the

vectors r and κκκ1 can be replaced with their scalar quantities r and κ = (κx +κy)
1/2 re-

spectively.

2.2.3 Structure Function

Another useful function to describe the statistics of a random medium is the struc-

ture function, which is used throughout most literature involving turbulence or rough

surfaces [50]–[52]. Its usefulness appears due to random fields having a mean value that
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varies over various points in space which breaks the assumption of statistical homogene-

ity. A structure function is invariant to this varying mean value as it depends on the

statistical relationships between the difference of two points rather than their absolute

position and value. As the mean value varies across the random medium, the difference

between two points removes the mean and only the fluctuating part of the random field is

said to be statistically homogeneous. The structure function can be related to a random

field’s autocorrelation and its power spectrum from the following relationships assuming

statistical homogeneity and isotropy

Dx(r) = ⟨[x(ri)− x(ri + r)]2⟩

= 2[Bx(0)−Bx(r)]

= 2
∫∫∫

d3
κ Φx,3(κ)(1− cos(κκκ · r)) ,

(2.6)

where ri is some initial point of origin. In this work ri is typically taken as the origin of

the field leaving r = (x2 + y2)1/2.

2.3 Inherent Optical Properties of a Random Medium

Inherent optical properties (IOPs) of a random medium generally consist of absorp-

tion and scattering coefficients that degrade optical power transfer. However, in this work,

the refractive index fluctuations properties are also considered as an IOP. Each of these

properties exists in a propagation medium such as the atmosphere, ocean, or biological

tissue, but the values, properties, and length scales of the IOPs can change.

To start the study of laser beam propagation, a medium can be assumed to be a slab
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of randomly distributed particles, with length dz illustrated in Fig. 2.1, that can include

particles of any diameter. The change in optical power lost to propagation through the

medium, dP, is proportional to the incident optical power Pin and can be written as

dP =−σPdz, (2.7)

where σ [m−1] is a proportionality constant. Integration of equation 2.7 yields

P(z) = Pine−
∫ zo

zs σext(z)dz, (2.8)

where P(z) [W] is the output power, Pin is the input power, σext(z) is the extinction coef-

ficient, zs is the source plane initial position, and zo is the observation plane (position of

power measurement). The extinction coefficient is the sum of the absorption and scatter-

ing coefficients that degrade optical power transmission:

σext(z) = σsca(z)+σabs(z) = Nd(z)(Csca +Cabs), (2.9)

where Nd [m−3] is the particle density, Csca [m2] is the scattering cross section, and Cabs

[m2] is the absorption cross section. The scattering and absorption cross sections are

related to the particle sizes present within a turbid medium, which can be be analytically

found for spherically shaped particles.

If the propagation medium is isotropic, assuming the density of the medium and

the particulate matter present are the same, the dependence on the propagation distance,

z, can be ignored. Using this slab model, both scattering and absorption contribute to
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Figure 2.1: Geometry of the scattering volume consisting of a slab (of length dz) of a
medium containing particles with diameters comparable to the laser wavelength.

an optical power attenuation factor. However, this total attenuation is only true for light

that maintains its forward directionality. Scattering must be quantified by its strength

and how it redirects the incident radiation upon interacting with particles or turbulence.

Scattering phenomena can be generally broken down into three regions: molecular scat-

tering, scattering by large particles, and turbulent scattering [53]. Each form of scattering

phenomena will be discussed in this dissertation.

2.3.1 Absorption by Particles

Absorption is a wavelength dependent process where the laser light transfers elec-

tromagnetic energy to rotational, translational, vibrational, or electronic processes of a

particle and the particle does not re-emit the same incident energy. In an atmospheric

environment, the main aerosols that absorb light are water, carbon-based molecules, and

ozone [50]. Due to the presence of different molecules some wavelengths propagate with

small amounts of attenuation while others are quickly attenuated. This is because of dif-
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ferent molecular absorption processes that are wavelength dependent. In the atmosphere

there are many ranges of wavelengths that are least absorbed such as 785 nm or 1550 nm.

This is not the case in the ocean where mainly blue/green wavelengths are absorbed the

least.

2.3.2 Scattering by Particles

Scattering is the redirection of the incident laser radiation due to an interaction

within the medium such as with particulate matter. In the atmospheric case, the main

scatterer of radiation are aerosol particles of sizes comparable to the incident wavelength.

For an oceanic environment scatterers are of a different nature, but the physics of scatter-

ing remains the same. These processes are highly dependent on the ratio of the particle

radius, a, to the wavelength of light [54], [55]. Depending on the size of the particle vari-

ous treatments can be applied as summarized in Table 2.1. "Particle size" throughout this

paper means particle diameter unless otherwise specified.

Particle Type Diameter [µm] Scattering Process a/λ

Molecules 0.00002 Rayleigh ≪ 1
Haze 0.02 - 2 Rayleigh - Mie ∼ 1
Fog 2 - 40 Mie - Geometrical > 1
Rain 200 - 20000 Mie - Geometrical ≫ 1
Snow 2000 - 10000 Geometrical ≫ 1
Hail 10000 - 100000 Geometrical ≫ 1

Table 2.1: Examples of particle sizes and the method to solve for the scattered light
distribution [56].

The scattering of interest in this work is mainly due to particles comparable to the

wavelength, which involves the electromagnetic interaction of the laser light with the

particle. This interaction combines the effects of diffraction, refraction, and reflections
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inside of the particle to dictate the scattering pattern of the incident light. To illustrate

scattering, consider the illustration in Fig. 2.1 to describe the geometry of the scattering

interaction.

Assume a collimated laser beam is incident on a thin slab of particles with length dz.

Laser light scatters into a polar angle θ and spherical azimuth angle ϕ . At a distance away

from the slab is a detector, with area A, viewing solid angle dΩ to measure the scattered

intensity. The angular distribution of power incident on the detector can be written as

P(θ ,ϕ) = P0β (θ ,ϕ)dzdΩ (2.10)

where β (θ ,ϕ) [m−1 sr −1] is the angular distribution of scattered light. The differential

intensity is dI(θ ,ϕ) = P(θ ,ϕ)/dΩ [W sr −1]. If the incident intensity falls on a detector

with differential area dA, the incident irradiance is E = P0/dA [W m−2]. If the beam

illuminates a finite volume of particles dV = dzdA, equation 2.10 can then be rewritten as

β (θ ,ϕ) =
1
E

dI(θ ,ϕ)
dV

. (2.11)

Thus, β (θ ,ϕ) defines the volume scattering function (VSF) describing the scattered in-

tensity per unit input intensity per unit volume. The VSF is also known as the differential

scattering cross section. Upon integration of the VSF over all solid angles, the scattering

coefficient σsca (from equation 2.9) can be defined as

σsca =
∫ 2π

0

∫
π

0
β (θ ,ϕ)sin(θ)dθdϕ = 2π

∫ 2π

0
β (θ)sin(θ)dθ . (2.12)
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If the scattering is assumed homogeneous across the scattering volume and the VSF is

symmetric across all azimuth angles, then the integral over ϕ results in 2π . Another

function of interest is the normalized VSF

σV (θ ,ϕ) =
β (θ ,ϕ)

σsca
, (2.13)

known as the phase function. The phase function is also known as the scattering indicatrix

used in some literature cited in this work [57], [58]. The phase function has not to do with

optical phase shifts, but rather an origination from the astronomical field to describe solar

fluxes.

The phase function is a quantity that depends strongly on the ratio of the particle

radius a to the optical wavelength λ . Alluded to in Table 2.1, Mie theory is an analytical

approach used to predict the scattered light distribution for particles with a ∼ λ . The

scattering occurs due to the particles containing a different refractive index compared to

the surrounding medium. This change in refractive index exists only within the particle,

which size is on the order of a wavelength. This creates electromagnetic resonances that

can only be predicted by solving Maxwell’s equations. Larger particles can be treated in

other manners such as geometrical optics [55].

Mie theory predicts light scattered from a spherical shaped particle, which can be

used to estimate the effects of a random medium by incoherently summing together the

phase functions of many different sized particles [59], [60]. In reality a random medium

does not consist of spherically shaped particles, which limits the exactness of Mie theory.
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2.3.2.1 Scattering by Small Particles

Small particle scattering, also known as molecular scattering, is due to molecu-

lar movement and density changes where the radii of these particles are generally much

smaller than the optical wavelength, a ≪ λ known as Rayleigh scattering. Within this

regime the phase function for unpolarized incident light is [61]

σV (θ) =
3

16π
(1+ cos2(θ)). (2.14)

This form of phase function is mostly isotropic across all scattering angles leaving no fa-

vorable direction of scattering. Rayleigh scattering is generally considered much weaker

than that of larger particles and assumed negligible over short propagation paths. An at-

mosphere containing no aerosols or turbulence is then limited by molecular scattering,

which is generally not the case. This work will ignore the effects of molecular particle

scattering in later sections as it does not add to significant losses of coherence.

2.3.2.2 Scattering by Large Particles

Large particle scattering occurs when a/λ ∼ 1 and a/λ ≫ 1, which adds a signifi-

cant amount of structure to the phase function. As the particle size increases more light is

scattered in the forward direction leading to effects similar to diffraction from an increas-

ingly large circular aperture. This treatment is known as anomalous diffraction where the

diffraction from a circular aperture is similar to a particle of the same size, but mainly

holds true for larger particles where a/λ ≫ 1 [54], [55].
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The phase function is proportional to the magnitude of the scattered field amplitude

calculated directly from Mie theory. If the incident light is unpolarized, the phase function

can be written as

σV (θ ,ϕ,a) =
1

2k2Csca(a)
(|S1(θ ,ϕ,a)|2+|S2(θ ,ϕ,a)|2), (2.15)

where k = 2πn0/λ is the optical wavenumber, and n0 is the refractive index of the prop-

agation medium. S1(θ ,ϕ,a) and S2(θ ,ϕ,a) are the scattering amplitudes for the perpen-

dicular and parallel field components respectively. Calculations of Csca(a), S1(θ ,ϕ,a),

and S2(θ ,ϕ,a) are provided in detail in Appendix A. Examples of the phase function for

the particle sizes 0.05 µm, 0.5 µm, 5 µm, 50 µm, and 250 µm are shown in Fig. 2.2(a)

for near forward scattering angles of 0◦−3◦.

As the particle size increases there is more significant structure of the phase function

at near-forward scattering angles. The amplitude of the phase function also strongly peaks

in the forward direction. This change in the amount of scattering at each angle will

become significant in later sections.
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(a) (b)

(c)

Figure 2.2: (a) Examples of single particle phase function for particle diameters 0.05 µm,
0.5 µm, 5 µm, 50 µm, and 250 µm as a function of polar scattering angle. (b) Examples
of the phase functions for a Gaussian distribution of particle sizes with a standard devia-
tion of 4.5 % of the mean value being 0.05 µm, 0.5 µm, 5 µm, 50 µm, and 250 µm. (c)
Experimental phase function results for different polydisperse scattering media [62].

A feature of single particle scattering are the significant ripples that appear in the

phase functions of larger particles as shown in Fig. 2.2(a). For a real medium, the scatter-

ing properties will depend not on a single particle, but on the particle distribution present.

The scattering properties of the medium such as scattering coefficient, scattering cross

section, and phase function depend on the particle distribution. The calculation of these
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parameters is given in Appendix A to show how the equations change to become weighted

averages over the particle distribution. The particle distributions used as an example are a

Gaussian distribution with a mean value 0.05 µm, 0.5 µm, 5 µm, 50 µm, and 250 µm and

standard deviation of 4.5 % of the mean value. Figure 2.2(b) shows how the phase func-

tion changes its forward scattering shape where the number of ripples are significantly

reduced. Only at near forward scattering angles do ripples appear.

For a realistic volume of particles, a measurement of the phase function must be

done to explicitly know how light will scatter. Figure 2.2(c) are measurements of the

phase function for different scattering agents of Mg(OH)2, A4-course test dust (ATD),

Equate® (Maalox), and Petzold’s oceanic measurements [63]. In comparison to a scat-

tering medium containing a distribution of particles with smaller particle sizes, the phase

function of realistic media are less forward peaked at near-forward scattering angles. The

phase function values for Petzold turbid media decreases two orders of magnitude within

the first three degrees whereas distribution seen to affect the beam fall up to three to five

orders of magnitude within the first degree of scattering angle. This change in the phase

function magnitude can have consequences on how it affects the coherence of laser light.

2.3.2.3 Quantification of Scattering Strength

Given a slab of particles of length dz, the phase function in equation 2.15 describes

the scattering of light from the slab only in the "weak scattering" or "single scattering

regime". This regime is dictated by the amount of scattering events that the incident

light accumulates propagating through the medium. The number of scattering events is
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described by the attenuation length or optical depth (OD) σextdz (assuming the extinction

is isotropic along the slab).

The optical depth signifies the propagation length where the optical power, i.e. the

squared magnitude of the field, decreases by a factor of 1/e. If the extinction is mainly

dominated by scattering (σext ∼ σsca), "single scattering" is satisfied when σscadz ≪ 1.

If the medium contains a large optical depth then multiple scattering occurs where most

forward coherence is lost and light scattering can be modeled using a Gaussian phase

function [64], [65].

The optical depth is also related to the mean free path ls = 1/σsca, which describes

the distance an average number of photons travel before their direction is substantially

altered due to multiple scattering events. Another interpretation of the optical depth is as

a phase variance that dictates the strength of the phase fluctuations of the random medium

[66].

A second form of "weak scattering" condition does not deal with the amount of

scattering, but rather with the refractive index variation that initially causes phase de-

lays resulting in scattered light. These limits are described by the Rayleigh-Gans-Debye

(RGD) approximation [54], [55], [59]. This form of approximation perturbation method

falls under a category that has been denoted as the Rytov method, Born approximation

[50], Kirchhoff approximation [52], or phase screen approximation [67]. Each of them

treat the phase variations, independent of the physical phenomena, as small perturbations

to the incident field. This model can then be applied to an extended volume medium as

an accumulation of weak scattering events [59].

The refractive index of a random medium n(r) = n0+n1(r) is described as the sum
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of a mean value (⟨n(r)⟩= n0) and spatially varying component n1(r) with zero mean. For

the weak scattering approximation to remain true two conditions must be satisfied:

∣∣∣∣n1(r)
n0

−1
∣∣∣∣≪ 1

2ka
∣∣∣∣n1(r)

n0
−1
∣∣∣∣≪ 1

(2.16)

where a is the particle radius of interest, n1(r) is the spatially varying portion of the re-

fractive index, and n0 is the background index or mean value. The first condition means

the phase delay created by the excess refractive index must be small to create no appre-

ciable reflected light. The second condition, where most particle interactions break the

weak scattering approximation, states that the incident wave must not undergo apprecia-

ble change in phase or amplitude upon entering the particle. Once the particle reaches

the incident laser’s wavelength or becomes larger than it, weak scattering cannot be met

as the phase delay approaches multiple wavelengths [54], [55]. The effects of these two

conditions will be made clear in the discussion of a turbulent medium in comparison to a

turbid medium.

2.3.3 Turbulence Induced Refractive Index Variations

In contrast to the discussion in Section 2.3.2 that dealt with small scale refrac-

tive index variations created by particles, turbulence induced scattering occurs on larger

length scales compared to the optical wavelength. Turbulent scattering is created by

the medium’s refractive index changes that is driven by temperature, pressure, humid-

ity, density, or salinity gradients. As these variables are a randomly changing field in
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three-dimensions a useful concept to use is that of velocity fluctuations. In a randomly

changing velocity field dictated by flow it is the fluctuations in the velocity field not the

mean value that are of concern. When a flow contains a uniform velocity it is called lami-

nar otherwise, when a flow develops into a random state deemed "turbulent" due to larger

fluctuations along the mean flow. A characteristic of turbulent flow are subfields known

as turbulent eddies [50].

Eddies describe the scales of energy dissipation following from the energy cascade

theory of turbulent flow. As energy randomly dissipates in the medium, a continuum of

eddy sizes exists where kinetic energy is transferred from larger eddies to smaller eddies.

This energy transfer depends on the viscosity of the medium’s fluid that will eventually

dissipate the energy as heat. Eddy sizes are limited based on the geometry of the location

of energy dissipation where the largest eddy size is known as the outer scale, L0, and the

smallest size is known as the inner scale, l0. Sizes of eddies between the inner and outer

scale are known as the inertial subrange. Depending on the turbulence present, the inner

scale notes the eddy scale size when energy is finally dissipated as heat that depends on

the medium’s viscosity.

Fluctuations of a medium’s properties, mainly temperature gradients, drive the re-

fractive index fluctuations that perturb optical wave propagation through the medium in

question. Mathematically, this spatially varying refractive index is written as n(r) =

n0 + n1(r), under the assumption that its time dependence is negligible. The medium’s

refractive index has a mean value n0 = ⟨n(r)⟩ and varying value n1(r) with zero mean

statistics: ⟨n1(r)⟩ = 0. This is due to the fluctuation time of the refractive index being

slower than the time it takes the light to travel through the variation [50], [68].
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As the refractive index variations n(r) are a random field, the formalism in Sections

2.2.1 - 2.2.3 can be employed. The language of turbulence is typically written using struc-

ture functions as turbulence fluctuations are relationships among points in space rather

than a field varying past a single point. Assuming the refractive index fluctuations are

statistically homogeneous and isotropic, the refractive index structure function within the

inertial subrange, l0 ≪ r ≪ L0, can be written as

Dn(r) = 2[Bn(0)−Bn(r)] =C2
nr2/3, (2.17)

where C2
n is known as the refractive-index structure constant. C2

n is connected physically

to the strength of the fluctuations of the refractive index. Following from this structure

function, for an idealized turbulence model, the refractive index power spectrum can be

defined as

Φn,3(κ) = 0.033C2
nκ

−11/3. (2.18)

This result is known as the Kolmogorov spectrum as it was first deduced by Andrey

Kolmogorov in the 1940s to model eddy scales sizes in a three-dimensional volume. It

remains valid only within the inertial subrange where 1/L0≪κ≪1/l0 [69]. This result is

not always physically accurate as there is sometimes a dissipation region where κ ≈ 1/l0.

To account for these results, a simple analytic model with an outer and inner scale cutoff,
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the modified von Kármán (MVK) spectrum, can be used, which is given by

Φn,3(κ) = 0.033C2
n

e−(κ/κm)
2

(κ2 +κ2
0 )

11/6 ,
(2.19)

where κ0 = 2π/L0 and κm = 5.92/l0. This model yields tractable analytic results for

optical wave propagation, but experimental measurements by Hill et al. [70] showed that

the atmosphere contains a dependence on the inner scale that results in a "bump" of the

refractive index PSD due to a polynomial dependence on the inner scale. This empirical

model is analytically fit by the modified atmospheric turbulence spectrum (MA)

Φn,3(κ) = 0.033C2
n

[
1+1.902

(
κ

κl

)
−0.254

(
κ

κl

)7/6
]

e−(κ/κl)
2

(κ2 +κ2
0 )

11/6 , (2.20)

where κl = 3.3/l0. This description of the refractive index fluctuations leads to the phase

function of turbulent scattering to be written in terms of the refractive index PSD. Fol-

lowing from the Poynting vector, Tatarskii derived the turbulent phase function, assuming

azimuth symmetry, to be [71]

σV (κ) = 2πk4
Φn,3(κ). (2.21)

The phase function is written in terms of spatial wavenumber by using the relationship

κ = 2n0k sin(θ/2) [59], [71]–[73]. Examples of the previously mentioned refractive in-

dex PSDs are shown in Fig. 2.3(a) for an inner scale of 1 cm and outer scale of 10 m. The

inner scale effects are related to the attenuation of large spatial frequencies whereas outer

scale effects are reflected as the asymptote near small spatial frequencies.
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(a) (b)

Figure 2.3: (a) Various power spectra as a function of spatial wavenumber for l0 = 1 cm,
L0 = 10 m, and C2

n = 3.9× 10−16m−2/3. (b) Analytic structure function using various
power spectra integrated from equation 2.6.

Figure 2.3(b) shows the refractive index structure function for each respective PSD

calculated directly from equation 2.6. For spectra with a bounded outer scale, the effects

are clearly seen for the MVK spectrum and MA spectrum in pink and red in Fig. 2.3(b)

as the structure function reaches an asymptote. This will be used as a comparison point

to a turbid medium in Section 3.6.2.

2.3.3.1 Quantification of Turbulence Strength

Depending on atmospheric conditions, PSD models for the refractive index fluctu-

ations deal with eddy sizes that can vary in scale sizes between 1 mm and 100 m. These

scale sizes, also known as scattering disks, are similar to particle sizes, therefore, the

phase function will be strongly forward peaked similar to extremely large particles. Along

with this analogy, the weak scattering assumptions in the conditions shown in equation

2.16 are both satisfied for turbulence perturbations. These are satisfied due to the scatter-
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ing arising from variations in the atmosphere’s molecular refractive index, meaning the

size of the scattering particles are extremely small. Thus a small particle with a diame-

ter on sub-micron scales will satisfy condition two in equation 2.16 and small refractive

index fluctuations that induce less than a wavelength of phase delay which automatically

satisfy condition one in equation 2.16.

In a similar manner to the mean free path of scattering through a medium containing

particles, scattering by turbulent eddies has a similar parameter σTsca [51], [74], [75] for a

bounded refractive index PSD with units of [m−1] as

σTsca = 4π
2k2
∫

∞

0
Φn,3(κ)κdκ = 1.3k2C2

nL5/3
0 U

(
1,

1
6
,

(
κ0

κm

)2
)
, (2.22)

where U(a,b,c) is a confluent hypergeometric function of the second kind. The equiv-

alent "optical depth" for turbulence can then be thought of as σTscadz. This mean free

path through turbulence is similar to the definition in equation 2.13 since equation 2.22

is an integral over the PSD rather than the particle phase function. It results in the same

definition that the intensity of the laser drops by 1/e of its initial value upon propagation

through this value. Notice that the PSD contains the turbulence strength depending on C2
n

from the PSDs in the previous section.

This definition of the 1/e point of the field, is also equivalent to the spatial coher-

ence radius as defined by Andrews and Phillips [50]. The dependence on propagation dis-

tance is included with the value of C2
n that is assumed to be isotropic across the propaga-

tion path. Although this is a useful factor for the comparison to particle scattering, turbu-

lence strength on laser beam propagation typically is concerned with using image quality
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based metrics. This definition of the mean free path is also hindered by the convergence of

the PSD integral, which must be bounded using spectral models such as the MVK or MA.

For the MVK spectrum, the mean free path is found to be σTsca = 0.39C2
nk2L5/3

0 . As most

of this work used the Kolmogorov PSD for simplification of the turbulent fluctuations, a

turbulence mean free path cannot be defined.

More popular definitions of turbulence scattering strengths are the spatial coherence

radius (SCR), Fried parameter, and Rytov number. Each of their definitions and limita-

tions are summarized in Table 2.2. Each of these parameters including the turbulence

scattering length, σTsca , are related to the 1/e point of the beam’s electric field. The Fried

parameter has a similar meaning and can be related to the SCR using r0 = 2.1ρ0. In con-

trast to the other two metrics, the Rytov number is rather a measurement of plane wave

intensity fluctuations defining a region of weak σ2
R < 0.1, moderate 0.1 < σ2

R < 1, and

strong intensity fluctuations σ2
R > 1. The Rytov number is a non-dimensional parameter

that can be used to quantify general regions rather than scale size. Each metric depends

on the propagation distance of the wave from a source (zs) point to observation point (zo).

Parameter Plane Wave Spherical Wave

SCR (ρ0)[m]
(
1.46k2 ∫ zo

zs
C2

n(z)dz
)−3/5

(
1.46k2 ∫ zo

zs
C2

n(z)
(

z
zs−zo

)5/3
dz
)−3/5

Fried (r0) [m]
(
0.423k2 ∫ zo

zs
C2

n(z)dz
)−3/5

(
0.423k2 ∫ zo

zs
C2

n(z)
(

z
zs−zo

)5/3
dz
)−3/5

Rytov (σ2
R) [a.u] 1.23k7/6C2

n(zo − zs)
11/6 0.5k7/6C2

n(zo − zs)
11/6

Table 2.2: Definitions of spatial coherence radius, Fried parameter, and Rytov number for
plane wave and spherical wave propagation through a turbulent medium.

The main reason for defining these metrics instead of a single scattering length is the
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ability to efficiently denote the cumulative effects of turbulence across some propagation

distance. A scattering length quantifies the length until one scattering event and in the

same process defines the length where the field reaches its 1/e point, but does not denote a

strength of how the distortion affects spatial resolution. This is where the Fried parameter

and SCR are useful as they can denote the limitations on the spatial resolution of an

optical system, but not the distance at which this occurs like a mean scattering length.

2.4 Summary: Optical Properties of a Random Medium

In a random medium the scale size, correlation function, and strength of the refrac-

tive index fluctuations are the most important quantities to characterize to describe light

scattering. A turbid medium is typically characterized with refractive index scale sizes

comparable to the wavelength that induces scattering of light in all directions. The phase

function contains the spatial information about the scattering whereas the optical depth

determines the strength. In contrast, a turbulent medium contains scattering only in the

near-forward direction as turbulent eddies are typically much larger than the wavelength.

The refractive index PSD contains the spatial information about the scattering properties

whereas the Rytov number, Fried parameter, or C2
n can quantify scattering strength in spe-

cific cases. Each of the scattering conditions and scattering strength metrics will be used

throughout the rest of this work.

33



Chapter 3: Formalism of Beam Propagation using Statistical Optics

In most studies a distinction is made in terminology of a medium containing tur-

bulence or particles. A turbulent medium contains only phase fluctuations created by

turbulent refractive index variations, much larger than the wavelength such that light scat-

tering is in the forward direction. However, a turbid medium contains particulate matter

comparable to the wavelength that invokes an electromagnetic resonance that must be de-

scribed using a full field treatment. Each random medium is considered "random" since

the phase fluctuations of the optical wave are due to random changes in the refractive

index.

In the turbid medium case, the directionality of light depends on the particles radius

to wavelength ratio a/λ . When a/λ is small a turbid medium can strongly diffuse light

into all angles 0◦−180◦. Quantification of laser scattering can be done using the radiative

transfer equation (RTE) within the small-angle approximation (SAA) [57], [58], [76]–[79]

also known as the paraxial approximation. In contrast, strong turbulent scattering does

diffuse the incident beam into mostly forward scattering angles [67]. However, turbulent

scattering is typically derived from the stochastic Helmholtz equation within the paraxial

approximation that does not equate to the language of the RTE. Thus, approaching the

scattering problem must be done using one of the two methods. In this work, the RTE
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is chosen as the radiative transfer method has been seen as an equivalent derivation to

the stochastic Helmholtz equation to describe near-forward scattering [80], [81]. The

solution to the RTE is then connected to the solution of the stochastic Helmholtz equation

to leverage traditional turbulent medium simulations for a turbid medium.

The goal is to maintain the greatest amount of generality between the two medi-

ums to understand how both affect the coherence of a laser beam in a similar manner.

This will make it possible to extrapolate the environmental effects directly to OAM car-

rying beams using Fourier optics. A general method to describe the coherence of a laser

beam propagating through both a turbid and turbulent medium is the autocorrelation of

the field known as the mutual coherence function (MCF). The MCF will be derived for

both random media and then be connected with its optical transfer function (OTF) and

transmittance function. Specifics of the transmittance function are discussed in Section

3.3 followed by the MCF in Section 3.4. Beam propagation through a turbulent and tur-

bid medium will be discussed in Sections 3.5 and 3.6 by mirroring the derivation of the

wave equation and spatial phase perturbations using the formalism of the wave structure

function.
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3.1 Radiative Transfer Equation

The RTE within the SAA that describes spatial dispersion of a monochromatic laser

beam through a scattering layer is written as

(
∂

∂ z
+ n⃗⊥ ·∇⊥+σext(z)

)
I(r⊥,z, n⃗⊥) =

σsca(z)
4π

∫∫
d2⃗n′⊥p(|⃗n⊥− n⃗′⊥|,z)I(r⊥,z, n⃗⊥).

(3.1)

The notation of the RTE follows from Zege et al. [58] and is related to that of Tatarskii [71]

for convenience with the sections on turbulence is as follows: n⃗⊥→ (x̂, ŷ), n⃗′⊥→ k⃗m, r⊥→

(x2+y2)1/2, p(|⃗n⊥− n⃗′⊥|,z)→ σV (θ ,ϕ), ∇⊥ = ∂/∂x+∂/∂y, and I(r⊥,z, n⃗⊥)→ I(r,φ ,z)

is the laser beam intensity distribution. The notation is used for turbulence in Section 3.2

when discussing the stochastic Helmholtz equation.

The RTE is difficult to solve by either numerical or analytical methods. However,

the physical interpretation is more straightforward as the RTE describes how a laser’s

input intensity translates to the output intensity. The first two terms on the left hand side

of equation 3.1 is the spatial change in intensity over a length. The third term is the total

intensity loss due to attenuation and scattering. The right hand side, proportional to the

phase function, describes the loss of intensity to scattering in all directions through space.

Two approximations of the RTE that lead to analytical solutions are the diffuse ap-

proximation and SAA. In this work the SAA will be the main simplifying assumption

that limits the extent of the intensity to near-forward angles due to a laser’s high direc-

tionality. The diffuse approximation is not used in this work as most scattering effects
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of interest occur when coherence is maintained before the diffuse region. Otherwise if

forward coherence is completely lost the use of the diffuse regime is appropriate.

