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The proportional hazards model is one of the most widely used tools in analyzing

survival data. In medical and epidemiological studies, the interrelationship between time-

to-event variable and longitudinal covariates is often the primary research interest. Thus,

joint modeling of survival data and longitudinal data has received very much attention

in statistical literature, but it’s a considerably difficult problem due to censoring on the

survival time and that the longitudinal covariate process is in fact a completely unknown

and not completely observed stochastic process. Up to now, all existing works made

parametric or semi-parametric assumptions on the longitudinal covariate process, and

resulting inferences critically depends on validity of these not justifiable assumptions.

This dissertation does not make any parametric or semi-parametric assumptions on the

longitudinal covariate process. We use the empirical likelihood method to derive the

maximum likelihood estimator (MLE) for the proportional hazards model based on right

censored survival data with longitudinal covariates. Computation algorithm is developed

here and our simulation studies show that our MLE performs very well.
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Chapter 1: Introduction

1.1 Introduction

Survival analysis is a research field in statistics which plays a vital role in biomedi-

cal research, reliability studies, finance data analysis, etc. The focus of the studies in this

field is concerned with the lifetime variable T and related statistical inference problems,

such as estimation, testing, modeling, etc.. For references, see Cox and Oakes (1984).

In practice, often the interest of study is to investigate the effect of covariates Z

on survival time T , i.e., how covariates, such as gender, age, treatments, etc., impact

lifetime variable T . In some data analysis, researchers make parametric assumptions

of the distribution of T . However, it is usually not possible to make assessment of the

distribution of T , say, in medical clinical trials due to the lack of sufficient prior data.

Another big challenge in survival analysis is that lifetime variable T is often subject to

censoring; that is T may not be observed for all individuals during the clinical trials. In

this context, the semi-parametric and non-parametric methods are desirable and widely

considered acceptable to be employed in survival data analysis.

Since 1972, the Cox model (Cox, 1972) has become one of the most widely used

tools in the analysis of survival data, and Cox’s partial likelihood estimator β̂c has been

considered as the standard estimate for regression parameter β0 in statistical literature.
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However, the Cox partial likelihood estimator β̂c is not based on the likelihood in the

ordinary sense, and is only formulated for right censored data, which cannot be directly

extended to other types of censored data, such as doubly censored data, interval censored

data, etc. Moreover, the efficiency results of Cox’s partial likelihood estimator are only

asymptotic, and for samples with small or moderate sample size the loss in precision from

using the partial likelihood is rather large; see Cox and Oakes (1984). To address these

issues, Ren and Zhou (2011) used empirical likelihood (Owen, 1988), the nonparametric

likelihood approach, to derive the full likelihood function for the Cox model with right

censored data, and obtained the maximum likelihood estimator (MLE) for (β0, F0) and

the relevant asymptotic properties of the MLE, where β0 is the regression parameter and

F0 is the baseline distribution in Cox’s model. They explicitly established the relation

between full likelihood and partial likelihood, and showed that in simulation studies, for

small or moderate sample size the MLE performs favorably over Cox’s partial likelihood

estimator. For other types of censored data, Ren (2001, 2008b) developed the concept of

weighted empirical likelihood, which is a unified approach that is applicable to various

types of censored data; see Ren (2008b), Ren and Wang (2022).

During clinical trials and medical researches, the event time of interest and longi-

tudinal covariates are often recorded together. In these studies, the relationship between

survival time T and longitudinal covariates is often the primary interest of the research.

In fact, the longitudinal data is an unknown and not completely observed stochastic pro-

cess, which poses great challenge in the survival data analysis. Due to the challenges

encountered in some clinical trials on AIDS and cancer studies, statisticians started con-

sidering to use the method of joint modeling of survival data and longitudinal data; see
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Tsiatis and Davidian (2004), Zeng and Cai (2005), Ding and Wang (2008), Su and Wang

(2012), among others; and see Li and Ren (2011) for more recent review of the literature

on this subject. It is well known that all existing works rely on certain parametric or semi-

parametric assumptions on the longitudinal covariate processes. Thus, the conclusions of

statistical inferences critically depend on the validity of these assumptions.

In this dissertation, we do not make any parametric or semi-parametric assumptions

on the survival time and the longitudinal covariate process. We use the empirical likeli-

hood method (Owen, 1988) to derive the MLE for the proportional hazards (PH) model

for right censored survival data with longitudinal covariates. The computation algorithm

is developed in our research and some simulation results are presented. We also conduct

real data analysis for smoking cessation data and liver disease data.

This dissertation is organized as follows: the rest of Chapter 1 briefly describes

the concepts of right censored data, Cox model and longitudinal data, introduces right

censored survival data with longitudinal covariates based on some real data examples,

and provides a review of existing works on joint modeling right censored survival data

with longitudinal covariates, then presents our proposed proportional hazards model in

the same context; Chapter 2 gives a brief review of empirical likelihood (Owen, 1988,

2001) and the empirical likelihood for the Cox model (Ren and Zhou, 2011); Chapter 3

derives the MLE for our proposed PH model for right censored survival data with longi-

tudinal covariates; Chapter 4 develops computing algorithm and presents some results of

simulation studies on our MLE; Chapter 5 gives the algorithm for data with ties among

observed survival time, and conducts real data analysis for smoking cessation data and

liver disease data; and Chapter 6 provides some concluding remarks and discussions.
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1.2 Right Censored Data

One major challenge in survival analysis is the presence of censoring. The most

frequently encountered type of censoring in practice is right censoring, thus analysis of

right censored data has been a major area of research in statistical literature. In practical

situations, right censoring occurs due to various reasons, such as drop-outs, the end time

of the study or any other possible factors, which is described below.

Consider a random sample from lifetime variable T :

T1, T2, . . . , Tn, (1.1)

and FT is the distribution function (d.f.) of T . If Ti’s in (1.1) are subject to right censoring,

then the observed data for sample (1.1) are:

(Vi, δi), i = 1, . . . , n, (1.2)

where

Vi =


Ti, if Ti ≤ Ci, δi = 1

Ci, if Ti > Ci, δi = 0

(1.3)

and Ci is the right censoring variable and is assumed to be independent of Ti.

The likelihood function or the empirical likelihood function, for FT with right cen-

sored data (1.2) is given by:

LR(F ) =
n∏
i=1

[F (Vi)− F (Vi−)]δi [1− F (Vi)]
1−δi , (1.4)
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whereF is an arbitrary d.f., and the nonparametric maximum likelihood estimator (NPMLE)

for FT is the solution that maximizes this likelihood function LR(F ). It was shown that

estimator F̂KM by Kaplan and Meier (1958) is the NPMLE for FT , which is given by

F̂KM(t) = 1−
∏
V(i)≤t

(1−
δ(i)

n− i+ 1
), t ≤ V(n), (1.5)

where V(1) ≤ . . . ≤ V(n) is the order statistic of V1, . . . , Vn, and δ(i) is the corresponding

δ for V(i). Note that if there are ties among the Vi’s, then the uncensored Vi’s with δi = 1

are ranked ahead of the censored Vi’s with δi = 0.

Stute and Wang (1993) showed that ||F̂KM −FT ||
a.s.→ 0, as n→∞, and Gill (1983)

showed that
√
n(F̂KM−FT ) weakly converges to a centered Gaussian process as n→∞.
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1.3 Cox Model

Cox model is one of the most widely used tools in survival analysis to explore the

relationship between the lifetime variable T and the explanatory or covariate variables.

The Cox model is a specific form of the proportional hazards model, and is popular be-

cause it makes no parametric assumptions of the underlying distribution function. In this

section, we begin with introducing some basic concepts in survival analysis and the model

set-up of proportional hazards model, then in Sections 1.3.1-1.3.2, we briefly review the

Cox model with time-independent and time-dependent covariates, respectively.

Let T be the non-negative continuous lifetime variable with d.f.:

FT (t) = P (T ≤ t), t > 0, (1.6)

and its p.d.f. is given by:

fT (t) = F
′

T (t), t > 0. (1.7)

The survival function of T is given by:

F̄T (t) = 1− FT (t) = P (T > t), t > 0, (1.8)

which is the survival probability of T lasting beyond time point t. Another important

characterization of the distribution of T is the hazard function, or instantaneous rate of
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occurrence of the event, which is defined as:

hT (t) = lim
∆→0+

P (t < T ≤ t+ ∆ | T > t)

∆
, t > 0. (1.9)

The interpretation of the hazard function is that given an individual survives to time t,

the instantaneous rate of ”death” or ”event” at time t is given by hT (t). Accordingly, the

cumulative hazard function of T is given by:

HT (t) =

∫ t

0

hT (u)du, t > 0. (1.10)

.

If we know any one of the functions F̄T (t), fT (t), hT (t), or HT (t), we can derive

the other three functions, because

hT (t) = lim
∆→0+

P (t < T ≤ t+ ∆ | T > t)

∆
= lim

∆→0+

P (t < T ≤ t+ ∆)

∆P (T > t)

=
1

F̄T (t)
lim

∆→0+

FT (t+ ∆)− FT (t)

∆
=
fT (t)

F̄T (t)
,

which gives

hT (t) =
fT (t)

F̄T (t)
= − d

dt
(ln F̄T (t)), (1.11)

thus (1.10) becomes

HT (t) =

∫ t

0

hT (u)du = −
∫ t

0

d

du
(ln F̄T (u)) = − ln F̄T (u)

∣∣∣t
0

= − ln F̄T (t),

=⇒ HT (t) = − ln F̄T (t) or F̄T (t) = e−HT (t). (1.12)

7



Notice that (1.11)-(1.12) imply

fT (t) = hT (t)e−HT (t). (1.13)

In practice, survival data usually involves an explanatory covariate vector

Z = (Z1, . . . , Zk), (1.14)

which may include continuous factors such as age and blood pressure at initial time,

and discrete factors such as gender and treatment group. This covariate vector Z does

not change over time for any individual. To investigate the association between survival

time T and explanatory variable Z, the proportional hazards model is a frequently used

approach, where we do not make specific parametric assumptions on the distribution of

T .

Denote the random sample from (T,Z) as:

(T1,Z1), . . . (Tn,Zn). (1.15)

The proportional hazards model is expressed by

h(t | z) = h0(t)ψ(z), t > 0, (1.16)

where Z is the time-independent covariate vector, h0(t) is an arbitrary baseline hazard

function, h(t | z) is the conditional hazard function of T given Z = z, and ψ(z) is a
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function of z satisfying

ψ(z) =


1, if z = 0

> 0, ∀z 6= 0.

(1.17)

The meaning of proportional hazards model (1.16) is that we assume h(t | z) and h0(t)

are proportional up to the function ψ(z).

In the case of Z having more than a few distinct values, a parametric form of ψ(z)

in proportional hazards model (1.16) can be helpful, and it is usually parameterized as

ψ(z) = ψ(z;β), where β is a parameter which can help us to interpret the effect of z

to survival time T in the statistical analysis. From (1.17), we require such parametric

function ψ(z;β) to satisfy:


ψ(z;β) > 0, ∀z 6= 0 and ∀β

ψ(0;β) = 1, ∀β

. (1.18)
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1.3.1 Cox Model with Time-independent Covariate

A natural choice of function ψ(z;β) in (1.18) is given by Cox (1972):

ψ(z;β) = eβ
>z. (1.19)

Thus, the proportional hazards model (1.16) with above ψ(z) = ψ(z;β) becomes:

h(t | z) = h0(t)eβ
>
0 z, t > 0, (1.20)

which is called the Cox model. In (1.20), β0 is the regression parameter, Z is the time-

independent covariate vector, h0(t) is the arbitrary baseline hazard function with a corre-

sponding d.f. F0(t), and h(t | z) is the conditional hazard function of T given Z = z.

If the covariate vector Z is a scalar, Cox model (1.20) becomes

h(t | z) = h0(t)eβ0z, t > 0. (1.21)

As noted in Kalbfleisch and Prentice (2002), Ren and Zhou (2011), among others, Cox

model (1.21) is equivalent to the following Lehmann family property:

F̄ (t | z) = [F̄0(t)]e
β0z , (1.22)

where F̄ (t | z) is the conditional survival function of T given Z = z with f(t | z) and

f0(t) as the density functions of F (t | z) and F0(t), respectively.
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To see (1.22), recall F̄T (t) = e−HT (t) in (1.12) for any lifetime variable T , and we

start with Cox model (1.21): for t > 0,

h(t | z) = h0(t)eβ0z ⇔
∫ t

0

h(u | z)du =

∫ t

0

h0(u)eβ0zdu

⇔ H(t | z) = eβ0zH0(t) ⇔ e−H(t | z) = e−e
β0zH0(t)

⇔ F̄ (t | z) = [F̄0(t)]e
β0z ,

whereH(t | z) is the conditional cumulative hazard function of T given Z = z, and H0(t)

is the cumulative hazard function corresponding to F0.

From Lehmann family property (1.22), we know that the Cox model (1.21) is equiv-

alent to the following: for given Z = z,

f(t | z) = eβ0zf0(t)[F̄0(t)]e
β0z−1. (1.23)

For the case when Ti in (1.15) is subject to right censoring, the actually observed survival

data is given by

(V1, δ1,Z1), . . . , (Vn, δn,Zn), (1.24)

where (Vi, δi) is the observed right censored data (1.2) on Ti and Zi’s are as in (1.14)-

(1.15). Ren and Zhou (2011) used above equation (1.23) to derive the full (empirical)

likelihood function for the Cox model (1.20) with right censored data (1.24).

The Cox’s partial likelihood (Cox, 1972) has been widely used for estimating the

regression coefficient β0 in Cox model (1.20) with right censored data (1.24). Efron

(1977) and Oakes (1977) discussed the asymptotic efficiency and derived the asymptotic

11



variance of Cox’s partial likelihood estimator β̂c. The strong consistency and asymptotic

normality for the partial likelihood estimator were established by Tsiatis (1981). But

the efficiency results on partial likelihood estimator is only asymptotic (Cox and Oakes,

1984). Ren and Zhou (2011) derived the full likelihood function for the Cox model with

right censored data (1.24) using the empirical likelihood, and made explicit connections

between the full likelihood and the Cox’s partial likelihood. Ren and Zhou (2011) derived

the full likelihood based MLE (β̂n, F̂n) for (β0, F0) in Cox model (1.20), and established

the asymptotic normality and efficiency of the MLE β̂n.

12



1.3.2 Cox Model with Time-dependent Covariate

In some situation, the explanatory covariate Z in (1.14) is time-dependent, denoted

as Z(t); that is the covariate that may change over time t, and Z(t) is a stochastic pro-

cess. In practice, the time-dependent covariate is a repeated measurement on a subject or

perhaps a change in the subject’s treatment.

The extension of the Cox model (1.20) to allow time-dependent covariates Z(t) is

given by

h(t | Z(t)) = h0(t)eβ
>
0 Z(t), t > 0, (1.25)

where Z(t) is assumed to be completely known for all t in the statistical literature. In

other words, Z(t) is under total parametric assumptions; see Cox (1972) and Cox and

Oakes (1984). Since the values of variable Z(t) depend on time t, the hazard ratio is also

time-dependent, which is different from the conventional Cox model (1.20), where the

hazard ratio h(t | Z)
h0(t) = eβ

>
0 z only depends on the covariates z, but not on time t.
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1.4 Longitudinal Data

In clinical research, longitudinal studies play an important role in understanding the

development and persistence of disease. The defining feature of a longitudinal study is

that individuals are measured repeatedly through time, thereby permitting the direct as-

sessment of changes in the response variable over time. For instance, in AIDS research

(Pawitan and Self, 1993), a measurement for immune system, called CD4 counts, was

recorded for patients once every 3 months, which gives longitudinal data; see data exam-

ple at the end of this section.

Longitudinal studies are in contrast to cross-sectional studies, where measurements

are obtained at only a single point in time. By obtaining measurements of the same indi-

viduals repeatedly through time, longitudinal studies can address fundamental questions

concerning the assessment of changes within-individual in the response variable, and also

it can address whether these changes within-individual in the response are related to cer-

tain selected covariates.

Longitudinal data analysis requires special statistical methods because the set of

observations on one individual tends to be intercorrelated. Such correlation must be taken

into account to draw valid scientific inferences, see Diggle, Heagerty, Liang, and Zeger

(2002) for examples and models.

A primary research interest in longitudinal studies is to explore the interrelation-

ships between time-to-event variable and longitudinal covariates. The patterns of the

longitudinal covariates are of additional interest. The Cox model has been used widely

in the analysis of time to diagnosis or death from disease, and the relationship between a

14



time-dependent covariate and survival times can also be evaluated via the Cox model with

time-dependent covariate, but the parametric assumption on the time-dependent covariate

Z(t) in (1.25) usually is uncheckable for its validity.

Below is a data example on longitudinal dataX(t) related to lifetime variable T .

AIDS Data Example

In an AIDS cohort study Pawitan and Self (1993), a total of 249 healthy homo-

sexual males were recruited between July 1984 and July 1985, and T is time to progres-

sion to AIDS after infection. A battery of immunologic tests were performed at baseline

and repeated about once every 3 months to record the longitudinal covariates X(t) =

(X1(t), . . . , Xk(t)), where t is time and X1 = [CD4 counts], X2 = [CD4/CD8 ratio],

etc., because CD4 counts and CD4/CD8 ratio are important measures of immune system.

A decrease in CD4 counts and CD4/CD8 ratio indicates a weakened immune system,

making the individual more susceptible to infections and diseases. The focus of the re-

search was to find the relation between longitudinal covariates and the event time T to

AIDS of HIV infected patients.
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1.5 Right Censored Survival Data with Longitudinal Covariate

Let T be a lifetime variable, and let X(t) be a covariate process that is observable

only at certain time points for each individual. We consider the following survival data

with a longitudinal covariate:

(Ti, Xi(t)), i = 1, 2, . . . , n, (1.26)

where Ti is the survival time of the ith individual, and Xi(t) is the longitudinal covariate

process of the ith individual.

For the ith individual, covariate process Xi(t) is only observed at time points ti1 <

ti2 < . . . < tiJi , thus the actually observed data on Xi(t) is given by

Xi = (Xi(ti1), . . . , Xi(tiJi)), (1.27)

where Xi(tij) is the observed longitudinal covariate at time tij , j = 1, . . . , Ji.

If the survival time Ti is subject to right censoring, then the actually observed data

on Ti is (Vi, δi) given by (1.2), Ci is the right censoring variable with d.f. FC , and Ci is

independent of Ti and the covariate process Xi(t). Thus, in practice the actually observed

right censored survival data on (1.26) are given by:

(Vi, δi,Xi), i = 1, . . . , n, (1.28)

where (Vi, δi) and Xi are given by (1.2) and (1.27), respectively.
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Note that in practice, we do not observe anything on Xi(t) for t > Vi in (1.28),

thus the time points observed on Xi(t), i.e., Xi(tij), satisfy tiJi ≤ Vi. In turn, the actually

observed data in (1.28) on data (Ti, Xi(t))’s in (1.26) is given by

(Vi, δi,X Vi
i ), i = 1, . . . , n, (1.29)

where X t
i = {Xi(tij) | tij ≤ t} represents the vector of all observed Xi(s) with s ≤ t.

Real Data Examples

Smoking Cessation Data

In a smoking cessation study (Shiffman et al., 1996), 151 smokers who had quit for

at least 24 hours were participated, and Ti is time to the first lapse, which is subject to right

censoring due to drop-outs and the end of the study. During the study, each participant

was randomly sampled 5 times per day to record the measurements on covariate process

such as X(t) = [Urge to Smoke], etc. For the ith participant, the actually observed data

on Xi(t) is Xi = (Xi(ti1), . . . , Xi(tiJi)), where Xi(tij) is the observed level of urge to

smoke of the ith participant at time tij , j = 1, . . . , Ji. Because the timing of measurement

of urge to smoke is random, each participant was measured randomly at different time

points tij’s, and the total number Ji of the measurements taken on the covariate process

Xi(t) for each participant were also different due to lapse, the drop-outs, the length of

period in which the individual has participated, and other factors. In an empirical analysis

of Smoking Cessation Data (Li, Root, and Shiffman, 2006), one of the research interests

was the relationship between time to lapse and the changes in the level of urge to smoke.

