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Chapter 1: Introduction

1.1 Introduction

Survival analysis is a research field in statistics which plays a vital role in biomedi-
cal research, reliability studies, finance data analysis, etc. The focus of the studies in this
field is concerned with the lifetime variable T' and related statistical inference problems,
such as estimation, testing, modeling, etc.. For references, see Cox and Oakes (1984).

In practice, often the interest of study is to investigate the effect of covariates Z
on survival time 7, i.e., how covariates, such as gender, age, treatments, etc., impact
lifetime variable 7". In some data analysis, researchers make parametric assumptions
of the distribution of 7. However, it is usually not possible to make assessment of the
distribution of 7°, say, in medical clinical trials due to the lack of sufficient prior data.
Another big challenge in survival analysis is that lifetime variable 7" is often subject to
censoring; that is 7" may not be observed for all individuals during the clinical trials. In
this context, the semi-parametric and non-parametric methods are desirable and widely
considered acceptable to be employed in survival data analysis.

Since 1972, the Cox model (Cox, 1972) has become one of the most widely used
tools in the analysis of survival data, and Cox’s partial likelihood estimator BC has been

considered as the standard estimate for regression parameter (3, in statistical literature.



However, the Cox partial likelihood estimator Bc is not based on the likelihood in the
ordinary sense, and is only formulated for right censored data, which cannot be directly
extended to other types of censored data, such as doubly censored data, interval censored
data, etc. Moreover, the efficiency results of Cox’s partial likelihood estimator are only
asymptotic, and for samples with small or moderate sample size the loss in precision from
using the partial likelihood is rather large; see Cox and Oakes (1984). To address these
issues, Ren and Zhou (2011) used empirical likelihood (Owen, 1988), the nonparametric
likelihood approach, to derive the full likelihood function for the Cox model with right
censored data, and obtained the maximum likelihood estimator (MLE) for (3, Fp) and
the relevant asymptotic properties of the MLE, where [ is the regression parameter and
Fy is the baseline distribution in Cox’s model. They explicitly established the relation
between full likelihood and partial likelihood, and showed that in simulation studies, for
small or moderate sample size the MLE performs favorably over Cox’s partial likelihood
estimator. For other types of censored data, Ren (2001, 2008b) developed the concept of
weighted empirical likelihood, which is a unified approach that is applicable to various
types of censored data; see Ren (2008b), Ren and Wang (2022).

During clinical trials and medical researches, the event time of interest and longi-
tudinal covariates are often recorded together. In these studies, the relationship between
survival time 7" and longitudinal covariates is often the primary interest of the research.
In fact, the longitudinal data is an unknown and not completely observed stochastic pro-
cess, which poses great challenge in the survival data analysis. Due to the challenges
encountered in some clinical trials on AIDS and cancer studies, statisticians started con-
sidering to use the method of joint modeling of survival data and longitudinal data; see
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Tsiatis and Davidian (2004), Zeng and Cai (2005), Ding and Wang (2008), Su and Wang
(2012), among others; and see Li and Ren (2011) for more recent review of the literature
on this subject. It is well known that all existing works rely on certain parametric or semi-
parametric assumptions on the longitudinal covariate processes. Thus, the conclusions of
statistical inferences critically depend on the validity of these assumptions.

In this dissertation, we do not make any parametric or semi-parametric assumptions
on the survival time and the longitudinal covariate process. We use the empirical likeli-
hood method (Owen, 1988) to derive the MLE for the proportional hazards (PH) model
for right censored survival data with longitudinal covariates. The computation algorithm
is developed in our research and some simulation results are presented. We also conduct
real data analysis for smoking cessation data and liver disease data.

This dissertation is organized as follows: the rest of Chapter 1 briefly describes
the concepts of right censored data, Cox model and longitudinal data, introduces right
censored survival data with longitudinal covariates based on some real data examples,
and provides a review of existing works on joint modeling right censored survival data
with longitudinal covariates, then presents our proposed proportional hazards model in
the same context; Chapter 2 gives a brief review of empirical likelihood (Owen, 1988,
2001) and the empirical likelihood for the Cox model (Ren and Zhou, 2011); Chapter 3
derives the MLE for our proposed PH model for right censored survival data with longi-
tudinal covariates; Chapter 4 develops computing algorithm and presents some results of
simulation studies on our MLE; Chapter 5 gives the algorithm for data with ties among
observed survival time, and conducts real data analysis for smoking cessation data and

liver disease data; and Chapter 6 provides some concluding remarks and discussions.
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1.2 Right Censored Data

One major challenge in survival analysis is the presence of censoring. The most
frequently encountered type of censoring in practice is right censoring, thus analysis of
right censored data has been a major area of research in statistical literature. In practical
situations, right censoring occurs due to various reasons, such as drop-outs, the end time
of the study or any other possible factors, which is described below.

Consider a random sample from lifetime variable 7":

T17T27"'>Tn7 (11)

and F7 is the distribution function (d.f.) of 7". If 7;’s in (1.1) are subject to right censoring,

then the observed data for sample (1.1) are:

(Vi,6:), i=1,...,n, (1.2)

where

T, ifT; < 0=1
V.= (1.3)

and C; is the right censoring variable and is assumed to be independent of 7.

The likelihood function or the empirical likelihood function, for /7 with right cen-

sored data (1.2) is given by:

Lg(F) = H[F(W) — F(Vi=)"[1 = F(V)' ™, (1.4)



where [ is an arbitrary d.f., and the nonparametric maximum likelihood estimator (NPMLE)
for Fr is the solution that maximizes this likelihood function Lg(F). It was shown that

estimator FK by Kaplan and Meier (1958) is the NPMLE for F7, which is given by

)

Fry)=1— 1—— ) <V, 1.5

K (t) 11« i) SV (1.5)
Vi<t

where V(1) < ... <V, is the order statistic of Vi,...,V,, and d; is the corresponding

o for V{;). Note that if there are ties among the V;’s, then the uncensored V;’s with ; = 1
are ranked ahead of the censored V;’s with ¢; = 0.
Stute and Wang (1993) showed that || Ficps — Fr|| 23 0, as n — oo, and Gill (1983)

showed that \/n (F v — Fr) weakly converges to a centered Gaussian process as n — 00.



1.3 Cox Model

Cox model is one of the most widely used tools in survival analysis to explore the
relationship between the lifetime variable 7" and the explanatory or covariate variables.
The Cox model is a specific form of the proportional hazards model, and is popular be-
cause it makes no parametric assumptions of the underlying distribution function. In this
section, we begin with introducing some basic concepts in survival analysis and the model
set-up of proportional hazards model, then in Sections 1.3.1-1.3.2, we briefly review the
Cox model with time-independent and time-dependent covariates, respectively.

Let T" be the non-negative continuous lifetime variable with d.f.:

Fr(t)=P(T <t), t>0, (1.6)

and its p.d.f. is given by:

fr(t) = Fp(t), t>0. (1.7)

The survival function of T' is given by:

Fr(t)=1—Fp(t)=P(T >t), t>0, (1.8)

which is the survival probability of 7' lasting beyond time point ¢. Another important

characterization of the distribution of 7' is the hazard function, or instantaneous rate of



occurrence of the event, which is defined as:

Pt<T<t+A|T>t)
A—0t A ’

t>0. (1.9)

The interpretation of the hazard function is that given an individual survives to time ¢,
the instantaneous rate of “death” or event” at time ¢ is given by hr(¢). Accordingly, the

cumulative hazard function of T' is given by:

t
HT(t):/ hy(u)du, t> 0. (1.10)
0

If we know any one of the functions Fr(t), fr(t), hr(t), or Hr(t), we can derive

the other three functions, because

Pt<T<t+A|T>t) Pt<T<t+A)

hr(t) = lim, A = T RPT > 1)
Ll Pt = Frt) _ felt)
n FT<t> A—0Tt A N FT(t)7
which gives
@) d

thus (1.10) becomes

Hr(t) = /o hy(u)du = _/o %(ln Fr(u)) = —In Fr(u) ; = —1InFp(t),

— Hp(t) = —InFp(t) or Fp(t) = e Hr®, (1.12)



Notice that (1.11)-(1.12) imply

fr(t) = hy(t)e Hr®), (1.13)

In practice, survival data usually involves an explanatory covariate vector

Z=(Z,....7), (1.14)

which may include continuous factors such as age and blood pressure at initial time,
and discrete factors such as gender and treatment group. This covariate vector Z does
not change over time for any individual. To investigate the association between survival
time 7" and explanatory variable Z, the proportional hazards model is a frequently used
approach, where we do not make specific parametric assumptions on the distribution of
T.

Denote the random sample from (7', Z) as:

(Ty, Z1), .. Ty, Zy). (1.15)

The proportional hazards model is expressed by

h(t| z) = ho(t¥(2), t>0, (1.16)

where Z is the time-independent covariate vector, ho(t) is an arbitrary baseline hazard

function, h(t | z) is the conditional hazard function of 7" given Z = z, and ¢(z) is a



function of z satisfying

1, ifz=0
Y(z) = (1.17)

>0, Vz#0.

The meaning of proportional hazards model (1.16) is that we assume A(t | z) and hg(t)
are proportional up to the function ¢ (z).

In the case of Z having more than a few distinct values, a parametric form of ¢(z)
in proportional hazards model (1.16) can be helpful, and it is usually parameterized as
¥(z) = ¢¥(z;8), where (3 is a parameter which can help us to interpret the effect of z
to survival time 7" in the statistical analysis. From (1.17), we require such parametric

function ¢ (z; B) to satisfy:

W(z;8) >0, Vz#0andV3
. (1.18)

¥(0;8) =1, VB



1.3.1 Cox Model with Time-independent Covariate

A natural choice of function ¥(z; 3) in (1.18) is given by Cox (1972):

Wz B) =Pz, (1.19)

Thus, the proportional hazards model (1.16) with above ¢ (z) = ¥(z; 3) becomes:

h(t| z) = ho(t)e® %, t >0, (1.20)

which is called the Cox model. In (1.20), 3y is the regression parameter, Z is the time-
independent covariate vector, hq(t) is the arbitrary baseline hazard function with a corre-
sponding d.f. Fy(t), and h(t | z) is the conditional hazard function of 7" given Z = z.

If the covariate vector Z is a scalar, Cox model (1.20) becomes

h(t | z) = ho(t)e® > 0. (1.21)

As noted in Kalbfleisch and Prentice (2002), Ren and Zhou (2011), among others, Cox

model (1.21) is equivalent to the following Lehmann family property:

F(t|z) = [Fo(t), (1.22)

where F'(t|z) is the conditional survival function of 7" given Z = z with f(¢|z) and

fo(t) as the density functions of F'(¢| z) and Fy(t), respectively.
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To see (1.22), recall Fip(t) = e~ 7 in (1.12) for any lifetime variable 7', and we

start with Cox model (1.21): for ¢t > 0,

t t
h(t]z) = ho(t)e™ & / h(U|z)du:/ ho(u)e™*du
0 0
& H(t]z) =e™Hy(t) < e H(t12) — =02 Ho(t)

& F(t]z) = [ROI™,

where H (t | z) is the conditional cumulative hazard function of 7" given Z = z, and H(t)
is the cumulative hazard function corresponding to Fy.
From Lehmann family property (1.22), we know that the Cox model (1.21) is equiv-

alent to the following: for given Z = z,

Flt]2) = %% fo (1) Fo(t)) 1. (1.23)

For the case when 7 in (1.15) is subject to right censoring, the actually observed survival
data is given by

(‘/17617Z1>7"'7<VTL75'I’L7ZTL>7 (124)

where (V}, d;) is the observed right censored data (1.2) on 7; and Z;’s are as in (1.14)-
(1.15). Ren and Zhou (2011) used above equation (1.23) to derive the full (empirical)
likelihood function for the Cox model (1.20) with right censored data (1.24).

The Cox’s partial likelihood (Cox, 1972) has been widely used for estimating the
regression coefficient 3y in Cox model (1.20) with right censored data (1.24). Efron

(1977) and Oakes (1977) discussed the asymptotic efficiency and derived the asymptotic

11



variance of Cox’s partial likelihood estimator BC. The strong consistency and asymptotic
normality for the partial likelihood estimator were established by Tsiatis (1981). But
the efficiency results on partial likelihood estimator is only asymptotic (Cox and Oakes,
1984). Ren and Zhou (2011) derived the full likelihood function for the Cox model with
right censored data (1.24) using the empirical likelihood, and made explicit connections
between the full likelihood and the Cox’s partial likelihood. Ren and Zhou (2011) derived
the full likelihood based MLE (3, F,) for (8o, F) in Cox model (1.20), and established

the asymptotic normality and efficiency of the MLE B
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1.3.2 Cox Model with Time-dependent Covariate

In some situation, the explanatory covariate Z in (1.14) is time-dependent, denoted
as Z(t); that is the covariate that may change over time ¢, and Z(¢) is a stochastic pro-
cess. In practice, the time-dependent covariate is a repeated measurement on a subject or
perhaps a change in the subject’s treatment.

The extension of the Cox model (1.20) to allow time-dependent covariates Z(t) is
given by

Wt | Z(t) = ho(t)ePo 20, ¢ >0, (1.25)

where Z(t) is assumed to be completely known for all ¢ in the statistical literature. In
other words, Z(t) is under total parametric assumptions; see Cox (1972) and Cox and
Oakes (1984). Since the values of variable Z(t) depend on time ¢, the hazard ratio is also
time-dependent, which is different from the conventional Cox model (1.20), where the

ht| Z)

hazard ratio The@ = ePo = only depends on the covariates z, but not on time ¢.

13



1.4 Longitudinal Data

In clinical research, longitudinal studies play an important role in understanding the
development and persistence of disease. The defining feature of a longitudinal study is
that individuals are measured repeatedly through time, thereby permitting the direct as-
sessment of changes in the response variable over time. For instance, in AIDS research
(Pawitan and Self, 1993), a measurement for immune system, called CD4 counts, was
recorded for patients once every 3 months, which gives longitudinal data; see data exam-
ple at the end of this section.

Longitudinal studies are in contrast to cross-sectional studies, where measurements
are obtained at only a single point in time. By obtaining measurements of the same indi-
viduals repeatedly through time, longitudinal studies can address fundamental questions
concerning the assessment of changes within-individual in the response variable, and also
it can address whether these changes within-individual in the response are related to cer-
tain selected covariates.

Longitudinal data analysis requires special statistical methods because the set of
observations on one individual tends to be intercorrelated. Such correlation must be taken
into account to draw valid scientific inferences, see Diggle, Heagerty, Liang, and Zeger
(2002) for examples and models.

A primary research interest in longitudinal studies is to explore the interrelation-
ships between time-to-event variable and longitudinal covariates. The patterns of the
longitudinal covariates are of additional interest. The Cox model has been used widely

in the analysis of time to diagnosis or death from disease, and the relationship between a

14



time-dependent covariate and survival times can also be evaluated via the Cox model with
time-dependent covariate, but the parametric assumption on the time-dependent covariate
Z(t) in (1.25) usually is uncheckable for its validity.

Below is a data example on longitudinal data X (¢) related to lifetime variable 7.
AIDS Data Example

In an AIDS cohort study Pawitan and Self (1993), a total of 249 healthy homo-
sexual males were recruited between July 1984 and July 1985, and 7' is time to progres-
sion to AIDS after infection. A battery of immunologic tests were performed at baseline
and repeated about once every 3 months to record the longitudinal covariates X (t) =
(X1(t),..., Xk(t)), where t is time and X; = [CD4 counts], X, = [CD4/CD8 ratio],
etc., because CD4 counts and CD4/CDS ratio are important measures of immune system.
A decrease in CD4 counts and CD4/CDS ratio indicates a weakened immune system,
making the individual more susceptible to infections and diseases. The focus of the re-
search was to find the relation between longitudinal covariates and the event time 7' to

AIDS of HIV infected patients.
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1.5 Right Censored Survival Data with Longitudinal Covariate

Let T be a lifetime variable, and let X (¢) be a covariate process that is observable
only at certain time points for each individual. We consider the following survival data

with a longitudinal covariate:

(T, X;(t)), i=12,...,n, (1.26)

where T is the survival time of the ith individual, and X, (¢) is the longitudinal covariate
process of the ith individual.
For the ith individual, covariate process X;(t) is only observed at time points t;; <

tio < ... <y, thus the actually observed data on X;(t) is given by

Xy = (Xi(ta),. .., Xi(tiz)), (L.27)

where X;(t;;) is the observed longitudinal covariate at time ¢;;, j = 1,..., J;.

If the survival time 7; is subject to right censoring, then the actually observed data
on T; is (V;, 0;) given by (1.2), C; is the right censoring variable with d.f. F, and C; is
independent of 7; and the covariate process X;(t). Thus, in practice the actually observed

right censored survival data on (1.26) are given by:

Vi, 0, &), i=1,....n, (1.28)

where (V;, 0;) and X are given by (1.2) and (1.27), respectively.

16



Note that in practice, we do not observe anything on X;(¢) for t > V; in (1.28),
thus the time points observed on X, (t), i.e., X;(¢;;), satisfy ¢;;, < V;. In turn, the actually

observed data in (1.28) on data (7, X;(¢))’s in (1.26) is given by

Vi, 05, X0, i=1,...,n, (1.29)

where X} = {X;(t;;) | t;j < t} represents the vector of all observed X;(s) with s < t.

Real Data Examples
Smoking Cessation Data

In a smoking cessation study (Shiffman et al., 1996), 151 smokers who had quit for
at least 24 hours were participated, and 7; is time to the first lapse, which is subject to right
censoring due to drop-outs and the end of the study. During the study, each participant
was randomly sampled 5 times per day to record the measurements on covariate process
such as X (¢) = [Urge to Smoke], etc. For the ith participant, the actually observed data
on X;(t) is &; = (Xi(ta),..., Xi(tis,)), where X;(;;) is the observed level of urge to
smoke of the sth participant at time ¢;;, j = 1, ..., J;. Because the timing of measurement
of urge to smoke is random, each participant was measured randomly at different time
points ¢;;’s, and the total number J; of the measurements taken on the covariate process
X;(t) for each participant were also different due to lapse, the drop-outs, the length of
period in which the individual has participated, and other factors. In an empirical analysis
of Smoking Cessation Data (Li, Root, and Shiffman, 2006), one of the research interests
was the relationship between time to lapse and the changes in the level of urge to smoke.
To characterize the historic change patterns of a participant’s level of urge to smoke, a

17



summary measurement of X’ was chosen to be the average of X;(¢;;)’s in a particular
time interval prior to V;. This is an example of right censored survival data with intensive

longitudinal covariates (1.29).

Child Development Data

In the study conducted by Cole et al. (2011), children of 18 months of age were
invited for four lab visits at age 18, 24, 36 and 48 months, and 7; is the age at which a
specified development goal is achieved for a child. Here, 7; is subject to double censoring,
because some children already achieved the development goal at the first visit which
is left censored, and some children didn’t achieve it at the end of the study or drop-
outs which 1is right censored. For each child, an 8-minute test was performed at each
lab visit, and the emotion variables such as anger, duration of anger, calm, etc., were
recorded every 15 seconds. For instance, the actually observed data on anger, X;(t),
is Xy = (X;(tin),...,Xi(tis;)), where X,(t;;) is the observed amount of anger of the

tth child at time ¢;;, 7 = 1,...,J;. To characterize the historic change patterns of a

ijs
child’s anger expression during the 8-minutes test at a particular visit, one of the modeling
functions used by Cole et al. (2011) is the total amount of anger of sth child in a particular

time interval (o, t) and t, is the starting time of the test. This is an example of doubly

censored survival data with intensive longitudinal covariates.

Liver Disease Data
In a Primary Biliary Cirrhosis (PBC) clinical trial (Murtaugh et al., 1994) conducted
by Mayo Clinic between 1974 and 1984, a total of 312 PBC patients, i.e., liver disease

patients, were referred to Mayo Clinic during that ten-year interval and participated in the
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randomized trial of the drug D-penicillamine. Patients often had abnormalities in their
blood tests, such as elevated and gradually increased serum bilirubin. Thus, investigating
the association between bilirubin and death due to PBC is of great medical interest. In
this case, 7; 1s the survival time of a PBC patient, which is subject to right censoring due
to drop-outs, the end of the study, liver transplantation and other factors. For each patient,
longitudinal covariates including serum bilirubin and albumin were measured at follow-
up lab visits at 6 months, 1 year and annually thereafter. For instance, the observed data
on serum bilirubin, X;(t), is X; = (X;(ta), ..., Xi(tis,)), where X;(¢;;) is the observed
amount of serum bilirubin of the ¢th patient at time ¢;;, j = 1, ..., J;. To characterize the
historic change patterns of a patient’s level of serum bilirubin, a summary measurement
can be chosen to be the average of X;(¢;;)’s in a particular time interval prior to V;. This

is also an example of right censored survival data with longitudinal covariates (1.29).
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1.6 Existing Methods and Challenges

The existing methods for joint modeling right censored survival data and longitudi-
nal covariates are mainly on the line of Tsiatis and Davidian (2004), Zeng and Cai (2005),
Ding and Wang (2008) and Su and Wang (2012), among others. Tsiatis and Davidian
(2004), Li and Ren (2011) provided review of the literature. This section first describes
the joint modeling framework, then summarizes some overview key points in the works
mentioned above.

For right censored survival data with longitudinal covariate (1.29), denoting

X' ={X(s);0<s <t} (1.30)

as the history of the longitudinal process up to time ¢, the joint modeling survival data and

longitudinal data assumes the following proportional hazards model:

h(t | Zi, X7) = ho(t) exp(B2Z; + Bx Xi(t)), (1.31)

where 7 and [y are regression parameters, h(t | Z;, X!) is the conditional hazard func-
tion of T" given Z = Z;, X' = X!, and hy(t) is an arbitrary baseline hazard function with
corresponding d.f. Fj.

Note that model (1.31) is different from the usual Cox model with time-dependent
covariates (1.25). In (1.31), X;(¢) is only observed at time ¢;;, while in the Cox model

with time-dependent covariates (1.25), X;(t) is assumed to be observed fully at any time
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t; see Kalbfleisch and Prentice (2002), Tsiatis and Davidian (2004), Li and Ren (2011).
Since the covariate process X;(¢) is only observable at time points t;; < ... <
tis, < Vi, given as (1.29), various parametric or semi-parametric assumptions on X;(t)
were considered by various authors in order to estimate the covariate process X;(t).
In the review paper of Tsiatis and Davidian (2004), a simple linear model was

considered to characterize X;(t) in terms of subject-specific random effects:

Xi(t) = ap; + anit, ;= (aoi, ). (1.32)

More flexible models is also considered:

where w(t) is a known functions of time. In (1.32) and (1.33), «; is usually assumed to
be normally distributed to represent within-subject variation.

