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This dissertation addresses the problem of deciding which of two random signals is
being received after observing a finite number of observations of that signal. The methods
presented are varied, each addressing a different aspect of the problem.

First, we consider discriminators that involve a test statistic formed as a sum of
one-step memory nonlinearities. The optimal one-step memory nonlinearity is obtained as
the solution of an integral equation so as to maximize a generalized signal-to-noise ratio.
The optimal one-step memory nonlinearity for weak-signal detection is also discussed. We
obtain a partial “robustness” result, in which a guarateed level of performance is proved.
Our simulation results show that optimal one-step memory discriminators yield a significant
improvement over optimal memoryless discriminators.

Second, we consider likelihood ratio test (LRT) discriminators based on non-
Gaussian multivariate probability density functions (pdfs). We propose that multivariate
pdfs be constructed from the x? distribution with a memoryless transformation to shape the
univariate marginal pdf to any specified univariate pdf. With the x? random variables con-

structed from underlying Gaussian autoregressive processes, we show that the multivariate



x? pdfs may be numerically computed. As an alternative to multivariate pdfs constructed
as transformations of the multivariate Gaussian pdf, we show that the transformed x?
multivariate pdfs can yield much better LRT discriminators in some cases.

Third, we consider LRT discriminators based on multivariate pdfs constructed
from specified univariate pdfs via a hidden Markov model (HMM). These are not the usual
nonstationary HMMs; the HMMs we consider are stationary with fixed univariate marginals.
Estimation methods for identifying the parameters of the HMMs are discussed in detail.
Parsimonious models with a small number of parameters are also discussed. Simulation
results show that the models can be used to construct good LRT discriminators.

Finally, we consider the problem of designing a worst-case signal for the signal
discrimination problem. The problem is formulated as a game that pits a signal designer
against a discriminator designer. The signal designer tries to deceive the discriminator
by replicating a signal of interest to the discriminator designer. Power constraints on the
spurious signal signal prevent it from exactly replicating the statistics of the genuine signal.
The problem is solved for a lower bound on time-averaged power of the spurious signal and

a lower bound on expected power of the spurious signal.
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Chapter 1
Introduction

A classic problem in radar signal processing for many years has been the problem
of signal discrimination. Often referred to in the context of military radar systems as the
problem of target identification, this problem involves observing a radar signal and deciding,
on the basis of the observed signal, on the signal’s source. In some cases, the source may
be entirely noise—no object is present. In other cases, the source may be electromagnetic
energy scattered by an object that intercepted the radar’s transmitted signal in addition to
noise. If indeed an object is present, then the problem is to identify the object from among
several alternatives. '

Although much is known about the scattering and propagation of radar signals, a
deterministic approach to the signal discrimination problem seems at present to be a '
impossible task. The interaction of the various elements that combine to form the radar
signal are just too complex. Consequently, the standard approach is a probabilistic (or
statistical) approach. Radar signals are modeled as stochastic processes, and the methods
employed in the signal discrimination problem are statistical in nature.

This dissertation presents some new techniques for the discrimination of random
signals. While the methods are broadly applicable to problems in diverse fields, the problem
of target identification in radar signal processing has been the primary motivation and serves
as a unifiying element. The basic problem that is common to all of the techniques presented
here is to correctly identify a stationary random signal from observations of that signal.
The different techniques we consider apply to different facets of the problem. The fact
that diverse techniques may all be applied to the same basic problem attests the problem’s

complexity. We are far from obtaining the ultimate solution.




The signal discrimination problem is a mature one, and a lot of work has been
done in this area. In recent years there have been some new trends in statistical techniques
that have been applied to this problem. Notable among these are large deviations theory,
higher-order statistics, and nonparametric methods such as neural networks and learning
vector quantization (LVQ).

Large deviations theory pertains to the rate of convergence to zero of so-called “rare
events” as the number of samples taken increases without bound (5] In the context of signal
discrimination, the rare events are incorrect decisions by the discriminator. Thus the large
deviations methods are concerned with the rate at which the error probabilities converge to
zero as the number of samples taken per test increases [52). An implicit assumption required
in the application of the large deviations results is that the sample size for discrimination
is relatively large.

Higher-order cumulants have been hailed for their ability to defeat additive Gaus-
sian noise with unknown autocovariance. The first- and second-order cumulants are the
mean and autocovariance functions of a process. The higher-order cumulants, then, are
third-order and higher. It is a well-known property that the third-order cumulants of
symmetrically distributed random variables are zero, and that all of the higher-order cumu-
lants of Gaussian random variables are zero. This fact accounts for the ability, at least in
principle, for discrimination techniques based on higher-order cumulants to defeat additive
Gaussian noise {15] (20]. In practice, higher-order sample cumulants can have relatively
large variances, requiring, again, large sample sizes.

As neural networks have become quite popular in recent years, their proponents
have not left the signal discrimination problem unscathed. Neural networks have been
successfully used for discrimination in a variety of fields, including speech recognition, radar
and sonar signal classification [17], and other areas. These successes stand, despite the fact
that the popular back-propagation algorithm for training the networks has been shown to
be inadequate in some cases [3]. Another nonparametric approach to the discrimination
problem lies in learning vector quantization (LVQ) [31). LVQ is not unrelated to neural
networks; LVQ algorithms are often implemented with neural network architectures.

For the most part, the research conducted for this thesis has steered clear of the
trends just mentioned. There are primarily two reasons for this. The first reason is that
the focus has been on the problem of discrimination of radar signals when it is known

that an object has been detected. It seems, however, that the vast ma jority of the detection



literature focuses on the problem of detecting the presence of a signal in additive noise. Thus
the basic problem is not to determine which from among several objects has been detected,
but rather to determine whether an object has been detected or whether the signal is pure
noise. This is the so-called weak-signal detection problem. The trends mentioned above
seem to be more suitable for this weak-signal problem. The second reason is that an attempt
was made to be practical, and asymptotic techniques that require a large sample size have
mostly been avoided. The topic considered in Chapter 5 on signal detection games, in
particular, has been motivated by a practical problem.

The results that are presented are diverse, yet they address different facets of the
basic signal detection problem. In Chapter 2, simplicity of the discriminator implemen-
tation is a major concern, as we consider discriminators that involve a one-step memory
nonlinearity. The nonlinearity is used to efficiently compute a test statistic that is used in
a threshold test. In Chapters 3 and 4, the sample size is the major issue. Here we look
at discriminators that are specifically designed for use with small or medium sample sizes.
The idea is to stay away from asymptotic techniques, such as large deviations or the central
limit theorem. The results depend upon the successful fitting of a model to data, in order
that a likelihood ratio test may be performed. This approach is commonly used in max-
imum likelihood pattern classification. In Chapter 3, we specifically consider models that
are appropriate for positive-valued random processes. These results are especially useful for
modeling the envelope of a complex signal, as is common in radar signal processing. The
hidden Markov models (HMMs) in Chapter 4 represent a new twist to an old idea. We
consider HMMs in which the univariate marginal distributions are explicitly specified. In a
sense, these models can be considered a blend of non-parametric and parameteric models:
the univariate distributions are parametric, while the dependency structure that is seen in
the multivariate distributions has potentially a large number of parameters, as is character-
istic of nonparametric models. Chapter 5 stands somewhat apart from the other chapters,
but nevertheless addresses an important practical aspect of the discrimination problem,
namely, the designing of a decoy signal. This topic is related to the area of robustness, but
differs in that the emphasis is on the performance from the point of view of the spurious
signal designer, rather than the point of view of the discriminator. These results are im-
portant to the discriminator designer, however, as they enable him to understand how a

spurious signal would be designed.



Chapter 2

Optimal Discriminators Under a

Generalized Signal-to-Noise Ratio

2.1 Introduction

It is not often that one can obtain a closed form expression for the error probabil-
ities associated with a particular discriminator, the main reason being that the disfribution
of the test statistic is too intractable to work with. Consequently, researchers have devised
alternative performance measures. A very well-known such performance measure is the
signal-to-noise ratio (SNR), which is used to measure the performance of a detector, or
filter, for detecting the presence of a signal in additive noise. The SNR measures the ratio
of a signal’s strength (amplitude) to its statistical variability (variance). For problems that
cannot be appropriately modeled as a signal in additive noise—problems in target identifica-
tion, for example—the SNR is not appropriate. Howéver, the idea of a performance measure
comprising a measure of signal separation divided by a measure of statistical variability is
still appealing. The performance measure that we utilize in this section is a performance
measure of this type, and, consequently, we refer to it as a generalized SNR.

Although an SNR-type performance measure may be used with any test statistic
that has computable first and second moments, one test statistic in particular, the test
statistic based on a memoryless nonlinearity, has been especially popular for such analysis.
This test statistic, which has been the focus of much research, is computed as the sum of

observations taken at the output of a memoryless nonlinearity [see (2.3)]. The important



feature that makes it useful is the fact that the central limit theorem may be applied to
obtain its asymptotic distribution. The central limit theorem is especially important in
Justifying the use of the efficacy performance measure.

Early papers in this area include Noether’s paper [44], which introduced the notion
of asymptotic relative efficiency (ARE) and the efficacy functional, a result now commonly
referred to as the Pitman-Noether theorem [46]. For i.i.d processes, the nonlinearity that
maximizes the efficacy performance measure is known to be the locally optimal nonlinearity
[7]. Subsequent papers continued on the theme of the efficacy performance measure and
the locally optimal nonlinearity. Miller and Thomas [40] considered nonconstant signals in
non-Gaussian white noise. Poor and Thomas [47] continued the effort by accommodating
m-dependent noise, and Halverson and Wise [19] further extended the results to the case
of ¢-mixing noise. While these results all involved the efficacy performance measure, a
measure of local optimality, Sadowsky and Bucklew [52] started a new direction by deriving
a nonlocal performance measure. Their work was continued by Sauder and Geraniotis [53],
who compared several related nonlocal performance measures and addressed the issue of
robustness. '

The above references are related in that they all consider discriminators/detectors
based on a memoryless nonlinearity. Although Halverson and Wise [19] mentioned the
extension of their results to nonlinearities with memory, they did not go into detail. The
work presented in this chapter begins at this point—an extensive body of literature on
memoryless nonlinearities—but goes further in discriminator complexity by considering
discriminators based on one-step memory nonlinearities.

We show in this chapter that one-step memory nonlinearities maximizing the gen-
eralized SNR (Section 2.3) and efficacy (Section 2.4) performance measures may be obtained
through the solution of certain linear integral equations. For m-dependent observations, the
integral equations yield precisely the optimal nonlinearities, while for p-mixing observations
the optimal nonlinearities may be approximated as closely as desired by the integral equation
solutions. Because the integral equations generally lack closed form solutions, numerical ap-
proximations are required, and we show how the approximations may be obtained by solving
a large but manageable system of linear equations. We have also obtained discriminators
that have a guaranteed level of performance over uncertainty classes for the distributions
(Section 2.5). This result is related to minimax robustness, the difference being that we have

not been able to prove that there actually exists a pair of distributions in the uncertainty



classes for which the lower bound on the performance is actually obtained. In our numerical
results in Section 2.6, we compare the performance of several discriminators (i.i.d. LRT, op-
timal memoryless, and optimal one-step memory) for the problem of discriminating between
Rayleigh and lognormal processes. We also show the ARE of several detectors relative to
the i.i.d. (locally optimal) detector for the problem of signal detection in Cauchy noise.
The results indicate the significant advantage in the discriminator or weak-signal detector

performance that becomes possible through the use of one-step memory nonlinearities.

2.2 Problem Formulation

There are two related hypothesis testing problems that we consider here. The
first of these is the signal discrimination problem, which involves deciding between the two
hypotheses

Hy: {Xi} has the distribution Fp 2.1)

Hy: {Xi} has the distribution Fy
where we use F; to denote syrﬁbolica.lly all the known or assumed information about the
distribution of process { X} under H;. We assume the process {X;} to be stationary under
‘both hypotheses. Problems of this type arise in areas such as radar target discrjmination,
where one must decide which of two possible targets is present on the basis of returned
radar pulses. In some instances, the distribution of a process is known in principle, as the
underlying mechanism which generates the process is known, but a closed form expression
for the complete multivariate density is not available (e.g. the Rice process which is obtained
as the envelope of a complex Gaussian process with nonzero mean). For the derivation of
the optimal one-step memory nonlinearities in this paper, all of the marginal probability
densities of dimensions one, two, three, and four are required. Therefore, for this paper
F; must denote at least the complete set of marginal densities up to four dimensions. By
contrast, only univariate and bivariate densities are required for the derivation of optimal
memoryless nonlinearities [53].

A problem that is related to the discrimination problem is the weak-signal detec-
tion problem,

Ho: Xp=Ys
H: Xy=Y.+8,
where 6 > 0 represents the constant signal and {Y;} the additive noise. The statistical

(2.2)



distribution Fp of the noise is assumed to be known, in the sense described in the preceding
paragraph. To obtain the optimal one-step memory nonlinearity derived here, the marginal
densities corresponding to Fy up to four dimensions must be available. So far, research
in the weak-signal detection area has yielded memoryless nonlinearities that are optimal
under the asymptotic relative efficiency (ARE) performance measure [47], [19] and robust
[51]. These results require knowledge of the univariate and bivariate densities only.

The mechanism we employ to decide between Hp and H; on the basis of a collection
x = (z1,...,Z,) of observations involves comparing a test statistic T, to a threshqld v. We
decide Hy if T, > v, decide Hy if T,, < v, and decide on some other basis if T, = . Over the
last decade, a considerable amount of attention has been devoted to the study of detectors
and discriminators based on memoryless nonlinearities. These tests use a test statistic of

the form

Tox) =3 g(z). (2.3)

i=1
where g is a memoryless nonlinearity. This test statistic is appealing, when its performance
is acceptable, because its simple form makes it easy to implement. If the observations are
i.i.d. under both Hy and Hj, then the likelihood ratio test has the structure required by
(2.3); we take g(z) = log [ f(z)/ fo(:c)]. The memoryless test statistic lends itself well to
asymptotic analysis, too, since a central limit theorem may often be applied to yield its
asymptotic distribution.

The use of the memoryless test statistic for the signal discrimination problem

was explored fairly completely in [53], including an interesting presentation of simulation ==

results that compared memoryless discriminators obtained by maximizing different gener-
alized SNRs with the i.i.d. discriminator. To gain insight into the nature of the present
problem, it is worth pointing out two situations in which the i.i.d. discriminator yielded
better performance than the other “optimal” memoryless discriminators. The two condi-
tions are these: (1) when the correlation is very weak and (2) when the univariate marginal
densities f; and fp are significantly different. A plausible explanation is obvious. In the first
case, the processes are so close to being i.i.d. that the i.i.d. discriminator, which is by def-
inition the optimal discriminator in terms of the error probabilities when the observations
are truly i.i.d., performs approximately optimally (in terms of the error probabilities). The
other discriminators, which are optimal under a generalized SNR, cannot then compete. In
the second case, the signals under the two hypotheses are so different that any SNR-type



performance measure is not likely to be useful in predicting of how discriminators perform
under a criterion involving the error probabilities (e.g. Bayes risk). This conclusion was
also reached by Sadowsky and Bucklew in [52]. Thus the optimal memoryless discriminators
derived in [53] seem to offer the greatest improvement over the i.i.d. discriminator when
the univariate densities are not too dissimilar and the correlation is moderate to strong.
Intuition suggests, however, that in this case most of the discrimination potential lies in the
correlation, especially if the strength of the correlation is significantly different under the
two hypotheses. It is primarily this line of thinking which motivates us to investigate one-
step memory nonlinearities for discrimination and detection. Because the memoryless test
statistic (2.3) is our starting point, we shall refer to it often as a standard for comparison
and discussion concerning the one-step memory test statistic.

The form of the test statistic we are most interested in here is
n—-1

Ta(x) = ) 9(25, zj41) (2.4)

Jj=1

where g(-,-) is a one-step memory nonlinearity that characterizes the test. Since we are
concerned primarily about asymptotic performance, we ignore the possibility of an initial
term go(z1). A decision is made by comparing T, to a threshold, as in the case of the
memoryless discriminator. The test statistic (2.4) maintains some of the advantages of the
memoryless test statistic (2.3), while introducing a means to discriminate on the basis of
correlation. In particular, with the proper condition of asymptotic independence of the
observations, T, obeys a central limit theorem. One must use caution, though, not to
infer too much from the asymptotic normality of the test statistic. For example, if the
error probabilities vanish asymptotically, as they do for a consistent test, one cannot use
the central limit theorem to accurately approximate them. See [52] for a more complete
discussion of issues related to nonlocal detection and an approach based on large deviations.
The asymptotic normality of the test statistic is important, however, in the context of weak-
signal detection when the efficacy performance measure (defined below) is used.

Dependency conditions that are sufficient for a central limit theorem (CLT) to
hold are well known. For a good survey paper on CLTs for dependent data, see [45]. The
two conditions we consider most useful are m-debendence and p-mixing. To define these
conditions, let 72 denote the o-field generated by the random variables {Xa,...,Xs}. The
process {X;} is said to be m-dependent under a distribution F if F*_ and F§f3,, are

independent for any k. If U and V are random variables which are measurable with respect



to ffoo and FZ2., respectively, and square integrable under the distribution F, then p,
is defined as supyy Cov(U,V)/v/VarU VarV where the supremum is taken over all such
U and V. The process {X;} is then defined to be p-mixing under the distribution F' if
the sequence {p,} converges to zero as n — oo. If the observation sequence {Xy} is m-
dependent, then the sequence {g(X, Xt41)} is (m + 1)-dependent for any square-integrable
nonlinearity g. Also, if { X} is p-mixing, so is {g(Xk, Xx+1)}. Thus a central limit theorem
applies as in the memoryless case. Here we assume that all processes are stationary and
either m-dependent or p-mixing.

The asymptotic performance of the test statistic 7,, may be measured by its asymp-

totic mean and variance, which have the expressions
1
i(¢)= im =E; T, = E; 2.5
u!(g) nliggo nE' Tn E: g(Xl’X2) ( )

and 1
2 _n et X
oi(g) = nll’ngo nVar, T,
00 (2.6)
= Var; 9(X1, X2) +2 ), Covi [g(X1, X2), 9(X;41, Xj42)]

j=1
where E;, Var;, and Cov; respectively denote the expectation, variance, and covariance
operators under H;. When the process is m-dependent, then the upper limit on the sum in
(2.6) is m.
In [53], the authors used for a performance measure a generalized signal-to-noise

ratio

lu1(g) — po(9)|?
S, = (2.7)
9) = T=0)ote) + CoT(@)

where 0 < ¢ < 1. In this chapter, we take the optimal one-step memory nonlinearity to

be the one which maximizes the performance measure S¢. The parameter { determines
the weighting of the asymptotic variances. Although a value of { near -;- yields a balanced
mixture, we also obtained good simulation results in [53] for ¢ = 1, especially in the case of
strong correlation under H; and weak correlation under Hy. It is also possible to take ¢ to

be a function of g. In particular, if { is taken to be
(9) = (20001 + 0¥)/(0} - 03), (2.8)
then the performance measure becomes

_ 1w = pol® 2.9
S(g9) = 00 T o1 (‘ )
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which is the performance measure obtained in [52]. In [53], it was explained how the
optimal nonlinearity for (2.9) may be obtained by solving iteratively a series of linear integral
equations. The idea is to choose an initial value for (, optimize the performance measure
S¢, use the nonlinearity thus obtained to compute o¢ and o, and then compute a new
value for ¢ using (2.8). The procedure is then repeated until the value of { does not change
significantly.

When the problem under consideration is weak-signal detection (2.2), the appro-

priate performance measure is the efficacy functional [46)

_ @) 2.10)

9=
where uf(g) = (d/d9)E, g(Xl,Xﬁ)L_o. We denote by Eg the expectation taken under H
when the signal strength is 8. The use of the efficacy functional requires that

2

fim 2200) _ 4 (2.11)

60 03(9)
where ¢(g) is the asymptotic variance of T, when the signal strength is 6. A few other
mild regularity conditions on the distribution are also required [46], including the uniform
weak convergence of the distribution to normality for # in an interval around zero. The
relation of (2.10) to (2.7) is evident.

2.3 Derivation of Optimal Nonlinearity for Signal Discrim-

ination

The one-step memory discriminator is characterized by the one-step memory non-
linearity g(-,-) used in the test statistic T, and the threshold 7. Once a nonlinearity ¢
is given, the distribution of T, can be estimated through simulation and the threshold
determined on the basis of the estimated distribution and the desired error probabilities.
Thus the important design step is the selection of the nonlinearity. Qur task is to find the
nonlinearity g which maximizes S¢(g).

To avoid problems with the interchanging of limits, we must begin with the opti-
mization of S¢(g) for the m-dependent model. Results for the p-mixing model are obtained
via a.pproximé.tion by m-dependent models with sufficiently large m. We first note that

S¢(g) remains invariant under scaling of g; therefore we may maximize the numerator while
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constraining the denominator to be constant. Introducing a Lagrange multiplier A, our

maximization problem becomes equivalent to maximizing the functional

J(9) = m(g) - no(g) = A[(1 - Q)od(9) + Col(9)]- (2.12)

This is the approach used in [47], [19], [52], [53]. A necessary condition for g to maximize J
2
is that £J(g + eh)l 0 =0 for an arbitrary nonlinearity A satisfying E; Ih(Xl,Xg)I < ©
€=

for i = 0, 1. First we compute

d

—y = F. 2.13

il + h)| _ = Eih(X1, Xy) (2.13)
and

d
220 (a + eh)| _ = 2B: (X1, X2)h(Xy, Xa)

+2 Z[E; 9(X1, X2)h(X;41, Xjv2) + E 9(X5+1,X3+2)h(X1’X2)]

i=1

-2(2m + 1)E; g(Xl,Xz)E,' h(Xl,Xg).
(2.14)

We now introduce the notation f'.(j k) f,-(j kd) and f,-(j ki) denoting the densities of (X;, X&),
(X3, Xk, X1), and(X;, X, X1, X,), respectively, under H;. Using (2.13) and (2.14), we ob-
tain

g+ _ = [ [ M) [ 0) - £z, )] do g

- 2M[(1 - O)Walg, k) + (Wa(g, b)]
where the functional W; is defined by

(2.15)

Wi(g,h) = / / 9(z, »)h(z,9) {1z, y) dz dy
+ [[[ [o62 )b, )+ a(y,u)h(z,9)] #2792, ,4) dz dy du
+ f: //// [g(z7 ¥)h(u,v) + g(u, v)h(z,y)]f‘(l,z,j+1.j+2)(z’ v, u,v) dz dy du dv

=2
- @m+1) [[ oz, )0 Nz, ) do dy [ 4@ 05,y dzay.
- | (2.16)
The right-hand side of (2.15) becomes zero for an arbitrary h if and only if the part of the
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integrand which multiplies & is identically 0. Thus we obtain the integral equation
£ ,9) - f§9@,9) = D@, )[(1 - O, v) + AP 9)]
+2/\/g(u,z)K1(u,z,y)du+2A/g(y,u)K1(z,y,u)du

+2X //g(u, v)Ko(z,y, u,v)dudv
(2.17)

where

Ki(v,2,9) = (1= O)f8* N, z,9) + (N, 2,y) (2.18)

m . - . .
Ka(2,9,0,0) = Y [(1 = OS5 (u,0,2,9) + (24D (0, 0,2,9)
=2

+ (1= OfSIIN (g y v 4 (I g, y,0,0) (219)
- @m+ )1 - O, 0) 2, 9) + AP w0 1, 9)-
It is evident that A determines the scaling of g, which is irrelevant to the performance,

provided that the threshold is properly scaled. It seems most convenient to set A = %,

which yields the integral equation
£ z,9) - £8(z,9) = (2,9 [(1 - QS z,9) + AP (w0 9)
o+ [awaki e dut [o@ oKy (220

+ / / o(u, v)Ka(z,, 4, v) du do,

It is interesting to note that the generalized SNR (2.7) has a property similar to
that of the SNR and the matched filter. If we multiply both sides of (2.20) by g(z,y) and
integrate, we find that, if g* solves the integral equation, then (2.20) becomes

(%) = polg”) = (1 - {)od(g™) + ¢oi(g™)- (2.21)

This gives us the value of the performance measure

S¢(97) = m(g”) — po(g™) (2.22)

evaluated at the optimal nonlinearity.
~ Under mismatch conditions, which is the case when the nonlinearity g is not the
optimal nonlinearity for the densities f1'?, f1®3 and f12+14+2) inyolved in (2.18)-

(2.20), the performance measure S¢(g) can be computed from (2.7) where the numerator is
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given by
#1(g) — Ho(g) = //g(z,y)[ fl'z)(z,y) - él'z)(z,y)] dz dy (2.23)

and the denominator by
(1-Qod(e) + (@) = [[ P n)[a - O a )+ (A (zy)] de dy
+ / / _/ 9(z,y) [g(u, z)K1(u,2,9) + 9(v, W) K1(2, 9, u)] dudz dy

+ //// 9(z,y)g(u,v)Ka(z,y,u,v) dz dydu dv.
(2.24)

The integral equation (2.20) generally cannot be solved for a closed form solution;
numerical methods must be used. We recommend a normalization of (2.20), in order to

facilitate a more accurate numerical solution, by introducing the substitution A(z,y) =
g(z,y)/D(z,y), with D(z,y) = (1 - C)fél'z)(z, y)-l-Cfl(l'z)(z, y). The new integral equation

£z, 9) - 5N z,y) _ h(z,y) + / hu 2)Kr(w,2,9) . o [ By 0)E(2.9,8)
vD(z,y) ’ vD(,z)D(z,y) vD(y,v)D(z,y)

h(u,v)K(z,y,u,v)
- F // v D(u, v)b(% y) dudy

(2.25)
is more “balanced” and results in a more stable solution. In particular, the kernel Ko(z,y,u,v)/
v/ D(u,v)D(z,y) of the double integral is symmetric in the pairs (z,y) and (u,v)" -

To solve the integral equation numerically we introduce the nodes {zo,...,ZN-1}

and weights {wp,..., wn-1} from some numerical integration method (such as Simpson’s

rule). The numerical form of the integral equation (2.25) is then

1,2 1,2 - -
f1( ’(z;,zj)—fé )(3:‘,11') = wis = i K1(zk, Ti, T5) W Nl u,-kKl(z.-,:c,-,Zk)wk
= Uy E

\/D(z,-,xj) k=0 \/D—(zk,l'i)D(zi,zj) k=0 \/D(ze,-’ﬂj)D(zjv‘”k)

N~1 N-1
ur Ko(k, 21, i, T5) Wi Wy
+2. )

k=0 I=0 \/D(l‘k, z1)D(zi, z;)

(2.26)
with u;; % h(zi,z;) = g(2i,z;)1/D(2i,2;). Eq. (2.26) can be solved as a system of N?
linear equations in the N? variables u;;, i = 0,...,N-1,j=10,...,N — 1. Note that,

without the presence of the terms involving K, the matrix involved is symmetric.
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The results of this section may be applied to p-mixing processes. The method
involves approximating the p-mixing process by an m-dependent process; that is, one as-
sumes that observations are independent if they are farther than m steps apart in time.
The approximation is sufficient if m is sufficiently large. More precisely, if g™ is the the
nonlinearity obtained by solving the integral equation (2.20), then S((g("‘)) — sup, S¢(9),
as m — o0o. A proof of this result was given in [53] for memoryless nonlinearities; the

extension to one-step memory nonlinearities is straightforward.

2.4 Derivation of the Optimal Nonlinearity for Weak-Signal
Detection

For weak-signal detection, the hypotheses are given by (2.2), where {Y;} an m-

dependent noise process and § > 0 is a constant signal. Thus, the n-variate densities

under Hy and H; are, respectively, f(*)(x) and f{")(x — §), where § = (6,0,---,8). The

performance measure here is the efficacy functional (2.10). The method for maximizing

7(g) is similar to that for maximizing S¢(g). Assuming that

po(9) = / / 9(z, y)% fO (e -0,y - a)|g=0 dz dy (2.27)

as well as some other regularity conditions [47], [19], we can obtain the integral equation
- [ 1090 + 5 10(a,3)] = o(a,0) 10 Da,0)
oz ’ dy ’ ’ ’
+ [[otw,2)7023w,2,9) + 93, u)f4?z,y, )] du

+ / / 9(u,v)K(z,y,u,v)dudv
(2.28)

where

K(z,9,u,0)= Y [f254134D) (y,0,2,y) 4+ fO25H154D) (g, g, 4, 0)]
=2 (2.29)

= (2m + 1) f0(u, v) f (2, y)

and fUk), fUkd) and fU.k4P) denote the densities of (Y;, Vi), (Y;, Y, Y1), and (Y5, Yi, Y1, 13),
respectively. This integral equation is also given in [19].
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The efficacy functional of (2.27) is closely related to the generalized SNR functional

of (2.7). Indeed, we can write

.S
n(g) = lim —‘a—(zg-l (2.30)

where S¢(g) is evaluated from (2.7) by using fl(l’z)(z, y) = f&A(z -6,y -9), 51’2)(2:,3/) =
)z, y), and similar relationships for the third- and fourth-order joint densities.

The efficacy has also a property similar to that of the SNR with the matched filter.
If we multiply both sides of (2.28) by g(z,y) and integrate, we find that, if g* solves the
integral equation, then (2.28) implies that

po(g™) = od(g®). (2.31)

This gives the value

20 = e = = [[ " (e0) [Z 10N e 0) 4 5 Ol dady (232)

of the efficacy evaluated at the optimal nonlinearity.
Under mismatch conditions, that is, when g(z,y) # ¢*(z,¥), the efficacy 7(g) can

be obtained from (2.10), where the numerator by
0 i}
b(0)= = [[ 02,0 [ F0Ne,0) + g0 e 0)| dedy  (239)
oz dy
and the denominator is given by
od(9) = / / g*(2,9)f*P(z,y) dz dy
+ / / / 9(2,9)[o(2,2) 2w, 2,9) + (3, w) 1?2, y,u)| dudz dy  (2.34)

+ //// 9(z,9)9(u, v)K(z,y,u,v)dz dydu dv.

