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ABSTRACT. We discuss the dynamics of general linear functional differential
equations with solutions that exhibit asymptotic constancy. We apply fixed
point theory methods to study the stability of these solutions and we provide
sufficient conditions of asymptotic stability with emphasis on the rate of con-
vergence. Several examples are provided to illustrate the claim that the derived
results generalize, unify and in some cases improve the existing ones.

1. INTRODUCTION

The long term behavior of dynamical processes lies in the core of every sector of
the applied sciences and engineering. In the theory of delayed differential equations,
probably the simplest example one can discuss is the evolution of

(1.1) (t) = —ax(t) + bx(t — 7).

There is hardly a textbook in the field not mentioning this equation at the chapter
of stability of solutions [21, 19, 22]. Tt is indeed, in that particular chapter where the
text focuses on equations of the type (1.1) with the parameters a, b satisfying a > 0
and |b| < a. In such case, the zero solution is shown to be stable for any 7 > 0.
In the vast majority of these texts, the next sentence goes pretty much as follows:
“Moreover, if |b| < a, then the zero solution is asymptotically stable./[...]”. In any
advanced textbook or technical paper one may find the proof that the asymptotic
stability of such systems is exponential. This can be shown using any of the known
stability analysis methods. It is the purpose of the next subsection, to briefly review
these tools in the stability analysis of Eq. (1.1) for |b| < a.

1.1. The case |b| < a. Eq. (1.1) is states as the following initial value problem

12 {:t(t) = —ax(t) + bx(t — 1), t>0

z(t) = ¢(t), te[-m,0]
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where a > 0 and b € R such that |b| < a. It is the latter condition which guarantees
that both x(t) and e x(t) are qualitatively equal for v > 0 small enough. If z(t) is
a solution of (1.2) then y(t) = ez (t) satisfies:

y(t) = e"o(t), t€[-7,0]
We choose v > 0 small enough so that
[ble™”
(1.4) a7 <!

and such v always exist only because |b| < a. We will review the main stability
analysis methods for the asymptotic behavior of y with respect to the zero solution
as asymptotic stability of y implies exponential stability of x with rate ~.

1.1.1. Prequency Methods. We choose the direct method (§2.2.3 of [22]). The quasi-
polynomial of (1.3) is
a(s,e” ) =s+(a—7) —be""e T =aop(s) +ai(s)e” T

with ag(s) = s+ (a—7) and a1(s) = =be?™. At 7 =0, a(s,1) = s+ (a—v)—b and
it is stable a(s,1) = 0 if and only if R(s) < 0. Then

a1 (jw) ‘ _ |ble?™
ao(jw) w? + (a—7)?

in view of (1.4). Then there is no solution of a(s,e*”) = 0 with R(s) > 0 and the
stability result follows.

<1, w e R.

1.1.2. Liapunov-Krasovskii[19]. For the problem (1.3), the appropriate functional
to be selected is V(¢) = 1¢?(0) + u [°_ $%(0)d6 so that

V(g) = —(a—v—1)e°(0) + [ble”" $(0)p(—7) — p¢*(—7) < 0

[ble™ bl

if pe (P5—,a—vy ) which exists in view of (1.4). Then the result follows
in view of (1.4) and Theorem 2.1, in [19].

1.1.3. Liapunov-Razumkhin[19]. The Lyapunov function in this case is V(z) = 7”2—2
Then

V((t)) < —(a—7)2(t) + [ble™ |z(t)] - [a(t — )| < —(a—7 — [ble”)2*(t) <0
whenever |z(t)| > |z(t — 7)|. Then the result follows in view of (1.4) and Theorem
4.1, in [19].

1.1.4. Fized Point Theory[20]. This technique does not directly rely on the trans-
formation y(t) = e7*x(t). The condition |b| < a suffices to prove that the solution
operator defined by inverting (1.2) as

e p(0) +b [y e V(s —1)ds, >0
(1), te[-T,0]

is a contraction in the complete metric space (M, p) where

(1.5) (Qu)(t) = {

M= {2z € C°[~7,00) : & = ¢|[_r0}, sup €""|2(t)| < o0}
t>—1
and p(z1,z2) = supysq €*|x1(t) — x2(t)|, whenever condition (1.4) holds. Then by
the Contraction Mapping Principle, Q attains a unique fixed point in M. This is a
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de facto proof of the asymptotic convergence of the solution to zero (see p. 41 of
20).

There is no doubt that the critical condition which characterizes (1.1) as “simple”
is |b] < a and consequently condition (1.4). Neither the constancy of the weights
a and b nor the nature of delay (large, time/state dependent) play any substantial
role in the asymptotic behavior of the solution z. So long as the magnitude of the
undelayed term dominates the magnitude of the retarded term the effect of delay
acts as a harmless perturbation of the the solutions in the qualitative sense. This
property can be readily generalized to more complex systems and it is therefore
generally exploited in different contexts for the establishment of delay-independent
stability results [22]. But the crucial condition (1.4) seizes to hold when a = b.

1.2. The case b = a. At this “bifurcation” value, a number of new phenomena
occur. Since Eq.(1.4) does not hold, one cannot use the transformation y(t) =
etz (t). Also Eq. (1.1) reads

(1.6) z(t) = —azx(t) + ax(t — 1)

and every real constant is a solution. In particular if from (1.2), ¢ € A where
A = {y e C’-7,0] : y(t) = const.,t € [-7,0]} then the solutions stay in A for all
times. However, no solution in A is asymptotically stable in the classical sense: if
y1,y2 € A with |y — ya| < € for any € > 0, with ¢ = y; then y(¢) = y; and it will
never converge to y2. As a result none of the above methods is applicable any more.
For instance, the direct method of Section 1.1.1 gives for Eq. (1.2)

a
\/TW <1, weR
which by no means imply asymptotic stability of the solutions, let alone the conver-
gence rate. However, we may still conclude stability. The same result occurs for the
Liapunov-Krasovski and Liapunov-Rhazumikhin methods, whereas the mapping Q
in the Fixed Point Theory approach seizes to be a contraction for any value of 7.
It is this class of delayed differential equations for which Invariance Principles
may take over in the Liapunov-based approaches and prove asymptotic stability
of the solutions with respect to the invariant set A [3]. These techniques however
suffer from the standard drawback that they provide no information on the rate at
which the solutions convergence to such an invariant subset. A feature that is of
utmost importance for real-world problems.

1.2.1. A brief history of £ = —ax + ax;. To the best of our knowledge, equations of
such type have so far appeared in the literature from two different fields of applied
science.

The Cooke-Yorke model. The first occurrence of this equation dates back in 1973
with the seminal work of Cooke and Yorke [10]. The authors developed a theory of
biological growth and epidemics by introducing and analyzing the system

(1.7) &= g(z(t)) — g(z(t — 7))
where g is an arbitrary Lipschitzian function. The authors proved that whenever
the solution of Eq.(1.7) exists in the large, it approaches asymptotically a constant

value. Their work has ever since attracted enormous attention from the mathe-
matical community and caused an abundance of convergence results of these types

4This approach does not include however the step of the stability of solutions with respect to
the classical definition. This part must be handled separately (usually with an ¢ — § argument).
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of functional differential equations, known in the literature as equations with as-
ymptotic constancy of solutions [11, 12, 16, 15, 14, 13, 17, 18, 20]. A similar field
of study where such equations appear is this of the motion of a classical radiating
electron [5]. In the following we will review a number of past works that emphasize
both on the asymptotic stability and on the rate of convergence.

In [12, 11] the authors develop conditions which ensure that all solutions of certain
functional differential equations are asymptotically constant as t — co. Equation
(1.6) is a special case of their work for which it must hold that

(1.8) laT| <1

so that solutions x tend to a constant so that x € L!. In [11], it is proved that the
rate is exponential with exponent v € (0, 7M),

T

In his monograph [20], T.A. Burton explains that, since the solution operator of
(1.6) can be expressed as

z(t) = —a /1; z(s)ds + z(0) + a 3 o(s)ds,

condition (1.8) ensures that this solution form can be a contraction in the complete
metric space (M, p) defined in Sect. 1.1.4 with the origin translated to the fixed
constant

$(0) +a [°_¢(s)ds

1. k=
(1.9) 1+ar

and 7 small enough to satisfy |a| ewiyi_l < 1. The approach of Burton is more general
in the sense that it sheds light upon the asymptotic value k as well as it can be
readily applied to non-linear versions of (1.6) such as Eq. (1.7).

Finally, Krizstin [16], developed a Liapunov-Rhazumikhin argument, based on
the monotonicity of (1.6) (i.e. the fact that we can take a > 0). He estimated the
rate of convergence without the condition (1.8). In particular, assuming

aT < 00

he proved that the rate of convergence of solutions to a constant is exponential with
rate proportional to 1757—“ which is a delay-independent result.