In Zeng and Cai (2005)’s work, their model assumptions are not exactly on the
line of the setting in this section. The main difference is that in their work, the covariate
process X (t) is assumed to be fully observed while X (¢) in (1.31) is only observed at
time points ¢;;. And they assumed the covariate process X () is conditional on the nor-
mally distributed random effects. Under the model assumptions, Zeng and Cai (2005)
established the consistency and asymptotic normality of the resulting MLE.

Ding and Wang (2008) use the multiplicative random effect model with population
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mean function pu(t) = E[X;(¢)]:

X(t) = bip(t), B(b;) =1, (1.34)

where b; is the random effect variable and its distribution is assumed to be known. In
contrast to (1.33) used in other works, the mean function p(t) here is assumed to be
completely unknown. Specifically, mean function y(t) is approximated by B-spline basis
functions and the number of knots and degrees are selected based on a version of the
Akaike information criterion (AIC). The specification of the distribution of the random
effect b; is required in their work.

For Su and Wang (2012), they considered survival data that are subject to both left

truncation and right censoring on 7;’s in (1.26), and they considered

(1.35)

where ¢(-) is a known function and A} is a random effect with known distribution; that
is they assume a common known parametric density function f7(- | «) with an unknown
parameter « for A;.

It should be noticed that in models (1.32)-(1.35), X;(¢) depends critically on validity
of the parametric or semi-parametric assumptions which are very difficult to justify in
practice. And theoretical properties of the existing procedures are only available under
these unjustifiable parametric or semi-parametric assumptions.

One should also note that in joint modeling (1.31), the regression covariates used
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on observed X in (1.29) is X;(¢) which does not reflect the history of the observed longi-
tudinal covariates, i.e., does not reflect the historic change patterns in observed X;. In the
literature, there have not been any modeling procedures that directly study the relationship
between survival time and within-subject historic patterns of change, nor have there been
any works on joint modeling doubly censored or interval censored survival data together
with longitudinal covariates. Moreover, there are some more complicated problems in-
volving the intensive longitudinal covariates and the multi-phase intensive longitudinal
covariates where considerably more repeated measurements are taken within a relative
short period of time; see Smoking Cessation Data example and Child Development Data
example described in Section 1.5. These problems have not been well studied in statistical
literature.

Challenges. In practice, the longitudinal covariates X;(¢) in (1.31) is in fact a com-
pletely unknown and not completely observed stochastic process. This, plus censored
observation (V;,d;) on survival time 7;, poses huge challenge to developing statistical
methodology for joint modeling (1.31) based on data (1.29) using nonparametric ap-
proach, which has not been done in statistical literature, although everyone knows this

would be the most desirable way from practical view point.
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1.7  Our Proposed Model and Methods

In this dissertation, we consider the right censored survival data with longitudinal
covariates (1.29), and propose the following proportional hazards (PH) model with co-

variate process X ():
h(t| Z,X") = ho(t) exp {0 Z + BoZ (1)}, (1.36)

where as (1.30), X' = {X(s)|s < t} represents the history of the covariate process
up to time ¢, Z is the time-independent covariate, Z(t) = o(X") is a modeling function
or summary measurement which characterizes the historic change patterns in observed
longitudinal covariates prior to time ¢, ho(t) is the baseline hazard function with corre-
sponding d.f. Fy, (v, (o) is the regression parameter, and h(t | Z, X*) is the conditional

hazard function of lifetime variable 7" given Z and X" in the following sense:
h(t| Z, X" = Jim APt <T<t+A|T>t 7 X"}, (1.37)
_)

which is the conditional probability of failure at time ¢ given that the failure does not
occur prior to time ¢ and that the covariate process X (-) has the history of the process up
to time ¢, denoted by X as in (1.30) and above for (1.36).

Note that our consideration of Z(t) = ¢(X*) in (1.36) is motived by the Smoking
Cessation Data and Child Development Data described in Section 1.5, and our proposed

PH model (1.36) includes (1.31) as a special case with Z(t) = X(¢). Due to the com-
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plexity of model (1.36) and that our main interest is Z(¢) in this study, for the rest of this

dissertation we focus on the following model for simplicity of presentation:

h(t| X") = ho(t)exp {BoZ(t)}. (1.38)

Also, note that XZV =+ Xivi, because as explained in (1.27), X;(t) is not known
except at points t;;’s, and the covariate process sz is not entirely observed. The lon-
gitudinal covariate Xiv" is what’s actually observed on covariate process XZV‘ The PH
model (1.38) for right censored survival data with longitudinal covariates (1.29) is a very
different problem from the Cox model with time-dependent covariates X (¢) as stated in
(1.25), which assumes that X (¢) is entirely known for all ¢; see Chapter 4 and Chapter 6
in Kalbfleisch and Prentice (2002).

In this dissertation, we do not make any parametric or semi-parametric assumptions
on the covariate process X (¢), and we use empirical likelihood to derive the MLE for
(Bo, Fo) in the proportional hazards model (1.38) based on right censored survival data

with longitudinal covariates (1.29).
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Chapter 2: Empirical Likelihood

For parametric likelihood methods, it is assumed that the random sample is from a
known distribution except for unknown parameters to be determined. However, in many
scenarios such as medical clinical trials, etc, often we do not have any prior data to know
which is the appropriate parametric family to use, and often such assumptions are very
difficult or impossible to be verified.

Empirical likelihood (EL) (Owen, 1988) is a nonparametric likelihood method for
statistical inference problems. It allows statisticians to use the likelihood methods without
requiring specification of distribution family for the data. In this chapter, we briefly review
the concept of empirical likelihood and some important results for censored data, then the

empirical likelihood method for the Cox model.

2.1 Empirical Likelihood

EL method was introduced by Owen (1988) as a device for constructing confidence
regions based on random samples without any parametric assumption. It has been shown
that EL has many advantages over the usual approximation and bootstrap methods; see
Hall and La Scala (1990), DiCiccio, Hall, and Romano (1991), among others. Not only

does empirical likelihood provide data-determined shapes for confidence regions, but also
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it can easily incorporate known constraints on parameters and make inferences without
the estimation of variance because the nonparametric version of Wilk’s theorem was es-
tablished by Owen (1988). Below, we outline Owen’s EL approach.

Let

X1, X, 2.1)

be a random sample from a d.f. Fi. The empirical likelihood function by Owen (1988)
for Fj is given by

L(F) = H[F(Xi) — F(X;—)], (2.2)

where F'is any d.f. The nonparametric maximum likelihood estimate (NPMLE) for Fj is
the d.f. that maximizes likelihood function L(F") in (2.2) over all d.f.’s. It has been shown

that the NPMLE for Fy is the empirical distribution function of X3, ..., X,, given by

n

F(z) = %Z[{Xi <z}, —o0<z<o00. (2.3)

i=1

The empirical likelihood ratio function is defined as:

R(F) = . (2.4)

Owen (1988) showed that the empirical likelihood ratio function can be used to
construct confidence intervals for statistical functional T'(Fy) = 6, and that under some
mild conditions, the nonparametric version of Wilk’s theorem holds; that is the log em-

pirical likelihood ratio converges to a chi-square distribution, which is parameter free
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distribution, thus desirable in practice.

For more references on empirical likelihood, see DiCiccio, Hall, and Romano (1991),
Chen and Hall (1993), Chen and Qin (1993), Qin and Lawless (1994), Mykland (1995),
Murphy and van der Vaart (1997), Owen (2001), Ren (2001), Zhou (2005), Chen and Cui
(2006), Ren (2008a,b), Wang and Chen (2009), Ren and Zhou (2011), among others.

However, the empirical likelihood function given in (2.2) is formulated for com-
pletely observed data (2.1), which can not be applied directly to different types of cen-
sored data. In survival analysis, the survival data is often not completely observed. For
right censored data (1.2), Kaplan and Meier (1958) gave the NPMLE F ' for Fy; see
review given in Section 1.2. He, Liang, Shen and Yang (2016) constructed the empirical
likelihood based confidence intervals for statistical functionals of the underlaying distri-
bution F{ for right censored data, and showed that the log likelihood ratio converges to
chi-squared distribution.

For doubly censored data, the observed data (V;, d;) on X, is given by

(

T, ifD; <X, <C6,=1

\

where C; and D; are right and left censoring variables, respectively, and they are indepen-
dent of X; with P{D; < C;} = 1. Doubly censored data has been encountered in many
important scientific research, such as child development data (Leiderman et al., 1973),

breast cancer data (Ren and Gu, 1997), etc. Based on the empirical likelihood function
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for F,, Mykland and Ren (1996) derived the NPMLE F);p, for Fy and showed E);x can
be numerically computed by the EM algorithm. Chang and Yang (1987) showed that
HFMR — Fy|| %3 0, as n — oo, and Gu and Zhang (1993) showed that \/E(FMR — )

weakly converges to a centered Gaussian process as n — oo, under regularity conditions.

Under Case 2 interval censoring, the observed data (C;, D;, ;) on X; is given by
1, ifD; < X; <,

00 =12, ifX,>C, (2.6)

where C; and D; are independent of X; with P{D; < C;} = 1. Based on the empirical
likelihood function for F{;, Groeneboom and Wellner (1992) derived the NPMLE FGW
for I, and showed || Faw — Fo|| 25 0, as n — oo.

To deal with various types of censored data, such as right censored data, doubly cen-
sored data and interval censored data, Ren (2001) developed a new and unified approach
called weighted empirical likelihood and applied it to a general setting of two-sample
semi-parametric models (Ren, 2008b), which include biased sampling models and logis-
tic regression models as special cases. For various types of censored data aforementioned,
Ren (2008b) derived the weighted empirical likelihood-based MLE (én, Fn) for the under-
lying parameter 6, and distribution Fj, and established the strong consistency of (én, Fn)
and the asymptotic normality of (én, Fn) under some conditions.

All above nice results demonstrate the importance and desirability from practical
view point of the empirical likelihood approach, especially the problem involving doubly

censored data and interval censored data which are very challenging mathematically.
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2.2 Empirical Likelihood for Cox Model

Consider Cox model (1.21) with right censored survival data (1.24) with scaler Z:
(Vi,éini), 1= 1,...,n, (27)

where (V;, 0;) is given in (1.2)-(1.3) and Z; is the time-independent covariate of ith indi-
vidual. As described in Section 1.1 and Section 1.3.1, Cox’s partial likelihood estimator
BC is not based on the likelihood in ordinary sense and is only asymptotic efficient.

Ren and Zhou (2011) used empirical likelihood and Lehmann family properties
(1.22)-(1.23) to derive the full likelihood function for (/3y, Fp) in Cox model (1.21) with

right censored survival data (2.7). Their full likelihood function is given by
L(B, F) = [ [(e:dF (V) (E (V)= (2.8)

where ¢; = exp(Z;(). They used empirical likelihood parameterization, then explicitly
profiled out nuisance parameter F{, and obtained the full-profile likelihood estimating

function for ;:

n

VYrz(8) = nt Z 0; (Zi + ¢; log did_ 1), (2.9)

(2

=1
where d; = 377 cjand e; = Y7, Z;c;. Ren and Zhou (2011) showed that the leading

term of Taylor’s expansion of the full-profile likelihood estimating function gz (3) in

(2.9) is the Cox’s partial likelihood estimating function ¢.(/3) , and their relation is given
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Vnr(8) = () + 0, (1), 2.10)

where ¢.(3) is the partial likelihood estimating function. Ren and Zhou (2011) showed
that the log full-likelihood ratio has an asymptotic chi-squared distribution, which is the
nonparametric version of Wilk’s Theorem for right censored data (2.7).

For the Cox model (1.21), if 7;’s in (2.7) are subject to various types of censor-
ing, including right censoring, doubly censoring, interval censoring, etc., Ren and Wang
(2022) extended the concept of weighted empirical likelihood (Ren, 2001, 2008b) to
multivariate case, and derived the weighted empirical likelihood-based MLE (WMLE)
( Bn, Fn) for the Cox model that is applicable to various types of censored data under a uni-
fied framework. They established the asymptotic properties of WMLE: \/n (Bn — bo) K

N(0,02), as n — oo, and /n(E, — Fy) weakly converges to a centered Gaussian process.
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Chapter 3: MLE for Jointly Modeling Survival and Longitudinal Data

This chapter considers our proposed proportional hazards model (1.38) based on
right censored survival data with longitudinal covariates (1.29). In Section 3.1.1, we first
derive the similar results to the Lehmann family properties (1.22)-(1.23) for the PH model
(1.38), then in Section 3.1.2 we use the Lehmann family properties to derive the empiri-
cal likelihood function for (fy, Fy) in PH model (1.38) based on right censored survival
data with longitudinal covariates (1.29). Section 3.2 derives the empirical likelihood esti-
mating function for (3, under certain restriction and derives the approximated estimating
function for 5. Section 3.3 derives the empirical likelihood estimating function for [,

without the restriction in Section 3.2. All proofs are given in Section 3.4

3.1 Empirical Likelihood for Joint Modeling

3.1.1 Lehmann Family Property for Joint Modeling

In Section 1.3.1, Lehmann family properties (1.22)-(1.23) for the Cox model (1.21)
has been derived. Here, we derive the results similar to the Lehmann family properties

for our proposed PH model (1.38).
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From (4.4) on page 96 of Kalbfleisch and Prentice (2002), we know that for X*

given by (1.30) and for any fixed ¢t > 0, f(¢| X*) is given by

P{t<T<t+A|T>t X"}

[ A t\ [ AN H n t
F(E1 XY = it | X F(t] X') = lim N F(t] X
. Pt <T<t+A|X'} .
=1 — F(t| X
AS0 T AP{T > t| X'} (t1.X5)
= lim AT'P{t <T <t+A| X'}, (3.1)
A—0
where from page 197 of Kalbfleisch and Prentice (2002),
Ft| X" =P{T >t| X"} (3.2)

Assume that the covariate process X () is external, that is X (¢) for any s < ¢ is not
affected by the occurrence of failure at time s. Then from (6.8) on page 196 of Kalbfleisch
and Prentice (2002), we have that for partition points of interval [0,¢]: 0 = so < $1 <

... < sy = t which have equal width A = £ for each subinterval [s;_1, s;]:

/&mxwwwm+iﬂ%mwA
0 k=0
o(1) + -

3.1

VS

Pls, <T < sk+A|XSk}+rkA>

o

%0(1)4- <P{sk§T<sk+A|Xt}+rkA>

=o(1)+ P{O<ST <t| X'} + (f“ﬂ)%

=o(1)+P{0O<T <t| X'} + O(ml?x 7k]) (3.3)
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where r;, is the reminder term from (3.1) at each s;, and we assume the uniform conver-

gence of AT'P{t < T <t+ A| X'} to f(t] XY),i.e
sup [ATIP{t < T < t+ A X' — f(t] X1)] =0, asA — 0, (ASO)
t

which implies that for any € > 0, we have maxy, [r| < € for sufficiently small A in (3.3).

Hence, equation (3.3) implies for any ¢,
t
/ f(s|X%)ds =P{0<T <t| X'} =F(t| X" (3.4)
0

which is equivalent to

(P X9) = (2] X9 (3.5)

From (3.1)-(3.2), (3.4)-(3.5), and F'(t| X*) + F(t| X*) = 1, we know

MWW:/ yX@_/f”§

:_/ %:_mnﬂxm (3.6)

which by model assumption (1.38) gives

F(t | Xt) = exp{—H(t| Xt)} = exp { - /Ot ho(s) eXp(Z(S)ﬁo)dS}. 3.7)

This equation (3.7) is the "Lehmann family properties” for our PH model (1.38), which

is similar to the Lehmann family properties (1.22)-(1.23) for Cox model (1.21).
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Note that when Z(t) in (3.7) does not depend on ¢, say Z(t) = Z for all ¢ > 0, then
(3.7) 1s exactly the same as the Lehmann family property (1.22) for Cox model (1.21),

and the PH model (1.38) is the same as the Cox model (1.21).

3.1.2 Empirical Likelihood for Joint Modeling

Based on the "Lehmann family properties™ in (3.7), we derive the empirical likeli-
hood function for (fy, F) in our proposed PH model (1.38) for right censored survival
data with longitudinal covariates (1.29) as below.

Consider the following conditional p.d.f. of (V. ) in (1.29) given X*:
g(t,s| X" :E%A—lp{tg V<t+A §=5|X"}, (3.8)
—

then we have the following lemma with proof given in Section 3.4.

Lemma 3.1

g(t, 1] X*) = f(t| X*)Fo(t)
(3.9)
g(t, 01 X") = F(t| X*)fe(t)

where f(t| X") and F(t| X") are given by (3.1) and (3.2) respectively, and Fc(t) is the

d.f of right censoring variable with p.d.f. fc(t) = F,(t).
Thus, the likelihood for (V;, ¢;) in (1.29) given Xivi, 1 <1 < n,is given by

n n

[Tovi. 01 XY = [T (FVi | X2V Ee(V) ™ (F(Vi | XF) e (Vi) ™, (3.10)

i=1 i=1
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which is proportional to

L(V,6.X") = [T (P 1 X)) (F(vi | X))

=1

% (3.11)

Note that this likelihood in (3.11) is not the likelihood for observed survival data
(1.29) because the covariate process XZV in (3.11) is not entirely observed, only the
longitudinal covariate PQV is observed, that is as pointed out in Section 1.7, we have
XZV‘ #+ lel This likelihood given by (3.11) is strictly based on the model assumptions
and definitions in (1.36)-(1.37) without Z assuming that (V}, ;, X ZV) is observed for each
individual.

Also, note that F'(t| X*) in (3.11) is given by (3.7), which cannot be calculated
unless the entire covariate process X (s) is known up to time ¢. Thus, for likelihood
inference problems, we need to estimate the covariate process XZ-Vi based on observed
longitudinal covariates Xivi, then obtain an estimated likelihood of L(V,d, X"') based on
observed survival data (V;, 0;, /‘(ZV) given in (1.29).

To estimate the last term in (3.7) for the ith individual, we notice that X;(¢) is not
known entirely, and it is only observed at time points: ¢;; < t;3 < ... < ;7. A natural
way to deal with this is to estimate X;(¢) via a discrete function with jumps only at points
t;;’s; in turn, we have a step function Z;(t) as an estimate for Z;(t) = o(X?), which only

changes its value at time points: 0 = ;0 < t;1 <2 < ... <ty

Ji—1
Zi(t) = Zi(tig, ) I{t > tis, } + Z Zi(ti) {ty; <t <tijn}, 0<t<V, (3.12)

J=1
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where Zz<t) =0fort € [O,tll) and ZAZ(t) = Z,L(tzj) for any tij <t< ti,j+1- Thus, USiIlg

A

Z;(t) as an estimate of Z;(¢) in (3.7), for any ¢;;, <t < V;:

- / hols) exp(Zi(s) o) ds

=3 [t exp(Zimds — [ hals) exp(Zi)ds
:_Zl/t_m ho(s)exp(Zi(tM1)ﬂo)ds—/tv ho(s) exp(Z;(tis.)Po)ds

_ B fols) - o)
_ —ZeXp (tik-1)50) /tk1 F0<S)ds—exp( Zi(tig;)Bo) » Fo(s)ds

t

= ZGXP i(tik—1)Bo) In Foy(s )tik + exp(Zi(tis,) o) In Fo(s)

tik—1 i,
Fo(tin) Fy(t)
= Zexp z i k—1 ﬁo) m+eXP( i(tz‘Ji)ﬁo)ln Fo(()tui)’ (3.13)

where we use notations: 0 = Z;(0) = Zi(ti) = Zi(tio) = Z;(0) and fy(t) is the p.d.f. of

Fy(t). With the proof given in Section 3.4, we have the following lemma.

Lemma 3.2 Foranyt;;, <t <V,

Ji
F(t| X)) =~ F(t| X)) = ), (3.14)
k:l
where c, = %) and c; = c;;, with 8 = f.
Hence, we have forany ¢,;, <t <V},
Ji
FIXD) = ft1 X)) = cifo)[Fo) ] (Folta)) ™, (3.15)
k=1

where due to (3.5), we have f(t|X}) given in (3.15) as the derivative of F'(¢ | X}) with
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respect to ¢, and f(¢| X)) is an estimate of f(¢ | X}).

Now, in likelihood function (3.11), we replace terms f(t|X}) and F(t|X}) by
f(t] &} in (3.15) and F(t| &}) in (3.14), respectively, then obtain the estimated likeli-
hood of L(V, 8, XV) for observed survival data with longitudinal covariates (V;, &;, X,%)

in (1.29) as follows:

n

[TV X)) (FvI X)) ™ = T (Fil 27" (B | aY))

i=1 i=1

ﬁ(Cifo RVl i (FO(tik))ci’k_l_cikYi([FO(V;)]Q < (Fo(tik))ci’k_l_cik)l&
fi (be

=1 j=1

(Vi)
(Vi)

where d;; = ¢; j_1 — ¢;;. Therefore, the estimated likelihood function for (/3y, Fp) in our
proposed PH model (1.38) with right censored survival data with longitudinal covariates

(1.29) is given by

N

L. P =] (cidﬂv@-))éi (F(%))Ci_&( i

i=1 J

(JT(Qj))%f>, (3.16)

1

where F'is an arbitrary d.f., dF'(t) = F(t) — F'(t—), and from notation Z;(0) in (3.13),

¢

Cik = eﬁZi(tik)’ k= 071,2,...7;]1‘

Cip = eBZi(tio) — BZi(0) — 0 — 1
(3.17)

¢ = Cij, = eBZi(tis;)

dij = cij_1 — cij = ePZiltia—1) _ BZiltiy),
\
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The MLE (3, E,) for (o, Fy) in our proposed PH model (1.38) is the solution that max-

imizes above estimated likelihood function L(/, F') given in (3.16).

Remark 1. From observed data (1.29), we do not know whether Z;(0) = 0. But
in (3.13), based on (3.12) we have Z;(t) = 0 for Vt € [t;,t:1) = [0,%;) which implies
ZAZ(O) = 0. In (3.13), we have ZAZ(s) = 0 for s € [ti,t;1) and ZZ(S> = Z;(t;;) for s €
[tij,tij+1), where j = 1,....J;. Thus, the use of notation: Zi(tio) = Z;(tin) = Z;(0) =0

in (3.13) is for convenience sake and is again used in (3.17) for c;.
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3.2 Estimating Function under Restriction

Here, we use the empirical likelihood parameterization (Owen, 1988) to profile out
nuisance parameter Fj, then obtain the profile likelihood estimating function for 3, and
the MLE (Bm Fn) for (o, Fp) in our proposed PH model (1.38) based on right censored
survival data with longitudinal covariates (1.29).