To characterize the historic change patterns of a participant’s level of urge to smoke, a
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summary measurement of X t was chosen to be the average of Xi(tij)’s in a particular

time interval prior to Vi. This is an example of right censored survival data with intensive

longitudinal covariates (1.29).

Child Development Data

In the study conducted by Cole et al. (2011), children of 18 months of age were

invited for four lab visits at age 18, 24, 36 and 48 months, and Ti is the age at which a

specified development goal is achieved for a child. Here, Ti is subject to double censoring,

because some children already achieved the development goal at the first visit which

is left censored, and some children didn’t achieve it at the end of the study or drop-

outs which is right censored. For each child, an 8-minute test was performed at each

lab visit, and the emotion variables such as anger, duration of anger, calm, etc., were

recorded every 15 seconds. For instance, the actually observed data on anger, Xi(t),

is Xi = (Xi(ti1), . . . , Xi(tiJi)), where Xi(tij) is the observed amount of anger of the

ith child at time tij , j = 1, . . . , Ji. To characterize the historic change patterns of a

child’s anger expression during the 8-minutes test at a particular visit, one of the modeling

functions used by Cole et al. (2011) is the total amount of anger of ith child in a particular

time interval (t0, t) and t0 is the starting time of the test. This is an example of doubly

censored survival data with intensive longitudinal covariates.

Liver Disease Data

In a Primary Biliary Cirrhosis (PBC) clinical trial (Murtaugh et al., 1994) conducted

by Mayo Clinic between 1974 and 1984, a total of 312 PBC patients, i.e., liver disease

patients, were referred to Mayo Clinic during that ten-year interval and participated in the

18



randomized trial of the drug D-penicillamine. Patients often had abnormalities in their

blood tests, such as elevated and gradually increased serum bilirubin. Thus, investigating

the association between bilirubin and death due to PBC is of great medical interest. In

this case, Ti is the survival time of a PBC patient, which is subject to right censoring due

to drop-outs, the end of the study, liver transplantation and other factors. For each patient,

longitudinal covariates including serum bilirubin and albumin were measured at follow-

up lab visits at 6 months, 1 year and annually thereafter. For instance, the observed data

on serum bilirubin, Xi(t), is Xi = (Xi(ti1), . . . , Xi(tiJi)), where Xi(tij) is the observed

amount of serum bilirubin of the ith patient at time tij , j = 1, . . . , Ji. To characterize the

historic change patterns of a patient’s level of serum bilirubin, a summary measurement

can be chosen to be the average of Xi(tij)’s in a particular time interval prior to Vi. This

is also an example of right censored survival data with longitudinal covariates (1.29).
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1.6 Existing Methods and Challenges

The existing methods for joint modeling right censored survival data and longitudi-

nal covariates are mainly on the line of Tsiatis and Davidian (2004), Zeng and Cai (2005),

Ding and Wang (2008) and Su and Wang (2012), among others. Tsiatis and Davidian

(2004), Li and Ren (2011) provided review of the literature. This section first describes

the joint modeling framework, then summarizes some overview key points in the works

mentioned above.

For right censored survival data with longitudinal covariate (1.29), denoting

X t = {X(s); 0 ≤ s < t} (1.30)

as the history of the longitudinal process up to time t, the joint modeling survival data and

longitudinal data assumes the following proportional hazards model:

h(t | Zi, X t
i ) = h0(t) exp(βZZi + βXXi(t)), (1.31)

where βZ and βX are regression parameters, h(t | Zi, X t
i ) is the conditional hazard func-

tion of T given Z = Zi, X t = X t
i , and h0(t) is an arbitrary baseline hazard function with

corresponding d.f. F0.

Note that model (1.31) is different from the usual Cox model with time-dependent

covariates (1.25). In (1.31), Xi(t) is only observed at time tij , while in the Cox model

with time-dependent covariates (1.25), Xi(t) is assumed to be observed fully at any time
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t; see Kalbfleisch and Prentice (2002), Tsiatis and Davidian (2004), Li and Ren (2011).

Since the covariate process Xi(t) is only observable at time points ti1 < . . . <

tiJi ≤ Vi, given as (1.29), various parametric or semi-parametric assumptions on Xi(t)

were considered by various authors in order to estimate the covariate process Xi(t).

In the review paper of Tsiatis and Davidian (2004), a simple linear model was

considered to characterize Xi(t) in terms of subject-specific random effects:

Xi(t) = α0i + α1it, αi = (α0i, α1i). (1.32)

More flexible models is also considered:

Xi(t) = αiω(t), (1.33)

where ω(t) is a known functions of time. In (1.32) and (1.33), αi is usually assumed to

be normally distributed to represent within-subject variation.

In Zeng and Cai (2005)’s work, their model assumptions are not exactly on the

line of the setting in this section. The main difference is that in their work, the covariate

process X(t) is assumed to be fully observed while X(t) in (1.31) is only observed at

time points tij . And they assumed the covariate process X(t) is conditional on the nor-

mally distributed random effects. Under the model assumptions, Zeng and Cai (2005)

established the consistency and asymptotic normality of the resulting MLE.

Ding and Wang (2008) use the multiplicative random effect model with population
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mean function µ(t) = E[Xi(t)]:

Xi(t) = biµ(t), E(bi) = 1, (1.34)

where bi is the random effect variable and its distribution is assumed to be known. In

contrast to (1.33) used in other works, the mean function µ(t) here is assumed to be

completely unknown. Specifically, mean function µ(t) is approximated by B-spline basis

functions and the number of knots and degrees are selected based on a version of the

Akaike information criterion (AIC). The specification of the distribution of the random

effect bi is required in their work.

For Su and Wang (2012), they considered survival data that are subject to both left

truncation and right censoring on Ti’s in (1.26), and they considered

Xi(t) = g(t)A∗i , (1.35)

where g(·) is a known function and A∗i is a random effect with known distribution; that

is they assume a common known parametric density function f ∗A(· | α) with an unknown

parameter α for A∗i .

It should be noticed that in models (1.32)-(1.35),Xi(t) depends critically on validity

of the parametric or semi-parametric assumptions which are very difficult to justify in

practice. And theoretical properties of the existing procedures are only available under

these unjustifiable parametric or semi-parametric assumptions.

One should also note that in joint modeling (1.31), the regression covariates used
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on observed Xi in (1.29) is Xi(t) which does not reflect the history of the observed longi-

tudinal covariates, i.e., does not reflect the historic change patterns in observedX i. In the

literature, there have not been any modeling procedures that directly study the relationship

between survival time and within-subject historic patterns of change, nor have there been

any works on joint modeling doubly censored or interval censored survival data together

with longitudinal covariates. Moreover, there are some more complicated problems in-

volving the intensive longitudinal covariates and the multi-phase intensive longitudinal

covariates where considerably more repeated measurements are taken within a relative

short period of time; see Smoking Cessation Data example and Child Development Data

example described in Section 1.5. These problems have not been well studied in statistical

literature.

Challenges. In practice, the longitudinal covariates Xi(t) in (1.31) is in fact a com-

pletely unknown and not completely observed stochastic process. This, plus censored

observation (Vi, δi) on survival time Ti, poses huge challenge to developing statistical

methodology for joint modeling (1.31) based on data (1.29) using nonparametric ap-

proach, which has not been done in statistical literature, although everyone knows this

would be the most desirable way from practical view point.
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1.7 Our Proposed Model and Methods

In this dissertation, we consider the right censored survival data with longitudinal

covariates (1.29), and propose the following proportional hazards (PH) model with co-

variate process X(t):

h(t |Z,X t) = h0(t) exp
{
α0Z + β0Z(t)

}
, (1.36)

where as (1.30), X t = {X(s) | s ≤ t} represents the history of the covariate process

up to time t, Z is the time-independent covariate, Z(t) = ϕ(X t) is a modeling function

or summary measurement which characterizes the historic change patterns in observed

longitudinal covariates prior to time t, h0(t) is the baseline hazard function with corre-

sponding d.f. F0, (α0, β0) is the regression parameter, and h(t |Z,X t) is the conditional

hazard function of lifetime variable T given Z and X t in the following sense:

h(t |Z,X t) = lim
∆→0

∆−1P{t ≤ T < t+ ∆ |T ≥ t, Z,X t}, (1.37)

which is the conditional probability of failure at time t given that the failure does not

occur prior to time t and that the covariate process X(·) has the history of the process up

to time t, denoted by X t as in (1.30) and above for (1.36).

Note that our consideration of Z(t) = ϕ(X t) in (1.36) is motived by the Smoking

Cessation Data and Child Development Data described in Section 1.5, and our proposed

PH model (1.36) includes (1.31) as a special case with Z(t) = X(t). Due to the com-
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plexity of model (1.36) and that our main interest is Z(t) in this study, for the rest of this

dissertation we focus on the following model for simplicity of presentation:

h(t |X t) = h0(t) exp
{
β0Z(t)

}
. (1.38)

Also, note that XVi
i 6= X

Vi
i , because as explained in (1.27), Xi(t) is not known

except at points tij’s, and the covariate process XVi
i is not entirely observed. The lon-

gitudinal covariate X Vi
i is what’s actually observed on covariate process XVi

i . The PH

model (1.38) for right censored survival data with longitudinal covariates (1.29) is a very

different problem from the Cox model with time-dependent covariates X(t) as stated in

(1.25), which assumes that X(t) is entirely known for all t; see Chapter 4 and Chapter 6

in Kalbfleisch and Prentice (2002).

In this dissertation, we do not make any parametric or semi-parametric assumptions

on the covariate process X(t), and we use empirical likelihood to derive the MLE for

(β0, F0) in the proportional hazards model (1.38) based on right censored survival data

with longitudinal covariates (1.29).
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Chapter 2: Empirical Likelihood

For parametric likelihood methods, it is assumed that the random sample is from a

known distribution except for unknown parameters to be determined. However, in many

scenarios such as medical clinical trials, etc, often we do not have any prior data to know

which is the appropriate parametric family to use, and often such assumptions are very

difficult or impossible to be verified.

Empirical likelihood (EL) (Owen, 1988) is a nonparametric likelihood method for

statistical inference problems. It allows statisticians to use the likelihood methods without

requiring specification of distribution family for the data. In this chapter, we briefly review

the concept of empirical likelihood and some important results for censored data, then the

empirical likelihood method for the Cox model.

2.1 Empirical Likelihood

EL method was introduced by Owen (1988) as a device for constructing confidence

regions based on random samples without any parametric assumption. It has been shown

that EL has many advantages over the usual approximation and bootstrap methods; see

Hall and La Scala (1990), DiCiccio, Hall, and Romano (1991), among others. Not only

does empirical likelihood provide data-determined shapes for confidence regions, but also
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it can easily incorporate known constraints on parameters and make inferences without

the estimation of variance because the nonparametric version of Wilk’s theorem was es-

tablished by Owen (1988). Below, we outline Owen’s EL approach.

Let

X1, . . . , Xn (2.1)

be a random sample from a d.f. F0. The empirical likelihood function by Owen (1988)

for F0 is given by

L(F ) =
n∏
i=1

[F (Xi)− F (Xi−)], (2.2)

where F is any d.f. The nonparametric maximum likelihood estimate (NPMLE) for F0 is

the d.f. that maximizes likelihood function L(F ) in (2.2) over all d.f.’s. It has been shown

that the NPMLE for F0 is the empirical distribution function of X1, . . . , Xn given by

Fn(x) =
1

n

n∑
i=1

I{Xi ≤ x}, −∞ < x <∞. (2.3)

The empirical likelihood ratio function is defined as:

R(F ) =
L(F )

L(Fn)
. (2.4)

Owen (1988) showed that the empirical likelihood ratio function can be used to

construct confidence intervals for statistical functional T (F0) = θ0, and that under some

mild conditions, the nonparametric version of Wilk’s theorem holds; that is the log em-

pirical likelihood ratio converges to a chi-square distribution, which is parameter free
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distribution, thus desirable in practice.

For more references on empirical likelihood, see DiCiccio, Hall, and Romano (1991),

Chen and Hall (1993), Chen and Qin (1993), Qin and Lawless (1994), Mykland (1995),

Murphy and van der Vaart (1997), Owen (2001), Ren (2001), Zhou (2005), Chen and Cui

(2006), Ren (2008a,b), Wang and Chen (2009), Ren and Zhou (2011), among others.

However, the empirical likelihood function given in (2.2) is formulated for com-

pletely observed data (2.1), which can not be applied directly to different types of cen-

sored data. In survival analysis, the survival data is often not completely observed. For

right censored data (1.2), Kaplan and Meier (1958) gave the NPMLE F̂KM for F0; see

review given in Section 1.2. He, Liang, Shen and Yang (2016) constructed the empirical

likelihood based confidence intervals for statistical functionals of the underlaying distri-

bution F0 for right censored data, and showed that the log likelihood ratio converges to

chi-squared distribution.

For doubly censored data, the observed data (Vi, δi) on Xi is given by

Vi =



Ti, if Di < Xi ≤ Ci, δi = 1

Ci, if Xi > Ci, δi = 2

Di, if Xi ≤ Di, δi = 3

(2.5)

where Ci andDi are right and left censoring variables, respectively, and they are indepen-

dent of Xi with P{Di < Ci} = 1. Doubly censored data has been encountered in many

important scientific research, such as child development data (Leiderman et al., 1973),

breast cancer data (Ren and Gu, 1997), etc. Based on the empirical likelihood function
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for F0, Mykland and Ren (1996) derived the NPMLE F̂MR for F0 and showed F̂MR can

be numerically computed by the EM algorithm. Chang and Yang (1987) showed that

||F̂MR − F0||
a.s.→ 0, as n → ∞, and Gu and Zhang (1993) showed that

√
n(F̂MR − F0)

weakly converges to a centered Gaussian process as n→∞, under regularity conditions.

Under Case 2 interval censoring, the observed data (Ci, Di, δi) on Xi is given by

δi =



1, if Di < Xi ≤ Ci,

2, if Xi > Ci,

3, if Xi ≤ Di,

(2.6)

where Ci and Di are independent of Xi with P{Di < Ci} = 1. Based on the empirical

likelihood function for F0, Groeneboom and Wellner (1992) derived the NPMLE F̂GW

for F0 and showed ||F̂GW − F0||
a.s.→ 0, as n→∞.

To deal with various types of censored data, such as right censored data, doubly cen-

sored data and interval censored data, Ren (2001) developed a new and unified approach

called weighted empirical likelihood and applied it to a general setting of two-sample

semi-parametric models (Ren, 2008b), which include biased sampling models and logis-

tic regression models as special cases. For various types of censored data aforementioned,

Ren (2008b) derived the weighted empirical likelihood-based MLE (θ̂n, F̂n) for the under-

lying parameter θ0 and distribution F0, and established the strong consistency of (θ̂n, F̂n)

and the asymptotic normality of (θ̂n, F̂n) under some conditions.

All above nice results demonstrate the importance and desirability from practical

view point of the empirical likelihood approach, especially the problem involving doubly

censored data and interval censored data which are very challenging mathematically.
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2.2 Empirical Likelihood for Cox Model

Consider Cox model (1.21) with right censored survival data (1.24) with scaler Z:

(Vi, δi, Zi), i = 1, . . . , n, (2.7)

where (Vi, δi) is given in (1.2)-(1.3) and Zi is the time-independent covariate of ith indi-

vidual. As described in Section 1.1 and Section 1.3.1, Cox’s partial likelihood estimator

β̂c is not based on the likelihood in ordinary sense and is only asymptotic efficient.

Ren and Zhou (2011) used empirical likelihood and Lehmann family properties

(1.22)-(1.23) to derive the full likelihood function for (β0, F0) in Cox model (1.21) with

right censored survival data (2.7). Their full likelihood function is given by

L(β, F ) =
n∏
i=1

(cidF (Vi))
δi(F̄ (Vi))

ci−δi , (2.8)

where ci = exp(Ziβ). They used empirical likelihood parameterization, then explicitly

profiled out nuisance parameter F0 and obtained the full-profile likelihood estimating

function for β0:

ψRZ(β) = n−1

n∑
i=1

δi

(
Zi + ei log

di − 1

di

)
, (2.9)

where di =
∑n

j=i cj and ei =
∑n

j=i Zjcj . Ren and Zhou (2011) showed that the leading

term of Taylor’s expansion of the full-profile likelihood estimating function ψRZ(β) in

(2.9) is the Cox’s partial likelihood estimating function ϕc(β) , and their relation is given
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by

ψRZ(β) = ϕc(β) +Op

( log n

n

)
, (2.10)

where ϕc(β) is the partial likelihood estimating function. Ren and Zhou (2011) showed

that the log full-likelihood ratio has an asymptotic chi-squared distribution, which is the

nonparametric version of Wilk’s Theorem for right censored data (2.7).

For the Cox model (1.21), if Ti’s in (2.7) are subject to various types of censor-

ing, including right censoring, doubly censoring, interval censoring, etc., Ren and Wang

(2022) extended the concept of weighted empirical likelihood (Ren, 2001, 2008b) to

multivariate case, and derived the weighted empirical likelihood-based MLE (WMLE)

(β̂n, F̂n) for the Cox model that is applicable to various types of censored data under a uni-

fied framework. They established the asymptotic properties of WMLE:
√
n(β̂n − β0)

D→

N(0, σ2
w), as n→∞, and

√
n(F̂n−F0) weakly converges to a centered Gaussian process.
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Chapter 3: MLE for Jointly Modeling Survival and Longitudinal Data

This chapter considers our proposed proportional hazards model (1.38) based on

right censored survival data with longitudinal covariates (1.29). In Section 3.1.1, we first

derive the similar results to the Lehmann family properties (1.22)-(1.23) for the PH model

(1.38), then in Section 3.1.2 we use the Lehmann family properties to derive the empiri-

cal likelihood function for (β0, F0) in PH model (1.38) based on right censored survival

data with longitudinal covariates (1.29). Section 3.2 derives the empirical likelihood esti-

mating function for β0 under certain restriction and derives the approximated estimating

function for β0. Section 3.3 derives the empirical likelihood estimating function for β0

without the restriction in Section 3.2. All proofs are given in Section 3.4

3.1 Empirical Likelihood for Joint Modeling

3.1.1 Lehmann Family Property for Joint Modeling

In Section 1.3.1, Lehmann family properties (1.22)-(1.23) for the Cox model (1.21)

has been derived. Here, we derive the results similar to the Lehmann family properties

for our proposed PH model (1.38).
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From (4.4) on page 96 of Kalbfleisch and Prentice (2002), we know that for X t

given by (1.30) and for any fixed t > 0, f(t |X t) is given by

f(t |X t) = h(t |X t)F̄ (t |X t) = lim
∆→0

P{t ≤ T < t+ ∆ |T ≥ t,X t}
∆

F̄ (t |X t)

= lim
∆→0

P{t ≤ T < t+ ∆ |X t}
∆P{T ≥ t |X t}

F̄ (t |X t)

= lim
∆→0

∆−1P{t ≤ T < t+ ∆ |X t}, (3.1)

where from page 197 of Kalbfleisch and Prentice (2002),

F̄ (t |X t) = P{T ≥ t |X t}. (3.2)

Assume that the covariate process X(t) is external, that is X(t) for any s < t is not

affected by the occurrence of failure at time s. Then from (6.8) on page 196 of Kalbfleisch

and Prentice (2002), we have that for partition points of interval [0, t]: 0 = s0 < s1 <

. . . < sN = t which have equal width ∆ = t
N

for each subinterval [sj−1, sj]:

∫ t

0

f(s |Xs)ds = o(1) +
N−1∑
k=0

f(sk |Xsk)∆

(3.1)
==== o(1) +

N−1∑
k=0

(
P{sk ≤ T < sk + ∆ |Xsk}+ rk∆

)
(6.8) of K-P

======== o(1) +
N−1∑
k=0

(
P{sk ≤ T < sk + ∆ |X t}+ rk∆

)
= o(1) + P{0 ≤ T < t |X t}+

(
N−1∑
k=0

rk

)
t

N

= o(1) + P{0 ≤ T < t |X t}+O(max
k
|rk|) (3.3)
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where rk is the reminder term from (3.1) at each sk, and we assume the uniform conver-

gence of ∆−1P{t ≤ T < t+ ∆ |X t} to f(t |X t), i.e.,

sup
t
|∆−1P{t ≤ T < t+ ∆ |X t} − f(t |X t)| → 0, as ∆→ 0, (AS0)

which implies that for any ε > 0, we have maxk |rk| ≤ ε for sufficiently small ∆ in (3.3).

