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Chapter 1: Introduction

1.1 Motivation for Project

Concerns about the emissions of greenhouse gases have led to extensive
consideration of hydrogen as a major fuel carrier. Hydrogen presents several unusual
fire hazards, including high leak propensity, ease of ignition, and invisible flames.
Heated air jets flowing into hydrogen ignite spontaneously at an air temperature of
943 K [1]. This is cooler than for most other fuels [2,3], including gasoline and
methane, and is not much higher than the autoignition temperature of stoichiometric
hydrogen/air mixtures, 858 K [4]. Occasional unintended hydrogen leaks will be
unavoidable, and some may involve heated hydrogen and/or air. Thus an improved
understanding of limits of spontaneous ignition of hydrogen jets is sought here, with

the aid of activation-energy asymptotics.

1.2 Literature Review

Asymptotic flame theories can provide valuable insights into combustion
reactions [5-7]. Quantitative and predictive derivations can be made using the concept
of distinguished limits in activation energy asymptotics. Based largely on the concept
of Zel’dovich number, asymptotic analysis enables derivation and establishing of
temperature effects on reaction rates despite the narrowness of the reaction zone

relative to the preheat zone of the laminar flame structure.

Im et al. [8,9] analyzed thermal ignition in supersonic hydrogen/air mixing layers
and obtained ignition characteristics over a wide range of conditions. The findings

were however based on reduced mechanisms and supersonic flows, which are more



applicable for scramjets. An investigation of different combustion regimes by
Damkohler-number and activation-energy asymptotics in a stagnant mixing layer,
based on an eight-step reduced mechanisms was performed by Lee and Chung [10].
Helenbrook and Law investigated the ignition of hydrogen/air mixing layer with
reduced reaction mechanisms which they developed [11,12]. However, no single-step
reaction mechanism was developed. Compared to a single-step, overall, irreversible
reaction with second order Arrhenius kinetics and a high activation energy (which
was used in the research), the reduced mechanism has different assumptions in length
scales in determining the reaction rates, which will yield different results with
emphasis on temperature dependence for thermal runaway. This is because the
emphasis for reduced mechanisms is on the role of chemical kinetic mechanisms,
involving chain-branching and termination reactions, in effecting a non-linear

feedback in the concentrations of certain radicals and consequently, thermal runaway.

Zheng and Law [13] identified ignition limits of premixed hydrogen-air flames
where ignition was by heated counterflow. Ignition limits of non-premixed hydrogen-
air flames from jets will be different because of the non-premixed combustion mode
and the absence of strain due to counterflow heating. Toro et al. [14] examined in
detail the structure of laminar hydrogen jet flames both experimentally and
numerically. For completeness, analytical results should be obtained to enable
comparison with experimental and numerical results, under the same conditions and
scenarios. Chaos et al. [15] examined Lewis-number effects in unsteady laminar
hydrogen jet flames, which will have different effects compared to a steady laminar

hydrogen jet flame. Liu and Pei [16] examined autoignition and explosion limits of



hydrogen-oxygen mixtures in homogenous systems, which involved reduced
mechanisms. Dryer et al. [17] examined spontaneous ignition of pressurized releases
of hydrogen and natural gas into air, which investigated multi-dimensional transient
flows involving shock formation, reflection and interactions which resulted in the
transition to turbulent jet diffusive combustion. This is a different aspect of risk
associated with rapid failures of compressed storages, as compared to the scenario
being considered here, involving small leaks/cracks that are undetected, and that

ignite spontaneously when the limits are reached.

1.3 Combustion S-curve

In understanding and analyzing the limits of spontaneous ignition of hydrogen
jets, it is important to appreciate the fundamentals of flame ignition and extinction,
which can be characterized and explained by the famous combustion S-curve
[5,7,18]. The S-curve, as shown in Fig. 1.1, comprises 3 branches, the lower, middle
and upper branches. The y-axis represents the reaction temperature, and the x-axis
represents the Damkohler-number (Da). Starting with the left end of the lower
branch, at Da = 0, we have the chemically frozen flow limit. By increasing Da along
this branch, every possible weakly reacting state that the system can have was
covered. Da; represents the ignition Da, at which weak reactions transition to
vigorous burning with a sudden jump to the upper branch. Anywhere beyond this Da
will result in spontaneous combustion. We define this point as the ignition state.
Conversely, as we decrease the Da for an intense burning flame on the upper branch
to the point Dag, there will be another jump of the temperature down to the lower

branch. This point is defined as the extinction Da.



Physically, the existence of turning points implies that there exist states for which
the chemical reaction rate cannot balance the heat transport rate in steady state. Thus
for the lower branch, beyond Da;, the chemical heat is generated so fast in the
reaction zone that it cannot be transported away in steady manner. The middle branch
is never observed because it has a negative slope which implies that reaction

temperature decreases as Da increases, which is physically unrealistic.

Intensely burning branch

Extinction —~
state, £

=

=

Maximum Reaction Temperature
or Burning Rate

LY
\ - lgnition state, /
Frozen stale -

i

Weaklylreacting hranch )

/ e |

e
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1

Fig. 1.1: Combustion S-Curve reproduced from [18].

1.4 Activation Energy Asymptotics

There are a number of possible approaches to modeling the influences of finite-
rate chemistry on diffusion flames. Known rates of elementary reaction steps may be

employed in the full set of conservation equations, with solutions sought by



numerical integration and computational fluid dynamics (CFD). While CFD is like an
experiment, with only one condition considered at a time, other modeling such as
activation-energy asymptotics (AEA) can quickly identify trends and give additional
physical insights. Complexities of diffusion flame problems motivates searches for
simplifications of the chemical kinetics [19]. With simplified chemical kinetics,
perturbation methods [20] are attractive for improving understanding and also for
seeking quantitative comparison with experiment results. Two types of perturbation
approaches have been developed, Damkohler-number asymptotics and AEA. In the
former, the ratio of a flow time to reaction time, one of the dimensionless groups
introduced by Damkohler [21] is treated as a large parameter. And in the latter, the
ratio of the activation energy to the thermal energy, emphasized as important by
Frank-Kamenetskii [22], is taken to be large. Damkohler-number asymptotics can
provide estimates of reaction zone broadening in near-equilibrium situations [23,24],
and also affords possibilities of investigating other regimes [25].

Analyses of phenomena such as sharp ignition and extinction events cannot be
performed on the basis of Damkohler-number asymptotics, but they can be treated by
activation-energy asymptotics. Moreover, activation-energy asymptotics may lead to
results valid for all Damkdohler numbers, and therefore results of Damkohler-number
asymptotics may be extracted from those of activation-energy asymptotics.
Activation-energy asymptotics is the more general of the two types of perturbation
approaches. As compared to CFD, AEA was selected for our study as it provides the

complete physics of the problem instead of just providing exact solutions for



individual points, and provides a good representation of trends and limit behavior,

which is sought here.

In the research, the AEA approach which was adopted to derive the exact

solutions to the Navier-Stokes Equations can be summarized as:

1)

2)

3)

4)

5)

Solutions of the flowfield for the scenario of hydrogen jet emanating from a
rectangular slot were derived. A similarity solution of the non-reacting flowfield
is obtained, and then used in the energy and species conservation equations.
Coordinate transformation is necessary to investigate the effects of perturbations
because the reaction zone of concern is a very small thin one.

Frozen solutions were then obtained. These represent the solutions in very low Da
regime whereby there are no reactions.

Outer solutions were derived. These solutions deviate from the frozen solution by
a small amount due to perturbation, and are present in outer regions where there is
no reaction due to the low temperature. Before ignition, there are only weak
reactions.

Inner solutions were derived for the reaction zone where weak chemical reactions
occur.

Matching of inner and outer solutions is then performed to determine the
conditions whereby ignition can occur. Ignition can occur when the heat
generated from the chemical reaction is sufficient to overcome heat losses. The

results are presented in terms of Da, T,, T.,, Lef, and Le,.



1.5 Project Objectives

The present analysis considers the spontaneous ignition of a jet of hydrogen or
other gaseous fuel leaking through a slot into air. The slot is taken to be straight and
long, yielding a two-dimensional flow field. The ignition analysis identifies limits of

spontaneous ignition.

The objectives of this work are to:

1) develop a model of spontaneous ignition for two cases: a cool fuel jet flowing into
heated air and a heated fuel jet flowing into cool air,

2) identify limits of spontaneous ignition as functions of slot width, flow rate, fuel
Lewis number, and temperatures of the fuel jet and the ambient air, and

3) identify the location of ignition.



Chapter 2: Formulation

2.1 Introduction

The problem of interest is a steady, isobaric laminar jet of fuel (e.g. hydrogen) at
temperature 7 issuing from a rectangular slot into an oxidizing environment (e.g.
atmospheric air) at a temperature of 7., as shown schematically in Figs. 2.1 and 2.2
for the two scenarios. Spontaneous ignition occurs when either Ty or T, is
sufficiently high that the weak reaction between the fuel and the oxidizer transitions
to a vigorous burning flame. This study analyzes the ignition state as a function of
various physical properties including Lewis number, Ty, T, the flow velocity at the
slot exit, uq, and the width of the slot. The slot is considered sufficiently long that end
effects are negligible. The reaction chemistry is simulated by a single-step, overall,
irreversible reaction with second order Arrhenius kinetics and a high activation

energy.

The formulation that follows is an exact solution of the conservation of mass,
momentum, energy and species. The key assumptions are boundary layer behavior

2 2, and single-step chemistry. A similarity solution of the non-reacting
Jdy Jdx

flowfield is obtained. This is then used in the conservation of energy and species

equations.
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2.2 Assumptions

The assumptions are as follow:

(1) steady, 2D flow, negligible body force
(2) reaction follows Arrhenius kinetics
(3) high activation energy reaction

(4) 1isobaric flow

(5) symmetric with respect to the plane of symmetry
6) cp,pA, pu and P2 Dj do not vary with position

These assumptions are reasonable in light of the mathematical simplicity they
introduce. Similar assumptions are commonly invoked in this type of analysis.