3.1.1 Solution to the RTE within the SAA

The general solution to the integro-differential equation in equation 3.1 can be

found using the spatial correlation function Γ(...) discussed explicitly in Section 3.4. The

general form is [57], [58]

Γ(r1,r2,zo) = ΓB(r1,r2,zo)e−
∫ zo

zs [σext(z)−σsca(z)σV (|r1−r2|,z)]dz (3.2)

where ΓB(...) is the source correlation function. The spatial correlation function is the 2D

Fourier transform of the optical intensity I(r′,z)

Γ(r1,r2,zo) =
∫∫

I(r′,κ,zo)e−ik⃗r′ ·⃗κd2
κ. (3.3)

The point made in this section is that solutions to the RTE can be found for specific forms

of intensity distributions. However, this form of solution does not provide a connection

to the spatial phase directly. The connection is made to the spatial correlation function

instead. The relationship of the intensity to the MCF and thus the phase correlations will

be made clear in Section 3.6 [57], [58], [80], [82].
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3.2 Stochastic Helmholtz Method

For a turbulent medium the more common approach to describe laser propagation

is done using the stochastic Helmholtz equation [50]. This method was first notably

used by Tatarskii [71], [83] who used the first order Rytov approximation and indepen-

dently by Yura [84]–[87] from the extended Huygens-Fresnel principle. These methods

are equivalent to the derivation from transport theory and a method solving the Bethe-

Salpeter equation summarized in Fante and Poirier [82]. The methods by Tatarskii [71]

and Yura [84] are the most prominent and adopted by Andrews and Phillips [50]. The

argument is briefly repeated here for comparison to transport theory to show how the

stochastic Helmholtz equation does not take into account higher angle scattering from

particle scattering. This method is only valid within the weak scattering limit of the RGD

approximation where the refractive index PSD is proportional to the differential scattering

cross section (or VSF) [59].

First, the stochastic Helmholtz equation is time independent leaving us with the

scalar Helmholtz equation. It is deemed a scalar equation since the electric field profile

of the beam, E(r) = U(r)eiωt , can be simplified into its vector components such that it

describes the scalar field amplitude, U(r,φ ,z). Under the assumption that polarization

effects can be neglected, the wave equation through a turbulent medium is written as [50]

∇
2U(r,φ ,z)+ k2n2(r)U(r,φ ,z) = 0, (3.4)

where ∇2 = ∂ 2/∂x2 + ∂ 2/∂y2 + ∂ 2/∂ z2 is the Laplacian in Cartesian coordinates, ω =
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2π f = kv, v is speed of light in the medium, f is the optical frequency, v = c/n0, c is the

speed of light in vacuum. With the focus being on propagation of low-divergence coherent

beams, the SAA can be applied to equation 3.4 resulting in the Fresnel approximation or

parabolic wave equation

∇
2
⊥U(r,φ ,z)+ k2n2(r)U(r,φ ,z)+2ik

∂U(r,φ ,z)
∂ z

= 0, (3.5)

where ∇2
⊥ is the transverse Laplacian operator. The refractive index in equation 3.5 can

be simplified for the atmospheric case using n2(r) ≈ n0 +2n1(r) with a mean index of 1

such that n2(r)≈ 1+2n1(r).

3.2.1 Solution to Parabolic Wave Equation

The method of choice to solve equation 3.5 will be the Huygens-Fresnel integral

due to its simpler analytic and numerical treatment of optical wave propagation. To gen-

eralize this solution to a random medium, the medium perturbations, ψ(r,s), are included

leading to the extended Huygens-Fresnel principle (EHFP) [50]. It is used to describe the

relationship among the laser field Us at the source plane and the field Uo at an observa-

tion plane located at propagation distances zs and zo, respectively. An illustration of the

propagation geometry that satisfies the EHFP is shown in Fig. 3.1 with its quantitative

definition in equation 3.6.

Uo(r,z0) =
−ikeikL

2πL

∫∫
d2sUs(s,zs)e

ik|s−r|2
2L +ψ(r,s). (3.6)
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Within the EHFP (equation 3.6) the propagation distance is L = zo − zs with coordinates

for the source plane being s and for the observation plane r. A discussion how to solve

this equation numerically will be given in Chapter 5, but the reader is directed to Schmidt

[88] and Fleck et al. [89], [90] for further clarification of numerical results.

Figure 3.1: Coordinate geometry describing laser beam propagation using the Huygens-
Fresnel principle and its coherence properties among two points in space used for the
mutual coherence function. km is the scattering wave vector direction and κ is the spatial
wavenumber in the far-field and k⃗ is the wave vector.

3.3 Transmittance Functions

In statistical optics, the transmittance function is a complex quantity that describes

how an optical element, system, or random medium changes the spatial distribution of

a laser beam’s amplitude and phase [91]. A general transmittance function is defined,

similar to a laser beam wavefront, as

t(x,y) = D(x,y)eikθ(x,y), (3.7)
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where D(x,y) is the amplitude distribution and θ(x,y) is the spatial distribution of phase

shifts. A transmittance function can be used to derive the OTF and PSF of an optical

system. It will be used to simulate phase screens for a turbulent and turbid medium dis-

cussed in Sections 3.5.1 and 3.6.1. Their computational generation for a random medium

is discussed in Appendix B. A phase screen is a transmittance function containing a vary-

ing phase distribution with unit amplitude, therefore, there are no amplitude variations.

Amplitude variations occur upon propagation when the random phase shifts create inter-

ference.

Figure 3.2 visualizes the connection of the complex transmittance function to other

optical system quantification metrics such as OTF, modulation transfer function (MTF),

phase transfer function, and incoherent PSF. The main equality of interest is the autocor-

relation of the transmittance function that can be equated to a scaled version of the OTF.

This fact is used to extrapolate the phase screen autocorrelation function to describe how

a random medium affects the frequency response of an optical system and OAM carrying

beams.

3.4 Mutual Coherence Function

An important quantity to define is a laser beam’s second order statistical moment,

or autocorrelation function, known as the MCF or cross spectral density (CSD). The MCF

is defined as

Γ2(r1,r2,z) = ⟨U(r1,z)U∗(r2,z)⟩ , (3.8)
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where ⟨...⟩ denotes an ensemble average. An ensemble average is used assuming that

the medium’s statistics are ergodic, which allows a temporal average to be represented

as the average of independent spatial realizations of the random medium [50]. The MCF

describes the amount of correlation or similarity between spatial points along a beam’s

wavefront illustrated in Fig. 3.1. Note that this is directly calculated using a 2D convo-

lution integral that can be done using Fourier transforms. A few important quantities that

describe laser beam propagation can be derived from the MCF such as the OTF, average

intensity, beam spread, degree of coherence, and beam wander [50].

Using the RTE within the SAA, the solution in Section 3.1.1 describes the inten-

sity profile through a random medium, but not the optical field. Using the stochastic

Helmholtz equation, the laser field is seen to satisfy a general wave equation, which the

MCF also satisfies [92]. To relate the solution of a wave equation to the solution of the

RTE, the Wiener-Khinchin theorem is used via equation 3.3. The MCF containing the

relationship between the source and observation plane using the EHFP (equation 3.6)

yields

Γ(r1,r2,zo) = ⟨U(r1,zo)U∗(r2,zo)⟩

=
k2

4π2L2

∫∫∫∫
d2s1d2s2⟨Us(s1,zs)U∗

s (s2,zs)e
ik
2L(|s1−r1|2+|s2−r2|2)eψ(s1,r1)+ψ∗(s2,r2)⟩.

(3.9)

Equation 3.9 describes the full beam’s coherence properties where the laser source MCF

is contained in the first term ΓB(s1,s2,zs) = Us(s1,zs)U∗
s (s2,zs). This equation is a so-

lution to both the radiative transfer equation with the SAA and the stochastic Helmholtz
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equation. The analytical focus in this chapter is on coherent beam propagation, unless

stated otherwise, that leads the ensemble average in equation 3.9 to only include the

randomly fluctuating random medium complex perturbations ψ(r,s) = χ(s,r)+ iS(s,r),

where χ(s,r) is the log-amplitude and S(s,r) is the phase. If a partially coherent beam is

implemented the laser source MCF will fluctuate. This case is briefly discussed in Section

3.4.1.

The MCF can be used to study the spatial frequency response of an optical system

to a random medium using the OTF, H (κx,κy). For coherent imaging, the properties of

Fourier optics can be used to relate the MCF to the OTF of an optical system in equation

3.10 [91]. To illustrate these relationships Fig. 3.2 shows a flow chart illustrating mathe-

matical relationships between functions used for coherent imaging. The spatial frequency

response of the system is called the MTF or the magnitude of the OTF. By knowing the

MTF, which is a function of the phase statistics, the complex transmittance function can

be reconstructed. If the transmittance function of the medium can be created information

about the statistical nature of the medium can be further studied.

H (κx,κy) =
F2{|h(x,y)|2}∫∫
|h(u,v)|2dudv

=

∫∫
H(p′,q′)H∗(p′−κx,q′−κy)d p′dq′∫∫

|H(p′,q′)|2d p′dq′

=

∫∫
t(x,y)H∗(x−κx,y−κy)dxdy∫∫

|t(x,y)|2dxdy

= t(x1,y1)t∗(x2,y2)|x= fiκx
k ,y= fiκy

k ,

(3.10)

where F2 is the Fourier transform operator, h(x,y) is the amplitude spread function and

H(κx,κy) = F2{h(x,y)} is the amplitude transfer function. From step 1 to 2 in equation
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3.10 the Wiener-Khinchin theorem is used and from step 3 to 4 the following relationship

between the ATF and transmittance function is applied

H(κx,κy) = F2

{
k
fi
F2{t(x,y)}|

κx=
kx
fi
,κy=

ky
fi
,

}
=

fi

k
t
(

fiκx

k
,

fiκy

k

)
. (3.11)

The amplitude transfer function shows that the complex beam amplitude, optical system,

and random medium all play a role in determining the bandlimit of the system. The

transmittance function sets the passband to the diffraction limited spot size. In addition

to the diffraction limit, the optical system may introduce lens aberrations that can be

compounded by random medium distortions that limit the system further. The system

MTF can be derived in terms of the separation distance r typically used in theoretical

studies of a random medium. Equation 3.10 states that the OTF of an optical system is a

rescaled form of the MCF, therefore, r can be replaced by fiκ/k to determine an optical

system’s spatial frequency [61]. The effective focal length of the optical system is fi. This

essentially leaves the OTF as a scaled version of the MCF.

Using the formalism of the MCF and OTF, a useful quantity referred to as the image

quality or Strehl Ratio. It is defined as the ratio of the true system MTF over the diffraction

limited MTF as given in equation 3.12. Typically it is measured at the on-axis (ρ = 0)

value of the MTF resulting in the exponential of equation 3.12 to vanish only leaving the

MTF ratio.
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Figure 3.2: Flowchart describing the relationship between the MCF, OTF, PSF, WSF,
and other optical system quantities of interest.

SR(ρ,Θ) =

∣∣∣∣∫ ∞

0
∫ 2π

0 P(r,φ)e−i 2πρr
λ f cos(Θ−φ)rdrdφ

∣∣∣∣2∣∣∣∣∫ ∞

0
∫ 2π

0 P0(r,φ)e
−i 2πρr

λ f cos(Θ−φ)rdrdφ

∣∣∣∣2
. (3.12)

In equation 3.12, P(r,φ) is defined as the system pupil function, which is the prod-

uct of the system transmittance function and the beam profile,

P(r,φ ,z) = t(r,φ ,z)U(r,φ ,z). (3.13)

The pupil function for an ideal system is found by taking the transmittance function to be
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of the system aperture denoted as P0(r,φ ,z). This pupil function is said to be diffraction

limited as it depends only on the beam profile and size of the input aperture. The focus

of the system may be limited by the size of the beam or aperture, but no other distortions

play a role unless aberrations are present.

3.4.1 Impact of a Partially Coherent Laser Source

Partially coherent light is created from a source which contains limited spatial cor-

relations meaning that a bandwidth is imposed on the MCF [92]. The normalized MCF,

known as the complex degree of coherence (DOC), is used to quantify the coherence of

the light source defined as

µ(r1,r2,z) =
|Γ(r1,r2,z)|

(Γ(r1,r1,z)Γ(r2,r2,z))1/2 .
(3.14)

When µ(r1,r2,z) = 1 the light is coherent, if µ(r1,r2,z) = 0 the light is incoherent, and

when 0 < µ(r1,r2,z)< 1 the light is said to be partially coherent. Partially coherent light

commonly is described by a DOC of a Gaussian form that depends on |r2 − r1| that can

be created by passing a laser beam through a ground glass diffuser.

In general, a notable effect of partially coherent light is that as µ(r1,r2,z) decreases,

the laser loses its ability to create a high contrast interference pattern. This leads to

two outcomes of interest: reduced intensity variance upon propagation through a random

medium and the ability to be shaped into an OAM beam. This trade-off will briefly be

explored in this thesis for an OAM based sensing modality in Section 5.2.4.
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3.5 Wave Propagation through a Turbulent Medium

The full treatment of studying laser beam propagation pieces together the tools

from the following sections. Propagation starts with a coherent laser beam travelling

from a source plane to an observation plane, illustrated in Fig. 3.1, with turbulent phase

perturbations ψ(r,s) with an MCF given by equation 3.9. The focus will be on second

order statistics and thus the MCF of the beam that contains the autocorrelation function

of the phase perturbations. Using the discussion in Section 3.4 to relate the MCF to the

OTF, the results can be extrapolated to determine the frequency response of an optical

system. The MCF of a turbulent and turbid medium will be used to show the effects of a

random medium on a laser carrying OAM in the next chapter.

3.5.1 Turbulent Medium MCF

Applying the EHFP to a coherent Gaussian beam propagating through a turbulent

medium starting from the general form of the MCF in equation 3.9, the ensemble average

over the random phase variations can be simplified as

⟨eψ(s1,r1)+ψ∗(s2,r2)⟩= ⟨eχ(s1,r1)+χ(s2,r2)+i(S(s1,r1)−S(s2,r2))⟩

= ⟨e
1
2 [χ(s1,r1)−χ(s2,r2)]

2− 1
2 [(S(s1,r1)−S(s2,r2))]

2
⟩

= e−
1
2 Dχ (s1,r1,s2,r2)− 1

2 DS(s1,r1,s2,r2))

= e−
1
2 Dw(s1,r1,s2,r2),

(3.15)
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where Dw(s1,r1,s2,r2) is the wave structure function (WSF) assuming the perturbation

statistics are Gaussian distributed with zero mean. The moment generating function is

used ⟨eαt⟩= e−
1
2 α2⟨t2⟩ from line one to two [93], [94]. This leaves

Γ(r1,r2,zo) =

k2

4π2L2

∫∫∫∫
d2s1d2s2⟨Us(s1,zs)U∗

s (s2,zs)e
ik
2L(|s1−r1|2+|s2−r2|2)e−

1
2 Dw(s1,r1,s2,r2),

(3.16)

as the general MCF in terms of WSF defined as Dw = Dχ +DS. Dχ and DS are the the

log-amplitude and phase structure functions. The WSF is typically assumed to be equal

to the phase structure function when the scales across the wavefront are greater than the

first Fresnel zone (
√

L/k) and less than the outer scale [50]. Using this assumption, the

focus turns to only the phase structure function defined for the limiting cases of a plane

wave and spherical wave as [51]

DSpw(r) = 8π
2k2L

∫
∞

0
κΦn,3(κ)[1− J0(κr)]dκ,

= 2σTscaL
(

1−
∫

∞

0 Φn,3(κ)J0(κr)κdκ∫
∞

0 Φn,3(κ)κdκ

) (3.17)

DSsw(r) = 8π
2k2L

∫ 1

0

∫
∞

0
κΦn,3(κ)[1− J0(κrη)]dκdη

= 2σTscaL

(
1−

∫ 1
0
∫

∞

0 Φn,3(κ)J0(κrη)κdκdη∫
∞

0 Φn,3(κ)κdκ

)
,

(3.18)

each of which are derived using equations 2.5 and 2.6 where J0 is a zeroth order Bessel

function of the first kind. For more specific analytical treatments of beam propagation the

reader is directed towards [50]. The spherical wave WSF contains an extra integration
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variable that represents the divergence of the spherical wave from the source plane to

observation plane [84]. For a Gaussian beam, the spherical wave structure function can

be used or an explicit form of the Gaussian beam MCF [50]. Each WSF is written in terms

of the turbulence mean scattering length (σTsca) to show the similarity to the optical depth

of a turbid medium in Section 3.6 only for bounded refractive index PSDs. Defining these

metrics can now be used to predict average second order beam statistics.

3.5.2 Turbulent Medium Phase Power Spectrum

In order to find a single phase realization, the turbulent phase must be related to the

refractive index power spectrum. This can be done by defining the phase power spectrum

ΦS,m(κ) that depends on the spatial wave number, which contains the same statistical

properties and assumptions as equations 2.5 and 2.6. Another assumption to reduce the

dimensionality of the phase PSD is using equation 2.2 that says the refractive index fluctu-

ations are uncorrelated along the propagation direction using the Markov approximation

Bn(r,z) =
1

2π3

∫∫∫
Φn,3(κκκ,κz)ei(κκκ·r+κzz)d2

κκκdκz,

=
1

2π3

∫
eiκzzdκz

∫∫
Φn,3(κκκ,κz)eiκκκ·rd2

κκκ

= 2πBn(r)δ (z),

(3.19)

where the phase PSD can be defined using the two-dimensional refractive index PSD,

Φn,2(κ), as (chapter 6.2 of Tatarskii [71])

ΦS,2(κ) = 2πk2LΦn,2(κ). (3.20)
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The two-dimensional PSD describes the strength of various spatial frequencies present in

the phase perturbations of the optical medium. The spatial frequencies can also be related

to the various lens aberrations by modeling turbulent phase perturbations using a series

of Zernike polynomials [95].

For this work, the phase perturbations are modeled using the phase screen approx-

imation. It assumes the phase shifts are sufficiently weak such that a three-dimensional

volume can be compressed to a multiplicative transmittance function that models one

statistical realization as exp(iθT (x,y)). The random phase shifts induced by turbulence

θT (x,y) are assumed to be Fourier transformable such that

θT (x,y)=
∞

∑
n=−∞

∞

∑
m=−∞

c̃nm(κx,κy)ei(xκx+yκy), (3.21)

where κx and κy are the spatial frequency variables, n and m are the Fourier com-

ponent indices, and c̃ are the randomly varying Fourier coefficients proportional to the

phase PSD ,⟨|cnm|2⟩ ∼ ΦS(κ). This representation of the phase fluctuations lends itself to

a simple computational implementation using the fast Fourier transform (FFT) discussed

in Appendix B.

Examples of the WSF and MCF for a plane wave following from a Kolmogorov

refractive index power spectrum (equation 2.18) are shown in Fig. 3.3(a-b). The blue

line represents the simulated data using the phase screen generation routine described in

Appendix B and the red line is the theoretical value of the WSF from equation 3.16 and

MCF from equation 3.15. Figure 3.3(a) shows three phase structure functions averaged
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over 500 random realizations for three strengths of turbulence with Rytov numbers 0.1, 1,

and 10. The main difference between these curves is the phase variance that dictates the

magnitude of the WSF. The weakest turbulence strength MCF is represented by diamonds

that can noticeably begin to deviate from theory at larger distances of r due to limitations

of the low frequency components from a finite numerical grid. As the turbulence becomes

more moderate (circles), the MCF fits theory well due to the large frequency distortions

being suppressed due to decorrelation. The same effect occurs for the strongest turbulence

case (squares) that contains the least amount of correlation represented by the small width

of the MCF. The grid parameters contain a 512x512 grid with pixel pitch of 9.8 µm and

a physical size of 5 mm.

(a) (b)

Figure 3.3: (a) Examples of the plane wave WSF in a turbulent medium following a
Kolmogorov PSD for the following Fried parameters of: 52 cm (squares), 16 cm (circles),
and 4 cm (diamonds). (b) Plane wave MCF in a turbulent medium for the previous WSF
for the same fried parameters. Analytic results are in blue from equation 3.17 whereas
simulated are in red.

Figure 3.3(b) shows the respective MCF of the previous WSFs for three strengths of

turbulence. The squares represent the weak regime where the simulated and theoretical
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MCF deviate slightly due to the larger scale sizes introduced in the weaker turbulence

leading to numerical errors. For moderate and stronger turbulence scales the MCF values

fit well with theory. If the MCF is to be rescaled to determine a system OTF, the larger

turbulence strength will act as a lowpass filter blurring any high spatial frequencies.

3.6 Wave Propagation through a Turbid Medium

For a turbid medium, the statistical treatment is similar to a turbulent medium with

the starting point being the study of the MTF using the MCF [61], [79], [86], [96]–

[98]. A new suggested treatment of the turbid medium MTF in this work can be used

to describe the turbid phase PSD for adaptation to phase screen simulations. To the best

of the knowledge of the author, this approach for simulation of a turbid medium has

not been seen without the support of Monte Carlo ray tracing programs, finite element

methods, or the assumption of a Gaussian phase function.

3.6.1 Turbid Medium MCF

The turbid medium MCF can be defined following from transfer theory as

Γ(r,zo) =
∫∫

d2
κU(0,zs)U∗(r,zs)eiκκκ·re−

∫ zo
zs [σext(z)+(BS(0,z)−BS(r,z))]dz, (3.22)

where BS(r) is the phase correlation function. Compared to a turbulent medium, whose

language is written using structure functions, a turbid medium is typically not studied us-

ing this formalism unless spatial coherence is of concern. The phase correlation function
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in terms of the phase function is given by

BS(r) =
∫∫∫

β (θ ,ϕ,a)eikr·ΩΩΩ d2
Ωda

=
∫

∞

0

∫
π

0
n(a)σV (θ ,a)J0(kr sin(θ))sin(θ)dθda.

(3.23)

The MCF in equation 3.22 consists of the source MCF as defined in previous sections and

the MCF due to particle scattering. Equation 3.23 describes the same PSD relationship

used in equation 2.4 for the refractive index PSD and correlation function. The difference

in notation follows from simplification using the polar scattering angle θ instead of spatial

frequency κ . Using κ = 2kn0 sin(θ/2) equation 3.23 can be rewritten in terms of spatial

frequency and the same functional form is obtained as equation 3.17. Another main

difference is the inclusion of the particle distribution n(a) that occurs in a polydisperse

turbid medium. Assuming an isotropic turbid medium, the turbid medium MCF can be

rewritten as

Γsca(r,zo) = e−σextL
(

e−σscaL + e−σscaL
(

eσscaLBS(r,L)−1
))

, (3.24)

where L = zo − zs. The first multiplicative term is described in Section 2.3 due to losses

of higher angle scattering that falls outside of the detector field of view and particle ab-

sorption. The first term in the summation describes how the incident beam is perturbed by

small-angle scattering that undergoes no appreciable phase shift due to the particles. The

second term describes scattered light whose phase is determined by the medium’s phase

correlation function [65], [99], [100].

By comparing a turbid medium to a turbulent medium, the turbid medium WSF, for
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a polarized laser beam, can be represented using a similar form to equations 3.17 and 3.18

as [61], [96]

DSpw(r) = 2
[

σextL+σscaL− NdL
k2

∫∫
|Sp(θ ,ϕ,a)|2J0(kr sin(θ))sin(θ)dθda

]
= 2σextL+2σscaL

[
1−

∫
∞

0

∫
π

0
n(a)σV (θ ,a)J0(kr sin(θ))sin(θ)dθda

]
,

(3.25)

DSpw(r) = 2
[

σextL+σscaL− NdL
k2

∫∫∫
|Sp(θ ,ϕ,a)|2J0(krη sin(θ))sin(θ)dθdηda

]
= 2σextL+2σscaL

[
1−

∫
∞

0

∫ 1

0

∫
π

0
n(a)σV (θ ,a)J0(krη sin(θ))sin(θ)dθdadη

]
,

(3.26)

where Sp(θ ,ϕ,a) are the scattering amplitudes and p = 1,2 is the index for horizontal or

vertical polarization. The phase correlation function in equation 3.25 is simplified using

equation 2.12. The difference between equations 3.25 and 3.26 are the extra integral

over η that includes the curvature of the spherical wavefront. Simplification and physical

context of these equations follows from Section 3.1. However, another explanation is

found from DeWolf [96] who derives equation 3.22 from coherence theory for a wave

propagating through a slab of particles. Qualitative and quantitative results for a narrow

and finite beam’s MTF are seen to be in agreement with previous works [79], [101]–[110].

3.6.2 Turbid Medium Phase Power Spectrum

For a turbid layer transmittance function to represent a single realization of phase

perturbations due to particle scattering, the two-dimensional turbid phase PSD must be
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defined. The phase PSD is now given in terms of the spatial frequencies determined by

the phase function and not the refractive index fluctuations PSD. Using the WSF relation

for a plane wave in equation 3.25 and the Wiener-Khinchin theorem in equation 2.4 the

phase PSD becomes the phase function. This has been pointed out as well by DeWolf

[96] citing the RTE method by Fante [80].

Instead of the phase PSD representing the fluctuations of the refractive index due

to turbulence, the phase PSD represents the spatial frequencies induced due to the light-

particle interaction. When the weak scattering conditions (equations 2.16) are met, the

excess change in refractive index can be used to predict the phase statistics in the case

of turbulence using the RGD approximation. When the excess refractive index or parti-

cle size increases, the phase statistics rely on the electromagnetic resonance that imparts

multiple wavelengths of phase shifts. These resonances directly impact the spatial fre-

quencies as each particle, or particle distribution, presents results in a specific shape of

the phase function. This can seen as the a/λ and n1/n0 ratios coupled with the particle

distribution dictate the shapes of the phase function. In other words, for smaller particles

the scattering angles are wide leaving only a few photons to reach the detector compared

to larger particles where more photons reach the receiver leading to more intrusive phase

distortions leading to loss of spatial resolution [101].

Examples of turbid medium plane wave WSFs and MCFs are shown in Fig. 3.4(a-

b). The plane wave WSFs are calculated from equation 3.25 (red) and simulated by

generating 500 random phase screen realizations following the phase PSD for 10 µm and

100 µm diameter particles with optical depths of 10 and 5. The corresponding MCF

is calculated and shown in Fig. 3.4(b) for all the WSFs from Fig. 3.4(a). The grid
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parameters contain a 512x512 grid with pixel pitch of 9.8 µm and a physical size of 5

mm.

(a) (b)

Figure 3.4: (a) Examples of the plane wave WSF in a turbid medium for both analytic
(red) using equation 3.25 and simulated (blue) for various particle sizes and optical depth.
(b) Plane wave MCF in a turbid medium for the previous WSF for various particle sizes
and optical depth.

The WSFs and MCFs for a turbid medium are significantly different than that of a

turbulent medium mainly because a turbulent medium does not have a significant outer

scale limitation. The theory that predicted each WSF and MCF also fits well with the sim-

ulated values from the turbid medium phase screen generation discussed in Appendix B.

The MCFs of a turbulent medium also show a prominent cutoff frequency where the outer

scale bound limits the value of the MCF. This effect was seen in MCFs/MTFs calculated

by Bissonnette [101] for the case of fog and experimentally seen through aerosols [111]–

[113]. In general, the form of the WSF and MCF of a turbid medium are quite differ-

ent to those in a turbulent medium due to the presence of a small equivalent outer scale

in a turbid medium. Using the simulation approach in Chapter 5, WOSs can be used to

further understand the impacts of particulate matter on a laser wavefront in combination
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with turbulence.

3.6.3 A scattering equivalent SCR/Fried Parameter

Up until this point wave propagation through both turbulent and turbid media have

been discussed, but no parameter has been defined for a turbid medium similar to the

Fried parameter or the SCR in a turbulent medium. The SCR is the distance to the 1/e

point when the argument of the normalized degree of coherence,

µ(r,L) = e−
1
2 DS(r,L), (3.27)

is DS(r,L) = 2. For a turbulent medium, depending on the refractive index PSD, there

are analytic results for the plane and spherical wave SCRs or equivalently the Fried pa-

rameter using r0 = 2.1ρSCR [50]. Using the definition of the WSFs from equations 3.25

and 3.26, the SCR is not clear to find due to the complex form of the phase function

without approximation. The traditional approximations use the SAA, a Gaussian phase

function [65], [66], [73], [78], [97], [107], [114]–[119], a Bessel phase function [96], or

Henyey-Greenstein (HG) phase function [114], [120]. For a turbid medium there is no

similar metric to the Fried parameter that is universal to define environmental resolution

limitations. A turbid medium could be approximated with a Gaussian phase function with

a single coherence length. This coherence length is then the equivalent to the SCR of of a

turbulent medium, but this strictly approximates the shape of the phase function.

The Gaussian phase function assumes forward peaked scattering at near-forward

scattering angles that is true for large particles, but does not incorporate the near-forward
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scattering effects carried by more structured phase functions. It also approximates the

effects of scattering within the multiple scattering regime, but is not true of the general

case of scattering. The region before multiple scattering is where the beam retains the

most coherence, which is of interest for OAM based work [64]. Larger particles contain

significant near-forward scattering that is similar in nature to a circular aperture whose

anisotropy can be modeled more accurately using a Bessel phase function or the HG

phase function.

The main difference between a turbid medium and turbulent SCR is that for a turbid

medium it is related to quantized particle sizes rather than a continuum of scale sizes. The

comparison of the two media can be seen using the phase variance. The phase variance

is deemed by the scaling constants, dependent on the medium’s scattering strength, of the

WSF. To explicitly show this scaling the plane wave WSF is used. The analytic plane

wave WSF is found for turbulence following a Kolmogorov power-law as

D(r) = 6.88
(

r
r0

)5/3

. (3.28)

Kolmogorov turbulence ensures there is no inner or outer scale, leaving only the iner-

tial subrange. Within this approximation the WSF becomes equation 3.28 which leaves

the Fried parameter as an effective "phase variance" that dictates distortion strength. If

the exact numerical result is considered, the phase variance depends on the propagation

length, scaling of the refractive index PSD, and magnitude of the Hankel transform of the

refractive index PSD. For more general WSFs the phase variance can be related to other

power-law spectra or anisotropic turbulence [121].
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For a turbid medium plane wave WSF (equation 3.25), the scaling similarly relies

on σsca, propagation distance, and the magnitude of the Hankel transform of the phase

function. If Mie theory is used to predict the phase function analytic results are difficult

to reach. Figure 3.5 shows an empirical form of phase variance calculated from equation

3.25 for WSFs with varying particle size for a fixed optical depth of 1. The SCR of a

turbid medium becomes roughly comparable to the particle diameter as the location of

the asymptote of the WSF is located at the particle radius. The phase variance for a

turbid medium couples both particle size and scattering strength, which is not the case

for Kolmogorov turbulence containing no inner and outer scale. If turbulence contains a

small inner and outer scale, then the phase variance is coupled to the scale sizes.