2.5 A Lower Bound for Worst-Case Performance

In our work on memoryless discriminators [53], we were able to obtain a nonlin-
earity which is robust in a minimax sense. We have not been able to extend these results
fully to the one-step memory case. What we have obtained is a lower bound on perfor-
mance, in terms of the SNR performance measure, which holds for every distribution in the
uncertainty classes. This is not a minimax robustness result because we have not been able

to demonstrate the existence of least favorable distributions whose optimal nonlinearity
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achieves the lower bound. However, this information is useful, since the lower bound may
be able to tell us that significant performance degradation from the nominal performance
can be avoided by using the robust test. The treatment here is brief, since most of the work
here is an extension of the results in [53].

The notation in this section is cumbersome. Fy and F; denote the complete distri-
butions under Hy and H; (i.e. the complete set of finite dimensional distributions), while fo
and f; denote the bivariate distributions of (X;, X;) under Ho and H;, respectively. We use
S¢(g; Fo, F1) to denote the performance measure (2.7) evaluated under the indicated dis-
tributions. A related performance measure S¢(g; fo, f1), which involves only the bivariate
distributions, is defined by

|E1 9(X1, X2) — Eo 9(X1, X3)[?
(1 = ¢)(1 + 2Ro)Varo g(X1, X2) + ¢(1 + 2Ry)Var; g(X1, X2)’

where R; = "7, ry; are known constants. The parameters r;; are defined below.

5¢(9; for 1) = (2.35)

Uncertainty classes for the distributions are defined in the following way. The
bivariate densities are assumed to belong to classes defined by e-mixtures. (The results
hold for other uncertainty classes, as well, such as the 2-alternating capacity classes [23]).

Thus every bivariate density under H; is assumed to have the form

fi(z,9) = (1 - &) f(z,9) + €ihi(z,9) (2.36)

where ff’ is a nominal density and h; is an unknown density. The parameter ¢; € (0,1)
determines the degree of uncertainty in the bivariate distribution. A further condition on
the uncertainty classes, given below, completely defines them. This condition requires that

the bound 4
1 Cov,-[g(Xl, XZ),g(Xj+1’Xj+2)] <‘T" (237)

W y/ Vari (X1, X2)Var; g(Xj41, Xj42) 7
be satisfied for a known sequence r;, for i = 0,1 and j = 2,3,...,m. The sequence of
r parameters determines the degree of uncertainty in the higher-order distributions. Note
that for p-mixing processes, we have r;; < p; for all j.
For the performance measure S¢(g; fo, f1), which involves only the bivariate dis-

tributions, we may obtain a complete robustness result. One can show [53] that the least-
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favorable bivariate densities fo, f; are those given by Huber (22],

folz,9) { (1= o) if f2(2,9)/f3(z,y) < "

| -y § RN BED2e
h(zy) = { (1-e)f(z,9) i f(=.0)/f5(z:9) > ¢

’ (1 - e)f9(a,) if [z )/ Rz:9) < ¢

where the constants ¢’ and ¢” are chosen so that the functions integrate to one. The
nonlinearity § that is matched to these densities is minimax robust under the performance

measure S}, that is, the inequalities

S¢(§; fo, fr) 2 Se(4; fo 1) 2 Sé(g;fo, f) (2.39)

are satisfied for any other densities fo and f; in the uncertainty class and for any other

nonlinearity g. This nonlinearity is given by the solution of the integral equation

. _ fi(z,y) = fo(z,y) Af(z,9)Fi(u, v) + folz,9) folu,v) . dudv (2.40
i(z,y) Afl(z,y)+fo(z,y)+// Afi(z.9)+ h(z.9) §(u,v) dudv (2.40)
where

A= ¢(1+2R,)
(1-¢)(1+ 2Ro)
The integral equation (2.40) may be obtained directly by the method used to obtain (2.20).

(2.41)

The solution of this integral equation was obtained in [53] and is given by

N fo@ i@y 17 Ay 2.42
#z9) [/ Afl(z,y)+fo(z,y)dz ! Afi(z,9) + fo(z,v) (&4

We now obtain the lower bound for the complete uncertainty classes. The lower

bound is given by

S¢(g; Fo, Fr) 2 5¢(3; fo, f1) 2 S¢(8; fo, fr)- (2.43)
The first inequality in (2.43) is obtained from the bounds (2.37) and the expression (2.6).
The second inequality holds because of the minimax robustness of § over the e-contamination
classes for the bivariate densities, the proof of which is an extension of the proof given in
[53] for univariate densities.

In order to demonstrate true minimax robustness for the complete uncertainty
classes, one must construct least favorable multivariate distributions Fy and F, that satisfy
the bounds

S¢(§; Fo, 1) 2 S¢(§; Fo, Fr) > S¢(g; Fo, Fr) (2.44)
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for arbitrary distributions Fy, Fy, and an arbitrary nonlinearity g. The way to do this is to
extend the least favorable bivariate densities fo and f; to multivariate distributions such
that equality holds in (2.37) for each j. If this this were the case, then we would have the
equality

Se(g; fo, fr) = Sel; Fo, F)- (2.45)

Then, combining (2.40) and (2.43) would yield the left inequality in (2.39). We could also
obtain the optimal nonlinearity § by the method of Section 2.3, and thus we would also
have the right inequality. For memoryless nonlinearities, it is possible to construct such
multivariate distributions [51] and thus prove minimax robustness [53]. It should be noted,
howe\}er, that the distributions in the memoryless case possess a very peculiar property
which is necessary for showing robustness inequalities. This property seems to be lost when

dimensionality is extended.

2.6 Simulation Studies

2.6.1 Discrimination Between Rayleigh and Lognormal Correlated Time-

Series

In Section 2.3, we provided a method for obtaining an approximate solution of
the integral equation (2.20) by solving a system of linear equations (2.26). We used this
method, with N = 33 nodes, to obtain (approximately) the optimal one-step memory non-
linearity for discrimination between a Rayleigh and lognormal process. We then evaluated
the performance of the one-step memory discriminator through computer simulation. The
results are presented here.

The discrimination problem we consider assumes a Rayleigh distribution under
Ho and a lognormal distribution under H;. These two distributions are common in the
modeling of radar signals. The Rayleigh process {X;} occurs as the envelope of a complex
Gaussian signal, so that X = \/—Ykz_-l-_ZTf where {Y;} and {Z;} are the real and imaginary
components of the underlying Gaussian processes. We assume that the distributions of Y
and Z; have mean puy = uz = 0, variance 012, = a% = 4, and covariances Cov[Yk, Yitj] =
Cov[Zk, Zk4;] = e lil/™, with 7o = 13. The lognormal process {Xj}, which is sometimes
used td model signals that have a have a heavy tail part in their distributions, is related to
a Gaussian process {Uy} through X = exp(Uk). We assume that py = 0.8, o = 0.25, and
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Cov[Uk, Uks;] = e~b/™  with r = 130. With these parameters, the Rayleigh and lognormal
distributions have equal first and second moments. The tails are different, however, with
the lognormal distribution having a heavier tail to the right (toward +c0) and the Rayleigh
distribution having a heavier tail to the left (toward zero). The correlation is considerably
different, being very strong under H; (lognormal) and moderate under Hy (Rayleigh). We
assume that an m-dependent model with m = 300 is sufficient approximation for either
hypothesis. The forms of the Rayleigh and lognormal second-, third-, and fourth-order
densities are given in Appendix A. .

Figure 2.1 shows the optimal one-step memory nonlinearity, which is symmetric
in z; and Tx4;. Figures 2.2 and 2.3 show plots of P; vs. Po, where F; is the probabil-
ity of error when H; is true, for three different discriminators. These discriminators are
denoted T.” for the discriminator that is optimal under the i.i.d. assumption (Eq. (2.3)
with g(z) = log[fi(z)/ fo(z)]); TV for the memoryless discriminator (2.3) that is optimal
under the performance measure (2.7) with { = ; and T{? for the optimal one-step mem-
ory discriminator obtained from the integral equation (2.20) with ¢ = 1. The memoryless
discriminator T4" is obtained through the solution of an integral equation similar to (2.20),
as shown in [53]. Figure 2.2 was generated from 108 simulations with n = 25 samples for
the test statistic. The superiority of T.g) is evident. This superiority is even more evident
in Figure 2.3, also generated from 108 simulations but with n = 50 samples.

Generally, 108 trials is not sufficient to accurately approximate error probabilities
whose magnitude is on the order of 10~* unless importance sampling is used. Since-waaki
not use importance sampling, the curve for T,(.z) in Figure 2.3 should not be regarded as an
accurate estimation of the true error probability curve. Nevertheless, the plot does indicate
a substantial improvement in performance obtained by the one-step memory discriminator

over the memoryless discriminator.

2.6.2 Detection of a Weak-Signal in Correlated Cauchy Noise

The univariate density for Cauchy noise is f(z) = [r(1+ z2)]~!. This distribution
has extremely heavy tails and is a good model for impulsive noise. Correlated Cauchy noise
may be obtained from a memoryless transformation of a Gaussian process. For our model,
{Z} is assumed Gaussian with zero mean, unit variance, and covariance Cov[Zy, k] =
e~1/7, and the Cauchy noise process is obtained by Yz = tan [7r erf(Zx/vV2)/ 2]. The forms
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Figure 2.1: Graph over the region [0, 16]x[0, 16] of the optimal one-step memory nonlinearity

for discrimination of Rayleigh vs. lognormal processes.

of the Cauchy second-, third-, and fourth-order densities are given in Appendix B.

Figures 2.4 and 2.5 show graphs of the nonlinearities for = 1 and 7 = 15.
Table 2.1 shows the value of the efficacy for several detectors and values of 7. The values
are normalized in Table 2.2 to show the ARE to the locally optimal i.i.d. (memoryless)
detector with g(z) = —f'(z)/f(z). The Markov detector is a one-step memory detector
with

T iid. optimal = Markov optimal
L.O. memoryless L.O. one-step
1 0.3320 0.3733 0.4003  0.4242
5 0.0922 0.1512 0.3921  0.4253
15 0.0316 0.0567 0.4138  0.4260
30 0.0158 0.0288 0.4225  0.4270

Table 2.1: Efficacies of various detectors vs. correlation strength 7.
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Figure 2.2: Plots of the error probabilities for the i.i.d. discriminator T(9, the optimal

memoryless discriminator 7(!), and the optimal one-step memory discriminator T(® for a

sample size of n = 25.

T iid. optimal  Markov optimal
L.0. memoryless L.O. one-step
1 1.000 1.124 1.206 1.278
5 1.000 1.640 4.253 4.614
15 1.000 1.794 13.10 13.48
30 1.000 1.817 26.67 26.95

Table 2.2: ARE of various detectors relative to the i.i.d. locally optimal detector vs. corre-

lation strength 7.
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Figure 2.3: Plots of the error probabilities for the i.i.d. discriminator T©), the optimal
memoryless discriminator 7(1), and the optimal one-step memory discriminator 72 for a

sample size of n = 50.
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Figure 2.4: Graph over the region [—233,233] x [-233, 233] of the optimal one-step memory

nonlinearity for signal detection in Cauchy noise with 7 = 1.

: \ ~0.
0‘02 1 \ 02
XN _
g AW 00y
0! N
S, 3
.:zz.::.ﬁfo?o:e.?‘tf;:‘g:t‘r\\\ S RIS o 0

Figure 2.5: Graph over the region [-233,233] x [-233, 233] of the optimal one-step memory
nonlinearity for signal detection in Cauchy noise with 7 = 15.
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flz-6,y- 9)f($)]
f(IC, y)f(z _0) =0

_w= Sy + Ff=y) )

f(z,9) flz)’

which is the locally optimal detector if the noise process is Markov. It is interesting to

9(z,y) = '&%log [
(2.46)

note that the efficacy of the memoryless detectors decreases with increasing 7, while the
efficacy of the one-step memory detectors increases. Since the Markov detector behaves like
a memoryless detector for relatively weak correlation and a one-step memory detector for

stronger correlation, its efficacy at first decreases and then increases, as T increases.

2.7 Discussion

The contribution of our research has been to extend results obtained for memory-
less discriminators to discriminators involving one-step memory. In Section 2.3, we showed
that the optimal one-step memory nonlinearity can be obtained as the solution of the linear
integral equation (2.20). We also showed how an approximate solution of the integral equa-
tion can be obtained by solving a system of linear equations. This numerical approximation
actually involves a quantization of the nonlinearity, which we do not claim to be optimal.
However, our simulation results demonstrate a significant improvement over memoryless
discriminators even for a crude solution with N = 33 nodes. Evidently, any loss of accu-
racy in the approximation was not significant enough to override the added discrimination
power contributed by the memory. This numerical approximation to the one-step memory
nonlinearity involved the solution of a 1089 x 1089 system of linear equations, which is well
within the computation capability of many computer systems. In our preliminary results,
we used only 17 nodes for the integration and still obtained a significant improvement over
the optimal memoryless discriminator. We actually used interpolation to generate values of
g, though, and not quantization, in our simulations. Results on optimal quantization may
be possible, although they are more complex than results for quantization of the memoryless
nonlinearities.

We have also been able to apply our results to the problem of weak-signal detection.
We showed that the optimal one-step memory nonlinearity for detection under the ARE
criterion is given by the solution of the linear integral equation (2.28). The performance

of the optimal one-step memory detector as compared to the optimal memoryless detector
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under the ARE performance measure is significantly better and improves with increasing
correlation.

Results for robustness for memoryless djscriﬁninators do not completely extend to
the case of memory, as we showed in Section 2.5. What we obtained there is a one-step
memory nonlinearity § and a lower bound on its performance when the distributions are
known to belong to given uncertainty classes.

Our simulation results demonstrate that the optimal one-step memory discrimi-
nator performs significantly better than the optimal memoryless discriminator. Similarly,
in the weak-signal detection problem, our numerical results show that the ARE of the op-
timal one-step memory detector is significantly better than that of the optimal memoryless

detector.
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Chapter 3

Models for Positive-Valued

Random Processes

3.1 Introduction

The generalized SNR utilized in Chapter 2 is an asymptotic performance measure
that depends on the asymptotic mean and variance of the test statistic. Since asymptotic
results normally apply only to .problems involving large sample sizes, the usefulness of the
performance measure for small or even moderate sample sizes is questionable. This fact
provides the primary motivation for the approach taken in this chapter and the one follow-
ing, where we consider discrimination methods that are applicable to small and
sample sizes. °

It is well known that the likelihood ratio test (LRT) is optimal with respect to
the error probabilities of a discriminator. In general, we prefer a performance criterion
based on the error probabilities, such as the Bayes or Neyman-Pearson criterion, to a
generalized SNR performance criterion, since the error probabilities are more physically
meaningful. Therefore, it seems logical to prefer a LRT discriminator whenever possible.
There are, however, valid reasons for preferring a discriminator other than the LRT and a
performance criterion other than the error probabilities. One such reason is that the LRT
may be too difficult to implement because of the difficulty in computing the multivariate
probability density functions (pdfs) of the processes. While there are other valid reasons for
not using the LRT, it is this one reason in particular—the unavailability of easily computable
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multivariate pdfs—that we are most concerned with here.

In both this chapter and the following one, we derive multivariate pdfs that are
suitable for use in an LRT discriminator. Assuming the signals involved have such pdfs, the
LRT discriminator is optimal under any criterion directly related to the error probabilities,
including the Bayes, Neyman-Pearson, and minimax criteria. Two issues that we must con-
sider here include the computability and the accuracy of the pdfs. As we pointed out above,
computability is essential to the implementation of the LRT discriminator. Some radar ap-
plications require that discrimination be performed in real time on minimal hardware. On
the other hand, the performance of the LRT discriminator depends on how accurately the
assumed pdfs match the true pdfs of the signals. Because the accuracy of a pdf is difficult
to assess, we partially side step the accuracy issue by considering instead the flexibility of
the pdfs. Our rationale here is that the more flexible a pdf is, the more likely it is that one
will obtain a good fit to observed data (that is, the more accurate the pdf will be). As a
starting point, we make the reasonable assumption that a minimally flexible multivariate
pdf should be capable of matching specified univariate marginal pdfs and should provide
a fairly flexible dependency structure. We must be careful, however, not to put to much
emphasis on the accuracy or flexibility issue at the expense of the computability issue. We
may tend to think, somewhat informally perhaps, in terms of an accuracy/computability
trade-off.

The problem of constructing a multivariate pdf with specified univariate pdfs,
which is essentially the problem considered here, has been previously studied from two
different perspectives. First, there are the statisticians, who are concerned with multivariate
distributions that can explain the statistical relationships between several different sets of
measurements. The multivariate pdfs that have been devised for such applications are
typically bivariate pdfs or pdfs of some other low dimensionality, although some are capable
of being extended to arbitrary dimensionality. Kimeldorf and Sampson [29] provide a brief
discussion of some available bivariate uniform distributions. Johnson [24] is a good reference
for multivariate distributions that are suitable for Monte Carlo studies. Distributions of
low dimensionality, such as bivariate distributions, may be used to synthesize stationary
distributions of arbitrary dimension by forming products of conditional pdfs. For example,
we may form the conditional pdf f(z|y) = f(z,y)/f(y) whenever a bivariate form of a
given univariate pdf is available. Apart from the statisticians, there are researchers who are

primarily concerned with time series analysis. Since the applications of time series analysis
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often include such areas as spectral estimation and forecasting, the univariate distribution is
not always a primary concern. Often, univariate distributions are assumed to be Gaussian;
on other occasions, a memoryless transformation is applied to the observed data and the
transformed data is assumed to be Gaussian. A notable exception to this approach in time
series modeling is the work of Lawrance and Lewis [32], who devised an autoregressive
time series model with exponential innovations and exponential marginal pdf for the model
output. Their work has been praised for its intentions but not otherwise well received for
various practical reasons. (See the discussion that immediately follows the paper in the
journal.)

In signal processing applications, multivariate distributions are often needed for
modeling or for simulations. In both cases, whenever multivariate distributions with speci-
fied univariate pdfs are needed, transformed Gaussian distributions are used almost exclu-
sively. The transformed Gaussian does indeed provide a flexible multivariate pdf, since it
can match any specified univariate marginals and any specified (legitimate) autocovariance
function [38}, [34]. Considering the flexibility of this method and the tractability it affords,
it is not surprising that alternatives are uncommon. While one could use another underlying
distribution instead of a Gaussian and still use the transformation to shape the marginals,
the problem lies in obtaining a suitable alternative to the multivariate Gaussian distribution.
There really are no true multivariate distributions that provide the flexibility and tractabil-
ity of the multivariate Gaussian. Cantrell [6] uses a bivariate Cauchy distribution where
the correlated Cauchy variables are obtained as a moving average of independent Cauchy
variables. Cantrell’s method is easily extended to arbitrary dimensionality; however, the
distribution is limited in its ability to match an arbitrary autocovariance function.

In this chapter, we propose that the multivariate x? distribution be considered
as an alternative to the multivariate Gaussian as an underlying distribution for a transfor-
mation model. The x? has several advantages. First, it is easy to generate data from the
distribution that can be used in Monte Carlo studies. Second, the multivariate distributions
are able to match any autocovariance function, as in the transformed Gaussian case. And
third, the multivariate x? with d = 2 degrees of freedom combined with a simple power
transformation yields a multivariate Weibull distribution, which is co‘mfnonly used in radar
problems.

By assuming that the underlying Gaussian processes from which the x? is derived

are autoregressive, we are able to simplify considerably the computation of the multivariate
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pdf. This is perhaps the major result of this chapter. We begin the chapter with a discussion
of the preliminary theory upon which the models we propose are based. Next, we discuss
methods for computing the multivariate x? pdf, as is required for an LRT discriminator. We
look at some examples to assess just how accurate the approximate computational methods
are. We then discuss a method for estimating the parameters of the pdf from sample
moments, a method adapted from a least squares method used to estimate parameters of
an ARMA model. After this, we look at some contour plots that are helpful in showing
the differences in the available models. Finally, we put the theoretical ideas into practice
by actually implementing LRT discriminators and testing them through simulations. The
simulations derhonstrate the usefulness of the methods as well as call our attention to some

important practical matters.

3.2 Preliminary Theory

In this chapter, three different ideas are combined to produce a flexible and useful
model. First, theidea of a memoryless, invertible transformation is used to provide flexibility
in choosing the univariate marginal pdf of the model output process. Second, the idea of a
x? distribution is introduced to provide flexibility in modeling the dependency structure of
the output variables. Finally, the idea of a stationary, autoregressive process is introduced

to permit efficient computation of the multivariate pdf. We now discuss these three ideas
in detail. '

3.2.1 Transformation Models

While there are many univariate distributions that are commonly used in statis-
tics, few of these are used in multivariate forms. Compared to the large arsenal of univariate
distributions, only a handful of true multiva.ria.te-djstributions are commonly recognized,
such as the Gaussian, Wishart, etc., and out of these, only the Gaussian has a relatively sim-
ple multivariate probability density function (pdf). Nevertheless, a straightforward method
for obtaining a multivariate pdf having specified univariate marginal pdfs is to use a mem-
oryless, invertible transformation in conjunction with a known multivariate pdf. In this
context, we may consider the multivariate distribution obtained by the transformation of
a Gaussian process to be the prototype. Other transformation models may be obtained by

substituting another multivariate distribution for the Gaussian.
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Let {X:} be the observed stationary discrete-time random process, with known
univariate pdf f; and cumulative distribution function (cdf) Fz, for which we desire to
obtain a multivariate pdf. Let {Z;} denote a random process that has a known multivariate
pdf, such as a multivariate Gaussian. Using the memoryless transformation approach, we
define a one-to-one (invertible) memoryless nonlinearity 4 such that X; = ¥~!(Z;) has the
cdf F,. Letting £, and f{™ denote, respectively, the n-dimensional pdfs for {Z;} and
{X:}, we have

£x) = f(@) [T ¥/(=0) (3.1)
t=1
where x = (zy,...,2,) and z = [9(21),...,%(2n)]. If the cdfs Fr and F; are invertible,

then one can always obtain such an invertible transformation ¢ by setting

¥(z) = F[Fu(a)]

As a first attempt at defining a multivariate pdf, the pdf obtained by a transformed
Gaussian is surprisingly simple and flexible. Using it, one can accurately model not only
the univariate distributions, but also the covariance structure as well. Given the n X n
covariance matrix of the observed process, one can obtain a multivariate distribution via a
transformed Gaussian that matches it. In this chapter, we regard the transformed Gaussian
model as our prototype, and we move on to explore more sophisticated models that can

potentially offer a better fit to the true distribution of the observed process.

3.2.2 The x? Distribution

The assumption of a multivariate normal distribution for {Z,} is most convenient
in that the resulting multivariate pdf f,(,") for the observations takes a relatively simple form.
This also permits a relatively simple implementation of the LRT discriminator. From the
standpoint of simplicity or convenience, the multivariate distribution obtained as a trans-
formation of a multivariate Gaussian is hard to beat. We ought to consider, though, the
possibility of obtaining a better fit to the observations by assuming an underlying distribu-
tion other than the Gaussian. If the observation process {X;} takes only positive values,
then it is not hard to see why we might obtain a better fit by assuming another distribu-
tion. Since the Gaussian pdf is symmetric and positive over the entire real line, transforming

Gaussian random variables into random variables that take only positive values results in
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a substantially distorted dependency structure. By contrast, transforming, say, exponen-
tially distributed random variables into positive-valued random variables results in a lesser
distortion of the dependency structure. These two bossible transformation models stand
in stark contrast to each other. On the one hand, we transform a two-sided process into a
one-sided process, while on the other hand we transform a one-sided process into another
one-sided process. That the dependency structure would be significantly different in these
two cases seems intuitive. If we take the underlying distribution to be a x? distribution,
as we do in this chapter, then we can again match the univariate marginals and autoco-
variance function of the observation process as in the Gaussian case. Thus any difference
in the dependency structure, as compared to the Gaussian, may be observed only by going
beyond the covariance values.

The x? distribution, while being considerably more complex than the Gaussian,
nevertheless does provide some degree of tractability. In particular, it is possible to match
any autocovariance function, as in the case of the transformed Gaussian. Furthermore, it is
relatively simple to generate samples from a multivariate x? distribution. This property is
important if the distribution is needed for generating random variables for Monte Carlo sim-
ulations. It is also worth mentioning that the Weibull distribution, which is commonly used
in radar modeling, may be obtained as a simple power transformation of the x? distribution
with two degrees of freedom. '

The x? distribution arises frequently in statistics as the sum of squares of inde-
pendent Gaussian random variables with zero means. Let {Uy, 1 <t < n} be a collection
of d-dimensional random vectors U, = (Uy,..., Usd), where each Uy has a standard Gaus-
sian distribution with zero mean and unit variance. The sequence {U;,1 < t < n} is best
thought of as a collection of d independent Gaussian sequences {Uy,1 <t <n},1<i<d,
that are identically distributed. We denote the common covariance matrix of each of these
scalar sequences by Q1. (We are primarily concerned with the inverse Q of the covariance

matrix.) wa, the random variable

d

i=1
is a sum of independent random variables. By definition, Z; has a univariate x? distribution

with d degrees of freedom, denoted x2(d). The sequence {Z;,1 < t < n}, with Z; defined
by (3.2), has a multivariate x2(d) distribution. It is worth pointing out that the x*(2)
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distribution is the well-known exponential distribution.
The noncentral x? distribution arises in a similar way as the sum of squares of
Gaussian variables with non-zero means. Thus, by definition, Z; has a noncentral x? dis-

tribution with d degrees of freedom and noncentrality parameter o2, denoted x'*(d,a?),

when ,
Zy=Y (Un+m), (3.3)
=1 :
and .
02 = E[J? (3.4)
=1

The representation (3.3) is not unique, since the distribution depends only on y;,...,ud via
the sum of their squares. Thus {Z;,1 < t < n} has the same distribution for any u1,...,uq
that satisfy (3.4). We focus primarily on the central x? distribution in this chapter, since it
is simpler and suits our purposes well. Most of the results, such as the methods described for
computing the multivariate pdf, may be adapted to the noncentral x?, and there certainly
are other applications where the ability to compute the multivariate noncentral x2? pdf is
invaluable. This topic is discussed further in the final section of this chapter.

To simplify our derivation of the multivariate pdf, let us assume for now thatd = 2.
We will work through this derivation and then extend the result to cover other values for d.
Therefore, let Z; = U2 + V? where {U;} and {V;} are identically distributed sequences of
zero-mean Gaussian random variables that are independent of each other (that is, {Us} is
independent of {V;}). The sequence {Z;} has a multivariate exponential pdf that W TSWEL
derive. Let Q be the inverse of the common covariance matrix for both U = (U1,...,Us)
and V = (W,..., Vo), let Wy = /Z;, let E = {u,v: /u? + v} < w,}, and let r;cos b; = uy,
r¢sin 6; = v;. To derive the pdf for W = (W;...,W,), we have

P{W¢_<_wg,lStsn}:P{\/U3+V,25w,,15t5n} (3.5a)
= [ fws () dudv (3.5b)
= (2r)7"|Q| /Eexp {—%uTQu - %VTQV} dudv (3.5¢)
= 2m)™Iq) /Eexp{-%gjg(uwj+v.-vj)q.-,-}dudv (3.5d)

= eyl [ [ Lo [ e {4 303 rir st - 60

i=1 j=1
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X dfy ---dby, (H r,-) dry -+~ dry. (3.5€)

i=x]

From (3.5e) we can see that the pdf for W is given by

n 27 27 n
f§(w) = (2r)~Q] (H w,-) / . -/0 exp{-—% Z Z w;wj cos(f; — Oj)q,-j} dby ---db,.

i=1 0 i=1j=1

Therefore, the pdf for Z = (Z,,...,2,) is

i 27 2x LI
f)(2) = (41)_"|Q|/0 . -/0 exp{—% 3 /zE cos(6; — Oj)q,',-} déy---db,. (3.6)
1=1 j=1

Of particular interest to us, however, is the pdf for Z given in the form

f;n)(z) = (47)™"|Q| ‘[)2” ./021 exp {—%UTQU - %quv} déy - - db, (3.7)

where
Ug = /2 cos by,

Ve = \/Z_t sin 0,.
This form is obtained by backtracking a bit in the derivation (3.5).

(3.8)

Straightforward modifications may be made to derive the pdf for the noncentral
x? distribution with two degrees for freedom. In (3.5d) we replace u by u: — py and v by
v; — yy. After the change to polar coordinates, it is also useful to make the substitutions
fy = acosw and g, = asinw. In the final result, we have the following expression for the

pdf for x'%(2,a?).

n n

f:(z) = (47)™"|Q| /027. ./021r exp{-% I, [\/31'_2}005(9; - 0;)
#=14=1 (3.9)

— /7 cos(w — 0;) — a./Z; cos(w — 6;) + a2] } dby - - - db,.

Note that the value of the pdf depends on a but not on w. Thus we may simplify the
expression further by setting w = 0, which yields

27 2 rn T
o= amial [ [ (-3 3 D aslvamcosti- ) -
— ay/z; cos(6;) — a,/z; cos(8;) + 02] } dby---db,,.
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The pdf may also be written in the form (3.7), where

= \/z;co80; — iy,

vy = +/Z;5in 8; —

The derivation for d > 2 is similar to the case of d = 2, only more complicated.

(3.11)

Analogous to the change to polar coordinates in (3.5e), at some point in the derivation a
change is made to spherical coordinates for d = 3 or to generalized spherical coordinates
for d > 3. This method is described in detail in [41). Generalized spherical coordinates [54]

are not unique, but any representation will suit our purposes. A form given in [41] is

=1
zj=r(Hsin¢k) cos ¢;, 1<j<d-2

k=1

d—2
Zi-1 =71 (H sin ¢k) cos @ (3.12)

k=1
d—2

Ty=T (H sin ¢k) sin @
k=1

where 12 = 22 4+ ---+22 > 0,0 < ¢ < 7, and 0 < 4 < 2r. The Jacobian of the

transformation is

d=2
J(rs 03 ¢11 ey ¢d—2) = Td_l H sind'l”" ¢k. (3.13)
k=1

Though the expression for the multivariate pdf for d > 3 is complex, the idea is
fairly simple and is clearly illustrated in the following theorem, in which the integration is
expressed as an expectation of a function of random variables that are uniformly distributed

on the d-dimensional unit hypersphere.