The main conclusion of the discussion should be that as far as (1.6) is concerned,
the convergence to a constant value is independent of the magnitude of the delay 7
only when a > 0 but is restricted to conditions like (1.8) whenever a < 0.
Monotone Dynamical Systems. In a rather different vein, multi-dimensional systems
with delays appear in the study of Monotone Dynamical Systems. In his monograph
[7], Smith discusses systems of the type

1(t) = —az1(t) + axa2(t — 1)
i‘g(t) = —bl’z(t) + bml(t — 7')

(1.10)

The dynamical systems involved, are categorized either as competitive or as coop-
erative, depending on their monotonicity (here again the sign of the parameters, a
and b in the example above). Whenever a, b are positive the system is cooperative
and the asymptotic behavior is a constant value for any bounded 7. Systems of the
type of (1.10) are known from the control community as linear distributed agree-
ment (consensus) dynamics and in the un-delayed case (7 = 0) are treated with
Algebraic Graph Theory methods [23] and form the core of Networked Control
Theory [24]. Despite the abundance of results in the control community, the case
of distributed delayed dynamics is treated only on the part of simple convergence
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results. It is still an open problem to estimate the rate of convergence to a constant
value for the general case as a function of the delay.

1.3. This work: Motivation and Contribution. In a series of papers,[28, 26,
27], the authors discussed this problem in a wide variety of systems of the type (1.10)
with the use of fixed point theory methods. Despite the fact that the connectivity
weights a,b in Eq. (1.10) were taken positive, the delay conditions were of the
type (1.8) and therefore the resulting delay bounds (as they were depicted in the
contraction condition) were unnecessary restrictive. Within the context of fixed
point theory this peculiarity occurs as a result of the way the solutions are expressed
and the corresponding solutions operators are defined.

Motivated by this shortcoming, in this work we discuss a one dimensional variant
of (1.10) which sustains similar restrictive phenomena. In fact, we revisit the topic of
stability of scalar linear functional equations with asymptotically constant solutions,
within the framework of fixed point theory on the base of the following observation:
A more careful inspection of Eq. (1.8) reveals that this condition simply neglects the
sign of a. Indeed, the solution x for (1.6) also converges to a constant exponentially
fast if (1.8) holds. Moreover one may suspect that instability occurs at |at| = 1
exactly because, it may mean ar = —1 for which value k as defined in (1.9), is not
finite. From now on, we will focus on fixed point theory methods. The first remark
is that for the solution of (1.6) can be expressed either as

(1.11) z(t) = —a /ti z(s)ds + ((;5(0) +a 3 qS(s)ds)
or as
t
(1.12) z(t) = e7 4t g (4y) —|—/ e ag(s — 1)ds
to

for any t,tg with ¢ > ty. These are two forms with different information on the
dynamics of . Eq. (1.11) shows that the value of x(t) exclusively depends on
the information of z in [t — 7,¢] and Eq. (1.12) shows that z(t) is based on the
information of z in [t — 7, to] whereas this form also exploits the dissipative nature
of the dynamics, due to a > 0. The problem with Eq. (1.12) is that, unlike Eq.
(1.5), it is not a contraction in any useful metric space with regards to asymptotic
stability. This is exactly because a = b from (1.1). Since in the Fixed Point Theory
framework it is the representation of the solution as of much importance as the
form of the Lyapunov function in the Lyapunov theory, we will combine (1.11) and
(1.12), to obtain a new representation of the solution that in many cases will yield
asymptotic stability results independent of the magnitude of the delays. Motivated
by recent results in the study of stability of scalar functional differential equations
with the use of fixed points [2, 8], we revisit the problem of type (1.6) and in
particular we study the general equation

@) ==Y ait)z(t) + a:(t)z(t — 7(t)),  ai(t),z €R
The novelty of our approach lies on a combination of two different expressions of
the solution = so as to obtain new forms of the solution which will be used as
self-mapping contraction operators in suitably designed complete metric spaces.

1.4. Organization. The paper is organized as follows. §2 discusses the notation
that will be used throughout this work, introduces fundamental notions and defini-
tions the Theory of functional differential equations.

In §3 we begin our study for both a;’s and 7;’s constant. In §4 we generalize to
time varying a;’s and 7;’s and in §5 we revisit the same problem from a different
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perspective where old rate estimate are re-established [16]. In §6 we work a number
of illustrative examples as applications to the derived theoretical results.

2. NOTATION AND DEFINITION

Throughout this work, m € Z, with i to denote a number in {1,...,m}, txp € R
and 7; € [tp,00) — Ry is a continuous function such that X;(¢) := ¢ — 7;(¢) is non-
decreasing with lim;_, . A;(t) = oo, for any i = 1,...,m. Whenever the subscript
i is omitted we understand the maximum over i, i.e. 7(¢) := max; 7;(t) whereas
A(t) =t —7(t) = min; \i(t). Also A (t) will denote the j** composition of A(t) and
for t > to Iyg-v, == [AD(t), AU~ ()] with the convention Iy = I;. For any
real a, a™ := max{0,a} and @~ := min{0,a}. The space of continuous functions
defined in I and taking values in S is denoted by C°(1, S). A subspace of interest is
this of functions that are constant in a subset of I in particular we define A = {x €
C°([-7,0,R) : = k,k € R}. Let a;|7 be a family of members in C°([tg, 00), R).
Then a;f (t) = max{0,a;(¢)} and a; (t) = min{0,a;(t)} and a(t) := >, a; (t). Next,
for any t1,t9 > to we denote ¢(t1,t2) = e~ Jig als)ds, By rate function we understand
any arbitrary function h : C%([tp,00),R,) with the property that h is increasing
and h(t) — oco. In this work, we shall restrict to either exponential or polynomial
rate functions.

For s >ty consider the linear functional differential equation

y(t) = At)ye, t > s

and it’s unique solution y(t,s,¢) where ¢ € C°(I,,R) is the initial condition.
Since for any fixed s > to and t > s y(s,-)(t) = y(t,s,¢) is a continuous lin-
ear operator in C°(I;,,R) we can associate a family of continuous linear opera-
tors T(t,s) : CY(Is,R) — C°(I4,R), t > s by defining for any ¢ € C°(I;,R),
T(t,s)¢p = y(t, s, d). Since solutions are continuous in ¢, s for tg < s <t < 0o, T'(t, s)
is strongly continuous for tg < s <t < oo with T'(¢,t) = Id, T(t,s)T(s,a) = T(t,a)
for tg < a < s <t < oo. Additionally one can define a solution of y with ¢
being piecewise continuous function so that for any constant ¢, ¢(s) = d(tg — s)c
whenever s € I;, can be an appropriate initial condition. This extension of the so-
lutions will come in hand in §5 where a variation of constants formula for functional
equations will be used. Also Mg = [minsey, ¢(s), maxger, ¢(s)] and My =
maxser, ¢(s) — mingey, ¢(s) stands for it’s length.

2.1. Elements of Fixed Point Theory. The two main fixed point theorems to be
applied in this work are the Banach’s Contraction Mapping Principle and Shauder’s
first fixed point theorem that we state here for reference.

Theorem 2.1. Let (M, p) be a complete metric space and let P : M — M. If there
is a constant a < 1 such that p(Po1, Ppa) < p(o1,¢2), Vo1, P2 € M, we have

p(Po1, Po2) < ap(d1, ¢2)
then there is a unique ¢* € M with P¢* = ¢*.

Theorem 2.2. Let M be a non-empty compact convex subset of a Banach space
and let P : M — M be continuous. Then P is a fixed point in M.

The proofs of these theorems can be found, for example, in [9].
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3. TIME INVARIANT DYNAMICS
The first set of results concerns the following initial value problem
i) =Y, —aia(t) + ai(h(t)
xz(t) = o(t),t € Iy,

with a; € R constant \;(t) = ¢ — 7; for 7; constant and ¢ given initial datum. We
re-write (3.1) as

(3.1)

& = —ax( +Zaz —|—Z\l\dt/)\(t)x(s)ds

so as to separate the d15$1pat10n dynamics from the non-dissipation ones. Then the
solution z satisfies both

if(t)Ze_”x(/\(t))—F/t el *>Za w(Ni(s))ds+

At)

(3.2) o
—|—/ —elt=s la; \ / z(w)dwds, t>T1
A(t) Z Ai(s)
and
(3.3) =co— Z az/
(t)
with ¢o := ¢(0)+>_, a; f ¢(s)ds. For t > T we substitute 2(A(t)) of the first form

with the right hand-side equlvalent of the second form and we derive the following
form of the solution of (3.1):

(3.4)

z(t) =e "Teo + Z/ _“(t_w_”) — e Mafz(w)dw
(/\(t>)

i (t)
+ZA efa,(twn)+ dw+Z|a |/

(®)

—Z/ e " gla; | z(w)dwds
A(t)

Ai(s)

At) o gilw)
=e “Teo+ / {(67“( —woT) e Ma; 7/ e 75)a|aﬂds} z(w)dw
Ai (A1) A(t)

Ai(t) Ca(t—wr;) + gi(w) Ca(t—s) _
+Z//\m [e “a; —/w e ala; |ds]:r(w)dw

+Z/ » { /wt ae*“(t*3>ds]x(w)dw

where the last Step is due to the change of the order of integration on the term
> ft _e~2(=)qla;| [*  2(w)dwds. This will be our solution operator, for t > 7.
We exploit the monoton1c1ty of the integrand functions to arrive in the following
condition

1(t)

Assumption 1. There ezxists « € [0,1) such that

1—e 97 _ Z |:Ti|ai‘e—a‘r - |a’i | (1 — O _ gTaT + 6—0,(7‘—7'71)) <a
" a
i

Remark 1. We outline the following two special cases:
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(1) a; = 0: The condition reduces to 1 —e %" — 3. a,7e” %" =: a < 1 and it
is satisfied for any magnitude of 7;,a; < co.
(2) a =0: Then a = 0 and the condition reduces to >, |a;7;| < o < 1.