[11,12]

2.3 Slot Flowfield

The reaction is
VEF+vO O —> vpP 2.1
The flowfield is described by conservation of mass,
dpu) d(pv)

ox Ty 0 (2.2)
conservation of momentum, x-direction

Ju_ ou_a ([ ou 2(2u o]\ _af (u av]__ 2

PG TPV dy _ax{’u[zax _3(07x + By)}}_ay[’u(ay +8x\J}_— x (2.3)
and conservation of momentum, y-direction

2,20 BT (v ] ([0 aau 2] 3 o
pu3x+pvé’y_ax H ax+8y T dy H dy 3 3x+07y T dy :

Within the slot, the only velocity component is u along the x direction : v=0

S

QU

10



% =0  Therefore, pu isindependent of x, *>

Conservation of momentum becomes

w49 ( A a( dwy_ o
PUIx 3 ax('uﬁx)_ay('uay)__ax (2.6)

y=0: Jdu/dx=0

Case I Uniform flow

A uniform flow is possible when the effect of viscosity is negligible (# = 0).
At any x, u is uniform for all y

ap

3y =0 leadingto  p=p(x)

du d . , .
P ”d_z = _d_i leadingto  pu’=c-p  (Bernoulli Equation)

Inthetank: u=0 , p=p; ,therefore c=p;

Attheexit: u=ug) , p=p0 , p=p0 therefore, ,OOM()2 =pi—Po or

uo =+(pi —P0)/ Po (2.8)
_rh 2, h _ h _
M=[", puy-dy=12(pi—po)dy =(pi— p)L_ ,dy =2 h(p; = po) (2.9)

For this case, there is no friction. The flow is supported by the expansion caused by
the pressure reduction so p cannot be considered constant. If the pressure difference
is large, the flow is choked (Ma =1 at the exit).

If there is no heat addition or generation during the expansion, the gas

temperature density and velocity at the exit (70, po and wu() are (isentropic

compressible flow)

11



To/ T;=2/( y+1) . Y=cplcy (2.10)
! pr=[2/C y+1)P"7r=D (2.11)
p/ pi=[2/( y+)"7D (2.12)

An expansion wave exists if pg < p(.

Case Il Fully developed flow in a channel : u=u(y)

The flow velocity is relatively low so the flow can be considered incompressible and

isothermal
g—l; =0 leadingto p=p(x) (U= Y= M = constant when p = constant)

d(, dwy_dp
woy) = @.13)
since lefthand side is a function of y only and righthand side is a function of x only,

d
P _ constant.

dx

dpl/ dx=—(p;—po)/ w  wis the thickness of the wall, pQ = pq (2.14)

d 1 d - _

ﬁ=%d—iy+c1=—£;lo—pﬁy+cl and u=—£2'mTpv8'y2+c1y+c2 (2.15)
. du

Aty =0 (centerline) : Iy = 0

therefore ¢1 =0 leadingto u 2—22’1)0')12-‘:- o (2.16)

Lo W
Aty =h (channel wall) : u=0
therefore ¢, =L27’%Vﬂh2 leadingto =%Q(h2 -y?) (2.17)

12



h
szf’hpouzdyzjhpo[m(hz )} dy= po(mJ Lh(h4 2h%y2+yHdy (2.18)

—po[—‘—”Q]2<h4y——§h2 344y ) [E‘—”Q] [ (2h)-2 IR I Y2 (20 )= lsth[—‘—”Qf

2w 2w How

Aty=0: u=uy .. =Ll

2.4 Conservation Equations and Boundary Conditions in the Jet

(a) Conservation equations

p=pRT or p=p/(RT) ; R=ideal gas constant , p = constant (isobaric
flow)
_&(a/;u) +_&(apyv) =0 (2.19)
op .
55 =0 leadingto  p=p(x)
y
PUIx gx tpy g;t aay [/‘g;t) ‘—% =—% =0 (Atanyx,as y—>*e, u—0 therefore
dp _
dx =0)

Conservation of energy is,

aT ar g (,dT
pu G- +pv gy "y (/13_))) =vViWpqrw (2.20)
Conservation of fuel is,

24 Yy 2 aYgp
puﬁtov 7y " ay[p Dp é’yjz_VFWFw (2.21)

13



Conservation of oxidizer is,

pu%a+pv%a—%(pDo%) =—voWo @ (2.22)
Conservation of oxidizer is,

@=Bcp' co" T" exp (=E/ T)=B(pYp! WE)'F (pYol Wo Yo T"T exp (—E/ T)

=(BI WE"F Wy"0) p'eto Y'F ¥,"0 T exp (—=E/ T)) (2.23)

(b) Boundary and interface conditions

Let x = 0 be the virtual origin of the jet and x =x,, be the exit of the jet.

x=xy , —h<y<h : T=Ty, , Ypr=Ypy , Yo=0 , u=uy, v=0
y=0, x=xo" : T=Ty , Ye=Ygy , Yo=0 , u=uy,y=0,x>x0:
AT! dy=0Ypl dy=0Ypl dy =dul dy=0 , v=0

y—oo T—->T, |, Yr—0 s Yo = Y0 , u—0

2.5 Coordinate Transformation and the Solution of Momentum Equation

A stream function ¥ is defined such that the continuity equation is satisfied :

pu_9y L o
Polly Oy > pelly | Ox (2.24)
A new coordinate system is defined using similarity variables [26,27].

oq (7 , .
n="g5) ay . v=axPrm) L iexix (2.25)

(a1 and @ are constants that are defined later to simplify the expression)
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It is assumed that a similarity solution exists so that fis a function of 7 only.

Coordinate transformation from (x, y) to (x, 77) yields

2 sox 0 2 [ aa e, adfle,)]2

dx Jdxdx dndx Jdx 3x°7 ), po x* 9 0 O an
220 ] Lay |2 2.26)
dx 3xdn x|\ dx)J, p. an

2 _99x 29n_0J| a (e, \|l__ap 2

dy ~ odx y+877 y_an{xzmay[fopmdyﬂ_xzupoo0777 (2.27)
pu_ Y o p 1/3 2% p df

T T an[ax famE NENWT (2.28)

/34 d
: 1/3 1/3 x'3 df 0
We define ejan=xy'° or ay=x¢' ~/ ey such that u_o sdp OF ”_~1/3d{7

pv dy a | x" s 2 d | x"
s 7 ___Z |20 + " p—| 0
P i, dx c?x{ o I 3x77&77 o, ALY

y 1/3
_al-x_Z/}{;xJ’ pﬁdy Jaan|:x 1/3f(77):|
0 Moo

1/3 1/3 Yy
X, df ) x| 2 J P, \df
= _pZL gy | =L (2.29)
3a, x°" [f ndﬂj ”3{8x o Po. Y dn
du 9 (x"3ugdf) 2m 9 (xg"3uy df ify_& N 9 (x)" 3uy df
dx ~ dx| V3 dn) 3xdn| xv3 dn|” 2/3 S B 7
1/3 dzf 0{1)601/314 J }_& 2f
3x4/3 ( +21/d772j x (Qx fopm \J—le (230)
@=_a|__&i xnl/3un df =a]X01/3M0_£d2f (231)
y x¥3podnl xV3 dn X P dip :
9 a_ _% P I | axu, pud f a X uy pPpd f
dy a 23 0. 91 x 0. df] B pooz d773
JOT% PP A @7y pp A (2.32)
x5/3 pr d 77 x5/3 pw d 773

15



(It is assumed that pu= p. 1, =constant)

Momentum equation is given by,

du du a[ au) 0

PUg TPV oy \Hay) = (2.33)
pxo" Sug df|  x" Pug df 21 & f a]x01/3u J f)'& _f
xV3 dn| T 3,43 772 X Ix 0 Poo dn?
1/3 1/3 y 1/3 2
N Yy vy,
3a,x dn X ax), p. dn x p.dn
@y pp, & f_pu’y (ﬂ]z+fﬁ+a12—3ﬂ°° Lag (2.34)
JEE 0. d?] 353 d772 Des ) X 773 :
73
We define af%:—; such that it leadsto ;= ,0&2010_ and
PeoUpX( Heo
144 &f (ﬂf—o (2.35)
2 172 '

y M x
2/3 idy _i 6 Loo 2/3 Opm = ~2/3 (2.36)
6 6 -
= ) =S )=, 3%x“ﬂm4ﬁ0x“ﬂm (2.37)

y
J azna+m{ade,Ja g 2 3

an Jd(x,x) 3x,Xdn

Ix dx 3xdn x|\ dx), p.

oy x,"” 1 d (" p , ]2
+ / dy |—
64 2/3 2/3(&XJ0 0. y Jf?ﬂ

_ii 1 2?7 J ‘poouﬂ 1 & y_ﬂ i

X0 dX X0 3% 9N +V6,uwx0 22/3( dx fopw Y on (2.38)
Do p 9 _ |Patgx”’ 1 p d [puug 1 p J (2.39)
Iy " x23pud N Ofhes  3)35%3 P 9N N Oleoxg 323 P I '
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Boundary conditions

y=0, x=xg : u=uy = nN=0: df/dn=1 (fisindependent of x)
y=0,x>x0: Ju/dy=v=0 = n=0,x>x0: f=d*fldP=0
y—oeo I u—>0 = n-oe : dfldn—0

Solution in the jet (x >x() or x>1)

3 2 3 2
0=~ 4 J; fd L (df) 14L, (fdfj dd (1 ¢/ fj therefore (2.40)

2dn dn) =2y Tan\ldn Y
187 df
2ap Van=¢
-0 - ) _ _ . 147 ar_
n=0: f=d’fldp=0 therefore ¢=0 leading to 3 772+f 0
Byl _LEL AP Ld(dr ) df
0_2d772 an = 2d772 2dn = 2dn d77+f therefore dn+f:c (2.41)
df d(aF)dz dF dF
Let z=an , f=aF(z) |, c=a2 then d_ﬂzd_zﬁ=ad_za=a2d_z
dF (aFy _ , dF dF _. dF
A+ 5 o=da or +F=1 = _—=1-F  or =iz
tanh 'F=z+c¢ or F=tanh (z+c¢) or f—tanh (an+c) or  f=atanh (an+c)

n=0: f=0 ., dfidy=1

tanhc=0 or ¢=0 = f=atanh(an) and dfldn=a2sech2(an)
?sech2(0)=1 therefore a2=1 or a=1

Thus : f=tanhp , dfidn=sech2n

u=(up! XV 3)dfI dn)=u(sech?qy V3 (2.42)
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V3 df 1/ 3 a (7 f
3 XQ X0 L
PV —pmuo[—3alx2/3(f 277d77) /3 (&Xfopood \Jdn
) O lley xg3 ( df) 2 (*p , . \4f
__pwuo[-vau()x 1/3 3x02/3 W2/3 = 277d77 xV3 8x'f0p°° @ n