Theorem 3.1 Let {Y:,1 <t < n} be a sequence of independent and identically distributed
random vectors from R? such that Y; = (Ya,-..,Yed) is uniformly distributed over the d-
dimensional unit sphere § = {y e R®: v + -+ y} = 1}. Then the n-dimensional pdf for
the x*(d, a?) distribution may be written

d/2 d
@)= “Jg‘l(d/z)n (H (d-z)/2) [exp{_Q:U{QU,,}] (3.14)

k=1
where

Uit = Yeev/z — ik (3.15)

2_sd 2
and & = 3 pi.
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Proof.  Let ®1,®,,...,%4-2,0 be (independent) random variables having the joint pdf

r(d/2)

s d-2 ;. d-3 : '
57473 in®"“ ¢; sin®"° ¢y - - - sin Pg_3,

.f(¢17' . -7¢d—2’0) =
0<¢p<m, 0£6<2m.
Then, as shown in [24, p. 126], the coordinates

Y1 = cos ¥,

Y, = sin ¢4 cos P,

Yy-1 =sin®;---sin P4 cos ©
Yy =sin®y---sinPy_osin O

are uniformly distributed on the surface the d-dimensional unit hypersphere.

Now let V,,..., V4 be Gaussian vectors such that Z; = Vﬁ +--4 Vf, has the
desired x'2(d,a?) distribution. Let Uy = V} — pi, 1 < k < d, be the centered Gaussian
random variables obtained by subtracting the mean. Let Wy = /Z; and E = {W; < w;,1 <
t < n}. Then, proceeding as in (3.5), we have the following result, where we introduce the

generalized spherical coordinates (3.12) for vg;:
P{W\gSwt,lStSn}

d .
= (27f)—"d/2|Q|d/2/ eXP{—% Y (v = )T Q(vi - #k)} dvy---dvg  (3.16a)
E k

=1

Wn un
= (27)~"4/2) Q42 / rd-ldr ... / 31 dr, (3.16b)
1] 0 :

d
X _/E" J'(sn) dsy - “/E; J'(s1) dsy GXP{-% 1;2=:1(Vk - )T Q(vi - #k)}

where

St = (¢1t, seny ¢d—2.t, 0t)1
d-2

J’(St) = H Sind—l_k Pt
k=1

"Ei={0<du<m, ..., 0< Pgg: <7 0L 8 <2r}.
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In (3.16b), vk is understood to be a function of 7; and s;. Then, the pdf for W is

Fulw) = (2m) "2 Qp2 [T w

t=1
d
X / J'(8,) dsn - - / J'(s1) ds1 exp{—% Z(Vk - )T Q(vi ~ #k)}
En E, k=1
and the pdf for Z is

n n
£:@) = @ QEP TL 4 T 47

t=1 t=1

X /E.. J'(8p) d8p -+ -/E: J'(sl)dslexp{—% i(we - k)T QvE ~ I-‘k)}

k=1
|Q|é/2 1’_‘1 (d-2)/2 (I‘(d/?))"

= 2nfar(djayn 115 21d/2

d

X /E.. J'(sn)dsn-~-/131 J'(sl)dslexp{—% Zu{Quk}

k=1
where ug = vi — pui. Now, each integral of the form

may be written as an expectation involving the variables ®y¢,...,®4-2:,©:. By a change
of variables, we may write the expectation in terms of the rectangular coordinate random
variables Y;. Thus we achieve the desired result. Q.E.D.

The computation of the multivariate x?(d) pdf requires that one evaluate a rather
difficult multidimensional integral. The difficulty in evaluating this integral increases sig-
nificantly with increasing d. For this reason, it is important to note that the x?(d) tends
to a multivariate Gaussian distribution as d — oo. This fact follows from the multivariate
form of the central limit theorem. Generally, convergence in the central limit theorem is
more rapid for symmetric distributions and slower for distributions that are skewed. Since
the x?(d) distribution arises as a sum of squared Gaussian random variables, which are
clearly positively skewed, we expect the convergence to Gaussianity under the central limit
theorem to be slow. Nevertheless, we focus our attention on the case of d = 2 and d = 3, not
only for the sake of making the computation manageable, but also since these distributions

provide the greatest contrast to the multivariate Gaussian distribution.
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3.2.3 Autoregressive Models

We require the assumption of an autoregressive (AR) model in order to streamline
the computation of the multivariate x? pdfs. Without such an éssumption, the complexity
involved in computing the n-dimensional pdf typically increases exponentially in n. We shall
see, however, that the complexity is linear in n when we assume the underlying Gaussian
processes are autoregressive.

AR models are useful to us in three ways. First, the process of generating data
from the x2 distributions for simulations becomes significantly more efficient. Second, the
structure of the inverse covariance matrix Q is greatly simplified, resulting in a k-step
memory algorithm for computing the multivariate pdfs. It is this property that reduces the
computational complexity from being exponential in n to being linear in n. Finally, the
assumption of an AR model leads to a multivariate dependency structure that is defined by
just a handful of parameters, a situation that is more favorable for parameter estimation.

The x? random variables {Z;} are defined in terms of an underlying sequence
{U:} of Gaussian random vectors via (3.2). Generating data for simulations amounts to
generating the Gaussian vectors with the appropriate covariance structure. The generation
of the Gaussian variables may be done most efficiently if they are generated by a linear
recursion, ‘

Ut+a1Uiy + -+ - + ag Ui = b (3.17)

where & = (u,-..,d) is a vector of zero-mean, unit-variance Gaussian random variables.
We assume that &,; is independent of & for s # t or i # j. The model defined by (3.17) is
called an autoregressive model of order k. It is helpful to think of the vector process {U;} as
a collection of d identical scalar processes {Uy}, 1 < i < d. For simplicity in the following

discussion, we consider a scalar AR process

Ui+ a1Usimy + -+ + ap U = b&; (3.18)

and the results apply to each of the scalar processes that constitute {U,}.
The AR model defined by (3.18) involves the k + 1 parameters a;,...,a, and b.
Thus, in general, we may match at most k£ + 1 given values of the autocorrelation function
Ry(r), defined by
Ry(r) = EUUs4r. (3.19)
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It is well known, in fact, that the kth-order AR model can match exactly the first £ + 1
values Ry(0), Ry(1),..., Ry(k). To do this, the model parameters are chosen to solve a

system of linear equations known as the Yule-Walker equations [14],

[ Ru(0)  Ru(l) Ry - Rete) [ 1] [e]

Ry(1) Ry(0) Ry(1) --- Ry(k-1) a 0

Ry(2) Ruy(1) Ry(0) --- Ry(k-2) a | =10 |. (3.20)
] Ry(k) Ruy(k - 1) Ry(k-2) ... Ry(0) 1L e I 0 )

The Yule-Walker equations may be solved extremely efficiently using the well-known Levinson-
Durbin algorithm. This algorithm uses a recursion to produce the model parameters for
the kth-order AR model from the model parameters for the (k = 1)th-order AR model and
an additional value Ry(k) of the autocorrelation function. Let ai(7),1 £ i £ j and b(j)
denote the model parameters for the jth-order AR model. With ao(7) = 0 for all j and
b(0) = Ry(0), the recursive formulas for the Levinson-Durbin algorithm at the jth step are

-1
aj(7) = =b7%(j - 1)[RU(j) + Jz:ai(j —1)By(j - i)]

=1

(3.21)

ai(j) = a'.(j_ 1)+a1(.7)a.1"(] - 1) i= 1:"'1j- 1

b(7) = b(5 - 1)y/1 - aX(3).

There is also a backward recursion [36], whereby we may obtain the coefficiesits
model orders k — 1,k - 2,...,1 from the coefficients for order k:

ai(7) — a;(j)e;j-i(4)
1 - a¥(5)

; 5(4)
b(j - 1) = =2,
(G-1) - d0)

For our purposes, the most significant aspect of the Levinson-Durbin algorithm

a(j-1)= i=14...,j~-1

(3.22)

is that it provides a convenient factorization of the inverse covariance matrix Q. Suppose
Q~! is the covariance matrix for the AR process defined by (3.18), and let a;(5),1 < ¢ < 4,
and b(j) be the parameters of the jth-order AR model, as given by the Levinson-Durbin
algorithm (3.21) or (3.22). Then Q has the factorization

Q=LL (3.23)



39

where L is the lower triangular matrix

b1
alb‘l
L=| ¥ . (3.24)
apb™! ab-! b(k—-1)"1
i arb™! ap_y(k—1)b(k-1)"1 --- b(0)~! ]

The elements below the kth subdiagonal in (3.24) are all zero. Thus L;; = 0if j > i or
J < i~ k. This factorization is quite useful in reducing the amount of computation needed

to compute the multivariate x? pdf.

3.3 Computation of the Probability Density Functions

The complex integration required to evaluate the n-dimensional pdf for the central
or non-central x? distribution is prohibitively expensive for even moderately large n. In the
general case, the computational complexity of a numerical integration method increases
exponentially in n. Furthermore, there may be doubts concerning the inaccuracy of such
a numerical method. We now consider assumptions that permit us to simplify the com-
putation. Our main assumption, which is required for all the methods considered here, is
that the underlying Gaussian processes are kth-order autoregressive. Thus we assume that
the underlying Gaussian processes are of the form (3.17). This assumption permits us to

evaluate the integral numerically with a complexity that increases only linearly in n.

3.3.1 First-Order Markov PDF

If the underlying Gaussian sequences are first-order autoregressive, then the matrix
Q is three-banded, that is, g;; = 0 for |¢ — j] > 1. This leads to significant reductions in the
computation required to evaluate the multivariate 2 pdfs. In particular, Miller shows in

[41, pp. 37-39] that the resulting x?(d) variables are Markovian. Thus, at most the bivariate
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and univariate pdfs must be computed. For general d, we have for the n-dimensional pdf

n o ¢(2)
- (1) fz (zt—lszt)
fz(z) fz (Zl)t=]:[2 fz(l)(zt_l)

= fz(l)(zl) H fzzlz1 (ztlzt—l)

t=2

(3.25)

where fz(l) and fz(z) are the univariate and bivariate pdfs, respectively, and f}., is the

conditional pdf of Z; given Z;. Let the covariance matrix for adjacent Gaussian random

Q=] ”
p 1]

Then the general univariate and bivariate x?(d) pdfs are

variables be

z(d/2)-1g-2/2
T 24/21(d/2)
- (xy)(d-—z)ﬂ
2(d/2)+1|p|(d/2)-1(1 — p2)T\(d/2)
z+y lplv/ZY
X exp{ -————-——2(1 — pz)}I(d/Z)—l {"’—'1 — pz' .

where I, is the modified Bessel function of the first kind of order v. In particular, for d = 2

FN)(z)

fz,y) = (3.26)

we have
f(z) = fe="?
3.27)
1 t4y } {pm} (
2)(zg) = ——— _— .
190 = e { e o T
For d = 3 we have
((g) = [ Ze-e/2
fz (z) 27re
) + 1ol v/ET (3.28)
D(g) = — __1__1/_} inh J 1PVZY
fi¥(z) PPN exp{ 51— p7) smh{ 17 [
And finally, for d = 4 we have
Tz _
() = Semen
(3.29)

fﬁz)(z)=———‘/z—7— xp{ 2ty }Il{p‘/m—y}.

8lol(1=p%) " \T2(1-p5)) T\ 1= p2



41

The logarithm of the pdf can be computed as the sum of one-step memory non-
linearities. Thus if we assume a pdf of the form (3.25) under hypotheses Ho and Hi, the
log-likelihood ratio can be computed as a sum of one-step memory nonlinearities.

For autoregressive sequences of order greater than one, numerical integration is
required. Two possiblé approaches to computing the integral in (3.6) numerically seem
feasible. One method is to perform the integration in each of the variables using a standard
numerical quadrature method, such as Gaussian quadrature. This approach is discussed

later. An alternative approach is to evaluate the integral via a Monte Carlo method.

3.3.2 Monte Carlo Integration

Theorem 3.1 provides the justification for Monte Carlo integration as a means to
compute the multivariate pdf. This method involves generating realizations of the random
vectors {Y;,1 <t < n} and then approximating the expection in (3.14) as a sample average.

We begin with d = 2; later we extend the result to d > 2. Let ©,...,0, be
independent random variables uniformly distributed over [0,27). Then we may rewrite
(3.6) as an expectation,

‘ n n

f42) = 27"/Q) E[exp{—% >3 VaE cos(®i - e,-)q;j}].
‘ i=1 j=1
To evaluate the integrals numerically using a Monte Carlo method, we generate realizations
of the random variables @,...,0, and then take a sample average. This yields
1 M n n
f(z) ~ 2—"|Q|ﬂ' Z exp{-—% Z Z ZiZ; COS [0,-(£) - 0,-(()] q,-j} (3.30)
=1 i=1 j=1
where 6;(£) denotes the ¢th realization of the random variable ©;.

The form given by (3.30) is not the most efficient way to evaluate the expectation.
To improve the efficiency, we take advantage of the assumed autoregressive structure of the
underlying Gaussian sequences. We begin with the form of the pdf given by (3.7) and (3.8).
Since the Gaussian processes are kth-order autoregressive, the inverse covariance matrix Q
is (2k + 1)-banded and has the factorization given by (3.23) and (3.24). To evaluate the £th
term of the sum in (3.30), we generate a realization [6;(£),...,8,(£)] of the {©;} process

and then form the sequences

u(£) = /z; cos 04(£)
ve(€) = /Zt sin 6,(£).
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Using the factorization (3.23) and setting @ = L'u and ¥ = L'v, we have

Note, however, that since the elements L,; of the matrix L are 0 for ¢ — j > k, we may
compute #;(£) and (£) from u(f),. .., us—k(£) and ve(£),. .., Ve—k(£) when t > k. In fact,

the computation is done using a recursion involving the autoregressive parameters,

k
’l_tt = b-l E a;jUt—j

7=0

(3.31)
k
v = b—l Z A5V¢—jg-
Jj=0
For 0 < t < k, we may use formulas similar to (3.31),
@ = b7 (m) ) aj(m)ue-;
=0 (3.32)
m
B = b} (m) ) _ aj(m)ve—
=0

where m = t and b(m) and a;(m), 1 5 j < m are the autoregressive parameters for the
mth-order autoregressive model and ag(m) = 1. Thus, we may consider (3.32) to be the
general formula, with m = min(¢, k).

Note that the pdf (3.7) may be written

f.(z) = 27"|Q|(2r)™" /0 " /0 " exp{-—% f_:(a,? + a?)} dby - - -db,. (3.33)

=1
In (3.33), u; and v; are functions of 4;,...,8-n, and 2;,...,2-m, where m = min(k,z— 1).

Thus the Monte Carlo approximation becomes

M
f 2l oen{ -3 [0+ #0) ).
{=1

n
i=1
For the case of d > 2, we must generate a realization {y;,1 < t < n} of the
rectangular coordinate vectors {Y;,1 < t < n} as defined in Theorem 3.1. The simplest
way to generate a vector Y that is uniformly distributed on the unit hypersphere is to set
W;

Y- ———
2?:1 1/Vj2

(3.34)
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where the WW; are i.i.d. Gaussian random variables. The method defined by (3.34) is not
the most computationally efficient, however. More efficient methods are given in [24, Sec-
tion 7.1]. We provide here the methods for d = 3 and d = 4 that were derived by Marsaglia.
For d = 3, generate independent deviates W; and W, that are uniform on (~1, 1), rejecting
them until § = W2 + W2 < 1. When the inequality is satisfied, set

Yy = 2Wy(1 - §)1/2
Y, = 2Wy(1 - 5)1/?
Y;=1-268.

For d = 4, generate W; and W, uniform on (—1,1). Reject them until Sy = WE+W2<1.
Similarly, generate W3 and W, until S5 = W2 + W2 < 1. Then set

=W
=W,
1_5 1/2
o= s 521)
1-8 1/2
o= 521>

The accuracy of the Monte Carlo integration is measured in terms of the variance
of the sample average. Unfortunately, the variance tends to be unacceptibly large for
moderate values of M and decreases as O(v'M). There are ways to reduce the variance,
however. For example, we could break up the region over which the integration is performed
into subregions and add together the approximate integrals taken over each subregion. To
define a subregion, we may restrict each Y, to take its values in a subregion of the unit
hypersphere. The sum taken over each of the subregions could be computed using the idea
that is discussed in the next subsection on Gaussian quadrature. This modified Monte
Carlo method is similar to Gaussian quadrature, the difference being that the nodes for the

Monte Carlo integration are chosen randomly.

3.3.3 Gaussian Quadrature

~ An alternative to using the Monte Carlo integration method is to use a numerical

quadrature method and take advantage of the form of the inverse covariance matrix given
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by (3.23) and (3.24) to simplify the computation. Because of the (2k + 1)-banded structure
of the matrix, the complexity of the numerical integration method is linear in 7.

First consider the straightforward numerical integration of the multivariate x3(2)
pdf given by

n n

fz(")(z) = (47r)“"IQl /0‘21r -/:1r exp{—-;- Z Z 2e2¢ cos(o_, - 9:)9“} déy ---db,. (3.35)

s=] t=1
Let 61,...,0n and wy,. .., wn be, respectively, the nodes and weights of a Gaussian quadra-

ture method such that N

27
A flz)ydz =~ Y f(8:) wi

i=1

Letting I denote the integral in (3.35), we have

N N n n N
Iz Z .. Z exp{—-% Z Z zs2¢ cos(0y 5, — 0,,;,)q,t} H Wi iy (3.36)

ta=l  i3=1 s=1 t=1 t=1

It can be seen from (3.36) the complexity of the “brute force” method is on the order of
N7; that is, it increases exponentially with n.
When the underlying Gaussian processes are kth-order autoregressive, then the

pdf may be written in the form

f:(2) = (47)™™|Q] '/0‘2?. ./027r exp{-—% i(ﬁ? + 17,2)} dby---db, (3.37)

t=1
which is the same as (3.33). Here, @, and %, are functions of 8,,..., 60 . Thereforeyawer_
write G(i;, %;) for exp{~3(@? + 9?)}, then the integral in (3.37) may be expressed as

2r 27 n
1= [“dtn-[ a0, T] Glae, 50
0 [+]

t=1
2 2r 2 2x K+l o
= ‘/0 db,--- o den-—kG(ﬁm "_’n)L den-k—l G(ﬁn—l, ﬁn—l) ot /0 del H G(ut, 'vt)
t=1

and the approximate integral (3.36) may be expressed as

N N n '
I~ Z wy, - Z wy, H G(ﬁt,ﬁt)
tn=1 i1=1 =1 (338)
N k+1 -

N N
=Y w3 Wi GlTnyBn) - wiy ] Gla, 5.

in=1 tnek=1 i1=1 t=1
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Notice that G(i, %) is a function of Uy.-eyitem for m = min(k,t ~ 1). To show this

explicitly, define
By(ies- - it-m) = w;, exp { -1 (a? + )},  m=min(kt-1). (3.39)

Now, define $4, §3,..., Sn—k+1 Tecursively by

k
S1(%ky ... 01) = H B;(ij,...,4)

i=1

N
St(it4hmts. oy ip) = E Biyk-1(it4k=15- -2y 80-1)St-1(bt4k=2, - - - B=1),

fem1=1
2<t<n~-k+1.
Finally, we have
N N
I'= Z e Z Sn—kt1(lny -+ +rInk41)-

in=1  ip_pp1=1
At most NF+1 storage locations are required for the computation; however, the sums may
be performed in a way so that only 2N* strorage locations are necessary. The complexity
of the algorithm is on the order of n; that is, the computation required increases linearly
with n. This provides a significant time savings over the “brute force” method (3.36). A
disadvantage of (3.38) is the large amount of storage required compared to (3.36), which
requires minimal storage.

We may generalize this method to the case where d > 2. We need, of course, a
numerical quadrature formula for integrating on the surface of a hypersphere. One possibilty
for a quadrature formula may be derived from the spherical coordinates. ‘A better possibility,
though, is to use a formula that has been optimized specifically for integrating on the surface
of a hypersphere [28]. Some formulas for d = 3 are given in Appendix C. For the general
case, (3.39) is replaced by

By(it,-- - it-m) = wiexp {~3(ak +---+42)},  m=min(k ¢ 1) (3.40)
where m
B = b7 (m) Y aj(m)uej,
i=0
and

Uti = Yir/ .
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The y; are the rectangular coordinates of the nodes of the quadrature formula.

The limiting factor for Gaussian integration is the amount of storage necessary for
the algorithm, which is on the order of N*¥, where N is the number of nodes per dimension
and may be on the order of 100. For large k, Gaussian integration may be too expensive. The

amount of storage also depends on the number of degress of freedom of the x* distribution.

3.3.4 Examples

We now look at a few examples where we compare the different methods for com-
puting the multivariate pdfs. We want to determine, if possible, just what we can expect
in the accuracy of the numerical methods.

First we consider examples with k = 1. As shown in Section 3.3.1, we may, in this
case, compute the exact value of the pdf without evaluating any integrals. Thus, we need
not use an approximate numerical method. However, since we can compute the pdfs by
using both the exact formula as well as one of several numerical methods, we may obtain
a precise picture of how accurate the numerical methods are. We include this case as a
first step in verifying that our approximate methods are valid. If comparison of the exact
result and approximate results do not agree at this level, then we may have serious doubts
concerning the value of the numerical approximations when k > 1. On the other hand,
if the agreement between exact and approximate results is exceptional, then we may have
much more confidence in using the approximate methods for £ > 1.

The results for d = 2 and d = 3 are shown in Tables 3.1-3.6. The parameters
shown in the tables are these: k is the order of the underlying AR Gaussian process, 7 is
the dimensionality of the multivariate pdf computed, and N is the number of nodes in the
numerical quadrature method. The value of p in (3.26) is taken to be p = 0.9. The pdfs
were evaluated at a different set of values for each column; the values were generated by
taking a random sample from the multivariate distribution. Tables 3.1 and 3.2 display the
computed values of the pdf with n = 10, 25,50, 100. The quadrature formulas used ford = 2
are those with nodes distributed symmetrically around the unit circle and uniform weights.
The quadrature formulas for d = 3 have nodes symmetrically distributed on the surface
of the unit sphere and nonuniform weights, as given in Appendix C. These quadrature
formulas are optimal in the sense that they have the highest degree for a fixed number of
nodes [28] (alternatively, they have the fewest number of nodes for a given degree). By



n=10 n =25 n=50  n=100
Exact 9.4838e—06 1.5208e—15 4.2129e—17 1.6098e—49
Quadrature N = 10 | 1.0034e—05 2.7534e—15 4.9809e—~17 8.1714e—48
Quadrature N =25 | 9.4838¢—06 1.5209e—15 4.2129e—17 1.6113e—49
Quadrature N = 50 | 9.4838¢—06 1.5208e—15 4.2129e—17 1.6098e~49
Quadrature N = 100 | 9.4838e—06 1.5208e—15 4.2129e—17 1.6098e—49

Table 3.1: Values of the computed pdf for k =1 and d = 2.

n=10 n=25 n =50 n = 100
Exact 1.1451e—05 8.7318e—16 7.9333e~20 1.0483e—51
Quadrature N = 26 | 1.6185e—05 9.0382¢—15 2.1816e—19 2.4349e—45
Quadrature N =50 | 1.1576e—05 1.2104e—15 8.2075e—20 1.4630e—50
Quadrature N = 110 | 1.1451e—05 8.7987e~16 7.9336e—20 1.1617e—351
Quadrature N = 146 | 1.1451e—05 8.7435e—~16 7.9333e—20 1.0729e~51
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Table 3.2: Values of the computed pdf for k =1 and d = 3.

definition, a quadrature formula is said to be of degree m if it will yield an exact result for
any polynomial of degree less than or equal to m..

Because of the extremely small magnitudes of the computed values, we also com-
pare the logarithms of the computed values, as shown in Tables 3.3 and 3.4. Finally, we
have the relative error of the logarithms of the computed values shown in Tables 3.5 and 3.6.
One obvious conclusion that we may draw from these results is that there is no improvement
for d = 2 when we go from 50 nodes to 100. Also, if we compare the columns in Tables
3.5 and 3.6, we see that sometimes the accuracy improves with increasing n. This result is
explained by the fact that the data at which the pdf was evaluated is random and changes
from column to column. Evidently, the accuracy obtained does depend on the particular
point at which the pdf is evaluated.

Next, we look at the case of k£ = 2. Results corresponding to those in Tables 3.1-
3.6 are shown in Tables 3.7-3.12. In this case, we are unable to obtain the exact result, and
thus we lack the benchmark that is available when k = 1. The relative error shown in Tables
3.11 and 3.12 is taken with respect to the numerical quadrature method with N = 100 and
N = 146 nodes, respectively. This is shown explicitly, since the last row contains only zeros.

The first two correlation coefficients for the underlying Gaussian distribution are 0.9 and
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n =10 n =25 n = 50 n = 100
Exact —1.1566e+01 —3.4120e+01 —3.7706e+01 —1.1235e+02
Quadrature N = 10 | —1.1510e+01 —3.3526e+01 —3.7538e+01 —1.0842e+02
Quadrature N = 25 | —1.1566e+01 —3.4120e+01 —3.7706e+01 —1.1235e402
Quadrature N = 50 | —1.1566e4+01 —3.4120e4+01 —3.7706e+01 —1.1235e+02
Quadrature N = 100 | —1.1566e+01 —3.4120e+01 —3.7706e+01 —1.1235e4-02

Table 3.3: Logarithm of the computed pdf for k=1 and d = 2.

n =10 n =25 n =50 n = 100
Exact —1.1378e4+01 —3.4674e4+01 —4.398le+01 —1.1739e+02
Quadrature N =26 | —1.1031e+01 -3.2337e401 —4.2969e+01 —1.0273e4-02
Quadrature N = 50 | —1.1367e+01 —3.4348e+01 —4.3947e+01 —1.1475e+02
Quadrature N = 110 | —1.1378e+01 —3.4667e+01 —4.3981e4+01 —1.1728e+02
Quadrature N = 146 | —1.1378e+01 —3.4673e+01 —4.3981e+01 —1.1736e+02

Table 3.4: Logarithm of the computed pdf for k = 1 and d = 3.

n=10 n=25 n =50 n = 100
Quadrature N = 10 4.8755e—03 1.7397e-02 4.4414e—03 3.4954e—02
Quadrature N =25 | —-5.9198e—09 9.0014e—07 —7.3134e—10 8.6190e—06
Quadrature N = 50 | —5.9674e—09 1.2067e—09 —7.9645e—10 1.6380e—10
Quadrature N = 100 | —5.9674e—09 1.2067e—09 —7.9645e—10 1.6380e—10
Table 3.5: Relative error of the log pdf for k =1 and d = 2.
n =10 n =25 n = 50 n = 100
Quadrature N = 26 | 3.0417e—02 6.7401e—02 2.3001e—02 1.2487e-01
Quadrature N = 50 | 9.6072e—04 9.4190e—03 7.7249e—04 2.2456e—02
Quadrature N = 110 | 7.8001e—07 2.2029e—04 7.2908e—07 8.7568e—04
Quadrature N = 146 | 3.8389e—08 3.8893e—05 3.8098e—08 1.9809e—04

Table 3.6: Relative error of the log pdf for kK =1 and d = 3.



n =10 n==25 n = 50 n = 100
Quadrature N = 10 | 9.7810e—06 2.6446e—15 3.2299e—17 8.8031e—48
Quadrature N =25 | 9.2228e~06 1.4358e—15 2.7225e—17 1.7379e-49
Quadrature N = 50 | 9.2228e—06 1.4357e—15 2.7225e—-17 1.7358e—49
Quadrature N = 100 | 9.2228¢—06 1.4357e—15 2.7225e—17 1.7358e—49

Table 3.7: Values of the computed pdf for k =2 and d = 2.

n =10 n=25 n = 50 n = 100
Quadrature N = 26 | 1.6217e—05 8.6876e—15 1.1772e~19 2.0769e~—45
Quadrature N =50 | 1.1443e—05 1.1482e—15 4.2788e—20 1.2832e-50
Quadrature N = 110 | 1.1305e—05 8.1147e~16 4.1273e—20 9.7910e-52
Quadrature N = 146 | 1.1305e—05 8.0496e—16 4.1272e—20 8.9658e~52

49

Table 3.8: Values of the computed pdf for ¥ = 2 and d = 3.

0.8, so that EU,U; = 0.9 and EU; U3 = 0.8.

Looking at the bottom two rows in Table 3.11, we see that the relative error
between the methods with N = 50 and N = 100 is on the order of machine epsilon for
double precision arithmetic. Thus, the results are the same to within round-off error.
Considering the results obtained for d = 2 with both k = 1 and k = 2, it appears that
N = 50 will yield sufficient accuracy.

For d = 3, however, exceptional accuracy is not so easy to obtain. With N = 146,
the accuracy for computing the logarithm of the pdf is probably on the order of 102 or
10~* for most data points when the dimensionality is n = 100. Just how much accuracy
is needed for successful discrimination is not obvious. Given the possibility of statistical
fluctuations, where the magnitude of the pdf may fluctuate by several orders of magnitude,
the accuracy of 10~* for the log-pdf, as observed in these results, may very well be more
than sufficient. These answers are best obtained, however, by actually running simulations
to test the discriminators. We take up this task in Section 3.6 of this chapter.