Hence, equation (3.3) implies for any t,

∫ t

0

f(s |Xs)ds = P{0 ≤ T < t |X t} = F (t |X t) (3.4)

which is equivalent to

d

dt

(
F (t |X t)

)
= f(t |X t). (3.5)

From (3.1)-(3.2), (3.4)-(3.5), and F̄ (t |X t) + F (t |X t) ≡ 1, we know

H(t |X t) =

∫ t

0

h(s |Xs)ds =

∫ t

0

f(s |Xs)

F̄ (s |Xs)
ds

= −
∫ t

0

dF̄ (s |Xs)

F̄ (s |Xs)
= − ln F̄ (t |X t), (3.6)

which by model assumption (1.38) gives

F̄ (t |X t) = exp{−H(t |X t)} = exp
{
−
∫ t

0

h0(s) exp(Z(s)β0)ds
}
. (3.7)

This equation (3.7) is the ”Lehmann family properties” for our PH model (1.38), which

is similar to the Lehmann family properties (1.22)-(1.23) for Cox model (1.21).
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Note that when Z(t) in (3.7) does not depend on t, say Z(t) = Z for all t > 0, then

(3.7) is exactly the same as the Lehmann family property (1.22) for Cox model (1.21),

and the PH model (1.38) is the same as the Cox model (1.21).

3.1.2 Empirical Likelihood for Joint Modeling

Based on the ”Lehmann family properties” in (3.7), we derive the empirical likeli-

hood function for (β0, F0) in our proposed PH model (1.38) for right censored survival

data with longitudinal covariates (1.29) as below.

Consider the following conditional p.d.f. of (V, δ) in (1.29) given X t:

g(t, δ |X t) = lim
∆→0

∆−1P{t ≤ V < t+ ∆, δ = δ |X t}, (3.8)

then we have the following lemma with proof given in Section 3.4.

Lemma 3.1 
g(t, 1 |X t) = f(t |X t)F̄C(t)

g(t, 0 |X t) = F̄ (t |X t)fC(t)

(3.9)

where f(t |X t) and F̄ (t |X t) are given by (3.1) and (3.2) respectively, and FC(t) is the

d.f. of right censoring variable with p.d.f. fC(t) = F
′
C(t).

Thus, the likelihood for (Vi, δi) in (1.29) given XVi
i , 1 ≤ i ≤ n, is given by

n∏
i=1

g(Vi, δi |XVi
i ) =

n∏
i=1

(
f(Vi |XVi

i )F̄C(Vi)
)δi(F̄ (Vi |XVi

i )fC(Vi)
)1−δi , (3.10)
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which is proportional to

L(V, δ,XV ) =
n∏
i=1

(
f(Vi |XVi

i )
)δi(F̄ (Vi |XVi

i )
)1−δi . (3.11)

Note that this likelihood in (3.11) is not the likelihood for observed survival data

(1.29) because the covariate process XVi
i in (3.11) is not entirely observed, only the

longitudinal covariate X Vi
i is observed, that is as pointed out in Section 1.7, we have

XVi
i 6= X

Vi
i . This likelihood given by (3.11) is strictly based on the model assumptions

and definitions in (1.36)-(1.37) without Z assuming that (Vi, δi, X
Vi
i ) is observed for each

individual.

Also, note that F̄ (t |X t) in (3.11) is given by (3.7), which cannot be calculated

unless the entire covariate process X(s) is known up to time t. Thus, for likelihood

inference problems, we need to estimate the covariate process XVi
i based on observed

longitudinal covariates X Vi
i , then obtain an estimated likelihood of L(V, δ,XV ) based on

observed survival data (Vi, δi,X Vi
i ) given in (1.29).

To estimate the last term in (3.7) for the ith individual, we notice that Xi(t) is not

known entirely, and it is only observed at time points: ti1 < ti2 < . . . < tiJi . A natural

way to deal with this is to estimate Xi(t) via a discrete function with jumps only at points

tij’s; in turn, we have a step function Ẑi(t) as an estimate for Zi(t) = ϕ(X t
i ), which only

changes its value at time points: 0 = ti0 < ti1 < ti2 < . . . < tiJi:

Ẑi(t) = Zi(tiJi)I{t ≥ tiJi}+

Ji−1∑
j=1

Zi(tij)I{tij ≤ t < ti,j+1}, 0 ≤ t ≤ Vi, (3.12)
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where Ẑi(t) = 0 for t ∈ [0, ti1) and Ẑi(t) = Zi(tij) for any tij ≤ t < ti,j+1. Thus, using

Ẑi(t) as an estimate of Zi(t) in (3.7), for any tiJi ≤ t ≤ Vi:

−
∫ t

0

h0(s) exp(Ẑi(s)β0)ds

= −
Ji∑
k=1

∫ tik

ti,k−1

h0(s) exp(Ẑi(s)β0)ds−
∫ t

tiJi

h0(s) exp(Ẑi(s)β0)ds

= −
Ji∑
k=1

∫ tik

ti,k−1

h0(s) exp(Zi(ti,k−1)β0)ds−
∫ t

tiJi

h0(s) exp(Zi(tiJi)β0)ds

= −
Ji∑
k=1

exp(Zi(ti,k−1)β0)

∫ tik

ti,k−1

f0(s)

F̄0(s)
ds− exp(Zi(tiJi)β0)

∫ t

tiJi

f0(s)

F̄0(s)
ds

=

Ji∑
k=1

exp(Zi(ti,k−1)β0) ln F̄0(s)
∣∣∣tik
ti,k−1

+ exp(Zi(tiJi)β0) ln F̄0(s)
∣∣∣t
tiJi

=

Ji∑
k=1

exp(Zi(ti,k−1)β0) ln
F̄0(tik)

F̄0(ti,k−1)
+ exp(Zi(tiJi)β0) ln

F̄0(t)

F̄0(tiJi)
, (3.13)

where we use notations: 0 = Ẑi(0) = Ẑi(ti0) = Zi(ti0) = Zi(0) and f0(t) is the p.d.f. of

F0(t). With the proof given in Section 3.4, we have the following lemma.

Lemma 3.2 For any tiJi ≤ t ≤ Vi,

F̄ (t |X t
i ) ≈ F̄ (t | X t

i ) = [F̄0(t)]ci
Ji∏
k=1

(
F̄0(tik)

)ci,k−1−cik , (3.14)

where cik = eβZi(tik) and ci = ciJi with β = β0.

Hence, we have for any tiJi ≤ t ≤ Vi,

f(t |X t
i ) ≈ f(t | X t

i ) = cif0(t)[F̄0(t)]ci−1

Ji∏
k=1

(
F̄0(tik)

)ci,k−1−cik , (3.15)

where due to (3.5), we have f(t | X t
i ) given in (3.15) as the derivative of F̄ (t | X t

i ) with
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respect to t, and f(t | X t
i ) is an estimate of f(t |X t

i ).

Now, in likelihood function (3.11), we replace terms f(t |X t
i ) and F̄ (t |X t

i ) by

f(t | X t
i ) in (3.15) and F̄ (t | X t

i ) in (3.14), respectively, then obtain the estimated likeli-

hood of L(V, δ,XV ) for observed survival data with longitudinal covariates (Vi, δi,X Vi
i )

in (1.29) as follows:

n∏
i=1

(
f(Vi |XVi

i )
)δi(F̄ (Vi |XVi

i )
)1−δi ≈

n∏
i=1

(
f(Vi | X Vi

i )
)δi(F̄ (Vi | X Vi

i )
)1−δi

=
n∏
i=1

(
cif0(Vi)[F̄0(Vi)]

ci−1

Ji∏
k=1

(
F̄0(tik)

)ci,k−1−cik
)δi(

[F̄0(Vi)]
ci

Ji∏
k=1

(
F̄0(tik)

)ci,k−1−cik
)1−δi

=
n∏
i=1

(
cif0(Vi)

)δi(
F̄0(Vi)

)ci−δi( Ji∏
j=1

(
F̄0(tij)

)dij),
where dij = ci,j−1 − cij . Therefore, the estimated likelihood function for (β0, F0) in our

proposed PH model (1.38) with right censored survival data with longitudinal covariates

(1.29) is given by

L(β, F ) =
n∏
i=1

(
cidF (Vi)

)δi(
F̄ (Vi)

)ci−δi( Ji∏
j=1

(
F̄ (tij)

)dij), (3.16)

where F is an arbitrary d.f., dF (t) = F (t)− F (t−), and from notation Zi(0) in (3.13),



cik = eβZi(tik), k = 0, 1, 2, . . . , Ji

ci0 = eβZi(ti0) = eβZi(0) = e0 = 1

ci = ciJi = eβZi(tiJi )

dij = ci,j−1 − cij = eβZi(ti,j−1) − eβZi(tij).

(3.17)
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The MLE (β̂n, F̂n) for (β0, F0) in our proposed PH model (1.38) is the solution that max-

imizes above estimated likelihood function L(β, F ) given in (3.16).

Remark 1. From observed data (1.29), we do not know whether Zi(0) = 0. But

in (3.13), based on (3.12) we have Ẑi(t) = 0 for ∀t ∈ [ti0, ti1) = [0, ti1) which implies

Ẑi(0) = 0. In (3.13), we have Ẑi(s) = 0 for s ∈ [ti0, ti1) and Ẑi(s) = Zi(tij) for s ∈

[tij, ti,j+1), where j = 1, . . . , Ji. Thus, the use of notation: Ẑi(ti0) = Zi(ti0) = Zi(0) = 0

in (3.13) is for convenience sake and is again used in (3.17) for ci0.

39



3.2 Estimating Function under Restriction

Here, we use the empirical likelihood parameterization (Owen, 1988) to profile out

nuisance parameter F0, then obtain the profile likelihood estimating function for β0 and

the MLE (β̂n, F̂n) for (β0, F0) in our proposed PH model (1.38) based on right censored

survival data with longitudinal covariates (1.29).

Without loss of generality, we assume that there are no ties among Vi’s in observed

right censored survival data with longitudinal covariates (1.29), and assume that

V1 < V2 < . . . < Vn. (3.18)

If we restrict all possible candidates for the MLE of F0 to those d.f.’s that assign all their

probability masses to points Vi’s and interval (Vn,∞), then the d.f. F under consideration

in likelihood function (3.16) is given by

F (t) =
n∑
i=1

piI{Vi ≤ t}, (3.19)

where pi = F (Vi) − F (Vi−) for 1 ≤ i ≤ n, and
∑n+1

i=1 pi = 1 with 0 ≤ pn+1 ≤ 1 as the

probability mass of F on interval (Vn,∞). For any d.f. F given by (3.19), we let

ηkij = I{Vk ≤ tij < Vk+1}, Vn+1 =∞, (3.20)

then F (tij) = 0 for 0 ≤ tij < V1, and all tij ≤ Vi ≤ Vn, and we have in (3.16):
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n∏
i=1

Ji∏
j=1

(F̄ (tij))
dij =

n∏
i=1

Ji∏
j=1

n∏
k=1

(F̄ (tij))
ηkijdij =

n∏
i=1

Ji∏
j=1

n∏
k=1

(F̄ (Vk))
ηkijdij

=
n∏
k=1

n∏
i=1

Ji∏
j=1

(F̄ (Vk))
ηkijdij =

n∏
k=1

(F̄ (Vk))
d0k , (3.21)

where d0k =
∑n

i=1

∑Ji
j=1 ηkijdij , in turn, we have

L(β, F ) =
n∏
i=1

(
cidF (Vi)

)δi(
F̄ (Vi)

)di−δi
, (3.22)

where

di = ci + d0i = exp(βZi(tiJi)) +
n∑
k=1

Jk∑
j=1

dkjI{Vi ≤ tkj < Vi+1}

= exp(βZi(tiJi)) +
n∑
k=1

Jk∑
j=1

(
eβZk(tk,j−1) − eβZk(tkj)

)
I{Vi ≤ tkj < Vi+1}. (3.23)

Thus, for any d.f. F given by (3.19), likelihood function (3.22) can be written as

L(β, F ) =
n∏
i=1

(
cipi

)δi( n+1∑
j=i+1

pj

)di−δi
≡ L(β,p), (3.24)

where p = (p1, . . . , pn+1), ci is given by (3.17) and di is given by (3.23). Hence, the MLE

(β̂n, F̂n) for (β0, F0) in our proposed PH model (1.38) with data (1.29) is the solution that

maximizes L(β, F ) in (3.24).

Similar to the treatment in Ren and Zhou (2011), for now we assume that in (3.23)

for some β:
di ≥ 1 for all 1 ≤ i ≤ n, (AS1)
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then we consider the following transformations for L(β,p) in (3.24):


ai =

pi
bi
, for i = 1, . . . , n

bi =
∑n+1

j=i pj, for i = 1, . . . , n

(3.25)

and we have the following lemma with proof given in Section 3.4.

Lemma 3.3 Under assumption (AS1), we have

L(β,p) =
n∏
i=1

(ciai)
δi(1− ai)ei−δi ≡ L1(a; β), (3.26)

which is maximized at

âi =
δi
ei
, i = 1, 2, . . . , n, (3.27)

then likelihood function L(β, F ) in (3.24) is maximized by

[1− F̂n(t; β)] =
∏
Vi≤t

ei − δi
ei

, (3.28)

where ei =
∑n

j=i dj , ci and di are given by (3.17) and (3.23), respectively.

Remark 2. Under assumption (AS1) that di ≥ 1 for all 1 ≤ i ≤ n, likelihood

function L(β, F ) in (3.24) has a finite maximum value. Also, (AS1) implies F̂n(t; β)

given by (3.28) is a proper d.f. with all terms on the right-hand side of equation (3.28)

between 0 and 1, because ei ≥ dn ≥ 1 for all 1 ≤ i ≤ n.

Remark 3. Here is an example showing that if (AS1) does not hold, the maximum

value of L(β, F ) given by (3.24) is not finite.Consider the case of n = 2 with δ1 = δ2 = 1,
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d1 ≥ 1 and d2 < 1 in (3.24). Then, noticing that p1 + p2 + p3 = 1, we know that (3.24)

can be written as:

L(β, F ) =
(
c1p1(p2 + p3)d1−1

)(
c2p2(p3)d2−1

)
=
c1c2p1p2(p2 + p3)d1−1

p1−d2
3

≥ c1c2p1p
d1
2

p1−d2
3

=
c1c2p1(1− p1 − p3)d1

p1−d2
3

.

Thus, for any fixed p1 ∈ (0, 1), we have

L(β, F ) ≥ lim
p3→0+

c1c2p1(1− p1 − p3)d1

p1−d2
3

=
c1c2p1(1− p1)d1

0+
=∞,

which means that L(β, F ) does not have a finite maximum value.

Estimating Function under Restriction

Now from (3.26)-(3.27), we obtain the profile likelihood function for β0 under as-

sumption (AS1):

`(β) = logL(β, F̂n(· ; β)) = log

(
n∏
i=1

(
ci
ei

)δi(ei − δi
ei

)ei−δi)
, (3.29)

where

ei = di + . . .+ dn, i = 1, 2, . . . , n. (3.30)

Thus, the MLE for β0 is the solution β̂n which maximizes the value of `(β) in (3.29), and

the MLE for F0 is given by F̂n(t) = F̂n(t; β̂n).
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Differentiating `(β), the profile likelihood estimating function ψn(β) is given by:

ψn(β) ≡ n−1`
′
(β)

= n−1 d

dβ

( n∑
i=1

(
δi(log ci − log ei) + (ei − δi)(log(ei − δi)− log ei)

))
. (3.31)

Notice that above ci’s, di’s and ei’s are given by (3.17), (3.23) and (3.30), respectively,

thus they are functions of β. With notations c′i = dci
dβ , d′i = ddi

dβ and e′i = dei
dβ , we know

c
′
i

ci
= Zi(tiJi) and we compute (3.31) as follows:

ψn(β) = n−1

n∑
i=1

(
δi
c
′
i

ci
− δi

e
′
i

ei
+ e

′

i(log(ei − δi)− log ei) + (ei − δi)
(

e
′
i

ei − δi
− e

′
i

ei

))

= n−1

n∑
i=1

(
δiZi(tiJi) + e

′

i log
ei − δi
ei

)
= n−1

n∑
i=1

δi

(
Zi(tiJi) + e

′

i log
ei − 1

ei

)
.

Therefore, we obtain the profile likelihood estimating function ψn(β) for β0 given by:

ψn(β) = n−1

n∑
i=1

δi

(
Zi(tiJi) + e

′

i log
ei − 1

ei

)
, (3.32)

where



ei =
n∑
l=i

(
eβZl(tlJl ) +

n∑
k=1

Jk∑
j=1

(
eβZk(tk,j−1) − eβZk(tkj)

)
I{Vl ≤ tkj < Vl+1}

)

e
′
i =

n∑
l=i

(
Zl(tlJl)e

βZl(tlJl )

+
n∑
k=1

Jk∑
j=1

(
Zk(tk,j−1)eβZk(tk,j−1) − Zk(tkj)eβZk(tkj)

)
I{Vl ≤ tkj < Vl+1}

)
. (3.33)

The solution of the estimating equation ψn(β) = 0 is the MLE β̂n of β0.
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It should be noticed that above estimating function ψn(β) is only defined for those

β that satisfies condition (AS1). The generalized version of ψn(β) without assumption

(AS1) will be given in Section 3.3.

Leading Term of Taylor’s Expansion of ψn(β)

Since Ren and Zhou (2011) showed that the estimating function based on Cox’s

partial likelihood is the the leading term of Taylor’s expansion of that based on the full

likelihood, we consider the Taylor’s expansion of the estimating function ψn(β) given in

(3.33) as follows.

Consider Taylor’s expansion of log(1 + x) at x = 0: log(1 + x) = x − x2

2(1+ξ)2
,

where ξ is between 0 and x. We have the following for ψn(β) in (3.32):

ψn(β) = n−1

n∑
i=1

δi

(
Zi(tiJi) + e

′

i

(
− 1

ei
− 1

2(1 + ξi)2e2
i

))

= ϕn(β)− n−1

n∑
i=1

(
δie
′
i

2(1 + ξi)2e2
i

)
, (3.34)

where ξi is between 0 and − 1
ei

, and ϕn(β) is the leading term of Taylor’s expansion of

ψn(β) in (3.32) and gives the approximated estimating function given by:

ϕn(β) = n−1

n∑
i=1

δi

(
Zi(tiJi)−

e
′
i

ei

)
. (3.35)

The solution of the approximated estimating equation ϕn(β) = 0 is the approximated

maximum likelihood estimator (MLE) β̃n for β0.

With the proof given in Section 3.4, we have the following lemma to simplify the
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expression of ei’s and e′i’s given in (3.33), and Lemma 3.5 shows the monotonicity of

ϕn(β) given in (3.35).

Lemma 3.4 We can simplify the expression of ei and e
′
i in (3.33) as follows:

ei =
∑n

k=iAki =
∑n

k=i

(
eβZk(tkJk )I{Eki = ∅}+ eβZk(tkmki )I{Eki 6= ∅}

)
ei
′ =

∑n
k=i

(
Zk(tkJk)eβZk(tkJk )I{Eki = ∅}+ Zk(tkmki)e

βZk(tkmki )I{Eki 6= ∅}
) (3.36)

where Eki =
{
tkj | tkj ≥ Vi, j ∈ {1, . . . , Jk}

}
is a subset of {tk1, tk2, . . . , tkJk}, and

Aki =


eβZk(tkJk ) if tkj < Vi, ∀ j ∈ {1, . . . , Jk}

eβZk(tkmki ) if ∃ tkj ≥ Vi, for some j ∈ {1, . . . , Jk}

(3.37)

mki = nki − 1 (3.38)

for nki given by

nki = min{ j | tkj ≥ Vi, j = 1, . . . , Jk}, (3.39)

noting that nki is not defined unless Eki 6= ∅.