For v € (0,a) we define the quantities

_ 1 —e (@M B QA |
D1(37) = Jag e 7T e —Ja; |77
a—-
—(a—7)7; —(a—)7
. 0 ar e —e
a(iy) = fag (e = ) =
(a=v)73
. € -1
I's(i,v) = la; Iﬁ
and we pick v small enough so that
_ , 3
) 1 _ aT _ YTi _ 1
(3.5) Z ai (em € et ) + Z (i,7y) <1.
. a—r v :
7 j=1

One can always find such v to satisfy this condition since in the limit v J 0 (3.5)
coincides with Assumption 1. We state and prove now the first result of this work.

Theorem 3.1. Under Assumption 1, the solution of (3.1) is exponentially asymp-
totically stable with respect to A. More specifically, the solution converges to

OO + X ai [7 #(s)ds
(3.6) k= I 2211 ar

exponentially fast with exponent v that satisfies (3.5).

Proof. At first, we see that k is well-defined as if, 1+ >, a;7; | 0 then the left
hand side of the expression in the Assumption 2 gets greater than 1.

Next, we prove stability of the solution with respect to A. Fix € > 0 and k. We
pick ¢ and 6, = d,(¢, k) < € so that |z(t,¢) — k| < d, for t € [—7,7]. Such a J,
can always be found by the continuous dependence on initial conditions. Next we
pick § < 6, satisfying 6(1 + >, a;7;)e” 7 + ae < €, consider the first time ¢t* > 7
such that |z(t*,¢) — k| = € and express x as in (3.4) to arrive in a contradiction.
Finally, we prove exponential convergence to k by a fixed point argument. Consider
the metric space (M, p) with

M= {y € C°([-7,00),R) : y = 5:|[_T,T],§1>1pe“\y<t) — k| < o0}

and p(z1,x2) = sup;s, e'|z1(t) — z2(t)]. It is a standard exercise to show that
(M, p) is a complete metric space [20]. Next, we define the operator

Z(t),t € [-7,7]
w(s.4)(t)7t >T

(Pa)(t) = {

To show that P is a member of M we observe that it is continuous and it agrees in
[— max; 7;, 7] with any member of M, by definition. Next sup,., €7|(Pz)(t) — k| is
finite, for v < a. Finally, we show that P is a contraction in (M, p): For z1,20 € M
we calculate an upper bound of €?*|Pxz; — Pxs| and we arrive at

e Py (t) — Pxao(t)] < T(t,v)p(z1, x2)

where sup,~, I'(¢,7) is equal to (3.5). Then Theorem 2.1 can be applied concluding
the proof. a
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4. THE GENERAL MODEL

The purpose of this section is to generalize the equation (3.1) in the case of time
varying weights and delays and study the stability of solutions in a similar way.

(4.1) {‘b(t) =2y —ai(t)x(t) + ai(t)x (Ni(t)), t > to
z(t) =¢(t),t € L.

where a;(t) are functions to be determined and A;(t) = ¢t — 7;(t) as defined in §2.
As opposed to §3 there is a number of reasons to focus on the dynamics of the first
derivative of the state w := & for Eq. (4.1), rather than the study of z itself. It
should be intuitively clear that there is no hope to try to express the asymptotic
value k in a closed form due to the time-varying nature of the system. Then since z
always converges to R whenever [ w(s)ds exists, it is desirable to seek the solution
w in (4.1) in L. To outline this method, let the simplified system

z(t) = —a(t)x(t) + a(t)z(A(t)).
‘We note that w satisfies both

t

wlt) = —alt) A w(s)ds

(t)
and

t
W(t) = —a(t)w(t) + a(t)w(\(t))A(t) — d(t)/ w(s)ds
A(t)
The latter is an integrodifferential equation which will be handled with the method
of resolvents [25] in order to express the solution w in a suitable form. Prior to the
analysis, we state the following set of assumptions:
Assumption 2. Vi =1,...,m, a;(-) € C%[ty, ), [~M, M]) for some M >0 and
uniformly bounded integrable first derivative.
Assumption 3. Vi = 1,...,m, 7;(t) € C([tg,00),R}) with t — 7;(t) — +oc as
t — 400 and 7;(t) < 1.

This condition is a very mild one and it is involved with deterministic issues. It
also implies that ¢t — 7;(¢) are invertible functions with g;(-) to denote their inverses.

Assumption 4. Vi =1,...,m it holds that:
t
sup/ a;(s)ds < 0.
t Jaw)

4.1. The dynamics of w and the solution operator. Consequently w = &
satisfies the following initial value problem

ey [P0 =T —aiOu) +a@uO AW = ai) [y ) wls)ds,t 2 o (10
' w(t) = ¢u(t),t € [to, 9" (t0)]

We separate the positive a;(t)’s from the negative ones and we observe that w
satisfies both

(4.3)
- ; \s —af ' w(s sfi a; ' w(s)ds
=3~ )+ @O a0 [ weis = G (o0 [ wioas)
and
4.4 w(t) = — a; w(s)ds
(4.4) 0=-3 (”/w (s)
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The notation de stands for E(CLH (t)). We take P(s) = R(t, s)w(s) for a func-
tion R(t, s) so that R(t,t) =1 to be determined. Then

P = Ry(t, s)w(s) + R(t, s)i(s) = Rs(t, s)w(s) + R(t, s)ts3)(s)

(5)= R
— Ru(t,)u(s) + R, >(§_nj ) et e E)AE) —aw [ wu)du )
i di ( /):(t) w(s)ds).

i=1

For any ¢ > g(g(to)) we invert the latter equation from A(t) to ¢ and we apply
Fubini’s theorem, integration by parts and substitute Eq. (4.4):

t

w(t) = RUADIOO) = 00) = RO N0 = [l sutsyast
- ‘ S —U,-'"_S’LUS (l-"—S'LU ilS .'S_C.L-"—S ) wlu)au S—
+;M@R(t’ )( Fsyw(s) + af (shw(hi(s)) (o) m/w ()d)d

_ . R(t, s)%(a,—_(s) /;(s> w(U)du)]ds

=

9i(s)

,\(z)
[ ( (¢, gi(s))ai (95(5)) — Rt A(E)aF (A(D)) — / R(t,u>ai(u>du)w<s>ds+
(t)

Ms

A (A(1)) (t)

1

>/>—A

i

- Fgi(s)) — e w)aT (w)du )w(s)ds
+/W (mRs(tys) R(t,s)a; (s) + R(t, 9:(s))a; (gi(s)) / R(t, u)a; ( )d) (s)ds+

/Ai(t) (%Rs(t, s) — R(t, s)a} (s) — /; R(t, U)d?'(u)du>w(s)ds+

t At)

/. R(t,s)%(a;(s) /A j(s)w(u)du>ds—R(t,)\(t))ai_(A(t)) A i()\(mw(s)ds}

m A(t) 9i(s)
= Z {/ (/ R.(t, u)af(u)du)w(s)ds—i—
i=1 L/ Ai(A(®)) A(t)

Xi(t) /1 9i(s)

+/ (—R (¢, s)+/ Ru(t,u)a] (u )du) (s)ds+

Ay N

‘ 1
/ (—R /R (t,u)a )w(s)dsf
i (t)

A(t) 91(5)
—ai_(t)/ ds—|—/ / a; (u)duw(s)ds+
i (i) Ai(A(®)) S A(E)

Xi(t)  rgi(s)
/ / Ry (t,u)a; (u)duw(s ds—i—/ / Ry (t,u)a; (u)duw(s )ds}
At s (t)

From the expression of w(t) above we draw our attention to the term

Ai(t)

Si = (%Rs(t,s) —I—/Sgi(S)R (t,u)a; (u )du) (s)ds+

A()

/;m (%Rs(t,s) —a(t) +/: Ru(t,u)aj(u)du)w(s)ds
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The first part of .S; is equal to

/A:;t) (;RS (t, 5) / Ru(t, w)at (u )du> (s m-&j”( g:(s) Ru(t, w)at (u )du> (s)ds

and the second term of those above equals

i (t) t Ai(t)
f/ ( Ru(t,u)af(u)du)w(s)ds = f/ al (t)w(s)ds+
A(t) gi(s) A(t)