3.4 Parameter Estimation

Given our capability for computing the values of the multvariate pdfs, the method
of maximum likelihood (ML) is certainly one option that is available to us for estimating the
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n =10 n=25 n =250 n = 100
Quadrature N = 10 | —1.1535e+01 —3.3566e+01 —3.7972e+01 —1.0835e+02
Quadrature N =25 | —~1.1594e+01 —3.4177e4+01 —3.8142e+01 -—1.1227e+02
Quadrature N =50 | —1.1594e+01 —3.4177e+01 -3.8142e+01 —1.1228e+02
Quadrature N = 100 | —1.1594e4+01 -—3.4177e+01 —3.8142e401 —1.1228e+402

Table 3.9: Logarithm of the computed pdf for k = 2 and d = 2.

n=10 n =25 n =50 n = 100
Quadrature N =26 | —1.1030e+01 -3.2377e+01 —4.3586e+01 —1.0289e+02
Quadrature N =50 | —1.1378e+01 —3.440le+01 —4.4598e+01 —1.1488e+02
Quadrature N =110 | —1.1390e+01 -3.4748e+01 —4.4634e+01 —1.1745e+02
Quadrature N = 146 | —1.1390e+01 —3.4756e+01 —4.4634e+01 —1.1754e+02

Table 3.10: Logarithm of the computed pdf for k£ = 2 and d = 3.

n =10 n=25 n = 50 n = 100
Quadrature N = 10 | 5.0685e—03 1.7874e—02 4.4802e—03 3.4969e—-02
Quadrature N =25 | 5.7453e—11  1.3627¢-06  6.5001e—11 1.0804e—05
Quadrature N = 50 | 7.0144e—16 —3.0576e—16 —4.2369e—16 4.7924e—1
Quadrature N = 100 0e+400 0e+00 Oe+00 0e+00
Table 3.11: Relative error of the log pdf for k =2 and d = 2.
n=10 n=25 n =50 n = 100
Quadrature N = 26 | 3.1680e—02 6.8445e—02 2.3484e—02 1.2469e—01
Quadrature N =50 | 1.0675e—03 1.0218e—~02 8.0816e—04 2.2640e—02
Quadrature N = 110 | 8.9927e—07 2.3162e—04 7.4327e—07 7.4903e—04
Quadrature N = 146 Qe+00 0e+00 Oe+00 Qe+00

Table 3.12: Relative error of the log pdf for £ = 2 and d = 3.
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parameters of the pdf. In addition to the fact that ML estimation has excellent asymptotic
properties, it seems especially appropriate in our case since the pdfs will be used for LRT
discriminators. We may maximize the multivariate pdf (or the log-pdf) by using a numerical
optimization procedure for unconstrained multivariate optimization. Such methods, though,
are outside of the scope of this dissertation.

On the other hand, we may go the same route that many other researchers have
taken in the estimation of ARMA parameters: consider the possibility of estimating the
parameters of the multivariate pdfs from sample moments. The rationale for this approach
is the same as the rationale assumed in the estimation of ARMA parameters, namely, a lesser
computational burden. In fact, since we assume that the underlying Gaussian processes
in our model are autoregressive, the methods used in the estimation of AR parameters
are especially relevant. Because we are able to write an explicit relationship between the
moments of the x? and the moments of the underlying Gaussian, we are able to adapt
many of the methods for AR estimation to estimate the parameters for our models. The
adaptation of these methods is the primary topic of this chapter.

Before we delve into the main topic, however, there are a few technical details
that deserve our attention. First, we assume that the univariate pdf has already been
estimated. Numerous methods are available for this, including both parametric and non-
parametric methods. Whenever the observations are asymptotically independent, many
such techniques for estimating the univariate distributions are essentially the same as the
techniques used for independent observations.

Second, since we are proposing the use of transformation models, we have the
option of using either the raw data {z;,1 < t < n} or the transformed data {z;,1 < ¢ < n},
where z; = (), in the estimation procedure. This issue is certainly relevant to the
performance of the estimator. For our method, we assume that the transformed data z, is
used. The crucial issue is whether there exists an explicit functional relationship expressible
in closed form between the estimated moments and the moments of the underlying Gaussian
AR processes. If such a relationship exists between the moments of z; and the moments
of the Gaussian, then the method presented below may be adapted to permit use of the
sample moments of z,.

Oue final issue that we must deal with involves the determination of a model. This
decision involves a choice between a transformed Gaussian model and a transformed x2(d)

model. In the case that we choose a x*(d) model, we must also decide on a value for d. In



32

addition, we must determine the order & of the AR model. In deciding these issues, the fit
of the model to the observations may not be the only criterion considered. Computational
complexity of the multivariate pdf, for'example, is also an important criterion. Considering
that the pdfs are to be used in an LRT discriminator, the best method for choosing a
mode] is perhaps maximum likelihood. All other things being equal, one should evaluate
the multivariate pdf at the sample data for each model being considered, and then choose
the model that yields the greatest value. Note that the number of models being considered
should be fairly small, considering the limitations. For one thing, k cannot be too large
or the computation required to compute the multivariate pdf may get out of hand. Also,
d should not be too large, since the x?(d) distribution for large d tends to be more like
the Gaussian. In the next section, we show that d should perhaps not be larger than 3.
This latter fact is convenient in some ways, in that the computation required to compute
the multivariate x*(d) requires numerical integration on the surface of a d-dimensional
hypersphere, which is not a pleasant task for large d.
We now review some methods that have proven successful in the estimation of

AR parameters. The Yule-Walker method, a straightforward, no-frills method, involves
computing estimates RU(O), ..., Ry(k) of the autocorrelation function and then solving the
Yule-Walker equations (3.20). It is well known that this method is asymptotically equivalent
to the ML method for Gaussian AR processes [14]. Two methods are commonly used to
estimate values of the autocorrelation function (3.19). The estimates obtained by

) N7

Ry(r) = N Z UtUtsr (3.41)

t=1

are biased but are sometimes used because they guarantee that the resulting AR model will
be stable. The alternative is

. 1 N-r
Ry(r) = N_7 Z UiUtyr (3.42)

t=1
which is unbiased. Since the two methods are asymptotically equivalent, either method will
suit our purpose if N is large. ,
All of the equations that constitute the Yule-Walker equations (3.20), with the

exception of the first one, are of the form

a Ryt — 1)+ a2Ry(t = 2) + -+ - + ax Ry(t - k) = —Ry(2). (3.43)
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It is well known that equation (3.43) holds for kth order AR models for any ¢ > 1. This fact
provides the basis for the over-determined Yule-Walker method, where additional equations
of the form (3.43) are added to the basic set (3.20) of Yule-Walker equations, and the
resulting over-determined system is solved in the least squares sense. As Bruzzone and
Kaveh show in [4], not all of the equations of the form (3.43) are equally important for
all ¢; the equations with smaller values of ¢ should be given more weight. Therefore, the
over-determined Yule-Walker equations are best solved as a problem of weighted linear least

squares. Specifically, we have the minimization problem

minimize (A — r)'W(Af - r) (3.44)
where 6 = (ay,...,ax)’ is the vector of AR parameters, r = [-Ry(1),...,—Ru(L)),
[ Ru(0)  Ru(t) - Ry(k=1) ]
Ao Ry(1) Ry(0) --- Ru(k-2) (3.45) '

| Ry(L-1) Ru(L-2) --- Ru(L-¥)

and W is a symmetric positive definite weight matrix. The solution of the weighted least

squares problem becomes the desired estimate 6 = (G1,-..,a;). After the estimates of the
parameters (aj,...,a;) are obtained, an estimate the gain b may be obtained by using the
relation

b = Ry(0) + a; Ry(1) + - - - + ax Ru(k) (3.46)

where we substitute the estimates Ry(i) for the Ry(i) and the components of § for the a;.

The weight matrix W provides us with 2 mechanism for attaching more importance
to some autocorrelation estimates than to others. Perhaps the best criterion for chosing W
is the asymptotic covariance of §, as suggested by Friedlander and Porat. In [12] and {13],

they show that the asymptotic variance of the estimate 4, as a function of 8, is
V(6)® Jim E(9- E6)(d - EAY = (A'WA)'A'WDED'WA(A'WA)"  (3.47)
—00

where
£ = lim E(§-s)(§—s)
N—~co
is the asymptotic covariance matrix of the vector § = [Rz(0), ..., Rz(L)] and D is a matrix
whose ¢th column is
or(s) OA(

s)
= _ . 3.48
D‘ as,' as,' 6 ( )
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A bound on V(#)is
V(8) > {A'[DED]'A} Y, (3.49)

and, as Friedlander and Porat show in [12], equality is achieved when the weight matrix W

is taken as

W = [DED']™. (3.50)

We interpret inequality in (3.49) to mean that the difference in the left-hand side and
the right-hand side is positive semidefinite, which implies, in particular, that the diagonal
elements of the matrix on the left are greater than or equal to the corresponding diagonal
elements of the matrix on the right. Equation (3.50), therefore, provides the matrix W
that yields the smallest asymptotic variance.

The problem with using (3.50) in practice is that it depends on the unknown
parameter §. Friedlander and Porat suggest in [13] that the following three step method be

used.

1. Substitute the identity matrix I for the weight matrix W and solve the least squares

problem for 61,
2. Compute the matrix D by using 67,
3. Compute W = [Dfﬁﬁ]‘l, where ¥ is an estimate of £ obtained from the observations.
4. Use W as the weight matrix to solve the least squares problem for 4.

To adapt this method to our problem of estimating the parameters of the underly-
ing Gaussian processes, we need an explicit closed form functional relationship between the
moments of the xz(d) process Z; and the moments of the underlying Gaussian process U:.
Let Rz denote the autocorrelation function for the x?(d) process and Ry the autocorrelation
function for the underlying Gaussian processes. These are defined by

RZ(T) = EZ:ZH.‘,- (3 51)

RU(T) =E UgUH.T-'

The relationship between the two autocorrelation functions may be shown to be

Iiz(r) = d? + 2d R} (7). (3.52)
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From (3.52) we may also derive the relations
Cov{Z:, Zi4r) = 2dR¥(7)

and

def Cov[Zs, Ze4r] _ 12 3.53
121 = oz, = Rul(n) (3.53)

Now we have from (3.43) and (3.53) that

a1/ 7z(t = 1) + ag\/712(t = 2) + - - - + ak\[72(t — k) = —\/72(2). (3.54)

This result leads us consider the least squares problem (3.44) where r = [—/7z(1), ..., ~v7z(L))

and .
v12(0) V1z(1) - Vrz(k-1)

vz(1) VvV12(0) o Vrz(k-2) (3.55)

L VY2(L-1) V72(L-2) -+ Vvz(L-F) |
The rest of the problem is as before. The optimal weight matrix W is again given by (3.50),
where D is given by (3.48).

Estimation methods based on sample moments are valuable in that they permit
us to estimate the parameters when k or d is too large to allow accurate computation of
the multivariate pdf. Thus, we may use the method to estimate parameters for use in

simulations, where we need only to generate data and not to compute the pdf.

3.5 A Comparison of the PDFs

When using a transformation model with either a Gaussian or a x? distribution
as the underlying distribution, we may always match the univariate marginal pdf and the
correlation of the distribution being modeled. Thus, to notice any differences in the different
transformation models, we must look beyond the univariate pdfs and the second-order
statistics. Possibly, we could look at higher-order statistics. Instead, we look at plots of
bivariate pdfs so that we may visually compare the models and determine their differences.
To compare the bivariate pdfs fl(z) and f2(2), we apply a transformation to map them into
bivariate pdfs fl(z) and féz) that have the same marginal pdfs. In addition, we choose
the correlation parameters of fl(z) and f§2) so that fl(z) and féz) have the same correlation

coefficient.
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Figure 3.1: Contour plot of bivariate uniform pdf obtained by transformation of a x*(1)

distribution.

First, we consider the case where fl(z) and f2(2) have uniform (0,1) marginals. The
uniform marginals are convenient in that they permit us to view the whole of the pdf,
they are symmetric, and they perhaps show most clearly the differences in the dependency

structures. Contour plots of the bivariate uniform pdfs are shown in Figures 3.1-3.5. The

contour plots are much better than surface plots for comparing the pdfs, and it is not )
interpret them once we understand the basic shape of the pdfs. Since the random variables
are positively correlated, the pdf takes its smallest values in the lower right-hand and upper
left-hand corners. Likewise, it takes its largest values in the lower left-hand and upper
right-hand corners. The underlying distribution for each of these plots are, respectively,
the x2(1), x3(2), x*(3), x*(4), and Gaussian. In each case, the correlation coefficient of the
uniform variables is 0.8.

The most radical differences are seen Figures 3.1 and 3.5, corresponding to the
x%(1) and the Gaussian. The other plots seem to make a noticeable transition between
the two extremes. The fact that this transition occurs stems from the fact that the x*(d)
distribution, arising from a sum of i.i.d. random variables, tends to a Gaussian distribution
under the central limit theorem. This tendency to a Gaussian holds for multivariate pdfs as

well, according to the multivariate central limit theorem. There is enough similarity in the
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Figure 3.2: Contour plot of bivariate uniform pdf obtained by transformation of a x3(2)
distribution.

Figure 3.3: Contour plot of bivariate uniform pdf obtained by transformation of a x2(3)

distribution.
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Figure 3.4: Contour plot of bivariate uniform pdf obtained by transformation of a x%(4)

distribution.

Figure 3.5: Contour plot of bivariate uniform pdf obtained by transformation of a Gaussian

distribution.
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plots corresponding to the x*(3) and x2(4) distributions to assume that they may be used
interchangeably. One should perhaps choose between these two on the basis of convenience.
Considering their similarity to the Gaussian, though, it is perhaps not wise to choose either
of these in favor of the Gaussian, since they are both considerably more computationally
expensive.

Note that any of these plots may be rotated by a multiple of 90 degrees to obtain
other bivariate uniform pdfs. For example, if U; and U, are uniform random variables
having a joint pdf shown in one of the figures, then the random variables Wy = 1 — U; and
W, = 1 — U; are also uniform random variables having a joint pdf that looks like the joint
pdf of Uy and U, rotated by 180 degrees. Thus, as there is a transition from the pdf in
Figure 3.1, which is skewed to the upper right corner, to the symmetric pdf in Figure 3.5,
we may continue this transition to a pdf that is skewed to the lower left corner by doing
180 degree rotations.

To see how the pdfs are apt to look for positive valued random variables, we also
consider bivariate pdfs with exponentially distributed marginals. As before, the bivariate
pdfs all have the same correlation coefficient, which is 0.8. Shown in Figures 3.6f3.8 are
the bivariate exponential pdfs obtained by transformation of x%(1), x*(2), and Gaussian
distributions. These plots are perhaps harder to interpret than the plots of the uniform
pdfs. However, we may see some noticeable differences in the region near the origin. Since
the pdfs all have the same correlation coefficient, we may find it useful in comparing their
differences to think in terms of local correlation. In this context, the pdf in Figure 3.6,
corresponding to the x%(1), seems to show the greatest local correlation near the origin, as
compared to the other pdfs. We draw this conclusion from the fact that the contour lines
appear the most sharply pointed at the origin in Figure 3.6. The pdf in Figure 3.7, which

corresponds to the x?(2), seems to show the least local correlation near the origin.

3.6 Simulation Results

Finally, we evaluate the usefulness of the transformation models we have discussed
for discrimination. The obvious discriminator to use is the likelihood ratio test (LRT). In
this section we investigate the performance of such discriminators through simulations.

The first set of simulations are included to show the performance difference that

one can expect when a x?(2) (exponential) distribution is chosen instead of a Gaussian
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Figure 3.6: Contour plot of bivariate exponential pdf obtained by transformation of a x2(1)

distribution.

Figure 3.7: Contour plot of bivariate exponential pdf obtained by transformation of a x*(2)

distribution.
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Figure 3.8: Contour plot of bivariate exponential pdf obtained by transformation of a

Gaussian distribution.

for the underlying process of a transformation model. The distributions of the observed
processes are Rayleigh and lognormal under the hypotheses Hy and Hj, respectively. These
distributions are used often in the modeling of radar signals, and therefore this set of
simulations represents a typical real-world application. To obtain multivariate pdfs for the
two signals, we may choose between any of the transformation models proposed in the
earlier sections of t’his chapter. These include, namely, the Gaussian and the x?(d), where
d < 3. In our simulations, the actual distributions of the signals that drive the simulations
are obtained by a transformation of exponential variables. The exponential distribution is
a natural choice for an underlying distribution in radar modeling, since the observed signal
is often a function of the envelope of a complex signal. The popularity of the Weibull
distribution in radar modeling attests to this fact.

Under both Hg and Hy, we generated the observations for the simulation by first
generating two first-order Gaussian AR processes Uy; and Usy. We combined these to form
an exponential process Z; = U} + U2. Finally, we obtained the observations by passing
the exponential variables through a memoryless nonlinearity, X; = ¥Y~1Y(Z,). Under Hy, the
observations have a Rayleigh distribution with relatively weak correlation. The adjacent

correlation of the Gaussian variables—that is, the correlation between U;; and Uz—is
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Figure 3.9: Plot of the error probabilities for lognormal vs. Rayleigh distributions, based

on LRT for transformed Gaussian and transformed x2(2). Sample size is n = 10.

po = "1/ with 7o = 13. Under H;, the observations have a lognormal distribution, and
the Gaussian variables have an adjacent correlation of p, = e~1/", with = 130.
The discriminator used is the LRT with n = 10 samples. After 1000 tri

generated the plots shown in Figure 3.9. The curve labeled “Exponential” corresponds to

’

the LRT that is derived under the assumption that the underlying processes are exponen-
tial. The correlation parameters for the pdfs in this case are exactly matched to those of
the observations. The curve labeled Gaussian corresponds to the LRT derived under the
assumption that the underlying processes are Gaussian. Thus, this LRT is the one that
an analyst might use primarily for the sake of convenience, since the transformed Gaussian
is a fairly simple distribution. The parameters of the Gaussian were chosen to match as
closely as possible the true distribution of the observations. We note, however, that there
is a mismatch in the autocorrelation values of the pdfs used in the LRT and the autocor-
relation values of the observations. To match them exactly is an inconvenience that few

analysts would endure. Therefore, we assume that the underlying Gaussian processes from
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Figure 3.10: Plot of the error probabilities for LRT for exponential random variables with
different AR order k. Sample size is n = 20. Number of nodes if N = 20.

which the multivariate pdfs are derived are again first-order autoregressive. We chose the
adjacent correlation of the underlying Gaussian variables so that the adjacent correlation of
the observed processes, both assumed and actual, were matched. This seems a reasonable
thing to do given the small sample size of the test. The results of the simulations shown in
Figure 3.9 indicate that there is clearly an advantage in implementing an LRT based on an
underlying exponential distribution instead of an underlying Gaussian distribution. In the
case of k = 1, the additional computational effort required is also minimal.

In the next set of simulations, we investigate the performance improvement that
might be expected if we take a larger value for the AR order k or the number of nodes
N. Concerning N, the question might be phrased differently, as we ask “How small of
a value for N can we get by with?” This is important, since the computational expense
increases with increasing N. While this is also true for &, there may be certain physical
interpretations involving k that require that £ not be too small. For example, if we are

inclined to think that the AR processes have several distinct poles, then we would want to
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keep k large enough to account for at least the most significant poles.

We assume now that the signals under Hg and H, are exponential, with the same
univariate distributions. This will permit us to perform controlled experiments, in which
individual effects can be singled out. In this case, we are interested in the differences in
correlation in the two signals. We assume that the underlying Gaussian variables Uy; and
Uat, from which the exponential variables are obtained, are fourth-order AR. We characterize
the AR parameters in terms of their pole placements. Under Hy, We assume two complex
pole pairs having magnitudes 0.9 and 0.7 and phases 7/8 and 7 /3, respectively. Under Hj,
we assume two complex pole pairs having magnitudes 0.9 and 0.2 and phases 7/8 and /3,
respectively. Thus, both signals have their first pole pair in common, but the second pole
pair has receded toward the origin under Hy. It is of interest to see, therefore, how well we
can determine the prominence of the second pole, as under Hy, or its recession, as under
Hy. In our simulations, we keep all other things equal, but change the value of k in the
pdfs. The parameters other than k are matched to their true values in the simulations.

Results are shown for two different sample sizes in Figures 3.10 and 3.11. Fig-
ure 3.10 shows the results for n = 20 samples, with plots for k = 1, 2, and 3. In both cases,
there is a significant improvement when we increase k from 1 to 2. There is virtually no
improvement at all for a further increase in k from 2 to 3. These results, except for the
ones with k = 1, were obtained by using Gaussian quadrature with N = 20 uniform nodes
and weights to compute the multivariate pdfs. Figure 3.11 shows the results for n = 40
samples. Again, we reach the same conclusions.

Last of all, we consider the possibility of reducing the computational burden by
reducing the number of nodes for the Gaussian integration. The resuits shown in Figure 3.12
as for the same situation as in Figure 3.11, except that the number of nodes is N = 10
instead of N = 20. For the case of k = 3, this is a reduction in computational expense of
about 23, since the number of nodes is reduced by a factor of 2. Since there is no Gaussian
integration when k = 1, the curve for k = 1 is identical in the two figures. Comparing the
other curves, we see that there is not much difference in performance. The curve for k = 2
in Figure 3.12 is slightly better than the curve for for k¥ = 3. Because of the tendency for
error to be multiplied in iterated integrals, this may be evidence of a loss of accuracy. All
things considered, one may decide to use the smaller number of nodes and sacrifice a little

in performance for the sake of easier computation.
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Figure 3.11: Plot of the error probabilities for LRT for exponential random variables with
different AR order k. Sample size is n = 40. Number of nodes if N = 20.
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Figure 3.12: Plot of the error probabilities for LRT for exponential random variables with
different AR order k. Sample size is n = 40. Number of nodes is N = 10.
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3.7 Discussion

To summarize the main results of this chapter, we have seen how the multivariate
x? can be used as an alternative to the Gaussian in a transformation model. The use of the
x*(2) seems especially appropriate for use in radar when the signal to be modeled is the
envelope of a complex signal. The approximate methods for computing the multivariate x?
pdf can be quite accurate, although extreme accuracy is not required for LRT discriminators
to be effective. A least squares method for estimating the parameters of ARMA models
from sample moments can be adapted to estimate the parameters of the x? models. Using
this method, it is not necessary to compute the multivariate pdf; therefore, one may use
this method to estimate the parameters for simulation studies where the computation of
the multivariate pdf is not required. A comparison of contour plots of the different models
reveals that there is a significant difference among them. This fact is corroborated by the
simulation results, where we see a case where the x? model yields much better results than
the Gaussian model.

Although the empha.sfs in this chapter has been primarily discrimination using the
LRT discriminator, there are other applications in which the theory presented here may
be useful. One application is computer simulation. Transformed Gaussian processes are
frequently used in simulations where correlated processes with specified univariate pdfs are
needed. Certainly the x? process should be considered as an alternative to the Gaussian in
simulations, since the additional computation required is minimal. This is especially true
when the processes generated for the simulations are positive valued. Another important
application of these results is in the technique of importance sampling. This is a technique
for reducing the number of simulations that must be performed in order to accurately
estimate the probabilities of certain events. The technique requires that one be able to
compute the multivariate pdf of the distribution from which the data is generated. As a
specific example, we might consider the simulations for the one-step memory discriminators
in Chapter 2. If the processes that drive the simulations are transformed x? processes, then
we may use the methods of this chapter to compute the multivariate pdfs, as required for
importance sampling, and thereby significantly reduce the number of simulations needed to

estimate the error probabilities.
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Chapter 4

Hidden Markov Models

4.1 Introduction

We continue in this chapter on the theme of using an LRT discriminator. There-
fore, our focus is again on obtaining flexible and computable multivariate probability density
functions (pdfs). As in Chapter 3, we address the problem of obtaining multivariate pdfs
from specified univariate pdfs. The solution to this problem that we develop here has both
advantages and disadvantages compared to the solution considered in Chapter 3. On the
advantage side, the hidden Markov models considered in this chapter are more flexible
than the transformed x? models. For instance, they are equally applicable to one-sided
and two-sided processes. In addition, we may compute the exact value of the mgltl%
pdf with a minimal computational effort, unlike the x> models where we compute only an
approximation to the multivariate pdf. On the disadvantage side, if we choose to employ
the most flexible model possible, then we have to deal with a large number of parameters,
and therefore parameter estimation can become a problem. It is helpful to think of these
hidden Markov models as partially parametric and partially nonparametric. The univariate
pdfs are parametric, while the multivariate pdfs, constructed from the univariate pdfs in a
structure involving a large number of parameters, are nonparametric in nature. We discuss
methods to reduce the number of parameters involvéd, so that the resulting multivariate
pdfs are more like parametric models, but in doing so, we reduce somewhat the flexibility
of the models.

Hidden Markov models (HMMs) are especially useful for modeling certain nonsta-

tionary processes. Speech signals are a good example of such nonstationary processes, and
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HMM:s have been used successfully in automatic speech recognition 33}, and other areas (see
[9], [48], and the references therein). Much of the success of HMMs in speech recognition
depends on the re-estimation method of Baum and others (2] for identifying the parameters
of the models. There are, however, some problems with the method, as pointed out in
[43] and [33]. There are ways around these problems, but they are a nuisance nonetheless.
More recently, Ephraim, Dembo, and Rabiner [9] have proposed a minimum discrimination
information method for identifying the parameters for a HMM.

The HMMs that we propose here are radically different from the “traditional”
HMMs. The major difference concerns the output pdfs, or the conditional pdfs of the
observation variables given the values of the underlying state variables. The most com-
monly used HMMs assume the that output distributions are either discrete probability
mass functions or Gaussian pdfs. Some variants have been considered, however, that pro-
pose more general continuous output pdfs, including spherically symmetric distributions
(35] and distributions belonging to the exponential family [39]. In the traditional HMMs,
the emphasis appears to be on modeling nonstationary processes, with concern primarily
for the conditional pdf of the observable variables. In other words, the underlying state
sequence has some physical interpretation as a sequence that tracks the state of the process
being modeled. In our models, however, the emphasis is on stationary processes with known
unconditional output pdfs. The underlying state sequence has no physical interpretation

_other than that of providing a dependency structure in the multivariate pdf.

We begin this chapter by deriving the multivariate pdfs of our HMMs. This
is followed be a discussion of the forward-backward algorithm for efficiently computing
the multivariate and its gradient. Next, we look at some examples of “parsimonious”
models, where a structure is imposed on the models so as to reduce the number of free
parameters. Then parameter estimation is considered, and three different methods are
presented. Finally, we present some simulation results, where we can see how well the

methods work for discrimination.

4.2 Derivation of the Multivariate Distributions

Let {Xj,...,Xn} denote a collection of samples from the observation process. We
make the assumption that the univariate marginal distribution for each sample is the same,
and denote common cumulative distribution function (cdf) and probability density function
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(pdf) by F; and f;, respectively. In this section, we derive a multivariate pdf for the samples
that is compatible with the univariate pdf f.. The basic idea for the construction depends

on the following lemma.

Lemma 4.1 Let {Y,...,Yp} be independent random variables each having the cdf F, and
let {Y,...,Y(M)} denote their order statistics, that is, Y < Y < ... <YM gre
same variables as {Y3,...,Yy} arranged in increasing order. Let Y be chosen randomly
from among {Y),. .., Y(M)} with each of the M choices being equally likely. Then'Y has
the cdf F.

Proof. Consider the event {Y(¥) < z}. This event occurs only if at least k of the variables
Y1,Ys,..., Yy take values less than z. This event can also be represented as the disjoint
union of the events {exactly j of the ¥;’s are < z} for j = k,k + 1,..., M. These latter
events have a binomial probability distribution with probability of success being F'(z). Thus
we have y ‘
Piy®<z}=Y" (‘.‘ ) F(z)[1- F(z)| M=
=k \J
Let S be the selection random variable, which is distributed uniformly on the
set {1,2,...,M}. In accordance with the hypothesis of the theorem, we assume that §
randomly selects one of the random variables Y1), Y(®), ..., Y(M) to yield the value for Y.
We now condition P{Y < z} on the value of § and apply the law of total probability to
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obtain M
P{Y <z} =3 P{Y < z|S = k}P{S = k}
k=1
_ L3y < g
M k=1 -
1 MM (M : M~j
= ﬁgg (J, )F(z)’ [1- F(z)]
1 M M M-k
= sz::l (k)F(:n)"[l - F(z)|
M-1 (M) . M-k 1 M
=Y =\ F@)i-F + M- —F(z)
> 3k JF@ - Fe) 7 F
M- : M-1-;
= F(z) Z ( i )F(x)’ [1 - F(:c)] + F(z)M
=0
= F(z).[l - F(z)M‘l] + F(z)M
= F(z)
Q.E.D.

To see how we use the lemma to construct the multivariate pdf, suppose we have a
state process {51,53,..., Sy} where each random variable in the state process takes values
in {1,2,..., M} with equal probability; thus, S; has a discrete uniform distribution on
{1,2,..., M} for each t. Now suppose we generate M independent values Y3,Y3,...,Yar of
a random variable Y that has the pdf f,. We sort the values to obtain the order statistics
YO <Y® <., <YM a4 use the value of 51 to select one of these order statistics as
the observation variable. Thus we set X; = Y(51), Since S, is uniformly distributed on the
set {1,2,...,M}, by Lemma 4.1 X; has the pdf fz. The remaining observation variables
are generated by repeating the process. To generate X;, we generate a new set of order
statistics Y() < Y@ < ... < Y(M) a54 set X to the one selected by S,. According to
Lemma 4.1, each of the observation variables X 1,X2,..., XN generated in this way has the
univariate pdf f.

If the set of Y-variables generated at time ¢, is independent of the set generated
at time ¢, then the given the values of S, and Sy, the random variables X;, and Xy,

are conditionally independent. However, the random variables X1,X2,..., XN are not
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unconditionally independent if the state variables are dependent. The dependency structure
of the observation variables derives from the dependency structure of the state variables.
This provides us with a flexible means to specify a depéndency structure for the observation
variables while maintaining their common univariate distribution. The process of moving
from the state process to the observation process stochastically smooths and shapes the
discrete distribution into the desired continuous distribution. However, the smoothing is
not sufficient to destroy the dependency among the state variables as seen in the observation
variables.

