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Combined cooling, heating, and power (CCHP) systems utilize renewable energy 

sources, waste heat energy, and thermally driven cooling technology to simultaneously 

provide energy in three forms. They are reliable by virtue of main grid independence 

and ultra-efficient because of cascade energy utilization. These merits make CCHP 

systems potential candidates as energy suppliers for commercial buildings. Due to the 

complexity of CCHP systems and environmental uncertainty, conventional design and 

operation strategies that depend on expertise or experience might lose effectiveness and 

protract the prototyping process. Automation-oriented approaches, including machine 

learning and optimization, can be utilized at both design and operation stages to 

accelerate decision-making without losing energy efficiency for CCHP systems.  



 

  

As the premise of design and operation for the combined system, information about 

building energy consumption should be determined initially. Therefore, this thesis first 

constructs deep learning (DL) models to forecast energy demands for a large-scale 

dataset. The building types and multiple energy demands are embedded in the DL 

model for the first time to make it versatile for prediction. The long short-term memory 

(LSTM) model forecasts 50.7% of the tasks with a coefficient of variation of root mean 

square error (CVRMSE) lower than 20%. Moreover, 60% of the tasks predicted by 

LSTM satisfy ASHRAE Guideline 14 with a CVRMSE under 30%. 

Thermal conversion systems, including power generation subsystems and waste heat 

recovery units, play a vital role in the overall performance of CCHP systems. Whereas 

a wide choice of components, nonlinear characteristics of these components challenge 

the automation process of system design. Therefore, this thesis second designs a 

configuration optimization framework consisting of thermodynamic cycle 

representation, evaluation, and optimizer to accelerate the system design process and 

maximize thermal efficiency. The framework is the first one to implement graphic 

knowledge and thermodynamic laws to generate new CO2 power generation (S-CO2) 

system configurations. The framework is then validated by optimizing the S-CO2 

system's configurations under simple and complex component number limitations. The 

optimized S-CO2 system reaches 49.8% thermal efficiency. This efficiency is 2.3% 

higher than the state of the art. 

Third, operation strategy with uncertainty for CCHP systems is proposed in this thesis 

for a hospital with a floor area of 22,422 m2 at College Park, Maryland. The hospital 

energy demands are forecasted from the DL model. And the S-CO2 power subsystem 



 

  

is implemented in CCHP after optimizing from the configuration optimizer. A 

stochastic approximation is combined with an autoregression model to extract 

uncertain energy demands for the hospital. Load-following strategies, stochastic 

dynamic programming (SDP), and approximation approaches are implemented for 

CCHP system operation without and with uncertainties. As a case study, the 

optimization-based operation overperforms the best load-following strategy by 14% of 

the annual cost. Approximation-based operation strategy highly improves the 

computational efficiency of SDP. The daily operating cost with uncertain cooling, 

heating, and electricity demands is about 0.061 $/m2, and a potential annual cost is 

about 22.33 $/m2.  

This thesis fills the gap in multiple energy types forecast for multiple building types 

via DL models, prompts the design automation of S-CO2 systems by configuration 

optimization, and accelerates operation optimization of a CCHP system with 

uncertainty by an approximation approach. In-depth data-driven methods and 

diversified optimization techniques should be investigated further to boost the system 

efficiency and advance the automation process of the CCHP system. 
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1 Introduction 

Reproduced from the Lawrence Livermore National Lab website (LLNL 2020), Figure 

1-1 reveals that the energy consumption of buildings in the U.S., including commercial 

and residential sectors, is around 38 Quads annually, which accounts for nearly 40% of 

the total energy consumption in the past two decades. Even though total primary energy 

consumption in buildings is stable, electricity consumption increases when recognizing 

the boost of electricity generation efficiency from 30% to 35%. Energy saving is urgent, 

and a large portion of consumption reduction could dramatically improve total energy 

efficiency. Therefore, high energy-efficient buildings are critical to the efficiency and 

sustainability of our society. A combined cooling, heating, and power (CCHP) system 

offers high primary energy efficiency due to cascade energy utilization and high 

flexibility because of main grid independence. These merits make CCHP systems 

capable candidates as energy suppliers for buildings.  

 

Figure 1-1. Energy consumption of the building sector in the U.S. 
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1.1 CCHP system 

Figure 1-2 shows the significant developments of combined systems in simplified 

system configurations. Higher energy Efficiency, lower Economic cost, and 

Environmental impact (3E) are the everlasting goals of developing energy supply 

systems. The idea of hybrid usage, thermal-driven cooling, heat recovery technique, 

and renewable energy penetration makes combined systems feasible and more 

sustainable. Specifically, the combined cooling, heating, and power (CCHP) system is 

named directly from energy demand types. It is an efficient method to provide 

electricity and two kinds of thermal energy simultaneously. 

 

Figure 1-2. Development of combined systems 

To distinguish the whole CCHP from its underneath energy conversion technologies, 

CCHP is called a system, and others are denoted as subsystems in this thesis. The 

energy flow structure in a specific CCHP system is illustrated in Figure 1-3. The top 

lines represent energy sources; the rectangular boxes represent energy conversion 

subsystems; the circular boxes represent energy demands (electricity demand, cooling 



 

 

3 

 

demand, and heating demand); the bottom lines represent energy storage subsystems. 

These four elements form a sustainable energy system and can be enriched by utilizing 

renewable energy, adopting various conversion technologies, and expanding functions.  

Power grid

Primary energy

Waste heat

Electricity Storage

Cooling Storage

Heating Storage

GT

ABC EC

Boiler

ED

CD

HD

EH

Energy source

Energy supply

Waste heat

ABH

ORC

• Other energy sources like wind, solar 

energy can be added to primary energy

• Energy flow structure the middle can 

be changed are flexibly based on 

available technologies

 

Figure 1-3. Energy flow structure of a CCHP system 

In conventional CCHP systems, prime movers (PM) such as a gas turbine (GT) 

converts primary energy into electricity. The waste heat otherwise discharged is 

recovered for space heating and cooling demands through absorption cooling (ABC) 

or absorption heating (ABH). Auxiliary components such as an electric chiller (EC), 

heat pump (EH), or boiler are added to the system to fulfill extra cooling and heating 

demands. Overall, a CCHP system can achieve over 80% overall energy efficiency for 

different primary energy inputs, which is much higher than separated generation 

systems (Wu and Wang 2006).  

There are three stages for a CCHP system to be successfully implemented, as shown in 

Figure 1-4: demand planning, system design, and system operation (Gu et al. 2014). 
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The demand planning stage considers how much energy should be provided for a target, 

like a commercial building. Accurately quantifying energy demand is the key to the 

planning process and sets the base of the following design and operation stages. This 

quantification can be realized through a physical model or a data-driven model. It 

should consider the factors that influence the needs of the building. At the system 

design stage, multiple subsystems are selected from the candidate pool and combined 

to satisfy the functionalities of a whole CCHP system. The selection of subsystems 

should consider criteria like energy source availability, technology maturity, and social 

impact benefits. The subsystems consist of various components and working mediums. 

Appropriate mathematical modeling of components characterizes every subsystem and 

sets the basis for the following stage. At the system operation stage, an operation 

strategy is determined regarding the strategy's feasibility, the complexity of the 

designed CCHP system, and the response characteristic of subsystems. The selected 

operation strategy coordinates subsystems to fulfill energy demand requirements 

continuously.  

 

Figure 1-4. Implementation of a CCHP system for buildings in three stages 
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1.2 Motivation 

Regardless of the stages of a CCHP system, decision-makers constantly seek efficient 

and effective approaches to implementing a CCHP system with 3E targets. However, 

due to the complexity of CCHP systems and environmental uncertainty, conventional 

design and operation strategies that depend on expertise or experience might lose 

effectiveness and protract the prototyping process. Difficulties expand in three stages 

from planning, design to operation. 

First, well-developed physical energy forecast tools require detailed building 

information and environmental parameters before feeding into the simulation system. 

These requirements make a comprehensive evaluation of building energy consumption 

cumbersome. Second, the design of thermal conversion subsystems within a CCHP 

system consists of both configuration and performance variables design. The 

configuration design involves a wide choice of components and a strong coupling 

among components. These complexities and the interdependence between 

configuration and performance variable designs make researchers choose potential 

configurations from the candidate pool and concentrate more on performance variables 

design. The design process is trivial, highly dependent on experience, lose optimality, 

and thus challenges the automation process of system design. Therefore, it is urgent to 

develop an optimization framework to consolidate the two elements and yield a more 

automatic design process. Third, storage subsystems make the conventional operation 

of a well-defined CCHP powerless. Recursive optimization through dynamic 

programming introduces curse of dimensionality for system operation. Moreover, 

energy demands are not always accurate due to inaccurate weather forecasts and 
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occupant fluctuation. Therefore, it is desirable to implement an efficient and effective 

approach that can deal with system operation with uncertainty with storage subsystems.  

1.3 Literature review 

1.3.1 Energy demand planning 

The models for building energy forecast can be categorized into physical, data-driven, 

and hybrid models that combine the previous two (Amasyali and El-Gohary 2018). 

Physical models are established based on modularized building sectors and heat and 

mass transfer mechanisms. Nevertheless, these models become incredibly complex 

when considering the complicated mechanism and the coupling characteristics of every 

module in buildings. The whole system performance can be evaluated only by 

simulating or simplifying every subsystem (X. Li and Wen 2014). In this genre, many 

commercial software packages have been developed to assess the energy consumption 

of buildings, such as DOE-2, EnergyPlus, and BLAST. However, these well-developed 

tools require detailed building information and environmental parameters before 

feeding into the simulation system. Consequently, predicting the energy consumption 

of any building would require an excessive amount of time, labor resources, and 

knowledge from experienced experts (Amasyali and El-Gohary 2018). These 

requirements make a comprehensive evaluation of building energy consumption 

cumbersome. 

More importantly, building energy consumption is highly influenced by uncertain 

factors from weather prediction, occupant activities, building degradation, etc. (Zeyu 

Wang and Srinivasan 2017). These factors are hard to determine and evaluate at the 
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beginning of constructing the physical models. Unlike the physical models, the data-

driven models have sometimes been deemed a ‘black box’. Therefore, they have no 

specific physical meaning, such as ML approaches, which only implicitly extract 

features from data. Compared with physical models, these methods have the advantages 

of robustness, flexibility, and rapidity when applied to prediction tasks (Sun, 

Haghighat, and Fung 2020). Concisely, the building energy prediction task is a type of 

supervised regression in the viewpoint of the ML field. ‘Supervised’ means the data 

used for constructing a prediction model has labels, and ‘regression’ means continuous 

prediction values. In this genre, any algorithms that are used to deal with supervised 

regression in the machine learning area have the potential to be shifted to building 

energy prediction tasks.  

The development of ML and data science manifests the opportunities of leveraging data 

for building energy prediction. Among all the paradigms of ML, neural networks 

(NNs), support vector regression (SVR), decision tree (DT), and Gaussian process 

regression (GPR) are the most represented ones (Domingos 2015). These techniques 

and algorithms have been intensively applied in building energy demand prediction 

since 2000 (Kalogirou and Bojic 2000; Xu, Wang, and Tang 2019; Dong, Cao, and Lee 

2005; Park et al. 2016; Z. Yu et al. 2010; Zhong et al. 2019; Heo and Zavala 2012). 

Figure 1-5 summarizes the overall research trend of ML-based building energy 

prediction tasks. Specifically, Figure 1-5a shows the tendency of annually published 

papers since 2005. ‘Traditional ML’ methods include DT, GPR, ANN, SVR, and 

ensemble algorithms, ‘others’ comprises review work (Amasyali and El-Gohary 2018), 

statistic methods (Fan et al. 2020), feature engineering (Fan, Sun, et al. 2019), data 



 

 

8 

 

augmentation (Fekri, Ghosh, and Grolinger 2020), classification tasks (Westermann et 

al. 2020), and transfer learning (Fan, Xiao, et al. 2019). The period after 2012 

engenders an exponential increase in publications compared with the linear trend of the 

period before 2012. This notable shift, which corresponds to the major breakthroughs 

of deep learning (DL), demonstrates the enhancement of ML on energy prediction tasks 

endued by DL.  

 

Figure 1-5. Research trend of ML in building energy prediction a. Paper published 

along with year b. distribution of ML algorithms c. distribution of investigated energy 

types d. building types and data types 

Moreover, DL’s capability of dealing with the high-dimensional and large-scale data 

structure facilitated researchers probing into energy prediction tasks by this algorithm. 
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Consequently, many investigations supported various DL-based algorithms for 

building energy prediction (Fan, Sun, et al. 2019). Among all the DL algorithms, RNN 

(Rahman, Srikumar, and Smith 2018) based model, notably long short-term memory 

(LSTM) (D. L. Marino, Amarasinghe, and Manic 2016; Kim and Cho 2019; Somu, M 

r, and Ramamritham 2020), showed its capability in building energy prediction tasks 

due to temporal characteristics along with the NN layers. DL is superior to other models 

for building energy prediction in various literature that conducts single energy type 

prediction (Rahman, Srikumar, and Smith 2018; Zhe Wang, Hong, and Piette 2020) 

compared with the traditional ML algorithm. To better understand the superiority of 

the NN-based algorithm in different tasks, Figure 1-5b sums up all 161 papers and plots 

the distribution of different algorithms. The NN-based algorithms, including ANN and 

DL, represent 44% of all documents and 50% of research papers. This distribution 

further manifests NN's fast spread and advantage, mainly DL-based model, over the 

traditional ML model. Koschwitz et al. adopted historical data from a non-residential 

district in Germany for training ML models to predict monthly thermal loads 

(Koschwitz, Frisch, and van Treeck 2018). The testing results showed that recurrent 

NNs yielded higher accuracy than SVM-based models. Walker et al. analyzed seven 

machine learning algorithms for hourly electricity demand prediction (Walker et al. 

2020). The result showed that the regression tree and artificial neural network (ANN) 

model demonstrated higher performances than SVM and the fine-Gaussian algorithm. 

Wang et al. differentiated other algorithms with NN-based models as shallow machine 

learning (Zhe Wang, Hong, and Piette 2020). And the authors found DL-based LSTM 

was best for short-term prediction among all seven shallow and two deep algorithms. 
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These papers all validated the ability of the NN-based model, mostly DL-based model, 

to outperform traditional ML in building energy prediction tasks.  

The primary concern of single energy type prediction aimed to explore the capability 

of ML for predicting overall energy consumption from thermal or electricity (Rahman, 

Srikumar, and Smith 2018; Zhe Wang, Hong, and Piette 2020). Simultaneously, the 

detailed consumption information by different sectors of buildings is compressed in 

this single task. In contrast, such multiple energy types prediction is significant for the 

operation of subsystems in buildings. The multiple energy types prediction is limited, 

as shown in Figure 1-5c. Here, ‘overall’ energy consumption represents the task targets 

predicting the gross sum of thermal energy and electricity. ‘Both’ indicate the task 

targets predicting energy consumption from thermal and electricity. It is observed that 

most of the prediction targets are a single energy type. With the capability of 

overcoming the limitation of physical and hybrid prediction models, a natural question 

is whether the ML-based regression models can accurately predict multiple energy 

types of building for multiple building types. On the other hand, the last pie plot in 

Figure 1-5 shows whether an ML algorithm is used for a single type or multiple types 

of building prediction. Different building types involve various energy consumption 

ranges and distinctive energy demand attributes. To further expand the robustness and 

increase the versatility of the DL model, it is also worthwhile to investigate the 

performance of DL-based models for multiple energy types on multiple types of 

buildings. 
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Figure 1-6. Multiple-energy-types prediction on multiple-building-types 

Energy prediction model for multiple energy types and building types can be 

categorized in Figure 1-6. It is significant for achieving optimum design, operation, and 

large-scale sustainability for energy supply systems. Therefore, applications of these 

models in multiple energy types prediction on multiple building types are summarized. 

The gaps in related research works are discussed below. 
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There are two streams to predict multiple energy types for buildings, which can be 

viewed in Figure 1-7. The first stream is to construct numerous individual models to 

independently predict the corresponding energy type. The second stream is building a 

single model to predict multiple energy types simultaneously. It should be noticed that 

the ML ‘black box’ is not necessarily a neural network (NN) model. The other ML 

models can also be used. Considering that energy consumption from different sectors 

depends on each other (Amasyali and El-Gohary 2018). For instance, the electricity for 

the plugin electric vehicle interacts with space cooling or heating load (Yun et al. 2012; 

Chae et al. 2016). Moreover, the physical model constructed from well-established 

software EnergyPlus (Crawley et al. 2001) shows that factors like occupants residing 

in the building impact electric light, water heater, cooling, and heating load; 

meteorology information affects cooling and heating energy consumption at the same 

time.  

Compared with conventional ML, parameter sharing in DL naturally helps with 

increasing generalization and improves the performance of similar tasks (Ruder 2017; 

Y. Zhang and Yang 2018). Moreover, the feature of the building type can be easily 

embedded into the model at the appropriate layer of NN. For a convolution neural 

network (CNN) or recurrent neural network (RNN) model, the characteristic of 

parameter sharing in neural network layers balances the performance on multiple 

outputs. At the same time, the multiple independent models cannot obtain this shared 

information. In addition, it is proved in the ML area that a single model for multiple 

dependent energy types output increases robustness or generalization of prediction 

compared with an independent model (Lu et al. 2016). And the feature of building type 
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can be easily embedded into the model at the appropriate layer of NN. Moreover, for 

complex prediction tasks, like multiple energy types prediction, a single model saves 

model construction time (Y. Zhang and Yang 2018) compared with multiple 

independent models. There are ten energy types and 16 types of commercial buildings 

for the dataset in this thesis. The number of individual models would be 160. It would 

be even larger when considering the locations of different cities.  

At the same time, the patterns of occupant or meteorology information might not be 

easily extracted or obtained as the input features of the model (Zhao and Magoulès 

2012). A reasonable way to predict multiple energy types is to construct a single model 

where the dependent historical multiple energy types can be explored as additional 

information instead of multiple individual models. Seyedzadeh et al. conducted a 

comprehensive study to compare the most popular ML models for predicting simulated 

cooling and heating load (Seyedzadeh et al. 2019). The authors continued to propose 

specific parameter tuning, optimization, and input feature ranking methods for these 

ML models and addressed the energy retrofit problem (Seyedzadeh et al. 2020). These 

research work together to provide a valuable reference for ML model construction and 

parameter tuning. Therefore, a single model should be constructed to make predictions 

with shared representation in DL to generate enriched bond information within the 

different energy types.  

One mainstream addresses numerous building type problems by emphasizing the 

properties of the buildings. Chou and Bui constructed an ensembled model containing 

ANN and SVR to predict thermal load (Chou and Bui 2014). This model demonstrated 
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efficiency, effectiveness, and accuracy at the planning stage. Whereas every property 

of buildings containing wall area, height, compactness, etc., was used as input features 

in the model. The broad and gross selection of features made the model cumbersome 

and had few differences from the physical model. Robinson et al. (Robinson et al. 2017) 

further decreased the feature number to five and adopted a gradient boosting regression 

model to predict national data from the Commercial Buildings Energy Consumption 

Survey (Yalcintas and Ozturk 2007). However, the granularity of data is one year. 

Therefore, this treatment is profitable for energy suppliers but invalid for operation 

guidance on the demand side of buildings.  

The other branch investigates this task by categorizing building types. Culaba et al. 

developed a k-mean algorithm for the clustering building type and SVR for predicting 

30 mixed-used buildings (Culaba et al. 2020). The clustering combined with the 

predicting method can distinguish the consumption behavior of different building 

types. However, there is only gross energy consumption considered. Hawkins et al. 

categorized campus building types by classroom, lecture hall, sixth form college, and 

university (Hawkins et al. 2012). Activity-based benchmarks and building internal 

environment types were chosen as input features of the ANN model. The authors 

analyzed the importance of parameters in the ANN model and confronted a low 

statistical significance of these parameters due to the high degree of noise in training 

data. Nonetheless, the prediction results of their work indicated the potential of the NN-

based model for analyzing building energy even though significant improvement is 

needed for this model. In terms of the NN model, the feature of building type can be 

easily embedded into the model at the appropriate layer of NN.  
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1.3.2 System design optimization 

System design has always been widely investigated in engineering areas, such as 

topology generation, material design, 2D shape synthesis (Regenwetter, Nobari, and 

Ahmed 2022), and circuit synthesis (Guo, Herber, and Allison 2019). System design 

concerns two significant aspects called configuration variable and performance 

variable. For thermodynamic system design, system configuration contains information 

on specific components (like compressor, heat exchanger, turbine, and valve) and their 

connection. And the configuration of a thermodynamic system is a heterogeneous 

graph when considering the multiple types of components. The performance variables 

include capacity, pressure ratio, pinch point temperature, evaporating or condensing 

temperature, efficiency, and other factors influencing the system performance. A 

system must go through an iterative process between configurations and performance 

variables to obtain a satisfying design. An automatic way to generate this satisfying 

design is through an optimization process viewed in Figure 1-8.  

 

Figure 1-8. Overview of system design optimization 
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The system design, evaluation, and optimization are responsible for defining a system 

in an appropriate data structure, solving a system with interested metrics, and providing 

iteration direction for system design. The performance variables, like pressure ratio, 

efficiency, effectiveness, approach temperature, etc., is always continuous values in the 

thermodynamic system design area, whereas the configuration is unstructured data that 

a graph can represent. The optimization for system design becomes complex due to the 

mix of different types of variables. Since the configuration cannot be separated from 

the performance variables when conducting design optimization, researchers can 

optimize the performance variables for a specific configuration and then tune the 

configuration. This bi-level optimization process takes a long time to converge. 

Therefore, the conventional approach for thermodynamic design optimization is first 

selecting the candidate configurations based on the researchers’ expertise. And 

optimization is then conducted with a focus on performance variables. Therefore, 

design optimization that includes the configuration aspect for thermodynamic systems 

is still under investigation compared to other engineering design optimization, like 2D 

shape synthesis, circuit synthesis, and chemical processing. The following subsection 

summarizes the research works targeted at configuration optimization in the area of the 

thermal energy system. 

Overall, there are three approaches of configuration optimization for energy conversion 

systems.  The first approach is a task-oriented method. The objective of the 

optimization is to reach specific temperatures with minimum economic costs. Part of 

the system remains optimized in this genre, such as the heat exchanger network (HEN) 

(Yee and Grossmann 1990; Lazzaretto and Segato 2001). This method is always 
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adopted in chemical processing applications (Toimil and Gómez 20 7; Klemeš et al. 

2020). The flowsheet is sometimes rigid, and the whole network's functionality 

completes part of the entire process. In thermal engineering applications, the target is 

to obtain the optimum temperature distribution at a system level (Jiang et al. 2018) or 

a single heat exchanger level (Z. Li, Aute, and Ling 2019). Pinch point (Sanaye and 

Niroomand 2007) or discrete parameter (Z. Li, Aute, and Ling 2019) methods are 

applied to simulate the network. The complexity comes from the network structure, 

and the functionality of every vertex that represents the thermodynamic component is 

the same -- heat transfer. A homogeneous configuration is determined when each 

component has same properties (material, functionality, representation, etc.). Whereas 

a heterogeneous configuration is defined as those where two or more types of 

components exist in the system.  In other words, the targeted configuration is a 

homogeneous one for heat exchanger design. Therefore, it is not applicable for design 

optimization of the whole thermal energy conversion system, where heterogeneous 

configuration is required to represent the thermodynamic cycle. 

The second approach adopts superstructure, which first emerged in the process 

synthesis area with the concept of containing various advanced system configurations 

(Yeomans and Grossmann 1999). In other words, the optimization variables at the 

configuration level are on-off signals of the connecting tubes so that only part of the 

superstructure works. With this assumption, components used or not in the system can 

be described using binary variables. The problem can be attributed to the nonlinear 

component performance equations as mixed-integer nonlinear programming (MINLP) 

problems. A matrix table is used to represent candidate configurations. Grekas and 
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Frangopoulos adopted an automatic synthesis process for the energy system based on 

graph theory, and the superstructure of a combined cycle was examined the 

effectiveness of the approach (Grekas and Frangopoulos 2007). Elsido et al. proposed 

a superstructure-based Rankine cycle that allowed the whole system to perform a 

techno-economic optimization (Elsido, Mian, and Martelli 2017). Lee et al. designed a 

superstructure-based optimization study utilizing LNG cryogenic exergy (Lee et al. 

2017). This structure contains 1,024 possible process alternatives. The best process 

generates 40% more power than a simple organic Rankine cycle (ORC) system with a 

stochastic optimizer. Yu et al. proposed integrating ORC with HENs considering a 

superstructure with optional turbine bleeding and regeneration (H. Yu et al. 2017). The 

optimized system improves the best configuration design by 13%. Bao et al. conducted 

a simultaneous optimization among nine configurations for a three-stage condensation 

ORC system (Bao, Zhang, Lin, et al. 2018). Bao et al. proposed a simultaneous 

approach to achieve the optimal components and compositions of the zeotropic mixture 

at the same time (Bao, Zhang, Yuan, et al. 2018). The result shows the system with 

zeotropic mixture has better performance than that of systems with pure fluid. Cao et 

al. designed a superstructure based CCHP system for minimizing the operation cost 

under transient conditions (Cao, Hwang, and Radermacher 2017). Alvarado et al. 

simultaneously optimized the selection and operation of technologies for distributed 

energy systems in buildings (Cedillos Alvarado et al. 2016). It allowed decision-makers 

to select optimal technology from a limited portfolio of different technologies and 

defined an operational schedule that minimized the whole life costing and carbon 

emission. However, all the superstructure-based approaches are predefined based on 
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researchers' expertise, which might exclude the optimum configuration initially. 

Moreover, the problem scales up with a large number of candidates, making solving a 

mixed-integer nonlinear optimization problem time-consuming. 

In the last approach, the heuristic search or superstructure-free method depends on less 

experience to generate new configurations. This method differs from the superstructure 

method for generating new configurations by a deterministic algorithm. General rules 

are implemented for generating a new possible configuration (e.g., it must consist of a 

specific component or circle). Therefore, the method is stochastic instead of 

deterministic. However, instead of a mathematical programming approach to discover 

configurations from the integrated search space, an heuristic or metaheuristic algorithm 

is adopted to generate candidate configurations, then evaluated by an optimization 

algorithm. Wright and Zhang designed a genetic algorithm to optimize the 

configuration of the HVAC system (J. Wright et al. 2008) and validated this approach 

through experiments (J. Wright and Zhang 2008). The algorithm had an 81% 

probability of finding a feasible system design when the component set was fixed as a 

boundary condition on the search. However, the core part is designing a homogeneous 

graph representing a ventilation network like HEN mentioned before. Only flow rate 

and energy mix or split are needed to be considered, which is insufficient for whole 

system optimization. Similarly, Zhang et al. adopted an artificial bee colony algorithm 

for HVAC optimization problems and validated it with two HVAC example problems 

(Xin Zhang, Fong, and Yuen 2013). Voll et al. proposed a superstructure-free 

framework for a distributed energy supply system by evolutionary algorithms (EA) 

(Voll 2014). Subsystems were hierarchized and categorized based on functionality, and 
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specific rules were designed to implement EA mutation. The hierarchy-supported 

approach can automatically identify complex solutions such as cogeneration and 

trigeneration. Wang et al. further developed this approach by combing an energy 

conversion hierarchy, which allows for generic replacement rules (L. Wang et al. 

2014). Toffolo upgraded from HEATSEP and developed a superstructure-free 

codification of the Rankine cycle (Andrea Toffolo 2014). This codification assumed 

that all sub-cycles in configurations are constructed from a four-component primary 

ORC system. From this assumption and cascade mechanism, the newly generated 

configuration never violates the connection constraint as well as the thermodynamic 

constraint without a priori specification. The authors (A. Toffolo, Rech, and Lazzaretto 

2018) further applied this method for a two-pressure level Rankine cycle optimization 

and validated the effectiveness of this approach by different working fluids and 

temperatures of the heat source. However, the basic cycle only considered a four-

component structure, which limited the configuration potential. For instance, the 

method would be powerless if a heat exchanger, compressor, or turbine is connected 

continuously in a basic cycle. It is noteworthy that the optimization work in this 

category heavily relies on experience or expertise since generating possible 

configurations obeys the rule settled by researchers. Therefore, an approach that 

depends on less expertise is needed to optimize configuration of thermal energy system.  

1.3.3 System operation optimization 

The load-following methods are the most straightforward strategy for operating a 

CCHP system, as illustrated in Figure 1-9. The performance of PM is shown by the 

solid line, which represents the relationship between generated electricity and 
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recoverable heat from the exhaust of PM (P.J. Mago and Chamra 2009). Any point A 

or B represents the energy demand at any time. The cooling load is also transferred to 

the heating load through thermally activated technologies such as ABC. Let’s take 

point A as an example. Regulating PM to point A′ means that the system operates under 

the following thermal load (FTL), while point A″ means the following electricity load 

(FEL). It is the same for point B. Overall, the load-following method matches the 

energy demand and supply strategy. It is observed that energy would be wasted no 

matter which load-following method is used. Thus, some variants from the basic load-

following method like the hybrid method (P.J. Mago, Chamra, and Ramsay 2010; Fang, 

Wang, and Shi 2012; Pedro J. Mago and Hueffed 2010) and the following minimum 

distance method (C. Y. Zheng, Wu, and Zhai 2014) are used to reduce energy wasted. 

Afzali and Mahalec (Afzali and Mahalec 2018) developed a novel performance curve 

for determining the optimal control strategy for a CCHP system based on the load-

following method. Energy price, fuel consumption, and CO2 emission rates were all 

considered in the novel curve. The case study shows that this methodology leads to the 

best operation result compared to other load-following strategies based on 3E 

objectives. However, the load-following method and its variants are predefined and not 

optimal operation strategies. They can be only used for capacity optimization from the 

design point of view. In addition, subsystems are oversimplified sometimes, and 

storage is never investigated in this method. Therefore, it is mainly suitable for simple 

systems and static optimization models. 
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Figure 1-9. Load-following method 

The storage subsystem effectively mitigates fluctuation in energy demands and peak 

shaving characteristics of CCHP systems. Wang and Ma (S. Wang and Ma 2008) stated 

that the optimization related to storage subsystems was a dynamic optimization. A 

trajectory of decisions should be determined in the optimization process rather than a 

single-point optimization. In other words, the optimization with storage requires 

significantly increased computation resources compared with a system without a 

storage subsystem.  

Zheng et al. considered heating and cooling storage subsystems and built a mixed-

integer nonlinear programming (MINLP) model in GAMS to deal with the dynamic 

optimization problem (X. Zheng et al. 2018). The author solved the optimal size and 

operation strategy through the Lindo optimizer targeting minimum cost and CO2 

emissions. Zheng et al. proposed a novel operation strategy for the thermal storage 
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strategy in a CCHP system (C. Y. Zheng et al. 2017). This strategy determined the 

operational state of the power generation unit based on the energy demand and the state 

of the storage subsystem. This method was a complex variant of the following demand 

method by counting the storage energy into the PM. The simulation results show that 

charging or discharging as much as possible stored thermal energy would improve 

system performance by up to 20% as compared with the system without thermal 

storage. Hajabdollahi compared four different storage subsystem configurations when 

optimizing the capacity and operation strategies of a CCHP system (Hajabdollahi 

2015). The optimal case shows that the total annual profit would increase most for 

adopting cooling and heating storage devices. Gu et al. investigated the storage 

subsystem in the system optimization with load uncertainty (Gu et al. 2015). The 

authors found the storage subsystem acted better under more considerable uncertainty 

of thermal demand. In addition to the traditional sensible thermal storage subsystem 

(Liu et al. 2015), some new storage technologies such as phase change material and 

compressed air have been applied to the CCHP. Jabari et al. used MINLP to optimize 

the energy and exergy efficiency of an adiabatically compressed air energy storage-

based CCHP system (Jabari, Nojavan, and Mohammadi Ivatloo 2016). They resulted 

in 21.8% and 22.4% lower operational costs under cooling and heating modes. Latent 

heat storage is another choice. Ruan et al. adopted an ice storage subsystem in building 

a CCHP system. The system had similar energy efficiency but lower operation cost by 

using a simple linear programming optimization model (Ruan et al. 2016).  

The system operated under real-time data should consider discrepancies between 

practical and predicted demands. However, the above operation methods are based on 
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predicted or default energy demand, energy resources, and cost incentives. Therefore, 

they cannot identify optimal real-time management with uncertain conditions. More 

specifically, uncertainty from energy demand prediction, energy market price, and 

activity schedule should be considered. Stochastic solutions are usually preferred over 

deterministic solutions since the former provides a reliable operation strategy in real-

world applications (C. Marino et al. 2018).  