Figure 3.5: Spatial coherence radius (red) and phase variance (blue) for plane wave WSFs
with varying particle diameter. The optical depth is held constant at 4.

Along with the phase variance, the scale sizes of the phase fluctuations also play a

role in shaping the WSF. The turbid medium WSFs in Fig. 3.4 show an asymptote of the

WSF for larger r that indicates an effective outer scale. The asymptote begins at the cusp

of the WSF measured to be the particle radius, therefore, it can be inferred that the particle
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size dictates the outer scale of a turbid medium. The inner scale of a turbid medium is

assumed to always be zero as the WSF reaches the origin independent of particle size.

If a turbid medium analogy to the inertial subrange is made, not having to do with

energy dissipation, it can be said that; as particle size increases the turbid "inertial sub-

range" expands (larger difference between inner and outer scale) leaving a larger contin-

uum of phase perturbation scale sizes. When the difference between inner and outer scale

is small, the effects of a turbulent medium are reduced. This is the same effect in a turbid

medium when the particle diameter is small leading to molecular scattering. Results of

varying the size of the turbulent inertial subrange are simulated in Chapter 5 with further

discussion.

3.7 Effect of Phase Perturbation Scale Sizes

Both the laser beam shape/size and phase perturbations sizes/scales contribute to

how the laser will propagate. This prompts the use of ratio between the system aperture

diameter to Fried parameter ratio D/r0. Typically this metric is introduced to describe

how the diffraction limited spot size is increased due to atmospheric turbulence affecting

astronomical telescopes. In this work, the beam size will be generally smaller than the

telescope aperture, therefore, the beam size is the limiting aperture. To denote turbulence

strength later on in this work the ratio of the beam waist (w0) to r0 is used: 2w0/r0.

For a turbid medium, the SCR is deemed proportional to the particle diameter (see

Fig. 3.5) leading to the ratio of the beam waist to particle radius a: w0/a. This is different

than the ratio a/λ that dictates the shape and size of the phase function, but also couples
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to the strength of phase distortions.

3.8 Summary: Application to OAM Propagation

Within this chapter the theoretical foundation of optical wave scattering through

a random medium has been discussed for both turbulent and turbid media. The paral-

lels of the two mediums are apparent using the scattering length 1/σsca and turbulence

length 1/σTsca . The main difference between the two mediums is that a turbid medium can

contain refractive index variations sizes comparable to the wavelength that create electro-

magnetic resonances leading to large optical phase shifts. This interaction leads to the

PSD of the phase fluctuations depending on the phase function rather than a refractive

index PSD due to the weak scattering condition (equation 2.16) being broken.

The main take away from this chapter is the form of the WSFs that determine the

MCF for both turbulent and turbid media. The parallels between the two random mediums

becomes quite apparent due to the forms of equation 3.17 and 3.25 being exactly the

same. However, the length scales and phase variance depend on different phase PSDs

and IOPs of the medium. By deriving the phase PSDs of each medium it can be seen

that different phase perturbation scales are introduced by each medium dictated by the

strength of forward scattering. The continuum of length scales present described by the

inertial subrange of each medium also affects how the optical phase will be perturbed. By

understating the significance of the phase variance and length scales present an intuition

can be developed on how the phase of a laser will be perturbed which will be used in

the rest of this work. Using the plane wave MCF for a collimated laser a beam’s OAM
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statistics can be derived in Chapter 4.

The second main takeaway is the parameters that describe the effects on the MCF

using the SCR, Fried parameter, extinction coefficient, scattering coefficient, optical depth,

and turbulence length. Each parameter determines the strength of a turbulent or turbid

medium. However, some of these metrics may be limited to specific approximations of

the scattering strength. The magnitude of these metrics provide insight to the limit that

coherent laser propagation will be practical for an active OAM based sensing modality.
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Chapter 4: The Orbital Angular Momentum of Light

OAM beam propagation through a random medium has the potential for obtaining

information about the environment itself. One of the ways environmental parameters

appear is a beam’s OAM spectrum upon propagation through the medium. This chapter

will introduce the OAM spectrum and its use for remote sensing through turbulent and

turbid mediums using the formalism developed in Chapters 2 and 3.

4.1 Creation of OAM

As OAM depends on a helical wavefront, the wavefront shape must be imprinted

onto a laser beam from other means such as laser cavity design [122], optical elements

[123]–[125], or environmental effects [34]–[36], as a few examples. The seminal work

by Allen et al. [4] in 1992 led to the breakthrough that beams with a helical wavefront

carry integer amounts of OAM of l h̄ per photon along with the implications that OAM

can be imprinted on a beam by simple means. This realization became paramount as

light carrying vortices was not a new topic at the time [9], [124], [126]. It could then be

concluded that phase singularities do not imply OAM, but rather that the light surrounding

the phase singularity carries the OAM [8], [127].
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4.1.1 Static Devices

There are many ingenious ways to impart a helical phasefront on a laser beam, but

two ways have been found to be the most common. The first method uses static devices

called spiral phase plates (SPP) that create a single OAM mode [123]. SPPs are a re-

fractive element that relies on a helically shaped refractive index gradient that turns a

non-helically phased beam, shown in Fig. 4.1(a-b), into a helically phased beam. The-

oretically, the resulting beam profile is commonly modeled using the Laguerre-Gaussian

(LG) beam, with the intensity and phase shown in Fig. 4.1(c-d). LG modes are typically

Figure 4.1: (a-b) Gaussian beam intensity and phase, (c-d) Laguerre-Gaussian intensity
and phase, (e-f) Hyper-geometric beam intensity and phase, (g-h) Bessel-Gaussian beam
intensity and phase, and (i-j) apertured Bessel beam intensity and phase. Each beam starts
with an initial spot size of 5mm and l = 1 and is propagated 20 meters through air.

desired due to their ease of use in theoretical treatment, but SPPs do not shape the radial

degree of freedom. This leads to a beam with a radial basis of hypergeometric functions

rather than Laguerre polynomials. These forms of beam are called Hypergeometric Gaus-

sian beams (HyGG) [128]. A HyGG beam is seen to behave quite differently compared

to an LG beam as the intensity and phase in Fig. 4.1(e-f) are compared to 4.1(c-d). This

leads to note there are many other forms of OAM beams such as Bessel, Bessel-Gaussian
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(BG), and Mathieu beams to name a few [129]–[131]. The BG and Bessel beam behave

quite different due to the radial basis function that lead to autofocusing effects (see Fig.

4.1(g-h) and 4.1(i-j)). Appendix C explicitly shows the wave function expressions for the

Gaussian, HyGG, BG, and Bessel beam as they will be used in later chapters.

4.1.2 Dynamic Devices

The second method to create OAM uses a dynamic optical element, commonly a

liquid crystal spatial light modulator (LCSLM) or deformable micromirror device (DMD),

to switch between OAM modes [132]–[134]. LCSLMs are light shaping devices that use

a liquid-crystal display to modulate the wavefront of the incident light by mapping optical

phase shifts to the gray scale level, 0 to 255, of an 8 bit image. As this is a phase-only

device, more specific techniques can be used to also modulate the laser beam’s amplitude

to create high fidelity OAM beams [135], [136]. DMDs use a 2D array of micromirrors

that can either be turned on or off to manipulate the wavefront by inducing amplitude

modulation through interference. The DMD also uses an 8 bit image, but instead of dis-

playing the image all at once, each bit-plane is quickly cycled on the micro-mirror array

leading to a minimum exposure time to experimentally see the beam of interest correctly.

Both methods of generation will be used in the experimental portion of this work. For

OAM beam generation using LCSLMs or DMDs, it is then necessary to introduce digital

holography. The digital holograms of interest contain the interference pattern between a

reference beam and some form of OAM carrying beam. The digital hologram contains a

2D phase profile of the OAM beam, which is then displayed on the LCSLM/DMD and
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Figure 4.2: (a) Example of an LCSLM and experimentally created beams (b-c) with
their respective digital hologram (d-e) used on the LCSLM. (f) Example of a DMD and
experimentally created beams (g-h) with their respective digital holograms (i-j).

encodes the incident laser with the phase shifts necessary to create OAM. From section

3.3, the hologram is equivalent to the phase of a complex transmittance function [91]. De-

pending on the optical setup and device, the hologram may take the form of a spiral phase

or forked diffraction grating. This distinction is important as the holograms behave quite

differently, the spiral phase is imparted directly on the beam unlike the forked diffraction

grating that creates higher diffracted orders. Forked gratings are more commonly used as

they can be modified to create highly accurate transmittance functions [135], [136]. How-

ever, depending on the application a spiral phase hologram or SPP will suffice if only the

OAM information is of interest. If the applications require a shaped radial basis as well a

DMD or LCSLM will be necessary.

4.1.3 Impact of a Partially Coherent Source

Static and dynamic elements imparting OAM rely solely on the ability for light to

interfere as it refracts or diffracts. Consequently, decreasing the coherence of the optical

wavefront directly impacts its ability to interfere. This is seen for beams that follow a
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Gaussian-Schell model MCF, which washes out the optical vortex shape as source coher-

ence decreases [137]. Other forms of partially coherent sources can include OAM in the

MCF such as Im Bessel beams whose MCF contains well-defined OAM states discussed

in Appendix D [138]–[140]. Partially coherent OAM beams of this form have been sug-

gested to reduce the effects of a random medium by reducing intensity variations and their

effects will be simulated in Chapter 5.

4.2 Detection of OAM

After OAM was first realized, the measurement of OAM soon followed starting

with physically measuring the torque imparted on small particles [16] and moved to fo-

cusing on the phase structure of the laser by spiral fringe counting [141] or diffraction by

apertures [142], [143]. Interferometric measurements of OAM lead to further interest in

the phase, but with the added complexity of pattern recognition. For SDM communica-

tions the necessity to measure multiple OAM modes is highly sought after which lead to

the development of systems to measure multiple OAM modes in a quick manner without

complex image processing.

A first method to measure the OAM spectrum is based on dove prism rotation angles

to measure more than one OAM mode at a time, but required a highly stable interferome-

ter [144], [145]. The next methods to measure OAM can be classified as mode projectors

(matched filter or correlator) that perform an optical phase cancellation to remove the he-

lical phase [146]–[150]. This OAM information is quantified using the knowledge that

helical wavefronts are orthogonal to each other allowing for any wavefront to be decom-
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posed into a series of OAM basis functions as

Ul(r,φ ,z) =
∞

∑
n=−∞

cln(z)Ψn(r,φ ,z) , (4.1)

where cln(z) are the weights of each OAM eigenfunction Ψn(r,φ ,z) using some radial

basis [146]. The weights, cln(z), are collectively known as the OAM spectrum where

each component can be found from the following inner product with the optical field of

interest Ul(r,φ ,z),

cln(z) =
∫ 2π

0

∫
∞

0
Ul(r,φ ,z)Ψ∗

n(r,φ ,z)rdrdφ . (4.2)

The OAM spectrum of a beam quantifies only the azimuthal degree of freedom leaving

the radial basis free. In this work radial basis information is not needed, but some imaging

applications will find this information useful [151], [152].

Experimental implementation of mode projection requires a spatial light modulator,

lens, and pinhole to measure the nth inner product in equation 4.2 and illustrated in Fig.

4.3. The OAM element can either be an SPP or LCSLM that displays a helical phase

containing the information of the OAM eigenfunctions, Ψ∗
n(r,φ ,z). After encoding the

beam with the basis function, the beam is transmitted through a lens whose Fourier trans-

forming properties perform a 2D Fourier transform that implements the inner product in

equation 4.2. The on-axis intensity at the focus of the Fourier lens is selected using a

pinhole and is proportional to |cln(z)|2. Each |cln(z)|2 represents the power of each OAM

mode within the incident beam following a decomposition in equation 4.1. The power of
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the OAM spectrum is normalized such that

αl(z) =
|cl(z)|2

∑
∞
m=−∞|cm(z)|2

, (4.3)

where αl(z) represents the fraction of power in the lth OAM mode of the beam. The

phase angle of the coefficient, ̸ cln(z), can also be determined from a series of mode

projection measurements [30]. Consequently this spatial orthogonality allows for efficient

encoding or decoding with a first practical demonstration of an FSO SDM communication

system by Graham et al. [153]. An inefficiency of mode projection is that it requires n

measurements to measure n OAM coefficients with the loss of significant power due to

the use of a pinhole.

Figure 4.3: (a) Mode sorter showing the geometric transfer of an OAM beam to a trans-
verse momentum state [154]. (b) Mode projection measurement setup using an LCSLM
to rotate through the holograms displaying the phase of the conjugate basis mode [147].
(c) Two forms of interferometer measurements using dove prisms [145] and a wavefront
folding interferometer [155]. (d) An example of pinhole diffraction that can be used to
measure the OAM of an input laser [142].
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Due to the lack of a power efficient, stable, and simple OAM spectrum measurement

tool, the development of a highly efficient mode sorter by Lavery et al. to measure the

OAM spectrum in a single shot with simple image processing was sought for [32], [154],

[156]–[161]. Mode sorters rely on custom optical elements that perform a conformal

mapping to convert the annular shape of an OAM beam to a line in space [157]. This

method was then modified to measure the modal content of an OAM beam in real-time

[162]. The mode sorter, illustrated in Fig. 4.3, is a widely accepted way to measure the

modal content of an OAM beam in a single measurement where the collection of modes

are known as the OAM spectrum.

OAM spectrum measurements have been further developed on a more situational

basis depending on the optical system in question. For extremely sensitive measurements

Kulkarni et al. [155], [163] developed a single-shot OAM spectrum technique using the

angular correlation function for down converted light. Another method to measure the

OAM spectrum is the use of a Shack-Hartmann wavefront sensor that can measure the

curl of the optical phase and map it back to the OAM present [164]. There are also many

other unmentioned ways to measure OAM depending on the application in question [144],

[165]–[174].

If the optical channel contains environmental or systemic distortions, the incident

OAM will be changed leading to the creation of extra OAM modes within the OAM

spectrum. This creation of OAM modes is known as mode spreading, since the energy

of the incident OAM mode is spread out among other neighboring OAM modes. If an

optical channel’s optical distortions are strong enough, the incident OAM information

can be completely lost. The quantification of mode spreading through a random medium
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is presented in the next section by determining how the OAM coefficients in equation 4.2

change.

4.3 Spreading of the OAM Spectrum

OAM mode spreading is the fundamental concept that drives an active OAM sens-

ing modality in this work. To quantify the amount of mode spreading expected from

the effects of a random medium, it must first be understood how a random medium af-

fects the wavefront of a laser beam. The metric of utmost concern is the power within

each OAM mode (|cln(z)|2) as the OAM measurement techniques introduced measure the

OAM spectral density rather than the amplitude itself. If the coefficient amplitude (cln(z))

is averaged over a zero-mean random medium, the result will be zero similar to the mean

field [50].

As the nature of a random medium incites that the phase perturbations are random,

this leads to a statistical approach to determine the mode spreading. Determining the

average OAM power, ⟨|cln(z)|2⟩, is the first step to quantify mode spreading through a

random medium. It is worth noting the average OAM power can also be interpreted as the

probability that the incident OAM mode will scatter into another OAM state [175]. Using

definitions of the OAM spectrum and EHFP from equations 4.1, 4.2, and 2.8, the average
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power of the OAM coefficients can be determined as

⟨|c2
n(z)|⟩=

∫∫∫∫
⟨Uo(r1,φ1,z)U∗

o (r2,φ2,z)Ψ(r1,φ1,0)Ψ∗(r2,φ2,0)⟩r1dr1dφ1r2dr2dφ2

=
∫∫∫

⟨Uo(r,φ1,z)U∗
o (r,φ2,z)⟩eil(φ1−φ2)rdrdφ1dφ2,

=
∫∫∫

Uov(r,φ1,z)U∗
ov(r,φ2,z)eil(φ1−φ2)e−

1
2 Dw(r,φ1,φ2)rdrdφ1dφ2.

=
∫∫

ΓB(r,∆φ)ΓRM(r,∆φ)cos(l∆φ)rdrd∆φ

=
∫

∞

0

∫ 2π

0
|U(r,z)|2ΓRM(r,∆φ)cos(l∆φ)rdrd∆φ

(4.4)

using an OAM basis function defined as Ψ(r,φ ,z) = R(r,0)eilφ and the radial basis com-

pleteness ∑
∞
p=0 R(r1,z)R∗(r2,z) = δ (r1,r2)/r [175]. Uo is the field at the observation

plane after propagation through the random medium and Uov is the field propagation

through vacuum. Notice that the random medium effects are included in the average

coefficient power as a WSF similar to the MCF in equation 3.9. The last line in equa-

tion 4.4 represents the source MCF and random medium MCF (ΓRM(r,∆φ) = e−
1
2 Dwr,∆φ ),

where the variable substitution ∆φ = φ1 −φ2 is used following statistical isotropy.

Equation 4.4 can then be tuned using specific forms of the WSF for plane waves or

spherical waves with the appropriate WSF that carries the IOPs of the random medium. It

is also important to note that this average OAM power can also be normalized following

equation 4.3 such that it represents the fraction of OAM power on average. The resulting

WSF can be seen to degrade the OAM spectrum following as phase correlations decrease.

Instead, the beam profile now also determines the OAM channel losses rather than the

distortion alone. If the beam size becomes comparable to the coherence length of the
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medium, then noticeable OAM mode spreading will begin [175], [176]. Conservation

of energy is satisfied for each individual realization of turbulence as OAM is scattered

between the various OAM states.

The one piece of information that is lost using this formalism is the phase informa-

tion of the OAM coefficient. To find the phase component of the OAM coefficient, the

focus turns to using a mean field approach of the phase perturbations rather than the MCF

which quickly approaches zero due to the nature of the phase statistics having a zero mean

[50]. Finding the phase component of the OAM coefficients can also be done by taking

an azimuthal Fourier transform of the transmittance function for a single realization of

a random medium [177], [178]. Unfortunately this phase information is typically hard

to measure as it requires multiple modal projection measurements [30] or complex mode

sorters [179]. The OAM phase is typically ignored due to its difficulty to measure, its

unnecessary measurement for communication applications depending on only intensity

measurements, and its zero-mean average. But for sensing this phase component may be

useful for temporally correlated turbulence to measure its evolution as a function of time.

To show some examples of OAM mode spreading, the mode spreading due to op-

tical system perturbations, turbulent, and turbid medium are shown as a function of their

respective phase perturbation strengths. Each result is predicted by numerically solving

equation 4.4 for each respective distortion.
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4.3.1 Optical System Perturbations

Lens aberrations from an imperfect optical system, depending on their strength and

symmetry, can also lead to OAM spreading. Azimuthally symmetric aberrations such as

defocus or spherical aberrations will not lead to a change in the OAM spectrum, but rather

a perturbation in the measurement technique. Depending on the measurement scheme

there may be an optically induced background signal depending on the diffraction limit

[157], [160], [161]. Fig 4.4 shows a few examples of optical aberrations and their respec-

tive OAM spectra with a plane wave incident on the aperture.

Figure 4.4: Plane wave OAM spectra upon incidence of a 25 mm aperture with the
Lens aberrations of (a) tilt, (b) astigmatism, (c) trefoil, and (d) defocus with the following
aberration coefficients respectively 10λ , 1×103λ , 1×106λ , 1×104λ .

For simple aberrations such as tilt (Fig. 4.4(a)) or coma (Fig. 4.4(b)), the opti-

cal axis slightly shifts which makes a large contribution to measuring the OAM spec-

trum incorrectly. Higher order aberrations such as trefoil (Fig. 4.4(c)), astigmatism , or

quadrafoil do not perturb the OAM spectrum as greatly when the aberrations are weak.
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Azimuthally symmetric aberrations such as defocus (Fig. 4.4(d)) add no contribution to

the OAM spectrum as there is no perturbation of the azimuthal coordinate, but for sys-

tems that rely on measuring the OAM spectrum at the focus of a lens this will contribute

to inaccurate OAM spectra measurements. A lens aberration is a transmittance function

that has an analytic expression thus the average MCF can be substituted by calculating

an azimuthal Fourier transform of the transmittance function of one realization instead of

hundreds [178].

4.3.2 Random Medium Perturbations

Using the simplified version of equation 4.4, the OAM spectrum for a known WSF

can be calculated. If the incident laser beam is assumed collimated, removing the spher-

ical wavefront, the plane wave WSF can be used as a first approximation to calculate the

OAM mode spreading [175], [180]–[182]. The effects of path length, beam size, and per-

turbation strength for a turbulent and turbid medium are both summarized in Fig. 4.5(a-d).

Within a turbulent medium the strength of turbulence is quantified using the ra-

tio 2w0/r0. The value of 2w0/r0 can be used to infer information about the turbulence

present: 2w0/r0 > 1 is when the turbulence scales are small compared to w0 and turbu-

lence is considered strong; 2w0/r0 < 1 contains turbulence scales larger than w0 and is

considered weak; and 2w0/r0 ∼ 1 is when the turbulence scale is on the same order as

the beam size and considered moderate. Typically the input aperture diameter is used

D/r0, but the beam diameter in this work is the limiting "seeing" parameter to measure
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(a) (b)

(c) (d)

Figure 4.5: (a) Turbulent medium mode spreading, α∆l(L) as a function of 2w0/r0.
(b) Turbulent medium mode spreading as a function of normalized scattering distance
0.033C2

nk2L−5/3
0 L/zc. (c) Turbid medium mode spreading as a function of particle diam-

eter for a fixed optical depth of 4. (d) Turbid medium mode spreading as a function of
optical depth at a fixed particle radius. Each plot is used with an incident LG beam with
l = 1.

the turbulence rather than the receiver aperture.

As the turbulence scales reach the beam size, considerable mode spreading occurs

as seen in Fig. 4.5(a). The mode spreading is measured by looking at the OAM coeffi-

cients at ∆l = |l −m| where l is the incident OAM order and m is the next closest mode.

This transition between a pure OAM state and uniform OAM spectrum occurs quickly

when 2w0/r0 ∼ 1. It depends on the initial beam size not the initial OAM mode as the

OAM mode spreading is seen to be independent of OAM mode order [175], [176], [183].
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OAM beams contain a spot size that is coupled to the OAM order, which leads to con-

fusion as to what is an OAM effect versus beam size effects [184]. The OAM spectrum

also decreases as a function of propagation distance through isotropic turbulence with a

constant inner (l0 = 0 m) and outer scale (L0 = 100 m). In Fig. 4.5(b) the plots with

circles represent a beam waist of 20 cm whereas the crosses are a beam size of 2 cm after

propagating through a 1000 m turbulent channel. The propagation distance is normalized

by σTsca and multiplied by a constant scaling factor 0.033C2
nk2L−5/4

0 , which leaves a nor-

malized scattering depth. As this normalized turbulence strength reaches ∼ 15, the power

in other OAM modes begins to significantly increase.

The next two figures are of OAM mode spreading in a turbid medium. Figure 4.5(c)

shows mode spreading for an LG beam with l = 1 as a function of particle diameter at a

fixed optical depth of 4. As the particle diameter increases, the amount of mode spreading

also increases. A significant difference to a turbulent medium is the power distribution

between side modes. Figure 4.5(c) shows that the power within modes greater than the

incident OAM mode l = 1 (when ∆l > 0) increase at a similar rate rather as a function

of particle diameter. Also as particle diameter increases, the amount of phase distortion

increases similar to a rise in turbulence strength. This same effect is seen as a function of

particle diameter and optical depth in Fig. 4.5(d). However, the amount of power in the

incident OAM mode l = 1 decreases quicker as a function of optical depth as the particle

size increases. This is because larger particles contribute more near-forward scattered

light unlike small particles.

Within a turbid medium, the parameters that dictate mode spreading are the OD,

particle size, and beam size. OD ties in the amount of scattering per unit length, but not
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the propagation distance and coherence effects. In contrast to a turbulent medium these

turbid medium scenarios suggest that smaller beams are perturbed more significantly than

larger beams. This is hypothesized to be due to the functional form of the phase PSD.

In turbulence there is a small, or mostly no, ballistic component due to the light being

scattered all in the forward direction. From a wave perspective, the ballistic component of

the light can be explained by the distorted wavefront constructively interfering that results

in a recombination of the main beam as it propagates. As the particle size increases, this

region of recombination decreases due to the phase perturbation scales increasing. This

is why in turbulence the beam is completely distorted with no clear ballistic component.

A significant portion of the motivation for this work is built from the simulations

developed by Viola et al. [185] who simulated OAM beam propagation through a turbid

medium by modeling it as a series of random circular apertures. Viola et al. saw that as

the particle size increased the amount of mode spreading was also seen to increase. An

experiment was also performed that also saw mode spreading along a 3 m, 12 m, and 20

m optical path for the scattering agents of Maalox (Equate) and corn starch with the same

optical depth. It was not clear what the size of the beam was as the grid size implemented

in simulation was roughly 1 mm x 1mm, which lends itself to a small beam. From this

work it was shown that as the beam size approaches the size of the phase perturbations

significant mode spreading is seen, but for larger beams this is not the case even over

longer propagation paths.
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4.4 Summary: OAM Spectrum as a Sensing Modality

For remote sensing the spreading of the OAM spectrum is the quantity of interest.

Seen from section 4.3.2 as the turbulent or turbid medium changes, the OAM spectrum is

also perturbed which can be used to infer information about the current environment. An

active mode spreading technique has yet to be seen implemented practically compared

to passive methods, the next chapters will address this implementation. Practical OAM

spectrum measurements are difficult to implement due to optical system or data acquisi-

tion limitations. The OAM spectrum is chosen other than intensity only measurements

due to its connection to optical phase perturbations. If only the OAM beam intensity is

measured the connection to the phase distortions is not as apparent since OAM projec-

tions couple phase perturbations to intensity changes within the OAM coefficients. The

other difference is that the OAM spectrum is related to second order field statistics rather

than fourth order statistics for intensity measurements.

To practically implement OAM as an active sensing modality a compromise must

be made between optical and measurement complexity. The first two methods of in-

terest for this work are: Kulkarni et al.’s [155] method that requires high stability with

less complexity and modal projections that requires less stability with more complexity.

The simulation work is presented initially in context to understanding how OAM beams

propagate, which will then be used to provide more insight to the experimental results

in Chapters 5 and 6. The scattering portion of this theory will be developed further in

Chapter 6 when examining experimental data.
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Chapter 5: Simulation of OAM Beam Propagation through a Random

Medium

5.1 Motivation for OAM Beam Simulations

In order to understand OAM beam propagation and predict the OAM spectrum’s

interaction within a random medium a series of simulation routines are developed [186].

This is done by implementing wave optic simulations (WOS) using the split-step method

that solve the Huygens-Fresnel integral within the SAA or paraxial approximation [88]–

[90]. The simulation method is verified by comparing the results to analytic theory for

Gaussian beam propagation [50]. The simulations are then adapted for OAM beam propa-

gation by changing the incident beam profiles to those of OAM beams given in Appendix

C. To understand the simulation method used a brief explanation is provided here.

The numerical technique in this work states, with the Huygens-Fresnel integral in

free-space as

Uo(r2,φ ,zs +∆z) =
1

iλ∆z

∫
∞

∞

Us(r1,φ ,zs)ei k
2∆z |r2−r1|2dr1, (5.1)

the electric field at the source plane, Us(r1),φ ,zs, can be related to the field at the obser-

vation plane, Uo(r2,φ ,zo). Here ∆z is the propagation step size to the next observation
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plane and r1 = (x1,y1) and r2 = (x2,y2) are the source and observation plane spatial co-

ordinates. A turbid medium undergoes a similar propagation equation as the beam also

undergoes a series of effective phase shifts, but they are rather related to a different phase

correlation function.

Figure 5.1: Beam propagation geometry of the split-step method using a multi-phase
screen approach. Each picture of the beam represents the application of another phase
screen.

The geometry of the split-step method is shown in Figure 5.1, using multiple prop-

agation steps, where L is the total propagation distance, Nz is the number of propagation

steps in increments of ∆z, and δ j and r j = (x j,y j) are the grid spacing and spatial coor-

dinate at the jth propagation step. The accumulation of turbulent phase distortions can be

seen as the Gaussian beam in Figure 5.1 begins to breakup along each propagation step.

For a single propagation step, from r j to r j+1, equation 5.1 can be written as

U(r j+1) =
1

iλ∆z

∫
∞

∞

U(r j)e
ik

2∆z |r j+1−r j|2dr j

=
e
− ik

2∆z
1−m j

m j
r2

j+1

iλ∆z

∫
∞

∞

U(r j)e
ik

2∆z (1−m j)r2
j e

ikm j
2∆z |

r j+1
m j

−r j|2dr j .

(5.2)

A grid scaling factor, m j, which accounts for converging or diverging beams, is introduced
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(see Schmidt [88] for more detail). Equation 5.2 is then rewritten using the convolution

theorem (see equation 5.3) and numerically implemented using the Fourier transform.

U(r j+1) = e
− ik

2∆z
1−m j

m j
r2

j+1F−1
2

[
f j+1,

r j+1

m j

]
e
− iπλ∆z

m j
f 2

j

×F2[r j, f j]

{
U(r j)

m j
e

ik
2∆z (1−m j)r2

j

}
= Q1

[
m j −1
m j∆z

,r j+1

]
F−1

2

[
f j+1,

r j+1

m j

]
Q2

[
− ∆z

m j
, f j

]
×F2[r j, f j]Q1

[
1−m j

∆z
,r j

]{
U(r j)

m j

}
. (5.3)

Here the operator notation is introduced, where F2 is the 2D Fourier transform, F−1
2 is

the inverse 2D Fourier transform, f j =
√

f 2
x + f 2

y is the Fourier domain radial coordinate,

fx and fy are the Fourier grid coordinates, and Q1 and Q2 are operators representing

quadratic phase terms from equation 5.2.