Lemma 3.5 Function ϕn(β) given by (3.35) is non-increasing in β ∈ R.
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3.3 Estimating Function without Restriction

As pointed out in Remark 3 of Section 3.2, assumption (AS1) is needed so that

likelihood function L(β, F ) in (3.24) has a finite maximum value, and L(β, F ) in (3.24)

is maximized by (3.28) via transformation (3.25). Here, we make adjustment to remove

assumption (AS1) in estimating function for β0.

First, notice that the key of achieving result in Section 3.2 is that transformation

(3.25) reduces L(β, F ) = L(β,p) in (3.24) into the form L1(a; β) given by (3.26). In

such process, the derivations in the proof of Lemma 3.3 actually require all pi ∈ (0, 1)

and ai ∈ (0, 1). Since for p = (p1, . . . , pn+1) and a = (a1, . . . , an), we know that in

(3.24) and (3.26), assuming finite maximum value exists:

max
pi∈[0,1]

L(β,p) = sup
pi∈(0,1)

L(β,p)
(3.26)

===== sup
ai∈(0,1)

L1(a; β) = max
ai∈[0,1]

L1(a; β). (3.40)

This means that the finite maximum value of L(β,p) exists for fixed β is equivalent to

that of L1(a; β). Thus, assumption (AS1) can be relaxed to the following assumption:

ei ≥ 1 for all 1 ≤ i ≤ n, (AS2)

which ensures that L(β,p) in (3.24) and L1(a; β) in (3.26) both have finite maximum

value for fixed β.

Above (AS2) ensures that in (3.27) we have âi ∈ [0, 1] and obviously (AS2) is a

weaker condition than (AS1). Further, our Lemma 3.4 in Section 3.2 shows that all ei’s
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are all nonnegative for any β and we know that all ei ≥ 1 if β ≥ 0 and all Zi(tij) ≥ 0.

Thus, here we use ”shifting” method proposed in Ren and Zhou (2011), Ren and Wang

(2022) to achieve (AS2) for β being restricted on a compact set.

For the ”shifting” method based on Remark 1 and 2 in Ren and Zhou (2011), we

consider any constant M ∈ R and rewrite PH model (1.38) as follows:

h(t |X t) = h1(t)eβ0Z(t)+M , (3.41)

where

h1(t) ≡ hM(t) = h0(t)e−M , (3.42)

where F1(t) is the d.f. corresponding to h1(t) in (3.42) and has f1(t) as its p.d.f. Model

(3.41) does not affect any derivations in (3.1)-(3.6) and (3.7) becomes

F̄ (t |X t) = exp{−H(t |X t)} = exp
{
−
∫ t

0

h1(s)eβ0Z(s)+Mds
}
, (3.43)

which is the ”Lehmann family property” for rewritten model formula (3.41). Thus, in

the derivation of the likelihood function in Section 3.1.2, (3.8)-(3.12) are not affected by

(3.41) and the formula corresponding to (3.13) becomes for ∀ tiJi ≤ t ≤ Vi:

−
∫ t

0

h1(s)eβ0Ẑi(s)+Mds

= −
Ji∑
k=1

∫ tik

ti,k−1

h1(s)eβ0Ẑi(s)+Mds−
∫ t

tiJi

h1(s)eβ0Ẑi(s)+Mds

=

Ji∑
k=1

eβ0Zi(ti,k−1)+M ln
F̄1(tik)

F̄1(ti,k−1)
+ eβ0Zi(tiJi )+M ln

F̄1(t)

F̄1(tiJi)
, (3.44)
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where F1(t) is the d.f. corresponding to h1(t) in (3.42) and has f1(t) as its p.d.f. This

gives the following formula corresponding to (3.14): for ∀ tiJi ≤ t ≤ Vi,

F̄ (t |X t
i ) ≈ F̄ (t | X t

i ) = exp
{
−
∫ t

0

h1(s)eβ0Ẑi(s)+Mds
}

= [F̄1(t)]CiJi
Ji∏
k=1

(
F̄1(tik)

)Ci,k−1−Cik = [F̄1(t)]Ci
Ji∏
k=1

(
F̄1(tik)

)Ci,k−1−Cik , (3.45)

where for β = β0, we have

Cik = eβZi(tik)+M and Ci = CiJi . (3.46)

Thus, the formula corresponding to (3.15) is: for ∀ tiJi ≤ t ≤ Vi,

f(t |X t
i ) ≈ f(t | X t

i ) = Cif1(t)[F̄1(t)]Ci−1

Ji∏
k=1

(
F̄1(tik)

)Ci,k−1−Cik . (3.47)

In turn, (3.45)-(3.47) give the estimated likelihood of L(V, δ,XV ) in (3.11) as follows:

n∏
i=1

(
f(Vi |XVi

i )
)δi(F̄ (Vi |XVi

i )
)1−δi ≈

n∏
i=1

(
f(Vi | X Vi

i )
)δi(F̄ (Vi | X Vi

i )
)1−δi

=
n∏
i=1

(
Cif1(Vi)[F̄1(Vi)]

Ci−1

Ji∏
k=1

(
F̄1(tik)

)Ci,k−1−Cik
)δi(

[F̄1(Vi)]
Ci

Ji∏
k=1

(
F̄1(tik)

)Ci,k−1−Cik
)1−δi

=
n∏
i=1

(
Cif1(Vi)

)δi(
F̄1(Vi)

)Ci−δi( Ji∏
j=1

(
F̄1(tij)

)Dij),
where Dij = Ci,j−1−Cij . Therefore, the estimated likelihood function for (β0, F1) in the

PH model (3.41) is given by

LM(β, F ) =
n∏
i=1

(
CidF (Vi)

)δi(
F̄ (Vi)

)Ci−δi( Ji∏
j=1

(
F̄ (tij)

)Dij), (3.48)
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where F is an arbitrary d.f., dF (t) = F (t)− F (t−), and from notation Zi(0) in (3.13):

Cik = eβZi(tik)+M , k = 0, 1, 2, . . . , Ji

Ci0 = eβZi(ti0)+M = eβZi(0)+M = eM

Ci = CiJi = eβZi(tiJi )+M

Dij = Ci,j−1 − Cij = eβZi(ti,j−1)+M − eβZi(tij)+M .

(3.49)

The relation between L(β, F ) given by (3.16) and LM(β, F ) given by (3.48) is as

follows. Notice that from (3.42) we have that ∀ t > 0:

∫ t

0

h1(s)ds = e−M
∫ t

0

h0(s)ds ⇔ H1(t) = e−MH0(t)

⇔ e−H1(t) = [e−H0(t)]e
−M ⇔ F̄1(t) = [F̄0(t)]e

−M
. (3.50)

Thus, we have from (3.48):

LM(β, F1) =
n∏
i=1

(
CidF1(Vi)

)δi(
F̄1(Vi)

)Ci−δi( Ji∏
j=1

(
F̄1(tij)

)Dij)

=
n∏
i=1

(
Cid
(

1− [F̄0(Vi)]
e−M
))δi(

[F̄0(Vi)]
e−M
)Ci−δi( Ji∏

j=1

(
[F̄0(tij)]

e−M
)Dij)

=
n∏
i=1

(
Cie

−M [F̄0(Vi)]
e−M−1dF0(Vi)

)δi(
F̄0(Vi)

)(Ci−δi)e−M( Ji∏
j=1

(
[F̄0(tij)]

)Dije−M)

=
n∏
i=1

(
ci[F̄0(Vi)]

e−M−1dF0(Vi)

)δi(
F̄0(Vi)

)ci−δie−M( Ji∏
j=1

(
[F̄0(tij)]

)dij)

=
n∏
i=1

(
cidF0(Vi)

)δi(
F̄0(Vi)

)ci−δi( Ji∏
j=1

(
[F̄0(tij)]

)dij)
= L(β, F0)
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because we have


ci = eβZi(tiJi ) = eβZi(tiJi )+M × e−M = Cie

−M

dij = eβZi(ti,j−1) − eβZi(tij) =
(
eβZi(ti,j−1)+M − eβZi(tij)+M

)
e−M = Dije

−M .

(3.51)

Hence, from (3.16) and (3.48) we have for any d.f.’s G and F :

LM(β,G) = L(β, F ), where Ḡ =
[
F̄
]e−M

. (3.52)

This means that if we can choose a proper constant M such that (AS2) holds for

LM(β,G) when β is restricted on certain compact set, then we can find Ĝn(t; β) for given

β that maximizes LM(β,G), and obtain the profile likelihood function for β: `M(β) =

logLM(β, Ĝn(·; β)), which gives the estimating function ψM(β) = n−1`
′
M(β). Thus,

the solution β̂n of equation ψM(β) = 0 is the MLE for β0 and is well-defined; in turn,

Ĝn(t) = Ĝn(t; β̂n) ≡ F̂1(t) is the MLE for F1, and by (3.52), the MLE F̂n(t) for F0 is

given by

¯̂
Fn(t) =

[
¯̂
F1(t)

]eM
=
[

¯̂
Gn(t; β̂n)

]eM
. (3.53)

In Section 3.2, (3.18)-(3.20) are not affected by (3.41) and the corresponding for-

mula to (3.21) becomes:

n∏
i=1

Ji∏
j=1

(F̄ (tij))
Dij =

n∏
i=1

Ji∏
j=1

n∏
k=1

(F̄ (tij))
ηkijDij =

n∏
i=1

Ji∏
j=1

n∏
k=1

(F̄ (Vk))
ηkijDij

=
n∏
k=1

n∏
i=1

Ji∏
j=1

(F̄ (Vk))
ηkijDij =

n∏
k=1

(F̄ (Vk))
D0k , (3.54)
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where D0k =
∑n

i=1

∑Ji
j=1 ηkijDij , and from (3.48) the formula corresponding to (3.22) is

given by:

LM(β, F ) =
n∏
i=1

(
CidF (Vi)

)δi(
F̄ (Vi)

)Di−δi
, (3.55)

where

Di = Ci +D0i

= eβZi(tiJi )+M +
n∑
k=1

Jk∑
j=1

(
eβZk(tk,j−1)+M − eβZk(tkj)+M

)
I{Vi ≤ tkj < Vi+1}. (3.56)

Thus, for any d.f. G given by (3.19), likelihood function (3.55) can be written as

LM(β,G) =
n∏
i=1

(
Cipi

)δi( n+1∑
j=i+1

pj

)Di−δi
≡ LM(β,p), (3.57)

where Ci is given by (3.49) and Di is given by (3.56).

From the derivation of (3.28), we know when constant M is properly chose such

that (AS2) holds for LM(β,G) for fixed β being restricted on a compact set, likelihood

function LM(β,G) is maximized by

[
1− Ĝn(t; β)

]
=
∏
Vi≤t

Ei − δi
Ei

, (3.58)

where from (3.28) regarding ei, Ei is given by:

Ei = Di + . . .+Dn, (3.59)

for Di’s given by (3.56). The assumption (AS2) for LM(β,G) is for Ei’s given by
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Ei ≥ 1 for all 1 ≤ i ≤ n. (AS3)

We know that condition (AS3) implies Ĝn(t; β) given by (3.58) is a proper d.f. Hence, in

practice we just need to choose data based M to satisfy (AS3), and such choice of M will

be given in Section 4.1.

In turn, parallel to (3.29), the profile likelihood function for β0 based on Ĝn(·; β) is

given by:

`M(β) = logLM(β, Ĝn(· ; β)) = log

( n∏
i=1

(
Ci
Ei

)δi(Ei − δi
Ei

)Ei−δi)

=
n∑
i=1

(
δi(logCi − logEi) + (Ei − δi)

[
log(Ei − δi)− logEi

])
.

Thus, the profile likelihood estimating function corresponding to (3.32) is given by:

ψM(β) =
1

n

n∑
i=1

δi

(
Zi(tiJi) + E

′

i log
Ei − 1

Ei

)
, (3.60)

where



Ei =
n∑
l=i

(
eβZl(tlJl )+M +

n∑
k=1

Jk∑
j=1

(
eβZk(tk,j−1)+M − eβZk(tkj)+M

)
I{Vl ≤ tkj < Vl+1}

)

E
′
i =

n∑
l=i

(
Zl(tlJl)e

βZl(tlJl )+M

+
n∑
k=1

Jk∑
j=1

(
Zk(tk,j−1)eβZk(tk,j−1)+M − Zk(tkj)eβZk(tkj)+M

)
I{Vl ≤ tkj < Vl+1}

)
.

(3.61)
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From (3.33) and (3.61), the relation between ei and Ei, e
′
i and E ′i are given by:

Ei = eMei and E
′

i = eMe
′

i. (3.62)

The solution of the estimating equation ψM(β) = 0 is the MLE β̂n of β0.

In Section 4.1, we show that for any fixedM , the leading term of Taylor’s expansion

of ψM(β) in (3.60) gives the exact same approximated estimating function ϕn(β) given

in (3.35).
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3.4 Proofs

Proof of Lemma 3.1 To see (3.9), note that for δ = 1,

g(t, 1 |X t) = lim
∆→0

∆−1P{t ≤ V < t+ ∆, δ = 1 |X t}

= lim
∆→0

∆−1P{t ≤ T < t+ ∆, T ≤ C |X t},

and we have

P{t ≤ T < t+ ∆, T ≤ C |X t} ≤ P{t ≤ T < t+ ∆, t ≤ C |X t}

= P{t ≤ T < t+ ∆ |X t}P{t ≤ C |X t}

= P{t ≤ T < t+ ∆ |X t}P{t ≤ C} = P{t ≤ T < t+ ∆ |X t}F̄C(t),

P{t ≤ T < t+ ∆, T ≤ C |X t} ≥ P{t ≤ T < t+ ∆, t+ ∆ ≤ C |X t}

= P{t ≤ T < t+ ∆ |X t}P{t+ ∆ ≤ C |X t}

= P{t ≤ T < t+ ∆ |X t}P{t+ ∆ ≤ C} = P{t ≤ T < t+ ∆ |X t}F̄C(t+ ∆),

which by (3.1) imply the first equation in (3.9) because

lim
∆→0

P{t ≤ T < t+ ∆ |X t}
∆

F̄C(t+ ∆) ≤ g(t, 1 |X t) ≤ lim
∆→0

P{t ≤ T < t+ ∆ |X t}
∆

F̄C(t).

Also, note that for δ = 0,

g(t, 0 |X t) = lim
∆→0

∆−1P{t ≤ V < t+ ∆, δ = 0 |X t}

= lim
∆→0

∆−1P{t ≤ C < t+ ∆, T > C |X t},

and we have
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P{t ≤ C < t+ ∆, T > C |X t} ≤ P{t ≤ C < t+ ∆, T ≥ t |X t}

= P{t ≤ C < t+ ∆ |X t}P{T ≥ t |X t} (3.2)
= P{t ≤ C < t+ ∆}F̄ (t |X t),

P{t ≤ C < t+ ∆, T > C |X t} ≥ P{t ≤ C < t+ ∆, T ≥ t+ ∆ |X t}

= P{t ≤ C < t+ ∆ |X t}P{T ≥ t+ ∆ |X t} (3.2)
= P{t ≤ C < t+ ∆}F̄ (t+ ∆ |X t),

which by (3.1) imply the second equation in (3.9) because

lim
∆→0

P{t ≤ C < t+ ∆}
∆

F̄ (t+ ∆ |X t) ≤ g(t, 0 |X t) ≤ lim
∆→0

P{t ≤ C < t+ ∆}
∆

F̄ (t |X t).

Proof of Lemma 3.2 Replacing the last exponent in (3.7) by (3.13), we obtain

F̄ (t | X t
i ) as an estimate of F̄ (t |X t

i ), for any tiJi ≤ t ≤ Vi,

F̄ (t |X t
i ) ≈ F̄ (t | X t

i ) = exp
{
−
∫ t

0

h0(s) exp(Ẑi(s)β0)ds
}

= exp

{
Ji∑
k=1

exp(Zi(ti,k−1)β0) ln
F̄0(tik)

F̄0(ti,k−1)
+ exp(Zi(tiJi)β0) ln

F̄0(t)

F̄0(tiJi)

}

=

(
Ji∏
k=1

exp

{
eZi(ti,k−1)β0 ln

F̄0(tik)

F̄0(ti,k−1)

})
exp

{
eZi(tiJi )β0 ln

F̄0(t)

F̄0(tiJi)

}

=

(
Ji∏
k=1

{
F̄0(tik)

F̄0(ti,k−1)

}ci,k−1

){
F̄0(t)

F̄0(tiJi)

}ciJi
=

[F̄0(ti1)]ci0

[F̄0(ti0)]ci0
× [F̄0(ti2)]ci1

[F̄0(ti1)]ci1
× . . .× [F̄0(tiJi)]

ci,Ji−1

[F̄0(ti,Ji−1
)]ci,Ji−1

× [F̄0(t)]ciJi

[F̄0(tiJi)]
ciJi

= [F̄0(t)]ciJi
Ji∏
k=1

(
F̄0(tik)

)ci,k−1−cik = [F̄0(t)]ci
Ji∏
k=1

(
F̄0(tik)

)ci,k−1−cik , (3.63)

where cik = eβZi(tik) and ci = ciJi with β = β0. �
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Proof of Lemma 3.3 Consider any fixed β satisfying (AS1) for ci’s and di’s given

by (3.17) and (3.23), respectively. From (3.25), we have the following:

ai =
pi
bi
, bi =

n+1∑
j=i

pj, (3.64)

then we have

b1 = 1, bn+1 = pn+1, bi+1 = bi − pi, 1− ai =
bi+1

bi
. (3.65)

Note that
n∏
i=1

(1− ai)
(3.65)
=

n∏
i=1

bi+1

bi
=
b2

b1

b3

b2

. . .
bn+1

bn
= bn+1, (3.66)

and

n∏
i=1

(ai)
di(1− ai)n−hi

(3.65)
=

( n∏
i=1

(ai)
di

) n∏
i=1

(
bi+1

bi

)n−hi
=

( n∏
i=1

(ai)
di

)(
b2

b1

)n−h1(b3

b2

)n−h2
. . .

(
bn+1

bn

)n−hn
=

( n∏
i=1

(ai)
di

)
(b2)h2−h1(b3)h3−h2 . . . (bn)hn−hn−1(bn+1)n−hn

=

( n∏
i=1

(ai)
di

)
(b1)d1(b2)d2 . . . (bn)dn(bn+1)n−hn =

( n∏
i=1

(ai)
di(bi)

di

)
(bn+1)n−nd̄

(3.64)
= (bn+1)n−nd̄

n∏
i=1

(pi)
di , (3.67)

where hi = d1 +d2 + . . .+di and d̄ = n−1
∑n

i=1 di. From (3.66) and (3.67), we can write

likelihood function L(β, F ) = L(β,p) in (3.24) as
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L(β,p)
(3.64)
=

n∏
i=1

(
cipi
)δi(bi+1

)di−δi =
n∏
i=1

(
(ci)

δi(pi)
di
)(bi+1

pi

)di−δi
(3.64)
=

n∏
i=1

(
(ci)

δi(pi)
di
)(bi+1

aibi

)di−δi
(3.65)
=

n∏
i=1

(
(ci)

δi(pi)
di
)(1− ai

ai

)di−δi
=

( n∏
i=1

(ci)
δi(pi)

di

)∏n
i=1(ai)

δi(1− ai)n−δi−(d1+...+di−1)∏n
i=1(ai)di(1− ai)n−(d1+...+di)

(3.67)
=

( n∏
i=1

(ci)
δi(pi)

di

)∏n
i=1(ai)

δi(1− ai)n−δi−(d1+...+di−1)

(bn+1)n−nd̄
∏n

i=1(pi)di

(3.66)
=

( n∏
i=1

(ci)
δi

)∏n
i=1(ai)

δi(1− ai)n−δi−(d1+...+di−1)∏n
i=1(1− ai)n−nd̄

=
n∏
i=1

(ci)
δi(ai)

δi(1− ai)di+...+dn−δi

=
n∏
i=1

(ciai)
δi(1− ai)ei−δi ≡ L1(a; β), (3.68)

where a = (a1, . . . , an) and ei = di + . . .+ dn, which gives (3.26) in Lemma 3.3.