Farmani formulated a deterministic and stochastic operation optimization problem 

(Farmani et al. 2018). The Monte Carlo method was used to produce many scenarios 

to simulate uncertainties, including weather conditions and forecast prices. Results 

show that the proposed smart operation strategy could significantly reduce the 

operating cost by considering the correlation between historical data. However, energy 

storage is not used in the CCHP system, which dilutes the effectiveness of this 

approach. Zhou et al. investigated the robust operation optimization strategy for an 

integrated community energy system through the mixed-integer linear programming 

(MILP) model (Zhou et al. 2018). The uncertainty of renewable energy, including wind 

and solar, and the uncertainty of the price market were considered in the robust 

optimization. The confidence intervals of uncertain parameters were predicted via the 

Gaussian process method. Marino et al. investigated the CCHP system operation 

strategy under the uncertainty of electricity (C. Marino et al. 2018). The uncertain 

demand was assumed to follow a normal distribution. Two-stage optimization was 

implemented, in which the uncertainty occurred in the second stage. A hybrid sample 

average approximation algorithm was used with an enhanced benders decomposition 

algorithm. Ji et al. applied a fuzzy-risk-explicit interval parameter programming 
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method to solve the system operation problem under random energy price (Ji et al. 

2018). The method can be expanded to tackle fuzzy and interval uncertainties in terms 

of various cost coefficients, forecasted demands, decision makers' risk attitudes, and 

other microgrid system management uncertainties. Kuang et al. implemented a 

stochastic dynamic solution to investigate the performance of a CCHP system with 

storage with uncertain renewable resources and demands (Kuang, Zhang, and Sun 

2019). The results indicate that the CCHP system with random demands and renewable 

energy shows operation cost reduction by 1.66% compared with the deterministic 

optimization. 

Most of these research works evaluated energy demands, energy resources, and cost 

incentives independently. The uncertainties are extracted in the form of confident 

intervals. However, multiple energy types in buildings are interdependent. And there is 

a lack of investigations on uncertainties of all kinds of demands. Moreover, the 

computational cost of implementing stochastic dynamic programming increases 

exponentially with the numbers of storage and discretization. Therefore, it is necessary 

to implement an efficient and effective approach for investigating the uncertainties by 

considering all types of energy demands and multiple energy storages. 

1.4 Review summary and gaps 

Compared with a single energy type on one type of building, there is insufficient 

research for predicting multiple energy types on an hourly basis for multiple types of 

buildings in a single ML model (Amasyali and El-Gohary 2018; Zhao and Magoulès 

2012; Sun, Haghighat, and Fung 2020). All prediction models are built specifically for 
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one kind of building or long-term energy consumption, which might not provide 

operational guidance for buildings or clusters. Second, few efforts have been devoted 

to multiple energy types predicting, needless to say, the model performance for 

multiple energy types and multiple types of buildings. Table 1-1 lists the major research 

works that implemented DL for building energy forecast. These research works focused 

on electricity or cooling demand forecast for only one types of buildings. Even though 

an independent model can be built by traditional ML for energy consumption from 

different sectors and then combine these models to predict multiple energy types, it 

would be cumbersome and lose interrelationship among different energy types. 

Meanwhile, sparsity characteristics in the dimension of the building type would be 

troublesome when feeding into traditional ML models.  

Table 1-1. Major research works by applying DL for building energy forecast 

Authors Granularity  nput feature  utput 
Dataset 

scale* 
Model 

Kim, 20 9   minute electricity  electricity 2 m 
CNN 

LSTM 

Marino, 

20 6 
  minute electricity electricity 2 m LSTM 

Herrero, 

20 7 
  minute cooling cooling 0. 5 m LSTM 

Rahman, 

20 8 
  hour electricity electricity 0.  m LSTM 

Cai, 20 9   hour electricity electricity 24 k CNN 

Wang, 20 9  5 minutes electricity electricity 46k LSTM 

Wen, 2020   hour electricity electricity  0 k GRU 

This thesis 1 hour 

electricity, 

cooling, 

heating, 

building type 

electricity, 

cooling, 

heating 

  0 m 
CNN 

LSTM 

* The dataset is in million (m) or thousand (k) scale. 
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The design optimization concerns two aspects, including configuration specification 

and performance variables design. The configuration design aspect required more 

investigation compared with the performance variables design aspect. The new 

configuration generating process can be categorized into three approaches by the 

prerequisite knowledge for developing candidate configurations, as shown in Table 

1-2. The configuration variables for task-oriented and superstructure methods are 

discrete and explicitly expressed in the optimization function. Therefore, mathematic 

optimization-based nonlinear solvers can be used to tackle design problem in these two 

approaches. However, it might take longer to find an optimum and might screen out 

the optimum configuration at the beginning. On the other hand, the configuration 

variables are implicitly programmed in the configuration generation process for the 

heuristic/metaheuristic-based method. Therefore, the optimization algorithm does not 

need to deal with discrete variables but focuses more on designing the configuration 

generation process.  

Table 1-2. Four approaches for configuration optimization of energy systems 

Authors Approach 

Prerequisite knowledge 

Variable type Model Graph 

theory 
Thermodynamics 

Wright, 

2008  
Task oriented Yes Expertise  

Continuous and 

explicit discrete 
M NLP 

Elsido, 

20 7 
Superstructure No 

Expertise,  

integrated cycles 

Continuous and 

explicit discrete 
M NLP 

Toffolo, 

20 4  
Heuristic No 

Expertise,  

basic cycle 

Continuous and 

implicit discrete 
NLP 

This 

thesis 
Metaheuristic Yes  st and 2nd laws 

Continuous and 

implicit discrete 
NLP 

Table 1-3 lists major operation optimization works for CCHP systems. Load-following 

and predefined methods are the basic operation strategies. They cannot guarantee an 
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optimum operation even though they are widely used for CCHP system operation due 

to their ease of implementation. Dynamic optimization is another feature of CCHP 

operation optimization with a storage subsystem. Besides, the mismatch between 

prediction and actual need must be considered for optimum operation. When studying 

operation optimization, uncertain energy demands should be evaluated. However, 

research work seldom considered any of these uncertainty factors.  

Table 1-3. Major operation optimization works for CCHP systems 

Authors Storage Uncertainty Method  bjective Model 

Mago, 

2009 
No No Load following Cost LP 

Wang, 

20 0 
No No Load following 

Cost, 

Emission, 

Efficiency 

LP 

Caliano, 

20 7 
Yes No 

Predefined 

strategy 
Cost LP 

Zheng, 

20 4 
Yes No 

Minimum 

distance 
Cost LP 

Cho, 

20 0 
Yes No Energy dispatch 

Cost, 

Emission, 

Efficiency 

NLP 

Hu, 20 4 No Yes 
Probability 

constrained 

Cost, 

Emission, 

Efficiency 

LP 

Hans, 

20 5 
Yes Yes 

Model predictive 

control 
Cost M P 

Kang, 

20 8 
No Yes 

Robust 

optimization 

Life cycle 

performance 
NLP 

Aghdam, 

2020 
Yes Yes 

Chance 

constrained 
Emission LP 

This 

thesis 
Yes Yes 

Stochastic 

dynamic 

programming 

Cost M LP 

Based on the summary of literature review, the main gaps are summarized as follows: 
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• Successfully integrating a versatile ML model at the demand planning stage can 

alleviate the dependence on expertise and accelerate the implementation 

process of CCHP. This multiple energy types of prediction on multiple 

buildings by DL in this thesis would fill the gap of detailed guidance for the 

energy supply system of buildings. 

• It is necessary to develop an optimization framework to consolidate the two 

elements, including configuration and performance variables, to yield a more 

automatic design process. This thesis uses least rules to generate system 

configuration and implement a metaheuristic approach to optimize system 

thermal efficiency. 

• There is a need to thoroughly study the optimum operation of CCHP systems 

with uncertainties, from uncertain demands sampling to efficient operation 

strategy. 

1.5 Research scope 

The overall objective of this thesis is to implement CCHP system to further improve 

the energy efficiency and operational cost for commercial buildings. To efficiently and 

effectively implement a CCHP system with 3E targets, multiple automation-oriented 

approaches, including ML and optimization, are utilized to accelerate decision-making 

at different stages. Specifically, 1) at demand planning stage in Chapter 2, a versatile 

DL model was built to investigate the performance of detailed energy consumption on 

a large scale of buildings simultaneously; 2) at design optimization stage in Chapter 3, 

this thesis developed a graphic and thermodynamic knowledge-based design 
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optimization framework is to optimize the configuration of power systems; 3) at 

operation stage in Chapter 4, this thesis proposed operation optimization approach for 

CCHP systems with considering uncertainty from multiple energy demands.  
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2 Energy Demand Planning  

Different ML models for building energy consumption, focusing on DL and traditional 

ML, are summarized in the review section. As energy consumptions associated with 

different sectors of buildings are satisfied by different energy conversion systems, such 

as distributed energy systems or combined systems (Gao, Hwang, and Cao 2019), 

accurately characterizing and forecasting multiple energy types of buildings are crucial 

and essential in optimally sizing and operating such systems (Rathor and Saxena 2020). 

The more detailed information obtained from different building sectors, the more 

energy conversion systems would gain by preparation. In other words, every section in 

the buildings has a specific objective to achieve rather than targeting a gross number 

that sums up all energy demands. Therefore, this multiple energy prediction is 

beneficial for the detailed and precise management of buildings. Meanwhile, single 

building design and planning are insufficient (Bourdeau et al. 2019). Overall, creating 

a model to predict a cluster of buildings with multiple energy types is meaningful.  

In this thesis, DL models are proposed to investigate the performance of multiple 

energy types on multiple building types simultaneously. The DL models are trained 

and tested on a large scale of datasets simulated by EnergyPlus over 16 DOE building 

types in 936 cities in the US. And each dataset contains ten types of energy with hourly 

consumption in a typical year. 

2.1 Original data analysis and visualization 

To investigate the performance of the DL model on multiple energy types for multiple 

building types. The dataset should vary in both dimensions of energy type and building 
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type. The dataset used for making large-scale predictions comes from Open Energy 

Information Database (OpenEI) (OpenEI 2020). In this dataset, 16 different types of 

commercial buildings were simulated in 936 cities in the United States through 

EnergyPlus. Figure 2-1 shows the distribution of selected cities on the map. Therefore, 

there is a total of 14,976 building files. The building geometry was based on DOE 

building archetypes, and the building location and thermal settings can be found in 

reference (Hendron and Engebrecht 2010). The granularity is one hour for each energy 

consumption with a total length of a whole year period (8,760 hours). In detail, the 

simulated energy consumption includes total gas, total electricity, and other sectional 

energy consumption. The total data points are around 130 million considering 8,760 

hours in each building files. 

Table 2-1. Prediction tasks 

Total energy Sectional electricity Sectional gas  

Electricity, 

Gas 

Fan, Electric cooling, Electric heating, 

interior light, other interior equipment 

Gas heating, water 

heater, other interior 

equipment 

The sectional consumption includes eight energy demands, such as fan, light, cooling, 

heating, water heater, and other interior equipment, shown in Table 2-1. These ten types 

of energy consumption are the target values of our multiple energy prediction tasks. In 

addition, the corresponding weather datasets for each location are fetched from the 

TMY3 dataset (Wilcox and Marion 2008). 
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Figure 2-1. Distribution of selected cities in the US 

As mentioned earlier, different building types involve a various range of energy 

consumption and distinctive energy demand attributes. The original 130 million data 

points were grouped by building and energy types. To better view and compare the 

influence of building types on total energy consumption and consumption from 

different sectors, these 16 types of buildings were categorized into three groups based 

on the maximum consumption levels shown in Table 2-2. Given this category, Figure 

2-2 plots the energy consumption distributions of different building types and various 

prediction tasks statistically. Besides the diversity of energy consumption from 

different building types, it is easy to observe that gas and electricity consumption 

distributions are quite different. The total gas consumption has a broader range and 

higher variance. There are more outliers (colored star marks above maximum value 

represented by horizontal line) for gas-related consumption than electricity. Moreover, 

some of the sectional consumptions remain almost zero, such as 1) gas consumption of 

interior equipment and water heater in all building types except full restaurants, 

apartments, quick restaurants, small and large hotels, and 2) electricity consumption of 
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heaters in full restaurants, quick restaurant, and small office. These inconsistent and 

non-equivalent characteristics in different building types and different sectional 

consumptions make accurately predicting multiple energy types hard. 

Table 2-2. Building category 

Group number I II III 

Total gas consumption 

range x [kWh] 

Total electricity 

consumption range y 

[kWh] 

x<200 or 

y<100 

200<x<1000 

and 

100<y<500 

1000<x and 

500<y 

Building type 

Full restaurant 

Apartment 

Quick 

restaurant 

Small hotel 

Small office 

Middle office 

Outpatient 

Retail store 

Strip Mall 

Warehouse 

Hospital 

Large hotel 

Large office 

Primary school 

Secondary school 

Supermarket 
 

As the cornerstone of the DL-based method, historical consumption data plays a vital 

role in constructing the model and how well the model would perform. As a result, 

feature selection on the input side should be made carefully. As summarized in (Sun, 

Haghighat, and Fung 2020), the input feature includes meteorological information, 

historical energy consumption data, time index, and building category in Table 2-3. 

Primarily, determined and predictable information is used as the input feature. In this 

study, the selected features for the DL models include meteorology information, 

historical consumption, and timestamps, such as months, dates, and hours. Specifically, 

meteorology information includes solar radiation in both normal and horizontal 

directions, cloud coverage and opacity, temperature, humidity, pressure, and wind. 

Overall, together with building type, 22 features were used as the input of the DL 

models. A correlation analysis is conducted within all features except timestamps to 

investigate the relationship between these features. The meteorology and energy 
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consumption information was extracted from a small hotel in Baltimore, Maryland, in 

the U.S. Figure 2-3 shows the covariance of different features. It is seen that the same 

type of energy (gas or electricity) has a strong relationship with each other. Some gas 

or electricity consumption has a more significant covariance than the influence of 

meteorology. A fixed time step of 24 hours was used to compare these two DL models, 

and this parameter varied from 12 to 48 hours in the parametric study Section 2.7. 

 

 

Figure 2-2. Energy consumption distribution for different buildings in Baltimore 

Washington Airport 
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Table 2-3.Model input data category 

Meteorological information Historical data  Time 

index 

Building 

category 

Dry bulb temperature 

Dew point temperature 

Station pressure 

Wind speed 

Extraterrestrial radiation on a 

horizontal surface (ETR) 

Extraterrestrial radiation 

normal to the sun (ETRN) 

Total sky cover (Tot Cld) 

Total electricity 

Electricity for fan 

Electricity for cooling demand 

Electricity for heating demand 

Electricity for lighting 

Electricity for auxiliary 

equipment 

Total gas 

Gas for heating  

Gas for auxiliary equipment 

Month 

Date 

Hour 

One-hot 

codify from 

1 to 16 

 

 

Figure 2-3. Correlation between different features and sectional consumption  

Two questions should be answered before training the DL models for these multiple 

tasks. First, how to split the dataset into a training set and a testing set? In this study, 

to improve the robustness of the model for multiple tasks prediction on different 

building types, the split happens within the cities and building types rather than the 
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hours within a year. In other words, if one type of building in some city is randomly 

chosen to be a portion of the training set, the whole year (8760 hours) data of this 

building, including all sectional consumptions, will all be only used for model training 

(testing). Therefore, every piece of data from this building, including the information 

about the building itself, will never leak into the testing (training) set. Figure 2-4 shows 

detailed steps of the dataset split. The building type is encoded by one-hot technique. 

The training dataset is first sampled based on input steps and batch size. Then shuffling 

the sample order of feed-in to increase the robustness of the models further, but it 

should be acknowledged that the temporal order in each training sample is maintained. 

Second, should future meteorology information be used for input of training and 

testing?  

Start

Numbering data 

files (total 936*16)

Randomly 

permutation

Sequence rank

Pick top 75% as 

training set

Pick bottom 25% as 

testing set

Markdown

building type

Training

DL models

Final model

Dataset shuffle on 

hour granularity

End
 

Figure 2-4. Dataset split upon training and testing 
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As shown in Figure 2-3, energy consumption is strongly related to meteorology 

information. It is reasonable to include future information as input for real-time cases 

since future meteorology information is predicted rather than real-time information. 

However, for simulated energy consumption data, the future meteorology information 

is the ground truth reference for future consumption. Therefore, to eliminate 

information leakage and avoid fitting the simulation tool, future meteorology 

information will never be used as an input feature in our model. Figure 2-5 shows the 

final data structure in spatial, temporal, and feature dimensions. 

 

Figure 2-5. Feed-in data structure  

2.2 ML models 

There are over millions of data points, as mentioned earlier. It will take longer to train 

and optimize a none-DL model over this million-scale level dataset. Therefore, a small 

subset of data (10%) was used to train, test, and tune the none-DL models. The best 

models were selected from these models. Then the best none-DL models were 

compared with the two proposed DL models in terms of accuracy. The selected none-
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DL models include Random Forest (RF), Support Vector Regression (SVR), Gaussian 

Process Regression (GPR), Extreme Gradient Boost (XGBoost), and artificial neural 

network (ANN). And the optimized parameters range of grid search is listed in Table 

2-4. 

Decision trees are a popular method for various machine learning tasks. In particular, 

trees that are grown very deep tend to learn highly irregular patterns. Random forests 

are a way of averaging multiple deep decision trees, trained on different parts of the 

same training set, with the goal of reducing the variance (Hastie, Tibshirani, and 

Friedman 2009). The training algorithm for random forests applies the general 

technique of bootstrap aggregating, or bagging, to tree learners (James et al. 2013).  

Support vector machine (SVM) is proposed for classification, and SVR (support vector 

regression) is a regression model based on SVM (Gunn 1998). The purpose of this 

method is to obtain an optimal hyperplane and the optimization goal is to minimize the 

farthest "distance" from the sample point to the hyperplane. 

Gaussian Process Regression (GPR) is a machine learning method developed based on 

Bayesian theory and statistical learning theory (Hensman, Matthews, and Ghahramani 

2014). GPR does not require an explicit form of objective function because the 

posterior distribution of the objective function can be automatically learned by fitting 

training data after assuming it follows a Gaussian process of a specified mean function 

and covariance function. The non-parametric model assumptions include noise 

(regression residuals) and Gaussian process prior, and the solution is based on Bayesian 

inference. 
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K-nearest neighbor (KNN) algorithm is one of the most basic methods in the data-

mining field (J.-J. Wang et al. 2008). The core idea of the KNN algorithm for regression 

is that the value of a sample is only related to the k most adjacent samples in the feature 

space. The main point of obtaining a reasonable KNN regression model is to choose 

the appropriate distance measurement method, K value and classification decision 

rules. 

Extreme Gradient Boosting (XGBoost) is an ensemble learning technique which can 

combine multiple prediction models in a systematic way to improve their performance 

(Chen and Guestrin 2016). It adds multiple predictors sequentially which is different to 

random forest. The new model can be constructed by paying attention to the prediction 

error (the deviation between the true label and the prediction label) of a trained model. 

By trying to correct the prediction error of the previous model, XGBoost can improve 

its accuracy. 

Table 2-4. None-DL models and parameters for grid search 

Model Grid search parameter 

RF 
Max depth: [5, 10, 15]; min samples leaf: [1, 2, 4]; 

min samples split: [1, 2, 4]; estimators: [80, 90, 100] 

SVR 
epsilon: [0.001, 0.005, 0.01, 0.1]; C: [0.1, 1, 5, 10] 

gamma: [0.0005, 0.001, 0.005, 0.01, 0.05]; max iteration =1000 

GPR 
alpha: [0.01, 0.02, 0.04, 0.06, 0.08, 0.1, 0.12, 0.14, 0.16] 

kernel: [RBF(0.01), RBF(0.1), RBF(1.0), RBF(10.)] 

KNN N neighbors: [2, 4, 6, 8, 10, 12, 14, 16, 18, 20] 

XGBoost 

n estimators: [80, 90, 100, 120]; min child weight: [0.5, 1, 2, 4] 

max depth: [1, 2, 3, 4]; gamma: [0.2, 0.5, 1, 1.5, 2]; 

subsample: [0.4, 0.6, 0.8, 1.0] 

ANN 
batch size =512; hidden size: [(25,), (50,), (100,)] 

solver: ['sgd', 'adam']; alpha: [0.0001, 0.005, 0.01] 
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The mathematical formulation of these two DL models was first formalized as follows. 

The mapping input refers to the parameters that affect energy consumption in the 

historical period (including multiple energy types). The output is the energy 

consumption that needs to be predicted for a while. The energy consumption prediction 

mapping can be defined as: 

 
𝑬̂≻𝑇 = ℱ(𝜴,𝑿≺𝑇; 𝜣) 2-1 

where 𝜴 is the set of building features, specifically building type in our study, 𝑿≺𝑻 is 

the measurable physical information, such as meteorology information, before time T; 

𝑬̂≻𝑻 is the output energy to be predicted at time T, and 𝜣 is the learnable parameters of 

the model. The nonlinear mapping 𝓕(·; 𝜣)  can be obtained by minimizing the 

expectation of empirical loss function in the definition domain of the collected dataset 

𝓓. The training process is formalized as: 

 
{

𝜣 = 𝑎𝑟𝑔𝑚𝑖𝑛
𝜣

{𝔼{𝜴,𝑿≺𝑇,𝑬≻𝑇}∼𝒟(ℒ)}

ℒ(𝑬≻𝑇 , 𝑬̂≻𝑇 ; 𝜣) = ‖𝑬≻𝑇 −𝓕(𝜴,𝑿≺𝑇 ; 𝜣)‖
2
 2-2 

where 𝔼 is the mathematical expectation; {𝜴, 𝑿≺𝑇 , 𝑬≻𝑇} ∼ 𝒟 indicates data samples 

from the buildings; ℒ is an empirical loss function, generally expressed as the 

difference between the real energy  𝜠≻𝑇 and the prediction results 𝑬̂≻𝑇.  

Only the energy prediction for the next time step (t is the time step index after 

discretization) is considered. Therefore, the output time step is to be 1. The model can 

then be written as Equation 2-3 ~ Equation 2-5, where Nt, Nc, and NE are the input time-

steps, the number of input features, and the output features, respectively. 

 
𝑬̂𝑡+1 = 𝓕(𝜴,𝑿𝑡−𝑁𝑡+1≺𝑡; 𝜣) 2-3 
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𝑿𝑡−𝑁𝑡+1≺𝑡 = [𝑋𝑗,𝑘],1 ≤ 𝑗 ≤ 𝑁𝑡, 1 ≤ 𝑘 ≤ 𝑁𝑐 ; 𝑗 , 𝑘 ∈ ℕ 2-4 

 
𝑬̂𝑡+1 = [𝐸𝑗]

𝑇 , 1 ≤ 𝑗 ≤ 𝑁𝐸 ; 𝑗 ∈ ℕ 2-5 

In the following description, the detailed structures of two deep learning models are 

shown first, and then all mathematical operators applied in LSTM and CNN are 

defined. The network training strategy is presented finally. 

2.3.1 Convolution neural network 

In general, a CNN model is built upon the NN architecture and consists of convolution, 

down-sampling, and full connection layers. Shifting to the multiple energy types 

prediction on multiple types of buildings, similar to the image recognition task that 

treats red, green and blue layers as input channels, all sectional consumptions are 

treated as the input channels. The simplified CNN structure is depicted in Figure 2-6. 

A convolutional layer is a basic operation in a convolutional neural network. It obtains 

the local information of the image by a convolution kernel of a specific size acting on 

the part of the image area. Local connection and weight sharing are two essential 

features of convolutional neural networks. A 2-D kernel is in general used for image 

process. It strides in two directions to calculate the convolutional output. Therefore, it 

can extract the spatial information of the input signal. The energy consumption only 

expands in time direction. Then, unlike the traditional 2-D convolution, this study uses 

1-D convolution, and the convolution kernel moves in a single direction in the time 

series data. 
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Figure 2-6. CNN structure for multiple energy types prediction on multiple types of 

buildings  

Before making a detailed description, some remarks are needed for the tensors (multi-

dimension vectors) that flowed in CNN. Let 𝑿𝐿𝑖,𝐶𝑖
𝑖  denote the output tensor of i-th layer 

in the network. It can also be viewed as a 2-D matrix with the size of Li ×Ci. The 

superscript Li is the length of the output tensor, and Ci is the number of channels for 

layer i-th. Especially when the subscript i=0 means the input end tensor, L0=Nt, and 

C0=Nc. 

 𝑿𝐿𝑖+1,𝐶𝑖+1
𝑖+1 = 𝑾𝐾𝑖,𝐶𝑖+1

𝑖 ∗ 𝑿𝐿𝑖,𝐶𝑖
𝑖 + 𝒃𝐿𝑖+1,𝐶𝑖+1

𝑖  2-6 

where 𝑿𝐿𝑖,𝐶𝑖
𝑖  represents the input features of i-th layer, that is the output features of the 

previous layer; 𝑾𝐾𝑖,𝐶𝑖+1
𝑖 is referred to as the convolution kernel weight. It should be 

indicated that ∗ is a 1-D convolutional operation defined as follows. 

 
[𝑾𝐾𝑖,𝐶𝑖+1

𝑖 ∗ 𝑿𝐿𝑖,𝐶𝑖
𝑖 ]

𝑗,𝑘
=∑∑𝑋𝛿𝑗+𝑝−1,𝑞

𝑖 𝑊𝑝,𝑞,𝑘
𝑖

𝜅

𝑝=1

𝐶𝑖

𝑞=1

, 1 ≤ 𝑗 ≤ 𝐿𝑖+1, 1 ≤ 𝑘

≤ 𝐶𝑖+1 

2-7 
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where Ci+1 is the output channel. 𝒃𝐿𝑖+1,𝐶𝑖+1
𝑖

 is the corresponding bias of the layer. Li+1 

is the output length, which can be calculated by [
𝐿𝑖−𝜅+2𝜌

𝛿
] + 1. Here, κ, δ and ρ denote 

convolutional filters' kernel size, stride size, and padding size. 

A simple elementwise operation 𝜎(∙)  called activation function is applied to all 

components of the output tensor. In addition, to solve the problem of vanishing gradient 

in deep neural networks, the leaky rectified linear unit (leakyReLU) is commonly used 

as an activation function instead of a sigmoid function, which can be written as 

 
𝐿𝑒𝑎𝑘𝑦𝑅𝐸𝐿𝑈: 𝜎(𝑥) = {

𝑥,     𝑥 ≥  
 . 1𝑥,   𝑥 ≤  

 
2-8 

Upon the pooling layer, a down-sampling layer is employed to compress redundant 

features of convolutional layers, thereby reducing the situation of overfitting. The 1-D 

max pooling operation is used to divide the features of each channel into some non-

overlapping segments and returns the maximum value. The component of max-pooling 

on features 𝑿𝐿𝑖+1,𝐶𝑖+1
𝑖+1  can be expressed by 

 𝑋𝑗,𝑘
𝑖+1 = 𝑚𝑎𝑥{𝑋𝑞,𝑘

𝑖 |𝛿(𝑗 − 1) < 𝑞 ≤ 𝛿𝑗} , 1 ≤ 𝑗 ≤ 𝐿𝑖+1, 1 ≤ 𝑘 ≤ 𝐶𝑖+1 2-9 

where 𝛿 is the length of the non-overlapping segment and the output length Li+1 can be 

calculated by 𝐿𝑖/𝛿 . After these operations of several convolutional blocks, the high-

level features with a shorter length and more channels are extracted layer by layer. At 

last, pooling layer, the multi-dimensional tensor should be flattened to a 1-D vector 

𝑿𝑁𝐿, where NL is the layer index of the last pooling layer and then concatenated with 

the building features 𝒚. This operation would strongly affect building types on the 

multiple energy types prediction. 
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𝑥𝑝⋅𝐿𝑛+𝑞+
𝑁𝐿 = {[𝑋𝑞,𝑝

𝑁𝐿 , 𝒚]| < 𝑞 ≤ 𝐿𝑁𝐿 ,  ≤ 𝑝 < 𝐶𝑁𝐿}  2-10 

Where y is the dummy variable encoded as: 

 
𝑦𝑖 = 1M(𝑢𝑖) = {

1,     𝑤ℎ𝑒𝑛 𝑢𝑖 ∈ 𝜴
 ,     𝑤ℎ𝑒𝑛 𝑢𝑖 ∉  𝜴

  2-11 

As for fully connected layers, the full connection mainly refits the features to reduce 

the loss of feature information, and the calculation method is the same as Equation 2-7. 

Two layers are applied in this architecture. The first layer with a nonlinear activation 

function is to reorganize the extracted features from the convolutions, and the second 

layer without an activation function is prepared to output the final target result. 

 
𝑬̂𝑡+1 = 𝑾  ⋅ 𝐿𝑒𝑎𝑘𝑦𝑅𝑒𝐿𝑈(𝑾𝐼 ⋅ 𝑿

𝑁𝐿 + 𝒃𝐼) + 𝒃II  2-12 

Therefore, the learnable parameters in the RNN model can be collected as: 

 𝜣 = {𝑾𝑖, 𝒃𝑖,𝑾𝐼 , 𝒃𝐼 ,𝑾  , 𝒃  |𝑖 =  ,⋯ ,𝑁𝐿}  2-13 

2.3.2 Long short-term memory 

Long short-term memory (LSTM) is built based on recurrent neural network (RNN) 

architecture, whose layer deepens along with the time direction shown in Figure 2-7. It 

is thus suitable for dealing with temporal-dependent tasks. The original input 

information from the current layer, together with hidden information from the previous 

layer, is used for the input of the current layer. In detail, LSTM constructs mechanisms 

such as memory cell c, input gate i, forget gate f, and output gate o. The combination 

of these gates and memory units dramatically improves the ability of the neural network 

to process long time series data. The structure between them is shown in Figure 2-8. 

Let 𝑿𝑡
𝑙  denote the input vectors of the network 𝑿𝑡−𝑁𝑡+1≺𝑡

𝑙  at time step t in layer l. Then 

the calculation formula for each memory cell is expressed as follows: 
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Figure 2-7. An unfold two-layer RNN structure 

 

Figure 2-8. LSTM structure 

 

{
  
 

  
 
𝒊𝑡
𝑙 = sigmoid(𝑾𝑋𝑖

𝑙 𝑿𝑡
𝑙 +𝑾ℎ𝑖

𝑙 𝒉𝑡−1
𝑙 +𝑾𝑐𝑖

𝑙 𝒄𝑡−1
𝑙 + 𝒃𝑖

𝑙)

𝒇𝑡
𝑙 = sigmoid(𝑾𝑋𝑓

𝑙 𝑿𝑡
𝑙 +𝑾ℎ𝑓

𝑙 𝒉𝑡−1
𝑙 +𝑾𝑐𝑓

𝑙 𝒄𝑡−1
𝑙 + 𝒃𝑓

𝑙 )

𝒄𝑡
𝑙 = 𝒇𝑡

𝑙 ∘ 𝒄𝑡−1
𝑙 + 𝒊𝑡

𝑙 ∘ tanh(𝑾𝑋𝑐
𝑙 𝑿𝑡

𝑙 +𝑾ℎ𝑐
𝑙 𝒉𝑡−1

𝑙 + 𝒃𝑐
𝑙 )

𝒐𝑡
𝑙 = sigmoid(𝑾𝑋𝑜

𝑙 𝑿𝑡
𝑙 +𝑾ℎ𝑜

𝑙 𝒉𝑡−1
𝑙 +𝑾𝑐𝑜

𝑙 𝒄𝑡
𝑙 + 𝒃𝑜

𝑙 )

𝒉𝑡
𝑙 = 𝒐𝑡

𝑙 ∘ 𝑡𝑎𝑛ℎ( 𝒄𝑡
𝑙 )

  2-14 

 sigmoid(𝑥) =
𝑒𝑥

𝑒𝑥+1
  2-15 

where, it, ft, ct, ot represent the output vector of the input gate, forget gate, memory cell, 

and output gate, respectively. All the W and b with subscript are the weight matrix and 

bias vector of the response; sigmoid and tanh are the Logistic and hyperbolic tangent 

functions, respectively. ∘ represents element-wise multiplication operations. The input 

gate controls the strength of the new input into the memory cell c, the forget gate 

controls the strength of the memory unit to maintain the value of the previous time, and 

Time ste     

In ut layer

 

 

 

 

 

 

 idden layer

 ut ut layer

Time ste     Time ste       

 

 

 

 

 
 

Concatenate 

o eration

Time ste     

 

 

 

 

  

  

        

   1

   1  

 

 

 

  

    

 

 

  

  ulti lier 

o eration
 Concatenate 

o eration
 tan  function  igmoid function

  +1

  +1   +1   +1   +1

 

 

 

 

  +1

    

 

 

  +1  

            

 1
  
 

  
 1  



 

 

47 

 

the output gate controls the strength of the output memory cell. Like the CNN model, 

building features y are concatenated with the last layer and the last step (T) with the 

hidden output layer. 