2
=—pmu0{l 64, (tanh 17)—2n(sech 77)+sech 77( &fy-&dy')}

Y Poo X0 372 3 3 | Ix

Determination of x() by momentum conservation
h 2
f;opuz dy= LM’O“O dy=M

°° 2
M:J.j;puzdy: p(ullf’sechzn] MXZ/S&C{”
A pouy P

= Uy \]6x0 Uy P.. 1., Ifm(seCh477)d77

(sech2 )(tanh 77) 2 coo
=u0‘/6x0 uopoo,um[ 773 nr +§f_w(sech277)d77}

2 = 4
= UQ 46 X0 U0 Poo Moo [0 +3 tanh Tj_w} =3 U0 X0 U0 Poo Hoo

3 M2

Therefore 3—32 Uy’ XoPetl=M?  OF  xg=——F——
32up” Poo Moo

In summary, the flowfield solution is :

1=t = [ Lay 236, W‘J%Q F3 5 (2.37), xo=

f=tanhnn , dfidnp=sech’n , u=up(sech?nyx"3

|
I’—‘
|~
I|~
[\®]
S
|

+
:
=

1 (9 (e, )2
6;100x0;2/3[3xf0pwdyj&77

_ [ 64 (tanh np)— 277(sech 77) sech 2 n(_d _2
PV == P Uy *pruoxo 372/3 NE ox 0 Poo dy’
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(2.43)

(2.44)

(2.45)

(2.46)

(2.47)

(2.48)

(2.48)

(2.42)

(2.38)

(2.39)

(2.45)



2.6 Nondimensionalizing the Energy and Species Equations

The following nondimensional quantities are defined as :

~ ¢, T ~ ~ VW ~ F
P _ _YEVE _p-
T= - , Yp=Yp YO_VOWO Yo , E= . (2.49)
no ny—n g +1 nptng—1
Damkshler number: Da=—-20t02 8 (%Ej £) (2.50)
vVE? W ug \ °p
Prandtl number : 7‘”—1’ > /1/ P = constant (2.51)
Schmidt number of species j : Sc; :/—0‘% = ’[2) £ - (2.52)
j P D;j
. .. Al ¢ icl
Lewis number of species j : Le; :—Bp 5. =, = constant (2.53)
J

Nondimensionlizing the energy equation:
(1) p=pl( RT)=(p/ R)cyl qr) T (2.54)

@) pug gx TPVG §§ 5;( ﬂ):ﬂiq PIOY YY" T exp (—E/ T)

dy FEW
4| e 9T, , ﬂ_la[ﬂ aT”
» P odx ) Pro"y po"y
= VWi B ey e | Yooy e | e (- BT (2.55)
W, W, V. W, c,

oT aT 13[ af]

PP oy ey Moy
noB nr+n, n n,

=— n0+nF_1(qF/c )" p "Y FY oT" exp(—E/T) (2.56)
VF WF

IT 19T 127707T [ooug 1 fyi ar B_T: ,0 uy, 1 pdT
Ix " xo dx X0 3% 9N Vé,uooxo ¥2/ 3\ dx J o P dy’ an 0 9y Y6iwxo 723 P IN
9 BT [ate 1 p J( [Patg 1 pdT|_pwy_ 1 T (2.57)
dy V6ﬂm X0 7213 Poo I\ MY O ttoog 523 o I17 ) T 6x9 5413 92 '

(pu= pwttes = constant)
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sech’n| 1 JT 1277&T puy 1 [ 2 [p 9T
P | T a7 % 35dn EE —dy |
X X, X x,3%xdn \6u, x, X Jx o P, an
_i%i&zf_ ; (tanh7)— 277(sech277) sech’n QJ’}'pd ,
Pr 6x, X*° Jn’ P Yo ,omuox0 3% 7\ dx ), po Y
puy 1 p aT
6u.x, 7 p. In

_ Py (sech’n) dT Py, (tanh?])&T 1 pu, 1 2°T
~1/3 X, 377 9n Pr 6x, & 473 &77

Xo X

X
pu 1 9T [ aT
:_6)60 04/%|:P an > +2(ta hn)—n—6(sech27])x x:| (2.58)

1 PT r oT
EW+2(tanh 77)&77—6(sech n)x—

6x, 5 3 v, B q- )" . T o ~ -
- ﬂpuo v no—lf‘)/V no+np—1 _CE pnp+n0 YFnFYOnO A exp(—E/T)
F F

=—Dax¥ 3y 'y, o prr-nrnotlexs (_E/ T) (2.59)

Y Y Yy B
3) pu—E+pv—E A ( )———VﬂLpﬂFﬂO Y'Y O T" exp (—El T)

dy dy pD F oy W W'

puo"YFer Y, ipDFﬂafF

dx &’y dy\l wu ady

o r ay, Y, 1 2 Y,

__ v.W. B ng+ng np l/()W() dr + T u7F+ vV F__- - £
N e L sl oo e
_ v, B M et T ne T g oy -y (2.60)
__W(QF/CP) P YF YO T eXp(—E/T) .

F F

By the same analysis as that of (2), we have (change Pr to Scf and the sign of the

righthand side)
FY, 7Y, Y )3 e - -
S_iFWE +2(tanh 77)77175—6(sech2 n)x%ﬁ:Dax‘” Sy 'y ot o exn(—E/ T) (2.61)
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Y, Y, Y, B
@) pu—=L+pv—=2 —i(pD ”) =- WVQZ‘V; = PO YY" T exp (—E/ T)
F o

u H
v, W, dx y dy\ u dy
== VOnWOIi qr pr YFnF[VOWO ~0] Lf exp(—f«?/f)
W, W, V. W c,

puai0+ 9% 19 (ﬂaf())

Jdx P ady SCOTy dy
VO"oB N Sptng YNy ho iy LT (2 62)
= ety et (r 1 €)T P Y X T exp(—ENT) '
VF WF

Similar to (3), we have

7Y, Y, . dY, A e o .
@a—ng +2(tanh 77)7,? ~6(sech? 1) ¥52 =Dax¥ ¥ ¥y 70 exp (~ B/ T) (2.63)
5) y=0, x=x0" ¢ T=Ty , Y=Yy , Yp=0

i . a_r T 55 -
leadingto 7=0, x=1" : T=Ty= - s Yp=Ypo=Ypy , Yp=0

y=0,x>x0: JT/ dy=09Yr dy=30Yp/ dy =0

leadingto 7=0, i>1 : JT/ In=3Yp In=0Yyl In=0

y—oo T->T, , Yr—>0 , Yo = Y0 5 u—0
~ ~ C TOO ~ ~ ~ V W
leadingto 75w : ToT.="2= | Yr>0 , Yy—oYpe=—""AFY.
g n ar F 0 2100 =7y Jy,, 10,

(6) In summary

%f_ﬂg +2(tanh ﬂ)%—G( sech? 77))}% =—Da¥ 3YNF"F Y~0n0 7-nr—np—no+lexp (_E/ 7”,) (2.59)
_1&2_?E a_ivE_ 2 ~&_?E_ ~4/ 3 Np S N Snr—nr—no -+ -
Scr o +2(tanh 77) an 6(sech” Py —L£ = Dax* *Yp'* Yo o T"T "0  exp(~E/ T) 2.61)

1

7Y, Y, ) L o
—_0 0 2 20 _ 4/ 3, Npyy N r—np—no+l B
Sco &772 +2(tanh 1) &77 6(sech”n)x R Dax™ °Yp'FYy ot exp (—E/ T) (263)
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77=O , x=1: T=T, , Yr=Yro , Yo =0
n=0, i>1: JT/ dn=3aYe In=03Yyl In=0

n—oo T—T, s f/F—)O s f/o —>1~/0,°<,

2.7 Frozen Solution

In the frozen limit (designated by a subscript “f’), there is no reaction
(D —L 2(tanh ) 6(sech2 )iﬁ =0 (2.64)
Pr 3 2 n n Ix .

Since the energy and momentum equations are similar, it is expected that

Tr=q+T () 53

o _ 17 9% __1 dt 2L __1 &7
dx 3343 dn T zu3dn g2 iU3 g4
12T o7, S

— +2(tanh7])— 6 (sech n)x
Pr an an

1( 1 d°T 1 dT 1 T
:Pr[fcmdﬂ ]+2(ta hn)( 1/36“7} 6(sech277)){ 3)}4/3J

=_1[P_1W+ 2(tanh n)j—f]+2(sech2 n)f}: — 3{327; +2Py d[(ta?l};]”m} (2.65)
Therefore %r 22772 +2 [(tazhan] 0 or Z,7;+2Pr(tanh n)T 0

n=0: 9T/ dn=dl/ In=0 .. ¢2=0 (tanh0=0) and

Z—g =-2Pr(tanh )T

d—TT =2 Pr(tanh 7)dn=—2Pr Ecgfﬁ 7777)) dn= —2Prd((c+;h77)) (2.66)
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Therefore  ¢n(T)=-2Prin(cosh p)+¢  or T =cy(cosh 1) 2P =¢y(sech2P )

leading to ff= ¢ +cy(sech 2Pr gy xV3

n—e : Ty—T, therefore ¢ =T and Ty=Tu+o(sech?? py 53

(sech (0)—0)

n=0, x=1: T=T, therefore Ty=T.+eo oOr ¢ =Tp-T. (sech(0)=1)
Thus :  Ty=Tu+(Ty—Tu)(sech >y 313 (2.67)

1 Y
2) S 0.)—772‘£+2(tanh ﬂ)7ﬂ£—6(sech 77)x—Z =0

Similar to (1), the solution of Yz is Y.s=c;+c(sech 25¢F py 51/ 3

n—seo :  Yp;—0 therefore ¢1=0 and Yp;=cy(sech 25 py xV3

n=0, i=1: Yps=Ypo therefore ¢, =Yz

Thus :  ¥p;=Ypo(sech 25y 5V 3 (2.68)
Floy _ﬁ _L

3) Sc 8772 +2(tanh ) —6(sech 2 7)x =0

Similar to (2), the solution of Y ; is Yo =c;+cy(sech 250y 5V 3

n—e i Yo;—>Yo. therefore ¢ =Yp. and Yy ;=Yg +er(sech 250 gy 53
n=0, x=1: f/o,f =0 therefore 0=Yp.+c; OF c=—Yyo
Thus : Yo =Yp.ll—(sech 2@ py V3] (2.69)

(4) Summary

Tp=Toot (Ty—Too) (sech 2P ppy 313 (2.67)
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Yr f =Y o(sech 25 gy 53 (2.68)