Then by taking logarithm we obtain:

logL1(a; β) =
n∑
i=1

[δi(log ci + log ai) + (ei − δi) log(1− ai)].

Setting ∂ logL1

∂ai
= 0, we obtain

δi
ai
− ei − δi

1− ai
= 0 =⇒ âi =

δi
ei
, i = 1, 2, . . . , n. (3.69)

Also, we have

∂2(logL1)

∂aj∂ai
=


0 if i 6= j

− δi
a2i
− ei−δi

(1−ai)2 < 0 if i = j

because ei = di + . . . + dn ≥ dn ≥ 1 under the condition (AS1). Thus, for any

fixed β satisfying (AS1), âi in (3.27) maximizes L1(a; β) in (3.26) and (AS1) implies all
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0 ≤ âi ≤ 1, which gives (3.27) in Lemma 3.3.

From (3.64)-(3.65), we can find p̂i’s corresponding to âi’s as follows:

p̂1 = â1b̂1 = â1, p̂2 = â2b̂2 = â2(b̂1 − p̂1) = â2(1− â1)

p̂3 = â3b̂3 = â3(b̂2 − p̂2) = â3(b̂1 − p̂1 − p̂2) = â3(1− â1 − â2(1− â1)) = â3(1− â2)(1− â1)

...

p̂i = âi(1− âi−1) . . . (1− â1) = âi

i−1∏
j=1

(1− âj) =
δi
ei

i−1∏
j=1

(
1− δj

ej

)
. (3.70)

Thus, for any fixed β satisfying (AS1), L(β, F ) = L(β,p) is maximized by F̂n(t; β) =∑n
i=1 p̂iI{Vi ≤ t}, where p̂i is given by (3.70). Notice that for any 1 ≤ k ≤ n, we have

that for any Vk ≤ t < Vk+1, (3.70) gives

F̂n(t; β) =
n∑
i=1

p̂iI{Vi ≤ t} =
n∑
i=1

p̂iI{Vi ≤ Vk} =
k∑
i=1

p̂i =
k∑
i=1

[
δi
ei

i−1∏
j=1

(
1− δj

ej

)]

=
k∑
i=1

[(
1 +

δi
ei
− 1

) i−1∏
j=1

(
1− δj

ej

)]
=

k∑
i=1

[ i−1∏
j=1

(
1− δj

ej

)
−

i∏
j=1

(
1− δj

ej

)]

=
0∏
j=1

(
1− δj

ej

)
−

k∏
j=1

(
1− δj

ej

)
= 1−

k∏
j=1

(
1− δj

ej

)

which implies

1− F̂n(t; β) =
k∏
j=1

(
1− δj

ej

)
, for Vk ≤ t < Vk+1, 1 ≤ k ≤ n,

which finishes the proof of Lemma 3.3. �
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Proof of Lemma 3.4 From (3.17) and (3.20) we know

dkj = eβZk(tk,j−1) − eβZk(tkj), ηlkj = I{Vl ≤ tkj < Vl+1}, Vn+1 =∞. (3.71)

Let
N = max{J1, . . . , Jn} and Si =

n∑
l=i

eβZl(tlJl ), (3.72)

then ei in (3.33) can be written as follows:

ei =
n∑
l=i

eβZl(tlJl ) +
n∑
l=i

n∑
k=1

Jk∑
j=1

(
eβZk(tk,j−1) − eβZk(tkj)

)
I{Vl ≤ tkj < Vl+1}

(3.71)−(3.72)
========== Si +

n∑
l=1

n∑
k=1

N∑
j=1

dkjηlkjI{l ≥ i}I{j ≤ Jk}

= Si +
n∑
k=1

N∑
j=1

n∑
l=1

dkjηlkjI{l ≥ i}I{j ≤ Jk}

= Si +
n∑
k=1

N∑
j=1

dkjI{j ≤ Jk}
( n∑
l=1

ηlkjI{l ≥ i}
)

(3.71)
===== Si +

n∑
k=1

Jk∑
j=1

dkj

( n∑
l=i

I{Vl ≤ tkj < Vl+1}
)

(3.18)
===== Si +

n∑
k=1

Jk∑
j=1

dkjI{Vi ≤ tkj < Vn+1}

(3.72)
===== Si +

n∑
k=1

Jk∑
j=1

dkjI{Vi ≤ tkj}. (3.73)

For i = 1, (3.73) can be written as:

e1 = S1 +
n∑
k=1

Jk∑
j=1

dkjI{V1 ≤ tkj}

(3.72)
=====

n∑
l=1

eβZl(tlJl ) +
n∑
k=1

Jk∑
j=1

dkjI{V1 ≤ tkj}

=

n∑
k=1

eβZk(tkJk ) +

n∑
k=1

Jk∑
j=1

dkjI{V1 ≤ tkj}

=
n∑
k=1

(
eβZk(tkJk ) +

Jk∑
j=1

dkjI{V1 ≤ tkj}
)
. (3.74)
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For 2 ≤ i ≤ n, from (3.73) we have

ei = Si +
i−1∑
k=1

Jk∑
j=1

dkj(1− I{Vi > tkj}) +
n∑
k=i

Jk∑
j=1

dkjI{Vi ≤ tkj}. (3.75)

From (1.27) and (1.29), we know 0 = ti0 < ti1 < ti2 < . . . < tiJi ≤ Vi. Thus, for case of

i ≥ 2 and from (3.18), we have for k = 1, . . . , i− 1 and j = 1, . . . , Jk:

tk1 < tk2 < . . . < tkJk ≤ Vk ≤ Vi−1 < Vi ⇒ I{Vi > tkj} = 1. (3.76)

In turn, we have in (3.75):

i−1∑
k=1

Jk∑
j=1

dkj(1− I{Vi > tkj}) = 0. (3.77)

This implies that for i ≥ 2, ei in (3.75) can be expressed as:

ei = Si +
n∑
k=i

Jk∑
j=1

dkjI{Vi ≤ tkj}

(3.72)
=====

n∑
l=i

eβZl(tlJl ) +
n∑
k=i

Jk∑
j=1

dkjI{Vi ≤ tkj}

=
n∑
k=i

eβZk(tkJk ) +
n∑
k=i

Jk∑
j=1

dkjI{Vi ≤ tkj}

=
n∑
k=i

(
eβZk(tkJk ) +

Jk∑
j=1

dkjI{Vi ≤ tkj}
)
. (3.78)

Hence, from (3.74) and (3.78), we obtain (3.36) for ei, i = 1, 2, . . . , n:

ei =
n∑
k=i

(
eβZk(tkJk ) +

Jk∑
j=1

dkjI{Vi ≤ tkj}
)

=
n∑
k=i

Aki, (3.79)
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where

Aki = eβZk(tkJk ) +

Jk∑
j=1

dkjI{Vi ≤ tkj}

(3.71)
===== eβZk(tkJk ) +

Jk∑
j=1

(
eβZk(tk,j−1) − eβZk(tkj)

)
I{Vi ≤ tkj}. (3.80)

Next, we simplify the expression of Aki given in (3.80). If Eki = ∅ in (3.36), then

tkj < Vi for ∀ j ∈ {1, . . . , Jk}, in turn, we have I{Vi ≤ tkj} = 0 for all j ∈ {1, . . . , Jk},

which implies (3.80) becomes

Aki = eβZk(tkJk ). (3.81)

If Eki 6= ∅ in (3.36), then ∃ j ∈ {1, . . . , Jk} such that Vi ≤ tkj , in turn, for nki given by

(3.39), we have Vi ≤ tknki < tk,nki+1 < . . . < tkJk , in turn, (3.80) becomes

Aki = eβZk(tkJk ) +

Jk∑
j=nki

(
eβZk(tk,j−1) − eβZk(tkj)

)
= eβZk(tkJk ) + eβZk(tk,nki−1) − eβZk(tknki ) + eβZk(tknki ) − eβZk(tk,nki+1)

+ . . .+ eβZk(tk,Jk−2) − eβZk(tk,Jk−1) + eβZk(tk,Jk−1) − eβZk(tk,Jk )

= eβZk(tk,nki−1) (3.38)
===== eβZk(tkmki ). (3.82)

Thus, (3.36) for ei follows from above (3.81)-(3.82), and the part of (3.36) for e′i is also

obvious. �
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Proof of Lemma 3.5 Denoting e′′i = d
dβ (e

′

i), we compute the derivative of ϕn(β)

in (3.35) as follows:

ϕ
′

n(β) = n−1

n∑
i=1

δi

(
−e′′i ei + (e

′
i)

2

(ei)2

)
, (3.83)

where ei’s and e′i’s are given by (3.36)-(3.37), and we have

ei
′′ =

d

dβ
(e
′

i) =
d

dβ

( n∑
k=i

BkiAki

)
=

n∑
k=i

(Bki)
2Aki, (3.84)

where

Bki = Zk(tkJk)I{Eki = ∅}+ Zk(tkmki)I{Eki 6= ∅}. (3.85)

From (3.36) and (3.84), we know that Cauchy-Schwarz inequality implies:

(ei
′)2 =

( n∑
k=i

BkiAki

)2

=

[ n∑
k=i

√
Aki

(
Bki

√
Aki

)]2

≤
( n∑

k=i

Aki

)( n∑
k=i

(Bki)
2Aki

)
= eie

′′

i . (3.86)

This means that in (3.83) we have ϕ′n(β) ≤ 0, in turn, ϕn(β) is non-increasing in β. �

Remark 4. Since we have strict inequality in (3.86) unless for all k and i:
√
Aki =

Bki

√
Aki ⇔ Bki = 1, we know that except very unusual cases with the data given by

(1.29), we usually have ϕ′n(β) < 0, thus ϕn(β) given by (3.35) is decreasing in β.
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Chapter 4: Computing Algorithm and Simulation Studies

This chapter considers the MLE β̂n based on estimating function ψn(β) in (3.32)

under assumption (AS2), then the MLE β̂n based on ψM(β) in (3.60) with proper choice

of M . The approximated MLE β̃n based on the approximated estimating function ϕn(β)

in (3.35) is also considered.

We conduct simulation studies to evaluate the performances of β̂n and β̃n.

Section 4.1 outlines our simulation algorithm and the choice of M ; Section 4.2.1 de-

scribes the simulation setting for Case 1 and Section 4.2.2 presents the simulation results;

Section 4.3.1 describes the simulation setting for Case 2 and Section 4.3.2 presents the

simulation results. Section 4.4 provides concluding remarks and some discussions.

4.1 Algorithm and Choice of M

Let β̂n be the solution of equation ψn(β) = 0 or ψM(β) = 0 and let β̃n be the solu-

tion of equation ϕn(β) = 0, where ψn(β), ψM(β) and ϕn(β) are given by (3.32), (3.60)

and (3.35), respectively. Since β̃n always exists and since preliminary simulation results

show that β̂n and β̃n are usually very close, in our computing algorithm we compute β̃n

first, then when needed, we choose data-based M to satisfy (AS2) or (AS3) based on the

following mathematical idea.
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Note that from (3.34) we have

ψn(β) = ϕn(β)− n−1

n∑
i=1

(
δie
′
i

2(1 + ξi)2e2
i

)
(4.1)

and from (3.60) we also have

ψM(β) = n−1

n∑
i=1

δi

(
Zi(tiJi) + E

′

i

(
− 1

Ei
− 1

2(1 + ξi)2E2
i

))

= n−1

n∑
i=1

δi

(
Zi(tiJi)−

E
′
i

Ei
− E

′
i

2(1 + ξi)2E2
i

)
(3.62)

===== n−1

n∑
i=1

δi

(
Zi(tiJi)−

eMe
′
i

eMei
− E

′
i

2(1 + ξi)2E2
i

)

= ϕn(β)− n−1

n∑
i=1

(
δiE

′
i

2(1 + ξi)2E2
i

)
. (4.2)

From, (3.36) and (3.62), we know ei’s and Ei’s are nonnegative if Zi(tij)’s are nonnega-

tive. Thus, we have

ψn(β) < ϕn(β) and ψM(β) < ϕn(β) for ∀β. (4.3)

Steps to ChooseM :

Step 1. Compute e1, . . . , en at β = β̃n − δ and order them from smallest to largest as

e(1) ≤ e(2) . . . ≤ e(n).

Step 2. Choose e∗ = min1≤i≤n{e(i) | e(i) ≥ 10−7} and compute M0 = − log e∗. If

e(1) > 1 (i.e., (AS2) holds), then no need to choose M0.

(i) For β0 > 0, we search for β̂n in interval (β̃n − δ, β̃n); when no M0 is used,

65



we use ψn(β) given by (3.32) to find β̂n; for ψn(β) or ψM0(β), increase δ until

ψn(β̃n − δ) > 0 or ψM0(β̃n − δ) > 0. Try δ = 1
4 ,

1
2 ,

3
4 , 1, etc., and start with

δ = 1
4 . We use bisection methods with stopping precision 0.001.

(ii) For β0 = 0, use above choice of M0 and ψM0(β) given by (3.60) to

search β̂0
n in (β̃n − δ, β̃n). If ψM0(β̃n − δ) < 0, then increase δ as above until

ψM0(β̃n − δ) > 0.

(iii) For β0 < 0, use above choice of M0 and ψM0(β) given by (3.60) to

search β̂0
n in (β̃n − δ, β̃n). If ψM0(β̃n − δ) < 0, then increase as above δ until

ψM0(β̃n − δ) > 0.

Step 3. If Step 2 uses M0 to find β̂0
n such that ψM0(β̂

0
n) = 0, adjust to M = M0 + 1, then

use ψM(β) to search solution β̂n of equation ψM(β) = 0 in interval β ∈ (β̂0
n, β̃n).

Step 4. Check if there are more than two Ei ≤ 1 when computing ψM(β̂n).



If no, then keep β̂n.

If yes, adjust M = M0 + 1 + a and use ψM(β) to search solution β̂n of

equation ψM(β) = 0 in interval β ∈ (β̂0
n, β̃n). Try a = 1, 2, 3, . . . , etc.

until there are no more than two Ei ≤ 1 when computing ψM(β̂n)

NOTE:

(A) Above choice of M to avoid more than two ei ≤ 1 or Ei ≤ 1, it is to avoid comput-

ing floating error, which is difficult to control in intensive Monte Carlo simulation

studies. In real data analysis we conduct in Chapter 5, there are no such issues.
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(B) The rational of our method for choosingM0 in Step 2 is as follows. From Lemma 3.4

and (3.62), we have Ei = eMei and Ei is nondecreasing in β with nonnegative

Zi(tij)’s. For above choice of M0 about Ei in Lemma 3.4, for any β ≥ β̃n − δ:

Ei = eM0

n∑
k=i

(
eβZk(tkJk )I{Eki = ∅}+ eβZk(tkmki )I{Eki 6= ∅}

)
≥ eM0

n∑
k=i

(
e(β̃n−δ)Zk(tkJk )I{Eki = ∅}+ e(β̃n−δ)Zk(tkmki )I{Eki 6= ∅}

)
(4.4)

= eM0e∗∗i

where e∗∗i is the ei with β = β̃n − δ. If ∃ e∗∗i ≤ 10−7, our simulation results show

that there are only very few such e∗∗i ’s that are less than e∗ = min1≤i≤n{e∗∗(i) | e∗∗(i) ≥

10−7}, thus by using M0 = − log e∗, almost all of the Ei’s satisfy:

Ei ≥ eM0e∗∗i ≥ eM0 · e∗ = e− log e∗ · e∗ = 1
e∗ · e

∗ = 1.

(C) The reason that we search β̂0
n in interval (β̃n − δ, β̃n) when ψn(β̃n − δ) > 0 or

ψM0(β̃n − δ) > 0 is because (4.3) implies ψn(β̃n) < 0 and ψM0(β̃n) < 0 for

∀M0 > 0.

(D) The reason for using M = M0 + 1 and searching β̂n in interval (β̂0
n, β̃n) is the

following. From (3.60), (4.4) and E ′i = eMe
′
i, we have for Ei > 1:

∂ψM (β)

∂M
=

1

n

n∑
i=1

δi

(
E
′
i log

(Ei − 1

Ei

)
+ E

′
i ·

Ei
Ei − 1

· E
2
i − (Ei − 1)Ei

E2
i

)

=
1

n

n∑
i=1

δiE
′
i

(
log
(

1− 1

Ei

)
+

1

Ei − 1

)
=

1

n

n∑
i=1

δiE
′
i

(
log
(

1− 1

Ei

)
+

1/Ei
1− 1/Ei

)
=

1

n

n∑
i=1

δiE
′
ig
( 1

Ei

)
, (4.5)
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where g(x) = log(1− x) + x
1−x , 0 < x < 1. Since

g
′
(x) = − 1

1− x
+

1− x− x · (−1)

(1− x)2
=
−1

1− x
+

1

(1− x)2

=
−(1− x) + 1

(1− x)2
=

x

(1− x)2
> 0, (4.6)

we know ψM is increasing in M for any fixed β. Thus, from M > M0 and (4.3),

we have

ψM(β̂0
n) > ψM0(β̂

0
n) = 0 and ψM(β̃n) < ϕn(β̃n) = 0, (4.7)

which means ψM(β) = 0 has a solution in interval (β̂0
n, β̃n). The reason for using

M = M0 + 1 is due to (4.5)-(4.7) and that the choice of M0 is conservative which

has casesEi ≤ 1 occasionally, soM is not too big and can eliminative casesEi ≤ 1.

(E) From (4.2), we know that for ∀β,

ψM(β)→ ϕn(β), as M →∞. (4.8)

In fact, under some conditions we can show above convergence in (4.8) is uniformly

for |β| ≤Mβ . Thus, the use of M = M0 + 1 moves away from M0 enough to avoid

the occurrence of Ei ≤ 1, but not too far from M0 and not too big which makes

ψM(β) not too close to ϕn(β).
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Computing ψn(β) or ψM(β) and ϕn(β) based on Data (1.29):

Step 1. Compute Zi = (Z(ti1), . . . , Z(tiJi)), i = 1, . . . , n, with

Z(tij) = ϕ(Xitij), j = 1, . . . , Ji. (4.9)

Step 2. Order Vi’s into V1 < V2 < . . . < Vn, and (δi, Ji, ti,Zi) follow Vi’s position,

where ti = (ti1, . . . , tiJi), i = 1, . . . , n.

Step 3. Obtain Jmax = max{J1, . . . , Jn} and N = Jmax × n, then create vectors Zfull

and tfull, which both have dimension N . Initialize the value of all elements in

Zfull and tfull to be 0, then for each i = 1, . . . , n and for each j = 1, . . . , Ji, let

q = (i− 1)Jmax + j, then Zfull[q] = Z(tij), tfull[q] = tij.

Also obtain vector ZZ = (Z1, , . . . , Zn), where

Zi = Z(tiJi), (4.10)

for each i = 1, . . . , n, we have

for q = (i− 1)Jmax + Ji, Zfull[q] = Zi. (4.11)
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Step 4. Compute ψn(β) in (3.32) or ψM(β) in (3.60) and ϕn(β) in (3.35):

for any given β and M , set ψn = 0, ψM = 0, ϕn = 0, then

for each i = 1, . . . , n

ei = 0, e
′
i = 0

for each k = i, . . . , n

a = 0, b = 0

(a) for each j = 1, . . . , Jk

q = (k − 1)Jmax + j

if tfull[q] ≥ Vi, then qq = q − 1

if qq = (k − 1)Jmax, then a = 1, b = 0,

else a = eβZfull[qq], b = Zfull[qq], end if. Go to (b)

else continue (a)

(b) if a = 0, then q = (k−1)Jmax +Jk, a = eβZfull[q], b = Zfull[q] = Zk,

end if.

then ei = ei + a, e′i = ei + a ∗ b

then 

ψn = ψn + n−1δi

(
Zi + e

′
i log

ei−1
ei

)
ψM = ψM + n−1δi

(
Zi + eMe

′
i log

eMei−1
eMei

)
ϕn = ϕn + δi

(
Zi −

e
′
i

ei

)
.