 𝑯𝑡
𝐿 = [𝒉𝑡

𝐿 , 𝒚]  2-16 

Then, a fully connected layer is applied between the hidden state and the output power 

at time step t+1, which also includes a nonlinear activation function and Linear 

operation as: 

 𝑬̂𝑡+1 = 𝜎(𝑾out
𝐿 𝑯𝑡

𝐿 + 𝒃out
𝐿 )  2-17 

where and 𝑾out  and 𝒃out  are the weight and bias of the output layer, respectively. 

Therefore, the learnable parameters in the LSTM model can be collected as: 

 
𝜣
= 𝑾𝑋𝑖

𝑙 ,𝑾ℎ𝑖
𝑙 ,𝑾𝑐𝑖

𝑙 , 𝒃𝑖
𝑙,𝑾𝑋𝑓

𝑙 ,𝑾ℎ𝑓
𝑙 ,𝑾𝑐𝑓

𝑙 , 𝒃𝑓
𝑙 ,𝑾𝑋𝑐

𝑙 ,𝑾ℎ𝑐
𝑙 , 𝒃𝑐

𝑙 ,𝑾𝑋𝑜
𝑙 ,𝑾ℎ𝑜

𝑙 ,𝑾𝑐𝑜
𝑙 , 𝒃𝑜

𝑙 ,𝑾out
𝐿 , 𝒃out

𝐿 } 
2-18 

In the training process, the derivatives concerning the weights in the kernel were 

calculated based on reference (Goodfellow, Bengio, and Courville 2016). The first-

order gradient-based stochastic optimization algorithm Adamax (Kingma and Ba 2017) 

was used to optimize the parameters in the two DL models, which performs well for 

most nonconvex optimization, large-volume datasets, and high-dimensional space. 

Mathematically, the parameter updates by: 

 

{
 

 
∆𝜣 ← 𝛁𝜣ℒ(𝑬≻𝑇 , 𝑬̂≻𝑇 ; 𝜣)

𝐦 ← 𝛽1 ∙ 𝐦 + (1 − 𝛽1) ∙ ∆𝜣
𝒖 ← max(𝛽2 ∙ 𝑢, |∆𝜣|)

𝜣 ← 𝜣 − 𝛼0/(1 − 𝛽1)𝐦/(𝑢 + 𝜀)

 2-19 

The Huber loss function is expressed as follows: 

 

ℒ(𝑬≻𝑇 , 𝑬̂≻𝑇 ; 𝜣)

= {

1

 
‖𝑬≻𝑇 −𝓕(𝜴,𝑿≺𝑇 ; 𝜣)‖

2,     |𝑬≻𝑇 −𝓕(𝜴,𝑿≺𝑇 ; 𝜣)| ≤ 1

|𝑬≻𝑇 −𝓕(𝜴,𝑿≺𝑇 ; 𝜣)| −
1

 
, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 
2-20 
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2.3 Parameters setting of DL models  

Both of the DL models were implemented via the python-based package PyTorch 

(Paszke et al. 2017). One laptop with i7-8750H 2.2 Hz CPU, 16 G memory, and Nvidia 

GeForce 1060 8G graphic card was used as the model implementation platform. The 

network structure was deemed as hyperparameters of the models. Except for the 

network structure, the settings of other parameters are listed in Table 2-5, which 

includes the dropout rate in both NN structures, initial learning rate, learning rate decay 

ratio, and teacher forcing ratio (TFR). TFR is a regularization strategy for training the 

LSTM model. It describes the possibility of using the model output from the previous 

time step as the input of the current time step. The last two parameters in this table are 

the stop criteria of the training process. Overall, the scale of the parameter number 

measures the complexity of the model and the computational efficiency of training. 

Table 2-5. Settings of general hyperparameters 

Parameter CNN LSTM 

Batch size 1,024 1,024 

Dropout rate 0.2 0.2 

TFR / 0.5 

Initial learning rate 0.001 0.001 

Learning rate decay 0.1/ 10 epochs 0.1/ 10 epochs 

Minimum loss decrease 5*10-5 / epoch 5*10-5 / epoch 

Patience of early stop 5 epochs 5 epochs 

2.4.1 Preliminary analysis 

Table 2-6 and Table 2-7 summarize the detailed structure parameter of CNN and LSTM 

models. And the number of parameters that need to be determined in each layer was 

also outlined. For the CNN model, the same one-dimension kernel was used for every 

convolution layer. The kernel width is 3, the striding size is 2, and no padding. Batch 
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norm was used for regularization. For the LSTM model, the hidden layer size was 20. 

There was a full connection layer connected with output. It is worthwhile to mention 

that even though the CNN model has over four times of parameters as the LSTM model, 

the computational time of the CNN model would not necessarily be longer than LSTM 

as a result of GPU acceleration. 

Table 2-6. NN structure for CNN model 

Kernel type 
Kernel dimension 

[size, stride, padding] 

Channel [in, out] Parameter # 

Convolution [3*1, 2, 0] [21, 64] 4,096 

Convolution [3*1, 2, 0] [64, 128] 24,704 

Batch Norm / [128, 128] / 

Leaky ReLU / [128, 128] / 

Max pool [2*1, 2, 0] [128, 128] / 

Flatten / [128, 256] / 

Concatenate / [256, 272] / 

Full connection / [272, 10] 2,730 

Total / / 31,530 

 

 

Table 2-7. NN structure for LSTM model 

Kernel type Channel [in, out] Parameter # 

LSTM [22, 20] 3,440 

LSTM [20, 20] 3,280 

Concatenate [20, 36] / 

Full connection [36, 10] 370 

Total / 7,090 

2.4.2 Parametric study  

A parametric study was carried out to study how the hyperparameters would influence 

the performance of these two DL models. The investigated hyperparameters included 

the input step, the number of NN layers, and the loss function. Table 2-8 and Table 2-9 

list these parameters' detailed settings. The convolution kernels in different CNN 
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models were designed to be the same for eliminating the impact of kernel size on 

performance.  

Table 2-8. Parametric table of CNN and LSTM models 

  Hyperparameters 

Model Input step NN layer Loss function 

CNN 12, 24, 36, 48 1, 2, 3, 4 L2, Huber 

LSTM 12, 24, 36, 48 1, 2, 3, 4 L2, Huber 

 

Table 2-9. Model size under different parameter settings 

Hyperparameters Settings 

Parameter 

number of 

CNN 

Parameter 

number of 

LSTM 

Step 

12 30,250 7,090 

24 31,530 7,090 

36 34,090 7,090 

48 35,370 7,090 

Layer 

1 16,298 3,800 

2 31,530 7,090 

3 261,418 10,360 

4 655,146 13,640 

2.4 Evaluation metrics 

Many indicators can be used to evaluate the prediction performance of the ML model. 

There are two categories. The first category is absolute error, including mean absolute 

error (MAE), mean square error (MSE), and root mean square error (RMSE). The 

second category is the relative error, which is dimensionless, like the coefficient of 

variation of the root mean square error (CVRMSE), R square (R2), and mean absolute 

percentage errors (MAPE). The error value calculated by CVRMSE is larger than that 

of MRMSE and MAPE under the same ground truth and prediction value (Zhe Wang, 

Hong, and Piette 2020). CVRMSE is recommended by ASHRAE (ASHRAE 2020). 
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Therefore, MAE and CVRMSE are chosen as evaluation criteria. The detailed 

expressions of MAE and CVRMSE are listed below.  

 𝑀𝐴𝐸 =
1

𝑁
∑ |𝑦𝑖̂ − 𝑦𝑖|

𝑁

𝑖=1
 2-21 

 
𝐶𝑉𝑅𝑀𝑆𝐸 =

√1
𝑁
∑ (𝑦𝑖̂ − 𝑦𝑖)2
𝑁
𝑖=1

𝑦̅
 

2-22 

Where 𝒚
𝒊̂
, 𝒚

𝒊
 and 𝒚̅ are the predicted value, ground truth, and mean value, respectively. 

2.5 Prediction results 

The best non-DL model is selected based on the minimum average CVRMSE value of 

all building and energy types. The best performance after grid search on each none-DL 

model can be viewed in Table 2-10. It is observed that the best none-DL model is ANN 

with a mean CVRMSE of 0.566. Then ANN is used to train and test on the same dataset 

used as the DL models. In the following section, the performance between DL and 

none-DL models was compared, and the results of accuracy and computational 

efficiency for both CNN and LSTM models were described. Last, the influence of 

hyperparameters listed in Table 2-10 was compared with the basic settings of these two 

DL models. 

Table 2-10. Optimized none-DL models and Performance comparison 

Model Optimized parameters Mean CVRMSE 

RF 
Max depth: 15; min samples leaf: 1; 

min samples split: 2; estimators: 100 
0.82 

SVR 
epsilon: 0.1; C: 5 

gamma: 0.005; max iteration =1000 
0.82 

GPR alpha: 0.1; kernel: RBF(1.0) 0.79 

KNN N neighbors: 10 1.27 

XGBoost 
n estimators: 120; min child weight: 2 

max depth: 1; gamma: 0.5; subsample: 0.6 
0.64 

ANN 
batch size =512; hidden size: 100 

solver: 'adam'; alpha: 0.005 
0.57 
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2.6.1 Case study of whole year performance  

Multiple energy prediction yields all energy consumption from different sectors 

simultaneously. Considering that the testing set contains 3,744 building files and ten 

tasks in 8760 hours need to be examined in each building file, it would be inefficient 

to display all the prediction results. Therefore, for a clear perspective of the models’ 

performance on this multiple energy prediction, the prediction performance of total 

energy consumption tasks on a particular building for a whole year is visualized. The 

building performance is viewed from scatter plot and time series plot for both ANN 

and two DL models. Then, for a better view of the performance of different models on 

different buildings and total energy consumptions (total electricity and total gas), the 

best and worst performance of these three models concerning the CVRMSE values are 

plotted. 

2.6.1.1 Performance on a large office 

Figure 2-9 through Figure 2-11 show the performances of the ANN model, CNN 

model, and LSTM model for the prediction tasks of total gas and total electricity 

consumption, respectively. The building is a large office located at Baltimore-

Washington International airport in Maryland, U.S. Figure 2-9a-Figure 2-11a and 

Figure 2-9b-Figure 2-11b depict the ground-truth value and predicted value in a year. 

Figure 2-9c-Figure 2-11c and Figure 2-9d-Figure 2-11d illustrate the comparison via 

scatter plots, which show the unsatisfied accuracy of the ANN model and CNN model 

on the total energy consumption tasks. Part e in Figure 2-9 through Figure 2-11 zoom 

in on the performance during summertime. It is observed that the CNN model and ANN 

models can hardly reveal the real consumption volume in the summertime.  
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Figure 2-9. Performance of ANN model a. Performance on total electricity 

consumption b. Performance on total gas consumption c. Scatter plot of ground truth 

and prediction for electricity d. Scatter plot of ground truth and prediction for gas 

consumption e. Performance on a low gas consumption time region 

 

Figure 2-10. Performance of CNN model a. Performance on total electricity 

consumption b. Performance on total gas consumption c. Scatter plot of ground truth 

and prediction for electricity d. Scatter plot of ground truth and prediction for gas 

consumption e. Performance on a low gas consumption time region 
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Figure 2-11. Performance of LSTM model a. Performance on total electricity 

consumption b. Performance on total gas consumption c. Scatter plot of ground truth 

and prediction for electricity d. Scatter plot of ground truth and prediction for gas 

consumption e. Performance on a low gas consumption time region 

Contrarily, the predicted value LSTM by model approaches the ground truth more 

closely. Moreover, the performance during summertime is also better than the ANN 

model and CNN model. 

2.6.1.2 Best and worst performance comparison  

To visualize the performance on a broader range of buildings, these three models' best 

and worst performance in terms of CVRMSE values is plotted and compared in Figures 

and Figure 2-13, respectively. The time series plot can be found in supplementary 

section from reference (Gao et al. 2021). The best performance for the LSTM model 

has an obvious advantage over ANN and CNN models for both electricity and gas. 

However, the worst performance of the LSTM model does not show much dominance 

compared with CNN and ANN models, especially for gas prediction. Whereas this is 
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only the prediction performance from a single building and single energy type. An 

overall performance evaluation should be considered to compare ANN and two DL 

models comprehensively.  

 
Figure 2-12. Best performance comparison on total gas and electricity 

 
Figure 2-13. Worst performance comparison on total gas and electricity 
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2.6.2 Overall performance comparison  

As discussed in the data analysis section, energy consumption has wide ranges and 

scales for different sectors of various building types. It is essential to look at the 

prediction performance from both absolution and relative error viewpoints for multiple 

energy types on all building types. Consequently, the error of every task in each 

building file was calculated and grouped by building types in the same statistical way, 

as shown in section 2.1. Basic CNN and LSTM models were compared first for these 

two metrics. The model input step is 24 hours in these two basic models, and the neural 

network follows the structures shown in Table 2-6 and Table 2-7.  

2.6.2.1 MAE distribution  

The absolute error distributions of ANN models for the testing set are summarized in 

Figure 2-14. For convenience, the MAE in three buildings groups were consistently 

discussed from the left side figure of small-scale consumption to medium-scale 

consumption and the right-side figure of large-scale consumption. From the bottom 

figure of total energy consumption to sectional gas consumption and last sectional 

electricity consumption in different tasks.  
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Figure 2-14. MAE of multiple energy types on different types of buildings by ANN 

model 

For Groups I, II, and III, the errors have even wider total and sectional energy 

consumption ranges for all building types. Specifically, the errors in predicting total 

electricity and gas concentrate on a wide range between 5 kWh and 100 kWh. The error 

value is relatively larger for small hotels, retail stores, and warehouses. The errors for 

predicting sectional gas consumption in the three groups are more related to gas 

heating, considering the range and scale of total gas and sectional gas-related 

prediction. As for sectional electricity consumption, the error range is also evenly 

distributed for all building types, with a range between 2 kWh and 25 kWh. However, 

various outliers are observed for electricity prediction. The ANN model has better 

performance on large consumption scale buildings in different building types. 
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Figure 2-15. MAE of multiple energy types on different types of buildings by CNN 

model 

The absolute error distributions of CNN and LSTM models for the testing set are 

summarized in Figure 2-15 and Figure 2-16. In Group I, the total electricity prediction 

errors for all building types concentrate on a range between 5 kWh and 10 kWh. The 

total gas prediction error ranges from 10 kWh to 21 kWh, except for one outlier from 

the small office reaching 35 kWh. The errors for predicting sectional gas consumption 

in this group are bounded to gas heating. This is similar to the errors in predicting total 

gas consumption. The errors in predicting other sections are almost equal to zero. The 

prediction errors of electricity for fans, heating load, lights, and other interior 

equipment are below 4 kWh. However, the prediction error of electric cooling ranges 

between 4 kWh and 10 kWh. The outlier values of sectional electricity are relatively 

larger for small offices. In Group II, the error of total electricity consumption is around 
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10 kWh. And the error in predicting total gas consumption ranges from 25 kWh to 29 

kWh. The errors in predicting sectional gas consumptions remain similar to that of total 

gas. The errors in predicting sectional electricity are all below 12 kWh. The errors in 

predicting electric heating are equivalent or larger than that of predicting electric 

cooling for median office and retail stores. Interior equipment and lights are predicted 

with higher errors in this group. In Group III, secondary school has the largest error 

value for total gas, electricity, and all sectional energy prediction tasks. More 

specifically, the errors for total gas and total electricity range from 60 kWh to 110 kWh 

and from 60 kWh to 150 kWh, respectively. Moreover, the errors for gas heating and 

electric cooling are notably high. 

As for the LSTM model, in Group I, the absolute errors for the total electricity 

prediction are below 5 kWh. Significantly, the error of predicting total electricity in a 

quick restaurant is about 2 kWh. The errors in predicting total gas are below 10 kWh 

except for the full restaurant. For sectional gas consumption prediction, the errors in 

predicting gas heating and water heater are below 10 kWh and 5 kWh, respectively. 

The errors in predicting interior equipment are almost zero for all buildings in this 

group. The sectional electricity has error ranges below or equal to 4 kWh. And errors 

in predicting electric cooling are still the largest among all sectional electricity 

consumptions. For Group II, there are a few outliers of error for total gas prediction 

from warehouses reaching 21 kWh, whereas errors for other building types are below 

20 kWh. The errors in predicting total electricity for retail stores, strip malls, and 

warehouses are below 8 kWh. In contrast, it reaches 10 kWh for median offices and 

outpatient buildings. For sectional energy prediction, the error distribution for gas 
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heating is like that of total gas. Errors of other sectional gas predictions are almost zero 

in this group. The errors in predicting sectional electricity remain below 7 kWh. The 

errors for predicting electric cooling rank first for all types of building in this group. 

For Group III, the secondary school still has a relatively high error value in total gas 

prediction. The error in predicting total electricity for all buildings in this group ranges 

from 8 kWh to 35 kWh. The error in predicting sectional gas ranges from 10 kWh to 

45 kWh. The errors in predicting sectional electricity are as low as 10 kWh except for 

errors in electric cooling in hospitals, large offices, and secondary school buildings.  

 

Figure 2-16. MAE of multiple energy types on different types of buildings by the 

LSTM model 

2.6.2.2 CVRMSE distribution  

Since the scales of energy consumption differ significantly for different building types 

and energy types, it is necessary to discuss the relative error in building types and 
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multiple energy types aspects. Figure 2-17 shows CVRMSE for the CNN and LSTM 

models, respectively. The number in the figure represents for the CVRMSE value, the 

darker color means a larger value. The hospital has the CVRMSE values ranging from 

3% to 29% in the building type dimension for the CNN model. Small office shows this 

index ranges from 77% to over 100%. In multi vectors dimension, the relative error of 

predicting gas consumption by interior equipment ranges from 3% to 66%. The relative 

errors in predicting electric cooling and gas heating are almost 100%. As for the LSTM 

model, in the building type dimension, the relative error of hospitals ranges from 3% 

to 26%. And the relative error of small offices ranges from 33% to over 100%. In the 

multiple energy types dimension, the CVRMSE of total electricity consumption ranges 

from 3% to 45%, whereas it ranges from 1% to 100% for total gas consumption. When 

summing up all the prediction tasks in different building types and energy types, 60% 

of the tasks predicted by LSTM satisfy ASHRAE Guideline 14 with a CVRMSE under 

30%. 

 

Figure 2-17. Overview of the accuracy comparison in terms of CVRMSE 
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2.6.3 Performance analysis  

The two DL models have better performance over the ANN model, especially for 

overall performance on all types of buildings. Comparing the best and worst 

performance of total electricity and gas prediction, the LSTM model has an obvious 

advantage over the other two models. The ANN model has a larger but even error 

distribution on all the building types than the two DL models. The two DL models have 

the potential of providing multiple energy predictions for different building types. The 

performance of LSTM is relatively better than the CNN model, no matter from the 

MAE or CVRMSE point of view. In terms of the absolute error, both models perform 

better in predicting total electricity consumption compared with that total gas 

consumption. For predicting sectional energy consumption, the performance of 

predicting gas heating and electric cooling has a relatively higher MAE value. The 

CNN model performs well in predicting gas consumption for interior equipment in 

terms of relative error. Hospital is the best building category in multi vectors prediction. 

The LSTM model performs well in predicting total electricity, electricity for lighting, 

electricity for interior equipment, and gas for interior equipment. It also performs best 

in the hospital category. The worst performance concentrates on predicting total gas, 

sectional gas, and electric cooling consumption. As for building types, the 

performances in different building types have a strong relationship with the 

consumption characteristics of each building type. The unsatisfied performance is 

closely related to those building types that are heavily influenced by different seasons, 

such as offices, apartments, schools, and strip malls. 
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In terms of the data characteristics, three factors pose the challenge for accurately 

predicting energy consumption in a single model. First, different commercial buildings 

show different scales for total energy consumption. Second, in the energy type 

dimension, different types of energy have distinct scales. Last, any types of energy have 

distinctive fluctuation patterns in a year. There are many low-value data for season-

related consumption, such as gas-related energy consumption and the electricity for 

cooling demand. These inconsistent characteristics make multiple energy predictions 

on some types of buildings unsatisfied. For instance, the small office has a minimum 

energy consumption in terms of the energy scale. Large hotels and hospitals have few 

outlier points of electric cooling. 

Comparing these two DL models, the CNN model was designed to tackle spatially 

related tasks like computer vision problems. However, time-related information cannot 

be passed down if no special operation is implemented for the convolution process. In 

this CNN model, the 1D kernel was implemented, therefore, it works as a multiplier 

filter to move in the time serial direction. The kernel stride process is a vector that 

moves over the input data, performs the dot product with the sub-region of input data, 

and gets the output as the vector of dot products. The patterns in a short period would 

be recorded and passed to the following channels of layers. Besides, timestamps can be 

added as additional input features for indicating fluctuation patterns of energy 

consumption. However, the CNN model still lacks accuracy and requires fine-tuning 

or more complex structures. As for the LSTM model, the cell and hidden layer, together 

with gated operators, can be used to load previous information. Then the temporal 

information can be inherently passed to the following time steps. Therefore, the LSTM 
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model outperforms the CNN model when a similar layer structure is constructed. 

Specifically, for the same building type and task type, the value of absolute error for 

the LSTM model is half of the CNN model and improves relative error for most tasks 

and building types. Considering multiple energy types on all types of buildings, the 

LSTM model predicts 50.7% of the tasks with CVRMSE lower than 20%. And 22.8% 

of the tasks with CVRMSE between 20% and 50%. 

On the other hand, it is also observed that some of the CVRMSE values exceed 30%. 

Besides the factors associated with the distinguished scales of different building types 

and different energy types, the energy consumption scale is also different for the same 

building type and energy type at various locations (cities) due to the thermal settings 

and meteorology characterizations. Moreover, there are only ten types of buildings for 

each location. This feature variety is relatively small compared with the continuous 

meteorology information as input. Last, since the energy consumption profile has a 

wide range of different energy types and building types, A slight deviation of prediction 

on small-scale consumption buildings, such as small offices or apartments, would make 

the relative error large. These made some of the predictions unsatisfied. 
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Figure 2-18. Dimension reduction of original input features before training  

To further illustrate why the LSTM model has various ranges of errors on different 

building types, principal component analysis (PCA) dimensionality reduction is 

performed on the original data and the internal output of DL before pattern 

concatenation. The dimension of the output feature for original features and after 

training is two (Price et al. 2006). The results are shown in Figure 2-18 and Figure 2-19. 

It is observed that the original parts are very chaotic. However, the feature distribution 

after training shows a strong pattern. 
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Figure 2-19. Dimension reduction of internal layer features after training 

Furthermore, the training and testing datasets overlap, indicating that overfitting is 

restricted after training. Look back to the error plot in Figure 2-16 and Figure 2-17, 

where the higher error percentage appears in building type of small office and 2nd 

school. The relatively weak patterns in these two buildings indicate that the encoding 

cannot distinguish some of the building types well and might miss other building types. 

There should be more ample embedding method that can involve more information on 

building types in the model. This should be explored in the future. 
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2.6 Hyperparameter influence 

This section investigated three critical factors: input steps, neural network layer 

number, and loss function. To demonstrate their influence on the performance of 

prediction accuracy and training efficiency, the baseline models are 2-layers and 24-

steps trained CNN and LSTM models. The relative change evaluated the performances 

of CNN and LSTM models with different parameters compared with the corresponding 

baseline model. For dedicating to the parameters’ influence, only the tasks of predicting 

total energy consumption were picked and presenting these two tasks' performance 

changes on all building types. 

2.7.1 Influence of input step and DL layers 

Figure 2-20 and Figure 2-21 show the performance changes on these two tasks by using 

CNN and LSTM models. A larger input step would not necessarily indicate better 

performance for the CNN model. For both tasks on most building types, a 36 hours 

input is the best, and then 48 hours input. A 12-hour input has a similar performance 

as the 24-hour input. One-layer CNN degrades the performance by around 25%. The 

enhancements are approximately 25% and 50%, respectively, when three and four 

layers of NN structure are engaged. The performance is unchanged when the input step 

changes for predicting gas consumption in apartments and warehouses. It also remains 

intact for predicting electricity consumption in strip malls and supermarkets. And some 

building types are not sensitive to layer number. For instance, the task performance 

does not change even the layer increases when predicting gas consumption in 

apartments and warehouses or predicting electricity consumption in supermarkets.  
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Figure 2-20. Hyperparameters influence on CNN model 

As for the LSTM model, the step increase would mostly decrease the prediction 

performance compared with the 24-step model, except for a slight increase for a large 

office, middle office, and strip mall. The degradation rates for both tasks of predicting 

total gas and electricity are larger than 100% on a retail store under 12 or 48 steps mode. 

And the increase in layer number would slightly increase the performance of most of 

the buildings. However, the depletion percentage for full restaurant, middle office, 

apartment, and outpatient would be larger than 100% when choosing a one-layer 

structure. The task performance of predicting gas for a hospital, outpatient, and 

secondary school degrades slightly compared with a three-layer structure model. The 

task performance of predicting electricity for apartments, fast food restaurants, and strip 

malls degrades over 50% when choosing a three-layer structure. The degradation of 

outpatient is above 200% for a one-layer model. Like CNN, some building types are 
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less sensitive to the change of input steps, such as both tasks for full restaurants, gas 

prediction tasks for apartments and warehouses, and electricity prediction tasks for 

supermarkets. Other building types are less sensitive to layer change, such as gas 

prediction tasks on apartments and warehouses and electricity prediction tasks on large 

hotels, supermarkets, and warehouses. 

 
Figure 2-21. Hyperparameters influence on LSTM model 

The improvement in predicting accuracy is directly related to how structure of neural 

network is constructed , hyperparameters and lose functions were chosen. For the CNN 

model, the influence of steps on prediction accuracy is not merely monotone. Since the 

time serial characteristics are embedded manually, the kernel shape is essential to the 

performance of the CNN model. Longer input steps might require a refined convolution 

kernel in different layers. Moreover, the time step influence is limited when compared 

with layer influence. A larger number of layers for the CNN model would significantly 
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boost the model performance since more patterns in the temporal dimension can be 

extracted for a deeper CNN structure. As for the LSTM model, the larger input step 

from 24 hours to 36 hours improves accuracy for gas and electricity in most building 

types. However, when decreasing to 12 hours or increasing to 48 hours, the 

deterioration is apparent. The relatively shorter input step results in incomplete 

recognition of the periodic pattern. In this LSTM design, the prediction heavily relies 

on the output of the last time step. 

For this reason, a longer input step might slightly undermine the effect from the very 

beginning. Attention mechanisms could be added to the LSTM network to tackle the 

strongly coupling issue of long-time input. Regarding the layer influence of LSTM on 

the accuracy, a larger layer number might not bring many benefits for most buildings. 

However, the one-layer LSTM model degraded much because the spatial features are 

hard to be extracted from this structure. 

2.7.2  Loss function influence 

All ten tasks are considered when switching to the influence of a loss function. The 

CNN and LSTM models adopt a 2-layer and 24-step structure. Figure 2-22 and Figure 

2-23 show CVRMSE changes compared with the corresponding baseline DL model. 

The performance of the CNN model with the Huber loss function has little 

improvement over a conventional MSE loss function. There is slight degradation for 

the LSTM model compared with a traditional loss function. The prediction errors are 

still worse for predicting electric cooling, electric heating, gas heating, and water on 
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almost all building types. The multiple energy performance of the small office is also 

the worst of all building types. 

 

Figure 2-22. Loss function influence on CNN model 

 
Figure 2-23. Loss function influence on LSTM model 

The steps, layers, and hyperparameter in the Huber loss function should be further 

studied. Systematic optimization work should be carried out to improve the prediction 

performance by the DL method. Meanwhile, the unsatisfied performance in the tasks 

of predicting gas-related consumption should be further investigated. In particular, the 

multiple energy types prediction models need to strengthen the uneven distribution of 
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gas in a whole year range. Second, the building information is compressed in a one-hot 

encoded vector. Other feature engineering techniques that can differentiate sufficient 

building characteristics should be compared for multiple building types of prediction. 

2.7.3 Training speed 

Previous sections evaluated the accuracy of the DL model for multiple energy 

predictions on different building types. The tradeoff between accuracy and 

computational efficiency emerges when determining which model should be 

implemented. Figure 2-24 shows the computational efficiency for different layer 

numbers, input steps, and loss functions in total time and time consumption per 

iteration. First, the total computational time is constant for both CNN and LSTM 

models under the 12- and 24-step input model structure. Moreover, it increases slightly 

for LSTM after 24 steps. But a sharp increase is observed with a time step increase 

from 24 to 48 for the CNN model. The computational time per iteration keeps relatively 

stable for the LSTM model. However, it decreases by 0.25 seconds from 24 steps to 36 

steps and 0.2 seconds from 36 steps to 48 steps for the CNN model. As regards the 

layer’s influence, the total time and the computational time per iteration increase 

exponentially with layer number increases for the CNN model. However, these values 

show a linear increase for the LSTM model. The Huber loss function significantly 

influences the model convergence for both DL models. It decreases by 33% of the total 

computational time for the LSTM model while increasing by 15% of the total 

computational time for the CNN model. 
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Figure 2-24. Overview of the computational efficiency comparison 

The time consumption for training CNN and LSTM models differs when changing 

input step and layer numbers. Overall, the influence of the step number is less than that 

of the layer number. The total time consumption is stable for different input steps of 

the LSTM model, while it linearly increases for the CNN model. And the total time 

consumption linearly increases when increasing the layer number of the LSTM model, 

while it exponentially increases for the CNN model. Time consumption per iteration is 

also more related to the layer number and shows similar patterns as total time 

consumption. The time consumption fits with the DL model's scale when recalling the 

parameter number changes with the input step and layer number. The Huber loss 

function does not influence the performance from an accuracy perspective and even 

longer the training time for the CNN model. However, it accelerates the convergence 

of the LSTM model. The Huber loss function pays less attention to outliers in building 

energy consumption than the L2 loss function. The outliers are clear for this multiple 

energy prediction on multiple building types, especially in predicting gas-related 
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energy consumption. Therefore, taking advantage of the Huber loss function would 

benefit convergence. 

2.7 Summary 

Energy saving in buildings is critical for increasing total energy efficiency and is 

significant to maintaining a sustainable society. With growing attention to accurate, 

rapid, and robust implementation approaches, ML, especially DL, has garnered broad 

attention in building energy prediction tasks. However, current research works are most 

concerned about the consumption of single energy types in single building types. They 

seldom deal with the multiple energy types prediction on multiple building types. This 

multiple energy prediction is vital when considering the robustness of the prediction 

model on various types of buildings. It requires comprehensive guidance for the 

operation of multiple sectors of buildings.  

Multiple energy types prediction fills the gap of detailed guidance for the energy supply 

systems and yields a robust ML model on multiple types of buildings. Non-DL models 

and two DL models for multiple energy prediction on multiple building types were 

constructed. The original dataset comprises 16 building types in 936 cities across the 

US. Each building in one city contains ten types of energy from different sectors. A 

random 75% of data files were chosen as the training set. The main conclusions can be 

drawn as follows: 

ANN is the best non-DL model among KNN, DT, XGBoost, GPR, and ANN and was 

chosen as the baseline for DL models. Compared with DL models, ANN has a more 

even and larger error distribution on all building performance. LSTM model 
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outperforms the ANN and CNN model from MAE and CVRMSE perspectives. Among 

all the tasks, the performance of the task for predicting total gas and electricity 

consumption is better than that of the task for predicting sectional energy consumption 

such as fan, cooling, heating, and other interior equipment. Besides, the electricity-

related prediction is better than gas-related ones.  

LSTM has good performance in hospitals and large hotels, satisfying performance in 

outpatients, secondary schools, apartments, and warehouses, while unsatisfied 

performance in offices, retail stores, strip malls, and supermarkets. When considering 

multiple energy types on all types of buildings using the LSTM model, 50.7% of the 

tasks have CVRMSE lower than 20% and 22.8% of the tasks have CVRMSE between 

20% and 50%. It is also worth mentioning that 19.3% of tasks have CVRMSE over 

100%, which requires substantial improvement. When summing up all the prediction 

tasks in different building types and energy types, 60% of the tasks predicted by LSTM 

satisfy ASHRAE Guideline 14 with a CVRMSE under 30%. 

Hyperparameters, such as layer numbers ranging from 1 to 4, input step ranges from 

12 to 48 hours, the loss function is chosen from L2 norm, and Huber in the DL model 

was investigated. The performance of the CNN model is sensitive to the layer number 

rather than the input step. The convolution kernel should be carefully designed for a 

specific input step. A two-layer structure is good enough for the LSTM model. Larger 

layer numbers would not improve the performance much. The LSTM model is more 

stable under different input steps and layer numbers considering training speed. 

