Defining parameters

and functions;

Clear All;

profit function (as revenue minus cost);

[ wiz] Xi+ (1 =s)(Xi —Wi)+5sXj—-wj)
NP[ai_, wi_, Xi_, aj_, wj_, Xj_] =|aiwi— — | - cwi [h - ];
2

Motion function : not necessary for this one round game;
SM[Xi_,wi_,Xj_,wj_]=QL=-s)Xi—wi)+sXj—-wj) +R;

The marginal profit (function) from an extra unit of water;

Xi+(1=-S)Xi—2wi)+sX —wj)
DNP[ai_, wi_, Xi_, aj_, wj_, Xj_]l =ai—wi—-cC [h - ];

2
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Double checking the marginal profit;
FuIISimpIify[

{awi NP[ai, Wi, Xi, aj, Wj, Xj] - DNP[ai, Wi, Xi, aj, Wj, Xj], awj NP[aj, Wj, Xj, ai, Wi, Xi] - DNP[aJ-, Wj, Xj, aj, Wi, Xi]}]

{0, 0}

One round game under competition;

Solving for the extraction decisionsthen
Rewriting it aslinear functionsof stock levels;
sols = Solve[{awi NP[ai, Wi, X, aj, wj, Xj] == 0, 6Wj NP[aj, wj, Xj, aj, W;, Xi| = O}, {wi, wj}];

{Wi,compv Wj,comp} = Simp“fY[{Wiy Wj} /. 30|S[[1]]];

1 [ 2-c 1 [ 2-c
@1 comp = —— — + ; @2 comp = — — - )
3 2+2c-cs 6+6c-9cs 3 2+2c-cs 6+6c-9cs
aj + qj aj — g aj +qj aj — aj
@3j,comp = + » @3 comp = + ;
2+2c-cCs 2+2c-3cs 2+2c-cCs 2+2c-3cCs

FUIISimp"fy[{Wi, comp — (a'l, comp (h=x)+ a, comp (h - Xj) + a’3i,comp)a
Wj, comp — (a'l, comp (h - Xj) + @2 comp (h=x;) + 0’3j,comp)}]

{0, 0}

o ai + aj ai—aj
a3complai_, j_] = + ;
2+2c-cs 2+2c-3cs

Weompl@i_, Xi_, aj_, Xj_1 = @1, comp (N = Xi) + @3, comp (N = Xj) + @3 complai, ajl;

FuIISimpIify[{Wcomp[ai, Xi, aj, Xj] = Wi, comp» Wcomp[aj, Xj, a;, Xi] - Wj,comp}]

{0, 0}

Defining theindividualsvaluation of stock based onindividual profits;

Veomplai_, xi_, aj_, xj_] =
—((—1+c(—1+s))(4(1+c—cs)ai+c(—4(1+c)h+60hs—25aj+(4—25+c(4+(—6+s)s))xi+

s@2-cs) xj))z)/(z (~2+C(=2+8)° (=2 +C(-2+3 s))z);
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FuIISimpIify[{Vcomp[ai, X, aj, Xj] - NP[ai, Wcomp[ai, X, aj, Xj], Xi, aj, Wcomp[aj, Xj, @i, Xi], Xj],
Veomp|aj. X, @i, Xi| = NP[aj, Weomp[aj. Xj, ai, Xi]. X, @i, Weomp|ai, Xi. aj, Xj]. Xi]}]

{0, 0}

1 1
FullSimpIify[{Vcomp[ai, xi, aj, Xj] = " (1 +C = CS)Wi comp’» Voomp[aj, X, ai, xi] = 5 (l+c-cs) wj,compz}]

{0, 0}

Rewriting theindividuals valuation
of stock asquadratic function of stock levels;

COMP 2(14c-cs)(4-2s+4c-6cs+cs?)’ O c?(l+c-cs)s?(2-cs)
F 1= ; F 2 = 9
2(2+20—cs)2(2+2c—3cs)2 2(2+20—(:3)2(2+Zc—3<:s)2
SeIe c?(l+c-cs)s(2-cs)(4-2s+4c-6cs+cs?)
3= ;
(2+20—cs)2(2+20—3cs)2
gelne cl+c-cs)(4-2s+4c-6cs+cs?)(  ai+aj ai — aj
F 4lai_,aj_1=- ( + ];
(2+2c-cs)(2+2c-3cs) 2+2c-cs 2+2c-3cs
comp c(l+c—-cs)s(2-cys) ai + aj ai —aj
I' ofai_aj 1=- . ;
(2+2c-cs)(2+2c-3cs)\2+2c-cs 2+2c-3cs
comp

1 ai + aj ai — aj 2
' aiajl= —~L+c-cs) + :
2 2+2c-cs 2+2c-3cs

comp comp
FuIISimpIify[Vcomp[ai, Xi, &, Xj| - [ I' .h-x+ T, (h- xj)2 +

comp comp comp comp
r s(h=x)(h=x)+ r a|ai, ] (h=x) + I s[ai, aj] (h = x;) + I G[ai,aj]]]
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comp comp
FuIISimpIify[Vcomp[aj, Xj, aj, Xi| = | (h- xj)2 + I ,ch—x)*+

comp comp comp comp

I s(h=x)(h=xj)+ I [ay. ai] (h=x) + I s[aj, ai] (h—x) + I G[aj,ai]]

Deriving the aggregate stock valuation by
thetwo usersas quadratic function of stock levels;

comp c2(1+c—cs)((4—Zs+4c—6cs+csz)2+sz(2—cs)2)
1= ;

2@2+2c-cs)>@2+2c-3cs)?

comp c?(l+c-cs)s(2-cs)(4-2s+4c—-6cs+cs?)
A 3=2 !
(2+2c—cs)2(2+2c—3cs)2

comp (ai + aj) (1--9s)(@i-aj

A 4lai_,aj_ 1=-2c(l+c—-cs) + ;
(2+2(:—cs)2 (2+20—3cs)2

comp @i + aj) (1 - s) (aj - ai)

A s[ai_,aj_]=-2c(1+c—-cs) + ;
(2+20—cs)2 (2+2c—30$)2

comp (ai — aj)2 (ai + aj)2

A slai_,aj_ 1=(1+c—-cs) + p

2+2c-3cs)> (2+2c-cs)?

comp comp comp
(V [ai_,xi_,aj_,xj_,s_1= A 1(h- xi)2 + A 1(h- xj)2 +
comp comp comp comp

A sth-xiyh-xp+ A ,aiajjth-xi+ A saiajth-xp+ A ai ajl;
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comp
FuIISimpIify[ Vv [ai. xi. @), X}, S] = ( Veomplai, Xi @y, Xj] + Veomp[aj, Xj. @i, Xi] )]

0

One round game under cooperation,;

Rewriting the objective function;

profit function (as the sum of revenues minus costs for the two players);

wi?
NPcooplai_, wi_, Xi_, aj_,wj_, Xj_] = [ai wi — —] -
2

cwilh-

)

Xi+ (1 —S)Xi—wi)+sX—wj) wj? Xj 4+ (1 =S)(Xj —wj) + s (Xi —wi)
]+ ajwj — — —cwj[h— ;
2 2 2

FullSimplify[NPcoop|a;, wi, Xi, aj, wj, Xj| = (NP[ai, wi, Xi, aj, wj, Xj] + NP[aj, w;, xj, a;, wi, Xi])]
0

Motion function : not necessary for this one round game;
SMIXi_,wi_,xj_,wj_]=0Q-s)Xi—-wi)+sX—-wj)+R;

The marginal profit (function) from an extra unit of water;
Xi+(Ll=s)(Xi—2wi) +s(Xj—wj) cwjs

DNPcooplai_, wi_, Xi_,aj_,wj_,xj_]=ai—wi-c [h - -
2 2

Double checking the marginal profit;
FuIISimpIify[{awi NPcoop|a;, wi, X;, aj, W;, x| - DNPcoop]a;, wi, X;, aj, Wj, Xj],

awj NPcoop|a;, wi, X, aj, W;, X;| — DNPcoop]aj, wj, X;, a;, wi, xi]}]

{0, 0}

Solving for the extraction decisions;

sols = Solve[{awi NPcoop|a;, wi, X, aj, wj, Xj] == 0, 6Wj NPcoop|a;, wi, x;, aj, w;, Xj| = O}, {wi, Wj}];
{Wi,coop: Wj,coop} = SimplifY[{Wi: Wj} /- SOIS[[l]]];
1+3c l1-c

FullSimplify[wi,Coop - [[—4(1 . + . 2cs)] (h = x;) +

[l—c ) 1-c ](h_xj)+£[ai+aj+ ai - a ]]]

4(1+c) 4(Q+c-2cs) 2\ 1+c l+c-2cs
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1+3c l-c
FUNISIMPIify[W; coop = | | - + (h=x;) +
4(14c) 41 +c-2cs)

1-c 1-c 1(a+a aj — aj
- (h—xi)+—[ + ]]
4(1+c) 4(1+c-2cs) 2\ 1+c l1+c-2cs

Rewriting the extraction decisions aslinear functions of stock levels;

1+3c l1-c l1-c l1-c

@1 coop = — + » @2 coop = - ;
4(1l+c) 4(1+c-2cs) 4(1+4c) 4(1+c-2cs)

1 ai+aj ai—aj 1 ai+aj aj - g
@3j,coop = — + ;@3 coop = — + :
1+c l+c-2cs 2\ 1+c l1+c-2cs

FU”Simp“fY[{ Wi, coop — (a’l,coop (h=X)) + @2 coop (h - Xj) + Q'3i,coop)v
Wi, coop — ( @1, coop (h - Xj) + @2 coop (h—x;) + a’3j,coop)}]
{0, 0}
1(ai+aj ai - aj

@3 coop[ai_y aj_|= E 1 + 1 > )
+C +C-ZCSs

Weooplai_, Xi_, @j_, Xj_] = @1, coop (N = Xi) + @2 coop (N = X)) + @3co0plai, ajl;
FullSimplify[{{Wcoop[ai. Xi. &}, Xj] = Wi, coop} + {Weoop|aj: Xj» @i Xi] = Wj, coop }]

{0}, {O}

Defining theindividuals valuation of stock based onindividua profits;

Rewriting the aggregate valuation
of stock asquadratic function of stock levels;

CXD R+ (-2+s)s+c(2+(-4+5)s))
- 4L+0)(-14cC(-14+25)
coop > coop . . . .
c°s(-2+sS+cCS) (ai+aj)c (@ai—aj)c(-1+-s)
A 3= ] A slai_,aj_]=- + ;
2+c)(-1+c(-1+259)) 2(1+0) 2+c(2-459)
coop (@i+aj)c (@ —-a)c(-1+s) coop (ai + aj)2 (ai — aj)2
A slai_,aj_]1=- + ; A elai_, aj_] = - ;
2(1+0) 2+c(2-45s) 4(1+c) —-4+c(-4+8s)
coop coop coop
q/ [ai_,xi_,a]_,Xj_,s 1= A 1(h- xi)2 + A 1(h - xj)2 +
coop coop coop coop

A 3 (h = xi) (h = xj) + A 4[ai, aj] (h = xi) + A s[ai, aj] (h = xj) + A slai, ajl;
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coop
FuIISimpIify[ % [ai. xi. &}, Xj, s] = ( NPcoop|aj, Weoop[ai, Xi, j, Xj], Xi, @j, Weoop[aj, X, &i, i X] )]

0

One round game under single user i;

Rewriting the profit and marginal profit functions
when only player i isallowed to use theresource;

wi? (h xi+(1—S)(Xi—Wi)+s(Xj_O)]

NPsing[ai_, wi_, xi_,aj_,wj_, Xj_]=aiwi— — — cwi
2 2

SMsing[wi_, Xi_,wj_,Xj_1=(1-s)Xi—-wi)+s(Xxj—-0) + R;

Xi+(Ll=-s)(Xi—2wi) +sXj
DNPsingl[ai_, wi_, xi_, aj_,wj_, Xj_]=ai—-wi —c|h - ;
2

FU”SImpllfy[{aWI NPSing[ai, Wi, Xj, aj, Wj, XJ] - DNPSing[ai, Wi, Xj, aj, Wj, Xj]}]

{0}

Solving for the extraction decision with asingle user;

sols = Solve[DNPsing[a;, wi, X;, aj, W;, Xj| == 0, w;|; {W; sing} = Simplify[{w;} /. sols[[11]];
-C 2 q;

FullSimplify[{wi,Sing - [m (2h+(=2+8)x —s%) + m]}]

{0}

Rewriting the extraction decision aslinear functions of stock levels;

c(2-5s) CcsS 2 q;
Qising =——————— ; Q2sing= ——————— , @3j;sing =

2+2c(1-5s) 2+2c(l-5) 2+2cl-s)
FUSIMplify[{ Wi, sing = (@1sing (N = X) + @2sing (N = X;) + @31.5ing)  }]

{0}

) ) ai
aszsinglai_, aj_] = ﬁ;
+Cc(l-s

Wsing [ai_, xi_,aj_, Xj_l=a sing (h = xi) + a> sing (h=xj) + a3 Sing[aiv ajl;
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FuIISimpIify[{Wsing[ai, Xi, aj, Xj] - Wi,sing}]

{0}

Defining the single user valuation of stocks based on hisindividual profit ;

Vsinglai_, xi_, aj_, xj_] = NPsing]ai, Wsing[ai, Xi, aj, Xj], Xi, aj, Wsing[aj, Xj, ai, Xil, Xj;

FullSlmlefy[{ Vsing[ai, Xi. &, Xj| = E(1+c—cs)(wi,sing) }]

{0}

Deriving the stock valuation by the
single user as quadratic function of stock levels;

sing > 2 sing 5 o sing >
c°(-2+5s) c’s c°(2-9s)s
8+8c(l-9) 8+8c(l->9) 4+4c(1->5s)
sing . sing . sing .2
aic(2-15) aics ai
A aiaj1=-————; Agfai s 1=-————; Agai_a =z —;
2+2c(1l-9) 2+2c(l-9) 2+2c(l-9)
sing sing sing
(V[ai_, Xi_,aj_,X_,s_]= A 1(h—xi)2 + A 2(h—xj)2 +
sing sing sing sing

A 3(h = xi) (h = xj) + A 4[ai, aj] (h — xi) + A s[ai, aj] (h = xj) + A slai, ajl;

sing
FuIISimpIify[(v [ai., xi. &, %j, s| = ( NPsing[a;, Wsing[ai, Xi, aj, X;]. Xi, &}, Wsing[2j, X, a3, Xi], Xj] )]

0

Under Competition;

Rewriting the aggregate profit function asfunction thelevel of inequality e;
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(VE[a_, X_,€,S ]:=4(l+c—-cs) + ;
2+2c-3cs)’® (2+2c-cs)

comp [ & @-c(h-x)?

comp comp
FuIISimpIify[{ [(VE[a, X, €, s]] - q/ [a+¢€ X, a—¢X, s]}]

{0}

Observationl,
inequality increasesthe sumof all profitsfromthe CPR;

comp comp .
1

Fullsimplify] { [ V [axa,xs]- V|

(@i - aj)z '

+ g; a; + a; (l+c-cs)
, X, ,x,s] -
2 2

@2+2c-3cs)?