Without loss of generality, we assume that there are no ties among V;’s in observed

right censored survival data with longitudinal covariates (1.29), and assume that
Vi<Vo<...<V,. (3.18)

If we restrict all possible candidates for the MLE of F{ to those d.f.’s that assign all their
probability masses to points V;’s and interval (V},, o), then the d.f. I under consideration

in likelihood function (3.16) is given by
F(t) =Y pl{Vi < t}, (3.19)
i=1

where p; = F(V;) — F(V;—) for 1 <i <mn, and Z?jll p; = 1 with0 < p,,; <1 asthe

probability mass of F' on interval (V},, c0). For any d.f. F' given by (3.19), we let
Neij = IH{Vi < tij < Via}, Va1 = 00, (3.20)

then F'(t;;) = 0for 0 <t;; < Vj,andall t;; <V, <V, and we have in (3.16):
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n J; A n J;i n

H H(F(tij>)dij — H H H(F’(tij))nkijdij _ H H H(F(Vk»nkijdij

i=1 j=1 i=1 j=1 k=1 i=1 j=1 k=1
n n J; n
= TTITIEi))mts = TT(E Vi)™, 3.21)
k=1i=1 j=1 k=1

Ji .
where dg, = Z?:l ijl Nkijdij, in turn, we have

L(B,F) = H1 (qu(V»)éi (F(%))di_éi, (3.22)

where
n Ji
di = ¢; + do; = exp(8Z;(tig,)) + Z dej]{vi <t < Vigr}
k=1 j=1
n Ji
= exp(BZ(tis,)) + Y Y (P ta) — PO IV, <ty < Vi), (3.23)
k=1 j=1

Thus, for any d.f. F’ given by (3.19), likelihood function (3.22) can be written as

L, F) =] (cipi)&( i pj)diéi = L(8,p), (3.24)

i=1 j=i+1

where p = (p1,...,pPnt1), ¢ is given by (3.17) and d; is given by (3.23). Hence, the MLE
(By, F,) for (By, Fy) in our proposed PH model (1.38) with data (1.29) is the solution that
maximizes L(3, F') in (3.24).

Similar to the treatment in Ren and Zhou (2011), for now we assume that in (3.23)
for some f3:

d;>1 foralll <i<n, (AS1)
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then we consider the following transformations for L(/3, p) in (3.24):

ai:%, fori=1,...,n

Z (3.25)
b = Z?;-lpj, fori=1,...,n

and we have the following lemma with proof given in Section 3.4.

Lemma 3.3 Under assumption (AS1), we have

L(B,p) = H(Ciai)éi(l - ai)ei_éi = Li(a; B), (3.26)

which is maximized at

Gi=-— i=1,2...n, (3.27)

- B (8) = [T =2 (3.28)

where e; = Z;l:z d;, c; and d; are given by (3.17) and (3.23), respectively.

Remark 2. Under assumption (AS1) that d; > 1 forall 1 < ¢ < n, likelihood
function L(f3, F') in (3.24) has a finite maximum value. Also, (AS1) implies Fn(t; B)
given by (3.28) is a proper d.f. with all terms on the right-hand side of equation (3.28)
between 0 and 1, because ¢; > d,, > 1foralll < i <n.

Remark 3. Here is an example showing that if (AS1) does not hold, the maximum
value of L(3, F') given by (3.24) is not finite. Consider the case of n = 2 with §; = o = 1,
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d; > 1 and dy < 11in (3.24). Then, noticing that p; + ps + p3 = 1, we know that (3.24)

can be written as:

_ . creapipa(pa + p3) ™!
L(B,F) = (Clpl(p2 +p3)d1 1) <02p2(p3)d2 1) = ]()1—112 )
3
C1Cop1py _cep(1—p1 —p3)™
e 1—ds :
22! P3

Thus, for any fixed p; € (0, 1), we have

L(B,F) > lim creopi(1 —p —p3)d1 _ c1capr (1 _pl)d1 .
T paos i o ’

which means that L(3, F') does not have a finite maximum value.

Estimating Function under Restriction
Now from (3.26)-(3.27), we obtain the profile likelihood function for 3, under as-

sumption (AS1):

0(B) =log L(B, F(- 5 8)) = log <ﬁ <2)6i (‘fi e_ 5@‘)&_&), (3.29)

where

ei=di+...+d, i=12...n. (3.30)

Thus, the MLE for [ is the solution Bn which maximizes the value of /() in (3.29), and

~

the MLE for Fy is given by Fy,(t) = F,(t; 3,).
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Differentiating ¢(/3), the profile likelihood estimating function ¢, (/3) is given by:

— nldi ( Z ((5i(log ¢; —loge;) + (e; — 6;)(log(e; — 9;) — log ei))). (3.31)

Notice that above ¢;’s, d;’s and e;’s are given by (3.17), (3.23) and (3.30), respectively,

_ de dd o de;
thus they are functions of 5. With notations c =5 B and e, = B we know

% — Z.(t;;.) and we compute (3.31) as follows:

C;

-1 B C; 6; ’ e; e;,
Un(B) =n 2 <5Z i d; ., +¢;(log(e; — 6;) — loge;) + (e; — 0;) (61‘ iy )
:nIZ(&ZZ(tU)+e log — Z) 125( f +e log 1).

i=1 €

Therefore, we obtain the profile likelihood estimating function v, (/3) for 3, given by:

Un(B) =n""Y 6 (Zi(tui) + e log 21— 1), (3.32)

i

where

i e/BZL(tlJl i Xk: (e,BZk trj—1) e/BZk th))I{V < tk'j < ‘/l—‘,-l})

=i k=1j=1

=1
n Jg

+ 3 ( % (L, )eﬂzk(tkj 1) _ Zk(tkj)eﬁzk(tkj))_[{‘/l <ty < Vz+1}>
k=1j=1

The solution of the estimating equation ,,(3) = 0 is the MLE B, of Bo.
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It should be noticed that above estimating function v,,(3) is only defined for those
[ that satisfies condition (AS1). The generalized version of v, (/3) without assumption

(AST) will be given in Section 3.3.

Leading Term of Taylor’s Expansion of v,,(3)
Since Ren and Zhou (2011) showed that the estimating function based on Cox’s
partial likelihood is the the leading term of Taylor’s expansion of that based on the full

likelihood, we consider the Taylor’s expansion of the estimating function ¢,,(3) given in

(3.33) as follows.

2

Consider Taylor’s expansion of log(1 + z) at # = 0: log(1 + #) = = — 3577,

where ¢ is between 0 and z. We have the following for ¢,,(3) in (3.32):

-1 - ! 1 !
) = S 20+~ srrepm))

=1

where ¢; is between 0 and —5, and @, () is the leading term of Taylor’s expansion of

¥, (5) in (3.32) and gives the approximated estimating function given by:

Pn(B) =0~ 6, (Zz-(tui) - €—> (3.35)
=1

€;

The solution of the approximated estimating equation ¢, (5) = 0 is the approximated
maximum likelihood estimator (MLE) Bn for (.

With the proof given in Section 3.4, we have the following lemma to simplify the
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expression of ¢;’s and e;’s given in (3.33), and Lemma 3.5 shows the monotonicity of

on(f) given in (3.35).

Lemma 3.4 We can simplify the expression of e; and e;- in (3.33) as follows:

e =S Aw=S" <65Zk(thk)I{gki — ) + Pt (g, £ @})
(3.36)

e = s (Zulths ) PPN Es = 0} + Ziltrm,, ) B 14 # 0})

where Ei,; = {tkj |te; > Vi, je{l,..., Jk}} is a subset of {t1,tk2, ..., tky, }, and

(

eBZnlten,)  f ty < Vi, Vjied{l,...,Ji}
A (3.37)

B2k (tkmy;) if 3ty > Vi, forsomeje{l,...,J;}

\ Mg = ngg — 1 (3.38)

for ny; given by

noting that ny,; is not defined unless Ey; # ).

Lemma 3.5 Function p,([3) given by (3.35) is non-increasing in f € R.
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3.3 Estimating Function without Restriction

As pointed out in Remark 3 of Section 3.2, assumption (AS1) is needed so that
likelihood function L(/3, F) in (3.24) has a finite maximum value, and L(3, F') in (3.24)
is maximized by (3.28) via transformation (3.25). Here, we make adjustment to remove
assumption (AS1) in estimating function for f3.

First, notice that the key of achieving result in Section 3.2 is that transformation
(3.25) reduces L(B, F) = L(f,p) in (3.24) into the form L,(a; 5) given by (3.26). In
such process, the derivations in the proof of Lemma 3.3 actually require all p; € (0,1)
and a; € (0,1). Since for p = (p1,...,pns1) and @ = (ayq,...,a,), we know that in

(3.24) and (3.26), assuming finite maximum value exists:

max L(f,p) = sup L(5,p) 20 sup Li(a; ) = max Li(a;B). (3.40)

pi€[0,1] pi€(0,1) a;€(0,1) ai€[0,1]

This means that the finite maximum value of L(f, p) exists for fixed [ is equivalent to

that of L (a; 3). Thus, assumption (AS1) can be relaxed to the following assumption:

e; >1 foralll<i<n, (AS2)

which ensures that L(3, p) in (3.24) and L(a; /3) in (3.26) both have finite maximum
value for fixed [3.
Above (AS2) ensures that in (3.27) we have a; € [0, 1] and obviously (AS2) is a

weaker condition than (AS1). Further, our Lemma 3.4 in Section 3.2 shows that all e;’s
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are all nonnegative for any /5 and we know that all e; > 1if § > 0 and all Z;(¢;;) > 0.
Thus, here we use “’shifting” method proposed in Ren and Zhou (2011), Ren and Wang
(2022) to achieve (AS2) for (3 being restricted on a compact set.

For the ”shifting” method based on Remark 1 and 2 in Ren and Zhou (2011), we

consider any constant M/ € R and rewrite PH model (1.38) as follows:

h(t| X" = hy(t)ePo? O (3.41)

where

hi(t) = has(t) = ho(t)e™, (3.42)

where F}(t) is the d.f. corresponding to hy(t) in (3.42) and has f;(t) as its p.d.f. Model

(3.41) does not affect any derivations in (3.1)-(3.6) and (3.7) becomes

t
F(t| XY) = exp{—H(t| X*)} = eXp{ - / hl(s)eﬁoz(SHMds}, (3.43)
0

which is the "Lehmann family property” for rewritten model formula (3.41). Thus, in
the derivation of the likelihood function in Section 3.1.2, (3.8)-(3.12) are not affected by

(3.41) and the formula corresponding to (3.13) becomes for V ¢;;, <t < V;:

t .
_ / hl(s)eﬁozi(5)+MdS
0

i Lik . t .
:_Z/ hl(s)eﬂozi(sHMdS_/ ha(s)ePZi M g g
k=1 v tik—1 tig;

BoZi(tik—1)+M 1 —7F1 (tir) + ePoZiltis)+M 1y A(?) (3.44)

Fi(tig-1) Fi(tis,)’

|
¥
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where Fi(t) is the d.f. corresponding to hq(t) in (3.42) and has f;(t) as its p.d.f. This

gives the following formula corresponding to (3.14): for V¢,;, <t <V,

t A~
P10 % (e 2 = exp { = [ hu(s)eh M as)
0

J; J;

_ [Fl(t)]c”i H (F1<tik))0i,k—1— ik [F1<t)]0¢ H (Fl(tik))ci,k—l_cik7 (3.45)

k=1 k=1

where for 3 = 3y, we have

Cip = P2t TM and  C; = Oy (3.46)

Thus, the formula corresponding to (3.15) is: for V ¢;;, <t <V,
Ji

XD = f(t] X)) = Cfu(t)[Fu() S H (Fl(tik))ci’kfl_cik- (3.47)

k=1

In turn, (3.45)-(3.47) give the estimated likelihood of L(V, 6, XV) in (3.11) as follows:

LG X)) (FOaI) ™ = [T (071 69)" (R 27)
- n ~ Ji _121 o o 6 s Ji o o 1-6;
_ H (szl(v;)[Fl(VL)]CZ_IH (Fl(tzk)) ik—1— zk) ([Fl(‘/;)]cl (Fl(tzk)) ik—1— zk)
n o; C;—9; i
=] (Qh(%)) <F1(V2)) (H (Fl(tz‘j))Dij)

where D;; = C; j_1 — C;;. Therefore, the estimated likelihood function for (3, F}) in the

PH model (3.41) is given by

n

L6, ) = [ (@dF(%)f (F(m))m (

J;
KA =

(F(m))D”> , (3.48)

1 7=1
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where F' is an arbitrary d.f., dF'(t) = F(t) — F(t—), and from notation Z;(0) in (3.13):

;

Cy = ePZt)+M ] — 01,2, ..., J;

CiO — eﬁzi(tio)+M — eﬁZi(O)JFM =eM
(3.49)

C,=C,y = eﬁzi(ti.li)"!‘M

Dij — Cij—l o Oij — eﬂZi(ti,j,ﬂ-i-M . eﬁZi(tij)-ﬁ-M'

The relation between L(/3, F') given by (3.16) and L/ (/3, F') given by (3.48) is as

follows. Notice that from (3.42) we have that V¢ > 0:

/Ot hi(s)ds = e™™ /Ot ho(s)ds & Hy(t) = e M Hy(t)

—H(t)

& e = [e~Ho®]e™™ s R =[Fn) . (3.50)

Thus, we have from (3.48):

:,ﬁ Czd<1[FO(VZ)]eM)Y([FO(m]eM C“sz(i [Fo(t,])]e”f>D’”)



because we have

c; = eBZi(tis) — BZi(tis )+M o =M — (1. o—M

- 7

3.51)
dz’j = eBZi(tij—1) _ pBZi(ti;) — (eﬂzi(ti,j—l)"!‘M _ eﬁZi(tij)-i-M) e—M — Dije_M-
Hence, from (3.16) and (3.48) we have for any d.f.’s G and F":
Lu(B8.G) = L(B,F), where G =/[F]"". (3.52)

This means that if we can choose a proper constant M such that (AS2) holds for
L (B, G) when § is restricted on certain compact set, then we can find G, (¢; 8) for given
[ that maximizes Ly (0, G), and obtain the profile likelihood function for 3: ¢y,(3) =
log Ly(8,Gy(+; 8)), which gives the estimating function ty;(5) = n~'¢},(3). Thus,
the solution 3, of equation /() = 0 is the MLE for (3, and is well-defined; in turn,

A N ~

Gn(t) = Gu(t; ) = Fi(t) is the MLE for Fy, and by (3.52), the MLE F,(t) for F} is

M M

() = [B0)] = [Gatb] (3:53)

In Section 3.2, (3.18)-(3.20) are not affected by (3.41) and the corresponding for-

mula to (3.21) becomes:

n J; n Ji n n Ji n
[TLT# ™ = TTTT T F oo = TTTT T v
i=1 j=1 i=1 j=1 k=1 i=1 j=1k=1
n n J; n
= [TITITEveymoPs = TT(F ™, (3.54)
k=1i=1 j=1 k=1
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where Do, = >0, Z;.]"Zl Mki; Dij, and from (3.48) the formula corresponding to (3.22) is

given by:
n 5; B D;—é;
Lu(8,F)=]] (CidF(Vi)) (F(va) , (3.55)
i=1
where
n Ji
— BZitis)+M Z Z (eﬁzk(tk,jfl)‘*‘M _ eﬂZk(tkj)JrM)[{Vi <t < Vig}. (3.56)
k=1 j=1

Thus, for any d.f. G given by (3.19), likelihood function (3.55) can be written as

n 0; n+1 D;—0;
Ly(B,G) = H (Cipi) ( Z pj) = Lu(8,p), (3.57)

i=1 j=i+1

where C; is given by (3.49) and D); is given by (3.56).
From the derivation of (3.28), we know when constant M is properly chose such
that (AS2) holds for Ly, (5, G) for fixed 3 being restricted on a compact set, likelihood

function Ly, (8, G) is maximized by

[1 — Gt 5)] -1 EE_ % (3.58)

E,=D;+ ...+ D,, (3.59)

for D;’s given by (3.56). The assumption (AS2) for L,,(5, G) is for E;’s given by
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E;,>1 foralll <i<n. (AS3)

We know that condition (AS3) implies G’n(t; ) given by (3.58) is a proper d.f. Hence, in
practice we just need to choose data based M to satisfy (AS3), and such choice of M will
be given in Section 4.1.

In turn, parallel to (3.29), the profile likelihood function for /3, based on Gn(-; B) is

given by:

(ar(B) = log L (B, G(- ; B)) = log <ﬁ <%) ) (EZE_Z &)Ei_éj

=1

_Z< (log C; — log E;) + (E; — 6;) [ log(E; — 5)_10gE"D'

Thus, the profile likelihood estimating function corresponding to (3.32) is given by:

n

S5, (Zim) +Ejlog 2 1) , (3.60)

i=1 v

¢M(5) = %

where

n k

E;, = l}: < BZi(tuy)+M Z Zl (eBZk(tk,j—1)+M _ eﬁzk(tkj)+M)]{Vl <tgj < Vl-&-l}>
=1 k=1 Jj=

B =3 <Zl St M (3.61)
=i

n Jg
+ 2

(Zk}(tk:j 1)65Zk(t1” )+M _ Zk(tk )eﬁZk(tk])-‘rM)I{V <ty < V}—&—l})
k=1j=1
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From (3.33) and (3.61), the relation between e; and E;, e; and E; are given by:

E;=eMe; and E, =eMe,. (3.62)

The solution of the estimating equation ¢,,(3) = 0 is the MLE B, of Bo.
In Section 4.1, we show that for any fixed M, the leading term of Taylor’s expansion
of ¥p(5) in (3.60) gives the exact same approximated estimating function ¢, (5) given

in (3.35).
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3.4 Proofs
Proof of Lemma 3.1 To see (3.9), note that for § = 1,

g(t,1|Xt):ggA-lp{t§V<t+A,5:1\X’f}

= lim AT'Pt <T <t+ A, T<C|X"},
A—0

and we have

Pt<T<t+ATL<C|X"}<Pt<T<t+A t<C|X"}
=P{t<T<t+A|X"}P{t<C|X"}

= P{t<T<t+A|X}JP{t<C}y=P{t<T <t+A|X"}F(t),

Pt<T<t+ATL<C|X'}>Pt<T<t+At+A<C|X"}
=Pt <T<t+A|X"}P{t+A<C|X"}

=P <T<t+A|X"}Pt+A<C}=P{t<T<t+A|X"}Fc(t+A),
which by (3.1) imply the first equation in (3.9) because

P{t<T<t+A|X"} .
lim {tsT<t+Al }Fc(t+A)§g(t,1]Xt)<lim

P{t§T<t+A|Xt}F
A—0 A ~ A0 ¢

S ()

Also, note that for § = 0,

g(t,0|Xt)zggl(]A_lP{tSV<t+A, §=0| X"}

=lm APt <C<t+A T>C|XY,

A—0

and we have
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Pt<C<t+AT>C|X'}<P{t<C<t+AT>t|X"
—P{t<C<t+A|XOP{T>t| X} Y Pl <O <t 4+ AYE(H| XY,
Pt<C<t+AT>C|X'}>Pt<C<t+A T>t+A|X"}

3.2)

— Pt <C<t+A|XOPT>t+A1XY D Pt <O <t+ AYF(t+A| XY,
which by (3.1) imply the second equation in (3.9) because

. Pt<C<t+A} - . . . P{t<C<t+A} .
< <
ilino A F(t+A|X)_g(t,O|X)_ilglo A F(t| X").

O
Proof of Lemma 3.2 Replacing the last exponent in (3.7) by (3.13), we obtain

F(t] &!) as an estimate of F'(t| X!), forany t;;, <t <V,

A

Pl x) ~ (e ) = e { - [ hals) exp(Zi(s) o)

Ji fo (¢ -
_ exp{ k exp(Zi(tin-1)B0) In % + exp(Zi(tis;) o) In Ffz)s]))}

J; _ _
_ exp eZitik—1)Bo | _FO (L) exp eZi(tiz;)Bo 1 _FO (t)
Pl Fo(tig—1) Fo(tis,)

_ x Fo(tik) Cik—1 FO (t) Cig;

- (,H{Fo(ti,k—l)} ){Fo(tui)}

_ [Bo(ta)) (Rt Fotun)]*= [Fo(t)]
T Bt " Bl " Bt )7 ot )

(Fo(tik))ci,k—l_cik _ [Fo(t)]Ci H (Fo(tik))ci,k—l_cik’ (3.63)

k=1

Il
=
—~
~
=
S
&
I
I &
—_

where ¢;, = ePZitix) and ¢; = ¢y, with 8 = fp. O
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Proof of Lemma 3.3 Consider any fixed (3 satisfying (AS1) for ¢;’s and d;’s given

by (3.17) and (3.23), respectively. From (3.25), we have the following:

Di n+1
a; = b_ia b’L = Zp]a
7=t

then we have

b;
bi =1, bpt1 =pPnt1, big1i=bi—pi, 1—a;= bfl
Note that
a (3.65) - biv1 by b3 bnt1
1— 7 - =7 7 - bn s
and

X D ONCRNT

<ai>di) (b5 (535 (b, 1 ()

3

=
n
] =1

(3.64)

= (bos)" ™ T [ (00) ™
=1

(3.64)

. (3.65)

(3.66)

= (T @ Gy = Tl 00" ) v

(3.67)

where h; = di +dy+...+d;andd = n~ " >+, d;. From (3.66) and (3.67), we can write

likelihood function L(f3, F') = L(3,p) in (3.24) as
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(3.64) 5 d—6. n bist di—6;
2(5p) "2 TT ()" i)™ =TT (") (%)

T Eror (2) e o ()

i=1

Q: )5i(1 —a )”*lsi*(dl‘h--‘l*difl)

= (ﬁ(cz‘)&i(l?i)d") HZ{_E (@)% (1 — a)n—(t-+d)

(3.67) " o) ) H (a ) i(1— )n—éi—(d1+...+di_1)
= (H( i) (p1> ) (bn+1)n "dH?zl(pi)di

= H(Ciai)éi(l — ;)% = Ly(a; B), (3.68)

where @ = (ay,...,a,) and e; = d; + . .. + d,,, which gives (3.26) in Lemma 3.3.

Then by taking logarithm we obtain:

n

log Ly (a; B) = Z[5i(10g ¢ +loga;) + (e; — 6;) log(1 — a;)].

i=1

Setting alog Ll = 0, we obtain
% _C —0 — 4= i=12.. .. (3.69)
a; 1-— a; €;
Also, we have
0%(log L) B 0 if i#7
aczj@ai N
B i <0 if =

because e;, = d; + ... +d, > d, > 1 under the condition (AS1). Thus, for any
fixed g satisfying (AS1), a; in (3.27) maximizes L;(a; ) in (3.26) and (AS1) implies all
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0 < a; <1, which gives (3.27) in Lemma 3.3.