However, the training time of the CNN model would exponentially increase with layer 
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increase, which matches the parameter number increase. The Huber loss function help 

with the training speed for the LSTM model but not the prediction accuracy. 

Overall, the performances of the LSTM model on most of the building types are better 

than the CNN model. The LSTM model is more suitable for this multiple energy 

prediction. Whereas several limitations should be considered and investigated more in 

the future.  First, attention should be paid to the unsatisfied performance of gas-related 

tasks. In this regard, the multiple energy types prediction models need to strengthen the 

uneven distribution of gas in a whole year range, especially in the summertime. Second, 

the features reduction through PCA shows that the encoder part of DL has limited 

ability to recognize some types of building patterns, such as 2nd school and small office. 

Currently, the building information is encoded by one-hot technique, which makes 

some building type is hard to be differentiated from others. Therefore, other feature 

engineering techniques or embedding methods that can differentiate sufficient building 

characteristics should be compared for predicting multiple types of buildings. In 

addition, the DL-based model is evaluated by simulating multiple energy types on 

multiple building types. Testing the DL model on a real building consumption dataset 

would be more valuable. Since it is hard to obtain delicate granularity data for multiple 

energy types on multiple building types simultaneously, it might be more practical to 

apply this model with two types of energy on the same type but different buildings. 

Last, systematic optimization work is required to enhance the overall performance 

without losing computational efficiency. 
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3   timum Design of   C   Po er  ystem 

The optimization design for the energy system concentrates on two aspects, as shown 

in Figure 1-8. The configuration (also called synthesis in the chemical process area) 

implies the entire set of functional components like compressor, turbine, heat 

exchangers, etc., and how they are connected. The performance variable aspect 

involves the specification of every component that operates at a nominal condition, 

includes pressure ratio of compressor, effectiveness of heat exchanger, split ratio of 

splitter, etc. Various studies focus on performance variable optimization based on 

expertise and experience in the thermal engineering area (Iglesias Garcia et al. 2017). 

The performance variables  are often continuous for a given configuration, like capacity 

and pressure ratio at the design stage (Yang et al. 2021). Overall, the system design 

optimization concerns about how the components are connected to each other and how 

to determine the performance variables of every component to obtain a desire objective. 

The topic of configuration optimization has been extensively investigated in chemical 

process engineering (Mencarelli et al. 2020). However, little work has deeply 

researched the configuration optimization problem of thermal energy systems. At the 

same time, researchers have developed various advanced thermodynamic 

configurations. This development might greatly promote the system performance (L. 

Wang et al. 2019), such as multiple complex and advanced supercritical carbon dioxide 

(S-CO2) power generation configurations summarized in (Crespi et al. 2017). 

Specifically, the variables in configuration optimization involve discrete variables, 

making it more complicated when exploring the best system configuration and design. 
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With more advanced configurations developed, it is essentially impossible to try every 

candidate. Under most conditions, researchers limit the feasible region to predefined 

configurations based on basic and mature ones. Therefore, the feasible region is 

shrunken by the prescreening process and it is easier to be trapped by a local minimum 

of system configuration design when relying on researchers' experience. Therefore, 

exploring feasible and robust approaches that reproduce researchers' mind maps is 

necessary to find the optimum thermal system configuration.  

The system evaluation process in configuration optimization can be determined by 

steady-state (Garcia et al. 2016) or transient state analysis (Xu Zhang et al. 2018), 

which corresponds to the design and operation level. The system design optimization 

problem is discussed under steady-state conditions. Therefore, the governing equation 

for every component is time independent. The operation level optimization is not 

considered in this chapter. Figure 3-1 shows a Brayton cycle that consists of four 

components. The performance of this system can be evaluated after solving for the state 

variables (enthalpy/temperature and pressure) at each connection pipe (x1-x4). The 

governing equations for each component are nonlinear functions, which map the input 

variables to the output variables.  

CompressorTurbine

x4

x2

x1Condenser

Evaporatorx3
 

Figure 3-1. Brayton cycle  
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Since the feasible region of configuration is discrete and mixed with continuous 

variables in design space, the following subsection first explicitly explains the volume 

change of feasible region with specific rule constraints. The rest of the subsection is 

organized by the methodology used to conduct a configuration optimization process, 

including the whole framework and details of the configuration optimization 

framework. Then simple and complex case studies are carried out to validate the 

optimization framework through the S-CO2 power generation system. Last, the 

influence of an initial configuration on the effectiveness and convergence of the 

framework is explored. 

3.1 Feasible region of configuration optimization 

As mentioned earlier, two folds of variables should be optimized for design 

optimization, including configuration variables of system and the variables that 

determine components’ performance in a configuration. The general but formal 

expression of a configuration optimization problem can be represented in Equation 3-1, 

where 𝑋𝑐 and 𝑋𝑝 are variables that represent the configuration feasible region of the 

system level and performance feasible region of components level, respectively; ℎ𝑗  and 

𝑔𝑘 are the functions that restrict the design variables (configuration and component 

performance) to feasible region. It is worth mentioning that explicitly expressing 

constraints towards configuration is difficult. Instead, these constraints may be 

implemented through configuration generation rules. 𝑓 is the function that evaluates 

the interested metrics, such as thermal efficiency.  
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The number of configurations should be limited for practical usage and there would be 

many ineffective designs if no rule is applied for connection between components. 

Therefore, it is essential to confine the feasible region with appropriate constraints for 

configuration design. Except for the range limitations of variables, the implicit 

constraints adopted by researchers can be approximately categorized based on different 

types of knowledge levels: graphic, thermodynamic, and experience/expertise aspects, 

as shown in Figure 3-2. Here, graphic knowledge means the strongly connected (SC) 

property of a thermodynamic cycle. The strongly connected means any vertex in a 

graph can be reached by any other vertex in a directed graph. Mathematically, a graph 

is strongly connected if it contains a directed path from u to v and a directed path from 

v to u for every pair of vertices u, v. This rule can also be interpreted as mass 

conservation for thermodynamic cycles. The feasible region shrinks when more 

knowledge is applied. Therefore, the question becomes: is it possible to develop 

appropriate configuration generating rules in this optimization problem without relying 

on the engineers' or researchers' experience? These generating rules implement all 

graphic and thermodynamic knowledge requirements to keep as many potential 

candidates of configuration design as possible. 

 

{
 

 
min
𝑋𝑐,𝑋𝑑

𝑓(𝑋𝑐, 𝑋𝑝)

𝑠. 𝑡.   ℎ𝑗(𝑋𝑐, 𝑋𝑝) =  ; 𝑗 = 1 𝑡𝑜 𝐽

          𝑔𝑘(𝑋𝑐, 𝑋𝑝) ≤  ; 𝑘 = 1 𝑡𝑜 𝐾

 3-1 
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Figure 3-2. Feasible region shrinks as knowledge applied  

The candidate configuration number can be calculated by the permutation of the 

connection among components with or without these rules. Graphic or thermodynamic 

laws can vastly shrink the number of candidate configurations. The details of 

calculating the volume of feasible region can be redirected to the appendix section. 

Figure 3-3 shows that the number of configurations increases when the number of 

components increases with and without graphic constraints. The results show that the 

number of configurations satisfying the SC property is much less than the full 

permutation (indicated with 'all') without considering SC property. This high volume 

implements exhaustive searching impossible, especially for cases with a larger 

component number. Here, the split means a component that divides one stream of 

working fluid into two or more streams in a thermodynamic system.  It is noted that the 

candidate number explodes exponentially when the component number increases, and 

the magnitude increases three levels with one more split. Considering the feasible 

region of component performance variable (𝑋𝑑) is built based on the configuration (𝑋𝑐), 

the overall feasible region (𝑋𝑐, 𝑋𝑑) would be even larger.  

          

         

      

                  

Graph 

theory

Thermodynamic 

laws

Experience
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Figure 3-3. Total configuration number increases with component number  

Even SC is applied to narrow down the feasible region. The diminished feasible region 

is still too large (over ten million for only nine components). Therefore, thermodynamic 

constraints should be applied to decrease the volume further. However, applying too 

much experience from researchers, such as cascading different configurations, might 

screen out potential candidates. This thesis only applies SC property and basic 

thermodynamic knowledge  (1st and 2nd laws) for restricting and exploring the feasible 

region, even though exact algorithms, such as branch and cut, can be used to solve 

integer programming problems. These algorithms cannot implement the SC and 

thermodynamic rules to screen out candidates. Therefore, the exact algorithms will 

spend much time evaluating configuration that does not obey SC and thermodynamic 

laws. And assigning objective values for these violated configurations will be a 

problem if one wants to measure the quality of the design.  In addition, a second-level 

optimization will still be needed to optimize the component performance variables, 

which will slow down the optimization process further. Therefore, a meta-heuristic 
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method -- simulated annealing-based configuration optimization framework is 

developed to simultaneously find the best configuration and performance variable 

setting for the S-CO2 power generation system. Two case studies based upon limited 

component numbers for simple and complex configurations are investigated to prove 

this framework's effectiveness. In the next section, a formal expression of the objective 

and constraints that describe the optimization problem is carried out. 

3.2 Graph representation of thermal system configuration 

Modified from the structural graph for chemical process networks proposed in 

(Emmerich, Grötzner, and Schütz 2001), a thermodynamic graph (T-graph) is designed 

that can fully represent all configurations' information, including topology, 

components' governing equations, and variables. The completed definition can be 

described as follows: 

 𝐺 ≔ (𝛺, 𝑉, 𝑉0, 𝜔
𝑣, 𝐶𝑖𝑛, 𝐶𝑜𝑢𝑡, 𝐸, 𝜋𝑐 , 𝑓𝜋) 3-2 

 

 

{
 
 

 
 
𝐶𝑖𝑛 ≔ {(𝑗, 𝑣)|𝑣 ∈ 𝑉 ∧ 𝑗 ∈ {1, , … , 𝑛𝑖𝑛(𝑣)}}

𝐶𝑜𝑢𝑡 ≔ {(𝑣, 𝑖)|𝑣 ∈ 𝑉 ∧ 𝑖 ∈ {1, , … , 𝑛𝑜𝑢𝑡(𝑣)}}

𝐸 ⊆ {(𝑐𝑜𝑢𝑡, 𝑐𝑖𝑛)|𝑐𝑜𝑢𝑡 ∈ 𝐶𝑜𝑢𝑡, 𝑐𝑖𝑛 ∈ 𝐶𝑖𝑛}

𝜋𝑐 : 𝐶 ↦ ℝ3

𝑓𝜋 ↦ 𝑓𝜋(𝜋𝑐(𝐶𝑖𝑛)) = 𝜋𝑐(𝐶𝑜𝑢𝑡)

 3-3 

T-graph is defined as a tuple in Equation  3-2 and Equation 3-3, where 𝛺 is a finite set 

of all thermodynamic component types, including compressors, turbines, and heat 

exchangers, etc.; 𝑉 is a set of vertices in a directed graph; 𝑉0 ⊂ 𝑉 is the subset of fixed 

vertices of 𝑉; ω𝑣is a function that assigns element in set 𝛺 to each vertex in set 𝑉;  

𝑛𝑖𝑛, 𝑛𝑜𝑢𝑡: 𝑉 ↦ ℕ0 are the functions that describe the indegree and outdegree of vertices 

in set 𝑉; 𝐶𝑖𝑛, 𝐶𝑜𝑢𝑡: are the sets of inlet and out connectors; E is a set of edges; 𝜋𝑐 is the 
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function that assigns the thermodynamic properties (mass, pressure, and temperature) 

to every connector; 𝑓𝜋 are the governing equations that assign outlet properties to the 

inlet properties of every vertex in set 𝑉.  

It should be noted that 𝑉0 ≔ ∅ when there is no restriction on specific components and 

the configuration of a thermodynamic cycle is a closed loop. By adopting this 

definition, the T-graph of a recompression cycle (Figure 3-4(a)) can be mathematically 

expressed as in the Appendix, and Figure 3-4 (b) expresses the connection in terms of 

the graph theory aspects.  

 

Figure 3-4. T-graph of recompression cycle: (a) original cycle; (b) T-graph 

representation 

3.3 Configuration optimization framework 

The configuration optimization framework consists of a thermodynamic graph (T-

Graph), configuration solver, and optimizer. The overview of this framework is 

depicted in Figure 3-5. The configuration solver is responsible for solving nonlinear 

equations representing thermodynamic cycles in this framework. The T-Graph part 

bridges the gaps between the thermodynamic cycle and configuration representation.  

(a) (b)
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Possible mutations of original configurations can be codified and implemented on a T-

graph. Lastly, the optimizer tries to find the optimum design through iteration. 
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Figure 3-5. Configuration optimization framework 

3.3.1 Configuration solver 

A configuration solver should solve any given configuration and evaluate the system 

performance. The primary task is to provide sufficient governing equations 

representing a T-Graph and find an appropriate method to solve these nonlinear 

equations. Figure 3-6 shows the complete solution process of a given configuration and 

its parameter setting. It should be noticed that there is component check after designing 

a new system configuration. There might be insufficient component in a circuit of a 

cycle, such as compressor/turbine, this should be amended by inserting this missing 

type of component. And when designing a new system configuration through insert or 

performance variable (pressure ratio/expansion ratio) change, the pressure 
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ratio/expansion ratio might be less than 1, this turns a compressor to a turbine or a 

turbine to a compressor. The detail about these amendments will be illustrated in 

Section 3.3.3.2 and Section 3.3.3.3. The M, P here means mass and pressure, these two 

sets of variables are solved first and independently (from enthalpy) due to simplified 

model.  
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Figure 3-6. Configuration solver 

 

The governing equations that map the input and output (component) are critical to 

solving the thermodynamic cycles. As defined in the T-graph, the total number of 

unknown variables imported by these different components can be calculated by 

indegree and outdegree of nodes, as expressed in Equation 3-4.  
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 𝑁𝑡𝑜𝑡
𝑣𝑎𝑟 = 3 ∗ (∑𝑛𝑖𝑛(𝑣) + ∑𝑛𝑜𝑢𝑡(𝑣))/ , 𝑣 ∈ 𝛺  3-4 

An equivalent number of equations plus parameters should be provided to perform a 

steady-state evaluation of a T-graph. Taking S-CO2 power generation as a case study, 

only limited component types were considered in T-graph, such as the component types 

of a recompression cycle in the last section. Each component except split/ merge has 

one indegree and one outdegree. Each split/merge has two/one outdegree and one/two 

indegree. Then, the total number of variables is expressed in Equation 3-5. 

 
𝑁𝑡𝑜𝑡
𝑣𝑎𝑟 = 3 ∗ (∑𝑁𝐻𝑋𝑠𝑟 + ∑𝑁𝐻𝑋𝑠𝑘 + ∑𝑁𝑇𝑢𝑟𝑏 + ∑𝑁𝐶𝑜𝑚𝑝 +  ∗

∑𝑁𝑅𝑒 + 3 ∗ ∑𝑁𝑆𝑝𝑙𝑖𝑡)  
3-5 

Heat transfer coefficient and pressure drop equations are used for the heat exchanger 

model, while compressors and turbines adopt a ten-coefficient model. Simplified 

component models are assumed to avoid struggling with convergence issues and focus 

on optimization. The equations that govern every component are explicitly expressed 

in Equation 3-6 through Equation 3-11. Merge and split are passive components that 

solely obey mass, momentum, and energy conservations laws. In the solution process, 

the Python-based package CoolProp (Bell et al. 2014) is used for property search 

represented by functions 𝑓𝑃𝐻
𝑇 , 𝑓𝑃𝑇

𝐻 , 𝑓𝑃𝑆
𝐻 , 𝑓𝑃𝐻

𝑆 . There are variables that need to be 

determined for solving a configuration governed by these equations. These variables 

are deemed constant when solving a configuration in this optimization work. They can 

also be optimized through the simulated annealing optimizer. These variables include 

effectiveness or efficiency (𝜂), pressure ratio, expansion ratio (𝑝𝑟), mass split ratio 

(𝑚𝑟). 
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𝑖𝑟 = 𝑚𝑐𝑜𝑙𝑑,𝑖𝑛

𝑖𝑟 ;   𝑃𝑐𝑜𝑙𝑑,𝑜𝑢𝑡
𝑖𝑟 = 𝑃𝑐𝑜𝑙𝑑,𝑖𝑛

𝑖𝑟

𝐻𝑐𝑜𝑙𝑑,𝑜𝑢𝑡
𝑖𝑟 = (𝐻ℎ𝑜𝑡,𝑜𝑢𝑡

𝑖𝑟 − 𝐻ℎ𝑜𝑡,𝑖𝑛
𝑖𝑟 ) ∗ 𝑚ℎ𝑜𝑡,𝑖𝑛

𝑖𝑟 /𝑚𝑐𝑜𝑙𝑑,𝑖𝑛
𝑖𝑟 − 𝐻𝑐𝑜𝑙𝑑,𝑖𝑛

𝑖𝑟
 

 

,          for 𝑖𝑟

∈ Ω(Recuperator) 
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{
  
 

  
 𝑚𝑜𝑢𝑡

𝑖𝑐𝑡 = 𝑚𝑖𝑛
𝑖𝑐𝑡;   𝑃𝑜𝑢𝑡

𝑖𝑐𝑡 = 𝑃𝑖𝑛
𝑖𝑐𝑡 ∗ 𝑝𝑟𝑖𝑐𝑡

Compressor: 𝐻𝑜𝑢𝑡
𝑖𝑐𝑡 = 𝐻𝑖𝑛

𝑖𝑐𝑡 + (𝐻𝑖𝑆,𝑜𝑢𝑡
𝑖𝑐𝑡 − 𝐻𝑖𝑛

𝑖𝑐𝑡)/𝜂𝑖𝑐𝑡

Turbine: 𝐻𝑜𝑢𝑡
𝑖𝑐𝑡 = 𝐻𝑖𝑛

𝑖𝑐𝑡 + (𝐻𝑖𝑆,𝑜𝑢𝑡
𝑖𝑐𝑡 −𝐻𝑖𝑛

𝑖𝑐𝑡) ∗ 𝜂𝑖𝑐𝑡

𝐻𝑖𝑆,𝑜𝑢𝑡
𝑖𝑐𝑡 = 𝑓𝑃𝑆

𝐻 (𝑃𝑜𝑢𝑡
𝑖𝑐𝑡 , 𝑆𝑖𝑛

𝑖𝑐𝑡)

𝑆𝑖𝑛
𝑖𝑐𝑡 = 𝑓𝑃𝐻

𝑆 (𝑃𝑖𝑛
𝑖𝑐𝑡 , 𝐻𝑖𝑛

𝑖𝑐𝑡)

,

for  𝑖𝑐𝑡 ∈ Ω(Compressor/Turbine) 
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{
 
 

 
 𝑚𝑜𝑢𝑡

𝑖𝑚 = 𝑚𝑖𝑛1

𝑖𝑚 +𝑚𝑖𝑛2

𝑖𝑚

𝑃𝑜𝑢𝑡
𝑖𝑚 = 𝑃𝑖𝑛1

𝑖𝑚 ;  𝑃𝑜𝑢𝑡
𝑖𝑚 = 𝑃𝑖𝑛2

𝑖𝑚

𝐻𝑜𝑢𝑡
𝑖𝑚 = (𝐻𝑖𝑛1

𝑖𝑚 ∗ 𝑚𝑖𝑛1

𝑖𝑚 + 𝐻𝑖𝑛2
𝑖𝑚 ∗ 𝑚𝑖𝑛2

𝑖𝑚 )/𝑚𝑜𝑢𝑡
𝑖𝑚

, for  𝑖𝑚 ∈ Ω(Merge) 3-9 

 

{
 

 𝑚𝑜𝑢𝑡1

𝑖𝑠 +𝑚𝑜𝑢𝑡2

𝑖𝑠 = 𝑚𝑖𝑛
𝑖𝑠 , 𝑚𝑜𝑢𝑡1

𝑖𝑠 /𝑚𝑜𝑢𝑡2

𝑖𝑠 = 𝑚𝑟 

𝑃𝑜𝑢𝑡1
𝑖𝑠 = 𝑃𝑖𝑛

𝑖𝑠;  𝑃𝑜𝑢𝑡2
𝑖𝑠 = 𝑃𝑖𝑛

𝑖𝑠

𝐻𝑜𝑢𝑡1
𝑖𝑠 = 𝐻𝑖𝑛

𝑖𝑠 ;  𝐻𝑜𝑢𝑡2
𝑖𝑠 = 𝐻𝑖𝑛

𝑖𝑠

 , for  𝑖𝑠 ∈ Ω(Split) 3-10 

 𝑚𝑟𝑖𝑔ℎ𝑡
𝑖𝑒 = 𝑚𝑙𝑒𝑓𝑡

𝑖𝑒 ; 𝑃𝑟𝑖𝑔ℎ𝑡
𝑖𝑒 = 𝑃𝑙𝑒𝑓𝑡

𝑖𝑒 ;  𝐻𝑟𝑖𝑔ℎ𝑡
𝑖𝑒 = 𝐻𝑙𝑒𝑓𝑡

𝑖𝑒 , for 𝑖𝑒 ∈ 𝛺(Edge) 3-11 

 

Until now, the total number of variables in these governing equations equals what is 

shown in Equation 3-12. Considering that split and merge are in pairs, it seems the 

number of equations equals the number of unknowns. However, the mass balance 
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equations are not independent, which means the matrix constituted by mass equations 

is rank-deficient. It is the same for pressure balance equations when no pressure drop 

in heat exchangers is assumed. Therefore, two additional equations are needed to make 

configurations solvable. By setting the minimum pressure in the system and fixing the 

mass flow rate of coolant at one heat sink, the equations required for solving any 

thermodynamic cycles are complete. 

 
𝑁𝑡𝑜𝑡
𝑒𝑞𝑢 = 3 ∗ ∑𝑁𝐻𝑋𝑠𝑟 + 3 ∗ ∑𝑁𝐻𝑋𝑠𝑘 + 3 ∗ ∑𝑁𝑇𝑢𝑟𝑏 + 3 ∗ ∑𝑁𝐶𝑜𝑚𝑝 +

6 ∗ ∑𝑁𝑅𝑒 +      4 ∗ ∑𝑁𝑆𝑝𝑙𝑖𝑡 + 5 ∗ ∑𝑁𝑆𝑝𝑙𝑖𝑡  
3-12 

 

As discussed before, the pressure drops in a heat exchanger and pipeline are not 

considered. And based on the equations listed in Equation 3-6 ~ Equation 3-11, the 

mass and pressure can be separated from enthalpy (temperature) if the pressure ratio 

and split ratio are given ahead. Therefore, a separated solver that solves mass and 

pressure first and then enthalpy (temperature) is designed. A linear equation solver 

from NumPy (Harris et al. 2020) is used for solving mass and pressure. A nonlinear 

multivariate equation solver that uses M NPACK’s ‘hybrd’ and ‘hybrj’ routines from 

SciPy (Virtanen et al. 2020) is implemented for solving enthalpy (temperature).  

Moreover, multiple techniques have been embedded in the solver to boost the success 

rate of solving thermodynamic cycles: 1) This configuration solver is embedded in the 

optimization process. The configuration change during optimization is limited, and the 

new configuration is within the neighbor of the previous design. In other words, the 

mutations designed in the optimization algorithm only bring minor change for the 

original design. The inlet and outlet state should be changed not much. Therefore, the 

new system design is similar with previous design before mutation and the states of 
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working fluid are close to the previous ones. Therefore, the previous iteration of 

configuration information (performance variables) can be used for the current iteration 

of the configuration’s performance variables for fast convergence. In other words, the 

thermodynamic information from the previous configuration is used as the initial guess 

value for the new T-graph. 2) Based on the material limitation of the turbine and other 

components, the property boundary for any configurations is set (e.g., maximum 

pressure is 25 MPa, the maximum temperature is 500°C);  3) adjusting the guess value 

approach (Winkler, Aute, and Radermacher 2008) is implemented after the failure of 

the first trial. Overall, if maximum efficiency is the objective, the objective can be 

expressed as Equation 3-13. It should be noticed that the two sets of variables are 

directly reflected in the objective function, however, the two sets of variables, including 

configuration and performance variables, are concluded in constraints. The objective 

can only be calculated after connection (E) and performance variable (𝜃) are decided. 

 

{
  
 

  
 𝐸, 𝜃 = argmax

∑ 𝜋𝑐(𝑐𝑖
′) − 𝜋𝑐(𝑐𝑖)𝑐𝑖,𝑐𝑖

′ , for 𝑐𝑖 ∈ 𝐶
𝑜𝑢𝑡 , 𝑐𝑖

′ ∈ 𝐶𝑖𝑛|𝑢(𝑐𝑖) = 𝑢(𝑐𝑖
′) ∧ 𝜔𝑣(𝑢(𝑐𝑖)) =  Turbine

∑ 𝜋𝑐(𝑐𝑗
′) − 𝜋𝑐(𝑐𝑗)𝑐𝑗 ,𝑐𝑗

′ , for 𝑐𝑗 ∈ 𝐶
𝑜𝑢𝑡, 𝑐𝑗

′ ∈ 𝐶𝑖𝑛|𝑢(𝑐𝑗) = 𝑢(𝑐𝑗
′) ∧ 𝜔𝑣 (𝑢(𝑐𝑗)) =  Source

𝑠. 𝑡.   𝐺(𝑉, 𝐸, 𝜃) ∈ strongly connected

 𝑁𝑖
𝑙𝑜𝑤 ≤ 𝐷(𝑖) ≤ 𝑁𝑖

𝑢𝑝
;  for 𝑖 ∈ 𝛺

𝜃𝑖
𝑙𝑜𝑤 ≤ 𝜃𝑖 ≤ 𝜃𝑖

𝑢𝑝
, for 𝑖 ∈ 𝛺

 
3-1

3 

 

Finally, for recuperators in S-CO2 systems, the pinch point may exist in the middle of 

the heat exchange due to inappropriate design. Pinch point temperature is examined 

after solving the configuration, and a minimum value for recuperators is set to be 5 K 

(Dostal, Hejzlar, and Driscoll 2006, 2) to eliminate this issue. A penalty factor is placed 

on the objective value if the thermodynamic laws, including 1st and 2nd laws, are 

violated. This violation might be inappropriate performance variables that result in 

energy imbalance, negative power cycle. 
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3.3.2 Constraints of configuration  

3.3.2.1 Graph property constraints 

A graph (configuration) is strongly connected (SC) if every vertex (component) is 

reachable from every other vertex (component). This definition can be interpreted as 

mass conservation and steady-state condition corresponding to the energy conversion 

system. Therefore, the graph constituted by the configuration of the energy conversion 

system should be an SC graph no matter how researchers intend to design the 

configuration of a thermal system. The natural question is how to guarantee the newly 

generated configuration is an SC graph. The T-graph is further simplified to examine 

the SC property. 

The recuperator in configuration is decoupled as a heating and cooling part to simplify 

the graph structure. Then, the T-Graph in Figure 3-4 (b) can be disassemble to Figure 

3-7 (a), where only two-edge vertices (𝑛𝑖𝑛(𝑣) = 1, 𝑛𝑜𝑢𝑡(𝑣) = 1 ) and three-edge 

vertices (𝑛𝑖𝑛(𝑣) + 𝑛𝑜𝑢𝑡(𝑣) = 3) exist. Then, the decoupled T-Graph is disassembled 

by two-edge vertices and three-edged vertices. It is easy to find that the deletion or 

insertion two-edge vertices will not influence the flow direction or the stream of 

working fluid.  Therefore, two-edge vertices do not influence the SC property, no 

matter how many of these vertices are embedded in the graph. Last, a disassemble T-

graph like Figure 3-7 (b) can represent the original graph without losing the SC 

property. With the above configuration representation, and analysis of the decoupled 

T-graph, an SC graph can be manually permuted with two steps: first, make a 

connection within only splits/merges (three-edge vertices) of a system without 
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considering other components (two-edge vertices), second, insert other components 

(two-edge vertices). This process will guarantee the SC property and any configuration 

can be reached. 

 

Figure 3-7. Simplification of T-Graph: a) dissemble version of T-graph; b) decoupled 

T-graph 

3.3.2.2 Thermodynamic property constraints 

From a thermodynamic viewpoint, the cycle in the T-Graph should comply with mass, 

momentum, and energy conservations. It might be determined whether thermodynamic 

laws are violated when the solver cannot converge. However, manually screening them 

would be trivial and waste many computational resources. Therefore, a few general and 

necessary conditions should be satisfied for any configuration if one wants these 

conservation rules to be satisfied. T-S diagram can be used to explain the 

thermodynamic rules, 1st and 2nd law. First, the energy conservation for closed loop can 

be interpreted as closed loop in T-S diagram (1st law). Second, the compressor or 

turbine must have irreversible compression or expansion process, which means entropy 

increase across these two components. Take the S-CO2 cycle as an example, as shown 

in Figure 3-8. There must be incline compression or expansion process. To fulfill a 

closed loop in T-S diagram, 1) there must be a compressor and turbine in a loop for 

circulating working fluid, and 2) a nominal sink is required to complete the 
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thermodynamic loop. Here, the 'sink' might not be a heat exchanger. Any method that 

results in a temperature decrease can be viewed as a sink. Such requirements in each 

loop of thermodynamic cycle should be satisfied to fulfill the thermodynamic rules 

when implementing mutation in optimization. It should be noted that only these three 

components in a configuration result in a negative efficiency due to net power input. 

This type of configuration might be a refrigeration system and would be phased out by 

the optimization algorithm eventually. With these two minimum requirements, energy 

conservation is satisfied. The other two conditions are automatically satisfied due to 

SC property. Therefore, the influenced loop in the configuration during new 

configuration generating process is examined. The supplementary components are 

inserted into the loop when configuration (connection) changes. 

 

Figure 3-8. The necessary condition of loops in T-Graph 

3.3.3 Configuration optimizer  

3.3.3.1 Simulated annealing algorithm 

Since the feasible region mixes discrete and continuous variables, metaheuristic 

algorithms would be preferred for optimum search. There are other algorithms that can 

be used to solve mixed discrete and continuous variables, such as branch and cut based 

methods. These algorithms are hard to implement the strongly connected and 

thermodynamic rules to screen out candidates. Therefore, the exact algorithms will 

spend much time evaluating configuration that does not obey SC and thermodynamic 
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laws. And assigning objective values for these violated configurations will be a 

problem if one wants to measure the quality of the design.  In addition, a second-level 

optimization will still be needed to optimize the component performance variables, 

which will slow down the optimization process further. A simulated annealing 

algorithm is implemented due to robustness and effectiveness (Nikolaev and Jacobson 

2010). Kirkpatrick et al. developed this algorithm in 1983 based on the metal annealing 

process (Kirkpatrick, Gelatt, and Vecchi 1983). It is a probabilistic technique for 

approximating the global optimum of a given function. It is good at exploring the 

solution space. It has good characteristics of finding the global optimum even though 

it often converges very slowly in practice due to the lack of crossover operator in the 

algorithm.  

Set T0, Random 

initial solution x0

Set Tne w=T0 , 

compute  f(x0)

Generate new solution 

xne w calculate f(xne w)

ΔE=f(xne w)-f(x0)

ΔE<=0

Accept new 

soluation

Accept solution based

on Metropolis rule

Yes No

Max iteration

No

Tnew<Tmin

Yes

No

Decrease 

temperature

Return optimum

Yes

 

Figure 3-9. Simulated annealing algorithm 
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Figure 3-9 shows the optimization process of a simulated annealing algorithm. The 

algorithm first starts from an initial temperature (𝑇0), candidate solution (𝑥0) and 

computes the initial objective value (𝑓(𝑥0)). Then a random disturbance is added for 

generating a new solution (𝑥𝑛𝑒𝑤 ) in the neighbor of current one, and the energy 

difference (𝑓(𝑥0) − 𝑓(𝑥𝑛𝑒𝑤)) between the new solution and the original solution is 

obtained. The new solution is adopted as the current solution for a minimization 

problem if the difference is less than 0. On the contrary, a probability proportional to 

the energy difference is used to determine whether to accept or reject the new solution. 

A lower temperature indicates a smaller probability of acceptance, and a greater 

difference in objective value means a smaller probability of acceptance. The probability 

of acceptance is calculated based on Equation 3-14. Here 𝛥𝐸 is the energy difference 

between the new solution and the original solution, and 𝑇𝑛𝑒𝑤 is current temperature. 

The temperature gradually decreases with the number of iterations (𝑡), which can be 

expressed in Equation 3-15. As a result, the probability of obtaining a poor solution is 

small. The loop continues until the temperature is lower than the tolerance value (𝑇𝑚𝑖𝑛). 

Before the temperature is lowered to the minimum, a better solution is found through 

multiple iterations at the current temperature.  