Thus, the final sums are ψn(β), ψM(β) and ϕn(β) as given by (3.32), (3.60) and

(3.35), respectively.
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4.2 Case 1: Use Average Summary Measurement

Here, we consider using Z(t) = ϕ(X t) in our proposed PH model (1.38) as average

summary measurement, which is motivated by the Smoking Cessation Data described in

Section 1.5. We call this Case 1 in our simulation studies.

Below, Section 4.2.1 describes the specific simulation setting for our Case 1 studies,

and outlines the steps to generate data (1.29) for such case, while Section 4.2.2 presents

the simulation results under our Case 1 setting.

4.2.1 Case 1 Simulation Setting

Here, we consider the summary measurement as the average of X(t;ω) in time

interval [0, t]. Recall the average value of function f over interval [a, b] is given by

{
average value of f on [a, b]

}
=

1

b− a

∫ b

a

f(x)dx. (4.12)

Thus, in our proposed PH model (1.38), we consider the following Case 1 data setting for

our simulation studies:

• F0 = Exp(1), which is the baseline d.f., thus h0(t) = 1 in equation (3.7)

• FC = Exp(3), which is the d.f. of right censoring variable in (1.2)

• X(t) = X(t;ω) = ωt, which is the longitudinal covariate process with ω ∼ U(0, 1)

• Z(t) = ϕ(X t) = t−1
∫ t

0
X(s)ds = t−1

∫ t
0
ωsds = t−1

(
1
2ωs

2
∣∣∣t
0

)
= ωt

2 , which is

the average of X(t;ω) in time interval [0, t]
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• F̄ (t |X t) given by (3.7) is derived based on the PH model assumption (1.38), where

h(t |X t) is the conditional hazard function of T given X t, and for this particular

case considered here we haveX t = {X(s) | s ≤ t} = {ωs | s ≤ t}. Thus, F (t |X t)

given by (3.7) is something we can use to generate a conditional r.v. T given X t,

denoted by [T |X t ].

Based on above choices, we have the following in (3.7): for β0 6= 0,

F̄ (t |X t) = exp

{
−
∫ t

0

h0(s)eZ(s)β0ds

}
= exp

{
−
∫ t

0

eβ0ωs/2ds

}
= exp

{
− 2eβ0ωs/2

β0ω

∣∣∣∣t
0

}
= exp

{
2(1− eβ0ωt/2)

β0ω

}
, (4.13)

which implies

F (t |X t) = 1− exp

{
2(1− eβ0ωt/2)

β0ω

}
≡ G(t). (4.14)

We have the following in above G(t):

G(0) = 1− e0 = 0

G(∞) = 1− lim
t→∞

exp

{
2(1− eβ0ωt/2)

β0ω

}
= 1− e

2
β0ω lim

t→∞
exp

{
−2eβ0ωt/2

β0ω

}
. (4.15)

Notice that for any given ω > 0, above G(t) is an increasing function because

G
′
(t) = −

(
−2eβ0ωt/2

β0ω

)(
β0ω

2

)
exp

{
2(1− eβ0ωt/2)

β0ω

}
= eβ0ωt/2 exp

{
2(1− eβ0ωt/2)

β0ω

}
> 0.
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For β0 > 0, from (4.15) we have G(t) in (4.14) satisfies

G(0) = 1− e0 = 0

G(∞) = 1− e
2
β0ω lim

t→∞
exp

{
−2eβ0ωt/2

β0ω

}
= 1− e

2
β0ω exp

{
−2e+∞

β0ω

}
= 1− e

2
β0ω e−∞ = 1− e

2
β0ω · 0 = 1.

Thus, G(t) is a proper d.f. when β0 > 0.

For β0 = 0, we have the following in (3.7)

F̄ (t |X t) = exp

{
−
∫ t

0

h0(s)eZ(s)β0ds

}
= exp

{
−
∫ t

0

1ds

}
= exp

{
− s
∣∣t
0

}
= e−t, (4.16)

which implies

F (t |X t) = 1− e−t ≡ G(t). (4.17)

Notice that above G(t) is the d.f. of Exp(1), thus G(t) is a proper d.f. when β0 = 0.

For β0 < 0, from (4.15) we have G(t) in (4.14) satisfies

G(0) = 1− e0 = 0

G(∞) = 1− e
2
β0ω lim

t→∞
exp

{
−2eβ0ωt/2

β0ω

}
= 1− e

2
β0ω exp

{
−2e−∞

β0ω

}
= 1− e

2
β0ω e0 = 1− e

2
β0ω ≡ g1(ω, β0) < 1, (4.18)

which implies G(t) is not a proper d.f. when β0 < 0. From (4.18), we know g1(ω, β0)

depends on the values of β0 and ω, where ω ∼ U(0, 1).
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From (3.7) and (1.38), we obtain that the p.d.f. g(t) of G(t), which is given by:

g(t) = h(t |X t)Ḡ(t). This means that if Y is a r.v. with d.f. G(t), the hazard function

of Y is equal to h(t |X t), because hY (t) =
g(t)
Ḡ(t)

= h(t |X t). Since h(t |X t) is the

conditional hazard function of T given X t, we know Y
D
= [T |X t ].

Recall: If X ∼ FX , then let Y = F−1
X (U), where U ∼ U(0, 1), we have

P (Y ≤ y) = P (F−1
X (U) ≤ y) = P (U ≤ FX(y)) = FX(y),

which means that r.v. Y has d.f. FX , thus Y is a r.v. with d.f. FX . From G(t) = F (t |X t)

given by (4.14), we know that Y = G−1(U) is a r.v. generated from d.f. G(t) = F (t |X t).

Derivation for G−1 in Case 1:

To find G−1, we compute the following:

G(t) = u ⇒ u = 1− exp

{
2(1− eβ0ωt/2)

β0ω

}
⇒ 2(1− eβ0ωt/2)

β0ω
= log(1− u)

⇒ eβ0ωt/2 = 1− β0ω

2
log(1− u)

⇒ t =
2

β0ω
log
(

1− β0ω

2
log(1− u)

)
= G−1(u). (4.19)

Hence, for U ∼ U(0, 1), random variable Y = 2
β0ω

log
(
1− β0ω

2 log(1−U)
)

is generated

from above d.f. G(t) = F (t |X t) in (4.14), and Y is a conditional r.v. T given X t.

For β0 > 0, G−1(U) in (4.19) is given by

G−1(U) =
2

β0ω
log
(

1− β0ω

2
log(1− U)

)
. (4.20)
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For β0 = 0, from (4.17) we compute the following:

G(t) = u ⇒ u = 1− e−t ⇒ t = − log(1− u) = G−1(u).

Thus, when β0 = 0, G−1(U) is given by

G−1(U) = − log(1− U). (4.21)

From (4.18), for β0 < 0 and U ≤ 1− e
2
β0ω , G−1(U) in (4.19) is given by

G−1(U) =
2

β0ω
log
(

1− β0ω

2
log(1− U)

)
. (4.22)

For β0 < 0 and U > 1− e
2
β0ω , G−1(U) =∞ in (4.19).

Steps to Generate Data (1.29) for Case 1:

Step 1. Generate ωi ∼ U(0, 1)

Step 2. Generate U ∼ U(0, 1) and compute

Ti =


2

β0ωi
log
(
1− β0ωi

2 log(1− U)
)

if β0 > 0

− log(1− U) if β0 = 0

Ti
(4.18)

=====


2

β0ωi
log
(
1− β0ωi

2 log(1− U)
)

if β0 < 0, U ≤ 1− e
2

β0ωi

∞ if β0 < 0, U > 1− e
2

β0ωi
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Step 3. Generate U ∼ U(0, 1) and compute Ci = −3 log(1− U)

Step 4. Obtain (Vi, δi) based on Step 2-3, where Vi = min{Ti, Ci} and δi = I{Ti ≤ Ci},

which is the first part of data (1.29).

Step 5. Let Ni = [Vi] + 1, where [Vi] is the integer part of Vi, then for a chosen integer

m, compute Ji = mNi. Generate tij’s as follows.

Method 1 : Generate Ji r.v.’s from U(0, Vi); i.e., for j = 1, . . . , Ji,

generate Uj ∼ U(0, 1) and let tij = UjVi.

Method 2 : Generate Ji time points tij =
j
Ji
Vi, j = 1, . . . , Ji; i.e.,

tij are evenly distributed time points in interval (0, Vi).


(4.23)

Then order them into ti1 < . . . < tiJi , which gives

X Vi
i = {Xi(tij) | j = 1, . . . , Ji} = {ωitij | j = 1, . . . , Ji}, (4.24)

which is the last part of data (1.29).

Step 6. Compute Z(tij) in equation (4.9):

Z(tij) = ϕ(X tij
i ) =

∑j
k=1(tik − ti,k−1)Xi(ti,k−1)

tij
, (4.25)

where j = 1, 2, . . . , Ji + 1 with ti,Ji+1 = Vi for Method 1 in (4.23) and j =

1, 2, . . . , Ji for Method 2 in (4.23).
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NOTE:

(A) Above Ti has hazard function h(t |X t), which satisfies PH model assumption (1.38),

thus Ti is a conditional r.v. T given X t. Generating Ti this way ensures that PH

model assumption (1.38) is satisfied for data (Ti, Xi(t;ω)), which is mentioned in

(1.29).

(B) Above integer Ni is the number of days before Vi for the ith individual in Smoking

Cessation Data example, and integer m is the total number of time points at which

the longitudinal covariate process is observed on a given day. Thus, the larger m is,

the closer X Vi
i in (1.29) is to XVi

i .

(C) Above G(t) is not always a proper d.f.

(D) In Step 5, Method 1 generate tij’s randomly and Method 2 generate fixed tij’s for

any given Vi. Thus, we can control the time interval length for Method 2.
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4.2.2 Simulation Results

For Case 1 simulation studies, we consider β0 = 1, 0,−1, and we follow Steps 1-6

described in Section 4.2.1 to generate 1000 samples with sample size n = 100, 200, 500,

1000 and m = 5, 10, 20, 30, 40, 50, respectively. Note that in Step 5, we generate tij’s by

using two different methods given in (4.23). For each case, we compute the simulation

mean and s.d. for β̂n and β̃n, and we also compute (Ave. β̂n )± s.d. and (Ave. β̃n )± s.d.

with ∆ for interval (a, b), where

∆ = max{|a− β0|, |b− β0|}, (4.26)

represents the largest distance between end points and β0. When the simulation s.d. varies

a lot, relying solely on the simulation mean to evaluate the estimator’s performance is not

sufficient, thus ∆ provides better assessment on how close the interval is to β0.

Table 4.2.1 presents the simulation mean and s.d. of β̂n and β̃n for Case 1 data

setting with β0 = 1 and tij ∼ U(0, Vi), while Table 4.2.2 gives (Ave. β̂n )± s.d. and

(Ave. β̃n )± s.d. with ∆ for simulation results in Table 4.2.1. Similarly, Tables 4.2.3-

4.2.4 display results for Case 1 data setting with β0 = 1 and tij’s evenly chosen; Tables

4.2.5-4.2.12 display results accordingly for β0 = 0,−1, respectively.
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Table 4.2.1 Case 1: with β0 = 1 and Random Observation Time Points

Ave. of β̂n & β̃n (s.d.) for Case 1: β0 = 1, tij ∼ U(0, Vi)

Table 4.2.2 Case 1: Measurement of Coverage for Table 4.2.1

(Ave. β̂n) ± s.d. and (Ave. β̃n) ± s.d. with ∆
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Table 4.2.3 Case 1: with β0 = 1 and Evenly Chosen Observation Time Points

Ave. of β̂n & β̃n (s.d.) for Case 1: β0 = 1, tij evenly chosen

Table 4.2.4 Case 1: Measurement of Coverage for Table 4.2.3

(Ave. β̂n) ± s.d. and (Ave. β̃n) ± s.d. with ∆
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Table 4.2.5 Case 1: with β0 = 0 and Random Observation Time Points

Ave. of β̂n & β̃n (s.d.) for Case 1: β0 = 0, tij ∼ U(0, Vi)

Table 4.2.6 Case 1: Measurement of Coverage for Table 4.2.5

(Ave. β̂n) ± s.d. and (Ave. β̃n) ± s.d. with ∆
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Table 4.2.7 Case 1: with β0 = 0 and Evenly Chosen Observation Time Points

Ave. of β̂n & β̃n (s.d.) for Case 1: β0 = 0, tij evenly chosen

Table 4.2.8 Case 1: Measurement of Coverage for Table 4.2.7

(Ave. β̂n) ± s.d. and (Ave. β̃n) ± s.d. with ∆
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Table 4.2.9 Case 1: with β0 = −1 and Random Observation Time Points

Ave. of β̂n & β̃n (s.d.) for Case 1: β0 = −1, tij ∼ U(0, Vi)

Table 4.2.10 Case 1: Measurement of Coverage for Table 4.2.9

(Ave. β̂n) ± s.d. and (Ave. β̃n) ± s.d. with ∆
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Table 4.2.11 Case 1: with β0 = −1 and Evenly Chosen Observation Time Points

Ave. of β̂n & β̃n (s.d.) for Case 1: β0 = −1, tij evenly chosen

Table 4.2.12 Case 1: Measurement of Coverage for Table 4.2.11

(Ave. β̂n) ± s.d. and (Ave. β̃n) ± s.d. with ∆
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4.3 Case 2: Use Total Summary Measurement

Here, we consider using Z(t) = ϕ(X t) in our proposed PH model (1.38) as total

summary measurement, which is motivated by the Child Development Data described in

Section 1.5. We call this Case 2 in our simulation studies.

Below, Section 4.3.1 describes the specific simulation setting for our Case 2 studies

and outlines the steps to generate data (1.29) for such case, while Section 4.3.2 presents

the simulation results under our Case 2 setting.

4.3.1 Case 2 Simulation Setting

Here, we consider the summary measurement as the total ofX(t;ω) in time interval

(0, t). Let points s0 = 0 < s1 < . . . < sN = t evenly divide interval (0, t) in to N

subintervals with equal length ∆ = t
N . Then, the approximated amount of X(t;ω) in

time interval (s, s + ∆) is X(s;ω)∆, thus the approximated total amount of X(t;ω) in

time interval (0, t) is SN =
∑N

i=1 X(si;ω)∆ =
t
∑N

i=1X(si;ω)
N , which is a Riemann sum.

Let N →∞, from the definition of definite integral we have:

Z(t) = ϕ(X t) = lim
N→∞

SN =

∫ t

0

X(s;ω)ds.

Thus, in our proposed PH model (1.38), we consider the following Case 2 data setting for

our simulation studies:

• F0 = 1 − e−t
2/2, which is the baseline d.f., thus f0(t) = te−t

2/2, h0(t) = t in

equation (3.7)
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• FC = Exp(3), which is the d.f. of right censoring variable in (1.2)

• X(t) = X(t;ω) = ωt
2 , which is the longitudinal covariate process with ω ∼ U(0, 1)

• Z(t) = ϕ(X t) =
∫ t

0
ωs
2
ds = ωt2

4 , which is the total of X(t;ω) in time interval (0, t)

• From Case 1, we know F (t |X t) given by (3.7) is something we can use to generate

a conditional r.v. T given X t, denoted by [T |X t ].

Based on above choices, we have the following in (3.7): for β0 6= 0,

F̄ (t |X t) = exp

{
−
∫ t

0

h0(s)eZ(s)β0ds

}
= exp

{
−
∫ t

0

seβ0ωs
2/4ds

}
= exp

{
− eβ0ωs

2/4

β0ω/2

∣∣∣∣t
0

}
= exp

{
1− eβ0ωt2/4

β0ω/2

}
, (4.27)

which implies

F (t |X t) = 1− exp

{
1− eβ0ωt2/4

β0ω/2

}
≡ G(t). (4.28)

We have the following in above G(t):

G(0) = 1− e0 = 0

G(∞) = 1− lim
t→∞

exp

{
1− eβ0ωt2/4

β0ω/2

}
= 1− e

2
β0ω lim

t→∞
exp

{
−eβ0ωt2/4

β0ω/2

}
. (4.29)

Notice that for any given ω > 0, above G(t) is an increasing function because

G
′
(t) = −

(
−eβ0ωt2/4

β0ω/2

)(
β0
ωt

2

)
exp

{
1− eβ0ωt2/4

β0ω/2

}

= exp

{
1− eβ0ωt2/4

β0ω/2

}
eβ0ωt

2/4t > 0.
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For β0 > 0, from (4.29) we have G(t) in (4.28) satisfies

G(0) = 1− e0 = 0

G(∞) = 1− e
2
β0ω lim

t→∞
exp

{
−eβ0ωt2/4

β0ω/2

}
= 1− e

2
β0ω exp

{
−e+∞

β0ω/2

}
= 1− e

2
β0ω e−∞ = 1− e

2
β0ω · 0 = 1.

Thus, G(t) is a proper d.f. when β0 > 0.

For β0 = 0, we have the following in (3.7)

F̄ (t |X t) = exp

{
−
∫ t

0

h0(s)eZ(s)β0ds

}
= exp

{
−
∫ t

0

sds

}
= exp

{
− s2

2

∣∣∣∣t
0

}
= e−t

2/2, (4.30)

which implies
F (t |X t) = 1− e−t2/2 ≡ G(t). (4.31)

Notice that above G(t) is an increasing function satisfying

G(0) = 1− e0 = 0 and G(∞) = 1− e−∞ = 1.

Thus, G(t) is a proper d.f. when β0 = 0.

For β0 < 0, from (4.29) we have G(t) in (4.28) satisfies

G(0) = 1− e0 = 0

G(∞) = 1− e
2
β0ω lim

t→∞
exp

{
−eβ0ωt2/4

β0ω/2

}
= 1− e

2
β0ω exp

{
−e−∞

β0ω/2

}
= 1− e

2
β0ω · e0 = 1− e

2
β0ω ≡ g2(ω, β0) < 1, (4.32)
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which implies G(t) is a not proper d.f. when β0 < 0. From (4.32), we know g2(ω, β0)

depends on the value of β0 and ω, where ω ∼ U(0, 1).

Derivation for G−1 in Case 2:

From G(t) = F (t |X t) given by (4.28), we know that Y = G−1(U) is a r.v. gen-

erated from d.f. G(t), where U ∼ U(0, 1). To find G−1, we compute the following:

G(t) = u ⇒ u = 1− exp

{
1− eβ0ωt2/4

β0ω/2

}
⇒ 1− eβ0ωt2/4

β0ω/2
= log(1− u)

⇒ eβ0ωt
2/4 = 1− β0ω

2
log(1− u)

⇒ t =
[

4
β0ω

log
(
1− β0ω

2
log(1− u)

)]1/2

= G−1(u). (4.33)

Hence, for U ∼ U(0, 1), random variable Y =
[ 4
β0ω

log
(
1 − β0ω

2 log(1 − U)
)]1/2 is

generated from above d.f. G(t) = F (t |X t) in (4.33), and Y is a conditional r.v. T given

X t.

For β0 > 0, G−1(U) in (4.33) is given by

G−1(U) =
[

4
β0ω

log
(
1− β0ω

2 log(1− U)
)]1/2

. (4.34)

For β0 = 0, from (4.31) we compute the following:

G(t) = u ⇒ u = 1− e−t2/2 ⇒ −t
2

2
= log(1− u)⇒ t =

[
− 2 log(1− u)

]1/2
.

Thus, when β0 = 0, G−1(U) is given by

G−1(U) =
[
− 2 log(1− U)

]1/2
. (4.35)
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From (4.32), for β0 < 0 and U ≤ 1− e
2
β0ω , G−1(U) in (4.33) is given by

G−1(U) =
[

4
β0ω

log
(
1− β0ω

2 log(1− U)
)]1/2

. (4.36)

For β0 < 0 and U > 1− e
2
β0ω , G−1(U) =∞ in (4.33).

Steps to Generate Data (1.29) for Case 2:

Step 1. Generate ωi ∼ U(0, 1)

Step 2. Generate U ∼ U(0, 1) and compute

Ti =


[ 4
β0ωi

log
(
1− β0ωi

2 log(1− U)
)]1/2 if β0 > 0

[
− 2 log(1− U)

]1/2 if β0 = 0

Ti
(4.32)

=====


[ 4
β0ωi

log
(
1− β0ωi

2 log(1− U)
)]1/2 if β0 < 0, U ≤ 1− e

2
β0ωi

∞ if β0 < 0, U > 1− e
2

β0ωi

Step 3. Generate U ∼ U(0, 1) and compute Ci = −3 log(1− U).