From (3.64)-(3.65), we can find p;’s corresponding to a;’s as follows:

i—1 i—1
L X R R 5 0i :
pi:az(l_aifl)"'(l_al):ai‘ (1_%):51_[( ——]) (3.70)

Thus, for any fixed [ satisfying (AS1), L(5, F) = L(B, p) is maximized by Fn(t; p) =
Yo pil{Vi < t}, where p; is given by (3.70). Notice that for any 1 < k < n, we have

that for any Vi, <t < Vi1, (3.70) gives

=1 =1 i J=1 J
k i—1 koopiel i
i J; Wy d;
i=1 {( € j=1 € i=1 Lj=1 € j=1 €
0 k k
J d; )
= 122 — | | _ ) =1_ _ 2
- ( e]) ; <1 ej) ! H ( e])
Jj=1 j=1 j=1

which implies

k
Jj=

0;
(1——), for Vi, <t < Viyq1, 1 <k <n,
€j

1

which finishes the proof of Lemma 3.3. U
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Proof of Lemma 3.4 From (3.17) and (3.20) we know

dpj = PP tki=1) — eB2) s = IV, <ty < Viga},  Vagr = o0, (3.71)

Let n
N =max{Ji,...,Jn} and ;=) el (3.72)
£

then ¢; in (3.33) can be written as follows:

n
e; = Z BZi(tiy,) + ZZZ 5Zk (trj—1) _ eﬂzk(tkj))j{vl <tgj < Vie}

lzkljl

Si + ZZZ%W{Z > i} I{j < Ji)

=1 k=1 j=1

n N n
=Si+ > D digmu I{l = i} I{j < Ji}

k=1 j—l =1

+ZdeJI{j < Jk}<znlkjj{l > 2}>

k=1 j=1

n k
ﬂSZ-JrZZdW(ZI{W =t < Vm})

k=1 j—l =i

Si + ZdeJI{V <tyi < Viyr}
k=1 j=1

n Jg
Si+ YN digI{Vi < iy} (3.73)

k=1 j=1

(3.71)—(3.72)

(3.18)

(3.72)

For ¢+ = 1, (3.73) can be written as:

n  Ji
IO D WU
k=1 j=1
(3.72) Z BZi(ty) 4 ZdeJI{Vl <t}
k= lj 1
_ Zy (tk,,) +ZdejI{‘/i < 75kj}
k=1 k=175=1
n Ik
k=1 g=1
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For 2 <1 < n, from (3.73) we have

i—1 Jg n
=Si+ Y > di(1— I{Vi > ti;}) +ZZ%I{V < i} (3.75)
k=1 j=1 k=i j=1

From (1.27) and (1.29), we know 0 = t;0 < t;1 < tjo < ... < t;5, < V,. Thus, for case of

1 > 2 and from (3.18), we have fork =1,...,c—landj =1,..., Ji:

tk1<tk2<-~<thkSVkSVi—1<V; = [{V;>tkj}:1 (376)

In turn, we have in (3.75):

i—1 Ji

DD di(1 = I{Vi > ty;}) = 0. (3.77)

k=1 j=1

This implies that for 2 > 2, e; in (3.75) can be expressed as:

n J
e = Sz‘+2idkg‘f{‘/§ <t}

k=i j=1

_(372) Z BZi(trs,) +zn:de][{V <t}

k=i j5=1

= Z ePZulten) 4 i de]I{V <t}

k=1 j=1

n Ik
— <€sz(thk) + Z di; T{V; < tkj}) . (3.78)

Hence, from (3.74) and (3.78), we obtain (3.36) fore;,t =1,2,...,n

n Jk

e; = Z <€ﬁZk(thk) + dej[{vi < tkj}) = ZA’“" (3.79)
k=i

k=i j=1
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where

Ji
Ay = P2k (ty,) + Z dkj]{‘/; < tkj}
j=1
(3.71) < j j
PPt 1N (PZelthi=) — LYV, < ). (3.80)

Jj=1

Next, we simplify the expression of Ay; given in (3.80). If £,; = () in (3.36), then
tr; < ViforV j e {l,...,Ji},in turn, we have I{V; < ¢;;} = 0forall j € {1,...,J},
which implies (3.80) becomes

Ay = P% ), (3.81)

If &; # 0in (3.36), then 3 j € {1,..., Jy} such that V; < t;;, in turn, for ny; given by

(3.39), we have V; < tpp,, < tpng+1 < ... < trj,,1n turn, (3.80) becomes

Ji
Ay = eBZk(ter,) 4 Z (eﬁzk(tk,j—ﬂ _ eﬁzk(tkj))

J=Nk;i

— BZk(teay) + PZk(thng;—1) _ oBZk(thny,) + P2k (thny) _ oBZk(thny;+1)
o+ P2tk gy, —2) _ oBZk(tk, 7, 1) + P2kt q,—1) _ oBZk(tk, 1)

— P2ty —1) (3.38) P2k (temy,;) (3.82)

Thus, (3.36) for e; follows from above (3.81)-(3.82), and the part of (3.36) for e; is also

obvious. ]
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Proof of Lemma 3.5 Denoting ¢; :% (e;), we compute the derivative of ¢, ()

in (3.35) as follows:

n . " ) / 2
P, (B) =n""> (Lﬂe)) (3.83)

where ¢;’s and e;’s are given by (3.36)-(3.37), and we have

d, o d [ -
e = %(ei) - %(; BkiAki) B ;(Bki)mki, (3.84)
where

From (3.36) and (3.84), we know that Cauchy-Schwarz inequality implies:

n 2 n 2
(e)’ = (Z BkiAkz) = {Z V Ak (Bki V Amﬂ
k=i =i
< (Z Ak,) (Z(Bki)QAM) = ee; - (3.86)
k=i '
This means that in (3.83) we have ¢,,(3) < 0, in turn, ¢, (3) is non-increasing in 3. [J

Remark 4. Since we have strict inequality in (3.86) unless for all £ and i: / Ay; =
Briv/Ar; < By, = 1, we know that except very unusual cases with the data given by

(1.29), we usually have ¢, () < 0, thus ¢, (3) given by (3.35) is decreasing in 3.
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Chapter 4: Computing Algorithm and Simulation Studies

This chapter considers the MLE Bn based on estimating function 1,,(3) in (3.32)
under assumption (AS2), then the MLE Bn based on ¢y/(3) in (3.60) with proper choice
of M. The approximated MLE Bn based on the approximated estimating function ¢,,(3)
in (3.35) is also considered.

We conduct simulation studies to evaluate the performances of Bn and Bn
Section 4.1 outlines our simulation algorithm and the choice of M; Section 4.2.1 de-
scribes the simulation setting for Case 1 and Section 4.2.2 presents the simulation results;
Section 4.3.1 describes the simulation setting for Case 2 and Section 4.3.2 presents the

simulation results. Section 4.4 provides concluding remarks and some discussions.

4.1 Algorithm and Choice of M

Let 3, be the solution of equation Un(B) = 0or Yy () = 0 and let £, be the solu-
tion of equation ¢,,(5) = 0, where ©,,(53), ¥ (8) and ¢, (/) are given by (3.32), (3.60)
and (3.35), respectively. Since B always exists and since preliminary simulation results
show that Bn and 3, are usually very close, in our computing algorithm we compute B
first, then when needed, we choose data-based M to satisfy (AS2) or (AS3) based on the

following mathematical idea.
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Note that from (3.34) we have

Un(B) = pa(B) =07 Z (2(5—6) (4.1)

i—1 1+ &)2612

and from (3.60) we also have

3

oulf) =n 34 (#6+ (- £ - rrerr))

E £
Zn_lzd(Z(tJ.)——Z— T )
4 1\ "1y ] N2 12
i—1 Ez 2(1 + 51) Ez
n M ’ /
(362) _q e e E;
(i)~ G i )

e S E
= @u(B) —n" Z (2(1+—§Z)ZE12) (4.2)

i=1

3

From, (3.36) and (3.62), we know e;’s and E;’s are nonnegative if Z;(¢;;)’s are nonnega-

tive. Thus, we have

Un(B) < pn(B) and  Yp(B) < @n(B) for Vp. (4.3)
Steps to Choose M :
Step 1. Compute eq,...,¢e, at § = Bn — 0 and order them from smallest to largest as

6(1) S 6(2) Ce S €(n).

Step 2. Choose ¢* = mini<;<,{e) | ey > 1077} and compute My = —loge*. If
ey > 1 (i.e., (AS2) holds), then no need to choose M.

(i) For B¢ > 0, we search for Bn in interval (Bn -0, Bn), when no M, is used,
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we use ¢, () given by (3.32) to find B,; for 1, (8) or 1y, (3), increase & until

V(B — ) > 0 0r Yy (Bn — 8) > 0. Try § = 4117 , %, 1, etc., and start with

D=

0= %1. We use bisection methods with stopping precision 0.001.
(ii) For 39 = 0, use above choice of M, and v, () given by (3.60) to
search 30 in (B, — 0, B,). If ¥y, (Bn — &) < 0, then increase § as above until

l/JMO (ﬁn — (5) > 0.

(iii) For By < 0, use above choice of My and vy, () given by (3.60) to
search (32 in (5, — 6, B,). If ¥, (B, — 8) < O, then increase as above & until

wMo (,Bn — 5) > 0.

Step 3. If Step 2 uses My to find 5° such that 1y, (3°) = 0, adjust to M = M, + 1, then
use ¥/ ( ) to search solution 3, of equation () = Oininterval 5 € ( Ag, o).

~

Step 4. Check if there are more than two E; < 1 when computing 15,(5,,).

4

If no, then keep Bn
If yes, adjust M = My + 1+ a and use ¢5/(3) to search solution B, of
equation ¢;(3) = 0 in interval 5 € ( AQ,BH). Trya=1,2,3,..., etc.

~

until there are no more than two F; < 1 when computing 15/(3,,)

NOTE:

(A) Above choice of M to avoid more than two e; < 1 or F; < 1, it is to avoid comput-
ing floating error, which is difficult to control in intensive Monte Carlo simulation
studies. In real data analysis we conduct in Chapter 5, there are no such issues.
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(B) The rational of our method for choosing M, in Step 2 is as follows. From Lemma 3.4
and (3.62), we have F; = e™e¢; and F; is nondecreasing in 3 with nonnegative

Z;(t;;)’s. For above choice of M about E; in Lemma 3.4, for any § > B, — 6

n

E; = Mo Z (eﬁZk(thk)[{gki - Q)} + eﬂzk(tkmki)l{gki £ @})
k=t

> MY (DA gy, = 0) + P DI g £ 0)) @)
k=1

Mg **

where ¢;* is the ¢; with § = (3, — 6. If 3 * < 1077, our simulation results show

*3% )

s that are less than e* = m1n1<z<n{e | e* >

that there are only very few such e;

1077}, thus by using My = — log e*, almost all of the E;’s satisfy:
LB > eMOef* > Mo ¥ = g loge” | ox — ei e =1.
(C) The reason that we search 30 in interval (3, — 6, 3,) when (3, — &) > 0 or

wMO(Bn — d) > 0 is because (4.3) implies wn(ﬁn) < 0 and @DMO(BH) < 0 for

Y My > 0.

(D) The reason for using M = M, + 1 and searching Bn in interval (Ag, Bn) is the

following. From (3.60), (4.4) and E =M e , we have for F; > 1:

8¢M(,3) 1 - / Ez
o :n26i<Eilog(

1 . B, E}— (B -1)E;
E . Rt
)+ B Bi—1 B?

(4.5)
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(E)

where g(z) = log(1 — x) + 1%, 0 < z < 1. Since

oy 1 l—z—2-(-1) —1 1
g(ac)——l_l_—l— (1—x)? _1—x+(1—x)2
(1l =-2)+1 oz

- = e >0 (4.6)

we know v, is increasing in M for any fixed 5. Thus, from M > M, and (4.3),

we have

Uar(B) > Yary (B2) =0 and  Yar(Bn) < @n(Bn) = 0, 4.7)

which means ¢,,(3) = 0 has a solution in interval (3, 3,). The reason for using

M = My + 1 is due to (4.5)-(4.7) and that the choice of M, is conservative which

has cases £; < 1 occasionally, so M is not too big and can eliminative cases F; < 1.

From (4.2), we know that for V3,

Uy (B) = on(B), as M — oc. (4.8)

In fact, under some conditions we can show above convergence in (4.8) is uniformly
for || < Mg. Thus, the use of M = M+ 1 moves away from M/, enough to avoid

the occurrence of F; < 1, but not too far from M; and not too big which makes

¥ (8) not too close to p,(3).
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Computing v,,(3) or ¢¥»r(3) and ¢,,(3) based on Data (1.29):

Step 1.

Step 2.

Step 3.

Compute Z; = (Z(ti1),...,Z(tis;)), i =1,...,n, with

Order V;’s'into V; < Vo < ... < V,, and (4;, J;, t;, Z;) follow V;’s position,

Wheret,-: (ti17~--;tiji),i:17~--7n-

Obtain Jy.x = max{Jy,...,J,} and N = Jy.x X n, then create vectors Z
and t,;;, which both have dimension /N. Initialize the value of all elements in

Zisan and tgyy to be 0, then foreach: = 1,...,nand foreachj =1,...,J;, let

q= (7/ - 1)Jmax + ja then qull[Q] = Z(tz]>a tfull[Q] = t’Lj

Also obtain vector ZZ = (Zy,, ..., Z,), where
Zi = Z(tis,), (4.10)
foreach: =1,...,n, we have
forq = (i — 1) Jnax + Ji,  Zpalg) = Zi. 4.11)
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Step 4. Compute 1, () in (3.32) or ¥y, (3) in (3.60) and ¢, (5) in (3.35):

for any given (3 and M, set ¢, = 0, ¥y = 0, ,, = 0, then

foreachi=1,....,n
e; =0, ¢ =0
foreachk =1,...,n
a=0,b=0

(@)foreachj=1,...,J;
q=(k—1)Jmax +J
if tn[g] > Vi, thengqq = q—1
ifgq¢ = (k—1)Jmax, thena =1, b =0,
else a = e#Zwlad p = Z;1lqq], end if. Go to (b)
else continue (a)
(b)if a = 0, then ¢ = (k — 1) Jpax + Ji, a = PZmldl b = Zyylq] = Z,,
end if.
then ¢; :ei—l—a,e;:ei—l—a*b

then

(

G = Yo+ 1710, Zi + ] log St

e

)

, M. _
Yur = g+ 010, (Zi 4+ eMe log St )

/
Pn = Pn +5i<Zi - i)
\ €

Thus, the final sums are ©,,(3), ¥ (5) and @, (3) as given by (3.32), (3.60) and

(3.35), respectively.
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4.2 Case 1: Use Average Summary Measurement

Here, we consider using Z(t) = ¢(X") in our proposed PH model (1.38) as average
summary measurement, which is motivated by the Smoking Cessation Data described in
Section 1.5. We call this Case 1 in our simulation studies.

Below, Section 4.2.1 describes the specific simulation setting for our Case 1 studies,
and outlines the steps to generate data (1.29) for such case, while Section 4.2.2 presents

the simulation results under our Case 1 setting.

4.2.1 Case 1 Simulation Setting

Here, we consider the summary measurement as the average of X (¢;w) in time

interval [0, t]. Recall the average value of function f over interval [a, b] is given by

b
{ average value of f on [a,b] } = 5 i a/ f(z)de. (4.12)

Thus, in our proposed PH model (1.38), we consider the following Case 1 data setting for

our simulation studies:

Fy = Exp(1), which is the baseline d.f., thus h(t) = 1 in equation (3.7)

F¢ = Exp(3), which is the d.f. of right censoring variable in (1.2)
e X(t) = X(t;w) = wt, which is the longitudinal covariate process with w ~ U (0, 1)

¢
o Z(t) = p(X") = tflfotX(s)ds =t f(f wsds = t7! (%st‘ ) = %t, which is
0

the average of X (#;w) in time interval [0, ]
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o ['(t| X*) given by (3.7) is derived based on the PH model assumption (1.38), where
h(t|X*") is the conditional hazard function of 7' given X, and for this particular
case considered here we have X' = {X(s) | s <t} = {ws|s < t}. Thus, F(t| X")
given by (3.7) is something we can use to generate a conditional r.v. T" given X°,

denoted by [T | X*].

Based on above choices, we have the following in (3.7): for 5y # 0,

t t
F(t]X") = eXP{ —/ ho(S)eZ(SWOds} = exp{ —/ eﬂows/st}
0 0

9ePows/2 |t 9(1 — ePowt/2
=exps — ¢ = exp # , (4.13)
Bow Bow

0

which implies

_ pbowt/
F(t| X =1—exp {W} = G(1). (4.14)
0

We have the following in above G(t):

G0)=1-¢"=0

, 2(1 — efowt/2) 2 —2efowt/?
= — _— = _ Bow _—
G(oo) =1 tlgono exp { B 1 —efo tlirglo exp B . (4.15)

Notice that for any given w > 0, above (i(t) is an increasing function because

, _9,Bowt/2 _ Bowt/2
0 -~(Z ) (5) e )

2(1 — Bowt/2
= ePowt/2 exp {—( ij >} > 0.
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For 3y > 0, from (4.15) we have G/(t) in (4.14) satisfies

G0)=1-¢e"=0

2 —2¢fowt/2 2 —2etee
fd J— Bow 1 - — — Bow
G(oo) =1 —e€Po t1i>r£> exp{ Bo } 1 —ePo exp{ B }

2 2
=1 —¢ehowe ™ =1—¢how .0 =1.

Thus, G(t) is a proper d.f. when /5, > 0.

For (3, = 0, we have the following in (3.7)

F(t| X = eXp{ — /Ot ho(s)ez<8>ﬂods} = exp{ — /Ot lds}

:exp{ —s!é} =e (4.16)

which implies

Fit| X)) =1—e"'=G(1). (4.17)

Notice that above G/(t) is the d.f. of Exp(1), thus G(t) is a proper d.f. when 3, = 0.

For 3y < 0, from (4.15) we have G(t) in (4.14) satisfies

G0)=1-¢e"=0

2 —92¢bowt/2 2 —2e >
fr — Bow i _— = — Bow
Gloo) =1— ek thj?o exp{ Pow } boen exp{ Bow }

—1—ePmed =1— ¢hom = g1(w, Bo) < 1, (4.18)

which implies G(¢) is not a proper d.f. when 8y < 0. From (4.18), we know ¢ (w, /)

depends on the values of 5y and w, where w ~ U(0, 1).
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From (3.7) and (1.38), we obtain that the p.d.f. ¢(t) of G(t), which is given by:
g(t) = h(t] X*)G(t). This means that if Y is a r.v. with d.f. G(¢), the hazard function
of Y is equal to h(t| X*), because hy(t) = % = h(t] X"). Since h(t|X") is the

conditional hazard function of T given X*, we know Y 2 [T'| X*].

Recall: If X ~ Fy, thenletY = F'(U), where U ~ U(0, 1), we have

P(Y <y)=P(F'(U)<y)=P(U < Fx(y)) = Fx(y),

which means thatr.v. Y has d.f. F, thus Y is ar.v. with d.f. Fx. From G(¢) = F(t| X*)

given by (4.14), we know that Y = G~*(U) is ar.v. generated from d.f. G(¢) = F(¢| X?).

Derivation for G~! in Case 1:

To find G, we compute the following:

2(1 — eﬂowtﬂ)} 2(1 — efowt/2)
Gt)=u = u=1—e — 7 = —— = =log(l—u
() {2050 < (1)
= fowt/2 =1 B()Twlog(l —u)
_ 2 Bow -1
= t= Bo log (1 5 log(1 u)> =G (u). (4.19)

_ Bow

Hence, for U ~ U(0, 1), random variable Y = 50% log (1 —=5~log(1—U)) is generated
from above d.f. G(t) = F(t| X*) in (4.14), and Y is a conditional r.v. T" given X".

For By > 0, G~1(U) in (4.19) is given by

_ 2 Bow
GTHU) = 5 low (1 — 5 log(1 U)>. (4.20)
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For 5y = 0, from (4.17) we compute the following:

Gt)y=u = u=1-¢c¢"= t=—log(l—u)=G "(u).

Thus, when 3, = 0, G~(U) is given by

G (U) = —log(1 - ).

From (4.18), for By < O0and U <1 — e@o%, G~Y(U) in (4.19) is given by

G HU) = ilog <1 - Bo—wlog(l — U))

Bow
_2
For fy < 0and U > 1 — ePov, G~H(U) = o0 in (4.19).
Steps to Generate Data (1.29) for Case 1:

Step 1. Generate w; ~ U(0,1)

Step 2. Generate U ~ U(0, 1) and compute

4.21)

(4.22)

2 i .
mlog(l—ﬂoTwlog(l—U)) if 5o >0
T, =
—log(1—-U) if 6o =0
2 i . 2
. (4.18) mlog (1 — ﬂOTwlog(l — U)) if o <0, U <1—eboi

00 if By <0, U>1— efoi
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Step 3.

Step 4.

Step S.

Step 6.

Generate U ~ U(0, 1) and compute C; = —3log(1 — U)

Obtain (V;, 6;) based on Step 2-3, where V; = min{T;, C;} and 6; = I{T; < C;},

which is the first part of data (1.29).
Let N; = [Vi] + 1, where [V;] is the integer part of V;, then for a chosen integer
m, compute J; = mN;. Generate t;;’s as follows.

)

Method 1: Generate J; r.v.’s from U(0,V;); ie.,forj=1,...,J;

generate U; ~ U(0, 1) and let t;; = U;V;.

. (4.23)
Method 2 :  Generate J; time points ¢;; = %Vi, j=1,...,J; 1.e.,
t;; are evenly distributed time points in interval (0, V;).
J
Then order them into t;; < ... < t;5,, which gives
which is the last part of data (1.29).
Compute Z(t;;) in equation (4.9):
) I (tin — tig—1) Xi(tip
Z(tw) — SO(Xt”) — Zk:1< k K 1) ( k 1) (4.25)

Y
(2 tl]

where j = 1,2,...,J; + 1 with ¢; ;41 = V; for Method 1 in (4.23) and j =

1,2,...,J; for Method 2 in (4.23).
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NOTE:

(A) Above T; has hazard function (¢ | X*), which satisfies PH model assumption (1.38),
thus 7} is a conditional r.v. T given X'. Generating 7T; this way ensures that PH

model assumption (1.38) is satisfied for data (7;, X;(¢; w)), which is mentioned in

(1.29).