 𝑝 = 𝑒𝑥𝑝(−𝛥𝐸/𝑇𝑛𝑒𝑤) 3-14 

 {

Fast: 𝑇𝑛𝑒𝑤 = 𝑇0/(1 + 𝑡)
Cauchy: 𝑇𝑛𝑒𝑤 = 𝑇0 ∗ 𝜂

Boltzmann: 𝑇𝑛𝑒𝑤 = 𝑇0/𝑙𝑜𝑔(1 + 𝑡)
 3-15 

3.3.3.2 Mutation of configuration 

The new configuration update is the core part of the whole optimization process. The 

maximized range of the feasible region is maintained by applying specific updating 
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rules. In other words, the updated configuration should be any possible configurations 

that do not violate the constraints at the topological and thermodynamic levels. All the 

possible updates from the mutation perspective can be categorized as performance 

variables changes of component, insertion, or deletion components in the T-Graph. 

Since performance variables changes are straightforward and do not impact topological 

properties, only the deletion and insertion of components in the T-Graph needs to be 

discussed.  

As described in the last subsection, various disturbances generate a new configuration, 

such as insertion/deletion of three-edge or two-edge vertex. This subsection will 

discuss how constraints influence the generation of new designs from both topological 

and thermodynamic aspects. It has been explained in Section 3.3.2.1 that the two-edge 

vertices would not impact the SC property. Therefore, any deletion or insertion of two-

edge vertices into the T-Graph will not be constrained. The only need is to find a 

method that does not violate the SC property for insertion or deletion of three edge 

vertex. It should be noted that the slightest change should be made for a T-Graph if 

multiple procedures can be executed when practicing new configuration generation. 

It is apparent that split and merge (three-edge vertices) appear in pairs, and the insertion 

of three-edged vertices will not influence the SC property either. The exceptional one 

that required special care is the deletion of three-edged vertices. Deleting the same type 

of three-edged vertex will not be considered since it will result incomplete system 

configuration. Moreover, there must be a direct edge between a pair of split and merge 

(without other splits or merges within this edge) for a strongly connected T-Graph with 
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at least one pair of split and merge. Considering a general case shown in Figure 3-10. 

For the condition of split pointing to merge, since any new configuration remains an 

SC graph, the connectivity between vertex (𝑣1) and vertex (𝑣4) determine the new 

configuration as I or II. The new configuration should be the least changed type Ⅰ 

(without crossover) if there is more than one path from the vertex (𝑣1) to vertex (𝑣4). 

 therwise, the new configuration should be a crossover type Ⅱ. For the condition of 

merge pointing to split, the direct paths between vertices before merge (𝑣1, 𝑣2) and 

vertices after split (𝑣3, 𝑣4) should be found and matched. The new configuration should 

be a crossover type Ⅲ. Moreover, induction can be proved by any configurations that 

can reach any configurations through multiple insertions or deletions. Until now, I can 

freely make any deletion or insertion to generate any new configuration from the 

graphical perspective, even though the number of splits or merges is limited in practice. 

   

Figure 3-10. Deletion for pair of three-edged vertices:  

(a) deletion for pair of split-merge; (b) deletion for pair of merge-split 
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Figure 3-11 is an example of one-step insertion and deletion of an edge to a bottom 

composite S-CO2 power cycle (Crespi et al. 2017). There are various insertions and 

deletions for different types of components. Based on the edge number and component 

information of a bottom composite S-CO2 cycle, the total number of new configurations 

is listed in Table 3-1. However, some insertions or deletions require additional 

components which satisfy thermodynamic constraints. 

Compressor

Turbine

Condenser

Evaporator

Recuperator

Recuperator

Evaporator

Turbine

Recuperator

Compressor

 

Figure 3-11. Example of edge insertion or deletion on bottom composite cycl-e  

Table 3-1. New configuration number based on a bottom composite cycle 

3.3.3.3 Mutation of performance variables 

Contrary to an explicated designed configuration, it is not straightforward to determine 

which pressure component(s) should be changed after an initial pressure ratio change 

  

  

  

    

  

  

    

  
 

    
 

  
 

    

  

   
      

      

Component Insertion Deletion 

Evaporator 14 2 

Condenser 14 1 

Compressor 14 2 

Turbine 14 2 

Recuperator 364 3 

Split and Merge 364 6 
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from the T-Graph perspective, especially for two splits/merges configurations. The 

same amount of pressure change is assumed for computational efficiency when 

manipulating the pressure/expansion ratio. For instance, two compressors have a 

pressure ratio (PR) of 2, and one turbine has an expansion ratio (ER) of 4 in a loop. If 

the ER increases from 4 to 6, then only one of the compressors increases the PR from 

2 to 3. There are many choices to change other pressure components to make pressure 

balance when initializing a change for one pressure component. For instance, there is a 

system configuration shown as Figure 3 (other components that do not influence 

pressure are excluded). The pressure ratio or expansion ratio of components are listed 

in bracket in the figure. 

Compressor2(6)

Turbine1(3)

Turbine3(2)

Turbine4(1.5)

Compressor1(3)

Turbine2(3)

Turbine5(2)

 

Figure 3-12. Configuration without non-pressure components 

When change the pressure ratio of compressor1 from 3 to 6, we can have following 

choice: 1) change expansion ratio of turbine1/turbine2 from 3 to 6; or 2) change 

expansion ratio of turbine5 and turbine3 from 2 to 4; or 3) change pressure ratio of 

compressor2 from 6 to 3 and turbine3 from 2 to 4, etc. There are many choices we can 

make the pressure balance. The first choice only needs to change one component 

whereas the second and third choices need to change two components. The first change 

option will be preferred considering minimized change is brought to the system design. 
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A composite configuration from Figure 3-13 is used as an example to illustrate this 

problem to clarify the challenging aspects. First, the pressure components and loops 

are identified in Table 3-2. Any loops should contain an even number of changed 

pressure components based on the pressure/expansion ratio change rule mentioned 

above. And the minimum number of changes should be achieved simultaneously to 

make the change as small as possible. In that case, the possibility of excluding 

candidate design is low. Based on these criteria, the pressure ratio of V10 should be 

changed if vertice V9 is changed, while V5, V9, and V11 should change if vertice V2 

is altered. A bi-level integer linear programming problem determines which pressure 

component(s) should be changed.  

Compressor

Turbine

Condenser

Evaporator

Recuperator

Recuperator

Evaporator

Turbine

Recuperator

Compressor

Turbine

 

Figure 3-13. Composite configuration and T-Graph representation 

Table 3-2. Pressure components exist in loops of a composite configuration 

Pressure component Loop 1 Loop 2 Loop 3 

V2 Yes No No 

V5 Yes Yes No 

V9 No Yes Yes 

V10 No No Yes 

V11 No Yes Yes 
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The formal and general expression of the integer programming problem that determines 

the changed components can be represented by Equation 3-16:  

 

{
 
 
 
 

 
 
 
 min∑ (𝑐𝐿𝑖 + 𝑡𝐿𝑖)

𝐿𝑖

,  𝑓𝑜𝑟 𝐿𝑖 ∈ 𝑇 − 𝐺𝑟𝑎𝑝ℎ

𝑠. 𝑡.∑ (𝑐𝐿𝑖 + 𝑡𝐿𝑖 −  ∗ 𝑁𝐿𝑖)
𝐿𝑖

=  , 𝑓𝑜𝑟𝐿𝑖 ∈ 𝑇 − 𝐺𝑟𝑎𝑝ℎ

int [
1

 
∑ (𝑐𝐿̅𝑖 + 𝑡𝐿̅𝑖)

𝐿𝑖

] + 1 ≤ 𝑁𝐿𝑖 ,  𝑐̅, 𝑡̅:  initial change

𝑐𝐿𝑖 , 𝑡𝐿𝑖 ∈ Binary, 𝑁𝐿𝑖 ∈ integer

𝑐𝐿𝑖 , 𝑡𝐿𝑖 = {
1, if PR/ER changed

 , if PR/ER not changed

 3-16 

Where 𝑐𝐿𝑖and 𝑡𝐿𝑖 are binary variables representing whether to make the pressure ratio 

change for compressor and turbine in a loop 𝐿𝑖. The objective of the above integer 

programming is to minimize the change of the whole configuration due to the change 

of initial PR/ER change of compressors or turbines. The constraint in the problem can 

be interpreted as the number of changes in one loop should be even. It is necessary to 

determine the following change type (increase/decrease) based on the original change 

type in the changed components. The mathematical expression for the change type can 

be represented in Equation 3-17, where 𝑐𝐿𝑖
′  and 𝑡𝐿𝑖

′  are integral variables (1 for increase 

or -1 for decrease) represent pressure components determined to change in Equation 

3-16.  

 {

∑ (𝑐𝐿𝑖
′ − 𝑡𝐿𝑖

′ )
𝐿𝑖

=  , 𝑐𝐿𝑖
′ , 𝑡𝐿𝑖

′ : changed components

𝑐𝐿𝑖
′ , 𝑡𝐿𝑖

′ = {
1, if PR/ER increases
−1, if PR/ER decreases

 3-17 

Then, the changed components from the first level will be transferred into the second 

level of integral programming problem as Equation 3-18 shows. The component 
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change type (increase/decrease) is determined by solving this integer optimization 

problem. 

 

{
 
 

 
 max∑ (𝑐𝐿𝑖

′ + 𝑡𝐿𝑖
′ )

𝐿𝑖

,  𝑓𝑜𝑟 𝐿𝑖 ∈ 𝑇 − 𝐺𝑟𝑎𝑝ℎ

𝑠. 𝑡.∑ (𝑐𝐿𝑖
′ − 𝑡𝐿𝑖

′ )
𝐿𝑖

=  , 𝑓𝑜𝑟𝐿𝑖 ∈ 𝑇 − 𝐺𝑟𝑎𝑝ℎ

𝑐𝐿𝑖
′ , 𝑡𝐿𝑖

′ = {
1, if PR/ER increases
−1, if PR/ER decreases

 3-18 

3.3.3.4 Codification of mutation 

For any configuration, the topological information is a T-Graph. Any insertion or 

deletion will import additional state variables that determine the pressure, mass and 

enthalpy of fluid. New nodes and edges carry these new variables, and they need to be 

codified into the original design. Figure 3-14 shows how insertion and deletion 

influence the T-Graph of an initial configuration. The edge inserted will move 

backward, and every insertion imports one vertex and one additional edge. The edge 

connected to the deleted vertex outlet will be removed together with the vertex. The 

inlet of the deleted vertex will be kept and directly connected with the forwarding 

vertex. Deletion or insertion will be easily codified with this consistent and 

modularized deletion or insertion process. 

 

Figure 3-14. Codification of insertion and deletion on T-Graph 
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3.4 Implementation of configuration optimization 

3.4.1 Parameter settings 

The whole optimization platform is built in a Python environment with the help of the 

property library from CoolProp (Bell et al. 2014) and a nonlinear solver package from 

SciPy (Virtanen et al. 2020). Two sample cases under limited component number 

constraints to are examined validate the proposed optimization framework. Necessary 

parameters are required before conducting the evaluation. Based on the design 

reference and limitation from (Dostal, Hejzlar, and Driscoll 2006). The maximum 

temperature and minimum temperatures in the S-CO2 power system are set to 850 K 

and 320 K. The maximum and minimum pressures in the S-CO2 power system are 32 

MPa and 8 MPa. The rest of the performance variables of every component are listed 

in Table 3-3, including the range and the initial value of these variables in governing 

Equation 3-6 and Equation 3-11. 

Table 3-3. Performance variable of components 

Component name Performance variable Range Initial value 

Heater 
Source temperature, 𝑇𝑠𝑟[𝐾] 850 (fixed) 850 

Approach temperature, 𝑇𝑎𝑝 [𝐾] [10, 100] 50 

Cooler 
Sink temperature, 𝑇𝑠𝑘 [𝐾] 310 (fixed) 310 

Approach temperature, 𝑇𝑎𝑝[𝐾] [-10, -50] -30 

Compressor 
Pressure ratio, 𝑝𝑟[-] [1.1, 4.0] 1.2 

Isentropic efficiency, 𝜂 [%] [10, 90] 80 

Turbine 
Expansion ratio, 𝑒𝑟[-] [1.1, 4.0] 1.2 

Isentropic efficiency, 𝜂[%] [10, 90] 80 

Recuperator Effectiveness, 𝜂[%] [10, 90] 80 

Split Split ratio, 𝑠𝑟[-] [0.05, 20] 4 

 

The parameter setting of the SA algorithm is listed in Table 3-4. Since SA is a 

probability-based optimization algorithm, multiple variations can be implemented for 
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an existing configuration. Designing the probability of different mutation type is one 

of the key parts of the optimization process. The mutation happens within the deletion 

or insertion of components and changes the components' performance variables. The 

probability should obey Equation 3-19. In this study, the detailed probability 

distribution can be viewed in Figure 3-15. It should be noted that when changing 

performance variable of split/merge, there is only one choice – split ratio (eta). Suppose 

the minimum or the maximum number of each component type is satisfied. In that case, 

the probability of deletion or insertion should be 0, respectively. 

Table 3-4. Parameter setting of the SA algorithm 

Terminated temperature (𝑇𝑚𝑖𝑛) 0.1 

Initial temperature (𝑇0) 50 

Internal iteration time (𝑘) 100 

Penalty factor 299 

 

 

{
  
 

  
 ∑ 𝑝𝑖

𝑖
= 1 , 𝑖 ∈ {insert, delete, change}

∑ 𝑝𝑖
𝑣

𝑣
= 1, 𝑣 ∈ {HX, Comp, Turb, Recu, Split/Merge}

𝑝𝑑𝑒𝑙𝑒𝑡𝑒
𝑣 =  , 𝑛(𝑣) <  𝑛(𝑣)𝑚𝑖𝑛 𝑎𝑛𝑑 𝑝𝑖𝑛𝑠𝑒𝑟𝑡

𝑣 =  , 𝑛(𝑣) >  𝑛(𝑣)𝑚𝑎𝑥 

∑ 𝑝𝑐ℎ𝑎𝑛𝑔𝑒
𝑣𝑗

𝑣
= 1, 𝑣 ∈ {HX, Comp, Turb, Recu, Split/Merge}, 𝑗 ∈ {𝑒𝑡𝑎, 𝑝𝑟, 𝑒𝑟}

 

 

3-19 

 

 
Figure 3-15. Probability distribution of mutation types 
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Table 3-5. Component number limitation for two case studies 

The total number of each component type is restricted, which is displayed in Table 3-5, 

to investigate the capability of the thermodynamic solver. The initial configuration is a 

four-component-based system that includes a compressor, turbine, evaporator, and 

condenser. Two case studies that correspond to no split/merge condition and one 

split/merge condition are carried out to prove this optimization framework's capability. 

3.4.2 Validations of configuration optimizer 

There is no split/merge in the configuration in the first case study. The component types 

include one more recuperator. The three types of mutation, including deletion, insertion, 

and performance variables change, can be implemented under the limitation of 

maximum and minimum component numbers. It is viable to permutate all possible 

configurations under the limited searching domain and do an exhaustive search for all 

the configurations. Therefore, this case study's purpose is mainly to demonstrate the 

capability of the configuration solver. Since the number of feasible configurations is 

limited, the optimization result from the SA-based optimizer can be verified by the 

result of an exhaustive search among all the feasible configurations.  

Component 
Maximum # for 

no split/merge 

Maximum # for 

one split/merge 
Minimum # Initial # 

Evaporator 1 1 1 1 

Condenser 1 1 1 1 

Compressor 1 2 1 1 

Turbine 1 1 1 1 

Recuperator 1 1 0 0 

Split 0 1 0 0 



 

 

106 

 

 

Figure 3-16. Rate of feasible configuration and implemented mutation  

Figure 3-16 shows the generation rate of feasible configurations for every temperature 

drop of SA and the mutation type implemented by the SA algorithm in a single 

execution. The configuration solver has a high convergence rate for all configurations 

in this low volume of the feasible region. Here, the type of design that violates 

thermodynamic laws and assign penalty factor is called infeasible design. The rest of 

design is feasible and divided by total design will produce rate of feasible configuration 

The feasible rate shows below 100% at the beginning optimization process due to the 

inappropriate performance variables setting of components resulting in the second law 

violation condition. The deletion type is as low as 5% at the beginning since the initial 

configuration already reaches the minimum number restriction. After iteration 15, the 

optimizer mainly implements the performance variables and deletion mutation since 

the objective value reaches a relative value and reaches the maximum number 

restriction for this simple case study. The rest of the iterations can be viewed as purely 

tuning of performance variables.  
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Figure 3-17. Converge process of configuration without split/merge over multiple 

times 

Considering the stochastic characteristic of the SA algorithm, 30 times of independent 

execution of the optimization framework has been carried out to investigate the 

optimizer's stability. Figure 3-17 shows the convergence process of the objective value 

and the earliest occurrence of the final configuration. The maximum and minimum 

value of the objective value in every iteration is shown as a cloud. In contrast, the mean 

objective value in each iteration is plotted as a solid line in the middle. At the beginning 

of the iteration, the performance variables might be set inappropriately to yield an 

unsolvable or negative efficiency. Therefore, the objective value would be a large 

positive value. The narrowing down of the area and iteration validate this optimization 

platform's stability. The scatter points in the graph highlighted the emerging best 

configuration and purely performance variables tuning in each framework's execution. 

A statistical summary of the emerging and tuning information is also depicted as a box 

plot. With no split/merge restriction, the best configuration emerges primarily before 

iteration #50. The performance variables tuning happened before iteration #100. 
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Figure 3-18. Best configuration without split/merge: (a) System efficiency, (b) System 

configuration, (c) Performance variables of every component, (d) T-s diagram of 

system, (e) P-h diagram of system  

 

Figure 3-18 shows the result of the optimization. The best system efficiency reaches 

39%, while the Carnot efficiency (the theoretical maximum efficiency one can get 

when the heat engine is operating between two temperatures) shown in subfigure (a) is 

63%. The final configuration is depicted in subfigure (b), the additional recuperator is 

inserted at outlet of turbine and compressor. The optimized performance variables of 

every component in the system as the bar plot in subfigure (c) with maximum and 

minimum value set in Table 3-3, The T-s diagram shows isobaric line of heat exchange 

process in subfigure (d) and P-h diagram shows the isentropic line in subfigure (e). The  

The configuration is referred to as the recuperated S-CO2 cycle.  It is observed from 

subfigure (c) that the approach temperature of the sink/source reaches the lower bound 

of settings, and the effectiveness of the recuperator reaches the upper bound of settings. 
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The efficiency of the compressor and the turbine reaches the upper boundary of variable 

range settings, while the pressure ratio and expansion ratio do not reach the upper 

boundary of settings. 

  

Figure 3-19. Exhaustive search for configuration without split/merge: (a) Statistical 

histogram of efficiency on feasible region, (b) Best configuration through the 

exhaustive search 

To further prove the effectiveness of the whole framework, an exhaustive search was 

implemented in this simple case study. Results are shown in Figure 3-19 that the total 

number of configurations was 120 for a system with six components without a split. 

Therefore, I permutated all the 120 configurations constituting of these six components, 

executed only the performance variables tuning, and obtained the efficiency of all the 

configurations. The statistical results of all configurations are summarized in Figure 

3-19. A negative efficiency indicates that the system consumes more electricity than it 

generates. Furthermore, the number of configurations decreases with the increase in 

efficiency level. The best configuration is a recuperated system that achieves 39% of 

thermal efficiency, which is the same as the one optimized by the framework. 
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Figure 3-20. The generation rate of feasible configuration and accumulated 

configurations  

The maximum number of different components is expanded with one split/merge to 

validate the framework on a more complex feasible region, as shown in Table 3-5. The 

generation rate of feasible configuration and the mutation type percentage change and 

iteration can be viewed in Figure 3-20. The generation rate of feasible configurations 

is lower than the limitation without split/merge due to more complex mutation types 

and more considerable diversity. However, the overall rate of feasible configuration is 

still over 97%. Similar to the simple case study, the mutation type insertion stops when 

the iteration number is over 140, which indicates the system reaches the maximum 

number limitation of every component and starts performance variables tunning purely.  

The optimization process's stability is validated by 30 times of independent execution 

of the optimization framework and depicted as the cloud region in Figure 3-21. 

Compared with the simple case, the convergence process is slower but still reveals the 

stability of this optimization platform after 350 iterations.  Equivalently, the statistical 

information was highlighted as box plots for the emergence of a best configuration and 
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purely performance variables tuning in each execution. With one split/merge 

restriction, the best configuration emerges mostly before iteration #75. Furthermore, 

the performance variables tuning happened before iteration #175. These two metrics 

suggest that it is harder to find optimality when the feasible region expands.   

 

Figure 3-21. Convergence process of configuration with one split/merge over 

multiple times 

 

Figure 3-22. Best configuration with one split/merge: (a) System efficiency, (b) 

System configuration, (c) Performance variables of every component, (d) T-s diagram 

of system, (e) P-h diagram of system 
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Figure 3-22 shows the result of a single execution of the optimization process for one 

split/merge case study. The configuration converges to a recompression cycle with an 

overall efficiency of 44%. Even though exhaust searching on the case study is 

impossible, as discussed in Figure 3-19, the recompression cycle has been reported as 

the most efficient among various advanced configurations. The system design is limited 

by component number constraints for different application areas based on the state-of-

the-art S-CO2 power generation system. It has been applied in multiple areas, such as 

nuclear power generation (Dostal, Hejzlar, and Driscoll 2006; Ahn et al. 2015), solar 

power (Turchi et al. 2012; Neises and Turchi 2014), molten carbonate fuel cell system 

(Bae et al. 2014), and numerous research works, including literature reviews (Crespi et 

al. 2017; M.-J. Li et al. 2017), book chapters (Brun, Friedman, and Dennis 2017) and 

scientific report of National Laboratory (S. Wright, Thomas, and Gary 2011). The 

approach temperature of the heat source/sink reaches the minimum value, and the 

effectiveness of the two recuperators reaches the maximum value. The efficiency of the 

compressor and the turbine approach the upper boundary while the pressure ratio and 

expansion ratio are optimized to an appropriate value. An animation of the converging 

process for this case study can be viewed in (Gao 2020). Moreover, it is noted that the 

mass flow rate and other heat exchanger performance variables are tuned to make the 

outlet of the compressor and recuperator to the same temperature. Therefore, the 

irreversible loss would be minimized.  
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Figure 3-23. Influence of initial configuration 

The initial configuration should impact the convergence of the optimization process. 

To investigate this effect, I compared optimization performance from a Brayton cycle 

and recuperated cycle with independent 30 executions for each of them. The statistical 

results are plotted in Figure 3-23. It is seen that the best configuration emerges earlier 

from an advanced design (recuperated cycle) than the basic configuration (Brayton 

cycle). Moreover, the fine-tuning process has limited improvement after switching to 

an advanced configuration. However, initiating with an advanced configuration helps 

the emergence of optimum configuration. Therefore, it is better to start from the 

existing optimized configuration for a more advanced configuration. Besides, the 

computational efficiency would be boosted if the optimizer could start from less 

advanced configurations and start from them. 

3.4.3 Optimized configurations 

In the first category, there is no split/merge in the configuration. Figure 3-24 shows the 

final optimized configuration based on this category. The system contains three 
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reheating, three recuperating, and two compression processes. It should be noticed that 

Figure 3-24 (b) plots the decoupled connections as discussed in Figure 3-7, where 

recuperators are separately plotted as dependent heating and cooling parts. And 

following figures for the configurations plot are all based on decoupled connection. 

The minimum pressure in the system is 7.5 MPa, and optimized thermal efficiency 

reaches 44.6% for this no split/merge configuration. Since there is no split/merge, the 

optimization of this configuration aims to align the relative location of compressors, 

turbines, and heat exchangers. Based on the result, the optimized configuration tends 

to use as many reheating processes as possible to elevate the average absorbing 

temperature, thus promoting theoretical efficiency. At the same time, all three 

recuperator processes are utilized to recover as much heat as possible from the outlet 

of turbines. Unlike the conventional recuperating process, the third recuperator 

recovers cooling capacity between two compression processes to lower the cooler's 

inlet temperature. Thus, the basic recuperated configuration decreases the average heat-

dissipating temperature and increases theoretical efficiency. The animation of the 

optimization process (Gao 2020) shows the convergence process towards 

recompression system and pure performance parameter tuning. 
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Figure 3-24. Best configuration without split/merge: (a) T-s diagram of system, (b) 

System configuration and performance variables of every component, (c) System 

efficiency 

The optimization result is based on the configuration with one pair of split/merge (𝑠1) 

is shown in Figure 3-22. The minimum pressure in the system is around 8.0 MPa, and 

the optimized configuration converges to a reheated recompression cycle with an 

overall efficiency of 48%. Same as the optimized result for configuration 𝑠0, in this 

optimized configuration, multiple reheating processes are utilized to improve further 

the average heating temperature for boosting efficiency. Recompression configuration 

is evolved out as the basic structure of this optimization result. This recompression 

process has been reported to highly improve efficiency among various advanced 
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configurations for different application areas, such as nuclear power generation 

(Dostal, Hejzlar, and Driscoll 2006; Ahn et al. 2015), solar power (Turchi et al. 2012; 

Neises and Turchi 2014), and molten carbonate fuel cell systems (Bae et al. 2014). The 

optimized split ratio of the splitter is around 1.7 to match the high-temperature and low-

temperature recuperators. The compressor has no internal heating process since the heat 

capacity is well matched by unequaled mass flow from high pressure and the low-

pressure side. This configuration cannot lower the average heat-dissipating temperature 

while maintaining relatively high thermal efficiency.  

 

Figure 3-25. Best configuration with one split/merge: (a) T-s diagram of system, (b) 

System configuration and performance variables of every component, (c) System 

efficiency 
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Since there are multiple configurations for the same topological structure with two 

splits/merges, only the most efficient configuration among all the configurations with 

two splits/merges is discussed in this context. The most efficient configuration is shown 

in Figure 3-26 among all the configurations with two splits.  

  

Figure 3-26. Best configuration with two splits/merges: (a) T-s diagram of system, (b) 

System configuration and performance variables of every component, (c) System 

efficiency 

Three turbines, three compressors, three heaters, and three recuperators. The lowest 

pressure in the system is 8.1 MPa, and the optimum thermal efficiency reaches 49.1%. 

Compared with recompression-based configuration, the system further improves 

efficiency by 2.3% with one more split from the lower pressure side. And it is the same 
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with configuration with one split; there is no internal heating process for the compressor 

due to enough recovery process from recuperators. The thermal efficiency boost is 

relatively small compared with the elevation of the system complex, which might 

import unstable issues with condition change. Therefore, it is worthwhile to conduct a 

robustness analysis for all the candidate configurations. 

3.4.4 Robustness analysis 

In the above section, the best configurations in three categories (no split, one split, and 

two splits) are optimized from configurations based on six types of T-graph structures. 

The best configurations are further evaluated by parametric study. These parameters 

are those selected in the optimization process, including temperature-related, such as 

approach temperature, minimum pinch point, efficiency for compressor/turbine, 

effectiveness for recuperator, mass flow rate split ratio for a splitter. The overview of 

all varied parameters can be viewed in Table 3-6. Since there are two splits in 

configuration, the variation of split ratio for optimized configuration is presented 

separately. 

Table 3-6. Parameter range for robustness analysis 

Parameter Range 

Pinch point requirement [K] [3, 15] 

Approach temperature [K] [10, 30] 

Recuperator effectiveness [%] [75, 95] 

Pressure component efficiency [%] [70, 90] 

Split ratio change [%] [-10, 10] 

 

Based on the optimized configuration of each category of splits, I varied the minimum 

pinch point requirement for all recuperators from 3K to 15K. Figure 3-27 (a) shows the 

performance of thermal efficiency change along with pinch point requirements. It is 
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found that the optimized configuration without split has the most stable performance 

even though the optimum performance is lower than the other two. One of the 

recuperators in the configuration with no split has a higher value compared to the pinch 

point of all three recuperators in Figure 3-24 through Figure 3-26. This provides 

optimization space for the recuperator when varying the pinch point requirement. These 

three configurations have similar thermal efficiency under extreme conditions, where 

the recuperators’ pinch point is  5K. 

  

Figure 3-27. Influence of temperature-related parameters on thermal efficiency 

(a)Minimum pinch point requirement influence; (b) Approach temperature influence 

By varying the approach temperature of the heater and cooler, system performance 

stability concerning the fluctuation of the ambient heat source is investigated. The 

performance change can be viewed in Figure 3-27 (b). It is seen that approach 

temperature for heat sink has a larger impact on performance degradation. And three 

categories of configuration have similar degradation for the approach temperature. The 

advantage of a two-split configuration is limited compared with one split configuration 

when the approach temperature increases to 30K. 

The effectiveness of recuperators reflects how well the waste heat from the outlet of 

turbines is recovered.  Figure 3-28 (a) shows that the effectiveness of the recuperator 
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has a large impact on the performance of the configuration with one split, whereas the 

influences on one split and two splits are limited. The highly efficient performance of 

the configuration with no split depends more on the recuperators’ performance than on 

the other two configurations. Compared with configuration with split, the influence 

difference of recuperator effectiveness on performance is negligible. Therefore, the 

robustness of these two configurations is similar in terms of effectiveness. Figure 3-28 

(b) shows the influence of pressure component efficiency on the overall thermal 

efficiency of systems. The result shows that different configuration categories have 

different influences on the system performance. The decreasing trend for two-split 

configurations is more notable than one split and no split configuration. The two-splits 

configuration has one more compressor to improve system efficiency and is thus more 

unstable when fluctuating the pressure component efficiency. There is no advantage 

when efficiency decreases below 75%. And it is observed that the thermal efficiency 

of a one-split configuration decreases slowly when component efficiency higher than 

80% and sharply after that.  

 

Figure 3-28. Influence of effectiveness and efficiency on thermal efficiency (a) 

Turbine and compressor efficiency influence (b) Recuperator effectiveness influence 
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The split ratio is the critical factor contributing to the relatively high efficiency of 

systems. To investigate the system's robustness under fluctuating split ratio for 

configurations with one split and two splits, this value of the optimized configurations 

is changed independently. Figure 3-29 (a) depicts the influence of the split ratio of the 

optimized configuration with one split with the value change from -10% to 10% of the 

optimized one. The results show that the efficiency is maintained between 48% and 

47% with a changed split ratio. The configuration with two splits has more complicated 

changes when changed the ratios of two splits. The first split change has more impact 

compared with the second split since the first split controls the major split ratio. The 

second split has more effect when the first split decreases from the optimum value. The 

worst condition occurs when both split ratios fall. Overall, configuration with one split 

is relatively more stable, and the possibility of a mismatch of two splits ratio might 

degrade the system performance further. The system with one split is more robust than 

the system with two. And considering that the thermal efficiency of configuration with 

two splits is only 2.3% higher than that with one split, it is preferable to design a power 

system with one split rather than a system with two splits. 

 

Figure 3-29. Influence of split ratio (a) Influence on configuration with one split  (b) ) 

Influence on configuration with two split 
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3.5 Summary 

A configuration optimization framework was developed for optimizing the S-CO2 

power system. In this framework, a general thermodynamic graph was developed to 

represent any system configurations, including all the information on connections and 

governing equations. A simulated annealing-based optimizer was used to optimize the 

configuration. Strongly connected property and thermodynamic laws were 

implemented to generate new system configurations for the first time. Two types of 

case studies validated the framework. Several conclusions can be drawn as follows: 

The developed optimization framework can effectively solve any newly generated 

system configuration. Designed mutation operators can be effectively implemented 

during the optimization process. The overall feasible configurations that obey graph 

theory and thermodynamic laws take over 99% of all configurations generated.  

For the case study with no split/merge in the configuration, the framework can evolve 

out of the recuperated system with an efficiency of 38%. This optimization result was 

validated by pure performance variables tuning on 120 independent configurations. 

The optimization framework can converge to the best configuration. The performance 

variables of every component tend to approach the upper or lower boundary of settings. 

For the case study with one split/merge and more component numbers, the optimization 

framework converges to recompression configuration with an efficiency of 44%, which 

is the state-of-the-art configuration reported in other publications (Dostal, Hejzlar, and 

Driscoll 2006; Ahn et al. 2015; Turchi et al. 2012; Neises and Turchi 2014; Bae et al. 

2014; M.-J. Li et al. 2017; Brun, Friedman, and Dennis 2017; S. Wright, Thomas, and 



 

 

123 

 

Gary 2011). The best configuration emerges slower than the simple case study due to 

the larger feasible region but tends to purely performance variables tuning at the second 

half of the iteration. The heat source and sink tend to approach upper and lower 

boundary conditions. The mass flow rate and the pressure ratio tend to decrease the 

irreversible loss in high-temperature and low-temperature recuperators. The optimized 

configuration in a smaller volume of feasible region can help with the earlier emergence 

of the best configuration and final pure performance variables tuning process for a 

larger volume of feasible region. Therefore, it would help with computational 

efficiency if the best configuration can be found for simple case conditions.  