Equation 5.3 describes the simulation of a beam propagating through vacuum. To

include phase distortions, the phase screen operator, T , is introduced

T (z j,z j+1) = exp(−iθrnd(q∆x, p∆y)) . (5.4)

The accumulated random phase is θrnd(q∆x, p∆y) = k
∫ zo

zs
n1(r)dz that is found from Ap-

pendix B. The field at the final observation plane, after propagation through the random

medium, the accumulation of Nz−1 phase screens are implemented using the Fast Fourier
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Transform (FFT) using the following product

U(rNz) = Q1

[
mNz−1 −1
mNz−1∆z

,rNz

](Nz−1

∏
j=2

T [z j,z j+1]F
−1
2

[
f j+1,

r j+1

m j

]

×Q2

[
− ∆z

m j
, f j

]
F2[r j, f j]

)
Q1

[
1−m1

∆z
,r1

]
T [z1,z2]U(r1). (5.5)

The final beam profile, after an arbitrary number of partial propagation steps through

the random medium, can easily be modeled through various strengths of scattering and

turbulence. This is due to the tuning of the phase distortion strength in both turbid and

turbulent media depending on the propagation distance. Multiple partial propagation steps

are key to modeling strong phase perturbations as one phase screen will not be accurate.

This is due to sampling errors as the phase distortion size becomes comparable to the grid

pixel pitch. For more discussion of sampling constrains the reader is turned to Chapter 9

of Schmidt [88].

5.1.1 Verification of Gaussian Beam Simulations

To verify the simulations for the weak turbulence regime the well accepted theo-

retical predictions for a Gaussian beam’s MCF, spot size, scintillation, and intensity are

compared. The weak turbulence regime is defined here as satisfying the weak scintillation

condition where σ2
R < 0.1 such that the Rytov approximation is considered valid. Analytic

methods using the EHFP have been seen to generalize to the strong turbulence regime,

which is not always true for fourth order statistics [50], [187]. Figure 5.2(a-c) shows a

qualitative illustration of the laser beam intensity pattern after propagating through vac-
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uum (Fig. 5.2(a)), 1 random realization of weak turbulence (Fig. 5.2(b)), and 500 random

realizations of weak turbulence (Fig. 5.2(c)). The x-axis and y-axis show a cross section

through the center of the intensity pattern. After averaging over 500 realizations of tur-

bulence, the average intensity takes on a similar form of the intensity through vacuum,

however the effective beam size is slightly larger. The next set of metrics quantify other

properties of beam after propagation through turbulence. Figure 5.3(a-d) shows results of

comparing the numerical beam metrics to simulated values for a Gaussian beam. Each of

the following plots are done with a w0 = 7 cm Gaussian beam over distance of 2 km with

a wavelength of 632.8 nm through turbulence with a refractive index PSD following a

Kolmogorov power law. More simulation parameters for the Gaussian beam verification

are given in Table 5.1.

(a) (b) (c)

Figure 5.2: (a) Theoretical Gaussian beam intensity profile with X and Y cross sections.
(b) Single realization of weak turbulence for a Gaussian beam intensity profile with X and
Y cross sections. (c) Average intensity of a Gaussian beam over 500 realizations with X
and Y profiles.

The metrics of choice for verification are average intensity, scintillation, spot size,

MCF, and beam wander as they encapsulate various properties of the distorted beam pro-

file. Each metric contains the long-term average over 500 random realizations, which is

then compared to theory for verification. All simulation parameters for this section are
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provided in Table 5.1 including: propagation distance, grid size, turbulence parameters,

and beam properties. Figure 5.3(a) shows the average intensity, a single realization of

the intensity, and theoretical profile which are in good agreement for a Rytov number of

0.1. Equation E.10 is used for comparison where the theoretical long-term spot size de-

termines the average intensity profile. For statistical metrics throughout this work, single

realizations are known as short-term average and more distortions are generally seen.

(a) (b) (c)

(d) (e) (f)

Figure 5.3: (a) Gaussian beam average intensity. (b) Gaussian beam transverse scintilla-
tion profile. (c) Gaussian beam scintillation as a function of Rytov number. (d) Spot size
as a function of propagation distance. (e) Gaussian beam MCF at the final propagation
step. (f) Beam wander for a Gaussian beam as a function of propagation distance.

The second metric is the scintillation profile (shown in Fig. 5.3(b)), which is also

in good agreement with the theoretical result within the weak turbulence predicted by

equation E.12, but due to the random nature of the fluctuations there is a slight difference.

The scintillation is also compared as a function of varying Rytov number in Fig. 5.3(c),
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which is in good agreement with the Gaussian beam result. The plane wave and spherical

wave scintillation curves are also shown for comparison of the difference between the

three forms of wave profiles. The Gaussian beam scintillation is seen to contain a different

fundamental shape due to the beam wandering about its propagation axis that is not seen

for a spherical or plane wave.

Figure 5.3(d) shows the long-term spot size as a function of propagation distance

for a 2D and 1D profile. The 1D profile is calculated by using a cross section of the 2D

intensity profile to calculate the 1/e2 point. The 1D profile fits the theoretical expression

better as a 2D calculation renders more effects of the beam profile tails leading to an

effectively larger spot size. In the strong turbulence regime the spot size saturates as the

beam becomes a speckle field [188].

Figure 5.3(e) shows the beam MCF in comparison to that of a plane wave and

Gaussian-beam theory. As these simulations use a sub-harmonic phase screen routine, the

MCF is seen to be in good agreement with the theory for short and large transverse scale

sizes. Typical MCF calculations are immensely sensitive to edge effects of numerical

Fourier transforms that can be removed using a window function on each propagation

step. The MCF’s 1/e point is the SCR that is clearly defined for a Gaussian beam. As

decorrelation occurs a Gaussian beam MCF contains a reduced SCR as coherence is lost.

For OAM beams it has been found that the SCR is not a good metric for comparison due

to more complex shapes of OAM beam MCFs. The last metric is the beam wander that

follows the beam centroid in Fig. 5.1(f) which is in good agreement with theory.

Results for each metric are in good agreement with the theory for Gaussian beam

propagation. As these results generalize the validity of our turbulent phase screen simula-
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tions within the weak regime a cascade of multiple phase screens can be used to simulate

the effects of strong turbulence, which will be used explicitly in Chapter 7 [189].

Parameter Notation Value
Number of realizations Nr 500
Grid Size 1 [m] x 1 [m]
Grid Samples Ng 512 x 512
Grid Spacing δ 2 [mm]
Propagation Distance L 2 [km]
Number of Propagation Steps Nz 9
Propagation Spacing ∆z 222 [m]
Wavelength λ 632.8 [nm]
Structure Parameter C2

n 3.3×10−18 [m−2/3]
Rytov Number σ2

R 0−0.23
Fried Parameter r0 ∞−2.68 [cm]
Initial Spot Size w0 7 [cm]

Table 5.1: Simulation parameters used for Gaussian beam verification simulations

5.2 OAM Propagation through a Turbulent Medium

To study OAM beam propagation through a three-dimensional random medium, the

phase screen approximation is used [67]. The simulations validated in Section 5.1.1 are

used to study the effects of the random turbulent phase shifts that are known to degrade a

beam’s spatial coherence. Simulations in this section are done within the weak and mod-

erate turbulence regimes as strong turbulence can fully degrade an OAM based system

following the parameters in Table 5.2. An OAM beam contains various degrees of free-

dom such as beam profile, mode number l, and spot size. Changing these inital conditions

can be quantified using a number of beam metrics such as MCF, OAM spectrum, on-axis

intensity, on-axis scintillation, spot size, and divergence. Numerical methods to calculate

these beam metrics are discussed in Appendix F along with their analytic expressions
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predicted by turbulence theory [50].

This section presents results of OAM beam propagation compared to Gaussian

beams to understand if there are inherent differences upon propagation and which beam

metrics are most important for OAM propagation. The simulations are then adapted for

time-domain turbulence to briefly explore the effects of partial coherence on the OAM

spectrum.

5.2.1 OAM Spectrum Spreading

OAM spectrum spreading is the most important metric to quantify throughout this

work both analytically and computationally. To understand how different beam parame-

ters affect OAM mode spreading, the following variables are studied: turbulence strength,

beam shape, source coherence, beam size, and OAM mode. The OAM spectrum is calcu-

lated using the numerical method in Section E.1.

The first effect studied is the turbulence strength that strongly affects mode spread-

ing as previously seen in many OAM based studies [130], [190]. Theoretical predictions

using a Kolmogorov refractive index PSD are used for comparison to show the effects of

beam size in comparison to the Fried parameter 2w0/r0 as shown in Fig. 5.4 independent

of inner and outer scale effects. The second variable is the initial beam shape that dictates

the scale sizes of turbulence that the beam interacts with. Figure 5.4(a-d) summarizes the

effects of propagation distance, OAM mode, and beam profile shape. Figure 5.4(a) is an

LG beam with l = 6 that propagates over 2 km of weak turbulence where significant mode

spreading occurs as the total Rytov number across the propagation path reaches 0.1. It
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Parameter Notation Value
Number of realizations Nr 500
Grid Size 1 [m] x 1 [m]
Grid Samples Ng 512 x 512
Grid Spacing δ 2 [mm]
Propagation Distance L 2 [km]
Number of Propagation Steps Nz 9
Propagation Spacing ∆z 222 [m]
Wavelength λ 632.8 [nm]
Structure Parameter C2

n 5×10−16 [m−2/3]
Rytov Number σ2

R 0−0.1
Fried Parameter r0 ∞−1 [cm]
Radial wave number kr 150

(Bessel \BG beam)
Radial index (LG beam) p 0
OAM orders l 0-20
Initial LG & BG spot size w0 1.5 [cm]
Gaussian spot sizes - 1.5 - 6.8 [cm]

Table 5.2: Simulation parameters used for all OAM based simulations without time-
correlated turbulence.

can be seen that even in a weak turbulence regime the OAM spectrum quickly degrades

into a uniform distribution.

Figure 5.4(b) shows the amount of OAM power received at a 2 km distance for

varying OAM orders of different beam profiles which are a Gaussian, LG, BG, and Bessel

beam through weak turbulence (σ2
R = 0.1). The BG beam shows to retain slightly more

OAM information than its counter parts due to its divergence. The Gaussian beam appears

to retain the most OAM information with increasing initial spot size following
√
|l|+1

since its divergence and spot size are always generally smaller since in this case, the sec-

ond order beam moment is not normalized in a similar manner across all beams. Figures

5.4(c-d) summarize the OAM power in the central OAM mode as a function of propaga-

tion distance and OAM mode for a LG and BG beam respectively. The heat map is the

OAM mode where yellow is closer to an undisturbed beam and green is a significant loss
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(a) (b)

(c) (d)

Figure 5.4: (a) Mode spreading as a function of propagation distance for an LG beam
with l = 6. (b) Mode spreading as a function of beam profile and OAM mode through
weak turbulence at the final propagation distance of 2 km. (c) OAM mode spreading from
the incident mode power for LG beams as a function of propagation distance and initial
OAM mode. (d) OAM mode spreading from the incident mode power for BG beams as
a function of propagation distance and initial OAM mode. The contours on (c) and (d)
represent the ratio 2w0/r0.

of OAM information. The contours represent the ratio 2w0/r0 as 2w0/r0 → 1 more OAM

spreading occurs as the beam size reaches the Fried parameter scale. It can be seen that

the LG beam loses OAM information much faster across all propagation distances, but

each shows that higher order modes (which have a larger spot size) are more perturbed by

the turbulence.
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The last parameter varied is the initial beam size as shown in Figs. 5.5(a-b). For a

moderate turbulence scenario the OAM power in the transmitted mode αl(L) is varied as

a function of beam size and OAM mode to see the effects of a changing beam size. The

contours in this case represent the normalized on-axis Strehl ratio to quantify the image

quality of the beam. Figure 5.5(a) is the simulation of LG modes with their initial spot

size normalized by
√
|l|+1. It can be seen that as a function of l each beam performs

the same even for the Strehl ratio meaning that OAM mode spreading, if the second order

spot size is the same, is independent of OAM mode. The Strehl ratio shows that the spatial

power spectrum of the beam also spreads out more significantly meaning the beam itself

is more affected by the turbulence if the beam size is not normalized. Otherwise if the

second order spot size is not normalized as shown in Fig. 5.5(b) higher order modes are

more susceptible to turbulence induced mode spreading.

A significant take away of these turbulence simulations are the various beam pa-

rameters, specifically spot size and OAM mode, lead to more significant OAM mode

spreading. Theoretically this can be seen in equation 4.4 where the modulus square of

the radial beam profile scales the OAM power. As the radial beam extent increases a

larger area of the phase perturbation is imparted on the beam leading to more OAM mode

spreading than a beam with smaller radial extent. This interaction leads to more cumu-

lative phase distortions. It is equivalent to thinking of the beam profile as a 2D spatial

filter of the turbulence present. Which is also similar to thinking of a telescope aperture

limiting the turbulence strengths, but since the beam is smaller than the aperture for these

simulations the beam size is the limiting factor. As OAM mode changes, the power in

the transmitted OAM is seen to decrease with increasing OAM mode. This is due to the
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(a) (b)

Figure 5.5: (a) OAM mode spreading from the incident mode power for LG beams as a
function of initial spot size and OAM mode with the second order spot size normalized
by
√

|l|+1. (b) OAM mode spreading from the incident mode power for LG beams as a
function of initial spot size and OAM mode without a normalization of the spot size (i.e.
the spot size increases as a function of

√
|l|+1.) The contours represent the Strehl ratio.

change in beam size not the OAM mode. This is supported in Fig. 5.4(a-b) where a LG

and BG beam with l = 1 and l = 2 are propagated and the initial spot size is normalized

by
√

|l|+1 such that the initial beam size is the same. The OAM spectrum in each case is

seen to be about the same, but the difference between the curves is the shape of the radial

beam profile. An OAM beam whose spot size is kept a minimum and its radial extent

the shortest will retain the most OAM information as it propagates. Beams with higher

radial or OAM number are inherently larger leading to more susceptible to the effects of

turbulent phase distortions.

It is also important to note that this change in OAM spectrum occurs when the

turbulence strength reaches the beam diameter using the metric 2w0/r0. This can be seen

in Figs. 5.4(c-d) where the OAM spectrum loses its most information once the contour

lines of 2w0/r0 reaches unity. This ratio can either be reached when turbulence is strong
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or over a longer propagation distance when optical wavelength is kept consistent as the

loss of coherence will be affected the same due to the linear dependence of distance and

turbulence strength in the Fried parameter.

5.2.1.1 Effects of Inner and Outer Scale

The previous simulations of the OAM spectrum varied beam parameters and the

effective turbulence strength by using a long path length. Another parameter of inter-

est are the perturbations by varying the turbulence scale sizes present. This is done by

changing the inner and outer scale that limit the extent of the inertial subrange. Figure

5.6(a-b) shows the power in the transmitted OAM mode as a function of inner and outer

scale averaged over 500 random realizations of turbulence. The simulation grid contains

the same parameters as described in Table 5.1 except: C2
n is fixed at 1.45 × 10−15m−2/3,

L = 500, σ2
R = 0.02, r0 = 2.94 cm, LG beam with l = 2, and w0 = 5 cm.

(a) (b)

Figure 5.6: OAM mode spreading, αl(L), as a function of inner and outer scale for
turbulence with refractive index fluctuations following the (a) MVK PSD and (b) MA
spectrum. The incident beam is an LG beam with l = 2 and w0 = 5 cm.
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Figure 5.6(a) is of turbulence following the MVK PSD in equation 2.19. As the in-

ner scale decreases at a fixed outer scale, the power in the central OAM mode decreases.

The same effect occurs as the outer scale increases for a fixed inner scale. The key point

is that as the difference between inner and outer scale becomes smaller, the OAM mode

power maintains the most power. The dependence of OAM mode spreading on refractive

index scales sizes is due to the rate at which energy is dissipated that dictates the phase

perturbation sizes. Energy is dissipated from large eddies to smaller eddies creating a

continuum of eddy sizes between the outer and inner scale. If the the difference between

outer and inner scale is small, no significant refractive index fluctuations are created due

to no energy being transferred even if the strength of the perturbations is large (C2
n). As the

inertial subrange begins to increase (larger difference between inner and outer scale) en-

ergy begins to dissipate leaving stronger refractive index perturbations, therefore, stronger

phase perturbations creating OAM mode spreading. A ratio of the inner and outer scale

L0/l0 can quantify this dependence of mode spreading on the eddy sizes. As L0/l0 > 1

increases there will be an increase in mode spreading whereas when L0/l0 ∼ 1 there will

not be significant mode spreading.

Depending on the inner scale dependence of the PSD, the results can lead to sig-

nificant changes in the refractive index fluctuations. This can be seen in Fig. 5.6(b) for

turbulence following the MA spectrum in equation 2.20. The OAM power decreases in

the same manner with inner and outer scale as the MVK results, but the rate at which

OAM power decreases is different. As inner scale decreases, the overall gradient of the

surface in Fig. 5.6(b) decreases quicker than Fig. 5.6(a). This is due to the different PSD

shape where the MA spectrum depends on a polynomial as a function of inner scale com-
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pared to the constant coefficient MVK PSD. This result is important to take into account

when dealing with more complicated turbulence statistics because the size of the inertial

subrange can also influence mode spreading besides the turbulence strength.

5.2.2 OAM Beam Size and Divergence Analysis

The next metric of interest can be used to determine the aperture size in an OAM

based sensing system. Due to phase perturbations causing beam wander that moves the

beam centroid, the long-term averaged beam size can increase leading to the beam miss-

ing the detector aperture. This spreading of the beam size also leads to an increased

divergence as power is spread through larger areas in space. Knowing how large an aper-

ture is, is key to quantifying the OAM spectrum as an aperture truncating the beam can

lead to significant mode spreading [178]. The beam must stay smaller than the detector

aperture or the center of the beam must be in sight of the aperture at all times otherwise

the measured OAM spectrum will not be accurate. Figure 5.7(a-b) summarize the ef-

fects of initial OAM mode and beam profile and its effects of beam size and divergence

respectively.

The simulations show that the turbulence induced beam size is not as significant as

first thought for the beam sizes tested over a long propagation distance. The divergence

is more prevalent depending on the initial beam size. The LG beam is seen to retain its

similar divergence that depends on the mode order, whereas BG beams follow a similar

divergence to a Gaussian beam. This divergence is what is attributed to the BG beam

retaining more OAM information in section 5.2.1. This is important for sensing systems
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(a) (b) (c)

Figure 5.7: (a) Spot size at the final propagation distance of 2 km as a function of OAM
mode normalized by the vacuum value of the spot size. (b) Divergence at the final propa-
gation distance as a function of OAM mode. (c) Zoomed in view from plot (b) highlight-
ing the differences in beam divergence.

that may work over a longer distance where divergence will start playing a role even for a

well collimated transmitted beam. Experiments in this work will not have to consider the

effects of significant beam spreading due to turbulent effects.

5.2.3 OAM Beam Intensity and Scintillation Analysis

The last metric is the turbulence induced intensity fluctuations. This is of interest

as a few recent works have quantified OAM beams using on-axis intensity as defined for

a Gaussian beam [191], [192]. Defining "on-axis" for an OAM beam in this work means

measurement along the main annulus of any OAM beam [186]. The turbulence induced

on-axis losses and scintillation are shown in Fig. 5.8.

The scintillation and on-axis intensity losses for the LG beam are consistent across

all OAM modes. This is due to the LG beam symmetry across all OAM modes upon

propagation, which is not shared for the BG beam due to the change in divergence that

follows a Gaussian beam and dependence on the radial wavenumber kr. A similar trend
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(a) (b) (c)

Figure 5.8: (a) On-axis intensity losses as a function of OAM mode at the final propa-
gation distance normalized to the initial on-axis intensity. (b) On-axis intensity losses as
a function of OAM mode normalized to the vacuum intensity loss to remove free-space
diffractive losses. (c) On-axis scintillation as a function of OAM mode at the final propa-
gation step for various beam profiles.

is seen for the on-axis scintillation which is not seen to increase for OAM beams in com-

parison to BG, Bessel, or Gaussian beams. This is due to the symmetry across the annuli

of each OAM beam that maintains the same shape for each OAM mode order. Although

each beam does contain a different divergence, which is known to affect scintillation, the

annulus diverges at a similar rate respective to the original size.

These results show OAM beams do provide scintillation and intensity benefits, but

only when the beam divergence and spot size are matched to the propagation distances in

question. Otherwise the OAM beam will be affected by turbulence in a similar manner to

a Gaussian beam. It is also shown that higher order OAM modes do not necessarily have

outstanding benefits to lower order OAM modes in terms of intensity or scintillation ef-

fects within weak Kolmogorov power-law turbulence. Our results for strong scintillation

show higher order modes, with an initial spot size of 2 cm, had a 25% less on-axis scin-

tillation index for a Kolmogorov power-law spectrum [193]. When the initial beam size

was changed to 12 cm, the scintillation appeared to be similar across each OAM mode.
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It is important to note that the beams here are fairly compared by being normalized

with respect to their own vacuum propagation which brings divergence and spot size

symmetry into question when comparing OAM beams to Gaussian beams. If the sensing

modality or communication application in question takes into account shaping the beam

size and divergence according to their distances benefits of LG beams may be seen over

a Gaussian beam due to the symmetrical divergence.

5.2.4 Impact of a Partially Coherent Laser Source

In relation to intensity and scintillation, it is known that partially coherent beams

can minimize the amount of scintillation that can induce errors within optical measure-

ments [194]–[196]. A specific case of a partially coherent beam with OAM is the Im

Bessel beam that has been experimentally seen to reduce scintillation [140]. Using the

coherent mode representation of the MCF (CSD in coherence theory), the Im Bessel beam

can be simulated using a modified split-step method to include temporally correlated tur-

bulence discussed in Appendix B and Ferlic et al. [183]. This simulation method can

vary the transmitter cycling rate fT and detector exposure time fD to see the effects of

partial coherence ξ on the OAM spectrum as well as intensity and scintillation. Simu-

lation parameters are described in Table 5.3 for each of the simulations in this section.
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Parameter Notation Value
Temporal Duration Nt 250, 500 [ms]
Detector Cycling Rate fD 50 - 3500 [Hz]
Transmitter Cycling Rate fT 50 - 3500 [Hz]
Time Step dt 1/ fD [s]
Grid Size 1 x 1 [m2]
Grid Sample Ng 512 x 512
Grid Spacing δ 2 [mm]
Propagation Distance L 2 [km]
Number of Propagation Steps Nz 9
Propagation Spacing ∆z 222 [m]
Wavelength λ 632.8 [nm]
OAM Orders l 0-20
Initial Spot Size w0 5 [cm]
Coherence Parameter ξ 0.01, 0.5, 0.9
Number of Eigenmodes Np 16
Structure Parameter C2

n 4.2×10−16 [m−2/3]
Rytov Number σ2

R 0−0.1
Fried Parameter r0 ∞−1 [cm]
Memory Parameter α 0.99
Wind Vector (vx,vy) (

√
3,0) [m/s]

Table 5.3: Simulation parameters used for all partially coherent OAM beam simulations
presented in this paper containing time-correlated turbulence.

5.2.4.1 OAM Spectrum Spreading

The main results of the simulation is understanding how the added temporal sam-

pling rates play a part in perturbing the OAM spectrum. It is known for Gaussian-Schell

sources the OAM spectrum coherence is reduced leading to little or no OAM information

[137], [197]. The results here are quite in contrast as the Im Bessel beam’s well defined

OAM state effectively decouples the OAM information from the source coherence. The

propagation of an Im Bessel beam, detailed in Appendix D, relies on a DMD to rotate

through the series of basis modes to arrive at the correct MCF. The detector exposure

time changes the amount of temporal averaging that can change the measured MCF and
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thus the detector OAM mode power. Figure 5.9(a-f) summarizes the effects of transmitter

and detector cycling rates on the detected OAM spectra for various coherence parameters.

(a) (b) (c)

(d) (e) (f)

Figure 5.9: OAM mode spreading as a function of propagation distance for (a) matched
transmitter and receiver, (b) faster detector speed, (c) faster transmitter speed, (d) matched
transmitter and receiver, (e) fixed transmitter speed, (f) fixed detector speed and varying
transmitter speed.

Figure 5.9(a-c) show the OAM mode spreading as a function of propagation dis-

tance z for different OAM modes (l = 1 and l = 20) for fixed cases of transmitter and

receiver rate. In each case, the larger OAM mode loses more OAM power compared to

the smaller OAM mode. The results in Fig, 5.9(b) show that a faster detector rate in-

creases the amount of OAM mode power due to more temporal averaging compared to

the cases with a shorter detector exposure time. With a short exposure time, a lucky image

of the OAM spectrum could be obtained with higher mode power, albeit not consistently.
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In Fig. 5.9(d-f) the transmitter and detector rates are varied along with the coherence

parameter with a fixed OAM mode of l = 5. For the cases in Fig.5.9(d) and 5.9(f) show

no significant difference in retained OAM information. However, the case of a faster de-

tector rate in Fig. 5.9(e) shows that more OAM power can be retained as a function of

propagation distance.

For beams with less coherence, the OAM information is seen to decrease mainly

due to higher order LGp
l modes being introduced, which leads to a larger beam size and

thus more OAM spreading as the area of interaction with the turbulence increases. The

general trend is that the transmitter cycling speed does not strongly affect the detector

OAM spectrum compared to the detector exposure time. Effects of OAM mode play a

similar role as discussed in Section 5.2.1 due to the increase in beam size.

Using a transmitter with a faster sampling rate will drastically improve the long-

term averaging affects to measure higher transmitted OAM mode power. This was ex-

perimentally seen in an experiment by Funes et al. [198] where a significant long-term

average ( > 30 minutes) produced a clearer OAM spectrum, although not for the Im Bessel

beam explicitly. For an OAM based sensing modality the detector sampling rate will have

to be taken into account in a practical setup depending on if short-term of long-term

statistics are of interest.

5.2.4.2 Intensity and Scintillation

As expected the source coherence strongly affects the intensity and scintillation.

As the beam’s coherence decreases the intensity losses increase and the scintillation also
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increases. The scintillation increases because the reduced spatial coherence also increases

the baseline scintillation created from simply switching between beam shapes quickly

[183]. This means for a practical implementation the scintillation that is to be reduced by

turbulence must be compared to the scintillation by switching beams. Depending on the

application this may be a beneficial effect, but for OAM sensing the added scintillation

and intensity losses do not add any significant benefits for a sensing modality.

5.2.5 Summary: Simulations of a Turbulent Medium

The simulation foundation developed in this section provides key information on

understanding which propagation degrees of freedom are most important being turbulence

strength, beam profile, source coherence, beam size, and OAM mode. The two most

influential degrees of freedom are turbulence strength and beam profile which generalizes

the effects on beam size and OAM mode. Developing and verifying these simulations also

provide a basis for the rest of the experimental and simulation work in Section 5.3 and

Chapter 7. By understanding which variables affect OAM mode spreading a few practical

lessons are learned when OAM is used in a practical setup:

• OAM beam divergence reliant on the initial wavefront shape plays a key role in

OAM spectrum degradation.

• OAM spreading is dependent on the beam size not the initial OAM mode order.

Motivates the use 2w0/r0.

• A partially coherent source is not significantly beneficial for an active OAM remote

sensing modality due to its minimal benefits and added experimental complexity.

102



• Turbulence induced beam spreading is not a significant issue for the turbulence

strengths and distances simulated in this work.

• Detector sampling frequency will play a role in gathering short or long term statis-

tics depending on the OAM information of interest.

• Difference between the inner and outer scale (using the ratio L0/l0), changing the

size of the inertial subrange, plays a role in creating mode spreading. A ratio of

L0/l0 > 1 indicates when this impacts OAM mode spreading.

5.3 OAM Propagation through a Turbid Medium

The second medium of concern is a turbid medium that can also perturb a beam’s

coherence significantly in specific circumstances. A difficulty with modeling a turbid

medium is developing a similar method of beam propagation that focuses on coherent

effects like turbulence, but also can deal with higher angle scattered light. The benefits

of the WOS over other simulation routines is that it provides the inherent ability to model

coherent effects of laser beam propagation, which are typically limited to smaller scales

using finite-element methods [199]–[201] or not inherently taken into account using tra-

ditional Monte Carlo ray tracing routines [202], [203], but trials at including coherence to

Monte Carlo techniques have been made [204]–[207]. There has also been discrete par-

ticle models used to simulate the effects of a turbid medium [115], [185], [208]. Models

have also been developed to simulate the far-field diffraction pattern from a volume con-

taining particulate matter with an OAM beam incident on it, but loss of coherence upon

propagation was not the focus of this method [209], [210].
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The turbid medium simulations are done using the same split-step method with the

main difference being the phase power spectrum derived in chapter 3. Using WOS in a

turbid medium inherently limits the validity of the results to the small-angle approxima-

tion of the RTE. The light scattered in a WOS falls within the simulations predefined field

of view (FOV) and light scattered at high angles, such as backscatter, is not modeled.

Depending on the particle sizes, large FOVs cannot be modeled due to grid size limita-

tions that lead to discretization errors. It is also noted that turbid medium simulations

contain an additive intensity factor that represents the incoherent scattered radiation when

in the multiple scattering regime from various places within the medium, which is not

accounted for in a WOS [210], [211]. This additive factor is allowed as incoherent light

has lost its ability to spatially interfere with the forward scattered and ballistic light [117],

[118], [212].

5.3.1 OAM Spectrum Spreading through a Turbid Medium

Within a turbid medium, OAM mode spreading is dictated again by the refractive

index inhomogeneities that are dependent on the optical depth and particle sizes present.

The main difference is that the scattering strength breaks the RGD approximation where

the phase function takes on the role of the refractive index power spectrum. The phase

function calculations from Mie theory can be used (Appendix B.2) for prediction of the

phase correlations to construct random turbid phase screens. These phase screens can

then be used to study beam propagation in large scale environments. An important factor

is understanding when the phase function can change shape due to the structure of the
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incident field. The phase function is seen to change in a few particle environment when

the full electromagnetic field of the beam profile must be simulated [28], [209]. For

an environment containing many particles, the phase function of an OAM beam is seen

to be similar to that predicted of Mie Theory [210], [213]. This finding parallels the

RGD approximation for a continuous medium that requires a large enough volume to

statistically represent the particle scattering [59]. The simulations in this section briefly

explore the effects of a turbid medium on the following variables that are known to affect

OAM beam propagation: particle size, optical depth, OAM order, and beam size. The

grid and beam parameters used for all turbid medium simulations are provided in Table

5.4.