8(1l+c—-cs)e

D[(VE[a, X, €, S], e] -

comp [

I

@2+2c-3cs)?
{0, O}

Observation2;

Transmissivity decreasesthe sum of all
profitsfromthe CPR for playerswith low inequality;

comp ) 5
4ccs(@a-c(h-=x))
Fullsimplify[{ D[ YV Iax a x, S],s]_[— : ]

(2+2c-cy9)

comp comp
(V [a,X,a,X%X,1/2] - (V [a, X, &, X, 0]—[—

c2@a-c(h- x))2] }]
(L+0c)(4+3c)?
{0, 0}

Observation3;
inthe case of highly unequal playerstransmissivity
has an increasing effect on the sum of all profits;

comp 4 2
c@4+4c-3cs) 4c*s ai + q;
Funisimplity[D| V [ai, x, a;,x, s, s| - [ (ai - )’ - [( ) —(h—x)] |

@2+2c-3cs)® (@+2c-cs®l 2c

0

275



comp

FuIISimpIify[D[ i % [ai. x. &, %, s], s] -

2+2c-cs

(4+4c-3cs) cs 12(2+4+2c-3cs
_—©¢ a,—a-)—[ )
4+4c-3cs

3/2
] (ai+aj—2(:(h—x))]
(2+2c-3cs)°

((ai—aj)+[ °* ]1/2[2+2C_SCS]3/2(ai+aj—2c(h—x))]]

4+4c-3cs 2+2c-cs

comp >
4c(4+4c-3cCsS) 4c°s
FullSimplify| D[(VE[a, x, € sl,s| - [ & - @@-ch- x))Z]]
(2+20—305)3 (2+20—cs)3
0
FuIISimpIify[

comp

4(4+4c-3cCS) cs 12(2+2¢c—-3cs)Y?
D[(VG[a,x.e,s],s]——c e—{ ] [ ] (@a-c(h—-x))
@2+2c-3cs)® 4+4c-3cs 2+2c-cCs

cs 12 (2 4+2¢c-3cs)?
e+[ ] [ ] (a—c(h—x))]

4+4c-3cs 2+2c-cs

Solving for the minimum acceptable value of al for the less efficient player;

sols = Solve[Weomplay, X, @, X1 == 0, &[; {a, mincomps} = Simplify[{a} /. sols[[11]];

ah,—cth-=-x

FuIISimpIify[aL MinComps — [c s +c(h- x))]

2+2c(l-9)
0

sols = Solve[Weompla — € X, @ + €, X] == 0, €]; {€vaxcomps} = Simplify[{e} /. sols[[1]1];

(2+2c -3cs)

FullSimpIiW[eMaxComps - (@a-c(h- x))]

(2+2c —-cys)

0

Showing the positive derivative with the minimum acceptable efficiency;

comp

Vslai_ x_ a_ x_ s ]=(ai-aj)’ -
@2+2c-3cs)® (@2+2c-cs)’

comp comp

FuIISimpIify[D[ Vv [ai. x. &, %, s], s] - (VS [ai, x, &), %, s]]

c(4+4c-3cs) 4cts ((ai+aj) ]2
—-(h=-x]:
2c

0
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FuIISimpIify[ { Weomp| @i, Mincomps: X, @n, X|

comp c l1+c l1+c an—c(h=-x)
(VS [aI,MinCompSy X, an, X, S] - —|1+ - }]
2 2+2c-3cs 2+2c-cs)\ 1+c-cs
{0, O}
comp , C4+4c-3cs) 4c%s ,
Vegla_ x_ e s 1=4¢ - @@-c(h-x)%
(2+20—Scs)3 (2+20—cs)3
comp comp

FuIISimpIify[D[(VE[a, X, €, S, S] - (VES[a, X, €, S]]

0

FU”Simp“fy[ { W(:omp[a — €MaxComps: Xi & + €EMaxComps: X] )

(VES[a, X, €éMaxCompS> S] - E

comp C[ 1+c 1+c ][a+€MaXC0mpS—C(h—X) g
1+

)

2+2c-3cs 2+2c-cs l1+c-cs

{0, 0}

cs 12(24+2c-3cs)?
€CompNullDerivs = ( ] (@a-c(h-=x));

4+4c-3cs 2+2c-cs

2+20—cs](4+4c—3cs]]

. . 2
Fu||S|mp||fy[(5MaxCompS/ECompNuIIDerivS) - [

cs 2+2c-3cs

0

FuIISimpIify[{(VGS[a, X, 0, 8] - , (VES[a, X, €compNuliDerivs: S| }]

comp [ 4czs(a—c(h —X))2] comp
@+2c-cs)®

{0, 0}

Showing the positivederivative at low levelsof transmissivity;
comp [c(ai _ aj)z]

FuIISimpIify[ { Limit[D[ Vv [ai. x, &, %, s], s], s> O] - -
2(1+c)

comp

Limit[D[ (Vé[a, X, € 5], s], S - 0] - 2c€

)]

a+ c)2
{0, 0}

Showing the conditionsfor again
fromanonmarginal change of transmissivity;
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comp comp

FuIISimpIify[ Vv [ai x. a5, %, 1/2] = Vv [ai. x, &, %, 0] -

c? , 4+ 3c)?(16+7¢c) ((ai+a) ’
(1+c)(4+3c)2[(ai_aj) 4c® 4 +c)? _[ 2¢ _(h_X)] ]]
0
comp comp

FuIISimpIify[ Vv [ai. x. a5, x, 1/2] = Vv [ai. x, &, %, 0] -

c (16+7c)[ [ c(4+0)?

(1+c) 4(4+c)?

[(ai Cays [ C(4 +c)> ]1/2 ((ai +a) - 2c(h - X))]]

(4+3c)2(16+7¢C)

] ((ai+aj)-2c(h —x))]

(4+3c)2(16+70C)

0
FuIISimpIify[
comp comp 2 2
[ 4+3c)(16+7c0)
{ (VE[a,x,e,l/Z]—(VE[a,x,e,O] - [52 —(a—c(h—x))z] ,
(1+c)@d+3c) c@+c)?

comp comp
[(VE[a, x, € 1/21- VE€a, x, e 0]] -

c(16+7c) c?@-cth=-x) (@4+c c?@-cth=-x) (@4+c
€- e+ }]

L +0)(4+c)? 16+7¢c)? (4+30) 16+7c)* (“4+30

{0, 0}

4+c

€MaxComplnfs = { ](a —-c(h-x)); FU||Simp|ify[Limit[EMaxC0mpsn S- 1/2] - €Ma\xCompInfS]

4+3c
0
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2

. . €MaxComplnfs 16+7cC
FullSlmlefy[{ -
cl/2 (a—c(h-x)) (4+c) c
(1647 C)l/z (4+3c)
comp comp

2c(8+30)

(Ve [a~ X, €MaxComplnfs: 1/2] - (VE[a, X, €MaxComplnfss O] - (@-c(h-x)° }]

(L+0)(4+3c)?
{0, O}

Observationd,
transmissivity has adecreasing effect on the profitsof lessefficient players;
for the efficient player transmissivity has adecreasing effect at low

levelsof inequality and; an increasing effect when equality ishigh;

Veompslai_, Xi_, aj_, Xj_,s_]=
—(((—1 +c(-1l+s)(dai(l+c—-cs)+c(-2ajs+h(-4+c(-4+6s))+(4-2s+c(d+(-6+5s)s))xi +

s@2-cs) xj))z)/(z (—2+c(=2+95)°(=2+c(-2+3 s))z));

FullSimplify[Veomps|[ai. i, &, Xj, S| = (Veomp[ai, Xi, 8, Xj])]

0
(1+c-cs) (ai+a-2c(h-x) 8j — g ’
FuIISimpIify[Vcomps[ai, X, aj, X, s| - + ]
2 2+2c-cCs 2+2c-3cs
0
2
a-c(h-x) €
FuIISimpIify[Vwmps[a +€X,8—€X,S]-2(1+Cc—-cCS) + ]
2+2c-cs 2+2c-3cs
0
2¢c* 2a;(l+c-cs)-ajcs
FuIISimpIify[aS Veomps|ai, X, aj, X, S| = —(h=x)
@2+2c -cs)’ c+2c -3cs)
(ai—aj)(2+2(;—cs)2(4+4c—3cs) (ai +a)
-s —~(h-x) ]
2c2(2+2c -3cs)? 2c
0
FuIISimpIify[
a-cth-=x) € (4+4c-3cs)e cs(a-cth-x))
asvcomps[a+e,x,a—e,x,s]—Zc + - ]
2+2c-cs 2+2c-3cs/)(2+2c-3cs)®> (2+2c-cs)?

0

Showing positivesign of thefirst term for lessefficient player
(for the efficient player it is self evident sincea ishigher than a);
to do that we show that the termis nil for the minimum acceptablevalue;
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2, mincomps (1 +C—CS)—anCs

FuIISimpIify[ —(h- x)]

c(2+2c -3cs)

0

a-c(h-x —€MaxCompS
FuIISimpIify[ + ]
2+2c-cCs 2+2c-3cs

0

Extending the observation to the nonmarginal changein transmissivity;

FullSimplify| (Veomps[ai, X, ), X, 1/2] = Veomps|ai, . &, x, 0]) -

4(2+c)[ ) c*(4+c)?
aj — aj) —

ai+ g (ai—aj)(4+3(:)(8+5c)]2 ]
4+c)?

[(h—x)— +

8(L+C)2+C)(4+30c) 2¢c 2¢?(4+0)

0

FuIISimpIify[(Vcomps[ai, X, &), X, 1/2] = Veomps|ai, X, j, X, 0]) =

4(2+c) B8+5c0) c(4+o0)
- a—ay)|1- + (a+aj-2c(h-x)
“4+0 a2 Va+oe+ro ) a2 Ja+oe+o ¢+30
B8+50) c@l+o)
[(ai - aj) [l + ] - (ai+a-2c(h- x))J]
4\/?\](1+c)(2+c) 4\/? (1+c)2+c) (4+30)

0
FuIISimpIify[(Vcomps[ai, X, &), X, 1/2] = Veomps|ai, X, j, X, 0]) =

2c(16+7c)(a - aj) c(ai+aj—2c(h-x)
+

4 1+c(4+c)(8\/;+5\/;c+8\jl+c \]2+c) 2\/; 1+c (4+3c)
(ai—aj)[S\/;c+8(\/;+\j1+c\l2+c]] c(ai+a-2¢h—x)

44Y1+c (4+0) 2\/2 1+c (4+30)

|

FuIISimpIify[(Vcomps[a +€X,a-€X 1/2] = Veomps[a+ € x,a—¢x,0]) -

- |

1 ((4+c)(a—c(h—x))+(4+3c)e2 @-ch-=x +e?
8(2+0)
4+c)(4+30) 1+c
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FullSimpIify[(Vcomps[a +€X,a-€X 1/2] = Veomps[a+ € x,a—¢,x,0]) -

1 4+c)(@a-c(h=x)+@+30)e€ @-cth-=x)+e¢
- 2\/?V2+c[ ]+

4+c)y(d+3c) 1+c

[S—

4+c)(@a-cth=-x)+@+30)e€ @-cth-=-x)+¢
2\/?\j2+c[ ]—

4+c)yd+3c) 1+c

0

FullSimpIify[(Vcomps[a +€X,a-€X,1/2] = Veompsla+ € x,a~¢ X, 0]) -

1 (2\/?\]1+c V2+c +4+3c)(a—C(h—X)) [2\/?\/2+c 1 ]
+ + €
c

4+c

N

1+c (4+30) 1+

—c?@a-c(h=x)

1+c (4+30)[2\/;\jl+c \j2+c +4+30]

+

c(l6+70C)e

“4+0Vl+c [2\/;\]2+c Vi+c +4+c]

|

0

Showing that thefirst termisaways

positivefor acceptablelevelsof efficiency;
Themoreefficient player; obvious; for thelessefficient player;
showingthat thefirst termisincreasing in players own efficiency;

2c (16 + 7 c) (ai — aj) c@+aj—2ch-x))
FirstTerm[ai_, aj_] = + ;

4 1+c(4+c)[8\/?+5\/?c+8\]1+c\j2+c] 2\/? 1+c(4+3c)’

1 VZ c 2c(16+70)

+
ay1ec |4F3C (4+c)(8\/?+5\/;c+8\jl+c \j2+c)

FulISimpIify[D[FirstTerm[a|, anl, a] -

|

FirstTermele_] :=

(2\/?Vl+c \/2+c +4+Sc)(a—c(h—x))
+[2\/;\j2+c . 1 ]e;
c

4+c

1+4c (4+30) 1+

The derivative been positive we only need to check the sign for the minimum
acceptable value of a, corresponding to a positive extraction for the less efficient player;

sols = Solve[{wcomplay, X, an, X] == 0, s == 1/2}, {a, s}]; {&, mincomp: Sopen} = Simplify[{ay, s} /. sols[[11]];
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FullSimpIify[{ {aLMir‘ICOmp _ [(4 +c)c(h-x)+cay ]}