The optimized S-CO2 system reaches a thermal efficiency of 44.6%, 48%, and 49.8% 

for no split, one split, and two splits when considering more components. This 

efficiency of the two splits system is 2.3% higher than the state of the art. The 

robustness of the three configurations is analyzed through a parametric study on pinch 

point, approach temperature, the effectiveness of recuperators, efficiency of pressure 

components, and split ratio. The two-split configuration degrades more than the one-

split configuration in thermal efficiency. A one-split configuration is recommended, 

considering a two-split configuration's limited thermal efficiency improvement.  And 

the configuration without a split is applicable when the system is designed under 

extreme requirements and conditions. With the help of the preliminary selection, 

optimization, and robustness processes, a broader range of system configurations in 

this single platform can be analyzed. And similar research, like different working fluids 

and objectives, can be conducted through this robustness analysis process. 
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4   timum   eration of CC P 

A well-defined CCHP system cannot reach optimum performance without optimum 

control to fulfill the energy demands. It would be unrealistic to have real-time control 

for such a complex CCHP system, considering the complicated physical principle of 

every component in subsystems and the coupling factor of these subsystems. In 

comparison, offline operation optimization would be a feasible way to investigate the 

overall performance in a period. First, excluding all the storage subsystems, the 

subsystems are deemed operating under a CCHP system's transient condition. In other 

words, every subsystem is assumed to operate in steady-state in a defined period, like 

an hour or a day. In the meantime, the subsystems are governed by simplified 

performance maps that summarize their characteristics sufficiently for the operation 

optimization of a CCHP system without storage subsystems. However, energy storage 

is a necessary component for a CCHP system to operate steadily and efficiently, namely 

peak shaving and load shifting. Thereafter, a CCHP system with storage requires more 

subtle strategies since a trajectory of storages future states should be determined at any 

time step. Like the shortest path problem, dynamic programming arises for the 

operation optimization of a CCHP system with storage subsystems. The adjacent time 

steps can be viewed as adjacent cities. The different state of storage system can be 

viewed as location in a city. The cost of operation from one state of current time step 

to another state of next time step can be viewed as path length from one location of one 

city to another location of adjacent city. A dynamic programming problem can be 

decomposed into multistage subproblems with the help of the principle of optimality.  
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Besides the dynamic property, another key issue that needs attention is the uncertainty 

within the CCHP system. Compared with the deterministic energy conversion 

subsystems, the energy demands are not always accurate due to inaccurate weather 

forecasts and occupant schedule fluctuation within buildings. Therefore, it is desirable 

to incorporate uncertainty into the operation optimization process. Dynamic 

programming is extended to a stochastic dynamic programming problem for the 

optimum operation of a CCHP system with storage subsystems with uncertainty. As 

compared with DP, the difference in SDP is that the solution to each subproblem is an 

expected value regarding the uncertainty information. There are many other 

formulations for stochastic programming. Various forms of stochastic optimization 

have been implemented for energy system operation, most of them are targeted at the 

electricity market and there is insufficient research work focused on integrated thermal 

energy subsystems, like a CCHP system. On the other hand, risk level preference is of 

importance for decision makers when operating an energy system. However, 

considering the complexity of the risk measurement, non-convexity of feasible regions 

and inefficient computation, this thesis limited the stochastic programming to risk 

neutral approach, which means the risk level preference is not considered. 

This chapter introduces a general representation of CCHP systems, followed by an 

uncertain demands analysis, where the sampling method, implementation, and 

validation are illustrated. Since the SDP problem experiences twofold difficulty, the 

computation of expectation involves a high-dimensional discretization. The 

computational complexity grows exponentially concerning the number of stages, 

including state space, outcome space, and action space. Therefore, in the last part, an 
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approximation method named stochastic dual dynamic programming is depicted and 

applied for solving the SDP problem of CCHP with uncertainty.  

4.1 CCHP system representation 

A system and energy flow representation should be carried out to make the operation 

optimization process more general for a combined system with various designs. As 

illustrated in Figure 4-1, the CCHP system can be simplified as the nodes and edges in 

a direct graph, where electricity, cooling, and heating energy flows exist within energy 

storage, demands, and sources, such as renewable energy and fossil fuel. The energy 

flow network graph can be expressed as Equation 4-1 and Equation 4-2. E and H on 

the right-hand side of the equations represent electricity and heating generated by 

components. The superscript t represents time (a stage in operation viewpoint). 

 

Figure 4-1. Abstract graph of CCHP energy flow 

 

 𝑉:= {𝑛𝐺 , 𝑛𝑅 , 𝑛𝐹 , 𝑛𝑆𝑐 , 𝑛𝑆ℎ , 𝑛𝑆𝑒 , 𝑛𝐷𝑐 , 𝑛𝐷ℎ , 𝑛𝐷𝑒 , 𝑛𝐵𝑐 , 𝑛𝐵ℎ , 𝑛𝐵𝑒} 4-1 
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 𝐸:=

{
 
 

 
 
[𝑛𝐺 , 𝑛𝑆𝑒], (𝑛𝑅 , 𝑛𝑆𝑒), (𝑛𝑅 , 𝑛𝑆ℎ), (𝑛𝐹 , 𝑛𝑆𝑒), (𝑛𝐹 , 𝑛𝑆ℎ),

[𝑛𝑆𝑒 , 𝑛𝐺], [𝑛𝑆𝑒 , 𝑛𝐵𝑒], [𝑛𝑆𝑒 , 𝑛𝐷𝑒], (𝑛𝑆𝑒 , 𝑛𝑆𝑐), (𝑛𝑆𝑒 , 𝑛𝑆ℎ),

[𝑛𝑆ℎ , 𝑛𝐵ℎ], [𝑛𝑆ℎ , 𝑛𝐷ℎ], (𝑛𝑆ℎ , 𝑛𝑆𝑒)

[𝑛𝑆𝑐 , 𝑛𝐵𝑐], [𝑛𝑆𝑐 , 𝑛𝐷𝑐] }
 
 

 
 

  4-2 

 

The edge between two vertices represents the energy transfer between two formats or 

energy supply. Edges expressed as (*, *) indicate energy conversion subsystems on this 

edge, whereas only a loss factor is applied on edges described as [*, *]. Any subsystems 

in a CCHP system should be aligned on at least one of the edges (*, *). Therefore, the 

following equation should be satisfied for any subsystems in the CCHP system.  

 𝑠 ∈ (∗,∗), for 𝑠 ∈ 𝛺𝑠𝑢𝑏𝑠𝑦𝑠𝑡𝑒𝑚
𝑎𝑙𝑙  4-3 

The energy conversion process of every component can be expressed as Equation 4-4 

based on the performance of subsystems. Every additional subsystem can find the 

proper position in the graph and be added to the energy balance equation. 

 

 

{
 
 

 
 

𝐹𝑠
𝑡𝜂𝑠(𝛽𝑠

𝑡𝛼𝑠
𝑡, 𝑎𝑡) = 𝐶𝑝𝑠𝛽𝑠

𝑡𝛼𝑠
𝑡 , 𝑠 ∈ (𝑛𝐹 ,∗)

𝐹𝑠
𝑡𝜂𝑠
′ (𝛽𝑠

𝑡𝛼𝑠
𝑡, 𝑎𝑡) = 𝐻𝑠

𝑡, 𝑠 ∈ (𝑛𝐹 , 𝑛𝑆𝑒) ∩  𝑠 ∈ (𝑛𝐹 , 𝑛𝑆ℎ)

𝐻𝑠
𝑡𝜂𝑠(𝛽𝑠

𝑡𝛼𝑠
𝑡, 𝑎𝑡) = 𝐶𝑝𝑠𝛽𝑠

𝑡𝛼𝑠
𝑡, 𝑠 ∈ (𝑛𝑆ℎ ,∗)

𝐸𝑠
𝑡𝜂𝑠(𝛽𝑠

𝑡𝛼𝑠
𝑡, 𝑎𝑡) = 𝐶𝑝𝑠𝛽𝑠

𝑡𝛼𝑠
𝑡, 𝑠 ∈ (𝑛𝑆𝑒 ,∗)

 4-4 

Where𝐹𝑠
𝑡is input fossil fuel for subsystem, 𝜂𝑠indicates the efficiency or COP profile 

function of subsystems, 𝛽𝑠
𝑡  represents the partial load of a subsystem, 𝐶𝑝𝑠  is the 

capacity of subsystem,  𝜂𝑠
′  is the waste heat generation ratio from prime mover, 𝐻𝑠

𝑡 is 

recovered heat. It is noteworthy that, in general, there are ramp limitations for the 

partial load of subsystems. It is essential to import a binary variable 𝛼 to indicate the 

on-off signal of a subsystem, and the partial load ratio 𝛽𝑠
𝑡 is replaced by the true partial 

load value 𝛽𝑠
𝑡𝛼𝑠

𝑡. 𝑎𝑡 represents other factors that influence the subsystem efficiency. 
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Figure 4-2. Ramp limitation of subsystem 

 

Continuously, the energy conservation equation of the CCHP system that provides 

energy for demand sides at every time step can be expressed as Equation 4-5 based on 

the hypothetic nodes. The hypothetic nodes are used for energy balance calculations. 

There are three types of hypothetic nodes, heating, cooling, and electricity. The energy 

flow in and out of these hypothetic nodes should be equal. Therefore, it is easy to list 

the mathematical equation for the energy flow within the network. Here, it is easy to 

observe that every step involves the previous step status for storage subsystems. Thus, 

the current time step influences the CCHP system's future, which is the characteristic 

of dynamic programming.  

 

𝐸𝑔𝑟𝑖𝑑
𝑡 −∑ 𝐸𝑠1

𝑡

𝑠1

+∑ 𝐶𝑝𝑠2𝛽𝑠
𝑡𝛼𝑠

𝑡

𝑠2

+∑ 𝐶𝑝𝑠3(𝛽𝑠3
𝑡 − 𝛽𝑠3

𝑡−1)
𝑠3

≥ 𝐸𝑑𝑒𝑚𝑑
𝑡 , 

for  𝑠1 ∈ (𝑛𝑆𝑒 ,∗), 𝑠2 ∈ (∗, 𝑛𝑆𝑒), 𝑠3 ∈ 𝛺𝑒𝑙𝑒𝑐
𝑠𝑡𝑟𝑔
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∑ 𝐻𝑠1
𝑡

𝑠1

−∑ 𝐻𝑠2
𝑡

𝑠2

+∑ 𝐶𝑝𝑠3𝛽𝑠
𝑡𝛼𝑠

𝑡

𝑠3

+∑ 𝐶𝑝𝑠4(𝛽𝑠4
𝑡 − 𝛽𝑠4

𝑡−1)
𝑠4

≥ 𝐻𝑑𝑒𝑚𝑑
𝑡 , for 𝑠1 ∈ (𝑛𝐹 , 𝑛𝑆𝑒) ∩ (𝑛𝐹 , 𝑛𝑆ℎ), 𝑠2

∈ (𝑛𝑆ℎ ,∗), 𝑠3 ∈ (∗, 𝑛𝑆ℎ)\(𝑛𝐹 , 𝑛𝑆ℎ), 𝑠4 ∈ 𝛺ℎ𝑒𝑎𝑡
𝑠𝑡𝑟𝑔
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∑ 𝐶𝑝𝑠1𝛽𝑠

𝑡𝛼𝑠
𝑡

𝑠1

+∑ 𝐶𝑝𝑠2(𝛽𝑠2
𝑡 − 𝛽𝑠2

𝑡−1)
𝑠2

≥ 𝐶𝑑𝑒𝑚𝑑
𝑡 , for 𝑠1

∈ (∗, 𝑛𝑆𝑐), 𝑠2 ∈ 𝛺𝑐𝑜𝑜𝑙
𝑠𝑡𝑟𝑔

 

4-7 

The overall operation process cost is treated as the objective of the optimization 

problem. In the CCHP system, only natural gas and grid power need to be purchased. 

Therefore, the total cost of operation can be viewed as follows: 

 𝑐𝑜𝑠𝑡 =∑ (𝑐𝑒𝑙𝑒𝑐
𝑡 𝐸𝑔𝑟𝑖𝑑

𝑡 + 𝑐𝑓𝑢𝑒𝑙
𝑡 ∑ 𝐹𝑠1

𝑡

𝑠1

)
𝑇

𝑡
, for 𝑠1 ∈ (𝑛𝐹 ,∗) 4-8 

 

A conventional CCHP system that contains multiple subsystems, as illustrated in 

Figure 1-3, can be summarized in Equation 4-9. The electricity demand (ED) is 

satisfied by a prime mover (PM), which is a gas turbine (GT) in this system, an Organic 

Rankine Cycle (ORC), which recovers exhaust heat from the gas turbine to generate 

electricity, and a grid and electricity storage system (ESS). As for the heating demand 

(HD), the absorption heat pump (ABH) recovers exhaust heat from the gas turbine to 

generate more heat for space heating. The boiler (BL) and electric heating system (EH) 

consumes natural gas and electricity separately to provide heating capacity. Cooling 

demand (CD) is satisfied by absorption cooling (ABC) and/or vapor compression 

system (VCC). Heat and cooling storages (CSS, HSS) are used to adjust the energy 

demand and supply balance. 

 𝛺𝑠𝑢𝑏𝑠𝑦𝑠𝑡𝑒𝑚
𝑎𝑙𝑙 : = {𝑀𝑇, 𝐴𝐵𝐻,𝑂𝑅𝐶, 𝐵𝐿, 𝐸𝐻, 𝐴𝐵𝐶, 𝑉𝐶𝐶, 𝐶𝑆𝑆, 𝐻𝑆𝑆, 𝐸𝑆𝑆} 4-9 

Based on the energy balance of the whole system, the constraints and objective can be 

expressed as Equation 4-10 through Equation 4-12. Moreover, the object can be 

depicted in Equation 4-13. The big M method (Bazaraa, Jarvis, and Sherali 2009) is 

used to dissociate the partial load ratio (β) and on-off signal (α) and eliminate the 
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nonlinearity brought by ramp limitation, as shown in Figure 4-2. This dissociation is 

expressed in Equation 4-11, where 𝛽̅  and 𝛽  represent upper and lower limit of the 

partial load, respectively, and 𝛽̅  should be always equal to 1. Then the nonlinear 

property of actual partial load is transferred to linear constraints. Moreover, the natural 

gas consumed by GT and BL contributes to the objective of the total cost. 

 

{
 
 
 
 

 
 
 
 

𝐹𝑀𝑇
𝑡 𝜂𝑀𝑇 = 𝐶𝑝𝑀𝑇𝛾𝑀𝑇

𝑡  

𝐹𝑀𝑇
𝑡 𝜂𝑀𝑇

′ = 𝐻𝑀𝑇
𝑡

𝐹𝐵𝐿
𝑡 𝜂𝐵𝐿 = 𝐶𝑝𝐵𝐿𝛾𝐵𝐿

𝑡  

𝐻𝐴𝐵𝐻
𝑡 𝜂𝐴𝐵𝐻 = 𝐶𝑝𝐴𝐵𝐻𝛾𝐴𝐵𝐻

𝑡

𝐻𝑂𝑅𝐶
𝑡 𝜂𝑂𝑅𝐶 = 𝐶𝑝𝑂𝑅𝐶𝛾𝑂𝑅𝐶

𝑡

𝐻𝐴𝐵𝐶
𝑡 𝜂𝐴𝐵𝐶 = 𝐶𝑝𝐴𝐵𝐶𝛾𝐴𝐵𝐶

𝑡

𝐸𝐸𝐻
𝑡 𝜂𝐸𝐻 = 𝐶𝑝𝐸𝐻𝛾𝐸𝐻

𝑡

𝐸𝑉𝐶𝐶
𝑡 𝜂𝑉𝐶𝐶 = 𝐶𝑝𝑉𝐶𝐶𝛾𝑉𝐶𝐶

𝑡

 4-10 

  

 {

𝛽𝑠
𝑡𝛼𝑠

𝑡 ≤ 𝛾𝑠
𝑡 ≤ 𝛼𝑠

𝑡𝛽̅𝑠
𝑡

𝛽𝑠
𝑡 − (1 − 𝛼𝑠

𝑡)𝛽̅𝑠
𝑡 ≤ 𝛾𝑠

𝑡 ≤ 𝛽𝑠
𝑡 − (1 − 𝛼𝑠

𝑡)𝛽𝑠
𝑡

𝛾𝑠
𝑡 ≤ 𝛽𝑠

𝑡 + (1 − 𝛼𝑠
𝑡)𝛽̅𝑠

𝑡

, for 𝑠 ∈ 𝛺𝑠𝑢𝑏𝑠𝑦𝑠𝑡𝑒𝑚
𝑎𝑙𝑙  4-11 

 

 {

𝐸𝑔𝑟𝑖𝑑
𝑡 − 𝐸𝑉𝐶𝐶

𝑡 − 𝐸𝐸𝐻
𝑡 + 𝐶𝑝𝑂𝑅𝐶𝛾𝑂𝑅𝐶

𝑡 + 𝐶𝑝𝑀𝑇𝛾𝑀𝑇
𝑡 + 𝐶𝑝𝑆𝑇𝑒(𝛽𝑆𝑇𝑒

𝑡 − 𝛽𝑆𝑇𝑒
𝑡−1) ≥ 𝐸𝑑𝑒𝑚𝑑

𝑡

𝐻𝑀𝑇 − 𝐻𝐴𝐵𝐻
𝑡 − 𝐻𝑂𝑅𝐶

𝑡 −𝐻𝐴𝐵𝐶
𝑡 + 𝐶𝑝𝐵𝐿𝛾𝐵𝐿

𝑡 + 𝐶𝑝𝐸𝐻𝛾𝐸𝐻
𝑡 + 𝐶𝑝𝑆𝑇ℎ(𝛽𝑆𝑇ℎ

𝑡 − 𝛽𝑆𝑇ℎ
𝑡−1) ≥ 𝐻𝑑𝑒𝑚𝑑

𝑡

𝐶𝑝𝐴𝐵𝐶𝛾𝐴𝐵𝐶
𝑡 + 𝐶𝑝𝑉𝐶𝐶𝛾𝑉𝐶𝐶

𝑡 + 𝐶𝑝𝑆𝑇𝑒(𝛽𝑆𝑇𝑐
𝑡 − 𝛽𝑆𝑇𝑐

𝑡−1) ≥ 𝐶𝑑𝑒𝑚𝑑
𝑡

 4-12 

 

 𝑐𝑜𝑠𝑡 =∑ [𝑐𝑒𝑙𝑒𝑐
𝑡 𝐸𝑔𝑟𝑖𝑑

𝑡 + 𝑐𝑓𝑢𝑒𝑙
𝑡 (𝐹𝑀𝑇

𝑡 + 𝐹𝐵𝐿
𝑡 )]

𝑇

𝑡
 4-13 

The subsystem performance and the unit price of energy resources can be found in 

Table 4-1.  
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Table 4-1. Subsystem performance and energy resource prices 

Parameter Value 

Microturbine efficiency [%] 25 

Vapor compression chiller COP [-] 3 

Absorption chiller COP 0.7 

Boiler efficiency [%] 82 

Electric heater [%] 95 

Supercritical heat recovery cycle [%] 15 

Electricity rate [$/kWh] 0.112 

Natural gas rate [$/MBtu] 6.741 

4.2 Operation without uncertainty 

There are several operation strategies for a CCHP system operation without considering 

uncertainty within the system. The complexity of the operation and computation 

increases from a straightforward prescheduled strategy to an optimization-based one. 

The following sections will illustrate the above strategy in detail and compare the 

performance between each other. 

4.2.1 Prescheduled strategy 

The decision-making in a prescheduled strategy depends on limited information, such 

as time or the comparison between demands and performance of a primary mover. The 

time-dependent strategy is simple, all or part of the subsystems in CCHP operate based 

on the time of the day. This operation strategy might render a cost-effective system if 

there is a big difference in time of use rates at different times and energy demand is 

relatively stable within corresponding time sections. Since building energy demands 

fluctuate daily, the system operation should be flexible enough for this requirement. 

The second prescheduled method has a deeper understanding of building energy 
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demands and subsystem performance. The first demand-based scheduling strategy 

follows thermal/electricity/hybrid load (FTL/FEL/FHL) (P.J. Mago and Chamra 2009). 

In summary, the following strategies can be referred to in Figure 1-9 In the following 

demand strategies, the waste heat from the primary mover in the CCHP system is all 

used for thermally driven cooling or heating subsystem, limiting the implementation of 

new technology. Therefore, the waste heat was first transferred through a supercritical 

power cycle to generate additional electricity and then used for thermal demand. The 

modified load-following strategies are summarized as Equations 4-14 ~ 4-16. 𝜂𝑀𝑇_𝑆𝐶  

indicates the overall thermal efficiency from cascaded microturbine and waste recovery 

(supercritical CO2 cycle) electricity generation system, which is expressed in 4-17. 

 

𝑐𝑜𝑠tFEL
𝑡 = 𝑐𝑓𝑢𝑒𝑙

𝑡 [
𝐸𝑑𝑒𝑚𝑑
𝑡

𝜂𝑀𝑇

+
1

𝜂𝐵𝐿
ReLU(

𝐻𝑑𝑒𝑚𝑑
𝑡

𝜂𝐴𝐵𝐻
+
𝐶𝑑𝑒𝑚𝑑
𝑡

𝜂𝐴𝐵𝐶
−

𝐸𝑑𝑒𝑚𝑑
𝑡

𝜂𝑀𝑇_𝑆𝐶
(1 − 𝜂𝑀𝑇_𝑆𝐶))] 

4-14 

 
𝑐𝑜𝑠tFTL

𝑡 = 𝑐𝑓𝑢𝑒𝑙
𝑡 (

𝐻𝑑𝑒𝑚𝑑
𝑡

𝜂𝐴𝐵𝐻
+
𝐶𝑑𝑒𝑚𝑑
𝑡

𝜂𝐴𝐵𝐶
)

𝜂𝑀𝑇_𝑆𝐶

(1 − 𝜂𝑀𝑇_𝑆𝐶)

+ 𝑐𝑒𝑙𝑒𝑐
𝑡 [ReLU((

𝐻𝑑𝑒𝑚𝑑
𝑡

𝜂𝐴𝐵𝐻
+
𝐶𝑑𝑒𝑚𝑑
𝑡

𝜂𝐴𝐵𝐶
)

𝜂𝑀𝑇_𝑆𝐶

(1 − 𝜂𝑀𝑇_𝑆𝐶)
− 𝐸𝑑𝑒𝑚𝑑

𝑡 )] 

4-15 

 
𝑐𝑜𝑠tFHL

𝑡 = 𝑐𝑓𝑢𝑒𝑙
𝑡 [min (

𝐸𝑑𝑒𝑚𝑑
𝑡

𝜂𝑀𝑇_𝑆𝐶
,

𝐻𝑑𝑒𝑚𝑑
𝑡

1 − 𝜂𝑀𝑇_𝑆𝐶
)]

+ 𝑐𝑒𝑙𝑒𝑐
𝑡 [ReLU (𝐸𝑑𝑒𝑚𝑑

𝑡 − (
𝐻𝑑𝑒𝑚𝑑
𝑡

𝜂𝐴𝐵𝐻
+
𝐶𝑑𝑒𝑚𝑑
𝑡

𝜂𝐴𝐵𝐶
)

𝜂𝑀𝑇_𝑆𝐶

(1 − 𝜂𝑀𝑇_𝑆𝐶)
)]

+ 𝑐𝑓𝑢𝑒𝑙
𝑡 [ReLU (

𝐸𝑑𝑒𝑚𝑑
𝑡

𝜂𝑀𝑇_𝑆𝐶
(1 − 𝜂𝑀𝑇_𝑆𝐶) −

𝐻𝑑𝑒𝑚𝑑
𝑡

𝜂𝐴𝐵𝐻
−
𝐶𝑑𝑒𝑚𝑑
𝑡

𝜂𝐴𝐵𝐶
)] 
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𝜂𝑀𝑇_𝑆𝐶 = 𝜂𝑀𝑇 + 𝜂𝑆𝐶 − 𝜂𝑀𝑇𝜂𝑆𝐶 

4-17 

Building energy demand samples are extracted from the machine learning model to 

investigate the performance of the following demands’ operation strategies. The well-

trained machine learning model obtained in Chapter 2 is used to generate building 

energy demands. The historical weather information is associated with College Park, 

Maryland, and the building type is a hospital with a floor area of 22,422 m2. Three 

types of building energy are considered. The sampled cooling, heating, and electricity 

demands are shown in Figure 4-3. These demand-following operation strategies are 

implemented in this building based on the energy demands. The operation process 

should be noticed in a way that subsystems have unlimited capacity. This operation 

result can be used as a limitation while it is unrealistic in real-world applications. 

However, it can be used to determine optimum capacities when the unit price of the 

capital cost is available for each subsystem. Although the capacity design is necessary 

for the system operation, it yields a bilevel optimization process and complicates the 

whole operation process. Moreover, there is a lack of credible correlation for the capital 

cost of all subsystems, which makes the design optimization work challenging. 

Therefore, in this thesis, unlimited capacities are assigned to subsystems. The result of 

the load-following strategies is used as a baseline for simple operation (load-following) 

strategy under extreme conditions. In the optimization-based operation strategies, the 

capacity is predefined with reasonable values for analysis.  
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Figure 4-3. Energy demand sampling from machine learning model at College Park, 

Maryland a) thermal demand; b) electricity demand 

Figure 4-4 shows the operation result of different load-following strategies for building 

energy demands integrated on a monthly basis. It is clearly shown that the FHL is more 

cost-effective than FTL and FEL. There is always energy wasted under certain 

scenarios, as shown in Figure 1-7. The superiority of FHL is obvious in the summer 

season from June to September. The annual operation cost of FHL for this hospital is 

25.35 $/m2. This value serves as a baseline for optimization-based operation strategy. 
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Figure 4-4. Load-following strategies on hospital building energy a) Monthly energy 

demand and operation cost; b) Annual cost of different operation cost 

4.2.2 Optimization-based strategy 

As described above, the primary energy is not used in an optimum way for 

prescheduled operation strategy. It is necessary to investigate the saving potential by 

implementing an optimization procedure for the system operation. The capacity of 

subsystems can be viewed in Table 4-2, together with the subsystem's performance in 

Table 4-1. The operation optimization process is expressed in Equation 4-10 through 

Equation 4-13. The storage subsystems are not considered at the very beginning. 

Moreover, the storage systems are assumed to be used up at the end daily for decreasing 

the computational complexity. Therefore, the optimization-based strategy operates the 

CCHP system daily and implements for annual analysis. 

Consequently, variables representing the partial load of storage are removed from 

Equation 4-10 through Equation 4-13. The optimization process is then regarded as 
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static optimization compared with the full version of the operation with storage 

subsystems. In other words, the optimization process is executed individually without 

considering future time step, and every time step constitutes an independent 

optimization problem. Then storage subsystems are added to improve the CCHP 

system's performance further. 

Table 4-2. Capacities of the subsystem in the CCHP system 

Subsystems Capacity [kW] 

Microturbine 1,000 

Vapor compression chiller 1,200 

Absorption chiller 1,200 

Boiler  800 

Electric heater 800 

Supercritical heat recovery cycle 400 

Heating storage 600 

Cooling storage 600 

Electricity storage 600 

The performance of the optimization-based operation strategy shows priority over FHL 

from a cost perspective. A utilization ratio τ and a change ratio φ for different 

subsystems are developed to investigate the performance of subsystems. These two 

indicators show how well the subsystems (not including storage) are involved and how 

much the subsystems (including storage) are fluctuating in supplying energy. They are 

expressed in Equation 4-18. The utilization ratio is defined by integrating the partial 

load ratio monthly. The indicator function represents the fluctuation ratio, where the 

time step counts when the partial load ratio changes over 50% for adjacent time. 

 

𝜏 =
∑ 𝛾

𝑠
𝑡𝑇

𝑡=1

𝑇
  for 𝑠 ∈ (𝛺𝑠𝑢𝑏𝑠𝑦𝑠𝑡𝑒𝑚

𝑎𝑙𝑙 \𝛺ℎ𝑠𝑢𝑏𝑠𝑦𝑠𝑡𝑒𝑚
𝑠𝑡𝑟𝑔

) 

𝜑 =
∑ 1|𝛾𝑠𝑡−𝛾𝑠𝑡−1|> .5
𝑇
𝑡=1

𝑇
  for 𝑠 ∈ (𝛺𝑠𝑢𝑏𝑠𝑦𝑠𝑡𝑒𝑚

𝑎𝑙𝑙 ) 

4-18 
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Figure 4-5 shows that optimization-based operation strategies outperform prescheduled 

ones for most months.  The CCHP system with storage surpasses one without storage. 

It also shows the performance from the whole year basis. It is observed that 

optimization-based operation beats FHL operation optimization by 3.2% and 14% for 

a system without and with storage, respectively. The saving potential can be improved 

by the more detail design of subsystems considering the predefined capacity of the 

subsystem. The cooling storage operates with a high utilization ratio compared with 

heating and electric storage, especially in summer. The electricity storage operates with 

a relatively stable utilization ratio due to the relatively stable electricity demand. 

 

Figure 4-5. Optimization-based strategy for building energy  

Then the utilization ratios between the system with and without storage from Figure 

4-6 are compared. It is found that the integration of storage subsystems results in a 

lower utilization ratio of the microturbine and supercritical CO2 cycle. In contrast, the 
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utilization ratio of electric heater, boiler, and vapor compression chiller changes little, 

and the corresponding value of absorption cooling chiller (thermally driven cooling) 

increases. Accordingly, for the CCHP system's design with storage, the capacity of the 

primary mover and waste heat recovery subsystem could be decreased to diminish 

capital cost, and the capacity of thermally driven generation subsystems could be 

increased to boost the subsystems’ performance further. 

 

Figure 4-6. The utilization ratio of subsystems with and without storage 

From the perspective of the fluctuation ratio shown in Figure 4-7, it can conclude that 

the storage subsystem can mitigate the subsystem fluctuation degree and render a 

smoother operation during the energy supplying process stacked up against the CCHP 
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system without storage. Furthermore, the thermal storages have a higher impact on the 

fluctuation of these subsystems than electric storage. 

 

Figure 4-7. Fluctuation of subsystems with and without storage 

4.3 Energy demand analysis 

In the previous chapter, the machine learning-based prediction model provides hourly 

energy consumption for multiple building types with multiple energy types, which 

determines the energy demands without error. However, deterministic demands are 

unrealistic in real life. Building energy demands are always influenced by building 

envelope, weather information, and occupant behavior. Thus, uncertainty should be 

modeled for energy demands and applied to the operation of the CCHP system.  
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Based on the uncertainty information, there are two approaches to deal with uncertain 

data in optimization: stochastic optimization and robust optimization. In robust 

optimization (RO), a certain measure of robustness is established towards the 

uncertainty. Some of the data in the optimization problem are given in an uncertainty 

set which a simple linear optimization problem can represent. The uncertainty is shown 

as an upper or lower limit in the problem. In contrast to robust optimization, stochastic 

optimization (SO) problems deal with random data that obey a known probability 

distribution. The uncertainties are usually characterized by some discrete realizations 

of the uncertain parameters as an approximation to the real probability distribution. It 

has more information regarding the uncertainty compared with RO. A logical way to 

tackle the problem in stochastic programming is to make one decision now and 

minimize the expected costs (or profit) of the consequences of that decision, which is 

called the recourse model (Birge and Louveaux 2011). Stochastic models have proved 

their flexibility and usefulness in diverse areas of science and engineering (Shapiro, 

Dentcheva, and Ruszczyński 2009). Table 4-3 summarizes the difference between 

these two genera of optimization.  