+/>\>\i(t) R(t,gi(s))aj(gi(s))w(s)ds+/Mt> (/L:(s) R(t,U)dj(u)du>w(s)ds

(t) A(t)
All in all,

t

Aq(t)
;= (s)ai (gi(s u u s
s, Am Gw”*”’@(”+muR“) (M) (s)ds +

+£O@ﬁm@@m+[&@mﬁwm%wm

We group the components of w in [A;(A(£)), A(£)], [A(£), Ai(t)] and [X;(¢), ] and sum
over i to obtain the following form of w:

w(t) = i; U:((:t)) (/:;:)R (t, wyat (u )du) (s)ds

A (6) ¢
+f OW&@WJ@@»+ R(t, u)a; <m@ (s)ds+

A(t) gi(s)

/:(t) (iRs(t, s) —af (t) + /t Ru(t, u)aj(u)du)w(s)dH

A(t) gi(s )
—a; (1) s)ds +/ / a; (u)duw(s)ds+
Ai (t) Ai(A(®) SA)
Ai(t)  rgi(s)
/ / Ru(t,u)a; (u)duw(s ds—l—/ / Wt w)a; (w)duw(s )ds}
At s (t)
Consequently,

ﬁf[AMw ot s + [ LGt st

i=1 (M) ()

/: zs(i,t,s)w(s)der/t I4(i,t,s)w(s)ds}

®) Ai(t)

where
L(ist,s) =[5 Ru(t,u)ai(u)du
L(i,t,s) == a} (t) — fg © ( w)aj (u) du—i—fg’( )Ry (t,w)a; (u)du
I3(it,s) == LR, (t s) —a; f:Ru F(w)du
Iy(iyt, s) := —|—f Ru t,u)a (u)du
If R(t,s) is deﬁned by:

t
R(t,s)=1— a(t)/ e~ Jua@ay gy,
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where a(t) = a; (t) and R(t,t) = 1. Then we see that

Z/: Is(i, t, s)w(s)ds =

(®)

t
= / (a(t I3 aty)dy Za Y1 —e” I a(y)dy)>w(s)ds =0
NO)

so the I3 term is canceled and ﬁnally the solution w satisfies
(4.5)

1) Ai(t) t
Z {/ (i,t, s)w(s )ds+/ Iz(i,t,s)w(s)ds—i—/ Li(i,t, s)w(s)ds
i=1 A(t)) A(t) Ai(t)
Assumption 5. There exists o € [0,1]

m

A(t) Xi(t) t
(46)  sup Z/ |Il(i,t,s)|ds+/ \Ig(i,t,s)|ds+/ (i, ¢, 5)]ds < a
A

t>9(2) (tg) =1 (A1) A(t) A (t)

Theorem 4.1. Under Assumptions 2,3,/,5 the solution of (4.1) is asymptotically
stable with respect to A and the rate of convergence is governed by a rate function
h satisfying

LAY (6t 8)| i) 123, t, 8)| b Lt )|
h(t ———d +/ " ds +/ T ds < 1
tsstpo ( )Z/)\i()\(t)) h(s) ° A(t) h(s) i (£) h(s) °
Proof. Since x(t) = x(to) + ft s)ds where w is the solution of (4.2) for G = &
defined on [to, g(g(to))]. If w(t ) € L' then obviously k = x(to) + [, w(s)ds. Tt

suffices then to prove that w being the solution of (4.2) is integrable. Consequently
it is bounded by a rate function h that is integrable. The part of stability of x with
respect to A is identical to the proof of Theorem 3.1 and it will be omitted. Then
we only need to prove the part of asymptotic convergence. Define

My, = {y € C°([to, 0),R) : y = Dwlirg.o@ (10)2 Y € Ll,tsiltp h(t)|w(t)] < oo}
=10

i.e. the space of absolutely integrable functions that vanish at rate 1/h, together
with the metric pp(y1,y2) = sup;>¢, h(t)|y1(t) —y2(t)|. The couple (M, pp) consti-
tutes a complete metric space. For w € M we define the operator

bu(t),t € [to, 9* (t0)]
w(hl,o)( )7t 2 9(2) (tO)
where w, 5y is the right hand-side of (4.5). To show that £y is in My, we use

Assumptions 2, 3 and 4 to show that I; are bounded. It is a tedious but straightfor-
ward exercise. Therefore h(t)(Ey)(t) < oo for h that for the scopes of this work can

(Ew)(t) = {

be either exponential h(t) = €7* for some v > 0 or sub-exponential h(t) = (¢ + t0)6
for some ¢ > 1 depending on whether 7(¢) is bounded or unbounded. Again it is a
straightforward exercise to show that sup,~,, h(t) S ;( £ % < oo and similarly for
the rest of the two integrals of w5

Next, we show that [~ (Ew)(s)ds is finite. To see this take

A(t) oo 9(g:(s))
‘/ / (3, t, s)w(s )dsdt’ S/ (/ |I(i,t,s)\dt>w(s)d5.
(to)) /' X; (A(t)) to g(s)

The inner integral is bounded in view of Assumption 4 and for w € L', Ew is in L,
as well. For the rest of the terms we argue in the same way. Finally we can show
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that £ is a contraction in Ml using Assumption 5 and Theorem 2.1 can be applied
concluding the proof. O

Remark 2. Let a;(t) = a(t) > 0 and ¢ smooth enough. From Eq. (4.5) w satisfies
m At) Ai(t)
Z [/ (i, t, s)w(s )d5+/ I>(i,t, s)w(s)ds
i=1 A (/\<t)) A(t)
where

I(i,t,8) := ff{t;)R t,u)a;(u)du and I5(i,t, s) := a;(t) — f;( ) Ru (t, w)a; (u)du.
Then direct calculation yields

A(t) A(t) (a: 't
/ 11 (i, t, 5)|ds = / a(ti)al,(gl(s)) e i) @044
Ai(A(2) Xi(A(2)) a(gi(s))

_a(t)al(A(t)) ). 67f;f" a(q)dg _ A(®) gi(e) 7]5a(q)dq ai(u) ' uds
(@) O AAO)e e o0 [ / ( )d d

1(A(2) a(u)

a(as(g:AD) - [ 0 s

_ A=A a®aAD) - it ain o [0 S eaa [ ailgis) '
: v <t>/ oy (a%gi(s))gi(s))d

_ a(Bai(A(1)) ~Fa@ds _ gy [T [ @i (@@ g
ai(p) O T AR 0/ ) (5 aut

) Ia) a(u)

Xi(t) Ai(t) (as
/ |23, t, 5)|ds < / A(t)aulgi(s)) 4 (e‘ f5i<s>“<q”q>+
A

(t) A(t) a?(gi(s))gi(s) ds
+/Mt) a(t) /t o~ Ju ala)da ( ’(“))/
A(t) 9i(s) a(u)
()‘( ))) f;i(;(t))a(Q)dq_
)

L a1 -7) _aWay .

duds

gi(A(t
a(?) a2(: (A1) (A1)
Y e R (MS» S
/,\(t) v (a 5))gi(s) > dst

. /)\i(t) a(t) /t = [ a(q)dg (al(u))
A®) 9i(s) a(u)

Where we used the fact that g;(\;(¢)) = ﬁ So, summing over ¢ and canceling
the common terms, the condition of Assumption 5 reduces to

duds

a(t) _fitanS_mM —\; _f/{tasds
o N ; a) O AAE)e 2 L P, 1) < 1

he ; {% ~alt) /:i(t) et (C;L(gl-(kg))))dﬁ-

(A (1)) (9i(s))gi(s

(t)ai()\(t))e_ Jh a(@)da _ /A(t) /97 . e~ Ji a(a)da
) A

+/Ai(t)a(t)/t o [t ata)dg (az( ))
A(t) 9i(s) a(u)

to be a function with the property that F(0,0) = 0.

u)
u)

) duds+

duds}
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Remark 3. Let simplify further to m = 1, a(t) > 0 and 7(¢t) = 7. Then for
a; = mingey, a(t)
t—T
a(t) / e~ Jirawady gg a(t)Te*fft*T a(s)ds _ @(1 — 67“”) —a(t)Te” Ji=r a(s)ds
t—21 at

and consequently delay independent results occur for @ < 0. We speculate that such
a result holds for m > 1 as well.

Remark 4. If a; < 0 then R(t,s) = 1, I = I = I3 = 0 while I, = —a;(t).
Consequently, the condition of Assumptlon reduces to >0, |a;(t)7(t)] < 1.