4+2cC

2¢c?(an - c(h=Xx))

\]1+c (2+c)(4\/;+3\/;c+4\/1+c \j2+c)

il

{FirStTerm[al,MinCompx ah] - [
4

{{0}, (o1}

2c(@+c(-h+x))
FU||Simp|ify[FirStTerme[_eMaXCOmplnfS] -

|

1+c (4+30)
0

Solving for the minimum inequality beyond which the more
efficient player is better off after the non marginal shift in transmissivity;

C
€0 NonMarg = €MaxComplInfS )
8+50+4\j2 \/1+c \j2+c
FU”Simp“fY[(VcompS[a + €0 NonMargs X, @ — €9 NonMarg» X 1/2] - VcompS[a + €0 NonMargs X, @ — €0 NonMarg» X, 0])]

0

with Single user;
Rewriting the aggregate profit function asfunction the level of inequality e;

sing -h 2 sing sing
Vea x e, s :=[(a+c( t*e ]; Fulisimplify|{ Vea x ¢ s1|- Via+tex a-ex sl}|
2+2c -2cs
{0}
ObservationOg;
aj—c(h=x sing a; — ¢ (h = x))?
FU"SImpllfy[{ Wsing[ai, X, aj, X] - [;-+C—_CS)] , (V[ai, X, aj, X, S] - (2I(1+(TC;)) }]

{0, 0}

ObservationOb:;

Themost efficient player makes more profitsfrom buy out ;

sing sing

V0a x a,xs]- Vg xa,xs]

Fullsimplity| _ (ai-ay [ai+a,-

1+c(@-9) 2

—-c( —x)]]

0
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Observationl,
inequality increasesthe profits with asingle efficient user;
and hasthe opposite with asinglelessefficient user;

sing sMga
1

Viax a5, x5]- V| :aj,x,ai+aj,x,s]]- il [3ai+aj—c(h-x)),

FuIISimpIify[{
2 2+2c(1-9) 4

sing

p[ Veia x ¢ 51, ¢| - [

a+e—-c(h- X)] }]

l1+c-cs

{0, 0}

Observation2;

Transmissivity increasesthe revenuesfrom buy out ;
sing

FuIISimpIify[ { D[(V[ai, X, aj, X, s|, s] - 2[

ai—c(h—x)]2

l+c-cs

sing sing 2
1 c(@-cth=x)
(V[ai,x, aj, X, —] - Via,xa,x0]- —[I—] ]
2

2| 2+3c+c?

{0, 0}

Single user / competition;
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Defining the gain/loss function from single use vs competition ;
sing(—‘c/omp ) ) (2+2c-3cs)?-2c%s? [ai+aj
[ai_,X_,aj_,X ,s_]:=-

22+2c-cs)®’(l+c—cs)

2
—c(h—x)] +
2

(@+2c-3cs)*+2cs@+4c-5cs))

(ai — aj) ai + aj
[ —c(h—x)]—

(ai—aj)z;
2(L+c—-cs) 2 8(2+c(2-3s)’(l+c—cs)

sing-comp 2+2c—-3cs)?-2c?s?
(VE [a ,X ,e ,s ]:=-—

2(1+c-cs)(2+2c —cs)2

](a—c(h—x))2+

@-ch-=x) e [(2+2(:—2(:s)2+cs(4+4c—5(:s)] ,
_ 2

(l+c-cs) 2(l+c—-cs)(2+2c -3cs)?

sing—comp

sing comp
FuIISimpIify[{{ % [ai. x, &, x, s] —[q/[ai,x, aj, X, s| - % [ai. x, &, x, S]J}

sing—comp sing—comp

{ (V [a+€ X,a—¢ X,S] - (VE [a,x,e,s]} }]
{{0}, {O}}

Observation3; inthecasewith high cost of

extraction (c positiveand higher than 2 / (-2 + (3+ V2 ) 9))
and high transmissivity (s higher than 0.453082) it
would be profitablefor identical playersto buy out —

inal other casesthe pay off under competition ishigher;

sing—comp 2 22
(2+2c-3cs)*-2c”s
Fulisimpli{ { V' [a,x, a,x.s]—[—

2Q+2c-cs)®*(l+c—-cs)

](a—c(h—x»z,

sing—comp
YV  laxaxsl _[2+2C—3cs—c3\/?)
X sl (2+2c—30$+ CS\/?]}]
(a—c(h—x))2 2(2+2C_CS)2(1+C—c3)

{0, 0}

Fullsimplify[{Solve[2 + 2c - 3cs - cs V2 =o, c| . N[solve[-2 + (3 + \/;)s ==0,s|} |

{{{e~ ;}} ({s - 0.453082}) }

—2+(3+\/?)s
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sing—comp

Fultsimplify[{ { YV  laxax0]- [_

(@a-c(h-x)° }
2(c+1) '

sing—comp c+4 \/;—l _ _ 2
{ (V [a, %, &, %x,1/2] - (c—4—4\/?) ( ] [Zici;il)/(;)] }}]

8+4c

Observation4;  showing the effect of inequality:;
Defining the derivative of the difference function with regard to inequality;

sing-comp a-cth-=-x (2+20—20$)2+cs(4+4c—5(:s)
(VE€ [a_,x_,e_s_]:= - €;
l+c-cs (1+c-cs)@2+2c -3cs)?
sing—comp sing—comp

FuIISimpIify[ Ve, 1axes) - D[ Ve [a,X,e,S],e]]
0

sing
Fuisimplify| { D[ Ve€la, x ¢ 51, ¢| -

comp

a+e—cth-x)
D ——— D[(VE[a,x,e,s], e] -

8(1l+c—-cs)e

)

1+c-cs 2+2c -3cs)

{0, 0}

Solving for therootsof the difference function
and the maximum and showing that they fitinthe;

Showing that the gain/ lossfunction hastwo rootsthefirst isthe the maximum
inequality level e, vaxcomps @nd the second / inferior root that hasthe same

signas((2+2c—-3cs)* - 2¢*s*) and always|ower than €, maxcomps:
((2 +2c—-3cs)? —20252)(2+20—3cs)

€Root,Inf = (@a-c(h-=x));
(2+2c—cs)((2+2c—2cs)2+cs(4+4c —5cs))

2+2c-3cs
](a—C(h—X));

e+MaxCompS = [—
2+2c-cs

sing—comp sing—comp
Fulsimplify[{ V€  1a,x erooumr. sl VE  [a x, emaxcomps . ],

8cs(l+c-cs)(2+2c —-3cs)(a-c(h-=x))

€:MaxCompS — €Root,Inf —
(2+20—cs)((2+20—2cs)2+cs(4+4c —SCS))

{0, 0, 0}
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FuIISimpIify[

2cs(3@+2c-3cs)?+12cs(l+c —2cs) +8c2s?
{ {a_eRoot,Inf—C(h_X)— (@a-c(h-=x),
(2+20—cs)((2+2c—2cs)2+cs(4+4c —5cs))

4(1+(:—(:s)((2+2c:—205)2 + czsz)(a—c(h—x))

a+€Root,Inf_C(h -X) —
(2+2c—cs)((2+2c—203)2+cs(4+4c —5cs))

H

2cs(a-c(h-=x))
{a_€+MaxCompS_C(h_X)_ -
2+2c -cCcs

{{0, 0}, {O}}

Solving for the maximum of the
difference function and showing its positive sign (s);

2+2c —3cs)2 (a=-c(h-=x))

€.+MaxSingComp = 5 )
(2+2c—-2cs)"+cs(@+4c -5cs)

sing—comp sing—comp
FuIISimpIify[{ (VEG [a. X, €xmaxsingcomp: S] Ve [a. X, €+maxsingcomp + S| =

8c2(1+c-cs)s?(a-c(h-x))? €:MaxSingComp — €Rootinf] 1
, FuIISimpIify[ - —]}]
(2+Zc—cs)2((2+20—2cs)2+cs(4+4c—5(:s)) €4+MaxCompS — €Root,Inf 2
{0, 0, 0}
FuIISimpIify[
sing—comp sing—comp

a-c(h=-x) 4cs(@-c(h-=x)

{ (VGG [a,x,O,s]—[ ] (VEG [, X, €root,infs S1 —

l+c-cs (2+20—cs)(2+2c—3cs)’
sing—comp

(VGG [ X, €xmaxcomps, S| —4cs

[ @-c(h-x)y ]}]
(2+2c-cs)(2+2c-3cs)
{0, 0, 0}

sing—comp
FuIISimpIify[ (VEE [a, x, €+Max00mps,s]—[—

4cs(@+c(=h+x)) ]]
2+c(2-s)2+c(2-39))
0

sing—comp a—c(h=x

(VE€ [a,x_,e_ s ]:= - [

l1+c-cs

(2+20—205)2+cs(4+4c—503)]
¢

(l+c—-cs)2+2c —3cs)?
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o 4+c)(16+@B-c)c)@a-ch-x)
FulIS|mpI|fy[L|m|t[{eRoot,|nf -

4+3c)(16+c(24+70))
@4 +c)Y@-ckh-=-x) (4+c)y@a-ch-x)
€.+MaxSingComp — »  €¢MaxCompS — }v S-= 1/2”
16+c(4+7c) 4+3c
{0,0,0}
4+c)@a-cth-x) ;4+cP@-ch-x)
FuIISimpIify[ / ]
4+ 3cC

16+c(4+7c)
16+c(24+7¢c¢)
(4+c)(4+3c)

FUIISimp“fy[f+MaxCompS/ E+Max$ir'|g(:omp]

1 2(1+c¢) 2(1+c0)
__+ —
3 6+c(6-9s) -2+c(-2+59)

Observati ON5;  Showing the effect of transmissivity;
Defining the derivative of the
difference function with regard to transmissivity;

sing—comp (c2@+c)-csP+8c?s(@L+c—-cs)) (ai+aj 2
(VS [ai_,x_,aj_,x_,s_]:= [ —c(h- x)] +
2@+c@2-9)*@+c-cs)’ 2

al;aj+0(-h+x) (24 +c)¥-52c(@+c)?s+26c?(L+c)s? +3c®s%) (ai - aj)
c(ai - aj) + ;
2(1+c-cs)? 8(l+c-cs)?(-2+c(-2+3s)°
sing-comp c2+2c-cs)®+8c?s(@+c—-cs)?
(VGS [a,x ,e,s ]:= (@a-ch-x)"+
2@2+2c-cs)®*(L+c—-cs)
@a-ckh-xy) 3 2 2.2 33
ce —mM8M — (3(2+2c—2cs) +5cs(2+2c-3cs)" +7¢c°s“(2+2c-3cs)+3c s/
(1+c-cs)?

(2(1+c—cs)2(2+2c—3cs)3))cez;

sing—comp sing—comp

FuIISimpIify[{{ Vs [ai. x, &), %, s] - D[ % [ai, x, &), %, s],s] }
sing—comp sing—comp
{ (VGS [a, X, €, s]—D[ (VG [a, X, €, s],s]} }]

{0}, {O}}

Observation5a;
Showing the positive effect of transmissivity on
the difference function (buy out) for identical players,
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Observation3ai; Thederivativeisactualy positiveindicating againin profits
from buying out from amarginal increasein transmissivity; but the gainsareonly

realisablewhen the conditionsto buy out (2¢* s> > (2 + 2 ¢ — 3¢ 5)?) aresatisfied;

sing _ )
Funsimpity {{ o V'1a, x,a.xs1.5] - [;“”] |

2(l+c—cs)2

comp

D[ q/ [a, X, &, X, s],s] -

4c?s @+ c(=h + x))?

),

c(2+2c -cs)®+8c%s(l+c—cs)

(=2 +c(=2+59)°

sing—comp

{ q/s [a, X, a, X, s]—[

@@-ch-x)°"},
22+2c -cs)®@+c-cs)? ] }

](a—c(h—x))2 H

sing—comp

{ (V [a, X, &, X, s]—[

2c¢2s?2 - (2+2c-3cs)?

2(l+c-cs)(2+2¢ —cs)?

{{0, 0}, {0}, {O}}
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Observation3aii; Showing the positive non marginal effect of transmissivity onthegain/loss
from the buy out when the when the conditionsto buy out (c > 4 (1+ V2 )) issatisfied;

sing—comp 1 c-4 1+\/? c+4 \/——1
Funsimplify| {{ Vv [a,x,a,xyg]_( ( ]]( ( ))

@-c(h-xy7},

(2+0¢)(4+3c)?

sing—comp 2
@-c(-x))
{V axaxo |- |
2(1+0)
sing—comp sing—comp
1 c(l6+c(28+11c))
{ (V [a,x,a,x, —]— q/ [a,x,a,x,O]—[ (a—c(h—x))2 }}]
2 2(1+0)(2+0c)(4+3c)>

{{0}, {0}, {O}}

Observation5b:;

Showing the effect of transmissivity on
the difference function (buy out) for unequal players,

Solving for theroots of thederivativeof thedifferencefunctionw.r.t
transmissivity for unequal players (one positive and one negative);

Q1+=\/(2+20—305)(2+2c—cs)
V(@+2c-cs)'+cs@+2c-3cs)P’+4c’s’(2+2c-3cs)’ +2c°s@+2c-4cs) +c's?),
Terml,=(2+2c -3cs)’ /(3(2+2c-2cs)®+20cs(l+c-2cs)’ +34c’s’(L+c-2cs)+15¢°s°)
@-ch-xy);
Term2, = (4@ +2c¢ —3cs)(l+c—cs)Q1+)/

3 2 2.2 3.3 a-ch-x .
(3(2+20—ch) +20cs(l+c-2cs)*+34c°s“(lL+c—-2cs)+15c°s ;

Q+2c -cs)?

€_RootDerivs,inf = T1€rm1, — Term2,; €:+RootDerivs,sup = 1€rml, + Term2,;

sing—comp
FuIISimpIify[ { { (VES [, X, €_RootDerivs, Inf: 5]}1

sing-comp c(@+2c -cs)®+8cs@+c—cs)? )
(VES [a,%,0,s] - — @-ch-x)°,
2 @2+2c-cs)’L+c—-cs)?
sing—comp 8c?s (16 d+c¥@+c-csP+c? s“) @-c(h = x))?