Parameter Notation Value
Number of realizations Nr 100
Grid Size 5 [mm] x 5 [mm]
Grid Samples Ng 512 x 512
Grid Spacing δ 9.8 [µm]
Propagation Distance L 5 [cm]
Number of Propagation Steps Nz 30
Propagation Spacing ∆z 0.1 [cm]
Wavelength λ 532 [nm]
Optical Depth σextL 0 - 20
Particle Size 2a 0.01 [µm] - 800 [µm]
Initial Spot Size w0 98 [µm] - 1.22 [mm]
OAM Mode l 0 - 15

Table 5.4: Simulation parameters used for all turbid medium simulations.

The first form of verification of WOS through turbid media is of the single scattering

regime. Figure 5.10(a) shows the 2D far-field intensity distribution over 100 realizations

for a simulation of an LG beam with l = 2 (w0 = 0.3 mm) after propagating over 5 cm

containing 50 µm particles of refractive index np = 1.59 and nwater = 1.33. The far-field

intensity is calculated using the Fraunhofer approximation (|F2{U(r,φ ,z)}|2) [91].
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In Fig. 5.10(b), at an optical depth of 0.5, the minimums of the far-field pattern

correspond to scattering angles of 0.7◦ and 1.3◦. These points agree with the Mie theory

phase function shown as the red plot in Fig. 5.10. The simulated data within the single

scattering regime does not reach the minimums exactly due to significant randomization

of the scattered light that blurs the data. With this verification that the phase screens

contain the correct correlation properties OAM beam propagation can be done.

(a) (b)

Figure 5.10: (a) Log scale of the 2D far-field intensity distribution of an incident Gaussian
beam. (b) 1D cross section of the 2D far-field intensity distribution normalized to the
maximum point.

The first simulation to determine how a turbid medium affects OAM beam propaga-

tion varies the particle size. The MCF and OAM spectrum are calculated to quantify how

scattering affcets an OAM beam. The MCF is the second quantity used to determine the

validity of the turbid medium model described in Section 4.3. The simulated MCF can

be compared to the functions from Section 3.6. This comparison is done as a function of

particle size in Fig. 5.11(a). The green curve represents the vacuum MCF in the presence

of no perturbations, the open circles are simulated values, and closed crosses, asterisks,
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and stars are theoretical MCF using equations 3.9 and 3.24. For various particle sizes at

a fixed optical depth, the theoretical and simulated values of the MCF for an LG beam

with l = 2 are in good agreement. The values around the axis are seen to lose correlation,

but maintain their spatial structure especially in the case of the 600 µm particles. This

is unlike a turbulent MCF where the MCF shape is quickly lost. The MCF of a turbid

medium is similar in nature to Gaussian phase fluctuations as they both contain a diffuse

halo around the origin [91]. Using a logarithmic x-axis the largest change are the values

close to the axis, which become more decorrelated as particle size increases.

Figure 5.11(b) shows the OAM spectrum spreading for an LG beam with l = 2 as

a function of particle size at a fixed optical depth over 100 random realizations of phase

screens. The x-axis of the bar chart is the detected OAM mode, the y-axis is the particle

size in microns, and the z-axis is the amount of power retained (αl(L)) in each OAM at

the final propagation distance L with an optical depth of 4. Results show that as particle

size increases the OAM spectrum becomes more perturbed as expected for larger particles

from other models [185]. This loss of coherence is due to larger particles containing more

forward scattered light that interferes with the ballistic light leading to loss of coherence

therefore creating OAM spreading. This is also explained by the particle size limiting the

sizes of phase perturbations present similar to the inner and outer scale of turbulent phase

perturbations. The WSF of a turbid medium can be considered similar to a low-pass filter

that begins to introduce higher frequency phase distortions as the particle size begins to

increase. Another effect of particle size is the particle size distribution of the medium that

can dictate changes within the medium’s MTF such as a larger forward scatter component

due to the presence of larger particles.
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(a) (b)

(c) (d)

Figure 5.11: (a) MCF of an LG beam with l = 2 for various particle sizes at a fixed
optical depth of 4. (b) Mode spreading of an LG beam with l = 2 for varying particle
sizes at a fixed optical depth of 4. (c) MCF of an LG beam with l = 2 for varying optical
depth for a single particle diameter of 200 µm. (d) Mode spreading of an LG beam with
l = 2 for varying optical depth at a fixed particle diameter of 200 µm.

The next variable that is varied is the optical depth while beam size, OAM mode,

and particle size (set to 200 µm) are fixed. Figure 5.11(c) contains three MCFs of an LG

beam with l = 2 through three optical depths. As the optical depth increases, the corre-

lation around the axis decreases. The shape of the MCF also starts to blur due to strong

scattering effects leaving a speckle field. As the MCF shape changes, the OAM spectrum

is also expected to change. When the optical depth reaches the multiple scattering regime

(σscaz > 12), noticeable mode spreading begins to occur. In these WOSs, the ballistic
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field is easily decoupled from incoherent higher angle scattering. Figure 5.11(d) accounts

for these intensity losses by normalizing the OAM spectrum using equation 4.3. If the op-

tical receiver, in a practical experiment, does not contain enough sensitivity these effects

will not be measurable and scattering will be seen to induce little mode spreading effects.

The particle size also dictates the amount of mode spreading even when fixed, this is

due to the optical depth and phase function amplitude dictating the turbid medium phase

correlation function. The phase correlation is scaled linearly with optical depth whereas

the phase function amplitude varies in a more complicated manner. For large particles,

the phase function can be approximated as an Airy disk scaled as 1/(ka)2 that is similar

to the Mie theory phase function scaled by 1/(k2Csca) [96].

For the study of turbulence it was seen that the beam size compared to the atmo-

spheric coherence length 2w0/r0 strongly dictates mode spreading. A turbid medium also

contains a coherence length on the order of the particle diameter. Since the beam size

affects the MCF shape and how much of the beam interacts with the medium, the OAM

spectrum is expected to change depending on the scattering strength. In the following

plots an LG beam with l = 2 is transmitted through a path length of L = 5 cm containing

a turbid medium. Figure 5.12(a) is a surface plot where the colorbar represents the power

within the central OAM mode α2(L) at the final propagation step, the x-axis is the beam

size, and the y-axis is the particle diameter. A clear trend is seen where as the particle

size increases the amount of OAM power reduces across all beam sizes. As particle size

reaches the beam size OAM mode spreading becomes more severe. A larger beam, in this

case of random medium, seems to maintain more OAM power in the transmitted mode

than a smaller beam.
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(a) (b)

(c)

Figure 5.12: (a) MCF for an LG beam with l = 2 for a fixed particle size, optical depth of
4, and varying initial beam size. (b) Mode spreading as a function of initial beam size and
particle diameter for a fixed optical depth and OAM mode l = 2. (c) Mode spreading as
a function of initial beam size and optical depth with a fixed OAM mode l = 2. (d) Mode
spreading with varying optical depth and OAM mode for a fixed beam size.

In the case of a fixed particle diameter of 200 µm and fixed beam size effects of a

varying OAM mode can be studied. As determined for a turbulent medium, varying the

OAM mode without normalization of
√

(|l|+1) will result in the same effects as if the

beam size were increased. Figure 5.12(b) plots the OAM spectrum power α2(L) (color-

bar) as a function of particle size (y-axis) and incident OAM mode (x-axis). The results

show that a higher order OAM beam retains a bit more OAM power in the transmitted

mode similar to the previous results in Fig. 5.12(a). This is thought to be due to the
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phase perturbations length scales and MTF shape which contains a cutoff frequency of

a/λ [101]. This cut off frequency limits the high frequency phase perturbations that typ-

ically perturb larger beams more than low frequency components. A smaller beam is

more susceptible to beam wander as the beam of interest becomes misaligned with the

basis function origin leading to mode spreading. This is also compared to focusing a laser

through a volume of scattering particles where the light afterwards is strongly perturbed

due to the interaction with a few particles compared to an unfocused beam interacting

with many particles which averages out single scattering effects [210], [213].

The last variable studied is the optical depth as a function of beam size for a fixed

LG beam with l = 2 and a particle size of 200 µm. Figure 5.12(c) shows this case where

the x-axis is the beam size in millimeters and the y-axis is the optical depth. The heatmap

color represents the OAM spectrum power αl(L) with l = 2. The trend shows that smaller

beams are more susceptible to mode spreading as a function of optical depth compared

to larger beams. The ratio w0/a can be used to describe when the effects of particle size

will play the greatest role. This is due to the same reason as in Fig. 5.12(b) where a

smaller beam is more affected by an individual phase perturbation unlike a larger beam

that averages over many perturbations. The most mode spreading is seen for optical

depths greater than 12, which in practice are not necessarily going to be reached due to

power losses if not enough optical power is used with a small FOV system and finite

noise floor detectors. Therefore, if a low sensitivity detector or not enough optical power

is used OAM mode spreading may not be seen experimentally. OAM mode spreading

may also not been seen if the particle size is too small. In the cases of experimentation in

this work, this is believed to be why the effects of mode spreading in a turbid medium are
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not measured. Other studies have seen particle scattering to affect the mode spectrum but

direct comparison to these results is difficult due to each measurement using a different

experimental apparatus.

5.3.2 Summary: OAM Beam Propagation through a Turbid Medium

Modeling a turbid medium using WOS’s provided great insight to how particulate

matter perturbs the OAM spectrum while maintaining numerical efficiency. Results of

this work say similar results to work by Viola et al. [185] which are that larger particles

created more OAM mode spreading than smaller particles at a fixed optical depth. It is

not clear how much their beam size affected results as simulation results were over long

distances using an initial sub-micron beam which would be most likely highly divergent

over meter propagation lengths even when well collimated. Important information to

draw upon from this section is as follows for later experiments:

• Larger particles are seen to create forms of OAM spreading compared to smaller

particles for a fixed OD.

• Beam size plays a similar role to turbulence, but smaller beams are perturbed more

than larger beams in a turbid medium. When w0/a > 1 the phase perturbations

due to particles will create mode spreading, when w0/a < 1 the effects on mode

spreading will be less.

• If a particle distribution contains mostly small particles a laser wavefront will not

be as greatly perturb except for slight blurring effects as with larger particles. a/λ

plays a role in determining the spacial cutoff frequencies to create blurring effects.
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• An increasing OAM mode order affects the amount mode spreading due to an in-

crease in beam size changing the ratio w0/a.

• Optical depths of 0 - 20 (transition between single scattering and multiple scatter-

ing) do not produce significant mode spreading even for a large particle of 200 µm

for various beam sizes leading to the result that mode spreading will be difficult to

measure.
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Chapter 6: Initial Active OAM Sensing Experiments

As a first trial to understand the fundamentals of experimental OAM spectrum mea-

surements, two experiments using different OAM spectrum measurement techniques are

implemented. The first method, using a wavefront folding interferometer [214], was

deemed appealing due to its simple experimental setup by placing the OAM measure-

ment complexity into a single image without needing custom optics like a mode sorter.

The second experiment is a standard mode projection experiment through turbid water.

Mode projection contains a more involved transmitter and receiver as compared to the

interferometer, but no interference is needed leading to less stringent optical stability

conditions. The results, lessons learned, and comparison to the literature are provided for

each experiment.

6.1 Experiment #1: Wavefront Folding Interferometer

The first method uses a wavefront folding interferometer (WFI) [214], Fig. 6.1, to

measure the effects of lab generated turbulence. The goal is to determine the sensitivity

to turbulence and if a WFI would be an effective way to measure the OAM spectrum due

to its minimal optical components and ability to measure the OAM spectrum in a single

image. It is known that turbulence can wash out the interference pattern if averaged over a
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long period, if data is acquired using short exposure time an average OAM spectrum can

be obtained. It is expected that more mode spreading will occur for a stronger turbulence

strength.

Figure 6.1: Experimental setup using a WFI to measure the turbulent distortions as the
beam propagates over the hotplate. M: mirror, DMD: deformable micromirror device,
50:50: beamsplitter, ND: neutral density filters, CCD: charged coupled device.

At first glance this is the same way OAM superpositions are created that result

in petal shaped beams using a modified Mach-Zehnder interferometer. But the petals

are also related to a quantity called the angular coherence function (ACF). The ACF is

derived from the coherent mode representation of the beam’s MCF using OAM modes

[155], [163]

Γ2(r1,φ1,r2,φ2) =⟨U∗(r1,φ1)U(r2,φ2)⟩=
∞

∑
l=−∞

∞

∑
p=0

∞

∑
p′=0

λl pp′Ψ
∗p
l (r1,φ1,z)Ψ

p′
l (r2,φ2,z),

(6.1)

where λl pp′ are the eigenvalues following from ⟨c∗l pcl′p′⟩ = λl pp′δll′ assuming that l = l′

and δll′ is the Kronecker-delta function. Upon integration over the radial coordinates of
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equation 6.1 the ACF is defined as

ΓACF(∆φ) =
1

2π

∞

∑
l=−∞

Sle−il∆φ . (6.2)

and the angular Wiener-Khinchin theorem can be applied to obtain the OAM spectrum

Sl =
∫

π

−π

ΓACF(∆φ)eil∆φ d(∆φ). (6.3)

A more physical interpretation of the above equations can be thought of as an an-

gular equivalent to spatial coherence. Typically a beam’s spatial coherence can be mea-

sured using two slits and quantifying the contrast between the peaks and valleys within

the interference pattern, but here the angular information is being quantified instead. If

two angular splits were placed in the beam path, the resulting interference pattern would

depend on the angular coherence between the two beams which depends on the OAM

spectrum. As the spatial coherence, or angular coherence, of the beam decreases, the

OAM spectrum begins to spread into higher order modes. This is one reason why a well

defined OAM state is typically recreated using a fully coherent laser.

The measurement procedure in Fig. 6.1 starts with a He-Ne laser with a wavelength

of 632.8 nm that is directed towards a DMD displaying a type 2 forked grating [135],

[136] to generate an LG beam. The DMD generates 2 orders of diffraction patterns where

a spatial filter is needed to pick one of the four main lobes. The filtered beam is then

passed over a hot plate that generates convective turbulence. The WFI sits across the

optical bench to receive the beam. The output of the WFI can be used to measure the
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(a) (b) (c)

(d) (e) (f)

Figure 6.2: Image of the interference pattern using an LG beam with l = 1 (a), azimuth
intensity Iout(φ) (b), and OAM spectrum (c). Image of the interference pattern using an
LG beam with l = 3 (d), azimuth intensity Iout(φ) (e), and OAM spectrum (f).

OAM spectrum as the intensity distribution of the WFI is directly proportional to the ACF

upon integration over the radial coordinate (Iout(φ)). Upon recording an intensity pattern

using the CCD camera in Fig. 6.1, the OAM spectrum can be recovered using [155]

Sl =
∫

π

−π

W (2φ)eil2φ d(2φ) =
1

τ cos(δ )

∫
π

−π

(
Iout(φ)−

1
2π

)
cos(l2φ)dφ , (6.4)

where τ is related to temporal coherence and cos(δ ) is related to the path length differ-

ence. The azimuth intensity is then Fourier transformed and the OAM spectrum is found.

Note that the OAM spectrum in this case is two sided compared to previous definitions

in chapter 4. This does not change the results as now modal power is split between the

incident mode and its conjugate instead, but the same information is retained. Figure 6.2
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shows the resultant interferogram, azimuth intensity Iout(φ), and measured OAM spec-

trum for OAM modes l = 1 (Figs. 6.2(a-c)) and l = 3 (Figs. 6.2(d-f)). Even within the

presence of no turbulence the OAM spectrum is rather noisy. This is due to imperfections

across the intensity image, although it looks decent the small asymmetries translate to

severe perturbations of Iout(φ) and thus to OAM spectrum.

6.1.1 Impact of Turbulence Strength

By changing the heat setting of the hot plate two different values of the refractive

index structure parameter (C2
n) can be reached. These values were measured as 93◦ C

and 220◦ C using resistive temperature detectors [215]. At two temperature settings of

93◦C and 220◦C the C2
n was measured to be 7.4× 10−13m−2/3 and 2.2× 10−11m−2/3

respectively. The corresponding Rytov numbers for each value of C2
n are 1.4×10−3 and

4.6×10−5. The Fried parameters of each turbulence strength are then 2.36 cm and 18.05

cm. The inner scale was estimated to be 4− 8 cm [216]. Results of the average OAM

spectra for an LG beam with l = 3 are shown in Figs. 6.3(a-f). The top row (Figs. 6.3(a-

c)) are for the weaker value C2
n and the bottom row (Figs. 6.3(d-f )) are for the stronger

value of C2
n . Each image of the interference pattern and azimuth intensity are a single

picture whereas the OAM spectra are averaged over 500 image acquisitions.

The resulting OAM spectra followed the trend as expected that the OAM spectrum

spreads further for higher values of C2
n at a fixed propagation distance. More measure-

ments are made for l = 1,2,4,5 and the same results are achieved and show that higher

order beams are more perturbed by the turbulence, but it is not clear due to the noisy
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(a) (b) (c)

(d) (e) (f)

Figure 6.3: Single realization of the interference pattern for an LG beam with l = 3
at the first C2

n value of 7.4× 10−13m−2/3 (a), azimuth intensity of the same realization
(b), and averaged OAM spectrum for 500 image realizations (c). Single realization of the
interference pattern for an LG beam with l = 3 at the second C2

n value of 2.2×10−11m−2/3

(a), azimuth intensity of the same realization (b), and averaged OAM spectrum for 500
image realizations (c).

images. The resultant OAM spectra measurements did result from a simplified data pro-

cessing technique, but this does not makeup for difficult alignment and stability of the

interferometer. The next experiment is using a traditional Mach-Zehnder interferometer

using a reference beam to measure the phase to study more about how the OAM spectrum

is affected by turbulence.

In comparison to other measurement techniques the WFI would be ideal for lab

measurements, but not a technique for practical measurements. To measure OAM spread-

ing wavefront sensing devices, such as Shack-Hartmann sensors, that do not rely on inter-

ferometry would be more beneficial. Within this experiment it can be deemed that a more
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ingenious image acquisition technique would be better than trying to simplify it with the

optical setup.

6.1.2 WFI Compared to a Traditional Interferometer

Alongside the modified Mach-Zehnder interferometer, a traditional Mach-Zehnder

interferometer is setup. This uses a reference laser that directly measures the optical phase

rather than using the ACF. Upon imaging the interferogram, the optical phase can be

measured and decomposed into a series of OAM modes [217]. The OAM decomposition

provides a much better view of the OAM spectrum compared to the WFI due to the

inconsistencies within the WFI intensity images that accumulate upon integration over

the radial coordinate leading to OAM spectrum noise. A resultant intensity image and

phase profile using the Mach-Zehnder interferometer are shown in Fig. 6.4 for an LG

beam with l = 1 along with detection of the singularity points.

(a) (b)

Figure 6.4: (a) Interferogram of a LG beam with l = 1 and the Gaussian reference beam
with the phase singularity location marked. (b) Measured optical phase of the LG beam
with the location of the single phase singularity marked.

For each turbulence strength the optical phase is measured and then decomposed
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(a) (b) (c)

(d) (e) (f)

Figure 6.5: OAM spectra for clear air (a), C2
n = 7.4× 10−13m−2/3 (b), and C2

n = 2.2×
10−11m−2/3 (c) without singularity tracking. OAM spectra for clear air (a), C2

n = 7.4×
10−13m−2/3 (b), and C2

n = 2.2× 10−11m−2/3 (c) with singularity tracking. Each OAM
spectrum is for an incident LG with l = 1.

into OAM modes to find the OAM spectrum. A set of 500 images are taken at each tur-

bulence strength whose respective OAM spectra are then averaged to obtain the results

in Fig. 6.5(a-f). The first row of results in Fig. 6.5(a-c) show the optical phase being

decomposed when the singularity points are misaligned leading to the effect of a tilt aber-

ration. Upon correction of this tilt using singularity tracking the resultant OAM spectrum

appears more intact and mode spreading is clearly seen as turbulence strength increases

(Fig. 6.5(d-f)). The singularity tracking performed best for l = 1 as there is only one sin-

gle singularity present at almost all times since the turbulence is weak. For higher order

modes the singularities begin to split from one singularity into multiple. This leads to the

creation of negative and positive charged singularities that are exhibited from the effects

of stronger phase perturbations.

In comparison to the WFI, the OAM spectra results contain less noise due to the
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use of singularity tracking that effectively removes first-order tilt which cannot be per-

formed in the WFI data. Besides comparison to the WFI, the traditional interferometer

data shows, that even with rather weak turbulence, experimentally measuring the OAM

spectrum is challenging. This leads to the motivation of a method that can contain a

measurement metric proportional to the OAM mode spreading that requires less effort to

process as compared to images.

6.1.3 Summary of Mach-Zehnder Interferometer

Both of these interferometers provided valuable insight that interferometry is not

an effective way to develop an active OAM sensing modality. This is due to difficult

alignment procedures, being extremely sensitive during post-processing which led to sig-

nificant noise in the final images, and the requirement of image processing. Three obser-

vations made are:

• Less optical stability conditions are deemed more important than simplified data

processing.

• The modified interferometer is only applicable for experimental setups that can be

significantly isolated from the outside environment.

• Drawback of needing a camera to capture a picture of the beam for post-processing.

Along with goals of this work to simplify the optical receiver, the removal of image

processing is a key component of simplifying the OAM detection method. This leads us

to look at other techniques to see what may be more effective at developing an active

OAM sensing modality.
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6.2 Experiment #2: Mode Projection

The second OAM method that is tested is mode projection [218]. In contrast to the

previous method, modal projection is a more robust measurement scheme as it does not

require interference. In contrast to section 6.1, this experiment was performed to measure

the OAM spectrum spreading by a turbid medium instead of a turbulent one. Initially it

is thought that a turbid medium will lead to mode spreading as shown in previous results

in the literature [11]. The goal is to determine if mode spreading occurs as a function of

optical depth by increasing the amount of scattering agent. If mode spreading does have a

dependence on OD, mode spreading could be used as an active sensing modality through

turbid mediums. The turbid medium is created by using Equate® antacid that consists of

a mixture of roughly 50 % Magnesium Hydroxide (Mg(OH)2) and Aluminium Hydroxide

(Al(OH)3) [219]. Equate® is used as it approximately simulates the VSF effects of a true

oceanic/water environment as measured by Petzold [63].

Figure 6.6: Mode projection experimental setup through turbid water. GP: Glan po-
larizer, WP: waveplate, LCSLM: liquid crystal spatial light modulator, SF: spatial filter,
CCD: Charged coupled device
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Experimentally the setup is quite different as the setup is separated into a transmit-

ter, that creates the OAM beam, and a receiver that performs the mode projection illus-

trated in Fig. 6.6. The transmitted laser wavelength is changed to 532 nm to minimize the

absorptive effects upon propagation through water. The laser is expanded and illuminates

an LCSLM that displays a spiral phase hologram that creates a beam with a HyGG form.

The beam is spatially filtered and then transmitted into the turbid environment, which is

a 3.56 m propagation path that is then filled with water containing different amounts of

Equate®. The particle sizes present range from a couple of nanometers to a few microns

[220]–[222]. Although the particles are immersed in water, the effects of scattering are

no different than atmospheric aerosols. The main differences are the shape of the particle

distribution and the relative ODs. The receiver, in Fig. 6.6, consists of a second LCSLM

that can cycle through various conjugate spiral phase holograms to measure the OAM

spectrum. After reflecting off the second LCSLM, the beam passes through a 200 mm

focal length lens that performs the phase cancellation. At the lens focus the inner product

in equation 4.2 is implemented. Since the spot size at the focus of this lens is small a sec-

ond 50 mm focal length lens is used to magnify the focus of the first lens. The magnified

focus is then detected using a CCD camera. The on-axis light of the magnified focus is

then selected in post-processing to obtain the OAM spectrum of the measured beam.

Figure 6.7 shows the various mode projection images and the respective measured

OAM spectrum in water and water with a nonzero OD for an HyGG beam with l = 8.

The first row in Fig. 6.7(a-c) are in air when the receiver is set to a phase hologram with

the case {8,−7}, {8,−8}, and {8,−9}. When the transmitter and receiver OAM modes

are matched ({8,−8}) the vortex shape becomes a point. A virtual pinhole mask is then
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(a) (b) (c) (d)

(e) (f) (g) (h)

(i) (j) (k) (l)

Figure 6.7: Cancellation images for {8,−7}, {8,−8}, and {8,−9}(a-c) and the OAM
spectrum (d) through air. Cancellation images for {8,−7}, {8,−8}, and {8,−9}(e-g) and
the OAM spectrum (h) through clear water. Cancellation images for {8,−7}, {8,−8},
and {8,−9}(i-k) and the OAM spectrum (l) through water with an OD of 9.8.

placed on the intensity image to select the power within this point. The respective air

OAM spectrum in Fig.6.7(d), normalized as equation 4.3, shows that the OAM mode is

in a pure state. When the setup is placed through water and realigned, the phase cancelled

images contain a small astigmatism as shown in Figs. 6.7(e-g) and leads to a bit of mode

spreading in Fig.6.7(h). The astigmatism becomes the baseline OAM spectrum for the

rest of the measurement as OD is varied. At an OD of 9.8 the phase cancellation images

and OAM spectrum in Figs.6.7(i-l) are seen to be the same as the baseline water case.

The images are slightly moved as the beam centroid does move around slightly due to the
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presence of the particulate matter. The next part of the experiment is to vary the OD and

measure if the OAM spectrum changes for various incident OAM modes l = 0,1,2,3,4,8.

6.2.1 Impact of Turbidity

Figure 6.8(a-d) summarizes the results for an incident beam l = 8. The heat map

in Fig.6.8(a) shows the OAM spectrum as a function of OD and received mode. The

OD is along the y-axis, the received OAM mode is along the x-axis, and the heat map

shows the received OAM power αl . As the OD increases the OAM spectrum is seen to

retain its shape even into the multiple scattering regime. The OAM spectrum is seen to

slightly decrease at an OD of 14.2 due to the background signal increasing as the detector

dynamic range reaches the noise floor. Figures 6.8(b-d) show selected slices of Fig. 6.8(a)

to emphasize a slight change in shape. As compared to similar results through turbulence

[198], the OAM spectrum in these results does not vary significantly. For other modes

transmitted through the medium, l = 1,2,3,4,8, similar results of their OAM spectra

were obtained. This shows that there is not a strong influence of incident OAM mode and

thus beam size as increasing OAM mode increases the beam size. These results at the

(a) (b) (c) (d)

Figure 6.8: (a) Heat map of the OAM mode spectrum as a function of OD for l = 8. (b)
OAM spectrum at an OD of 0.7 for l = 8. (c) OAM spectrum at an OD of 6.8 for l = 8.
(d) OAM spectrum at an OD of 6.8 for l = 11.7.
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time were unexpected as a turbid medium was considered a random medium where the

refractive index inhomogeneities would cause significant enough phase perturbations to

induce mode spreading. This is possibly due to not a significantly large forward scattering

component collected by the detector. This is either due to the small field of view or

a relatively weak forward scatter component of the Equate® (Maalox) phase function

compared (see Fig. 2.2) to a medium containing large particles. As no mode spreading

is measured it can be inferred that the phase variance may not be large enough to induce

significant phase perturbations on the non-scattered light. The phase variance in a turbid

medium is affected by both the OD and particle size that determine the medium’s MTF.

Another reason no mode spreading is seen is because the setup contains a small

FOV that is on the order of 0.01◦. This small FOV should not play a large role in af-

fecting the OAM spectrum as the main beam is not apertured. The reason why the FOV

may cause an issue is that the phase perturbations are due to the interference of near-

forward scattered light and the ballistic light, which may be limited if too much forward

scattered light is blocked from the optical system. A counter argument to this point is

forward scattered light will fall into the SAA leading to the light that contributes to the

phase distortion as always present in the main beam. Thus this leaves the reason for no

perturbations being seen due to the strength of the phase variance and size of the WSF

being limited by the particle sizes present in the medium.

The second verification of the experiment is by comparing the attenuated OAM

mode power to Beer’s law that predicts the power attenuation of ballistic light. Figure

6.9(a) shows the power within the matched case {l,−l} across all OAM modes trans-

mitted. "Matched case" refers to the transmitted OAM mode being equal to the mode
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that the detector is tuned to measure, the notation {l1, l2} is used to denote these cases

where l1 is the transmitted OAM mode and l2 is the received OAM mode. Each matched

case follows Beer’s law well up to the final OD where the detector noise floor is reached.

Next, all modes except the transmitted mode power is summed together and compared

to Beer’s law in Fig. 6.9(b). As multiple scattering occurs, the power starts to increase

in other modes due to the sensing of background light. Figure 6.9(b) begins to deviate

slightly upon the onset of multiple scattering as background light is detected in modes

other than the transmitted mode. Figure 6.9(c) shows that around an OD of 12 multiple

scattering begins as the total beam power deviates from Beer’s law. This is as expected

for the total beam power as more diffuse light is collected.

The results presented as a function of OD for various OAM modes show that for the

propagation geometry experimented with, the OAM spectrum does not vary significantly

with changing OD. This result was unexpected at the time as other experiments in the

literature showed that mode spreading occurred in a turbid or diffusive medium [11],

[47], [223]. This discussion is presented in the next section.
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(a) (b)

(c)

Figure 6.9: (a) Power attenuation compared to Beer’s law for the mode power {8,−8}.
(b) Power attenuation for the power in all other modes except {8,−8}. (c) Total power
attenuation across the entire beam with no pinhole present.

6.2.2 Comparison to the Literature

Previous studies have shown that the total power attenuation of OAM beams follow

the slope of Beer’s law similar to a Gaussian beam [11], [99], [210], [224]. These studies

did not take into account the power attenuation of each OAM mode. Zhang et al.[11]

showed that the power in the {l,−l} case attenuated faster after an OD of ∼ 6 due to the

loss of mode purity from multiple scattering. Instead of recording images of the phase
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cancellation, the power in the phase cancellation spot was measured using a single-mode

fiber. Another work by Viola et al. explored the effects of particle size on OAM prop-

agation through particulate matter with an emphasis on studying the ballistic scattering

component [185].