5. THE GENERAL MODEL: ANOTHER APPROACH

In this section we generalize the results of Sect. 3 by considering the problem

(t) =20 —ai(t)x(t) + ai(t)z(Ni(t)), t > to
z(t) =(t),t € Iy,

The method of the preceding Sections relies on the observation that either x or &
have an integral of motion (Egs. (3.3) and (4.4) respectively). Here we study the
stability of the solutions of Eq. (5.1), by means of fixed point theory, but this time
we follow another approach. We will separate the systems parameters a;(t)’s as
before and we will use only one form of the solutions in segments intervals of time
in which Schauder’s first fixed point theorem will be applied [9]. This way we will
recover the estimates of [16]. Next we will extend to the overall dynamics using a
variation of parameters formula. At first we re-write (5.1) as

(5.2) &(t) = fi(t,we) + fa(t, 20)

where

(5.1)

1(t,x) = Za +Za x(t — 1:(t))
2(t, ze) = Za t)x —i—Za z(t —7i(t))

and we will study the system in two steps. At the first step only the dynamics of
(5.3) y(t) = fi(t,ye)
are involved. At the second step, we will obtain convergence result for (4.1) as
a whole by considering the stability of (5.2) where fo is a perturbation whenever
f1 #Z 0. Otherwise the results of Theorem 4.1 are directly applied.

Inverting (5.3) from A(t) to t we see that y satisfies

t

y(t) = o(t, A1)y (A1) + b(t, ) Z ai (s)y(Ni(s))ds

A(t)
Proposition 1. Under Assumptions 2, 3 and /, the solution y(t,to,¢) of (5.3)
satisfies
1. y(s) € Mx),y for s € I and
2. maxser, [y(s) —y(A(1)] < (1 — e )| My, 4
where © = Oy, := SUp;>y, f;r(t) a(s)ds, Iy =1 € Zy such that XV (t) > t,.
Proof. We begin with the proof of the first part. Fix a time ¢ > t¢ and observe that

if 7(¢t) = 0 then the result trivially follows. So for 7(t) # 0 we consider the solution
segment y(s, to, @), s € I ). Consider the space
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Li={z¢€ C°(InwyUIt, R) : 2(s) = y(s), s € In and 2(s) € [ min y(g), max y(q)],s € I}

g€l (4) q€ly (1)
and the operator
y(s),s € Inw
o5, A1)y (A1) + 27, [3 (s,@)a (@)2(Nilq))da, s € I

Now, LL; is a set of continuous and bounded functions defined in Iy;)UI; equipped
with the supremum norm. Since

(Qz)(s) = {

~Jyls),s € L,
w(s) = metacty WO VOW) || a0 e vONO

is a member of IL; the set is non-empty and we can easily show that it is convex.
Obviously [w(s)] < % Observe that Q : L; — L; because

(Q2)(s) < ¢(s, A()) max y(g) + (1 —¢(s;A())) max y(g) = max y(q)

qE€I )\ (4) q€ly(4) q€IN (1)

and similarly for the lower bound.

Clearly, Q is continuous in L; and |:£(Qz)(s)| < 2Am maxger, o, ¥(q¢). The
maximum of the two upper bounds of |w| and |d%(Qz)(s)| is taken to form for an
equi-continuous subset of Ly, denoted by L7, into which both w and (Qz) belong.
This is then compact by the Arzela-Ascoli Lemma and still non-empty and convex
so that finally Theorem 2.2 can be applied and Q admits a fixed point in Lj.

We proceed now with the second part. For € € [0,1) consider the space

LS = {z eLl: max |2(q) —2(A(¥))] = max |z(q) — z(A(t))],

q€T5 (1)Ut a€Tx (s

25) ~ 2NO)] < € max |2(a) —2(ND)], 5 € L.

and this is a convex subset of L}. We observe that

m

¢(5,0) > a (@) (2(Nila) — 2(A()))|dg

i=1

t

1(02)(s) — 2(A(®)] < /

A(t)

—e
<= ax [2(0) = 00)

we set € := (1 —e~©). Clearly, z(s) = Y(8)lsery,, identical for all z € L5. Now, if

the maximizer of |Qz(q) — y(A(¢))| is in Ix(¢) it follows that Q : L§ — L§. If not

then the maximizer lies in I; and then

max|(Q2)(a) — 2(A(1)| = max|(Q2)(a) — 2(\(®)

g€V
=€, (@) = z(A0)]
= eqrenlaji) \z(q) - Z()\(t))|
= ¢ max |(Qz)(q) — z(A(?))]
q€IN)

but this is a contradiction. Using the same argumentation as above, Q’s fixed point
lies in LS. Furthermore, as t > ¢ is arbitrary we can repeat the same argument for
t = s where s is a maximizer of z(s) in I5() and so and so forth.
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This recursive argumentation can be used at most [ = I; times so that (2! (¢) >
to. By the first part of the proposition,

max  [2(q) — 2\ TV (1)] < [ Mg,
a€1, (21 (4,
concluding the proof of the second part. O
Now we are ready to state and prove the first main result of this section
Theorem 5.1. Under Assumptions 2, 3 and 4, the solution y(t,to, ¢) of 5.3 satisfies
ly(t) — k| < (1 =€) [ My,

for some k € My, 4, © = sup, ftth(t) a(s)ds and Iy =1 € Zy : NP (1) > 1.

Proof. From the second part of Proposition 1, we can show that for an arbitrary
sequence {ty}n>1 with n — 00,t, — 00, ¥y, = y(t,) is Cauchy. Indeed fix € > 0,
N >0, m,n > N such that ¢, > t, > N : From Proposition 1 we take A(t) = t,, so

that for s € [t,, A" (,)] we have |y(s) — y(tn)| < [Mi,.4|7'™. This procedure will
be repeated [ times until ¢,, is reached so that the admitted estimate is calculated

In
0) = 0(t)] < (Mo (1 7497 4+ 9') < (Mg ol
e(1—v)
Then for N so large that Iy > % the result follows. Next, since ¢, is

arbitrary any two such sequences can form a new one which will be Cauchy and
from this we conclude that &k := lim; y(t) € R

From the first part of Proposition 1 we see that k must lie in [u(¢), po(t)] for
p1, pi2 as defined in it’s proof. So for any ¢ there exists t* € I such that y(t*) = k
and then from the second part of Proposition 1,

ly(8) = y(")| = ly(t) = k| < (1 =) max y(s) — k|

Define the sequence t, = t,t,_1 = argmaxsel(z>y(s) to obtain
t

[y(8) = k| = [y(tn) — k| < (1= €™ ) [y(ta-1) = k| < (1 =€) [ Myg.].
]

Remark 5. If 7(t) < 7 < oo then \*(t) > ¢ —2I7 and it suffices to take [, = t;(J -1
so that )
1 —
ly(t) — k| < My 5(1 — e ©) Lezr mme™ ™) (t=to)

Remark 6. The obtained rate estimates are the same with the ones obtained in
[16] where a Lyapunov-Rhazumikhin type of argument was used.

Based on Theorem 5.1 we proceed now to consider the overall (5.1) and we
establish sufficient conditions for the asymptotic stability of solutions with respect
to A. For this we will need the following auxiliary result:

Lemma 5.2. Let £(t,u) : [tg,00) X [tg,00) = R, f,g : [to,00) — R be integrable
bounded functions with the properties that

(2) lim¢_, o0 £(t,u) = 0 for any fized u > tg.

(3) SUDestq Jy, 1€(t w)g ()| du < oo.
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Then t
/ E(t,u)g(u) f(u)du — 0 as t — oo

Proof. Fix e > 0and set B; = sup;>, fti [€(t, u)g(u)|du and By = til lg(u) f (u)]du.
From Property 1, there exist ¢; > to such that |f(?)| < 55
such that ¢(t,s) < ﬁ for s <t; and t > t5. Then for such ¢

/t:i(t,u)g(U)f(u)du< /| (1, w)g () f ()] + / (8 )9 () f ()]

t1
<— du—o——/ (t,u)g(u)|du < e.
55, ], o) €t wg(a)

For arbitrary € > 0 the result follows. a

Remark 7. Notice that if £(¢, s) = £(t—s) for &€ € L! then Lemma 5.2 is the classical
result of Real Analysis that the convolution of an L' function with a function that
goes to zero, vanishes as well.

The outcome of Theorem 5.1 implies the existence of a rate function 1/¢(¢, o)
with the property that ¢(t,t9) — 0 for t — oo for any fixed tg such that

ly(t) — kol < q(t,to)|Miy,0]
for some limit point kg € My, 4.