(VGS [al X, €4+MaxsingComp: S] - "
(2+2c—cs)3((2+2(:—2cs)2+cs(4+4c—5cs))

sing—comp

{ (VES [av X, €+RootDerivs,Sup: S]} )

sing—comp

16c2(1+c)s(@ - c(h-x)°
(VES [an X, €4MaxCompS: S] il

i

(2+2c —cs)3(2+20 -3cCs)
{{0}, 0, 0, {0}, O}
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FuIISimpIify[
sing—comp
{ { Ves 1a % erootint s1- (16c?@+0)s(48+c-2c9)* + 1925 +c-2c)° +264

c?s? (L+c-2cs)® +144c%s° (1+c—203)+2304s4)(a—c(h—x))z)/

((2+20—cs)3(2+2c—303)(4+80+4c2—4cs—4czs—czsz)z)} }]

{{oh}
SeuseomP @-cth-x) ¢ (24 (1+c)’-52c(l+c)*s+26c’(L+c)s?+3c° Ss)
q/GSG [a_,X_,e_,s_]:=cC + .
(1+C—CS)2 (1+C—CS)2(—2+C(—2+33))3
sing—comp sing—comp

FuIISimpIify[ (VGSe [a, X, € 5] — D[ (VES [a, X, €, S], e]]
0
sing—comp
FuIISimpIify[ q/GSe [a, x, Terml,, s]]
0
sing—comp
FuIISimpIify[ (VGS [a, x, Terml,, s] —
(8c(16(1+c)4 —24cl+0)P’s+4c2 1A +c)’s?+2ctL+0)s° +3c4s4)(a—c(h —x))z)/
((2+c(2—s))3(24(1+ 0¥ -52c(@l+c)’s+26c’(1+c)s’ +3c333))]

0

Showing the shape of the graph for the effects of
transmissivity on the difference function for unequal players;
positive at low and moderate inequalities and negative when
inequality higher than €, rootperivs,sup and lower than €, maxcomps:
Q2,=32+2c-3cs)*+ 12cs@+2c-3cs)® +
12c2s?(2+2c—-4cs)’+24c3s*@+2c-4cs)+8c*s?;
Q4,=32+2c-2cs)’+5cs@+2c—-3cs)®> +7c?s?(2+2c-3cs)+3c3s®;
Q6. =
16(L+c-cs) +c(@+c)s(31(1+c-2cs)’+152cs(L+c-2cs)* +305¢°s* (1+c-2cs)’ +
274c®s® Q+c-2cs’+93c* s*(L+c-2cs)+2c°s%);
Q7,=64(l+c-cs)®+72cs(L+c-2cs)*+263c’°s? 1+c—-2cs)’+
319c¢®s® 1+c-2cs)?+133¢c* s*(1+c—-2cs)+4c°s;
Q8,=Q1,(2+2c-2csf’+cs@+4c -5cs))+32(1+c-cs)’+72csl+c-cs)t +

31c?s?(A+c-2cs)’ +75¢s® (L +c—-2cs)? +53c*s*(l+c—-2cs) +9c°S°;
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FuIISimpIify[

2+2c —cs)3+ 8cs(1+c—cs)2

{G—RootDerivS,Inf - (—Terml,) [ ] (@=-c(h=Xx)) , €root,inf — €-RootDerivs,Inf =

3
€:+RootDerivs,sup (2 +2C —CS)

4(l+c-cs)(2+2c—-3cCs) c®s®Q6, + Q7, Q8, 1
(@a-ch-xy) ,

Q4, 2+2c—cs)? @2+2c-2cs)’+cs@+4c -5cs) Q8.

4c(l+c—-cs)s(2+2c-3cs) a-c(h-=x)

€, MaxSingComp — €Root,Inf — > )
(2+2c-3cs)’+2cs(@+4c-5c¢cs) 2+2c—cs

(@a-ch-x) ]

€.RootDerivS,Sup — €+MaxSingComp —
(2+2c-cs)(2+2c-2cs)?+cs(@+4c-5cs))

((4cs(1+c—(:s)(2+2(:—305)2((2+20—2cs)2(2+2<:)2 +c4s4))/
(Q1+ ((2+2(:—ch)2+cs(4+4c—5cs))+4(1+c)(1+c—cs)(2+20—3cs)(2+20—cs)2)),
a—-c(h-=x) ]

(€+MaxC0mpS — €4+RootDerivS,Sup) — [—
(2+2c -cy9)

8c(l+c)(l+c—-cs)s(2+2c-3cs) }]
2+2c —cs)((2+2c—cs)2 +2cs(1+c—ZCs))+Q1+
{0,0,0,0, 0}
Observation3bi; Showing that amarginal increasein
transmissivity has no effect when buy out isnot a profitable option;
in the case where buy out isthe rational economic decision
transmissivity isshown to have apositive effect under low
inequalities and anegative effect under ahigh asymmetry;

Showing that the derivativewith regard to s hastwo roots one negative and the
second root positive and lower than the maximum inequality level eyaxcomps ;

Showing the effect of transmissivity onthe
shape of the graph and the different markersincluding
rootsfor the difference function and the maximum;
Showing the effect of transmissivity on the shape of
the graph and the different markersincluding
rootsfor the difference function and the maximum;
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Q9, =1664 (1 + (:—sc)8 + 5824cs(1+c—sc)7 +
6880c2 s?(L+c—-sc)® +2224c%s® L +c—-cs)® +120c*s* L+c—-cs)* +
364 c®s®L+c-2cs)® +1042c8s8 (L +c-2cs)?+995¢’s” (L+c—-2cs) + 316cs’;
FunctRootDerivS[c_,s_]:=-768(L+¢)'° + 21504c (1 + c)°s — 109824 c? (1 + ¢)®s? +
258048¢> (1 +¢)’ s® - 341664 c* (1 +¢)°s* + 278016 ¢ (1 + ¢)°s® - 152720c® (1 + ¢)* s° +
68768c’ (L+¢)°s’ —28583¢% (1 +c)?s® +8052¢° (1 +c)s® — 828¢*0 s'O;

FuIISimpIify[

4c(l+c)(2+2c-3cCs)
{{ DI(€_rootperivs,inf), SI — (@ —c(h —Xx)) (FunctRootDerivS[c, s] /
(2+2c-cs)?Q1,
(4 (l1+c-cs)(2+2c-3cs)(7T+7c—-6cs)(2+2c-cs)’Q1, +Q9+)) } ,
{FunctRootDerivS][1, 0], FunctRootDerivS[1, 0.1], FunctRootDerivS[1, 0.2],
FunctRootDerivS[1, 0.3], FunctRootDerivS[1, 0.4], FunctRootDerivS[1, 0.5]}}]

{{0}, {-786 432, 64 353.4, 522932., 720883., 755 265., 695 686.}}

FuIISimpIify[
Q2,
{{ Oserootin —4c@+0)|— —[@-cth-x},
((2+20—303)3+4cs(1+c—cs)(6+60—7cs))
(1+c—-cs)(2+2c—-3cs)
{ as€+MaxSingComp_160(1+C) - @-c(h-=x) } )

2
((2+20—203)2+cs(4+4c—503))

{6Se+RootDeriVs,5up - (—(4c(1 +C0)2+2c—-3cs) (Q9+ +4Q1,(2+2c-3cs)(2+2c—cs)

(l+c—cs)(7+7c—6cs)))/(Q1+(2+20—cs)Z(Q4+)2))

N

(@-c(h-=x)
@=cth-x)}, { Osemmacomps —4¢ (1 + 0) [ = ————
(2+2c—cs)2

{{0}, {04, {0}, {O}}

FuIISimpIify[
sing—comp 8c’s c S +16(1+c)2(l+c—cs)z)(a—c(h—x))2
D[ (VE [a, X, €+MaxSingComps S] ] 5
(2+2c-cs) ((2+2c—203)2+cs(4+4c—Scs))
0
8czs((2+20—2cs)2(2+2c)2+ c“s“)(a—c(h—x))2
FuIISimpIify[

2
(2+20—cs)3((2+20—2cs)2+cs(4+4c—5cs))

8025(04s4+l6(l+c)2(1+c—cs)2)(a+ ¢ (=h +x)?

(2_c(—z+s))3(—4+4c(—2+s)+c2(—4+S(4+S)))2

Felctor[16(1+c)4—32c(1+c)3s+16cz(1+c)232+c“s"’—((2+2c—cs)4—202 32(2+20—cs)2+204s4)]

0
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2
Factor[lﬁ(1+c)“—320(1+c)3s+16c2(1+c)252+c“s4—(((2+20—cs)2—c2 32) + 0454)]

0

Observation5d; Showing theeffect of anon marginal shift
In transmissivity on the difference between single user with an
open resource and maximizing outcome with aclosed resource;

Showing the effect of transmissivity onthe
shape of the graph and the different markersincluding
rootsfor the difference function and the maximum;

sing-comp E€-21+c)@a-cth-x)e+@-ch-x)°
(VQp Cila_, x_ e ]:=- ;

2+3c+c?
sing—comp sing 1 comp
FuIISimpIify[ { { (Vop _Cila, x, €] - [(VG[a, X, €, —] - [(Vé[a, X, €, 0]]] } ,
2

sing—comp

{(Vop Cilax, e~

sing 1 sing sing
Vea x. e -|- [(Vé[a, x, € 01+ Ve€la, x, —¢ 0]]] H
2

{0}, {O}}

€xmaxci =a—c(h-x);

FuIISimpIify[ { { Fullsimplify[Limit[e,maxcomps » S = 0] = €manci] ),

sing-comp 2 sing—comp )
2c@-ch-xy @+c(-h+x))
{ Vo, cila x el - ————— } {(VOp-CI[a7 x,0]=|— } }]
2+3c+c? 243c4+c2
{{0}, {0}, {O}}
a-cth-x
€+RootSingOpCl = ;
l+c+ \j c(2+0)
sing—comp

2c(a-c(h-=x))

C+m}}]

FU”Simp“fY[ { { (Vop -Ci [a: X, e+RootSingOpCI] } ) { (€+MaxCI - e+RootSingOpCI) -

{{0}, (O}

Showing the effect of transmissivity onthe
shape of the graph and the different markersincluding
roots for the difference function and the maximum;
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sing—comp

€ a-ch-=-x
(')E(Vop Cila_x_,eJ=2]|- + ;
2+3c+c? 2+c
sing—comp sing—comp

FuIISimpIify[ae(Vop _Cyla, x, €] -, (Vop _Cila, x, € ]

sing—comp

€4HighRoot = (L +C)(@—C (h = x)); FU“SimIO“fy[ { {ae (vop _Ci [a, X, E+HighRoot]}v

sing—comp sing—comp

a-cth-=x) a-cth-=x)
{ae (VOP -Cila,x,01-2 [—]}' {66 (vOp _Cila, X, €smaxcil — 2 ¢ [—]}}]
2+c 2+3c+c?
{{0}, {0}, {O}}
(4+c)(c®-8c-16) @+0c)
€RootInfop = — @-c(=x); €rmaxcompop = @-c(h=x);
(4+30)(16+24c+7c?) 4+3c

FullSimpl ifY[ { Limit[{ €1MaxCompOp ~€+MaxCompS » €RootInfOop — €Root,Inf }s s-»1/ 2] 5

sing-comp 1 sing-comp 1
{ Ve [a, X, €RootInfop>» E] » Ve [a, X, €.MaxCompOp s 5]}}]

{{0, 0}, {0, O}}

) ) €.RootSingOpCI 4+3cC
FullSlmlefy[{ -

€+MaxCompOp (4 4 () (1 +c+Vc@+0) ]

€, RootSingOpCl o
Solve[— = 1], lelt[
€, MaxCompOp €, MaxCompOp

€+RootSingOpCl . Infinity] }]

{0, {{c - -2}, {c > 0}}, O}

FuIISimpIify[

sing—comp

1
Ve a x emoosimsonc —| - [2¢[-128 +c@+0)|4[-7+Vc@+0) |+c|s5+c+Vc@+0)
gOp!
2
2
[(4+0)2(4+3c)2(1+c+\/c(2+c)]](a—c(h—x))z,

sing-comp
1
(VG [a, X, €4RootSingopCl» 5]

Solve
[ (@a-c(h-x)?