Yo.5 = Y01~ (sech 25y 3V 3 (2.69)

2.8 Summary of Formulation

34X, ~ 3 M?
— =0 1/3 —
v3,uwx0x2/3 » Ve ¥ D X0 32u0° P fhoo
~ ¢, T ~ v-W ~ CcE
T=L—= | Ye=Yr , Yo=-tzF , E=Lt= |
qr F=7F 0" voWo 10 qr
D 6x,V,"0 B nr "F"0+1(£)np+n0—l
Vi 0 IW no+ng 1“0 o R
__4___PpH 4 __pu Aoy _Sq
Predie,=parq, - S9=pD;=pp, * =D, ~Pr
= tanh , df/dn=sech’n , u=up(sech?nyx’3
n
1T

) . oT 2 e -
7 772 +2(tanh 77) —6( sechzn)x$=—Dax4/ Sy iyt prr—rrmnotlexn (~E/ T)

*Y, Y, . dY, A e s -~
1 —£ +2(tanh U)ﬁ—é(sechzn)xjxﬁ:Dax‘” YRy oot oy (—E/ T)

Scr o

7 _a 2 f/ ~4/3 no Fnr—np-no+l

Sco o +2(tanh 77)—5 " —6(sech 77)x 7 =Dax YA E Y0 Trr=ne=notl exo (~E/ T)
n=0, x=1: T=Ty , Yp=Ypy , Yp=0

n=0, i>1 : JT/ dn=3aYe In=03Yyl In=0

n—o T—T 5 f/FeO 5 ffoeffo,w

f"f= f‘w+(f"0—f"w)(sech2prﬂy /3

Yr = Ypo(sech 25 gy 3V 3

Yo.f = Yo .ml[1—(sech 250y 3V 31
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Chapter 3: Ignition Analysis

3.1 Description of Analysis

A total of three ignition analyses will be presented in this chapter. The first two
analyses pertains to the cool jet flowing into hot ambient scenario, for two categories
of fuels with local Ler <1 (hydrogen belongs to this category) and Ler = 1 (for fuels
like methane). The third analysis is for the hot jet flowing into cool ambient scenario.

The results and discussion will be based on ignition analysis I (for cool jet case)
and analysis III (for hot jet case), as the main focus is on the spontaneous ignition of
hydrogen, which occur when the temperature and reaction rate conditions in the inner
region (which is the reaction zone) match the outer region (which lies outside the
reaction zone). The second analysis is presented for comparison purposes between

hydrogen and other common fuels like methane and propane.

3.2 Ignition Analysis I : Too > Ty, Lep < 1

Because spontaneous ignition is primarily controlled by temperature, ignition
occurs at n—oo if successful. This is the outer edge of the jet.
(A) Outer Solutions

In the outer region, there is no reaction because of the low temperature.
Before ignition, there is only weak reaction. All the variables deviate from the frozen
solutions by O ( €).
T=T;+£0+0(&) ; T;=Tu+(Ty—T.)(sech?’ ny 33 =T~ (T.~Ty) (sech 27" py 3'/3

Y=Y +ePp+0() 3 Ypp=Yp(sech?5F p/x!3
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?0=?0’f+€¢0 +0(€2) ) ?0,.)‘: ?090[1—(86Ch2SC0 7])/5&1/3]
77=O , x=1 : f=TO . ?F=?F,O . Y0=0 5 77=0 . x>1

AT 19n=3Ypldn=3Yy1d7=0

_JT

(1) P 07772 +2(t nh 17) 6(sech277)x7;-:0

| PIT+£0+0 ()] AT +£0+0 ()] s Na[Tf+e@+0(sz)]
Pr 3 772 +2(tanh 7) an —6(sech“n)x 7%

1 9°T, IT, , 0T,

Pr 0_’772 +2(tanh77)—77—6(sech T

1 0’0 20 AC)
+8|:Pr0_)”2+2(tanh7])0_)”—6(sech27])x0_);c:|+O(82):0
Since L&f /42 (tanh )—~—6( h2n)x —f— we have
Pr &772 anl 77 sec 77 & = .
1 O

——+2(tanh 7])——6(sech2 n)x—@-—O

Prop
By the same approach as that for the frozen solution, we obtain

O@=ar+ar (sech 2P py 313

n=0, x=1 : T=T;+e0+0(&)=T, .. O=0 = O=a+a and

O=ar[1—(sech 2P ny ¥1/3]
The condition 7=0 , x>1 : T 1dn=0 is automatically satisfied.

Thus : T=T;+£0+0(&)=(Too+€ar)~[ (Ta—Tp)+€ar I(sech 27" ny 3113 +0 (&)

2) —aZYF+2(tanh 7]) F 6(sech27])xL——0
,72 ox
| P Y +e@p+0(&))] A Yy p+EDr+0(&)] 5 ~(9[YFf+gq5F+0(52)
S 7 +2(tanh 7)) an —6(sech”n)x Py
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1 32~ ~__ Ff
{SCF &772 +2(t nh 77) (sech n)x J

éij;hz(t h77) —6(sech277)x }0(&2) 0
Since L[921~/F’-f+2(t h )&—6( h? )jf/F’f =0 , we have
e anh 1)~ sech*7)x—=-=0 ,
ﬁij;hz(t nh 77)——6(sech27])x =0 (32)

By the same approach as that for the frozen solution, we obtain

®p = ap+ap (sech 25 gy 3173
77=O , x=1 : ?F= ?F,f+g¢F+0(€2)= ?F,O . ¢F=O = O=ap+ar and

@p=ap[1-(sech 25T gy 3173

Thus :  Yp=Yp, +eP+0 (&) =€ap+(Ypp—€ap) (sech 25 py 13 +0 (&)
(3) ! éﬁYO+2(tanh 77)——6(sech27])x&Y0 =0
o dif

1 &?[Yo,f+g¢0+0(52)]+2(ta b \5[Y0f+g¢0+0(,52)] 6(sech2n)ia[yo’-f+8¢~0+0(£2)]=o
Sco o an ox

210, s
{SCIO 07172 S 42 (tan hn)—— 6(sech 2 7)x OfJJr
{ ! 32¢0+2(t h77)——6(sech 77)x }0(52) 0
Since Laﬁahz(t h )%—6( h?2 )”afo’f—o we have

Sco 0_’772 anh 77 n sec nxé’x_ ,
1 PPy by ) 0Dy
Sco o7 +2 (tanh ﬂ)Tﬂ—6(sech mx e =0 3.3)

By the same approach as that for the frozen solution, we obtain

Dp=ap+ap (sech 25¢o ny x13
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n=0, i=1 : Yo=Yy +e@p+0(€)=0 .. Po=0 = O=ap+d and
Do =ap[1-(sech 250 gy ¥173]
Thus : Yo=Yy ;+£@p+0(&)=(Ypeu+eap)[1—(sech?50 gy 33 1+0 (&)

(4) Summary

T=(To+€ar)—[ (To—To)+€ar 1(sech 2"y 33 +0 (&) (3.4)
Yp=gap+(Ypy—€ap) (sech 25 py 13 +0(2) (3.5)
Yp = (Ype +€ap)[1—(sech 25 gy 13 140 (&) (3.6)

(B) Coordination Transformation
Define £=sech?n then at 7=0, =1 ; as 7o , £50 ;
tanh® p=1—-sech> n=1-& ; d(tanhn)/dn=sech?E=¢

J d& _d(sech’n) 9 _ 5
977 TEdn= dy 9= 2(sech M=(sech 1) (tanh 7)) 7z =

—2 (sech % 77) (tanh n)%:—Z (tanh U)f%

% &i[ 2(tanhn)f?} —Z[d(tanhﬂ)f?+(tanh77) (f%ﬂ

=_2{§2 %_4. (tanh 7])[—2 ( tanh ﬂ)f%—(f%}}

__ 2 » d
=22 ?+4(tanh n){§?+§ %2] 4E(1- f)(fo,fz ?] 28+ F 3.7
FT r 2 0T 413 5 np 5 no Fnp—np-ng+l g
(1) 772 ~—+2(tanh 7]) —6(sech ﬂ)xg;c—:—Dax YA Yoo T ot exp (=E/T)
FT T -dT

1 2
EW-‘_Z (tanh 17)&—77—6(sech 77)x7;

> OT -IT

T BTJ 28 g}z(tanh 77)[ 2 (sech? ;) (tanh 77) 5} 6535~

1
:ﬁ{“f(l_f{f 852 35
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[4«:0 5)(&0;; ”;Q 282 &5} 4ga1- .»;)(95 ~6ex L

AT 1 T )0 _IT
=4£(1 _5){19},60752 (Pr—l)&—égJ f 0—,5 6§x—e-
Thus :
e 5)[ I i&g DT J 4{15% 0% JZ‘DW‘“ Yy Yo Tr—10*! exp(—E/T)

(3.8)

@ 5 0:72;{+2(t h ) =6 (sech 3G = Dait 7 B0 o exp = /T

The equation is similar to (1). By the same approach as that of (1), we have

1 oY 1 &Y 2 O -0 A3 5np S N =
4(1_§)LT@37 2F+(§ FJ 5[ F +6x FJ DCUC4/3YFFY0 oT'r ot CXP(—E/T)
3.9)

1 Y0 5 20 _ ¢ (sech? 7]))?&—5;0—=Da5c4/3 P §t0 Frrnenot exp (< E/T)

3 3 o o

The equation is similar to (1). By the same approach as that of (1), we have

(SC l)faYO J o é:é)YO +6% QYO j Dai3 ?an ﬁono ri—vnT—n,:—nOH exp(—l:f/i")

4(1- é‘){SC 5232;0
(3.10)
4) noo T>T, , Yro0 I?O—HNKOPO = ¢=0: T=T, .
Yr=0 , Yp=Yp.
(5) Frozen solutions
Tp=T,—(T.—Tp) (sech 'y 313 = Tp=T,,—(T..-Ty) & 33 (3.11)
(3.12)

Yrp=Ypp (sech 25 /313 = Y p= Ve & /313
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Yor=Ypmll-(secch®50 p)/313 ) = Yy r=Yp. (1-E0 /3173) (3.13)

(6) Outer solutions :

T=(To+€ar)—[ (To—To)+€ar 1E71 33 +0 () (3.14)
Ye=eap+(Ypg—£ap) & 33 +0(2) (3.15)
Yp = (Ypet+eap) (1-E%0/ 3113+ 0 () (3.16)