Step 4. Obtain (Vi, δi) based on Step 2-3, where Vi = min{Ti, Ci} and δi = I{Ti ≤ Ci},

which is the first part of data (1.29).

Step 5. LetNi = [Vi]+1, where [Vi] is the integer part of Vi, then for a chosen integerm,

compute Ji = mNi. Generate tij’s as in (4.23), then order them into ti1 < . . . <

tiJi , which gives X Vi
i = {Xi(tij) | j = 1, . . . , Ji} = {ωi

2
tij | j = 1, . . . , Ji},

which is the last part of data (1.29).
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Step 6. Compute Z(tij) in equation (4.9):

Z(tij) = ϕ(X tij
i ) =

j∑
k=1

(tik − ti,k−1)Xi(ti,k−1). (4.37)

NOTE: G(t) is not a proper d.f. when β0 < 0 because from (4.32) we have

g2(ω, β0) < 1. If u ∈ (g2(ω, β0), 1), then G−1(u) does not exists and Ti = G−1(u) =∞,

which gives Vi = min{Ti, Ci} = Ci. For Case 1 with β0 < 0, we have the same situation.

4.3.2 Simulation Results

Similar to Case 1, for Case 2 simulation studies, we consider β0 = 1, 0,−1, and we

follow Steps 1-6 described in Section 4.3.1 to generate 1000 samples with sample size

n = 100, 200, 500, 1000 and m = 5, 10, 20, 30, 40, 50, respectively. For each case, we

compute the simulation mean and s.d. for β̂n and β̃n, and we also compute (Ave. β̂n )±

s.d. and (Ave. β̃n )± s.d. with ∆ for interval (a, b), where ∆ is given in (4.26).

Table 4.3.1 presents the simulation mean and s.d. of β̂n and β̃n for Case 2 data

setting with β0 = 1 and tij ∼ U(0, Vi), while Table 4.3.2 gives gives (Ave. β̂n )± s.d.

and (Ave. β̃n )± s.d. with ∆ for simulation results in Table 4.3.1. Similarly, Tables 4.3.3-

4.3.4 display results for Case 2 with β0 = 1 and tij’s evenly chosen; Tables 4.3.5-4.3.12

display results accordingly for β0 = 0,−1, respectively.
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Table 4.3.1 Case 2: with β0 = 1 and Random Observation Time Points

Ave. of β̂n & β̃n (s.d.) for Case 2: β0 = 1, tij ∼ U(0, Vi)

Table 4.3.2 Case 2: Measurement of Coverage for Table 4.3.1

(Ave. β̂n) ± s.d. and (Ave. β̃n) ± s.d. with ∆
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Table 4.3.3 Case 2: with β0 = 1 and Evenly Chosen Observation Time Points

Ave. of β̂n & β̃n (s.d.) for Case 2: β0 = 1, tij evenly chosen

Table 4.3.4 Case 2: Measurement of Coverage for Table 4.3.3

(Ave. β̂n) ± s.d. and (Ave. β̃n) ± s.d. with ∆
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Table 4.3.5 Case 2: with β0 = 0 and Random Observation Time Points

Ave. of β̂n & β̃n (s.d.) for Case 2: β0 = 0, tij ∼ U(0, Vi)

Table 4.3.6 Case 2: Measurement of Coverage for Table 4.3.5

(Ave. β̂n) ± s.d. and (Ave. β̃n) ± s.d. with ∆
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Table 4.3.7 Case 2: with β0 = 0 and Evenly Chosen Observation Time Points

Ave. of β̂n & β̃n (s.d.) for Case 2: β0 = 0, tij evenly chosen

Table 4.3.8 Case 2: Measurement of Coverage for Table 4.3.7

(Ave. β̂n) ± s.d. and (Ave. β̃n) ± s.d. with ∆
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Table 4.3.9 Case 2: with β0 = −1 and Random Observation Time Points

Ave. of β̂n & β̃n (s.d.) for Case 2: β0 = −1, tij ∼ U(0, Vi)

Table 4.3.10 Case 2: Measurement of Coverage for Table 4.3.9

(Ave. β̂n) ± s.d. and (Ave. β̃n) ± s.d. with ∆
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Table 4.3.11 Case 2: with β0 = −1 and Evenly Chosen Observation Time Points

Ave. of β̂n & β̃n (s.d.) for Case 2: β0 = −1, tij evenly chosen

Table 4.3.12 Case 2: Measurement of Coverage for Table 4.3.11

(Ave. β̂n) ± s.d. and (Ave. β̃n) ± s.d. with ∆
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4.4 Remarks and Discussions

From Tables 4.2.1-4.2.12 and Tables 4.3.1-4.3.12, we see that right censoring per-

centage is high, but the performance of our algorithm is very stable. Both estimators β̂n

and β̃n perform well and β̂n performs better than β̃n in most cases. The performances

improve as the sample size n increases which is expected.

In Tables 4.2.2, 4.2.6 and 4.2.10, for Case 1 with tij ∼ U(0, Vi), from the values of

∆ we see that the performances of β̂n and β̃n are not always improving asm increases, but

they are fine when m is around m = 30 or m = 40. This indicates that the performances

of β̂n and β̃n improve as m increases in general.

For the case that time points tij are evenly chosen, we see that β̂n and β̃n clearly

improve as m increases. This makes sense because the bigger the m is, the more time

points we observed on the longitudinal covariates that evenly capture the covariate process

X(t) over interval [0, t]. This way the observed longitudinal covariate is more clear and

more informative compared to tij ∼ U(0, Vi), because for tij ∼ U(0, Vi), time interval

length is random.

For Case 2, simulation results are similar to Case 1. We observe that our simulation

studies show that without parametric or semi-parametric assumptions on the longitudinal

covariate X(t), our nonparametric MLE still performs well for large n and m.
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Chapter 5: Real Data Analysis

This chapter considers analyzing real data sets from smoking cessation and liver

disease. Since there are ties among Vi’s in (1.29) for real data samples, Section 5.1

derives the profile estimating function ψn(β), approximated estimating function ϕn(β)

and adjusted estimating function ψM(β) for the case that there are ties among Vi’s.

Section 5.2 performs data analysis for a set of Smoking Cessation Data, and Section 5.3

performs data analysis for a set of Liver Disease Data.

5.1 Algorithm for Observed Survival Time with Ties

In real data analysis, often there are ties among Vi’s in (1.29) due to measurement

error or round off error. Thus, the algorithm given in Chapter 4 cannot be directly used in

real data analysis. To deal with this issue, let

U1 < U2 < . . . < UN (5.1)

be all the distinct observations of V1, . . . , Vn, where N ≤ n. From (3.16), we have

L(β, F ) =
N∏
k=1

∏
Vi=Uk

(
cidF (Vi)

)δi(F̄ (Vi)
)ci−δi( Ji∏

j=1

(
F̄ (tij)

)dij). (5.2)
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From (5.2) and (3.17), let

δ̃k =
n∑
i=1

δiI{Vi = Uk}, (5.3)

then

N∏
k=1

∏
Vi=Uk

(
cidF (Vi)

)δi =
N∏
k=1

( ∏
Vi=Uk

cδii

)( ∏
Vi=Uk

(
dF (Vi)

)δi)
=

N∏
k=1

( ∏
Vi=Uk

eβZi(tiJi )δi
)(
dF (Uk)

)δ̃k
=

N∏
k=1

(
eβ

∑n
i=1 Zi(tiJi )δiI{Vi=Uk}

)(
dF (Uk)

)δ̃k =
N∏
k=1

(
c̃kdF (Uk)

)δ̃k , (5.4)

where

c̃k =


1 if δ̃k = 0

eβδ̃
−1
k

∑n
i=1 Zi(tiJi )δiI{Vi=Uk} if δ̃k > 0

. (5.5)

Also, we have

N∏
k=1

∏
Vi=Uk

(
F̄ (Vi)

)ci−δi =
N∏
k=1

F̄ (Uk)
∑n
i=1(ci−δi)I{Vi=Uk}. (5.6)

If we restrict all possible candidates for the MLE of F0 to those d.f.’s that assign

all their probability masses to points Uk’s and interval (UN ,∞), then the d.f. F under

consideration in likelihood function (5.2) is given by

F (t) =
N∑
k=1

pkI{Uk ≤ t}, (5.7)

where pk = F (Uk)− F (Uk−) for 1 ≤ k ≤ N , and
∑N+1

l=1 pk = 1 with 0 ≤ pN+1 ≤ 1 as
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the probability mass of F on interval (UN ,∞). For any d.f. F given by (5.7), we let

αkij = I{Uk ≤ tij < Uk+1}, UN+1 =∞, (5.8)

then F (tij) = 0 for 0 < tij < U1, and we have all tij ≤ Uk ≤ Un for Vi = Uk, thus we

have in (5.2):

N∏
k=1

∏
Vi=Uk

Ji∏
j=1

(F̄ (tij))
dij =

N∏
k=1

n∏
i=1

{ Ji∏
j=1

[F̄ (tij)]
dij

}I{Vi=Uk}

=
N∏
k=1

n∏
i=1

Ji∏
j=1

[F̄ (tij)]
dijI{Vi=Uk} =

N∏
k=1

n∏
i=1

Ji∏
j=1

N∏
l=1

(F̄ (tij))
αlijdijI{Vi=Uk}

=
N∏
k=1

n∏
i=1

Ji∏
j=1

N∏
l=1

(F̄ (Ul))
αlijdijI{Vi=Uk} =

N∏
l=1

N∏
k=1

n∏
i=1

Ji∏
j=1

(F̄ (Ul))
αlijdijI{Vi=Uk}

=
N∏
l=1

N∏
k=1

(F̄ (Ul))
∑n
i=1

∑Ji
j=1 αlijdijI{Vi=Uk} =

N∏
l=1

(F̄ (Ul))
d̃0l =

N∏
k=1

(F̄ (Uk))
d̃0k , (5.9)

where for dij given in (3.17), we have that from
∑N

l=1 I{Vi = Ul} = 1,

d̃0k =
N∑
l=1

n∑
i=1

Ji∑
j=1

αkijdijI{Vi = Ul} =
n∑
i=1

Ji∑
j=1

( N∑
l=1

I{Vi = Ul}
)
αkijdij

=
n∑
i=1

Ji∑
j=1

(eβZi(ti,j−1) − eβZi(tij))I{Uk ≤ tij < Uk+1}. (5.10)

From (5.4), (5.6) and (5.9), we write (5.2) as below:

L(β, F ) =
N∏
k=1

(
c̃kdF (Uk)

)δ̃kF̄ (Uk)
∑n
i=1(ci−δi)I{Vi=Uk}F̄ (Uk)

d̃0k

=
N∏
k=1

(
c̃kdF (Uk)

)δ̃k(F̄ (Uk)
)∑n

i=1 ciI{Vi=Uk}+d̃0k−
∑n
i=1 δiI{Vi=Uk}

(5.3)
====

N∏
k=1

(
c̃kdF (Uk)

)δ̃k(F̄ (Uk)
)d̃k−δ̃k , (5.11)
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where δ̃k and c̃k are given in (5.3) and (5.5), respectively, and by (5.10)

d̃k =
n∑
i=1

ciI{Vi = Uk}+ d̃0k

(3.17)
=====

n∑
i=1

eβZi(tiJi )I{Vi = Uk}+
n∑
i=1

Ji∑
j=1

αkijdij (5.12)

=
n∑
i=1

eβZi(tiJi )I{Vi = Uk}+
n∑
i=1

Ji∑
j=1

(
eβZi(ti,j−1) − eβZi(tij)

)
I{Uk ≤ tij < Uk+1}.

Note that (5.11) is the formula corresponding to (3.22). Thus, for any d.f. F given

by (5.7), likelihood function (5.11) can be written as

L(β, F ) =
N∏
k=1

(
c̃kpk

)δ̃k( N+1∑
j=k+1

pj

)d̃k−δ̃k
≡ L(β,p), (5.13)

where p = (p1, . . . , pN+1), δ̃k, c̃k and d̃k are given in (5.3), (5.5) and (5.12), respec-

tively. The MLE (β̂n, F̂n) for (β0, F0) in our proposed PH model (1.38) is the solution

that maximizes L(β, F ) in (5.11) or (5.13).

From the derivation of (3.28), we assume that in (5.11) for some β:

d̃k ≥ δ̃k for all 1 ≤ k ≤ N, (AS4)

then likelihood function L(β, F ) in (5.13) is maximized by

[1− F̂n(t; β)] =
∏
Uk≤t

ẽk − δ̃k
ẽk

, (5.14)

where from (3.28) regarding ek, ẽk is given by:
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ẽk = d̃k + . . .+ d̃N ≥ δ̃k, (5.15)

for d̃k’s given by (5.12).

Consider any fixed β satisfying (AS4), for likelihood function L(β,p) in (5.13),

from (3.25), we let

ak =
pk
bk
, bk =

N+1∑
j=k

pj, (5.16)

then we have

b1 = 1, bN+1 = pN+1, bk+1 = bk − pk, 1− ak =
bk+1

bk
. (5.17)

Note that
N∏
k=1

(1− ak)
(5.17)

=====
N∏
k=1

bk+1

bk
=
b2

b1

b3

b2

. . .
bN+1

bN
= bN+1, (5.18)

and

N∏
k=1

(ak)
d̃k(1− ak)N−h̃k

(5.17)
=====

( N∏
k=1

(ak)
d̃k

) N∏
k=1

(
bk+1

bk

)N−h̃k
=

( N∏
k=1

(ak)
d̃k

)(
b2

b1

)N−h̃1(b3

b2

)N−h̃2
. . .

(
bN+1

bN

)N−h̃N
=

( N∏
k=1

(ak)
d̃k

)
(b2)h̃2−h̃1(b3)h̃3−h̃2 . . . (bN)h̃N−h̃N−1(bN+1)N−h̃N

=

( N∏
k=1

(ak)
d̃k

)
(b1)d̃1(b2)d̃2 . . . (bN)d̃N (bN+1)N−h̃N =

( N∏
k=1

(ak)
d̃k(bk)

d̃k

)
(bN+1)N−N

¯̃
d

(5.16)
===== (bN+1)N−N

¯̃
d

N∏
k=1

(pk)
d̃k , (5.19)

where h̃k = d̃1 + d̃2 + . . . + d̃k and ¯̃d = N−1
∑N

k=1 d̃k. From (5.18) and (5.19), we can

write likelihood function L(β, F ) = L(β,p) in (5.13) as
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L(β,p)
(5.16)

=====
N∏
k=1

(
c̃kpk

)δ̃k(bk+1

)d̃k−δ̃k =
N∏
k=1

(
(c̃k)

δ̃k(pk)
d̃k
)(bk+1

pk

)d̃k−δ̃k
(5.16)

=====
N∏
k=1

(
(c̃k)

δ̃k(pk)
d̃k
)(bk+1

akbk

)d̃k−δ̃k
(5.17)

=====
N∏
k=1

(
(c̃k)

δ̃k(pk)
d̃k
)(1− ak

ak

)d̃k−δ̃k
=

( N∏
k=1

(c̃k)
δ̃k(pk)

d̃k

)∏N
k=1(ak)

δ̃k(1− ak)N−δ̃k−(d̃1+...+d̃k−1)∏N
k=1(ak)d̃k(1− ak)N−(d̃1+...+d̃k)

(5.19)
=====

( N∏
k=1

(c̃k)
δ̃k(pk)

d̃k

)∏N
k=1(ak)

δ̃k(1− ak)N−δ̃k−(d̃1+...+d̃k−1)

(bN+1)N−N
¯̃
d
∏N

k=1(pk)d̃k

(5.18)
=====

( N∏
k=1

(c̃k)
δ̃k

)∏N
k=1(ak)

δ̃k(1− ak)N−δ̃k−(d̃1+...+d̃k−1)∏N
k=1(1− ak)N−N

¯̃
d

=
N∏
k=1

(c̃k)
δ̃k(ak)

δ̃k(1− ak)d̃k+...+d̃N−δ̃k

=
N∏
k=1

(c̃kak)
δ̃k(1− ak)ẽk−δ̃k ≡ L1(a; β), (5.20)

where a = (a1, . . . , aN) and ẽk = d̃k + . . .+ d̃N , then taking logarithm we obtain:

logL1(a; β) =
N∑
k=1

[δ̃k(log c̃k + log ak) + (ẽk − δ̃k) log(1− ak)].

Setting ∂ logL1

∂ak
= 0, we obtain

δ̃k
ak
− ẽk − δ̃k

1− ak
= 0 =⇒ âk =

δ̃k
ẽk
, k = 1, 2, . . . , N. (5.21)

Also, from (5.15), we have

∂2(logL1)

∂aj∂ak
=


0 if k 6= j

− δ̃k
a2k
− ẽk−δ̃k

(1−ak)2
< 0 if k = j

,
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thus âk in (5.21) maximizes L1(a; β) in (5.20) and all 0 ≤ âi ≤ 1.

From (5.20)-(5.21), L(β,p) in (5.20) can be written as

L(β, F̂n(· ; β)) = L(β, p̂) = L1(â; β) =
N∏
k=1

(
c̃k
δ̃k
ẽk

)δ̃k(
1− δ̃k

ẽk

)ẽk−δ̃k
, (5.22)

which gives the profile likelihood function for β0 :

`(β) = logL(β, F̂n(· ; β)) = log

( N∏
k=1

(
c̃k
δ̃k
ẽk

)δ̃k( ẽk − δ̃k
ẽk

)ẽk−δ̃k)

=
N∑
k=1

(
δ̃k[log c̃k + log δ̃k − log ẽk] + (ẽk − δ̃k)

[
log(ẽk − δ̃k)− log ẽk

])
, (5.23)

where δ̃k log δ̃k = 0 if δ̃k = 0. Notice that above c̃k’s, d̃k’s and ẽk’s are given by (5.5),

(5.12) and (5.15), respectively, thus they are functions of β. With notations c̃′k = dc̃k
dβ ,

d̃
′

k = dd̃k
dβ and ẽ′k = dẽk

dβ , we know

c̃
′

k

c̃k

(5.5)
====


0 if δ̃k = 0

δ̃−1
k

∑n
i=1 Zi(tiJi)δiI{Vi = Uk} if δ̃k > 0

=


0 if δ̃k = 0

δ̃−1
k Z̃k if δ̃k > 0

, (5.24)

where

Z̃k =
n∑
i=1

Zi(tiJi)δiI{Vi = Uk}. (5.25)

Then we compute profile likelihood estimating function ψn(β) as follows:
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ψn(β) ≡ n−1`
′
(β)

= n−1

N∑
k=1

(
δ̃k

[
c̃
′

k

c̃k
− ẽ

′

k

ẽk

]
+ ẽ

′

k log
ẽk − δ̃k
ẽk

+ (ẽk − δ̃k)
[

ẽ
′

k

ẽk − δ̃k
− ẽ

′

k

ẽk

])

= n−1

N∑
k=1

(
δ̃k
c̃
′

k

c̃k
+ ẽ

′

k log
ẽk − δ̃k
ẽk

)
(5.24)

===== n−1

N∑
k=1

(
I{δ̃k > 0}Z̃k + ẽ

′

k log
ẽk − δ̃k
ẽk

)
.