(B) Above integer N; is the number of days before V; for the ith individual in Smoking
Cessation Data example, and integer m is the total number of time points at which
the longitudinal covariate process is observed on a given day. Thus, the larger m is,

the closer Xiv" in (1.29) is to XZV’
(C) Above G(t) is not always a proper d.f.

(D) In Step 5, Method 1 generate ¢;;’s randomly and Method 2 generate fixed ¢;;’s for

any given V;. Thus, we can control the time interval length for Method 2.
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4.2.2 Simulation Results

For Case 1 simulation studies, we consider 3, = 1,0, —1, and we follow Steps 1-6
described in Section 4.2.1 to generate 1000 samples with sample size n = 100, 200, 500,
1000 and m = 5, 10, 20, 30, 40, 50, respectively. Note that in Step 5, we generate ¢;;’s by
using two different methods given in (4.23). For each case, we compute the simulation
mean and s.d. for Bn and 57“ and we also compute (Ave. Bn ) & s.d. and (Ave. Bn ) £ s.d.

with A for interval (a, b), where

A =max{|a — S|, |b — Bol}, (4.26)

represents the largest distance between end points and ;. When the simulation s.d. varies
a lot, relying solely on the simulation mean to evaluate the estimator’s performance is not
sufficient, thus A provides better assessment on how close the interval is to .

Table 4.2.1 presents the simulation mean and s.d. of Bn and Bn for Case 1 data
setting with §y = 1 and t;; ~ U(0,V;), while Table 4.2.2 gives (Ave. Bn )+ s.d. and
(Ave. Bn )+ s.d. with A for simulation results in Table 4.2.1. Similarly, Tables 4.2.3-
4.2.4 display results for Case 1 data setting with 3, = 1 and ¢;;’s evenly chosen; Tables

4.2.5-4.2.12 display results accordingly for 5y = 0, —1, respectively.
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Table 4.2.1 Case 1: with 35 = 1 and Random Observation Time Points

Ave. of (3, & By, (s.d.) for Case 1: Bo = 1,t;; ~ U(0,V;)

Number of Simulation Loop: 1000

n =100 n =200
Ave. En (s.d) | Ave. ﬁn (s.d) | Ave. ﬁn (sd) | Ave. ﬁn (s.d)
m=>5 2223 (1.18) | 2484 (1.13) | 2.113(0.76) | 2.263 (0.74)
m=10 1.525 (1.13) 1.819 (1.14) | 1.496 (0.76) 1.683 (0.74)
m = 20 1.188 (1.03) 1.475(1.08) | 1.059 (0.73) 1.266 (0.73)
m =30 0.961 (1.05) 1.246 (1.11) | 1.039 (0.75) 1.254 (0.75)
m = 40 0.979 (1.07) 1.260 (1.13) | 0.950 (0.75) 1.160 (0.75)
m =50 0.927 (1.09) 1.209 (1.16) | 0.959 (0.71) 1.171 (0.71)
Censoring % 22.4% 22.3%
n=>500 n =1000
Ave. ﬁn (s.d) | Ave. ﬁn (s.d) | Ave. ﬁn (sd.) | Ave. ﬁn (s.d)
m=>5 2.023(046) | 2.123(046) | 2.019(0.30) | 2.084(0.29)
m=10 1.466 (0.42) 1.582(041) | 1472 (0.31) 1.557 (0.30)
m =20 1.134 (0.43) 1.260 (042) | 1.169 (0.30) 1.266 (0.29)
m = 30 1.048 (0.43) 1.176 (042) | 1.072(0.29) 1.172 (0.29)
m=40 1.003 (0.44) 1.132 (043) | 1.030 (0.30) 1.133 (0.30)
m =50 0.974 (0.44) 1.103 (0.44) | 0.991 (0.30) 1.096 (0.30)
Censoring % 22.3% 22.3%

Table 4.2.2 Case 1: Measurement of Coverage for Table 4.2.1

(Ave. B,,) + s.d. and (Ave. 3,,) =+ s.d. with A

m

=5

m=10

(Ave. B, +sd.) A

(Ave. B, +s.d.) A

(Ave. B, +sd.) A

(Ave. B, +sd.) A

n =100

(1.043,3.403) 2.403

(1.354,3.614) 2.614

(0395, 2.655) 1.655

(0.679,2.959) 1.959

n =200

(1.353,2.873) 1.873

(1.523,3.003) 2.003

(0.736, 2.256) 1.256

(0.943,2.423) 1.423

n =500

(1563, 2.483) 1.483

(1.663,2.583) 1.583

(1.046, 1.886) 0.386

(1.172,1.992) 0.992

n =1000

(1.719,2.319) 1.319

(1.794,2.374) 1374

(1.162,1.782) 0.782

(1257, 1.857) 0.857

m =20

m = 30

(Ave. B, +sd.) A

(Ave. B, +s.d.) A

(Ave. B, +sd.) A

(Ave. B, +sd.) A

n =100

(0.158,2.218) 1.218

(0.395,2.555) 1.555

(-0.089,2.011) 1.089

(0.136, 2.356) 1.356

n =200

(0.329,1.789) 0.789

(0536, 1.996) 0.996

(0.289, 1.789) 0.789

(0.504,2.004) 1.004

n =500

(0.704, 1.564) 0.564

(0.840, 1.680) 0.680

(0.618, 1.478) 0478

(0.756,1.596) 0.596

n = 1000

(0.869, 1.469) 0.469

(0.976, 1.556) 0.556

(0.782, 1.362) 0.362

(0.882, 1.462) 0.462

m =40

m =50

(Ave. B, +sd.) A

(Ave. B, +s.d) A

(Ave. B, +sd.) A

(Ave. B, +sd.) A

n =100

(-0.091,2.049) 1.091

(0.130,2.390) 1.390

(-0.163,2.017) 1.163

(0.049,2.369) 1.369

n =200

(0.200, 1.700) 0.800

(0410, 1.910) 0.910

(0.249, 1.669) 0.751

(0461, 1.881) 0.881

n =500

(0.563, 1.443) 0.443

(0.702, 1.562) 0.562

(0.534, 1.414) 0.466

(0.663,1.543) 0.543

n =1000

(0.730, 1.330) 0.330

(0.833, 1.433) 0433

(0.691, 1.291) 0.309

(0.796, 1.396) 0.396
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Table 4.2.3 Case 1: with 3y = 1 and Evenly Chosen Observation Time Points

Ave. of Bn & ﬁn (s.d.) for Case 1: 39 = 1, t;; evenly chosen

Number of Simulation Loop: 1000

n =100 n =200
Ave. ﬁn (s.d.) | Ave. ﬁn (s.d) | Ave. ﬁn (sd.) | Ave. ﬁn (s.d.)
m=>5 3264 (1.74) | 3.533(1.69) | 2.941(1.08) | 3.102(1.06)
m =10 1.792(1.29) | 2.098(1.30) | 1.712(0.86) | 1.911(0.84)
m =20 1.244 (1.16) | 1.553(1.20) | 1.233(0.78) | 1.455(0.77)
m = 30 1.091 (1.12) | 1.396(1.17) | 1.102(0.76) | 1.313(0.76)
m =40 1.017 (1.10) | 1.321(1.16) | 1.039(0.74) | 1.253(0.75)
m =50 0.975(1.09) | 1.271(1.16) | 1.000(0.74) | 1.212(0.75)
Censoring % 22.4% 22.3%
n =500 n=1000
Ave. B, (sd) | Ave.B, (sd.) | Ave. B, (sd.) | Ave.B, (sd.)
m=>5 2.672(0.61) | 2.786(0.61) | 2.586(042) | 2.680 (043)
m=10 1.643 (0.51) | 1.767(0.50) | 1.622(0.35) | 1.722(0.35)
m =20 1.238 (047) | 1.365(0.46) | 1.241(0.33) | 1.343(0.33)
m = 30 1.117 (046) | 1.246(045) | 1.127(0.32) | 1.231(0.32)
m =40 1.059 (0.45) | 1.190(0.45) | 1.070(0.32) | 1.173(0.32)
m = 50 1.024 (0.45) | 1.154(0.45) | 1.037(0.32) | 1.143(0.32)
Censoring % 22.3% 22.3%

Table 4.2.4 Case 1: Measurement of Coverage for Table 4.2.3

(Ave. 3,,) £ s.d. and (Ave. 3,,) =+ s.d. with A

m

=5

m=10

(Ave. B, +s.d) A

(Ave. B, +s.d.) A

(Ave. B, +s.d) A

(Ave. B, +sd) A

n =100

(1.524, 5.004) 4.004

(1.843,5.223) 4223

(0.502, 3.082) 2.082

(0.798, 3.398) 2.398

n =200

(1.861,4.021) 3.021

(2.042,4.162) 3.162

(0.852,2.572) 1.572

(1.071,2.751) 1.751

n =500

(2.062,3.282) 2.282

(2.176, 3.396) 2.396

(1.133,2.153) 1.153

(1.267,2.267) 1.267

n=1000

(2.166, 3.006) 2.006

(2250, 3.110) 2.110

(1.272,1.972) 0.972

(1.372,2.072) 1.072

m= 20

m = 30

(Ave. B, +sd) A

(Ave. B, +s.d) A

(Ave. B, +sd) A

(Ave. B, +sd) A

n =100

(0.084,2.404) 1.404

(0.353,2.753) 1.753

(-0.029,2.211) 1.211

(0.226, 2.566) 1.566

n =200

(0.453,2.013) 1.013

(0.685,2.225) 1.225

(0342, 1.862) 0.862

(0.553,2.073) 1.073

n =500

(0.768, 1.708) 0.708

(0.905, 1.825) 0.825

(0.657, 1.577) 0.577

(0.796, 1.696) 0.696

n =1000

0911,1.571) 0.571

(1.013, 1.673) 0.673

(0.807, 1.447) 0447

(0911, 1.551) 0.551

m =40

m =50

(Ave. B, +sd) A

(Ave. B, +s.d) A

(Ave. B, +sd) A

(Ave. B, +sd) A

n =100

(-0.0832.117) 1.117

(0.161,2.481) 1.481

(-0.115,2.065) 1.115

(0.111,2.431) 1.431

n =200

(0.299,1.779) 0.779

(0503, 2.003) 1.003

(0.260, 1.740) 0.740

(0462, 1.962) 0.962

n =500

(0.609, 1.509) 0.509

(0.740, 1.640) 0.640

(0.574, 1.474) 0474

(0.704, 1.604) 0.604

n =1000

(0.750, 1.390) 0.390

(0.853, 1.493) 0.493

(0.717, 1.357) 0.357

(0.823, 1.463) 0.463
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Table 4.2.5 Case 1: with 35 = 0 and Random Observation Time Points

Ave. of (3, & By, (s.d.) for Case 1: Bg = 0,t;; ~ U(0,V;)

Number of Simulation Loop: 1000

n =100 n = 200
Ave. ﬁn (s.d) | Ave. ﬁn (s.d) | Ave. [?n (s.d) | Ave. B~n (s.d.)
m=>5 1.129 (0.98) 1.333 (1.01) | 0968 (0.63) | 1.131(0.63)
m=10 0.471(0.87) | 0.662(0.96) | 0404 (0.59) | 0.554 (0.63)
m = 20 0.100 (0.90) | 0.269 (0.98) | 0.169 (0.60) | 0.303 (0.64)
m =30 0.050 (0.92) | 0.216(0.99) | 0.066 (0.60) | 0.199 (0.64)
m =40 -0.009 (0.94) | 0.156 (1.01) | -0.003 (0.60) | 0.125(0.63)
m =50 -0.062 (0.97) | 0.091 (1.04) | -0.057 (0.60) | 0.072 (0.64)
Censoring % 25.2% 25.0%
n =500 n =1000
Ave. Bn (s.d) | Ave. ﬁn (s.d) | Ave. [?n (s.d) | Ave. ﬁn (s.d.)
m=5 0.895 (0.37) 1.006 (0.36) | 0.872(0.26) | 0.953(0.25)
m =10 0.395(0.34) | 0.504 (0.36) | 0.379 (0.24) | 0475 (0.25)
m =20 0.122 (0.35) | 0.215(0.37) | 0.134(0.22) | 0.207 (0.25)
m =30 0.060 (0.34) | 0.148 (0.36) | 0.081 (0.23) | 0.152(0.25)
m =40 0.032 (0.35) | 0.120(0.37) | 0.016(0.23) | 0.081 (0.25)
m =50 -0011 (0.37) | 0.074 (0.39) | 0.009 (0.23) | 0.074(0.25)
Censoring % 25.1% 25.0%

Table 4.2.6 Case 1: Measurement of Coverage for Table 4.2.5

(Ave. B3,,) =+ s.d. and (Ave. 3,,) =+ s.d. with A

m=25

m =10

(Ave. B, +s.d.) A

(Ave. B, +s.d.) A

(Ave. B, +s.d) A

(Ave. B, +sd) A

n =100

(0.149,2.109) 2.109

(0.323,2343) 2.343

(-0.399, 1.341) 1.341

(-0.298,1.622) 1.622

n =200

(0.338,1.598) 1.598

(0.501, 1.761) 1.761

(-0.186,0.994) 0.994

(-0.076,1.184) 1.184

n =500

(0525, 1.265) 1.265

(0.646, 1.366) 1.366

(0.055, 0.735) 0.735

(0.144, 0.864) 0.864

n =1000

(0.612,1.132) 1.132

(0.703, 1.203) 1.203

(0.139, 0.619) 0.619

(0225, 0.725) 0.725

m =20

m = 30

(Ave. B, +s.d) A

(Ave. B, + s.d) A

(Ave. B, +sd) A

(Ave. B, +sd) A

n =100

(-0.800, 1.000) 1.000

(-0.711,1.249) 1.249

(-0.870,0.970) 0.970

(-0.774, 1.206) 1.206

n =200

(-0.431,0.769) 0.769

(-0.337,0.943) 0.943

(-0.534, 0.666) 0.666

(-0.441,0.839) 0.839

n =500

(-0.228,0.472) 0.472

(:0.155, 0.585) 0.585

(-0.280, 0.400) 0.400

(:0.212,0.508) 0.508

n =1000

(-0.086, 0.354) 0.354

(-0.043,0.457) 0.457

(-0.149,0.311) 0311

(-0.098,0.402) 0.402

m =40

m = 50

(Ave. B, +sd) A

(Ave. B, +s.d) A

(Ave. B, +sd) A

(Ave.f, +sd) A

n =100

(-0.949,0.931) 0.949

(-0.854,1.166) 1.166

(-1.032,0.908) 1.032

(-0.949, 1.131) 1.131

n =200

(-0.603, 0.597) 0.603

(-0.505, 0.755) 0.755

(-0.657,0.543) 0.657

(-0.568,0.712) 0.712

n =500

(-0.318,0.382) 0.382

(-0.250, 0.490) 0.490

(-0.381,0.359) 0.381

(-0.316, 0.464) 0.464

n =1000

(0214, 0.246) 0.246

(-0.169,0.331) 0.331

(-0.221,0.239) 0.239

(-0.176,0.324) 0.324
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Table 4.2.7 Case 1: with 3y = 0 and Evenly Chosen Observation Time Points

Ave. of Bn & ﬁn (s.d.) for Case 1: 39 = 0, t;; evenly chosen

Number of Simulation Loop: 1000

n =100 n =200
Ave. B, (s.d.) | Ave. B, (s.d) | Ave. B, (sd) | Ave. B, (s.d)
m=>5 1.576 (1.32) | 1.807(1.34) | 1307 (0.84) | 1.480(0.84)
m=10 0.566 (1.02) | 0.770(1.10) | 0470 (0.67) | 0.631(0.71)
m=20 0.190 (0.97) | 0.366 (1.05) | 0.157 (0.63) | 0.302(0.67)
m =30 0.079 (0.96) | 0.251(1.04) | 0.068 (0.63) | 0.204 (0.67)
m =40 0.023 (0.96) | 0.191(1.03) | 0.023(0.62) | 0.156 (0.66)
m =50 -0.005 (0.95) | 0.159 (1.03) | -0.001 (0.62) | 0.130 (0.66)
Censoring % 25.2% 25.0%
n =500 n = 1000
Ave. B, (sd.) | Ave. B, (s.d) | Ave. B, (sd) | Ave. B, (sd)
m=>5 1.126 (048) | 1.248(047) | 1.077(033) | 1.176(0.33)
m=10 0.411(0.38) | 0.527(0.40) | 0401(0.27) | 0.501 (0.28)
m =20 0.145 (0.36) | 0.244(0.38) | 0.156 (0.25) | 0.234(0.27)
m = 30 0.065 (0.36) | 0.159(0.38) | 0.084(0.25) | 0.155(0.27)
m =40 0.028 (0.36) | 0.119(0.38) | 0.049(0.25) | 0.117(0.27)
m =750 0.007 (0.36) | 0.097 (0.38) | 0.029 (0.25) | 0.096 (0.27)
Censoring % 25.1% 25.0%

Table 4.2.8 Case 1: Measurement of Coverage for Table 4.2.7

(Ave. B3,,) =+ s.d. and (Ave. 3,,) =+ s.d. with A

m=>5

m=10

(Ave. B, +sd) A

(Ave. B, + s.d) A

(Ave. B, +sd.) A

(Ave. B, +sd.) A

n =100

(0256, 2.896) 2.896

(0467,3.147) 3.147

(-0.454, 1.586) 1.586

(-0.330, 1.870) 1.870

n =200

(0.467,2.147) 2.147

(0.640, 2.320) 2.320

(-0.200, 1.140) 1.140

(-0.079, 1.341) 1341

n =500

(0.646, 1.606) 1.606

(0.778,1.718) 1.718

(0.031, 0.791) 0.791

(0.127, 0.927) 0.927

n =1000

(0.747,1.407) 1.407

(0.846, 1.506) 1.506

(0.131, 0.671) 0.671

(0.221, 0.781) 0.781

m =20

m =30

(Ave. B, +sd) A

(Ave. B, +sd) A

(Ave. B, +sd) A

(Ave. B, +sd) A

n =100

(-0.780, 1.160) 1.160

(-0.684, 1.416) 1416

(-0.881, 1.039) 1.039

(-0.789,1.291) 1.291

n =200

(-0.473,0.787) 0.787

(-0.368,0.972) 0972

(-0.562,0.698) 0.698

(-0.466, 0.874) 0.874

n =500

(0215, 0.505) 0.505

(-0.136, 0.624) 0.624

(-0.295, 0.425) 0.425

(-0.221,0.539) 0.539

n =1000

(-0.094, 0.406) 0.406

(-0.036, 0.504) 0.504

(-0.166, 0.334) 0.334

(:0.115,0.425) 0.425

m =40

m =50

(Ave. B, +sd) A

(Ave. B, +sd) A

(Ave. B, +sd.) A

(Ave.f, +sd) A

n =100

(-0.937,0.983) 0.983

(-0.839,1.221) 1.221

(:0.955,0.945) 0.955

(-0.871,1.189) 1.189

n =200

(-0.597,0.643) 0.643

(-0.504,0.816) 0.816

(-0.621,0.619) 0.621

(-0.530, 0.790) 0.790

n =500

(-0.332,0.388) 0.388

(-0.261, 0.499) 0.499

(-0.353,0.367) 0.367

(-0.283,0.477)0477

n =1000

(-0.201, 0.299) 0.299

(-0.115, 0.425) 0.425

(-0.221,0.279) 0.279

(-0.174,0.366) 0.366
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Table 4.2.9 Case 1: with 3o = —1 and Random Observation Time Points

Ave. of 3, & B, (s.d.) for Case 1: Bg = —1, t;; ~ U(0, V;)

Number of Simulation Loop: 1000

n =100 n =200
Ave. Bn (s.d.) | Ave. ﬁn (s.d) | Ave. [?n (sd) | Ave. ﬁn (s.d)
m=>5 0.092 (0.84) | 0.212(0.89) | -0.012 (0.50) | 0.071 (0.53)
m=10 -0.576 (0.86) | -0.482(0.92) | -0.591 (0.52) | -0.536 (0.54)
m=20 -0.854 (0.88) | -0.771 (0.92) | -0.873 (0.56) | -0.824 (0.58)
m =30 -0.957(0.92) | -0.876 (0.95) | -0.980 (0.57) | -0.930 (0.59)
m =40 -1.038 (0.96) | -0.955(0.99) | -0.993 (0.60) | -0.944 (0.61)
m=>50 -1.032(0.94) | -0.953 (0.97) | -1.028 (0.59) | -0.980 (0.60)
Censoring % 30.1% 30.0%
n =500 n = 1000
Ave. ﬁn (sd.) | Ave. ﬁn (s.d.) | Ave. [?n (s.d) | Ave. ﬁn (s.d.)
m=5 -0.075 (0.30) | -0.027 (0.32) | -0.091 (0.20) | -0.062 (0.21)
m=10 -0.587 (0.33) | -0.562 (0.34) | -0.578 (0.22) | -0.562 (0.23)
m =20 -0.815(0.34) | -0.791 (0.34) | -0.821 (0.23) | -0.807 (0.23)
m = 30 -0911(0.33) | -0.889 (0.34) | -0.897 (0.23) | -0.879 (0.23)
m =40 -0.967 (0.34) | -0.946 (0.35) | -0.937 (0.23) | -0.922 (0.23)
m =750 -0.946 (0.35) | -0.923 (0.35) | -0.936 (0.24) | -0.919 (0.24)
Censoring % 30.1% 30.0%