~o.c])]

{0, {{c N _—}, {c N —} {c S Root[lzs + 17611 + 72117 + 7113 &, 2]}
3 3

{c > Root[lzs + 17641 + 72817 + 7H1% &, 3]} {c— 0}}}
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(4+c)(—cz+80+16)(l+c+\jc(2+c))

Eullsi Ify[{ €RootInfOp
ullSimpli - ,
€4Ro0tSingOpCl (4+3c)(16+c(24+7c))
€RootInfOp €RootInfOp
N[Solve[ = 1]] Limit[ ,C—> Infinity] }]
€+RootSingOpCl €+RootSingOpCl

{0, {{c » -2.}, {c » 0.}, {c » —2.3094}, {c - 2.3094}, {c » —1.58689 — 0.230017 i}, {c -» —1.58689 + 0.230017 i}}, —oco}

comp @-c(h=x)° e
F [a_,x ,e,s ,c ,h ]:=4(1+c -cs) + ;
@2+2c-cs)’® (+2c-3cs)?
sing

@+e-c(h-x)°
Fra.x,e,s,c,hjmmem—— 7.
2+2c -2cs

FuIISimpIify[
comp comp sing sing
{ (V [a+€ X,a—¢€ X,S] - F [a, X, € S, C, h], (V[a+e,x,a—e,x,s]— F [a, X, €S, ¢, N] }]
{0, 0}

comp sing
Plot[{ F 115, 100, ¢ 1/4, 10,1011, F 115,100, ¢ 1/4, 10, 101]},{e, -5, 5}];

comp sing
Plot[{ F 115 100 ¢ 1/2,6,101], F 15,100, ¢ 1/2, 8, 101]},{5, -10, 10}];

sing 2
(@+e—-ch-=x)
FuIISimpIify[{ (V[a+e, X,a—¢X,8] - ———— 8 — ,
2+2c -2cs

sing
(V[a+e,x,a—e,x,s] (2+Zc—Scs)2
Limit[ ,e—»lnfinity]— - }]
comp 8(l+c—cs)?
(V [a+6€ X,a—¢X,S]
{0, 0}
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@a-c(h - x))> é
Plot[4(1 +Cc —-cCs) + {& 0, €+Max}];
(2+2<:—c:5)2 (2+20—305)2

Plot::plin : Limiting value eyay in {€, 0, €,max} iS NOt @ machine—sized real number. >

€2
Plot[: +4, (e, -4, 4}];

Observation6;

Defining theindividual and aggregate use of water
under singleuser and comparison to the competitive case;

transmissivity hasan increasing effect on the profitsof the efficient player;
for theless efficient playersthe effect is positive under
low levelsof inequality and negative under high levels;

) ] 2ai+2aj—4c(h-x)
AgOWomplai_, X_, aj_, x_] := ;

2+2c-cs

FuIISimpIify[{ AIGWomplai, X, aj, X] = (Weomp|ai, X, @), X] + Weomp[ay, X, &, x])

a+a;—2c(h-x) aj —aj aj—c(h-=x
W, aj, X, aj, X| — + 1 Wainglai, X, aj, X| = ————
{ weomlar x. 3, 2+2c-cs 2+2c—3cs}{ sngl . 3] l+c-cCs 8
{0, {0}, {O}}
(2+2c-3cs)(@+aj—2c(h-x) ai—aj

DiffWeomp-singlai_, X_, aj_, X_] :=

2(2+2c-cs)(1+c-cs) 2+20—2cs'
FuIISimpIify[ {{ ( AGGWomplai, X, aj, X] = Wsing[ai, X, 8j, X| ) = DiffWeomp-sing[ai, X, aj, X] },
-1
{ D[DiffWeomp-singla + €, X, a — €, X], €] — (—]} ,
l+c-cs

{ Diﬁ\Ncomp—sing[a + €:MaxComps: X, & = €xMaxCompS: X] } } ]

{{0}, {0}, {0}
FuIISimpIify[
cs € a-c(h-=x)
{ Weompla + € X, & — € X] = Wsingla + €, X, 2 — €, X] = - )
(l+c-cs)\2+2c-3cs 2+2c-cs
Wcomp[a + €:MaxComps: X; & — €xMaxCompS: X] — Wsing [a + €4MaxComps: X, @ — €xMaxCompS: X] } ]

{0, 0}
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FuIISimpIify[ {{D[Aggwcomp[a+ exa-¢x],s| - 4c [

|0

a-c(h-=x ]
(2+20—cs)2 '

a+e—-c(h-x)
{D[wsing[a+e, x,a-¢x],s] -¢c | —————
(1+c-cs)’

{0}, {O}}

c®’s(@+4c-3cs)(@a-c(h=-x) Ce
FuIISimpIify[D[Diff\Ncomp_sing[a +ex,a-€x],s|-|- -
(2+2c—cs)2(1+c—cs)2 (1+c—<:s)2

0

a-ch+cx-e
FuIISimpIify[{ Limit| DiffWeomp-singla + €, X, a = €, X], s » 0] = —— 8 |
l1+c

24 +c)@+c(-h+x)-2@+30c)e
Limit[ DiffWeomp-singla + €, X, a —€,x], s > 1/2] — ,
2+c)(4+30)

(Limit[ DiffWomp-singla + € X, a — €, X], s = 1/2] — Limit| Diff Weomp_sing[a + €, X, a — €, X], s » 0]) —

ce c?@a-ct=x)

- - J

2+3c+c®> (1+0)(2+c)(4+30)

{0, 0, 0}

€_RootDerivS,Inf €Root, Inf €:MaxSingComp €+RootDerivS,Sup  €+MaxCompS

Fullsimplify[Limit[{ }s0].c>0]

a—c(h—x)ia—c(h—x)i a—c(h—x)' a-c(h-=x) ’a—c(h—x)

1
{_5’ 1,1,1, 1}

€_RootDerivS,Inf €Root, Inf €:MaxSingComp €+RootDerivS,Sup  €+MaxCompS

Fullsimplify[Limit[{ }s>1/2] c>0

a—c(h—x)’a—c(h—x)’ a—c(h—x)’ a-c(h-=x) ’a—c(h—x)
{((4 +0) (—(4 +02+ 1/(4 +3¢0° 4Q2+0)V((4+¢)(4+3C)(256 + ¢ (832 + C (976 + C (484 + 87 c))))))
(—a+c(h- x)))/((192 + ¢ (368 +c (212 + 39¢))) (a+ c(=h +x))),

(4+¢c)(-16 + (-8 +¢)C) 4 +c)?

4+30)(164C(24+7¢) 16+C(24+70)
((4+ ) (—(4+c)2 - 1/(4+ 3¢ 42 +0)V((4+0)(4+3C)(256 + ¢ (832 + C (976 + C (484 + 87 c))))))

4+cC
(—a+c(h- x)))/((192 +C (368 + ¢ (212 + 39¢))) (a + ¢ (=h + X)), }
4+3cC
FuIISimpIify[
€_RootDerivS,Inf €Root, Inf €. MaxSingComp €+RootDerivS,Sup ~ €+MaxCompS

N[Limit] Limit[{ }s>1/2] e 1]

a—c(h—x),a—c(h—x)’ a—c(h—x)’ a-c(h-=x) 'a—c(h—x)

{—0.30439, 0.349544, 0.531915, 0.612651, 0.714286}
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FuIISimpIify[

€_RootDerivS,Inf €Root, Inf €4:MaxSingComp €+RootDerivS,Sup  €+MaxCompS

N[Limit] Limit[{ }s=1/4] e 1]

a—c(h—x)’a—c(h—x)’ a—c(h—x)’ a-c(h-=x) ’a—c(h—x)

{—0.330329, 0.649028, 0.757848, 0.809448, 0.866667}

Under Cooperation;

coop 2 2

(@a-ckh-=x) €

(Vé[a_, X_,€,S_]:= + ;
l1+c l+c-2cs

coop coop
FuIISimpIify[ [(VE[a, X, €, s]] - (V [a+€ X ,a—¢X,S] ]

0

Defining theindividual profit functionsfor cooperative users,

1
Veoopslai_, Xi_, aj_, Xj_, s_] = (2ai+c(-2h+ 2xi—sxi+sXxj)
8(1+c)(-1+c(-1+259))

QRai(-1+c(-1+s)+c@h@+c-2cs)—2(1+c)xi+s(2aj+xi+3cxi+(=1+cC)xj));
FuIISimpIify[Vcoops[ai, Xi, aj, Xj, S] - NP[ai, Wcoop[ai, Xi, aj, Xj], Xi, aj, Wcoop[aj, Xj, a;, Xi], Xj]]

0
coop ) ,
1{(a+a-2c(h-x) a —a;
Funisimplify| { { (V[ai,x,a,-,x,s]__[( i+, y, (a-a) ]}
4 l+c 1+c-2cs
coop ) ,
@-cth-x)
{ (V[a+e,x,a—e,x,s]—[ € + ]}}]
l1+c-2cs 1+c

{0}, {O}}

ObservationO;
Under cooperation;
the efficient player uses more water and makes more profits;

. . anh—q
FullSlmlefy[ {wcoop[ah, X, &, X] = Weooplay, X, ap, X] — [—]
l+c-2cs

@ —a) an+3q l1+c-cs
VcoopS[ahv X, &, X, 8] = VcoopS[aIv X, &n, X, 8] = ( -c(h- X)) - }]
(1+c) 2 l1+4c-2cs

{0, 0}
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Observationl;

inequality hasan increasing effect on aggregate revenues
under cooperation; theincreaseisincreasing intransmisivity;

coop COOP 4. +a aj + a; ai—a-2
FuIISimpIify[{{(V[ai,x, qj, X, s]— q/[ J,x, J,x, s]—¥ )
2 2 4(1l+c-2cs)
coop COOP ait+a; & +a a - a)
(V[ai,x,aj,x,o]— (V[ J,x, l,x,O]—( ) }
2 2 4+4c
coop 2€ coop 4ce
{ 66 q/[a+e,x,a—e,x,s]— , BG,S (V[a+e,x,a—e,x,s]——} }]
1+c-2cs (1+c-2cs)?
{{0, 0}, {0, O}}
Observationz;

Revenues under cooperation are strictly
Increasing in transmissivity for inequal players;

coop coop

Fusimplify[ {{ s V' 1a,x.a,x. 51}, { s V [ai,x, 3, x, 5] -

c(a - ai)z

2(L+c-2cs)?
coop

2éc
83 (V[a+e,x,a—e,x,s]—

(1+c-2cs)?

{{0}, {0, O}}

Checking for the non marginal shift in transmissivity;

o coop L coop clar-a)
FullSlmlefy[{ {[ Vv [ai, X, &, X, E] -V [ai. x, &y, %, 0]]— P
coop 1. ©oop cé

[(V [a+e,x,a—e,x, E]_ Vv [a+e,x,a—e,x,0]] - 1+c} }]
{{0, O}}
Observation3;

Under cooperation;
transmissivity hasan increasing effect on the profitsof the efficient player;
and adecreasing effect for the less efficient;
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(@ai-c(h-x)) (ai—aj)cs

FuIISimpIify[{Vcoops[ai, X, aj, X, s] — [ai —cth=-x+ ] . Veoops[ai, X, aj, %, s] -

(1+c-2cs)

_c(h—x)]+(1+c)(ai —aj)z]/

2(1+0)

a; + q;

aj + a; 2
4(1+c—2cs)[ —c(h—x)] +4(ai—aj)(1+c—cs)[
2

(8(1+c)(1+c—2cs))] v Veoopsla +€ X, a—¢ X, 8] -

(((l+C—ZCS)(a—C(h—X))2+2€(1+C—CS)(&—C(h—X))+(1+C)Ez)/(2(l+C)(1+C—2CS))) }]
{0, 0, 0}
@ -ch-=x)

FuIISimpIify[{ asvcoops[ai, X, aj, %, s| = c(a - a) — .
2(l+c-2cs)

i

ce(@+e—-c(h-x))

6Svcoops[a +€X,a—€X,S] —
(l+c-2cs)?

{0, 0}

cooperation / Competition;

Defining the gain/lossfunction from
cooperation vs competition and itsderivative;;

coop—comp

c?s? 1 (ai+aj-2ch-x) 1 ai—aj )\
% [ai_,x_,aj_,x_,s_]:= [ ( ] + ( ] ;

4 (1+0) 2+2c-cs (1+c-2cs)\2+2c-3cs
coop—comp 2 2
(@-ckh-xy) €
Ve la,x,e,s]:=c? 52[ + ];
(l+c)(2+20—cs)2 (2+Zc—Scs)2(1+c—2cs)

coop—comp coop comp ]

FuIISimpIify[{ % [ai. x, &), %, s] - [ Vv [ai. x, &, %, s] - Vv [ai. x, &, x, 5]

coop—comp

coop comp
(VG [a,x,e,s]—[(V[a+e,x,a—e,x,s]— (V [a+e,x,a—e,x,s]] }]

{0, 0}

Observation4;

inequality hasan increasing effect on the difference between
aggregate profits under cooperation and those under competition;

coop-comp

Fullsimplify[{ O Ve [axes] -

2c?s%e

2+2c-3cs)P’(@+c-2cs)

coop

66 (VE[a, X, &S] —

5 comp

_ , aE(VE[a,x,e,s] -

l+c-2cs (2+2c-3cs)’

8(l+c-cs)e

{0, 0, 0}
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FuIISimpIify[
coop—comp coop-comp L. .4 22 a—a 5
i il i ] 1 ]
{ YV laxaxs|- V [ X, VX, s] - ( ] ,
2 2 4(1l+c-2cs)\2+2c-3cs
coop—comp coop-comp 22 . 5
Ve (axesi- Ve [axo0s]| - [ ] 4
(l+4c-2cs)\2+2c-3cs
{0, 0}
coop-comp 4czs(2(1 +Cc—-2cs)> +6¢cs(l+c—-2cCs) + czsz)e
FuIISimpIify[{aeys Ve [a, X, €, 8] - }]
(l+c-2cs)’@+2c-3cs)®
{0}

Observation5;
Transmissivity has an increasing effect on the difference between
aggregate profits under cooperation and those under competition;

coop-comp

FuIISimpIify[{ Js Vv [ai. x. &), %, s] -

2c’s

(ai+a,-—20(h—x))2 (2(1+c— 2¢cs)? +6cs(l+c—-2cs) + czsz) [ai_aj]z]
+ ,
2

2(2+Zc—cs)3 (1+c—203)2(2+20—3cs)3

coop—comp

as (VE [a, X, €, 5] —

, 2(@a-c(h - x)? (2(1+c—205)2+6cs(1+c—2cs)+ czsz) , ]
2c°s + €
(2+20—cs)3 (1+c—203)2(2+20—3cs)3

{0, 0}

for identical players; revenuesunder cooperation are higher than revenues under competition;
the differenceis positiveand increasing in transmissivity ;
for unequal players transmissivity has an increasing
effect on the gain attributed to inequality as players move to cooperation ;
coop-comp

Funsimplity[ { { V. [a,x,a,x,S]—[

c2s?(a—-c(h-x)°? ]

l+c)+2c-cs)?

coop-comp

0s V [axaxsl- [

4czs(a—c(h—x))2]
@2+2c-cs)®

coop-comp 4c25(2(1+c— 2cs)? +6¢cs(l+Cc—-2Cs) + czsz)e
{0cs VE 1axesl- ]

(1+c—203)2(2+20—303)3

{{0, 0}, {O}}

The difference is null when transmissivity is null and the resource closed;
coop—comp coop—comp

Fuisimpliy[{ V' [axa, %0, Ve 1axeoal

{0, 0}
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coop-comp

Fulisimplify{ { YV |axa,x1/2] _[

c2 a + 3

2
—c(h—x)] +

(1+¢)(4+3c)? [ 2 4(4 +c)?