Let us now explicity construct the multivariate pdf of {X1,...,X N}-. Let fy‘]
denote the pdf of the k-th order statistic of a sequence of M independent and identically
distributed (i.i.d.) random variables drawn from the pdf f;. Given that St = s, the
conditional pdf of X is f,[;"]. Given the values of all the state variables, the observation
variables are conditionally independent. Therefore, their conditional pdf, given the values
of the state variables, is a product pdf,

N

Fapo(xls) = [T F2(a2)

t=1
where x = (z1,22,...,2N). To complete the construction, we must obtain a distribution
for the state sequence. Such é. distribution is confined by only one condition: that the
univariate marginal probability mass function (pmf) for each state variable be uniform on
the set {1,..., M} of states. Assuming that p, is such a multivariate pmf, we have the pdf -
of the observations by the law of total probability: -

N
(%) = Y po(s) TT £2(=) (4.1)

t=1

where the sum is taken over all MN possible state sequences. We obtain the cdf by inte-
grating (4.1), to obtain
N
FM(x) =Y py(s) [T £ (zr)

8 t=1

where FL is the cdf corresponding to f(k]. 4
It is easy to derive the cdf FE‘]. Since Y(¥) < z if and only if k£ or more of the

values Y, ..., Yy are < z, we have from elementary probability theory that

] M
PiY® <z} = Z P{exactly j of the Y’s are < z}
1=k
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Since the terms on the right hand side are binomial probabilities with probability of success

being F(z), we have

FiH(z) = f) (];l ) Fo(zY[1 - Fyp(z))M™

ik

The pdf fI¥! is obtained from FI* by differentiation, yielding

M .
f:,[:"](z) = f,_.(z){Z] (M) Fz(z)j-l[l - Fz(z)]M-J

=k J
M 3
- Z(M -7) (};l) Fz(z)j[l - Fx(z)]M-J—l} (4.2)
=k

When computing f;, one should use the form given in (4.2); the two sums should be
computed and then the subtraction performed. This helps to guard against the effect of
round-off error, which can cause the values of the pdf to become negative when the true
value of the pdf has a very small magnitude.

Equation (4.1) is very general. It is easy to conceive of numerous possibilities for
the multivariate pmf p,. In order for f,f-N) to have f, as its univariate marginal pdf, it is
necessary only that the univariate marginal pmf of p, be uniform on {1,...,M}. To simplify
our work, however, we shall assume henceforth that the state process is a Markov chain.
By definition, the state process is a Markov chain if the conditional distribution of S, given
the value of S;_; is independent of {S;_3, S¢—3,...}. This implies that the multivariate pmf

p, factors into the product of conditional pmfs,

N-1

pa(s) = 7r81 H Pa.a‘“ (4'3)
t=1

where p;; is the probability that Siy; = j given that S; = ¢, and 7; is the unconditional
probability of 5 taking the value i. Substituting (4.3) into (4.1), we obtain

M M N-1
fz(:N)(x) = Z Z Ty fi"](a:l) H [Psga:+1f:[:s'+1](zt+1)] (4.4)
t=1

sy=1 a1=1
The model that we have constructed for the observation process, involving an un-
derlying, unobservable Markov state process and observation process that has a distribution

conditional on the state process, is called a hidden Markov model (HMM). Such models have

been applied to problems in speech processing and other areas [1], [33]. The new twist to
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this old concept, however, is the requirement that the unconditional univariate marginal
distribution of the observation process be the one prescribed beforehand.

Let P denote the matrix of transition probabilities. Any Markov chain is com-
pletely characterized by its transition probability matrix and the distribution of its initial
state. There are certain restrictions on the initial distribution and the transition matrix
for our case. An obvious restriction on the matrix P is that the sum taken along each row
be equal to one, that is, ZjM=, pi; = 1. This condition guarantees that the transition prob-
abilities are truly conditional probabilities. Further conditions are required to guarantee
that the univariate marginal pmfs are all uniform. First, we require that the initial state be
uniformly distributed; thus, 7; = (1/M) for all i. Furthermore, we require that the uncondi-
tional distribution of each of the succeeding states be uniform. Let p; = (ue1, ue2y- - ., Uerr)
denote the vector of the unconditional probabilities of S¢, that is, us = P{S: = ¢}. Accord-

ing to the definition of a Markov process, these vectors satisfy the recursion

P'pi1 = pe.

where P’ is the transpose of P. If p;_; is uniform, then we have

M 1 M
Ui = ijs‘ut—l,j =M Z:Pji (4.5)
i=1 i=1
Equation (4.5) reveals that if the column sums of the matrix P are all equal to 1, Z,-Ai.l pji =
1, then p, is uniform whenever p;_; is. Therefore, by induction, the unconditional marginal
distributions will all be uniform, provided the initial probabilities are uniform and the matrix
P has both row and column sums equal to one. Such a matrix is called doubly stochastic.
Some examples of transition matrices are given in a Section sec:examp.

The model just derived is applicable to many situations. In this chapter we refer
to it as the first-order HMM/OS, since it is a Hidden Markov Model derived from Order
Statistics. However, in certain situations a more general model may be required. This
more general model may be obtained by taking the conditional pdf of X; given §; = s; to
be fa[,"(")], which is as before except that v(s;) replaces s;. In this case, the values taken
by the state variables are from the set {1,2,...,L} and the function v takes values in
{1,2,...,M}. The distribution of the state variables is required to be stationary, but their
univariate marginal distribution need not be uniform as long as the distribution of v(S.) is

uniform. This model is obviously a generalization, since we may obtain the original model
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by taking L = M and v to be the identity function. The new model allows for higher-order
Markov state processes. Hence, we refer to it as a higher-order HMM/OS.

Let P denote again the matrix of tramsition probabilities for the higher-order
HMM/OS. The requirement that the row sums of the matrix be equal to one holds as
before. Let p; = (us,u¢2,...,u:r) be the vector of unconditional probabilities for the state

St. In order for ¥(S8;) to be uniformly distributed, we require that

) utjz—l-, k=1,2,...,M. (4.6)
jw(i)=k M

The restrictions on the transition probability matrix, however, are not as clearly defined
as they are in the case of the first-order HMM/OS. Instead of the requirement that the
column sums be equal to one, we have the requirement that each column satisfy a linear
constraint that depends on the initial state distribution. We have some freedom in choosing
the initial distribution, being bound only by the constraint (4.6). After the initial distri- »
bution is selected, the requirement that the steady-state distribution be equal to the initial

distribution places constraints on the transition probabilities. Specifically, we have

L
W;:ijmj, i=1,2,...,L
J=1

where 7; is the probability that the initial state §; takes the value j.

4.3 Computation of the HMM/OS Multivariate Densities

The general form of the density given by (4.1) is computationally expensive, since
it requires a sum to be taken over M™ possible state sequences. However, when the state
process is Markov, the computation may be done very efficiently using a recursive method
referred to as the forward-backward algorithm [2], [26], [35]), [43). Using this method,
the algorithmic complexity is linear in N, rather than exponential. The forward part of
the algorithm is required for computing the value of the density; the backward part and
forward part together are required for computing the gradient, which is necessary for some
estimation procedures such as maximum likelihood. A variant of the forward-backward
algorithm yields the logarithm of the density and its gradient [33].

The algorithm involves the computation of a forward sequence a;(j) and a back-

ward sequence f;(j). The forward sequence ay(j),1 <t < N,1< j < M, is defined by the
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forward recursion
a(f)=mifiz), 1<j<M (4.72)
aty1(j) = [% at(i)PiJ'J @), 1<t<N-11<5<M (4.7b)

i=1

The backward sequence By(i), 1<t< N,1<i< M , is defined by the backward recursion

Bn(i) =1, for1<i<M (4.8a)
M

B(i) = 3 pii [N o4 1)Bena(§), 1<t<N-1,1<i<M (4.8b)
=

The pdf (4.4) may be written in terms of the forward and backward sequences as

M M _
AV x) = Z Z ae(8)pi; 8N (2 e41)Be41 (5) (4.9)

=1 j=1
for any t such that 1 <t < N —1. Setting t = N — 1 in (4.9) yields the value of the density

in terms of the forward sequence only,

' M
f(x) = 3 an(i). (4.10)
=1
We can obtain the derivative of fz(N)(x) with respect to p,, by taking the derivative
of (4.10) and (4.7b). Let a}() denote the derivative of ay(7) with respect to the parameter
Puv- From (4.7b) we have

M
o41(d) = Z @ (8)pi; [P (2e41) + Sjvae(w) fi)(2441) (4.11)

=1

where §;, = 1if j = v and 8;, = 0if j # v. Using (4.10) and (4.11) together, we obtain

d M
ape /00 = L) (4122)
Puy =
M M )
=22 a1 (pii fA(en) + ano1 () ) (an) (4.12b)
Jj=1 i;l ' ‘
M

=Y a1 (i)Bn-1(i) + an—1(v) ) (zn) (4.12¢)
i=1
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If we continue to use the recursion (4.11) in (4.12), we eventually obtain

’ N-1 .
e 00 = Y () (e Bena(2) (4.13)
Puy t=1

When N is large, the value of f;gN)(x) may be such that its value is too small to
be represented in many computers. When faced with this problem, one should compute
log [f;(:N) (x)]. The logarithm of the density function, called the log-likelihood function, is
also important in its own right, as it is frequently used in maximum likelihood estimation.
We now look at a method for computing the log-likelihood ratio directly using the forward
recursion sequence a(j).

A new sequence {&:(;)} is defined by the recursion
a1(j) = eimifdz1), 1<i<M (4.14a)

M
Ge41(j) = ceq1 [Z at(i)p.-,-] 1), 1<t<N-1,1<j<M (4.14b)

f=1

where the sequence {c;} is chosen so that

M
Y a(j) = 1. (4.15)

i=1
Explicitly, c; is given by

J=1

M -1
Ct = [}: a(j )] .
Comparing (4.14) with (4.7), we see that the sequence {a:(j)} is a normalized version of

{@:(4)}, scaled at each step in the recursion to prevent machine underflow. The explicit

relationship between &;(7) and a;(j) is
@(j) = erez- - - craxe(j)- (4.16)

This result is proved by induction. Clearly, &;(j) = ¢;a1(j). If equation (4.16) holds for a
particular value of ¢, then for ¢ + 1, we have

M I
Gr41(J) = ct1 [Z &t(i)Pij} S (ze41) (4.17a)
1=1
M o
= €163+ Crpn [Z a;(i)p.'_,'] fil(zy1) (4.17b)
=1

= c163°* *Cep10t41(7) (4.17c)
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Now from (4.10), (4.16), and (4.15), we have

M M
féN)(x) = ZQN(i) = (c1c2+- -cN)"1 Ed[v(i) = (¢1e2-- -CN)‘1 (4.18)

1=1 i=1
Finally, we have
T
log [féN)(x)] =~ Z log ¢: (4.19)

t=1
Thus to compute the log-likelihood function, rather than the density function, one must
compute the scale factor ¢; and normalize ox(j), j = 1,...,M, at each step. The sum in
(4.19) may be accumulated as the recursion proceeds.

We may also use the scaled forward sequence {&;(j)} together with a scaled back-
ward sequence {§;(i)} to compute the derivative of the log-likelihood function. The scaled
backward sequence uses the same scale factors {¢;} as the forward sequence, and has the

recursive definition -
Bn()=cn, 1Zis<M (4.20a)

M
(i) = CtZPiij](th)Btﬂ(j)a 1<t<N-L1Li<M (4.20b)

i=1

The explicit relationship between f;() and §;(3) is

Be(3) = cscrqr - enPi(3), (4.21)

which may be proved by induction in the same way (4.16) was proved. Using (4.16)', (4.21 ;,”g‘f

and (4.13), we may write

i Nt _
o 80 = (eie--en)™ 3 @)oo (v) (422)
uv t=1
Since 5 M)
z ()
log f{M)(x) = 22—,
u £

we may combine (4.18) and (4.22) to obtain

N-1

Bg;log M) = Y a(w) ff(ze11)Besa(v).

t=1



79

The forward-backward algorithm is easily adapted to compute the density and
gradient of the higher-order HMM/OS. Equation (4.7) is changed to become

a(§) = m frN(2y), fori<ji<M | (4.232)
ae1(f) = [% a:(z’)p;,-] N(z,,), for1<t<N-1,1<j<M (4.23b)
i=1
and (4.8) is changed to become
By(i)=1, forl<i<M (4.24a)

8= Sops P o)), o LSESN-L1SISM (424
i=1
The other equations are changed in a similar way by replacing f;ﬂ by f;&"(j 1
Finally, we consider efficient ways for generating the observations. Two methods
are possible. Common to both methods is task of generating the state process. When
the current state S; has the value 4, then the ith row of the transition probability matrix
contains the pmf of the next state. The task of generating the state process, then, involves
generating a sequence of discrete random variates éccording to the probabilities in the
transition probability matrix. To generate the observations, we may generate a set of M
independent random variates from the density f;, sort them to obtain the order statistics,
and choose the order statistic selected by the current state as the current observation. This
is a straightforward imitation of the mechanism by which our HMM was constructed in
Section 4.2. One commonly used method for generating random variates is to generate
a uniform variate U and then obtain the desired variate Y by evaluating the inverse cdf,
Y = F~Y(U). If such a method is to be used then the inverse cdf ﬁeed not be applied
until the final order statistic has been selected. An alternative method for generating the
observations, which may be more efficient when M is large, is to generate the current state
s¢ and then the current observation directly from the distribution of the s;-th order statistic.
Again, if the inverse cdf method is to be used to generate the observation variate, then the
inverse cdf should be applied at the final step. Thus we generate U from the distribution
of the s¢-th order statistic and then the observation X; = F;1(U).
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4.4 Examples

The number of parameters in an HMM/OS distribution can be very large. In
some situations where we require a very close fit of the model to data, we may prefer a
large number of parameters. However, in other situations it may be more desirable to have
a ‘parsimonious’ model, that is, one that has just a handful of parameters. One advantage
of a parsimonious model is that estimation of the parameters is greatly simplified. We now
look at several examples of parsimonious models.

Our first example is one that requires only two parameters. These parameters are
M and p, where M is the number of states, and p is a parameter that defines the transition
probability matrix. If we take M = 4 and ¢ = 1 — 2p, then the transition probability matrix

18

.P+¢I g 0 0
p_| 2 29 0 (4.25)
0 ¢gp ¢
. 0 0 ¢q p+gq | .

This transition probability matrix yields a positively correlated bivariate distribution for
(Xt, Xt41). We could, alternatively, define a negatively correlated bivariate distribution by
rotating the matrix in (4.25) by 90 degrees. This yields

-

0 0qp+q-
0
P g P q
g pgqg O
| p+¢ ¢ 0 0 |

Both the parameters p and M determine the strength of the correlation. For a fixed M, the
correlation increases with increasing p, while for a fixed p, the correlation increases with
increasing M.

Numerous variations of the two parameter model are possible. First, we note that
any permutation of the rows or columns yields a legitimate transition probability matrix.

Second, we could define ¢ = (1 — p)/(M — 1) and the transition probability matrix as
7

ptqe 9 ¢ ¢
P= 9 P9 4
9 9P 4

| ¢ 9 g pt+q ]
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Other possibilities arise as subcases of three parameter models by taking two of the param-

eters equal.

A three parameter model requires the parameters M, p, and g, where M is the

number of states and p and ¢ define the transition probability matrix. For a specific example,

let M =5 and r = (1 - p—2q)/2. Then the transition probability matrix is

-p+q+r g r 0

q p+r ¢ r

P= r ¢ P 9
0 T q p+r

i 0 0 r ¢

T

q

-

p+q+rT

(4.26)

This example yields a positive correlation between X; and X;4;. Rotating the matrix in

(4.26) by 90 degrees yields a negative correlation. One simple variation of (4.26) is to replace

all the 0’s by »’s. This yields

-p+q+r qg r r

q p+r ¢ T

P= r ¢ P 4
r r q p+r

| T T T q

T
r

r

q

ptaqgt+r |

and we require that r = (1 — 2¢)/(M — 3). Other variations involve the transition proba-

bilities for the extreme states. For example, instead of (4.26), we could have

-p+q g+r r 0 0
qg+r p g¢q T 0
P=1 r ¢ p ¢ r
0 r q p q+r
| 0 0 r g+r ptq]

E

Parsimonious models with four or more parameters are easily constructed using

the ideas above. The basic idea is to keep the diagonals as constant as possible and find a

way at the ends of the diagonals to accommodate the constraints on the row and column

sums. While the examples above are symmetric, symmetry is not necessary.
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The next example is a non-symmetric model. Let M = 4 and let P be defined as

(4.27)
r q pr

T T q |

where p and g are the independently chosen parameters and r = (1-p—q)/(M -2). If r
is small relative to p and ¢, the states will tend to decrease down to state 1 and then jump

up to state M.

4.5 Parameter Estimation

There is little reason to suspect that the HMMs derived in this chapter would
not work well as models for discrimination. That the models are sufficiently flexible seems
evident. However, flexibility is useless unless the models can be well fitted to the data.
Therefore, fitting the models to data, or estimating the model parameters, is perhaps the
most important task. In this section, we consider three different approaches to parameter
estimation: least squares, minimum discrimination information, and maximum likelihood.

Our main focus is on estimating the entries of the transition probabilty matrix.
In practice, we must also deal with the number M of order statistics and the parameters of
the univariate marginal distribution. _The task of identifying M may be viewed as a task
of model selection analogous to the task of selecting the model orders for ARMA models.
We do not consider this task here. We do, however, compare simulation results for different
values of M. The task of estimating the parameters of the univariate marginal distribution
is also a task that we do not address.

4.5.1 Least Squares Estimation

Least squares estimation represents a straightforward approach to the estimation
problem. Friedlander and Porat [13], as well as other researchers, have used the method
to estimate the parameters of ARMA models. We develop here the least squares method
for estimating the parameters for a first-order HMM/OS. The method we derive has the
advantages of being simple, computationally inexpensive, and in certain cases very robust.

The idea is similar to that of the classical method of moments, which turns out to be a
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subcase of our least squares method. The discussion given here involves only the bivariate
pdf for a first-order HMM/OS,

L MM o
i(z,9) = 72 2 2 pi [N @) ) (4.28)

i=1j=1
where p;; are the parameters to be estimated. The parameters of the bivariate pdf are
sufficient to determine the multivariate pdf for a first-order model.

Let {(2i,%),i = 1,2,...,n} denote the sample data we have available for estima-
tion. The data pairs may be independent of each other; however, this assumption is not
required, and the pairs may be obtained from a single time series, so that, for example,
Tip1 = ¥i- Let gr, k = 1,2,..., K, be a collection of real-valued functions on IR? which
we have chosen subjectively and which we refer to generically as moment functions. For
example, each gi could have the form gx(z,y) = z/y™ for some nonnegative integers [ and

m. The statistics we use for estimation are the sample moments

. 1
Tk=;;zgk($i,yi) k=1’2"-'7K

i=1
computed from the collected data. The sample moments & = (#1,..., k) are approxima-

tions to the true moments r = (ry,...,7x) of the unknown pdf, defined by

e = Egi(X,Y) = //gk(:c,y)fg)(z,y) dedy k=1,2,...,K

where (X,Y’) have the bivariate pdf (4.28).
The moment vector r is a linear function of the parameter vector p = (p11, P12, - -1 PM M);
thus
Cp=r (4.29)

where C is a matrix with elements

Ci =2 [ | 0z, n) ) ) dady (4.30)

that we assume to have full column rank. Seemingly, the simplest estimation method would
be to compute ¥, substitute it for r in (4.29), and solve for p. In practice, though, this does
not always work because the resulting solution p may violate certain required constraints.
These constraints include the linear equality constraints, Y ;pi; = 1, j = 1,...,M and
>;pii = 1,1 =1,...,M, and the simple bounds p;; > 0. Even if the linear equality
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constraints are included in the system of linear equations that are solved to obtain p, there
is no guarantee that all the components of p will be nonnegative.

As a straighforward modification to prevent violation of the constraints, we recast
the problem as a linearly constrained linear least squares problem. Although we cannot
always solve Cp = f to obtain an acceptible p, we can always find p to minimize ||Cp - |2,
where || - || is the Euclidean norm, subject to the constraints on p. Writing ||Cp — #||2 as a

quadratic function, the new problem, formally stated, is

minimize iPHp+g'p+c
subject to T M pii=1 1<i<M (4.31)
Y pii=1 lsjsM-1 |
where H = 2C'C, g = ~2C't, and ¢ = ##. The matrix H is positive semi-definite, since

x'Hx = [|Cx||?> > 0, and it is positive definite if and only if C has full column rank (or,
equivalently; the null space of C contains no nonzero elements). That H is positive definite
is important, since this means that we may use any one of a number of available efficient
algorithms [16] for solving quadratic programming problems. Note that one of the equality
constraints in (4.31) has been eliminated, since it is implied by the other constraints.

A rather obvious fact that deserves some discussion is the over-parameterization
of the HMM pdf. Because of the linear constraints on the transition probabilities, some of
them are redundant, since they may be expressed as a linear function of the other tz
tion probabilities. The over-parameterization is not necessarily a situation to be avoided
in practice, because some optimization algorithms operate more efficiently with the over-
parameterized representation than with the more complex reduced parameter representa-
tion. Nevertheless, the reduced parameter representation is important to the discussion that
follows. Furthermore, the parsimonious models that were given in the preceding section are
essentially reduced parameter representations, and therefore, by introducing a general form
for the reduced parameter representations, they require no special treatment.

Our reduced parameter representation is based on the orthogonal decomposition
of RM” with respect to the null space of the constraint coefficient matrix. Let us denote

the system of linear equality constraints by

Ap=h (4.32)
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where p = (p11,012,---,PMM) is the vector of transition probabilities. Assume, without
loss of generality, that the rows of A are linearly independent. This assumption simply
means that there are no redundant constraints. According to our assumptions, the linear
equality constraints contain, as a minimum, the constraints that the row and column sums
of P be equal to 1. These constraints are linearly dependent, so that one of them must be
eliminated. Thus, we have at least 2M — 1 linear equality constraints. Other constraints
are included in the case of a parsimonious model. Let the dimensions of A be.n X m, where
m = M? and n < m. Of the m parameters in p, n of them are redundant and may be

eliminated. The remaining d = m—n parameters are free. The vector P may be represented
P= Ypy + sz (433)

where Z is an m x d matrix with orthogonal columns that span the null space of A and Y is
an m X n matrix with orthogonal columns that are orthogonal to the columns of Z. Such a
decomposition is usually obtained in practice by the QR algorithm [16]. It is a basic result
from linear algebra that the columns of Y span the range space of A’. Quite obviously Zp,
lies in the null space of A, while Yp, lies in the range space of A’. The vector p, remains

the same for any p that satisfies (4.32) and is determined by solving
AYp, = b. (4.34)

Equation (4.34) is obtained from (4.32), (4.33), and the fact that the columns of Z are
orthogonal to the rows of A. On the other hand, p, represents the independent parameters
in our re-parameterization. Because Z has orthogonal columns, Z’'Z = I, so that we may
obtain p, from p by

p:=Z'(p-Ypy)
and we may obtain p from p, by (4.33).

In some situations, it may be worthwhile to further generalize the idea of linear
least squares to that of weighted linear least squares. The idea is to choose a symmetric
positive definite weight matrix W that assigns different weights to the different residuals.
While the standard least squares method minimizes ||Cp — #||2 = (Cp - t)'(Cp — ), the
weighted least squares method minimizes (Cp — £)'W(Cp — ). The two methods are the
same if W is chosen as the identity matrix. Freidlander and Porat [12], [13] discuss the

optimal selection of the weight matrix W for unconstrained least squares estimation. The
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matrix they give is optimal in that the resulting estimator has the smallest asymptotic
variance. In the remainder of this subsection we adapt their result to our problem.

Let § = p, denote the d-dimensional reduced vector of parameters to be estimated.
The weighted least squares estimation requires that we minimize (Cp — #)’W(Cp — £) as
a function of p subject to certain linear equality constraints and bounds on the variables.
Written in terms of 8, the cost function to be minimized is (CZ6 + CYp, — #)W(CZ8 +
CYp, — 1) according to (4.33). Because the redundant parameters in p have been elimi-
nated, the minimization of the new cost function is subject to linear inequality constraints
only. These constraints require that each component of p = Ypy + Z0 be nonnegative. In
the reduced representation, the constraints are Z8 > —Yp,, where the inequality is applied
to the individual components of the vectors. Thus, the weighted least squares estimate § is

obtained as the solution of the problem

minimize J0HO+g'0 + ¢
subject to Z0 > -Ypy

(4.35)

where H = 2Z2/C'WCZ, g = 2Z'C'W(CYp, — #), and ¢ = (CYp, - £)W(CYp, - i).
Since y'Hy = 2||W/2CZy||?, H is strictly positive definite if and only if C has full column
rank.

When considering any estimation method, the question arises as to whether the
estimate is consistent, that is, whether § — @ as n — oo. If the data are i.i.d. and each
moment function g, has finite second moment, E |gi(X,Y)|? < 00, then by the Strong Law
of Large Numbers the sample moments converge to the true moments almost surely,  — r,
as n — 0. To prove the consistency of the estimate then requires that we show that the
mapping £ — 6 is continuous. The fdllowing theorem states that the estimate obtained by

solving the minization problem (4.35) is consistent.

Theorem 4.2 Let C, with elements given by (4.30), have full column rank, and suppose
/ / lox(z, »)IP 1z, y) dz dy < 0o

fork=1,...,K. Then as n — oo, 6, — 0 almost surely.

Proof.  Under the hypothesis that E|gi(z,y)|?> < co for k = 1,..., K, the strong law of

large numbers implies that & — r a.s. Since § = é(r), the question to be resolved is whether

d(t), as a function of ¥, is continuous. Let us denote the cost function of (4.35) by F(0,t).
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Because C has full column rank, F is a positive definite quadratic function. For a given F,
let 6* be the vector that minimizes F(-,#) without regard for the inequality constaints. By
setting the derivative of F' equal to zero, we obtain 6* explicity as §* = —H™'g, where g,
as we recall, is a linear function of . Therefore, §* is a continuous function of F and 8* — 8
a.s.

From a Taylor series expansion about §*, we obtain F(y,#) — F(6*,F) = 3(y -
6*YH(y — 6*), and since H is strictly positive definite, we have

F(Yvi')-' F(G‘ai‘)
A < <A (4.36)
! lly — 6+ ?

for some 0 < A; < Ap < 0.
Since § minimizes F(-, ) subject to the linear inequality constraints, and since ¢

satisfies these constraints, we have F(d,) < F(8, ). Therefore, we have

Mallo - 2 F(8,8) - F(8,8) > F,5) - FO,H 2 M -7 (437)
And finally,
0-ol <o -0l 416 -l < (14 a/n) o=l -0 (438)
Q.E.D.

The theorem states that the estimate § is consistent for any positive definite weight
matrix W. The following results concern the optimal choice of the weight matrix W
and follow in three stages. First, we obtain an expression for the asymptotic variance of
the estimate §, an expression that explicitly involves W. This result was presented by
Friedlander and Porat in [12], but their proof is in error. A correct and somewhat more
involved proof is given here for our special case. Second, we present a lower bound on the
asymptotic variance that is independent of W. And finally, we present a weight matrix that
attains the lower bound on the asymptotic variance. These last two results are adapted
from [12].

Before moving on, it is a good idea to review old notation, introduce some new
notation, and state explicitly certain relationships among some of the variables of interest.
This section starts with the basic assumption that the distribution of the observed data is
determined by the unknown parameter § € ©. The moment vector r is related to by the

linear function
r=f(6) ¥ cz6 +CYp, (4.39)
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where p, is chosen so that the vector p = Zf + Yp, satisfies the linear equality constraints.
The requirement that the components of p be nonnegative defines a convex set O of allowable
values for 6.

According to our estimation method, we obtain an estimate f of r, and from r
we obtain an estimate 8, of 8 by an inverse relationship to (4.39). In the interesting case,
and in the case we consider here, the dimension of r is greater than the dimension of 8.
Consequently, there is no unique inverse to (4.39). Any inverse h that we care to define
should agree with (4.39), so that h[f(O)] = 0 for all # € O; however, outside the set
f(@) = {r:r = f(8),0 € O} the definition of k is not unique. The minimization problem
(4.35), for example, expresses such an inverse function 6, = h(f,) that is compatible with f
and is therefore uniquely defined on f(©). Outside f(@), however, h depends on the weight
matrix W.

The non-uniqueness of the inverse function to f suggests that we look for an “opti-
mal” weight matrix W. The criterion for choosing the optimal is the asymptotic variance of
the estimate. We now present a theorem that states an explicit expression for the asymptotic
variance of the estimate §,. The asymptotic variance of the estimate 6, which, as we de-
fined earlier, is the solution of the least squares problem without regard for the constraints,
is straightforward to obtain. The idea involved in obtaining the asymptotic variance for 6,
is this: when @ is in the interior ©° of @, the boundary effect that distinguishes 8, from
6 becomes negligible as n — co. Thus 6, and 6% have the same asymptotic variance. The

formal proof of this result requires the following lemmas.

Lemma 4.3 Suppose that the fourth-order central moments of 07, are o(n) and that 6 € ©°.
Let n > 0 and let A, be the event {||0; — 0|| > n}. Then limp_.c nPA, = 0.

Proof. Using the Markov inequality, we have

nPA, < np~*E|6; - 0)*
d d (4.40)
=nptY_ D E(0;; - 6:)%(6;; — 8;)°
i=1 =1
Under the assumption that the fourth-order central moments of 6 are o(n), the last ex-

pression in (4.40) converges to 0. "Q.E.D.

Lemma 4.4 There ezists a K > 0 such that |4, — 6|| < K62 - 6||.
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Proof. As in the proof of Theorem 4.2 let us again denote the cost function of (4.35) by
F(8,t). Then, as before, we have

F(y, ) - F(6°,%)
M < < Az
' lly - 12
for some 0 < A\; < Az < co. Following again the steps of (4.37) and (4.38), we have the
desired result with K = (1 +/A2/A;). Q.E.D.