In this work, the transition from ballistic to multiple scattering is seen around an OD

of ∼ 12 similar to previous studies for both the mode power in the {l,−l} case and total

beam power [99], [210], [224]. Along with the power attenuation of the modes following

Beer’s law, the mode purity in general remains resilient in our experiment as the OAM

spectrum retains its shape for increasing OD. In relation to Viola’s work our results are

similar showing little to no mode spreading over a 3 meter propagation distance through

water containing different levels of Equate®. On the other hand Zhang et al.’s [11] results

are different possibly due to size of the scattering volume, beam size, detector FOV, prop-

agation distance, data processing method, and single mode fiber aperture size. Zhang et

al. used a 2 mm glass cuvette compared to our 3.56 m tank and Viola’s 3 - 20 m distances.

With there being multiple parameters playing a role it is hard to determine exactly which

one is the limiting factor.

Originally the difference in results was Zhang et al.’s experiment using a small

fixed single mode fiber aperture compared to this works larger and dynamic aperture. It is

possible using such a small aperture could return incorrect results or if the data averaging

was not over a long enough period [198], [225]. Another explanation is that the spectrum

was normalized when the detector noisefloor was reached which would include incorrect

OAM power measurements for modes other than the mode of interest. This is because

the OAM spectra recovered in Zhang et al.’s Figures 5(a-d) still maintains a 10 - 20 dB
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difference between nearest modes at OD’s in the multiple scattering regime. But these

results can also be supported by their interferograms that show an almost completely

distorted wavefront. Without knowing the full details of data collection this explanation

could be nullified.

Incidentally upon further investigation of ballistic light and OAM, Viola et al. [185]

performed an experiment with water containing Equate® (same as Zhang et al.) and corn

starch showing OAM spreading depending on particle size. Viola et al. observed a strong

change in the OAM spectrum of light that travelled up to 20 meters. It is unclear how

large the beam was, but it will have to be a well collimated beam on the order of a couple

of millimeters to centimeters to travel that distance. For the Equate® scenario Viola et

al. predicted and saw little to no mode spreading over a 3 meter propagation path similar

to our work and simulations, but for larger particles a larger disturbance was seen. Since

the scattering agents in all three experiments were the same, it still leaves the reasons

previously mentioned as an explanation as it is known that a diffuse phase distortion does

cause mode spreading [47].

A turbid medium within the diffuse approximation does lend to using a Gaussian

phase PSD, but by the time this approximation is reached the ballistic attenuation is large

[66], [73]. This loss of the ballistic component may hide the effects of how the OAM

spectrum spreads on the ballistic component of light leaving only an OAM spectrum

of diffuse light that will be similar to a uniform distribution. This is key to point out

as scattering by particles and a rough surface share similar phase statistics but different

normalization dependencies. This supports the claim that scattering by small particles

does not impart enough forward scattering to interfere with the ballistic component that
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carries the main beam with OAM.

6.2.3 Summary

Within the results and literature comparison of our turbid medium study, the propa-

gation of an OAM beam is significantly different compared to propagation in a turbulent

medium. In a turbulent medium less variables were at play to create a phase distortion as

turbulent eddies are almost always greater than the wavelength of the incident laser. Our

experiment, Zhang et al. [11] and Viola et al. [185] showed interesting results regarding

measurement of the OAM spectrum through a turbid medium with different experimental

apparatuses. The following worthwhile takeaways of this experiment are:

• Using a camera instead of a pinhole limits the OD that could be reached in a turbid

medium due to the sensitivity of the camera.

• For mode projection measurements detector FOV plays a large role in how the op-

tical receiver interprets the environment as a small FOV rejects significant amounts

of scattered light.

• In the propagation and receiver geometries of interest little to no significant mode

spreading is seen for various OAM modes.

• Experimental results see that smaller particles do not affect the mode spectrum

significantly as compared to simulations in this work.

With the lessons learned from these two experiments and beam simulations, the

next chapter will synthesize the information to determine a more practical way to sense
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the environment with some benefits that have not been seen in the literature to the best of

the authors knowledge.
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Chapter 7: Optical Heterodyne Detection of Orthogonal OAM Modes

(OHDOOM)

The previous chapters have provided context of how an active OAM sensing modal-

ity extracts information using mode spreading along with the difficulties to measure OAM

experimentally. With the motivation to simplify the OAM detection setup and data ac-

quisition procedure a possibly more practical OAM sensing modality can be developed.

Using relevant literature, experimental experience, and simulated results, the introduction

of a new method to approach active OAM sensing is introduced in this chapter to reach

these goals.

7.1 Concept of OHDOOM

In chapters 4 - 6 it is made apparent that active OAM sensing, based on mode

spreading, uses complex apparatuses that lead to experimental difficulty. This led to the

ideas of how to simplify the optical receiver to detect mode spreading without loss of

environmental information. Various OAM detection schemes were considered all with

the intention to simplify the optical setup as discussed in Chapter 4. Within the liter-

ature a technique developed by Yang et al. [226] and experimentally implemented by
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Zhang et al. [12], [13] showed that optical phase distortions can be mitigated or com-

pletely removed from an OAM SDM communications link using heterodyne detection.

The technique presented by Zhang et al. [12] uses a co-propagating signal beam as a

local oscillator to remove optical phase distortions from the optical signal that has prop-

agated through the channel. The heterodyne technique is then modified by utilizing the

orthogonality among OAM modes to detect when the optical phase is distorted due to

misalignment of the beam on the detector aperture [227]. Each technique accomplishes a

unique goal, but neither provides evidence of the strength of the phase distortions caused

by the channel. OHDOOM is similar to a method called synthetic array heterodyne de-

tection [228]–[231], but our method does not use a local oscillator and can be used over

long propagation paths.

Using the combination of OAM and heterodyne detection, a technique called opti-

cal heterodyne detection of orthogonal OAM modes (OHDOOM) is developed with the

intention to simplify the optical receiver and data acquisition process while maintaining

information about the environment using mode spreading. A single beatnote, produced

via heterodyne detection, provides a simple modality to detect the presence of environ-

mental characteristics, such as turbulence, that cause optical phase distortions. The mode

spreading information is retained as OHDOOM is equivalent to an optical projection mea-

surement that measures a single component of the OAM spectrum. Using two beams that

create a temporal interference pattern, OHDOOM inherently leverages the benefits of AC-

coupled detection, without the need of a pulsed or amplitude modulated laser source, to

reject DC light sources such as multiply-scattered light or background noise sources. In

contrast to mode projection where the receiver is varied to measure the OAM spectrum,
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the transmitted OAM modes can be changed to obtain information about the channel. This

allows the receiver to be a static device that can passively measure OAM mode spreading

without requiring multiple measurements. With this being said, this chapter discusses the

theoretical operating principle of OHDOOM with it being verified experimentally along

with developing a model to predict the beatnote behavior in turbulent and turbid media.

7.2 Operational Principle

The receiver detects a coherent superposition of two beams with optical frequen-

cies f1 and f2, called the "dual probe beam (DPB)", created at the transmitter. Using

a square-law photodetector, the two beams in the DPB are mixed to create a beatnote

with an electrical frequency fb = f2− f1, which will become the indicator of OAM mode

spreading. The optical receiver contains a telescope, pinhole, and photodetector. Without

an LCSLM, the setup is the equivalent mode projection setup to measure the power within

the 0th order OAM mode. To measure more information about the environment the DPB

OAM values, l1 and l2, can be changed at the transmitter. Depending on the OAM mode

structure of the incident beam, the photodetector signal has four different situations of the

beatnote illustrated in Fig. 7.1. The cases depend on if the DPB is in a matched condition

(l1 = l2) or a mismatched condition (l1 ̸= l2). When the DPB is in the matched condition a

beatnote is always observed (Fig. 7.1(a-b)), but as the optical distortion strength increases

the beatnote power will decrease (Fig. 7.1(c)). For the unmatched case of the DPB (Fig.

7.1(d-e)) there is no beatnote signal as the beams are orthogonal, but as the optical dis-

tortion strength increases mode spreading occurs driving power into the 0th order mode
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creating a beatnote (Fig. 7.1(f)).

Figure 7.1: Illustration of beatnote response when the DPB is in the matched case with
the (a) transmitted respective beam profiles and phase distribution, (b) beatnote response
without a phase distortion and corresponding OAM-OFS, and (c) beatnote response with
a phase distortion and corresponding OAM-OFS. Beatnote response when the DPB is in
the mismatched case, (d) transmitted OAM-OFS and respective beam profiles and phase
distribution, (e) beatnote response without a phase distortion and corresponding OAM-
OFS, (f) beatnote response with a phase distortion and corresponding OAM-OFS.

Before discussing the matched and mismatched condition, the formalism to predict

the beatnote must be discussed. To quantitatively understand how the beatnote depends

on the initial structure of the DPB fields each beam’s field profile can be written as

E j(r,φ ,z, t) =U j(r,z)e i2π f jte il jφ , (7.1)

where j = 1,2 represents the first and second beam that makeup the DPB, U j(r,z) is a

radial complex amplitude, f j is the optical frequency, and l j is the OAM order. Upon

detection of the DPB at a photodetector, the photocurrent (I (t)) is proportional to the
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optical intensity, I(r,φ ,z, t) = |E1 +E2|2, given by

I (t) = R
∫ ∫

W (r,φ)I(r,φ ,z, t)rdrdφ

= R
∫ 2π

0

∫ Dd/2

0
(|E1|2+|E2|2+E1E∗

2 +E∗
1 E2)rdrdφ , (7.2)

where R is the detector responsivity, W (r,φ) is a circular photodetector aperture function

with diameter Dd , and E j are the DPB fields described by equation 7.1. To simplify the

photodetector aperture function, the aperture is assumed to be larger than the beam, thus

limiting the integration bounds.

The optical intensity contains two components: first, the sum of the intensities of

each optical field, |E1|2+|E2|2, and the interference of the two fields, E1E∗
2 +E∗

1 E2, which

are proportional to the DC (IDC) and AC (IAC) photocurrents respectively. As the pho-

tocurrent contains an AC component, the average electrical power of the beatnote can be

defined as

⟨PBN⟩= G2R⟨I 2(t)⟩, (7.3)

where R is the load resistor of the detector, and G is the detector gain.

To understand how OAM orthogonality, i.e. mode spreading, affects the DPB upon

detection, it is appropriate to use a modal expansion of the incident fields El j(r,φ ,z, t)

since the photocurrent and beatnote strength rely on DPB spatial distributions. Using the

decomposition from equation 4.1
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E(r,φ ,z, t) =
∞

∑
n=−∞

cn(z)Ψn(r,φ)e i2π f t , (7.4)

where cn(z) are the weights of each OAM eigenfunction Ψn(r,φ) of the beam. If each

field in equation 7.2 is expanded using equation 7.4, the AC photocurrent can be rewritten

as

IAC(z, t) = 2R
∞

∑
n=−∞

|cn1(z)||cn2(z)|cos(2π fbt − (̸ cn1(z)− ̸ cn2(z))), (7.5)

where cn1 represents OAM coefficients of the first beam, cn2 represents the OAM coef-

ficients of the second beam, and ̸ represents the phase angle of each OAM coefficient.

The full derivation of equation 7.5 along with the DC photocurrent is given in Appendix

F. The weights, cn j(z), can be found using the inner product from equation 4.2.

The beatnote is measured using a mode projection of the 0th order OAM mode with

a pinhole at the focus of a lens. Upon selection of the 0th order OAM mode, the truncation

of the OAM spectrum leaves equation 7.5 simplified as

IAC(t) = 2R|c01||c02|cos(2π fbt − (̸ c02 − ̸ c01)). (7.6)

The beatnote amplitude is now directly proportional to the coupling of the 0th OAM co-

efficient of each beam’s OAM mode to the 0th OAM mode. The AC photocurrent’s elec-

trical signal power, in terms of the each beam’s 0th order OAM coefficient, follows from

equations 7.3 and 7.6 as

⟨PBN⟩= 2R(RG)2⟨|c01|2|c02|2⟩. (7.7)
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The value of |c0 j|2 is the fraction of energy in the 0th OAM mode of the jth beam of the

DPB.

The combinations using the OAM-optical frequency spectrum (OAM-OFS) are il-

lustrated in Figs. 7.1(a-f) where each beam of the DPB contains their own OAM mode, l1

and l2. If the two beams contain an equal OAM charge, this is considered as the "matched

case {l, l}", otherwise different OAM charges are called the "mismatched case {l1, l2}",

each of which are described in Figs. 7.1(a-c) and 7.1(d-f), respectively. The same notation

as Section 6.2 is used, however, l1 and l2 represent the OAM within the first and second

beam of the DPB rather than the transmitted and detected OAM mode.

7.2.1 OHDOOM with a matched DPB

First, if the DPB is matched and the phase is not distorted, a beatnote is created by

the beams carrying the same OAM mode (as shown in Fig. 7.1(b) where l1 = l2 = 0).

Otherwise, if the DPB is matched and the phase is distorted, the beatnote is proportional

to the channel-induced loss of the transmitted OAM mode when a pinhole is present (as

shown in Fig. 7.1(c)).

For a matched DPB, {l1, l1} = {0,0}, the AC photocurrent, using equation 7.2, at

the focus of the lens after the pinhole is

IAC(t) = 2RA(t)
∫ 2π

0

∫ Dp/2

0
|F2{U1}|2 rdrdφ

= 2R|c01|2cos(2π fbt), (7.8)

where A(t) = cos(2π fbt) is the time dependent amplitude modulation, Dp is the pinhole
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diameter that limits the integration bounds, and F2 represents a two-dimensional Fourier

transform. It is assumed that c01 = c02. The photocurrent contains a DC offset determined

by

IDC = 2R
∫ 2π

0

∫ D/2

0
|F2{U1}|2rdrdφ = 2R|c01|2. (7.9)

The beatnote power for the matched case is then ⟨PBN⟩= 2R(RG)2⟨|c01|2|c02|2⟩.

The second case of the matched case beatnote signal is when an optical phase dis-

tortion is present in the channel as illustrated in Fig. 7.1(c). Assuming the optical phase

distortion can be written as a thin phase screen, the field after propagation through the

channel is

Eo(r,φ ,z, t) =U(r,z)eiθ(r,φ ,z)ei2π f te ilφ , (7.10)

where Eo denotes the field after propagation through the optical channel, and θ(r,φ ,z) is

a phase perturbation that creates mode spreading. Using equation 7.9 it can be seen that

there will always be a beatnote as long as there is power within the 0th OAM mode, which

decreases as the optical phase perturbation strength increases.

For OHDOOM without a pinhole it is worthy to note that due to the conjugation,

E1oE∗
2o following from equation 7.2, and e iθ(r,φ ,z) being a unitary operator, the phase

perturbations effectively cancel, since E1oE∗
2o = E1e iθ(r,φ ,z)e−iθ(r,φ ,z)E∗

2 = E1E∗
2 where

E1 and E2 are from equation 7.1. The cancellation of the phase distortion preserves the

orthogonality of the OAM modes and leaves the final heterodyne signal unperturbed.

This effect is the centerpiece of the work by Yang et al. [226] and experimentally used
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by Zhang et al. [12], [13], [227]. For communication applications the elimination of

the phase perturbations is advantageous, but this also removes any information about the

environment for our measurement purposes as will be demonstrated in Section 7.3.1

7.2.2 OHDOOM with a mismatched DPB

The mismatched DPB case changes the input OAM-OFS, illustrated in Fig. 7.1(d),

to equal but opposite OAM modes. When the beam profiles contain unequal OAM {l1, l2},

the AC photocurrent becomes

IAC(t) = 2R
∫ 2π

0

∫ Dp/2

0
F2{U1}F2{U2}A(φ , t)rdrdφ , (7.11)

= 2R|c01||c02|cos(2π fbt − (̸ c02 − ̸ c01)), (7.12)

where A(φ , t) = cos(2π fbt+(l2− l1)φ) is the mismatched amplitude modulation. If equal

and opposite OAM modes are used, whom share the same radial intensity distribution

and divergence, the beatnote amplitude in equation 7.12 is the product of DPB’s beam

magnitudes. By rearranging terms, with l1 =−l2, the time-dependent amplitude becomes

A(φ , t) = cos
(

2π fb

(
t +

l1
π fb

φ

))
. (7.13)

By inspection of equation 7.12, the time-dependent amplitude rotates at an angular fre-

quency l1/π fb producing no sinusoidal varying amplitude modulation. Using the modal

description (equation 7.12), the beam contains no overlapping OAM coefficient at the 0th

OAM mode (c01 = c02 = 0) leading to no detectable beatnote. The rotating phase term
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is removed due to the pinhole only detecting on-axis light that contains a constant phase

shift that does not depend on space in equation 7.12.

The same cannot be said for the case with optical distortions in the channel that

cause mode spreading. Mode spreading creates a beatnote power, described by equation

7.3, that is proportional to the amount of coupling of the two transmitted modes into the

0th OAM mode (purple arrows) in Fig. 7.1(f). Depending on the nature of the optical

phase distortion, the coefficients |cl jn|2 can be predicted to determine the beatnote sig-

nal. Reversely, the beatnote signal can be used to infer the strength of the optical phase

distortion.

7.3 OHDOOM Experimental Results

Three sets of experiments are performed to verify the functionality of OHDOOM.

The first experiment in Section 7.3.1 verifies the beatnote behavior upon truncation by an

aperture and phase only distortion without a pinhole. The second and third experiments

in Section 7.3.2 and 7.3.3 measure the beatnote power through a turbulent and turbid

medium respectively.

7.3.1 Experiment #1: Verification of the Beatnote Behavior

The first results are quantifying the beatnote behavior in the presence of OAM mode

spreading. The experimental setup is illustrated in Fig. 7.2 where two objects are used

to perturb the OAM spectrum, the first being an aperture and the second is a phase-only

object simulated as a rough surface.
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Figure 7.2: Experimental setup to verify the beatnote behavior in the presence of mode
spreading that can be predicted from an aperture blocking (razor blade) the beam and the
presence of a known rough surface distortion. ND: neutral density filter, AOM: acousto-
optic modulator, HWP: half-waveplate, SPP: spiral phase plate, BS: 50/50 beam splitter,
BE: beam expander, M: mirror, PMT: photomultipler tube, CCD: charged coupled device,
VM: volt-meter, BT: Bias-T, GGD: Ground Glass Diffuser, and RSA: real-time spectrum
analyzer..

The DPB is generated using a laser source at a wavelength of 532 nm that is then

directed onto half waveplate (HWP) #1 to align the laser polarization to the linear input

state required by the acousto-optic modulator (AOM). Upon interaction with the AOM,

driven at a frequency fb = 80 MHz to satisfy the Bragg condition, a 1st-order diffracted

mode is created at optical frequency f2 = f1− fb. The 0th-order mode is unaffected by the

OAM and remains at optical frequency f1. The two beams diverge from the AOM and are

steered into separate paths and encoded using SPPs as shown in Fig. 7.2 tuned to contain

equal optical power. For the mismatched case, the SPP charges are equal since the extra

mirror in the top arm of the interferometer, shown in Fig. 7.2, conjugates the OAM charge

of the SPP. The SPP charges can be changed such that higher or lower order OAM beams

144



can be transmitted into the optical channel to obtain further channel characteristics. One

arm of the transmit interferometer contains a HWP to meet the heterodyne polarization

matching condition. The two beams are coherently combined at the transmitter beam

splitter creating the DPB signal. The DPB is then sent through a 2x beam expander and

collimator into the propagation channel.

Upon detection of the photodetector photocurrent using a load resistance, R, on the

output of the photomultipler, the DC and AC components are separated using a Bias-T.

The voltmeter in Fig. 7.2 measures the average DC voltage as

⟨VDC⟩= ⟨IDC⟩R. (7.14)

The AC component of the photocurrent is then terminated into a spectrum analyzer with

input impedance Z that measures the power in dBm, therefore, the AC voltage signal is

an RMS measurement. It can be found directly from the power measurement as

V rms
AC =

(
Z

1000
10−

⟨PBN ⟩
10

)1/2

. (7.15)

The propagation channel contains a razor blade that is translated in front of the

beam using a programmable translation stage. By blocking the beam with an aperture,

mode spreading can be created in a predictable fashion as the beam diffracts around the

edge [153]. Diffraction around the razor edges creates a predictable phase and amplitude

distribution of OAM modes that is seen as the beatnote is measured as a function of beam

blockage seen in Fig. 7.3(a-f).
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The results are shown for the AC and DC photocurrent. The matched case AC

signal when the DPB OAM modes are {0,0}, monotonically decreases as a function of

slit displacement. For the mismatched case {1,0} in Fig. 7.3(b), the signal produces a

peak when the beam is half covered by the razor blade. When the OAM is increased on

one of the beams to {2,0} in Fig. 7.3(c), two peaks show up and a minimum appears

that occurs at a quarter, three quarters, and half slit displacement, respectively. The DC

signal for the matched case {0,0} (see Fig. 7.3(d)) decreases as a function of slit width

similar to the AC signal in Fig. 7.3(a). In Fig. 7.3(d) the beam one (green), beam two

(magenta), and total power (red) of the DPB curves are directly one top of one another

since each beam attenuate the same. This same trend of DC beatnote attenuation occurs

for the mismatched cases as well due to the loss of power.

The apparent difference between the AC and DC photocurrent voltages as a func-

tion of slit displacement is due to diffraction around the razor blade. The diffractive

effects change the phase and amplitude of the OAM coefficients in equation 7.5. This

result cannot be explained by measuring only the power in each OAM mode, i.e. mode

projection, since phase information within the sum in equation 7.5 is lost. The pinhole

truncates equation 7.5 to one mode and the phase component would have to be measured

separately to obtain the correct beatnote response as predicted by equation 7.5. Depend-

ing on the nature of the optical distortion a phase only distortion can be measured using

the power of the OAM modes, while an amplitude only distortion, or truncation of the

beam, can be measured by both the beatnote and power of each OAM mode. Using this

experimental knowledge, the experiment will shift to how the system responds to varying

strength phase only perturbation.
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(a) (b) (c)

(d) (e) (f)

Figure 7.3: (a) Matched case AC signal when the DPB OAM modes are {0,0} followed
by the mismatched case (b) {1,0}, and (c) {2,0}. (d) DC signal for the matched case
{0,0}. (e) Experimental beatnote response for a phase only distortion mimicking a rough
surface for various cases of the matched and mismatched conditions. (f) Simulated beat-
note response for a phase only distortion mimicking a rough surface for various cases of
the matched and mismatched conditions.

An example of the beatnote signal without a pinhole for a single realization of a

phase only distortion that mimics a rough surface is shown in Figs. 7.3(e-f) measured in

dB. The object indicating rough surface is used in the same experimental configuration

illustrated in Fig. 7.2. Figure 7.3(e) are the experimental results showing that the beatnote

is minimized for all mismatched cases due to the phase perturbations being cancelled out

upon being mixed at the photodetector. The beatnote signal for each matched case is

roughly three orders of magnitude greater than each mismatched case signal. Figure 7.3(f)

shows the same effect produced in WOSs. If the photodetector does not have a pinhole

in front all information about the environment will be removed as shown by Zhang et
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al.[12].

7.3.2 Experiment #2: Verification of Sensing Turbulence

To test OHDOOM’s sensitivity to a turbulent distortion, represented by a phase only

modulation, the experimental setup in Fig. 7.4 is used. With the inclusion of the pinhole,

the optical receiver takes the form shown in Fig.7.4 which is much simpler than that of the

modal projection setup in Fig. 6.6. The experimental results show that when one OAM

mode is detected, the beatnote signal becomes proportional to the strength of the phase

distortion.

Figure 7.4: Experimental setup to test OHDOOM centered around a transmitter to gen-
erate the DPB signal and a receiver to detect the 0th order OAM beatnote. Each SLM
displays a turbulent phase map generated from the WOS routine. The two beam profiles
on the left show where the pinhole is placed relative to the beam size for two different
turbulence strengths. ND: neutral density filter, AOM: acousto-optic modulator, HWP:
half-waveplate, SPP: spiral phase plate, BS: 50/50 beam splitter, BE: beam expander,
M: mirror, SLM: spatial light modulator, PH: pinhole, PMT: photomultipler tube, CCD:
charged coupled device, VM: voltmeter, BT: Bias-T, GGD: ground glass diffuser, and
RSA: real-time spectrum analyzer.
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In this experiment, the propagation channel contains optical turbulence that is em-

ulated using two LCSLMs displaying turbulent phase screens. Care is taken to display

phase screens whose phase distributions do not contain features smaller than the LC-

SLM’s pixel spacing, which could induce sampling errors. Using a single phase screen to

model strong optical turbulence will be subject to these sampling errors, therefore, a two

phase screen model is implemented. A two phase screen model is used so that stronger

turbulence strengths can be realized without being subjected to LCSLM digitization er-

rors. The turbulence strength of the full channel is characterized by a single value of

r0, which is used to determine the effective Fried parameter, re f f
0 , of each of the phase

screens on LCSLM #1 and #2 based on an optimization routine using the target r0 and the

Rytov variance σ2
R = 2.91r−5/3

0 k−5/6L5/6 discussed in chapter 9 of Schmidt [88].

In each plot of Figure 7.5, the red curve marks the theoretical result calculated from

the analytic prediction for substituting the OAM coefficient power predicted by equation

7.16 in the average beatnote power in equation 7.7. The amount of average power in the

nth OAM mode of the jth beam is given by

⟨|cn j|2⟩ =
∫

∞

0

∫ 2π

0
|U j(ρ,z)|2ρdρ exp(i∆nl jφ)

× exp

(
−3.44

(
2w0

r0

)5/3∣∣∣∣ρ sin
(

φ

2

)∣∣∣∣5/3
)

dφ , (7.16)

where the turbulent plane wave structure function from equation 3.28 is substituted into

equation 4.4, ρ = 2r/w0 is the normalized transverse distance, ∆nl j = l j−n is the distance

away from the central OAM mode l j of the jth beam, and U j(ρ,z) is the radial amplitude

of the HyGG modes from equation C.6 as the experimental beams are created with spiral
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phase plates. Alongside the theoretical results, the black curve is simulated data using a

modified version of WOS code and blue is the experimental result. Figure 7.5(a) shows

the result when the DPB is in the matched case {0,0} and the beatnote signal monoton-

ically decreases as turbulence strength increases. As r0 reaches the beam diameter, the

signal drops off significantly due to the mode power of the Gaussian mode spreading to

higher order OAM modes. A similar effect occurs for the mismatched cases {−2,2},

{−4,4}, {−8,8} in the following figures. For {−2,2}, the beatnote increases power as

turbulence strength increases, which is also the case for {−4,4} and {−8,8}. The differ-

ence is that the peak of the beatnote shifts to higher 2w0/r0 since a stronger turbulence

strength is needed to create more mode spreading to sense a signal at the 0th order mode.

Approximating the turbulence response curves as a Gaussian, the maximum value can

be found by fitting the experimental and simulated data to a Gaussian and finding which

turbulence strength this occurs as plotted in Fig. 7.5(e).

Another benefit of the OHDOOM method is that it can use the benefits of an AC

coupled signal compared to traditional OAM spectrum measurements. The AC signal is

compared to the DC signal in Fig. 7.5(f) showing the noise floor of the AC signal to be

slightly lower. This plot also shows that the AC coupled information is similar to the

DC coupled signal meaning mode spreading information is not lost by AC coupling the

signal. The AC coupling also provides the benefit of being able to measure the phase of

the beatnote referenced to the unused port of the transmitter beamsplitter in Fig. 7.4. This

was not explored in this setup due to the transmissive nature of the geometry, non-time

correlated turbulence approach in simulation, and the beatnote phase being proportional

to a difference of OAM coefficients which does not provide obvious information. The
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(a) (b) (c)

(d) (e) (f)

Figure 7.5: Turbulence strength response for the matched DPB case with {0,0} (a),
mismatched DPB case with {2,−2} (b), mismatched DPB case with {4,−4} (c), and
mismatched DPB case with {8,−8}(d). Note the change in vertical scale of (a) compared
to (b-d). (e) Transmitted DPB mode against 2w0/r0, where the beatnote signal is predicted
to be at a maximum for experiment and compared to theory from equations 7.3 and 7.6.
(f) DC and AC coupled signals as a function of 2w0/r0 as measured by the voltmeter and
RSA respectively.

average beatnote phase would also result in a constant value once averaged over inde-

pendent realizations of turbulence leading to no gain in information. OHDOOM thus can

be used to measure the strength of an optical distortion of a phase only distortion such

as turbulence. It is also key to note that this measurement is AC coupled in the sense of

the optical signal varying in time not the detector signal, which is similar to the HOBBIT

method that creates an AC coupled signal but the optical signal is a DC measurement

[162], [232].
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7.3.3 Experiment #3: OHDOOM Turbid Medium Results

The next set of experiments using OHDOOM are within a turbid medium with

solutions containing various particle sizes. The experimental setup is shown in Fig. 7.6

where the LCSLMs are replaced with a glass water cell to create the turbid medium.

The same receiver setup is used from the previous experiments. Before testing, the full-

angle FOV is measured to be 0.03◦ half angle. The FOV limits the amount of higher

angle scattered light and only allows in near-forward scattered and ballistic light that falls

within the paraxial approximation, this becomes important for a turbid medium as the

transition between the ballistic and multi-scatter regime depends on FOV.

Figure 7.6: Experimental setup to test OHDOOM through a turbid medium. ND: neutral
density filter, AOM: acousto-optic modulator, HWP: half-waveplate, SPP: spiral phase
plate, BS: 50/50 beam splitter, BE: beam expander, M: mirror, PH: pinhole, PMT: photo-
multipler tube, CCD: charged coupled device, VM: volt-meter, BT: Bias-T, GGD: ground
glass diffuser, and RSA: real-time spectrum analyzer.
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The experiments performed measure the beatnote response as a function of increas-

ing optical depth using Equate®, Mg(OH)2, and various sizes of microspheres to act as

the turbid medium. The first set of experiments were performed through a 54 cm and

5 cm path length. The varying lengths were used to determine if an increase in particle

density within the 5 cm path would create more mode spreading. The DC signal and AC

signal are calculated using the same method as discussed in Section 7.3.1 equations 7.14

and 7.15.