Table 4.2.10 Case 1: Measurement of Coverage for Table 4.2.9

(Ave. B,,) =+ s.d. and (Ave. 3,,) =+ s.d. with A

m=>5

m=10

(Ave. B, +sd) A

(Ave. B, +sd) A

(Ave. B, +sd) A

(Ave. B, +sd) A

n =100

(-0.748,0.932) 1.932

(-0.678,1.102) 2.102

(-1.436, 0.284) 1.284

(-1.402, 0.438) 1.438

n =200

(-0.512,0.488) 1.488

(-0.459,0.601) 1.601

(-1.111,-0.071) 0.929

(-1.076, 0.004) 1.004

n =500

(-0.375,0.225) 1.225

(-0.347,0.293) 1.293

(-:0917,-0.257) 0.743

(-0.902,-0.222) 0.778

n=1000

(-0.291,0.109) 1.109

(-0.272,0.148) 1.148

(-0.798,-0.358) 0.642

(-0.792,-0.332) 0.668

m = 20

m = 30

(Ave. B, +sd) A

(Ave. B, +s.d.) A

(Ave. B, +sd) A

(Ave. B, +sd) A

n =100

(-1.734, 0.026) 1.026

(-1.691, 0.149) 1.149

(-1.877,-0.037) 0.963

(-1.826, 0.074) 1.074

n =200

(-1.433,-0.313) 0.687

(-1.404, -0.244) 0.756

(-1.550, -0.410) 0.590

(-1.520, -0.340) 0.660

n =500

(-1.155,-0.475) 0.525

(-1.131,-0451) 0.549

(-1.241,-0.581) 0419

(-1.229,-0.549) 0.451

n =1000

(-1051,-0.591) 0.409

(-1.037,-0.577) 0.423

(-1.127,-0.667) 0.333

(-1.109, -0.649) 0.351

m =40

m = 50

(Ave. B, + s.d) A

(Ave. B, +s.d) A

(Ave. B, +s.d) A

(Ave. B, +s.d) A

n =100

(-1.998,-0.078) 0.998

(-1.945,0.035) 1.035

(-1.972,-0.092) 0.972

(-1923,0.017) 1.017

n =200

(-1.593,-0.393) 0.607

(-1.554,-0.334) 0.666

(-1.618,-0.438) 0.618

(-1.580, -0.380) 0.620

n =500

(-1.307, -0.627) 0.373

(-1.296, -0.596) 0.404

(-1.296, -0.596) 0.404

(-1.273,-0.573) 0.427

n=1000

(-1.167,-0.707) 0.293

(-1.152,-0.692) 0.308

(-1.176, -0.696) 0.304

(-1.159,-0.679) 0.321
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Table 4.2.11 Case 1: with 3 = —1 and Evenly Chosen Observation Time Points

Ave. of ,@n & Bn (s.d.) for Case 1: 39 = —1, t;; evenly chosen

Number of Simulation Loop: 1000

n =100 n =200
Ave. B, (s.d.) | Ave. B, (s.d) | Ave. B, (sd) | Ave. B, (s.d)
m=>5 0.179 (1.04) | 0.322(1.10) | 0.015(0.63) | 0.118 (0.68)
m=10 -0.580 (0.92) | 0479 (0.97) | -0.607 (0.59) | -0.542 (0.62)
m=20 -0.882 (0.92) | -0.795 (0.96) | -0.864 (0.61) | -0.808 (0.63)
m =30 -0.974 (0.92) | -0.890 (0.96) | -0.937 (0.61) | -0.883 (0.63)
m =40 -1.017 (0.93) | -0.934 (0.96) | -0.974 (0.61) | -0.921 (0.63)
m =50 -1.043 (0.93) | -0.963 (0.96) | -0.996 (0.61) | -0.943 (0.63)
Censoring % 30.1% 30.0%
n =500 n = 1000
Ave. B, (sd.) | Ave. B, (s.d) | Ave. B, (sd) | Ave. B, (sd)
m=>5 -0.087 (0.33) | -0.025 (0.36) | -0.098 (0.23) | -0.059 (0.25)
m=10 -0.629 (0.33) | -0.599 (0.34) | -0.627 (0.24) | -0.607 (0.24)
m =20 -0.850 (0.34) | -0.825(0.34) | -0.841 (0.24) | -0.824 (0.24)
m = 30 -0.918 (0.34) | -0.893 (0.35) | -0.906 (0.24) | -0.889 (0.24)
m =40 -0.949 (0.34) | -0.925(0.35) | -0.935(0.24) | -0.919 (0.24)
m =750 -0.968 (0.34) | -0.944 (0.35) | -0.952 (0.24) | -0.936 (0.25)
Censoring % 30.1% 30.0%

Table 4.2.12 Case 1: Measurement of Coverage for Table 4.2.11

(Ave. 3,,) £ s.d. and (Ave. 3,,) £ s.d. with A

m=25

m =10

(Ave. B, +s.d.) A

(Ave. B, +s.d.) A

(Ave. B, +s.d) A

(Ave. B, +sd) A

n =100

(-0.861,1.219) 2.219

(-0.778,1.422) 2.422

(-1.500, 0.340) 1.340

(-1.449, 0491) 1.491

n =200

(-0.615, 0.645) 1.645

(-0.562,0.798) 1.798

(-1.197,-0.017) 0.983

(-1.162, 0.078) 1.078

n =500

(-0.417,0.243) 1.243

(-0.385,0.335) 1.335

(-0.959,-0.299) 0.701

(-0.939,-0.259) 0.741

n =1000

(-0.328,0.132) 1.132

(-0.309,0.191) 1.191

(-0.867,-0.387) 0.613

(-0.847,-0.367) 0.633

m =20

m = 30

(Ave. B, +sd) A

(Ave. B, +s.d) A

(Ave. B, +sd) A

(Ave. B, +sd) A

n =100

(-1.802, 0.038) 1.038

(-1.755, 0.165) 1.165

(-1.894, -0.054) 0.946

(-1.850,0.070) 1.070

n =200

(-1.474,-0.254) 0.746

(-1.438,-0.178) 0.822

(-1.547,-0.327) 0.673

(-1.513,-0.253) 0.747

n =500

(-1.190,-0.510) 0.490

(-1.165, -0.485) 0.515

(-1.258,-0.578) 0.422

(-1.243,-0.543) 0.457

n =1000

(-1.081,-0.601) 0.399

(-1.064,-0.584) 0.416

(-1.146, -0.666) 0.334

(-1.129,-0.649) 0.351

m =40

m = 50

(Ave. B, +sd) A

(Ave. B, +s.d) A

(Ave. B, +sd) A

(Ave.f, +sd) A

n =100

(-1.947,-0.087) 0.947

(-1.894,0.026) 1.026

(-1.973,-0.113) 0.973

(-1.923,-0.003) 0.997

n =200

(-1.584,-0.364) 0.636

(-1.551,-0.291) 0.709

(-1.606, -0.386) 0.614

(-1.573,-0.313) 0.687

n =500

(-1.289,-0.609) 0.391

(-1.275,-0.575) 0.425

(-1.308,-0.628) 0.372

(-1.294,-0.594) 0.406

n =1000

(-1.175, -0.695) 0.305

(-1.159,-0.679) 0.321

(-1.192,-0.712) 0.288

(-1.186, -0.686) 0.314
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4.3 Case 2: Use Total Summary Measurement

Here, we consider using Z(t) = ¢(X") in our proposed PH model (1.38) as total
summary measurement, which is motivated by the Child Development Data described in
Section 1.5. We call this Case 2 in our simulation studies.

Below, Section 4.3.1 describes the specific simulation setting for our Case 2 studies
and outlines the steps to generate data (1.29) for such case, while Section 4.3.2 presents

the simulation results under our Case 2 setting.

4.3.1 Case 2 Simulation Setting

Here, we consider the summary measurement as the total of X (¢; w) in time interval
(0,t). Let points s = 0 < s1 < ... < sy = t evenly divide interval (0,¢) in to N
subintervals with equal length A = % Then, the approximated amount of X (¢;w) in
time interval (s, s + A) is X (s;w)A, thus the approximated total amount of X (¢;w) in

A — 30 X(siw)

time interval (0,1) is Sy = S0 | X (s;;w) —==5———, which is a Riemann sum.

Let N — oo, from the definition of definite integral we have:

N—oo

Z(t) = o(X") = lim Sy = /OtX(s;w)ds.

Thus, in our proposed PH model (1.38), we consider the following Case 2 data setting for

our simulation studies:
o [y = 1 — e /2, which is the baseline d.f., thus fy(t) = te /2, ho(t) = t in
equation (3.7)
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Fe = Exp(3), which is the d.f. of right censoring variable in (1.2)

e X(t)=X(t,w) = %t, which is the longitudinal covariate process withw ~ U (0, 1)

Z(t) = p(X") = fot “ds = “’th, which is the total of X (¢;w) in time interval (0, t)

From Case 1, we know F'(t | X*) given by (3.7) is something we can use to generate

a conditional r.v. T" given X", denoted by [T | X*].

Based on above choices, we have the following in (3.7): for Sy # 0,

t t
F(tht> = exp{ —/ h0<3)€Z(S)ﬁodS} _ eXp{ _/ S€ﬁ0ws2/4d3}
0 0

6,6’00.252/4 3 1— 6ﬁ()o.)152/4
_ _ _ e 427
P { Bow/2 o} P { Bow/2 }7 (27

which implies
1 — ePowt®/4

F(t|Xt):1—eXp{ Bo)2

}EG@. (4.28)

We have the following in above G():

G(o0) =1 — lim exp

t—o00

1 _ eﬁowt2/4 S 1 _eﬁowt2/4 4 29
— 5 =1 —¢bov [i _ ). .
{ Bow/2 } A exp{ Bow/2 } (429

Notice that for any given w > 0, above G(t) is an increasing function because

, _650Wt2/4 wt 1— eﬁowt2/4
0 -~(Sm) (03 o 50

1 — efowt?/4 2
= —————— peet A >,
exp { Bo)2 }e
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For 3y > 0, from (4.29) we have G/(t) in (4.28) satisfies

G0)=1-¢"=0

2 —efowt?/4 2 —et®
ey —_ Bow 1 _— f— J— Bow _
G(o0) =1 —ePo tlglolo exp{ Bo)2 } 1 — ePov exp {ﬂow/Z}

2 2
=1—¢ePove ®=1—¢ebov.0)=1.

Thus, G(t) is a proper d.f. when 3, > 0.

For 5y = 0, we have the following in (3.7)

t t
ho(s)ez(s)ﬁods} = exp{ —/ sds}
0
t
} _ e—t2/27
0

F(t\xt):exp{—

82
—exp{—§

S—

which implies
Fit|X)=1-e"?=aG(1).

Notice that above G(t) is an increasing function satisfying
G0)=1—¢"=0 and G(co)=1—e=1.
Thus, G(t) is a proper d.f. when 5, = 0.
For 3y < 0, from (4.29) we have G/(t) in (4.28) satisfies
G0)=1-¢"=0

_2 —eﬂOWt2/4 2 —e®
— — Bow |3 _— e — Bow
G(oo0) =1—ePo tlgglo exp{ Bo /2 } 1 — ePov exp {5000/2}

=1—¢hov . =1—ef~ = gy(w, fy) < 1,
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which implies G(t) is a not proper d.f. when 5y < 0. From (4.32), we know go(w, f3p)

depends on the value of /3y and w, where w ~ U (0, 1).

Derivation for G~! in Case 2:
From G(t) = F(t| X") given by (4.28), we know that Y = G~}(U) is ar.v. gen-

erated from d.f. G(t), where U ~ U(0,1). To find G, we compute the following:

G 1— eﬁowt2/4 1— eﬁowt2/4 :
t)y=u => u=1—expy ————— —— =log(l1 —u
() | = e e w

— Powt?/4 _ 1 _ 50700 log(1 — u)

1/2
= t= [ﬁgiwlog (1- %Twlog(l - u))] — G (u). (4.33)
. 4 Bow 1/2 .

Hence, for U ~ U(0, 1), random variable Y = [ﬂo_w log (1 — =5 log(1 — U))]7" is

generated from above d.f. G(t) = F(t| X") in (4.33), and Y is a conditional r.v. T" given
Xt

For 3y > 0, G~(U) in (4.33) is given by

w 1/2
GLYU) = [5% log (1 — 22 10g(1 — U))] . (4.34)

For 5y = 0, from (4.31) we compute the following:

2

t
Glt)=u = u=1-—¢e""?= g =log(l—u)= t= [~ 2log(1 —u)] .

Thus, when 3, = 0, G~(U) is given by

1/2

G'U) = [—2log(1-U)] (4.35)
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From (4.32), for fy < 0 and U < 1 — efos, G-1(U) in (4.33) is given by
-1 4 Bow 1/2
G(U) = |75 10g (1 - 21081 - )| . (4.36)

For Gy < 0and U > 1 — eFos, G-(U) = oo in (4.33),

Steps to Generate Data (1.29) for Case 2:
Step 1. Generate w; ~ U(0,1)

Step 2. Generate U ~ U(0, 1) and compute

[ tog (1 — 22 10g(1 — U))]"* if By > 0

T, = Bowi 2
[ 2log(1 — )] if By = 0
(4 log (1 — 2% 10g(1 — 1))]Y* if By <0, U < 1 —eRom
T' (4.32) ﬂowi 8 2 g 0 ) =

o0 ifﬁo<0,U>1—eﬁ

Step 3. Generate U ~ U(0, 1) and compute C; = —3log(1 — U).

Step 4. Obtain (V}, §;) based on Step 2-3, where V; = min{T;, C;} and 6; = I{T; < C;},

which is the first part of data (1.29).

Step 5. Let N; = [V;]+1, where [V/] is the integer part of V}, then for a chosen integer m,
compute J; = mJV;. Generate ¢;;’s as in (4.23), then order them into ¢;; < ... <
tis,» which gives XY = {X;(t;;)|j = 1,...,Ji} = {Zt;|7 = 1,..., T},
which is the last part of data (1.29).
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Step 6. Compute Z(¢;;) in equation (4.9):

j
Z(ti;) = (X)) = (tir — tie—1) Xi(tino1). (4.37)

k=1
NOTE: G(t) is not a proper d.f. when §; < 0 because from (4.32) we have
ga(w, Bo) < 1. If u € (go(w, Bo), 1), then G~ (u) does not exists and T; = G~ (u) = oo,

which gives V; = min{T;, C;} = C;. For Case 1 with 5, < 0, we have the same situation.

4.3.2 Simulation Results

Similar to Case 1, for Case 2 simulation studies, we consider Sy = 1,0, —1, and we
follow Steps 1-6 described in Section 4.3.1 to generate 1000 samples with sample size
n = 100,200, 500, 1000 and m = 5, 10, 20, 30, 40, 50, respectively. For each case, we
compute the simulation mean and s.d. for Bn and Bn, and we also compute (Ave. Bn )+
s.d. and (Ave. 3, ) + s.d. with A for interval (a,b), where A is given in (4.26).

Table 4.3.1 presents the simulation mean and s.d. of Bn and Bn for Case 2 data
setting with fy = 1 and ¢;; ~ U(0,V;), while Table 4.3.2 gives gives (Ave. B, )+ s.d.
and (Ave. (3, ) & s.d. with A for simulation results in Table 4.3.1. Similarly, Tables 4.3.3-
4.3.4 display results for Case 2 with 5, = 1 and ¢;;’s evenly chosen; Tables 4.3.5-4.3.12

display results accordingly for 5, = 0, —1, respectively.
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Table 4.3.1 Case 2: with 35 = 1 and Random Observation Time Points

Ave. of B, & By, (s.d.) for Case 2: By = 1, tij ~U(0,V;)

Number of Simulation Loop: 1000

n =100 n = 200
Ave. B, (sd) | Ave. B, (s.d) | Ave. B, (s.d.) | Ave. B, (sd)
m=5 0.848 (1.05) | 1.135(1.13) | 0.759(0.70) | 0974 (0.72)
m =10 0.762 (1.13) | 1.064 (1.21) | 0.806(0.75) | 1.028 (0.78)
m = 20 0.778 (1.17) | 1.078 (125) | 0.807 (0.74) | 1.036 (0.77)
m = 30 0.775(1.13) | 1067 (121) | 0.816(0.74) | 1.044 (0.76)
m = 40 0.750 (1.05) | 1.049 (1.14) | 0.820(0.72) | 1.042(0.74)
m =50 0.796 (1.14) | 1.083 (1.22) | 0.843(0.77) | 1.073 (0.79)
Censoring % 31.2% 31.1%
n =500 n = 1000
Ave. B, (sd) | Ave. B, (s.d) | Ave. B, (s.d.) | Ave. B, (s.d)
m=5 0.873 (043) | 1.007 (0.42) | 0.840(0.29) | 0.947 (0.29)
m =10 0.889 (0.44) | 1.029(043) | 0.887(0.29) | 0.999 (0.29)
m = 20 0.871(0.44) | 1.012(043) | 0.909(0.30) | 1.022(0.30)
m = 30 0.890 (0.45) | 1.031(044) | 0.885(0.31) | 0.999 (0.30)
m = 40 0.871(047) | 1.011(046) | 0.885(0.30) | 0.999 (0.30)
m = 50 0.882(0.44) | 1.020(043) | 0.904(0.30) | 1.015(0.30)
Censoring % 31.1% 31.0%

Table 4.3.2 Case 2: Measurement of Coverage for Table 4.3.1

(Ave. B3,,) £ s.d. and (Ave.3,,) =+ s.d. with A

m=25

m=10

(Ave. §, +sd) A

(Ave. B, £sd.) A

(Ave.f, +sd) A

(Ave. B, £sd) A

n=100

(-0.202, 1.898) 1.202

(0.005,2.265) 1.265

(-0.368, 1.892) 1.368

(-0.146,2.274) 1.274

n =200

(0.059, 1.459) 0.941

(0.254,1.694) 0.746

(0.056, 1.556) 0.944

(0.248, 1.808) 0.808

n =500

(0.443, 1.303) 0.557

(0.587,1.427) 0.427

(0.449, 1.329) 0.551

(0.599, 1.459) 0.459

n = 1000

(0.550, 1.130) 0.450

(0.657,1.237) 0.343

(0.597, 1.177) 0.403

(0.709, 1.289) 0.291

m =20

m = 30

(Ave. f, +sd) A

(Ave. B, £sd.) A

(Ave.f, £ sd) A

(Ave. B, £sd) A

n =100

(-0.392,1.948) 1.392

(-0.172,2.328) 1.328

(-0.355, 1.905) 1.355

(-0.143,2277)1.277

n =200

(0.067, 1.547) 0.933

(0.266, 1.806) 0.806

(0.076, 1.556) 0.924

(0.284, 1.804) 0.804

n =500

(0.431, 1.311) 0.569

(0.582, 1.442) 0.442

(0.440, 1.340) 0.560

(0.591, 1.471) 0471

n = 1000

(0.609, 1.209) 0.391

(0.722, 1.322) 0.322

(0.575, 1.195) 0.425

(0.699, 1.299) 0.301

m =40

m =50

(Ave. B, + s.d) A

(Ave. B, +sd.) A

(Ave. B, +sd.) A

(Ave. B, +sd.) A

n =100

(-0.300, 1.800) 1.300

(-0.091,2.189) 1.189

(-0.344,1.936) 1.344

(-0.137,2.303) 1.303

n =200

(0.100, 1.540) 0.900

(0.302, 1.782) 0.782

(0.073, 1.613) 0.927

(0.283, 1.863) 0.863

n =500

(0401, 1.341) 0.599

(0551, 1.471) 0471

(0442, 1.322) 0.558

(0.590, 1.450) 0.450

n = 1000

(0.585, 1.185) 0415

(0.699, 1.299) 0.301

(0.604, 1.204) 0.396

(0.715, 1.315) 0.315
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Table 4.3.3 Case 2: with 3y = 1 and Evenly Chosen Observation Time Points

Ave. of Bn & Bn (s.d.) for Case 2: 39 = 1, t;; evenly chosen

Number of Simulation Loop: 1000

n =100 n = 200
Ave. B, (sd.) | Ave. B, (s.d) | Ave. B, (s.d) | Ave. B, (s.d.)
m=5 2.823(162) | 3.127(1.57) | 2531 (1.01) | 2.710 (0.98)
m = 10 1.696 (1.30) | 2.034(1.32) | 1.607 (0.86) | 1.833(0.84)
m = 20 1222 (1.19) | 1544 (125) | 1.198 (0.79) | 1435(0.79)
m = 30 1079 (1.17) | 1396(123) | 1073 (0.77) | 1311(0.78)
m = 40 1.006 (1.15) | 1311(122) | 1.014(0.76) | 1.244(0.78)
m = 50 0973 (1.14) | 1271(122) | 0980 (0.76) | 1.208 (0.77)
Censoring % 31.2% 31.1%
n =500 n = 1000
Ave. B, (sd) | Ave. B, (s.d) | Ave. B, (sd) | Ave. B, (sd.)
m=5 2300 (0.56) | 2.418(0.56) | 2227 (039) | 2.320(0.39)
m = 10 1553 (0.50) | 1.681(049) | 1533 (035) | 1.635(0.35)
m = 20 1207 (047) | 1342(046) | 1211(033) | 1319(0.33)
m = 30 1.100 (046) | 1235(045) | 1.110(033) | 1220(0.32)
m = 40 1.044 (0.46) | 1.180 (0.46) | 1.059 (0.32) | 1.170(0.32)
m = 50 1.009 (046) | 1.147 (045) | 1.028 (032) | 1.139(0.32)
Censoring % 31.1% 31.0%

Table 4.3.4 Case 2: Measurement of Coverage for Table 4.3.3

(Ave. B,,) = s.d. and (Ave. 3,,) =+ s.d. with A

m=5

m=10

(Ave. B, +sd) A

(Ave.B, +sd) A

(Ave. B, +sd) A

(Ave. B, £sd.) A

n=100

(1.203,4.443) 3.443

(1.557,4.697) 3.697

(0.396,2.996) 1.996

(0.714,3.354) 2.354

n =200

(1.521,3.541) 2.541

(1.730, 3.690) 2.690

(0.747,2.467) 1.467

(0.993,2.673) 1.673

n =500

(1.740, 2.860) 1.860

(1.858,2.978) 1.978

(1.053,2.053) 1.053

(1.191,2.171) 1.171

n=1000

(1.837,2.617) 1.617

(1.930,2.710) 1.710

(1.183,1.883) 0.883

(1.285, 1.985) 0.985

m=20

m = 30

(Ave. B, +sd) A

(Ave. B, +sd) A

(Ave. B, +sd) A

(Ave. B, +sd.) A

n=100

(0032,2.412) 1412

(0.294,2.794) 1.794

(-0.091,2.249) 1.249

(0.166, 2.626) 1.626

n =200

(0.408, 1.988) 0.988

(0.645,2.225) 1.225

(0.303, 1.843) 0.843

(0.531,2.091) 1.091

n =500

(0.737,1.677) 0.677

(0.882,1.802) 0.802

(0.640, 1.560) 0.560

(0.785, 1.685) 0.685

n=1000

(0.881, 1.541) 0.541

(0.989, 1.649) 0.649

(0.780, 1.440) 0.440

(0.900, 1.540) 0.540

m =40

m =50

(Ave. f, £ sd) A

(Ave.B, +sd) A

(Ave. B, £sd) A

(Ave. B, £sd.) A

n=100

(-0.144,2.156) 1.156

(0.091,2.531) 1.531

(-0.167,2.113) 1.167

(0.051,2.491) 1.491

n =200

(0.254,1.774) 0.774

(0.464,2.024) 1.024

(0.220, 1.740) 0.780

(0.438,1.978) 0.978

n =500

(0.584, 1.504) 0.504

(0.720, 1.640) 0.640

(0.549, 1.469) 0.469

(0.697,1.597) 0.597

n=1000

(0.739,1.379) 0.379

(0.850, 1.490) 0.490

(0.708, 1.348) 0.348

(0.819,1.459) 0.459
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Table 4.3.5 Case 2: with 35 = 0 and Random Observation Time Points