Lemma 4.5 Suppose that the fourth-order central moments of 02 are o(n) and that 6 € ©°.

Then the asymptotic covariance matrices of 8, and 0", are equal, that is, for all k and
lim nE (b — ) (B — 0)) = Jim nE (85 — 0%)(87 — &)
Proof. Let A, be as in Lemma 4.3. Then we have
[E (Bnk — 00)(Bat = 81) = (B2 — 81)(851 = )]
E Lug [(Bni — 00)(0nt = 01) = (85 — )85 = )|
+ nlE La(Brk — B1) (6t — 01)l

+ B Lay (B — 8605 = 00

<n

(4.41)

If 6} € ©°, then 6, = 6. Thus if 7 is sufficiently small, the first term on the right-hand
side of (4.41) is zero for all n. We apply the Cauchy-Schwartz inequality to the third term

to obtain
nzlE La,(Ork — Bk )65 - oz)r < [ﬂPAn] [nE (6 — 0x)*(67 — 01)2]

The first factor on the right-hand side above converges to zero by Lemma 4.3, while the
second factor converges to zero by the hypothesis that the fourth-order moments of 87, are
o(n).

Finally, we consider the second term in (4.41). Applying the Cauchy-Schwartz
inequality and the result of Lemma 4.4, we have

72 [E Lan (Bt ~ 84 (bt - 0| < [nPAn) [nE (Buk ~ 6)°(Bu - 6)?]
< [nPAL) [2E 6. - 811]

< K*[nPAd| [=E|l6; - ol*]
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: 3

Since E |6 — 8||* is a linear combination of fourth-order moments of 07, the second term

of the right-most expression above converges to zero.  Q.E.D.

Finally, we consider conditions that guarantee that the central moments of 87, are

o(n), as required by the preceding lemmas.

Lemma 4.6 Suppose that E gx(X1,X2)* < A < 00 for k=1,2,..., K and that the under-

lying state process is ergodic. Then the fourth-order central moments of 6 are o(n).

Proof. Let Gi(z,y) = gi(z,y) — Ege(X1,X3) be a centered version of g;. Hom the
hypothesis that E g(X1, X2)4 < A < oo for k = 1,2, ..., K, it follows that E gi(X1, X2)* <
A' < oo fork=1,2,...,K. First, we show that

|Ea(Xi, Xi41) 850X, Xj42) 32(Xis Xi1) Go( Xty Xi)| € A (4.42)
Simplifying our notation, we have by the Cauch-Schwartz inequality that
|Eda 5,38 < [E22 3 [E2 a8
<EAE}EEq (4.43)
< (a!

which proves (4.42). Similarly, the moments of g4, g, and g, of orders two and three are
also bounded. Next, we show that for ¢ < j < k < /- g, we have

|Ega(Xi, Xi1) 860X, X541) Ga(Xks Xi1) Bo(X1y Xig1)| < K'e™ . (444)
for some constants K’ and ¢. We show this by conditioning on the underlying state process.

(v)

Thus, with pyy denoting the (u,v)th entry in the v-step transition probability matrix, we

have

E a 56 9 95| = |E 995 9+ 95 ~ £ 995 9y E3s|

| MM L .
- lHZZE[ﬁaﬁpgﬂS};H = "]( G- “M‘) E[gs | $1 = v]

u=l v=1

1 M M
< 2 30 Y |Elga 30y | Sian = ol

u=1v=1

(k=) — i_,‘l IE[ﬁs [ S1= v]l

U A A _
S K" YD Ell§ads gl | Sk+1 = u] E[|ge| | 51 = 1]

u=1 v=1

< K'e =
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where we used the facts that the state process is ergodic and that the entries of the v-step
transition probability matrix tend to 1/M exponentially fast for ¢ — oo.
Now consider the fourth-order central moments of &. We have
nE(fa — ra)(fp — 15)(£y ~ ry)(fs — rs)

n n n n

=070 33 Y EfalXi, Xi) 85(X;, X41) T Xks Xkwr) 36( X1, Xi41)
i=1 y=1 k=1 [=1
’ (4.45)

According to (4.42), each of the terms in the sum in (4.45) are bounded. We now divide the
terms into groups. First, we divide them into 4! groups depending on the ordering of the
indices. We explicitly consider only the group where i < j < k < /; a similar result holds for
the remaining groups. Now we further divide this group of terms into two smaller groups,
one of which has terms that are O(1) and one that has terms that are O(e™®). Let ¢ be an
integer. Let L' denote the sum over all the indices such that j —i < gand | — k < g. Let
I" denote the remaining terms. The number of terms in L’ is upper bounded by n%q?. We
obtain this bound by reasoning as follows. The indices ¢ and k may take at most n values,
while the indices j and ! may take at most ¢ values. If we take ¢ = n!/4, then the number
of terms in ¥’ grows as n%/2, and thus in the sum (4.45) these terms are neglible for large n.
The result in (4.44) applies to the terms in T” if we take ¢ = n'/4, The number of terms is
on the order of n*; however, because the bound on the size of the individual terms decays
_exponentially, we see that these terms also become negligible in (4.45) as n — oco. Hence,
we conclude that the fourth-order central moments of i are o(n).

Finally, we know that
0 = (Z'C'WCZ) 'Z'C'W(#, — CYp,)

so that the fourth-order central moments of #; are a linear combination of the fourth-order

central moments of #. Therefore, the fourth-order central moments of 87 are also o(n).
Q.E.D.

The main results are now stated in the following two theorems.

Theorem 4.7 Suppose that the underlying state process is ergodic, that E gi(X1,X2)* <
A < oo fork=1,2,...,K, and that € ©°. Let the estimate 6,, be obtained as the solution

of the minimization problem (4.95). Then the asymptotic covariance matriz for 6y is

(O lim nE(8, - 0)(4, - 0)' = (Z'C'WCZ)'Z'C’'WEWCZ(2'C'WCZ)™!
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where
— H T - S !/ v
= Jlim nE (F~-r)(F-r)
is asymptotic covariance matriz of the estimated moment vector r.

Proof.  According to Lemma 4.5, §,, has the same asymptotic covariance matrix as 85, We

obtain 4} by the projection theorem from linear algebra,
6, = (Z'C'WC2Z)"'1Z'C'W(i - CY)
= P(# - CY)

where P = (Z'C'WCZ)~1Z'C'W is the projection matrix onto the linear subspace spanned

by the columns of CZ. For the asmptotic covariance matrix V(8), we have
V() = lim nE(f, - 0)(6. - 0
R . _ G* _ gy
= nlg_’rgo nE (6], - 0)(6; - 9)
= lim nEP(# - r)(f - r)’P’
=PXP’
Q.E.D.

Theorem 4.8 The asymptotic covariance matriz V(6) is bounded by
v(9) > (z'C't"cz)! (4.46)
and equality holds if W = £~1. Inequality in (4.46) is interpreted to mean that the differ-
ence between the left- and right-hand sides is positive definite.
Proof. Let P = (Z'C'WCZ)"1Z'C'W. Then we write
V(4) - (2'C's"'CZz)™! = PXP' - (Z'C'E'C2Z)?
=[P - (Z'C's"'CZ)"'2'C'sY TP - (2'C's"Icz) ' Z'C’s Y.

It is obvious that the right-hand side is positive semidefinite. That equality holds for
W = I-! follows by making the substitution. = Q.E.D.

Theorem 4.8 provides us with the best weight matrix in the sense of yielding the
smallest asymptotic variance of the estimate. In practice, however, there is a problem
applying the result, since one does not know the covariance matrix £. Friedlander and

Porat suggest that the matrix X be replaced by an estimate obtained from the data.
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4.5.2 Minimum Discrimination Information Estimation

The minimum discrimination information (MDI) approach to estimation is unique
in that it explicitly accommodates a source distribution and a model distribution. The
source distribution is the true, unknown distribution of the observations. The model dis-
tribution, by contrast, is the assumed parametric distribution, which may be different from
the true distribution. This distinction between the source distribution and the model dis-
tribution is not explicitly recognized in most other estimation methods.

In short, the MDI method tries to match the model distribution to the source
distribution as closely as possible. How close the two distributions are is measured by the
discrimination information [9]. Thus, let Q@ and P be probability distributions with @ <« P
(@ absolutely continuous with respect to P). The discrimiration information D(Q||P) of
@ relative to P is defined as

D(@IlP) = [ 10 (73] 20

where dP/dQ is the Radon-Nikodym derivative. The discrimination information is still de-
fined even if Q is not absolutely continuous with respect to P. In such case, D(Q||P) = occ.
The discrimination information goes by many names, including cross-entropy, relative en-
tropy, I-divergence, directed divergence, and Kullback-Leibler divergence. If @ and P both
have a density function with respect to a measure A, then the discrimination information is
D(@IP) = [ 10g [42)] d(o) 2r(o).

Now suppose that Q* is the true, unknown source distribution and that Py is the

model distribution with parameter §. We cannot discover the true distribution Q*; however,

we can obtain observations zy,...,2z, and compute the sample moments

n-1
fe=(n-1)"7Y glzezen)  k=1,2,...,K (4.47)
t=1
as estimates of the true moments
e = Ege gi(X1,X3)  k=1,2,...,K (4.48)

where the expectation is taken under the distribution @*. The functions g; need not be

polynomials; we use the term “moments™ in a generic sense.



94

For large n, the sample moments # = (#;,...,#) should be close to the true
moments r = (ry,...,7;); however, in the MDI estimation method, we assume that the two
are equal, & = r. This assumption defines the class Q of distributions that are assumed to
contain the true distribution Q*. Specifically, Q is defined by

Q={Q:Eqg(X1,X2) = fr,k =1,2,...,k}.

The MDI estimate Py« of the model distribution is the distribution that solves the double
minimization problem,
Pge = argmin gleng(QHPo).

Ephraim, Dembo, and Rabiner [9] describe a method for MDI estimation of HMMs
when the output pdfs are multivariate Gaussian. We adapt their approach to our own flavor
of HMMs. The vector parameter @ to be estimated comprises the entries of the transition
probability matrix, & = p = (p11,m32,.-.,PMM), and the distribution Py is the HMM/OS
distribution represented by the two-dimensional pdf.

For a given Py, the problem of finding a distribution Q' € Q to solve D(Q’'||Ps) =
mingeg D(Q||Ps) has been solved by Cziszar in [8]. Cziszar calls this distribution @' the
I-projection of Py onto Q and gives the pdf

K
¢'(z,y) = cexp {Z trgi(z, y)} pe(z,y) (4.49)

k=1
where py is the pdf for Py and ¢ and #; are constants. The constant ¢ is a normalizing
constant that may be obtained by integrating the expression. The other constants t; are

obtained by solving the nonlinear system of equations

ry = / 9k(2,9)q'(z,y) dz dy

K (4.50)
= / gr(z,y) exp {Z gz, y)} po(z,y) dz dy, k=1,2,...,.K
=1
The discrimination information is
D IP =// ’ , 1 [ql(zsy)] da:d
(@'l 7o) q'(z,y)log Po(z.9) y
K
=loge+ ) b / / (2, y)9x(z, y) dz dy » (4.51)
- k=1
K
=logc + Z LiTk

k=1
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The nonlinear equations (4.50) may be difficult to solve. Ephraim, Dembo, and
Rabiner [9] assume that the functions gg, k = 1,..., K are polynomials, yielding sample
moments for 7, k = 1,..., K. The method they propose requires that a numerical method
be used to solve the equations (4.50). We assume that the (z,y) region is partitioned into
subregions Ry, k= 1,2,..., K and take gi(z,y) = Ir,(z,y), the indicator function for R;.
Then (4.50) becomes

M M )
o= g7 3 opiet [ | 1)) dody

i=1 j=1
= ce** F(Ry)

which implies that t; = log ri — log F(R:) - log c. Making the substitution into (4.51), we

obtain

k k
D(Q'||Ps) = Y rrlogri — Y rlog Ps(Ri)
k=1 k=1

To minimize D(Q'||P5) with respect to the parameter 6§, we may ignore the first term. Thus
we solve
K
maximize Y rilog Po(Rx) (4.52)
k=1
subject to the constraints on the parameters § = p. Note that since Py(R;) is linear function
of 8 and the log function is concave, the ob jective function of the maximization problem
(4.52) is concave. This property is important when a numerical optimization routine is

used, since it guarantees that a unique maximum point exists.

4.5.3 Maximum Likelihood Estimation

Maximum likelihood (ML) estimation is an old stand-by that is a favorite of statis-
ticians because of its asymptotic properties. The method involves solving the maximization
problem

maximize fp(x)
subject to Af=Db (4.53)
pij 20, 1<4j<M
where 6 is the reduced vector of parameters, x is the collection of samples, and fj is the
multivariate pdf when the free parameters are given by 8. The efficient techniques that are

available to us for computing the likelihood function and its first derivatives, as presented in
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Section 4.3, make ML estimation look attractive to us. With just a little additional trouble,
we may also compute the second derivatives, which is a boon when we use a numerical
optimization routine.

Baum, et. al., developed an elegant and efficient method for obtaining the max-
imum likelihood estimate based on a re-estimation procedure. In this method, one starts
with an initial guess for the parameters of the model, which we denote by the vector 6o,
and uses this value to re-estimate the parameters based on the samples (observations). The
re-estimated parameters #; are then used to re-estimate the parameters 6z, and so on until
0;—1 = 6;. The estimated parameters § may include more than just the transition probabil-
ities. Often the parameters of the output pdfs are included in 8. Some problems with this
method have been pointed out in [43).

Unfortunately, we are unable to use the re-estimation procedure because of the
constraints that both the rows and the columns of the transition probability matrix sum to
one. We can, however, adapt this method to some extent. The result is a possible reduction
in the amount of computation needed to solve the maximization problem (4.53). We derive
this result now.

The basis for the re-estimation procedure is that the problem of maximizing the
likelihood function can be performed by maximizing a sequence of subproblems. Thus the
auxiliary function ¢ is defined as

Q(ov OI) = Z fﬂ(xv s)log fﬂ'(xv 5)

where 6 = (p11, 12, ..., PMM) and

n

6,8 = 22 1en) TT [paccson 290 (4.54)

t=2
The sum in (4.54) is taken over all state sequences. The procedure begins by choosing an -

initial guess o for the vector 6. At the ¢ stage of the procedure, we obtain 6; from 6;-1 by
maximizing @ (6;-1,9) with respect to §. The proof that the sequence {6;} obtained in this




way monotonically increases the likelihood function is quite simple. We have

Q(8,6') - Q(8,68) = fo’(x s)log [ffe((: ss))]

< T pxs) [EE 1]
= ng:(x, S) - Zf@(x7 S)

= fo(x) = fo(x)
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with equality only if fg/(x,s) = fy(x, s) for all sequences s. The maximization subproblem is

significantly simpler than the original maximization problem, since we may simplify Q(6, §')

as a function of #'. Thus,

Q(, 0') = Z fa(xa S)lOg fo(x, S)

M
= C(0) + Z Z Jo(x,8) 105?;:-1 V9t

8 =2
MM n

=C(0)+ 3.2 Y aa () MUz)Be5)pis log vl

i=1 j=11=2
MM

=C(0)+ ZZC;,‘ logpfj

i=1 j=1

With 6 fixed, we need not concern ourselves with the first term that does not depend on .

Furthermore, after we have computed ¢;; for 1 < ¢,5 < M, we need not recompute these as

we iterate in order to find the optimal #'.

4.6 Simulation Studies

We conclude this chapter with simulation results. The simulations were conceived

with two goals in mind. First, we want to see how well the estimation methods perform

and to compare the different methods. This goal is pursued in the first set of simulations.

Second, we want to see how well the models work for signal discrimination. This issue is

studied later.

The three estimation methods we consider are the least squares (LS), minimum
discrimination information (MDI), and maximum likelihood (ML). LS and MDI are similar,
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in that they both require that we compute a set of statistics T = (¥1,....7x) that are used
in the ob jective function to be optimized. These statistics are computed using (4.47), where
each gi is an indicator function, gi(z,y) = IR, (z,y). The sets Ry form a partition of the
(X,y) region on which the bivariate distribution is defined.

For simplicity, we take the univariate distribution to be uniform on (0,1). This
choice for the univariate distribution affects only the ML method, since the LS and MDI
methods are invariant under transformations. We form the regions Rj by partitioning the
unit square into K? subsquares.

The data used in the estimation are generated from a HMM/OS with M = 5 and

the transition probability matrix

[ 0.75 0.10 0.05 0.05 0.05
0.10 0.70 0.10 0.05 0.05
P=10.05 010 070 0.10 0.05 (4.55)
0.05 0.05 0.10 0.70 0.10
| 0.05 0.05 0.05 0.10 0.75

which yields a positive correlation among the random variables. We use each of the different
estimation methods to obtain an estimate P of dimension M = 5. Because the parameters of
P produce effects that are averaged out, it is difficult to estimate the individual parameters
accurately. To illustrate this, we show the results of the estimation methods from N = 10000

samples. From the LS method with X = 10, we have

[ 0.762008 0.001000 0.162032 0.001000 0.073959 ]
0.123062 0.783537 0.001000 0.042565 0.049836
P = | 0.033571 0.004757 0.525125 0.345547 0.001000 |,
0.034641 0.048208 0.184214 0.597611 0.135326

| 0.046717 0.072499 0.127629 0.013277 0.739879 |

from the MDI method, again with X = 10, we have

[ 0.769735 0.001000 0.155984 0.009981 0.063300 ]
0.072366 0.809084 0.068733 0.001000 0.048817
P = 0.118887 0.085052 0.366157 0.428904 0.001000 )
0.001458 0.001000 0.357937 0.533775 0.105831
| 0.037554 0.103863 0.051189 0.026340 0.781053 |




Method | X N D(Q||P)
LS 5 1000 9.2908e—-03
5 2000 7.3267e-03

5 5000 5.2714e-03

5 10000 1.8552e—03

LS 10 1000 9.4841e-03
10 2000 5.3422e-03

10 5000 4.1245e-03

10 10000 9.1457e-04

MDI 5 1000 1.1182e-02
5 2000 5.9291e-03

5 5000 3.4571e—03

5 10000 1.4902e-03

MDI 10 1000 7.0129e-03
10 2000 4.7435e—03

10 5000 1.9026e—-03

10 10000 7.7710e-04

ML n/a 1000 1.9661e—02
nfa 2000 1.9481e-02

n/a 5000 1.8251e—02

n/a 10000 1.8264e—02

Table 4.1: Results of simulations for the esimation methods

and finally, from the ML method, we have

g
]

[ 0.798672 0.074103
0.083191 0.796156
0.066876 0.027329
0.050261 0.101411
| 0.001000 0.001000

0.060979 0.065246
0.033226 0.086427
0.903795 0.001000
0.001000 0.846327
0.001000 0.001000

0.001000 |

0.001000
0.001000
-0.001000
0.996000
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The smallest entries in any of the estimated transition probability matrices is 10~3 because

of a constraint placed on the variables in the optimization routine. It is a good idea to

bound the entries away from zero, since the number of samples taken for estimation is

finite.

We notice that the large diagonal matrix entries are sometimes divided and “shared”

with their neighboring entries on the off-diagonal. In order to evaluate the estimation re-

sults in a meaningful way, we should average out the parameters in some way. We do this
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now by computing the discrimination information D(Q||P) where Q is the true distribution
with the transition probability matrix (4.55) and P is the estimated distribution. Note
that this is not the same as the objective function for MDI estimation. The results for the
estimation under this performance criterion are shown in Table 4.1.

When we look at the estimates P given above, we may be inclined to think that
the ML estimate is best, since the diagonal entries are not divided among their neighbors,
as in the other estimates. The entries of the ML estimate appear upon a casual glance to
be nearest to their true values. The results in Table 4.1, however, indicate that the reverse
is true: the ML estimate is the worst. We notice several other results in the table. Taking
K larger yields a better estimate for both the LS and the MDI methods. We also notice
that the estimation methods behave as they should, with the estimates improving as the
number N of samples increases.

Next we look at some discrimination results. Again we take M = 5 and the
univariate distributions to be uniform. The transition matrices are different under the two

hypotheses. Under Hy, we have the transition probability matrix

[ 0.80 0.05 0.05 0.05 0.05
0.05 0.80 0.05 0.05 0.05
Po= 1 0.05 0.05 0.80 0.05 0.05
0.05 0.05 0.05 0.80 0.05
| 0.05 0.05 0.05 0.05 0.80

and under H; the matrix

(05 02 01 01 0.1
0.2 04 02 01 0.
Py={01 02 04 02 0.
0.1 0.1 0.2 04 0.2
| 0.1 0.1 01 0.2 0.5

These matrice were use to generate data for the estimation methods. Then the estimated
matrices were used in discrimination simulations. Figure 4.1 shows that performance of each
of these three discriminators for n = 50 samples per test. Figure 4.2 shows results for the
same discriminators for n = 100 samples per test. The plots show the error probabilities Fo
and P; of the discriminators parameterized by the LRT threshold. The results indicate that
the MDI discriminator performs best, but only slightly better than the LS discriminator.



101

1x10% 3
] ——————— S
P1 . crmemimea. MDI
4 ML
X107 5
]
]
]
1x10°2 -
]
-1
N
1x10'3 L T Ifllll" T A2 l‘rl[rl; LA B 3 rl"ll
1x10°3 1x102 1x10°! 1x10°
Po

Figure 4.1: Discriminator errar probabilities for the LRT discriminator with N = 50 samples

per test.

shown in the plots corresponds roughly to the ordering shown in Table 4.1. This corroborates
the notion that the discrimination information is a good measure of the closeness of two

distributions.

4.7 Discussion

In this chapter we have looked at HMMs as a means to obtain multivariate pdfs
from arbitrary univariate pdfs. This approach to the use of HMMs is quite different from
the usual approach of using HMMs to model nonstationary processes. The multivariate
pdfs obtained from HMMs are useful for signal discrimination since they permit us to use
an LRT discriminator. Computing the value of the multivariate pdf is fairly simple, using
the forward part of the forward-backward algorithm. It is significant that this computation
yields the exact value of the pdf and not an approximation as in Chapter 3.

The large number of parameters involved in the HMM multivariate pdf can be a
source of difficulty, especially for parameter estimation. On the one hand, the large number

of parameters can be a strong point in favor ot eht models, since it permits the flexibility
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Figure 4.2: Discriminator error probabilities for the LRT discriminator with N = 100

samples per test.

of a nonparametric method. On the other hand, trying to fit the model to data by one
of the estimation methods discussed here is difficult, requiring that one solve a large scale
optimization problem. As an alternative, we can use a parsimonious model with the number
of parameters greatly reduced. The parsimonious models have a structure imposéd'*m
however, that reduces their flexibility.

We looked at three different methods for estimating the parameters of the model.
These methods are all similar in that they require that a linearly constrained optimization
problem be solved to obtain the estimates. The least squares method is very straightfor-
ward, although it can be improved by choosing an appropriate weight matrix. The minimum
discrimination method is similar to least squares in that both method require one to com-
pute the values of a collection of statistics that are used in the objective function of the
optimization problem. MDI estimation appears to be the best of the three according to our
simulation results, and it is the only one of the three that explicitly accommodates a true
distribution and a model distribution. Maximum likelihood estimation does not appear to

work as well as the other methods. The ob jective function for the LS and MDI methods is



103

convex, which guarantees a global optimum point. This is not true for ML—the objective

function may have several local optimum points.
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Chapter 5

Signal Discrimination Games

5.1 Introduction

Statisticians have occasionally preferred to think of problems in statistical inference
as a game involving a decision maker and nature [11]. Nature, as one player in the game,
selects a state of nature, which is tybica.lly a probability distribution or parameter for a
distribution. The decision maker, who is the opposing player, observes some data, and
then makes a decision about which of several actions to take. Thus, these two players each
choose a strategy; nature chooses a probability distribution and the decision maker chooses
an action. The outcome of the two strategies results in a payoff that is often interpreted as
a loss to the decision maker. The problem that statisticians have been concerned with is
how the decision maker should choose his action, based on the data he collects, to minimize
his expected loss.

The discrimination problem considered in this dissertation may also be viewed
as a game involving nature and a decision maker. Nature chooses the hypothesis and the
decision maker chooses a discriminator. The error probability of the discriminator may be
viewed as the game payoff. In this chapter, however, the interpretation of the discrimination
problem as a game is especially appropriate. Here, we consider the discrimination game in
which nature is replaced by an adversary of the decision maker. A situation such as this
arises in radar target discrimination when the adversary wants to deceive his opponent with
a decoy signal. If successful, the decoy signal will be mistaken for a signal from an object
that is of interest to the decision maker.

A related topic in signal processing is that of minimax robustness, about which
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there is a large volume of literature. The statistical foundation for this area in signal
processing was laid by Huber with his two classic papers {21] and [22]. These papers address,
respectively, the minimax robust estimation of a location parameter and robust testing of
two hypotheses. The work on robust hypothesis testing was later extended by Huber and
Strassen in another seminal paper [23). These three papers laid the foundation for a spate
of robustness results in signal processing. A recommended comprehensive survey paper that
discusses minimax robustness results in signal processing has been prepared by Kassam and
Poor in [27]. Worth mentioning out of the numerous references given there is the paper
by Martin and Schwartz {37], which is perhaps the first to address minimax robustness as
applied to sigﬁa.l detection. A much more recent paper, and one that perhaps comes closest
to addressing the problem we consider here, is one by Jones [25). This paper,which extends
the results of an earlier paper [42] by Morris, addresses the problem of finding a maximin
distribution for the noise when the goal is the detection of a stochastic signal in additive
noise. The constraints on the noise distribution are similar to some of our constraints, in
that the amplitude of the noise is bounded.

The problem we address here differs from minimax robustness in several important
ways. One difference concerns the existence of a saddle point. A distinguishing feature of
the minimax robustness results is that a saddle point is proved to exist and is explicitly
given. In one of the problems considered here, however, no saddle point exists. It seems
that a key element necessary for a saddle point to exist is that there be a suitable class
of distributions from which the maximin distribution is drawn. Thus, a second important
distinguishing feature between minimax robustness and our discrimination game is that our
class of distributions is much broader. Finally, whereas the primary focus in robustness is
the performance of the discriminator from the point of view of the discriminator designer,
our primary focus here is on the performance of the discriminator from the point of view
of the signal designer. In the robustness contexf, one is concerned about how badly the
performance is degraded when there is a slight variation from the nominal assumptions
about the distribution. In the discrimination game context, however, we are concerned
about how best to mimic a particular stochastic signal given various constraints.

In short, the discrimination game pits a discriminator designer against a spurious
signal designer in a game. The game is played when the discriminator picks up a signal and
makes a decision about whether the signal is the genuine signal of interest or a spurious

(decoy) signal. We are concerned about what happens on the average, that is, the error
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probability of the discriminator. The discriminator designer wants to minimize the error
probability, while the spurious signal designer wants to maximize it. The signal designer
must take into consideration certain constraints on the signal. These constraints prohibit
him from producing a signal with exactly the same distribution as the genuine signal. As
the genuine signal is one that can be measured and recorded by both players, we assume
that both players know the distribution of the genuine signal.

Another factor that is important to the spurious signal designer is the average
power in the spurious signal. Since the discriminator is required to search for the genuine
signal, it is important that the spurious signal have sufficient power to get the attention
of the discriminator. A signal that is too weak risks the possibility of being dismissed as
pure noise by the discriminator. An increase in the average power of the signal, however,
results in a smaller discriminator error probability. Thus an important design consideration
is the trade-off between signal power and discriminator error probability. One possibility
for dealing with this trade-off, which is the approach considered here, is to establish a lower
bound on average power and then obtain the spurious signal with the greatest discriminator
error probability subject to the power constraints.

In this chapter, we investigate the signal discrimination game as described above.
Constraints on the spurious signal include (1) an upper bound on signal amplitude (which
may be interpreted as an upper bound on instantaneous power) and (2) a lower bound
on either (a) time-averaged power, or (b) expected power. The case of a lower bound on
time-averaged power turns out to be less difficult and less interesting than the case of a
lower bound on expected power. In the first case, we explicitly obtain a saddle point pair
consisting of a spurious signal distribution and a discriminator decision rule. In the lat-
ter case, no saddle point exists and no optimal decision rule is obtained. As the explicit
form of the spurious signal distribution depends on the specifics of a particular problem,
no explicit spurious signal distribution is given either. Rather, we prove three necessary
conditions that are satisfied by the optimal spurious signal distribution. These conditions
are sufficient to narrow down the possibilities for the distribution to a collection of distri-
butions parameterized by a single parameter. Thus, one may obtain the optimal spurious
signal distribution by solving a one-dimensional maximization problem. This method for
obtaining the optimal spurious signal distribution undeér a lower bound on expected power
is illustrated by several examples. Finally, we investigate through simulation studies the

design trade-off involving the discriminator error probability and the average power of the
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signal.

5.2 Problem Formulation

5.2.1 Players and Strategies

The task of the discriminator is to decide whether the signal it receives is genuine or
spurious. For our purposes, it is sufficient to model this task as a binary hypothesis testing
problem with Hg being the hypothesis that the signal is genuine and H; the hypothesis that
the signal is spurious. The signal received by the discriminator is assumed to be discrete-
time, m-dimensional, and strictly stationary. In applications, a discrete-time signal is often
obtained by sampling a continuous-time signal. The discriminator collects a sample of size
n and makes a decision concerning the authenticity of the signal. Thus we denote the data
available to the discriminator by x = (zo,...,Za), Where each ¢ = (2u,...,Ztm) is a0

m-dimensional vector. Formally stated, the hypotheses are

Ho: X has a distribution Fp (genuine)

(5.1)
Hy: X has a distribution Fy (spurious)

where X = (Xo,...,Xy,) is a random vector with each component X; being jtself an m-
dimensional random vector. While the distribution Fp of the genuine signal is known to both
the discriminator designer and the spurious signal designer, the distribution F; is chosen
by the spurious signal designer and is unknown to the discriminator designer. We assume
that the distribution Fj is absolutely continuous, having a probability density function fo.
In cases where there is also a density function for Fj, we denote it by fi.