For the first set of experiments using water containing Equate® and Mg(OH)2 (see

Figures 7.7(a-d)), the matched case {0,0} and unmatched case {2,−2} AC (stars) and

DC (triangles) photocurrent are measured as a function of optical depth. The matched

case DC signal begins to deviate from the slope of Beer’s law upon the onset of multiple

scattering. Whereas the AC signal follows the same slope as Beer’s law until the detector

noise floor is reached. For the 5 cm path length using Equate®, for both the matched and

mismatched case in Figure 7.7(b), similar results to the 54 cm path length are obtained.

The constant offset between the matched and mismatched case shows that there is no

significant mode spreading. If an increase of power was transferred to the 0th order mode,

the attenuation curve would show a decrease in slope, otherwise, a decrease in modal

power would increase the slope compared to Beer’s law. The path length difference is

also assumed negligible due to the laser beam being relatively large and well collimated

removing any significant effects of a parabolic wavefront.

The AC data does not deviate from the slope of Beer’s law compared to the DC re-

sults at the onset of multiple scattering as the interference induced amplitude modulation

rejects incoherent forward scattered light [233]. This benefit is of significant importance
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as changes in the beatnote will be due to the loss of forward scatter coherence rather than

the collection of just scattered light alone.

OHDOOM measurements through water containing Equate® were motivated by

the results of the study by Zhang et al. [11] and Ferlic et al. [218]. The results of the

two experiments differed as the first experiment saw mode spreading over a 2 mm path

length at an optical depth of 6 using Equate®, while the second saw no mode spreading

over a 3 m path length reaching optical depths of 14. Nonetheless, OHDOOM results

are performed with a similar receiver apparatus to Ferlic et al. [218], but with a more

sensitive detector. The OHDOOM results support the same results as Ferlic et al. [218]

due to no significant mode spreading as optical depth increases. This is because the

OHDOOM attenuation curves do not change slope as a function of optical depth. This

means it is likely that Equate® does not induce significant phase distortions to create

mode spreading. As a result, a small FOV detector geometry may not be sensitive to OAM

mode spreading from small particles. Note that the propagation and scattering geometry

are different in the OHDOOM setup as compared to Section 6.2.1, but the results are the

same.

OAM mode spreading is determined to not been seen for three reasons: (1) lim-

itations of the optical receiver, (2) high enough optical depth was not reached to create

a large phase variance, or (3) small particles do not produce enough forward scattering

effects to create mode spreading.

The next set of experiments were done to address the question if a medium, with

known sizes of small particles, will induce mode spreading. The following particle diam-

eters were tested: 930 nm, 600 nm, 300 nm, and 50 µm. For these experiments, WOSs of
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a turbid medium can be used to predict the beatnote at varying optical depths as the par-

ticle characteristics are known. The results are summarized in Figs. 7.8(a-d) and 7.9(a-d)

for the matched case {0,0} and mismatched case {2,−2}.

In Figures 7.8(a-b), the plots are as follows: green stars represent the experimental

AC data, black triangles represent the experimental DC data, red dashed line represents

Beer’s law, blue squares represent the simulated DC data, and magenta asterisks represent

the simulated AC data. The plot labels are used in both the matched and mismatched cases

in Figs. 7.8 and 7.9.

The results in Figs 7.8(a-b) for the 930 nm diameter particles appear similar to the

Equate® and Mg(OH)2 for the matched and mismatched cases. The simulated data for

the AC and DC signals also follow the same trends as the experimental data. The same

results occur for the 600 nm diameter particles in Figs. 7.8(c-d).

In Figs. 7.9(a-b) the matched and mismatched case for 300 nm diameter particles

are shown alongside simulated results for the DC and AC signals. The results follow the

same trend as the previously used microspheres. There is a slight deviation between the

simulated DC signal and experimental DC signal as the simulation predicted more power

upon multiple scattering. Otherwise, the experimental and simulated data agree well for

the matched and mismatched cases. The last particle diameter tested was 50 µm (seen in

Figs. 7.9(c-d)), however the optical depth reached did not indicate the onset of multiple

scattering. For the optical depth that is reached, the matched and mismatched case did not

show significant mode spreading. However, the signal variance did increase compared to

previous results.

The main result is that OHDOOM appears to be insensitive to the phase distortions
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created by small particle scattering. It is thought that significant forward scattering will

presumably create a change in beatnote power when larger particles are present. If more

mode spreading occurs a noticeable fluctuation to the AC beatnote could be measured

using a short exposure rather than a long exposure. If the optical depth is held constant

and the particle size is seen to change then the AC signal is proposed to increase due to

mode spreading. This result is as expected given the simulations in Chapter 5 of OAM

beams through a turbid medium. In the case of simulation showing OAM mode spreading

as a function of particle size (Fig. 5.8(b)), particles with diameters < 50 µm were shown

not to produce significant mode spreading. This result is also supported by previous work

on OAM and ballistic light by Viola et al. [185] and MCF work by Bissonnette [101].

As these experiments indicate small particles do not produce mode spreading, lim-

itations of the optical receiver cannot be dismissed. The unmatched case AC and DC

data contain an offset at an optical depth of zero from leakage light that is still in the 0th

mode due to imperfections of the SPPs and the diffraction limit [160]. This issue can be

addressed by optimizing the OHDOOM receiver. The second issue of not reaching high

enough optical depths can be addressed by using more optical power that will increase

signal to noise to within multiple scattering. Both of these sensitivity limitations of the

optical receiver prompt further experimentation.

The results for the turbid water case using microspheres in comparison to simula-

tion shows a slight difference between the AC and DC component for the matched case.

For the first three particle sizes, the DC case is seen to diverge upon the start of multiple

scattering due to the collection of incoherent forward scattered light from different dis-

tances along the propagation path. The AC signal is seen to attenuate following Beer’s law
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past this multi-scatter transition until the detector noisefloor is reached. If mode spread-

ing were to occur, this AC signal would follow a different slope other than Beer’s law. If

mode spreading becomes large, the slope will be less than Beer’s law. If significant mode

spreading occurs the beatnote response slope would be greater than Beer’s law as seen in

Zhang et al.’s work [11].

The results for a turbid medium offer significant insight to practical applications.

As Equate® and Mg(OH)2 have been used to simulate water conditions similar to those of

Petzold [63], the results are relevant to real oceanic conditions. As OHDOOM is seen to

only lose signal power due to intensity losses and not the loss of forward coherence, this

infers that turbulence can be sensed through turbid oceanic or atmospheric conditions.

The same can not be said when the diameter of particulate matter reaches hundreds of

microns and their size distributions are not widely variable as these particles can increase

OAM mode spreading. For the mismatched case, there is a beatnote as this is residual

power that could not be reduced further due to alignment and a practical setup as seen

similarly in other OAM measurement devices[160].

7.4 Summary of OHDOOM

As stated in the introduction of this thesis, the goal was to develop an active OAM

sensing modality to measure environmental perturbations. A method to compare the

results of a turbid medium is done by comparing the matched case AC signal to the

unmatched case AC signal. Figure 7.10(a-c) shows this beatnote ratio for a turbulent

medium (Fig. 7.10(a)) and turbid medium (Figs. 7.10(b-c)).
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The turbulent medium results in Fig. 7.10(a) shows an increase in the beatnote

ratio as the mode spreading in the matched and unmatched cases become equal. When

this matched case to unmatched case ratio is greater than 1, the mode spreading of the

mismatched case is greater than that of the matched case. This occurs due to not enough

averaging over enough random realizations. In Fig. 7.10(b), the ratio does not increase,

as in the turbulent case, as scattering strength increases leading to the conclusion that no

significant mode spreading occurs.

This chapter has addressed this goal along with simplifications to the optical re-

ceiver to measure OAM mode spreading. OHDOOM is a newly proposed method to

sense OAM mode spreading using an AC coupled signal using the benefits of heterodyne

detection. Verification and testing of OHDOOM were done with three separate experi-

ments, two of which were through a simulated turbulent medium and a turbid medium.

The following conclusions can be made about the OHDOOM system:

• OHDOOM provides a simpler optical receiver setup by placing complexity in the

transmitter with the benefits of an AC coupled signal.

• The presence of a pinhole in the optical receiver makes the heterodyne based beat-

note sensitive to optical phase perturbations.

• Preliminary results show the signal is sensitive to phase distortions such as optical

turbulence.

• In the presence of specific forms of turbid media, the OHDOOM signal is not

strongly affected by particulate matter except power losses that follow Beer’s law.
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• Allows for the sensing of turbulence in the presence of a turbid medium that con-

tains particles comparable to the wavelength.
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(a) (b)

(c) (d)

Figure 7.7: Experimental results of the beatnote for the matched and mismatched case
through a 54 cm (a) and 5 cm (b) path length using Equate®. Experimental results of
the beatnote for the matched and mismatched case through a 54 cm (c) and 5 cm (d) path
length using Mg(OH)2. Where Beer’s law (BL) is plotted alongside experimental data
showing the comparison of their slopes.
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(a) (b)

(c) (d)

Figure 7.8: Experimental and simulated data for the matched (a) and unmatched (b)
case in a 5 cm path length for 930 nm diameter particles. Experimental and simulated
data for the matched (c) and unmatched (d) case in a 5 cm path length for 600 nm diam-
eter particles. The theoretical Beer’s law curve is plotted alongside both simulated and
experimental data showing the comparison of their slopes.
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(a) (b)

(c) (d)

Figure 7.9: Experimental and simulated data for the matched (a) and unmatched (b)
case in a 5 cm path length for 300 nm diameter particles. Experimental and simulated
data for the matched (c) and unmatched (d) case in a 5 cm path length for 50 µm diam-
eter particles. The theoretical Beer’s law curve is plotted alongside both simulated and
experimental data showing the comparison of their slopes.
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(a) (b) (c)

Figure 7.10: (a) Matched case to unmatched case ratio as a function of 2w0/r0 for three
mismatched cases {2,−2}, {4,−4}, and {8,−8}. (b) Scattering agent Equate® and
Mg(OH)2. (c) Microsphere beatnote response ratio as a function of optical depth using
diameters 930 nm, 600 nm, and 300 nm.
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Chapter 8: Conclusions

8.1 Summary of Findings

This research has led to the development of a new active OAM based sensing modal-

ity that responds to turbulent and turbid media in significantly different manners. This

conclusion was reached based on the theoretical foundation in Chapters 2-4, simulations

performed in chapter 5 and experiments in chapter 6. Chapters 2 and 3 provide a literature

review and mathematical background of laser propagation through a random medium with

a highlight on the similarities between turbulent and turbid media. Comparisons of each

environment are made through the use of their phase correlation function supported with

simulations. Chapter 4 discusses the phenomena of OAM, applications, and the physical

mechanisms of OAM mode spreading in both turbulent and turbid media. A literature

review was performed providing context of OAM based sensing modalities and the mo-

tivation of this dissertation to develop a more practical OAM based sensing modality.

Using simulation results and comparison to experimental data help further the develop-

ment of an active OAM sensing modality. Chapter 5 provides a set of simulations with

the results summarized as follows:

• OAM beam performance through a turbulent environment strongly depends on the
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beam size and divergence that are dependent on OAM order rather than OAM order

alone. This infers that a strategically chosen divergence and spot size can reduce

turbulence induced mode spreading across varying turbulence strengths. This is

supported as 2w0/r0 > 1, mode spreading becomes significant and quickly forces

the OAM spectrum to a uniform distribution. Thus, the size of the input beam limits

the applicability of using the OAM spectrum for sensing.

• Effects of the inner and outer scale play a role in OAM mode spreading along with

the turbulence strength. As inner scale decreases mode spreading increases. The

same occurs for increasing outer scale. When the inner and outer scales are equal

no significant mode spreading is observed L0/l0 ∼ 1. Introduction of the ratio L0/l0

provides regions where scale sizes become important.

• A partially coherent source, with an MCF containing intrinsic OAM, is seen to not

strongly affect OAM spectrum spreading, but rather the intensity and scintillation

upon propagation through temporally varying turbulence.

• OAM propagation through turbid media appears to be significantly different due to

the phase correlation function that is dictated by a turbid medium’s optical depth,

particle size, and particle size distribution. The shape of the phase correlation func-

tion appears to strongly affect the dependence of OAM spreading as the input beam

size changes.

• Depending on the beam metric chosen, how it is calculated, and compared, OAM

beams can be seen to propagate in a similar manner as Gaussian beams. If the
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chosen metric is measured in a different manner results can be significantly skewed.

• Ratio of beam size to particle size (w0/a) plays a larger role in mode spreading than

just a/λ alone.

Chapter 6 presents initial trials at developing an OAM based sensing modality using a

folding wavefront interferometer and optical modal decomposition. These results led to

the development of the OHDOOM sensing method to simplify the optical receiver without

losing significant information about the OAM mode spreading. Experiments showed that

OHDOOM is significantly sensitive to turbulence scales on the order of the beam size,

but is insensitive to mode spreading by small particles. Simulations and theory are able

to verify the OHDOOM signal response to each type of random media. The insensitivity

to particulate matter is believed to be due to the use of small particles whose MTF does

not significantly bandlimit the DPB. Experimental results can be summarized as follows

• Folding wavefront interferometry proves to be useful for a laboratory environment,

but its sensitivity and need for image processing does not lend well to a practical

setup outside of the lab.

• Modal decomposition is a useful method for quantifying the full OAM spectrum,

but its receiver setup requiring a LCSLM leads to a complicated and impractical

optical receiver.

• OHDOOM provides a number of benefits: simplification of the optical receiver

without a loss of mode spreading information, ability to implement AC coupled

detection, lower detector noisefloor, and background light rejection.
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• The OHDOOM sensing method is seen to be sensitive to turbulence, but not to a

"realistic" scattering environment meaning phase distortions due to scattering can

be neglected. This assumes the particle sizes present do not have large diameters ∼

50 µm.

• OAM beam propagation through a turbid medium may not necessarily be robust

due to the beam shape, but rather due to the phase statistics of the medium.

8.2 Practicality of OAM for Imaging and Communications

As the discussion of this dissertation centered on OAM applications for sensing,

the results can be directly discussed in the context of imaging or communications. Free-

space OAM SDM communications is clearly affected by mode spreading that can lead

to channel errors. SDM communications is plausible and has already been demonstrated

experimentally as long as the alphabet of OAM modes are chosen with enough modal

separation so mode spreading effects can be reduced [130]. Our simulations, in weak

turbulence following a Kolmogorov power-law, showed LG beams had similar on-axis

intensity and scintillation losses. This infers that some turbulent effects are the same

across all modes, but when strong turbulence is present this may change according to our

work [193]. In reality turbulence will not be as consistent as simulated which leads to

most simulation results to be tentative until proven experimentally. In applications con-

taining scattering, when particle size and optical depth are small, OAM based communi-

cations is definitely plausible and effective [234]. Although these results are explicitly for

water, the atmospheric aerosol case will be similar except with varying particle distribu-
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tion still containing a significant amount of small particles [101], [235]. This leads to the

assumption that OAM based communications through fog is still significantly plausible

and less mode spreading will occur than an atmosphere limited by turbulence.

Active OAM based imaging applications are not as clear since imaging can take

on many forms as to how the information is extracted from the beam. If a scene is il-

luminated with, the results will be similar to a Gaussian beam. However, if the beam is

comparable to the object size as in the case of phase microscopy an OAM beam can act

as an enhanced edge detector [25]. For applications in a macroscopic environment these

effects aren’t as clear. When OAM is applied as a filtering modality, imaging applications

can be enhanced such as its use as a spatial filter [22]–[24] or coherence filter [48], [49],

[119]. None of these applications use OAM as an "active" imaging method where the

object is illuminated by OAM.

8.3 Future Work

Within the development of this work various results were found that were not origi-

nally expected leading to much of the work on OHDOOM. There are still many questions

left unanswered with further paths of research to be traversed from this work. A couple of

areas of research and questions that can be developed further to understand OAM based

sensing are as follows: further development of OAM based propagation metrics, more ex-

perimental work using OHDOOM, verification of the forward scatter model on the MTF

of an optical system and OAM propagation, OAM based sensing into strong turbulence

and multiple scattering, and effects of varied statistical assumptions such as time-varying
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turbulence.

Metrics concerning OAM can explore the effects of turbulence inner scale, outer

scale, and anisotropy on the OAM spectrum and scintillation. Strong phase perturbations

are also of interest to better understand limitations of remote sensing due to complete loss

of wavefront coherence leaving the sensing modality inoperable. This region of a coherent

OAM spectrum depends on the size of the beam dictating the region of interaction with

the environment. Being able to discern if this is the upper limit of active OAM sensing

would be of great interest as it can help provide if OAM has to be applied in another

manner to the remote sensing problem such as measuring rotational Doppler shifts or

using OSP. Within this context, temporally evolving turbulence in a real environment will

demonstrate very different effects than most OAM based studies performed, cited, and

preluded to in this work.

8.3.1 Extensions of OHDOOM

The new sensing modality presented in this work called OHDOOM has only been

tested in a fashion to confirm its ability to sense a random medium. The results show-

ing it is sensitive to a turbulent medium is only the starting point to understand more

about the ability of this OAM sensing modality. For starters it is suggested that a turbid

medium does not affect the OAM spectrum significantly, but larger particle sizes were

not tested in this work and only hypothesised to create more mode spreading based on

simulated results. Confirmation of this mode spreading must be done before confirming

that OHDOOM is insensitive to a turbid medium.
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Transitioning OHDOOM into a backscatter geometry is also a future direction of

concern. Within this setup a local oscillator could be used to measure true phase infor-

mation of the beatnote. Other phenomena can be studied as well that may depend on

the OAM of the incident laser such as scattering from objects in the medium, effects of

enhanced backscattering, or rotational Doppler effects [46]. The rotational Doppler ef-

fect might be possible to see in environments with rotating particles due to strong flow,

vortices, or turbulence.

Other studies of interest are focusing on combining the coherent effects of particle

scattering and turbulence to see how the two phenomena combined affect the beatnote

experimentally. This would be practical in cases underwater where turbulence forms in

the presence of particles or in the atmosphere when boundary levels turbulence is cre-

ated among boundary layer clouds. In Fig. 8.1 two examples of turbulence combined

with scattering are shown. Figure 8.1(a) shows a simulated case that if the beam inter-

acts with a single realization of turbulence and turbid media containing 50 µm particles.

Perturbations of the attenuation curve from Beer’s law show changes in mode spreading

introduced by the turbulence and not the particles. Figure 8.1(b) is the same turbulence

strength and particle size, but averaged over 20 independent realizations.

Another question of OHDOOM is how the AC coupled signal changes in a turbid or

turbulent medium compared to an amplitude modulated laser. The beatnote of OHDOOM

depends on the ability of the interference produced by the DPB. As forward coherence

is lost this interference pattern will lose its temporal and spatial coherence reducing its

visibility, therefore reducing the beatnote signal. This is in contrast to an amplitude mod-

ulated laser whose signal decreases with intensity losses and increased bandwidth due to
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(a) (b)

Figure 8.1: (a) Single realization of simulated beatnote signal containing turbulence and
a turbid medium containing 50 µm diameters particles. (b) Simulated beatnote signal
averaged over 20 realizations with turbulence along the entire turbid medium propagation
length.

scattered light. What are the effects of a turbid medium on an amplitude modulated laser

compared to a temporal interference modulated laser or if both modulations are com-

bined? The latter is thought to have its signal reduced by the loss of both temporal and

spatial coherence, but further experimentation will provide the answer.

The last future test of OHDOOM will be to quantify the effects of temporally cor-

related turbulence in an atmospheric, oceanic, or controlled laboratory environment. The

fluctuations of the beatnote power, beatnote phase, integration time, and possible Doppler

effects will all become factors in analyzing the receiver signal.

8.3.2 Further Exploration of Forward Scatter Coherence

Specific research can also continue looking into how the coherence of forward scat-

tered light changes through a turbid medium. Being able to verify the theoretical and

simulated MTF of the turbid medium WOSs presented in this work would help move for-
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ward the understanding of how a laser beam carrying OAM propagates through a turbid

medium. This includes how the OAM spectrum of a laser beam close to the particle size is

affected as this would concern how the output electric field is changed. This case cannot

easily be modeled using WOSs as it is assumed the phase function does not change. This

raises the question if the MTF is affected by the change in the phase function behavior or

are phase perturbations a change in phase function or are they decoupled events.

Within the theory of a turbid medium being able to define a quantity similar to

the Fried parameter would also be of great interest that can be related to image formation

instead of only the optical depth. As the Fried parameter scale dictates how well an image

can be formed, a turbid medium does not contain a similar pattern as larger attenuation

lengths do not always translate to the same effect depending on the medium of interest

such as fog compared to water. The optical density in fog allows for longer propagation

distances than water, but the loss of forward scatter coherence occurs in a similar manner.

The answer to this question is not obvious.

Using OAM mode spreading, another concern is if the OAM spectrum perturbations

can be mapped back to the phase variance. The issue is that the phase variance depends

on both the magnitude of the phase function and the optical depth. If another metric can

be used to decouple the two a unique phase variance can be determined similar to the

ratio 2w0/r0 to determine a unique Fried parameter. But this uniqueness is broken when

inner scale, outer scale, and anisotropy are introduced to the random medium. Instead the

Rytov number could be the nondimensional metric of interest as it does not depend on the

beam size, but rather only on the turbulence strength present.
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8.4 Conclusions

This experimental and simulation work on active OAM sensing modalities helps

push forward the practicality of OAM based sensing. Experimental effort led to the de-

velopment of OHDOOM, which provides an optical receiver with less hardware than pre-

vious experiments. OHDOOM also leverages the benefits of an inherently AC coupled

signal to reject any low frequency noise sources. Future work will evolve both OHDOOM

and simulation methods of OAM beams through random media.
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Appendix A: Calculation of Large Particle VSF

The phase function (or VSF) of large particles described by equation 2.15 is calcu-

lated directly from Mie theory for spherical particles. S(θ ,ϕ,ξ ) are the amplitude scat-

tering coefficients for the far-field distribution of scattered light [54], [55]. For more in-

formation on their physical derivation the reader is directed to Van De Hulst [54], Bohren

and Huffman [55], or Deirmendjian [235], [236].

The scattering amplitudes, independent of the azimuthal angle, are given as

S1(θ) =
Nc

∑
n=0

2n+1
n(n+1)

(anπn(θ)+bnτn(θ))

S2(θ) =
Nc

∑
n=0

2n+1
n(n+1)

(anτn(θ)+bnπn(θ)).

(A.1)

The scattering amplitudes are used in a matrix representation to denote the amplitude of

the various polarization components depending on the incident wave. For example if the

laser is horizontally polarized to the scattering plane S1 is used, otherwise, a vertically

polarized laser will use S2.

The Mie coefficients an and bn weigh each angular function τ(θ) and π(θ) that
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carry the angular dependence and are defined as

πn(cos(θ)) =
P1

n (cos(θ))
sin(θ)

τn(cos(θ)) =
dP1

n (cos(θ))
dθ

Pm
n (cos(θ)) = (1− cos2(θ))m/2 dmPn(cos(θ))

d(cos(θ))m

(A.2)

where Pm
n (cos(θ)) are the associated Legendre polynomials. For this series m = 1 as the

boundary conditions call for higher order polynomials to vanish. The functions can then

be implemented using their recursion relationships for computational efficiency as

π0(cos(θ)) = 0

π1(cos(θ)) = 1

πn(cos(θ)) =
2n−1
n−2

cos(θ)πn−1(cos(θ))− n
n−1

πn−2(cos(θ))

τ0(cos(θ)) = 0

τ1(cos(θ)) = cos(θ)

τn(cos(θ)) = ncos(θ)πn(cos(θ))− (n+1)πn−1(cos(θ)).

(A.3)

The Mie scattering coefficients an and bn are defined as

an =
mψn(mx)ψ

′
n(x)−ψn(x)ψ

′
n(mx)

mψn(mx)ξ ′
n(x)−ξn(x)ψ

′
n(mx)

bn =
ψn(mx)ψ

′
n(x)−mψn(x)ψ

′
n(mx)

ψn(mx)ξ ′
n(x)−mξn(x)ψ

′
n(mx)

(A.4)
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where ψn(ρ) and ξn(ρ) are Riccatti-Bessel functions defined as

ψn(ρ) = ρ jn(ρ)

ξn(ρ) = ρh1
n(ρ) = ρ[ jn(ρ)+ iyn(ρ)]

(A.5)

where h1
n(ρ) are spherical Hankel functions, and jn(ρ) and yn(ρ) are written using Bessel

functions of the first and second kind

jn(ρ) =
(

π

2ρ

)1/2

Jn+1/2(ρ)

yn(ρ) =

(
π

2ρ

)1/2

Yn+1/2(ρ).

(A.6)

The computation of the Mie coefficients is easier with the addition of the logarithmic

derivative [237]. The logarithmic derivative of ψn(mx) is defined as

d[ln(ψn(mx)]
d(mx)

=
ψ

′
n(mx)

ψn(mx)

Dn(mx) =− n
mx

+
jn−1(mx)
jn(mx)

=− n
mx

+
1

n
mx −Dn−1(mx)

D0(mx) =
j−1(mx)
j0(mx)

= cot(mx).

(A.7)

The Mie coefficients can then be rewritten as

an =

[
Dn(mx)

m + n
x

]
ℜ{ζn(x)}−ℜ{ζn−1(x)}[

Dn(mx)
m + n

x

]
ζn(x)−ζn−1(x)

bn =

[
mDn(mx)+ n

x

]
ζn(x)−ζn−1(x)[

mDn(mx)+ n
x

]
ℜ{ζn(x)}−ℜ{ζn−1(x)}

(A.8)
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where ζ (x) can be found from the recursion relations

ζn(x) =
2n−1

x
ζn−1(x)−ζn−2(x)

ζ−1(x) = cos(x)− isin(x)

ζ0(x) = sin(x)+ icos(x).

(A.9)

Using the forward recursive techniques to compute Dn(mx) from equation A.7 induces

numerical errors which can be fixed using a downward recursive method [60], [237]

Dn−1(mx) =
n

mx
− 1

Dn(mx)+ n
mx

. (A.10)

The verification and further use of generating VSFs is detailed in previous work [60].

Upon calculating of the Mie coefficients, other useful quantities can be defined as

well which are used in the text. Such as the scattering and extinction cross sections

Csca =
2π

k2

Nc

∑
n=1

(2n+1)(|an|2+|bn|2) (A.11)

Cext =
2π

k2

Nc

∑
n=1

(2n+1)ℜ{an +bn}. (A.12)

From the scattering and extinction cross sections the scattering and extinction coefficients

of the particle can be defined as σsca = NCsca and σext = NCext as discussed in Section

2.3 in equation 2.9 where N is the number density in particles per cubic meter.
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For more practical calculations a turbid medium is generally polydisperse and the

number density is an integral over the particle diameter distribution as

N =
∫

∞

0
n(a)da. (A.13)

Using the particle distribution all previously defined quantities can be represented as a

weighted average across the particle distribution. The unpolarized phase function of a

polydisperse system becomes

σVpd(θ ,ϕ) =

∫
∞

0
(
|S1(θ ,ϕ,a)|2+|S2(θ ,ϕ,a)|2

)
n(a)da

2k2
∫

∞

0 Csca(a)n(a)da
. (A.14)

Using this particle distribution the scattering coefficients are redefined as

Cscapd =
∫

∞

0
Csca(a)n(a)da (A.15)

Cextpd =
∫

∞

0
Cext(a)n(a)da (A.16)
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Appendix B: Numerical Generation of two-dimensional Phase Screens

Under the assumption that a turbulent medium contains phase and amplitude distor-

tions, the phase distortions contribute a larger distortion to the incident beam. This allows

the distortion to be modeled as a single phase only distortion exp(iθrnd(x,y)), which does

not account for non-isoplanatic effects [238], [239]. Assuming the optical phase is Fourier

transformable, the phase can be written as a 2D Fourier transform in terms of the sampling

variables p,q and Fourier indices n,m as [240]

θrnd(q∆x, p∆y)=
∞

∑
n=−∞

∞

∑
m=−∞

c̃(n∆κx,m∆κy)ei(q∆x[n∆κx]+p∆y[m∆κy]), (B.1)

where the spatial domain grid spacing are ∆x and ∆y and the wavenumber grid spacing

are ∆κx = 2π/Ndx and ∆κy = 2π/Ndy. The Fourier coefficients are defined as

c̃ = (a+ ib)
√

∆κx∆κyΦn,2(n∆κx,m∆κy), (B.2)

where a and b are normal Gaussian random variables and ΦS(n∆κx,m∆κy) is the phase

power spectrum. Using the phase power spectrum and the random number matrices that
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are a and b, a single spatial phase realization of the random medium can be found as

θrnd(p∆x,q∆y) = N2F−1
2 {c̃}. (B.3)

Depending on the medium in question the phase power spectrum will take on different

forms.

B.1 Turbulent Phase Screen

Within a turbulent medium with refractive index variations much larger than the

wavelength, the phase power spectrum is directly proportional to the refractive index

power spectrum as [71]

ΦS(n∆κx,m∆κy) = 2πk2dzΦn(n∆κx,m∆κy), (B.4)

where the refractive index power spectrum follows a power-law κ−11/3 as shown in Sec-

tion 2.3.3. The numerical issue with this form of spectra are the singularity that exist

at κ = 0 [59], [238], [240]. To deal with this issue numerically this Fourier component

is typically set to zero and approximated by introducing sub-harmonics. Sub-harmonics

are an artificial method to add in low frequency components that are removed when the

singularity at κ = 0 is set to zero. By setting this singularity to zero a significant portion

of low frequency components are not sampled properly leading to an incorrect represen-

tation of refractive index fluctuations. An example of a turbulent phase screen produced

using this method is shown in Fig. B.1(a) showing the phase shifts as a function of grid
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coordinate.