Meanwhile, variability of cost (or profit) is another aspect that needs to be characterized 

in stochastic optimization except the expectation. The general formulation of 

combining these two aspects can be viewed in Table 4-3 if a minimization problem is 

proposed, where 𝛽 is a weighting factor used to quantify the tradeoff between expected 

profit (E) and risk aversion (rw) (Conejo, Carrión, and Morales 2010). In addition, 

stochastic optimization can be categorized as risk neutral one when 𝛽 =  . 
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Table 4-3. Comparison of robust optimization and stochastic optimization 

 Robust optimization (RO) Stochastic optimization (SO) 

Common Deal with data that is not completely known 

Assumption Belong to a certain set Probability distribution 

Math formulation Min(worst case) min
𝑥∈𝑿

E(𝑓(𝑥, 𝑤))

+ 𝛽𝑟𝑤(𝑓(𝑥, 𝑤)) 

Result Larger obj value More optimum 

Computation Relatively simple Complex 

 

One formulation that used to control the level of the risk is chance constraints. It is a 

formulation that produces a decision which ensures that a set of constraints will hold 

with a certain probability. Or the constraints restrict the feasible region so that the 

confidence level of the solution is high. The optimization models with chance 

constraints are not guaranteed to be easily solved, because in general their feasible 

regions are not convex and may be not efficiently computable (Shapiro and Philpott, 

n.d.). And the authors also show that CVaR approximation is the best convex 

approximation of a chance constraint. Currently, CVaR measure is the most frequently 

proposed and used measure in the optimization problems (Artzner et al. 1999). This 

method has been well implemented for the energy system and electricity market. Xuan 

et al. applied CVaR for investment planning on equipment capacity of integrated 

energy systems (IES) and optimized the potential risk loss in operation scenarios along 

with risk preference. It is concluded that the study on CVaR-based IES planning is still 

a blank (Xuan et al. 2021). Montoya-Bueno et al. proposed scenario-based stochastic 

MILP model to invest in renewable generation economically (Montoya-Bueno, Muoz, 

and Contreras 2015). Javadi et al. proposed a risk-constrained optimization model for 

the home energy management system with the target of mitigating the electricity bill 

under uncertain solar PV generation (Javadi et al. 2021). Mu et al. proposed a CVaR-
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based risk assessment method for planning schemes of park-level integrated energy 

systems with the consideration of uncertainties of natural gas price and electricity price 

(Mu et al. 2022). Hemmati et al. developed a CVaR based risk-constrained two-stage 

stochastic programming model to make optimal decisions on energy storage and 

thermal units in a transmission constrained hybrid wind-thermal power system 

(Hemmati, Saboori, and Saboori 2016). 

There are many other risk measures to control the level of the risk in the energy market 

or energy system for investment, management, and portfolio selection, etc., These 

measurements include shortfall probability, expected shortage, stochastic dominance. 

The mathematical formulations that quantify the risk level can be redirected to (Birge 

and Louveaux 2011). Specifically, Dominguez et al. developed a stochastic dominance 

based multi-stage investment model considering long-term uncertainties in the 

decision-making process, including the demand growth and the investment and fuel 

costs, and short-term variability (Domínguez et al. 2021). Jian et al. applied a risk 

evaluation method called stochastic dominance (SD) to show the operation of the 

system in the risk-averse and risk-neutral models (Jian et al. 2022). 

various forms of stochastic optimization have been implemented for energy system 

operation, most of them are targeted at the electricity market and there is insufficient 

research work focused on integrated thermal energy subsystems, like a CCHP system. 

On the other hand, risk level preference is of importance for decision makers when 

operating an energy system. However, considering the complexity of the risk 

measurement, non-convexity of feasible regions and inefficient computation, this thesis 
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limited the stochastic programming to risk neutral approach, which means the risk level 

preference is not considered and a multi-stage recourse model is implemented. An 

uncertainty sampling method is needed to investigate the CCHP system's optimum 

operation under stochastic conditions. The extraction of discrete uncertainty 

information from multiple historical energy consumptions. The following sections 

introduce uncertainty type, modeling, and sampling method independently for energy 

demands.  

4.3.1 Stochastic demands 

For multistage stochastic problems, the stochastic date process is modeled as Equation 

4-19, in which the energy demand vector at the first stage 𝑿1  is deterministic and 

𝑿2…𝑿𝑡 is revealed gradually (𝑿𝑡 = [𝐸𝑑𝑒𝑚𝑑
𝑡 , 𝐶𝑑𝑒𝑚𝑑

𝑡 ,𝐻𝑑𝑒𝑚𝑑
𝑡 ]). And there are two types of 

the stochastic process when revealing future data sequentially. The first is stage-wise 

independent if the data of an arbitrary future event is independent of all previous time 

steps. The second one is called Markovian if the conditional probability distribution of 

an arbitrary future event given the entire past of the process equals the conditional 

probability of that future event given only one previous time step of the process. The 

mathematical expression of the independent and Markovian processes can be viewed 

in Equations 4-20 and 4-21, where Pr is the probability of an event. 

 
𝑿[𝑡] ≔ (𝑿1, …𝑿𝑡) 4-19 

 Pr(𝑿𝑡|𝑿[𝑡−1]) = Pr(𝑿𝑡) 4-20 

 Pr(𝑿𝑡|𝑿[𝑡−1]) = Pr(𝑿𝑡|𝑿𝑡−1) 4-21 
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Figure 4-8. Autocorrelation of energy consumption of building 

Figure 4-8 shows the autocorrelation of building energy consumption for the sampled 

hospital, as mentioned in the last subsection. Energy consumption is closely correlated 

to the previous time step. Therefore, the uncertainty demand cannot be treated as stage-

wise independent. On the other hand, the Markovian would be not validated if there are 

multiple steps lag in the autoregression model since current state would be strongly 

related to previous n (n>1) steps. The Markov chain model cannot be used to replace 

multi-step autoregression model to predict future energy consumption. However, the 

autoregression model is adopted to generate sample data and use the sample data as 

input of Markov chain approximation model to discretize appropriate state space and 

probability transaction matrix, which is used later as input of stochastic dynamic 

programming model. Other regression model could be used to generate sample data, 
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but this autoregression model is adopted due to its simplicity and well performance in 

time series data prediction. In other words, the purpose of Markov chain sampling 

process in the thesis is not 100% accurately capturing the performance of 

autoregression model, or the Markov chain is not designed to reflect the characteristics 

of autoregression model. 

4.3.2 Autoregression of energy demand 

I take advantage of autoregression (AR) to generate samples with uncertainty from the 

output of the ML model. Briefly, the one-step-ahead prediction from the historical 

model can be expressed as follows. 

 
𝑿𝒕 − 𝝁𝑡 = 𝝓(𝑿𝑡−1 − 𝝁𝑡−1) + 𝜖𝑡 

4-22 

where 𝑿𝑡  is the time serial multiple energy vectors, including cooling, heating, and 

electricity (𝑿𝑡 = [𝐸𝑑𝑒𝑚𝑑
𝑡 , 𝐶𝑑𝑒𝑚𝑑

𝑡 ,𝐻𝑑𝑒𝑚𝑑
𝑡 ] ) for a CCHP system, 𝜇𝑡  is average hourly 

energy consumption, and electricity. 𝝓𝑡 = 𝝓𝑡+24 is three by three coefficient matrices 

of the three energy demands, 𝜖𝑡  is an independent and identically distributed (iid) 

sequence that has multivariate normal distribution follows 𝑁( , 𝚺t), 𝚺t = 𝚺t+24. 𝝓𝑡 

and 𝚺t are calibrated by least squares approach.  

4.3.3 Markov chain approximation 

Continuing with the last subsection, recalling that the Markov process of energy 

demands at stage t was denoted as 𝑿[𝑡]. The sampled space of energy demand at stage 

t is Ωt and the joint distribution of X1, X2,…, Xt that obtained from autoregression process 

from last subsection is F. To approximate the Markov process, Voronoi cells were used 

to partition sampling space Ωt into Kt subsets {𝜔tk, k= ,…,Kt} centered at μtk from stage 
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two. Let the center μtk be the Markov states. Ut denote the partition {𝜔tk, k= ,…,Kt } 

at stage t and U denotes the whole partition process {Ut, t= ,…,T}. The objective of 

the sampling process is to search for a partition U that minimizes the Euclidean distance 

from centers 𝜇𝑡𝑘and the Markov process 𝑿[𝑡]. It can be expressed as follows. 

 
min
𝑈
𝔼𝑿 {∑ min

𝑘=1,…,𝐾𝑡
‖𝑿𝒕 − 𝜇𝑡𝑘‖2

2

𝑇

𝑡=2

} 
4-23 

There are three approaches for solving the above problem, sample average 

approximation, stochastic approximation, and robust stochastic approximation 

methods. In addition, there is no clear evidence proving that one approach is superior 

to the others. Therefore, this study uses the stochastic approximation to calculate the 

state space and transition matrix. S independent sample paths {𝑿̂1
𝑠 , … , 𝑿̂𝑡

𝑠}, 𝑠 = 1,… , 𝑆 

are drawn from joint distribution F. The process starts by initializing μtk as μ0
tk for k 

= ,…, Kt. With a sequence of step sizes (βs) for s= , …, S, where S is the number of 

sampling paths to train the Markov chain, the Markov states are updated recursively by 

stochastic approximation as follows. To guarantee a local minimum, βs=1/s for s=1, 

…, S.  

 
𝜇𝑡𝑖
𝑠 = {

𝜇𝑡𝑖
𝑠−1 + 𝛽𝑠(𝑿̂𝑡

𝑠 − 𝜇𝑡𝑖
𝑠−1), if i = arg min

𝑘∈{1,…,𝐾𝑡}
{‖𝑿̂𝑡

𝑠 − 𝜇𝑡𝑘
𝑠−1‖

2

2
} 

𝜇𝑡𝑖
𝑠−1, otherwise

 
4-24 

Then, the transition matrix can be approximated by their relative frequency as: 

 
Pr𝑖𝑗

𝑡 =
∑ 1𝑿̂𝑡−1𝑠 ∈𝑤𝑡−1,𝑖

1𝑿̂𝑡𝑠∈𝑤𝑡,𝑗
𝑆
𝑠=1

∑ 1𝑿̂𝑡−1𝑠 ∈𝑤𝑡−1,𝑖
𝑆
𝑠=1
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where 1(·) is an indicator function. Until now, for t = 2, …, T, the MCA discretized the 

stochastic process 𝑿[𝑡] by a Markov chain with Markov state spaces {𝑠𝑡|𝑠𝑡 ∈ 𝑆𝑡}, 𝑡 =

1, …𝑇 , and transition matrices {Pr𝑠𝑡−1,𝑠𝑡
𝑡 |𝑠𝑡−1 ∈ 𝑆𝑡−1, 𝑠𝑡 ∈ 𝑆𝑡}, 𝑡 =  ,…𝑇 . The 

uncertainty discretizing process can be viewed in Figure 4-9.  

Historical 

demand data

Autoregression model

Markov chain 

approximation model

End of sampling

State space St & transaction 

matrix Prst-1, st|st-1

AR model parameter 

ϵ, μ, ⲫ
Average 

initial input

 

Figure 4-9. State space and transaction matrix sampling process  

4.3.4 Sampling validation 

A case study is implemented to verify the fidelity of this sampling method for MCA, 

as shown in Figure 4-9. The dataset is associated with the same hospital energy 

demands, as shown in Figure 4-3. As stated before, a stochastic approximation 

approach is used to train a non-homogenous three-dimensional Markov chain. And the 

initial Markov state is calculated based on the average value of periodic energy 

demands. One hundred Markov states are set from stage two in this validation process. 
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A total of 1000 and 10000 iterations are utilized for training the Markov states and the 

transition matrix independently. The original dataset is viewed first in the density plot 

of Figure 4-10.  

 

 

Figure 4-10. Historical energy consumption in four seasons 

Then, the well-trained state space representing discrete energy consumption is 

visualized in the same format in Figure 4-11. Both grid plots show the hourly 

consumption in four typical seasons for three types of energy consumption. The black 

dashed line represents the average value of hourly consumption. Plots on the first, 

second, and third columns show the historical electricity, gas, and cooling data. 

Compared with historical energy consumption in  Figure 4-10, the sampled energy 

consumption shows a similar pattern and trend for each type of energy demand, which 
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valid the fidelity of the sampling method. The transition matrix and the state space are 

used for the operation optimization of the CCHP system with uncertain demands. 

 

Figure 4-11. Sampled energy consumption in four seasons 

4.4 Operation with uncertainty 

This section illustrates the mathematical formulation of operation optimization starting 

for both general stochastic dynamic programming by recursive solving method and 

approximation approach for dynamic programming method. Then, the operation 

optimization based on these methodologies is then implemented and compared to the 

CCHP system with uncertain demands sampled from the last subsection. 
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4.4.1 Stochastic dynamic programming 

Stochastic dynamic programming (SDP) problem forms when considering storage 

subsystem and uncertain energy demands. A nested format of optimization formulation 

can be used for concisely expressing a complete dynamic programming problem. Based 

on (Shapiro, Dentcheva, and Ruszczyński 2009), a standard nested formulation for a 

multistage stochastic linear problem can be described as Equation 4-26. It is observed 

that expected values are embedded in the objective function starting from stage two. In 

addition, the state information of the previous stage is constrained in the following 

stage. These two factors constitute the nested structure in the optimization problem. 

 

min
𝐴1𝑢1+𝐵1𝑢0+𝐶1𝑣1≥𝑏1

𝑝1
⊤𝑢1 + 𝑞1

⊤𝑣1

+ 𝔼|ξ1 [ min
𝐴2𝑢2+𝐵2𝑢1+𝐶2𝑣2≥𝑏2

𝑝2
⊤𝑢2 + 𝑞2

⊤𝑣2 +⋯

+ 𝔼|ξ𝑇−1 [ min
𝐴𝑇𝑢𝑇+𝐵𝑇𝑢𝑇−1+𝐶𝑇𝑣𝑇≥𝑏𝑇

𝑝𝑇
⊤𝑢𝑇 + 𝑞𝑇

⊤𝑣𝑇]] 

4-26 

Here x and y are state variables and control variables. Specifically, these variables can 

be expressed as Equation 4-27 for the CCHP operation problem. ξ𝑡 represents for the 

uncertainty information, all or part of parameters (A, B, C, b, p, q) that are evolved from 

the uncertainty information. Stochastic energy demands are included in ξ𝑡 for this specific 

operation optimization problem. At the beginning of stage t (giving ξ[𝑡−1]]), the state 

variable 𝑢𝑡−1 is regarded as information that obtains from stage t-1 to the current stage. 

In the decision process, decision variables 𝑢𝑡 , 𝑣𝑡  (t = 2,…, T) are considered to be 

functions 𝑢𝑡(ξ[𝑡]), 𝑣𝑡(ξ[𝑡]) of the stochastic process. It should be noted that the vector 

or matrix can be extended based on the subsystems in the CCHP system. 
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{

𝑢0 = [ , , ]⊤

𝑢𝑡 = [𝛽𝑆𝑇𝑒 , 𝛽𝑆𝑇ℎ , 𝛽𝑆𝑇𝑐]
⊤

𝑣𝑡 = [𝐸𝑔𝑟𝑖𝑑, 𝛾𝑀𝑇 , 𝛾𝐵𝐿 , 𝛾𝐴𝐵𝐻, 𝛾𝑂𝑅𝐶 , 𝛾𝐴𝐵𝐶 , 𝛾𝐸𝐻, 𝛾𝑉𝐶𝐶]⊤
, for 𝑡 ∈ [1, 𝑇]  
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{
 
 
 
 
 
 

 
 
 
 
 
 

𝐴𝑡 = [

𝐶𝑝𝑆𝑇𝑒   

 𝐶𝑝𝑆𝑇ℎ  

  𝐶𝑝𝑆𝑇𝐶

]

𝐵𝑡 = [

−𝐶𝑝𝑆𝑇𝑒   

 −𝐶𝑝𝑆𝑇ℎ  

  −𝐶𝑝𝑆𝑇𝐶

]

𝐶𝑡 =

[
 
 
 
 
 1 𝐶𝑝𝑀𝑇   𝐶𝑝𝑂𝑅𝐶  −

𝐶𝑝𝐸𝐻
𝜂𝐸𝐻

−
𝐶𝑝𝑉𝐶𝐶
𝜂𝑉𝐶𝐶

 𝐶𝑝𝑀𝑇
𝜂𝑀𝑇
′

𝜂𝑀𝑇
𝐶𝑝𝐵𝐿 −

𝐶𝑝𝐴𝐵𝐻
𝜂𝐴𝐵𝐻

−
𝐶𝑝𝑂𝑅𝐶
𝜂𝑂𝑅𝐶

−
𝐶𝑝𝐴𝐵𝐶
𝜂𝐴𝐵𝐶

𝐶𝑝𝐸𝐻  

     𝐶𝑝𝐴𝐵𝐶  𝐶𝑝𝑉𝐶𝐶 ]
 
 
 
 
 

  

for 𝑡 ∈ [1, 𝑇]  

4-28 

 

 𝑏𝑡 = [ξ𝑡
𝐸𝑙𝑒𝑐𝑡𝑟𝑖𝑡𝑦 ξ

𝑡
𝐻𝑒𝑎𝑡𝑖𝑛𝑔 ξ

𝑡
𝐶𝑜𝑜𝑙𝑖𝑛𝑔], for 𝑡 ∈ [1, 𝑇]  4-29 

 

 
{

𝑝𝑡 = [ , , ]
⊤

𝑞𝑡 = [𝑐𝑒𝑙𝑒𝑐
𝑡 ,

𝐶𝑝𝑀𝑇
𝜂𝑀𝑇

𝑐𝑓𝑢𝑒𝑙
𝑡 ,

𝐶𝑝𝐵𝐿
𝜂𝐵𝐿

𝑐𝑓𝑢𝑒𝑙
𝑡 ,  , , , , ]

⊤, for 𝑡 ∈ [1, 𝑇]  
4-30 

The nested formulation provides a mathematical description of the multistage 

stochastic program for the CCHP system with storage. The principle of optimality is 

used to solve the operation problem, in which dynamic programming techniques 

process a backward optimization over the time frame. The corresponding equations can 

be expressed in Equation 4-31. 

 𝑄𝑡(𝑢𝑡−1, ξ𝑡) = min
𝐴𝑡𝑥𝑡+𝐵𝑡𝑥𝑡−1+𝐶𝑡𝑦𝑡≥𝑏𝑡

𝑝𝑇
⊤𝑢𝑇 + 𝑞𝑇

⊤𝑣𝑇 + 𝒬𝑡+1(𝑢𝑡, ξ𝑡) 4-31 

Here, the expected cost-to-go (recourse) function 𝒬𝑡+1(𝑢𝑡) can be represented as: 

 𝒬𝑡+1(𝑢𝑡, ξ𝑡):= {
𝔼{𝑄

𝑡+1
(𝑢𝑡, ξ𝑡+1)}, for 𝑡 = 𝑇 − 1,… ,1

 ,              for 𝑡 = 𝑇
 4-32 
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It is noticed that to determine the optimal, any state variable completely (𝑥𝑡) at every 

stage (t) should be informed through this backward optimization. Moreover, the 

stochastic process of the realization of related information should be discretized to 

make the problem solvable. The discretized Markov chain operation optimization of 

Equation 4-31 can be expressed based on the stochastic sampling method in the 

previous subsection. The extensive discrete formulation is expressed as Equation 4-33. 

 {
𝑄̂𝑡(𝑢𝑡−1, 𝑠𝑡) = min

𝐴𝑡𝑢𝑡+𝐵𝑡𝑢𝑡−1+𝐶𝑡𝑣𝑡≥𝑏𝑡
𝑝𝑇
⊤𝑢𝑇 + 𝑞𝑇

⊤𝑣𝑇 + 𝒬̂𝑡+1(𝑢𝑡, 𝑠𝑡)

𝑄̂1(𝑢0, 𝑠1) = min
𝐴1𝑢1+𝐵1𝑢0+𝐶1𝑣1≥𝑏1

𝑝1
⊤𝑢1 + 𝑞1

⊤𝑣1 + 𝒬̂2(𝑢1, 𝑠1)
 4-33 

Where 𝑠𝑡 ∈ 𝑆𝑡, 𝑡 = 𝑇,… , and the expected future cost can be indicated as Equation 

4-34. 

 𝒬̂𝑡+1(𝑢𝑡, s𝑡):= {
∑ Pr𝑠𝑡,𝑠𝑡+1

𝑠𝑡+1∈𝑆𝑡+1

𝑄̂𝑡+1(𝑢𝑡, 𝑠𝑡+1) , for 𝑡 = 𝑇 − 1,… ,1

 ,              for 𝑡 = 𝑇

 4-34 

 

Figure 4-12. Daily operation costs by implementing the SDP method 
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This recursive approach is implemented for system operation with uncertainty. The 

result is displayed in Figure 4-12. The system operation cost shows a decreasing trend 

with the increase of discretization number for storage. For computational efficiency, 

the influence of discretization on storage is investigated independently. The 

discretization number for other storage subsystems is fixed to 6 when investigated one 

of them. It is observed that current discretization cannot fully take advantage of storage 

before encountering the computational efficiency problem. Further investigation for 

the finer discretization of storage is even more difficult for more storage and longer 

periods.   

Table 4-4 shows a simple example of computational intractability in discretizing 

storage and uncertainty variables. It is noticed that the calculation time of entire state 

space reaches over 8 trillion for eight storage subsystems with 15 distinct state spaces 

under three uncertainties with a sampling size of 15 on each of them. This contributes 

to the curse of dimensionality in SDP. Therefore, a more efficient method should be 

applied to deal with this problem. 

Table 4-4. Curse of dimensionality in terms of state variable 

Number of 

state variables 

(Nsv) 

Number 

of discrete 

state (Nds) 

Number of 

uncertain 

variables (Nuv) 

Number of 

sampling 

size (Nss) 

Number of discrete 

problems 

𝑁𝑑𝑠
𝑁𝑠𝑣𝑁𝑠𝑠

𝑁𝑢𝑣 

2 

5 
1 

5 (5)2(5)1 

10 10 (10)2(10)1 

15 15 (15)2(15)1 

4 

5 
2 

5 (5)4(5)2 

10 10 (10)4(10)2 

15 15 (15)4(15)2 

8 

5 
3 

5 (5)8(5)3 

10 10 (10)8(10)3 

15 15 (15)8(15)3≈8.65‧1012 

 



 

 

154 

 

4.4.2 Approximation for stochastic dynamic programming 

It is stated that every possible decision in state space at each stage should be evaluated 

so as to generate high dimensional calculation process for the dynamic programming 

process. Various techniques have been developed to approximate dynamic 

programming by reducing the state space discretization or approximating the future 

cost. Thus, it tackles this high-dimensional issue and makes it computationally 

tractable. Stochastic dual dynamic programming (SDDP) is one of the algorithms that 

has been successfully implemented for large-scale planning problems. It was first 

developed to solve the reservoir system's planning problem (Pereira and Pinto 1991). 

The approximation process utilizes the technique of Benders Decomposition to find a 

set of linear constraints that construct a piecewise linear approximation of future cost 

function. Moreover, SDDP only approximates the areas of future cost that most likely 

occur in the optimization problem, which further improves computational efficiency. 

The details of this technique, from dual dynamic programming to stochastic problems, 

is explained in the following sections. 

4.4.2.1 Dual dynamic programming  

Even though reducing state-space discretization is feasible to solve dynamic problems, 

it may result in less accuracy or computation inefficiency. On the other hand, 

interpolation of state space and analytical functions are the two streams for 

approximating future costs in dynamic programming. Dual dynamic programming 

belongs to the latter with a set of linear constraints for approximating the future cost 

function. It is a relatively straightforward alternative to discretize the state space if the 

future cost function is convex. 
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Considering a simple two-stage problem without uncertainty variables such as 

Equation 4-26, and the initial states of storage subsystems are empty (𝑥0 = [ , , ]), 

then the two-stage problem can be expressed as Equation 4-35. 

 

min 𝑝1𝑢1 + 𝑞1𝑣1 + 𝑝2𝑢2 + 𝑞2𝑣2  

s. t. 𝐴1𝑢1 + 𝐶1𝑣1 ≥ 𝑏1 

𝐴2𝑢2 + 𝐵2𝑢1 + 𝐶2𝑣2 + 𝐷1𝑣1 ≥ 𝑏2 

4-35 

Where 𝐷1 is an zero vector in this problem. The variables and parameters matrix is 

simplified to make this illustration process easier, as expressed in Equation 4-36. 

 

min 𝑐1𝑥1 + 𝑐2𝑥2  

s. t. 𝐹1𝑥1 ≥ 𝑏1 

𝐸1𝑥1 + 𝐹2𝑥2 ≥ 𝑏2 

4-36 

Where 𝑥1 = [𝑢1, 𝑣1] , 𝑥2 = [𝑢2, 𝑣2] , 𝑐1 = [𝑝1, 𝑞1]
⊤ , 𝑐2 = [𝑝2, 𝑞2]

⊤ , 𝐹1 = [𝐴1, 𝐶1] , 

𝐹2 = [𝐴2, 𝐶2] , 𝐸1 = [𝐴2, 𝐷1] . The above problem is shown in Equation 4-37 to 

illustrate the dynamic property. It consists of a master problem representing the current 

cost and a subproblem indicating the future cost. The original dynamic programming 

evaluates the subproblem in a manner of discretizing state variable 𝑥1 with a set of trial 

values {𝑥̂1
𝑖 , 𝑖 = 1,… , 𝑛} and solves the subproblem for each trial value. As mentioned 

earlier, this dynamic program suffers computational intractability and can be resolved 

by future cost approximation. 

 

Master problem: {
min c1𝑥1 + 𝛼2(𝑥1)

s. t. 𝐹1𝑥1 ≥ 𝑏1
  

Subproblem: {
𝛼2(𝑥1) = min 𝑐2𝑥2
s. t. 𝐹2𝑥2 ≥ 𝑏2 − 𝐸1𝑥1

 

4-37 
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First, the future cost 𝛼2(𝑥1) can be characterized by the dual format as in Equation 

4-38. 

 

𝛼2(𝑥1) = max𝜋2(𝑏2 − 𝐸1𝑥1)  

s. t. 𝜋2𝐹2 ≤ 𝑐2 

4-38 

Where 𝜋1 is the dual variable corresponding to the original subproblem. It is interesting 

to see that the vertices corresponding to the constraints of the dual problem can be 

revealed before knowing the variable 𝑥1  from the master problem. Then let Π =

{𝜋2
1, … , 𝜋2

𝑛} denotes the set of all vertices of the constraint set. The subproblem can be 

solved by evaluating all the candidate vertices: 𝛼2(𝑥1) = max𝜋2
𝑖 (𝑏2 − 𝐸1𝑥1) for all 

i= ,…n, which can be expressed as Equation 4-39. 

 

𝛼2(𝑥1) = min 𝛼 

s. t. α ≥ 𝜋2
1(𝑏2 − 𝐸1𝑥1) 

… 

α ≥ 𝜋2
𝑛(𝑏2 − 𝐸1𝑥1) 

4-39 

 

Figure 4-13. Approximation of future cost function  
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It is clear that the future cost function 𝛼2(𝑥1) is a piecewise linear function in terms of 

the decision variable 𝑥1. This characteristic can be interpreted as shown in Figure 4-13, 

which can also be called Benders cuts (Newham 2008). It should be noticed that this 

approximation is still valid even when the future cost is nonlinear but convex. 

Whereas it is sometimes impossible to calculate all vertices in set Π . Then by 

calculating the dual variables 𝜋 𝑥̂1
𝑖
 corresponding to the subproblem with trial value 𝑥̂1

𝑖  

in master problem. The supporting hyperplanes of the future cost function 𝛼2(𝑥1) can 

be continuously added from these associated multipliers {𝜋 𝑥̂1
𝑖
, 𝑖 = 1,… , 𝑟}, then the 

approximation to the future cost function can be summarized as Equation 4-40. 

 

𝛼̂2(𝑥1) = min𝛼2  

s. t. 𝛼2 ≥ 𝜋 𝑥̂1
𝑖
(𝑏2 − 𝐸1𝑥1) for 𝑖 = 1,… , 𝑟 

4-40 

It is understandable that 𝛼̂2 is a lower bound to the future cost function 𝛼2 since only a 

limited number of hyperplanes (𝑟 ≤ 𝑛) have been added to the approximation process. 

And the master problem of the DP can be expressed as Equation 4-41. 

  

𝑧 = min 𝑐1𝑥1 + 𝛼2  

s. t. 𝐹1𝑥1 ≥ 𝑏1 

 𝛼2 ≥ 𝜋 𝑥̂1
𝑖
(𝑏2 − 𝐸1𝑥1) for 𝑖 = 1,… , 𝑟 

4-41 

The above Benders cut might be inefficient for calculation. Therefore, a more explicit 

way to add cut iteratively is by plugging in the trial value 𝑥1 = 𝑥̂1
𝑖 . Solving Equation 

4-38 with trial value 𝑥̂1
𝑖 , the approximation of the second stage at around trial value 

would be 𝛼2(𝑥̂1
𝑖) = 𝜋 𝑥̂1

𝑖
(𝑏2 − 𝐸1𝑥̂1

𝑖) and substitute 𝜋 𝑥̂1
𝑖
𝑏2 into Equation 4-41. Then, 

the cuts in the above equation can be expressed as Equation 4-42. 
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 𝛼2 ≥ 𝛼2(𝑥̂1
𝑖) − 𝜋 𝑥̂1

𝑖
𝐸1(𝑥1 − 𝑥̂1

𝑖) for 𝑖 = 1,… , 𝑟 4-42 

Since 𝛼̂2 is a lower bound to the future cost function, the solution of the above problem 

is a lower bound to the master problem. Moreover, the subproblem is more constrained 

than the original problem as the variable in the master problem is fixed at the trial value 

𝑥̂1 . Therefore, the added restriction results in an upper bound to the original 

optimization problem. The upper bound can be obtained by solving the subproblem for 

trial value 𝑥̂1 in Equation 4-37.  Overall, the lower and upper bound solution can be 

expressed as Equation 4-43. 

 

𝑧 =  𝑐1𝑥̂1 + 𝛼̂2(𝑥1) 

𝑧 =  𝑐1𝑥̂1 + 𝛼2(𝑥̂1) 
4-43 

Then, the difference 𝜖 between predicted future cost (𝛼̂2) and the actual future cost 

(𝛼2(𝑥̂1)) of the current solution 𝑥̂2 can be used to evaluate whether this optimization 

problem has been solved. Otherwise, new trial values (𝑥̂1
𝑖 ) will be added to determine 

additional vertices (𝜋 𝑥̂1
𝑖
) and future lower this difference. An optimal solution found in 

the last iteration 𝑥̂1
𝑘−1  will be used as an additional trial decision to ensure the 

approximation occurs around the neighbor of the optimal solution for the next iteration. 

The advantages are summarized as follows: no discretization is needed for the dual 

dynamic solving process, boundaries are provided for each iteration, and solutions from 

the previous iteration can be efficiently used in the next iteration. The two-stage dual 

problem can be extended to multiple stages, as shown in Figure 4-14. 
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Initial xt
1  value, 

up&low boundary 

Check 

convergence

Calculate up 

boundary

Add Benders cut

YEnd

Set initial 

subproblem α=0 

Solver forward 

master problem with 

cuts, xt
k

Backward to solve 

subproblem

Calculate low 

boundary

 

Figure 4-14. Flow chart of multi-stage dual dynamic programming 

The solving process for the multi-stage dynamic problem can be explained as follows:  

• Step 1: Initialize the value of approximated future cost 𝛼̂𝑡+1(𝑥𝑡) =   for 𝑡 =

1, … , 𝑇 − 1, the upper and lower boundary 𝑧 = ∞, 𝑧 =  , iteration number k=1, 

and tolerance 𝜖.  

• Step 2: Solve the master problem based on Equation 4-37 to obtain 𝑥1
𝑘  and 

calculate the lower boundary of the first stage as 𝑧𝑘  and check for the 

convergence based on the lower and upper boundary.  

• Step 3: If the difference in boundaries falls within tolerance, then stop. 

Otherwise go to step 4. 

• Step 4: Forward pass, for time period t = 2,…T, solve the master problem with 

the trial decision 𝑥̂𝑡−1
𝑘  for stage t as shown in Equation 4-44, where 𝜋 𝑥̂𝑡

𝑘−1
 is the 

dual variable corresponding to trial decision 𝑥̂𝑡
𝑘−1 of previous iteration at the 
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current stage, and store the optimum decision variables of the current iteration 

as 𝑥̂𝑡
𝑘, which will become additional Benders cuts for the backward pass. 

 

𝛼̂𝑡 = min[𝑐𝑡𝑥𝑡 + 𝛼̂𝑡+1]  

s. t. 𝐹𝑡𝑥𝑡 ≥ 𝑏𝑡 − 𝐸𝑡−1𝑥̂𝑡−1
𝑘  

 𝛼̂𝑡+1 ≥ 𝛼̂𝑡+1(𝑥̂𝑡
𝑘−1) − 𝜋 𝑥̂𝑡

𝑘−1
𝐸𝑡(𝑥𝑡 − 𝑥̂𝑡

𝑘−1)  

4-44 

• Step 5: New upper boundary 𝑧 is calculated based on Equation 4-45.  

 𝑧 =∑𝑐𝑡𝑥̂𝑡

𝑇

𝑡=1

  4-45 

• Step 6: Proceed to backward recursion. Solving the optimization problem for 

stage t = T, …,2 as Equation 4-46 indicates. 𝜋 𝑥̂𝑡
𝑘
 is the dual variable found by 

solving the dual subproblem at time t+1 on this backward pass. 𝑥̂𝑡−1
𝑘  is the trial 

solution found from the forward pass master problem at time t-1, iteration k. 