The discriminator designer, for his strategy, selects a randomized decision rule d
such that, when x is observed, H; is decided with probability d(x), and Ho is decided with
probability 1 — d(x). Often in discrimination problems d takes only the values 0 or 1, in
which case the discriminator is nonrandom, assigning a decision of H or Hy to each possible
observation. The results in this chapter, however, depend heavily on the assumption that
d can also take values between 0 and 1. Randomized decision rules are more general than
nonrandomized rules and are essential when it is necessary to “interpolate” between two
nonrandomized rules d; and d,, for example, by setting d = (1 - a)dy + ads. Essentially,
no restrictions are placed on d; any measurable function from R™™ to [0,1] is permitted.

One approach for the discriminator designer is to select a decision rule that is optimal
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for a particular distribution Fj. Since the discriminator designer cannot know the true
distribution of the spurious signal, a discriminator designed in this manner typically operates
in a mismatch situation. This approach has led to useful results in minimax robustness,
where it is shown that even though the discriminator operates under mismatched conditions,
it is still optimal in a minimax sense. Such a result depends on the existence of a least
favorable distribution that is universally the worst distribution for all discriminators. For
our problem, such a least favorable exists only in the case of a lower bound on time-averaged
power. _

The likelihood ratio test (LRT) is the one type of decision rule that we are most
interested in. To derive this test, we take advantage of a result from real analysis known as
the Lebesgue decomposition of a measure [50]. According to this result, for any distribution
Fi we can write F; = Ff + F7, where F¥ is a sub-probability distribution absolutely con-
tinuous with respect.to Fop, and F? is a sub-probability distribution singular with respect
to Fy. Therefore, there exists a set B such that F?(B¢) = 0 and Fo(B) = 0; in other words,

¢ places all of its mass on a set that has Fy-measure 0. On B¢, F{ has a density f1. Thus,

we define the likelihood ratio L by
00 x€ B

L(x) = { (5.2)
hH(x)/fo(x) x ¢ B.

Recall that we assume Fy to be absolutely continuous with a density function fo. The LRT

decision rule is

1 ifL(x)>r -
dx)={a fL(x)=r (5.3)
0 fL(x)<T

where 7 is a threshold and a is a randomization parameter. The family of LRTs, as 7 and «
vary, is known to be optimal with respect to error probabilities. This property is discussed
further below.

While the discriminator designer may choose his strategy, the decision rule d,
without restriction, the spurious signal designer’s strategy, an nm-dimensional distribution
Fy for the spurious signal, must conform to certain constraints. First, there is an upper

bound on the magnitude of the signal, given by

Fi{gu(Xt) > Amax} =0 (5.4)

where qu(-) is a quadratic form. Because of our assumption that the process is stationary,
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the bound given by (5.4) is understood to hold for any t. Note that if the signal dimension
iIs m = 2, with the components of z, being in-phase and quadrature components and
qu(z¢) = =3 + z%, then (5.4) has the interpretation of a constraint on the instantaneous
power or signal amplitude. Hence, we refer to (5.4) generically as an upper bound on the
signal amplitude.

A lower bound is also imposed on the signal. We consider three such lower bounds.
Analogous to the upper bound (5.4) on the signal amplitude, we may also have a lower bound
on the amplitude,

Fi{gL(Xt) < Amin} =0 (5.5)

where qr, is also a quadratic form. A more general form of (5.5) is
F{q(Xo,...,XN)< D} =0 (5.6)

where g, is again a quadratic form. As a particular case, we may have m = 2 and

N
1
qr(zo,. - ., z‘N) = —I-V- Z(I?l + :632) (5.7)
t=1

which has the interpretation of a lower bound on time-averaged power over a window of
length V. Hence, we refer to (5.6) generically as a lower bound on time-averaged power. Of
course, (5.6) reduces to (5.5) when N = 1. Finally, a lower bound may be imposed instead
on the expected power of the signal, given by

E1qr(X¢) 2 Emin (5.8)

where E; denotes expectation taken under the distribution Fj.

Whereas upper-bound constraints, such as (5.4), typically arise from physical con-
straints on a transmitter, the lower-bound constraints, such as (5.5), (5.6), and (5.8), are
subjectively defined, their purpose being to guarantee a minimum amplitude or power level.
A weak signal risks the possibility of being dismissed as pure noise by the discriminator’s
receiver; hence, a minimum power level is desirable. The constraints on the distribution of
the spurious signal define a class Q; of distributions from which the spurious signal designer
must choose his strategy.

To recapitulate the game formulation stated so far, two players, a discriminator
designer and a spurious signal designer, compete against each other in a game. The dis-

criminator designer selects a decision rule d, while the the spurious signal designer selects a
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distribution Fy. The class of allowable distributions is defined by constraints that prevent
the spurious signal distribution from exactly matching the genuine signal distribution. We
assume that the genuine signal distribution is known by both players. We also assume
that both players know the class of distributions from which the spurious signal designer
must choose his strategy. The game is played when the spurious signal source generates the
spurious signal. The discriminator picks up a signal and uses the decision rule to decide

whether the signal is genuine or spurious.

5.2.2 The Game Payoff

The final element of the game that must be specified is the payoff function 5,
which assigns a payoff value to every possible (d, Fy) pair. Loosely speaking, the payoff
of the game is the error probability of the discriminator, which the discriminator designer
wants to minimize and the spurious signal designer wants to maximize. To be precise,
however, we must define the payoff to be a single-valued function of the (conditional) error
probabilities P and P;, which denote the discriminator error probabilities occurring when
Hq and H, are true, respectively. For example, Py is the conditional probability that the
discriminator will decide H; given that Hp is true. To conform to common usage in the
statistical literature, we refer to the payoff function as a loss function. The interpretation
of § as a loss function is possible only from the discriminator designer’s point of view, since
the discriminator designer wants to minimize S, while the spurious signal designer wants
to maximize S. To avoid confusion, we consistently take the viewpoint of the discriminator
designer throughout this chapter. Three loss functions that are commonly used in statistical
inference include the Neyma.n-Pea,rsbn, Bayes, and minimax loss functions.

For the Neyman-Pearson loss function, we have § N(d; Fy) = P,. Notice, though,
that with this loss function the problem is trivial unless the class of decision rules is restricted
in some way to prevent the use of decision rules such as d = 1, since S (J, F1) =0 for all F;.
Therefore, under the Neyman-Pearson loss function, the class of allowable decision rules is
always restricted to a class D, = {d : Py(d) < 7}. This rules out the possibility of decision
rules like d, since Py(d) = 1. Since we assume in our game formulation that Fy is known,
this constraint on the class of allowable decision rules is not inconsistent.

The Bayes loss function, often called Bayes risk, for a pair (d, F}) is defined to

be a linear combination of the error probabilities, Sg(d, F}) = 7oCoPp + m1C,F1, where
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7 = 1 = my_; is the prior probability that H; is true, and C; is the cost incurred when an
incorrect decision is made and A is true. The term “cost.” again, is biased toward the
discriminator designer’s point of view. Bayes risk is. in fact, the expected cost of using
the decision rule d when =; is the probability that H; occurs. The assumption of prior
probabilities mp and 7 is essentially the distinguishing feature of the Bayesian approach in
decision theory. What is important for us, though, is just the fact that the Bayes risk is a
weighted average of the error probabilities that permits us to establish a total ordering of
the decision rules. How the weights are chosen is beyond the scope of this thesis.

The third possibility for a loss function is the so-called minimax loss function
Sm(d, Fi) = max(CoPy,C1Py), where the parameter C; represents the cost incurred when
an incorrect decision is made and H; is true. Such costs may be subjectively defined.
For our purposes, the costs may be interpreted merely as weights reflecting the relative
importance of the error probabilities. The minimax loss function may also be interpreted
as the Bayes risk when the prior probabilities are unknown, and are therefore assumed to
take their worst-case values. In general, when randomized decision rules are permitted, the
error probabilities for the minimax decision rule satisfy CoPy = CyP;.

It is well known that the optimal decision rule for the Neyman-Pearson, Bayes,
or minimax loss functions is the LRT with 7 and a appropriately chosen. (See [46], for
example.) This fact is essential to the results that are derived below.

When comparing different spurious signal distributions, it is useful to consider their
performance independently of any particular decision rule, if possible. For this purpose, we
introduce the concept of a receiver operating characteristic (ROC), a term that stems from
the radar literature. Define the partial ordering < of decision rules to mean that d < d’ if
Py < Py and Py < P{ hold, and if at least one of Py < P§ or Py < P{ holds. Thus d < d’
means that d is better than d’ (from the discriminator designer’s point of view). The class D
is defined to be the set of all decision rules such that if d € D, then there is no d’ with d’ < d.
It is clear that we need not consider decision rules other than those in D, provided D is
“complete” (see {11]). The set of points [Po(d), Pl(d)] , as d ranges through D, form a curve
called the receiver operating characteristic [57). Some typical ROCs are shown in Figure 5.1.
The reason that LRTs are important to us is that every point (Po, P;) of the ROC may be
obtained by an LRT with 7 and a appropriately chosen. In fact, 7 and a parameterize the
ROC. Hence, we sometimes refer to points on the ROC as [Po(r, a),Pl(r,a)]. In general,

whenever randomized decision rules are permitted, the ROC is convex.
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Figure 5.1: Plots of three different receiver operating characteristics (ROCs)

The ROCs provide us with a partial ordering of the distributions F;. We define
the partial ordering < to mean that F; < F] whenever the ROC for F lies entirely below
the ROC for F{. According to this partial ordering, F; < F! implies that F} is better than
Fl from the point of view of the discriminator designer. This partial ordering is illustrated
in Figure 5.1, where ROC3 is clearly better than either ROC1 or ROC2. Figure 5.1 also
demonstrates why the ordering based on ROCs is only a partial ordering. In some places
ROC1 is below ROC2, while at other places, it is above. To establish a total ordering of
the distributions Fy, we have to specify a particular point on the ROC that is important to
us. The various loss functions serve to specify such a point.

In the theory of mathematical games, the goal is usually to obtain strategies that
are either maximin or minimax, depending on whether a player’s objective is to maximize or

minimize the payoff value. A mazimin solution is defined as a pair (dM, FM) that satisfies

- SdM,FM) = max min S(d, Fy) (5.9)
. 1 .
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while 2 minimaz solution is defined as a pair (d™, FT™) that satisfies
S(d™. ") = rrbianaXS(d,Fl) (5.10)

A saddle point exists when the maximin pair and the minimax pair are the same or, alter-

natively, when the following inequality holds for all d and F}:

In (5.11), the pair (d, £}) is called a saddle point and d = dM = d™ and F} = M = Fp.
It is clearly the goal of the spurious signal designer to employ a maximin density and the

goal of the discriminator designer to employ a minimax discriminator.

5.3 Discrimination Game with a Lower Bound on Time-

Averaged Power

5.3.1 The Optimal Strategies

We are concerned here with the detection game when the constraints (5.4) and (5.6)
are imposed on the spurious signal. The constraint given by (5.5) is included as a special
case of (5.6) with N = 1. The interpretation we are most interested in is that expressed
by (5.7), namely, that of a time-averaged power constraint.

The constraints define a region B € R™" which is permitted to have nonzero

probability under F. Specifically, this region is

B={x: 22X qu(2e) < Amax, qr(Z¢s ..., TeaN-1) 2 D}. (5.12)

min
1£t<n-N+1

The optimal strategies are stated in Theorem 5.1.

Theorem 5.1 The mazimin distribution Fy and minimaz decision rule d form a saddle

point of the game. The distribution Fy has a density
cfo(x) ifx€B

0 otherwise

fi(x) = { (5.13)

where ¢ is given by

c= U; fo(x) dx] - ) (5.14)
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The decision rule d is given by

. a ifxeB
d(x) = { / (5.15)
1 otherwise.

Proof.  The first inequality in (5.11) holds because the error probabilities of the decision
rule do not depend on the shape of the density f;, but only on the property that fi(x) =0,
whenever x ¢ B. Thus, for any density f; which conforms to the lower and upper bounds,
there will actually be equality for the first inequality in (5.11). The second inequality holds
because d is the likelihood ratio test for the densities f; and fo. Q.E.D.

5.3.2 Case of 1.1.D. Observations

Although the result stated in Theorem 5.1 is for correlated observations, there is
no significant simplification in the case of i.i.d. observations. If the genuine signal is i.i.d.,
the spurious signal given by Theorem 5.1 is not i.i.d. in general. However, one may desire
to generate the spurious signal as an i.i.d. signal, if the genuine signal is i.i.d. It turns out
that the spurious signal is i.i.d. if N = 1, so that the constraint (5.6) reduces to (5.5). The
density (5.13) becomes a product density

fix) = T Aulzo) (5.16)

t=1

where .
p fo(z) if qu(z) € Amax 20d qr(2) 2 Amin i

0 otherwise

fl(z) = {
and p is defined by ' 4
p=/ o fo(z) dz. (5.18)
A

For N > 1, the decision rule can be defined in terms of a statistic

n=N+1

Th = Z g(zh-'-vxt+N—1)
t=1

where :
0 if(zh-'-vzH'N—l)eB
g(zh”wa-N—l) = .
400 otherwise
and where . a HT. =0
d(x) = { (5.19)
1 ifT, >0.
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The test statistic T, resembles the log-likelihood ratio statistic for N-th order Markov

processes. When N = 1, the test statistic is, in fact, a log-likelihood ratio statistic when

fi(ze)
fo(-’h)

and the decision rule d is defined by (5.19). We must interpret log(0) = —oo in (5.20).

9(z¢) = —log - logp (5.20)

9.3.3 Method for Generating the Spurious Signal

In theory, it is quite simple to generate the optimal spurious signal whenever it
is possible to generate data from the distribution Fp of the genuine signal. To generate a
vector X from the multivariate distribution 13‘1, first generate a vector x from the Fy. Then
test the vector for acceptance by checking whether gz (x) > Amin and qu(z:) < Amax, for
t = 1,...,n. If the conditions hold, then x is accepted and is the desired vector from F.
Otherwise, the vector is rejected. The process is repeated until a vector is finally accepted.

The acceptance-rejection method works well if the probability of acceptance is
large enough. In fact, the probability of acceptance is precisely ¢~!, with c given by (5.14).
The number M of vectors that must be generated before one is accepted has a geometric
distribution, with the probability of success being c~!. Therefore, the average value of
M is c. If ¢! is very small, then the average value of M may be too large to make the
acceptance-rejection method feasible. If Ap;, and Amay remain fixed and the dimensionality
n is increased, c~! decreases. Thus, if n is large, it is likely that the acceptance-rejection
method may be too expensive to use.

If n is too large to make the method feasible, suboptimal methods are possible.

Consider, for example, an ARMA model for the genuine signal,

L M-1
X + Z ;i Xis = Z b;Us—; (5.21)

i=1 j=0
where {U,} is an i.i.d. process and the signal dimensionality is m = 1. After each X; is
generated, we check for the upper bound (5.4) and the lower bound (5.6). If the the recently
generated X is rejected, then we may generate X; again by generating another U; and using
the same Xt_.[,, ..+, X¢—1 and Uipr41,..., U1 that were previously used. The method, of
course, generates an approximately optimal signal. If i.i.d. data are to be generated, then

each component X; may be generated and tested independently of all other components.
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5.4 Discrimination Game with a Lower Bound on Expected

Power

Now we consider the discrimination game with the spurious signal constrained by
an upper bound (5.4) on amplitude and and a lower bound (5.8) on expected power. The
upper bound defines a region R over which the spurious signal distribution Fi may distribute
its mass. Specifically, R = {z : qu(%t) < Amax for all t}. Recall that z = (z1,...,2Zn),
where z, is an m-dimensional vector for each t. We shall require the assumption that
SUP,cR IL(Z) = Amax, an assumption that holds, for example, if g(z) = T, qu(ze).

While the problem involving a lower bound on the time-averaged power has a
complete and relatively simple solution, the problem involving a lower bound on expected
power is considerably more complicated. Consequently, the results are more difficult to
obtain and are not as complete. The results that we do obtain include the specification
of necessary conditions that are satisfied by the maximin distribution and a one-parameter
characterization of the collection of distributions that satisfy the necessary conditions. To
determine the exact maximin distribution therefore requires that one solve a univariate
optimization problem. Because of the difficulty of the problem, we do not obtain the
minimax decision rule.

Although these results are fairly limited, there are two issues that should be consid-
ered. First, although we do not obtain the minimax decision rule for this case, the maximin
distribution for the spurious signal seems to be the more valuable result in practice. This
is because there are a number of practical considerations that make the specification of the
minimax decision rule less useful. For example, in practice a discriminator designer is not
safe in assuming that the parameters Amax and Emin Of the spurious signal constraints are
known. Second, although we do not obtain a general sufficient condition for the maximin
distribution, this is a consequence of the nature of the problem and not a consequence of
the difficulty of the problem. Since the maximin distribution depends very specifically on
the particular distribution Fpy, parameters Amax and Emin, and loss function, the statement
of a general expression for the maximin distribution is not possible. The specification of
necessary conditions and a one-parameter family of distributions that satisfy the necessary
conditions is the best that can be obtained without specific knowledge about a particular

problem.
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5.4.1 Sufficient and Necessary Conditions for the Maximin Distribution

In this subsection, we state conditions that must be satisfied by the maximin
distribution FM. These necessary conditions limit our search for the maximin distribution
to a collection of distributions that are parameterized by a single parameter. Therefore,
it is possible to find the exact maximin distribution by solving a univariate maximization
problem. We also state and prove a sufficient condition that applies in the special case
where Bayes risk is the loss function and the weights on the error probabilities are unequal.

If Emin is too small, then the the maximin distribution is trivial: FM is defined
by its probability density function

(@) = Inle) 2 (5.22)
The maximin distribution in this case is nothing more than a version of Fo truncated at
Amax. The situation is the same as that of the preceding section with Amin = 0. To make
the problem interesting, then, we require
Eo gr(X)
Erin > FolB) | (5.23)
This assumption rules out the possibility of (5.22) as the maximin distribution, since it
fails to satisfy the lower bound on expected power. When Epjn is smaller than the bound
in (5.23), then the lower bound on expected power is essentially superfluous. When we
assume the bound (5.23) holds, however, probability mass from the distribution in (5.22)
must be moved from a region of lower magnitude to a region of higher magnitude in order
to satisfy the bound on expected power. The question of how this probability mass should
be redistributed is not trivial.

In the following discussions, we frequently compare two distributions Fy and Fi.
In our notation, we use a tilde (~) to indicate quantities that correspond to £, eg., E;
denotes expectation taken under the distribution Fy, L denotes the likelihood ratio fl fo,
and so on. To avoid confusion in our discussions, we consistently take the point of view of
the discriminator designer. Therefore, we say that a distribution F is less favorable than a
distribution F} when Py(7,&) = Py(r, a) implies that P\(7,&) > Pi(r, ). According to this
definition, we may have Fj less favorable than Fy, as well as Fy less favorable than Fj, when
they have the same ROC. As a stronger condition, we say that Fy is strictly less favorable
than F, when Py(7,@) = Po(7, ) > 0 and Py(r,a) > 0 imply that P (#,&) > P(r,a). This
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condition means that the ROC for F} lies strictly below the ROC for F1, except possibly
at the endpoints of the ROC.

Ideally, we should like to obtain a distribution £3 that is universally least favorable
in the sense that if F} is any other distribution, then F is less favorable than Fy. After we
examine the necessary conditions in detail, it will become clear that such a universally least
favorable distribution does not exist. We do not rule out the possibility, however, that a
least favorable distribution exists when a specific loss function is assumed, and, in fact, we
show later that such a least favorable distribution does exist for the Bayes, minimax, and
Neyman-Pearson loss functions. It is important to note, however, that we do not consider
the operation of mismatched discriminators, as in the case of minimax robustness. In this
sense, our terminology differs from the more common terminology used in the robustness
context. Our use of the term least favorable, in this chapter, is synomymous with the term
maximin.

The first necessary condition that we derive does not depend on a specific loss
function. The condition states that the lower bound on expected power should be satisfied
with equality at the maximin distribution. Thus, the condition can be applied to limit our
search for the maximin distribution to the class of distributions that satisfy Eiqr(X) =
Emin. This makes sense intuitively, since if E; qz(X) > Emin, then we have some leeway
to move around probability mass with the hope of obtaining a less favorable distribution.
These intuitive ideas are captured in the following two lemmas. Lemma 5.2 quantifies the
idea of “leeway,” while Lemma 5.3 shows how to use this leeway to construct a strictly less

favorable distribution.

Lemma 5.2 Let yu = (Ey qr(X) — Emin)/AMs. Suppose that Ey q(X)L > Emin and that
supg |Fi(E) = Fi(E)| < p. Then Eyqp(X) > Emin-

Proof. Let B be a set given by the Lebesgue decomposition where F, is singular with
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respect to Fy. Then we have

- dF, ‘ R
Evqu(X)-E, <1L(X)=/Bc qL(z) [1— Tl‘(z)J dFl(:c)+/BqL(z)dF1(x)

dF
/{dF';/dFol} (=) [1 B —F—l_(z)J 4hi(z)

dF,
+ /{ ity ar, ey ) [1 - Tl(’”)] dFy(z)

+ /B qr(z) dFy(z)
< Ana [A{dR /AR <1} - R{dR/dF < 1)] + ALy Fu(B)
= Ap [F({dF1/dF, < 1)U B) - Bi({dF1/dF < 1}u B)|
< pApa

Therefore,
E1q2(X) 2 Equ(X) ~ pAlny = Eunia

Q.E.D.

Lemma 5.3 IfE; q1(X) > Emin, then there is a distribution Fy such that By q1(X) > Emin

and F} is strictly less favorable than Fy.

Proof. According to Lemma 5.2, we may move around a small amount u of probability
mass to construct F) without violating the lower bound on expected power.
First, consider the case where Fj is absolutely continuous. Define 7} on R by its

density function -
Ao {(1 - WAz) i L@)>e 52
e(l-p)fo(z) fL(z)< e
We need to show that ¢ can be chosen so that [ fi(z)dz = 1. Therefore, define Y(c) =
(1-p) [ file)dz = F{L > ¢} + cFo({L < c} N R). To show that 3 is continuous, we

have
Plete)—v(c)=(c+e)Fp({L<c+e}NR)- cFo({L < ¢}NR)

-R{L<Lc+e}+ R{L <<} (5.25)

./{C<L<¢+,}nn [c te- L(-’”)] fo(z)dz + eFo({L < ¢} N R)
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From (5.25), it follows that 0 < ¥le+€)—¥(c) < ¢ hence, ¥ is continuous. Since w(c+¢)—
v(c) > tFo{L < c}, it follows that ¥(c) — oo as ¢ — oco. Therefore, since ¥(0) = 1, it follows
that for any p between 0 and 1, we may choose ¢ so that [ fi(z)dz = (1 - 1)yp(e) = L.
Thus F; is a valid probability distribution function. By the construction of £}, we have

F(E)- R(E) < Fyi(E)- (1 - p)F\(E) = pF(E) < o

Therefore, supg [Fi(E) - Fi(E)| < p, and by Lemma 5.2, E, ¢1(X) > Eqin.

Now, for 7 > ¢, we let # = (1 - g)r and & = a, and then
{L>r}={L>#}
{L=r}={l=+}
Therefore,
Po(t,a) = Fo{j: >ritafo{l =1} = Fp{l > 7} + 6Fp{L = 7} = By(7,a4)  (5.26)

and
1-P(r,a)= /R{L > T} +aFR{L =1}

>U-pR{L>r}+a(l-p)R{L="1)
= F{Ll >} +af{l =7)
=1- By(f,a)

Hence B((7,&) > Py(r, ). -

For r < ¢, we take 7 = (1 - g)c. Now we have

{L>c}={L>%}
{L<e}={L<#}={L=+}

The proof that P, > P, for Py=PRyis easily proved from the fact that the ROC is convex.

For completeness, we work through the proof in detail. For the error probabilities, we have
Py = R{L > r} + aFRp{L = 7}
}30 = Fo{z > 71} + &FQ{I; = ‘F}
= Fo{L > c}+aFp{L < ¢}
=(l1-a)Fp{L>c}+a
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and
1-P=FR{L>r}+aFR{L="}
1= P = F{L >} +aF{Ll =+
=(1-a)R{L>7}+a
=(1-&)1-p)A{L>c}+a
Therefore,

P-P= F{{L >r}+aeFR{l=1}-(1-a)(l-p)F{L>c}-a

=[1-(1-a&)(1-p)-aR{L>c}+(1-a)Fi{c2L>7}
+{a-a)R{L=1)-aR{L <)}

>r{l-(1-a)1-p)=-alFo{l>c}+r(1-@)F{c>L>r}
+r(a-a)Fo{L =71} -raRp{L < 1}

= 7[Fo{Ll > 7} + aFo{L = r}] - 7[(1 - &)(1 - p)Fo{L > c} + &

> r[Fo{L > 1} + aFp{L = 7}] = 7[(1 - &) Fo{L > ¢} + @]

=1(Py - By)

If & is chosen so that Py = P,, then we have P, > P,.

Finally, consider the case where Fy is not absolutely continuous. According to
the Lebesgue decomposition of Fy, we may write F; = (1 — €)Ff + €F{, where FY is an
absolutely continuous probability distribution and F¥ is a singular probability distribution.
Let Fy = (1—¢)Ff+¢ F? with ¢ = max(0,e—pu). Let A be the set obtained in the Lebesgue
decomposition such that F{(A) =1 and A(4) = 0. Then

sup Fy(E) - Fy(E) = sup (¢ — OF{(E) + (¢~ €)Fi(E)
= (- )F(A)
=(e~¢€)
Sp

Hence, by Lemma 5.2, E; q1.(X) > Emin. Now, we take # = 7(1 - ¢)/(1—¢) and @ = a,
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and then
{L>1}={L>

e 1}
e

{L(T}:{i<

Thus, (5.26) holds as before. However, we have

=1
e

R{L<t}=(1-OF{L<r}=(1-e¢F{L < #}
<(1-VF{L<#}=FR{Ll <7}

| Similarly, Fi{L = 7} < Fi{L = #}. Therefore, we have

P-P=R{l<#}+aR{l=7}+ R{L<T}+aR{L=1)
>0

Hence, P, > PF. Q.E.D.

We now consider specific loss functions. Let S denote the generic loss function,
which may be Bayes, minimax, or Neyman-Pearson and which remains fixed throughout
our discussion. We use S5 when we refer specifically to the Bayes loss function.

For the most part, the different loss functions may be treated uniformly. The
exception to this is the Bayes loss function, as we now show. Suppose the weight for one
of the error probabilities for the Bayes risk is large relative to the other weight. Then it
can happen that the decision rule that achieves the minimum Bayes risk will yield Py = 0
or Py = 0. If, for example, one is very strongly inclined to believe that Hy is true unless
there is overwhelming evidence to the contrary, then it is possible that Py, the probability
of deciding H; when Hy is actually true, will be equal to 0 for the optimal decision rule.
This situation is illustrated in Figure 5.2. The diagonal lines represent the curves along
which the Bayes risk in constant, while the curved line is the ROC for testing F) against
Fo. As long as the slope of the straight lines is steeper than the slope of the tangent line
to the ROC at the point (0,1), the minimum Bayes risk point on the ROC is (0,1). A
similar situation occurs when there is a strong bias in favor of H,. In a real life situation,
one can easily imagine how a discriminator designer could bias his decision in favor of Hi,
especially if he knows that there are a large number of spurious signal sources around. Also,
as one may see clearly in Figure 5.2, this situation can occur more readily when the error
probabilities are relatively large. In order to eliminate this special case from interfering

with our other results, we state the following sufficient condition.
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Figure 5.2: Example of a situation where the minimum Bayes risk occurs at a point on the

ROC where Po =0



124

Theorem 5.4 Suppose the distribution Fy is such that Ey q(X) > Emin ond that Sp(F1) =

min(7oCo, 1;Cy). Then Fy is mazimin for the Bayes loss function.

Proof.  For any distribution, the risk m9Co may be achieved by the trivial decision rule
d = 0. Similarly, the risk 7,C; may be achieved by the trivial decision rule d = 1. Therefore
min(79Cy, 7;Cy) is an upper bound on the Bayes risk. If the minimum Bayes risk for £}

achieves this upper bound, then we can do no better.  Q.E.D.

There are three necessary conditions, as stated in the following three theorems.

The first one continues the idea of Lemma 5.3.

Theorem 5.5 Suppose the distribution Fy is such that E; (X ) 2 Emin-

(a) If Fy is mazimin for the Bayes loss function and Sg(F1) < min(7eCo, ™ C1), then
EyqL(X) = Emin.

(b) If Fy is mazimin for the Neyman-Pearson or minimaz loss function, then E; ¢L(X) =
Emjn.

Proof. H E, QL(X ) > Emin, then by Lemma 5.3, there exists F that is strictly less fa-
vorable than F, that is, Pi(T,a) < Pi(,&) whenever Py(T,a) = Py(,a) > 0. Let 7' and
&' yield the values of Py and P, where the Bayes risk for F} is achieved. Let 7’ and o be
such that Po(r,a’) = Py(#,a') > 0. Then Sp(Fy) = moCoPo(#,&') + mC1A(F,&) >
10CoPo(7',a') + mCoPi (', ') > Sp(Fy)

Now let 7’ and o' mark the place where 17‘1 achieves its minimax loss, and let 7
and o mark the place where F achieves its minimax loss. Since Pi(7,&) > Pi(r,a) =
Po(r,a) = Po(F,&), we have Py(¥,&') = Po(#,&') > Po(F,&) = Po(,0) = Pi(T, ).

Finally, the result for the Neyman-Pearson loss function follows directly from
Lemma 5.3 Q.E.D.