(o=’ ]

coop-comp

a—-c(h-x)2 2
Ve [axel/2] - cz[( b ] i
L+0)@d+3¢c)? (“+c)

{{0, O}}

Observation6;

The moveto cooperation improvesthe efficient player revenues,

for thelessefficient user;

theincreaseonly occursat low levelsof inequality;

at higher levelsof inequality;

the less efficient user individual earnings suffer from social optimum;

Defining theindividual difference

functionwith interior solution and itsderivatives;

1
Vcoopcomplai_, Xi_, aj_, Xj_, s_] := (2ai+c(-2h + 2xi - sxi+ sxj))
8(l+c)(-1+c(-1+29))

QRai(-1+c(-1+s)+c(2h@+c—-2cs)-2(L+c)xi+s(2aj+xi+3cxi+(=1+c)xj)) +
(((—1+c(—1+s))(4ai(1+c—cs)+c(—2ajs+h(—4+c(—4+63))+(4—23+c(4+(—6+s)s))xi+

s@2-cs) xj))z)/(z (~2+C(=2+95)° (=2 +c(=2+3 s))z));

2¢c?s(a-c(h-x)?

dVCoopCc,mpS[a_, X_,€_,S_]:= + (3 c’s ((2 +2c-3cs)® +2cs(@+2c-3cs)’+

(2+2<:—cs)3

0252(2+2c—4cs))(a—c(h—x))e)/((2+2c—cs)2(1+c—2cs)2(2+2c—3cs)2)+

c25(2(1+c—2<:s)2 +6Ccs(l+c—2cCs) + czsz)e2

(1+c—203)2(2+20—3cs)3

3c?(l+c—-cs)s’(@a-c(h-x)
dVeoopcomp [a_, X_, €_,s_]:= +
¢ 1+c)22+2c-cs)(2+2c-3cs)(1+c—-2cs)

c?s?e

@2+2c-3cs)’(L+c—-2cs)
FuIISimpIify[{ Veoopcomp @i, Xi @), Xj, S| = (Veoops|[ai: Xi, &), Xj, S| = Veomps|[ai. Xi, j, Xj, s]) ,
as Vcoopcompla + € X, 2 — €, X, S] - dVCoopCompS[ax X, €8] ,

ae Vcoopcompl@ + € X, 2 — €, X, S] - dVCoopComp([ax X, €, S] }]

{0, 0, 0}
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c?s?(a-c(h - x))?
FullSimpIify[VCoopCOmp[a+ € X, a—€ X, S| — +
2(1+4c)2+2c- c:s)2

3c2(l+c-cs)s’(@a-c(h-x)e 1 c
+_
(1+c)2+2c-cs)(1+c—-2cs)(2+2c-3cs) 2 (2+2c-3cs)’(L+c-2cS)

+

c?s? (ai+aj—2c(h—x))2
FuIISimpIify[{ Veoopcomp @i X, @), X, S| -

21+0) | 4@+2c-cs)

3(l+c-cs)(a+a—2ch-x)(a-a) (1+o:)(ai—aj)2 ]
+ s

2(2+2c-cs)(L+c-2cs)(2+2¢c-3CS) 4(2+2c-3cs)?(L+c—2cCs)
1 (@-ch-x)°

Vcoopcompl@ + € X, @ — €, X, 5] = €2 52[ +
2(1+c) 2+2c-cs)?

-+

3@+c-cs)(@a-cth-x)e é
(1+c)2+2c-cs)(1+c-2cs)(2+2c-3¢cs) 2(2+2c-3cs)’(L+c-2cs)

{0, 0}

Solving for the maximum level of inequality
for theless efficient user to continue under cooperation

and showing that it islower than that for competition ;

(1+c-2cs)(a-c(h-=x)) ) ]
€+MaxCoopS = ; FU”S|mp“fY[{ { Weoop [a — €4MaxCoopSs X, & + €xMaxCoopS: X] } )

Ja-cm-0)}]

2cs(1+c—-cs)

{ (€+MaxCompS — €;MaxCoopS) —
(1+c)2+2c-cs)

{{0}, (o1}

Showing that the differenceisalways
increasing ininequality with aninterior solution;

wedo it by solving for the null derivative and showing the
root is outside the domain with an interior solution probing
that the derivative does not change sign and hasthe same
positive sign as shown on the borders and at zero inequality;
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Solving for thelevel of inequality wherethe derivativewrt inequality equals zero;
3+c-cs)(2+2c-3cs)

€_coopcompe = [_ ](a —c(h-x)); FU”Simp”fy[dVCoopCompe[av X, €_coopcompe: S]]

(1+c)(2+2c-cs)
0

Showing that the solution is higher in absol ute val ue than the maximum inequality
for ininterior solution and confirming the negative extraction under cooperation,;
€ MaxCoopS — (_e—coopcompe)] [ [(2 +2c-3cC 5)2 +cs(2+2c-2cs) ]]

(1+c-2cs)(2+2c—-cys)

FuIISimpIify[{ [

€+MaxCoopS

(2+2c—303)2+cs(2+20—2cs)

]](a—c(h—x)) 1
(1+c)(l+c-2cs)(2+2c-cs)

Weoop [a + €_coopcomper X & — €_coopcompe: X] - [_[

{0, 0}

Showing that the derivativeis positive on the bordersof the domain of aninterior solution;

3c?s?@-c(h-=x))

Qde, = :
1+c)(2+2c-cs)(2+2c —305)2(l+c—203)

Qde,

FuIISimpIify[ { { dVcoopcomp, [, X, —€4maxcoops: S| = [ ((2 +2c-3cs’+cs@+2c-2c¢ s))]} ,

{chOopCOmp([a, X,0,8] — Qde, 2+2c-3cs)(1+c— CS)} ,
Qde
{ dVeoopcomp [ X, €xmaxcoops: S| — = (2 (2+2c-3cs)’+4cs(l+c—-2cs)+C? 32) }}]
¢ 3

{{0}, {0}, {O}}

Showing that the difference hasaunique
negativeroot in the areawith an interior solution;
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Showing that the solution to the zero diffrences has
two roots of which only one would produces an interior solution;

2+2c-3cs) (l+c-2cs)

€_coopcomp = ~ A @-ckh-x)y;
2+2c-cs) 3(1+c—cs)+\/8(1+c—cs)2+czs2
2+2c-3cs) 3(1+c—cs)+‘/8(1+c—cs)2+czs2

€_coopcomp2 = — @-c(h-x));

2+2c-cys) l1+c
FuIISimpIify[

{ { VCoopComp [a + €_coopcomp X; & = €_coopcomp Xs S] ) VCoopComp [a + €_coopcomp2, X & = €_coopcomp2 X, S] } )

{ [€+Ma><CoopS - (_e—coopcomp)

]— [[(2+20:—cs.)[cs+‘/c:232+8(1+c—(:s)2 J+ (2+20—2cs)2]/

€:MaxCoopS

((2+2(:—(:3)(3+3c—3cs+‘/0232+8(1+c—(:s)2 ]]]

(_e—coopcompZ) — €4+MaxCoopS 2
{ —(((2+2c—3cs) +2cs(l+c—-cs)+

€.:MaxCoopS

(2+2c—3cs)‘/c252+8(1+c—cs)2 J/((2+2c—cs)(1+c—2cs))],

[(_G—coopcompz) - e+MaxC0mpS] 2+2c-3cs+ ‘/ c?s?+8(l+c-c S)2 }} }]

€4+MaxCompS l+c

{{0, 0}, {0, {0, O}}}

Confirming with the extraction under cooperation;

FullSimpIify[{Wcoop[a + €_coopcomp: X, & = €_coopcomp: X| =

+

\/c232+8(1+c—cs)2 2+2c-2cs)®> +cs(2+2c—cs)
(l+c) l+c)(2+2c-cy9)

@-ch-=x)y)

) Wcuop[a + €_coopcomp2: X, & — €_coopcomp2s X] -

(3+3c—3cs+\/c232+8(1+c—cs)2]

(—[(2+2c—3<:s)2+cs(2+2(:—2cs)+(2+2c—3c3)‘/c252+8(1+(:—cs)2 ]/

((1+c)(2+20—cs)(1+c—ch)))(a—c(h—x))}]

{0, 0}
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Showing that the differenceis negativefor thelessefficient at higher inequality levels,
increasesand reaches zero at the solution; and increases afterwards;

2¢2s2(1+c—cs) (@a-c(h-x)?
Qcl, =

(l+c)2(2+2(:—303)(2+2(:—cs)2

—4(1+c—<:s)2

]ch+},

FUHSimDHfY[{ { VCoopComp[a — €4MaxCoopS+ X, & + €MaxCoops: X, S] - [

]QCL} :

{VCoopComp[a + €:MaxCoops: X, & — €xMaxCoopSs X, 5] -

2+2c-3cs

(1+c)(2+2c-3cs)

{VCoopComp[a: X, a,X,S] — [
4(1+c-cs9)

[2(2+2c—3cs)2+8cs(1+c—2cs)+3c2s2

Joet.

2+2c-3cs

{{0}, {0}, {O}}

Observation7;

Qc2+=\/(8 (2+20—3cs)6 +32cCs (2+2c—4cs)5 +220c? g2 (2+20—4cs)4 +
588c°s®(2+2c-4cs)’ +720c4s4(2+20—4cs)2+384csss(2+2c—4cs)+73cese);

Qc3,=3(2+2c-3cs)® +6cs@+2c-3cs)> +6c?s?(L+c—-2cs);
Qcd4, =16(1+c—-2cs)’+24cs(l+c—-2cs)’> +8c?s’(1+c—-2cs)+3c°s%;
Qc5+=2(2+20—303)4 +lOcs(2+20—3cs)3 +

18c?s’@2+2c—-4cs)? +39c°s*(2+2c—-4cs)+ 15¢*s?;
Qc6,=4(2+2c-3cs)* +11cs@+2c-3cs)® +14c?s?(2+2c—-4cs)’ +

67c3s®(L+c—-2cs)+ 12¢*s*;

Solving for the (negative) levelsof inequality
wherethe derivativewrt TRANSMISSIVITY equals zero;
41+ (:—2cs)2(2+20—3c3)2 (@a-c(h-=x)

€_CoopComp,. = — ; €—CoopComp,, = —-(2+2c-3cs)
s (2+2c-cs)(Qc2, + Qc3,) s

(@a-ch —x))((QcS+ + Qc2+)/(2(2+20—cs)2(2(1+ c-2cs)® +3cs(2+2c—-4cs) + czsz)));
FUIISimp“fy[ { dVCoopCompS[av X, €_coopCompy» S] ) dVCoopCompS[av X, €_coopCompy, S] }]

{0, 0}

Showing that only one solution belongsin the areawith interior solution;

(_G—CoopCompS) — €4+MaxCoop$S (2+2c-cs)Qc2, + Qc5,
Fullsimplify[{ -1+0|— :

€+MaxCoopS (1+c)(2+2c-cs)(Qc3, +Qc2,)
[(_G—CoopCompsz) - e+Ma><CompS] 1 [ Qc4, + Qc2, ] ]
€+MaxCompS 2+2c-csl4@@+c-2cs)®+12cs(l+c—2cs)+2c?s?

{0, 0}
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Showing that the actual root for the derivativewrt TRANSMISSIVITY
ishigher (lower in absolute value) than the root wrt INEQUALITY;

Fu”Simp”fy[(_E—coopcomp - (_G—CoopCompS)) -

[(2+2c—3cs)(a—c(h—x))] 2cs(1+c—-2cs)
(2+2c —-cs) [

3+3c—Scs+\/0232+8(1+c—cs)2)

((8(2+20—Scs)3 +17cs@+2c-3cs)? +8c?s?@+2c—-4cs) + 2¢°s° +

3(8(1+c—ch)2+6cs(2+2c—4cs)+30232)‘/czsz+8(1+c—cs)2 J/

[Qc::6++(3(2+2(:—3cs)3 +6Ccs(2+2c-3cs)? +60232(1+c—2(:s))

‘/0252 +8(1+c-cs)’ +(3+30—3cs+ ‘/c252+8(l+c—cs)2 JQ02+]]]
0
Double checking for the extracted water;

Qc7,=32(1+c)°-176c(1+c)*s+384c>(L+0c)*s?-394c (1 + )’ s +163c* (L +c)s* —12c°s®;
FuIISimpIify[

Qc5,+(2+2c-cs)Qc2,

](a—c(h—x)),

Wcoop[a + €_coopComp_+ X, & — €_CoopComp..» X] - [
{ ° s (1+c)(2+2c-cs)(Qc3, +Qc2,)

Weoop [a + €_coopcCompy, X; & ~ €_CoopCompy, X] -

(—((1+c)(2+2<:—3cs)Qc2+ + Qc7+)/(2(1+c)(2+20—cs)2(1+c—205)
(2(1+c—2(:s)2 +6cs(1+c—203)+0232)))(a—c(h—x))}]

{0, 0}

Checking for the sign and value of derivativesat selected locations;

Qcx,=16(1+c—-2cs)’+56cs(l+c—2cs)? +48c?s? (1+c—-2cs)+ 9c°s;
Qc8,=(2+2c-3cs)’+7cs@+2c-3cs)’ +19c?s?(2+2c-3cs)* +

258 (2+2c-3cs)’ +12¢* s*2+2c—-4cs)’+20c°s°2+2c—-4cs)+2c°s8;
Qc9, =8(2+2c-3cs)® +17cs(@+2c—-3cs)? +8c’°s?(2+2c—4cs) +2c°s%;
Qclo, =(2+2c-3cs)’+7cs@+2c-3cs)’+16c?s?(2+2c-3cs)’ +

23

—cs®@+2c-4cs)®+30c* s*(2+2c-4cs)? +37¢°s° (L +c—-2cs)+3c8sE;
2
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FuIISimpIify[

c?sQc8, (a - c (h - x)?
{ dVCoopCompS[ax X, —€4MaxCoop$S: S] -1 ,
(1+c)2(2+2c—cs)3(l+c—2cs)(2+20—3(:s)3

s @-ch-x)°
dVCoopCompS[aa X, €_coopcomp S] —-Cs|— 3
(2+2c -cys)