Theorem 5.3. Consider the initial value problems (5.1) and (5.3) with solutions
x(t,to, @) and y(t,to,d) respectively and the rate function q(t,ty) associated with
y(t, to, d). The following cases are considered:

Case I: a(t) £ 0 and there exists a rate function h with the properties:

la; (u)]
1. fto o) du<oo,i=1,...,m

h(>\ (u))

2. sup, <oo,i=1,...,m

3. SUpP;>y, h(t) (t,t0) <
4. There exists t* such that

X (1) gz(u) laj(w)] | la;
Sup{ / (a(t:9) + att,g5(0)) o7 ()] (120 1

t>t* ij— 1 to+7(to)

5 J 1 ot v (S R Jaa) <

Case II: a(t) = 0 and there exists a rate function h with the properties
1. +er!
2. SUDt >t 47(to) h(t) 2111 la; ( |f>\ (®) h(s =

Then the solution of (5.1) converges to a constant with rate %

171

Proof. We begin with Case 1. Denote by y(t, to, ¢) be the unique solution of (5.3).
Next, consider the fixed solution of (5.1) in Ito = Iy, U [to, o], to = to + 7(to) ,
qb as initial condition. Given ¢, growth estimates of = € [to, to] can be established
with the use of Gronwal’s inequality or with contraction mappings. This step will
be omitted. Using the variations of constants formula for functional differential
equations [4], the solution of (5.1) satisfies for ¢ > #,
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z(t,to, ¢) = T(t,t0)b —/t~ T(t,s)Za;(s) /S . )jc(u)duds

T(t,%0)d + Z/ / T(t,s)a; (s)a;(u)(z(u) — x(\;(u)))duds

i,j=1 s—71;(s)

. M) poiw)
(5.4) = T(t,to)ro + /t / T(t,s)a; (s)aj(u)(z(u) — z(X\;(u)))dsdu

i,7=1

/A(t)/ (t,8)a; (s)a;(u) (z(u) — 2(X;(u)))dsdu

1,5=1

=Ri+ Rx+ R3

where T'(t, s) is the linear operator defined in §2 and

- 9i(u) - -
rimdt 35 [0 [ Tt )07 sy 00 (B0) — 0 ()
ij—17Xi(o) Jio
For any e(s) € R, T(t,s)e(s) represents the solution of (5.3) y(t, s, ¢*) with
¢*(s) = 0(s —u)e(u), u € Is. Consequently |ks| € [0, |e(s)]]. Consider the space

Ls = {z € C°([A\(to), ), R) :2(s) = ¢(s) if s € I, sup h(t)[z(t) — kz| < C, k| < w}
t>%o

Where h is the rate function with the properties in the statement of the Theorem
and C, W are positive constants to be determined. Following the same steps as in the
proof of Theorem 5.1 we can show that L3 is a non-empty, compact, convex subset
of the space of continuous bounded functions in [A(¢g), c0) with the supremum norm
[20]. The only significant difference we need to take into consideration is that Ls is a
family of functions defined on the infinite interval [A(¢), 00) so that the conventional
Arzela-Ascoli lemma does not apply but a certain modification of it applies in view
of the rate function h (see Theorem 1.2.2 of [20]). Define the operator

(£2)(t) = {¢’ o

I(5.4) (tv tOv ¢)7t 2 EO

where (5 4) is the right hand side of (5.4). £ is continuous in ¢ and in z. Next
we need to determine k(..). Given z € LL3, we have

R1*>k()

gi(u)
Ry — Z / / T(gi(u), s)a; (s)a;(u) (z(u) — z(/\j(u)))dsdu

1,5=1

Rz — 0
where in Ry we used the property T'(t,s) = T'(t, g;(u))T(g:(u), s). Then,

gi(u)
kicz) = ko + Z / e(gi(u / T(gi(u), s)a; (s)aj(u) (2(u) — 2(X; (u)))dsdu
1,j=1
where the last integral is well defined in view of the properties of h and Assumption
4. Next it is desirable to establish a suitable relationship between C' and W. If we
set
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wistolre 30 [ [T (S iy e

i,j=1
it is easy to see that |k(,.)| is bounded by W. The final step for proving that
L : 1Lz — Lg, is to show that sup,>; h(t)|z(t) — k.| < C, if C is appropriately
chosen. Take any ¢* > tg + 7(tg + 7(to)) and for ¢ > ¢*
sup h(t)\(ﬁz)(t) — k’(gz)| <L+ LC+IC
>t

where
Iy := h(t)q(t, to) J My, 4
_ m Xi(t)  pgi(u) A - laj(u)l la; (u)]
I == h(t) Z i (a(t,s) +a(t, gi(u))|a; (s)] hw) T hOuw)) )BT

S - laj ()] | la;(uw)]
I3 := h(t / / q(gi(u),s) +1 ais( J B )dsdu
From the first and second conditions of the theorem we set
P— Il
0.771_12_13 < o0
so that £ : Ly — L3. The case a = 0 is identical to the corresponding one of
Theorem 4.1.

O

6. EXAMPLES

In this section, we will discuss the results of the previous sections with several
illustrative examples. It is our goal to consistently compare the applicability and
strength of the results especially those between §4 and §5. In the first part of this
we will focus on one dimensional examples and in the second part we will discuss
a two dimensional example that nearly lies within the scopes of this work, yet it
merges with the discussion in the introduction.

6.1. One dimensional examples. As a numerical application of Theorem 3.1
consider the following delayed equation

Example 1 (Stability bounds in LTI systems). Consider the initial value problem

& =—-12x(t)+ 1.2z(t — 7) + 2.32(t) — 2.3z(t — 0),t >0
z(t) = ¢(t),t € [-max{r,0},0]

We will discuss the asymptotic behavior of solutions with respect to T and o and we

will compare the results of §3 and §5.

o = 0: In this case both methods yield delay independent results, so we will compare

the estimates that Theorems 3.1 and 5.1 provide for T = {1,..,10}.
(1) Theorem 3.1 asks for

F(r,0)=1—¢ """ — 127 "% < 1
which is always satisfies and thus we have delay-independent exponen-
tial stability with respect to A with rate v = 3.1 which satisfies
1 _ 6—1427' e’YB,l"’ _ 1

G(r,ysa) = 1.2 72— ¢ 4
(7,73.1) 1.2 — 731 Y3.1
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(2) Theorem 5.1 calculates © = 1.27 and from Remark 5
|2(t) — k| < |Mog|(1 — e 27) " tezr Mimem 2T

so that the estimated rate is v5.1 = % In(1 — e~ 127).
In Fig. 1b we compare the two curves v31 : G(1,731) =1 and y5.1 for 7 =
1,..,10. We conclude that the estimates of Theorem 3.1 clearly outperform
these of Theorem 5.1. Simulations for T = 5 indicate that, in general both
estimates are still away from the numerically verified ones by an order of
10 (see Fig. (1c)).
o > 0: In this case the convergence is guaranteed for small values of o. Again we

will compare the particular estimates that the Theorems provide.
(1) Assumption 1 asks for F(r,0) <1 where

F(r,0):=1—e "7 — [1.27¢ "?7 4230 '?7—

7 19(1 _ 671420 7 671.27' + 671.2(7'70))

In Fig. (1a) the function o = o(7) is plotted for the values such that
F(1,0(7)) = 1 which is the stability bounds of the system.

(2) From Theorem 5.3 we identify q(t,s) = e~ 751 =) with 5 | = 451 (7) =
—a=In(1 — e~ ") and rate that is estimated by Theorem 5.1, so that
condition 4 of Theorem 5.3 requires

2.76(1 + €7537) 4 5.29(1 + €75:37)

¥5.1 (V5.1 — ¥5.3)
which is always satisfied for any T and for o small enough.

As a numerical application take 7 = 1. Fig. (la) yields stability for o <
0.325 so we fix 0 = 0.32. Then condition (3.5) of Theorem 3.1 yields a
rate equal to 3.1 = 0.175 whereas Eq. (6.1) from Theorem 5.3 cannot reach
this estimate. Numerical inspection of this condition gives for o ~ 0.001 an
estimate 75 3y ~ 0.071. Fig. (1d) has the solution for 7 = 1,0 = 0.32 and
the estimated rate is 0.4.

(e’YSJU —14+ 0’675‘10) <1

Example 2. Consider the time-varying system

& = —a(t)z(t) + a(t)z(t — 7(t)) + b(t)x(t) — b(t)x(t — o(t)),t > to
{l’(t) = ¢(t),t € [to — 7(to), to]
under the following cases:
(i) to = 0, a(t) = max{0,sint}, b = 0, 7(t) = 7+ 0.9cost for T > 1, then
Aty =t —7(t).
We begin with the application of Theorem (5.1). For this we numerically
calculate ©(T) = sup;> f;(t) a(s)ds and consequently the rate q(t) as it is

estimated from Remark 5 (Figs. 2a and 2b respectively).
Next we will compare the result with this Theorem /.1. Assumption &
reads

F(r)=supF(t,7) <1
¢

with F(t,7) = a(t) [{),) ¢~ 1o W ds—a() (A1) = A (1) )~ o 2000
and A(t) =t — 7 —0.9cos(t). Numerical calculation of F(7) yields the val-

ues in Fig. 3 where we see that the condition is violated for T > 4 and
we conclude that the results of this method are not delay-independent. We
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y().x()

Stability bound The estimates of the rate of convergence according to Theorems 3.1 and 5.1
0.45 T T T T T T T T T T
I stable region 0.35F ——V3, []
| ——Vsq
X=1 0.3 1
Y =0.32565
0.25 4
“
w0 0.2 1
o
>
0.15- 1
0.1f 1
0.05 1
0 - - @ L4 4 @ -
0 2 4 6 8 10
T
(a) (B)
The solution x(t) and the rate of convergence curves y(t) The solution x(t) and the rate of convergence curves
0 T T T 0 T T T
\ \
\
-1F 4 \\
v \
2 ]
-3 , -0.5} f
_4 Bl €
x
-5 I | g
-6 ] 1k ]
_7 F // 4
7
_8 - ! 4 /
/
-9 . . . 15 . . .
0 50 100 150 200 0 5 10 15 20
t t
() (D)