Ave. of (3, & By, (s.d.) for Case 2: 3o = 0,t;; ~ U(0,V;)

Number of Simulation Loop: 1000

n =100 n = 200

Ave. B, (sd) | Ave. B, (s.d.) | Ave. B, (s.d) | Ave.B, (s.d.)

m=5 -0.111 (0.96) | 0037 (1.03) | -0.041 (0.55) | 0.083 (0.59)

m = 10 -0.112(0.99) | 0.046 (107) | -0.106 (0.61) | 0.019 (0.65)

m = 20 -0.128 (1.03) | 0032(1.12) | -0.123 (0.65) | 0.003 (0.69)

m = 30 -0.105 (1.01) | 0.053(1.09) | -0.127 (0.61) | -0.004 (0.66)

m = 40 -0.171 (1.00) | -0.021 (1.07) | -0.166 (0.63) | -0.044 (0.67)

m = 50 -0.192 (1.03) | -0.036 (1.12) | -0.109 (0.61) | 0.018 (0.65)
Censoring % 32.8% 32.7%

n =500 n = 1000

Ave. B, (sd) | Ave. B, (sd.) | Ave. B, (s.d) | Ave.B, (sd)

m=>5 -0.030 (0.33) | 0.052(0.35) | -0.026 (0.23) | 0.039 (0.25)

m = 10 -0.058 (0.34) | 0.024(0.36) | -0.056 (0.23) | 0.007 (0.25)

m = 20 -0.079 (0.33) | 0.005(0.36) | -0.060 (0.23) | 0.003 (0.25)

m = 30 -0.095 (0.36) | -0.012 (0.38) | -0.059 (0.23) | 0.002 (0.24)

m = 40 -0.097 (0.35) | -0.013 (0.37) | -0.068 (0.24) | -0.003 (0.25)

m = 50 0072 (0.34) | 0.012(0.36) | -0.063 (0.24) | 0.000 (0.25)
Censoring % 32.7% 32.6%

Table 4.3.6 Case 2: Measurement of Coverage for Table 4.3.5

(Ave. B3,,) =+ s.d. and (Ave. 3,,) = s.d. with A

m=25

m=10

(Ave. B, +s.d) A

(Ave. B, +sd) A

(Ave. B, +s.d) A

(Ave.B, +sd) A

n =100

(-1.071,0.849) 1.071

(-0.993, 1.067) 1.067

(-1.102,0.878) 1.102

(-1.024,1.116) 1.116

n =200

(-0.591, 0.509) 0.591

(-0.507,0.673) 0.673

(-0.716,0.504) 0.716

(-0.631, 0.669) 0.669

n =500

(-0.360, 0.300) 0.360

(-0.298, 0.402) 0.402

(-0.398,0.282) 0.398

(-0.336,0.384) 0.384

n=1000

(-0.256,0.204) 0.256

(-0.211,0.289) 0.289

(-0.286,0.174) 0.286

(-0.243,0.257) 0.257

m = 20

m = 30

(Ave. B, + sd) A

(Ave. B, +sd) A

(Ave. B, £ sd) A

(Ave. B, +sd) A

n =100

(-1.158,0.902) 1.158

(-1.088,1.152) 1.152

(-1.115,0.905) 1.115

(-1.037,1.143) 1.143

n =200

(-0.773,0.527) 0.773

(-0.687,0.693) 0.693

(-0.737,0.483) 0.737

(-0.664, 0.656) 0.664

n =500

(-0.409,0.251) 0.409

(-0.355, 0.365) 0.365

(-0.455,0.265) 0.455

(-0.392,0.368) 0.392

n=1000

(-0.290, 0.170) 0.290

(-0.247,0.253) 0.253

(-0.289,0.171) 0.289

(-0.238,0.242) 0.242

m = 40

m =50

(Ave. B, +s.d) A

(Ave. B, +sd) A

(Ave. B, +s.d) A

(Ave. B, +sd) A

n =100

(-1.171,0.829) 1.171

(-1.091, 1.049) 1.091

(-1.222,0.838) 1.222

(-1.156,1.084) 1.156

n =200

(-0.796, 0.464) 0.796

(-0.714, 0.626) 0.714

(-0.719,0.501) 0.719

(-0.632, 0.668) 0.668

n =500

(-0.447,0.253) 0.447

(-0.383,0.357) 0.383

(-0412,0.268) 0.412

(-0.348,0.372) 0.372

n=1000

(-0.308, 0.172) 0.308

(-0.253,0.247) 0.253

(-0.303,0.177) 0.303

(-0.250, 0.250) 0.250
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Table 4.3.7 Case 2: with 3y = 0 and Evenly Chosen Observation Time Points

Ave. of Bn & Bn (s.d.) for Case 2: 39 = 0, t;; evenly chosen

Number of Simulation Loop: 1000

n =100 n = 200
Ave. B, (sd.) | Ave. B, (s.d) | Ave. B, (s.d.) | Ave. B, (s.d.)
m=>5 1330 (1.19) | 1.561(1.24) | 1.031(0.74) | 1216 (0.76)
m = 10 0.545(0.99) | 0.747 (1.08) | 0.429 (0.63) | 0.584 (0.68)
m = 20 0.204 (096) | 0374 (1.05) | 0.151 (0.61) | 0.294 (0.66)
m = 30 0.093 (096) | 0.259 (1.05) | 0.061 (0.60) | 0.202 (0.65)
m = 40 0.034 (0.96) | 0.196 (1.05) | 0.019 (0.60) | 0.156 (0.65)
m = 50 0.002 (0.97) | 0.161 (1.05) | -0.007 (0.60) | 0.127 (0.65)
Censoring % 32.8% 32.7%
n =500 n = 1000
Ave. B, (sd.) | Ave. B, (s.d) | Ave. B, (sd.) | Ave. B, (s.d.)
m=>5 0.849 (042) | 0977 (042) | 0.801 (0.29) | 0.904 (0.28)
m = 10 0352 (036) | 0.466(0.38) | 0337 (0.24) | 0.433(0.26)
m = 20 0.130 (0.35) | 0226 (0.37) | 0.135(0.23) | 0.213(0.26)
m = 30 0.061 (034) | 0.153(037) | 0.071 (023) | 0.146 (0.25)
m = 40 0.022 (035) | 0.111(0.37) | 0.039 (024) | 0.109 (0.25)
m = 50 0.002 (0.35) | 0.089(0.37) | 0.019 (0.24) | 0.088 (0.25)
Censoring % 32.7% 32.6%

Table 4.3.8 Case 2: Measurement of Coverage for Table 4.3.7

(Ave. B3,,) =+ s.d. and (Ave. 3,,) =+ s.d. with A

m=25

m=10

(Ave. B, + s.d.) A

(Ave. B, £sd.) A

(Ave. B, + s.d) A

(Ave. B, £sd) A

n=100

(0.140, 2.520) 2.520

(0.321,2.801) 2.801

(-0.445,1.535) 1.535

(-0.333,1.827) 1.827

n =200

(0.291,1.771) 1971

(0.456,1.976) 1.976

(-0.201, 1.059) 1.059

(-0.096, 1.264) 1.264

n =500

(0.429,1.269) 1.269

(0.557,1.397) 1.397

(-0.008,0.712) 0.712

(0.086, 0.846) 0.846

n=1000

(0.511,1.091) 1.091

(0.624,1.184) 1.184

(0.097, 0.577) 0.577

(0.173, 0.693) 0.693

m =20

m=30

(Ave. B, +sd) A

(Ave. B, +sd.) A

(Ave. B, +sd) A

(Ave. B, +sd.) A

n=100

(-0.756,1.164) 1.164

(-0.676,1424) 1424

(-0.867,1.053) 1.053

(-0.791, 1.309) 1.309

n =200

(-0.459,0.761) 0.761

(-0.366,0.954) 0.954

(-0.539,0.661) 0.661

(-0.448,0.852) 0.852

n =500

(-0.220,0.480) 0.480

(-0.144, 0.596) 0.596

(-0.279,0401) 0401

(-0.217,0.523) 0.523

n=1000

(-0.095, 0.365) 0.365

(-0.047,0473)0.473

(-0.159,0.301) 0.301

(-0.104, 0.396) 0.396

m =40

m=>50

(Ave. B, + s.d.) A

(Ave. B, £ sd.) A

(Ave. B, + s.d) A

(Ave. B, +sd) A

n =100

(-0.926,0.994) 0.994

(-0.854, 1.246) 1.246

(-0.968,0.972) 0.972

(-0.889,1.211) 1211

n=200

(:0.581,0.619) 0.619

(-0.494,0.806) 0.806

(0.607,0.593) 0.607

(:0.523,0.777)0.777

n =500

(-0.328,0.372) 0.372

(-0.259,0.481) 0481

(-0.348,0.352) 0.352

(-0.281,0.459) 0.459

n=1000

(-0.201,0.279) 0.279

(-0.141,0.359) 0.359

(-0.221,0.259) 0.259

(-0.162,0.338) 0.338
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Table 4.3.9 Case 2: with 3o = —1 and Random Observation Time Points

Ave. of 3, & B, (s.d.) for Case 2: 3o = —1,t;; ~ U(0, V;)

Number of Simulation Loop: 1000

n =100 n = 200
Ave. B, (sd) | Ave. B, (s.d.) | Ave. B, (s.d) | Ave. B, (s.d.)
m=5 -0.982 (0.82) | -0.931(0.83) | -0.939 (0.52) | -0.909 (0.53)
m =10 -1.095 (0.83) | -1.040 (0.84) | -1.022 (0.54) | -0.997 (0.55)
m = 20 -1.122(0.89) | -1.070 (0.91) | -1.071 (0.52) | -1.044 (0.53)
m = 30 -1.144 (091) | -1.089 (0.94) | -1.031 (0.55) | -1.003 (0.56)
m = 40 -1.105 (0.86) | -1.052(0.89) | -1.068 (0.57) | -1.040 (0.58)
m =50 -1.222(095) | -1.168 (0.97) | -1.091 (0.56) | -1.065 (0.57)
Censoring % 36.5% 36.4%
n =500 n = 1000
Ave. B, (sd) | Ave. B, (sd.) | Ave. B, (s.d) | Ave. B, (s.d.)
m=5 20912 (0.28) | -0.904 (0.28) | -0.895 (0.20) | -0.886 (0.20)
m =10 -1.007 (0.32) | -0.997 (032) | 0963 (021) | -0.953 (0.21)
m = 20 -0.987 (0.29) | -0.978 (0.29) | -0.996 (0.21) | -0.987 (0.21)
m = 30 -1.007 (0.30) | -0.997 (0.30) | 0977 (021) | -0.968 (0.21)
m = 40 -1.005 (0.31) | -0.994 (0.31) | -0.993 (022) | -0.985 (0.21)
m = 50 -1.013 (0.30) | -1.003 (0.30) | -0.989 (0.22) | -0.979 (0.22)
Censoring % 36.4% 36.3%

Table 4.3.10 Case 2: Measurement of Coverage for Table 4.3.9

(Ave. B3,,) £ s.d. and (Ave.3,,) =+ s.d. with A

m=25

m=10

(Ave. B, £ sd) A

(Ave. B, £sd.) A

(Ave. f, £ sd) A

(Ave. B, +sd) A

n=100

(-1.802,-0.162) 0.838

(-1.761,-0.101) 0.899

(-1.925, -0.265) 0.925

(-1.880,-0.200) 0.880

n =200

(-1.459,-0419) 0.581

(-1.439,-0.379) 0.621

(-1.562,-0.482) 0.562

(-1.547,-0.447) 0.553

n=>500

(-1.192,-0.632) 0.368

(-1.184,-0.624) 0.376

(-1.327,-0.687) 0.327

(-1.317,-0.677) 0.323

n =1000

(-1.095, -0.695) 0.305

(-1.086,-0.686) 0.314

(-1.173,-0.753) 0.247

(-1.163,-0.743) 0.257

m =20

m=30

(Ave. B, + s.d.) A

(Ave. B, £sd.) A

(Ave. B, + s.d) A

(Ave. B, +sd) A

n =100

(-2.012,-0232) 1.012

(-1.980,-0.160) 0.980

(-2.054,-0.234) 1.054

(-2.029,-0.149) 1.029

n =200

(-1.591,-0.551) 0.591

(-1.574,-0.514) 0.574

(-1.581,-0.481) 0.581

(-1.563,-0.443) 0.563

n =500

(-1.277,-0.697) 0.303

(-1.268,-0.688) 0.312

(-1.307,-0.707) 0.307

(-1.297,-0.697) 0.303

n=1000

(-1.206,-0.786) 0.214

(-1.197,-0.777) 0.223

(-1.187,-0.767) 0.233

(-1.178,-0.758) 0.242

m =40

m =750

(Ave. B, +sd) A

(Ave. B, £sd) A

(Ave. f, + sd) A

(Ave. B, +sd) A

n=100

(-1.965,-0.245) 0.965

(-1.942,-0.162) 0.942

(-2.172,-0.272) 1.172

(-2.138,-0.198) 1.138

n =200

(-1.638,-0.498) 0.638

(-1.620,-0.460) 0.620

(-1.651,-0.531) 0.651

(-1.635,-0.495) 0.635

n =500

(-1.315,-0.695) 0.315

(-1.304,-0.684) 0.316

(-1.313,-0.713) 0.313

(-1.303,-0.703) 0.303

n=1000

(-1.213,-0.773) 0.227

(-1.195,-0.775) 0.225

(-1.209, -0.769) 0.231

(-1.199,-0.759) 0.241
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Table 4.3.11 Case 2: with 3o = —1 and Evenly Chosen Observation Time Points

Ave. of ,@n & Bn (s.d.) for Case 2: B9 = —1, t;; evenly chosen

Number of Simulation Loop: 1000

n = 100 n = 200
Ave. B, (sd) | Ave. B, (s.d) | Ave. B, (s.d) | Ave. B, (sd)
m=5 -0.099 (0.88) | -0.011 (0.94) | -0.249 (0.50) | -0.201 (0.54)
m = 10 -0.599 (1.02) | -0.559 (0.88) | -0.654 (0.51) | -0.624 (0.53)
m = 20 -0.860 (1.00) | -0.821(0.89) | -0.843 (0.51) | -0.817 (0.53)
m = 30 -0.940 (0.98) | -0.900 (0.88) | -0.913 (0.52) | -0.886 (0.53)
m = 40 -0.981 (0.99) | -0.947 (0.89) | -0.945 (0.52) | -0.919 (0.53)
m = 50 -1.013(0.99) | -0.974 (0.90) | -0.966 (0.53) | -0.939 (0.54)
Censoring % 36.5% 36.4%
n = 500 n = 1000
Ave. B, (sd.) | Ave. B, (s.d) | Ave. B, (s.d.) | Ave. B, (sd)
m=>5 -0.331(0.28) | -0.318 (0.29) | -0.353 (0.20) | -0.346 (0.20)
m = 10 -0.676 (0.29) | -0.666 (0.29) | -0.681 (0.19) | -0.674 (0.19)
m = 20 -0.847 (0.30) | -0.837 (0.30) | -0.835 (0.20) | -0.826 (0.20)
m = 30 -0.897 (0.30) | -0.887 (0.30) | -0.886 (0.20) | -0.878 (0.20)
m = 40 -0.927 (0.30) | -0.919 (0.30) | -0.913 (0.21) | -0.904 (0.20)
m = 50 -0.945 (0.31) | -0.935(0.31) | -0.931 (021) | -0.924 (0.21)
Censoring % 36.4% 36.3%

Table 4.3.12 Case 2: Measurement of Coverage for Table 4.3.11

(Ave. B3,,) £ s.d. and (Ave.3,,) =+ s.d. with A

m=5

m=10

(Ave. f, £ sd) A

(Ave.B, +sd) A

(Ave. B, £sd) A

(Ave. B, £sd) A

n=100

(-0.979, 0.781) 1.781

(-0.951, 0.929) 1.929

(-1.619, 0.421) 1421

(-1.439, 0.321) 1.321

n =200

(-0.749, 0.251) 1.251

(-0.741, 0.339) 1.339

(-1.164,-0.144) 0.856

(-1.154,-0.094) 0.906

n =500

(-0.611,-0.051) 0.949

(-0.608, -0.028) 0.972

(-0.966,-0.386) 0.614

(-0.956, -0.376) 0.624

n=1000

(-0.553,-0.153) 0.847

(-0.546,-0.146) 0.854

(-0.871,-0491) 0.509

(-0.864,-0.484) 0.516

m=20

m =30

(Ave. f, £ sd) A

(Ave.B, +sd) A

(Ave. B, £sd) A

(Ave. B, £sd.) A

n=100

(-1.860, 0.140) 1.140

(-1.711, 0.069) 1.069

(-1.920, 0.040) 1.040

(-1.780, -0.020) 0.980

n =200

(-1.353,-0.333) 0.667

(-1.347,-0.287) 0.713

(-1.433,-0.393) 0.607

(-1.416,-0.356) 0.644

n =500

(-1.147,-0.547) 0453

(-1.137,-0.537) 0.463

(-1.197,-0.597) 0.403

(-1.187,-0.587)0.413

n=1000

(-1.035,-0.635) 0.365

(-1.026,-0.626) 0.374

(-1.086,-0.686) 0.314

(-1.078,-0.678) 0.322

m=40

m =50

(Ave. B, +sd) A

(Ave.B, +sd) A

(Ave. B, +sd) A

(Ave. B, +sd) A

n=100

(-1971, 0.009) 1.009

(-1.837,-0.057) 0.943

(-2.003,-0.023) 1.003

(-1.874,-0.074) 0.926

n =200

(-1.465,-0.425) 0.575

(-1.449,-0.389) 0.611

(-1.496,-0436) 0.564

(-1.479,-0.399) 0.601

n =500

(-1.227,-0.627) 0.373

(-1.219,-0.619) 0.381

(-1.255,-0.635) 0.365

(-1.245,-0.625) 0.375

n=1000

(-1.123,-0.703) 0.297

(-1.104,-0.704) 0.296

(-1.141,-0.721) 0.279

(-1.134,-0.714) 0.286
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4.4 Remarks and Discussions

From Tables 4.2.1-4.2.12 and Tables 4.3.1-4.3.12, we see that right censoring per-
centage is high, but the performance of our algorithm is very stable. Both estimators Bn
and S, perform well and Bn performs better than £, in most cases. The performances
improve as the sample size n increases which is expected.

In Tables 4.2.2, 4.2.6 and 4.2.10, for Case 1 with t;; ~ U(0, V;), from the values of
A we see that the performances of Bn and 3, are not always improving as m increases, but
they are fine when m is around m = 30 or m = 40. This indicates that the performances
of Bn and Bn improve as m increases in general.

For the case that time points ¢;; are evenly chosen, we see that 3, and B clearly
improve as m increases. This makes sense because the bigger the m is, the more time
points we observed on the longitudinal covariates that evenly capture the covariate process
X (t) over interval [0, t]. This way the observed longitudinal covariate is more clear and
more informative compared to ¢;; ~ U(0, V;), because for ¢;; ~ U(0,V;), time interval
length is random.

For Case 2, simulation results are similar to Case 1. We observe that our simulation
studies show that without parametric or semi-parametric assumptions on the longitudinal

covariate X (t), our nonparametric MLE still performs well for large n and m.
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Chapter 5: Real Data Analysis

This chapter considers analyzing real data sets from smoking cessation and liver
disease. Since there are ties among V;’s in (1.29) for real data samples, Section 5.1
derives the profile estimating function v, (3), approximated estimating function ¢, ()
and adjusted estimating function 1,(3) for the case that there are ties among V;’s.
Section 5.2 performs data analysis for a set of Smoking Cessation Data, and Section 5.3

performs data analysis for a set of Liver Disease Data.

5.1 Algorithm for Observed Survival Time with Ties

In real data analysis, often there are ties among V;’s in (1.29) due to measurement
error or round off error. Thus, the algorithm given in Chapter 4 cannot be directly used in

real data analysis. To deal with this issue, let

U<Uy<...< Uy 6.1

be all the distinct observations of Vi, ..., V,, where N < n. From (3.16), we have

N

J;i

v F) =] 11 <cz-dF<m)5i(F<vi>>C“‘*( (Fum))d”‘). (5.2)
k=1 V;=Uy

7j=1
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From (5.2) and (3.17), let

=Y &I{Vi =}, (5.3)
=1

then

[T 17 (carc® =TT IT )( IT ooy’

k=1V,=U, k=1 Vi=Uy Vi=Uy

N
TT(IT )
k=1 V=
N - N -

= H ( B3 Zi(tiJi)éiI{Vi:Uk}) (dF(Uk))ék — H (6de(Uk))6k, (5.4)
k=1 k=1

where
1 if 0 = 0
Cp = ) (5.5

B i Ziltis )8 Vi=URY i 5 > ()

Also, we have

N N
H H (F( HF Uk i=1(ci— )I{Vi:Uk}_ (5.6)

k=1 V;=U,

If we restrict all possible candidates for the MLE of Fj to those d.f.’s that assign
all their probability masses to points Uy’s and interval (Uy, co), then the d.f. F' under

consideration in likelihood function (5.2) is given by

N
=> mI{Us < t}, (5.7)
k=1

where p, = F(Uy) — F(Up—) for1 < k < N, and Z "o =1 with0 < pyiq < 1as
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the probability mass of F" on interval (Uy, cc). For any d.f. F' given by (5.7), we let

agij = H{U, < tij < Ugs1}t,  Ungr = 00, (5.8)

then F(t;;) = 0 for 0 < ¢;; < Uy, and we have all t;; < U, < U, for V; = Uy, thus we

have in (5.2):

k=1V;=U j=1 k=11i=1

N n ]7, n Jz N

S 10101 VRS 101 1 GO
k=11i=1 j=1 k=11i=1 j=1I=1
N n J; N N N n Jz

~IITTLLIT Pt = T L=
k=11=1 j=1I=1 =1 k=11=1 ]=1
N N N N

n di; I{V;=U

H H Zz 12; 1 ouidig IH{Vi=Us} _ H H ks (59)
=1 k=1 =1 k=1

where for d;; given in (3.17), we have that from 3", I{V; = U;} = 1,

doy, = Z Z Z o di; I{V; = U} = Z Z (Z I{V; = U} ) iy

=1 =1 j=1 i=1 j=1 =1
= ZZ(eﬁzi(ti,j—l) _ eﬂZi(tij))I{Uk <tip < Uppa}- (5.10)
i=1 j=1

From (5.4), (5.6) and (5.9), we write (5.2) as below:

N . -
L(ﬁ, F) _ H (5de(Uk))5kF(Uk) P (ei— )I{‘/«LZUk}F’<Uk)dOk

= IJ_V[ (6de(Uk))5k (F’(Uk))zy:lCil{%:U’“}+JOk_Z;L:15iI{W:Uk}

T (@dF@0) ™ (F(u) ™™, (5.11)
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where 5k and ¢ are given in (5.3) and (5.5), respectively, and by (5.10)

CZk = ZCZI{V; = Uk} +J0k

i=1
n n Ji
BT Z P4t [V, = Uy} + Z Z i (5.12)
i=1 i=1 j=1
n nJ
_ Zeﬁzi(tm)[{vi = Uy} + Z Z <€6Zi(ti,jfl) _ eﬂ&(hy‘))[{Uk <ty < Us1}.
i=1 i=1 j=1

Note that (5.11) is the formula corresponding to (3.22). Thus, for any d.f. F' given

by (5.7), likelihood function (5.11) can be written as

N 8, , N+1 dj—0y
LB, F) =11 (ékpk) ( > pj) = L(8,p), (5.13)

k=1 j=k+1

where p = (p1,...,DN+1)s ox, ¢ and d,, are given in (5.3), (5.5) and (5.12), respec-
tively. The MLE (Bn, ﬁn) for (B, Fo) in our proposed PH model (1.38) is the solution
that maximizes L(3, F') in (5.11) or (5.13).