Theorem 5.8 Suppose the distribution Fy is such that Eiqr(X) > Empn. Let 7 be the
threshold for the test that achieves the minimum loss and Dy = {z : L(z) > 7}.

(a) If Fy is mazimin for the Bayes loss function and Sp(F)) < min(moCo,m:C1), then
qr(z) = AR, for every z € Dy and Fo(D,) = 0.

(b) If Fy is mazimin for thelNeym_an-Pearson or mintmaz loss function, then qr(z) = Apax
for every z € Dy and Fo(D,) = 0.
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Proof.  First, note that since Fp is absolutely continuous, if gr(2) = Apax for every z €
Dy then Fy(Dy) = 0. Now, to prove the theorem, we construct a distribution £} such
that S(F;) = S(F1). Then we show that if the necessary conditions do not hold. then
Eyqu(X) > Emin. According to Theorem 5.5, this means that £} cannot be maximin, and
therefore neither can /| be maximin.

Let B be the set of Lebesgue measure 0 where the singular part of Fy places its
mass. Let the absolutely continuous sub-probability measure G be defined by its density

function ¢ on B¢, where
_ {fl(z) if fi(z)/fo(z) < T
7 e pte) A )2 T
Let v be a point such that qz(v) = A}, Define Fy = G + pé,, where 6, is a unit point
mass at v and g = 1 - G(R).
Suppose the loss function is the Bayes loss function Sg. First, we need the following
result concerning the Bayes loss function: the minimum Bayes risk is achieved by the LRT

with 7 = 7oCo/71C1 and does not depend on the value of a in [0, 1]. To prove this statement,

let E; be the set where we decide H,. We have

10CoFo + mC1P = WoCo/ fo(z)dz - wlle dFi(z)+ mCh
B, E
| (5.27)
= /;: B[?\'oCofo(:t) - chlfl(z)] dzr — WICIFI(EI n B) + WICI
-

From (5.27), it follows that to minimize the Bayes risk, we should include z in £y ifz € Bor
if f1(z)/ fo(2) > T = 19Co/m1C1, and exclude z from Ey if fi(z)/ fo(z) < 7. If fi(2)/fo(2) =
7, then z makes no contribution to the Bayes risk, and therefore a may take any value in
0, 1]. Because of this result, we need only consider tests with ¥ = 7 = moCo/m1C1-

The Bayes risk for testing F against Fy is
SB(Fy) = moCoBy + mC1 Py
= 19CoPp — mC1i(1 - P1) + mCy
= noCoFo{L > 7} - mC1 B {L 2 7} + mCy
= 1oCoFo{L > 7} = mC1Fi{L 2 7} + mCi
= moCoPo + mC1 P
= SB(F1)
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Now consider the case of the minimax or Neyman-Pearson loss function §. Let

7 =17 and ,
. FR{L>t}y+af{L=71} F{L>r}+aF{l="1}
Q= - -
F{lL =1} Fo{L 2 7}
Then ) ) )
Po-FP=R{L>t}+af{l=1}-F{L>1}-aF{L=r1}
=0
and

A-Pi=F{L>r}+aR{L=1}-FK{L>r}-aR{l=")
= R{L>t}+aR{L=r}~[R{L >}~ rR{L > }]
—r[Fo{L > 7} + aRo{L = 7}]
=o|R{L=7}-rR{L="r}]
=0

Therefore S(Fy) = S(F,).
Finally, we consider E, qr(z). Thus,

By qu(X) - By qu(X) = - /{ fory WEVIRE) 47 /{ oy T(Eol2) 2 + w45 (5.289)

= / (A, — qu(2)] dFi(z) (5.28b)
37}

=7 [ (A - w@fe)da
{L27}

= / [Afuax ~ 9(2)] dFy(2) (5.28d)
{L>7}
- OO (5.28¢)
>0 (5.28f)

Equality holds in (5.28f) if and only if Fo{L > 7} = Fo(D1) = 0 and qp(z) = Al
for every z € Dy. Therefore, if the necessary conditions are not satisfied, then we have
E‘q qL(z) > Enin. Q.E.D.

Theorem 5.7 Suppose the distribution F, is such that E; qz(X ) 2 Emin. Let T be the
threshold for the test that achieves the minimum loss and Do = {z : L(z)< T}NR.
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(a) If Fy is mazimin for the Bayes loss function and Sp(Fy) < min(moCo, 7,C}), then there
ezists a y € [0, A" .| such that Dy differs from the set {z : gr(z) < 7} by a set of Lebesgue
measure ( and Fy(Dg) = (. |

(b) If Fy is mazimin for the Neyman-Pearson or minimaz loss function, then there ezists a
7 € [0, ARpu] such that Dy differs from the set {z : q(z) < 7} by a set of Lebesque measure
0 and Fi(Dy) = 0.

Proof.  To prove the theorem, we construct a distribution F such that S(F)) = S(F).
Then we show that if the necessary conditions do not hold, then E; ¢z(X) > Emin. Accord-
ing to Theorem 5.5, this means that Fy cannot be maximin, and therefore neither can F
be maximin.

Let D. = {z : L(z) < 7} N R and define F; to be the same as Fy on D¢, that
is, {(EN D%) = F(En D¢) for any set E. Let u = ess SUpep, 9L(2z) and A, = {z €
D. : q1(z) < 7} where y € [0,u] is chosen so that TFy(D. ~ A,) = Fy(D.). To show
that such a y may be found, define the function ¥(7) = rFo(D. - Ay) — Fy(D.), which
is continuous since Fy is absolutely continuous. Since Y(0) = 7Fo(D.) — Fi(D.) > 0 and
P(u) = ~F(4,) < 0, it follows that ¥(7) = 0 for some 7 € [0, u]. Define F; on D, by its

density 0 y A
Hze

tfo(z) ifze D.- A,
Now, as in the proof of Theorem 5.6, the Bayes risk for testing either Flor Fy
against Fp is obtained by the LRT with threshold 7 = 19Co/m1Cy. Thus,

f1(2)={

SB(F1) = moCoFo{L > 7} + mCiF{L < 7}
= 19Co[Fo{L > t} + Fo(D. - A,)]
= noCoFo{L > r} + m,C, Fy(D.)
= Sp(F)

For the minimax or Neyman-Pearson loss function, let

afp{l=1} aFp{l=r1) _aR{L=r1} _efR{l=r}
Fo{L=1} ~ Fo(D.- Ay~ FR(D.) R{L< 7}

a=
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if Fo{L =7} > 0 and & = 0 otherwise. Obviously 0 < @ < 1. Then,
Py(rya) = Fo{l > 1} + aFp{L = 7}
=F{L>r}+ak{L="1}

= Py(7,a)

and
1~ Py(r, &)=FR{L>r}+al{l=r1}

=R{L>r}+r7'aFR{l="1}
=FR{L>r}+r7laR{L =1}

= Fl{L > T} + QF1{L = T}

=1~ PA(r,a)
Thus, S(F) = S(F).
Finally, we have
EiqL(X) - E1qu(X) = /D qL(‘z)[ fi(z) = fi(z)] dz (5.29a)

- /D o, @ fo@) - (o) da - /A _au()(2)da(5.290)

2 v[rFo(D. - Ay) ~ F(D. - A,)] - 7F1(4,) (5.29¢)
= y[rFo(D. - Ay) = Fi(D.)] (5.29d)
=0 (5.29e)

Equality holds in (5.29¢) if and onl}" if Do — Ay has Lebesgue measure 0 and F(Dg) =
Fi(Ay) = 0. Therefore, if the necessary conditions are not satisfied, then we have that
Er1qr(X)> Emin. Q.E.D.

5.4.2 Interpretation of the Necessary Conditions

A couple of examples will serve to illustrate how the necessary conditions may
applied to obtain the maximin distribution. As a first example, we consider the univariate
probability density function fo shown in Figure 5.3. Let g(z) = z2. According to the

stated necessary conditions, the maximin distribution must have the general form

f1(z) = eIy apy}(2) fo(2) + hE(Amax ~ 2) (5.30)
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Figure 5.3: Plot of the probability density function fo.

where & is a Dirac delta function. A plot of the general form of the density is shown in
Figure 5.4. Corresponding to the general form of the maximin density is the general form
of the LRT for testing Fy against Fp,

0 if0<z<uorz> Amax

dz)=¢a ifu<z< Amax (6.31)

1 if z=Apax
Note that the decision rule (5.31) involves only one parameter, the randomization parameter
a, and that the threshold is unimportant. The entire ROC, a straight line in this case, is
parameterized by a. Although there are three parameters appearing in the maximin density,
one of them may be eliminated by applying Theorem 5.5, that is, by setting E; ¢1(X )=
Emin. A second parameter may be eliminated by solving [ f; = 1. Assume the independent
parameter to be u, which takes values in {0, umax]- The plots of the densities for the extreme
values of u are shown in Figures 5.5 and 5.6. With u at its minimum value, h takes its
maximum value. As u increases to its maximum value, h decreases to 0. This latter case,
with & = 0, yields the same density as that resulting from a lower bound on amplitude

(compare Theorem 5. 1).

Given the decision rule (5.31) and the density (5.30), the error probabilities are
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Figure 5.5: Plot of the maximin density f; when u = ump.
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max

Figure 5.6: Plot of the maximin density f, when 4 = Umax-

given by

Py = aFy(u, Amax) (5 32)

Py = (1 - a)cFo(u, Amax)

These values parameterize the ROC as a varies from 0 to 1. Notice that Py can never be 1,
since the decision rule always declares Ho when z > Amay, and this happens with positive
probability under Fy and zero probability under Fj. Similarly, P; can never be 1 as long
as h is positive. The ROCs for the extreme cases of 4 = Umin and ¥ = Umax are plotted in
Figure 5.7. In any case, the decision rule (5.31) is always a completely randomized decision
rule, so that the ROC is a straight line. At first glance, it may appear from (5.32) that one
should always take u = 0, since this would maximize Fo(u, Amax). However, upon taking a
closer look, we see that c is an implicit function of 4, and ¢ increases as u decreases.

As a particular example of how to solve for the maximin distribution F}, consider
the minimax loss function Sps(d, F;) = max(Ps, P;). The value of the loss function is the
common value of Py and P; at the point on the ROC where Py = P;. Let Su(u) denote
the minimum value of the loss function for a given F; parameterized by the independent

parameter u. Setting Py = P; in (5.32) and solving for a, we obtain the common value of
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Figure 5.7: ROC for f, when u = Umin a0d U = Upyy.

Po and Pl,
(A%, — Emin)Fo(u, Amax)]
S = (5.33)
M(u) A?huFO(u’ Amax) —- Go(u, Amax) + sznax = Emin

where Go(u, Amay) = [Amax 22 fo(z) dz. Since the function Sm(u) must be maximized with

respect to u, we may set its derivative equal to 0 to find any potential maximum point in

the interval (0, umax). The derivative is given by

0 ~J8() (A ~ M){‘imuz = Emin + u? Fo(u, Amax) — Go(u, Amay) | St
?SM(H) B : 3 . (5.34)

’ 'szn“Fo(u’ Am) - GO(", Am) + Agn“ - m,

The maximum may also occur at one of the extreme points 0 or up,,.

As a second example, we consider a signal of dimension m = 2 with fo being a
bivariate Gaussian density. Let q;(x) = 2} +2}. We consider the possibility of obtaining a
one parameter family of distributions that satisfy the necessary conditions. First, note that

the error probabilities are

fo = af(D.) (5.35)

Py = (1~ a)cFy(D.)
where D, is the region where the ratio of f; and fy is constant. There is also a region Dy
where fi = ( and a region D, where Fo(D,) = 0 and Fy(D,) > 0. Consider now the possible
parameters that we may have to deal with. First, there is a parameter A that defines the
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amount of probability mass under Fj that is distributed along the circle g (x) = A2,,.
Although it makes no difference in the error probabilities, we might assume for aesthetic
reasons, if for no other reason, that this probability mass is distributed uniformly on the
circle. Second, there is a parameter u that defines the extent of D.. We would like to
parameterize D. in such a way that Fy[D.(u)] is a decreasing function. We may do this
by defining D.(u) to be the region that maximizes JD.(w) 9L(x) dx subject to the constraint
that £1{D.(u)] = V(u) for some decreasing function V(u). The final parameter in F} is the
constant ¢, which plays the role of normalizing the distribution so that it is a probability
distribution. In the end, we obtain a loss function Sm like that of (5.33), except that Fo(D.)
replaces Fo(u, Amax) and Ip.(u) 9.(X) fo(x) dx replaces Go(u, Amax)-

5.5 Simulation Studies

We mentioned briefly in the introduction to this chapter that the purpose of the
lower bound constraints on the spurious signal is to increase the average power received by
the discriminator. One of the chief concerns of the spurious signal designer is the trade-
off between average power received by the discriminator and the probability of error of
the discriminator. The spurious signal designer desires to generate the strongest signal
possible (up to the physical limit of the transmitter) while keeping the discriminator error
probability as high as possible. When the spurious signal source generates continuously
at peak transmitter power (a constant signal), an intelligently designed discriminator can
discriminate with zero error probability. On the other hand, if no lower bound constraint is
placed on the power of the transmitted spurious signal, the discriminator error probability
is relatively high. We now present briefly some results which compare the performance of
the spurious signal under some distributions that are commonly used in radar modeling,
with the average power/error probability trade-off shown explicitly. The error probabilities
obtained in the simulation results are those of the optimal matched discriminators.

We assume that the genuine signal has a lognormal distribution. Thus we have
Xi = exp(oY; + u) where {X;} is the observed genuine signal, and {Y;} is assumed to be a

first-order Gaussian autoregressive process with
Yiqr = pYi + /1= p2¢; | (5.36)

where {¢;} is an i.i.d. N(0,1) sequence. The parameters are s = 0.8, o2 = 0.25, and p = 0.9
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Figure 5.8: Plot of the common value of the error probabilities vs. average power for i.i.d.

signals.

for the correlated case and p = 0 for the i.i.d case. We take Apmax = 4, which is the 88th
percentile of the genuine distribution. Thus, the maximum power which may be transmitted
by the spurious signal source is Afn“ = 16. In the included figures, we normalize the average
spurious signal power by dividing by the maximum power.

Performance results for the i.i.d. case are shown in Figure 5.8. The discriminator
employed in each case is given by Theorem 5.1 with a sample size of n = 25. The spurious
signal actually generated was the one described in the last part of Section 5.3 for a first
order AR process. The ordinates of the plots show the common value of the error proba-
bilities Py = Py, obtained by properly choosing the randomization parameter a in the test
(5.15). The abscissas show the ratio of the average power actually transmitted to the max-
imum possible power A2,.. The two plots represent two different lengths for the window
over which the power is averaged [see (5.12)]. The case of N = 1 involves a lower-bound
constraint on the signal amplitude. The curves are parameterized by the value of the lower
bound D. The plots show that the longer window length improves the spurious signals
performance significantly. Recall that the signal with N = 1 is i.i.d., while the other is not.

Figure 5.9 shows a similar situation, but with the genuine signal being correlated.
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Figure 5.9: Plot of the common value of the error probabilities vs. average power for corre-
lated signals.

The sample size is again n = 25, Comparing Figures 5.8 and 5.9 reveals that it is harder for
the discriminator to correctly distinguish the signals when the genuine signal is correlated.
As before, increasing the window length improves the performance of the spurious signal.

Finally, we look at the performance of the univariate distribution (5.30) obtained
under an expected power constraint. For a single sample, the optimal decision rule (LRT) is
given by (5.31), and value of the performance measure max(Py, P,) is given by (5.33). For
multiple i.i.d. samples, the performance measure under the optimal discriminator is similar
to (5.33) and is given by

(")) — (Afiax = Bimin)" Fo(t, Amas]” .
)= oo Am] —Gou Al P F (37

where 7 is the sample size. Figure 5.10 shows the value of SI(G), with a sample size of
n = 25 and u chosen optimally, plotted as a function of Emin/AZ,,; this is shown by the
curve labeled EP. The other curves are the same as those shown in Figure 5.8. The univariate
density (5.30) obtained under an expected power constraint and used to generate an i.i.d.
signal shows a significantly better performance than the densities which were derived under

a lower bound on the time-averaged power.
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Figure 5.10: Plot of the common value of the error probabilities vs. average power for i.i.d.
signals.

5.6 Discussion

This chapter takes a somewhat different perspective into the discrimination prob-
lem as compared to the other chapters. While the other chapters focused on methods to
improve the performance of a discriminator, the chapter focuses on the problem of how
to defeat a discriminator. This proBlem is somewhat related to the problem considered in
minjmax robustness. One major difference between our problem and minimax robustness,
however, is that the class of allowable distributions from which the unknown distribution
may be chosen is much larger. Also, in minimax robustness one is primarily concerned
about the performance of the discriminator, while in our problem we are primarily con-
cerned about the performance of the decoy signal.

In summary, we have looked the discrimination problem as a game involving two
players, a discriminator designer and a spurious signal designer. While the discriminator
designer’s goal is to correctly identify a target signal of interest, the spurious signal de-
signer’s goal is to deceive the discriminator into accepting a decoy as a true target. Both
players know the statistics of the true signal. The spurious signal transmitter, however,

cannot exactly reproduce the statistical distribution of the genuine signal because of power
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constraints. These constraints are of two different natures. First, there is an upper bound
on the peak signal power due to physical constraints on the transmitter. Second, there are
subjectively defined constraints that are imposed in ‘order to keep the average power of the
signal high, as a signal that is too weak could be dismissed as noise by the discriminator.

We formulated the problem as a mathematical game, with the payoff being Bayes
risk, minimax risk, or the error probabilities under a Neyman-Pearson criterion. The results
we obtained are divided according to the type of lower bound power constraint that is
imposed. When the lower constraint is a bound on time-averaged power, then the minimax
discriminator and the maximin signal distribution form a saddle point to the game. We
discussed how to generate the spurious signal using an acceptance-rejection method. When
the lower constraint is a bound on expected power, then there is not saddle point and
the maximin distribution is characterized by necessary conditions. In most cases, these
necessary conditions reduce the problem toa one-dimensional problem; the exception occurs
only when the payoff is Bayes risk, in which case there is also a sufficient condition. In some
cases, depending on the specific problem, we may get the same result for a lower bound on
time-averaged power and a Ioﬁer bound on expected power.

We have looked at some simulation results the showed explicitly the power vs.
discriminator error probability for a signal with a lognormal distribution. According to
these results, the signal distribution obtained under an expected power constraint showed
significantly better performance than the distribution obtained under a time-averaged power
constraint for i.i.d. signals. Nevertheless, the signal distribution obtained under a time-
averaged power constraint is valuable in practice. It is difficult to generate a signal from the
expected power constraint distribution for other than i.i.d. signals. This is not true for the
time-averaged power constraint distribution. As we showed, it is not difficult to generate an
approximately optimal, correlated signal. Moreover, the signal can be generated indefinitely

as a stationary signal, rather than as a signal with fixed length.
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Chapter 6

Conclusion

We have looked at several different aspects of the signal discrimination problem.
In this last chapter, we summarize our results and discuss the similarities and differences
of the techniques that have been presented. Then we discuss some possibilities for future
research in this area.

In Chapter 2, we examined discriminators that compute a test statistic as a sum
of one-step memory nonlinearities. The optimal nonlinearity was obtained by maximizing a
generalized signal-to-noise ratio that depends on the asymptotic means and variances of the
test statistic. We also considered the weak-signal detection problem, with the performance
measure being the asymptotic relative efficiency. We obtained an incomplete “robustness”
result that guarantees a minimal level of performance of the discriminator. El%
presented some simulation results that showed a significant improvement of the one-step
memory discriminators of the memoryless discriminators.

In Chapter 3, we considered the likelihood ratio test (LRT) discriminator. To
use the LRT we derived suitable multivariate pdfs based on a transformation of the x?
distribution. By assuming that the x? is generated from underlying Gaussian autoregressive
processes, we showed how to simplify the computation of the multivariate x? probability
density function (pdf). Our simulation results showed that the transformed x* model can
provide an improvement over the transformed Gaussian model for discrimination.

In Chapter 4, we derived a new type of hidden Markov models (HMMs) for sta-
tionary processes. These models provide a means to construct a flexible multivariate pdf
from an arbitrary univariate pdf. The large number of free parameters in the construction

result in a model that tends to be nonparametric in nature. Because of this, parameter
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estimation is the key to successful application of the models. It is also possible to reduce
the number of parameters by considering parsimonious models. Three different estimation
methods, including least squares, minimum discrimination information, and maximum like-
lihood, were presented and compared. Of these methods, MDI appears to perform best, LS
second best, and ML worst.

In Chapter 5, we considered the signal discrimination problem from an entirely
different perspective, namely, that of a decoy designer. The idea was to find a signal that
would make the discrimination problem the most difficult. The signal was constrained by
constraints on its power, including both an upper bound and a lower bound. We showed
how to obtain the worst-case signal when there is a lower bound on time-averaged power as
well as a lower bound on expected power.

Of the discrimination techniques presented, the one-step memory discriminator of
Chapter 2 has the simplest implementation by far. This is its greatest advantage. The main
disadvantage of this discriminator is that it is optimal under a generalized SNR and not
the error probabilities. Furthermore, this generalized SNR is an asymptotic performance
measure that may not be suitable for small or medium sample sizes.

The LRT discriminator based on a transformed x? model is potentially the best
discriminator for positive-valued signals, especially for signals that are obtained as the
envelope of a complex signal. While the techniques presented in Chapter 3 can make the
computation of the multivariate x? pdf manageable in some cases, the expense of computing
the pdf remains the limiting factor for these models.

The LRT discriminator based on HMMs are potentially the most flexible. Fitting
the models to data is an important problem that has not been solved definitively. This task
is perhaps the key to using the models most effectively for discrimination. It is important to
note that the models we have considered in Chapter 4 are first-order models. Considering
the fact that the underlying state process is Markov, we should probably think in terms of
a Markov structure when dealing with the observation process, even though this process is
not truly Markov. This first-order structure is definitely a limitation on the HMMs.

Regarding the potential for future research, the HMMs appear the most promising.
Fitting the models to data and determining the number of states are both problems for
which better solutions can probably be obtained. The investigation of parsimonious models
also appears promising. An application area that has not been discussed much in this

dissertation, but which is nonetheless important, is Monte Carlo simulation. Both the
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transformed x? models and the HMMs are well-suited to this task. The fact that we may
compute the exact multivariate pdf for the HMM is a plus, since we may then estimate the

probability of certain low probability events via importance sampling.



141

Appendix A

Rayleigh and Lognormal
Probability Density Functions

For the Rayleigh distribution the bivariate joint pdf is

zw 22 4+ u? pzw
fz w)y = g7y P {“2(1 - p2)0} To {(1 - p2)0}

Furthermore, the third-order joint pdf is

- zwv 22 4+ (14 pP)w? + 02 { pEw } {__LW_}
e T e e i e R e

Finally, the fourth-order pdf of (X1, Xa, X141, Xi42) i8

ZWvu

1 1-p% )
flerni0)= g 3 = e}

pzw p'~lwy pvu
xfo {(1 P2)9} 0 { (1- pz(“‘))O} f {(1 P2)9}

Similarly, for the lognormal distribution the bivariate pdf is

_ 1 (log z = p)* + (log w — p)* — 2p(log z — p)(log w — n)}
[Gzw) = me"p{ 21~ )0

and the third-order pdf is

1 1
f(z,w,v) = Zwv(2r0)372(1 - p?) e@{‘m [(logz — p)* + (logv - I-‘)Z]

+(1+p)(logw—p)* - 2p {(logz — p)(logw — p) + (logw — p)(log v — #)] }
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Finally, the fourth-order joint pdf of (X1, X2, X141, Xi42) is given by

f(zyw,v,u) =

1 2
(log 2 - u)* + (log u — )
(276)22wvu(l — 2)\/1 ~ pal- 1) { 2(1- 2)0{
+ ﬁT.T) [(IOSW #)? + (log v — p) ]
-2 [(1082 — p)(logw — 1) + (log v - u)(logu - u)]

I —
2P‘ILP2(TT)-)(105 w — p)(logv - #)]}
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Appendix B

Cauchy Probability Density

Functions

We start with the Gaussian bivariate, third-order, and fourth-order pdfs, namely

felz,y) = EW—'—\/—ll—:__—_;exp {—-2—(-1—1—-;)35 [z2 - 2pzy + yz]}

1 1
fo(u,z,y) = m exp {—m [u2 +(1+pH)z? + y* - 2p(uz + xy)]}

_ 1 { z'Az }
fo(u,v,2,y) = 2ni (1= )i gt XP\ 21 = %)

where
-

1 —p 0 0
—-p s =~p 0
@ —-r s -p
| 0 0 -p 1 ]
and s = (1= H)/(1 = p-7) and 1 = pH=3(1 = /(1 = P,

Suppose X is Gaussian and that (z) = (2r)~Y/2 [*_ e~*/?dt. Then the trans-
formation X = ¢(Y) where

P(z) = @7! [—71; tan~! z + -;—]

implies that Y is Cauchy distributed. The inverse of ¢ is

¥~(z) = tan ([Q(z) - %] w)



144

The first and second derivatives of ¢ are

2/2
o) \/gexp{w(z) /2]

1424
and
"(z) = (z)f? - 22 (a)
¥'(@) = Y@l @) - oz

Furthermore the bivariate, third-order, and fourth-order pdfs are given by
(2,9) = fo[#(@), ()] ¥'(2)¥'(v)
F(uz,9) = fa [b(w), 9(2), 9(v)| ¥ (W (2)¥(v)

and

Furo,2,9) = S [9(w), 9(2), 9(2), ()] ¥ (WP ()P () (¥)
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Appendix C

Quadrature Formulas for
Integrating on the Surface of the

Unit Hypersphere

The unit hypersphere in d dimensions is the set of points § = {x : 234 +zi =1}

We are interested in quadrature formulas that can approximate the integral

[ do

where do is an element of area on the surface §. By a quadrature formula, we mean a set

{(xi,w;), 1 £1 < N} of node and weight pairs such that

N
/S f(x)do = Y fxi)wi. | (C.1)

i=1

A useful measure of the accuracy of a particular quadrature formula is given by
its degree. By definition, a quadrature formula is of degree m if the approximation (C.1)is
exact whenever f is a polynomial of degree m or less.

The quadrature formulas given here are symmetric. This means that if x =
(z1,...,%4) is a node, then so is (+2,,,...,12s,), where (01,...,04) is any permutation
of the integers 1,2,...,d.

The formulas for d = 2 are simple and may be obtained from closed form expres-

sions. Because of symmetry, the number N of nodes must be even. Then the ith node is

x; = (cos 27i/N,sin 2xi/N) and the corresponding weight is w; = 2x/N.



146

The procedure for obtaining the nodes and weights for a quadrature formula for
d > 2 is described in [28]. In short, this involves solving a system of nonlinear equations
obtained by setting the right and left-hand sides of (C.1) equal when f is polynomial chosen
out of a basis set for the mth degree polynomials. Patrick Keast computed the weights and
node presented below for d = 3.

Because of symmetry, it is not necessary to list all of the nodes. The nodes may
be divided into equivalence classes and it is necessary only to list one node, called a node
generator, out of each class. For example, if x = (z1,...,24) is given as a pode generator,
then the other nodes in the class nodes of the form (£, ..., %Z0s,). All of the nodes in a
class have the same weight.

For each quadrature formula, we give the number of nodes, the degree, the node

generators, and the corresponding weights.
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Degree # Nodes

Generators

Weights

3
3

11

13

15

17

19

6
14

26

38

50

78

86

110

146

1.0000000000

1.0000000000
0.5773502692

1.0000000000
0.7071067812
0.5773502692

1.0000000000
0.4597008434
0.5773502692

1.0000000000
0.7071067812
0.5773502692
0.3015113446

1.0000000000
0.3337005380
0.4394838395
0.7011707417

1.0000000000
0.3742430391
0.5773502692
0.6943540066
0.3696028465

1.0000000000
0.8781589106
0.5773502692
0.1851156353
0.3956894731
0.6904210484

1.0000000000
0.7071067812
0.5773502692
0.1574676672
0.4174961228
0.6764410400
0.1403553812

0.0000000000

0.0000000000
0.5773502692

0.0000000000
0.7071067812
0.5773502692

0.0000000000
0.8880738340
0.5773502692

0.0000000000
0.7071067812
0.5773502692
0.3015113446

0.0000000000
0.9426791347
0.4394838395
0.7011707417

0.0000000000
0.9273306572
0.5773502692
0.6943540066
0.3696028465

0.0000000000
0.4783690288
0.5773502692
0.1851156353
0.3956894731
0.6904210484

0.0000000000
0.7071067812
0.5773502692
0.1574676672
0.4174961228
0.6764410400
0.4493328323

0.0000000000

0.0000000000
0.5773502692

0.0000000000
0.0000000000
0.5773502692

0.0000000000
0.0000000000
0.5773502692

0.0000000000
0.0000000000
0.5773502692
0.9045340337

0.0000000000
0.0000000000
0.7833951172
0.1293026753

0.0000000000
0.0000000000
0.5773502692
0.1890635529
0.8525183117

0.0000000000
0.0000000000
0.5773502692
0.9651240351
0.8287699813
0.2159572918

0.0000000000
0.0000000000
0.5773502692
0.9748886437
0.8070898184
0.2912988822
0.8822700113

2.0943951024

0.8377580410
0.9424777961

0.5983986007
0.4787188805
0.4039190555

0.1196797201
0.3590391604
0.4039190555

0.1595729602
0.2836852625
0.2650718801
0.2535056109

0.5571838151e—01

0.1886150063
0.1956786568
0.1253755170

0.1450663274
0.1484377867
0.1500915882
0.1492445169
0.1396193608

0.4810746585e—01

0.1218309174
0.1230717353
0.1031917341
0.1205802490
0.1249450969

0.7535190013e—02
0.9265184700e—01
0.9061000834e—01
0.9518264418e—01
0.8487112439e-01
0.8942676055e—01
0.8785259468e—01

Table C.1: Quadrature formulas for the surface of a sphere.
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