FIGURE 1. Numerical investigations for Example 1. (A) o # 0. and
the stability curve o = o(7). The shaded region is the region of
stability i.e. (0 < o(7)). (B) The rate estimates between Theorem
3.1 (v1) and Theorem 5.1 (72). (C) The solution of Example 1
with 0 = 0,7 = 5 and ¢(s) = sin(8s) + 2s , s € [-5,0] and
the (¢,y(t)) curve defined by y(t) = +(z(0) — k)e %%t + k. (D)
The solution of Example 1 with 7 = 1,00.32 and identical initial
datum as in (C'). The rate curves (¢,y(t)) are defined by y(t) =
+(2(0) — k)e= %4 4 k. Both simulations were carried through with
MATLAB and the ddesd function.
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The rate of convergence as a function of T
T T T T

35

w
T

15

0.5

(i)

P

FIGURE 2. Numerical investigations for Example 2(i) based on
Theorem 5.1. The results are delay-independent but the estimated
rates are very conservative (see also Table 1).

report, however, that further calculations for the estimation of the rate of
convergence for T = 1,...,4, based on Theorem 4.1, reveals improved in
connection with the ones obtained with Theorem 5.1 (see Table 1). Simu-
lation of the solution x(t) is depicted in Figs. ja with T = 1 and /b with
7 =4. We see that the numerically obtained rate estimates are close to the
theoretically calculated ones from Theorem 4.1 and when T = 1.

TABLE 1. Rate Estimates for Example 2(i). vyefihm2 stands for
the estimates obtained via Theorem 4.1 and ~s; stands for the
estimates obtained via Theorem 5.1

Delay Rate v41 Rate v5.1

1 0.540 0.150
2 0.144 0.056
3 0.079 0.022
J 0.062 0.016

to = 0, a(t) = sint, b(t) = b(1 + 0.3cost), and o(t),7(t) are posi-
tive, bounded, invertible functions of time and classify 7(t) = 71, whenever
a(t) > 0 and 7(t) = T2 otherwise. In this case we will exclusively apply the
results of §5. Given v > 0 the problem is to derive a sufficient condition
on 71(t),b(t), 2(t), o(t) so as to guarantee convergence to a constant value
exponentially fast with rate vy. Recall the notation a™(t), a™(t). At first, we
calculate the kernel q(t, s) that occurs from the study of the system

& = —a(t)z(t) + a(t)z(t — 7(1))

10
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The function F(t) in the Example 2 (i)

F(r)

141 B

1.2 B

0.8 B

0.6 N

0.4¢ ‘ ‘ ‘ ‘ ‘ b

FIGURE 3. Numerical investigations for Example 2. The appli-
cation of Theorem 4.1 does not yield delay independent results
contrary to Theorem 5.1.

The solution x(t) and the rate of convergence curves The solution x(t) and the rate of convergence curves
0.5 . . . . . 4.15 . .
N
41r s 4
~
~
~
> ~
405} ~a - 1
. — o
3.95F e - 1
’ - ’ ’
'
39 . . |
0 5 10 15
t
(4) (B)
FIGURE 4. Numerical investigations for Example 2. (A ) 1:
The rate curves (¢, y(t)) are defined by y(t) = +(x(0)—k)e~ t+k
(B) 7 = 4: The rate curves (¢,y(t)) are defined by y(t) = :I:(x(O) -
k)e 02t 4 k.
Note that ,
sup/ at(s)ds <7
t20 Ji—7(t)
Then

j2(t) = k1| < [Mogl(1—e™™)7h e
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with B
In(l—e™7)

271
so that q(t,s) = (1 — e ™)~ te=9=9)  Neat, for h(t) = e, we see that
Properties (1)-(3) from Theorem 5.3 are satisfied and Property (4) yields
the condition

q:=-

_1b(e? — 1) + (e92 — 1)

(e’ +1)+b(e” + 1)} {(1 —e ™)

(g =)
54 7 , e _ a2 54 7
+(1—e_71)_1bg+7—2—|—(1—e_”)_1b(1 e )+ (l—e )+b0+7'2 1
q—7 qy v

This condition is fulfilled if v < q and b,&, T2 are sufficiently small.
As a numerical application, take a(t) = sint, 7y = 1 so that ¢ = 0.23,
(1—e 1)t =1.59 and convergence is achieved with rate v = % if

b <0.05, ¢ <0.02, 7» <0.01.

(i1i) a(t) = 0. In this case Theorems 4.1 and 5.3 coincide. We have no dis-
sipation and the sufficient condition from the second part of Theorem 5.3
18

yo(t) _
OIC D
t v
(iv) to = 1, a(t) = H%, T(t) =1 +1,b(t) = 1‘,-%5’ o(t) = o. In this example

we have unbounded delays so the rate function we will try is going to be

sub-exponential. We also ask o < %0 + 1.

(a) For the results of §/ we choose h(t) = (t+hg)” and we see that Theorem
4.1 imposes the condition:

A(’)/, b, O') = sSup (Al =+ A2 + A3 + A4)(t) S 1
t>to

where
4, {+ho)? /itl et T30 (s + ho)ds
YT+ 4)2 207 \3 '3 4 0
¥ 3¢—1
AQ:b%/: %t—s—o—l—&—lo <S+U+5)‘ (s4+ ho) "ds
thlfo'
_ (t—l—ho)”/t_” B s+o+5 —
Ag_bi(t—kll)? 51 o —log 45 (s+ ho) "ds

*

As = bt + ho)” / (s + ho)~"ds

1 s+5
- 5 (t—s+log(t+5))
Let, initially, b = 0. Then for to = 1 we must choose hy > 19/16,
say ho = 5/4 and A(v,0,0) < for v < 3.21. Consequently the rate of
convergence to a constant is of order t=221. For b = 0.67,0 = 1 we
calculate A(,0.67,1) = 2.4 so that the rate is of order t—14.
(b) Assumption 4 is satisfied since

t
sup/ a(s)ds = 1n4
71

t>to

Application of Theorem 5.1 requires to determine [ : \2\(t) > tq. For
>0 A2(t) = (3)"t—4+3(3)"" s0 that

to+4

1< - log3/4 P
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so that the integer part is lower bounded by %log3/4 t&—"‘f — 1. Finally
Theorem 5.1 gives the estimate
to+4
|2 (t) — ko| < 1.34| My, o] t°+ T

We apply Theorem 5.3 with a candidate rate function h(t) = (t + 1)7
with v < 0.5. We take a—(t) = t_% and wverify that the Properties
(1) — (3) of the Theorem for such h are satisfied. Then for Property

(4) we have foro <% +1

t=o  puto s+4 \/u+0+4 b
1.34(t + 1) d
t+y /JH/ (\/t+4+ t+4 )5+5 o

{m ((u+ DA (u/4)77) + %ﬁ((u +1) 7"+ (u—0c+ 1)77)]du—|—

o u+o
+4 b
1) 1.34y)—> 1
(t+1) /tia/u ( 3 u+a+4+ )U+5d8><

{ﬁ((u ST (/) + ffus““ ST (-0 1)*7)]du

which is bounded by

t—o oo
J(t,v,b,0) := 1.34b(t + 1) {/t Fi(u,0)(u,~,0, b)du+/ Fy(u,0)(u,~, 0, b)du}
"TOJrl t—o
where
2(Vu+4+o0—+Vu+4) ut+o+4., u+o+5
F1 = 1
(, ) ( Vit TV ok 8 ugs
Fo(u, o) (2.78(\/u+4+0— Vu + 4) +logu+a+5)
Vu+o+4 u—+5
()T (w4 b((u+ 1)+ (u—o+1)77)
F(U,’}/,J,b)— U+4 + U+5

As a numerical application we takety =1 b= 0.67, 0 = 1 so that numerical
integration with the trapezoidal rule of J(¢,0.2,0.67,1), yields a supremum
overt>1 at 0.81.

Example 3 (Direct Linearization of a non-linear system). In this example we will
show how our results can be applied in the study of nonlinear systems

{:’c = a(t) f(a(t —7(t) — (1)), t > to
LU(S) = ¢(8)78 € Ito

where 0 < a(t) < ay , 7(t) <7 and f satisfies @ >0 for ¢ # 0 and |f(q)] < gl
Claim 1. The solutions of the system satisfy x(t) € My, 4.