From the derivation of (3.28), we assume that in (5.11) for some £:
d, > 6, foralll <k<N, (AS4)

then likelihood function L(3, F') in (5.13) is maximized by

- Fy(n0) = [T =2, (5.14)

é
U<tk

where from (3.28) regarding e, € is given by:
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for d),’s given by (5.12).

(5.15)

Consider any fixed [ satisfying (AS4), for likelihood function L(f,p) in (5.13),

from (3.25), we let
N+1

Pk
ar = b ; bk’ - E by,
k -
j=k

then we have

b
bi=1, byy1=pns1, b1 =bp —pr, 1—ap= %
k
Note that N
N
(5.17) br+1 by b3 by
H(l_a’k> H_ 77 bN+17
k:l Lo 0 0 Ty
and

. H<ak>d‘k) () (b . (b (b )V = (H<ak>f”‘k<bk>ﬁ

(5.16)

(5.17)

(5.18)

) (by4r)

(5.19)

where Bk = Jl + czg + ...+ cZk and c? = N1 Zgzl cZk From (5.18) and (5.19), we can

write likelihood function L(f, F') = L(f,p) in (5.13) as
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k=1 k=1 Pk

N 1 —0 N dp—6
(5.16) N N PR (57) N iy L—a ™"

T (™) (257 TT (™) ()

k=1 k=1

N < s s -
1 (CR RS LI S e i

(bN+1)N*Nd: ngl (pk)g’“

N . HN: (ak)gk(l . akj)NfSkf((ilJr...JrCzk—l)
( )6k k=1
(L)

T12, (1 — ay)N-Nd

— H(gk)ék(ak)ék(l _ ak)dk+...+cZN—Sk

k=1
N ~ ~
= [ (Ear)™ (1 = ax)* % = Li(a; 8), (5.20)
k=1
where a = (ay,...,ay) and é; = dy + ...+ dy, then taking logarithm we obtain:
N ~ ~
log Ly (a; 8) = > _[0x(log & +log ax) + (& — i) log(1 — ay)].
k=1
Setting (‘ﬂg_gkLl = (, we obtain

on  Er—20 b
O _GhTO% g — g=2% k=1,2,...,N. (5.21)
Qe 1— Q. €k
Also, from (5.15), we have
9%(log L1) 0 if k#j

Oa;0ay, ) ’

—% — Bt <0 i k=)
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thus ay in (5.21) maximizes L;(a; ) in (5.20) and all 0 < a; < 1.

From (5.20)-(5.21), L(f3, p) in (5.20) can be written as
. N 5 55 Sk EL—0%
L(B, Eul-18)) = L(5,D) = Ln(a: 6) = [ (m—) (1 - ~—) 6

which gives the profile likelihood function for j :

U(B) =log L(B, Fy(-; B)) = log (ﬂ (@g—:) i (éké_f’“)ékgk)

k=1
N ~ ~ ~ ~
= Z (5k [log ¢ + log 6 — log éx] + (éx — k) [log(ék — ) — log ék]>, (5.23)

k=1

where Sk log Sk = 0if Sk = (0. Notice that above ¢;’s, Jk’s and €;’s are given by (5.5),

(5.12) and (5.15), respectively, thus they are functions of 5. With notations 6;/, = Cfi—%’“,

d, = % and &, = Ccll—eﬁ’f, we know

5;; 5.5) 0 if 0, =0 _ 0 if 0, =0 524)
6 S Zitig )0 I{Vi = Uy} if 6, >0 6. Z if0p >0
where
Zp =Y Zi(ti)5:{V; = Up}. (5.25)
=1

Then we compute profile likelihood estimating function v,,(5) as follows:

104



N " ! ~ ~ v v
o |G 6 N €r — O _ oz €, €
=n Z ((5k {51{ ék:| + €, log 3 + (€ 5k)[~ - ék])

1 k € — (Sk
AN & — 0k (:24) Y & — 0
i (54+@no Hﬁk):::nl (15;>02-+am kj'j.
;kckkgek ;{k } 2+ € log ——
Thus, the profile likelihood estimating function for V;’s with ties is given by:
. : & — 0
Ua(B) =01y (1{5k > 0} 75 + ¢, log —— ’“) (5.26)
€k

k=1

which is corresponding to (3.32) without ties among V;’s. From (5.3), (5.12), (5.15) and

(5.25), we have

o = > 6,I{Vi = Up.}
=1

)

Tk = 3. Zi(tig,)0:I{V; = Uy}
i=1
N n

& =3 (Z B2t ) [{v; = U,}
q=k \1=1

(5.27)

+ZZFMW“—&mﬂH%§m<%@>

N [ n
€ = > ( > Zi(tig,)eP %) [{V; = U}

n J;
+ Zl Zl [Zi(ti,j—l)eﬁzi(ti’j_l) - Zi(tz'j)eﬁzi(t”)}f{Uq <t < Uq+1}>
i=1j=

The solution of above estimating equation v,,(5) = 0 is the MLE Bn of 3y in the situation
when there are ties among V;’s in data (1.29).

Similar to (3.34), consider Taylor’s expansion of log(1 + z) at = = 0:
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1'2

log(l +17) =T — m,

where ¢ is between 0 and . Thus, from Taylor’s expansion we have in (5.26)
Un(B) —nli {5 LT
D .
— 2(1 4 &)%e

(5.28)

where & is between 0 and —g—:, and ¢, () is the leading term of Taylor’s expansion of

¥, (F) in (5.26) and is given by:

Mz

en(8) =n"" (]{5k > 0V, — efk>7

i

1

where Zk, Sk, €, and é;ﬁ are given in (5.27).
The adjusted estimating equation corresponding to (3.60) is given by:
N

k=1 k

where similar to (3.61) we have for 7, Sk’s, e,’s and é;{:’s given in (5.27),

~ ~ ~/ ~
E,=¢eYé, and E, =eMe,,

(5.29)

(5.30)

(5.31)

which is to ensure Ek =eMg, > Sk forallk =1,..., N asin (5.15). The solution of the

estimating equation vy,(5) = 0 is the MLE Bn of 5, when there are ties among V;’s in

data (1.29).
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Simplification of ¢,

Note: In (5.27), let

ng=min{i | V; > Uy}, k=1,2,...,N;

then from

and

ZI{Vi:Uq}:I{Vi:Uk}+l{‘/i:Uk+1}+-"+I{Vi:UN}

q=k
=H{V,=UgorV;=Ugyor ...V, =Uyn}

(5.1) (5.33)

I{V; > U}

Vi = Vo b,

we can write the first part of é; in (5.27) as:

N n n

N
Z ZeﬁZi(tiJi)]{‘/i — Uq} — Z <ZI{‘/Z — Uq})eﬁzi(tui)
q=k

q=k 1=1 i—1
= ZI{VZ- > Vnk}eﬁzi(tiJi) - Z oPZiltis;)

i=1 i=ny

Before simplifying the second part of ¢, in (5.27), we first prove:

n N
N H{Vi<ty < Vi)=Y U, <ty < Up}.
k

l=ny q=
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(5.33)

(5.34)

(5.35)

(5.36)



Proof of (5.36) Note that for V,,,,, = ocoand V,,, ., 1 =V, we have
Nggp1—1 Ngpo—1
Z Vi <ty <Vim}= > HVi<t;<Vipb+ Y H{Vi<ty <V}
l=ny l=ny, l=ng41
ny—1 ny41—1
ot Y MVt <Viab+ Y H{Vi<t; <Via}l (537
l=ny_1 l=ny

Since for £k < N — 1, we have I{V; < t;; < Vi;1} = 0for V; = V; with | = ny,

ng+1,...,n41 —2;and for V; =V, with | = ny, ..., n; we know
nk+171
Y H{Vi<ty <Vial= Vi, <ty < Vi, b =H{Vi, <ty < Vi, }
l=ny,
S <ty < U}, (5.38)

thus, (5.37) can be written as

N
Z HV, <ty <Vig} = H{Up < tij < Upsr} + H{Ups1 < tij < Upio}

l=ny

+
N
=Y HU, <ty <Up}. O

q=k

Hence, we can write the second part in € given in (5.27) as:

N

n J;
% Z(J&-(ti,j_l) _ eﬁ&-(m)) [{U, < ti; < Uy}

=k i=1 j=1

n J;
Y (e — ) (ZI{U <ty < Uy} )

i=1 j=1 q=k
Ji n
< Al 6Zi(tij)> < Z Vi <t < Vz+1}>
i=1 j=1 l=ng
n n J;
Z ( Ziltig-1) _ eﬁZi(tif)>I{Vl <ty < Vi) (5.40)

e i=1 j=1
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From (5.35) and (5.40), we write (5.27) as below:

n J;
& = <eﬁzl“l-’z> £33 (PAl) — PR ) [{V <t < vm)

I=ny, i=1j=1
n

é}c :lz <Zl(t“l)eﬁzl(t“l) . (5.41)
=ng

n Ji
> Z_: ( i(ti g—1)ef#ilti—) — Zi(tij>662i(tij)>f{‘/i < tij < Vz+1}>

which is in the same form as ¢;’s and e;’s given in (3.33).
From Lemma 3.4, we have the following simplified expressions for above ¢€; and é;g

in (5.41) as follows:

(5.42)

where &, = {tij |ti; > Vo i €4{1,..., JZ}} is a subset of {¢;1, s, ..., tis,}, and

) eﬁzi(tui) if tij < Vnk’ VJ € {1, e JZ}

A — L (5.43)
S ePZiltiny) if  Jt,; >V, forsome j € {1,...,J;}
(= max{ j | tij < Vy,, 5=0,1,...,J;}. (5.44)

From Lemma 3.5, we know function ¢,,(3) given by (5.29) is non-increasing in § € R.
Below, we discuss the case when the use of M is needed for real data analysis,

although often there is no need for use of M.
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Choice of M with All Nonnegative Z;(%;;)’s:

Step 1. Compute M, = log g—:, k=1,...,Nat8 = 3, — 0 and order them from

smallest to largest as M) < Moy ... < M.
Step 2. If M(y) < 0, then no need to use My; else use My = M) + 1077,

Step 3. Search for 3, in interval (Bn — 9, Bn), when no M is used, we use ,,(/3) given

by (5.26) to find @n, when M, is used, we use 1y, () given by (5.30) to find Bn;

for 1, (B) or ¥y, (), increase 6 until ¢, (5, — 0) > 0 or ¥y, (B, — 0) > 0. Try

113 . _1
155 1 1, etc., and start with § = 1

NOTE: The rationale of our method for choosing M in Step 2 is as follow. From
(5.31) and (5.42), we have Ek = eM¢; and Ek is nondecreasing in J with nonnegative

Z;(t:;)’s. For above choice of M about E}. in (5.42), for any [ > B, — 6

5 5 _
_ M0~ M0~>k* MN %k k ~kk
E, =e"'¢, > e > e Mgy z—é**ek = g,

k

where €;* is the €;, with 8 = B, — 0.

When some Z;(t;;)’s are negative: from (5.42) we have for constant

c =min{Z;(t;;)} <0,
27]

then

a=3 (eBZi(tiJi)I{gik — ) 4 i) [{E, £ @})

1=ng
— oBe Z (65(Zi(tiJi)*C)I{gz.k =0} + eﬁ(Zi(timik)*C)I{gz.k £ @}) — 650527 (5.45)

i=nj
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where Z;(t;;,) —c>0fori=1,...,n,j=1,...,J; and

é}:, _ Z (65(Z¢(tiJi)—c)[{gik — @} + efB(Zi(tiﬁlik)_C)[{gik 7& @}) (546)

=N
Choice of M with negative Z,(t;;)’s:
Step 1. Compute Cc = HllnL]{ZZ(tw)} < 0.

Step 2. Compute M, = log g—’j, k=1,...,Nat 8 = B, — ¢ and order them from
k

smallest to largest as M) < Moy ... < M.
Step 3. Choose My = M) + 1077, then compute M = M, — (Bn +d)c.

Step 4. Use above choice of M and v,,(3) to search for £, in interval (Bn — 0, By + J9);

increase 9 until IDM(Bn —§)>0.Tryd = %, %, %, 1, etc., and start with 6 = ;11

NOTE: The rationale of our method for choosing M in Step 3 is as follow. Because
all Z;(t;;) — c are nonnegative, €; in (5.46) is nondecreasing in (3. For above choice of A/

about E, in (5.42), for any 3, — 6 < 8 < f3,, + 0

Ek: _ eMék (5.45) eMeﬁcéZ _ eMo—(Bn-i-(S)ceﬁCéz — 6(5—(57L+5))06M06;2

> e(ﬂ—(ﬁn-l-(s))CeMOéz* > 6(6_(5”+5))66M(N>é2* > 6(5—(5~n+5))65_kéz* > iy

—_— =kk

where €;* is the €; with § = B, — 8, eB=But)e > 1 a5 ¢ < 0 and 8 — (B +06) <0.
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5.2 Smoking Cessation Data Analysis

In this section, we consider the Smoking Cessation Data from Piper et al. (2009),
which was collected from a randomized, placebo-controlled clinical trial of five smoking
cessation pharmacotherapies. There were 1504 participants who were smokers and re-
ported being motivated to quit smoking. The dataset we consider here was processed by
Liu (2014), and the dataset contained records of participants for a period of two weeks
after they quit smoking.

In our analysis, we are interested in lapse time 7', which is the time from a partic-
ipant stopped smoking to the time the participant smoked again. Such lifetime variable
T' is subject to right censoring due to drop-out or end of the study. There were 794 par-
ticipants included in this study, and the right censoring or right truncation percentage is
59.69%. During the study, the ecological momentary assessment data were collected 4
times a day (i.e., morning, night and 2 random times) to record longitudinal covariates
such as urge for smoking, negative affect and smoking cessation fatigue. For instance, the
actually observed data on urge for smoking, X;(¢), is X; = (X;(t:1), ..., Xi(tis,)), where
X;(t;;) is the observed amount of urge of the ith participant at time ¢;;, j = 1,...,J;.
The treatment groups under consideration here are: placebo with n; = 83 participants,
monotherapy with no, = 412 participants, and combined pharmcotherapy with n3 = 299
participants.

Under our proposed PH model in (1.38), we conduct data analysis to study the effect
of X;(t;;)’s on T}, where X;(t) is urge for smoking, negative affect, smoking cessation

fatigue, respectively. First, we consider the case without using summary measurement for
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longitudinal covariates:

(5.47)

and the results are displayed in Table 5.1.

Table 5.1 Estimation for Smoking Cessation Data without Using Average

Urge Negative Affect Fatigue
# | Bn Bn Bn Bn Bn Bn
Whole Data Set | 794 | 0.1012 | 0.1080 | 0.1067 | 0.1184 | 0.0287 | 0.0336
Placebo 83 1 0.1307 | 0.1443 | 0.0476 | 0.0720 | -0.0471 | -0.0354
Monotherapy 412 | 0.0912 | 0.0986 | 0.1116 | 0.1233 | 0.0328 | 0.0381
Combined Therapy | 299 | 0.0968 | 0.1031 | 0.0969 | 0.1086 | 0.0417 | 0.0461

Second, under our proposed PH model (1.38), we consider the case using average
summary measurement for the longitudinal covariates. This is because these longitudinal
covariates are participants’ momentary feelings, thus fluctuate greatly over time, and us-

ing average summary measurement gives more reliable information. In this case, we have

Z(t;;) as given in (4.25):

_ ch:l(tik - ti,k—1>Xi(ti,k—1)

and the results are displayed in Table 5.2.

t

ij

Y

(5.48)

Table 5.2 Estimation for Smoking Cessation Data Using Average Summary

Urge Negative Affect Fatigue
# | Bn Bn Bn Bn Bn Bn
Whole Data Set | 794 | 0.1171 | 0.1263 | 0.1313 | 0.1489 | 0.0332 | 0.0391
Placebo 83 | 0.1650 | 0.1807 | 0.1074 | 0.1369 | -0.0636 | -0.0470
Monotherapy 412 | 0.1117 | 0.1215 | 0.1074 | 0.1270 | 0.0453 | 0.0519
Combined Therapy | 299 | 0.0927 | 0.1019 | 0.1406 | 0.1563 | 0.0349 | 0.0403
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Discussion: In Liu (2014), a form of model (1.31) was used to conduct this data
analysis using X;(¢;;), which was assumed to be Gaussian process. Their estimated coef-
ficient for urge, negative affect and fatigue in whole data set are 0.13, 0.15, 0.03, respec-
tively. Our according estimates displayed in Table 5.1 are generally smaller, and we do
not make any parametric assumptions on X, (t). Interestingly, our estimates using average
summary measurement displayed in Table 5.2 for whole data set are quite similar to those
estimates by Liu (2014) above mentioned, but the analysis by Liu (2014) did not consider
the use of average summary measurement.

Making comparison, it is clear that for urge for smoking and negative affect, Bn or
3, are generally bigger in Table 5.2 than those in Table 5.1. This could indicate that the
use of average summary measurement provides more informative results. However, the
impact of fatigue from smoking cessation is difficult to explain with or without using the

average summary measurement, because 3, ~ 3, =~ 0, which could mean no effect to 7'.
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5.3 Liver Disease Data Analysis

In this section, we consider the Liver Disease Data, which was collected from a
Primary Biliary Cirrhosis (PBC) clinical trial (Murtaugh et al., 1994) conducted by Mayo
Clinic between 1974 and 1984. PBC data can be found in Therneau and Grambsch (2000)
and can be accessed at Mayo Clinic website.

During the clinical trial period, 312 PBC patients were referred to Mayo Clinic dur-
ing ten-year interval and participated in the randomized trial of the drug D-penicillamine.
Patients often present abnormalities in their blood tests, such as elevated and gradually in-
creased serum bilirubin. Shapiro et al. (1979) showed that after a relatively stable phase,
serum bilirubin increased sharply in the months preceding death. Thus, investigating the
association between bilirubin and death due to PBC is of great medical interest.

In our analysis, we consider survival time 7" of a PBC patient, which is the time
from entering the clinical trial to death, and is subject to right censoring due to drop-outs,
the end of the study, liver transplantation and other factors. Right censoring percentage
of the data set is 55.13%, and for observed right censored data (V;, ;) in (1.2), V; ranged
from 0.11 years to 14.32 years. For each patient, longitudinal covariate serum bilirubin
was measured at follow-up lab visits at 6 months, 1 year and annually thereafter. Thus, the
observed data on serum bilirubin, X;(¢), is X; = (X;(ta), ..., Xi(tis,)), where X;(t;;)
is the observed amount of serum bilirubin of the ith patient at time ¢;;, 7 = 1,...,J;.
The treatment groups under consideration here are: placebo with n; = 154 patients and
D-penicillamine with n, = 158 patients.

Under our proposed PH model in (1.38), we consider data analysis to study the
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effect of X;(¢;;)’s on T}, where Z(t;;) given in (5.47) is based on log X;(t) and X;(¢),
respectively. The reason for considering log X;(t) is due to clinical tradition. The results

for both cases are displayed in Table 5.3.

Table 5.3 Estimation for Liver Disease Data

log(bilirubin) bilirubin
7 Bn Bn Bn B
Whole Data Set 312 | 1.2871 | 1.2891 | 0.1506 | 0.1507
Treatment Group data | 158 | 1.1582 | 1.1621 | 0.1299 | 0.1303
Placebo Group Gata | 154 | 1.4072 | 1.4111 | 0.1830 | 0.1833

Discussion: In Ding and Wang (2008), the PH model in (1.31) was considered and
log X;(t) was used in their analysis, where as in (1.34), r.v. b; was assumed to be normal.
Their resulting estimate for Sy is B x = 1.07. Compared with our estimates Bn = 1.2871
or Bn = 1.2891 in Table 5.3 for whole data set, B x = 1.07 is clearly smaller. Thus, our
results without any parametric or semi-parametric assumptions on X;(¢) are in stronger
agreement with the conclusion by Shapiro et al. (1979). Interestingly, our results in
Table 5.3 show that Bn and 3, for treatment group are smaller than those for placebo

group. This indicates that treatment is clearly efficient.
Ding and Wang (2008) didn’t consider treatment group and placebo group sepa-

rately, but our results give the following

158 154
222011 2) —(1.4 2) — 12811,
312< P82) + 315 (1407 8

which is very close to Bn for the whole data set. This means that the difference of using
PH model (1.36) and PH model (1.38) is not big for estimating (,, which is because

Z = 0 or 1in (1.36) for the liver disease data considered here.
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Chapter 6: Conclusion and Discussions

This dissertation does not make any parametric or semi-parametric assumptions on
the longitudinal covariate process. We use the empirical likelihood method, i.e., the totally
nonparametric method, to derive the MLE for our proposed proportional hazards (PH)
model (1.38) based on right censored survival data with longitudinal covariates (1.29).
Our simulation results show that MLE Bn and approximated MLE B perform well for
large sample size n and large m. These are consistent with the finding in upcoming paper
by Ren and Shi (2023) that Bn and 3, are asymptotically normal.

The computation issue has known to be challenging for the MLE in the Cox model.
Here, we developed the computation algorithms for computing MLE Bn and approxi-
mated MLE f3,,, and they perform well in our simulation studies. The main results in this
dissertation will appear in upcoming paper by Ren, Li and Shi (2023).

In the future, we will develop algorithms for more general model setting (1.36), and
will develop goodness of fit test for (1.36) and (1.38) because the MLE Fn for the baseline

d.f. Fj was given here already.
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