(7) Summary

0-8) 2T 06 1| 26T a6 Jempuit e B0 Tornnot et )

e (’g)[& & ”Z? e 1)§&YFJ 9{2 "ga&? 6~8YFJ DaiP 1% Yoo T o expl—EIT)

4(1— SCO éﬁ J YO (S _1)§8Y0J 47{ 2 58Y0 165 aYoj DA ?FnF f/ono ]N'nr—nrnoﬂ exp(—I:Z/]N")

x*
4:20 . ]’:Z’fw 5 %FZO 5 ?OZ?OPO
Frozen solutions :  Ty=T.—(T—Tp)&1 33 5 Ypp=Ypp &S /33

?0,f=f/0,oo(1—fgc" 15173)
Outer solutions :  T=(T.+ear)—[ (T —Tp)+ear 1E71 313 +0 (&)
Yr=eap+(Ypg—eap) & 33 +0(2) 5 Yo=Ypwteap)(1-E/ 313+ 0 (&)
(C) Inner Expansion

Define inner variable : &7 =ex3¢/Ypy or (=Yl NeXP) , e=T.7IE
a=(T.~Ty)/Yry ; E=0 : (=0 (3.17)
T=Tp(E" =33 1Y) +£0+0 (&) =Toa— (T T ) (€33 £ 1Y Y 313 +£60+0 (&) =T +£(0-0{) +O (&)

Yi= Y (&7 =33 £ 1Y) +€0p+0 (€)= Y (€373 {1 Y 55/ P7 1313 1 £+ 0 () = €L (Yo 1313 7L {147 16940 (&)

For Lep < 1 (for hydrogen, LeF = 0.5), &“r>>¢ and
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?F =€Le[: (?F,O /';:1/3 )l—Lep ;Lep +0(¢)

Yo=Y (=33 £ 1Ypp) +€00 +0 (€)= Yoo [ 1- (X3 £ 1Y 0 P 13173 ]
+EPo+0 (e2)= Y0m+0 (eleo.g)

9 I Yy Pr op, Yio epr 9 J
? %?g e fpla; therefore 5?_P ant =ty o

1 ,.d d
ﬁég%:?&—g

ARl g e g2l

Voo Pr 2 O prt Yo Propry 9 (9 i
e gl 4l AP Tt

F

2__r2
el

o7 +(Pr— 1)§5,§

1 o (1 J F a (1 d i
E§2¥+(ﬁ—l)§a—§=Pr§Za_;2+(Pr'1)4&—;+(ﬁ—1)P”;&—;:P”§2a_;2 (3.18)

2
Fjgj?*[ﬁ_ljf%:%{”g &52“” ”é"a;J (1 1)’”;;
2

Sc I r ;2 3 + (Pr - Sc ])g W
F F J
oy {P §207_52+P ( PrjgagJ o {;2 07§2+(1 Le; );a—gJ (3.19)

EIT=ENT.+€(@-al)+0 (2)1=EN{Toll+(e/T)(B-al)+0 (e2)]

=(E/T.)—€(EIT.2)(0-al)+(EIT)0 (€)= (E/T.)—(0—al)+0 (€)

exp(—E/T)=exp[—(E/T.)+(0—-al)+0 (€)]=exp(—E/T. ) exp (6—al)+0 (€) (3.20)
(1) £=0: (=0 , T=T. , ¥=0
T((=0)=T+£6((=0)+0()=T., .. 6 =0)=0
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Yr((=0)=£" g ((=0)+0(E1%)=0 . g ({=0)=0
2)

4(1 é:)\‘ Pr 62 &62 Pr )é: aé:J g(Pzrétgg 6}&} Dax4/3 Y np Y no TnT nF—n0+1 exp( E/T)

; . ~dT
A[1—- (84)1/10 ]{Prgza +(Pr- 1)§%+(P -1)Pr ;%J (8{)1/10[ Pr ;a§+6 —rj

;2
=—Da* P (Y IX YL C14 +O (&) 1F[ Yoot O(E-0;8) V'O T+ O (&) 1T "M [ exp(~E/T..) exp(6—a)+O(€) ]
=—Dai*P [ (Y 12 ) 7L {14 1:0/(8) I [ Yoot O (E0;8) 10 T+ O (&) 1140 [ exp(—E/T.. ) exp0—ad) +O (€)]
(3.21)

Take the leading order terms in &

T T T =1/3
4Pr§za2{Tw+sw—<&7§—To)§/x 1)

>0
=4£‘PV§2a—é/2

—_glernr pg 413 (?F,O /513 )(I—LeF)nF ?O,wno ]N«wnT—nI.—ngH exp (—E/fw)gLanF exp(8—al)

FO__romp1 Da Ypo"0 T, T "0 exp (~E/T,,)
0’)4‘2 4 Pr

;2

”’4/3 (?F,O /5&1/3 )(I—Lep)np ;Lepnp exp(g_aé’)

cLernil Da IN/OPO"O T, 0 exp (~E/T,,)

Define Da= TPy

413 (f/F,O /13 )(l—LeF nE (3.22)

= Reduced Damkohler number

>0

a—éaz—bagLanFeXp(a—a;) (3'23)

;2
(D) Matching
T =(Too+&ar)~[ (T —Ty) +£ap 1E77 315 +0(8) = (Too+£ar) [ (Toa—Ty) +€ar 1(€ 1 Vi) +0 (€)

=To+e(ar—a)+0 (&)=Ts, +£(0—a§)+0(€2)|§_m

0 —sw)=ar OF  (I0/I)¢ 00=0
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(E) Summary

227 —_pallerrexp(6-al) 3 (=0 : 60=0 ; (o I0I—>0

Da— glern1 D4 Ypuo T 0 exp (~E/T,,)
a= :

~4/3 (v ~1/3\(1- L
1P ¥ (YFD/X )( ep g

az(fw—fo)/fm .

, &= ioz /E
Note: Since there is no differentiation with respect to x, the problem is locally
similar and x can be considered as a constant in the structure equation.
(F) Rescaling

when the change of «is by changing Teo or Y, or . or Leris varying
Define 7., as the reference value of 7., np as the reference value of ng

Yrp as the reference value of Y,

£=(T..)*IE as the reference value of & =  &le=(T../T..)*

Da = &5 [ Da [(4Pr)|F, "o T exp (= E 1T, )73 (¥, o 1 5F13)1=Ler i

— (T /T )nTJr(ZZ/.\EF*l)ﬁF*HO*l (T2 /E)<2eF Lot ng) f iy (YAF,O /YNF,O )(1-£ep>ﬁF

(Y, /37 YiLerir=(i-terny gl f(F 7 1 )]DDa (3.24)
car=Ear . ar=(eld)ar=(T..2IT.2 )ar

If only T., is varying

Da= (T, /T, y'r*2Le—nrnot expl E(T.. 7'~ 7,711 Da (3.25)
ar =(T.2IT. Yar (3.26)

In the calculations, we

(1) Choose a value of & as the reference value.
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(2) Find the value of 7., based on this reference value of a. (need to specify 7, and
Yrp)

(3) For other values of ¢, determine T., using the same values of 7, and Yz.

(4) Use the values of 7., and 7., to determine Da.

If only ng is varying, Da= (T, /E)LrGire) T, e (g 513 Y1=Lep)ine) hg (3.27)

If only YF ( is varying, Da= (I}FQ /ffm Y1=Ler)nr pg (3.28)

R - o R » A » A 0
If Only LeF is Varying, Da :(TwZ /E)(ZEF_LEF)’IF (YF() /YF() )(l—Ler)np (YF() /)~C1/3 )(ler +Ler)ny Da (329)

3.3 Ignition Analysis Il : Too > Ty, Lep= 1

As in I, ignition occurs at 77— if successful.
(A) Coordination Transformation and Outer Solutions (From Analysis I)

Define £=sech?n then at 7=0, £=1 ; as - , £=0

2T ar A - -
4(1- f)[ P,{Z %2 o1& ,;,J 5[ P 4’75+6x ]:_Dax4/3YFFYO0TnT_nF_n0+leXP(_E/ T)

Y, oY, 6 é’Y o -

E=0: T=T, , Yp=0

Outer solutions

T =(To+€ap)—[(Toa—To) +€ar 1 &1 3V 3+ 0 (€2)
Yr =€eap+(Yig—eap)&SF V340 ()

Yo =(Yp o +£a0 N(1- 80 51 3) 40 (£2)
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(B) Inner Expansion

Define inner variable : & =¢f or (=&e |, e=T.2/E
E=0: =0
From Analysis I
T=To+el0—(T—Tp)J 3V 31+0(2) 3 Yp=£r(Ypg {1 3V 3) +epp+ 0 (£2)
i i_ i . 2.0 2.0 &2
PréaE=tac 7t §2+ “‘faf brétoa

1 1
48Pr§’2@ =—Ddlp.S0 T 0 exp(—B TR [ (Vg 41 3 3)+ gl Fexpl 6~(T—T5)J ¥ *1+0(e)

£=0: 6=0 ., ¢p=0
Expand Lef as Lep=1+¢elp+0(&%) , then for any variable A

ALer = exp [in (ALF )=exp (Lepn A)=exp [(1+€lp+---)(nA]:
=exp (/nA)exp (elpfnA+--)=A(l+&lpfnA+---) (3.30)

Thus :  Yp=er (Yo {1 3V 3) 1 egp+ 0 (&) =e(pp+Yr {1 3V 3)+0(2)

1
558 2 1)5—5 s %2 o) (3.31)

23

(D 4@5‘Pr§’2 2— Dafo,wno 7ot exp (—E/ . )x3

74
[LF (Yo £ 1 5V 3) + egp]™Fexp [ 0— (T —Tp) Y 5V 31+ 0(e)

§2929=_Da Yo o0 T 1= mF- ot oy (—E/ Ty ) -ar3
2?2 4¢e Pr

[e(r +Yroll xV3) " Fexp [0 - (Tw - To)ll 53140 ()
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no 7 nr—F—o+ T - - -
D0 ipr U L) 53t g 703 Yrexplo+(T-Tod W/3140(8)  (3.32)

1 DaYA’O oono TNnT_n F=no+1 eXp (_E/ Too );4/ 3

From Section 3.2, Da= &'~ 1P
.