Assume that 𝜋 𝑥̂𝑡−1
𝑘

 is the dual variable associated with the constraint of 

Equation 4-46, this dual variable will be used for calculating the Benders cut of 

Equation 4-47 and added to the corresponding forward pass master problem and 

backward pass problem. 

 

𝛼̂𝑡 = min[𝑐𝑡𝑥𝑡 + 𝛼̂𝑡+1]  

s. t. 𝐹𝑡𝑥𝑡 ≥ 𝑏𝑡 − 𝐸𝑡−1𝑥̂𝑡−1
𝑘  

 𝛼̂𝑡+1 ≥ 𝛼̂𝑡+1(𝑥̂𝑡
𝑘) − 𝜋 𝑥̂𝑡

𝑘
𝐸𝑡(𝑥𝑡 − 𝑥̂𝑡

𝑘) 

4-46 

 

 𝛼̂𝑡 ≥ 𝛼̂𝑡(𝑥̂𝑡−1
𝑘 ) − 𝜋 𝑥̂𝑡−1

𝑘
𝐸𝑡−1(𝑥𝑡−1 − 𝑥̂𝑡−1

𝑘 ) 4-47 

• Step 7: Increase the iteration count k to k+1 and return to step 2. 
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4.4.2.2 Stochastic dual dynamic programming 

It is inevitable to consider uncertain information during the operation of the CCHP 

system. Taking stochastic variables into consideration for system operation would 

provide insights into the effect of uncertainty on system optimum operation. The DDP 

has the natural advantage of extending to the stochastic scenario. SDDP has a similar 

solving process as DDP, where the whole optimization process is split into a series of 

mater problems and subproblems. Benders cuts still approximate the subproblems. 

Moreover, the algorithm stops when the difference between the upper and lower 

boundary falls into the threshold range. However, stochastic variables affect the 

calculation process of the subproblems, where each of them is represented by discrete 

potential subproblems with corresponding probability. Therefore, an expected Benders 

cut is calculated for every possible subproblem instead of single Benders cut during the 

approximation process. The upper and lower bounds become expected ones by 

importing the expected approximation of the original subproblem. 

A two-stage SDDP problem can be expressed as Equation 4-48. It is worthwhile to 

mention that the two-stage Markov chain SDDP can be treated the same as the two-

stage independent SDDP problem after discretization of uncertainty. Therefore, the 

problem is formulated in the fashion of the stage-independent case for the convenience 

of explanation. The multi-stage problem will be illustrated as Markov chain SDDP. 

 

min[𝑐1𝑥1 + 𝑃𝑟1𝑐2𝑥2,1 + 𝑃𝑟2𝑐2𝑥2,2 +⋯+ 𝑃𝑟𝑛𝑐2𝑥2,𝑚]  

s. t. 𝐹1𝑥1 ≥ 𝑏1 
𝐸1𝑥1 + 𝐹2𝑥2,1 ≥ 𝑏2,1 
𝐸1𝑥1 + 𝐹2𝑥2,2 ≥ 𝑏2,2 

… 
𝐸1𝑥1 + 𝐹2𝑥2,𝑚 ≥ 𝑏2,𝑚 

4-48 
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The two-stage problem is split into one master problem and m subproblems with a 

probability of 𝑃𝑟𝑚, the master problem and each subproblem are expressed as 4-49. 

 

Master problem: {
min[c1𝑥1 + 𝛼̅2(𝑥1)]

s. t. 𝐹1𝑥1 ≥ 𝑏1
  

Subproblem: {
𝛼̂2,𝑗(𝑥1) = min 𝑐2𝑥2,𝑗
s. t. 𝐹2𝑥2,𝑗 ≥ 𝑏2,𝑗 − 𝐸1𝑥1

 

𝛼̅2(𝑥1) =∑𝑃𝑟𝑗𝛼̂2,𝑗(𝑥1)

𝑚

𝑗=1

 

4-49 

Similar to DDP, dual variable 𝜋𝑗
𝑥̂1
𝑖  

 is produced when solving the subproblem indicated 

in Equation 4-50 by plugging in the trial decision variable 𝑥̂1
𝑖  from the master problem. 

 

𝛼̂2,𝑗(𝑥1) = min c2𝑥2,𝑗 

 s. t. 𝐹2𝑥2,𝑗 ≥ 𝑏2,𝑗 − 𝐸1𝑥̂1
𝑖  for 𝑖 = 1,… , 𝑟 

4-50 

For solving all subproblems for j = ,…,m, each subproblem finds a dual variable 

𝜋𝑗
𝑥̂1
𝑖  

and optimal solution 𝛼̂2,𝑗(𝑥1). The expected value of the dual variable is given by 

Equation 4-51.  

 𝜋̅𝑥̂1
𝑖  =∑𝑃𝑟𝑗𝜋𝑗

𝑥̂1
𝑖

𝑚

𝑗=1

 4-51 

The above-expected dual variable 𝜋̅𝑥̂1  is used to calculate the Benders cut shown in 

Equation 4-52 for the master problem. 

 𝛼2(𝑥1) ≥ 𝛼̅2(𝑥1) − 𝜋̅
𝑥̂1
𝑖  𝐸1(𝑥1 − 𝑥̂1

𝑖) 4-52 

The upper bound of the SDDP is developed similarly to a deterministic problem, 

whereas the upper bound is an expected value provided by Equation 4-53.  
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𝑧̅ =
1

m
∑∑𝑐𝑡𝑥̂𝑡

𝑇

𝑡=1

 

𝑚

𝑖=1

 

4-53 

Now, the lower bound of the two-stage SDDP problem can be calculated using 

Equation 4-54. 

 𝑧 =  𝑐1𝑥̂1 + 𝛼̅2(𝑥1) 4-54 

Different from the deterministic problem when the upper and lower boundary are 

compared directly, the upper bound is an expected value. There is uncertainty around 

the estimated upper bound. This uncertainty can be provided by the standard deviation 

of the expected upper boundary in Equation 4-55. 

 

σ =
1

m− 1
[∑(𝑧𝑖 − 𝑧̅)

2

𝑚

𝑖=1

]

1
2

 

4-55 

Where 𝑧𝑖 is upper bound that is calculated on ith forward pass. It is now capable of 

quantifying the upper bound with confidence intervals. For instance, there is 95% 

confidence that the actual upper bound will be found within the range [𝑧̅ − 1. 6σ, 𝑧̅ +

1. 6σ]. 

Similar to the DDP, a two-stage SDDP can be extended to a multi-stage problem. The 

solving process for multi-stage SDDP following next seven steps:  

• Step 1: Given the state space of the Markov chain 𝑆𝑡 , transition matrix 

{𝑃𝑟𝑠𝑡−1,𝑠𝑡|𝑠𝑡−1 ∈ 𝑆𝑡−1, 𝑠𝑡 ∈ 𝑆𝑡} for t=2, …, T and initial state 𝑠1. Initializing the 

value of approximated future cost 𝛼̅𝑡
0(𝑥𝑡, 𝑠𝑡) =   for 𝑡 =  ,… , 𝑇  and any 
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Markovian state, set iteration number k=1. the lower boundary z = −∞, and 

specific tolerance 𝜖. 

• Step 2: Evaluate the gap between the lower boundary and a specific number of 

independent simulations in the following way:  

Assuming there are N times of evaluations on the constructed policy for the 

discretized problem by employing Monte Carlo simulation. In each evaluation, 

there is a sample path generated independently from the discretized problem that 

leads to an optimal solution (𝑥̂𝑡𝑚) and policy value as Equation 4-56. 

 
𝑉𝑚 =∑ [𝑐𝑡𝑥̂𝑡𝑚]

𝑇

𝑡=1
, 𝑚 = 1,… ,𝑀 

4-56 

 

 
𝑉̅𝑀 =

∑ 𝑉𝑚
𝑀
𝑚=1

𝑀
 

𝑆𝑀
2 =

∑ (𝑉𝑚 − 𝑉̅𝑀)
2𝑀

𝑚=1

𝑀 − 1
 

4-57 

𝑉̅𝑀 and 𝑆𝑀
2  represent the mean value and variance, respectively. Let 𝑣∗ denote the 

expected value of the policy, 
𝑉𝑀−𝑣

∗

𝑆𝑀/√𝑀
 converges to standard normal distribution 

N(0, 1) according to the central limit theorem. Then it can be claimed that an 

approximate (1-α) one-sided confidence interval for the expected value is 𝑉̅𝑀 +

𝑧1−𝛼
𝑆𝑀

√𝑀
, where Pr(𝑍 ≥ 𝑧1−𝛼) = 𝛼  with 𝑍~𝑁( , 1) . The upper end of the 

confidence interval provides an upper bound of the optimal value of the 

discretized problem with the confidence of approximately 1 − 𝛼. Therefore, with 

confidence 1 − 𝛼, the optimality gap for the discretized problem is smaller than 

Equation 4-58. 
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𝑔𝑎𝑝 =

𝑉̅𝑀 + 𝑧1−𝛼
𝑆𝑀
√𝑀

− z

z
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• Step 3: Check for convergence. If the gap difference is smaller than the 

tolerance, then stop. Otherwise, it goes to the forward master problem pass. 

• Step 4: Forward pass, sample the stochastic variable 𝑠𝑡  from the state space 

with a probability of 𝑃𝑟𝑠𝑡−1,𝑠𝑡 for each period t = 2,…T.  Then solve the master 

problem with the optimum decision 𝑥̂𝑡−1 for stage t = 1, …, T as shown in 

Equation 4-59 and store the optimum decision variables (𝑥𝑡) of current iteration 

as 𝑥̂𝑡, which will be used for additional Benders cuts in the backward pass. 𝛼𝑡+1
𝑘−1 

is the approximated cost of the next stage from the last iteration. 

 𝑥̂𝑡 = argmin
 𝐹𝑡𝑥𝑡≥𝑠𝑡−𝐸𝑡−1𝑥̂𝑡−1

[𝑐𝑡𝑥𝑡 + 𝛼𝑡+1
𝑘−1(𝑥𝑡, 𝑠𝑡)] 4-59 

• Step 5: Proceed to backward recursion. For stage t = T, …,2, solving the 

optimization problem as Equation 4-60 indicates to obtain optimal value 𝔔𝑡,𝑠𝑡  

and dual solution 𝜋 𝑥̂𝑡−1,𝑠𝑡 corresponding to  𝑥̂𝑡−1
𝑘  (the trial solution found from 

forward pass master problem at time t-1, iteration k) for each Markov state value 

(𝑠𝑡 ∈ 𝑆𝑡) in stage t.  Then, for each Markov state value (𝑠𝑡−1 ∈ 𝑆𝑡−1) in stage t-

1, calculate the expected optimal value 𝔔𝑡,𝑠𝑡−1 and expected dual solution 𝜋̅𝑡
𝑠𝑡−1 

based on Equation 4-61 and 4-62. Then add additional Benders cut 𝜃(𝑥𝑡, 𝑠𝑡−1) 

for next time step as indicated in Equation 4-63.  

 𝔔𝑡,𝑠𝑡 = min
𝐹𝑡𝑥𝑡≥𝑠𝑡−𝐸𝑡−1𝑥̂𝑡−1

[𝑐𝑡𝑥𝑡 + 𝛼𝑡+1
𝑘 (𝑥𝑡, 𝑠𝑡)] 4-60 

 

 𝔔𝑡,𝑠𝑡−1 =∑ 𝑃𝑟𝑠𝑡−1,𝑠𝑡𝔔𝑡,𝑠𝑡
𝑠𝑡∈𝑆𝑡

 4-61 
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 𝜋̅𝑡
𝑠𝑡−1 =∑ 𝑃𝑟𝑠𝑡−1,𝑠𝑡𝜋

𝑥̂𝑡−1,𝑠𝑡

𝑠𝑡∈𝑆𝑡

 
4-62 

 

 

𝛼𝑡
𝑘(𝑥𝑡, 𝑠𝑡−1) = {𝜃 ∈ 𝛼𝑡

𝑘−1(𝑥𝑡, 𝑠𝑡−1), 𝜃(𝑥𝑡, 𝑠𝑡−1)

≥ 𝜋̅𝑡
𝑠𝑡−1(𝑥 − 𝑥̂𝑡−1) + 𝔔𝑡,𝑠𝑡−1} 

4-63 

• Step 6: The policy value and lower boundary can be calculated based on the 

computed value and approximation of future cost from Equations 4-64 and 4-65, 

respectively. 

 

 𝑧
𝑘
≥∑ 𝑥̂𝑡

𝑘
𝑇

𝑡=1
 4-64 

 z𝑘 = min
𝐹1𝑥1≥𝑠1−𝐸0𝑥̂0

[𝑐1𝑥1 + 𝛼2
𝑘(𝑥1, 𝑠1)] 4-65 

• Step 7: Increase the iteration count k to k+1 and return to step 2. 

In this thesis, integer variables are involved in the operation optimization of the CCHP 

system. The SDDP should be replaced by stochastic dual dynamic integer 

programming (SDDiP) algorithm to solve this multistage stochastic programming 

problem. The details of how to generalize SDDiP from SDDP can be viewed in Zou’s 

research paper (Zou, Ahmed, and Sun 2019) and Ding’s thesis (Ding 2020). 

Strengthened Benders cuts are used to deal with integer variables due to their 

superiority compared with the original Benders cut. 

4.4.2.3 SDDP for CCHP system 

Figure 4-15 shows the simulation results of operational costs change along with 

iteration. The fluctuated upper bound is smoothed by fitting the policy array through a 
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convex and monotone decreasing function, as shown in Equation 4-66 (Löhndorf and 

Shapiro 2019). 𝑦𝑖  and 𝑦̂
𝑖

 are smoothed and original policy value, respectively. The 

deterministic bound shows a stable value around $1,330 and smoothed policy values 

reaches to $1,372. The potential annual cost is about 22.33 $/m2 when considering the 

floor area. The difference between deterministic bound and smoothed policy value 

gradually and stably decreases to the range of tolerance the credibility of convergence. 

In addition, the relatively small gap between bound and policy value yields an optimal 

operation cost value for the CCHP system.  

 
min∑ (𝑦𝑖 − 𝑦̂𝑖)

2
𝑁

𝑖=1
  

𝑦𝑖 ≤ 𝑦𝑖−1 

 𝑦𝑖−1 ≤ 𝑦𝑖 + 𝑦𝑖−2 

4-66 

 

Figure 4-15. The boundary of SDDP along with iteration  
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Table 4-5. The simulation results by changing the uncertainty sampling  

MCA 

# 

MCA time 

[s] 

Solution time 

[s] 

Lower bound 

[$] 

Policy value 

[$] 

Gap 

[%] 

50 275 77 1,330 1,372 3.2 

75 1,347 128 1,353 1,410 4.2 

100 3,792 161 1,378 1,441 4.5 

The discretization number of uncertainty has been explored to investigate the influence 

of discretization of uncertainty on operation optimization performance. The result is 

shown in Table 4-5. It is observed that solving process time increases almost linearly 

with the discretization from an efficient computational point of view, and the time 

consumption falls within an acceptable range. The optimality gap grows with 

discretization, and the bound remains relatively stable. 

4.5 Summary 

The energy consumption of a hospital with a floor area of 22,422 m2 located at College 

Park, Maryland, is forecasted by the ML model of Chapter 2 for analyzing the operation 

performance. A general graph representation is developed for the CCHP system. CCHP 

systems representation can be easily expanded or depressed by adding or deleting nodes 

and edges to the original graph representation. The mathematical expression that 

conveys the energy flow can then be formulated based on the listed graph 

representation. The CCHP system is first assumed to operate without uncertainty. 

Load-following strategies and optimization-based methods were implemented for the 

CCHP system as a preliminary view and comparison. The result shows that 

optimization-based operation strategies outperform prescheduled FHL for almost all 

the months in a year. The storage in the CCHP system can mitigate the fluctuation of 

subsystems and provide a smoother operation stack with the system without storage. 
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Moreover, the thermal storages have a higher impact on the fluctuation of these 

subsystems than the electric storage. With the help of storage subsystems, the capacity 

of the primary mover and waste heat recovery subsystem should be decreased to 

diminish the capital cost. The capacity of thermally driven generation subsystems 

should be increased to further boost the subsystems’ performance. 

As for system operation with uncertainty, the sampled hospital energy demands are 

provided to an autoregression and stochastic approximation combined model for 

training the Markov chain process. The combined model was validated through the 

original forecasted dataset. The sampling result shows its credibility for extracting 

uncertainty of building energy demands. The recursive approach is first investigated 

with the discretized Markov state and probability transaction matrix. The system 

operation cost shows a trend with the increase of discretization number for storage. 

However, the recursive way is trapped in computational inefficiency before adopting a 

fine and appropriate discretization of storage subsystems. Therefore, the operation 

process for CCHP with uncertainty cannot take full advantage of storage, such as 

energy cost reduction and fluctuation mitigation. Stochastic dual dynamic 

programming is introduced and utilized to approximate the original problem. The 

SDDP is implemented for operation optimization and yields an optimal daily cost of 

$1,372, and a potential annual cost is 22.33 $/m2. The convergence and optimum gap 

information demonstrated the feasibility of applying an SDDP-based algorithm for 

CCHP optimization with uncertainty. Moreover, the result indicates computation 

complexity increases linearly with the discretization of uncertain information.  
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5 Conclusions and Future Work   

5.1 Conclusions 

Due to the complexity of CCHP systems and environmental uncertainty, conventional 

design and operation strategies that depend on expertise or experience might lose 

effectiveness and protract the prototyping process. This thesis utilized automation-

oriented approaches, including ML and optimization, to accelerate decision-making for 

CCHP systems, from demand planning to system design and operation optimization.  

The performances of two DL models were compared with the non-DL model and 

discussed in terms of absolute and relative error in building types and different tasks 

aspects. A principal component analysis (PCA) was combined with the output of the 

internal layer to illustrate the performance of the LSTM model. The hyperparameters, 

including layers, and input steps in the DL model, were investigated, and the influence 

of loss function on multiple prediction tasks has been analyzed in terms of accuracy 

and computational efficiency. Recommendations for the model, hyperparameters, and 

loss function were provided for this multi vectors prediction on multiple building types.  

A graph theory knowledge-based configuration representation approach is developed 

with the requirement of basic thermodynamic laws. A simulated annealing-based 

configuration optimization framework is proposed. The framework is validated by 

optimizing S-CO2 power generation system configurations with simple and complex 

component number limitations. The influence of initial configuration on the 

effectiveness and convergence of the framework is explored. 
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The energy consumption of a hospital with a floor area of 22,422 m2 located at College 

Park, Maryland, is forecasted by the ML model of Chapter 2 for analyzing the operation 

performance. An autoregression and stochastic approximation combined model is 

implemented for training a Markov chain process. Stochastic dynamic programming 

and approximation approaches are applied for CCHP system operation. 

5.2 Contributions 

The contributions of this thesis are as follows: 

1) The energy forecast task fills the gap in DL models' short-term and detailed 

prediction for multiple building types. Two types of DL models (CNN and LSTM) 

have been constructed aimed at multiple energy types prediction for multi-building 

types simultaneously for the first time. Overall, the performances of the LSTM model 

on most of the building types are better than the CNN model. The LSTM model is more 

suitable for this multiple energy prediction. The long short-term memory (LSTM) 

model forecasts 50.7% of the tasks with a coefficient of variation of root mean square 

error (CVRMSE) lower than 20%. Moreover, 60% of the tasks predicted by LSTM 

satisfy ASHRAE Guideline 14 with a CVRMSE under 30%. Other feature engineering 

techniques or embedding methods that can differentiate sufficient building 

characteristics should be compared for predicting multiple types of buildings. 

2) The design optimization framework is the first to implement graphic knowledge and 

basic thermodynamic laws to generate new CO2 (S-CO2) power system configurations. 

It is validated by optimizing the S-CO2 power generation system's configurations under 

simple and complex component number limitations. The optimized S-CO2 power 
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system reaches 49.8% thermal efficiency. This efficiency is 2.3% higher than the state 

of the art. 

3) A flexible graph-based representation is constructed for simplified CCHP systems. 

The optimization-based operation overperforms the best load-following strategy by 

14% of the annual cost. The autoregression and stochastic approximation combined 

model was validated through the original forecasted dataset. The approximated 

dynamic programming algorithm SDDP is used to make the operation optimization 

process computationally tractable. The result shows that the daily operation cost is 

about $1,372, and a potential annual cost is 22.33 $/m2 for the hospital at College Park, 

Maryland.  

The thesis resulted in the following relevant publications: 

1) Lei Gao, Yunho Hwang, and Tao Cao. "An overview of optimization technologies 

applied in combined cooling, heating and power systems." Renewable and 

Sustainable Energy Reviews 114 (2019): 109344. 

2) Jingye Yang, Lei Gao, Zhenhong Ye, Yunho Hwang, Jiangping Chen. "Binary-

objective optimization of latest low-GWP alternatives to R245fa for organic 

Rankine cycle application." Energy (2020): 119336. 

3) Lei Gao, Tao Cao, Yunho Hwang, Reinhard Radermacher. "Graph-based 

configuration optimization for S-CO2 power generation systems." Energy 

Conversion and Management 244 (2021): 114448. 
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4) Lei Gao, Tianyuan Liu, Tao Cao, Yunho Hwang, Reinhard Radermacher. 

"Comparing deep learning models for multi energy vectors prediction on multiple 

types of building." Applied Energy 301 (2021): 117486. 

5) Lei Gao, Tao Cao, Yunho Hwang, Reinhard Radermacher. "Robustness analysis in 

supercritical CO2 power generation system configuration optimization." Energy 

204 (2022): 122956. 

6) Lin, Lingnan, Lei Gao, Mark A Kedzierski, Yunho Hwang. "A general model for 

flow boiling heat transfer in microfin tubes based on a new neural network 

architecture." Energy and AI (2022): 100151. 

7) Lei Gao, Yunho Hwang, Gyeong Sung Kim, "Thermoeconomic Analysis of a Solar 

MVC Desalination System." November 05, 2018. ASME International Mechanical 

Engineering Congress and Exposition, Pittsburgh, Pennsylvania, USA 

8) Tao Cao, Lei Gao, Vikrant C Aute, Yunho Hwang. "A Data-driven Model 

Development for Generalized Building Energy Predictions." July 2021 

International High Performance Buildings Conference, Purdue, Indiana, USA. 

9) Lei Gao, Yunho Hwang, Reinhard Radermacher. Stochastic dynamic optimal 

operation for combined cooling, heating, and power system with uncertainty. 

Energy Conversion and Management. (in preparation) 

5.3 Future work 

Based on this thesis, the future potential investigation directions are as follows: 

1) For building energy forecasts, the state-of-the-art deep learning model should be 

examined and compared, and the interpretability of the machine learning model in 
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building energy tasks should be explored. It is preferred to construct ML models 

that not purely data driven but also can interpret physical meaning, like heat mass 

transfer, thermodynamics, etc. The prediction by ML model would be more robust 

and reasonable when considering physical information of the buildings. 

2) For the system design optimization part, all three aspects, as shown in Figure 3-5, 

should be investigated more: a) for the configuration optimizer: a more detailed 

exploration of the hyperparameters and different metaheuristic/heuristic 

approaches should be investigated; b) for the configuration generation, other 

generating techniques can be included, a data-driven way might enable intelligent 

algorithm (machine learning) to obtain new configuration efficiently; and c) for 

configuration solver, a regression machine learning model is a viable method that 

would accelerate whole optimization process.  

3) For system operation optimization, a) the linear representation of subsystems needs 

to be upgraded to a nonlinear case to approximate more realistic subsystems' 

performance; b) Multiple optimization metrics should be considered objectives, 

such as emission and primary energy consumption; c) the risk aversion model 

should also be proposed for operation under uncertainty. Constructing a modeling 

platform that can efficiently simulate the whole life span of a CCHP system under 

different risk preferences.  
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A  endix 

Equations A1 to A5 mathematically describe the T-graph of a recompression S-CO2 

power generation system. Specifically, in Eq. A1, 𝛺  describes a set of available 

component types. 𝑉 represents vertices in the T-graph. Eq. A2 describes the mapping 

process from vertex (𝑉) in the T-graph to the set of available components (𝛺). Eq. A3 

describes the sets of the inlet and outlet connectors for every vertex. The first element 

of every inlet-connector and the second element of every outlet-connector in the set 

represent the vertex's inlet and outlet edge number, respectively. Eq. A4 illustrates the 

paired connector at the ends of one edge. The vertex set (𝑉), connector set (𝐶𝑖𝑛 and 

𝐶𝑜𝑢𝑡) and edge set (𝐸) will be reindexed and updated when inserting or deleting a 

component in the configuration. Eq. A5 describes the mapping process from the 

connector ( 𝐶𝑖𝑛  and 𝐶𝑜𝑢𝑡 ) to the thermodynamic properties (mass, pressure, 

temperature/enthalpy).  

 

Figure A1. Recompression cycle representation: (a) original cycle; (b) T-graph 

representation 
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Features of object-oriented programming language are utilized to construct classes of 

vertex and configuration. This construction helps the programming process because: 

once a class is established, same properties (like pressure ratio of vertex or component 

of configuration) and method (find path, find component, evaluate efficiency, etc.) can 

be used repeatedly for same type of class by initiating an instance. Any systems can be 

represented by vertices and edges as expressed in thermodynamic graph. These vertices 

and edges should contain all the required information and methods that used to evaluate 

the thermodynamic system performance. Once a vertex instance is initiated from vertex 

class, it contains all required information includes vertices type shown in Eq. A2, the 

inlet and outlet state shown in Eq. A3. And the vertex also includes the method that 

mapping outlet conditions from the inlet conditions as shown in Eq. A5. Similarly, a 

configuration instance is initiated from the configuration class and contains all vertex 

instances in a configuration. This configuration instance also contains the connection 

of different vertices shown in Eq. A4. It has methods to find path of any two vertices, 

the component types of a path, and evaluate the system performance based on the 

connection. It also contains the methods that are used to implement the mutation of 

optimization process, such as insertion and deletion. That is to say, the connection 

expressed in Eq. A4 can be manipulated by these methods. It is convenient to evaluate 

and iterate a system in the optimization framework with these properties and methods. 

 

 {
𝛺 ≔ {Turbine, Compressor, HXSource, HXSink, HXRecu, Split,Merge}

𝑉 ≔ {𝑣1, 𝑣2, … , 𝑣9}, 𝑉𝑓 ≔ ∅
  (A1) 
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{
 
 
 
 

 
 
 
 
𝜔𝑣(𝑣1) ≔  HXSource 

𝜔𝑣(𝑣2) ≔  HXSink
𝜔𝑣(𝑣3) ≔  HXRe
𝜔𝑣(𝑣4) ≔ HXRe

𝜔𝑣(𝑣5) ≔  Turbine

𝜔𝑣(𝑣6) ≔  Compressor

𝜔𝑣(𝑣7) ≔  Compressor

𝜔𝑣(𝑣8) ≔  Split

𝜔𝑣(𝑣9) ≔  Merge

  (A2) 

 {
𝐶𝑖𝑛 ≔ {(1, 𝑣𝑖)  𝑓𝑜𝑟 𝑖 ∈ {1,… , } ∪ ( , 𝑣𝑖)  for 𝑖 ∈ {3,4, }}

𝐶𝑜𝑢𝑡 ≔ {(𝑣𝑖, 1)   𝑓𝑜𝑟 𝑖 ∈ {1,… , } ∪ (𝑣𝑖 ,  )  for 𝑖 ∈ {3,4,8}}
  (A3) 

 

{
 
 
 
 
 
 
 

 
 
 
 
 
 
 
𝐸 ≔ {𝑒1, … , 𝑒12} 

𝑒1 ≔ (𝑐2
𝑜𝑢𝑡, 𝑐6

𝑖𝑛)

𝑒2 ≔ (𝑐6
𝑜𝑢𝑡, 𝑐3

𝑖𝑛)

𝑒3 ≔ (𝑐3
𝑜𝑢𝑡, 𝑐9

𝑖𝑛)

𝑒4 ≔ (𝑐9
𝑜𝑢𝑡, 𝑐4

𝑖𝑛)

𝑒5 ≔ (𝑐4
𝑜𝑢𝑡, 𝑐1

𝑖𝑛)

𝑒6 ≔ (𝑐1
𝑜𝑢𝑡, 𝑐5

𝑖𝑛)

𝑒7 ≔ (𝑐5
𝑜𝑢𝑡, 𝑐11

𝑖𝑛)

𝑒8 ≔ (𝑐11
𝑜𝑢𝑡, 𝑐10

𝑖𝑛)

𝑒9 ≔ (𝑐10
𝑜𝑢𝑡, 𝑐8

𝑖𝑛)

𝑒10 ≔ (𝑐8
𝑜𝑢𝑡, 𝑐2

𝑖𝑛)

𝑒11 ≔ (𝑐12
𝑜𝑢𝑡, 𝑐7

𝑖𝑛)

𝑒12 ≔ (𝑐7
𝑜𝑢𝑡, 𝑐12

𝑖𝑛) 

   (A4) 

 

{
 
 
 
 
 

 
 
 
 
 

𝑚𝑖𝑛, 𝑝𝑖𝑛, 𝑇𝑖𝑛 ≔ 𝜋𝑐(𝑐𝑖𝑛) for 𝑐𝑖𝑛 ∈ 𝐶𝑖𝑛

𝑚𝑜𝑢𝑡, 𝑝𝑜𝑢𝑡, 𝑇𝑜𝑢𝑡: = 𝜋𝑐(𝑐𝑜𝑢𝑡)  for 𝑐𝑜𝑢𝑡 ∈ 𝐶𝑜𝑢𝑡

𝑓𝜋 (𝜋𝑐(𝑐𝑖
𝑖𝑛)) = 𝜋𝑐(𝑐𝑖

𝑜𝑢𝑡)  for 𝑖 {1, ,5,6,7}

𝑓𝜋 (𝜋𝑐(𝑐3
𝑖𝑛), 𝜋𝑐(𝑐10

𝑖𝑛)) = 𝜋𝑐(𝑐3
𝑜𝑢𝑡), 𝜋𝑐(𝑐10

𝑜𝑢𝑡)

 𝑓𝜋 (𝜋𝑐(𝑐4
𝑖𝑛), 𝜋𝑐(𝑐11

𝑖𝑛)) = 𝜋𝑐(𝑐4
𝑜𝑢𝑡), 𝜋𝑐(𝑐11

𝑜𝑢𝑡)

𝑓𝜋 (𝜋𝑐(𝑐9
𝑖𝑛), 𝜋𝑐(𝑐12

𝑖𝑛)) = 𝜋𝑐(𝑐9
𝑜𝑢𝑡)

𝑓𝜋 (𝜋𝑐(𝑐8
𝑖𝑛)) = 𝜋𝑐(𝑐8

𝑜𝑢𝑡), 𝜋𝑐(𝑐12
𝑜𝑢𝑡)

  (A5) 
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Figure A2. Permutation of possible configuration 

Two steps can manually achieve any SC graphs. First, make a connection within only 

splits/merges (three-edge vertices) of a system without considering other components 

(two-edge vertices). Second, insert other components (two-edge vertices). The final 

decoupled configuration with only splits/merges (three-edge vertices) can be viewed in 

Figure A2 when the maximum number of splits is limited to two. It should be noticed 

that the isomorphism graph is not considered. 

Table A1. Permutation of one split/merge and two splits/merges 

The configuration number of a system without split/merge is simple. The connection 

number is to count the type of N different components form a circle, which is 𝐴𝑁−1
𝑁−1 

compared with 𝐴𝑁
𝑁 if not strongly connected is required. For one split/merge (Figure a) 

or two splits/merges (Figure b), we first treat every component the same and place N 

(a)

                       

  

(b)

                        

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

    

      

Component #  
Component on three 

edges (Figure A2 a) 

Component on six 

different edges  

Component on six 

same edges 

3 6 224 12 

4 9 504 20 

5 12 1008 28 

6 16 1848 44 

7 20 3168 56 

8 25 5148 80 
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of them on edges and then do full permutation (𝐴𝑁
𝑁) for all the N components (Identical 

objects into identical bins). For single split/merge and low component number volume 

(<10), we can manually find the type of place the same component on three edges with 

two of them the same, which is listed in the second column in Table A1. It is not 

straightforward for more split/merge to do the manual calculation. Therefore, we try to 

find the upper and lower limits based on whether these edges are the same. The total 

type number, when considering these edges are different, is  𝐶𝑁+𝑀−1
𝑀 , and when the 

edge is the same, we consider the partitions of an integer problem (“Partition (Number 

Theory)” 2020; “ dentical  bjects into  dentical Bins | Brilliant Math & Science Wiki” 

2020). Then, we can calculate the total type of placing the component on the same edge. 
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