[(ch,,+3(8(1+c—203)2+12cs(1+c—2cs)+ C%czsz)‘/czsz+8(1+c—cs.)2 ]/

2
[(2+2(:—303)(1+c—2cs)[3+30—303+\/c232+8(1+c—(:s)2 ) ]]

2c2s(a-c(h-x)?

dVCoopCompS[av X, 0,s] - , dVCoopCompS[a- X, €4MaxCoopS» S] -
@2+2c-cs)’
2¢?s Qcl0, ,
@-ch-x)°}|
1+c’@2+2c-cs)®l+c-2cs)(2+2c-3cs)°

{0,0,0, 0}

2c?s(a-c(h-x)>

FuIISimpIify[ {{vcoopcomps[a, X, €, 0] } , { Veoop comp, [2, X, 0, 5] =
@+2c-cs)®

Zczs(a+c(—h+x))2

{{Vcoop comps[a: X, €, 0]}, + Vcoop compg [a, x, 0, S]}}

(=2 +c(=2+5s)°
FuIISimpIify[
64(L+c)*-296c(l+c)’s+524c®>(L+c)’s?-427c(L+0)s® +129¢* s* —(4(2+20—3cs)4 +

11cs@+2c-3cs)® +14c?s’+2c—-4cs)? +67c°s®(L+c—-2cs) + 120434)]

1
FUI|S|mp||fy[L|m|t[L|m|t[N[m {G—COOpCOmpr G—CoopCompr €MaxCoopS» GMach)mps}], S—- 00], C- 1”
{-0.171573, -0.171573,1, 1.}
. ) o 1
FU||S|mp||fy[L|m|t[L|m|t[N[m {G—COOpCOmpr G-CoopComp31 €MaxCoopS» EMaxCompS}]: S—> 025], C- 1]]
a—cC_ - X

{-0.127375, —0.109103, 0.75, 0.866667}

1

Fu|ISImpIIfy[lelt[lelt[N[m {E—COOpCOmpr E—COOpCOmpSv €MaxCoopS eMaxCompS}]: S - 05], C- l]]

{—0.0814279, —0.0543372, 0.5, 0.714286}

s=.;c=;
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FullSimpIify[eCoopCOmp31 -@2+2c-3cs) @-ch-x) ((4(1 +c-2cs)?(2+2c— 3cs))/((2 +2c-cs)

((3(2+2c—3cs)3 +6(:s(2+20—3(:s)2 +60232(1+c—203))+\/CoopCompDerS )))]
—(4(2+c(2—3s))2(1+c—2cs)2(a+c(—h+x)))/((2—c(—2+s))
(24+\/W+3C(8(3+C(3+C))—28(1+C)ZS+32C(1+C)52—13C253)))+6000p(;0mp51
FuIISimpIify[
(2+2c -3cs)(a-c(h-x)) 2(2+2c -cs)(1+c-2cs)

€coopcompl ~ €CoopCompg, ~ -

2
2(2+2c -cys) 3+3c—3cs+‘/CZSZ+8(1+C—CS)2

((3(2+2c—3cs)3 +6Ccs(2+2c-3cs)? +6c232(1+c—2cs)—\/CoopCompDerS J/

(2(1+c—2cs)2+3cs(2+2c—4cs)+c232)]]

$Aborted

CoopCompNumerator = =64 (1 + ¢)* +296c (1 +c)®s —=524c? (L +c)?s? +427c3 (L +¢) s° -

129(:434+(3+3o::—3cs+‘/(:232+8(1+c—(:s)2 ](\/CoopCompDerS J—

‘/c232+8(1+c—cs)2 (3(2+2(:—3cs)3 +6Cs(2+2c—-3cs) +6c232(1+c—203));

(2+2c -3cs)(a-c(h-=x))

FullSimpIify[ecoopcompl — €CoopComp,, ~ [ ](CoopCompNumerator/

2(2+2c —cs)2

((3+3c—3cs+‘/0232+8(1+c—cs)2 )(2(1+c—205)2+3cs(2+20—4cs)+czsz)))]
$Aborted

CoopCompNumeratorPositif =
(64(1+ c-2cs)*+216cs(l+c-2cs)’ +284c?s?(L+c—-2cs)?+165¢°s®(L+c-2cs) + 270434) +

(3+3c—3cs+‘/(:232+8(1+c—cs)2 ](\j CoopCompDerS ]+

‘/c252+8(1+c—cs)2 (3(2+2c—3cs)3 +6Cs(2+2c—-3cs) +6c232(1+c—203));

PositifCoopComp1=4c(2+2(:—cs)s(64(1+c—2(:s)3+164cs (1+c—2(:s)2+

1320232(1+c—203)+27(:333)(1+c—2(:s)(2(1+c—2(:s)2+603(1+c—2(:s)+0232);

PositifCoopComp2=12(:(2+20—cs)s(l+(:—203)‘/c252+8(1+c—cs)2

(8(1+c—2cs)2+lch(l+c—ZCs)+3c232)(2(1+c—203)2+6cs(l+c—203)+c232);

FullSimplify[
(CoopCompNumerator CoopCompNumeratorPositif) — (PositifCoopCompl + PositifCoopComp2)]
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FUIISimp“fy[fcoopcompz — €coopCompg, ~

22 2
2+2c -3cs)(@—ch—-x) 2(2+2c -cy9) [3+30—305+‘/c s“+8(l+c-cs) )

2@2+2c —cs)? 1+c

(((24(1+c—205)3+60cs(1+c—ch)2+480232(1+c—203)+90333)+

\/CoopCompDerS )/(2(1+c—2cs)2+6cs(1+c—2cs)+c252)) ]

0

CoopCompNumerator2 =
3cs(1+c—203)(8(1+c—2cs)2+ 20cs(l+c—2cs)+ 11c232)+2(2+2c —-Cs)

(2(l+c—205)2+6cs(1+c—205)+0252) ‘/0252+8(1+c—cs)2 - (1 + ¢) CoopCompDers ;

FU”Simp“fy[fcoopcompz — €coopCompg, ~

2+2c -3cs)(@a-c(h-x) CoopCompNumerator2

2@2+2¢c —cs)? (1+c)(2(1+c—203)2+6cs(1+c—205)+c232)

0

CoopCompNumerator2Positif =
3cs(1+c—205)(8(1+c—2cs)2+ 20cs(l+c—2cs)+ 11c232)+2(2+2c —-cs)

(2(l+c—205)2+6cs(1+c—205)+0252) ‘/0252+8(1+c—cs)2 + (1 +c)y CoopCompDers ;

PositifCoopComp12=4cs(2+2c—cs)(1+c—2cs)(2(1+c—205)2+Gcs(1+c—2cs)+czsz)

(64(1+c—2cs)3+220cs (1+c—2cs)2+2440252(1+c—2cs)+93c353);

PositifCoopComp22=12c(2+2c—(:s)s(1+c—2cs)‘/(:232+8(1+<:—cs)2

(8(1+c—2cs)2+200$(1+c—2cs)+llczsz)(2(1+c—2cs)2+6cs(1+c—2cs)+czsz);

FullSimplify[
(CoopCompNumerator2 CoopCompNumerator2Positif) — (PositifCoopComp12 + PositifCoopComp22)]

Veoop compela_v X_,€_,S_]:=

3c2(l+c-cs)s’@-ct=-xy) c?s?e
+ ;
(1+c)(2+2c-cs)(2+2c-3cs)(1+c-2cs) (2+2c-3cs)’(L+c—-2cCs)

FU”Simp“fY[ae Veoops-comps[@ + € X, @ — € X, S] = Veoop comps[aa X, €, S]]

0
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3(1+4c-cs)(2+2c-3cs)

FUlISIMPIity[Veoop comp_[2, X, -[ @-ch- x))], ]

1+c)(2+2c-—c9)
0

o c?s?(a-c(h-x) ((+2c-4cs)®+3cs(2+2c-3cs)
FU”Slmp“fY[Vcoop comp([a, X, —€MaxCoopS 5] - ]

1+c)2+2c-3cs)? 2+2c-cs)(l+c-2cs)

0

coop-comp
FuIISimpIify[ Veoop comps[a, X, 0, s] - (VE [a, X, 0, s]| - c?s (a-c(h- x))2 [

2(c—cs)+2(1—s)+csz]
(1+c)(2+2(:—cs)3

0

, 2(l+c-2cs)’+6¢cs(l+c—2cs)+c2s?
Vcoopcomp&[a_, X _,€_,S_]:=c°s|2¢€ . " +
(l+c-2cs)*(2+2c-3cCs)

((8(l+c—203)3+20cs(1+c—ch)2+160232(1+c—203)+30333)/
((2+20—3cs)2(2+20—cs)2(1+c—2cs)2))3(a—c(h—x))];

FuIISimpIify[D[VCOOp comp @, X, € s], e] = Veoop comp 8, X, €, s]]

0

FuIISimpIify[Vcoop comp, |2 X, —€waxcomps. S|
czs((2(2+2c—4cs)3+6cs(2+20—405)2+4czsz(2+20—4cs)+3c353)/
((2+2c—3cs)2(2+Zc—cs)z(1+c—203)2))(a—c(h—x))]

0

FuIISimpIify[VcoopComp&[a, X,a+c(=h+x),s] -
CZS((4(2+ZC—3CS)4+14CS(2+2C—4CS)3+620232(2+2C—4CS)2+83C3S3(2+2C—4CS)+

230454)/((2+2c—3cs)3(2+2c—cs)2(1+c—2cs)2))(a—c(h—x))]

FuIISimpIify[

1
lelt[—h {GCOODCOmp511 €coopcompl: €EMaxCoopS: €MaxCompS: €CoopCompg, » Ecoop(:ompz}y S 0], c> O]
@-ckh-x)

{3-2v2,3-2y2,1,1,3+2 2,3+2\/;}
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FuIISimpIify[

1

1
lelt[— {ECoopComp51v €coopcompl: €MaxCoopS: €MaxCompS: €CoopCompg, 1 ecoopcompz}- S _]v c> O]
(@a-c(h-x) 2

{((4 +0)(192+3c(4+¢) (20 +3¢) - V(32768 + ¢ (81920 + C (87040 + ¢ (47872 + 3¢ (4480 + 9¢ (64 + 3 c))))))))/

2(4+c0) 1 4+c

(4+3c)(6+3c+\/32+c(32+9c)) 1+c 4+3¢

(4+0c)(192+3c(4+¢)(20 +3¢) + V(32768 + ¢ (81920 + ¢ (87040 + ¢ (47872 + 3¢ (4480 + 9 ¢ (64 + 30))))))))/

(4+c)(6+3c+\/M)}

(l+c)(8+6¢)

(24+307@+c2+0)),

(2 (4+3cP2@8+c(12+ c))),

(2(2+20—cs)3(2+4c+202—205—2023—30232)2)

FuIISimpIify[D[eCoopCOmp51, s -
4c(l+c)(-a+c(h=-x)(L+c—-2cs)

(3(48(1+c)4—184c(1+c)3s+234c2(1+c)232—99c3(1+c)s3—3c4s4))—

((— (3072 L+0) -22912c(1+c)®s+71840c% (1 +c)°s? — 121664 c° (L +c)* s® +116872¢c* (1 + ¢)®

s*-58974¢® (1 +c)?s® +10953c8 (1 + ¢)s® + 729 ¢’ 37) )/(\/ CoopCompDerS J)]

0

TempQtityPositifl=18(2+2c -3 cs)8 +120cs(2+2c - C-’,cs)7 +

5985
290c?s?(2+2c-3cs)®+300c°s®2+2¢c-4cs)’+ —c*s*@2+2c-4cs) +
4

2803¢c°s°(2+2c-4cs)®+ —c®s® @2+2c-4cs)?+1083¢’s’ (2+2c—4cs) +193c8 s;
4

TempQtityPositif2 =48 (1 +c—2cs)* +200cs (L1 +c—-2cs)’ +
282c?s?(1+c-2cs)® +165c°s®(L+c—2cs)+31cts?;
TempQtityPositif3=24(2 +2c—-3cs) +146c(2+2c—-3¢cs)®s+337c?(2+2c—-3cs)’s® +
421c32+2c—-4cs)*s®+1815¢ (2 +2c-4cs)’st +

5385
c®@2+2c-4cs)’s®+3167c®(L+c-2cs)s® +312¢7s;

2

32c(l+c)(+c-2cs)(2+2c-3cs)(a-c(h-x))

FullSimplify[aS €coopComp,, +
2+2c- cs)2 CoopCompDerS

(TemetityPositifl/ 3 TempQtityPositif2 \/ CoopCompDerS + TempQtityPositif3 )]
0

2cC

FullSimplify| O evaxcoops — [— (@a-ch- x))]]

1+c

0
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FuIISimpIify[[ Os €coopompz —

—c(@a-c(h-=x))

(6(2+2c—4cs)2+30cs(2+20—4cs)+33c252+(8(2+2c—2cs)3+
@2+2c-cs)’(1+c)

7cs(2+2c—3cs)2+12(:252(2+2c—3cs)+10c333)/‘/(:232+8(1+c—cs)2 ))]

—2c(1+c)(l+c-2cs)(a-c(h-=x))

Fullsimplify[3s ecoopcomp,, -
(2+2c-cs)’(-2+2c(-2+5)+C? (-2 +5S(2+359)))

1

\] CoopCompDerS

(3072 L+0) -22912c(1+¢c)®s+71840c? (1 +c)°s? —121664c° (L +c)* s® +

3(48(1+c)4—184c(1+c)3s+234c2(1+0)252—9903(1+c)s3— 3c4s4)+

116872¢* (1 + )’ s* = 58974 c° (1 + ¢)° s° + 10953 c® (1 + ¢) s° + 729 ¢” s7) ]