There are various methods to add in low frequency components to improve phase

screen accuracy [238], [240], [241], but the method chosen in this work is a randomized

spectral sampling technique introduced by Paulson et al. [242]. This technique leverages

the benefits of randomized grid sampling to improve the phase screen statistics to include

low frequency inherently in the inverse Fourier transform in equation B.3. This is done by

adding a random shift factor in the x and y directions as δκx and δκy, bounded between

±∆κx/2 and ±∆κy/2, to equation B.1 as

θrnd(q∆x, p∆y)=
∞

∑
n=−∞

∞

∑
m=−∞

c̃(n∆+δκxκx,m∆κy +δκy)ei(q∆x[n∆κx+δκx]+p∆y[m∆κy+δκy]).

(B.5)

The sub-harmonics spatial frequency coordinates are randomized for each individual sub-

harmonic frequency. The low frequency grid is divided into nine sub harmonics which

adds a low frequency component to the phase as

θsh(q∆x, p∆y, j) = 32 j
1

∑
n=−1

2

∑
m=−1

Ns

∑
j=1

c̃
(

n∆κx +δκx

3 j ,
m∆κy +δκx

3 j

)

ei
[
q∆x n∆κx+δκx

3 j +p∆y n∆κy+δκy
3 j

]
,

(B.6)

where Ns is the number of sub-harmonic grids, for all uses in this paper Ns = 9. For the

center grid when n = m = 0 the normalization is Ns +1 rather than the index j. Each for

the δκx and δκy are different random numbers for each sub-harmonic draw.
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B.2 Turbid Phase Screen

The process for generating a turbid phase screen is much simpler than that of a

turbulence screen since the phase power spectra do not contain a singularity at κ = 0.

Power-law sectrum’s, even bounded models such as MVK or MAS, contain a continuum

of spatial wavenumbers compared to turbid media spectra that resemble Gaussian power

spectra. A turbid medium contains strict bandlimits on the spatial frequencies present that

depend on the particle diameters present in the medium.

A bandlimit leaves no need for sub-harmonic routines for the phase screen. The

phase power spectrum is proportional to the scattering phase function. Physical interpre-

tation of the phase PSD can be made apparent as the phase function or VSF is also the

far-field distribution of the scattered field. This creates a relationship between the scatter-

ing wave-vector as defied by Tatarski [71] and Ishimaru [72] and the spatial wavenumber

|κκκ|= |⃗k− k⃗m|= 2k sin
(

θ

2

)
= κ = (κ2

x +κ
2
y )

1/2. (B.7)

From studies looking at patterns in particle scattering, the magnitude of the scattering

wave vector is the length scale of the scattering effects where the product of the scattering

inhomogeneity size (|κκκ|) results in a useful treatment of patterns in scattering [243], [244].

Depending on the grid size and number of points, the size of the spatial frequencies will

be limited and a non-physical result may be obtained as many spatial frequencies will be

under sampled. Depending on computational power this will strongly limit the simulation

domain size, but beams on the centimeter scale can still be simulated with relative ease.
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An example of a turbid phase screen in Fig. B.1(b) shows the phase shifts of a medium

containing 50 µm diameter particles. Notice the grid size is significantly smaller than the

turbulent medium due to the scale size of the phase shifts being comparable to the particle

diameter.

For particles with a small forward scattering component of the phase function, a

significant amount of scattered light will diverge quickly off the numerical grid. This

leads to errors if no absorbing boundaries are added as light scattered light becomes rein-

troduced to the numerical grid by the periodic structure of the discrete Fourier transform.

This is done by using a super-Gaussian window that leaves∼ 95% of the simulation grid

usable. Quickly diverging light can also be more accurately modeled using an expanding

grid which is discussed in Schmidt [88] and Fleck et al. [89], [90]. The benefit of using

this expanding grid is to keep the quickly diverging light within a useful computational

domain. For atmospheric propagation with larger distortion scale sizes, the effects of this

expanding grid are less noticeable. But for smaller phase distortions care must be taken to

choose the appropriate parameters such that the expanding grid does not ruin correlation

statistics. Much of this sampling concern is discussed in Chapter 9 of Schmidt [88].

For a turbid medium there is also a large attenuation factor that follows Beer’s law

due to higher angle scattering and absorption. This is modeled by multiplying each phase

screen by an attenuation factor proportional to the amount of light that is scattered outside

the numerical grid.
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(a) (b)

Figure B.1: (a) Example of a turbulent phase screen generated using the randomized
spectral sampling method. (b) Example of a turbid medium phase screen without the
addition of sub-harmonics for a medium containing 50 µm diameter particles.

B.3 Generation of Temporally-Correlated Turbulence

For time-correlated turbulence, the phase is modeled in the spatial frequency do-

main as a first-order auto-regressive (AR) process [245]–[247]. The AR method takes a

single phase screen realization in spatial frequency, F2 [θt−1(x,y)], at the previous time

step t−1 and adds another phase screen realization, F2 [θD(x,y)], that are linearly related

using a complex scaling parameter, α , as described by equation B.9

θt(x,y) = ℜ

[
F−1

2

(
αF2[θt−1(x,y)]+

√
1−|α|2F2[θD(x,y)]

)]
, (B.8)

where x = q∆x and y = p∆y. The scaling parameter α encodes how much atmospheric

phase is "remembered" from the previous time step for each spatial frequency component.

The newly added phase perturbations, θD(x,y), represents atmospheric "boiling", which

is the temporal evolution of the eddy turnover rate [245]. Atmospheric boiling is the tem-
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poral dependence of length scale changes within the eddy size distribution being blown

across the detector aperture by the mean wind speed [248]. The coefficient α is defined

as

α = |α|exp(−iT (κxvx +κyvy)) , (B.9)

where vx,y is the wind velocity along the x,y direction, κx,y is the spatial frequency com-

ponent along the x,y direction, and T is the receiver sampling period. This coefficient

provides a linear phase ramp in the frequency domain depending on the wind speed and

direction, which equates to a shift of the numerical grid in real-space. The magnitude, |α|,

is fixed between 0 and 1. When |α| is 0, the turbulence is uncorrelated as in a traditional

WOS approach. When |α| is 1, the turbulence represents pure frozen flow.

The injected phase is scaled by β =
√

1−|α|2 in the frequency domain so that the

power in the time series is conserved. Each phase screen is generated using a Fourier

transform based sampling routine, which undersamples low frequency components. An

AR based method does help to improve low frequency sampling across a number of tem-

poral steps, but to improve each phase screen low frequency sub-harmonics are added.

Each sub-harmonic is individually scaled by the same value of β to conserve power. To

initialize the AR process at t = 0, a random phase screen is generated using the regular

phase screen generation process.
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Appendix C: Beam Profile Expressions

The electric field, or wavefunction, that describes the spatial distribution of the

optical wavefront in this work is referred to as the beam profile. The formal electric field

contains a temporal dependence

E(r,φ ,z, t) =U(r,φ ,z)e i2π f t , (C.1)

which is omitted when considering the beam profiles in this work unless otherwise men-

tioned especially in Chapter 7. The beam profiles used or referenced to in this work are

as follows.

C.1 Gaussian Beam

A standard laser beam profile that is a solution to the wave equation is the Gaussian

mode given as

U(r,z) = A0 exp
(
− r2

w2(z)

)
exp
(

i
[

kz− kr2

2R(z)
+ iζ (z)

])
, (C.2)

where w(z)=w0[1+(z/zR)
2]1/2 is the diffraction limited beam waist, R(z)= z

[
1+(zR/z)2

]
is the radius of curvature, zR = πw2

0/λ is the Rayleigh length, ζ = tan−1(z/zR) is the Gouy
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phase, w0 is the initial 1/e2 beam waist, r = (x2+y2)1/2 and φ = tan−1(y/x) are the radial

coordinates, and A0 is a constant amplitude factor [1].

C.2 Laguerre-Gaussian (LG) Beam

LG beams are idealized OAM beams that are a solution to the wave equation. They

are commonly used to model OAM beam interactions due to their simple propagation

properties for analytic and simulation treatment. The LG beam profile in terms of regular

Gaussian parameters is

U(r,φ ,z) = A0

(√
2r

w(z)

)|l|
L|l|

p

(
2r2

w2(z)

)
exp
(
− r2

w2(z)

)
exp(ilφ)

×exp
(

i
(

kz− kr2

2R(z)

))
exp(i(2p+ |l|+1)ζ (z)) , (C.3)

where L|l|
p are the associated Laguerre polynomials, p is the radial index, and l is the OAM

index [1].

C.3 Bessel Beam

A unique solution to the wave equation is the Bessel beam whose profile is diffrac-

tionless upon propagation [129] meaning the beam does not expand in free-space. This

property cannot be replicated perfectly in reality as the beam would require infinite en-

ergy, but the profile can still be studied when it is passed through a finite aperture and

allowed to diffract. Depending on the radial wavenumber kr a region of little diffraction
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can be observed using the beam profile [249]–[251]

U(r,φ ,z) = A0Jl(krr)exp(ikzz)exp(ilφ), (C.4)

where kr is the radial wavenumber where k = (k2
r + k2

z )
1/2 and Jl(krr) is the lth order

Bessel function of the first kind. When working with this profile in simulation a circular

aperture is always applied before propagation.

C.4 Bessel-Gaussian (BG) Beam

The BG beam is the finite version of the ideal Bessel beam that propagates with

more of a Gaussian beam nature depending on the radial wavenumber. The BG profile is

given as [130]

U(r,φ ,z) = A0Jl

(
krr

1+ i z
zR

)
exp
(

iz
(

kz −
k2

r
2kz

)
− iζ (z)

)
×exp(ilφ)exp

(
− r2

w2(z)

)
exp
(
− ikz

2R(z)

(
r2 +

k2
r zR

k2
z

))
. (C.5)

If kr = 0 a Gaussian beam profile is returned as given in equation C.1.

C.5 Hypergeometric Gaussian (HyGG) Beam

When a Gaussian beam propagates through a diffractive optical element such as a

spiral phase plate (SPP), the resultant beam contains OAM but contains a more complex
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radial beam profile. The profile after the SPP is given as [128], [252]

U(r,φ ,z) =
(−i)n+1

4
√

π

(
kw2

0
zq2

)(
kw0r√

2qz

)(
In−1

2
(ν)− In+1

2
(ν)
)

exp
(
− r2

w2(z)
+ i
[

kr2

2R(z)
+ lφ

])
,

(C.6)

where q = (1 − ikw2
0/z)1/2, In(ν) are modified Bessel functions of the first kind, and

ν = 1/2(kw0r/
√

2qz)2.
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Appendix D: Im Bessel Beam MCF

The Im-Bessel beam, originally introduced by Ponomarenko, is a partially coher-

ent beam with an MCF that carries a separable azimuthal phase component [138]. The

coherence properties are isotropic in the sense that coherence properties of the beam do

not depend on the relative orientation of the transverse points. A beam of this nature can

be expanded into an incoherent summation of coherent basis modes known as the coher-

ent mode representation (CMR). Consequently, partially coherent beams of this form are

highly stable upon propagation. The Im Bessel beam’s MCF, or cross spectral density

(CSD) in coherence theory, is

W (r1,r2,ω) = ⟨U∗(r1,ω)U(r2,ω)⟩=
Ne

∑
p=0

λl p(ω)ψ∗
l p(r1,ω)ψl p(r2,ω) , (D.1)

where r1 and r2 are spatial coordinates, U represent the electric field of the beam, ω =

2π/λ , ψl p are the eigenmodes, Ne is the number of eigenmodes, and λl p are the eigen-

values. Each eigenmode will be generated at the same optical frequency ω , which will be

inferred. The eigenmodes to describe the IBB are the LG modes described by equation

C.3.

Using the LG modes as the eigenmodes, the eigenvalues of equation D.1 are found
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to be [138]

λl p =
p!ξ p

(p+ l)!
, (D.2)

where ξ defines the coherence of the beam and is limited between 0< ξ < 1. When ξ ∼ 1

the beam is considered to be incoherent and the eigenvalue distribution broadens. When

ξ ∼ 0, the beam is fully coherent and is described by the LG expression in equation C.3.

The analytical form of an IBB source’s CSD is found by substituting equation C.3 into

D.1, taking the form

W (r1,r2) =
ξ−l/2

1−ξ
e
− (1+ξ )(r2

1+r2
2)

(1−ξ )w2(z) e−il(φ1−φ2)Im

(
4
√

ξ r1r2

(1−ξ )w2(z)

)
, (D.3)

where Im is a modified Bessel function of the first kind.

The average intensity, I(r,z), or spectral density, of the beam can be found by setting

the observation points to be the same, r1 = r2 = r and φ1 = φ2 = φ , to obtain

I(r,z) =
ξ−l/2

1−ξ
e
− 2(1+ξ )r2

(1−ξ )w2(z) Im

(
4
√

ξ r2

(1−ξ )w2(z)

)
. (D.4)

D.1 Propagation of the Im Bessel Beam

Using the coherent mode representation (CMR), defined in equation D.1, of a par-

tially coherent beam, the beam propagation can be easily adopted to the split-step method.

The only difference to coherent beam propagation is an exposure time must be introduced

to average over a set of realizations of the partially coherent beam. This breaks the typical

use of the split-step method that simulates independent spatial realizations of the random

191



process. Depending on the exposure time, the realizations of turbulence present may not

be independent. Simulation of this form of turbulence is discussed in Appendix B.

To generate the average intensity of the Im Bessel beam, the simulation procedure

could be performed where the CSD itself is propagated. However the simulation goal is

to replicate the experimental implementation of the IBB discussed by Chen et al. [139].

In summary the simulation procedure is as follows:

1. Calculate the eigenvalue distribution given the eigenmode index p, a set number of

eigenmodes Np, OAM value l, and coherence value ξ .

2. Weight each eigenvalue following, P(λl p)=
λl p

∑
Np
j=0 λl j

, where P(λl p) is the probability

that the pth eigenmode is drawn and transmitted.

3. Take the beam profile from equation C.3 for the pth eigenmode with OAM value

l, propagate the beam using coherent beam propagation from Appendix E, and

then temporally average the beam metrics (such as intensity) to obtain the average

intensity given by equation D.4.

For larger values of ξ the number of iterations must be increased to reduce the

ripples due to the finite number of modes. Np is set to 16 modes due to limitations of

experimental equipment to generate higher order modes due to the large apertures needed

for higher order LG beams. As ξ increases, the point of maximum intensity tends to get

closer to the origin, whereas for lower values of ξ the mean intensity converges to that

of an LG beam with indices l and p = 0. The next section will discuss the simulation

procedures with the inclusion of atmospheric turbulence using phase screens.
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Appendix E: Beam Metrics used in Chapter 5

For the simulations throughout this work the beam metrics of interest are gener-

ally simple to discuss theoretically, but to computationally find them is not as straight

forward at times. Each metric in this section is quickly explained with its numerical im-

plementation discussed. All functions are assumed to be written in terms of the Cartesian

coordinates x and y to adapt to a square grid.

E.1 OAM Spectrum

Given a complex beam profile on a numerical grid U(xq,yp,z) the OAM spectrum

is most easily found by computing each inner product from equation 4.2 individually. For

more explicit forms of calculating the OAM spectrum performing an azimuth integral

over the grid space and taking a 1D Fourier transform [178].

The inner product from equation 4.2 is turned into two discrete sums over the entire

grid space as

cl(z) =
1

N2
g

Ng

∑
q=1

Ng

∑
p=1

U(xq,ypy,z)Ψ∗
l (xq,yp,z). (E.1)

For the analytic form of the OAM spectrum spreading used for comparison to the
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simulations the equation is [175]

|cln|2 =
∫

∞

0
|U(r,z)|2

∫ 2π

0
ei∆lnφ e

(
−3.44

(
2w0
r0

)5/3∣∣∣ρ sin
(

φ

2

)∣∣∣5/3
)

rdrdφ , (E.2)

where ∆ln = l−n is the distance away from the central OAM mode l of the incident beam,

and ρ = 2r/w0 is the normalized radial coordinate.

E.2 Spot Size

The beam spot size, also called the 1/e2 point, can be defined as the diameter lo-

cated at the centroid of the beam where 86% of the intensity falls. Using the mean value

of r will generally over estimate the beam spot size due to its sensitivity at the wings of

a band-limited beam profile. This is important for only comparing to analytical theory

for the Gaussian beam case. To make sure this is not an issue the spot size is calculated

using a 1D cross section of the 2D beam profile as all beams in this work are assumed

rotationally symmetric. The 1D cross section is then set equal to the 1/e2 point and a zero

crossing algorithm is used to find the points of intersection.

For OAM beams and comparison of their spot sizes, the RMS radius (wrms) is cal-

culated instead since a 1/e2 is not an obvious value for non-Gaussian beams. For the

vacuum case, the RMS radius is equal to the 1/e2 point. The RMS radius is defined as
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wrms(z) =

√
2
∫

∞

−∞

∫
∞

−∞
(x2 + y2)I(x,y,z)dxdy∫

∞

−∞

∫
∞

−∞
I(x,y,z)dxdy

=

√√√√2
∑

Ng
q=1 ∑

Ng
p=1
[
x2

q + yp)2
]

I(xq,yp,z)

∑
Ng
q=1 ∑

Ng
p=1 I(xq,yp,z)

(E.3)

where I(xq,yp,z) = |U(xq,yp,z)|2 is proportional to the beam intensity.

Within weak turbulence the analytic form of the long-term spot size used for com-

parison to the simulations for a collimated beam is

wLT (z) = w(z)
√

1+T , (E.4)

where T is related to the turbulence statistics by

T = 4π
2k2L

∫ L

0

∫
∞

0
κΦn(κ)

(
1− exp

(
−ΛLκ

2
(

1− z
L

)2
))

dκdz, (E.5)

where Λ = 2z/kw2(z) is the real part of the Gaussian beam propagation parameter.

E.3 Divergence

The divergence angle for propagation far from the initial starting point is approxi-

mated as

θ
dvg(z) = 2tan−1

(
wrms(z)−wrms(0)

z

)
, (E.6)
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but for long propagation distances the argument of the above inverse tangent can be used.

The spot size theoretically used is calculated from equation E.5.

E.4 Mutual Coherence Function

As the MCF is the autocorrelation function of the 2D matricies which can be effi-

ciently calculated using the FFT as

Γ2(x1,y1,x2,y2,z) =
1

N2
g

Ng

∑
q1=1

Ng

∑
p1=1

Ng

∑
q2=1

Ng

∑
p2=1

U(xq1,yp1 ,z)U
∗(xq2,yp2,z)

=
1

N2
g
F−1

2
[
F2{U(xq,yp,z)}F2{U∗(xq,yp,z)}

]
,

(E.7)

and the complex degree of coherence as

µ(x1,y1,x2,y2,z) =
Γ2(x1,y1,x2,y2,z)

[Γ2(x1,y1,x1,y1z)Γ2(x2,y2,x2,y2,z)]
1/2 , (E.8)

For a system containing turbulence the specific form of a Gaussian beam MCF is

expressed as (see Ch. 6 Eq. 35 [50])

Γ2(r1,r2,L) = Γ0(r1,r2,L)exp

[
−4π

2k2L
∫ L

0

∫
∞

0
κΦn(κ)

×

(
1− exp

(
−ΛLκ

2
(

1− z
L

)2
))

×J0

(∣∣∣(1−Θ
z
L

)
p−2iΛ

z
L

r
∣∣∣κ])dκdz

]
, (E.9)

where Γ0(r1,r2,L) is the Gaussian free-space MCF, Λ = 2z/kw2(z), Θ = 1−Θ, Θ =

1− z/R(z) is the complex part of the Gaussian propagation parameter, and p = r1 − r2.
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This can also be done by using just the free-space MCF with the product of the spherical

wave MCF [50].

E.5 Spatial Coherence Radius (SCR)

The SCR is defined as the 1/e point of the beam autocorrelation function. For a

Gaussian beam the autocorrelation function is also of Gaussian form. Autocorrelation

functions carrying OAM do not contain a Gaussian form but rather a hypergeometric

nature. The 1/e point for a non-Gaussian function is not intuitively obvious which lends

as a non-useful metric for comparing OAM and Gaussian beams.

For a Gaussian beam the SCR is calculated by taking a 1D cross section of a ro-

tationally symmetric autocorrelation function then finding the zero crossings where the

autocorrelation is equal to 1/e point. This is similar to finding the 1/e2 spot size.

E.6 On-axis Intensity

A Gaussian beam contains intensity directly on the center of the optical axis, but

OAM beams have an intensity null leaving the term "on-axis" up for debate. For an OAM

beam "on-axis" is defined as the center annulus along the main vortex ring. To measure

the on-axis intensity of an OAM beam a circular mask is created that covers the center

of the annulus of the main beam. This mask is multiplied to the intensity pattern and

then summed over to find the average on-axis intensity. For beams that travel through

turbulence, the on-axis intensity is found by multiplying an annular mask created from

propagating the beam through vacuum the same distance. This is so that the intensity
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losses by divergence are accounted for but not those by turbulence.

The long-term or mean intensity of a Gaussian beam after propagation through

turbulence is found to be

Γ2(r,r,L) = ⟨I(r,L)⟩=
w2

0
w2(z)

exp
(
− 2r2

w2
LT (z)

)
. (E.10)

E.7 On-axis Scintillation

The on-axis scintillation is calculated using the same masks found from finding the

on-axis intensity. Before the mask is multiplied the scintillation defined as

σ
2
I (xq,yp,z) =

⟨I2(xq,yp,z)⟩−⟨I(xq,yp,z)⟩2

⟨I(xq,yp,z)⟩2 , (E.11)

is calculated and then the mask is multiplied to this 2D scintillation profile and

averaged over the amount of non-zero points within the mask.

Within a turbulent enviornment the scintillation can be predicted from the fourth

order beam moment or the intensity autocorrelation function. If the initial beam waist

is not within either limiting beam case of a plane wave or spherical wave, the scintilla-

tion across the beam profile, assuming isotropic Kolmogorov turbulence for an untracked

beam centroid [50], is given by

σ
2
I (r,z) = 3.86σ

2
R ℜ

(
i5/6

2F1

(
−5
6
,
11
6

;
17
6

;Θ+ iΛ
)

−2.64σ
2
R Λ

5/6
1F1

(
−5
6

;1;2
r2

w2(z)

))
, (E.12)
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where 2F1(a,b,c,d) and 1F1(a,b,c) are confluent hypergeometric functions.

E.8 Near-Field Beam Wander

Due to turbulence perturbations the beam centroid moves about its propagation axis.

If the beam centroid is tracked its average radial distance from the beam axis can be

determined. Theoretically, notation from Belmonte [188], this movement is predicted as

⟨β 2⟩= 2.42C2
nL3w−1/3

0 2F1

(
1
3
,1;4;1−|Θ0|

)
, (E.13)

where Θ = 1− z/R(z) is the complex part of the Gaussian propagation parameter.

Numerical calculate involves finding the standard deviation along the x and y direc-

tions from β 2
x = ⟨x2⟩− ⟨x⟩2 which are the first and second order moments of the spatial

coordinates. Then the total beam wander is found as β 2 = β 2
x +β 2

y .
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Appendix F: Derivation of Equation 7.5

In Chapter 7, the beatnote photocurrent is said to be proportional to the OAM co-

efficients in equation 7.4. The derivation is done using the orthogonality of the OAM

basis functions from the modal decomposition discussed in Section 4.1. Starting with the

general form of the OAM basis functions

Ψl,p(r,φ ,z, t) = Ap(r,z)e ilφ e−i2π f t , (F.1)

where p is the radial mode index, Ap(r,z) is a complex amplitude distribution formed from

an arbitrary radial basis set, f is the optical frequency, and the fields are normalized such

that
∫ 2π

0
∫

∞

0 |Ψl,p(r,φ ,z, t)|2 rdrdφ = 1. The radial basis functions can either be Bessel,

Laguerre, or hypergeometric functions as discussed in Appendix C. The basis functions,

Ψl,p(r,φ ,z, t), satisfy the orthogonality relationship

∫ 2π

0

∫
∞

0
Ψl1,p(r,φ ,z, t)Ψ

∗
l2,p(r,φ ,z, t)rdrdφ = Dl1l2,p(z)δl1l2, (F.2)

where l1 and l2 are azimuthal indices, δl1l2 is the Kronecker delta function, and Dl1l2,p(z)

are non-zero functions of the propagation distance z. Starting from the DPB superposition
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(S(r,φ , t)), the fields can be expanded using the OAM modal decomposition

S(r,φ , t) = El1(r,φ ,z, t)+El2(r,φ ,z, t)

=
∞

∑
p=0

∞

∑
n=−∞

al1+n,pΨl1+n,p(r,φ ,z, t)+
∞

∑
q=0

∞

∑
m=−∞

bl2+m,qΨl2+m,q(r,φ ,z, t),
(F.3)

where al1 and bl2 are the OAM coefficients of beam 1 and beam 2 respectively with initial

OAM modes l1 and l2, n and n′ are OAM indices of each beam, and p and q are the radial

indices. The intensity of the DPB is then proportional to

S(r,φ ,z, t) = |El1(r,φ ,z, t)+El2(r,φ ,z, t)|
2

= |El1(r,φ ,z)|
2+|El2(r,φ ,z)|

2+El1(r,φ ,z)E
∗
l2(r,φ ,z)e

−i2π( f2− f1)

+E∗
l1(r,φ ,z)El2(r,φ ,z)e

i2π( f2− f1)

=

∣∣∣∣∣ ∞

∑
p=0

∞

∑
n=−∞

al1+n,pAp(r,z)ei(l1+n)φ

∣∣∣∣∣
2

+

∣∣∣∣∣ ∞

∑
q=0

∞

∑
=−∞

bl2+m,qAq(r,z)ei(l2+m)φ

∣∣∣∣∣
2

+

∞

∑
p=0

∞

∑
n=−∞

a∗l1+n,pA∗
p(r,z)e

−i(l1+n)φ
∞

∑
q=0

∞

∑
m=−∞

bl2+m,qAq(r,z)ei(l2+m)φ e−i2π( f2− f1)+

∞

∑
p=0

∞

∑
n=−∞

al1+n,pAp(r,z)ei(l1+n)φ
∞

∑
q=0

∞

∑
m=−∞

b∗l2+m,qA∗
q(r,z)e

−i(l2+m)φ ei2π( f2− f1).

(F.4)

Upon detection of the intensity in F.4, the photocurrent is I = R
∫∫
|S(r,φ ,z, t)|2rdrdφ .

The DC photocurrent (IDC) is proportional to the magnitude of the field amplitudes and

the AC photocurrent (IAC) is due to the wave mixing. Using equation F.4, and simplifi-
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cation of the summations, the photocurrent becomes

I (z, t) = IDC(z)+IAC(z, t) = R
∫∫

SDC(r,φ ,z)rdrdφ +R
∫∫

SAC(r,φ ,z, t)rdrdφ

SDC(r,φ ,z) =

∣∣∣∣∣ ∞

∑
p=0

∞

∑
n=−∞

al1+n,pAp(r,z)

∣∣∣∣∣
2

+

∣∣∣∣∣ ∞

∑
q=0

∞

∑
=−∞

bl2+m,qAq(r,z)

∣∣∣∣∣
2

SAC(r,φ ,z, t) =
∞

∑
p=0

∞

∑
n=−∞

a∗l1+n,pA∗
p(r,z)e

−i(l1+n)φ
∞

∑
q=0

∞

∑
m=−∞

bl2+m,qAq(r,z)ei(l2+m)φ e−i2π( f2− f1)

+
∞

∑
p=0

∞

∑
n=−∞

al1+n,pAp(r,z)ei(l1+n)φ
∞

∑
q=0

∞

∑
m=−∞

b∗l2+m,qA∗
q(r,z)e

−i(l2+m)φ ei2π( f2− f1).

(F.5)

Simplification of the radial amplitudes terms can be done using ∑
∞
p=0 Ap(r,z)A∗

p(r
′,z) =

E(z)δ (r,r′) and the orthogonality condition in equation F.2 resulting in the DC photocur-

rent

IDC(z) =
∫

∞

0

∫ 2π

0

∣∣∣∣∣ ∞

∑
p=0

∞

∑
n=−∞

al1+n,pAp(r,z)

∣∣∣∣∣
2

+

∣∣∣∣∣ ∞

∑
q=0

∞

∑
=−∞

bl2+m,qAq(r,z)

∣∣∣∣∣
2
rdrdφ

=
∞

∑
n=−∞

|al1+n|2+
∞

∑
m=−∞

|bl2+m|2,

(F.6)
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where power is conserved as ∑
∞
n=−∞|al1+n|2= 1. This DC component is directly propor-

tional to the total power in the OAM spectrum. The AC photocurrent becomes

IAC(z, t) =
∫

∞

0

∫ 2π

0

(
∞

∑
p,q=0

∞

∑
n,m=−∞

a∗l1+n,pbl2+m,qAq(r,z)A∗
p(r,z)e

i(l2−l1+m−n)φ e−i2π( f2− f1)

+
∞

∑
p,q=0

∞

∑
n,m=−∞

al1+n,pb∗l2+m,qA∗
q(r,z)Ap(r,z)ei(l1−l2+n−m)φ ei2π( f2− f1)

)
rdrdφ

=
∞

∑
m=−∞

a∗mbme−i2π∆ f +amb∗mei2π∆ f ,

(F.7)

where the integration over the detector surface limits the summations to modes m = n

and ∆ f = f2 − f1. As the OAM coefficients themselves are complex the substitutions

am = αmeiγm and bm = βmeiδ can be made where αm and βm are real numbers. The AC

photocurrent written in terms of the OAM coefficients (reintroduced the z dependence of

the OAM coefficients) is then

IAC(z, t) =
∞

∑
m=−∞

αm(z)βm(z)e−i(γm−δm)e−i2π∆ f +αm(z)βm(z)ei(γm−δm)ei2π∆ f

= 2
∞

∑
m=−∞

αm(z)βm(z)cos(2π∆ f − [γm −δm]).

(F.8)

This final result states that the AC photocurrent is dependent on the correlation of the

OAM coefficient phase across all OAM modes of each beam in the DPB. This equation

is the basis of the beatnote used in OHDOOM to detect phase distortions once the sum-

mation in equation F.8 is truncated.
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