The leading order terms are §207_§2 = —Da(gp+Yro {1 ¥V 3V Fexpl 6—(Too — 1) 5V 3]

2 {4(1 é){ éfgﬂpr 1>fa§} f(%fg_ﬁéxﬁj}

1, PY W, 2 v
+{4(1—f)[STF52 &52’:"‘\56 ag} Q{Sc 50’)5 +6x ]} 0
From Section 3.2,

FT IT 2 ,dT _.JT >’ 6 .
4(1-9) Pr;’i&gz +(Pr 1)53—5}—5(Pr§a§+6x ] 4gPr§2f+0(el+<VP>g2)

4(1—5) 4‘2 42 _1)5875}_5(725%*6;%}

= 4[1- (s{)“”]LeF{ﬁ op tU-Lep) ;} (¢ {)“’r(k {ag 6)?”]

2 > ~1/3 P
=4Pr§’2& [£(¢F+§gzo§/x )]+0(.92 e/ PNy 4epr 2 0_);; +O(ele MV Py

J? 2
Thus 4€Pr§27€+0(£1+(1/Pr))+4£Pr§20;2;2 +0(e:eH WV Py=0  or Q(Tegfﬂﬂ

= O+dr=cl+c2
;:O: 0=¢F=O S C2=0 and 6+¢F=C§

(3) Summary

2 - i ..
{23§§=—Da(¢F+YF’O§’/)}1/3)"Fexp[t9—(Tm—7E))§/)?V3] ;. {=0: 6=0

0+ ¢F=c ¢ where c still needs to be determined.
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(C) Matching
T =(Too+£ar) ~ (T~ Ty) + £ar1 &1 3V 3+ 0(8) =(Tt £ar) (T~ Ty )+ £ar [ £5Y 3V 3 +0 (&)
= Tt elar— (T~ 1) 331+ 0( &)= T+ £l0~(T~T0) § 33140 (&),

O —se)=ar  OF (960 I)pe=0
Yr = €ap+(Yig—eap)ESF 3V 340 ()= eap+(Ypo— ap) (EP5H P 3V 3 10/(82)
= eap+(Ypg—€ap) (€LY 5V 34+0(8) = eap+(Ypg—ap) (e[ 1+ &l pin(el) +-F X/ 3+0()
= e(ap+Yrod 3 2)+0(E)=e(gp+Vro 81 3 )0 (),

Pp({ —o)=ar
From(B) : 6+ ¢p=c{
o 1 Osa , Groa . aT+afF=c{ = ar+afF=c=0 or
ap=—arT= 60+ ¢9r=0 or ¢f=-6

(E) Summary

2 ~ ~ - -
fzjé,g:—Da(—9+YE0§/)~c1/3)"Fexp[t9—(Too—]E))§7)~c1/3] : ¢{=0: 6=0 ;
{—ooo 0 dOdi—>0 , O—ar
Rescaling
From Section 3.2, o=Ypo/ ¥V3 , (=0l , B=(T.-Ty)Yry . then
220 _ - 5 S P, .
é/a_é—a=—DC)(—9+§)nFeXp(9—ﬂ§) ) {:O : 6:0 ;

(e i 9010, 6->ar

Note: Since there is no differentiation with respect to x, the problem is locally

similar and x can be considered as a constant in the structure equation.
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3.4 Ignition Analysis IIl : Ty > Too , X =1, Thicker Reaction Region

Because spontaneous ignition is primarily controlled by temperature, ignition occurs
near 77 = 0. This is the centerline of the jet.
(A) Outer Solutions

The outer solution is as follows

T =T, +[(Ty-T) +ear (sech2F py 3 3+ 0(2) (3.33)
Yp =(Ypo—€ap Xsech 5F gy 23 10(82) (3.34)
Y0 =Y0 00— (Y0 00 +Eap Nsech 250 7y 5V3 4+0 () (3.35)

(B) Inner Expansion

If successful, ignition occurs in an inner region near 7= 0 and x =1

Since d(sech 7)/ dn=0 at =0, it seems that the reaction region should be thicker
than O ( €).

Define inner variables n:,/m{ , x=1+8&(3&/ fo,w) , €= foz/ E ,
B=(Ty-T.)/Yp. ; when =0 : {=0

= P=ell Prio.) . In={el Prig.)dl . O =[el Prig)1af
X =(3&l Y )&

sech 7= 1=(12/ 2)+---=1—€[L2( 2Pr¥p.)]+0 (€2)

sech? ={1—& 2/ 2PrYp o )|+ O(E )P =1-2£[ /] 2Pr¥p )]+ 0(€2)=1-€[ 2 Py o)1+ O(£2)
sech?” ={1-4( 2PrYp )] +O(E )PP =1-2PHEI( 2PrYp )+ O(E)=1-£(21 Yoo HO(£2)
sech 25¢ p={1— €[ {2/ 2PrYp o)1+ O(&) P56 =1-£2SG[{2 I 2PrYp )]+ 0 (€2)

= 1-&(Scil Pri(3] Yp,0)+0 ()= 1-£Lei( L2 Yp00)+0(£2) (3.36)
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tanh 7= 71 3)+ =&l Prig.)C+0(e¥2)

1 3= U] 1+ Yo 1V 3 =11 14 8(&l Yp0)+0(e2)]= 1= (&l Y00 )+0(£2)
T =Tiln =y €/ PrYgw){i=1+436(&l Yo )|+ £60+0 (&)

= T +(Ty—Too)[1= £(L%) Y0,0) + O(E)[1= (&l Yp o)+ O(E2)] +£6+0(£2)

= To+el0~(Ty—T)($1 Yo )+(& Yo ) HO(E)=To+ 6-[(T~ Tl Yol +O}+O(E)
= To+el6-B(P+51+0 ()

Yr =Y (=o€l PrYp ) % =143 (&l Yo )+ £9p+ O ()

=Ypoll-gLep (G2 Yp.)+O(EN1=E(E Yo00)+0 ()] +E¢p+0(8)=Yrg+0(¢)
Yo =Y~O,f[n=,/g/( PrYp, o) $X =143 (] Yo o)l +€dp +0 (€2)

= Yo (1-[1-£Leg (£ Yp) +O(EN[1-£(& Y o)+ 0 ()] 1+ Edp+O0(e?)

= £lfo + Yol Leo (§/ Yo,0)+(&l Yo )1+ O(£2)=£(fy +Leg {2+ &) +0(£)

EIT=ENTy+el0-B(+E)+0 ()} =EXTy (1+e[ 0— B +E Ty +0 (€)})

= (E/Ty) (1-€[6- B2 +E) /Ty +0 ()} = (EITy)~e(EITy> [ 0— B2 +E)+(EIT) 0 (€)

= (E/Ty)—-16-B(2+E)1+0 (o)

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)

exp(—E/T)=exp{—(E/Ty)—~[0—B({2+&E)1+0 ()} =exp(=E/Ty)expl 0- B2 +£)1+0 (&) (3.42)

(D) 7]20 , x=1: T=T , Yo =0 = 520 , 620 : f=¢o =0
Q) n=0, ¥>1: JTIdn=0Yy/ In=0 = (=0, >0 :
201 d¢=3¢pl IE=0

1

WRTL b | [ iy i)
3) [Pr8772 +2(tanh 77) 877_6(86011 mx 8}}—{&’0 o7 +2(tanh 77) on —6(sech“n) x o7 =0

L 2Ty +el0-FEEVIOED) 1 Frpryy ) cvo @) 2ot A0 A+ 1H0(E)

Pr [/(PrYp )19 NENPrYpo0) I
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N Ty +el 8- B +E)1+0 ()
(3€/Ype)0E

~6{1—€[ {2 (PrYp.o)1+0 ()} [143&(E/ V)]

2 2 2
(b Llel thend -0 o T B o (69 2 et La O+ O )]
co [&l( PrYp.)]19¢ Vel PrYp.)d¢

ANeW@ +Lep P+ +OE2N _ (3.43)

p— — 2 Y 2 7 ]
6 {1—€[L2/( PrYp, )1+ 0(eH)N1+3 (&l Yool (3¢ V) IE

The leading order terms are

7 VPLO-BP+E]_,A0-BEP+O], Pr P (Go+Lep+E) AP +Legl®+E) | _
0, 84/2 f SCO 07;2 aé:

>0
2

o

0 2L ] 22 520 or
Z5

—=-2p- 2&§+2ﬁ+—(

70 96 1 FP¢, _J¢,
082 P& Tep g2 "2 0

O 772 L +2(tanh 77) 77 L _6(sech ﬂ)x—z—Dax4/ 3YFF Yo ot lexn (~E/ T
- 226 20

=—Da[1+0(&)1Y 3 [Yrg+0(e)1" [ &(dp +Leo 2+ E)+0(e)"0 [Ty + O (&))" "0+

exp(—E/Ty)exp[ 8- B({2+E)1+0 (¢)
=—£"0 Da Ypy" Ty"" """ exp(=E/Ty) (dp +Leg {2 +£)'0 expl 6- B({2+6)1+0 (&)
Define Da=€" Da (Yry"" /Ype) Ty"" "0 exp(~E/Tp) (3.44)

= Reduced Damkdohler number

. P "
Then : %2 &f——Da(¢O+LeO;2+§) 0 expl 60— (2 +E)] (3.45)
(C) Matching

T =T +[(Ty—T.)+€ar 1(sech 277 ny 3V 3 1 0(?)
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=T +[(To~To) ¥ ar 1= (L% Yo ) 1= (& Yo .) 1+ 0 (€2)

=Ty +e{ar— (Ty=T)/ Yo 1§ +6) 140 (&) =Ty +£1 0~ fG+E) 1+0.(2)],

0({—e)—>ar and (20 I{)¢ e —0
=Y0.w— (Yo +€ag )(sech 250 ny 33 10 (£2)
o= (Yom+ea)[1-€Leo ({*1 Yo ) 1= (&l Yo )] +0 (67)

I~

0
Y,
= e(~ap+ Loy P +E+0(£)= e(do +Leg P +H+0(E),

and  (ddp/ )y —0

Po({— =)= —q

(D) Ignition Criterion
(1) Ignition is successful when (JT/ 9x),—¢>0

Since 77 =0 is in the inner, reactive region, the ignition condition becomes

(87:1”/ 85)4'202 0
(T 19E) 0 =( I Ty +€l 0= PSP +E) 1+0 ()} 19E) s =€l (9819E) g~ B1+0 (€) 20

or (96019802 B
(2) Ignition is successful when JT/ In=0 at any x

In the inner, reactive region, the ignition condition becomes JT;, /¢ >0 at any &
Ty 10L = Ty +£l 6— B2 +E)1+0 ()} 1AL =€ (9019) -2 BL1+0 ()20

atany &

or  9619C>2 B¢

(E) Initial condition

At the nozzle exit, there is no reaction. Thus

8(5=0)=¢o(5=0)=0
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(F) Summary