Thus, the profile likelihood estimating function for Vi’s with ties is given by:

ψn(β) = n−1

N∑
k=1

(
I{δ̃k > 0}Z̃k + ẽ

′

k log
ẽk − δ̃k
ẽk

)
, (5.26)

which is corresponding to (3.32) without ties among Vi’s. From (5.3), (5.12), (5.15) and

(5.25), we have



δ̃k =
n∑
i=1

δiI{Vi = Uk}

Z̃k =
n∑
i=1

Zi(tiJi)δiI{Vi = Uk}

ẽk =
N∑
q=k

(
n∑
i=1

eβZi(tiJi )I{Vi = Uq}

+
n∑
i=1

Ji∑
j=1

[
eβZi(ti,j−1) − eβZi(tij)

]
I{Uq ≤ tij < Uq+1}

)

ẽ
′
k =

N∑
q=k

(
n∑
i=1

Zi(tiJi)e
βZi(tiJi )I{Vi = Uq}

+
n∑
i=1

Ji∑
j=1

[
Zi(ti,j−1)eβZi(ti,j−1) − Zi(tij)eβZi(tij)

]
I{Uq ≤ tij < Uq+1}

)

. (5.27)

The solution of above estimating equation ψn(β) = 0 is the MLE β̂n of β0 in the situation

when there are ties among Vi’s in data (1.29).

Similar to (3.34), consider Taylor’s expansion of log(1 + x) at x = 0:
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log(1 + x) = x− x2

2(1 + ξ)2
,

where ξ is between 0 and x. Thus, from Taylor’s expansion we have in (5.26)

ψn(β) = n−1

N∑
k=1

(
I{δ̃k > 0}Z̃k + ẽ

′

k

(
− δ̃k
ẽk
− δ̃2

k

2(1 + ξk)2ẽ2
k

))

= ϕn(β)− n−1

N∑
k=1

δ̃2
kẽ
′

k

2(1 + ξk)2ẽ2
k

(5.28)

where ξk is between 0 and − δ̃k
ẽk

, and ϕn(β) is the leading term of Taylor’s expansion of

ψn(β) in (5.26) and is given by:

ϕn(β) = n−1

N∑
k=1

(
I{δ̃k > 0}Z̃k −

ẽ
′

kδ̃k
ẽk

)
, (5.29)

where Z̃k, δ̃k, ẽk and ẽ′k are given in (5.27).

The adjusted estimating equation corresponding to (3.60) is given by:

ψM(β) = n−1

N∑
k=1

(
I{δ̃k > 0}Z̃k + Ẽ

′

k log
Ẽk − δ̃k
Ẽk

)
, (5.30)

where similar to (3.61) we have for Z̃k’s, δ̃k’s, ẽk’s and ẽ′k’s given in (5.27),

Ẽk = eM ẽk and Ẽ
′

k = eM ẽ
′

k, (5.31)

which is to ensure Ẽk = eM ẽk ≥ δ̃k for all k = 1, . . . , N as in (5.15). The solution of the

estimating equation ψM(β) = 0 is the MLE β̂n of β0 when there are ties among Vi’s in

data (1.29).
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Simplification of ẽk

Note: In (5.27), let

nk = min{i | Vi ≥ Uk}, k = 1, 2, . . . , N ; (5.32)

then from

Uk = Vnk (5.33)

and

N∑
q=k

I{Vi = Uq} = I{Vi = Uk}+ I{Vi = Uk+1}+ . . .+ I{Vi = UN}

= I{Vi = Uk or Vi = Uk+1 or . . . Vi = UN}

(5.1)
==== I{Vi ≥ Uk}

(5.33)
===== I{Vi ≥ Vnk}, (5.34)

we can write the first part of ẽk in (5.27) as:

N∑
q=k

n∑
i=1

eβZi(tiJi )I{Vi = Uq} =
n∑
i=1

( N∑
q=k

I{Vi = Uq}
)
eβZi(tiJi )

=
n∑
i=1

I{Vi ≥ Vnk}eβZi(tiJi ) =
n∑

i=nk

eβZi(tiJi ). (5.35)

Before simplifying the second part of ẽk in (5.27), we first prove:

n∑
l=nk

I{Vl ≤ tij < Vl+1} =
N∑
q=k

I{Uq ≤ tij < Uq+1}. (5.36)
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Proof of (5.36) Note that for VnN+1
=∞ and VnN+1−1 = Vn, we have

n∑
l=nk

I{Vl ≤tij < Vl+1} =

nk+1−1∑
l=nk

I{Vl ≤ tij < Vl+1}+

nk+2−1∑
l=nk+1

I{Vl ≤ tij < Vl+1}

+ . . .+

nN−1∑
l=nN−1

I{Vl ≤ tij < Vl+1}+

nN+1−1∑
l=nN

I{Vl ≤ tij < Vl+1}. (5.37)

Since for k ≤ N − 1, we have I{Vl ≤ tij < Vl+1} = 0 for Vl = Vl+1 with l = nk,

nk + 1, . . . , nk+1 − 2; and for Vl = VnN with l = nN , . . . , n; we know

nk+1−1∑
l=nk

I{Vl ≤ tij < Vl+1} = I{Vnk+1−1 ≤ tij < Vnk+1
} = I{Vnk ≤ tij < Vnk+1

}

(5.33)
===== I{Uk ≤ tij < Uk+1}, (5.38)

thus, (5.37) can be written as

N∑
l=nk

I{Vl ≤ tij < Vl+1} = I{Uk ≤ tij < Uk+1}+ I{Uk+1 ≤ tij < Uk+2}

+ . . .+ I{UN−1 ≤ tij < UN}+ 0 (5.39)

=
N∑
q=k

I{Uq ≤ tij < Uq+1}. �

Hence, we can write the second part in ẽk given in (5.27) as:

N∑
q=k

n∑
i=1

Ji∑
j=1

(
eβZi(ti,j−1) − eβZi(tij)

)
I{Uq ≤ tij < Uq+1}

=
n∑
i=1

Ji∑
j=1

(
eβZi(ti,j−1) − eβZi(tij)

)( N∑
q=k

I{Uq ≤ tij < Uq+1}
)

(5.36)
=====

n∑
i=1

Ji∑
j=1

(
eβZi(ti,j−1) − eβZi(tij)

)( n∑
l=nk

I{Vl ≤ tij < Vl+1}
)

=
n∑

l=nk

n∑
i=1

Ji∑
j=1

(
eβZi(ti,j−1) − eβZi(tij)

)
I{Vl ≤ tij < Vl+1}. (5.40)
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From (5.35) and (5.40), we write (5.27) as below:



ẽk =
n∑

l=nk

(
eβZl(tlJl ) +

n∑
i=1

Ji∑
j=1

(
eβZi(ti,j−1) − eβZi(tij)

)
I{Vl ≤ tij < Vl+1}

)

ẽ
′
k =

n∑
l=nk

(
Zl(tlJl)e

βZl(tlJl )

+
n∑
i=1

Ji∑
j=1

(
Zi(ti,j−1)eβZi(ti,j−1) − Zi(tij)eβZi(tij)

)
I{Vl ≤ tij < Vl+1}

)
. (5.41)

which is in the same form as ei’s and e′i’s given in (3.33).

From Lemma 3.4, we have the following simplified expressions for above ẽk and ẽ′k

in (5.41) as follows:


ẽk =

n∑
i=nk

Ãik =
n∑

i=nk

(
eβZi(tiJi )I{Ẽik = ∅}+ eβZi(tim̃ik )I{Ẽik 6= ∅}

)

ẽk
′ =

n∑
i=nk

(
Zi(tiJi)e

βZi(tiJi )I{Ẽik = ∅}+ Zi(tim̃ik)eβZi(tim̃ik )I{Ẽik 6= ∅}
) (5.42)

where Ẽik =
{
tij | tij ≥ Vnk , j ∈ {1, . . . , Ji}

}
is a subset of {ti1, ti2, . . . , tiJi}, and


Ãik =


eβZi(tiJi ) if tij < Vnk , ∀ j ∈ {1, . . . , Ji}

eβZi(tim̃ik ) if ∃ tij ≥ Vnk , for some j ∈ {1, . . . , Ji}

. (5.43)

m̃ik = max{ j | tij < Vnk , j = 0, 1, . . . , Ji}. (5.44)

From Lemma 3.5, we know function ϕn(β) given by (5.29) is non-increasing in β ∈ R.

Below, we discuss the case when the use of M is needed for real data analysis,

although often there is no need for use of M .
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Choice ofM with All Nonnegative Zi(tij)’s:

Step 1. Compute Mk = log δ̃k
ẽk

, k = 1, . . . , N at β = β̃n − δ and order them from

smallest to largest as M(1) ≤M(2) . . . ≤M(N).

Step 2. If M(N) < 0, then no need to use M0; else use M0 = M(N) + 10−7.

Step 3. Search for β̂n in interval (β̃n − δ, β̃n); when no M0 is used, we use ψn(β) given

by (5.26) to find β̂n, when M0 is used, we use ψM0(β) given by (5.30) to find β̂n;

for ψn(β) or ψM0(β), increase δ until ψn(β̃n − δ) > 0 or ψM0(β̃n − δ) > 0. Try

δ = 1
4 ,

1
2 ,

3
4 , 1, etc., and start with δ = 1

4 .

NOTE: The rationale of our method for choosing M0 in Step 2 is as follow. From

(5.31) and (5.42), we have Ẽk = eM ẽk and Ẽk is nondecreasing in β with nonnegative

Zi(tij)’s. For above choice of M0 about Ẽk in (5.42), for any β ≥ β̃n − δ:

Ẽk = eM0 ẽk ≥ eM0 ẽ∗∗k > eM(N) ẽ∗∗k ≥
δ̃k
ẽ∗∗k

ẽ∗∗k = δ̃k,

where ẽ∗∗k is the ẽk with β = β̃n − δ.

When some Zi(tij)’s are negative: from (5.42) we have for constant

c = min
i,j
{Zi(tij)} < 0,

then

ẽk =
n∑

i=nk

(
eβZi(tiJi )I{Ẽik = ∅}+ eβZi(tim̃ik )I{Ẽik 6= ∅}

)
= eβc

n∑
i=nk

(
eβ(Zi(tiJi )−c)I{Ẽik = ∅}+ eβ(Zi(tim̃ik )−c)I{Ẽik 6= ∅}

)
= eβcẽ∗k, (5.45)
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where Zi(tiJi)− c ≥ 0 for i = 1, . . . , n, j = 1, . . . , Ji and

ẽ∗k =
n∑

i=nk

(
eβ(Zi(tiJi )−c)I{Ẽik = ∅}+ eβ(Zi(tim̃ik )−c)I{Ẽik 6= ∅}

)
. (5.46)

Choice ofM with negative Zi(tij)’s:

Step 1. Compute c = mini,j{Zi(tij)} < 0.

Step 2. Compute Mk = log δ̃k
ẽ∗k

, k = 1, . . . , N at β = β̃n − δ and order them from

smallest to largest as M(1) ≤M(2) . . . ≤M(N).

Step 3. Choose M0 = M(N) + 10−7, then compute M = M0 − (β̃n + δ)c.

Step 4. Use above choice of M and ψM(β) to search for β̂n in interval (β̃n − δ, β̃n + δ);

increase δ until ψM(β̃n − δ) > 0. Try δ = 1
4 ,

1
2 ,

3
4 , 1, etc., and start with δ = 1

4 .

NOTE: The rationale of our method for choosingM in Step 3 is as follow. Because

all Zi(tij)− c are nonnegative, ẽ∗k in (5.46) is nondecreasing in β. For above choice of M

about Ẽk in (5.42), for any β̃n − δ ≤ β ≤ β̃n + δ:

Ẽk = eM ẽk
(5.45)

===== eMeβcẽ∗k = eM0−(β̃n+δ)ceβcẽ∗k = e(β−(β̃n+δ))ceM0 ẽ∗k

≥ e(β−(β̃n+δ))ceM0 ẽ∗∗k > e(β−(β̃n+δ))ceM(N) ẽ∗∗k ≥ e(β−(β̃n+δ))c δ̃k
ẽ∗∗k

ẽ∗∗k ≥ δ̃k

where ẽ∗∗k is the ẽ∗k with β = β̃n − δ, e(β−(β̃n+δ))c ≥ 1 as c < 0 and β − (β̃n + δ) ≤ 0.
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5.2 Smoking Cessation Data Analysis

In this section, we consider the Smoking Cessation Data from Piper et al. (2009),

which was collected from a randomized, placebo-controlled clinical trial of five smoking

cessation pharmacotherapies. There were 1504 participants who were smokers and re-

ported being motivated to quit smoking. The dataset we consider here was processed by

Liu (2014), and the dataset contained records of participants for a period of two weeks

after they quit smoking.

In our analysis, we are interested in lapse time T , which is the time from a partic-

ipant stopped smoking to the time the participant smoked again. Such lifetime variable

T is subject to right censoring due to drop-out or end of the study. There were 794 par-

ticipants included in this study, and the right censoring or right truncation percentage is

59.69%. During the study, the ecological momentary assessment data were collected 4

times a day (i.e., morning, night and 2 random times) to record longitudinal covariates

such as urge for smoking, negative affect and smoking cessation fatigue. For instance, the

actually observed data on urge for smoking, Xi(t), is Xi = (Xi(ti1), . . . , Xi(tiJi)), where

Xi(tij) is the observed amount of urge of the ith participant at time tij , j = 1, . . . , Ji.

The treatment groups under consideration here are: placebo with n1 = 83 participants,

monotherapy with n2 = 412 participants, and combined pharmcotherapy with n3 = 299

participants.

Under our proposed PH model in (1.38), we conduct data analysis to study the effect

of Xi(tij)’s on Ti, where Xi(t) is urge for smoking, negative affect, smoking cessation

fatigue, respectively. First, we consider the case without using summary measurement for
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longitudinal covariates:

Z(tij) = Xi(tij), (5.47)

and the results are displayed in Table 5.1.

Table 5.1 Estimation for Smoking Cessation Data without Using Average

Urge Negative Affect Fatigue
# β̂n β̃n β̂n β̃n β̂n β̃n

Whole Data Set 794 0.1012 0.1080 0.1067 0.1184 0.0287 0.0336
Placebo 83 0.1307 0.1443 0.0476 0.0720 -0.0471 -0.0354

Monotherapy 412 0.0912 0.0986 0.1116 0.1233 0.0328 0.0381
Combined Therapy 299 0.0968 0.1031 0.0969 0.1086 0.0417 0.0461

Second, under our proposed PH model (1.38), we consider the case using average

summary measurement for the longitudinal covariates. This is because these longitudinal

covariates are participants’ momentary feelings, thus fluctuate greatly over time, and us-

ing average summary measurement gives more reliable information. In this case, we have

Z(tij) as given in (4.25):

Z(tij) = ϕ(X tij
i ) =

∑j
k=1(tik − ti,k−1)Xi(ti,k−1)

tij
, (5.48)

and the results are displayed in Table 5.2.

Table 5.2 Estimation for Smoking Cessation Data Using Average Summary

Urge Negative Affect Fatigue
# β̂n β̃n β̂n β̃n β̂n β̃n

Whole Data Set 794 0.1171 0.1263 0.1313 0.1489 0.0332 0.0391
Placebo 83 0.1650 0.1807 0.1074 0.1369 -0.0636 -0.0470

Monotherapy 412 0.1117 0.1215 0.1074 0.1270 0.0453 0.0519
Combined Therapy 299 0.0927 0.1019 0.1406 0.1563 0.0349 0.0403
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Discussion: In Liu (2014), a form of model (1.31) was used to conduct this data

analysis using Xi(tij), which was assumed to be Gaussian process. Their estimated coef-

ficient for urge, negative affect and fatigue in whole data set are 0.13, 0.15, 0.03, respec-

tively. Our according estimates displayed in Table 5.1 are generally smaller, and we do

not make any parametric assumptions onXi(t). Interestingly, our estimates using average

summary measurement displayed in Table 5.2 for whole data set are quite similar to those

estimates by Liu (2014) above mentioned, but the analysis by Liu (2014) did not consider

the use of average summary measurement.

Making comparison, it is clear that for urge for smoking and negative affect, β̂n or

β̃n are generally bigger in Table 5.2 than those in Table 5.1. This could indicate that the

use of average summary measurement provides more informative results. However, the

impact of fatigue from smoking cessation is difficult to explain with or without using the

average summary measurement, because β̂n ≈ β̃n ≈ 0, which could mean no effect to T .
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5.3 Liver Disease Data Analysis

In this section, we consider the Liver Disease Data, which was collected from a

Primary Biliary Cirrhosis (PBC) clinical trial (Murtaugh et al., 1994) conducted by Mayo

Clinic between 1974 and 1984. PBC data can be found in Therneau and Grambsch (2000)

and can be accessed at Mayo Clinic website.

During the clinical trial period, 312 PBC patients were referred to Mayo Clinic dur-

ing ten-year interval and participated in the randomized trial of the drug D-penicillamine.

Patients often present abnormalities in their blood tests, such as elevated and gradually in-

creased serum bilirubin. Shapiro et al. (1979) showed that after a relatively stable phase,

serum bilirubin increased sharply in the months preceding death. Thus, investigating the

association between bilirubin and death due to PBC is of great medical interest.

In our analysis, we consider survival time T of a PBC patient, which is the time

from entering the clinical trial to death, and is subject to right censoring due to drop-outs,

the end of the study, liver transplantation and other factors. Right censoring percentage

of the data set is 55.13%, and for observed right censored data (Vi, δi) in (1.2), Vi ranged

from 0.11 years to 14.32 years. For each patient, longitudinal covariate serum bilirubin

was measured at follow-up lab visits at 6 months, 1 year and annually thereafter. Thus, the

observed data on serum bilirubin, Xi(t), is Xi = (Xi(ti1), . . . , Xi(tiJi)), where Xi(tij)

is the observed amount of serum bilirubin of the ith patient at time tij , j = 1, . . . , Ji.

The treatment groups under consideration here are: placebo with n1 = 154 patients and

D-penicillamine with n2 = 158 patients.

Under our proposed PH model in (1.38), we consider data analysis to study the
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effect of Xi(tij)’s on Ti, where Z(tij) given in (5.47) is based on logXi(t) and Xi(t),

respectively. The reason for considering logXi(t) is due to clinical tradition. The results

for both cases are displayed in Table 5.3.

Table 5.3 Estimation for Liver Disease Data

log(bilirubin) bilirubin
# β̂n β̃n β̂n β̃n

Whole Data Set 312 1.2871 1.2891 0.1506 0.1507
Treatment Group data 158 1.1582 1.1621 0.1299 0.1303
Placebo Group Gata 154 1.4072 1.4111 0.1830 0.1833

Discussion: In Ding and Wang (2008), the PH model in (1.31) was considered and

logXi(t) was used in their analysis, where as in (1.34), r.v. bi was assumed to be normal.

Their resulting estimate for βX is β̂X = 1.07. Compared with our estimates β̂n = 1.2871

or β̃n = 1.2891 in Table 5.3 for whole data set, β̂X = 1.07 is clearly smaller. Thus, our

results without any parametric or semi-parametric assumptions on Xi(t) are in stronger

agreement with the conclusion by Shapiro et al. (1979). Interestingly, our results in

Table 5.3 show that β̂n and β̃n for treatment group are smaller than those for placebo

group. This indicates that treatment is clearly efficient.

Ding and Wang (2008) didn’t consider treatment group and placebo group sepa-

rately, but our results give the following

158

312

(
1.1582

)
+

154

312

(
1.4072

)
= 1.2811,

which is very close to β̂n for the whole data set. This means that the difference of using

PH model (1.36) and PH model (1.38) is not big for estimating β0, which is because

Z = 0 or 1 in (1.36) for the liver disease data considered here.
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Chapter 6: Conclusion and Discussions

This dissertation does not make any parametric or semi-parametric assumptions on

the longitudinal covariate process. We use the empirical likelihood method, i.e., the totally

nonparametric method, to derive the MLE for our proposed proportional hazards (PH)

model (1.38) based on right censored survival data with longitudinal covariates (1.29).

Our simulation results show that MLE β̂n and approximated MLE β̃n perform well for

large sample size n and large m. These are consistent with the finding in upcoming paper

by Ren and Shi (2023) that β̂n and β̃n are asymptotically normal.

The computation issue has known to be challenging for the MLE in the Cox model.

Here, we developed the computation algorithms for computing MLE β̂n and approxi-

mated MLE β̃n, and they perform well in our simulation studies. The main results in this

dissertation will appear in upcoming paper by Ren, Li and Shi (2023).

In the future, we will develop algorithms for more general model setting (1.36), and

will develop goodness of fit test for (1.36) and (1.38) because the MLE F̂n for the baseline

d.f. F0 was given here already.
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