Proof. Let the first time t* > ¢ such that x(t*) = maxser,, ¢(s) with #(t*) > 0.
But @(t*) = a(t*)f(z(t* — 7(t*)) — z(t*)) < 0 by virtue of the property of f, a
contradiction. Similarly for the lower bound. d

Given the unique solution x of the system & = f(t,x;) we define the linear system

z=a(t)e(t)(z(t — (1) — 2(t))
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The function J of Example 2 (iv)

0.82

X:11.5
Y: 0.8096

)

(a)

FIGURE 5. Example 2

with c(t) = c(xz(t)) = % > 0. We observe that the solution z is

indistinguishable from x. From Claim 1 we conclude that cp = SUDLe M, 4 f(;) >0

is well defined and thus c¢(t) > cpr. Then Theorem 5.1 can be applied with remark
5 and we get the estimate:

2(t) — k| < Myg.o(1 — e oM7)~ Lezr (me™ M) (i—t0),

We can extend this example to include negative a(t) and work similarly to the case
(1) if we ask f to grow sub-linearly, e.g. f(x) = sin(x).

6.2. Two-dimensional delayed consensus. This last example belongs to the
family of problems which motivated this work. This is a cooperative system of two
autonomous agents which exchange information with a constant uniform delay

1 = —ax1(t) +ax2(t — 1)
To = 71)1’2(15) + bx1 (t — T)

for t > 0 and x(s) = ¢(s), s € [—7,0], with a+b # 0. This is the system introduced
in Eq. (1.10). We will apply the results of Theorem 3.1 appropriately modified for
the two-dimensional case. In vector form, the system reads

x(t) = —Dx(t) + Ax(t — 1)

where

The solution x satisfies

(6.2) x(t) =e PTx(t — 1) + /t e P9 Ax(s — 7)ds

t—T1
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which is equivalent to Eq. (3.2). Also, if we add and subtract the terms ay(t) and
bz (t) in each subsystem, we obtain

t
1 = —ax1(t) + aza(t) — ai/ x2(s)ds
dt t—1

t
b2 = —bea(t) + b ()~ bk [ (o)
t—7

which in vector form reads
t

. d
x(t) = —Lx(t) — Aa x(s)ds

where

a —a
vt ] =ps
Remark 8. The matrices D, A, L are the Valency, the Adjacency and the Laplacian
matrices respectively. These matrices are the main tools for matrix representation of
graphs. Their use is fundamental in Algebraic Graph Theory [23]. The eigenvalues
of L are Ay = 0 and Ay = a + b and the left eigenvector of L with respect to A\; is
q’ = (GL%, a%rb) Direct calculation of e~ yields gives

e =1—-1L (1—e @y o ety 5 qT

a+b

and
eIt — [e—(atd)t

Now, using the variation of constants and integration by parts formulae we see
that x(¢) must satisfy

t s
x(t) = e " p(0) — / efL(t*s)Ai/ x(w)dwds
0 dS s—T
t t s
=e Mg — A/ x(s)ds + / efL(t*S)LA/ x(w)dwds
t—7 0 s—T

where 1y = (¢(0) + AfET ¢(s)ds) which is equivalent to Eq. (3.3). Then we
combine (6.3) and (6.2) in a similar manner to (3.3) and (3.2) and obtain

(6.3)

t—T1
x(t) =e Pme H g 4 / (eiD(t*Tﬁs) - eiDT> Ax(s)ds+
—27

t
t—1 s
+€_DT/ e_L(t_T_S)LA/ x(w)dwds
0 s—T

For the uniques solution x = X of the system in [—7, 7] we define the space

(6.4)

M* = {y S CO([_T7OO)7R2) Yy = i‘[—r,T]vsupe‘Yt|Y(t) - ]]'k‘ < OO}
t>T

for |y| = max; |y;| the p = 1 norm and 1k = (k, k)T. This is the space of continuous
functions that take value in R? and converge to a common value k at least as slow
as e~ 7. Together with the metric

p(y1,y2) = supe” |y1(t) — ya(t)|
t>7

the pair (M*, p) constitutes a complete metric space. We define the solution operator

x,t € [—7,7]
X(6_4)(t),t 2 T

(Sx)(t) = {



28 C. SOMARAKIS, J. S. BARAS AND E. PARASKEVAS

At first we prove that S : M* — M*. This is true if 0 < vy < min{a,b} for
min{a, b} > 0, else v < a and

L _ b81(0) +a62(0) +ab [, (éa(s) + ga(s))ds
- a+b+ 2bar

Next we show that S can be a contraction for v small enough: For and x;,x, € M*
we take the difference

e (Sx1)(t) — (Sx2) (1)
which is upper bounded by

t—T t—T
/ (6—D(t—7-7$) _ €7DT)AX12(S) ds + e*DT /
t—21 0

where X153 := X3 — x3. With careful algebra (see also Remark (8)) we get that the
first row is bounded by

L—e " omor e’ —1 LemaT e’ —1 bla+b)

ds

efL(t*Tfs)LA/ x12(w)dw

ae’” e’
a—7 ¥ ¥y atb-—vy
and the second row is bounded by
1— —br T 1 T 1
be? T € _ 67177' € 4 efb‘r € a’(a + b) T
b—r gl Y a+b—vy

modulo p(x1,x%2). Then a small v to make S a contraction in M* can always be
found since 7 | 0 drives these bounds down to

l—e ¥ and1—e "

respectively.

7. DISCUSSION AND CONCLUDING REMARKS

In this paper we studied the stability of solutions for the general class of linear
differential equations with multiple time-varying delays that exhibit asymptotically
constant solutions, purely by means of fixed point theory. We approached the
problem with two different strategies:

I. In §3 and §4 our results are based on the existence of multiple forms of
solutions which we combined into a new one. In §3, the existence of an
integral of motion (Eq. (1.11)) allows for combining two forms of the so-
lution to obtain a new one which will serve as a solution operator that is
a self-mapping contraction in a suitable metric space. Then the Contrac-
tion Mapping Principle is applied to ensure the existence and uniqueness
of a point in the metric space with the desired stability properties. Our
contraction condition is general and it includes both positive and negative
a;’s whereas the asymptotic constant has a closed form that depends on the
parameters and the initial datum. In particular, we show that whenever
a;’s are non-negative, delay-independent result are obtained and the rate
of convergence is exponential with an estimate to be explicitly determined
from a;’s and 7;’s.

The approach we followed in §4 is a generalization of that in §3 but
concerns the dynamic behavior of # and the rate at which it vanishes, since
x converges to a real constant provided [ i(s)ds exists. We showed that
&, satisfies both an integrodifferential equation together with an integral of
motion. Consequently the new solution expression is obtained with the use
of resolvent functions from the theory of integrodifferential equations [25].
Contrary to §3 and the existing literature the results of this section are not
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clearly delay-independent when simply a;(t) > 0 as the imposed conditions
rather ask for a; > 0 and a; < 0. It is still an open problem to improve
the first method to the point of delay independent results whenever the
weights a;(t) are non-negative. We suspect that a different combination of
the solutions may be the answer.

II. In view of this drawback in §5 we studied the same problem following a
different approach. We begun with the study of the sub-system of posi-
tive a;(t)’s and recover the same rate estimates [16] by means of fixed point
theory. Based on this result we implemented again fixed point theory meth-
ods for the stability analysis of the overall system, after deriving a solution
operator derived from the variation of parameters formula for functional dif-
ferential equations [4]. Contrary to §4, Schauder’s first fixed point theorem
was applied.

As a supplementary remark on the second method we note that a standard ad-
vantage of fixed point theory over the Lyapunov is that, instead of the functionals
of Lyapunov theory, fixed point methods rely on non-trivial expressions of the so-
lutions (usually obtained through variation of constants formulae) to be used as
operators. Hence, mild sufficient conditions for stability may be obtained as it is
only necessary to regard the average behavior of the system’s parameters, contrary
to the stricter pointwise conditions, the Lyapunov methods impose. This advan-
tage can be easily illustrated in systems where the un-delayed part dominates the
delayed one, as for example in Eq. (1.2). In this work, we examined a system that
does not meet this convenient characteristic. Yet separating the dissipative from
the non-dissipative dynamics (as in Eq. (5.2)) we were able to create a similar
argument by means of stability in variation.

Conclusively, each approach attains their advantages and disadvantages. For the
first one, we see that in the simple case of time-invariant dynamics the results are
remarkably satisfying. However, in the case of time-varying dynamics this method
is yet to be improved. On the other hand, the second method, provides delay-
independent results with estimates already obtained in the literature, but these
rates are far from optimal. In the examples sections we showed that for delay
bounds where the first method applies, it’s estimates are much better than those of
the second method. Additionally, we see that the second method is not applicable
to multi-dimensional systems as Eq. (1.10).

7.1. Extensions and future work. As an extension of the linear case one may
consider systems of the type

&(t) = —ax(t) + ax(t — 1) — g(z(t)) + g(z(t — 7))

with ¢g being is a Lipschitzian function. The way to attack such problems are a
combination of the methods developed in this paper and these in [20]. Another
direction of extending the models of this work can be the case of neutral delayed
functional equations as discussed in [8]. Finally, another approach of interest is to
study the effects of state-dependent delays and weights.

In any case we emphasize that the major challenge is to be able to improve this
combination of solution forms to derive delay-independent stability results for the
time-varying version of the model, as well.
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