70 96 1 FPe, _J¢,
20 " 20E ey 9o "2 0E Y

Fro
ez

a.»;‘ ~Da(do+Leg {+E)'0 expl0- B> +8)]
0(&=0)=¢p(&=0)=0

=0, E>0: 06/ 98=0¢p! dL=0

oo 1 D0/ >0  ;  dgol >0

If Le0 = 1, we have ¢y =—6 and the problem is reduced to

fgf 2,9—.»;——1) a({P+&-010 expl 6B +8)]

(=0:¢8=0: 6=0 , &>0: 020/9(=0 ; (- : 9O/ IE—0
Ignition criterion :  (d0/d&);-g=B or  J0/J{>2 B¢ at any &

(G) Rescaling when the change of yis by changing T( or Yy ., or n( is varying
Define 7; as the reference value of fo , np asthereference value of np
Y. as the reference value of ¥,

é=Ty’ /E as the reference value of & =  &/e=(Ty/Ty)>

DAa = é’i() Da ( ?F’Onp / ?0’00 ) fbnT_nF_ﬁOH exXp (—E/fo )

= (To 1Ty Y'r 0% (Ty [EY'07"0 (Vg Yo )expl E(Ty =Ty )] Da (3.46)
If only T( is varying:  Da=(Ty/Ty)r "ot exp[ E(Ty '~ Ty ") 1Da (3.47)

In the calculations, we

(1) Choose a value of S as the reference value.
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(2) Find the value of 7, based on this reference value of f3. (need to specify 7., and
Yos-)

(3) For other values of 3, determine T, using the same values of 7., and Y,...

(4) Use the values of T, and 7 to determine Da.

If only nQ is varying :  Da=(Ty/EY'o™ Da (3.47)

If only Y., is varying :  Da=(Ypu/Yp.)Da (3.48)

3.5 Analysis Scenarios

3.5.1 Cool jet flowing into a hot ambient (T > T()

(With reference to Section 3.2 Ignition Analysis I) In the presence of a weak reaction,

the temperature is increased from its frozen value by a small, O (&) amount where
e=T.2/E while the reactant concentrations are reduced from their respective frozen
values by an O (&) amount. Because ignition is primarily controlled by temperature,
ignition occurs near 77 — oo if successful. Fig.3.1 shows a schematic of the inner and

outer regions for the scenario.

i Outer
i Region
| /71 Inner
5”:01,' / Region
Tw H 'll /) 77: oo
. X ! //
Air s
y
Fuel
T

o

Fig. 3.1: Schematic of inner and outer
regions for cool jet, hot ambient case.
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Away from this high temperature region, the reaction is frozen. In the outer,
chemically frozen region, the outer solutions are similar to Eqns. 3.4 — 3.6, but with
an O (&) change in their values. In the inner, reactive region, defining a stretched inner

variable as

{=Ypo(sechp?" /(ex!73) (3.49)

and substituting into Parts (C) to (E) of Ignition Analysis I, yields, when Lef is

sufficiently smaller than unity, as for hydrogen,

(P OII2)=-Da{Fexp(6-al) (3.50)

where = (T, - 7:0)/YF,0 and the reduced Damkohler number is defined as

Da=DaYp . x* P Ypo (X)L exp(- EIT)I(4PITL) . (3.51)

The boundary conditions required to solve this equation can be found by matching the

inner and outer solutions as
{=0: 6=0 ; (—>o: d0/I—-0 , O—>ar (3.52)

For the case of Lef close to unity, Eqn. (3.2) is modified to

(P10 =—Da({-O)exp(6-al) . (3.53)
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3.5.2 Hot jet flowing into a cool ambient (To> Tw)

(With reference to Section 3.4 Ignition Analysis III) For the case of a hot jet issuing
into a cold ambient, any ignition will occur near the jet centerline, 7 = 0. Fig.3.2

shows a schematic of the inner and outer regions for the scenario.

g= o

Outer
Region
Inner
. x /Fedion__
Air I,, \\; ....................
\ ’. )"
Fuel
T

Fig. 3.2: Schematic of inner and outer
regions for hot jet, cool ambient case.

Moreover, because the jet will be cooled by the cold ambient gas along the flow,

ignition is expected to occur near the slot exit. The analysis is similar to that in

Section 3.1, except that £= 762 /E and the inner variables are defined as

(= PrYole , E=Ypu(i-1)I(3e) (3.54)

leading to

FO_,90, 1 Fop 00 _
P T g O (3.55)
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>0 .96 2 2
8—52—2%——Da(¢0+14€0§ +E)expl0- B +E)] (3.56)

with the initial and boundary conditions
0c=0)=¢pc=0)=0 ,

{=0and {—oo , >0 : 060/1d0=0¢pldl=0

where [ = (fo —fm )/ Y . and the reduced Damkohler number is

Da=€DaYro/(TyYpe)lexp(—E/Ty) . (3.57)
Ignition is considered successful when the heat generation through reaction is
sufficient to compensate the heat loss from the jet to the ambient at any location, and

the ignition criterion is given by

(0010);=0=2p or O/I{22B( atany & . (3.58)
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Chapter 4: Results and Discussions

4.1 Recapitulation

Limits of spontaneous ignition were identified as functions of slot width, flow
rate, and temperatures of the hydrogen jet and ambient air for the two scenarios of a
cool jet flowing into a hot ambient and a hot jet flowing into a cool ambient.
Specifically, Sections 3.2 (for the cool jet case) and 3.4 (for the hot jet case) were
referenced for the analysis of hydrogen due to its low local Ler of 0.6. Equations
balancing diffusive terms with reaction terms were obtained for the cool jet case
(Egn. 3.50), and equations balancing the transverse diffusive, streamwise convective
terms and reaction terms were obtained for the hot jet case (Eqn. 3.56). The solutions

from the equations are discussed in greater detail in the following sections.

4.2 Cool jet flowing into a hot ambient (Too > Tp)

Equations (3.50) and (3.53), subject to Eqns. (3.51) — (3.52), were solved by a
fourth order Runge-Kutta method (using computer codes). The results are shown in
Fig. 4.1, a plot of the reaction temperature increase (ar) versus reduced Damkohler
number. This reveals the lower and middle branches of an S-curve [5]. In each such
curve, there is a maximum value of Da above which a solution does not exist. For
values of Da smaller than this ignition Da, there are two solutions. This represents
the transition from weak reaction to vigorous burning, and is defined as the ignition

state. The lower branch, showing an increase of temperature with higher reaction rate,
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is the physically realistic branch. The middle branch represents conditions that are not
physically possible, owing to the negative slope. Spontaneous ignition is predicted for

any Da greater than this critical value.

Three curves are included in Fig. 4.1, each with a different value of o, where

=T -T)/Y,, 4.1)

10
8 =
6 =

-

©
4 .

o = 0.005 0.01 0.02 0.0
2 L
0 1 1 1
0 0.01 002 003  0.04 0.05

Da

Fig. 4.1: ar versus Da for varying o (which is changed by
variations in 7 or YF 0) » with Ler = 0.6 and constant T.=

0.0123, hot ambient. Definitions of Dz and ay are in Section
3.2(Part C-2).

Fig. 4.1 indicates that a decrease in & reduces the critical Da at ignition, which
means that ignition is favored. Such a decrease can be accomplished either by

increasing the reactant mass fraction in the fuel supply, Y~F,0, or by increasing the jet

temperature, 7Ty. Both findings are physically realistic. A fuel such as hydrogen
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(which has Ler of 0.6 or less in mixtures with Nj, is hence more ignitable as
compared to fuels such as isooctane and methane (which have higher Lep, under the

same conditions). Table 1 lists the typical values of o and qr for hydrogen and 2 other

fuels.

Properties/Fuel Hydrogen (H,) Methane (CH4)  Iso-octane (CgHis)
Typical o 0.0064 0.024 0.024

qr (kJ/g) 120.9 54.8 46.4

Table 1: Values of o and specific heat of combustion (qy) from [4].

Parameter «also can be changed by variations in the ambient temperature, 7, but
this changes Da simultaneously. To investigate the effects of 7., variations at fixed

Da requires a rescaling. The rescaling is performed here by specifying a reference

value of 7., as 7., defining rescaled parameters:

&=(T.)IE, (4.2)
A 2 2

ar =(T.,° 1T, )ar and 4.3)
Da = Da¥, %*°[V, , ((8%"*)]""“" exp(— EIT. ) I(4PrT.) (4.4)

and plotting the results in terms of rescaled variables ar and Da. The results are
shown in Fig. 4.2. Here an increase in T,, which increases ¢ without changing Da, is
seen to favor ignition. This also is physically realistic because more heat is transferred
to the cold fuel flow at a higher rate when the ambient is at a higher temperature. By
the same reason, when the kinetic data are unchanged, an increased T, yields ignition

to occur nearer the edge of the jet. Note that the Damkdhler number shown is a
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function of the axial distance from the virtual origin of the jet (see Eqn. 2.50).

10

1E-9 1E-7 1E-5 1E-3 1E-1 1E1
Da
Fig. 4.2: Rescaled plot of d; versus Ba (rescaled Da
values due to changes in T.,) for varying o (which is
changed by variations in T, ), with Ley = 0.6,
T =0.00226, £ =1.79, Yro=1,and o= 0.01 as
reference, hot ambient.

The influence of reactant Lewis number on ignition is considered in Fig. 4.3. Here
Ler is defined as the mixture thermal diffusivity divided by the mass diffusivity of
fuel into the mixture. A decrease in Ler for fixed Da is seen to favor ignition. This
occurs because a smaller Ler implies that fuel species diffuse more quickly into the
hot oxidizer. A fuel such as a mixture of hydrogen and nitrogen has a small Lep, is
hence easier to ignite than other fuels of higher Ler at the same conditions. Nayagam
and Williams [23] found that in a one-dimensional model of steady motion of edges
of reaction sheets, increasing the Lewis number decreases the propagation velocity at

small Damkohler numbers.
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ar

Le-=0.6 0.8 1

0 [l 1
0 0.004 0.008 0.012
A
Da
Fig. 4.3: ar versus [z (rescaled Da values due to

changes in Ley) for varying Ley, with o0 = (.02
Ty =0.00226, £ =1.79, hot ambient.