0
Fullsimplify| 35 ecoopcomp.,
(—2cl+0)(L+c-2cs)@-ch —x)))/((2+20—cs)3 (2a+c-2csP+6esd+c-2c9)+ Czsz)z)

TempQtityPositif3
3 TempQtityPositif2 + ]

\j CoopCompDerS

Observation8;

Defining theindividual and aggregate use of water
under cooperation and comparison to the competitive case;

transmissivity hasan increasing effect on the profitsof the efficient player;
for the less efficient playersthe effect is positive under
low levelsof inequality and negative under high levels;

a+aj—2c(h-x) aj— g
FuIISimpIify[{ { Weompai, X, aj, X] —[ -~ + a3 ]}
+2c-cs +2c-3cs

a-c(h-=x) €

{wcomp[a+e,x,a—e,X]—2[ ]}}]

+
2+2c-cs 2+2c-3cs
{{0}, {O}}
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ai+aj—2c(h-x aj — q;
Fultsimplify[{ { Weoop[ai, X, aj,x]_[ j j ] }

+
2+2cC 2+2c-4cs
a-c(th-=x €
{ Weoopla + € X, a2 —€ X] — + }}]
l+c l1+c-2cs
{{0}, {O}}
. . 2ai+2aj—-4c(h-x) ) ) ai+aj—2c(h-x)
AGIWeomplal_ x_,al_, x_] := P AGGWoogplai_, X, aj_, x_]:= ;
2+2c-cs 1+c

FuIISimpIify[{{ Aggwcomp[ai, X, aj, X] - (Wcomp[ai: X, &, X] + Wcomp[aj’ X, &i, X]) }’

{ AggWeoop[air X, a5, X] = (Weaop[ai, X, &, X] + Weoop[aj, X a1, x] ) }}]

{{0}, {01}

FuIISimpIify[{{ (AGGW,o0pais X, @), X] = AGGWeomplais X, @), X]) =

2+2c-cs

cs [ ai+aj—2cth-x
1+c }

2cs a-c(th-=x
{(Agchoop[a —€ X a+€x]— AggW ompla — € X, a+ €, X]) — -

i

l1+c 2+2c-cs

{{0}, (O}

c(a+aj—2c(h-x)

FulISimpIify[D[Agchoop[ai, X, aj, X| = AggWomp[ai, X, j, x|, s] + 2 -
(2+2c-cs)

0

FuIISimpIify[

{{(Wcoop[ai, X, aj, X] = Weomp|ai, X, j, X]) = —

cs aj — gj ai+a;—2c(h-x)
2

(1+c-2cs)(2+2c-3cs) (L+c)(2+2c-cs9)
{(Wcoop[a+e, X, a— € X] = Weompla + €, X, 2 — €, X]) —
€ a-cth-=-x)
cs

: i

(1+4c-2cs)(2+2c-3cs) (L+c)(2+2c-cs)

{0}, {O}}

€ a-cth-=-x)
FullSimpIify[SoIve[cs[ - ]:: 0.¢]
(1+c-2cs)(2+2c-3cs) (L+c)(2+2c-cs)
{{H

)

(1+4c-2cs)(2+2c —SCs)(a—c(h—x))] [2+2c -3cs

(-1+c(-1+2s)(-2+c(-2+3s))(-a+c(h-x)

L+c)(-2+c(-2+59))

FuIISimpIify[[

] EMaxCoopS]

(1+c)(2+2c -cy9) 2+2c -cCcs
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FullSimplify[32+c(2-5s))-4(1 +0)]

2+c(2-35s)

f1[s_]=(1+c—cs)(28(1+c—203)3 +17¢cs @+2c—-4cs)? +57c?s?(L+c—-2cs) +9c353);
f2[s_]=(1+c—203)2(5(2+20—ch)2+4cs(2+Zc—ch)+3czsz);

FuIISimpIify[ Os Veoops-comps|ai, X, aj, X, S| =

a+a; 2
2(Z2-ch-x) fils] (a - ¢ (h —x) + f2[s] (a; - ¢ (h = )
sc? +(ai — g

+2c-cs)® 22+2c-cs)’(L+c—-2cs)*@+2c- 3cs)®

aj+a; 2
(5 -eth-»)
FulISimpIify[Vcoops_comps[ai, X, aj, %, 1/2] - ¢

_
2(1+c)(4+3c)2

(ai—aj)((28+c(25+6(:))(ai—c(h—x))+(20+110)(aj—c(h—x)))/(8(1+c)(4+0)2(4+3c))]

0
cs cs
]c(h—x)+ —ap;

), MinCoops = [1 - 1
+c-cs

l+c-cs
Fu”Simp"fy[{{Wcomp[al,MinCompS: X, an, X]} ) {Wcoop[aI,MinCoopSv X, @p, X]} }]

{{0}, {01}

2cs(ay—c(h-x)
(2+2c—cs)(2+c(2—33))]}
cs(a,-c(h=x))

2(1+0) 1 +c(d-29) ]} '

° @, -c(h- x))]} 1]

FuIISimpIify[{ {Wcomp[aI,MinCoopSva an, x| - [

{Wcoop [al, MinCompS: X, @h, X] - [ -

{ q, MinCoopS — q, MinCompS — [
2+2c-2cs

{{0}, {0}, {O}}

315



) ) - l1+4c-cs a,—-cth-=x) 2
FU”Slmp“fY[ VcoopS—compS[al,MinCoopr X, @n, X, S] - 2c¢° s |— ]
(2+2C—CS)2 2+2c-3cs

0

camparing cooperation / Single user;

€_RootDerivS,Inf €Root,Inf €1MaxSingComp €+RootDerivS,Sup  €+MaxCompS }]

FullSimplify , , ) )
[{a—c(h—x) a-cth-x) a=-cth-x) a-cth-x) a-c(th-x

1

{[(2+c(2—3s)){(2+c(2—35))2+ 4\/(2+c(2—3s))(2—c(—2+s)) (-1+c(-1+59))

(-2+c(-2+ s))2

\/(16(1+c)4—24c(l+c)3s+4c2(1+c)252+2c3(l+c)s3+3c4s4)]]/

(2+c(2—35))((2+c(2—35))2—20252)

(24(1+c)3—52c(1+c)25+26c2(1+c)52+30333), ,
2-c(-2+s8)(4-c(4(-2+s)+c(-4+s(4+59)))

(2+c(2-3s)°

44dc(-2+8)+CP(<b+S@E+5)
1

[(2+c(2—3s))[(2+c(2—3s))2— 4\/(2+c(2—3s))(2—c(—2+s)) (-1+c(-1+59))

(=2 + ¢ (=2 +5))°

\/(16(1+c)4—24c(l+c)3s+4c2(1+c)232+2c3(l+c)53+3c434)]]/

4(1+c0)
(24(1+c)3—520(1+(:)zs+2602 (1+c)s? +Sc3s3),3+ 7}
-2+C(-2+59)
o 2c?(L+c—-cs)s?(@a-c(h=x)
FUI|S|mp“fy[€MaxCoopS — €;MaxSingComp — | —
(1+c)((2+2c—2<:s)2 +cs(4+40—5cs))

0

FuIISimpIify[4—c(4(—2+s)+(:(—4+s(4+s)))—((2+2c—2cs)2 +cs@+4c-5cs) )]

0

camparing cooperation / Single user;

Defining the gain from cooperation Vs. single use and itsderivative;
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coop-sing

((A+c—-cs)@-c(h=-x)-cs(i-ch-x))>
"V [ai_,x_,aj_,x_,s_]:= ;

2(l+c)(l+c-cs)(L+c(1-29))

coop-sing coop sing

FuIISimpIify[ YV Jaxaxs]-| V[axaxs]- V]axa,x s]]

0

coop-sing
Aq/ [ai_, x_,aj_,x_,s_]:=
ai+aj 2
( bl —-c(h —x))
2 . . 2 .
- +(c@-ap((1+c(2+c+4@d+c)s-8cs’))(@-c(h-x)-
2(l+c-cs)?

(5+c(5(2+c)—12(1+c)s+8csz))(aj—c(h—x))))/(8(1+c—cs)2(1+c(1—25))2);

coop-sing coop sing

FuIISimpIify[ AV [ai. x, &), %, s] - D[(V[ai,x, aj, X, s| - (V[ai,x, aj, X, s],s] ]

0

ObservationO;

the difference between the cooperative
outcome and the single user outcomeis always positive;

Observationl;

inequality decreasesthe difference between
the cooperative outcome and the single user outcome;

coop-sing coop-sing a
4

FuIISimpIify[ % [ai. x, &), %, s] - i % [

+ g; aj+q
v X,
2 2

,X,S] -

(ai—aj)(—((l+c—4cs)(ai—c(h—x))+(3+3c—4cs)(aj—c(h—x)))/(8(l+c -c s)(l+c(l—23))))]

Observation2a;

inthe caseof identical users,
transmissivity decreasesthe difference between
the cooperative outcome and the single user outcome;
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coop-sing

FuIISimpIify[{{ (V [a, x,a, Xx,s] — [

1+c(l-2s) (a—-c(h-x)>
l+c(l-s) 2@1+0)

coop-sing [ c@a-cth- X))Z]

D[ q/ [a, X, &, X, s], s] -

2(1+(:—cs)2

coop-sing 2 coop-sing 2
(@a-c(h-=x) 1 (@a-c(h-=x)
{ (V [a, %, &%, 0 - —m™ ™ | (V [a,x,a,x,—]——}}]
2(1+o0) 2 2+c)(d+0)
{{0, 0}, {0, O}}

Observation2b:;

inthe case of unequal users,
transmissivity decreasesthe difference between
the cooperative outcome and the single user outcome;

showing that the derivative function is negative;
to do so we show that the derivativeisdecreasingin g THEN we show that the derivative at the
lowest acceptablevaluefor gj isnil (and that it isstrictly negative at equal efficiencies);

coop-sing c (ai _ aj)
Funsimplify[{ { o[ AV [ai,x,aj,x,s],aj]_[_—]},

(1+c-2cs)?

coop-sing coop-sing [ c(@n — ¢ (h = x)°

{ AV [an. X, &, Mincoops: X, s]} {{ AV [an, X, an, X, ] = ] }}}]

2(1+(:—(:s)2

{0}, {0}, {{O}}}

Checking that the derivativeis negativefor the extreme values of transmissivity;

FuIISimpIify[
coop-sing c(a—c(h=-x)(2a - a; - c(h—-x) coop-sing 1
{ AV [a,xa,x0]-|- S i : )] { AV [ai,x,aj,x, _]_
2(1+c) 2
1
clc@-cth-x)-R+c)(aj-cth-x))(2@-cth-x)+@+c)(a- aj))] , Limit[
22 +c)
coop-sing coop-sing 2
1 1 2c(@ap—-c(h=x))
AV [an. X, &, Mincoops: X, S|, s —> —], AV [ah, X, @n, X, —] - [— ]} }]
2 2 (2 +¢)?

{0, {0, 0, O}}

Checking that the derivativeis positivefor the extreme
valuesof transmissivity and checking the effect of anon marginal ;
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coop-sing —cth=x)
FuIISimpIify[ {{ i % [ai. x, &, %, 0] - u}

2(1+0)

coop-sing

{ vV [ai,x,aj,x,gl_

(aj(2+c)—c(ai+2h—2x))2

)

4(2+3c+c?)

{0}, {O}}

Checking the effect of anon marginal changein transmissivity
calculated as proportional to the multiplication of two functions both positive
for any acceptablevalue of a and g for an open resourceand aclosed one;

c(ai—c(h—x))—(aj—c(h—x))(2+c—\/;\/2+c]

flsclai_, aj_]:= ;
\/? \j 2+cC
—c(ai—c(h—x))+(aj—c(h—x))(2+c+\/;\jz+c]
f2sclai_, aj_]:= ;

V2 2re

coop-sing coop-sing 1
FullSimpli (V a;, X, aj, X, 0| — (V aj, X, aj, X, —|| - flsc|a;, a;| f2sc|a;, a;
pfy[ [ai. x, 3, x, 0] [I j 2]] 21+ 0 [ai. a] [as J]]
0
FuIISimpIify[
o c(ap—c(h=x)) c(ap—c(h-=x)) 1
{lelt[{flsc[ah, a), Mincoops] — —————— . f2sc|an, a), mincoops| — —} s —> —],
2+cC 2+cC 2

{flsc[ah, an] - [“C—_‘/;] (ap —c(h=x)) , f2sclan, an] - [M] (ap—c(h- x))}}]
V2+c V2+c

{{0, 0}, {0, O}}

a; = 900; a; = 800; x=98; x=98;c =40;s=0.5; h =100;

Wicomp = Wcomp[ah X, aj, X]; Wicomp = Wcomp[ajv X, ai, X]; FU”Simp"fY[{Wicomm chomp}]

{29.3842, 20.2933}
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2 B . .
FulISimpIify[{{{aiwicomp_W'C;mp 3 {—cwicomp[h—x+(l 9) (x cho;‘lp)+S(X WJcomp)]}’

Wicomp2 X+(1-s) (X = Wicomp ) +s (X — Wijcomp )

™ teng - . .

{ai Wicomp -

Wicomp? X+ (1 =S) (X = Wjcomp ) + S (X = Wicomp )
{}, {{aj Wicomp — - }: {_C Wicomp [h - > },
chomp2 X+ (1 -59) (X = Wjcomp ) +S (X = Wicomp )
{aj Wijcomp — — CWjcomp | N — }}’
2 2
Wicomp2 X+(1-9) (X = Wicomp ) +S (X = Wijcomp )
e {ai Wicomp — — CWicomp h-
2 2
Wicomp? X+ (1 =S) (X = Wjcomp ) + S (X = Wicomp )
&j Wicomp —

L 2 h

{{{26014.}, {-16948.}, {9066.01}}, {}, {{16028.7}, {-11704.6}, {4324.07}}, {}, {13390.1}}

Wising = Wsing[aiv X, aj, X]

39.0476

2
Wising

FuIISimpIify[{{ai Wising —

2

T A )

Wising” X+ (1= S) (X = Wising) + S (X = 0)

-t 2 1]

{{34380.5}, {-18371.}, {16 009.5}}

{ aj Wising —

2
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