4.2.1 Ignition states that separate the ignitable and non-flammable regions

Plots of ignition Da versus o, under several conditions for the cool jet scenario
are shown in Figs. 4.4 - 4.6. In Fig. 4.4, ignition Da versus o is plotted for varying
Ler, with Ler =1 as the reference. The plot shows that as the Ler decreases, ignition is
favored (similar to explanation for Fig. 4.3) for decreasing o (at fixed ), resulting

in a larger ignitable region. This is consistent with the findings shown in Fig. 4.2.
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0.03
Non-flammable
0.02 |
/

S Ler =0.6 1

0.01 |
Ignitable
0
0 0.005 0.01
Da

Fig. 4.4: o (which is changed by variations in 7 or
Yro) versus Da (rescaled Da values due to changes

in Ler) for varying Ler, with Ler = 1 as reference and
constant 7 =0.0123, hot ambient.

In Fig. 4.5, ignition Da versus o is plotted for varying Ley. The plot shows that as
the Ler decreases, ignition is favored (similar to explanation for Fig. 4.3) for
increasing o (due to increases in7.), resulting in a larger ignitable region, which is

physically realistic.

In Fig. 4.6, ignition Da versus o is plotted for varying nr. The plot shows that as
the nr increases, ignition is favored due to an increased reaction rate, resulting in a
larger ignitable region. The effect of increasing ny on ignition, however, is weaker as

compared to the effects of reducing Ler or increasing T,
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0.0001 0.001 0.01 0.1 1
Da

Fig. 4.5: o (which is changed by variations in 7., ) versus
Da (rescale;d Da values due to changes in 7..) for varying
Lep,and 1) = 0.00226, hot ambient.
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0 1 1
1E-6 1E-4 1E-2
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Da

Fig. 4.6: o (which is changed by variations in T, )
versus [z (rescaled Da values d~ue to changes in T.)
for varying n, at Ley = 0.6, and 7 = 0.00226, hot

ambient.



4.3 Hot jet flowing into a cool ambient (Ty > Too)

Eqgns. (3.55) — (3.56) were solved by the Crank-Nicholson method and the
resulting matrix was inverted by LU decomposition (using computer codes). Selected
results are shown in Figs. 4.7 and 4.8. In Fig. 4.7, 6nax represents the maximum
value of temperature increase through reaction before ignition occurs. The

corresponding ignition location, X, is shown in Fig. 4.8.

Three curves are included in Figs. 4.7 and 4.8, each with a different value of f,

where

13

B=(T,-T.)1Y,., (4.5)

(=]

2.0

18

16

14

9 max

1.2

1.0 0.3

0.8

0.6 | k

0‘.47 1 1

Da
Fig. 4.7: 0., versus Da for varying B (which is
changed by variations in T, or Y,_.) at Le, = 1, and

constant 7y = 0.0388, hot jet.
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[ B=0.1 02 0.3

05

Da
Fig. 4.8: X versus Da for varying B (which is

changed by variations in 7, or YO’OQ) atLe, =1, and
constant 7~b = (.0388, hot jet.

These curves do not have the shape of an S-curve because the solutions are
derived from a partial differential equation (since it is dependent on both transverse
and streamwise stretched coordinates), in contrast to the ordinary differential equation

of the cool jet (which is only dependent on the transverse diffusive term). On each

curve, by increasing the reaction rate, Da, a smaller temperature increase and a

shorter ignition location is observed before ignition, as is reasonable to expect. A

higher value of Da yields an increased heat generation rate, which compensates for

some heat loss from the hot jet to the cold ambient, favors ignition, and moves the

point of ignition closer to the jet exit. In contrast, a reduction in Da weakens the

reaction and makes ignition more difficult such that both 6,3x and X increase.
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Although an increase of X provides longer residence time for the reaction so that

ignition can occur at a smaller Da , the reaction rate decreases with X because the jet

is cooled by the cold ambient, as can be seen from the reaction term of Eq. (3.56). A
sharp increase in fpnax and X , as shown the low Da side of the curves in Figs. 4.7
and 4.8, means that the reduction of reaction rate dominates over the residence time

increase, and defines the smallest Da for which ignition occurs.

Figures 4.7 and 4.8 also indicate that a decrease in S for any fixed Da favors

ignition, as ignition occurs at a lower temperature increase, Gnax, and at a shorter
ignition location, X. More importantly, a decrease in £ permits ignition at a lower

value of Da. Such a decrease can be accomplished either by increasing the reactant

mass fraction in the oxidizer supply, Yo,oo, or by increasing the ambient temperature,

T.,. Both findings are physically realistic.

Parameter 3 also can be changed by variations in the jet temperature, Ty, but this
changes Da simultaneously. To investigate the effects of 7, variations at fixed Da
requires a rescaling similar to that performed for the cool jet scenario. The rescaling

is performed here by specifying a reference value of T as YAE), defining rescaled

parameters .
&=(Tp)IE, (4.6)
Omax =(Tp/Tp)*bnax and @7
Da =& DaYp/(Th¥p e ) lexp(— E/Ty) (4.8)
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and plotting the results in terms of rescaled variables émax and Da. The results are
shown in Figs. 4.9 and 4.10. Here an increase in 1), which increases B without

changing Da, is seen to favor ignition because ignition can occur at a lower reaction

rate, or lower Da. This also is physically realistic. Ignition is predicted to occur near
the centerline if the fuel is hotter than the air because this is where the highest

temperature is attained.

2.0

1.8

1.6

14

max

12 |
@
1.0 |
08

0.6

0.4 . .
0.001 0.01 0.1 1

>m>

N

Fig. 4.9: Rescaled plot of 6, versus Da (rescaled
Da values due to changes in 7, ) for varying

B (which is changed by variations in To ), with Le, =
1, 7.=0.0358, £ =1.79, Yo..= 0.029, and p = 0.1 as
reference value, hot jet.
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0.1 1 1

0
Da

Fig. 4.10: X versus Da (rescaled Dq values due to

changes in 7 ) for varying 3 (which is changed by

variations in 7 ), with Le, =1, 7. =0.0358,

E =1.79, Yo- =0.029, and B = 0.1 as reference value,

hot jet.

The effects of oxidizer Lewis number on spontaneous ignition are considered in

Fig. 4.11. This plot shows that decreased Lep makes ignition more difficult. For an
increase in the mass diffusivity of the oxidizer (or a decreased Le() at a fixed value of
Da, 6max increases. In addition, the minimum Da for ignition increases with
decreased Lep. This differs from the ignition behavior with respect to fuel Lewis

number in the cool jet case (Fig. 4.3). In a cool jet, there is unlimited heat transfer

from the hot ambient gas to preheat the fuel so that a higher fuel diffusion rate (lower
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Ler) results in a higher fuel concentration in the reaction region, more heat generation

through the reaction and, hence, easier ignition.

In the hot jet, only limited heat is available from the fuel flow. An increased
oxidizer mass diffusivity increases the transport rate of oxidizer to the center of the
jet, thus requiring more heat to preheat the oxidizer, decreasing the temperature in the
hot zone, and making ignition more difficult. Furthermore, unlike the cool jet case,
the Lewis number of the oxidizer only has a weak effect on the ignition state (see Fig.
4.11) because ignition occurs near the jet exit if successful. In the reaction region, the
flow velocity is high such that streamwise convection dominates over transverse
diffusion. Moreover, because Leg is close to unity for oxygen in air, the effect of Lep
in a hot-hydrogen cold-air system is secondary. As in Fig. 4.10, the effect of Lep on

the ignition location is similar to that on the ignition state, shown in Fig. 4.12.

1.6

1.4

0 max

1.2

0.9

s | Le, - 1.1%

0.6 L
0 1
Da
Fig. 4.11: 6, versus Da for varying Le,, with
B = 0.3 and constant 7y = 0.0388, hot jet.
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2.0

0.4
Da
Fig. 4.12: X versus Q~a for varying Le,, with
B = 0.3 and constant 7 = 0.0388, hot jet.

4.3.1 Ignition states that separate the ignitable and non-flammable regions

Plots of ignition Da versus B under several conditions for the hot jet scenario are
shown on Figs. 4.13 — 4.14. In Fig. 4.13, ignition Da versus B was plotted for
varying n, and constant 7). The plot shows that as the oxidizer reaction order
increases, ignition is favored, resulting in a larger ignitable region, which is
physically realistic.

In Fig. 4.14, ignition Da versus B was plotted for varying n, and 7. The plot
shows that as the n, and 76 increases, ignition is favored, resulting in a larger

ignitable region covering lower values of Da.
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Fig. 4.13: B (which is changed by variations in T, or
Yo,w) versus Da for varying n,, and constant 7~b =
0.0388. hot iet.
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Ignitable

0.9
0.2

0.1

Non-flammable

0 1
1E-4 1E-2 1E+0
Da
Fig. 4.14: B (which is changed by variations in T )
versus Da (rescaled Da values due to changes in T )

for varying n,, with Le, =1, T.=0.0358, £ =1.79,
YOoo =0.029. and B = 0.1 as reference value, hot iet.
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Chapter 5: Conclusions

5.1 Conclusions

The spontaneous ignition of a hydrogen jet emanating from a slot into air has been
considered analytically. A similarity solution of the flowfield was obtained for the
scenario of cool jet flowing into hot ambient, which was then combined with the
species and energy conservation equations. Solutions were found using activation

energy asymptotics.

The analysis yielded limiting conditions for spontaneous ignition of fuel jets. For
a cool jet flowing into a hot ambient, ignition is found to be a strong function of
ambient temperature and fuel Lewis number. Ignition was favored by an increase in
ambient temperature or a decrease in Lewis number. For the hot jet scenario, ignition
was significantly affected by the jet temperature, but only weakly affected by the

oxidizer Lewis number.

Because spontaneous ignition is very sensitive to temperature, ignition is
predicted to occur near the edge of the jet if the fuel is cooler than the air and on the

centerline if the fuel is hotter than the air.

The value of the mixture fraction Z at which ignition occurs can be extracted from

GYF + (Yooo - Yo)
oY, +Y,_

the AEA solutions as Z =
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In the first scenario of cool jet flowing into a hot ambient, ignition occurs at

Z - 0 since it occurs at the jet edge where Y, — Y, and Y, 1s very small and of the

,00

order €. In the second scenario of the hot jet, ignition occurs at the jet centerline,

where Z > 1 since ¥, >0 and ¥, > Y, .

The present model can be extended to studies of flame extinction and to circular
jet configurations. When experimental data becomes available, parametric

comparisons can also be made to establish reaction rates for use in the present model.
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